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Abstract

In this thesis, we investigate problems in Diophantine approximation, metric number theory,

and the Lüroth representation of real numbers, with the aim of developing new theoretical

insights and effective results. We first establish effective versions of the quantitative Borel–

Cantelli Lemma and, as a consequence, derive an effective form of Schmidt’s theorem in metric

Diophantine approximation. Building on these methods, we obtain an effective quantitative

strengthening of the Koukoulopoulos–Maynard theorem, together with new results in the

theory of inhomogeneous Diophantine approximation on𝑀0-sets. In a different direction, we

develop the metrical theory of well-approximable sets associated with the Lüroth expansion

of real numbers, thereby extending classical results to this alternative numerical representa-

tion. We also study the Fourier transform of probability measure on a special class of fractals,

namely self-similar sets under a non-Liouville condition.
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Chapter 1

Introduction

This chapter provides the necessary background for the thesis by introducing key concepts,

historical developments, and foundational results. Each section surveys classical and modern

contributions in the relevant area, thereby establishing the framework and motivation for the

results proved in subsequent chapters.

• Section 1.1: An overview of Diophantine approximation and its central results, forming

the basic framework for our study.

• Section 1.2: A discussion of classical results in metric number theory, with emphasis on

their role in Diophantine approximation.

• Section 1.3: A survey of fundamental results on quantitative problems in metric number

theory, which serve as the foundation for Chapters 2 and 3.

• Section 1.4: A presentation of results concerning the Lüroth representation of real num-

bers in metric number theory, motivating the developments in Chapter 4.

• Section 1.5: An introduction to Fourier analytic methods and their applications to metric

number theory, providing the background for Chapter 5.

• Section 1.6: A survey of inhomogeneous problems in Diophantine approximation, which

underpin the results established in Chapter 6.

10
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1.1 Diophantine Approximation

Diophantine approximation is a central topic in number theory concerned with quantifying

the density of the rational numbers ℚ within the real numbers ℝ. The statement that ℚ is

dense in ℝ means that for any 𝑥 ∈ ℝ and any 𝜀 > 0, there exists a rational number 𝑝/𝑞 ∈ ℚ,

with 𝑝 ∈ ℤ and 𝑞 ∈ ℕ, such that

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

< 𝜀.

In other words, every real number can be approximated arbitrarily well by rational numbers.

The natural question, however, is not whether such approximations exist, but rather how well

they can be achieved. More precisely, given 𝑥 ∈ ℝ and a denominator 𝑞 ∈ ℕ, how small can

the approximation error 𝜀 be made, while still ensuring the existence of an integer 𝑝 satisfying

the above inequality?

A simple observation is that 𝜀 can be taken as any value greater than 1/(2𝑞), since rational

numbers with the same denominator 𝑞 differ by at least 1/𝑞 from one another. Thus, for any

𝑥 ∈ ℝ and 𝑞 ∈ ℕ, there exists 𝑝 ∈ ℤ such that

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

≤

1

2𝑞

.

If we relax the requirement from “for any 𝑞 ∈ ℕ” to “there exist infinitely many 𝑞 ∈ ℕ”, then

it is possible to achieve approximations significantly better than 𝜀 = 1/(2𝑞).

Dirichlet’s Theorem, a cornerstone of Diophantine approximation, formalizes this im-

provement by guaranteeing that every real number admits infinitely many “good” rational

approximations.

Theorem 1.1.1 (Dirichlet, 1842). For any 𝑥 ∈ 𝕀 ∶= [0, 1), there exist infinitely many integers

𝑝 ∈ ℤ and positive integers 𝑞 ∈ ℕ such that

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

1

𝑞
2
. (1.1)

Without loss of generality, we may restrict our attention to real numbers in the interval

𝕀. Indeed, for any 𝑥 ∈ ℝ, its fractional part {𝑥} lies in 𝕀. By Dirichlet’s Theorem, there exist
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infinitely many integers 𝑝 ∈ ℤ and positive integers 𝑞 ∈ ℕ such that

|
|
|
|

{𝑥} −

𝑝

𝑞

|
|
|
|

<

1

𝑞
2
.

For each such pair (𝑝, 𝑞), we have

|
|
|
|

𝑥 −

𝑝
′

𝑞

|
|
|
|

=

|
|
|
|

⌊𝑥⌋ + {𝑥} −

𝑝
′

𝑞

|
|
|
|

=

|
|
|
|

{𝑥} −

𝑝
′
− 𝑞⌊𝑥⌋

𝑞

|
|
|
|

=

|
|
|
|

{𝑥} −

𝑝

𝑞

|
|
|
|

<

1

𝑞
2
,

where 𝑝′
= 𝑝 + 𝑞⌊𝑥⌋ ∈ ℤ and ⌊𝑥⌋ denotes the integer part of 𝑥 . This argument shows that

restricting 𝑥 to 𝕀 entails no loss of generality, and similar reductions will be used throughout

the thesis.

Dirichlet’s Theorem can be proved by several methods. The simplest approach uses the

pigeonhole principle (see [3, 13]). However, this method is non-constructive, as it does not

provide a way to explicitly find the “good” rational approximations. This limitation is resolved

by an alternative proof using continued fractions.

For any 𝑥 ∈ [0, 1) ⧵ ℚ, there exists a sequence (𝑎𝑛)𝑛∈ℕ of positive integers, called partial

quotients, such that 𝑥 can be expressed as a continued fraction expansion:

𝑥 = [𝑎1, 𝑎2, 𝑎3, …] ∶=

1

𝑎1 +

1

𝑎2 +

1

𝑎3 + ⋯

. (1.2)

For any 𝑛 ∈ ℕ, the 𝑛-th convergent of 𝑥 is defined by

𝑝𝑛

𝑞𝑛

∶= [𝑎1, 𝑎2, … , 𝑎𝑛] =

1

𝑎1 +

1

𝑎2 +

1

⋱ +

1

𝑎𝑛

.

The convergents satisfy the well-known recurrence relations: for any 𝑛 ∈ ℕ,

𝑝𝑛 = 𝑎𝑛𝑝𝑛−1 + 𝑝𝑛−2, 𝑞𝑛 = 𝑎𝑛𝑞𝑛−1 + 𝑞𝑛−2,

with initial conditions 𝑝0 = 0, 𝑝−1 = 1, 𝑞0 = 1, and 𝑞−1 = 0. Moreover, for every 𝑛 ∈ ℕ, the
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approximation error satisfies

1

𝑞𝑛(𝑞𝑛 + 𝑞𝑛+1)

<

|
|
|
|

𝑥 −

𝑝𝑛

𝑞𝑛

|
|
|
|

<

1

𝑞𝑛𝑞𝑛+1

.

Since 𝑞𝑛+1 > 𝑞𝑛, we have that:

|
|
|
|

𝑥 −

𝑝𝑛

𝑞𝑛

|
|
|
|

<

1

𝑞𝑛
2
.

Hence, each 𝑛-th convergent 𝑝𝑛/𝑞𝑛 of an irrational number 𝑥 provides a solution to the in-

equality (1.1) in Dirichlet’s Theorem, giving an explicit sequence of “good” rational approxi-

mations.

On the other hand, if 𝑥 = 𝑎/𝑏 ∈ ℚ ∩ [0, 1) is expressed in lowest terms, its continued

fraction expansion is finite, yielding only finitely many convergents. Nevertheless, there exist

infinitely many solution pairs (𝑝, 𝑞) satisfying Dirichlet’s inequality (1.1), for instance

𝑝 = 𝑎𝑛, 𝑞 = 𝑏𝑛, 𝑛 ∈ ℕ.

Therefore, Dirichlet’s Theorem also holds for rational numbers.

One may naturally ask whether Dirichlet’s Theorem can be strengthened by multiplying

the right-hand side of inequality (1.1) by a factor 𝑐 ∈ (0, 1). Specifically, we seek a constant

𝑐 ∈ (0, 1) such that for every 𝑥 ∈ 𝕀, there exist infinitely many integers 𝑝 ∈ ℤ and positive

integers 𝑞 ∈ ℕ satisfying

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

𝑐

𝑞
2
. (1.3)

Hurwitz [17] proved that 𝑐 = 1/

√

5 is achievable, and moreover, this is the optimal value. For

any 𝑐 < 1/

√

5, the golden ratio conjugate

𝑥1 ∶=

√

5 − 1

2

admits at most finitely many solution pairs (𝑝, 𝑞) ∈ ℤ × ℕ to inequality (1.3) (see [3, Section

1.3]). Consequently, there exist numbers for which Dirichlet’s Theorem cannot be improved

by an arbitrarily small constant 𝑐 > 0. Such numbers are called badly approximable numbers.
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Definition (Badly Approximable). A real number 𝑥 ∈ 𝕀 is said to be badly approximable if

there exists a constant 𝑐𝑥 > 0 such that for all 𝑝 ∈ ℤ and 𝑞 ∈ ℕ,

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

≥

𝑐𝑥

𝑞
2
.

Equivalently, 𝑥 ∈ 𝕀 is badly approximable if and only if it belongs to the set Bad, defined as

Bad ∶=

{

𝑥 ∈ 𝕀 ∶ 𝑐𝑥 ≥ lim inf
𝑞→∞

𝑞‖𝑞𝑥‖ > 0

}

, (1.4)

where ‖𝑧‖ denotes the (absolute) distance from 𝑧 ∈ ℝ to the nearest integer.

An example of a badly approximable number is the golden ratio conjugate

𝑥1 = [1, 1, 1, …],

expressed in its continued fraction representation as in (1.2). More generally, an irrational

number is badly approximable if and only if its sequence of partial quotients in the continued

fraction expansion is bounded.

Theorem 1.1.2 ([3, Theorem 1.4]). Let 𝑥 = [𝑎1, 𝑎2, 𝑎3, …] ∈ 𝕀⧵ℚ. Then 𝑥 is badly approximable

if and only if there exists 𝑁 ∈ ℕ such that 𝑎𝑛 ≤ 𝑁 for all 𝑛 ∈ ℕ.

All quadratic irrational numbers are badly approximable, since their partial quotients

eventually become periodic and hence bounded (see [39, Theorem 4.3]). However, there is

no known example of an algebraic number of degree three or higher that is either badly ap-

proximable or not badly approximable. As of January 2026, the following conjecture remains

open:

Conjecture. Every badly approximable algebraic irrational is quadratic.

Returning to Dirichlet’s Theorem, we recall that every 𝑥 ∈ 𝕀 can be approximated by in-

finitely many rationals 𝑝/𝑞 with a rate of approximation 1/𝑞
2, as expressed in inequality (1.1).

This rate, however, cannot be improved to 𝑐/𝑞2 for an arbitrary constant 𝑐 > 0 for numbers

in Bad, such as the golden ratio conjugate 𝑥1.

In the next section, we will see that the setBad has Lebesgue measure zero. In other words,

almost every number in 𝕀 allows for Dirichlet’s Theorem to be improved by an arbitrarily small
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constant. From a measure-theoretic perspective, if we exclude a set of measure zero, the rate

of approximation can even be improved logarithmically to 1/(𝑞
2
log 𝑞).

1.2 Metric Number Theory

Metric number theory is a branch of number theory that studies sets of numbers from the

perspective of measure and dimension theory. We investigate, for instance, which properties

are satisfied by almost every number in 𝕀. Here, “almost every” means that the set of numbers

not satisfying the property has Lebesgue measure zero. Examples of such results include the

Khintchine constant and the Lévy constant, which describe average behaviours of the partial

quotients in the continued fraction expansions of real numbers.

Theorem 1.2.1 (Khintchine [23], 1935). For almost every 𝑥 ∈ 𝕀,

lim
𝑛→∞

(𝑎1𝑎2⋯𝑎𝑛)
1/𝑛

=

∞

∏

𝑟=1

(
1 +

1

(𝑟 + 2)𝑟 )

log 𝑟/ log 2

= 2.6854520010… ,

where (𝑎𝑛)𝑛∈ℕ is the partial quotients of 𝑥 .

Theorem 1.2.2 (Lévy [31], 1938). For almost every 𝑥 ∈ 𝕀,

lim
𝑛→∞

log 𝑞𝑛(𝑥)

𝑛

=

𝜋
2

12 log 2

= 1.1865691104… ,

where 𝑞𝑛(𝑥) is the denominator of the 𝑛-th convergent of 𝑥 .

The above theorems concern properties of almost every 𝑥 ∈ 𝕀, rather than all numbers in

the unit interval. Although these properties hold for almost all numbers, it remains an open

problem whether certain naturally occurring numbers, such as 𝜋 − 3, satisfy them. Quadratic

irrationals serve as clear counterexamples, since their continued fraction expansions are even-

tually periodic and therefore do not exhibit these typical behaviours.

Returning to Dirichlet’s Theorem, we can restate it as follows: for any 𝑥 ∈ 𝕀, there exist

infinitely many 𝑞 ∈ ℕ such that

‖𝑞𝑥‖ ≤

1

𝑞

, (1.5)
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where ‖𝑞𝑥‖ denotes the distance from 𝑞𝑥 to the nearest integer. We now focus on the problem

of improving the rate of approximation from the perspective of measure and dimension theory.

To formalize this, let

𝜓 ∶ ℕ → [0, 1/2]

be a given function. A number 𝑥 ∈ 𝕀 is said to be 𝜓-well approximable if there exist infinitely

many 𝑞 ∈ ℕ such that

‖𝑞𝑥‖ ≤ 𝜓(𝑞).

The function 𝜓 is referred to as an approximating function, since it controls the rate of ap-

proximation. Define the set 𝑊(𝜓) to be the set of 𝜓-well approximable numbers; that is

𝑊(𝜓) ∶= {𝑥 ∈ 𝕀 ∶ ‖𝑞𝑥‖ < 𝜓(𝑞) for infinitely many 𝑞 ∈ ℕ} . (1.6)

Equivalently, for 𝑥 ∈ 𝕀, we have 𝑥 ∈ 𝑊(𝜓) if and only if there exist infinitely many pairs

(𝑝, 𝑞) ∈ ℤ × ℕ satisfying

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

𝜓(𝑞)

𝑞

. (1.7)

According to Dirichlet’s Theorem, if 𝜓(𝑞) = 1/𝑞, then𝑊(𝜓) = 𝕀. However, the existence

of badly approximable numbers implies that there are functions 𝜓 for which 𝑊(𝜓) ≠ 𝕀. In

the metric theory of Diophantine approximation, one is interested in determining the “size” of

𝑊(𝜓) using tools such as Lebesgue measure, Hausdorff measure, and Hausdorff dimension.

The set 𝑊(𝜓) can be expressed as a lim sup set of intervals. For each 𝑞 ∈ ℕ, define

𝐴𝑞(𝜓) ∶= {𝑥 ∈ 𝕀 ∶ ‖𝑞𝑥‖ < 𝜓(𝑞)}

= 𝕀 ∩

𝑞

⋃

𝑝=0

(

𝑝

𝑞

−

𝜓(𝑞)

𝑞

,

𝑝

𝑞

+

𝜓(𝑞)

𝑞 )
. (1.8)

The set𝑊(𝜓) consists of all numbers in 𝕀 that belong to infinitely many sets𝐴𝑞(𝜓) for 𝑞 ∈ ℕ.

Formally, we have

𝑊(𝜓) = lim sup

𝑞→∞

𝐴𝑞(𝜓) =

∞

⋂

𝑡=1

∞

⋃

𝑞=𝑡

𝐴𝑞(𝜓).

Since, by assumption, 𝜓(𝑞) ≤ 1/2 for all 𝑞 ∈ ℕ, the intervals under the union in (1.8) are
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disjoint. Consequently, the Lebesgue measure of 𝐴𝑞(𝜓) is

(𝐴𝑞(𝜓)) = 2𝜓(𝑞), (1.9)

where  denotes the Lebesgue measure on ℝ. For any 𝑡 ∈ ℕ, the union ⋃
∞

𝑞=𝑡
𝐴𝑞(𝜓) forms a

cover for𝑊(𝜓), that is𝑊(𝜓) ⊂ ⋃
∞

𝑞=𝑡
𝐴𝑞(𝜓). By sub-additivity of measure and using (1.9), we

obtain

(𝑊 (𝜓)) ≤ 
(

∞

⋃

𝑞=𝑡

𝐴𝑞(𝜓)
)
≤

∞

∑

𝑞=𝑡

(𝐴𝑞(𝜓)) ≤ 2

∞

∑

𝑞=𝑡

𝜓(𝑞). (1.10)

Suppose we are in the case where ∑
∞

𝑞=1
𝜓(𝑞) < +∞ (the divergent case will be considered

later). A standard result from real analysis states that for any 𝜀 > 0, there exists 𝑡𝜀 ∈ ℕ such

that for all 𝑡 ≥ 𝑡𝜀 ,
∞

∑

𝑞=𝑡

𝜓(𝑞) <

𝜀

2

.

Substituting this into (1.10) yields (𝑊 (𝜓)) ≤ 𝜀. Since 𝜀 > 0 is arbitrary, we have that

(𝑊 (𝜓)) = 0. In other words,

(𝑊 (𝜓)) = 0 if
∞

∑

𝑞=1

𝜓(𝑞) < +∞.

This corresponds to the convergent case of Khintchine’s Theorem, a fundamental result in

metric number theory. We will explore this theorem in detail in Section 1.2.1. The argument

above also provides a classical proof of the convergent Borel–Cantelli Lemma, a fundamental

result in probability theory.

Lemma 1.2.3 (Convergent Borel–Cantelli Lemma). Let (𝐸𝑛)𝑛∈ℕ be a sequence of Lebesgue mea-

surable subsets of 𝕀. Suppose, ∑∞

𝑛=1
(𝐸𝑛) < +∞. Then,

 (𝐸∞) = 0,

where 𝐸∞ ∶= lim sup
𝑛→∞

𝐸𝑛; in other words, for almost every 𝑥 ∈ 𝕀, there exist at most finitely

many 𝑛 ∈ ℕ such that 𝑥 ∈ 𝐸𝑛.

Suppose we are now in the divergent case, where ∑
∞

𝑛=1
(𝐸𝑛) = +∞. Does this automati-

cally imply that  (𝐸∞) > 0? The answer is negative. For instance, let 𝐸𝑛 ∶= (0, 1/𝑛) for each
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𝑛 ∈ ℕ. Then the sum of measures is

∞

∑

𝑛=1

(𝐸𝑛) =
∞

∑

𝑛=1

1

𝑛

= +∞,

i.e., the harmonic series diverges. However, the lim sup set is empty:

𝐸∞ = lim sup

𝑛→∞

𝐸𝑛 =

∞

⋂

𝑡=1

∞

⋃

𝑛=𝑡

𝐸𝑛 =

∞

⋂

𝑡=1

∞

⋃

𝑛=𝑡

(
0,

1

𝑛)
=

∞

⋂

𝑡=1

(
0,

1

𝑡 )
= ∅,

and consequently, (𝐸∞) = 0.

In this example, the sets (𝐸𝑛)𝑛∈ℕ are nested and thus overlap excessively. The sum of mea-

sures to diverge is not sufficient to guarantee that (𝐸∞) > 0. The sets must also exhibit some

notion of independence. For example, if the sets (𝐸𝑛)𝑛∈ℕ are pairwise independent, meaning

that

(𝐸𝑖 ∩ 𝐸𝑗) = (𝐸𝑖)(𝐸𝑗) for all 𝑖 ≠ 𝑗,

then a stronger conclusion holds: (𝐸∞) = 1.

Lemma 1.2.4 (Divergent Borel–Cantelli Lemma). Let (𝐸𝑛)𝑛∈ℕ be a sequence of Lebesgue mea-

surable subsets of 𝕀. Suppose, ∑∞

𝑛=1
(𝐸𝑛) = +∞ and the sets (𝐸𝑛)𝑛∈ℕ are pairwise independent.

Then,

 (𝐸∞) = 1;

in other words, for almost every 𝑥 ∈ 𝕀, there exist infinitely many 𝑛 ∈ ℕ such that 𝑥 ∈ 𝐸𝑛.

However, pairwise independence is a strong condition, and is rare in applications. A

weaker condition, known as quasi-independence on average, can still provide a positive lower

bound for  (𝐸∞). This is formularised as follows:

Proposition 1.2.5 ([13, Lemma 2.3]). Let (𝐸𝑛)𝑛∈ℕ be a sequence of Lebesgue measurable subsets

of 𝕀. Suppose, ∑∞

𝑛=1
(𝐸𝑛) = +∞ and there exists 𝐶 ≥ 1 such that for infinitely many 𝑁 ∈ ℕ,

𝑁

∑

𝑗=1

𝑁

∑

𝑘=1

(𝐸𝑗 ∩ 𝐸𝑘) ≤ 𝐶
(

𝑁

∑

𝑗=1

(𝐸𝑗)
)

2

. (1.11)
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Then,

 (𝐸∞) ≥

1

𝐶

.

The condition in (1.11) ensures that with a divergent sum, the lim sup set 𝐸∞ has a positive

measure. While this does not directly imply  (𝐸∞) = 1, if we can also prove that 𝐸∞ satisfies

a zero-one law, meaning its measure can only be 0 or 1, then it suffices to prove the measure

is positive. By [13, Theorem 2.7(A)], we know that the lim sup set𝑊(𝜓) = lim sup
𝑞→∞

𝐴𝑞(𝜓),

of 𝜓-well approximable numbers, satisfies the zero-one law.

We conclude this section with a brief discussion on the quantitative strengthening of the

divergent Borel–Cantelli Lemma. For any 𝑥 ∈ 𝕀 and 𝑁 ∈ ℕ, consider the counting function

𝑅 ∶ 𝕀 × ℕ → ℕ ∪ {0} defined by

𝑅(𝑥, 𝑁 ) ∶= #{𝑛 ∈ ℕ ∩ [1, 𝑁 ] ∶ 𝑥 ∈ 𝐸𝑛}. (1.12)

Equivalently, 𝑅(𝑥, 𝑁 ) counts the number of sets 𝐸𝑛 with 𝑛 ≤ 𝑁 that contain 𝑥 . By Lemma 1.2.4,

if the sets (𝐸𝑛)𝑛∈ℕ are pairwise independent and their measure sum diverges, then for almost

every 𝑥 ∈ 𝕀,

lim
𝑁→∞

𝑅(𝑥, 𝑁 ) = +∞.

This conclusion also holds under the weaker quasi-independence condition (1.11), provided

that 𝐸∞ satisfies a zero-one law. In Chapter 2, we discuss the quantitative form of the diver-

gent Borel–Cantelli Lemma (Lemmas 2.0.1 and 2.0.2), which enables the determination of the

asymptotic behaviour of the counting function 𝑅(𝑥, 𝑁 ). Furthermore, we provide effective

versions of these results (Theorems 2.1.1 and 2.1.2), yielding precise, computable statements

of the quantitative bounds.
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1.2.1 Khintchine’s Theorem

Khintchine established that, for any non-increasing function 𝜓, the Lebesgue measure of the

set 𝑊(𝜓) is completely determined by the convergence or divergence of the series

∞

∑

𝑞=1

𝜓(𝑞). (1.13)

Theorem 1.2.6 (Khintchine [22], 1924). Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose 𝜓 is non-increasing.

Then

(𝑊 (𝜓)) =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0, if ∑
∞

𝑞=1
𝜓(𝑞) < +∞;

1, if ∑
∞

𝑞=1
𝜓(𝑞) = +∞.

The convergent case has already been proved in the previous subsection using the con-

vergent Borel–Cantelli Lemma (Lemma 1.2.3) and does not require monotonicity of 𝜓. The

divergent case is more delicate. The divergent Borel–Cantelli Lemma (Lemma 1.2.4) cannot

be applied directly, since the sets (𝐴𝑞)𝑞∈ℕ are not pairwise independent. In Khintchine’s orig-

inal proof [22] (see also [46]), a stronger condition, namely that 𝑞𝜓(𝑞) is non-increasing, was

imposed, and the argument relied on properties of continued fractions. The modern approach

proves the stated version by showing that the sets (𝐴𝑞)𝑞∈ℕ are quasi-independent on average,

in the sense of Proposition 1.2.5 (see [3, Remark 2.5]), and then invoking the zero-one law for

lim sup sets.

Khintchine’s Theorem implies that for almost every 𝑥 ∈ 𝕀, there exist infinitely many

𝑝 ∈ ℤ and 𝑞 ∈ ℕ such that

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

1

𝑞
2
log 𝑞

.

From a measure-theoretic perspective, this means that the rate of approximation in Dirichlet’s

Theorem can be improved by a logarithmic factor. Moreover, we have (Bad) = 0, indicating

that badly approximable numbers are rare, forming a set of zero Lebesgue measure.

In Section 1.3, we discuss a quantitative strengthening of Khintchine’s Theorem due to
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Schmidt. Specifically, for a function 𝜓 and 𝑥 ∈ 𝕀, we define the counting function

𝑆𝜓,𝑥(𝑄) ∶= # {1 ≤ 𝑞 ≤ 𝑄 ∶ ‖𝑞𝑥‖ < 𝜓(𝑞)} .

Under the divergent sum condition, Khintchine’s Theorem guarantees that for almost every

𝑥 ∈ 𝕀, lim𝑄→∞ 𝑆𝜓,𝑥(𝑄) = +∞. Schmidt’s Theorem (Theorem 1.3.1) provides a quantitative

refinement by describing the asymptotic behaviour of the counting function 𝑆𝜓,𝑥 .

1.2.2 The Duffin–Schaeffer Conjecture

In a fundamental paper [11], Duffin and Schaeffer demonstrated that the monotonicity as-

sumption on 𝜓 in the divergent case of Khintchine’s Theorem (Theorem 1.2.6) cannot be

removed. Specifically, they constructed a non-monotonic function 𝜓0 ∶ ℕ → [0, 1/2] such

that
∞

∑

𝑞=1

𝜓0(𝑞) = +∞ but (𝑊 (𝜓0)) = 0

(see [3, Section 2.2.1]). Their construction relies on the associated sets 𝐴𝑞(𝜓0), as defined

in (1.8), “overlapping” excessively, thereby breaking any notion of independence. Conse-

quently, without the monotonic condition, the Lebesgue measure of𝑊(𝜓) cannot, in general,

be determined.

In the same paper [11], Duffin and Schaeffer formulated a conjecture to arbitrary functions

𝜓 ∶ ℕ → [0, 1/2]. They introduced the set

𝑊
∗
(𝜓) ∶= lim sup

𝑞→+∞

𝐴
∗

𝑞
(𝜓)

where for any 𝑞 ∈ ℕ,

𝐴
∗

𝑞
(𝜓) ∶= 𝕀 ∩

𝑞

⋃

𝑝=0, (𝑝,𝑞)=1

(

𝑝

𝑞

−

𝜓(𝑞)

𝑞

,

𝑝

𝑞

+

𝜓(𝑞)

𝑞 )
.

In contrast to 𝑊(𝜓), the set 𝑊 ∗
(𝜓) imposes the additional condition that the fractions 𝑝/𝑞

satisfying inequality (1.7) are in their simplest forms.
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By the convergent Borel–Cantelli Lemma (Lemma 1.2.3), if

∞

∑

𝑞=1

𝐴
∗

𝑞
(𝜓) =

∞

∑

𝑞=1

2𝜓(𝑞)

𝜑(𝑞)

𝑞

< +∞,

then (𝑊 ∗
(𝜓)) = 0, where 𝜑 denotes the Euler totient function. In the divergent case, when

the series

∞

∑

𝑞=1

𝜓(𝑞)

𝜑(𝑞)

𝑞

(1.14)

diverges, Duffin and Schaeffer proved the following result.

Theorem 1.2.7 (Duffin–Schaeffer [11], 1941). Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose (1.14) diverges

and

lim sup

𝑄→∞

∑
𝑄

𝑞=1
𝜓(𝑞)𝜑(𝑞)/𝑞

∑
𝑄

𝑞=1
𝜓(𝑞)

> 0 . (1.15)

Then, (𝑊 ∗
(𝜓)) = 1.

Duffin and Schaeffer conjectured that the divergence of (1.14) alone is sufficient to guar-

antee that (𝑊 ∗
(𝜓)) = 1. This statement, now known as the Duffin–Schaeffer Conjecture,

remained one of the central open problems in metric number theory for nearly 80 years. It

was finally resolved in a breakthrough result by Koukoulopoulos and Maynard.

Theorem 1.2.8 (Koukoulopoulos–Maynard [25, Theorem 1], 2020). Let 𝜓 ∶ ℕ → (0, 1/2].

Suppose (1.14) diverges. Then (𝑊 ∗
(𝜓)) = 1.

Thus, the Duffin–Schaeffer Conjecture is now a theorem, representing a landmark achieve-

ment in the field. In parallel with the quantitative refinements of Khintchine’s Theorem, quan-

titative versions of Theorem 1.2.8 have also been established (see Theorems 1.3.2 and 1.3.3).

1.2.3 The Hausdorff Measure Theory

We begin by revisiting Khintchine’s Theorem (Theorem 1.2.6). For any 𝜏 ≥ 0, define

𝑊(𝜏) ∶= lim sup

𝑞→∞

⋃

𝑝∈ℤ

{

𝑥 ∈ 𝕀 ∶

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

1

𝑞
1+𝜏

}

. (1.16)
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Thus, 𝑊(𝜏) coincides with 𝑊(𝜓) for the choice 𝜓(𝑞) = 𝑞
−𝜏 , and is called the set of 𝜏-well

approximable numbers.

By Dirichlet’s Theorem (Theorem 1.1.1), if 𝜏 ≤ 1 then we have 𝑊(𝜏) = 𝕀, and conse-

quently (𝑊 (𝜏)) = 1. On the other hand, if 𝜏 > 1, the following series converges:

∞

∑

𝑞=1

1

𝑞
𝜏
< +∞.

By Khintchine’s Theorem, we have (𝑊 (𝜏)) = 0. In other words, the set of 𝜏-well approx-

imable numbers has zero Lebesgue measure whenever 𝜏 > 1.

For instance, (𝑊 (2)) = (𝑊 (2026)) = 0. However, 𝑊(2026) is a proper subset of

𝑊(2), despite both sets having zero Lebesgue measure. This example illustrates that Lebesgue

measure cannot distinguish the relative sizes of such subsets. To make finer distinctions, one

turns to Hausdorff measure and Hausdorff dimension.

Let 𝐹 ⊂ ℝ and 𝑠 ∈ [0, 1]. For any 𝜌 > 0, a sequence (𝐼𝑛)𝑛∈ℕ of intervals is called a 𝜌-cover

of 𝐹 if 𝐹 ⊂ ⋃
𝑛∈ℕ

𝐼𝑛 and the diameter of each interval satisfies diam 𝐼𝑛 < 𝜌. Define

𝑠

𝜌
(𝐹) ∶= inf

{

∑

𝑛∈ℕ

(diam 𝐼𝑛)
𝑠

∶ (𝐼𝑛)𝑛∈ℕ is a 𝜌-cover of 𝐹 .

}

.

As 𝜌 > 0 decreases, the class of admissible 𝜌-covers becomes more restrictive, so the quantity

𝑠

𝜌
(𝐹) is non-decreasing as 𝜌 → 0

+. The 𝑠-dimensional Hausdorff measure of 𝐹 is then defined

as

𝑠
(𝐹) ∶= lim

𝜌→0
+

𝑠

𝜌
(𝐹).

This value can be 0, finite, or infinite. When 𝑠 = 1, the Hausdorff measure coincides with the

Lebesgue measure on ℝ, that is 1
= .

The behaviour of 𝑠
(𝐹) depends crucially on the value of 𝑠. For sufficiently large 𝑠,

the term (diam(𝐼𝑛))
𝑠 converges to 0 rapidly, leading to 𝑠

(𝐹) = 0. For sufficiently small 𝑠,

(diam(𝐼𝑛))
𝑠 decay to 0 too slowly, leading to 𝑠

(𝐹) = +∞ (unless 𝐹 is finite). There is a unique

value of 𝑠 ∈ [0, 1] where this transition occurs. This value is called the Hausdorff dimension of
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𝐹 , and is defined by

dim(𝐹) ∶= inf {𝑠 ∈ [0, 1] ∶ 𝑠
(𝐹) = 0} .

The Hausdorff dimension provides a much finer notion of “size” than Lebesgue measure, and

is especially useful in studying sets of Lebesgue measure zero but with rich internal structure.

The Hausdorff dimension of𝑊(𝜏) is solved by the Jarník–Besicovitch Theorem for values

of 𝜏 ≥ 1.

Theorem 1.2.9 (Jarník [19], 1928; Besicovitch [7], 1932). For any 𝜏 ≥ 1,

dim𝑊(𝜏) =

2

1 + 𝜏

.

In particular,

𝑠
(𝑊 (𝜏)) =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

0, if 𝑠 > 2/(1 + 𝜏),

+∞, if 𝑠 < 2/(1 + 𝜏).

Thus the Hausdorff dimension provides the precise “size” of𝑊(𝜏) even when its Lebesgue

measure is zero. However, the Jarník–Besicovitch Theorem does not specify the 𝑠-Hausdorff

measure of𝑊(𝜏) when 𝑠 = 2/(1+𝜏). A more general result was established by Jarník, giving

a zero–one law for Hausdorff measure in the setting of general approximation functions 𝜓.

Theorem 1.2.10 (Jarník [20], 1931). Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose 𝜓 is non-increasing. Then

for any 0 < 𝑠 < 1,

𝑠
(𝑊 (𝜓)) =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0, if ∑
∞

𝑞=1
𝑞
1−𝑠
𝜓
𝑠
(𝑞) < +∞;

+∞, if ∑
∞

𝑞=1
𝑞
1−𝑠
𝜓
𝑠
(𝑞) = +∞.

Thus, the Jarník Theorem provides the missing information, showing that the 𝑠-Hausdorff

measure is actually infinite. Combining the Jarník Theorem with the definition of Hausdorff

dimension, we have the Hausdorff dimension of the set 𝑊(𝜓):

dim𝑊(𝜓) = inf

{

𝑠 ∈ [0, 1] ∶ ∑

∞

𝑞=1

𝑞
1−𝑠
𝜓
𝑠
(𝑞) < +∞

}

.
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The result of Dodson [10, Theorem 2] provides an explicit formula for the Hausdorff dimen-

sion of 𝑊(𝜓) in terms of the lower order of 1/𝜓 at infinity.

Theorem 1.2.11 (Dodson [10, Theorem 2], 1992). Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose 𝜓 is non-

increasing. Then

dim𝑊(𝜓) =

2

1 + 𝜏
𝜓

, (1.17)

where the lower order of 1/𝜓 at infinity is defined as

𝜏
𝜓
∶= lim inf

𝑞→∞

−

log𝜓(𝑞)

log 𝑞

> 1. (1.18)

Note that for 𝜓(𝑞) = 𝑞
−𝜏 we have 𝜏

𝜓
= 𝜏, so Theorem 1.2.11 recovers the Jarník–

Besicovitch Theorem.

The Mass Transference Principle (MTP) provides a powerful mechanism for transferring

Lebesgue measure-theoretic statements about lim sup sets in 𝕀 to Hausdorff measure-theoretic

statements for general dimensions. The following formulation [3, Theorem 3.5] is a special

case of the original result [4, Theorem 2], and will be sufficient for our purposes.

Theorem 1.2.12 (Beresnevich–Velani [3, Theorem 3.5], 2006). Let (𝐼𝑘)𝑘∈ℕ be a sequence of

intervals in 𝕀 and 𝑠 > 0. Define the scaled interval for 𝐼𝑘 = (𝑥𝑘 − 𝑟𝑘, 𝑥𝑘 + 𝑟𝑘) by 𝐼𝑘𝑠 ∶=

(𝑥𝑘 − 𝑟𝑘
𝑠
, 𝑥𝑘 + 𝑟𝑘

𝑠
). Suppose the 1-dimensional Hausdorff measure 1 of the lim sup of the scaled

intervals satisfies:

1

(
𝕀 ∩ lim sup

𝑘→∞

𝐼𝑘
𝑠

)
= 1.

Then the 𝑠-dimensional Hausdorff measure 𝑠 of the lim sup of original intervals satisfies:

𝑠

(
lim sup

𝑘→∞

𝐼𝑘
)

= +∞. (1.19)

The MTP does not require the diameters of the intervals to be monotonic. In the original

formulation of Beresnevich–Velani, one assumes that the interval lengths shrink to 0. Its

strength lies in establishing a lower bound for the Hausdorff dimension of a lim sup set in 𝕀.
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From the definition of Hausdorff dimension, (1.19) implies that

dim
(
lim sup

𝑘→∞

𝐼𝑘
)

≥ 𝑠.

As an application, we show how Dirichlet’s Theorem (Theorem 1.1.1) implies the Jarník–

Besicovitch Theorem (Theorem 1.2.9). Fix 𝜏 ≥ 1 and express 𝑊(𝜏) as a lim sup set:

𝑊(𝜏) = 𝕀 ∩ lim sup

𝑞→∞

𝑞

⋃

𝑝=0

(

𝑝

𝑞

−

1

𝑞
1+𝜏
,

𝑝

𝑞

+

1

𝑞
1+𝜏)

= 𝕀 ∩ lim sup

𝑞→∞

𝑞

⋃

𝑝=0

(

𝑝

𝑞

−

1

𝑞

,

𝑝

𝑞

+

1

𝑞)

1+𝜏

.

By re-enumeration, we may relabel the intervals in the last union as (𝐼𝑘)𝑘∈ℕ, so that 𝑊(𝜏) =

lim sup
𝑘→∞

𝐼𝑘
1+𝜏 . Now, we scale each interval by 𝑠 ∶= 2/(1 + 𝜏) ∈ (0, 1], obtaining

lim sup

𝑘→∞

𝐼𝑘
2
= 𝑊(1).

From Dirichlet’s Theorem, we know that 𝑊(1) = 𝕀 and consequently 1
(𝑊 (1)) = 1. Hence,

we apply MTP to obtain 𝑠
(lim sup

𝑘→∞
𝐼𝑘

1+𝜏
) = +∞, which implies dim𝑊(𝜏) ≥ 𝑠. The

complementary upper bound dim𝑊(𝜏) ≤ 𝑠 follows from a standard covering argument; and

hence, we conclude that dim𝑊(𝜏) = 𝑠.

A similar argument shows that Khintchine’s Theorem (Theorem 1.2.6) implies Jarník’s

Theorem (Theorem 1.2.10) . Let 𝑠 ∈ (0, 1) and let 𝜓 ∶ ℕ → [0, 1/2] be non-increasing. We

define a new approximating function 𝜃(𝑞) ∶= 𝑞1−𝑠𝜓𝑠(𝑞), so that express𝑊(𝜃) is expressed as

a lim sup set:

𝑊(𝜃) = 𝕀 ∩ lim sup

𝑞→∞

𝑞

⋃

𝑝=0

(

𝑝

𝑞

−

𝜃(𝑞)

𝑞

,

𝑝

𝑞

+

𝜃(𝑞)

𝑞 )

= 𝕀 ∩ lim sup

𝑞→∞

𝑞

⋃

𝑝=0

(

𝑝

𝑞

−

𝜓(𝑞)

𝑞

,

𝑝

𝑞

+

𝜓(𝑞)

𝑞 )

𝑠

.

In the divergent case, ∑∞

𝑞=1
𝑞
1−𝑠
𝜓
𝑠
(𝑞) = +∞, whence also ∑

∞

𝑞=1
𝜃(𝑞) = +∞. Khintchine’s

Theorem then gives 1
(𝑊 (𝜃)) = 1, and an application of MTP yields 𝑠

(𝑊 (𝜓)) = +∞. The

convergent case can be handled separately via a covering argument.

We will return to MTP in Chapter 4 to establish lower bounds for the Hausdorff dimension
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of a different class of well-approximation sets (Theorem 1.4.3).

1.3 Quantitative Problems

By Dirichlet’s Theorem (Theorem 1.1.1), for any 𝑥 ∈ 𝕀 there exist infinitely many pairs (𝑝, 𝑞) ∈

ℤ×ℕ satisfying inequality (1.1). Consider the specific case 𝑥 = 𝑥1 ∶= (

√

5−1)/2, the conjugate

of the golden ratio. The first few solutions (𝑝, 𝑞), listed in increasing order of 𝑞, are

0

1

,

1

1

,

1

2

,

2

3

,

3

5

,

5

8

,

8

13

,

13

21

,

21

34

,

34

55

,

55

89

,

89

144

,

144

233

,

233

377

,

377

610

,

610

987

, … .

Within the range 1 ≤ 𝑞 ≤ 1000, there are 16 such solution pairs, denoted by 𝑆𝑥1(1000) = 16.

For general 𝑛 ∈ ℕ, 𝑝𝑛/𝑞𝑛, the 𝑛-th convergent of 𝑥1, corresponds to the 𝑛-th term in the

sequence above. The denominators 𝑞𝑛 are precisely the Fibonacci numbers, which satisfy the

closed form

𝑞𝑛 =

𝜙
𝑛
− (−𝜙)

−𝑛

√

5

∼

𝜙
𝑛

√

5

.

where 𝜙 ∶= (

√

5 + 1)/2 is the golden ratio. Equivalently, 𝑛 ∼ log 𝑞𝑛/ log 𝜙. Thus, for any

𝑄 ∈ ℕ, the number of solution pairs up to denominator 𝑄 satisfies 𝑆𝑥1(𝑄) ∼ log𝑄/ log 𝜙.

The general study of counting such solutions in Diophantine approximation is known as the

quantitative problem.

We now turn to quantitative refinements of Khintchine’s Theorem (Theorem 1.2.6) and the

Koukoulopoulos–Maynard Theorem (Theorem 1.2.8). Let 𝜓 ∶ ℕ → [0, 1/2]. The restriction

on the range of 𝜓 guarantees that for any 𝑥 ∈ 𝕀, if (𝑝, 𝑞) ∈ ℤ × ℕ satisfies inequality (1.7),

then 𝑝 is uniquely determined by 𝑞 and 𝑥 . Indeed, inequality (1.7) implies

−

1

2

+ 𝑞𝑥 < 𝑝 <

1

2

+ 𝑞𝑥,

so that for fixed 𝑞 and 𝑥 there can be at most one integer 𝑝 in this interval. Consequently,

the number of solution pairs (𝑝, 𝑞) for 𝑥 is simply the number of admissible denominators 𝑞.
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With this observation, we define for any 𝑥 ∈ 𝕀 the counting function 𝑆𝜓,𝑥 ∶ ℕ → ℕ ∪ {0} by

𝑆𝜓,𝑥(𝑄) ∶= #

{

𝑞 ∈ ℕ ∩ [1, 𝑄] ∶

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

𝜓(𝑞)

𝑞

for some 𝑝 ∈ ℤ.
}

.

Thus 𝑆𝜓,𝑥(𝑄) counts the number of solution pairs (𝑝, 𝑞) ∈ ℤ × ℕ with 1 ≤ 𝑞 ≤ 𝑄.

By Khintchine’s Theorem (Theorem 1.2.6), if 𝜓 ∶ ℕ → [0, 1/2] is non-increasing and the

series (1.13) diverges, then for almost every 𝑥 ∈ 𝕀,

lim
𝑄→∞

𝑆𝜓,𝑥(𝑄) = +∞. (1.20)

Schmidt’s Theorem [44] provides a quantitative refinement of (1.20), describing the growth

rate of 𝑆𝜓,𝑥(𝑄) for almost every 𝑥 ∈ 𝕀 via an asymmetric big-O notation. The version below,

due to [13, Theorem 4.1], sharpens Schmidt’s original statement [44, 45] by removing a growth

factor in the error term.

Theorem 1.3.1 (Schmidt [44, 13], 1960). Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose 𝜓 is non-increasing

and (1.13) diverges. Then, for any 𝜀 > 0 and almost every 𝑥 ∈ 𝕀, as 𝑄 → ∞,

𝑆𝜓,𝑥(𝑄) = 2Ψ(𝑄) + 𝑂𝜓,𝜀,𝑥 (Ψ
1/2

(𝑄) log
2+𝜀

Ψ(𝑄)) ,

where for any 𝑄 ∈ ℕ, Ψ(𝑄) ∶= ∑
𝑄

𝑞=1
𝜓(𝑞).

In essence, Schmidt’s Theorem shows that for almost every 𝑥 ∈ 𝕀, the number of solution

pairs (𝑝, 𝑞) ∈ ℤ × ℕ with 1 ≤ 𝑞 ≤ 𝑄 is asymptotic to 2Ψ(𝑄), up to the stated error term.

The implicit constant in the big-𝑂 notation may, however, depend on 𝑥 . In Chapter 2, we

establish an effective refinement (Theorem 2.1.3) which makes the error term uniform outside

a small exceptional set. More precisely, given 𝜀, 𝛿 > 0, there exist 𝐾𝜀,𝛿 > 0 and a measurable

set 𝐸𝜀,𝛿 ⊂ [0, 1) with (𝐸𝜀,𝛿) < 𝛿 such that for every 𝑥 ∈ [0, 1) ⧵ 𝐸𝜀,𝛿 and every 𝑄 ∈ ℕ,

|
|
𝑆𝜓,𝑥(𝑄) − 2Ψ(𝑄)

|
|
≤ 𝐾𝜀,𝛿 (Ψ

1/2
(𝑄) log

2+𝜀

(Ψ(𝑄) + 2)) .

It is worth making a remark that the effective version of Schmidt’s Theorem is proved

by first establishing an effective version of the quantitative Borel–Cantelli Lemma (see Theo-

rem 2.1.2 in Chapter 2). Such effective forms of Schmidt’s Theorem are particularly valuable in
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applications, notably in the rapidly developing theory of interference alignment within wire-

less communication networks (see, for example, [1, 5] and the references therein).

We now turn to the quantitative form of the Koukoulopoulos–Maynard Theorem. With

this in mind, define, for any 𝑥 ∈ 𝕀, 𝑆∗
𝜓,𝑥

(𝑄) ∶ ℕ → ℕ ∪ {0} by, for any 𝑄 ∈ ℕ,

𝑆
∗

𝜓,𝑥
(𝑄) ∶= #

{

𝑞 ∈ ℕ ∩ [1, 𝑄] ∶

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

𝜓(𝑞)

𝑞

for some 𝑝 ∈ ℤ such that gcd (𝑝, 𝑞) = 1.
}

.

(1.21)

Thus 𝑆∗
𝜓,𝑥

(𝑄) counts the number of reduced rationals 𝑝/𝑞 with 1 ≤ 𝑞 ≤ 𝑄 that approximate

𝑥 within the error 𝜓(𝑞)/𝑞.

By the Koukoulopoulos–Maynard Theorem, if (1.14) diverges, then for almost every 𝑥 ∈ 𝕀,

lim
𝑄→∞

𝑆
∗

𝜓,𝑥
(𝑄) = +∞. (1.22)

In close analogy with Schmidt’s refinement of Khintchine’s Theorem, a quantitative version

of (1.22) was recently established by Aistleitner–Borda–Hauke [2, Theorem 1]:

Theorem 1.3.2 (Aistleitner–Borda–Hauke [2, Theorem 1], 2023). Let 𝜓 ∶ ℕ → [0, 1/2].

Suppose (1.14) diverges. Then, for any 𝐶 > 0 and almost every 𝑥 ∈ 𝕀, as 𝑄 → ∞,

𝑆
∗

𝜓,𝑥
(𝑄) = 2Ψ

∗
(𝑄) + 𝑂𝜓,𝐶,𝑥

(

Ψ
∗
(𝑄)

log
𝐶

Ψ
∗
(𝑄))

,

where for any 𝑄 ∈ ℕ, Ψ∗
(𝑄) ∶= ∑

𝑄

𝑞=1
𝜓(𝑞)𝜑(𝑞)/𝑞.

As in Schmidt’s Theorem, the implicit constant in the error term may depend on 𝑥 . In

Chapter 3, we prove effective analogues (Theorems 3.1.1 and 3.1.2) showing that, for any

fixed 𝛿 > 0, the implicit constant can be made uniform outside an exceptional set of Lebesgue

measure at most 𝛿. This parallels the effective refinement of Schmidt’s Theorem discussed

earlier.

More recently, Koukoulopoulos–Maynard–Yang [26] obtained a sharper error term:

Theorem 1.3.3 (Koukoulopoulos–Maynard–Yang [26], 2024). Let 𝜓 ∶ ℕ → [0, 1/2]. Sup-

pose (1.14) diverges. Then, for any 𝜀 > 0 and almost every 𝑥 ∈ 𝕀, as 𝑄 → ∞,

𝑆
∗

𝜓,𝑥
(𝑄) = 2Ψ

∗
(𝑄) + 𝑂𝜓,𝜀,𝑥 (Ψ

∗
(𝑄)

1/2+𝜀

) .
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It is natural to ask whether Theorem 1.3.3 admits an effective form. However, we do not

pursue this question in the present thesis.

1.4 Lüroth Representation of Numbers

We briefly introduced the continued fraction expansion of a real number in Section 1.1. In

this thesis, we also consider its linear analogue, known as the Lüroth expansion, first studied

by Lüroth [34] in 1883.

For any 𝑥 ∈ (0, 1], there exists a unique sequence of integers (𝑑𝑛 = 𝑑𝑛(𝑥))𝑛∈ℕ, each satis-

fying 𝑑𝑛 ≥ 2, called the digits of 𝑥 , such that

𝑥 = [𝑑1, 𝑑2, 𝑑3, … , 𝑑𝑛, …] (1.23)

∶=

∞

∑

𝑘=1

1

𝑑𝑘∏
𝑘−1

𝑗=1
𝑑𝑗(𝑑𝑗 − 1)

. (1.24)

We refer to (1.23) as the Lüroth representation of 𝑥 and to (1.24) as the Lüroth expansion. To

avoid confusion with the continued fraction representation [𝑎1, 𝑎2, …], we adopt the conven-

tion that brackets enclosing 𝑑’s always denote the Lüroth representation.

The digits of 𝑥 are obtained through an iterative process defined by the Lüroth map. The

map 𝑇 ∶ (0, 1] → (0, 1] is given by

𝑇 (𝑥) ∶=
⌊

1

𝑥 ⌋(⌊

1

𝑥

+ 1
⌋
𝑥 − 1

)
, (1.25)

As illustrated in Figure 1.1, the map 𝑇 is piecewise linear with countably many branches,

each defined by a distinct affine function. The first digit of 𝑥 is 𝑑1(𝑥) = ⌊1/𝑥⌋ + 1, and more

generally, for 𝑛 ≥ 2, the 𝑛-th digit is obtained recursively as 𝑑𝑛(𝑥) = 𝑑1(𝑇 𝑛−1(𝑥)).
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11/21/3

1

𝑥

𝑇 (𝑥)

Figure 1.1: Lüroth Map 𝑇 ∶ (0, 1] → (0, 1]

For any 𝑥 ∈ (0, 1] and 𝑛 ∈ ℕ, the 𝑛-th convergent of 𝑥 is defined as the 𝑛-th partial sum of

the Lüroth expansion (1.24):

𝑥𝑛 ∶= [𝑑1, 𝑑2, 𝑑3, … , 𝑑𝑛] ∶=

𝑛

∑

𝑘=1

1

𝑑𝑘∏
𝑘−1

𝑗=1
𝑑𝑗(𝑑𝑗 − 1)

=

1

𝑑1

+

1

𝑑1(𝑑1 − 1)𝑑2

+

1

𝑑1(𝑑1 − 1)𝑑2(𝑑2 − 1)𝑑3

+ ⋯ +

1

𝑑1(𝑑1 − 1)⋯𝑑𝑛−1(𝑑𝑛−1 − 1)𝑑𝑛

.

We express each convergent 𝑥𝑛 in rational form by writing its numerator 𝑃𝑛(𝑥) and denomi-

nator 𝑄𝑛(𝑥) explicitly. For 𝑛 ∈ ℕ, define

𝑃𝑛(𝑥) ∶= [𝑑1, 𝑑2, … , 𝑑𝑛] 𝑄𝑛(𝑥), (1.26)

𝑄𝑛(𝑥) ∶= 𝑑𝑛

𝑛−1

∏

𝑗=1

𝑑𝑗(𝑑𝑗 − 1) = 𝑑1(𝑑1 − 1)𝑑2(𝑑2 − 1)⋯𝑑𝑛. (1.27)

Thus, the 𝑛-th convergent of 𝑥 can be expressed as 𝑥𝑛 = 𝑃𝑛(𝑥)/𝑄𝑛(𝑥). It is important to note

that the fraction 𝑃𝑛(𝑥)/𝑄𝑛(𝑥) is not necessarily in lowest terms. For instance, if 𝑥 = 27/71 =

[3, 4, 3, 4, 3, 4, …], then for every 𝑛 ≥ 2 we have gcd (𝑃𝑛(𝑥), 𝑄𝑛(𝑥)) = 2 > 1, so the convergents

are always reducible in this case.
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Let 𝜓 ∶ ℕ → (0, 1]. We define the set of Lüroth 𝜓-well approximable numbers as

𝐿(𝜓) ∶= lim sup

𝑛→+∞

{

𝑥 ∈ (0, 1] ∶

|
|
|
|

𝑥 −

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

|
|
|
|

<

𝜓(𝑄𝑛(𝑥))

𝑄𝑛(𝑥)

}

. (1.28)

This set serves as the natural analogue, in the Lüroth setting, of the classical sets of 𝜓-well

approximable numbers in Diophantine approximation. An analogue of Khintchine’s Theorem

(Theorem 1.2.6) was formulated by Tan and Zhou [48], and discussed in [49]:

Theorem 1.4.1 (Tan–Zhou [48, 49], 2021). Let 𝜓 ∶ ℕ → (0, 1]. Suppose 𝜓 is non-increasing.

Then

 (𝐿(𝜓)) =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0, if ∑
∞

𝑞=1

−𝜓(𝑞) log𝜓(𝑞)

𝑞
< +∞;

1, if ∑
∞

𝑞=1

−𝜓(𝑞) log𝜓(𝑞)

𝑞
= +∞.

Theorem 1.4.1 was first stated in [48] and attributed to earlier work in [49]. However,

[49] does not present the theorem in this form: it only establishes a statement that is in fact

equivalent, without explicitly formulating the equivalence or providing a proof. In Chapter 4,

we supply the missing details to a proof of Theorem 1.4.1.

For 𝜏 ≥ 0, define the set of Lüroth 𝜏-well approximable numbers by

𝐿(𝜏) ∶= lim sup

𝑛→+∞

{

𝑥 ∈ (0, 1] ∶

|
|
|
|

𝑥 −

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

|
|
|
|

<

1

𝑄𝑛(𝑥)
1+𝜏

}

. (1.29)

Equivalently, 𝐿(𝜏) coincides with 𝐿(𝜓) for the choice 𝜓(𝑞) ∶= 𝑞−𝜏 , 𝑞 ∈ ℕ.

Cao–Wu–Zhang (CWZ) established the following dimensional result, which may be viewed

as the Lüroth analogue of the classical Jarník–Besicovitch Theorem (Theorem 1.2.9).

Theorem 1.4.2 (CWZ [8, Theorem 1.2], 2013). For any 𝜏 ≥ 1,

dim𝐿(𝜏) =

1

1 + 𝜏

.

In comparison, the classical set 𝑊(𝜏) of 𝜏-well approximable numbers has Hausdorff

dimension 2/(1+𝜏); thus, the Lüroth analogue exhibits only half the dimension. Since CWZ’s

result requires 𝜏 ≥ 1, the possible range of dimensions is restricted to (0, 1/2], leaving the

interval (1/2, 1] unaccounted for.
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Several subsequent works (e.g. [48, 49]) claimed, without proof, that CWZ’s formula

should in fact hold for all 𝜏 ≥ 0. In Chapter 4, we confirm this claim and provide a complete

argument, which both extends the range of 𝜏 and simplifies the original proof by appealing

to the Mass Transference Principle (Theorem 1.2.12).

Theorem 1.4.3. For any 𝜏 ≥ 0,

dim𝐿(𝜏) =

1

1 + 𝜏

.

Let 𝜓 ∶ ℕ → (0, 1]. Define the lower and upper orders at infinity of 1/𝜓 by

𝜏
𝜓
∶= lim inf

𝑞→+∞

−

log𝜓(𝑞)

log 𝑞

; 𝜏𝜓 ∶= lim sup

𝑞→+∞

−

log𝜓(𝑞)

log 𝑞

. (1.30)

Tan–Zhou [48] proposed the following conjecture for the Hausdorff dimension of 𝐿(𝜓), which

may be viewed as the Lüroth analogue of Dodson’s theorem (Theorem 1.2.11).

Conjecture (Tan–Zhou [48], 2021). Let 𝜓 ∶ ℕ → (0, 1].

dim𝐿(𝜓) =

1

1 + 𝜏
𝜓

.

Our next result (Theorem 1.4.4) shows that without a monotonicity condition on 𝜓, this

conjecture fails. In particular, it is possible to construct functions 𝜓 for which the predicted

dimension is strictly larger than the true one.

Theorem 1.4.4. For any 𝜏 ≥ 0, there exists 𝜓 ∶ ℕ → (0, 1] such that 𝜓 is not non-increasing,

𝜏
𝜓
= 𝜏, and

dim𝐿(𝜓) = 0 <

1

1 + 𝜏
𝜓

.

This demonstrates that the Tan–Zhou conjecture requires refinement. In particular, mono-

tonicity of 𝜓 should be imposed.

Conjecture 1.4.5 (Revised Tan–Zhou Conjecture). Let 𝜓 ∶ ℕ → (0, 1]. Suppose 𝜓 is non-

increasing. Then,

dim𝐿(𝜓) =

1

1 + 𝜏
𝜓

.
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In Chapter 4, we establish a partial result (Theorem 4.1.3) towards this revised conjecture.

1.5 Fourier Analysis in Metric Number Theory

Let 𝐹 ⊂ [0, 1] and let 𝜇 be a probability measure on 𝐹 . The Fourier transform of 𝜇 is defined

by

𝜇̂(𝜉) ∶=
∫
𝐹

𝑒
−2𝜋𝑖𝜉𝑥

𝜇(d𝑥), 𝜉 ∈ ℝ.

A key object of study is the class of measures with the Rajchman property, namely those for

which

lim
𝜉→±∞

𝜇̂(𝜉) = 0. (1.31)

If such a measure 𝜇 exists, the underlying set 𝐹 is called an 𝑀0-set. Intuitively, the Rajchman

property expresses a form of regularity: the measure does not concentrate too heavily at any

given scale.

Beyond mere vanishing at infinity, one is often interested in quantifying the rate of decay.

Given a function Φ ∶ ℕ → ℝ
+, we say that Φ is a decay rate of 𝜇 if

𝜇̂(𝜉) = 𝑂 (Φ (|𝜉 |)) . (1.32)

In particular, if Φ(𝑛) → 0 as 𝑛 → ∞, then (1.32) provides a quantitative refinement of the

Rajchman property (1.31).

Classical results of Lyons [35] demonstrate how decay rates of 𝜇̂ can be translated into

uniform distribution properties. The guiding principle is that faster Fourier decay of 𝜇 allows

for stronger conclusions.

Theorem 1.5.1 (Lyons, 1986; [35, Theorem 4]). Let 𝐹 ⊂ [0, 1] and 𝜇 be a probability measure

on 𝐹 . Suppose, there exists a non-increasing Φ ∶ ℕ → ℝ
+ such that as 𝜉 → ±∞, (1.32) holds and

∞

∑

𝑛=2

Φ(𝑛)

𝑛 log 𝑛

< +∞. (1.33)

Then, for any sequence (𝑞𝑛)𝑛∈ℕ of positive integers and 𝜇-almost every 𝑥 ∈ 𝐹 , if inf𝑛∈ℕ 𝑞𝑛+1/𝑞𝑛 >
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1, then the sequence (𝑞𝑛𝑥 mod 1)𝑛∈ℕ is uniformly distributed in [0, 1).

