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Abstract

Zonal flows are of central importance for the confinement and therefore perfor-

mance of future fusion reactors that are based on the idea of toroidal magnetic

confinement. By taking energy out of turbulent fluctuations and by shearing

turbulent eddies apart, these flows reduce the radial turbulent transport which

is responsible for the majority of the heat and particle losses in tokamaks and

optimised stellarators.

Turbulent transport properties are known to be strongly affected by plasma

shaping. Yet not all origins are identified, and one key missing gap in our

understanding is the spatial distribution of the nonlinear drive of zonal flows

due to Reynolds stress. In this work we show that this spatial distribution

is generally non-trivial and generally not correlated with the distribution of

turbulent fluctuations, for both axisymmetric and non-axisymmetric shaping

of the nested toroidal surfaces. In particular, it is found that the zonal flow

drive peaks away from the outboard midplane, where turbulent fluctuations are

usually the strongest.

In pursuit of combining the advantages of tokamaks and stellarators and

to bridge the gap between them, a new method was developed to optimise

three-dimensionally perturbed tokamak equilibria for quasi-axisymmetry, strong

enough for key stabilising benefits of stellarators to be expected. We examined

the general turbulent properties in this continuous parameter space from toka-

maks to stellarators, and showed that the zonal flow drive envelope here also

is non-trivial, developing additional local maxima due to the localised three-

dimensional shaping. Further, by extending the analysis to more traditional

stellarators, the zonal flow drive is also shown to be non-trivial in the most

unstable flux tube of the largest stellarator experiment, Wendelstein 7-X.

Finally, we derive and discuss how the Reynolds stress analysis can be gener-

alised to the gyrokinetic nonlinearity, describing the zonal flow drive with kinetic

effects.
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Introduction
1

1.1 Toroidally con�ned plasmas for fusion

energy

The economic �ourishing of humanity is tightly coupled to the availability of

abundant energy. Controlled thermonuclear fusion, when achieved, can provide

base load electricity that is carbon free, produces negligible radioactive waste

and uses abundant fuel sources. When nuclei of light elements are combined

or fused to form heavier elements, an excess of energy is released which can be

captured1. The fusion reaction with the highest likelihood is the one between

deuterium and tritium 2, two heavier isotopes of hydrogen. When both fuse, a

helium nucleus (alpha particle) and neutron are created as well as an excess of

energy,

H2
1 + H 3

1 ! He 4
2 + n + 17:6 MeV: (1.1.1)

The excess energy of17:6 MeV per reaction is released in the form of kinetic

energy, with 14:1 MeVgoing to the neutron and 3:5 MeV to the alpha particle.

Deuterium is naturally occurring in water, and tritium can be produced (or

bred) within the fusion reactor by capturing the neutron in a so-called breeder

blanket that surrounds the volume in which the reaction takes place. There

the neutron �rst reacts with lithium to produce tritium before heating up water

which generates the electricity through a conventional steam cycle. The fusion

reaction 1.1.1 requires high temperatures since nuclei generally repel each

other via the Coulomb force, unless they come very close to each other and

attract each other via the strong nuclear force. Such incidental proximity can be

achieved through high temperatures and thanks to the tunnelling effect. Thus,

for the likelihood of the deuterium-tritium fusion reaction to be maximised both

species must be in the temperature range around10 keVwhich corresponds to

approximately 100million degrees Celsius. At these temperatures, electrons are

no longer bound to their nuclei and a �uid of electrons and ions is formed. This

1Heavy elements on the other hand must be split for energy to be released, corresponding to
the more well-known method of obtaining energy from the reaction of nuclei: nuclear �ssion.

2Strictly speaking this reaction is only the most likely up to temperatures of � 500 keV . This,
however, is such a large value that most designs aim to operate well below it.
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loosely3 de�nes a plasma, a `gas of charged particles', often referred to as the

`fourth state of matter'. Further, these extreme temperatures require a method to

con�ne this plasma which is not based on material boundaries, motivating the

use of magnetic �elds to push back against the plasma's urge to expand, and to

create so-called magnetic con�nement.4

Toroidal magnetic con�nement is based on the idea that a charged particle in

a magnetic �eld mostly follows the magnetic �eld lines, resulting in a spatially

con�ned motion if the �eld lines were to close on themselves. A magnetic �eld

which exhibits many such circular �eld lines is topologically toroidal in nature,

with each circular �eld line being centred on the same location but their radii

and vertical location, Z , varying, see the left illustration in �gure 1.1.1. The fact

that the �eld lines bend around in a circle, however, does impact the particle

motion to a degree that matters. So-called magnetic drifts arise which depend

on the charge of the particle and thus separate ions and electrons from each

other along the vertical Z -direction (see �gure 1.1.1 for the de�nition of this

axis with respect to the torus traced out by the magnetic �eld). The resulting

vertical electric �eld results in rapid radial motion due to the excellent electrical

conductivity of the plasma along the magnetic �eld, and ends con�nement too

quickly for fusion conditions to be set up in time. This charge separation can be

easily avoided by adding twist to the magnetic �eld lines, such that they move

around the central �eld line in a helical motion, consisting of a toroidal and a

poloidal component, as illustrated in �gures 1.1.1. Poloidal refers to the short

way around the torus. The twist prevents the charge separation for the same

reason that a spinning honey spoon prevents the honey from running off the

spoon: even though the drift is constant in its (vertical) direction, to the degree

that it takes particles away from their �eld line while on the top half of their

helical trajectory, it brings them back on the bottom half.

The helical �eld lines now trace out toroidal surfaces which are nested within

each other and particles mostly stay on these nested surfaces. A consequence of

this is that both pressure and the magnetic �ux are constant on these surfaces.

Any pressure differences that might arise are shorted out quickly since, in general,

any point on the surface is connected to any other point on the surface via a

magnetic �eld line. The magnetic �ux is constant since no �eld line inside the

nested surface leaves that volume such that the number of �eld lines that pass

through a poloidal cross-section of the volume is constant across all toroidal

locations.

3For a stricter de�nition see (Freidberg 2008, Chapter 7).
4Another approach is to aim for enough reactions to happen fast enough such that con�nement

is secondary, motivating the idea of inertial fusion energy.
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Figure 1.1.1. – Purely toroidal �eld versus helical �eld. Left: a purely toroidal �eld
resulting in net particle drifts that end con�nement. Right: a helical
�eld, i.e. one with a toroidal and a poloidal component, where particle
drifts cancel out on average, guaranteeing con�nement (in the single-
particle picture). Image taken from (Imbert-Gérard, Paul & Wright
2024).

Note that the neutrons produced in the fusion reaction 1.1.1 leave the plasma

due to their neutral charge, and are used within the reactor walls to breed tritium

and heat the water to generate the electricity. In contrast, the alpha particles

with their non-zero charge now also stay con�ned to the nested surface that

they were born on and heat up the plasma5. The goal of magnetic con�nement

fusion is to achieve suf�ciently high temperatures and densities in the core of

the plasma ef�ciently enough such that the plasma ignites, i.e. such that the

fusion reactions heat the plasma enough to sustain themselves and no external

heating is required. More speci�cally, it is the triple product of temperature T,

density n, and energy con�nement time � E which must exceed some critical

value for ignition. T must be at an optimal point to maximise the fusion reactivity,

thereby leaving n� E , the Lawson parameter, as the quantity to be optimised for

(Freidberg 2008).

The challenge thus becomes to �nd a toroidal con�nement equilibrium where

the central pressure is maximised in an economical way, while guaranteeing

that the plasma is stable to perturbations. Here economically refers to the

requirements on recirculating power: if too much of the generated power is

needed to sustain the con�nement equilibrium, too little is fed into the grid.

