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Abstract

This thesis concerns itself with the application of existing non-adiabatic
molecular dynamics methods, namely Ab Initio Multiple Cloning, to
a novel application of neutral dissociation of molecules after electronic
excitation via electron impact. This process is particularly important
in the context of plasma etching of semiconductors, as understanding
the dissociation pathways can aid in the design of new precursors that
are more environmentally friendly and selective in their etching pro-
cess. Electronic excitation cross-sections indicate that excitation via
electron impact primarily causes population of triplet states. These
simulations were performed with Ab Initio Multiple Cloning, though
it is also shown that a significant portion of the molecules require only
the inclusion of the lowest triplet state, and therefore more computa-
tionally efficient standard molecular dynamics are sufficient.

The simulations reveal that analogous to the chromophores that
localise photo excitation, there exist certain functional groups, termed
electrophores, that localise the excitation via electron impact and
therefore also localise the dissociative character of the triplet state.
Neutral dissociation pathways are analysed for currently researched
plasma precursors. The oxygen atom is identified as playing a key role
in the determining of dissociation pathways, with the findings of the
molecular dynamic simulations identifying the same weak bonds found
in Quadrople Mass Spectrum experiments. The interaction between
the oxygen and the C=C bond that was found to be an electrophore
previously suggest that a hierarchy of electrophores can be developed.
These electrophores can be used to at least qualitatively predict the
neutral dissociation pathways of the molecules without the need for
simulations.

Finally, the cloning procedure that is the namesake for Ab Initio
Multiple Cloning is introduced to the first version of the Multicon-
figurational Ehrenfest method. This new extension of can be called
Full Cloning MCEv1 as it requires the cloning of the entire basis set.

v



Full Cloning MCEv1 is benchmarked against the Multiconfigurational
Time Dependent Hartree method in the zero temperature regime of
the spin boson model, where it showed improved convergence and
accuracy.

These results together represent both a theoretical development in
the non-adiabatic dynamics community as well as laying the found-
ation for the application of these methods to a new area of neutral
dissociation in plasma etching, supporting the development of cleaner,
more selective plasma chemistries.
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1. INTRODUCTION

Since its inception (arguably as early as the 1920s [1]), computational chemistry

has served as an indispensable tool for chemists in all �elds, and never more so

than in the present day. These disciplines of chemistry contain but are not limited

to drug discovery [2, 3], medicine [4], organic chemistry [5, 6], biochemistry, and

plasma research [7, 8]. Though by no means a complete or �nished �eld [9], it

allows for calculations to support or expand experimental �ndings, and can act

to provide information where experiments are highly demanding in terms of time

or resources [10].

In accordance with Moore's law [11], recent advancements in hardware have

allowed for leaps and bounds in computational power. As technology moves to-

wards exascale power supercomputers and the long-awaited quantum processors

[12{15], larger and previously inaccessible computational projects are currently

feasible. However as the transistors that power our technology move closer and

closer to the atomic scale, Moore's law may begin to fail. Fortunately, the devel-

opment of computational chemistry has progressed through other avenues, namely

in the form of new software and theories [16], with impressive advancements being

made within the last couple decades [17]. As with all areas involving technology,

there has also been a large push in recent years towards the utilisation of arti-

�cial intelligence and neural networks to aid in computational research [18{20].

Computational chemistry is evolving to become a rather central tool throughout

chemistry in general and this can be best highlighted by observing the increasing

number of open-source codes [21{23], learning materials and recent developments

that aim to integrate the �eld with the general education of chemistry [24{30].

A particularly in
uential sub�eld of computational chemistry, which enables

chemists to calculate the process of a reaction and to visualise the motion of

molecules over time, is that of molecular dynamics (MD) [31, 32]. As modern

experiments are becoming increasingly complex, it has become frequent for the

results to be paired with MD simulations in order to provide interpretation and

perspective [31, 33] as the experimental results alone can often be challenging

to fully analyse. The accuracy of these accompanying simulations is then cor-

roborated with the experiment by comparing an experimental observable with
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one calculated by the dynamics. At its foundation, MD often employs the Born-

Oppenheimer approximation (BO) [34], which permits the separation of electronic

and nuclear motion (due to the large mass di�erence between a nucleus and an

electron), leading to the generation of the Potential Energy Surface (PES), a

conceptual multi-dimensional landscape relating the energy of a molecule to the

position of the constituent atoms. Understanding this idea allows for the visu-

alisation of molecular processes as the molecule travelling through this PES. In

this perspective, the PES is a description of the behaviour of the system: the

optimised ground geometry of the molecule can be found by locating the min-

imum of the molecule's lowest PES [35], and the energy barriers surrounding that

minimum geometry can provide insights into the stability and reactivity of the

compound. The largest di�erences between the various MD methods are in the

handling of this PES, and the motion of the molecule. In classical MD [17, 36,

37], empirical and experimental data surrounding a molecule (bond angles, in-

tramolecular forces etc.) can be applied in order to construct a static force-�eld

that approximates the PES. Using the forces derived from this force�eld allows

for the application of standard Newton's laws of motion to the molecule to move

the atoms. The force�eld can then be applied again to the new geometry of the

molecule to �nd the new corresponding forces. The repetition of this process

allows for the motion of a molecule to be captured and analysed in detail. The

pre-calculated nature of this force �eld, along with the simplicity of Newtonian

mechanics allows for the e�cient simulation of very large molecular systems over

long time frames.

The primary limitation for classical MD then lies with the accuracy of this

approximation of the PES to the real structure [16]. The static nature of the

classical force�eld while advantageous in its construction, also carries with it

certain constraints, and as a result classical force�elds are therefore incapable

of processing events that would alter the electronic structure of the molecule,

such as the change in number of atoms and multiplicity of the molecule after a

bond dissociation or the shift in electronic density in charge transfer processes.

While there are some methods developed to act as a work-around for the static

3



1. INTRODUCTION

nature of the constructed force�eld [38, 39], it is natural to turn to a more robust

way of describing the PES. One such approach would be the use of a quantum

mechanical theory such as Density Functional Theory (DFT) [40], which uses the

total electron density in order to relate the geometry of the nuclei directly to the

electronic energies and forces on an ab initio basis. This allows for the PES to be

sampled 'on-the-
y' instead of constructing the PES for every speci�c geometry

allowing a quantum treatment of dynamics.

Quantum MD [41] on the other hand inherently incorporates quantum e�ects

by allowing the nuclei of the system to evolve as a wavefunction through the solv-

ing of the time-dependent Schr•odinger equation (TDSE). The use of the TDSE

allows for the quantum e�ects neglected by classical MD, such as zero point en-

ergy and coherence, to emerge automatically. However, solving this TDSE for any

case beyond an extremely primitive system is almost never feasible. The compu-

tational cost of �nding the solution to the equation scales exponentially with the

size of the system, encountering the ever famous 'curse of dimensionality' [42].

Another challenge posed when simulating molecular systems is that often more

than one electronic state is required, inevitably leading to electronic transitions.

In these non-adiabatic regimes, the BO approximation, the underpinning idea al-

lowing the formulation of the PES in classical MD no longer functions, requiring

the treatment of the electrons to also be quantum in nature. This formalisa-

tion leads to the aptly-called non-adiabatic molecular dynamics (NAMD), where

nuclear and electronic motion are now coupled.

These computationally demanding quantum calculations severely limit the di-

mensions of the systems that can be considered. As a natural response, semi-

classical methods have emerged, attempting to straddle the accuracy of quantum

methods with the computational e�ciency of classical MD. Some of the earliest

yet still practical semiclassical work is that of Miller's in 1970 [43], where he

rewrote the scattering matrix to contain purely classical terms in an attempt to

faithfully reproduce previously calculated quantum mechanical transition prob-

abilities. Continuing with the idea of achieving quantum results while relying

on classical terms, the Initial Value Representation (IVR) [44, 45] family was
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developed with the key aim of eliminating a problem faced by many early semi-

classical methods.

IVR achieves this by using the average over the initial conditions for the clas-

sical trajectories to replace the boundary value problem. This issue had prohib-

ited early semiclassical theories from being computationally feasible, due to the

requirement of heavily computationally expensive root search algorithms (that re-

main being improved in terms of e�ciency through recent years [46]). As with all

things, IVR methods are not without their weaknesses, including di�culty hand-

ling important quantum e�ects like tunnelling [47] and the oscillatory nature of

multiple interfering paths resulting in a dynamic sign problem [48]. A modern

IVR method that attempts to correct these issues is mixed quantum classical

initial value representation (MQC-IVR) [49, 50], an example worth highlighting

due to its capture of the semiclassical ideal. MQC-IVR achieves this by utilising

a transformation of variables from double Herman-Kluk IVR [51, 52] (a more

expensive quantum IVR) through a modi�ed Fillinov �ltration. The extent of

this transformation can then be given through a mode-dependent matrix of smal-

ler matrices controlling the displacement of each mode in terms of phase space.

A null matrix therefore yields the original Herman-Kluk IVR, but with careful

choice of coe�cients the most problematic modes can be dampened, signi�cantly

reducing the oscillations that can lead to the dynamic sign problem while still

providing a high level of accuracy to the vital modes. The result is a 
exible

method that is capable of providing similar levels of accuracy that approach that

of double Herman-Kluk IVR while also being capable of simulating the dynamics

of systems that are much larger and normally left to more classical versions of

IVR, such as Linearised IVR [53{55].

Although IVR and other semiclassical methods serve as an important bridge

between classical and quantum MD, there have also been other signi�cant ad-

vances in the �eld. Multi-con�gurational Time Dependent Hartree (MCTDH)

[56] is a successful method which employs single-particle functions that evolve

through variationally derived equations of motion, allowing for a formally exact

quantum treatment of the system. However, these variational propagation equa-
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1. INTRODUCTION

tions are very computationally demanding as they encounter a scaling issue, with

their complexity increasing rapidly with the dimensionality of the system stud-

ied. This is the primary limiting factor for MCTDH to simulate high-dimensional

systems, though later expansions to the method have further pushed back this

limit [57]. Another widely used method is Trajectory Surface Hopping [58] which

is sometimes referred to as the 'workhorse of computational chemistry' employing

an ensemble of independent trajectories guided classically, which 'hop' between

di�erent PES based on stochastic selection rules.

A common theme in NAMD is that of the trajectory guided basis set [59].

This is due to the e�ciency a�orded by bypassing the need for a large number

of grid points as the trajectories cause the basis functions to act as a 'spotlight',

highlighting only the necessary area of phase space, allowing for a much more

compacted and e�cient basis set. The methods involving this technique can then

be di�erentiated by the construction of the wavefunction and the choice of how

to guide the basis functions. Having a multi-set ansatz (a separate set of nuclear

basis functions for each electronic state) combined guiding the Gaussians with

classical trajectories leads to the Full Spawning class of methods [60{62]. If these

classical equations of motion are instead derived variationally, then the method

is that of the variational multi-con�gurational Gaussian [63, 64]. Reducing the

multi-set ansatz to a single-set and replacing the Gaussian wave packet with

Coherent States (CS) then results in the multiple Davydov ansatz (mDa) [65,

66]. Finally, if one maintains the use of CS but instead derives their equations of

motion from Ehrenfest dynamics instead of from the full variational principal the

multi-con�gurational Ehrenfest method (MCE) [67, 68] is produced, the method

developed by the group of Shalashilin over the past decades, and the method

chosen for the NAMD simulations performed in this thesis.

The development of MCE began with Shalashilin and Child publishing the

Coupled Coherent states (CCS) method in 2000 [69, 70], where it was compared

extensively with the work of Hernan and Kluk. CCS in fact takes advantage of

many prevalent ideas from the semiclassical communities [63] and uses 'Frozen

Gaussian' CS to simulate systems. The ansatz used in CCS is constructed as
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a sum of CS weighted by quantum amplitudes, with the trajectories guided by

the Hamiltonian averaged over the entire wavefunction and the equations for the

quantum amplitudes derived from the variational principle. The computational

advantages of CCS allow it to access higher dimensionality systems [71] and �nd

applications reproducing spectra, with more recent advancements extending the

method to fermionic systems[72, 73]. Another natural extension of CCS is to con-

sider more than one electronic state, with each having a quantum amplitude of

its own, yielding the Multi-Con�gurational Ehrenfest method version 1 (MCEv1)

[68]. The MCEv1 method similarly o�ers great scalability into higher dimen-

sionality. Multicon�gurational Ehrenfest version 2 (MCEv2) [67] introduces an

extra coe�cient into the ansatz that separates the intra- and inter-con�gurational

coupling. While this di�erence in construction makes the method harder to con-

verge in model systems [74], it opens up the method to applications in AIMD

leading to Ab Initio Multiple Cloning (AIMC) [75], where both the nuclear and

electronic parts of the wavefunction are calculated 'on-the-
y', usually employing

DFT to calculate electronic properties of the molecular structure, including SCF

energy and forces.

AIMC, as with most successful NAMD methods, has been repeatedly applied

to simulating photochemical processes [62, 76{79]. In fact, it could be argued

that photochemistry has been the main focus of the NAMD community. This is

due to photochemistry's wide and continually growing range of applications, from

the design of e�cient solar cells [80{83], to the complex mechanisms that determ-

ine atmospheric chemistry, often instigated by a photon from the sun, as well as

numerous use cases in organic and biological chemistries [84{87]. The correct

handling of a photo-excited molecule requires the simulation of multiple coupled

excited states that often undergo non-adiabatic processes as a route of relaxa-

tion. This reason has served as a motivation for many methods to extend beyond

the BO regime, such as the spawning procedure into the Full Multiple Spawning

framework or the introduction of cloning into AIMC, to handle the regions of

phase space with high non-adiabatic coupling. For years, these methods have

aided experimental photo-chemists with data exploring �ner resolutions, further-
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ing the explanation of mechanisms and recently answering a challenge to predict

the results of an upcoming experiment regarding cyclobutanone photochemistry

[88{102].

