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Abstract

Zonal flows are of central importance for the confinement and therefore perfor-
mance of future fusion reactors that are based on the idea of toroidal magnetic
confinement. By taking energy out of turbulent fluctuations and by shearing
turbulent eddies apart, these flows reduce the radial turbulent transport which
is responsible for the majority of the heat and particle losses in tokamaks and
optimised stellarators.

Turbulent transport properties are known to be strongly affected by plasma
shaping. Yet not all origins are identified, and one key missing gap in our
understanding is the spatial distribution of the nonlinear drive of zonal flows
due to Reynolds stress. In this work we show that this spatial distribution
is generally non-trivial and generally not correlated with the distribution of
turbulent fluctuations, for both axisymmetric and non-axisymmetric shaping
of the nested toroidal surfaces. In particular, it is found that the zonal flow
drive peaks away from the outboard midplane, where turbulent fluctuations are
usually the strongest.

In pursuit of combining the advantages of tokamaks and stellarators and
to bridge the gap between them, a new method was developed to optimise
three-dimensionally perturbed tokamak equilibria for quasi-axisymmetry, strong
enough for key stabilising benefits of stellarators to be expected. We examined
the general turbulent properties in this continuous parameter space from toka-
maks to stellarators, and showed that the zonal flow drive envelope here also
is non-trivial, developing additional local maxima due to the localised three-
dimensional shaping. Further, by extending the analysis to more traditional
stellarators, the zonal flow drive is also shown to be non-trivial in the most
unstable flux tube of the largest stellarator experiment, Wendelstein 7-X.

Finally, we derive and discuss how the Reynolds stress analysis can be gener-
alised to the gyrokinetic nonlinearity, describing the zonal flow drive with kinetic
effects.
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Introduction

1.1 Toroidally confined plasmas for fusion
energy

The economic flourishing of humanity is tightly coupled to the availability of
abundant energy. Controlled thermonuclear fusion, when achieved, can provide
base load electricity that is carbon free, produces negligible radioactive waste
and uses abundant fuel sources. When nuclei of light elements are combined
or fused to form heavier elements, an excess of energy is released which can be
captured®. The fusion reaction with the highest likelihood is the one between
deuterium and tritium?, two heavier isotopes of hydrogen. When both fuse, a
helium nucleus (alpha particle) and neutron are created as well as an excess of
energy,

H? + H? — Hej +n + 17.6 MeV. (1.1.1)

The excess energy of 17.6 MeV per reaction is released in the form of kinetic
energy, with 14.1 MeV going to the neutron and 3.5 MeV to the alpha particle.
Deuterium is naturally occurring in water, and tritium can be produced (or
bred) within the fusion reactor by capturing the neutron in a so-called breeder
blanket that surrounds the volume in which the reaction takes place. There
the neutron first reacts with lithium to produce tritium before heating up water
which generates the electricity through a conventional steam cycle. The fusion
reaction 1.1.1 requires high temperatures since nuclei generally repel each
other via the Coulomb force, unless they come very close to each other and
attract each other via the strong nuclear force. Such incidental proximity can be
achieved through high temperatures and thanks to the tunnelling effect. Thus,
for the likelihood of the deuterium-tritium fusion reaction to be maximised both
species must be in the temperature range around 10 keV which corresponds to
approximately 100 million degrees Celsius. At these temperatures, electrons are
no longer bound to their nuclei and a fluid of electrons and ions is formed. This

Heavy elements on the other hand must be split for energy to be released, corresponding to
the more well-known method of obtaining energy from the reaction of nuclei: nuclear fission.

2Strictly speaking this reaction is only the most likely up to temperatures of ~ 500 keV. This,
however, is such a large value that most designs aim to operate well below it.
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loosely® defines a plasma, a ‘gas of charged particles’, often referred to as the
‘fourth state of matter’. Further, these extreme temperatures require a method to
confine this plasma which is not based on material boundaries, motivating the
use of magnetic fields to push back against the plasma’s urge to expand, and to

create so-called magnetic confinement.*

Toroidal magnetic confinement is based on the idea that a charged particle in
a magnetic field mostly follows the magnetic field lines, resulting in a spatially
confined motion if the field lines were to close on themselves. A magnetic field
which exhibits many such circular field lines is topologically toroidal in nature,
with each circular field line being centred on the same location but their radii
and vertical location, Z, varying, see the left illustration in figure 1.1.1. The fact
that the field lines bend around in a circle, however, does impact the particle
motion to a degree that matters. So-called magnetic drifts arise which depend
on the charge of the particle and thus separate ions and electrons from each
other along the vertical Z-direction (see figure 1.1.1 for the definition of this
axis with respect to the torus traced out by the magnetic field). The resulting
vertical electric field results in rapid radial motion due to the excellent electrical
conductivity of the plasma along the magnetic field, and ends confinement too
quickly for fusion conditions to be set up in time. This charge separation can be
easily avoided by adding twist to the magnetic field lines, such that they move
around the central field line in a helical motion, consisting of a toroidal and a
poloidal component, as illustrated in figures 1.1.1. Poloidal refers to the short
way around the torus. The twist prevents the charge separation for the same
reason that a spinning honey spoon prevents the honey from running off the
spoon: even though the drift is constant in its (vertical) direction, to the degree
that it takes particles away from their field line while on the top half of their
helical trajectory, it brings them back on the bottom half.

The helical field lines now trace out toroidal surfaces which are nested within
each other and particles mostly stay on these nested surfaces. A consequence of
this is that both pressure and the magnetic flux are constant on these surfaces.
Any pressure differences that might arise are shorted out quickly since, in general,
any point on the surface is connected to any other point on the surface via a
magnetic field line. The magnetic flux is constant since no field line inside the
nested surface leaves that volume such that the number of field lines that pass
through a poloidal cross-section of the volume is constant across all toroidal
locations.

3For a stricter definition see (Freidberg 2008, Chapter 7).
4Another approach is to aim for enough reactions to happen fast enough such that confinement
is secondary, motivating the idea of inertial fusion energy.
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Figure 1.1.1. — Purely toroidal field versus helical field. Left: a purely toroidal field
resulting in net particle drifts that end confinement. Right: a helical
field, i.e. one with a toroidal and a poloidal component, where particle
drifts cancel out on average, guaranteeing confinement (in the single-
particle picture). Image taken from (Imbert-Gérard, Paul & Wright
2024).

Note that the neutrons produced in the fusion reaction 1.1.1 leave the plasma
due to their neutral charge, and are used within the reactor walls to breed tritium
and heat the water to generate the electricity. In contrast, the alpha particles
with their non-zero charge now also stay confined to the nested surface that
they were born on and heat up the plasma®. The goal of magnetic confinement
fusion is to achieve sufficiently high temperatures and densities in the core of
the plasma efficiently enough such that the plasma ignites, i.e. such that the
fusion reactions heat the plasma enough to sustain themselves and no external
heating is required. More specifically, it is the triple product of temperature T,
density n, and energy confinement time 7 which must exceed some critical
value for ignition. 7" must be at an optimal point to maximise the fusion reactivity,
thereby leaving n1g, the Lawson parameter, as the quantity to be optimised for
(Freidberg 2008).

The challenge thus becomes to find a toroidal confinement equilibrium where
the central pressure is maximised in an economical way, while guaranteeing
that the plasma is stable to perturbations. Here economically refers to the
requirements on recirculating power: if too much of the generated power is
needed to sustain the confinement equilibrium, too little is fed into the grid.

1.1.1 Tokamaks and stellarators

Arguably the broadest distinction one can make between toroidal confinement
equilibria is whether or not they feature continuous rotational symmetry around

SThis is the case in an ideal design. In reality, collisional transport, turbulent transport and
imperfections in the magnetic field would make alphas leave the plasma at some point.
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their central Z-axis, which is marked in figure 1.1.1. This toroidal symmetry
is referred to as axisymmetry. The two most developed magnetic confinement
fusion devices are the tokamak and the stellarator. Tokamaks are axisymmetric,
whereas stellarators break axisymmetry and are inherently three-dimensional.
Examples of both are shown in figure 1.1.2.

Transformer coils

Plsama current

Plasma Toroidal field coil
Magnetic field line

Figure 1.1.2. — Tokamak (left) and stellarator (right), the two concepts for toroidal
magnetic confinement fusion, and the two most advanced concepts
within magnetic confinement fusion in general. Tokamak figure from
https://www.ipp.mpg.de/14869/tokamak and stellarator figure from
https://www.ipp.mpg.de/2815232/konzeptentwicklung, both accessed
on August 12, 2025.

Both devices create their toroidal magnetic field with external electromagnets,
i.e. with currents outside the plasma. However, the source of the poloidal field,
which makes the field twist, differs. In tokamaks this twist in the magnetic
field is generated purely by a toroidal current inside the plasma, whereas in
stellarators the twist is generated by a mix of currents both inside and outside
the plasma. This ability of external currents to generate twist in the field is only
possible due to the broken axisymmetry (Helander 2014). The ratio between
the twist from currents inside the plasma versus outside the plasma generally
depends on the type of stellarator.

While tokamaks automatically confine particles due to their axisymmetry,
and can be built with simple coils, their pure reliance on the plasma current
introduces the possibility for instabilities which end confinement quickly (so-
called disruptions). Further, this requires tokamaks to have a larger recirculating
power than stellarators. Stellarators do not rely on the plasma current for
confinement, making them safe against disruptions. However, due to their non-
axisymmetric three-dimensional (3D) character the plasma must be carefully
optimised to provide confinement to all particles and electromagnets must
be optimised to be able to create the plasma. This need for 3D plasmas to
generally require optimisation offers another way to broadly distinguish toroidal
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confinement devices — we will expand on this point later in section 3 when the

discussion turns to non-axisymmetric fields.

1.1.2 Nested flux surfaces, magnetic coordinates,
and general coordinate definitions

Naturally, toroidal geometry will play an important role in this work. Either
toroidal coordinates (r, 6, ¢) or cylindrical coordinates (R, Z, ¢) will be used,
depending on which are more convenient in a particular setting. Here r refers to
the minor radius, # the (geometrical) poloidal angle, ¢ the (geometrical) toroidal
angle, R to the major radius, and Z is the aforementioned vertical coordinate.
Their geometrical meaning as well as other important quantities that we will use
are depicted in figure 1.1.3.

Many of the basic definitions are motivated by constraints on the confined
plasma that follow from magnetohydrodynamic (MHD) analysis. The MHD
framework treats the plasma as a single fluid and describes the most macroscopic
dynamics of the plasma. For the plasma to be in steady state it must be in (ideal)
MHD equilibrium, which is equivalent to the requirement that

IxB=Vp (1.1.2)

is satisfied throughout the plasma volume. Here B is the magnetic field, J the
current density, and p the pressure. Since B-Vp = 0 and J - Vp = 0 follows from
1.1.2, the requirement on B and J is thus that they lie on surfaces of constant
pressure. Thus, as long as the pressure profile is monotonic, the position within
the plasma volume can be specified by p and both angles, i.e. B(p, 0, ¢) and
J(p,0,9)°.

From the fact that B lies on surfaces of constant pressure it follows — after
some calculation which we omit here for brevity — that it can be written as
(Helander 2014, section 2.2)

B = Vi x Vip + Vo x Vy. (1.1.3)

Here v (p) is the toroidal magnetic flux divided by 2,

27

1 1o ,
¢:§/B-d8p01:%/0 a' [ by (B- Vo), (1.1.4)

SIf the equilibrium is axisymmetric, i.e. a tokamak, all quantities, including B and J, are
independent of ¢.
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Figure 1.1.3. — Coordinate conventions for toroidally confined plasmas. See text for
details. Note that while an axisymmetric configuration is shown, most
of these conventions also apply to stellarators.

and x(p) is the poloidal flux divided by 2,

1 1 P , 2T
Y= %/B-dsmr - %/0 dw/o dé (B - Vop).J. (1.1.5)

A good illustration of the poloidal and toroidal areas which are used to measure
these fluxes can be found for example in the two figures of chapter 5.5.1 of Ref.
(Imbert-Gérard, Paul & Wright 2024). We therefore note that p, ¢, and y are
all equally suitable for labelling the nested surfaces. For this reason the nested
surfaces are usually referred to as flux surfaces. The constancy of the magnetic
flux on the nested surfaces is, of course, independent of their toroidal shaping
(i.e. it works in both tokamaks and stellarators), whereas the geometric minor
radius r which is shown in the left plot of figure 1.1.3 only labels the nested
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surfaces for axisymmetric circular shaping. This motivates the switch of the
toroidal coordinate system from (r, 6, ¢) to (X, 0, ¢) where X € {p, ¢, x}. In this
Thesis we will use X = .

In equation 1.1.3 we used a new poloidal angle 6, which is related to the
geometric poloidal angle via a general transformation function (¢, 6, ¢),

Op =0+ A\ (1.1.6)

This variable change turns the general coordinate system (v, 6, ¢) into a so-called
magnetic coordinate system (v, 0p, ¢) in which field lines are straight in the plane
spanned by ¢ and 0p. It is worth noting that for each choice of toroidal angle
a special choice for the poloidal angle can be made such that field lines are
straight in the plane of both angles, leading to different magnetic coordinate
systems which are convenient in different settings (Helander 2014). For the
geometric toroidal angle ¢ the corresponding straight-field-line angle is the
above-mentioned 6p, the so-called PEST poloidal angle. In the above expressions
1.1.4 and 1.1.5 for the magnetic fluxes, J is the Jacobian of the coordinate
system (¢, 0p, ¢), which when expressed with contravariant basis vectors reads

J1 = (Vlp x Vo) - Vip. (1.1.7)

The rotational transform . is defined as the change in poloidal flux with toroidal

flux,
dx
== 1.1.8
and is therefore constant on each nested surface. With this definition the
magnetic field B from equation 1.1.3 can now be written even simpler,

B = V¢ x Va, (1.1.9)

where o = 0p — 1¢ is a new variable that is constant along the field lines. The
field lines therefore have a slope of

%f(; = L. (1.1.10)
This is indicated in the bottom plot of figure 1.1.3. Thus the rotational transform
¢ describes how many poloidal turns a field line completes in one toroidal turn
(Helander 2014). Following convention, we will specify the slope of the magnetic
field by the rotational transform whenever we deal with stellarators and by the
so-called safety factor ¢ = 1/, whenever we deal with tokamaks.
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1.2 Micro-turbulence

Just like fluids, plasmas also exhibit turbulence (Frisch 1995), the great unsolved
problem of classical physics. Its existence in fusion plasmas first became apparent
in the 1970s and was found to be due to drift wave instabilities which are excited
by the large gradients in density and temperature that are required to make
terrestrial fusion work. Its discovery in tokamaks followed the observation that
the radial transport of heat is much larger than that expected from collisional
processes. Turbulence in tokamaks and stellarators is mostly undesirable as it
decreases the efficiency of obtaining high core temperatures and densities, i.e.
it lowers the energy confinement time 7z, making it more difficult to achieve
ignition. However, turbulent transport can also be beneficial for flushing out
impurities and alpha particles after they heated the plasma (so-called helium
ash). The goal of the transport community is therefore to understand turbulence
and to find means to control and optimise it.

The instabilities which excite the turbulence, the drift waves, exist on the small
scale of the Larmor radius. The resulting turbulence was therefore coined micro-
turbulence. In contrast, quantities that have spatial scales which are comparable
to the device size, as measured for example by the minor radius a, are referred
to as macro, whereas the region in between both is often referred to as the meso
scale. Zonal flows, which play a central role in this work and will be introduced
shortly, exist on this meso scale (Diamond et al. 2005).

Drift waves are named as such since their phase velocity is on the order of the
diamagnetic (drift) velocity’

B s
V' — x Vp

= (1.2.1)

where s is the species label, Vp, its pressure gradient, and e, = Z,e its charge
with charge number Z, and elementary charge e. Over the years many such drift
wave instabilities have been identified, broadly distinguished by their responsible
particle type (ions vs. electrons), class (trapped vs. passing) and their regimes
(electrostatic vs. electromagnetic). The focus of this work is one particular drift-
wave instability which is believed to be responsible for most of the transport
in today’s fusion experiments, the ion temperature gradient instability (see Ref.
(Brower et al. 1987) for the first experimental observation in a tokamak, and Ref.

’Note that the word drift is actually very misleading here since the diamagnetic velocity is only
one of the plasma fluid of a given species and not of the individual particles of that species.
This flow is a result of the single handedness of the gyro-motion with respect to the toroidal
angle and the radially varying speed of this motion due to the pressure gradient. Being a
result of gyro-motion it does not feature any net drift of the particles themselves.
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(Béahner et al. 2021) for those from the first neoclassically optimised stellarator
experiment, Wendelstein 7-X. We will introduce this instability next.

1.2.1 lon temperature gradient driven turbulence

The focus of this work is turbulence driven by the ion temperature gradient mode,
a micro-instability that is, as the name suggests, excited by the ion temperature
gradient. The instability and its resulting turbulence is electrostatic, i.e. it only
requires fluctuations in the electrostatic potential ¢, and not in the magnetic
vector potential A. Its injection scale is on the order of the ion Larmor radius p;,
making it an ‘ion-scale instability’. The ITG instability (often just called 1TG’)
does not require the kinetic response of the electrons to be resolved, allowing us
to model this species with a simple Boltzmann response, i.e. prescribing the log

of the density to be proportional to .
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Figure 1.2.1. — A sketch of the ion temperature gradient instability. The four phases of
its growth are shown, see text for more details.

ITG turbulence exhibits a toroidal branch and a slab branch. The slab branch
does not require toroidal topology but is usually subdominant to the toroidal
branch in the toroidal setting that we are interested in (Jenko & Dorland 2002).
The basic dynamics of the toroidal ITG are depicted in figure 1.2.1 and features

the following steps:
(i) The ion diamagnetic drift velocity is larger in regions of higher temperature.

(ii) An initial perturbation causes alternating regions of larger and smaller v,

along 6 within the perturbed region.
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(iii) The alternating regions of v, in # cause ions to accumulate or be depleted
at the boundaries between the alternating regions, setting up an electric
field.

(iv) The electric field combined with the equilibrium magnetic field causes the
initial perturbation to grow more, due to the resulting E x B drift.

The same perturbation on the inboard side, however, causes the charge accu-
mulation to be reversed, thereby reversing the direction of the resulting E x B
drift

VeExB = EBX2B, (1.2.2)
i.e. the initial perturbation is brought back to equilibrium with the same dynam-
ics and the instability is stable in that region. The toroidal ITG instability, like
many other pressure driven instabilities, is therefore only driven on the so-called
‘bad curvature region’ on the outside of the torus where the curvature vector of
the magnetic field line x and the pressure gradient Vp point in approximately
the same direction. On the inboard side they point in approximately opposite
directions, since « is typically dominated by its toroidal component. While the
ITG instability is driven by the ion temperature gradient, it is stabilised by the
density gradient; this can be seen analytically by considering the mode in its
two-fluid and slab limit (Dickinson 2012, chapter 3.2.2).

1.3 Zonal flows and their interaction with
turbulence

Zonal flows (ZFs) are flows within a radial layer of a system that result from the
self-organisation of turbulence. In toroidally confined plasmas these are directed
in the binormal direction, i.e. the direction perpendicular to the field line but
within the flux surface, such that the flow is mostly in the poloidal direction.
Zonal flows also exist in spherical systems, such as on Earth and Jupiter, where
they are directed in the azimuthal direction.

Unlike the ITG instability from figure 1.2.1, ZFs are unable to feed off the free
energy supplied by the equilibrium gradients, i.e. they are linearly stable modes.
Instead, the nonlinear interaction of different turbulent fluctuations feeds energy
into the ZFs via their nonlinear interaction (Diamond et al. 2005). It is this
nonlinear interaction which distinguishes the pure dynamics of a single unstable
ITG mode from fully developed turbulence, that is, fully developed turbulence is
inherently nonlinear featuring non-local coupling and local coupling (cascading).
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In toroidally confined plasmas there are two main branches of ZFs, one with
zero mean frequency (mean zonal flow or MZF) which enjoys an undamped
residual (Rosenbluth & Hinton 1998), and a finite frequency mode called the
geodesic acoustic mode (GAM) (Winsor, Johnson & Dawson 1968). While we
do not make the distinction between both in this work, it is worth pointing out
that we will also neglect neither. Our analysis includes the total zonal flow with
all its frequencies, i.e. the MZF and any other finite frequency components such
as the GAM.

While zonal flows can only be driven nonlinearly, their damping is determined
through both linear and nonlinear processes. See Ref. (Diamond et al. 2005)
for examples of both. In this work, however, we focus solely on the (nonlinear)

drive.

1.3.1 Zonal flows for confinement

Both ZFs and equilibrium flow E x B can drastically improve confinement
through their shearing action, i.e. their action on turbulence through their radial
variation in strength or even direction. As depicted in figure 1.3.1, such flow
shear breaks up turbulent eddies, especially those which are radially elongated,
thereby reducing their radial transport ability as smaller eddy structures tend to

cause less transport. However, due to their nonlinear interaction with turbulence,

y~ 0 Nonlinear y~ 0 y~ 0

@ transfer © Q O OO

ST | e |[©9S

X~r X~r xX~r

> Time

Figure 1.3.1. — Zonal flows reduce turbulent transport in two distinct ways, (1) by
shearing eddies apart and (2) by taking energy out of them.

ZFs reduce turbulence in another way which the equilibrium E x B does not:
when turbulent modes couple to feed the ZF they lose energy at the same time,
i.e. energy is transferred, reducing the fluctuation strength and thus turbulent
transport. This second effect is also depicted in figure 1.3.1.

Zonal flows are not only of interest for general confinement, but also for
confinement transitions such as the one from the low confinement mode to the
high confinement mode of tokamaks, the so-called L-H transition (more on this



12 1 Introduction

later in section 2.1). While zonal flows are determined by turbulent processes,
the equilibrium E x B shearing rate is determined by the mean radial electric
field profile which in turn is determined by the radial component of the force

balance equation (or momentum equation),

1 dp,
E, = P

- SB - sB 3 13.1
nees dr + Us,s Do — U, Do ( )

and must hold for each species ‘s’. Here n, in the equilibrium density, v, ; and
ug s are the toroidal and poloidal mean flow, respectively, and B, and By are the
toroidal and poloidal magnetic field components.

It is generally agreed that the mean shearing is responsible for ‘locking in’
confinement states after the L-H transition has happened (Burrell 1997). The
large pressure gradient which develops during the transition results in a strong
radial variation of £, and thus mean shearing which reduces turbulence (Biglari,
Diamond & Terry 1990; Terry 2000). The real question is what happens before
the transition, i.e. what triggers it.

Since zonal flows arise from turbulence in a self-organised way they provide
a compelling explanation for this initial trigger, and experimental evidence
supports this theory (more on this later in section 2.1). More specifically it is
the radial gradient of the Reynolds stress, 0, (?,0), which drives poloidal flow
(Diamond & Kim 1991), as we will show next. Since this mechanism drives the
mean radial electric field through the poloidal velocity channel in equation 1.3.1,
it falls into the category of ‘poloidal spin-up’ theories. Other theories for poloidal
spin-up and other trigger mechanisms exist but have received less attention
due to less experimental evidence pointing in their direction. A comprehensive
overview is given in (McDermott 2009, Chapter 2).

1.3.2 The Reynolds stress
In Cartesian coordinates

We analyse the Reynolds stress in Cartesian perpendicular coordinates (z,y),
where z is a radial-like coordinate and y a binormal-like coordinate. We start by
writing the (ion) momentum equation in the general form

ov
atfaust

=—v-Vv+ L[], (1.3.2)

where we have grouped all linear terms into the general linear operator £. We
also introduced t,s, Which is assumed as the fastest time scale of interest for our
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purposes here and is taken to be the turbulence time scale. We proceed by using
the Reynolds decomposition,

V(xay7tfast) = <V>(t7$) +\~/(x7yatfast>- (133)

Here we used the Reynolds average or ensemble average

1 Ly 4T )
@yszé l L dydt, (1.3.4)
Yy

to separate mean from fluctuating quantities. The mean quantity now depends
on a slower so-called meso time scale ¢t where tg < t < t., i.e. this time scale
is much larger than the turbulent time scale but smaller than equilibrium time
scales. Note that equation 1.3.3 and 1.3.4 define

v

v — (V) such that (V) =0 (1.3.5)

by definition. We proceed by Reynolds-averaging the y-component of the mo-

mentum equation 1.3.2 and focusing on the nonlinear contributions

O{vy)
ot

= — (0,0, 0y + 0,0, 0y) — (V) - V(vy) (1.3.6)
NL
where we used 1.3.5 and we identify the last term as the mean convection term

which does not feature any turbulent quantities. We proceed by making use of
the incompressibility condition V - v = 0 which gives

vN:aM%HWd+%WW+%Fﬂ (1.3.7)

(V-v) = 0p(va) + ay<vy> 0

such that it follows 0,0, = —0,7,. Note that incompressibility follows directly if
one assumes the turbulent motion to be purely due to E x B motion (a common
assumption which we will use throughout this work) since for perpendicular
turbulence V- b = 0, and V x Vf = 0 for any scalar function f, where here
f = ¢. We can now write

(2020 + 0,0,0y) = (O (0aDy) + 0, (0) ) = On (D). (1.3.8)

In the last step we used (J,...) = 0 since the turbulence is expected to be
statistically periodic at the boundaries of the y-domain as long as the domain is
significantly larger than the turbulent correlation length in this dimension.
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We therefore arrive at our final expression

I{vy)

= — 0, (B,B,) (1.3.9)

NL,turb

which shows that the mean poloidal flow receives a non-zero contribution from
turbulent fluctuations as long as the z-y component of the Reynolds stress tensor
(7;0;) has a finite radial gradient, as first shown by (Diamond & Kim 1991).
Physically this corresponds to a radial variation of the dominant eddy tilt angle
as depicted in figure 1.3.2.

y~0

A

-

» X ~T

Figure 1.3.2. — Sketch of an eddy structure with radial gradient of Reynolds stress.

In cylindrical coordinates

The original reference (Diamond & Kim 1991) stated the Reynolds stress in
cylindrical coordinates, motivating us to show that the analogous result to 1.3.9
indeed emerges for (v,, vy). Using the standard form of the gradient operator in
cylindrical coordinates, equation 1.3.6 becomes

O{vp)
ot

= —(0,0,7 + %agm — (V) - V{vg) (1.3.10)
NL

where we can write the first ensemble average on the right-hand side as

—(0,(0,09) — Vg0, 0, + ;agﬁg> (1.3.11)
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and notice that the last term in this expression vanishes due to (Jy...) = 0. The
second term also vanishes (Diamond & Kim 1991). We thus obtain

9(ve)

o — —0,(B,7), (1.3.12)

NL,turb

the cylindrical coordinate analogue of equation 1.3.9.
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1.4 Nonlinear turbulence-flow coupling and
transfer functions

In this section we introduce the key analysis method for this work, namely the
quantification of the nonlinear interaction of turbulence and ZFs. We start by
introducing higher order spectra to sketch out the basic idea behind quantifying
nonlinear mode interaction, before we introduce the energy transfer functions

which will be at the centre of this work.

1.4.1 Higher order spectra

Higher order spectra give additional insight into the contributions to a signal
compared to the well-known power spectrum, i.e. the (squared) magnitude
of the Fourier transformed signal. Consider a simple nonlinearity of the form
(Cziegler 2011)

f(x) = [cos (k.o + 0,) + cos (kyx + 0))?
=1+ cos[(kq + kp)x + 0, + Op] + cos[(ka — kp)x + 0, — O] (1.4.1)

1
+ §{COS [2k.x + 20,] + cos [2kyx + 26,)}.
Further, consider the (related) linear signal

g(x) = 1+ cos [(kq + kp)x + 04] 4 cos [(kq — kp)x + 0p]
1 (1.4.2)
+ i{cos [2kqx + 6c] + cos [2kyz + 0p]}.

We define the first order and second order (auto-)correlation functions for
some signal y(z):

Ci(2') = y(w)y(z + o), (1.4.3)
Co(2', 2") = y(x)y(z + o )y(z + x”). (1.4.4)

Here the overline denotes an averaging over the domain x. A quick calculation
shows that taking the Fourier-transform of C yields the familiar power spectrum:

'+OO

S(k) = F(Ci(a") = [

—0o0

oo ik 2
[ @+ a)de| e = - = (k)2
' (1.4.5)




1 Introduction 17

The equivalent operation on C, yields the so-called bispectrum®
Bk, k2) = (F(Ca(2, 2")))
+OO ; / : "
/ y(x)y(x + 2" )y(x + x")dx] e~k gmike d:r;/dx”>

== @*(kl)@(kQ)@(kl - k’z))
= (57 ROGR)|§ (1 — Ro)| (02509

(1.4.6)
where (.) denotes an ensemble average over realisations, i.e. an average over
samples from distributions of phases 6;, 0, and 0. Here 65 is the phase of the
third frequency component k3 = k; — ko. Applying such an ensemble average
to the power spectrum in equation 1.4.5 does not make any difference since
the power spectrum is not sensitive to the phases, evident by the absolute value
operation that is performed on the complex-valued (k).

Both signals, f and g, would yield the same power spectrum and would be
indistinguishable, despite one being a nonlinear signal and the other being a
linear one.

Due to the ensemble average the bispectrum B will only yield non-zero values
when the three frequencies k1, ks, and ks = k; — ko are phase-coupled, i.e. when
the phase factor exp [i(—6; + 05 + 03)] is not randomly distributed due to an
underlying nonlinearity. For the linear signal ¢ the three phases would each be
drawn from their own distribution, giving a randomly distributed sum, and thus
B = 0. For f, however, this is not the case. For example, let us take k; = k, + ky
and ky = k, — k, such that k3 = k; — ky = 2k,. Looking at the phases of the
corresponding terms in f we see that —0; = —(0,+0,), 02 = 0, — 0,, and 05 = 26,
such that their sum vanishes due to their coupled nature and the phase factor
becomes unity.

Different to the power spectrum, the bispectrum is complex-valued, making
it of more limited use for human intuition. A related quantity is the so-called

(squared) bicoherence, defined in its normalised form as

|B(ky, ko) |?
([9(k0)[2) (|9(k2)g (k1 — k2)|?)

which takes on values between zero and unity, with zero indicating no coupling

b2(k1,k2) == (147)

and unity indicating pure coupling. (A case in between would for example be
the signal f + g.)

