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Abstract

In this thesis, we investigate problems in Diophantine approximation, metric number theory,
and the Liiroth representation of real numbers, with the aim of developing new theoretical
insights and effective results. We first establish effective versions of the quantitative Borel-
Cantelli Lemma and, as a consequence, derive an effective form of Schmidt’s theorem in metric
Diophantine approximation. Building on these methods, we obtain an effective quantitative
strengthening of the Koukoulopoulos-Maynard theorem, together with new results in the
theory of inhomogeneous Diophantine approximation on M,-sets. In a different direction, we
develop the metrical theory of well-approximable sets associated with the Liiroth expansion
of real numbers, thereby extending classical results to this alternative numerical representa-
tion. We also study the Fourier transform of probability measure on a special class of fractals,

namely self-similar sets under a non-Liouville condition.
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Chapter 1

Introduction

This chapter provides the necessary background for the thesis by introducing key concepts,
historical developments, and foundational results. Each section surveys classical and modern
contributions in the relevant area, thereby establishing the framework and motivation for the

results proved in subsequent chapters.

Section 1.1: An overview of Diophantine approximation and its central results, forming

the basic framework for our study.

« Section 1.2: A discussion of classical results in metric number theory, with emphasis on

their role in Diophantine approximation.

« Section 1.3: A survey of fundamental results on quantitative problems in metric number

theory, which serve as the foundation for Chapters 2 and 3.

« Section 1.4: A presentation of results concerning the Liiroth representation of real num-

bers in metric number theory, motivating the developments in Chapter 4.

« Section 1.5: An introduction to Fourier analytic methods and their applications to metric

number theory, providing the background for Chapter 5.

+ Section 1.6: A survey of inhomogeneous problems in Diophantine approximation, which

underpin the results established in Chapter 6.

10
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1.1 Diophantine Approximation

Diophantine approximation is a central topic in number theory concerned with quantifying
the density of the rational numbers Q within the real numbers R. The statement that Q is
dense in R means that for any x € R and any ¢ > 0, there exists a rational number p/q € Q,

with p € Z and q € IN, such that

In other words, every real number can be approximated arbitrarily well by rational numbers.
The natural question, however, is not whether such approximations exist, but rather how well
they can be achieved. More precisely, given x € R and a denominator g € IN, how small can
the approximation error ¢ be made, while still ensuring the existence of an integer p satisfying
the above inequality?

A simple observation is that € can be taken as any value greater than 1/(2q), since rational

numbers with the same denominator q differ by at least 1/g from one another. Thus, for any

x € Rand g € N, there exists p € Z such that

If we relax the requirement from “for any q € IN”to “there exist infinitely many q € IN”, then

it is possible to achieve approximations significantly better than ¢ = 1/(2¢).

Dirichlet’s Theorem, a cornerstone of Diophantine approximation, formalizes this im-
provement by guaranteeing that every real number admits infinitely many “good” rational

approximations.

Theorem 1.1.1 (Dirichlet, 1842). For any x € I := [0, 1), there exist infinitely many integers

p € Z and positive integers q € N such that

< —. (1.1)

Without loss of generality, we may restrict our attention to real numbers in the interval

L. Indeed, for any x € R, its fractional part {x} lies in I. By Dirichlet’s Theorem, there exist
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infinitely many integers p € Z and positive integers g € IN such that

-2l <
q

?.

For each such pair (p, q), we have

{x}_m <i2’

)+ -2
q q

-2
q

where p’ = p + q|x] € Z and | x| denotes the integer part of x. This argument shows that
restricting x to I entails no loss of generality, and similar reductions will be used throughout

the thesis.

Dirichlet’s Theorem can be proved by several methods. The simplest approach uses the
pigeonhole principle (see [3, 13]). However, this method is non-constructive, as it does not
provide a way to explicitly find the “good” rational approximations. This limitation is resolved

by an alternative proof using continued fractions.

For any x € [0,1) \ Q, there exists a sequence (a,),n of positive integers, called partial

quotients, such that x can be expressed as a continued fraction expansion:

x = [ay, a5, as,...] = ! 1 i (1.2)
@+ ———q—
a, +
as + --
For any n € IN, the n-th convergent of x is defined by
Pn._ lai, az,...,a,] = ! 7
n a, + I
a, + 1
b —
an

The convergents satisfy the well-known recurrence relations: for any n € N,

Pn = anpn + Pn—2, qn = Anqn—1 + qn—2,

with initial conditions p, = 0, p_; = 1, ¢o = 1, and q_; = 0. Moreover, for every n € N, the
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approximation error satisfies

1 ' DPn 1
— < |x—— < .
qn(qn + qn+1) qn qnqn+1
Since gn11 > qn, we have that:
n 1
o L
qn dn

Hence, each n-th convergent p, /g, of an irrational number x provides a solution to the in-
equality (1.1) in Dirichlet’s Theorem, giving an explicit sequence of “good” rational approxi-

mations.

On the other hand, if x = a/b € Q n [0,1) is expressed in lowest terms, its continued
fraction expansion is finite, yielding only finitely many convergents. Nevertheless, there exist

infinitely many solution pairs (p, q) satisfying Dirichlet’s inequality (1.1), for instance

p=an, q=bn, nelN.

Therefore, Dirichlet’s Theorem also holds for rational numbers.

One may naturally ask whether Dirichlet’s Theorem can be strengthened by multiplying
the right-hand side of inequality (1.1) by a factor ¢ € (0,1). Specifically, we seek a constant
¢ € (0,1) such that for every x € I, there exist infinitely many integers p € Z and positive

integers q € N satisfying

< —. (1.3)

Hurwitz [17] proved that ¢ = 1/ /5 is achievable, and moreover, this is the optimal value. For

any ¢ < 1//5, the golden ratio conjugate

J5 -1
2

X1 =

admits at most finitely many solution pairs (p, q) € Z x N to inequality (1.3) (see [3, Section
1.3]). Consequently, there exist numbers for which Dirichlet’s Theorem cannot be improved

by an arbitrarily small constant ¢ > 0. Such numbers are called badly approximable numbers.
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Definition (Badly Approximable). A real number x € I is said to be badly approximable if

there exists a constant ¢, > 0 such that for all p € Z and q € N,

Equivalently, x € I is badly approximable if and only if it belongs to the set Bad, defined as
Bad := {x €l : ¢, > liminf g gx| > 0} , (1.4)
q—>o0

where | z| denotes the (absolute) distance from z € R to the nearest integer.

An example of a badly approximable number is the golden ratio conjugate
x=[111,..1]

expressed in its continued fraction representation as in (1.2). More generally, an irrational
number is badly approximable if and only if its sequence of partial quotients in the continued

fraction expansion is bounded.

Theorem 1.1.2 ([3, Theorem 1.4]). Let x = [ay, ay, as, ...] € INQ. Then x is badly approximable
if and only if there exists N € N such that a, < N for all n € IN.

All quadratic irrational numbers are badly approximable, since their partial quotients
eventually become periodic and hence bounded (see [39, Theorem 4.3]). However, there is
no known example of an algebraic number of degree three or higher that is either badly ap-
proximable or not badly approximable. As of January 2026, the following conjecture remains

open:

Conjecture. Every badly approximable algebraic irrational is quadratic.

Returning to Dirichlet’s Theorem, we recall that every x € I can be approximated by in-
finitely many rationals p/q with a rate of approximation 1/q*, as expressed in inequality (1.1).
This rate, however, cannot be improved to ¢/q* for an arbitrary constant ¢ > 0 for numbers

in Bad, such as the golden ratio conjugate x;.

In the next section, we will see that the set Bad has Lebesgue measure zero. In other words,

almost every number in I allows for Dirichlet’s Theorem to be improved by an arbitrarily small
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constant. From a measure-theoretic perspective, if we exclude a set of measure zero, the rate

of approximation can even be improved logarithmically to 1/(g*log q).

1.2 Metric Number Theory

Metric number theory is a branch of number theory that studies sets of numbers from the
perspective of measure and dimension theory. We investigate, for instance, which properties
are satisfied by almost every number in I. Here, “almost every” means that the set of numbers
not satisfying the property has Lebesgue measure zero. Examples of such results include the
Khintchine constant and the Lévy constant, which describe average behaviours of the partial

quotients in the continued fraction expansions of real numbers.

Theorem 1.2.1 (Khintchine [23], 1935). For almost every x €1,

) 1 logr/log2
lim (aya, -+ a,)"" = 1+ — = 2.6854520010 ...,
"—>°°( e ) H( (r+2)r>

where (a,)new is the partial quotients of x.

Theorem 1.2.2 (Lévy [31], 1938). For almost every x € I,

2
lim log g.(x) oz

n—co n ~ 12log2

= 1.1865691104 ...,

where q,(x) is the denominator of the n-th convergent of x.

The above theorems concern properties of almost every x € I, rather than all numbers in
the unit interval. Although these properties hold for almost all numbers, it remains an open
problem whether certain naturally occurring numbers, such as 7 — 3, satisfy them. Quadratic
irrationals serve as clear counterexamples, since their continued fraction expansions are even-

tually periodic and therefore do not exhibit these typical behaviours.

Returning to Dirichlet’s Theorem, we can restate it as follows: for any x € I, there exist

infinitely many q € IN such that
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where | gx| denotes the distance from gx to the nearest integer. We now focus on the problem
of improving the rate of approximation from the perspective of measure and dimension theory.
To formalize this, let

Y IN > [0,1/2]

be a given function. A number x € I is said to be /-well approximable if there exist infinitely

many g € IN such that
lgx] < ¥ (q).

The function ¥ is referred to as an approximating function, since it controls the rate of ap-

proximation. Define the set W(/) to be the set of i/-well approximable numbers; that is
W(y) :={x €l : |gx| < ¥(q) for infinitely many q € IN}. (1.6)

Equivalently, for x € I, we have x € W(¢) if and only if there exist infinitely many pairs

(p, q) € Z x N satisfying

- 2[< 49
q q

(1.7)

According to Dirichlet’s Theorem, if /(q) = 1/q, then W(i/) = I. However, the existence
of badly approximable numbers implies that there are functions ¢ for which W(¢) = I. In
the metric theory of Diophantine approximation, one is interested in determining the “size” of

W(¥) using tools such as Lebesgue measure, Hausdorff measure, and Hausdorff dimension.

The set W(¢/) can be expressed as a lim sup set of intervals. For each g € IN, define

Ag) ={x el : |gx| < ¥ ()}

:MO<3_ V@ p, w(q)>. 19)
S\d 9 9 g

The set W(¢/) consists of all numbers in I that belong to infinitely many sets A,(¢/) for g € N.

Formally, we have

W(y) = limsup A,(y) = (| A,(¥).

q—ee t=1 q=t

Since, by assumption, /(q) < 1/2 for all ¢ € NN, the intervals under the union in (1.8) are
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disjoint. Consequently, the Lebesgue measure of A (1)) is

L(A(P) = 2¢(9), (1.9)

where L denotes the Lebesgue measure on R. For any t € IN, the union Uf;:t A (¢) forms a
cover for W(¢), thatis W(¢) C U:’:t Aq(¥). By sub-additivity of measure and using (1.9), we

obtain

covn < £(Jaw) < Y e <2y, vlq. (1.10)
q=t q=t

q=t

Suppose we are in the case where 2‘;:1 ¥(q) < +oo (the divergent case will be considered
later). A standard result from real analysis states that for any ¢ > 0, there exists t. € IN such

that for all t > ¢,,

PRIOESS
q=t

Substituting this into (1.10) yields L(W(¢)) < e. Since ¢ > 0 is arbitrary, we have that
L(W(¥)) = 0. In other words,

LW =0 if ) P(g) < +o.
q=1

This corresponds to the convergent case of Khintchine’s Theorem, a fundamental result in
metric number theory. We will explore this theorem in detail in Section 1.2.1. The argument
above also provides a classical proof of the convergent Borel-Cantelli Lemma, a fundamental

result in probability theory.

Lemma 1.2.3 (Convergent Borel-Cantelli Lemma). Let (E,),n be a sequence of Lebesgue mea-

surable subsets of 1. Suppose, Y., L(E,) < +oo. Then,
L (E.) =0,

where E,, = limsup,_, E,; in other words, for almost every x € I, there exist at most finitely

many n € N such that x € E,.

Suppose we are now in the divergent case, where ). " | L(E,) = +oo. Does this automati-

cally imply that £ (E.) > 0? The answer is negative. For instance, let E, := (0,1/n) for each
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n € IN. Then the sum of measures is

3 £(E) = il = +oo,
n=1

n=1

i.e., the harmonic series diverges. However, the lim sup set is empty:

(o8]

E., =limsupE, = ﬁUEn = ﬁo (0,%) = ﬁ <0,%> =9,
n—oo t=1

t=1 n=t t=1 n=t

and consequently, L(E.) = 0.