While a lot of NAMD methods and techniques were developed because of and

for photochemistry, there is no reason outside of tradition these methods are not

applied to other areas of chemistry. One such area that the author hopes will

be a prominent area is that of neutral dissociation following electronic excitation

after electron impact. This process has a wide range of applications particularly

important to the semiconductor industry where it has been labelled 'one of the

least studied yet most important' concept of advancing the science of plasma

etching [103, 104]. Plasma excited by electron impact is used to generate 
u-

orinated radicals which are used to etch into silicon wafers in order to create

accurately designed semiconductors. The precursors used to form this plasma

unfortunately often have a high global warming potential (GWP) leading to en-

vironmental concerns [105, 106], for which the industry is currently addressing

with multiple process control techniques, such as atomic layer etching [103, 107].

As the size of the etching and silicon wafers decreases, industry is also motivated

to �nd new reagents with greater selectivity allowing for more e�cient and com-

plex circuits, and there is a great interest in the search [8, 108{113], including

within theoretical disciplines [7, 114{117].

From a NAMD perspective, many techniques and methods developed for pho-

tochemistry can be applied with minimal modi�cations [118]. The largest di�er-

ence between simulating these processes is the establishment of initial conditions

as excitation via electron impact often excites to the triplet state (due to the

lack of selection rules), leading to very di�erent dynamics from the singlet state

populated via photo-excitation. This thesis aims to show that MD can be applied

to the problem of neutral dissociation, producing results backed by experiment.

Preliminary rules of neutral dissociation extracted from these MD simulations in

the triplet state will be laid out. It is the hope of the author of this thesis that

the results here will lay the foundation that the NAMD community will continue

to improve upon, aiding the semiconductor community in designing plasma that

8



is more e�ective, selective and environmentally friendly.

The structure of this thesis is as follows. Chapter 2 summarises the genesis

of MD based on CS, leading to the development of multiple di�erent methods.

The chapter ends with the discussion of a paper presenting the novel application

of MD methods to neutral dissociation on the triplet state. Chapter 3 contains

multiple MD simulations of molecules that have been studied experimentally in

the plasma etching context. The key �nding of these simulation is that there

exist certain functional groups localise the excitation to the triplet state. These

functional groups are analogous to the chromophores in photochemistry and are

given the name electrophores due to their high electron density. The "electro-

phore model" is then constructed via preliminary dissociation rules generated

via analysis of dissociation pathway trends of multiple molecules. Chapter 4

continues with the "electrophore model" via the testing of these rules with the

simulation of additional molecules that are selected particularly in relation to the

rules. The necessity of the inclusion of non-adiabatic e�ects for molecules with

multiple electrophores is also explored. Finally, Chapter 5 concerns the theoret-

ical development of the cloning procedure into MCEv1 and presents several cases

where the cloning procedure leads to convergence of zero temperature spin boson

model that were previously unattainable.
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Chapter 2

Background and Theory
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2. BACKGROUND AND THEORY

2.1 Introduction

Quantum mechanics fundamentally revolves around the Schr•odinger equation,

both in its time-independent,

Ĥ j	 i = E j	 i ; (2.1)

and its time dependent form,

i~
@ 
@t

= �
~2

2m
r 2 + V  ; (2.2)

The total energy of a system is contained within the Hamiltonian. This oper-

ator includes terms for the kinetic energy of both nuclei (̂Tn ) and electrons (̂Te),

the Coulomb attraction between electrons and nuclei (̂Vne), and the repulsive

interactions between both electrons (̂Vee) and between nuclei (̂Vnn ),

Ĥ = T̂e + T̂n + V̂ne + V̂ee + V̂nn ; (2.3)

where:

T̂e = �
X

I

1
2

r 2
I ; (Electronic kinetic energy) (2.4)

T̂n = �
X

A

1
2MA

r 2
A ; (Nuclear kinetic energy) (2.5)

V̂ne = �
X

i;A

ZA

jr I � rA j
; (Electron-nuclear attraction) (2.6)

V̂ee =
X

i<j

1
jr I � r J j

; (Electron-electron repulsion) (2.7)

V̂nn =
X

A<B

ZA ZB

jrA � rB j
; (Nucleus-nucleus repulsion) (2.8)

The indices are separated into A and B for nuclear parts, and i and j for

the electronic indices. Any summations containing these indices represent a sum

over the total number of nuclei and electrons depending upon the corresponding

index. Knowledge of the Hamiltonian of the system is vital as it is required for

the evolution of the wavefunction from any given initial state. As all information
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2.1 Introduction

is contained within the Schr•odinger equation, the change in a system can be

understood through the time evolution of the Schr•odinger equation from the

wavefunction from some initial state at t = 0.

j	( t)i = e� i Ĥt= ~j	(0) i ; (2.9)

Unfortunately for the quantum chemistry community, the TDSE is not capable

of being solved exactly for any system beyond the simplest within a reasonable

computational time frame. For this reason, chemists often turn to the BO approx-

imation that utilises the mass di�erence between electrons and nuclei to assume

that the electronic rearrangements with respect to the nuclei can be assumed

to be instant. Within this perspective, the nuclei can be seen to be frozen when

considering and calculating the electronic information. Due to this simpli�cation,

T̂n vanishes as the nuclear positions (and thereforêVnn ) become constants. This

is often presented as the electronic hamiltonian,

Ĥelec = T̂e + V̂ne + V̂ee; (2.10)

Then the nuclear parts of the system can be guided via trajectories with the

electronic information being updated at every timestep via an electronic structure

theory, such as DFT. The methods for solving the TDSE can then be categor-

ised into the choices made to guide the nuclei, with classical, semiclassical and

quantum variants. Within all three categories, it is common to employ a traject-

ory guided nuclear basis set (� (t)) with quantum amplitudes (Ck(t)) weighting

the di�erent electronic states (� (t)),

j	( t)i =
X

k

Ck(t)j� k(t)ij � (t)i ; (2.11)

An incredibly useful choice for these nuclear basis functions is that of CS

[119], which are quantum objects that have advantageous classical-like properties.

Their non-orthogonal yet over complete nature also allows for a highly 
exible

and e�cient representation of nuclear wavefunctions across a range of dynamical

regimes.
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2. BACKGROUND AND THEORY

2.2 CS and Frozen Gaussians

The concept of a CS can be said to be intrinsic to quantum mechanics itself,

originally introduced by Schr•odinger in 1926 [120], and were then rediscovered

decades later within the �eld of quantum optics [121{123]. CS are said to have 3

routes of derivation and therefore de�nitions,

1. CS are unique quantum states that satisfy the Heisenberg uncertainty prin-

ciple.

2. CS can be taken to be the set of eigenvalues of the harmonic-oscillator

lowering operator.

3. CS can be found by taking the vacuum state of the harmonic oscillator and

applying the displacement operator.

Conceptually, the �rst de�nition is easiest to understand. Heisenberg's un-

certainty principle states that for any quantum object it is impossible to know

exactly both the position and momentum. In fact, the extent to which one can

know these quantities is bounded such that,

(� x)2(� p)2 = (1 =2)2; (2.12)

in atomic units. While it is indeed possible for the uncertainty to be any

degree above it, CS are objects that satisfy this minimum possible bound. It is

important to note that as an in�nite pair of numbers can be multiplied together

to give this same bound, the 'circular' pair with � p = 1=2 and � x = 1=2 is often

referred to as CS. Other states satisfying the limit of the uncertainty principle

with unequal uncertainties are referred to as squeezed states, which themselves

have a myriad of applications [124{135].

2.2.1 Quantum Harmonic Oscillator

Interestingly the other two de�nitions are based within the context of the Quantum

Harmonic Oscillator (QHO). The QHO is well studied due to it being exactly solv-

able analytically while still having applications across quantum mechanics, often
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2.2 CS and Frozen Gaussians

used to approximate smooth potentials. The one dimensional case of the QHO

has the hamiltonian,

ĤQHO =
p̂2

2m
+

1
2

m! 2x̂2; (2.13)

where p̂ and x̂ are the momentum and position operators respectively, m is

the mass of the particle and! is the angular frequency. This Hamiltonian is

analogous to that of the classical harmonic oscillator,

E =
mv2

2
+

kx2

2
; (2.14)

In order to more easily conceptualise the QHO, a change of variables is often

used. Linear combinations of the position and the momentum operators give rise

to the ladder operators,

â =
r

m!
2~

(x̂ +
i

m!
p̂); (2.15)

ây =
r

m!
2~

(x̂ �
i

m!
p̂); (2.16)

The ladder operators are also often presented with the number operator,N̂ ,

N̂ = âyâ; (2.17)

The prefactors in Eqns. 2.15, 2.16 are chosen to produce clean commutations

between the three operators:

[â; ây] = 1; (2.18)

[N̂ ; â] = � â; (2.19)

[N̂ ; ây] = ây; (2.20)

Then when a combination of the operators are applied to a given eigenstate

of j� i (with corresponding eigenvalue� ) we get,
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2. BACKGROUND AND THEORY

N̂ âj� i = âN̂ j� i � âj� i = ( � � 1)âj� i ; (2.21)

N̂ âyj� i = âN̂ j� i + âyj� i = ( � + 1) âyj� i ; (2.22)

showing that both âj� i and âyj� i are eigenstates of̂N with eigenvalues of� � 1

and � + 1. Therefore the ladder operators acting as on an eigenstate� can be

written as,

âj� i =
p

� j� � 1i ; (2.23)

âyj� i =
p

� + 1 j� + 1 i ; (2.24)

with the appropriate norm preserving prefactors. Therefore ^a can be seen

as a lowering operator that lowers the system one eigenstate 'down the ladder',

and likewiseâ as a raising operator that raises the system one eigenstate 'up the

ladder'. As the raising and lowering operators were �rst de�ned in terms of the

position and momentum operators, it is possible to instead write the position and

momentum operators in terms of raising and lowering operators,

x̂ =

s
~

2m!
(â + ây); (2.25)

p̂ = � i

s
~m!

2
(â � ây); (2.26)

After substitution into the QHO Hamiltonian (Eqn. 2.13) and subsequent

rearranging, the Hamiltonian can be written as,

ĤQHO = ~! (âyâ +
1
2

); (2.27)

With this formalism for the QHO framework in mind, it is now possible to

return the de�nitions for CS presented at the beginning of the subsection. The

second de�nition states that CS are eigenstates of the lowering operator (Eqn.

2.15), meaning CS are the states such that,
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2.2 CS and Frozen Gaussians

âjzi = zjzi ; (2.28)

The displacement operator uses a complex number and then shifts the position

of the system by the real part while shifting momentum by the imaginary part,

D̂ (z) = ezây � z� â; (2.29)

The �nal de�nition of the CS states that they can be found by the displacement

operator acting upon the ground state of the QHO,

D̂ (z)j0i = jzi ; (2.30)

As can be seen in Eqns. 2.28,2.30, both of the de�nitions use a complex

number, z, to construct the CS. The choice of z is free, meaning that every

complex number, z, can form a 'label' for a corresponding CS,jzi . The label of

the CS then resembles the centres of the CS within phase space,

z(t) =

 1=2q+ i

�

 � 1=2

~

�
p

p
2

; (2.31)

where a one-dimensional CS is written,

hxjzi =
� 


�

� 1=4

exp

"

�


2

(x � q)2 +
ip(x � q)

~
+

ipq
2~

#

; (2.32)

where 
 is the inverse width parameter, and the last term of the equation

being a phase factor, ensuring normalisation and phase-space consistency. CS

also have a useful property of forming a multi-dimensional CS simply by forming

a product of multiple one-dimensional CS,

jzk(t)i =
MY

m=1

jz(m)
k (t)i ; (2.33)

2.2.2 Application to MD

Outside of the context of the QHO, CS retain their usefulness as their minimum

uncertainty is maintained through time evolution, leading to them often being
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2. BACKGROUND AND THEORY

called the 'most classical' quantum object and being applied in a wide range of

�elds [136{141]. While a singular CS is su�cient to describe the motion of the

QHO, it is almost always the case that an ensemble is required to simulate more

complicated systems. Within MD, a 'Frozen Gaussian' is a CS given by Eqn. 2.32

with the width parameter kept constant, as to 'freeze' the width. This concept

is often traced back to the seminal work by Heller [142], though the idea of

using multiple Gaussians had been seen even earlier, where two Gaussians were

successful in simulating exciton-photons [143]. While Gaussians with varying

width ('Thawed') have found applications [144{147], FGs are arguably the more

popular variant. In practice a relatively small (especially compared to a grid

basis) ensemble of FGs can simulate a system with a high number of degrees of

freedom.

2.3 Classical molecular dynamics

Classical MD, as the name suggests, performs simulations of the movement of mo-

lecules based upon the classical mechanics perspective. This provides information

on how the individual atoms within a system interact allowing for the transform-

ation of the concept of a mechanism into a 'molecular movie' furthering chemists'

understanding as the transfer of energy and momentum within the molecule can

be fully visualised. Conceptually each atom of a molecule can be treated as a

point moving through space according to Newton's equation of motion, which is

simply,

dR2

d2t
M = F = �r V; (2.34)

Where -r V representseitherthegradientofaforcef ieldortheresultofaquantummechanicscalculation:

In order to properly propagate the path of the molecule, it is necessary to

understand the evolution of the forces, particularly how they relate to a change

in molecular structure. The task of attributing this relationship is traditionally

ascribed to force�elds, which can relate molecular features such as bond angles

and length to the forces experienced by each atom. There are many such force-
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2.3 Classical molecular dynamics

�elds designed that have become increasingly popular within the MD community

such as the AMBER [148, 149] force�eld designed to model proteins. There has

also recently been a signi�cant increase in the use of machine learning models

that replace the chemical intuitions such as Leonard-Jones potentials with gener-

ated machine learning force�elds [150, 151]. While a machine learning force�eld

can reach chemical accuracy for certain systems, it often requires thousands to

millions of Ab Initio calculations from which to extrapolate. A common solution

to this issue is that of active learning [152], whereby a force�eld can iteratively se-

lect geometries that are su�ciently di�erent from its current training set to revert

back to Ab Initio calculations before adding that result into its own training set,

both preventing the force�eld from giving an unfounded answer and increasing

its own boundaries while being in use for classical trajectories. Another weak-

ness of force�elds is solved by so-called reactive force�elds, which allow for the

change of molecule connectivity such as after a bond dissociation event. This is

implemented via a force�eld such as ReaxFF [39, 153], which is constructed to

allow for the dynamic calculation of the bond order between all atoms generating

a force�eld that is much more complex than its non-reactive counterparts.