8Note that the symbol B refers to the bispectrum only in this section. In all other sections of
this Thesis it refers to the magnetic field strength.
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Evaluating the bicoherence on the entire valid part of the k; — &, plane of a
given signal (i.e. the part where all three frequencies k1, ks, and k3 are within
bounds) is therefore a useful analysis to see all the nonlinear interactions within
a complex signal, such as for example a fluctuating quantity in a turbulent fusion
plasma. Such an analysis of the three-wave-coupling in a fusion plasma was first
done by (Ritz, Powers & Bengtson 1989).

While the bicoherence tells us the strength of the coupling between two
frequencies, it does not provide information on the directionality of the coupling,
i.e. which mode tends to lose energy in the process and which tends to gain it.
This shortcoming is addressed by the related energy transfer functions which

will be introduced in the next sub-section.

1.4.2 Energy transfer functions

Energy transfer functions are a useful extension to the bicoherence. Their
benefit over the bicoherence is additional information, and we will see how
it allows us to specify zonal flow drive as opposed to general turbulence-flow
coupling. The analysis here roughly follows the one in Ref. (Xu et al. 2009).
However, we will take the coupling to take place in wavenumber space rather
than temporal frequency space. The reason being that we focus on the analysis
of gyrokinetic simulations which offer great wavenumber resolution and are
naturally decomposed as such.

General formulation Consider the following set-up which is present in most

fluid equations,
X

o TV VX =L[X], (1.4.8)

i.e. the advection of some fluid quantity X by the fluid velocity (or flow) V. In

1.4.8 L is some linear operator which stands for all other (linear) terms in the

specific equation of interest. Here nonlinear means that it involves the product

of two or more fluctuating quantities. This nonlinearity in the Navier-Stokes

equation is the source of fluid turbulence, and in plasmas it is this nonlinearity

in the continuity equation, momentum equation, or the evolution equation of
higher moment fluid quantities which causes plasma turbulence.

We Fourier transform the equation, turning the product into a convolution,
and bringing out the mode coupling implied by the nonlinearity:

X

ot

+ 5 Vi - (k1) Xy, = L[ X (1.4.9)
ki
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Here we used V — ik under Fourier transformation. Upon multiplication by
X: and adding the equation to its complex conjugate we obtain an evolution
equation for the spectral energy of the quantity X:

9| Xy |2 .\ N L
|8tk| = —2Re{ZX;‘;Vk_k1-(z’kl)Xkl}+2Re{X;c[X]k}. (1.4.10)
ki

In the final step we take the ensemble average of the equation to obtain the
steady-state energy transfer’, yielding

<ay§;y2> = —2Re <kz XiVi i, - (z‘kl)f(kl> +2Re (XiL[X]). (1.4.11)
1

The so-called three wave coupling inside the sum resembles the bispectrum of

equation 1.4.6. However, here one mode is clearly distinguished as the receiver

or source of energy, namely the mode k. Thus equation 1.4.11 tells us how

modes k; and k — k; couple to drive the mode k. Whether mode k is the

receiver or the source of spectral energy in one particular three-wave interaction

is determined by the sign of
— Re <Xi’;\7k_k1 . (lkl)Xk1> (1412)

Positive values translate to mode k receiving spectral energy, whereas negative
values imply that spectral energy is lost.

Note that since X is expected to represent a real-valued quantity, its Fourier
transform satisfies the so-called reality condition X, = X*,, a relation which
could be used to re-write equation 1.4.12 in a way such that it features no
complex conjugate.'® For sake of clarity, however, we keep it in its current form.

Note that this distinction of target, source, and mediator compared to general
coupling as measured by the bicoherence is important since previous work
showed that situations exist where the GAM strongly couples to turbulence
but it does not actually receive substantial net kinetic energy, while the mean
ZF does (see figure 6 in (Cziegler et al. 2015)). The first use of such transfer
functions in the fusion plasma setting was for the simplified Hasegawa-Wakatani
system (Hasegawa & Wakatani 1983; Wakatani & Hasegawa 1984) by (Camargo,

?Note that here the ensemble average (... ) represents purely an average over time and not over
the poloidal domain as it did in equation 1.3.4, which might seem inconsistent. However, it
is not since this average is now enacted by choosing &, = 0 to obtain the evolution of the
mean poloidal component of X.

10The reality condition is a welcome relation for solving the GKE numerically, since it allows
one to simulate only the positive k, range and automatically get those for negative values of
k, as well.
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Biskamp & Scott 1995) and later applied to the general plasma continuity and
ion momentum equation by (Xu et al. 2009).

Kinetic energy transfer function In this Thesis we are primarily interested in
the nonlinear drive of zonal flows. We therefore choose the central fluid quantity
of interest, X, to be the flow itself, i.e. we replace it with V. Equation 1.4.8 then
becomes

oV

e +V.VV =L[V], (1.4.13)
a way of casting the momentum equation of the plasma to focus on its nonlin-
earity.'’ This equation is now the same as equation 1.3.2 and thus describes the
Reynolds stress from section 1.3.2. The operator £ includes the pressure gradient
force, the Lorentz force, the inter-species friction force, and the viscosity tensor.

Equation 1.4.11 then gives us

/. |2
<8|\a[tk| > — —2Re <Z ViVici, - (ik1)vk1> +2Re (ViL[Vlk), (1.4.14)
ki

the evolution of the spectral kinetic energy.

Further progress can be made to bring equation 1.4.14 into more explicit form.
We use the local coordinate system from figure 1.1.3, where x represents the
radial coordinate, y the coordinate within the flux surfaces that is perpendicular
to the magnetic field B, and z the coordinate along said magnetic field; the
x-y-plane is referred to as the ‘perpendicular plane’ and the direction z as the
‘parallel’ direction.

The movement of charged particles in a plasma is unrestricted in the parallel
direction, making parallel wavelengths much longer than perpendicular ones,
ie.

Thus the dominant mode coupling takes place in the perpendicular plane and
from now on we take k = k,Vz + k,Vy and V = V. We make further progress

by approximating the fluid motion by E x B motion, i.e. the fluctuating drifts
that arise due a fluctuating electrostatic potential,

V =B"'bxVép andthus Vi = B 'bx (ikd@y). (1.4.16)

UFor ITG it is the momentum equation of ions which is of interest. To avoid clutter we omit the
species label everywhere in this section.



1 Introduction 21

Substituting this expression into equation 1.4.14 we obtain

A\ V|2
ot

> =T +2Re <Vi‘;ﬁ[V]k>, (1.4.17)
where we defined the kinetic energy transfer function

T =2B*Re <Z[b x k- ki](b x k) - (b x k1)5¢;5¢k_k15¢k1>. (1.4.18)
ki

Note that 7 = T (ky, ky, k14, k14, 2), with the z-dependence being introduced by
0Pk = 6¢(ky, ky, z). With the expression 1.4.18 we can obtain the steady state
drive of any individual mode (k,, k,). As the interest here is in the drive of ZFs
we divide all modes into two groups: the ‘zonal’ modes where £, = 0 and the
‘turbulent’ modes with £, # 0. Modes with k, = 0 are those where ¢ is constant
in the direction within the flux surface, marking distinct radial zones determined
by their radial wavenumber k.. To get the total drive of ZFs, the central quantity
which we are interested in in this work, we set k, = 0 and sum over all k, as
well as all possible source modes kj:

Tzr0) = > T(ke ky =0, kig, kuy, 2). (1.4.19)

kz:klwykly

Note that when we evaluate 7 in gyrokinetic simulations we do not realise
it as an average over N simulations as one might think. Instead we realise it
as a temporal average. Provided that (1) the turbulence is stationary, i.e. its
statistical properties do not change over time, and (2) the time over which
the average is taken is substantially longer than the turbulent decorrelation
time, the temporal average and ensemble average are equivalent due to the
ergodic theorem (Frisch 1995). The reason for choosing the temporal average
is a practical one: each (nonlinear) simulation includes a linear phase at the
beginning until turbulent fluctuations saturate due to nonlinear coupling and
fully developed turbulence is obtained. Running N nonlinear simulations would
require calculating NV such linear phases which have no use for the calculation
of Tzr, thus greatly increasing the computational expense.

Symmetries of energy transfer functions The full transfer functions, such as 7
from equation 1.4.18, contain symmetries (Maeyama et al. 2021). To understand
these symmetries it proves helpful to write 7 = 7 (k, k, k), even though k; is
not an independent parameter but is determined through the coupling condition
k, = k — k; by the other two modes.
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The first symmetry appears under exchange of the source and target mode,
that is one finds that

Tk=p ki =qky=j)=-T(k=q,k =p,ky =—j). (1.4.20)
The second symmetry is with respect to parity,
T(k = p’ kl = q, k2 = j) et T(k = —p7k1 et —q’ k2 —= —j) (1.4.21)

Note that we have adopted a different convention for our coupling condition
than (Maeyama et al. 2021). We use the coupling condition k, = k —k;, whereas
(Maeyama et al. 2021) uses k + k; + ko = 0.

Symmetries can become important when interpreting the transfer results
and we will provide an example here with particular relevance for our context.
Consider again the momentum equation 1.4.13. One might be inclined to
consider the different contributions to the nonlinearity by writing it in the form

OV + (Vo0 + V,0,)Va Vi + (Vo0 + V,0,)V,Vy = L[V],

and defining transfer functions 7;; for the nonlinearity V;9;V;.'* Here we have
introduced the notation 0, f = df/0x. Taking the same steps as before, namely
Fourier transformation, multiplication by V;, and adding of the complex conju-
gate equation, we obtain

Vil + (Taw + Ty + Ty + Tyy) = 2LV,

where with the use of equation 1.4.16 we write

73-2:& =2Re ‘A/g:k Z ‘A/:B,kfkl (ikla,")‘/\/x,kl = _Cky(ky - kly)klxklyy
k1

Tye = 2Re | VD Vs (1h1y) Ve | = +Chy (ki — ki) kryhay,

k1
7;y =2Re ‘A/;:k Z ‘A/x,k—kl (iklx)‘A/y,kl - _Ckz(ky - kly)klxklm
ki

Ty = 2Re | Voo 3 Vs (k) Vs | = +Cka (ke — ko) kryhis,

ki

12we are not using Einstein summation convention here; the indices are kept general only to
shorten notation.



1 Introduction 23

where C = 2B73 Re (0410Pk_k,0{x, ). For the drive of ZFs, for which we set
k, = 0, one might then conclude that the only contribution stems from the 7,
transfer term. (7,,, 7., and the first term of 7, vanish directly; the second term
of 7., cancels with the second term of 7,,.)

Note that for the drive of ZFs, as considered here in the final step, it is enough
to consider only the y-component of the momentum equation, i.e.

AD V0,V — V,0,V,, (1.4.22)

NL

giving the same result as before but now without the 7;, terms,

8 ‘V,k|2 - 2B 3 k - kl klxklx - kw(kx - klw)kl klx]
TR Z 2 ’ (1.4.23)
x Re (00—, 0K, )-
However, by using the incompressibility condition,
V-V =0 implying 0,V, = —-09,V,,
we can rewrite equation 1.4.22 as
av,| = -0,(V.V,) — 9,V
NL
We then obtain
OV’ =2B7Y [koku(ky — k1)) k1e — koky(ky — k1z)k1a]
. ; v ’ (1.4.24)

x Re (§¢r00k—k, 00k, )

such that now the only contribution for k, = 0 stems from the term 0,(V,V,),
which we identify as the Reynolds stress. Defining the two transfer functions
from equations 1.4.23 and 1.4.24 as

71 - 2B_3 [kszyklxklx - kkuxklyklm] Re (6§0ik(590k—k1590k1)7
To = 2B 73 [kykykoykis — kokykorkiz]) Re (00500k 1, 00k, ),
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respectively, we observe that

Ti(k = p,ki = a, ks = j) = 2B [D1jyete — Patatyts) Re (30)005600)

is in fact equal to —73(k = —q,k; = —p, ky = j). With the second symmetry
relation 1.4.21 we note that

—T(k=—-q,ki = —p,ko =j) = -T2(k =q,ki = p, ks = -},
and due to the first symmetry relation 1.4.20
_7-2(k: q7k1 = p7k2 = _j) = B(k = p7k1 = q7k2 :j)7

this finally implies
Ti=">.

This shows that the symmetries reach across the individual terms in the nonlinearity
and that one should therefore not write out and consider individual transfer
functions.
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1.5 Gyrokinetics

In this chapter gyrokinetics (GK) is summarised, the formalism which is the
workhorse of turbulence theory and simulation in tokamaks and stellarators.
Many extensive introductions to gyrokinetics have been written, and we will
therefore not attempt to give a complete derivation with all its details here. For
these purposes we refer the reader to the review by (Abel et al. 2013)*® and for
a slower-paced introduction we refer to the following Ph.D. Thesis (Dudding
2022). Here, we will only highlight the key ideas to establish the setting and
terminology in which much of this work is placed.

1.5.1 Governing equations

Gyrokinetics is derived from the Vlasov-Maxwell system of equations and makes
use of the time-scale separation between the fast gyro-motion of particles and
the comparatively slow time-scale on which the drift-wave turbulence evolves.
The fast gyro-motion itself is not resolved and averaged out in the formalism,
providing dimensional reduction from six to five and thus making the problem
computationally tractable.

In general, the gyrokinetic system of equations is fully electromagnetic and
can include (statically imposed) equilibrium flow and flow shear. Here we
make the assumptions of electrostatic turbulence, i.e. we assume magnetic
fluctuations to be small. In addition, we assume that equilibrium flow and flow
shear are negligible. Both of these effects constitute possible extensions to the
work presented here.

The gyrokinetic ordering is given by

Jwas ki ps Ofs 0 (1.5.1)
Q, ki a fs © e

and is imposed on the Vlasov-Maxwell system to order the terms. The gyrokinetic
equation (GKE) is obtained at second order. Here wy;, = vy, - k is the drift
frequency, ), = e, B/m, the gyrofrequency with mass m, p, the Larmor radius,
/s the full distribution function with ¢ f, its perturbation due to turbulence, and
the same for the electrostatic potential .

The zeroth and first order give valuable information which will be employed
to make further progress. At zeroth order we learn that the Poisson equation
reduces to imposing quasi-neutrality of the plasma. At first order we learn

I3Note that the derivation in this review allows strong equilibrium flows, an assumption which
we do not make in this work. However by dropping terms containing the flow velocity u, this
derivation corresponds exactly to our assumptions made here.
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that the lowest order mean distribution function is a Maxwellian, and that the
perturbed distribution function consists of a term proportional to the electrostatic
potential and another which is already independent of the gyro-angle (Abel et al.
2013). That is, for each species (denoted by subscript s),

fo=F,+6f,, (1.5.2)

with the zeroth-order Maxwellian

Fu(i,e5) = ny(¥) (%;”‘w))g/ exp (—Tj(w, (1.5.3)

and the first order perturbation

es0p

5fs=he—
fo=hs = =5

F,. (1.5.4)

Here £, = m,v?/2 is the energy of the particle with velocity v, T, the temperature
and n, the density. h, is the ‘non-adiabatic’ distribution function which does not
depend on the gyro-angle ay, i.e. it depends only on the gyro-centre position
R and not on the particle position r = R + p, where p(ay) is the gyro-radius
vector, see figure 1.5.1.

Figure 1.5.1. — The variables describing the gyro-motion. Taken from (Dickinson 2012),
with variable names adapted to match our convention.

The nonlinear gyrokinetic equation is then given by (Frieman & Chen 1982)

095 oF,
8gt + (oyb +Vpy) - Vhg + N, + %WE@? V=0, (1.5.5)

which describes the temporal evolution of the gyro-averaged perturbed distribu-
tion function
gs = (0f:)5" = hs — (es(09) /T F, (1.5.6)

where (...)R® denotes the gyro-averaging operation for species s at fixed guiding
centre position R. The gradient operator V is also understood to be taken at
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constant R. Note that after Fourier transforming the gyro-averaging operation
(X)® turns into multiplication by a Bessel function, Jy(k v, /) X.

The naming convention for the different distribution functions is quite incon-
sistent in the literature. The same symbols are usually used but what they are
assigned to varies, increasing the possibility of confusion. We have therefore
clarified our naming convention again in table 1.1.

Symbol | Dependence Explanation
dfs (t,r,v) The full perturbed distribution function.
b (R, V) The ‘non-adiabatic’ part of § f,, i.e. the part
s Y which depends only on the gyro-centre R and not r.
s (t,R,v) The gyro-average of ¢ f,.

Table 1.1. — The symbols of distribution functions used in this Thesis.

Other quantities appearing in equation 1.5.5 are the parallel velocity v and
the magnetic drift velocity

1
Vps = Q—QSb x [2vfb - Vb + v VInB], (1.5.7)
where v, is the perpendicular velocity, the gyrokinetic nonlinearity

N, = (Vgup)® - Vh, (1.5.8)

with
VEB — _V((§¢)R) x B/ B> (1.5.9)

Equation 1.5.5 dictates the evolution of each species in the system which
is treated gyro-kinetically. All are coupled together through Poisson’s equa-
tion which describes how the electrostatic potential reacts to the densities and
prevents inconsistent density accumulation in the system, i.e. it enforces quasi-
neutrality. For the ITG instability the gyrokinetic dynamics of electrons is not
crucial and as often done we assume throughout this thesis that electrons fol-
low a Boltzmann distribution (also often referred to as the adiabatic electron

assumption),
en,

1.

ne = /(ge>r dv = (5 — do). (1.5.10)
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Here the overline denotes the field line average, and with equation 1.5.10 the
quasi-neutrality equation

2
Zes /<gs>r dv =10 P Z n;@s (%Ok = Zes / JOskhsde (1.511)

reduces to
eNe

[ dvioe = (60 = T9). (1.5.12)

Now the gyro-average is taken at constant particle position (.), since the fields,
unlike the distribution functions, are not transformed to guiding centre coordi-
nates (Abel et al. 2013).

1.5.2 Numerical treatment

In this work we use local gyrokinetics which takes advantage of the anisotropic
length scales of the turbulence with a strong guide field such as toroidal plasmas.
In such cases turbulence dynamics are much faster parallel to the guide field
than perpendicular to it, resulting in turbulent eddies to be elongated along
the field and of relatively short wavelength in the perpendicular direction, as
indicated in the ordering in equation 1.5.1.

As a result, perpendicular correlation lengths are much shorter than parallel
ones, motivating a radially local computational domain which is larger than the
correlation lengths in each dimension but not significantly larger than it needs
to be. The result is known as a flux-tube domain which extends for O(10p;) in
the perpendicular direction and for one poloidal turn in the parallel direction.

The radial local approach offers great computational speed-up compared to
a radially global approach and allows one to understand how turbulence and
zonal flows interact locally in realistic geometry. However, it does not allow one
to dynamically adjust the gradients based on the particle and heat fluxes caused
due to turbulence generated by previous gradient values, i.e. gradients and
fluxes are inherently not self-consistent in a local approach. The fixed gradients
are specified in the code through

= —— (1.5.13)

which defines the temperature and density gradient scale lengths L and L,,.
Here a is the devices minor radius as depicted in figure 1.1.3.
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The flux tube is centred around a field line at position vy and «, and local
radial and perpendicular coordinates are defined as (Beer, Cowley & Hammett
1995)

_ 4 _ __To, _
x—BOTO(w o) and y qo(a ap) (1.5.14)

such that they are proportional to ¢ and « but have units of length. Here
qo = q(10p) is the safety factor at the centre of the domain, B, is the field at the
magnetic axis, and r, is the minor radius of the centre of the domain (Beer,
Cowley & Hammett 1995).

The length of the computational domain is chosen such that it is longer than
the turbulent correlation length in each dimension. Not only does this allow one
to assume that the turbulent behaviour is statistically identical at both ends of
the domain in both the binormal and parallel directions, but the same can be
assumed in the radial direction since the domain is local around field lines and
the energy-supplying equilibrium gradients can thus be assumed to be constant
across the domain, i.e.

@
Ly

a

a
=0 LT

=0 Ln

and @ (1.5.15)

=L, n

x=L,

The evolved quantities can therefore be expressed as Fourier series in the per-
pendicular domain,

Q(r,y,2,t) = D Q(z, 1)) errthuy), (1.5.16)

kz,ky

Here () stands for either the perturbed electrostatic potential /¢ or the perturbed
distribution function § f, and z is the parallel coordinate.

For axisymmetric devices the parallel length of the flux-tube is chosen such that
it begins and ends at the same poloidal location, in which case the turbulence is
expected to be statistically identical in these places, since the geometry is exactly
the same in both. In the case of exactly zero global magnetic shear § this permits
periodic boundary conditions. With finite magnetic shear, different &, modes
must be coupled to each other, the so-called twist-and-shift boundary condition
(Beer, Cowley & Hammett 1995).

In stellarators, after traversing the field line for one poloidal turn one is
generally not at a location of the flux surface for which the geometry is the same
as at the starting point. Instead, one can take advantage of field periodicity and
stellarator symmetry to find locations of identical geometry and choose to let the
flux tube end at those locations, provided that it is still longer than the parallel
correlation length. Note that for a configuration with NV, number of field periods
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and stellarator symmetry the geometry repeats 2N, times throughout the whole
device.

The same subtleties as in axisymmetric devices apply for the coupling of modes
at the ends of the parallel domain in stellarators, although the coupling can be
generalised to take advantage of the integrated local shear rather than just the
net global shear (Martin et al. 2018). Whenever we deal with non-axisymmetric
configurations in this work we use this generalised twist-and-shift boundary
condition by (Martin et al. 2018).
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1.6 Motivation for plasma shaping

Once one has decided for toroidally nested flux surfaces as the topology for
confining the plasma, one is left to choose the shaping of those flux surfaces.
Since the shaping is predominantly controlled by external currents, i.e. by the
coils, it is a direct design choice and less a product of the self-consistent evolution
of the plasma, like many other processes within it. Thus the shaping of the
coils and the currents within them mostly control the equilibrium and reflect a
direct experimental control mechanism that can be exploited and optimised for
desirable physics characteristics.

1.6.1 Axisymmetric shaping

In axisymmetry (tokamak) the shaping freedom reduces to the shape of the
poloidal cross-section of each flux surface. The shaping components are specified
by their poloidal Fourier-mode number m and named after their effect, giving
elongation (m = 1), triangularity (m = 2), and squareness (m = 3)'4. Higher
Fourier-mode shaping is usually subdominant in axisymmetric equilibria and

therefore not studied in isolation.

Over the past three decades the beneficial effect of axisymmetric shaping, i.e.
flux surfaces that deviate from circularly-shaped poloidal cross-sections, has
become increasingly clear. Increased elongation and positive triangularity (see
figure 1.7.1 for their definition) increase the plasma beta threshold for Mercier
stability (Freidberg 2014)'°, and also increase the stability of the plasma against
micro-instabilities such as the ITG instability (Belli, Hammett & Dorland 2008).

However, these beneficial effects were not always known and were the primary
reason that the Tokamak Fusion Test Reactor (TFTR) operated in Princeton during
the ’80s and "90s was — despite setting fusion records — limited in its performance,
and lead to the next-generation large-scale and only other tritium-fueled device,
the Joint European Torus (JET), to be designed with elongated and (outward)
D-shaped plasma shaping (Freidberg 2014).

14See figure 1.7.1 for a visualisation of elongation and triangularity.

15The Mercier criterion is a sufficient condition for interchange stability and a necessary condition
for ballooning stability, i.e. iff the Mercier criterion is satisfied ballooning stability can be
tested. This stability criterion will be addressed further in chapter 3.10.
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1.6.2 Symmetry-preserving three-dimensional
shaping

As alluded to earlier, breaking axisymmetry of the toroidally nested flux-surfaces
is the key idea behind stellarators. Whereas in tokamaks a helical field can only
be generated with a plasma current, in stellarators the three-dimensional (3D)
shaping can generate a helical field on its own. This allows stellarators to be
more easily designed for steady state operation, since external current drive is
not necessarily required and coils can be designed to create flux-surfaces in the
absence of any plasma such that no solenoid is required in the centre of the
torus. Further, stellarators generally do not suffer from disruptions and are able
to operate at densities that exceed the Greenwald limit (Greenwald 2002)'°. It
was shown in the compact toroidal hybrid (Hartwell et al. 2017) that densities
much beyond the Greenwald limit could be obtained once the edge external
rotational transform obtained values of 0.1 — 0.15 or larger (Maurer 2015).

While finding non-axisymmetric ideal MHD equilibria with nested flux surfaces
is relatively straightforward, finding ones which confine collisionless guiding
centre trajectories is challenging and requires careful numerical optimisation of
both the plasma equilibrium and coils to support it. The reasons for this will be
further described in section 3.2.

Three-dimensional shaping of small magnitude is also being used in tokamaks.
The high confinement operating regime (H-regime or H-mode), discovered in
1982 (Wagner et al. 1982), has long been seen as the most desirable operating
mode for tokamak plasmas. Its steep edge gradients of temperature and density
increase their core respective values, thus increasing performance. However, the
H-mode comes with a list of drawbacks, one of the key ones being instabilities
localised to the edge region which cause explosive transport events that damage
plasma facing components. Therefore, these edge localised modes (ELMs) must
be either avoided or mitigated. One of the key mitigation strategies is to increase
their frequency, thereby reducing the energy expelled during each ELM event.
One key idea which has been used on nearly all tokamaks around the world are
so-called resonant magnetic perturbations (RMPs), small 3D fields with distinct
toroidal mode numbers n which typically increase the transport in the plasma
edge, thereby lowering the local pressure gradient, and avoiding the unstable
ELM regime (Evans et al. 2004; Kirk et al. 2013).

16The density in stellarators only has a soft limit set by radiative losses from impurities (Helander
et al. 2012), also known as the Sudo-limit (Sudo et al. 1990), and can therefore be increased
through experimental scenario development (Fuchert et al. 2020).
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Figure 1.6.1. — Different degrees of plasma shaping shown as one quarter of the full
torus of nested flux surfaces. Left: circularly shaped axisymmetric
equilibrium. Center: axisymmetric equilibrium with elongation and
(positive) triangularity. Right: non-axisymmetric equilibrium with
axisymmetric and quasi-axisymmetric shaping. The field strength | B|
is overlaid on the flux surfaces with brighter colours corresponding to
stronger field.

Since the successful use of RMPs for ELM suppression, numerous studies have
explored how the currents of the saddle coils which generate the RMPs can be
optimised to improve other plasma properties as well (Park et al. 2021). However,
using the currents in those very simple coils as the degrees of freedom to optimise
plasma performance is overly restrictive since their location, orientation, and
shape is fixed and non-optimised. Further, the 3D shaping which these coils
generate is relatively small and therefore unable to provide any of the key
benefits of stellarators.

In this work we focus on optimised perturbations strong enough to provide
stellarator benefits, and chosen in shape to preserve quasi-symmetry as much
as possible to keep guiding centre trajectories confined. Figure 1.6.1 illustrates
the change in the flux surfaces as they go from being circular to featuring
axisymmetric shaping, and finally to feature both axisymmetric shaping and
quasi-axisymmetric (QA) perturbations'’. This figure already hints at a feature
which we will elucidate further later on in section 3.8, namely QA perturbations
tend to accumulate on the inboard side, making the use of RMPs for this purpose
even less compelling. RMPs are usually located on the outboard side of tokamaks.

17The concept of quasi-symmetry will be introduced in detail in chapter 3.
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1.7 Magnetohydrodynamic equilibrium

In section 1.1.2 we introduced the fact that the plasma must satisfy the ideal
MHD equilibrium condition
JxB=Vp (1.7.1)

throughout the plasma volume V. There are different methods of specifying
and calculating such an equilibrium. Some are more convenient to handle
analytically, thus allowing one to study isolated effects, others are closer to reality
but must be performed numerically. In this work we make use of two methods.
The first satisfies equation 1.7.1 locally around one flux surface of tokamaks, is
analytic, and is often used to study axisymmetric shaping effects. Since tokamaks
automatically confine all particles, calculating their global equilibrium is less
interesting. The second method we introduce calculates stellarator equilibria
globally and ensures that the 3D tokamak perturbations which we will study are
indeed the most desirable ones we could consider.

1.7.1 Local tokamak equilibria with Miller formalism

When analysing changes to turbulence-flow interactions in tokamaks due to
changes in the equilibrium we use the Miller formalism (Miller et al. 1998). This
is the most commonly found approach in the literature, for the following reason.
While equation 1.7.1 is only satisfied radially locally (i.e. around the flux surface
of interest) within this framework, it comes with the great benefit that it has
analytical expressions and that the parameters which describe the equilibrium
can be varied individually, allowing all other parameters to stay fixed. With
this feature the effect of individual equilibrium parameters can be studied in
isolation, a feature which we take advantage of in this work. Moreover, since our
simulations are local, we do not require equilibrium information on other flux
surfaces. For the derivation we refer to the original paper (Miller et al. 1998).

In table 1.2 we list the nine independent equilibrium parameters which can
be changed and what they correspond to physically. Importantly for this work,
the plasma shape of the central flux surface is given by the following analytic
expressions within the Miller formalism:

R(0) = Ry + rcos[f + 0 sinb)], (1.7.2)
Z(0) = krsin6. (1.7.3)

Here « is the elongation and § the triangularity, see table 1.2 and figure 1.7.1.
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Name | Symbol | Explanation
Aspect ratio A Ratio of major rafilus Ry and
minor radius a.
. Vertical stretching of flux
Elongation K )
surface, x = 1 for circular.
Change of « in the
Radial variation of elongation OrK neighbourhood of central flux
surface.
. . D-shaping of central flux
Triangularity 0 surface, § = 0 for circular.
Change of ¢ in the
Radial variation of triangularity 0,0 neighbourhood of central flux
surface.
Net twistedness of magnetic
Safety factor q :
field.
Global magnetic shear 5 Variation of ¢ from one flux
surface to another.
Radial variation of major radius 0, Ry Related to Shafranov shift.
. Related to pressure gradient of
Re-scaled pressure gradient QMHD the equilibrium.

Table 1.2. — The nine independent parameters which describe a Miller equilibrium.

Z Z

A A

k=1.0
k=1.25
k=15
k=175
Kk=12.0

* R * R

Figure 1.7.1. — Definitions of elongation « (left) and triangularity § (right).