In this example, the sets (E,),cn are nested and thus overlap excessively. The sum of mea-
sures to diverge is not sufficient to guarantee that L(E,) > 0. The sets must also exhibit some
notion of independence. For example, if the sets (E,),cn are pairwise independent, meaning
that

L(E;NE;)= L(E)L(E;) foralli= j,

then a stronger conclusion holds: L(E.) = 1.

Lemma 1.2.4 (Divergent Borel-Cantelli Lemma). Let (E,),en be a sequence of Lebesgue mea-
surable subsets of 1. Suppose, Y., L(E,) = +oo and the sets (E,)nen are pairwise independent.
Then,

L(E,) =1;

in other words, for almost every x € 1, there exist infinitely many n € IN such that x € E,,.

However, pairwise independence is a strong condition, and is rare in applications. A
weaker condition, known as quasi-independence on average, can still provide a positive lower

bound for L (E..). This is formularised as follows:

Proposition 1.2.5 ([13, Lemma 2.3]). Let (E,),en be a sequence of Lebesgue measurable subsets

of L Suppose, Y., L(E,) = +oo and there exists C > 1 such that for infinitely many N € N,

N N N 2
cEnEy<c| Y eE)) . (1.11)
(5

j=1 k=1
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Then,

L (Es) >

Qlx

The condition in (1.11) ensures that with a divergent sum, the lim sup set E,, has a positive
measure. While this does not directly imply L (E) = 1, if we can also prove that E., satisfies
a zero-one law, meaning its measure can only be 0 or 1, then it suffices to prove the measure
is positive. By [13, Theorem 2.7(A)], we know that the lim sup set W(¢/) = lim SUP, s A (),

of y-well approximable numbers, satisfies the zero-one law.

We conclude this section with a brief discussion on the quantitative strengthening of the
divergent Borel-Cantelli Lemma. For any x € T and N € IN, consider the counting function

R : IxIN — N U {0} defined by
R(x,N) :=#{neINn[1,N] : x € E,}. (1.12)

Equivalently, R(x, N) counts the number of sets E, with n < N that contain x. By Lemma 1.2.4,
if the sets (E,)qen are pairwise independent and their measure sum diverges, then for almost

every x € I,
I}]im R(x,N) = +oo.

This conclusion also holds under the weaker quasi-independence condition (1.11), provided
that E,, satisfies a zero-one law. In Chapter 2, we discuss the quantitative form of the diver-
gent Borel-Cantelli Lemma (Lemmas 2.0.1 and 2.0.2), which enables the determination of the
asymptotic behaviour of the counting function R(x, N). Furthermore, we provide effective
versions of these results (Theorems 2.1.1 and 2.1.2), yielding precise, computable statements

of the quantitative bounds.
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1.2.1 Khintchine’s Theorem

Khintchine established that, for any non-increasing function ¢, the Lebesgue measure of the

set W(¢) is completely determined by the convergence or divergence of the series
2 V(@) (1.13)
q=1

Theorem 1.2.6 (Khintchine [22], 1924). Let  : N — [0,1/2]. Suppose {/ is non-increasing.
Then

0, if 2;0:1 Y(q) < +oo;
LW)) =

L if Zile Y(q) = +oo.

The convergent case has already been proved in the previous subsection using the con-
vergent Borel-Cantelli Lemma (Lemma 1.2.3) and does not require monotonicity of . The
divergent case is more delicate. The divergent Borel-Cantelli Lemma (Lemma 1.2.4) cannot
be applied directly, since the sets (A;),en are not pairwise independent. In Khintchine’s orig-
inal proof [22] (see also [46]), a stronger condition, namely that qi/(q) is non-increasing, was
imposed, and the argument relied on properties of continued fractions. The modern approach
proves the stated version by showing that the sets (A;),en are quasi-independent on average,
in the sense of Proposition 1.2.5 (see [3, Remark 2.5]), and then invoking the zero-one law for

lim sup sets.

Khintchine’s Theorem implies that for almost every x € I, there exist infinitely many

p € Z and q € N such that

1
ot
ql  q’logq
From a measure-theoretic perspective, this means that the rate of approximation in Dirichlet’s
Theorem can be improved by a logarithmic factor. Moreover, we have £(Bad) = 0, indicating

that badly approximable numbers are rare, forming a set of zero Lebesgue measure.

In Section 1.3, we discuss a quantitative strengthening of Khintchine’s Theorem due to
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Schmidt. Specifically, for a function ¢ and x € I, we define the counting function

Syx(Q) ==#{1<q< Q¢ |gx| < ¥(q)}.

Under the divergent sum condition, Khintchine’s Theorem guarantees that for almost every
x € I limg e Sy »(Q) = +oo. Schmidt’s Theorem (Theorem 1.3.1) provides a quantitative

refinement by describing the asymptotic behaviour of the counting function Sy ...

1.2.2 The Duffin-Schaeffer Conjecture

In a fundamental paper [11], Duffin and Schaeffer demonstrated that the monotonicity as-
sumption on ¢ in the divergent case of Khintchine’s Theorem (Theorem 1.2.6) cannot be
removed. Specifically, they constructed a non-monotonic function ¢, : N — [0,1/2] such

that
> o(q) =+oo but LW (¥) =0

q=1
(see [3, Section 2.2.1]). Their construction relies on the associated sets A,(1,), as defined
in (1.8), “overlapping” excessively, thereby breaking any notion of independence. Conse-
quently, without the monotonic condition, the Lebesgue measure of W (/) cannot, in general,

be determined.

In the same paper [11], Duffin and Schaeffer formulated a conjecture to arbitrary functions

¥ : IN - [0,1/2]. They introduced the set

W () = limsup A ()

q—+o0

where for any q € N,

. o(r Y@ p sb(q))
A =1 = - , = .
(y)=1n p:ogq)ﬂ (q ¢4 4q

In contrast to W (), the set W*(i/) imposes the additional condition that the fractions p/q

satisfying inequality (1.7) are in their simplest forms.
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By the convergent Borel-Cantelli Lemma (Lemma 1.2.3), if
$ a3 20(0)?@
q lﬁ) - Z lﬁ(CI)_ < +00,
q=1 q=1 1

then L(W*(¢)) = 0, where ¢ denotes the Euler totient function. In the divergent case, when

the series

> ™ (114)
q=1 q
diverges, Duffin and Schaeffer proved the following result.

Theorem 1.2.7 (Duffin-Schaeffer [11], 1941). Let  : IN — [0,1/2]. Suppose (1.14) diverges

and

) > v(@e(a)/q
im sup

0. 1.15
AN 7o S (113

Then, L(W*(¢)) = 1.

Duffin and Schaeffer conjectured that the divergence of (1.14) alone is sufficient to guar-
antee that L(W*(¢)) = 1. This statement, now known as the Duffin—Schaeffer Conjecture,
remained one of the central open problems in metric number theory for nearly 80 years. It

was finally resolved in a breakthrough result by Koukoulopoulos and Maynard.

Theorem 1.2.8 (Koukoulopoulos-Maynard [25, Theorem 1], 2020). Let  : N — (0,1/2].
Suppose (1.14) diverges. Then LI(W*({)) = 1.

Thus, the Duffin-Schaeffer Conjecture is now a theorem, representing a landmark achieve-
ment in the field. In parallel with the quantitative refinements of Khintchine’s Theorem, quan-

titative versions of Theorem 1.2.8 have also been established (see Theorems 1.3.2 and 1.3.3).

1.2.3 The Hausdorff Measure Theory

We begin by revisiting Khintchine’s Theorem (Theorem 1.2.6). For any 7 > 0, define

x—£‘< ! } (1.16)

W(r) := limsup U {x el: p
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Thus, W(r) coincides with W (/) for the choice ¥/(q) = g7, and is called the set of r-well

approximable numbers.
By Dirichlet’s Theorem (Theorem 1.1.1), if 7 < 1 then we have W(r) = I, and conse-
quently L(W(7)) = 1. On the other hand, if 7 > 1, the following series converges:
D
puri’l

By Khintchine’s Theorem, we have L(W(r)) = 0. In other words, the set of r-well approx-

imable numbers has zero Lebesgue measure whenever 7 > 1.

For instance, L(W(2)) = L(W(2026)) = 0. However, W(2026) is a proper subset of
W (2), despite both sets having zero Lebesgue measure. This example illustrates that Lebesgue
measure cannot distinguish the relative sizes of such subsets. To make finer distinctions, one

turns to Hausdorff measure and Hausdorff dimension.

Let F C R and s € [0, 1]. For any p > 0, a sequence (I,,),«n of intervals is called a p-cover

of Fif F C |J, o In and the diameter of each interval satisfies diam I, < p. Define

H,(F) :=inf { Z (diam I,,)* : (I)new is a p-cover ofF.} .
nelN

As p > 0 decreases, the class of admissible p-covers becomes more restrictive, so the quantity

H(F) is non-decreasing as p — 0". The s-dimensional Hausdorff measure of F is then defined

as
HE(F) = lim H(F).
p—0F

This value can be 0, finite, or infinite. When s = 1, the Hausdorff measure coincides with the

Lebesgue measure on R, that is H' = L.

The behaviour of H*(F) depends crucially on the value of s. For sufficiently large s,
the term (diam(I,))° converges to 0 rapidly, leading to H*(F) = 0. For sufficiently small s,
(diam(I,))* decay to 0 too slowly, leading to H*(F) = +oo (unless F is finite). There is a unique

value of s € [0, 1] where this transition occurs. This value is called the Hausdorff dimension of
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F, and is defined by

dim(F) :=inf{s € [0,1] : H°(F) = 0}.

The Hausdorff dimension provides a much finer notion of “size” than Lebesgue measure, and

is especially useful in studying sets of Lebesgue measure zero but with rich internal structure.

The Hausdorff dimension of W(7) is solved by the Jarnik—Besicovitch Theorem for values

of r > 1.
Theorem 1.2.9 (Jarnik [19], 1928; Besicovitch [7], 1932). Forany t > 1,

2
1+7

dim W(r) =
In particular,

0, if s>2/(1+71),
H(W(r)) =
+oo, if s<2/(1+ 7).

Thus the Hausdorff dimension provides the precise “size” of W(7) even when its Lebesgue
measure is zero. However, the Jarnik—Besicovitch Theorem does not specify the s-Hausdorff
measure of W(7) when s = 2/(1+ 7). A more general result was established by Jarnik, giving

a zero—one law for Hausdorff measure in the setting of general approximation functions .

Theorem 1.2.10 (Jarnik [20], 1931). Let ¢y : N — [0, 1/2]. Suppose  is non-increasing. Then

forany0 <s<1,

0, if Xiiq Y < oo
H(W(y)) =

+oo, if ZZO:I q " Y(q) = +oo.

Thus, the Jarnik Theorem provides the missing information, showing that the s-Hausdorff
measure is actually infinite. Combining the Jarnik Theorem with the definition of Hausdorff

dimension, we have the Hausdorff dimension of the set W ():

dim W () = mf{s elo.1]: Y gy < +oo}.
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The result of Dodson [10, Theorem 2] provides an explicit formula for the Hausdorff dimen-

sion of W (1) in terms of the lower order of 1/ at infinity.

Theorem 1.2.11 (Dodson [10, Theorem 2], 1992). Let ¥ : N — [0,1/2]. Suppose {/ is non-

increasing. Then

dim W = , 1.17
W) = (117)
where the lower order of 1/ at infinity is defined as
Ty = liminf—M > 1. (1.18)
q—>00 log q

Note that for ¢(q) = q* we have 7, = 7, so Theorem 1.2.11 recovers the Jarnik-

Besicovitch Theorem.

The Mass Transference Principle (MTP) provides a powerful mechanism for transferring
Lebesgue measure-theoretic statements about lim sup sets in I to Hausdorff measure-theoretic
statements for general dimensions. The following formulation [3, Theorem 3.5] is a special

case of the original result [4, Theorem 2], and will be sufficient for our purposes.

