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Abstract

Quantum simulations are an invaluable tool in condensed matter physics, enabling the

precise generation and control of physical phenomena abstracted from the complexity of

the underlying many-body system. At the heart of such complexity lies entanglement, the

intrinsically quantum correlations that have attracted renewed interest as a fundamental

resource in quantum computation and information. In this thesis, we explore the use of

one- and two-dimensional lattice models to simulate and harness such correlations for

next-generation quantum technologies.

We begin in one dimension with a spin-chain model that allows complete control over

bipartite correlation structures. Specifically, we introduce a model of nearest-neighbour

couplings and transverse field terms, whose exact solution yields a q-deformed rainbow

ground state formed from a tensor product of q-deformed singlets, each with directly

tunable entanglement. This framework acts as a universal simulator of free-fermion

entanglement spectra, with numerical studies confirming high-fidelity realisations across

a range of examples.

We then turn to strong correlations in two dimensions, where topologically ordered

systems host exotic quasiparticles known as anyons. Braiding non-Abelian anyons enacts

unitary transformations on a logically encoded fusion space, offering a natural pathway

to fault-tolerant quantum computation. Using Kitaev’s quantum double model D(G),

we focus on the smallest non-Abelian instance, D(S3), realised on a lattice of d = 6

qudits. We develop a minimal protocol in which braiding and fusion are simulated solely

through operators that create and measure anyons, demonstrating that D(S3) anyons

generate magic states, a vital resource for universal quantum computation. Finally, a

dense encoding scheme is presented, rendering the minimal realisation of this protocol ac-

cessible with current quantum technologies and a circuit model for realisation within the

framework of linear optics is presented. Notably, error analysis of this encoding scheme

reveals an inherent passive protection provided by the topological encoding, extending

beyond conventional notions of topological fault tolerance.
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List of Abbreviations, Symbols and Conventions

Abbreviations

LOCC Local Operations and Classical Communication

RG Renormalization Group

Symbols

SA Von Neumann entropy for subsystem A

SU(n) The special unitary group of degree n

SU(n)q The q-deformation of SU(n)

q Deformation parameter

ϵi Single-particle entanglement energy

Ji, hi Coupling and magnetic field terms for the Hamiltonian Hn

J̃i, h̃i Effective coupling and magnetic field terms from the RG approach

Rab The braiding matrix for anyons a and b

F abc
d The fusion matrix for anyons a, b and c fusing to d

Bn The n-strand braid group

bi The braid group generator for the clockwise exchange of strands i and i+ 1

S3 The permutation group of three objects

C Conjugacy class

Γ Irreducible representation

χΓ Character of the irreducible representation Γ

Conventions

The Pauli matrices are given by

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 .
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The inhomogeneous XX model refers to the Hamiltonian

HXX =
1

2

N∑
i=1

Ji
(
σxi σ

x
i+1 + σyi σ

y
i+1

)
,

acting on N spin-12 particles.
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Chapter 1

Introduction

1.1 Motivation

“More is different,” as P. W. Anderson famously declared over half a century ago [1],

remains a foundational principle of modern physics. At its heart lies the concept of

emergence: the idea that large assemblies of particles, each governed by simple and well-

understood microscopic laws, can collectively give rise to novel macroscopic phenomena

that cannot be inferred from their parts in isolation. Such interactions underpin key

phenomena in condensed matter physics, including superconductivity [2, 3], topological

phases of matter [4, 5, 6], and quantum magnetism [7, 8, 9]. A central challenge in

the study of quantum many-body systems therefore lies in our ability to describe and

categorise these underlying structures of correlations that give rise to such emergent

behaviour.

In the traditional sense, this interconnectivity may be understood through the strength

of interactions that arise when particles influence one another directly. In quantum mech-

anics, however, a more abstract notion of correlation emerges in the form of entanglement.

This ‘spooky action at a distance’ describes the phenomenon whereby the states of two or

more particles cannot be specified independently, even when separated by large distances.

Entanglement therefore lies at the core of the distinction between classical and quantum

9
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descriptions of nature and has remained a central focus of both theoretical investigation

[10, 11, 12] and experimental verification [13, 14, 15, 16] of quantum mechanics. More

recently, entanglement has also emerged as an important resource within quantum in-

formation and computation, whereby the complex interplay between constituent particles

can be harnessed to achieve exponential reductions in computational cost. Indeed, en-

tanglement underpins a wide range of quantum protocols [17, 18], with several schemes,

such as teleportation [19, 20], able to be realized exclusively with the use of entangled

states.

In recent years, one of the central challenges in quantum science has been the construc-

tion of a universal quantum computer. Such a device offers the potential to harness the

power of quantum mechanics to solve problems otherwise intractable on purely classical

hardware [21]. A particularly appealing route toward this goal is provided by topolo-

gical quantum computation [22], which exploits the manipulation of exotic quasiparticles

that emerge in strongly correlated two-dimensional systems known as anyons [23]. The

braiding of these anyons enacts unitary operations on a topologically protected fusion

space, offering a model of computation that is inherently robust against local sources

of environmental noise [24, 25]. However, the physical systems expected to host such

anyons, such as fractional quantum Hall states or topological superconductors, remain

highly complex and experimentally challenging to control [26, 27, 28, 29]. To address

this challenge, lattice simulations provide an exactly solvable framework for the controlled

creation and manipulation of non-Abelian anyons within a strongly correlated setting.

It is within this context that the present thesis explores the use of spin lattice models in

simulating, characterising, and ultimately harnessing emergent quantum correlations as

practical resources for quantum computation.

1.2 Structure of thesis

This thesis is structured as follows.

Chapter 2
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Non-interacting models give rise to highly ordered structures of ground state correlations

with the potential to facilitate exponential reductions in complexity. In this chapter we

present a spin-12 chain with position-dependent XX couplings and magnetic fields, that

can reproduce arbitrary structure of free fermion correlations across a bipartition. In

particular, by choosing appropriately the strength of the magnetic fields we can obtain

any single particle energies of the entanglement spectrum with high fidelity. To demon-

strate the versatility of our method we consider certain examples, such as a system with

homogeneous correlations and a system with correlations that follow a prime number

decomposition.

Chapter 3

In this chapter we present relevant background material for Chapters 4 and 5. We provide

an overview of the structure of anyon models and the basic operations they support. We

then introduce Kitaev’s quantum double model, in which these anyons appear as localised

excitations on a lattice of d-dimensional spins.

Chapter 4

Lattice implementations of anyonic models offer a powerful framework to explore non-

Abelian statistics while realising intrinsic quantum error correction. In this chapter

we consider a lattice of d = 6 qudits that supports D(S3) non-Abelian anyons. We

present a method for implementing both braiding and fusion evolutions using only static

combinations of the operators that create and measure anyons. This provides a minimal

and fully topological protocol, demonstrating that D(S3) anyons can generate magic

states, an essential resource for universal quantum computation.

Chapter 5

In this chapter, we present a dense encoding of the protocol introduced in Chapter 4,

enabling a proposed implementation of the non-Abelian quantum double model D(S3)

on a photonic simulator. Within this framework, we demonstrate the fault-tolerant

execution of key anyonic operations, including braiding and fusion, and identify a noise

threshold below which the anyonic encoding surpasses conventional gate-based approaches.
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Our analysis shows that topological encoding in photonic platforms remains robust

against dominant error channels, such as dephasing, without requiring active error cor-

rection or dynamical protection. This intrinsic resilience highlights photonic systems as

a natural platform for scalable anyonic quantum computation.

Chapter 6

We then close this thesis with concluding remarks and discussion.



Chapter 2

Q-Deformed Rainbows: a

Universal Simulator of Free

Entanglement Spectra

2.1 Introduction

Quantum entanglement is simultaneously one of the most fundamental and perplexing

features of quantum mechanics. Arising from the superposition principle of quantum

states, entanglement refers to the phenomenon whereby the quantum state of a composite

system cannot be decomposed into independent states of its constituent parts, even

when those parts are spatially separated. As a consequence, measurements performed

on one subsystem can exhibit correlations with outcomes on another that cannot be

explained classically. For many years, the existence of such a phenomenon was widely

disputed, being believed to be in direct contradiction with accepted ideas of local realism

[10, 30, 31]. In 1964 however, John Bell formulated a theoretical framework for analysing

correlations between two entangled spin-12 particles, showing that there is a measurable

contradiction between the statistical predictions of quantum mechanics and those of any

local realistic or ‘hidden variables’ theory [12]. These results culminated in a set of

13
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inequalities, now known as the ‘Bell inequalities’, which must hold true for any local

realistic description of such a system. Later, experimental results demonstrated the

violation of these Bell inequalities, providing explicit experimental verification for the

quantum mechanical description of entanglement in many-body systems [32, 33, 13].

For pure bipartite systems, two chosen subsystems A and B are described as entangled

if the pure state |ψ⟩ describing the composite system cannot be expressed as a tensor

product of pure states in the individual subsystems, i.e.,

|ψ⟩ ≠ |ψA⟩ ⊗ |ψB⟩ . (2.1)

States of the form |ψA⟩ ⊗ |ψB⟩ are referred to as product states and exhibit no non-

classical correlations between the degrees of freedom of subsystems A and B. Beyond

its foundational role in quantum theory, the characterisation of quantum correlations

within such entangled states has become central to quantum information theory [34, 35].

Within this framework, quantum entanglement is viewed as a valuable resource [36],

enabling information-processing tasks that would be impossible (or highly inefficient)

within classical or separable quantum frameworks. A paradigmatic example is provided

by superdense coding, in which the use of a shared entangled pair of spin-12 particles

allows two classical bits of information to be transmitted through the communication of

a single qubit [37]. This perspective has motivated extensive research into the generation,

manipulation, and structural characterisation of entanglement in quantum many-body

systems, where distinct entanglement patterns are known to underpin a wide range of

physical phenomena [38].

The formal characterisation of these quantum correlations naturally requires the in-

troduction of measures for their quantification (as will be discussed further in Section

2.2). One such choice of measure is the entanglement entropy SA, defined as the von

Neumann entropy of the reduced density matrix ρA = TrB (|ψ⟩ ⟨ψ|) of a bipartite system

SA = −Tr(ρA log(ρA)). (2.2)
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In addition to the detection of entanglement, the scaling behaviour of the entanglement

entropy with variation of the bipartition also encodes the properties of the underlying

physical system. The ground states of local quantum lattice Hamiltonians for example,

typically obey an ‘area law’ such that the entanglement entropy is proportional to the

size of the boundary of the chosen subsystem, A [39, 40]. In 2010, Vitagliano, Riera and

Latorre demonstrated that continuous tuning of the parameters of the inhomogeneous

XX model allowed for a controlled transition of the ground state entanglement entropy

from obeying an area law to a volume law [41]. The ground state of this model is termed

the ‘concentric singlet phase’ [41] or simply ‘rainbow state’ [42], due to its distinctive

structure of maximally entangled valence bonds connecting pairs of sites distributed

symmetrically across the centre of the chain. This simple model hosts a rich variety of

properties [43, 44] and has been the subject of much interest in recent years [45, 46, 47, 48].

In this work we present a generalisation of the rainbow state model, whereby, with

the introduction of staggered transverse field terms to the inhomogeneous XX model, the

degree of entanglement between each concentric pair on the chain can be independently

varied. Using a Real-Space Renormalization Group approach we derive recursive expres-

sions for the induced effective coupling and transverse field terms. These expressions

have an elegant description in terms of the formalism of q-deformed algebra [49, 50]. For

a chain of 2N sites the ground state is a tensor product of N concentric q-deformed sing-

lets, each with an associated deformation parameter, qi, dependent on the transverse field

and coupling parameters of our model. The variation of these physical parameters allows

for the generation of any arbitrary set of single-particle entanglement energies, thereby

enabling the complete controllability of entanglement within this bipartite system. This

model thus serves as a powerful resource for quantum technologies that require the sim-

ulation of specific patterns of quantum correlations [51, 52, 53]. To verify the validity of

our results we perform a detailed numerical analysis. This analysis reveals that appropri-

ate choices of the values of the transverse field parameter, and ordering of the degree of

entanglement ensures a high fidelity between the exact ground state and the q-deformed
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rainbow.

In order to demonstrate the applicability of our method, we consider two special

cases. First, we consider the homogeneous case q1 = q2 = · · · = qN such that each

concentric pair has the same degree of entanglement, mirroring the concentric singlet

state of the rainbow chain but generalized to arbitrary degrees of entanglement. Second,

we explore a scenario presented by Germán Sierra, where the entanglement energies of

individual particles follow what we refer to as the ‘prime number spectrum,’ or more

precisely, are given by the logarithm of the prime numbers. Under this particular choice,

the eigenvalues of the density matrix become the so-called square-free integers, which are

integers whose prime factorization solely comprises individual prime numbers without

any higher powers. In this way our model highlights an interesting connection between

the decomposition of free-system entanglement spectra in terms of single particle energies

and the decomposition of integers in terms of prime numbers.

This chapter is organised as following. In Section 2.2, we provide a brief overview

of the manifestation of entanglement within pure states on a bipartite lattice. In par-

ticular, it is shown that the structure of correlations in free-fermion systems allows for

the exponential simplification of the entanglement spectrum in terms of a set of single-

particle entanglement energies {ϵi}. In Section 2.3 we introduce a one-dimensional simple

spin model composed of variable nearest-neighbour coupling and transverse field terms.

Through the application of a real-space renormalization group approach, an exact de-

scription of the ground state is found in terms of concentric pairs of q-deformed singlets.

In Section 2.4, we analyse the entanglement properties of this exact ground state, demon-

strating that specific selection of the coupling and transverse field terms allows for the

exact tuning of the single-particle entanglement energies that completely define the full

entanglement spectrum. A fidelity optimisation protocol is introduced in Section 2.5

and its efficacy explicitly demonstrated with application to two specific case scenarios in

Section 2.6. Finally, in Section 2.7, we provide concluding remarks and outlook.
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Figure 2.1: Bipartitions of (a) one-dimensional and (b) two-dimensional lattice models
into complimentary subsystems A and B.

2.2 Entanglement in bipartite systems

Consider a quantum many-body system partitioned into two complementary subsystems

A and B as illustrated in Figure 2.1. The states of each subsystem are elements of the

corresponding Hilbert spaces, |ψA⟩ ∈ HA and |ψB⟩ ∈ HB, respectively. The Hilbert

space of the total bipartite system is thus given by the tensor product of the subsystem

Hilbert spaces,

H = HA ⊗HB, (2.3)

such that the total state vector satisfies |ψ⟩ ∈ HA ⊗HB. A pure state |ψ⟩ is said to be

entangled if it cannot be expressed as a tensor product of pure states in the individual

subsystems, i.e.,

|ψ⟩ ≠ |ψA⟩ ⊗ |ψB⟩ . (2.4)

States of the form |ψA⟩ ⊗ |ψB⟩ are referred to as product states and exhibit no entan-

glement between the degrees of freedom of subsystems A and B. The condition for

factorisability can be formalised through the Schmidt decomposition [54], which asserts

that any pure state |ψ⟩ of the composite system can be written as

|ψ⟩ =
χ∑

i=1

αi |iA⟩ ⊗ |iB⟩ , (2.5)
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where {|iA⟩} and {|iB⟩} form orthonormal bases for HA and HB respectively, and {αi}

are positive real Schmidt coefficients satisfying
∑

i |αi|2 = 1. The integer χ, known as

the Schmidt rank, obeys 1 ≤ χ ≤ min (dim(HA),dim(HB)), with χ > 1 necessarily

indicating entanglement between A and B.

For such a bipartite system one may define the reduced density matrix across a given

subsystem. For subsystem A

ρA = TrB (|ψ⟩ ⟨ψ|) , (2.6)

where TrB denotes the partial trace over the degrees of freedom of B. The reduced density

matrix ρA fully characterises the state of subsystem A and possesses eigenvalues {λi}

equal to the squared Schmidt coefficients, λi = |αi|2 [55]. These eigenvalues encode the

bipartite correlations between A and B and satisfy the normalisation condition Tr(ρA) =∑
i λi = 1.

The reduced density matrix for the pure states of a bipartite system completely

describes the correlations between the two subsystems. When it comes to quantifying

these correlations however, there exist a variety of measures to choose from, each with

distinct, yet closely related, physical interpretations [56]. Here we briefly introduce the

two measures most relevant for our study of tuneable quantum correlations, outlining

their particular suitability for the analysis of non-interacting one-dimensional spin chains

as will be relevant for our model introduced in Section 2.3.

The entanglement entropy, SA, is defined as the von Neumann entropy of the reduced

density matrix, ρA, via

SA = −Tr(ρA log(ρA)),

= −
∑
i

λi log(λi). (2.7)

For a pure product state |ψA⟩ ⊗ |ψB⟩, ρA is itself a pure state, and SA = 0. Conversely,

for a system of N spin-12 particles, the subsystem A containing L ≤ N
2 sites is maximally

entangled with B when SA = L log (2). For all pure states as will be considered here, the
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entanglement entropy is also notably identical across a given bipartition for each subsys-

tem, i.e. SA = SB. The entanglement entropy is widely recognised as the foundational

quantifier of pure-state entanglement [57]. Indeed several other common entanglement

monotones [58] including concurrence [59] and entanglement of formation [60, 61], reduce

to the entanglement entropy for such pure states. An additional common generalization

of the von Neuman entanglement entropy is the Renyi entropy [62, 63]

S
(α)
A =

1

1− α
log (Tr(ραA)), (2.8)

which returns the familiar measure SA in the limit α→ 1.

Although the von Neumann entropy provides a useful scalar measure of a quantum

state’s entanglement, in 2008 Li and Haldane demonstrated that the full spectrum of

eigenvalues of the reduced density matrix {λi} can provide a more detailed character-

isation of the correlations within a system [64]. This ‘entanglement spectrum’, {Ei},

constructed as

Ei = − log (λi), (2.9)

may be viewed as the eigenvalues of an ‘entanglement Hamiltonian’ Hent = − log (ρA)

acting only on the degrees of freedom of subsystem A [65, 66, 67, 68]. This exponential

relationship, λi = e−Ei , results in the dominant quantum correlations depending pre-

dominantly on the ‘lowest’ part of the entanglement spectrum. In the case of a weak

entanglement, the ‘excited states’ eigenvalues of Hent are separated from the ground state

eigenvalue by a large energy gap [69]. In the special case of a simple product state with

vanishing entanglement entropy, this energy gap tends to infinity as there is only one

non-zero eigenvalue of the reduced density matrix over either subsystem.

The entanglement spectrum serves as a powerful diagnostic tool for the properties

of the ‘parent’ Hamiltonian, H. This was first demonstrated by Li and Haldane in

the context of fractional quantum Hall systems, whereby the low-lying levels of the

entanglement spectrum were shown to reflect the gapless edge excitations predicted by the



20

bulk–boundary correspondence [64]. More generally, the structure of the entanglement

spectrum can reveal the presence of topological order [70, 71, 72, 73], symmetry-protected

phases [74], and conformal field theory spectra in critical systems [75]. Interestingly,

the entanglement Hamiltonian Hent is often shown to directly inherit features of the

parent Hamiltonian H. In particular, spin models that map to free fermion systems

necessarily also have Gaussian entanglement Hamiltonians (see Appendix A.1). Such

non-interacting models as we will discuss in the following, have entanglement spectra

fully described in terms of a reduced set of single-particle energies {ϵi}. This exponential

reduction in complexity directly facilitates the construction of our universal simulator of

free entanglement spectra as will be introduced in Section 2.3.

2.2.1 Free fermion models

In the context of quantum spin systems, a model is termed non-interacting if its many-

body dynamics can be reduced to a set of independent single-particle modes, such that

the full Hamiltonian decomposes into a sum of commuting single-particle contributions.

For spin-12 lattice models, as considered here, such an analysis can be performed via a

mapping from Pauli spin operators to fermionic or bosonic mode operators.

Consider, for example, the XX model consisting of a chain of N spin-12 particles with

nearest neighbour interactions and an external magnetic field. The Hamiltonian for this

model takes the form

HXX =
1

2

N−1∑
i=1

(σxi σ
x
i+1 + σyi σ

y
i+1), (2.10)

where i labels the spin under action and σµi with µ = x, y, z are the respective Pauli

matrices acting at site i. With the application of the Jordan-Wigner transformation

[76, 77, 78] this chain of spins may be mapped onto an equivalent system of fermions.

This transformation takes the form

ci =

i−1∏
j=0

σzj

 σxi − iσyi
2

, (2.11)
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such that by construction these fermionic mode operators ci, satisfy the canonical com-

mutation relations {c†i , cj} = δij , {ci, cj} = 0. Under this mapping, the XX Hamiltonian

becomes

HXX =
N−1∑
i=0

(c†ici+1 + c†i+1ci), (2.12)

describing the nearest-neighbour hopping of spinless fermions on a one-dimensional lattice

[79]. Crucially, all operator products are at most quadratic in the mode operators ci.

There are no higher order terms, such as c†ic
†
jcicj , which would mediate ‘interactions’

between fermions.

The general form of such a quadratic fermionic Hamiltonian may be given by

H =
N∑

i,j=1

[
Aijc

†
icj +

1

2
(Bijc

†
ic

†
j + h.c.)

]
, (2.13)

where the Hermiticity ofH, requires that the N×N matrices A and B must be Hermitian

and anti-symmetric respectively. The terms c†ici denote on-site chemical potential terms,

while (c†ic
†
j + cicj) describe ‘superconducting’ or ‘pairing’ terms typically due to the

coupling of the system with a bath.

In general, obtaining the exact solution of a model on N sites requires the diagonal-

isation of the 2N -dimensional Hamiltonian H. Here we show however, that in the absence

of such superconducting terms (B = 0), the diagonalisation of Hamiltonians of the form

(2.13) can be achieved via the exponentially simpler diagonalisation of the N -dimensional

kernel Hamiltonian A.

The eigenmodes in the diagonal basis of H, are given by a linear combination of the

original modes as

c̃†j =
∑
i=1

uijc
†
i , (2.14)

where u is the N × N unitary that diagonalises A. In terms of these new modes, the

Hamiltonian H becomes

H =
N∑
j=1

ϵj c̃
†
j c̃j , (2.15)
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with eigenenergies

ϵj = (u†Au)jj , j = 1, 2, . . . , N. (2.16)

In this new basis of states c̃†j |0⟩, the system is described by a set of N independent uncor-

related modes. The unitarity of u preserves the fermionic properties of the transformed

mode operators such that {c̃†i , c̃j} = δij and {c̃i, c̃j} = 0. We note that the number

operators ñj = c̃†j c̃j trivially commute with the Hamiltonian

[ñj ,H] = 0, (2.17)

such that the populations of the new modes are well-defined quantum numbers, uniquely

labelling the eigenstates of the system. This diagonalization results in an exponential

reduction in complexity in the description of the properties of the system [80]. Since the

Hamiltonian is diagonal in the occupation-number basis of the modes c̃j , its eigenstates

are given by Fock states of the form

|{nj}⟩ =
N∏
j=1

(c̃†i )
nj |0⟩ , (2.18)

where each occupation number nj can take only the values 0 or 1 due to the Pauli exclu-

sion principle. Each such configuration corresponds to a distinct many-body eigenstate.

As there are two possible occupations for each of the N independent modes, the total

number of many-body eigenstates is 2N , matching the dimension of the fermionic Hilbert

space. The energy of a given many-body state is simply the sum of the single-particle

energies ϵj associated with the occupied modes. For example, the complete many-body

energy spectrum, consisting of 2N distinct eigenvalues, is generated by the N single-

particle energies {ϵj} according to

Ef
k ({ϵ}) = E0 +

N∑
j=1

ϵjnj(k), k = 1, 2, . . . , N, (2.19)
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where ϵj are the single-particle energies as defined in Eq. (2.16), k runs over the many-

body spectrum and E0 is some reference ‘vacuum energy’. Note that in the case of free

fermions the Pauli exclusion principle dictates that nj(k) ∈ {0, 1}, whereas for bosonic

systems nj(k) has no upper bound.

In the presence of additional superconducting terms, an analogous procedure may be

performed with the inclusion of c†i terms in the definition of c̃j as in Eq. (2.14) [81]. All

free fermion Hamiltonians as in (2.13) therefore describe analytically tractable models

circumventing the exponential growth in complexity arising in generic quantum many-

body systems. Despite their simple structure however, these exactly solvable models host

a range of non-trivial physical phenomena [80]. For example, with the inclusion of non-

interacting transverse field terms σzi , the free-fermion Hamiltonian HXX provides a direct

platform for the observation of a quantum phase transition [82]. Additionally, the reduced

structure of these models often enables simplified descriptions of the correlations between

different constituent subsystems [83, 84]. In particular, as demonstrated in Appendix

A.1, the entanglement spectrum of a spin model described by non-interacting fermions

may also be expressed in the form (2.19). In the following, we exploit this exponential

simplification in complexity, with the introduction of a non-interacting model for which

the tuning of the physical parameters allows for the exact generation of the N single-

particle energies completely defining the full 2N -value entanglement spectrum.

2.3 The q-Deformed Model

In the previous section, we reviewed approaches to characterising entanglement in pure

bipartite states, with particular emphasis on the entanglement spectrum, which encodes

the complete correlations between subsystems through the eigenvalue structure of the

reduced density matrix. In this section, we introduce a local spin chain of 2N sites whose

free-fermion structure admits the entanglement spectrum decomposition of Eq. (2.19). By

varying the physical parameters of the model, one achieves direct control over the single-

particle energies and, consequently, the full entanglement spectrum, thereby enabling
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precise manipulation of free-fermion correlations in a one-dimensional chain.

In order to introduce our model for a chain of 2N spin-12 particles, we first present a

two-site Hamiltonian that allows for direct continuous variation of the degree of entan-

glement between its spins.

2.3.1 Two-Spin Hamiltonian

Consider the two-spin Hamiltonian

H(1) = J1
(
σx−1σ

x
1 + σy−1σ

y
1

)
+ h1

(
σz−1 − σz1

)
, (2.20)

where σx,y,zi are the standard Pauli matrices acting on site i of the chain with labelling as

shown in Figure 2.2(a). J1 describes a relative coupling strength between the two spins,

while h1 moderates magnetic field terms anti-symmetric about the centre of the chain.

The ground state of H(1) is given by

|ψ1⟩ =
1√
[2]q1

(
q
− 1

2
1 |↑↓⟩−1,1 − q

1
2
1 |↓↑⟩−1,1

)
, (2.21)

and has ground state energy

E1 = −[2]q1J1, (2.22)

where

q1 = eγ1 , sinh γ1 =
h1
J1
, (2.23)

and [x]q is the so-called quantum dimension

[x]q =
qx − q−x

q − q−1
. (2.24)

This ground state is the singlet of the quantum group SU(2)q1 [85]. Such q-deformed

valence bonds have been considered in relation to a range of many-body models (see

Appendix A.2) [86, 87, 88, 89], including the anisotropic q-deformed generalization of
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the spin-1 AKLT chain as considered in [90, 91]. In the limit h1 → 0 such that q1 → 1,

we recover the maximally entangled singlet state of the standard SU(2) Lie algebra.

The degree of entanglement between this pair is directly related to the value of the

deformation parameter, q1, which is in turn directly related to our coupling and transverse

field parameters via equation (2.23). To investigate this, we bipartition the system down

the centre of the chain into region A, and its complement B. The reduced density matrix

of (2.21) is then determined for region A. The corresponding Rényi entropy of order α

is given by

S
(α)
A,1 =

1

1− α
ln

1 + q2α1
(1 + q21)

α
, α > 0, α ̸= 1 (2.25)

and takes the maximum value ln 2 when q1 = 1 for all α as shown in Figure 2.2(b).

This expression for the Rényi entropy reflects a symmetry of our model as under the

transformation h1 → −h1, such that q1 → 1
q1
, the value of the Rényi entropy of order α

is unchanged.

By considering the limit of S
(α)
A,1 as α → 1 we obtain the expression for the von

Neumann entanglement entropy of the pair

SA,1 = ln (1 + q21)−
q21

1 + q21
ln q21. (2.26)

This entropy can be varied continuously to achieve all values in the maximal range

0 ≤ SA,1 ≤ ln 2, by varying 0 ≤ q1 ≤ ∞, or equivalently −∞ ≤ h1
J1

≤ ∞. We see that

by varying the physical parameters of our model we can achieve all degrees of pairwise

entanglement between the two spins.

2.3.2 2N-Spin Hamiltonian

The simple two-spin Hamiltonian presented above is the basis on which we construct our

general model for a chain of any even number of spins. We now consider a chain of 2N
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Figure 2.2: (a) The two-spin Hamilonian H1 with coupling strength J1 and anti-

symmetric transverse field terms h1. (b) The variation of the Rényi entropy, S
(α)
A,1 for

the groundstate of this model (2.21) as a function of the deformation parameter q1, for
a range of fixed values of α.

spin-12 particles with the following Hamiltonian

H(N) =

N∑
i=1

hi
(
σz−i − σzi

)
+ J1

(
σx−1σ

x
1 + σy−1σ

y
1

)
+

N∑
i=2

Ji

(
σx−iσ

x
−(i−1) + σy−iσ

y
−(i−1) + σxi−1σ

x
i + σyi−1σ

y
i

)
. (2.27)

We have introduced the site labelling {−N,−(N − 1), . . . ,−2,−1, 1, 2, . . . , N − 1, N}

such that sites −i and i are equidistant from a central bipartition of the chain, as shown

in Figure 2.3. In order to find the ground state of our model we use the Real-Space

Renormalization Group approach as first introduced by Ma and Dasgupta in [92] and

later developed by Fisher with the application of the method to the Random Transverse

Field Ising Chain [93, 94]. This approach allows us to consider the ground state properties

of random quantum chains by iteratively decimating the degrees of freedom with highest

energy in order to derive an overall effective low-energy model.
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Figure 2.3: The q-deformed spin model for a chain of 2N sites. The blue lines represent
the XX coupling terms, Ji, and the orange arrows represent the magnitude and direction
of the transverse magnetic field, hi. The magnitude of both the coupling and transverse
field are symmetric about the centre of the chain, with decreasing strength moving out-
wards.

Rainbow Model Renormalization Group

In the limit, hi = 0, our Hamiltonian (2.27) is equivalent to that of the inhomogeneous

XX model acting on a chain of 2N spins

HXX =
2N∑
i=1

Ji
(
σxi σ

x
i+1 + σyi σ

y
i+1

)
, (2.28)

where we have re-adopted the standard site labelling {1, 2, . . . , 2N − 1, 2N}. Using the

Renormalization Group (RG) approach for some random coupling profile, the highest

energy term such that Ji ≫ Ji−1, Ji+1, is identified and diagonalised independently of

the rest of the chain. The local Hamiltonian Ji
(
σxi σ

x
i+1 + σyi σ

y
i+1

)
has a unique singlet

ground state separated from the excited triplet states by an energy gap of order Ji. At

zeroth order in perturbation theory, the couplings to neighbouring spins are neglected,

such that the total ground state factorizes into the ground state of this two-site problem

and the as yet undefined states of the remaining spins. The zeroth-order ground state of

the system is therefore

|ψ⟩ = |ψj<i⟩ ⊗ |ψ−
i ⟩ ⊗ |ψj>i⟩ , (2.29)
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where |ψ−
i ⟩ = 1√

2
(|↑↓⟩i,i+1 − |↓↑⟩i,i+1) is the maximally entangled singlet ground state

of the two-site XX model and |ψj<i⟩, |ψj>i⟩ refer to the state of the spins to the left

and right of the singlet respectively. To compute higher order corrections to the ground

state of our system we consider the spins i and i+1 to be ‘frozen’ into this singlet state.

Perturbation theory is then employed to find the effect induced by quantum fluctuations

on the neighbouring spins, as shown in [41]. It is found that an effective coupling arises

between sites i− 1 and i+ 2 of strength

J̃i−1,i+2 =
Ji−1Ji+1

Ji
. (2.30)

In this way the coupling between sites i and i + 1 is replaced by effective longer range

interaction that captures the low-energy properties of the model. For a random coupling

profile, successive iterations of this procedure yield a ‘random singlet phase’, as singlets

form between the pairs of spins most strongly coupled after each decimation (see Figure

2.4(a)). In [41] Vitagliano, Riera and Latorre demonstrated how a coupling profile that

decays exponentially away from the centre of the chain produces a special form of ground

state known as the ‘concentric singlet phase’. This ground state is also known as the

‘rainbow state’, due to its distinctive structure of a series of singlets symmetrically dis-

tributed around the centre of the chain as shown in Figure 2.4. For any given bipartition,

the entanglement entropy is directly proportional to the number of singlets ‘cut’ by the

bipartition. Thus, for such a coupling profile, the area law of entanglement entropy is

maximally violated.