1.7.2 Global three-dimensional equilibria with
variational method

For the study of non-axisymmetric equilibria we compute global equilibria
numerically with the Variational Moment Equilibrium Code (VMEC). No analytical
local model for general 3D equilibria exists, making this the common approach
in the literature. VMEC makes use of the result by Kruskal and Kulsrud (Kruskal
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& Kulsrud 1958) which states that any 3D MHD equilibrium is determined by
the shape of the plasma boundary §V and two radial functions. In VMEC these
are the pressure profile p(s), and either the toroidal current density profile
dI(s)/d(s) or the rotational transform profile +(s). The field B inside the volume
and therefore the shape of the flux surfaces are not known and are the output of
the calculation. The code uses a gradient-descent method to minimise the MHD

('BQS“;'Q - p(r)) &r. (1.7.4)

energy functional

WiB.p = [

1%

Finding stationary points of W corresponds to satisfying equation 1.7.1. W =0
indicates that the plasma pressure is exactly balanced by the magnetic pressure
everywhere inside the plasma. Other constraints are enforced such as enforcing
nested flux surfaces, and requiring the magnetic field to be both divergence free,
V - B = 0, and tangential to the plasma boundary everywhere, i.e. B-n =0 on
0V (Imbert-Gérard, Paul & Wright 2024).



Nonlinear energy transfer
In tokamaks

In this chapter we will explore the poloidal distribution of zonal flow drive in
tokamaks with strong shaping. We will use turbulence modelled with gyroki-
netics in a flux tube to obtain a theoretical estimate for the drive strength at
each poloidal location. This approach allows us to show that there is a clear
distinction between the poloidal distribution of turbulent fluctuations and the
nonlinear drive of zonal flows.

This chapter is largely based on the content in reference

T M Schuett, I Cziegler, and D Dickinson (Nov. 2025a). The poloidal
distribution of electrostatic zonal flow drive in strongly shaped tokamaks.
In: Plasma Physics and Controlled Fusion 67.11, p. 115022

2.1 Motivation

Tokamaks exhibit confinement phases or modes, where turbulent fluctuations and
thus confinement exhibits step-like differences across the phase transitions. The
most prominent is the high confinement mode, discovered in 1982 on ASDEX
in Garching (Wagner et al. 1982). The conditions under which a confinement
transition occurs in a tokamak plasma is affected by many different physical
processes and no clear theoretical picture exists to date. Scaling laws (Takizuka
2004; Martin et al. 2008) capture some trends but miss many crucial effects
(Gohil et al. 2008; Righi et al. 1999; Howlett et al. 2023).

One dominant theory describes the nonlinear interaction between turbulence
and zonal flows to set off a feedback loop and trigger such a transition. Indeed,
the nonlinear drive of zonal flows has been experimentally linked to the tran-
sitions between these confinement regimes (Moyer et al. 2001; Diamond et al.
2005; Fujisawa 2008). Numerous studies have measured energy transfer in
detail and showed that the nonlinear energy transfer to zonal flows increases
in the period leading up to the transition (Manz et al. 2012; Cziegler et al.
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2013; Yan et al. 2014; Cziegler et al. 2015; Schmitz 2017). Even a previously
unexplained asymmetry in the heating power required to reach H-mode, depend-
ing on the direction of the grad-B drift, can be explained by a corresponding
asymmetry in the nonlinear energy transfer rate to zonal flows (Cziegler et al.
2017); see reprinted in figure 2.1.1 for convenience. Therefore, to further our
physics understanding of confinement transitions we must start by advancing our
understanding of nonlinear turbulence-flow interaction. It should be noted that
even in the absence of confinement transitions, an increased drive of zonal flows
improves confinement and motivates understanding of its physical processes by
itself.
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Figure 2.1.1. — The nonlinear drive of (mean) zonal flows reaches the same critical
values at the L-H transition. Note that these measurements are taken at
a single poloidal location, the outboard midplane. Image adapted from
(Cziegler et al. 2017).

In the experimental studies cited above the turbulence diagnostics are typically
either beam emission spectroscopy (BES), gas puff imaging (GPI), or probes.
These cover the perpendicular plane of a flux tube at only one poloidal location on
most tokamaks. This location is usually the outboard midplane where the drift
curvature is the ‘worst’ and the turbulence intensity is therefore the strongest.
This location is marked by a green dot in figure 2.1.1.

While the turbulent potential fluctuations typically balloon out on the outboard
midplane, the zonal potential is poloidally symmetric’. One might therefore
wonder about their interaction poloidally. How strong is the drive of ZFs at
poloidal locations which are not the outboard midplane? Is the nonlinear driving
strength simply proportional to the turbulent intensity? The lack of answers
to these questions has meant in the past that macroscopic plasma parameters

!Note that the zonal flow has an in-out asymmetry due to the variation in the field strength B.
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such as shaping and rotational transform profiles have been kept as constant as
possible within a given experimental study, in which case differences in local
drive measurements are still expected to be indicative of changes to the total ZF
drive. With a theoretical estimate on whether the ZF drive distribution varies
with macroscopic plasma parameters, and if so how, one could meaningfully
compare experimental results with different macroscopic parameters.

The most natural tool to answer this question is local gyrokinetics, introduced
in section 1.5. Local gyrokinetic codes solve the gyrokinetic equation along
a flux tube for a full poloidal turn. In tokamaks, due to axisymmetry, this
gives information on how the turbulence behaves on the full flux surface. The
perpendicular plane resembles those covered by the turbulence diagnostics, i.e.
it covers a few correlation lengths in both the radial and binormal directions.
The crucial point, however, is that in gyrokinetics this plane is covered at every
parallel point along the flux tube. By performing a nonlinear drive analysis at
each of these points and projecting the results onto the poloidal plane we can
obtain an estimate for the poloidal distribution of the ZF drive. Figure 2.1.2
illustrates how the poloidal projection of the dynamics parallel to the flux tube
give information on the poloidal distribution.

4 .
A @® outboard mid-plane
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Poloidal projection
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Figure 2.1.2. — Dynamics along a field line give direct information on the poloidal
distribution due to axisymmetry. Left: a flux tube with ¢ = 1.4 on a
flux surface. Right: the poloidal projection, showing that the field line
covers one poloidal turn. The green dot shows the outboard midplane
in all three plots, the poloidal location which has been mostly used for
turbulence-flow interaction studies in the past.

Local gyrokinetics has been previously used to validate nonlinear transfer
dynamics, and it was shown that the forward cascade of internal energy transfer
mediated by ZFs agrees qualitatively at the outboard midplane (Holland et al.
2007). Nonlinear transfer functions from gyrokinetics (referred to as free energy
transfer or entropy transfer in the literature, more on this topic in chapter 6)
as well as transfer of temperature fluctuations have been used to highlight the
importance of multi-scale coupling in gyrokinetic simulations to accurately match
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experimental heat flux measurements (Maeyama et al. 2015; Maeyama et al.
2017; Howard et al. 2015). This study is therefore not the first time gyrokinetics
has been used to evaluate nonlinear energy transfer. However, it is the first time,
along with the previous work for circular shaping by (Biggs-Fox 2022), that the
full poloidal coverage is taken advantage of, and that the analysis is specifically
aimed at the drive of zonal flows, since it is the flow which shears apart turbulent
eddies and appears to trigger confinement transitions in experiments.

2.2 Cyclone base case

The cyclone base case (CBC) (Miller et al. 1998) is the most used tokamak
benchmark equilibrium. It is based on an equilibrium from the DIII-D tokamak
at General Atomics, features a circularly shaped plasma cross-section, an aspect
ratio A = 2.72, safety factor ¢ = 1.4 and global magnetic shear § = 0.78. Its
gradients are a/Ly = 2.49 and a/L,, = 0.81.

The poloidal distribution of ZF drive 7, was investigated for the CBC by Biggs-
Fox (Biggs-Fox 2022). It was found that while the ZF drive is not proportional it
is correlated to the envelope of the turbulent fluctuations. A slight dependency
of Tzr on the temperature gradient was observed for fixed density gradient.

In current and future tokamaks, plasmas typically have a non-circular cross
section, and in this chapter we investigate the dependence of 7, on non-circular
plasma shaping. We retain the CBC as the reference case, i.e. we do not change
A, g, or 5 unless otherwise noted. We also retain the assumption of adiabatic
electrons (see equation 1.5.10).

2.3 A note on computational methods

The calculation of the sum over triple products which is at the heart of the
calculation of the nonlinear transfer functions is computationally challenging
from a memory perspective when done as a post-processing script in Python.
Such a calculation requires the handling of the full complex-valued (¢, k., &k, 0)
to calculate equation 1.4.19, stated here again for convenience:

Tzr =2B73 Re< > ck,k1(5¢k5¢k_k15¢k1)>. (2.3.1)

k’z:klxykly

Typical values in gyrokinetic simulations are N, = 128, N, = 96, and N, = 64.
After de-aliasing with the 2/3-rule the wavenumber grid resolutions are Ny, = 85
and N, = 32 (the binormal wavenumber gets halved again due to the previously
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mentioned reality condition). A typical simulation time is 1000a /vy, with the first
~ 250 a /vy, being dominated by linear physics, not saturated, and thus excluded
from our analysis. Typical time steps by the solver are At = 0.01a/v,, controlled
by the Courant-Friedrichs-Lewy condition. Thus a total of 75k time steps are
taken in the code. Diagnostics are typically written out every nwrite = 20 time
steps or similar, such that 3, 750 snap shots of ( are typically written out for one
simulation. For typical double precision of real and imaginary part the total size
of ¢(t, ky, ky, 0) is

3750 x 85 x 32 x 64 * 2 x 8 bytes ~ 10 GB (2.3.2)

To make use of optimised tensor multiplication libraries in Python such as Numpy,
the mediator mode tensor in equation 2.3.1 is typically expanded into a tensor
of dimensions [Ny, Ny, Ny,,, Ni,,, No|, making the memory requirements of the
post-processing script quickly approach O(100 GB). Simulations with finer grid
resolution, such as those needed to check convergence, quickly make the memory
requirements prohibitively large. Further, writing the full 6 to disk during the
simulation can take up significant time, increasing the total wall clock time a
simulation takes significantly. Should one be interested in the full transfer tensor
of the form 7 = T (k, ky, k12, k14, 0) to analyse coupling dynamics beyond those
that feed the ZF, memory requirements quickly exceed those available on one
compute node, requiring MPI-based post-processing tools.

For all those reasons it is desirable to calculate the transfer tensor during the
simulation as part of the standard diagnostics routine of the GK code. Paralleli-
sation can be fully leveraged, no large files need to be written to disk, speed-ups
from the more efficient programming language used for these codes (Fortran
in the case of GS2) come for free, and diagnostic capabilities can be expanded
relatively straightforwardly without hitting memory limits.

The computation of 7, was implemented as a python post-processing tool
for GS2 as part of prior work by Biggs-Fox (Biggs-Fox 2022) and has been
implemented as a diagnostic to GS2 as part of this Thesis, allowing for memory
efficient MPI parallelised computation at runtime. The diagnostic has been first
made available in GS2 version 8.2.0 (Barnes et al. 2024).
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2.4 Convergence

2.4.1 Routine convergence tests for grid resolutions

For each shaping scan convergence was checked for the most extreme cases,
e.g. for triangularity we checked convergence for § = +0.75. It was ensured
that simulations are sufficiently resolved such that both the heat flux and the
fluctuations spectra of the electrostatic potential do not change meaningfully
when the resolution on one of the grids is increased by at least 50%. We
also checked that the poloidal distribution of the ZF drive does not change
meaningfully. Upon finding converged resolutions at the extrema of a given
shaping scan, the higher resolution of either extremum are selected for all cases
in between which are then expected to be converged also.

2.4.2 Nonlinear coupling convergence

Beyond the checks that our observations of the previous sections are not sensitive
to the grid resolutions used, we also check that the simulation time is sufficient
for convergence of the transfer functions.
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Figure 2.4.1. — Convergence tests for the nonlinear coupling behind the ZF drive. The
case with A = 2.72, k = 1.0, 6 = +0.5, and a/Ly = 6.0 (which
will be discussed in subsection 2.5.2) is used as an example here. Left:
Cumulative averages within the saturated phase to test convergence with
respect to the ensemble size. Each data is normalised to its final value as
the relative differences between these locations were established in the
previous sections. Right: Poloidal distribution of the ZF drive stemming
from averages over disjoint intervals within the saturated regime.

This is shown in the left plot of figure 2.4.1 which shows cumulative averages
for three somewhat arbitrarily selected poloidal locations. We see that after
t = 600 a/vy,, the changes are < 5%. Note that the time stepping did not
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change during this phase such that spacing in ¢ is representative of spacing in
realisations.

Moreover, the right plot of figure 2.4.1 shows that the poloidal distributions of
the ZF drive are stationary and not dominated by a large-scale event. To this end
we calculated the ZF drive over four disjoint intervals of length At = 250 a/vy,.

Almost no variation is seen in the distributions, showing that they are not
dominated by singular events.

2.5 Strongly shaped tokamaks

2.5.1 Elongation

To motivate the parameter range which we choose for the elongation study
we first map out the dependence of the linear ITG growth rate on both the
temperature gradient and elongation. The results in the left plot of figure 2.5.1
show the known trend, namely the ITG mode is stabilised by both a lower
temperature gradient and higher elongation, the latter occurring when V7 is

specified at the outboard midplane (Angelino et al. 2009), as customary in
tokamak gyrokinetics.
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Figure 2.5.1. — Trends of ITG turbulence with elongation and temperature gradient
when specified at the outboard midplane. Left: The linear growth rate
of the most unstable ITG mode for a range of temperature gradients
a/Ly and values of elongation . The binormal wavenumber of the

mode is overlaid. Right: The slice of a/Ly = 6.0 with the nonlinear
turbulent activity added.

These results motivate the choice a/Lr = 6.0 for our nonlinear study. This
slice is shown again in the right plot in figure 2.5.1, where the turbulent activity
from the nonlinear simulations are added. Here we chose a three-point-scan
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with x € {1.0,1.5,2.0}. We define the turbulent activity to be the fluctuations of
the E x B velocity, defined as

((lovsznl)) = ;2 > (K +k) ((166(K)1)). (2.5.1)

ki ky 0

Here ((.)) denotes temporal averaging over the saturated period of the simu-
lations as well as poloidal averaging. Previous results by Biggs-Fox (Biggs-Fox
2022) showed hints that the envelope of the ZF drive might have a dependency
on the temperature gradient itself, i.e. on the degree of non-marginality of
the simulations. We thus attempt to find the temperature gradient at increased
elongation (x = 2.0) for which the fluctuation level approximately matches those
of the CBC (x = 1.0). We find this gradient to be a/L; = 16. While this is a very
large value compared to typical experimental value, it serves as a useful tool to
isolate the effect of elongation itself, and to prevent the mixing of two separate
effects from affecting our study.
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Figure 2.5.2. — The poloidal distribution of zonal flow drive for varying elongation
k, mapped onto the simulated flux surface p = 0.8. The temperature
gradient is fixed to a/L7 = 6.0. Note that the radial thickness of the
coloured region is shown for illustrative purposed only. Left: CBC,
Middle: « = 1.5, Right: « = 2.0.

The poloidal distribution of the ZF drive T? are shown for varying elongation
in figure 2.5.2. As the flux surfaces depart from being circular the single max-
imum of the drive at outboard midplane bifurcates, and two maxima develop
which are aligned with the locations of maximum poloidal curvature near the
top and bottom of the equilibrium. Here, and in all future plots, we normalise
the zonal flow drive to its maximum value, such that we gain information
on its relative distribution. We often observe the zonal flow level to be only
quasi-stationary throughout the simulation in these strongly shaped equilibria,
making it difficult to compare absolute values between different equilibria. We
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note, however, that with respect to experimental validation this ability could be
restored through a single localised measurement at e.g. the outboard midplane.
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Figure 2.5.3. — The poloidal distributions of the turbulent activity, time-averaged over
the saturated phase of the simulations. Left: Electrostatic potential.
Right: E x B velocity.

The poloidal distributions of the turbulent activity are shown in figure 2.5.3. In
addition to the total fluctuations of the E x B velocity, defined in equation 2.5.1,
we also show the poloidal distribution of electrostatic potential fluctuations.
Since the difference in total fluctuation levels was shown in figure 2.5.1, we
focus on the normalised poloidal envelopes here to bring out their structure.
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Figure 2.5.4. — The poloidal distribution of the ZF drive for varying elongation.

For the strongly elongated equilibrium, results are shown both for a/L; = 6.0
and for the temperature gradient of matched fluctuation levels with the CBC,
a/Lr = 16. While the poloidal distributions of the potential fluctuations remain
broadly peaked across the outboard side, those of the E x B velocity develop
local maxima for the marginal case (x = 2.0, a/Ly = 6.0). However, this effect
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disappears for increased temperature gradient (x = 2.0, a/Ly = 16), for which
the envelopes of both fluctuation metrics are strongly peaked at the outboard
midplane.

However, figure 2.5.4 shows that the distribution of T”" retains a similar
character for both temperature gradients. The transfer is strongly reduced on
the outboard midplane. We note in passing that the E x B fluctuation envelope
shows local maxima on the inboard midplane for the cases with a/Lr = 6.0,
while no such peaking is seen in the ZF drive envelope. This could be explained
by the extra factor of B~! that features in 7, compared to <|5vg§‘]’3 2>.

2.5.2 Triangularity

The plasma shaping on most tokamaks today features not only elongation
but also triangularity. While positive triangularity (PT) has been traditionally
used due to its beneficial effects for MHD stability (Freidberg 2014), more
recently negative triangularity (NT) has been increasingly studied due to its high
performing L-mode characteristics which avoids the ELM-suppression problem
of H-mode or H-mode-like regimes (Marinoni, Sauter & Coda 2021). Therefore,
both PT and NT are included here.
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Figure 2.5.5. — fluctuation metrics (left) and time-averaged heat flux (right) against
triangularity for no elongation (x = 1).

In figure 2.5.5 we show that the fluctuation levels are relatively insensitive to
triangularity alone, compared to the dependency on elongation. The results for
elongation of the previous section (figure 2.5.4) showed that the effects from
the proximity to marginality appear to be subdominant to shaping effects on
the ZF drive envelope. Motivated by these two facts we keep the temperature
gradient constant at a/ Ly = 6.0 throughout this part of the study.

We vary the triangularity in the range § € [—0.75,0.75] and set its radial
derivative to 0,6 = 6/+/1 — 62 (Miller et al. 1998). Figure 2.5.6 shows that the



2 Nonlinear energy transfer in tokamaks 47

6= —-0.75
) 6=-0.5

6=-0.25

6=0
et 6= +0.25

6=+0.5

6= +0.75

% \\

-100 -0.75 -050 -025 0.00 025 050 075  1.00
geometric arctan 6/m

° o o =
IN o © o

zonal flow drive TZF [a.u.]
o
o

©
o
;

Figure 2.5.6. — The poloidal distribution of the ZF drive for varying values of triangu-
larity.

trend observed for elongation continues, namely as the flux surface departs
from being circular, local maxima of the ZF drive emerge near locations of
strong poloidal curvature. We note that the fall-off near the maxima is more
pronounced for higher absolute values of 4.
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Figure 2.5.7. — The poloidal distribution of fluctuations for varying values of triangu-
larity. Left: Electrostatic potential fluctuations. Right: E x B velocity
fluctuations.

The distributions of the fluctuation metric are shown in figure 2.5.7. Unlike
the ZF drive, these are broadly peaked on the outboard side for all levels of
triangularity.

For easier visual interpretation figure 2.5.8 shows the ZF drive again, but
mapped onto the cross-section for § = +0.5.
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Figure 2.5.8. — ZF drive mapped onto relevant flux surface p = 0.8. Left: Positive
triangularity 6 = 40.5, Right: Negative triangularity § = —0.5.

2.5.3 Aspect ratio

Aspect ratio alone shows to have very little effect on the ZF drive envelope for
circularly shaped cross-sections. Thus, the results are not shown here. The
general shape remains the same as for the CBC, but a slight widening is observed
towards small aspect ratio when comparing the results for the CBC at A = 2.72
to the ones at spherical tokamak aspect ratio of A = 1.4. This remains the case
even when the stabilising effect of aspect ratio is taken out by selecting a higher
temperature gradient to match the fluctuation levels. The poloidal distribution
of the fluctuation metrics also show to be insensitive to aspect ratio.

2.5.4 Spherical tokamak equilibrium

After having considered the isolated effects of elongation, triangularity and
aspect ratio in the previous subsections, we turn to the geometry of a typical
spherical tokamak equilibrium which features all of these effects combined, as
seen in the photo 2.5.9 of a MAST plasma. Typical values for MAST-Upgrade
equilibria are k = 2.0 and 6 = +0.5 at an aspect ratio of A = 1.4. All three
of these effects combined are very stabilising, so we increase the temperature
gradient to a very high level of a/L; = 18.0 to match the fluctuation levels of
the CBC.

Previous linear gyrokinetic studies of spherical tokamaks with negative trian-
gularity have shown that detrimental transport is to be expected from electro-
magnetic turbulence excited by kinetic ballooning modes (Davies, Dickinson &
Wilson 2022). Nonetheless this parameter regime is interesting for validation
purposes and therefore we also include an equilibrium with flipped triangularity
of 9 = —0.5. That such equilibria are possible in STs and produce ELM-free
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Figure 2.5.9. — Plasma in the MAST spherical tokamak in Culham, UK. Image from
UKAEA.

regimes as on TCV has been recently demonstrated on MAST-Upgrade (Nelson
et al. 2024).

Equilibria in MAST-Upgrade also feature significant squareness. However,
including squareness requires a reformulation of the Miller equilibria (Joiner &
Dorland 2010). We therefore do not include it here for simplicity, but note that
it is one of the possible extensions of this study.

Figure 2.5.10 shows the poloidal distributions of the ZF drive and the fluc-
tuation metrics, for positive and negative triangularity, respectively. It appears
that the effect of elongation dominates over the one from triangularity for the
ZF drive, as now a local minimum is observed at the outboard midplane for PT,
despite the local maximum of poloidal curvature at this location. Is this caused
only by the combination of elongation and triangularity, or does the compact aspect
ratio play a critical role as well? Figure 2.5.11 shows the result for combined
elongation and PT at conventional aspect ratio A = 2.72 (same as CBC). While
the ZF drive at the outboard midplane is now raised compared to the compact
equilibrium there is no local maximum at this location. We thus conclude that
the effect of elongation is stronger than the one of triangularity. This is the
case independent of aspect ratio, consistent with the results from the previous
subsection 2.5.3 that the ZF drive is relatively insensitive to aspect ratio.

The question still remains as to what physical mechanism is responsible for
these results, namely the non-trivial poloidal distribution of the ZF drive, and
we will return to this in subsection 2.7.
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Figure 2.5.10. — Zonal flow drive distribution in spherical tokamak with positive and
negative triangularity. Top: Spherical tokamak equilibrium with posi-
tive triangularity. Bottom: Negative triangularity counterpart. Left:
The ZF drive envelope alongside those of the fluctuation metrics. Right:
ZF drive mapped onto the cross-sections. Note that the left axis also

corresponds to the symmetry axis.

1.0

0.8

0.6
3
o

0.4

0.2 —_ T

— (16917
0.0 — (|6VE><B|2)
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

geometric arctan 6/n

Z[m]

1.0

0.5

0.0

-0.5

-1.0

1.0

1.0 1.5 2.0 25
R[m]

Figure 2.5.11. — Elongation and PT at conventional aspect ratio. Left: ZF drive and
fluctuation metrics envelopes. Right: ZF drive mapped onto the cross-

sections.
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2.6 Up-down asymmetric equilibria

2.6.1 Implications of breaking up-down symmetry

The shaping cases considered thus far all retain up-down symmetry which
describes the mirror symmetry of the flux surfaces across the midplane. Breaking
up-down symmetry has strong implications, especially in the case considered
here where the equilibrium toroidal flow and flow shear are assumed to vanish.
In this case turbulent fluctuations are unable to transport toroidal angular
momentum radially for up-down symmetric equilibria due to a symmetry of the
gyrokinetic equation (Parra, Barnes & Peeters 2011). The radial momentum
flux from above the midplane cancels with the one from below. Hence, rotation
and rotation shear cannot be intrinsically generated from an initial stationary
equilibrium. However, strongly up-down asymmetric equilibria, as considered
in this section, are able to transport toroidal angular momentum even in the
absence of externally driven flow and flow shear (Parra, Barnes & Peeters 2011).

The toroidal angular momentum can be split into a parallel and perpendicular
(to the field) component within the flux surface. Zonal flows contribute to the
perpendicular component. For zero equilibrium flow, the general expression
for the radial flux of toroidal angular momentum is given by (Parra, Barnes &
Peeters 2011, eq. 32)

Hf:n%<< /ﬁ (v V¢ﬁ> > , (2.6.1)

Ay

where f, is the full distribution function, ( is the toroidal angle and ¢ is the unit
vector in the toroidal direction.

1

<>A¢EM Av

dy(...) (2.6.2)

is an average over the radial domain (the simulation box) and

o =17 jf a0 f e (2.6.3)

is a flux surface average with the gradient of the volume element V' = dV/dy) =
27 $ dAJ and the Jacobian J = 1/|(Vy x V) - V(| (Parra, Barnes & Peeters
2011).
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It can be shown (Parra, Barnes & Peeters 2011, eq. 36) that the turbulent
contribution to 112, in the following denoted by the superscript ‘tb’, reduces to

Mot — <<R2(Vl5¢) &) / B(v - Oh >w> (2.6.4)
Ay

in the absence of magnetic perturbations and flow shear. Upon using the relation

I(¥)b  bxVy

R( = B 5 (2.6.5)
with I(¢) = RB¢, the expression simplifies to
%4 — <<R(5UEX3 vy) [d(v-) hs> > , (2.6.6)
Y A

where again jvg.g = (b x Vi¢)/B (Parra, Barnes & Peeters 2011). This
highlights that the turbulent radial flux of momentum is entirely due to turbulent
E x B motion. Its decomposition into perpendicular and parallel components
are then given by

Hd)L = Ms <<R(5UExB : VW/dg(VL : é)hs> > (2.6.7)
¢/ Ay

Hfﬁb = My, <<R((5vExB . Vw)/dff(vn . 5)h5>w>Aw (2.6.8)

et = T2 + TG (2.6.9)

The poloidal distribution of I1?'}" is given by 7%'{"(f) (es_mom_f1lux_perp_dist
in GS2) such that
e = j{ 407w (2.6.10)

2.6.2 Up-down asymmetric equilibria through poloidal
tilting

A straightforward method of introducing up-down asymmetry is by tilting the
Miller equilibria in the poloidal plane. This allows the equilibria to be expressed
with generalised Miller equations which are available in GS2 (Ball et al. 2014;
Ball 2016). For convenience the equations for the resulting flux surface shapes
are stated in Appendix A. The two additional equilibrium parameters are 6,
and 6; which describe the poloidal tilt angle of elongation and triangularity,
respectively.
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We note that up-down asymmetric equilibria which can be described by a
single tilt angle, and thus retain a mirror symmetry in the poloidal plane, are
a special case of up-down asymmetry since for small scale shaping (i.e. high
Fourier mode shaping as opposed to the large scale, small Fourier mode shaping
used here) the gyrokinetic equation possesses another symmetry which results
in only small changes to the turbulent transport of momentum and energy (Ball,
Parra & Barnes 2016).

zonal flow drive TZF
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— (54— b
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Figure 2.6.1. — Nonlinear metrics for up-down asymmetric equilibria through tilting
of Miller equilibria. Shown are the ZF drive, the turbulent fluctuation
metrics, and the envelopes of the perpendicular component of the
angular momentum transfer. Gradients are chosen to match fluctuation
levels of the CBC. Results are shown for positive and negative tilt
angles to highlight the expected symmetry. Top row: tilted elongation.
Middle row: tilted positive triangularity. Bottom row: tilted negative
triangularity. (Left column: counter-clockwise tilting, Right column:
clockwise tilting).



54 2 Nonlinear energy transfer in tokamaks

In figure 2.6.1 we show the results for tilted elongation with tilt angles
0. = +m/4, as well as those for tilted positive and negative triangularity each
with tilt angles 05 = +7/8. We first note that the breaking of up-down symmetry
in the flux-surfaces also breaks such a symmetry in the fluctuations and ZF drive
envelope. We also note that this symmetry breaking is symmetric with respect to
the sign of the tilt angle. This would not be expected to occur with equilibrium
flow or flow shear which would introduce additional symmetry breaking.

For elongation the tilting effectively removes one of two local maxima in
the ZF drive that were present for pure elongation without tilting. Most of
the drive now occurs near the maximum of poloidal curvature which is at a
larger major radius, even though the turbulent activity is broadly distributed. A
similar effect occurs for titled positive triangularity (see middle row of figure
2.6.1) where the local maximum of poloidal curvature is favoured which has
moved towards larger major radius rather than the one which has been moved
further inward. For negative triangularity (bottom row of figure 2.6.1), the
tilting merely introduced a slight asymmetry in the ZF drive.

In addition to the fluctuation metric and the ZF drive, figure 2.6.1 also shows
the poloidal distributions of the perpendicular component of toroidal angular
momentum transfer, 7%'"(). The resulting net radial flux is also shown, and
highlights that most of the transfer is still cancelled out. Importantly we see that
there is no clear correlation between the ZF drive envelope and 77" (6). Instead,
maxima in ZF drive often occur at locations where very little momentum transfer
takes place.

This leads us to conclude that the locations where perpendicular momentum is
driven on a flux surface do not correspond to the locations where it is most strongly

transferred between flux surfaces.

2.7 What role does geometry and curvature
play?

The overarching and striking result from the previous sections is the influence of
curvature on the zonal flow drive. Visually in the mapping of the drive on the
poloidal cross-section, drive maxima appear near those of poloidal curvature with
a tendency to be shifted towards the bad curvature side, see figures 2.5.2, 2.5.8,
2.5.10, 2.5.11, and 2.6.1. In a tokamak, the toroidal and poloidal curvatures are
equal to the principal curvatures «; and ks, respectively.

