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Abstract

In this thesis, we construct a class of geometric structures on moduli spaces of
meromorphic quadratic differentials on wild algebraic curves, generalising the work
of Bridgeland [15] from the holomorphic to the irregular meromorphic setting. The
type of geometric structure we are after is a family of non-linear, flat, meromorphic
Ehresmann connections defined on a moduli space X that parametrises irregular, wild
quasi-parabolic SL2(C)- Higgs bundles and flat connections on wild curves. The space
X fibres over the space of quadratic differentials and resembles a complexification of
the Hitchin system for irregular Higgs bundles. The family of Ehresmann connections
is the essential object underlying a Joyce structure on spaces of stability conditions in
the sense of Bridgeland [14] and arises naturally from the geometry of isomonodromic
deformations of irregular connections, prescribing a complex Hyperkähler structure
on the underlying integrable system. The main corpus of the thesis is dedicated to
building the requisite theory to support the construction of Joyce structures on spaces
of meromorphic quadratic differentials with arbitrary poles. Namely, we study deco-
rated wild quasi-parabolic bundles on wild algebraic curves and prove a generalised
spectral correspondence between X and the space of anti-invariant, wild branched
connections on spectral curves, a result deeply rooted in the ever so popular wild
version of the geometric Langlands program. Then we construct an ε-family of flat
Ehresmann connections on the resulting integrable system, in the case of wild curves
of genus 0. Lastly, we demonstrate the effectiveness of the general theory developed
in this thesis by recovering the ad-hoc results of Bridgeland-Masoero [17] as a special
case of our hereby established framework.

The research that lead to this thesis was supported by the EPSRC Programme Grant
Enhancing Representation Theory, Noncommutative Algebra And Geometry Through
Moduli, Stability And Deformations, carried out at the University of Sheffield, School
of Mathematics and Statistics.
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Chapter 1. Introduction M .Z.

1. Introduction

The core of the present thesis is dedicated towards building the theory, that generalises
the geometric structures and correspondences between them, which enabled Bridgeland
to construct a Joyce structure on the space of holomorphic quadratic differentials. This
project lies within the realm of Bridgeland’s geometrisation programme of Donaldson-
Thomas theory, the output of which, is the theory of Joyce structures. Nevertheless,
familiarity with Donaldson-Thomas theory, wall-crossing phenomena or stability conditions
is not assumed, nor is it necessary to appreciate the value of this thesis.

Although the thesis is guided by the teleological goal of building the correct theory
supporting a class of meromorphic Joyce structures, the geometric objects and moduli
spaces we construct and study are of great ontological significance themselves. They are
deeply connected to the theory of integrable systems, non-abelian Hodge theory, Hyper-
kähler geometry, and our theory and results are expected to find direct application in the
wild version of the geometric Langlands programme, which is currently drawing a lot of
attention.

Within the framework of Bridgeland’s programme, the value of this thesis is clear, it
provides the general theoretic framework for treating a large class of examples, indeed, at
present, an essentially exhaustive list of all cases where Joyce structures can be constructed
explicitly. For example we treat the cases that arise as isomonodromic flows of Painlevé
systems.

Geometry from Donaldson-Thomas Invariants

Recent years have seen the development of a programme initiated by T. Bridgeland aiming
to encode Donaldson-Thomas invariants of triangulated Calabi-Yau 3 categories in a geo-
metric structure over their space of stability conditions [13]. These were christened Joyce
Structures and were introduced by Bridgeland in [14], inspired by prior work of Joyce-Song
[45], Kontsevich-Soibelman [52], Gaiotto-Moore-Neitzke [31], as well as the role played by
Frobenius manifolds in Gromov-Witten theory [25].

In essence, the variation of Donaldson-Thomas invariants with respect to the parameters
on the space of stability conditions gives rise to discontinuous functions, jumping across
the walls of marginal stability. Their jumping behaviour is governed by the Wall-crossing
formula of Kontsevich-Soibelman, and it is this gadget that allows us to recast the variation
of DT invariants into an analytic irregular Riemann-Hilbert type problem, by interpreting
the wall-crossing data as Stokes data of some differential equation developing irregular
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Chapter 1. Introduction M .Z.

singularities. Solutions to the Riemann-Hilbert problem encode the variation of DT in-
variants into a complex-analytic geometric structure on the space of stability conditions.
Drawing an analogy with the way Frobenius structures on quantum cohomology encode
genus 0 GW-invariants, Bridgeland proposed that the relevant geometric structure should
consist of a family of flat Ehresmann connections on the tangent bundle of the space of
stability conditions, subject to certain naturally occurring symmetries. More precisely, a
Joyce structure consists of a pencil of flat, symplectic Ehresmann connections, equipped
with a compatible integral affine structure, called a period structure. In contrast to the
Frobenius case, the connection encoding the variation of the enumerative invariants has a
non-linear structure group, namely a group of symplectic automorphisms of an algebraic
torus. A Joyce structure naturally induces a complex Hyperkähler structure on the space
of stability conditions and admits a description in terms of a twistor space.

What makes Bridgeland’s geometrisation programme largely conjectural, is that solu-
tions to the so-occurring non-linear Riemann-Hilbert problems are mostly out of reach,
since there is no general theory allowing us to prove existence type results, and no such
theory is really expected to exist. It is only in certain examples that we have sufficient
existence results and this thesis is a leap towards constructing Joyce structures in a large
class of examples, leveraging their relation to complex integrable systems in order to bypass
the explicit solution of unwieldy Riemann-Hilbert problems.

Theories of Class-S[A1]

In their seminal work, Gaiotto-Moore-Neitzke [31] realised the relation between wall-
crossing phenomena in DT-theory and real Hyperkähler structures arising in the study
of BPS-spectra of 4-dimensional N = 2 supersymmetric field theories. Within their frame-
work, the Hitchin moduli space M (E,Φ), parametrising Higgs bundles over a Riemann
surface, appears as the classical phase space of so-called theories of class-S. This space
admits a Lagrangian fibration as a complex integrable system over the space of higher
differentials on the curve and serves as the Coulomb branch of the associated field theory.
Considering the case with gauge group G = SL2(C), that is, SL2(C) Higgs bundles, the
space of higher differentials reduces to the space of quadratic differentials M (Q). We call
these theories of class-S[A1].

Gaiotto, Moore and Neitzke demonstrated that the trajectory structure of quadratic
differentials encodes the BPS-spectrum via WKB-analysis. Moreover, they showed that
Hitchin’s celebrated real Hyperkähler metric on the moduli of Higgs bundles [41], can
be reconstructed from Stokes data by means of a Thermodynamic Bethe Ansatz integral
equation, whose input consists of the BPS invariants and their wall-crossing behaviour.
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Chapter 1. Introduction M .Z.

In subsequent work, Bridgeland and Smith [18] identified the space M (C,Q), parametris-
ing complex projective curves of fixed genus g and meromorphic quadratic differentials
with simple zeros on those curves, with a space of Bridgeland stability conditions on a
class of derived triangulated categories associated to quivers with potential. Crucially, this
correspondence relies on results linking the horizontal foliation defined by the quadratic
differentials to quivers with potential and interprets finite-length trajectories of the foli-
ation (i.e. BPS-invariants via GMN) as stable objects in the corresponding triangulated
category. Note that the space M (C,Q) has twice the dimension of the Hitchin base M (Q).

Having a very explicit model of a space of stability conditions in the form of M (C,Q),
where DT invariants and their wall-crossing behaviour are well understood, makes it a
natural setting to implement Bridgeland’s geometrisation programme. In [15], Bridge-
land demonstrated that this is possible in the case of holomorphic quadratic differentials,
arguably the simplest, yet rather degenerate case from the point of view of the Bridgeland-
Smith correspondence [35].

This thesis aims to generalise the framework that enabled Bridgeland to construct Joyce
structures in the case of holomorphic quadratic differentials, to the case of meromorphic
quadratic differentials with arbitrary pole orders. As we mentioned above, this pursuit is
not merely for the sake of generalisation, but it provides the general theory in order to
study of the only non-trivial class of explicit examples, where one can hope to determine
the Joyce structure for the time being cf. [16],[17].

Summary of the Holomorphic Case

Here we give a shorthand outline of the framework we are setting off to generalise, as
published in [15], which will serve as a scaffolding throughout this thesis. Given a point
(C,Q) ∈ M (C,Q), where Q ∈ H0(C, ω⊗2

C ), there is an associated smooth curve Σ, cut
out by the equation y2 = π∗Q inside the surface π : Tot(ωC) → C. This construction
yields a simply ramified double cover p := π|Σ : Σ→ C. The tangent space T(C,Q)M (C,Q)

can be identified with the anti-invariant part of the first cohomology group of the asso-
ciated spectral curve H1(Σ,C)−. This cohomology group carries a natural integral struc-
ture T Z

(C,Q) := (H1(Σ,Z)−)∗ ⊂ T(C,Q)M (C,Q) ∼= H1(Σ,C)−. Thus, the resulting quotient
X# := TM (C,Q)/T Z carries the structure of a (C∗)n-fibration X# → M (C,Q), with fi-
bre H1(Σ,C∗)−. These fibres may be interpreted as monodromy groups for anti-invariant
abelian flat bundles on the spectral covers via the Riemann-Hilbert correspondence. In-
spired by the work of Donagi and Pantev [27], Bridgeland establishes a birational corre-
spondence between the space M (Σ, L, ∂), which parametrises spectral covers equipped with
abelian flat bundles, and a space M (E,Φ,∇), which parametrises SL2(C)-Higgs fields Φ
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Chapter 1. Introduction M .Z.

and SL2(C)-flat connections ∇ on the same holomorphic bundle E. This correspondence
extends the well-known spectral construction for holomorphic SL2(C)-Higgs bundles to
connections. Through this birational identification of X# with M (C,E,Φ,∇), the flows
of the ε-family of non-linear Ehresmann connections on X# → M , are given as the fibres
of the map from M (C,E,Φ,∇) to the character variety Xg, that sends a pair (Φ,∇) to
the monodromy of the connection ∇ + ε−1Φ. The following diagram summarises these
constructions

M (C,E,Φ,∇)

X# M (C,Q,L, ∂) M (C,E,Q,∇) Xg

M (C,Q) M (C,Q) M (C).

βα

µ1 µ2

id

∼

(1.1)

The nature of the maps α, β allows us to transfer the so constructed family of connections
throughout the diagram, ultimately inducing a well defined family of non-linear connections
on the bundle X# → M (C,Q).

PDF-Gadget: The table of contents is clickable and one can jump back to the table of
contents by clicking on the initials M .Z. at the top-right corner of every page.

Notation: Given a stack M (A,B,C, . . . ) by great abuse of notation we write (A,B,C, . . . ) ∈
M (A,B,C, . . . ) to mean (A,B,C, . . . ) ∈ ObjM (A,B,C, . . . )(C).
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Chapter 1. Introduction M .Z.

Summary of Central Constructions and Results in this Thesis

This thesis is a systematic generalisation of diagram 1.1- the spaces and their relations,
our starting point being to pass from the space of holomorphic quadratic differentials to
meromorphic quadratic differentials with arbitrary irregular poles. This will eventually
allow us to construct an ε-family of non-linear, flat connections, the essential ingredient of
a Joyce structure. We will do so step by step, and this section is an outline of that pursuit,
an Ariadne’s thread for reading this thesis.

We start by fixing data (g,m) := (g, (m1, . . . ,md)) such that g ∈ Z≥0, (mi)i ∈ Zd>1,

6g − 6 + d+
d∑
i

mi > 0, (1.2)

and is not one of the following cases: (0, {6}); (0, {3, 3}); (1, {2}). We also set ni :=
⌈
mi

2

⌉
.

M (C ) Wild Algebraic Curves [Def. 5.1.7]: Instead of mere algebraic curves we
consider wild algebraic curves, which we introduce as a tuple C = (C,D, ν, ξ) of:

• an algebraic curve C of genus g,

• an effective divisor D =
∑d

i ni · pi in C,

• a section ν ∈ H0(D,ωC(D)⊗2|D), which defines a double cover pν : Dν → D,

• for the induced covering over the reduced divisors predν : Dred
ν → Dred by pν , a section

ξ : Dred → Dred
ν of pν , i.e. predν (ξ(p)) = p.

The last ingredient ξ, is essentially fixing a single pre-image of every geometric point of D
in the cover Dν . In particular ξ determines a divisor Dξ :=

∑
i ni · ξ(pi). Moreover, we call

λξ :=
√
p∗νν|Dξ

the irregular type of the wild curve and denote the space of wild curves by
M (C ).

M (C , Q) Quadratic Differentials on Wild Curves [Def. 5.2.1]: Here we allow
the quadratic differentials on a curve C to develop poles along an effective divisor, i.e.
we consider sections Q ∈ H0(C, ωC(D)⊗2) and still only allow them to have simple zeros.
We say that such a section Q is a meromorphic quadratic differential on a wild curve
C = (C,D, ν, ξ) if Q|D = ν ∈ H0(C, ωC(D)⊗2|D). We prove in Theorem 5.2.22, that
the space of quadratic differentials can be realised as a cotangent bundle. A quadratic
differential Q determines a unique smooth closed subscheme of Tot(ωC(D)):

ΣQ Tot(ωC(D))

C

p
π

10
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such that p : ΣQ → C is a double cover of smooth curves ramified over a reduced divisor R,
which we call a spectral cover of C. The spectral cover comes equipped with a distinguished
1-form λ ∈ H0(Σ, ωΣ(p

∗D)), and a Galois involution σ ∈ Aut(Σ) switching the sheets of the
cover. For a quadratic differential with Q|D = ν, we have p∗D = Dν , p|D = pν , λ|Dξ

= λξ.
We denote the space parametrising wild curves and quadratic differentials on wild curves
by M (C , Q).

H - Anti-Invariant Cohomology Bundle [Def. 5.2.6]: For a point (C , Q) ∈
M (C , Q) with spectral curve Σ, we denote by H1(Σ,Z)− the subgroup of σ-anti-invariant
homology cycles, where the − sign refers to the −1-Eigenspace of the induced action by
the involution on cohomology of the spectral cover. We construct a bundle H → M (C , Q)

with fibres H̃1(ΣQ,C)− := Hom(H1(Σ,Z)−,C). We show that H admits a unique flat
connection preserving the natural integral lattice H Z with fibres HomZ(H1(ΣQ,Z)−,Z),
and we build the quotient H # := H /H Z, which in turn gives rise to a fibre bundle
π : H # → M (C , Q) having torus fibres.

M (C ,E ) Wild Quasi-Parabolic Bundles on Wild Curves [Def. 6.1.4]: In the
holomorphic picture, we considered an SL2(C)-algebraic bundle E on a curve C, i.e. a
bundle with trivial determinant

∧2E = OC . Now, given a wild curve C , we equip E

with an ODξ
-submodule Lξ < p∗ν(E)|Dξ

. We call the choice of such a submodule a wild
quasi-parabolic structure on E, and the pair E = (E,Lξ) a wild quasi-parabolic bundle on
C . Unlike a classical quasi-parabolic structure, the filtration of the bundle is not over a
closed point, but rather over nilpotent neighbourhoods of points. We denote by sl2(E) the
trace-free endomorphisms of E, by Endp(E ) ⊂ sl2(E) the subalgebra of endomorphisms of
E preserving Lξ, and by Endn(E ) ⊂ Endp(E ) the subalgebra of nilpotent endomorphisms
of E preserving Lξ.

M (C ,E ,Φ) Wild Quasi-Parabolic Higgs Bundles on Wild Curves [Def. 6.2.4]:
Given a wild curve C = (C,D, ν, ξ) and a quasi-parabolic bundle E = (E,Lξ) on C , we
define a wild quasi-parabolic Higgs bundle on E as a section Φ ∈ H0(C, sl2(E) ⊗ ωC(D))

such that tr(Φ2)|D = ν and p∗νΦ|Dξ
(s) = λξ · s ∀s ∈ H0(Dξ, Lξ). In particular this means

that Φ ∈ H0(C,Endp(E ) ⊗ ωC(D)), and we say that Φ has irregular type λξ. Effectively,
this definition allows us to control the irregular part of the eigenvalues and eigensheaf of the
Higgs field. Theorem 6.2.8 relates the fibres of the forgetful map M (C ,E ,Φ)→ M (C ,E ),
consisting of wild quasi-parabolic Higgs bundles on a fixed wild bundle (C ,E ), to the
cotangent space on the space M (C ,E ). In Theorem 6.2.9, we study the deformation
theory of wild quasi-parabolic Higgs bundles on wild curves.

M (C ,E ,∇) Wild Quasi-Parabolic Flat Bundles on Wild Curves [Def. 6.2.4]:
Analogously, we define flat connections ∇ : E → E ⊗ ωC(D), preserving the same quasi-
parabolic structure and of the same irregular type, and we denote the space of such by
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M (C ,E ,∇). Moreover, we consider flat connections ∇∞ : E → E⊗ωC(D) that are nilpo-
tent with respect to the quasi-parabolic structure, i.e. ∇∞|D ∈ Endn(E ). We denote the
space of nilpotent connections by M (C ,E ,∇∞). In Theorem 6.2.9, we study the deforma-
tion theory of wild quasi-parabolic flat bundles on wild curves. In proposition 6.2.14, we
construct an Atiyah-Bott type skew-symmetric form on the space of such connections.

M (C ,E ,Φ,∇∞) Wild Quasi-Parabolic Higgs and Flat Bundles: We build the
fibre product

M (C ,E ,Φ,∇∞) M (C ,E ,Φ)

M (C ,E ,∇∞) M (C ,E )

consisting of Higgs bundles and nilpotent flat connections on the same quasi-parabolic
bundle over the same wild curve C .

M (C , Q,L, ∂∞) Wild Anti-invariant Abelian Branched Connections [Def. 6.3.1]:

Given a pair (C , Q) and the associated spectral cover Σ
p−→ C, we first construct a canon-

ical connection ∂can : p∗ωC(D) → p∗ωC(D) ⊗ ωΣ(R). An anti-invariant abelian branched
connection is a pair (L, ∂∞) consisting of a line bundle L ∈ Pic(ΣQ) and a connection
∂∞ : L → L⊗ ωΣQ

(R) such that (L ⊗ σ∗L, ∂∞ ⊗ σ∗∂∞) = (p∗ωC(D), ∂can). We show that
this is the Riemann-Hilbert counterpart of the cohomology bundle H , more precisely,
Proposition 6.3.11 shows that H # arises as an étale quotient of the space of branched
connections.

P Period Structure on M (C , Q) [Sec. 5.2.1]: We recall the construction of a
period section of the cohomology bundle δ : M (C , Q) → H . Its Gauß-Manin derivative
gives rise to an isomorphism H ∼= TM (C , Q) that allows us to define a set of local co-
ordinates on M (C , Q). Then, we describe a period structure on the space of quadratic
differentials on wild curves in the sense of [14].

ω Poisson and Symplectic Structures [Sec. 5.2.2]: We describe a natural Poisson
structure on M (C , Q), utilising the identification H ∼= TM (C , Q) given by the period
structure, which arises from the intersection product on homology of spectral curves. We
determine the symplectic leaves of this Poisson structure as the submanifolds cut out by
fixing the residues of the quadratic differentials at their even order poles.

α Generalised Spectral Correspondence [Theorem 7.2.12]: In Theorem 7.2.12,
we prove the existence of a map α : M (C ,E ,Φ,∇∞) −→ M (C , Q,L, ∂∞), inducing a
birational correspondence between the spaces of quasi-parabolic Higgs fields and nilpotent
flat connections on one side and the space of anti-invariant branched connections from the
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other side. This is a central theorem generalising the classical spectral correspondence by
abelianising simultaneously irregular quasi-parabolic Higgs and flat bundles on wild curves.

β Generic Finiteness of the Generalised Hitchin Fibre at a fixed Wild Bundle
[Prop. 7.3.2]: We define a map β : M (C ,E ,Φ,∇∞) −→ M (C ,E , Q,∇) induced by the
Hitchin map on wild Higgs fields and we prove in proposition 7.3.2 that, for genus 0 curves,
β is generically étale. We also remark on proof strategies for its generalisation to arbitrary
genera.

hε An ε-family of Ehresmann Connections [Def. 8.3.4]: First we argue that the
natural isomonodromy connection on M (C ,E ,∇) → M (C ) can be pulled back through
the following diagram

M (C ,E ,Φ,∇∞)

H # M (C , Q,L, ∂∞) M (C ,E , Q,∇) M (C ,E ,∇)

M (C , Q) M (C , Q) M (C , Q) M (C )

βα

π

µ γ

π′

τ

ϖ′ ϖ

id

∼
id

∼

to a meromorphic non-linear connection on the fibre bundle H # → M (C , Q), developing
poles along the exceptional divisors of the maps α and β. Then we deform this connection
to an ε-family hε of connections with the same property.

A2 An Example [Chapter 9]: In chapter 9, we describe the structures introduced
in this thesis explicitly in terms of an example associated to the A2-quiver, i.e. quadratic
differentials of type (g,m) = (0, {7}). Importantly we recover the structures that appeared
in [17], where Bridgeland studied this example in an ad hoc way without the general theory
developed in this thesis. This example serves as a refined testing ground for demonstrating
the effectiveness of our theory.

Appendix

dim(M (A, . . . , Z)) Dimensions of Moduli [Appendix Sec. A]: We include a list of
the dimensions of all the moduli spaces involved and the degrees of all relevant divisors to
help keep an overview.
M (A, . . . , Z) as Stacks [Appendix Sec. B]: The spaces M (A, . . . , Z) described here
are realised as algebraic stacks in section B of the appendix. We opted for omitting the
stacky constructions from the core of the thesis, in order to make it more reader friendly.
Res(Q) ̸= 0 Lifting the Residue Zero Condition [Appendix Sec. C]: Here we ex-
plain how to generalise our setting to include quadratic differentials with arbitrary residues,
which are fixed to vanish identically in the main corpus of the thesis for brevity of exposi-
tion. In particular we then allow polar types (mi)i ∈ Zd>0.
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Limitations and Remains of the Day

Although this thesis is a big leap towards the construction of Joyce structures on moduli
of quadratic differentials with arbitrary irregular singularities, there is still some work left
to be done, in order to complete the proof for the existence of a Joyce structure.

Firstly, we make some assumptions on the pole configuration of the quadratic differentials
we are considering, cf definition 4.1.7. Namely, we ask for the following conditions to hold
for the polar type (g,m): (mi)i ∈ Zd>1 and deg(D) ∈ 2Z. Except of only six degenerate
cases appearing in genus 0 and genus 1, we expect our results to generalise to any other
pole configuration satisfying 1.2. The condition (mi)i ∈ Zd>1 is only imposed for brevity
in exposition, as we discuss in remark 5.2.23, and appendix C explains how to lift that
condition to (mi)i ∈ Zd>0. The condition for deg(D) to be even, appears as a technical
condition in our attempt to prove the generic finiteness of the map β. We expect this
to be lifted by improving the strategy for this proof. This last condition, brings us to
the main limitation of this thesis. Namely, we prove the generic finiteness of the map β,
without any further stability assumptions, only for wild curves of genus 0. We conjecture
the general statement to hold for any genus and any admissible pole configuration, and
give an account of proof strategies in remark 7.3.3. Lastly, one needs to show that the
ε-family of connections we constructed is indeed an ε-pencil and that it is compatible with
the symplectic form we construct on the (C∗)n-symplectic fibration H # → M (C,Q).

All of these technical remainders are to be studied in the immediate future.

An artistic interpretation of X#.

14



Chapter 2. Background M .Z.

2. Background

For the most part, one can value this thesis without really knowing anything about stability
conditions nor Donaldson-Thomas theory. In order to appreciate the origin of the ideas
that lead to the conception of Joyce Structures and the higher purpose thy aim to serve, it
is important to have a fundamental understanding of the concepts that are to be presented
in these preliminary remarks. We are by no means to give a thorough account, rather a
mere dessin d’enfant, that cannot do proper justice to the underlying theory but might
equip us with some basic intuition. Readers may well choose to skip chapter 2 altogether.

2.1. Stability Conditions and Quivers

2.1.1. Bridgeland Stability Conditions

In this subsection we recall basic constructions from the paradigm shifting paper of Bridge-
land [13]. Being advised by the man himself does not automatically qualify me to under-
stand any of this, as some may presume, and so this presentation is the result of a naive
attempt to present the gist of it.

Let A be an abelian category, e.g. the category of R-modules Mod(R) for a commutative
ring, or the category of coherent sheaves Coh(X) on a scheme X. We denote by Cb(A)
the category of bounded chain complexes on A, which we localise at quasi-isomorphisms to
obtain the bounded derived category Db(A) of A by identifying complexes with identical
cohomological information.

Remark 2.1.1. Db(A) carries the structure of a triangulated category, in particular it is
additive and so the composition of morphisms:

HomDb(A)(A
•, B•)×HomDb(A)(B

•, C•)→ HomDb(A)(A
•, C•)

is a bilinear map. Moreover, there exists a shift endofunctor [n] : Db(A)→ Db(A) moving
complexes to the left by n-places. We also use the notation

Homi
Db(A)(A

•, B•) := HomDb(A)(A
•, B•[i]).

Lastly, note that there exists a tautological embedding A ↪→ Db(A) by interpreting short
exact sequences as triangles.

Let D be a triangulated category, not necessarily of the form Db(A).

Definition 2.1.2. t-Structures and their Hearts
Let F ⊂ D be a full subcategory of the triangulated category that is stable under the

15
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shift-endofunctor: F [1] ⊂ F , and let

F⊥ := {G ∈ D|HomD(F,G) = 0; ∀F ∈ F}.

We call F a t-structure on D if ∀E ∈ D, there exists a triangle F −→ E −→ G in D
with F ∈ F and G ∈ F⊥. Given a t-structure F , we call the abelian, full subcategory
A := F ∩ F⊥[1] ⊂ D, the heart of F . Moreover, we call a t-structure F bounded if

D =
⋃
i,j∈Z

F [i] ∩ F⊥[j].

Lemma 2.1.3. Characterisation of Hearts
A full additive subcategory of a triangulated category A ⊂ D is a heart of a bounded t-
structure F ⊂ D if and only if the following conditions hold

a) if k1, k2 ∈ Z and A,B ∈ A, then k1 > k2 implies HomD(A[k1], B[k2])
!
= 0, i.e.

negative Ext-groups vanish,

b) ∀0 ̸= E ∈ D there exists:

1. a filtration 0 = E0 → E1 → · · · → En = E,

2. a finite sequence of integers k1 > k2 > · · · > kn and exact triangles:

Ej−1 −→ Ej −→ Fj −→ Ej−1[1] −→ (2.1)

with Fj ∈ A[kj] for all j ∈ {1, . . . , n}.

This last lemma is an abstraction of the properties of the primal model on which a Bridge-
land stability condition is based on, namely the notion of stability for vector bundles, rep-
resented by the existence and features of Harder-Narasimhan filtrations. Via this charac-
terisation, a heart gives us a way of splitting the triangulated category into pieces {A[k]}k.

Example 2.1.4. 1) A ⊂ Db(A): The tautological example of a heart is given by embed-
ding an Abelian category in its bounded derived category.
2) Db(Coh(P1)) ≃ Db(Rep(• ⇒ •)): This is a basic example to highlight that a triangu-
lated category can have two inequivalent hearts. By Grothendieck’s classification theorem
of vector bundles on P1:

• Z ∼= Pic(P1); d 7→ OP1(d),

• There exists a sequence d1 ≥ d2 ≥ · · · ≥ dn in Z associated to a rank n locally free
sheaf E ∈ Loc(P1) such that: E ∼=

⊕
iOP1(di).

16
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The only stable vector bundles are line bundles and they classify all semistable bundles of
a given degree and rank. Adding skyscraper sheaves to locally free sheaves we obtain the
abelian category Coh(P1). Pictorially:

OP1

OP1(−1)OP1(1)

P1 × Z>0

Locally free / indecomposableSkyscrapers

"Auslander-Reiten representation"

Coh(P1)

This is a heart for the derived category of coherent sheaves on P1, which is build by
concatenating the image of the heart under the action of the shift endofunctor for all
integral values of n:

Coh(P1)[1]

D(Coh(P1))

Coh(P1)[0] Coh(P1)[−1]

Now consider the category of representations of the Kronecker quiver Rep(•⇒ •). There
is a functor

F : Coh(P1) −→ Rep(•⇒ •)
E 7−→ [Γ(P1, E ⊗OP1(−1))⇒ Γ(P1, E ⊗OP1)]

where the double map is given by the two distinct global sections of OP1(1). This functor
is not a categorical equivalence, e.g. F(OP1(−k)) = 0 ∀k ≥ 1. Nevertheless, the associated

17
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derived functor induces a derived equivalence with

Coh(P1) Rep(•⇒ •)

D(Coh(P1)) D(Rep(•⇒ •)) .≃

(2.2)

In particular, Rep(•⇒ •) is a heart for D(Coh(P1)). Pictorially we have

Rep(•⇒ •)

(2, 3)

C2 ⇒ C3

(1, 2)(3, 2)(1, 0)

(2, 1) (0, 1)

0⇒ C

P1 × Z>0

(n, n)

e.g. µ, λ : C⇒ C
µ
λ
∈ P1

and for the derived category

Rep(•⇒ •)[1]

D(Rep(•⇒ •))

Rep(•⇒ •)[0] Rep(•⇒ •)[−1]

It is evident that the two pictorial representations of the derived categories are the same,
even if the hearts used to split them are different, indicating the derived equivalence
Db(Coh(P1)) ≃ Db(Rep(•⇒ •)).
3) Given a derived equivalence between two abelian categories A,B: ψ : Db(A) ≃ Db(B),
the preimage ψ−1(B) ⊂ Db(A) is a heart with ψ−1(B) ≃ B.

The following notion of a slicing, allows for a real-refinement of the splitting of D given
by a heart of a t-structure, and constitutes the basic structure of a stability condition.
This is how to break a heart into uncountably many pieces.

18



Chapter 2. Background M .Z.

Definition 2.1.5. Slices
A slicing of a triangulated category is an R-collection of full subcategories P(ϕ) ⊂ D such
that

a) P(ϕ+ 1) ∼= P [1] shift-periodicity,

b) if ϕ1 > ϕ2 and Aj ∈ P(ϕj), then HomD(A1, A2) = 0

c) ∀0 ̸= E ∈ D there exists:

1. a filtration 0 = E0 → E1 → · · · → En = E,

2. a finite sequence of real numbers ϕ1 > ϕ2 > · · · > ϕn and exact triangles:

Ej−1 −→ Ej −→ Fj −→ Ej−1[1] −→ (2.3)

with Fj ∈ P [ϕj] for all j ∈ {1, . . . , n}.

We write P =
⋃
ϕ∈RP(ϕ).

Definition 2.1.6. Torsion Pairs
Let A be an abelian category. A pair of subcategories (T ,F) is called a torsion pair if

• ∀E ∈ A ∃0→ T → E → F → 0 with T ∈ T , F ∈ F ,

• HomA(T, F ) = 0 for T ∈ T , F ∈ F

Lemma 2.1.7. Tilting a Heart for a Heart
Let D be a generic triangulated category, A ⊂ D a heart and (T ,F) a torsion pair, then
we can define a new heart by: A# = <T ,F [1] > which we call the tilt of A. (The bracket
< A,B > denotes the extension-closure full subcategory of D.)
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Definition 2.1.8. Stability Conditions on Triangulated Categories
A stability condition on D is a pair σ = (Z,P) consisting of:

1) A group homomorphism Z : K(D) −→ C, which we call the central charge of a
stability condition and

2) a slicing P of D, such that:

0 ̸= E ∈ P(ϕ) =⇒ Z(E) = m(E) exp(iπϕ), for some m(E) ∈ R>0. (2.4)

We call an object E σ-semistable of phase ϕ, if E ∈ P(ϕ). If, in addition, E is a simple
object in P(ϕ), then we call it σ-stable of phase ϕ.

Theorem 2.1.9. Space of Stability Conditions
Consider the subset of stability conditions Stab(D) ⊂ Slices(D)×HomZ(K0(D),C). These
spaces are equipped with natural topologies and for each connected component Σ ⊂ Stab(D),
there is a linear subspace V (Σ) ⊂ HomZ(K0(D),C) with well defined linear topology and
a local homeomorphism Z : Σ −→ V (Σ), which maps a stability condition (Z,P) to its
central charge Z.

Proof. Theorem 1.2 in [13]

This means that, if we forget the semi-stable objects, remembering only the central
charge, then a deformation of the central charge lifts to a unique deformation of the sub-
category of semi-stable objects. In particular, choosing a basis of the lattice associated
to the Grothendieck group

⊕
i Zγi, gives us a set of local coordinates {zi := Z(γi)}i on

Stab(D).

It is the parameter space of stability conditions that is an invariant of the derived cat-
egory, and a geometric one at that. The goal of Joyce structures is to equip this already
geometric space with additional geometric structure that encodes finer invariants about
the underlying CY3-triangulated category, namely, the Donaldson-Thomas invariants.

2.1.2. Natural Structures on Stability Conditions of CY3-Categories

Now we specialise in the derived categories we are to consider in this thesis, namely Calabi-
Yau 3 triangulated categories of finite type.

Definition 2.1.10. 1) We call a triangulated category D of finite type, if ∀E,F ∈ D:

dimC
⊕
i∈Z

Homi
D(E,F ) <∞. (2.5)
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2) If D is of finite type, then for E,F ∈ D we set:

χ(E,F ) :=
∑
i∈Z

(−1)iHomi
D(E,F ). (2.6)

This can be interpreted as a bilinear form on the Grothendieck group

χ(·, ·) : K0(D)×K0(D) −→ Z, (2.7)

which we refer to as the Euler form.
3) A triangulated category D of finite type is said to be Calabi-Yau 3 (CY3), if ∀E,F ∈ D:

Homi
D(E,F )

∼= Hom3−i
D (F,E)∗. (2.8)

This relation clearly resembles the relation induced by Serre-duality on the coherent sheaves
of a Calabi-Yau 3-fold. In the case of a CY3-category, the Euler form is anti-symmetric.
4) Let D be triangulated CY3 category. Then by Serre-duality

ker(χ(α, ·)) = ker(χ(·, α)) (2.9)

and we call the free abelian quotient
N (D) := K0(D)/ker(χ(·, ·)) (2.10)

the numerical Grothendieck group. If N (D) is of finite rank, then we call D numerically
finite. If the central charge of a stability condition factors through N , then we call it a
numerical stability condition and denote the subspace of such by StabN (D) ⊂ Stab(D).

Corollary 2.1.11. (to Theorem 2.1.9)
If D is numerically finite, then for each connected component Σ ⊂ StabN (D), there is a
linear subspace V (Σ) ⊂ HomZ(N (D),C) and a local homeomorphism Z : Σ −→ V (Σ)

that maps a stability condition (Z,P) to its central charge Z. In particular, Σ is a finite
dimensional complex manifold.

2.1.3. Derived Categories from Quivers with Potential

We want to study the spaces of stability conditions of CY3 categories, but the most natural
examples of such categories, the bounded derived category of (non-compact) Calabi-Yau
3-folds, prove to be extremely hard. A more comprehensible, from the point of view of
stability conditions, class of triangulated categories, arise from quivers with potential. Such
Calabi Yau categories were studied by Ginzburg in [32]. These are the ones that relate to
the stability conditions studied in this thesis. We brief review of their construction.

Let (Q,W) be a quiver with potential, that is, a direct graph Q and a formal sum W
of cycles in Q. We denote by C[Q] the path algebra and by pQ the ideal generated by the
arrows. For this we have Rep(Q) ∼= C[Q]−Mod.
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Definition 2.1.12. The Ginzburg Quiver
Given a quiver Q, let Q̃ denote the graded quiver with the same vertices as Q and arrows:

• those of Q [deg = 0-arrows],

• for every arrow α : i −→ j ∈ Q there is an additional reverse arrow: α∗ : j −→ i ∈ Q̃
[deg = −1-arrows],

• a loop ti : i −→ i at each vertex [deg = −2-arrows].

We call this the Ginzburg quiver ofQ. E.g. the Ginzburg quiver associated to the Kronecker
quiver is depicted below, where the arrows of the Ginzburg enhancement are highlighted
in red.

−2
0

−1

0

−1

−2

Definition 2.1.13. The Ginzburg Category
Let (Q,W) be a quiver with potential, the complete Ginzburg dg-Algebra consists of the
completion of the path algebra of the associated Ginzburg quiver Γ̂(Q,W ) := lim←−pQ̃

Q̃,
carrying a degree 1 differential: d(uv) = (du)v + (−1)pudv which acts by

dα = 0, ∀α ∈ Q (2.11)

dα∗ = ∂αW, ∀α ∈ Q (2.12)

dti =
∑
α∈Q

[α, α∗]. (2.13)

We set D(Q,W) := Db(Γ̂(Q,W)−Mod).

For a detailed study of the Ginzburg category in the context of quivers, we refer to [49].
Keller and Yang give us the following important result, stating that mutations of quivers
induce derived equivalences between the Ginzburg categories, and are realised by tilts.

Theorem 2.1.14. Keller-Yang [49]
Let (Q,W) be a quiver with potential and denote by µi(Q,W) the mutation of the original
quiver with potential at its i-th vertex. Moreover, let A ⊂ D(Q,W) be the canonical heart
generated by the finitely many simple objects {Si}i (vertices of Q). The mutation operation
induces an equivalence of derived categories, represented by a tilt

D(Q,W)
≃−→ D(µi(Q,W))

A ←→ A#i ,

where A#i is the following tilt of A along the simple object Si(cf. picture)

Proof. [49]
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We will be interested in quivers that arise from triangulations of Riemann surfaces.

Definition 2.1.15. Quiver associated to an Ideal Triangulation of a Curve
Every ideal triangulation on a Riemann surface Sg,d of genus g with d marked points, has
a quiver with potential (Q,W) associated to it in natural way, under the assumption that
every puncture is incident to at least three arcs. Then, the quiverQ is defined by taking the
arcs of the triangulation as vertices, while the arrows are drawn in the clockwise direction
within every triangle. The potential is defined by the difference of the sum over all cycles
of type-1 and the sum over all cycles of the type-2:

• Type 1: 3-cycles arising from triangles,

• Type 2: simple cycles, i.e. without repeated arrows, surrounding the marked points.

The following picture demonstrates what this looks like.

The quiver was constructed in [30] and the potential in [54].
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Proposition 2.1.16. The Ginzburg category D(Q∆,W∆) of the quiver with potential
associated to a triangulation of a marked surface Sg,d, is independent of the choice of an
ideal triangulation and we write Dg,d = D(Q∆,W∆).

Proof. (Sketch) First we note the fact that ideal triangulations on a surface are related
by sequences of flips of edges. By work of Ladardini-Fragoso [55] we have that mutations
of the quiver Q∆ at a vertex correspond to flipping an edge. The result then follows by
applying theorem 2.1.14.

2.1.4. Bridgeland-Smith Correspondence

For what follows, denote by Sg,d a genus g marked bordered Riemann surface, with dmarked
points, such that all marked points live on the boundary and every boundary component
contains at least one marked point. Such a surface is determined up to diffeomorphism by
the genus g, the number of marked points d and a collection of integers ki ≥ 1 encoding the
number of marked points on each boundary component of Sg,d. Let M (C,Q) denote the
space parametrising equivalence classes of pairs (C,Q), consisting of a projective algebraic
curve C of genus g and a quadratic differential Q on C, such that Q has only simple zeros
and a collection of d poles with multiplicity ki + 2.

Theorem 2.1.17. The Bridgeland-Smith Correspondence
There is an isomorphism of complex orbifolds

M (C,Q) ∼= Stab(Dg,d)/Aut(g, d). (2.14)

Proof. Cf. [18, Theorem 11.2]

Remark 2.1.18. The Skeleton of the Bridgeland-Smith Correspondence cf. [18]

{(nice) hearts on Dg,d}
/
Aut∗(Dg,d) ←→ { triangulations of Sg,d} /MCG

tilt←→ flip

• Aut∗(Dg,d) generated by Keller-Yang cycles.

• MCG Fock-Goncharov show that the group of tilts is the mapping class group.