In practice, in order to limit computational cost, a large molecule is often par-

titioned into several sections which are then treated as the interacting parts. An

insightful review of classical MD [16] summarises �ve main resolutions. The �rst

two are sub-atomic which are dominated by quantum e�ects and so are often

o�-limits to study through classical MD. The last three are atomistic, supra-

atomistic and supra-molecular. A key part of the process of this simpli�cation is

the selection of relevant degrees of freedom to preserve. The degrees of freedom

that are removed should be of a large enough quantity that any potential loss in

accuracy compared to simulating the full dimensionality of the system is o�set

by the gain in computational cost. It is also natural to remove any degree of

freedom that is known prior to simulation to not have any e�ect on the inten-

ded observable. Another key concept in the viability of classical MD is that of

sampling. Sampling can be used as an answer to the rare event problem [154,

155], where the processes that are of interest in the simulation do not occur read-
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ily enough to be studied with statistical relevance, causing a large portion of the

computational resources to be spent on gathering non-relevant data. Umbrella

sampling [156, 157], for example, consists of sampling from multiple harmonic

(umbrella potentials) that are partitioned across the target double well, that al-

lows for trajectories that are encouraged to overcome free-energy barriers. Boxed

molecular dynamics [155, 158] is an interesting sampling technique that is ap-

plied as the trajectory is propagating, not in the initial conditions. By exactly

inverting the velocity of each atom once a molecule reaches a preset boundary,

it is possible to con�ne the molecule within a speci�c area without signi�cantly

perturbing the total energy or electronic structure of the molecule. This means

that a much larger portion of the trajectory can be dedicated to simulating non-

equilibrium spaces that might otherwise not be frequently occupied. While the

original formation of boxed molecular dynamics limited the method to focusing

on simple observables, new extensions have recently been developed that greatly

generalised the concept. Development of these sampling techniques to address

the rare event problem has lead to various other solutions, such as the insertion

of 'fake' degrees of freedom to better 'steer' the trajectory [159{161] and remains

to this day a very active �eld of study [155].

Classical MD has found applications in a wide range of �elds within chemistry,

including but not limited to combustion [37], low temperature plasma [162] and

perhaps most commonly biological molecules [163]. While it has proven itself

useful over several decades, it is undoubted that any approximation comes at

the cost of at least some accuracy. For example when the systems of interest

to be simulated are su�ciently small, it is common for the most processes to be

quantum in nature and therefore require the quantum e�ects (such as tunnelling)

that are not inherently included within a classical force�eld. Simulations that

require frequent changes in molecular connectivity and charge density also pose

a challenge to a classical force�eld. The most conceptually straightforward way

to rectify these issues is to include quantum e�ects via Ab Initio quantum calcu-

lations such as DFT, producing mixed classical-quantum molecular dynamics or

even full quantum molecular dynamics.
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2.4 The MCE method

2.4 The MCE method

2.4.1 The Coupled CS method

The Coupled CS (CCS) method was �rst presented by Shalashilin in 2000 [69]

(though it did rely and build upon previous work [164{166]) with the aim of

propagating an ensemble of CS representing a wavefunction exactly, replacing

the necessity of evaluating the van-Kleck propagator. The CCS method begins

by expressing the wavefunction in the coherent-state representation via insertion

of the position-space identity. The equations themselves begin with writing the

wavefunction in terms of the CS basis,

hzj i =
Z

dx hzjxihxj i ; (2.35)

where z still represents the complex coherent state. This Husimi representation

forms the basis of CCS where the overall wavefunction is projected onto each CS

and then weighted with the overlap between said CS and the position eigenstate.

For clarity and ease in later equations, the Hamiltonian is also often ordered such

that raising operators precede lowering operators,

Ĥ (z) = Ĥ (â; ây) = Ĥord (ây; â); (2.36)

which immediately has the bene�cial consequence that an element of the mat-

rix of the overlap can now be written,

hzjĤ jz0i = hzjz0i Ĥord (z� ; z0); (2.37)

where the overlap of 2 CS is given as,

hzjz0i = ez� z0� j z j 2

2 � j z0j 2

2 ; (2.38)

and the identity operator for the CS is given as,

Î =
X

k;l

jzk i (
 � 1
kl )hzl j; (2.39)
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where 
 kl is the overlap matrix given by the elements,


 kl = hzk jzl i ; (2.40)

The ansatz of CCS can then be written as,

j (t)i =
X

k

Ck(t)jzk(t)i =
X

k

Dk(t)e
iS k ( t )

~ jzk(t)i ; (2.41)

where the quantum amplitudeCk(t) is often rewritten in terms of the clas-

sical action Sk(t), in order to separate rapidly varying phase from the smooth

amplitude in the form of a pre-exponential factorDk(t),

Dk(t) =
X

l

hzl (t)j (t)i e
i ( Sl ( t ) � Sk ( t ))

~ (
 � 1)kl (t); (2.42)

where,

Cl (t) = hzl (t)j (t)i e
iS l ( t )

~ ; (2.43)

All of these equations allow for the derivation of the equations of motion for

CCS in terms of the classical action, CS and quantum amplitudes,

dS(t)
dt

=
i~
2

X

J

(z�
J _zJ � zJ _z�

J ) � Ĥord (z� ; z); (2.44)

dzJ

dt
=

� i
~

@̂Hord (z�
J ; zJ )

@z�J
; (2.45)

dCl

dt
= �

i
~

X

k

hzl jzk i � 2Ĥord (z�
l ; zk)Dke

i ( Sk � Sl )
~ ; (2.46)

where,

� 2Ĥord (z�
l )(zk) = Ĥord (z�

l )(zk) � Ĥord (z�
l )(zl ) �

@̂Hord (z�
l )(zl )

@zJ
(zk � zJ ); (2.47)

The strengths of the CCS method then lies with how closely Eqn. 2.45 mimics

classical trajectories with the di�erence being thatĤord contains quantum cor-

rections, allowing the method to naturally incorporate quantum e�ects. In this
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sense the method is capable of propagating quantum states along classical-like

trajectories. With the help of sampling tricks [167], CCS has been applied to

many systems [70, 71, 168{171]. Since its inception, CCS has also had multiple

extensions developed [72, 73, 172], such as re-derivation of the equations within

the context of fermionic CS, showing that the simple concepts behind the method

allow for a 
exible framework that can scale nicely with high dimensionality.

2.4.2 Formulation of the MCE method

2.4.2.1 Equations for MCEv1

The MCE methods can then be seen as an expansion of the CCS method to

incorporate multiple electronic states. The ansatz for the �rst version of MCE

[68] is as follows,

j	( t)i MCEv1 =
N;LX

n;l =1

(aln j� l i ) jzk(t)i ; (2.48)

where N is the number of basis functions and L the number of electronic states.

While in theory L can be set to however many states are required to simulate a

system, in practice (and for this thesis), L is often set to two, a ground state (

j0i = j system
0 i ) and excited state (j1i = j system

1 i ). In this case the ansatz for

MCEv1 becomes,

j	( t)i MCEv1 =
KX

k=1

(a1k j1i + a0k j0i ) jzk(t)i ; (2.49)

where jzk i is an ensemble of 'Frozen Gaussian' CS. Similarly to CCS, the CS

are evolved through the equation,

i
dzk

dt
=

@HEhr

@z�k
; (2.50)

where the ordered Hamiltonian (̂Hord ) of Eqn. 2.45 is replaced with, the Ehren-

fest Hamiltonian (H Ehr ), which is found by averaging the ordered Hamiltonian

over the system con�guration,n.
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H Ehr =
ja1n j2hzk jĤ11jzk i + ja0n j2hzk jĤ00jzk i + 2 Re

�
a�

0na1nhzk jĤ10jzk i
�

ja1n j2 + ja0n j2
; (2.51)

The computationally inexpensive Ehrenfest trajectory shown in Eqn. 2.50

results in the basis set of MCE being guided by a pseudo-PES that is constructed

by the quantum average of all the PES considered in the system. The quantum

amplitudes that weight the impact an electronic state has on the wavefunction

evolve with equations derived variationally from the Lagrangian,

X

k

a1khzJ jzk i � h zJ jzk i H (11) (z�
J ; zk) � h zJ jzk i H (12) (z�

J ; zk)a2k

+ i
�

(z�
J � z�

k ) _zk +
_zkz�

k

2
�

zk _z�
k

2

�

hzJ jzk i a1k = 0; (2.52)

which can be somewhat simpli�ed by the introduction of the classical action

(similar to as done in CCS) and rewriting the quantum amplitudesar ,

ar = dr eiS r ; (2.53)

so that Eqn. 2.52 becomes,

X

k

i _drk eiS rk hzJ jzk i =
X

k

hzJ jzk i � 2H
0(rr )(z�

J ; zk)drk eiS kr

+
X

k

X

s6= r

hzJ jzk i H (rs )(z�
J ; zk) dskeiS sk ; (2.54)

where the classical actionSr and � 2H
0(rr ) are given by

Sr =
Z "

i
_zz� � z _z�

2
� h zjH (rr ) jzi

#

dt; (2.55)

� 2H
0(rr ) = H (rr )(z�

J ; zk) � H (rr )(z�
k ; zk) � iH (rr )(z�

J � z�
k ) _zk ; (2.56)

respectively. A strength and perhaps key de�ning point of MCEv1 is that

the equations for the evolution of the amplitudes e�ectively couple not only each
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quantum amplitude but also each con�guration and therefore trajectory. A lim-

iting factor of almost all trajectory guided methods is that once the basis set

has travelled su�ciently far along the trajectory, the basis sets begin to uncouple

weakening the methods ability to accurately simulate the system. The advantage

of MCEv1 then lies in that while the trajectories are computationally inexpens-

ive to calculate, the way that they are coupled ensures that they 'push' one

another and as such stay coupled in the physically relevant areas of phase space

for longer. In it's original paper, MCEv1 was shown capable of matching the

benchmark simulating 2000 degrees of freedom with only 200 con�gurations.

2.4.2.2 Equations for MCEv2

The second formulation of the MCE method (MCEv2) was presented only a year

later [67]. The ansatz for this method is very similar to the �rst iteration,

j	( t)i MCEv2 =
NX

n=1

Dk (a1n j1i + a0n j0i ) jzk(t)i ; (2.57)

where it in fact only di�ers by the introduction of the con�gurational amp-

litude, Dk , which separates the inter- and intra-con�gurational coupling. While

the inter-con�gurational coupling was said to be an advantage, this separated

nature of MCEv2 was designed for ease of implementation of Ab Initio MD,

which was later created as Ab Initio Multiple Cloning (AIMC) [75]. While the

propagation of the CS nuclear basis remains unchanged, the additional amplitude

changes the equations for the evolution ofar ,

dar

dt
= i

"

i
_zz� � z _z�

2
� h zjH (rr ) jzi

#

ar � i
X

s6= r

hzjH (rs ) jzi ar ; (2.58)

which under the usual transformation gives,

ddr

dt
= � i

X

s6= r

hzjH (rs ) jzi dsei (Ss � Sr ) ; (2.59)

The derivation of the new amplitudes is rather dense but �nally results in,
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X

I

h� J (t)j� I (t)i
dDI (t)

dt
= � i

X

I

� 2hH i ji D I (t); (2.60)

where the elements of �2hH i are,

X

I

� 2hH i ij = h� J (t)jĤ j� I (t)i � h zJ (t)jzI (t)i H ji � ih� J (t)j � I (t)i (z�
J � z�

I ) _zI ;

(2.61)

where,

h� J (t)jĤ j� I (t)i = hzJ jĤ11jzI i a�
1j a1i + hzJ jĤ22jzI i a�

2j a2i

+ hzJ jĤ12jzI i a�
1j a2i + hzJ jĤ21jzI i a�

2j a1i ; (2.62)

and,

H ji = a�
1j hzJ jĤ11jzI i a1i + a�

1j hzJ jĤ12jzI i a2i + a�
2j hzJ jĤ21jzI i a1i + a�

2j hzJ jĤ22jzI i a2i ;

(2.63)

It is important to note that the coupling matrix � 2hH i will always have small

elements and zero diagonal elements. The introduction of theDk amplitude due

to having the e�ect of separating the coupling between con�gurations and the

coupling between the quantum amplitudes in a single con�guration also allows for

the trajectory of each con�guration to be run individually, with the calculations of

Dk constructing the whole basis being calculated as post-processing. This ability

to run trajectories on separate hardware at separate times is a great advantage

when it comes to MCE's application to Ab Initio MD.

2.4.2.3 Sampling techniques for the MCE method

While MCE is a computationally e�cient method, the key to maintaining the

e�ciency and accuracy across several di�erent systems is apt use of di�erent

sampling techniques [74, 167]. Before propagation, while the basis set is being

calculated, it is best to form a "swarm" of CS functions around the �rst basis
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function generated, ensuring that they are su�ciently coupled while still entirely

representing the initial wavefunction (j	 0i = jz0i ). The size of the swarm is

controlled via the compression parameter,ac, which can be iterated upon until a

basis set with su�cient norm has been found. The distribution of the CS within

the swarm is given by the equation,

F (zk) / e� ac jzk � z0 j2 ; (2.64)

In certain cases, it is possible to partition the bath of the system into more and

less important modes. With this priority realised, the degrees of freedom which

are most relevant can be assigned more CS via adjustment of the compression

parameter for each individual mode. The spherical swarm shown in Fig. 2.1b then

becomes a more "pancake" style distribution shown in Fig. 2.1c. These types of

distributions allow both MCEv1 and MCEv2 to sample initial conditions more

accurately and e�ciency.

Figure 2.1: Graphic showing (a) a singular basis function, (b) a swarm of basis

functions within the enclosure governed by the compression parameterac, and

(c) a pancake of basis functions with a focus on the most important modes.

As with all methods that involve Ab Initio MD, the calculations for electronic

structure constitute a large portion of the computational expense. A line of basis
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functions following the same trajectory (henceforth referred to as trains with the

concept displayed in Fig. 2.2) were therefore introduced into MCEv2 in order to

have a larger basis at a negligible cost due to the train allowing all basis functions

on the same trajectory to reuse the same electronic structure information. The

rigid nature of the trains also partially prevents the decrease in convergence seen

when using swarm initial sampling. Similar to the compression parameter for

swarms, trains also have a spacing parameter which determines how much a basis

function on the train is time-shifted along the trajectory.