The other important curvatures are the components of the field line curvature
vector k = b - Vb. This vector is orthogonal to the field line everywhere due to
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b Vb -b = 0. A natural way to think about « is to decompose it into the parts
that are normal to the flux surface and within the surface, i.e. into normal and
geodesic curvature. These are obtained through

kpn=mn-k and &k, = (b xn)-kK, 2.7.1)

where n = V¢ /|V)| is the flux surface normal (Helander 2014). Field line
curvature impacts turbulence in gyrokinetics by featuring in the magnetic drift
frequency wy = v, - k. Here

My 2 2
Vg = @(vlb x Vb +2v/b x k) (2.7.2)

is the magnetic drift velocity. We note that

B B
H:M()Vp Vi :ﬁvp_i_VL

Tt 5 =3 = (2.7.3)

where 3 = 2uop/B? is the plasma beta.

Since in gyrokinetics we write the wave vector in the natural flux tube coordi-
nates (¢, ),
k =k,VY + £k, Va, (2.7.4)

the parts of the magnetic drift that feature are b x k - Vi), b x Vb - Va, and
b x k- Va. Note that since Vp = (dp/dy) Vi the radial component of the grad-B
and curvature drift are the same up to constants and thus have the same poloidal
variation,

bx k-ViY=bx Vb-Vi, (2.7.5)

regardless of the assumption on the plasma beta. If, however, the plasma beta is
indeed assumed to be small, then also

bxVb-Vaxbx k-Va. (2.7.6)

Note that by permutation rules of the triple vector product the geodesic curvature
is therefore equal to the radial component of the magnetic drift

Kg X b x k- V1, (2.7.7)

whereas the Va-component of the magnetic drift is not completely in the same
direction as the normal curvature, since generally b x Va has a component
in a direction other than just n due to the non-orthonormality of the coordi-
nate system. However, the fastest growing modes generally have zero radial
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wavenumber such that it is solely b x k - Va that determines the parallel profile
of w, in the small beta limit and is therefore often called the drift curvature .
The sign of w, and thus of k; = b x k - Va determines whether curvature driven
ITG modes are locally unstable or not, and thus separates the so-called good
from bad curvature regions. The geodesic curvature is known to be important
for linear zonal flow physics; stronger geodesic curvature causes stronger linear
damping of zonal flows (Xanthopoulos et al. 2011; Nakata & Matsuoka 2022).
We will thus consider the pair (xg4, k,) in the following instead of (ky,, k).

o —_ TZF
v
drift curvature kg (= cvdrift)
--- geodesic curvature kg ( « cvdrift0)
- ==~ toroidal curvature —k;
--- poloidal curvature —k»

0.5

—~1.0+

-1.0 ' ~0.5 ' 0.0 ' 0.5 ' 1.0
geometric arctan 6/n

Figure 2.7.1. — The poloidal distribution of zonal flow drive alongside those of curva-
tures.

All four curvatures are plotted alongside the zonal flow drive envelope in
figure 2.7.1 for the case with elongation x = 2.0?. The drift curvature s, and
geodesic curvature r, are obtained from the geometry output of GS2°, and the
principle curvatures were calculated analytically from the Miller equations, see
Appendix B.

In figure 2.7.1, the two curvatures which have local maxima most closely
aligning with those of zonal flow drive are the drift curvature and the poloidal
curvature. The drift curvature can be varied without changing the poloidal
curvature by modifying the safety factor. To understand why we note that (1)
if V¢ and Va were orthogonal, the drift curvature would correspond to the
normal curvature, and (2) that the normal curvature is related to the principle
curvatures via (Kreyszig 1959, theorem 42.1)

Kn = K1(cos €)% 4 Ky (sin €)?, (2.7.8)

2The symbol  has unfortunately many uses in the literature. Its meaning here should be clear
from the context. Expressed as a vector or with subscript it refers to curvatures, as a scalar
without subscript it refers to elongation.

3from the standard output cvdrift and cvdriftO, respectively.
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where ¢ = arctan (1) is the pitch angle, i.e. the angle between the field line and
the toroidal direction. From this we conclude that the coupling between the drift
curvature and the poloidal curvature can be reduced by decreasing the pitch
angle &, i.e. by increasing the safety factor q.

1.0 4 — T

drift curvature kg (= cvdrift)

1 --- geodesic curvature kg (« cvdrift0)
---toroidal curvature —k;

--- poloidal curvature —k;

0.5

-1.0

-1.0 -0.5 0.0 0.5 1.0
geometric arctan 6/t

Figure 2.7.2. — The poloidal distribution of zonal flow drive alongside those of curva-
tures for increased safety factor ¢ to vary the contribution from toroidal
and poloidal curvatures to the drift curvature (see text for more details).

The results for ¢ = 4.0 are shown in figure 2.7.2. Indeed, compared to the
results with ¢ = 1.4 from figure 2.7.1, the maxima in the drift curvature are
significantly reduced, and the profile now follows more closely the one of toroidal
curvature which does not have such maxima. The zonal flow drive still features
its previous local maxima, though less pronounced. We are therefore at least
able to conclude that the drift curvature profile is unable to explain the poloidal
distribution of the zonal flow drive.

In terms of geometry, aside from the drift curvature profiles, the magnetic field
magnitude B and the (contravariant) metric terms g*¥ = |Vy|?, Y% = V¢ - Va,
and g*® = |Va/|? directly enter the gyrokinetic equation. For completeness, figure
2.7.3 shows the zonal flow drive distribution next to all six unique geometric
quantities that enter the equations®. None exhibit a poloidal structure with
similar maxima as the zonal flow drive, aside from the curvature drift and the
geodesic curvature which we showed in the previous plots.

We therefore conclude by noticing that it is far from obvious how the magnetic
geometry, through the nonlinearity of the turbulent dynamics, affects the zonal
flow drive distribution. Formally such understanding is a mapping of the form

M : (R[‘”’”])G%R[‘”’”], such that  727(0) = M(gy,...,96)(0) (2.7.9)

“Note that the ZF drive distribution originates from a nonlinear simulation where additional
parallel points add significant computational expense, whereas the geometric quantities were
generated with a computationally cheap linear simulation with very high parallel resolution.
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o —_ TgF
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Figure 2.7.3. — The zonal flow drive distribution alongside the six independent geo-
metric functions that enter the gyrokinetic equation for the case with
q = 1.4. For completeness three other geometric quantities are plotted
which for us are either equal to one of the other six, or just constants,
but with the exception of gbdrift0 need not be trivial in general.

where the g¢;(0) are the geometric quantities. Note that only recently a signifi-

cantly simpler mapping of the form
M (R SR, suchthat Q= Mg, ..., go) (2.7.10)

was found to map the geometric quantities to the single-valued (time-averaged)
heat flux ) and required sophisticated machine learning techniques, both for
the mapping and for its interpretability (Landreman et al. 2025).

The goal of this chapter was to investigate if the zonal flow drive distribution
changes with plasma shaping. We uncovered a strong dependence on plasma
shaping with the possibility of multiple local maxima. However, despite the
computational nature of this work which makes understanding easier than in
experiments, understanding what the origins are here likely requires significantly
more work, and is therefore outside the scope of this Thesis.

However, one does wonder whether simple proxies are able to capture the
trends, a question which we will address next.

2.7.1 Transfer proxies

The common trend we have observed in all of the results so far is that the ZF
drive envelope aligns with maxima of poloidal curvature but tends to be shifted
towards the outboard side where the turbulence is stronger. As argued in the
previous section, understanding why this is the case is non-trivial. In general,
getting an analytical handle on the complex nonlinear interaction of turbulence
has occupied researchers for a long time, and has proven incredibly difficult.
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This inherent difficulty to make analytical progress on this topic has in fact been
one of the motivations of approaching this problem in the way we have done
here, i.e. via direct measurement of three-wave-coupling.
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Figure 2.7.4. — Proxies for the zonal flow drive for a range of equilibria from the previ-
ous sections. Both the linear and nonlinear proxy are shown (see text).
The contributing quantities are shown in light dashed lines. The config-
urations are (a) ‘CBC’, (b) ‘slightly-elongated-CBC’, (c) ‘elongated-CBC’,
(d) ‘NT-CBC’, (e) ‘PT-CBC’, (f) ‘elongated-NT-ST’, (g) ‘tilted-elongation’,
(h) ‘elongated-PT-ST’.

One useful approach we can take, however, is to find suitable proxies a
posteriori. Here we test simple proxies for the drive envelope of the form

roxy-NL = (|6vgxs|?) * |kal,
proxy (|[6vexB|) * [K2] (2.7.11)

proxy-L = |75 | * |,
where, again, k5 is the poloidal curvature. It should be noted that there is no
specific theoretical motivation for the use of x, here, but we showed in the
previous sections that its poloidal dependence is a good predictor for the number
and approximate locations of the local minima in the ZF drive.

Aside from the interest of how well such simple proxies can reproduce the
observed trends, one of the main motivations for a proxy is computational
speed-up, since for experimental analysis one would like to be able to evaluate
the ZF drive envelope quickly for varying equilibria. Evaluating the ZF drive is



60 2 Nonlinear energy transfer in tokamaks

expensive as it requires a dedicated converged nonlinear simulation for each
equilibrium. The nonlinear proxy, ‘proxy-NL’, relies on the nonlinear turbulent
activity envelope and would thus not give any speed-up. We therefore also
introduce a linear proxy, ‘proxy-L’, which uses the linear mode envelope of the
fastest growing mode (in the pure linear picture) instead.

Figure 2.7.4 shows both proxies evaluated for many of the equilibria of
the previous sections. Both the linear and nonlinear proxies reproduce the
qualitative shape, and number and location of poloidal maxima remarkably well.
The influence from the poloidal curvature is often too strong. This could be
adjusted for example by introducing exponents on the term in equation 2.7.11
and fitting exponents for a desired parameter space.

2.8 Transfer contributions

Additional insight into the details behind the observed poloidal distributions
can be obtained by omitting part of the summation in the transfer functions as
defined in equation 1.4.19. We define three auxiliary functions

T2 O.k) = > Tk,

kla: kly
PO, k)= > Tk (2.8.1)
kz, kh,
T2, k)= > T(k
kz,k1g

which now resolve the drive poloidally as well as along a specific scale. As an ex-
ample we use the case of large elongation here with x = 2.0 (and otherwise CBC
values). Figure 2.8.1 shows the poloidal distribution for each scale separately.

The top plot in figure 2.8.1 shows the binormal size of eddies which drive ZFs.
Near the maxima of the total drive the origin is concentrated in lobes within
0.1 < kyp; < 0.5. Towards the midplane the binormal source range for ZFs is
broad and extends across k,p; > 0.25.

The middle plot in figure 2.8.1 shows the radial size of eddies that are driving
ZFs at each poloidal location. Near the local maxima of the total drive a
significantly wider range of structures are depositing their energy into the ZFs,
while the spectral range is narrower at the outboard midplane.

Finally, the bottom plot in figure 2.8.1 shows the poloidal distribution of the
drive of each radial structure of ZFs. A broad range of ZFs are driven with
0.25 < k,p; < 1.0, the majority of which follow the same poloidal distribution as

the total drive. The drive appears slightly more broadly at k,p; ~ 0.75 compared
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Figure 2.8.1. — Transfer contributions from different scales at every poloidal location for
pure elongation (A = 2.72; k = 2.0; 6 = 0.0; a/ Ly = 6.0). Top: Drive
from each driving binormal mode. Middle: Drive from each driving
radial mode. Bottom: Drive to each radial structure of ZFs.

to the other scales. Note that the drive over the binormal target scale does not
exist since we selected the zonal flow as the single binormal target mode.
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2.9 Towards experimental validation

The presented zonal flow drive analysis was performed in a way that can directly
be validated (Holland 2016) with experiments. Velocimetry algorithms such
as cross-correlation time delay estimation (CCTD) (Holland et al. 2004) or
dynamic time warping (DTW) (Quénot, Pakleza & Kowalewski 1998; Kriete et al.
2018) can be used to obtain the velocity fluctuations from spatially resolved
measurements of density fluctuations (Enters et al. 2023), as it was used in for
example (Cziegler et al. 2017). While both beam emission spectroscopy (BES)
and gas puff imaging (GPI) can provide such measurements, data from GPI
usually features much better signal-to-noise ratio which is absolutely crucial
for the measurement of the nonlinear coupling which is fundamental to the ZF

drive.

For such validation one could make use of the opposite trends for the ZF drive
for positive and negative triangularity around the outboard midplane, presented
in section 2.5.2. For PT the outboard midplane is predicted to be the global
drive maximum, while for NT it is a local minimum. Thus, as one moves away
from the midplane, the drive is expected to decrease (increase) for PT (NT).
This effect should be measurable in experiments. Higher absolute values of
triangularity would be desirable here since we showed that maxima and minima

are sharper in this case.

Even if the imaging position of the turbulence diagnostic is fixed within the
vessel, a different poloidal location could be observed through vertical shifting
and, if needed, some change in aspect ratio to select the same flux surface. Such
a small aspect ratio correction should not spoil the experiment, since we found
pure aspect ratio effects to be negligible for the ZF drive.

While our analysis was already guided by validation with experiment, i.e. we
chose a Reynolds stress analysis that has been performed in experiments before,
one step further into this direction could be taken through the use of synthetic
turbulence diagnostics in our gyrokinetic codes (Holland 2016).

We hope that these ideas presented here will help future validation efforts.

2.10 Discussion and conclusion

We have shown that the zonal flow drive develops a non-trivial poloidal distribu-
tion for realistic plasma shaping. Once elongation is introduced to the circular
plasma shaping of the Cyclone Base Case, the drive maximum splits into two,
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which appear near the top and bottom of the tokamak; The outboard midplane
now becomes a local minimum.

The study of triangularity showed clearly an asymmetry of the drive distribu-
tion with respect to the sign of triangularity, highlighting that the position of
poloidal curvature relative to the distribution of turbulence is important: positive
triangularity obtains its global drive maximum at the outboard midplane, while
negative triangularity does not, as expected, obtain such a maximum at the
inboard midplane where the turbulent fluctuations are most suppressed. Instead
two local maxima appear near the outer corners, shifted towards the outboard
midplane.

By combining compact shaping with significant elongation and triangularity
we examined a typical spherical tokamak equilibrium. The outboard midplane
becomes a local minimum of the drive due to the dominating effect of elongation
over triangularity. This hierarchy between elongation and triangularity in setting
the drive maxima was also observed for at standard aspect ratio®. The important
consequence is that in typical plasmas in spherical tokamaks such as MAST-U and
NSTX-U, as well as in conventional tokamaks such as ASDEX-U and TCV, the zonal
flow drive will likely not peak at the outboard midplane.

Note that it was shown recently that the mean E x B shearing rate exhibits
similar shaping effects for triangularity as we observe for the Reynolds stress
(Singh, Diamond & Nelson 2023). The authors of that study argue that the
Reynolds stress could have a similar structure in experiments, as the poloidally
varying mean shearing rate tilts eddies differently at different poloidal locations.
It should be pointed out that the work in this Thesis found a non-trivial structure
for the Reynolds stress without a background E x B shearing rate and the results
are therefore to be viewed as independent. Our results show that the Reynolds
stress exhibits a nonlinear poloidal distribution without any eddy tilting from
background E x B motion since gyrokinetics only evolves fluctuating quantities.
This is important since a sufficiently strong background radial electric field might
not always exist.

Further, we showed that the ZF drive envelope responds to up-down asymme-
try of the gyrokinetic equation. Since this symmetry is broken by shaping but
also non-zero flow and flow shear, it is essentially always broken to some degree
in experiments. The zonal flow drive envelope therefore is not only expected to
peak away from the midplane in experiments, but asymmetrically so.

In the final sections we highlighted the fundamental difficulty of understanding
the root cause of how geometry affects the drive envelope. We highlighted that

SFrom this one would expect that higher order shaping, i.e. squareness, has a subdominant
effect. This would be worth investigating in future studies.
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none of the gyrokinetic geometric quantities seem directly correlated but that
proxies formed by combining turbulence distributions with those of poloidal cur-
vature perform reasonably well. Finally, we showed how the transfer functions
can give additional insight, and we showed how the poloidal drive dynamics
unfold over each of the involved scales.

2.10.1 Future work

These non-trivial results open the door to many avenues of future work. One
aspect concerns validation with experimental data as well as applying these
results to the interpretation of existing data. Note that for validation it is
not required to measure the full poloidal distribution in experiments. Such
measurements are not possible in reality due to access restrictions to the vacuum
vessel. Instead, a two-point comparison near the midplane for example could
be enough to validate the predicted trends. By comparing measurements at
the midplane and slightly away from the midplane for negative and positive
triangularity, one would expect opposite trends from the results presented in
this chapter.

It would be desirable to gain more understanding on why the zonal flow
level is often observed to be only quasi-stationary for some of the zonal modes,
and to find ways to avoid this problem without introducing unrealistic levels of
hyper-viscosity.

It would also be instructive to include more physics into the analysis. Including
equilibrium flow and flow shear would teach us important lessons on how
exactly the drive envelope would develop an up-down asymmetry in experiments.
Including electromagnetic fluctuations with the associated Maxwell stress as well
as kinetic electrons might modify the results. Note that usually the drive from
the Reynolds stress is believed to be stronger than the one from the Maxwell
stress (Diamond et al. 2005), though plasmas with a high plasma beta such as
the designs of STEP (Meyer & STEP Plasma Team 2024) might have a non-trivial
electromagnetic contribution. Moreover, including the effect of squareness in
the analysis of spherical tokamaks in particular would be a natural extension
towards even more realism.

Even though in this Thesis the potential application to validation studies
motivated the use of a turbulence model that is as realistic as possible while
computationally feasible — gyrokinetics — it would also be interesting to explore
how much the turbulence model can be reduced while retaining the essential
trends in the ZF drive distribution. One such simplification would be the use
of gyrofluid instead of gyrokinetic simulations. Gyrofluid simulations have the
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benefit of being computationally less expensive while retaining much of the
same physics. Going even further, one could test whether ‘quasilinear’ estimates
for the Reynolds stress structure can be constructed by suitably combining
the linear mode envelopes of a group (or groups) of three modes (so-called
triads). A suitable choice of triad(s) could be those whose coupling is known
from gyrokinetic simulations to contribute strongly to the drive of ZFs. Mode
envelopes could be taken from either linear gyrofluid or linear gyrokinetic
calculations, though the computational speed-up is less important here due
to the linear nature of the calculation. An important caveat, however, is that
such a quasilinear estimate would assume that a few triads contain the relevant
poloidal dependency of the ZF drive in their linear phase. If instead, as one might
expect, the ZF drive fundamentally depends on the envelope of the nonlinear
fluctuations, larger collective effects, or both, such an estimate would likely not
work well.

Finally, a deeper understanding of the exact interplay of geometry and the ZF
drive distribution would be desirable. Given how many resources the community
has spent on understanding the simpler nonlinear interplay of geometry and the
nonlinear heat flux, this is not a trivial task. Approaches similar to the ones from
Ref. (Landreman et al. 2025) appear like a promising starting point.

2.10.2 Key findings and implications
The key points of this chapter and its implications are:

* The poloidal distribution of the zonal flow drive is generally not correlated
to the distribution of the turbulent fluctuations and responds sensitively to
the flux surface shaping, specifically its curvature.

* Due to the strong flux surface shaping of today’s tokamaks and future
reactor designs, the ZF drive is not expected to be strongest at the outboard
midplane where the turbulence is usually most active.

* Global ZF drive estimates can now be obtained from an experimental
measurement at a single poloidal location, making a comparison of global
ZF drive between differently shaped equilibria possible.

e Validation studies should consider these results to avoid measurements for
a ZF drive analysis to be taken in locations of particularly weak drive.

* The results contribute to the development of comprehensive physics-based
models of confinement and its transitions.






Bridging tokamaks and
stellarators: optimising
perturbed tokamaks for
quasi-axisymmetry

In this chapter we will investigate how perturbations to tokamaks can be nu-
merically optimised such that they obey so-called quasi-axisymmetry to very
high degree, with a quasi-symmetry error < 0.1% globally at an aspect ratio
of A ~ 2.4. We will develop a new optimisation target function which allows
us to design equilibria that feature perturbations which are strong enough that
stellarator benefits (see section 1.6.2) can be expected while having negligible
fast particle losses, as well as incorporating additional physics targets into the
designs. In the context of this Thesis, this chapter will serve as a stepping stone

to expanding our zonal flow drive analysis to stellarators in the most natural way.

This chapter is largely based on the content in references

T. M. Schuett and S. A. Henneberg (Dec. 2024b). Exploring novel compact
quasi-axisymmetric stellarators. In: Phys. Rev. Res. 6, p. L042052

Tobias M Schuett and Sophia A Henneberg (June 2025). Optimization of
compact quasi-axisymmetric stellarators. In: Plasma Physics and Controlled
Fusion 67.6, p. 065024

3.1 Motivation — the potential of compact QA

So far we have investigated the effect of axisymmetric (tokamak) shaping on
the zonal flow drive. While simple to build due to their axisymmetry, tokamaks
also have their drawbacks. Due to the large requirement on the plasma cur-
rent, steady state operation becomes difficult to achieve economically. Further,
tokamaks can suffer from disruptions (Helander et al. 2012), which release the
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stored plasma energy in a very short time and must therefore be avoided in any
future reactor. Stellarators on the other hand have a reduced need for a plasma
current, and, with sufficiently high amount of twist from shaping, they do not
suffer from disruptions. They are, however, more difficult to build due to their
often complex coils, and typically require larger aspect ratio, increasing the cost
substantially.

In this chapter we describe a method to obtain stellarator equilibria via
numerical optimisation which are compact, quasi-axisymmetric (what this means
and why it is required will be explained shortly), and retain an axisymmetric
volume that is large enough such that they can be realised as a stellarator-
tokamak hybrid as envisioned in the work by Henneberg and Plunk (Henneberg
& Plunk 2024), depicted in figure 3.1.1.

1/4 period

— 1/2 period
— 3/4 period
— Tokamak

Z (m)

Figure 3.1.1. — The stellarator-tokamak hybrid design by Henneberg and Plunk (Hen-
neberg & Plunk 2024). Left: Poloidal cross-sections at four toroidal
locations within one of the four field periods. The axisymmetric bound-
ary is also shown. Right: 3D rendering. The plasma is shown in
turquoise, the QA-coils in dark colours, and the standard tokamak coils
in gray. Image on the right from Ref. (Henneberg & Plunk 2024).

These compact QA plasma equilibria which retain a large axisymmetric part
were first found analytically, both under the vacuum approximation (Plunk &
Helander 2018) and for finite plasma pressure (Plunk 2020). The design from
Ref. (Henneberg & Plunk 2024) was based on an analytic equilibrium and
showed they are well suited to obtain a first-of-its-kind optimised hybrid design.
This hybrid design can operate continuously between tokamak and stellarator
based on the choice of the currents in the QA-coils. When no current is run in
the QA-coils one obtains a tokamak, whereas with full currents in the QA-coils a
stellarator is obtained (Henneberg & Plunk 2024). Different coil sets are able to
generate these equilibria (Henneberg & Plunk 2025). Neoclassical changes are
minimal due to QA. Not only is such a device a promising solution to merge the
advantages of tokamaks and stellarators, but it is also ideal for the exploration
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of effects from confinement-preserving 3D shaping, such as those on the zonal
flow drive.

It is desirable to have a method to optimise this class of equilibria numerically
as this allows one to mould them into different shapes to adhere to various
requirements. In this chapter we present such a method, and present various
equilibria with improved characteristics and which are suitable for a hybrid.
These include a self-consistent current and improved MHD stability properties.
We also corroborate our understanding of where 3D perturbations naturally
appear poloidally to preserve QA as much as possible.

3.2 Why do stellarators need to be
optimised?

The optimisation of the plasma equilibrium of stellarators is required for the
following reason. While nested magnetic surfaces, produced through twist in the
field, confine particles that are unrestricted in their motion along magnetic field
lines (called parallel motion), they generally do not confine particles that are
restricted in their parallel motion, and as we will elucidate now some particles do
face such a restriction. In the single-particle picture of the plasma, all particles
conserve their kinetic energy’ ¢ = mv?/2 as well as their magnetic moment?
pu = mv? /(2B) along their trajectories (Helander 2014). Due to the toroidal
nature of the magnetic field, the field strength depends inversely on the major
radius R, i.e. B ~ 1/R. As particles follow the twisted field lines they therefore
travel through regions of varying magnetic field strength.

As particles move away from a magnetic field minimum B,,;, (it can just be
a local minimum) the magnetic field strength increases and v, must therefore
increase to keep . conserved. This must happen at the expense of v since the
total velocity v* = v? + vﬁ is conserved through ¢. As a consequence the parallel
motion slows down as the particles enter regions of stronger magnetic field.

Particles which already had a small parallel velocity relative to their perpen-
dicular velocity at By, will eventually get repelled and reverse their motion.
These particles are referred to as trapped particles since they are only allowed
on a specific section of the field line depending on where they entered. The
two locations along the field line to either side of B,,;, where a given class of

!The kinetic energy is conserved since the electrostatic potential is a flux function to leading
order.

2Strictly speaking p is an adiabatic invariant but can be regarded as constant for the purposes
here.
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particles reverse their motion are called the bounce points, and their motion is
referred to as bounce motion.

Particles which start with a large parallel velocity relative to their perpendicu-
lar velocity are able to pass through all points along the field line and are thus
called passing particles.

In a tokamak there is only one minimum B,;, which typically sits at the
outboard midplane, such that passing and trapped particles alike spend the
same amount of time on the top and bottom half of the torus and the radial
magnetic drift motion induced by the toroidicity still averages to zero, keeping
them confined.

In a stellarator this need not be the case as multiple magnetic field minima are
possible and they might be located somewhere where the magnetic geometry is
not symmetric to either side of them, causing an asymmetry in the particle drifts.
This leaves particles which are trapped around this minimum with a net radial
drift, i.e. no confinement. It is for this reason that stellarators must be optimised
in their magnetic geometry such that the average radial drift does vanish for all
trapped particles and confinement is restored.

3D magnetic fields with
nested flux-surfaces

Omnigenous fields (particle confinement)

oT OH
oL Ql
Tok i

Figure 3.2.1. — Another distinction of toroidal confinement devices is by the topology
of the magnetic field strength B = |B| on the nested surfaces. From
left to right within the pink region: toroidal, helical, and poloidal
topology of B. Here, the tokamak labelled as ‘Tok’, is just a special limit
of confinement devices with toroidal B-topology. The other regions
are toroidal omnigeneity (TO or OT), quasi-axisymmetry (QA), helical
omnigeneity (HO or OH), quasi-helical symmetry (QH), and poloidal
omnigeneity more commonly referred to as quasi-isodynamicity (QI).

What is the minimum requirement on the magnetic geometry to confine all
particles, passing and trapped? For this we must first note that trapped particles do
not only drift radially during their bounce motion but also precess from one field
line to another as part of their drift motion. Their confinement therefore does
not only depend on how the geometry and B changes along one particular field



3 Optimising perturbed tokamaks for quasi-axisymmetry 71

line, but instead on how B behaves on the entire flux surface. One requirement
turns out to be that the maximum and minimum of B on a flux surface are lines
that circle around the plasma, rather than being a point on the surface. From
this it follows that all contours of B must encircle the plasma, which they can
do either toroidally, helically, or poloidally. (The plasma itself, of course, still
has toroidal topology.) Another requirement is that the distance between two
bounce points along the field line in straight-field-line angles must be the same
on all field lines. This must be the case for all possible bounce points, i.e. all
values of B (Landreman & Catto 2012; Helander 2014).

Equilibria which fulfil this requirement are called omnigenous. Equilibria in
which all contours of B not only encircle the plasma but do so as straight lines
for some special poloidal and toroidal angle definitions (e.g. so-called Boozer
angles) are said to satisfy quasisymmetry, since then B only depends on one
angle x in these coordinates, i.e. B = B(v, x) with x = M0 — N¢p where M
and N specify the topology of the symmetry. These equilibria are only quasi-
symmetric and not symmetric like a tokamak since the magnetic field vector still
depends on both angles, i.e. B = B(v, 05, ¢p).

The fact that omnigeneity can be obtained according to these three topological
variants on how B-contours encircle the plasma offers a more fundamental
perspective on the classification of confining toroidal magnetic fields (in contrast
to the well-known tokamak versus stellarator classification). This classification
is depicted in figure 3.2.1, featuring {toroidal/axi, helical, poloidal} omnigeneity
and quasi-{toroidal/axi, helical, (poloidal)} symmetry>. In this picture the toka-
mak is just a special case of omnigenous equilibria, one with a symmetry much
beyond what is required for confinement. Omnigeneity is difficult to achieve
analytically beyond asymptotic expansions, motivating numerical optimisation
of 3D equilibria to design stellarators.

3.3 A short introduction to stellarator
optimisation

The details of the three-dimensional shaping of a stellarator dictates, to a large
extent, their physical properties. The 3D shaping represents a large number of
degrees of freedom. Boozer estimated these to be ~ 50 compared to typically ~ 4

3Note that quasisymmetry with B-contours that are straight lines which close poloidally is
not possible near the magnetic axis (Helander 2014), and thus quasi-poloidal symmetry is
omitted from this figure.
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for tokamaks (aspect ratio, elongation, triangularity, and squareness) (Boozer
2005).

Fundamental to stellarator optimisation is the result by Kruskal and Kulsrud
(Kruskal & Kulsrud 1958) which states that the global MHD equilibrium is
specified by the shape of the plasma boundary and two flux functions. These are
typically the pressure profile and either the toroidal current density profile or
the rotational transform profile. A choice must be made for the representation
of the plasma boundary, and this choice matters as it affects the details of the
optimisation landscape. The most common choice, and the one used for this
work, is a double Fourier-series for both cylindrical coordinates*

Mmax T'max Mmax

R(9,p) = Z Z Ry, cos(mid — Nyny) + Z Ro., cos(Nynep),

K- o (3.3.1)
Z(0, ) = Z Z . sin(mi — Nynp) — Z Zo n sin(Npngp).
m=1 Nn=—Nmax n=1

Here, we make the common choice to assume stellarator symmetry, which
eliminates half of the modes. Stellarator symmetry, also colloquially referred to as
‘pancake symmetry’, requires R(v, p) = R(—v, —¢) and Z(9, ) = —Z (-0, —y).