In the absence of transverse fields, the rainbow model emerges as a special case of

our Hamiltonian H(N), illustrating that even strictly local interactions can give rise to

ground states with volume-law entanglement scaling [41]. Owing to this feature, it has

been widely employed to investigate entanglement properties in both one- and higher-

dimensional spin systems [43, 45, 47]. Building on this foundation, we show that within

a real-space RG framework, the inclusion of transverse fields extends the construction

by introducing additional tunable parameters associated with the quantum deformation
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Figure 2.4: (a) For a random coupling, the inhomogeneous XX model yields a corres-
ponding random singlet phase. (b) When the coupling strength decays exponentially
away from the centre of the chain, the Real-Space Renormalization Group produces the
‘rainbow’ ground state.

q. This generalization grants control not only over the entanglement entropy but also

over the full entanglement spectrum, thereby enabling precise and analytically tractable

manipulation of bipartite correlation structures.

q-Deformed Rainbow Model Renormalization Group

We now apply the Real-Space RG approach to the generalised model defined in (2.27).

In the limit J1, h1 ≫ J2, h2, this yields the ground state

|ψ⟩ = |ψi<−1⟩ ⊗ |ψ1⟩ ⊗ |ψi>1⟩ , (2.31)

to zeroth-order in perturbation theory, where |ψ1⟩ is the q1-deformed singlet as defined

in equation (2.23). To compute corrections to the ground state at higher orders, second-

order perturbation theory is used, as illustrated in Figure 2.5 (see also Appendix A.3).

We derive an effective Hamiltonian of the form (2.20) acting between sites −2 and 2 with

a renormalized coupling

J̃2 =
4J2

2

[2]2q1J1
, (2.32)

and transverse field terms

h̃2 = h2 −
2
(
q1 − 1

q1

)
J2
2

[2]2q1J1
. (2.33)
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Figure 2.5: The Real-Space RG procedure. (a) H(2) acting on a chain of four spins.
For J1, h1 ≫ J2, h2 perturbation theory yields a q-deformed singlet |ψ1⟩ between the
central two spins. (b) These spins are integrated out and an effective Hamiltonian of the
form (2.20) is found to act between sites −2 and 2 with renormalized coupling J̃2 and
transverse field h̃2. (c) Diagonalization of this effective Hamiltonian yields the ground
state |ψ⟩ = |ψ1⟩ ⊗ |ψ2⟩. The difference in colour of the bonds between the two pairs
indicates the difference in correlations that can be achieved by appropriately tuning
J1, J2, h1 and h2.

In the case that J̃2, h̃2 ≫ J3, h3 this effective Hamiltonian can be diagonalised to yield an

additional q2-deformed singlet, |ψ2⟩, between sites −2 and 2, where q2 = eγ2 , sinh γ2 =
h̃2

J̃2
.

If the couplings throughout the chain are selected such that J̃i, h̃i ≫ Ji+1, hi+1, then

repeated iterations of this renormalization process will eventually yield the overall ground

state

|ψ⟩ = |ψ1⟩ ⊗ |ψ2⟩ ⊗ · · · ⊗ |ψN ⟩ , (2.34)

where

|ψi⟩ =
1√
[2]qi

(
q
− 1

2
i |↑↓⟩−i,i − q

1
2
i |↓↑⟩−i,i

)
, (2.35)

and for i > 1

qi = eγi with sinh γi =
h̃i

J̃i
. (2.36)

The renormalized coupling and transverse field parameters for the effective Hamiltonian

between spins −i and i are given by the recursive expressions

J̃i =
4J2

i

[2]2qi−1
J̃i−1

, (2.37)
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h̃i = hi −
2
(
qi−1 − 1

qi−1

)
J2
i

[2]2qi−1
J̃i−1

. (2.38)

From equations (2.37) and (2.38), we see that the expressions for J̃i and h̃i are dependent

on all previous J̃j<i, h̃j<i. By fixing all previous i − 1 values, it is always possible to

vary the associated physical parameters Ji and hi such as to achieve any 1 ≤ qi ≤ ∞. In

this way, we will show that the deformation of each q-singlet can be individually tuned

to achieve any degree of pairwise entanglement between a given pair of spins.

2.4 Entanglement Properties of the q-Deformed Rainbow

The state (2.34) has a tensor product form. Subsequently, the reduced density matrix

across a central bipartition admits the tensor product decomposition

ρA = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρN , (2.39)

where each ρi is diagonal, given by

ρi =

 1
1+q2i

0

0
q2i

1+q2i

 . (2.40)

This decomposition yields simple expressions for many of the entanglement properties of

the q-deformed rainbow, as we will see in the following.

2.4.1 Rényi and von Neumann entropies

Using the reduced density matrix tensor product decomposition we derive the form of

the Rényi entropy of order α of the ground state (2.34) across a central bipartition

S
(α)
A =

1

1− α

N∑
i=1

ln
1 + q2αi
(1 + q2i )

α
, α > 0, α ̸= 1. (2.41)
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In the limit α→ 1 we obtain an expression for the von Neumann entropy of the ground

state

SA = −
N∑
i=1

[
ln (1 + q2i )−

q2i
1 + q2i

ln q2i

]
. (2.42)

In Section 2.3.1 we found the von Neumann entropy, SA,1, of a single pair of spins −1

and 1 as a function of the deformation parameter q1, as given by (2.25). By extending

this definition to that of the von Neumann entropy of the state |ψi⟩ between spins −i

and i

SA,i = ln (1 + q2i )−
q2i

1 + q2i
ln q2i , (2.43)

it is clear that the total von Neumann entropy is a sum of the individual von Neumann

entropies of each concentric pair of spins on the chain. This is also true for the Rényi

entropy, and is a natural consequence of the tensor product form of the reduced dens-

ity matrix. By independently varying each qi, we can therefore achieve all degrees of

entanglement in the allowed maximal range 0 ≤ SA ≤ N ln 2.

2.4.2 Entanglement Spectrum

As discussed in Section 2.2.1, the Hamiltonian H(N) permits an exact mapping to a

free fermion model of the generalised form (2.13). As a result, Wick’s theorem enables

the construction of the corresponding bipartite entanglement spectrum from a set of

single-particle entanglement energies as

Ef
j ({ϵ}) = E0 +

N∑
i=1

ni(j)ϵi, (2.44)

where E0 is a normalization constant and each nj = {0, 1} [95]. This simplification

describes an exponential reduction in complexity, such that the 2N -value entanglement

spectrum for the central bipartition of H(N) is completely described by just N single-

particle energies.
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Figure 2.6: The values of h2 required to generate any 0 ≤ ϵ2 ≤ 10 for fixed J1 = h1 = 1,
J2 = 0.01 (ϵ1 = −2 sinh−1 (1)). Any desired value of ϵ2 in this range can be obtained by
selecting the corresponding value of h2.

For our q-deformed rainbow, we find that

E0 =
N∑
i=1

ln (1 + q2i ), (2.45)

and

ϵi = − ln q2i . (2.46)

Hence, the deformation parameters, qi, of the q-deformed singlets directly determine

the single-particle entanglement energies. As each qi can take any value in the range

0 ≤ qi ≤ ∞, each ϵi can be individually tuned to take any value −∞ ≤ ϵi ≤ ∞.

By combining (2.36) and (2.46) we derive the simple relationship

γi = −ϵi
2
. (2.47)

This in turn yields an expression for the required ratio of the renormalized parameters

for a given pair in order to produce a specific desired single-particle entanglement energy

h̃i

J̃i
= − sinh

(ϵi
2

)
. (2.48)

As a result, each single particle energy of the entanglement spectrum can be directly
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obtained by appropriately tuning a single effective magnetic field. In Appendix A.4 we

expand these expressions to derive closed forms for the required ratio of the physical

coupling parameters. In Figure 2.6 the dependence of ϵ2 on h2 for a fixed set of example

values J1 = h1 = 1 and J2 = 0.01 is illustrated. For the shown range, any desired ϵ2 can

be simulated by simply reading off the corresponding value of h2. In this way, by fixing

all previous i − 1 single-particle entanglement energies, ϵi can be tuned to any desired

value by appropriately varying hi.

2.5 Fidelity Optimisation

In the previous section we have demonstrated how controlled variation of the parameters

of our model in the strong inhomogeneity limit J̃i, h̃i ≫ Ji+1, hi+1 allows for the genera-

tion of any arbitrary pattern of correlations given in terms of the entanglement entropy

(2.42) or the single-particle entanglement energies (2.48). In this section we present how

the parameters of our model can be chosen such that the fidelity is maximised for any

desired entanglement profile. Here, we define the fidelity as a measure of the ‘closeness’

of two quantum states, |ψA⟩ and |ψB⟩, given by the squared overlap, |⟨ψA|ψB⟩|2 [34]. To

optimise the choice of parameters for any desired correlation profile, we start by consid-

ering the variation of the fidelity between the exact ground state of our model and the

q-deformed rainbow for the case N = 2. These results can then be used to inform the

fidelity optimisation for larger spin chains.

2.5.1 Optimising h2

In Section 2.3.1, we noted that a symmetry of our two-site Hamiltonian (2.20) results

in the preservation of the von Neumann entropy, SA,1, under the transformation h1 →

−h1. Here, we will show that although SA,2 possesses a similar symmetry under the

transformation h̃2 → −h̃2, one of these values will yield a significantly higher fidelity

than the other corresponding to the choice of sign of h1
J1
.

In Figure 2.7 we plot the fidelity between the q-deformed rainbow (2.34) on four sites
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Figure 2.7: Variation of the ground state fidelity with the entanglement entropy of the
outer pair for different fixed values of h1 with J1 = 1 and J2 = 0.1. The grey line shows
an example of a desired outer entanglement entropy, SA,2 = 0.5. The two intersections
with each curve for h1 > 0 indicate two possible values of h2 to generate the desired SA,2

with a distinct difference in fidelity. This choice can be used to optimise the accuracy of
our model.

and the exact ground state of (2.27) as a function of the entanglement entropy between

sites −2 and 2 for a range of constant values of h1. For each curve J1, h1 and J2 are

fixed such that SA,2 is a function of h2. We see that for any desired value of SA,2, for

example SA,2 = 0.5 as indicated by the vertical grey line, the two intersections with each

curve indicate two values of h2 that correspond to the same degree of entanglement, but

with a distinct difference in fidelity. As described these two solutions arise due to the

natural symmetry of the entanglement entropy about h̃2 = 0, for which the degree of

entanglement between sites −2 and 2 is maximised. To find the physical transverse field

value hmax
2 that maximises SA,2 we substitute h̃2 = 0 into equation (2.33) to obtain

hmax
2 =

2
(
q1 − 1

q1

)
J2
2

[2]2q1J1
. (2.49)

The symmetry of the entanglement entropy SA,2 about hmax
2 is shown in Figure 2.8(a)

for the case J1 = h1 = 1, J2 = 0.1. By mapping these values onto the plot of fidelity with

SA,2 as shown in Figure 2.8(b), we see that we have a ‘high fidelity branch’ corresponding

to h2 ≥ hmax
2 (h̃2 ≥ 0) and a ‘low fidelity branch’ for h2 ≤ hmax

2 (h̃2 ≤ 0). For any desired

value of SA,2, the fidelity is clearly maximised by choosing the appropriate value of
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Figure 2.8: (a) For fixed J1 = h1 = 1, J2 = 0.1, the variation of SA,2 is symmetric about
hmax
2 . (b) A given value of SA,2 is achieved with higher fidelity with selection of h2 from

the branch h2 ≥ hmax
2 . (c) As h1 changes sign this symmetry is retained, but as shown

in (d) the higher fidelity branch now corresponds to h2 ≤ hmax
2 .

h2 ≥ hmax
2 . In contrast, if the sign of h1 is reversed while J1 remains fixed, as shown in

Figures 2.8(c) and 2.8(d), the opposite is true, and the fidelity is maximised by selecting

the value of h2 from the branch h2 ≤ hmax
2 . In this way, for fixed couplings J1 and J2, the

magnitude and direction of the applied magnetic field terms h1 and h2 can be selected

such as to maximise the accuracy of our model.

2.5.2 Optimising Order of Pairs

Our system has a symmetry with respect to which pair of spins i and −i is used to tune

a certain single particle entanglement energy ϵk. We can use this freedom, in conjunction

with the optimisation procedure of the previous subsection, to optimise the overall fidelity

of our chain simulator.

Consider the case in which we want to use our model to generate a given pair of

two-site von Neumann enanglement entropies, for example, SA,i = 0.2 and SA,j = 0.6.

Our simulator has the freedom in the choice i = 1, j = 2 or i = 2, j = 1. In Figure 2.9
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Figure 2.9: Fidelity as a function of SA,2 with fixed SA,1 = 0.2 and 0.6. Dashed lines
indicate the higher fidelity achieved when the ordering SA,1 = 0.2, SA,6 = 0.6 is imposed.

we plot the two curves corresponding to SA,1 = 0.2, and SA,1 = 0.6 for J1 = 1, J2 = 0.1

and h1 tuned accordingly. The analysis of the previous subsection has been applied to

restrict to the appropriate high fidelity branch h2 ≥ hmax
2 . From Figure 2.9 we observe

that our model can be used to achieve SA,1 = 0.2, SA,2 = 0.6 with a significantly higher

fidelity than SA,1 = 0.6, SA,2 = 0.2. The importance of the ordering of the degrees of

entanglement is further illustrated in Figure 2.10 with a direct comparison of the fidelity

with the degree of entanglement between one pair when the other is maximally entangled.

For all values of SA,i, it is observed that the fidelity is maximised when the maximally

entangled state lies between sites −2 and 2.

In Appendix A.5 an exact relationship between our chosen parameters and the fidelity

is given for the caseN = 2. For any desired set of single-particle energies ϵi, ϵj or entropies

SA,i, SA,j the corresponding field and coupling terms can be substituted into equation

(A.40) in order to directly determine the ordering that will optimise the fidelity.

2.5.3 Fidelity Analysis for Larger Chains

In the previous two subsections we have shown that appropriate choices of the values of

the transverse field parameters, and ordering of the degree of entanglement allow us to

optimise the fidelity and thereby the accuracy of our model for the case N = 2. Although

the simplest non-trivial implementation of our model, these techniques derived for the
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Figure 2.10: Fidelity between the four-site q-deformed rainbow and the exact ground state
for one maximally entangled pair and a second pair with varying entanglement entropy.
Fidelity is shown to be maximised when the maximally entangled pair is between sites
−2 and 2.

four-spin chain can also be used to optimise the fidelity of our simulator on larger chains.

For example, in Section 2.6.2 we will introduce an example of a non-uniform spectrum

that our model can simulate known as the ‘prime number spectrum’, in which the single-

particle entanglement energies for a chain with N pairs are the logarithms of the first

N prime numbers. Performing a numerical optimisation procedure for this spectrum on

10 sites with a coupling profile of the form Ji = 10−
i(i−1)

2 we find that the fidelity is

maximised when {ϵ} = {ln 3, ln 11, ln 7, ln 5, ln 2}. Choosing our coupling and transverse

field terms such as to produce the single-particle energies in this order ensures that the

ground state of (2.27) matches our q-deformed ground state with a fidelity > 0.988. To

highlight the importance of this choice we note that in contrast, using our simulator

to produce the same spectrum with alternate ordering {ϵ} = {ln 11, ln 2, ln 3, ln 5, ln 7},

yields a fidelity of only 0.878 to three decimal places.

Thus, our analysis for the case N = 2 also aids in the application of our simulator

to larger chains. For larger chains however, there are additional features that we must

discuss. We start by noting that, although our model is theoretically exact up to the

thermodynamic limit, in practice, the balance between the rapid decay of our coupling

and transverse field parameters ensuring the validity of our real-space RG approach and
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the finite precision of computational methods, only allows us to numerically simulate

small system sizes. Such restrictions were discussed in the original work on the rainbow

state model [41]. To perform error analysis on the system for larger chains we must

therefore choose a coupling profile and single-particle entanglement energy spectrum

known to yield a high fidelity. Here we will consider the effect of random errors on the

simulation of the optimised prime number spectrum on 8 sites, {ϵ} = {ln 3, ln 7, ln 5, ln 2}

for the coupling profile Ji = 10−
i(i−1)

2 . This spectrum can be achieved with a fidelity

> 0.983. For some fixed ∆ we generate a profile of random errors {δi} ∈ [−∆,∆], such

that our parameters Ji → Ji+δi and hi → hi+δi. For these altered parameters, equations

(2.37), (2.38), (2.46) and (2.48) can be used to find the new entanglement spectrum and

q-deformation parameters. These values can then be used to find a modified form of

the q-deformed rainbow ground state. By taking the overlap between this state and

the q-deformed rainbow for our desired entanglement profile we calculate a value for the

fidelity. For each ∆ this process is repeated 10,000 times and an average value for the

fidelity calculated. The results for a selected range of ∆ are shown in Figure 2.11. We

observe that as mentioned above, this drop in fidelity with the increasing size in error is

related to the size of the weakest parameters in our model. As the size of the couplings

and transverse fields increase from left to right we observe a drop in the fidelity each

time the size of the error exceeds the magnitude of one of these parameters. Naturally,

as our parameters become smaller with an increasing number of sites on our chain, the

accuracy of our model becomes increasingly sensitive to errors.

2.6 Special Cases

We have shown how the tuning of the parameters of our model allows for the generation

of any arbitrary set of single-particle entanglement energies. In this section we highlight

two interesting applications: the case in which all deformation parameters are equal,

and the reproduction of the single-particle entanglement energies for the ‘prime number

spectrum’ introduced below.
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Figure 2.11: Simulation fidelity for {ϵ} = {ln 3, ln 7, ln 5, ln 2} for the coupling profile

Ji = 10−
i(i−1)

2 in the presence of errors δi ∈ [−∆,∆] calculated over 10,000 randomised
profiles. We observe that the fidelity remains high until ∆ becomes of the order of the
weakest parameter h4. Additional significant drops in fidelity occur each time the size of
the error exceeds the magnitude of one of these parameters.

2.6.1 The q1 = q2 = · · · = qN = q Case

In the rainbow state model, the ground state is a tensor product of concentric maximally

entangled singlets, or in the language of our model, qi = 1, for all i. Here, we show how

the parameters of our model can be chosen such that all deformation parameters take

the same value, qi = q, for some chosen q in the allowed range 0 < q < ∞. In this way,

each concentric pair on our chain shares the same degree of pairwise entanglement, and

all single-particle entanglement energies are equal.

We have defined q1 = e
sinh−1

(
h1
J1

)
and qi>1 = e

sinh−1

(
h̃i
J̃i

)
, such that the condition

q1 = qi =⇒ h1
J1

= h̃i

J̃i
. Re-arranging equation (2.23) and setting q1 = q yields

h1
J1

=
1

2

(
q − 1

q

)
, (2.50)

for some desired q > 0.

For all other pairs of sites the relations for the renormalised couplings must be used.

For example, by dividing equation (2.33) by equation (2.32) and equating with (2.50) we
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obtain

h2 =
2J2

2

h1

(
1− q2

)2
(1 + q2)2

. (2.51)

For any fixed value of J2 this relation can be easily implemented to find the required

transverse field parameter to produce some desired q > 0.

In the same way, the ratio of equations (2.37) and (2.38) can be equated with (2.50)

in order to obtain the general formula

hi =
4J2

i

hi−1

(
1− q2

)2
(1 + q2)2

, i > 2. (2.52)

By iterating through and systematically determining each successive value of the required

transverse field for some fixed coupling profile, these relations allow us to produce a

one-dimensional chain in which each concentric pair shares the same degree of pairwise

entanglement.

In Figure 2.12 the variation of the fidelity with system size is plotted for a range of

values of q. For each fixed number of sites on the chain, the fidelity increases with the

value of q, corresponding to a better simulation of chains with a lower degree of entan-

glement between the pairs. The case with lowest fidelity corresponds to the reproduction

of the rainbow state with q = 1 such that hi = 0 for all i. For each fixed value of q, as

the number of sites on the chain increases the fidelity drops off, rapidly for the increase

from 2 to 3 pairs, then more slowly up to 5 pairs.

2.6.2 Prime Number Spectrum

Prime numbers play an important role in number theory. The Fundamental Theorem

of Arithmetic [96] states that every natural number greater than one can be uniquely

factorised as a product of prime numbers

N = 2n23n3 . . . pnp . . . , (2.53)
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Figure 2.12: Variation of the fidelity with system size for the case of homogeneous en-
tanglement q1 = · · · = qN = q.

where p is a prime and np counts the number of times that p appears in the factorisation

of N . In this way, prime numbers can be thought of as the building blocks of all natural

numbers.

Let us introduce the Möbius function, µ(n):

µ(n) =


1, n = 1,

(−1)r, n = p1 . . . pr,

0, ∃p, p2|n,

(2.54)

where p are prime numbers. The symbol p2|n means that p2 divides n. A square free

integer is an integer whose factorization into products of primes does not contain any

square of a prime numbers. µ(n) is therefore non-vanishing only on square free integers

with value +1 if it contains an even number of primes and −1 if it contains an odd

number of primes.

In number theory, the Möbius function plays a central role in multiplicative arith-

metic and in the inversion of divisor sums. Most notably, it appears in the Möbius

inversion formula, which allows arithmetic functions to be uniquely recovered from their

cumulative sums over divisors. In this sense, µ(n) acts as an inclusion–exclusion weight

that removes overcounting arising from shared prime factors. The Möbius function also
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features prominently in analytic number theory, where it is closely connected to the dis-

tribution of prime numbers through identities involving the Riemann zeta function, such

as

1

ζ(s)
=

∞∑
n=1

µ(n)

ns
, (2.55)

From this perspective, µ(n) encodes cancellations between contributions from different

prime factorizations.

These properties motivate an analogy with Fermi statistics, in which primes are inter-

preted as fermionic degrees of freedom subject to an exclusion principle. The vanishing of

µ(n) for integers divisible by higher powers of primes mirrors the prohibition of multiple

occupancy, while the alternating sign (−1)r reflects the parity of the number of occupied

modes [97].

Let us now consider an entanglement spectrum of the form

λk =
AFµ(k)

ks
, AF , s > 0, k = 1, . . . ,∞. (2.56)

The normalization of the eigenvalues implies that

1 =
∞∑
k=1

λk = AF

∏
p

(1 + p−s) = AF
ζ(s)

ζ(2s)
, (2.57)

where we have used the Euler product formula

ζ(s) =
∏
p

1

1− p−s
, Re(s) > 1. (2.58)

Using equation (2.9), the entanglement energies for this spectrum are given by

Ek = − lnλk = − lnAF + s ln k. (2.59)

Where k is any square free integer. We equate this expression with that of the spectrum
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of a free fermionic system

− lnAF + s ln k = E0 +
N∑
i=1

ni(k)ϵi. (2.60)

If k is a square free integer then from the Fundamental Theorem of Arithmetic one has

k = 2n23n3 . . . pnp . . . , ni = 0, 1, (2.61)

such that taking the logarithm of (2.61) yields

ln k =
∑

p:prime

np ln p, np = 0, 1. (2.62)

Hence, equation (2.60) is solved by

E0 = − lnAF =
ζ(s)

ζ(2s)
, (2.63)

ϵp = s ln p. (2.64)

The parameter s can be thought of as an entanglement temperature since it is common to

all eigenenergies. The relation (2.64) has also been considered in [98, 97] with ln p being

the single-particle energies of the primon gas. The partition function of this gas is related

to the Riemann zeta function, ζ(s). In recent work, a prime number eigenvalue spectrum

has also been experimentally realised by application of holographic optical traps [99], in

agreement with previous theoretical results [100].

This example spectrum (2.64), motivated by the interesting parallel between the

decomposition of integers in terms of prime numbers and the decomposition of free-

system entanglement spectra in terms of single-particle energies, provides an example

of a non-uniform entanglement spectrum that can be reproduced using our q-deformed

model. To implement this spectrum for some finite number of pairs with fixed coupling

profile {Ji}, the required values of the set {hi}, can simply be read off from equations
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(A.29), (A.30) and (A.31) in Appendix A.4.

2.7 Conclusions

In summary, the one-dimensional spin-chain model presented here exhibits complete

controllability over the free-particle entanglement in a bipartite system. As illustrated

through two representative cases, this controllability enables the high-fidelity simulation

of arbitrary free-fermion correlations, providing an invaluable tool for quantum techno-

logies whenever specific patterns of quantum correlations are required [51, 52, 101]. Our

scheme is a generalisation of the rainbow states of concentric maximally entangled sing-

lets to the case of concentric pairs, each one with variable entanglement parametrised by

a single deformation parameter q. The entanglement over a set of N pairs is easily tuned

with the appropriate choice of only N independent transverse field terms. Moreover,

the construction of this universal simulator in terms of simple local coupling and field

terms only, enables direct accessibility for implementation across a range of experimental

platforms. Rydberg atom arrays for example, provide a powerful platform for the precise

control over local spin-12 interactions, providing a direct path for the simulation of this

quantum spin system [102, 103, 104].

The q-deformed rainbow ground state of our model was obtained through a Real-

Space Renormalization Group approach. To test the validity and applicability of our

method we compared the fidelity of the predicted theoretical model with the exact diag-

onalisation of the spin system. The employed perturbation method has a symmetry in

terms of the ordering of the concentric entangled states. By taking advantage of this sym-

metry we find the optimal order of magnetic fields that gives the best fidelities. Finally,

we apply our method to two case scenarios. First, we consider the homogeneous case

of concentric pairs with the same entanglement. Second, we consider the case of single

particle energies of the entanglement spectra that are parametrised by the logarithms of

the prime numbers as derived by Germań Sierra. This model is inspired by the similarity

between the decomposition of free-system entanglement spectra in terms of single particle



46

energies and the decomposition of integers in terms of prime numbers. In recent experi-

mental work, holographic techniques have been developed allowing for the tuning of the

energy spectrum of the single-particle Schrödinger equation [99]. Notably a ‘prime num-

ber quantum potential’, VN (x), can be applied such that the single-particle Schrödinger

equation has the lowest N prime numbers as eigenvalues. These techniques demonstrate

an interesting procedure for the reproduction of arbitrary sequences of integers as energy

spectra with possible applicability to this work.

In the absence of transverse fields, our model reduces to the maximally entangled rain-

bow ground state [41], a simple one-dimensional system that has been utilised in quan-

tifying the limits of entanglement distribution [47], state engineering [45], and quantum

channel performance [44]. Extensions to higher dimensions and quenched dynamics have

further established the rainbow chain as an invaluable platform for studying entangle-

ment spreading and non-equilibrium physics in inhomogeneous chains [43, 47, 105, 106].

Building on this foundation, our universal simulator combines the inhomogeneous coup-

ling structure with a quantum-group-inspired q-deformation, enriching the original con-

struction with an additional tunable degree of freedom while retaining exact analytical

control. This deformation opens new avenues for extending the physics of rainbow states.

For instance, Samos Sáenz de Buruaga et al. [107, 108] demonstrated that folding the

inhomogeneous rainbow spin-1/2 chain about its centre yields effective one-dimensional

models with symmetry-protected topological order. Applying a similar folding strategy

to the q-deformed rainbow chain thus suggests the possibility of realizing a topological

phase with characteristics precisely controlled by the deformation parameter q.



Chapter 3

Anyons and the Quantum Double

Model

3.1 Introduction

Having concluded our investigation of quantum correlations in one-dimensional systems,

we now take the step up to two dimensions. Here, exotic particles can appear with ex-

change statistics interpolating between those of bosons and fermions. These particles

fall into two categories: Abelian anyons whose exchange may yield any arbitrary phase

factor, and the more remarkable non-Abelian anyons, the braiding of which may enact

unitary operations on the combined wavefunction. Although direct experimental obser-

vation of these particles is a highly non-trivial task, lattice models have been developed

that allow for the simulation of quantum systems that give rise to certain properties of

anyons [109, 110, 111, 112, 113]. Among lattice models that host non-Abelian anyons,

Kitaev’s quantum double construction [22] has emerged as a powerful tool, providing an

exactly solvable framework where anyonic excitations arise from the algebra of a finite

group G.

In this chapter we provide a brief overview of the background material for anyonic

models as will be relevant in the following two chapters. We start by defining the basic

47
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components required to describe a given model, including the R and F matrices that form

the description of all anyonic braiding operations. In Section 3.3 we will then present

the construction of Kitaev’s quantum double model, in which these anyons appear as

localised excitations on a lattice of spins.

3.2 Components of an Anyonic Model

Formally, an anyonic model is a mathematical structure that characterizes the fusion and

braiding properties of quasiparticle excitations in a topologically ordered system. The

definition of such a model may be broken down into several key components. Firstly, a

given model necessarily consists of a finite set of particle types (anyon species), always

including the trivial vacuum particle 1. Anyonic models must be closed under fusion, a

process whereby pairs of anyons come together to form composite anyons as represented

in terms of anyonic worldlines in Figure 3.1(a). In general, for non-Abelian anyons, this

outcome is not unique and the fusion of two non-Abelian anyons may produce multiple

distinct composite anyons. Mathematically we represent the possible fusion outcomes or

‘channels’ of anyons a and b as

a× b =
∑
c

N c
a,bc. (3.1)

The fusion co-efficients N c
a,b are non-negative integers indicating the total number of ways

that anyons a and b may fuse to a given anyon c. N c
a,b = 0 means that there is no way

that anyons a and b can fuse to c while Nab
1 > 0 indicates that a is the antiparticle of b

and vice versa.

For the pairwise fusion of non-Abelian anyons a×b = c+d+. . . one may define a multi-

dimensional anyonic basis indexed by these possible fusion outcomes {|a, b→ i⟩}, with

i = c, d, . . . . In general, the set of all possible ways that a collection of anyons can fuse to

a given outcome is known as the fusion space of the anyons. The states spanning this basis

are labelled by the different intermediate outcomes and the dimension of the fusion space
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Figure 3.1: Fundamental anyonic processes. (a) Pairwise (i) creation and (ii) fusion. (b)
The basis transformation described by the F matrix. (c) The phase induced by anti-
clockwise braiding of anyons with fixed fusion channel.

corresponds to the multiplicity of the fusion outcome. Notably, the fusion space is a non-

local degree of freedom: it cannot be accessed or manipulated through local operations

or classical communication (LOCC) on individual anyons. The encoding of logical states

within this fusion space, therefore provides a means of encoding quantum information

non-locally such that it is intrinsically protected from local environmental perturbations.

The controlled manipulation of the fusion space, and therefore the encoded quantum

information, is achieved using non-local topological operations such as anyonic braiding

and fusion [114].

Consider now the fusion of three anyons a, b, c to some fixed outcome d. Anyonic

fusion is a pairwise process, such that in order to uniquely define a fusion basis for this

process, one must assign an order in which the fusion processes occur. The associated

Hilbert space may be indexed by the possible intermediate fusion outcomes a × b → i

such that i × c → d as shown on the left-hand side of Figure 3.1(b). Each state in

this Hilbert space compactly takes the form |(a, b), c→ i, c→ d⟩. Fusion associativity

(a× b)× c = a× (b× c) however dictates that this same Hilbert space can equivalently

be spanned by the states as represented on the right-hand side of Figure 3.1(b), for

intermediary composite anyons j. Mapping between these two representations therefore

requires the description of a basis transformation known as the fusion matrix F d
abc. The

action of this mapping may be described in the anyonic basis as

|(a, b), c→ i, c→ d⟩ =
∑
j

(F d
abc)

i
j |a, (b, c) → a, j → d⟩ . (3.2)



50

Figure 3.2: (a)(i) The n-strand braid group Bn. (ii) The braid generator bi exchanges
strands i and i+1 in a clockwise manner, while in (iii) the inverse operation b−1

i exchanges
the strands in an anti-clock-wise manner. (b) A simple illustration of the core components
of topological quantum computation. (i) State initialization: anyons are created in pairs
from the vacuum. (ii) Computation: unitary operations are enacted via the braiding of
non-Abelian anyons. (iii) Measurement : Fusion of anyons provides a measurement on
the result of the computation process.

For non-Abelian anyons a, b, c, F d
abc is in general a multi-dimensional unitary matrix.

The final ingredient in defining an anyonic model is some description of the braiding

of pairs of anyons. Consider the fusion of two anyons a and b to fixed outcome c. If these

two anyons undergo a counter-clockwise exchange before fusing, fusion commutativity

a× b = b× a dictates that their total charge c remains unchanged. Assigning a distinct

basis state to each configuration, the swapping of two particles on a line therefore induces

an isomorphism between these states described by the braiding operator

R⟲ |a, b→ c⟩ = Rab
c |b, a→ c⟩ , (3.3)

where R⟲ corresponds to the anti-clockwise exchange of a and b anyons, as shown in

Figure 3.1(c). For fusion processes with a unique fusion channel this mapping corresponds

to the possible acquisition of a simple phase factor, Rab
c . For the non-Abelian fusion of

two X anyons, the fusion multiplicity generates a diagonal unitary matrix RXX with

entries (RXX)ii ≡ RXX
i .
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Figure 3.3: The three generators b1, b2 and b3 of B4 obey the Yang-Baxter equations (a)
b1b3 = b3b1 and (b) b1b2b1 = b2b1b2.