Theorem 1.2.12 (Beresnevich-Velani [3, Theorem 3.5], 2006). Let (Iy)ren be a sequence of
intervals in 1 and s > 0. Define the scaled interval for I, = (xx — ri,xx + 1) by I,° :=
(xx — 1*, X + 1i°). Suppose the 1-dimensional Hausdorff measure H' of the lim sup of the scaled

intervals satisfies:

H' (]I N lim sup Iks> =1.

k—o0

Then the s-dimensional Hausdorff measure H* of the lim sup of original intervals satisfies:

H* (lim sup Ik) = +o0. (1.19)
k—oo

The MTP does not require the diameters of the intervals to be monotonic. In the original

formulation of Beresnevich—Velani, one assumes that the interval lengths shrink to 0. Its

strength lies in establishing a lower bound for the Hausdorff dimension of a lim sup set in I.
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From the definition of Hausdorff dimension, (1.19) implies that

dim (hm sup Ik> > s.

k—o0

As an application, we show how Dirichlet’s Theorem (Theorem 1.1.1) implies the Jarnik-

Besicovitch Theorem (Theorem 1.2.9). Fix 7 > 1 and express W(r) as a lim sup set:

q
W(T)z]InlimsupU(B— ! ,§+ ! )

oo purt q q1+r q1+r
q 1+7
1 1
:]IﬂlimsupU<£——,j—)+—) .
oo o\N4 99 ¢4

By re-enumeration, we may relabel the intervals in the last union as (I )en, so that W(z) =

limsup, . I;'*". Now, we scale each interval by s :=2/(1 + ) € (0, 1], obtaining

lim sup I,* = W(1).

k—oo

From Dirichlet’s Theorem, we know that W (1) = I and consequently H'(W (1)) = 1. Hence,
we apply MTP to obtain H*(limsup,_,., It'*") = +oo, which implies dim W(z) > s. The
complementary upper bound dim W(r) < s follows from a standard covering argument; and

hence, we conclude that dim W(r) = s.

A similar argument shows that Khintchine’s Theorem (Theorem 1.2.6) implies Jarnik’s
Theorem (Theorem 1.2.10) . Let s € (0,1) and let ¥ : N — [0,1/2] be non-increasing. We

define a new approximating function 0(q) := q'*1/°(q), so that express W(0) is expressed as

a lim sup set:

. “p 0 p 9(61))
wW(@)=1Inl - — L=
© “lf;ﬁpg(q ' at
. “p Y@ p d/(q))S
=1Inl E_Z2LE .

In the divergent case, .., ¢'°¥°(q) = +oo, whence also };., 0(q) = +oo. Khintchine’s
Theorem then gives H'(W(6)) = 1, and an application of MTP yields H*(W()) = +oo. The

convergent case can be handled separately via a covering argument.

We will return to MTP in Chapter 4 to establish lower bounds for the Hausdorff dimension
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of a different class of well-approximation sets (Theorem 1.4.3).

1.3 Quantitative Problems

By Dirichlet’s Theorem (Theorem 1.1.1), for any x € I there exist infinitely many pairs (p, q) €
ZxN satisfying inequality (1.1). Consider the specific case x = x; := (1/5—1)/2, the conjugate
of the golden ratio. The first few solutions (p, q), listed in increasing order of g, are

0

>

5 8 13 21 34 55 89 144 233 377 610
8 21 34’ 55 89 144’ 233" 377 610° 987

5 5 5 5 5 5 5 > >

3
5 8 13

1 2
1 3

2
Within the range 1 < ¢ < 1000, there are 16 such solution pairs, denoted by S,,(1000) = 16.
For general n € N, p,/q,, the n-th convergent of x;, corresponds to the n-th term in the
sequence above. The denominators g, are precisely the Fibonacci numbers, which satisfy the
closed form
I ORI
" V5 V5
where ¢ := (/5 + 1)/2 is the golden ratio. Equivalently, n ~ log q,/log ¢. Thus, for any
Q € N, the number of solution pairs up to denominator Q satisfies S,,(Q) ~ log Q/log ¢.
The general study of counting such solutions in Diophantine approximation is known as the

quantitative problem.

We now turn to quantitative refinements of Khintchine’s Theorem (Theorem 1.2.6) and the
Koukoulopoulos-Maynard Theorem (Theorem 1.2.8). Let  : IN — [0, 1/2]. The restriction
on the range of i/ guarantees that for any x € I, if (p, q) € Z x N satisfies inequality (1.7),

then p is uniquely determined by q and x. Indeed, inequality (1.7) implies
Lgr<p<iy
p TaX<p<35+9%

so that for fixed q and x there can be at most one integer p in this interval. Consequently,

the number of solution pairs (p, q) for x is simply the number of admissible denominators gq.
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With this observation, we define for any x € I the counting function Sy, : N — IN U {0} by

p

for some p € Z.} .
q

Syx(Q) 32#{‘]611\1” [1,0] : ‘x—

V@
q

Thus Sy (Q) counts the number of solution pairs (p,q) € Zx N with1 < ¢ < Q.

By Khintchine’s Theorem (Theorem 1.2.6), if ¢y : IN — [0, 1/2] is non-increasing and the

series (1.13) diverges, then for almost every x € I,
éim Sy(Q) = +oo. (1.20)

Schmidt’s Theorem [44] provides a quantitative refinement of (1.20), describing the growth
rate of Sy .(Q) for almost every x € I via an asymmetric big-O notation. The version below,
due to [13, Theorem 4.1], sharpens Schmidt’s original statement [44, 45] by removing a growth

factor in the error term.

Theorem 1.3.1 (Schmidt [44, 13], 1960). Let y : IN — [0,1/2]. Suppose  is non-increasing

and (1.13) diverges. Then, for any ¢ > 0 and almost every x € I, as Q — oo,
Syx(Q) = 29(Q) + Oy (¥/4(Q) log™* ¥(Q)) ,

where for any Q € N, ¥(Q) := 23:1 ¥ (q).

In essence, Schmidt’s Theorem shows that for almost every x € I, the number of solution

pairs (p, q) € Z x N with 1 < ¢ < Q is asymptotic to 2¥(Q), up to the stated error term.

The implicit constant in the big-O notation may, however, depend on x. In Chapter 2, we
establish an effective refinement (Theorem 2.1.3) which makes the error term uniform outside
a small exceptional set. More precisely, given ¢, § > 0, there exist K. s > 0 and a measurable

set E. s C [0,1) with L(E, s) < J such that for every x € [0,1) \ E, s and every Q € I,
1Sy:(Q) — 2¥(Q)| < K. 5 (¥/*(Q) log***(¥(Q) + 2)) .

It is worth making a remark that the effective version of Schmidt’s Theorem is proved
by first establishing an effective version of the quantitative Borel-Cantelli Lemma (see Theo-

rem 2.1.2 in Chapter 2). Such effective forms of Schmidt’s Theorem are particularly valuable in
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applications, notably in the rapidly developing theory of interference alignment within wire-

less communication networks (see, for example, [1, 5] and the references therein).

We now turn to the quantitative form of the Koukoulopoulos—Maynard Theorem. With
this in mind, define, for any x € I, S}, .(Q) : N - N U {0} by, for any Q € N,

¢(q)

S;,X(Q) = # {q eNN[L,0Q]: ‘x for some p € Z such that ged (p, q) = 1. }

(1.21)

Thus Sj, . (Q) counts the number of reduced rationals p/q with 1 < g < Q that approximate

x within the error ¥(q)/q.

By the Koukoulopoulos-Maynard Theorem, if (1.14) diverges, then for almost every x € I,

hm S]//X(Q) (1.22)

In close analogy with Schmidt’s refinement of Khintchine’s Theorem, a quantitative version

of (1.22) was recently established by Aistleitner-Borda-Hauke [2, Theorem 1]:

Theorem 1.3.2 (Aistleitner-Borda—Hauke [2, Theorem 1], 2023). Let y : N — [0,1/2].

Suppose (1.14) diverges. Then, for any C > 0 and almost every x € I, as Q — oo,

5:.(0) = 2¥°(Q) + Oyc (&) ,

log® ¥*(Q)
where for any Q € N, ¥*(Q) := qu:1 Y(@e(q)/q.

As in Schmidt’s Theorem, the implicit constant in the error term may depend on x. In
Chapter 3, we prove effective analogues (Theorems 3.1.1 and 3.1.2) showing that, for any
fixed § > 0, the implicit constant can be made uniform outside an exceptional set of Lebesgue
measure at most §. This parallels the effective refinement of Schmidt’s Theorem discussed

earlier.

More recently, Koukoulopoulos—Maynard-Yang [26] obtained a sharper error term:

Theorem 1.3.3 (Koukoulopoulos—Maynard-Yang [26], 2024). Let ¢y : N — [0,1/2]. Sup-

pose (1.14) diverges. Then, for any ¢ > 0 and almost every x € I, as Q — oo,

S;,(Q) = 2¥7(Q) + Oy (¥ (Q)/**).
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It is natural to ask whether Theorem 1.3.3 admits an effective form. However, we do not

pursue this question in the present thesis.

1.4 Liiroth Representation of Numbers

We briefly introduced the continued fraction expansion of a real number in Section 1.1. In
this thesis, we also consider its linear analogue, known as the Liiroth expansion, first studied

by Liiroth [34] in 1883.

For any x € (0, 1], there exists a unique sequence of integers (d, = d,(x))en, each satis-

fying d,, > 2, called the digits of x, such that

X = [dl,dz, dg,...,dn,...] (123)

= Z 5 (d 5 (1.24)

We refer to (1.23) as the Liiroth representation of x and to (1.24) as the Liiroth expansion. To
avoid confusion with the continued fraction representation [ay, a,, ...|, we adopt the conven-

tion that brackets enclosing d’s always denote the Liiroth representation.

The digits of x are obtained through an iterative process defined by the Liiroth map. The

map T : (0,1] — (0, 1] is given by

o)

X

+1

x — 1) , (1.25)

As illustrated in Figure 1.1, the map T is piecewise linear with countably many branches,
each defined by a distinct affine function. The first digit of x is d;(x) = |1/x] + 1, and more

generally, for n > 2, the n-th digit is obtained recursively as d,(x) = d;(T"'(x)).
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T(x)

1/3 1/2 1

Figure 1.1: Liroth Map T : (0,1] — (0, 1]

For any x € (0,1] and n € N, the n-th convergent of x is defined as the n-th partial sum of

the Liiroth expansion (1.24):

n

1
x, = [dy, dy, ds, ..., d,] = -
b kZ:; d [T di(d; - 1)

1 1 1 1
= —+ - + ot :
di  di(di—1)d,  di(di — 1)dy(d; — 1)ds di(dy = 1)+ dy1(dpy — 1)d,

We express each convergent x, in rational form by writing its numerator P,(x) and denomi-

nator Q,(x) explicitly. For n € IN, define

Po(x) 1= [dy, dyy e, dn] Qu(), (1.26)
0.0) = d, [ d(d, ~ 1) = di(ds — Ddo(dy — 1) d. (1.27)

Thus, the n-th convergent of x can be expressed as x, = P,(x)/Q,(x). It is important to note
that the fraction P,(x)/Q,(x) is not necessarily in lowest terms. For instance, if x = 27/71 =
[3,4,3,4,3,4,...], then for every n > 2 we have gcd (P,(x), Qn(x)) = 2 > 1, so the convergents

are always reducible in this case.
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Let y : N — (0, 1]. We define the set of Liiroth -well approximable numbers as

P
0.(x)

< w(Qn(x»} 125

L(¢) :=limsup {x €(0,1] : 'x 0,()

n—+oo

This set serves as the natural analogue, in the Liiroth setting, of the classical sets of -well
approximable numbers in Diophantine approximation. An analogue of Khintchine’s Theorem

(Theorem 1.2.6) was formulated by Tan and Zhou [48], and discussed in [49]:

Theorem 1.4.1 (Tan—Zhou [48, 49], 2021). Let  : IN — (0, 1]. Suppose V is non-increasing.
Then
0, i oo —i(q)log y(q) < 400;

q=1 q

LLY) =
1, if 230:1 —V(PDlog¥(@) _ | o

q

Theorem 1.4.1 was first stated in [48] and attributed to earlier work in [49]. However,
[49] does not present the theorem in this form: it only establishes a statement that is in fact
equivalent, without explicitly formulating the equivalence or providing a proof. In Chapter 4,

we supply the missing details to a proof of Theorem 1.4.1.

For 7 > 0, define the set of Liiroth t-well approximable numbers by

1
0. } | (29

P
0.(x)

L(r) :=limsup {x € (0,1] : ‘x

n—+oo

Equivalently, L(7) coincides with L(1/) for the choice ¥/(q) := ¢, g € N.

Cao-Wu-Zhang (CWZ) established the following dimensional result, which may be viewed

as the Liiroth analogue of the classical Jarnik-Besicovitch Theorem (Theorem 1.2.9).
Theorem 1.4.2 (CWZ [8, Theorem 1.2], 2013). Forany t > 1,

1
1+ 7

dimL(7r) =

In comparison, the classical set W(r) of r-well approximable numbers has Hausdorff
dimension 2/(1+ 7); thus, the Liiroth analogue exhibits only half the dimension. Since CWZ’s
result requires 7 > 1, the possible range of dimensions is restricted to (0, 1/2], leaving the

interval (1/2, 1] unaccounted for.
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Several subsequent works (e.g. [48, 49]) claimed, without proof, that CWZ’s formula
should in fact hold for all 7 > 0. In Chapter 4, we confirm this claim and provide a complete
argument, which both extends the range of 7 and simplifies the original proof by appealing

to the Mass Transference Principle (Theorem 1.2.12).