The optimisation space, which we shall call M, then consists of the Fourier
modes R,,, and Z,,,, and sometimes other parameters such as the current profile
or the field strength. The optimisation problem is then commonly cast as a sum
of squares

min - f(x) =3 w; (filx) = f;)?, (3.3.2)

reM

where constraints are included by penalising constraint violations. f;(x) are the
different objectives, f their target values, and w; are user-specified weights.

Casting the problem as a nonlinear least-squares problem has the benefit that
part of the Hessian is known from the Jacobian (Nocedal & Wright 1999, Chapter
10). While varying the user-specified weights is not optimal for exploring the
Pareto frontier®, this approach has been the workhorse for many years and has
generally shown to give the best results so far in the literature (Henneberg et al.
2019; Landreman & Paul 2022; Landreman, Buller & Drevlak 2022; Goodman et
al. 2023), though other approaches to include constraints have been developed
as well (Conlin et al. 2024; Gil et al. 2025).

“In this representation 9 is only a parameter and the representation is non-unique. Other bound-
ary representations exist which remove this non-uniqueness such as the one by Henneberg et
al. (Henneberg, Helander & Drevlak 2021).

SThe Pareto frontier is the set of all points that are Pareto optimal. A design point is said to be
Pareto optimal with respect to a multi-objective optimisation (MMO) problem when none of
the objectives can be improved without worsening another. The Pareto frontier thus captures
trade-offs between the objectives in the MMO problem.
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The stellarator optimisation space is typically non-convex and plagued by a
plethora of local minima. To avoid these local minima, a range of different
hyper-parameter settings for the finite-difference step sizes are scanned for each
optimisation problem. Another common strategy to avoid local minima which we
also adopt is to stage the optimisation in a series of steps where the lowest-order
Fourier-coefficients are optimised first and additional modes are added to the
optimisation space once the minimum of the reduced space was found.

—_— —_— Optimised
equilibrium

Several routines

Evaluating properties
of the equilibrium

Figure 3.3.1. — The stellarator optimisation workflow used in this Thesis featuring the
code VMEC and the optimisation framework SIMSOPT. Diagram based on
lecture slides from Sophia Henneberg.

In this work we use the SIMSOPT framework (Landreman et al. 2021; Medasani
et al. 2023) to perform the optimisation where we use SCIPY’s nonlinear least-
squares method with the default algorithm ‘trust region reflective’. Inside the
optimisation loop SIMSOPT calls VMEC to evaluate MHD equilibria. While this is
a local optimisation method, one could consider the hyper-parameter scans to
be a crude form of globalisation. A schematic of the optimisation workflow is
shown in figure 3.3.1.

3.4 Quasi-axisymmetry optimisation

The Lagrangian for particle motion in an electromagnetic field is given by

mv2

L= T—i—ZeA-V—Zego. (3.4.1)

The Lagrangian for the motion of the guiding centers of particles is obtained by
gyro-averaging £, and after transforming to Boozer coordinates is given by

m

Lee = 53

(I0g + Gép)* + Ze(lp — xo) — uB — Zey. (3.4.2)
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Since the electrostatic potential is usually a flux function ¢ = ¢(%), the guiding
centre Lagrangian can only depend on the toroidal angle ¢ through the magnetic
field strength B = |B|. In a general stellarator field B = B(v,0p, ¢5), but if
B is independent of ¢ so is the guiding centre Lagrangian, and the canonical
momentum is a conserved quantity:

oL

Py = Dop 0. (3.4.3)

This guarantees that guiding centres remain confined to flux surfaces (Helander
2014)°. Tt is therefore sufficient for the magnitude of the magnetic field to have
this property, not for all components of the magnetic field vector. The latter
is the case in axisymmetry (i.e. a tokamak) and is a condition beyond what is
required to confine collisionless guiding centre orbits.

While it has been shown that obtaining exact quasi-axisymmetry globally
(on all flux surfaces) is not possible to first order in the perturbation (Plunk
& Helander 2018), it has been shown numerically that it can be obtained to
such a high degree that the error is truly negligible (Landreman & Paul 2022).
Optimisation tools are thus used to tailor the magnetic field to minimise some
measure of the symmetry error Eqa. A very intuitive measure is obtained by first
transforming the magnetic field from VMEC’s PEST coordinates to Boozer coordi-
nates, then Fourier-expanding the magnetic field strength in Boozer coordinates
on each flux surface’

B(s,0p, ) = Zan ) cos (mbp — Npynog), (3.4.9)

and finally penalising those Fourier-modes which break toroidal symmetry in
Boozer coordinates through a measure like

max{|B, nzo0(s)|} '

Boo(s) (3.4.5)

Eqa(s) =

This method was used for many years in stellarator optimisation and led to the
designs of the HSX (Anderson et al. 1995) and NCSX (Zarnstorff et al. 2001)
experiments, as well as other candidate designs, e.g. (Drevlak et al. 2013;
Henneberg et al. 2019).

The downside of a target of this form is that it requires the coordinate transfor-
mation into Boozer coordinates. This transformation is usually performed with

®This is also true when B only depends on a linear combination of both angles B = B(y), Mz —
NOg), i.e. for quasi-symmetry as discussed in section 3.2.

’Only cosine modes appear due to the assumption of stellarator symmetry. See discussion
around equation 3.3.1.
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a code like BOOZXFORM (Sanchez et al. 2000) and introduces numerical noise as
well as non-differentiability. In this work we use the target which was first used
by Landreman and Paul (Landreman & Paul 2022) and yielded equilibria with
much lower quasi-symmetry error than what was obtained before. This target
reads

fas = X wy{ ([N~ M)Bx VB Vi - (G + NIB-VE])'),  (3.46)

and is based on the idea that for perfect QA the two terms in the square brackets
are equal. Here . is the rotational transform, 27 G/, is the poloidal current,
271/ ug is the toroidal current, and M and N specify the type of quasi-symmetry.
For QA, as considered here, N = 0 and M = 1. The extra factor B~ is used to
make the target scale-independent and w, are weights which can be set by the
user to prioritise some flux surfaces over others in the optimisation. Here we do
not explore this freedom and set all weights equal to one, w; = 1.

3.5 Optimising finite-beta QA equilibria close
to axisymmetry

Optimising plasma equilibria near axisymmetry that are realistic for a future
reactor, i.e. those with finite plasma pressure, is not a trivial task. The results in
Ref. (Landreman & Paul 2022) were obtained by making the vacuum assumption,
i.e. by assuming that the plasma pressure and net toroidal current are negligible.
Under these assumptions the departure from axisymmetry is easily obtained
by requiring some finite amount of rotational transform. Since no net toroidal
current is present which can provide external rotational transform, the optimiser
is forced to achieve this constraint through three-dimensional (3D) shaping.

Recently an efficient method has been introduced for calculating the plasma-
driven bootstrap current in quasi-symmetric stellarators by making use of the
isomorphism with axisymmetry (Landreman, Buller & Drevlak 2022; Landreman
2022). The quasi-axisymmetric results which now assume finite pressure and net
toroidal current, were obtained by initialising the optimiser with the optimised
vacuum result of Ref. (Landreman & Paul 2022) to prevent the optimiser from
falling back or staying at axisymmetry. Axisymmetry is the only global optimum
for quasi-axisymmetry and thus a very attractive solution for the optimiser.

The optimisation of compact QA equilibria for hybrid designs faces the same
problem. Initialising optimisations far from axisymmetry is not possible here as
it is precisely this parameter space in which we want to find solutions. Figure
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Step 1 Step 2 Step 3
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Figure 3.5.1. — A typical optimisation path without the use of f, .xx when initialised
with the N, = 4 configuration of Refs. (Henneberg & Plunk 2024; Plunk
2020).

3.5.1 shows the results of an optimisation initialised with the analytically derived
configuration of Refs. (Henneberg & Plunk 2024; Plunk 2020) for the target

f=foa+ (A— A" (3.5.1)

where A is the aspect ratio and was set to stay at the value of the analytic
solution, that is we set the target value A* = 2.42. The optimiser reduces the
objective value by seven orders of magnitude within < 20 optimisation steps and
the final result is essentially axisymmetric. Both from the final objective value
and through inspection of the boundary modes of the final result it becomes
apparent that the optimiser does not actually find axisymmetry to machine
precision. This represents yet another manifestation of the various local minima
present in the stellarator optimisation space.

3.6 A new target for optimisation in the
vicinity of axisymmetry

To prevent the optimiser from falling back to axisymmetry a constraint must
be added to the optimisation problem. Since previous stellarator optimisation
for quasi-axisymmetry was done either in vacuum (Landreman & Paul 2022)
or initialised with significant non-axisymmetry when allowing for finite beta
(Landreman, Buller & Drevlak 2022), this problem of finite-beta optimisation
near axisymmetry was not solved before. A method which we found to work
well in practice to solve this problem is to estimate the external rotational trans-
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form with the help of the underlying axisymmetric equilibrium. For a general
stellarator equilibrium the rotational transform can be formally decomposed as

L(S) - Lcurrent(s) + Lext(s)a (361)

where (¢urent 1S the contribution from the plasma current and ¢, the contribu-
tion from external currents, i.e. the coils. For a tokamak, of course, i = 0. We
estimate the external rotational transform of the stellarator by computing the
VMEC equilibrium of the underlying tokamak at each step during the optimisa-
tion. We define the underlying tokamak to be the one with the same current
profile, pressure profile, and axisymmetric modes, but with all non-axisymmetric
boundary modes set to zero. We then estimate the external rotational transform
through

Lext,proxy (S> = Ulstellarator (5> — ltokamak (3) . (3 . 62)

To give the profile of text proxy () the freedom to evolve to its naturally preferred

0.7

—— stellarator
0.6 --- tokamak
lext,proxy

051 - Iext,proxy

1/4 period
— 1/2 period

g 0+ — 3/4 period
N — Tokamak

rotational transform t

2 3 2 5 6 7 8 “0.0 02 04 06
R (m) normalized toroidal flux s

Figure 3.6.1. — The construction of Zext proxy for the N, = 4 configuration of Refs.
(Henneberg & Plunk 2024; Plunk 2020) which was already shown in
figure 3.1.1. Left: The cross-sections of the stellarator equilibrium and
the underlying tokamak. Right: The resulting rotational transform
profiles.

evolution we constrain only its radial average

1
Zext,proxy :-/0 Lext,proxy(S)dS- (363)

The construction of this proxy is illustrated in figure 3.6.1. By formulating the
new target as
f=Faa+ (A=A + frex (3.6.4)

with

. — 2
fL,ext =w, * maX[LZXt’proxy — lext,proxy 0] (365)
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we ensure that Zext proxy > 0 where 7* is a user-specified lower bound.

— "ext,proxy? ext,proxy

Choosing the same value as for the analytically derived configuration yields the
optimisation path shown in figure 3.6.2. The improvement in quasi-axisymmetry
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Figure 3.6.2. — The optimisation path with the use of f, .x;. The optimisation without
this target, which was shown before in figure 3.5.1, is shown again here
in gray.

which is achieved by the numerical optimisation is substantial. This is shown
in figure 3.6.3 which shows the contours of B in Boozer coordinates at four
radial locations s = 0.05,0.25, 0.5, 1.0. For perfect QA these contours would be
horizontally straight lines.

3.6.1 Optimised equilibria of varying perturbation

Configurations of varying non-axisymmetry can be obtained by setting different

%
values for 7z .-

(N, = 4) where 7}

ext,proxy

Figure 3.6.4 shows additional four field-period configurations
has been set to twice and four times the value of the
analytically derived configuration of Refs. (Henneberg & Plunk 2024; Plunk
2020). The middle row, which shows the poloidal cross-sections at different
toroidal locations within one field period, shows that the effect of setting higher
values of the minimum external rotational transform increases the strength of
the inboard perturbations, as opposed to for example introducing perturbations
on the outboard side. The outboard side remains axisymmetric even at strong
perturbations. This observation will be further addressed in section 3.8.

The bottom row in figure 3.6.4 shows the radial profiles of the rotational
transform of the stellarator and the underlying tokamak, highlighting the details
of how the optimiser chose to increase the mean external rotational transform.
We observe that most of the external . is accumulated in the outer half of the
volume. This can be understood intuitively from the fact that the perturbations
of the plasma boundary are created by high poloidal Fourier mode numbers. The
magnetic field amplitude falls off faster than lower mode numbers and thus a
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Figure 3.6.3. — Contours of the magnetic field strength in Boozer coordinates at four
radial locations. Top: the analytically derived IV, = 4 solution of
Refs. (Henneberg & Plunk 2024; Plunk 2020). Bottom: the optimised
boundary with the same estimated external rotational transform.

configuration with four field periods will have a much more axisymmetric core
than a more conventional two-field-period QA stellarator.
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Figure 3.6.4. — Optimised QA equilibria of varying external rotational transform
achieved by setting different values of 7¢, ... Top: the final plasma
boundary with the magnetic field strength overlaid where brighter
colours correspond to stronger field. Black lines are field lines. Middle:
the poloidal cross-sections at four toroidal locations within one of the
four field periods. Bottom: the rotational transform profiles.

While not the optimal target during optimisation, the QA error metric defined
in equation 3.4.5 can be used to assess the QA quality of the final optimised
solution. It is worth noting that neither this Boozer-mode metric nor the so-
called two-term metric from equation 3.4.6 are more QA than the other, see Ref.
(Rodriguez, Paul & Bhattacharjee 2022).

The top plot in figure 3.6.5 shows the radial profiles of Eqa for the configura-
tions of varying perturbations. For the same perturbation level, the QA error is
reduced by about an order of magnitude across the radius. This reduction was
already seen in the much straightened contours shown in figure 3.6.3. Even for
much stronger perturbations with four times the external rotational transform,
the QA error is still lower than the analytic initial condition.
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Figure 3.6.5. — The radial profiles of the QA error for the new configurations with
four field periods. Top: Configurations with varying perturbation
compared to the analytic solution, showing the substantial improve-
ments achieved by the optimisation. Bottom: The configuration with
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initial
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from the top plot in context with legacy configu-

rations. The configuration LBD QA + j.B is the one from (Landreman,
Buller & Drevlak 2022), all other configurations are taken from Ref.
(Landreman & Paul 2022; Landreman 2021).

The bottom plot in figure 3.6.5 shows a comparison to legacy configurations

and the new ‘precise’ QA configuration from Ref. (Landreman & Paul 2022) and

the one with self-consistent bootstrap current from (Landreman, Buller & Drevlak

2022). While our configuration is not as QA as the ‘precise’ configuration, it has
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a substantially lower error than the legacy configurations. We will see later in
section 3.11 that our QA error is sufficiently low for negligible alpha particle
losses.

3.7 Self-consistent bootstrap current
optimisation

While stellarators do not rely on the bootstrap current for creating rotational
transform, it still arises naturally. In quasi-isodynamic stellarators, like Wen-
delstein 7-X, it is vanishingly small, while it is of substantial magnitude in
quasi-helical stellarators and even more so in quasi-axisymmetric stellarators,
which behave most like tokamaks.

When optimising finite-beta MHD equilibria some assumption for the toroidal
current profile /(s) must be made. So far we have chosen a simple quadratic
profile which has some finite value on-axis, peaks off-axis, and goes to zero
at the plasma boundary. Note that /(s) is not the net toroidal current profile.
However, the most natural choice would be the one which causes the implicitly
assumed net parallel current profile to be that which would be expected from
the bootstrap current for the chosen density and temperature profiles. Since
any feasible tokamak reactor design should produce > 75% of its current from
the bootstrap current (Freidberg 2008), creating an equilibrium which is fully
bootstrap driven is a natural first design choice. Different to tokamaks, the
current profile can impact the confinement properties, and must therefore be
treated with care.

Since the parallel current profile is an output of the MHD equilibrium calcula-
tion and not an input, optimisation must be used to achieve self-consistency. This
problem was solved in Ref. (Landreman, Buller & Drevlak 2022) where analytic
tokamak formulae by Redl et al. (Redl et al. 2021) were adapted for quasi-
symmetry based on the isomorphism between axisymmetry and quasi-symmetry.
Here we use that target to integrate a self-consistent bootstrap current into our
compact QA designs, i.e. we use the target

fOl dS[(J ' B>vmec - <.] : B>Red1]2
f()1 d5[<.] : B>Vmec + <.] : B>Redl]2’

fboot = Whpoot * (371)
where (j - B)ymec is the parallel current profile given as an output by VMEC and
(j - B)rear the expected bootstrap current profile for the current choice of plasma
boundary and toroidal current profile.
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In the optimisation the degrees of freedom are the values /] which represents
the values of dI(s)/ds at the equally spaced spline points s;. The interpolation is
done with SCIPY’s default cubic spline interpolation method. The optimisation
space is thus expanded to be

M = {Rm,na Zm,m 77Z)a» Iz/} (372)
and the optimisation problem reads

geli\r/llf - fQS + (A - A*)Q + fL,ext + fboot + f,B + fV + felongationa
where

f3 = ws * {max [(B)min — (B),0] + max [(8) — (Bmax,0]}>,  (3.7.3)
fv = wy * {max [V — V, 0] + max [V — Vipax, 0]},

2
felongation = Wg * INax [H — Kmax, 0]

restrict the volume-averaged plasma beta to the range 4.5% < (3) < 5%° and
the plasma volume to +20% around the value V' = 444 m?® of the ARIES-CS
reactor study (Najmabadi et al. 2008). The elongation constraint restricts
k < 2.0. For cold-start optimizations (those initialised from axisymmetry)
and optimizations with IV, = 2 we define the elongation to be the one of the
underlying tokamak; for optimizations starting from the analytically derived four-
field-period configuration we define the elongation as the ratio of the midplane
width and the maximum height when taken at the half period cross-section. This
constraint is only used to prevent pathological results, but is often not active in
the final solutions and the details of it showed to have negligible impact on the
optimization results.

The temperature and density profiles are chosen somewhat arbitrarily and
represent typical modelling parameters that were also used in Ref. (Landreman,
Buller & Drevlak 2022):

(3.7.4)

It is worth noting that recent work by Buller et al. has shown that changes in
the pressure profile which maintain the same plasma beta do not affect the QA
quality substantially (Buller 2024).

Figure 3.7.1 (left) shows the parallel current profiles before and after the
optimisation for a configuration optimised for .} = 0.1. For the optimised

ext,proxy

8The plasma beta (3) typically increases during the optimizations such that the exact value of
the lower bound is unimportant in practice.
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Figure 3.7.1. — A four-field-period configuration optimised for QA and self-consistent
bootstrap current. Left: The parallel current profile before and after the
optimisation. Right: The final plasma boundary in solid lines. In shaded
lines is the plasma boundary of the purely QA optimised configuration,
which served as the initial condition for this optimisation. Both are very
similar and are almost on top of each other.

configuration the profiles from VMEC and the Redl-formulae are identical to the
naked eye. The profile of the final result was also checked with the fully 3D
code SFINCS, which accounts for imperfections in quasi-symmetry. This profile,
shown in red in figure 3.7.1 (left), agrees well with the other two, corroborating
the self-consistency.

Figure 3.7.1 (right) shows cross-sections of the optimised plasma boundary
in solid lines and those of the purely QA optimised case in shaded lines, which
served as the initial condition for this optimisation. Both are very similar,
indicating that the self-consistency is mostly achieved through changes in the

current profile alone.

3.8 Localisation of quasi-axisymmetric
perturbations

All compact QA configurations shown thus far showed that perturbations accu-
mulate on the inboard side and the outboard side is left mostly axisymmetric.
This has some benefits, e.g. imperfections in quasi-symmetry also accumulate
on the inboard side and therefore only affect passing and shallowly-trapped
particles, and not those which are more deeply trapped (Henneberg & Plunk
2025). Nonetheless, one might wonder whether it would be possible to move
perturbations to the outboard side instead. There would be some benefits, e.g.
3D coils might be easier to place on the outboard side.
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This tendency for perturbations to accumulate on the inboard side was also
noticed in the analytical studies by Plunk and Helander (Plunk & Helander 2018,
Appendix E), where it was traced back to the local magnetostatics constraint

0Zy _N2-1
fdea—eozzop 2, =0, (3.8.1)

where Ry () and Zy() are the axisymmetric shaping and Z; (6, ¢) the first order
perturbation. This implies that for low aspect ratio, i.e. where the relative

A=24

— ¢=0
1/4 period

—— 1/2 period
i i —— 3/4 period
N,=2

p= N, =3 N,=4

A=44

Figure 3.8.1. — The localisation of quasi-axisymmetry preserving perturbations. Shown
are the cross-sections within one field period for optimised cases of
varying N, and A. The initial condition for all cases was a finite-beta
axisymmetric torus with circular cross-section. Cylindrical coordinate
axes are omitted to avoid clutter.

difference in R, between outboard and inboard side is large, or for higher
numbers of field periods, perturbations Z; must be much stronger on the inboard
side than outboard side. Put more precisely, it implies that the difference in
perturbation between outboard side and inboard side scales as (Henneberg &

Plunk 2025)
1+1/4\ V!
(1 — 1/A> : (3.8.2)
Some indications of such a trend were also seen in results from adjoint optimisa-
tion of vacuum fields (Nies et al. 2024).

Here we want to explore whether this observation holds in optimisation as well,
unconstrained by the analytical method (asymptotic expansion in axisymmetry
perturbation) or the vacuum field approximation. We optimise configurations of
N, = 2, 3,4 with aspect ratios A = 2.4, 4.4, and each initialised from axisymmetry
and with the same objective function. This arguably most neutral initial condition
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allows the optimiser to go into any ‘perturbation-direction’ compared to a warm-
start approach. The final optimised plasma boundaries are shown in figure 3.8.1.
Towards lower aspect ratio and higher numbers of field periods, perturbations are
more localised to the inboard side, inline with the expectations from analytical
theory discussed above around equations 3.8.1 and 3.8.2. This corroborates
that this is a fundamental feature of QA fields, and that configurations with
perturbations on the outboard side are disadvantageous from a neoclassical
confinement perspective.

-
_—
—3

4

)w,\\
\

Figure 3.8.2. — The non-axisymmetric magnetic field component on the flux surfaces
for A = 2.4 and N, = 4. Like the 3D flux surface shaping, the non-
axisymmetric field is confined to the inboard side.

Furthermore, figure 3.8.2 shows the non-axisymmetric magnetic field strength
for the compact four-field-period configuration, highlighting that the outboard
side is also mostly axisymmetric in the magnetic field structure.

3.9 Optimised equilibria of varying field
periods

Most stellarators possess a unique discrete toroidal symmetry specified by the
number of field periods N,. The number of field periods states the integer
amount of identical toroidal segments within the device such that for example
B(#,¢) = B(#, ¢ + 2nJ/N,) for any integer .J. Wendelstein 7-X (Klinger et al.
2016) has five field periods and HSX (Anderson et al. 1995) has four. When a
tokamak is perturbed to create a compact QA device this choice is not obvious
and implies trade-offs. Further, due to its discrete nature it must be decided a
priori for the optimisation. While we have so far shown examples limited to
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four field periods, our method is able to find similar configurations at other field
periodicities as well.

Figure 3.9.1 shows examples of N, = 2,3, 5. The configuration with N, = 5 is
optimised for QA, while those with N, = 2, 3 are optimised for QA, self-consistent
bootstrap current, and Mercier stability. The details of how Mercier stability
is included are discussed in the next section 3.10. The optimisations for three

Np=2 Np=3 Np=5

R (m)

Figure 3.9.1. — optimised configurations with varying field periods. The top row shows
the optimised plasma boundaries with the field strength overlaid, and
black lines are field lines. The bottom row shows the cross-sections
within one field period.

and five field periods were initialised with the analytically derived boundary for
four field periods by simply taking out or adding one field period. The value
Of Z:xt,proxy

design with two field periods was initialised with a circularly shaped tokamak

was targeted to be the same as the optimisation starting point. The

and due to the lack of a reference point the external rotational transform was

set to ¢* =0.1.

ext,proxy

3.9.1 Trade-offs between field periods

The cross-sections in figure 3.9.1 already suggest that the two-field-period design
is unlikely to be realisable as a stellarator-tokamak hybrid in the form designed
by Henneberg and Plunk (Henneberg & Plunk 2024) due to the relatively global
perturbations and the much reduced axisymmetric volume. In figure 3.9.2 the
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evolution of the axisymmetric volume fraction for the different number of field
periods and varying perturbation is shown. Here we follow Henneberg and
Plunk (Henneberg & Plunk 2025) and define the axisymmetric volume fraction
as the volume of the stellarator compared to the largest axisymmetric volume
that can fit inside the cross-sections, where we restrict ourselves to elliptical
shaping for the latter. This estimate is somewhat conservative as it assumes that
coils and therefore the vacuum vessel must be close to the plasma boundary

everywhere.
\
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Figure 3.9.2. — The reduction in the axisymmetric volume fraction with increasing
external rotational transform for different field periods. Left: The cross-
section and the estimated axisymmetric volume as an elliptical torus
shown in gray. Right: Summary of the fractions of the axisymmetric
volume to the full stellarator volume.

Figure 3.9.2 shows that the two-field-period case stands out with its low
axisymmetric volume, dropping below 50% for an external rotational transform
of 0.15. The cases with three and four field periods perform much better, with
> 70% axisymmetric volume up to the largest external rotational transform
tested.
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3.10 Mercier-stability optimisation

Another desirable feature which is not guaranteed is Mercier stability (Mercier
1962; Mercier 1964; Greene & Johnson 1962b; Greene & Johnson 1962a;
Landreman & Jorge 2020; Bauer, Betancourt & Garabedian 2012). Not only is
it important to find a good equilibrium, but further an equilibrium that is as
resilient as possible to perturbations, i.e. one that is as stable as possible. Mercier
stability is a sufficient criterion for stability against Mercier interchange modes,
and a necessary criterion for stability against ballooning modes (Freidberg 2014).
In tokamaks, Mercier stability is not usually the primary concern because current-
driven instabilities can set a more stringent limit (Ramasamy et al. 2025; Zohm
2015). In stellarators the necessity of Mercier-stability is not clear. Experiments
are sometimes able to operate above the critical plasma beta of the Mercier
criterion (Freidberg 2014; Weller et al. 2006; Geiger et al. 2004). However, due
to its unknown character in stellarators, Mercier-stability is typically included in
more developed candidate designs and its trade-off with other desirable physics
properties is of interest.

Since the QA perturbations tend to localise on the inboard side, i.e. the
good curvature side, as corroborated in section 3.8, one might suspect that
Mercier-stability could be hindered in such designs. Looking at the evolution
of the Mercier coefficient for QA-optimised solutions of increasing perturbation,
figure 3.10.1, one indeed observes an increasing unstable region for stronger
perturbations.

10-3 Mercier parameter for QA optimized configurations

Underlying tokamak (text, proxy = 0)
QA optimized (text, proxy = 0.025)
QA optimized (text, proxy = 0.05)
—— QA optimized (text, proxy = 0.075)
10-4 - —— QA optimized (text, proxy = 0.1)
le-5
0
-1e-51 unstable
-2e-5 1
0.0 0.2 0.4 0.6 0.8 1.0

Normalized toroidal flux s

Figure 3.10.1. — The Mercier coefficient for (purely) QA-optimised cases with four field
periods and of increasing perturbation.
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To design compact QA configurations which are Mercier stable we add the
target

1
fMerc = WMerc * / ds max [Dlt/[erc - DMerC(3)> 0]27 (3101)
0

where Dy is the Mercier coefficient as output by VMEC and Dy, is some
suitably chosen lower bound. The expression for Dy, is lengthy and since we
will not discuss its details we point to Ref. (Landreman & Jorge 2020) where
it is stated and discussed around equation A.16. VMEC’s Mercier coefficient has
previously been shown to be sensitive to the radial resolution (Landreman &
Jorge 2020; Panici et al. 2023). However, as usually done, our optimisations are

R [m]

Figure 3.10.2. — The cross-sections within one field period. Solid lines are those of
configurations optimised for QA, self-consistent bootstrap current, and
Mercier stability. Shaded lines show those optimised purely for QA and
with the same external rotational transform. Left: two field periods.
Center: three field periods. Right: four field periods.
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Figure 3.10.3. — The profile of the Mercier coefficient, showing stability. The optimised
solution is Mercier-stable up to high radial resolution. Left: two field
periods. Right: four field periods.

performed with a relatively low radial resolution of N, = 49 flux surfaces. This
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is motivated by computational cost and by the observation that low resolution
equilibria are very good proxies of higher resolution ones for most metrics. To
make sure that our equilibria are Mercier-stable up to high radial resolutions
the necessary value of D;,,.. was identified beforehand by doing optimisations
with one set of hyper-parameters for a range of values of Dj,.,. and checking
whether the resulting configurations are stable up to higher resolutions. The
identified value was then used for an optimisation of a higher number of hyper-
parameters and the best results are shown in figure 3.10.2. The cross-sections
change visibly for NV, > 2 by developing a stronger bean-like cross-section and
increasing perturbations towards the top and bottom of the configurations. The
fact that there is some significant trade-off with QA quality will be reflected in
the alpha particle confinement, which we discuss next.

3.11 Collisionless confinement of alpha
particles

Quasi-symmetry serves as a proxy for the confinement of thermal trapped parti-
cles and energetic (non-thermal) particles, namely alpha particles produced by
the fusion reactions. Perfect quasi-symmetry implies perfect alpha particle con-
finement, and stronger deviations increase the alpha particles losses. However,
the exact details of the connection between QS and alpha particle confinement
remain somewhat elusive. A study by Henneberg et al. highlighted that the de-
tails of the deviation matter and can be chosen favourably (Henneberg, Drevlak
& Helander 2019).

Here we test the confinement of collisionless alpha particle trajectories using
the code SIMPLE (Albert, Kasilov & Kernbichler 2020a; Albert, Kasilov & Kern-
bichler 2020b) for our optimised configurations to see whether the QA error
is sufficiently low for these designs to be considered for serious applications.
For this we launch 5000 alpha particles on the s = 0.25 flux surface and follow
them for 250 ms. After this time they are either thermalised or lost. We record
the final fraction of lost particles. While this choice of flux surface, s = 0.25, is
somewhat arbitrary, it is commonly used in the literature (Landreman & Paul
2022; Goodman et al. 2023; Bindel, Landreman & Padidar 2023a), and therefore
a useful choice to aid comparison. A radial distribution of alpha particles that
is consistent with the fusion reaction rate for the assumed temperature and
density profiles would be a possible extension of this analysis, but the results
are not expected to change significantly [see figure 6 in (Bindel, Landreman &
Padidar 2023a) which shows a comparison of both approaches]. The confine-
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N, ID Configuration 70"~ Init a-sc [%] V-sc [%] Fig. Ref.