The F and R matrices encode the associativity and braiding properties of anyons,

respectively. In the framework of topological quantum computation, quantum gates are

realised through the braiding of anyonic worldlines, inducing unitary transformations on

the multi-dimensional fusion space of non-Abelian anyons. Consider the worldlines of n

anyons, as shown in Figure 3.2. The topologically distinct paths of n anyons in space-time

form the n-strand braid group Bn. The generators of this group may be represented as

bi, (i = 1, . . . , n−1), where bi acts to exchange the strands i and i+1 in an anti-clockwise

manner as shown in Figure 3.2(a). These generators obey the defining relations known

as the Yang-Baxter equations

bibi+1bi = bi+1bibi+1, 1 ≤ i ≤ n− 2 (3.4)

bibj = bjbi for |i− j| > 1, 1 ≤ i, j ≤ n− 1, (3.5)

represented graphically in Figure 3.3 [115, 116]. According to the formalism of modular

tensor categories, the full representation of braid group actions—and hence the quantum

gate set—is specified by the fusion rules and the corresponding F and R matrices of the

anyon model [117]. It is important to note that the F and R matrices of a given model

cannot be chosen arbitrarily, but must satisfy a set of consistency relations known as the
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Figure 3.4: The lattice construction of the quantum double model D(G). The solid
(dotted) lines denote the direct (dual) lattice with underlying orientation as indicated
by arrows. d = |G|-dimensional qudits are positioned on each link of the direct lattice.
(a) Direct and dual triangles τ and τ ′ form the basis for single qudit operators Lg

± and
T h
± respectively. (b) Closed loops of these direct (dual) triangles construct the plaquette

(vertex) projection components Bh(p) (Ag(v)). (c) Action of the plaquette operator
Bh(p) (top) and vertex operator Ag(v) (bottom) on the group elements composing the
respective plaquette or vertex.

pentagon and hexagon relations [114]. By selecting solutions to these equations that are

compatible with a given set of fusion rules, one therefore obtains a complete description

of the topological behaviour of an anyonic model.

3.3 Kitaev’s Quantum Double model

In the previous section, we have provided an abstract overview of the defining features of

anyonic models. We now present the quantum double model D(G), as first introduced by

Kitaev in 2003 [22]. This exactly solvable lattice model is constructed using the Drinfeld

quantum double of a finite group G, where the choice of G uniquely determines the
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anyonic content of the model and their associated fusion and braiding statistics. Within

this framework, anyons emerge as localized, coherent excitations on the lattice, each

characterized by a distinct electric charge and magnetic flux component, in one-to-one

correspondence with the irreducible representations of D(G) [118, 119].

LetG be any finite group with cardinality |G|. The quantum double modelD(G) may

then be defined on any oriented two-dimensional lattice. For the purposes of this thesis

we thus choose to consider a two-dimensional square lattice with orientation convention

as shown in Figure 4.4. On each link of the lattice, a d = |G|-dimensional Hilbert space

or ‘qudit’ is positioned with orthonormal basis indexed by {|g⟩ : g ∈ G}. Four linear

operators are introduced with action

Lg
+ |z⟩ = |gz⟩ , T h

+ |z⟩ = δh,z |z⟩ , (3.6)

Lg
− |z⟩ = |zg−1⟩ , T h

− |z⟩ = δh−1,z |z⟩ . (3.7)

for some z, g, h ∈ G, on any |G|-dimensional qudit. These operators Lg
± and T h

± may be

represented by dual and direct triangles respectively, as shown in Figure 4.4(a). Using

this notation, we may define a local gauge transformation Ag(v) as a closed loop of Lg
±

triangles around a given vertex v

Ag(v) = Lg
± ⊗ Lg

± ⊗ Lg
± ⊗ Lg

±, (3.8)

where the following orientation convention is applied

Lg =


Lg
+ if the oriented edge points into the vertex,

Lg
− if the oriented edge points out of the vertex.

(3.9)

Similarly, we introduce the magnetic charge operator

Bh(p) =
∑

h1h2h3h4=h

T h1
± ⊗ T h2

± ⊗ T h3
± ⊗ T h4

± , (3.10)
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composed of direct triangles covering a plaquette p (see Figure 4.4(b)), obeying the

labelling convention

T h =


T h
+ if the oriented edge is clockwise w.r.t the plaquette,

T h
− if the oriented edge is anti-clockwise w.r.t the plaquette.

(3.11)

The above operators generate an algebra D = D(G), which is the Drinfeld’s quantum

double of the group algebra C[G] [120]. In order to illustrate how these loop operators

relate to the measurement of charge and flux within the quantum double model we

start by considering the action of Bh(p) as shown in Fig. 4.4(c). When acting on

a plaquette p, the operator Bh(p) projects onto the subspace of states satisfying the

constraint g1g
−1
2 g−1

3 g4 = h, where the group elements gi label the edges surrounding

the plaquette. In the language of lattice gauge theory, the product hp = g1g
−1
2 g−1

3 g4

represents the holonomy, or equivalently the gauge-field ‘twist’, through the plaquette p.

When hp = e, with e denoting the identity element of G, the gauge field is said to be flat

across the plaquette and no magnetic flux is present. In this way, we define the projector

onto the trivial flux sub-space for a plaquette p as

B(p) ≡ Be(p) =
∑

h3h4h5h6=e

T h3
± ⊗ T h4

± ⊗ T h5
± ⊗ T h6

± . (3.12)

A complementary construction arises from the vertex operators Ag(v), which act on

the four qudits adjacent to a vertex v as shown in Fig. 4.4(c). Each operator Ag(v)

implements a local gauge transformation by multiplying the surrounding edge variables

by the group element g (or its inverse g−1, depending on edge orientation). Taking the

uniform average over all group elements,

A(v) =
1

|G|
∑
g∈G

Ag(v), (3.13)

thus yields a projector onto the gauge-invariant subspace at vertex v. States in this
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subspace carry no net electric charge, ensuring the absence of vertex excitations.

Consider now the construction of a Hamiltonian which energetically enforces these

local gauge and flatness constraints encoded by the vertex and plaquette operators. For a

lattice with vertices v ∈ V and plaquettes p ∈ P , the Kitaev Hamiltonian of the quantum

double model D(G) is given by

H = −
∑
v∈V

A(v)−
∑
p∈P

B(p), (3.14)

where A(v) and B(p) are the projectors defined in Eqs. (3.13) and (3.12), respectively.

Notably, the orientation conventions (3.9) and (3.11) ensure that all such vertex and

plaquette operators commute with one another

[
A(v), A(v′)

]
= 0,

[
B(p), B(p′)

]
= 0, [A(v), B(p)] = 0, (3.15)

for all vertices v, v′ and plaquettes p, p′ (see Appendix B.2). This mutual commutativity

implies that the Hamiltonian is exactly solvable with eigenstates that can be chosen

to be simultaneous eigenstates of all A(v) and B(p). Defined on a lattice with open

boundaries, one thus obtains a unique ground state |ζ⟩, corresponding to the anyonic

vacuum, in which

A(v) |ζ⟩ = |ζ⟩ , B(p) |ζ⟩ = |ζ⟩ , (3.16)

for all vertices, v, and plaquettes, p. Excitations of this model are particle-like and are

indicated by violations of the conditions (3.16). A vertex, v, for which A(v) |ζ⟩ ≠ |ζ⟩

indicates the presence of an electric charge excitation or ‘chargeon’, while B(p) |ζ⟩ ≠ |ζ⟩

signals the presence of a magnetic flux excitation or ‘fluxon’ on the plaquette p. This

model also admits the description of dyons− composite particles with both non-trivial

flux and charge defined on a neighbouring vertex and plaquette.

Before introducing the ribbon operators that may be used to coherently create and

manipulate anyons as quasiparticle excitations of this lattice model, we first review the
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formalism for the classification of such anyonic excitations in the quantum double model.

3.3.1 Anyons in the Quantum Double Model

In the previous section, the Kitaev Hamiltonian (3.14) was introduced as a sum of mutu-

ally commuting projectors that energetically enforce the absence of both electric charge

and magnetic flux at every vertex and plaquette of the lattice. We now turn to the formal

classification of the resulting anyonic excitations by relating their charge and flux degrees

of freedom to the representation theory of the Drinfeld quantum double associated with

the chosen group G.

We begin by considering the classification of magnetic flux excitations. The plaquette

operators Bh(p) are defined to project onto states for which the plaquette holonomy hp

takes the value h ∈ G. However, this holonomy is not itself a gauge-invariant quantity.

Under a local gauge transformation by an element g ∈ G at a chosen basepoint for

example, the plaquette holonomy transforms by conjugation according to

hp 7→ ghpg
−1. (3.17)

As a consequence, physically meaningful magnetic flux excitations cannot be labeled by

individual group elements, but rather by their conjugacy classes. The gauge-invariant

characterization of magnetic flux within the quantum double D(G) is therefore given by

the conjugacy class of the plaquette holonomy,

Chp = {ghpg−1 | g ∈ G}. (3.18)

In contrast, while magnetic flux is associated with violations of the plaquette con-

straints and is characterized by conjugacy classes of G, electric charge arises from viola-

tions of the vertex constraints and is governed by the representation theory of the group.

More precisely, for a vertex v, electric charge excitations correspond to states that are

not invariant under local gauge transformations generated by the operators Ag(v). As a
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result, such excitations transform non-trivially under the action of G. Specifically, in the

presence of a magnetic flux labelled by a conjugacy class C, the local gauge symmetry

at a vertex is reduced to the subgroup of G that leaves a representative h ∈ C invariant

under conjugation. This subgroup, known as the normalizer of h, is defined as

N (h) = {gh = hg | g ∈ G}. (3.19)

Electric charge degrees of freedom associated with a flux C are therefore classified by

the irreducible representations (irreps) of the corresponding normalizer subgroup Ng.

Different choices of representatives h ∈ C yield isomorphic normalizers, ensuring that

this classification is well defined.

In this way, the elementary anyonic excitations of the quantum double model D(G)

are labelled by pairs (C,Γ), where C is a conjugacy class ofG specifying the magnetic flux,

and Γ is an irreducible representation of the normalizer Ng specifying the electric charge.

These pairs label the irreducible representations of the Drinfeld quantum double D(G),

providing a complete classification of the model’s anyonic particle types. Excitations for

which Ce = {e} correspond to pure electric charges, while non-trivial conjugacy classes

give rise to dyonic excitations carrying both charge and flux. An explicit example of this

construction is provided in Section 4.3. The full fusion and braiding data of an anyonic

model is encoded in the category Rep(D(G)), a modular tensor category, whose simple

objects define the superselection sectors labelling distinct anyons [121].

Finally, for any anyon labelled X : (C,Γ) we may define a quantum dimension

dX = |C||Γ|, (3.20)

a real positive number quantifying the asymptotic growth of the fusion space dimen-

sionality associated with a single dX anyon, discussed further in Appendix B.1. The

unique fusion channels of Abelian anyons necessarily correspond to dX = 1 while dX > 1

indicates a non-Abelian anyon.
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The total quantum dimension, D, of the model can be found from the sum of the

quantum dimensions over all anyon types

D2 =
∑

anyons X

d2X , (3.21)

and is related to the cardinality of the chosen group

D2 = |G|2. (3.22)

For the ground state of a two-dimensional lattice model D(G), one may define a topo-

logical entanglement entropy, γ, a universal additive constant to the total entanglement

entropy that does not depend on the choice of bipartition [122]. It may be shown that

this term may be expressed in terms of the total quantum dimension as γ = − logD.

For all non-trivial anyon models with D > 1, this therefore characterises some global

structure of the entanglement independent of the chosen boundary required to host such

a model.

3.3.2 Ribbon Operators

Having classified the elementary anyonic excitations of the quantum double model in

terms of conjugacy classes and irreducible representations of normalizer subgroups, we

now introduce the operators that create, transport, and braid these excitations on the

lattice. These operators, known as ribbon operators, provide a concrete realization of the

abstract charge-flux labels (C,Γ) and play a central role in the description of the model’s

topological properties.

In Section 3.3, we introduced the single-qudit operators Lg
± and T h

± that may be

represented as dual and direct triangles respectively as shown in Fig. 3.5(a). From these

triangles, longer strips known as ‘ribbons’ may be constructed as illustrated in Fig. 3.5(b).

This composition of dual and direct triangles notably allows operations acting along these

ribbons to act simultaneously on the group degrees of freedom associated with edges and
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Figure 3.5: The square lattice of the quantum double model with various triangle and
ribbon operators. (a) Single direct τ and dual τ ′ triangles (b) Closed loop, ρ1, and
open-ended, ρ2, ribbon operators formed from combinations of triangle operators. (c) A
ribbon operator with one dual and one direct triangle. (d) Two ribbons ρ4 and ρ5 that
have been ‘glued’ together at the dashed line to form a single extended ribbon ρ.

plaquettes, reflecting the fact that generic excitations in the quantum double model carry

both magnetic flux and electric charge. For each ribbon ρ we introduce a set of operators

{F h,g
ρ } with h, g ∈ G, called ribbon operators. These operators act on all qudits contained

in ρ, however their action is only non-trivial on the start and end sites (i.e. the ribbon

operators commute with A(v) and B(p) for all sites other than the end sites). In this

way, stabiliser violations corresponding to excitations of the system only arise at the

endpoints of the ribbon. The interior of the ribbon remains in the ground-state sector,

ensuring that excitations are strictly localized.

In the simplest case, a ribbon may be constructed from a single triangle. If τ is a

dual triangle and τ ′ a direct triangle, we set

F h,g
τ := δ1,gL

h
τ , F h,g

τ ′ := T g
τ ′ . (3.23)

These ribbons have minimal length l = 1.

A ribbon is described as ‘proper’ if it is composed of at least one dual and one direct
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triangle. The smallest proper ribbon is thus composed of exactly one direct and one dual

triangle as shown in Fig. 3.5(c). The associated ribbon operator is defined as the product

of the ribbon operators on each triangle,

F h,g
ρ = Lh

τdual
T g
τdir
. (3.24)

For all general ribbons with l > 1, we may let ρ = ρ1ρ2 and recursively define a

‘gluing’ procedure with the following

F h,g
ρ :=

∑
k∈G

F h,k
ρ1 F

k−1hk,k−1g
ρ2 , (3.25)

where the first site of ρ2 is always the same as the last site of ρ1 (see Fig. 3.5(d)).

To obtain operators that create excitations of definite anyon type, one may further

project the ribbon operators onto irreducible representations of the quantum double.

This is achieved by summing over group elements with representation matrices,

F (C,Γ)
ρ =

∑
h∈C

∑
g∈N (h)

χΓ(g)F h,g
ρ , (3.26)

where C is a conjugacy class of G, N (h) is the stabilizer subgroup of a representative

h ∈ C, and χΓ denotes the character of the irrep Γ. These projected ribbon operators

create excitations labelled by (C,Γ), providing a direct lattice realization of the irreducible

representations of D(G). Explicit examples of this construction for the quantum double

based on the permutation group of three objects, D(S3), are given in Appendix C.1.

3.4 Conclusion

In this chapter we have introduced the relevant background material required for chapters

4 and 5. We began with a brief overview of the defining features of anyonic models in-

cluding fusion rules and braiding statistics. In particular, we highlighted the importance

of the R and F matrices in uniquely specifying the braid group representation on a given
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fusion basis. We then introduced Kitaev’s Quantum Double model, an exactly solvable

two-dimensional lattice model based on the quantum double of some finite group G,

D(G). The dynamics of this model are provided by the Kitaev Hamiltonian; a sum-

mation over commuting flux and charge projectors on each vertex and plaquette of the

lattice. From the vacuum ground state of this model distinct anyon species in one-to-one

correspondence with the irreducible representations of D(G), may be created and trans-

ported using so-called ribbon operators. This methodology provides the mathematical

framework for the following two chapters, in which we will consider the D(S3) quantum

double model, the simplest quantum double model capable of realising both Abelian and

non-Abelian anyons. Our ultimate aim is to present a simple model, compatible with

current quantum technologies, that can generate and braid non-Abelian anyons enabling

an experimental demonstration of the power of such braiding operations for universal

quantum computation.



Chapter 4

Lattice Realisation of R and F for

the non-Abelian D(S3) Quantum

Double Model

4.1 Introduction

Quantum computing offers the potential to harness the power of quantum mechanics to

achieve efficient solutions to problems intractable on classical computers [123, 124, 125].

One of the main obstacles to building a practical quantum computer however, is the effect

of environmental decoherence on fragile superpositions of quantum bits [126, 127, 128,

129]. Topological quantum computation provides a natural solution to this problem, in

which quantum information encoded in non-local observables displays an inherent robust-

ness to environmental perturbative errors [22, 114]. Within this framework, computation

is performed via the braiding of non-Abelian anyons, enacting unitary operations on a

topologically protected fusion space. The description of such braiding properties thus

underpins the computational power of a given anyonic model [130, 131].

While such anyons are predicted to occur as quasiparticle excitations in certain

strongly correlated quantum systems including fractional quantum Hall liquids [132, 133,

62
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134, 135] and topological superconductors [136, 137, 138, 139], these systems have so far

avoided conclusive experimental detection [26, 27, 28, 29]. As such, coherent computation

via braiding in such physical systems remains beyond the scope of current experimental

capability. Current efforts towards the realisation of topological quantum computation

thus centre the use of physical simulations that capture key features of anyonic physics

[109, 110, 111, 112, 113] without the complexities of the underlying condensed mat-

ter systems. Amongst these, Kitaev’s quantum double model D(G) has emerged as a

powerful candidate, providing an exactly solvable framework for the precise creation and

manipulation of anyons [22, 24]. In this formalism, the braiding properties and thus

computational power of the quantum double D(G) are dictated by the choice of under-

lying group G. Abelian groups, such as the toric code D(Z2) for example, give rise to

Abelian anyons only, whose braiding at most induces phase factors on the global wave-

function. When combined with logical encodings and projective measurements, these

processes act to map Pauli operators to Pauli operators, thereby realising the Clifford

group [140, 141]. By the Gottesman–Knill theorem [142, 143], all such Clifford opera-

tions can be efficiently simulated on a classical computer, rendering such Abelian models

insufficient for the implementation of a universal quantum computer.

For the purposes of this thesis, we thus consider the quantum double model based on

the smallest non-Abelian group, S3. This group is isomorphic to the symmetry trans-

formations of an equilateral triangle with group elements that may be indexed as

S3 = {e, c, c2, t, tc, tc2}, (4.1)

where c is the generator for rotations following c3 = e, and t is the generator for re-

flections following t2 = e with e as the identity element. The non-Abelian nature of

this group is defined by the relation ct = tc2. As remarked by Lo et al. in their re-

view [144], the quantum double model D(S3) lies at the ‘sweet spot’ for the realisation

of non-Abelian topological order, being both solvable and non-nilpotent [145]. Indeed

it has been shown that the non-Abelian anyons of this model can perform universal
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quantum computation through braiding and fusion alone [146, 147]. Furthermore, as S3

is the smallest non-Abelian group, the lattice needed to realise such a model has a relat-

ively small local Hilbert space, rendering it more readily accessible to current small-scale

quantum platforms [148].

In this chapter, we present an explicit demonstration of the non-Clifford operations

arising from the pairwise braiding of non-Abelian anyons in the framework of the D(S3)

quantum double model. By employing controlled sequences of localized ribbon and pro-

jection operators to a lattice of d = 6 qudits, we simulate the action of the fundamental

exchange and fusion recombination matrices, R and F , on the topologically protected

fusion space of non-Abelian G anyons. These matrices fully characterize the braiding

statistics, enabling the reconstruction of the complete braiding operators acting on the

fusion space of two anyon pairs. Analysis of these operators reveals that the braiding

of G anyons enacts non-Clifford operations on a logical qubit encoded within this fusion

space. Crucially, we conclusively show that the resulting braiding matrices enable the

generation of magic states [149, 150], establishing a direct link between the non-Abelian

braiding dynamics of D(S3) and one of the key resources required for universal quantum

computation [151].

Notably, the protocol presented here provides a static method for the reconstruction

of non-Abelian braiding statistics. In principle, the simulation of such evolutions requires

the physical transport of anyons [109, 152, 153]. Within a quantum simulation, however,

such dynamical processes demand complex controlled evolutions capable of transporting

anyons without performing unwanted measurement on their encoded information [154].

To bypass this complexity, we adopt an algebraic approach in which braiding is simu-

lated using only localized operators that create and measure anyons. In this sense, our

method offers a natural translation of Bonderson et al.’s ‘measurement-only’ paradigm for

topological quantum computation [155, 156] into the well-defined framework of Kitaev’s

quantum double model. Concretely, by performing projective charge measurements, we

coherently select states from the multi-dimensional fusion space of non-Abelian anyons
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generated by overlapping ribbon operators on a single vertex. By varying the order of

these ribbon operators, we simulate both the braiding transformations encoded by the R

matrix, and the basis changes associated with the fusion order, captured by the F matrix.

In this way, the ordered application of static lattice operations reproduces the effect of

anyonic braiding in time rather than in space. Importantly, this minimal, operator-based

approach within the smallest non-Abelian quantum double model provides a clear and

experimentally accessible route to realisation on current quantum hardware, which will

be the focus of Chapter 5.

The rest of this chapter is organised as follows. In Section 4.2 we begin by providing

a brief overview of the importance and role of magic state generation in schemes for

universal quantum computation. In Section 4.3 we then introduce the main elements

of the D(S3) quantum double model and the eight distinct anyons it supports. Of

particular interest for our purposes is the non-Abelian anyonG of the subgroup {A,B,G},

the braiding evolutions of which are encoded in the braiding and fusion recombination

matrices RGG and FG
GGG respectively. In Section 4.4 we present a simple method for

the simulation of RGG on a lattice of d = 6 qudits, while a minimal construction for the

fusion basis transformation FG
GGG is given in Section 4.5. In Section 4.6, these extracted

matrices are shown to explicitly demonstrate the non-Clifford action of the braiding of G

anyons, highlighting their importance as a resource for universal quantum computation.

Finally, Section 4.7 provides concluding remarks and outlook.

4.2 A brief introduction to magic

In recent years, ‘magic’ or ‘non-stabilizer’ states have emerged as a powerful resource in

quantum computation, bridging the gap between efficiently simulable Clifford circuits and

full universal quantum computation [149, 151]. Here we provide a brief overview of the

key properties of these states, motivating the significance of their controlled generation

through topologically protected braiding operations.

We begin by introducing the Clifford group. Formally, the n-qubit Clifford group is
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defined as

Cn = {U |UPU−1 ∈ Pn ∀P ∈ Pn}, (4.2)

that is, the set of unitary operations that map the n-qubit Pauli group

Pn = {±1,±i} × {12, σx, σy, σz}⊗n, (4.3)

onto itself under conjugation [157]. The Clifford group plays a notable role in quantum

information theory due to its close connection with classical simulability. In particular,

the Gottesman-Knill theorem establishes that any quantum circuit composed solely of

Clifford operations, together with preparation of computational basis states and meas-

urements in the Pauli basis, can be efficiently simulated on a classical computer [142].

As a consequence, circuits restricted to Clifford gates alone do not provide a quantum

computational advantage.

Although the Clifford group is not universal for quantum computation, it is a well-

established result that augmenting the Clifford group with any non-Clifford gate yields

a universal gate set [158, 159]. A commonly employed choice is the single-qubit T -gate

T =

1 0

0 e
iπ
4

 , (4.4)

which, when combined with Clifford operations, suffices to approximate arbitrary unitary

transformations [160]. Despite this theoretical universality however, the physical imple-

mentation of such non-Clifford gates presents significant practical challenges [161]. In

many fault-tolerant architectures for example, Clifford operations can be implemented

transversally and are therefore naturally protected against errors [162, 163], whereas non-

Clifford gates generally lack such protection and incur substantial overheads [164, 165].

In the seminal work [149], Bravyi and Kitaev proposed an alternative scheme for

universal quantum computation, whereby the non-Clifford action of gates such as the T -

gate, could be ‘encoded’ in a special set of ancillary input states, circumventing the need
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Figure 4.1: Magic state injection protocol for the non-Clifford T gate. By preparing the
ancillary qubit in the magic state |T ⟩ in Eq. (4.5), the left circuit composed of Clifford
operations, measurements and classical feed-forward reproduces the action of the non-
Clifford gate T on the input state |ψ⟩ as shown on the right. Note that the S = T 2

gate (left) is conditioned to only act on the computational qubit if ‘1’ is measured on the
ancillary qubit.

for direct implementation of any non-Clifford gates within the quantum circuit. Defining

the set of stabilizer states as the finite set of n-qubit states that can be generated by

applying Clifford operations to the product state |0, 0, . . . , 0⟩, non-stabilizer or ‘magic’

states thus represent a departure from the realm of classically simulable states. By

‘injecting’ these magic states into the circuit, the rest of the computation may then be

performed using only the efficiently simulable gates from the Clifford group.

To illustrate the procedure of this magic state injection protocol, we consider the use

of the magic state

|T ⟩ = 1√
2

(
|0⟩+ e

iπ
4 |1⟩

)
, (4.5)

in replicating the action of the non-Clifford T gate as shown in Figure 4.1. Here the

S-gate is a Clifford gate S = T 2 that is conditionally applied depending on the outcome

of a measurement performed on an ancilla qubit. Taking some arbitrary input state

|ψ⟩ = α |0⟩+ β |1⟩, the total input including the ancillary state |T ⟩ is given by

|Ψin⟩ = |ψ⟩ ⊗ |T ⟩ = (α |0⟩+ β |1⟩)⊗ 1√
2

(
|0⟩+ e

iπ
4 |1⟩

)
, (4.6)

such that after the action of the CNOT gate, one obtains

(
α |0⟩+ βe

iπ
4 |1⟩

)
⊗ |0⟩+

(
αe

iπ
4 |0⟩+ β |1⟩

)
⊗ |1⟩ . (4.7)
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A projective measurement is then performed on the ancilla qubit. If the outcome is |0⟩,

the input register is projected onto

(
α |0⟩+ βe

iπ
4 |1⟩

)
= T |ψ⟩ (4.8)

and the desired operation is obtained directly. If instead the outcome is |1⟩, a corrective

S-gate is applied to the input qubit, yielding

S
(
αe

iπ
4 |0⟩+ β |1⟩

)
=
(
αe

iπ
4 |0⟩+ e

iπ
2 β |1⟩

)
= e

iπ
4

(
α |0⟩+ βe

iπ
4 |1⟩

)
= e

iπ
4 T |ψ⟩ , (4.9)

which reproduces the action of the T -gate up to a global phase. In this way, the injection

of a single magic T -state ancilla enables the implementation of a non-Clifford gate using

only Clifford operations, measurements, and classical feed-forward.

In order to formalise the role of magic as a resource, we finally introduce the stabilizer

Rényi entropy, Mα [151, 166]. This provides a quantitative measure of the magic content

of a quantum state, capturing the extent to which it deviates from a stabilizer state. For

an n-qubit state |ψ⟩, Mα(|ψ⟩) is defined in terms of the squared overlaps with elements

of the n-qubit Pauli group Pn as

Mα(|ψ⟩) =
1

1− α
log

∑
p∈Pn

| ⟨ψ| p |ψ⟩ |2α

2n

, (4.10)

where α > 0 is the Renyi index. Mα = 0 indicates a classically simulable state, while

larger values of Mα indicate greater deviation from the Clifford-stabilizer set, and hence

higher magic. Typically we refer to the second-order stabilizer Renyi entropy, which for

a single qubit state, is bounded as 0 ≤ M2 ≤ log (2). The state |T ⟩ as in Eq. (4.5) for

example, takes value M2(|T ⟩) = log (43).

With the increasing recognition of magic states as a key resource for universal quantum

computation, growing attention has been directed towards identifying physical platforms

capable of generating such states in a controlled and fault-tolerant manner. Substantial
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progress has been made in the theory and practice of a process known as magic-state dis-

tillation for example, whereby high-fidelity magic states may be ‘distilled’ from multiple

lower fidelity inputs [149, 167, 150, 168]. While such protocols are provably effective,

they typically incur significant overheads in terms of qubit count, circuit depth, and

error-correction resources [169], motivating the search for alternative approaches that

can generate magic states more directly.

Topological quantum computing architectures offer a particularly appealing route to

addressing the challenge of implementing non-Clifford resources, as their intrinsic error

protection can be leveraged to stabilise highly non-classical quantum states [141, 170,

171]. In the following section, we introduce the D(S3) quantum double model, which

supports non-Abelian anyonic excitations whose braiding statistics enable the generation

of magic states encoded in the logical fusion space of four G anyons. The computational

relevance of such states has been recently highlighted in the hybrid scheme proposed by

Laubscher, Loss, and Wootton [172], in which small islands of the non-Abelian D(S3)

quantum double embedded within a toric-code architecture act as ‘magic-state factories’

to promote an otherwise Clifford-restricted surface code to universal quantum computa-

tion. In that work, magic states prepared through non-Abelian braiding are subsequently

injected into the surrounding stabilizer code, providing a concrete pathway to fault-

tolerant universality. The explicit demonstration of such magic-state generation within

the exactly solvable framework of the quantum double model presented in this chapter

thus serves to bridge abstract theoretical constructions with concrete, implementable

schemes for universal topological quantum computation.

4.3 The D(S3) Quantum Double Model

Here, we provide a brief overview of the key properties of D(S3), the simplest quantum

double model that can support non-Abelian anyons [22]. The group S3 has three con-
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Anyon Cg Ng Irrep. dX Type

A Ce S3 ΓS3
1 1 Vacuum

B Ce S3 ΓS3
−1 1 Chargeon

C Ce S3 ΓS3
2 2 Chargeon

D Ct Z2 ΓZ2
1 3 Fluxon

E Ct Z2 ΓZ2
−1 3 Dyon

F Cc Z3 ΓZ3
1 2 Fluxon

G Cc Z3 ΓZ3
ω 2 Dyon

H Cc Z3 ΓZ3
ω̄ 2 Dyon

Table 4.1: Anyons of D(S3) with their charge and flux labels, quantum dimensions and
type.

jugacy classes

{Ce} = {e},

{Cc} = {c, c2},

{Ct} = {t, tc, tc2},

(4.11)

with corresponding normalizers,

Ne = S3,

Nc = Nc2 = {e, c, c2} ∼= Z3,

Nt = {e, t} ∼= Ntc
∼= Ntc2

∼= Z2,

(4.12)

where ‘∼=’ denotes an isomorphism, generating a total of eight irreducible representations

[173]. Each irrep is identified with a distinct anyon type, labelled {A,B,C,D,E, F,G,H},

as listed in Table 4.1. A denotes the vacuum particle with both trivial flux and charge,

such that A×X = X for X ∈ {A,B, . . . ,H}. Both A and B are Abelian, while C, . . . ,H

are non-Abelian.

Instead of considering the complete set of eight anyons however, it is instructive to

restrict to a smaller sub-group of this model that is closed under fusion. In this way,

the non-Abelian properties may be retained, while reducing the complexity of theoretical

and experimental treatment [148]. Here we will consider the sub-group {A,B,G} where
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A is the vacuum, B is an Abelian chargeon and G is a non-Abelian dyon. Their fusion

relations found using the S matrix and Verlinde formula [174] are given by

A×A = B ×B = A, G×B = G, G×G = A+B +G. (4.13)

The fusion multiplicity of the G anyon signals its non-Abelian nature such that the fusion

space of a pair of G anyons forms a three-dimensional Hilbert space spanned by a set of

anyonic basis states |G,G→ i⟩ where G,G → i indicates the fusion of two G anyons to

outcome i = A,B,G. The R and F matrices of the G anyons may be found analytically

using the pentagon and hexagon relations [175] and take the forms

RGG =


ω 0 0

0 −ω 0

0 0 ω̄

 , FG
GGG =

1

2


1 1

√
2

1 1 −
√
2

√
2 −

√
2 0

 , (4.14)

with ω = e
2πi
3 and ω̄ = ω∗. Such matrices completely encode the description of all unitary

braiding evolutions associated with a given anyonic model [117, 176]. In the following

we provide an explicit derivation for the braid group B3 on the fusion space of four G

anyons. In this way, we see that the R and F matrices of Equation (4.14) yield a braiding

operation with non-Clifford action on the logical Hilbert space, emphasising the role of

these G anyons as a resource for universal quantum computation.

4.3.1 Magic state generation through non-Abelian braiding

Consider the creation of two pairs of G anyons from the vacuum as shown in Figure 4.2(a).

The subsequent fusion of the pair (G1, G2) has three possible outcomes i = A,B,G. As

each of these anyons is its own antiparticle, the pair (G3, G4) must fuse to the same

composite anyon i such that the total system stays within the vacuum superselection

sector. One therefore obtains a three-dimensional fusion basis with states specified by

the intermediate anyon i. Alternatively, with the omission of the paths of trivial vacuum
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Figure 4.2: (a) Two equivalent anyonic fusion states. (b) The braid generators b1,G and
b2,G on the worldlines of three G anyons. (c) Representation of the basis states |i⟩ and
|j′⟩ and their action under the briad group operations. (d) Repeated application of b2,G
yields the full braiding operator B2,G

anyons, this system may be viewed as the fusion of three G anyons to fixed outcome

G as shown in Figure 4.2(a). With this fixed order of fusion the three-dimensional

basis may be explicitly spanned by the states {|i⟩} ≡ {|(G1, G2), G3 → i, G3 → G4⟩} for

i = A,B,G. As introduced in the previous chapter, anyonic associativity means that this

fusion of three G anyons to a fixed outcome may equivalently correspond to the basis

|j′⟩ = |G1, (G2, G3) → G1, j
′ → G4⟩, with the two bases related by the matrix FG

GGG

through |i⟩ =
∑

j′(F
G
GGG)

i
j′ |j′⟩, and |j′⟩ =

∑
i(F

G −1
GGG )j

′

i |i⟩.