In particular, for any 𝜀 > 0, a logarithmic decay of the form Φ(𝑛) = 𝑂(log
−𝜀

𝑛) is sufficient

to satisfy (1.33). When Φ decays faster, for instance a power-law Φ(𝑛) = 𝑂(𝑛
−𝜀
) with 𝜀 > 0,

one can dispense with the growth restriction on (𝑞𝑛) altogether:

Theorem 1.5.2 (Lyons, 1986; [35, Theorem 3]). Let 𝐹 ⊂ [0, 1] and 𝜇 be a probability measure

on 𝐹 . Suppose, there exists a non-increasing Φ ∶ ℕ → ℝ
+ such that as 𝜉 → ±∞, (1.32) holds and

∞

∑

𝑛=1

Φ(𝑛)

𝑛

< +∞. (1.34)

Then, for any strictly increasing sequence (𝑞𝑛)𝑛∈ℕ of positive integers and 𝜇-almost every 𝑥 ∈ 𝐹 ,

the sequence (𝑞𝑛𝑥 mod 1)𝑛∈ℕ is uniformly distributed in [0, 1).

These results vividly illustrate the power of Fourier analysis in metric number theory:

the stronger the decay of 𝜇̂, the more flexibility one gains in establishing uniform distribution

properties. Accordingly, deriving sharp decay estimates for measures supported on sets of

Diophantine interest remains an important direction of research.

In the works of Kaufman [21] and Queffélec–Ramaré [42], sets of numbers whose con-

tinued fraction partial quotients are restricted to a finite alphabet  ⊂ ℕ have been studied.

In view of Theorem 1.1.2, such sets are contained in the set of badly approximable numbers.

The above works establish that, provided their Hausdorff dimensions exceed certain thresh-

olds, these sets support probability measures 𝜇 whose Fourier transforms satisfy both (1.32)

and (1.34) with Φ exhibiting power-law decay.

Recall that we have defined the continued fraction of a real number in (1.2). Define, for

any  ⊂ ℕ, the set

𝐹 ∶= {[𝑎1, 𝑎2, 𝑎3, …] ∶ 𝑎𝑛 ∈  for all 𝑛 ∈ ℕ};

and for any 𝑁 ∈ ℕ, the set 𝐹𝑁 ∶= 𝐹ℕ∩[1,𝑁 ]. It is easily verified that

⋃

𝑁∈ℕ

𝐹𝑁 = Bad,

the set of badly approximable numbers in [0, 1], as defined in (1.4).
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Theorem 1.5.3 (Kaufman, 1980; [21]). Let 𝑁 ∈ ℕ ⧵ {1}. Suppose, the Hausdorff dimension of

𝐹𝑁 , dim 𝐹𝑁 > 2/3. Then, there exists a probability measure 𝜇𝑁 on 𝐹𝑁 such that as 𝜉 → ±∞,

𝜇𝑁 (𝜉) = 𝑂 (|𝜉 |
−0.0007

) .

Theorem 1.5.4 (Queffélec–Ramaré, 2003; [42, Théorème 1.4]). Let  ⊂ ℕ be finite. Suppose,

dim 𝐹 > 1/2. Then, for any 𝜀 > 0 and 1/2 < 𝛿 < dim 𝐹, there exists a probability measure

𝜇,𝜀,𝛿 on 𝐹 such that as 𝜉 → ±∞,

̂𝜇,𝜀,𝛿(𝜉) = 𝑂 (|𝜉 |
−𝜂+𝜀

) ,

where 𝜂 ∶= 𝛿(2𝛿 − 1)/((2𝛿 + 1)(4 − 𝛿)) > 0.

The result of Queffélec–Ramaré improves that of Kaufman in several respects: it applies

to the more general sets 𝐹, requires only the weaker threshold dim 𝐹 > 1/2, and provides

sharper decay rates with explicit parametrisation. By Hensley’s approximation [15, Table 1],

see also [14, (4.10)],

1/2 < dim 𝐹2 = 0.5312805… < 2/3,

so the result of Queffélec–Ramaré applies in cases where Kaufman’s does not. In both results,

the constructed measures satisfy (1.32) and (1.34) with power-law decay, so Lyons’ theorem

[35, Theorem 3] applies to these sets.

In the work of Li–Sahlsten [33], self-similar probability measures supported on self-similar

sets (see below) are studied. One of their key results [33, Theorem 1.3] shows that for any non-

singleton self-similar set satisfying a certain non-Liouville condition, every self-similar prob-

ability measure 𝜇 supported on the set satisfies both (1.32) and (1.33) for some Φ exhibiting

logarithmic decay.

Definition (Self-similar Set). Let 𝐹 ⊂ [0, 1]. 𝐹 is said to be a self-similar set if, there exist a

finite set  and its collection of similitudes 𝑓𝑤 ∶ [0, 1] → [0, 1] such that

𝐹 = ⋃

𝑤∈
𝑓𝑤(𝐹), (1.35)

where for any 𝑤 ∈ , there exist a contraction ratio 𝑟𝑤 ∈ (0, 1) and a translation 𝑏𝑤 ∈ [0, 1]
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such that for any 𝑥 ∈ [0, 1],

𝑓𝑤(𝑥) = 𝑟𝑤𝑥 + 𝑏𝑤. (1.36)

Definition (Self-similar Measure). Let 𝜇 be a probability measure on a subset of [0, 1]. 𝜇 is

said to be self-similar if, there exist a finite set  and its collection of similitudes (1.36) such

that

𝜇 = ∑

𝑤∈
𝑝𝑤𝜇 ◦ 𝑓𝑤

−1

, (1.37)

where the weights (𝑝𝑤)𝑤∈ satisfy ∑
𝑤∈ 𝑝𝑤 = 1 and for any 𝑤 ∈ , 𝑝𝑤 > 0.

By Hutchinson’s results [18, Theorems 3.1.(3)(i), 4.4.(1)(i)], any finite collection of simil-

itudes admits a unique non-empty compact self-similar set 𝐹 satisfying (1.35), and together

with weights (𝑝𝑤), there exists a unique self-similar probability measure 𝜇 satisfying (1.37).

In Diophantine approximation, the notion of non-Liouville numbers (sometimes called

Diophantine numbers) naturally generalises badly approximable numbers.

Definition (Non-Liouville Number). Let 𝜃 ∈ ℝ and 𝑙 > 0. 𝜃 is said to be non-Liouville of

degree 𝑙 if, there exists 𝑐 > 0 such that for any 𝑝 ∈ ℤ and 𝑞 ∈ ℕ,

|
|
|
|

𝜃 −

𝑝

𝑞

|
|
|
|

≥

𝑐

𝑞
𝑙
. (1.38)

Badly approximable numbers are exactly the non-Liouville numbers of degree 2. By

Dirichlet’s Theorem (Theorem 1.1.1), every non-Liouville number must have degree at least

2.

Theorem 1.5.5 (Li–Sahlsten, 2022; [33, Theorem 1.3]). Let 𝐹 ⊂ [0, 1] be a self-similar set of

the form (1.35) associated with similitudes (1.36) for a finite set . Suppose, 𝐹 is not a singleton,

and there exist 𝑗 , 𝑘 ∈  and 𝑙 > 2 such that log 𝑟𝑗/ log 𝑟𝑘 is non-Liouville of degree 𝑙. Then, for

any self-similar measure 𝜇 on 𝐹 , there exists 𝛽 > 0 such that as 𝜉 → ±∞,

𝜇̂(𝜉) = 𝑂 (log
−𝛽

|𝜉 |) . (1.39)

The logarithmic decay (1.39) guarantees that both conditions (1.32) and (1.33) are satisfied.
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However, the parameter 𝛽 is left implicit, and its explicit dependence on the probability mea-

sure 𝜇 and the underlying self-similar set 𝐹 remains unknown. This lack of explicitness limits

its usefulness in applications. For instance, the result of Pollington–Velani–Zafeiropoulos–

Zorin (PVZZ) [41, Theorem 1] (see Theorem 1.6.4 in Section 1.6) requires 𝛽 > 2 as a threshold

to guarantee sufficient decay. Without an explicit expression for 𝛽, it is impossible to verify

whether this requirement is met in concrete cases.

In Chapter 5, we resolve this issue by deriving an explicit formula for 𝛽 in (1.39) for gen-

eral self-similar probability measures (Theorem 5.1.1). The expression is given in terms of

the upper regularity exponents of 𝜇 together with the non-Liouville degree 𝑙 of the logarith-

mic ratio of contraction ratios. Moreover, we show that 𝛽 is maximised when the self-similar

set satisfies the open set condition (a disjointness condition) (Theorem 5.1.3). Finally, as an

application, we establish decay bounds for sets of numbers whose digits in their Lüroth ex-

pansions are restricted to a finite alphabet, paralleling the classical case of continued fractions

(Theorem 5.1.4).

1.6 Inhomogeneous Diophantine Approximation

In view of (1.5), Dirichlet’s Theorem implies that for any 𝑥 ∈ 𝕀, the sequence (‖𝑞𝑥‖)𝑞∈ℕ ap-

proximates the point 0 infinitely often with an error 1/𝑞. Inhomogeneous Diophantine ap-

proximation generalise this study, by replacing the point 0 to arbitrary 𝛾 ∈ 𝕀. That is, for any

𝛾 ∈ 𝕀 and 𝑥 ∈ 𝕀, how well can the sequence (‖𝑞𝑥‖)𝑞∈ℕ approximate the point 𝛾 infinitely of-

ten? Equivalently, how well can the sequence (‖𝑞𝑥 −𝛾‖)𝑞∈ℕ approximate the point 0 infinitely

often?

Khintchine proved the following result as an analogue to Dirichlet’s Theorem.

Theorem 1.6.1 (Khintchine). For any 𝑥 ∈ 𝕀 ⧵ ℚ, 𝛾 ∈ ℝ and 𝜀 > 0, there exist infinitely many

𝑞 ∈ ℕ, such that

‖𝑞𝑥 − 𝛾‖ <

1 + 𝜀

√

5𝑞

.

Similar to 𝑊(𝜓), as defined in (1.6), the study can be generalised under the inhomoge-
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neous setting. Let 𝜓 ∶ ℕ → ℝ
+ be a function and 𝛾 ∈ 𝕀. Define

𝑊(𝜓; 𝛾) ∶= lim sup

𝑞→∞

{𝑥 ∈ 𝕀 ∶ ‖𝑞𝑥 − 𝛾‖ < 𝜓(𝑞)}.

The theorem of Szüsz [47] generalises Khintchine’s Theorem (Theorem 1.2.6) to inhomoge-

neous cases.

Theorem 1.6.2 (Szüsz [47], 1958). Let 𝜓 ∶ ℕ → ℝ
+ and 𝛾 ∈ 𝕀. Suppose 𝜓 is non-increasing.

Then

(𝑊 (𝜓; 𝛾)) =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0, if ∑
∞

𝑞=1
𝜓(𝑞) < +∞;

1, if ∑
∞

𝑞=1
𝜓(𝑞) = +∞.

The Hausdorff dimension of 𝑊(𝜓; 𝛾) is given by the following result of Levesley [30].

Theorem 1.6.3 (Levesley [30], 1998). Let 𝜓 ∶ ℕ → ℝ
+. Suppose 𝜓 is non-increasing. Then,

for any 𝛾 ∈ 𝕀,

dim𝑊(𝜓; 𝛾) =

2

1 + 𝜏
𝜓

,

where 𝜏
𝜓
≥ 1 is the lower logarithmic order of 1/𝜓, defined in (1.18).

Similar to previous discussion, with Theorem 1.6.2 in mind, one of the further study is to

quantify the number of solutions 𝑞 ∈ ℕ to the following inequality:

‖𝑞𝑥 − 𝛾‖ < 𝜓(𝑞),

where 1 ≤ 𝑞 ≤ 𝑄, 𝛾 ∈ 𝕀 and a function 𝜓 ∶ ℕ → ℝ
+.

We first give some definition, and then present some results on the quantitative problems

for inhomogeneous Diophantine approximation on 𝑀0-sets. Let  = (𝑞𝑛)𝑛∈ℕ be a sequence

of positive integers.  is said to be lacunary if, there exists 𝐾 > 1 such that for any 𝑛 ∈ ℕ,

𝑞𝑛+1

𝑞𝑛

≥ 𝐾; (1.40)

in particular,  is strictly increasing. Let 𝛼 ∈ (0, 1) and  = (𝑞𝑛)𝑛∈ℕ be a sequence of positive
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integers.  is said to be 𝛼-separated if, there exists 𝑚0 ∈ ℕ such that for any integers 𝑚0 ≤

𝑚 < 𝑛, if there exist 𝑠, 𝑡 ∈ ℕ such that

1 ≤ |𝑠𝑞𝑚 − 𝑡𝑞𝑛| < 𝑞
𝛼

𝑚
,

then 𝑠 > 𝑚12.

Let 𝜓 ∶ ℕ → (0, 1] be a function, 𝛾 ∈ [0, 1] and  be a strictly increasing sequence

of positive integers. Similar to the expressions in previous section, we define the counting

function for the inhomogeneous Diophantine approximation. Define, for any 𝑥 ∈ [0, 1] and

𝑁 ∈ ℕ,

𝑅(𝑥, 𝑁 ) ∶= 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓,) = # {1 ≤ 𝑛 ≤ 𝑁 ∶ ‖𝑞𝑛𝑥 − 𝛾‖ ≤ 𝜓(𝑞𝑛)} . (1.41)

In a work of Pollington–Velani–Zafeiropoulos–Zorin (PVZZ) [41], the following results

are presented. The results can be compared with the classical Schmidt’s Theorem (Theo-

rem 1.3.1), and the recent Aistleitner–Borda–Hauke theorem (Theorem 1.3.2), and also its

improved version, the Koukoulopoulos–Maynard–Yang Theorem (Theorem 1.3.3).

Theorem 1.6.4 (PVZZ [41, Theorem 1], 2022). Let 𝐹 ⊂ [0, 1] and 𝜇 be an non-atomic proba-

bility measure supported on 𝐹 . Let 𝛾 ∈ [0, 1] and 𝜓 ∶ ℕ → (0, 1] be a function. Let  = (𝑞𝑛)𝑛∈ℕ

be a lacunary sequence of positive integers. Suppose, there exists 𝐴 > 2 such that as |𝜉 | → +∞,

𝜇̂(𝜉) = 𝑂 (log
−𝐴

|𝜉 |) . (1.42)

Then, for any 𝜀 > 0 and 𝜇-almost every 𝑥 ∈ 𝐹 , as 𝑁 → +∞,

𝑅(𝑥, 𝑁 ) = 2Ψ(𝑁) + 𝑂 (Ψ
2/3

(𝑁 ) log
2+𝜀

(Ψ(𝑁 ) + 2)) ,

where for any 𝑁 ∈ ℕ, Ψ(𝑁) ∶= ∑
𝑁

𝑛=1
𝜓(𝑞𝑛).

Theorem 1.6.5 (PVZZ [41, Theorem 4], 2022). Let 𝐹 ⊂ [0, 1] and 𝜇 be an non-atomic proba-

bility measure supported on 𝐹 . Let 𝛾 ∈ [0, 1] and 𝜓 ∶ ℕ → (0, 1] be a function. Let  = (𝑞𝑛)𝑛∈ℕ

be an 𝛼-separated sequence. Suppose there exists 𝐴 > 2 such that as |𝜉 | → +∞, (1.42) is satisfied.
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Further, assume that  = (𝑞𝑛)𝑛∈ℕ satisfies the following growth condition:

log 𝑞𝑛 > 𝐶𝑛
1/𝐵
.

Then, for any 𝜀 > 0 and 𝜇-almost every 𝑥 ∈ 𝐹 , as 𝑁 → +∞,

𝑅(𝑥, 𝑁 ) = 2Ψ(𝑁) + 𝑂 ((Ψ(𝑁) + 𝐸(𝑁))
1/2

log
2+𝜀

(Ψ(𝑁 ) + 𝐸(𝑁) + 2)) ,

where for any 𝑁 ∈ ℕ, Ψ(𝑁) ∶= ∑
𝑁

𝑛=1
𝜓(𝑞𝑛) and

𝐸(𝑁) ∶= ∑∑

1≤𝑚<𝑛≤𝑁

(𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
.

As in Schmidt’s Theorem (Theorem 1.3.1), we have no information regarding the im-

plicit constants in the error term. These constants may depend on 𝑥 in both Theorems 1.6.4

and 1.6.5. In Chapter 6, we establish effective analogues (Theorems 6.1.1 and 6.1.2), which

show that for any fixed 𝛿 > 0, the implicit constant can be made uniform outside an excep-

tional set of Lebesgue measure at most 𝛿.



Chapter 2

Effective Harman and Schmidt

In this chapter, we discuss two quantitative refinements of the divergent Borel–Cantelli Lemma

(Lemma 1.2.4), namely Lemmas 2.0.1 and 2.0.2 due to Harman [13]. These results are central

tools in establishing effective versions of quantitative statements in metric number theory,

including Schmidt’s Theorem (Theorem 1.3.1). Our aim here is to make these results fully

effective and thereby extend their range of applications.

2.0.1 Quantitative Borel–Cantelli

The following two lemmas of Harman provide quantitative estimates for sums of measurable

functions under variance-type conditions. They are often employed in the proofs of quanti-

tative distribution results, most notably Schmidt’s Theorem.

Lemma 2.0.1 (Harman, 1998; [13, Lemma 1.4]). Let (𝑋, Ω, 𝜇) be a measure space. Suppose

0 < 𝜇(𝑋) < +∞. Let (𝑓𝑘)𝑘∈ℕ be a sequence of non-negative 𝜇-measurable functions on 𝑋 . Let

(𝑔𝑘)𝑘∈ℕ and (𝜑𝑘)𝑘∈ℕ be sequences of real numbers so that for any 𝑘 ∈ ℕ,

0 ≤ 𝑔𝑘 ≤ 𝜑𝑘 ≤ 1.

Let 𝛷(𝑁) ∶= ∑
𝑁

𝑘=1
𝜑𝑘. Suppose, lim𝑁→∞𝛷(𝑁) = +∞ and there exists 𝐾 > 0 such that for any

𝑛 ∈ ℕ,

∫
𝑋 (

∑

1≤𝑘≤𝑛

(𝑓𝑘(𝑥) − 𝑔𝑘)

)

2

𝜇(d𝑥) ≤ 𝐾 ∑

1≤𝑘≤𝑛

𝜑𝑘. (2.1)

42
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Then, for any 𝜀 > 0 and 𝜇-almost every 𝑥 ∈ 𝑋 , as 𝑁 → ∞,

𝑁

∑

𝑘=1

𝑓𝑘(𝑥) =

𝑁

∑

𝑘=1

𝑔𝑘 + 𝑂𝜑,𝜀,𝑥 (Φ
2/3

(𝑁 ) log
1/3+𝜀

(𝛷(𝑁) + 2)) . (2.2)

In statistical terms, 𝑔𝑘 may be interpreted as the “expected value” of 𝑓𝑘(𝑥) over 𝑥 ∈ 𝑋 ,

while condition (2.1) is a variance bound controlling deviations from expectation. The next

lemma strengthens this result: under a stronger variance control, the error term improves to

essentially the optimal order.

Lemma 2.0.2 (Harman, 1998; [13, Lemma 1.5]). Let (𝑋, Ω, 𝜇) be a measure space. Suppose

0 < 𝜇(𝑋) < +∞. Let (𝑓𝑘)𝑘∈ℕ be a sequence of non-negative 𝜇-measurable functions on 𝑋 . Let

(𝑔𝑘)𝑘∈ℕ and (𝜑𝑘)𝑘∈ℕ be sequences of real numbers so that for any 𝑘 ∈ ℕ,

0 ≤ 𝑔𝑘 ≤ 𝜑𝑘 ≤ 1.

Let 𝛷(𝑁) ∶= ∑
𝑁

𝑘=1
𝜑𝑘. Suppose lim𝑁→∞𝛷(𝑁) = +∞ and there exists 𝐾 > 0 such that for any

𝑚, 𝑛 ∈ ℕ,

∫
𝑋 (

∑

𝑚≤𝑘<𝑛

(𝑓𝑘(𝑥) − 𝑔𝑘)

)

2

𝜇(d𝑥) ≤ 𝐾 ∑

𝑚≤𝑘<𝑛

𝜑𝑘.

Then, for any 𝜀 > 0 and 𝜇-almost every 𝑥 ∈ 𝑋 , as 𝑁 → ∞,

𝑁

∑

𝑘=1

𝑓𝑘(𝑥) =

𝑁

∑

𝑘=1

𝑔𝑘 + 𝑂𝜑,𝜀,𝑥 (Φ
1/2

(𝑁 ) log
3/2+𝜀

(𝛷(𝑁) + 2)) . (2.3)

As noted in [13, Page 16], the exponent 1/2 in Lemma 2.0.2 is best possible, while the log-

arithmic factor cannot, in general, be improved beyond log
1/2

log𝛷(𝑁). A natural question

then arises: can the dependence on 𝑥 in the implicit constant of the big-O term in (2.3) be

eliminated? Unfortunately, the answer is negative, as the following counterexample demon-

strates.

Let 𝑋 = [0, 1), let Ω be the Lebesgue 𝜎-algebra on 𝑋 , and let 𝜇 =  denote the Lebesgue

measure. For each 𝑘 ∈ ℕ, define 𝑓𝑘 ∶ [0, 1) → ℝ
+ by

𝑓𝑘(𝑥) ∶=

1

2(1 − 𝑥)
1/3
,
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and set 𝑔𝑘 ∶= 𝜑𝑘 ∶= 1. One verifies that the assumptions of Lemma 2.0.2 hold, e.g. with 𝐾 = 1.

Taking 𝜀 = 1/2, we obtain for any 𝑁 ∈ ℕ and 𝑥 ∈ [0, 1),

𝑁

|
|
|
|

1

2(1 − 𝑥)
1/3

− 1

|
|
|
|

≤ 𝛼𝑥𝑁
1/2

log
2

(𝑁 + 2)

𝛼𝑥 ≥

|(1 − 𝑥)
−1/3

/2 − 1|

𝑁
1/2

log
2

(𝑁 + 2)

,

where 𝛼𝑥 denotes the implicit constant in (2.3). In particular, lim𝑥→1
− 𝛼𝑥 = +∞, showing that

the implicit constant can become arbitrarily large as 𝑥 approaches 1. Hence the constant

in (2.3), and likewise in (2.2), cannot in general be made uniform in 𝑥 .

Nevertheless, for any 𝛿 > 0, it is possible to achieve uniformity of the implicit constants

for all 𝑥 ∈ [0, 1) except on a subset of Lebesgue measure at most 𝛿. This refinement is com-

monly referred to as making the statement effective. In the next section, we present such

effective versions of the above lemmas, namely Theorems 2.1.1 and 2.1.2, which in turn en-

able us to formulate an effective version of Schmidt’s Theorem (Theorem 1.3.1).

2.1 Results

2.1.1 Effective Harman

We now present effective versions of Lemmas 2.0.1 and 2.0.2.

Theorem 2.1.1 (L.–Scoones, 2024; [29, Theorem 2]). Let (𝑋, Ω, 𝜇) be a measure space. Suppose

0 < 𝜇(𝑋) < +∞. Let 𝐶 > 0 and (𝑓𝑘)𝑘∈ℕ be a sequence of non-negative 𝜇-measurable functions

on 𝑋 , so that for any 𝑥 ∈ 𝑋 and 𝑘 ∈ ℕ, 𝑓𝑘(𝑥) < 𝐶. Let (𝑔𝑘)𝑘∈ℕ and (𝜑𝑘)𝑘∈ℕ be sequences of real

numbers so that for any 𝑘 ∈ ℕ,

0 ≤ 𝑔𝑘 ≤ 𝜑𝑘 ≤ 1. (2.4)

Let 𝛷(𝑁) ∶= ∑
𝑁

𝑘=1
𝜑𝑘. Suppose lim𝑁→∞𝛷(𝑁) = +∞ and there exists 𝐾 > 0 such that for any

𝑛 ∈ ℕ,

∫
𝑋 (

∑

1≤𝑘≤𝑛

(𝑓𝑘(𝑥) − 𝑔𝑘)

)

2

𝜇(d𝑥) ≤ 𝐾 ∑

1≤𝑘≤𝑛

𝜑𝑘. (2.5)
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Then for any 𝜀 > 0 and 𝛿 > 0, there exists 𝐾𝜀,𝛿 > 0 and a 𝜇-measurable 𝐸𝜀,𝛿 ⊂ 𝑋 such that

(𝐸𝜀,𝛿) < 𝛿 and for any 𝑥 ∈ 𝑋 ⧵ 𝐸𝜀,𝛿 and 𝑁 ∈ ℕ,

|
|
|
|
|

𝑁

∑

𝑘=1

𝑓𝑘(𝑥) −

𝑁

∑

𝑘=1

𝑔𝑘

|
|
|
|
|

≤ 𝐾𝜀,𝛿 (Φ
2/3

(𝑁 ) log
1/3+𝜀

(𝛷(𝑁) + 2)) ,

where

𝐾𝜀,𝛿 ∶= max

{

𝐶𝑁𝜀,𝛿

max (𝛷
2/3

0
log

1/3+𝜀

(𝛷0 + 2), 1)

,

4 (log 4/log 3)
1+𝜀

log
2𝜀/3

(𝛷0 + 2) (
4 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)

}

,

in which 𝛷0
∶= min {𝛷(𝑛) ∈ ℝ

+
∶ 𝑛 ∈ ℕ} is the minimal non-zero value that 𝛷 attains, and

𝑁𝜀,𝛿 ∶= min

{

𝑛 ∈ ℕ ∶ 𝛷(𝑛) > 𝑗
3

𝜀,𝛿
log

1+𝜀

(𝑗𝜀,𝛿 + 2)

}

,

𝑗𝜀,𝛿 ∶= 1 +

⌈

exp
(

1 + log
−1−𝜀

3

𝜀𝛿

𝐾
)

1/𝜀

⌉

.

Theorem 2.1.2 (L.–Scoones, 2024; [29, Theorem 3]). Let (𝑋, Ω, 𝜇) be a measure space. Suppose

0 < 𝜇(𝑋) < +∞. Let 𝐶 > 0 and (𝑓𝑘)𝑘∈ℕ be a sequence of non-negative 𝜇-measurable functions

on 𝑋 , so that for any 𝑥 ∈ 𝑋 and 𝑘 ∈ ℕ, 𝑓𝑘(𝑥) < 𝐶. Let (𝑔𝑘)𝑘∈ℕ and (𝜑𝑘)𝑘∈ℕ be sequences of real

numbers so that for any 𝑘 ∈ ℕ,

0 ≤ 𝑔𝑘 ≤ 𝜑𝑘 ≤ 1.

Let 𝛷(𝑁) ∶= ∑
𝑁

𝑘=1
𝜑𝑘. Suppose lim𝑁→∞𝛷(𝑁) = +∞ and there exists 𝐾 > 0 such that for any

𝑚, 𝑛 ∈ ℕ,

∫
𝑋 (

∑

𝑚≤𝑘<𝑛

(𝑓𝑘(𝑥) − 𝑔𝑘)

)

2

d𝑥 ≤ 𝐾 ∑

𝑚≤𝑘<𝑛

𝜑𝑘. (2.6)

Then for any 𝜀 > 0 and 𝛿 > 0, there exists 𝐾𝜀,𝛿 > 0 and a 𝜇-measurable 𝐸𝜀,𝛿 ⊂ 𝑋 such that

(𝐸𝜀,𝛿) < 𝛿 and for any 𝑥 ∈ 𝑋 ⧵ 𝐸𝜀,𝛿 and 𝑁 ∈ ℕ,

|
|
|
|
|

𝑁

∑

𝑘=1

𝑓𝑘(𝑥) −

𝑁

∑

𝑘=1

𝑔𝑘

|
|
|
|
|

≤ 𝐾𝜀,𝛿 (Φ
1/2

(𝑁 ) log
3/2+𝜀

(𝛷(𝑁) + 2)) ,
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where

𝐾𝜀,𝛿 ∶= max

{

𝐶𝑁𝜀,𝛿

max (𝛷
1/2

0
log

3/2+𝜀

(𝛷0 + 2) + 𝑓1, 1)

,

2 (log 4/log 3)
3/2+𝜀

log
3/2+𝜀/2

2 (
1 +

1

√

2 log
3/2+𝜀

4)

}

,

in which 𝛷0
∶= min {𝛷(𝑛) ∈ ℝ

+
∶ 𝑛 ∈ ℕ} is the minimal non-zero value that 𝛷 attains, and

𝑁𝜀,𝛿 ∶= max {𝑛 ∈ ℕ ∶ 𝛷(𝑛) < 𝑟𝜀,𝛿},

𝑟𝜀,𝛿 ∶=

⌈(

2𝐾

𝜀𝛿 )

1/𝜀

⌉

+ 1.

Recall the counting function 𝑅(𝑥, 𝑁 ) defined in (1.12). By choosing 𝑋 ∶= [0, 1) with Ω

the Lebesgue 𝜎-algebra and 𝜇 the Lebesgue measure, and setting

𝑓𝑘(𝑥) ∶=

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

1, if 𝑥 ∈ 𝐸𝑘,

0, if 𝑥 ∉ 𝐸𝑘,

𝑔𝑘 ∶= 𝜇(𝐸𝑘), 𝜑𝑘 ∶= 1,

Theorem 2.1.2 yields effective estimates for 𝑅(𝑥, 𝑁 ), provided the sequence (𝐸𝑛)𝑛∈ℕ is pairwise

independent.

As discussed in [29], further consequences include effective results for the strong law of

large numbers and for normal numbers. In the following subsection, we demonstrate how

Theorem 2.1.2 can be applied to obtain an effective version of Schmidt’s Theorem.

2.1.2 Effective Schmidt

In the setting of quantitative Diophantine approximation, Schmidt’s Theorem (see Theo-

rem 1.3.1) admits an effective formulation. In other words, for any 𝛿 > 0, the implicit con-

stants in the error term can be made uniform, except possibly on a subset of [0, 1) of Lebesgue

measure less than 𝛿.

Theorem 2.1.3 (L.–Scoones, 2024; [29, Theorem 1]). Let 𝜓 ∶ ℕ → [0, 1/2] be non-increasing.

Suppose (1.13) diverges. Then for any 𝜀 > 0 and 𝛿 > 0, there exists 𝐾𝜀,𝛿 > 0 and a measurable

𝐸𝜀,𝛿 ⊂ [0, 1) such that (𝐸𝜀,𝛿) < 𝛿 and for any 𝑥 ∈ [0, 1) ⧵ 𝐸𝜀,𝛿 and 𝑄 ∈ ℕ,

|
|
𝑆𝜓,𝑥(𝑄) − 2Ψ(𝑄)

|
|
≤ 𝐾𝜀,𝛿 (Ψ

1/2
(𝑄) log

2+𝜀

(Ψ(𝑄) + 2)) ,
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where for any 𝑄 ∈ ℕ, Ψ(𝑄) ∶= ∑
𝑄

𝑞=1
𝜓(𝑞), and

𝑁𝜀,𝛿 = 2max

{

𝑛 ∈ ℕ ∶

⌈(

2𝐾𝜀

𝜀𝛿 )

1/𝜀

⌉

+ 1 > 44Ψ(𝑛) log (3Ψ
2
(𝑛) + 3) log (2 log (3Ψ

2
(𝑛) + 3))

}

,

𝐾𝜀 =

28 + 858(𝜀 + 1)7
𝜀

𝜓
1/2

(1) log
2+𝜀

(𝜓(1) + 1)

.

A similar effective statement holds for the Aistleitner–Borda–Hauke Theorem (see The-

orem 1.3.2), which we state as Theorem 3.1.2 in Chapter 3.

2.2 Proofs

The proofs of Theorems 2.1.1 and 2.1.2 begin with an effective version of the convergent part

of the Borel–Cantelli Lemma.

Proposition 2.2.1 (Effective (Convergent Part of) Borel–Cantelli Lemma). Let (𝐼𝑘)𝑘∈ℕ be a

sequence of measurable sets on [0, 1). Suppose

∞

∑

𝑘=1

(𝐼𝑘) < +∞.

Then, for any 𝛿 > 0, there exists 𝑁𝛿 ∈ ℕ such that


(

∞

⋃

𝑘=𝑁𝛿

𝐼𝑘

)

< 𝛿.

2.2.1 Proof of Theorem 2.1.1

Define, for any 𝑁 ∈ ℕ and 𝑥 ∈ 𝑋 ,

Ψ(𝑁 , 𝑥) ∶=

𝑁

∑

𝑘=1

𝑓𝑘(𝑥), Ψ(𝑁 ) ∶=

𝑁

∑

𝑘=1

𝑔𝑘, 𝐸(𝑁 , 𝑥) ∶= Ψ(𝑁 , 𝑥) − Ψ(𝑁).

Pick any 𝜀 > 0. Define, for any 𝑗 ∈ ℕ,

𝑁𝑗 ∶= min

{

𝑛 ∈ ℕ ∶ 𝛷(𝑛) > 𝑗
3
log

1+𝜀

(𝑗 + 2)

}

, (2.7)

𝐴𝑗 ∶=

{

𝑥 ∈ 𝑋 ∶
|
|
𝐸(𝑁𝑗 , 𝑥)

|
|
> 𝑗

2
log

1+𝜀

(𝑗 + 2)

}

. (2.8)
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The assumption 𝛷(𝑛) → ∞ guarantees that 𝑁𝑗 is well-defined for all 𝑗 ∈ ℕ.

By considering (2.5), we have that

𝜇 (𝐴𝑗)min
𝑥∈𝐴𝑗

(|𝐸 (𝑁𝑗 , 𝑥) |
2

) ≤
∫
𝐴𝑗
(

𝑁𝑗

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)
2

)

d𝜇(𝑥) ≤
∫
𝑋 (

𝑁𝑗

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)
2

)

d𝜇(𝑥)

≤ 𝐾𝛷(𝑁𝑗). (2.9)

We have from the above and the definition of 𝐴𝑗 in (2.8) that

𝜇 (𝐴𝑗) ≤

𝐾𝛷(𝑁𝑗)

min𝑥∈𝐴𝑗 (
|𝐸 (𝑁𝑗 , 𝑥) |

2

)

≤

𝐾𝛷(𝑁𝑗)

(𝑗
2
log

1+𝜀

(𝑗 + 2))

2

=

𝐾𝛷(𝑁𝑗)

𝑗
4
log

2+2𝜀

(𝑗 + 2)

. (2.10)

From (2.4) and the definition of 𝑁𝑗 in (2.7), we have the two-sided bound

𝑗
3
log

1+𝜀

(𝑗 + 2) < 𝛷(𝑁𝑗) ≤ 𝑗
3
log

1+𝜀

(𝑗 + 2) + 1.

By applying the above and (2.8) to (2.10), it follows that

𝜇(𝐴𝑗) ≤

𝐾𝑗
3
log

1+𝜀

(𝑗 + 2) + 𝐾

𝑗
4
log

2+2𝜀

(𝑗 + 2)

≤

(1 + log
−1−𝜀

3)𝐾𝑗
3
log

1+𝜀

(𝑗 + 2)

𝑗
4
log

2+2𝜀

(𝑗 + 2)

=

1 + log
−1−𝜀

3

𝑗 log
1+𝜀

(𝑗 + 2)

𝐾,

as log1+𝜀 3 ≤ 𝑗3 log1+𝜀 (𝑗 + 2) for all 𝑗 ∈ ℕ. Pick any 𝛿 > 0. Define

𝑗𝜀,𝛿 ∶= 1 +

⌈

exp
(

1 + log
−1−𝜀

3

𝜀𝛿

𝐾
)

1/𝜀

⌉

.
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It follows that

∞

∑

𝑗=𝑗𝜀,𝛿

𝜇(𝐴𝑗) < ∫

∞

𝑗𝜀,𝛿−1

(1 + log
−1−𝜀

3)𝐾

𝑥 log
1+𝜀

𝑥

𝑑𝑥

=

1 + log
−1−𝜀

3

𝜀 log
𝜀

(𝑗𝜀,𝛿 − 1)

𝐾 ≤ 𝛿. (2.11)

Let

𝐸𝜀,𝛿 =

∞

⋃

𝑗=𝑗𝜀,𝛿

𝐴𝑗 .

By sub-additivity of measures and (2.11),

𝜇(𝐸𝜀,𝛿) = 𝜇

(

∞

⋃

𝑗=𝑗𝜀,𝛿

𝐴𝑗

)

≤

∞

∑

𝑗=𝑗𝜀,𝛿

𝜇(𝐴𝑗) < 𝛿.

We next provide two technical lemmas used in the final estimate.

Lemma 2.2.2. For every integer 𝑗 ≥ 2,

Ψ(𝑁𝑗) − Ψ(𝑁𝑗−1) ≤
(
3 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)
𝑗
2
log

1+𝜀

(𝑗 + 2),

where 𝑁𝑗 is given in (2.7).

Proof. Define a function 𝑔 ∶ ℝ
+
→ ℝ

𝑔(𝑗) ∶= 𝑗
3
log

1+𝜀

(𝑗 + 2), 𝑗 > 0.
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Pick any integer 𝑗 ≥ 2. By the Mean Value Theorem, there exists 𝜉𝑗 ∈ (𝑗 − 1, 𝑗) such that

𝑔(𝑗) − 𝑔(𝑗 − 1) = 𝑔
′
(𝜉𝑗)

= 3𝜉
2

𝑗
log

1+𝜀

(𝜉𝑗 + 2) +

𝜉
3

𝑗

𝜉𝑗 + 2

(1 + 𝜀) log
𝜀

(𝜉𝑗 + 2)

≤ 3𝜉
2

𝑗
log

1+𝜀

(𝜉𝑗 + 2) +

𝜉
2

𝑗

log 3

(1 + 𝜀) log
1+𝜀

(𝜉𝑗 + 2)

=
(
3 +

1 + 𝜀

log 3)
𝜉
2

𝑗
log

1+𝜀

(𝜉𝑗 + 2)

<
(
3 +

1 + 𝜀

log 3)
𝑗
2
log

1+𝜀

(𝑗 + 2).

By (2.7), we have that

𝛷 (𝑁𝑗 − 1) ≤ 𝑗
3
log

1+𝜀

(𝑗 + 2) < 𝛷 (𝑁𝑗) .

With (2.4), we have that for any 𝑗 ≥ 2,

𝛷(𝑁𝑗) − Ψ(𝑁𝑗) ≥ 𝛷(𝑁𝑗−1) − Ψ(𝑁𝑗−1),

due to the fact that

𝛷(𝑁𝑗) − Ψ(𝑁𝑗) = (𝛷(𝑁𝑗−1) − Ψ(𝑁𝑗−1)) +

𝑁𝑗

∑

𝑘=𝑁𝑗−1+1

(𝜑𝑘 − 𝑔𝑘) ,

and by (2.4) both terms on the right hand side are greater than or equal to zero. From the

above and 𝑗 ≥ 2, it follows that,

Ψ(𝑁𝑗) − Ψ(𝑁𝑗−1) ≤ 𝛷(𝑁𝑗) − 𝛷(𝑁𝑗−1) = 𝛷(𝑁𝑗 − 1) + 𝜑𝑁𝑗 − 𝛷(𝑁𝑗−1) ≤ 𝑔(𝑗) − 𝑔(𝑗 − 1) + 1

<
(
3 +

1 + 𝜀

log 3)
𝑗
2
log

1+𝜀

(𝑗 + 2) +

𝑗
2
log

1+𝜀

(𝑗 + 2)

4 log
1+𝜀

4

=
(
3 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)
𝑗
2
log

1+𝜀

(𝑗 + 2),

as stated in the lemma.
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Lemma 2.2.3. For any 𝜀 > 0 and integer 𝑗 ≥ 2,

𝑗
2
log

1+𝜀

(𝑗 + 2) ≤

4

log
2𝜀/3

(𝛷0 + 2) (

log 4

log 3)

1+𝜀

𝛷
2/3

(𝑁𝑗−1) log
1/3+𝜀

(𝛷(𝑁𝑗−1) + 2).

Proof. One checks that for any 𝑗 ≥ 2,

𝑗
2
log

1+𝜀

(𝑗 + 2)

(𝑗 − 1)
2
log

1+𝜀

(𝑗 + 1)

≤ 4
(

log 4

log 3)

1+𝜀

.

By (2.7), we have that

𝑗
2
log

1+𝜀

(𝑗 + 2) ≤ 4
(

log 4

log 3)

1+𝜀

(𝑗 − 1)
2
log

1+𝜀

(𝑗 + 1)

≤ 4
(

log 4

log 3)

1+𝜀

𝛷
2/3

(𝑁𝑗−1) log
(1+𝜀)/3

(𝛷(𝑁𝑗−1) + 2)

≤

4

log
2𝜀/3

(𝛷0 + 2) (

log 4

log 3)

1+𝜀

𝛷
2/3

(𝑁𝑗−1) log
1/3+𝜀

(𝛷(𝑁𝑗−1) + 2),

as stated in the lemma.

We are now ready to prove Theorem 2.1.1. Pick any 𝑥 ∈ 𝑋 ⧵ 𝐸𝜀,𝛿 and 𝑁 ∈ ℕ. Suppose in

the case that 𝑁 > 𝑁𝑗𝜀,𝛿
. Since by assumption, lim𝑛→∞𝛷(𝑛) = +∞, there exists 𝑗 ∈ ℕ such that

𝑁𝑗−1 ≤ 𝑁 < 𝑁𝑗 and 𝑗 > 𝑗𝜀,𝛿 . Hence 𝑥 ∈ 𝑋 ⧵ 𝐴𝑗 . It follows from (2.8), Lemma 2.2.2 and Lemma

2.2.3 that,

Ψ(𝑁 , 𝑥) − Ψ(𝑁) ≤ Ψ(𝑁𝑗 , 𝑥) − Ψ(𝑁𝑗−1)

≤ Ψ(𝑁𝑗 , 𝑥) − Ψ(𝑁𝑗) + Ψ(𝑁𝑗) − Ψ(𝑁𝑗−1)

≤ |𝐸(𝑁𝑗 , 𝑥)| + Ψ(𝑁𝑗) − Ψ(𝑁𝑗−1)

≤ 𝑗
2
log

1+𝜀

(𝑗 + 2) +
(
3 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)
𝑗
2
log

1+𝜀

(𝑗 + 2)

=
(
4 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)
𝑗
2
log

1+𝜀

(𝑗 + 2)

≤

4 (log 4/ log 3)
1+𝜀

log
2𝜀/3

(𝛷0 + 2) (
4 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)
𝛷

2/3
(𝑁𝑗−1) log

1/3+𝜀

(𝛷(𝑁𝑗−1) + 2).
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Thus, we have

Ψ(𝑁 , 𝑥) − Ψ(𝑁) ≤

4 (log 4/ log 3)
1+𝜀

log
2𝜀/3

(𝛷0 + 2) (
4 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)
𝛷

2/3
(𝑁 ) log

1/3+𝜀

(𝛷(𝑁) + 2).

(2.12)

This proves the asserted bound for all 𝑁 > 𝑁𝜀,𝛿

Suppose in the case that 𝑁 ≤ 𝑁𝜀,𝛿 . By the definition of 𝑓𝑘(𝑥) and 𝑔𝑘, for any 𝑁 ∈ ℕ,

−𝑁 ≤

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘) ≤ 𝐶𝑁 .

Without loss of generality, 𝐶 ≥ 1; indeed if it is not, then all the functions 𝑓𝑘 are also bounded

above by 1. We have that

|
|
|
|
|

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

|
|
|
|
|

≤ 𝐶𝑁 . (2.13)

This proves the asserted bound for all 𝑁 ≤ 𝑁𝜀,𝛿 . The proof of Theorem 2.1.1 is completed.

2.2.2 Proof of Theorem 2.1.2

The proof refines the spacing of the indices used in the proof of Theorem 2.1.1 and follows

the strategy of Harman [13, Lemma 1.5], results in a better control of error terms.

Define, for any 𝑗 ∈ ℕ,

𝑛𝑗 ∶= max {𝑛 ∈ ℕ ∶ 𝛷(𝑛) < 𝑗}.

For any 𝑗 ∈ ℕ, 𝑗 can be written in binary as

𝑗 =

⌊log
2
𝑗⌋

∑

𝑣=0

2
𝑣
𝑏(𝑗, 𝑣),

where 𝑏 ∶ ℕ × (ℕ ∪ {0}) → {0, 1}. Define 𝑟𝑗 ∶= ⌊log
2
𝑗⌋ and

𝐵𝑗 ∶=

{

(𝑖, 𝑠) ∈ (ℕ ∪ {0}) × (ℕ ∪ {0}) ∶ 𝑖 =

𝑟𝑗

∑

𝑣=𝑠+1

2
𝑣−𝑠
𝑏(𝑗, 𝑣), 𝑏(𝑗 , 𝑠) = 1, 0 ≤ 𝑠 ≤ 𝑟𝑗

}

.
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One checks that |𝐵𝑗 | ≤ 𝑟𝑗 + 1 and the following partition holds:

(0, 𝑛𝑗] = ⋃

(𝑖,𝑠)∈𝐵𝑗

(𝑛𝑖2𝑠 , 𝑛(𝑖+1)2𝑠] . (2.14)

An concrete example of how this works is given in [13] for 𝑗 = 37.

Returning to the proof, define a function 𝐹 by, for any 𝑥 ∈ 𝑋 ,

𝐹(𝑖, 𝑠, 𝑥) ∶=

𝑛
(𝑖+1)2

𝑠

∑

𝑘=𝑛
𝑖2
𝑠+1

(𝑓𝑘(𝑥) − 𝑔𝑘) , 𝑖, 𝑠 ∈ ℕ ∪ {0}, 𝑥 ∈ 𝑋

Then, by (2.14), for any 𝑥 ∈ 𝑋 ,

𝑛𝑗

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘) = ∑

(𝑖,𝑠)∈𝐵𝑗

𝐹(𝑖, 𝑠, 𝑥). (2.15)

Define, for any 𝜀 > 0,

𝑀𝜀
∶=

√

2

log
3/2+𝜀/2

2

> 1.

The next lemma provides the key estimate we need.

Lemma 2.2.4. For any 𝜀 > 0 and 𝛿 > 0, there exists 𝐸𝜀,𝛿 ⊂ 𝑋 and 𝑟𝜀,𝛿 ∈ ℕ such that 𝜇(𝐸𝜀,𝛿) < 𝛿,

and for any 𝑥 ∈ 𝑋 ⧵ 𝐸𝜀,𝛿 and 𝑟 ∈ ℕ, if 𝑟 > 𝑟𝜀,𝛿 then

|
|
|
|
|

𝑛𝑟

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

|
|
|
|
|

≤ 𝑀𝜀 𝑟
1/2

log
3/2+𝜀

(𝑟 + 2).

Proof. By (2.15), it suffices to prove that there exists 𝑟𝜀,𝛿 ∈ ℕ such that for any 𝑟 > 𝑟𝜀,𝛿 ,

|
|
|
|
|

∑

(𝑖,𝑠)∈𝐵𝑟

𝐹(𝑖, 𝑠, 𝑥)

|
|
|
|
|

≤ ∑

(𝑖,𝑠)∈𝐵𝑟

|𝐹 (𝑖, 𝑠, 𝑥)| ≤ 𝑀𝜀 𝑟
1/2

log
3/2+𝜀

(𝑟 + 2).
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Define, for any 𝑟, 𝑖, 𝑠 ∈ ℕ ∪ {0} and 𝑥 ∈ 𝑋 ,

𝐺(𝑟, 𝑥) ≔

𝑟

∑

𝑠=0

2
𝑟−𝑠

−1

∑

𝑖=0

𝐹
2
(𝑖, 𝑠, 𝑥), (2.16)

𝛷(𝑖, 𝑠) ≔

𝑛
(𝑖+1)2

𝑠

∑

𝑘=𝑛
𝑖2
𝑠+1

𝜑𝑘,

𝐴𝑟 ≔

{

𝑥 ∈ 𝑋 ∶ 𝐺(𝑟, 𝑥) > 𝑟
2+𝜀

2
𝑟

}

. (2.17)

Pick any 𝑟 ∈ ℕ. By (2.6),

∫
𝑋

𝐺(𝑟, 𝑥) 𝑑𝜇(𝑥) ≤ 𝐾

𝑟

∑

𝑠=0

2
𝑟−𝑠

−1

∑

𝑖=0

𝛷(𝑖, 𝑠)

= 𝐾

𝑟

∑

𝑠=0

2
𝑟−𝑠

−1

∑

𝑖=0

(𝛷(𝑛(𝑖+1)2𝑠) − 𝛷(𝑛𝑖2𝑠))

= 𝐾

𝑟

∑

𝑠=0

𝛷(𝑛2𝑠)

≤ 𝐾(𝑟 + 1)𝛷(𝑛2𝑟 )

< 2𝐾𝑟2
𝑟
.

We obtain that

𝑟
2+𝜀

2
𝑟
𝜇(𝐴𝑟) ≤ ∫

𝐴𝑟

𝐺(𝑟, 𝑥) 𝑑𝜇(𝑥) < 2𝑟𝐾2
𝑟
;

in particular, 𝜇(𝐴𝑟) < 2𝐾𝑟
−1−𝜀 .

Pick any 𝛿 > 0 and define

𝑟𝜀,𝛿 ∶= 1 +

⌈(

2𝐾

𝜀𝛿 )

1/𝜀

⌉

.

It follows that

∞

∑

𝑟=𝑟𝜀,𝛿

𝜇(𝐴𝑟) < ∫

∞

𝑟𝜀,𝛿−1

2𝐾

𝑥
1+𝜀
𝑑𝑥 =

2𝐾

𝜀(𝑟𝜀,𝛿 − 1)
𝜀
≤ 𝛿.



2.2. PROOFS 55

Following a similar argument as in the previous proof, define

𝐸𝜀,𝛿 ∶=

∞

⋃

𝑟=𝑟𝜀,𝛿

𝐴𝑟 .

By the sub-additivity of measures,

𝜇(𝐸𝜀,𝛿) = 𝜇

(

∞

⋃

𝑟=𝑟𝜀,𝛿

𝐴𝑟

)

≤

∞

∑

𝑟=𝑟𝜀,𝛿

𝜇(𝐴𝑟) < 𝛿.

Pick any 𝑥 ∈ 𝑋 ⧵ 𝐸𝜀,𝛿 . For any 𝑟 > 𝑟𝜀,𝛿 , we have that 𝑥 ∈ 𝑋 ⧵ 𝐴𝑟 and

𝐺(𝑟, 𝑥) ≤ 𝑟
2+𝜀

2
𝑟
. (2.18)

Pick any 𝑗 ∈ ℕ such that 𝑗 > 2
𝑟𝜀,𝛿 . Then, we obtain ⌊log

2
𝑗⌋ + 1 > 𝑟𝜀,𝛿 . Taking 𝑟 =

⌊log
2
𝑗⌋ + 1 > 𝑟𝜀,𝛿 , we have that,

∑

(𝑖,𝑠)∈𝐵𝑗

|𝐹 (𝑖, 𝑠, 𝑥)| =

𝑟

∑

𝑠=0

2
𝑟−𝑠

−1

∑

𝑖=0

|𝐹 (𝑖, 𝑠, 𝑥)|𝜒𝐵𝑗
(𝑖, 𝑠),

where 𝜒𝐵𝑗 (𝑖, 𝑠) is the characteristic function on 𝐵𝑗 . Note that 2𝑟 ≤ 2𝑗 . By applying this, the

Cauchy-Schwarz inequality, (2.16), (2.17) and (2.18), it follows that

∑

(𝑖,𝑠)∈𝐵𝑗

|𝐹 (𝑖, 𝑠, 𝑥)| ≤

(

𝑟

∑

𝑠=0

2
𝑟−𝑠

−1

∑

𝑖=0

|𝐹 (𝑖, 𝑠, 𝑥)|
2

)

1/2

(

𝑟

∑

𝑠=0

2
𝑟−𝑠

−1

∑

𝑖=0

𝜒𝐵𝑗
(𝑖, 𝑠)

)

1/2

= 𝐺
1/2

(𝑟, 𝑥)|𝐵𝑗 |
1/2

≤ 𝑟
1+𝜀/2

2
𝑟/2
𝑟
1/2

= 2
𝑟/2
𝑟
3/2+𝜀/2

≤

√

2𝑗
1/2

log
3/2+𝜀/2

2
𝑗

≤

√

2

log
3/2+𝜀/2

2

𝑗
1/2

log
3/2+𝜀/2

𝑗

≤ 𝑀𝜀 (𝑗
1/2

log
3/2+𝜀/2

𝑗) ,

which proves the lemma.
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Lemma 2.2.5. For any 𝜀 > 0 and 𝑟 ∈ ℕ,

(𝑟 + 1)
1/2

log
3/2+𝜀

(𝑟 + 3) ≤

√

2
(

log 4

log 3)

3/2+𝜀

𝑟
1/2

log
3/2+𝜀

(𝑟 + 2). (2.19)

Proof. This directly follows from the fact that:

(𝑟 + 1)
1/2

log
3/2+𝜀

(𝑟 + 3)

𝑟
1/2

log
3/2+𝜀

(𝑟 + 2)

=

√

𝑟 + 1

𝑟 (

log (𝑟 + 3)

log (𝑟 + 2))

3/2+𝜀

≤

√

2
(

log 4

log 3)

3/2+𝜀

.

We are now ready to prove Theorem 2.1.2. Pick any 𝜀 > 0 and 𝛿 > 0. By Lemma 2.2.4,

there exists a 𝜇-measurable 𝐸𝜀,𝛿 ⊂ 𝑋 and 𝑟𝜀,𝛿 ∈ ℕ such that 𝜇(𝐸𝜀,𝛿) < 𝛿 and for any 𝑥 ∈ 𝑋 ⧵𝐸𝜀,𝛿

and 𝑟 ∈ ℕ, if 𝑟 > 𝑟𝜀,𝛿 then

|
|
|
|
|

𝑛𝑟

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

|
|
|
|
|

≤ 𝑀𝜀 (𝑟
1/2

log
3/2+𝜀

(𝑟 + 2)) .

Pick any 𝑁 ∈ ℕ such that 𝑁 > 𝑁𝑟𝜀,𝛿
. Since, by assumption,

lim
𝑛→∞

𝛷(𝑛) = lim
𝑟→∞

𝑛𝑟 = +∞,

there exists 𝑟 ∈ ℕ such that 𝑛𝑟 < 𝑁 < 𝑛𝑟+1 and 𝑟 > 𝑟𝜀,𝛿 . Note that for any 𝑥 ∈ 𝑋 ,

𝑛𝑟

∑

𝑘=1

𝑓𝑘(𝑥) ≤

𝑁

∑

𝑘=1

𝑓𝑘(𝑥) ≤

𝑛𝑟+1

∑

𝑘=1

𝑓𝑘(𝑥),

and for any 𝑥 ∈ 𝑋 ⧵ 𝐸𝜀,𝛿

|
|
|
|
|

𝑛𝑟

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

|
|
|
|
|

≤ 𝑀𝜀 (𝑟
1/2

log
3/2+𝜀

(𝑟 + 2)) , (2.20)

and

|
|
|
|
|

𝑛𝑟+1

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

|
|
|
|
|

≤ 𝑀𝜀 ((𝑟 + 1)
1/2

log
3/2+𝜀

(𝑟 + 3)) . (2.21)
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By the fact that 𝑀𝜀 > 1, 𝛷(𝑛𝑟+1) < 𝑟 + 1 and 𝑟 ≤ 𝛷(𝑛𝑟 + 1), we have that

𝑛𝑟+1

∑

𝑘=𝑛𝑟+1

𝑔𝑘 = 𝑔𝑛𝑟+1
+

𝑛𝑟+1

∑

𝑘=𝑛𝑟+2

𝑔𝑘

≤ 𝑔𝑛𝑟+1
+

𝑛𝑟+1

∑

𝑘=𝑛𝑟+2

𝜑𝑘

≤ max
1≤𝑘≤𝑁

𝑔𝑘 + 𝛷(𝑛𝑟+1) − 𝛷(𝑛𝑟 + 1)

< max
1≤𝑘≤𝑁

𝑔𝑘 + (𝑟 + 1) − 𝑟

= 1 + max
1≤𝑘≤𝑁

𝑔𝑘.

Since

𝑛𝑟

∑

𝑘=1

𝑓𝑘(𝑥) −

𝑁

∑

𝑘=1

𝑔𝑘 ≤

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘) ≤

𝑛𝑟+1

∑

𝑘=1

𝑓𝑘(𝑥) −

𝑁

∑

𝑘=1

𝑔𝑘,

we have that

𝑛𝑟

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘) − 1 − max
1≤𝑘≤𝑁

𝑔𝑘 ≤

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

≤

𝑛𝑟+1

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘) + 1 + max
1≤𝑘≤𝑁

𝑔𝑘.

Hence, by (2.19), (2.20) and (2.21), we obtain that

− 𝑀𝜀

(
1 +

1

log
3/2+𝜀

3)(
𝑟
1/2

log
3/2+𝜀

(𝑟 + 2) + max
1≤𝑘≤𝑁

𝑔𝑘
)

≤ −𝑀𝜀 (𝑟
1/2

log
3/2+𝜀

(𝑟 + 2)) − 1 − max
1≤𝑘≤𝑁

𝑔𝑘

≤

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

≤ 𝑀𝜀 ((𝑟 + 1)
1/2

log
3/2+𝜀

(𝑟 + 3)) + 1 + max
1≤𝑘≤𝑁

𝑔𝑘

≤ 𝑀𝜀

(
1 +

1

√

2 log
3/2+𝜀

4)(
(𝑟 + 1)

1/2
log

3/2+𝜀

(𝑟 + 3) + max
1≤𝑘≤𝑁

𝑔𝑘
)

≤

√

2𝑀𝜀

(
1 +

1

√

2 log
3/2+𝜀

4)(

log 4

log 3)

3/2+𝜀

(
𝑟
1/2

log
3/2+𝜀

(𝑟 + 2) + max
1≤𝑘≤𝑁

𝑔𝑘
)
,
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as 𝑟1/2 log3/2+𝜀 (𝑟 + 2) > 1. Thus, as 𝑟 ≤ 𝛷(𝑁),

|
|
|
|
|

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

|
|
|
|
|

≤

√

2𝑀𝜀

(
1 +

1

√

2 log
3/2+𝜀

4)(

log 4

log 3)

3/2+𝜀

(
𝑟
1/2

log
3/2+𝜀

(𝑟 + 2) + max
1≤𝑘≤𝑁

𝑔𝑘
)

≤ 𝐾𝜀,𝛿
(
𝛷

1/2
(𝑁 ) log

3/2+𝜀

(𝛷(𝑁) + 2) + max
1≤𝑘≤𝑁

𝑔𝑘
)
. (2.22)

Inequality (2.22) holds for all 𝑁 > 𝑁𝜀,𝛿 . For the case of 𝑁 ≤ 𝑁𝜀,𝛿 , we have

−𝑁 max
1≤𝑘≤𝑁

𝑔𝑘 ≤

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘) ≤ 𝑁𝐶.

It follows immediately that

|
|
|
|
|

𝑁

∑

𝑘=1

(𝑓𝑘(𝑥) − 𝑔𝑘)

|
|
|
|
|

≤ 𝑁
(
𝐶 + max

1≤𝑘≤𝑁

𝑔𝑘
)
.

Hence, we have that inequality (2.22) also holds for all 𝑁 ≤ 𝑁𝜀,𝛿 . This concludes the proof of

Theorem 2.1.2.

2.2.3 Proof of Theorem 2.1.3

The proof of Theorem 2.1.3 follows the approach in [13, Section 4.1], which improves Schmidt’s

original method. We first make the results of [13, Lemmas 4.1–4.3] effective.

Lemma 2.2.6 (Effective version of [13, Lemma 4.1]). For any 𝑀,𝑁 , 𝑘 ∈ ℕ, if 𝑀 < 𝑁 then

0 ≤ 𝑁 − 𝑀 + 1 −

𝑁

∑

𝑛=𝑀

𝜑(𝑘, 𝑛)

𝑛

≤

𝑁 − 𝑀

𝑘

+ log𝑁 , (2.23)

where

𝜑(𝑘, 𝑛) ∶= ∑

1≤𝑚≤𝑛,

gcd (𝑚,𝑛)≤𝑘

1.