1.1.1 Tokamaks and stellarators

Arguably the broadest distinction one can make between toroidal con�nement

equilibria is whether or not they feature continuous rotational symmetry around

5This is the case in an ideal design. In reality, collisional transport, turbulent transport and
imperfections in the magnetic �eld would make alphas leave the plasma at some point.
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their central Z -axis, which is marked in �gure 1.1.1. This toroidal symmetry

is referred to as axisymmetry. The two most developed magnetic con�nement

fusion devices are the tokamak and the stellarator. Tokamaks are axisymmetric,

whereas stellarators break axisymmetry and are inherently three-dimensional.

Examples of both are shown in �gure 1.1.2.

Figure 1.1.2. – Tokamak (left) and stellarator (right), the two concepts for toroidal
magnetic con�nement fusion, and the two most advanced concepts
within magnetic con�nement fusion in general. Tokamak �gure from
https://www.ipp.mpg.de/14869/tokamak and stellarator �gure from
https://www.ipp.mpg.de/2815232/konzeptentwicklung, both accessed
on August 12, 2025.

Both devices create their toroidal magnetic �eld with external electromagnets,

i.e. with currents outside the plasma. However, the source of the poloidal �eld,

which makes the �eld twist, differs. In tokamaks this twist in the magnetic

�eld is generated purely by a toroidal current inside the plasma, whereas in

stellarators the twist is generated by a mix of currents both inside and outside

the plasma. This ability of external currents to generate twist in the �eld is only

possible due to the broken axisymmetry (Helander 2014). The ratio between

the twist from currents inside the plasma versus outside the plasma generally

depends on the type of stellarator.

While tokamaks automatically con�ne particles due to their axisymmetry,

and can be built with simple coils, their pure reliance on the plasma current

introduces the possibility for instabilities which end con�nement quickly (so-

called disruptions). Further, this requires tokamaks to have a larger recirculating

power than stellarators. Stellarators do not rely on the plasma current for

con�nement, making them safe against disruptions. However, due to their non-

axisymmetric three-dimensional (3D) character the plasma must be carefully

optimised to provide con�nement to all particles and electromagnets must

be optimised to be able to create the plasma. This need for 3D plasmas to

generally require optimisation offers another way to broadly distinguish toroidal
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con�nement devices – we will expand on this point later in section 3 when the

discussion turns to non-axisymmetric �elds.

1.1.2 Nested �ux surfaces, magnetic coordinates,

and general coordinate de�nitions

Naturally, toroidal geometry will play an important role in this work. Either

toroidal coordinates (r; �; �) or cylindrical coordinates (R; Z; �) will be used,

depending on which are more convenient in a particular setting. Here r refers to

the minor radius, � the (geometrical) poloidal angle, � the (geometrical) toroidal

angle, R to the major radius, and Z is the aforementioned vertical coordinate.

Their geometrical meaning as well as other important quantities that we will use

are depicted in �gure 1.1.3.

Many of the basic de�nitions are motivated by constraints on the con�ned

plasma that follow from magnetohydrodynamic (MHD) analysis. The MHD

framework treats the plasma as a single �uid and describes the most macroscopic

dynamics of the plasma. For the plasma to be in steady state it must be in (ideal)

MHD equilibrium, which is equivalent to the requirement that

J � B = rp (1.1.2)

is satis�ed throughout the plasma volume. Here B is the magnetic �eld, J the

current density, and p the pressure. SinceB � rp = 0 and J � rp = 0 follows from

1.1.2, the requirement on B and J is thus that they lie on surfaces of constant

pressure. Thus, as long as the pressure pro�le is monotonic, the position within

the plasma volume can be speci�ed byp and both angles, i.e. B(p; �; �) and

J(p; �; �) 6.

From the fact that B lies on surfaces of constant pressure it follows – after

some calculation which we omit here for brevity – that it can be written as

(Helander 2014, section 2.2)

B = r � r� P + r� � r�: (1.1.3)

Here  (p) is the toroidal magnetic �ux divided by 2�,

 =
1

2�

Z
B � dSpol =

1
2�

Z  

0
d 0

Z 2�

0
d� 0

P (B � r�)J; (1.1.4)

6If the equilibrium is axisymmetric, i.e. a tokamak, all quantities, including B and J, are
independent of �.
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Figure 1.1.3. – Coordinate conventions for toroidally con�ned plasmas. See text for
details. Note that while an axisymmetric con�guration is shown, most
of these conventions also apply to stellarators.

and �(p) is the poloidal �ux divided by 2�,

� =
1

2�

Z
B � dS tor =

1
2�

Z  

0
d 0

Z 2�

0
d� (B � r� P )J: (1.1.5)

A good illustration of the poloidal and toroidal areas which are used to measure

these �uxes can be found for example in the two �gures of chapter 5.5.1 of Ref.

(Imbert-Gérard, Paul & Wright 2024). We therefore note that p,  , and � are

all equally suitable for labelling the nested surfaces. For this reason the nested

surfaces are usually referred to as �ux surfaces. The constancy of the magnetic

�ux on the nested surfaces is, of course, independent of their toroidal shaping

(i.e. it works in both tokamaks and stellarators), whereas the geometric minor

radius r which is shown in the left plot of �gure 1.1.3 only labels the nested
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surfaces for axisymmetric circular shaping. This motivates the switch of the

toroidal coordinate system from (r; �; �) to (X; �; �) where X 2 fp;  ; �g . In this

Thesis we will use X =  .

In equation 1.1.3 we used a new poloidal angle � P which is related to the

geometric poloidal angle via a general transformation function �( ; �; �),

� P = � + �: (1.1.6)

This variable change turns the general coordinate system( ; �; �) into a so-called

magnetic coordinate system( ; � P ; �) in which �eld lines are straight in the plane

spanned by� and � P . It is worth noting that for each choice of toroidal angle

a special choice for the poloidal angle can be made such that �eld lines are

straight in the plane of both angles, leading to different magnetic coordinate

systems which are convenient in different settings (Helander 2014). For the

geometric toroidal angle � the corresponding straight-�eld-line angle is the

above-mentioned� P , the so-called PEST poloidal angle. In the above expressions

1.1.4 and 1.1.5 for the magnetic �uxes, J is the Jacobian of the coordinate

system ( ; � P ; �), which when expressed with contravariant basis vectors reads

J �1 = (r� P � r�) � r : (1.1.7)

The rotational transform � is de�ned as the change in poloidal �ux with toroidal

�ux,

�( ) =
d�
d 

; (1.1.8)

and is therefore constant on each nested surface. With this de�nition the

magnetic �eld B from equation 1.1.3 can now be written even simpler,

B = r � r�; (1.1.9)

where � = � P � �� is a new variable that is constant along the �eld lines. The

�eld lines therefore have a slope of

d� P

d�
= �: (1.1.10)

This is indicated in the bottom plot of �gure 1.1.3. Thus the rotational transform

� describes how many poloidal turns a �eld line completes in one toroidal turn

(Helander 2014). Following convention, we will specify the slope of the magnetic

�eld by the rotational transform whenever we deal with stellarators and by the

so-called safety factor q = 1=� whenever we deal with tokamaks.
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1.2 Micro-turbulence

Just like �uids, plasmas also exhibit turbulence (Frisch 1995), the great unsolved

problem of classical physics. Its existence in fusion plasmas �rst became apparent

in the 1970s and was found to be due to drift wave instabilities which are excited

by the large gradients in density and temperature that are required to make

terrestrial fusion work. Its discovery in tokamaks followed the observation that

the radial transport of heat is much larger than that expected from collisional

processes. Turbulence in tokamaks and stellarators is mostly undesirable as it

decreases the ef�ciency of obtaining high core temperatures and densities, i.e.

it lowers the energy con�nement time � E , making it more dif�cult to achieve

ignition. However, turbulent transport can also be bene�cial for �ushing out

impurities and alpha particles after they heated the plasma (so-called helium

ash). The goal of the transport community is therefore to understand turbulence

and to �nd means to control and optimise it.