Given a point (C,Q) ∈ M (C,Q)(g,m) that is generic in the sense that Q is saddle-free,
i.e. it has no finite-length horizontal trajectories, we obtain a triangulation/ chamber
decomposition of the surface by the horizontal trajectories of Q. Locally it looks like the
following picture
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where the black dots • indicate the positions of the poles of Q, the white dots ◦ indicate
the zeros of Q and the lines are the horizontal trajectories emanating from either the
zeros or poles and sinking into the poles. Notice that in this generic case, there are no
horizontal trajectories between any pair of zeros. This would be a finite length saddle
trajectory. An arc Si between two zeros on the curve C, which corresponds to an edge
of the triangulation of definition 2.1.15, lifts to an anti-invariant cycle on a double cover
γi ∈ H1(Σ,Z)−, something we will explain in detail in the main corpus of the thesis. The
oriented edges in red are those of the quiver associated to the triangulation by the {Si}i
as presented in definition 2.1.15. As we vary Q towards a degeneration, the period

∫
γi

√
Q

vanishes and a saddle-connection appears in place of the stable arc Si, for some i. The loci
of destabilisation define a wall structure on M (C,Q).

Quadratic Differentials Stability Conditions

M (C,Q) Stab(Dg,d)/Aut(g, d)

(C,Q) (Z : K0(D)→ C,P)

H1(Σ
◦,Z)− K0(D)

Arcs Si (edges of triangulation) Simple objects

Intersection Form on Cohomology Euler form

Periods of Quadratic Differentials Central charges

BPS-rays R>0e
iπϕ P(ϕ) ̸= ∅

Ideal Triangulations of C Hearts of Dg,d

Mapping class group Aut(g, d)/Braid(g, d)

It is worth noting that due to subsequent work of I. Smith [73], we can realise these
derived categories of quivers with potential as Fukaya categories of certain quasi-projective
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Calabi-Yau 3-folds YQ. The 3-folds YQ fibering over curve C and are locally described by
a symplectic conic fibration as follows

YQ := {(a, b, c) ∈ ωC(D)⊕3|ab+ c2 = Q} ⊂ Tot(ωC(D)⊕3)

where Q ∈ H0(C, ωC(D)⊗2) is a quadratic differential with distinct zeros. Consider the full
CY3 subcategory F(YQ) ⊂ DbFuk(YQ) generated by Lagrangian spheres Lγ along paths
γ between the zeros of Q, then

Stab(F(YQ))
/
Aut(F) ∼= M (C,Q), K0(F(YQ)) ∼= H3(YQ) ∼= H1(ΣQ,C)−.

2.2. Monodromy

2.2.1. The Regular Riemann-Hilbert Correspondence

Most of this section is the result of a distillation of P.Deligne’s lectures [22], but also the
notes of B.Conrad [21] and N.Katz’s classic [46] on the matter.

Let C be a projective algebraic curve, Dred a reduced divisor on C and C◦ = C\Dred

the quasi-projective complement. We use GAGA [71] freely and denote by Aan the ana-
lytification of any algebraic datum A. We start by providing a general working definition
for a linear connection on a complex algebraic vector bundle, i.e. a GLn(C)-connection,
described by a differential operator acting on the sections of the vector bundle.

Definition 2.2.1. Linear Connection on a C-Vector Bundle
Let M be a C-manifold and π : E −→ M a vector bundle on M . A connection ∇ on π is
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a C-linear map:

∇ : E −→ E ⊗ Ω1
M (2.15)

respecting the Leibniz rule:

∇(f · s) = ∇(s) · f + df ⊗ s. (2.16)

The connection ∇ is called flat or integrable, if ∇◦∇ : E −→ E⊗Ω2
M vanishes identically.

We call a pair (E,∇), consisting of a flat connection ∇ on a vector bundle E, a flat bundle.

Theorem 2.2.2. Classical Riemann-Hilbert Correspondence
Let M be a smooth complex algebraic variety and (E,∇) a pair of a vector bundle with
an integrable connection. Then, the sheaf of horizontal sections ker(∇) is locally constant
with CM -rank equal to the OM -rank of E, and the natural map OM ⊗CM

ker(∇) −→ E is
an isomorphism of OM -modules.
Moreover, the functors (E,∇) 7−→ ker(∇) and Λ 7−→ (Λ⊗CM

, Id ⊗ d) induce inverse
equivalences of categories between the category of vector bundles with flat connections on
M and the category of locally constant sheaves (a.k.a. Local Systems) of finite dimensional
complex vector spaces on M .

Proof. (See for example [21].) Sketch: The Frobenius existence theorem shows that the
functor that associates to a pair (E,∇) the sheaf of germs of its flat sections E := ker(∇),
gives rise to an equivalence of categories to the category of locally constant sheaves, a.k.a.
local systems. The inverse of this functor is given by E 7→ (E ⊗C OM , id ⊗ d), for the de
Rham differential d.

Corollary 2.2.3. For an algebraic curve C, we have

{Algebraic Flat Bundles on C : (E,∇)} ↔ Loc(C)↔ Hom(π1(C), GLn(C)) �GLn(C).

Corollary 2.2.4. The category of vector bundles with integrable connections is abelian.

The gist of the result is that the analytically defined problem, i.e. finding solutions to a
differential equation on a C-manifold, can be completely encoded into topological data in
terms of monodromy, i.e. local systems. These in turn, via GAGA, admit a purely algebraic
description in terms of flat algebraic bundles. In what follows, we will sketch how Deligne
managed to extend this exact story to differential equations developing certain regular
singularities along snc divisors (per definition reduced), thereby answering affirmatively
the following question.
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Hilbert’s 21st Problem- Re-interpreted: Let C be an algebraic curve and C0 its com-
plement with respect to a reduced divisor. Is any finite dimensional C-representation of
π1((C

◦)an) arising as the monodromy representation of a flat bundle with regular singular-
ities?

Remark 2.2.5. Given a quasi-projective algebraic curve C◦, there exists a unique
completion C◦ ↪→ C given by the projective non-singular model of the function field of C◦.

Deligne, generalising his own algebro-geometric interpretation of Fuchs’s regularity cri-
terion for differential equations, provided a regularity criterion of algebraic differential
equations on curves of any genus.

Definition 2.2.6. Deligne’s Regularity Condition
Given a quasi-projective curve C◦ with completion C, we say that a flat bundle (E,∇) on
C◦ has regular singular points along the support of Dred = C\C◦, if and only if there exists
a locally free coherent (algebraic) sheaf E on C and a connection ∇ : E −→ E⊗ωC(Dred)

extending (E,∇).

Lemma 2.2.7. Existence of Analytic Extension over Reduced Points
Let (Ean,∇an) be an analytic differential equation on C◦, then there exists an analytic,
locally free coherent sheaf Ean on C extending Ean and ∇an

: E
an −→ E

an ⊗ ωC(D
red)

such that ker(∇an
)|C◦ = ker(∇an).

Proof. In the curve case, the extension can be constructed locally around each puncture
explicitly, for this we refer to [46] and the key lemma therein.

Corollary 2.2.8. Applying GAGA on lemma 2.2.7, we obtain the existence of an (alge-
braic) flat bundle (E,∇) on C extending an flat bundle on (E,∇) over C◦ by extending
its analytification (Ean,∇an) ⇝ (E

an
,∇an

) and then apply GAGA (E
an
,∇an

)
GAGA←−−−→:

(E,∇). Thereby we have associated a representation of π1(C◦) to the flat bundle (E,∇).

Theorem 2.2.9. Riemann-Hilbert for Regular Singular Connections
There exists an equivalence of categories:

{Flat Bundles on C : (E,∇) with reg. singularities on Dred} ↔ Hom(π1(C
◦), GLn(C))�GLn(C)

(2.17)

Proof. By Lemma 2.2.7 and Corollary 2.2.8, the functor is seen to be essentially surjec-
tive. To prove that it is indeed fully faithful, let (E1,∇1), (E2,∇2) be two flat bundles
on C◦ with regular singularities and consider the associated internal-Hom flat bundle:
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(Hom(E1, E2),∇1→2), where the connection acts on a local section s ∈ Γ(U,Hom(E1, E2))

and an e ∈ Γ(U,E) by:

∇1→2(s) = ∇2(s(e))− s(∇1(e)). (2.18)

The flat sections of the internal Hom flat bundle are the morphisms between (E1,∇1) and
(E2,∇2) in the category of flat bundles and they develop regular singular points if an only
if both flat bundles do, i.e.

ker(∇1→2) = Hom((E1,∇1), (E2,∇2)). (2.19)

Then, by applying GAGA on the internal Hom flat bundle we obtain an isomorphism of
Hom sets

Hom((E1,∇1), (E2,∇2)) = Hom((Ean
1 ,∇an

1 ), (Ean
2 ,∇an

2 )) (2.20)

and as local systems ker(∇1→2) = ker(∇an
1→2).

To summarise, if the connection is holomorphic or has logarithmic singularities, then
local solutions can be analytically continued along paths on C and their multivaluedness
is described in terms of classical monodromy. If we analytically continue a fundamental
solution ψ along γ ∈ π1(C◦), we obtain another solution to the same differential equation
and these must be related by an invertible linear transformation. Thereby we obtain a
representation ρ ∈ Hom(π1(C

◦), GLn(C)) by considering analytic continuations of ψ along
any loop. Starting with a different choice of a fundamental solution ψ′, we obtain a repre-
sentation ρ′, that is related to ρ via conjugation. Therefore our ODE really corresponds to
a conjugacy class of representations [ρ] ∈ Hom(π1(C

◦), GLn(C))/ ∼. Generalising theo-
rem 2.2.9 to irregular singularities, i.e. along non-reduced divisors, is not straightforward.
The growth of the solutions to the differential equations around each singularity, even if
moderate, will depend on the direction on which one approached the singularity and this
leads to sectorial-type solutions. The pairwise relation between the solutions at each sector
is the subject of the theory of Stokes data, which we will briefly review in the next section.
Crucially, these solutions are cannot be encoded into the topological monodromy.

2.2.2. Generalised Monodromy and Stokes Data

For the sake of simplified notation, we will be discussing the case of C = P1 and E = O⊕2
P1 .

On C, consider a rank 2 system of ordinary differential equations dψ(z) = A(z)ψ(z), where
A is an sl2(C)-valued 1-form on P1. We consider the case where A is holomorphic in the
complement C◦ := P1\{p1, . . . , pn}, for a finite collection of points pi ∈ P1\{∞}. We
can recast this differential equation to a flat connection ∇ := d + A on the trivial bundle
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E = O⊕2
P1 and we can associate to ∇ a locally constant sheaf L of flat sections to ∇, which is

the sheaf locally generated by ψU ∈ Γ(U,E) s.t. ∇|UψU = 0. It is useful to think of the flat
sections as gauge transformations ψU : U → SL2(C), intertwining the trivial connection d
and ∇|U := d+ A.

In this generalised case where we consider connections with irregular singularities along
the pi’s, we ask for meromorphic solutions to the differential equation, where

A(z) =
d∑
i=1

ri∑
j=1

Ai,j
(z − pi)j

dz. (2.21)

Here there are no unique meromorphic solutions, only a formal one of the form:

Ψi
formal(z) = Gi

[
I+

∞∑
j=0

gi,j(z − pi)j
]
exp

(
Λi,0 · ln(z − pi) +

ri∑
j=1

Λi,j
(z − pi)j

)
(2.22)

for Λi,j diagonal and Gi consisting of the eigenvectors of Ai,ri cf. [12]. Although this is
a formal divergent solution, there exist canonical meromorphic solutions Ψi

j(z) once we
restrict to certain sectors, cut out by rays centred at a singularity called (anti-)Stokes rays

with Ψi
j(z) = Ψi

formal(z) as we asymptotically approach the singularity z → pi. Here is a
sketch of how these rays are defined. Let’s write

exp(Qi) = exp

(
Λi,0 · ln(z − pi) +

ri∑
j=1

Λi,j
(z − pi)j

)
;Qi =


q1

. . .

qn

 (2.23)

where qℓ(z) ∈ (z − pi)−riC[z]. As we approach pi, the asymptotic behaviour of an entry
eqℓ changes depending on the direction we approach the singularity. Stokes rays are the
directions where the dominance between the growth rates of eqℓ and eqℓ′ changes, i.e. where
Re(qℓ− qℓ′) = 0 and anti-Stokes rays are the singular directions along which the difference
of the growth rates is the largest. Each pair ℓ, ℓ′ gives rise to deg(qℓ − qℓ′) anti-Stokes
directions. The canonical sectorial solutions are now related by linear transformations
between the sectors, i.e. there exist matrices Sij such that Ψi

j+1 = Ψi
j · Sij. In other words,

if we try to analytically continue one sectorial solution, this will jump multiple times before
we complete a full circle along a cycle in C◦. The collection of these matrices encoding the
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intermediate jumps, together with the classical monodromy of the differential equation,
constitute the generalised monodromy data or Stokes data of the connection.

There exists an irregular extension of Deligne’s Riemann-Hilbert correspondence between
irregular meromorphic connections and Stokes data. The Stokes matrices approach we
presented above, can be found in the classical references [72] and [77],[75]. There is a more
geometric approach to the subject using filtered local systems initiated by Deligne in a
letter to Malgrange [23] and developed further by Malgrange in [62]. Modern approaches
to the subject can be found in works of Sabbah [69],[70] and references therein.
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3. General Theory of Joyce Structures

In this chapter we aim to give a sufficiently thorough treatment of the ingredients of a
Joyce structure.

3.1. Ehresmann Connections

The main ingredient of a Joyce Structure will be a family of Ehresmann connections.
Ehresmann connections generalise the notion of a linear connection on a vector bundle to
fibre bundles. In [28] Ehresmann identified the key ingredient of linear connections that
can be generalised as the notion of a (smooth-)lift of tangent vectors from the base to
tangent vectors on the fibres, which in turn defines a notion of parallel transport between
the fibres of a fibre bundle.

A linear connection ∇ on a C-vector bundle E −→M is a C-linear differential operator
that gives a notion of what constitutes a parallel section s ∈ Γ(E) along a vector field X ∈
Γ(TM), namely ∇X s = 0. This means that s locally solves a system of linear differential
equations. Ehresmann generalises the notion of a connection using the concept of a parallel
section without making reference to a differential operator. At a glance, given a smooth
fibre bundle π : X −→ M , an Ehresmann connection defines a sub-bundle of its tangent
bundle H < TX , i.e. of the linearisation of X. Then, a section of this general fibre bundle
s ∈ Γ(X), is said to be parallel to a vector field X ∈ Γ(TM), if s∗X ∈ H, where s∗ :

TM −→ TX is the pushforward of vector fields along the (non-linear) section s :M −→ X.
This notion will allow us to formalise solutions to non-linear PDE’s on fibre bundles and
also define parallel transport for points of the fibre bundle, rather than parallel transport
of vectors on vector bundles. The parallel transport maps are now inherently non-linear
maps.

In what follows, we will be working in the category of complex manifolds with holo-
morphic morphisms, but all definitions are restrictions of the analogous definitions in the
smooth category. Most results in this introductory section are well known and we will not
be supplying full proofs, we refer to [50] as the relevant treatise.

Let X,M be C-manifolds and denote by TM (resp. TX) the holomorphic tangent bundle,
i.e. TM = (TR

M⊗RC)1,0. Moreover, let π : X −→M be a holomorphic submersion, meaning
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that the map dπ sitting in the Cartesian diagram

TX

π∗TM TM

X M

π∗

dπ

π

(3.1)

is surjective. In particular, given a submersion π, we have a short exact sequence (SES)

0 −→ TX/M
i−−→ TX

dπ−−→ π∗TM −→ 0, (3.2)

where, TX/M := ker(dπ) is the relative tangent bundle with respect to π, and i is the
natural inclusion.

Definition 3.1.1. Ehresmann Connection
Let X,M and π as above. A non-linear Ehresmann connection or π-connection on the
fibre bundle π : X −→M is an OX-morphism h : π∗TM −→ TX that is a right splitting of
the differential SES

0 TX/M TX π∗TM 0,i dπ

h

(3.3)

i.e. dπ ◦ h = idπ∗TM . We call such a connection flat or integrable, if

[h(v), h(w)] = h ([v, w]) ∀v, w ∈ Γ(π∗TM). (3.4)

Remark 3.1.2. Conceptually, after identifying fibrewise TM with π∗TM , we can think of
a π-connection as a rule for lifting tangent vectors on M to tangent vectors on X. More
precisely, for every vector v ∈ TM,m, a π-connection h determines a tangent vector at each
point of the fibre Xm. The fact that there is a unique lift hx(v) ∈ TX,x of v at each x ∈ X
follows from h being a section of dπ.

Definition 3.1.3. Horizontal and Vertical Subbundles
Let h be a π-connection, then we call the sub-bundle H := Im(h), which is transverse to
the fibres of π, the horizontal subbundle associated to h. We also call the relative tangent
bundle V := TX/M , which is independent of h, the vertical subbundle. We call sections of
TX horizontal (resp. vertical) when they lie in H (resp. in V).

Remark 3.1.4. Since h is a splitting of the SES 3.3, the tangent bundle on X splits into
a direct sum of bundles TX = H⊕V . A choice of a transversal subbundle to π determines
an Ehresmann π-connection.
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Lemma 3.1.5. Integrability in terms of the Horizontal Distribution
An Ehresmann π-connection h is flat if and only if the associated horizontal subbundle
H < TX is involutive; i.e. [H,H] ⊂ H. In other words, the space of sections of the
horizontal subbundle carries the structure of a Lie subalgebra of the space of vector fields
on X: (Γ(X,H), [·, ·]|H]) < (Γ(X, TX), [·, ·]]).

Proof. The integrability (involutivity) of the distribution H follows tautologically from
the integrability of the Ehresmann connection. The inverse direction follows by Frobenius
integrability.

More generally, the sheaf of sections of the subbundle H is a subsheaf of Lie subalgebras
to the sheaf of sections of TX . The curvature is the obstruction toH being a Lie subalgebra.
In case h is flat, we denote the foliation defined by the integrable distribution H by Fh
and the space of leaves X/Fh is then isomorphic to any of the fibres of the bundle π.

Corollary 3.1.6. Local Characterisation of Integrability
If h is flat, then for any x ∈ X there exist neighbourhoods x ∈ U ⊂ X, π(x) ∈ W ⊂ M

and local coordinates (x1, . . . , xn) ∈ U , (y1, . . . , yd) ∈ W such that xi = π∗(yi) and

h

(
∂

∂yi

)
=

∂

∂xi
∀i ∈ {1, . . . , d}.

A flat Ehresmann connection provides us with a trivialisation of π over a formal neigh-
bourhood Um of any point m ∈M ; i.e. isomorphisms: π−1(Um) ∼= Xm × Um.

We can use the Lie derivative on TX to differentiate sections of bundles over X in
horizontal directions.

Definition 3.1.7. Horizontal Sections of General Bundles
We call a section horizontal, if its Lie derivative vanishes along any horizontal direction.
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Definition 3.1.8. Horizontal Relative Forms
Let ΩX/M be the sheaf of relative differential forms on π : X −→ M . After identifying
π∗TM with TM , taking Lie derivatives along h-horizontal vector fields Y ∈ Γ(X,H) defines
an action

TM ↷ ΩX/M ; (Y, ω) 7−→ LY (ω). (3.5)

We call a form ω ∈ ΩX/M h-horizontal, if LY (ω) = 0 for any horizontal vector field Y .

Proposition 3.1.9. Vertical Torsor
The space of Ehresmann connections on π : X −→M is an Ω1

M ⊗ π∗TX/M -torsor.

Proof. Let h be a π-connection and i the natural embedding TX/M ↪→ TX . For any section
v ∈ Hom(π∗TM , TX/M) ∼= Hom(TM , π∗TX/M) ∼= Ω1

M ⊗ π∗TX/M , the linear combination
h+ i ◦ v is again a π-connection. Indeed, by 3.3, we have

dπ ◦ (h+ i ◦ v) = dπ ◦ h = idπ∗TM . (3.6)

Definition 3.1.10. Morphisms of Bundles with Ehresmann Connections
Let π1 : E −→M , π2 : F −→M be two submersions and let h1, h2 be Ehresmann connec-
tions to π1 and π2 respectively. Then, a morphism of bundles equipped with Ehresmann
connections between (E, h1) and (F, h2) is a diagram of bundles

E F

M

g

π1 π2
(3.7)

such that g∗h1 = h2.

Remark 3.1.11. Descent of π-connections along Étale Quotients
Let G be a discrete group acting freely and properly on X and assume that π : X −→ M

is G-invariant, i.e. π ◦ g = π;∀g ∈ G. In particular, the G-orbits lie in the fibres of π. Let
q : X −→ Y := X/G be the associated étale quotient. Then, the induced map η

X Y

M

π

q

η
(3.8)

is a well defined submersion. This is well defined since π is G-invariant, i.e. η(q(x)) = π(x).
It is also a submersion because dπx : TX,x −→ TM,π(x) is surjective, dqx : TX,x −→ TY,q(x) is
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an isomorphism and dπx = dηq(x) ◦ dqx. Moreover, we call a π-connection h G-invariant, if
g∗ ◦ h = h ,∀g ∈ G. In particular, for a G-invariant connection h, we have g∗(Hx) = Hg·x

for the associated horizontal subbundle H.
A G-invariant connection h uniquely defines a connection j : η∗TM −→ TY by the identity
q∗(j) = q∗ ◦ h. In other words, dqx ◦ hx = jq(x)∀x ∈ X. The connection j is well defined
due to the G-invariance of h, i.e. hx = hx′ , ∀x′ ∈ G · x, and so the j-lift does not depend
on the representative of the G-orbit.

Remark 3.1.12. Composition and Pullback of π-connections
For smooth maps π : X → Y and η : Y → Z, a π-connection h : π∗(TY ) → TX and an
η-connection j : η∗(TZ)→ TY , the composite

h ◦ π∗(j) : π∗η∗(TZ)→ TX

is an η ◦ π-connection. Moreover, for a Cartesian diagram

W X

Z Y

g

η π

f

(3.9)

and a π-connection h, there is a unique η-connection j such that

g∗ ◦ j = g∗(h) ◦ η∗(f∗) : η∗(TZ)→ g∗(TX). (3.10)

The following generalisation of a π-connection allows Ehresmann connections to develop
poles, and so they can be thought of as a meromorphic extension of the definition of
non-linear connections.

Definition 3.1.13. D-twisted Ehresmann Connections
Let π : X −→ M be a submersion and D be an effective divisor on X. Twisting the
divisorial short exact sequence

0 −→ OX
iD−−→ OX(D) −→ O(D)|D −→ 0 (3.11)

by dπ, we obtain a diagram of sheaves:

TX TX(D) TX(D)|D

π∗TM π∗TM ⊗OX(D) (π∗TM ⊗OX(D))|D.

idTX⊗iD

dπ dπ⊗idOX (D) dπ⊗idOX (D)|D

idπ∗TM⊗iD

(3.12)
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A D-twisted Ehresmann π-connection is a morphism of locally free sheaves

h : π∗TM −→ TX(D),

such that the following triangle

TX(D)

π∗TM π∗TM ⊗OX(D).

dπ⊗idOX (D)

idπ∗TM⊗iD

h (3.13)

commutes, i.e. (dπ ⊗ idOX(D)) ◦ h = idπ∗TM ⊗ iD.

Strictly speaking, the Ehresmann connection we will construct in this thesis is indeed a
D-twisted one, where the pole structure arises as a very interesting exceptional divisor,
one worth studying in depth.

3.1.1. Linear Connections as Ehresmann Connections

Now we pass from fibre bundles to the special case of vector bundles. However, this still
does not require an Ehresmann connection to be a linear one. For the connection to be
linear, one must additionally require that the parallel transport maps we described above
respect the vector space structure of the fibres.

Definition 3.1.14. Covariant Derivative of a Linear Connection
Given a linear connection ∇ : E → E ⊗ Ω1

M on a vector bundle π : E −→M and sections
w ∈ Γ(U, TM), s ∈ Γ(V,E) for open subsets V ⊂ U ⊂M , we define the covariant derivative
of s in the direction of w at a point m ∈M as the contraction of the E-valued 1-form ∇s
with the vector field w evaluated at m

∇ws(m) := ιw∇s(m).

This forms a fibrewise linear map:

∇[·]s(m) : TM,m −→ Em

w 7−→ ιw∇s(m).

Before addressing the question of how to interpret a linear integrable connection as an
Ehresmann connection, we can now formalise the notion of a linear Ehresmann connection
utilising definition 3.1.10, as a connection that respects the linear structure of the fibres.

Definition 3.1.15. Linear Ehresmann Connections
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Let h be an Ehresmann connection on a vector bundle E −→ M . Moreover, consider the
addition map along the fibres:

A : E ×M E −→ E (3.14)

(e1, e2) 7−→ e1 + e2

as well as the multiplication map:

M : OM ×M E −→ E (3.15)

(f, e) 7−→ f · e.

We call h a linear-π-connection, if the maps A and M induce morphisms of bundles with
Ehresmann connections

(πA : E ×M E −→M,hA := (h, h)) −→ (π : E −→M,h), (3.16)

(πM : OM ×M E −→ E, hM := (dM, h))→ (π : E −→M,h). (3.17)

Explicitly, this condition means:

A∗(h(e1), h(e2)) = h(e1 + e2) (3.18)

M∗(dM(f), h(e)) = h(f · e). (3.19)

As we mentioned before, a differential operator gives rise to the notion of horizontal
sections, as those sections which remain constant when derived in a direction parallel to
the base. The relation of the linear connections of definition 2.2.1 to Ehresmann connections
is to been seen by the following constructive proposition.

Proposition 3.1.16. The Horizontal Lift of a Linear Integrable Connection
A linear integrable connection ∇ on a C-vector bundle E −→ M defines an integrable
linear Ehresmann π-connection.

Proof. The differential operator∇ determines a horizontal subbundle in a fibrewise manner
as follows. Let x ∈ Em and s : M −→ E be the unique horizontal section of E passing
through x, i.e. s ∈ ker(∇), such that s(m) = x. Then, consider the differential of this
section ds : TM −→ TE, which evaluated at the point s(m) = x gives us a map

ds(m) : TM,m −→ TE,s(m). (3.20)

The image of this map is the fibre of the associated horizontal bundle at x ∈ Em, that is,
Hx = Im(ds(m)).

Let w ∈ TM , s ∈ Γ(E) and m ∈M , then s(m) ∈ Em and ∇ws(m) = [(ds(m))(w)]ver ∈ Em,
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where ver denotes the projection to the vertical subbundle. Since E is a vector bundle, we
have a canonical identification Em ∼= Vm := TE/M . We can then write the horizontal lift
morphism h at the point s(m) as

hs(m)(w) = (ds(m))(w)−∇ws(m) ∈ Hm. (3.21)

If s is a horizontal section, then ∇ws(m) = 0 ∀w ∈ TM and so ds(m)(w) ∈ Hm ∀w.

3.2. Pre-Joyce Structures

We now further specialise the discussion of Ehresmann connections to the case where the
submersion π : X −→M is the holomorphic cotangent bundle to M , i.e. X = TM . In that
case, there exists a canonical gauge for the torsor of vertical sections of proposition 3.1.9,
namely the map vcan : π∗TM −→ TX/M obtained fibrewise from the canonical identifications
π∗TM,x

∼= TM,π(x)
∼= T(TM ,π(x)),x

∼= TXπ(x),x
∼= TX/M . Fixing this gauge up to a scalar, we

arrive at the following structure.

Definition 3.2.1. v-Pencil of π-Connections
Let h be an Ehresmann connection on π : X = TM −→ M and denote by v := i ◦ vcan
the composition of the canonical embedding of the vertical bundle i : TX/M ↪→ TX with
the canonical vertical section vcan. Then, by rescaling v 7−→ ε−1v, ε ∈ C∗ we obtain a
C∗-family of π-connections {hε := h+ ε−1v}ε∈C∗

0 TX/M TX π∗TM 0.i

hε=h+ε−1v

h

ε−1·vcan

(3.22)

We call this family associated to h a v-pencil of π-Connections based on h.

Definition 3.2.2. Induced Relative Symplectic Form
If M is equipped with a holomorphic symplectic form ω ∈ H0(M,Ω2

M), then the canonical
vertical section determines a relative symplectic form on the fibre bundle via

Ωπ := vcan,∗ ◦ (π∗ω|π∗TM ) ∈ H0(X,Ω2
X/M). (3.23)

The following definition is the essence of what a Joyce structure is, first introduced in [14].

Definition 3.2.3. Pre-Joyce Structure
LetM be C-manifold and π : X = TM −→M its holomorphic tangent bundle. A Pre-Joyce
Structure on M is a pair (ω, h), consisting of
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i. a holomorphic symplectic form ω ∈ H0(M,Ω2
M) on M ,

ii. a flat and symplectic π-connection h, such that {hε := h + ε−1v}ε∈C∗ is a pencil of
flat and symplectic π-connections.

Lemma 3.2.4. Locally Hamiltonian Flow
Let (ω, h) be a pre-Joyce Structure on M . There exists an open covering of X such that
for each open subset in the covering U ⊂ X and local coordinates (zi, θi)i on U , there exists
a locally defined meromorphic function W : U −→ C on X with

h

(
∂

∂zi

)
=

∂

∂zi
+
∑
p,q

ηpq
∂2W

∂θp∂zi

∂

∂θq
(3.24)

satisfying the following PDEs:

P1:
∂2W

∂θi∂zj
− ∂2W

∂θj∂zi
=
∑
p,q

ηpq
∂2W

∂θi∂θp
· ∂

2W

∂θj∂θq
(3.25)

P2:
∂

∂θp

(
∂Wj

∂θi
− ∂Wi

∂θj

)
= 0. (3.26)

Proof. Since h is symplectic, it preserves the relative form Ωπ ∈ H0(X,Ω2
X/M) associated

to ω ∈ H0(M,Ω2
M):

LvΩπ = 0 , ∀v ∈ Γ(H) =⇒ d(ιvΩπ) = 0 =⇒ ιvΩπ closed 1-form. (3.27)

In particular ιvΩπ is locally exact, i.e. there exists an open covering of X, such that for each
open subset in the covering U ⊂ X, there exists a holomorphic function: Wv : U −→ C
with ιvΩπ = dWv. In local coordinates, writing Wi for the local Hamiltonians in each
horizontal direction W ∂

∂zi

, we have:

h

(
∂

∂zi

)
=

∂

∂zi
+
∑
p,q

ηpq
∂Wi

∂θp

∂

∂θq
. (3.28)

Applying the integrability condition for h on the horizontal lifts of the basis
{

∂
∂zi

}
i
of TM ,

we have

0
!
=

[
h

(
∂

∂zi

)
, h

(
∂

∂zj

)]
=
∑
p,q

ηpq
∂2Wj

∂zi∂θp

∂

∂θq
−
∑
p,q

ηpq
∂2Wi

∂zj∂θp

∂

∂θq
(3.29)

+
∑
p,q

ηpqηkℓ
∂Wi

∂θp

∂2Wj

∂θq∂θk

∂

∂θℓ
−
∑
p,q

ηpqηkℓ
∂Wi

∂θk

∂2Wi

∂θℓ∂θp

∂

∂θq
.

Identifying the ∂
∂θq

-terms, using the anti-symmetry of η and integrating along the θp-vertical
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direction, we arrive at

∂

∂θp

(
∂Wj

∂zi
− ∂Wi

∂zj
− 2

∑
p,q

ηpq
∂Wi

∂θp

∂Wj

∂θq

)
= 0 ∀p. (3.30)

Furthermore, the pre-Joyce structure condition requires that the full pencil of connections
hε is flat and symplectic for all ε ∈ C∗. For the family of connections, we have

hε

(
∂

∂zi

)
= h

(
∂

∂zi

)
+ ε−1v

(
∂

∂zi

)
=⇒ ∂

∂zi
+
∑
p,q

ηpq
∂W ε

i

∂θp

∂

∂θq
=

∂

∂zi
+
∑
p,q

ηpq
∂Wi

∂θp

∂

∂θq
+
∑
q

ε−1 ∂

∂θq
. (3.31)

Running the integrability condition calculation 3.29 for hε and using the last equality 3.31,
we obtain, in addition to equations (3.30), a collection of equations

ε−1 ∂

∂θp

(
∂Wj

∂θi
− ∂Wi

∂θj

)
= 0 ∀p (3.32)

from which P2 follows.

3.2.1. Complex Hyperkähler Structures from Pre-Joyce Structures

One of the interesting structures that emerge out of the concept of a (Pre-)Joyce Structure
is that of a complex Hyperkähler structure on X.

Definition 3.2.5. C-Hyperkähler structure
Let X be a C-manifold, then a complex Hyperkähler structure on X consists of

• a holomorphic metric g ∈ H0(X,
(
T⊗2
X

)∗
), and

• endomorphisms of the holomorphic tangent bundle I, J,K ∈ EndOX
(TX), such that

1. they form a quaternionic triple in the endomorphism algebra, i.e.

I2 = J2 = K2 = IJK = −1, (3.33)

2. they preserve the metric: g(R(u1), R(u2)) = g(u1, u2), ∀R ∈ {I, J,K},

3. they are horizontal with respect to the holomorphic Levi-Civita connection as-
sociated to the metric g: ∇g(R) = 0 , ∀R ∈ {I, J,K}.

Proposition 3.2.6. Let M be a C-manifold and π : X = TM −→ M . Moreover, let
(ω, h) be a pre-Joyce structure on M , then (ω, h) defines a C-Hyperkähler structure on X.

41



Chapter 3. General Theory of Joyce Structures M .Z.

Proof. (Sketch) This result (even a stronger version thereof) was one of the main outputs of
Bridgeland-Strachan [19]. Here we just recall the construction of the complex Hyperkähler
metric given a π-connection, without proving the symmetry (3) of definition 3.2.5.

By remark 3.1.4, the π-connection determines a splitting TX = H ⊕ V , which, in this
special case of the tangent bundle X −→M , can be identified with TX = π∗TM ⊗C2. This
is because H = im(h) and V = im(v) are both copies of π∗TM . We define the metric g
as the tensor product of the pulled back symplectic form π∗ω on π∗TM with the standard
symplectic form on C2:

g = π∗ω ⊗

[
0 1

1 0

]
=

[
0 π∗ω

π∗ω 0

]
. (3.34)

Using the Artin-Wedderburn theorem, we can identify the product of the R-division alge-
bras H ⊗R C with the product in the endomorphism algebra EndC(C2) under which the
following I, J give rise to a quaternionic triple {I, J,K} ∈ EndC(C2) acting naturally on
C2:

I :=

[
i · 1 0

0 −i · 1

]
; J :=

[
0 −1
1 0

]
; K := I · J. (3.35)

Using the fact that the splitting induced by the pre-Joyce structure on the tangent sheaf of
X respects the symplectic structure of TM , one shows that these automorphisms preserve
g in the sense of condition (2) above and are horizontal with respect to ∇g.

3.3. Period Structures

Period structures are the ingredient of Joyce structures that resembles a complex integrable
system. Let M be a complex manifold.

Definition 3.3.1. (Integral-)Lattice of a Holomorphic Vector Bundle
Let H be a holomorphic vector bundle on M . A lattice of H is a locally constant subsheaf
H Z < H , which is a Z-model for H , i.e. the natural map H Z ⊗Z OM −→ H is an
isomorphism of holomorphic vector bundles.

Definition 3.3.2. Period Structure
A period structure P on a C-manifold M , consists of:

1. An integral lattice T Z
M ⊂ TM , with associated flat connection ∇,

2. A section Z ∈ H0(M, TM) satisfying ∇(Z) = id.

Lemma 3.3.3. Period Coordinates
A period structure P = (T Z

M ,∇, Z) on M induces local-coordinates M .
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Proof. Let p ∈M . By the integrability condition (local constancy of T Z
M ⊗CM), a basis of

T Z
M,p gives rise to a local basis of ∇-horizontal sections ⟨ϕ1, . . . , ϕn⟩ = Γ(U, TM) over some

open neighbourhood p ∈ U ⊂M . Writing the vector field Z in that basis Z|U =
∑

i zi · ϕi,
we obtain holomorphic functions zi : U −→ C. Then the condition ∇(Z) = id reads

∇(Z) =
∑
i

dzi ⊗ ϕi +∇(ϕi) · zi =
∑
i

dzi ⊗ ϕi
!
= id (3.36)

which implies that
{
ϕi =

∂
∂zi

}
i
is the dual basis to {dzi}i. Now since {ϕi}i is a local basis

for Γ(U, TM |U) and thereby linearly independent, the {zi}i give a local basis for U .

Corollary 3.3.4. A flat connection that is a datum in a period structure is necessarily
torsion free, since the basis elements of the flat structure now commute: [ϕi, ϕj] = 0.

The following notion was defined in [51].

Definition 3.3.5. Integral Affine Structure
An integral affine structure on M is a lattice T Z

M ⊂ TM such that the associated flat
connection is torsion free. A local coordinate system (z1, . . . , zn) is said to be integral
affine, if ∂

∂zi
∈ T Z

M ∀i.

Remark 3.3.6. An integral affine coordinate system is uniquely defined up to lattice-
preserving affine transformations zi 7−→

∑
j αijzj + vi for (αij)ij ∈ GLn(Z) and vi ∈ Cn.

Fixing a vector field Z amounts to a linearisation of the affine structure, and so a period
structure can be interpreted as a integral linear structure, or as a fibre bundle P over
TM modelled on GLn(Z), i.e. a bundle of lattice preserving frames. In coordinates, we
call an integral affine coordinate system (z1, . . . , zn) integral linear if Z takes the form
Z =

∑
i zi

∂
∂zi

.

Remark 3.3.7. C∗-action from Euler Vector Field
The fact that the vector field Z in a period structure respects the flat structure globally
(∇(Z) = id), together with the existence of local coordinates such that Z =

∑
i zi

∂
∂zi

,
implies ,by definition, that Z is an Euler vector field. Locally its flow is given by a rescaling
of the coordinates:

ϕZ |U : C∗ × U∗ −→ U (3.37)

((zi)i, t) 7−→ (t · zi)i.

Globally, an Euler vector field Z is the generator of a C∗-action on M : ϕZ : C∗×M −→M ,
which in turn gives rise to a C∗-action on TM : dϕZ : C∗×TM −→ TM . In local coordinates
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(zi, θi) on TM this action reads

dϕZ |U : C∗ × TM |U −→ TM |U (3.38)

(t, (zi, θi)i) 7−→ (t · zi, t · θi)i.

For a fixed t ∈ C∗ we also write

dϕZ,t|U : TM |U −→ TM |U (3.39)

(zi, θi)i 7−→ (t · zi, t · θi)i.

Furthermore, consider the homothetic C∗-action on the fibres of X = TM

ρm,t : TM,m −→ TM,m (3.40)

x 7−→ t · x

which, since TM is a vector bundle, canonically extends to a map on the total space

ρt : X −→ X (3.41)

x 7−→ t · x.

Now since the connection∇ is linear, the associated horizontal lift h∇ is a linear Ehresmann
connection. In particular, its parallel transport maps preserve the linear structure of the
fibres andH∇ is a linear subbundle. Thereby the C∗-action dρt on TX , acts on the horizontal
bundle by

dρt(x)(Hx) = Ht·x ; ∀x ∈ X. (3.42)

Lemma 3.3.8. Let P = (T Z
M ,∇, Z) be a period structure on M and define a vector bundle

E := h∇(Z) ∈ H0(X, TX), i.e. the ∇-horizontal lift of Z. Then E is the generating vector
field of the C∗-action

m : C∗ × TM −→ TM (3.43)

(t, s) 7−→ mt(s) :=
(
dϕZ,t ◦ ρ(t−1)

)
(s)

rescaling along the fibres of X = TM .

Proof. Let U ⊂M with (zi)i integral linear local coordinates, in particular

Z|U =
∑
i

zi
∂

∂zi
∈ Γ(U, TM |U),

and let (zi, θi)i be the associated coordinates on TM |U . Then the leaves of the foliation F∇
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associated to ∇ are given locally in these coordinates by

L ∇
U = {(zi, θi)|θi = const. ∀i} (3.44)

i.e. the ∇-horizontal lift of ∂
∂zi

is: h∇
(

∂
∂zi

)
= ∂

∂zi
∀i. In particular

Eπ−1(U) = h∇ (Z|U) =
∑
i

zi
∂

∂zi
∈ Γ(π−1(U), TX |π−1(U)) ∀i. (3.45)

Eπ−1(U) is now the generating vector field of the C∗-action that rescales the coordinates of
π−1(U) preserving the leaves of the ∇- horizontal foliation F∇|π−1(U), that is

(t, (zi, θi)) 7−→ (t · zi, θi).