Proof. The first inequality in (2.23) is immediate since 𝜑(𝑘, 𝑛) ≤ 𝑛. For the second inequality,
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observe that

𝜑(𝑘, 𝑛) ≥ 𝑛 −∑

𝑑 | 𝑛

𝑑>𝑘

𝑛

∑

𝑚=1

𝑚≡0 mod 𝑑

1.

Thus, for any 𝑀,𝑁 ∈ ℕ, if 𝑀 < 𝑁 then

𝑁

∑

𝑛=𝑀

𝜑(𝑘, 𝑛)

𝑛

≥

𝑁

∑

𝑛=𝑀

⎛

⎜

⎜

⎜

⎝

1 −

1

𝑛

∑

𝑑 | 𝑛

𝑑>𝑘

𝑛

𝑑

⎞

⎟

⎟

⎟

⎠

= 𝑁 − 𝑀 + 1 −

𝑁

∑

𝑑=𝑘+1

⎛

⎜

⎜

⎜

⎝

1

𝑑

𝑁

∑

𝑛=𝑀

𝑛≡0mod 𝑑

1

⎞

⎟

⎟

⎟

⎠

≥ 𝑁 − 𝑀 + 1 −

𝑁

∑

𝑑=𝑘+1

(

1

𝑑 (

𝑁 − 𝑀

𝑑

+ 1
))

= 𝑁 − 𝑀 + 1 −

𝑁

∑

𝑑=𝑘+1

𝑁 − 𝑀

𝑑
2

−

𝑁

∑

𝑑=𝑘+1

1

𝑑

≥ 𝑁 − 𝑀 + 1 −

𝑁 − 𝑀

𝑘

− log𝑁 .

Lemma 2.2.7 (Effective version of [13, Lemma 4.2]). Let 𝜓 ∶ ℕ → ℝ be an non-increasing

function, for any 𝑀,𝑁 , 𝑘 ∈ ℕ, if 𝑀 < 𝑁 then

(
1 −

1

𝑘)

𝑁

∑

𝑛=𝑀

𝜓(𝑛) − 𝜓(𝑀) log𝑀 −

𝑁

∑

𝑛=𝑀

𝜓(𝑛)

𝑛

≤

𝑁

∑

𝑛=𝑀

𝜓(𝑛)𝜑(𝑘, 𝑛)

𝑛

≤

𝑁

∑

𝑛=𝑀

𝜓(𝑛).

Proof. Pick any 𝑀,𝑁 , 𝑘 ∈ ℕ with 𝑀 < 𝑁 . By partial summation,

𝑁

∑

𝑛=𝑀

𝜓(𝑛)𝜑(𝑘, 𝑛)

𝑛

=

𝑁−1

∑

𝑛=𝑀
(

(𝜓(𝑛) − 𝜓(𝑛 + 1))

𝑛

∑

𝑚=𝑀

𝜑(𝑘, 𝑚)

𝑚 )

+ 𝜓(𝑁)

𝑁

∑

𝑚=𝑀

𝜑(𝑘, 𝑚)

𝑚

(2.24)

Note that 𝜑(𝑘, 𝑛)/𝑛 ≤ 1, and applying this to the above and summing over 𝑛, it follows that

𝑁−1

∑

𝑛=𝑀
(

(𝜓(𝑛) − 𝜓(𝑛 + 1))

𝑛

∑

𝑚=𝑀

𝜑(𝑘, 𝑚)

𝑚 )

+ 𝜓(𝑁)

𝑁

∑

𝑚=𝑀

𝜑(𝑘, 𝑚)

𝑚

≤

𝑁

∑

𝑛=𝑀

𝜓(𝑁),

which establishes the second inequality of the lemma.
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To establish the first inequality, we apply the second inequality of (2.23) to (2.24), obtain-

ing that:

𝑁

∑

𝑛=𝑀

𝜓(𝑛)𝜑(𝑘, 𝑛)

𝑛

=

𝑁−1

∑

𝑛=𝑀
(

(𝜓(𝑛) − 𝜓(𝑛 + 1))

𝑛

∑

𝑚=𝑀

𝜑(𝑘, 𝑚)

𝑚 )

+ 𝜓(𝑁)

𝑁

∑

𝑚=𝑀

𝜑(𝑘, 𝑚)

𝑚

≥

𝑁−1

∑

𝑛=𝑀

(
(𝜓(𝑛) − 𝜓(𝑛 + 1))

(
𝑛 − 𝑀 + 1 −

𝑛 − 𝑀

𝑘

log 𝑛
))

=

𝑀

∑

𝑛=𝑀

𝜓(𝑛) −

1

𝑘

𝑁

∑

𝑚=𝑀+1

𝜓(𝑚) − 𝜓(𝑀) log𝑀 +

𝑁

∑

𝑙=𝑀+1

𝜓(𝑙) (log 𝑙 − log(𝑙 + 1))

≥
(
1 −

1

𝑘)

𝑁

∑

𝑛=𝑀

𝜓(𝑛) − 𝜓(𝑀) log𝑀 −

𝑁

∑

𝑛=𝑀

(

𝜓(𝑛)

𝑛 )
,

where the last line follows from the fact that for any 𝑙 ∈ ℕ, log 𝑙 − log(𝑙 + 1) > −1/𝑙.

We now introduce several functions needed for the next lemma. For 𝑁 ∈ ℕ, define

Ψ(𝑁) ∶=

𝑁

∑

𝑛=1

𝜓(𝑛),

Γ(𝑁 ) ∶= Ψ
2
(𝑁 ) + 1 ≥ 1,

𝐿(𝑁 ) ∶= log (3Γ(𝑁 )) ≥ log 3 > 1,

𝐿2(𝑁 ) ∶= log (2𝐿(𝑁 )) ≥ log (2 log 3) > 1/2,

𝛷(𝑁) ∶= ∑

1≤𝑚≤𝑁 ,

gcd (𝑚,𝑁 )≤Γ(𝑁)

1 ≤ 𝑁 . (2.25)

Lemma 2.2.8 (Effective version of [13, Lemma 4.3]). For any 𝑁 ∈ ℕ,

0 ≤

𝑁

∑

𝑛=1

𝜓(𝑛)
(
1 −

𝛷(𝑛)

𝑛 )
≤ 40.6𝐿(𝑁 )𝐿2(𝑁 ).

Proof. The first inequality follows directly from (2.25), as for any 𝑁 ∈ ℕ,

𝑁

∑

𝑛=1

𝜓(𝑛)𝛷(𝑛)

𝑛

≤

𝑁

∑

𝑛=1

𝜓(𝑛).
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We now deal with the second inequality. Pick any 𝑁 ∈ ℕ. Define 𝑀0
∶= 0 and

𝑀𝑗
∶= 2

2
𝑗

,

ℎ ∶= min{𝑗 ∈ ℕ ∶ Ψ(𝑁) < 𝑀𝑗 } ≥ 1,

𝑉𝑟 ∶= min{𝑉 ∈ ℕ ∪ {0} ∶ Ψ(𝑉 ) ≥ 𝑀𝑟}.

Suppose initially that ℎ ≥ 2. By the definition of ℎ,

2
ℎ−1

log 2 = log𝑀ℎ−1 ≤ logΨ(𝑁) < 0.5𝐿(𝑁 ).

It follows that 2ℎ+1 log 2 < 2𝐿(𝑁 ), so upon taking logs, it obtains that

(ℎ + 1) log 2 + log log 2 < 𝐿2(𝑁 )

ℎ <

𝐿2(𝑁 ) − log log 2

log 2

− 1 <

𝐿2(𝑁 )

log 2

;

and, from the lower bound that 𝐿2(𝑁 ) ≥ log (2 log 3) that,

3 + ℎ <
(

3

log (2 log 3)

+

1

log 2)
𝐿2(𝑁 ).

In the case that ℎ = 1, the last inequality holds trivially.

Noting that if𝑀𝑟 ≤ Ψ(𝑛) then𝑀𝑟

2
+1 ≤ Γ(𝑛) and 𝜑(𝑀𝑟

2
+1, 𝑛) ≤ 𝛷(𝑛). By applying these

bounds and Lemma 2.2.7, we have that

𝑁

∑

𝑛=1

𝜓(𝑛)𝛷(𝑛)

𝑛

≥ ∑

0≤𝑟≤ℎ−1

∑

1≤𝑛≤𝑁

𝑀𝑟≤Ψ(𝑛)<𝑀𝑟+1

𝜓(𝑛)𝜑(𝑀𝑟

2
+ 1, 𝑛)

𝑛

≥

𝑁

∑

𝑛=1

𝜓(𝑛) −

⎛

⎜

⎜

⎜

⎝

𝑁

∑

𝑛=1

𝜓(𝑛)

𝑛

+

ℎ−1

∑

𝑟=0

⎛

⎜

⎜

⎜

⎝

1

𝑀𝑟

2
+ 1

∑

1≤𝑛≤𝑁

𝑀𝑟≤Ψ(𝑛)<𝑀𝑟+1

𝜓(𝑛) + 𝜓(𝑉𝑟) log 𝑉𝑟

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

.

We consider the sums in the final line of the above. Note that

ℎ−1

∑

𝑟=0

⎛

⎜

⎜

⎜

⎝

1

𝑀𝑟

2
+ 1

∑

1≤𝑛≤𝑁 ,

𝑀𝑟≤Ψ(𝑛)<𝑀𝑟+1

𝜓(𝑛)

⎞

⎟

⎟

⎟

⎠

<

ℎ−1

∑

𝑟=0

𝑀𝑟+1

𝑀𝑟

2
+ 1

< 3 + ℎ <
(

3

log (2 log 3)

+

1

log 2)
𝐿2(𝑁 ),
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and the assumption that 𝜓 is non-increasing gives that

ℎ−1

∑

𝑟=0

𝜓(𝑉𝑟) log 𝑉𝑟 ≤

ℎ−1

∑

𝑟=0
(

𝜓(𝑉𝑟)

𝑉𝑟

∑

𝑛=1

1

𝑛)

≤

𝑁

∑

𝑛=1
(

1

𝑛

ℎ−1

∑

𝑟=1, 𝑉𝑟>𝑛

𝜓(𝑉𝑟)

)

≤

𝑁

∑

𝑛=1

𝜓(𝑛)

𝑛

ℎ ≤

𝐿2(𝑁 )

log 2

𝑁

∑

𝑛=1

𝜓(𝑛)

𝑛

.

By applying Hölder’s inequality, as 1/𝐿(𝑁 ) < 1, we obtain that

𝑁

∑

𝑛=1

𝜓(𝑛)

𝑛

≤

(

𝑁

∑

𝑛=1

𝜓(𝑛)
1+𝐿(𝑁)

)

1/(1+𝐿(𝑁))

(

𝑁

∑

𝑛=1

1

𝑛
1+1/𝐿(𝑁)

)

𝐿(𝑁)/(1+𝐿(𝑁))

.

We observe that for any 𝜀 < 1,

𝑁

∑

𝑛=1

1

𝑛
1+𝜀

< 2
∫

∞

1/2

1

𝑥
1+𝜀

d𝑥 < 8

𝜀

.

Substituting this into the above, with 𝜀 = 1/𝐿(𝑁), we obtain that

𝑁

∑

𝑛=1

𝜓(𝑛)

𝑛

≤ 8Ψ(𝑁)
1/𝐿(𝑁 )

𝐿(𝑁) ≤ 8

√

𝑒𝐿(𝑁),

after straightforward calculation.

By combining the results above, we have that

𝑁

∑

𝑛=1

𝜓(𝑛)
(
1 −

𝛷(𝑛)

𝑛 )
≤ 8

√

𝑒𝐿(𝑁) +
(

3

log (2 log 3)

+

1

log 2)
𝐿2(𝑁 ) +

1

log 2

𝐿2(𝑁 )8

√

𝑒𝐿(𝑁 )

≤
(

8

√

𝑒

log (2 log 3)

+

3

log 3 log (2 log 3)

+

1

log 2 log 3

+

8

√

𝑒

log 2)
𝐿(𝑁)𝐿2(𝑁 ).

The result then follows by computing the following value

8

√

𝑒
(

1

log (2 log 3)

+

1

log 2)
+

3

log 3 log (2 log 3)

+

1

log 2 log 3

= 40.56633883… < 40.6.

We are now ready to prove Theorem 2.1.3.

Proof of Theorem 2.1.3. Let 𝜇 denote the Lebesgue measure on [0, 1). Define 𝑆∗(𝛼, 𝑢, 𝑣) to be
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the number of solutions 𝑛 ∈ ℕ to

|𝛼𝑛 − 𝑚| < 𝜓(𝑛), gcd (𝑚, 𝑛) ≤ Γ(𝑛), 𝑢 < 𝑛 ≤ 𝑣.

For any 𝑢, 𝑣 ∈ ℕ, if 𝑢 < 𝑣 then

∫
[0,1)

𝑆
∗
(𝛼, 𝑢, 𝑣) d𝛼 =

𝑣

∑

𝑛=𝑢+1

∫
[0,1)

𝑆
∗
(𝛼, 𝑛 − 1, 𝑛) d𝛼 = 2

𝑣

∑

𝑛=𝑢+1

𝜓(𝑛)

𝛷(𝑛)

𝑛

.

By the definition of 𝑆, we have that,

∫
[0,1)

𝑆(𝛼, 𝑛) d𝛼 = 𝜓(𝑛).

Note that for any 𝑁 ∈ ℕ, 𝑆(𝛼, 𝑁 ) ≥ 𝑆
∗
(𝛼, 0, 𝑁 ). By Lemma 2.2.8, for any 𝑣 ∈ ℕ,

∫
[0,1)

(𝑆(𝛼, 𝑣) − 𝑆
∗
(𝛼, 0, 𝑣)) d𝛼 = 2

𝑣

∑

𝑛=1

𝜓(𝑛)
(
1 −

𝛷(𝑛)

𝑛 )
≤ 81.2𝐿(𝑣)𝐿2(𝑣).

Define a function 𝐺(𝑛) ∶= 𝐿(𝑛)/𝐿2(𝑛) > 0 for 𝑛 ∈ ℕ. Thus, for any 𝑁 ∈ ℕ,

𝜇 (

{

𝛼 ∈ [0, 1) ∶ 𝑆(𝛼, 𝑁 ) − 𝑆
∗
(𝛼, 0, 𝑁 ) > 𝐿

2
(𝑁 )

}

) ≤

81.2

𝐺(𝑁)

.

For any 𝑗 ∈ ℕ ∪ {0}, let 𝑣𝑗 ∶= min {𝑛 ∈ ℕ ∶ 𝐿(𝑛) ≥ 2
𝑗
}. Then

∞

∑

𝑗=0

1

𝐺(𝑣𝑗)

< +∞.

Hence, by the Borel–Cantelli Lemma, for almost every 𝛼 ∈ [0, 1) and 𝑗 > 𝑗(𝛼),

0 < 𝑆(𝛼, 𝑣𝑗) − 𝑆
∗
(𝛼, 0, 𝑣𝑗) < 𝐿

2
(𝑣𝑗).

Note that

2
𝑗−1

≤ 𝐿(𝑣𝑗−1) ≤ 𝐿(𝑁 ) ≤ 2
𝑗
≤ 𝐿(𝑣𝑗) ≤ 2

𝑗+1
.

It follows that 4𝐿(𝑁 ) ≥ 2
𝑗+1

≥ 𝐿(𝑣𝑗), so 16𝐿
2
(𝑁 ) ≥ 𝐿

2
(𝑣𝑗). Thus, for almost every 𝛼 ∈ [0, 1),

0 < 𝑆(𝛼, 𝑁 ) − 𝑆
∗
(𝛼, 0, 𝑁 ) ≤ 16𝐿

2
(𝑁 ). (2.26)
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The next step is to apply Theorem 2.1.2 to 𝑆∗(𝛼, 0, 𝑁 ). Pick any 𝑢, 𝑣 ∈ ℕ with 𝑢 < 𝑣. Note

that for any 𝑛 ∈ ℕ,

1 −

𝛷(𝑛)

𝑛

≤ 1 ≤ 2𝐿(𝑛)𝐿2(𝑛).

Let

𝑑
∗
(𝑛) ∶= ∑

𝑑 | 𝑛, 1≤𝑑≤Γ(𝑛)

1

Ψ(𝑢, 𝑣) ∶= ∑

𝑢<𝑛≤𝑣

𝜓(𝑛).

Then

Ψ(𝑢, 𝑣)

𝑣

∑

𝑛=𝑢+1

𝜓(𝑛)
(
1 −

𝛷(𝑛)

𝑛 )
=

𝑛

∑

𝑛=𝑢+1

𝜓(𝑛)
(
1 −

𝛷(𝑛)

𝑛 )
+

𝑣

∑

𝑟=𝑢+1

𝜓(𝑟)
(
1 −

𝛷(𝑟)

𝑟 )

𝑣

∑

𝑚=𝑢+1

𝜓(𝑚)

≤

𝑣

∑

𝑛=𝑢+1

2𝜓(𝑛)𝐿(𝑛)𝐿2(𝑛) +

𝑣

∑

𝑟=𝑢+1

𝜓(𝑟)
(
1 −

𝛷(𝑟)

𝑟 )
Ψ(𝑟).

Hence, by [13, Lemma 4.4 & (4.2.10)],

∫
[0,1)

(𝑆
∗
(𝛼, 𝑢, 𝑣) − 2Ψ(𝑢, 𝑣))

2 d𝛼 ≤ 4 ∑

𝑢<𝑛≤𝑣

𝑑
∗
(𝑛)𝜓(𝑛) + 4Ψ(𝑢, 𝑣) ∑

𝑢<𝑛≤𝑣

𝜓(𝑛)
(
1 −

𝛷(𝑛)

𝑛 )

≤ 4 ∑

𝑢<𝑛≤𝑣

(
𝑑
∗
(𝑛) + 2𝐿(𝑛)𝐿2(𝑛) +

(
1 −

𝛷(𝑛)

𝑛 )
Ψ(𝑛)

)
𝜓(𝑛),

the assumptions of Theorem 2.1.2 are satisfied.

By Theorem 2.1.2, for any 𝜀 > 0 and 𝛿 > 0 there exists a measurable 𝐸𝜀,𝛿 ⊂ [0, 1) such that

𝜇(𝐸𝜀,𝛿) < 𝛿 and for any 𝑥 ∈ [0, 1) ⧵ 𝐸𝜀,𝛿 and 𝑁 ∈ ℕ,

|𝑆
∗
(𝛼, 0, 𝑁 ) − 2Ψ(𝑁)| ≤ 𝐾𝜀,𝛿,0

(
Ψ1

1/2
(𝑁 ) log

3/2+𝜀

Ψ1(𝑁 ) +

1

2)
,
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where by Lemma 2.2.8, with 𝜓0
∶= 𝜓(1) > 0, we have that,

𝐾𝜀,𝛿,0 ∶=

4

log
2𝜀/3

(𝜓0 + 2) (

log 4

log 3)

1+𝜀

(
4 +

1 + 𝜀

log 3

+

1

4 log
1+𝜀

4)

≤ 26(𝜀 + 1)
(

log 4

log 3 log
2/3

2)

𝜀

≤ 26(𝜀 + 1)1.75
𝜀
, (2.27)

Ψ1(𝑁 ) ∶=

𝑁

∑

𝑛=1

(
𝑑
∗
(𝑛) + 2𝐿(𝑛)𝐿2(𝑛) +

(
1 −

𝛷(𝑛)

𝑛 )
Ψ(𝑛)

)
𝜓(𝑛)

≤

𝑁

∑

𝑛=1

𝑑
∗
(𝑛)𝜓(𝑛) + 42.6Ψ(𝑁)𝐿(𝑁 )𝐿2(𝑁 ).

Note that for any 𝑁 ∈ ℕ,

𝑁

∑

𝑛=1

𝑑
∗
(𝑛)𝜓(𝑛) =

𝑁

∑

𝑛=1

𝜓(𝑛) ∑

𝑑 | 𝑛, 𝑑≤Γ(𝑛)

1 =

Γ(𝑁 )

∑

𝑑=1

𝑁/𝑑

∑

𝑛=1

𝜓(𝑘𝑑)

≤ ∑

𝑑≤Γ(𝑁)

Ψ(𝑁)

𝑑

≤ Ψ(𝑁) log (3Γ(𝑁 )) = Ψ(𝑁)𝐿(𝑁 )

≤

1

log (2 log 3)

Ψ(𝑁)𝐿(𝑁 )𝐿2(𝑁 ).

Thus,

Ψ1(𝑁 ) ≤
(
42.6 +

1

log (2 log 3))
Ψ(𝑁)𝐿(𝑁 )𝐿2(𝑁 ) < 44Ψ(𝑁)𝐿(𝑁 )𝐿2(𝑁 ),

and taking

𝜓
′

0
= Ψ1(1) ≤ 44𝜓(1) log (3(𝜓

2
(1) + 1)) log (2 log (3(𝜓

2
(1) + 1))) ≤ 28.268;

we have that

Ψ1

1/2
(𝑁 ) log

3/2+𝜀

Ψ1(𝑁 ) +

1

2

≤

𝜓
′

0

1/2

log
3/2+𝜀

𝜓
′

0
+ 1/2

𝜓0

1/2

log
2+𝜀

(𝜓0 + 1)

Ψ
1/2

(𝑁 ) log
2+𝜀

(Ψ(𝑁 ) + 1)

≤

33(4)
𝜀

𝜓0

1/2

log
2+𝜀

(𝜓0 + 1)

Ψ
1/2

(𝑁 ) log
2+𝜀

(Ψ(𝑁 ) + 1).
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Hence, by the triangle inequality, (2.26), and the upper bound of 𝐾𝜀,𝛿,0 in (2.27),

|𝑆(𝛼, 𝑁 ) − 2Ψ(𝑁)| ≤ |𝑆(𝛼, 𝑁 ) − 𝑆
∗
(𝛼, 0, 𝑁 )| + |𝑆

∗
(𝛼, 0, 𝑁 ) − 2Ψ(𝑁)|

≤ 16𝐿
2
(𝑁 ) +

33(4)
𝜀
𝐾𝜀,𝛿,0

𝜓0

1/2

log
2+𝜀

(𝜓0 + 1)

Ψ
1/2

(𝑁 ) log
2+𝜀

(Ψ(𝑁 ) + 1)

≤
(

16(log (3𝜓0

2

+ 3))
2

𝜓0

1/2

log
2+𝜀

(𝜓0 + 1)

+

33(4)
𝜀
𝐾𝜀,𝛿,0

𝜓0

1/2

log
2+𝜀

(𝜓0 + 1))
Ψ

1/2
(𝑁 ) log

2+𝜀

(Ψ(𝑁 ) + 1)

≤

28 + 33(4)
𝜀
𝐾𝜀,𝛿,0

𝜓0

1/2

log
2+𝜀

(𝜓0 + 1)

Ψ
1/2

(𝑁 ) log
2+𝜀

(Ψ(𝑁 ) + 1)

≤ 𝐾𝜀,𝛿Ψ
1/2

(𝑁 ) log
2+𝜀

(Ψ(𝑁 ) + 1).

The proof of Theorem 2.2.3 is completed.



Chapter 3

Effective Aistleitner–Borda–Hauke

In this chapter, we provide an effective version of the Aistleitner–Borda–Hauke Theorem

(Theorem 1.3.2). Our approach builds upon the following result.

Theorem 3.0.1 (L.–Scoones, 2024; [29, Theorem 4]). Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose (1.14)

diverges. Then for any 𝐶 > 0, there exists a measurable 𝐸𝐶, 𝛿 ⊂ [0, 1) such that  (𝐸𝐶, 𝛿) < 𝛿, and

for any 𝑥 ∈ [0, 1) ⧵ 𝐸𝐶, 𝛿 and 𝑄 ∈ ℕ, if Ψ∗
(𝑄) ≥ 3 then

|𝑆
∗
(𝑥, 𝑄) − Ψ(𝑄)| ≤ max

{

𝑘𝐶, 𝛿

2

,

2𝑒Ψ(𝑄) + 1

(logΨ (𝑄))
𝐶
+

1

2

}

,

where  is the Lebesgue measure, 𝑆∗(𝑥, 𝑄) is given in (1.21), Ψ(𝑄) ∶= 2∑
𝑄

𝑞=1
𝜓(𝑞)𝜑(𝑞)/𝑞, and

𝑘𝐶, 𝛿 is given by

𝑘𝐶, 𝛿 ∶= min

{

𝑘 ∈ ℕ ∶ 𝑘
−

√

𝐶/2

(
1 +

2𝑘

√

𝐶 − 2)
𝐿(𝐶) < 𝛿

}

, (3.1)

and 𝐿(𝐶) is a constant obtained by finding an explicit bound such that as 𝑄 → +∞,

|
|
|
|
|

∑

𝑞≤𝑄

∑

𝑟≤𝑄

(𝐴𝑞 ∩ 𝐴𝑟) − (Ψ(𝑄))
2

|
|
|
|
|

≤ 𝐿(𝐶)

(Ψ(𝑄))
2

log
𝐶

Ψ(𝑄)

,

where for any 𝑞 ∈ ℕ,

𝐴𝑞 ∶=

𝑞

⋃

𝑝=0

gcd (𝑝,𝑞)=1

{

𝑥 ∈ [0, 1) ∶

|
|
|
|

𝑥 −

𝑝

𝑞

|
|
|
|

<

𝜓(𝑞)

𝑞

}

. (3.2)

67
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To establish an effective version of Aistleitner–Borda–Hauke Theorem, we remain to give

an explicit expression of 𝐿(𝐶), and it is our main subject in Section 3.1.

3.1 Results

We now state the main theorems of this chapter.

Theorem 3.1.1. Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose (1.14) diverges. Then for any 𝐶 > 0 and

𝛿 > 0, there exists 𝐾𝐶,𝛿 > 0 and a measurable 𝐸𝐶,𝛿 ⊂ [0, 1) such that (𝐸𝐶,𝛿) < 𝛿 and for any

𝑥 ∈ [0, 1) ⧵ 𝐸𝐶,𝛿 and 𝑄 ∈ ℕ, if Ψ(𝑄) > 3 then

|
|
|
𝑆
∗

𝜓,𝑥
(𝑄) − Ψ(𝑄)

|
|
|
≤ 𝐾𝐶,𝛿

Ψ(𝑄)

log
𝐶

Ψ(𝑄)

,

where  is the Lebesgue measure, 𝑆∗(𝑥, 𝑄) is given in (1.21), and Ψ(𝑄) ∶= 2∑
𝑄

𝑞=1
𝜓(𝑞)𝜑(𝑞)/𝑞.

Theorem 3.1.1 is a direct corollary of the following, which gives an explicit bound for the

constant.

Theorem 3.1.2. Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose (1.14) diverges. Then for any 𝐶 > 10 and

𝛿 > 0, there exists measurable 𝐸𝐶,𝛿 ⊂ [0, 1) such that (𝐸𝐶,𝛿) < 𝛿 and for any 𝑥 ∈ [0, 1) ⧵ 𝐸𝐶,𝛿

and 𝑄 ∈ ℕ, if Ψ(𝑄) > 3 then

|
|
|
𝑆
∗

𝜓,𝑥
(𝑄) − Ψ(𝑄)

|
|
|
≤ max

{

𝑘𝐶, 𝛿

2

,

2𝑒Ψ(𝑄) + 1

log
𝐶

Ψ(𝑄)

+

1

2

}

,

where 𝑘𝐶,𝛿 is given in (3.1), and

𝐿(𝐶) ∶= max
(

𝑄𝐶
2
/(Ψ(𝑄𝐶))

2
− 1

log
𝐶

Ψ(𝑄𝐶)

, 10
10

10
45

(59𝐶)
74.1𝐶

)
,

𝑄𝐶 ∶= min {𝑄 ∈ ℕ ∶ Ψ(𝑄) ≥ exp exp (𝐶 + 1)}.

We provide a detailed proof of Theorem 3.1.2 in Section 3.2.
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3.2 Proofs

To prove Theorem 3.1.2, we revisit the approach used to establish the Aistleitner–Borda–

Hauke Theorem (Theorem 1.3.2) in [2], and we provide effective versions for all intermediate

results.

Throughout this section, unless otherwise specified, any 𝑝 denotes a prime number. Let

 ⊂ ℙ be a set of finite primes, and let 𝑑 ∈ ℕ. We write (𝑑,) = 1 if 𝑑 has no prime factors

in  , and 𝑑 ∣  if 𝑑 is square-free and all prime factors of 𝑑 lie in  ; equivalently,

𝑑
|
|
|

∏
𝑝∈

𝑝 .

For 𝑛, 𝑑, 𝑘 ∈ ℕ, we say that 𝑛 is exactly divisible by 𝑑𝑘, denoted 𝑑𝑘 || 𝑛, if 𝑑𝑘 ∣ 𝑛 and 𝑑𝑘+1 ∤ 𝑛,

i.e., 𝑘 is the largest exponent such that 𝑑𝑘 ∣ 𝑛.

Let 𝜇 ∶ ℕ → {−1, 0, 1} denote the Möbius function, and Λ ∶ ℕ → ℝ the von Mangoldt

function, defined by

Λ(𝑛) ∶=

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

log 𝑝, if 𝑛 = 𝑝
𝑘 for some 𝑘 ∈ ℕ and 𝑝 ∈ ℙ;

0, otherwise.

Let 𝜗 ∶ ℝ
+
→ ℝ

+ be the first Chebyshev function, defined by for any 𝑥 > 0,

𝜗(𝑥) ∶= ∑

𝑝≤𝑥

log 𝑝.

A function 𝑓 ∶ ℕ → ℂ is multiplicative if 𝑓 (1) = 1 and, for all 𝑎, 𝑏 ∈ ℕ with gcd(𝑎, 𝑏) = 1,

we have 𝑓 (𝑎𝑏) = 𝑓 (𝑎)𝑓 (𝑏). The Dirichlet convolution of two functions 𝑓 , 𝑔 ∶ ℕ → ℂ is

defined as

(𝑓 ∗ 𝑔)(𝑛) ∶= ∑

𝑑∣𝑛

𝑓 (𝑑)𝑔(𝑛/𝑑).
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We define the following standard arithmetic functions: for 𝑛 ∈ ℕ,

𝜏(𝑛) ∶= #{𝑑 ∈ ℕ ∶ 𝑑 ∣ 𝑛},

𝜔(𝑛) ∶= #{𝑝 ∈ ℙ ∶ 𝑝 ∣ 𝑛},

Ω(𝑛) ∶= ∑

𝑝
𝑘
|| 𝑛

𝑘 ≤ log
2
𝑛.

For 𝑘 ∈ ℕ, define 𝜏𝑘 ∶ ℕ → ℕ by

𝜏𝑘(𝑛) ∶= #

{

(𝑑1, 𝑑2, … , 𝑑𝑘) ∈ ℕ
𝑘
∶ 𝑑1𝑑2 ⋯𝑑𝑘 = 𝑛

}

. (3.3)

Define 𝐷 ∶ ℕ
2
→ [0,∞) by, for any 𝑞, 𝑟 ∈ ℕ,

𝐷(𝑞, 𝑟) ∶=

max (𝑟𝜓(𝑞), 𝑞𝜓(𝑟))

gcd (𝑞, 𝑟)

≤

max (𝑞, 𝑟)

2

. (3.4)

3.2.1 Effective [2, Lemma 3]

Since [2, Lemma 3] is deduced from [24, Theorems 18.11 & 19.1], obtaining an effective

version requires revisiting these results, both of which are applications of Brun’s sieve in

prime number theory. By carefully tracing the proof of those results and making all implicit

estimates explicit, we can establish an effective version of [2, Lemma 3].

To facilitate the arguments that follow, we briefly recall some key concepts of sieve theory

as presented in [24]. Let  = (𝑎𝑛)𝑛∈ℕ ⊂ [0, +∞) be a summable sequence, and let  be a finite

set of primes, with ∑
𝑛∈ℕ

𝑎𝑛 < ∞. A central problem in sieve theory is to estimate the following

sum:

𝑆(,) ∶= ∑

(𝑛,)=1

𝑎𝑛.

The definition is motivated by a simpler setting. Let  ⊂ ℕ be a subset. Define a sequence

(𝑎𝑛)𝑛∈ℕ by for any 𝑛 ∈ ℕ,

𝑎𝑛 ∶=

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

1, if 𝑛 ∈ ;

0, if 𝑛 ∈ ℕ ⧵.
(3.5)
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In this case, 𝑆(,) = #{𝑎 ∈  ∶ (𝑎,) = 1} counts the integers in  not divisible by any

prime in  . For example, let 𝑁
∶= {𝑝 + 2 ∶ 𝑝 ≤ 𝑁} and 𝑁 ∶= {𝑝 ∶ 𝑝 ≤

√

𝑁 + 2}. The twin

prime conjecture is equivalent to asserting that 𝑆(𝑁 ,𝑁 ) > 0 for infinitely many 𝑁 .

The sequence (𝑎𝑛)𝑛∈ℕ defined in (3.5) is simply the characteristic sequence of  ⊂ ℕ. By

allowing 𝑎𝑛 to take non-negative real values, interpreted as weights, the framework gener-

alises naturally to non-negative sequences  = (𝑎𝑛)𝑛∈ℕ.

By Möbius inversion, we have that

𝑆(,) = ∑

𝑛∈ℕ

𝑎𝑛 ∑

𝑑∣(𝑛,)

𝜇(𝑑) = ∑

𝑑∣
𝜇(𝑑)𝐴𝑑 ,

where for any 𝑑 ∈ ℕ,

𝐴𝑑 ∶= ∑

𝑚∈ℕ

𝑎𝑚𝑑 .

The study of 𝑆(,) is generally based on a framework built around a set of widely ac-

cepted assumptions. Some reference (see [24]) refer to these assumptions as ‘axioms’, although

this term may not be entirely accurate. Unlike formal understanding of mathematical axioms,

which are absolute and universally accepted as true statements, these ‘axioms’ are more prac-

tical guidelines observed to hold in many examples and applications. While they are useful

for structuring research and problem-solving, they do not possess the absolute rigidity and

universal validity of true mathematical axioms.

The following three key assumptions, that we refer as ‘axioms’, are particularly relevant

for our purpose.

Axiom 1 (Generalisation of the Kubilius Model). Let  be a summable sequence of non-

negative real numbers, and  be a finite subset of ℙ. There exists a multiplicative 𝜈 ∶ ℙ → ℝ
+,

a real number 𝑋 and a family of sequences of reminders (𝑟𝑑)𝑑∣ = (𝑟𝑋,𝑑)𝑑∣ such that for any

𝑝 ∈  , 𝜈(𝑝) < 𝑝; and for any 𝑑 ∣  ,

𝐴𝑑 =

𝜈(𝑑)

𝑑

⋅ 𝑋 + 𝑟𝑑 . (3.6)

Axiom 2 (Sifting Dimension). There exist 𝜅 ≥ 0 and 𝐶 > 0 such that for any 3/2 ≤ 𝑦1 ≤ 𝑦2 ≤
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max ,

∏

𝑝∈∩(𝑦1,𝑦2]

(
1 −

𝜈(𝑝)

𝑝 )

−1

≤
(
1 +

𝐶

log 𝑦1)(

log 𝑦2

log 𝑦1)

𝜅

. (3.7)

Axiom 3 (The Level of Distribution). There exist 𝐴 > 0, 𝑘 ∈ ℕ and 𝐷 ≥ 1 such that

∑

𝑑≤𝐷,𝑑∣
𝜏𝑘(𝑑) ⋅ |𝑟𝑑 | ≤

𝑋

log
𝐴

𝑋

,

where 𝜏𝑘 is defined in (3.3).

With the concept and notion above, we now state the following is an effective version of

[24, Theorem 19.1], one important lemma of sieve theory.

Proposition 3.2.1 (Effective version of [24, Theorem 19.1]). Let 𝜅 > 0, 𝐶 ≥ 1, 𝑦 ≥ 1 and

 ⊂ {𝑝 ∈ ℙ ∶ 𝑝 ≤ 𝑦}. There exists 𝐷0 = 𝐷0(𝜅, 𝐶) ∈ ℕ and 𝜆−, 𝜆+ ∶ ℕ → ℂ such that 𝐷0 > 𝑒
210

and for any 𝑢 ≥ max {𝑢𝜅, log𝐷0/ log 𝑦}, where

𝑢𝜅 ∶= 1 +

2

𝑒
0.53/𝜅

− 1

< 1 + 3.78𝜅, (3.8)

all of the following hold:

1. For any 𝜆 ∈ {𝜆
−
, 𝜆

+
}, 𝜆(1) = 1, |𝜆| ≤ 1 and supp(𝜆) ⊂ {𝑑 ∈ ℕ ∶ 𝑑 ∣  and 𝑑 ≤ 𝐷}, where

𝐷 ∶= 𝑦
𝑢.

2. For any 𝑛 ∈ ℕ,

(1 ∗ 𝜆
−
)(𝑛) ≤ 𝜒(𝑛,)=1 ≤ (1 ∗ 𝜆

+
)(𝑛). (3.9)

3. Let 𝜈 ∶ ℕ → ℂ be multiplicative. Suppose Axiom 2 (3.7) holds and for any 𝑝 ∈  ,

0 ≤ 𝜈(𝑝) < 𝑝. Then

0.011∏

𝑝∈
(
1 −

𝜈(𝑝)

𝑝 )
≤ ∑

𝑑∣

𝜆
−
(𝑑)𝜈(𝑑)

𝑑

≤ ∑

𝑑∣

𝜆
+
(𝑑)𝜈(𝑑)

𝑑

≤ 4.9∏

𝑝∈
(
1 −

𝜈(𝑝)

𝑝 )
;

(3.10)
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and for any 𝜆 ∈ {𝜆
−
, 𝜆

+
},

|
|
|
|
|

∑
𝑑∣ 𝜆(𝑑)𝜈(𝑑)/𝑑

∏
𝑝∈ (1 − 𝜈(𝑝)/𝑝)

− 1

|
|
|
|
|

≤ 𝐿19.1(𝜅, 𝐶)𝑢
−𝑢/2

, (3.11)

where

𝐿19.1(𝜅, 𝐶) ∶=

4

3

exp
(

2278125𝜅
6

2𝑒 )
. (3.12)

Proof. Define 𝜀, 𝑢∗, 𝛼, 𝐽 , 𝑦∗ and 𝐷0 by the following

𝜀 ∶= min
(

2

exp (0.53/𝜅) − 1

−

2

exp (0.53001/𝜅) − 1

,

3

4

𝜅, 1
)
;

𝑢
∗
∶= max

(
𝜀 + 1 +

2

exp (0.53001/𝜅) − 1

, 30𝜅, 40
)

≥ 𝑢𝜅;

𝛼 ∶=

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

exp (−0.53001/𝜅), if 𝑢 ≤ 𝑢
∗
;

exp (−5/𝑢), if 𝑢 > 𝑢∗;
;

𝐽 ∶=

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

0, if 𝑢 ≤ 𝑢
∗
;

⌈3𝑢/10⌉, if 𝑢 > 𝑢∗;
;

𝑦
∗
∶= exp

(

2

𝜀

𝑒
𝐶/𝜀

)
≥ 𝑒

2𝑒
> 229;

𝐷0
∶= ∏

𝑝≤𝑦
∗

𝑝 > 𝑒
210
.

The proof of this proposition is separated into two cases: 𝑦 ≤ 𝑦
∗ and 𝑦 ≥ 𝑦

∗.

Suppose we are in the case that 𝑦 ≤ 𝑦
∗. Define 𝜆−, 𝜆+ ∶ ℕ → ℝ by for any 𝑑 ∈ ℕ,

𝜆
−
(𝑑) = 𝜆

+
(𝑑) ∶= 𝜇(𝑑)𝜒𝑑∣ .

We have trivially that, for any 𝜆 ∈ {𝜆
−
, 𝜆

+
},

∑

𝑑∣

𝜆(𝑑)𝜈(𝑑)

𝑑

= ∏

𝑝∈
(
1 −

𝜈(𝑝)

𝑝 )
;
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and for any 𝑑 ∈ supp(𝜆),

𝑑 ≤ max ≤ 𝑦 ≤ 𝑦
∗
≤ ∏

𝑝≤𝑦
∗

𝑝 ≤ 𝐷0 ≤ 𝐷.

The proof follows in this case.

In the rest of the proof, we focus on the case that 𝑦 ≥ 𝑦
∗. Define

D+
∶=

{

𝑑 = 𝑝1 ⋯𝑝𝑟 ∈ ℕ ∶ (𝑝1, ⋯ , 𝑝𝑗) ∈ ∏
𝑗
, for any odd 𝑗 ≤ 𝑟, for any 𝑘, 𝑝𝑘 ∈ 

}

,

D−
∶=

{

𝑑 = 𝑝1 ⋯𝑝𝑟 ∈ ℕ ∶ (𝑝1, ⋯ , 𝑝𝑗) ∈ ∏
𝑗
, for any even 𝑗 ≤ 𝑟, for any 𝑘, 𝑝𝑘 ∈ 

}

,

where for any 𝑗 ∈ ℕ,

∏
𝑗
∶=

{

(𝑝1, … , 𝑝𝑗) ∈  𝑗
∶ 𝑝1 > ⋯ > 𝑝𝑗 , 𝑝𝑗 ≤ 𝑦𝑗

}

,

and define 𝑤, 𝐾 and 𝑦𝑖 by

𝑤 ∶=

𝜀 log 𝑦

2

∈ (2, 𝑦],

𝐾 ∶= max

{

𝑘 ∈ ℤ ∶ 𝑦
𝛼
𝑘−𝐽

≥ 𝑤

}

,

𝑦2𝑗−1 ∶= 𝑦2𝑗 ∶=

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

𝑦 𝑗 ≤ 𝐽

𝑦
𝛼
𝑗−𝐽

𝐽 < 𝑗 ≤ 𝐾

𝑤 𝑗 > 𝐾

.

Define 𝜆−, 𝜆+ ∶ ℕ → ℝ by for any 𝑑 ∈ ℕ,

𝜆
−
(𝑑) ∶= 𝜇(𝑑)𝜒𝑑∈D− ,

𝜆
+
(𝑑) ∶= 𝜇(𝑑)𝜒𝑑∈D+ .

To establish the first part of the proposition, it suffices to verify that D±
⊂ [1, 𝐷]. Suppose

𝑑 = 𝑝1 ⋯𝑝𝑠𝑑0 ∈ D−, for some 𝑠 ∈ ℕ, 𝑝𝑘 ∈  such that 𝑝1 > 𝑝2 > ⋯ > 𝑝𝑠 > 𝑤 and

𝑑0

|
|
|

∏
𝑝∈∩[2,𝑤]

𝑝 . (3.13)
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Then 𝑝1, ⋯ , 𝑝2𝐽+1 ≤ 𝑦 and for any 𝑗 ≥ 𝐽 + 1, 𝑝2𝑗+1 ≤ 𝑝2𝑗 ≤ 𝑦2𝑗 . An estimate in [43] gives that

for any 𝑥 > 0, ∑
𝑝≤𝑥

log 𝑝 < 1.000028𝑥; we have that,

𝑑0 ≤ ∏

𝑝≤𝑤

𝑝 = exp∑

𝑝≤𝑤

log 𝑝 ≤ exp (1.000028𝑤) = 𝑦
1.000028𝜀/2

≤ 𝑦
𝜀
.

By the definitions of 𝜀, 𝑢∗, 𝛼 and 𝐽 , we have that,

log 𝑑

log 𝑦

≤

log 𝑑0

log 𝑦

+ 2𝐽 + 1 + 2 ∑

𝑗≥𝐽+1

𝛼
𝑗−𝐽

≤ 𝜀 + 2𝐽 + 1 +

2

𝛼
−1

− 1

≤ 𝑢.

Hence 𝑑 ≤ 𝑦
𝑢
= 𝐷 and 𝑑 ∈ D−

⊂ [1, 𝐷].

Similarly, for any 𝑑 = 𝑝1 ⋯𝑝𝑠𝑑0 ∈ D+, for some 𝑠 ∈ ℕ, 𝑝𝑘 ∈  such that 𝑝1 > 𝑝2 >

⋯ > 𝑝𝑠 > 𝑤, so that (3.13) holds. Then 𝑑0 ≤ 𝑦
𝜀 , 𝑝1, … , 𝑝2𝐽 ≤ 𝑦 and for any 𝑗 ≥ 𝐽 + 1,

𝑝2𝑗 ≤ 𝑝2𝑗−1 ≤ 𝑦2𝑗−1. By the definitions of 𝜀, 𝑢∗, 𝛼 and 𝐽 , we have that

log 𝑑

log 𝑦

≤ 𝜀 + 2𝐽 + 2 ∑

𝑗≥𝐽+1

𝛼
𝑗−𝐽

≤ 𝑢.

Hence 𝑑 ≤ 𝑦
𝑢
= 𝐷 and 𝑑 ∈ D+

⊂ [1, 𝐷]. The first part of the proposition is established.

Define −
∶ ℕ → ℕ by for any 𝑛 ∈ ℕ,

−
(𝑛) ∶=

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

min {𝑝 ∈  ∶ 𝑝 ∣ 𝑛}, if (𝑛,) > 1;

1, if (𝑛,) = 1;

.

Pick any 𝑛 ∈ ℕ. By applying [24, (19.1)] to  ∶= (𝑎𝑘 = 𝜒{𝑛})𝑘∈ℕ, we have

𝑆(,) ∶= ∑

(𝑘,)=1

𝑎𝑘 = 𝜒(𝑛,)=1 = 1 −∑

𝑝∈
𝜒𝑝∣𝑛𝜒−

(𝑛/𝑝)≥𝑝.

By [24, (19.2) & (19.4)],

(1 ∗ 𝜆
−

) (𝑛) = ∑

𝑑∈D−

𝜇(𝑑)𝐴𝑑 ≤ 𝑆(,) = 𝜒(𝑛,)=1 ≤ ∑

𝑑∈D+

𝜇(𝑑)𝐴𝑑 (1 ∗ 𝜆
+

) (𝑛),

as by [24, (18.2)] we have that for any 𝑑 ∈ ℕ,

𝐴𝑑 = ∑

𝑘≡0 mod 𝑑

𝑎𝑘 = ∑

𝑘∈ℕ

𝑎𝑘𝑑 = 𝜒𝑑∣𝑛.
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The second part of the proposition is established.

We now prove (3.10). Define 𝛽 ∶= −𝜅 log 𝛼 and 𝑉 ∶ (2, +∞) → ℝ
+ by for any 𝑧 > 2,

𝑉 (𝑧) ∶= ∑

𝑑∣∩[2,𝑧)

𝜇(𝑑)𝜈(𝑑)

𝑑

= ∏

𝑝∈
𝑝<𝑧

(
1 −

𝜈(𝑝)

𝑝 )
> 0.

Since for any ℎ ∈ {0, 1} and 𝑗 > 𝐽 , 𝑦2𝑗−ℎ = max (𝑦
𝛼
𝑗−𝐽

, 𝑤). Then (3.7) and 𝑦 ≥ 𝑦
∗ imply that

𝑉 (𝑦2𝑗−ℎ)

𝑉 (𝑦)

= ∏

𝑝∈∩(𝑦2𝑗−ℎ,𝑦]

(
1 −

𝜈(𝑝)

𝑝 )

−1

≤
(
1 +

𝐶

log𝑤)
𝛼
−𝜅(𝑗−𝐽 )

≤ exp ((𝑗 − 𝐽 )𝛽 + 𝜀). (3.14)

By taking log on the above and the fact that 𝜈(𝑝)/𝑝 ≤ − log (1 − 𝜈(𝑝)/𝑝), we have that for

any 𝑗 > 𝐽 and ℎ ∈ {0, 1},

∑

𝑝∈∩(𝑦2𝑗−ℎ,𝑦]

𝜈(𝑝)

𝑝

≤ (𝑗 − 𝐽 )𝛽 + 𝜀. (3.15)

Let 𝑑 ∈ ℕ. Suppose 𝑑 ∣  and 𝑑 ∈ ℕ ⧵ D+. Write 𝑑 = 𝑝1⋯𝑝𝑟 . There exists a unique 𝑗 > 𝐽

such that 𝑝2𝑗−1 > 𝑦2𝑗−1 and for any 1 ≤ 𝑘 < 𝑗 , 𝑝2𝑘−1 ≤ 𝑦2𝑘−1. Thus, there exists a unique 𝑑′ ∈ ℕ

and strictly decreasing 𝑝1, … , 𝑝2𝑗−1 ∈  such that 𝑑 = 𝑝1 ⋯𝑝2𝑗−1𝑑
′ and

𝑑
′ |
|
|

∏
𝑝∈∩[2,𝑝2𝑗−1)

𝑝 .

Since 𝜇(𝑑) = −𝜇(𝑑
′
) and 𝜈 is multiplicative, we have that

𝑉 (𝑦) −∑

𝑑∣

𝜆
+
(𝑑)𝜈(𝑑)

𝑑

= −∑

𝑗>𝐽

𝑉2𝑗−1,

𝑉 (𝑦) −∑

𝑑∣

𝜆
−
(𝑑)𝜈(𝑑)

𝑑

= ∑

𝑗>𝐽

𝑉2𝑗 ,

where for any 𝑚 ∈ ℕ,

𝑉𝑚 ∶= ∑

𝑦𝑚<𝑝𝑚<⋯<𝑝1≤𝑦, 𝑝1,…,𝑝𝑚∈
𝑝𝑖≤𝑦𝑖, (𝑖<𝑚,𝑖≡𝑚 mod 2)

𝜈(𝑝1) ⋯ 𝜈(𝑝𝑚)

𝑝1 ⋯𝑝𝑚

𝑉 (𝑝𝑚).
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Pick any 𝑚 > 2𝐽 . Since 𝜈 ≥ 0 and for any 𝑝𝑚 > 𝑦𝑚, 0 ≤ 𝑉 (𝑝𝑚) ≤ 𝑉 (𝑦𝑚); we have that

0 ≤ 𝑉𝑚 ≤ 𝑉 (𝑦𝑚) ∑

𝑦𝑚<𝑝𝑚<⋯<𝑝1≤𝑦,

𝑝1,…,𝑝𝑚∈

𝜈(𝑝1) ⋯ 𝜈(𝑝𝑚)

𝑝1 ⋯𝑝𝑚

.

There are 𝑚! ways to permute primes 𝑝1, … , 𝑝𝑚, we have

𝑉𝑚 ≤

𝑉 (𝑦𝑚)

𝑚!

∑⋯∑

𝑝1,…,𝑝𝑚∈∩(𝑦𝑚,𝑦]

distinct

𝜈(𝑝1) ⋯ 𝜈(𝑝𝑚)

𝑝1 ⋯𝑝𝑚

≤

𝑉 (𝑦𝑚)

𝑚! (

∑

𝑝∈

𝜈(𝑝)

𝑝 )

𝑚

.

Pick any ℎ ∈ {0, 1}, 𝑗 > 𝐽 and 𝑚 = 2𝑗 − ℎ. By (3.14) and (3.15), we have that

𝑉2𝑗−ℎ ≤ 𝑉 (𝑦)

𝑒
(𝑗−𝐽 )𝛽+𝜀

((𝑗 − 𝐽 )𝛽 + 𝜀)
(2𝑗−ℎ)

(2𝑗 − ℎ)!

.

By summing the above inequality for any 𝑙 ∈ ℕ,

∑

𝑗>𝐽

𝑉2𝑗−ℎ ≤ 𝑉 (𝑦)

∞

∑

𝑙=1

𝑒
𝛽𝑙+𝜀

(𝛽𝑙 + 𝜀)
(2𝐽−2𝑙−ℎ)

(2𝐽 + 2𝑙 − ℎ)!

.

From the definitions, we have 𝛽𝑙 + 𝜀 ≤ 0.53002𝑙. Also, we can observe that each term in the

sum on the right-hand side of the previous inequality is decreasing in 𝐽 . Then

∑
𝑗>𝐽
𝑉2𝑗−ℎ

𝑉 (𝑦)

≤

∞

∑

𝑙=1

𝑒
0.53002𝑙

(0.53002𝑙)
2𝑙−ℎ

(2𝑙 − ℎ)!

≤

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

0.989, ℎ = 0

3.9, ℎ = 1

.

(3.10) is established.

We now prove (3.11). Note that 𝜀 ≤ 3𝜅/4 and 𝑢∗ ≥ 10max (3𝜅, 4); and that if 𝑢 ≥ 𝑢
∗, then

𝛽 = 5𝜅/𝑢 ≤ min (1/6, 𝜀/2) and 𝐽 = ⌈3𝑢/10⌉ ≥ 2𝜀/𝛽. Since for any 𝑛 ∈ ℕ ∪ {0}, 𝑛! ≥ (𝑛/𝑒)
𝑛.

Then

∑
𝑗>𝐽
𝑉2𝑗−ℎ

𝑉 (𝑦)

≤

∞

∑

𝑙=1

𝑒
𝛽𝑙+𝜀

(𝛽𝑙 + 𝜀)
(2𝐽−2𝑙−ℎ)

(2𝐽 − 2𝑙 − ℎ)!

≤

∞

∑

𝑙=1

(

𝑒
𝛽/2+1

(𝛽𝑙 + 𝜀)

2𝐽 + 2𝑙 − ℎ )

2𝐽−2𝑙−ℎ

.
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By 𝑒𝛽/2+1 ≤ 𝑒13/12 ≤ 3 and 𝛽𝑙 + 𝜀 ≤ 2max (𝛽𝑙, 𝜀), we have that,

𝑒
𝛽/2+1

(𝛽𝑙 + 𝜀)

2𝐽 + 2𝑙 − ℎ

≤

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

3𝜀/𝐽 , 𝑙 ≤ 𝜀/𝛽

3𝛽, 𝑙 > 𝜀/𝛽

≤

15𝜅

𝑢

.

Thus, for any 𝑢 ≥ 𝑢
∗
≥ 30𝜅,

∑
𝑗>𝐽
𝑉2𝑗−ℎ

𝑉 (𝑦)

≤

∞

∑

𝑙=1

(

15𝜅

𝑢 )

2𝐽+2𝑙−ℎ

≤

(15𝜅/𝑢)
2𝐽+1

1 − (1/4)
2

=

4

3 (

15𝜅

𝑢 )

2𝐽

≤

4

3 (

15𝜅

𝑢 )

3𝑢/5

≤

4

3

(15𝜅)
3𝑢/5
𝑢
−𝑢/10

𝑢
−𝑢/2

.

By standard methods in calculus, for any 𝑢 ≥ 1,

(15𝜅)
3𝑢/5
𝑢
−𝑢/10

≤ exp

(15𝜅)
6

10𝑒

.

As 𝑢−𝑢/2 is decreasing on (1/𝑒, +∞) ⊂ [1, +∞); (3.11) follows for any 𝑢 ≥ 𝑢𝜅.

We now state the following is an effective version of [2, Lemma 3], which is essentially

[24, Theorem 18.11(a)].

Proposition 3.2.2 (Effective version of [2, Lemma 3]). Let (𝑎𝑛)𝑛∈ℕ be a non-negative sequence,

 ⊂ ℙ be finite, 𝑃 ∶= ∏
𝑝∈ 𝑝, 𝑦 ∶= max and 𝐴𝑑 ∶= ∑

𝑛≡0 mod 𝑑
𝑎𝑛. Suppose Axioms 1 (3.6)

and 2 (3.7) are satisfied. Then, for any 𝑢 ≥ 1,

0 ≤ ∑

(𝑛,𝑃)=1

𝑎𝑛 ≤ (1 + 𝐿3(𝜅, 𝐶)𝑢
−𝑢/2

) 𝑋∏

𝑝∈
(
1 −

𝜈(𝑝)

𝑝 )
+ ∑

𝑑∣𝑃, 𝑑≤𝑦
𝑢

|𝑟𝑑 |,

where

𝐿3(𝜅, 𝐶) ∶=
(
1 +

𝐶

210)(
1 +

2

𝑒
0.53/𝜅

− 1)

𝜅

(𝑢𝜅
𝑢𝜅/2

+ 𝐿19.1(𝜅, 𝐶)) (3.16)

in which 𝑢𝑘 and 𝐿19.1(𝜅, 𝐶) are defined respectively in (3.8) and (3.12).

Proof. We first handle the case that 𝑢 ≥ 𝑢𝜅. Define the arithmetic functions 𝜆−, 𝜆+ ∶ ℕ → ℂ
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as in Proposition 3.2.1, and set

𝑅
±
∶= ∑

𝑑∣𝑃

𝜆
±
(𝑑)𝑟𝑑 , 𝑆(,) ∶= ∑

(𝑛,𝑃)=1

𝑎𝑛.

By (3.9),

𝑆(,) ≤

∞

∑

𝑛=1
(

𝑎𝑛∑

𝑑∣𝑛

𝜆
+
(𝑑)

)

.

Then

𝑋∑

𝑑∣𝑃

𝜆
−
(𝑑)𝜈(𝑑)

𝑑

+ 𝑅
−
≤ 𝑆(,) ≤ 𝑋∑

𝑑∣𝑃

𝜆
+
(𝑑)𝜈(𝑑)

𝑑

+ 𝑅
+
.

Since |𝜆
±
| ≤ 1 and supp(𝜆

±
) ⊂ {𝑑 ∣ 𝑃, 𝑑 ≤ 𝐷 ∶= 𝑦

𝑢
}; we have that

|𝑅
±
| ≤ ∑

𝑑∣𝑃, 𝑑≤𝐷

|𝑟𝑑 |.

This case follows by Proposition 3.2.1.

Now we handle the case that 1 ≤ 𝑢 ≤ 𝑢𝜅. Let 𝑧 = 𝐷
1/𝑢𝜅

≤ 𝑦 and ≤𝑧 =  ∩ [2, 𝑧]. By

Proposition 3.2.1.

0 ≤ 𝑆(,) ≤ 𝑆(,≤𝑧) ≤ (1 + 𝐿19.1(𝜅, 𝐶)𝑢𝜅
−𝑢𝜅/2

) 𝑋 ∏

𝑝∈≤𝑧

(
1 −

𝜈(𝑝)

𝑝 )
+ ∑

𝑑∣≤𝑧 , 𝑑≤𝑧

|𝑟𝑑 |

≤ (1 + 𝐿19.1(𝜅, 𝐶)𝑢
−𝑢/2

) 𝑋 ∏

𝑝∈≤𝑧

(
1 −

𝜈(𝑝)

𝑝 )
+ ∑

𝑑∣𝑃, 𝑑≤𝑦
𝑢

|𝑟𝑑 |.

By the assumptions of Axioms 1 and 2, and that 𝐷 > 𝑒210,

1 ≤

∏
𝑝∈≤𝑧

(1 − 𝜈(𝑝)/𝑝)

∏
𝑝∈(1 − 𝜈(𝑝)/𝑝)

≤
(
1 +

𝐶

log 𝑧)
(

𝑢𝜅

𝑢
)

𝜅

≤
(
1 +

𝐶

210)
𝑢𝜅

𝜅
=

(
1 +

𝐶

210)(
1 +

2

𝑒
0.53/𝜅

− 1)

𝜅

.

Therefore, the case follows by

𝑆(,) ≤ (1 + 𝐿19.1(𝜅, 𝐶)𝑢
−𝑢/2

)
(
1 +

𝐶

210)(
1 +

2

𝑒
0.53/𝜅

− 1)

𝜅

𝑋∏

𝑝∈
(
1 −

𝜈(𝑝)

𝑝 )
+ ∑

𝑑∣𝑃, 𝑑≤𝑦
𝑢

|𝑟𝑑 |.
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3.2.2 Effective [2, Lemma 4]

Let  be a set of odd primes. In [2, Lemma 4], the following multiplicative function

𝑓 ∶ ℕ → ℝ
+ is introduced:

𝑓 (𝑛) ∶= ∏

𝑝∣𝑛

𝑝∈

(
1 +

1

𝑝 − 2)
≥ 1,

with the convention that the empty product is equal to 1. The lemma shows that, for 𝑥 ≥ 2,

the partial sums of 𝑓 satisfy

∑

𝑛≤𝑥

𝑓 (𝑛) = 𝑥∏

𝑝∈
(
1 +

1

𝑝(𝑝 − 2))
+ 𝑂(log 𝑥).