2 2.1 QA 0.1 Tok 0.22 0.10 3.10.2 [SH25]
2 2.2 QA-j.B 0.1 Tr. 2.1 0.10 No loss - [SH25]
2 23 QA-j.B-Merc 0.1 Tr. 2.1 0.62 No loss 3.9.1 [SH24]
3 3.1 QA 0.1 Tok 0.44 No loss 3.10.2 [SH25]
3 3.2 QA-j.B-Merc 0.05 Tr.3.1 0.34 No loss 3.9.1 [SH24]
3 3.2 QA-j.B-Merc 0.1 Tr. 3.1 3.86 1.14 3.10.2 [SH25]
4 4.0 Analytical 0.05 - 0.52 0.08 3.1.1 [HP24]
4 41 QA 0.05 Tr. 4.0 Noloss No loss 3.6.4 [SH24]
4 4.2 QA 0.1 Tr. 4.0 0.46 No loss 3.6.4 [SH24]
4 4.2 0A 0.2 Tr. 4.0 5.06 0.80 3.6.4 [SH24]
4 4.3 QA-j.B 0.1 Tr. 4.0 3.46 No loss 3.7.1 [SH25]
4 4.4 QA-j.B-Merc 0.1 Tr. 4.0 9.06 3.04 3.10.2 [SH25]
5 5.0 QA 0.05 Tr. 4.0 0.04 No loss 3.9.1 [SH24]

Table 3.1. — Alpha losses for compact QA configurations of this chapter. All configura-
tions have aspect ratio A ~ 2.4. a-sc refers to scaling to the same minor
radius as ARIES-CS, and V-sc refers to scaling to the volume (see text for
more details). In the last column [SH24] refers to (Schuett & Henneberg
2024b), [SH25] to (Schuett & Henneberg 2025), and [HP24] to (Hen-
neberg & Plunk 2024). In the third column j.B refers to self-consistent
bootstrap current, and Merc to Mercier stability. In the fifth column Tr.
refers to Fourier-mode truncated initialisation.

ment of trapped thermal particles is quantified with the so-called effective ripple
eofi, Which encapsulates the geometry dependent contribution to neoclassical
transport in the stellarator-specific 1/v regime (Nemov et al. 1999; Helander
et al. 2012). However, once alpha particle losses are sufficiently low, neoclas-
sical transport is typically in the range where it is subdominant to turbulent
transport. For this reason we only check the alpha particle confinement for our
configurations and not ¢.4. We will see that we can expect e.4 to be sufficiently
low.

In order to make a fair comparison of alpha particle confinement at reactor
scale between configurations, it is important that they be scaled to the same
length scale and magnetic field, since the confinement of any given configuration
can always be improved by simply scaling it up in size. A common reference point
for a reactor scale in the literature is the one of the ARIES-CS design (Najmabadi
et al. 2008), with a minor radius of @ = 1.7m, volume of V' = 444m?3, and volume-
averaged magnetic field of (B) = 5.86 T. We therefore scale the compact QA
configurations to this magnetic field and length scale to test their confinement
of alpha particles. While scaling configurations to the same minor radius is
motivated by a better physics comparison, it is the volume which sets the length
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scale for a fusion reactor, since both the fusion power and cost scale with the
volume. We provide results for both length scalings to ease comparison with
existing literature (Landreman, Buller & Drevlak 2022; Bader et al. 2021), and
refer to them as ‘a-sc¢’ and ‘V-sc’.

Table 3.1 shows the final loss fractions for the configurations discussed in this
chapter. For most of the configurations the alpha particle losses are negligible
and significantly lower than those of any of the current stellarator experiments,
see for example figure 17 in Ref. (Landreman, Buller & Drevlak 2022). Note that
Wendelstein 7-X, the largest stellarator experiment, loses > 5% of alpha particles
(a-scaling) with an aspect ratio A = 10. This excellent performance of the compact
QA configurations, despite the added physics criteria and the compact aspect ratio,
further corroborates the potential of this design space. Note that performance can
usually be improved by increasing the aspect ratio’, where configurations can be
kept suitable for a stellarator-tokamak hybrid by increasing the number of field
periods, using the insight from section 3.8 and Ref. (Plunk & Helander 2018).

3.12 Coil solutions

Here we briefly show that our optimised plasma boundaries are indeed realisable
with 3D electromagnetic coils.

3.12.1 Henneberg modular and banana coil designs
for three field period configuration

Figure 3.12.1 shows two optimised coil sets designed by Sophia Henneberg
(Henneberg 2024) for a three-field-period configuration with QA, self-consistent
bootstrap current, and Mercier stability — similar to the configuration from figure
3.9.1. Both a modular coil set and a ‘banana’ coil set as in figure 3.1.1 is shown.

The modular coil set consists of only three unique coils, resulting in a total of
18 coils due to the field periodicity (factor 3) and stellarator symmetry (factor
2). The banana coil set only features one type of QA coil, as well as standard
tokamak toroidal field (TF) and poloidal field (PF) coils which were omitted in
the figure for visual clarity.

For the modular coil set the field error, B-n on the plasma boundary, takes on a
mean of 0.2% and a maximum value of 0.7%. At a reactor volume of 1900 m? the

?Quasisymmetry is generally easier to achieve the larger the aspect ratio, see for example figure
4 in Ref. (Bindel, Landreman & Padidar 2023b).
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() (it)

Figure 3.12.1. — Coil designs for three field period configuration designed by Sophia
Henneberg. Left: banana coil set from two perspectives, with TF and
PF coils omitted from figure. Right: Modular coil set, with PF coils
omitted.

plasma-coil distance is 1.21 m and the coils have a minimum radius of curvature
of 73 cm.

For the banana coil set the field error takes on a mean of 0.7% and maximum
of 3%, with a plasma-coil distance of 1.75 m and a minimum radius of curvature
of 1m.

The values for the field error are better than those of Wendelstein 7-X, the
plasma-coil distance at this reactor scale is sufficient to provide space for a
breeding blanket, and from an engineering perspective these coil sets appear
much easier to build than those of other similarly compact QA configurations
published in the past.

3.12.2 Kaptanoglu coil designs for two field period
configuration

While the N, = 2 configuration from figure 3.9.1 is unlikely to work as a
stellarator-tokamak hybrid, it is still an interesting ‘stand-alone’ stellarator equi-
librium and has been used in the works by Kaptanoglu et al. for the design of a
coil set consisting of modular coils and dipole coils which together support this
equilibrium well. This has been done for active dipole coils with driven current
as well as for passive coils with induced currents. See references (Kaptanoglu
et al. 2025) and (Kaptanoglu, Landreman & Zarnstorff 2025), respectively. The
coil solutions from both papers are also shown here for convenience in figure
3.12.2.
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Figure 3.12.2. — The coil designs by Kaptanoglu et al. for the two-field-period config-
uration from figure 3.9.1. Left: Coil set solution with active dipoles,
reprinted from (Kaptanoglu et al. 2025). Right: Coil set solution with
passive dipoles, reprinted from (Kaptanoglu, Landreman & Zarnstorff
2025).

3.13 Discussion and conclusion

We have shown, via optimisation, that tokamaks can be perturbed three-dimensionally
to a degree that offers stellarator benefits, i.e. significant external rotational
transform (see section 1.6.2), while preserving quasi-symmetry surprisingly well.

A critical piece here was the new optimisation target for the external rotational
transform to prevent the optimiser from falling back to a tokamak. Further,

we demonstrated that additional features such as a bootstrap-current profile

and enhanced MHD stability can be included in these designs. These results
corroborate the stellarator-tokamak hybrid concept (Henneberg & Plunk 2024)

as a promising fusion device.

Moreover, this new parameter space is perfectly suited to investigate stellara-
tor effects on tokamak dynamics step-by-step. Given that turbulence will dictate
confinement in this device, one wonders what the turbulence properties are and
how they fit in compared to tokamaks and well-known stellarators. It has long
been difficult to compare turbulence dynamics between tokamaks and stellara-
tors and this parameter space offers a promising pathway towards answering
questions in this space. This, as well as the turbulence-flow interaction, will be
the topic of the next two chapters.

3.13.1 Future work

Given the coil concepts from Refs. (Henneberg & Plunk 2024; Henneberg & Plunk
2025) and the results presented here, the primary next step is to investigate
whether existing tokamaks can be upgraded towards such a stellarator-tokamak
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hybrid configuration. The methods presented in this chapter play a central role
in such an investigation which is currently underway.

There are additional fundamental questions such as investigation and opti-
misation of global MHD stability. However, since the configurations feature
significant axisymmetric shaping one might suspect that this shaping dominates
their global MHD stability also. Moreover, the possible divertor solutions should
be investigated. Collaborations aiming to explore these avenues have been
started. Regarding the optimisation methodology, it might prove useful to move
to combined plasma-coil optimisation (single-stage optimisation) to allow for an
integrated approach of plasma optimisation and engineering constraints.

Finally, it would be good to extend the methods to the optimisation of equi-
libria that break stellarator symmetry. In the axisymmetric limit, stellarator
symmetry corresponds to up-down symmetry,

R(0,¢) = R(=0,—¢) } _adsymmetry {R(e) = R(-6) (3.13.1)

0
Z(ea ¢) _Z(_67_¢)

which is usually broken in tokamaks at least to some degree. Such an ex-
tension requires some extra work since most stellarator tools do not yet sup-
port non-stellarator symmetric equilibria. Initial work has been started for
SIMSOPT support. Another reason this extension might be interesting, is that
non-stellarator symmetry is required for intrinsic momentum transport, i.e. flow
generation, and such support would allow one to investigate these possibilities
in a quasi-symmetric stellarator.

3.13.2 Key findings and implications
The key points of this chapter and its implications are:

* Using optimisation, strong three-dimensional perturbations to tokamaks
can be tailored to obey quasi-symmetry to a sufficiently high degree to keep
alpha particles confined, while satisfying other desirable physics properties.

* Novel stellarator-tokamak hybrid equilibria have been created, enabling
development of improved hybrid devices.

* The presented methods enable computational studies regarding the effect
of confinement-preserving 3D perturbations on the physical behaviour of
the plasma, such as e.g. turbulence and turbulence-flow interaction.
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In this chapter we will explore how the transport from ion temperature gradient
(ITG) turbulence behaves generally in the new compact quasi-axisymmetric
equilibria which we developed in the last chapter. The unique continuous de-
formation from axisymmetry of this configuration space allows us to study the
effect of the three dimensional shaping in isolation. After having shed some
light on the transport properties, we will then move onto the zonal flow drive in
non-axisymmetric configurations in the next chapter.

Much of the content in this chapter was presented as:

T. M. Schuett, S. A. Henneberg, D. Dickinson, and I. Cziegler (2025). Ion
temperature gradient turbulence in compact quasi-axisymmetric stellarators
[Poster]. Simons Collaboration on Hidden Symmetries and Fusion Energy
Annual Meeting, New York, USA

Acknowledgements We are grateful for helpful conversations with Per Helander,
Gabriel Plunk, Alan Goodman, Gareth Roberg-Clark, Paul Costello and Joaquim
Loizu.

4.1 Motivation

Before we embark to gain insight into the zonal flow drive distribution as
tokamaks are perturbed towards compact QA configurations, it is worth un-
derstanding how ITG turbulence generally behaves in this parameter space.
Since this stellarator parameter space was previously unexplored, their turbulent
properties are not known either. Now that we have gained some insight into
which shaping tends to arise at varying number of field periods, we are able to
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perform a targeted study of the ITG stability and nonlinear heat flux and how
it and its implied confinement compares to other well-known stellarators. This
shall provide us with the necessary context before moving onto the ZF drive
details.

As previously mentioned, the MHD equilibrium is described by the plasma
boundary shape, the pressure profile, and by either the toroidal current profile
or rotational transform profile. These MHD input parameters determine the
magnetic geometry in the entire volume. For a chosen flux tube there are seven'
specific geometric quantities which enter the gyrokinetic equation and thus
determine the resulting heat flux. These depend only on the field-line-following
coordinate [ and are given by

G = {B,|Val%, |[VY|%: Va Vi, b x k- Va,bx Vb Va,b x k- Vi}. (4.1.1)

The MHD input parameters therefore determine, albeit indirectly through G,
the nonlinear turbulent heat flux. In this study we keep the pressure profile for
the equilibrium construction fixed. The remaining MHD inputs can be grouped
into the following three classes:

1. The axisymmetric shaping, specified through {R,, -0, Zm -0}, and its
known influence on axisymmetric gyrokinetic dependencies (Belli, Ham-
mett & Dorland 2008; Angelino et al. 2009).

2. The current profile or rotational transform profile, which can directly set
the (global) magnetic shear, and indirectly influences the Shafranov shift
and thus all other geometric inputs to the gyrokinetic equation.

3. The non-axisymmetric shaping specified through { R, .20, Zm.nzo}-

For the work in this section we use the code stella (Barnes, Parra & Landreman
2019) for the linear calculations and GX (Mandell et al. 2024) for the nonlinear
ones. The choice of GX is motivated by computational speed-up. Each simulation
takes < 30 min on one of the NVIDIA A40s on the Viking2 cluster at York. This
allows us to perform more simulations. The simulations are electrostatic and use
adiabatic electrons.

It can be only six or eight depending on whether the equilibrium is electrostatic and on the
choice of the parallel coordinate.
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4.2 A comment on normalisations and
scaling of configurations

For the nonlinear simulations we are particularly interested in the time-averaged
ion heat flux which is given in units of gyro-Bohm

Qi,gB,ref - ,O?niﬂvth,i/GQ ~ 1/(arefBref)2 (42]—)

with the ion Larmor radius p; and thermal speed vy,;. The ion density n;,
temperature 7;, and mass m; are all set to unity for each simulation and define
the reference value. The values of a,.; and B,.;, however, can change from one
simulation to another. In GX the minor radius output from VMEC is used for a,,
and B, is set based on the enclosed toroidal flux ¢eqe, which is an input to
VMEC, through

Biet = |¢edge|/(7ra3ef)- (4.2.2)

One could compare different stellarator configurations without applying any scal-
ing such that each configuration comes with their own gyro-Bohm units. When
comparing configurations, one would then compare how each configuration is
performing with respect to their own gyro-Bohm reference value. However, to
draw the conclusion that this would translate to the same differences at a given
reactor scale one would have to rely on the gyro-Bohm scaling, which can be
broken (Dudding et al. 2022).

To avoid this, we scale configurations to the same a,¢f and ¢.q,. before simulat-
ing and comparing the turbulent transport in them. For comparisons within one
configuration family, as we will do in section 4.3, we choose the reference a,.;
and B, to be those of the originally optimised configuration. For comparisons
between configuration families, i.e. between different number of field periods,
as we will do in section 4.5 and different types of stellarators as in section 4.6,
we choose values based on the ARIES-CS minor radius of aagmes = 1.7 m and
volume-averaged magnetic field of (B)srirs = 5.86 T. This is the same reference
scale that was selected for the alpha particle confinement analysis in section
3.11. We then define our reference toroidal flux as

¢edge,ref = 7Ta2ARIES <B>ARIES . (423)
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4.3 The connection to axisymmetry

One can think of different approaches to making the connection between the
compact QA configurations and axisymmetry. These generally trade off realism
for cleaner isolated treatment of QA-shaping. One realistic approach would
be to study the free-boundary equilibria which result from varying currents
in specific 3D coils, such as the banana coils by (Henneberg & Plunk 2024),
which support the equilibrium alongside separate axisymmetric coils. If instead
one wants to stay within the framework of fixed-boundary MHD problems one
could alternatively optimise equilibria of varying values of external rotational
transform. However, in our experience, this requires the axisymmetric boundary
modes to be free parameters in the optimisation as well, to avoid the optimiser
from getting stuck in local minima. Thus both of these methods would vary
the axisymmetric shaping which can strongly affect the gyrokinetic stability and
nonlinear heat flux (Belli, Hammett & Dorland 2008; Angelino et al. 2009).

(a) 3 ¢=0 1/4 period 1/2 period
LI B T T — T T T T T T L B B
2 / Ve \\ 1 P s /‘/ \\\ a
L s AT \NEA & L] — =0
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Figure 4.3.1. — Interpolated plasma boundaries to make the connection to axisymmetry.
(a): The cross-sections at three different unique toroidal sections within
one field period. Solid lines represent the plasma boundary s = 1,
whereas dashed lines represent s = 0.64, the flux surface selected for
the gyrokinetic analysis. (b)-(d): Top view of the plasma axisymmetric
plasma boundary for A = 0, A = 0.5, and the original optimised configu-
ration with A = 1.0.
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To avoid this variation in the axisymmetric shaping we opt for a third approach
and create interpolated equilibria between the optimised QA configuration and
its underlying tokamak by scaling only the non-axisymmetric boundary modes.
To create the interpolated equilibria of varying external rotational transform we
first recall the boundary representation from equation 3.3.1, and then scale the
non-axisymmetric Fourier modes according to

Rmm,;éo = >\Rm,n7é0 and me;éo = )\me;éOa (43]—)

where A € [0, 1] is the scaling factor. A = 1 is the original configuration and we
refer to the configuration with A = 0 as the underlying tokamak.

The boundaries of the resulting equilibria are shown in figure 4.3.1, which
shows that this approach keeps the axisymmetric shaping the same between all
equilibria.

4.3.1 Maintaining a constant rotational transform
profile

One way in which the choice of the current or rotational transform profile can
directly influence gyrokinetic results is through the (global) magnetic shear
§ on the flux surface under consideration. Larger absolute values of §(s) =
—2(s/1)(de/ds)?* cause faster secular growth of

ki = K3V + 260k Vi - Va + k2| Va2

through the magnitude of Va = VOp — (V( — /(V1) where / = dv/ds, and
therefore provides linear stabilisation through the Bessel function .J, in the
Fourier-transformed gyrokinetic equation (Plunk et al. 2014). Increased negative
shear can have an additional stabilising effect as it can cause k,; to become
misaligned with v;; more quickly, narrowing the drift well w;; = v, - k; (Choi
& Horton 1980; Antonsen et al. 1996; Plunk et al. 2014). This effect was also
observed experimentally on TFTR (Levinton et al. 1995).

To keep the magnetic shear the same between the original optimised configu-
ration and all interpolated equilibria we impose the rotational transform profile
of the optimised configuration as an input to the MHD equilibrium problem
of the interpolated equilibria. Here we use the iota profile of the stellarator
configuration (A = 1). Note that constant . profile here thus refers to constant

2This definition is motivated by the tokamak definition of 3(s) = (r/q)(dq/dr) where ¢ = 1/..
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between equilibria and not constant across the volume, an assumption sometimes

made in other theoretical studies.
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Figure 4.3.2. — Gyrokinetic geometric quantities (from equation 4.1.1) of equilibria with
varying non-axisymmetric shaping and constant rotational transform
profiles at s = 0.64 over one poloidal turn. Here ¢. = /N, is the
toroidal location of the bean flux tube, and sets the toroidal centre of
the flux tube and the location at which the flux tube is at p = 0.
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Figure 4.3.3. — ITG properties of equilibria with varying non-axisymmetric shaping
and constant rotational transform profiles at s = 0.64. Left: the linear
growth rate of the ITG instability. Right: the nonlinear heat flux.

The rotational transform profile ranges from ~ 0.15 on the axis to ~ 0.45
on the plasma boundary, with stellarator-typical negative shear throughout the
majority of the volume. At s = 0.64, the location chosen for the analysis here,
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the values are ¢(0.64) ~ 0.37 and §(0.64) ~ —1.43. We choose to analyse the flux
surface at a normalised minor radius of p = /s = 0.8, as it is close enough to
the edge that the flux-surfaces are still strongly non-axisymmetric (see figure
4.3.1), while far enough from the edge that the standard gyrokinetic framework
is clearly applicable.

The geometric inputs to the gyrokinetic equation which result from the MHD
equilibria are shown in figure 4.3.2. Configurations with stronger 3D shaping
exhibit slightly wider drift wells, indicated by the positive region of B x k - Va.
It is also noteworthy that the flux surface compression, indicated by |Vv|?, is
slightly increased towards axisymmetry at the outboard midplane (¢ — ¢. = 0),
thought to be destabilising. However, the differences are small, and the 3D
equilibria instead feature significant spikes in flux surface compression away
from the midplane. This might have some effect. In a recent study by Landreman
et al. (Landreman et al. 2025) the geometric feature which best predicted the
heat flux in stellarators was one which took into account both the flux surface
compression in regions of bad curvature as well as good curvature®. Lastly, we
note that the locations away from the outboard midplane where |V|? peaks
locally have similar peaks in |Va|? which is expected to be stabilising through
k. ; Note that in the case of k£, = 0, which usually features the most unstable
mode, k;  |Val.

The linear growth rate, calculated with stella, and the saturated nonlinear
heat flux, calculated with GX, are shown in figure 4.3.3. The numerical details,
such as resolutions and convergence tests, are detailed in Appendix C. The results
in figure 4.3.3 show that both the growth rate and the heat flux are decreased
across varying temperature gradients towards axisymmetry for the assumptions
made here, though the differences in the heat flux are not that significant.

4.3.2 Maintaining a self-consistent rotational
transform profile

The constant rotational transform profiles of the previous section served as a
useful tool to isolate the effect of the 3D shaping with constant magnetic shear,
but it also implies somewhat unrealistic assumptions for the current profile.
While the chosen rotational transform is the one which yields a configuration
with self-consistent bootstrap current for the original configuration (A = 1), it
assumes a large current drive at larger radii for the other configurations. This
can be seen from figure 4.3.4 which shows the assumed profile of the parallel

3In this study this meant shifting the result of (B x k- V), where H is the Heaviside function,
to give some non-zero weight to all regions.
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Figure 4.3.4. — The parallel current profiles for the interpolated equilibria from the
previous section which share the same rotational transform profile. Solid
black lines show the parallel current assumed in the VMEC equilibrium,
and dashed green lines show the bootstrap prediction from the Redl-
formulae.

current in these VMEC equilibria and the expectation from the bootstrap current
using the Redl-formulae.
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Figure 4.3.5. — The rotational transform profiles for configurations with interpolated
boundaries and optimised self-consistent bootstrap current profiles.
Simulations are performed at s = 0.64.

To obtain interpolated configurations which are each fully driven by the
bootstrap current we re-optimise only the current profile by minimising the
bootstrap-current-objective from equation 3.7.1, stated here again for conve-

nience: .
f[) d8[<J : B>vmcc - <.] : B>Redl]2

fol dSKj : B>vmec + <.] ’ B>Redl]2'

The resulting rotational transform profiles are shown in figure 4.3.5. Towards

Jooot = (4.3.2)

axisymmetry the rotational transform in the outer volume is reduced due to the
reducing contribution from 3D shaping.

Figure 4.3.6 shows the geometric quantities which enter the gyrokinetic
equations over one poloidal turn at s = 0.64. Due to the different values of ¢
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Figure 4.3.6. — Gyrokinetic geometric quantities (from equation 4.1.1) of equilibria
with varying non-axisymmetric shaping and self-consistent bootstrap
current at s = 0.64 over one poloidal turn. Here ¢. = /N, is the
toroidal location of the bean flux tube, and sets the toroidal centre of
the flux tube and the location at which the flux tube is at p = 0.
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Figure 4.3.7. — ITG properties of equilibria with varying non-axisymmetric shaping and
self-consistent current profile at s = 0.64. The axisymmetric result with
constant iota profile from figure 4.3.3 is shown for comparison. Left:
Linear growth rate. Right: Nonlinear heat flux.

the toroidal extent of flux-tubes which complete one poloidal turn varies. The
variations in the flux surface compression |V|? on the outboard midplane, i.e.
around ¢ — ¢. = 0 are now much larger compared to figure 4.3.2, with more

compressions towards axisymmetry.
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Figure 4.3.7 shows that both the linear growth rate and the heat flux are
now similar between the QA configuration and the underlying tokamak, since
the artificial stabilisation from the strong negative shear is now not present.
The results from the previous section are shown in light red to highlight the
differences arising from the self-consistent treatment of the rotational transform
profile.

4.4 |Impact of Mercier-stability

In section 3.10 it was shown that the Mercier-stability criterion strongly affects
the optimised plasma boundary for NV, = 4, introducing a bean-like cross-section
at the half period (¢ = 7/N,).

We also found there to be a significant trade-off between Mercier-stability
and QA quality. Does such a trade-off also exist between Mercier-stability and ITG
turbulent transport? A previous study (Roberg-Clark, Xanthopoulos & Plunk
2024) concerned with the turbulence optimisation of quasi-helically (QH) sym-
metric configurations showed such a trade-off to be present. It was reported
there that the turbulence-optimised configuration does not have a bean-like
cross-section, the absence of which allowed for smaller values of |V| on the
outboard midplane. It was therefore Mercier-unstable, i.e. it possessed a vacuum
magnetic hill.

The top plots of figure 4.4.1 show the flux surfaces of the four-field-period
compact QA configuration from section 3.10 which includes a self-consistent
bootstrap current and Mercier-stability, comparing it to the flux surfaces of
the same configuration without Mercier-stability, highlighting again the visible
differences that the inclusion of Mercier-stability caused here.

The panels in the bottom section of figure 4.4.1 show the gyrokinetic geomet-
ric quantities in both configurations. Despite the differences in the flux surfaces,
the differences in the geometric quantities are not significant. Even though the
Mercier-stable configuration has a bean-like cross-section, the surface compres-
sion, quantified by |V |? is only slightly larger on the outboard midplane (see
top right panel in the bottom plot of figure 4.4.1). The differences in the other
geometric quantities are similarly small, e.g. the Mercier-stable configuration
has only a slightly narrower drift well.

Figure 4.4.2 shows the growth rates and heat fluxes for both configurations
across a range of temperature gradients on the flux surface s = 0.64. Even
though the inboard shaping is visibly very different, the ITG characteristics
are barely affected. The growth rate is slightly larger in the Mercier-stable
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Figure 4.4.1. — Equilibria with (green) and without (black) Mercier-stability. Top: Flux
surfaces at three different toroidal cuts within one field period. Bottom:
Gyrokinetic geometric quantities from equation 4.1.1 at s = 0.64 along
bean-like flux tube for one poloidal turn.

configuration but virtually no differences are observed in the heat flux across all
temperature gradients. This is consistent with the linear picture of toroidal ITG
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Figure 4.4.2. — ITG properties of equilibria with and without Mercier-stability at s =
0.64. Left: Linear growth rate. Right: Nonlinear heat flux.

modes which are driven only on the bad curvature side, i.e. the axisymmetric
outboard side.

4.5 The impact of field-periodicity

In section 3.9 we optimised configurations of different field periods. Some
trade-offs were identified:

1. Configurations with N, > 2, even in the compact design space, are much
more suitable for a stellarator-tokamak hybrid (Henneberg & Plunk 2024).

2. Two-field-period configurations are more naturally Mercier-stable, facing
less of a trade-off with QA than those with N, > 2.

3. The predicted coil complexity, as measured by the magnetic gradient scale
length (Kappel, Landreman & Malhotra 2024), is increased towards a
larger number of field periods®*.

Here we ask the question how does the choice of the number of field periods impact
ITG turbulent confinement? We choose the configurations with most estimated
external rotational transform of 0.1, optimised for QA, self-consistent bootstrap
current, as well as Mercier-stability.

We first note that the chosen field periodicity along with the choice of self-
consistent bootstrap current causes significant differences in the total rotational
transform profile as well as magnetic shear profile, see figure 4.5.1. Three
locations are marked in the figure with varying trends:

* 5s=10.09 (p = 0.3): The magnetic shear is similar for three and four field
periods, while the magnetic shear of the two-field-period configuration

4This is not discussed in this Thesis but is discussed in reference (Schuett & Henneberg 2025).
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Figure 4.5.1. — Properties of configurations with varying field periods. Left: The rota-
tional transform. Right: The magnetic shear. Three locations of varying
trends are marked by vertical gray lines.

is more negative by a factor of ~ 2. Here the flux surfaces of the config-
urations with NV, > 2 are mostly axisymmetric, such that we can expect
tokamak-like behaviour.

* 5 =0.3136 (p = 0.56): All three configurations have approximately the
same value of 3.

* 5=0.5929 (p = 0.77): The magnetic shear is more negative the higher the
number of field periods.

The impact of magnetic shear on ITG turbulence is usually significant due to the
reasons alluded to in section 4.3.1, so these choices of flux-surfaces allow us to
investigate its effect as well as other differences between these configurations.

Figure 4.5.2 shows the time-averaged heat flux from GX between the configu-
rations at the three radial locations marked in figure 4.5.1. For this comparison
the three configurations are scaled to the ARIES-CS scale (minor radius and
reference toroidal flux). Results are shown for a range of temperature gradients,
to highlight the consistency of the trends within the non-marginal regime.

Despite the different trends of the magnetic shear at the three radial locations
the trend of the heat flux is very similar at all three, namely the heat flux is
decreasing with increasing number of field periods. Only for the innermost surface
s = 0.09 there are no differences observed between the configurations with three
and four field periods. A possible explanation for this observed monotonic trend,
that appears insensitive to the magnetic shear, will be discussed in section 4.7,
after these three configurations are compared to a range of other well-known
stellarators in section 4.6.
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Figure 4.5.2. — The time-averaged heat flux from GX for configurations with two, three,
and four field periods at three radial locations. The chosen locations are
the ones which are marked in figure 4.5.1. Top row: Log scale. Bottom
row: Linear scale.

4.6 In comparison with other legacy
stellarators

Here we seek to answer the question how does the turbulent transport from
ITG of these configurations fit into the broader stellarator field? To answer this
question, we run GK simulations with GX in the bean-like flux-tube of a range of
other well-known configurations. These include NCSX (Zarnstorff et al. 2001),
HSX(Anderson et al. 1995), W-7X (Klinger et al. 2016), LHD (Iiyoshi et al.
1999), CFQS (Liu et al. 2018), the design by (Landreman & Paul 2022), the
design by (Landreman, Buller & Drevlak 2022), the design by (Henneberg et al.
2019), and a previous compact design by (Garabedian & McFadden 2009). The
corresponding VMEC equilibria were taken from the dataset Ref. (Landreman
2022).