Therefore, E is precisely the generating vector field of the action

dϕZ,t ◦ ρ(t−1)((zi, θi)) = dϕZ,t((zi, t
−1θi)) = (t · zi, θi).

This action is the one rescaling the fibres of π, as these are parametrised in local coordinates
by {(zi, θi)|zi = const.}.

Definition 3.3.9. Let P = (T Z
M ,∇, Z) be a period structure.

1) A skew-symmetric form η : T ∗
M × T ∗

M −→ OM is said to be compatible with P, if η
2πi

takes integral values on the dual lattice (T Z
M)∗.

2) Considering the fibrewise-action of the rescaled lattice (2πi)T Z
M on TM by translations,

we write

X# := TM/(2πi)T Z
M , (3.46)

and denote by π# : X# −→M the associated (C∗)n-fibre bundle.

Remark 3.3.10. Note that if η is compatible with P, then it is also parallel with respect
to the flat structure of P. The flat structure is defined as the unique one preserving the
lattice. A failure of η to be parallel would imply that its integrality property is not stable
under parallel transport - parallel to the lattice, and fail to be a global property.

3.4. Joyce Structures

All that is left to do, in defining the notion of a Joyce Structure, is to set the proper
compatibility conditions, that allow us to glue a Pre-Joyce Structure to a Period structure,
i.o.w. impose certain rigidifying symmetries on the data of a Pre-Joyce structure, for it to
properly sit on the scaffolding of a period structure. The essential condition we want to
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impose is that the Pre-Joyce structure on the tangent bundle TM descends to the (C∗)n-fibre
bundle X#.

Tom Bridgeland introduced Joyce Structures in [14] as follows (up to notational devia-
tion).

Definition 3.4.1. Joyce Structure
Let M be a complex manifold and let π : TM −→M be the total space of the holomorphic
tangent bundle on M . A Joyce Structure on M consists of:

1. a period structure P = (T Z
M ,∇, Z),

2. a P-compatible skew-symmetric form η : T ∗
M × T ∗

M −→ OM ,

3. a pre-Joyce structure (ω, h),

subject to the following conditions:

[J1] the symplectic form ω is the inverse of η.

[J2] the π-connection h is invariant under the fibrewise-action of the rescaled lattice
(2πi)T Z

M on TM by translations, i.e. it descends to a π#-connection on X#.

[J3] [h(Z), h(v)] = [h∇(Z), h(v)] for any vector field v ∈ H0(M, TM), where h∇ is the
linear Ehresmann connection on TM defined by the linear connection ∇.

[J4] the π-connection h is invariant under the global involution ι : X −→ X acting by
multiplication by −1 on the linear fibres of π.

Furthermore, taking a twisted π-connection, as introduced in definition 3.1.13, instead of
a π-connection, we can directly generalise the notion of a (holomorphic) Joyce structure
to that of a Meromorphic Joyce Structure, developing poles along the twisting divisor.
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4. Quadratic Differentials and Spectral Curves

The goal of this chapter is to introduce the notion of meromorphic quadratic differentials
on algebraic curves, recast their datum into the notion of a spectral curve and study the
cohomology of those spectral curves in families over the moduli of quadratic differentials.

4.1. Preliminaries on Divisors on Algebraic Curves

Denote by M (C) := Mg the moduli space of complex projective curves of genus g. For
C ∈ M (C) denote by ωC the canonical sheaf on C.

Throughout this thesis, we will pass seamlessly between the notions of effective Cartier
divisors and Weil divisors. We recall here the equivalence of these notions in the case of
divisors on smooth curves.

Proposition 4.1.1. Let C be a smooth algebraic curve, then there is a bijective corre-
spondence between

1. Effective Cartier divisors on C, i.e. closed subschemes D ↪→ C, whose associated
ideal sheaf ID �OC is an invertible OC-module, cf.[74, Tag 01WQ].

2. Effective Weil divisors on C, i.e. formal sums of closed points
∑

p∈C np · p, with a
finite set {np ̸= 0}p cf.[74, Tag 0BE0].

Proof. Let D be an effective Cartier divisor. By [74, Tag 01WS], D is effective if and only
if for all closed points p ∈ D, there exists an affine neighbourhood p ∈ U = Spec(A) ⊂ C

is such that U ∩D = Spec(A/(f)) for f ∈ A a non-zero divisor. This means f ∈ Γ(U,OC)
such that ID|U = (f)�OC(U). Since C is smooth, OC,p is a DVR admitting a uniformiser
πp, and hence (f) = 0 or (f) = π

np
p for np = vp(f) ∈ Z≥0. Therefore, we may associate to

the subscheme D a Weil-Divisor

W (D) =
∑
p∈C

np · p, with np = vp(f). (4.1)

This formal sumW (D) is well defined, because any two local generators f, g differ by a unit,
which in a DVR has vanishing valuation. Clearly, W (D) is effective, since by definition
np ∈ Z≥0. Conversely, given an effective Weil divisor W =

∑
p∈C np · p, i.e. np ≥ 0 and

np ̸= 0 for finitely many p ∈ C, we define ID,p := m
np
p �OC,p for {mp} = Spm(OC,p), which

glues to a global ideal sheaf ID �OC , defining an effective Cartier divisor.

Remark 4.1.2. From now on, we abuse the notation and denote the Weil divisor W (D)

associated to an effective Cartier divisor D also by D. Moreover, we denote the ideal sheaf
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ID associated to an effective divisor D on a curve C by OC(−D) and its structure sheaf
by OD, fitting into the canonical short exact sequence

0 −→ OC(−D) −→ OC −→ OD −→ 0. (4.2)

Let (g,m) := (g, (m1, . . . ,md)) with g ∈ Z≥0 and (mi)i ∈ Zd>1.

Definition 4.1.3. Divisor of Polar Type m
Let C ∈ M (C) and let H be an effective divisor on C. We say that H is a divisor of polar
type m if

H =
d∑
i=1

mi · pi (4.3)

for a collection of d distinct points {pi}i on C.

Definition 4.1.4. Effective Square-Root of a Divisor
Let C ∈ M (C) and H =

∑d
i=1mi · pi a divisor of polar type m on C. We associate to H

the effective divisor

D =

⌈
H

2

⌉
:=

d∑
i=1

⌈mi

2

⌉
· pi ⊂ C. (4.4)

We write ni :=
⌈
mi

2

⌉
, so that

D =
d∑
i=1

ni · pi. (4.5)

In particular, H and D have the same support and the sheaf OC(D) is an OC-submodule
of OC(H).

Definition 4.1.5. Reduction, Even and Odd Components of a Divisor
Let D =

∑d
i=1 ni · pi be an effective divisor on C ∈ M (C). We define the reduction of D as

the underlying reduced divisor consisting of its support Dred =
∑d

i=1 pi. Write Di := ni · pi
for the component of D supported at the closed point pi. Moreover, we write Dev (resp.
Dodd) the divisor consisting of the components of D of even (resp. odd) length, i.e.

Di ⊂ Dev ⇐⇒ deg(Di) = ni ≡ 0 mod 2

(resp. Di ⊂ Dodd ⇐⇒ deg(Di) = ni ≡ 1 mod 2).

Hence, we may also write

D = Dev +Dodd =
∑
i

Di. (4.6)
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Lastly, we denote the number of even-length components of D by e := deg(Dred
ev ).

Remark 4.1.6. In the notation of definition 4.1.5, we have the relation:

2D = H + (Hodd)
red, with deg(2D) = deg(H) + (d− e). (4.7)

Definition 4.1.7. Admissible Type
We call a type (g,m) = (g, {mi}i) an admissible type, if the following conditions hold true:

6g − 6 + d+ deg(H) > 0, deg(D) ∈ 2Z, (4.8)

and it is not one of the following cases: (0, {6}); (0, {3, 3}); (1, {2}). The condition that
deg(D) ∈ 2Z can be neglected for almost the entirety of the thesis, it only appears in the
proof of proposition 7.3.2, which we hope to refine in the near future.

From now on, we fix the data (g;m) of an admissible type, for the entirety of the thesis.

4.2. Meromorphic Quadratic Differentials of fixed Polar Type

Definition 4.2.1. Meromorphic Quadratic Differentials
A meromorphic quadratic differential of type (g,m) is a section

Q ∈ H0(C, ω⊗2
C (H)) (4.9)

where C ∈ M (C) and H is a divisor of type m on C.

Although we use the terminology meromorphic quadratic differentials, we are really refer-
ring to global regular sections of the square of the canonical sheaf, twisted by the polar
divisor ω⊗2

C (H).

Definition 4.2.2. Moduli Space of Quadratic Differentials
We denote by M (C,Q) the space parametrising pairs (C,Q) of curves C ∈ M (C) and
quadratic differentials of type (g;m) on C, such that Q has only simple zeros. The defining
equivalence relation is given by:

(C1, Q1) ∼ (C2, Q2) :⇐⇒ ∃f : C1
∼−→ C2 isomorphism of alg. curves s.t. f ∗Q2 = Q1.

(4.10)

We refer to chapter B in the appendix for the careful construction of this space as a stack.
In particular, we prove in lemma B.0.12, that

n = dimC(M (C,Q)) = 6g − 6 + d+
d∑
i=1

mi.
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Remark 4.2.3. Often times, it will be useful to consider Q as a section ofH0(C, ωC(D)⊗2),
where D =

⌈
H
2

⌉
, instead of H0(C, ω⊗2

C (H)), with extra zeros along Hred
odd. In what follows,

we discuss this in local terms. Since we work locally at an odd order pole of Q, we may
assume, without loss of generality, that H = m · p for m ≡ 1 mod 2. Let x be a local
coordinate in a neighbourhood U ⊂ C of p, with x(p) = 0. Then locally

Q(x) =
( qm
xm

+ · · ·+ q1
x

+ q0 + O(x)
)
dx⊗2

= (qm + qm−1x+ · · ·+ q1x
m−1 + q0x

m + O(xm+1))
dx⊗2

xm
∈ H0(U, ω⊗2

C (H)).

Now viewing Q as a section of ωC(D)⊗2, we write:

Q(x) = (qmx+ qm−1x
2 + · · ·+ q1x

m + q0x
m+1 + O(xm+2))

dx⊗2

xm+1

= (qmx+ qm−1x
2 + · · ·+ q1x

m + q0x
m+1 + O(xm+2))

(
dx

xn

)⊗2

∈ H0(U, ωC(D)⊗2),

where D = n · p = m+1
2
· p. Thereby, the odd order poles become simple zeros once viewed

as a section of the appropriate sheaf. In general, we will have additional (simple-)zeros
along the reduction of the odd components of H: Hred

odd.

4.3. Spectral Curves

In this section, we encode the datum of a quadratic differential Q on a curve C into
an algebraic subvariety of the total space Tot(ωC(D)) of the D-twisted canonical sheaf,
namely, a ramified covering Σ→ C, called the spectral curve. The nomenclature originates
in the theory of integrable systems and will be justified later on, cf. Chapter 7.2.12. This
in turn allows us to reinterpret the moduli space of quadratic differentials M (C,Q) as the
base for a family of curves.

Lemma 4.3.1. Let f : Y −→ X be a morphism of schemes and let L be a locally free
sheaf on X. There is a canonical isomorphism of algebras of OY -modules Sym(f ∗L ) ∼=
f ∗Sym(L ).

Proof. First note that given an OY -moduleM, the (OX-bilinear-) map of OY -modules

ρ :M⊗OX
L −→M⊗OY

(OY ⊗OX
L )

(m, ℓ) 7−→ m⊗OY
1⊗OX

ℓ
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is an isomorphism with (OX-bilinear-)inverse given by (m,
∑

i si ⊗ ℓi) 7−→
∑

im · si ⊗ ℓi.
This map gives rise to an isomorphism of the tensor algebras

TOY
(f ∗L ) = TOY

(OY ⊗⊗OX
L ) ∼= OY ⊗OX

TOX
(L ) = f ∗TOX

(L ). (4.11)

Moreover, OY ⊗OX
SymOX

(L ) = (OY ⊗ TOX
(L ))/Isym, for I = ⟨1⊗ (x⊗ y − y ⊗ x)⟩.

The image of I under the map ρ is ρ(I) = ⟨(1⊗ x)⊗ (1⊗ y)− (1⊗ y)⊗ 1⊗ x)⟩, which
is exactly the ideal of the defining relation of Sym(f ∗L ) on TOY

(f ∗L ) and the claim
follows.

Definition 4.3.2. The Tautological section
Let L a locally free sheaf on a scheme X. The tautological section y ∈ H0(Tot(L ), π∗L )

can be defined geometrically as the unique section given by the universal property of fibre
products of schemes in the following Cartesian diagram

Tot(L )

Tot(π∗L )
4.3.1∼= π∗Tot(L ) Tot(L )

Tot(L ) X.

∃!y

id

id
π

π

(4.12)

Proposition 4.3.3. Ramified Covers from Quadratic Differentials
Let (C,Q) ∈ M (C,Q) with Q ∈ H0(C, ω⊗2

C (H)) and D =
⌈
H
2

⌉
. Then there exists a smooth

subscheme of the total space of the D-twisted dualising sheaf of C

Σ ↪→ Tot(ωC(D))

associated to (C,Q), that induces a double cover p on C

Σ Tot(ωC(D))

C

p
π

. (4.13)

This cover is ramified along the zero-locus of the quadratic differential Q, viewed as a
section of H0(C, ωC(D)⊗2). We call the curve Σ, the Spectral Curve associated to (C,Q)

and p : Σ −→ C the associated spectral cover of C.

Proof. Consider the total space of the D-twisted dualising sheaf ωC(D) of C

π : Tot(ωC(D)) := Spec(Sym•(ωC(D)∗)) −→ C (4.14)
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and the locally free sheaf π∗ωC(D)⊗2 on Tot(ωC(D)). Note here, that π is flat by definition.
Moreover, consider the global sections y2, 0, π∗Q ∈ H0(Tot(ωC(D)), π∗ωC(D)⊗2), where
y ∈ H0(Tot(ωC(D)), π∗ωC(D)) denotes the tautological section of π∗ωC(D), 0 is the zero
section and π∗Q the pullback of Q from C to the total space, after viewing Q as a section of
H0(C, ωC(D)⊗2) instead of H0(C, ω⊗2

C (H)), with additional (simple-)zeros along (Hodd)
red,

cf. remark 4.2.3.

Now, we define the subvariety Σ of the complex algebraic surface Tot(ωC(D)) by

Σ := {x ∈ Tot(ωC(D))|y2(x)− π∗Q(x) = 0(x)} ⊂ Tot(ωC(D)). (4.15)

This construction gives rise to a ramified double cover p : Σ→ C, by restricting the bundle
map π to the subscheme Σ, i.e. p := π|Σ

Σ Tot(ωC(D))

C

p
π

.

The smoothness of Σ follows from the fact that the quadratic differential Q is allowed to
develop only simple zeros by definition 4.2.2.

Lemma 4.3.4. The resulting morphism of curves p : Σ −→ C is flat.

Proof. p is flat as a finite map of smooth curves cf.[74, Tag 0BWJ].

Definition 4.3.5. Branching and Ramification Divisors
Let p : Σ −→ C denote the spectral cover associated to a point (C,Q) ∈ M (C,Q), with
Q ∈ H0(C, ω⊗2

C (H)) and D =
⌈
H
2

⌉
. Then we introduce the branching divisor of Σ: B ⊂ C,

consisting of the zeros of Q ∈ H0(C, ωC(D)⊗2). We denote by R := p−1(B)red ⊂ Σ the
ramification divisor. A cover with reduced ramification divisor R is also called simply
ramified. We note here again that, by remark 4.2.3, the ramification locus includes the odd
order poles, i.e. Σ ramifies over Hred

odd.

We also denote by σ ∈ Aut(Σ) the covering involution that exchanges the sheets of the
double cover, fixing the ramification divisor. This automorphism is the one induced by the
non-trivial representation of the Galois group of the function field of Σ over the function
field of C. In particular, it is the restriction of the automorphism of Tot(ωC(D)) acting on
affine coordinates as (x, y) 7−→ (x,−y).

Remark 4.3.6. On Branching and Ramification

1) By assumption, Q has only simple zeros, therefore B and R are reduced and p is a
double-cover ramified exactly over B. In particular, we have
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• OΣ(p
−1B) ∼= p∗OC(B) ∼= OC(2R),

• deg(R) = deg(B) and Nmp(OΣ(R)) = OC(B) for the norm map of the cover

Nmp : Pic(Σ) −→ Pic(C) (4.16)

OΣ(D) 7−→ OC(p(D)).

2) Equivalently to definition 4.3.5, we could have first defined the ramification divisor
R as the support of coker(dp : TΣ −→ p∗TC), i.o.w. the locus where the differential of the
covering map drops rank, or also as ker((dp)∗) for

p∗ωC
(dp)∗−−−→ ωΣ −→ ωΣ/C , (4.17)

for (dp)∗ : p∗ωC → ωΣ the dual map to the differential of p, c.f. [74, Tag 0BWJ]. From
this, we also have p∗ωC(R) ∼= ωΣ. Then we can define the branching divisor as the image
of the ramification B := p(R).

3) Note here that if D∩B ̸= ∅, i.e. the spectral cover is ramified over some point of the
divisor D, then the intersection Σ∩π−1D is tangential at the ramification locus p−1(D)∩R.
Since the spectral curve equation reads y2 − π∗Q = 0, the intersection multiplicity is 2, as
subschemes of the surface Tot(ωC(D)).

4) Considering the image of C under the zero-section 0 : C −→ Tot(ωC(D)) of π as a
divisor in the surface Tot(ωC(D)), we have

OΣ(R) = OTot(ωC(D))(0(C))|Σ = p∗ωC(D) = ωΣ(p
∗D −R), (4.18)

as prescribed by Riemann-Hurwitz.

Lemma 4.3.7. The ramification divisor of the spectral cover has degree

deg(R) = 4g − 4 + 2 deg(D) = gΣ − 1 + deg(D). (4.19)

Proof. For the direct image of the structure sheaf, we have

p∗OΣ = OC ⊕ ωC(D)∗ (4.20)

c.f. [4, Lemma 17.2]. Since p is a finite, and therefore affine morphism, its higher direct
images vanish, and by [74, Tag 0BEI] we have

χ(Σ,OΣ) = χ(C, p∗OΣ) = χ(C,OC) + χ(C, ωC(D)∗)

= 4− 4gC − deg(D). (4.21)
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In particular, gΣ = 4gC − 3 + deg(D). Applying Riemann-Hurwitz, we obtain

deg(R) = 2gΣ − 2− deg(p : Σ→ C) · (2gC − 2)

= 4gC − 4 + 2 · deg(D)

= gΣ − 1 + deg(D).

Since R is reduced Riemann-Hurwitz applies with no modification.

Definition 4.3.8. The Seiberg-Witten Differential
Considering the pullback p∗Q of the quadratic differential Q on its associated spectral curve
and taking the square root gives rise to a section of p∗ωC(D)

φ :=
√
p∗Q : OΣ −→ p∗ωC(D), (4.22)

with simple zeros along R. Hence, this section fits into a short exact sequence

0 −→ OΣ
φ−−→ p∗ωC(D) −→ OR −→ 0. (4.23)

Moreover, restricting the tautological 1-form y to the spectral curve gives a section

λ := i∗y : OΣ −→ ωΣ ⊗ p∗OC(D), (4.24)

with λ⊗2 = p∗Q. That is λ = (dp)∗ ◦ φ and that it is anti-invariant with respect to
the Galois involution σ, i.e. σ∗λ = −λ, since σ is the pullback of (x, y) 7−→ (x,−y) to
the spectral curve. In other words, on the spectral curve, the positive square root of the
pulled-back quadratic differential is a well defined 1-form on Σ, which we denote by λ.

Remark 4.3.9. General Spectral Construction
The construction of the spectral cover of Proposition 4.3.3 is a general procedure that
can be performed on any smooth scheme, given a line bundle and a global section of its
square, exactly as we did for quadratic differentials. Let X be a scheme, L ∈ Pic(X), q ∈
H0(X,L ⊗2), π : Tot(L ) −→ X and let y ∈ H0(Tot(L ), π∗L ) be the tautological section.
We define the spectral cover of X associated to q as Σq := {y⊗2 = π∗q} ⊂ Tot(L ⊗2).

Proposition 4.3.10. Functoriality of the Spectral Construction
Let f : Y −→ X be a morphism of schemes, L ∈ Pic(X), q ∈ H0(X,L ⊗2). The diagram

Σf∗q Σq

Y X

pf∗q pq

f

, (4.25)

is Cartesian, i.e. Y ×X Σq
∼= Σf∗q as Y -schemes.
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Proof. Let π : Tot(L ) −→ X be the canonical projection, y ∈ H0(Tot(L ), π∗L ) the
tautological section and Σq the spectral cover of X associated to q. First, note that the
diagram

Tot(f ∗L ) Tot(L )

Y X

π′ π

f

(4.26)

is Cartesian, that is

Tot(f ∗L ) Y ×X Tot(L )

Y

∼

π′ f∗π

(4.27)

which follows from Lemma 4.3.1. Thereby, we have f ∗(π∗q) = (f ∗π)∗(f ∗q). Moreover, the
tautological section of f ∗L , i.e. y′ ∈ H0(Tot(f ∗L ), π′∗f ∗L ), agrees with the pullback of
the tautological section of L to Y , i.e. f ∗y ∈ H0(Tot(f ∗L ), f ∗π∗L ). In total, we have

Y ×X Σq = {(f ∗y)⊗2 = f ∗(π∗q)} ∼= {y′⊗2 = (f ∗π)∗(f ∗q)} = Σf∗q (4.28)

and pf∗q = π′|Σf∗q = f ∗π|Y×XΣq = f ∗pq, i.e. the following diagram commutes

Tot(f ∗L ) Y ×X Tot(L )

Σf∗q Y ×X Σq

Y .

π′

∼

f∗π

∼

pf∗q f∗pq

(4.29)

4.4. Cohomology of Spectral Curves

Here we study the cohomology of spectral curves and how it varies in families. The raison
d’être of section 4.4 is to introduce the cohomology bundles H over the space of quadratic
differentials M (C,Q), and construct a Gauß-Manin connection on that bundle.

We write H∗(X,A) for the singular cohomology of a smooth C-scheme X instead of
H∗(X(C), A).

Definition 4.4.1. (Anti-)Invariant (Co-)homology Groups
Let (C,Q) ∈ M (C,Q) and let p : Σ −→ C be the associated spectral cover with Galois
involution σ. We introduce
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• the homology group of σ-invariant cycles

H1(Σ,Z)+ := {γ ∈ H1(Σ,Z)|σ∗γ = γ}, (4.30)

• the homology group of anti-invariant cycles

H1(Σ,Z)− := {γ ∈ H1(Σ,Z)|σ∗γ = −γ}, (4.31)

• we have analogously for the cohomology groups of (anti-)invariant cocyclesH1(Σ,Z)±,
H1(Σ,C)±.

• Lastly we set H̃1(Σ,Z) := HomZ(H1(Σ,Z)−,Z).

Lemma 4.4.2. The homology group of anti-invariant cycles fits into the following short
exact sequence

0 −→ H1(Σ,Z)− −→ H1(Σ,Z)
p∗−−→ H1(C,Z) −→ 0. (4.32)

Proof. Let γ ∈ H1(Σ,Z), then p∗p∗γ = γ + σ∗γ, therefore

γ ∈ ker(p∗) =⇒ p∗p∗γ =⇒ γ = −σ∗γ.

Moreover, if γ ∈ H1(Σ,Z)−, we have

γ = −σ∗γ =⇒ p∗γ = −p∗σ∗γ = −p∗γ =⇒ 2p∗γ = 0,

and since H1(C,Z) is torsion-free abelian γ
!
∈ ker(p∗). The surjectivity of p∗ is precisely

the statement of [56, Prop.1.11], for k = 1, q = 1 in the notation therein. Note that the fact
that our cover p is ramified is absolutely crucial in proving that p∗ is surjective. Indeed,
this property fails in the case of unramified covers.

Remark 4.4.3. Dualising the sequence (4.32), we have

0 −→ H1(C,Z) p∗−−→ H1(Σ,Z) −→ H̃1(Σ,Z)− −→ 0, (4.33)

where H̃1(Σ,Z)− := Hom(H1(Σ,Z)−,Z). Using the fact that p is simply ramified, Mum-
ford shows in [64, Section 3], that p∗ is injective.

Proposition 4.4.4. Gauß-Manin Connection on the Family of Spectral Curves
Consider M (C,Q) as the moduli of spectral curves of a fixed type, i.e. as base for a family
of curves in the obvious way

f : Σ :=
∐

(C,Q)∈M (C,Q)

ΣC,Q −→ M (C,Q) ; f −1(C,Q) = Σ(C,Q). (4.34)
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Then, the étalé vector bundle H on M (C,Q) with fibres H i(f −1(C,Q),C) admits a unique
linear flat connection preserving the natural integral lattice HZ with fibres H i(f −1(C,Q),Z),
for any i.

Proof. The map f is a proper submersion of complex manifolds, so by Ehresmann’s theorem
cf.[28], f is a locally trivial fibration of complex manifolds. In particular, H i(f −1(C,Q),C)
does not depend on (C,Q), since the fibres of f are locally homeomorphic. Let F be a sheaf
of abelian groups on Σ. By proper base change, taking higher direct images commutes
with base change, i.e. for a Cartesian diagram

Σ× T Σ

T M (C,Q),

g′

f ′ f

g

the natural map: g∗Rif∗F → Rif ′
∗g

′∗F is an isomorphism, cf. [60, Theorem 6]. In particular
for a point on the base g : (C,Q) ↪→ M (C,Q), we have

(Rif∗F)C,Q ∼= H i(ΣC,Q,F|ΣC,Q
). (4.35)

Furthermore, substituting F = C, we obtain a local system on M (C,Q) with fibres
H i(ΣC,Q,C) = H i(f −1(C,Q),C). When working in the algebraic category, i.e. f is a proper
morphism of algebraic spaces, we use Grothendieck’s comparison theorem to identify al-
gebraic and analytic de Rham cohomologies. Using the Riemann-Hilbert correspondence
2.2.2, we associate to the resulting local system Rf∗C, a vector bundle Rf∗C⊗OM (C,Q) with
a flat connection ∇GM . This is uniquely determined by the sheaf of local sections and by
the fact that it preserves the natural integral structure induced by Rf∗Z.

4.5. Prym Varieties of Spectral Covers

Lemma 4.5.1. Let p : Σ −→ C be a simply ramified double cover of smooth algebraic
curves and denote by Jac(Σ), Jac(C) the Jacobian varieties of Σ and C respectively. The
restriction of the pullback of p to line bundles of degree zero

p∗ : Jac(C) −→ Jac(Σ) (4.36)

is an injective map.

Proof. [64, Section 3].
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Definition 4.5.2. Prym of a Spectral Cover and Anti-Invariant Line Bundles
Let p : Σ −→ C be a simly ramified double cover of smooth algebraic curves. We define by

Prym(Σ/C) := Jac(Σ)/p∗(Jac(C)) (4.37)

the Prym variety of Σ as a scheme over C. Moreover, let

Jac(Σ)− := {M ∈ Jac(Σ)|σ∗M ∼= M∗}, (4.38)

We call Jac(Σ)− the σ-anti-invariant part of the Jacobian.

Lemma 4.5.3. Characterisation of the Prym Variety
Consider the 2-torsion subgroup of Jac(C), i.e. Jac(C)[2] = {P ∈ Jac(C)|P⊗2 = OC},
then

Prym(Σ/C) = Jac(Σ)−/p∗(Jac(C)[2]). (4.39)

Proof. This was proven by a short argument in [15], using the results of [64], which we
now recall here for completeness. First, note that the natural inclusion Jac(Σ)− ↪→ Jac(Σ)

gives a map

j : Jac(Σ)− −→ Jac(Σ)/p∗(Jac(C)). (4.40)

We claim that j is surjective. To see this, let M ∈ Jac(Σ), then, since the endomorphism

Jac(Σ) −→ Jac(Σ) (4.41)

M 7−→M⊗2

is an isogeny of abelian varieties, cf. [68], for any M ∈ Jac(Σ), there exists N ∈ Jac(Σ),
such that N⊗2 =M . We can split M into a product M = [N⊗σ∗(N∗)]⊗ [N⊗σ∗(N)]. The
first component N ⊗ σ∗(N∗) is an element of Jac(Σ)−, since N∗⊗ σ∗(N∗)∗ = N∗⊗ σ∗(N).
Due to Mumford in [64, Section 3], we also have N ⊗ σ∗(N) ∈ p∗(Jac(C)), which is a
non-trivial result making use of the fact that the ramification locus of p : Σ −→ C is
non-trivial but simple. Then the kernel of j is

ker(j) = p∗(Jac(C)) ∩ Jac(Σ)− = p∗(Jac(C))[2] ⊂ Jac(Σ) (4.42)

and the identification 4.39 follows.
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5. Wild Algebraic Curves

In this section, we introduce the notion of a wild algebraic curve, an enhancement of
an algebraic curve, that encodes part of the irregular meromorphic data of a quadratic
differential.

5.1. Wild Curves and Divisorial Spectral Covers

Let (C,Q) ∈ M (C,Q) and consider the restriction-to-D exact sequence of of the datum of
a quadratic differential

0 −→ ω⊗2
C (D) −→ ωC(D)⊗2 |D−−→ ωC(D)⊗2|D −→ 0 (5.1)

obtained by twisting the sequence

0 −→ OC(−D) −→ OC −→ OD −→ 0

with ω(D)⊗2.

Definition 5.1.1. Enhancement Class
We define the enhancement class ν of a quadratic differential Q, as the image of Q under
the map in cohomology induced by the restriction map |D

ν := Q|D ∈ H0(C, ωC(D)⊗2|D).

Lemma 5.1.2. A Vanishing Lemma
The group of enhancement classes can be realised as a quotient

H0(C, ωC(D)⊗2|D) ∼=
H0(C, ωC(D)⊗2)

H0(C, ω⊗2
C (D))

. (5.2)

Proof. The long exact cohomology sequence associated to 5.1 reads

0 H0(C, ω⊗2
C (D)) H0(C, ωC(D)⊗2) H0(D,ωC(D)⊗2|D) H1(C, ω⊗2

C (D)) · · ·
(5.3)

The cohomology group H1(C, ω⊗2
C (D)) vanishes if deg(ωC(D)) > 0. Since D is effective,

this condition is fulfilled automatically for g ≥ 2. For lower genera,we have

deg(ωC(D)) ≤ 0 ⇐⇒
∑
i

⌈mi

2

⌉
≤ 2− 2g.

Under our admissibility condition 4.1.7, there are no quadratic differentials with these pole
configurations allowed and H1(C, ω⊗2

C (D)) vanishes identically.
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Remark 5.1.3. Let Q ∈ H0(C, ωC(H)) be a quadratic differential with H = m · p and
D = n · p = ⌈m

2
⌉ · p. Locally, for a coordinate x ∈ U at a neighbourhood of a pole p ∈ U

with x(p) = 0, we have

Q(x) =
(am
xm

+ · · · a1
x

+ a0

)
dx⊗2 = (amx

2n−m + · · ·+ a1x
2n−1 + a0x

2n)
dx⊗2

x2n
.

If m = 2n, then

ν(x) = Q(x)|D = [am + · · ·+ an+1x
n−1] ∈ C[x]/xn

and if m = 2n− 1, then

ν(x) = Q(x)|D = [amx+ · · ·+ an+1x
n−1] ∈ C[x]/xn.

At an odd order pole of the quadratic differential m ≡ 1 mod 2, the enhancement class
has zero constant term.

Since we will be associating enhancement classes to the quadratic differentials of admis-
sible type (g,m) cf.4.1.7, the following technical definition is justified.

Definition 5.1.4. Enhancement Class of type m
Let C,H,D as above. We say that an enhancement class ν ∈ H0(D,ωC(D)⊗2|D) is of type
m = {mi}i if the constant term of ν(pi) is zero for all i : mi ≡ 1 mod 2.

Definition 5.1.5. The Class-ν Cover
Let C,D, ν be as above. We denote by pν : Dν → D the double cover on D defined by
the section ν ∈ H0(C, ωC(D)⊗2|D) via the spectral curve construction 4.3.9. Moreover,
we denote by λν ∈ H0(Dν , ωΣ(Dν)|Dν ) the associated Seiberg-Witten form, for which
λ⊗2
ν = p∗νν.

The last ingredient in defining a wild curve is the choice of a sheet of the pν : Dν → D

cover we have just constructed, over each even order pole. Recall that given a divisor H of
type m = (m1, . . . ,md), i.e. H =

∑
imi · pi, the points pi with mi even have two distinct

pre-images in Dν under pν , while the points pi with mi odd have only one pre-image, cf.
remark 4.2.3. The next definition prescribes the choice of a single preimage over each
geometric point of D.

Definition 5.1.6. "The Signing"
Let C,D, ν be as above. Consider the associated double cover pν : Dν −→ D, as well as
the induced cover on the reduction of the divisors predν : Dred

ν −→ Dred. A signing on Dν

is a choice of a section of the covering predν , that is

ξ : Dred ↪→ Dred
ν ; s.t. pν(ξ(p)) = p, ∀p ∈ Dred. (5.4)
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Figure 1: Quadratic Differentials in the same enhancement class give rise to the same 2-
cover over the divisor: Dν → D.

We collect all of this data into the notion of a wild curve.

Definition 5.1.7. Wild Algebraic Curves
A wild curve of type (g,m) is a triple C := (C,D, ν, ξ) consisting of:

1) a projective algebraic curve of genus g: C ∈ M (C),

2) an effective divisor D on C, such that D =
⌈
H
2

⌉
, for some H of type m ,

3) an enhancement class ν ∈ H0(D,ωC(D)⊗2|D) of type m ,

4) a signing ξ : Dred ↪→ Dred
ν .

Remark 5.1.8. Note that H does not appear explicitly as part of the data of a wild
curve since it can be defined uniquely, given D and the enhancement class ν of type m .
The vanishing order of ν at each point p in the support of D is the length of H at p.

Now, using the enhancement and the signing of a wild curve, we define a last important
divisor Dξ, which is to be thought of as half -of-Dν .

Definition 5.1.9. The Signed Lift of the Polar Divisor-Dξ

Let C = (C,D, ν, ξ) ∈ M (C ) be a wild curve and D =
∑

i ni · pi. We define a divisor

Dξ :=
∑
i

ni · ξ(pi). (5.5)
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Remark 5.1.10. Properties of Dξ

• deg(Dξ) = deg(D).

• If Di = nipi a component of D with associated mi ≡ 1 mod 2, then ξ(Di) =
p∗νDi

2
.

• If Dj = njpj a component of D with associated mj ≡ 0 mod 2, then ξ(Dj) is one of
the two connected components of p∗νDj.

Definition 5.1.11. Irregular Type of a Wild Curve
Let C = (C,D, ν, ξ) be a wild curve. We call the restriction λξ := λν |Dξ

the irregular type
of the wild curve C .

Definition 5.1.12. Residue of an Enhancement Class
Let (g,m) = (g, {mi}i) be a polar type and let C = (C , D, ν, ξ) be a wild curve with

D =
∑
i

ni · pi =
∑
i

⌈mi

2

⌉
· pi

and ν ∈ H0(C, ωC(D)⊗2|D). If mi ≡ 0 mod 2, we have

λξ(ξ(p))(x) = cn + cn−1x+ · · ·+ c1x
n−1

and define the residue of ν at p as the leading order term of the polynomial λξ(ξ(p)), i.e.
Resp(ν) = c1.

Definition 5.1.13. Moduli of Wild Curves
We denote by M (C ) the space parametrising wild curves C = (C,D, ν, ξ), such that
Respi(ν) = 0; ∀pi ∈ D with mi ≡ 0 mod 2. An isomorphism between two wild curves
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(C,D, ν, ξ) and (C ′, D′, ν ′, ξ′) is given by an isomorphism of algebraic curves f : C
∼−→ C ′

such that g∗D′ = D, g∗ν ′ = ν and g∗ξ′ = ξ.

Remark 5.1.14. Note here that the term wild carries multiple meanings throughout
the literature, and even more confusingly, some tend to be related. Most notably, the
term appears in the theory of ramified covers in finite and mixed characteristic, used to
differentiate between covers that are locally described as separable extensions of residue
fields (tame case) or inseparable extensions (wild case). In this thesis, all covers are tamely
ramified as finite maps between complex curves, and the term wild rather refers to the
fact that the polar divisor D is non-reduced, a term used mainly in the study of irregular
connections, Stokes data and the geometric Langlands programme. For the latter use of
the term wild cf. [78] and [9].

Remark 5.1.15. The ring parametrising enhancement classes of type m with vanishing
residues is:

M m
0 (ν) =

⊕
i∈I

x · C[x]
xni+1

⊕
⊕
j∈J

C[x]/xnj , (5.6)

where I := {i |mi ≡ 1 mod 2} and J := {j |mj ≡ 0 mod 2}. As a vector space, it is of
dimension

dimC(M m
0 (ν)) = deg(D)− d =

∑
i

(ni − 1).

Lemma 5.1.16. The space of enhancement classes H0(D,ωC(D)⊗2|D) on a pair (C,D)

of curve C with a divisor D, is dual to the space of sections H0(D,TC(−D)|D) on (C,D).

Proof. (Sketch) We provide a detailed proof of this result later on as part of the proof of
theorem 5.2.22. We remark here, that applying Serre duality [43, Theorem 3.3.4], we have

H0(D,ωC(D)⊗2|D) ∼= H0(D,TC(−D)|D)∗.

The perfect pairing is given by the residue pairing

H0(D,ωC(D)⊗2|D)×H0(D,TC(−D)|D) −→ C (5.7)

(ν, j) 7−→ Res(ν · j).

Explicitly, in local terms, choosing a uniformiser x at a point p of D of length n, we have

ν(x) =
n−1∑
i=0

αix
i

(
dx⊗2

x2n

)
; j(x) =

n−1∑
i=0

βix
i(xn∂x)
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then taking the product and contracting gives

ν(x) · j(x) =
2n−2∑
i=0

γix
i

(
dx⊗2

x2n

)
· (xn∂x) =

2n−2∑
i=0

γix
idx

xn
=⇒ Resp(ν(x)j(x)) = γn−1.

Definition 5.1.17. Space of Jets
Let (C,D) be a pair of an algebraic curve and an effective divisor, then we denote the space
of D-jets on C by M(C,D)(j) = H0(D,TC(−D)|D) and by M (C,D, j) = M (C,D)×M(C,D)(j)
the trivial bundle of jets over M (C,D).

5.2. Quadratic Differentials on Wild Curves

Definition 5.2.1. Quadratic Differentials on Wild Curves
Let C = (C,D, ν, ξ) ∈ M (C ). A quadratic differential on C is a section

Q ∈ H0(C, ω⊗2
C (H)) with Q|D = ν ∈ H0(C, ωC(D)⊗2|D). (5.8)

We denote the space of quadratic differentials on wild curves by M (C , Q).

Lemma 5.2.2. There is a a forgetful projection

M (C , Q) −→ M (C ) (5.9)

with fibre H0(C, ω⊗2
C (D)). Moreover, M (C,Q) is a (forgetful) étale quotient of M (C , Q)

by the moduli of signings (Z/2Z)e.

Proof. The fact that 5.9 has fibre H0(C, ω⊗2
C (D)) follows from the vanishing lemma 5.1.2.

Namely, via the isomorphism H0(C, ωC(D)⊗2|D) ∼= H0(C,ωC(D)⊗2)

H0(C,ω⊗2
C (D))

, the enhancement datum

ν of a wild curve fixes a quadratic differential up to H0(C, ω⊗2
C (D)). Regarding the second

claim quadratic differential Q on a curve C, fixes a divisor D by setting D =
⌈
H
2

⌉
, where

H is the polar divisor of Q, as well as an enhancement class by reduction to the divisor D,
i.e. ν = Q|D ∈ H0(D,ωC(D)⊗2|D).