To obtain an effective version, i.e. to make the implied constant in the error term explicit,

it is necessary to revisit [24, Theorem 14.2], one of the main tools in the proof. In this section,

we establish that for all 𝑥 ≥ 2,

|
|
|
|
|

∑

𝑛≤𝑥

𝑓 (𝑛) − 𝑥∏

𝑝∈
(
1 +

1

𝑝(𝑝 − 2))

|
|
|
|
|

≤ 10
10

39.1

log 𝑥.

The proof requires several classical estimates from analytic number theory, which we now

recall.

Proposition 3.2.3 (Mertens’ Second Estimate). For any 𝑥 ≥ 2,

0 < ∑

𝑝≤𝑥

1

𝑝

− log log 𝑥 ≤ 𝑐1 ∶=

1

2

− log log 2 = 0.866512920582… . (3.17)

Proposition 3.2.4 (Prime Zeta Function at 𝑠 = 2).

0 < 𝑐2 ∶= ∑

𝑝∈ℙ

1

𝑝
2
= 0.4522474200410654985065… <

1

2

. (3.18)

Proof. Refer to [9].
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Proposition 3.2.5 (Rosser–Barkley Upper Bound). For any 𝑥 > 0,

∑

𝑏≤𝑥

Λ(𝑏) ≤ 𝑐3𝑥,

where Λ is the second Chebyshev function, and

𝑐3 ∶=

log lcm (1, 2, 3, … , 113)

113

= 1.038820577609130… . (3.19)

Proof. Refer to [43].

Proposition 3.2.6. For any 𝑥 ≥ 2,

∏

𝑝≤𝑥

(
1 −

1

𝑝)

−1

≤ 𝑐4 log 𝑥,

where

𝑐4 ∶=

2

log 2

= 2.88539008178… .

Proof. By Proposition 3.2.3, for any 𝑥 ≥ 2,

log∏

𝑝≤𝑥

(
1 −

1

𝑝)

−1

= −∑

𝑝≤𝑥

log
(
1 −

1

𝑝)
≤ ∑

𝑝≤𝑥

1

𝑥

≤ log log 𝑥 +

1

2

− log log 2.

The following proposition is a refined version of [24, Exercise 1.6].

Proposition 3.2.7 (Effective Counting of Square-full Numbers). Let 𝑛 ∈ ℤ. 𝑛 is said to be

square-full if for any 𝑝 ∈ ℙ, if 𝑝 ∣ 𝑛 then 𝑝2
∣ 𝑛. For any 𝑥 ≥ 1,

1

2

√

𝑥 ≤ # {𝑛 ∈ ℕ ∶ 𝑛 ≤ 𝑥 is square-full.} ≤ 3

√

𝑥

Proof. We first establish a structural characterization: 𝑛 is square-full if and only if there exist

𝑎, 𝑏 ∈ ℤ such that 𝑛 = 𝑎
2
𝑏
3.

( ⟹ ). Let 𝑛 = 𝑝
𝑘1

1
⋯𝑝

𝑘𝑚

𝑚
be the prime factorization of 𝑛. Then each 𝑘𝑖 ≥ 2, there exists

𝑥𝑖, 𝑦𝑖 ∈ ℕ ∪ {0} such that 𝑘𝑖 = 2𝑥𝑖 + 3𝑦𝑖. Thus, 𝑛 = (𝑝
𝑥1

1
⋯𝑝

𝑥𝑚

𝑚
)
2

(𝑝
𝑦1

1
⋯𝑝

𝑦𝑚

𝑚
)
3.
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( ⟸ ). Pick any 𝑝 ∈ ℙ. Suppose 𝑝 ∣ 𝑎
2
𝑏
3. By Euclid Lemma, 𝑝 ∣ 𝑎 or 𝑝 ∣ 𝑏 . Thus 𝑝2

∣ 𝑎
2

or 𝑝2
∣ 𝑏

2; in any case, 𝑝2
∣ 𝑛.

For any 𝑥 ≥ 1, by estimating the area of the region bounded by 𝑎 ≥ 1, 𝑏 ≥ 1 and 𝑎2𝑏3
≤ 𝑥 ,

⌊

√

𝑥⌋ ≤ # {𝑛 ∈ ℕ ∶ 𝑛 ≤ 𝑥 is square-full.} =
∫

⌊

√

𝑥⌋

0
⌊

𝑥
1/3

⌈𝑎⌉
2/3 ⌋

𝑑𝑎 ≤ 𝑥
1/3

∫

√

𝑥

0

𝑑𝑎

𝑎
2/3

= 3

√

𝑥.

The following proposition is a refined version of the final expression of [24, Exercise 2.9f],

an asymptotic upper bound of 𝜏𝑘, as defined in (3.3).

Proposition 3.2.8 (Upper Bound of 𝜏𝑘). For any 𝑘 ∈ ℕ and 𝑛 ∈ ℕ, if 𝑘 ≥ 3 and 𝑛 ≥ 3 then

𝜏𝑘(𝑛) ≤ 𝑛
𝛽𝑘(𝑛)/ log log 𝑛

,

where

𝛽𝑘(𝑛) ∶=

(𝑘 − 1) log (2 log 𝑛 + 1)

(log log 𝑛)
1.01

+

2 log 𝑘

(log log 𝑛)
2

≤ 𝛼𝑘 ∶=

13(𝑘 − 1) + 2 log 𝑘

(log log 𝑛)
2

. (3.20)

Proof. Let 𝑘 ∈ ℕ. We first note that 𝜏𝑘 = 1 ∗ 1 ∗ ⋯ ∗ 1 (the 𝑘-fold Dirichlet convolution of

the constant function 1), hence 𝜏𝑘 is multiplicative.

For any 𝑝 ∈ ℙ and 𝑎 ∈ ℕ, if there exists (𝑑1, 𝑑2, … , 𝑑𝑘) ∈ ℕ
𝑘 such that 𝑝𝑎 = 𝑑1𝑑2 ⋯𝑑𝑘, then

by 𝑝 being a prime, for any 𝑖 = {1, 2, … , 𝑘}, there exists 𝑒𝑖 ∈ ℕ ∪ {0} such that 𝑑𝑖 = 𝑝𝑒𝑖 . Thus,

we have that 𝑎 = 𝑒1 + 𝑒2 + ⋯ + 𝑒𝑘. By the stars-and-bars method, the number of solutions to

(𝑒1, 𝑒2, … , 𝑒𝑘), and hence the number of solutions to (𝑑1, 𝑑2, … , 𝑑𝑘), is exactly

𝜏𝑘(𝑝
𝑎
) =

(

𝑎 + 𝑘 − 1

𝑘 − 1 )
. (3.21)

Suppose 𝑘 ≥ 3. By the same setting as in the previous paragraph, for any 𝑖 ∈ {1, … , 𝑘 − 1}

and 𝑓𝑖 ∈ {0, 1, … , 𝑎}, 𝑎 = 𝑓1 + 𝑓2 +…+ 𝑓𝑘−1 + 𝑓𝑘, where 𝑓𝑘 ∶= 𝑎− (𝑓1 + 𝑓2 +…+ 𝑓𝑘−1) ∈ ℤ. Then,

𝜏𝑘(𝑝
𝑎
) ≤ (𝑎 + 1)

𝑘−1. By writing 𝑎 = ∑
𝑎

𝑗=1
1 and assigning each 1 into the one of the following
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𝑘 pairs of brackets:

𝑎 = (⋯) + (⋯) + ⋯ + (⋯);

in which, each 1 has 𝑘 choices to be put in; it generates an upper bound for 𝜏𝑘 by 𝜏𝑘(𝑝𝑎) ≤ 𝑘𝑎.

Therefore, by combining both upper bounds above, 𝜏𝑘(𝑝𝑎) ≤ min (𝑘
𝑎
, (𝑎 + 1)

𝑘−1

).

Pick any 𝑛 ∈ ℕ. Suppose 𝑛 ≥ 2. By the prime factorization of 𝑛,

𝑛 = 𝑝1
𝑎1
𝑝2
𝑎2
⋯𝑝𝑠

𝑎𝑠
,

and the multiplicative of 𝜏𝑘, it follows from the upper bounds above that

𝜏𝑘(𝑛) = 𝜏𝑘 (𝑝1
𝑎1
) 𝜏𝑘 (𝑝2

𝑎2
)⋯ 𝜏𝑘 (𝑝𝑠

𝑎𝑠
)

≤ min (𝑘
𝑎1
𝑘
𝑎2
⋯𝑘

𝑎𝑠
, (𝑎1 + 1)

𝑘−1
(𝑎2 + 1)

𝑘−1
⋯ (𝑎𝑠 + 1)

𝑘−1

)

= min (𝑘
𝑎1+𝑎2+⋯+𝑎𝑠

, ((𝑎1 + 1)(𝑎2 + 1)⋯ (𝑎𝑠 + 1))
𝑘+1

)

= min (𝑘
Ω(𝑛)
, (𝜏(𝑛))

𝑘−1

),

where Ω(𝑛) = ∑
𝑝
𝑘
|| 𝑛
𝑘, and 𝜏(𝑛) = #{𝑑 ∈ ℕ ∶ 𝑑 ∣ 𝑛}.

By the same setting as in the previous paragraph, without loss of generality, 𝑝0 ∶= 1 <

𝑝1 < 𝑝2 < ⋯ < 𝑝𝑠, and for any 𝑖 ∈ {1, 2, … , 𝑠}, 𝑎𝑖 ∈ ℕ. Pick any 𝑦 > 1. There exists a maximal

𝑟 ∈ {1, … , 𝑠} such that 𝑝𝑟−1 ≤ 𝑦. Thus,

𝑛 = 𝑝1
𝑎1
𝑝2
𝑎2
⋯𝑝𝑟−1

𝑎𝑟−1
𝑝𝑟
𝑎𝑟
𝑝𝑟+1

𝑎𝑟+1
⋯𝑝𝑠

𝑎𝑠
≥ 𝑦

𝑎𝑟+𝑎𝑟+1+⋯+𝑎𝑠
,

and we have that

𝑎𝑟 + 𝑎𝑟+1 + ⋯ + 𝑎𝑠 = ∑

𝑎∈ℕ, 𝑝∈ℙ

𝑝
𝑎
|| 𝑛, 𝑝>𝑦

𝑎 ≤

log 𝑛

log 𝑦

.

Pick any 𝑛 ∈ ℕ and 𝑦 > 1. Suppose 𝑛 ≥ 2. By the previous upper bounds in the proof,

𝜏𝑘(𝑛) ≤ ∏

𝑎∈ℕ, 𝑝∈ℙ

𝑝
𝑎
|| 𝑛, 𝑝≤𝑦

(𝑎 + 1)
𝑘−1

∏

𝑎∈ℕ, 𝑝∈ℙ

𝑝
𝑎
|| 𝑛, 𝑝>𝑦

𝑘
𝑎
.
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Note that, by taking the logarithm on both factors,

log ∏

𝑎∈ℕ, 𝑝∈ℙ

𝑝
𝑎
|| 𝑛, 𝑝≤𝑦

(𝑎 + 1) = ∑

𝑎∈ℕ, 𝑝∈ℙ

𝑝
𝑎
|| 𝑛, 𝑝≤𝑦

log (𝑎 + 1) ≤ 𝑦 log (2 log 𝑛 + 1),

(if there exists 𝑟 ∈ ℕ such that 𝑎𝑟 > 2 log 𝑛, then 𝑛 > 𝑝𝑠2 log 𝑛 = 𝑛2 log 𝑝𝑠 > 𝑛1.38, is a contraction)

and by the previous paragraph,

log ∏

𝑎∈ℕ, 𝑝∈ℙ

𝑝
𝑎
|| 𝑛, 𝑝>𝑦

𝑘
𝑎
= log 𝑘 ∑

𝑎∈ℕ, 𝑝∈ℙ

𝑝
𝑎
|| 𝑛, 𝑝>𝑦

𝑎 ≤

log 𝑛

log 𝑦

log 𝑘.

Thus, it follows that for any 𝑛 ∈ ℕ and 𝑦 > 1,

𝜏𝑘(𝑛) ≤ (2 log 𝑛 + 1)
(𝑘−1)𝑦

𝑘
log 𝑛/ log 𝑦

; (3.22)

which is the main inequality for the proof.

Let 𝑘 ∈ ℕ. Suppose 𝑘 ≥ 3. Pick any 𝑛 ∈ ℕ. Suppose 𝑛 ≥ 3. By taking

𝑦𝑛 ∶=

log 𝑛

(log log 𝑛)
1.01

> 1,

and (3.22), we have that,

log 𝜏𝑘(𝑛) ≤ log (2 log 𝑛 + 1) ⋅ (𝑘 − 1)𝑦𝑛 +

log 𝑛

log 𝑦𝑛

log 𝑘

log 𝜏𝑘(𝑛)

log 𝑛

≤ (𝑘 − 1)

𝑦𝑛 log (2 log 𝑛 + 1)

log 𝑛

+

log 𝑘

log (log 𝑛/(log log 𝑛)
1.01

)

≤ (𝑘 − 1)

log (2 log 𝑛 + 1)

(log log 𝑛)
1.01

+

2 log 𝑘

(log log 𝑛)
2

≤

13(𝑘 − 1) + 2 log 𝑘

(log log 𝑛)
2

.

Proposition 3.2.9 (The Sum of First Few 𝜏𝑘’s). For any 𝑘 ∈ ℕ,

∑

𝑛<16

𝑛 square-full

𝜏𝑘(𝑛) =

1

6

𝑘
3
+

3

2

𝑘
2
+

4

3

𝑘 + 1.
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Proof. The only square-full numbers that are strictly less than 16 are 1, 4, 8 and 9. Hence,

∑

𝑛<16

𝑛 square-full

𝜏𝑘(𝑛) = 𝜏𝑘(1) + 𝜏𝑘(4) + 𝜏𝑘(8) + 𝜏𝑘(9)

= 𝜏𝑘(1) + 𝜏𝑘(2
2
) + 𝜏𝑘(2

3
) + 𝜏𝑘(3

2
)

= 1 +
(

2 + 𝑘 − 1

𝑘 − 1 )
+
(

3 + 𝑘 − 1

𝑘 − 1 )
+
(

2 + 𝑘 − 1

𝑘 − 1 )

= 1 +

1

2

𝑘(𝑘 + 1) +

1

6

𝑘(𝑘 + 1)(𝑘 + 2) +

1

2

𝑘(𝑘 + 1),

where expression (3.21) is applied.

Proposition 3.2.10 (Monotonicity of 𝑓#01). Define 𝑓#01 ∶ (1,∞) ⧵ {𝑒} → ℝ
+ by

𝑓#01(𝑥) ∶= 𝑥
1/ log log 𝑥

.

Then 𝑓#01 is strictly increasing on [16, ∞).

Proof. For 𝑥 ≥ 16, we have log log 𝑥 > 1. Differentiating,

𝑓
′

#01
(𝑥) =

𝑥
1/ log log 𝑥−1

(log log 𝑥 − 1)

log
2

log 𝑥

> 0, (3.23)

showing that 𝑓#01 is strictly increasing on [16, ∞).

Let 𝑓 ∶ ℕ → ℂ be multiplicative. Define 𝜏𝑓 ∶ ℕ → ℂ to be the (unique) multiplicative

function such that for any 𝑝 ∈ ℙ and 𝑎 ∈ ℕ,

𝜏𝑓 (𝑝
𝑎

) ∶=
(

𝑓 (𝑝) + 𝑎 − 1

𝑎 )
,

where for any 𝑧 ∈ ℂ and 𝑎 ∈ ℕ∪{0}, the binomial coefficient for non-integer values is defined

by

(

𝑧

𝑎)

∶=

𝑧(𝑧 − 1)⋯ (𝑧 − 𝑎 + 1)

𝑎(𝑎 − 1)⋯ 1

.

Proposition 3.2.11 (Effective version of [24, (14.4)]). Let 𝑓 ∶ ℕ → ℝ be multiplicative and

𝑟𝑓 ∶ ℕ → ℝ. Suppose 𝑓 = 𝜏𝑓 ∗ 𝑟𝑓 and there exists 𝑘 ∈ ℕ such that |𝑓 | ≤ 𝜏𝑘. Then, 𝑟𝑓 is non-zero
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only on the set of all square-full integers, and for any 𝑥 ≥ 1 and 𝛿 ∈ (0, 1/2),

∑

𝑛≤𝑥

|𝑟𝑓 (𝑛)| ≤ 𝑄𝑘,𝛿 𝑥
1−𝛿
,

where,

𝑃𝑘,𝛿 ∶= max
(
16, exp exp

𝛼2𝑘

1/2 − 𝛿)
≥ 16,

𝑄𝑘,𝛿 ∶=
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 4
)
(𝑃𝑘,𝛿)

1−𝛿
,

in which 𝛼𝑘 is given in (3.20).

Proof. Note that by the inverse operation of Dirichlet convolution, 𝑟𝑓 = 𝑓 ∗ 𝜏−𝑓 is multiplica-

tive. Note that, for any 𝑝 ∈ ℙ, 𝑓 (𝑝) = 𝜏𝑓 (1)𝑟𝑓 (𝑝) + 𝜏𝑓 (𝑝)𝑟𝑓 (1) = 𝑟𝑓 (𝑝) + 𝑓 (𝑝), we have that

𝑟𝑓 (𝑝) = 0. Hence, 𝑟𝑓 = 0 on the set of all non-square-full integers.

Note that |𝑟𝑓 | = |𝑓 ∗ 𝜏−𝑓 | ≤ 𝜏𝑘 ∗ 𝜏𝑘 = 𝜏2𝑘. Pick any 𝑥 ≥ 1 and 𝛿 ∈ (0, 1/2).

Suppose 𝑥 ≥ 𝑃𝑘,𝛿 . By Propositions 3.2.7, 3.2.8, 3.2.9 and 3.2.10,

∑

𝑛≤𝑥

|𝑟𝑓 (𝑛)| ≤ ∑

𝑛≤𝑥

𝑛 square-full

𝜏2𝑘(𝑛) = ∑

𝑛<16

𝑛 square-full

𝜏2𝑘(𝑛) + ∑

16≤𝑛<𝑥

𝑛 square-full

𝜏2𝑘(𝑛)

≤

1

6

(2𝑘)
3
+

3

2

(2𝑘)
2
+

4

3

(2𝑘) + 1 + ∑

16≤𝑛<𝑥

𝑛 square-full

𝑛
𝛼2𝑘/ log log 𝑛

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 1
)
+ ∑

16≤𝑛<𝑥

𝑛 square-full

(𝑛
1/ log log 𝑛

)

𝛼2𝑘

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 1
)
𝑥
1/2

+ ∑

16≤𝑛<𝑥

𝑛 square-full

(𝑥
1/ log log 𝑥

)

𝛼2𝑘

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 1
)
𝑥
1/2

+ 3

√

𝑥 (𝑥
1/ log log 𝑥

)

𝛼2𝑘

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 1
)
𝑥
1/2

+ 3𝑥
1/2+𝛼2𝑘/ log log 𝑥

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 4
)
𝑥
1/2+𝛼2𝑘/ log log 𝑥

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 4
)
𝑥
1−𝛿
.
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Suppose 𝑥 ≤ 𝑃𝑘,𝛿 . By the previous case, it gives

∑

𝑛≤𝑥

|𝑟𝑓 (𝑛)| ≤ ∑

𝑛≤𝑃𝑘,𝛿

|𝑟𝑓 (𝑛)|

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 4
)
(𝑃𝑘,𝛿)

1−𝛿

≤
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 4
)
(𝑃𝑘,𝛿)

1−𝛿
𝑥
1−𝛿
.

Proposition 3.2.12 ([24, (14.6)]). For any 𝑓 ∶ ℕ → ℝ and 𝑥 > 0,

∏

𝑝≤𝑥

(
1 +

𝜏|𝑓 |(𝑝)

𝑝

+

𝜏|𝑓 |(𝑝
2
)

𝑝
2

+ ⋯
)

= ∏

𝑝≤𝑥

(
1 −

1

𝑝)

−|𝑓 (𝑝)|

. (3.24)

Proof. By the binomial series expansion, for any 𝑝 ∈ ℙ,

∞

∑

𝑎=0

𝜏|𝑓 |(𝑝
𝑎
)

𝑝
𝑎

=

∞

∑

𝑎=0

(

|𝑓 (𝑝)| + 𝑎 − 1

𝑎 )

1

𝑝
𝑎
=

∞

∑

𝑎=0

(

−|𝑓 (𝑝)|

𝑎 )(
−

1

𝑝)

𝑎

=
(
1 −

1

𝑝)

−|𝑓 (𝑝)|

.

Proposition 3.2.13 (Effective version of [24, (14.5)]). With the same setting in Proposition 3.2.11,

for any 𝑥, 𝑦 ∈ ℝ
+, if 𝑥 ≥ 𝑦 ≥ 1 then

∑

𝑛≤𝑥

𝑓 (𝑛) = ∑

𝑎≤𝑦

𝑟𝑓 (𝑎) ∑

𝑏≤𝑥/𝑎

𝜏𝑓 (𝑏) + 𝑅(𝑥, 𝑦), (3.25)

where,

𝑅(𝑥, 𝑦) ∶= ∑

𝑏≤𝑥/𝑦

𝜏𝑓 (𝑏) ∑

𝑦<𝑎≤𝑥/𝑏

𝑟𝑓 (𝑎) ≤ 𝑄𝑘,𝛿 𝑥
1−𝛿

∑

𝑏≤𝑥/𝑦

|𝜏𝑓 (𝑏)|

𝑏
1−𝛿

≤ 𝑄𝑘,𝛿

𝑥

𝑦
𝛿

∑

𝑏≤𝑥/𝑦

𝜏|𝑓 |(𝑏)

𝑏

,

the first inequality follows from Proposition 3.2.11; and

𝑅(𝑥, 𝑦) ≤ 𝑄𝑘,𝛿

𝑥

𝑦
𝛿

∏

𝑝≤𝑥

(
1 −

1

𝑝)

−|𝑓 (𝑝)|

.

Proof. It follows directly from the Dirichlet’s hyperbola method. By extending the summation
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to all integers 𝑏 and all prime factors 𝑝 with 𝑝 ≤ 𝑥:

∑

𝑏≤𝑥/𝑦

𝜏|𝑓 |(𝑏)

𝑏

≤ 1 + ∑

𝑝1≤𝑥

𝜏|𝑓 |(𝑝1)

𝑝1

+ ∑

𝑝1
2
≤𝑥

𝜏|𝑓 |(𝑝1
2
)

𝑝1
2

+ ⋯

+ ∑

𝑝1𝑝2≤𝑥

𝜏|𝑓 |(𝑝1)

𝑝1

𝜏|𝑓 |(𝑝2)

𝑝2

+ ∑

𝑝1𝑝2
2
≤𝑥

𝜏|𝑓 |(𝑝1)

𝑝1

𝜏|𝑓 |(𝑝2
2
)

𝑝2
2

+ ⋯

≤ ∏

𝑝≤𝑥

(
1 +

𝜏|𝑓 |(𝑝)

𝑝

+

𝜏|𝑓 |(𝑝
2
)

𝑝
2

+ ⋯
)
;

hence, the proof is completed by applying (3.24).

We are now ready to establish an effective version of [24, Theorem 14.2].

Proposition 3.2.14 (Effective version of [24, Theorem 14.2]). Let 𝑓 ∶ ℕ → [0, +∞) be multi-

plicative. Suppose there exists 𝑘 ∈ ℕ such that 0 ≤ 𝑓 ≤ 𝜏𝑘. Then for any 𝑥 ≥ 1,

∑

𝑛≤𝑥

𝑓 (𝑛) ≤ 𝐿14.2(𝑘) 𝑥 exp

(

∑

𝑝≤𝑥

𝑓 (𝑝) − 1

𝑝 )

,

where

𝐿14.2(𝑘) ∶= max

{

(
𝑐3 𝑘 +

1

𝑒)
exp

(
(4 log 2 − 2) 𝑐2 𝑘 +

1

2

− log log 2
)
,

3

√

𝑒

log 2

𝑐4
𝑘
𝑄𝑘,𝛿 (𝑄𝑘,𝛿𝜁 (1 + 𝛿) + 1)

}

, (3.26)

in which 𝛿 = 1/3 is taken, 𝑐2 and 𝑐3 are respectively given in (3.18) and (3.19).

Proof. The statement is trivially true for any 1 ≤ 𝑥 < 2. It suffices to prove for the case 𝑥 ≥ 2.

Suppose the function 𝑓 is of the form 𝜏𝑓 . Let 𝑔 be the Dirichlet inverse of 𝑓 and Λ𝑓 =

𝑓 log ∗ 𝑔 , where 𝑓 log ∶ ℕ → [0, +∞) is defined by for any 𝑛 ∈ ℕ, (𝑓 log )(𝑛) ∶= 𝑓 (𝑛) log 𝑛.

Then 𝑓 log = 𝑓 ∗ Λ𝑓 on ℕ and, for any 𝑝 ∈ ℙ and 𝑚 ∈ ℕ, Λ𝑓 (𝑝𝑚) = 𝑓 (𝑝) log 𝑝. We have that

Λ𝑓 ≤ 𝑘Λ. By Dirichlet hyperbola method and Proposition 3.2.5,

∑

𝑛≤𝑥

𝑓 (𝑛) log 𝑛 = ∑

𝑎≤𝑥

𝑓 (𝑎) ∑

𝑏≤𝑥/𝑎

Λ𝑓 (𝑏) ≤ 𝑘∑

𝑎≤𝑥

𝑓 (𝑎) ∑

𝑏≤𝑥/𝑎

Λ(𝑏) ≤ 𝑐3 𝑘 𝑥∑

𝑎≤𝑥

𝑓 (𝑎)

𝑎

.
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By properties of logarithm and the fact that for any 𝑛 ∈ ℕ, log (𝑥/𝑛) ≤ 𝑥/(𝑒𝑛), we have that,

log 𝑥∑

𝑛≤𝑥

𝑓 (𝑛) = ∑

𝑛≤𝑥

𝑓 (𝑛) log 𝑛 +∑

𝑛≤𝑥

𝑓 (𝑛) log (𝑥/𝑛) ≤ ∑

𝑛≤𝑥

𝑓 (𝑛) log 𝑛 +

𝑥

𝑒

∑

𝑛≤𝑥

𝑓 (𝑛)

𝑛

≤ 𝑐3 𝑘 𝑥∑

𝑛≤𝑥

𝑓 (𝑛)

𝑛

+

𝑥

𝑒

∑

𝑛≤𝑥

𝑓 (𝑛)

𝑛

.

By dividing both sides by log 𝑥 ≥ log 2 > 0,

∑

𝑛≤𝑥

𝑓 (𝑛) ≤
(
𝑐3 𝑘 +

1

𝑒)

𝑥

log 𝑥

∑

𝑛≤𝑥

𝑓 (𝑛)

𝑛

.

By (3.24), it follows that,

∑

𝑛≤𝑥

𝑓 (𝑛)

𝑛

≤ ∑

𝑝∣𝑛⟹ 𝑝≤𝑥

𝑓 (𝑛)

𝑛

= ∏

𝑝≤𝑥
(

∞

∑

𝑚=0

𝑓 (𝑝
𝑚
)

𝑝
𝑚

)

= ∏

𝑝≤𝑥

(
1 −

1

𝑝)

−𝑓 (𝑝)

.

By standard methods in calculus, for any 𝑝 ≥ 2,

(
1 −

1

𝑝)

−1

≤ exp
(

1

𝑝

+

4 log 2 − 2

𝑝
2 )

.

By (3.18) and for any 𝑝 ∈ ℙ, 𝑓 (𝑝) ≤ 𝑘, we have that

∑

𝑛≤𝑥

𝑓 (𝑛)

𝑛

≤ 𝑒
(4 log 2−2)𝑐2𝑘

exp

(

∑

𝑝≤𝑥

𝑓 (𝑝)

𝑝 )

.

By Proposition 3.2.3, we have that,

∑

𝑛≤𝑥

𝑓 (𝑛) ≤
(
𝑐3 𝑘 +

1

𝑒)

𝑥

log 𝑥

𝑒
(4 log 2−2)𝑐2𝑘

exp

(

∑

𝑝≤𝑥

𝑓 (𝑝)

𝑝 )

≤
(
𝑐3 𝑘 +

1

𝑒)

𝑥

log 𝑥

𝑒
(4 log 2−2)𝑐2𝑘

exp

(

∑

𝑝≤𝑥

𝑓 (𝑝) − 1

𝑝 )

exp
(
log log 𝑥 +

1

2

− log log 2
)

≤
(
𝑐3 𝑘 +

1

𝑒)
exp

(
(4 log 2 − 2) 𝑐2 𝑘 +

1

2

− log log 2
)
𝑥 exp

(

∑

𝑝≤𝑥

𝑓 (𝑝) − 1

𝑝 )

.

Otherwise for general 𝑓 , by Proposition 3.2.11, for any 𝛿 ∈ (0, 1/2),

∑

𝑛≤𝑥

|𝑟𝑓 (𝑛)| ≤ 𝑄𝑘,𝛿 𝑥
1−𝛿
.
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By Propositions 3.2.13, 3.2.6, (3.24), and |𝑓 | ≤ 𝜏𝑘; we have that for any 𝑦 ∈ [1, 𝑥] and 𝛿 ∈

(0, 1/2),

𝑅(𝑥, 𝑦) ≤ 𝑄𝑘,𝛿

𝑥

𝑦
𝛿

∏

𝑝≤𝑥

(
1 −

1

𝑝)

−|𝑓 (𝑝)|

≤ 𝑄𝑘,𝛿

𝑥

𝑦
𝛿

∏

𝑝≤𝑥

(
1 −

1

𝑝)

−𝜏𝑘(𝑝)

= 𝑄𝑘,𝛿

𝑥

𝑦
𝛿

∏

𝑝≤𝑥

(
1 −

1

𝑝)

−𝑘

≤ 𝑐4
𝑘
𝑄𝑘,𝛿 𝑥𝑦

−𝛿
log

𝑘

𝑥.

By (3.25), with 𝑦 =

√

𝑥 and 𝛿 = 1/3,

∑

𝑛≤𝑥

𝑓 (𝑛) ≤ ∑

𝑎≤

√

𝑥

𝑟𝑓 (𝑎) ∑

𝑏≤𝑥/𝑎

𝜏𝑓 (𝑏) + 𝑐4
𝑘
𝑄𝑘,𝛿

𝑥

log
𝑘

𝑥

≤ 𝑐4
𝑘
𝑄𝑘,𝛿

(

𝑥 ∑

𝑎≤

√

𝑥

|𝑟𝑓 (𝑎)|

𝑎

exp

(

∑

𝑝≤𝑥/𝑎

𝑓 (𝑝) − 1

𝑝 )

+

3𝑥

log 𝑥)

,

where 1/ log
𝑘

𝑥 < 3/ log 𝑥 . By 𝑓 ≥ 0 and Proposition 3.2.3,

3𝑥

log 𝑥

= 3𝑥 exp 𝑐1 exp (− log log 𝑥 − 𝑐1) ≤ 𝑥 exp

(

∑

𝑝≤𝑥

𝑓 (𝑝) − 1

𝑝 )

3

√

𝑒

log 2

.

By Proposition 3.2.11 and partial summation,

∞

∑

𝑎=1

|𝑟𝑓 (𝑎)|

𝑎

= lim
𝑛→∞

𝑛

∑

𝑎=1

|𝑟𝑓 (𝑎)|

𝑎

= lim
𝑛→∞(

1

𝑛

𝑛

∑

𝑎=1

|𝑟𝑓 (𝑎)| +

𝑛−1

∑

𝑗=1

(

1

𝑗

−

1

𝑗 + 1)

𝑗

∑

𝑎=1

|𝑟𝑓 (𝑎)|

)

≤ 𝑄𝑘,𝛿 lim
𝑛→∞(

1

𝑛

𝑛
1−𝛿

+

𝑛−1

∑

𝑗=1

1

𝑗
2
𝑗
1−𝛿

)

= 𝑄𝑘,𝛿 lim
𝑛→∞(

𝑛
−𝛿

+

𝑛−1

∑

𝑗=1

𝑗
−1−𝛿

)

= 𝑄𝑘,𝛿 𝜁 (1 + 𝛿).

Hence,

∑

𝑛≤𝑥

𝑓 (𝑛) ≤ 𝑐4
𝑘
𝑄𝑘,𝛿

(
𝑄𝑘,𝛿𝜁 (1 + 𝛿) +

3

√

𝑒

log 2)
𝑥 exp

(

∑

𝑝≤𝑥

𝑓 (𝑝) − 1

𝑝 )

.

We are now ready to establish an effective version of [2, Lemma 4].

Proposition 3.2.15 (Effective version of [2, Lemma 4]). Let  ⊂ ℙ⧵ {2} be a set of odd primes.
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Define 𝑓 ∶ ℕ → ℝ
+ by, for any 𝑛 ∈ ℕ,

𝑓 (𝑛) ∶= ∏

𝑝∣𝑛, 𝑝∈
(
1 +

1

𝑝 − 2)
≥ 1,

with the convention that the empty product is 1. Then for any 𝑥 ≥ 2,

|
|
|
|
|

∑

𝑛≤𝑥

𝑓 (𝑛) − 𝑥∏

𝑝∈
(
1 +

1

𝑝(𝑝 − 2))

|
|
|
|
|

≤ 𝐿4 log 𝑥,

where

𝐿4 ∶=

8𝐿14.2(3) 𝑒

log 2

,

in which 𝐿14.2 is given in (3.26).

Proof. Define 𝑔 ∶= 𝜇 ∗ 𝑓 ∶ ℕ → [0, +∞); that is; by for any 𝑛 ∈ ℕ,

𝑔(𝑛) ∶= ∑

𝑑∣𝑛

𝜇(𝑑)𝑓 (𝑛/𝑑).

Note that, for any 𝑝 ∈ ℙ ⧵  and 𝑚 ∈ ℕ, 𝑔(𝑝𝑚) = 0; for any 𝑝 ∈  ,

𝑔(𝑝) = 𝑓 (𝑝) − 1 =

1

𝑝 − 2

,

and for any 𝑚 ∈ ℕ, if 𝑚 ≥ 2 then 𝑔(𝑝𝑚) = 0. Since both 𝜇 and 𝑓 are multiplicative, so is 𝑔 ,

and

∞

∑

𝑑=1

𝑔(𝑑)

𝑑

= ∏

𝑝∈
(
1 +

1

𝑝(𝑝 − 2))
. (3.27)

Pick any 𝑥 ≥ 2. Since

0 = ∑

𝑛≤𝑥

∑

𝑑∣𝑛

𝑔(𝑑) −∑

𝑛≤𝑥

𝑓 (𝑛) = ∑

𝑑≤𝑥

𝑔(𝑑)
⌊

𝑥

𝑑
⌋
−∑

𝑛≤𝑥

𝑓 (𝑛)

= 𝑥∑

𝑑≤𝑥

𝑔(𝑑)

𝑑

−∑

𝑛≤𝑥

𝑓 (𝑛) −∑

𝑑≤𝑥

𝑔(𝑑)

{
𝑥

𝑑

}

,
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where for any 𝑧 ∈ ℝ, {𝑧} ∶= 𝑧 − ⌊𝑧⌋ ∈ [0, 1) is the fractional part of 𝑧; we have that

0 ≤ 𝑥∑

𝑑≤𝑥

𝑔(𝑑)

𝑑

−∑

𝑛≤𝑥

𝑓 (𝑛) = ∑

𝑑≤𝑥

𝑔(𝑑)

{
𝑥

𝑑

}

≤ ∑

𝑑≤𝑥

𝑔(𝑑),

and

0 ≤ 𝑥

∞

∑

𝑑=1

𝑔(𝑑)

𝑑

−∑

𝑛≤𝑥

𝑓 (𝑛) ≤ ∑

𝑑≤𝑥

𝑔(𝑑) + 𝑥∑

𝑑>𝑥

𝑔(𝑑)

𝑑

.

By (3.27), the expression above implies that,

|
|
|
|
|

∑

𝑛≤𝑥

𝑓 (𝑛) − 𝑥∏

𝑝∈
(
1 +

1

𝑝(𝑝 − 2))

|
|
|
|
|

≤ ∑

𝑑≤𝑥

𝑔(𝑑) + 𝑥∑

𝑑>𝑥

𝑔(𝑑)

𝑑

; (3.28)

and it suffices to establish upper bounds for the two terms in the right-most sum.

Define ℎ ∶ ℕ → [0, +∞) by, for any 𝑑 ∈ ℕ, ℎ(𝑑) ∶= 𝑑 𝑔(𝑑). ℎ is multiplicative, and for

any 𝑚 ∈ ℕ, ℎ(2𝑚) = 0. Since for any 𝑝 ∈  and 𝑚 ∈ ℕ,

ℎ(𝑝
𝑚
) = 𝑝

𝑚
𝑔(𝑝

𝑚
) ≤

𝑝

𝑝 − 2

≤ 3 ≤ 𝜏3(𝑝
𝑚
),

we have that 0 ≤ ℎ ≤ 𝜏3. By Proposition 3.2.14, we have that,

∑

𝑑≤𝑥

𝑑 𝑔(𝑑) ≤ 𝐿14.2(3) 𝑥 exp

(

∑

𝑝≤𝑥

𝑝𝑔(𝑝) − 1

𝑝 )

≤ 𝐿14.2(3) 𝑥 exp

(

∑

𝑝>2

2

𝑝(𝑝 − 2))

≤ 𝐿14.2(3) 𝑒 𝑥.

We have that for any 𝑥 ≥ 2,

∑

𝑥<𝑑≤2𝑥

𝑔(𝑑)

𝑑

≤

1

𝑥
2

∑

𝑑≤2𝑥

𝑑 𝑔(𝑑) ≤

2𝑒 𝐿14.2(3)

𝑥

.

By repetitively applying the formula above for countably infinite times,

∑

𝑑>𝑥

𝑔(𝑑)

𝑑

=

∞

∑

𝑘=1

∑

2
𝑘−1
𝑥<𝑑≤2

𝑘
𝑥

𝑔(𝑑)

𝑑

≤ 2𝑒 𝐿14.2(3)

∞

∑

𝑘=1

1

2
𝑘−1
𝑥

=

4𝑒 𝐿14.2(3)

𝑥

.

Thus,

𝑥∑

𝑑>𝑥

𝑔(𝑑)

𝑑

≤ 4𝐿14.2(3) 𝑒. (3.29)
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Similarly,

∑

𝑥≤𝑑≤2𝑥

𝑔(𝑑) ≤

1

𝑥

∑

𝑑≤2𝑥

𝑑 𝑔(𝑑) ≤ 2𝐿14.2(3) 𝑒.

There exists a unique 𝑚 ∈ ℕ such that 2 ≤ 2
𝑚
≤ 𝑥 < 2

𝑚+1. By applying the formula above

iteratively 𝑚 + 1 times,

∑

𝑑≤𝑥

𝑔(𝑑) ≤

𝑚+1

∑

𝑘=1

2
𝑘

∑

𝑑=2
𝑘−1

𝑔(𝑑) = 2𝑒 𝐿14.2(3)

𝑚+1

∑

𝑘=1

1 ≤ 2𝐿14.2(3) 𝑒 (log2
𝑥 + 1) ≤

4𝐿14.2(3) 𝑒

log 2

log 𝑥 (3.30)

Therefore, by substituting (3.29) and (3.30) into (3.28), it follows that,

|
|
|
|
|

∑

𝑛≤𝑥

𝑓 (𝑛) − 𝑥∏

𝑝∈
(
1 +

1

𝑝(𝑝 − 2))

|
|
|
|
|

≤

4𝐿14.2(3) 𝑒

log 2

log 𝑥 + 4𝐿14.2(3) 𝑒 ≤

8𝐿14.2(3) 𝑒

log 2

log 𝑥.

3.2.3 Effective [2, Lemma 5]

One of the key problems in the metric theory of Diophantine approximation by fractions

in simplest form, is to estimate the measure of the overlaps, that is, for any 𝑞 ≠ 𝑟 , (𝐴𝑞 ∩𝐴𝑟),

as defined in expression (3.2). The divergent case of Borel–Cantelli Lemma (Lemma 1.2.4)

could have been applied if (𝐴𝑞)𝑞∈ℕ is pairwise independent, that is for any 𝑞 ≠ 𝑟 , (𝐴𝑞 ∩

𝐴𝑟) = (𝐴𝑞)(𝐴𝑟); however, it is not the case as there exist 𝑞, 𝑟, 𝜓 such that (𝐴𝑞 ∩ 𝐴𝑟) ≫

(𝐴𝑞)(𝐴𝑟) log log 𝑞𝑟 (see [2]).

The best one can hope for is to estimate (𝐴𝑞 ∩ 𝐴𝑟) in some averaged sense. The main

discovery in [25] is that (𝐴𝑞)𝑞∈ℕ is proved to be quasi-independent on average, that is for any

𝑄 ∈ ℕ, if Ψ(𝑄) ≥ 1 then

∑
𝑄

𝑞=1
∑
𝑄

𝑟=1
(𝐴𝑞 ∩ 𝐴𝑟)

(∑
𝑞≤𝑄

(𝐴𝑞))2
≪ 1,

this property is sufficient for an application of the Erdös-Rényi version (see [6]) of the diver-
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gent case of Borel–Cantelli Lemma . In [2], the expression above is improved by the following:

lim
𝑄→∞

∑
𝑄

𝑞=1
∑
𝑄

𝑟=1
(𝐴𝑞 ∩ 𝐴𝑟)

(∑
𝑄

𝑞=1
(𝐴𝑞))2

= 1.

A classical upper bound for the overlap measure of 𝐴𝑞 ∩ 𝐴𝑟 (𝑞 ≠ 𝑟), is given in [40] as

(𝐴𝑞 ∩ 𝐴𝑟) ≪ (𝐴𝑞)(𝐴𝑟) ∏

𝑝 | 𝑞𝑟/gcd (𝑞,𝑟)
2
,

𝑝>𝐷(𝑞,𝑟)

(
1 +

1

𝑝)
,

where 𝐷 is given in expression (3.4). The overlap measure is improved by [2, Lemma 5] as

(𝐴𝑞 ∩ 𝐴𝑟) ≤ (𝐴𝑞)(𝐴𝑟)(1 + 𝐸(𝑞, 𝑟)),

where is error term 𝐸(𝑞, 𝑟) is small if there are only a few small primes that divide 𝑞 and 𝑟

with different multiplicities; the proof is similar to that of [40].

To derive an effective version of [2, Lemma 5], we first require several auxiliary estimates.

Let 𝐶 ≥ 1. Define 𝑢, 𝑇 , 𝑆 ∶ [1/2, +∞) → ℝ
+ by, for any 𝐷 ≥ 1/2,

𝑢(𝐷) ∶=

4𝐶 log log (𝐷 + 100)

log log log (𝐷 + 100)

,

𝑇 (𝐷) ∶= exp
(

log (𝐷 + 100) log log log (𝐷 + 100)

8𝐶 log log (𝐷 + 100)

+ 1
)

≥ 2,

𝑆(𝐷) ∶=

(𝑇 (𝐷))
𝑢(𝐷)

log (𝐷 + 2) log 𝑇 (𝐷)

𝐷

.

These coincide with the definitions introduced in [2].

Proposition 3.2.16 (Estimations on 𝑢 and 𝑆). For any 𝐶 ≥ 1 and 𝐷 ≥ 1/2,

(𝑢(𝐷))
−𝑢(𝐷)/2

log
𝐶

(𝐷 + 2) < 1,

and

𝑆(𝐷) ≤

9(10𝐶)
13𝐶

2 log
𝐶

(𝐷 + 2)

.
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Proof. Pick any 𝐷 ≥ 1/2. By taking 𝑥 = log log (𝐷 + 100) > 1, 1/2 − log log 𝑥/ log 𝑥 > 0 and

−

𝑢(𝐷)

2

log 𝑢(𝐷) + 𝐶 log log (𝐷 + 2) ≤ −

1

2 (

4𝐶𝑥

log 𝑥)
log

(

4𝐶𝑥

log 𝑥)
+ 𝐶𝑥

= −2𝐶𝑥
(

log 4𝐶

log 𝑥

+

1

2

−

log log 𝑥

log 𝑥 )

< 0.

The first inequality is implied by taking exponential function on both sides of the expression

above. Define 𝑓1,𝐶 , 𝑓2,𝐶 ∶ [1/2, +∞) → ℝ
+ by for any 𝐷 ≥ 1/2,

𝑓1,𝐶(𝐷) ≔

log
12𝐶

(𝐷 + 100)

𝐷
1/2

,

𝑓2,𝐶(𝐷) ≔

1

log
𝐶

(𝐷 + 2)

.

By finding an upper bound for each quotient below, we have for any 𝐶 ≥ 1 and 𝐷 ≥ 1/2,

𝑆(𝐷)

𝑓1,𝐶(𝐷)

≤

𝑆(1/2)

𝑓1,𝐶(1/2)

≤ 0.297170964393…

𝑓1,𝐶(𝐷)

𝑓2,𝐶(𝐷)

≤

log
13𝐶

(𝐷 + 100)

𝐷
1/2

≤

√

201

log
13𝐶

(𝐷 + 100)

√

𝐷 + 100

≤

√

201
(

26𝐶

𝑒 )

13𝐶

.

The second inequality follows by 0.3

√

201 < 9/2 and 26/𝑒 < 10.

Proposition 3.2.17 (Effective version of [2, Lemma 5], Overlap Estimate). For any 𝑞, 𝑟 ∈ ℕ,

if 𝑞 ≠ 𝑟 then for 𝐷 = 𝐷(𝑞, 𝑟) given in (3.4), for any 𝑢 ≥ 1 and 𝑇 ≥ 2,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ (𝐴𝑞)(𝐴𝑟)
(
1 + 𝐿3(1, 1)𝑢

−𝑢/2
+ 2𝐿4

𝑇
𝑢
log (𝐷 + 2) log 𝑇

𝐷 )

∏

𝑝 | 𝑞𝑟/gcd (𝑞,𝑟)
2
,

𝑝>𝑇

(
1 +

1

𝑝 − 1)
,

In particular, for any 𝐶 ≥ 1,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ (𝐴𝑞)(𝐴𝑟)
(
1 +

𝐿5(𝐶)

log
𝐶

(𝐷 + 2))

∏

𝑝 | 𝑞𝑟/gcd (𝑞,𝑟)
2
,

𝑝>𝐴𝐶(𝑞,𝑟)

(
1 +

1

𝑝 − 1)
,
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where 𝐿5(𝐶) and 𝐴𝐶 are defined by

𝐿5(𝐶) ∶= 𝐿3(1, 1) + 9(10𝐶)
13𝐶
𝐿4𝑐4,

𝐴𝐶(𝑞, 𝑟) ∶= exp
(

log (𝐷 + 100) log log log (𝐷 + 100)

8𝐶 log log (𝐷 + 100)

+ 1
)
.

Proof. Pick any 𝑞 ≠ 𝑟 . Note that if 𝐷 = 𝐷(𝑞, 𝑟) < 1/2 then 𝜓(𝑞)/𝑞 + 𝜓(𝑟)/𝑟 < 1/ lcm (𝑞, 𝑟)

and 𝐴𝑞 ∩ 𝐴𝑟 = ∅; the proof is completed. It suffices to consider 𝐷 ≥ 1/2. Define

𝛿 ∶= min
(

𝜓(𝑞)

𝑞

,

𝜓(𝑟)

𝑟 )
, Δ ∶= max

(

𝜓(𝑞)

𝑞

,

𝜓(𝑟)

𝑟 )
,

and 𝑤 ∶ [0, +∞) → [0, +∞) a piece-wise linear non-increasing function by, for any 𝑦 ≥ 0,

𝑤(𝑦) =

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

2𝛿 0 ≤ 𝑦 ≤ Δ − 𝛿

Δ + 𝛿 − 𝑦 Δ − 𝛿 < 𝑦 ≤ Δ + 𝛿

0 𝑦 > Δ + 𝛿

.

The Lebesgue measure of 𝐴𝑞 ∩ 𝐴𝑟 is expressed as

(𝐴𝑞 ∩ 𝐴𝑟) =
𝑞

∑

𝑎=1

gcd (𝑎,𝑞)=1

𝑟

∑

𝑏=1

gcd (𝑏,𝑟)=1

𝑤
(

|
|
|
|

𝑎

𝑞

−

𝑏

𝑟

|
|
|
|
)
.

Define, for any 𝑝 ∈ ℙ, 𝑢 ∶= 𝑢(𝑝, 𝑞) and 𝑣 ∶= 𝑣(𝑝, 𝑟) respectively to be the exponents of 𝑝

in the prime factorisation of 𝑞 = ∏
𝑝∈ℙ
𝑝
𝑢 and 𝑟 = ∏

𝑝∈ℙ
𝑝
𝑣. Define

𝑙 ∶= ∏

𝑝∈ℙ, 𝑢=𝑣

𝑝
𝑢
, 𝑚 ∶= ∏

𝑝∈ℙ, 𝑢≠𝑣

𝑝
min (𝑢,𝑣)

, 𝑛 ∶= ∏

𝑝∈ℙ, 𝑢≠𝑣

𝑝
max (𝑢,𝑣)

.
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By an application of the Chinese remainder theorem as in [40],

(𝐴𝑞 ∩ 𝐴𝑟) =
𝑞

∑

𝑎=1

gcd (𝑎,𝑞)=1

𝑟

∑

𝑏=1

gcd (𝑏,𝑟)=1

𝑤
(

|
|
|
|

𝑎

𝑞

−

𝑏

𝑟

|
|
|
|
)

=

𝑛𝑙

∑

𝑐=1

gcd (𝑐,𝑛)=1

2𝑤
(

𝑐

𝑛𝑙
)
𝜑(𝑚)𝑙 ∏

𝑝 | gcd (𝑙,𝑐)

(
1 −

1

𝑝)

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐
(
1 −

2

𝑝)

= 2𝜑(𝑚)𝑙

𝑛𝑙

∑

𝑐=1

gcd (𝑐,𝑛)=1

𝑤
(

𝑐

𝑛𝑙
)

∏

𝑝 | gcd (𝑙,𝑐)

(
1 −

1

𝑝)

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐
(
1 −

2

𝑝)

= 2𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙

(
1 −

1

𝑝)

−2 𝑛𝑙

∑

𝑐=1

gcd (𝑐,𝑛)=1

𝑤
(

𝑐

𝑛𝑙
)

∏

𝑝 | gcd (𝑙,𝑐)

(
1 −

1

𝑝)

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐
(
1 −

2

𝑝)
,

(3.31)

where Euler product formula 𝜓(𝑙)/𝑙 = ∏
𝑝 | 𝑙

(1 − 1/𝑝) is applied.

Case 1: 𝑙 is odd. In this case, for any 𝑐 ∈ ℕ, 2 ∤ gcd (𝑐, 𝑙) and

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐
(
1 −

2

𝑝)
= ∏

𝑝 | 𝑙

(
1 −

2

𝑝)

∏

𝑝 | gcd (𝑐,𝑙)

(
1 −

2

𝑝)

−1

.

From (3.31), we have

(𝐴𝑞 ∩ 𝐴𝑟) = 2𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙

(
1 −

1

𝑝)

−2

(
1 −

2

𝑝)

𝑛𝑙

∑

𝑐=1

gcd (𝑐,𝑛)=1

𝑤
(

𝑐

𝑛𝑙
)

∏

𝑝 | gcd (𝑙,𝑐)

(
1 −

1

𝑝)(
1 −

2

𝑝)

−1

= 2𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙

(
1 −

1

(𝑝 − 1)
2)

𝑛𝑙

∑

𝑐=1

gcd (𝑐,𝑛)=1

𝑤
(

𝑐

𝑛𝑙
)

∏

𝑝 | gcd (𝑙,𝑐)

(
1 +

1

𝑝 − 2)
.

Let 𝑇 ≥ 2. by replacing the condition gcd (𝑐, 𝑛) = 1 into gcd (𝑐, 𝑛
∗
) = 1, where 𝑛∗ is the

𝑇 -smooth part of 𝑛, that is

𝑛
∗
∶= ∏

𝑝≤𝑇 , 𝑢≠𝑣

𝑝
max (𝑢,𝑣)

≤ 𝑛.

Note that, for any 𝑐 ∈ ℕ, if gcd (𝑐, 𝑛) = 1 then gcd (𝑐, 𝑛
∗
) = 1. Let 𝐾 ∈ ℕ. Define 𝑤∗

∶ ℝ → ℝ
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by for any 𝑦 ∈ ℝ,

𝑤
∗
(𝑦) ∶=

2𝛿

𝐾 (⌊

𝐾(Δ + 𝛿 − 𝑦)

2𝛿 ⌋
+ 1

)
=

2𝛿

𝐾

𝐾−1

∑

𝑘=0

𝜒[0,Δ+𝛿−2𝑘𝛿/𝐾](𝑦).

Note that for any 𝑦 ≥ 0, 𝑤(𝑦) ≤ 𝑤∗
(𝑦); we have that

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 2𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙

(
1 −

1

(𝑝 − 1)
2)

𝑛𝑙

∑

𝑐=1

gcd (𝑐,𝑛
∗
)=1

𝑤
∗

(

𝑐

𝑛𝑙
)

∏

𝑝 | gcd (𝑙,𝑐)

(
1 +

1

𝑝 − 2)

= 2𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙

(
1 −

1

(𝑝 − 1)
2)

2𝛿

𝐾

𝐾−1

∑

𝑘=0

𝑛𝑙(Δ+𝛿−2𝑘𝛿/𝐾)

∑

𝑐=1

gcd (𝑐,𝑛
∗
)=1

∏

𝑝 | gcd (𝑙,𝑐)

(
1 +

1

𝑝 − 2)
.

(3.32)

For any 𝑘 ∈ {0, ⋯ , 𝐾 − 1} and 𝑐 ∈ ℕ, if 1 ≤ 𝑐 ≤ 𝑛𝑙(Δ + 𝛿 − 2𝑘𝛿/𝐾),

𝑎𝑐 = ∏

𝑝 | gcd (𝑙,𝑐)

(
1 +

1

𝑝 − 2)
,

and 𝑎𝑐 = 0 if 𝑐 > 𝑛𝑙(Δ+𝛿 −2𝑘𝛿/𝐾). Note that if 𝑑 | 𝑛∗ and 𝑑𝑐 ≤ 𝑛𝑙(Δ+𝛿 −2𝑘𝛿/𝐾), then 𝑑 | 𝑛

and 𝑎𝑑𝑐 = 𝑎𝑐. By Proposition 3.2.15, for any 𝑑 | 𝑛∗,

∑

𝑐≡0 mod 𝑑

𝑎𝑐 =

𝑛𝑙(Δ+𝛿−2𝑘𝛿/𝐾)/𝑑

∑

𝑐=1

∏

𝑝 | gcd (𝑙,𝑐)

(
1 +

1

𝑝 − 2)

≤

𝑛𝑙(Δ + 𝛿 − 2𝑘𝛿/𝐾)

𝑑

∏

𝑝 | 𝑙

(
1 +

1

𝑝(𝑝 − 2))
+ 𝐿4 log (𝐷 + 2).

By Proposition 3.2.2, in which  is the set of primes that divides 𝑛∗, max ≤ 𝑇 , 𝑔 = 1 = 𝜅 =

𝐶 = 1, 𝑥 = 𝑛𝑙(Δ + 𝛿 − 2𝑘𝛿/𝐾)∏
𝑝 | 𝑙

(1 + 1/(𝑝(𝑝 − 2))), and |𝑟𝑑 | ≤ 𝐿4 log (𝐷 + 2), we have that

∑

gcd (𝑐,𝑛
∗
)=1

𝑎𝑐 =

𝑛𝑙(Δ+𝛿−2𝑘𝛿/𝐾)

∑

𝑐=1, gcd (𝑐,𝑛
∗
)=1

∏

𝑝 | gcd (𝑙,𝑐)

(
1 +

1

𝑝 − 2)

≤ (1 + 𝐿3(1, 1) 𝑢
−𝑢/2

) 𝑛𝑙
(
Δ + 𝛿 −

2𝑘𝛿

𝐾 )

𝜑(𝑛
∗
)

𝑛
∗

∏

𝑝 | 𝑙

(
1 +

1

𝑝(𝑝 − 2))
+ 𝐿4𝑇

𝑢
log (𝐷 + 2),

where Euler product formula ∏
𝑝 | 𝑛

∗(1 − 1/𝑝) = 𝜑(𝑛
∗
)/𝑛

∗ is applied. By simple computation
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in algebraic fractions,

∏

𝑝 | 𝑙

(
1 −

1

(𝑝 − 1)
2)

∏

𝑝 | 𝑙

(
1 +

1

𝑝(𝑝 − 2))
= 1;

it follows from (3.32) that,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 4𝜑(𝑚)

𝜑(𝑙)
2

𝑙

𝛿

𝐾

𝐾−1

∑

𝑘=0

(
(1 + 𝐿3(1, 1) 𝑢

−𝑢/2

) 𝑛𝑙
(
Δ + 𝛿 −

2𝑘𝛿

𝐾 )

𝜑(𝑛
∗
)

𝑛
∗

+ 𝐿4𝑇
𝑢
log (𝐷 + 2)

)
.

By taking lim𝐾→∞ on both sides, 𝐷 = Δ𝑛𝑙, Proposition 3.2.6 and

𝜑(𝑛
∗
)

𝑛
∗

≥ ∏

𝑝≤𝑇

(
1 −

1

𝑝)
≥

1

𝑐4 log 𝑇

;

we have that

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 4𝜑(𝑚)

𝜑(𝑙)
2

𝑙

𝛿
(
(1 + 𝐿3(1, 1) 𝑢

−𝑢/2

) 𝑛𝑙Δ

𝜑(𝑛
∗
)

𝑛
∗

+ 𝐿4𝑇
𝑢
log (𝐷 + 2)

)

≤ 4𝜑(𝑚)𝜑(𝑙)
2
𝑛

𝜑(𝑛
∗
)

𝑛
∗
𝛿Δ

(
1 + 𝐿3(1, 1) 𝑢

−𝑢/2
+ 𝐿4𝑐4

𝑇
𝑢
log (𝐷 + 2) log 𝑇

𝐷 )

≤ (𝐴𝑞)(𝐴𝑟)
𝜑(𝑛

∗
)/𝑛

∗

𝜑(𝑛)/𝑛 (
1 + 𝐿3(1, 1) 𝑢

−𝑢/2
+ 𝐿4𝑐4

𝑇
𝑢
log (𝐷 + 2) log 𝑇

𝐷 )
.

Since 𝑛∗ is defined as the 𝑇 -smooth part of 𝑛, it follows that,

𝜑(𝑛
∗
)/𝑛

∗

𝜑(𝑛)/𝑛

=

1

∏
𝑝 | 𝑛, 𝑝>𝑇

(1 − 1/𝑝)

= ∏

𝑝 | 𝑛, 𝑝>𝑇

(
1 +

1

𝑝 − 1)
.

By definition of 𝑛, for any 𝑝 ∈ ℙ, 𝑝 ∣ 𝑛 if and only if 𝑝 ∣ 𝑞𝑟/gcd (𝑞, 𝑟)
2. Case 1 is proved.

Case 2: 𝑙 is even. In this case, 2 ∣ 𝑙 and for any odd 𝑐 ∈ ℕ, 2 ∤ 𝑙 and

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐
(
1 −

2

𝑝)
= 0.