Figure 2.2: A swarm of trains being guided across PESs (blue) through time via

Ehrenfest trajectories (dotted lines). The basis functions within each train follow

the same trajectory, reducing the randomness of the swarm and allowing for the

reuse of electronic structure information.

In practice, this spacing parameter for basis set trains is found by �rst creating

swarm of basis functions with the lowest compression parameter that generates a

28



2.4 The MCE method

basis set with unitary norm. This number of basis functions then grows by creat-

ing a train for each CS of the swarm with the spacing generally being determined

as the largest spacing that maintains the norm of the basis set as a whole. These

conditions are derived from the fact that for MCEv2, the norm of each individual

con�guration (and therefore the whole basis set) needs to be 1.

Once the basis set is generated successfully, it is possible to propagate several

basis sets in parallel. If these di�erent basis sets di�er only via the initial condi-

tions in the phase space components of the CS then an average of these di�erent

basis sets (often referred to as 'repeats') will in fact mimic the results of a larger

basis set. This allows for many repeats with small basis sets to be performed,

usually in parallel, reducing both the computational cost and the need for ex-

cessive hardware. For many cases, including the Spin Boson model, the way to

separate the overall wavefunction into several "bits" of smaller basis functions is

found through the Harmonic Oscillator density operator, ^� , of the M CS, given

by

�̂ =
Z

jzbath i � (zbath )hzbath j
d2zbath

� M
=

MY

m=1

Z
jz(m) i � (z(m))hz(m) j

d2z(m)

�
; (2.65)

In this equation, d2z(m) = dp( m ) dq( m )

2 represents the standard phase space in-

tegration measure for the harmonic oscillator for the m-th CS associated with

the m-th bath mode. zbath is the usual product of one-dimensional CS multi-

plied together to form a multi-dimensional 'bath' CS. Within the context of a

harmonic oscillator it is possible to use a product of one-dimensional operators to

deconstruct Eqn. 2.65. This operator is itself a product of 1D density operators,

� (z(m)) = � (m)e� � ( m ) jz( m ) j2 ; (2.66)

The key parameter introduced here is� (m) , representing the density matrix.

The width of this matrix is given by the interaction of the frequency of the bath

mode (! (m)) and temperature,

� (m) = e�! ( m )
� 1; (2.67)
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where � is the inverse temperature parameter,� = 1
kbT . These repeats can

then be propagated as swarms (and trains in the case of MCEv2) as shown in

Fig. 2.3, before being averaged to present the results of the larger basis set being

approximated.

Figure 2.3: CS \bits" (basis functions enclosed by dotted circles) are generated

to fully represent the initial wave function. Each \bit" is propagated separately,

allowing e�cient spotlighting of relevant areas of phase space.

The initial conditions of the \bits" are sampled from a distribution around a

given point in phase space, usually the origin (q; p) = (0 ; 0). Each "bit" is later

propagated using a swarm basis set, as shown in Fig. 2.3. All "bits" can be
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propagated in parallel, making MCE highly e�cient. The "bit-by-bit" propaga-

tion has been successfully used for both MCEv1 and MCEv2.

2.4.3 Ab Initio Multiple Cloning

The AIMC method is the Ab Initio extension of MCEv2, taking the ansatz shown

in Eqn. 2.57. While AIMC makes use of all of the sampling techniques men-

tioned in the previous section, it was the introduction of cloning that allowed

the method to accurately simulate non-adiabatic processes of molecules. The

Ehrenfest trajectories that guide AIMC report a great computational cost reduc-

tion over variational trajectories due to moving the basis set along a quantum

averaged psuedo-PES. This simpli�cation works well when the PES are separated

but after crossing a region of non-adiabatic crossing, it's possible the averaged

PES may not accurately represent the whole nature of the diverging 'true' PES.

Therefore the guiding Ehrenfest force may become unphysical and misguide the

basis set and while a su�ciently large number of trajectories and repeats could

still average to the correct result, it is computationally unviable. To rectify this,

cloning allows for the Ehrenfest trajectories to bifurcate in a similar fashion to

the wavefunction. Basis functions that are being misguided can be identi�ed via

investigation of the breaking force for each electronic state I,

F br
I;n = ( an

I )� an
I

h
r r VI �

X

J

(an
I )� an

I r r VJ

i
; (2.68)

which is the di�erence between the averaged force and the force on the elec-

tronic state I for basis functionn weighted by the population of the given elec-

tronic state, in order to only include electronic states with relevant population.

The breaking force for each PES can then be transformed into acceleration via

multiplication with the inverse mass matrix. An increase in this breaking accel-

eration means that the di�erence between the Ehrenfest force and the true forces

is rapidly increasing, suggesting that the approximation no longer holds. When a

basis function is no longer accurately guided an additional basis function is cre-

ated with identical CS and the amplitudes of both the new and misguided basis
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functions become,

j 0
k i = j� k i

0

@ ak
I

jak
I j

j I i +
X

J 6= I

0j J i

1

A ; (2.69)

j 00
k i = j� k i

0

@0j I i +
X

J 6= I

1
q

1 � j ak
I j2

ak
J j J i

1

A ; (2.70)

with both I and J representing di�erent electronic states. From the normal-

isation factors in Eqn. 2.69 it is clear that the summation of the two new basis

functions, j 0
k i ; j 00

k i , results in the original basis function meaning that at the

timestep of cloning the wavefunction as a whole remains unchanged. However,

the basis size has now been incremented by one and the problematic average

of the PES for that original problematic basis function has now been separated

across multiple basis functions and so the resulting dynamics will di�er. In order

to make the cloning procedure generally applicable to a wide range of systems,

an e�ort was made to establish three main conditions of cloning,

1. In order for both of the amplitudes of generated clones to be negligible,

cloning should only concur when there is signi�cant population on more

than one PES. To measure this the width function is de�ned for each basis

function such that,

W =
1

P
k ja(I )

k j4
; (2.71)

therefore cloning should occur when this width function exceeds 2, suggest-

ing that there is population in multiple states.

2. By quantifying the di�erence between the Ehrenfest force,FEhr and the

force acting upon the most populated electronic state,Fmax , as a pseudo

angle, it is possible to clone only trajectories that are signi�cantly misguid-

ing the basis function. If we de�ne this pseudo angle� n as,

� n = arccos

 
2F n

Ehr F n
max

jF n
Ehr j2jF n

max j2

!

; (2.72)
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and then set a condition for cloning to be when� n = �
12, then clones will

be only be generated when there is signi�cant di�erence in the Ehrenfest

force and the max force, suggesting that the trajectory is not being guided

physically.

3. When a trajectory passes through a conical intersection, it is possible that

the previous conditions for cloning can be triggered multiple times, leading

to an excessive yet unhelpful growth of the basis set. To limit this, cloning

should only occur in regions where the electronic states are weakly coupled.

To de�ne these regions we clone only when the following expression,

j
P

I;J (an
I )� an

J d(n)
IJ (V (n)

I � V (n)
J )

j
P

I ja(n)
I j2r Rn V (n)

I

; (2.73)

is below a certain threshold, often given to be 0.05.

While these cloning conditions are not perfectly suitable for each system and

have their own limits, they are generally applicable to a wide range of cases.

AIMC has successfully been applied to multiple di�erent photochemical processes

including electronic and vibrational energy transfer between two- and three-ring

linear poly(phenylene ethynylene) units [76], relaxation of pyridine [173], the pho-

todynamics of ethene [75], vibrationally mediated photodissociation for pyrrole

[77, 174, 175] and most recently a prediction challenge for the ultrafast electron

di�raction of photo-excited gas-phase cyclobutanone [88]. The method has also

been implemented in multiple MD packages [173, 176].

2.5 The Spin Boson Model

The Spin Boson model is a famous model of open quantum systems [177, 178],

which can be applied to many di�erent �elds [179{190]. As the Spin Boson

model consists of two quantum distinct energy wells, it is also possible to frame

the model in the context of computational chemistry, with one well being seen

as a donor state and the other an acceptor state. The bath of the Spin Boson
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model can then be seen as a bath of the nuclear vibrational degrees of freedom.

Within this perspective it is possible to stage the many di�erent regimes of the

Spin Boson model as a testing ground for newly developed dynamics methods

and their extensions. Many such methods have been tested against the Spin

Boson model, though it is challenging to formulate a method that performs well

for all regimes including those of high coupling strength, high dimensionality

and low temperature. The description of the Spin Boson model begins with its

Hamiltonian,

Ĥ =

2

4
HB + HC + � �

� HB � HC � �

3

5 ; (2.74)

where the diagonal Hamiltonian elements consists of sums ofHb (the Hamilto-

nian of the bath), HC (the Hamiltonian of the coupling between the bath and

the system) and� (the energy bias parameter, i.e. twice the gap between the

zero-point energy of the wells.) The o� diagonal Hamiltonian element is �, the

tunnelling parameter. In practice, � is often set to 1 and used as a scaling factor

for the other parameters. The rest of the information for a case of the Spin Boson

model is contained with the bath's spectral density function. A linear power law

relation between the frequency and spectral density (though others exist) is said

to be Ohmic. The Ohmic spectral density of the Spin Boson model is given by,

J (! ) =
�
2

X

m

(C(m))2

2(! (m))2
� (! � ! (m)); (2.75)

In order to make the spectral density more computationally practical and easy

to discretize (as well as to better represent other systems), a cut-o� function is

often applied which changes the behaviour of the spectral density around and

after a characteristic frequency,! c. The exponential cut-o� applied in this thesis

presents an exponential decay after the characteristic frequency. When the ex-

ponential cut-o� is applied it is possible to write the spectral density in terms of

the kondo parameter,ak ,
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Jexp(! ) =
�
2

� k !e
� !
! c ; (2.76)

While the exponential cut-o� is the most popular when testing MCE, others ex-

ist that better suit speci�c systems. Examples of this include the Drude-Laurentz

(Debye) [Lindoy , 191{193] cut o�,

JDL (! ) = 2 ��!




 2 + ! 2
; (2.77)

and the Brownian oscillator [194],

JBO (! ) =

 
�

(! 2 � ! 2
c)2 + 
 2! 2

; (2.78)

where
 2 is the dampening parameter. The decay of the Drude-Laurentz cut-

o� is elongated compared to the exponential cut-o�, leading to a spectral density

that naturally includes higher frequencies of the bath, which is useful for solvent

dynamics. The underdamped Brownian oscillator has a heavy oscillating nature

which is often applied to photosynthetic complexes and nano-mechanical systems.

Both of these cut-o�s can present challenges to di�erent methods, with the long

tail of the Drude-Laurentz cut-o� suggesting there is a long bath correlation time

and that numerical truncation of the bath may prove di�cult. The oscillations

in the Brownian oscillator can cause issues for path integrals and methods that

rely on weak coupling approximations.

While the Spin Boson model is indeed very varied and can present many

di�erent cases, within the Ohmic exponential cut o� regime, the cases can be

partitioned into three main categories of population transfer (which are exem-

pli�ed in Fig. 2.4), based on the coupling parameter (� k). When the coupling

between the system and the bath is su�ciently weak, the population transfer

takes the form of a large number of oscillations with the amplitudes inversely

proportional to � k . If the wells are symmetrical to the point where the zero-point

energies are equal (� = 0), then these oscillations will eventually dampen to an
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Figure 2.4: 3 example cases of the Spin Boson model where the population dif-

ference either oscillates before �nding the equilibrium population (solid red line),

relaxes to the equilibrium population (dashed green line) or undergoes relocalisa-

tion (dashed blue line)

equilibrium population where each well is equally populated. As the coupling in-

creases, the rate of population transfer slows until the oscillations disappear and

the resulting population transfer is that of a smooth relaxation to the equilibrium

population. Finally, with su�ciently strong coupling, it is possible for the Spin

Boson model to undergo relocalisation, where only a small portion of the ini-

tial population is transferred rather quickly before establishing stability. Ideally

a method developed for MD would be capable of accurately converging several

di�erent regimes across multiple di�erent cut-o�s for the Spin Boson model.

In the computational chemistry community, the Spin Boson model is often

thought of as two PES in the form of identical wells, as demonstrated in Figure

2.5. The parameter� can then be thought of as the height di�erence between the

two wells, representing half the shift in zero-point energy. While harder to repres-

ent on a cartoon, the other parameters can also be conceptualised this way with
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Figure 2.5: Conceptual cartoon of the Spin{Boson model represented as two

harmonic potential energy surfaces. The diabatic wells are identical in shape and

separated by an energy o�set of 2� corresponding to the bias between the two

electronic states. In the unbiased case (� = 0 the wells are degenerate).

the coupling � k being a measure of the degree to which each electronic state dis-

places the surrounding environment. In this picture, increasing the system{bath

coupling corresponds to increasing the separation between the minima of the two

potential wells, leading to a larger reorganisation of the bath following a change

in the electronic state. Strong coupling therefore results in signi�cant dressing

of the system by the environment and enhances non-adiabatic and dissipative

e�ects. The characteristic frequency of the bath,! C , controls the curvature of

the wells and thus the timescale on which the environment responds to changes

in the system. High characteristic frequencies correspond to a rapidly responding

(sti�) bath, leading to dynamics that are closer to the Markovian limit, while

low characteristic frequencies represent a slow bath that retains memory of the

system's past evolution. In this way, the characteristic frequency contains and

controls the degree of non-Markovian behaviour present in the dynamics. Within

this thesis, only wells with equal bias are investigated (� = 0), a range of charac-

teristic frequencies and coupling strengths are considered.