In the last chapter, we saw how a quadratic differential can be interpreted as a spectral
cover of the base curve. We highlight the role of the enhancement class in the language of
spectral covers, namely, it is the part of the quadratic differential that fixes the geometry
of the spectral curve over the polar divisors.
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Remark 5.2.3. Applying proposition 4.3.10 to the embedding of D in C, we see that the
double cover pν : Dν → D determined by the enhancement class ν ∈ H0(C, ωC(D)⊗2|D)
of a quadratic differential, is the restriction of the spectral cover p : Σ → C associated
to the quadratic differential over the polar divisor D, that is Dν = ι∗DΣ = π∗D ∩Tot Σ.
Diagrammatically

π∗D Tot(ωC(D))

Dν Σ

D C .

π

pν p

ιD

(5.10)

Remark 5.2.3 shows that the spectral covers of any two quadratic differentials in the same
ν-class, restrict to the same Dν cover of D. Here is an explicit local description of that
fact.

Proposition 5.2.4. Seiberg-Witten Differential restricts to Irregular type
Let C = (C,D, ν, ξ), let Q a quadratic differential on C and let λ be the SW-differential
on the spectral cover p : Σ −→ C associated to Q, cf. definition 4.3.8. Then, we have

λν =λ|Dν ∈ H0(Dν , ωΣ(Dν)|Dν ) = H0(p∗D,ωΣ(p
∗D)|p∗D), (5.11)

λξ =λ|Dξ
∈ H0(Dξ, ωΣ(Dν)|Dξ

) = H0(Dξ, ωΣ(p
∗D)|Dξ

) (5.12)

for the λν , λξ of definitions 5.1.5 and 5.1.11. In local terms, this means that the Laurent
tail of λ at each pole is fixed by the enhancement datum of the wild curve, that is, it is fixed
by half of leading order terms in the Laurent tail of Q.

Proof. We argue locally, so, w.l.o.g., we let the divisor D to have a unique closed point
pt, that is, Q ∈ H0(C, ω⊗2

C (m · pt)), in particular D = n · pt =
⌈
m
2

⌉
· pt. Then, in a local

coordinate x around pt with x(pt) = 0, the Laurent tail of the quadratic differential at pt
is

Lpt(Q(x)) =
2n∑
j=0

qj
xj
dx⊗2 =

2n∑
j=0

qjx
2n−j dx

⊗2n

x2n
and ν(x) =

2n∑
j=n

qjx
2n−j ∈ C[x]/(xn),

where crucially q2n = 0 if m ≡ 1 mod 2. We prove the statement by giving an explicit
formula for the coefficients of λ|Dν in terms of the coefficients {qn, . . . , qm} of ν. For
notational reasons, we need to differentiate the cases based on whether Σ ramifies over pt
or not.
Ramified Case: i.e. m ≡ 1 mod 2. After passing to a coordinate w on the double cover
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w2 = x, for a neighbourhood of q = p−1(pt), with w(q) = 0, we write

Lq(p
∗Q) =

2m∑
j=0

q̃j
wj

with q̃j = 0,∀j : j mod 2 ≡ 1, q̃j = q j
2
.

The Laurent tail of the square root is

Lq(λ) =
m∑
k=0

ck
wk

; where ck =
1

2
√
q̃2m

[
q̃m+k −

m−1∑
j=k+1

cjc2m−j

]
.

Notice that only the coefficients of the enhancement {qn, . . . , q2n−1} enter the recursion
formula. Analogously, we proceed in the unramified case.
Unramified Case: i.e. m ≡ 0 mod 2, and let {q, σ(q)} = p−1(pt). Then, we have at q ∈ Σ

Lq(p
∗Q) =

m∑
j=0

qj
wj

=⇒ Lq(λ) =

m/2∑
k=0

ck
wk

; where ck =
1

2
√
qm

qm
2
+k −

m/2−1∑
j=k+1

cjcm−j


and Lσ(q)(λ) = Lq(σ

∗λ) = σ∗Lq(λ).

Remark 5.2.5. If Q is a quadratic differential on a wild curve C = (C,D, ν, ξ), with
spectral cover p : ΣQ −→ C, carrying an involution σ, then

p∗D = Dν = Dξ + σ∗Dξ.

In particular if Di = ni · pi and Q(pi) = 0, i.e. pi is a point on the branching locus B ⊂ C,
then p∗Di = 2 · (Dξ|p∗D).

Definition 5.2.6. The Anti-Invariant Cohomology Bundle H

We denote by H −→ M (C , Q) the bundle having fibres the anti-invariant cohomol-
ogy groups H̃1(Σ(C ,Q),C)−. We denote by H Z −→ M (C , Q) the bundle with fibres
H̃1(Σ(C ,Q),Z)−, which is a natural integral lattice of H . Lastly we denote by

π : H # −→ M (C , Q) (5.13)

the bundle whose fibres are given by the quotients H̃1(Σ(C ,Q),C)−/H̃1(Σ(C ,Q),Z)−, that is
H # = H /H Z.

Corollary 5.2.7. (to proposition 4.4.4)
The Gauß-Manin local system of proposition 4.4.4, restricts to anti-invariant cohomology
and we obtain in exactly the same way a flat Gauß-Manin connection ∇GM on the bundle
H −→ M (C , Q), which is unique with the property that it preserves the integral lattice
H Z.
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5.2.1. Period Structure on M (C , Q)

In this section, we define a period structure on M (C , Q) as introduced in definition 3.3.2.
We study a period map on M (C , Q), which will allow us to relate H to the tangent bundle
T M (C,Q), and thereby giving a geometric/moduli theoretic interpretation to the space X
of Chapter 3, on which we strive to construct a Joyce Structure.

Definition 5.2.8. Periods of Quadratic Differentials
Let consider a pair of a wild curve and a quadratic differential (C , Q) ∈ M (C , Q) and
recall the 1-form λ ∈ H0(Σ, ωΣ(Dν)) on the associated spectral curve from (4.24). We call
the associated de Rham cohomology class

ZQ := [λ]dR =

[∫
∗
λ : H1(Σ,Z)− → C

]
∈ H̃1(Σ,C)−, (5.14)

the period of the quadratic differential Q. Note that de Rham class is well-defined since
λ is the restriction of the canonically defined tautological 1-form y to the unique spectral
curve Σ associated to Q, cf. definition 4.3.8.

Period classes define a section of the cohomology bundle of definition 5.2.6

δ : M (C , Q) −→H (5.15)

(C , Q) 7−→ ZQ.

We call δ the period section of H −→ M (C , Q).

Remark 5.2.9. Note here that, although λ is a meromorphic 1-form on the spectral
curve, the residue-zero condition on the enhancement datum tautologically imposes that
the residue of λ also vanishes on all anti-invariant homology cycles. Recall that only cycles
around even order poles contribute to anti-invariant homology.

Remark 5.2.10. Notation for a Basis of Anti-Invariant Homology
We write {γ1, . . . , γ2g} for a basis of the anti-invariant cohomology H1(Σ,Z)−, such that γj
are A-cycles for 1 ≤ j ≤ g, B-cycles for g+1 ≤ j ≤ 2g and (γi, γj) = δi,j−g; for 1 ≤ i ≤ g.

The following result was originally discovered by Veech [76] and was also recovered by
Bridgeland-Smith in [18].

Theorem 5.2.11. The period map δ is a local isomorphism of complex manifolds.

Proof. This is shown in [76, Theorem 7.22], cf. also [18, Sec. 4].

The Gauß-Manin connection on the cohomology bundle H allows us to recast this result
into the following theorem.
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Theorem 5.2.12. Differential of the Period Section
The differential of the period section δ with respect to the Gauß-Manin connection yields
an isomorphism of C-vector bundles:

∇GMδ : TM (C , Q)
∼−−→H , (5.16)

w 7−→ ∇GM
w δ(C , Q),

that is, ∇GM
w δ(C , Q) is differentiating the period class in the direction of w.

Proof. (sketch) Let {Ui} be a complex analytic cover of M (C , Q). The flat connection
∇GM on H −→ M (C , Q) prescribes a flat trivialisation of H , i.e. a collection of flat
isomorphisms:

Ti : H |Ui

∼−−→ Ui ×Hx, for some x ∈ Ui (5.17)

such that ∇GM |Ui
is identified with the trivial connection d. Let

Fi := Ti ◦ δ|Ui
: Ui −→Hx (5.18)

Since T is flat we have: dFi = Ti ◦ (∇GMδ)|Ui
. Now since δ is known to be a local

isomorphism by 5.2.11, Fi is a (local) biholomorphism and its differential

dFi : TUi
∼−−→ Ui ×Hx (5.19)

is an isomorphism of complex bundles, therefore composition:

T −1
i ◦ dFi : TM (C,Q)|Ui

−→H |Ui
(5.20)

is an isomorphism as well. It remains to see that this construction glues to a global
isomorphism of complex vector bundles TM (C,Q) −→ H . Let Uij = Ui ∩ Uj, then
Tj = (id × gij) ◦ Ti for some gij ∈ GL(Hx) and x ∈ Uij. The differential then reads
dTj = (id× gij) ◦ dTi and the covariant derivatives agree on the overlaps Uij via:

∇GM |Uj
= T −1

j ◦ dFj = T −1
i ◦ (id× gij) ◦ dFi = T −1

j ◦ dFj = ∇GM |Ui

Lemma 5.2.13. Period Coordinates on M (C , Q)

The isomorphism of Theorem 5.2.12 prescribes a local coordinate system on M (C , Q).

Proof. Consider a neighbourhood (C , Q) ∈ U ⊂ M and a basis {γi}i of H1(ΣC ,Q,Z)−.
Then, using the Gauß-Manin connection, we extend this basis to U ×H1(ΣC ,Q,Z)−. Fur-
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thermore using the pairing

H1(ΣC ,Q,Z)− × H̃1(ΣC ,Q,C)− −→ C

(γi, [λ]dR) 7−→ zi :=

∫
γi

ZQ =

∫
γi

δ(C , Q)

we obtain locally defined functions on M (C , Q), namely the functions {zi}i. The statement
of theorem 5.2.12 is that

{
∂
∂zi

}
give a local basis for TM (C , Q)|U and that the functions

{zi}i can be interpreted as local coordinates on U ⊂ M (C , Q).

Lemma 5.2.14. Let v ∈ T(C ,Q)MC (C , Q), then ∇GM
v ZQ is a de Rham cohomology class

of an 1-form that is holomorphic away from ramification.

Proof. Let U ⊂ C be a neighbourhood of a geometric point of the polar divisor that is not
on the branching locus p ∈ Dred\B, and let x ∈ U be a local coordinate with x(p) = 0.
Then, a quadratic differential Q ∈ MC (C , Q) is locally represented by a Laurent polynomial

Q(x) =
a2n
x2n

+ · · ·+ a1
x

+ a0 + O(x). (5.21)

Fixing the wild curve C amounts to fixing the coefficients {a2n, . . . , an+1}. The covariant
derivative of ZQ in the direction of v yields ∇GM

v ZQ = 1√
p∗Q
∇GM

v p∗Q, where (
√
p∗Q)−1 is

a rational function of order > −n. This means that xn · (
√
p∗Q)−1 is regular holomorphic.

Since v is a tangent vector pointing in a direction vertical to the deformation of the wild
curve, ∇GM

v p∗Q has a pole of order at most n, as {a2n, . . . , an+1} are kept fixed and their
moduli is killed by the directional derivative. Therefore, the expression ∇GM

v ZQ represents
the de Rham class of an 1-form that is regular holomorphic at the polar point p.

Definition 5.2.15. Euler Vector field on M (C , Q)

The Euler vector field Z =
∑

i zi
∂
∂zi

is the generator of the C∗-action

ϕ : C∗ ×M (C , Q) −→ M (C , Q) (5.22)

(t, (C,D, ν, ξ, Q)) 7−→ (C,D, t2ν, ξ, t2Q).

5.2.2. Symplectic and Cotangent Bundle Structure on M (C , Q)

Let (C,Q) ∈ M (C,Q) be a quadratic differential on C and denote by Σ its associated
spectral cover and by B its branching divisor on C. Consider the intersection product on
homology, restricted on anti-invariant cycles

⟨·, ·⟩ : H1(Σ,C)− ×H1(Σ,C)− −→ C. (5.23)
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We will see now that, upon considering quadratic differentials on wild curves, this pairing
gives rise to a symplectic structure on M (C , Q).

Definition 5.2.16. Residue of Quadratic differentials on Wild Curves
Let C = (C,D, ν, ξ) and Q a quadratic differential on C . Let q ∈ Hred

ev = Dred\B, i.e. a
pole of Q that is an even order pole of Q ∈ H0(C, ωC(D)⊗2). We define the residue of the
quadratic differential Q at the point q

Resq(Q) :=
∫
γξ(q)

ZQ =

∫
γξ(q)

δ(C , Q), (5.24)

for γξ(q) ∈ H1(Σ\Dξ,Z), a cycle around ξ(q).

Remark 5.2.17. Let (C , Q) ∈ M (C , Q). The condition that Respi(ν) = 0; ∀pi ∈ D,
translates to the condition that Resq(Q) = 0 for q ∈ Dred\B.

Definition 5.2.18. A Pairing on T ∗M (C , Q)

Let (C , Q) ∈ M (C , Q). Since H1(ΣC,Q,C)− ∼= TC ,QM (C , Q), due to theorem 5.2.12, using
the Gauß-Manin connection, we have a pairing

⟨·, ·⟩ : T ∗
C ,QM (C , Q)× T ∗

C ,QM (C , Q) −→ C.

Explicitly, let {γj}j be a basis of H1(Σ,C)− and {dzj}j its image in T ∗
C,QM (C,Q), then

⟨dzi, dzj⟩ 7−→ (γi · γj),

where (·, ·) is the intersection product from which we obtain a bracket

{·, ·} : C∞(M (C , Q))× C∞(M (C , Q)) −→ C∞(M (C , Q)) (5.25)

that is defined locally on the period coordinates of M (C , Q) by

{zi, zj} := ⟨dzi, dzj⟩ . (5.26)

Lemma 5.2.19. The bracket {·, ·} of definition 5.25 is a Poisson structure on M (C , Q).

Proof. This bracket is defined locally on analytic functions in several complex variables,
with the following properties:

• Skew-symmetry follows directly from the same property of the intersection pairing.

• Leibniz rule:

{f, gh} = ⟨df, d(gh)⟩ = ⟨df, dg · h+ g · dh⟩ = h ⟨df, dg⟩+ g ⟨df, dh⟩
= h{f, g}+ g{f, h}
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• Jacobi-integrability: For fi ∈ C∞(M (C,Q)), we have

{f1, {f2, f3}} =
∑
klij

ϵklϵij
∂f1
∂zk

∂2f2
∂zl∂zi

∂f3
∂zj︸ ︷︷ ︸

(1)

+
∑
klij

ϵklϵij
∂f1
∂zk

∂f2
∂zi

∂2f3
∂zl∂zj︸ ︷︷ ︸

(2)

{f3, {f1, f2}} =
∑
klij

ϵklϵij
∂f3
∂zk

∂2f1
∂zl∂zi

∂f2
∂zj︸ ︷︷ ︸

(3)

+
∑
klij

ϵklϵij
∂f3
∂zk

∂f1
∂zi

∂2f2
∂zl∂zj︸ ︷︷ ︸

(4)

{f2, {f3, f1}} =
∑
klij

ϵklϵij
∂f1
∂zk

∂2f2
∂zl∂zi

∂f3
∂zj︸ ︷︷ ︸

(5)

+
∑
klij

ϵklϵij
∂f2
∂zk

∂f3
∂zi

∂2f1
∂zl∂zj︸ ︷︷ ︸

(6)

,

then, by the antisymmetry of ϵij: (1)+(4) = (2)+(5) = (3)+(6) = 0 and the Jacobi
relation:

{f1, {f2, f3}}+ {f3, {f1, f2}}+ {f2, {f3, f1}} = 0

follows.

Proposition 5.2.20. The Poisson structure is non-degenerate, i.e. it is a symplectic
structure on M (C , Q). We denote the symplectic form given by the bracket (5.25) by ω.

Proof. Let {zi}i be the period coordinates on a neighbourhood U ⊂ M (C , Q). Let {γi}i
denote a basis of H1(Σ,Z)−. Given any cycle γi, we want to show that

{zi, zj} = γi · γj = 0 ∀j ⇐⇒ zi = 0. (5.27)

This is true since all cycles in the anti-invariant cohomology are A,B-cycles, and these all
have non-trivial intersections.

Proposition 5.2.21. The fibres MC (Q) of M (C , Q) −→ M (C ) are Lagrangian subman-
ifolds with respect to the symplectic structure ω of (5.25), obtaining a Lagrangian fibration
on the space of quadratic differentials.
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Proof. For the period coordinates (zi)i, let ωij = ω( ∂
∂zi
, ∂
∂zj

) with ωij = −ωji. Moreover,
let (aℓ)ℓ be a local basis on the fibre. For this we have

ω

(
∂

∂ak
,
∂

∂aℓ

)
= ω

(∑
i

∂zi
∂ak

∂

∂zj
,
∑
i

∂zj
∂aℓ

∂

∂zj

)
=
∑
ij

ωij
∂zi
∂ak

∂zj
∂aℓ

=
∑
ij

ωij

∫
γi

∇GM
ak

[λ]

∫
γj

∇GM
aℓ

[λ].

Since (γj)j is a basis of anti-invariant cohomology, cycles around poles at ramification are
excluded. Since ∇GM

ak
[λ] is holomorphic away from ramification for all k by lemma 5.2.14,

applying the residue-reciprocity theorem [33, Section 2.3] we conclude

ω

(
∂

∂ak
,
∂

∂aℓ

)
= 0.

In the holomorphic setting, the space of quadratic differentials emerges naturally via
deformation theory as the cotangent space to the moduli of algebraic curves. To see this,
let C ∈ M (C) be a curve, denote by TC its tangent sheaf and by ωC the dualising sheaf.
Then we have

T[C]M (C) ∼= H1(C, TC) =⇒ T ∗
[C]M (C) ∼= H0(C, ω⊗2

C ). (5.28)

The following theorem shows that quadratic differentials can be interpreted as cotangent
vectors.

Theorem 5.2.22. A Cotangent Bundle structure of M (C , Q)

The space of quadratic differentials on wild curves M (C , Q) is the cotangent bundle to the
space of jets M (C,D, jν) of definition 5.1.17.

Proof. Consider the restriction sequence of the tangent sheaf TC to the underlying algebraic
curve

T • : · · · −→ TC |D[−1] −→ TC(−D) −→ TC −→ TC |D −→ TC(−D)[1] −→ · · · (5.29)

and denote by D := RHomOC
(−, ωC [1]) the dualising functor of the Serre-Grothendieck-

Verdier duality (SGV). By [43, Theorem 3.3.4], there exists a functorial isomorphism

RΓ(C,D(T •))
∼−−→ RΓ(C, T •)∗, (5.30)
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where the dualised complex D(T •) reads

D(T •) :−→ ωC(D)⊗2|D[−1] −→ ω⊗2
C (D) −→ ωC(D)⊗2 −→ ωC(D)⊗2|D −→ ω⊗2

C (D)[1] −→

By the functoriality property of the SGV-duality, we obtain a commutative diagram of
LES in cohomology

H1(C, TC)
∗ H1(C, TC(−D))∗ H0(D,TC |D)∗ H0(C, TC)

∗ H0(C, TC(−D))∗

H0(C, ω⊗2
C ) H0(C, ω⊗2

C (D)) H0(D,ω⊗2
C (D)|D) H1(C, ω⊗2

C ) H1(C, ω⊗2
C (D))

∼ ∼ ∼ ∼ ∼

Note that by our assumption on the degree of D cf. 4.1.7, we have

H1(C, ω⊗2
C (D)) ∼= H0(C, TC(−D))∗ = 0 (5.31)

and since TCM (C) = H1(C, TC) and T(C,D)M (C,D) = H1(C, TC(−D)), we obtain a canon-
ical identification: T ∗

C,DM (C,D) ∼= H0(C, ω⊗2
C (D)). Furthermore, from the LES in coho-

mology of the short exact sequence: 0 −→ ω⊗2
C (D) −→ ωC(D)⊗2 −→ ωC(D)⊗2|D −→ 0 we

have due to the vanishing lemma 5.1.2

0 H0(C, ω⊗2
C (D)) H0(C, ωC(D)⊗2) H0(C, ωC(D)⊗2|D) 0

0 T ∗
(C,D)M (C,D) T ∗

(C,D,j)M (C,D, j) T ∗
j MC(j) 0.

∼ ∼ ∼ (5.32)

The left and right vertical maps are the natural isomorphisms between finite dimensional
vector spaces and their double-duals V ∼−→ V ∗∗.

Remark 5.2.23. We decided to impose the residue-zero condition on quadratic differ-
entials (and wild curves). This decision, however, was only made to simplify an already
long and notationally heavy thesis. All aspects of the generalisation to the case of arbi-
trary residues, have been worked out and are reviewed in the appendix chapter C. Some
of highlights towards this generalisation up to this stage are:

• The cohomology bundles have fibres H̃1(Σ◦,C)− for Σ◦ := Σ\Dν . In particular,
we need to restrict the Seiberg-Witten differential to that punctured curve, when
defining residues.

• The GM-connection is not God-given, since we want to study the cohomology of
families of curves relative to a divisor and this involves the use of advanced machinery
of Katz-Kato [47].

• Most importantly, the symplectic form on M (C , Q) degenerates, and so it only carries
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Poisson structure. The symplectic leaves are given by the fixed residue condition and
the intersection of the symplectic leaves with the fibres of M (C , Q) are Lagrangian.
In particular, M (C , Q) is not a cotangent bundle.

6. Irregular Higgs Bundles and Flat Connections

The goal of this chapter is to construct certain decorated algebraic SL2(C)-bundles. In
particular, we construct a model for the bundle π : X →M , on which we aim to construct
a family of Ehresmann connections, cf. definition 3.2.3. In Bridgeland’s holomorphic
theory cf. [15, chapter 5], the correct decorations turned out to be those of holomorphic
Higgs fields and flat connections on the same holomorphic bundle. These structures give
rise to a fibre bundle M (C,E,Φ,∇) −→ M (C,Q), extending the usual Hitchin fibration.
In order to generalise this construction to the meromorphic setting with arbitrary polar
divisors, the correct decorations are those of irregular Higgs bundles and irregular flat
bundles preserving the same wild quasi-parabolic structure over a polar divisor, a notion
we introduce in this thesis.

6.1. Irregular Quasi-Parabolic Bundles and Deformation Theory

We start by defining the notion of an algebraic SL2(C)-bundle E on a curve C, as a
locally free sheaf, equipped with an equivalence class of SL2(C)-valued local trivialising
systems [(Uα, gα)] and recalling how SL2(C)-Higgs fields on E arise as the dual of the
first-order-deformation space of such a bundle. Then, we introduce the notion of a Wild
Quasi-Parabolic Structure, i.e. an OD-submodule of E|D: LD

ι
↪−→ E|D, satisfying a natural

compatibility condition with respect to the SL2-structure on E and study its first-order
deformations.

6.1.1. Algebraic G-Bundles

Let C be an algebraic curve, G < GLn a linear algebraic group and let F be a locally free
OC-Module of rank n. Moreover, we denote by GC the sheaf of, in general non-abelian,
groups, associated to [U ⊂ C affine open 7−→ G(Γ(U,OC))].

Definition 6.1.1. Local Trivialising Systems
A local trivialising system for F is a collection (Uα, gα), where

⋃
α Uα = C is a covering of

X and gα : F|Uα

∼−→ OnC |Uα are isomorphisms for all α, such that the sections

gαβ := gα ◦ g−1
β ∈ Γ(Uα ∩ Uβ, GLn,C)

satisfy the cocycle condition gαβ ◦ gβγ = gαγ ∈ Γ(Uαβγ, GLn,C) on triple intersections
Uα ∩ Uβ ∩ Uγ =: Uαβγ.
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Definition 6.1.2. G-Structures on Locally Free Sheaves of rank n.
A G-structure on F is a trivialising system (Uα, gα), such that gαβ ∈ Γ(Uαβ, GC). Two
G-structures (Uα, gα),(U ′

α, g
′
α) are equivalent, if the covering by all Uα, U ′

α, together with
the collection of all isomorphisms gα, g′α is also a G-structure on F .

Definition 6.1.3. Algebraic G-Bundles.
We call a pair E = (E , [(Uα, gα)]), consisting of a locally free OC-Module E of rank n and
an equivalence class [(Uα, gα)] of G-structures on E , an algebraic G-bundle. Two algebraic
G-bundles E,E ′ are isomorphic, if there exists:

• a covering
⋃
α Uα = C,

• cocycles gαβ, g′αβ on the same covering (Uα) representing the G-structure class of E
and E ′ respectively,

• a collection hα ∈ Γ(Uα, GC), such that hα◦gαβ = g′αβ ◦hβ for all Uαβ, i.e. the cocycles
gαβ, g

′
αβ are cohomologous.

A morphism of locally free sheaves f : E −→ E ′ is a G-bundle isomorphism, if there exists
data as above, such that f |Uα = gα ◦ hα ◦ (g′α)−1. We denote the moduli space of algebraic
G-bundles on a fixed curve C by M G

C (E) and after allowing the curve to vary, we write
M G(C,E).

Lemma 6.1.4. There is an 1:1 correspondence between isomorphism classes of algebraic
G-bundles on C and Čech-cohomology classes in Ȟ1(C,GC).

Proof. Follows by the construction of Čech-cohomology.

From here onwards, we will concern ourselves with the case of G = SL2, and so write
economically M (C,E) instead of M SL2(C,E) etc.

Until now, we have been careful in differentiating between the notions of an algebraic
bundle and that of a locally free sheaf. From now on we allow ourselves to use the following
categorical equivalence between the two notions to simplify notationally-heavy formuli,
whenever it is obvious which notion is meant to be used.

Lemma 6.1.5. There is a categorical equivalence

{Vector Bundles on C} ←→ {Locally Free OC-Modules of finite rank}. (6.1)

Proof. The left-to-right direction is given by the functor of local sections of a vector bundle
V (L) : U 7→ Γ(U,L|U). The inverse functor is given by the geometrisation functor

L 7−→ [π : Tot(L ) := Spec(Sym•(L ∨))→ C]
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for which we have

Γ(U,L |U) = Γ(U,L ∨∨|U) = HomC(U, Spec(Sym
•(L ∨)|U)) = HomC(U, Tot(L )|U)

that is, V (L (Tot(L ))) = L , and the tautological section y ∈ H0(Tot(L ), π∗L ) of
definition 4.3.2 is gives rise to an isomorphism L

∼−→ Tot(V (L)).

Remark 6.1.6. There is an equivalence between the notions of vector bundles with
G-structure as presented here and the notion of G-principal bundles. We refer to the
appendix, namely B.0.16 for a proof of this at a stacky level.

6.1.2. Deformations of Decorated Algebraic Bundles

We denote the Artin algebra of dual numbers over C by:

C[ε] := C[t]/(t2); ε2 = 0. (6.2)

We write sl2(E) for the sl2-valued endomorphisms of a bundle E, i.e. the trace free endo-
morphisms of E.

Lemma 6.1.7. Consider the space MC(E) parametrising isomorphism classes of SL2C-
algebraic bundles on C. The first-order deformation space of MC(E) at a point E ∈ MC(E),
is given by

TEMC(E) = H1(C, sl2(E)). (6.3)

Proof. For E ∈MC(E), we define the deformation functor

FE : Art opC −→ Set (6.4)

A 7−→ [F, θ], (6.5)

where ArtC is the category of local Artin C-algebras, and

F ∈ BunG(C ×C Spec(A)) (6.6)

is obtained by base change, i.e. there exists isomorphism of G-bundles on C

ϑ : i∗F
∼−→ E. (6.7)

Here i denotes the canonical closed embedding

i : C ↪→ C ×C Spec(A) (6.8)
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associated to the reduction along the specialisation morphism

A↠ A /m ∼= C; {m} = Spm(A). (6.9)

We declare an equivalence between two such pairs by

(F, ϑ) ∼ (F ′, ϑ′) :⇐⇒ ∃ η : F
∼−→ F ′ s.t. ϑ = ϑ′ ◦ i∗(η) (6.10)

and we denote by [F, ϑ] the isomorphism classes with respect to this equivalence relation.
In order to study first order deformations, we apply the deformation functor on C[ε].

Let (F, ϑ) be a representative of FE(C[ε]) and let (Uα[ε], fα) be a representative G-
structure for F , then we can write the associated cocycles of F as

fαβ = gαβ + εhαβ, for cocycles (hαβ ∈ Γ(Uα ∩ Uβ, sl2(E))), (6.11)

where Uα is the reduction of (Uα[ε]) to an affine cover of C:

Uα[ε] = Spec(C[ε])× Uα with Uα = Spec(Aα), for some Aα (6.12)

and

(gαβ : Uα ∩ Uβ −→ G)αβ (6.13)

is a cocycle associated to a representative G-structure of E. Moreover we show that any
Lie algebra-valued 1-cocycle hαβ ∈ Γ(Uαβ, sl2(E)) ( hαβ +hβγ = hαγ) on Uαβγ, gives rise to
a G-bundle automorphism of F that reduces to the identity over the closed subscheme

C ↪→ C ×C Spec(C[ε]). (6.14)

For this, consider the map
Γ(U, sl2(E))

ψ−→ Γ(U [ε], F ) (6.15)

s 7−→ (1 + εs) (6.16)

for which ψ(s1 + s2) = ψ(s1) · ψ(s2) holds. Then for a cocycle hαβ ∈ Γ(Uαβ, sl2(E)) and
fαβ := ψ(hαβ) = 1 + εhaβ, we have

fαβ · fβγ = ψ(hαβ) · ψ(hβγ) = ψ(hαβ + hβγ) = ψ(hαγ) = fαγ,

i.e. fαβ ∈ Γ(Uαβ, GC[ϵ]) is a group-valued 1-cocycle. Thereby, isomorphism classes of
first-order deformations of the G-bundle E are parametrised by H1(C, sl2(E)).

Corollary 6.1.8. The cotangent space of MC(E) at E is identified via Serre duality with

T ∗
EMC(E) = H0(C, sl2(E)⊗ ωC), (6.17)
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after canonically identifying sl2(E) with its dual via the Killing form on sl2 (cf.6.1.23).

Definition 6.1.9. SL2C-Higgs Bundles
Let (C,E) ∈ M (C,E). We call a section Φ ∈ H0(C, sl2(E) ⊗ ωC) an SL2(C)-Higgs field
on E and we refer to the pair (E,Φ) as an SL2(C)-Higgs bundle on the curve C.

Definition 6.1.10. Level Structure
If (C,E) ∈ M (C,E), then a trivialisation of E over an effective divisor D

η : E|D
∼−→ O⊕2

D (6.18)

is called a D-level structure on E, cf. [63].

Lemma 6.1.11. Deformations of D-Level Structures
The first order deformation space of the space of D-Level Structures MC(E, η) of SL2(C)-
bundles on a fixed curve C is given by

T(E,η)MC(E, η) = H1(C, sl2(E)⊗OC(−D)). (6.19)

Proof. Let E be as above, with G-structure (Uα, gα), such that gα|D = η ∀α with D ⊂ Uα.
In analogy to lemma 6.1.7, we consider infinitesimal deformations of the associated cocycles

gαβ 7→ gαβ + εhαβ, hαβ ∈ Γ(Uαβ, sl2(E)), (6.20)

only now we impose the condition that (gαβ + εhαβ)|D respects η, i.e. hαβ|D = 0. Then,
from the short exact sequence

0 −→ OC(−D) −→ OC −→ OD −→ 0

we obtain the following LES in cohomology

· · · −→ H1(C, sl2(E)⊗OC(−D)) −→ H1(C, sl2(E)⊗OC) −→ H1(C, sl2(E)⊗OD), (6.21)

where the last map is the restriction of 1-cocycles to the 0 dimensional subscheme associated
to D, which vanishes identically and therefore the deformations are unobstructed. The
deformation space is then identified with cohomology group H1(C, sl2(E)⊗OC(−D)).

Note that T ∗
EMC(E) = H0(C, sl2(E)⊗ ωC) < T ∗

(E,η)MC(E, η) = H0(C, sl2(E)⊗ ωC(D))

6.1.3. D-Twisted Higgs Bundles

Definition 6.1.12. D-Twisted SL2(C)-Higgs Bundles
If (C,E) ∈ M (C,E), and D an effective divisor on C, then a D-twisted SL2(C)-Higgs field
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is a section

Φ ∈ H0(C, sl2(E)⊗ ωC(D)). (6.22)

We call the pair (E,Φ) a D-twisted SL2(C)-Higgs Bundle on C.

Definition 6.1.13. The Hitchin Map on D-Twisted SL2(C)-Higgs Bundles
For (C,E) ∈ M (C,E), we define a map on the space of D-twisted Higgs fields on E

χ(C,E) : H
0(C, sl2(E)⊗ ωC(D)) −→ MC(Q) = H0(C, ωC(D)⊗2) (6.23)

Φ 7−→ 1

2
tr(Φ2)

where Φ2 denotes the composition

Φ2 : E
Φ−−→ E ⊗ ωC(D)

Φ⊗id−−−→ E ⊗ ωC(D)⊗2, (6.24)

rather than the Lie-product on sl2(E), therefore tr(Φ2) is generically non-zero. This map
gives rise fibre-wise to a morphism

χ : M (C,E,Φ) −→ M (C,Q) (6.25)

(C,E,Φ) 7−→ (C, χ(C,E)(Φ)),

acting as the forgetful map on the datum of the SL2(C)-bundle E. We call χ the Hitchin
map on D-Twisted SL2(C)-Higgs Bundles.

Remark 6.1.14. Consider the C∗-action on MC,E(Φ) = H0(C, sl2(E)⊗ ωC(D)) induced
by the rescaling action on 1-forms, i.e. Φ 7→ ϵ · Φ, as well as the C∗-action on the space
of quadratic differentials induced in the same way Q 7−→ ϵ2 ·Q. Then the Hitchin map is
C∗-equivariant with respect to these actions, i.e.

χ(C,E)(ϵΦ) =
1

2
tr(ϵ2Φ2) = ϵ2χ(C,E)(Φ) (6.26)

Definition 6.1.15. SL2(C)- Higgs Bundles on Wild Curves
Let C = (C,D, ν, ξ) be a wild curve. An SL2(C)-Higgs bundle on C is a pair of an
SL2-bundle E and a D-twisted Higgs field Φ ∈ H0(C, sl2(E) ⊗ ωC(D)) on C such that
χ(Φ)|D = ν. Via this definition, we refine the space M (C,E,Φ) to M (C , E,Φ) and the
Hitchin fibration to χ : M (C , E,Φ)→ M (C , Q).

Recall that, as we have demonstrated before, χ(Φ|D) = χ(Φ)|D, cf. proposition 5.2.4.

Definition 6.1.16. Irregular SL2(C) Flat Connections
For (C,E) ∈ M (C,E), an irregular SL2(C) flat connection on E with poles along an
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effective divisor D on C is a C-linear map

∇ : E −→ E ⊗ ωC(D), (6.27)

such that ∇(f · s) = df ⊗ s+ f · ∇s.

Definition 6.1.17. Residue of Irregular Connections
Given an irregular SL2(C) flat connection ∇ : E −→ E ⊗ ωC(D), we call the OD-linear
map ∇|D ∈ H0(D, sl2(E)⊗ ωC(D)|D) defined by

0 E ⊗O(−D) E E|D 0

0 E ⊗ ωC E ⊗ ωC(D) E ⊗ ωC(D)|D 0,

∇ ∇|D (6.28)

the residue of ∇ at D. In particular the residue of a flat connection and the residue of a
Higgs field take values in the same ring, and so, in exact analogy to the Higgs fields, we
define irregular connections on the wild curve.

6.1.4. Irregular Quasi-Parabolic Bundles

Fix a pair (C,D) of an algebraic curve and an effective divisor D ⊂ C.

Definition 6.1.18. Irregular Quasi-Parabolic Bundles on (C,D)

Let E be a G-bundle and LD
ι
↪−→ E|D a rank 1 OD-submodule of E|D. We say that a

G-structure (Uα, gα)α on E, is compatible with the quasi-parabolic structure LD < E|D, if
the associated cocycles preserve LD ⊂ E|D, that is

gαβ(gα(LD)) ⊂ gα(LD), ∀ α, β s.t. D ⊂ Uα ∩ Uβ. (6.29)

We call a pair (E,LD) endowed with a class of LD-compatible G-structures on E an
irregular quasi-parabolic G-bundle on (C,D).

We formalise the condition on cocycles above to the notion of a global quasi-parabolic
endomorphism as follows.

Definition 6.1.19. Endomorphisms of Irregular Quasi-Parabolic Bundles
Let (E,LD) be an irregular quasi-parabolic bundle. We say that an endomorphism of the
bundle φ ∈ H0(C,End(E)) is quasi-parabolic with respect to the filtration LD ⊂ E|D, if

φ|D(LD) ⊂ LD, (6.30)

i.e. φ|D preserves LD as an OD-submodule of E|D. We denote the algebra of such endo-
morphisms by End p

LD
(E) ⊂ End(E).
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Definition 6.1.20. Nilpotent Endomorphisms of Irregular Bundles
Let (E,LD) be an irregular quasi-parabolic bundle. We say that an endomorphism of the
bundle φ ∈ H0(C,End(E)) is nilpotent with respect to the filtration LD ⊂ E|D, if

φ|D(ED) ⊂ LD (6.31)

φ|D(LD) = 0. (6.32)

In particular, it follows that φ|D ∈ H0(D,End(E)|D) is 2-nilpotent, i.e. φ|2D = 0. We
denote the algebra of such nilpotent endomorphisms by End n

LD
(E) ⊂ End(E).

Lemma 6.1.21. Characterisation of Irregular Nilpotent Endomorphisms
An endomorphism φ ∈ H0(C,End(E)) is nilpotent with respect to the filtration LD ⊂ E|D,
if and only if it is parabolic with respect to the filtration LD ⊂ E|D and its restriction to D
is 2-nilpotent, that is

φ ∈ End n
LD

(E) ⇐⇒ [φ ∈ End p
LD

(E) and φ|2D = 0]. (6.33)

Proof. Let φ ∈ End n
LD

(E). Tautologically we have φ|D(LD) = 0 ⊂ LD and

φ|2D(E) ⊂ φ(L|D)LD = 0.

In the other direction, let φ ∈ End p
LD

(E) with nilpotent polar part φ2|D = 0 and assume
that the restriction is not vanishing identically, i.e. φ|D ̸= 0. Since LD is a rank 1 OD-
module and the restriction φ|D is 2-nilpotent, either φ|D(LD) = 0 or φ|D(LD)⊕LD ∼= E|D,
but since φ|D(LD) ⊂ LD, we have φ|D(LD)

!
= 0. Further, since φ|2D = 0, the image

φ|D(E|D) =: L′
D is a line with φ|D(L′

D) = 0, thereby L′
D ⊂ LD and the result follows.

Lemma 6.1.22. Deformations of Irregular Quasi-Parabolic Bundles
The tangent space to the space of quasi-parabolic bundles MC(E,LD), where E ∈ MC(E)

and LD < E|D an OD-submodule of E|D, is given by H1(C,EndpLD
(E)).

Proof. Let E be as above with an LD-compatible G-structure (Uα, gα)α. Consider infinites-
imal deformations of the G-structure and the associated cocycles

gαβ 7→ gαβ + εhαβ, hαβ ∈ Γ(Uαβ, sl2(E)), (6.34)

such that (gαβ + εhαβ)|D respects the induced deformation of the parabolic structure LD
in the following way

(gαβ + εhαβ)((gα + hα)LD) ⊂ (gα + hα)LD, ∀αβ with D ⊂ Uαβ. (6.35)
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The cocycle hαβ ∈ Γ(Uαβ, End
p
LD

(E)) is triangular to order n in the basis given by LD and
its orthogonal complement over D. The resulting deformation space is H1(C,EndpLD

(E)).

Remark 6.1.23. Let R be a commutative algebra over C. Under the duality induced by
the Killing form on sl2(R)

B : sl2(R)× sl2(R) −→ R

(x, y) 7−→ 4 · Tr(x · y),

the direct summands of the Cartan decomposition sl2 = n+ ⊕ h⊕ n− map to

n+ → n−, h→ h, n− → n+.

Explicitly, given the standard sl2-triple e, f, h, i.e. [h, e] = 2e; [h, f ] = −2f ; [e, f ] = h, we
have

e∗ =
f

4
, f ∗ =

e

4
, h∗ =

h

8
(6.36)

for x∗ := B(x, ·).