Theorem 1.4.3. Foranyt > 0,

dimL(7r) =

1+7
Let y : N — (0, 1]. Define the lower and upper orders at infinity of 1/¢ by

1 1
¢, = liminf — 28 V9, 7, i lim sup 25 V(@)

: (1.30)
q—+o0 log q q—>+oo log q

Tan-Zhou [48] proposed the following conjecture for the Hausdorff dimension of L(1/), which

may be viewed as the Liiroth analogue of Dodson’s theorem (Theorem 1.2.11).

Conjecture (Tan-Zhou [48], 2021). Let  : IN — (0, 1].

dim L(y) = .
O

Our next result (Theorem 1.4.4) shows that without a monotonicity condition on i, this
conjecture fails. In particular, it is possible to construct functions i for which the predicted

dimension is strictly larger than the true one.

Theorem 1.4.4. For any T > 0, there exists  : N — (0, 1] such that { is not non-increasing,

I, =71, and

im L = .
dim L(¢) 0<1+£¢

This demonstrates that the Tan—Zhou conjecture requires refinement. In particular, mono-
tonicity of i should be imposed.

Conjecture 1.4.5 (Revised Tan-Zhou Conjecture). Let  : N — (0,1]. Suppose ¥ is non-

increasing. Then,
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In Chapter 4, we establish a partial result (Theorem 4.1.3) towards this revised conjecture.

1.5 Fourier Analysis in Metric Number Theory

Let F C [0,1] and let p be a probability measure on F. The Fourier transform of u is defined
by

A(E) = / e (dx),  EER

A key object of study is the class of measures with the Rajchman property, namely those for
which

Jim f(&)=0. (1.31)

If such a measure y exists, the underlying set F is called an M;-set. Intuitively, the Rajchman
property expresses a form of regularity: the measure does not concentrate too heavily at any

given scale.

Beyond mere vanishing at infinity, one is often interested in quantifying the rate of decay.

Given a function ® : IN — R*, we say that @ is a decay rate of p if

(&) = 0 (@ (&) (1.32)

In particular, if ®(n) — 0 as n — oo, then (1.32) provides a quantitative refinement of the

Rajchman property (1.31).

Classical results of Lyons [35] demonstrate how decay rates of ji can be translated into
uniform distribution properties. The guiding principle is that faster Fourier decay of y allows

for stronger conclusions.

Theorem 1.5.1 (Lyons, 1986; [35, Theorem 4]). Let F C [0, 1] and p be a probability measure

on F. Suppose, there exists a non-increasing ® : IN — R* such that as ¢ — +o0, (1.32) holds and

[s+]

> o) e (1.33)

nlogn

n=2

Then, for any sequence (q,)nen Of positive integers and pi-almost every x € F, if inf e qns1/qn >
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1, then the sequence (q,x mod 1), is uniformly distributed in [0, 1).

In particular, for any ¢ > 0, a logarithmic decay of the form ®(n) = O(log™* n) is sufficient
to satisfy (1.33). When ® decays faster, for instance a power-law ®(n) = O(n™¢) with ¢ > 0,

one can dispense with the growth restriction on (g,) altogether:

Theorem 1.5.2 (Lyons, 1986; [35, Theorem 3]). Let F C [0, 1] and p be a probability measure

on F. Suppose, there exists a non-increasing ® : N — R* such that as ¢ — +o0, (1.32) holds and

i () < +oo, (1.34)

n

n=1

Then, for any strictly increasing sequence (g,)new Of positive integers and pi-almost every x € F,

the sequence (q,x mod 1),en is uniformly distributed in [0, 1).

These results vividly illustrate the power of Fourier analysis in metric number theory:
the stronger the decay of /i, the more flexibility one gains in establishing uniform distribution
properties. Accordingly, deriving sharp decay estimates for measures supported on sets of

Diophantine interest remains an important direction of research.

In the works of Kaufman [21] and Queffélec-Ramaré [42], sets of numbers whose con-
tinued fraction partial quotients are restricted to a finite alphabet .A C IN have been studied.
In view of Theorem 1.1.2, such sets are contained in the set of badly approximable numbers.
The above works establish that, provided their Hausdorff dimensions exceed certain thresh-
olds, these sets support probability measures p whose Fourier transforms satisfy both (1.32)

and (1.34) with ® exhibiting power-law decay.

Recall that we have defined the continued fraction of a real number in (1.2). Define, for

any A C NN, the set
Fu :={lay, a5, as,...] : a, € A forall n € N}
and for any N € IN, the set Fy := Fxn[in]. It is easily verified that

U FN = Bad,

NelN

the set of badly approximable numbers in [0, 1], as defined in (1.4).
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Theorem 1.5.3 (Kaufman, 1980; [21]). Let N € IN \ {1}. Suppose, the Hausdorff dimension of

Fy, dim Fy > 2/3. Then, there exists a probability measure jiy on Fy such that as & — +oo,

fin(&) = O (1)

Theorem 1.5.4 (Queffélec-Ramaré, 2003; [42, Théoreme 1.4]). Let A C IN be finite. Suppose,
dimF4 > 1/2. Then, for any e > 0 and 1/2 < § < dim F4, there exists a probability measure

Uaes on Fy such that as & — Foo,

HAes(E) = O (|E]77),
wheren 1= 6(26 —1)/((26 + 1)(4 — 5)) > 0.

The result of Queffélec-Ramaré improves that of Kaufman in several respects: it applies
to the more general sets F4, requires only the weaker threshold dim F, > 1/2, and provides
sharper decay rates with explicit parametrisation. By Hensley’s approximation [15, Table 1],
see also [14, (4.10)],

1/2 < dimF, = 0.5312805... < 2/3,

so the result of Queffélec—Ramaré applies in cases where Kaufman’s does not. In both results,
the constructed measures satisfy (1.32) and (1.34) with power-law decay, so Lyons’ theorem

[35, Theorem 3] applies to these sets.

In the work of Li-Sahlsten [33], self-similar probability measures supported on self-similar
sets (see below) are studied. One of their key results [33, Theorem 1.3] shows that for any non-
singleton self-similar set satisfying a certain non-Liouville condition, every self-similar prob-
ability measure p supported on the set satisfies both (1.32) and (1.33) for some & exhibiting

logarithmic decay.

Definition (Self-similar Set). Let F C [0, 1]. F is said to be a self-similar set if, there exist a

finite set A and its collection of similitudes f,, : [0,1] — [0, 1] such that

F=]) £, (1.35)

weA

where for any w € A, there exist a contraction ratio r,, € (0,1) and a translation b,, € [0, 1]
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such that for any x € [0, 1],
fu(x) =r,x+Db,. (1.36)

Definition (Self-similar Measure). Let y be a probability measure on a subset of [0, 1]. y is
said to be self-similar if, there exist a finite set .A and its collection of similitudes (1.36) such

that

p=y pupo fu (1.37)

weA

where the weights (p,,)wea satisfy ), 4 pw = 1 and for any w € A, p,, > 0.

By Hutchinson’s results [18, Theorems 3.1.(3)(i), 4.4.(1)(i)], any finite collection of simil-
itudes admits a unique non-empty compact self-similar set F satisfying (1.35), and together

with weights (p,,), there exists a unique self-similar probability measure p satisfying (1.37).

In Diophantine approximation, the notion of non-Liouville numbers (sometimes called

Diophantine numbers) naturally generalises badly approximable numbers.

Definition (Non-Liouville Number). Let 6 € R and [ > 0. 6 is said to be non-Liouville of

degree [ if, there exists ¢ > 0 such that for any p € Z and g € N,

)9—3‘ > & (1.38)

c
ql = ¢
Badly approximable numbers are exactly the non-Liouville numbers of degree 2. By

Dirichlet’s Theorem (Theorem 1.1.1), every non-Liouville number must have degree at least

2.

Theorem 1.5.5 (Li-Sahlsten, 2022; [33, Theorem 1.3]). Let F C [0, 1] be a self-similar set of
the form (1.35) associated with similitudes (1.36) for a finite set A. Suppose, F is not a singleton,
and there exist j, k € A and | > 2 such that log r;/ log ry is non-Liouville of degree . Then, for

any self-similar measure j1 on F, there exists f > 0 such that as £ — +oo,
(&) = 0 (log " |£]) . (1.39)

The logarithmic decay (1.39) guarantees that both conditions (1.32) and (1.33) are satisfied.
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However, the parameter f is left implicit, and its explicit dependence on the probability mea-
sure p and the underlying self-similar set F remains unknown. This lack of explicitness limits
its usefulness in applications. For instance, the result of Pollington—Velani-Zafeiropoulos—
Zorin (PVZZ) [41, Theorem 1] (see Theorem 1.6.4 in Section 1.6) requires 8 > 2 as a threshold
to guarantee sufficient decay. Without an explicit expression for f, it is impossible to verify

whether this requirement is met in concrete cases.

In Chapter 5, we resolve this issue by deriving an explicit formula for § in (1.39) for gen-
eral self-similar probability measures (Theorem 5.1.1). The expression is given in terms of
the upper regularity exponents of y together with the non-Liouville degree [ of the logarith-
mic ratio of contraction ratios. Moreover, we show that f§ is maximised when the self-similar
set satisfies the open set condition (a disjointness condition) (Theorem 5.1.3). Finally, as an
application, we establish decay bounds for sets of numbers whose digits in their Liiroth ex-
pansions are restricted to a finite alphabet, paralleling the classical case of continued fractions

(Theorem 5.1.4).

1.6 Inhomogeneous Diophantine Approximation

In view of (1.5), Dirichlet’s Theorem implies that for any x € I, the sequence (|gx|)qen ap-
proximates the point 0 infinitely often with an error 1/g. Inhomogeneous Diophantine ap-
proximation generalise this study, by replacing the point 0 to arbitrary y € I. That is, for any
y € I'and x € I, how well can the sequence (||gx|)4en approximate the point y infinitely of-
ten? Equivalently, how well can the sequence (| gx — y[)4en approximate the point 0 infinitely

often?

Khintchine proved the following result as an analogue to Dirichlet’s Theorem.

Theorem 1.6.1 (Khintchine). For any x € INQ, y € R and ¢ > 0, there exist infinitely many
q € N, such that

X .

Similar to W (), as defined in (1.6), the study can be generalised under the inhomoge-
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neous setting. Let y : N — R* be a function and y € I. Define

W(y;y) :=limsup{x €I : [gx — y| < ¢¥(q)}.

q—o0

The theorem of Sziisz [47] generalises Khintchine’s Theorem (Theorem 1.2.6) to inhomoge-

neous cases.

Theorem 1.6.2 (Sziisz [47], 1958). Let y : IN — R* and y € 1. Suppose y/ is non-increasing.
Then

0. if T Y(q) < +oo;
LOW(Y:y) =

L if Y ¥(q) = +oo.

The Hausdorff dimension of W(; y) is given by the following result of Levesley [30].
Theorem 1.6.3 (Levesley [30], 1998). Let  : IN — R*. Suppose ¢ is non-increasing. Then,

foranyy el

2
dim W(¢;v) = ,
WD =

where 7, > 1 is the lower logarithmic order of 1/, defined in (1.18).

Similar to previous discussion, with Theorem 1.6.2 in mind, one of the further study is to

quantify the number of solutions g € IN to the following inequality:

lgx =yl < ¥(q),

where 1 < ¢ < Q, y € I and a function ¥ : N — R™.

We first give some definition, and then present some results on the quantitative problems
for inhomogeneous Diophantine approximation on M,-sets. Let A = (g,)nen be a sequence

of positive integers. A is said to be lacunary if, there exists K > 1 such that for any n € N,

KLIS (1.40)
G

in particular, A is strictly increasing. Let a € (0,1) and A = (g,)nen be a sequence of positive
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integers. A is said to be a-separated if, there exists m, € IN such that for any integers m, <

m < n, if there exist s, + € IN such that

1< |sqn — tqal < g,

then s > m'2.