For any even 𝑐 ∈ ℕ,

∏

𝑝 | gcd (𝑙,𝑐)

(
1 −

1

𝑝)

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐
(
1 −

2

𝑝)
=

1

2

∏

𝑝 | gcd (𝑙,𝑐), 𝑝>2

(
1 −

1

𝑝)

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐, 𝑝>2
(
1 −

2

𝑝)
.
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By combining both cases, for any 𝑐 ∈ ℕ,

∏

𝑝 | gcd (𝑙,𝑐)

(
1 −

1

𝑝)

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐
(
1 −

2

𝑝)
=

𝜒2 | 𝑐

2

∏

𝑝 | gcd (𝑙,𝑐), 𝑝>2

(
1 −

1

𝑝)

∏

𝑝 | 𝑙, 𝑝 ∤ 𝑐, 𝑝>2
(
1 −

2

𝑝)

=

𝜒2 | 𝑐

2

∏

𝑝 | gcd (𝑙,𝑐), 𝑝>2

(
1 −

1

𝑝)(
1 −

2

𝑝)

−1

∏

𝑝 | 𝑙, 𝑝>2

(
1 −

2

𝑝)
,

where 𝜒2 ∣ 𝑐 is a characteristic function, 𝜒2 ∣ 𝑐 = 1 if and only if 2 ∣ 𝑐, otherwise 𝜒2 ∣ 𝑐 = 0. It

follows from (3.31) that,

(𝐴𝑞 ∩ 𝐴𝑟) = 4𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙, 𝑝>2

(
1 −

1

(𝑝 − 1)
2)

𝑛𝑙

∑

𝑐=1, 2 | 𝑐

gcd (𝑐,𝑛)=1

𝑤
(

𝑐

𝑛𝑙
)

∏

𝑝 | gcd (𝑙,𝑐), 𝑝>2

(
1 +

1

𝑝 − 2)

= 4𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙, 𝑝>2

(
1 −

1

(𝑝 − 1)
2)

𝑛𝑙/2

∑

𝑐
′
=1

gcd (2𝑐
′
,𝑛)=1

𝑤
(

2𝑐
′

𝑛𝑙 )

∏

𝑝 | gcd (𝑙,2𝑐
′
), 𝑝>2

(
1 +

1

𝑝 − 2)

= 4𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙, 𝑝>2

(
1 −

1

(𝑝 − 1)
2)

𝑛𝑙/2

∑

𝑐=1

gcd (𝑐,𝑛)=1

𝑤
(

𝑐

𝑛𝑙/2)

∏

𝑝 | gcd (𝑙,𝑐), 𝑝>2

(
1 +

1

𝑝 − 2)
,

where as 𝑛 is odd, for any 𝑐′ ∈ ℕ, gcd (2𝑐′, 𝑛) = gcd (𝑐
′
, 𝑛). The rest of the proof is similar

to Case 1. Let 𝐾 ∈ ℕ and 𝑇 ≥. By the same definition of 𝑤∗ and 𝑛∗, an inequality similar

to (3.32) is given,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 4𝜑(𝑚)

𝜑(𝑙)
2

𝑙

∏

𝑝 | 𝑙, 𝑝>2

(
1 −

1

(𝑝 − 1)
2)

2𝛿

𝐾

𝐾−1

∑

𝑘=0

𝑛𝑙(Δ+𝛿−2𝑘𝛿/𝐾)/2

∑

𝑐=1

gcd (𝑐,𝑛
∗
)=1

∏

𝑝 | gcd (𝑙,𝑐), 𝑝>2

(
1 +

1

𝑝 − 2)
.

By applying Propositions 3.2.15 and 3.2.2, it follows that,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 8𝜑(𝑚)

𝜑(𝑙)
2

𝑙

𝛿

𝐾

𝐾−1

∑

𝑘=0

(
(1 + 𝐿3(1, 1) 𝑢

−𝑢/2

)

𝑛𝑙

2 (
Δ + 𝛿 −

2𝑘𝛿

𝐾 )

𝜑(𝑛
∗
)

𝑛
∗

+ 𝐿4𝑇
𝑢
log (𝐷 + 2)

)

≤ 4𝜑(𝑚)

𝜑(𝑙)
2

𝑙

𝛿

𝐾

𝐾−1

∑

𝑘=0

(
(1 + 𝐿3(1, 1) 𝑢

−𝑢/2

) 𝑛𝑙
(
Δ + 𝛿 −

2𝑘𝛿

𝐾 )

𝜑(𝑛
∗
)

𝑛
∗

+ 2𝐿4𝑇
𝑢
log (𝐷 + 2)

)
.

By taking lim𝐾→∞ on both sides and Proposition 3.2.6, it follows that,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ (𝐴𝑞)(𝐴𝑟)
(
1 + 𝐿3(1, 1) 𝑢

−𝑢/2
+ 2𝐿4𝑐4

𝑇
𝑢
log (𝐷 + 2) log 𝑇

𝐷 )

∏

𝑝 | 𝑞𝑟/gcd (𝑞,𝑟)
2
, 𝑝>𝑇

(
1 +

1

𝑝 − 1)
.
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It remains to prove the particular case. Pick any 𝐶 ≥ 1. By defining

𝑢 =

4𝐶 log log (𝐷 + 100)

log log log (𝐷 + 100)

, 𝑇 = 𝐴𝑐(𝑞, 𝑟) = exp
(

log (𝐷 + 100) log log log (𝐷 + 100)

8𝐶 log log (𝐷 + 100)

+ 1
)
,

and applying Proposition 3.2.16, the conclusion follows.

3.2.4 Effective version of [2, Proposition 6]

The proof of [2, Proposition 6] relies on estimates involving the notion of GCD graphs,

introduced in [25]. In order to obtain an effective version, it suffices to establish effective

forms of [2, Proposition 8 and Lemmas 13, 15, and 16], which can be achieved through explicit

computations. For this purpose, we begin by recalling the relevant definitions and results

concerning GCD graphs from [25].

A 7-tuple 𝐺 = (𝜇, , ,  , , 𝑓 , 𝑔) is said to be a GCD graph, if all of the following holds:

1. 𝜇 is a measure on ℕ such that for any 𝑛 ∈ ℕ, 𝜇(𝑛) < +∞; and extend to ℕ
2 by for any

𝑁 ⊂ ℕ
2,

𝜇(𝑁 ) ∶= ∑

(𝑛1,𝑛2)∈𝑁

𝜇(𝑛1)𝜇(𝑛2);

2.  ⊂ ℕ and  ⊂ ℕ are finite subsets;

3.  ⊂  × ;

4.  ⊂ ℙ is a subset of primes;

5. 𝑓 and 𝑔 are functions from  to ℕ ∪ {0} so that for any 𝑝 ∈  ,

(a) for any 𝑣 ∈  , 𝑝𝑓 (𝑝) | 𝑣; for any 𝑤 ∈  , 𝑝𝑔(𝑝) | 𝑤;

(b) for any (𝑣, 𝑤) ∈  , 𝑝min (𝑓 (𝑝),𝑔(𝑝))
|| gcd (𝑣, 𝑤);

(c) if 𝑓 (𝑝) ≠ 𝑔(𝑝) then for any 𝑣 ∈  , 𝑝𝑓 (𝑝) || 𝑣 and for any 𝑤 ∈  , 𝑝𝑔(𝑝) | 𝑤.

The edge density 𝛿 of 𝐺 is defined by

𝛿(𝐺) ∶=

𝜇()
𝜇()𝜇()

≤ 1.
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The quality of 𝐺 is defined by

𝑞(𝐺) ∶= 𝛿(𝐺)
10
𝜇()𝜇()∏

𝑝∈

𝑝
|𝑓 (𝑝)−𝑔(𝑝)|

(1 − 𝜒𝑓 (𝑝)=𝑔(𝑝)≥1/𝑝)
2
(1 − 𝑝

−31/30
)
10

≥ 0.

(𝐺) is the set of primes that have not (yet) been accounted for in the GCD graph:

(𝐺) ∶= ⋃

(𝑣,𝑤)∈
{𝑝 ∈  ∶ 𝑝 | gcd (𝑣, 𝑤)}.

Also, as the same in [2], define 
𝑝
𝑘 ∶= {𝑣 ∈  ∶ 𝑝

𝑘
|| 𝑣} and

∗∗
(𝐺) ∶= ⋂

𝑘∈ℕ∪{0}

{

𝑝 ∈ (𝐺) ∶ min
(

𝜇(
𝑝
𝑘)

𝜇()
,

𝜇(
𝑝
𝑘)

𝜇() )
≤ 1 −

1

√
𝑝

}

.

If  = ∅, we write 𝑓 = 𝑓∅ and 𝑔 = 𝑔∅ as two copies of the empty function from ∅ to

ℕ∪ {0}. Let 𝐺′
= (𝜇

′
, ′

, ′
,  ′
, ′

, 𝑓
′
, 𝑔

′
) be a GCD graph. 𝐺′ is said to be a GCD sub-graph

of 𝐺 (denoted by 𝐺′
≺ 𝐺) if

𝜇
′
= 𝜇,  ′

⊂  ,  ′
⊂ ,  ′

⊂  ,  ′
⊃  , 𝑓

′
| = 𝑓 , 𝑔

′
| = 𝑔.

Note that ≺ is a transitive relation.

Let 𝑃6.3 and 𝑃8 be defined by

𝑃6.3 ∶= (𝜁 (31/30))
10
, 𝑃8 ∶= 10

10
3000

;

they are related to [25, Proof of Proposition 6.3 assuming Proposition 7.1] and [2, Proposition

8]. The Proposition 3.2.18 is referred as the ‘Bounded Quality Loss for Small Primes’.

Proposition 3.2.18 ([2, Lemma 15]). Let 𝐺 = (𝜇, , ,  , , 𝑓 , 𝑔) be a GCD graph. Suppose

𝛿(𝐺) > 0. Then there exists GCD sub-graph 𝐺′
= (𝜇, ′

, ′
,  ′
, ′

, 𝑓
′
, 𝑔

′
) of 𝐺 such that

 ′
⊂  ∪ ((𝐺) ∩

{

𝑝 ∈ ℙ ∶ 𝑝 < 10
2000

}

) ,

(𝐺
′
) ⊂

{

𝑝 ∈ ℙ ∶ 𝑝 > 10
2000

}

,

𝑞(𝐺) ≤ 𝑃8𝑞(𝐺
′
),

Proof. Refer to [2, Lemma 15].
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Proposition 3.2.19 ([2, Lemma 16]). Let 𝐺 = (𝜇, , ,  , , 𝑓 , 𝑔) be a GCD graph. Suppose

𝛿(𝐺) > 0 and ∅ ≠ (𝐺) ⊂ {𝑝 ∈ ℙ ∶ 𝑝 > 10
2000

}. Then there exists GCD sub-graph 𝐺′
=

(𝜇, ′
, ′

,  ′
, ′

, 𝑓
′
, 𝑔

′
) of 𝐺 such that

 ⊂  ′
⊂  ∪(𝐺), (𝐺

′
) ⊂ (𝐺), 𝑞(𝐺

′
) ≥ 𝑞(𝐺).

and

 ≠  ′
, (𝐺

′
) ≠ (𝐺).

Proof. Refer to [25, Propositions 8.1 & 8.2].

Proposition 3.2.20 (Effective version of [2, Lemma 13]). Let 𝐺 = (𝜇, , ,  , , 𝑓 , 𝑔) be a

GCD graph. Suppose 𝛿(𝐺) > 0. Then there exists GCD sub-graph 𝐺′
= (𝜇, ′

, ′
,  ′
, ′

, 𝑓
′
, 𝑔

′
)

of 𝐺 such that

 ′
⊂  ∪(𝐺), (𝐺

′
) = ∅, 𝑞(𝐺) ≤ 𝑃8𝑞(𝐺

′
).

Proof. By Proposition 3.2.18, there exists a GCD sub-graph 𝐺(1)
≺ 𝐺 such that (𝐺

(1)
) ⊂ {𝑝 ∈

ℙ ∶ 𝑝 > 10
2000

} and 𝑞(𝐺(1)
) ≥ 𝑃8𝑞(𝐺). If (1)

= ∅, it is done. Otherwise, by Proposition 3.2.19,

there exists GCD sub-graph 𝐺(2)
≺ 𝐺

(1) such that and (𝐺
(1)
) ≠ (𝐺

(2)
) ⊂ (𝐺

(1)
) and

𝑞(𝐺
(2)
) ≥ 𝑞(𝐺

(1)
).

Repeating such process, as (𝐺
(1)
) is finite, the process terminates after certain 𝑛 steps,

at a GCD sub-graph 𝐺′
∶= 𝐺

(𝑛)
≺ 𝐺 with (𝐺

′
) = ∅, 𝑞(𝐺′

) ≥ 𝑞(𝐺
(1)
) ≥ 𝑃8𝑞(𝐺) and

 ′
⊂  ∪(𝐺).

Proposition 3.2.21 (Effective version of [2, Proposition 8]). Let 𝐺 = (𝜇, , ,  , ∅, 𝑓∅, 𝑔∅) be

a GCD graph. Suppose 𝛿(𝐺) > 0. Then there exists GCD sub-graph𝐺′
= (𝜇, ′

, ′
,  ′
, , 𝑓 ′

, 𝑔
′
)

of 𝐺 such that (𝐺
′
) = ∅, 𝑞(𝐺) ≤ 𝑃8𝑞(𝐺′

) and for any 𝑣 ∈  ′ and 𝑤 ∈  ′,

𝜇(Γ𝐺′(𝑣)) ≥

9𝛿(𝐺
′
)

10

𝜇( ′
), 𝜇(Γ𝐺′(𝑤)) ≥

9𝛿(𝐺
′
)

10

𝜇( ′
).

Proof. By Proposition 3.2.20, there exists 𝐺(1)
≺ 𝐺 such that (𝐺

(1)
) = ∅ and 𝑞(𝐺(1)

) ≥

𝑃8𝑞(𝐺). By [2, Lemma 14] on 𝐺(1), there exists 𝐺′
≺ 𝐺

(1) such that the rest holds.
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The proof of [2, Proposition 6] depends on [25, Propositions 6.3 & 7.1].

Proposition 3.2.22 (Effective version of [2, Proposition 6]). Let 𝑄 ∈ ℕ, 𝑡 ≥ 1 and

𝑄,𝑡 ∶=
{

(𝑞, 𝑟) ∈ [1, 𝑄]
2
∩ ℕ

2
∶ 𝐷(𝑞, 𝑟) ≤

Ψ(𝑄)

𝑡

}

.

Then

∑

(𝑞,𝑟)∈𝑄,𝑡

𝜑(𝑞)𝜓(𝑞)

𝑞

𝜑(𝑟)𝜓(𝑟)

𝑟

≤ 𝐿6

Ψ
2
(𝑄)

𝑡
1/5

,

where

𝐿6 = (𝑃8𝑃6.3)
1/10

< 10
10

3000

.

Proof. Let 𝜓 ∶ ℕ → [0, 1/2] be a function, 𝑄 ∈ ℕ and 𝑡 ≥ 1. Define 𝜇 ∶ ℕ → ℝ
+ by, for any

𝑣 ∈ ℕ,

𝜇(𝑣) ∶=

𝜑(𝑣)𝜓(𝑣)

𝑣

.

Take  =  = [1, 𝑄] ∩ ℕ and

 =

{

(𝑣, 𝑤) ∈ ([1, 𝑄] ∩ ℕ)
2

∶ 𝐷(𝑣, 𝑤) ≤

Ψ(𝑄)

𝑡

}

.

Let 𝐺′
= (𝜇, ′

, ′
,  ′
, , 𝑓 ′

, 𝑔
′
) be a sub-graph of 𝐺 given by Proposition 3.2.21. The rest of

the proof follows similar steps to [25, Proof of Proposition 6.3 assuming Proposition 7.1].

Let 𝑎 ∶= ∏
𝑝∈ ′ 𝑝

𝑓
′
(𝑝) and 𝑏 ∶= ∏

𝑝∈ ′ 𝑝
𝑔
′
(𝑝). By the definition of GCD graph, for any 𝑣 ∈

 ′ and𝑤 ∈  ′, 𝑎 ∣ 𝑣 and 𝑏 ∣ 𝑤. Since(𝐺
′
) = ∅ and for any (𝑣, 𝑤) ∈  ′, 𝑝min (𝑓

′
(𝑝),𝑔

′
(𝑝))

|| gcd (𝑣, 𝑤).

Then for any (𝑣, 𝑤) ∈  ′, gcd (𝑣, 𝑤) = gcd (𝑎, 𝑏). Note that

∏

𝑝∈ ′

𝑝
|𝑓

′
(𝑝)−𝑔

′
(𝑝)|

= ∏

𝑝∈ ′

𝑝
max (𝑓

′
(𝑝),𝑔

′
(𝑝))−min (𝑓

′
(𝑝),𝑔

′
(𝑝))

=

lcm(𝑎, 𝑏)

gcd (𝑎, 𝑏)

=

𝑎𝑏

gcd (𝑎, 𝑏)
2
,
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and by the Euler product formula for the Riemann zeta function,

∏

𝑝∈ ′

1

(1 − 𝜒𝑓 ′(𝑝)=𝑔′(𝑝)≥1/𝑝)
2
(1 − 𝑝

−31/30
)
10

≤ (𝜁 (31/30))
10
∏

𝑝∈ ′

1

(1 − 𝜒𝑓 ′(𝑝)=𝑔′(𝑝)≥1/𝑝)
2

≤ 𝑃6.3

𝑎𝑏

𝜑(𝑎)𝜑(𝑏)

.

By the definition of quality,

𝑞(𝐺
′
) = 𝛿(𝐺

′
)
10
𝜇( ′

)𝜇( ′
)∏

𝑝∈ ′

𝑝
|𝑓

′
(𝑝)−𝑔

′
(𝑝)|

(1 − 𝜒𝑓 ′(𝑝)=𝑔′(𝑝)≥1/𝑝)
2
(1 − 𝑝

−31/30
)
10

≤ 𝑃6.3𝛿(𝐺
′
)
10
𝜇( ′

)𝜇( ′
)

𝑎𝑏

gcd (𝑎, 𝑏)
2

𝑎𝑏

𝜑(𝑎)𝜑(𝑏)

= 𝑃6.3𝛿(𝐺
′
)
9
𝜇( ′

)

𝑎𝑏

gcd (𝑎, 𝑏)
2

𝑎𝑏

𝜑(𝑎)𝜑(𝑏)

. (3.33)

By  ′
⊂  , for any (𝑣, 𝑤) ∈  ′,

𝜓(𝑣) ≤

gcd (𝑎, 𝑏)

𝑤

Ψ(𝑄)

𝑡

, 𝜓(𝑤) ≤

gcd (𝑎, 𝑏)

𝑣

Ψ(𝑄)

𝑡

.

By Proposition 3.2.21, for any 𝑣 ∈  ′, there exists the greatest integer 𝑤max(𝑣) such that

(𝑣, 𝑤max(𝑣)) ∈  ′; similarly, for any 𝑤 ∈  ′, there exists the greatest integer 𝑣max(𝑤) such

that (𝑣max(𝑤), 𝑤) ∈  ′. Thus, for any 𝑣 ∈  ′ and 𝑤 ∈ 𝕎
′,

𝜓(𝑣) ≤

gcd (𝑎, 𝑏)

𝑤max(𝑣)

Ψ(𝑄)

𝑡

, 𝜓(𝑤) ≤

gcd (𝑎, 𝑏)

𝑣max(𝑤)

Ψ(𝑄)

𝑡

. (3.34)

Let𝑤0
∶= max ′ be the greatest element in  ′ and  ′′

∶= {(𝑣, 𝑤) ∈  ′
∶ (𝑣, 𝑤0) ∈  ′

}. Thus,

for any (𝑣, 𝑤) ∈  ′′, 𝑤max(𝑣) = 𝑤0. By Proposition 3.2.21, we have

𝜇( ′′
) = ∑

𝑣∈Γ
𝐺
′ (𝑤0)

𝜇(𝑣)𝜇(Γ𝐺′(𝑣)) ≥ 𝜇(Γ𝐺′(𝑤0))

9𝛿(𝐺
′
)𝜇( ′

)

10

≥
(

9𝛿(𝐺
′
)

10 )

10

𝜇( ′
)𝜇( ′

)

≥

𝛿(𝐺
′
)𝜇( ′

)

2

.

By (3.33) and 𝛿 ≤ 1,

𝑞(𝐺
′
) ≤ 𝑃6.3𝛿(𝐺

′
)
8
𝜇( ′′

)

𝑎𝑏

gcd (𝑎, 𝑏)
2

𝑎𝑏

𝜑(𝑎)𝜑(𝑏)

≤ 𝑃6.3𝜇( ′′
)

𝑎𝑏

gcd (𝑎, 𝑏)
2

𝑎𝑏

𝜑(𝑎)𝜑(𝑏)

. (3.35)
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Since 𝑎 ∣ 𝑣, 𝑏 ∣ 𝑤, 𝜑(𝑣)/𝑣 ≤ 𝜑(𝑎)/𝑎 and 𝜑(𝑤)/𝑤 ≤ 𝜑(𝑏)/𝑏 , it follows that

𝜇( ′′
) = ∑

(𝑣,𝑤)∈ ′′

𝜓(𝑣)𝜑(𝑣)

𝑣

𝜓(𝑤)𝜑(𝑤)

𝑤

.

By combining (3.34) and (3.35), we have that,

𝑞(𝐺
′
) ≤ 𝑃6.3𝑎𝑏 ∑

(𝑣,𝑤)∈ ′′

1

𝑣max(𝑤)𝑤0

Ψ
2
(𝑄)

𝑡
2
,

By 𝑣′ ∶= 𝑣/𝑎 and 𝑤′
∶= 𝑤/𝑏 ,

∑

(𝑣,𝑤)∈ ′′

1

𝑣max(𝑤)𝑤0

≤ ∑

𝑤
′
≤𝑤0/𝑏

1

𝑤0𝑣max(𝑏𝑤
′
)

∑

𝑣
′
≤𝑣max(𝑏𝑣

′
)/𝑎

1 ≤ ∑

𝑤
′
≤𝑤0/𝑏

1

𝑤0𝑣max(𝑏𝑤
′
)

𝑣max(𝑏𝑣
′
)

𝑎

≤

1

𝑎𝑏

.

We have that

𝑞(𝐺
′
) ≤ 𝑃6.3

Ψ
2
(𝑄)

𝑡
2
.

By Proposition 3.2.21, we have that

𝛿(𝐺)
10
𝜇()𝜇() = 𝑞(𝐺) ≤ 𝑃8𝑞(𝐺

′
) ≤ 𝑃8 𝑃6.3

Ψ(𝑄)
2

𝑡
2
.

Note that 𝜇() = 𝜇() = Ψ(𝑄)/2. Then, we have that

𝛿(𝐺) ≤ (4𝑃8𝑃6.3)
1/10
𝑡
−1/5

Hence the result follows as:

𝜇() =
(

Ψ(𝑄)

2 )

2

𝛿(𝐺) ≤ (𝑃8𝑃6.3)
1/10

Ψ(𝑄)
2

𝑡
1/5

.

3.2.5 Effective version of [2, Proposition 7]

The proof of [2, Proposition 7] relies on [2, Proposition 9] and [25, Proposition 7.1]. To
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obtain an effective version, it is therefore necessary to establish effective analogues of both of

these results.

We begin by introducing two auxiliary functions. For 𝑠 ∈ ℝ, define 𝐿𝑠 ∶ ℕ
2
→ ℝ by

𝐿𝑠(𝑞, 𝑟) ∶= ∑

𝑝 ∣ 𝑞𝑟/ gcd(𝑞,𝑟)
2

𝑝≥𝑠

1

𝑝

, (𝑞, 𝑟) ∈ ℕ
2
.

Clearly, 𝐿𝑠 is decreasing in 𝑠. Next, for any 𝐶 > 0, define 𝐹𝐶 ∶ ℝ
+
→ ℝ

+ by

𝐹𝐶(𝑥) ∶= exp
(

log(𝑥 + 100) log log log(𝑥 + 100)

8𝐶 log log(𝑥 + 100)

+ 1
)
, 𝑥 > 0,

so that 𝐹𝐶(𝑥) > 𝑒 and 𝐹𝐶 is increasing on [1, ∞).

Proposition 3.2.23 (Function #02). For any 𝐶 ≥ 1 and 𝑡 ≥ 1,

𝑡
102

exp (−25𝐹𝐶(𝑡)
3/4

) ≤ 𝑓#02(𝐶) ∶= (𝑥0(𝐶))
102

exp (−25(𝑐0(𝐶))
1/2

(𝑥0(𝐶) + 100)
1/2

), (3.36)

where

𝑐0(𝐶) ∶= exp
(

log log log 100

8𝐶 log log 100)
, 𝑥0(𝐶) ∶=

408 (51 +

√

2601 + 15625𝑐0(𝐶))

625𝑐0(𝐶)

> 0.

Proof. Pick any 𝐶 > 0 and 𝑥 > 0. Since

𝐹𝐶(𝑥) ≥ exp
(

log log log 100

8𝐶 log log 100)
(𝑥 + 100) = 𝑐0(𝐶)(𝑥 + 100).

Then, as 𝐹𝐶(𝑥) > 𝑒,

𝑥
102

exp (−25𝐹𝐶(𝑥)
3/4

) ≤ 𝑥
102

exp (−25𝐹𝐶(𝑥)
1/2

) ≤ 𝑥
102

exp (−25𝑐0(𝐶)
1/2

(𝑥 + 100)
1/2

).

By the derivative test, the rightmost function attains its maximum at 𝑥 = 𝑥0(𝐶).

Proposition 3.2.24 (Effective version of [2, (23)]). For any 𝑝 ∈ ℙ and 𝑥 ≥ 1,

𝑝
𝑥−1/2

10
15
𝑥
20

≥ 𝑏23𝑝
𝑥/4
,

where 𝑏23 ∶= 10
−39.
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Proof. Define, for any 𝑝 ≥ 2, 𝑓𝑝 ∶ [1, +∞) → ℝ
+ by for any 𝑥 ≥ 1,

𝑓𝑝(𝑥) ∶=

𝑝
3𝑥/4−1/2

10
15
𝑥
20
.

If 𝑝 ≤ 𝑒
80/3 then the global minimum of 𝑓𝑝 is achieved at

𝑥 =

80

3 log 𝑝

,

and that minimum value is given by

𝑓𝑝
(

80

3 log 𝑝)
=

3
20

2
95
5
35

𝑒
20
log

20

𝑝

√
𝑝

≥

3
20

2
95
5
35

𝑒
20
log

20

2

√

2

> 10
−39
.

If 𝑝 ≥ 𝑒
80/3 then the global minimum of 𝑓𝑝 is achieved at 𝑥 = 1 and the value is given by

𝑓𝑝(1) =

𝑝
1/4

10
15

≥

exp (20/3)

10
15

> 10
−13
.

By combining both cases, for any 𝑝 ∈ ℙ and 𝑥 ≥ 1, 𝑓𝑝(𝑥) > 10
−39.

Proposition 3.2.25. For any 𝑁 ∈ ℕ and 𝑦 > 𝑒, if 𝑁! ≤ 𝑦 then

𝑁 <

2.44 log 𝑦

log log 𝑦

.

Proof. Suppose 𝑒 < 𝑦 < 16. The only possible values of 𝑁 are 1, 2 and 3, the result follows as

𝑁 < 6 <

2.44 log 𝑦

log log 𝑦

.

Suppose 𝑦 ≥ 16. Note that by the definition of Lambert 𝑊 function,

(

𝑁

1.36)

𝑁/1.36

< 𝑁! ≤ 𝑦

𝑁

1.36

< exp𝑊(log 𝑦).
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Note that for any 𝑧 ≥ 𝑒, 0 ≤ log log 𝑧/ log 𝑧 ≤ 1/𝑒. By [16, Theorem 2.7], for any 𝑧 ≥ 𝑒,

𝑊(𝑧) ≤ log 𝑧 − log log 𝑧 +

𝑒

𝑒 − 1

log log 𝑧

log 𝑧

≤ log 𝑧 − log log 𝑧 +

1

𝑒 − 1

.

By taking 𝑧 = log 𝑦 ≥ log 16 > 𝑒,

𝑁

1.36

< exp
(
log log 𝑦 − log log log 𝑦 +

1

𝑒 − 1)

𝑁 < 1.36 exp

1

𝑒 − 1

log 𝑦

log log 𝑦

<

2.44 log 𝑦

log log 𝑦

.

Proposition 3.2.26. For any 𝑁 ∈ ℕ and 𝑡 ≥ 10
−12, if 𝑁! ≤ 10

156
𝑡
12 then

𝑁 <

60 log 𝑡

log log 𝑡

.

Proof. By applying 𝑦 = 10
156
𝑡
12
> 𝑒 to Proposition 3.2.25 and standard methods in calculus,

we have

𝑁 < 2.44

log (10
156
𝑡
12
)

log log (10
156
𝑡
12
)

≤

(2.44)(24.3) log 𝑡

log log 𝑡

.

Proposition 3.2.27. For any finite 𝑌 ⊂ ℙ,

∑

𝑝∈𝑌

log 𝑝 ≥

log 30030

6 log 6

#𝑌 log #𝑌 ,

under the convention that 0 log 0 = 0.

Proof. The statement is trivial if #𝑌 ≤ 1. It suffices to prove for the case that #𝑌 ≥ 2. For the

same values of #𝑌 , the expression is minimised

𝑓 (𝑌 ) ∶=

1

#𝑌 log #𝑌

∑

𝑝∈𝑌

log 𝑝,

if the choices of the primes 𝑝 ∈ 𝑌 are minimised. It is trivial that, for any 𝑘 ∈ ℕ, 𝑝𝑘 ≥ 𝑘 + 1,
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where 𝑝𝑘 is the 𝑘-th (smallest) prime. We have that, for any finite 𝑌 ⊂ ℙ, if #𝑌 ≥ 2 then

𝑓 (𝑌 ) ≥ 𝑔(#𝑌 ) ∶= min

{𝑋⊂ℙ∶#𝑋=#𝑌 }

𝑓 (𝑋) =

1

#𝑌 log #𝑌

#𝑌

∑

𝑘=1

log 𝑝𝑘

>

1

#𝑌 log #𝑌

#𝑌

∑

𝑘=1

log 𝑘 ≥

1

#𝑌 log #𝑌
∫

#𝑌

1

log 𝑥 d𝑥 =

#𝑌 log #𝑌 − #𝑌 + 1

#𝑌 log #𝑌

= 1 −

1

log #𝑌

+

1

#𝑌 log #𝑌

≥ 1 −

1

2 log 2

> 0;

thus, 𝑓 is bounded below. Note that, for any 𝑛 ∈ ℕ, if 𝑛 ≥ 10
11 then 𝑔(𝑛) > 0.96. By computing

all cases of 𝑌 such that #𝑌 ≤ 10
11 (a finite number of cases), we have that 𝑓 is minimised when

𝑌0 = {2, 3, 5, 7, 11, 13}, in which

𝑓 (𝑌0) =

log 30030

6 log 6

≤ 0.96;

it completes the proof.

Proposition 3.2.28. For any 𝑢 ≥ 1 and 𝑣 ≥ 16, if

𝑢 log 𝑢 <

16.7 log 𝑣

log log log 𝑣

,

then

𝑢 <

23 log 𝑣

log log 𝑣 log log log 𝑣

.

Proof. Pick any 𝑥 ≥ 1 and 𝑦 > 0. Suppose 𝑥 log 𝑥 ≤ 𝑦 then 𝑥 ≤ 𝑦/𝑊(𝑦). By standard

methods in calculus, 𝑊(𝑦)/ log 𝑦 is minimised when 𝑦 = 𝑒
1+𝑒. We have

0.73 log 𝑦 <

𝑊(𝑒
1+𝑒

)

1 + 𝑒

log 𝑦 ≤ 𝑊(𝑦).

By substituting 𝑥 = 𝑢 and 𝑦 = 16.7 log 𝑣/ log log log 𝑣, it gives,

𝑢 <

16.7 log 𝑣

log log log 𝑣

1

𝑊(16.7 log 𝑣/ log log log 𝑣)

<

16.7

0.73

log 𝑣

log (16.7 log 𝑣/ log log log 𝑣) log log log 𝑣

<

23 log 𝑣

log log 𝑣 log log log 𝑣

.
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Proposition 3.2.29. For any 𝑡 ≥ 22 and 𝑦 > 0, if

𝑦 ≤

23 log 𝑡

log log 𝑡 log log log 𝑡

,

then

𝑦 log

462 log 𝑡

𝑦

≤

58 log 𝑡

log log 𝑡

.

Proof. By 𝑡 ≥ 22, we have that 23/(log log 𝑡 log log log 𝑡) < 462/𝑒 and

𝑦 ≤

23 log 𝑡

log log 𝑡 log log log 𝑡

<

462 log 𝑡

𝑒

.

Define 𝑓𝑡 ∶ ℝ
+
→ ℝ by for any 𝑥 > 0,

𝑓𝑡(𝑥) ∶= 𝑥 log

462 log 𝑡

𝑥

.

Note that 𝑓𝑡 is increasing on (0, 462 log 𝑡/𝑒) and the global maximum of 𝑓𝑡 is 462 log 𝑡/𝑒. It

gives

𝑦 log

462 log 𝑡

𝑦

≤

23 log 𝑡

log log 𝑡 log log log 𝑡

log

462 log log 𝑡 log log log 𝑡

23 log 𝑡

.

The result follows as for any 𝑡 ≥ 17,

23

log log log 𝑡

log

462 log log 𝑡 log log log 𝑡

23 log 𝑡

< 58 .

Proposition 3.2.30. Let 𝐶 > 0. For any 𝑡 ≥ exp exp exp (48578724𝐶
2
) > 𝑒

𝑒,

296 log 𝑡 log log log log 𝑡

log log 𝑡

<

1

4

log 𝐹𝐶(𝑡).

Proof. We have

8(296)(4)𝐶

log log (𝑡 + 100)

log log 𝑡

log 𝑡

log (𝑡 + 100)

log log log log 𝑡

log log log (𝑡 + 100)

< 9473𝐶

log log log log 𝑡

log log log 𝑡

,
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by finding an upper bounds for each quotient. Since for any 𝑥 > 0, log 𝑥/𝑥 < 2/(𝑒

√

𝑥),

9473𝐶

log log log log 𝑡

log log log 𝑡

<

2

𝑒

2369𝐶

√

log log log 𝑡

≤

18946𝐶

𝑒

√

48578724𝐶

< 1.

We have that,

1184 log 𝑡 log log log log 𝑡

log log 𝑡

< log 𝐹𝐶(𝑡) − 1 < log 𝐹𝐶(𝑡).

Next, we present some sufficient tools to make [2, Lemma 11] effective.

Proposition 3.2.31 ([2, Lemma 17]). Let 𝐺 = (𝜇, , ,  , , 𝑓 , 𝑔) be a GCD graph and 𝑝 ∈

(𝐺). Suppose 𝛿(𝐺) > 0. Define, for any 𝑘 ∈ ℕ ∪ {0} and 𝑙 ∈ ℕ ∪ {0},

𝛼𝑘 =

𝜇(
𝑝
𝑘)

𝜇()
, 𝛽𝑙 =

𝜇(
𝑙
𝑘)

𝜇()

.

Then, there exists (𝑘, 𝑙) = (𝑘𝑝, 𝑙𝑝) ∈ (ℕ ∪ {0})
2 such that 𝛼𝑘𝑝 > 0, 𝛽𝑙𝑝 > 0 and

𝜇(
𝑝
𝑘
,𝑝
𝑙)

𝜇()
≥

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

(𝛼𝑘𝛽𝑙)
9/10
, 𝑘 = 𝑙,

𝛼𝑘(1−𝛽𝑘)+𝛽𝑘(1−𝛼𝑘)+𝛼𝑙(1−𝛽𝑙)+𝛽𝑙(1−𝛼𝑙)

40|𝑘−𝑙|
2

, 𝑘 ≠ 𝑙.

Proposition 3.2.32 ([2, Lemma 19]). Let 𝐺 = (𝜇, , ,  , , 𝑓 , 𝑔) be a GCD graph and 𝑝 ∈

∗∗
(𝐺). Suppose 𝛿(𝐺) > 0. Let (𝑘 = 𝑙) = (𝑘𝑝, 𝑙𝑝) ∈ (ℕ ∪ {0})

2 be given in Proposition 3.2.31.

Then there exists a GCD subgroup 𝐺 = (𝜇, ′
, ′

,  ′
, ′

, 𝑓
′
, 𝑔

′
) of 𝐺 such that  ′

=  ∪ {𝑝},

(𝐺
′
) ⊂ (𝐺) ⧵ {𝑝} and

𝛿(𝐺
′
)

𝛿(𝐺)

≥

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

1, 𝑘 = 𝑙,

1

20|𝑘−𝑙|
2
, 𝑘 ≠ 𝑙,

𝑞(𝐺
′
)

𝑞(𝐺)

≥

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

1 𝑘 = 𝑙,

𝑝
|𝑘−𝑙|−1/2

10
15
|𝑘−𝑙|

20
, 𝑘 ≠ 𝑙,

Proposition 3.2.33 (Effective version of [2, Lemma 11]). Let 𝐺 = (𝜇, , ,  , ∅, 𝑓∅, 𝑔∅) be a

GCD graph and 𝐶, 𝑡 ≥ 1. Suppose 𝛿(𝐺) > 0 and

𝑡 ≥ max (exp exp exp (48578724𝐶
2
)), exp exp exp exp 4).
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Then there exists a GCD subgraph such that 𝐺′
≺ 𝐺 such that ∗∗

(𝐺
′
) = ∅ and at least one of

the following holds:

1. 𝑞(𝐺′
) ≥ 𝑡

3
𝑞(𝐺); or

2. 𝑞(𝐺′
) ≥ 𝑏23𝑞(𝐺), 𝛿(𝐺′

)/𝛿(𝐺) ≥ 1/𝐹𝐶(𝑡)
1/4 and 𝑁 = #diff(𝐺

′
) ≤ log 𝑡.

Proof. By an iterative application of Proposition 3.2.32, there exists a GCD sub-graph 𝐺′ of

𝐺 such that ∗∗
(𝐺

′
) = ∅. For any 𝑝 ∈  ′, denote (𝑘𝑝, 𝑙𝑝) ∈ (ℕ ∪ {0})

2 to be that given by

Proposition 3.2.32. Since 𝐺 has an empty set of primes, we have diff(𝐺
′
) = {𝑝 ∈  ′

∶ 𝑘𝑝 ≠ 𝑙𝑝}

and

𝛿(𝐺
′
)

𝛿(𝐺)

≥ ∏

𝑝∈diff(𝐺′
)

1

20|𝑘𝑝 − 𝑙𝑝|
2
,

𝑞(𝐺
′
)

𝑞(𝐺)

≥ ∏

𝑝∈diff(𝐺′
)

𝑝
|𝑘𝑝−𝑙𝑝 |−1/2

10
15
|𝑘𝑝 − 𝑙𝑝|

20
.

Then, by comparing each term in the product and Proposition 3.2.24,

𝑞(𝐺
′
)

𝑞(𝐺)

≥ 𝑏23 ∏

𝑝∈diff(𝐺′
)

𝑝
|𝑘𝑝−𝑙𝑝 |/4

≥ 𝑏23. (3.37)

Suppose 𝑞(𝐺′
) < 𝑡

3
𝑞(𝐺). Define 𝑁 = #diff(𝐺

′
). As stated in the original proof,

(𝑁 !)
1/4

≤ ∏

𝑝∈diff(𝐺′
)

𝑝
|𝑘𝑝−𝑙𝑝 |/4

≤

1

𝑏23

𝑞(𝐺
′
)

𝑞𝐺

<

1

𝑏23

𝑡
3

Hence, 𝑁! ≤ 10
156
𝑡
12 and by Proposition 3.2.26, 𝑁 ≤ 60 log 𝑡/log log 𝑡.

Define 𝑌 ∶= {𝑝 ∈ diff(𝐺
′
) ∶ |𝑘𝑝 − 𝑙𝑝| ≥ log log log 𝑡. As 𝑡 ≥ exp exp exp exp 4, it follows

that,

∑

𝑝∉𝑌

log (20|𝑘𝑝 − 𝑙𝑝|
2
) ≤ ∑

𝑝∉𝑌

log (20(log log log 𝑡)
2
)

≤ 𝑁(log 20 + 2 log log log log 𝑡)

≤ 𝑁 log 20 log log log log 𝑡

≤ 60 log 20

log 𝑡 log log log log 𝑡

log log 𝑡

.
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By Proposition 3.2.27, (3.37) and 𝑞(𝐺) < 𝑡3𝑞(𝐺), we have

3 log 𝑡 ≥ log

(

𝑏23 ∏

𝑝∈diff(𝐺′
)

𝑝
|𝑘𝑝−𝑙𝑝 |/4

)

≥ ∑

𝑝∈𝑌

|𝑘𝑝 − 𝑙𝑝|

4

log 𝑝 + log 𝑏23

4 log 𝑡 ≥ ∑

𝑝∈𝑌

|𝑘𝑝 − 𝑙𝑝|

4

log 𝑝

≥

1

4

∑

𝑝∈𝑌

log log log 𝑡 log 𝑝

log 𝑡 ≥

log 30030

96 log 6

#𝑌 log(#𝑌 ) log log log 𝑡

= 𝑏24#𝑌 log(#𝑌 ) log log log 𝑡,

where

𝑏24 ∶=

log 30030

96 log 6

> 0.599.

By 1/𝑏24 < 16.7 and Proposition 3.2.28,

#𝑌 ≤

23 log 𝑡

log log 𝑡 log log log 𝑡

∑

𝑝∈𝑌

|𝑘𝑝 − 𝑙𝑝| ≤

16

log 2

log 𝑡.

By the AM-GM inequality and Proposition 3.2.29, as 20(16/ log 2) < 462, it follows that,

∑

𝑝∈𝑌

log (20|𝑘𝑝 − 𝑙𝑝|
2
) ≤ 2∑

𝑝∈𝑌

log (20|𝑘𝑝 − 𝑙𝑝|)

≤ 2#𝑌 log

20∑
𝑝∈𝑌

|𝑘𝑝 − 𝑙𝑝|

#𝑌

≤ 2#𝑌 log

462 log 𝑡

#𝑌

≤

116 log 𝑡

log log 𝑡

.
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Hence, by combining the partition and Proposition 3.2.30,

− log

𝛿(𝐺
′
)

𝛿(𝐺)

≤ ∑

𝑝∈diff(𝐺′
)

log (20|𝑘𝑝 − 𝑙𝑝|
2
)

= ∑

𝑝∈𝑌

log (20|𝑘𝑝 − 𝑙𝑝|
2
) + ∑

𝑝∈diff(𝐺′
)⧵𝑌

log (20|𝑘𝑝 − 𝑙𝑝|
2
)

≤ (116 + 60 log 20)

log 𝑡 log log log log 𝑡

log log 𝑡

≤

296 log 𝑡 log log log log 𝑡

log log 𝑡

≤

1

4

𝐹𝐶(𝑡).

Proposition 3.2.34 (Effective version of [2, Proposition 9]). Let 𝐺 = (𝜇, , ,  , ∅, 𝑓∅, 𝑔∅) be

a GCD graph and 𝐶 ≥ 1. Suppose there exists 𝑡 ≥ 1 such that

 ⊂
{

(𝑣, 𝑤) ∈  × ∶ 𝐿𝐹𝐶(𝑡)
(𝑣, 𝑤) ≥

1

𝐹𝐶(𝑡)
1/4

}

,

𝛿(𝐺) ≥

1

𝐹𝐶(𝑡)
1/2
.

Then there exists GCD sub-graph 𝐺′
= (𝜇, ′

, ′
,  ′
, , 𝑓 ′

, 𝑔
′
) of 𝐺 such that

1. (𝐺
′
) = ∅,

2. for any 𝑣 ∈  ′, 𝜇(Γ𝐺′(𝑣)) ≥ 0.9𝛿(𝐺
′
)𝜇( ′

),

3. for any 𝑤 ∈  ′, 𝜇(Γ𝐺′(𝑤)) ≥ 0.9𝛿(𝐺
′
)𝜇( ′

),

4. at least one of the following holds:

𝑞(𝐺
′
) ≥ 𝑃8𝑡

3
𝑞(𝐺);

or

𝑞(𝐺
′
) ≥

𝑏23

2𝑃8

𝑞(𝐺),
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with for any (𝑣, 𝑤) ∈  ′, if 𝑣 = 𝑣′ ∏
𝑝∈ ′ 𝑝

𝑓
′
(𝑝) and 𝑤 = 𝑤

′
∏

𝑝∈ ′ 𝑝
𝑔
′
(𝑝) then

𝐿𝐹𝐶(𝑡)
(𝑣

′
, 𝑤

′
) ≥

1

2𝐹𝐶(𝑡)
1/4
.

Proof. By Proposition 3.2.33, there exists 𝐺(1)
≺ 𝐺 such that ∗∗

(𝐺
(1)
) = ∅ and at least one of

the following holds:

• (A): 𝑞(𝐺(1)
) ≥ 𝑡

3
𝑞(𝐺);

• (B): 𝑞(𝐺(1)
) ≥ 𝑏23𝑞(𝐺), 𝛿(𝐺(1)

)/𝛿(𝐺) ≥ 1/𝐹𝐶(𝑡)
1/4 and 𝑁 = #diff(𝐺

(1)
) ≤ log 𝑡

Suppose (A) holds. By Proposition 3.2.20, there exists 𝐺(2𝐴)
≺ 𝐺

(1) such that (𝐺
(2𝐴)

) = ∅

and 𝑞(𝐺(2𝐴)
) ≥ 𝑃8𝑞(𝐺

(1)
). Then take 𝐺′

= 𝐺
(2𝐴).

Suppose (B) holds. Th point is to remove the effect of the large primes in (𝐺
(1)
) on

𝐿𝐹𝐶(𝑡)
(𝑣, 𝑤). Since 𝛿(𝐺) ≥ 1/𝐹𝐶(𝑡)

1/2, 𝛿(𝐺(1)
) ≥ 1/𝐹𝐶(𝑡)

1/4. By applying [2, Lemma 12] to 𝐺(1)

with 𝑠 = 𝐹𝐶(𝑡), there exists 𝐺(2𝐵)
≺ 𝐺

(1) with edge set  (2𝐵) such that

𝑞(𝐺
(2𝐵)

) ≥

𝑞(𝐺
(1)
)

2

.

and

 (2𝐵)
⊂

⎧
⎪
⎪

⎨
⎪
⎪
⎩

(𝑣, 𝑤) ∈  × ∶ ∑

𝑝 | 𝑣𝑤/gcd (𝑣,𝑤)
2
, 𝑝≥𝐹𝐶(𝑡) 𝑝∉(𝐺

(1)
)

1

𝑝

≥

3

4𝐹𝐶(𝑡)
1/4

⎫
⎪
⎪

⎬
⎪
⎪
⎭

.

By removing the contribution of the primes in diff(𝐺
(1)
) on 𝐿𝐹𝐶(𝑡)(𝑣, 𝑤)’, as #diff(𝐺

(1)
) ≤ log 𝑡,

for any (𝑣, 𝑤) ∈  (2𝐵) and large 𝑡,

∑

𝑝 | 𝑣𝑤/gcd (𝑣,𝑤)
2
,

𝑝≥𝐹𝐶(𝑡), 𝑝∈diff(𝐺
(1)
)

1

𝑝

≤

log 𝑡

𝐹𝐶(𝑡)

≤

1

4𝐹𝐶(𝑡)
1/4
.

Hence for any (𝑣, 𝑤) ∈  (2𝐵),

∑

𝑝 | 𝑣𝑤/gcd (𝑣,𝑤)
2
, 𝑝≥𝐹𝐶(𝑡) 𝑝∉(𝐺

(1)
)∪diff(𝐺(1)

)

1

𝑝

≥

1

2𝐹𝐶(𝑡)
1/4
.
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By applying Proposition 3.2.20 to 𝐺(2𝐵), there exists 𝐺(3𝐵)
≺ 𝐺

(2𝐵) such that (𝐺
(3𝐵)

) = ∅ and

𝑞(𝐺
(3𝐵)

) ≥

1

𝑃8

𝑞(𝐺
(2𝐵)

) ≥

1

2𝑃8

𝑞(𝐺
(1)
) ≥

𝑏23

2𝑃8

𝑞(𝐺).

Then, taking 𝐺′
= 𝐺

(3𝐵) and the rest follows from applying the argument as in the proof of

[25, Proposition 7.1].

Proposition 3.2.35 (Effective version of [2, Lemma 10]). For any 𝑥 ∈ ℝ, 𝑡 ≥ 1 and 𝑐 ∈ (0, 1],

#

{

𝑛 ∈ ℕ ∶ 𝑛 ≤ 𝑥 and ∑

𝑝 | 𝑛, 𝑝≥𝑡

1

𝑝

≥ 𝑐

}

≤ 𝐿10 𝑥 exp (−100𝑐𝑡),

where

𝐿10 ∶= 𝐿14.2 (𝑒
100

) exp (2 (𝑒
100

− 1) 𝑐2),

in which 𝐿14.2 is given in (3.26).

Proof. Pick any 𝑥 ∈ ℝ, 𝑡 ≥ 1 and 𝑐 ∈ (0, 1]. By Markov’s inequality,

#

{

𝑛 ∈ ℕ ∶ 𝑛 ≤ 𝑥 and ∑

𝑝 | 𝑛, 𝑝≥𝑡

1

𝑝

≥ 𝑐

}

= #

{

𝑛 ∈ ℕ ∶ 𝑛 ≤ 𝑥 and exp

(

100𝑡 ∑

𝑝 | 𝑛,𝑝≥𝑡

1

𝑝)

≥ exp (100𝑐𝑡)

}

≤ exp (−100𝑐𝑡)∑

𝑛≤𝑥

∏

𝑝 | 𝑛,𝑝≥𝑡

exp
(

100𝑡

𝑝 )
.

Define a multiplicative function 𝑓𝑡 ∶ ℕ → ℝ
+ by for any 𝑝 ∈ ℙ and 𝑚 ∈ ℕ,

𝑓𝑡(𝑝
𝑚
) ∶=

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

exp (100𝑡/𝑝), 𝑝 ≥ 𝑡

1, 𝑝 < 𝑡

≤ 𝑒
100
< 10

44
.

Note that for any 𝑝 ∈ ℙ and 𝑡 ≤ 𝑝,

𝑒
100𝑡/𝑝

− 1

𝑝

𝑝
2

𝑡

=

𝑒
100𝑡/𝑝

− 1

𝑡/𝑝

≤ 𝑒
100

− 1.
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By Proposition 3.2.14, we have,

∑

𝑛≤𝑥

∏

𝑝 | 𝑛,𝑝≥𝑡

exp
(

100𝑡

𝑝 )
= ∑

𝑛≤𝑥

𝑓𝑡(𝑛) ≤ 𝐿14.2 (𝑒
100

) 𝑥 exp

(

∑

𝑝≤𝑥

𝑓𝑡(𝑝) − 1

𝑝 )

= 𝐿14.2 (𝑒
100

) 𝑥 exp

(

∑

𝑡≤𝑝≤𝑥

𝑒
100𝑡/𝑝

− 1

𝑝 )

≤ 𝐿14.2 (𝑒
100

) 𝑥 exp

(
(𝑒

100
− 1)∑

𝑡≤𝑝

𝑡

𝑝
2
)

≤ 𝐿14.2 (𝑒
100

) 𝑥 exp

(

∑

𝑝∈ℙ

2 (𝑒
100

− 1)

𝑝
2

)

= 𝐿14.2 (𝑒
100

) exp (2 (𝑒
100

− 1) 𝑐2) 𝑥;

where for any 𝑡 > 0,

∑

𝑡≤𝑝

𝑡

𝑝
2
≤ ∑

𝑝∈ℙ

2

𝑝
2
= 2𝑐2.

Proposition 3.2.36 (Sub-linearity of 𝐹𝐶). For any 𝐶 > 10 and 𝑥 ≥ 3,

𝐹𝐶(𝑥) < 𝑥.

Proof. Note that 𝐹𝐶 is decreasing in argument 𝐶.

For any 𝐶 > 10 and 𝑥 ≥ 3, log log log (𝑥 + 100)/ log log (𝑥 + 100) < 1/𝑒 and

𝐹𝐶(𝑥)

𝑥

≤

𝐹10(𝑥)

𝑥

=

1

𝑥

exp
(

log (𝑥 + 100) log log log (𝑥 + 100)

80 log log (𝑥 + 100)

+ 1
)

≤

𝑒

𝑥

exp
(

log (𝑥 + 100)

80𝑒 )
.

The result follows from the right-most is decreasing for 𝑥 ≥ 3 and

𝑒

3

exp
(

log (3 + 100)

80𝑒 )
< 0.9257 < 1.

Proposition 3.2.37 (Effective version of [2, Proposition 7]). Let 𝐶 ≥ 10. Define for any𝑄 ∈ ℕ
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and 𝑡 ≥ 3,

𝑄,𝑡 ∶=
{

(𝑞, 𝑟) ∈ [1, 𝑄]
2
∩ ℕ

2
∶ 𝐷(𝑞, 𝑟) ≤ 𝑡Ψ(𝑄) and 𝐿𝐹𝐶(𝑡)(𝑞, 𝑟) ≥

1

𝐹𝐶(𝑡)
1/4

}

.

Then, the following inequality holds,

∑

(𝑞,𝑟)∈𝑄,𝑡

𝜑(𝑞)𝜓(𝑞)

𝑞

𝜑(𝑟)𝜓(𝑟)

𝑟

≤ 𝐿7(𝐶)

Ψ
2
(𝑄)

𝐹𝐶(𝑡)
1/2
,

where 𝐿7(𝐶) is defined by,

𝐿7(𝐶) = max

(

𝑃6.3

𝑃8

,

1

4 (

8𝑃8𝑃6.3

𝑏23 )

1/10

(2𝐿10𝑓#02(𝐶))
1/10

)

,

in which 𝑓#02 is given in (3.36).

Proof. Let 𝑄 ∈ ℕ and 𝑡 ≥ 1. Define 𝜇 ∶ ℕ → ℝ
+ by for any 𝑣 ∈ ℕ,

𝜇(𝑣) ∶=

𝜑(𝑣)𝜓(𝑣)

𝑣

.

Take  =  = [1, 𝑄] ∩ ℕ and

 =

{

(𝑣, 𝑤) ∈ ([1, 𝑄] ∩ ℕ)
2
∶ 𝐷(𝑣, 𝑤) ≤ 𝑡 Ψ(𝑄) and 𝐿𝐹𝐶(𝑡)(𝑣, 𝑤) ≥

1

𝐹𝐶(𝑡)
1/4

}

.

Note that 𝜇() = 𝜇() = Ψ(𝑄)/2. Let 𝐺′ be a GCD sub-graph of 𝐺 given by Proposi-

tion 3.2.34. Let 𝑎 = ∏
𝑝∈ ′ 𝑝

𝑓
′
(𝑝) and 𝑏 = ∏

𝑝∈ ′ 𝑝
𝑔
′
(𝑝). By the definition of GCD graph,

for any 𝑣 ∈  ′, 𝑎 | 𝑣 and for any 𝑤 ∈  ′, 𝑏 | 𝑤. Since (𝐺
′
) = ∅, for any (𝑣, 𝑤) ∈  ′,

gcd(𝑣, 𝑤) = gcd (𝑎, 𝑏). Let 𝑤0 = max( ′
) and 𝑣max(𝑤) = max{𝑣 ∈  ′

∶ (𝑣, 𝑤) ∈  ′
}.

Before applying the rest of Proposition 3.2.34, notice that by a similar argument in the

proof of Proposition 3.2.22,

𝑞(𝐺
′
) ≤ 𝑃6.3𝑎𝑏Ψ

2
(𝑄)𝑡

2
∑

(𝑣,𝑤)∈ ′

1

𝑤0𝑣max(𝑤)

≤ 𝑃6.3Ψ
2
(𝑄)𝑡

2
.
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Suppose 𝑞(𝐺′
) ≥ 𝑃8𝑡

3
𝑞(𝐺). We have,

𝛿(𝐺)
10
𝜇()𝜇() = 𝑞(𝐺) ≤

1

𝑃8

𝑡
−3
𝑞(𝐺

′
) ≤

𝑃6.3

𝑃8

Ψ
2
(𝑄)

𝑡

.

Then we have that,

𝛿(𝐺) ≤

4𝑃6.3

𝑃8

𝑡
−1/10

≤

4𝑃6.3

𝑃8

𝐹𝐶(𝑡)
−1/2

.

Suppose

𝑞(𝐺
′
) ≥

𝑏23

2𝑃8

𝑞(𝐺).

Then for any (𝑣, 𝑤) ∈  ′, if 𝑣 = 𝑎𝑣′ and 𝑤 = 𝑏𝑤
′ (notice that gcd (𝑣′, 𝑤′

) = 1), then

𝐿𝐹𝐶(𝑡)
(𝑣

′
, 𝑤

′
) ≥

1

2𝐹𝐶(𝑡)
1/4
.

Then we have that,

𝛿(𝐺)
10
𝜇()𝜇() = 𝑞(𝐺)

≤

2𝑃8

𝑏23

𝑞(𝐺
′
)

≤

2𝑃8𝑃6.3

𝑏23

𝑎𝑏Ψ
2
(𝑄)𝑡

2
∑

(𝑣,𝑤)∈ ′

1

𝑤0𝑣max(𝑣)

≤

2𝑃8𝑃6.3

𝑏23

𝑎𝑏Ψ
2
(𝑄)𝑡

2

𝑤0

∑

1≤𝑤
′
≤𝑤0/𝑏

1

𝑣max(𝑣)

∑

1≤𝑣
′
≤𝑣max(𝑏𝑤

′
)/𝑎

𝐿
𝐹
𝐶
(𝑡)
(𝑣

′
,𝑤

′
)≥1/(2𝐹𝐶(𝑡)

1/4
)

1.

Define for any 𝑠 ≥ 1, 𝑅𝑠 ∶ ℕ → [0, +∞) by for any 𝑛 ∈ ℕ,

𝑅𝑠(𝑛) ∶= ∑

𝑝 | 𝑛, 𝑝≥𝑠

1

𝑝

≥ 0.

Thus, we have that,

1

2𝐹𝐶(𝑡)
1/4

≤ 𝐿𝐹𝐶(𝑡)
(𝑣

′
, 𝑤

′
) = 𝑅𝐹𝐶(𝑡)

(𝑣
′
) + 𝑅𝐹𝐶(𝑡)

(𝑤
′
)

1

4𝐹𝐶(𝑡)
1/4

≤ min (𝑅𝐹𝐶(𝑡)
(𝑣

′
), 𝑅𝐹𝐶(𝑡)

(𝑤
′
)).
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Define

𝑆1 ∶=

𝑎𝑏𝑡
2

𝑤0

∑

1≤𝑤
′
≤𝑤0/𝑏

∑

1≤𝑤
′
≤𝑤0/𝑏

1

𝑣max(𝑏𝑤
′
)

∑

1≤𝑣
′
≤𝑣max(𝑏𝑤

′
)/𝑎,𝑅

𝐹
𝐶
(𝑡)
(𝑣

′
)≥1/(4𝐹𝐶(𝑡)

1/4
)

1,

𝑆2 ∶=

𝑎𝑏𝑡
2

𝑤0

∑

1≤𝑤
′
≤𝑤0/𝑏,𝑅𝐹

𝐶
(𝑡)
(𝑤

′
)≥1/(4𝐹𝐶(𝑡)

1/4
)

∑

1≤𝑤
′
≤𝑤0/𝑏

1

𝑣max(𝑏𝑤
′
)

∑

1≤𝑣
′
≤𝑣max(𝑏𝑤

′
)/𝑎

1.

Then we have that,

𝛿(𝐺)
10
≤

8𝑃8𝑃6.3

𝑏23

(𝑆1 + 𝑆2).