2.5.1 The MCE method applied to the Spin Boson Model

When MCE is applied to the Spin Boson model it is necessary to discretize the

continuous bath into modes in order to generate the CS basis functions. This is
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done by rewriting the exponential cut o� spectral density shown in Eqn. 2.76 in

the form,

C(m)2
= wm

2Jexp(! (m))
�� (! (m))

; (2.79)

The density of the frequency,� (! ) is itself given by

Z ! ( m )

0
d!� (! ) = m; m = 1; :::; M; (2.80)

where,

� (! ) = a
Jexp(! )

!
; (2.81)

where the prefactor,a, is

a =
2M

�� k ! c(1 � e
� ! max

! c )
; (2.82)

and ! max is the largest bath frequency considered in the system. It is worth

noting that the form of Eqn. 2.81 is a convenient choice as it has been shown that

given a su�cient number of modes, the functional choice has been shown to be

irrelevant in terms of accuracy [195], only in terms of number of modes required

for convergence. Under this choice of discretization, it is now possible to write

the coupling coe�cients, Cm , between the bath and the system as,

C(m) = ! (m)
r

� k ! c

M
(1 � e

� ! max
! c ); (2.83)

Finally the frequencies of the bath is given as,

! (m) = � ! cln

"

1 �
m
M

(1 � e
� ! max

! c )

#

; (2.84)

While the Hamiltonian given in Eqn. 2.74 is indeed the general form, MCE

requires that any Hamiltonian it is applied to be of the formĤ (z; z� ). This

highlights another strength of MCE because as CS can be de�ned in terms of the

annihilation operator, the two Hamiltonians ĤB and ĤC can be rewritten as,
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hzJ jĤB jzk i = hzJ jzk i
X

m
! (m)(z� (m)

J z(m)
k +

1
2

); (2.85)

hzJ jĤC jzk i = hzJ jzk i
X

m

C(m)

p
2! (m)

(z� (m)
J + z(m)

k ); (2.86)

wherezJ ; zk are multi-dimensional CS andz(m)
J ; z(m)

k are the m-th mode of said

multi-dimensional CS. It is also worth noting that for MCEv2, the breaking force

that is central to the conditions of cloning depends on the di�erence in potential

energy of the electronic states. As this di�erence is always constant in the Spin

Boson model, the equation for the breaking force is reduced to merely being

dependent on the amplitudes. This results in the breaking force for con�guration,

n, in the Spin Boson model as,

F br
SB;n = ja1na2n j2; (2.87)

The maximum breaking force can then be found when the amplitudes are

exactly split between the two wells presenting an image of an Ehrenfest con�gur-

ation straddled between two electronic states giving a maximum value of 0.25. For

this reason, the standard cloning condition for an Ehrenfest con�guration within

the MCEv2 approach to the Spin Boson model is to clone whenF br
SB > 0:249.

2.5.2 Other methods for solving the Spin Boson Model

2.5.2.1 MCTDH

The multicon�gurational time dependent Hartree (MCTDH) approach [56] is a

method often applied to the Spin Boson model that is capable of solving the

model exactly [57, 196, 197]. It does this by writing the wavefunction as the

following ansatz,

j (t)i =
X

J

AJ (t)j� J (t)i =
X

J1

:::
X

Jm

AJ1 ;J2 ;:::;J m (t)� M
k=1 j' k

j k
(t)i ; (2.88)
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where j' k
jk (t)i are single particle functions. These basis functions are a con-

venient tool in MCTDH as they are each capable of representing multiple degrees

of freedom. MCTDH also stands out among the other methods considered in

this thesis as the method does indeed solve the wavefunction with a grid basis,

allowing it to be numerically exact and for that reason has served as a bench-

mark for many other methods, including MCE. However, as with all grid-based

methods, the problematic scaling with degrees of freedom can be computationally

prohibitive. Due to its reliance on a full con�guration interaction over all possible

single particle function combinations, the MCTDH method exhibits exponential

scaling with system dimensionality. For a system with a given M modes and a

given n single particle functions required per mode, the resulting terms are ofnm

length. Therefore when applied to molecular systems it is common for MCTDH

to simulate a reduced dimensionality model.

That is not to say that the MCTDH cannot be applied to systems of high

dimensionality. In fact the Multi-layer MCTDH (ML-MCTDH) [57, 198{200]

does so by replacing the necessity for the full con�gurational interaction across

all single particle functions by representing the single particle functions not by

the combination of primitive basis functions but instead by their own basis set of

single particle functions (which themselves are represented by a primitive basis

set). This process can be repeated several times giving multiple layers, allowing

for the partitioning of weakly coupled degrees of freedom and greatly reducing

the number of cross terms required for calculation. Weak coupling typically

arises when interactions between subsets of coordinates are small compared to

their internal dynamics, for example when di�erent vibrational groups evolve

on distinct timescales or are spatially separated. For a system with six degrees

of freedom and four single particle functions assigned to each degree, standard

MCTDH requires a total of 46 = 4096 con�gurations. If these six degrees of

freedom are able to partitioned into two groups of three then the number of

con�gurations reduces to only 43 + 43 = 128 con�gurations, a total reduction of

32x. The ML-MCTDH ansatz is then given by
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j' k
n (t)i =

X

I

B k;n
I (t)juk

I (t)i

�
X

i 1

X

i 2

� � �
X

i Q ( k )

B k;n
i 1 ;i 2 ;:::;i Q ( k )

Q(k)Y

q=1

jv(k;q)
i q

(t)i ; (2.89)

Single hole functions are then de�ned to show how the groups forming the

wavefunction interact by �xing the group that de�nes the function and then

projecting the whole wavefunction across the remaining degrees of freedom. On

the �rst layer this is written as,

j	 k
n (t)i =

X

j 1

:::
X

j = k� 1

X

j = k+1

:::
X

jp

(t)A j 1;:::jk � 1;jk +1 ;:::;jp � p
l6= k j' l

jl (t)i ; (2.90)

for subsequent layers, concise writing of the single hole functions requires ex-

ploiting their relation to the layer above,

jg(k;q)
L (i );n;r (t)i =

X

r
jv(k;q)

r (t)ij g(k;q)
L (i +1) ;n;r (t)i ; (2.91)

Each layer of the ML-MCTDH method requires its own equation of motion.

As with standard MCTDH this is found via the application of the variational

principle with respect to the coe�cients of that layer to the overall wavefunction,

i j _	 i L 1coef f (t) = Ĥ (t)j	( t)i ; (2.92)

ML-MCTDH has been successful in simulating systems with other 1000 degrees

of freedom as well as multiple challenging regimes of the Spin Boson model.

MCTDH as a framework has also been applied to many cases as well through the

use of multiple extensions such as MCTDH-F [201{203], MCTDH-B [204{208],

MCTDH-X [209, 210] and G-MCTDH [211{215].
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2.5.3 MS, FMS and AIMS

The multiple spawning (MS) framework [61] is a collection of 'Frozen Gaussian'

trajectory based methods that propagate via classical evolution of the phase space

centres of the CS on a single PES while propagating the amplitudes in a quantum

manner. The basic form of the MS ansatz is given by,

	( R; r; t ) =
N (t)X

I =1

CI (t) � I (R; t) � sI (r ; R) (2.93)

It is important to note here that the index for the electronic states,� is the

same as the index for the physical states,' . This is because, contrary to MCE,

the MS framework operates with a multi-set ansatz where each electronic state

has an associated nuclear basis set. The quantum amplitudes are evolved through

the equations,

dCI (t)
dt

= �
i
~

X

J

�
S� 1

�

IJ

h
H IJ � i~ ( _S)IJ

i
CJ (t); (2.94)

using the inverse of the overlap matrix (S� 1) and the matrix representation of

the time derivative operator ( _S) given by the equations,

SIJ = h� I j � J i R ; (2.95)

_SIJ =

*

� I

�
�
�
�
�
@
@t

� J

+

R

; (2.96)

and the Hamiltonian matrix in Eqn. 2.94 has the elements,

H IJ = h� I � sI j Ĥ j � J � sJ i ; (2.97)

The MS framework derives its name from the spawning procedure used to

dynamically grow the basis set. When a basis function enters a region of high
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2.5 The Spin Boson Model

non-adiabatic coupling, a child basis function is spawned on the electronic state

not occupied by the basis function. Conceptually, the idea is very similar to the

procedure of AIMC and in fact was the direct inspiration for cloning. Similar to

AIMC, the fact that MS methods can begin simulations with small basis sets that

increase only when the current basis set is inadequate is a large computational

advantage. In practice the basis function undergoing the spawning is propagated

to the phase space where the coupling is strongest, and then an exact copy of

said basis function is created in terms of classical energy, phase space position

and momentum, adjusting the velocity only. An e�ort is also made to limit the

overlap between the basis set and the new child basis function. Then both the

parent and the child basis function are back propagated in line with the whole

basis set before basis set propagation begins with the additional basis function.

The spawning procedure was originally developed for the same reason as cloning

in AIMC, to allow the basis set to accurately follow a wavefunction undergoing

non-adiabatic processes. However, this condition is not found when MS is applied

to the Spin Boson model as the coupling between the two wells remains constant

regardless of phase space position. A modi�cation of the spawning procedure

was developed for the Spin Boson model that maintained the overlap of the basis

functions on the other well. When a basis function was found to have no overlap

over a certain de�ned threshold (see Eqn. 2.98) then the spawning procedure was

called and a child basis function is created with su�cient overlap, allowing the

method to accurately simulate the zero-temperature Spin Boson model [216]. To

quantify this overlap, the following equation is used:

OI = Max J jh� i j� j ij ; (2.98)

The MS framework is an excellent example of how a method is developed

around a novel idea (multiple spawning in Full MS) before being extended to

an Ab Initio method in the form of Ab Initio multiple spawning [62, 217{219]

and that method being continuously iterated and updated to increase e�ciency

and expand the range of systems considered with scholastic selection Ab Initio

multiple spawning [220] and Ab Initio multiple spawning with informed stochastic
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selection [221] being recently published.

2.5.4 Multiple Davydov Ansatze

A group of methods with great resemblance to MCE is the Multiple Davydov

Ansatze (mDA) methods, which allows application to similar systems (including

the Spin Boson model [222]) and straightforward transference of developments

and extensions. There exists in fact a hierarchy of the methods (hDA) [65, 66]

and the original formulations can be traced back to the 1970s with the concept of

Davydov's solition [223{225]. The largest similarity between the mDA and MCE

is that the MCEv1 ansatz in Eqn. 2.49 is structurally also the ansatz for the

multi-D2 Ansatz (mD2A). While the equations for the evolution of the quantum

amplitudes also employs the same equations in both methods, the methods dif-

fer in the propagation of the CS nuclear basis set. The mD2A method uses fully

variationally derived trajectories for the nuclear basis set where MCE opts for the

computationally cheaper Ehrenfest trajectories. This fully variational approach

would suggest that the mD2A will be able to match the results of MCEv1 with a

signi�cantly reduced number of con�gurations, though not at the same computa-

tional cost as the Ehrenfest con�gurations scale better in terms of dimensionality.

These �ndings were corroborated when both MCEv1 and mD2A were compared

to a Hierarchical equations of motion (HEOM) [226] (which is itself a method

presented for solving the Spin Boson model [227{230]) benchmark when invest-

igating a one-dimensional Holstein molecular crystal model [231]. Both methods

matched accurately with MCE often requiring hundreds of modes compared to

the fully quantum variational basis set of mD2A requiring under 60 con�gurations

(referred to as multiplicity by the authors of the paper). The bene�cial scaling of

MCE however proved to be an advantage as it was able to employ a basis set of

thousands of modes when the cases where approaching the computational limit

of HEOM, which was computationally prohibitive for mD2A.
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2.6 Electronic structure

2.6.1 Hartree-Fock

While Ab Initio MD methods are 
exible in the variety of systems to which

they can be applied, this is dependent on the fact that the electronic structure

information supplied is accurate. This then requires a suitable choice of electronic

structure theory, which similarly to the choice of NAMD methods is a balance

between accuracy and computational cost. However, unlike for the molecular

dynamic community, there exists a hierarchy of electronic structure methods,

often presented as a ladder.

Hartree-Fock [232{235] serves as the bottom rung and is a foundational method

of electronic structure theory. It operates within the BO approximation and

attempts to solve the electronic Schr•odinger equation,

Ĥelecj	 eleci = Eelecj	 eleci ; (2.99)

To do this, an assumption is made that the many electron equation in Eqn.

2.99 can be represented by a series of one-electron equations of the form,

h(x I )� (x I ) = � J � (x I ); (2.100)

For this transformation to occur, it requires also the deconstruction of the

electronic Hamiltonian into many one electron Hamiltonians. From inspection

of Eqn. 2.99, it is simple to imagine this deconstruction of the kinetic energy

to simply be the kinetic energy term of the single electron, and the second term

representing the attraction between nuclei and electrons can also simply be re-

written to the attraction between the nuclei and a given electron. However the

last term, the electron-electron repulsion by de�nition cannot be written in terms

of one electron as it is determined by the distance between multiple electrons. To

bypass this, the mean �eld approximation is invoked and the electron-electron

repulsion is written as the repulsion between a single electron and the average of

all other electrons. Combining these three deconstructed terms yields the Fock

operator given by,
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f̂ = �
1
2

r 2
I �

X

A

ZA

r iA
+ vHF (x I ); (2.101)

where vHF (x I ) is the mean-�eld repulsion experienced by the single electron

x I . The electron Hamiltonian can then be rewritten as a sum of the Fock operator

applied to each single electron,

Ĥelec =
X

I

f̂ (x I ); (2.102)

and so the single electron Schrodinger equation can be now written as,

f̂ (x I )� (x I ) = �� (x I ); (2.103)

For this simpli�cation to hold, the total electronic wavefunction (consisting

of numelec electrons) must be able to be written as a series of single electron

wavefunctions. The natural assumption would be to write them as a simple

product, known as a Hartree product,

	 HP = � I (x1)� I (x2):::� I (xN ); (2.104)

where N is the total number of electrons. This assumption fails however as Eqn.

2.104 violates the Pauli exclusion principle and the anti-symmetrical property

required of the wavefunction. In actuality the Hartree-Fock method has to write

the wavefunction as a so called slater determinant [236],

	 SD (x1; x2; : : : ; xN ) =
1

p
N !

�
�
�
�
�
�
�
�
�
�
�
�
�

� 1(x1) � 2(x1) � � � � N (x1)

� 1(x2) � 2(x2) � � � � N (x2)
...

...
. . .

...

� 1(xN ) � 2(xN ) � � � � N (xN )

�
�
�
�
�
�
�
�
�
�
�
�
�

; (2.105)

Within this representation, each spin-orbital is shown by columns with each

row containing information about only one electron. This approximation of the

wavefunction is not perfect, with Hartree-Fock ignoring dispersion interactions

and struggling to properly account for bond-breaking events. The scaling of the
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Hartree-Fock method can also seen through the growth of these slater determ-

inants, with the method scaling to the orderO(n4), where n is the number of

basis functions. Constructing a more accurate wavefunction via employing a

linear combination of slater determinant results in the con�guration interaction

method, the next rung of the hierarchical ladder. While more accurate it is also

signi�cantly more expensive as N electrons and M spin-orbitals requires a wave-

function written in terms of M !
N !(M � N )! slater determinants, each of which require

the calculations of many two electron integrals.