Let ¥ : N — (0,1] be a function, y € [0,1] and A be a strictly increasing sequence
of positive integers. Similar to the expressions in previous section, we define the counting
function for the inhomogeneous Diophantine approximation. Define, for any x € [0, 1] and

N e NN,

R(x,N) :=R(x,N;y, ¥y, A)=#{1<n<N : |g.x -yl < ¢¥(gu)}. (1.41)

In a work of Pollington—Velani-Zafeiropoulos—Zorin (PVZZ) [41], the following results
are presented. The results can be compared with the classical Schmidt’s Theorem (Theo-
rem 1.3.1), and the recent Aistleitner-Borda—Hauke theorem (Theorem 1.3.2), and also its

improved version, the Koukoulopoulos—Maynard-Yang Theorem (Theorem 1.3.3).

Theorem 1.6.4 (PVZZ [41, Theorem 1], 2022). Let F C [0,1] and p be an non-atomic proba-
bility measure supported on F. Let y € [0,1] and ¢y : N — (0, 1] be a function. Let A = (¢y)nen

be a lacunary sequence of positive integers. Suppose, there exists A > 2 such that as || — +oo,
(&) = O (log™[¢]) . (1.42)
Then, for any € > 0 and p-almost every x € F, as N — o0,
R(x,N) = 2¥(N) + O (Y**(N)log*** (¥(N) + 2)) ,

where for any N € N, ¥(N) := YN 4(q,).

Theorem 1.6.5 (PVZZ [41, Theorem 4], 2022). Let F C [0,1] and p be an non-atomic proba-
bility measure supported on F. Let y € [0,1] and ¢ : N — (0, 1] be a function. Let A = (gy)nen

be an a-separated sequence. Suppose there exists A > 2 such that as |E] — +o0, (1.42) is satisfied.
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Further, assume that A = (q,)new Satisfies the following growth condition:

log g, > Cn"/®.

Then, for any € > 0 and pu-almost every x € F, as N — o0,
R(x,N) = 2¥(N) + O ((¥(N) + E(N))"/*log*"* (¥(N) + E(N) + 2)),
where for any N € N, ¥(N) := YN y(q,) and

E(N) i= 3} > (gm g»)min (% M) :

1<m<n<N qn

As in Schmidt’s Theorem (Theorem 1.3.1), we have no information regarding the im-
plicit constants in the error term. These constants may depend on x in both Theorems 1.6.4
and 1.6.5. In Chapter 6, we establish effective analogues (Theorems 6.1.1 and 6.1.2), which
show that for any fixed § > 0, the implicit constant can be made uniform outside an excep-

tional set of Lebesgue measure at most 6.



Chapter 2

Effective Harman and Schmidt

In this chapter, we discuss two quantitative refinements of the divergent Borel-Cantelli Lemma
(Lemma 1.2.4), namely Lemmas 2.0.1 and 2.0.2 due to Harman [13]. These results are central
tools in establishing effective versions of quantitative statements in metric number theory,
including Schmidt’s Theorem (Theorem 1.3.1). Our aim here is to make these results fully

effective and thereby extend their range of applications.

2.0.1 Quantitative Borel-Cantelli

The following two lemmas of Harman provide quantitative estimates for sums of measurable
functions under variance-type conditions. They are often employed in the proofs of quanti-

tative distribution results, most notably Schmidt’s Theorem.

Lemma 2.0.1 (Harman, 1998; [13, Lemma 1.4]). Let (X, Q, p) be a measure space. Suppose
0 < p(X) < +oo. Let (fi)rew be a sequence of non-negative ji-measurable functions on X. Let

(g ke and (@i)rew be sequences of real numbers so that for any k € N,
0<gk<¢r<1

Let ®(N) := X, k. Suppose, limy_. P(N) = +oo and there exists K > 0 such that for any
n € NN,

1<k<n 1<k<n

/X ( D (fk(x>—gk)> p(dx) <K Y g (2.1)

42
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Then, for any € > 0 and p-almost every x € X, as N — oo,

N N
Y A =) g+ Oper (B2(N) log!** (B(N) + 2)) . (2.2)

k=1 k=1
In statistical terms, gr may be interpreted as the “expected value” of fi(x) over x € X,
while condition (2.1) is a variance bound controlling deviations from expectation. The next
lemma strengthens this result: under a stronger variance control, the error term improves to

essentially the optimal order.

Lemma 2.0.2 (Harman, 1998; [13, Lemma 1.5]). Let (X, Q, y) be a measure space. Suppose
0 < p(X) < +oo. Let (fi)rew be a sequence of non-negative p-measurable functions on X. Let

(gken and (@i)ren be sequences of real numbers so that for any k € IN,
0< g < <1

Let ®(N) := Yo, ¢x. Suppose limy_,. ®(N) = +oo and there exists K > 0 such that for any

m,n €N,

A ( > (fk(x>—gk)> pdx) <K Y o

m<k<n m<k<n

Then, for any ¢ > 0 and p-almost every x € X, as N — oo,

N N
D fix) =) g+ Opex (9V2(N) log™*** (B(N) + 2)) . (2.3)

k=1 k=1
As noted in [13, Page 16], the exponent 1/2 in Lemma 2.0.2 is best possible, while the log-
arithmic factor cannot, in general, be improved beyond log'/?log ®(N). A natural question
then arises: can the dependence on x in the implicit constant of the big-O term in (2.3) be
eliminated? Unfortunately, the answer is negative, as the following counterexample demon-

strates.

Let X = [0,1), let Q be the Lebesgue o-algebra on X, and let p = L denote the Lebesgue
measure. For each k € N, define f; : [0,1) > R" by

1
filx) = m,
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and set gy := @) := 1. One verifies that the assumptions of Lemma 2.0.2 hold, e.g. with K = 1.
Taking ¢ = 1/2, we obtain for any N € N and x € [0, 1),

— 1| < a,N"%1log? (N + 2)

N‘Z(l - x)/3
1 -x)"3/2 -1

ax = )

N1/2log® (N +2)

where «, denotes the implicit constant in (2.3). In particular, lim,_,;- &, = +oo, showing that
the implicit constant can become arbitrarily large as x approaches 1. Hence the constant

in (2.3), and likewise in (2.2), cannot in general be made uniform in x.

Nevertheless, for any § > 0, it is possible to achieve uniformity of the implicit constants
for all x € [0, 1) except on a subset of Lebesgue measure at most §. This refinement is com-
monly referred to as making the statement effective. In the next section, we present such
effective versions of the above lemmas, namely Theorems 2.1.1 and 2.1.2, which in turn en-

able us to formulate an effective version of Schmidt’s Theorem (Theorem 1.3.1).

2.1 Results

2.1.1 Effective Harman

We now present effective versions of Lemmas 2.0.1 and 2.0.2.

Theorem 2.1.1 (L.-Scoones, 2024; [29, Theorem 2]). Let (X, Q, i) be a measure space. Suppose
0 < p(X) < 400. Let C > 0 and (fi)rew be a sequence of non-negative u-measurable functions
on X, so that for any x € X and k € N, fi(x) < C. Let (gr)ken and (¢r)ren be sequences of real

numbers so that for any k € N,
0< g <o <1, (2.4)

Let ®(N) := Yo, @x. Suppose limy_,., ®(N) = +oo and there exists K > 0 such that for any
n €N,

[( < 3 (fk(x>—gk)> WA <K Y o (2.5)

1<k<n 1<k<n
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Then for any ¢ > 0 and 6 > 0, there exists K. s > 0 and a pi-measurable E. s C X such that

L(E.s) < 6 and forany x € X\ E.s and N € N,

Z fi(x) = Z 8k

< Kes (9*(N) log*** (#(N) +2)) ,

k=1 k=1
where
. CN,s 4 (log4/log3)"™* 1+e¢ 1
Ko = max 2/31 . 1/3+¢ ) 2¢/3 4+ ] + 1te )
max (<I>0 log "™ (g + 2), 1) log“’” (dy + 2) og3 4log ™4

in which @, := min{®(n) € R* : n € N} is the minimal non-zero value that ® attains, and

N, s 1= min {n eN : &(n)> j2slog"™ (s + 2)},

1+log3 \"°
exp TK .

Theorem 2.1.2 (L.-Scoones, 2024; [29, Theorem 3]). Let (X, Q, ) be a measure space. Suppose

js,é =1+

0 < p(X) < 400. Let C > 0 and (fi)rew be a sequence of non-negative u-measurable functions
on X, so that for any x € X and k € N, fi(x) < C. Let (gc)renw and (¢ )rew be sequences of real

numbers so that for any k € N,
0< g < <1
Let ®(N) := Yo, @. Suppose limy_,.. ®(N) = +oo and there exists K > 0 such that for any

m,n € IN,

m<k<n m<k<n

/X( D (fk(x)_gk)> dx<K ), ¢ (2.6)

Then for any ¢ > 0 and 6 > 0, there exists K, s > 0 and a pi-measurable E. s C X such that
L(E.s5) < 6 and forany x € X \E.s and N € N,

Z fi(x) = Z 8k

k=1 k=1

< K5 (@'4(N) log®*** (B(N) +2)) ,
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where

, CN,s 2 (log 4/log 3)*/** 1
K5,5 .= max A (@1/2 10 3/2+¢ 5 3/2+¢/2 1+ W S
o “log** (g +2) + f1,1)  log 2 J2log¥/? 4

in which @, := min{®(n) € R* : n € N} is the minimal non-zero value that & attains, and

N,s :=max{n € N : &(n) < r.s},
2K\ V¢
£o

Recall the counting function R(x, N) defined in (1.12). By choosing X := [0,1) with Q

Tes *= + 1.

the Lebesgue o-algebra and p the Lebesgue measure, and setting

1, ifxe E,
filx) == gk = p(Eyp), er =1,
0, if x ¢ Ek,

Theorem 2.1.2 yields effective estimates for R(x, N), provided the sequence (E,),cn is pairwise

independent.

As discussed in [29], further consequences include effective results for the strong law of
large numbers and for normal numbers. In the following subsection, we demonstrate how

Theorem 2.1.2 can be applied to obtain an effective version of Schmidt’s Theorem.

2.1.2 Effective Schmidt

In the setting of quantitative Diophantine approximation, Schmidt’s Theorem (see Theo-
rem 1.3.1) admits an effective formulation. In other words, for any § > 0, the implicit con-
stants in the error term can be made uniform, except possibly on a subset of [0, 1) of Lebesgue

measure less than §.

Theorem 2.1.3 (L.-Scoones, 2024; [29, Theorem 1]). Let  : IN — [0,1/2] be non-increasing.
Suppose (1.13) diverges. Then for any ¢ > 0 and § > 0, there exists K, 5 > 0 and a measurable
E.s C[0,1) such that L(E.s5) < & and for any x € [0,1)\ E.5 and Q € N,

1Sy.£(Q) — 2%(Q)| < K. 5 (¥'/%(Q) log™“(¥(Q) +2)) ,
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where for any Q € N, ¥(Q) := quzl ¥(q), and
2K. 1/e
I3
28 + 858(¢ + 1)7¢
Ks = 2+e¢ :
Y2 (1) log™* (Y(1) + 1)

N, s = 2max { neN : +1 > 44%(n)log (3¥%(n) + 3)log (21log (3¥*(n) + 3))},

A similar effective statement holds for the Aistleitner-Borda—Hauke Theorem (see The-

orem 1.3.2), which we state as Theorem 3.1.2 in Chapter 3.

2.2 Proofs

The proofs of Theorems 2.1.1 and 2.1.2 begin with an effective version of the convergent part

of the Borel-Cantelli Lemma.

Proposition 2.2.1 (Effective (Convergent Part of) Borel-Cantelli Lemma). Let (It)ren be a

sequence of measurable sets on [0, 1). Suppose

L) < +oo.
k=1

Then, for any > 0, there exists N5 € N such that

L ( O Ik> < 6.
k=Nj

2.2.1 Proof of Theorem 2.1.1

Define, for any N € N and x € X,
N N
¥(N,x) = Y. filx), ¥(N) = ) g E(N,x) :=¥(N,x) — ¥(N).
k=1 k=1
Pick any ¢ > 0. Define, for any j € N,

N, :=min{neN : &(n)> j’log"™"* (j+2)}, (2.7)

Aj={xeX : |[EN;,x)|> j*log"* (j+2)}. (2.8)
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The assumption ¢(n) — oo guarantees that N; is well-defined for all j € IN.

By considering (2.5), we have that

p (Ay) min ([E (N, x) [!) < / (Z(fk<x)—gk)2>du<x>s /X (Z(fk<x)—gk>2>du<x)
J k=1

€A;
xe4y k=1

< KO(N)). (2.9)

We have from the above and the definition of A; in (2.8) that

Ko(N;))
min,es, (1E (N}, x) )
Ko(N))
~ (Plog" (i +2)
Ko(N))

= . 2.10
j410g2+2€ (]+2) ( )

p(4) <

From (2.4) and the definition of N; in (2.7), we have the two-sided bound
Flog™ (j+2) < ®(N)) < flog' ™ (j+2) + 1.