The topologically distinct paths of G1, G2 and G3 prior to fusion form the 3-strand

braid group B3. This group has two generators b1,G and b2,G braiding pairs (G1, G2) and

(G2, G3) respectively as shown. When acting on a defined fusion space, the action of

these braiding operations may be expressed as a product of R and F matrices. Consider
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Figure 4.3: The action of the braiding operator b2,G on the basis state |i⟩ may be under-
stood through a series of R and F moves as shown.

for example b1,G |i⟩ as shown in Figure 4.2(c)(iii). The anyons G1 and G2 share a direct

fusion channel such that we have simply

b1,G |i⟩ = RGG |i⟩ . (4.15)

In contrast, in the basis {|i⟩} the anyons G2 and G3 do not fuse directly and thus the

matrix FG
GGG must be used to form a description of the operation b2,G [176]. Through

the series of transformations illustrated in Figure 4.3 one obtains

b23 |x⟩ = b23

(∑
x′

(FG
GGG)

x
x′ |x′⟩

)
,

=
∑
x′

RGG
x′ (FG

GGG)
x
x′ |x′⟩ ,

=
∑
x′

RGG
x′ (FG

GGG)
x
x′

(∑
y

(FG
GGG)

x′
y |y⟩

)
,

=
∑
y

(∑
x′

(FG −1
GGG )x

′
y R

GG
x′ (FG

GGG)
x
x′

)
|y⟩ . (4.16)

Thus, through the symmetry of FG
GGG,

b2,G |x⟩ = FG −1
GGGR

GGFG
GGG |x⟩ . (4.17)

Direct substitution of RGG and FG
GGG thus yields exact expressions for the generators
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b1,G and b2,G. As we will discuss further in Section 4.4 however, the single exchange R

is not directly represented as a physical operation within the formalism of the quantum

double model. Instead, the observable that naturally appears from commutation relations

of ribbon operators is the monodromy (full braiding) operator R2 [177, 178]. In this

protocol we therefore consider the full braiding operators

B1,G ≡ (b1,G)
2 = (RGG)2,

B2,G ≡ (b2,G)
2 = FG −1

GGG (RGG)2FG
GGG, (4.18)

describing complete evolutions of G1 around G2 and G2 around G3 respectively (see

Figure 4.2). Explicitly, B2,G has the following action on the anyonic basis {|A⟩ , |B⟩ , |G⟩}

B2,G =


cos
(
2π
3

)
−i sin

(
2π
3

)
0

−i sin
(
2π
3

)
cos
(
2π
3

)
0

0 0 ω̄

 . (4.19)

Revealing a splitting in the qutrit subspace as this operation preserves the two-dimensional

subspace span(|A⟩ , |B⟩) and its orthogonal complement span(|G⟩). The monodromy

B2,G is thus a well-defined operation on a qubit encoded in terms of the reduced basis

{|A⟩ , |B⟩}. Notably, inspection of this logical operation reveals that it does not belong

to the single-qubit Clifford group C1. Furthermore, creating two pairs of G anyons from

the vacuum and performing the braiding operation B2,G enables the preparation of the

state

|ψ⟩ = B2,G |A⟩ = cos

(
2π

3

)
|A⟩ − i sin

(
2π

3

)
|B⟩ , (4.20)

a magic state with M2(|ψ⟩) = log
(
16
13

)
. This non-stabilizer state constitutes a crucial

resource for quantum computation, whereby the encoded non-Clifford action enables

the preparation of arbitrary quantum states using circuits composed solely of classically

simulable Clifford operations [172].

To illustrate the relative computational power of these G anyons, we provide a brief
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comparison with an alternative non-Abelian subgroup of D(S3), the charge subgroup

{A,B,C} [179]. The non-Abelian chargeon C has identical fusion rules to that of the G

anyon

A×A = B ×B = A, C ×B = G, C × C = A+B + C, (4.21)

such that a set of four C anyons similarly encodes a logical qutrit. The form of the

braiding matrix

RCC =


1 0 0

0 −1 0

0 0 1

 , (4.22)

acting on the basis {|A⟩ , |B⟩ , |C⟩} however, yields (RCC)2 = 13. As a result the braiding

operators B1,C = (RCC)2 = 13 and B2,C = FC −1
CCC (RCC)2FC

CCC = 13 act trivially on this

fusion space, rendering this alternative subgroup unable to manifest non-trivial braiding

statistics within the quantum double model.

This discussion thus serves to illustrate the potential computational power arising

from the pairwise braiding of non-Abelian G anyons. With the basic components of

the D(S3) quantum double model introduced in the next section, we thus seek to ex-

plicitly demonstrate the non-Clifford action of these braiding operations through simple

operations on a lattice of d = 6 qudits.

4.3.2 Anyonic manipulation on a lattice

We now present the lattice model that gives rise to the quantum double D(S3) presented

above. Consider a two-dimensional square lattice with orientation as shown in Figure 4.4.

On each link of the lattice a Hilbert space, H, described by d = 6 qudits (dim(H) = 6)

is placed with orthonormal basis indexed by the group elements of S3, {|g⟩ : g ∈ S3}

The dynamics of our model are given by the Kitaev Hamiltonian [22]

H = −
∑
v

A(v)−
∑
p

B(p), (4.23)
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Figure 4.4: The lattice construction of the quantum double model D(S3). A d = 6-
dimensional qudit is positioned on each link of the direct lattice, which adopts the ori-
entation convention of Fig. 3.4. (a) Direct and dual triangles τ and τ ′ respectively act on
single d = 6 qudits. Ribbon operators acting on these triangles create pure charge or flux
anyons as shown. (b) Closed loops of direct (dual) triangles form the basis for mutually
commuting flux (charge) projection components Bh(p) (Ag(v)). (c) The two G anyonic
ribbons ρ1 and ρ2 that will be used throughout this chapter. The dyons created by the
associated ribbon operators FG

ρ1 and FG
ρ2 are situated at the endpoints of each ribbon as

highlighted.

for vertex and plaquette operators A(v) and B(p) respectively as defined in Equations

(3.13) and (3.12). We consider a lattice with open direct lattice boundaries such that

Hamiltonian terms outside of these boundary lines are set to zero [180]. This model

produces a unique ground state |ζ⟩, corresponding to the anyonic vacuum, in which

A(v) |ζ⟩ = |ζ⟩ , B(p) |ζ⟩ = |ζ⟩ , (4.24)

for all vertices, v, and plaquettes, p.

The anyonic excitations of this model are in one-to-one correspondence with the

irreps of the Drinfeld double D(S3). The anyons in our reduced model {A,B,G} may be

coherently created and manipulated with the application of so-called ribbon operators to

this anyonic ground state. The A and B anyons are both Abelian with trivial flux, and

can therefore be created and moved with string operators corresponding to paths on the

direct lattice. As A is the vacuum particle, the operator FA acts trivially as the identity
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matrix. Both A and B anyons may be transported around the lattice by applying these

single-qudit ribbon operators to strings of qudits (see Appendix C.1). In contrast, the

G anyons are dyons that have both non-trivial flux and charge. They therefore require

the implementation of ribbon operators composed of dual and direct triangles for their

manipulation [178]. A simple ribbon operator capable of producing a pair of G anyons

can be composed of one direct and one dual triangle, ρ = τdirectτdual. In the following we

will consider two distinct two-qudit ribbon operators,

fGρ1 = (T e
− + ωT c

− + ω̄T c2

− )⊗ Lc
− + (T e

− + ω̄T c
− + ωT c2

− )⊗ Lc2

− , (4.25)

and

fGρ2 = Lc
+ ⊗ (T e

− + ωT c
− + ω̄T c2

− ) + Lc2

+ ⊗ (T e
− + ω̄T c

− + ωT c2

− ), (4.26)

as illustrated in Figure 4.4(c). Here, fGρi refers specifically to the non-trivial two-qudit

action of these operators, the action of these operators on the full Hilbert space of a

lattice of arbitrary dimensionality is represented by FG
ρi where

FG
ρi = 16 ⊗ . . .16 ⊗ fGρi ⊗ 16 · · · ⊗ 16, (4.27)

as appropriate. We note that both of these operators are Hermitian but not unitary.

Nevertheless, when restricted to act on the eigenstates of (4.23), they return normalised

states [153]. These ribbons are sufficient to demonstrate the fusion and braiding prop-

erties of the G anyons of D(S3), given in Equation (4.14), as we shall see in the next

sections.

Finally, we will introduce a set of local measurement operators that distinguish

between each anyon type. This is particularly useful when we want to determine the

fusion outcome of two anyons while constructing anyonic basis states such as |G,G→ i⟩,

with i = A,B,G. Locality dictates that when two anyons fuse together to produce some

overall particle type then both fusing particles must be measured jointly [176]. The initial
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anyons may be spatially separated, in which case the fusion outcome measurement must

be performed around a loop that surrounds both anyons under fusion. For the operations

considered here we ensure that the pair of particles undergoing fusion share a common

vertex. In this way each outcome A,B,G can be measured by the respective four-body

vertex projection operators

aA(v) =
1

6

(
ae(v) + ac(v) + ac

2
(v) + at(v) + atc(v) + atc

2
(v)
)
,

aB(v) =
1

6

(
ae(v) + ac(v) + ac

2
(v)− at(v)− atc(v)− atc

2
(v)
)
,

aG(v) =
1

3

(
2ae(v)− ac(v)− ac

2
(v)
)
,

(4.28)

as in [173], which project onto the chosen anyon by measuring the charge. The action of

these four-qudit operations on a lattice of arbitrary dimensionality is labelled by

Ai(v) = 16 ⊗ . . .16 ⊗ ai(v)⊗ 16 · · · ⊗ 16. (4.29)

These vertex projection operators form a set of orthogonal projective measurements as

indicated by the identities

Ai(v)Aj(v) = δi,jA
i(v),

∑
i∈{A,B,G}

Ai(v) = 1, (4.30)

and are thus sufficient in uniquely distinguishing between the possible anyonic charges

that lay on a chosen vertex v. For example, for the ground state anyonic vacuum, |ζ⟩,

AA(v) |ζ⟩ = |ζ⟩ and AB(v) |ζ⟩ = AG(v) |ζ⟩ = 0, for all vertices.

In order to further illustrate the action of these vertex operators consider Figure 4.5.

The ribbon FG
ρ1 creates a pair of G dyons with sites lying on vertices v1 and v2. As the

charge of the G anyons is unique in the subgroup {A, B, G}, it is sufficient to project

G anyonic states with the vertex projector AG(v) as opposed to the full charge and flux

projector PG, which requires extra operators on the plaquette to project the flux of

the G anyons (see [173]). Application of AG to either vertex will therefore preserve the
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Figure 4.5: The anyonic ribbon operator FG
ρ1 creates a pair of G dyons at the endpoints

of the ribbon ρ1 as verified by the charge projection operators Ai(v1) and A
i(v2).

state, AG(v1)F
G
ρ1 |ζ⟩ = FG

ρ1 |ζ⟩, verifying the creation of a G anyon, while AA(v1)F
G
ρ1 |ζ⟩ =

AB(v1)F
G
ρ1 |ζ⟩ = 0 (and similarly for v2). By employing these projectors on the lattice

we can also verify the fusion rules of two G anyons as given in (4.13). The repeated

application of FG
ρ1 produces a pair of G dyons at both v1 and v2. Applying a vertex

projection operator to either vertex therefore measures the fusion of two G anyons at

that point. For example, it is found that

AA(v1)(F
G
ρ1)

2 |ζ⟩ = |ζ⟩ ,

AB(v1)(F
G
ρ1)

2 |ζ⟩ = FB
τ1 |ζ⟩ ,

AG(v1)(F
G
ρ1)

2 |ζ⟩ = FG
ρ1 |ζ⟩ ,

(4.31)

where FB
τ1 is the direct triangle ribbon operator producing a pair of B anyons on vertices

v1 and v2, indicating that the fusion of a pair of G anyons gives rise to a superposition

of A, B and G anyons as dictated by the fusion rule G×G = A+B +G.

4.4 R matrix derivation

In Section 4.3 we introduced the matrices RGG and FG
GGG, describing the statistical

evolutions of the non-Abelian G anyons of the D(S3) quantum double model. The im-

plementation of these evolutions within the framework of the quantum double was first
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Figure 4.6: Derivation of the phase Rab
c R

ba
c from two equivalent processes on the rib-

bon operators F a
ρ and F b

ρ′ , creating pairs of anyons (a, ā) and (b, b̄) respectively. The
generalized projection operator P c fixes the fusion channel a × b = c. To highlight the
topological equivalence of certain configurations, the ribbons ρ and ρ′ are abstracted as
smoothly deformable strips with no explicit construction on the lattice. (top) Exchan-
ging the order of operation of these two ribbons is equivalent to exchanging the paths on
which they overlap. (bottom) The same final configuration is alternatively obtained by
two successive braiding processes, each characterised by an R phase, yielding the relation
(4.33).

considered by Kitaev in his foundational work [22]. Here, we begin by presenting such a

method by which experimentally accessible ribbon operators may be used to extract the

braiding properties of G anyons contained in the matrix elements of (RGG)2.

4.4.1 R matrix from ribbon operators

Consider the ribbon operators F a
ρ and F b

ρ′ , creating pairs of anyons (a, ā) and (b, b̄)

respectively as shown in Figure 4.6. By considering two equivalent sets of operations

connecting the products F a
ρ F

b
ρ′ and F

b
ρ′F

a
ρ we will show how the elements of the braiding

matrix Rab may be extracted from the commutativity of reduced ribbon operators. First,

consider exchanging the order of F a
ρ and F b

ρ′ , as shown in the top line of Figure 4.6. For all

points where the two ribbons do not overlap (indicating action on different qudits on the

lattice), such an exchange is trivial. Alternatively, the exchange of these ribbon operators
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may be interpreted in terms of the projection of the braiding of anyonic worldlines. Both

ribbons share common start and end points such that the fusion outcome a × b → c

may be fixed with the application of a localised projection operator P c to the point

of overlap of a and b (superselection rules then dictate that ā × b̄ → c̄ such that the

total system will still fuse to the vacuum). By analogy with Figure 3.1(a), ‘undoing’

the braiding of the ribbons on the LHS with a clockwise rotation therefore produces

any topologically equivalent configuration to that in the centre of Figure 4.6 with an

additional factor Rab
c . A second clockwise braiding operation brings about another factor

of Rab
c giving eventually the final configuration on the right. In the anyonic basis such a

set of transformations may be represented as

R2
⟲ |a, b→ c⟩ = Rab

c R
ba
c |a, b→ c⟩ , (4.32)

where R⟲ |a, b→ c⟩ describes the anti-clockwise exchange of anyons a and b with fixed

fusion channel c.

By comparison of these two equivalent processes, we therefore observe that the values

Rab
c R

ba
c are encoded in the exchange of overlapping ribbon operators as

P cF a
ρ F

b
ρ′ = Rab

c R
ba
c P

cF b
ρ′F

a
ρ . (4.33)

In the following we show how to explicitly reconstruct the matrix (RGG)2 with operations

on the qudit lattice that encodes the D(S3) quantum double model.

4.4.2 Deriving the R matrix on the D(S3) lattice

Having demonstrated how the braiding of a pair of anyons may be implemented with

ribbon operators we now want to show how the abstract diagrams of ribbons in Figure

4.6 may be explicitly realised on a lattice. Consider the ribbons FG
ρ and FG

ρ′ shown in

Figure 4.7. In the previous section we have shown how topological invariance allows these

ribbons to take any arbitrary homotopically equivalent shape as long as the structure
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Figure 4.7: Realising the RGG matrix on the quantum double lattice. Following Fig. 4.6
we illustrate a pair of braided G anyon ribbons, FG

ρ and FG
ρ′ , with the same start and end

points, highlighting the qudits where the ribbons cross. As the two ribbons, FG
ρ and FG

ρ′ ,
cross at two qudits, denoted with purple dots, the effect of the braiding only depends
on the action on these qudits. Hence, the elements (RGG

i )2 may be reproduced by the
reduced system on just two qudits.

of this overlap, which encodes their braiding information, is preserved. Hence, the com-

mutativity of two arbitrary ribbons reduces down to the commutativity of the operators

acting on these two points of overlap. These minimal operators are FG
ρ1 and F

G
ρ2 described

by (4.25) and (4.26) respectively and forming a crossed joint on the two qudits as shown

in Figure 4.8. For this system, Equation (4.33) thus becomes

Ai(v)FG
ρ2F

G
ρ1 = (RGG

i )2Ai(v)FG
ρ1F

G
ρ2 , (4.34)

where Ai(v), i = A,B,G, is the vertex projector as defined in (5.7), projecting onto the

desired fusion outcome of anyons G1 and G2 as in Figure 4.8.

In order to extract the braiding information from these operators we thus introduce

two sets of states

|ϕ21(i)⟩ = NiA
i(v)FG

ρ2F
G
ρ1 |ζ⟩ ,

|ϕ12(j)⟩ = NjA
j(v)FG

ρ1F
G
ρ2 |ζ⟩ ,

(4.35)

for i, j = A,B,G, with normalisation factors NA = NB = 2 and NG =
√
2 required due
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Figure 4.8: The positions of the four G dyons as created by the operators FG
ρ1 and FG

ρ2 .
Anyons G′

1 and G
′
2 overlap on a plaquette, while G1 and G2 overlap on the vertex labelled

v. By applying a vertex projector Ai(v), i = A,B or G, the outcome of the fusion G1×G2

can be directly measured.

to the action of the projectors such that ⟨ϕ21(i)|ϕ21(i′)⟩ = ⟨ϕ12(i)|ϕ12(i′)⟩ = δii′ . By

analogy with Equation (4.34), we thus have

|ϕ21(i)⟩ = (RGG
i )2 |ϕ12(i)⟩ , (4.36)

such that the algebraic form of each element (RGG)ii ≡ RGG
i corresponds to the result

of the calculation of the overlap

(RGG
i )2 = ⟨ϕ12(i)|ϕ21(i)⟩. (4.37)

By explicit computation of these amplitudes we obtain

(RGG
A )2 = (RGG

B )2 = ω̄, (RGG
G )2 = ω, (4.38)

demonstrating the exact reconstruction of (RGG)2 in the anyonic basis. Hence, by con-

sidering only the two segments ρ1 and ρ2 of the braiding ribbons ρ and ρ′ we are able to

determine the braiding matrix of the G anyons squared. In Appendix C.2 we provide an

alternative derivation of this result with the evaluation of the operator products FG
ρ1F

G
ρ2

and FG
ρ2F

G
ρ1 in the basis of group elements. With comparison of the elements of the res-
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Figure 4.9: Recombination in the fusion order of G anyons, implemented on the D(S3)
lattice. We consider three ribbons FG

k , k = 1, 2, 3 that produce pairs of anyons Gk and
G′

k at their endpoints. At one side of the ribbons we measure pairs of anyons in order
to impose a certain fusion outcome. Each such measurement necessarily projects the
anyons at the other endpoint to the same fusion outcome due to superselection rules.
As a result the total state of the system produces squared amplitudes [(FG

GGG)
i
j ]
2 during

fusion recombination, as seen in Equation (4.43).

ulting matrices, (RGG)2 may be derived in the anyonic basis in a method lending itself

to the quantum tomographic verification of [148].

4.5 F matrix derivation

We will now determine the fusion recombination matrix, F , illustrated in Figure 3.1(b).

Together with the R matrix determined in the previous section, the evaluation of the F

matrix will enable us to show their non-commutativity and thus demonstrate the non-

Abelian character of the G anyons of D(S3). Here we provide a minimal set of ribbon

operators and local projections of the planar code model that can determine each of the

matrix elements (FG
GGG)

i
j .

Surprisingly, the evaluated quantum amplitudes provide the F matrix elements squared.

This ‘doubling’ of fusion processes is obtained when considering the action of ribbon op-

erators on a closed system of anyons, where total charge must be conserved. However, we

will show that the obtained information is sufficient to explicitly verify that the braiding

operator b2,G enables magic state generation in the logical fusion basis.



85

4.5.1 The doubling of fusion recombination

The matrix FG
GGG describes the change of basis in the Hilbert space of four G anyons

corresponding to exchanging the order of fusion of three distinct G anyons, G1, G2, G3

to a fourth composite G4 anyon. In the notation of Equation (3.2) we have

|(G1, G2), G3 → i, G3 → G4⟩ =
∑
j

(FG
GGG)

i
j |G1, (G2, G3) → G1, j → G4⟩ . (4.39)

Equivalently, the orthogonality of distinct fusion channels means that each matrix ele-

ment (FG
GGG)

i
j may be expressed as the overlap

(FG
GGG)

i
j = ⟨G1, (G2, G3) → G1, j → G4|(G1, G2), G3 → i, G3 → G4⟩. (4.40)

To successfully simulate this process on the lattice, we therefore want to develop a meth-

odology that allows for the controlled re-ordering of the fusion of three G anyons and

the intermediary composite i or j. Akin to the methodology for the R matrix, the fusion

of G anyons is enacted with the application of combinations of ribbons producing pairs

of these anyons (Gn, G
′
n), n = 1, 2, 3, 4 as shown in Figure 4.9. The ordering of fusion

is controlled by the application of projective measurements to a chosen pair of anyons.

For example, in Fig. 4.9(a) the first measurement is of G1 and G2 to fusion outcome

i, whereas in Fig. 4.9(b), the creation of j is ensured by the projection onto the fusion

of G2 and G3. We note that each of our states is constructed from the application of

ribbon operators to the vacuum. Superselection therefore dictates that at each stage

it must always be possible to fuse the created anyons back to the vacuum. As each of

the ribbon operators in the quantum double necessarily create anyons in pairs, we will

see that anyonic conservation therefore results in two identical fusion processes occur-

ring simultaneously between two sets of anyons, (G1, G2, G3, G4) and (G′
1, G

′
2, G

′
3, G

′
4) as

shown in Figure 4.9.

To make this analysis explicit, we denote the two sets of identical fusion processes
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with the tensor product such that in the anyonic basis we obtain

|Ψ1(i)⟩ = |(G1, G2), G3 → i, G3 → G⟩ ⊗ |(G′
1, G

′
2), G

′
3 → i, G′

3 → G⟩ , (4.41)

and

|Ψ2(j)⟩ = |G1, (G2, G3) → G1, j → G⟩ ⊗ |G′
1, (G

′
2, G

′
3) → G′

1, j → G⟩ . (4.42)

It is important to note here, that although the matrix FG
GGG relates two sets of orthonor-

mal basis states as in Equation (3.2), this doubling of fusion processes produced by pro-

jection operators is described by the non-unitary matrix with elements 𭟋i
j = [

(
FG
GGG

)i
j
]2.

In order to extract these elements it is therefore necessary to choose one set of states as

an orthonormal basis. The set of states created by re-ordering the fusion processes as

detailed may then not be orthonormal, but can be expressed as a linear combination of

the other set of states. For example, if |Ψ2(j)⟩ is constructed as the orthonormal basis,

then

|Ψ1(i)⟩ =
∑
j

[
(
FG
GGG

)i
j
]2 |Ψ2(j)⟩ . (4.43)

In this way we obtain

⟨Ψ2(j)|Ψ1(i)⟩ =
[
(FG

GGG)
i
j

]2
, (4.44)

where one (FG
GGG)

i
j comes from the recombination of the unprimed G anyons and the

other from the primed ones. Such a method for reproducing the F matrix using a closed

system will therefore necessarily produce the squared value of each element. Below, we

will introduce a set of states that explicitly demonstrate these anyonic processes with the

quantum double lattice model.
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4.5.2 Deriving the F matrix on the D(S3) lattice

Here we introduce a method to explicitly determine the elements

𭟋i
j =

[(
FG
GGG

)i
j

]2
, (4.45)

of the ‘squared’ matrix 𭟋, by considering operations on the lattice of the D(S3) quantum

double model. Our main aim is to determine these matrix elements with the minimal

amount of resources. In particular, we use the two qudit ribbons FG
ρ1 and FG

ρ2 defined

in (4.25) and (4.26). As these ribbons overlap extra care must be taken to account for

possible braiding phase factors, as we shall see in the following. We start by introducing

two states

|ψ1(i)⟩ = AG4(v)FG3
ρ2 A

i(v)FG2
ρ2 F

G1
ρ1 |ζ⟩ ,

|ψ2(j)⟩ = AG4(v)FG1
ρ1 A

j(v)FG3
ρ2 F

G2
ρ2 |ζ⟩ ,

(4.46)

for i, j = A,B,G. The subscripts in Gn are provided here to elucidate the link to the

process shown in Figure 4.9, but will be dropped in the following when the distinction

is not needed. Both states |ψ1(i)⟩ and |ψ2(j)⟩ are not normalised due to the application

of the projectors Ai(v). Nevertheless, states |ψ2(j)⟩ are orthogonal so in the following

we account explicitly for their normalisation, ⟨ψ2(j)|ψ2(j)⟩. The states |ψ1(i)⟩ are not

orthogonal to each other, but similar to (4.43) they can be represented as superpositions

of |ψ2(j)⟩ states as

|ψ1(i)⟩ = fiA |ψ2(A)⟩+ fiB |ψ2(B)⟩+ fiG |ψ2(G)⟩ . (4.47)

As the |ψ2(j)⟩ are orthogonal we thus have

fij =
⟨ψ2(j)|ψ1(i)⟩
⟨ψ2(j)|ψ2(j)⟩

. (4.48)
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Similar to (4.44), the coefficients fij are related to the elements of the matrix 𭟋 up to

overall phase factors generated due to the crossing of the ρ1 and ρ2 ribbons.

In the states |ψ1(i)⟩ and |ψ2(j)⟩, the order of fusion is explicitly enforced with the

order of application of each of the ribbon operators, FG
ρ1 and FG

ρ2 to the ground state

|ζ⟩. Consider |ψ1(i)⟩, the initial action of FG
ρ2F

G
ρ1 on the anyonic vacuum |ζ⟩ produces

two pairs of G anyons as illustrated in Figure 4.8. By applying the projector Ai(v)

to the vertex v on which two of these anyons from different ribbons overlap, we may

ensure the fusion outcome G1 × G2 → i. Superselection also ensures the simultaneous

complementary fusion process G′
1 ×G′

2 → i. The second application of FG
ρ2 to this state

produces a subsequent pair of fusion processes in which the anyons G3 and G′
3 fuse with

the composite i anyons. The application of the final projector AG(v) to this vertex

ensures that both G3× i→ G4 and G′
3× i→ G′

4, thus completing the construction of the

fusion trees as shown in Figure 4.9. Note that as we require the use of a small system to

realise the fusion properties, the ribbon operators used in |ψ1(i)⟩ and |ψ2(j)⟩ are crossing

each other, giving rise to additional braiding phase factors.

With analytic consideration of the overlaps ⟨ψ2(j)|ψ1(i)⟩ as shown in Appendix C.3,

we find that it is always possible to extract a phase factor (RGj
G )2 due to the braiding of

the worldlines of the j and G3 anyons in |ψ2(j)⟩. In particular, we have

⟨ψ2(j)|ψ1(i)⟩ = (RGj
G )2 ⟨ζ|FG

ρ1F
j
ρ2A

G(v)FG
ρ2A

i(v)FG
ρ2F

G
ρ1 |ζ⟩ . (4.49)

We therefore find that, by using (4.46) and (4.47), the fusion matrix elements squared

may be calculated from

𭟋i
j = (RGj

G )2fij , (4.50)

where the phases

(RGA
G )2 = (RGB

G )2 = 1, (RGG
G )2 = ω. (4.51)
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Calculation of these overlaps thus yields the ‘squared’ F matrix

𭟋 =
1

4


1 1 2

1 1 2

2 2 0

 . (4.52)

This result is in agreement with the F -matrix of the G anyons of D(S3) given in (4.14),

as determined from the pentagon equations. As this matrix is real and positive the values

of the F matrix elements can be derived up to a sign ambiguity, due to the doubling of

the fusion processes when ribbons are employed in the fusion recombination, as described

in Fig. 4.9. In the following we show that the non-Clifford action of the braiding matrix

B2,G can be demonstrated without the need to determine the value of these signs.

4.6 Non-Clifford action of B2,G

In the previous we employed manipulations on the lattice of the D(S3) quantum double

model to determine the elements of the fusion matrix, F . As the method we employed

gives rise to squares of the elements, 𭟋i
j =

[(
FG
GGG

)i
j

]2
, a sign ambiguity arises in de-

termining the elements of FG
GGG when extracted from F . It is possible however, to

unequivocally show that for any valid combination of signs, the corresponding braiding

matrix always encodes a logical non-Clifford gate capable of producing magic states,

which is the goal of this investigation.

To proceed we consider all matrices F̃G
GGG that satisfy

𭟋i
j =

[(
F̃G
GGG

)i
j

]2
. (4.53)
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Accounting for sign ambiguity, this set of matrices may be parametrised as

{
F̃G
GGG

}
=


1

2


α β γ

√
2

δ ϵ ζ
√
2

η
√
2 κ

√
2 0

 , α, β, . . . , η, κ = ±1

 , (4.54)

where the additional restraint of unitarity reduces the number of valid solutions to sixty-

four matrices. Utilising the extracted form of (RGG)2 and Eq. (4.18), a braiding matrix

B̃2,G = F̃G −1
GGG (RGG)2F̃G

GGG may be computed for each such solution. Even with this sign

ambiguity, all resulting braiding operations can be expressed as

B̃2,G =


cos
(
2π
3

)
±i sin

(
2π
3

)
0

±i sin
(
2π
3

)
cos
(
2π
3

)
0

0 0 ω̄

 , (4.55)

explicitly verifying the non-Clifford action of this braiding on the reduced fusion subspace

span(|A⟩ , |B⟩). Additionally, the action of this operator on the intermediate vacuum

fusion state yields two possible states,

|ψ±⟩ = B̃2,G |A⟩ = cos

(
2π

3

)
|A⟩ ± i sin

(
2π

3

)
|B⟩ , (4.56)

each with stabilizer Renyi entropy M2(ψ±) = log
(
16
13

)
. In this way, the simple lattice

protocol presented in this chapter, provides an explicit demonstration of the realisation

of valuable magic states through the braiding of non-Abelian G anyons.

4.7 Conclusions

This work represents an important step towards the realisation of robust universal

quantum computation within the framework of topological systems. In particular, through

the controlled application of operations on a lattice of d = 6 qudits, we have provided a

direct demonstration of the non-Clifford action arising from the braiding of non-Abelian
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anyons within the D(S3) quantum double model. In contrast to Abelian anyons, whose

braiding operations are restricted to the Clifford group, these braiding operators are thus

shown to enable the preparation of magic states, a key resource in schemes for universal

quantum computation. Demonstrating this capability within the exactly solvable set-

ting of the quantum double thus represents an important advance in bridging the gap

between the abstract algebraic description of non-Abelian braiding statistics and the

concrete protocols required to harness them in potential physical implementations.

For this task, we considered the D(S3) quantum double model, which supports the

closed anyonic subgroup {A,B,G}, with G being the non-Abelian anyon. This model

can be encoded on a square lattice of d = 6 qudits. While generating and manipulating G

anyons in this model typically requires a lattice of several qudits and controlled operations

between them [147, 154], we have shown that by carefully investigating the braiding

and fusion properties of the G anyons, this information can be decoded from static

combinations of the ribbons that generate them using simple projective measurements.

It is an important, but often overlooked feature of the quantum double model, that

the structure of the underlying topological order is encoded in the commutation relations

of overlapping ribbon operators. This result has been well-studied in the Abelian case,

whereby the non-trivial exchange factor for the e and m anyons of the toric code may

be extracted from the commutation properties of the Pauli algebra on a single qubit

[176]. The generalization of this result is however less obvious for non-Abelian anyons,

the braiding of which induces different phases dependent on the total fusion channel.

Building on foundational work by Goel et al. [148], we present a resolution to this issue

through the use of charge projection operators Ai(v), adapted from [173]. For the reduced

anyon subgroup {A,B,G} these projectors form an orthogonal set, capable of uniquely

distinguishing between each anyon without the need for additional flux measurements.

With these operators, we may not only reproduce (RGG)2, using Ai(v) to explicitly

project onto each total fusion channel from pairs of overlapping ribbon operators, but

also create states on the lattice mirroring the anyonic basis states |(G,G), G→ i, G→ G⟩,
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where Ai(v) specifies the intermediate fusion outcome. By taking the overlap of such

states we may therefore also simulate the action of the matrix FG
GGG, required to generate

the forms of braiding operators between anyons not sharing a direct fusion channel.

Interestingly, it is found that this construction necessarily produces the elements of the

F matrix squared, an apparent fundamental restriction on such a closed system of anyons

where charge must be conserved.

Furthermore, by carefully selecting ribbon operators such that the charge component

of one of the pair of G anyons created lies on the vertex v, our protocol only requires a

projection operator on a single site Ai(v). This reduction is especially important when

considering the experimental implementation of such approaches, where the probabilistic

nature of measurements naturally requires a post-selection process repeated over a large

number of trials. In the next chapter, the experimental realisation of this scheme will

be explored further. By introducing a dense encoding strategy based on the minimal

physical system of a single plaquette, we show that the generation of magic states can

be demonstrated using operations on only two qutrits, making the protocol directly

compatible with linear optical architectures. The work presented here thus provides a

blueprint for the explicit demonstration of non-Clifford braiding statistics on near-term

quantum devices.