Let 𝑏1 = 𝑏2 = 𝐿10𝑓#02(𝐶). By Propositions 3.2.23 and 3.2.35, we have that,

𝑆1 ≤ 𝐿10

𝑏𝑡
2

𝑤0

∑

1≤𝑤
′
≤𝑤0/𝑏

exp (−25𝐹𝐶(𝑡)
3/4

) = 𝐿10𝑡
2
exp (−25𝐹𝐶(𝑡)

3/4
) ≤ 𝑏1𝑡

−100
,

𝑆2 =

𝑏𝑡
2

𝑤0

∑

1≤𝑤
′
≤𝑤0/𝑏,𝑅𝐹

𝐶
(𝑡)
(𝑤

′
)≥1/(4𝐹𝐶(𝑡)

1/4
)

1 ≤ 𝐿10𝑡
2
exp (−25𝐹𝐶(𝑡)

3/4
) ≤ 𝑏2𝑡

−100
.

Hence, the result follows from that 𝜇() = 𝜇()𝜇()𝛿(𝐺) = 𝛿(𝐺)Ψ
2
(𝑄)/4, and by Proposi-

tion 3.2.36,

𝛿(𝐺) ≤
(

8𝑃8𝑃6.3

𝑏23 )

1/10

(𝑆1 + 𝑆2)
1/10

≤
(

8𝑃8𝑃6.3

𝑏23 )

1/10

(𝑏1 + 𝑏2)
1/10
𝑡
−10

≤
(

8𝑃8𝑃6.3

𝑏23 )

1/10

(𝑏1 + 𝑏2)
1/10
𝐹𝐶(𝑡)

−10
≤

(

8𝑃8𝑃6.3

𝑏23 )

1/10

(𝑏1 + 𝑏2)
1/10
𝐹𝐶(𝑡)

−1/2
.

3.2.6 Effective version of [2, Theorem 2]

Before giving an explicit version for [2, Theorem 2], we give some estimates that we will

use later. From now on, write 𝜅 ∶= (𝑒/𝐶)
𝐶
/100.

Proposition 3.2.38. Let 𝐶 > 10. For any 𝑥 > exp ((3𝐶 + 1)!/𝜅
3
),

log 𝐹𝐶
(

𝜅
1/2
𝑥
1/2

log
𝐶/2

𝑥)
>

𝑥
1/2

300000𝐶

.
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Proof. Let 𝑦 = 𝜅
1/2
𝑥
1/2

/ log
𝐶/2

𝑥 ≥ 𝑥
1/3

≥ 59
2. By monotonicity,

log 𝐹𝐶(𝑦)

log
1/2

𝑥

=

log (𝑦 + 100) log log log (𝑦 + 100)

8𝐶 log log (𝑦 + 100) log
1/2

𝑥

+

1

log
1/2

𝑥

>

1

8𝐶

log 𝑥
1/3

log log log 𝑥
1/3

log log 𝑦 log
1/2

𝑥

=

1

24𝐶

log log log 𝑥
1/3

log
1/2

𝑥

log log 𝑥
1/3

>

1

300000𝐶

.

Proposition 3.2.39. Let 𝐶 > 10. For any 𝑥 ≥ exp (10𝐶 + 1)!
10,

log
𝐶+2

𝑥

𝐹(𝑥/ log
𝐶

𝑥)

≤

1

log
𝐶

𝑥

.

Proof. Since

𝑥 ≥ exp (10𝐶 + 1)!
10
≥ exp (112(𝐶 + 1)

10/9
) ≥ 10

8
,

we have that

𝐹
(

𝑥

log
𝐶

𝑥)
≥ 𝐹(𝑥

0.9
− 100) ≥ exp

(

0.9 log 𝑥

8𝐶 log (0.9 log 𝑥))
= (log 𝑥)

9 log 𝑥/(80𝐶 log (0.9 log 𝑥)

≥ log
2𝐶+2

𝑥.

Proposition 3.2.40. For any 𝑝 ≥ 2,

1 +

1

𝑝 − 1

≤ exp

2 log 2

𝑝

.

Proposition 3.2.41 (Function #03). For any 𝐶 > 0 and 𝑥 > 1,

log
𝐶

𝑥

√

𝐹𝐶(𝑥)

≤ 𝑓#03(𝐶) ∶= 2
6𝐶
𝐶

8𝐶
(2𝐶)!. (3.38)

Proof. Pick any 𝐶 > 0 and 𝑥 > 1. Note that

log
1/2

(𝑥 + 100) log log log (𝑥 + 100)

log log (𝑥 + 100)

≥

1

2

.
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By the definition of 𝐹𝐶 , we have that,

√

𝐹𝐶(𝑥) ≥ exp

log
1/2

𝑥

8𝐶

.

By taking 𝑦 = log 𝑥 and 𝑒𝑧 ≤ 𝑧2𝐶/(2𝐶)!,

log
𝐶

𝑥

√

𝐹𝐶(𝑥)

≤

𝑦
2𝐶

exp (
√
𝑦/(8𝐶))

≤ 2
6𝐶
𝐶

8𝐶
(2𝐶)!.

Proposition 3.2.42 (Function #04). For any𝐶 > 0, 𝑎 > 0 and 𝑥 ≥ 𝑓#04(𝐶, 𝑎) ∶= exp ((𝐶 + 1)!𝑎),

then

log
𝐶

𝑥

𝑥

<

1

𝑎

.

Proof. By taking 𝑦 = log 𝑥 ≥ (𝐶 + 1)!𝑎, we have that

log
𝐶

𝑥

𝑥

=

𝑦
𝐶

exp 𝑦

<

𝑦
𝐶

𝑦
𝐶+1

/(𝐶 + 1)!

≤

(𝐶 + 1)!

𝑦

≤

1

𝑎

.

By the Merten–Laudau Theorem, for any 𝐶 > 0, there exists 𝑀𝐶 > 0 such that for any

𝑥 ≥ 2,

|
|
|
|
|

∑

𝑝≤𝑥

1

𝑝

− (log log 𝑥 + 𝑀)

|
|
|
|
|

≤

𝑀𝐶

log
𝐶

𝑥

, (3.39)

where 𝑀 is the Meissel–Merten’s constant. We are now in position to give an effective and

explicit version of [2, Theorem 2].

Proposition 3.2.43 (Effective version of [2, Theorem 2]). Let 𝜓 ∶ ℕ → [0, 1/2] be a function

and 𝐶 > 0. For any 𝑄 ∈ ℕ, if

Ψ(𝑄) ≥ max (3, exp 𝑓#04(𝐶, 1/2), exp (𝜅(𝐶 + 1)! exp exp𝐶, exp (10𝐶 + 1)!
10
)) ≥ 3, (3.40)
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then

∑

𝑞≤𝑄

∑

𝑟≤𝑄

(𝐴𝑞 ∩ 𝐴𝑟) − Ψ
2
(𝑄) ≤ 𝐿2(𝐶)

Ψ
2
(𝑄)

log
𝐶

Ψ(𝑄)

,

where 𝐿2(𝐶) ∶= 𝐸2(𝐶) + 𝐸3(𝐶) + 𝐸4(𝐶) + 𝐸5(𝐶) and each is given by

𝐸2(𝐶) ∶=
(
1 +

𝐿5(5(𝐶 + 2 log 2))

log
5(𝐶+2 log 2)

2 )
2
3−2 log log 2

𝐿6, (3.41)

𝐸3(𝐶) ∶=
(
1 +

𝐿5(𝐶)

log
𝐶

2)

2
3−2 log log 2

𝐿7(𝐶)𝑒
𝐶
𝑓#03(𝐶)

1 − 4/𝑒
𝐶

, (3.42)

𝐸4(𝐶) ∶= 2
𝐶

(1 + 2𝐿5(𝐶)) + 2, (3.43)

𝐸5(𝐶) ∶= 2
2−2 log log 2

(
1 +

𝐿5(𝐶)

log
𝐶

2)
𝐿7(𝐶); (3.44)

Proof. Let 𝐶 > 10 and 𝑄 ∈ ℕ. Suppose (3.40) holds. [1, 𝑄]2 ∩ ℕ
2 is partitioned into:

1
∶=

{

(𝑞, 𝑟) ∈ [1, 𝑄]
2
∩ ℕ

2
∶ 𝑞 = 𝑟

}

,

2
∶=

{

(𝑞, 𝑟) ∈ [1, 𝑄]
2
∩ ℕ

2
∶ 𝑞 ≠ 𝑟, 𝐷(𝑞, 𝑟) ≤

Ψ(𝑄)

log
𝐶

Ψ(𝑄)

, 𝐿Ψ(𝑄)(𝑞, 𝑟) ≤ 1

}

,

3
∶=

{

(𝑞, 𝑟) ∈ [1, 𝑄]
2
∩ ℕ

2
∶ 𝑞 ≠ 𝑟, 𝐷(𝑞, 𝑟) ≤

Ψ(𝑄)

log
𝐶

Ψ(𝑄)

, 𝐿Ψ(𝑄)(𝑞, 𝑟) > 1

}

,

4
∶=

{

(𝑞, 𝑟) ∈ [1, 𝑄]
2
∩ ℕ

2
∶ 𝑞 ≠ 𝑟, 𝐷(𝑞, 𝑟) >

Ψ(𝑄)

log
𝐶

Ψ(𝑄)

, 𝐿𝐹𝐶(𝐷(𝑞,𝑟))
(𝑞, 𝑟) ≤

𝐾

log
𝐶

Ψ(𝑄)

}

,

5
∶=

{

(𝑞, 𝑟) ∈ [1, 𝑄]
2
∩ ℕ

2
∶ 𝑞 ≠ 𝑟, 𝐷(𝑞, 𝑟) >

Ψ(𝑄)

log
𝐶

Ψ(𝑄)

, 𝐿𝐹𝐶(𝐷(𝑞,𝑟))
(𝑞, 𝑟) >

𝐾

log
𝐶

Ψ(𝑄)

}

,

where 𝐾 = 𝐾(𝐶) = 2 + 𝑀2𝐶10
−9
𝐶

2
> 1.

For any (𝑞, 𝑟) ∈ 1, as (𝐴𝑞 ∩ 𝐴𝑟) = (𝐴𝑞) and

∑

(𝑞,𝑟)∈1

(𝐴𝑞 ∩ 𝐴𝑟) =
𝑄

∑

𝑞=1

(𝐴𝑞) = Ψ(𝑄) ≥ 2,

we have the contribution of 1 to be, as Ψ(𝑄) ≥ 2,

∑

(𝑞,𝑟)∈1

(𝐴𝑞 ∩ 𝐴𝑟) − Ψ
2
(𝑄) = Ψ(𝑄) − Ψ

2
(𝑄) ≤ 0.
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For any (𝑞, 𝑟) ∈ 2, as by Propositions 3.2.3, 3.2.36, 3.2.40 and 𝐿𝐹𝐶(Ψ(𝑄))(𝑞, 𝑟) ≤ 1,

∏

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2
(
1 +

1

𝑝 − 1)
≤ exp

⎛

⎜

⎜

⎝

∑

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2
, 𝑝<𝐹𝐶(Ψ(𝑄))

2 log 2

𝑝

+ ∑

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2
, 𝑝≥𝐹𝐶(Ψ(𝑄))

2 log 2

𝑝

⎞

⎟

⎟

⎠

≤ exp (2 log 2(log log 𝐹𝐶(Ψ(𝑄)) + 1/2 − log log 2) + 2 log 2)

= exp (2 log 2(1/2 − log log 2) + 2 log 2) exp (2 log 2 log log 𝐹𝐶(Ψ(𝑄)))

≤ 2
3−2 log log 2

exp (2 log 2 log logΨ(𝑄))

= 2
3−2 log log 2

log
2 log 2

Ψ(𝑄).

By Proposition 3.2.17, for any (𝑞, 𝑟) ∈ 2,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ (𝐴𝑞)(𝐴𝑟)
(
1 +

𝐿5(𝐶)

log
𝐶

2)
2
3−2 log log 2

log
2 log 2

Ψ(𝑄).

By summing all (𝑞, 𝑟) ∈ 2, we have,

∑

(𝑞,𝑟)∈2

(𝐴𝑞 ∩ 𝐴𝑟) ≤
(
1 +

𝐿5(𝐶)

log
𝐶

2)
2
3−2 log log 2

log
2 log 2

Ψ(𝑄) ∑

(𝑞,𝑟)∈2

(𝐴𝑞)(𝐴𝑟).

By Proposition 3.2.22 with 𝑡 = log
𝐶

Ψ(𝑄),

∑

(𝑞,𝑟)∈2

(𝐴𝑞)(𝐴𝑟) ≤ 𝐿6
Ψ

2
(𝑄)

log
𝐶/5

Ψ(𝑄)

.

The contribution of 2 is,

∑

(𝑞,𝑟)∈2

(𝐴𝑞 ∩ 𝐴𝑟) ≤
(
1 +

𝐿5(𝐶)

log
𝐶

(𝐷 + 2))
2
3−2 log log 2

𝐿6

Ψ
2
(𝑄)

log
𝐶/5−2 log 2

Ψ(𝑄)

≤ 𝐸2(𝐶/5 − 2 log 2)

Ψ
2
(𝑄)

log
𝐶/5−2 log 2

Ψ(𝑄)

,

where (by replacing 𝐶 by 5(𝐶 + 2 log 2)),

𝐸2(𝐶) =
(
1 +

𝐿5(5(𝐶 + 2 log 2))

log
5(𝐶+2 log 2)

2 )
2
3−2 log log 2

𝐿6

≤ 14
(
1 +

𝐿5(5(𝐶 + 2 log 2))

log
5(𝐶+2 log 2)

2 )
𝐿6.

For any (𝑞, 𝑟) ∈ 3, define 𝑗(𝑞, 𝑟) ∶= max

{

𝑗 ∈ ℕ ∶ 𝐿𝐹𝐶(exp exp 𝑗)(𝑞, 𝑟) > 1

}

. Note that
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𝑗(𝑞, 𝑟) ≥ ⌊log logΨ(𝑄)⌋ and 𝐿𝐹𝐶(exp exp (𝑗(𝑞,𝑟)+1))(𝑞, 𝑟) ≤ 1. By Propositions 3.2.3 and 3.2.40,

∏

𝑝 | 𝑞𝑟/ gcd(𝑞,𝑟)
2
(
1 +

1

𝑝 − 1)
≤ exp

⎛

⎜

⎜

⎜

⎜

⎝

∑

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2

𝑝<𝐹𝐶(exp exp (𝑗(𝑞,𝑟)+1))

2 log 2

𝑝

+ ∑

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2

𝑝≥𝐹𝐶(exp exp (𝑗(𝑞,𝑟)+1))

2 log 2

𝑝

⎞

⎟

⎟

⎟

⎟

⎠

≤ exp
(
2 log 2

(
log log 𝐹𝐶(exp exp (𝑗(𝑞, 𝑟) + 1)) +

1

2

− log log 2 + 1
))

≤ 2
3−2 log log 2

exp (2 log 2(𝑗(𝑞, 𝑟) + 1)).

By Propositions 3.2.17 and 3.2.37 (with 𝑡 = exp exp 𝑗), it gives

∑

(𝑞,𝑟)∈3

(𝐴𝑞 ∩ 𝐴𝑟) = ∑

𝑗≥⌊log logΨ(𝑄)⌋

∑

(𝑞,𝑟)∈3

𝑗(𝑞,𝑟)=𝑗

(𝐴𝑞 ∩ 𝐴𝑟)

≤
(
1 +

𝐿5(𝐶)

log
𝐶

2)
2
3−2 log log 2

𝐿7(𝐶) ∑

𝑗≥⌊log logΨ(𝑄)⌋

2
2(𝑗+1)

Ψ
2
(𝑄)

√

𝐹𝐶(exp exp 𝑗)

.

Note that by Proposition 3.2.41, we have,

∑

𝑗≥⌊log logΨ(𝑄)⌋

2
2(𝑗+1)

Ψ
2
(𝑄)

√

𝐹𝐶(exp exp 𝑗)

≤ 4Ψ
2
(𝑄)𝑓#03(𝐶) ∑

𝑗≥⌊log logΨ(𝑄)⌋

4
𝑗

log
𝐶

exp exp 𝑗

= 4Ψ
2
(𝑄)𝑓#03(𝐶) ∑

𝑗≥⌊log logΨ(𝑄)⌋

(

4

𝑒
𝐶)

𝑗

≤ 4Ψ
2
(𝑄)𝑓#03(𝐶)

(4/𝑒
𝐶
)
log logΨ(𝑄)−1

1 − 4/𝑒
𝐶

= 𝑒
𝐶
(1 − 4/𝑒

𝐶
)𝑓#03(𝐶)Ψ

2
(𝑄) log

log 4−𝐶

Ψ(𝑄)

≤ 𝑒
𝐶
(1 − 4/𝑒

𝐶
)𝑓#03(𝐶)

Ψ
2
(𝑄)

log
𝐶/2

Ψ(𝑄)

.

Hence, the contribution of 3 is given as

∑

(𝑞,𝑟)∈3

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 𝐸3(𝐶)
Ψ

2
(𝑄)

(logΨ(𝑄))
𝐶/2
,

where 𝐸3(𝐶) is given in (3.42).
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For any (𝑞, 𝑟) ∈ 4, by Proposition 3.2.40, the definition of 𝐿 and that log𝐶 Ψ(𝑄) ≥ 2,

∏

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2

𝑝>𝐹𝐶(𝐷(𝑞,𝑟))

(
1 +

1

𝑝 − 1)
≤ exp (2 log 2𝐿𝐹𝐶(𝐷(𝑞,𝑟))

(𝑞, 𝑟)) ≤ exp

2 log 2

log
𝐶

Ψ(𝑄)

≤ 1 +

2

log
𝐶

Ψ(𝑄)

.

Since, by the definition of 4, for any (𝑞, 𝑟) ∈ 4,

𝐷 + 2 >

Ψ(𝑄)

log
𝐶

Ψ(𝑄)

,

where 𝐷 ∶= 𝐷(𝑞, 𝑟). By (3.40) and Proposition 3.2.42, we have that log𝐶 logΨ(𝑄)/ logΨ(𝑄) ≤

1/2 and

log (𝐷 + 2) > logΨ(𝑄) − 𝐶 log logΨ(𝑄) >

1

2

logΨ(𝑄) > 0.

Thus, as Ψ(𝑄) ≥ 3, it gives

1

log
𝐶

(𝐷 + 2)

<

2
𝐶

log
𝐶

Ψ(𝑄)

.

By Proposition 3.2.17, for any (𝑞, 𝑟) ∈ 4,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ (𝐴𝑞)(𝐴𝑟)
(
1 +

𝐿5(𝐶)

log
𝐶

(𝐷 + 2))(
1 +

2

log
𝐶

Ψ(𝑄))

≤ (𝐴𝑞)(𝐴𝑟)
(
1 +

2
𝐶
𝐿5(𝐶)

log
𝐶

Ψ(𝑄)

+

2

log
𝐶

Ψ(𝑄)

+

2
𝐶+1
𝐿5(𝐶)

log
2𝐶

Ψ(𝑄))

≤ (𝐴𝑞)(𝐴𝑟)
(
1 +

2
𝐶
𝐿5(𝐶) + 2 + 2

𝐶+1
𝐿5(𝐶)

log
𝐶

Ψ(𝑄) )
.

Hence, by summing over 4, the contribution of 4 is given by,

∑

(𝑞,𝑟)∈4

(𝐴𝑞 ∩ 𝐴𝑟) ≤ Ψ(𝑄)
2

+ 𝐸4(𝐶)

Ψ(𝑄)
2

log
𝐶

Ψ(𝑄)

,

where 𝐸4(𝐶) is given in (3.43).

For any (𝑞, 𝑟) ∈ 5, define

𝑖(𝑞, 𝑟) ∶= max

{

𝑖 ∈ ℕ ∶ 𝐿
𝐹𝐶(𝜅 exp exp (𝑖/ log

𝐶
Ψ(𝑄)))

(𝑞, 𝑟) >

𝐾/2

log
𝐶

Ψ(𝑄)

}

,
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where 𝜅 ∶= (𝑒/𝐶)
𝐶
/100 ≤ 10

−7. By 𝐿𝑠 being decreasing in 𝑠 and the definition of 5,

𝐿
𝐹𝐶(Ψ(𝑄)/ log

𝐶
Ψ(𝑄))

(𝑞, 𝑟) ≥ 𝐿𝐹𝐶(𝐷(𝑞,𝑟))
(𝑞, 𝑟) ≥

𝐾

log
𝐶

Ψ(𝑄)

.

By the definition of 𝑖(𝑞, 𝑟), we have that,

𝑖(𝑞, 𝑟) ≥
⌊
log

𝐶

Ψ(𝑄) log log

Ψ(𝑄)

𝜅 log
𝐶

Ψ(𝑄)⌋
, (3.45)

where, by the definition of 𝜅,

Ψ(𝑄)

𝜅 log
𝐶

Ψ(𝑄)

≥

1

𝜅

inf
𝑥≥3

𝑥

log
𝐶

𝑥

= 100.

Pick any (𝑞, 𝑟) ∈ 5. Suppose 𝑖(𝑞, 𝑟) = 𝑖. By the definition of 𝑖(𝑞, 𝑟),

𝐿
𝐹𝐶(𝜅 exp exp ((𝑖(𝑞,𝑟)+1)/ log

𝐶
Ψ(𝑄))

(𝑞, 𝑟) ≤

𝐾/2

log
𝐶

Ψ(𝑄)

.

By Propositions 3.2.3, 3.2.36 and 3.2.40, we have that

∏

𝑝 | 𝑞𝑟/ gcd(𝑞,𝑟)
2
(
1 +

1

𝑝 − 1)
≤ exp

⎛

⎜

⎜

⎜

⎜

⎝

∑

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2

𝑝<𝐹𝐶(𝜅 exp exp ((𝑖+1)/ log
𝐶
Ψ(𝑄)))

+ ∑

𝑝 | 𝑞𝑟/ gcd (𝑞,𝑟)
2

𝑝≥𝐹𝐶(𝜅 exp exp ((𝑖+1)/ log
𝐶
Ψ(𝑄)))

⎞

⎟

⎟

⎟

⎟

⎠

2 log 2

𝑝

≤ 2
1−2 log log 2

exp
(
2 log 2 log log 𝐹𝐶

(
𝜅 exp exp

𝑖 + 1

log
𝐶

Ψ(𝑄))
+

𝐾 log 2

log
𝐶

Ψ(𝑄))

≤ 2
1−2 log log 2

exp
(
2 log 2

𝑖 + 𝐾/2

log
𝐶

Ψ(𝑄))
.

By Proposition 3.2.17,

(𝐴𝑞 ∩ 𝐴𝑟) ≤ (𝐴𝑞)(𝐴𝑟)21−2 log log 2
(
1 +

𝐿5(𝐶)

log
𝐶

(𝐷 + 2))
exp

(
2 log 2

𝑖(𝑞, 𝑟) + 𝐾/2

log
𝐶

Ψ(𝑄) )
.
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By (3.39) and Proposition 3.2.38, we have that

∑

𝐻𝐶(𝑖)<𝑝≤𝐻𝐶(𝑖+1)

1

𝑝

≤ log log𝐻𝐶(𝑖 + 1) − log log𝐻𝐶(𝑖) +

2𝑀2𝐶

log
2𝐶

𝐻𝐶(𝑖)

≤

1

log
𝐶

Ψ(𝑄)

+
(

2𝑀2𝐶

(300000𝐶)
2)

1

log
𝐶

Ψ(𝑄)

≤
(
1 +

𝑀2𝐶

10
10
𝐶

2)

1

log
𝐶

Ψ(𝑄)

where

𝐻𝐶(𝑖) ∶= 𝐹𝐶
(
𝜅 exp exp

𝑖 + 1

log
𝐶

Ψ(𝑄))
,

and as ℎ(𝑥) ∶ ℝ → ℝ, ℎ(𝑥) ∶= log(log(𝐹𝐶(𝜅 exp exp 𝑥))), we have ℎ′(𝑥) < 1 and that

log𝐻𝐶(𝑖) ≥ log 𝐹
(

𝜅
1/2

Ψ
1/2

(𝑄)

log
𝐶/2

Ψ(𝑄)
)

≥

log
1/2

Ψ(𝑄)

300000𝐶

.

By 𝐿𝐻𝐶(𝑖)(𝑞, 𝑟) − 𝐿𝐻𝐶(𝑖+1)(𝑞, 𝑟) ≤ ∑
𝐻𝐶(𝑖)≤𝑝≤𝐻𝐶(𝑖+1)

1/𝑝 and the definition of 𝐾 ,

𝐿𝐻𝐶(𝑖)(𝑞, 𝑟) ≤ 𝐿𝐻𝐶(𝑖+1)(𝑞, 𝑟) +
(
1 +

𝑀2𝐶

10
10
𝐶

2)

1

log
𝐶

Ψ(𝑄)

≤
(

𝜅

2

+ 1 +

𝑀2𝐶

10
10
𝐶

2)

1

log
𝐶

Ψ(𝑄)

≤

𝐾

log
𝐶

Ψ(𝑄)

.

Hence, 𝐷(𝑞, 𝑟) ≤ 𝜅 exp exp (𝑖/ log𝐶 Ψ(𝑄)).

By Proposition 3.2.37 (with 𝑡 = 𝜅 exp exp (𝑖/ log𝐶 Ψ(𝑄)), we have that

∑

(𝑞,𝑟)∈5
, 𝑖(𝑞,𝑟)=𝑖

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 2
1−2 log log 2

(
1 +

𝐿5(𝐶)

log
𝐶

(𝐷 + 2))
𝐿7(𝐶) exp

(

2𝑖

log
𝐶

Ψ(𝑄))

Ψ
2
(𝑄)

√

𝐻𝐶(𝑖))

.

By summing over all possible values of 𝑖 and applying (3.40) and Proposition 3.2.39, we have
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that Ψ(𝑄) ≥ 𝐶/𝑒 + 3 ≥ exp (𝜅
−1/𝐶

) and

∑ ∶= ∑

𝑖≥⌊log
𝐶
Ψ(𝑄) log log (Ψ(𝑄)/(𝜅 log

𝐶
Ψ(𝑄))⌋

exp(2𝑖/ log
𝐶

Ψ(𝑄))Ψ
2
(𝑄))

√

𝐻𝐶(𝑖))

≤ Ψ
2
(𝑄) log

𝐶

Ψ(𝑄) ∑

𝑚≥𝑚0
∶=log log (Ψ(𝑄)/(𝜅 log

𝐶
Ψ(𝑄)))

𝑒
2𝑚

√

𝐹(𝜅 exp exp𝑚)

≤ 2Ψ
2
(𝑄) log

𝐶

Ψ(𝑄)

𝑒
2𝑚0

√

𝐹(𝜅 exp exp𝑚0)

≤

2Ψ
2
(𝑄) log

𝐶+2

Ψ(𝑄)

𝐹(Ψ(𝑄)/ log
𝐶

Ψ(𝑄))

≤

2Ψ
2
(𝑄)

log
𝐶

Ψ(𝑄))

.

Thus,

∑

(𝑞,𝑟)∈5

(𝐴𝑞 ∩ 𝐴𝑟) ≤ 𝐸5(𝐶)
Ψ

2
(𝑄)

log
𝐶

Ψ(𝑄)

,

where 𝐸5(𝐶) is given in (3.44).

Finally, by combining all of them, we have,

∑

𝑞≤𝑄

∑

𝑟≤𝑄

(𝐴𝑞 ∩ 𝐴𝑟) ≤ Ψ
2
(𝑄) + 𝐿2(𝐶)

Ψ
2
(𝑄)

log
𝐶

Ψ(𝑄)

,

where 𝐿2(𝐶) ∶= 𝐸2(𝐶) + 𝐸3(𝐶) + 𝐸4(𝐶) + 𝐸5(𝐶), as defined in (3.41) to (3.44).

3.2.7 Proof of Theorem 3.1.2

To apply Proposition 3.0.1, it suffices to obtain the following result:

Proposition 3.2.44. Let 𝜓 ∶ ℕ → [0, 1/2]. For any 𝑄 ∈ ℕ and 𝐶 > 10, if Ψ(𝑄) ≥ 3 then

|
|
|
|
|

∑

𝑞≤𝑄

∑

𝑟≤𝑄

(𝐴𝑞 ∩ 𝐴𝑟) − (Ψ(𝑄))
2

|
|
|
|
|

≤ 𝐿(𝐶)

(Ψ(𝑄))
2

log
𝐶

Ψ(𝑄)

,

where

𝐿(𝐶) ∶= max
(

𝑄𝐶
2
/(Ψ(𝑄𝐶))

2
− 1

log
𝐶

Ψ(𝑄𝐶)

, 𝐿2(𝐶)
)
,

in which 𝑄𝐶 is the minimal 𝑄 such that expression (3.40) is satisfied, and 𝐿2(𝐶) is given in

Proposition 3.2.43.
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Proof. By Proposition 3.2.43, the explicit expression for any 𝑄 ≥ 𝑄𝐶 is explained. For any

𝑄 ∈ ℕ, if 𝑄 ≤ 𝑄𝐶 ,

|
|
|
|
|

∑

𝑞≤𝑄

∑

𝑟≤𝑄

(𝐴𝑞 ∩ 𝐴𝑟) − (Ψ(𝑄))
2

|
|
|
|
|

≤ 𝑄
2
− (Ψ(𝑄))

2

=

𝑄
2
/(Ψ(𝑄))

2
− 1

log
𝐶

Ψ(𝑄)

(Ψ(𝑄))
2

log
𝐶

Ψ(𝑄)

≤

𝑄𝐶
2
/(Ψ(𝑄𝐶))

2
− 1

log
𝐶

Ψ(𝑄𝐶)

(Ψ(𝑄))
2

log
𝐶

Ψ(𝑄)

.

Hence, by applying Proposition 3.0.1, the following proposition is obtained.

Proposition 3.2.45. Let 𝜓 ∶ ℕ → [0, 1/2]. Suppose (1.14) diverges. Then for any 𝐶 > 10 and

𝛿 > 0, there exists measurable 𝐸𝐶,𝛿 ⊂ [0, 1) such that (𝐸𝐶,𝛿) < 𝛿 and for any 𝑥 ∈ [0, 1) ⧵ 𝐸𝐶,𝛿

and 𝑄 ∈ ℕ, if Ψ(𝑄) > 3 then

|𝑆
∗
(𝑥, 𝑄) − Ψ(𝑄)| ≤ max

{

𝑘𝐶, 𝛿

2

,

2𝑒Ψ(𝑄) + 1

log
𝐶

Ψ(𝑄)

+

1

2

}

,

where  is the Lebesgue measure relative to [0, 1) and (to make the presentation self-contained,

we recall here the relevant definitions, identical to those given earlier in this chapter.)

𝑘𝐶,𝛿 = min

{

𝑘 ∈ ℕ ∶ 𝐿(𝐶)𝑘
−

√

𝐶/2

(
1 +

2𝑘

√

𝐶 − 2)
< 𝛿

}

,

𝐿(𝐶) ∶= max
(

𝑄𝐶
2
/(Ψ(𝑄𝐶))

2
− 1

log
𝐶

Ψ(𝑄𝐶)

, 𝐿2(𝐶)
)
,

𝑄𝐶 ∶= min

{

𝑄 ∈ ℕ ∶ Ψ(𝑄) ≥ max (3, exp 𝑓#04(𝐶, 1/2), exp (𝜅(𝐶 + 1)! exp exp𝐶, exp (10𝐶 + 1)!
10
))

}

,

where 𝜅 = (𝑒/𝐶)
𝐶
/100, 𝐿2(𝐶) = 𝐸2(𝐶) + 𝐸3(𝐶) + 𝐸4(𝐶) + 𝐸5(𝐶) and each is given by

𝐸2(𝐶) =
(
1 +

𝐿5(5(𝐶 + 2 log 2))

log
5(𝐶+2 log 2)

2 )
2
3−2 log log 2

𝐿6,

𝐸3(𝐶) =
(
1 +

𝐿5(𝐶)

log
𝐶

2)

2
3−2 log log 2

𝐿7(𝐶)𝑒
𝐶
𝑓#03(𝐶)

1 − 4/𝑒
𝐶

,

𝐸4(𝐶) = 2
𝐶

(1 + 2𝐿5(𝐶)) + 2,

𝐸5(𝐶) = 2
2−2 log log 2

(
1 +

𝐿5(𝐶)

log
𝐶

2)
𝐿7(𝐶),
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in which , 𝐿5(𝐶), 𝐿6(𝐶), 𝐿7(𝐶), 𝑓#03(𝐶) are given by

𝐿5(𝐶) = 𝐿3(1, 1) + 5(10𝐶)
13𝐶
𝐿4𝑐4,

𝐿6(𝐶) = (𝑃8𝑃6.3)
1/10

< 10
10

3000

,

𝐿7(𝐶) = max

{

𝑃6.3

𝑃8

,

1

4 (

16𝑃8𝑃6.3𝐿10𝑓#02(𝐶)

𝑏23 )

1/10

}

,

𝑓#03(𝐶) = 2
6𝐶
𝐶

8𝐶
(2𝐶)! ≤ 2

6𝐶+1
𝐶

10𝐶+1
;

also,

𝐿4 =

8𝐿14.2(3)𝑒

log 2

,

𝐿10 = 𝐿14.2(𝑒
100
) exp (2(𝑒

100
− 1)𝑐2),

𝐿3(𝜅, 𝐶) =
(
1 +

𝐶

210)(
1 +

2

𝑒
0.53/𝜅

− 1)

𝜅

(𝑢𝜅
𝑢𝜅/2

+ 𝐿19.1(𝜅, 𝐶)) ,

𝐿19.1(𝜅, 𝐶) =

4

3

exp

2278125𝜅
6

2𝑒

,

𝑢𝜅 = 1 +

2

𝑒
0.53/𝜅

− 1

;

and the constants,

𝑐2 = ∑

𝑝∈ℙ

1

𝑝
2
<

1

2

,

𝑐3 ≤ 1.038821

𝑐4 = 2/ log 2,

𝑃8 = 10
10

3000

,

𝑃6.3 = (𝜁 (31/30))
10

< 6,

𝑏23 = 10
−39

;
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also

𝐿14.2(𝑘) ∶= max
((

𝑐3 𝑘 +

1

𝑒)
exp

(
(4 log 2 − 2) 𝑐2 𝑘 +

1

2

− log log 2
)
,

3

√

𝑒

log 2

𝑐4
𝑘
𝑄𝑘,1/3 (𝑄𝑘,1/3𝜁 (4/3) + 1)

)

𝑃𝑘,1/3 ∶= max (16, exp exp (6 log 2𝑘 + 𝛼2𝑘)) ≥ 16,

𝑄𝑘,1/3 ∶=
(

4

3

𝑘
3
+ 6𝑘

2
+

8

3

𝑘 + 4
)
(𝑃𝑘,1/3)

2/3
,

𝛼𝑘 ∶= 13(𝑘 − 1) + 4 log 𝑘;

and

𝑓#02(𝐶) ∶= (𝑥0(𝐶))
102

exp (−25(𝑐0(𝐶))
1/2

(𝑥0(𝐶) + 100)
1/2

) < 10
37
,

𝑐0(𝐶) = exp
(

log log log 100

8𝐶 log log 100)
,

𝑥0(𝐶) =

408 (51 +

√

2601 + 15625𝑐0(𝐶))

625𝑐0(𝐶)

> 0.

Proof of Theorem 3.1.2. The result follows mainly from Proposition 3.2.45.

Let 𝐶 > 10. Note that,

Ψ(𝑄) ≥ exp exp (𝐶 + 1)

≥ exp (𝜅(𝐶 + 1)! exp exp𝐶)

= max (3, exp 𝑓#04(𝐶, 1/2), exp (𝜅(𝐶 + 1)! exp exp𝐶, exp (10𝐶 + 1)!
10
)).

Note that for any 𝑘 ≥ 3,

𝑃𝑘,1/3 ≤ exp exp (29𝑘),

𝑄𝑘,1/3 ≤ 4𝑘
3
exp exp (29𝑘),

𝐿14.2(𝑘) ≤ 28 ⋅ 3
𝑘
exp (2 exp (30𝑘)).

We have that

𝐿4 ≤ 10
10

39.1

,

𝐿10 ≤ 10
10

10
44.6

.
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Note that 𝐿3(1, 1) < 10
181986, we have that

𝐿5(𝐶) ≤ 10
10

40

(10𝐶)
13𝐶
,

𝐿6(𝐶) ≤ 10
10

3000

,

𝐿7(𝐶) ≤ 10
10

10
44.7

.

Hence, we have that,

𝐸2(𝐶) ≤ 10
10

3001

(59𝐶)
74.1𝐶

,

𝐸3(𝐶) ≤ 10
10

10
45

2
53𝐶+2

𝐶
28𝐶+1

,

𝐸4(𝐶) ≤ 10
10

10
45

(10𝐶)
14𝐶
,

𝐸5(𝐶) ≤ 10
10

10
45

(10𝐶)
13𝐶
,

𝐿2(𝐶) ≤ 10
10

10
45

(59𝐶)
74.1𝐶

.



Chapter 4

Lüroth Representation of Numbers

The results of Khintchine (Theorem 1.2.6), Jarník–Besicovitch (Theorem 1.2.9), and Dodson

(Theorem 1.2.11), discussed in Chapter 1, concern the Lebesgue measure and the Hausdorff

dimension of sets of well-approximable numbers. In this chapter, we present further results

and provide proofs for them, as well as for those introduced in Section 1.4. In particular, we

establish analogues of these classical theorems in the Lüroth setting (see Section 1.4).

4.1 Results

In this chapter, a few generalisations to Theorem 1.4.3, which we have discussed in Section 1.4,

are given, namely Theorems 4.1.1 and 4.1.2 below. We present a partial result (Theorem 4.1.3)

to Conjecture 1.4.5 as well.

Recall, for a given function 𝜓 ∶ ℕ → (0, 1], the Lüroth analogue of the set of 𝜓-well

approximable is given by (1.28); that is

𝐿(𝜓) ∶= lim sup

𝑛→+∞

{

𝑥 ∈ (0, 1] ∶

|
|
|
|

𝑥 −

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

|
|
|
|

<

𝜓(𝑄𝑛(𝑥))

𝑄𝑛(𝑥)

}

.

Theorem 4.1.1. Let 𝜓 ∶ ℕ → (0, 1].

1

1 + 𝜏𝜓

≤ dim𝐿(𝜓) ≤

1

1 + 𝜏
𝜓

.

Theorem 4.1.1 provides both lower and upper bounds on the Hausdorff dimension, it also

135
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serves as a generalisation of Theorem 1.4.3. To see this, define 𝜓 ∶ ℕ → (0, 1] by, for any

𝑞 ∈ ℕ, 𝜓(𝑞) ∶= 1/𝑞
𝜏 . Theorem 1.4.3 is recovered as 𝜏

𝜓
= 𝜏𝜓 = 𝜏, that is the upper and lower

orders of 1/𝜓 coincide.

Let 𝜓 ∶ ℕ → (0, 1]. By definition, the set 𝐿(𝜓) only depends on the values of 𝜓 evaluated

at a certain subset of ℕ with density arbitrary small. Since for any 𝑥 ∈ (0, 1] and 𝑛 ∈ ℕ,𝑄𝑛(𝑥),

the denominator of the 𝑛-th Lüroth convergent of 𝑥 , is divisible by 2
𝑛−1; the contribution of

𝜓 evaluated at non-highly composite numbers is negligible to 𝐿(𝜓).

Our next result, Theorem 4.1.2, is an improved result of Theorem 4.1.1 based on this ob-

servation. Theorem 4.1.2 relies on a more refined range for the limit inferior and limit superior

in (1.30) is taken on.

Theorem 4.1.2. Let 𝜓 ∶ ℕ → (0, 1]. Then

1

1 + 𝜆𝜓

≤ dim𝐿(𝜓) ≤

1

1 + 𝜆
𝜓

,

where 𝜆
𝜓

and 𝜆𝜓 are respectively defined by,

𝜆
𝜓
∶= lim inf

𝑘→+∞

lim inf
𝑞∈𝑆𝑘

− log𝜓(𝑞)

log 𝑞

≥ 𝜏
𝜓
, 𝜆𝜓 ∶= lim inf

𝑘→+∞

lim sup

𝑞∈𝑆𝑘

− log𝜓(𝑞)

log 𝑞

≤ 𝜏𝜓,

in which for any 𝑘 ∈ ℕ, 𝑆𝑘 ∶= {𝑑𝑘∏
𝑘−1

𝑗=1
𝑑𝑗(𝑑𝑗 − 1) ∈ ℕ ∶ for any 𝑛 ∈ ℕ, 𝑑𝑛 ∈ ℕ ⧵ {1}}.

Theorem 4.1.3 below represents a partial result to the revised conjecture (Conjecture 1.4.5),

with three extra conditions; namely that the value of the lower order is sufficiently large, a

stronger monotonicity on the function, and the divergence of a series.

Let 𝜓 ∶ ℕ → (0, 1] and define 𝜃𝑠 ∶ ℕ → ℝ
+ by, for any 𝑞 ∈ ℕ,

𝜃𝑠(𝑞) ∶= 𝑞
1−𝑠
𝜓
𝑠
(𝑞), (4.1)

where 𝑠 ∶= 1/(1 + 𝜏
𝜓
). Note that if 𝜃𝑠 is non-increasing then 𝜓 is also non-increasing.

Theorem 4.1.3. Let 𝜓 ∶ ℕ → (0, 1]. Suppose, 𝜏
𝜓
> 1, 𝜃𝑠 is non-increasing, and

∞

∑

𝑞=1

(

𝜓(𝑞)

𝑞 )

𝑠

log 𝑞 = +∞,
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where 𝜏
𝜓

and 𝜃𝑠 are defined in (1.30) and (4.1) respectively. Then,

dim𝐿(𝜓) =

1

1 + 𝜏
𝜓

.

4.2 Proofs

We first give the proofs of the Theorems 1.4.1, 1.4.3 and Theorem 1.4.4 as we discussed in

Section 1.4, and then give the proofs of the theorems introduced in Section 4.1.

4.2.1 Proof of Theorem 1.4.1

Theorem 1.4.1 presents a measure-theoretic result originally stated by Tan–Zhou [48], which

forms an analogue of the Khintchine Theorem (Theorem 1.2.6) in the Lüroth setting. While

the original statement was claimed in [48], a direct proof was not fully provided.

Theorem 1.4.1 is logically equivalent to [49, Corollary 1.3] below.

Proposition 4.2.1 (Tan–Zhou [49, Corollary 1.3], 2021). Let 𝜑 ∶ ℕ → [2, +∞) be a function.

Suppose 𝜑 is non-decreasing. Then

 (𝜀(𝜑)) =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0, if ∑
∞

𝑛=1

log 𝜑(𝑛)

𝑛 𝜑(𝑛)
< +∞,

1, if ∑
∞

𝑛=1

log 𝜑(𝑛)

𝑛 𝜑(𝑛)
= +∞,

where

𝜀(𝜑) ∶= lim sup

𝑛→+∞

{𝑥 ∈ (0, 1] ∶ 𝑑𝑛+1(𝑥)𝑑𝑛(𝑥) ≥ 𝜑(𝑄𝑛(𝑥))} .

The following demonstrates how Theorem 1.4.1 is implied by Proposition 4.2.1.

Proof of Theorem 1.4.1. By [49, (4.1)], for any 𝑥 ∈ (0, 1] and 𝑛 ∈ ℕ,

1

(𝑑𝑛(𝑥) − 1)𝑑𝑛+1(𝑥)

< |𝑥𝑄𝑛(𝑥) − 𝑃𝑛(𝑥)| <

1

(𝑑𝑛(𝑥) − 1)(𝑑𝑛+1(𝑥) − 1)

.
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Since 𝑑𝑛(𝑥) ≥ 2 for all 𝑥 ∈ (0, 1] and 𝑛 ∈ ℕ, the above implies that

1

𝑑𝑛(𝑥)𝑑𝑛+1(𝑥)

< |𝑥𝑄𝑛(𝑥) − 𝑃𝑛(𝑥)| <

4

𝑑𝑛(𝑥)𝑑𝑛+1(𝑥)

.

The following chain of set inclusions holds:

lim sup

𝑛→∞

{

𝑥 ∈ (0, 1] ∶ 𝑑𝑛(𝑥)𝑑𝑛+1(𝑥) ≥

4

𝜓(𝑄𝑛(𝑥))

}

⊂ lim sup

𝑛→∞

{𝑥 ∈ (0, 1] ∶ |𝑥𝑄𝑛(𝑥) − 𝑃𝑛(𝑥)| < 𝜓(𝑄𝑛(𝑥))} = 𝐿(𝜓)

⊂ lim sup

𝑛→∞

{

𝑥 ∈ (0, 1] ∶ 𝑑𝑛(𝑥)𝑑𝑛+1(𝑥) ≥

1

𝜓(𝑄𝑛(𝑥))

}

.

We first handle the convergent case, that is:

∞

∑

𝑞=1

−

𝜓(𝑞) log𝜓(𝑞)

𝑞

< +∞.

In particular, lim𝑞→∞ 𝜓(𝑞) = 0. Define a non-decreasing 𝜑0 ∶ ℕ → [2, +∞) by, for any 𝑞 ∈ ℕ,

𝜑0(𝑞) ∶= max
(
2,

1

𝜓(𝑞))
.

Since lim𝑞→∞ 𝜓(𝑞) = 0, there exists a minimal 𝑞0 ∈ ℕ such that for any 𝑞 ∈ ℕ, if 𝑞 > 𝑞0 then

𝜑0(𝑞) = 1/𝜓(𝑞). By a straightforward computation,

∞

∑

𝑞=1

log 𝜑0(𝑞)

𝑞𝜑0(𝑞)

=

𝑞0

∑

𝑞=1

log 2

2𝑞

+

∞

∑

𝑞=𝑞0+1

−

𝜓(𝑞) log𝜓(𝑞)

𝑞

≤

𝑞0

∑

𝑞=1

log 2

2𝑞

+

∞

∑

𝑞=1

−

𝜓(𝑞) log𝜓(𝑞)

𝑞

< +∞.

By the convergent part of [49, Corollary 1.3], the set inclusion implies that (𝐿(𝜓)) = 0.

We first handle the divergent case, that is:

∞

∑

𝑞=1

−

𝜓(𝑞) log𝜓(𝑞)

𝑞

= +∞.
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Define a non-decreasing 𝜑1 ∶ ℕ → [2, +∞) by, for any 𝑞 ∈ ℕ,

𝜑1(𝑞) ∶=

4

𝜓(𝑞)

.

By a straightforward computation,

∞

∑

𝑞=1

log 𝜑1(𝑞)

𝑞𝜑1(𝑞)

=

∞

∑

𝑞=1

−𝜓(𝑞) log (𝜓(𝑞)/4)

4𝑞

≥

∞

∑

𝑞=1

−𝜓(𝑞) log𝜓(𝑞)

𝑞

= +∞.

By the divergent part of [49, Corollary 1.3], the chain of set inclusions implies that (𝐿(𝜓)) =

1.

The proof of Theorem 1.4.1 is completed.

4.2.2 Proof of Theorem 1.4.3

Theorem 1.4.3 establishes the Hausdorff dimension of the set of Lüroth 𝜏-well-approximable

numbers, also improving the result of Cao–Wu–Zhang (Theorem 1.4.2), which forms an ana-

logue of the Jarník–Besicovitch Theorem (Theorem 1.2.9) in the Lüroth setting.

Proposition 4.2.2 below provides an inequality that every Lüroth convergent satisfies.

Proposition 4.2.2. For any 𝑥 ∈ (0, 1] and 𝑛 ∈ ℕ,

0 < 𝑥 −

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

≤

1

𝑑𝑛(𝑥) − 1

1

𝑄𝑛(𝑥)

.

Proof. Pick any 𝑥 ∈ (0, 1] and 𝑛 ∈ ℕ. By the definitions of 𝑃𝑛(𝑥) and 𝑄𝑛(𝑥) in (1.26) and (1.27),

𝑥 −

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

=

∞

∑

𝑘=𝑛+1

1

𝑑𝑘∏
𝑘−1

𝑗=1
𝑑𝑗(𝑑𝑗 − 1)

=

1

𝑑𝑛 − 1

1

𝑄𝑛(𝑥)

∞

∑

𝑘=𝑛+1

1

𝑑𝑘∏
𝑘−1

𝑗=𝑛+1
𝑑𝑗(𝑑𝑗 − 1)

,

where the value of the summation in the rightmost expression lies in the interval (0, 1].

Proposition 4.2.2 states that every real number in (0, 1] is strictly greater than all of its

Lüroth convergents; in other words, all Lüroth convergents approximate the real number from

the left of the number line. Figure 4.1 is an illustration.
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0 1

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

+

1

𝑑𝑛(𝑥) − 1

1

𝑄𝑛(𝑥)

𝑥

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

Figure 4.1: Lüroth convergents approximate from the left

By Proposition 4.2.2, for any 𝜏 ≥ 0, the set 𝐿(𝜏), defined in (1.29), can be expressed as:

𝐿(𝜏) = lim sup

𝑛→+∞

{

𝑥 ∈ (0, 1] ∶ 0 < 𝑥 −

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

<

1

𝑄𝑛(𝑥)
1+𝜏

}

. (4.2)

The proof of the upper bound for dim𝐿(𝜏) is established by a standard covering argument in

fractal geometry.

Proposition 4.2.3 (Upper Bound of dim𝐿(𝜏)). For any 𝜏 ≥ 0,

dim𝐿(𝜏) ≤

1

1 + 𝜏

.

Proof. Pick any 𝑛 ∈ ℕ and 𝑑1, 𝑑2, … , 𝑑𝑛 ∈ ℕ⧵{1}. Define𝑄𝑛 ∶= 𝑑1(𝑑1−1)…𝑑𝑛−1(𝑑𝑛−1−1)𝑑𝑛 ≥

2
𝑛, 𝑃𝑛 ∶= [𝑑1, 𝑑2, … , 𝑑𝑛]𝑄𝑛, and

𝐼𝑛,𝜏(𝑑1, 𝑑2, … , 𝑑𝑛) ∶=
(

𝑃𝑛

𝑄𝑛

,

𝑃𝑛

𝑄𝑛

+

1

𝑄𝑛
1+𝜏

)
.

Note that the diameter of 𝐼𝑛,𝜏 satisfies that diam 𝐼𝑛,𝜏 = 1/𝑄𝑛
1+𝜏

≤ 1/2
𝑛. Pick any 𝜌 > 0 and

𝑁 ∈ ℕ. Suppose 𝑁 > − log 𝜌/ log 2. By (4.2), the following is a 𝜌-cover of 𝐿(𝜏).

∞

⋃

𝑛=𝑁

⋃

(𝑑1,…,𝑑𝑛)∈(ℕ⧵{1})
𝑛

𝐼𝑛,𝜏(𝑑1, 𝑑2, … , 𝑑𝑛). (4.3)

Pick any 𝜀 > 0 and 𝑠 > 1/(1+ 𝜏). Suppose 𝑁 ∈ ℕ is large enough in terms of 𝜏 ≥ 0, 𝑠 > 0 and

𝜀 > 0, so that

∞

∑

𝑛=𝑁

𝑟𝜏,𝑠
𝑛−1

<

𝜀

𝜁 ((1 + 𝜏)𝑠)

,

where 𝜁 is the Riemann zeta function and

𝑟𝜏,𝑠 ∶=

∞

∑

𝑑=2

1

(𝑑(𝑑 − 1))
(1+𝜏)𝑠

∈ (0, 1).
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Hence, the 𝑠-Hausdorff measure for the 𝜌-cover (4.3) is obtained as

𝑠

𝜌
(𝐿(𝜏)) ≤

∞

∑

𝑛=𝑁

∑

(𝑑1,…,𝑑𝑛)∈(ℕ⧵{1})
𝑛

(diam 𝐼𝑛,𝜏(𝑑1, … , 𝑑𝑛))
𝑠

=

∞

∑

𝑛=𝑁

∑

(𝑑1,…,𝑑𝑛)∈(ℕ⧵{1})
𝑛

1

𝑄𝑛(𝑑1, … , 𝑑𝑛)
(1+𝜏)𝑠

=

∞

∑

𝑛=𝑁

∑

(𝑑1,…,𝑑𝑛)∈(ℕ⧵{1})
𝑛

1

(𝑑1(𝑑1 − 1)⋯𝑑𝑛−1(𝑑𝑛−1 − 1)𝑑𝑛)
(1+𝜏)𝑠

=

∞

∑

𝑛=𝑁
(

∞

∑

𝑑=2

1

(𝑑(𝑑 − 1))
(1+𝜏)𝑠

)

𝑛−1

(

∞

∑

𝑑=2

1

𝑑
(1+𝜏)𝑠

)

< 𝜁((1 + 𝜏)𝑠)

∞

∑

𝑛=𝑁

𝑟𝜏,𝑠
𝑛−1

< 𝜀.

Thus, for any 𝑠 > 1/(1+𝜏), 𝑠
(𝐿(𝜏)) = 0. The result follows from the definition of Hausdorff

dimension.

The proof of the lower bound for dim𝐿(𝜏) makes use of the Mass Transference Principle

[4, Theorem 2] (Theorem 1.2.12). It provides an alternative to the original method presented

in the work of CWZ [8]. Proposition 4.2.4 below is sufficient to establish the results developed

in the remainder of the chapter.

Proposition 4.2.4. Let (𝐼𝑛)𝑛∈ℕ be a sequence of intervals in [0, 1] and 0 < 𝑠 < 1. Suppose

lim𝑛→+∞ diam 𝐼𝑛 = 0 and


(
[0, 1] ∩ lim sup

𝑛→+∞

𝐼𝑛
𝑠

)
= 1,

where 𝐼 𝑠 denotes the interval with the same centre as 𝐼 and with radius equal to the radius of 𝐼

raised to the power of 𝑠. Then

𝑠

(
lim sup

𝑛→+∞

𝐼𝑛
)

= +∞;

in particular,

dim
(
lim sup

𝑛→+∞

𝐼𝑛
)

≥ 𝑠.

Proof. The proof essentially follows on applying [4, Theorem 2]. Suppose 0 < 𝑠 < 1. Define
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𝑓𝑠 ∶ ℝ
+
→ ℝ

+ by, for any 𝑥 ∈ ℝ
+, 𝑓𝑠(𝑥) ∶= 𝑥

𝑠. 𝑓𝑠 is a dimension function, that is, 𝑓𝑠 is

non-decreasing and lim𝑥→0
+ 𝑓𝑠(𝑥) = 0. Define 𝑋𝑠 and its 1-periodic extension 𝑌𝑠 by,

𝑋𝑠 ∶= lim sup

𝑛→+∞

([0, 1) ∩ 𝐼𝑛
𝑠

) , 𝑌𝑠 ∶= ⋃

𝑧∈ℤ

(𝑋𝑠 + 𝑧) ,

where 𝑋𝑠 + 𝑧 is the translation of 𝑋𝑠 by 𝑧, defined as 𝑋𝑠 + 𝑧 ∶= {𝑥 + 𝑧 ∶ 𝑥 ∈ 𝑋𝑠}.

Pick any interval 𝐼 ⊂ ℝ. Pick any 𝑧 ∈ ℤ. By assumption, (𝑋𝑠) = 1, implying ([𝑧, 𝑧 +

1) ∩ 𝑌𝑠) = 1 and ([𝑧, 𝑧 + 1) ⧵ 𝑌𝑠) = 0. By the additivity of Lebesgue measure,

 (𝐼 ∩ [𝑧, 𝑧 + 1) ∩ 𝑌𝑠) = (𝐼 ∩ [𝑧, 𝑧 + 1)) − (𝐼 ∩ [𝑧, 𝑧 + 1) ⧵ 𝑌𝑠) = (𝐼 ∩ [𝑧, 𝑧 + 1)).

By the countable additivity of Lebesgue measure, the above implies that (𝐼 ∩ 𝑌𝑠) = (𝐼 ).

By a re-enumeration, 𝑌𝑠 = lim sup
𝑛→∞

𝐵𝑛
𝑠, where for any 𝑛 ∈ ℕ, 𝐵𝑛 is an interval, and

lim𝑛→+∞ diam𝐵𝑛 = 0. Thus, the assumption of [4, Theorem 2] is satisfied and its conclusion

implies that,

𝑠

([0, 1] ∩ 𝑌𝑠) = 𝑠
([0, 1]) = +∞.

By 𝑋𝑠 = [0, 1) ∩ 𝑌𝑠, the above implies that

𝑠

(
lim sup

𝑛→+∞

𝐼𝑛
)

≥ 𝑠

(𝑋𝑠) = +∞.

The result follows from the definition of Hausdorff dimension.

In order to apply Proposition 4.2.4 to establish a lower bound for dim𝐿(𝜏), 𝐿(𝜏) needs to

be expressed as a lim sup set of intervals. Define 𝑆 to be the set of all 3-tuples consisting of

the Lüroth numerators, denominators, and last digits. Formally,

𝑆 ∶= ⋃

𝑛∈ℕ

⋃

𝑥∈(0,1]

(𝑃𝑛(𝑥), 𝑄𝑛(𝑥), 𝑑𝑛(𝑥)) , (4.4)

where for any 𝑛 ∈ ℕ and 𝑥 ∈ (0, 1], 𝑃𝑛(𝑥) and 𝑄𝑛(𝑥) are defined in (1.26) and (1.27) respec-

tively, and 𝑑𝑛(𝑥) = 𝑑𝑛 is given in (1.23). Note that 𝑆 is countable. Let

𝑆 = ((𝑃𝑘, 𝑄𝑘, 𝑑𝑘))𝑘∈ℕ (4.5)
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be a re-enumeration so that (𝑄𝑘)𝑘∈ℕ is non-decreasing. Proposition 4.2.5 below can be com-

pared with Proposition 4.2.2, stating that satisfying an inequality implies that the fraction is

a Lüroth convergent.

Proposition 4.2.5. For any 𝑥 ∈ (0, 1] and 𝑘 ∈ ℕ, if

0 < 𝑥 −

𝑃𝑘

𝑄𝑘

≤

1

(𝑑𝑘 − 1)𝑄𝑘

,

then 𝑃𝑘/𝑄𝑘 is a Lüroth convergent of 𝑥 .

Proof. By the definition of 𝑆, there exist 𝑦 ∈ (0, 1] and 𝑛 ∈ ℕ such that 𝑄𝑘 = 𝑄𝑛(𝑦). By the

definition, there exist 𝑑1, 𝑑2, … , 𝑑𝑛 ∈ ℕ ⧵ {1} such that

𝑄𝑘 = 𝑑𝑛

𝑛−1

∏

𝑖=1

𝑑𝑖(𝑑𝑖 − 1) = 𝑑1(𝑑1 − 1)𝑑2(𝑑2 − 1)⋯𝑑𝑛−1(𝑑𝑛−1 − 1)𝑑𝑛.

The length of the following cylinder:

{𝑧 ∈ (0, 1] ∶ 𝑑1(𝑧) = 𝑑1, 𝑑2(𝑧) = 𝑑2, … , 𝑑𝑛(𝑧) = 𝑑𝑛} .

for [𝑑1, 𝑑2, … , 𝑑𝑛] is given by

1

∏
𝑛

𝑖=1
𝑑𝑖(𝑑𝑖 − 1)

=

1

(𝑑𝑛 − 1)𝑄

.

Therefore, 𝑃𝑘/𝑄𝑘 is the 𝑛-th Lüroth convergent of 𝑥 .

Define, for any 𝜏 ≥ 0, a sequence of intervals (𝐵𝜏,𝑘)𝑘∈ℕ in [0, 1] by,

𝐵𝜏,𝑘 ∶=
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

1

𝑄𝑘
1+𝜏

)
∩
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

1

(𝑑𝑘 − 1)𝑄𝑘 ]
. (4.6)

Proposition 4.2.6. For any 𝜏 ≥ 0,

𝐿(𝜏) = lim sup

𝑘→+∞

𝐵𝜏,𝑘. (4.7)

Proof. The inclusion ⊂ follows directly from (4.2) with the definitions of 𝑆 and 𝐵𝜏,𝑘 in (4.4)

and (4.6) respectively. The reverse inclusion ⊃ follows from Proposition 4.2.5.
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Proposition 4.2.7 (Lower Bound of dim𝐿(𝜏)). For any 𝜏 ≥ 0,

dim𝐿(𝜏) ≥

1

1 + 𝜏

.