By applying the above and (2.8) to (2.10), it follows that

WA < Kjilogif (j + 2)+K
Jj*log?™# (j +2)
- (1+1log ' 3)Kj*log"** (j + 2)
B JHlog®* (j +2)
_ 1+log 3

aslog'**3 < j3log'** (j + 2) for all j € N. Pick any & > 0. Define

1+ log ¢ 1/e
exp (%K) } .

je,(S =1+
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It follows that

(o]

Z ‘U(AJ) < /co (1 + lnglfg 3)K i

1+e
J=Jes Jes—1 x log x

—1-¢
Elog (]8,5 - 1)

Let

Es= ] A,

J=Jes

By sub-additivity of measures and (2.11),

H(Ees) = p ( U Aj) < Y A <.

J=Jes J=Jes
We next provide two technical lemmas used in the final estimate.
Lemma 2.2.2. For every integer j > 2,

N 1+€+ 1
log3  4log'**4

‘KN»—%MWA)S(3 )fk@”%j+®,

where N; is given in (2.7).

Proof. Define a function g : R - R

g(j) = jflog™(j+2),  j>o.

49

(2.11)
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Pick any integer j > 2. By the Mean Value Theorem, there exists &; € (j — 1, j) such that

gD -G -1 =g

=3¢ log ™ (& +2) + .fijr 2(1 +¢e)log’ (& +2)
<3 log™t (& +2) + 10223(1 + &) log' ™ (& + 2)

1+e¢ .

1+¢
3+ —— ) flog!te (j + 2).
<( log3>J og " (j+2)

By (2.7), we have that
®(N;—1) < jflog™* (j+2)< @ (N;).
With (2.4), we have that for any j > 2,
D(N;) —¥(N;) > ¢(N;-1) — ¥(Nj-1),

due to the fact that

N;
O(N) —¥(N) = (O(N_) —¥(N-)) + . (or— &),
k:Nj,1+l
and by (2.4) both terms on the right hand side are greater than or equal to zero. From the

above and j > 2, it follows that,

W(N) = ¥(N; 1) < BN = B(N;1) = BN, = 1) + gy, — P(N;) < g() = gG— D +1

jlog"(j + 2)
4log'*“ 4

1+¢
<|(3+——=)flog™(j+2)+
( logg)J og " (j+2)

1+¢ 1
=(3+ + *log'™* (j + 2),
( log 3 4log1”4> Jlog™ (j+2)

as stated in the lemma. O
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Lemma 2.2.3. For any ¢ > 0 and integer j > 2,

4 log4\ '™
Jlog™ (j+2) < log®/* (@, + 2) (loi 3) PR log ™ (B0 + 2)
0

Proof. One checks that for any j > 2,

Flog' e (j +2) _y [logt e
(j—1)?log"“(j+1) = \log3
By (2.7), we have that

log 4
log3

1+¢
j210g1+€(j+2)§4< ) (j_1)210g1+£(j+1)

l 4 1+e
34(3&) PP (Nj1) log™* 7 (P(Nj-1) + 2)

log3
< 4 (10g4>1+E @2/3(N- 1)logl/3+£ (@D(N 1)+2)
= log®/? (@, + 2) \log3 & & ’
as stated in the lemma. ]

We are now ready to prove Theorem 2.1.1. Pick any x € X \ E, s and N € IN. Suppose in
the case that N > N ;. Since by assumption, lim,_., (n) = +oo, there exists j € IN such that
N;-;1 < N < N;and j > j. 5. Hence x € X \ A;. It follows from (2.8), Lemma 2.2.2 and Lemma

2.2.3 that,

P(N,x) —¥(N) < ¥(N;,x) —¥(N;_1)
< ¥Y(N;, x) —¥(N;) + ¥(N;) — ¥(N;-1)

< |E(Nj, x)| + ¥(N;) — ¥(N;_1)

1+ ¢ 1
< Plog(j+2)+ 3+ +
< jlog™ (j+2) ( log3 © 4log™ 4

1+¢ 1
=4+ + *log' ™ (j+2
( log3 410g1+64)1 g +2)

4(log4/log3)"™* 1+e 1 23 U3
4+ + P*P(N;i_)1 H(D(N;_1) + 2).
10g2£/3 (@0 +2) 10g3 410g1+£4 ( J 1) 0og ( ( J 1) )

)ﬂb§“0+2)
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Thus, we have

4(log4/log3)'**

Y(N,x)—-Y(N) <L
( x) ( ) logzg/3 ((PO + 2)

1+¢ 1
4+ + @*3(N) log!/>* (B(N) + 2).
( log 3 4log1+f4> (N)log (@(N)+2)

(2.12)
This proves the asserted bound for all N > N, s
Suppose in the case that N < N, 5. By the definition of fi(x) and g, for any N € N,
N
~N < 3 (fi(x) - g) < CN.
k=1

Without loss of generality, C > 1; indeed if it is not, then all the functions f; are also bounded
above by 1. We have that

N
> (filx) — g)| < CN. (2.13)
k=1

This proves the asserted bound for all N < N, 5. The proof of Theorem 2.1.1 is completed.

2.2.2 Proof of Theorem 2.1.2

The proof refines the spacing of the indices used in the proof of Theorem 2.1.1 and follows

the strategy of Harman [13, Lemma 1.5], results in a better control of error terms.

Define, for any j € N,
n; :=max{n € N : ¢(n) < j}.

For any j € N, j can be written in binary as

llog, j]

i= Y, 2’b(v),

v=0

where b : N x (IN U {0}) — {0, 1}. Define r; := [log, j] and

v=s+1

B; := {(i, s)e INU{0) x(INu{o}) : i = Z 27°b(j,v), b(j,s)=1,0<s< rj}
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One checks that [Bj| < r; + 1 and the following partition holds:

(0’ ”J’] = U (”i2%”(i+1)25]-

(i,5)€B;
An concrete example of how this works is given in [13] for j = 37.
Returning to the proof, define a function F by, for any x € X,
N(i+1)28
FG,s,x) = Y. (i(x)—g), iseNufo}
k=n;s+1
Then, by (2.14), for any x € X,

Z(fk(x) -8k = Z F(i, s, x).
k=1

(i,5)eB;

Define, for any ¢ > 0,

2
log™=™*/<2

The next lemma provides the key estimate we need.

53

(2.14)

x€X

(2.15)

Lemma 2.2.4. Foranye > 0 and § > 0, there existsE. 5 C X and r. s € N such that u(E. s) < 6,

and forany x € X \E.s andr € N, ifr > r. s then

D (filx) = go)| < M, r1og¥* (r + 2).

k=1

Proof. By (2.15), it suffices to prove that there exists r. s € IN such that for any r > r, s,

Z F(,s, x)

(i,s)€B;,

(i,s)€B,

< D IG5l < M /2 log?? (r+ 2)
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Define, for any r, i, s € N U {0} and x € X,

r 275-1

G(r,x) = Z Z F*(i, s, x), (2.16)

N(i+1)28

D@, 5) = ), ok

k=n;ys+1

A, = {x €X : G(r,x)> r2+€2r}. (2.17)

Pick any r € N. By (2.6),

r 27%-1

/ G(r,x)du(x) <K Y. Y @(,s)
X

s=0 i=0
r 27%-1

=Ky ¥ (@(ngp) — P(niz)

s=0 i=0

=K ) &(ny)
s=0

< K(r+1)®(ny)

< 2Kr2".

We obtain that

r* 2 u(A,) < / G(r,x)du(x) < 2rK2";

r

in particular, u(A,) < 2Kr ',

Pick any § > 0 and define

Tes *= 1+

2K 1/e
(&) |

It follows that

= ® 2K 2K
A) < dx = <é.
Z H(Ar) / g xite * e(res—1)° ~

r=res Te, 5~
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Following a similar argument as in the previous proof, define

Eg’(s = O A,.

r=res

By the sub-additivity of measures,

ma»=u<Lb{}sZum»<&

Ir=res r=res

Pick any x € X \ E, 5. For any r > r, 5, we have that x € X \ A, and

G(r,x) < r**e2". (2.18)

Pick any j € N such that j > 2™. Then, we obtain [log, j|] + 1 > r.s. Taking r =

[log, j] + 1 > r. s, we have that,

r 275-1

Z |F(l5 S, .X')| = Z Z |F(ls S, x)lXBj(is S):

(i,5)eB; s=0 i=0

where y3 (i, s) is the characteristic function on B;. Note that 2" < 2j. By applying this, the
Cauchy-Schwarz inequality, (2.16), (2.17) and (2.18), it follows that

ro 2701 1/2 ro277-1 12
ZWMM4:ZWWW><ZZMWO

(i,s)eB; s=0 =0 s=0 =0
= GY(r, x)|Bj|1/2
< plre/2or/2,1/2
— 9r/2,3/2+¢/2
< V2j' log) " j

V2 ]-1/2 log3/2+s/2

S Mg (jl/z 10g3/2+€/2j) ,

which proves the lemma. [
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Lemma 2.2.5. Forany e > 0 andr € N,

log 4
log 3

3/2+¢
(r+ 1)V log”*" (r +3) < V2 ( ) r/2log®**¢ (r + 2). (2.19)

Proof. This directly follows from the fact that:

(r+ 1)1/210g3/2+5(r+ 3) /r+ 1 [(log(r+3) 3/2ve <2 log 4 3/2ve
r1/21og®/**¢ (r + 2) a r log (r +2) - log 3 '

]

We are now ready to prove Theorem 2.1.2. Pick any ¢ > 0 and § > 0. By Lemma 2.2.4,
there exists a py-measurable E, 5 C X and r. s € IN such that u(E. s) < § and for any x € X\E, s

and r € N, if r > r, 5 then

< M, (r'/?1og®** (r + 2)) .

> () - g0
k=1

Pick any N € IN such that N > N, ;. Since, by assumption,

lim @(n) = lim n, = +oo,

n—o0

there exists r € IN such that n, < N < n,,; and r > r. 5. Note that for any x € X,

Nri1

ny N
Y ARE) <Y il < fil),
k=1 k=1 k=1

and for any x € X \ E, 5

Z(fk(x) — g < M, (r'/*1og®** (r + 2)), (2.20)
k=1
and
i(fk(x) —g)| < M, ((r +1)210g¥* (r + 3)) . (2.21)
k=1




2.2. PROOFS

By the fact that M, > 1, &(n,,;) < r+1and r < &(n, + 1), we have that

Nr+1 Nyr+1
8k = Zn+1 T Z 8k
k=n,+1 k=n,+2
Nri1
< &1 Z Pk
k=n,+2

<
max g+ D(n,41) — @(n, +1)

< max +(r+1)—r
max g ( )

=1+ max g.
1<k<N 8k

Since

Nri1

Z fi(x) — Z & < Z(fk(x) g) < Z filx) — Z ks

we have that

Z(fk(x) — &)~ 1 - max g < Z(fk(x) 8k)
k=1

Nri1

< — .
< kz_;(fk(x) g+ 1+ max g

Hence, by (2.19), (2.20) and (2.21), we obtain that

1 1/21. 3/2+¢
- M, <1+10g3/T€3> (r log (r+2)+1rélkzg]gk

< =M, (r'*log”** (r+2)) —1- max g

N
< D (filx) - g0)
k=1

((r +1)Y21og¥? (r + 3)) +1+ max g

1/2 3/2+¢
< NP g3/2+g4> ((r+1) log (r+3)+1r<r}i)§gk>

\/_M 1 10g4 Hate 7’1/2 log3/2+£ (7’+2)+ max
\/—log3/2“4 10g3 1sk§Ngk ’

57
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as r'/21og**"* (r + 2) > 1. Thus, as r < &(N),

< VeM, 1+ ! log 4 e r'/210g®*¢ (r + 2) + max
- ‘ JV2log***¢4 ) \log3 B 1k 5k

2 (i) - go)
k=1

<K.s (@l/z(N) log®#*¢ (®#(N) + 2) + max gk) . (2.22)
1<k<N
Inequality (2.22) holds for all N > N, 5. For the case of N < N, 5, we have

1<k<N

N
—N max g < Z (fi(x) — gr) < NC.
k=1

It follows immediately that

> (fulx) — &)
k=1

SN(C+ maxgk>.

1<k<N

Hence, we have that inequality (2.22) also holds for all N < N, 5. This concludes the proof of
Theorem 2.1.2.

2.2.3 Proof of Theorem 2.1.3

The proof of Theorem 2.1.3 follows the approach in [13, Section 4.1], which improves Schmidt’s

original method. We first make the results of [13, Lemmas 4.1-4.3] effective.