Chapter 5

Fault-tolerant photonic operations

via D(S3) anyonic encoding

5.1 Introduction

In Chapter 4, we presented a protocol for the realisation of non-Abelian braiding stat-

istics for the G anyons of the D(S3) quantum double model. Practically, the physical

realisation of the quantum double model D(G) requires the manipulation of a lattice

of d = |G| qudits. Even for the smallest non-Abelian group S3, implementation of the

D(S3) quantum double model thus still, in principle, requires the realisation of a lattice

composed of 6-dimensional qudits, a structure which is unlikely to occur naturally in a

physical system. A more accessible approach, explored in the work of Chen et al. [154]

among others [172, 146] arises from the following decomposition of the group elements

of S3

S3 = {citj , i = 1, 2, 3, j = 1, 2}. (5.1)

This semi-direct product structure S3
∼= Z3 ⋊ Z2 allows each 6-dimensional qudit in the

D(S3) quantum double model to be encoded as the tensor product of an entangled qutrit-

qubit pair. Such an approach has enabled proposals for the efficient preparation of the

ground state of the D(S3) quantum double on near-term quantum devices [181, 182, 183].

93
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In this chapter we expand on these established encoding schemes to further reduce the

complexity of the minimal system required to implement the protocol introduced in the

previous chapter. Analysis of the operator structure in fact reveals that all non-trivial

action of the ribbon and projection operators for the {A,B,G} sub-model is encoded in

their action on the effective qutrit basis Z3
∼= {e, c, c2}. In this way, we demonstrate that

the elements of the squared R and F matrices may be exactly reconstructed through the

expectation values of operations on just two qutrits, an invaluable simplification for not

only the experimental verification of non-Abelian braiding statistics, but also enabling

scaleability in the realisation of multiple logical anyonic states within a larger lattice. In

particular, the encoding of the logical qutrit states corresponding to the fusion space of

four non-Abelian G anyons in this minimal physical realisation, provides an important

blueprint for the implementation of logical entangling gates and prototype topological

quantum algorithms [184, 185, 186].

The success of quantum double models in simulating anyonic behavior has natur-

ally motivated efforts towards their physical realisation. Among the proposed platforms,

photonic systems have emerged as a particularly promising candidate, offering high co-

herence, low noise, and flexible access to high-dimensional Hilbert spaces through spatial,

temporal, or polarization degrees of freedom [187]. Indeed, recent advances in photonic

quantum technologies have established linear optics as a powerful testbed for simulat-

ing quantum many-body dynamics and implementing small-scale quantum processors

[188, 189, 190]. By combining linear optical elements with ancillary modes and post-

selection, a broad class of unitaries and effective non-linear operations can be implemen-

ted [191, 192], making photonic architectures especially suitable for simulating models

with non-Abelian excitations. Proof-of-principle experiments have already demonstrated

the simulation of both Abelian and small-scale non-Abelian anyons using photonic sys-

tems [193, 148, 109], reproducing key features such as topological entanglement [194]

and braiding-induced phase shifts [195, 196, 197, 110]. Notably, recent work by Goel et

al. [148] employed a single qutrit, encoded in the transverse spatial mode of light, to
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experimentally demonstrate the non-Abelian fusion rules of the D(S3) quantum double

model.

In this work, we provide explicit forms of the minimal components required to faith-

fully encode the D(S3) quantum double within a photonic quantum computing architec-

ture. Leveraging the natural suitability of photonic systems for qudit representations, we

develop a protocol for the realisation of the densely encoded scheme on two qutrits, each

encoded by a single photon in three spatial modes. Importantly, this multi-photon real-

isation preserves the tensor product structure of the lattice model, enabling a more direct

physical mapping between theory and experiment. We implement key non-Abelian oper-

ations such as ribbon operators, braiding transformations, and projection measurements,

using a combination of unitary dilation, post-selection, and measurement-induced nonlin-

earities. Notably, the photonic platform facilitates the direct realisation of the inherently

non-unitary D(S3) ribbon operations [153, 109, 198].

With analysis of the performance of this encoded anyonic system with the introduc-

tion of decoherent errors, we observe an intrinsic robustness of these anyonic manipu-

lations against physically relevant noise processes, including dephasing and mode mis-

match. This fascinating result, which has no direct analogue in conventional topological

protection, highlights the specialist suitability of our anyonic encoding for implement-

ation across a range of physical platforms. We quantify this resilience and identify an

error threshold below which anyonic encoding offers a clear advantage over conventional

gate-based photonic operations, with relatively small overhead. Beyond the photonic

realisation, our investigation provides a blueprint for implementing non-Abelian anyonic

manipulations across other quantum platforms with readily available quantum devices.

The rest of this chapter is organised as follows. In Section 5.2 we begin with an

overview of our protocol for reproducing the R and F matrices on a single plaquette of

four d = 6 qudits, the smallest physical system on which the Kitaev Hamiltonian may

be defined to obtain a unique vacuum ground state and coherent anyonic excitations. In

Section 5.3 we further analyse the structure of this ground state and all relevant ribbon
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Figure 5.1: The Kitaev Hamiltonian (5.2) defined on a single plaquette with open bound-
ary conditions. In this system, both the ribbon operators FG

ρ1 and FG
ρ2 and projector

Ai(v3) have non-trivial action on only qudits 3 and 4, facilitating a dense encoding of the
lattice reconstruction of the R and F matrices.

and projection operators, demonstrating how the non-Abelian braiding statistics they

manifest, are in fact encoded in their reduced action on just two qutrits. The significant

reduction in complexity facilitated by this dense encoding scheme enables the proposed

implementation of our protocol on operational and near-term experimental platforms.

In particular, in Section 5.4 we present an experimentally accessible realisation on a

linear interferometer optical quantum computer developed in collaboration with Matthew

Horner. In Section 5.5, we consider the performance of our encoded model with the

introduction of physical noise processes relevant to this photonics architecture. Notably,

we observe an apparent robustness (and in certain cases immunity) against different forms

of decoherent error, that lies outside of the typical paradigm of the topological protection

inherent to such anyons. Finally, in Section 5.6, we provide concluding remarks and

outlook.

5.2 Minimal D(S3) Quantum Double Model

The results derived in the previous chapter considered the application of ribbon and

projection operators to a square lattice of arbitrary size. Without loss of generality, we

therefore consider the minimal physical system of a single plaquette, p, composed of four

d = 6 qudits, as shown in Figure 5.1. For open boundary conditions, the Hamiltonian of
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this system is given by

H4 = −B(p)−
4∑

i=1

A(vi), (5.2)

where the vertex operators, A(vi), each act non-trivially on two qudits only. These

reduced vertex projection operators act as boundary terms in the Hamiltonian (5.2). For

this system, the choice of boundary conditions ensure that H4 has a unique ground state,

|η⟩, that has support on all four qudits.

As previously, pairs of G anyons may be coherently created as excitations of the

lattice using the ribbon operators FG
ρ1 and FG

ρ2 . For the reduced system, these ribbon

operators have the following representations: FG
ρ1 = 16 ⊗ 16 ⊗ fGρ1 with the two-qudit

component

fGρ1 = (T e
− + ωT c

− + ω̄T c2

− )⊗ Lc
− + (T e

− + ω̄T c
− + ωT c2

− )⊗ Lc2

− , (5.3)

and FG
ρ2 = 16 ⊗ 16 ⊗ fGρ2 with

fGρ2 = Lc
+ ⊗ (T e

− + ωT c
− + ω̄T c2

− ) + Lc2

+ ⊗ (T e
− + ω̄T c

− + ωT c2

− ), (5.4)

where we have ordered the qudits 1, 2, 3 and 4 as shown in Fig. 5.1. For each ribbon

operator, the charge component of one of the pair of anyonic excitations lies on the

vertex v3. These overlapping anyons form the basis for the static braiding protocol as

introduced in Chapter 4. In order to distinguish between the anyonic excitations created

at this vertex, we therefore provide an explicit representation of the relevant local charge

projection operator. The local gauge transformations on this vertex become

Ag(v3) = 16 ⊗ 16 ⊗ Lg
+ ⊗ Lg

−, (5.5)

and form the basis of the anyonic vertex projectors. For the Abelian anyons A and B we



98

have

AA(v3) =
1

6

(
Ae(v3) +Ac(v3) +Ac2(v3) +At(v3) +Atc(v3) +Atc2(v3)

)
, (5.6)

AB(v3) =
1

6

(
Ae(v3) +Ac(v3) +Ac2(v3)−At(v3)−Atc(v3)−Atc2(v3)

)
, (5.7)

while the G charge projector has the form

AG(v3) =
1

3

(
2Ae(v3)−Ac(v3)−Ac2(v3)

)
, (5.8)

= 16 ⊗ 16 ⊗ aG(v3), (5.9)

with two qudit action

aG(v3) =
1

3
(2 · 136 − Lc

+ ⊗ Lc
− − Lc2

+ ⊗ Lc2

− ). (5.10)

In Equations (4.37) and (4.50) we have shown that the derivation of the forms of both

the R and F matrices can be expressed in terms of the overlap between the generalised

states |ϕ12(i)⟩ & |ϕ21(j)⟩ and |ψ1(i)⟩ & |ψ2(j)⟩, respectively. For the case of a single

plaquette system the states |ϕ12(i)⟩ and |ϕ21(j)⟩ are given by

|ϕ12(i)⟩ = NiA
i(v3)F

G
ρ1F

G
ρ2 |η⟩ ,

|ϕ21(j)⟩ = NjA
j(v3)F

G
ρ2F

G
ρ1 |η⟩ ,

(5.11)

such that

(RGG
i )2 = ⟨ϕ12(i)|ϕ21(i)⟩. (5.12)

Similarly, |ψ1(i)⟩ and |ψ2(j)⟩ become

|ψ1(i)⟩ = AG(v3)F
G
ρ2A

i(v3)F
G
ρ2F

G
ρ1 |η⟩ ,

|ψ2(j)⟩ = AG(v3)F
G
ρ1A

j(v3)F
G
ρ2F

G
ρ2 |η⟩ .

(5.13)
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yielding [
(FG

GGG)
i
j

]2
= (RGj

G )2
⟨ψ2(j)|ψ1(i)⟩
⟨ψ2(j)|ψ2(j)⟩

. (5.14)

By consideration of the operators Ai(v3), F
G
ρ1 and F

G
ρ2 , as defined explicitly for a single

plaquette, we observe that all such operations only have non-trivial action on qudits 3

and 4 of p. In the next section, we will demonstrate how this property, alongside careful

analysis of the structure of the entangled ground state |η⟩, allows for the values of the

amplitudes in (5.12) and (5.14) to be computed from the overlaps of states on just two

qutrits. This significant reduction in the resources required to physically implement our

protocol will enable the photonic realisation proposed in Section 5.4.

5.3 Dense Encoding

The elements of the braiding and fusion matrices of the G non-Abelian anyons, as given

by (5.12) and (5.14), can be extracted from a single plaquette with four d = 6 qudits, as

shown in Fig. 5.1. For this minimal system the quantum double Hamiltonian has a unique

ground state corresponding to the anyonic vacuum on which anyons can be coherently

created and manipulated. In this Section we show that with careful analysis of both the

ground state and operator structure a series of simplifications can be obtained. First,

we show that we can obtain the information of (5.12) and (5.14) from considering only

two qudits on which the relevant operators act non-trivially. Second, taking advantage

of the structure of the S3 group it is possible to employ two d = 3 qutrits instead of two

d = 6 qudits. Finally, we show that the desired information from the expectation values

of operations on two qutrits can be obtained from product states, in a process equivalent

to performing a full operator tomography.

In Section 4.5 of the previous chapter, it was shown that the controlled application

of ribbon and projection operators may be used to create tensor products of the anyonic

basis states {|i = A,B,G⟩} ≡ {|(G1, G2), G3 → i, G3 → G4⟩} between two sets of four

G anyons. The resulting topologically protected fusion space realises a logical qutrit
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on which one may theoretically perform computation through braiding and fusion. The

encoding of these logical qutrits within the smallest physical instance presented in this

section therefore not only renders this protocol more accessible to current and near-term

experimental platforms, but also facilitates scaleability for the implementation of logical

entangling gates and prototype quantum algorithms between multiple such qutrits.

For clarity, the convention for the labelling of operations on different Hilbert space

dimensionalities are listed in Table 5.1.

Hilbert space Operator notation Examples

(C6)⊗4 O FG
ρ1 , A

A(v3), . . .

(C6)⊗2 o fGρ1 , a
A(v3), . . .

(C3)⊗2 O FG
ρ1 ,A

+(v3), . . .

Table 5.1: Notation conventions for operators with support on different Hilbert spaces.

5.3.1 From 4 qudits to 2 qudits

We start by noting that all ribbon and projector operators in (5.11) and (5.13) only act

non-trivially on qudits 3 and 4 of the single plaquette, i.e. they are of the form

O = 136 ⊗ o, (5.15)

where 136 is the identity acting on qudits 1 and 2 and o acts on qudits 3 and 4. The

calculation of all overlaps used to derive the elements of RGG and FG
GGG can therefore

be written as

⟨η|O |η⟩ = ⟨η| (136 ⊗ o) |η⟩ = ⟨η|



o 0 . . . 0

0 o . . . 0

...
...

. . .
...

0 0 . . . o


|η⟩ . (5.16)

Each element ‘o’ is itself a 36 × 36 matrix, such that this expression may be further

simplified by decomposing |η⟩ into a set of 36-dimensional vectors. It is found that |η⟩
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may be written in the following form

|η⟩ =



|ψ1⟩

|ψ2⟩

|ψ3⟩

|ψ4⟩

|ψ5⟩

|ψ6⟩


=



|ψ1⟩

(Lc
− ⊗ 136) |ψ1⟩

(Lc2
− ⊗ 136) |ψ1⟩

(Lt
− ⊗ 136) |ψ1⟩

(Ltc
− ⊗ 136) |ψ1⟩

(Ltc2
− ⊗ 136) |ψ1⟩


, (5.17)

where |ψ1⟩ is a 63-dimensional vector of the form

|ψ1⟩ =



|ψe⟩

|ψc⟩

|ψc2⟩

|ψt⟩

|ψtc⟩

|ψtc2⟩


, |ψg⟩ =

1√
216

∑
g1g2=g
g1,g2∈S3

|g1, g2⟩ . (5.18)

These |ψg⟩ are the 36-dimensional vectors on which each operator o will act. The single-

qudit right multiplication operators Lg
− are essentially permutation operators such that,

for example

|ψ2⟩ = (Lc
− ⊗ 136) |ψ1⟩ =



|ψc⟩

|ψc2⟩

|ψe⟩

|ψtc⟩

|ψtc2⟩

|ψt⟩


. (5.19)

We therefore see that each 36-dimensional vector |ψg⟩ will appear in each of |ψ1⟩ , |ψ2⟩ , . . . , |ψ6⟩

once and therefore in total in |η⟩ six times. Hence, all ground state expectation values

of operators acting only non-trivially on qudits 3 and 4 may be decomposed as the sum
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of six inner products within this reduced system

⟨η| (136 ⊗ o) |η⟩ = 6
∑
g∈S3

⟨ψg| o |ψg⟩ . (5.20)

In this way, all ground state expectation values of the form ⟨η| (136 ⊗ o) |η⟩ may be

exactly computed from their non-trivial action on the set of entangled two qudit states

{|ψg⟩ , g ∈ S3}.

5.3.2 From 2 qudits to 2 qutrits

The group S3 has the semi-direct product structure S3
∼= Z3 ⋊ Z2 [145]. This feature is

employed in existing proposals for the physical realisation of the quantum double D(S3),

whereby each d = 6 qudit may be embedded into an entangled qubit-qutrit pair on each

site. Here, this structure informs an approach in which an effective basis transformation

yields a natural splitting between basis states {e, c, c2} and {t, tc, tc2}, allowing us to

consider only the action of our operators on the reduced qutrit subspace Z3
∼= {e, c, c2},

thus significantly reducing the required resources.

Consider the state construction for the determination of the elements of the matrix

(RGG)2,

|ϕ12(i)⟩ = NiA
i(v3)F

G
ρ1F

G
ρ2 |η⟩ ,

|ϕ21(j)⟩ = NjA
j(v3)F

G
ρ2F

G
ρ1 |η⟩ .

(5.21)

The sets of states {|ϕ12(i)⟩}, {|ϕ21(j)⟩} each form orthonormal bases related by the

braiding relation (
[RGG]ij

)2
= ⟨ϕ12(j)|ϕ21(i)⟩, i, j = A,B,G. (5.22)

We now introduce the state |ϕ12(+)⟩ ≡ 1√
2
(|ϕ12(A)⟩+ |ϕ12(B)⟩) which may equival-
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ently be written as

|ϕ12(+)⟩ = N+A
+(v3)F

G
ρ1F

G
ρ2 |η⟩ (5.23)

where the positive ‘combined’ vertex projection operator A+(v3) is given by

A+(v3) =
1√
2
(AA(v3) +AB(v3)), (5.24)

and N+ = NA = NB. We may similarly define |ϕ12(−)⟩ , |ϕ21(−)⟩ with the negative

combined projection operator A−(v3) =
1√
2
(AA(v3) − AB(v3)). This new set of projec-

tion operators with i ∈ {+,−, G} form an orthogonal projective set as in (4.30) and

by definition both sets {|ϕ12(i)⟩} and {|ϕ21(j)⟩} with i, j = +,−, G form alternative or-

thonormal bases. Importantly, replacing AA(v3) and AB(v3) with the combined vertex

operator A+(v3) allows all operators to be written as summations of terms of the form

(A⊕ B)⊗ (C ⊕D). Here ‘⊕’ is the matrix direct sum such that for matrices A and B,

A ⊕ B = diag{A,B}. Explicitly, using the qutrit generalisation of the Pauli operators

[199]

X =


0 0 1

1 0 0

0 1 0

 , Z =


1 0 0

0 ω 0

0 0 ω̄

 , (5.25)

we have

fGρ1 = (Z ⊕ 03)⊗ (X ⊕X) + (Z2 ⊕ 03)⊗ (X2 ⊕X2),

fGρ2 = (X ⊕X2)⊗ (Z2 ⊕ 03) + (X2 ⊕X)⊗ (Z ⊕ 03),

a+(v3) =
1

3
[(13 ⊕ 13)⊗ (13 ⊕ 13) + (X ⊕X2)⊗ (X2 ⊕X2) + (X2 ⊕X)⊗ (X ⊕X)],

(5.26)

aG(v3) =
1

3
[2(13 ⊕ 13)⊗ (13 ⊕ 13)− (X ⊕X2)⊗ (X2 ⊕X2)− (X2 ⊕X)⊗ (X ⊕X)].

In each such product A⊕ B, the qutrit operator A acts on the subspace {e, c, c2} while
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B acts on the {t, tc, tc2} subspace. This acts as a natural parallel to quantum optics in

which the Hilbert space is built up as a direct sum of optical modes. Considering the

identity

[(A⊕B)⊗ (C ⊕D)][(E ⊕ F )⊗ (G⊕H)] = (AE ⊕BF )⊗ (CG⊕DH),

we observe that any operations containing products of fGρ1 and fGρ2 become linear com-

binations of terms of the form (A⊕ 0)⊗ (C ⊕ 0). Taking the overlaps of the form (5.20)

for such terms results in a natural cancellation of the {t, tc, tc2} subspace

∑
g∈S3

( ∑
g1g2=g
g1,g2∈S3

⟨g1, g2|
)
(A⊕ 0)⊗ (C ⊕ 0)

( ∑
g3g4=g
g3,g4∈S3

|g3, g4⟩
)

=
∑

g∈{e,c,c2}

( ∑
g1g2=g
g1,g2∈S3

⟨g1, g2|
)
(A⊗ C)

( ∑
g3g4=g
g3,g4∈S3

|g3, g4⟩
)
,

(5.27)

such that

∑
g∈S3

⟨ψg| (A⊕ 0)⊗ (C ⊕ 0) |ψg⟩ =
1

72

∑
g∈{e,c,c2}

⟨ψ̃g| (A⊕ 0)⊗ (C ⊕ 0) |ψ̃g⟩ , (5.28)

where

|ψ̃g⟩ =
1√
3

∑
g1g2=g

g1,g2∈{e,c,c2}

|g1, g2⟩ . (5.29)

In this way all expectation values ⟨ϕ12(j)|ϕ21(i)⟩, ⟨ψ2(j)|ψ1/2(i)⟩ with i, j = +, G can be

computed from the reduced operations

FG
ρ1 = Z ⊗X + Z2 ⊗X2, (5.30)

FG
ρ2 = X ⊗ Z2 +X2 ⊗ Z, (5.31)

A+(v3) =
1

3
√
2
[19 +X ⊗X2 +X2 ⊗X], (5.32)

AG(v3) =
1

3
[2 · 19 −X ⊗X2 −X2 ⊗X], (5.33)
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extracted from the components of (5.26) on the {e, c, c2} component of each qudit. Al-

though the overlaps with ‘−’ states cannot be determined using qutrits, in Appendix D.1

we show how the structure of these states allows their overlaps with other states to be

extracted analytically, enabling the determination of all values ([RGG]ij)
2 and ([FG

GGG]
i
j)

2

with an encoding on two qutrits.

5.3.3 Simplification of expectation values

Finally, we demonstrate that the expectation value of the operators O involved in the

braiding and fusion processes can be determined by using simple product states directly

accessible in the laboratory, rather than the more complex entangled states |ψg⟩ given in

(5.18). To proceed we write the matrix elements of a general two-qutrit operator O as

O =
∑

g1g2=g3g4
g1,g2,g3,g4∈{e,c,c2}

pg1g2g3g4 |g1, g2⟩ ⟨g3, g4|+
∑

g1g2 ̸=g3g4
g1,g2,g3,g4∈{e,c,c2}

qg1g2g3g4 |g1, g2⟩ ⟨g3, g4| .

(5.34)

In (5.34) we differentiate between the flux conserving and non-conserving elements,

pg1g2g3g4 and qg1g2g3g4 , respectively. The states |ψg⟩ correspond to a certain flux g. The

expectation value of any two-qutrit operator O with respect to this set of states therefore

naturally reduces to the summation over flux-conserving terms

∑
g∈{e,c,c2}

⟨ψ̃g| O |ψ̃g⟩ =
1

3

∑
g1g2=g3g4

g1,g2,g3,g4∈{e,c,c2}

pg1g2g3g4 . (5.35)

Hence, the braiding and fusion elements we want to extract can be obtained in terms of

all the flux conserving elements pg1g2g3g4 .

Although the expectation value with respect to summation over the two-qutrit state

|ψg⟩ represents a significant simplification from the full anyonic vacuum ground state

|η⟩, these states are still highly entangled, rendering them non-trivial to realise within a

photonics system [200, 201]. To facilitate the experimental realisation of the braiding and
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fusion matrices we will adopt an alternative way to obtain the flux conserving elements

of O using a much more experimentally accessible state. To this end, we introduce the

product state

|ξ⟩ = 1

3

∑
g1,g2∈{e,c,c2}

|g1, g2⟩ , (5.36)

an equal superposition of every element in the two-qutrit Hilbert space. By definition,

the expectation value of any operator with respect to this state is the summation of all

co-efficients

⟨ξ| O |ξ⟩ = 1

9

 ∑
g1g2g3g4∈{e,c,c2}

g1g2=g3g4

pg1g2g3g4 +
∑

g1g2g3g4∈{e,c,c2}
g1g2 ̸=g3g4

qg1g2g3g4

 . (5.37)

We consider now the specific structure of our particular operations of interest. Com-

bining Equations (5.12) and (5.27), the ‘+’ and ‘G’ elements of (RGG)2 are calculated

as

(RGG
i )2 =

1

12

∑
g∈{e,c,c2}

⟨ψ̃g| ORi |ψ̃g⟩ , i = +, G (5.38)

where ORi is the expanded operator product

ORi = N2
i FG

ρ1F
G
ρ2A

i(v3)Ai(v3)FG
ρ1F

G
ρ2 , i = +, G. (5.39)

Inspection of the operator ORi reveals that the summation of its non-conservative flux

elements is zero, i.e.
∑

g1g2 ̸=g3g4
g1,g2,g3,g4∈{e,c,c2}

qg1g2g3g4 = 0 for both cases i = + and i = G. As

a consequence

⟨ξ| ORi
j
|ξ⟩ = 1

9

∑
g1g2=g3g4

g1,g2,g3,g4∈{e,c,c2}

pg1g2g3g4 =
1

3

∑
g∈{e,c,c2}

⟨ψ̃g| ORi
j
|ψ̃g⟩ . (5.40)
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Similarly, combining Equations (5.14) and (5.27), the elements ([FG
GGG]

i
j)

2 correspond to

([FG
GGG]

i
j)

2 = (RGj
G )2

∑
g∈{e,c,c2} ⟨ψ̃g| Omji |ψ̃g⟩∑
g∈{e,c,c2} ⟨ψ̃g| Onj |ψ̃g⟩

, i, j = +, G, (5.41)

where

Omji = FG
ρ2F

G
ρ2A

j(v3)FG
ρ1A

G(v3)AG(v3)FG
ρ2A

i(v3)FG
ρ2F

G
ρ1 , i, j = +, G, (5.42)

and

Onj = FG
ρ2F

G
ρ2A

j(v3)FG
ρ1A

G(v3)AG(v3)FG
ρ1A

j(v3)FG
ρ2F

G
ρ2 , i = +, G. (5.43)

Inspection of both Omji and Onj again reveals that the summation of non-conservative

flux elements in both cases is zero for all combinations of i, j ∈ {+, G}. In this way we

obtain equivalent expressions ⟨ξ| Omji |ξ⟩ = 1
3

∑
g∈{e,c,c2} ⟨ψ̃g| Omji |ψ̃g⟩ and ⟨ξ| Onj |ξ⟩ =

1
3

∑
g∈{e,c,c2} ⟨ψ̃g| Onj |ψ̃g⟩.

In the following subsection we will combine each of the reductions presented here,

giving explicit forms for the minimal encoding of the squared elements of the R and F

matrices from inner products of two qutrit operations with respect to the product states

|ξ⟩.

5.3.4 Summary of dense encoding

In summary, we have shown that all relevant inner products as in Eq. (5.12) and Eq. (5.14),

may be exactly reconstructed from the action of reduced operations on just two qutrits.

The physically measurable quantities in this system are obtained in terms of the ‘+′, ‘G′

components of the transformed anyonic basis. In Appendix D.1, we have demonstrated

how these experimentally accessible quantities directly enable the determination of the R

and F matrices in the desired anyonic basis {A,B,G}. Explicitly, the diagonal elements
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of the matrix RGG squared, may be obtained as

(RGG
i )2 =


1
4 ⟨ξ| OR+ |ξ⟩ i = A,B,

1
4 ⟨ξ| ORG

|ξ⟩ i = G,

(5.44)

while

([FG
GGG]

i
j)

2 =



⟨ξ|Om++ |ξ⟩
2⟨ξ|On+ |ξ⟩ i, j = A,B,

⟨ξ|OmG+
|ξ⟩

2ω⟨ξ|OnG
|ξ⟩ i = A,B, j = G,

⟨ξ|Om+G
|ξ⟩

⟨ξ|On+ |ξ⟩ i = G, j = A,B,

⟨ξ|OmGG
|ξ⟩

ω⟨ξ|OnG
|ξ⟩ i, j = G.

(5.45)

Although this scheme is somewhat abstracted from the physical anyonic model, these

reduced ribbon operators still directly encode the important fusion and braiding prop-

erties of the non-Abelian G anyons. Indeed, the braiding factors corresponding to the

different fusion channels of G×G may still be extracted from the commutativity of the

two-qutrit ribbons FG
ρ1 and FG

ρ2 as demonstrated in Appendix D.2.

In recent years, significant progress has been made in the physical simulation and

control of single and two-qutrit systems across several experimental platforms [202, 203,

204, 205]. In particular, recent advances in the generation of entangled two-qutrit states

within photonics architectures [206, 207], have established this as a powerful candidate

for the realisation of our proposed anyonic operations on two qutrits. In the next chapter

we present a protocol for the realisation of the non-unitary operators FG
ρ1 ,F

G
ρ2 ,A

+(v3)

and AG(v3) on a pair of qutrits encoded in the spatial modes of two photons, providing

a direct path to the physical realisation of non-Abelian braiding statistics.

5.4 Photonic Realisation

Photonic quantum systems are among the most promising platforms for the realization

of quantum computers and quantum simulators. Due to their weak coupling to the envir-
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onment and ability to propagate at the speed of light, photons serve as naturally robust

and efficient carriers of quantum information. In addition, their spatial, temporal, and

polarization degrees of freedom provide multiple flexible encodings for high-dimensional

qudits. To enable the experimental realisation of the densely encoded D(S3) quantum

double model, we propose a quantum simulation with a linear interferometric photonic

architecture. This platform offers full configurability of arbitrary linear unitaries and al-

lows effective implementation of non-linear operations through measurement-based post-

selection. We begin by providing a brief overview of the key features and capabilities of

this photonic platform.

5.4.1 A brief overview of linear optics

An N -mode linear optical interferometer is a device constructed from N optical wave-

guides coupled to each other with an array of parameterised phase shifters and 50:50

beamsplitters. Suppressing the degrees of freedom associated with frequency and polar-

isation, this system is described by a set of bosonic creation and annihilation operators,

a†i and ai, where i = 1, . . . , N labels the waveguide. These obey the algebra

[ai, aj ] = [a†i , a
†
j ] = 0, [ai, a

†
j ] = δij . (5.46)

The states of this system are obtained via repeated application of the creation operator

on the vacuum state |0⟩. For a system with m modes, states in this occupation basis

have the general form |n1, n2, . . . , nm⟩, where ni describes the number of photons in the

ith mode. The size of the Hilbert space corresponding to a system of n indistinguishable

photons distributed among m modes is given by the binomial coefficient C(n+m−1, n).

Linear optical elements apply particle-conserving and non-interacting unitary trans-

formations U on this Hilbert space. These act linearly on the mode operators as

Ua†iU
† =

N∑
j=1

ujia
†
j , (5.47)
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Figure 5.2: (a) A phase shifter and (b) beamsplitter within a two-mode circuit. (c) The
simplified crossing (left) represents the 50 : 50 beamsplitter with η = 1

2 .

where u ∈ U(N). The unitary U forms a representation of the smaller unitary u, such

that U is uniquely specified by the operator u. The two basic ‘building blocks’ of linear

optical circuits are taken to be the phase shifter and beamsplitter as shown in Figure 5.2.

The phase shifter, Ups(ϕ), acts on a single mode i such that a†i 7→ eiϕa†i . For a two-mode

system as in Figure 5.2, with the phase shift applied to the upper mode, we obtain the

corresponding unitary

ups(ϕ) =

eiϕ 0

0 1

 . (5.48)

The beamsplitter, Ubs(η), is a two-mode optical component which may be used to perform

controlled transmission and reflection of incident light [208, 209]. There are many distinct

but ultimately equivalent conventions for describing the action of a beamsplitter. Here,

we consider asymmetric beamsplitters with a single parameter 0 ≤ η ≤ 1 corresponding

to the reflectivity of the chosen element. Notably such an asymmetric beamsplitter

applies a differing phase shift dependent on the port that the light is incident on. For

the beamsplitter element as shown in Figure 5.2(b), light incident on the solid (dashed)

surface acquires a phase
√
η (−√

η), while light transmitted through either surface gains

the phase
√
1− η. Explicitly for the two-mode system shown, one has a†1 7→ √

ηa†1 +

√
1− ηa†2, a

†
2 7→

√
1− ηa†1 −

√
ηa†2. When η = 1

2 , the incident light has equal probability

of being reflected or transmitted. In our convention, this 50 : 50 beamsplitter has explicit

matrix representation

ubs

(
η =

1

2

)
=

1√
2

1 1

1 −1

 , (5.49)
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equivalent to the Hadamard gate [192], a key component in many schemes for universal

quantum computation [21].

In [210], Reck et al. demonstrated that any N ×N unitary u can be factorised into

a sequence of these simple phase shift and beamsplitter transformations. The ability to

generate any unitary u however, does however does not mean that this is a universal

quantum computer, as only linear unitaries that act as Eq. (5.47) can be encoded. Cru-

cially, the lack of photon-photon interactions results in an inability to engineer arbitrary

entanglement between multiple qudits [211, 212, 213].

For many years, it was believed that scalable all-optical quantum computing would

require the introduction of a non-linear component, such as a Kerr medium. These Kerr

non-linearities induce intensity-dependent phase shifts in optical fields, thus effectively

mediating interactions between photons to enable the implementation of non-Gaussian

entangling operations [214, 215]. Naturally occurring Kerr effects however, are signific-

antly weaker than those required to physically implement such schemes, making such

gates practically unfeasible with current or near-term technologies [216]. In 2001, Knill,

Laflamme and Milburn revolutionized linear quantum optics by demonstrating that effi-

cient quantum computation was in fact possible using only beamsplitters, phase shifters

and single-photon sources with the simple addition of projective measurements [191].