Proof. Pick any 𝑥 ∈ (0, 1]⧵ℚ. Since 𝑥 is irrational, there exist infinitely many 𝑛 ∈ ℕ such that

𝑑𝑛(𝑥) ≥ 3. By Proposition 4.2.2, for any 𝑛 ∈ ℕ, if 𝑑𝑛(𝑥) ≥ 3 then

0 < 𝑥 −

𝑃𝑛(𝑥)

𝑄𝑛(𝑥)

<

1

𝑄𝑛(𝑥)

. (4.8)

By (4.2), (0, 1] ⧵ ℚ ⊂ 𝐿(0) and consequently dim𝐿(0) = 1.

Suppose 𝜏 > 0. By a straightforward computation, for any 𝑘 ∈ ℕ,

(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

1

𝑄𝑘)
⊂ 𝐵𝜏,𝑘

1/(1+𝜏)
,

where 𝐵𝑠 denotes the interval with the same centre as 𝐵 and with radius equal to the radius

of 𝐵 raised to the power of 𝑠. Since for any 𝑥 ∈ (0, 1] ⧵ ℚ, there exist infinitely many 𝑛 ∈ ℕ

such that (4.8) holds, implying that,

(0, 1] ⧵ ℚ ⊂ ((0, 1] ⧵ ℚ) ∩ lim sup

𝑘→+∞
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

1

𝑄𝑘)

⊂ ((0, 1] ⧵ ℚ) ∩ lim sup

𝑘→+∞

𝐵𝜏,𝑘
1/(1+𝜏)

.

Hence, we have

1 =  ((0, 1] ⧵ ℚ) ≤ 
(
((0, 1] ⧵ ℚ) ∩ lim sup

𝑘→+∞

𝐵𝜏,𝑘
1/(1+𝜏)

)
≤ 1.

By the re-enumeration on 𝑆 in (4.5), lim𝑘→+∞𝑄𝑘 = +∞ and consequently lim𝑘→+∞ diam𝐵𝜏,𝑘 =

0. The assumptions in Proposition 4.2.4 are satisfied.

By the conclusion in Proposition 4.2.4 and (4.7),

1/(1+𝜏)
(𝐿(𝜏)) = 1/(1+𝜏)

(
lim sup

𝑘→+∞

𝐵𝜏,𝑘
)

= +∞; (4.9)
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in particular,

dim𝐿(𝜏) = dim
(
lim sup

𝑘→+∞

𝐵𝜏,𝑘
)

≥

1

1 + 𝜏

.

Thus, the lower bound of dim𝐿(𝜏) is established.

Proof of Theorem 1.4.3. By combining Proposition 4.2.3 and 4.2.7, the Hausdorff dimension of

𝐿(𝜏) is established for all 𝜏 ≥ 0. By (4.9), the Hausdorff measure of 𝐿(𝜏) at the critical exponent

is obtained. The proof of Theorem 1.4.3 is completed.

4.2.3 Proof of Theorem 1.4.4

Theorem 1.4.4 presents a counterexample, and consequently suggests a reformulation, to the

conjecture stated by Tan–Zhou [48]. The proof constructs the function that takes small values

at integers that are highly divisible by 2, and consequently does not satisfy the monotonicity

condition.

Proof of Theorem 1.4.4. Let 𝜏 ≥ 0. Define 𝜓 ∶= 𝜓𝜏 ∶ ℕ → (0, 1] by, for any 𝑞 ∈ ℕ,

𝜓(𝑞) ∶=

1

𝑞
𝜏+𝜈2(𝑞)

,

where 𝜈2 is the 2-adic valuation. For any 𝑛 ∈ ℕ, if 𝑛 > 𝜏 + √

𝜏 then

𝜓 (2
𝑛
+ 1) =

1

(2
𝑛
+ 1)

𝜏
≥

1

2
(𝜏+1)𝑛

>

1

2
(𝜏+𝑛)𝑛

= 𝜓(2
𝑛
).

Thus, 𝜓 is not eventually non-increasing. By a straightforward computation, 𝜏
𝜓
= 𝜏 can be

verified. It remains to prove that dim𝐿(𝜓) = 0.

For any 𝑞, 𝑘 ∈ ℕ, if 2𝑘 divides 𝑞 then 𝜈2(𝑞) ≥ 𝑘 and

0 < 𝜓(𝑞) ≤

1

𝑞
𝜏+𝑘
. (4.10)

Pick any 𝑗 ∈ ℕ, 𝜌 > 0 and 𝑁 ∈ ℕ. Suppose 𝑁 > − log 𝜌/ log 2. The following forms a 𝜌-cover
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of 𝐿(𝜓):

∞

⋃

𝑛=𝑁

⋃

(𝑑1,…,𝑑𝑛)∈(ℕ⧵{1})
𝑛
(

𝑃𝑛

𝑄𝑛

,

𝑃𝑛

𝑄𝑛

+

𝜓(𝑄𝑛)

𝑄𝑛 )
, (4.11)

where for any 𝑛 ∈ ℕ, 𝑄𝑛 ∶= 𝑑1(𝑑1 − 1)⋯𝑑𝑛−1(𝑑𝑛−1 − 1)𝑑𝑛 ≥ 2
𝑛 and 𝑃𝑛 ∶= [𝑑1, 𝑑2, … , 𝑑𝑛]𝑄𝑛.

Pick any 𝑠 > 1/(1 + 𝜏 + 𝑗). Define

𝑟𝜏,𝑗 ,𝑠 ∶=

∞

∑

𝑑=2

(

1

𝑑(𝑑 − 1))

(1+𝜏+𝑗)𝑠

∈ (0, 1);

𝐶𝜏,𝑗 ,𝑠 ∶=

∞

∑

𝑑=2

1

𝑑
(1+𝜏+𝑗)𝑠

< +∞.

Pick any 𝜀 > 0. Suppose 𝑁 is large enough so that 𝑁 > 𝑗 and

𝐶𝜏,𝑗 ,𝑠

∞

∑

𝑛=𝑁

𝑟𝜏,𝑗 ,𝑠
𝑛−1

< 𝜀.

Note that for any 𝑛 ∈ ℕ and 𝑑1, 𝑑2, … , 𝑑𝑛 ∈ ℕ ⧵ {1}, if 𝑛 ≥ 𝑁 then 𝑛 > 𝑗 and 2
𝑗
∣ 𝑑1(𝑑1 −

1)⋯𝑑𝑛−1(𝑑𝑛−1 − 1)𝑑𝑛. By applying (4.10), the 𝑠-Hausdorff measure for the 𝜌-cover (4.11) is

obtained as

𝑠

𝜌
(𝐿(𝜓)) ≤

∞

∑

𝑛=𝑁

∑

(𝑑1,…,𝑑𝑛)∈(ℕ⧵{1})
𝑛
(

𝜓(𝑑1(𝑑1 − 1)⋯𝑑𝑛)

𝑑1(𝑑1 − 1)⋯𝑑𝑛 )

𝑠

≤

∞

∑

𝑛=𝑁

∑

(𝑑1,…,𝑑𝑛)∈(ℕ⧵{1})
𝑛
(

1

(𝑑1(𝑑1 − 1)⋯𝑑𝑛)
1+𝜏+𝑗)

𝑠

=

∞

∑

𝑛=𝑁
(

∞

∑

𝑑=2

(

1

𝑑(𝑑 − 1))

(1+𝜏+𝑗)𝑠

)

𝑛−1
∞

∑

𝑑=2

1

𝑑
(1+𝜏+𝑗)𝑠

= 𝐶𝜏,𝑗 ,𝑠

∞

∑

𝑛=𝑁

𝑟𝜏,𝑗 ,𝑠
𝑛−1

< 𝜀.

Hence, 𝑠
(𝐿(𝜓)) = 0 and consequently for any 𝑗 ∈ ℕ,

dim𝐿(𝜓) ≤

1

1 + 𝜏 + 𝑗

.

The proof of Theorem 1.4.4 is completed.
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4.2.4 Proof of Theorem 4.1.1

Although Theorem 4.1.1 may appear stronger than Theorem 1.4.3, its proof reveals that it

follows directly from two applications of the latter.

Proof of Theorem 4.1.1. Suppose 𝜏
𝜓
> 0. Pick any 0 < 𝜀 < 𝜏

𝜓
. By the definition of 𝜏

𝜓
, there

exists 𝑁𝜀 ∈ ℕ such that for any 𝑞 ∈ ℕ, if 𝑞 > 𝑁𝜀 then

0 < 𝜏
𝜓
− 𝜀 < −

log𝜓(𝑞)

log 𝑞

𝜓(𝑞) <

1

𝑞
𝜏
𝜓
−𝜀
.

Thus, 𝐿(𝜓) ⊂ 𝐿(𝜏
𝜓
− 𝜀). By Theorem 1.4.3 and the monotonicity of Hausdorff dimension,

dim𝐿(𝜓) ≤ dim𝐿(𝜏
𝜓
− 𝜀) =

1

1 + 𝜏
𝜓
− 𝜀

.

Since 𝜀 > 0 is arbitrary, the upper bound is established.

Pick any 𝜀 > 0. By the definition of 𝜏𝜓, there exists 𝑁𝜀 ∈ ℕ such that for any 𝑞 ∈ ℕ, if

𝑞 > 𝑁𝜀 then

−

log𝜓(𝑞)

log 𝑞

< 𝜏𝜓 + 𝜀

1

𝑞
𝜏𝜓+𝜀

< 𝜓(𝑞).

Thus, 𝐿(𝜏𝜓 + 𝜀) ⊂ 𝐿(𝜓). By Theorem 1.4.3 and the monotonicity of Hausdorff dimension,

1

1 + 𝜏𝜓 + 𝜀

= dim𝐿(𝜏𝜓 + 𝜀) ≤ dim𝐿(𝜓).

Since 𝜀 > 0 is arbitrary, the lower bound is established.

The proof of Theorem 4.1.1 is completed.

4.2.5 Proof of Theorem 4.1.2

Theorem 4.1.2 refines the general dimensional bounds established in Theorem 4.1.1. The proof

for the upper bound follows a similar approach as in Theorem 4.1.1; and for the lower bound,

Proposition 4.2.4 is applied once again.
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Proof of Theorem 4.1.2. Suppose 𝜆
𝜓
> 0. Pick any 0 < 𝜀 < 𝜆

𝜓
. By the definition of 𝜆

𝜓
, there

exists 𝐾𝜀 ∈ ℕ such that for any 𝑘 ∈ ℕ, there exists 𝑞𝑘 ∈ ℕ such that for any 𝑞 ∈ 𝑆𝑘, if 𝑘 > 𝐾𝜀
and 𝑞 > 𝑞𝑘 then

𝜆
𝜓
− 𝜀 < −

log𝜓(𝑞)

log 𝑞

𝜓(𝑞) <

1

𝑞
𝜆
𝜓
−𝜀
.

Thus, 𝐿(𝜓) ⊂ 𝐿(𝜆
𝜓
− 𝜀). By Theorem 1.4.3 and the monotonicity of Hausdorff dimension,

dim𝐿(𝜓) ≤ dim𝐿(𝜆
𝜓
− 𝜀) =

1

1 + 𝜆
𝜓
− 𝜀

.

Since 𝜀 > 0 can be chosen arbitrarily small, the upper bound is established.

Pick any 𝜀 > 0. By the definition of 𝜆𝜓, there exists a strictly increasing sequence (𝑘𝑗)𝑗∈ℕ

of positive integers such that for any 𝑗 ∈ ℕ,

𝛼𝑗 ∶= lim sup

𝑞∈𝑆𝑘
𝑗

− log𝜓(𝑞)

log 𝑞

< 𝜆𝜓 +

𝜀

2

.

For any 𝑗 ∈ ℕ, by the definition of the limit superior, there exists 𝑞𝑘𝑗 ∈ 𝑆𝑘𝑗 such that for any

𝑞 ∈ 𝑆𝑘𝑗
, if 𝑞 > 𝑞𝑘𝑗 then

𝜆𝜓 + 𝜀 > 𝛼𝑗 +

𝜀

2

>

− log𝜓(𝑞)

log 𝑞

.

Thus, for any 𝜀 > 0, there exists a strictly increasing sequence (𝑘𝑗)𝑗∈ℕ of positive integers

such that for any 𝑗 ∈ ℕ, there exists 𝑞𝑘𝑗 ∈ 𝑆𝑘𝑗 such that for any 𝑞 ∈ 𝑆𝑘𝑗
, if 𝑞 > 𝑞𝑘𝑗 then

− log𝜓(𝑞)

log 𝑞

< 𝜆𝜓 + 𝜀.

With loss of generality, for any 𝑗 ∈ ℕ, assume 𝑞𝑘𝑗+1 > 𝑞𝑘𝑗
. Define, for any 𝑗 ∈ ℕ, 𝑎𝑗 ∶=

⌈log 𝑞𝑘𝑗
/ log 2⌉ + 1 − 𝑘𝑗 ≥ 1, where ⌈ ⌉ is the ceiling function. Then, for any 𝑗 ∈ ℕ and

𝑞 ∈ 𝑆𝑘𝑗+𝑎𝑗 ⊂ 𝑆𝑘𝑗 , we have that 𝑞 > 𝑞𝑘𝑗 and so

1

𝑞
𝜆𝜓+𝜀

< 𝜓(𝑞). (4.12)
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Thus, for any 𝑗 ∈ ℕ and 𝑑1, … , 𝑑𝑘𝑗+𝑎𝑗 ∈ ℕ ⧵ {1},

(

𝑃

𝑄

,

𝑃

𝑄

+

1

𝑄
1+𝜆𝜓+𝜀)

⊂
(

𝑃

𝑄

,

𝑃

𝑄

+

𝜓(𝑄)

𝑄 )
,

where 𝑄 = 𝑑1(𝑑1 − 1)⋯𝑑𝑘𝑗+𝑎𝑗
∈ 𝑆𝑘𝑗+𝑎𝑗

and 𝑃 = [𝑑1, … , 𝑑𝑘𝑗+𝑎𝑗
]𝑄. Thus,

(

𝑃

𝑄

,

𝑃

𝑄

+

1

𝑄]
⊂
(

𝑃

𝑄

,

𝑃

𝑄

+

1

𝑄
1+𝜆𝜓+𝜀)

1/(1+𝜆𝜓+𝜀)

⊂
(

𝑃

𝑄

,

𝑃

𝑄

+

𝜓(𝑄)

𝑄 )

1/(1+𝜆𝜓+𝜀)

(4.13)

where for an given interval 𝐵, 𝐵𝑠 denotes the interval with the same centre as 𝐵 and with a

radius equal to the radius of 𝐵 raised to the power of 𝑠. By Proposition 4.2.2 and (4.13), for

any 𝑗 ∈ ℕ,

(0, 1] ⊂ ⋃

𝑑1,…,𝑑𝑘
𝑗
+𝑎
𝑗
∈ℕ⧵{1}

(

𝑃

𝑄

,

𝑃

𝑄

+

𝜓(𝑄)

𝑄 )

1/(1+𝜆𝜓+𝜀)

. (4.14)

Let ((𝑃𝑘𝑖 , 𝑄𝑘𝑖 , 𝑑𝑘𝑖))𝑖∈ℕ be the sub-re-enumeration of 𝑆 = ((𝑃𝑘, 𝑄𝑘, 𝑑𝑘))𝑘∈ℕ in (4.5) so that for any

𝑖 ∈ ℕ and 𝑞 = 𝑄𝑘𝑖 , (4.12) is satisfied. Define a sequence of intervals (𝐵𝜓,𝜀,𝑖)𝑖∈ℕ by, for any 𝑖 ∈ ℕ,

𝐵𝜓,𝜀,𝑖 ∶=

(

𝑃𝑘𝑖

𝑄𝑘𝑖

,

𝑃𝑘𝑖

𝑄𝑘𝑖

+

1

𝑄𝑘𝑖

1+𝜆𝜓+𝜀)

∩
(

𝑃𝑘𝑖

𝑄𝑘𝑖

,

𝑃𝑘𝑖

𝑄𝑘𝑖

+

1

(𝑑𝑘𝑖
− 1)𝑄𝑘𝑖

]
.

Note that, for any 𝜀 > 0,

lim sup

𝑗→+∞

𝐵𝜓,𝜀,𝑗 ⊂ 𝐿(𝜓).

By a straightforward computation, for any 𝑖 ∈ ℕ,

(

𝑃𝑘𝑖

𝑄𝑘𝑖

,

𝑃𝑘𝑖

𝑄𝑘𝑖

+

1

𝑄𝑘𝑖
)
⊂ 𝐵𝜓,𝜀,𝑗

1/(1+𝜆𝜓+𝜀)
.

By (4.14), for any 𝑗 ∈ ℕ, the intervals at the (𝑘𝑗 + 𝑎𝑗)-th level cover (0, 1]. Thus

(0, 1] ∩ lim sup

𝑖→+∞

𝐵𝜓,𝜀,𝑖
1/(1+𝜆𝜓+𝜀)

= (0, 1];
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in particular,


(
[0, 1] ∩ lim sup

𝑖→+∞

𝐵𝜓,𝜀,𝑖
1/(1+𝜆𝜓+𝜀)

)
= 1.

By the sub-re-enumeration on 𝑆, lim𝑖→+∞𝑄𝑘𝑖
= +∞ and consequently lim𝑖→+∞ diam𝐵𝜓,𝜀,𝑖 = 0.

By applying Proposition 4.2.4 and the monotonicity of Hausdorff dimension,

dim𝐿(𝜓) ≥ dim
(
lim sup

𝑗→+∞

𝐵𝜓,𝜀,𝑗
)

≥

1

1 + 𝜆𝜓 + 𝜀

.

Since 𝜀 > 0 is arbitrary, the lower bound is established.

The proof of Theorem 4.1.2 is completed.

4.2.6 Proof of Theorem 4.1.3

Theorem 4.1.3 provides a partial solution to Conjecture 1.4.5. By Theorem 4.1.1, it suffices to

establish the following lower bound:

dim𝐿(𝜓) ≥

1

1 + 𝜏
𝜓

.

The idea is to apply the divergent case of Theorem 1.4.1 to deduce that (𝜃𝑠) = 1, for the

auxiliary function 𝜃𝑠 defined in (4.1). By applying Proposition 4.2.4, the lower bound is then

established.

By the assumption 𝜏
𝜓
> 1, the set 𝐿(𝜓) can be expressed as a lim sup set of intervals.

Proposition 4.2.8 can be compared with Proposition 4.2.6.

Proposition 4.2.8. Let 𝜓 ∶ ℕ → (0, 1]. Suppose 𝜏
𝜓
> 1. Then

𝐿(𝜓) = lim sup

𝑘→+∞
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

𝜓(𝑄𝑘)

𝑄𝑘 )
,

where ((𝑃𝑘, 𝑄𝑘, 𝑑𝑘))𝑘∈ℕ is the re-enumeration of 𝑆 in (4.5).

Proof. The inclusion ⊂ follows directly from the definition of 𝑆 and (4.2). It remains to prove

the reverse inclusion ⊃.
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By the assumption that 𝜏
𝜓
> 1, there exists 𝑞0 ∈ ℕ such that for any 𝑞 ∈ ℕ, if 𝑞 > 𝑞0 then

0 < 𝜓(𝑞) <

1

𝑞

. (4.15)

Pick any 𝑥 ∈ lim sup
𝑘→+∞

(𝑃𝑘/𝑄𝑘, 𝑃𝑘/𝑄𝑘 +𝜓(𝑄𝑘)/𝑄𝑘). By limit superior, there exists a strictly

increasing sequence (𝑘𝑗)𝑗∈ℕ of positive integers such that for any 𝑗 ∈ ℕ, 𝑥 ∈ (𝑃𝑘𝑗
/𝑄𝑘𝑗

, 𝑃𝑘𝑗
/𝑄𝑘𝑗

+

𝜓(𝑄𝑘𝑗
)/𝑄𝑘𝑗

). Since (𝑄𝑘)𝑘∈ℕ is non-decreasing, lim𝑘→∞𝑄𝑘 = +∞ and there exists 𝑗0 ∈ ℕ such

that 𝑄𝑘𝑗
0

> 𝑞0. For any 𝑗 ∈ ℕ, if 𝑗 > 𝑗0 then 𝑄𝑘𝑗 ≥ 𝑄𝑘𝑗
0

> 𝑞0 and (4.15) implies that

0 < 𝑥 −

𝑃𝑘𝑗

𝑄𝑘𝑗

<

𝜓(𝑄𝑘𝑗
)

𝑄𝑘𝑗

<

1

𝑄𝑘𝑗

2
<

1

(𝑑𝑘𝑗
− 1)𝑄𝑘𝑗

.

By Proposition 4.2.5, 𝑃𝑘𝑗/𝑄𝑘𝑗 is a Lüroth convergent of 𝑥 .

Proof of Theorem 4.1.3. By the assumption that 𝜏
𝜓
> 1, there exists 𝑞0 ∈ ℕ such that for any

𝑞 ∈ ℕ, if 𝑞 ≥ 𝑞0 then (4.15) holds. Thus,

∞

∑

𝑞=𝑞0

−

𝜃𝑠(𝑞) log 𝜃𝑠(𝑞)

𝑞

=

∞

∑

𝑞=𝑞0

−

𝑞
1−𝑠
𝜓
𝑠
(𝑞) log (𝑞

1−𝑠
𝜓
𝑠
(𝑞))

𝑞

≥

∞

∑

𝑞=𝑞0

(

𝜓(𝑞)

𝑞 )

𝑠

log 𝑞

= +∞.

By the divergent case of Theorem 1.4.1,

(𝐿(𝜃𝑠)) = 1. (4.16)

By the assumption 𝜏
𝜓
> 1 and Proposition 4.2.8,

𝐿(𝜓) = lim sup

𝑘→+∞
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

𝜓(𝑄𝑘)

𝑄𝑘 )
.

By a straightforward computation, for 𝑠 = 1/(1 + 𝜏
𝜓
),

𝐿(𝜃𝑠) = lim sup

𝑘→+∞
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

𝜃𝑠(𝑄𝑘)

𝑄𝑘 )
⊂ lim sup

𝑘→+∞
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

𝜓(𝑄𝑘)

𝑄𝑘 )

𝑠

.
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By (4.16) and the monotonicity of Lebesgue measure,


(
[0, 1] ∩ lim sup

𝑘→+∞
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

𝜓(𝑄𝑘)

𝑄𝑘 )

𝑠

)
= 1.

Since lim𝑘→+∞𝑄𝑘 = +∞, we have lim𝑘→+∞ diam (𝑃𝑘/𝑄𝑘, 𝑃𝑘/𝑄𝑘 + 𝜓(𝑄𝑘)/𝑄𝑘) = 0. By applying

Proposition 4.2.4,

dim(𝐿(𝜓)) = dim
(
lim sup

𝑘→+∞
(

𝑃𝑘

𝑄𝑘

,

𝑃𝑘

𝑄𝑘

+

𝜓(𝑄𝑘)

𝑄𝑘 ))
≥ 𝑠 =

1

1 + 𝜏
𝜓

.

The proof of Theorem 4.1.3 is completed.



Chapter 5

Fourier Analysis on non-Liouville sets

The study of Fourier transforms of probability measures on fractal sets plays an important role

in recent advance in number theory and fractal geometry. Faster decay rates on the transforms

are known to yield enhanced results in areas such as metric number theory. In this chapter,

we focus on self-similar probability measures defined on self-similar sets that satisfy a non-

Liouville condition. Explicit upper bounds are derived for their decay rates, improving upon

prior research. These findings are illustrated with an application to sets of numbers whose

digits in their Lüroth representations (see Section 1.4 and Chapter 4) are restricted to a finite

set.

5.1 Results

In order to state our result, we define upper regularity exponent for measures in the following

sense.

Definition (Upper Regularity Exponent). Let 𝜇 be a probability measure on a subset of [0, 1]

and 𝛼 ∈ [0, 1]. 𝛼 is said to be an upper regularity exponent of 𝜇 if, there exist 𝐶𝛼 > 0 and

𝑟𝛼 > 0 such that for any interval 𝐼 ⊂ [0, 1], if diam 𝐼 < 𝑟𝛼 then

𝜇(𝐼 ) ≤ 𝐶𝛼 (diam 𝐼)
𝛼

, (5.1)

where diam 𝐼 denotes the diameter of 𝐼 .

The inequality (5.1) is often referred to as the Hölder condition.

153



154 CHAPTER 5. FOURIER ANALYSIS ON NON-LIOUVILLE SETS

Theorems 5.1.1, 5.1.2, 5.1.3, and 5.1.4 are the main results of this chapter. Theorem 5.1.1

provides an explicit decay rate that refines and improves the previous result [33, Theorem 1.3].

Theorem 5.1.2 provides a method for computing the Hausdorff dimension of self-similar sets

satisfying the open set condition. Theorem 5.1.3 provides a probability measure achieving the

fastest decay rate under Theorem 5.1.1. Theorem 5.1.4 is an application of Theorem 5.1.3 to

number theory.

Theorem 5.1.1. Let 𝐹 ⊂ [0, 1] be a self-similar set of the form (1.35) associated with simili-

tudes (1.36) for a finite set . Suppose, there exist 𝑗 , 𝑘 ∈  and 𝑙 ≥ 2 such that log 𝑟𝑗/ log 𝑟𝑘 is

non-Liouville (1.38) of degree 𝑙. Then, for any self-similar probability measure 𝜇 on 𝐹 and any

upper regularity exponent 𝛼 ∈ [0, 1] of 𝜇, as 𝜉 → ±∞,

𝜇̂(𝜉) = 𝑂 (log
−𝛼/(2(1+2𝛼)(8𝑙−7))

|𝜉 |) .

According to the Frostman Lemma [36, Theorem 8.8], for any probability measure 𝜇 on

𝐹 , every upper regularity exponent 𝛼 of 𝜇 is at most dim 𝐹 , the Hausdorff dimension of 𝐹 . In

the case of 𝐹 being a singleton, dim 𝐹 = 0 implies that the only upper regularity exponent is

𝛼 = 0. After removing the non-singleton assumption from the original result of Li–Sahlsten

[33, Theorem 1.3] (Theorem 1.5.5), Theorem 5.1.1 still applies in such degenerate cases, but it

only gives the trivial conclusion of non-decay.

In the case of including the non-singleton assumption, the result of Feng–Lau [12, Propo-

sition 2.2] ensures that for any self-similar probability measure, a positive upper regularity ex-

ponent exists. Theorem 5.1.1 guarantees the decay of its Fourier transform in non-degenerate

cases.

In the case of including the open set condition (a pairwise disjoint condition), a self-similar

probability measure 𝜇 can be constructed, so that the maximal upper regularity exponent

equals dim 𝐹 . This measure maximises the decay rate described in Theorem 5.1.1.

Theorem 5.1.2. Let 𝐹 ⊂ [0, 1] be a self-similar set of the form (1.35) associated with simili-

tudes (1.36) for a non-empty finite set . Suppose, the images (𝑓𝑤((0, 1)))𝑤∈ are pairwise dis-

joint. Then, dim 𝐹 is the unique solution 𝑠 = 𝑠 in [0, 1] to the following equation:

∑

𝑤∈
𝑟𝑤
𝑠
= 1. (5.2)



5.1. RESULTS 155

Theorem 5.1.3. Let 𝐹 ⊂ [0, 1] be a self-similar set of the form (1.35) associated with simili-

tudes (1.36) for a finite set . Suppose, the images (𝑓𝑤((0, 1)))𝑤∈ are pairwise disjoint, and there

exist 𝑗 , 𝑘 ∈  and 𝑙 ≥ 2 such that log 𝑟𝑗/ log 𝑟𝑘 is non-Liouville (1.38) of degree 𝑙. Then, there

exists a self-similar probability measure 𝜇 on 𝐹 such that as 𝜉 → ±∞,

𝜇(𝜉) = 𝑂 (log
−dim 𝐹/(2(1+2 dim 𝐹)(8𝑙−7))

|𝜉 |) .

Theorem 5.1.2 is essentially the same as the classical result of Moran [38, Theorem II]. Dif-

ferent from the original approach of Moran, which constructs additive functions and applies

density lemmas, the proof of Theorem 5.1.2 employs a novel approach. We first construct a

series of self-similar probability measures and then select the one maximising its upper reg-

ularity exponent. By using this measure, we also get the faster rate of decay in the Fourier

transform that Theorem 5.1.1 guarantees, and therefore Theorem 5.1.3 follows.

Theorems 5.1.2 and 5.1.3 can be applied together. By (5.2), the Hausdorff dimension of the

self-similar set can be computed or approximated numerically. Once the non-Liouville degree

is known, the decay rate described in Theorem 5.1.3 can be calculated.

Theorem 5.1.3 provides a framework for number theorists studying sets of numbers with

self-similar structures. One application lies in the study of sets of numbers whose digits in

their Lüroth representation are restricted to a finite set. This result is an analogous to the

work of Queffélec–Ramaré [42] (Theorem 1.5.4) on restricted partial quotients in continued

fractions.

Define, for any  ⊂ ℕ ⧵ {1}, 𝐿 to be the sets of numbers whose digits in their Lüroth

representations are restricted to . Formally,

𝐿 ∶= {[𝑑1, 𝑑2, … , 𝑑𝑛, …] ∶ 𝑑𝑛 ∈  for all 𝑛 ∈ ℕ} ,

where the Lüroth representation [𝑑1, 𝑑2, … , 𝑑𝑛, …] is defined in (1.23). For any finite  ⊂

ℕ ⧵ {1}, 𝐿 is self-similar in (0, 1]. Specifically, 𝐿 can be expressed as

𝐿 = ⋃

𝑑∈
𝑓𝑑 (𝐿) , (5.3)
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where for any 𝑑 ∈ ℕ ⧵ {1}, the similitude 𝑓𝑑 ∶ (0, 1] → (0, 1] is defined by, for any 𝑥 ∈ (0, 1],

𝑓𝑑(𝑥) ∶=

1

𝑑

+

1

𝑑(𝑑 − 1)

𝑥, (5.4)

derived from the following recursion formula: for any sequence (𝑑𝑛)𝑛∈ℕ in ℕ ⧵ {1},

[𝑑1, 𝑑2, 𝑑3, …] =

1

𝑑1

+

1

𝑑1(𝑑1 − 1)

[𝑑2, 𝑑3, 𝑑4, …].

Figure 5.1 illustrates the fractal construction process of 𝐿3 ∶= 𝐿{2,3}. Starting from the

interval (0, 1], sub-intervals are partitioned and removed iteratively at each level. At the first

level, (0, 1] is partitioned to three sub-intervals: (0, 1/3], (1/3, 1/2], and (1/2, 1], which corre-

spond to numbers in (0, 1] with 𝑑1 ≥ 4, 𝑑1 = 3, and 𝑑1 = 2 respectively. The first sub-interval

is removed, while the second and third are retained for the next level. At each subsequent

level 𝑛 ∈ ℕ, every retained interval is further partitioned to three sub-intervals, with diame-

ters in the ratio of 2∶1∶3, corresponding to 𝑑𝑛 ≥ 4, 𝑑𝑛 = 3, and 𝑑𝑛 = 2 respectively. As before,

the first sub-interval is removed, and the remaining two are retained to continue the process.

The set 𝐿3 is the countable intersection of all levels in this iterative construction.

0 11/21/3

…

…

𝐿3

Figure 5.1: Construction of the Lüroth set 𝐿3

The non-Liouville condition in Theorem 5.1.3 can be proved in the setting of 𝐿 by ap-

plying the explicit Baker Theorem of Matveev [37, Theorem 2.1] for any non-singleton  ⊂
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ℕ ⧵ {1}. Theorem 5.1.4 is established as an application of Theorem 5.1.3 to number theory.

Theorem 5.1.4. For any non-singleton finite  ⊂ ℕ⧵ {1}, there exists a self-similar probability

measure 𝜇 on 𝐿 such that as 𝜉 → ±∞,

𝜇(𝜉) = 𝑂 (log
−𝛽

|𝜉 |) ,

where

𝛽 ∶=

dim𝐿

1 + 2 dim𝐿

10
−10

log 𝑎1 log 𝑎2 + 1

> 0,

in which 𝑎1 and 𝑎2 are the first smallest and second smallest elements in  respectively.

By Theorem 5.1.2, the Hausdorff dimension of 𝐿3 can be approximated to yield:

dim𝐿3 = 0.60096685161367548572… .

By Theorem 5.1.4, there exists a probability measure 𝜇3 on 𝐿3 such that as 𝜉 → ±∞,

𝜇3(𝜉) = 𝑂 (log
−𝛽3

|𝜉 |) ,

where 𝛽3 > 10
−11
> 0. We can prove a slightly better decay rate, indeed see Proposition 5.2.10

in the proof of Theorem 5.1.4.

Returning to the motivation of establishing an explicit expression for 𝛽 in (1.39), the result

of PVZZ [41, Theorem 1] (see Theorem 1.6.4) sets a significant target by requiring 𝛽 > 2 as

a threshold in its assumption. Under the most favourable conditions, Theorem 5.1.3, which

achieves the fastest decay rate derived from Theorem 5.1.1, yields 𝛽 = 1/54. This value reflects

inherent constraints, such as the Hausdorff dimension of subsets in [0, 1] being at most 1 and

the degree of non-Liouville numbers being at least 2. While the results in this chapter do

not yet meet this threshold, they offer an explicit framework and improved decay rates that

contribute to bridging the gap toward the target.
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5.2 Proofs

5.2.1 Proof of Theorem 5.1.1

The proof of Theorem 5.1.1 employs quantitative renewal theory, specifically for the stopping

time of random walks, as introduced in the work of Li [33]. A few definitions and propositions

are presented before starting the main proof of Theorem 5.1.1.

The self-similar measure 𝜇, defined as in (1.37) associated with similitudes (1.36), can be

expressed in terms of compositions of similitudes and their corresponding weights. Define,

for any 𝑛 ∈ ℕ and 𝑤 = (𝑤1, 𝑤2, … , 𝑤𝑛) ∈ 𝑛, a similitude 𝑓𝑤 ∶ [0, 1] → [0, 1] by

𝑓𝑤 ∶= 𝑓𝑤𝑛
◦ ⋯ ◦ 𝑓𝑤2

◦ 𝑓𝑤1
, (5.5)

along with the contraction ratio 𝑟𝑤 ∶= 𝑟𝑤1
𝑟𝑤2

⋯𝑟𝑤𝑛 , and the weight 𝑝𝑤 ∶= 𝑝𝑤1
𝑝𝑤2

⋯𝑝𝑤𝑛
. By

these definitions, for any 𝑛 ∈ ℕ,

𝜇 = ∑

𝑤∈𝑛

𝑝𝑤𝜇 ◦ 𝑓𝑤
−1

.

Define, for any 𝑡 > 0, the stopping time 𝑛𝑡 ∶ ℕ
→ ℕ by, for any 𝑤 = (𝑤𝑛)𝑛∈ℕ ∈ ℕ,

𝑛𝑡(𝑤) ∶= min {𝑛 ∈ ℕ ∶ − log 𝑟𝑤 ≥ 𝑡} .

Define, for any 𝑡 > 0,

𝑡
∶=

{

(𝑤1, 𝑤2, …𝑤𝑛𝑡 (𝑤))
∶ (𝑤𝑛)𝑛∈ℕ ∈ ℕ

}

.

The proposition below, is the same as [33, Lemma 3.1], serves as a starting point of the

proof of Theorem 5.1.1.

Proposition 5.2.1 ([33, Lemma 3.1]). For any 𝜉 ∈ ℝ and 𝑡 > 0,

|𝜇̂(𝜉)|
2

≤
∬

[0,1]
2

∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

𝜇(d𝑥) 𝜇(d𝑦).

The integral in Proposition 5.2.1 is partitioned into two regions, depending on whether
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the points are near the diagonal or not. Upper bounds for the integrals over each region are

established, which together suffice to prove Theorem 5.1.1.

The proposition below is an explicit version of [33, Proposition 3.2]. The integral over

points near the diagonal is controlled by the upper regularity exponent of the measure.

Proposition 5.2.2. Let 𝛼 ∈ [0, 1] be an upper regularity exponent of 𝜇 and 𝑙 ≥ 2. There exist

𝐷𝛼 > 0 and 𝑡𝛼 > 0 such that for any 𝜉 ∈ ℝ and 𝑡 > 𝑡𝛼 ,

|
|
|
|
|

∬
𝐴𝑡

∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

𝜇(d𝑥) 𝜇(d𝑦)

|
|
|
|
|

≤ 𝐷𝛼𝑡
−𝛼/((1+2𝛼)(8𝑙−7))

,

where 𝐴𝑡 is the set of points near the diagonal, defined as

𝐴𝑡 ∶=

{

(𝑥, 𝑦) ∈ [0, 1]
2
∶ |𝑥 − 𝑦| ≤ 𝑡

−1/((1+2𝛼)(8𝑙−7))

}

. (5.6)

Proof. Since 𝛼 ∈ [0, 1] is an upper regularity exponent of 𝜇, there exist 𝐶𝛼 > 0 and 𝑟𝛼 > 0 such

that for any interval 𝐼 ⊂ [0, 1], if diam 𝐼 < 𝑟𝛼 then inequality (5.1) holds. Define

𝑡𝛼 ∶= 𝑟𝛼
−(1+2𝛼)(8𝑙−7)

> 0.

Thus, for any 𝑡 > 𝑡𝛼 , we have 0 < 𝛿 ∶= 𝑡
−1/((1+2𝛼)(8𝑙−7))

< 𝑟𝛼 .

Note that for any 𝜃 ∈ ℝ, |𝑒𝑖𝜃| = 1; and for any 𝑡 > 0, ∑
𝑤∈𝑡

𝑝𝑤 = 1. By applying the

triangle inequality for integrals, the Fubini Theorem, inequality (5.1), and the definition of 𝛿,

|
|
|
|
|

∬
𝐴𝑡

∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

𝜇(d𝑥) 𝜇(d𝑦)

|
|
|
|
|

≤
∬
𝐴𝑡

∑

𝑤∈𝑡

𝑝𝑤
|
|
𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))|

|
𝜇(d𝑥) 𝜇(d𝑦)

=
∬
𝐴𝑡

1 𝜇(d𝑥) 𝜇(d𝑦) =
∫
[0,1]

𝜇((𝑥 − 𝛿, 𝑥 + 𝛿)) 𝜇(d𝑥)

≤ 𝐶𝛼 (2𝛿)
𝛼

= 𝐷𝛼𝑡
−𝛼/((1+2𝛼)(8𝑙−7))

,

where 𝐷𝛼 ∶= 2
−𝛼/((1+2𝛼)(8𝑙−7))

𝐶𝛼 > 0.

Quantitative renewal theory is applied to control the integral over points that are not near

the diagonal. The non-Liouville condition (1.38) is employed to guarantee that an auxiliary

measure is weakly Diophantine.

Definition (Weakly Diophantine). Let 𝜆 be a probability measure on ℝ
+ with finite support
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Λ and 𝑙 > 0. 𝜆 is said to be 𝑙-weakly Diophantine if,

lim inf
𝑏→±∞

|𝑏|
𝑙
|1 − L 𝜆(𝑖𝑏)| > 0,

where L 𝜆 is the Laplace transform of 𝜆; that is, for any 𝑧 ∈ ℂ,

L 𝜆(𝑧) ∶=
∫
Λ

𝑒
−𝑧𝑥
𝜆(d𝑥).

In the case of a self-similar measure 𝜇 of the form (1.37) associated with similitudes (1.36),

define the corresponding auxiliary measure 𝜆 by

𝜆 ∶= ∑

𝑤∈
𝑝𝑤𝛿− log 𝑟𝑤

, (5.7)

where 𝛿 is the Dirac delta measure. Since  is finite, Λ = {− log 𝑟𝑤 > 0 ∶ 𝑤 ∈ }, the support

of 𝜆, is also finite. The proposition below refines [33, Lemma 3.4].

Proposition 5.2.3. Suppose, there exist 𝑗 , 𝑘 ∈  and 𝑙 ≥ 2 such that log 𝑟𝑗/ log 𝑟𝑘 is non-

Liouville of degree 𝑙. Then, the probability measure 𝜆, defined in (5.7), is (2𝑙 − 2)-weakly Dio-

phantine.

Proof. Pick any 𝑏 ∈ ℝ. Suppose |𝑏| ≥ 1. By taking 𝑏1 ∈ ℤ ⧵ {0} to be the nearest non-zero

integer to 𝑏 log 𝑟𝑘/2𝜋,

|1 − L 𝜆(𝑖𝑏)| ≥
|
|
|
ℜ(𝑝𝑗 (1 − 𝑒

−𝑏 log 𝑟𝑗

) + 𝑝𝑘 (1 − 𝑒
−𝑏 log 𝑟𝑘

))

|
|
|

≫ max
(
dist (𝑏 log 𝑟𝑗 , 2𝜋ℤ)

2

, dist (𝑏 log 𝑟𝑘, 2𝜋ℤ)
2

)

≫ max

(

dist
(

log 𝑟𝑗

log 𝑟𝑘

𝑏1, ℤ
)

2

, dist (𝑏1, ℤ)
2

)

,

where the Vinogradov symbol ≫ denotes a quantity being greater than a fixed positive mul-

tiple of another. Since 𝜃 ∶= log 𝑟𝑗/ log 𝑟𝑘 is non-Liouville of degree 𝑙, inequality (1.38) implies

that there exists 𝑐 > 0 such that for any 𝑝 ∈ ℤ and 𝑞 ∈ ℕ,

|
|
|
|

log 𝑟𝑗

log 𝑟𝑘

−

𝑝

𝑞

|
|
|
|

≥

𝑐

𝑞
𝑙
.
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In particular, by taking 𝑞 = |𝑏1| ∈ ℕ and multiplying both sides by |𝑏1| > 0, for any 𝑝 ∈ ℤ,

|
|
|
|

log 𝑟𝑗

log 𝑟𝑘

𝑏1 −

𝑝𝑏1

|𝑏1|

|
|
|
|

≥

𝑐|𝑏1|

|𝑏1|
𝑙
=

𝑐

|𝑏1|
𝑙−1
.

Thus, for any 𝑝 ∈ ℤ,

|
|
|
|

log 𝑟𝑗

log 𝑟𝑘

𝑏1 − 𝑝

|
|
|
|

≥

𝑐

|𝑏1|
𝑙−1

;

it follows that,

|1 − L 𝜆(𝑖𝑏)| ≫ dist
(

log 𝑟𝑗

log 𝑟𝑘

𝑏1, ℤ
)

2

≫ |𝑏1|
2−2𝑙

≫ |𝑏|
2−2𝑙
.

Thus, for any 𝑏 ∈ ℝ ⧵ (−1, 1), the above implies that

|𝑏|
2𝑙−2

|1 − L 𝜆(𝑖𝑏)| ≫ 1.

Therefore, 𝜆 is (2𝑙 − 2)-weakly Diophantine.

Let 𝜎 be the expectation of the auxiliary measure 𝜆, defined in (5.7); that is,

𝜎 ∶=
∫
Λ

𝑥 𝜆(d𝑥) > 0,

where Λ is the support of 𝜆. Let (𝑋𝑛)𝑛∈ℕ be a sequence of independent and identically dis-

tributed random variables in ℝ with probability distribution 𝜆. Define for any 𝑛 ∈ ℕ, the

partial sum 𝑆𝑛 as

𝑆𝑛 ∶= 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛.

Define, for any 𝑡 > 0, the stopping time 𝑛𝑡 as

𝑛𝑡 ∶= min {𝑛 ∈ ℕ ∶ 𝑆𝑛 ≥ 𝑡}.

The proposition below is the same as [33, Proposition 2.2].

Proposition 5.2.4. Let 𝜆 be a probability measure onℝ
+ and 𝑙 ≥ 2. Suppose, 𝜆 has finite support

Λ, is non-lattice and 𝑙-weakly Diophantine. Then, for any 𝐶1 function 𝑔 ∶ ℝ → [0, +∞) and
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𝑡 > 1 + maxΛ,

𝔼 (𝑔 (𝑆𝑛𝑡
− 𝑡)) =

1

𝜎
∫
ℝ
+

𝑔(𝑧)𝑝(𝑧) d𝑧 + 𝑂 (𝑡
−1/(4𝑙+1)

) ‖𝑔‖𝐶1 ,

where 𝜎 is the expectation of 𝜆, 𝑝 ∶ ℝ
+
→ [0, 1] is the survival function of 𝜆, that is, for any

𝑧 > 0, 𝑝(𝑧) ∶= 𝜆((𝑧, +∞)); and the local 𝐶1-norm of 𝑔 is defined by

‖𝑔‖𝐶1 ∶= sup

{

|𝑔(𝑧)| + |𝑔
′
(𝑧)| ∶ −1 < 𝑧 < 1 + maxΛ

}

.

By combining Propositions 5.2.3 and 5.2.4, the proposition below is established to control

the integral over points that are not near the diagonal. The proposition also incorporates

optimisations to make the decay rate explicit, serving as a refined and improved version of

[33, Proposition 3.5]. These optimisations are achieved through carefully chosen parameters.

Proposition 5.2.5. Suppose, there exist 𝑗 , 𝑘 ∈  and 𝑙 ≥ 2 such that log 𝑟𝑗/ log 𝑟𝑘 is non-

Liouville of degree 𝑙. Then, for any 𝛼 ∈ [0, 1], as |𝜉 | → ±∞,

∬
[0,1]

2
⧵𝐴𝑡

∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

𝜇(d𝑥) 𝜇(d𝑦) = 𝑂 (log
−𝛼/((1+2𝛼)(8𝑙−7))

|𝜉 |) ,

where 𝐴𝑡 is defined in (5.6) and 𝑡 ∶= 𝑡(𝜉) > 1 is the unique solution to the equation:

𝑡
(1+𝛼)/((1+2𝛼)(8𝑙−7))

𝑒
𝑡
= |𝜉|. (5.8)

Proof. Pick any 𝜉 ∈ ℝ. Suppose |𝜉 | is large enough in terms of 𝛼 and 𝑙, so that the unique

solution 𝑡 ∶= 𝑡(𝜉) > 1 to (5.8) satisfies that 𝑡 > 1+maxΛ, where Λ is the support of 𝜆, defined

in (5.7).

Define a probability measure ℙ𝑡 on ∗
∶= ⋃

𝑛∈ℕ
𝑛 by

ℙ𝑡 ∶= ∑

𝑤∈𝑡

𝑝𝑤𝛿𝑤,

where 𝛿 is the Dirac delta measure. For any continuous function 𝑔 ∶ ℝ → ℂ, the expectation

𝔼 (𝑔 (𝑆𝑛𝑡
− 𝑡)) =

∫
𝑡

𝑔(− log 𝑟𝑤 − 𝑡) ℙ𝑡(d𝑤) = ∑

𝑤∈𝑡

𝑝𝑤𝑔(− log 𝑟𝑤 − 𝑡). (5.9)
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Define, for any 𝑠 ∈ ℝ, a smooth function 𝑔𝑠 ∶ ℝ → ℂ by, for any 𝑧 ∈ ℝ,

𝑔𝑠(𝑧) ∶= exp (−2𝜋𝑖𝑠𝑒
−𝑧

).

In particular, as 𝑠 → ±∞, ‖𝑔𝑠‖𝐶1 = 𝑂(|𝑠|). By definition (5.5), for any 𝑥, 𝑦 ∈ [0, 1] and 𝑤 ∈ 𝑡 ,

𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

= 𝑒
−2𝜋𝑖𝜉(𝑥−𝑦)𝑟𝑤 . By (5.9) with 𝑠 ∶= 𝜉/𝑒𝑡 , for any 𝑥, 𝑦 ∈ [0, 1],

𝔼 (𝑔(𝑥−𝑦)𝑠 (𝑆𝑛𝑡 − 𝑡)) = ∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

. (5.10)

By Proposition 5.2.3, 𝜆 is (2𝑙 − 2)-weakly Diophantine, defined as in (5.7). By Proposi-

tion 5.2.4,

|
|
|
|

𝔼 (𝑔(𝑥−𝑦)𝑠 (𝑆𝑛𝑡
− 𝑡)) −

1

𝜎
∫
ℝ
+

𝑔(𝑥−𝑦)𝑠(𝑧)𝑝(𝑧) d𝑧

|
|
|
|

= 𝑂
(

|(𝑥 − 𝑦)𝑠|

𝑡
1/(4(2𝑙−2)+1))

= 𝑂
(

|(𝑥 − 𝑦)𝑠|

𝑡
1/(8𝑙−7) )

.

By substituting (5.10) into the above,

|
|
|
|
|

∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

−

1

𝜎
∫
ℝ
+

𝑔(𝑥−𝑦)𝑠(𝑧)𝑝(𝑧) d𝑧

|
|
|
|
|

= 𝑂
(

|(𝑥 − 𝑦)𝑠|

𝑡
1/(8𝑙−7) )

. (5.11)

Since Λ, the support of 𝜆, is finite; the survival function 𝑝 ∶ ℝ
+
→ [0, 1] of 𝜆 is piecewise

constant with finitely many points of discontinuity. By [32, Lemma 3.8], the decay rate in the

main term, the oscillation integral, satisfies

|
|
|
|
∫
ℝ
+

𝑔(𝑥−𝑦)𝑠(𝑧)𝑝(𝑧) d𝑧

|
|
|
|

= 𝑂
(

1

|(𝑥 − 𝑦)𝑠|)
.

By applying the triangle inequality, the above and (5.11) yield that

|
|
|
|
|

∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

|
|
|
|
|

= 𝑂
(

1

|(𝑥 − 𝑦)𝑠|

+

|(𝑥 − 𝑦)𝑠|

𝑡
1/(8𝑙−7) )

. (5.12)

With reference to (5.6), for any (𝑥, 𝑦) ∈ [0, 1]
2
⧵ 𝐴𝑡 ,

𝑡
𝛼/((1+2𝛼)(8𝑙−7))

≤ |(𝑥 − 𝑦)𝑠| ≤ 𝑡
(1+𝛼)/((1+2𝛼)(8𝑙−7))

,
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where |𝑠| = 𝑡
(1+𝛼)/((1+2𝛼)(8𝑙−7))

> 1. Since 𝛼 ∈ [0, 1], 𝑙 ≥ 2, and 𝜉 = 𝑠𝑒
𝑡 ,

log |𝜉 | = log |𝑠| + 𝑡 =

1 + 𝛼

(1 + 2𝛼)(8𝑙 − 7)

log 𝑡 + 𝑡 < 2𝑡.

Thus, the first term in the big-O notation in (5.12) is bounded above by

1

|(𝑥 − 𝑦)𝑠|

≤ 𝑡
−𝛼/((1+2𝛼)(8𝑙−7))

< 2
1/27

log
−𝛼/((1+2𝛼)(8𝑙−7))

|𝜉 |.

Similarly, the second term is bounded above by

|(𝑥 − 𝑦)𝑠|

𝑡
1/(8𝑙−7)

≤

𝑡
(1+𝛼)/((1+2𝛼)(8𝑙−7))

𝑡
1/(8𝑙−7)

≤ 𝑡
−𝛼/((1+2𝛼)(8𝑙−7))

< 2
1/27

log
−𝛼/((1+2𝛼)(8𝑙−7))

|𝜉 |.

The result follows by the triangle inequality for integrals.

We now complete the proof of Theorem 5.1.1.

Proof of Theorem 5.1.1. Let 𝛼 ∈ [0, 1] be an upper regularity exponent of 𝜇. Pick any 𝜉 ∈ ℝ.

Suppose |𝜉 | is large enough in terms of 𝛼 and 𝑙, so that the unique solution 𝑡 ∶= 𝑡(𝜉) > 1

to (5.8) satisfies both 𝑡 > 1 + maxΛ and 𝑡 > 𝑡𝛼 , where Λ is the support of 𝜆, defined in (5.7),

and 𝑡𝛼 is given in Proposition 5.2.2. Note that log |𝜉 | < 2𝑡.

By applying Propositions 5.2.1, 5.2.2 and 5.2.5,

|𝜇̂(𝜉)|
2

≤
(
∬
𝐴𝑡

+
∬

[0,1]
2
⧵𝐴𝑡

)

∑

𝑤∈𝑡

𝑝𝑤𝑒
−2𝜋𝑖𝜉(𝑓𝑤(𝑥)−𝑓𝑤(𝑦))

𝜇(d𝑥) 𝜇(d𝑦)

= 𝑂 (𝑡
−𝛼/((1+2𝛼)(8𝑙−7))

) + 𝑂 (log
−𝛼/((1+2𝛼)(8𝑙−7))

|𝜉 |) = 𝑂 (log
−𝛼/((1+2𝛼)(8𝑙−7))

|𝜉 |) .

Theorem 5.1.1 is established.

5.2.2 Proof of Theorem 5.1.2

A few definitions and propositions are presented before starting the main proof of Theo-

rem 5.1.2. Let  be a non-empty finite set. Define 𝑓 ∶ [0, 1] → ℝ
+ by, for any 𝑠 ∈ [0, 1],

𝑓(𝑠) ∶= ∑

𝑤∈
𝑟𝑤
𝑠
. (5.13)
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Let 𝑠 ∈ [0, 1]. Define, for any 𝑤 ∈ , a weight 𝑝𝑠,𝑤 by

𝑝𝑠,𝑤 ∶=

𝑟𝑤
𝑠

𝑓(𝑠)
. (5.14)

Define a probability measure 𝜈𝑠 on ℕ by, for any (𝑎𝑛)𝑛∈ℕ ∈ ℕ and 𝑛 ∈ ℕ,

𝜈𝑠 (

{

(𝑤𝑛)𝑛∈ℕ ∈ ℕ
∶ 𝑤1 = 𝑎1, 𝑤2 = 𝑎2, … , 𝑤𝑛 = 𝑎𝑛

}

) ∶= 𝑝𝑠,𝑎1
𝑝𝑠,𝑎2

⋯𝑝𝑠,𝑎𝑛
.

Define a coding map 𝜋 ∶ ℕ
→ 𝐹 by, for any 𝑤 = (𝑤𝑛)𝑛∈ℕ ∈ ℕ,

𝜋(𝑤) ∶= ⋂

𝑛∈ℕ

(𝑓𝑤𝑛
◦ ⋯ ◦ 𝑓𝑤2

◦ 𝑓𝑤1)
(𝐹).

By 𝑟𝑤 ∈ (0, 1) for all 𝑤 ∈ , the composition functions form a sequence of nested intervals

within the countable intersection. Consequently, the intersection reduces to a singleton in 𝐹 .

Define a measure 𝜇𝑠 to be the push-forward measure of 𝜈𝑠 under the coding map 𝜋; that

is, for any Borel subset 𝑆 ⊂ [0, 1],

𝜇𝑠(𝑆) ∶= (𝜈𝑠 ◦ 𝜋
−1

) (𝑆). (5.15)

It is easily seen that 𝜇𝑠 is a probability measure on 𝐹 , as

𝜇𝑠(𝐹) = (𝜈𝑠 ◦ 𝜋
−1

) (𝐹) = 𝜈𝑠 (ℕ

) = 1,

and 𝜇𝑠 is self-similar, as

𝜇𝑠 = ∑

𝑤∈
𝑝𝑠,𝑤𝜇𝑠 ◦ 𝑓𝑤

−1

.

The proposition below provides an upper regularity exponent for 𝜇𝑠.

Proposition 5.2.6. Let 𝑠 ∈ [0, 1]. Suppose, 𝑓(𝑠) ≥ 1. Then, for any interval 𝐼 ⊂ [0, 1],

𝜇𝑠(𝐼 ) = 𝑂 ((diam 𝐼)
𝑠

) ,

where 𝑓 and 𝜇𝑠 are defined in (5.13) and (5.15) respectively.
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Proof. Pick any interval 𝐼 ⊂ [0, 1]. By the self-similarity property (1.35), there exist a maximal

𝑛 ∈ ℕ ⧵ {0} and 𝑤 = (𝑤1, 𝑤2, … , 𝑤𝑛) ∈ 𝑛 such that 𝐼 is covered by the 𝑤-cylinder; that is,

𝐼 ⊂ 𝐽𝑛 ≔ (𝑓𝑤𝑛 ◦ ⋯ ◦ 𝑓𝑤2
◦ 𝑓𝑤1) ([0, 1]).

By convention, the composition of no functions is defined as the identity function. The inter-

val 𝐼 intersects at most #, the cardinality of , cylinders of the form

𝐽𝑛+1,𝑤𝑛+1
≔ (𝑓𝑤𝑛+1

◦ 𝑓𝑤𝑛
◦ ⋯ ◦ 𝑓𝑤2

◦ 𝑓𝑤1)
([0, 1]),

where 𝑤𝑛+1 ∈ .

Suppose 𝐼 intersects exactly one 𝐽𝑛+1 ∶= 𝐽𝑛+1,𝑤𝑛+1
for some 𝑤𝑛+1 ∈ . Without loss of

generality, by discarding sub-intervals of 𝐼 that contribute zero 𝜇𝑠-measure to 𝐼 , 𝐼 satisfies

𝐽𝑛+1 ⊂ 𝐼 ⊂ 𝐽𝑛. Thus, diam 𝐽𝑛+1 ≤ ℎ ∶= diam 𝐼 ≤ diam 𝐽𝑛 = 𝑟𝑤1
𝑟𝑤2

⋯𝑟𝑤𝑛
. By the assumption that

𝑓(𝑠) ≥ 1 and the definition in (5.14), for any 𝑤 ∈ , 𝑝𝑠,𝑤 ≤ 𝑟𝑤
𝑠. Thus,

𝜇𝑠(𝐼 ) ≤ 𝜇𝑠(𝐽𝑛) ≤ 𝑝𝑠,𝑤1
𝑝𝑠,𝑤2

⋯𝑝𝑠,𝑤𝑛
≤ 𝑟𝑤1

𝑠
𝑟𝑤2

𝑠
⋯𝑟𝑤𝑛

𝑠

≤ 𝑟𝑤𝑛+1

−𝑠

(𝑟𝑤1
𝑟𝑤2

⋯𝑟𝑤𝑛+1)

𝑠

≤ 𝑟𝑤𝑛+1

−𝑠
ℎ
𝑠
≤ 𝐷𝑠ℎ

𝑠
,

where 𝐷𝑠 ∶= max𝑤∈ 𝑟𝑤
−𝑠.

Suppose 𝐼 intersects more than one 𝐽𝑛+1,𝑤𝑛+1 . By the sub-additivity of measures,

𝜇𝑠(𝐼 ) ≤ ∑

𝑤𝑛+1∈
𝜇𝑠(𝐽𝑛+1,𝑤𝑛+1

) ≤ 𝐶𝑠ℎ
𝑠
,

where 𝐶𝑠 ∶= 𝐷𝑠 ⋅ #.

Proposition 5.2.7. There exists a unique 𝑠 = 𝑠 ∈ [0, 1] such that (5.2) is satisfied.

Proof. The existence follows from the Intermediate Value Theorem. Since 𝑓 is a finite sum of

continuous functions on [0, 1], it is itself continuous on [0, 1]. Note that, 𝑓(0) = # ≥ 1 and

𝑓(1) = ∑
𝑤∈ 𝑟𝑤 ≤ 1. Otherwise, the total length of the image intervals (𝑓𝑤([0, 1]))𝑤∈ would

exceed 1, resulting in an uncountable intersection, which contradicts the pairwise disjoint

assumption. By the Intermediate Value Theorem, there exists 𝑠 ∈ [0, 1] such that 𝑓(𝑠) = 1.

The uniqueness follows from the strict monotonicity of 𝑓. For any 𝑤 ∈ , 𝑟𝑤 ∈ (0, 1)
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and consequently log 𝑟𝑤 < 0. Thus, for any 𝑠 ∈ [0, 1], the first derivative of 𝑓,

𝑓
′

(𝑠) = ∑

𝑤∈
𝑟𝑤
𝑠
log 𝑟𝑤 < 0.