Lemma 2.2.6 (Effective version of [13, Lemma 4.1]). For any M,N,k € N, if M < N then

N

k, N-M
0£N—M+1—Z(p( m +log N, (2.23)
~ n k
where
o(k,n) == > 1L
1<m<n,

ged (m,n)<k

Proof. The first inequality in (2.23) is immediate since ¢(k, n) < n. For the second inequality,
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observe that

(p(k,n)Zn—Z Z

d m=1
dlr,im 0 mod d

Thus, for any M, N € N, if M < N then

N-M
>N-M+1-—— —logN.

]

Lemma 2.2.7 (Effective version of [13, Lemma 4.2]). Let ¥ : IN — R be an non-increasing

function, for any M, N,k € N, if M < N then

(1-1) % v vnoga - 3, Y0 < 57 Y00ED) 52

n=M

Proof. Pick any M, N, k € N with M < N. By partial summation,

N N-1 n N
3 YOk 5 (i gy 3 EEM ) Ly 3 2By
fapy” n n=M m=M m m=M m

Note that ¢(k, n)/n < 1, and applying this to the above and summing over n, it follows that
N-1 n N N
(k,m) (k, m)
<<¢(n> ) Y, FE ) yan Y R Ny,
m=M m m=M m n=M

n=M

which establishes the second inequality of the lemma.



60 CHAPTER 2. EFFECTIVE HARMAN AND SCHMIDT

To establish the first inequality, we apply the second inequality of (2.23) to (2.24), obtain-
ing that:

\V]

(¢(n)—¢(n+1))<n—M+1—”

i)

N
(n)—— Z Y(m) = y(M)logM+ Y, (D) (log!~log(I+ 1)

m=M+1 I=M+1

1= 17 1M

Z Vnjelen) (w(n) ) 3, 2 ””) Ly Y, HEm
/

1\ 5 o (V)
>(1-2 ) X v - y(M)logM - ,
n=M n=M n
where the last line follows from the fact that for any [ € N, log I — log(I + 1) > —1/L. ]

We now introduce several functions needed for the next lemma. For N € IN, define

¥(N) =) y(n),

[(N) :=V*(N)+1>1,
L(N) :=1log (3T(N)) > log3 > 1,
L,(N) :=1log(2L(N)) > log(2log3) > 1/2,

®(N):= ) 1<N. (2.25)

1<m<N,
ged (m,N)<I'(N)

Lemma 2.2.8 (Effective version of [13, Lemma 4.3]). For any N € N,

N
0< Z ¥(n) (1 - Q) < 40.6L(N)L,(N).

Proof. The first inequality follows directly from (2.25), as for any N € N,

N N
5 YO $ i)
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We now deal with the second inequality. Pick any N € IN. Define M, := 0 and

M] = 22j,
h :=min{j e N : ¥(N) < M;} > 1,

V, :=min{V e Nu {0} : ¥(V) > M,}.
Suppose initially that 4 > 2. By the definition of A,
2" log 2 = log M_; < log ¥(N) < 0.5L(N).
It follows that 2! log 2 < 2L(N), so upon taking logs, it obtains that

(h+1)log2 +loglog2 < L,(N)
log 2 log2’

h <

and, from the lower bound that L,(N) > log (2 log 3) that,

3+h< & + ! L,(N)
log (2log3)  log2 ) 7

In the case that h = 1, the last inequality holds trivially.

Noting that if M, < ¥(n) then M,*+1 < T'(n) and (M, +1, n) < @(n). By applying these

bounds and Lemma 2.2.7, we have that

inﬁ(n)ﬂ@(n)z y ¥ Y(n)p(M,? + 1, n)

0<r<h-11<n<N n
M, <¥(n)<My 41
N N h—1
¥ (n) 1
> =Y Y Y Y+ y(V)logV,
n=1 n=1 n r=0 P 1<n<N
Mrg\y(n)<Mr+l

We consider the sums in the final line of the above. Note that

h—1
1 M,y 3 1
3+h L,(N
M?+1 Z vim|< ;Mr2+1 <oThs <log(zlog3) +log2> :(N),

1<n<N,
M, <¥(n)<Myis
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and the assumption that ¢ is non-increasing gives that

h-1 h-1 Vy 1 N 1 h-1
2 Y (V)logV, < 3 (w(vr) > ;) <2 (; > w(vr))

S y(n),  L(N) < ¢(n)
Snzz; n hglogznz n

=1
By applying Hoélder’s inequality, as 1/L(N) < 1, we obtain that
¥ ) N VAN gy L(N)/(1+L(N))
n 1+L(N)
Z; n < <Z; ¥(n) > <Z; n1+1/L(N)> :
We observe that for any ¢ < 1,
N

1 “ 1 8
E <2 dx < -.
n1+£ 1/2 x1+€ £

n=1

Substituting this into the above, with ¢ = 1/L(N), we obtain that

= Y (n) L(N
> < 8P(N)*ML(N) < 8eL(N),
n
n=1
after straightforward calculation.
By combining the results above, we have that

3 1

3 (n)
nz:; y(n) <1 B > < 8+eL(N) + <log(zlog3) + logz) L,(N) + logzLZ(N)g‘/EL(N)
: (log (2log3) " log 3log (2log 3) - log 2log 3 + 10g2> L(N)Ly(N).

The result then follows by computing the following value

1 1 3 1
8 + + + = 40.56633883 ... < 40.6.
ve <log (2log3) log2> log3log(2log3) log2log3

We are now ready to prove Theorem 2.1.3.

Proof of Theorem 2.1.3. Let u denote the Lebesgue measure on [0, 1). Define S*(«, u,v) to be
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the number of solutions n € IN to
lan —m| < ¢(n), ged(m,n) <IT(n), u<n<o.

For any u,v € N, if u < v then

v v @
/ S*(a, u,v) da = Z / S(a,n—1,n)da = 2 Z ¥(n) (n)
[0.1) n=u+1 [0,1) n

n=u+1

By the definition of S, we have that,

/ S(a,n)da = y(n).
[0,1)

Note that for any N € N, S(a, N) > 5*(«, 0, N). By Lemma 2.2.8, for any v € IN,

d(n)

/ (S(a,v) = S*(«,0,v)) da = 2 Zv: ¥ (n) (1 - —) < 81.2L(v)L,y(v).
[0.1) n=1

n

Define a function G(n) := L(n)/L;(n) > 0 for n € N. Thus, for any N € N,

81.2

U ({(x €[0,1) : S(a,N)— S*(a,0,N) > LZ(N)}) < @

For any j € N U {0}, letv; := min{n € N : L(n) > 2/}. Then

— 1
Z G(vj) < oo,

Jj=0

Hence, by the Borel-Cantelli Lemma, for almost every « € [0, 1) and j > j(a),

0 < S(a,v;) — S*(, 0,v;) < L*(v;).

Note that
2771 < L(vj1) S L(N) < 27 < L(y) < 27

It follows that 4L(N) > 2/*! > L(v;), so 16L*(N) > L*(v;). Thus, for almost every a € [0, 1),

0 < S(at,N) — S*(er,0,N) < 16L*(N).

63

(2.26)
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The next step is to apply Theorem 2.1.2 to S*(«, 0, N). Pick any u,v € N with u < v. Note

that for any n € N,
( )

1— —~= <1< 2L(n)Ly(n).
Let
& (n) = 1
d|n,1<d<I(n)
¥(u,0) = Y y(n).
Then
wwo) 3 0 (1-200) = 3 v (1= 22 )+ 3 v (1-72) 3y
< Y 2LMLm + Y wm( q’(”)wo

Hence, by [13, Lemma 4.4 & (4.2.10)],

* 2 * GD(n)
(" (ot u,v) — 2¥(w,0)) da <4 Y d*(WP(n) + 4¥(u,v) Y, 1//(11)(1— . )

[0,1) u<n<v u<n<o

<4 % (4w zmum+ (1-52) v ) v

u<n<v

the assumptions of Theorem 2.1.2 are satisfied.

By Theorem 2.1.2, for any € > 0 and § > 0 there exists a measurable E, s C [0, 1) such that
p(E.s) < 6 and for any x € [0,1) \ E, s and N € N,

1
5°0,0,8) = 2N < Koo (902N o™ 0N + 3 ).
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where by Lemma 2.2.8, with ¢/, := /(1) > 0, we have that,

P 4 log4\ '™ gy lte, 1
£06,0 *— 10g2£/3 (lpo + 2) 10g3 10g3 410g1+8 4

log 4 ‘ .
(o (n)
%myzz(mm+ummmn(p_7)wm0¢w

N
< Y d*(m)(n) + 42.6¥(N)L(N)Ly(N).

Note that for any N € N,

N N T(N)N/d
Ay =)y Y, 1= ) Y(kd)
n=1 n=1 d|n,d<C(n) d=1 n=1
¥(N)
< 7

< ¥(N)log (3T(N)) = ¥(N)L(N)

1
< WT(N)L(N)LZ(N)

Thus,

¥, (N) < (42.6 + P(N)L(N)L,(N) < 44¥(N)L(N)Ly(N),

1
log (2log3) )

and taking

Yo = ¥,(1) < 44y(1)log (3(y*(1) + 1)) log (2log (3(¢*(1) + 1))) < 28.268;

we have that

1 71/2 lo 3/24¢ 17 +1/2
\Pll/Z(N)log3/2+s \Ill(N)-i- - < 0 7 g — l//0 /
2 lﬁo log (lpo + 1)

33(4)° 1/2 2+¢
< g ger Dy g™ (HM)+ D)

¥/2(N)log? (¥(N) + 1)
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Hence, by the triangle inequality, (2.26), and the upper bound of K, s, in (2.27),

IS(a, N) — 2¥(N)| < |S(a, N) — S*(a, 0, N)| + |S*(«, 0, N) — 2¥(N)|
33(4)°Ke.50
wol/Z 10g2+£ (¢0 + 1)
( 16(log (31/,° + 3))? 33(4)°K, 50

¢01/2 10g2+e (¢0 + 1) wol/z 10g2+£ (1700 + 1)
28 + 33(4)€K£,5,0

~ o log™ (Yo + 1)
< K, sPV2(N)log®™ (¥(N) + 1).

< 16L*(N) + P2(N)log?*® (¥(N) + 1)

) ¥(N)log? (P(N) + 1)

Y2(N) log*™ (¥(N) + 1)

The proof of Theorem 2.2.3 is completed. [



Chapter 3

Effective Aistleitner—-Borda-Hauke

In this chapter, we provide an effective version of the Aistleitner-Borda—Hauke Theorem

(Theorem 1.3.2). Our approach builds upon the following result.

Theorem 3.0.1 (L.-Scoones, 2024; [29, Theorem 4]). Let ¥ : N — [0,1/2]. Suppose (1.14)
diverges. Then for any C > 0, there exists a measurable Ec s C [0, 1) such that L (Ec 5) < 8, and
forany x € [0, 1)\ Ec s and Q € N, if ¥*(Q) > 3 then

N kc}g Ze‘I’(Q) +1 1
15°(x, 0) = ¥(0)| < max{ oo, 2HOL 5} |

where L is the Lebesgue measure, S*(x, Q) is given in (1.21), ¥(Q) := 2 Zqul v(q)¢e(q)/q, and
ke s is given by

ke s ::min{kelN : k—ﬁ/2(1+ )L(C)< 5}, (3.1)

2k
JC -2

and L(C) is a constant obtained by finding an explicit bound such that as Q — +oo,

2 (¥(Q))°
qSZQ ZQ £(44 0 A7) = Q| < LOL ey
where for any q € N,
Ag = O {xE[O,l):‘x—§‘<@}. (3.2)
e (p.g)=1

67
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To establish an effective version of Aistleitner-Borda—Hauke Theorem, we remain to give

an explicit expression of L(C), and it is our main subject in Section 3.1.

3.1 Results

We now state the main theorems of this chapter.

Theorem 3.1.1. Let y : N — [0,1/2]. Suppose (1.14) diverges. Then for any C > 0 and
& > 0, there exists Kcs > 0 and a measurable Ecs C [0,1) such that L(Ecs) < 8 and for any
x €[0,1)\ Ecs and Q € N, if ¥(Q) > 3 then

¥(Q)

Sy.(Q) —¥(Q)| < Kc,am,

where L is the Lebesgue measure, S*(x, Q) is given in (1.21), and ¥(Q) =2 ZqQ:1 v(e(q)/q.

Theorem 3.1.1 is a direct corollary of the following, which gives an explicit bound for the

constant.