This scheme, known as the KLM protocol, initiated the field of non-deterministic lin-

ear optics, in which non-linear operations describing interactions between qudits may be

implemented with some finite probability of success p.

Here, we briefly outline the KLM protocol for the realisation of the non-linear sign

(NS) gate as presented in [191]. This gate describes the following phase shift on a single

mode

α |0⟩+ β |1⟩+ γ |2⟩ 7→ α |0⟩+ β |1⟩ − γ |2⟩ , (5.50)

equivalent to the non-linear operation exp ( iπ2 (a
†
iai(a

†
iai − 1))). In order to realise this

operation we construct the circuit shown in Figure 5.3. The upper mode encodes the

input state |ψ⟩, while the middle and bottom modes are ancillae with inputs of a single
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Figure 5.3: The non-linear sign (NS) gate realizes a non-deterministic phase shift on a
single mode |ψ⟩ using a combination of beamsplitters, ancillae modes and photodetectors.
The beam splitters are characterised by reflectivity parameters η1, η2 and η3 as detailed
in Appendix D.3. The input states for the ancillae are a single photon and the vacuum,
and the gate succeeds when the detectors measure one and zero photons respectively.
For an arbitrary input state α0 |0⟩+β1 |1⟩+γ2 |2⟩, this occurs with probability pNS = 1

4 .

photon and the vacuum respectively. All components of the circuit itself are simple

asymmetric beamsplitters, the action of which is described in further detail in Appendix

D.3. For the input state |ψin⟩ = |ψ⟩ ⊗ |1, 0⟩A with |ψ⟩ = α |0⟩ + β |1⟩ + γ |2⟩, the total

output state is given by

|ψout⟩ =
1

2
(α |0⟩+ β |1⟩ − γ |2⟩)⊗ |1, 0⟩A + . . . , (5.51)

where only terms for which the ancillae are in the state |1, 0⟩A have been explicitly

included. By post-selecting on the ancillae measurements ‘1’ and ‘0’ respectively, we

therefore obtain the desired outcome of the NS gate on the upper mode with probability

pNS =
∣∣1
2

∣∣2 = 1
4 . This gate will act as an important building block in our construction of

linear optics circuits for the non-unitary ribbon and projection operators.

5.4.2 State initialization

In this subsection and the following, we outline a protocol for the simulation of our

two-qutrit model using linear optics only. To this end, we introduce two three-mode

interferometers, such that a single qutrit may be encoded by a single photon in three

optical modes |e⟩ ≡ |1, 0, 0⟩ , |c⟩ ≡ |0, 1, 0⟩ , |c2⟩ ≡ |0, 0, 1⟩ as shown in Figure 5.4(a),

thus preserving the tensor product structure of states in our system. Throughout the

following, states labelled by group elements |e⟩ , |c⟩ , |c2⟩ refer to the logical states of each

qutrit, while states |0⟩ , |1⟩ , |2⟩ refer to the occupation basis of a single mode containing
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Figure 5.4: (a) On a three-mode interferometer each qutrit state |e⟩ , |c⟩ , |c2⟩ may be
encoded by a single photon in the first second or third mode respectively. (b) The state
|ξ⟩ is constructed deterministically from the action of the qutrit unitary UQFT on the
initial state with a single photon in the first mode of each qutrit.

0, 1 and 2 photons respectively.

In the dense encoding scheme presented in Section 5.3, we showed that the elements

(RGG
i )2 and ([FG

GGG]
i
j)

2 are encoded in the inner products of certain two-qutrit operations

with respect to the state |ξ⟩, the equal superposition over all two-qutrit basis states. This

state may be constructed deterministically from a pair of single-qutrit unitaries as

|ξ⟩ = (UQFT ⊗ UQFT)|e, e⟩ =
1

3

∑
g1,g2∈{e,c,c2}

|g1, g2⟩, (5.52)

where UQFT is the Fourier transform acting on the basis of a single qutrit as

UQFT =
1√
3


1 1 1

1 ω ω̄

1 ω̄ ω

 , (5.53)

as shown in Figure 5.4(b). Note that in the qutrit Pauli operator basis [204, 217], this

gate transforms the X and Z generators as

UQFTXU
†
QFT = Z, UQFTZU

†
QFT = X†, (5.54)

a property that will be useful in the following.
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5.4.3 Ribbon operators

We now consider the realisation of the two-qutrit ribbon operators as given in Eq. (5.30)

and (5.31). These operations may be conveniently diagonalised using the identity in

Eq. (5.54), giving

FG
ρ1 = (1⊗ UQFT)DF (1⊗ U †

QFT), (5.55)

FG
ρ2 = (U †

QFT ⊗ 1)DF (UQFT ⊗ 1), (5.56)

where

DF = Z ⊗ Z† + Z† ⊗ Z. (5.57)

This diagonal component acts on the two-qutrit basis as

DF |g1, g2⟩ =


2|g1, g2⟩ if g1 = g2,

−|g1, g2⟩ if g2 ̸= g2,

(5.58)

clearly identifying the non-unitary action of these operators. The circuits for the full

ribbon operators are given by

|g1⟩

FG
ρ1

|g2⟩

=

|g1⟩

DF

|g2⟩ U †
QFT

UQFT

and
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Figure 5.5: (a) The controlled sign (CS) gate is constructed from two 50:50 beamsplitters
and pair of non-linear sign (NS) gates acting on two modes as shown. (b) The circuit
encoding the non-unitary operation SF utilises two logical modes and an ancillary mode
prepared in the vacuum state |0⟩. (c) The diagonal ribbon operator DF can be imple-
mented by pairwise coupling the three modes of a pair of qutrits with SF gates.

|g1⟩

FG
ρ2

|g2⟩

=

|g1⟩ UQFT

DF

U †
QFT

|g2⟩

In order to construct this diagonal non-unitary DF , we start by considering the con-

dition g1 = g2. Each qutrit is encoded by a single photon in three optical modes such

that we may represent these logical states as |g1⟩ = |m1,m2,m3⟩ and |g2⟩ = |n1, n2, n3⟩

where mi, nj = 0, 1 with exactly one mi, nj = 1 and the others equal to zero. In this

occupation basis, it is clear that the condition g1 = g2 is equivalent to mi = ni for all

i = 1, 2, 3. To enforce this condition, we therefore start by constructing an operator SF ,

that acts as a control between pairs of modes (mi, ni) across both qutrits.

Figure 5.5(b) shows the circuit diagram for the construction of the two-mode operator

SF . The circuit consists of three modes: two logical and a single ancillary mode prepared

in the vacuum state, |0⟩. The crossings between the second and third modes represent
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the unitary V , which has the following representation on the space of three modes

V =


1 0 0

0 −
√
3
2

1
2

0 1
2

√
3
2

 , (5.59)

while the π-phase shifter implements the transformation a†2 7→ eiπa†2. The non-linear

element of this circuit is the CS gate, which may be realised from a pair of 50:50 beams-

plitters and NS gates as shown in Figure 5.5(a). On the subspace of at most one photon

per mode, the CS gate maps the general input state α |0, 0⟩+β |0, 1⟩+γ |1, 0⟩+δ |1, 1⟩ 7→

α |0, 0⟩+ β |0, 1⟩+ γ |1, 0⟩ − δ |1, 1⟩. Each NS has a success probability pNS = 1
4 , meaning

that the CS gate overall succeeds with probability pCS = 1
16 .

Suppose we prepare the system in the input state

|Ψin⟩ = |ψ⟩ ⊗ |0⟩A = (α|0, 0⟩+ β|0, 1⟩+ γ|1, 0⟩+ δ|1, 1⟩)⊗ |0⟩A. (5.60)

The output state is given by

|Ψout⟩ = (α|0, 0⟩ − β

2
|0, 1⟩+ γ|1, 0⟩+ δ|1, 1⟩)⊗ |0⟩A +

√
3β

2
|0, 0⟩ ⊗ |1⟩A. (5.61)

By post-selecting on the ancillary mode being in the vacuum state |0⟩A, we therefore

obtain, up to a normalisation, the logical output |ψout⟩ = NSF |ψin⟩, where SF is the

non-unitary operator that acts on the photonic number basis states as

SF |m,n⟩ =


−1

2 |m,n⟩ if |m,n⟩ = |0, 1⟩,

|m,n⟩ otherwise,

(5.62)

and N = 1/∥ψout∥ is a normalisation factor. The probabilistic nature of this circuit

means that the desired outcome is achieved with probability pSF
= 1

4 . An important

point to note is that because the gate SF is non-unitary, the normalisation constant
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N must be chosen correctly to retain the non-unitary character. For example, if we

send through the state |0, 1⟩ and normalise by dividing through by the norm as usual, we

would cancel the important factor of −1/2. This normalisation factor arises when we run

the quantum computer multiple times, post-select on successful outputs, and normalise

the resultant probability distribution of our measurements. As we are encoding a non-

unitary gate, instead of taking our distribution as the number of measurements after

post-selection divided by the total number of successful shots, we normalise with the

total number of shots, which includes shots that failed after post-selection. In this way

we retain the desired non-unitarity.

This two-mode gate SF forms an important building block in the construction of the

non-unitary two-qutrit ribbons operators FG
ρ1 and FG

ρ1 . Consider the action of SF when

applied between each of the three pairs of modes (mi, ni) as shown in Figure 5.5(c). As

in Eq. (5.62) each gate will act trivially apart from the case where the mode mi contains

the vacuum and ni has a single photon. For the single occupation basis, the action of

this circuit is restricted to two outcomes. Either mi = ni for all modes i, and SF acts

trivially between each pair, or a single pair of modes will obey (mi = 0, ni = 1) such that

the total state acquires a single factor of −1
2 . Up to a normalization, the circuit shown in

Figure 5.5(c) therefore implements the transformation 1
2DF on the basis of two qutrits.

This additional factor may be accounted for by scaling our measurements by a factor of

2 for each ribbon operator present. In order to implement the full two-qutrit gates FG
ρ1

and FG
ρ2 , one simply applies the constructed DF operator between pairs of simple unitary

operations as outlined in Equations (5.55) and (5.56).

5.4.4 Projection operators

We consider now, the two-qutrit projection operators given in Equations (5.32) and

(5.33). As with the ribbon operators, it is convenient to diagonalise these operators as

Ai = (UQFT ⊗ UQFT )Di(U
†
QFT ⊗ U †

QFT ), (5.63)
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Figure 5.6: (a) The two-mode parity projection Π. Here, the upper pair of modes
are ancillary modes and contain a single photon. The ancillary and logical modes are
pairwise coupled with a controlled π-phase shifter as in Fig. 5.5(a). Post-selection on
the measurement of the ancillary qubit applies an even or odd parity projection to the
logical modes. (b) The two-qutrit gate Di. By pairwise coupling the modes of a pair
of qutrits |g1⟩ and |g2⟩ we can project onto the even or odd parity qutrit subspace by
post-selecting on the outputs of each Π.

where i = +, G. The circuit for this decomposition is given by

Ai =

U †
QFT

Di

UQFT

U †
QFT

UQFT

where Di acts on the basis of qutrit states as

D+|g1, g2⟩ =


1√
2
|g1, g2⟩ if g1 = g2,

0 if g1 ̸= g2,

(5.64)

DG|g1, g2⟩ =


0 if g1 = g2,

|g1, g2⟩ if g1 ̸= g2.

(5.65)

The factor 1√
2
in the D+ term arises due to the normalization of the linear superposition
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A+(v3) =
1√
2
(AA(v3) +AB(v3)). We note that D+ and DG may be interpreted in terms

of projections onto even and odd parity subspaces respectively. As with the ribbon oper-

ators, we will implement this parity check between two-qutrit states, by first constructing

a circuit that projects onto the parity subspaces of a pair of modes.

Consider the circuit shown in Figure 5.6(a). The top two modes now are ancillae,

containing a single photon which plays the role of an ancillary qubit. This qubit entangles

with the even and odd parity subspaces of the two modes of interest, allowing for a

projection to be made non-destructively. Explicitly, given the most general two-mode

photonic input state |ψ⟩ = α |0, 0⟩+β |0, 1⟩+γ |1, 0⟩+ δ |1, 1⟩, the circuit implements the

transformation Π such that

Π|1, 0⟩A ⊗ |ψ⟩ = |1, 0⟩A ⊗ (α |0, 0⟩+ δ |1, 1⟩) + |0, 1⟩A ⊗ (β |0, 1⟩+ γ |1, 0⟩), (5.66)

= |1, 0⟩A ⊗ |ψeven⟩+ |0, 1⟩A ⊗ |ψodd⟩. (5.67)

By post-selecting on the state of the ancillary qubit, one can project onto the odd or

even parity subspace. With this two-mode parity projection at hand, one can therefore

perform the qutrit parity projection by pairwise coupling the nth mode of each qutrit

with a Π gate as shown in Fig. 5.6(b). The additional factor of 1√
2
for the D+ operator

may once again be accounted for by scaling our measurements by a factor of 1√
2
for each

A+(v3) operator present. The implementation of the full projection operator Ai(v3),

is thus achieved with the application of the constructed operator Di between pairs of

additional simple unitary gates as outlined in Equation (5.63).

This circuit construction enables the realization of the two-qutrit operators FG
ρi and

Aj(v3), encoding fundamental anyonic operations, in a form directly implementable using

linear-optics techniques. While a photonic implementation is attractive due to the inher-

ently low decoherence of photons, linear optical elements remain susceptible to physical

noise processes [192]. In the following section, we evaluate the performance of our to-

pological encoding against such errors, comparing it directly to the implementation of
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the R and F gates on a single logical qutrit. The results obtained reveal a novel form

of error resilience that lies outside the conventional paradigm of topological protection,

highlighting the potential of this approach for robust quantum information processing.

5.5 Error resilience

In Section 5.3, we presented a scheme in which the action of the R and F matrices on the

anyonic basis {A,B,G} is topologically encoded via ribbon and projection operations on

two physical qutrits. In practice, however, operations on physical systems are inevitably

imperfect and subject to various sources of error. In large topological systems, coherent

errors that act as local perturbations to the Hamiltonian do not affect the topologically

encoded information, providing passive protection without the need for active quantum

error correction [218, 219]. However, noise in the form of decoherence, such as coupling

to an external environment, can be detrimental to the logical encoding, as topological

models offer no intrinsic protection against such non-unitary errors [220].

In this section, we perform an analysis comparing the resilience of the encoding of

the R and F matrices on two physical qutrits with their conventional action on a single

logical qutrit against these more physically relevant errors. Remarkably, we find that

the topologically encoded R gate is completely immune to errors in the form of deco-

herence. The F gate also exhibits an enhanced resilience against these errors, provided

the probability of error remains below a well-define threshold. This effect, which has no

direct analogue in conventional topological protection, highlights the suitability of our

implementation for realistic experimental conditions.

The protocol for this comparison is introduced explicitly in the next section with

direct analysis of the robustness of the encoded and unencoded circuits for the R matrix

against errors in the form of single-qutrit decoherence. Here and throughout, the ‘encoded

circuit’ refers to the set of operations used to extract the elements of R and F from two

physical qutrits, while the ‘unencoded circuit’ refers to the direct application of these

gates on a single logical qutrit representing the anyonic basis {A,B,G}. In both cases,
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Figure 5.7: In this scheme, error is modelled with the introduction of an independent
unitary fault E to each qutrit under the action of a (a) single-qutrit operator O or (b)
two-qutrit operator O.

local errors are modelled as independent unitary faults acting on each participating qutrit

with probability p as

ϵ(O,UE , p) = (1− p)O + pUEOU
†
E , (5.68)

where UE represents an error channel acting on the relevant Hilbert space [221, 222]. In

the following, each such unitary will be represented in terms of a single qutrit unitary

error gate E, chosen to reflect a relevant physical error process. Action of this same gate

independently across each qutrit in both circuits, thus enables a direct comparison of the

relative robustness of each model to a given source of error.

5.5.1 Resilience to decoherence

Here, we present a protocol for evaluating the robustness of each circuit against physically

relevant types of error. We start by introducing this general scheme, before presenting

explicit results for errors in the form of decoherence.

Figure 5.7(b) illustrates the components of the encoded circuit whereby two-qutrit

operations are subject to noise on each qutrit. In this circuit, ‘noisy’ forms of the R and F

matrices are computed by passing each operator in the relevant operator products (5.39),

(5.42), (5.43) through the error channel (5.68). Consider, for example, the computation

of the R matrix elements from

(RGG
i )2 =

⟨ϕ12(i)|ϕ21(i)⟩
⟨ϕ21(i)|ϕ21(i)⟩

=
Tr(FG

ρ2F
G
ρ1A

i(v)Ai(v)FG
ρ2F

G
ρ1ρ)

Tr(FG
ρ1FG

ρ2Ai(v)Ai(v)FG
ρ2FG

ρ1ρ)
, i = +, G,
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with ρ = |ξ⟩ ⟨ξ|. When acting on a physical system, each physical qutrit may be subject

to some external noise. We model these as independent sources of error, introducing the

corresponding error gates UE,1 = E ⊗ 13 and UE,2 = 13 ⊗ E. The total ‘noisy’ form of

the operator O is then compounded as

ϵ2(O, E, p) = ϵ(ϵ(O, UE,1, p), UE,2, p). (5.69)

In this way, the elements (RGG
i )2 in this noisy channel become

(Rerr
i (E, p))2 =

Tr(ϵ(FG
ρ2 , E, p)ϵ(F

G
ρ1 , E, p)ϵ(A

i(v), E, p)ϵ(Ai(v), E, p)ϵ(FG
ρ2 , E, p)ϵ(F

G
ρ1 , E, p)ϵ(ρ,E, p))

Tr(ϵ(FG
ρ1 , E, p)ϵ(FG

ρ2 , E, p)ϵ(Ai(v), E, p)ϵ(Ai(v), E, p)ϵ(FG
ρ2 , E, p)ϵ(FG

ρ1 , E, p)ϵ(ρ,E, p))
.

For some normalised input state in the logical qutrit Hilbert space, |ψin⟩ = α |A⟩ +

β |B⟩+ γ |G⟩, the output state is therefore

|ψerr
out(E, p)⟩ = N [(Rerr

+ (E,P ))2(α |A⟩+ β |B⟩) + (Rerr
G (E, p))2γ |2⟩], (5.70)

where N is a normalization constant required to produce the valid output density matrix

ρencout(E, p) = |ψerr
out(E, p)⟩ ⟨ψerr

out(E, p)| . (5.71)

The fidelity relative to the ideal output ρout = (RGG)2 |ψin⟩ ⟨ψin| [(RGG)2]† is given by

Fenc(E, p) =
√
Tr(ρoutρencout(E, p)). (5.72)

Alternatively, one may consider the direct action of (RGG)2 on a single logical qutrit.

For a general normalised input state |ψin⟩ = α |A⟩ + β |B⟩ + γ |G⟩, one now obtains the

ideal outcome

|ψout⟩ = ω̄(α |0⟩+ β |1⟩) + ωγ |2⟩ (5.73)

such that

ρout = |ψout⟩ ⟨ψout| . (5.74)
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The error in this circuit is then simulated at the state level in terms of this ideal output

density matrix ρout as

ρunout(E, p) = ϵ(ρout, E, p). (5.75)

The fidelity of the circuit is expressed as

Fun(E, p) =
√
Tr(ρoutρunout(E, p)). (5.76)

The single-qutrit error channel E can be chosen to reflect the dominant noise mechan-

ism in a given physical implementation. In photonic platforms, a primary source of error

is dephasing arising from imperfect interference in the interferometric setup [221, 223].

This decoherence is often modeled through a correlated dephasing channel, UE = Z⊗Z,

where the single-qutrit Z operator captures the most severe dephasing effects. In the

present analysis, we extend this framework by considering uncorrelated dephasing er-

rors, modeled as in (5.69) with E = Z. This generalization enables a more versatile and

platform-independent evaluation of the encoding’s fault-tolerance.

Naturally, the effect of errors will manifest differently dependent on the chosen input

state |ψin⟩. To obtain a statistically meaningful comparison, we therefore consider the

average values obtained over a set of 2000 randomised input states. These states are

randomly sampled from the qutrit Hilbert space through the application of Haar random

matrices [224, 225] to an arbitrary initial state |ψ0⟩ = 1√
3
(|A⟩+ |B⟩+ |G⟩).

Consider the first set of plots for our analysis of decoherence errors with E = Z shown

in Figure 5.8. Plots (a) and (c), compare the average fidelity of both circuits acting on

a random logical state for R and F respectively. Interestingly, we see that not only

does the encoded R maintain a high fidelity > 0.95 across all error probabilities, it also

consistently outperforms the average fidelity of the conventional gate-based unencoded

circuit across this range. By comparison, for the average fidelities for the circuits for F ,

a threshold appears at around pth ≈ 0.052. For a system with a noise rate below this

threshold, we therefore conclude that one will achieve on average a higher fidelity using
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Figure 5.8: (a) The average fidelity for the encoded circuit for R demonstrates advantage
over the unencoded case for all probabilities of error p. This is further demonstrated in
(b) where the pavg retains near unit value. For the F matrix as considered in (c) and (d)
threshold behaviour emerges. By controlling the probability of error below pth, one will
achieve on average a higher fidelity using the physical encoding.

the physical encoding of the F matrix on two qutrits.

A further comparison between both approaches is given in Figure 5.8(b) and (d).

Here pavg represents the averaged probability that the encoded fidelity exceeds the unen-

coded fidelity across the ensemble of input states. Fig. 5.8(d) shows that for the encoded

F matrix this probability exceeds 50% for p < 0.124, indicating a regime where the en-

coded scheme is more likely to yield higher fidelity on a random input. In keeping with

Fig. 5.8(a), the encoded R matrix is shown to outperform the conventional gate-based

approach with unit probability across the full range of errors. This clear robustness

against decoherence at physically relevant rates, demonstrates that the topological en-

coding offers a degree of passive protection against decoherence, even in the minimal

implementation of two qudits considered here.
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Figure 5.9: Comparisons of the robustness of the encoded and unencoded circuits for the
R and F operators under randomised qutrit Pauli errors. In (a) and (c) thresholds now
appear for the average fidelity for the encoding of both circuits, while in (b) consistent
advantage is still observed on average for the encoding of R. In (d) This advantage is
accessed below the threshold value p < 0.17.

5.5.2 Resilience to randomised noise

In the previous subsection, we analysed both the encoded and unencoded circuits for

the R and F matrices under decoherence errors. While such noise represents the most

relevant limitation for an experimental realisation such as that presented in Section 5.4,

additional imperfections such as mode mismatch from non-ideal beam splitters can also

play a role. Indeed, each chosen platform may be subjected to a range of differing

sources of noise processes throughout the computation. To enable a more general and

platform-independent analysis, we therefore extend our study to include random errors

ER, randomly sampled at each stage from the single qutrit Pauli group ER ∈ {XiZj}

with i, j = 0, 1, 2. The results for this analysis are presented in Figure 5.9(a) and (c). We

observe now an advantage threshold for both the R and F encoded circuits occurring at

pth = 0.61 and pth = 0.08 respectively. Remarkably, when randomised noise is kept below
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these relatively high thresholds, one again gains a clear advantage by using the encoded

circuits in both cases. Finally, Figure 5.9(b) and (d) illustrate the average probability

that the encoded circuit achieves higher fidelity than the unencoded across a range or

probabilities p. For the F matrix, pavg ≥ 1
2 for p < 0.17. Crucially, for the R matrix, this

average probability does not drop below 50%, meaning that to implement the R gate

with maximum fidelity, it is always better on average to do so using the encoded circuit.

The threshold behaviour revealed by both error analyses demonstrates the inherent

passive protection provided by the topological encoding, extending beyond conventional

notions of topological fault tolerance. Even in this minimal implementation, the encod-

ing significantly suppresses decoherence and randomized qutrit Pauli errors, with the

R matrix encoding exhibiting complete immunity to the dominant dephasing errors in

the proposed linear-optics setup. Importantly, the threshold values pth are significantly

higher than the error thresholds typically required for fault-tolerant quantum computa-

tion [222, 226, 227], underscoring the suitability of this protocol for scalable quantum

computing.

5.6 Conclusions

In this chapter, we have investigated the physical realisation of our protocol for demon-

strating the non-Abelian braiding statistics of G anyons within the D(S3) quantum

double model on a lattice. By adapting the scheme to align with the capabilities of

current photonic technologies, this work provides a practical blueprint for the near-term

implementation of topological braiding operations. Importantly, the approach offers an

alternative to conventional gate-based protocols, exhibiting enhanced resilience to typical

sources of error and decoherence.

Building on the scheme presented in the previous chapter, we began by construct-

ing the minimal lattice capable of supporting the full spectrum of anyonic excitations

described by Kitaev’s Hamiltonian. Despite its simplicity, this minimal system still de-

mands coherent control over a 64-dimensional Hilbert space in order to realise the states
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that support static braiding operations, a task outside of the scope of current quantum

hardware. While other approaches such as that of Goel et al. [148] reduce complexity

by performing tomography on the anyonic ribbon operators abstracted from the lattice

construction, our approach emphasises the importance of the explicit encoding of the to-

pologically protected fusion space on which logical information may be encoded [refs]. In

our approach we therefore sought to retain this coherent state space construction, while

introducing a set of simplifications rendering the protocol accessible to current quantum

technologies.

In Section 5.3, we introduced a dense encoding scheme based on the structure of the

single-plaquette ground state and its associated operators. Locality constraints reduce

the non-trivial action of all operators to just two qudits, which can be expressed in terms

of qutrit Pauli generators, revealing a tensor-sum structure linked to the semi-group of

S3. The null action on elements {t, tc, tc2} shows that the essential dynamics of the

{A,B,G} sub-model are fully captured within an effective qutrit basis Z3
∼= {e, c, c2}.

Although abstracted from the full quantum double formalism, a tomographic analysis

(Appendix D.2) confirmed that these reduced operators retain the defining features of

anyonic operations. Finally, decomposition of the operator products revealed a cancella-

tion of flux non-conserving terms, allowing the elements of (RGG)2 and ([FG
GGG]

i
j)

2 to be

computed directly from inner products of the two-qutrit operators with respect to the

product state |ξ⟩.

With growing interest in higher-dimensional qudits for quantum computation and

communication, significant progress has been made in simulating and controlling such

systems across a range of experimental platforms. Photonic architectures are particularly

promising, offering long coherence times and a natural means of encoding d-dimensional

qudits in multi-port interferometers. Our two-qutrit Hilbert space can thus be realised

using two three-mode interferometers, preserving the essential tensor-product structure

between states and operators. Each operator can be diagonalised via the qutrit Fourier

gate UQFT, confining their non-unitary action to diagonal components Di This reduces
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the conditional action on the qutrit basis to controlled operations between mode pairs,

for which explicit circuits were constructed using linear optical elements and a single

non-linear gate built from the NS gates of the KLM protocol. While the probabilistic

nature of these gates limits scalability, for our purposes this challenge can be overcome

through sufficient repetition of the constructed circuits.

While photonic platforms are, in principle, capable of implementing high-fidelity two-

qutrit operations [202, 203, 204, 205], they remain vulnerable to various sources of noise,

including decoherence and mode mismatch. Remarkably, the analysis given in Section 5,

reveals an inherent robustness of our encoding against these physically relevant sources

of error. Specifically, when subject to noise in the form of decoherence, the operation

of (RGG)2 encoded on two physical qutrits is shown to consistently outperform the con-

ventional logical encoding on a single qutrit across all error probabilities. The F gate

similarly exhibits an enhanced average resilience against decoherence, provided that the

probability of error remains below a defined threshold. This observed form of robustness

is distinct from the topological protection inherently owed to anyonic models, the exist-

ence of which has already been demonstrated for encodings of various anyonic models

[110, 219]. Whether similar forms of passive error suppression arise in simulations of other

non-Abelian quantum double models remains an open question for further investigation.



Chapter 6

Conclusions

In this thesis, we have explored the use of lattice models as powerful tools for simulat-

ing and harnessing quantum correlations as resources for computation. By focusing on

analytically solvable models in both one and two dimensions, we gained rare insight into

the emergent behaviour of complex quantum systems and how such behaviour can be

controlled for practical advantage. In one dimension, this enabled exact characterisation

and tuning of correlation structures, while in two dimensions, it provided a topologically

protected setting in which non-Abelian braiding operations were shown to generate the

magic states required for universal quantum computation. Crucially, we further demon-

strated that these ideas can be distilled into minimal encodings compatible with current

experimental platforms, highlighting a clear pathway from theoretical models to physical

realisation.

In Chapter 2, we investigated one of the central quantities at the heart of quantum

mechanics: entanglement. The ability to coherently tune entanglement correlations is

of crucial importance for near-term quantum technologies, where tasks such as quantum

simulation, error correction, and information transfer rely on engineering precise cor-

relation patterns. Among the available diagnostics, the entanglement spectrum plays a

particularly important role, as it encodes not only the strength but also the structure

of quantum correlations in many-body systems. In this context, we introduced the q-

129
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deformed rainbow model, which acts as a precise universal simulator for free-particle

entanglement energies, thereby yielding exact control over the quantum correlations in a

one-dimensional spin chain.

In particular, we introduced a local Hamiltonian on 2N sites with nearest-neighbour

couplings and asymmetric magnetic field terms about the chain centre. Using a Real-

Space Renormalization Group approach, we showed that when these terms decay expo-

nentially from the centre, the model admits an exact ground state even in the thermody-

namic limit. This q-deformed rainbow state consists of concentric SU(2)q singlets, each

characterised by a deformation parameter qi set by the Hamiltonian’s physical paramet-

ers. Analysis of its entanglement structure revealed that these deformation parameters

naturally capture the correlations of the tensor-product ground state, directly linking

entanglement properties to tunable model parameters. In this way, the derivation of a

set of recursive identities allowed us to express the single-particle entanglement energies

in terms of the couplings and transverse fields, yielding precise analytical control over

the full entanglement spectrum.

To verify the validity of our results we perform a detailed numerical analysis. This

analysis revealed that with appropriate choices of the transverse field parameter, and or-

dering of the degree of entanglement one ensures a high fidelity between the exact ground

state and the q-deformed rainbow. To further illustrate the versatility of our method,

we examined two special cases. The first is the homogeneous case, q1 = q2 = · · · = qN ,

where all concentric pairs share the same degree of entanglement, thus generalising the

concentric singlet structure of the rainbow chain introduced in [41] to arbitrary entangle-

ment strengths. Secondly, we introduced a prime number spectrum devised by Germán

Sierra, where single-particle entanglement energies scale with the logarithm of the primes.

Here, the density matrix eigenvalues map directly onto square-free integers, revealing an

elegant connection between the decomposition of entanglement spectra and the prime

factorization of integers.

The tunable correlation structure of the q-deformed rainbow renders it a versatile
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framework both for engineering desired entanglement patterns for quantum information

and for probing a range of phenomena in quantum many-body systems. Drawing on the

foundation laid by the original rainbow state model of Vitagliano et al. [41], one sees a

variety of future research directions in terms of entanglement dynamics under quenches,

extensions to higher-dimensional lattices, and connections to symmetry-protected topolo-

gical phases. An especially intriguing application is motivated by recent efforts to emulate

black hole physics in condensed-matter systems. In particular, it has been shown that

Hawking radiation and the fast scrambling properties characteristic of black holes can

be captured by chiral spin-chain models [228, 229]. Traditionally, scrambling has been

studied through the growth of out-of-time-ordered correlators of entangled pairs. The q-

deformed rainbow ground state thus provides an analytically tractable platform in which

the tunable deformation parameters offer direct control over the degree of entanglement

of a number of such pairs, enabling systematic investigation of scrambling behaviour.

Such a framework has potential implications for quantum information processing, where

controllable scrambling dynamics may serve as a resource for secure communication pro-

tocols and as a probe of quantum chaos [230, 231, 232, 233, 234]. A detailed exploration

of these possibilities is left as an open problem.

In Chapter 4, we turned to strongly correlated two-dimensional systems, where global

entanglement structures in topologically ordered phases give rise to exotic quasiparticles

known as anyons. These quasiparticles have attracted significant attention due to the

prospect that their controlled manipulation could provide a model for quantum compu-

tation that is intrinsically robust against environmental noise. Within this context, we

employed Kitaev’s quantum double model as a framework to simulate the fundamental

operations of non-Abelian anyons on a lattice of d = 6 qudits. Through this approach, we

reconstructed the unitary braiding evolutions that underpin their computational power

and demonstrated conclusively their ability to generate magic states, an essential resource

for universal quantum computation.

Specifically, we considered the quantum double model D(S3), the simplest framework
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hosting non-Abelian anyons. Within this setting, we developed a protocol that uses

projective charge measurements on a d = 6 lattice to coherently construct states in the

logical fusion basis. By varying the order of overlapping ribbon operators, we simulated

both the braiding transformations encoded in the R matrix and the fusion-basis changes

described by the F matrix. While charge conservation imposes a restriction leading to

squared F -matrix elements, the resulting braiding operators nevertheless conclusively

implement a logical non-Clifford gate. Acting on a qubit encoded in {|A⟩ , |B⟩}, this

unitary braiding was shown to generate states with non-zero stabilizer Rényi entropy,

providing a direct demonstration of their role as a universal quantum computational

resource.