The instabilities which excite the turbulence, the drift waves, exist on the small

scale of the Larmor radius. The resulting turbulence was therefore coined micro-

turbulence. In contrast, quantities that have spatial scales which are comparable

to the device size, as measured for example by the minor radiusa, are referred

to as macro, whereas the region in between both is often referred to as the meso

scale. Zonal �ows, which play a central role in this work and will be introduced

shortly, exist on this meso scale (Diamond et al. 2005).

Drift waves are named as such since their phase velocity is on the order of the

diamagnetic (drift) velocity 7

V �
s =

B � rp s

esB 2
; (1.2.1)

where s is the species label,rp s its pressure gradient, andes = Z se its charge

with charge number Zs and elementary chargee. Over the years many such drift

wave instabilities have been identi�ed, broadly distinguished by their responsible

particle type (ions vs. electrons), class (trapped vs. passing) and their regimes

(electrostatic vs. electromagnetic). The focus of this work is one particular drift-

wave instability which is believed to be responsible for most of the transport

in today's fusion experiments, the ion temperature gradient instability (see Ref.

(Brower et al. 1987) for the �rst experimental observation in a tokamak, and Ref.

7Note that the word drift is actually very misleading here since the diamagnetic velocity is only
one of the plasma �uid of a given species and not of the individual particles of that species.
This �ow is a result of the single handedness of the gyro-motion with respect to the toroidal
angle and the radially varying speed of this motion due to the pressure gradient. Being a
result of gyro-motion it does not feature any net drift of the particles themselves.
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(Bähner et al. 2021) for those from the �rst neoclassically optimised stellarator

experiment, Wendelstein 7-X. We will introduce this instability next.

1.2.1 Ion temperature gradient driven turbulence

The focus of this work is turbulence driven by the ion temperature gradient mode,

a micro-instability that is, as the name suggests, excited by the ion temperature

gradient. The instability and its resulting turbulence is electrostatic, i.e. it only

requires �uctuations in the electrostatic potential ' , and not in the magnetic

vector potential A . Its injection scale is on the order of the ion Larmor radius � i ,

making it an `ion-scale instability'. The ITG instability (often just called `ITG')

does not require the kinetic response of the electrons to be resolved, allowing us

to model this species with a simple Boltzmann response, i.e. prescribing the log

of the density to be proportional to '.

Figure 1.2.1. – A sketch of the ion temperature gradient instability. The four phases of
its growth are shown, see text for more details.

ITG turbulence exhibits a toroidal branch and a slab branch. The slab branch

does not require toroidal topology but is usually subdominant to the toroidal

branch in the toroidal setting that we are interested in (Jenko & Dorland 2002).

The basic dynamics of the toroidal ITG are depicted in �gure 1.2.1 and features

the following steps:

(i) The ion diamagnetic drift velocity is larger in regions of higher temperature.

(ii) An initial perturbation causes alternating regions of larger and smaller vd

along � within the perturbed region.



10 1 Introduction

(iii) The alternating regions of vd in � cause ions to accumulate or be depleted

at the boundaries between the alternating regions, setting up an electric

�eld.

(iv) The electric �eld combined with the equilibrium magnetic �eld causes the

initial perturbation to grow more, due to the resulting E � B drift.

The same perturbation on the inboard side, however, causes the charge accu-

mulation to be reversed, thereby reversing the direction of the resulting E � B

drift

VE�B =
E � B

B 2
; (1.2.2)

i.e. the initial perturbation is brought back to equilibrium with the same dynam-

ics and the instability is stable in that region. The toroidal ITG instability, like

many other pressure driven instabilities, is therefore only driven on the so-called

`bad curvature region' on the outside of the torus where the curvature vector of

the magnetic �eld line � and the pressure gradientrp point in approximately

the same direction. On the inboard side they point in approximately opposite

directions, since � is typically dominated by its toroidal component. While the

ITG instability is driven by the ion temperature gradient, it is stabilised by the

density gradient; this can be seen analytically by considering the mode in its

two-�uid and slab limit (Dickinson 2012, chapter 3.2.2).

1.3 Zonal �ows and their interaction with

turbulence

Zonal �ows (ZFs) are �ows within a radial layer of a system that result from the

self-organisation of turbulence. In toroidally con�ned plasmas these are directed

in the binormal direction, i.e. the direction perpendicular to the �eld line but

within the �ux surface, such that the �ow is mostly in the poloidal direction.

Zonal �ows also exist in spherical systems, such as on Earth and Jupiter, where

they are directed in the azimuthal direction.

Unlike the ITG instability from �gure 1.2.1, ZFs are unable to feed off the free

energy supplied by the equilibrium gradients, i.e. they are linearly stable modes.

Instead, the nonlinear interaction of different turbulent �uctuations feeds energy

into the ZFs via their nonlinear interaction (Diamond et al. 2005). It is this

nonlinear interaction which distinguishes the pure dynamics of a single unstable

ITG mode from fully developed turbulence, that is, fully developed turbulence is

inherently nonlinear featuring non-local coupling and local coupling (cascading).
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In toroidally con�ned plasmas there are two main branches of ZFs, one with

zero mean frequency (mean zonal �ow or MZF) which enjoys an undamped

residual (Rosenbluth & Hinton 1998), and a �nite frequency mode called the

geodesic acoustic mode (GAM) (Winsor, Johnson & Dawson 1968). While we

do not make the distinction between both in this work, it is worth pointing out

that we will also neglect neither. Our analysis includes the total zonal �ow with

all its frequencies, i.e. the MZF and any other �nite frequency components such

as the GAM.

While zonal �ows can only be driven nonlinearly, their damping is determined

through both linear and nonlinear processes. See Ref. (Diamond et al. 2005)

for examples of both. In this work, however, we focus solely on the (nonlinear)

drive.

1.3.1 Zonal �ows for con�nement

Both ZFs and equilibrium �ow E � B can drastically improve con�nement

through their shearing action, i.e. their action on turbulence through their radial

variation in strength or even direction. As depicted in �gure 1.3.1, such �ow

shear breaks up turbulent eddies, especially those which are radially elongated,

thereby reducing their radial transport ability as smaller eddy structures tend to

cause less transport. However, due to their nonlinear interaction with turbulence,

Figure 1.3.1. – Zonal �ows reduce turbulent transport in two distinct ways, (1) by
shearing eddies apart and (2) by taking energy out of them.

ZFs reduce turbulence in another way which the equilibrium E � B does not:

when turbulent modes couple to feed the ZF they lose energy at the same time,

i.e. energy is transferred, reducing the �uctuation strength and thus turbulent

transport. This second effect is also depicted in �gure 1.3.1.

Zonal �ows are not only of interest for general con�nement, but also for

con�nement transitions such as the one from the low con�nement mode to the

high con�nement mode of tokamaks, the so-called L-H transition (more on this
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later in section 2.1). While zonal �ows are determined by turbulent processes,

the equilibrium E � B shearing rate is determined by the mean radial electric

�eld pro�le which in turn is determined by the radial component of the force

balance equation (or momentum equation),

Er =
1

nses

dps

dr
+ u �;s B � � u �;s B � ; (1.3.1)

and must hold for each species `s'. Herens in the equilibrium density, u�;s and

u�;s are the toroidal and poloidal mean �ow, respectively, and B � and B � are the

toroidal and poloidal magnetic �eld components.

It is generally agreed that the mean shearing is responsible for `locking in'

con�nement states after the L-H transition has happened (Burrell 1997). The

large pressure gradient which develops during the transition results in a strong

radial variation of Er and thus mean shearing which reduces turbulence (Biglari,

Diamond & Terry 1990; Terry 2000). The real question is what happens before

the transition, i.e. what triggers it.