Lemma 6.1.24. Let (E,LD) be an irregular quasi-parabolic bundle. Under the duality
induced by the Killing form on sl2(E), we have

(EndpLD
(E))∗ ∼= EndnLD

(E)⊗OC(D) (6.37)

Proof. Since sl2(E) is (globally) a self-dual sheaf, and we want to show the duality between
quasi-parabolic and quasi-nilpotent endomorphisms, we only need to prove the duality
locally at a neighbourhood of the divisor D. Let φ ∈ Γ(U,EndpLD

(E)). In the local basis
prescribed by the quasi-parabolic structure, φ is of the form

φ =

[
α β

γ −α

]
where α, β ∈ Γ(U,OC), γ ∈ Γ(U,OC(−D)).

By the Killing duality presented above 6.1.23 and OC(−D) ∼= OC(D)∗, we obtain a dual
section φ∗ ∈ Γ(U, (EndpLD

(E))∗)

φ∗ =

[
α̃ γ̃

β̃ −α̃

]
where α̃, β̃ ∈ Γ(U,OC), γ̃ ∈ Γ(U,OC(D)),

which implies φ∗ ∈ Γ(U,EndnLD
(E)⊗OC(D)).

Corollary 6.1.25. Composing the duality on parabolic endomorphisms (6.37) with Serre
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duality we have:

H1(C,EndpLD
(E)) ∼= H0(C,EndnLD

(E)⊗ ωC(D))∗. (6.38)

6.2. Wild Quasi-Parabolic Higgs Bundles and Flat Connections

Let C = (C,D, ν, ξ) be a wild curve and E ∈ MC (E) an SL2(C)-bundle on C. Recall from
definition 5.1.5, that C comes equipped with a cover pν : Dν → D. When we write p∗νE
we mean p∗ν(E|D) and the same shorthand is used for any other structure defined on C,
i.e. p∗ν(·) := p∗ν(·|D).

Given a wild curve C , we lift the notion of an irregular quasi-parabolic structure on E to
that of a wild quasi-parabolic structure on E. This is an irregular quasi-parabolic structure
on the pullback of E over the divisor Dξ associated to the wild curve. An ODξ

-Submodule
Lξ < p∗ν(E)|Dξ

. We then define wild-quasi-parabolic Higgs fields as D-twisted Higgs fields
on E, whose spectral data respect the wild structure of the bundle and the curve. We show
that these Higgs fields arise naturally as first-order-deformations of wild quasi-parabolic
structures. Analogously, we define wild quasi-parabolic flat bundles. Lastly, we compute
the first-order-deformations of wild quasi-parabolic Higgs bundles and flat bundles.

Definition 6.2.1. Wild Quasi-Parabolic Structure on a Bundle
Let C ∈ M (C ) and E an SL2(C)-bundle. A wild quasi-parabolic structure on E is an ODξ

-
Submodule Lξ < p∗ν(E)|Dξ

. We call the pair E := (E,Lξ) a wild Quasi-Parabolic Bundle
on the wild curve C , and write M (C ,E ) for the space of wild quasi-parabolic bundles on
wild curves.

Now we transfer the notions of parabolic and nilpotent endomorphisms of irregular quasi-
parabolic bundles of definitions 6.1.19 and 6.1.20, to the wild parabolic setting, asking them
to preserve the wild quasi-parabolic structure of a bundle E on C.

Definition 6.2.2. Endomorphisms of Wild Quasi-Parabolic Bundles
Let E = (E,Lξ) be a wild quasi-parabolic bundle on the wild curve C . We say that an
endomorphism φ ∈ End(E) is wild parabolic with respect to Lξ < p∗ν(E)|Dξ

, if

p∗νφ|Dξ
(Lξ) ⊂ Lξ. (6.39)

We denote the subalgebra of wild parabolic endomorphisms by Endp(E ) < End(E). More-
over, we say that an endomorphism φ is wild nilpotent with respect to Lξ < p∗ν(E)|Dξ

, if

p∗νφ|Dξ
(p∗ν(E)|Dξ

) ⊂ Lξ (6.40)

p∗νφ|Dξ
(Lξ) = 0. (6.41)
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We denote the subalgebra of wild nilpotent endomorphisms by

Endn(E ) < Endp(E ) < End(E).

Corollary 6.2.3. (to Lemma 6.1.21) The analogous characterising lemma to 6.1.21
holds for wild nilpotent endomorphisms, that is

φ ∈ Endn(E ) ⇐⇒ [φ ∈ Endp(E ) and (p∗νφ ◦ p∗νφ)|Dξ
= 0]. (6.42)

Before passing to Higgs bundles, recall from 5.1.11, that a wild datum (D, ν, ξ) of a wild
curve C uniquely determines a section λξ ∈ H0(Dξ, ωΣ(Dν)|Dξ

), which we refer to as the
irregular type of the wild curve.

Definition 6.2.4. Wild Quasi-Parabolic Higgs Bundles and Flat Connections
Let (E,Φ) an irregular Higgs bundle on C = (C,D, ν, ξ), cf. definition 6.1.15, and let Lξ
be a wild quasi-parabolic structure on E. We say that Φ is a wild quasi-parabolic Higgs
field on E = (E,Lξ), if

p∗νΦ|Dξ
(s) = λξ · s, ∀s ∈ Lξ. (6.43)

In particular, Φ ∈ H0(C,Endp(E ) ⊗ ωC(D)), i.e. p∗νΦ|Dξ
(Lξ) ⊂ Lξ ⊗ ωΣ(Dξ)|Dξ

. In that
case, we call the residual eigenvalue λξ of Φ the irregular type of Φ and we call the tuple
(E ,Φ) a wild quasi-parabolic Higgs Bundle on C .

Analogously, a flat bundle (E,∇) on C is said to be wild quasi-parabolic on E , if

p∗ν∇|Dξ
(s) = λξ · s, ∀s ∈ Lξ. (6.44)

In particular, p∗ν∇|Dξ
(Lξ) ⊂ Lξ ⊗ ωΣ(Dξ)|Dξ

. We call such a tuple (E ,∇) a wild quasi-
parabolic Flat Bundle on C and the value λξ the irregular type of ∇.

A flat bundle (E,∇∞) is said to be wild nilpotent on E , if

p∗ν∇∞|Dξ
(p∗ν(E)|Dξ

) ⊂ Lξ (6.45)

p∗ν∇∞|Dξ
(Lξ) = 0. (6.46)

We denote the space of wild nilpotent flat bundles by M (C ,E ,∇∞).

Lastly, we denote by M (C ,E ,Φ,∇) the space of wild quasi-parabolic Higgs fields and flat
connections on the same wild bundle E and wild curve C . Analogously, M (C ,E ,Φ,∇∞)

denotes the space parametrising wild quasi-parabolic Higgs fields and nilpotent flat con-
nections on the same wild bundle and wild curve.

Remark 6.2.5. Consider a Higgs field Φ with Hitchin-image χ(Φ) = Q and associated
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spectral cover p : Σ → C. Then, we have p∗Φ|Dν = p∗νΦ and in particular, p∗Φ|Dξ
=

p∗νΦ|Dξ
. This follows immediately from the functoriality of the spectral curve construction,

cf. proposition 4.3.10.

Lemma 6.2.6. Let (C , E,Q) ∈ M (C , E,Q), denote by p : Σ −→ C the associated spectral
cover and consider an endomorphism φ ∈ H0(C, sl2(E)). Then, p∗φ preserves a wild quasi-
parabolic structure Lξ < p∗ν(E)|Dξ

on E, if and only if p∗φ preserves σ∗Lξ < p∗ν(E)|σ(Dξ):

p∗φ|Dξ
(Lξ) ⊂ Lξ ⇐⇒ p∗φ|σ(Dξ)(σ

∗Lξ) ⊂ σ∗Lξ. (6.47)

Proof. Follows directly from the σ-invariance of the pullback section p∗φ ∈ H0(Σ, sl(p∗E))σ.

Remark 6.2.7. Here we present explicitly what the residues of the wild connections look
like in a neighbourhood of a pole on the spectral cover. Let (C ,E ,Φ,∇∞) be a point in
M (C ,E ,Φ,∇∞). For the pullback p∗∇∞ of∇∞ to the spectral cover p : Σ→ C determined
by (C , χ(Φ)) ∈ M (C , Q) expressed in the Eigenbasis of Φ, we have

Unramified Case

B−1p∗∇∞B|Dξ
= B−1dB|Dξ

+

[
0 β(w)

0 0

]
dw

wn
; β(w) ∈ C[w]/wn (6.48)

and

B−1p∗∇∞B|σ∗Dξ
= B−1dB|σ∗Dξ

+

[
0 0

β(w) 0

]
dw

wn
; β(w) ∈ C[w]/wn (6.49)

Ramified Case

B−1p∗∇∞B|Dν = B−1dB|Dν +

[
0 β(w)

−β(−w) 0

]
dw

w2n
; β(w) ∈ wnC[w]/w2n (6.50)

and

B−1p∗∇∞B|Dξ
= B−1dB|Dξ

. (6.51)

Analogously, for (C ,E ,Φ,∇) ∈ M (C ,E ,Φ,∇), the residue of p∗∇ in the Eigenbasis of
Φ reads:

Unramified Case

B−1p∗∇B|Dξ
= B−1dB|Dξ

+

[
λξ(w)

β(w)
wn

0 −λξ(w)

]
dw; β(w) ∈ C[w]/wn (6.52)
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and

B−1p∗∇B|σ∗Dξ
= B−1dB|σ∗Dξ

+

[
λξ(w) 0
β(w)
wn −λξ(w)

]
dw; β(w) ∈ C[w]/wn (6.53)

Ramified Case

B−1p∗∇B|Dν = B−1dB|Dν +

[
λν(w)

β(w)
w2n

−β(−w)
w2n −λν(w)

]
dw; β(w) ∈ wnC[w]/w2n (6.54)

and

B−1p∗∇B|Dξ
= B−1dB|Dξ

+

[
λξ(w) 0

0 −λξ(w)

]
dw; β(w) ∈ wnC[w]/w2n. (6.55)

Our definition of wild quasi-parabolic Higgs bundles was inspired by [78, Chapters 5
and 6], and was constructed, such that they can be expressed deformation-theoretically as
cotangent vectors to wild quasi-parabolic bundles.

Theorem 6.2.8. The space M (C ,E ,Φ) of wild quasi-parabolic Higgs bundles is an affine
bundle modelled on T ∗

(E )MC (E ) = H0(C,Endp(E)∗). In other words, the fibres M(C ,E )(Φ)

of the forgetful projection

M (C ,E ,Φ) −→ M (C ,E ) (6.56)

are isomorphic to the cotangent space of wild bundles T ∗
(E )MC (E ).

Proof. By direct analogy to lemma 6.1.22, we have T(E )MC (E ) = H1(C,Endp(E )) and
via Serre duality T ∗

(E )MC (E ) = H0(C,Endp(E )∗ ⊗ ωC). We only need to see that the
difference of any two Higgs fields in the fibre M(C ,E )(Φ) lies in H0(C,Endn(E ) ⊗ ωC(D)).
This follows by unpacking the definitions. By fixing the irregular type of the curve and
the wild quasi-parabolic datum of E , we fix the residual eigenvalues λξ and the positive
eigensheaf Lξ of all Higgs fields in M(C ,E )(Φ). Hence, their difference yields a nilpotent
endomorphism Φ1 − Φ2 ∈ H0(C,Endn(E ) ⊗ ωC(D)), ∀Φ1,Φ2 ∈ M(C ,E )(Φ), in particular,
Φ1|D − Φ2|D ∈ H0(D,Endn(E )⊗ ωC(D)|D).

6.2.1. Deformation Theory of Wild Higgs and Flat Bundles

Now we want to study the deformation theory of irregular Higgs bundles and flat con-
nections on wild quasi-parabolic bundles. The two are governed by the same deformation
space. For this, we generalise the deformation space calculation from the holomorphic
setting of [7, Theorem 2.3] to wild quasi-parabolic Higgs bundles on wild curves.
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Theorem 6.2.9. Deformations of wild Quasi-Parabolic Higgs and Flat Bundles
The tangent spaces of MC (E ,Φ) and MC (E ,∇) are described by the first hypercohomology
H1(C•∗) of the complexes

C•Φ :Endp(E )
adΦ−−→ Endn(E )⊗ ωC(D) (6.57)

C•∇ :Endp(E )
∇⊗∇∗
−−−→ Endn(E )⊗ ωC(D), (6.58)

where adΦ(f) = [Φ, f ] and ∇⊗∇∗ := ∇⊗ id+ id⊗∇∗:

T(E ,Φ)MC (E ,Φ) ∼= H1(C•Φ)
T(E ,∇)MC (E ,∇) ∼= H1(C•∇).

Proof. Let (Uα = Spec(Aα))α be an affine cover of C. We proceed using the notation for
deformations introduced in the proof of Lemma 6.1.7. First, consider an acyclic resolution
complex K •,• resolving C•∇:

K •,• : 0 Endp(E ) Endn(E )⊗ ωC(D) 0

0
⊕

α R̃
p
α

⊕
α R̃

n
α ⊗ Γ(Uα, ωC(D)) 0

0
⊕

αβ R̃
p
αβ

⊕
αβ R̃

n
αβ ⊗ Γ(Uαβ, ωC(D)) 0

0
⊕

αβγ R̃
p
αβγ

⊕
αβγ R̃

n
αβγ ⊗ Γ(Uαβγ, ωC(D)) 0

...
...

d0,0

δ0,0 δ1,0

d0,1

δ0,1 δ1,1

d0,2

δ0,2 δ1,2

(6.59)

for resolution modules: R̃p
α = Endp(E )|Uα , R̃n

α = Endn(E )|Uα , where Rp
α,Rn

α are the
associated Aα-modules. The horizontal differential dp,q is induced by adΦ(·) (resp. ∇ ⊗
∇∗(·)) by appropriate restriction to sections on intersections and higher intersections. The
vertical differential δp,q is the one defined by taking difference of sections, e.g. δ0,0(rα, rβ) =
rα − rβ for pairwise distinct α, β.

We compute the hypercohomology of the double complex as the cohomology of the
associated total complex:

Totn(K •,•) :=
⊕
n=p+q

K p,q; Dn :=
∑
n=p+q

[dp,q + (−1)pδp,q]. (6.60)
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Explicitly we have:

Tot0(K •,•) K 0,0 ∼=
⊕

α R̃
p
α

Tot1(K •,•) K 1,0 ⊕ K 0,1 ∼=
⊕

αβ R̃
p
αβ ⊕

⊕
α R̃

n
α ⊗ Γ(Uα, ωC(D))

Tot2(K •,•) K 1,1 ⊕ K 0,2 ∼=
⊕

αβγ R̃
p
αβγ ⊕

⊕
αβ R̃

n
αβ ⊗ Γ(Uαβ, ωC(D))

...
... .

D0

D1

D2

(6.61)

Then, H1(C•) = H1(Tot•(K •,•)) = ker(D1)/Im(D0), and:

• ker(D1) consists of pairs of vectors (rαβ, φα)αβ ∈ R̃p
αβ⊕

⊕
α R̃

n
α⊗Γ(Uα, ωC(D)), such

that:

1. the cocycle conditions rαγ = rαβ + rβγ hold in the underlying module Rp
αβγ for

all α, β, γ,

2. the equality φα − φβ = adΦ(rαβ) (resp. φα − φβ = ∇ ⊗ ∇∗(rαβ)) holds in
Rn
αβ ⊗ Γ(Uαβ, ωC(D)).

• Im(D0) < ker(D1) consists of pairs of vectors (rα − rβ, d0,1(rα) = adΦ(rα)) for ele-
ments rα ∈ Rp

α (resp. (rα − rβ, d0,1(rα) = ∇⊗∇∗(rα))).

Now, we want to construct a map

H1(C•Φ) −→ T(E ,Φ)MC (E ,Φ) (6.62)

and respectively for connections

H1(C•∇) −→ T(E ,∇)MC (E ,∇). (6.63)

Let (rαβ, φα) ∈ ker(D1) and let F be a deformation of E as described in Lemma 6.1.7:

• Uα[ϵ] := Uα × Spec(C[ε]),

• Fα := F |Uα[ε], Fαβ := F |Uαβ [ε] etc.,

• the cocycle rαβ gives rise to a group-valued cocycle 1 + εrαβ ∈ Γ(Uαβ, GC[ϵ]).

Moreover, φα deforms the Higgs field Φ locally by Φα+εφα ∈ Γ(Uα[ε], End
n
Lξ
(F )⊗ωC(D))

for Φα := Φ|Uα . These deformations of Φ glue to a global one, if

Ad(1+εrαβ)(Φα + εφα) = Φβ + εφβ on Uαβ[ε]. (6.64)

88



Chapter 6. Irregular Higgs Bundles and Flat Connections M .Z.

This identity holds indeed

Ad(1+εrαβ)(Φα + εφα) = (1 + εrαβ) · (Φα + εφα) · (1 + εrαβ)
−1 (6.65)

= (1 + εrαβ) · (Φα + εφα) · (1− εrαβ) (6.66)

= Φα + εφα + ε[rαβ,Φα] (6.67)

= Φα + εφα + εφβ − εφα (6.68)

= Φβ + εφβ (6.69)

whereby equality 6.66 can be seen as follows. Let (1 + εs) = (1 + εr)−1 as elements of a
module over the ring of duals C[ε], then

1
!
= (1 + εs) · (1 + εr) = 1 + εr + εs =⇒ s

!
= −r.

The equality 6.68 follows from the cocycle condition 2., and the last equality follows from
Φ|Uαβ

= Φα|Uαβ
= Φβ|Uαβ

.

Thereby, we have associated an infinitesimal deformation of a Higgs bundle (resp. an
infinitesimal deformation of a flat connection) to a cocycle. It remains to show that if the
cocycle is a coboundary (rαβ, φα) ∈ Im(D0), then the associated deformation is trivial.
Recall that (rαβ, φα) ∈ Im(D0) is of the form (rαβ, φα) = (rα − rβ, adΦ(rα)), in particular,
we have for the gluing/transition map 1 + εrαβ = 1 + ε(rα − rβ). Therefore, we get a
commutative diagram of gluing maps

Fαβ Fαβ

Fαβ Fαβ.

1+εrα|Uαβ [ε]

1+εrαβ id

1+εrβ |Uαβ [ε]

(6.70)

The gluing by 1 + εrαβ is the same as gluing by the identity. This means that, globally,
the deformation bundle F is just the pullback of E, F = π∗

εE = E[ε], along the nilpotent
infinitesimal thickening of the curve

πε : C ×C Spec(C[ε]) −→ C. (6.71)

Regarding the deformation of the Higgs field, we have

Ad(1+εrαβ)(Φα + εφα) = Φα + εφα − εadΦα(rα)

= Φα + εφα − εφα = Φα,

where the second equality follows from the coboundary condition, hence, this deformation
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is also trivial. Thereby, we have constructed a map

H1(C•Φ) −→ TptMC (E ,Φ), (6.72)

and respectively

H1(C•∇) −→ TptMC (E ,∇). (6.73)

Now we argue that this map is indeed an isomorphism. The inverse map is the obvious
one. For a wild Higgs bundle (E,Φ) and a deformation of it (F,Φ′) we have locally that

• Fα = π∗
εEα with gluing maps determined by those of E and automorphisms 1+ εrαβ

satisfying the cocyle condition,

• Φ′
α = Φα + εφα.

and the condition for the (Φ′
α)α to glue to a global section is given, as before, by

Ad(1+εrαβ)(Φ
′
α)

!
= Φ′

β =⇒ adΦα

!
= φα − φβ ∀α, β, (6.74)

which is precisely the second (2.) cocycle condition. Therefore we have that

(rαβ, φα)
!
∈ ker(D1). (6.75)

This concludes the proof.

Remark 6.2.10. Tangent Spaces of Fibre Products of Schemes
Let X,Y, Z ∈ Schsm/C be smooth schemes over C, in particular of finite type, and let the
following diagram be Cartesian in Schsm/C

X ×Z Y X

Y Z

f

g

. (6.76)

For x ∈ X(C), y ∈ Y (C) and z ∈ Z(C) with f(x) = g(y) = z, let p := (x, y) ∈ X ×Z Y (C)
be the geometric point associated to (x, y). For the tangent space at the point p, we have

Tp(X ×Z Y ) = Hom(C[ε], X ×Z Y )

= Hom(C[ε], X)×Hom(C[ε],X) Hom(C[ε], Y )

= TxX ×TzZ TyY.
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Corollary 6.2.11. Consider the natural submersion

fΦ : MC (E ,Φ) −→ MC (E ) (6.77)

and a point x ∈ MC (E ,Φ), then the tangent space at that point fits into a short exact
sequence

0 −→ Txf −1
Φ (fΦ(x)) −→ TxMC (E ,Φ) −→ TfΦ(x)MC (E ) −→ 0. (6.78)

Due to proposition 6.2.8, we have T ∗
(E )MC (E ) ∼= f −1

Φ (E ) and the short exact sequence
becomes

0 −→ T ∗
fΦ(x)MC (E ) −→ TxMC (E ,Φ) −→ TfΦ(x)MC (E ) −→ 0. (6.79)

In total, we have an isomorphism of short exact sequences

0 H0(C,Endn(E )⊗ ωC(D)) H1(C•Φ) H1(C,Endp(E )) 0

0 T ∗
fΦ(x)

MC (E ) TxMC (E ,Φ) TfΦ(x)MC (E ) 0.

∼ ∼ ∼ (6.80)

Remark 6.2.12. We obtain the same picture respectively, when considering the moduli
of wild quasi-parabolic connections, by replacing Φ with ∇, adΦ with ∇⊗∇∗, and H1(C•Φ)
with H1(C•∇). This last isomorphism of short exact sequences will prove itself useful in
section 6.2.2, where we construct a generalised Atiyah-Bott symplectic form on the moduli
of Higgs bundles and connections on a fixed wild curve.

6.2.2. Atiyah-Bott Form on Wild Quasi-Parabolic Flat Connections

The goal of this subsection is to construct canonical symplectic forms on the subspaces
MC ,Q(E ,∇) ⊂ M (C , Q,E ,∇) parametrising wild quasi-parabolic flat bundles.

Theorem 6.2.13. Duality for Hypercohomology
Let K • be a finite complex of locally free sheaves on C

K • : 0 −→ K 0 −→ K 1 −→ · · · −→ K k −→ 0

and consider its dual complex with respect to the dualising complex ω•
C on C

Ǩ • : 0 −→ (K k)∗ ⊗ ωC −→ (K k−1)∗ ⊗ ωC −→ · · · −→ (K 0)∗ ⊗ ωC −→ 0. (6.81)

Then we have a duality of hypercohomologies

Hi(K •) ∼= Hk+1−i(Ǩ •)∗. (6.82)
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In other words, there exists a non-degenerate pairing

Hi(K •)×Hk+1−i(RHomOC
(K •, ω•

C)) −→ C. (6.83)

Proof. See [36, Section V.2] for the construction of the pairing and the existence of the
dualising complex.

Proposition 6.2.14. Atiyah-Bott Form on Wild Quasi Parabolic Connections
There exists a canonical symplectic form on the sub-space MC ,Q(E ,∇) ⊂ M (C , Q,E ,∇):

ΩAB,x : TxMC ,Q(E ,∇)× TxMC ,Q(E ,∇) −→ C.

Proof. Let (E ,∇) ∈ MC ,Q(E ,∇) and consider the associated de Rham complex

0 −→ E
∇−−→ E ⊗ ωC(D)

∇◦∇−−→ 0, (6.84)

as well as the induced 2-term complex on the bundle of wild quasi-parabolic endomor-
phisms, as we did in Lemma 6.2.9

C•∇ : Endp(E )
∇⊗∇∗
−−−→ Endn(E )⊗ ωC(D). (6.85)

Recall that we have identified the deformation space of wild quasi parabolic connections
with the first hypercohomology of this complex H1(C•∇). An important simplification in
our case is that the complex C•∇ is indeed self dual C•∇ = Č•∇. Therefore, we have for the 1st
hypercohomology H1(C•∇) ∼= H1(Č•∇). We define a symplectic form as a composition of the
following maps. The first map is the cup product on hypercohomology/ wedge product on
tangent spaces

∧ : H1(C•∇)⊗H1(Č•∇) ∼= H1(C•∇)⊗H1(C•∇) −→ H2(C•∇ ⊗ C•∇). (6.86)

The second map is a trace morphism H2(tr) acting on H2(C•∇⊗C•∇) induced on the hyper-
cohomology of the total product complex, by the trace map of complexes

C0∇ ⊗ C0∇ C0∇ ⊗ C1∇ ⊕ C1∇ ⊗ C0∇ C1∇ ⊗ C1∇

Endp(E )⊗2

 Endp(E )

⊗
Endn(E )⊗ ωC(D)


⊕2

(Endn(E )⊗ ωC(D))⊗2

0 ωC(D) 0.

∼

∼

∼

tr
tr

tr

(6.87)
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Here tr really denotes the map induced on the endomorphism bundles by Killing form on
sl2. The associated map on hypercohomology gives us

H2(tr) : H2(C•∇ ⊗ Č•∇) −→ H2(ωC(D)[1]) ∼= H1(ωC(D)), (6.88)

but since tr(A ·B|D) = 0 ∀A ∈ Endp(E ) and ∀B ∈ Endn(E )⊗ωC(D), the polar part does
not contribute to the trace, in other words, it is concentrated away from the diagonal, and
this map factorises through H1(ωC), i.e.

H2(tr) : H2(C•∇ ⊗ Č•∇) −→ H1(ωC). (6.89)

The Atiyah-Bott form reads

ΩAB :=

∫
C

[H2(tr) ◦ ∧] : H1(C•∇)×H1(C•∇)
∧−−→ H2(C•∇ ⊗ C•∇)

H2(tr)−−−→ H1(ωC)

∫
C−−→
∼

C. (6.90)

6.3. Wild Branched Connections on Spectral Curves

In this subsection, we define what will turn out to be the abelianised counterparts of wild
quasi-parabolic flat bundles, namely, anti-invariant branched connections on the spectral
curve. These are pairs (L, ∂) of a line bundle L on the spectral curve Σ and a irregular
connection ∂ : L −→ L ⊗ ωΣ(Dν + R), satisfying a certain anti-invariance condition with
respect to the covering involution.

Definition 6.3.1. Branched Connections on Spectral Covers
Let (C , Q) ∈ M (C , Q) with associated spectral cover p : Σ → C and let L ∈ Pic(Σ). A
branched connection on (C , Q) is an abelian flat connection, i.e. a Gm- flat connection,

∂br : L −→ L⊗ ωΣ(R). (6.91)

The term branched refers to the fact that ∂br is allowed to develop logarithmic poles along
the ramification locus R.

Let λ be the Seiberg-Witten differential associated to (C , Q). A wild branched connection
on (C , Q) is a flat connection

∂λbr : L −→ L⊗ ωΣ(Dν +R), (6.92)

such that ∂λbr − λ is a branched connection.

Definition 6.3.2. The Canonical Branched Connection
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Let (C , Q) ∈ M (C , Q) and let p : Σ −→ C be the associated spectral cover with ramifica-
tion divisor R, and consider the section

φ :=
√
p∗Q : OΣ −→ p∗ωC(D). (6.93)

We can use this section to perform a meromorphic gauge transformation. For any abelian
connection ∂ on a line bundle L on Σ, we have:

∂ 7−→ φ ◦ ∂ ◦ φ−1 (6.94)

that is, locally:

∂ = d+ A(w) 7−→ d+ φA(w)φ−1 +
dφ

dw
· φ−1. (6.95)

Applying the gauge transformation on the de Rham differential on Σ, we have

[d : OΣ −→ ωΣ] 7−→ [∂can := d− 1

p∗Q
· d
dw

p∗Q : p∗ωC(D) −→ p∗ωC(D)⊗ ωΣ(R)] (6.96)

and obtain a branched connection on p∗ωC(D). This connection ∂can we call the canonical
abelian branched connection.

Remark 6.3.3. We see from the explicit form of the canonical branched connection that
∂can is σ-invariant, i.e. for φ =

√
p∗q(w) · dw⊗2 =

√
p∗q · dw and σ : w 7→ −w we have

σ∗∂can = d− 1

(−φ)2
· dp∗q

d(−w)
· d(−w) = ∂can. (6.97)

This is as expected, since ∂can is essentially the pullback of a connection from the base
curve C to the double cover, possibly developing poles along the ramification locus (recall
that ωΣ

∼= p∗ωC ⊗OΣ(R)).

Definition 6.3.4. Anti-Invariant Line Bundles
Let (C , Q) ∈ M (C , Q) and let p : Σ −→ C be the associated spectral cover. An anti-
invariant line bundle on Σ is a line bundle L ∈ Pic(Σ), such that the following identity
holds

L ⊗ σ∗L = p∗ωC(D). (6.98)

We denote by M (C , Q,L) the space parametrising anti-invariant line bundles.

Remark 6.3.5. We calculate the degree of an anti-invariant line bundle to be

deg(L) + deg(σ∗L) = 2 · deg(L) = deg(p∗ωC(D)) = 2 · deg(ωC(D))

=⇒ deg(L) = 2g − 2 + deg(D).

Definition 6.3.6. Anti-Invariant Branched Flat Bundles
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An anti-invariant branched flat connection is a branched connection on an anti-invariant
line bundle L

∂∞ : L −→ L⊗ ωΣ(R), (6.99)

such that ∂∞ ⊗ σ∗∂∞ = ∂can. We call a pair (L, ∂∞) with

(L ⊗ σ∗L, ∂∞ ⊗ σ∗∂∞) = (p∗ωC(D), ∂can)

an anti-invariant branched flat bundle. We denote the space parametrising quadratic dif-
ferentials and anti-invariant branched flat bundles on wild curves by M (C , Q,L, ∂∞).

An anti-invariant wild branched flat connection is a wild branched connection on an
anti-invariant line bundle L

∂ : L −→ L⊗ ωΣ(Dν +R) (6.100)

such that ∂ ⊗ σ∗∂ = ∂can. We call a pair (L, ∂) with (L⊗ σ∗L, ∂ ⊗ σ∗∂) = (p∗ωC(D), ∂can)

an anti-invariant wild branched flat bundle. We denote the space parametrising quadratic
differentials and anti-invariant wild branched flat bundles on wild curves by M (C , Q,L, ∂).

Lemma 6.3.7. There exists a canonical isomorphism M (C , Q,L, ∂∞)
∼−→ M (C , Q,L, ∂).

Proof. Every point (C , Q) ∈ M (C , Q) canonically determines a Seiberg-Witten differential
λ ∈ H0(Σ(C ,Q), ωΣ(Dν)) and so we obtain a canonical isomorphism

M(C ,Q)(L, ∂∞)
∼−−→ M(C ,Q)(L, ∂) (6.101)

(L, ∂∞) 7−→ (L, ∂∞ + λ),

where the inverse map is given by [(L, ∂) 7→ (L, ∂ − λ)].

Definition 6.3.8. The Dual and Square Root of an Abelian Connection
Let C be an algebraic curve, L ∈ Pic(C) and ∂ : L −→ L⊗ωC(D) an irregular connection,
then we define the dual connection associated to ∂, supported on the dual line bundle

∂∗ : L∗ −→ L∗ ⊗ ωC(D) (6.102)

via

⟨∂∗t, s⟩ = d ⟨t, s⟩ − ⟨t, ∂s⟩ , ∀s ∈ Γ(L), t ∈ Γ(L∗), (6.103)

where ⟨·, ·⟩ : L∗ ⊗ L −→ OΣ denotes the perfect pairing.

Furthermore, let F ∈ Pic(C) with F⊗2 ∼= L, then ∂ defines via ∂1/2s ⊗ 1 := ∂(s ⊗ 1) a

95



Chapter 6. Irregular Higgs Bundles and Flat Connections M .Z.

unique connection

∂1/2 : F −→ F ⊗ ωC(D), (6.104)

such that (∂1/2)⊗2 = ∂.

6.3.1. Abelian Riemann-Hilbert for Branched Connections

Our sole goal here is to relate the space M(C ,Q)(L, ∂∞) of anti-invariant branched connec-
tions on a point (C , Q) ∈ M (C , Q) to the fibres H̃1(Σ,C∗)− of the anti-invariant cohomol-
ogy bundle H #. This is analogous to [15, Section 3.4].

Definition 6.3.9. Let (C , Q) ∈ M (C , Q) and p : Σ → C the associated spectral cover.
We define the following spaces

1. let Jac#(C) = {(P, ∂h)|P ∈ Jac(C), ∂h : P → P ⊗ ωC)}

2. let Jac#(Σ) = {(M,∂h)|M ∈ Jac(Σ), ∂h :M →M ⊗ ωΣ)}

3. let Jac#(Σ)− = {(M,∂h) ∈ Jac#(Σ)|(M,∂h)⊗ σ∗(M,∂h) = (OΣ, d)}

4. let Prym#(Σ) := Jac#(Σ)−/Jac(C)[2] for the embedding

Jac(C)[2] ↪→ Jac#(Σ)−

P 7→ (p∗P, ∂hP )

where ∂hP is the unique connection on p∗P such that (p∗P, ∂hP )⊗2 = (OΣ, d), which we
constructed in (6.104).

Lemma 6.3.10. There is an identification Prym#(Σ) = H̃1(Σ,C∗)−.

Proof. The classical Riemann-Hilbert correspondence [22] gives us identifications

Jac#(C) = H1(C,C∗) and Jac#(Σ) = H1(Σ,C∗).

Due to lemma 4.5.3 we have

Prym#(Σ) = Jac#(Σ)−/Jac(C)[2] = Jac#(Σ)/Jac#(C)

= H1(Σ,C∗)/H1(C,C∗) = H̃1(Σ,C∗)−

Proposition 6.3.11. There exists a finite étale map M (C , Q,L, ∂∞) −→H #.
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Proof. Let (C , Q) ∈ M (C , Q) and p : Σ → C the associated spectral cover. Choose a
square root of ωC(D), i.e. a line bundle P0 ∈ Jac(C) in the Jac(C)[2]-torsor

P0 ∈ {P ∈ Jac(C)|P⊗2 = ωC(D)} ∼= (Z/2Z)2g .

Let L0 := p∗P0 and let ∂0 be the unique connection such that (L0, ∂0)
⊗2 = (p∗ωC(D), ∂can).

Then, up to the finite choice of P0, the map

Jac#(Σ) −→ M(C ,Q)(L, ∂∞)

(M, ∂h) 7−→ (M⊗L0, ∂
h ⊗ ∂0)

is a canonical identification. Note that

(M⊗L0, ∂
h ⊗ ∂0)⊗ (σ∗(M⊗L0), σ

∗(∂h ⊗ ∂0)) = (M⊗ σ∗M⊗L⊗2, ∂h ⊗ ∂0 ⊗ σ∗∂h ⊗ σ∗∂0)

= (p∗ωC(D), ∂can).

Passing to the quotient by the 2-torsion, we obtain a finite, 22g-covering map

M(C ,Q)(L, ∂∞) −→ Jac#(Σ)/Jac(C)[2] = H̃1(Σ,C∗)−. (6.105)

This gives a finite map to the étalè space

µ : M (C , Q,L, ∂∞) −→H #. (6.106)
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7. Generalised Spectral Correspondence

In this chapter, we seek to prove a correspondence between, on the one side, the moduli
parametrising wild quasi-parabolic Higgs fields and wild quasi-parabolic flat bundles, i.e.
M (C ,E ,Φ,∇), and on the other side, the moduli of wild anti-invariant flat bundles on
spectral covers of wild curves, i.e. M (C , Q,L, ∂). The holomorphic case of the statement
we are after, first appeared in works of Donagi-Pantev in their approach to the Geometric
Langlands Program via non-abelian Hodge theory [27, Section 3.2]. We generalise this
result to arbitrary irregular poles for the structure group G = SL2(C) in Theorem 7.2.12.

7.1. Classical Spectral Correspondence for Higgs Bundles

The essence of the original spectral construction that appeared in the fundamental work
of Hitchin [40] and was subsequently studied by [5], lies in the correspondences we discuss
in this subsection. We also prove a few helpful results for our spacial case of D-twisted
SL2(C)-Higgs bundles, to be used later on.

We start with a purely algebraic preamble, explaining how to view a D-twisted Higgs
field Φ on a bundle E over a curve C as a Sym•(ωC(D)∗)-module structure on E, in
other words as a quasi-coherent sheaf on the total space of the twisted dualising sheaf.
This structure naturally descends to a generically semisimple Sym•(ωC(D)∗)/I-module
structure on E, where I is the ideal generated by the characteristic polynomial of Φ, and
that is the level where one obtains a correspondence between Higgs bundles on the base
curve and line bundles on the spectral curve.

Lemma 7.1.1. Let S be a scheme, then there is an anti-equivalence of categories:

{affine morphisms f : X −→ S} ↔ {quasi-coherent sheaves of OS-Algebras}. (7.1)

Proof. For f : X −→ S affine, the sheaf of OS-algebras f∗OX is quasi-coherent and the
relative SpecS(−) functor defines an inverse to the pushforward of the structure sheaf, i.e.

X ∼= SpecS(f∗OX),

cf. [74, Tag 01S5].

Lemma 7.1.2. Let f : X −→ S be a an affine morphism of schemes and let A denote the
OS-algebra f∗OX . Then the pushforward functor f∗ on quasi-coherent OX-Modules induces
an equivalence of categories

{Quasi-Coherent OX-Modules} ↔ {Quasi-Coherent A-Modules}, (7.2)
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Proof. (Sketch) An A-module M , i.e. an OS-Module with an f∗OX-Structure, gives rise
to an OX-Module M̃ by gluing the f∗OX(U) = OX(f−1(U))-Modules M̃(U), using gluing
properties of the OS(U)-modules M(U). Quasi-coherence follows analogously from the
same property of M . This construction is inverse to the pushforward functor and vice
versa, since we have f̃∗G|U ∼= G|U for any affine open U ⊂ S and any G ∈ QCohOX

, as
well as f∗M̃ ∼= M by definition.

Remark 7.1.3. An f∗OX-structure on a OS-module E

f∗OX ⊗OS
E −→ E (7.3)

can be regarded as an OS-Algebra homomorphism/representation: f∗OX −→ EndOS
(E).

Example 7.1.4. Let us consider the special case of the spectral curves, as it is the case
appearing in our theory. For this, let C = (C,D, ν, ξ) be a wild curve, and let Q ∈MC (Q)

be a quadratic differential on C and Σ the associated spectral curve:

Σ Tot(ωC(D))

C

p
π

.

We write JQ for the defining ideal sheaf of the (embedded) subscheme

Σ = Spec (Sym•(ωC(D)∗)/JQ) ↪→ Tot(ωC(D)).

The morphism p is affine as it is finite of degree 2, and the pushforward of the structure
sheaf splits as an OC-module

p∗OΣ
∼= Sym•(ωC(D)∗)/JQ

∼=OC -Mod OC ⊕ ωC(D)∗. (7.4)

By remark 7.1.3, a p∗OΣ-structure on a locally free OC-Module E, can be interpreted as
an algebra homomorphism

Sym•(ωC(D)∗)/JQ −→ EndOC
(E). (7.5)

In what follows, we explain how Higgs fields are to be interpreted as such p∗OΣ-Module
structures on locally free sheaves on the base curve C.

Lemma 7.1.5. The slice MC ,E,Q(Φ) of Higgs fields on a bundle E over a wild curve C

with characteristic polynomial described by Q is parametrised by

MC ,E,Q(Φ) = HomOC-Alg (Sym
•(ωC(D)∗)/JQ, End(E)) .
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Proof. Consider the short exact sequence of sheaves of OC-Algebras

0 −→ I −→ Sym•(ωC(D)∗) −→ Sym•(ωC(D)∗)/JQ −→ 0 (7.6)

and apply the Hom-functor of OC-Algebras HomOC−Alg(−, End(E)), where E is a locally
free sheaf on C and End(E) the associated OC-Algebra of endomorphisms of E. For this,
we obtain

HomOC−Alg(Sym
•(ωC(D)∗)/JQ, End(E)) HomOC−Alg(Sym

•(ωC(D)∗), End(E)) .