2.6.2 Density Functional Theory

Another route to obtaining electronic structure information is through DFT [40],

based on two foundational principles set by Hohenberg and Kohn [237],

1. The ground state properties of a system can be found via the systems

electron density,� (x; y; z).

2. The correct ground state density for any given system is one that minimises

the total energy.

As the �rst principle states, any property of a system can be found through

the electron density, allowing us to write the total energy to be minimised as

a functional of the electron density,E(� (x; y; z)). This immediately proposes a

reduction in computational cost as it reduces the degrees of freedom from being

the position of each atom to simply the three spatial dimensions of the density,

however the challenge still remains to minimise the energy functional in order

to �nd the correct electron density. The electron function is of course now also

expressed in terms of electron density,

E[� ] = T[� ] + Vne[� ] + Vee[� ]; (2.106)

The minimisation of this function is not a trivial task, mostly due to the large

number of unknown factors in terms of the kinetic energy and electron-electron

interactions. The solution to this was proposed by Kohn and Sham, where they
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replace the system of interacting electrons with another of 'non-interacting elec-

trons' that is still capable of producing the correct density [238]. This Kohn-Sham

equation has the form (with (x,y,z) being replaced with the usual position vector

r),

�

�
1
2

r 2 + vne(r ) + vH (r ) + vxc(r )
�

 I (r ) = � I  I (r ); (2.107)

wherevne is the typical nuclear-electron attraction,vH is the mean �eld electron-

electron (as in Hartree-Fock) potential andvxc is the exchange correlation poten-

tial. These terms are given by,

Vne[� ] =
Z

vne(r ) � (r ) dr; (2.108)

vH (r ) =
Z � (r 0)

jr � r 0j
dr0; (2.109)

vxc(r ) =
�E xc[� ]
�� (r )

; (2.110)

whereExc is itself a functional representing the exchange-correlation that ac-

counts for quantum e�ects not captured by the other terms, being best described

as the term that captures the unknowns. This functional is therefore itself an un-

known and must be approximated with many di�erent popular choices available.

All terms of the Kohn-Sham equation are dependent on the electron density and

so in order to accurately solve this equation an accurate yet e�cient form of the

density is required. This is done by writing the electronic density as a summation

of basis functions,

� (r ) =
X

I

j I (r )j2; (2.111)

where  I (r ) are the non-interacting Kohn-Sham orbitals. Two of the main

choices that separate di�erent DFT calculates are then the basis set and the

exchange functional. While not every basis set is apt for simulating every system,

there are general trends that the larger the basis set and the more complete its
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formulation, the more accurate the resulting calculations, though at an increased

computational cost.

2.6.3 Basis sets

In order to make the electronic Schr•odinger equation tractable, molecular orbit-

als are expressed as linear combinations of prede�ned functions known as basis

functions, which together form a basis set. By increasing the 
exibility of this

basis (through either increasing the complexity or number of basis functions), the

wavefunction can be represented with increasing accuracy, at the expense of addi-

tional computational cost. The simplest basis set that can be constructed is that

each orbital is represented by a singular basis function, often called a minimal

basis set. To originally do this Slater type orbitals (STO) [239] were employed of

the form,

� n;l;m (r; �; � ) = Nn;l;m;� Yl;m (�; � )r n� 1e� �r ; (2.112)

where Nn;l;m;� is the normalisation constant,Yl;m (�; � ) describes the angular

dependence of the orbital andr n� 1e� �r is the radial part. STOs are often re-

ferred to as a natural basis set as they take a similar form to the hydrogen atom

functionals and so have a decrease in probability as the distance between the

electron and the nucleus increases along with satisfying Kato's cusp condition

[240, 241] (meaning that the wavefunction has a discontinuity in its derivative at

the position of the nucleus).

While these basis functions are based on some chemical truth, they are often

computationally cumbersome. To rectify this the STOs can be written as a linear

combination of primitive Gaussian type orbitals [242] (GTOs) creating the STO-

nG basis sets, wheren is the number of GTOs used to approximate each STO.

The total electronic wavefunction can then be written as a sum of GTOs,

	 =
ST OX

i

(
nX

J

cJ Gi
j ); (2.113)
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where Gi
j is the primitive GTO basis function for the i-th STO. GTOs take

the form

Gn;l;m (r; �;  ) = Nn r n� 1e�r 2
Y m

l (�;  ); (2.114)

The minimal choice of a single STO to represent each orbital is called single-� .

There is of course the possibility of using any given number, n, leading to n-� basis

sets, where each orbital is represented by n basis functions. It is also possible to

construct a basis set that has a split valence, meaning that there is a set number

of primitive GTOs for each electron within an inner shell, and each electron in

the valence shell is represented with higher than single-� . Split valence basis sets

built upon GTOs can be identi�ed via the label N-MPG, where N is the number

of primitive GTOs used for the orbitals in the inner shell, M is the number of

primitive GTOs for the inner valence function and P is how many primitive GTOs

are assigned to the outer valence. The label can also be presented with asterisks,

with one signifying the inclusion of d-type polarization functions for heavy atoms

and two signifying the inclusion of p polarization functions for each hydrogen

atom. Di�use functions have very slow decay with respect to distance allowing

for accurate description of electron density far from the nucleus which is useful for

simulating bond-breaking events. Polarization functions are included to increase

the 
exility in the angular momentum of the basis set, which can bene�t the

description of lone pairs and bond breaking.

A very commonly used basis set is "6-31+G*" developed by Pople [243], taken

as a good compromise between accuracy and computational cost. The label can

be decomposed into (6,3,1,+,*), which can then be understood as follows,

1. 6: 6 primitive GTOs are assigned to the core orbitals.

2. 31: the valence orbitals are assigned 3 GTOs as part of the 'tight' valence

function with an additional GTO forming the 'loose' valence function.

3. +: The inclusion of + adds di�use functions to all non-hydrogen atoms.

4. *: A single asterisk includes d-type polarization functions for heavy atoms.
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2.6.4 Spin-Flip DFT

In the current day, DFT is arguably the most popular approach for solving the

electronic wavefunction, with new functionals being published each year [40].

However it is not without its limitations. When considering (particularly mul-

tiple) excited states, it is possible that standard DFT functionals and methods are

not stable enough for application to simulations that undergo signi�cant struc-

tural changes such as bond breaking events. Similar issues can occur when simu-

lating systems that exhibit strong static correlation due to DFT's reliance on the

exchange-correlation functional. The Spin-Flip approach [244] has a long history

of applications and functions [205, 245{252] via using a more stable reference

state of higher multiplicity (accessible via a single excitation that 
ips the spin of

an electron) to accurate calculate the PES of the target lower spin state, which

may be accessible due to strong correlation e�ects. For example, a triplet states

can be utilised to create a stable PES for a singlet diradical, a system that is

known to cause issues for standard DFT.

2.7 Neutral Dissociation

Most NAMD methods have been applied to some form of photophysics [253, 254].

Last year the community built around photochemical MD took part in a challenge

to predict the outcome of a cyclobutanone experiment, with many submissions

[88{102]. While there is no denying the applications of photochemistry in almost

every �eld of chemistry, from increasing e�ciency of solar cells [81, 82] to photo

catalysis unlocking new reaction pathways [84{87, 90, 255], it is possible that

there are many unsolved areas of chemistry that are overlooked. It is the opinion

of the author of this thesis that neutral dissociation after excitation via electron

impact particularly with regards to plasma is one of those areas. The MD study of

neutral dissociation after excitation via electron impact is a very recent, hopefully

emerging �eld of investigation [118]. The free electron is capable of transferring

not only energy but also angular momentum, resulting in possible excitation

to many excited states. As for most 
uorine-containing organic molecules the
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lowest excited state is triplet, it is possible to say that electron impact often

excites molecules to the lowest triplet state, and there are no selections rules such

as the ones found in photochemistry. To verify this assumption it is possible

to run calculations employing Quantemol's UKMOL+R method to calculate the

electronic state excitation cross-sections for electron impact [256]. To this end,

our group previously investigated two molecules, C3H2F6 and C3H2F4.

Figure 2.6: The excitation cross sections for two molecules, (a) C3H2F4, (b)

C3H2F6. Molecular cartoons are included on each panel. Taken from reference

[118].

Fig. 2.6 shows how for C3H2F4, the triplet states are very convincingly the

dominant spin states, due to the large cross-section that exists around 5 eV, which

can be accredited to the presence of the double carbon-carbon bond (C=C).

However the C3H2F6 molecule, without the C=C bond, presents with two lowest
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cross-sections that appear almost degenerate at the lowest energy that have less

clear separations. The assumption that triplets states are still dominant even

in this circumstance is supported by the fact the three lowest occurring cross-

sections correspond to triplet states and the total cross-section for the triplet

states is larger than for singlet states at low energy.

As the assumption that only the lowest triplet state is needed not necessarily

held for this molecule, AIMC was used to calculate NAMD trajectories, consid-

ering the two lowest triplet states with the population of such trajectories shown

in Fig. 2.7. When the molecule began on the highest triplet state (T2), the

population declined rapidly to the lowest triplet state (T1) within the �rst 50

fs of simulation, and the transfer appears to curtail around a population of 0.2.

Likewise when the simulation begins with the molecule in the T1 state, there is a

quick initial transfer to the T2 state before the populations arrive at practically

the same equilibrium with a T2 population of approximately 0.2. This �nding

supports the fact that even for a molecule that has multiple close lying triplet

states, its dissociation pathways can still be investigated under the assumption

that the dynamics need only include the lowest. As NAMD involves a force

calculation for each electronic state as well a separate DFT calculation for the

electronic coupling, the computational savings are roughly that of three times (as

the cost of the nuclear propagation equations are negligible when compared to

the DFT calculations).

53



2. BACKGROUND AND THEORY

Figure 2.7: Population of the T2 state for C3H2F6 averaged across multiple AIMC

trajectories. Taken from reference [118].

Figure 2.8: Dissociation kinetics for the molecule C3H2F6. AIMC (solid line)

with 2 triplet states is compared with standard MD (dashed line) on the lowest

triplet state. Taken from reference [118].

The AIMC trajectories that were run were compared with those of standard

MD with their dissociation yields plotted in Fig. 2.8. For both the C-C and the

C-F bond types in the molecule, there was very good agreement between both

methods, with both �nding a share of broken bonds for each type of approximately

15 and 8 percent respectively. However, the last bond type in the molecule, C-

H does present a di�erent dissociation yield with the inclusion of the second
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triplet state increasing the share of broken bonds by approximately 10%. The

reason for this di�erence can be inferred from the dissociation kinetics themselves.

For both C-C and C-F the dissociation kinetics are an almost logarithmic with

an initial increase around 10 fs before the rate of dissociation slows down and

continues steady for the rest of the propagation. The dissociation kinetics for

the C-H, however, have over 90% of the dissociations occur within the �rst 10

fs. This means that the majority of the dissociations occur while the molecule is

still relaxing to the lowest triplet state, causing the disparity seen between the

two methods. The understanding of this occurrence allowed for the dynamics

to be performed on the lowest triplet state only under the two following main

assumptions:

1. The electron impact excites the molecule into a triplet state.

2. Any population on a higher triplet relaxes to the lowest triplet state within

a time frame that can be taken to be instant.

Under these assumptions standard MD was also run for the molecule with the

double bond, C3H2F4.

Figure 2.9: Dissociation kinetics for C3H2F4 using standard MD with a simulated

temperature of 5000 K. Taken from reference [118].

The dissociation kinetics for the C3H2F4 molecule in Fig. 2.9 is rather di�erent

than the C3H2F6 counterpart. The bond type with the highest share of broken
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bonds is no longer the C-H bond but instead the C-C bond, accounting for 40%.

Also interesting is that for the initial propagation of approximately 40 fs the

dissociation rate of the C=C bond is actually higher than that of the C-C bond,

suggesting that at least immediately after excitation the C=C bond is weaker

than the C-C bond. The conclusion drawn from this �nding is that it's possible

the excitation is localised around this double bond. That is to say that the energy

gap between the highest occupied molecular orbital (HOMO) of the sigma bond

and the lowest unoccupied molecular orbital (LUMO) of the anti-bonding orbital

results in the lowest triplet state. The dissociative character of the excitation then

causes initial dissociations of the C=C bond. This theory is further supported by

the separation of the share of broken bonds for the two C-F environments. The

C-F at C#1 (a double bonded carbon) presents a much higher dissociation yield,

which follows the theory of excitation being localised on the C=C bond before

the dissociative character of the triplet state impacts closer bonds �rst.

56



2.7 Neutral Dissociation

Figure 2.10: Dissociation kinetics for C3H2F6 using standard MD across a range

of temperatures. Each panel shows the share of broken bonds for 1000 K, 2000

K, 3000 K and 5000 K. Taken from reference [118].

The simulation temperature of 5000 K is too high for direct applications to

industrial plasma. In order to investigate the temperature dependence of neutral

dissociation and how large the trends di�er when approaching low temperature

the MD of C3H2F6 after electron impact was also performed at simulated tem-

peratures of 1000 K, 2000 K, 3000 K and 5000 K with the dissociation yields of
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several bond types across these temperatures shown in Fig. 2.10. The overall

trends between the bond types remains the same, with the dissociation kinetics

of C-H bonds appearing independent of the temperature, suggesting that the C-H

bond is very weak in the triplet state. The initial rate of dissociation for the C-C

bond halves between 1000 K and 5000 K with there being almost no dissociations

of the C-C bond after 10 fs, meaning all the C-C bond breaking events occur as

part of the initial excitation and the generated initial momentum of the traject-

ory. A similar e�ect occurs with the C-F bonds but to a larger extent, to where

at 1000 K they make up less than a percent of the share of broken bonds.