Since zonal �ows arise from turbulence in a self-organised way they provide

a compelling explanation for this initial trigger, and experimental evidence

supports this theory (more on this later in section 2.1). More speci�cally it is

the radial gradient of the Reynolds stress,@r h~vr ~v� i , which drives poloidal �ow

(Diamond & Kim 1991), as we will show next. Since this mechanism drives the

mean radial electric �eld through the poloidal velocity channel in equation 1.3.1,

it falls into the category of `poloidal spin-up' theories. Other theories for poloidal

spin-up and other trigger mechanisms exist but have received less attention

due to less experimental evidence pointing in their direction. A comprehensive

overview is given in (McDermott 2009, Chapter 2).

1.3.2 The Reynolds stress

In Cartesian coordinates

We analyse the Reynolds stress in Cartesian perpendicular coordinates(x; y) ,

where x is a radial-like coordinate and y a binormal-like coordinate. We start by

writing the (ion) momentum equation in the general form

@v
@tfast

= �v � rv + L[v]; (1.3.2)

where we have grouped all linear terms into the general linear operator L . We

also introduced t fast which is assumed as the fastest time scale of interest for our
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purposes here and is taken to be the turbulence time scale. We proceed by using

the Reynolds decomposition,

v(x; y; t fast) = hvi(t; x) + ~v(x; y; t fast): (1.3.3)

Here we used the Reynolds average or ensemble average

h: : : i �
1

TLy

Z L y

0

Z t+T

t
: : : dy dt0fast (1.3.4)

to separate mean from �uctuating quantities. The mean quantity now depends

on a slower so-called meso time scalet where t fast � t � t eq, i.e. this time scale

is much larger than the turbulent time scale but smaller than equilibrium time

scales. Note that equation 1.3.3 and 1.3.4 de�ne

~v � v � hvi such that h ~vi = 0 (1.3.5)

by de�nition. We proceed by Reynolds-averaging the y-component of the mo-

mentum equation 1.3.2 and focusing on the nonlinear contributions

@hvy i
@t

�
�
�
�
�
�
NL

= �h~v x@x ~vy + ~vy@y ~vy i � hvi � rhv y i (1.3.6)

where we used 1.3.5 and we identify the last term as the mean convection term

which does not feature any turbulent quantities. We proceed by making use of

the incompressibility condition r � v = 0 which gives

r � v = @ x (hvx i + ~v x ) + @y(hvy i + ~v y) = 0

hr � vi = @ xhvx i + @yhvy i = 0
(1.3.7)

such that it follows @x ~vx = �@ y ~vy. Note that incompressibility follows directly if

one assumes the turbulent motion to be purely due toE � B motion (a common

assumption which we will use throughout this work) since for perpendicular

turbulence r � b = 0 , and r � rf = 0 for any scalar function f , where here

f = '. We can now write

h~vx@x ~vy + ~vy@y ~vy i =
D
@x (~vx ~vy) + @y(~v2

y)
E

= @xh~vx ~vy i: (1.3.8)

In the last step we usedh@y : : : i = 0 since the turbulence is expected to be

statistically periodic at the boundaries of the y-domain as long as the domain is

signi�cantly larger than the turbulent correlation length in this dimension.
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We therefore arrive at our �nal expression

@hvy i
@t

�
�
�
�
�
�
NL;turb

= �@ xh~vx ~vy i (1.3.9)

which shows that the mean poloidal �ow receives a non-zero contribution from

turbulent �uctuations as long as the x-y component of the Reynolds stress tensor

h~vi ~vj i has a �nite radial gradient, as �rst shown by (Diamond & Kim 1991).

Physically this corresponds to a radial variation of the dominant eddy tilt angle

as depicted in �gure 1.3.2.

Figure 1.3.2. – Sketch of an eddy structure with radial gradient of Reynolds stress.

In cylindrical coordinates

The original reference (Diamond & Kim 1991) stated the Reynolds stress in

cylindrical coordinates, motivating us to show that the analogous result to 1.3.9

indeed emerges for(vr ; v� ). Using the standard form of the gradient operator in

cylindrical coordinates, equation 1.3.6 becomes

@hv� i
@t

�
�
�
�
�
�
NL

= �h~v r @r ~v� +
~v�

r
@� ~v� i � hvi � rhv � i (1.3.10)

where we can write the �rst ensemble average on the right-hand side as

�h@r (~vr ~v� ) � ~v � @r ~vr +
1
2r

@� ~v2
� i (1.3.11)
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and notice that the last term in this expression vanishes due toh@� : : : i = 0 . The

second term also vanishes (Diamond & Kim 1991). We thus obtain

@hv� i
@t

�
�
�
�
�
�
NL;turb

= �@ r h~vr ~v� i; (1.3.12)

the cylindrical coordinate analogue of equation 1.3.9.
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1.4 Nonlinear turbulence-�ow coupling and

transfer functions

In this section we introduce the key analysis method for this work, namely the

quanti�cation of the nonlinear interaction of turbulence and ZFs. We start by

introducing higher order spectra to sketch out the basic idea behind quantifying

nonlinear mode interaction, before we introduce the energy transfer functions

which will be at the centre of this work.

1.4.1 Higher order spectra

Higher order spectra give additional insight into the contributions to a signal

compared to the well-known power spectrum, i.e. the (squared) magnitude

of the Fourier transformed signal. Consider a simple nonlinearity of the form

(Cziegler 2011)

f (x) = [cos (k ax + � a) + cos (kbx + � b)]2

= 1 + cos [(ka + k b)x + � a + � b] + cos [(ka � k b)x + � a � � b]

+
1
2

fcos [2kax + 2� a] + cos [2kbx + 2� b]g:

(1.4.1)

Further, consider the (related) linear signal

g(x) = 1 + cos [(k a + k b)x + � A ] + cos [(ka � k b)x + � B ]

+
1
2

fcos [2kax + � C ] + cos [2kbx + � D ]g:
(1.4.2)

We de�ne the �rst order and second order (auto-)correlation functions for

some signal y(x):

C1(x0) = y(x)y(x + x 0); (1.4.3)

C2(x0; x00) = y(x)y(x + x 0)y(x + x 00): (1.4.4)

Here the overline denotes an averaging over the domainx. A quick calculation

shows that taking the Fourier-transform of C1 yields the familiar power spectrum:

S(k) � F(C 1(x0)) =
Z +1

�1

� Z +1

�1
y(x)y(x + x 0)dx

�

e�ikx 0
dx0 = � � � = jŷ(k)j 2:

(1.4.5)
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The equivalent operation on C2 yields the so-called bispectrum8

B(k 1; k2) � hF(C 2(x0; x00))i

=
� Z +1

�1

Z +1

�1

� Z +1

�1
y(x)y(x + x 0)y(x + x 00)dx

�

e�ikx 0
e�ikx 00

dx0dx00
�

= � � � = hŷ � (k1)ŷ(k2)ŷ(k1 � k 2)i

= jŷ � (k1)jjŷ(k 2)jjŷ(k 1 � k 2)j
D
ei(�� 1+� 2+� 3 )

E
;

(1.4.6)

where h:i denotes an ensemble average over realisations, i.e. an average over

samples from distributions of phases� 1, � 2, and � 3. Here � 3 is the phase of the

third frequency component k3 � k 1 � k 2. Applying such an ensemble average

to the power spectrum in equation 1.4.5 does not make any difference since

the power spectrum is not sensitive to the phases, evident by the absolute value

operation that is performed on the complex-valued ŷ(k).

Both signals, f and g, would yield the same power spectrum and would be

indistinguishable, despite one being a nonlinear signal and the other being a

linear one.