HomOC−Mod(ωC(D)∗, End(E))

g

∼

(7.7)
where the vertical isomorphism is induced by the degree-1 restriction of the graded OC-
algebra Sym•(ωC(D)∗), the inverse of which is provided by the universal property of the
symmetric algebra. The Hom-space HomOC−Mod(ωC(D)∗, End(E)) parametrises, by defi-
nition, D-twisted Higgs fields on E, i.e. OC-linear morphisms: Φ : E −→ E ⊗ ωC(D), and
the image of the factorising map Im(g) parametrises exactly the Higgs fields with character-
istic polynomial Q, i.e. with associated spectral cover Σ = Spec(Sym•(ωC(D)∗)/JQ).

Remark 7.1.6. Let p : Σ −→ C be a smooth covering of curves, ramified over a divisor
R. As usual we denote by:

• p∗ : D
bCoh(Σ) −→ DbCoh(C) the direct image (since p is proper p! = p∗),

• p∗ : DbCoh(C) −→ DbCoh(Σ) inverse image,

• p! : DbCoh(C) −→ DbCoh(Σ) proper inverse image.

For these morphisms, we have the adjunctions [p∗ ⊣ p!] and [p! ⊢ p∗]. These follow via the
Grothendieck duality c.f. [74, Tag 0DWE] or [36].

Lemma 7.1.7. Relative Dualising Sheaf of a Spectral Cover.
Let p : Σ −→ C be a smooth covering of curves, ramified over a divisor R. Then we have

p!F = p∗F ⊗OΣ(R) ∀F ∈ Coh(C). (7.8)

Proof. Since p is proper finite, the relative dualising sheaf exists and relates the two inverse
image functors

p!F = p∗F ⊗ ωΣ/C ∀F ∈ Coh(C). (7.9)

From the sequence induced by dualising the derivative of the covering map

0 −→ p∗ωC(D) −→ ωΣ(p
∗D) −→ OR −→ 0,
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we have ωΣ(p
∗D)⊗ p∗(ωC(D)∗) ∼= OΣ(R) and ωΣ/C

∼= OΣ(R), from which we get

p!(F ) = p∗(F )⊗OΣ(R).

Proposition 7.1.8. Let p : Σ → C be a ramified double cover of algebraic curves with
ramification divisor R and a Galois involution σ that exchanges the sheets of the cover.
Consider L ∈ Pic(Σ), then there exists a canonical exact sequence:

0 −→ p∗p∗L
i−−→ L⊕ σ∗L −→ OR −→ 0. (7.10)

Proof. The adjunction [p∗ ⊣ p∗] gives rise to a map

η : p∗p∗L → L (7.11)

and since p∗L = p∗σ
∗L, we also have a map p∗p∗L → σ∗L, which we combine to obtain a

map of locally free sheaves of the same rank p∗p∗L ↪→ L ⊕ σ∗L. We now argue that this
map is an isomorphism away from ramification. Denote by B := p(R) ⊂ C the associated
branching divisor of the finite map p and let U ⊂ C, such that U ∩B = ∅, i.e. U is in the
étale locus of p. Then the sheaf p∗OΣ|U is an étale algebra overOC |U and p∗L|U is a coherent
module over this étale algebra, thereby its pullback splits p∗p∗L|p−1(U)

∼= F|p−1(U)⊕G|p−1(U),
for some locally free sheaves F ,G on Σ. Furthermore, by the adjunction [p! ⊢ p∗], we have
a canonical monomorphism of locally free sheaves

L ↪→ p!p∗L (7.12)

and by (7.8) we have L ↪→ p!p∗L
7.8
= p∗p∗L ⊗ OΣ(R). Restricting this morphism gives

embeddings L ↪→ p∗p∗L|p−1(U) and σ∗L ↪→ p∗p∗L|p−1(U). In total, we have

p∗p∗L|p−1(U) = (L ⊕ σ∗L)|p−1(U).

Let r ∈ R, let U be a neighbourhood of p(r) ∈ B, let z be a local coordinate in U with
z(p(r)) = 0 and let w ∈ p−1(U) be a local coordinate with w(r) = 0 and w2 = z. Then,
we have locally

Γ(U, p∗L|U) = C[w],

Γ(U, p∗p∗L|p−1(U)) = C[w]⊗C[z] C[w] ∼= C[w1, w2]/(w
2
1 − w2

2), and

Γ(U,L ⊕ σ∗L|p−1(U)) = C[w]⊕ C[w]
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For these spaces of sections, there is a short exact sequence

0 −→ C[w1, w2]/(w
2
1 − w2

2)
ir−−→ C[w]⊕ C[w] ℓr−−→ C −→ 0,

where the first map is given by ir : h(w1, w2) 7→ (h(w,w), h(w,−w)) and the second map
is the evaluation of the difference at 0, i.e. ℓr : (f, g) 7→ f(0) − g(0). First note that ir is
C[z]-linear, as z = w2 = (−w)2, and σ-equivariant as

σir(h(w1, w2)) = σ(h(w,w), h(w,−w)) = (h(w,−w), h(w,w))
= ir(h(w1,−w2)) = irσ(h(w1, w2)).

Furthermore, we see that ir is indeed injective. Writing h(w1, w2) = a(w1) + w2b(w1) for
a, b ∈ C[w1], we have

ir(h) = 0 ⇐⇒ a(w) + wb(w) = 0 and a(w) + wb(w) = 0

⇐⇒ a(w) = b(w) = 0 ⇐⇒ h = 0.

Lastly, Im(ir) = ker(ℓr). The non-trivial inclusion ker(ℓr) ⊂ Im(ir) follows by associating

h(f,g)(w1, w2) =
1

2
(f(w1) + g(w2)) +

w1

2w2

(f(w1)− g(w2))

to any (f, g) ∈ ker(ℓr) for which ir(h(f,g)) = (f, g). Note that w1

2w2
(f(w1) − g(w2)) is well

defined near w2 = 0, since f(w1)− g(w2) has no constant term due to the (f, g) ∈ ker(ℓr)
condition.

Remark 7.1.9. This last proposition allows us to think of a section s ∈ p∗p∗L as a pair
of sections (s1, s2) ∈ L ⊕ σ∗L that agree on the ramification divisor s1|R = s2|R.

Lemma 7.1.10. Let p : Σ → C be a simply ramified double cover as before and consider
an anti-invariant line bundle L ∈ Pic(Σ). The determinant bundle of p∗L is trivial, i.e.∧2 p∗L ∼= OC.

Proof. Taking the determinant of the short exact sequence 7.10, we have

0 −→
2∧
p∗p∗L

det(i)−−−→ L⊗ σ∗L −→ OS −→ 0, (7.13)

which, due to the anti-invariance property, becomes

0 −→
2∧
p∗p∗L −→ OΣ(R) −→ OS −→ 0, (7.14)

where OS = coker(det(i)). The map i fails to be an isomorphism precisely along the
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ramification locus, and so the determinant vanishes precisely at R, i.e.

supp(OS) = supp(OR).

Since deg(OS) = deg(OR) and R is reduced, we get OS
!
= OR. Hence, since

deg

(
2∧
p∗p∗L

)
= deg(O(R))− deg(OR) = 0,

it follows for degree reasons that
∧2 p∗p∗L = OΣ. In Lemma 4.3.1, we proved that the

inverse image along a finite map commutes with tensor/wedge/symmetric products of
locally free sheaves, i.e. p∗

∧2 p∗L = OΣ and from Lemma 4.5.1, we know the p∗ is injective,
thereby

∧2 p∗L
!
= OC .

The following Theorem is a refinement of Lemma 7.1.5 and is originally due to Hitchin
[40] and formulated in (nearly) the form presented here in [5, Theorem 3.6]. We care about
the case of SL2(C)-D-twisted Higgs bundles and we provide a short proof in our special
case, since it is instructive for what is to come.

Theorem 7.1.11. The Spectral Correspondence
Let C be an algebraic curve, Q a quadratic differential and p : Σ → C the associated
spectral cover. There exists a bijective correspondence between isomorphism classes of anti-
invariant line bundles L on Σ and isomorphism classes of SL2(C)-Higgs bundles (E,Φ)

with Hitchin image χ(C,E)(ϕ) = Q cf.6.23. This correspondence induces fibre-wise a map:

ϑ : M (C , E,Φ) −→ M (C , Q,L). (7.15)

Proof. Fix the wild curve C , let (E,Φ) be a D-twisted Higgs bundle on C and consider
the lift of the Higgs field to its associated spectral cover Σ = {y2 − π∗χ(Φ) = 0}

p∗Φ ∈ H0(Σ, sl2(p
∗E)⊗ ωΣ(p

∗D)). (7.16)

Recall our notation where y is the tautological section of Tot(ωC(D)) , φ :=
√
p∗χ(Φ) and

λ := ι ◦ φ for the canonical sequence

0 −→ p∗ωC(D)
ι−−→ ωΣ ⊗ p∗OC(D) −→ OR −→ 0. (7.17)

We denote by L the Eigenlinebundle of p∗Φ

0 −→ L(−R) −→ p∗E
p∗Φ−λ−−−−→ p∗(E ⊗ ωC(D)) −→ p∗ωC(D)⊗ L −→ 0 (7.18)

where the second to last map is induced by the counit (7.11) of the adjunction. We remark
here that, since σ∗λ = −λ, the eigenline bundle associated to this eigenvalue of Φ is
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precisely σ∗L and L is distinguished by the choice of a square root φ of p∗Q.

For the inverse direction of the correspondence, let Q ∈ H0(C, ωC(D)⊗2) with associated
spectral curve p : Σ −→ C. The choice of a square root φ :=

√
p∗Q : OΣ −→ p∗ωC(D)

induces a morphism of OΣ-Modules a : L −→ L ⊗ p∗ωC(D). Then, we define the Higgs
bundle (E,Φ) to be the pair

(E := p∗L,Φ := p∗a : E −→ E ⊗ ωC(D)). (7.19)

This fits into the short exact sequence 7.18 due to the adjunction 7.12. Lastly, by Lemma
7.1.10, we see that the resulting locally free sheaf E is indeed an SL2(C)-bundle.

7.2. Abelianisation of Irregular Flat Connections on Wild Curves

In this section, we construct a birational correspondence α : M (C ,E ,Φ,∇) −→ M (C , Q,L, ∂)
extending the BNR-correspondence 7.1.11. We do this in 4 steps:

1. Define an irregular abelian connection ∂ on L from ∇, cf. Definition 7.2.1.

2. Show that the resulting pair (L, ∂) is anti-invariant, cf. Lemma 7.2.4.

3. Show that it only develops poles along Dν+R, thereby it is an irregular anti-invariant
branched connection, cf. Proposition 7.2.7.

4. Show that generically ∂ arises from a unique ∇ which we prove in Theorem 7.2.12,
using Proposition 7.2.9.

Definition 7.2.1. Abelianisation of an Irregular Connection
Let (C ,E ,Φ,∇) ∈ M (C ,E ,Φ,∇) with ϑ(C , E,Φ) = (C , Q,L) and let p : Σ → C be the
spectral cover associated to Q. Consider the Eigenspace-decomposition-SES (7.10)

0 −→ p∗E
i−−→ L⊕ σ∗L −→ OR −→ 0.

The connection ∇ pulls back to a connection p∗∇ : p∗E −→ p∗E⊗p∗ωC(D) and it extends
to a unique connection

∇̃ : L ⊕ σ∗L −→ (L ⊕ σ∗L)⊗ ωΣ(Dν + k ·R), (7.20)

which may develop additional poles along R, k ∈ N. The connection ∇̃ is obtained from
p∗∇ by the same meromorphic gauge transformation diagonalising the Higgs field p∗Φ.
We define the abelianisation of ∇ as the abelian wild branched connection given by the
component

∂ : L −→ L⊗ ωΣ(Dν + k ·R) (7.21)
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of the extended connection ∇̃.

Remark 7.2.2. This extension is unique, such that the embedding i is a flat morphism
of bundles with connection, i.e.

i(ker(p∗∇)) ⊂ ker(∇̃),

sending flat sections to flat sections, cf. 7.2.3. The extra poles of ∇̃ along R arise from
the gauge transformation taking (p∗E, p∗∇) to (L ⊕ σ∗L, ∇̃). We will study this in detail
down the line.

Lemma 7.2.3. The embedding i : p∗E
i−−→ L ⊕ σ∗L is a flat morphism of bundles

with connection, if and only if for any neighbourhood U ⊂ Σ at ramification and a local
coordinate w ∈ U centered at a ramification point, the following equality holds

i(p∗∇ ∂
∂w
(t)) = ∇̃ ∂

∂w
(i(t)), ∀t ∈ Γ(U, p∗E). (7.22)

Proof. Assume that i is flat, let {si}i be a local basis of flat sections of p∗∇ on U and let
t =

∑
j aj(w)sj ∈ Γ(U, p∗E). Then we have

i(p∗∇ ∂
∂w
(t)) = i

(∑
j

∂aj(w)

∂w
· sj +

∑
j

aj(w)p
∗∇ ∂

∂w
(sj)

)
sj flat
= i

(∑
j

∂aj(w)

∂w
· sj

)
=
∑
j

∂aj(w)

∂w
· i(sj)

∇̃ ∂
∂w
(i(t)) = ∇̃ ∂

∂w

(∑
j

aj(w) · i(sj)

)
i(sj) flat
=

∑
j

∂aj(w)

∂w
· i(sj)

proving the equality. For the inverse statement, (7.22) implies i(ker(p∗∇)) ⊂ ker(∇̃).

Lemma 7.2.4. Anti-Invariance Property
Let (E ,Φ,∇) ∈ MC (E ,Φ,∇) and let (Q,L, ∂) be the abelianised data we associated to
(E ,Φ,∇). The tuple (L, ∂) on p : Σ→ C is an anti-invariant wild branched connection.

Proof. We want to show that (L ⊗ σ∗L, ∂ ⊗ σ∗∂) = (p∗ωC(D), ∂can). Consider again the
determinant of the Eigenspace decomposition sequence 7.10

0 −→ OΣ
det(i)−−−→ L⊗ σ∗L −→ OS −→ 0

as well as the SES given by the square root φ =
√
p∗Q

0 −→ OΣ
φ−−→ p∗ωC(D) −→ OR −→ 0.
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We already know from proposition 7.1.8 and corollary 7.1.10 that L ⊗ σ∗L ∼= p∗ωC(D).
Since line bundle isomorphisms are unique up to invertible global sections of the structure
sheaf, there exists a constant section g ∈ H0(Σ,O×

Σ), such that the following diagram of
exact sequences commutes

0 OΣ L ⊗ σ∗L OS 0

0 OΣ p∗ωC(D) OR 0.

det(i)

id ∼ id

g·
√
p∗Q

(7.23)

Recall that the canonical connection ∂can on p∗ωC(D) is obtained from d by a meromorphic
gauge transform via φ :=

√
p∗Q, i.e.

[d : OΣ −→ ωΣ] 7−→ [∂can := d− 1

p∗Q
· d
dw

p∗Q : p∗ωC(D) −→ p∗ωC(D)⊗ ωΣ(R)]. (7.24)

The determinant of the extended connection det(∇̃) = ∂⊗1+1⊗σ∗∂ is then related to the
trivial connection d = det(p∗∇) by the meromorphic gauge transform associated to g·

√
p∗Q.

The connection ∂can is by definition invariant under the rescaling
√
p∗Q 7−→ g ·

√
p∗Q, and

therefore ∂ ⊗ 1 + 1⊗ σ∗∂ coincides with ∂can.

The construction of ∂ above is simple yet rather ad hoc. In what follows, we realise this
abelianisation procedure via the Grothendieck-Verdier duality as proposed in [27, Ch. 3].

Lemma 7.2.5. Abelianisation via Adjunction
In the context of definition 7.2.1, given a Higgs pair (E,Φ), we obtain by the spectral
correspondence a pair (L, Q) and in particular a covering p : Σ −→ C ramified over a
divisor R. Let (E,Φ) ↔ (L, Q) be related by the spectral correspondence, and let ∇ be an
SL2-flat connection on E. Then ∇ determines a unique meromorphic abelian connection
on L

∂ : L −→ L⊗ ωΣ(p
∗D + 2R), (7.25)

such that (L, ∂) is an anti-invariant flat line bundle on Σ.

Proof. There exists a canonical embedding

ι : L −→ p!p∗L (7.26)

induced by the universal property for right adjoint functors applied to the adjunction
[p! ⊢ p∗]. Since L abelianises E, we have p∗L = E and therefore

p!p∗L = p∗p∗L ⊗ ωΣ/C = p∗E ⊗OΣ(R). (7.27)
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The flat connection ∇ on E pulls back to a connection on Σ

p∗∇ : p∗E −→ p∗E ⊗ ωΣ(p
∗D). (7.28)

Furthermore, we have a canonical abelian connection induced by the action of the de Rham
differential on OΣ

d : OΣ(R) −→ OΣ(R)⊗ ωΣ(R). (7.29)

Moreover, from the adjunction [p∗ ⊣ p!], we have a map p∗E −→ L. These maps give rise
to an abelian connection on L as follows:

∂ : L ι
↪−→ p∗E⊗OΣ(R)

p∗∇⊗d−−−−→ p∗E⊗ωΣ(p
∗D)⊗OΣ(R)⊗ωΣ(R)→ L⊗ωΣ(p

∗D+2R). (7.30)

In order to prove the birational correspondence α : M (C ,E ,Φ,∇) −→ M (C , Q,L, ∂) we
are after, we will need to study the connection ∇̃ of definition 7.2.1 explicitly at ramifica-
tion. In the setting of definition 7.2.1, let r ∈ R,let U ⊂ Σ be a σ-invariant neighbourhood
of r and w a local coordinate with σ∗w = −w. In particular, w(r) = 0. Moreover, let
s ∈ Γ(U,L), such that s(w) ̸= 0 and fix a trivialisation at U :

Γ(U,O⊕2
U ) −→ Γ(U,L ⊕ σ∗L|U)[
1

0

]
7−→ (s, 0)[

0

1

]
7−→ (0, σ∗s).

Writing the extended connection ∇̃|U at U in the local basis induced by this trivialisation,
it takes the form:

∇̃|U = d+

[
a(w) b(w)

c(w) d(w)

]
dw (7.31)

for a, b, c, d ∈ Γ(U,OΣ(Dν) + k ·R), for some k ∈ Z≥0.

Lemma 7.2.6. The Connection ∇̃ is σ-Equivariant
The flat connection ∇̃ is σ-equivariant. In particular, in a basis of non-vanishing local
sections as above, it takes the form

∇̃|U = d+

[
a(w) b(w)

−b(−w) −a(−w)

]
dw, (7.32)

for a, b ∈ Γ(U,OΣ(Dν) + k ·R).

Proof. Away from ramification, ∇̃ agrees with p∗∇ and as a pullback connection, it is σ-
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invariant on sections over σ-invariant neighbourhoods. At a σ-invariant neighbourhood U
of a ramification point r as above, let [f, g]T ∈ Γ(U,O⊕2

U ). In this notation, we have
σ∗
(
∇̃ ∂

∂w

(
f(w) · s, g(w) · σ∗s

))
= σ∗

((
s ∂
∂w
f(w), σ∗s ∂

∂w
g(w)

))
+σ∗

((
f(w) · s, g(w) · σ∗s

)[a(w) b(w)

c(w) d(w)

])

=
(
− ∂
∂w

(σ∗g(w)),− ∂
∂w

(σ∗f(w))
)
+

[
σ∗d(w)σ∗g(w)s(w) + σ∗b(w)σ∗f(w)σ∗s(w)

σ∗c(w)σ∗g(w)s(w) + σ∗a(w)σ∗f(w)σ∗s(w)

]
and

∇̃− ∂
∂w

(
σ∗
(
f(w) · s, g(w) · σ∗s

))
=
(
sσ∗ ( ∂

∂w
g(w)

)
, σ∗sσ∗ ( ∂

∂w
f(w)

))
+
(
σ∗g(w) · s, σ∗f(w) · σ∗s

)[a(w) b(w)

c(w) d(w)

]

= −
(

∂
∂w

(σ∗g(w)), ∂
∂w

(σ∗f(w))
)
−

[
σ∗g(w)a(w)s(w) + σ∗f(w)c(w)σ∗s(w)

σ∗f(w)b(w)s(w) + σ∗f(w)d(w)σ∗s(w)

]
.

Since ∇̃ extends p∗∇, the covariant derivative of ∇̃ on σ-invariant sections, i.e. sections
(f, g) ∈ Γ(U,O⊕2

U ) such that σ∗f(w) = g(w) must be σ-invariant

σ∗∇̃ ∂
∂w

(
f(w) · s, g(w) · σ∗s

)
!
= ∇̃− ∂

∂w

(
σ∗
(
f(w) · s, g(w) · σ∗s

))
=⇒

a(w) = −d(−w)b(w) = −c(−w)

and the form (7.32) follows.

Although the general constructions 7.2.1 and 7.2.5 allows ∂ to develop poles along p∗D+

2R, a local calculation proves that in our case it only develops poles along p∗D + R.
Using the σ-invariance and the condition that ∇ preserves a given wild quasi-parabolic
structure, we can further restrict the form of the connection at the neighbourhood of the
ramification. We prove these statements by studying the form of the extended connection
∇̃ at a neighbourhood of a ramification point explicitly.

Proposition 7.2.7. Explicit Description of the Extension ∇̃ at Ramification
Let r ∈ R, U ⊂ Σ be a σ-invariant neighbourhood of r and a local coordinate w ∈ U with
σ∗w = −w, in particular, w(r) = 0. The restriction of the flat connection ∇̃ to U is of the
form

∇̃|U = d+

[
a(w) b(w)

−b(−w) −a(−w)

]
dw, (7.33)

for a ∈ Γ(U,OΣ(Dν +R)) and b ∈ Γ(U,OΣ(Dξ +R)).
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Proof. Let ∇̃ be the connection on L ⊕ σ∗L extending p∗∇ along the exact sequence

0 −→ p∗E
i−−→ L⊕ σ∗L −→ OR −→ 0.

Locally, the connection ∇̃ is related to p∗∇|U = d+ A via the gauge transformation

∇̃|U = d+B−1dB +B−1AB, (7.34)

where B is the matrix with columns consisting of the eigenvectors of p∗Φ|U , thereby ex-
tending p∗∇ along i. Since the eigenvectors of p∗Φ|U are σ-conjugate to each other, we
have

B =

[
v+1 (w) v+2 (w)

v−1 (w) v−2 (w)

]
; with σ∗v+1 (w) = v+2 (w), σ

∗v−1 (w) = v−2 (w). (7.35)

Note that, due to the σ-conjugacy, the products v+1 (w)v
−
2 (w) and v+2 (w)v

−
1 (w) have the

same order of vanishing at 0, and the entries of B−1dB (7.36) have at most a logarithmic
pole at w(r) = 0

1

det(B)

[
v−2 (w)

d
dw
v+1 (w) + v+2 (w)

d
dw
v−1 (w) v−2 (w)

d
dw
v+2 (w)− v+2 (w) d

dw
v−2 (w)

v+1 (w)
d
dw
v−1 (w)− v−1 (w) d

dw
v+1 (w) −v−1 (w) d

dw
v+2 (w) + v+1 (w)

d
dw
v−2 (w)

]
, (7.36)

det(B) = v+1 (w)v
−
2 (w)− v+2 (w)v−1 (w). (7.37)

Imposing the condition that ∇ preserves the same wild quasi-parabolic structure as the
Higgs field cf. (6.54),(6.55), as well as the σ-invariance condition we have

B−1AB =

[
α(w) β(w)

−σ∗β(w) −σ∗α(w)

]
dw; α ∈ Γ(U,OΣ(Dν)), β ∈ Γ(U,OΣ(Dξ)). (7.38)

In total, the connection ∇̃ is, locally at ramification, of the form

∇̃|U = d+

[
a(w) b(w)

−b(−w) −a(−w)

]
dw,

where a ∈ Γ(U,OΣ(Dν +R)) and b ∈ Γ(U,OΣ(Dξ +R)).

Remark 7.2.8. The last proposition shows that the source of the extra poles at ramifica-
tion are a result of the B−1dB component of the meromorphic gauge transformation. In
particular, taking the difference ∇̃1 − ∇̃2 for two connections ∇1,∇2 ∈ M(C ,E ,Φ)(∇), this
term cancels out. We use this fact in the following proposition.

Proposition 7.2.9. As before, let r ∈ R, U ⊂ Σ be a σ-invariant neighbourhood of r and
a local coordinate w ∈ U with σ∗w = −w. Let ∇1,∇2 ∈ M(C ,E ,Φ)(∇) with extensions ∇̃1,
∇̃2 giving rise to the same abelian connection ∂ = d+a(w) via the abelianisation procedure
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7.2.1. Then, their difference, locally at ramification, is of the form

[∇̃1 − ∇̃2]|U =

[
0 b∆(w)

−b∆(−w) 0

]
dw, (7.39)

where b∆(w) ∈ Γ(U,OΣ(Dξ −R)).

Proof. The difference, locally at ramification, reads

[∇̃1 − ∇̃2]|U = (d+B−1dB +B−1A1B)− (d+B−1dB +B−1A2B) (7.40)

=

[
α(w) β1(w)

−σ∗β1(w) −α(w)

]
dw −

[
α(w) β2(w)

−σ∗β2(w) −α(w)

]
dw (7.41)

=

[
0 β1(w)− β2(w)

−σ∗β1(w) + σ∗β2(w) 0

]
dw (7.42)

=:

[
0 b∆(w)

−b∆(−w) 0

]
dw, (7.43)

with b∆(w) ∈ Γ(U,OΣ(Dξ)). We proceed with a local calculation similar to [15, 4.2]. Since
we argue locally, we can assume w.l.o.g. that Dξ = n · r. Then, N(w) := wn

dw
· [∇̃1−∇̃2]|U is

a regular endomorphism of L|U ⊕ σ∗L|U , in particular, acting with N on a regular section
s ∈ Γ(U, p∗E) yields a regular section([

∇̃1 ∂
∂w
− ∇̃2 ∂

∂w

]
· wn

)
(s) ∈ Γ(U, p∗E). (7.44)

If n ≡ 0 mod 2, then, for the regular σ-invariant section
[
wn wn

]T
∈ Γ(U, p∗E), we have[

∇̃1 ∂
∂w
− ∇̃2 ∂

∂w

]
·

[
wn

wn

]
=

[
0 b∆(w)

−b∆(−w) 0

][
wn

wn

]
=

[
b∆(w)w

n

−b∆(−w)wn

]
!
∈ Γ(U, p∗E)

=⇒ b∆(w)w
n|w(p)=0

!
= −b∆(−w)wn|w(p)=0 =⇒ b∆,n

!
= −b∆,n

=⇒ b∆,n = 0 =⇒ β1,n = β2,n,

and if n ≡ 1 mod 2, then
[
wn −wn

]T
∈ Γ(U, p∗E) is a σ-invariant section, for which we

have

[∇̃1 ∂
∂w
− ∇̃2 ∂

∂w
] ·

[
wn

−wn

]
=

[
0 b∆(w)

−b∆(−w) 0

][
wn

−wn

]
=

[
−b∆(w)wn

−b∆(−w)wn

]
!
∈ Γ(U, p∗E)

=⇒ b∆(w)w
n|w(p)=0

!
= b∆(−w)wn|w(p)=0 =⇒ b∆,n

!
= −b∆,n

=⇒ b∆,n = 0 =⇒ β1,n = β2,n.

In both cases, the difference of the leading coefficients of β1, β2 must vanish. Therefore,
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the difference is a section

b∆(w)dw = [β1(w)− β2(w)]dw ∈ Γ(U, ωΣ(Dξ −R)).

Definition 7.2.10. The α-Morphism
We define a morphism

α : M (C ,E ,Φ,∇) −→ M (C , Q,L, ∂) (7.45)

by sending the Higgs field Φ to its Hitchin-image χ(Φ) = tr(Φ2) =: Q and the wild quasi-
parabolic connection (E ,∇) to the abelian branched flat bundle (L, ∂) of definition 7.2.1.

Remark 7.2.11. At the level of morphisms, let f : (E ,Φ,∇)→ (E ′,Φ′,∇′) a morphism
in MC (E ,Φ,∇), i.e. a morphism of SL2-bundles f : E −→ E ′ such that is compatible with
the quasi-parabolic structures Lξ, L′

ξ and intertwines the Higgs fields and flat connections
fΦ = Φ′f and f ◦ ∇ = ∇′ ◦ f . Then α sends such a morphism to a morphism of the
abelianised data α(f) : (E , Q, ∂)→ (E ′, Q′, ∂′). Explicitly:

• Q′ = tr((fΦ)2), and ν = ν ′, pν = p′ν since (E ,Φ) (E ′,Φ′) are both Higgs fields on the
same wild curve.

• α(f)|L : L = ker(p∗Φ − λ) → L′ = ker(p′∗(fΦ) − λ′) and note that L′
ξ = L′|Dξ

due
to the compatibility of f with the quasi-parabolic structure.

• for the induced map on abelianised connections we have p∗f ◦ ∂ = ∂′ ◦ p∗f .

The following theorem is a generalisation of the classical spectral correspondence to
include the simultaneous abelianisation of Higgs fields and flat connections. Thereby, flat
connections that are wild quasi-parabolic with respect to the residual eigenline of the Higgs
field, i.e. have the same wild quasi-parabolic structure as the Higgs field, map to anti-
invariant abelian connections on the eigenline L. The interesting fact is that, generically,
the fibres of this extended abelianisation map are finite. An abelian branched connection
on the spectral curve generically determines an SL2-connection on the base. This is non-
trivial, since, unlike the Higgs field that diagonalises on the spectral cover, the connection
does not need be diagonal, but merely wild parabolic. This extends the abelianisation
procedure described in the Donagi-Pantev approach to geometric Langlands [27, Chapter
3], and [15, Theorem 5.1.1] from the holomorphic to the wild irregular meromorphic setting.
For brevity, we refer to the appendix definition B.0.26, for the definition of a birational
morphism between algebraic stacks.

Theorem 7.2.12. Generalised Spectral Correspondence
The morphism α induces a birational correspondence of moduli spaces, extending the spec-
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tral BNR-correspondence for D-twisted Higgs bundles to include anti-invariant flat bundles

M (C ,E ,Φ,∇) M (C ,L, Q, ∂)

M (C ,E ,Φ) M (C ,L, Q).

α

ϑ

(7.46)

Proof. Given the BNR-correspondence ϑ as described in Theorem 7.1.11, we need to show
that the map

M(C ,E ,Φ)(∇) −→ M(C ,L,Q)(∂), (7.47)

induced by α, is generically 1 : 1. For this, consider two connections ∇,∇′ ∈ M(C ,E ,Φ)(∇)
on the same wild bundle E and giving rise to the same abelian connection ∂ on L, i.e.
∇,∇′ ∈ α−1((C ,L, Q, ∂)). We proceed with a local argument, so w.l.o.g., let D = n · p.
We distinguish between the cases where p ∈ B and p ̸∈ B when calculating the restriction
(∇̃ − ∇̃′)|Dξ

, that is, we distinguish by whether the spectral cover ramifies over p or not.

Unramified Case, i.e. Dν = Dξ + σ∗(Dξ) = p∗D:

(∇̃ − ∇̃′)|Dξ
=

[
∂|Dξ

b

0 −∂|Dξ

]
−

[
∂|Dξ

b′

0 −∂|Dξ

]
=

[
0 b− b′

0 0

]
(7.48)

and analogously

(∇̃ − ∇̃′)|σ∗(Dξ) =

[
∂|Dξ

0

b −∂|Dξ

]
−

[
∂|Dξ

0

b′ −∂|Dξ

]
=

[
0 0

b− b′ 0

]
, (7.49)

with b−b′ ∈ H0(Dξ, ωΣ(Dξ)|Dξ
). Recall that ∇̃ agrees with p∗∇ : p∗E → p∗E⊗ωΣ(Dν−R)

away from ramification. At ramification the difference vanishes as we saw in proposition
7.2.9. Therefore, we have globally

(∇̃ − ∇̃′) ∈ H0(Σ, σ∗L∗ ⊗ L⊗ ωΣ(Dξ −R)).

Ramified Case, i.e. Dν/2 = p∗D/2 = Dξ = σ∗(Dξ):

(∇̃ − ∇̃′)|Dν =

[
∂|Dν b

σ∗b −∂|Dν

]
−

[
∂|Dν b′

σ∗b′ −∂|Dν

]
=

[
0 b− b′

σ∗b− σ∗b′ 0,

]
(7.50)

with (b− b′), (σ∗b− σ∗b′) ∈ H0(Dξ, ωΣ(Dξ − R)|Dξ
) = H0(σ(Dξ), ωΣ(σ(Dξ)− R)|σ(Dξ)) as

follows from Proposition 7.2.9. Therefore, we have globally once again

(∇̃ − ∇̃′) ∈ H0(Σ, σ∗L∗ ⊗ L⊗ ωΣ(Dξ −R)).

In both cases, the difference of any two connections in the fibre of α is described by a
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global section of the sheaf σ∗L∗ ⊗L⊗ ωΣ(Dξ −R). Applying Riemann-Roch, we see that
the line bundle in question has indeed vanishing Euler characteristic

χ(Σ, σ∗L∗ ⊗ L⊗ ωΣ(Dξ −R)) = χ(ωΣ(Dξ −R)) = deg(ωΣ(Dξ −R))− gΣ + 1

= 2gΣ − 2 + deg(Dξ)− gΣ + 1− deg(D) + 1− gΣ = 0,

and it follows that, for a generic L, any such section is zero and the difference vanishes.
Therefore, the map α is generically 1:1.

Corollary 7.2.13. As a direct corollary to Theorem 7.2.12, we get a correspondence

M (C ,E ,Φ,∇∞) M (C ,L, Q, ∂∞)

M (C ,E ,Φ) M (C ,L, Q)

α

θ

(7.51)

The proof of this result works in exactly the same way. This is due to the fact that the
difference of any two wild quasi-parabolic connections with the same irregular type is equal
to a nilpotent quasi-parabolic connection.

7.3. Generic Finiteness of the Hitchin Fibre at a fixed Bundle

Definition 7.3.1. The β-Morphism.
We consider the map of moduli spaces induced by the Hitchin map (6.23) on Higgs fields

β∞ : M (C ,E ,Φ,∇∞) −→ M (C ,E , Q,∇∞) (7.52)

(C ,E ,Φ,∇∞) 7−→ (C ,E , χ(Φ),∇∞).

We also write

β : M (C ,E ,Φ,∇∞) −→ M (C ,E , Q,∇) (7.53)

(C ,E ,Φ,∇∞) 7−→ (C ,E , χ(Φ),∇∞ + Φ).

Recall that M (C ,E , Q,∇∞) ∼= M (C ,E , Q,∇).

We would like to prove in complete generality that the map β∞ is generically étale. For
the time being, we cannot do so without assuming the existence of a certain schematic
point on M (C ,E , Q,∇∞) in the substack cut out by fixing a special wild bundle 7.54. We
discuss the origin of this condition and its expected resolution in remark 7.3.3. For now,
we can only guarantee via the following proposition 7.3.2, that β∞ is generically étale for
all admissible types of genus 0, i.e types (0,m), in particular, for all examples of Painlevé
type.
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Proposition 7.3.2. Let ω1/2
C be a choice of a θ-characteristic, i.e. a choice of a square

root of the canonical bundle on C. Assuming the existence of C , Q and a connection ∇∞

on the wild quasi-parabolic bundle E = (ωC(D)1/2 ⊕ ωC(D)−1/2, p∗ωC(D)1/2|Dξ
), such that

the point

(C , ωC(D)1/2 ⊕ ωC(D)−1/2, p∗ωC(D)1/2|Dξ
, Q,∇∞) ∈ M (C ,E , Q,∇∞) (7.54)

is schematic, i.e. has trivial stabilisers, then the map β∞ is generically étale. The same
statement holds tautologically for β.

Proof. We want to argue that the map

ψ : MC (E ,Φ) −→ MC (E , Q)

is generically finite. First, note that

dim(MC (E ,Φ)) = 9g − 9 + 3 deg(D) = dim(MC (E , Q)). (7.55)

The source and target of ψ are equidimensional, and its dominance follows from [5, Theorem
1] using the dimension formula [74, Tag 02JT]. We want to show that for every wild curve
C , β has a finite fibre, that is, there exists a wild quasi-parabolic bundle E , such that

dim(ψ−1(E , Q)) = dim(M(C ,E )(Φ))− dim(M(C ,E )(Q)) = 0.

Recall that, by theorem 7.2.12, we have a birational correspondence

α : M (C ,E ,Φ,∇∞) −→ M (C , Q,L, ∂∞),

so we can transfer the discussion from wild quasi-parabolic Higgs bundles (E ,Φ) to the
abelianised data (L, Q) via α.

Fixing a quadratic differential Q, we assume the existence of a line bundle L ∈ Pic(ΣQ)

with the following properties:

1. L is anti-invariant L⊗σ∗L ∼= p∗ωC(D), i.e. (Q,L) arises as a tuple in M (C , Q,L, ∂∞),

2. L admits a (non-zero) embedding L ↪→ p∗p∗L,

and set E := (E := p∗L, Lξ := L|Dξ
) for the de-abelianised wild bundle on C associated

to (Q,L). For such a wild quasi-parabolic bundle E we have a diagram of short exact
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sequences

0 0

L L

0 p∗E L ⊕ σ∗L OR 0

0 L∗ σ∗L OR 0

0 0 .

id

i

j (7.56)

where the left vertical sequence is exact due to the 2nd assumption on L together with

L ⊗ p∗E/L ∼= det(p∗E) = OΣ =⇒ p∗E/L ∼= L∗.

The middle horizontal short exact sequence is the one we studied in 7.10. The bottom
horizontal sequence is exact due to the 1st assumption on L, from which we have

L∗ = σ∗L ⊗OΣ(−R),

i.e. it arises by twisting 0→ OΣ(−R)→ OΣ → OR → 0 with σ∗L.

LetM be another line bundle satisfying (1),(2) such thatM|Dξ
= L|Dξ

. Then (7.56) gives
a diagram

L

p∗E

M M⊕ σ∗M σ∗M.

i

ℓ◦j◦i

j

ℓ

(7.57)

Since deg(L) = deg(M) = deg(σ∗M), the induced map ℓ ◦ j ◦ i is either an isomorphism
or zero, as it is a map of line bundles of the same degree. Thereby, either L ∼= σ∗M or
L ∼= M. Imposing the condition of the quasi-parabolic structure M|Dξ

= Lξ = L|Dξ
we

see thatM
!∼= L.

It remains to show that such a non-empty fibre exists, i.e. that a line bundle L with
those properties exist on the spectral curve ΣQ. To that end, start by choosing a θ-
characteristic ω1/2

C of the canonical sheaf on the base curve C, which is a finite choice,
and let L := p∗(ωC(D)1/2). This line bundle L satisfies conditions (1),(2), where the 1st
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property holds by construction

p∗(ωC(D)1/2)⊗2 = p∗(ωC(D))

and the 2nd follows by adjunction L ↪→ p∗p∗p
∗(ωC(D)1/2) = p∗p∗L. Therefore, the map ψ is

generically finite and therefore β∞ is generically finite morphism. This map is a generically
étale map of stacks as defined in the appendix definition B.0.27. For smooth surjective
atlases

U −→ M (C ,E ,Φ,∇∞) and V −→ M (C ,E , Q,∇∞),

let u : U −→ V be the induced morphism on smooth schemes/C, then u is by construction
a generically finite morphism between smooth equidimensional irreducible varieties over C
and thereby it is generically étale.

Remark 7.3.3. Discussion on Proposition 7.3.2 and beyond.

Without assuming the existence of a schematic point 7.54, the proof above fails to
extend the finiteness over the special point (C , ω(D)1/2⊕ω(D)−1/2, p∗ωC(D)1/2|Dξ

, Q,∇∞)

to an open schematic sub-stack using by the dominance of the map β∞. The underlying
holomorphic bundle E = ωC(D)1/2⊕ωC(D)−1/2, and thereby p∗E = L⊕L∗, is unstable as
a holomorphic bundle, with non-trivial automorphism group H0(C, ωC(D)) of dimension
g − 1 + deg(D). The wild quasi-parabolic structure on E, reduces the dimension of the
non trivial automorphism group to dim(Aut(C ,E )) = g−1. These automorphisms rigidify
automatically for g = 0, and the proof above works without the extra assumption 7.54.
In particular all Painlevé-type cases are covered so. For higher genera, the quasi-parabolic
structure does not guarantee rigidification, without imposing any stability conditions.