4.6.1 Constant minor radius scaling

We first compare the saturated heat flux directly between configurations when
scaled to the same minor radius and reference magnetic field, for which we
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choose the values from the ARIES-CS design. It follows that the gyro-Bohm units
are identical between configurations with this choice, see section 4.2, but, of
course, their volumes differ. The latter will be the focus of the next sub-section.
Figure 4.6.1 shows that the saturated heat flux in this set of configurations
varies widely, with the two-field-period compact QA performing similar to many
other configurations. The compact QA configurations with three and four field
periods, however, are among the configurations with the lowest heat flux.

bean flux tube, s=0.5, a/L=4.0, a/L, = 0.0

IPP QA

NCSX
Landreman-Buller-Dreviak QA
NYU QAS2
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compact QA NFP3
LHD

compact QA NFP4

45.51
42.00
27.30
24.07
22.61
19.56
19.46
18.88
13.92

12.59
12.44

73.09
71.08

0 10 20 30 40 50 60 70
time-averaged heat flux Q; 48

Figure 4.6.1. — Comparison of the time-averaged heat flux across a range of devices.
Flux tubes are centred on the bean-like cross section at s = 0.5, and a
fixed temperature gradient of a/ Ly = 4.0 and no density gradient are
set.

4.6.2 Constant volume scaling

The last section kept a constant minor radius between configurations with
varying volumes. When considering the implications on the confinement time,
however, it makes most sense to compare configurations of the same volume.
This is motivated by the fact that both the cost and the fusion power scale with
the volume.

Following a simple random walk estimate the confinement time is given by

Tp ~ a’/x, (4.6.1)
where the heat diffusivity y is related to the heat flux via
dT
Q = —xn—. (462)

dr



112 4 ITG turbulence in compact QA

Thus for constant values of a/Ly = (a/T)(dT/dr), as is the case in our simula-
tions, the heat flux scales as

Q ~ x/a. (4.6.3)

Using this relation and equation 4.2.1 to write () = QuQgB ref ~ QgB(arefBref)‘z,
where () p refers to the heat flux expressed in gyro-Bohm values, we arrive at

TE ™~ (Z/Q ~ (a:rsefBrQef)/QgB ~

V B2

1

ref

A QgB .

(4.6.4)

In the last step we used the fact that the volume scales as V ~ a’R ~ a®A.
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Figure 4.6.2. — Comparison of inverse confinement time estimates from flux tube simu-
lations across a range of devices. Flux tubes are centred on the bean-like
cross section at s = 0.5, and a fixed temperature gradient of a/ Ly = 4.0
and no density gradient are set.

We re-scale our configurations to have the same reference field and volume
as ARIES-CS, in which case the confinement time scales as 7z ~ (AQqp) !, with
the rest up to a constant which can be used to express the estimates in units of
e.g. seconds if one desires to do so. The gyro-Bohm normalisations now differ
between configurations since ¢.q,. is constant but a,.s is not. However, we note
that this difference is taken into account, since the gyro-Bohm units themselves
enter in equation 4.6.4, and we are not using these units for the normalisation
of the confinement time.

In figure 4.6.2 the reciprocal of the confinement time, proportional to AQ),p,
is compared for the same set of configurations as in figure 4.6.1. The same
flux-tube and the same equilibrium gradients are chosen as before. The three
compact QA configurations perform even more favourably here due to their
small aspect ratio.
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4.7 Consistency with picture of flux surface
compression

In figure 4.7.1 we show the metric of mean bad-curvature flux surface com-
pression (Angelino et al. 2009; Xanthopoulos et al. 2014; Mynick et al. 2014;
Stroteich et al. 2022; Goodman et al. 2024; Landreman et al. 2025) along
the analysed flux tubes. Specifically, here we use the expression from Ref.

bad-curvature flux compression metric in bean-like flux tube
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Figure 4.7.1. — The metric of flux surface compression between the compact QA config-
urations and a range of legacy configurations. Each panel corresponds
to a different radial locations and the bean-like flux tube was selected.

(Landreman et al. 2025) for this metric:

X = mean|[H(B x x - Va)(aVs)?], (4.7.1)
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where # is the Heaviside step function, the sign of B x x - Va denotes whether
the field line curvature is locally ‘good’ or ‘bad’ as analysed before in sections
4.3.1 and 4.3.2, and the mean is taken along the field line for one poloidal turn.

The figure features the compact QA configurations of different field-periodicity
that were compared in section 4.5, as well as the comparison to the same set of
legacy configurations as in section 4.6.

We see that the monotonic trend with field-periodicity observed in section 4.5
is also seen in this metric, with lower values of flux compression towards larger
number of field periods. Similarly, the trend from section 4.6 is observed here as
well, i.e. the compact QA configurations with NV, > 2 score among the lowest in
the comparison with this set of legacy configurations.

4.8 Conclusion and discussion

In this chapter we have carefully explored the impact of quasi-axisymmetric
perturbations on ion temperature gradient driven turbulence. When keeping the
radial profile of rotational transform constant between configurations, some dif-
ferences are observed. However, we showed that when the rotational transform
profile is treated self-consistently, stabilisation is regained, resulting in negligible
differences between the QA configuration and the underlying tokamak — despite
the strong modification of the good curvature side. Even Mercier-stability, the
inclusion of which can strongly change the details of the inboard side shaping,
did not result in a noticeable difference in the turbulent transport properties.
The results are consistent with the linear physical picture of toroidal ITG modes.

By comparing configurations across varying field periods at different radii
we found that (1) the (negative) magnetic shear does not set the differences
in their nonlinear heat flux as one might expect in a tokamak, but instead (2)
the nonlinear heat flux increases towards lower number of field periods, in line
with the flux surface compression at the outboard midplane. The latter has
been shown to be the best geometric indicator for the general stellarator space
(Landreman et al. 2025).

Lastly we provided some context by comparing the heat fluxes to some well-
known stellarators. The compact QA configurations perform well, likely due to
the modest elongation of the bean-like cross-section which strongly squeezes
flux surfaces together at the outboard midplane. These configurations perform
even more favourably in a comparison of the implied confinement time of the
heat fluxes, due to their much lower aspect ratio than traditional stellarators.
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All in all these results corroborate the notion that the parameter space of QA-
perturbed tokamaks offers the potential of combining the strengths of tokamaks
and stellarators. With respect to transport from ITG driven turbulence, one can
likely expect tokamak-like confinement, while enjoying stabilisation effects against
disruptions from the external rotational transform produced on the inboard side.

4.8.1 Future work

It would be instructive to run the calculations in more flux tubes of the config-
urations and at more radii to obtain an even better picture. It would also be
instructive to run full flux surface calculations for these configurations. This is
motivated by the fact that in stellarators different flux tubes generally experience
different geometry.

Beyond this extension of the study, the natural next step is to use these
findings for the purpose of optimisation, i.e. to find hybrid configurations that
maximise confinement. Since we showed that the strong QA-shaping of the
inboard side does not modify the turbulence properties substantially, one could
likely optimise the underlying tokamak towards confinement and these gains
would be reflected in QA-perturbed version of the configuration. Since we
find in the QA-optimisation of these configurations that certain axisymmetric
shaping allows for lower QA error and MHD stability, the best solution likely
is to couple the confinement optimisation of the underlying tokamak into the
QA-optimisation loop of the stellarator-tokamak hybrid.

Moreover, it would be valuable to investigate turbulence from instabilities that
are traditionally extended, such as microtearing modes or other electron driven
modes. With respect to trapped particle modes, it should be noted that many
of the trapped particles only spend time on the nearly axisymmetric outboard
side of the hybrid configurations and therefore essentially do not experience
any 3D shaping. Further, as seen in figures 4.3.2 and 4.3.6, despite the strong
3D shaping, the magnitude of the magnetic field along a field line at most only
experiences small variations on the inboard side. No substantial additional
trapping wells are created, in contrast to more traditional stellarators. This
can be explained by the strong 1/R dependence of the magnetic field, and
suggests that the trapping well of the underlying tokamak remains the main one
in these configurations, even for shallowly trapped particles which do sample a
significant fraction of the inboard side. Therefore, similar to the results for ITG
turbulence presented in this chapter, there is reason to expect transport from
trapped electron modes (TEM) to behave similarly to the equivalent tokamak as
well, but future work should verify this assumption.
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4.8.2 Key findings and implications
The key points of this chapter and its implications are:

* Quasi-axisymmetrically perturbed tokamaks have similar ITG transport
properties as their equivalent tokamak.

* Transport reduces with increasing number of field periods, consistent with
the picture of flux surface compression from the literature.

* The compact nature of these designs is beneficial for the confinement time.

* Future optimisation of stellarator-tokamak hybrids to reduce transport
from ion temperature gradient turbulence could likely utilise tokamak
tools inside the optimisation loop.



Nonlinear energy transfer
In stellarators

In this chapter we will explore how three-dimensional shaping affects the spatial
distribution of zonal flow drive in stellarators. By porting our diagnostic from
chapter 2 to stella we will first explore the effect of the continuous quasi-
axisymmetric perturbations which we optimised and studied in part in the last
two chapters, before applying the method to a flux tube of the Wendelstein 7-X

device.

5.1 Introduction

For tokamaks, a single flux tube which traverses the device for one poloidal turn
captures all the geometrical information of the flux surface. Hence the drive
of ZFs along this flux tube can be mapped directly to its poloidal distribution,
which is then the same at every toroidal angle.

As mentioned in the previous chapter, flux tubes which are centred at different
toroidal angles will generally experience different geometry, and thus their
turbulent properties and ZF drive properties will generally be different. We
cannot draw a conclusion of some poloidal distribution of the ZF drive from
its distribution along a field line. Due to broken axisymmetry no such poloidal
distribution is expected to exist and a flux surface dependence of the form

T2 =T75(9,9) (5.1.1)

would be expected.

That being said, many insights can be gained from flux tube simulations in
stellarators. Since turbulent eddies are, of course, still highly elongated along
the magnetic field line and short in their perpendicular extent away from it, flux
tube simulations let us understand how stellarator specific geometry affects the
gyrokinetic equation and thus the turbulence (Landreman et al. 2025). Flux tube
simulations have also been used to understand how geometry can be changed
to increase the critical gradient (Roberg-Clark, Xanthopoulos & Plunk 2024;
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Roberg-Clark et al. 2023). Understanding such dependencies can help one to
understand how the dynamics in the other flux tubes might behave.

We found in chapter 2 that the ZF drive envelope in tokamaks is highly
sensitive to changes in the geometry. Since stellarators feature even stronger
and more localized variations in the geometry, an analysis of the ZF drive lets us
further understand how these are connected. Since axisymmetry is broken our
results represent the parallel distribution of the ZF drive along a chosen field
line rather than a general poloidal distribution. We highlight this by adopting
the coordinate change

TZE(0) — T25(2), (5.1.2)

although =z could of course still represent a poloidal angle for the parameterisa-
tion if one wanted to make that choice. Following conventions in stella, z will
typically be parametrized by the toroidal angle ¢. As before all simulations in this

chapter are electrostatic and assume adiabatic electrons.

5.2 Benchmarking zonal flow drive between
GS2 and stella

Whereas for axisymmetric configurations we have used GS2, in this chapter
we will use stella (Barnes, Parra & Landreman 2019) since it was built for
non-axisymmetric fields in mind from the beginning.

—— GS2  —=— stella
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Figure 5.2.1. — Benchmark between stella and GS2. The CBC equilibrium was chosen,
with modified elongation x = 1.5, temperature gradient a/Lp = 4.0,
and flux surface p = 0.8. Left: distribution of turbulent fluctuations.
Right: distribution of ZF drive.

While GS2 features a non-axisymmetric extension for the linear GKE, it does
not for the nonlinear GKE. stella was successfully benchmarked against GS2 in
the saturated heat flux of nonlinear tokamak equilibria and for the linear growth
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rate spectra and envelopes of the electrostatic potential for a non-axisymmetric
configuration (NCSX) (Barnes, Parra & Landreman 2019).

Before we explore the ZF drive in non-axisymmetric configurations we first
benchmark it as well as the distribution of turbulent fluctuations between the
two codes. Here we use the CBC equilibrium with modified elongation of k = 1.5
(i.e. one of the cases from section 2.5.1). The result is shown in figure 5.2.1 and
shows excellent agreement between both codes.

5.3 Zonal flow drive from tokamak to QA
stellarator

In chapter 4 we showed that the compact QA stellarators which were created in
chapter 3 feature geometric flux tube quantities that are mostly the same as in
axisymmetric configurations, albeit with strong local variations on the inboard
side. This, of course, is due to the localized QA shaping and the ridges which
are the characteristic feature of this parameter space.

One wonders how this geometry affects the parallel distributions of turbulence
and ZF drive. We take advantage of the perturbed character of the compact QA
configurations by making the connection to the underlying tokamak following the
same method which we used in section 4.3 of chapter 4. There we introduced the
perturbation parameters A which interpolates the fully perturbed configuration
with the underlying tokamak without changing the axisymmetric shaping.

Figure 5.3.1 shows the parallel distributions of the zonal flow drive as the
perturbation parameter )\ is increased. A clear gradual response to the gradual
change of QA-shaping can be seen as the four local maxima of zonal flow drive
emerge on the inboard side. The two local maxima towards the outboard side
remain relatively constant. We do note however, that their width also increases
as the QA-shaping is introduced.

Note that while the tokamak configurations in chapter 2 all had positive global
magnetic shear § = 0.78 which they inherited from the CBC, the underlying
tokamak here has significant negative global magnetic shear of § = —1.43 at
the chosen flux surface p = 0.8. Nonetheless the poloidal structure of the zonal
flow drive in the underlying tokamak here is qualitatively very similar to the one
for the elongated CBC from figure 2.5.4. Figure 4.3.1 shows that the poloidal
cross-section of the underlying tokamak does feature mostly elongation. We thus
conclude that the global magnetic shear does not seem to alter the results of the
zonal flow drive envelope significantly.
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Figure 5.3.1. — The parallel distribution of zonal flow drive under continuous departure
from axisymmetry towards a fully QA-perturbed configuration. The
change of the plasma boundary as the perturbation parameter A in-
creases is shown on the top. The results show how the local maxima
develop step-by-step as A goes from zero to unity.

5.4 Zonal flow drive in compact QA
stellarator

Figure 5.4.1 shows the ZF drive for the fully perturbed case from the previous
subsection, i.e. the case with A = 1 from figure 5.3.1, alongside our measures of
turbulent fluctuations from chapter 2.

Our measures of turbulent activity show the usual ballooning towards the out-
board midplane with essentially no signature of the localized shaping. However,
the ZF drive does show a significant signature of the localized shaping. This is
seen by four additional local maxima which have emerged on the inboard side.
Figure 5.4.1 also shows the central field line of the flux tube which we considered
on the flux surface which was chosen, p = /s = 0.8. Upon closer inspection it
can be seen that the field line crosses the ridges on the inboard side four times
within its one poloidal turn. The local maxima in the drive correspond to these
four locations, whereas the two maxima at = ~ (.25 appear to be the usual ones
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from the underlying tokamak shaping which features significant elongation, as
confirmed in figure 5.3.1 for the underlying tokamak (A = 0).
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Figure 5.4.1. — The zonal flow drive in a QA-perturbed tokamak configuration. Left:
the chosen flux surface (p = 0.8) with the central field line of the chosen
flux tube. Right: the parallel distributions of turbulent fluctuations and
zonal flow drive, showing a unique signature of the QA-shaping.

5.5 Zonal flow drive in Wendelstein 7-X

Wendelstein 7-X (W7-X) (Klinger et al. 2016), which was depicted in figure 1.1.2,
is the newest large-scale stellarator experiment and is currently operational in
Greifswald, Germany. With a diameter of ~ 10 m and an average minor radius
of ~ 0.5 m it has a more typical, stellarator-like, larger aspect ratio A ~ 10 than
any of the previous configurations considered in this work. The configuration
has five field periods, IV, = 5, and is approximately quasi-isodynamic, see figure
3.2.1 for context.

W7-X, like most stellarators optimised for improved MHD stability, features a
bean-like cross-section, which tends to drive most ITG turbulent transport due
to the tighter flux surface spacing on the outboard side within this cross-section.
The flux tube which is centred on the outboard midplane of this cross-section in
W?7-X has therefore been extensively studied in the past, e.g. (Xanthopoulos et al.
2007; Gonzalez-Jerez et al. 2022; Stroteich et al. 2022; Podavini et al. 2024).

As a widely studied and experimentally relevant configuration this flux tube is
therefore ideally suited to study the zonal flow drive envelope in strongly shaped
geometry. The configuration and the central field line of the flux tube are shown
in figure 5.5.1.

Figure 5.5.2 shows the parallel distributions of both zonal flow drive and tur-
bulent fluctuations within this flux tube. Both measures of turbulent fluctuations
peak strongly on the outboard midplane of the bean cross-section, as expected.
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Figure 5.5.1. — The bean flux tube on the s = 0.64 flux surface of the Wendelstein
7-X standard configuration. Left: The analysed flux surface shown in
gray from the top. Four poloidal cuts are indicated in colour, and are
displayed in the centre in the usual poloidal R-Z-plane. The same cuts
of the plasma boundary (s = 1) are also shown in shaded lines. The
bean cross-section is shown in blue. The central field line of the flux
tube, centred toroidally on the bean cross-section, is shown in black.
Right: View from the side.
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Figure 5.5.2. — The parallel distributions of zonal flow drive and turbulent fluctuations
in the bean flux tube of the Wendelstein 7-X standard configuration,
visualized in figure 5.5.1. The chosen flux surface is s = 0.64. The zonal
flow drive does not peak where the turbulence does.

However, as for shaped tokamaks and the compact QA configurations, the zonal
flow drive obtains a local minimum here and instead features two local maxima
to either side of the centre of the flux tube.

Note that W-7X features near-zero global shear on this flux surface, 5(s =
0.64) = —0.19. Given that the CBC featured moderate positive shear, and
the compact QA configuration strongly negative shear, this corroborates the
observation that the bifurcation of the zonal flow drive is relatively insensitive
to the values of global shear. Figure 5.5.2 also has two small additional local
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maxima on either side of the flux tube center and beyond the first dominant
local maximum. These are likely due the locally varying geometry, similar to the
local maxima seen in the compact QA configurations in figure 5.3.1.

5.6 Discussion and conclusion

By extending the analysis from tokamaks to stellarators, we have further shown
that geometry affects the poloidal distribution of zonal flow drive in a non-trivial
way. This results in local maxima of the drive envelope on the inboard side for
quasi-axisymmetrically perturbed tokamaks. Further, a local minimum of the
drive is expected at the location of maximum turbulence in Wendelstein 7-X,
i.e. at the outboard midplane on the bean-like cross-section. Given the recent
observation of zonal flows in W7-X (Carralero et al. 2025), and the installation of
gas puff imaging (GPI) diagnostics on the device (Terry et al. 2024), these results
can inform the interpretation of experimental measurements of turbulence-flow
coupling in W7-X.

We have only scratched the surface of stellarator geometry in this chapter. The
analysis can be extended to various other regions of the stellarator geometry
space. This is a promising route to understanding how geometry affects the
ZF drive distribution, since stellarators offer vastly more geometric possibilities
than tokamaks. A promising approach might be one similar to the methodology
in (Landreman et al. 2025), but rather than finding interpretable models for
influence of the geometric quantities on the time-averaged heat flux, one could
perhaps adapt the methods to find their influence on the zonal flow drive
distribution. Note that the difference between the two mappings lies in the
nature of the quantity one is interested in. While the time-averaged heat flux is a
scalar, the ZF drive distribution is inherently a function of the parallel coordinate
z. See the discussion in chapter 2 around equations 2.7.9 and 2.7.10. This likely
makes the methodology more complicated than the one from (Landreman et al.
2025).

Moreover, due to the non-axisymmetry of stellarators, it is a debated topic
whether or not a full flux surface (FFS) treatment is required to correctly calcu-
late the zonal flow and heat flux. Some codes such as GENE (Jenko et al. 2000;
Xanthopoulos et al. 2007; Xanthopoulos et al. 2014) as already available in this
mode while others such as stella are under active development to support it. It
would be interesting to adapt the nonlinear coupling analysis to the FFS treat-
ment. This would allow one to obtain the distribution 7,%¥ (6, ¢) from equation
5.1.1. However, this will likely require a reformulation of the drive formalism
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and some additional computational challenges will have to be overcome to pre-
vent this analysis from becoming computationally intractable. FFS simulations
themselves, i.e. without the inclusion of the compute and memory intensive

three-wave-couplings, require significant computational resources.

5.6.1 Key findings and implications

The key points of this chapter and its implications are:

* The localised 3D shaping of stellarator-tokamak hybrid equilibria creates
additional local maxima in the zonal flow drive on the inboard side, in
addition to the distribution expected from the underlying tokamak.

* The distribution of ZF drive is also expected to be non-trivial in the Wen-
delstein 7-X stellarator, where local maxima are expected away from the
outboard midplane of the toroidal bean-like cross-section, the location of
strongest turbulent activity.

* These results can aid the interpretation of measurements of nonlinear
transfer in Wendelstein 7-X, as well as the interpretation and validation of
nonlinear gyrokinetic simulations.



Beyond the fluid picture
for energy transfer

In this chapter we will derive a kinetic extension to the electrostatic zonal flow
drive directly from gyrokinetics. Borrowing methods from (Bafiéon Navarro et al.
2011a; Banon Navarro et al. 2011b; Helander & Plunk 2022) we will focus
the phase space coupling specifically on the drive of zonal modes, resulting in
expressions for the nonlinear drive of zonal modes in the free energy, entropy,
and fluctuation energy, with the latter describing the direct drive of zonal flows.
We highlight the benefits of such an analysis as well as computational challenges.

6.1 Motivation

So far we have focused on the fluid picture for the zonal flow drive, in which
it is the radial derivative of the Reynolds stress (év,dv,) that is responsible for
the drive. For the generation of the turbulence data for this analysis we made
the case that gyrokinetics is the theoretical framework which captures tokamak
and stellarator turbulence in the most realistic way while being computationally
feasible. Gyrokinetics, of course, features its own nonlinearity. Unlike the
momentum equation with the advection of the flow by the flow itself, the
gyrokinetic nonlinearity features the advection of the perturbed distribution
function by the gyrokinetic E x B drift, i.e. in gyrokinetics the general convective
derivative 1.4.8 takes the form:

Jgs
ot

+ (VexB)r - Vhy = L]g,), (6.1.1)
where from equation 1.5.9 in the electrostatic limit
<VE><B> =B~ 1b X V(éqﬁ)

After Fourier transforming this becomes

8gsk
ot

ZB (k1 % k) Jos(k—k)0Pk—k, Psie; = Lxk[gs] (6.1.2)
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where from equation 1.5.6 g4 is the gyro-average of the full perturbed distribu-
tion function:
gsk = hsk - (ZseJOsk6¢k/TOS)FOS~ (613)

Here Jogx = Jo(kiv, /) is a Bessel function which arises from the gyro-
averaging operation (. ..)® under Fourier transformation.

In this chapter we derive the transfer functions which arise from gyrokinetics
and discuss their potential benefits and challenging numerical realisation. A
similar derivation has been done before, see Refs. (Banén Navarro et al. 2011a;
Bafién Navarro et al. 2011b), but here we focus specifically on the drive of zonal
flows.

The analysis is electrostatic throughout but does not make assumptions on the
electron dynamics, i.e. we do not assume electrons to behave Boltzmann-like. A
generalization of all the derivations for the electromagnetic case is not known
at the time of writing this. A difficulty arises since the two components of the
Helmbholtz free energy, the fluctuation energy and the entropy, are not conserved
separately any longer once magnetic fluctuations are allowed (Baiion Navarro
et al. 2011a; Bafién Navarro et al. 2011b).

6.2 Energy transfer functions within
gyrokinetics

6.2.1 Helmholtz free energy transfer

We first demonstrate, following some of the steps from (Helander & Plunk 2022),
how we can obtain an evolution equation for the Helmholtz free energy from
equation 6.1.1. We start by applying the operator

h*
Re YT, [(.)"av
¢ )
on equation 6.1.2. From the first term on the left-hand side we obtain

TOs 8‘ hskl

8(5(,01( %
Re Z/ Sk g Re XS:ZS@< )/h o Josic AV (6.2.1)

This expression can be further simplified by using the general quasi-neutrality
condition (from which equation 1.5.12 followed for the case of adiabatic elec-

trons)

nge>
> 200 = Y e [ hacoac dv, 6.2.2)
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where the factor Jys results from the dual gyro-average (h), under Fourier
transformation. The total evolution equation can thus be written as

OHx  (ow  ow
= 9 (Nk +Lk) (6.2.3)
where
hax|? nse?
H = Z{Ts |Fk| v === \&ka}, (6.2.4)
NI =B ?ReY B (k x k) T, / - ot 0Pk ok 4V, (6.2.5)
s,k1
L =Re Y T, FSkﬁk[gs]d (6.2.6)
S 0s

Here H is the Helmholtz free energy, N its nonlinear drive, and L{ the linear
drive. Note that the nonlinear contribution vanishes when the summation over
all k is taken due to symmetry cancellations (Helander & Plunk 2022). That
however, does not mean that energy is not redistributed between modes, e.g. the
transfer of free energy to zonal modes and local transfer cascading dynamics are
still contained within it (Bafién Navarro et al. 2011b; Helander & Plunk 2022).
The naming of H can be understood by first re-writing equation 6.2.4 in terms of
the gyro-averaged full perturbed distribution function g, from equation 6.1.3,

HkIZ{Ts/%i dv+ 7o T [1—F03k( s)]|6gok|2}. (6.2.7)

Here I'y(x) = Iy(x)e * where I, is the so-called modified Bessel function of the
first kind, and we define b, = k% p? = k2 T,/ (m.Q?) (Helander & Plunk 2022),
and we moved the details of this calculation to appendix D.3. We can now write

Hy = U — 5 TuSu (6.2.8)

where the first term is the total spectral fluctuation energy

2
nse;
U =3 =1 = Toak(bs)]10prcl?, (6.2.9)
and the second term features the spectral entropy of each species (see appendix
D.1)

2
_ _/ |9ij| (6.2.10)
Os
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The three-wave-coupling in the nonlinear drive thus describes the redistribution
of both fluctuation energy and entropy, i.e. the redistribution of Helmholtz free
energy. The derived nonlinear drive term can thus be used to analyse the drive
of zonal modes of the Helmholtz free energy.

Note that in some parts of the literature a different naming has been adopted
and this transfer of Helmholtz free energy has somewhat confusingly been
referred to as ‘entropy transfer’ (Sugama, Watanabe & Nunami 2009; Nakata,
Watanabe & Sugama 2012; Maeyama et al. 2017).

Even in electromagnetic gyrokinetics, where an extra term must be added to
Uy describing magnetic fluctuation (Helander & Plunk 2022), the total Helmholtz
free energy is conserved (Schekochihin et al. 2009).

For the case of electrostatic turbulence, as we are considering here, the
fluctuation energy and entropy are conserved independently (Bafién Navarro
et al. 2011b; Bafién Navarro et al. 2011a). This was argued by Navarro et
al. to hold for the 3D gyrokinetic case in these papers where GENE simulations
were used in standard tokamak geometry (i.e. with parallel dynamics). They
found that the power laws which they observe are very similar to those expected
from strictly two dimensional turbulence. However, Plunk and Tatsuno argue in
their work from equation 1.5.6 that strictly speaking, the fluctuation energy and
entropy are only conserved separately in 2D electrostatic gyrokinetics, where
the parallel streaming term is neglected. Even if not conserved exactly, such a
separation shall still prove useful in the current context, similar to Refs. (Bafion
Navarro et al. 2011b; Bafién Navarro et al. 2011a).

In the following two sub-sections we show how these can be separated,
following the methods of (Bafién Navarro et al. 2011b; Bafién Navarro et al.
2011a) and use this separation to describe the different contributions to the
gyrokinetic drive of the zonal modes.

6.2.2 Fluctuation energy transfer

The main goal of this section is to seek to isolate the nonlinear drive of the
fluctuation energy Uy itself. To this end we apply the operator

Re Zes/(...)JOSk&pi’;dv
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on equation 6.1.2. Using similar steps as in the previous subsection for the
left-hand side! we see that we now obtain

OUx

- =2 (N + 1Y) (6.2.11)

where the nonlinear and linear contributions are, respectively;,

NV =B2ReY B (k x ki) e, / Too0 0% Joste 1, 0011, ey dv, | (6.2.12)

s, k1

LV =Re Y e, / TosdiLalgsldv. (6.2.13)

Equation 6.2.11 thus describes the temporal evolution of the spectral fluctuation
energy. U only features the electrostatic potential in the electrostatic limit. Thus,
by calculating NV over all zonal modes for k we obtain the direct nonlinear drive
of the zonal flow within the gyrokinetic framework. While the coupling takes
place in the perpendicular plane, i.e. between mode pairs (k,, k), in the same
way as it does for the Reynolds stress, the individual components depend on
velocity space. This offers the great advantage that N allows us to determine
which species and which parts of velocity space are particularly involved in
driving zonal flows. To name just one example, one could split the velocity
integral from equation 6.2.12 in two parts, trapped and passing, giving the ZF
drive from each group of particles for a given species. It is this potential for
insight which motivated this work.

6.2.3 Entropy transfer

Finally, we demonstrate how the entropy transfer can be isolated from the free
energy transfer. Here we use the operator

~Re ST, /(...)gSkdv
S FS
on equation 6.1.2. We then trivially obtain

;ZTSSsk =2(Ng + L) (6.2.14)

Lspecifically we use the quasi-neutrality relation from equation 6.2.2 and the integral relation
from equation D.2.5
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with

Nf=-B2ReY B-(kx k)T, / %Jmk_klagpk_kl haedv,|  (6.2.15)

s,k

Li=-Re YT, / i‘ikﬁk[gs]dv. (6.2.16)

describing the nonlinear and linear drive of spectral entropy. This concludes
the separation of the evolution for the full free energy. One can also convince

oneself that indeed
NI =N/ - N;

L] =L - L

as required.