Due to the ensemble average the bispectrumB will only yield non-zero values

when the three frequenciesk1, k2, and k3 � k 1 � k 2 are phase-coupled, i.e. when

the phase factor exp [i(�� 1 + � 2 + � 3)] is not randomly distributed due to an

underlying nonlinearity. For the linear signal g the three phases would each be

drawn from their own distribution, giving a randomly distributed sum, and thus

B = 0 . For f , however, this is not the case. For example, let us takek1 = k a + k b

and k2 = k a � k b, such that k3 = k 1 � k 2 = 2k b. Looking at the phases of the

corresponding terms in f we see that�� 1 = �(� a +� b), � 2 = � a � � b, and � 3 = 2� b,

such that their sum vanishes due to their coupled nature and the phase factor

becomes unity.

Different to the power spectrum, the bispectrum is complex-valued, making

it of more limited use for human intuition. A related quantity is the so-called

(squared) bicoherence, de�ned in its normalised form as

b2(k1; k2) =
jB(k 1; k2)j2

hjŷ(k1)j2i hjŷ(k2)ŷ(k1 � k 2)j2i
(1.4.7)

which takes on values between zero and unity, with zero indicating no coupling

and unity indicating pure coupling. (A case in between would for example be

the signal f + g.)

8Note that the symbol B refers to the bispectrum only in this section. In all other sections of
this Thesis it refers to the magnetic �eld strength.
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Evaluating the bicoherence on the entire valid part of the k1 � k 2 plane of a

given signal (i.e. the part where all three frequencies k1, k2, and k3 are within

bounds) is therefore a useful analysis to see all the nonlinear interactions within

a complex signal, such as for example a �uctuating quantity in a turbulent fusion

plasma. Such an analysis of the three-wave-coupling in a fusion plasma was �rst

done by (Ritz, Powers & Bengtson 1989).

While the bicoherence tells us the strength of the coupling between two

frequencies, it does not provide information on the directionality of the coupling,

i.e. which mode tends to lose energy in the process and which tends to gain it.

This shortcoming is addressed by the related energy transfer functions which

will be introduced in the next sub-section.

1.4.2 Energy transfer functions

Energy transfer functions are a useful extension to the bicoherence. Their

bene�t over the bicoherence is additional information, and we will see how

it allows us to specify zonal �ow drive as opposed to general turbulence-�ow

coupling. The analysis here roughly follows the one in Ref. (Xu et al. 2009).

However, we will take the coupling to take place in wavenumber space rather

than temporal frequency space. The reason being that we focus on the analysis

of gyrokinetic simulations which offer great wavenumber resolution and are

naturally decomposed as such.

General formulation Consider the following set-up which is present in most

�uid equations,
@X
@t

+ V � rX = L[X]; (1.4.8)

i.e. the advection of some �uid quantity X by the �uid velocity (or �ow) V . In

1.4.8 L is some linear operator which stands for all other (linear) terms in the

speci�c equation of interest. Here nonlinear means that it involves the product

of two or more �uctuating quantities. This nonlinearity in the Navier-Stokes

equation is the source of �uid turbulence, and in plasmas it is this nonlinearity

in the continuity equation, momentum equation, or the evolution equation of

higher moment �uid quantities which causes plasma turbulence.

We Fourier transform the equation, turning the product into a convolution,

and bringing out the mode coupling implied by the nonlinearity:

@̂X k

@t
+

X

k 1

V̂ k�k 1 � (ik 1)X̂ k 1 = L̂[X] k : (1.4.9)
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Here we usedr ! ik under Fourier transformation. Upon multiplication by

X̂ �
k and adding the equation to its complex conjugate we obtain an evolution

equation for the spectral energy of the quantity X:

@ĵX k j2

@t
= �2 Re

8
<

:

X

k 1

X̂ �
k V̂ k�k 1 � (ik 1)X̂ k 1

9
=

;
+ 2 Re

n
X̂ �

k L̂[X] k

o
: (1.4.10)

In the �nal step we take the ensemble average of the equation to obtain the

steady-state energy transfer9, yielding

*
@ĵX k j2

@t

+

= �2 Re

*
X

k 1

X̂ �
k V̂ k�k 1 � (ik 1)X̂ k 1

+

+ 2 Re
D
X̂ �

k L̂[X] k

E
: (1.4.11)

The so-called three wave coupling inside the sum resembles the bispectrum of

equation 1.4.6. However, here one mode is clearly distinguished as the receiver

or source of energy, namely the modek. Thus equation 1.4.11 tells us how

modes k1 and k � k 1 couple to drive the mode k. Whether mode k is the

receiver or the source of spectral energy in one particular three-wave interaction

is determined by the sign of

� Re
D
X̂ �

k V̂ k�k 1 � (ik 1)X̂ k 1

E
: (1.4.12)

Positive values translate to modek receiving spectral energy, whereas negative

values imply that spectral energy is lost.

Note that since X is expected to represent a real-valued quantity, its Fourier

transform satis�es the so-called reality condition X̂ k = X̂ �
�k , a relation which

could be used to re-write equation 1.4.12 in a way such that it features no

complex conjugate.10 For sake of clarity, however, we keep it in its current form.

Note that this distinction of target, source, and mediator compared to general

coupling as measured by the bicoherence is important since previous work

showed that situations exist where the GAM strongly couples to turbulence

but it does not actually receive substantial net kinetic energy, while the mean

ZF does (see �gure 6 in (Cziegler et al. 2015)). The �rst use of such transfer

functions in the fusion plasma setting was for the simpli�ed Hasegawa-Wakatani

system (Hasegawa & Wakatani 1983; Wakatani & Hasegawa 1984) by (Camargo,

9Note that here the ensemble averageh: : : i represents purely an average over time and not over
the poloidal domain as it did in equation 1.3.4, which might seem inconsistent. However, it
is not since this average is now enacted by choosingky = 0 to obtain the evolution of the
mean poloidal component of X.

10The reality condition is a welcome relation for solving the GKE numerically, since it allows
one to simulate only the positive ky range and automatically get those for negative values of
ky as well.
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Biskamp & Scott 1995) and later applied to the general plasma continuity and

ion momentum equation by (Xu et al. 2009).

Kinetic energy transfer function In this Thesis we are primarily interested in

the nonlinear drive of zonal �ows. We therefore choose the central �uid quantity

of interest, X , to be the �ow itself, i.e. we replace it with V . Equation 1.4.8 then

becomes
@V
@t

+ V � rV = L[V]; (1.4.13)

a way of casting the momentum equation of the plasma to focus on its nonlin-

earity.11 This equation is now the same as equation 1.3.2 and thus describes the

Reynolds stress from section 1.3.2. The operatorL includes the pressure gradient

force, the Lorentz force, the inter-species friction force, and the viscosity tensor.

Equation 1.4.11 then gives us

*
@ĵV k j2

@t

+

= �2 Re

*
X

k 1

V̂ �
k V̂ k�k 1 � (ik 1)V̂ k 1

+

+ 2 Re
D
V̂ �

k L̂[V] k

E
; (1.4.14)

the evolution of the spectral kinetic energy.

Further progress can be made to bring equation 1.4.14 into more explicit form.

We use the local coordinate system from �gure 1.1.3, where x represents the

radial coordinate, y the coordinate within the �ux surfaces that is perpendicular

to the magnetic �eld B , and z the coordinate along said magnetic �eld; the

x-y-plane is referred to as the `perpendicular plane' and the directionz as the

`parallel' direction.