We conjecture that the map β is generically étale for any genus wild curves, and the
failure of showing this only lies in the limitations of the proof strategy of proposition 7.3.2.
A research direction we are planning to take on in the immediate future is to prove a
powerful result generalising [66, Theorem 1.1] and [67, Theorem 3.14] to the wild parabolic
setting. In their work, Pauly and Nieto provide the necessary stability conditions charac-
terising very stable and wobbly loci for holomorphic and logarithmic parabolic bundles.
Over the dense open very stable loci, the map ψ is shown to be proper finite, and β is
indeed generically étale in those cases as well. That is β is also known to be generically
étale for types (g ≥ 2, (0)) and {(g = 1, (1, · · · , 1))}. The latter case is included in the
extension of our theory described in appendix C.

The theory we developed in this thesis provides the natural setting for the generalisation
of this result, after one defines an appropriate (very-)stability/ wobbly condition for wild
parabolic endomorphisms. This result would immediately imply the generic finiteness of
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the map β, without relying on the connection to rigidify any non-trivial automorphisms
of the underlying parabolic bundle and it would be an important result in the realm of
geometric Langlands and the P=W conjecture, as T.Pantev tried explaining to me.
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8. A Family of Ehresmann Connections

8.1. The Generalised Diagram

The theory we developed until now allows us to draw the following diagram

M (C ,E ,Φ,∇∞)

H # M (C , Q,L, ∂∞) M (C ,E , Q,∇) M (C ,E ,∇)

M (C , Q) M (C , Q) M (C , Q) M (C )

βα

π

µ γ

π′

τ

ϖ′ ϖ

id

∼
id

∼

(8.1)
where

• M (C ) is parametrising wild algebraic curves C = (C,D, ν, ξ).

• M (C , Q) is parametrising wild curves C and quadratic differentials Q on wild curves.

• M (C ,E ,∇) is parametrising wild quasi-parabolic flat bundles (E ,∇) on the wild
curve C . This space comes with a forgetful morphism ϖ : M (C ,E ,∇)→ M (C ).

• M (C ,E , Q,∇) is constructed as the fibre product

M (C ,E , Q,∇) M (C ,E ,∇)

M (C , Q) M (C )

τ

ϖ

• M (C ,E ,Φ,∇∞) is parametrising pairs of wild quasi-parabolic Higgs fields Φ and wild
quasi-parabolic nilpotent connections ∇∞ on the same wild bundle E over the same
wild curve C . In particular ∇∞ has vanishing irregular type. On this space we have
a map

β : M (C ,E ,Φ,∇∞) −→ M (C ,E , Q,∇)
(C ,E ,Φ,∇∞) 7−→ (C ,E , χ(Φ),∇∞ + Φ)

cf. definition 7.3.1, which we know to be generically étale for types (0,m), cf. propo-
sition 7.3.2.

• M (C , Q,L, ∂∞) is parametrising anti-invariant branched flat bundles on spectral
curves Σ(C ,Q) determined by (C , Q). The map µ : M (C , Q,L, ∂∞) → H # is the
one we defined in 6.106.

118



Chapter 8. A Family of Ehresmann Connections M .Z.

• π : H → M (C , Q) is the bundle with fibres H̃1(Σ(C ,Q),C∗)−.

• α is the abelianisation morphism giving rise to the generalised spectral correspon-
dence 7.2.12.

• γ := β ◦α−1, a map which, due to 7.2.12 and 7.3.2, induces a dominant rational map

γ(C ,Q) : M (L, ∂∞)→ MC ,Q(E ,∇)

between the space of anti-invariant branched flat bundles on Σ(C ,Q) and the space of
SL2(C)- wild quasi-parabolic flat bundles on C for types (0,m).

8.2. Remarks on the Isomonodromy Connection

The map ϖ : M (C ,E ,∇) → M (C ) admits a well-known flat ϖ-connection j, called the
isomonodromy connection. By construction, for a point (C ,E ,∇), the irregular type of
the irregular connection ∇ is controlled by the enhancement datum ν of the underlying
wild curve C . Varying the complex structure of the curve C, the positions of the poles (i.e.
D of fixed type m) and the irregular type (i.e. ν), results to a system of isomonodromic
deformation equations originally studied by [61, Malgrange] and [44, Jimbo-Miwa-Ueno].
The flows of this system with respect to the time-parameters (C,D, ν) determined by C ,
consist of all points (C ,E ,∇) ∈ M (C ,E ,∇) that carry the same generalised monodromy
data. We call these isomonodromic families of flat connections. Later, these equations
were recast into the form of a flat and, crucially, symplectic Ehresmann connection on the
bundle M (C ,E ,∇)→ M (C ) and they were studied from an integrable systems perspective
in a series of papers by Boalch cf.[8, Theorem 7.1],[10],[11],[9],[6] and simultaneously by
Krichever [53], the latter concentrating in the Hamiltonian and Lax formalism of the theory.

Note here that Boalch and Krichever, instead of using our notion of a wild curve that
encodes the irregular type into the enhancement, they use the dual notion of jets instead.
Of course they studied more general gauge groups and jets are the natural language to use,
but in our humble SL2(C)-case, we have seen that the space of wild curve enhancements is
isomorphic to the space of jets M (C,D, j), more accurately we recovered a duality between
the space of curve enhancements M(C,D)(ν) on a fixed pair (C,D) and the space of jets over
D: M(C,D)(C,D, j).

The resulting Ehresmann connection j is symplectic with respect to the Atiyah-Bott
form on the space of irregular connections [8, Theorem 7.3]. Although it is not mentioned,
the connections is also algebraic, this is due to the inherent algebro-geometric nature of
the isomonodromy condition, which we briefly describe here.
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Let S ↪→ M (C ) be a scheme parametrising a a family of wild curves C −→ S, and denote
Cs the fibre over a point s ∈ S. Further more consider a relative family of flat connections
on C , that is for every point s ∈ S we have a flat bundle (Es,∇s) on Cs. Equivalently we
can write this family as a relative flat connection

∇rel : E −→ E ⊗ ωC /S (8.2)

satisfying the Leibniz rule ∇rel(f · s) = f · ∇rel(s) + drelf · s, where the relative differential
is the image of the de Rham differential under

0 −→ ωS −→ ωC −→ ωC /S −→ 0

df 7−→ drelf.

Definition 8.2.1. We call an S-family of flat bundles (Cs,Es,∇s)s∈S an isomonodromic
family, if there exists an absolute flat connection ∇ : E −→ E ⊗ωC lifting the relative con-
nection ∇rel associated to the family. We call this absolute connection the isomonodromy
connection.

It is precisely the flatness condition of the absolute connection that translates to the
isomonodromy condition. This is to be seen as follows. Assuming the existence of such an
absolute connection ∇, the generalised monodromy of the flat bundle (Es,∇s) has to agree
with the generalised monodromy of its parallel transport (Cs′ ,Es′ ,∇s′) = P∇

γ ((Cs,Es,∇s))

with respect to the absolute connection ∇ along any smooth path on the base γ : [0, 1]→ S

with s = γ(0) and s′ = γ(1). The monodromy of the flat connections ∇s remains constant
along flat sections H∇ of the absolute lift determined by ∇. That is

Mon(∇s) =Mon(∇s′), ∀s, s′ ∈ S : [∇s] = [∇s′ ] ∈ M (C ,E ,∇)/H∇.

8.3. An ε-family of Flat Ehresmann Connections

Here we only consider the cases where β is generically étale.

Definition 8.3.1. A flat π-Connection h

Given the isomonodromy connection j on ϖ : M (C ,E ,∇)→ M (C ), since the right square
of (8.1) is Cartesian, we can pullback the ϖ-connection j to a flat ϖ′-connection τ ∗j using
remark 3.1.12. Then using remarks 3.1.11 and 3.1.12 we obtain a connection on an open
subset of π′, which in turn descends along the étale quotient, via remark 3.1.11, to an
Ehresmann connection on π. Lastly by remark ??, we extend the so obtained π-connection
on an open subset, to a meromorphic π-connection h on a dense open of π.

Remark 8.3.2. The linear lift E, of definition 3.3.8, of the Euler vector field Z of definition
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5.2.15, is the generator of the following C∗-action

m : C∗ ×M (C , Q,L, ∂∞) −→ M (C , Q,L, ∂∞) (8.3)

(t, (C,D, ν, ξ, Q,L, ∂∞)) 7−→ (C,D, t2ν, ξ, t2Q,L, ∂∞).

that is the lift the natural C∗-action on the space of quadratic differentials on wild curves.

Proposition 8.3.3. How to build a family
Let hε be an ε-family of flat Ehresmann connections underlying a Joyce structure on a
complex manifold M . Then, for the C∗-actions ϕt on M cf.3.3.7 and mt on TM cf.3.3.8,
the following identity holds

mt−1∗hε(ϕt∗v) = ht·ε(v). (8.4)

Proof. Let v =
∑

i αi
∂
∂zi
∈ TM . Recall from 3.3.3,3.3.8 the Euler fields Z,E, generating

the C∗-actions on TM and TX = TTM . By the Joyce structure property [J3] cf. 3.4.1,
we have

h([Z, v]) = [h∇(Z), h(v)] = [E, h(v)] =⇒ h(t−1v) = t−1h(v)

=⇒ t−1
∑
i

αi
∂

∂zi
+
∑
p,q

ηpq
∂Wi(tzi, θi)

∂θp

∂

∂θq
= t−1

(∑
i

αi
∂

∂zi
+
∑
p,q

ηpq
∂Wi(zi, θi)

∂θp

∂

∂θq

)
=⇒ Wi(tzi, θi) = t−1Wi(zi, θi) ∀i

Applying this result to the ε-family, we obtain

mt∗hε(ϕt−1∗
∂

∂zi
) = mt∗hε(t ·

∂

∂zi
)

= mt∗

(
t ·

(
∂

∂zi
+
∑
p,q

ηpq
∂Wi

∂θp

∂

∂θq
+
∑
q

(ε · t)−1 ∂

∂θq

))

=
∂

∂zi
+
∑
p,q

ηpq
∂Wi

∂θp

∂

∂θq
+
∑
q

(ε · t)−1 ∂

∂θq

= ht·ε

(
∂

∂zi

)
In other words, we can construct the whole pencil via this action from any element of the
ε-family, in particular from h = h1.

Definition 8.3.4. An ε-family of Flat π-Connections
Let h be the π-connection of definition 8.3.1. We define an ε-family hε of flat Ehresmann
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connections on the bundle π : H # −→ M (C , Q)

0 TH /M TH π∗TM 0,i

hε

h

(8.5)

by setting hε(v) := mε−1∗h(ϕε∗v), where mt∗ and ϕt∗ are given by the action of the Euler
fields E (8.3.2) and Z (5.2.15) respectively, as prescibed by proposition 8.3.3.

9. An Example

In this chapter, we describe the constructions that appeared in this thesis in a concrete
example and in great detail, namely for the data (g,m) = (0, {7}), using this as an oppor-
tunity to digest the plethora of definitions and structural results.

9.1. Quadratic Differentials, Spectral and Wild Curves

Consider quadratic differentials of type (0; 7), these are sections

Q ∈ H0(P1, ω⊗2
P1 (7 · p)); for some fixed p ∈ P1.

Since ω⊗2
P1
∼= O(−4), these quadratic differentials are determined by global sections of

OP1(3), carrying a single pole. Acting by an element of Aut(P1), we can take the pole p to
be at ∞ ∈ P1. These correspond to quadratic differentials associated to cubic polynomial
functions on P1

Q(x) = p(x) · dx⊗2; p(x) ∈ H0(P1,OP1(3)) (9.1)

with a pole of order 7 at∞ ∈ P1. M (C,Q)(0;7) is the moduli space parametrising quadratic
differentials with simple zeros distinct from ∞ modulo automorphisms, i.e.

Q′ ∼ Q ⇐⇒ ∃f ∈ Aut(P1) : f ∗Q = Q.

In particular f is a Möbius transformation of type

f : x 7−→ α · x+ β;α ∈ C∗, β ∈ C,

since it must preserve the position of the pole. Explicitly, let Q(x) be quadratic differential
of type (0; 7) with three simple roots at r1, r2, r3 ∈ C

122



Chapter 9. An Example M .Z.

Q(x) =
3∏
i=1

a(x− ri)dx⊗2 = (a3x
3 + a2x

2 + a1x+ a0)dx
⊗2,

then f : x 7−→ α · x acts by f ∗Q(x) = α5
∏3

i=1 a3(x − ri)dx⊗2 and f : x 7−→ x + β acts
by shifting the roots of Q: ri 7→ r′i = ri + β. In particular, for β = a2

3a3
we have

∑
r′i = 0.

Furthermore, observe that

3∏
i=1

(x− ri)dx⊗2 =

(
x3 −

∑
i

rix
2 + (r1r2 + r2r3 + r1r3)x−

∏
i

ri

)
dx⊗2.

Therefore, factoring the set of quadratic differentials with simple poles of type (0, 7) by
pole preserving automorphisms of P1, we obtain reduced cubic polynomials with simple
roots, up to the action of the group of fifth roots of unity coming from the rescaling action

{x3 + ax+ b | (a, b) ∈ C2\{4a3 + 27b2 = 0}}
/
Z /5Z .

Moreover, since monic polynomials with simple roots are determined by their roots we
have in total

M (C,Q)(0;7) = {(r1, r2, r3)|
∑

i ri = 0 and ∄i ̸= j s.t. ri = rj}
/(Z /5Z

)
. (9.2)

Note here that since the action of µ5 is free, the resulting space does not have an orbifold
point. Now consider a quadratic differential of this type

Q(x) = (x3 + ax+ b)dx⊗2 ∈ H0(P1, ω⊗2
P1 (7∞)) = H0(P1,OP1(3))

Inverting the coordinate x on P1 by x 7→ 1
z
, we obtain a coordinate centred at the pole of

Q

Q(x) = (x3 + ax+ b)dx⊗2 7→ Q(z) =

(
1

z7
+

a

z5
+

b

z4

)
dz⊗2 (9.3)

The associated spectral curve Σ is an elliptic curve, which we see as a degree 3 curve
in Tot(ωC(4∞))

π−→ C cut out by the equation y2 = π∗Q. Recall that by remark 4.2.3,
since the order of the pole at ∞ is odd, the ramification locus is precisely given by the
pre-images of ∞ and the zeros of Q under the covering map. The anti-invariant cohomol-
ogy of the punctured spectral curve is 2-dimensional H1(Σ◦,C)− = H1(Σ,C)− and the
intersection product agrees with that of the projective elliptic curve. A basis for the de
Rham cohomology is given by dx

y
, xdx

y
.

Let us denote by ∞̃ = supp(p−1(∞)) the closed point lying over the pole of Q in the
spectral cover by the elliptic curve p : Σ→ P1.
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Figure 2: Here the green points are ∞ ∈ P1 and ∞̃ ∈ Σ, and the red points correspond to
the rest of the zeros of Q(x).

The data of a wild curve C = (C,D, ν, ξ) in this setting are as follows. The underlying
algebraic curve is of course C = P1 and the divisor D is defined in 4.1.4 to be

D =
∑
i

⌈mi

2

⌉
· pi =

⌈
7

2

⌉
· ∞ = 4 · ∞.

The enhancement ν is defined in 5.1.1 by viewing the quadratic differential as a section of
H0(C, ωC(D)⊗2|D) and then restricting it to D, in this case we have

ν = (x3+ax+b)dx⊗2|4·∞ = (z+az3+bz4)
dz⊗2

z8
|4·∞ = z+az3 ∈ H0(D,ω⊗2

P1 (8·∞)|4·∞) (9.4)

In terms of remark 5.1.5, the enhancement determines a double cover pν : Dν → D with
Dν = ι∗DΣ = π∗D ∩Tot Σ = 8 · ∞̃ ⊂ Tot(ωP1(4∞)). The enhancement class

ν = [(x+ ax3)dx⊗2] ∈ H0(C, ωC(D)⊗2|D)

is the datum fixing the class-ν cover via the defining sequence

0 −→ IDν −→ OΣ −→ ODν −→ 0, (9.5)

that is Dν = p∗D is determined by the curve-enhancement associated to Q: ν = Q|D.

The last ingredient of a wild curve is the signing. In general this amount to a choice
of a pre-image of each closed point of D in the spectral cover ξ : Dred ↪→ Dred

ν ; such that
pν(ξ(p)) = p, ∀p ∈ Dred. In this case, our spectral curve is ramified over the pole of the
quadratic differential at ∞, and thereby the choice is unique. What is non-trivial, is the
divisor Dξ =

∑
i ni · ξ(pi) = 4 · ∞̃ introduced in definition 5.1.9. In total the wild curve

datum reads

C = (P1, 4 · ∞, x+ ax3,∞ 7→ ∞̃).
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9.2. Period Structure

For the period coordinates {zi}i on M (C , Q) we have by definition 5.2.8 and lemma 5.2.13{
zi =

∫
γi

[λ] =

∫
γi

(√
x3 + ax+ b

)
dx

}
γi∈H̃1(Σ,C)−

(9.6)

The anti-invariant cohomology of the spectral curve H̃1(Σ,C)− is 2-dimensional and the
intersection product agrees with that of the projective elliptic curve. The differential of
the period map yields

∇[δ] : T(a,b)M (C,Q) −→ H̃1(Σ(a,b),C)−

∂

∂a
7−→ ∇∂aλ = −x · dx

2y
∂

∂b
7−→ ∇∂bλ =

dx

2y
.

In de Rham terms, ⟨∇∂bλ⟩ generates the (0,1)-part of the Hodge filtration and ⟨∇∂bλ⟩ the
(1,0)-part. For the periods of the holomorphic 1-form we have

ωi =

∫
γi

∇∂b =
∂zi
∂b
. (9.7)

Moreover the collection

ηi := −
∫
γi

∇∂a =
∂zi
∂a

(9.8)

are the Weirstraß quasi-periods, which in Betti terms, i.e. after exponentiation, compute
the monodromy of the Picard-Fuchs equation/ Gauß-Manin connection. Using the Legen-
dre relation ω2η1 − ω1η2 = 2πi, cf. [33, Chapter 2.2], we have

∂

∂a
= −η1

∂

∂z1
− η2

∂

∂z2
,

∂

∂b
= ω1

∂

∂z1
+ ω2

∂

∂z2
(9.9)

which can be inverted to

∂

∂z1
= − 1

2πi

(
ω2

∂

∂a
+ η2

∂

∂b

)
,

∂

∂z2
=

1

2πi

(
ω1

∂

∂a
+ η2

∂

∂b

)
. (9.10)

In the period coordinates {zi}i the symplectic form reads

ω = − 1

2πi
dz1 ∧ dz2 = da ∧ db, (9.11)

and the skew-symmetric form (Euler product) is η(dz1, dz2) = 2πi, which is in accordance
with condition [J1] for a Joyce structure, cf. 3.4.1.
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By definition, the Euler vector field Z of definition 5.2.15, inducing the C∗-action on
M (C , Q) is

Z = z1
∂

∂z1
+ z2

∂

∂z2
=

4a

5

∂

∂a
+

6b

5

∂

∂b
(9.12)

9.3. Wild Quasi-Parabolic Higgs Bundles

Now we want to describe the elements of M (C ,E ,Φ). These are irregular Sl2(C) Higgs
Bundles that respect a certain wild quasi-parabolic structure Lξ on E = O⊕2

P1 , i.e. preserve
E = (E,Lξ) and such that Q := tr(Φ2) is a quadratic differential of type (0, {7}) with
ν := tr(Φ2)|4·∞ = (x+ ax3)dx

⊗2

x8
.

In order to determine what a generic such Higgs field looks like, we first expand it in
powers of x: Φ =

∑
j ϕj ·xjdx for some ϕj ∈ sl2(C). Since Φ ∈ H0(P1, sl2(O⊕2

P1 )⊗ωP1(4·∞))

it carries maximally a term of order 2 and so Φ = ϕ2 · x2 + ϕ1 · x + ϕ0. Recall that the
form dx contributes with a pole of order 2 at∞. Moreover, the Higgs field is an sl2-valued
1-form, so after putting ϕ2 in an upper triangular form, we have

ϕ2 =

[
α2 β2

0 −α2

]
, with determinant tr((ϕ2x

2)2) = −α2
2x

4.

The wild structure of the curve C on which Φ is defined, allows its determinant to develop
poles only up to order 3, therefore α2

!
= 0. For ϕ1, first we rescale the coordinate on P1 to

normalise the left-lower entry ϕ1 =

[
α1 β1

1 −α1

]
, then conjugating by the SL2(C[z])-matrix

T =

[
1 −α1

0 1

]
allows us to eliminate the diagonal terms Tϕ1T

−1 =

[
0 β1 − α2

1

1 0

]
. Adding

the constant term ϕ0, we have a Higgs field of the form

Φ =

[
p x2 + c · x+ d

x− q −p

]

with tr(Φ2) = p2+x3+(q+β)x2+(qβ+γ)x+qγ. Imposing the condition of the enhancement
type, we see that c !

= −q. Lastly setting a := d − q2 and b := p2 − q3 − aq we obtain in
total

Φ =

[
p x2 + qx+ q2 + a

x− q −p

]
dx, with − tr(Φ2) = (x3 + ax+ b)dx⊗2 = Q(x). (9.13)

Passing to the associated spectral cover p : Σ→ C we can diagonalise this generic Higgs
field Φ. Let w be a coordinate on the spectral cover centered at ∞̃ with w2 = z. Pulling
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back the quadratic differential near the ramification we have

p∗Q(w) = 4(w4 + aw8 + bw10)
dw⊗2

w16

with square root

λ =
√
p∗Q = (2w2 + aw6 + bw8 + O(w10))

dw

w8
.

Then Dν = 8 · ∞̃ =⇒ Dξ = 4 · ∞̃ and the irregular types read

λν = λ|Dν = (2w2 + aw6)
dw

w8
, (9.14)

λξ = λ|Dξ
= (2w2)

dw

w8
. (9.15)

The pulled-back Higgs field is

p∗Φ(w) = −2

[
pw5 w + qw3 + (q2 + a)w5

w3 − qw5 −pw5

]
dw

w8
(9.16)

and has Eigenvectors

v± =

[
pw4∓λ
−1+qw2

w2

]
=

[
±w ± qw3 + pw4 ± (a+ q2)w5 + pqw6 + (p2 + q3)w7 + O(w8)

w2

]
(9.17)

Reducing the Eigenvectors to Dξ we have:

v̄± =

[
±w ± qw3

w2

]
∈ H0(Dξ,O⊕2

Dξ
). (9.18)

Therefore the Higgs field Φ lives on the wild quasi-parabolic bundle

E = (E,Lξ) =

(
O⊕2

P1 ,

〈
v̄ :=

[
w + qw3

w2

]〉)
(9.19)

Let B denote the matrix with columns the Eigenvectors v±. The diagonalised Higgs field
p∗Φ reads

B−1p∗ΦB =

[
2w2 + aw6 + bw8 + O(w9) 0

0 −2w2 − aw6 − bw8 + O(w9)

]
dw

w8
(9.20)

This restricts over Dν to

B−1p∗ΦB|Dν =

[
2w2 + aw6 0

0 −2w2 − aw6

]
dw

w8
=

[
λν 0

0 −λν

]
(9.21)
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and over Dξ to

B−1p∗ΦB|Dξ
=

[
2w2 0

0 −2w2

]
dw

w8
(9.22)

as expected from (9.15) of course.

9.4. Wild Quasi-Parabolic Flat Bundles

Now we want to consider a nilpotent quasi-parabolic connection ∇∞ with respect to Lξ,
that is ∇∞|D ∈ Endn(E )|D. We will first determine the form of a generic such connection.
For this let

∇∞(x) = d+

[
a(x) b(x)

c(x) d(x)

]
dx, a(x), b(x), c(x), d(x) ∈ C[x] (9.23)

under the coordinate transformation x 7→ 1
z

we get

∇∞(z) = d+

[
a(z)z2 b(z)z2

c(z)z2 d(z)z2

]
dz

z4
. (9.24)

Since the connection ∇∞(x) is only allowed to have a pole maximally of order 4 at ∞ we

see that a(x), b(x), c(x), d(x)
!
∈ C[x]/x5, or equivalently a(z), b(z), c(z), d(z)

!
∈ z−2C[z]/z3.

Pulling the connection back to the spectral cover defined by Φ, z 7→ w2, dz 7→ 2wdw ,this
reads

p∗∇∞(w) = d+

[
a(w)w5 b(w)w5

c(w)w5 d(w)w5

]
dw

w8
(9.25)

with a(w), b(w), c(w), d(w)
!
∈ w−4C[z]/w5. Applying the σ∗-equivariance condition, we

obtain

p∗∇∞(w) = d+

[
a(w)w5 b(w)w5

−b(−w)w5 −a(−w)w5

]
dw

w8
=: d+ A∞(w). (9.26)

Putting A in the Eigenbasis of Φ results to

B−1A∞(w)B =

[
− b(w)

2
w4 + b(1−q)

2
w6 − a(b−2p)−bq(1+q))

2
w8 + O(w9) −/

b
2
w4 − a(w)w5 + b(1+q)

2
w6 + (a(b+2p)+b(−1+q)q)

2
w8 + O(w9) −/

]
dw

w8
.

(9.27)
After imposing the condition that ∇∞ is nilpotent with respect to the quasi-parabolic
structure Lξ, i.e. the diagonals vanish to order O(w7) and the off-diagonals to order O(w3),
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we have that

B−1A∞(w)B =

[
−apw8 + O(w9) aw5 + apw8 + O(w9)

−aw5 + apw8 + O(w9) apw8 + O(w9)

]
dw

w8
, (9.28)

with a(w) = a ∈ C. Furthermore, the O(w9)-terms also need to vanish from every entry,
otherwise our connection would develop poles at 0 as well as∞. Reparametrising a = r/2p

where r ∈ C and p the constant appearing in the Higgs field Φ we have

B−1A∞(w)B =

[
− r

2
w8 r

2p
w5 + r

2
w8

− r
2p
w5 + r

2
w8 r

2
w8

]
dw

w8
. (9.29)

That is

B−1A∞(w)B|Dξ
= 0 and B−1A∞(w)B|Dν =

[
0 r

2p
w5

− r
2p
w5 0

]
dw

w8
. (9.30)

The original connection on the base curve takes the form

∇∞(x) = d+
1

2p

[
r 0

0 −r

]
dx, r ∈ C, (9.31)

i.e. developing at most poles of order 2 at infinity.

9.5. Abelianisation of the flat connection

For such a generic connection ∇∞, we compute the connection ∇̃∞ obtained by meromor-
phic gauge transformation from p∗∇∞. We write, as before, y(x) = λ(x)

dx
, i.e.

y2(x) = x3 + ax+ b.

We compute the modified connection to be

∇̃∞ = B−1dB +B−1A∞(w)B

= d− 1

2y(w)

[
y′(w)
2w
− p+y(w)

w2−q + r y′(w)
2w

+ p−y(w)
w2−q + r + ry(w)

p
y′(w)
2w

+ p−y(w)
w2−q − r −

ry(w)
p

−y′(w)
2w

+ p+y(w)
w2−q − r

]
2wdw

From ∇̃∞ we extract the abelianisation ∂∞ of ∇∞, which is given via the 1-form of the
left-upper entry of ∇̃∞

∂∞ = d−
(
y′(w)

2y(w)
− w

y(w)

[
p

w2 − q
+ r − wy(w)

w2 − q

])
dw

= d−
(
y′(w)

2y(w)
− w

y(w)

[
p

w2 − q
+ r

])
dw
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Recall that the canonical connection (6.96) in the w coordinate reads ∂can = d+ y′(w)
y(w)

dw,
from which we see that, indeed ∂∞ ⊗ σ∗∂∞ = ∂can. Note that ∂∞ is an abelian connection
that develops a logarithmic singularity at w = 0, due to the term y′(w)

y(w)
wdw, that arose in

∇̃∞ from the B−1dB-part of the gauge transformation cf. remark 7.2.8.

In order to pass from a point on M (C , Q,L, ∂∞) to the period coordinates (zi, θi)i on
TM (C , Q), we need have to twist (L, ∂∞) by the dual of a square root of the canonical flat
bundle (p∗ωC(D), ∂can), cf. (6.96), as prescribed by proposition 6.3.11 and then integrate
along the anti-invariant cycles. Explicitly we obtain the coordinates

zi =

∫
γi

[λ] =

∫
γi

(√
x3 + ax+ b

)
dx (9.32)

θi = −
∫
γi

(
p

x− q
+ r

)
dx

2y
. (9.33)

In particular exp(θi) ∈ H̃1(Σ,C∗)− is the monodromy of (L ⊗ L∗
0, ∂∞ ⊗ ∂∗0) along a cycle

γi ∈ H̃1(Σ,C)−, obtaining so compatible coordinates on the fibres of H #, i.e. on the torus
fibres (C∗)2k = H̃1(Σ,C∗)−. This is precisely recovers the flat bundle and monodromy
considered in [17][Eq.46,49].

9.6. Relation to the Bridgeland-Masoero Cubic Oscillator

Our fibration M (C ,E ,Φ,∇∞)→ M (C , Q) now fully recovers the fibration M → S studied
in [17, E.(3),(4)], where

M : = {(a, b, q, p, r) ∈ C5|b = p2 − q3 − aq and 4a3 + 27b2 ̸= 0, p ̸= 0}
S : = {(a, b) ∈ C2|4a3 + 27b2 ̸= 0}

We summarise the relation between their data and ours in the following table

M M (C ,E ,Φ,∇∞) M (C , Q,L, ∂∞)

a C = (P1, 4∞, ν = (x3 + ax)dx⊗2) C = (P1, 4∞, ν = (x3 + ax)dx⊗2)

b b = p2 − q3 − aq Q = (x3 + ax+ b)dx⊗2)

q E =

O⊕2
P1 ,

〈
v̄ :=

w + qw3

w2

〉 L = OΣ((q, p) +∞)

p Φ =

 p x2 + qx+ q2 + a

x− q −p

 dx L = OΣ((q, p) +∞)

r ∇∞ = d+ 1
2p

r 0

0 −r

 dx ∂∞ = d−
(
y′(w)
2y(w)

− w
y(w)

[
p

w2−q + r
])
dw
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Bridgeland and Masoero study the second-order linear differential equation

Y ′′(x) = Q̃(x, ℏ)Y (x), (9.34)

where
Q̃(x, ℏ) := ℏ−2Q0(x) + ℏ−1Q1(x) +Q2(x) (9.35)

Q0(x) := x3 + ax+ b = y(x) =
Q(x)

dx⊗2
(9.36)

Q1(x) :=
p

x− q
+ r (9.37)

Q2(x) :=
3

4(x− q)2
+

r

2p(x− q)
+

r2

4p2
. (9.38)

In the setting of [17], the form of the function Q2(x) is prescribed by imposing an apparent
singularity condition to 9.34, cf. [17, Lemma 2.1]. We can recover this differential equation
from our data (C ,E ,Φ,∇∞) as follows. Consider the ε-family∇∞+ε−1Φ for generic∇∞,Φ

on O2
P1 and apply the gauge transformation

g(x) =
1√
x− q

[
0 1

x− q −p− 1
2(x−q) −

rε
2p

]
(9.39)

this gives

∇(ε) = g(x)−1(∇∞ + ε−1Φ)g(x) = d+

[
0 1

Q̃(x, ε) 0

]
dx. (9.40)

Thereby we recover the differential equation 9.34, after replacing ℏ with ε, via

∇(ε)

[
Y (x)

Y ′(x)

]
= 0. (9.41)

Bridgeland and Masoero study isomonodromic deformations of this ε-family of equa-
tions, varying, in our language, (C , Q) and specifying (E ,∇(ε) = ∇∞ + ε−1Φ) such that
the monodromy of ∇(ε), i.e. the monodromy of 9.34, remains constant. This isomon-
odromic problem is closely related to Painlevé I, where one really studies isomonodromic
deformations of d+Φ on the trivial bundle. We are studying a generalised version of this,
recovering the Painlevé I case by setting the parameter r = 0 (and ε = 1). Explicitly, the
isomonodromic flows in our case are

− ε−1 ∂

∂r
+

(
∂

∂b
+

1

2p

∂

∂p
+

r

2p2
∂

∂r

)
,

− ε−12p
∂

∂q
− ε−1(3q2 + a)

∂

∂p
+

(
∂

∂a
− q ∂

∂b
− r

p

∂

∂q
− r(3q2 + a)

2p2
∂

∂p
− r2

2p3
(3q2 + a

∂

∂r
)

)
.
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For r = 0 one recovers the Painlevé I flow defined by the Hamiltonian

H(a, b, q, p) = q3 + aq + b− p2.
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A. Dimensions of Spaces and Degrees of Divisors

Dimensions of Spaces:

• dim(Mg,d) = 3g − 3 + d

• dim(M (C,D)) = 3g − 3 + deg(D)

• dim(M (C,D, ν)) = 3g − 3 + 2 deg(D)

• dim(M (C )) = 3g − 3 + deg(D) =: k

• dim(M (C,Q)(g,m)) = 6g − 6 + d+ deg(H)

• dim(M (C,Q)res=0
(g,m) ) = 6g − 6 + 2 deg(D)

• dim(M (C , Q)) = 6g − 6 + 2 · deg(D) = 2k

• dim(H1(Σ,C)) = 8g − 6 + 2deg(D) = 2gΣ

• dim(H1(Σ◦,C)) = 8g − 6 + 2deg(D) + deg(R), Σ◦ := Σ\R

• dim(H̃1(Σ,C)−) = 6g − 6 + 2deg(D) = 2gΣ − 2g = dim(H̃1(Σ◦,C)−)

• dim(H ) = 12g − 12 + 4 deg(D) = 2 · dim(M (C , Q)) = 4 · dim(M (C )) = 4k

• dim(M (C ,E )) = 6g − 6 + 2 deg(D)

• dim(M (C ,E ,∇)) = 9g − 9 + 3 · deg(D)

• dim(M (C , Q,E ,∇)) = 12g − 12 + 4 · deg(D) = 4k

• dim(M (C ,E ,Φ)) = 9g − 9 + 3 · deg(D)

• dim(M (C ,E ,Φ,∇)) = 12g − 12 + 4 · deg(D) = 4k

• dim(M (C , Q,L)) = 7g − 7 + 2 deg(D) = 6g − 6 + 2 deg(D) + g − 1

• dim(M (C , Q,L, ∂∞)) = 12g − 12 + 4 deg(D) = 7g−7+2 deg(D)+g+deg(R)−1 = 4k

• dim(M (C , Q,L, ∂)) = 12g − 12 + 4 deg(D) = 4k

Degrees of divisors:

• deg(H) =
∑d

i mi

• deg(Hred
ev ) = e

• deg(Hred
odd) = d− e

133



Chapter B. The Algebraic Stacks M (A, . . . , Z) M .Z.

• deg(D) =
∑d

i ni =
∑

i

⌈
mi

2

⌉
=
⌈
H
2

⌉
= deg(H)+(d−e)

2

• deg(Hred) = deg(Dred) = d

• deg(Dν) = 2 deg(D)

• deg(Dξ) = deg(D)

• deg(R) = gΣ − 1 + deg(D) = 4g − 4 + 2 deg(D)

• deg(B) = deg(R)

B. The Algebraic Stacks M (A, . . . , Z)

In this chapter, we construct the basic algebraic Artin stacks that appear in this thesis.
We start by referencing three lemmata that will help us build the larger stacks out of a few
fundamental building blocks, these being the stack of wild algebraic curves and the stack
of wild quasi-parabolic bundles.

We write CFG for category fibred in groupoids.

Lemma B.0.1. Fibre Products of Algebraic Stacks
Let X −→ Y be a morphism of CFG’s, fibering over Schét/C . If Y −→ Sch/S is an
(algebraic-) stack and ∀T ∈ Sch/S the fibre product X ×Y T −→ Sch/S is an (algebraic-)
stack, then X is also an (algebraic-) stack.

Proof. cf. [65, Prop.8.1.16]

Lemma B.0.2. Relative Algebraicity
Let f : X −→ Y be a morphism of stacks. If Y is algebraic and f is a morphism
representable by algebraic stacks, then X is an algebraic stack.

Proof. cf.[74, Tag 05UL]

Lemma B.0.3. Let f : X −→ Y be a relative Deligne-Mumford stack, i.e. f is a
DM-morphism between DM-stacks. For every relative DM-stack Z −→ Y there exists
a scheme and a surjective étale morphism U −→ X ×Y Z , giving the structure of a
DM-stack on the fibre product.

Proof. cf. [74, Tag 0CIA].
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Definition B.0.4. The Stack M (C) of Relative Curves of fixed Genus.
We denote by Mg the algebraic stack over the étale site:

Mg −→ Schét /C

with groupoid fibers given by:

Mg(S) = {f : C → S|f ∈MorSchét/C(C, S) (smooth), with fibers genus g curves/C}

and morphisms g ∈MorSchét/C(T, S) lift to morphism sets:

MorMg((S,C), (T,C
′)) =


C ′ C

T S

|Cartesian diagrams,C ∈ Mg(S);C
′ ∈ Mg(T )

 .

The morphism Mg −→ Schét /C is then the canonical forgetful morphism of stacks.

Definition B.0.5. The Stack of pointed curves Mg,d

Mg,d is the algebraic stack over the étale site:

Mg,d −→ Schét /C

with groupoid fibres:

Mg,d(S) = {(f : C → S, (p1, . . . , pd))}/Iso

where f ∈Morsm
Schét/C(C, S) (smooth) with fibres genus g projective curves/C and (p1, . . . , pd)

ordered set of smooth sections of f s.t. pi(s) ̸= pj(s)∀i ̸= j,∀s ∈ S. The morphisms sets
are:

MorMg,d(S)((C, (pi)i), (C
′, (p′i)i)) =


C C ′

S

g

|g∗(p′i) = pi

 .

The stack Mg,d is well known to be a smooth connected algebraic stack of finite type/C.

Definition B.0.6. The Stack M (C,H) of Curves with a Divisor of fixed type m
Let m = (m1, . . . ,md). Then we define the stack quotient M (C,H) := Mg,d

/
Pm by

enlarging the morphism sets and thereby the isomorphism groups of Mg,d:

MorMg,d/Pm (S)
((C, (pi)i), (C

′, (p′i)i)) =
{
g ∈MorMg,d(S)|g

∗(pi) ∈ {p′j| mj = mi}
}
.
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Fixing the type m , the space M (C,H)(C) parametrizes pairs of complex projective algebraic
curves C of genus g with a divisor H of type m .

Remark B.0.7. Analogously to definition of M (C,H) we can define the stack M (C,D)

for the divisors of definition 4.1.4

Definition B.0.8. Quasi-Coherent Sheaves on a Stack
Let p : X −→ Schét/C be stack over the étale site. Then a (quasi-)coherent sheaf on X

is the following collection of data:

1. (quasi-)coherent sheaves Fξ on p(ξ) ∀ξ ∈X ,

2. for every morphism in X H : ξ −→ η, with associated map of base schemes h :=

p(H) : p(ξ) −→ p(η), an isomorphism of Op(ξ)-Modules: ρH : h∗Fη
∼−−→ Fξ, satisfying

a cocycle condition, which for given H1 : ξ1 −→ ξ2, H2 : ξ2 −→ ξ3 reads:

h∗1(ρH2) ◦ ρH1 = ρH2◦H1 : h
∗
1h

∗
2Fξ3 −→ Fξ1 . (B.1)

cf. [ChXIII [2]].

Proposition B.0.9. The Relative Stack of Quadratic Differentials of fixed type
There exists a bundle F(g,m) −→ Mg,d

/
Pm with fibres parametrising meromorphic quadratic

differentials on families of marked curves.

Proof. To every S-valued point (f : C → S,H/S) ∈ Mg,d
/
Pm (S) we associate the S-flat

sheaf F := ω⊗2
C/S(H/S) on C/S. We claim that f∗F is a locally free sheaf on S. By

the cohomology and base change theorem [38][ChIII-Th.12.11], it is enough to show that:
H1(Cs, ω

⊗2
Cs
(Hs)) = 0, ∀s ∈ S, due to Serre duality this translates to deg(ωC(H)) > 0 for

any admissible type (g,m). For this we have deg(ωC(H)) = 2g − 2 + deg(H) and since H
is effective, we only need to argue that deg(H) > 2 − 2g for g = 0 and g = 1. In those
cases, we have by the admissibility condition that:

deg(H)
!