6.3 Numerical implementation &
computational challenges

As described in the previous subsection, the nonlinear transfer functions within
(electrostatic) gyrokinetics is given by (see equations 6.2.5, 6.2.12, and 6.2.15)

h*
NI = B2Re Y. B (kx ki) T, [ ZE ot 1o 0V,

s,k1

ng = B_2 Re Z B- (kl X k) €s / JoskégoiiJOSk_kl5g0k_k1hskldv7

s, k1
N}‘f = —B_2 Re Z B * (k X kl) Ts / ._gp,ikjosk—k15¢k—k1h8kldv7
s,k1 8

which involves the three-wave coupling of the fields

dox = 6p(t, ks, Ky, 0),
he = hs(t, ks, ky, 0, 1, ¢,0).

As we pointed out in section 6.2.2, this allows us to get additional insight into
which parts of velocity space are particularly active in driving zonal modes.
This phase-space-resolved analysis also comes with increased numerical chal-
lenges. We outlined in section 2.3 how the calculation of the Reynolds stress via
post-processing can quickly cause the required file sizes to be prohibitively large.
This hindrance becomes yet stronger when writing out the distribution function
hg for a potential calculation of N, NY or N via post-processing. We argued
in section 2.3 that a typical file size for 6o when written out every nwrite = 20
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time steps is ~ 10 GB. For typical velocity space resolutions N, = 47, N, = 16,
and with N, = 2 the file size of the distribution function would take

10GB % 47 % 16 * 2~ 15TB

per simulation. Thus, any calculation of these transfer functions must be done
during the simulation.

Another complication is that, unlike dyy, the distribution function hg is
split across processors in G32. Therefore, an implementation of the gyrokinetic
transfer functions requires increased use of MPI communication. Further, since it
now involves coupling with a full phase-space-resolved quantity, the distribution
function, this analysis features O (IV, * N.) more operations than the calculation
of the Reynolds stress from section 1.4.2.

6.3.1 Initial implementation in GS2

An initial implementation can be found at (Schuett 2025). This implementation
is split into six diagnostics:

* free_energy_transfer 4D and free_energy transfer_ theta_lambda
* field energy_transfer_ 4D and field_energy_transfer theta lambda
* entropy_transfer_ 4D and entropy_transfer_ theta_lambda

The 4D diagnostics resolve the transfer functions le (6.2.5), Nf{] (6.2.12) and
Ng (6.2.15) as a function of (k,k;) = (ky, ky, k1., k1,), with the velocity space
integration having been carried out and the outboard midplane selected as the
poloidal location. These diagnostics therefore include the transfer to zonal modes
as well as all other transfers and are thus useful to examine the dynamics in the
perpendicular wavenumber space.

The theta_lambda diagnostics isolate the total transfer to zonal modes, i.e.
k, = 0 has been set and the contributions over (k,, k1, k1,) have been summed
up. However, the velocity space integral in the expressions 6.2.5, 6.2.12 and
6.2.15 has now been taken outside this summation and only been carried out
partially. That is, the integration over the energy dimension and the summa-
tion over the velocity sign have been carried out, but the integration over the
trapping parameter \ has been omitted. Also, here all poloidal locations are

resolved.? Therefore, this diagnostic gives the total drive of zonal modes at each

2While both ¢ and ) are resolved, the integration weight w1(6, \) has been applied, such that
for example 7 (6) can be obtained simply by summation of the data along the A-dimension.
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poloidal location and from each particle class, e.g. enabling a distinction between

contributions from trapped particles versus those from passing ones.

Initial results & current limitations

Initial results from this implementation are shown in figures 6.3.1 and 6.3.2. As
before in this thesis, the assumption of adiabatic electrons has been made. Figure
6.3.1 shows the free energy transfer dynamics in the perpendicular plane at the
outboard midplane, produced with the free_energy_transfer_ 4D analysis.
The left plot shows the transfer in radial wavenumber space that is mediated
by zonal modes, i.e. ks, = k, — k1, = 0. This transfer shows a forward cascading
behaviour, i.e. free energy is transferred from larger scales to smaller scales,
i.e. from smaller wavenumbers to larger wavenumbers. This can be seen from
the fact that the positive transfer (red) region in the upper right quadrant is in
the region k, > k;,, whereas the region k, < ki, features the corresponding
negative transfer (blue). The transfer in the lower left quadrant contains the
same information and repeats in this fashion due to the symmetries of the
transfer function. Such a forward cascade for the free energy was also observed
in Ref. (Bafion Navarro et al. 2011b) for a shell-to-shell transfer-grouping
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Figure 6.3.1. — Transfer of free energy at the outboard midplane. The chosen equi-
librium is (A = 2.72; k = 1.5; 6 = 0.0; a/Lp = 6.0). Left: the total
transfer in radial wavenumber space mediated by zonal modes. Right:
the total transfer in binormal wavenumber space.

The right plot in figure 6.3.1 shows the total transfer dynamics in the binormal
wavenumber space. Transfer mediated by larger binormal structures, i.e. those
with small k,, = k, — k1, and therefore close to the diagonal, shows a inverse
cascade. Larger binormal mediators, i.e. transfer further away from the diagonal,
produce a weaker forward cascade.
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Figure 6.3.2. — The poloidal distribution of free energy transfer to and from zonal modes
across the trapping parameter. The chosen equilibrium is (A = 2.72;
k = 1.5; 6 = 0.0; a/Ly = 6.0). Left: the fully resolved transfer over
both the poloidal angle # and the trapping parameter \. The trapped-
passing boundary is indicated. Right: The total poloidal distribution as
well as the contributions from the passing and the trapped group.

Figure 6.3.2 shows the free energy transfer to and from zonal modes resolved
over the poloidal angle and the trapping parameter. This result was created with
the free_energy_transfer_theta_lambda analysis.

In the left plot, regions of both positive and negative transfer are seen, with
virtually all positive transfer coming from the passing part of phase space.
Particularly strong transfer appears to occur near the bounce points of the
trapped particles, consistent with the physical picture that trapped particles
spend a lot of their time near these points.

However, when summing the contributions over the trapping parameter, the
poloidal distributions do not always appear smooth and symmetric with respect
to the sign of the poloidal angle as one would expect. This is shown in the
right plot of figure 6.3.2. Interestingly, the passing contribution appears both
relatively smooth and symmetric, highlighting that in the case considered here
the trapped contribution is responsible for the non-physical behaviour in the
total distribution. We will discuss possible solutions to address this shortcoming

next in the discussion.

6.4 Discussion and conclusion

With a particular focus on the drive of zonal modes we have derived the transfer
functions of free energy, entropy, and fluctuation energy within gyrokinetics.
Thereby, this chapter highlighted the theory of how a Reynolds-stress-based
analysis of zonal flow drive can be expanded to include kinetic effects.
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We have motivated why such an analysis must be implemented as a native
diagnostic in a gyrokinetic code and presented an initial implantation in the
gyrokinetic code GS2. Initial results from this diagnostic show clear cascading
dynamics in the perpendicular domain, as previously reported in the literature
(Bafiéon Navarro et al. 2011b). Further work is required to understand the origins
of non-smooth and non-symmetric poloidal distributions of the total drive. Such
smoothness and symmetry are a good test since they are physically expected but
nothing is strictly enforcing this; all the sums over three-wave-couplings for the
total drive are carried out independently at each poloidal location.

The summations of triple products across velocity space can introduce noise,
and it might be the case that much higher resolutions are required to obtain
more physical poloidal distributions. The poloidal distribution of the transfer
might be more susceptible to such noise than e.g. the qualitative structure of the
transfer in the perpendicular domain, which we observed to be physical.

6.4.1 Future work

Before a comparison between the spatial distributions of gyrokinetic transfer and
fluid-based transfer — such as the Reynolds stress — can be carried out, future work
first needs to identify the exact origins of some of the non-physical behaviour of
the poloidal distributions and find solutions to address these. A natural first step
would be to increase the resolutions substantially. However, since this analysis
handles three-wave-couplings that are resolved in phase space, the memory
requirements are already very large. The simulations that produced the current
results used resolutions (N, X N, X Ny X Ny x N, = 128 x 96 x 33 x 32 x 16) which
required most of the available memory of the compute nodes on the viking2
cluster. Thus, further memory optimisation of the diagnostics might be required
first. Finally, since the gyrokinetic drive of the electrostatic potential is relatively
weak, as alluded to in Ref. (Banién Navarro et al. 2011b), it would be useful to
gain understanding on the relative strength of the different channels through
which energy ends up in the zonal flow within gyrokinetics.

We hope that the derived transfer functions and the initial implementation
thereof in GS2 guide future efforts on the analysis of the spatial distribution of
gyrokinetic transfer dynamics.

6.4.2 Key findings and implications

The key points of this chapter and its implications are:
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» Using suitable operators, nonlinear transfer functions of free energy, en-
tropy, and fluctuation energy can be obtained directly from the nonlinearity
in the gyrokinetic equation.

 This approach enables a velocity-space-resolved measurement of the drive
of zonal structures within gyrokinetics.

* An initial diagnostic implementation of the transfer functions in GS2 gives
expected cascade dynamics in the perpendicular domain but unphysical
poloidal distributions, thus requiring additional investigation before further
conclusions can be drawn.






Discussion and
conclusion

Zonal flows play a key role in determining the turbulent confinement in toroidal
fusion plasmas. Moreover, experimental evidence points to ZFs as the trigger
mechanism for confinement transitions in tokamaks. A missing piece of our
understanding of zonal flows is how their nonlinear drive by turbulence is
distributed across the flux surface. The main goal of this Thesis therefore was
to gain insight into the spatial distribution of nonlinear zonal flow drive under
varying toroidal geometry, including the geometry of newly designed hybrid
equilibria, which enabled us to perform a step-by-step analysis of stellarator
effects.

We highlighted the importance of the turbulent Reynolds stress as the key
player in the convective nonlinearity of the momentum equation to transfer
energy from turbulent modes to zonal modes. A numerical diagnostic that was
previously developed as a post-processing script (Biggs-Fox 2022) was imple-
mented as a native diagnostic in the gyrokinetic code GS2 (Barnes et al. 2024)
to explore these dependencies efficiently.

The contributions of this Thesis answer the questions:

1. How does the nonlinear drive of zonal flows vary spatially on the flux
surface of realistic tokamaks?

Unlike the turbulent fluctuations themselves, the drive of zonal flows depends
strongly on the flux surface shaping, appearing to be strongest near locations

of large poloidal curvature.

2. Can perturbed tokamaks be optimised to integrate stellarator benefits into

a compact design?

With a suitable combination of optimisation targets, significant stellarator
shaping can be produced at a compact aspect ratio while maintaining excellent
levels of confinement-preserving symmetry in the magnetic field as well as

other desirable physics properties.
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3. How does the highly localised shaping of these perturbed tokamaks affect
the turbulent transport and zonal flow drive distribution?

While the transport from ion temperature gradient turbulence remains
broadly similar to that of the underlying tokamak, the localised three-
dimensional shaping introduces additional local maxima in the zonal flow
drive, adding to those appearing from the underlying axisymmetric shaping.

4. How can the fluid based Reynolds stress analysis of zonal flow drive be
generalised within the gyrokinetic framework?

Transfer functions for free energy, entropy, and fluctuation energy can be
obtained directly from the nonlinearity of the gyrokinetic equation, enabling
the analysis of the nonlinear transfer to their zonal component.

More in-depth answers to the questions are given in the same order below.

Poloidal distribution of zonal flow drive

We uncovered a non-trivial variation of the poloidal distribution of zonal flow
drive with plasma shaping in chapter 2. Once the axisymmetric flux surfaces
depart from circular, the global maximum of the drive at the outboard midplane
is no longer guaranteed and often turns into a local minimum. We bridged
the gap from circular shaping to realistic plasma shaping by first varying the
dominant shaping contributions, elongation and triangularity, separately. For
the variation of elongation we saw that instead local maxima emerge near
locations of maximal poloidal curvature, with a consistent shift towards the bad
curvature side. The combined apparent effect of both curvature and turbulence
distributions was brought out further through the variation of triangularity. A
clear asymmetry of the drive envelope with respect to the sign of triangularity
was uncovered, as would be expected when both turbulence and curvature
distributions are key components. For realistic plasma shaping, with combined
elongation and triangularity, as observed on most tokamaks, the zonal flow
drive distribution is more strongly affected by elongation than triangularity. This
results in maxima near the top and bottom of the device with the outboard
midplane being a local drive minimum. We saw that this is both the case in
spherical and conventional tokamaks.

Not only do plasmas in experiment feature significant shaping, but also break
the up-down asymmetry of the gyrokinetic equation through non-zero flow and
flow shear as well as shaping. An asymmetric zonal flow drive distribution is
seen in up-down asymmetric equilibria, leading us to the conclusion that the



7 Discussion and conclusion 139

drive is not only expected to peak away from the midplane in experiments, but
asymmetrically so.

We motivated the difficulty in understanding the exact mapping from the
geometric quantities that enter the gyrokinetic equation to the zonal flow drive
distribution, but showed that simple proxies perform reasonably well in predict-
ing both the amount and poloidal position of the local maxima.

Optimising quasi-axisymmetrically perturbed tokamaks

We motivated why any three-dimensional (3D) shaping in toroidal plasmas
must be optimised for collisionless guiding centre trajectories to be confined
as in tokamaks. Tokamaks, while being simple, have many drawbacks which
can be remedied by introducing 3D shaping. The introduction of optimised
3D shaping with significant external rotational transform has been a previously
unexplored area, and was shown to be realisable as a stellarator-tokamak hybrid
by (Henneberg & Plunk 2024).

A new optimisation target was developed which let us optimise this param-
eter space of compact (A ~ 2.4) global MHD equilibria numerically. Using
this approach we achieved about an order of magnitude improvement in the
quasi-axisymmetric quality in this parameter space, allowing us to introduce
additional desirable physics properties such as a self-consistent current profile
and improved magnetohydrodynamic stability. This approach expands our ca-
pabilities of optimising stellarators into the hybrid space and also generated
new compact two-field period stellarators. The collisionless confinement of
alpha particles showed to be negligible in most cases, performing better than
traditional stellarators, despite the very compact aspect ratio.

Turbulent transport and zonal flow drive from perturbed tokamaks to
stellarators

Since the equilibria we presented are realisable as a stellarator-tokamak hybrid,
they allow us to study stellarator effects on tokamak dynamics step-by-step
through continuous departure from axisymmetry. Before embarking on the
impact of stellarator shaping on the zonal flow drive envelope, we discussed the
impact on ion temperature gradient turbulence more generally. We showed that
any small differences in the stability and transport which emerge when rotational
transform profiles are held constant, are off-set by the additional magnetic shear
that is introduced for self-consistent rotational transform profiles. We also
highlighted a monotonic trend with the number of field periods, regardless of
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the values of magnetic shear, though consistent with the picture of flux surface
compression in the bad curvature region.

Having found ways to optimise 3D-perturbed tokamaks and shedding some
light on their general transport properties, we showed that the now parallel
distribution of zonal flow drive is impacted in a non-trivial way by the localised
inboard shaping of this parameter space. The analysis was applied to the gyroki-
netic code stella and benchmarked successfully against GS2 for the tokamak
results, increasing our confidence in those results. Additional local maxima
emerge, consistent with the amount of inboard-side ridges the flux tube crosses
during one poloidal turn. Finally, we showed that the envelope of zonal flow
drive is non-trivial in the most unstable flux tube of the largest stellarator experi-
ment, Wendelstein 7-X. These results pave the way towards understanding total
zonal flow drive dynamics in stellarators. A full flux surface analysis represents
the natural, though computationally challenging, next step.

Zonal flow drive in the gyrokinetics framework

In the final chapter 6, we showed how the zonal flow drive analysis can be gen-
eralised from the Reynolds stress of the momentum equation to the nonlinearity
of the gyrokinetic equation itself. We derived transfer functions for free energy,
field energy, and entropy with the goal of isolating the quantity that describes
the drive of zonal flows, which is the transfer of field energy. Though more work
is required to obtain physical smooth poloidal distributions of the gyrokinetic
transfer, the numerical challenges were laid out and an initial implementation in
the gyrokinetic code GS2 has been completed.

7.1 Closing comments

One of the key insights from this Thesis is the difference between the spatial
distribution of the zonal flow drive by the turbulence and the distribution of
the turbulence itself. This degeneracy is present in realistic tokamaks, in a
traditional optimised stellarator, as well as in a hybrid of both. By uncovering
this degeneracy, this work contributes to our understanding of zonal flows and
turbulent confinement in tokamaks and stellarators. These results will aid the
development of alternative and advanced confinement regimes for tokamaks,
and inform validation efforts of gyrokinetic codes. We also hope that future work
may be able to provide a simple physical picture for the observed behaviour. The
derivations (and initial implementation thereof) presented in the final chapter
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contribute towards a purely gyrokinetics-based analysis of zonal flow drive, that
holds the promise of additional insight.

Further, this work corroborated the attractiveness of the stellarator-tokamak
hybrid design space by showing that quasisymmetry can be satisfied to suffi-
ciently high levels for alpha particle confinement at compact, tokamak-like aspect
ratio. The presented optimization method and resulting three-dimensional equi-
libria contribute towards further investigation of this design space for a fusion
reactor concept that combines the advantages of tokamaks and stellarators.
The unique feature of this design space to continuously connect tokamaks to
optimised stellarators, and the ability to create equilibria within it through
optimisation, enable further exploitation for theoretical studies. The specific
turbulence and zonal flow drive analysis of this space presented in this Thesis
represents a first such example.






A

Miller equations for
up-down asymmetry

Miller equilibria with poloidal titling to introduce up-down asymmetry in a
simple way was added to GS2 as part of the work from references (Ball et al.
2014; Ball 2016). Then the flux surface shape is given by

R(Ogs2) = Ro + R (0gs0) (A.0.1)
Z(0gs2) = Z{" (0gs2) (A.0.2)
R¥"(0c50) = Rs(0gs2) cos 05 + Z5(0as2) sin (A.0.3)
Zgilt<9GS2) = Zg((gggg) COS (95 — R(;(QGSQ) sin 95 (AO4)
Rg(gggg) = R?lt(egsg) + T[COS (9@52 + 5 Sin 9@52) — COS 9052] (AOS)
Z5(0Gs2) = Z"(Ogs2) (A.0.6)
R™(0c50) = Re(0cs2) cos B, — 05 + Z,.(0gss) sin b, — 05 (A.0.7)
Z"(0Gs9) = 2x(0cs2) cos 0, — 05 — R, (0gs2) sin b, — 05 (A.0.8)
R.(0cs2) = Re(0cs2) (A.0.9)
ZH<GGSQ) = ZC(QGSQ) + (l{ — 1)7” sin 9@52 —|— 9/@ — 95 (AO].O)
RC<9G32) = T COS (96‘52 + GK - 95) (AOll)
Ze(0cs2) = rsin (Ogse + 0, — 05) (A.0.12)

where the two new parameters are 6,, and 6; which describe the poloidal tilt
angle of elongation and triangularity, respectively.






Poloidal and toroidal
curvatures of Miller
equilibria

If the coordinate curves on a surface are lines of curvatures then the principle
curvatures are given by

b b
K| = %% and Ko = ﬁ, (B.0.1)
Yoo oo
where
Jap = Xo " Xp (B.0.2)

are the coefficients of the first fundamental form and
bag =Xaqg 1N (BOB)

are the coefficients of the second fundamental form (Kreyszig 1959). This is the
case for an axisymmetric torus'. Here

n— ¢ XXo (B.0.4)
X X Xg

is the surface normal and the partial derivatives of the position vector x(0, ¢)
are defined as (Kreyszig 1959)

ox 0°x

Xao - and Xap = m, (BOS)
(0%

~ da

IThis becomes apparent from the fact that gy9 = by = 0 (Kreyszig 1959, Theorem 41.3, see
also section 43)
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where «, 5 € {¢,0}. For up-down symmetric Miller equilibria the position vector

is given by
R(0) cos(¢)
x(0,¢) = | R(0)sin(e) | , (B.0.6)
Z(9)
R(0) = Ry + rcos(f + dsin(h)), (B.0.7)
Z(0) = krsin(0). (B.0.8)

While the calculation to obtain «; and ks is simple, it is also tedious and was
therefore performed with a computer algebra system, Mathematica 12. The
final result is given by

_ a0, ¢)
/{1(07 QS) b(e’ ¢> (B'O'g)
for the toroidal curvature, where
a(f, ¢) = 2k cos(0),
b(0, ¢) = c(0, ¢)(r cos(dsin(0) + 0) + Ro),
c(0,0) = [6* + 2K* + ((52 + 2/<cz> cos(260) — 1(52 cos(2d sin(#))
) 2 (B.0.10)
— 6% cos(2(0sin(f) +6)) — 552 cos(26 sin () + 46)
+ 44 cos(6) — 26 cos(20 sin(f) + 6) — 26 cos(26 sin(f) + 36)
— 2cos(2(6sin(8) + ) + 2]V/2,
and the poloidal curvature is given by
k2(0, ¢) = 409,9) (B.0.11)
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where

(0, ) = £f(0,9),
F(0,0) = (362 + 8) cos(dsin(0)) + dg (0, ),
g(0,¢) = 4cos(f — dsin(6))
+ § cos(20 — dsin(f)) + 8 cos(d sin(f) + 6)
+ 36 cos(0sin(f) + 26) + 4 cos(d sin(6) + 36)
+ d cos(dsin(f) + 40),
e(0,6) = 2rh(8, $)k(6, &), (B.0.12)
h(0,¢) = [4 (52 + 2/12) cos(20) — 21(0, ¢) + 166 cos(0)]"/2,
(0, 9) = —28° — 4K* + 6% cos(20 sin(8))
+ 6% cos(28 sin () + 46) + 2 (52 + 2) cos(2(0sin(0) + 0))
+ 40 cos(26 sin(0) + 6) + 49 cos(26 sin(F) + 30) —
k(6,$) = cos*(¢) sin®(&sin(#) + 0) (5 cos() + 1)
+ sin?(¢) sin?(0 sin(6) + 0) (5 cos(6) + 1)* + k? cos*(0).

These equations are given here for completeness, though they are cumbersome
and do not give particular insight. However, it is worth pointing out that in the
circular limit where x = 1.0 and § = 0 we recover the known formulae for the
circular torus (Kreyszig 1959, p. 135)

cos(#) 1

=4 d = +—. B.0.13
lﬁ rcos(0) + Ry anc. A r ( )

The surface curvatures for the up-down asymmetric cases were obtained analo-

1.4F
1.0r e VMEC + SIMSOPT — Analytic i 1.2F e VMEC + SIMSOPT — Analytic
0.5F 1.0
§ & 0.8
< 0.0 ] g
1 1 06r
-0.51
0.4F
-1.0 0.2
I I I L L L L 0.0b L I I I I M|
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
geometric arctan 6 geometric arctan 6

Figure B.0.1. — Comparison of the poloidal distributions of the principal curvatures
from the analytic formulae (red) and the numerical calculation from the
general three-dimensional codes SIMSOPT & VMEC (blue). Here A = 2.72,
k = 2.0, =0, and p = 0.8. Left: The toroidal curvature «;. Right:
The poloidal curvature «,.



148 B Poloidal and toroidal curvatures of Miller equilibria

gously by replacing equations B.0.7 and B.0.8 with equations A.0.1 and A.0.2.
Figure B.0.1 shows a comparison between the analytic result and the one com-
puted numerically by the general three-dimensional codes VMEC (Hirshman &
Whitson 1983) and SIMSOPT (Landreman et al. 2021). We observe excellent
agreement between both for both x; and k,. Since the procedure of finding
VMEC equilibria with the exact same flux-surface shape as specified by the Miller
equations is more tedious once the triangularity is finite, we use the analytic
procedure for all equilibria in this paper.



Numerical details of
stellarator turbulence
simulations

Here we provide the details of the simulations from chapter 4. The simulations
are for collisionless ITG turbulence, and are therefore run electrostatic with
adiabatic electrons.

C.1 Linear simulations

The linear simulations are performed with the stella code v0.7 (commit
f64addc). The simulations use the velocity space resolutions N, = 24 and
N,, = 12 with domain bounds v|. = v, . = 3vs;. The parallel (ballooning)
domain corresponds to two poloidal turns with N, = 256, i.e. 128 points per
poloidal turn [similar resolutions were used in the benchmark by (Gonzdalez-Jerez
et al. 2022)]. Simulations are run until ¢.,q = 500 a/vy, with a time-stepping of
At = 0.15 and growth rates are averaged over the last quarter of the simulation.
The simulations use k, = 0.

Resolution checks for the growth rate spectra were performed at the highest
and lowest temperature gradient for each configuration by doubling any of the
velocity space grid resolutions, halving the time step, doubling the simulation
time, doubling the parallel resolution, and doubling the parallel extent of the
domain while increasing N, correspondingly to keep at least 128 parallel grid
points per poloidal turn. Moreover, it was checked that the mode envelopes,
S, (2, ky), are zero at the parallel boundaries for each of the simulated
binormal wavenumbers k,, such that the ballooning formalism is valid.

C.2 Nonlinear simulations

The nonlinear simulations are performed with the GX code from commit 5ea4f95.
The simulations use the velocity space resolutions Npermite = 8 and Niyguerre = 4.
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The flux tube extends for one poloidal turn with Ny, = 96 parallel points. The
perpendicular domain is approximately square at the outboard midplane with
L, ~ L, ~ 82p; (y0O = 13) with perpendicular real-space grid resolutions
N, = N, = 64. Simulations are run until ¢.,q = 800 a/vy, and heat fluxes are
averaged over the saturated period, which typically corresponds to ¢ > 250 a/vyy,.
Similar resolutions were used in the study by (Landreman et al. 2025).

Resolution checks for the time-averaged heat flux were performed by increas-
ing any of the resolutions in the velocity space, the parallel coordinate, or in the
perpendicular real-space domain by at least 50%.



Useful relations in
gyrokinetics

D.1 Entropy of distribution function

To goal of this section is to show that

S = —/ lgacl” ;o (D.1.1)
FOS

from equation 6.2.10 corresponds to the entropy of the fluctuations in the
distribution function. This has been shown before in less detail, see for example
(Sugama & Horton 1995; Sugama, Watanabe & Nunami 2009; Schekochihin
et al. 2009).

To this end we write the gyro-average of the full distribution function f, from

equation 1.5.2 as
[ = <fs>5:Fs+<5fS>sR:Fs+gs

The Gibbs entropy for the full distribution of gyro-centres f is given by its
well-known general expression (up to a Boltzmann constant)

~(favimf)
where (. ..) represents ensemble-averaging. We then expand it in the gyrokinetic

small parameter ¢, giving

g, = </dvF+gS)[ln( +g./F) +lnF>
—{ [ av(Fe+ ) [(9:/F) = (1/2)(0/ F)* + I F] + O())
_ </dvg§/2F5 +(1+InF)g + F.In F> + O
- —/dvFS InF, — /dv (g2) /2F, + O(¢)

where we used that
<gs> =0.



152 D Useful relations in gyrokinetics

Thus S, from equation D.1.1 is the only contribution from fluctuations to
the full entropy, adding to the macroscopic contribution from the background
Maxwellian F;.

D.2 Re-writing quasi-neutrality

Here we show a convenient way of re-writing the quasi-neutrality condition. In
its original form it reads

2
> 0o = Y e [ haclodv, (D.2.1)

Upon replacing hg by g with equation D.3.3 we obtain

2
Z %&ok = Z es [/ sk JosdV + ;—85gpk / F.J3 dv] ) (D.2.2)

s

We focus on the second integral
/ FJ2, dv, (D.2.3)
and specify the velocity coordinates as
dv =v dadv dv = 2r v dv, dy) (D.2.4)

where the gyro-angle o € [0,27), v, € [0,00), and v € (—00,00), and the
gyro-angle integration will always yield 27 since by definition all quantities in
the gyrokinetic equation are gyro-averaged and thus do not depend on «.

The integral yields

3/2 )
/stgsk v = <27TT) /J2 kv [Qo)e” M) dy

3/2 o
- <2::L%) { / e—mvH/ et dv| / Jo ]ﬂUL/Q ) —mvl /(2T ULdUL}

27TT 3/2 { \/ﬁ / JO Zb) 2(2Ts/ms)xdx}

= Tlsro(bs).

(D.2.5)
Here we used the substitution z = \/m,v? /(2T;) and introduced b, = k2 p? =
kA T,/(msQ?). In the final step we used the integral identity (Helander & Plunk
2022)

b) =2 /OOO J2(xV/2b)e ™ zdu, (D.2.6)
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where T'y(b) = Iy(b)e~" and I is the so-called modified Bessel functions of the
first kind.

We can now write the quasi-neutrality equation D.2.2 as

2
3 %[1 —To(0,)]ok = Y e, / GaeJosdV. (D.2.7)

D.3 Re-writing the Helmholtz free energy

Here we show how to transform the Helmholtz free energy with the non-
adiabatic distribution function,

[P | nge? )

H =S T, / dv — 2% 15024 D.3.1

8 ;{ F Os M Ts | §0k| ( )

into a form where it features the gyro-averaged full perturbed distribution
function,

2
He =Y (T, 1921 dv + 2 [1 — Tosic(bs)]|60k|? ¢ - (D.3.2)
5 Fos T

We start by using the definition of the gyro-averaged full perturbed distribution

function
esFs
gsk = hsk - T JOsk(;QOk (D33)

Plugging this into equation D.3.1 for hy gives for the first term

2

gs 2p,
ZT/(‘ k’ +95kT J05k5S0k+gskT Josk0y + T2 J05k|5(’0k|2> dv. (D.3.4)

We use the quasi-neutrality equation in the following form (see equation D.2.7
in the previous quasi-neutrality section D.2)

nge>
> [ To(b) ok = Y / GacToudy. (D.3.5)

S

to replace the second and third term on the right-hand side of equation D.3.4,

ZT/<|93k| BTF

1 —To(bs)]6k]?.  (D.3.6)

)dv +2Z

S
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We also note that we can re-write the fourth term on the right-hand side of

equation D.3.4 as

e 2 2 nse; 2
S 2ol [ TacFidv = 3 ST (b) ol

The first term D.3.6 of the Helmholtz free energy thus becomes

S 2 nseg
ES:TS/WFI,:' +§S: T [2 — Do (bs)] 0|

such that including the second term of equation D.3.1, the full Helmholtz free

energy becomes

n

s 2 seg
Hk:ZTs/ |g}z| dV+Z TS [1—F0(bs)]5tpk|2.

which is the same as equation D.3.2 and thus concludes the proof.
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