The movement of charged particles in a plasma is unrestricted in the parallel

direction, making parallel wavelengths much longer than perpendicular ones,

i.e.

jk ? j � k k: (1.4.15)

Thus the dominant mode coupling takes place in the perpendicular plane and

from now on we take k = k x rx + k yry and r = r ? . We make further progress

by approximating the �uid motion by E � B motion, i.e. the �uctuating drifts

that arise due a �uctuating electrostatic potential,

V = B �1 b � r�' and thus V̂ k = B �1 b � (ik� ^' k ): (1.4.16)

11For ITG it is the momentum equation of ions which is of interest. To avoid clutter we omit the
species label everywhere in this section.
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Substituting this expression into equation 1.4.14 we obtain

*
@ĵV k j2

@t

+

= T + 2 Re
D
V̂ �

k L̂[V] k

E
; (1.4.17)

where we de�ned the kinetic energy transfer function

T = 2B �3 Re

*
X

k 1

[b � k � k 1](b � k) � (b � k 1)� ^' �
k � ^' k�k 1 � ^' k 1

+

: (1.4.18)

Note that T = T (k x ; ky; k1x ; k1y; z), with the z-dependence being introduced by

� ^' k = � ^'(k x ; ky; z). With the expression 1.4.18 we can obtain the steady state

drive of any individual mode (kx ; ky). As the interest here is in the drive of ZFs

we divide all modes into two groups: the `zonal' modes whereky = 0 and the

`turbulent' modes with ky 6= 0. Modes with ky = 0 are those where' is constant

in the direction within the �ux surface, marking distinct radial zones determined

by their radial wavenumber kx . To get the total drive of ZFs, the central quantity

which we are interested in in this work, we set ky = 0 and sum over all kx as

well as all possible source modes k1:

TZF (�) �
X

kx ;k1x ;k1y

T (kx ; ky = 0; k 1x ; k1y; z): (1.4.19)

Note that when we evaluate TZF in gyrokinetic simulations we do not realise

it as an average overN simulations as one might think. Instead we realise it

as a temporal average. Provided that (1) the turbulence is stationary, i.e. its

statistical properties do not change over time, and (2) the time over which

the average is taken is substantially longer than the turbulent decorrelation

time, the temporal average and ensemble average are equivalent due to the

ergodic theorem (Frisch 1995). The reason for choosing the temporal average

is a practical one: each (nonlinear) simulation includes a linear phase at the

beginning until turbulent �uctuations saturate due to nonlinear coupling and

fully developed turbulence is obtained. Running N nonlinear simulations would

require calculating N such linear phases which have no use for the calculation

of TZF , thus greatly increasing the computational expense.

Symmetries of energy transfer functions The full transfer functions, such asT

from equation 1.4.18, contain symmetries (Maeyama et al. 2021). To understand

these symmetries it proves helpful to write T = T (k; k 1; k2), even though k2 is

not an independent parameter but is determined through the coupling condition

k2 = k � k 1 by the other two modes.
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The �rst symmetry appears under exchange of the source and target mode,

that is one �nds that

T (k = p; k 1 = q; k 2 = j) = �T (k = q; k 1 = p; k 2 = �j): (1.4.20)

The second symmetry is with respect to parity,

T (k = p; k 1 = q; k 2 = j) = T (k = �p; k 1 = �q; k 2 = �j): (1.4.21)

Note that we have adopted a different convention for our coupling condition

than (Maeyama et al. 2021). We use the coupling condition k2 = k�k 1, whereas

(Maeyama et al. 2021) uses k + k1 + k 2 = 0.

Symmetries can become important when interpreting the transfer results

and we will provide an example here with particular relevance for our context.

Consider again the momentum equation 1.4.13. One might be inclined to

consider the different contributions to the nonlinearity by writing it in the form

@tV + (V x@x + Vy@y)Vx rx + (V x@x + Vy@y)Vyry = L[V];

and de�ning transfer functions Tij for the nonlinearity Vi @i Vj .12 Here we have

introduced the notation @x f = @f=@x. Taking the same steps as before, namely

Fourier transformation, multiplication by V �
k , and adding of the complex conju-

gate equation, we obtain

@t jV̂ k j2 + (T xx + T yx + T xy + T yy) = 2 L̂[V] k ;

where with the use of equation 1.4.16 we write

Txx = 2 Re

0

@V̂ �
x;k

X

k 1

V̂x;k�k 1 (ik 1x)V̂x;k 1

1

A = �Ck y(ky � k 1y)k1xk1y;

Tyx = 2 Re

0

@V̂ �
x;k

X

k 1

V̂y;k�k 1 (ik 1y)V̂x;k 1

1

A = +Ck y(kx � k 1x)k1yk1y;

Txy = 2 Re

0

@V̂ �
y;k

X

k 1

V̂x;k�k 1 (ik 1x)V̂y;k 1

1

A = �Ck x (ky � k 1y)k1xk1x ;

Tyy = 2 Re

0

@V̂ �
y;k

X

k 1

V̂y;k�k 1 (ik 1y)V̂y;k 1

1

A = +Ck x (kx � k 1x)k1yk1x ;

12we are not using Einstein summation convention here; the indices are kept general only to
shorten notation.
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where C � 2B �3 Re (� ^' �
k � ^' k�k 1 � ^' k 1 ). For the drive of ZFs, for which we set

ky = 0, one might then conclude that the only contribution stems from the Tyy

transfer term. (Txx , Tyx , and the �rst term of Txy vanish directly; the second term

of Txy cancels with the second term of Tyy .)

Note that for the drive of ZFs, as considered here in the �nal step, it is enough

to consider only the y-component of the momentum equation, i.e.

@tVy

�
�
�
�
�
�
NL

= �V x@xVy � V y@yVy; (1.4.22)

giving the same result as before but now without the Tix terms,

@t jVy;k j2
�
�
�
�
�
�
NL

= 2B �3
X

k 1

[kx (ky � k 1y)k1xk1x � k x (kx � k 1x)k1yk1x ]

� Re (�' �
k �' k�k 1 �' k 1 ):

(1.4.23)

However, by using the incompressibility condition,

r � V = 0 implying @ xVx = �@ yVy;

we can rewrite equation 1.4.22 as

@tVy

�
�
�
�
�
�
NL

= �@ x (VxVy) � @yV 2
y :

We then obtain

@t jVy;k j2
�
�
�
�
�
�
NL

= 2B �3
X

k 1

[kxkx (ky � k 1y)k1x � k xky(kx � k 1x)k1x ]

� Re (�' �
k �' k�k 1 �' k 1 )

(1.4.24)

such that now the only contribution for ky = 0 stems from the term @x (VxVy),

which we identify as the Reynolds stress. De�ning the two transfer functions

from equations 1.4.23 and 1.4.24 as

T1 = 2B �3 [kxk2yk1xk1x � k xk2xk1yk1x ] Re (�' �
k �' k�k 1 �' k 1 );

T2 = 2B �3 [kxkxk2yk1x � k xkyk2xk1x ] Re (�' �
k �' k�k 1 �' k 1 );
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respectively, we observe that

T1(k = p; k 1 = q; k 2 = j) = 2B �3 [px j yqxqx � p x j xqyqx ] Re
�
�' �

p �' j �' q

�

is in fact equal to �T 2(k = �q; k 1 = �p; k 2 = j) . With the second symmetry

relation 1.4.21 we note that

�T 2(k = �q; k 1 = �p; k 2 = j) = �T 2(k = q; k 1 = p; k 2 = �j);

and due to the �rst symmetry relation 1.4.20

�T 2(k = q; k 1 = p; k 2 = �j) = T 2(k = p; k 1 = q; k 2 = j);

this �nally implies

T1 = T2:

This shows that the symmetries reach across the individual terms in the nonlinearity

and that one should therefore not write out and consider individual transfer

functions.
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1.5 Gyrokinetics

In this chapter gyrokinetics (GK) is summarised, the formalism which is the

workhorse of turbulence theory and simulation in tokamaks and stellarators.

Many extensive introductions to gyrokinetics have been written, and we will

therefore not attempt to give a complete derivation with all its details here. For

these purposes we refer the reader to the review by (Abel et al. 2013)13 and for

a slower-paced introduction we refer to the following Ph.D. Thesis (Dudding

2022). Here, we will only highlight the key ideas to establish the setting and

terminology in which much of this work is placed.