≥ 3 > 2− 2g for g = 0,

and deg(H)
!

≥ 2 > 2− 2g for g = 1.

and so deg(ωC(H)) > 0 follows for all admissible types. Thereby f∗F is indeed locally free
and gives rise to a vector bundle on S with fibres H0(Cs, ω

⊗2
Cs
(Hs)), which in turn gives a

bundle:

F(g,m) −→ Mg,d
/
Pm (B.2)

the C-valued fibres of which, parametrize meromorphic quadratic differentials on a curve
C of genus g with polar divisor H of type m .
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Definition B.0.10. M (C,Q)- Stack of Quadratic Differentials with Simple Zeros
we consider the open substack of the relative stack above:

M (C,Q)(g,m) F(g,m)

Mg,d
/
Pm

h
(B.3)

with groupoid fibres:

M (C,Q)(g,m)(S) =
{
(C/S,Q/S) ∈ F(g,m)(S)

}
(B.4)

s.t. Qs ∈ H0(Cs, ω
⊗2
Cs
(Hs = h(Qs))) has only simple zeros and {Qs(X) = 0} ∩Hs = ∅.

Lemma B.0.11. The algebraic stack M (C,Q)(g,m) is a smooth Deligne-Mumford stack for
all admissible types (g,m) and admits a smooth scheme as open substack, i.e. the generic
stabilizer group is finite.

Proof. We consider the following cases:

• for any type (g ≥ 2,m), the stack Mg,d has finite stabilizers due to Hurwitz automor-
phisms theorem cf.[42].

• for g = 1,the admissibility condition imposes
∑d

i mi + d > 0 =⇒ m ̸= 0, d ̸= 0

and the stack M1,d also has finite stabilizers ∀d > 0. Specifically the largest stabilzer
subgroups arise for the moduli of elliptic curves M1,1 where Stab(x) < Z /6Z .

In those cases we follow thatM(C,H) = Mg,d
/
Pm has finite stabilizers and thereby a vector

bundle over this space as well. Resulting to the fact that M (C,Q)(g,m) is a DM-stack.

• In the case of g = 0,the admissibility condition imposes:
∑d

i mi + d > 6. Since
PGL2(C) acts sharply 3-transitively on P1, the generic stabiliser group of M (C,Q)(g,m)

is infinite if and only if the zeros and poles of a quadratic differential on P1 do not
fix 3 points: #zeros+#poles= −4 +

∑
mi + d < 3 =⇒

∑
mi + d < 7. Compar-

ing the last inequality with the admissibility condition, we see that the non-trivial
automorphisms rigidify.

Lemma B.0.12. Assuming that M (C,Q)(g;m) is non-empty, then it is of dimension:

n := dimC(M (C,Q)(g;m)(C)) = 6g − 6 + d+
d∑
i=1

mi. (B.5)
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Proof. This follows from the construction of M (C,Q)(g;m) and:

• dimC(Mg,d) = 3g − 3 + d

• h0(C, ω⊗2
C (H)) = h0(C, ω∗

C ⊗OC(−H)) + 3g − 3 + deg(H) = 3g − 3 + deg(H), which

holds even for g = 0, due to the admissibility condition 4.1.7, imposing deg(H)
!
> 3

in the g = 0 case.

Definition B.0.13. C∗-action on M (C,Q)

We define a C∗-action on the groupoid fibres of the stack M (C,Q)(g,m) −→ Mg,d
/
Pm as

follows:

C∗ ×M (C,Q)(g,m)(S) −→ M (C,Q)(g,m)(S) (B.6)

(ϵ, (C/S,Q/S)) 7−→ (C/S, ϵ2Q/S).

This is the C∗-action induced by the natural rescaling action on sections of the sheaf ωC/S
of relative differentials.

Proposition B.0.14. The Relative Stack of Wild Curves of fixed type M (C )g,m

There exists an algebraic stack M (C ) → Schét parametrising families of wild algebraic
curves of fixed type, i.e. with groupoid fibres

M (C )(S) = {(C/S,D/S, ν/S, ξ/S)| étale families of classes of obj. of Def.5.1.13}.
(B.7)

Proof. As in proposition B.0.9, given an S-valued point (f : C → S,H/S) ∈ Mg,d
/
Pm , con-

sider the S-flat sheaf G := ω⊗2
C/S(D/S) with S-fibres f∗Gs = ω⊗2

Cs
(Ds). As before we obtain

a locally free sheaf f∗G over S and thereby a vector bundle with fibres H0(Cs, ω
⊗2
Cs
(Ds)).

Now consider the short exact sequence of sheaves on stacks

0 −→ G −→ F −→ Q −→ 0. (B.8)

Explicitly, let u : C → M (C,D) denote the universal curve and j : D ↪→ C the universal
divisor, where j is finite, moreover let FD = j∗ωC/M (C,D)(D)⊗2 be the restriction of the
the relative sheaf of D-twisted quadratic differentials to D, i.e. for an S-valued point
x = (C/S,D/S) : S → M (C,D): FD,x = ωC/S(D/S)

⊗2|D/S. Due to lemma 5.1.2 R1u∗FD

vanishes for all admissible types and the quotient sheafQ is the locally free sheafQ = u∗FD.
The total space Tot(Q) → M (C,D), is the representable, functor of enhancements. Now
we have a universal enhancement ν, i.e. the tautological section ν ∈ H0(D,FD), completing
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(C,D) to a universal enhanced curve (C,D, ν)→ [Tot(Q)]. By 4.3.10 and 5.1.5, there exists
also a universal double cover pν : Dν = SpecD(AD) → D where AD := OD ⊕ F−1

D carries
the OD-algebra structure given by ℓ · ℓ′ = ν(ℓ ⊗ ℓ′)∀ℓ, ℓ′ ∈ FD. The last ingredient is the
signing. The space Sign(ν) of sections of the universal divisorial spectral cover ξ : D → Dν
give rise to a (Z/2Z)e-torsor on Tot(Q).

In total we have that the stack of wild curves M (C ) −→ Schét/C is a algebraic for all
admissible types, as it is by construction a composition of morphisms representable by
algebraic spaces

M (C )
(Z/2Z)e−−−−→ Tot(Q) V.B.−−→ M (C,D) −→ Schét/C. (B.9)

Given an étale-atlas U −→ M (C,D) by a scheme U , the total space of V := Tot(Q)×U
is a smooth U -scheme. The finite étale torsor of signings Vξ −→ V is again schematic
[74, Tag 06RY]. In total we have a schematic étale-surjective morphism Vξ −→ M (C ).
It remains to argue that M (C ) has finite stabilisers. Since M (C ) is representable over
M (C,D) there exists, via [74, Tag 0DU6], a monomorphism of the inertia stack

IM (C ) ↪→ IM (C,D) ×M (C,D) M (C )

and since IM (C,D) → M (C,D) is finite so is the composition

IM (C ) ↪→ IM (C,D) ×M (C,D) M (C )→ M (C ).

For any S-valued point x ∈ M (C )(S) the automorphisms of x are given by the base change
AutM (C )(x) = S ×M (C ) IM (C ).

Next we want to build the stack of wild quasi-parabolic bundles. We start by recalling
the stack of SL2(C)-bundles.

Definition B.0.15. The relative Stack BunG → Mg of G-Bundles.
We denote the quotient algebraic stack of holomorphic G-torsors on a fixed curve C ∈
Mg(C) by:

BunGC :=
[
C /G

]
−→ Schét /C

For S f−→ C ∈ Schét /C , a morphism g ∈MorSchét/C(T, S) lifts to:

MorBunG
C
(ES, E

′

T ) :=
{
E ′

T
∼−→ g∗ES

}
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Now, we consider the relative CFG of torsors over Mg, i.e. the forgetful morphism of CFGs:

BunG Mg

Schét.

with BunG(S) := {(E , C → S)|C ∈ Mg(S), E ∈ BunGC(S)}. Using lemmata above BunG

is indeed an algebraic stack, as we have ∀T ∈ Schét /C and C ∈ Mg(T ):

BunGC
∼= BunG ×Mg T T

BunG Mg.

C

Proposition B.0.16. From G-torsors to Bundles with G-structure
Let G < GLn be a linear algebraic group. There is a canonical equivalence of stacks between
the stack of G-torsors BunGC and the stack of vector bundles with G-structure M G

C (E), cf.
definition 6.1.3.

Proof. We construct two mutually quasi-inverse morphisms of stacks

Ψ : BunGC −→ M G
C (E),Ψ′ : M G

C (E) −→ BunGC (B.10)

All constructions are functorial relative to the base S and compatible with pullback so we
obtain morphisms of stacks over the étale site Schét /C .

Let S be a scheme and let P ∈ BunGC(S) be a G-torsor. Denote by ρ : G ↪→ GLn the
natural representation of G as a linear algebraic group. Then we define the associated rank
n vector bundle to P by ES := P ×ρ Cn. Étale locally on CS we trivialise P , i.e. for an
étale cover {Uα}α of CS we have G-equivariant isomorphisms

P |Uα
∼= Uα ×G. (B.11)

This trivialisation provides us with a trivialisation for the associated vector bundle

ES|Uα = P ×ρ Cn|Uα = (Uα ×G)×ρ Cn = Uα × Cn (B.12)

and the transition functions gαβ : Uαβ −→ G of P on the intersections Uα ∩ Uβ =: Uαβ

induce transition functions on ES via the composition

gαβ : Uαβ −→ G
ρ
↪−→ GLn. (B.13)

defining a G-structure on the locally free sheaf ES, and equivalent choices of trivialisations
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of P give equivalent G-structures. Now given a morphism f : P −→ P ′ of G-torsors, we
obtain a morphism of between the associated vector bundles

f ×ρ id : P ×ρ Cn −→ P ′ ×ρ Cn (B.14)

respecting the induced G-structures. We obtain so a morphism

ΨS : BunGC(S) −→ M G
C (E)(S). (B.15)

This construction is clearly compatible with pullback so we obtain a morphism of stacks
over the étale site

BunGC M G
C (E)

Schét/C.

Ψ

In the inverse direction, let ES be a vector bundle with a G-structure on CS, then by
definition there exists an étale cover {Uα}α and trivialisation maps

gα : ES|Uα −→ O⊕n
Uα

(B.16)

such that the transition functions gαβ = gα ◦ g−1
β : Uαβ −→ GLn factorise through G, i.e.

gαβ ∈ Γ(Uαβ, GC), and respect the Čech cocycle condition on triple intersections. From
this we obtain a principal G-bundle P on CS by gluing the trivial bundles Uα × G along
the same cocycles

Uα ×G ∋ (x, g) ∼ (x, gαβ(x)g) ∈ Uβ ×G ∀x ∈ Uαβ

and since gαβ respect the cocycle condition the trivialising system glues to a principal G-
bundle P on CS. Restricting a morphism between vector bundles with G-structures on
the étale cover we obtain G-equivariant maps between the trivialisations and thereby a
morphism between the associated principal G bundles. This gives rise to a map

Ψ′
S : M G

C (E)(S) −→ BunGC(S). (B.17)

Again this construction is compatible with pullback so we obtain a morphism of stacks
over the étale site

M G
C (E) BunGC

Schét/C.

Ψ′
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It is now easy to see that Ψ◦Ψ′ ≃ idM G
C (E). Namely, given a vector bundle with G-structure

ES, the principal G-bundle Ψ(ES) is constructed by gluing trivial principal G-bundles
Uα×G along gαβ. The associated vector bundle Ψ′(Ψ(ES)) to Ψ(ES) is obtained by gluing
Uα×ρCn via the same cocycle gαβ, but the original vector bundle ES is also a vector bundle
with the same G-structure, which results to natural isomorphism Ψ′

S(ΨS(ES)) ∼= ES. The
identity Ψ′

S ◦ΨS ≃ idBunG
C(S) follows similarly.

Proposition B.0.17. The stack BunSL2C −→ Mg is a smooth algebraic stack.

Proof. cf. e.g. [39].

Proposition B.0.18. The Stack of Wild Quasi-Parabolic Bundles on Wild Curves
There exists a relative algebraic stack M (C ,E ) → M (C ) parametrising families of Wild
Quasi-Parabolic Bundles, i.e. with groupoid fibres over Schét/C

M (C ,E )(S) = {(C /S,E/S, LD/S/S)| étale families of classes of obj. of Def.6.1.4}.
(B.18)

Proof. Consider the fibre product

M (C , E) := M (C )×Mg BunSL2C −→ Mg.

This is a smooth algebraic stack as fibre product of smooth algebraic stacks over a stack
with the same property. We define the stack of wild quasi-parabolic bundles as the relative
stack

M (C ,E ) −→ M (C , E), (B.19)

with S-valued fibres the rank-1 Grassmanian P((p∗ν/SE/S)|D/S), parametrising the wild
quasi-parabolic structures of def. 6.2.1 on the family E/S with respect to the family of
wild structures C /S. For a C-valued point (C ,E ) = (C,D, ν, ξ, E) and D = n ·p, the fibre
is P(E|D) = P1

k[ϵ]/ϵn , parametrising the directions of the nilpotent infinitesimal deformation
of a quasi-parabolic structure on p∗νE over the fat point associated to Dξ. This stack is
algebraic, since it is relatively representable by a smooth DM stack, the Grassmanian, over
the algebraic stack M (C , E).

Definition B.0.19. Stack of Irregular Quasi-Parabolic Higgs Bundles
We define the stack of irregular quasi-parabolic Higgs bundles as a relative stack over the
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stack of wild quasi-parabolic bundles

M (C ,E ,Φ) −→ M (C ,E ) (B.20)

with fibre over an S-valued point

(CS,ES) = (C/S,D/S, ν/S, ξ/S,E/S, Lξ/S/S) ∈ M (C ,E )(S)

an S-family of sections of the following evaluation of the algebraic Hom-stack for coherent
sheaves of [59]:

Φ/S ∈H om(E/S,E/S ⊗ ωC/S(D/S)) (B.21)

such that p∗ν/SΦ/S|Dξ/S/S(ℓ) = λξ/S · ℓ ∀ℓ ∈ Lξ/S/S , where λξ/S is determined fibrewise
over S by ν/S, s via eq.5.12.

Remark B.0.20. The algebraicity of M (C ,E ,Φ) follows from that of M (C ,E ) and the
fact that the total space over M (C ,E ) is a closed sub-stack of a Hom-stack, inheriting an
atlas by restriction, see also [20, chapter 7].

Remark B.0.21. The algebraicity of M (C ,E ,∇∞) follows from the algebraicity of the
stack of regular flat bundles and lemma B.0.2, utilising the fact that the fibres of the
projection M (C ,E ,∇∞) → M (C ,E ) are W-torsors, where W is the locally free sheaf on
M (C ,E ) defined fibrewise by

W : (C ,E ) 7−→ H0(C,Endn(E )⊗ ωC(D)). (B.22)

Moreover, the stack M (C ,E ,Φ,∇∞) is algebraic as a fibre product of algebraic stacks via
lemma B.0.1

M (C ,E ,Φ,∇∞) M (C ,E ,∇∞)

M (C ,E ,Φ) M (C ,E ).

Remark B.0.22. The proof of algebraicity for anti-invariant branched abelian flat bun-
dles M (C , Q,L, ∂∞) follows from the algebraicity of M (C , Q), the algebraicity of regular
flat bundles and the relation between anti-invariant branched abelian connections on (C , Q)

and regular connections on the Jacobian of the spectral curve Jac#(ΣC ,Q) ∼= M(C ,Q)(L, ∂∞),
as demonstrated in the proof of proposition 6.3.11.

The proof of algebraicity for regular flat bundles is rather cumbersome without assuming
any (semi-)stability conditions. It is actually a well-known fact, but it is hard to find in
the literature, which led us down the rabbit hole of proving it by hand. We provide an
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argument for this for the sake of completeness. First, we need a purely algebro-geometric
re-characterisation of the notion of a flat connection.

Definition B.0.23. /Lemma. Characterisations of Relative Connections
Let (f : C −→ S) ∈ Mg(S) and E ∈ BunGC(S) then we define a relative regular connection
E to be an f ∗OS-linear morphism:

∇ : E −→ E ⊗ ωC/S,

such that for any local sections g ∈ Γ(OC) and v ∈ Γ(E):

∇(g · v) = g ⊗∇v + dg ⊗ v.

A morphism between bundles endowed with relative connections is a morphism of bundles
that commutes with ∇. We denote the groupoid of relative flat connections over C by
FBunGC(S).

We can construct regular connections in the following way. Given a point C ∈ Mg(S),
let:

∆ : C −→ C ×S C

denote the diagonal immersion, and consider the associated short exact sequence:

0 −→ I∆ −→ ∆−1(OC×SC) −→ OC −→ 0

i.e. I∆ being the ideal-sheaf defining the diagonal. Then define the sheaf of principal parts,
i.e. the (n+ 1)-infinitesimal neighbourhood of the diagonal, by:

PnC/S := ∆−1(OC×SC)
/
In+1
∆

and further, as usual, we have canonically: I∆
/
I2∆
∼= ωC/S. Thereby we have an exact

sequence:

0 −→ ωC/S −→ P1
C/S −→ OC −→ 0.

Tensoring this sequence by E ∈ BunGC(S) we get:

0 −→ ωC/S ⊗ E −→ P1
C/S ⊗ E −→ E −→ 0,

The datum of a connection is equivalent to a right split of this last Atiyah- exact sequence:

D : E −→ P1
C/S ⊗ E .

thereby the obstruction to the existence of a holomorphic connection on E is the Atiyah
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Class: [P1
C/S⊗E ] ∈ Ext1OX

(E , E⊗ωC/S). For S = Spec(C) the vanishing of the Atiyah class
is ensured by Weil’s criterion, i.e. a holomorphic bundle E on a compact connected Riemann
surface admits a holomorphic connection if and only if the degree of every direct summand
of E vanishes. Using the fact that the geometric fibers of f : C → S are 1-dimensional and
applying theorem 12.11 in [38], we obtain a relative version Weil’s criterion.

Definition B.0.24. The relative de Rham Stack FBunG of Flat Connections
The relative stack of flat bundles on curves of fixed genus is a CFG:

FBunG Mg

Schét.

with groupoid fibres parametrising triples:

FBunG(S) :=
{
(C

f−→ S, E ,∇)|(C, f) ∈ Mg(S), E ∈ BunGC(S),∇ : E → E ⊗ ωC/S

}
where ∇ is a relative flat connection. As before, we denote by:

FBunGC(S) :=
{
(E ,∇)|(C, f) ∈ Mg(S), E ∈ BunGC(S),∇ : E → E ⊗ ωC/S

}
the CFG of relative connections over a fixed curve C ∈ Mg(C). Moreover, given scheme
f : S −→ C, a morphism g ∈MorSchét/C(T, S) lifts to:

MorFBunG
C
((ES,∇S), (E

′

T ,∇
′

T )) :=


E ′
T E ′

T ⊗ (f ◦ g)∗ωC

g∗ES g∗(ES ⊗ f ∗ωC)

∇′
T

∼

α

g∗∇S

 .

Following [57] we construct an atlas on the stack parametrising these splittings.

Proposition B.0.25. For C ∈ Mg(C) the relative stack:

FBunGC BunGC

Schét.

is representable over the étale site, i.e. ∀ S ∈ Schét/C and ∀ E ∈ BunG(S), the 2-fibre
product:

Schét /S ×E FBunGCS

is representable by an algebraic space, where CS := C ×C S denotes the base change.
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Proof. For this consider a morphism in Mg:

CS′ CS

S ′ S.

g

q p

f

whereby we will denote by ωCS/S, ωCS′/S′ , q!ωS′ = ωCS′/CS
[1] the relative dualising sheaves.

Now let E ∈ BunGC(S), E ′ ∈ BunGC(S
′), and α ∈ HomFBunG

C
((E ,∇), (E ′,∇′)).

By the definition of a relative connection, and passing to the derived category, the datum
of α determines a element in:

R0H om(g∗E ,P1
CS′/S′ ⊗ g∗E) = R0Γ(q∗H om(g∗H om(E ,P1

CS/S
⊗ E)∗ ⊗ ωCS′/CS

, q!ωS′))

and namely one such that it maps to the identity in R0H om(g∗E , g∗E), under the mor-
phism that is induced functorially by the Atiyah sequence. That is because connections
are defined as right-splits of that sequence. The functor associated to the 2-fibre prod-
uct we want to represent is exactly the one sending S ′ ∈ Schét /S to the elements of
R0H om(g∗E ,P1

CS′/S′ ⊗ g∗E) with the property we just described. So we start by showing
the representability of:

S ′ 7−→ R0H om(g∗E ,P1
CS′/S′ ⊗ g∗E).

By applying the local Grothendieck-Verdier duality we have:

RH om(OS′ ,Rq∗H om(g∗H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS′/CS
), q!ωS′)

∼=RH om(OS′ ,H om(Rq∗g∗H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS′/CS
), ωS′)

∼=RH om(Rq∗g∗H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS′/CS
),OS′)

The spectral sequence: RpH om(R−rq∗g
∗H om(E ,P1

CS/S
⊗E)∗⊗ωCS′/CS

),OS′) terminates
at r = −1, so cutting off at (0,-1)-level we obtain:

R0H om(OS′ ,R1q∗H om(g∗H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS′/CS
), q!ωS′)

∼=R0H om(R1q∗g
∗H om(E ,P1

CS/S
⊗ E)∗ ⊗ ωCS′/CS

),OS′)

Further by derived base change and applying the adjunction Rf∗ ⊣ f ! on f : S ′ → S

R0H om(R1q∗g
∗H om(E ,P1

CS/S
⊗ E)∗ ⊗ ωCS′/CS

),OS′)

∼=R0H om(R1f ∗p∗H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS′/CS
),OS′)
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∼=HomS′(f ∗R1p∗H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS′/CS
),OS′)

∼=HomS(R1p∗(H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS/S)), f∗OS′)

∼=HomOS−Alg(Sym(R1p∗(H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS/S)), f∗OS′)

∼=HomS(S
′, Spec(Sym(R1p∗(H om(E ,P1

CS/S
⊗ E)∗ ⊗ ωCS/S))))

Thereby the functor on Schét /S :

S ′ 7−→ R0H om(g∗E ,P1
CS′/S′ ⊗ g∗E)

is schematically representable by

X := Spec(Sym(R1p∗(H om(E ,P1
CS/S

⊗ E)∗ ⊗ ωCS/S))).

Analogously we see that the functor on Schét /S :

S ′ 7−→ R0H om(g∗E , g∗E)

is schematically representable by

Y := Spec(Sym(R1p∗(H om(E , E)∗ ⊗ ωCS/S))).

From the Atiyah Sequence we obtain functorially a morphism of S-schemes:

X −→ Y

Furthermore, the identity in R0H om(g∗E , g∗E) determines a section of the S-scheme Y :

S −→ Y

Then, the functor associated to the 2-fibre product is represented schematically by the
fibre product along the two schematic morphisms we have just described:

S ×Y X X

S Y,

i.e. the morphism of stacks

FBunGC BunGC

Schét.
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is representable over the étale site, and since BunGC is indeed an algebraic stack, it follows
that FBunGC is an algebraic stack. Furthermore by the algebraicity of Mg we follow that
the relative stack

FBunG Mg

Schét.

is algebraic as well.

Definition B.0.26. Birational Morphism of Algebraic Stacks
Let α : X −→ Y be a morphism between integral algebraic stacks of finite type over C.
We call α a birational morphism, if there exist a dense open substack V ⊂ Y such that
the pre-image U := α−1(V ) ⊂X is dense in X and α|U : U −→ V is an isomorphism of
algebraic stacks over C, i.e. in the language of [58] α has an 1-inverse up to a 2-isomorphism.

Definition B.0.27. Generically Étale Morphism of Algebraic Stacks
Let β : X −→ Y be a morphism of stacks locally of finite type. Choose a surjective atlas
Y −→ Y and let X := X ×Y Y :

X X

Y Y ,

β

Given any smooth atlas U −→ X we obtain a morphism of smooth schemes (or algebraic
spaces) U −→ Y by composition with the pullback of β. We say that the map of stacks
β is generically étale if the map U −→ Y is generically étale, i.e. if for every irreducible
component Ui of U exists a non-empty open subset Vi ⊂ Ui such that the restriction
Vi −→ Y is étale as a morphism of schemes or algebraic spaces.

C. Lifting the Residue Zero Condition

In this section we discuss the necessary generalisations needed to allow quadratic differen-
tials with arbitrary residues in our theory, cf. remark 5.2.23.

Cohomology of Punctured Spectral Curves

Remark C.0.1. Comparison Theorems
We will proceed by studying the algebraic de Rham cohomology of families of punctured
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spectral curves, that being the setting for which the construction of the Gauß-Manin con-
nection is most natural. All results translate to singular cohomology by the comparison
results of [34] and [37] which do not make an assumption on the completeness of the smooth
varieties considered. Crucially we have the isomorphisms

H∗
dR(Σ

◦) ∼= H∗
dR((Σ

◦)an) ∼= H∗(Σ◦(C),C). (C.1)

All the relevant comparison theorems can be found neatly summarized in [1].

Proposition C.0.2. dimH1(Σ◦,C)− = 6g − 6 + d+ deg(H)

Proof. By definition: H1(Σ◦,C) = H1(Σ◦,C)−⊕H1(Σ◦,C)+. Recall that d := deg(Hred) =

deg(Dred), then:

dimH1(Σ◦,C) = 2gΣ + deg(p−1(Dred))− 1 = 8g − 6 + 2 · deg(D) + d+ e− 1,

where e := #{pi ∈ Hred |mi ≡ 0 mod 2} the number of even order poles. The second
equality, follows from Riemann-Hurwitz as well as the fact that even order poles have two
distinct preimages in the spectral cover. Furthermore

2 · deg(D) = 2 ·
∑
i

⌈mi

2

⌉
=
∑
i

mi + d− e = deg(H) + d− e

and

H1(Σ◦,C)+ ∼= H1(C −Dred,C) =⇒ dimH1(Σ◦,C)+ = 2g + d− 1.

In total we have:

dimH1(Σ◦,C)− = dimH1(Σ◦,C)− dimH1(Σ◦,C)+ = 6g − 6 + d+ deg(H).

Remark C.0.3. Note here that the dimension of H1(Σ◦,C)− agrees with the dimension
of M (C,Q).

Definition C.0.4. Logarithmic de Rham Complex
Let (Σ, Z) be a pair of a smooth proper M (C,Q)-Scheme and Z an snc divisor of Σ.
Moreover let j : Σ0 := Σ\Z −→ Σ be the canonical embedding of M (C,Q)-schemes. Then
the sheaf of logarithmic differentials Ω(Σ,Z)/C is the subsheaf of j∗ΩΣ0/C, generated by ΩΣ/C

and by sections df
f
, where f is regular on some open of Σ and has zeros restricted along

the components of Z. Let Ω·
(Σ,Z)/C denote the associated logarithmic de Rham complex

and write H i
dR(Σ, Z) := Hi(Ω·

(Σ,Z)/C) for the associated hypercohomology. Furthermore we
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define the sheaf of relative logarithmic differentials over the base M (C,Q) by:

Ω(Σ,Z)/M := Ω(Σ,Z)/C
/

f ∗Ω(M (C,Q)/C) .

Theorem C.0.5. Algebraic de Rham Cohomology Relative to an SNC Divisor.
The canonical morphism: Ω·

(Σ,Z)/C −→ j∗ΩΣ0/C is a quasi-isomorphism. In particular, in
the notation introduced above, we have

H i
dR(Σ, Z)

∼= H i
dR(Σ

0) (C.2)

Proof. The result follows from [22, Prop.6.8].

Proposition C.0.6. Cohomology Bundles Relative to a Divisor
The following functors

H i
dR((Σ, Z)/M (C,Q)) : [V ↪→ M (C,Q) affine open] 7−→ Hi(Ω·

(f −1(V ),f −1(V )∩Z)/V ) (C.3)

are sheaves ∀i. These are, as in the absolute case, locally free and have fibres

H i
dR(ΣC,Q = Σ,Σ ∩ Z = p−1(D)) ∼= H i

dR(Σ
◦). (C.4)

Proof. cf. [47].

The construction of the Gauss-Manin connection on this relative cohomology bundle was
accomplished Katz and Oda in [47]. The construction is lengthy and rather technical, here
is just the distilled essence of it and a remark on how to compute the GM connection for
completeness.

Theorem C.0.7. The Relative Gauss-Manin Connection
There exists a unique integrable connection on the cohomology bundles of Proposition C.0.6:

∇GM,i
0 : H i

dR(Σ
0/M (C,Q)) −→ H i

dR(Σ
0/M (C,Q))⊗ Ω1

M (C,Q)/C ; ∀i (C.5)

Proof. Consider the E1-page associated to the filtration

Im[Ω−i
(Σ,Z)/C ⊗OΣ

f ∗(Ωi
M (C,Q)/C) −→ Ω·

(Σ,Z)/C] (C.6)

i.e. Ep,q
1 = Ωp

M (C,Q)/C ⊗M (C,Q) H
q
dR(Σ

0/M (C,Q)) with differentials

0 −→ Hq
dR(Σ

0/M (C,Q))
d0,q1−−→ Ω1

M (C,Q)⊗H
q
dR(Σ

0/M (C,Q))
d1,q1−−→ Ω2

M (C,Q)⊗H
q
dR(Σ

0/M (C,Q)) −→
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dp,q1 (ψ · e) = dψ · e+ (−1)pψ · d0,q1 e for ψ ∈ Ωp
M (C,Q), e ∈ E

0,q
1 . Then the differential d0,q1 is a

connection on Hq
dR(Σ

0/M (C,Q)) with vanishing curvature

d1,q1 ◦ d
0,q
1 (ψ · e) = d1,q(dψ · e) + d1,q(ψ · d0,qe) = 0.

The Gauss-Manin connection on the cohomology bundle of the fibration Σ0 −→ M (C,Q)

is defined to be d0,q1 , and is the unique one respecting the underlying integral structure.

Remark C.0.8. Kedlaya explains in [48] how to calculate the relative GM-connection
in practice. Let ψ ∈ Ωp

(Σ,Z)/M (C,Q) and ψ̃ ∈ Ωp
(Σ,Z)/C a lift of ψ to an absolute form, then

compute the differential of the lift dψ̃ ∈ Ωp+1
(Σ,Z)/C and project to Ωp

(Σ,Z)/M ⊗ Ω1
M (C,Q) via

0 −→ f ∗
0Ω

1
M (C,Q) −→ Ω1

(Σ,Z)/C −→ Ω1
(Σ,Z)/M −→ 0.

This is how we will thinking of, and be performing calculations with this connection down
the line, although in a rather more simplified notation.

Remark C.0.9. For our purposes it only remains to restrict the cohomology bundle and
connection described in Theorem C.0.7, to the subbundle of anti-invariant cohomology.
Before doing so, note that, by the theorems C.0.5, C.0.6 as well as remark C.0.1, we identify
the fibres of the locally free sheaf H1

dR((Σ, Z)/M (C,Q)) on the moduli of meromorphic
quadratic differentials with H1(Σ◦,C)−, where Σ◦ is the fibre of Σ0 −→ M (C,Q)).

Definition C.0.10. Sheaf of Anti-Invariant Cohomology Relative to a Divisor
We denote by H the bundle of anti-invariant cohomology groups of the family of punctured
spectral curves:

H −→ M (C,Q) (C.7)

with fibres H1(Σ◦,C)− and we denote also by ∇GM the restriction of the Gauß-Manin
connection of theorem C.0.7, to the anti-invariant cohomology H . By construction, the
GM-connection of the last definition is one preserving the integral lattice H Z with fibres
HomZ(H1(Σ

◦,Z)−,Z).

Remark C.0.11. Notation for a Basis of Anti-Invartiant Homology
We will be using the following notation if not otherwise specified. We write {γ1, . . . , γ2g+e}
for a basis of anti-invariant cohomology H1(Σ

◦,Z)−, s.t. γj are A-cycles for 1 ≤ j ≤ g,
B-cycles for g+1 ≤ j ≤ 2g, and cycles around even order poles otherwise, the latter being
unordered. For such a basis we have

(γi, γj) =

δi,j−g; for 1 ≤ i ≤ g

0; otherwise
(C.8)
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that is, the only non-trivial intersections are between A−B-cycle pairs γi, γi+g, and cycles
around even order poles do not intersect other cycles.

Period Structure on M (C , Q)

Definition C.0.1. Periods of Quadratic Differentials
Let (C , Q) ∈ M (C , Q) and recall from Eq.4.24 the 1-form λ ∈ H0(Σ, ωΣ(Dν)) on the
associated spectral curve. Restricting λ|Σ◦ onto the punctured curve, it becomes an un-
twisted (i.e. holomorphic) 1-form. We call the associated de Rham cohomology class
ZQ := [λ|Σ◦ ] ∈ H1(Σ◦,C)− the period of the quadratic differential Q. Period classes define
a section of the cohomology bundle C.0.10:

δ : M (C , Q) −→H (C.9)

(C , Q) 7−→ ZQ.

which we call the period section of H −→ M (C , Q).

The following result was originally discovered by Veech [76] and was also recovered by
Bridgeland-Smith in [18].

Theorem C.0.2. The period map δ is a local isomorphism of complex manifolds.

Proof. This is result (7.22) in [76], cf. also section 4 in [18].

Using the existence of the Gauß-Manin connection on the cohomology bundle H , we
can recast this result into:

Theorem C.0.3. The differential of the period section δ with respect to the Gauß-Manin
connection yields an isomorphism of C-vector bundles:

∇GMδ : TM (C , Q)
∼−−→H , (C.10)

that is, for w ∈ T(C ,Q)M (C , Q), ∇GMδ : w 7−→ ∇GM
w δ(C , Q), differentiating the period

class in the direction of w.

Lemma C.0.4. Period Coordinates on M (C,Q)

The isomorphism of Theorem 5.2.12 prescribes a local coordinate system on M (C,Q).

Proof. Consider a neighbourhood (C , Q) ∈ U ⊂M and a basis {γi}i of H1(Σ
◦
C ,Q,C)−, then

using the Gauß-Manin connection, we extend this basis to U×H1(Σ
◦
C ,Q,C)−. Furthermore
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using the pairing:

H1(Σ
◦
C ,Q,C)− ×H1(Σ◦

C ,Q,C)− −→ C

(γi, [λ|Σ◦ ]dR) 7−→ zi :=

∫
γi

ZQ =

∫
γi

δ(C , Q)

we obtain locally defined functions on M (C , Q): {zi}i. The statement of theorem 5.2.12
is then, that

{
∂
∂zi

}
give a local basis for TM (C , Q)|U and the {zi}i can be interpreted as

local coordinates on U ⊂ M (C , Q).

Poisson Structure on Spaces Quadratic Differentials

Definition C.0.1. Poisson Structure on M (C,Q)

Consider the intersection product on homology, restricted on anti-invariant cycles

< ·, · > H1(Σ,C)− ×H1(Σ,C)− −→ C. (C.11)

We want to extend this pairing by pullback along the projectionH1(Σ
◦,C)− −→ H1(Σ,C)−,

but since the cycles in the kernel of this projection, i.e. the cycles around even order poles
do not intersect other cycles, the induced pairing

< ·, · >: H1(Σ
◦,C)− ×H1(Σ

◦,C)− −→ C (C.12)

is not perfect, since it degenerates along the kernel. A perfect pairing exists only in
the Lefschetz relative sense. Nevertheless, since H1(Σ◦

C,Q,C)− ∼= TC,QM (C,Q), using the
Gauß-Manin connection we obtain a pairing

< ·, · >: T ∗
C,QM (C,Q)× T ∗

C,QM (C,Q) −→ C.

Explicitly, let {γj}j be a basis of H1(Σ
◦,C)− and {dzj}j its image in T ∗

C,QM (C,Q), then

< dzi, dzj >7−→ (γi · γj)

from which we define a degenerate Poisson Structure on M (C,Q)

{·, ·} : C∞(M (C,Q))× C∞(M (C,Q)) −→ C∞(M (C,Q)) (C.13)

defined locally on the period coordinates of M (C,Q) by

{zi, zj} :=< dzi, dzj > . (C.14)

Lemma C.0.2. The bracket {·, ·} is a Poisson structure on M (C,Q).
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Proof. Exactly analogous to 5.2.19.

Definition C.0.3. Residue of Quadratic differentials on Wild Curves
Let C = (C,D, ν, ζ), Q a quadratic differential on C and q ∈ D\B, i.e. a pole of Q that
is not a zero. We define the residue of the quadratic differential Q at the point q

Resq(Q) :=
∫
γζ(q)

ZQ =

∫
γζ(q)

δ(C , Q), (C.15)

for γζ(q) ∈ H1(Σ
◦,Z), a cycle around ζ(q). Setting Resq(Q) = 0 for q ∈ B, this gives rise

to a surjective map:

Res : M (C , Q) −→ Ce (C.16)

(C,Q) −→ (Resq(Q))q∈D (C.17)

for e = deg(Dred\B), i.e. the number of even order poles.

We want to study the symplectic leaves of the Poisson structure discussed above. The
essence of the following characterising lemma is that the symplectic leaves in M (C,Q) are
cut out by fixing the residues of the quadratic differentials.

Lemma C.0.4. The Symplectic Fibration over the Space of Residues
The connected components of the fibres of the surjective map Res : M (C , Q) → Ce, are
symplectic leaves to the Poisson structure on M (C , Q), of dimension 6g − 6 + 2 · deg(D).

Proof. Let {zi}i be the period coordinates on a neighbourhood U ⊂ M (C , Q), then Res
can be expressed in terms of these coordinates by projecting down to the periods around
even order poles:

Res : U −→ Ce (C.18)

(zi)i −→ (zj)j; (C.19)

for j : γj ∈ ker(H1(Σ
◦)− → H1(Σ)

−), i.e. in the notation of C.0.11, 2g < j ≤ 2g + e. For
a fixed cycle γi from the basis of H1(Σ

◦,C)−; we have:

{zi, zj} = 0 ∀j ⇐⇒ γi · γj = 0 ∀j ⇐⇒ γi is a cycle around a puncture.

Passing to anti-invariant cycles, we are left precisely with the cycles around even order
poles, which by assumption do not intersect other cycles, and non-degeneracy of the re-
striction of the Poisson form on the fibres of Res follows. Thereby the dimension of the
fibres reads:

dimRes−1 = dimH1(Σ◦,C)− − e = 6g − 6 + 2 · deg(D).
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Now we show that fixing the irregular type ζ, defines Lagrangians of the symplectic
leaves of Resq.

Corollary C.0.5. We have seen that the enhancement ν determines the residue of quadratic
differentials of class ν. In particular, considering the maps:

M (C , Q) Ce

M (C ),

Res

(C.20)

and fixing a wild curve C , there exists a unique vector vζ ∈ Ce s.t. MC (Q) ⊂ (Res)−1(vζ).

Lemma C.0.6. The fibres MC (Q) of M (C , Q) −→ M (C ) are Lagrangian submanifolds
in the symplectic leaves with respect to the Poisson structure are given by the fibres of Res
C.16, i.e.

MC (Q) ⊂ (Res)−1(vζ) are Lagrangian submanifolds ∀C ∈ M (C ), (C.21)

obtaining a Lagrangian fibration on the space of quadratic differentials.

Proof. Restrict to a fibre of Res and consider the symplectic form ω on this fibre, and for
the period coordinates (zi)i let: ωij = ω( ∂

∂zi
, ∂
∂zj

) with ωij = −ωji. Moreover let (aℓ)ℓ be a
local basis on the fibre, then we have:

ω

(
∂

∂ak
,
∂

∂aℓ

)
= ω

(∑
i

∂zi
∂ak

∂

∂zj
,
∑
i

∂zj
∂aℓ

∂

∂zj

)
=
∑
ij

ωij
∂zi
∂ak

∂zj
∂aℓ

=
∑
ij

ωij

∫
γi

∇GM
ak

[λ]

∫
γj

∇GM
aℓ

[λ]

since (γj)j is a basis of anti-invariant cohomology, cycles around poles at ramification are
excluded. Since ∇GM

ak
[λ] is holomorphic away from ramification for all k by lemma 5.2.14,

applying the residue-reciprocity theorem [33][Section 2.3] we conclude

ω

(
∂

∂ak
,
∂

∂aℓ

)
= 0.
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