We have that 𝑓 is strictly decreasing on [0, 1]. Hence, the equation 𝑓(𝑠) = 1 has at most one

solution for 𝑠 ∈ [0, 1].

We now complete the proof of Theorem 5.1.2; that is the unique solution to (5.2) given by

Proposition 5.2.7 is the Hausdorff dimension. The proof is separated into two parts, establish-

ing the inequalities dim 𝐹 ≤ 𝑠 and dim 𝐹 ≥ 𝑠. The first inequality is proved by a standard

covering argument, and the second is proved by applying Proposition 5.2.6.

Proof of Theorem 5.1.2. Define 𝑟∗ ∶= max𝑤∈ 𝑟𝑤 ∈ (0, 1). Pick any 𝑠 > 𝑠, 𝜀 > 0, and 𝜌 > 0.

For these parameters, we put

𝑘 ∶= max

{

1,
⌈

log 𝜌

log 𝑟
∗ ⌉
,
⌈

log 𝜀

log 𝑓(𝑠)⌉

}

∈ ℕ,

where 𝑓 is defined in (5.13). Define 𝑘 to be the set of all cylinders at level 𝑘 by

𝑘 ∶=
{

(𝑓𝑤𝑘
◦ ⋯ ◦ 𝑓𝑤2

◦ 𝑓𝑤1)
([0, 1]) ⊂ [0, 1] ∶ (𝑤1, 𝑤2, … , 𝑤𝑘) ∈ 𝑘

}

,

where each 𝑓𝑤 is given by (1.36). By the self-similarity property (1.35), 𝑘 is a cover of 𝐹 .

There are (#)
𝑘 pairwise disjoint intervals (except possibly at the endpoints) in 𝑘, each of

length at most 𝜌, as for any (𝑤1, 𝑤2, … , 𝑤𝑘) ∈ 𝑘,

diam (𝑓𝑤𝑘
◦ ⋯ ◦ 𝑓𝑤2

◦ 𝑓𝑤1)
([0, 1]) = 𝑟𝑤1

𝑟𝑤2
⋯𝑟𝑤𝑘

≤ (𝑟
∗
)
𝑘
≤ 𝜌.

Then, 𝑘 is a 𝜌-cover of 𝐹 , and the 𝑠-dimensional Hausdorff measure of 𝐹 is at most

∑

𝐼∈𝑘

(diam 𝐼)
𝑠
= ∑

𝑤1∈
∑

𝑤2∈
⋯ ∑

𝑤𝑘∈
(𝑟𝑤1

𝑟𝑤2
⋯𝑟𝑤𝑘)

𝑠

=

(

∑

𝑤∈
𝑟𝑤
𝑠

)

𝑘

= (𝑓(𝑠))
𝑘

≤ 𝜀,

as 𝑓 is strictly decreasing on [0, 1], and 𝑠 > 𝑠 implies that 𝑓(𝑠) < 𝑓(𝑠) = 1. Therefore,

we have 𝑠
(𝐹) = 0, and consequently dim 𝐹 ≤ 𝑠.

Pick any 𝑠 < 𝑠 and countable collection of intervals (𝐼𝑗)𝑗∈ℕ. Suppose (𝐼𝑗)𝑗∈ℕ covers
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𝐹 , that is 𝐹 ⊂ ⋃
𝑗∈ℕ

𝐼𝑗 . Since 𝑓 is strictly decreasing on [0, 1], 𝑓(𝑠) > 𝑓(𝑠) = 1. By

Proposition 5.2.6,

∑

𝑗∈ℕ

(diam 𝐼𝑗)
𝑠
≫∑

𝑗∈ℕ

𝜇𝑠(𝐼𝑗) ≥ 𝜇𝑠(𝐹) = 1.

Therefore, we have 𝑠
(𝐹) > 0, and consequently dim 𝐹 ≥ 𝑠.

Theorem 5.1.2 is established.

5.2.3 Proof of Theorem 5.1.3

Proof of Theorem 5.1.3. By Theorem 5.1.2 and the definition in (5.13), 𝑓(dim 𝐹) = 1. By Propo-

sition 5.2.6, for any interval 𝐼 ⊂ [0, 1],

𝜇(𝐼 ) = 𝑂 ((diam 𝐼)
dim 𝐹

) ,

where 𝜇 ∶= 𝜇dim 𝐹 , as defined in (5.15). Thus, the Hausdorff dimension of 𝐹 is the maximal

upper regularity exponent of 𝜇. By setting 𝛼 ∶= dim 𝐹 in Theorem 5.1.1, the desired decay

rate in Theorem 5.1.3 is established.

5.2.4 Proof of Theorem 5.1.4

By equations (5.3) and (5.4), it is evident that for any finite  ⊂ ℕ ⧵ {1}, the set 𝐿 ⊂ [0, 1] is

self-similar, and the images (𝑓𝑤((0, 1)))𝑤∈ are pairwise disjoint. To establish Theorem 5.1.4,

as an application of Theorem 5.1.3, it suffices to prove the remaining non-Liouville condition

for non-singleton  ⊂ ℕ ⧵ {1}.

First, we prove the linear independence of logarithms of the contraction ratios. Then,

the explicit Baker Theorem by Matveev [37, Theorem 2.1] is applied, establishing the non-

Liouville degree explicitly.

Proposition 5.2.8. For any 𝑎1, 𝑎2 ∈ ℕ⧵{1}, if 𝑎1 ≠ 𝑎2 then log (𝑎1(𝑎1 − 1)) and log (𝑎2(𝑎2 − 1))

are linearly independent over ℤ.

Proof. We argue by contrapositive. Set 𝑏1 ∶= 𝑎1(𝑎1 − 1) and 𝑏2 ∶= 𝑎2(𝑎2 − 1). We first show

that neither 𝑏1 nor 𝑏2 is a non-trivial perfect power. Consequently, if log 𝑏1/ log 𝑏2 ∈ ℚ, it
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follows that 𝑏1 = 𝑏2, which forces 𝑎1 = 𝑎2 and thus completes the proof.

Suppose there exist 𝑛,𝑚 ∈ ℕ such that 𝑛 ≥ 2 and 𝑎1(𝑎1 − 1) = 𝑛
𝑚. Let 𝑝1𝑒1𝑝2𝑒2 ⋯𝑝𝑠𝑒𝑠

be the prime factorisation of 𝑛, where for any 𝑖 ∈ {1, 2, … , 𝑠}, 𝑝𝑖 is a distinct prime and

𝑒𝑖 ∈ ℕ. Since gcd(𝑎1, 𝑎1 − 1) = 1, without loss of generality (if necessary, relabel the primes

accordingly), there exists 𝑟 ∈ {1, 2, … , 𝑠} such that 𝑎1 = (𝑝1
𝑒1
𝑝2
𝑒2
⋯𝑝𝑟

𝑒𝑟
)
𝑚 and 𝑎1 − 1 =

(𝑝𝑟+1
𝑒𝑟+1
𝑝𝑟+2

𝑒𝑟+2
⋯𝑝𝑠

𝑒𝑠
)
𝑚. Thus, 𝑎1 and 𝑎1 − 1 are consecutive positive integers, and both are

𝑚-th powers of positive integers. The only possibility is that 𝑚 = 1, implying 𝑏1 = 𝑎1(𝑎1 − 1)

is not a perfect power, and neither is 𝑏2 = 𝑎2(𝑎2 − 1).

Suppose there exist 𝑝 ∈ ℤ and 𝑞 ∈ ℕ such that gcd (𝑝, 𝑞) = 1 and

𝑏1
𝑞

= 𝑏2
𝑝

. (5.16)

Let 𝑝1𝑢1𝑝2𝑢2 ⋯𝑝𝑡𝑢𝑡 and 𝑝1𝑣1𝑝2𝑣2 ⋯𝑝𝑡 𝑣𝑡 be the prime factorisations of 𝑏1 and 𝑏2 respectively,

where for any 𝑖 ∈ {1, 2, … , 𝑡}, 𝑝𝑖 is a distinct prime and 𝑢𝑖, 𝑣𝑖 ∈ ℕ ∪ {0}. By (5.16),

𝑏1
𝑞

=

𝑡

∏

𝑖=1

𝑝𝑖
𝑢𝑖𝑞

= 𝑏2
𝑝

=

𝑡

∏

𝑖=1

𝑝𝑖
𝑣𝑖𝑝
,

and for any 𝑖 ∈ {1, 2, … , 𝑡}, 𝑢𝑖𝑞 = 𝑣𝑖𝑝. Since gcd (𝑝, 𝑞) = 1, for any 𝑖 ∈ {1, 2, … , 𝑡}, 𝑢𝑖 is divisible

by 𝑝; there exists 𝑤𝑖 ∈ ℕ, 𝑢𝑖 = 𝑤𝑖𝑝. By the prime factorisation of 𝑏1,

𝑏1 =

𝑡

∏

𝑖=1

𝑝𝑖
𝑢𝑖
=

𝑡

∏

𝑖=1

𝑝𝑖
𝑤𝑖𝑝

=

(

𝑡

∏

𝑖=1

𝑝𝑖
𝑤𝑖

)

𝑝

.

Since 𝑏1 is not a perfect power, the above equation implies that 𝑝 = 1. By substitution to (5.16),

𝑏2 being not a perfect power implies that 𝑞 = 1. Therefore, 𝑎1(𝑎1 − 1) = 𝑎2(𝑎2 − 1) implies

that (𝑎1 − 𝑎2)(𝑎1 + 𝑎2 − 1) = 0, and consequently, 𝑎1 = 𝑎2.

Proposition 5.2.9. For any 𝑎1, 𝑎2 ∈ ℕ ⧵ {1}, if 𝑎1 ≠ 𝑎2 then

log (𝑎1(𝑎1 − 1))

log (𝑎2(𝑎2 − 1))
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is non-Liouville of degree 𝑙𝑎1,𝑎2 , where

𝑙𝑎1,𝑎2
∶= 387072𝑒

3
(15.8 + 5.5 log 2) log (𝑎1(𝑎1 − 1)) log (𝑎2(𝑎2 − 1)) + 1 (5.17)

> 189369098.

Proof. Pick any 𝑝 ∈ ℤ and 𝑞 ∈ ℕ. By Proposition 5.2.8 and [37, Theorem 2.1],

𝐿(𝑝, 𝑞, 𝑎1, 𝑎2) ∶= log |𝑞 log (𝑎1(𝑎1 − 1)) − 𝑝 log (𝑎2(𝑎2 − 1))| > −𝐶(𝑛)𝐶0𝑊0𝐷
2
Ω, (5.18)

where the values in [37, Theorem 2.1] are taken as 𝑛 = 2, 𝐷 = 1, 𝑥 = 1, and

𝐶(2) = 387072𝑒
3
;

𝐶0 = 15.8 + 5.5 log 2;

𝐵 = max

{

1, |𝑝|,

log (𝑎1(𝑎1 − 1))

log (𝑎2(𝑎2 − 1))

𝑞

}

≥

log (𝑎1(𝑎1 − 1))

log (𝑎2(𝑎2 − 1))

𝑞;

𝑊0 = log
(

3𝑒 log (𝑎1(𝑎1 − 1))

2 log (𝑎2(𝑎2 − 1))

𝑞
)
;

Ω = log (𝑎1(𝑎1 − 1)) log (𝑎2(𝑎2 − 1)).

By taking the exponential function on both sides of (5.18),

exp 𝐿(𝑝, 𝑞, 𝑎1, 𝑎2) = |𝑞 log (𝑎1(𝑎1 − 1)) − 𝑝 log (𝑎2(𝑎2 − 1))|

>
(

3𝑒 log (𝑎1(𝑎1 − 1))

2 log (𝑎2(𝑎2 − 1))

𝑞
)

−𝐶(𝑛)𝐶0Ω

> 𝑐𝑎1,𝑎2
𝑞
−387072𝑒

3
(15.8+5.5 log 2) log (𝑎1(𝑎1−1)) log (𝑎2(𝑎2−1))

log (𝑎2(𝑎2 − 1)),

where

𝑐𝑎1,𝑎2
∶=

1

log (𝑎2(𝑎2 − 1)) (

3𝑒 log (𝑎1(𝑎1 − 1))

2 log (𝑎2(𝑎2 − 1)) )

−𝐶(𝑛)𝐶0Ω

> 0.

By dividing both sides of the above by 𝑞 log (𝑎2(𝑎2 − 1)),

|
|
|
|

log (𝑎1(𝑎1 − 1))

log (𝑎2(𝑎2 − 1))

−

𝑝

𝑞

|
|
|
|

>

𝑐𝑎1,𝑎2

𝑞
𝑙𝑎
1
,𝑎
2

,

where 𝑙𝑎1,𝑎2 is defined in (5.17).
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The proposition below offers a faster decay rate than Theorem 5.1.4, but its decay param-

eter involves a more complicated expression. Theorem 5.1.4, derived from this proposition,

offers a simpler formula that makes it easier to see how the decay rate depends on the param-

eters.

Proposition 5.2.10. For any non-singleton finite  ⊂ ℕ ⧵ {1}, there exists a self-similar prob-

ability measure 𝜇 on 𝐿 such that as 𝜉 → ±∞,

𝜇(𝜉) = 𝑂 (log
−𝛽,0

|𝜉 |) ,

where

𝛽,0 ∶=
1

2

dim𝐿

1 + 2 dim𝐿

1

3096576𝑒
3
(15.8 + 5.5 log 2) log (𝑎1(𝑎1 − 1)) log (𝑎2(𝑎2 − 1)) + 1

> 0,

in which 𝑎1 and 𝑎2 are the first smallest and second smallest elements in  respectively.

Proof. By the formula for the non-Liouville degree in (5.17), Theorem 5.1.3 gives the desired

decay rate after substitution and calculation. The fastest decay rate under Theorem 5.1.3 is

achieved when 𝑙𝑎1,𝑎2 is minimised. Since 𝑙𝑎1,𝑎2 is jointly and strictly increasing, 𝑎1 and 𝑎2 are

selected to be the first smallest and the second smallest elements in  respectively.

Proof of Theorem 5.1.4. Theorem 5.1.4 follows directly from Proposition 5.2.10 and the fact

that 𝛽,0 ≥ 𝛽.



Chapter 6

Inhomogeneous Diophantine

Approximation

In this chapter we state and prove effective versions of the two quantitative inhomogeneous

results introduced in Section 1.6, namely Theorems 1.6.4 and 1.6.5. Our arguments will rely on

the quantitative Borel–Cantelli lemmas (Theorems 2.1.1 and 2.1.2) established in Chapter 2.

6.1 Results

The following theorems, on inhomogeneous Diophantine approximation on 𝑀0-sets, are the

main results of this chapter. The results involve Fourier transform of measures, which we

have discussed in Section 1.5 and Chapter 5.

Theorem 6.1.1 (Effective version of [41, Theorem 1]). Let 𝐹 ⊂ [0, 1] and 𝜇 be an non-atomic

probability measure supported on 𝐹 . Let 𝛾 ∈ [0, 1] and 𝜓 ∶ ℕ → (0, 1] be a function. Let

 = (𝑞𝑛)𝑛∈ℕ be a lacunary sequence of positive integers. Suppose there exists 𝜈 > 0 and 𝐴 > 2

such that for any 𝑡 ∈ ℝ ⧵ [−1, 1],

|𝜇̂(𝑡)| ≤

𝜈

log
𝐴

|𝑡|

. (6.1)

Then, for any 𝜀 > 0 and 𝛿 > 0, there exists 𝜇-measurable 𝐸𝜀,𝛿 ⊂ 𝐹 such that 𝜇(𝐸𝜀,𝛿) < 𝛿 and for

172
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any 𝑥 ∈ 𝐹 ⧵ 𝐸𝜀,𝛿 and 𝑁 ∈ ℕ,

|𝑅(𝑥, 𝑁 ) − 2Ψ(𝑁)| ≤ 2𝐾𝜀,𝛿/2 (Ψ(𝑁)
2/3

(logΨ(𝑁) + 2)
2+𝜀

) + 𝑡1,𝛿 , (6.2)

where

Ψ(𝑛) =

𝑛

∑

𝑘=1

𝜓(𝑘) (6.3)

𝛷(𝑁) = Ψ
4/3

(log
+

𝛷(𝑁) + 1) + Ψ(𝑁), (6.4)

𝐾 = 6max (48, 𝑐1, 𝑐2), (6.5)

𝑐1 =

22

𝐾0 − 1

, (6.6)

𝑐2 = 12
(

3

2
2/3

+ 1
)
(1 + 𝜁 (𝐴 − 1)) +

8

𝐾0 − 1

+ 18𝜈𝐶
−𝐴

(

√

2𝜁
(
𝐴 −

1

2)
(2 + 𝛼

−𝐴

) + 2
𝐴+1
𝜁
(

𝐴

2 ))
,

(6.7)

𝑡1,𝛿 =

1

2

+
(

(1 − 𝐴)𝛿

2(3 + 𝜈/𝐶
𝐴
))

1/(1−𝐴)

, (6.8)

in which 𝛼 ∈ (0, 1), log+(𝛽) ∶= max (0, log 𝛽), also 𝑁𝜀,𝛿 , 𝑟𝜀,𝛿 , and 𝐾𝜀,𝛿 and 𝛷0 are given in

Theorem 2.1.2, and 𝐾0 is the constant so that (1.40) holds.

Theorem 6.1.2 (Effective version of [41, Theorem 4]). Let 𝐹 ⊂ [0, 1] and 𝜇 be an non-atomic

probability measure supported on 𝐹 . Let 𝛾 ∈ [0, 1] and 𝜓 ∶ ℕ → (0, 1] be a function. Let

 = (𝑞𝑛)𝑛∈ℕ be an 𝛼-separated sequence. Suppose there exists 𝜈 > 0 and 𝐴 > 2 such that for

any 𝑡 ∈ ℝ ⧵ [−1, 1], (6.1) is satisfied. Further, assume that  = (𝑞𝑛)𝑛∈ℕ satisfies the following

growth condition:

log 𝑞𝑛 > 𝐶𝑛
1/𝐵
. (6.9)

Then, for any 𝜀 > 0 and 𝛿 > 0, there exists 𝜇-measurable 𝐸𝜀,𝛿 ⊂ 𝐹 such that 𝜇(𝐸𝜀,𝛿) < 𝛿 and for

any 𝑥 ∈ 𝐹 ⧵ 𝐸𝜀,𝛿 and 𝑁 ∈ ℕ,

|𝑅(𝑥, 𝑁 ) − 2Ψ(𝑁)| ≤ 𝐾𝜀,𝛿/2
((

Ψ(𝑁) (log
+

Ψ(𝑁) + 2) + 𝐸(𝑁))

1/2

(log (Ψ(𝑁) (log
+

Ψ(𝑁) + 2) + 𝐸(𝑁)))

3/2+𝜀

+ 2
)
+ 𝑡2,𝛿 ,

(6.10)
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where 𝑅(𝑥, 𝑁 ) and Ψ(𝑁) are given in (1.41) and (6.3) respectively, also

𝐸(𝑁) = ∑∑

1≤𝑚<𝑛≤𝑁

(𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
,

𝛷(𝑁) = Ψ(𝑁) (log
+

Ψ(𝑁) + 2) + 𝐸(𝑁), (6.11)

𝐾 = 2max (48, 𝑐3), (6.12)

𝑐3 = 4 + 18𝜈𝐶
−𝐴

(

√

2𝜁
(

𝐴

𝐵

−

1

2)
(2 + 𝛼

−𝐴

) + 2
𝐴+1
𝜁
(

𝐴

2𝐵))
+ 𝑐2, (6.13)

𝑡2,𝛿 =

1

2

+
(

(1 − min (9, 𝐴/𝐵))𝛿

2(1 + 𝜈/𝐶
𝐴
) )

1/(1−min (9,𝐴/𝐵)))

, (6.14)

in which and 𝑐2 is given in (6.7); also 𝑁𝜀,𝛿 , 𝑟𝜀,𝛿 , and 𝐾𝜀,𝛿 and 𝛷0 are given in Theorem 2.1.2.

The proofs of Theorems 6.1.1 and 6.1.2 follow the strategy in [41] for the non-effective

forms: one first proves [41, Theorems 1 & 4] and then applies Theorems2.0.1 and 2.0.2. With

this in mind, we begin by developing effective versions of [41, Lemmas 5–8], which in turn

yield effective versions of [41, Propositions 1 & 2]. These results form the core of the argument,

as Theorems 6.1.1 and 6.1.2 then follow by applying Theorems 2.1.1 and 2.1.2.

Lemma 6.1.3 (Effective version of [41, Lemma 5]). Let 𝜇 be a non-atomic probability measure

supported on 𝐹 ⊂ [0, 1] and (𝑞𝑛)𝑛∈ℕ be an increasing sequence of positive integers greater than 4.

Suppose there exists 𝐵 ≥ 1 and 𝐶 > 0 such that growth condition (6.9) is satisfied. Let 𝛾 ∈ [0, 1]

and 𝜓 ∶ ℕ → (0, 1] be a function. Suppose there exists 𝐴 > 2𝐵 such that (6.1) is satisfied.

Further suppose that for any 𝜏 > 1 and 𝑛 ∈ ℕ,

𝜓(𝑞𝑛) ≥ 3𝑛
−𝜏
. (6.15)

Then, for any 𝑎, 𝑏 ∈ ℕ, if 𝑎 < 𝑏 then

|
|
|
|
|

𝑏

∑

𝑛=𝑎

𝜇 (𝐸
𝛾

𝑞𝑛
) − 2

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

|
|
|
|
|

≤ min

(

𝑚1, 𝑚2

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

, (6.16)
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where for any 𝑞 ∈ ℕ,

𝐸
𝛾

𝑞
= 𝐸

𝛾

𝑞
(𝜓) ∶= {𝑥 ∈ [0, 1] ∶ ‖𝑞𝑥 − 𝛾‖ ≤ 𝜓(𝑞)}, (6.17)

𝑚1 = 𝑚1(𝐴, 𝐵) = 3 + 3𝜁
(

𝐴

𝐵

− 1
)
, (6.18)

𝑚2 =

3

2
2/3
< 2. (6.19)

Note that the extra assumption (6.15) (and similarly (6.24) in Lemma 6.1.6) does not appear

in Theorems 6.1.1 or 6.1.2. These technical conditions will be removed later using Lemma 6.2.4.

As a result, the terms 𝑡1,𝛿 and 𝑡2,𝛿 appear in Theorems 6.1.1 and 6.1.2, when compared with the

original statements of those results.

To state the next lemma, we define 𝑆(𝑚, 𝑛) by

𝑆(𝑚, 𝑛) ∶= ∑

𝑘∈ℤ\{0}

𝑊̂
+

𝑚,𝑛
(𝑘)𝜇̂(−𝑘),

where

𝑊
+

𝑚, 𝑛
(𝑘) =

((

𝑞𝑚−1

∑

𝑝=0

𝛿 𝑝+𝛾

𝑞𝑚

(𝑘)

)

∗ 𝜒
+

𝜓(𝑞𝑚)

𝑞𝑚
,𝜀𝑚

(𝑘)

)((

𝑞𝑛−1

∑

𝑟=0

𝛿 𝑟+𝛾

𝑞𝑛

(𝑘)

)

∗ 𝜒
+

𝜓(𝑞𝑛)

𝑞𝑛
,𝜀𝑛

(𝑘)

)

, (6.20)

where ∗ denotes convolution, 𝛿𝑥 is the Dirac delta-function at the point 𝑥 ∈ ℝ and

𝜒
+

𝛿,𝜀
(𝑥) ∶=

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

1 if ||𝑥|| ≤ 𝛿

(𝛿 − ||𝑥||)/(𝛿𝜀) if (1 − 𝜀)𝛿 < ||𝑥|| ≤ 𝛿

0 if ||𝑥|| > 𝛿,

where ||𝑥|| denotes the distance from 𝑥 ∈ ℝ to the nearest integer(s).

Lemma 6.1.4 (Effective version of [41, Lemma 6]). Let 𝜇 be a probability measure supported

on 𝐹 ⊂ [0, 1]. Let  = (𝑞𝑛)𝑛∈ℕ be an increasing sequence of positive integers greater than 4.

Suppose there exists 𝐵 ≥ 1 and 𝐶 > 0 such that growth condition (6.9) is satisfied. Let 𝛾 ∈ [0, 1],

𝜓 ∶ ℕ → (0, 1], let (𝜀𝑛)𝑛∈ℕ be a sequence of real numbers in (0, 1] and let 𝛼 ∈ (0, 1). Suppose
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there exists 𝐴 > 2𝐵 such that (6.1) is satisfied. Then for any 𝑚, 𝑛 ∈ ℕ with 𝑚 < 𝑛, we have that

|𝑆(𝑚, 𝑛)| ≤ 9𝜈𝐶
−𝐴

𝜓(𝑞𝑚)

𝑛
𝐴/𝐵
𝜀𝑛

1/2
+ 9𝜈𝐶

−𝐴

(
1 +

1

𝛼
𝐴)

𝜓(𝑞𝑛)

𝑚
𝐴/𝐵
𝜀𝑚

1/2
+

9 ⋅ 2
𝐴
𝜈𝐶

−𝐴

𝑛
𝐴/𝐵
𝜀𝑚

1/2
𝜀𝑛

1/2
+ |𝑇 (𝑚, 𝑛)|,

(6.21)

where 𝑇 is defined based on the value of 𝛼 that

𝑇 (𝑚, 𝑛) = 𝑇𝛼(𝑚, 𝑛) ∶= ∑∑

𝑠, 𝑡∈ℤ\{0}

1≤|𝑠𝑞𝑚−𝑡𝑞𝑛 |<𝑞𝑚
𝛼

𝑊̂
+

𝑞𝑚,𝛾 ,𝜖𝑚
(𝑠𝑞𝑚)𝑊̂

+

𝑞𝑛,𝛾 ,𝜖𝑛
(𝑡𝑞𝑛)𝜇̂(𝑠𝑞𝑚 − 𝑡𝑞𝑛), (6.22)

and 𝑊̂ +

𝑞𝑚,𝛾 ,𝜖𝑚
(𝑠𝑞𝑚) is the Fourier transform of (6.20).

The following two lemmas give effective bounds on the size of the quantity 𝑇 (𝑚, 𝑛) ap-

pearing above. Lemma 6.1.5 deals with lacunary sequences and Lemma 6.1.6 deals with 𝛼-

separated sequences.

Lemma 6.1.5 (Effective version of [41, Lemma 6]). Let 𝜇 be a probability measure supported

on 𝐹 ⊂ [0, 1]. Let  = (𝑞𝑛)𝑛∈ℕ be an lacunary sequence of positive integers, with the constant

from the definition in (1.40) given by 𝐾 = 𝐾0. Let 𝛾 ∈ [0, 1], 𝛼 ∈ (0, 1), 𝜓 ∶ ℕ → (0, 1] and

(𝜀𝑛)𝑛∈ℕ be a decreasing sequence of real numbers in (0, 1]. Then for any 𝑚, 𝑛 ∈ ℕ with 𝑚 < 𝑛,

we have that

∑∑

𝑎≤𝑚<𝑛≤𝑏

|𝑇 (𝑚, 𝑛)| ≤ 11𝐾
′

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

𝜀𝑛
1/2
,

where 𝑇 (𝑚, 𝑛) depends on 𝛼 and it is given by (6.22), and 𝐾 ′ is given by

𝐾
′
=

1

𝐾0 − 1

> 0. (6.23)

Lemma 6.1.6 (Effective version of [41, Lemma 8]). Let 𝜇 be a probability measure supported

on 𝐹 ⊂ [0, 1]. Let  = (𝑞𝑛)𝑛∈ℕ be an 𝛼-separated increasing sequence with𝑚0 = 1. Let 𝛾 ∈ [0, 1],

𝜓 ∶ ℕ → (0, 1] and (𝜀𝑛)𝑛∈ℕ be a sequence of real numbers in (0, 1]. Suppose that for any 𝑛 ∈ ℕ,

𝜓(𝑞𝑛) ≥ 𝑛
−9 (6.24)
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and 𝜀𝑛−1 ≤ 2𝑛. Then for any 𝑚, 𝑛 ∈ ℕ with 𝑚 < 𝑛, we have that

∑∑

𝑎≤𝑚<𝑛≤𝑏

|𝑇 (𝑚, 𝑛)| ≤ 2

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛),

where 𝑇 (𝑚, 𝑛) is given by (6.22).

6.2 Proofs

For the sake of simplicity, each of the proofs is built on the original proof in [41]; we refer

heavily to the original paper throughout. Before beginning the proofs, we make a slight re-

mark that, as commented in [41], the express of [13, (3.2.5)] does not always hold. In general,

it should be the following result instead:

Lemma 6.2.1. Let 𝑓 ∶ ℕ → [0, 1/2] be a function, (𝑎𝑗)𝑗 , (𝑏𝑗)𝑗 be sequences of integers and

𝑗 ∶=
{

𝑥 ∈ [0, 1] ∶ ‖𝑎𝑗𝑥 + 𝑏𝑗 ‖ < 𝑓 (𝑗)

}

.

Then for any 𝑗 , 𝑘 ∈ ℕ, the Lebesgue measure  of 𝑗 ∩ 𝑘 is upper bounded by

 (𝑗 ∩ 𝑘) ≤ 4𝑓 (𝑗)𝑓 (𝑘) + 2 gcd (𝑎𝑗 , 𝑎𝑘)min
(

𝑓 (𝑗)

𝑎𝑗

,

𝑓 (𝑘)

𝑎𝑘 )
.

Proof. Let 𝑖 = {𝑥 ∈ [0, 1] ∶ ‖𝑥 + 𝑏𝑖‖ < 𝑓 (𝑖)}, 𝑐𝑗 = 𝑎𝑗/gcd (𝑎𝑗 , 𝑎𝑘) and 𝑐𝑘 = 𝑎𝑘/gcd (𝑎𝑗 , 𝑎𝑘).

Since 𝑘 is an open interval, for any 𝑦 ∈ ℝ, the number of integers in the translation 𝑐𝑗𝑘 −𝑦

is at most

(𝑐𝑗𝑘) + 1 ≤ 𝑐𝑗(𝑘) + 1 ≤ 2𝑐𝑗𝑓 (𝑘) + 1.

By [13, Lemma 3.1] and the argument contained there,

(𝑗 ∩ 𝑘) ≤
1

𝑐𝑗𝑐𝑘

(𝑐𝑗𝑘) ((𝑐𝑘𝑗) + 1) =

1

𝑐𝑗𝑐𝑘

(2𝑐𝑘𝑓 (𝑗))(2𝑐𝑗𝑓 (𝑘) + 1)

= 4𝑓 (𝑗)𝑓 (𝑘) + 2 gcd (𝑎𝑗 , 𝑎𝑘)

𝑓 (𝑗)

𝑎𝑗

,

and the result follows by interchanging the indices 𝑗 and 𝑘 for the last inequality.
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Hence, [13, (3.2.5)] should be applied in this context by setting 𝑗 = 𝐸𝛾𝑞𝑗 , 𝑎𝑗 = 𝑞𝑗 , 𝑓 (𝑗) =

𝜓(𝑞𝑗), correcting the equals sign to ≤, and multiplying the second term by a factor of 2 to

obtain

(𝐸𝛾
𝑞𝑚
∩ 𝐸

𝛾

𝑞𝑛
) ≤ 4𝜓(𝑞𝑚)𝜓(𝑞𝑛) + 2 gcd (𝑞𝑚, 𝑞𝑛)min

(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
,

Thus, by [41, (105)], we can modify [41, (88)] and see that

𝑊̂
+

𝑚,𝑛
(0) ≤ 4(1 + 𝜀𝑚)(1 + 𝜀𝑛)𝜓(𝑞𝑚)𝜓(𝑞𝑛) + 2(1 + 𝜀𝑚)(1 + 𝜀𝑛) gcd (𝑞𝑚, 𝑞𝑛)min

(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )

≤ 4𝜓(𝑞𝑚)𝜓(𝑞𝑛) + 12𝜀𝑚𝜓(𝑞𝑚)𝜓(𝑞𝑛) + 8 gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
, (6.25)

as the sequence (𝜀𝑛)𝑛∈ℕ is bounded above by 1.

6.2.1 Proofs of Lemmas 6.1.3 to 6.1.6

Proof of Lemma 6.1.3. Pick any sequence (𝜀𝑛)𝑛∈ℕ of real numbers in (0, 1]. By assumptions,

following the original proof in [41], for any 𝑎, 𝑏 ∈ ℕ, if 𝑎 < 𝑏 then

𝑃(𝑎, 𝑏) ∶=

|
|
|
|
|

𝑏

∑

𝑛=𝑎

𝜇(𝐸
𝛾

𝑞𝑛
) − 2

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

|
|
|
|
|

≤

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)𝜀𝑛 +

𝑏

∑

𝑛=𝑎

3

𝑛
𝐴/𝐵
𝜀𝑛

1/2
. (6.26)

By definition, for any 𝑛 ∈ ℕ, Ψ(𝑛) = ∑
𝑛

𝑘=1
𝜓(𝑛). For any 𝑛 ∈ ℕ, let

𝜀𝑛 = min (1, (Ψ(𝑛))
−2

).

From (6.26) and [41, Lemma D4], following the argument of the original proof, it gives that

𝑃(𝑎, 𝑏) ≤ 3 + 3

∞

∑

𝑛=1

1

𝑛
𝐴/𝐵−1

= 3 + 3𝜁 (𝐴/𝐵 − 1).

To finish the proof, we need to establish the “other" upper bound. By setting 𝜏 = 𝐴/𝐵 in (6.15),

and let 𝜀𝑛 = 2
−2/3

∈ (0, 1). Then (6.26) implies that

𝑃(𝑎, 𝑏) ≤

𝑏

∑

𝑛=𝑎

(
𝜀𝑛 +

1

𝑛
𝐴/(2𝐵)

𝜀𝑛
1/2)

𝜓(𝑞𝑛) ≤

𝑏

∑

𝑛=𝑎

(
𝜀𝑛 +

1

𝜀𝑛
1/2)

𝜓(𝑞𝑛) =

3

2
2/3

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛).
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Proof of Lemma 6.1.4. We proceed along the lines of [41, Lemma 6]. We decompose 𝑆(𝑚, 𝑛):

𝑆(𝑚, 𝑛) =

6

∑

𝑖=1

𝑆𝑖(𝑚, 𝑛), (6.27)

where the terms 𝑆𝑖(𝑚, 𝑛) are defined exactly as in [41, Proof of Lemma 6].

By (6.1) and (6.9), for any 𝑛 ∈ ℕ and 𝑡 ∈ ℤ ⧵ {0},

|𝜇̂(−𝑡𝑞𝑛)| ≤ 𝜈𝐶
−𝐴
𝑛
−𝐴/𝐵

.

By combining the above with [41, (47) & (53)], we have

|𝑆1(𝑚, 𝑛)| ≤ 9𝜈𝐶
−𝐴

𝜓(𝑞𝑚)

𝑛
𝐴/𝐵
𝜀𝑛

1/2

|𝑆2(𝑚, 𝑛)| ≤ 9𝜈𝐶
−𝐴

𝜓(𝑞𝑛)

𝑚
𝐴/𝐵
𝜀𝑚

1/2
,

where |𝑆1(𝑚, 𝑛)| and |𝑆2(𝑚, 𝑛)| are given at the beginning of the proof of [41, Lemma 6].

We now find an explicit bound for 𝑆4(𝑚, 𝑛). Note that, given the restriction |𝑠𝑞𝑚 − 𝑡𝑞𝑛| ≥

𝑞𝑛/2 imposed on 𝑠, 𝑡 ∈ ℤ ⧵ {0}, by (6.1) and (6.9), we have that

|𝜇̂(𝑠𝑞𝑚 − 𝑡𝑞𝑛)| ≤

𝜈

log
𝐴

|𝑠𝑞𝑚 − 𝑡𝑞𝑛|

≤

𝜈

log
𝐴

(𝑞𝑛/2)

≤

2
𝐴
𝜈

log
𝐴

𝑞𝑛

≤ 2
𝐴
𝜈𝐶

−𝐴
𝑛
−𝐴/𝐵

,

where the second line follows because for any 𝑛 ∈ ℕ, 𝑞𝑛 ≥ 4, and from that we deduce that

log 𝑞𝑛

log (𝑞𝑛/2)

≤ 2.

We now give an explicit upper bound for 𝑆4 as defined in the original proof. We find that

|𝑆4(𝑚, 𝑛)| ≤ 9(2)
𝐴
𝜈𝐶

−𝐴
1

𝑛
𝐴/𝐵
𝜀𝑚

1/2
𝜀𝑛

1/2
.

To bound 𝑆6 as given in the original proof, note that for 𝑞𝑛𝛼 ≤ |𝑠𝑞𝑚 − 𝑡𝑞𝑚| < 𝑞𝑛/2, by (6.9)
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and (6.1), it gives that

|𝜇̂(𝑠𝑞𝑚 − 𝑡𝑞𝑛)| ≤

𝜈

𝛼
𝐴
log

𝐴

𝑞𝑛

≤ 𝜈𝐶
−𝐴

1

𝛼
𝐴
𝑚

−𝐴/𝐵
.

It follows from the argument of the original proof that

|𝑆6(𝑚, 𝑛)| ≤ 9𝜈𝐶
−𝐴

1

𝛼
𝐴

𝜓(𝑞𝑛)

𝑚
𝐴/𝐵
𝜀𝑚

1/2
.

Hence, by combining the bounds for 𝑆𝑖(𝑚, 𝑛), with the decomposition (6.27), we complete the

proof.

Proof of Lemma 6.1.5. Set

𝐷 = 𝐷(𝑚, 𝑛) =

𝑞𝑚

𝑞𝑛𝜓(𝑞𝑚)𝜀𝑚
1/2
.

Note that, from the original proof of [41, Lemma 7] and that as 𝜀𝑛 ≤ 1, using [41, (51) & (52)],

it follows that

|𝑇 (𝑚, 𝑛)| ≤ ∑

𝑡∈ℕ

min
(

4

𝜋
2

𝑞
2

𝑚

𝑞
2

𝑛

1

𝑡
2
𝜓(𝑞𝑚)𝜀𝑚

, (2 + 𝜀𝑚)𝜓(𝑞𝑚)
)
(2 + 𝜀𝑛)𝜓(𝑞𝑛)

≤ 9

⌊𝐷⌋

∑

𝑡=1

(𝜓(𝑞𝑚)𝜓(𝑞𝑛)) +

4

𝜋
2

𝑞𝑚
2

𝑞𝑛
2

𝜓(𝑞𝑛)

𝜓(𝑞𝑚)𝜀𝑚

+∞

∑

𝑡=⌊𝐷⌋+1

1

𝑡
2

≤ 11

𝑞𝑚

𝑞𝑛

𝜓(𝑞𝑛)

𝜀𝑚
1/2

≤ 11

𝑞𝑚

𝑞𝑛

𝜓(𝑞𝑛)

𝜀𝑛
1/2
.

This follows as (𝜀𝑛)𝑛∈ℕ is decreasing, and by applying the following estimate:

+∞

∑

𝑡=⌊𝐷⌋+1

1

𝑡
2
≤

𝜋
2

6
∫

∞

𝐷

𝑑𝑡

𝑡
2
=

𝜋
2

6𝐷

=

𝜋
2

6

𝑞𝑛𝜓(𝑞𝑚)𝜀𝑚
1/2

𝑞𝑚

,

Thus, by (1.40), we have that 𝑞𝑚 ≤ 𝐾0

𝑚−𝑛
𝑞𝑛. By the formula for geometric sums, it follows that

𝑛−1

∑

𝑚=1

𝑞𝑚

𝑞𝑛

≤

𝑛−1

∑

𝑚=1

𝐾0

𝑚−𝑛
𝑞𝑛

𝑞𝑛

<

∞

∑

𝑖=1

𝐾0

−𝑖
=

1/𝐾0

1 − 1/𝐾0

=

1

𝐾0 − 1

= 𝐾
′
.
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Proof of Lemma 6.1.6. Note that, from the original proof of [41, Lemma 8], for any 𝑚, 𝑛 ∈ ℕ,

|𝑇 (𝑚, 𝑛)| ≤ ∑

𝑠>𝑚
3
/𝜓(𝑞𝑚)

1

𝜋
2
𝑠𝜓(𝑞𝑚)𝜀𝑚

(2 + 𝜀𝑛)𝜓(𝑞𝑛) =

3

𝜋
2

𝜓(𝑞𝑛)

𝜓(𝑞𝑚)𝜀𝑚

∑

𝑠>𝑚
3
/𝜓(𝑞𝑚)

1

𝑠
2
≤

1

2

𝜓(𝑞𝑛)

𝑚
3
𝜀𝑚

≤

𝜓(𝑞𝑛)

𝑚
2
,

by similar argument as in the proof of Lemma 6.1.5. Hence for any 𝑎, 𝑏 ∈ ℕ, if 𝑎 < 𝑏 then

∑∑

𝑎≤𝑚<𝑛≤𝑏

|𝑇 (𝑚, 𝑛)| ≤

𝑏

∑

𝑛=𝑎+1
(

𝜓(𝑞𝑛)

𝑏−1

∑

𝑚=𝑎

1

𝑚
2
)

<

𝜋
2

6

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛).

The proof is completed by noting that 𝜋2
/6 < 2.

6.2.2 Proofs of Theorems 6.1.1 and 6.1.2

The next aim is to establish explicit estimates for [41, Propositions 1 & 2]. Before doing so, we

first find explicit estimates for some inequalities. Take 𝛿 ∈ (0, 1] and for any 𝑛 ∈ ℕ, let that

𝜀𝑛 ∶= min

{

1

2
𝛿
,

1

(∑
𝑛

𝑘=𝑎
𝜓(𝑞𝑘))

𝛿

}

,

and notice that

𝜀𝑛
−1

≤ max

{

2
𝛿
, 𝑛

𝛿

}

< 2𝑛. (6.28)

In the case that ∑𝑏

𝑘=𝑎
𝜓(𝑞𝑘) > 2, inequality [41, (102)] can be modified to

∑∑

𝑎≤𝑚<𝑛≤𝑏

1

𝑛
𝐴/𝐵
𝜀𝑚

1/2
𝜀𝑛

1/2
≤ 𝜁

(

𝐴

𝐵)

𝑏

∑

𝑘=𝑎

𝜓(𝑞𝑘).

For the case of ∑𝑏

𝑘=𝑎
𝜓(𝑞𝑘) ≤ 2, the inequality [41, (103)] can be modified to

∑∑

𝑎≤𝑚<𝑛≤𝑏

1

𝑛
𝐴/𝐵
𝜀𝑚

1/2
𝜀𝑛

1/2
≤ 2𝜁

(

𝐴

2𝐵)

𝑏

∑

𝑘=𝑎

𝜓(𝑞𝑘).
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Since the Riemann Zeta function is decreasing on ℝ
+, and

𝜁
(

𝐴

𝐵)
< 𝜁

(

𝐴

2𝐵)
< 2𝜁

(

𝐴

2𝐵)
,

in both cases, it follows that,

∑∑

𝑎≤𝑚<𝑛≤𝑏

1

𝑛
𝐴/𝐵
𝜀𝑚

1/2
𝜀𝑛

1/2
≤ 2𝜁

(

𝐴

2𝐵)

𝑏

∑

𝑘=𝑎

𝜓(𝑞𝑘). (6.29)

By (6.28), it follows that

∞

∑

𝑛=1

1

𝑛
𝐴/𝐵
𝜀𝑛

1/2
<

∞

∑

𝑛=1

√

2𝑛

𝑛
𝐴/𝐵

=

√

2𝜁
(

𝐴

𝐵

−

1

2)
.

We apply the inequality right before [41, (104)], Lemma 6.1.4 and (6.29) to obtain

∑∑

𝑎≤𝑚<𝑛≤𝑏

|𝑆(𝑚, 𝑛)| ≤ 9𝜈𝐶
−𝐴

(

√

2𝜁
(

𝐴

𝐵

−

1

2)
(2 + 𝛼

−𝐴

) + 2
𝐴+1
𝜁
(

𝐴

2𝐵))

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛) + ∑∑

𝑎≤𝑚<𝑛≤𝑏

|𝑇 (𝑚, 𝑛)|.

Note that inequality [41, (108)] is made explicit, in the sense that for any 𝛿 > 0 and

𝑎, 𝑏 ∈ ℕ,

∑∑

𝑎≤𝑚<𝑛≤𝑏

𝜀𝑚𝜓(𝑞𝑚)𝜓(𝑞𝑛) ≤ 4

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2−𝛿

log

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

.

Before continuing the proof, we make a remark that there is a typo on [41, (109)]; the

correct version should state:

∑∑

𝑎≤𝑚<𝑛≤𝑏

𝑊
+

𝑚,𝑛
(0) ≤ 2

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2

+ 𝑂

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2−𝛿

log

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

(6.30)

+ 𝑂

(

∑∑

𝑎≤𝑚<𝑛≤𝑏

gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 ))

; (6.31)

the coefficient of the main term in [41] is 4 instead of 2. Hence, by (6.25) and bounds given
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above, (6.30) is explicitly given by

∑∑

𝑎≤𝑚<𝑛≤𝑏

𝑊
+

𝑚,𝑛
(0) ≤ 2

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2

+ 24

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2−𝛿

log

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

+ 4 ∑∑

𝑎≤𝑚<𝑛≤𝑏

gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
.

By applying Lemma 6.1.5 with 𝛼 = 1/2 for the formula for 𝑇 , the implicit constants of

inequality [41, (110)] are given by

∑∑

𝑎≤𝑚<𝑛≤𝑏

|𝑇 (𝑚, 𝑛)| ≤ 11𝐾
′

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

𝜀𝑛
1/2

≤

11𝐾
′

𝜀
1/2

𝑏

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛) ≤ 11𝐾
′

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

1+𝛿/2

,

where 𝐾 ′
= 1/(𝐾0−1), and as the sequence (𝑞𝑛)𝑛∈ℕ is lacunary, inequality [41, (111)] becomes

∑∑

𝑎≤𝑚<𝑛≤𝑏

gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
≤ 𝐾

′

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛).

We now give explicit estimates for the inequalities on [41, Page 8620]. If the assumptions

of [41, Proposition 1] are satisfied, as inequality [41, (104)] has been made effective, it follows

that

∑∑

𝑎≤𝑚<𝑛≤𝑏

𝜇(𝐸
𝛾

𝑚
∩ 𝐸

𝛾

𝑛
) ≤ 2

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2

+ 24

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2−𝛿

log
+

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

+ 11𝐾
′

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

1+𝛿/2

+
(
4𝐾

′
+ 9𝜈𝐶

−𝐴

(

√

2𝜁
(

𝐴

𝐵

−

1

2)
(2 + 𝛼

−𝐴

) + 2
𝐴+1
𝜁
(

𝐴

2𝐵)))

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛).

(6.32)
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If instead the assumptions in [41, Proposition 2] are satisfied, it follows that

∑∑

𝑎≤𝑚<𝑛≤𝑏

𝜇(𝐸
𝛾

𝑚
∩ 𝐸

𝛾

𝑛
) ≤ 2

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2

+ 24

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2−𝛿

log
+

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

+
(
2 + 9𝜈𝐶

−𝐴

(

√

2𝜁
(

𝐴

𝐵

−

1

2)
(2 + 𝛼

−𝐴

) + 2
𝐴+1
𝜁
(

𝐴

2𝐵)))

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

+ 4 ∑∑

𝑎≤𝑚<𝑛≤𝑏

gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
. (6.33)

Next, we apply Lemma 6.1.3 with 𝛿 = 2/3 and 𝛿 = 1 to (6.32) and (6.33), respectively.

Under the stated assumptions of Lemma 6.1.3, we obtain

4

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

2

≤

(

𝑏

∑

𝑛=𝑎

𝜇(𝐸
𝛾

𝑞𝑛
)

)

2

+ 4𝑚1(𝑚2 + 1)

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛),

where 𝑚1 and 𝑚2 are given in (6.18).

To continue the proof of Theorems 6.1.1 and 6.1.2, we need effective versions of [41, Propo-

sitions 1 & 2]. As commented previously, the assumption of (6.24) does not appear in Theorem

6.1.1 or 6.1.2, this issue is handled in Lemma 6.2.4.

Proposition 6.2.2 (Effective version of [41, Proposition 1]). Let 𝐹 , 𝜇,  = (𝑞𝑛)𝑛∈ℕ, 𝛾 and 𝜓

be as in Theorem 6.1.1. Suppose 𝜓 satisfies (6.15). Then, for any 𝑎, 𝑏 ∈ ℕ, if 𝑎 < 𝑏 then

2 ∑∑

𝑎≤𝑚<𝑛≤𝑏

𝜇(𝐸
𝛾

𝑞𝑚
∩ 𝐸

𝛾

𝑞𝑛
) ≤

(

𝑏

∑

𝑛=𝑎

𝜇(𝐸
𝛾

𝑞𝑛
)

)

2

+ 48

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

4/3

log
+

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

+ 𝑐1

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

4/3

+ 𝑐2

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛),

where 𝑐1 and 𝑐2 are given in (6.6) and (6.7) respectively.

Proposition 6.2.3 (Effective version of [41, Proposition 2]). Let 𝐹 , 𝜇,  = (𝑞𝑛)𝑛∈ℕ, 𝛾 and 𝜓

be as in Theorem 6.1.2. Suppose 𝜓 satisfies (6.15), 𝑞1 > 4 and that  is 𝛼-separated with the
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implicit constant 𝑚0 = 1. Then, for any 𝑎, 𝑏 ∈ ℕ, if 𝑎 < 𝑏 then,

2 ∑∑

𝑎≤𝑚<𝑛≤𝑏

𝜇(𝐸
𝛾

𝑞𝑚
∩ 𝐸

𝛾

𝑞𝑛
) ≤

(

𝑏

∑

𝑛=𝑎

𝜇(𝐸
𝛾

𝑞𝑛
)

)

2

+ 8 ∑∑

𝑎≤𝑚<𝑛≤𝑏

gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )

+48

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

log
+

(

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛)

)

+ 𝑐3

𝑏

∑

𝑛=𝑎

𝜓(𝑞𝑛),

where 𝑐3 is given in (6.13).

We now apply Theorem 2.1.2 to obtain effective versions of [41, Theorems 1 & 4], subject

to the additional assumptions (6.15) and (6.24). These assumptions will be removed later using

Lemma 6.2.4, at which point the error terms 𝑡1,𝛿 and 𝑡2,𝛿 arise. We present the proofs in full

here in order to illustrate the application of Theorem 2.1.2. For [41, Theorem 1], we take the

following parameters in Theorem 2.1.2:

𝜑𝑛 = 𝜓(𝑞𝑛)Ψ(𝑛)
1/3

(log
+

Ψ(𝑛) + 1) + 2𝜓(𝑞𝑛).

Note that for any 𝜀 > 0 and 𝑁 ∈ ℕ,

𝛷
1/2

(𝑁 ) log
3/2+𝜀

𝛷(𝑁) + 2 ≤ 2Ψ
2/3

(𝑁 )(logΨ(𝑁) + 2)
2+𝜀
,

where 𝛷 is as given in the original proof or in (6.4). This proves Theorem 6.1.1.

For [41, Theorem 4], we set the parameters of Theorem 2.1.2 as follows:

𝜑𝑛 = 𝜓(𝑞𝑛) (log
+

Ψ(𝑛) + 2) +

𝑛−1

∑

𝑚=1

gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
,

𝛷(𝑁) =

𝑁

∑

𝑛=1

𝜑𝑛 ≤ Ψ(𝑁) (log
+

Ψ(𝑁) + 2) + 𝐸(𝑁),

where

𝐸(𝑁) =

𝑁−1

∑

𝑚=1

𝑁

∑

𝑛=𝑚+1

gcd (𝑞𝑚, 𝑞𝑛)min
(

𝜓(𝑞𝑚)

𝑞𝑚

,

𝜓(𝑞𝑛)

𝑞𝑛 )
.

Theorem 6.1.2 follows.

We now address the additional terms 𝑡1,𝛿 and 𝑡2,𝛿 in Theorems 6.1.1 and 6.1.2. They appear

precisely as a consequence of removing the extra assumptions in Lemmas 6.1.3 and 6.1.6,
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namely conditions (6.15) and (6.24). The following lemma provides this step.

Lemma 6.2.4. Let 𝜓 ∶ ℕ → (0, 1] be a function and  = (𝑞𝑛)𝑛 be an increasing sequence of

positive integers. Suppose there exists 𝜈 > 0 and 𝐴 > 2 such that for any 𝑡 ∈ ℝ ⧵ [−1, 1], (6.1) is

satisfied. Suppose there exists 𝐵 ≥ 1 and 𝐶 > 0 such that 𝐴 > 2𝐵 and (6.9) is satisfied. Suppose

Ψ(𝑛) = ∑
𝑛

𝑘=1
𝜓(𝑘) is unbounded. Let 𝜔 ∶ ℕ → [0, +∞) be a function. Suppose

∞

∑

𝑛=1

𝜔(𝑛) < +∞.

Define an auxiliary function𝜓∗
(𝑞𝑛) = max (𝜓(𝑞𝑛), 𝜔(𝑛)). Then for any 𝛿 > 0 there exists 𝐹𝛿 ⊂ 𝐹

such that 𝜇(𝐹𝛿) < 𝛿 and for any 𝑥 ∈ 𝐹 ⧵ 𝐹𝛿 and 𝑁 ∈ ℕ,

|𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓,) − 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓
∗
,)| ≤ 𝑡𝛿 ,

where

𝑡𝛿 = min

{

𝑡 ∈ ℕ ∶

∞

∑

𝑛=𝑡

(
𝜔(𝑛) +

𝜈

𝐶
𝐴
𝑛
𝐴/𝐵)

<

𝛿

3

}

. (6.34)

Proof. By the definition of the counting function (1.41), for any 𝑥 ∈ 𝐹 ,

𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓,) ≤ 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓
∗
,) ≤ 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓,) + 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜔,).

It follows that, for any 𝑥 ∈ 𝐹 ,

|𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓,) − 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜓
∗
,)| ≤ 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜔,).

It suffices to find an upper for 𝑅(𝑥, 𝑁 ; 𝛾 , 𝜔,), for any 𝑥 ∈ 𝐹 ⧵𝐹𝛿 , for some measurable 𝐹𝛿 ⊂ 𝐹

such that 𝜇(𝐹𝛿) < 𝛿. By [41, Theorem 2], for almost every 𝑥 ∈ 𝐹 , the extra term is exactly

given by the counting function

𝑅(𝑥, 𝑁 ; 𝛾 , 𝜔,)

For any 𝑞 ∈ ℕ, define

𝐸𝑞 ∶= {𝑥 ∈ 𝐹 ∶ ‖𝑞𝑥 − 𝛾‖ ≤ 𝜔(𝑞)}.
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By [41, Lemma 2], for any 𝑞 ∈ ℕ, if 𝑞 ≥ 4 then

𝜇(𝐸𝑞) ≤ 3𝜔(𝑞) + min

{

3max
𝑠∈ℤ

|𝜇̂(𝑠𝑞)| , 2

∞

∑

𝑠=1

|𝜇̂(𝑠𝑞)|

𝑠

}

.

By the assumptions of the lemma,

max

𝑠∈ℤ⧵{0}

|𝜇̂(𝑠𝑞𝑛)| ≤

𝜈

log
𝐴

𝑞𝑛

≤

𝜈

𝐶
𝐴
𝑛
𝐴/𝐵
.

Hence, by taking the summation, for any 𝑡 ∈ ℕ, it follows that

𝜇

(

∞

⋃

𝑛=𝑡

𝐸𝑞𝑛
)

≤

∞

∑

𝑛=𝑡

𝜇(𝐸𝑞𝑛) ≤ 3

∞

∑

𝑛=𝑡

𝑤(𝑛) +

3𝜈

𝐶
𝐴

∞

∑

𝑛=𝑡

1

𝑛
𝐴/𝐵

≤ 3

∞

∑

𝑛=𝑡

(
𝜔(𝑛) +

𝜈

𝐶
𝐴
𝑛
𝐴/𝐵)

.

As the right-most term converges when 𝑡 = 1, we get that for any 𝛿 > 0, there exists 𝑡𝛿 ∈ ℕ

such that

𝜇

(

∞

⋃

𝑛=𝑡𝛿

𝐸𝑞𝑛
)

≤ 𝛿,

where 𝑡𝛿 is given by (6.34). By taking 𝐹𝛿 = ⋃
𝑛=𝑡𝛿

𝐸𝑞𝑛
, we have that 𝜇(𝐹𝛿) < 𝛿 and for any

𝑥 ∈ 𝐹 ⧵ 𝐹𝛿 ,

𝑅(𝑥, 𝑁 ; 𝛾 , 𝜔,) < 𝑡𝛿 .

Lemma 6.2.4 makes two such extra assumptions, namely conditions (6.15) and (6.24), on

𝜓 and the counting result differs by an additive constant which depends only on 𝜔. In the

proof for Theorem 6.1.1, the parameter 𝜏 = 𝐴/𝐵 is taken in (6.15). That is, for Theorem 6.1.1,

𝑡𝛿 is given by

𝑡𝛿 = min

{

𝑡 ∈ ℕ ∶

∞

∑

𝑛=𝑡

(
3𝑛

−𝐴/𝐵
+

𝜈

𝐶
𝐴
𝑛
𝐴/𝐵)

<

𝛿

3

}

.
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To get a concrete estimate, an upper bound for this 𝑡𝛿 can be obtained by noticing that if

(
3 +

𝜈

𝐶
𝐴)

∞

∑

𝑛=𝑡

1

𝑛
𝐴/𝐵

≤
(
3 +

𝜈

𝐶
𝐴)∫

∞

𝑡−1/2

𝑑𝑥

𝑥
𝐴/𝐵

=

3 + 𝜈/𝐶
𝐴

1 − 𝐴/𝐵 (
𝑡 −

1

2)

1−𝐴/𝐵

< 𝛿,

then

𝑡𝛿 ≤

1

2

+
(

(1 − 𝐴/𝐵)𝛿

3 + 𝜈/𝐶
𝐴 )

1/(1−𝐴/𝐵)

.

Also, for Theorem 6.1.2, 𝑡𝛿 is given by

𝑡𝛿 = min

{

𝑡 ∈ ℕ ∶

∞

∑

𝑛=𝑡

(
𝑛
−9

+

𝜈

𝐶
𝐴
𝑛
𝐴/𝐵)

<

𝛿

3

}

.

To get a concrete estimate, an upper bound for this 𝑡𝛿 can be obtained by noticing that if

𝑑 = min (9, 𝐴/𝐵),

∞

∑

𝑛=𝑡

(
𝑛
−9

+

𝜈

𝐶
𝐴
𝑛
𝐴/𝐵)

≤
(
1 +

𝜈

𝐶
𝐴)

∞

∑

𝑛=𝑡

1

𝑛
𝑑
≤

(
1 +

𝜈

𝐶
𝐴)∫

∞

𝑡−1/2

𝑑𝑥

𝑥
𝑑
=

1 + 𝜈/𝐶
𝐴

1 − 𝑑 (
𝑡 −

1

2)

1−𝑑

< 𝛿,

then

𝑡𝛿 ≤

1

2

+
(

(1 − min (9, 𝐴/𝐵))𝛿

1 + 𝜈/𝐶
𝐴 )

1/(1−min (9,𝐴/𝐵)))

.

The set 𝐸𝜀,𝛿 associated with Theorems 6.1.1 and 6.1.2 is given by 𝐸𝜀,𝛿 = 𝐸′𝜀,𝛿/2 ∪𝐹𝛿/2, where

𝐸
′

𝜀,𝛿/2
is given by Theorem 2.1.2 with the parameters given above, and 𝐹𝛿/2 is given in Lemma

6.2.4. This completes the proofs of Theorems 6.1.1 and 6.1.2.
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