1.5.1 Governing equations

Gyrokinetics is derived from the Vlasov-Maxwell system of equations and makes

use of the time-scale separation between the fast gyro-motion of particles and

the comparatively slow time-scale on which the drift-wave turbulence evolves.

The fast gyro-motion itself is not resolved and averaged out in the formalism,

providing dimensional reduction from six to �ve and thus making the problem

computationally tractable.

In general, the gyrokinetic system of equations is fully electromagnetic and

can include (statically imposed) equilibrium �ow and �ow shear. Here we

make the assumptions of electrostatic turbulence, i.e. we assume magnetic

�uctuations to be small. In addition, we assume that equilibrium �ow and �ow

shear are negligible. Both of these effects constitute possible extensions to the

work presented here.

The gyrokinetic ordering is given by

� �
! ds


 s
�

kk

k?
�

� s

a
�

�f s

f s
�

�'
'

(1.5.1)

and is imposed on the Vlasov-Maxwell system to order the terms. The gyrokinetic

equation (GKE) is obtained at second order. Here! ds = v ds � k is the drift

frequency, 
 s = esB=ms the gyrofrequency with massms, � s the Larmor radius,

f s the full distribution function with �f s its perturbation due to turbulence, and

the same for the electrostatic potential '.

The zeroth and �rst order give valuable information which will be employed

to make further progress. At zeroth order we learn that the Poisson equation

reduces to imposing quasi-neutrality of the plasma. At �rst order we learn

13Note that the derivation in this review allows strong equilibrium �ows, an assumption which
we do not make in this work. However by dropping terms containing the �ow velocity u, this
derivation corresponds exactly to our assumptions made here.
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that the lowest order mean distribution function is a Maxwellian, and that the

perturbed distribution function consists of a term proportional to the electrostatic

potential and another which is already independent of the gyro-angle (Abel et al.

2013). That is, for each species (denoted by subscript s),

f s = F s + �f s; (1.5.2)

with the zeroth-order Maxwellian

Fs( ; " s) = n s( )

 
ms

2�T s( )

! 3=2

exp

 

�
" s

Ts( )

!

; (1.5.3)

and the �rst order perturbation

�f s = h s �
es�'
Ts

Fs: (1.5.4)

Here " s = m sv2=2is the energy of the particle with velocity v, Ts the temperature

and ns the density. hs is the `non-adiabatic' distribution function which does not

depend on the gyro-angle� g, i.e. it depends only on the gyro-centre position

R and not on the particle position r = R + � , where �(� g) is the gyro-radius

vector, see �gure 1.5.1.

Figure 1.5.1. – The variables describing the gyro-motion. Taken from (Dickinson 2012),
with variable names adapted to match our convention.

The nonlinear gyrokinetic equation is then given by (Frieman & Chen 1982)

@gs
@t

+ (v kb + V Ds ) � rh s + N s +
@Fs
@ 

hVE�B i R
s � r = 0; (1.5.5)

which describes the temporal evolution of the gyro-averaged perturbed distribu-

tion function

gs = h�f si R
s = h s � (e sh�'i R

s =Ts)Fs; (1.5.6)

where h: : : iRs denotes the gyro-averaging operation for speciess at �xed guiding

centre position R . The gradient operator r is also understood to be taken at
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constant R . Note that after Fourier transforming the gyro-averaging operation

hXi R
s turns into multiplication by a Bessel function, J 0(k? v? =
 s)X.

The naming convention for the different distribution functions is quite incon-

sistent in the literature. The same symbols are usually used but what they are

assigned to varies, increasing the possibility of confusion. We have therefore

clari�ed our naming convention again in table 1.1.

Symbol Dependence Explanation

�f s (t; r; v) The full perturbed distribution function.

hs (t; R; v)
The `non-adiabatic' part of �f s, i.e. the part

which depends only on the gyro-centre R and not r.

gs (t; R; v) The gyro-average of �f s.

Table 1.1. – The symbols of distribution functions used in this Thesis.

Other quantities appearing in equation 1.5.5 are the parallel velocity vk and

the magnetic drift velocity

VDs =
1

2
 s
b � [2v 2

kb � rb + v 2
? r ln B]; (1.5.7)

where v? is the perpendicular velocity, the gyrokinetic nonlinearity

Ns = hVE�B i R
s � rh s (1.5.8)

with

VE�B
s = �r(h��i R

s ) � B=B 2: (1.5.9)

Equation 1.5.5 dictates the evolution of each species in the system which

is treated gyro-kinetically. All are coupled together through Poisson's equa-

tion which describes how the electrostatic potential reacts to the densities and

prevents inconsistent density accumulation in the system, i.e. it enforces quasi-

neutrality. For the ITG instability the gyrokinetic dynamics of electrons is not

crucial and as often done we assume throughout this thesis that electrons fol-

low a Boltzmann distribution (also often referred to as the adiabatic electron

assumption),

�n e �
Z

hgei r dv =
ene

Te
(�' � �'): (1.5.10)
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Here the overline denotes the �eld line average, and with equation 1.5.10 the

quasi-neutrality equation

X

s
es

Z
hgsi r dv = 0 ,

X

s

nse2
s

Ts
�' k =

X

s
es

Z
J0sk hsk dv (1.5.11)

reduces to Z
dvhgi i r =

ene

Z i Te
(�' � �'): (1.5.12)

Now the gyro-average is taken at constant particle positionh:ir since the �elds,

unlike the distribution functions, are not transformed to guiding centre coordi-

nates (Abel et al. 2013).

1.5.2 Numerical treatment

In this work we use local gyrokinetics which takes advantage of the anisotropic

length scales of the turbulence with a strong guide �eld such as toroidal plasmas.

In such cases turbulence dynamics are much faster parallel to the guide �eld

than perpendicular to it, resulting in turbulent eddies to be elongated along

the �eld and of relatively short wavelength in the perpendicular direction, as

indicated in the ordering in equation 1.5.1.

As a result, perpendicular correlation lengths are much shorter than parallel

ones, motivating a radially local computational domain which is larger than the

correlation lengths in each dimension but not signi�cantly larger than it needs

to be. The result is known as a �ux-tube domain which extends for O(10� i ) in

the perpendicular direction and for one poloidal turn in the parallel direction.

The radial local approach offers great computational speed-up compared to

a radially global approach and allows one to understand how turbulence and

zonal �ows interact locally in realistic geometry. However, it does not allow one

to dynamically adjust the gradients based on the particle and heat �uxes caused

due to turbulence generated by previous gradient values, i.e. gradients and

�uxes are inherently not self-consistent in a local approach. The �xed gradients

are speci�ed in the code through

a
LT

�
a
T0

dT
dr

and
a

Ln
�

a
n0

dn
dr

(1.5.13)

which de�nes the temperature and density gradient scale lengths LT and Ln .

Here a is the devices minor radius as depicted in �gure 1.1.3.
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The �ux tube is centred around a �eld line at position  0 and � 0 and local

radial and perpendicular coordinates are de�ned as (Beer, Cowley & Hammett

1995)

x =
q0

B0r0
( �  0) and y = �

r0

q0
(� � � 0) (1.5.14)

such that they are proportional to  and � but have units of length. Here

q0 = q( 0) is the safety factor at the centre of the domain,B0 is the �eld at the

magnetic axis, and r0 is the minor radius of the centre of the domain (Beer,

Cowley & Hammett 1995).

The length of the computational domain is chosen such that it is longer than

the turbulent correlation length in each dimension. Not only does this allow one

to assume that the turbulent behaviour is statistically identical at both ends of

the domain in both the binormal and parallel directions, but the same can be

assumed in the radial direction since the domain is local around �eld lines and

the energy-supplying equilibrium gradients can thus be assumed to be constant

across the domain, i.e.

a
LT

�
�
�
�
x=0

=
a

LT

�
�
�
�
x=L x

and
a

Ln

�
�
�
�
x=0

=
a

Ln

�
�
�
�
x=L x

: (1.5.15)

The evolved quantities can therefore be expressed as Fourier series in the per-

pendicular domain,

Q(x; y; z; t) =
X

kx ;ky

Q̂(z; t) k ei(k x x+k y y) : (1.5.16)

Here Q stands for either the perturbed electrostatic potential �' or the perturbed

distribution function �f , and z is the parallel coordinate.