The investigation of these two molecules through MD has laid a very im-

portant foundation for the investigation of neutral dissociation in plasma after

excitation via electron impact. It also serves as a proof-of-concept that a�ordable

yet accurate dynamics of this process can be achieved when applying simplifying

assumptions. C=C bonds dissociating more rapidly than single bonds as found

in the MD simulations has been reported a few times experimentally but not

investigated thoroughly [257]. The application of MD allows for the investigation

of many molecules within an e�cient time frame due to removing the need of

redesigning the experiment. This tool can therefore be used to discover similar

trends among functional groups and molecules, ultimately aiding in the design of

a rule set for triplet state dissociation, a thus far understudied �eld in the MD

community.
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Neutral dissociation calculations for use

in Plasma Etching
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PLASMA ETCHING

While the plasma industry has many applications, particularly in areas of medi-

cine [258, 259], this thesis concentrates entirely on the application of plasma to

the semiconductor industry, where the plasma is used for two main processes,

silicon etching and deposition. Both processes require e�cient generation of spe-

ci�c radicals. For silicon etching, 
uorine-containing radicals are required to

remove the substrates from the wafer and etch the required pattern. In order to

generate this 
uorine radical containing plasma, industry often turns to the use

of PFAS molecules, which are environmentally concerning. Therefore there ex-

ists a two-fold motivation behind the search for replacement plasma precursors,

namely that they are more environmentally friendly but also more selective in

their processes. This search can be expedited by a better understanding of the

dissociation pathways of PFAS molecules. As it is unable to be studied through

experiments, neutral dissociations remain a large gap in the knowledge base. MD

simulations could provide insights into these otherwise hidden processes and help

understand the mechanisms and determining factors of the neutral dissociation

pathways. Potential replacements for certain plasma precursors molecules that

have been historically popular with industry, such as C4F8, have been invest-

igated in recent years, comparing wafer etch rates to scout for plasma options

with a lower global warming potential. Their dissociation pathways were also

analysed via mass spectrometry, providing insight into the dissociation of the

important plasma molecules. If MD simulations can reproduce key �ndings from

these experiments and identify trends of neutral dissociation, it would present a

big step forward for the plasma community, as well as provide a whole new area

of investigation for the MD community.

3.1 Electrophore Model for dissociation after ex-

citation via electron impact

As discussed in section 2.7, there has been a recent novel application of NAMD

to neutral dissociation in plasma [118]. In this paper it was shown that for the

molecules considered the triplet states were dominant, an e�ect which has been
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found in other theoretical studies of plasma [113]. The most interesting �nding

of the paper is proximity to double carbon-carbon bonds (C=C) increases the

dissociation yield of a bond relative to other bonds of the same type. In fact,

at the beginning of the propagation, the rate of dissociation of the C=C bond

was higher than the single bond equivalent (C-C). This suggests that the energy

gap between the� -orbital of the double bond and the corresponding anti-bonding

orbital localises the excitation of the molecule to the C=C bond. This localisation

can be seen as the electron impact excitation equivalent to the chromophore

groups within photo-excitation. These groups that localise the electron impact

excitation are similarly determined by speci�c energy gaps and often involve areas

of high electron density and therefore can be named electrophores. An atom that

could play the role of an electrophore is the oxygen atom. The lone pairs on the

oxygen atom present a similar energy gap to the C=C bond and in essence the

oxygen atom electrophore can be conceptualised as doubled bonded to itself. Fig.

3.1 shows how the excitation of the electron from the� -orbital in a C=C bond

is fairly similar to that of the excitation of the non-bonding orbitals in a C-O-C

bond.

Molecules containing oxygen have been investigated as plasma molecule re-

placements [RN759 , 105, 106, 260] and as such understanding of how oxygen

a�ects the neutral dissociation pathways of these molecules would be a great

boon to the plasma industry. Understanding electrophores and the role they play

can serve a key role in the prediction of neutral dissociation pathways due to the

localisation of excitation. It is important to identify what can serve as an elec-

trophore, and how electrophores a�ect the neutral dissociation of the molecule.

To the best of the author of this thesis' knowledge, there is only one other MD

investigation into triplet state dissociation after electron impact [116], but the

study is not regarding a industry relevant molecule. To this end, this chapter at-

tempts to establish some foundational preliminary trends for triplet state neutral

dissociation in plasma through the lens of the electrophore model.

To achieve this, ab initio MD simulations will be run for several molecules.

It is worth noting that the vast majority of the molecules considered in this

61



3. NEUTRAL DISSOCIATION CALCULATIONS FOR USE IN
PLASMA ETCHING

Figure 3.1: Molecular orbital digram showing how the energy gaps between the

LOMO and HUMO allow the C=C bond and the oxygen atom to act as an

electrophore, localising the triplet state excitation.
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3.1 Electrophore Model for dissociation after excitation via electron
impact

Figure 3.2: A schematic of the MD simulation process. A molecule is excited via

electron impact (at the electrophore), and given thermal energy. The dissociation

of the molecule is then captured through MD.

thesis will be simulated applying the assumption that, due to the presence of an

electrophore separating the presence of the lowest triplet and the behaviour of

higher triplet states relaxing rapidly, only the lowest triplet state is required to

accurately propagate the trajectories. Therefore while both methodology and the

code to run the simulations have been developed with AIMC in mind, the method

more closely resembles the classical MD presented in Section 2.3 than the MCE

family of methods.

Conceptually, a molecule is excited instantly to the lowest triplet state and

given appropriate thermal energy to generate the momenta. Once initial condi-

tions have been generated, the molecule is then propagated on the lowest triplet

state using a standard Verlet algorithm for 500 femtoseconds (fs). A bond is taken

to be broken once its bond length exceeds 5 Bohr, enabling the analysis of the

dynamics, showcasing both dissociation yield and the corresponding dissociation

kinetics. Further information on the propagation and the code used to perform

the simulations can be found in the appendix. A cartoon of the procedure is

shown in Fig. 3.2.
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3.2 Copmutational details

All electronic structure calculations presented in this thesis were performed using

DFT as implemented in QChem. The triplet excited states were described using

standard DFT or SF-TDDFT depending on the molecule's requirements. Unless

otherwise directly stated in the section, all calculations employed the B3LYP

functional with the 6-31G*+ basis set (unless otherwise stated in section 3.5.3.

3.2.1 Generation of the initial conditions

To generate appropriate initial conditions, the initial excitation of the molecule

is assumed to be vertical in a Franck-Condon sense, meaning that the equilib-

rium geometry of the singlet state is an appropriate starting geometry for all

trajectories. Once the equilibrium geometry is obtained from an optimising elec-

tronic structure calculation, the vibrational modes are sampled to generate initial

momentum based on the Boltzmann distribution at the speci�ed temperature.

Therefore the momentum for each atom can be written as,

Pj;k = mj �
nmodX

i

A j;i � vi;k (3.1)

wherei is the mode index andj the atom index. A j;i is the three dimensional

mode displacement matrix. The mode space velocities,vi;K are generated ran-

domly and scaled in accordance with the temperature and the e�ective mass of

the modes,M ef f;i ,

vi;k = rn;i;k =

s
2T

M ef f;i
; rn;i;k � N(0; 1) (3.2)

where,

M ef f;i =
nX

j

mj jjA j;i jj 2 (3.3)

It is important to note that temperature enters the dynamics exclusively

through the sampling of the initial nuclear momenta. As a result, any invest-
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igation into temperature e�ects requires regeneration of the initial conditions

rather than modi�cation of the propagation algorithm itself.

3.2.2 Propagation equations

The propagation algorithms used throughout this thesis is based on algorithms

developed within AIMC. The computational implementation can be split into two

main sections. The �rst is a preliminary step that updates both the position and

momentum of the molecule. The second is a correction step that adjusts the mo-

mentum only. There are several equations and processes however that are shared

between steps. The �rst being the construction of the electronic Hamiltonian.

This Hamiltonian is a Hermitian matrix with dimensions equal to the number of

PES considered and where the diagonal elements take the form,

Ĥ ii
elec = ESCF (i ) + 77:67785291 (3.4)

where theESCF (i ) is the calculated SCF energy for thei � th electronic state.

The other matrix elements takes the form

Ĥ ij
elec = � i (

X
V � Cij ) (3.5)

Ĥ ji
elec = � Ĥ ij

elec (3.6)

Where V is the velocity of the atoms (in bohr units per atomic time unit)

and Cij are the coupling matrix elements relating toi � th and j � th electronic

state. For all MD simulations considered in this thesis outside of section 4.4, all of

the molecules are simulated on only the lowest triplet PES and so the electronic

Hamiltonian collapses to a vector with the value of Eqn. 3.4. A second order

Magnus expansion is needed to estimate the time evolution operator by taking

an input of two electronic Hamiltonians,

Umag2(Ĥelec;1; Ĥelec;2; � t) = eĤ � t � t � eĤ tr � � t (3.7)
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where,Ĥ tr is the trace matrix found by calculating the average of the diagonal

values of the two electronic Hamiltonians multiplied through the identity matrix,

Ĥ tr =
X

i

(Ĥ ii
elec;1 + Ĥ ii

elec;2)I (3.8)

and Ĥ � t is the average traceless Hamiltonians throughout the timestep given

by,

Ĥ � t =
Ĥelec;1 + Ĥelec;2

2
� Ĥ tr (3.9)

It is worth mentioning that Ĥ � t remains a matrix and so the current imple-

mentation for matrix exponentiation is the Pad�e approximation. The �nal object

shared between both propagation steps is the Ehrenfest force vector which is cal-

culated as a function of the amplitudes, forces, energy and the coupling of the

molecule.

FEhr =
NStatesX

i

f i � A i +
X

i

X

i 6= j

2Re(A i A j )(E i � E j ) � Cij (3.10)

WhereA i is the amplitude for the i-th electronic state,E i is the SCF energy for

the i-th electronic state andf i are the forces calculated via electronic structure.

The preliminary propagation step occurs before the electronic structure is run

in that timestep and so the data is used is the electronic structure generated in

the last timestep as it pertains to the current geometry of the molecule. As a

result the second order magnus expansion of the time evolution operator is based

entirely on a singular electronic Hamiltonian resulting in the evolution of the

amplitudes being given by,

Ap = Umag2(Ĥelec;1; Ĥelec;1; � t)A0 (3.11)

The preliminary propagation step ends with the updating of the coordinates

and the momentum according to the Verlet algorithm,

X p = X 0 + V 0� t +
F 0

Ehr

2M
(� t)2 (3.12)
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Pp = P0 + FEhr � t (3.13)

The correcting propagation step occurs after the calculation of the electronic

structure for the timestep. In order to accurately capture the evolution of the

amplitudes throughout the timestep it is common to split the timestep into ten

slices in order to properly calculate the Ehrenfest force. The �nal force vector

used to correct the momentum is a sum of these slices.

F Corr
Ehr =

10X

s
FEhr;s (3.14)

To begin iterating over the slices, temporary values are �rst established,

A temp = Umag2(Ĥelec;1; Ĥelec;1;
� t
20

)A0 (3.15)

E temp
SCF = 0:95E p

SCF + 0:05E 0
SCF (3.16)

f temp = 0:95f p + 0:05f 0 (3.17)

Ctemp = 0:95Cp + 0:05C0 (3.18)

the rest of the slices are then calculated by adjusting the weights of the original

and preliminary values,

Ĥelec;s =
sĤelec;2 + (10 � s)Ĥelec;1

10
(3.19)

As = Umag2(Ĥelec;s; Ĥelec;s;
� t
10

)A0 (3.20)

E s
SCF = (0 :1s + 0:05)E p

SCF + (0 :95� 0:1s)E 0
SCF (3.21)

f temp = (0 :1s + 0:05)f p + (0 :95� 0:1s)f 0 (3.22)
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Ctemp = (0 :1s + 0:05)Cp + (0 :95� 0:1s)C0 (3.23)

Once all slices have been calculated and summed to �nd the correcting force

vector, the momentum is then corrected,

P1 = P0 + F Corr
Ehr � t (3.24)

The values that have been calculated at the end of the timestep (including the

electronic structure forces) then become the starting point of the next timestep

and used for the preliminary propagation step. This propagation loop continues

until the �nal timestep has been reached.

3.2.3 Results Processing

Once a trajectory has been �nished, the coordinates are scanned in order to �nd

the �rst timestep at which a bond exceeds a length of 5 Bohr. These timesteps are

then collated and organised into both speci�c bond and bond type. The plotting

of the number of dissociation occurrences over the number of that bond type

present as a function of time allows for the inspection of dissociation patterns and

identi�cation of weak bonds. The general sequence is to plot the dissociations of

each bond type (eg. C-C vs C-F vs C-O) before later investigating individual bond

environments (grouping all C-F bonds based on which carbon they are bonded

to). Unless otherwise stated, all dissociation kinetics shown in this chapter use

the dissociation de�nition and normalisation described in the caption of Figure

3.5.

3.3 Simulation of PFAS molecules as potential

replacements of C 4F8

C4F8 (speci�cally the cyclic isomer, octa
uorocyclobutane) has been used in the

plasma industry in order to etch silicon wafers, speci�cally in the deep reactive

ion etching (DRIE) processes. The CFx radicals formed by its dissociation allow
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for the formation of a �lm that is both appropriately selective and capable of

high anisotropic etching, causing deep but narrow etching sites. This is a huge

advantage in a �eld whose advancements continually demand the plasma be able

to etch smaller and smaller features onto the silicon wafer. However while suc-

cessful, C4F8 is also a potent greenhouse gas, with a global warming potential

(GWP) exceeding 8,000 and an atmospheric lifetime spanning thousands of years,

prompting the industry to develop processes to limit the environmental e�ects.

One such process is atomic layer etching (ALE), which o�ers precise, layer-by-

layer material removal while reducing the volume of etchant gases required [103,

107]. However another solution would be to replace the C4F8 precursor with a

molecule with a lower GWP but similar e�ectiveness in terms of silicon wafer etch-

ing. Such molecules (particularly those containing oxygen) are currently being

investigated by experimental groups. It is from these investigations into poten-

tial replacements that the molecules simulated in this chapter are sourced with

the aim of establishing trends and investigating whether the oxygen atom truly

acts as an electrophore in practice along with any other trends observed in the

dissociation pathways.

3.3.1 n-C 4H 3F7O & i-C 4H 3F7O

The molecules 1,1,1,2,2,3,3-hepta
uoro-3-methoxypropane (n-C4H3F7O) and 1,1,1,2,3,3,3-

hepta
uoro-2-methoxypropane (i-C4H3F7O) are two of three isomers of C4H3F7O

that have been investigated as low GWP replacements for C4F8 and other stand-

ard plasma ingredients [106, 260]. The two molecules are positional ether isomers

that di�er by the position of the oxygen atom, with n-C4H3F7O having the oxy-

gen atom at the end of the carbon chain, and i-C4H3F7O having the oxygen atom

in the centre of the molecule.