Such magic states play a pivotal role in extending topological quantum computing

schemes to full universality. While braiding operations of Abelian anyons provide fault-

tolerant implementations of Clifford gates, these operations remain efficiently simulable

on classical hardware and are therefore insufficient for universal quantum computation.

Universality is achieved when such braiding is supplemented by the generation of non-

Clifford resources in the form of magic states, which can be injected to enable gates such

as the T -gate [235, 236, 237]. This principle underlies several proposals, including that of

Laubscher et al. [172], where magic states generated from non-Abelian degrees of freedom

are used to augment more experimentally accessible Abelian braiding operations within

the surface code. By explicitly demonstrating the realisation of non-Clifford braiding

operations within a topologically protected framework, our protocol represents an im-

portant step towards the practical implementation of universal, fault-tolerant quantum

computation. The explicit integration of these non-Abelian braiding operations into a

larger computational architecture remains an interesting open questions for future re-

search.

Finally, we emphasise the minimal nature of this protocol, which is crucial for prac-

tical implementation. Firstly, the construction relies on anyonic creation operators acting

along the shortest proper ribbons required for generating non-Abelian dyons. These rib-
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bons are chosen such that each produces a pair of anyons with one located on a common

vertex v, ensuring that a single vertex projection operator is sufficient to select a desired

fusion outcome. This reduction is particularly valuable in experimental contexts, where

the probabilistic character of measurements necessitates extensive post-selection across

many trials. Moreover, the static nature of the protocol circumvents the need for com-

plex, controlled dynamical evolutions of anyons, instead realising braiding algebraically

through the ordered application of a reduced operator set. As such, this minimal pro-

tocol for the simplest non-Abelian model provides a key step in bridging the abstract

algebraic description of non-Abelian braiding with the concrete procedures required for

their exploitation in physical implementations.

In Chapter 5 of this thesis, we demonstrated that the non-Clifford braiding operations

of D(S3) anyons can be realised in a physically implementable, noise-resilient manner

using photonic simulators, representing an important bridge between the abstract algebra

of non-Abelian anyons and the concrete experimental procedures required to harness

them for universal, fault-tolerant quantum computation.

To adapt the scheme in Chapter 4 to the capabilities of current quantum technologies,

in Section 5.3, we developed a dense encoding scheme based on the single-plaquette

ground state and its associated operators. In particular, for this minimal physical system

the non-trivial action of all operators reduces to just two qudits, revealing a tensor-sum

structure tied to the the semi-direct product structure S3
∼= Z3 ⋊ Z2. The vanishing

action on the elements {t, tc, tc2} shows that the essential dynamics of the {A,B,G}

sub-model are fully captured within an effective qutrit basis Z3
∼= {e, c, c2}. Although

simplified relative to the full quantum double formalism, tomographic analysis (Appendix

D.2) confirmed that these reduced operators retain the defining properties of anyonic

operations. Furthermore, decomposition of the operator products revealed a cancellation

of flux non-conserving terms, enabling the elements of the R and F matrices required

to derive the braiding operations, to be computed directly from inner products of the

two-qutrit operators with respect to the product state |ξ⟩.
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This reduction is important not only for the experimental verification of non-Clifford

braiding operations, but also for enabling scalability in the realisation of multiple logical

anyonic states within larger lattices. In particular, the schemes of Cui et al. [147] and

Mochon [238], explore these logical states as the basis for the construction of a universal

gate set for D(S3) anyons. The explicit encoding of logical qutrit states corresponding

to the fusion space of four non-Abelian G anyons thus provides a concrete foundation for

the minimal construction of such topologically protected states, with direct potential for

extension to experimentally feasible implementations of these universal computational

schemes.

To demonstrate experimental feasibility, in Section 5.4 we presented a linear op-

tical circuit design, developed by Matthew Horner, for implementing the reduced rib-

bon and projection operators. In this setting, the required non-unitary operations are

realised using linear optical elements together with measurement-induced nonlinearities

within the Knill–Laflamme–Milburn framework. Although such non-linear gates are in-

herently probabilistic, their action can be reliably incorporated through repeated trials

and post-selection, providing a concrete route to realising non-Abelian anyonic opera-

tions in photonic systems. We emphasise, however, that the versatility of the minimal

dense encoding scheme renders it accessible to a range of alternative qudit-based archi-

tectures. For example, trapped-ion platforms can naturally encode multi-level systems

in internal electronic states with high-fidelity entangling gates [239, 240] while supercon-

ducting circuits can access higher transmon levels to realise effective qutrits with fast

control [202, 241, 242]. Each of these alternatives offers complementary advantages for

scalability and control, underscoring the versatility of our approach.

Finally, detailed error analysis of this protocol revealed an inherent robustness of our

encoding to physically relevant noise sources, including decoherence and mode mismatch.

We showed that the reconstructed braiding operators, such as (RGG)2 exhibit enhanced

resilience compared with conventional encodings, with performance consistently surpass-

ing gate-based approaches below a defined noise threshold. This resilience arises not from
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active error correction, but from a passive protective mechanism rooted in the structure

of the encoding itself. The manifestation of this passive complementary mechanism for

error suppression in other simulations of non-Abelian quantum double models remains

an interesting open question for further research.



Appendix A

Supplementary material for

Chapter 2

A.1 Entanglement spectra for free systems

Consider a spin-12 Hamiltonian equivalent to a free fermion Hamiltonian of the form

(2.13) under a Jordan-Wigner transformation. Such a Hamiltonian is described as ‘non-

interacting’ as the component terms are at most quadratic in terms of mode operators,

and thus unable to describe interactions between fermions. The corresponding ground

state, |ψ⟩, is a Gaussian state with two-point correlators computed from the overlaps

Ci,j = ⟨ψ| c†icj |ψ⟩ . (A.1)

Wick’s theorem [243, 244] dictates that all higher-order correlations are decomposable as

products of these two-point-correlators. This in turn implies that the many-body density

matrix ρ = |ψ⟩ ⟨ψ| is entirely defined by the elements of the correlation matrix Cij .

Consider now the reduced density matrix over sites 1, . . . , L, labelled ρA. The expect-

ation values of all operators acting completely within this subsystem may be reproduced
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with respect to this reduced density matrix. For example, the two-point correlators

CA,ij = Tr(ρAc
†
icj). (A.2)

By definition, these correlators across all sites within subsystem A are identical to those

of the full system

CA,ij = Cij , 1 ≤ i, j ≤ L. (A.3)

Thus Wick’s theorem still holds for the decomposition of all higher-order correlators

acting within this subsystem. According to this theorem, this property holding implies

that ρA is equivalent to the exponential of a free-fermion operator

ρA =
1

Z
e−Hent =

1

Z
e−

∑L
m=1 ϵmf†

mfm (A.4)

where the fm’s are related to the original ci operators in the subsystem by canonical

transformation, the normalization factor 1
Z ensures that Tr(ρA) = 1 and the energies ϵm

are related to the eigenvalues of CA, νm ∈ [0, 1] by

νm =
1

eϵm + 1
. (A.5)

A.2 q-deformed algebras

The algebra SU(2)q describes a q-deformation of the Lie algebra su(2), parametrised

by the complex deformation parameter q ∈ C\{0}. Here we briefly outline the defining

features of these quantum groups, which have seen a wide range of applications within

both physics and mathematics.

The undeformed su(2) algebra is a three-dimensional simple Lie algebra spanned by

the generators j+, j−, jz obeying the commutation relations

[jz, j±] = ±j±, [j+, j−] = 2jz, (A.6)
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and providing the algebraic structure underlying the representation theory of angular

momentum and spin in quantum mechanics [245]. The q-deformation of this algebra

modifies these commutators as [246, 247]

[Jz, J±] = ±J±, [J+, J−] =
q2Jz − q−2Jz

q − q−1
= [2Jz]q (A.7)

where [n]q is the quantum dimension defined as

[n]q ≡
qn − q−n

q − q−1
. (A.8)

As q → 1, [n]q → n and one regains the standard su(2) Lie algebra. Note that these

quantum groups are distinct from groups in the technical sense, as the generators (A.7)

no longer form a valid Lie algebra.

These quantum groups first gained particular attention when it was discovered that

solutions to the Yang–Baxter equation (see Equation (3.5)) give rise to algebraic struc-

tures interpretable as deformations of classical Lie algebras [248, 249, 250]. These de-

formed Lie algebras have since found a diverse range of applications across multiple

areas of physics, arising naturally in contexts where symmetry is modified by underlying

quantum or topological constraints [120, 251, 252]. For example, in integrable models

such as the XXZ spin chain, the q-deformed algebra encodes the symmetry underlying

exact solvability, with its structure emerging directly from solutions of the Yang–Baxter

equation [253, 254, 255].

A.3 q-deformed model four site perturbation theory

In order to illustrate the Real-Space RG approach, we apply perturbation theory to the

Hamiltonian (2.27) restricted to a chain of four sites

H = H(1) + λV, (A.9)
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where

H(1) = J1(σ
x
−1σ

x
1 + σy−1σ

y
1) + h1(σ

z
−1 − σz1), (A.10)

is our original two-spin model and

V = J ′
2(σ

x
−2σ

x
−1 + σy−2σ

y
−1 + σx1σ

x
2 + σy1σ

y
2) + h′2(σ

z
−2 − σz2). (A.11)

Here the couplings J2 = λJ ′
2 and h2 = λh′2, such that for any λ ≪ 1, the perturbative

condition J2, h2 ≪ J1, h1 is ensured.

On two sites, H(1) has the following eigenstates

|ψ−
q1⟩ =

1√
[2]q1

(
q
− 1

2
1 |↑↓⟩ − q

1
2
1 |↓↑⟩

)
, (A.12)

|ψ0⟩ = |↑↑⟩ , (A.13)

|ψ1⟩ = |↓↓⟩ , (A.14)

|ψ+
q1⟩ =

1√
[2]q1

(
q

1
2
1 |↑↓⟩+ q

− 1
2

1 |↓↑⟩
)
, (A.15)

with eigenenergies E1 = −[2]q1J1, Es = 0, Et = 0 and Ek = +[2]q1J1 respectively, and q1

as previously defined in equation (2.23).

When extended to a chain of four spins, the ground state subspace of H(1) be-

comes four-fold degenerate. We represent this subspace with the basis vectors: {|m⟩} =

{|m1⟩ , |m2⟩ , |m3⟩ , |m4⟩} = {|↑⟩−2 |ψ−
q1⟩−1,1

|↑⟩2, |↑⟩−2 |ψ−
q1⟩−1,1

|↓⟩2, |↓⟩−2 |ψ−
q1⟩−1,1

|↑⟩2 ,

|↓⟩−2 |ψ−
q1⟩−1,1

|↓⟩2}. The first-order corrections arise due to the action of the perturb-

ative term on the ground state subspace. This is quantified via the computation of the

matrix elements of the effective Hamiltonian to first order

Heff(1)
α,β = ⟨mα|V |mβ⟩ , (A.16)
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yielding

Heff(1) = 2h′2



0 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 0


(A.17)

in the basis {|m⟩}. By inspection, it can be seen that the first-order effective Hamiltonian

term is thereforeHeff(1) = h′2(σ
z
−2−σz2). The first-order ground state energy correction is

found by diagonalizing the above matrix. It is clear that the degeneracy is only partially

lifted to first order. It is therefore necessary to consider the second order corrections

that arise due to the overlap with states from each of the excited state subspaces. These

excited state subspaces are found in the same way as the set {|m⟩} by taking the tensor

product of the two-qubit computational basis with the excited eigenstates ofH(1): {|s⟩} =

{|s1⟩ , |s2⟩ , |s3⟩ , |s4⟩} = {|↑↑↑↑⟩, |↑↑↑↓⟩, |↓↑↑↑⟩, |↓↑↑↓⟩}, {|t⟩} = {|t1⟩ , |t2⟩ , |t3⟩ , |t4⟩}

= {|↑↓↓↑⟩, |↑↓↓↓⟩, |↓↓↓↑⟩, |↓↓↓↓⟩}, {|k⟩} = {|k1⟩ , |k2⟩ , |k3⟩ , |k4⟩} = {|↑⟩−2 |ψ+
q1⟩−1,1

|↑⟩2,

|↑⟩−2 |ψ+
q1⟩−1,1

|↓⟩2, |↓⟩−2 |ψ+
q1⟩−1,1

|↑⟩2, |↓⟩−2 |ψ+
q1⟩−1,1

|↓⟩2}}. Such that the full set of

excited states, {|n⟩} = {{|s⟩}, {|t⟩}, {|k⟩}}.

The matrix elements of the effective Hamiltonian to second-order are found from

Heff(2)
α,β =

∑
i=1

⟨mα|V |ni⟩ ⟨ni|V |mβ⟩
E− − Ei

. (A.18)

The computation of which yields

Heff(2) =
(2J ′

2)
2

(1 + q21)E1



1 + q21 0 0 0

0 2q21 −2q1 0

0 −2q1 2 0

0 0 0 1 + q21


. (A.19)

Combining our first and second-order perturbative terms we derive an expression for
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the effective Hamiltonian correct to O(λ2)

Heff ≈ E114 + λHeff(1) + λ2Heff(2) (A.20)

=

(
E1 +

(2λJ ′
2)

2

E1

)
14 (A.21)

− q1(2λJ
′
2)

2

(1 + q21)E1
(σx−2σ

x
2 + σy−2σ

y
2)

+

(
λh′2 −

2(1− q21)(λJ
′
2)

2

(1 + q21)E1

)
(σz−2 − σz2)

= C14 + J̃2(σ
x
−2σ

x
2 + σy−2σ

y
2) + h̃2(σ

z
−2 − σz2) (A.22)

In this way we obtain the following expressions for our renormalized parameters

J̃2 =
4J2

2

[2]2q1J1
, (A.23)

h̃2 = h2 −
2
(
q1 − 1

q1

)
J2
2

[2]2q1J1
. (A.24)

Note that, in the case h1 = h2 = 0 such that q1 = q2 = 1, h̃2 vanishes and J̃2 returns to

that of the inhomogeneous XX model re-scaling as seen in equation (2.30) as expected.

Diagonalization of the effective Hamiltonian yields the ground state

|ψ⟩ = 1√
[2]q2

(
q
− 1

2
2 |m2⟩ − q

1
2
2 |m3⟩

)
(A.25)

=

(
1√
[2]q1

(q
− 1

2
1 |↑↓⟩−1,1 − q

1
2
1 |↓↑⟩−1,1)

)
(A.26)

⊗

(
1√
[2]q2

(q
− 1

2
2 |↑↓⟩−2,2 − q

1
2
2 |↓↑⟩−2,2)

)

with corresponding ground state energy

E2 = E1 −
4J2

2

[2]q1J1
+ Ẽ2, (A.27)
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where

Ẽ2 = −[2]q2 J̃2. (A.28)

A.4 Relationship Between Real Model Parameters and Single-

Particle Entanglement Energies

In Section 2.4.2 the following relationship was found between the renormalised coupling

parameters and single-particle entanglement energies

h̃i

J̃i
= − sinh

(ϵi
2

)
.

By combining this relation with equations (2.37) and (2.38), we can obtain expressions

that directly relate the desired single-particle entanglement energies to the required ratio

of real parameters in our model. The recursive nature of the formulae for the re-scaled

parameters means that in order to engineer some single-particle energy, ϵi, it is necessary

to have previously established some value for all previous i− 1 energies.

In the strong inhomogeneity case J1, h1 ≫ Ji ̸=1, hi ̸=1 that we consider, the central

terms J1 and h1 do not get re-scaled, therefore simply

h1 = −J1 sinh
(ϵ1
2

)
, (A.29)

for some desired single-particle energy, ϵ1, and fixed value of the central coupling term.

In Appendix A.3 we have found exact expressions for the renormalized parameters J̃2

and h̃2. By substituting these into (2.48) and fixing all other parameters, we obtain an

expression for the required transverse field

h2 = − J2
2

cosh2
(
ϵ1
2

)
J1

[
sinh

(ϵ2
2

)
+ sinh

(ϵ1
2

)]
. (A.30)

Repated iterations of this process yield a general form for the required transverse field
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parameter for any pair of sites −i and i, when i > 2

hi>2 =
J2
i

cosh2
( ϵi−1

2

)
hi−1

[
sinh

(ϵi
2

)
+ sinh

(ϵi−1

2

)]
×
[
sinh

(ϵi−1

2

)
+ sinh

(ϵi−2

2

)]
. (A.31)

Thus, it is made explicit how the real parameters of our model can be selected such as

to produce any desired set of single-particle entanglement energies.

A.5 Analytic Fidelity for N = 2

Here we present an analytic expression for the fidelity between the ground state of the

model (2.27) and our q-deformed rainbow for the case N = 2. The Hamiltonian H(N=2)

is a function of four parameters J1, J2, h1 and h2. With a re-ordering of the basis states

the associated 24 × 24 matrix takes on a block diagonal form with the largest 6 × 6

sub-matrix yielding the unique ground state of the form,

|GS⟩ex = N (a |↑↑↓↓⟩+ b |↑↓↑↓⟩ (A.32)

+ c (|↑↓↓↑⟩+ |↓↑↑↓⟩) + d |↓↑↓↑⟩+ e |↓↓↑↑⟩)

where N is the appropriate normalization factor. Choosing a = 1 the other co-efficients

are related to our variable parameters in the following way

b =
1

J1

(
λ

2
− (h1 + h2)

)
, (A.33)

c =
1

2J2

[(
λ

2
+ (h1 − h2)

)
b− J1

]
, (A.34)

d =
λ

2J2
c− b, (A.35)

e =
J1d(

λ
2 + (h1 + h2)

) , (A.36)
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where λ = −2
√
u+ 2

√
v is the exact ground state energy with u = h21 + h22 + J2

1 + 2J2
2

and v = (h1h2 − J2
2 )

2 + h22J
2
1 .

Using equation (2.34), our q-deformed rainbow ground state on four sites has the

form

|GS⟩q =
1√
[2]q1

(
q
− 1

2
1 |↑↓⟩−1,1 − q

1
2
1 |↓↑⟩−1,1

)
(A.37)

⊗ 1√
[2]q2

(
q
− 1

2
2 |↑↓⟩−2,2 − q

1
2
2 |↓↑⟩−2,2

)
=

1√
[2]q1 [2]q2

(
q
− 1

2
1 q

− 1
2

2 |↑↑↓↓⟩ − q
1
2
1 q

− 1
2

2 |↑↓↑↓⟩

−q−
1
2

1 q
1
2
2 |↓↑↓↑⟩+ q

1
2
1 q

1
2
2 |↓↓↑↑⟩

)
. (A.38)

The ground state fidelity that we use to quantify the accuracy of our method is defined

as the squared overlap between the exact and q-deformed ground state

Fidelity = | ⟨GS|ex |GS⟩q |
2 (A.39)

= | N√
[2]q1 [2]q2

(
a

√
q1q2

− b

√
q1
q2

− e

√
q2
q1

+ f
√
q1q2

)
|2. (A.40)

Thus for some desired pair of single-particle energies {ϵ1, ϵ2}, with a choice of coupling

profile for J1 and J2, q1, q2, h1 and h2 can be found and substituted into (A.40) to

determine an exact value for the fidelity.



Appendix B

Supplementary material for

Chapter 3

B.1 Quantum Dimension of Anyons

One may define the nth-order fusion between n a-type anyons as a[×n], such that a[×2] ≡

a×a, a[×3] ≡ a×a×a and so on. The dimensionality of such a fusion product dim(a[×n])

corresponds to the total number of distinct fusion channels available. From this the

dimensionality of a single a-type anyon may be quantified by the growth of the fusion

space with the addition of a singular a anyon in the large n limit. Explicitly

da = lim
n→∞

dim(a[×n+1])

dim(a[×n])
. (B.1)

Naturally, the singular fusion outcome of Abelian anyons yields dim(a[×n]) = 1 for all

n such that da = 1. Values da > 1 therefore correspond to non-Abelian anyons for

which the fusion space with dim(a[×n]) forms a multi-dimensional basis on which unitary

braiding operations may act.

Consider for example the fusion relation for two G anyons

G[×2] ≡ G×G = A+B +G. (B.2)
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Increasing the order of the fusion product we obtain

G[×3] = G× (A+B +G) = G[×2] + 2G (B.3)

G[×4] = G[×3] + 2G[×2] (B.4)

and finally

G[×n] = G[×n−1] + 2G[×n−2]. (B.5)

The dimensionality of the nth-order fusion space dim(G[×n]) corresponds to the total

number of fusion channels available such that for example, dim(G[×2]) = 3, dim(G[×3]) =

5, dim(G[×4]) = 11 and in general we obtain the second-order recursive relation

dim(G[×n]) = dim(G[×n−1]) + 2 · dim(G[×n−1]). (B.6)

From this the dimensionality of the G anyon may be quantified as

dG = lim
n→∞

dim(G[×n+1])

dim(G[×n])
(B.7)

= lim
n→∞

dim(G[×n]) + 2 · dim(G[×n−1])

dim(G[×n])
(B.8)

= lim
n→∞

(
1 + 2 · dim(G[×n−1])

dim(G[×n])

)
(B.9)

= 1 + 2 · 1

dG
. (B.10)

Solving this quadratic equation and taking the positive solution therefore yields dG = 2

as listed in Table 4.1.

B.2 Commutativity of Vertex and Plaquette Operators

First, consider a plaquette operator Be(p) and a vertex operator A(v). In calculating

the commutation relation between any two such operators, there are two distinct cases

as shown in Figure B.1. In the first case, when both A(v) and Be(p) act on two different
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Figure B.1: (a) A four plaquette lattice with a vertex operator Ag(v) and plaquette
operator Bh(p) acting on different qudits. (b) The same plaquette but with vertex and
plaquette operators overlapping on two qudits 3 and 4.

sets of four qudits as in Fig.B.1(a), it is clear that they will necessarily commute. In the

alternative non-trivial case where A(v) and Be(p) ‘overlap’ and have non-trivial action

on two of the same qudits on the lattice more care must be taken to demonstrate that

these operators will commute.

Consider, for example, the operators A(v) and Be(p) acting on the six qudits shown

in Figure B.1. For the labeling as shown these operators have the following forms

A(v) =
1

6

∑
g∈G

1⊗ 1⊗ Lg
+ ⊗ Lg

+ ⊗ Lg
− ⊗ Lg

−,

Be(p) =
∑

h1h2h3h4=e

T h1
+ ⊗ T h2

− ⊗ T h3
− ⊗ T h4

+ ⊗ 1⊗ 1.

(B.11)

The action on all unlabelled qudits on this lattice is trivial and can thus be ignored.

In order to show that [A(v), Be(p)] ≡ A(v)Be(p)−Be(p)A(v) = 0 we expand out the

form of each of the products,

A(v)Be(p) =
1

6

∑
g∈G

∑
h1h2h3h4=e

T h1
+ ⊗ T h2

− ⊗ Lg
+T

h3
− ⊗ Lg

+T
h4
+ ⊗ Lg

− ⊗ Lg
− (B.12)
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and

Be(p)A(v) =
1

6

∑
g∈G

∑
h1h2h3h4=e

T h1
+ ⊗ T h2

− ⊗ T h3
− Lg

+ ⊗ T h4
+ Lg

+ ⊗ Lg
− ⊗ Lg

−. (B.13)

In order to show that these two operators commute we refer to the commutation

relations between the foundational Lg
± and T h

± operators

Lg
+T

h
+ = T gh

+ Lg
+, Lg

−T
h
+ = T hg−1

+ Lg
−, (B.14)

Lg
+T

h
− = T hg−1

+ Lg
+, Lg

−T
h
− = T gh

− Lg
−, (B.15)

as can be reproduced from the definitions of the action of Lg
± and T h

± in Section 3.3.

The commutation identities in (B.14) and (B.15) yield Lg
+T

h3
− = T h3g−1

+ Lg
+ and Lg

+T
h4
+ =

T gh4
+ Lg

+ such that (B.12) becomes

A(v)Be(p) =
1

6

∑
g∈G

∑
h1h2h3h4=e

T h1
+ ⊗ T h2

− ⊗ T h3g−1

+ Lg
+ ⊗ T gh4

+ Lg
+ ⊗ Lg

− ⊗ Lg
−. (B.16)

Introducing the relabelling h′1 = h1, h
′
2 = h2, h

′
3 = h3g

−1 and h′4 = gh4, we note that this

set of new variables retains the initial condition h′1h
′
2h

′
3h

′
4 = h1h2h3g

−1gh4 = h1h2h3h4 =

e such that

A(v)Be(p) =
1

6

∑
g∈G

∑
h′
1h

′
2h

′
3h

′
4=e

T
h′
1

+ ⊗ T
h′
2

− ⊗ T
h′
3

+ Lg
+ ⊗ T

h′
4

+ Lg
+ ⊗ Lg

− ⊗ Lg
−. (B.17)

In this way each term in (B.17) exactly matches one in (B.13) and the commutativity

condition [A(v), Be(p)] = 0 is fuflfilled. Crucially, for this and all other pairs of over-

lapping vertex and plaquette operators, this commutativity is ensured by choosing an

orientation convention for the Lg
± and T h

± operators such that one pair of Lg
± and T h

±

acting on the same qudit have the matching parity and the other have opposite parity.

This ensures the condition h′1h
′
2h

′
3h

′
4 = e such that the two operators commute.

Similarly, for overlapping vertex (plaquette) operators, the Lg
± (T h

±) operators acting
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on the single qudit point of overlap necessarily have opposite parity. For example, for

the general case of two neighbouring vertex operators A(vi) and A(vj)

[A(vi), A(vj)] ∝
∑
g

∑
h

[Lg
±, L

h
∓] = 0. (B.18)



Appendix C

Supplementary material for

Chapter 4

C.1 The {A,B,G} Sub-Model

In this work, we restrict to the non-Abelian sub-group {A,B,G} which is closed under

fusion as seen in Equation (4.13). The irreps and character representations used in the

construction of the ribbon operator creating pairs of these anyons as in (??) and (??)

are detailed in Table C.1 [148].

Anyon Irrep. e c c2 t tc tc2

A ΓS3
1 1 1 1 1 1 1

B ΓS3
−1 1 1 1 -1 -1 -1

G ΓZ3
ω 1 ω ω̄ 0 0 0

Table C.1: The irreducible representations of the submodel {A,B,G} and the traces of
their corresponding character irreducible representations.

Both Abelian anyons in our sub-model, A : (Ce = {e},ΓS3
1 ) and B : (Ce,ΓS3

−1) in

the D(S3) quantum double model correspond to the trivial conjugacy class Ce and are

therefore chargeons residing on the vertices of the lattice. The simplest ribbon capable

of producing a pair of such anyons is a single-qudit direct triangle ρ = τ as shown in

Figure 4.4(a). The forms of the ribbon operators that create these pairs arise from the

150
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substitution of this information into Equation (??) with the character representations of

Table C.1. For example, for a pair of B anyons

FB
τ ≡ F

χ(Γ
S3
−1),e

τ , (C.1)

= F e,e
τ + F e,c

τ + F e,c2

τ − F e,t
τ − F e,tc

τ − F e,tc2

τ , (C.2)

= T e
+ + T c

+ + T c2

+ − T t
+ − T tc

+ − T tc2

+ , (C.3)

where we have applied the identity F g,h
τ := T h

τ for a direct triangle τ seen in Equation

(3.23) and without loss of generality assumed that the triangle is facing along the oriented

edge.

Similarly, for the non-Abelian anyons G : (Cc,ΓZ3
ω ) with irreducible representation as

given in Table C.1, Equation (??) yields

FG
ρ = F c,e

ρ + ωF c,c
ρ + ω̄F c,c2

ρ + F c2,e
ρ + ω̄F c2,c

ρ + ωF c2,c2

ρ . (C.4)

The G anyon is dyonic, such that any ribbon ρ along which this operator may be applied,

must be composed of at least one dual and one direct triangle. For ribbons ρ1 and ρ2 of

the form ρ = τdirectτdual, Equation (3.24) is used to find the specific ribbon operators FG
ρ1

and FG
ρ2 given in Equations (4.25) and (4.26) respectively.

C.2 R matrix from ribbon operators

In Section 4.4.2 we have shown how the exchange matrix (RGG)2, describing the braiding

of two G anyons, may be reproduced with projective measurements onto states construc-

ted by exchanging the order of the ribbon operators FG
ρ1 and FG

ρ2 , replicating Equation

4.33. This result may also be verified with direct evaluation of the operator products

FG
ρ1F

G
ρ2 and FG

ρ2F
G
ρ1 in the basis {e, c, c2, t, tc, tc2}. By comparing the form of each op-

erator, the R matrix can then be determined in the anyonic basis {A,B,G}. Such an

approach can be experimentally relevant when quantum operator tomography is avail-
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able.

By representing the ribbons operators FG
ρ1 and FG

ρ2 fully in terms of their elements of

the isolated two lattice sites they cross over, we can find all the elements of the crossed

terms

FG
ρ1F

G
ρ2 =

(
(T e

− + ωT c
− + ω̄T c2

− )⊗ Lc
− + (T e

− + ω̄T c
− + ωT c2

− )⊗ Lc2

−

)
×
(
Lc
+ ⊗ (T e

− + ωT c
− + ω̄T c2

− ) + Lc2

+ ⊗ (T e
− + ω̄T c

− + ωT c2

− )
)
,

=

(∑
h

(
|e⟩ ⟨e|+ ω̄ |c⟩ ⟨c|+ ω |c2⟩ ⟨c2|

)
⊗ |c2h⟩ ⟨h|+

(
|e⟩ ⟨e|+ ω |c⟩ ⟨c|+ ω̄ |c2⟩ ⟨c2|

)
⊗ |ch⟩ ⟨h|

)

×

(∑
g

|gc⟩ ⟨g| ⊗
(
|e⟩ ⟨e|+ ω̄ |c⟩ ⟨c|+ ω |c2⟩ ⟨c2|

)
+ |gc2⟩ ⟨g| ⊗

(
|e⟩ ⟨e|+ ω |c⟩ ⟨c|+ ω̄ |c2⟩ ⟨c2|

))
,

= |e, c2⟩ ⟨c, e|+ |e, c2⟩ ⟨c2, e|+ |e, c⟩ ⟨c, e|+ |e, c⟩ ⟨c2, e|+ ω |c2, c2⟩ ⟨e, e|+ ω |c2, c2⟩ ⟨c, e|

+ ω̄ |c2, c⟩ ⟨e, e|+ ω̄ |c2, c⟩ ⟨c, e|+ ω̄ |c, c2⟩ ⟨e, e|+ ω̄ |c, c2⟩ ⟨c2, e|+ ω |c, c⟩ ⟨e, e|+ ω |c, c⟩ ⟨c2, e|

+ ω |e, e⟩ ⟨c, c|+ ω̄ |e, e⟩ ⟨c2, c|+ ω |e, c2⟩ ⟨c, c|+ ω̄ |e, c2⟩ ⟨c2, c|+ ω̄ |c2, e⟩ ⟨e, c|+ |c2, e⟩ ⟨c, c|

+ |c2, c2⟩ ⟨e, c|+ ω |c2, c2⟩ ⟨c, c|+ ω |c, e⟩ ⟨e, c|+ |c, e⟩ ⟨c2, c|+ |c, c2⟩ ⟨e, c|+ ω̄ |c, c2⟩ ⟨c2, c|

+ ω̄ |e, c⟩ ⟨c, c2|+ ω |e, c⟩ ⟨c2, c2|+ ω̄ |e, e⟩ ⟨c, c2|+ ω |e, e⟩ ⟨c2, c2|+ |c2, c⟩ ⟨e, c2|+ ω̄ |c2, c⟩ ⟨c, c2|

+ ω |c2, e⟩ ⟨e, c2|+ |c2, e⟩ ⟨c, c2|+ |c, c⟩ ⟨e, c2|+ ω |c, c⟩ ⟨c2, c2|+ ω̄ |c, e⟩ ⟨e, c2|+ |c, e⟩ ⟨c2, c2| ,

(C.5)

FG
ρ2F

G
ρ1 = ω |e, c2⟩ ⟨c, e|+ ω̄ |e, c2⟩ ⟨c2, e|+ ω̄ |e, c⟩ ⟨c, e|+ ω |e, c⟩ ⟨c2, e|+ ω̄ |c2, c2⟩ ⟨e, e|+ |c2, c2⟩ ⟨c, e|

+ ω |c2, c⟩ ⟨e, e|+ |c2, c⟩ ⟨c, e|+ ω |c, c2⟩ ⟨e, e|+ |c, c2⟩ ⟨c2, e|+ ω̄ |c, c⟩ ⟨e, e|+ |c, c⟩ ⟨c2, e|

+ ω̄ |e, e⟩ ⟨c, c|+ ω |e, e⟩ ⟨c2, c|+ |e, c2⟩ ⟨c, c|+ |e, c2⟩ ⟨c2, c|+ |c2, e⟩ ⟨e, c|+ ω̄ |c2, e⟩ ⟨c, c|

+ ω̄ |c2, c2⟩ ⟨e, c|+ ω̄ |c2, c2⟩ ⟨c, c|+ |c, e⟩ ⟨e, c|+ ω |c, e⟩ ⟨c2, c|+ ω |c, c2⟩ ⟨e, c|+ ω |c, c2⟩ ⟨c2, c|

+ |e, c⟩ ⟨c, c2|+ |e, c⟩ ⟨c2, c2|+ |e, e⟩ ⟨c, c2|+ ω̄ |e, e⟩ ⟨c2, c2|+ ω |c2, c⟩ ⟨e, c2|+ ω |c2, c⟩ ⟨c, c2|

+ |c2, e⟩ ⟨e, c2|+ ω |c2, e⟩ ⟨c, c2|+ ω̄ |c, c⟩ ⟨e, c2|+ ω̄ |c, c⟩ ⟨c2, c2|+ |c, e⟩ ⟨e, c2|+ ω̄ |c, e⟩ ⟨c2, c2| .