For axisymmetric devices the parallel length of the �ux-tube is chosen such that

it begins and ends at the same poloidal location, in which case the turbulence is

expected to be statistically identical in these places, since the geometry is exactly

the same in both. In the case of exactly zero global magnetic shear̂s this permits

periodic boundary conditions. With �nite magnetic shear, different kx modes

must be coupled to each other, the so-called twist-and-shift boundary condition

(Beer, Cowley & Hammett 1995).

In stellarators, after traversing the �eld line for one poloidal turn one is

generally not at a location of the �ux surface for which the geometry is the same

as at the starting point. Instead, one can take advantage of �eld periodicity and

stellarator symmetry to �nd locations of identical geometry and choose to let the

�ux tube end at those locations, provided that it is still longer than the parallel

correlation length. Note that for a con�guration with Np number of �eld periods
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and stellarator symmetry the geometry repeats2Np times throughout the whole

device.

The same subtleties as in axisymmetric devices apply for the coupling of modes

at the ends of the parallel domain in stellarators, although the coupling can be

generalised to take advantage of the integrated local shear rather than just the

net global shear (Martin et al. 2018). Whenever we deal with non-axisymmetric

con�gurations in this work we use this generalised twist-and-shift boundary

condition by (Martin et al. 2018).
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1.6 Motivation for plasma shaping

Once one has decided for toroidally nested �ux surfaces as the topology for

con�ning the plasma, one is left to choose the shaping of those �ux surfaces.

Since the shaping is predominantly controlled by external currents, i.e. by the

coils, it is a direct design choice and less a product of the self-consistent evolution

of the plasma, like many other processes within it. Thus the shaping of the

coils and the currents within them mostly control the equilibrium and re�ect a

direct experimental control mechanism that can be exploited and optimised for

desirable physics characteristics.

1.6.1 Axisymmetric shaping

In axisymmetry (tokamak) the shaping freedom reduces to the shape of the

poloidal cross-section of each �ux surface. The shaping components are speci�ed

by their poloidal Fourier-mode number m and named after their effect, giving

elongation (m = 1), triangularity ( m = 2), and squareness (m = 3)14. Higher

Fourier-mode shaping is usually subdominant in axisymmetric equilibria and

therefore not studied in isolation.

Over the past three decades the bene�cial effect of axisymmetric shaping, i.e.

�ux surfaces that deviate from circularly-shaped poloidal cross-sections, has

become increasingly clear. Increased elongation and positive triangularity (see

�gure 1.7.1 for their de�nition) increase the plasma beta threshold for Mercier

stability (Freidberg 2014) 15, and also increase the stability of the plasma against

micro-instabilities such as the ITG instability (Belli, Hammett & Dorland 2008).

However, these bene�cial effects were not always known and were the primary

reason that the Tokamak Fusion Test Reactor (TFTR) operated in Princeton during

the '80s and '90s was – despite setting fusion records – limited in its performance,

and lead to the next-generation large-scale and only other tritium-fueled device,

the Joint European Torus (JET), to be designed with elongated and (outward)

D-shaped plasma shaping (Freidberg 2014).

14See �gure 1.7.1 for a visualisation of elongation and triangularity.
15The Mercier criterion is a suf�cient condition for interchange stability and a necessary condition

for ballooning stability, i.e. iff the Mercier criterion is satis�ed ballooning stability can be
tested. This stability criterion will be addressed further in chapter 3.10.
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1.6.2 Symmetry-preserving three-dimensional

shaping

As alluded to earlier, breaking axisymmetry of the toroidally nested �ux-surfaces

is the key idea behind stellarators. Whereas in tokamaks a helical �eld can only

be generated with a plasma current, in stellarators the three-dimensional (3D)

shaping can generate a helical �eld on its own. This allows stellarators to be

more easily designed for steady state operation, since external current drive is

not necessarily required and coils can be designed to create �ux-surfaces in the

absence of any plasma such that no solenoid is required in the centre of the

torus. Further, stellarators generally do not suffer from disruptions and are able

to operate at densities that exceed the Greenwald limit (Greenwald 2002)16. It

was shown in the compact toroidal hybrid (Hartwell et al. 2017) that densities

much beyond the Greenwald limit could be obtained once the edge external

rotational transform obtained values of 0:1 � 0:15 or larger (Maurer 2015).

While �nding non-axisymmetric ideal MHD equilibria with nested �ux surfaces

is relatively straightforward, �nding ones which con�ne collisionless guiding

centre trajectories is challenging and requires careful numerical optimisation of

both the plasma equilibrium and coils to support it. The reasons for this will be

further described in section 3.2.

Three-dimensional shaping of small magnitude is also being used in tokamaks.

The high con�nement operating regime (H-regime or H-mode), discovered in

1982 (Wagner et al. 1982), has long been seen as the most desirable operating

mode for tokamak plasmas. Its steep edge gradients of temperature and density

increase their core respective values, thus increasing performance. However, the

H-mode comes with a list of drawbacks, one of the key ones being instabilities

localised to the edge region which cause explosive transport events that damage

plasma facing components. Therefore, these edge localised modes (ELMs) must

be either avoided or mitigated. One of the key mitigation strategies is to increase

their frequency, thereby reducing the energy expelled during each ELM event.

One key idea which has been used on nearly all tokamaks around the world are

so-called resonant magnetic perturbations (RMPs), small 3D �elds with distinct

toroidal mode numbers n which typically increase the transport in the plasma

edge, thereby lowering the local pressure gradient, and avoiding the unstable

ELM regime (Evans et al. 2004; Kirk et al. 2013).

16The density in stellarators only has a soft limit set by radiative losses from impurities (Helander
et al. 2012), also known as the Sudo-limit (Sudo et al. 1990), and can therefore be increased
through experimental scenario development (Fuchert et al. 2020).
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Figure 1.6.1. – Different degrees of plasma shaping shown as one quarter of the full
torus of nested �ux surfaces. Left: circularly shaped axisymmetric
equilibrium. Center: axisymmetric equilibrium with elongation and
(positive) triangularity. Right: non-axisymmetric equilibrium with
axisymmetric and quasi-axisymmetric shaping. The �eld strength jBj
is overlaid on the �ux surfaces with brighter colours corresponding to
stronger �eld.

Since the successful use of RMPs for ELM suppression, numerous studies have

explored how the currents of the saddle coils which generate the RMPs can be

optimised to improve other plasma properties as well (Park et al. 2021). However,

using the currents in those very simple coils as the degrees of freedom to optimise

plasma performance is overly restrictive since their location, orientation, and

shape is �xed and non-optimised. Further, the 3D shaping which these coils

generate is relatively small and therefore unable to provide any of the key

bene�ts of stellarators.

In this work we focus on optimised perturbations strong enough to provide

stellarator bene�ts, and chosen in shape to preserve quasi-symmetry as much

as possible to keep guiding centre trajectories con�ned. Figure 1.6.1 illustrates

the change in the �ux surfaces as they go from being circular to featuring

axisymmetric shaping, and �nally to feature both axisymmetric shaping and

quasi-axisymmetric (QA) perturbations17. This �gure already hints at a feature

which we will elucidate further later on in section 3.8, namely QA perturbations

tend to accumulate on the inboard side, making the use of RMPs for this purpose

even less compelling. RMPs are usually located on the outboard side of tokamaks.

17The concept of quasi-symmetry will be introduced in detail in chapter 3.
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