The QEC calculations performed for i-C4H3F7O in Fig. 3.3 show that excit-

ation to the triplet state after electron impact is heavily dominant as the two

lowest cross-sections observed corresponding to triplet states, with the lowest

triplet state having a higher cross section across all energy ranges considered.

For the case of n-C4H3F7O in Fig. 3.4, the lowest lying cross-section corresponds
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Figure 3.3: Excited state cross-sections generated via QEC for i-C4H3F7O after

electron impact.

Figure 3.4: Excited state cross-sections generated via QEC for n-C4H3F7O after

electron impact.
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to a triplet state, with the second lowest being attributed to a singlet. However,

at least up to 15 eV, the triplet states cross-sections are dominant across the

energy range, with a signi�cant gap between both triplet states. Knowing this

it is possible to continue the two main assumptions of Section 2.7 and perform

the dynamics only on the lowest triplet state. These 
uoroether isomers are of

interest due to the high number of 
uorine bonds present in the molecules, sug-

gesting that there is potential for a wide range of 
uorine containing radicals to

be formed upon dissociation after excitation via electron impact. The fact that

the molecules contain an oxygen atom contributes to the low GWP and is also

a point of interest due to the potential role of an electrophore that the atom

could play in determining the dissociation pathways from the triplet state. Upon

initial inspection of the molecules and application of the electrophore model, we

can assume that the dissociation pathways undertaken after excitation to the

triplet state via electron impact will di�er, as the key di�erence between the two

isomers is also the key aspect of determining dissociation, namely the position of

the electrophore.

While the dissociation pro�les of the two molecules are fairly similar, there still

remain several di�erences. The dissociation yields of almost all bond types are

higher in i-C4H3F7O (shown in Fig.3.5) when compared to n-C4H3F7O (shown

in Fig.3.6) with the exception of the C-C bonds. In both isomers, the C-H

bonds dissociate often and almost always within the �rst 25 fs, after which the

dissociation kinetics plateau signi�cantly. In n-C4H3F7O, the C-H bonds have a

dissociation yield of 27% increasing to 35% in the more symmetrical i-isomer. As

multiple bonds breaking on the same atom is discouraged, in i-C4H3F7O roughly

one C-H bond dissociates per trajectory. While the C-O and C-C bonds have high

dissociation yields in both isomers (with them breaking approximately equally in

n-C4H3F7O by 500 fs), the C-O bonds do break notably earlier in the propagation,

suggesting that the localisation of the triplet state is in fact around the oxygen

atom and therefore its dissociative character a�ects oxygen containing bonds

�rst before spreading throughout the molecule. The dissociation yield of the

C-O bonds also increases to 43% in the i-isomer compared to 35% in the n-
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Figure 3.5: Dissociation kinetics of i-C4H3F7O for each bond type, obtained from

400 independent trajectories propagated on the lowest triplet potential energy

surface at 5000 K. A dissociation event is de�ned as the �rst timestep at which

a bond length exceeds 5 Bohr. Kinetics are normalised by the total number of

bonds of each type present in the molecule.

72



3.3 Simulation of PFAS molecules as potential replacements of C 4F8

Figure 3.6: Dissociation kinetics of n-C4H3F7O for each bond type over 400 triple

state trajectories at 5000 K. A dissociation event is de�ned as the �rst timestep

at which a bond length exceeds 5 Bohr. Kinetics are normalised by the total

number of bonds of each type present in the molecule.

isomer. The C-F bonds are the bonds with the lowest dissociation yield in both

molecules, though it does double from 4.1% in n-C4H3F7O to 8% in i-C4H3F7O.

The overall increase in the number of dissociations can be attributed to the central

electrophore in i-C4H3F7O having more nearby bonds to a�ect.

3.3.1.1 C-O bonds

Not only do the overall dissociation yields of the C-O bonds in each molecule

di�er, there are also di�erences in the individual dissociation yield of each C-O

bond within both molecules. Fig. 3.7 shows that the dissociation of the C#2-

O bond accounts for over 60% of the C-O dissociations in i-C4H3F7O, with a

dissociation yield of 55% where as for n-C4H3F7O (see Fig. 3.8) the two C-O

bonds in the molecule dissociate approximately equally with dissociation yields

of 35%. This di�erence can be explained via the central oxygen changing the

resulting radical created following the cleavage of the C#2-O bond, as having

the radical in the centre of the carbon chain is more stable than the radical
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Figure 3.7: Dissociation kinetics of i-C4H3F7O for each C-O environment over

400 triple state trajectories at 5000 K. A dissociation event is de�ned as the �rst

timestep at which a bond length exceeds 5 Bohr. Kinetics are normalised by the

total number of bonds of each type present in the molecule.

Figure 3.8: Dissociation kinetics of n-C4H3F7O for each C-O environment over

400 triple state trajectories at 5000 K. A dissociation event is de�ned as the �rst

timestep at which a bond length exceeds 5 Bohr. Kinetics are normalised by the

total number of bonds of each type present in the molecule.

74



3.3 Simulation of PFAS molecules as potential replacements of C 4F8

forming on the terminal carbon, as is the case after the C#3-O bond dissociates

in the n-isomer. In fact, the dissociations of the C#4-O bonds are similar in

both molecules with dissociations yields of 31% and 33% for i-C4H3F7O and n-

C4H3F7O respectively. The kinetics of the C#4-O bond are also similar with

the majority of bond dissociation events occurring within the beginning of the

propagation. This is due to the fact that in both molecules, the dissociation of

the C#4-O bond is competing with the C-H bonds which dissociate rapidly. As it

is discouraged for a single atom to experience multiple dissociation events within

the same trajectory, the C-H bonds act as a limiter for the dissociation of the

C#4 bond in both molecules.

3.3.1.2 C-C bonds

Figure 3.9: Dissociation kinetics of i-C4H3F7O for each C-C environment over

400 triple state trajectories at 5000 K. A dissociation event is de�ned as the �rst

timestep at which a bond length exceeds 5 Bohr. Kinetics are normalised by the

total number of bonds of each type present in the molecule.

The symmetrical isomer i-C4H3F7O predictably shows approximately equal dis-

sociation of the two C-C bonds in Fig. 3.9. There is no di�erence between
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Figure 3.10: Dissociation kinetics of n-C4H3F7O for each C-C environment over

400 triple state trajectories at 5000 K. A dissociation event is de�ned as the �rst

timestep at which a bond length exceeds 5 Bohr. Kinetics are normalised by the

total number of bonds of each type present in the molecule.

the dissociation of the two bonds during the initial propagation and at 500 fs

the C#2-C#3 bond represents 53% of the C-C dissociations in i-C4H3F7O. The

n-C4H3F7O molecule presents a more interesting case as there is a signi�cant dif-

ference between the dissociation yields of the two C-C bonds shown in Fig. 3.10.

The C#2-C#3 bond accounts for over 60% of the dissociations in the n-isomer.

This makes sense in accordance with the electrophore model as the triplet state

excitation is localised around the electrophore oxygen atom. This results in its

dissociative character more greatly a�ecting the bonds closest to the oxygen atom

and also causing the dissociations to occur more rapidly with the C#2-C#3 bond

experiencing more dissociations within 100 fs than the C#1-C#2 bond dissociates

across the whole propagation of 500 fs.

3.3.1.3 C-F bonds

Likewise the dissociation yields of the individual C-F environments in both mo-

lecules can be predicted via their proximity to the oxygen atom. For i-C4H3F7O,
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Figure 3.11: Dissociation kinetics of i-C4H3F7O for each C-F environment over

400 triplet state trajectories at 5000 K. A dissociation event is de�ned as the �rst

timestep at which a bond length exceeds 5 Bohr. Kinetics are normalised by the

total number of bonds of each type present in the molecule.

Figure 3.12: Dissociation kinetics of n-C4H3F7O for each C-F environment over

400 triplet state trajectories at 5000 K. A dissociation event is de�ned as the �rst

timestep at which a bond length exceeds 5 Bohr. Kinetics are normalised by the

total number of bonds of each type present in the molecule.
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Fig. 3.11 shows that the 
uorine atom bonded to the C#2 carbon is very close to

the electrophore oxygen atom and therefore the environment has the highest disso-

ciation yield, with a relatively high yield of 15%, with the single bond representing

27% of all C-F dissociations in i-C4H3F7O. However the other two environments,

C#1-F and C#3-F are not symmetrical despite appearing so in the molecule

cartoon, due to an artefact of the simulations. As each trajectory begins with

the optimised singlet state geometry, the molecule begins from a 'frozen' state,

contrary to the real world where the bonds surrounding C#2 would be constantly

rotating. Table 3.1 shows that the C#1-F group has consistently less distance

between the 
uorines and the methyl group. This steric factor in
uences dis-

sociations causing the C#1-F environment to dissociate slightly more than the

C#3-F. This theory is further supported by the fact that the 
uorine bonded

C#1 with the shortest di�erence to the hydrogens has the highest dissociation

yield of all C-F bonds barring the C#2-F 
uorine. As the C-F bond is rather

strong in the triplet state, the dissociation yield of each 
uorine in the C#1-F

and C#3-F is not that large, with yields of 7.5% and 6% respectively.

Table 3.1: Distances from 
uorine atoms to hydrogen atoms for 
uorines attached

to C#1 and C#3 (in Bohr).

Fluorine Group Distance 1 Distance 2 Distance 3 Average

F attached to C#1 6.13 6.81 10.07 7.67

F attached to C#3 9.79 9.47 10.80 10.02

The n-C4H3F7O isomer has a much simpler pro�le in terms of C-F dissociations

in Fig. 3.12. The order for the environments is determined entirely by the

proximity to the electrophore. The C#3-F environment on the carbon bonded to

the oxygen atom accounts for 52% of all C-F dissociations. It is also important to

take into account not only the number of dissociations in a vacuum but also within

the context of the dissociation pathways. The dissociation of a bond can heavily

discourage the breaking of another bond involving those same atoms. Within

this perspective, it is possible to further state the power of proximity to the

electrophore on the dissociation of neighbouring bonds as the C-F environments
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that dissociate the most are bonded to the carbons who already experience a

higher number of dissociations due to more dissociative C-C and C-O bonds. In

the case of i-C4H3F7O, the C#2-F environment has a much higher dissociation

yield while bonded to the central carbon which can experience either C-C bond

breaking (as opposed to the other C-F environments only competing with one

C-C bond each) as well as the C#2-O bond which has the highest dissociation

yield in the molecule.

3.3.1.4 Temperature dependence

The temperature of simulations being 5000 K is vital for the molecules to dissoci-

ate rapidly enough to generate a su�ciently populated dataset to allow discussion

of dissociation pathways. However this temperature is not reasonably suited to

be a direct comparison to experimental temperatures. In order to investigate

whether the trends found in the 5000 K simulations continue, it is possible to

�nd the temperature dependence of the molecules via additional simulations at

4000 and 3000 K for which the dissociation yields are shown in Fig. 3.13 and

3.14 for i-C4H3F7O and n-C4H3F7O respectively. As an increase in temperature

greatly increases the initial kinetic energy of the molecules, it is unsurprising that

the 5000 K simulations resulted in the highest number of dissociations. This trend

continues with 4000 K dissociating more than the 3000 K trajectories, with a few

exceptions. In n-C4H3F7O, there is an increased number of C-H dissociations

compared to at 3000 K. Fig. 3.8 seems to con�rm that the initial dissociations

of the C#4-O bond are competing with the C-H bonds and a reduction of that

bond breaking via a decrease in temperature allows for more C-H dissociations to

be the �rst bond broken on C#4. The same e�ect can be seen in i-C4H3F7O as

the reduction in C-O and C-C bonds allow for a greater number of dissociations

of the C-H and C-F bonds at 3000 K than 4000 K. In both molecules, the rapid

initial dissociation character of the C-H and C-O bonds is preserved, suggesting

that the localisation around the oxygen atom is not temperature dependent and

is in fact a product of being an electrophore.

There are not only shifts in the dissociation yields at di�erent temperatures,
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Figure 3.13: The temperature dependence of the dissociation kinetic for C-F

(top-left), C-C (top-right), C-H (bottom-left), C-O (bottom-right) in i-C 4H3F7O.

Three temperatures, 3000 K (dotted line), 4000 K (dashed line) and 5000 K (solid

line) are compared.

80



3.3 Simulation of PFAS molecules as potential replacements of C 4F8

Figure 3.14: The temperature dependence of the dissociation kinetics for C-F

(top-left), C-C (top-right), C-H (bottom-left), C-O (bottom-right) in n-C 4H3F7O.

Three temperatures, 3000 K (dotted line), 4000 K (dashed line) and 5000 K (solid

line) are compared.
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Figure 3.15: Temperature dependence of the dissociation kinetics of di�erent C-F

environments in the i-C4H3F7O molecule. The plot shows the proportion of total

C-F dissociations attributed to each C-F environment.

there are also changes within the bond types, with each individual environment

accounting for a di�erent proportion of dissociations. For the dissociated C-F

bonds in Fig. 3.15, the methyl group steric factor discussed earlier causes the

C#1-F group to dissociate more than the C#3-F group at all temperatures.

Due to the higher number of 
uorines in each CF3 group, they have a higher

proportion of C-F dissociations than the C#2-F 
uorine at 5000 K. However as

the temperature decreases it becomes harder for a C-F bond to dissociate and so

the C#2-F singular bond closest to the electrophore increases to 47% of all C-F

bond dissociations,

The dissociations in the C-O environments in i-C4H3F7O also have shifting

proportions across the di�erent temperatures in Fig. 3.16. While the C-O bonds

do move to dissociating more evenly at 4000 K, the di�erence in dissociation

shifts back to almost approximately the same propagation seen at 5000 K when

the temperature is further decreased to 3000 K. In fact the dissociation yield

of the C#2-O bond increases when the temperature decreases from 4000 K to

3000 K. The increase in the proportion of C#4-O bonds at 4000 K can be seen

due to the dissociation yield of the C-H decreasing by over 10% which at 5000

K was acting as a limiting factor of C#4-O dissociation. This increase could
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