(C.6)

Comparing these two expressions, we find that the elements of FG
ρ2F

G
ρ1 gain an additional
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phase relative to those of FG
ρ1F

G
ρ2 according to the following prescription

|g1, g2⟩ ⟨h1, h2| →


ω̄ |g1, g2⟩ ⟨h1, h2| if g1g2 = h1h2

ω |g1, g2⟩ ⟨h1, h2| otherwise.

(C.7)

To re-interpret this result into the anyonic basis as in (4.14), we consider the flux

these ribbon operator products create on the shared plaquette, p. As the vacuum state

is stabilised by the projector Be(p) it has trivial flux. As a result it consists of a super-

position over all group elements for which h1h2h3h4 = e on that plaquette. Under the

action of |g1, g2⟩ ⟨h1, h2|, if g1g2 = h1h2, then the condition g1g2h3h4 = e is preserved.

This condition corresponds to the fusion outcomes A and B that have trivial flux, that

gain a factor ω̄, as seen from (C.7). When g1g2 ̸= h1h2, then g1g2h3h4 ̸= e and the two

ribbons have fused to produce a pair of G anyons with non-trivial flux. As seen from

(C.7), this fusion outcome acquires a phase factor ω as in the final diagonal element of

(4.14).

C.3 Analytics for F matrix

We will now present the main calculations for the amplitudes that determine the elements

of the F matrix squared. By taking the inner products of our ribbon fusion states as in

(4.49), we find that for each combination i, j = A,B,G a phase factor may be extracted,

⟨ψ2(j)|ψ1(i)⟩ = ⟨ζ|
(
AG(v)FG

ρ1A
j(v)FG

ρ2F
G
ρ2

)†
AG(v)FG

ρ2A
i(v)FG

ρ2F
G
ρ1 |ζ⟩ , (C.8)

= ⟨ζ| (FG
ρ2)

2Aj(v)FG
ρ1A

G(v)FG
ρ2A

i(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.9)

= ⟨ζ|F j
ρ2F

G
ρ1A

G(v)AG(v)FG
ρ2A

i(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.10)

= (RGj
G )2 ⟨ζ|FG

ρ1F
j
ρ2A

G(v)FG
ρ2A

i(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.11)

where we have used the Hermiticity of each of our operators, Aj(v)(FG
ρ2)

2 |ζ⟩ = Aj(v)(FA
τ2+

FB
τ2 + FG

ρ2) |ζ⟩ = F j
τ/ρ2

|ζ⟩ and AG(v)FG
ρ1F

j
τ/ρ2

|ζ⟩ = (RGj
G )2AG(v)F j

τ/ρ2
FG
ρ1 |ζ⟩. The string
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operator F j
τ2 with j = A or B is the direct triangle in the path ρ2, producing a pair of A

or B anyons as in Equations (D.49) and (D.51) respectively.

All these possible inner products can be reduced to phases and inner amplitudes with

manipulations of the ribbon operators. We see that if j = A or B and i = A,B or G, we

can take

⟨ψ2(j)|ψ1(i)⟩ = (RGj
G )2 ⟨ζ|FG

ρ1F
j
ρ2A

G(v)FG
ρ2A

i(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.12)

= (RGj
G )2 ⟨ζ|FG

ρ1F
G
ρ2A

i(v)Ai(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.13)

= (RGj
G )2

1

N2
i

⟨ϕ21(i)|ϕ21(i)⟩ , (C.14)

=
(RGj

G )2

N2
i

, (C.15)

for the normalised states |ϕ21(i)⟩ as defined in (4.35).

When j = G and i = A or B we have

⟨ψ2(G)|ψ1(i)⟩ = (RGG
G )2 ⟨ζ|FG

ρ1F
G
ρ2A

G(v)FG
ρ2A

i(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.16)

= (RGG
G )2 ⟨ζ|FG

ρ1(F
G
ρ2)

2Ai(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.17)

= (RGG
G )2 ⟨ζ|FG

ρ1F
G
ρ2A

i(v)Ai(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.18)

=
(RGG

G )2

N2
i

. (C.19)

And finally, for the case i = j = G

⟨ψ2(G)|ψ1(G)⟩ = (RGG
G )2 ⟨ζ|FG

ρ1F
G
ρ2A

G(v)FG
ρ2A

G(v)FG
ρ2F

G
ρ1 |ζ⟩ , (C.20)

=
(RGG

G )2

N2
G

⟨ϕ21(G)|FG
ρ2 |ϕ21(G)⟩ . (C.21)

The operator FG
ρ2 as defined in Eq. (4.26) is constructed from terms of the form Lg

+⊗T h
−.

The non-zero matrix elements of the operators T h
− lie on the main diagonal, whereas Lg

+

act as permutation operators between group elements such that the resultant operator

FG
ρ2 is traceless and we obtain the required ⟨ψ2(G)|ψ1(G)⟩ = 0.
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These analytical values for each of the overlaps ⟨ψ2(j)|ψ1(i)⟩ may be substituted into

Equation (4.50) in order to determine each of the values of the F matrix squared.



Appendix D

Supplementary material for

Chapter 5

D.1 Computation of anyonic fusion and braiding properties

using two qutrits

D.1.1 R Matrix from qutrit measurements

In Section 5.3, we have shown that one may obtain the values of all overlaps of the form

⟨ϕ12(i)|ϕ21(j)⟩, i, j = +, G, from the computation of expectations values on two qutrits.

Here we demonstrate that these values are sufficient to reconstruct the matrix elements

[RGG
i ]2 in the anyonic basis.

By definition

|ϕ21(+)⟩ = 1√
2
(|ϕ21(A)⟩+ |ϕ21(B)⟩) , (D.1)

=
1√
2

(
[RGG

A ]2 |ϕ12(A)⟩+ [RGG
B ]2 |ϕ12(B)⟩

)
. (D.2)

156



157

It is also true that

|ϕ21(+)⟩ = [RGG
+ ]2 |ϕ12(+)⟩ , (D.3)

=
1√
2

(
[RGG

+ ]2 |ϕ12(A)⟩+ [RGG
+ ]2 |ϕ12(B)⟩

)
. (D.4)

Equating these two expressions we therefore have that

[RGG
A ]2 = [RGG

B ]2 = [RGG
+ ]2, (D.5)

where [RGG
+ ]2 ≡ ⟨ϕ12(+)|ϕ21(+)⟩ may be calculated from operations on qutrits as

[RGG
+ ]2 = ⟨ξ| FG

ρ1F
G
ρ2A

+(v3)A+(v3)FG
ρ1F

G
ρ2 |ξ⟩ ≡ ⟨ξ| OR+ |ξ⟩ . (D.6)

Thus, the symmetry of the A and B anyons under braiding enables a straightforward –.

D.1.2 F Matrix from Qutrit Measurements

In this section, we demonstrate how the values obtained for each of these measurable

values, alongside the properties of F matrices, allow for the unique determination of the

values of the elements ([FG
GGG]

i
j)

2 in the anyonic basis {A,B,G}.

We label the elements of the fusion matrix FG
GGG as follows

FG
GGG ≡


fAA fAB fAG

fBA fBB fBG

fGA fGB fGG

 =


a b c

d e f

g h i

 . (D.7)

In Chapter 4, we showed that the overlaps of the states |ψ1(i)⟩ and |ψ2(j)⟩ as defined in
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Equation (4.46), are related to the elements of the ‘squared’ matrix

𭟋 =


f2AA f2AB f2AG

f2BA f2BB f2BG

f2GA f2GB f2GG

 , (D.8)

by

[𭟋]ij ≡ (fij)
2 = (RGj

G )∗
⟨ψ2(j)|ψ1(i)⟩
⟨ψ2(j)|ψ2(j)⟩

, (D.9)

where

RGj
G =


1, j = A/B,

ω, j = G.

. (D.10)

Introducing the notation

mji ≡ ⟨ψ2(j)|ψ1(i)⟩, (D.11)

nj ≡ ⟨ψ2(j)|ψ2(j)⟩, (D.12)

allows Equation (D.9) to be written in the condensed form

(fij)
2 = (RGj

G )∗
mji

nj
. (D.13)

The states |ψ1(i)⟩ and |ψ2(i)⟩ for i = A,B,G are composed of operations on the

minimal quantum double lattice of four d = 6 qudits as in Section 5.2. As shown in

Section 5.3, creating the linear superpositions |ψ1(±)⟩ = 1√
2
(|ψ1(A)⟩ ± |ψ1(B)⟩) and

|ψ2(±)⟩ = 1√
2
(|ψ2(A)⟩ ± |ψ2(B)⟩) of these states facilitates a dense encoding scheme, al-

lowing certain expectation values to be computed from measurements on just two qutrits.

Explicitly, for i, j = +, G we have

mji ≡ ⟨ψ2(j)|ψ1(i)⟩ = ⟨ξ| Omji |ξ⟩ , (D.14)

nj ≡ ⟨ψ2(j)|ψ2(j)⟩ = ⟨ξ| Onj |ξ⟩ , (D.15)
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such that the six values m++,m+G,mG+,mGG, n+ and nG are directly measurable on a

two-qutrit system. Below we show how the values of such measurements may be related

to expressions in terms of the elements of the matrix ([FG
GGG]

i
j)

2 in the anyonic basis

{A,B,G}, allowing us to re-derive this matrix in terms of these six directly measurable

quantities only.

For clarity, the following analysis is broken into distinct subsections. First, we con-

sider the information obtained from the ‘G’ measurements i.e. those unchanged by the

basis transformation {A,B,G} 7→ {+,−, G}. From these one may immediately derive

the value of the element f2GG ≡ ([FG
GGG]

G
G)

2. The unitarity of the matrix FG
GGG in the

anyonic basis is then used to set up a series of simultaneous equations for the remaining

elements f2ij . Next, the other directly measurable values m++,m+G,mG+, n+ provide

further relationships between the elemnts f2ij . With an additional analysis of the over-

laps of the form ⟨ψ2(±)|ψ1(∓)⟩ we make a series of ‘indirect’ measurements. Combining

all of this information, we may therefore derive explicit expressions for all elements f2ij

in terms of the six values m++,m+G,mG+,mGG, n+ and nG directly measurable on a

two-qutrit system.

Initial measurements

We start by considering the expectation values of overlaps of ‘G’ states. These states are

unchanged by the basis transformation {A,B,G} → {+,−, G} such that the measure-

ments on the qutrit system may be straightforwardly applied to obtain the value of the

element f2GG. Consider first

nG ≡ ⟨ψ2(G)|ψ2(G)⟩. (D.16)

The value of the normalization factor nG can be obtained directly from qutrit measure-

ments of this overlap. We expect nG ̸= 0. One then has

mGG ≡ ⟨ψ2(G)|ψ1(G)⟩ = ωnGf
2
GG. (D.17)
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Measuring this value should yield mGG = 0. As ω and nG are non-zero this will allow us

to conclude that f2GG = 0 which will be substituted into the form of 𭟋 going forward.

Properties of FG
GGG

We start by considering the information about F that can be extracted from the gen-

eral structure of the fusion matrix FG
GGG. We know that FG

GGG is unitary such that

FG
GGG

[
FG
GGG

]†
= 1 or


fAA fAB fAG

fBA fBB fBG

fGA fGB fGG



f∗AA f∗BA f∗GA

f∗AB f∗BB f∗GB

f∗AG f∗BG f∗GG



=


|fAA|2 + |fAB|2 + |fAG|2 fAAf

∗
BA + fABf

∗
BB + fAGf

∗
BG fAAf

∗
GA + fABf

∗
GB

f∗AAfBA + f∗ABfBB + f∗AGfBG |fAB|2 + |fBA|2 + |fBB|2 fBAg
∗ + fBBf

∗
GB

f∗AAfGA + f∗ABh f∗BAfGA + f∗BBfGB |fGA|2 + |fGB|2

 = 1

yielding six simultaneous equations in terms of fAA, fAB, fAG, fBA, fBB:

|fAA|2 + |fAB|2 + |fAG|2 = 1

|fAB|2 + |fBA|2 + |fBB|2 = 1

|fGA|2 + |fGB|2 = 1

fAAf
∗
BA + fABf

∗
BB + fAGf

∗
BG = 0

fAAf
∗
GA + fABf

∗
GB = 0

fBAf
∗
GA + fBBf

∗
GB = 0.

By looking at the last two equations we see that fAA
fAB

= fBA
fBB

= −f∗
GB
f∗
GA

or

f2AA

f2AB

=
f2BA

f2BB

=

(
f2GB

f2GA

)∗
. (D.18)
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Similarly, this unitarity condition may equivalently be given as
[
FG
GGG

]†
FG
GGG = 1

yielding


f∗AA f∗BA f∗GA

f∗AB f∗BB f∗GB

f∗AG f∗BG f∗GG



fAA fAB fAG

fBA fBB fBG

fGA fGB fGG



=


|fAA|2 + |fBA|2 + |fGA|2 f∗AAfAB + f∗BAfBB + f∗GAfGB f∗AAfAG + f∗BAfBG

fAAf
∗
AB + fBAf

∗
BB + fGAf

∗
GB |fAB|2 + |fBB|2 + |fGB|2 f∗ABfAG + f∗BBfBG

fAAf
∗
AG + fBAf

∗
BG fABf

∗
AG + fBBf

∗
BG |fAG|2 + |fBG|2

 ,

= 1

such that

|fAA|2 + |fBA|2 + |fGA|2 = 1

|fAB|2 + |fBB|2 + |fGB|2 = 1

|fAG|2 + |fBG|2 = 1

fAAf
∗
AB + fBAf

∗
BB + fGAf

∗
GB = 0

fAAf
∗
AG + fBAf

∗
BG = 0

fABf
∗
AG + fBBf

∗
BG = 0.

Like above, the last two equations can be manipulated to gain the following relationship

f2AA

f2BA

=
f2AB

f2BB

=

(
f2BG

f2AG

)∗
. (D.19)

Direct measurements

In addition to nG and mGG there are four additional expectation values that may be

directly obtained from measurements of the qutrit system: m+G,mG+,m++ and n+.

Here we establish four independent simultaneous equations, linking the co-efficients fij
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to these directly measurable quantities.

m++ ≡ ⟨ψ2(+)|ψ1(+)⟩,

=
1

2
(⟨ψ2(A)|+ ⟨ψ2(B)|)(|ψ1(A)⟩+ |ψ1(B)⟩),

=
1

2
(mAA +mBA +mAB +mBB)

=
1

2
(RGA

G nAf
2
AA +RGB

G nBf
2
BA +RGA

G nAf
2
AB +RGB

G nBf
2
BB),

=
1

2
(RGA

G nAf
2
AA +RGB

G nBf
2
AB +RGA

G nAf
2
BA +RGB

G nBf
2
BB),

=
1

2

(
nA(f

2
AA + f2BA) + nB(f

2
AB + f2BB)

)
. (D.20)

n+ ≡ ⟨ψ2(+)|ψ2(+)⟩,

=
1

2
(⟨ψ2(A)|+ ⟨ψ2(B)|)(|ψ2(A)⟩+ |ψ2(B)⟩),

=
1

2
(nA + nB). (D.21)

m+G ≡ ⟨ψ2(+)|ψ1(G)⟩,

=
1√
2
(⟨ψ2(A)|+ ⟨ψ2(B)|) |ψ1(G)⟩ ,

=
1√
2
(mAG +mBG),

=
1√
2
(nAf

2
GA + nBf

2
GB). (D.22)

mG+ ≡ ⟨ψ2(G)|ψ1(+)⟩,

=
1√
2
⟨ψ2(G)| (|ψ1(A)⟩+ |ψ1(B)⟩),

=
1√
2
(mGA +mGB),

=
1√
2

(
RGG

G nG(f
2
AG + f2BG)

)
. (D.23)
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Indirect Measurements

Although the overlaps with the states |ψ1,2(−)⟩ cannot be obtained from measurements

on the two-qutrit basis, the action of the associated operators on different sectors of the

Hilbert space, allows us to conclude that the ‘+’ states are orthogonal to the ‘−’ states.

Consider the non-trivial two-qudit components of the operators FG
ρ1 , F

G
ρ2 , A

G(v3), A
+(v3)

and A−(v3),

fGρ1 = (Z ⊕ 03)⊗ (X ⊕X) + (Z2 ⊕ 03)⊗ (X2 ⊕X2),

fGρ2 = (X ⊕X2)⊗ (Z2 ⊕ 03) + (X2 ⊕X)⊗ (Z ⊕ 03),

aG(v3) =
1

3
[2(13 ⊕ 13)⊗ (13 ⊕ 13)− (X ⊕X2)⊗ (X2 ⊕X2)− (X2 ⊕X)⊗ (X ⊕X)],

a+(v3) =
1

3
√
2
[(13 ⊕ 13)⊗ (13 ⊕ 13) + (X ⊕X2)⊗ (X2 ⊕X2) + (X2 ⊕X)⊗ (X ⊕X)],

a−(v3) =
1

3
√
2
[(13⊕13)⊗ (α⊕α) + (X2⊕X)⊗ (β⊕β) + (X⊕X2)⊗ (γ⊕γ)].

where

α = 13 + Z + Z2 +X(13 + ω̄Z + ωZ2) +X2(13 + ωZ + ω̄Z2),

β = 13 + ωZ + ω̄Z2 +X(13 + Z + Z2) +X2(13 + ω̄Z + ωZ2),

γ = 13 + ω̄Z + ωZ2 +X(13 + ωZ + ω̄Z2) +X2(13 + Z + Z2),

and ‘⊕’ and ‘⊕’ denote the matrix direct sums along the main and secondary diagonals

respectively, such that for matrices A and B,

A⊕B =

A 0

0 B

 , A⊕B =

 0 A

B 0

 . (D.24)

Referring to Equation (5.20), we may write

mji = 6
∑
g∈S3

⟨ψg| o2(j)†o1(i) |ψg⟩ (D.25)
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where

o1(i) = aG(v3)f
G
ρ2a

i(v3)f
G
ρ2f

G
ρ1 , (D.26)

o2(j) = aG(v3)f
G
ρ1a

j(v3)f
G
ρ2f

G
ρ2 . (D.27)

By expanding out each product of terms we find that depending on the choice of i =

+,−, G, the product o1(i) is a summation of terms of the form

o1(i) =



A 03

03 03

⊗

B 03

03 C

+ . . . , i = +, G,

03 03

D 03

⊗

03 03

03 03

+ . . . , i = −,

where A,B,C,D are single-qutrit operators. Similarly,

o2(j) =



E 03

03 03

⊗

F 03

03 03

+ . . . , i = +, G,

03 G

03 03

⊗

03 03

H 03

+ . . . , i = −.

Consider the term m+−. For some general two-qudit state |ψ⟩ =

J
K

 ⊗

L

M

,

o1(−) |ψ⟩ =

 0

AJ

 ⊗

0

0

 + . . . while o2(+) |ψ⟩ =

EJ
0

 ⊗

FL
0

 + . . . , where we

have differentiated between the co-efficients of group elements {e, c, c2} and {t, tc, tc2} in

each state. It should be clear that as o1(−) and o2(+) only have non-trivial action of

different sectors of the Hilbert space, their overlap as in Eq. (D.25) necessarily results in

m+− = 0. One can show that m−+ = 0 in the same way. The only truly inaccessible
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state we consider is the overlap of two ‘−’ states given by

m−− ≡ ⟨ψ2(−)|ψ1(−)⟩,

=
1

2
(⟨ψ2(A)| − ⟨ψ2(B)|)(|ψ1(A)⟩ − |ψ1(B)⟩),

=
1

2
(mAA −mBA −mAB +mBB),

=
1

2

(
nA(f

2
AA − f2BA)− nB(f

2
AB − f2BB)

)
. (D.28)

Returning to m+−, we have

m+− ≡ ⟨ψ2(+)|ψ1(−)⟩,

=
1

2
(⟨ψ2(A)|+ ⟨ψ2(B)|)(|ψ1(A)⟩ − |ψ1(B)⟩),

=
1

2
(mAA +mBA −mAB −mBB),

=
1

2

(
nA(f

2
AA − f2BA) + nB(f

2
AB − f2BB)

)
= 0. (D.29)

Taking (D.28) + (D.29)

f2AA − f2BA =
m−−
nA

(D.30)

and (D.29) - (D.28)

f2AB − f2BB = −m−−
nB

. (D.31)

The normalization term

n+− =
1

2
(nA − nB) = 0 (D.32)

combined with (D.21) yields

nA = nB = n+. (D.33)

Substitution back into (D.30) and (D.31) gives

f2AA − f2BA =
m−−
n+

= −(f2AB − f2BB). (D.34)
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Finally,

m−+ ≡ ⟨ψ2(−)|ψ1(+)⟩

=
1

2
(⟨ψ2(A)| − ⟨ψ2(B)|)(|ψ1(A)⟩+ |ψ1(B)⟩)

=
1

2
(mAA −mBA +mAB −mBB)

=
1

2

(
nA(f

2
AA + f2BA)− nB(f

2
AB + f2BB)

)
= 0 (D.35)

(D.20) + (D.35) and (D.20) - (D.35) yield

f2AA + f2BA =
m++

n+
= f2AB + f2BB (D.36)

then (D.34) + (D.36) gives

f2AA = f2BB (D.37)

while (D.36) − (D.34) gives

f2AB = f2BA. (D.38)

From (D.20)

m++ = n+(f
2
AA + f2AB)

→ f2AA + f2AB =
m++

n+

(D.39)

and from (D.34)

f2AA − f2AB =
m−−
n+

(D.40)

such that

f2AA = f2BB =
m++ +m−−

2n+
, f2AB = f2BA =

m++ −m−−
2n+

. (D.41)
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From the matrix unitarity property (D.18)
f2
AA

f2
AB

=
f2
BA

f2
BB

⇒ f2
AA

f2
AB

=
f2
AB

f2
AA

(f2AA)
2 = (f2AB)

2 (D.42)(
m++ +m−−

2n+

)2

=

(
m++ −m−−

2n+

)2

(D.43)

(m++ +m−−)
2 = (m++ −m−−)

2 (D.44)

⇒ m++m−− = 0 (D.45)

meaning that m++ and/or m−− must be equal to zero. m++ is one of our directly

measurable qutrit quantities, we expect m++ ̸= 0, taking the measurement to verify this

will allow us to conclude that m−− = 0. Assuming this to be true,

f2AA = f2AB = f2BA = f2BB =
m++

2n+
. (D.46)

From (D.22)

f2GA + f2GB =
2m+G

n+

and our second unitarity identity (D.18), (
f2
GB

f2
GA

)∗ =
f2
AA

f2
AB

= 1 ⇒ f2GB = f2GA and

f2GA = f2GB =
m+G

n+
. (D.47)

Finally, from (D.23)

f2AG + f2BG =
mG+

ωnG

and (D.19), f2AG = f2BG, giving the final matrix elements

f2AG = f2BG =
mG+

2ωnG
. (D.48)
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D.2 Properties of two-qutrit encoding

In Section 5.3 we have demonstrated that the elements of the squared R and F matrices

may be computed from overlaps of operations of two qutrits. However, one might ask,

to what extent these two-qutrit operators themselves still encode the properties of the

full non-Abelian sub-model {A,B,G}. Here we start by providing a brief examination of

the fusion properties associated with the action of these states, before using an approach

analogous to that in Appendix C.2 to demonstrate that the ribbon FG
ρ1 and FG

ρ2 still

directly encode the braiding properties of the G anyons of this model.

In Appendix C.1, we found that the single-qudit operators creating pairs of the

Abelian A and B anyons take the forms

FA = T e
+ + T c

+ + T c2

+ + T t
+ + T tc

+ + T tc2

+ , (D.49)

= |e⟩ ⟨e|+ |c⟩ ⟨c|+ |c2⟩ ⟨c2|+ |t⟩ ⟨t|+ |tc⟩ ⟨tc|+ |tc2⟩ ⟨tc2| , (D.50)

FB = |e⟩ ⟨e|+ |c⟩ ⟨c|+ |c2⟩ ⟨c2| − |t⟩ ⟨t| − |tc⟩ ⟨tc| − |tc2⟩ ⟨tc2| , (D.51)

such that the linear combination

F+ = 2(|e⟩ ⟨e|+ |c⟩ ⟨c|+ |c2⟩ ⟨c2|). (D.52)

This may be straightforwardly identified with the action 213 on the single-qutrit subspace

{e, c, c2}. Applying this operator to one qutrit out of the pair, one therefore obtains the

following two-qutrit representation of the creation operator for the combination of A and

B anyons

F+ = 213 ⊗ 13. (D.53)

With this set of simple two-qutrit operators F+,FG
ρ1 ,F

G
ρ2 we can explicitly verify the

fusion properties of the {A,B,G} subgroup of D(S3). As discussed in Section 4.3.2, the

fusion of two anyons may be simulated by the overlapping the ribbons that create them.
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For example, in the simplest case

(F+)2 = 2F+, (D.54)

reproduces the expected fusion process

+×+ = (A+B)× (A+B) (D.55)

= 2(A+B) (D.56)

= 2+ (D.57)

where + ≡ A+B is an effective composite of the Abelian A and B anyons. Similarly,

F+FG
ρ1/2

= 2FG
ρ1/2

, (D.58)

corresponds to

+×G = 2G, (D.59)

and finally, the non-Abelian fusion space of two G anyons G×G = A+B+G is derived

by repeated application of the same ribbon as

(FG
ρ1/2

)2 = 213 + FG
ρ1/2

(D.60)

= F+ + FG
ρ1/2

. (D.61)

Two-Qutrit operator tomography for the R matrix

In analogy with the approach presented in Appendix C.2, we provide a brief demonstra-

tion that the braiding information for the G anyons of the D(S3) quantum double is still

encoded in the reduced qutrit operations FG
ρ1 and FG

ρ2 . For the products of these qutrit

operators acting on the reduced Hilbert space {e, c, c2}, we obtain the following explicit
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matrix representations

FG
ρ1F

G
ρ2 =



0 0 0 0 ω ω̄ 0 ω̄ ω

0 0 0 1 0 ω̄ 1 0 ω

0 0 0 1 ω 0 1 ω̄ 0

0 ω ω̄ 0 0 0 0 1 1

ω 0 1 0 0 0 ω 0 ω

ω̄ 1 0 0 0 0 ω̄ ω̄ 0

0 ω̄ ω 0 1 1 0 0 0

ω̄ 0 1 ω̄ 0 ω̄ 0 0 0

ω 1 0 ω ω 0 0 0 0



(D.62)

FG
ρ2F

G
ρ1 =



0 0 0 0 ω̄ ω 0 ω ω̄

0 0 0 ω̄ 0 1 ω 0 1

0 0 0 ω 1 0 ω̄ 1 0

0 1 1 0 0 0 0 ω ω̄

ω̄ 0 ω̄ 0 0 0 1 0 ω̄

ω ω 0 0 0 0 1 ω 0

0 1 1 0 ω̄ ω 0 0 0

ω 0 ω 1 0 ω 0 0 0

ω̄ ω̄ 0 1 ω̄ 0 0 0 0



(D.63)

such that each element of FG
ρ1F

G
ρ2 gains an additional phase relative to FG

ρ2F
G
ρ1 according

to the following prescription

|g1, g2⟩ ⟨h1, h2| →


ω̄ |g1, g2⟩ ⟨h1, h2| if g1g2 = h1h2

ω |g1, g2⟩ ⟨h1, h2| otherwise

(D.64)

This result is identical to that derived for the full ribbon operators in Section 4.4.

The terms corresponding to |g1, g2⟩ ⟨h1, h2| for g1g2 = h1h2 are once again interpreted
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Figure D.1: The unitary U implementing the NS gate on the input state |ψ⟩ may be
decomposed as three asymmetric beamsplitters.

as ‘flux-conserving’ and thus correspond to the braiding of A or B anyons inducing a

relative factor of ω̄. The terms for which g1g2 ̸= h1h2 signal the G anyonic components

with non-trivial flux, for which braiding gains a factor of ω. Thus re-deriving the matrix

(RGG)2 as in Equation (4.14).

D.3 The NS gate

For an arbitrary input state, the non-linear sign gate implements the transformation

α |0⟩+ β |1⟩+ γ |2⟩ 7→ α |0⟩+ β |1⟩ − γ |2⟩ . (D.65)

To enact this gate we require just two ancillary modes and three asymmetric beamsplit-

ters as shown in Figure D.1. In keeping with the convention defined in Section 5.4.1,

transmission through either side of the beamsplitter yields a phase
√
1− η while reflec-

tion off the solid (dotted) side induces a phase
√
η (−√

η). In this way, the unitaries in

Fig. D.1 have explicit forms

U1 =


1 0 0

0
√
η1

√
1− η1

0
√
1− η1 −√

η1

 , U2 =


−√

η2
√
1− η2 0

√
1− η2

√
η2 0

0 0 1

 , (D.66)
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with U3 identical to U1 under the exchanging of labels 1 ↔ 3. Taking η1 = η3 = 1
4−2

√
2

and η2 = 3− 2
√
2, the total circuit implements the unitary transformation

U = U3U2U1 =


1−

√
2 1√√

2

√
3√
2
− 2

1√√
2

1
2

1
2 − 1√

2√
3√
2
− 2 1

2 − 1√
2

√
2− 1

2

 , (D.67)

or equivalently

a†1 7→
(
1−

√
2
)
a†1 +

1√√
2
a†2 +

(√
3√
2
− 2

)
a†3,

a†2 7→
1√√
2
a†1 +

1

2
a†2 +

(
1

2
− 1√

2

)
a†3, (D.68)

a†3 7→

(√
3√
2
− 2

)
a†1 +

(
1

2
− 1√

2

)
a†2 +

(√
2− 1

2

)
a†3.

For the input state |ψ⟩ = α |0⟩ + β |1⟩ + γ |2⟩ on the top mode, the total input state

including the ancillae is

|Ψ⟩ = |ψ⟩ ⊗ |1, 0⟩ (D.69)

=

(
α+ βa†1 +

γ√
2
(a†1)

2

)
a†2 |0, 0, 0⟩ . (D.70)

Under the mode transformation of (D.68), the circuit in Figure D.1 thus maps |Ψ⟩ to

|Ψ⟩ 7→ 1

2
(α |0⟩+ β |1⟩ − γ |2⟩)⊗ |1, 0⟩+ . . . , (D.71)

where terms for which the ancillae are not in the state |1, 0⟩ have not been explicitly

included. Measuring |1, 0⟩ in modes 2 and 3 thus yields the desired transformation

α |0⟩+ β |1⟩+ γ |2⟩ 7→ α |0⟩+ β |1⟩ − γ |2⟩ ,

with a probability of success pNS =
∣∣1
2

∣∣2 = 1
4 .
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[47] G. Ramı́rez, J. Rodŕıguez-Laguna, and G. Sierra, “Entanglement over the rain-

bow,” Journal of Statistical Mechanics: Theory and Experiment, vol. 2015, no. 6,

p. P06002, 2015.

[48] A. Pocklington, Y.-X. Wang, Y. Yanay, and A. A. Clerk, “Stabilizing volume-law

entangled states of fermions and qubits using local dissipation,” Physical Review

B, vol. 105, no. 14, p. L140301, 2022.

[49] I. I. Manin, T. Raedschelders, and M. Van den Bergh, Quantum groups and non-

commutative geometry. Springer, 1988.

[50] M. Fannes, B. Nachtergaele, and R. F. Werner, “Quantum spin chains with

quantum group symmetry,” Communications in mathematical physics, vol. 174,

no. 3, pp. 477–507, 1996.

[51] C. Di Franco, M. Paternostro, and M. Kim, “Nested entangled states for distributed

quantum channels,” Physical Review A—Atomic, Molecular, and Optical Physics,

vol. 77, no. 2, p. 020303, 2008.

[52] H.-J. Briegel, W. Dür, J. I. Cirac, and P. Zoller, “Quantum repeaters: the role of

imperfect local operations in quantum communication,” Physical Review Letters,

vol. 81, no. 26, p. 5932, 1998.

[53] L. Innocenti, H. Majury, T. Giordani, N. Spagnolo, F. Sciarrino, M. Paternostro,

and A. Ferraro, “Quantum state engineering using one-dimensional discrete-time

quantum walks,” Physical Review A, vol. 96, no. 6, p. 062326, 2017.

[54] A. Ekert and P. L. Knight, “Entangled quantum systems and the schmidt decom-

position,” American Journal of Physics, vol. 63, no. 5, pp. 415–423, 1995.
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