Theorem 3.1.2. Let ¥ : N — [0,1/2]. Suppose (1.14) diverges. Then for any C > 10 and
& > 0, there exists measurable Ec s C [0,1) such that L(Ecs) < 8 and for any x € [0,1) \ Ecs
and Q € N, if ¥(Q) > 3 then

i kc.s 2¢¥(Q)+1 1
Sy(Q)— ‘P(Q)’ < max { 2 Tog” ¥(0) 5} ’

where k¢ s is given in (3.1), and

L(C) := max (ch/(\lf(Qc))Z — 1, 10101045 (59C)74'1C>,

log” ¥(Qc)
Qc :=min{Q € N : ¥(Q) > expexp(C + 1)}.

We provide a detailed proof of Theorem 3.1.2 in Section 3.2.



3.2. PROOFS 69

3.2 Proofs

To prove Theorem 3.1.2, we revisit the approach used to establish the Aistleitner-Borda-
Hauke Theorem (Theorem 1.3.2) in [2], and we provide effective versions for all intermediate

results.

Throughout this section, unless otherwise specified, any p denotes a prime number. Let
P C P be a set of finite primes, and let d € IN. We write (d, P) = 1 if d has no prime factors

in P, and d | P if d is square-free and all prime factors of d lie in P; equivalently,

d‘Hpepp.

For n,d, k € N, we say that n is exactly divisible by d*, denoted d* || n, if d* | n and d**' ¢ n,

i.e., k is the largest exponent such that d* | n.

Let g : N — {-1,0,1} denote the Mobius function, and A : N — R the von Mangoldt

function, defined by

log p, if n = p*forsome k € N and p € P;
A(n) :=

0, otherwise.

Let 3 : R — R™ be the first Chebyshev function, defined by for any x > 0,

d(x) = Z log p.
p<x
A function f : N — Cis multiplicativeif f(1) = 1and, for all ¢, b € N with ged(a, b) =1,
we have f(ab) = f(a)f(b). The Dirichlet convolution of two functions f,g : N — C is
defined as

(f * &) := Y, f(d)g(n/d).

dln
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We define the following standard arithmetic functions: for n € N,
(n) :=#{d €N : d | n},

w(n) :=#{peP: pln},

Q(n) := Z k < log, n.
prlin

For k € N, define 7, : N — IN by

te(n) :=#{(d1, dy,....d) e N : didp -~ dr =n}. (3.3)

Define D : IN? — [0, ) by, for any ¢, r € N,

)iz max (r¢(q), qy(r)) < max (g, r).

D
(q.r ged(q,r) - 2

(3.4)

3.2.1 Effective [2, Lemma 3]

Since [2, Lemma 3] is deduced from [24, Theorems 18.11 & 19.1], obtaining an effective
version requires revisiting these results, both of which are applications of Brun’s sieve in
prime number theory. By carefully tracing the proof of those results and making all implicit

estimates explicit, we can establish an effective version of [2, Lemma 3].

To facilitate the arguments that follow, we briefly recall some key concepts of sieve theory
as presented in [24]. Let A = (a,)nenw C [0, +00) be a summable sequence, and let P be a finite
set of primes, with ), @, < 0. A central problem in sieve theory is to estimate the following

sum:

S(AP) = ) a,
(n,P)=1
The definition is motivated by a simpler setting. Let A C IN be a subset. Define a sequence

(@n)new by for any n € IN,

1, if neA;
a, := (3.5)

0, if nelN\ A.
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In this case, S(A,P) = #{a € A : (a,P) = 1} counts the integers in .A not divisible by any
prime in P. For example, let Ay :={p+2 : p < N}and Py :={p : p < VN + 2}. The twin

prime conjecture is equivalent to asserting that S(Ay, Py) > 0 for infinitely many N.

The sequence (a,)nen defined in (3.5) is simply the characteristic sequence of A C IN. By
allowing a, to take non-negative real values, interpreted as weights, the framework gener-

alises naturally to non-negative sequences A = (a,)nen-

By Mobius inversion, we have that

SCAP) =D an D, wld) = ) u(d)As,

nelN d|(n,P) d|p

where for any d € N,

Ay = Z Amd-
meN
The study of S(A, P) is generally based on a framework built around a set of widely ac-
cepted assumptions. Some reference (see [24]) refer to these assumptions as ‘axioms’, although
this term may not be entirely accurate. Unlike formal understanding of mathematical axioms,
which are absolute and universally accepted as true statements, these ‘axioms’ are more prac-
tical guidelines observed to hold in many examples and applications. While they are useful
for structuring research and problem-solving, they do not possess the absolute rigidity and

universal validity of true mathematical axioms.

The following three key assumptions, that we refer as ‘axioms’, are particularly relevant

for our purpose.

Axiom 1 (Generalisation of the Kubilius Model). Let A be a summable sequence of non-
negative real numbers, and P be a finite subset of P. There exists a multiplicative v : P — R,
a real number X and a family of sequences of reminders (rq)aqpr = (rx.q)ap such that for any

peP,v(p) < p;and foranyd | P,

Ay = V(dd) X +ry. (3.6)

Axiom 2 (Sifting Dimension). There exist k > 0 and C > 0 such that for any3/2 < y; < y, <
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max P,

71 K
I1 (1— V(p)> < <1+ < ) <logy2> : (3.7)
PEPN(y1,y2] P log b2 log i

Axiom 3 (The Level of Distribution). There exist A > 0, k € N and D > 1 such that

X
d)- < — )
Z Te(d) - |rql < og”

d<D.d|P X

where 7}, is defined in (3.3).

With the concept and notion above, we now state the following is an effective version of

[24, Theorem 19.1], one important lemma of sieve theory.

Proposition 3.2.1 (Effective version of [24, Theorem 19.1]). Letk > 0, C > 1, y > 1 and
P c{p€P : p<y} Thereexists Dy = Dy(k,C) € N and A", A" : N — C such that Dy > €*'°

and for any u > max{u,,log D,/ log y}, where

2
U =1+ m <1+ 3.78k, (38)

all of the following hold:

1. Forany A € {A7, A"}, A(1) = 1, |A] £ 1 and supp(A) C {d € N : d | P and d < D}, where
D = y".

2. Foranyn € N,
(1% A1) < Youprmr < (1% A1), (3.9)

3. Let v : N — C be multiplicative. Suppose Axiom 2 (3.7) holds and for any p € P,
0 < v(p) < p. Then

o ] (1-12) « 3 L@ 9 L@y (00,

pEP d|p d|p pEP p
(3.10)



3.2. PROOFS
and for any A € {A", A"},

Yap Md)v(d)/d

- —u/2
Hpep (1—v(p)/p) < Lig (x, C)u "7,

1

where

4 2278125k°
L19.1(Ka C) == eXp - .
3 2e

Proof. Define ¢, u*, a, J, y* and D, by the following

2 2 3
= i - s Ry 1 s
¢ (exp (0.53/k)—1 exp(0.53001/k) —1 4" >
2
exp (0.53001/k) — 1

u = max <€+1+ ,301c,40> > Uy,

exp (—0.53001/k), if u < u*;
oa = ;

exp (—5/u), if u>u*;

0, ifu<u®;
J = ;
[3u/10], if u > u*;

2
y* ‘= exp <_eC/£) > eze > 229;
£

Dy = Hp > e,

P<y*

The proof of this proposition is separated into two cases: y < y* and y > y*.

Suppose we are in the case that y < y*. Define A7, A% : N — R by for any d € N,

A7(d) = 27(d) = p(d)yap-

We have trivially that, for any A € {17, 1*},

A(d)v(d) v
S HRO T (112,

d|p pEP p

73

(3.11)

(3.12)
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and for any d € supp(2),

d<maxP<y<y <[[p<Dy<D.
p<y”

The proof follows in this case.

In the rest of the proof, we focus on the case that y > y*. Define

9t = {d:plmp, €N : (p1,,p;) € [[,,for any odd j < r, for any k, p EP},

D = {d =p1pr €Nt (py,, p;) € [ I, for any even j < r,for any k, py € 7)},
where for any j € N,

II; := {(Pl’---,Pj) €P/ i pi > >pip < J’j}:
and define w, K and y; by

1
W :ye(z’y]a

K ::max{kEZ : y“H > w},

y J<]

y2j—1 = y2] = y“j_j ]<]£K

w j>K
Define A7,A* : N — R by for any d € IN,

A (d) = u(d) xaea-
AT(d) = p(d) xaeo-

To establish the first part of the proposition, it suffices to verify that 2* C [1, D]. Suppose
d=p; psdy € 7, for some s € N, p, € P such that p; > p, > - > p;, > wand

d ‘ | | (3.13)



3.2. PROOFS 75
Then py, -, pojs1 < y and for any j > J + 1, pyj1 < p2; < )2;. An estimate in [43] gives that

for any x > 0, 3, log p < 1.000028x; we have that,

dy <[] p=exp ) logp < exp(1.000028w) = y "00%/2 <y,

psw psw

By the definitions of ¢, u*, « and J, we have that,

logd logd .
OBC  OB% o142 Y oall etz 1+

< — <u
logy = logy A atl-1

Henced < y*=Dandd € 2~ C[1,D].

Similarly, for any d = p; - psdy € 27, for some s € N, p; € P such that p; > p, >
- > ps > w, so that (3.13) holds. Then dy < y*, p1,...,p2y < yand forany j > J + 1,

D2j < p2j—1 < Y2j-1. By the definitions of ¢, u*, « and J, we have that

log d .
Blceray+2 Y o <u
log y i>J+1

Hence d < y* = D and d € Z* C [1, D]. The first part of the proposition is established.

Define P~ : N — N by for any n € N,

min{pe P : p|n}, if(n,P)>1;
P (n) := .
1, if(n,P)=1;

Pick any n € IN. By applying [24, (19.1)] to A := (ax = Ygm)kew, We have

S(A,P) := Z ak = Xanpy=1 =1 - Z Xpln XP~(n/p)=p-
(k,P)=1 peP

By [24, (19.2) & (19.4)],

A )W) = Y wd)Ag < SAP) = gumes < 3 i(d)Ag (1% 1) (1),
deg~ deg*
as by [24, (18.2)] we have that for any d € N,

Ay = Z ax = Zakd = Xdin-

k=0 mod d kelN
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The second part of the proposition is established.

We now prove (3.10). Define f := —kloga and V : (2, +00) — R* by for any z > 2,

V(z) = ). M=H(l—%)>0.

d|Pn[2,z) peP
p<z

Since for any h € {0,1} and j > J, y,;-5 = max (y“H, w). Then (3.7) and y > y* imply that

V(yzj-n) _ v\ C\ i :
Viy) 11 (1 p) S(“ﬁogw)“ D<exp((j—D+e). (3.14)

PEPN(y2j-n,y]

By taking log on the above and the fact that v(p)/p < —log(1 — v(p)/p), we have that for
any j > J and h € {0, 1},

v(ip) .
Y R cG-pp+e (3.15)
PEPN(Y2j-n¥] p
Let d € IN. Suppose d | P and d € N\ &". Write d = p; -+ p,. There exists a unique j > J
such that py;_; > y»j-1 andforany 1 < k < j, par—1 < y2r—1. Thus, there exists a unique d” € N

and strictly decreasing p, ..., pzj-1 € P such that d = p; -+ p,;_;d’ and

HPGPO[Z,PZj—l) p

/

Since p(d) = —p(d’) and v is multiplicative, we have that

V(J/) Z A (d)V(d) Z V2] 1>

dp d >J
A= (d)yv(d

V(y)_z—( zi ( ): Zsz,

dp >J

where for any m € N,
VvV e Y m
Vin 1= Z MV(Pm)'

Ym<pm<<P1<Y, P1sesPmEP P1 Pm

pi<yi, (i<mji=m mod 2)
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Pick any m > 2]. Since v > 0 and for any p,, > Vi, 0 < V(pn) < V(yn); we have that

Z v(py) - V(pm)‘

Ym<pm<--<p1<y, P1 Pm
P1oe-sPm€EP

There are m! ways to permute primes py, ..., p,, we have

v<m) v(py) - v(m> Vi) (= v\
y Z Z p p < Y <Z_P)

|
P PmEPN(Ym.y] pi- - peP p
distinct

Pick any h € {0,1}, j > J and m = 2j — h. By (3.14) and (3.15), we have that

UDBH((j — )P + €)@
(2j — h)!

Vajon < V()

By summing the above inequality for any / € N,

ﬂl+s( 1+ )(2] 21-h)
e £
ZVZ”’<V()Z (2jﬁ+zl—h)v |
>J ’
From the definitions, we have fI + ¢ < 0.53002/. Also, we can observe that each term in the

sum on the right-hand side of the previous inequality is decreasing in J. Then

sy Voo i 05300210 530020)%h | 0.989, h=0

) TS @l =h)! Clse, =1

(3.10) is established.

We now prove (3.11). Note that ¢ < 3x/4 and u* > 10 max (3x, 4); and that if u > u*, then
f =5k/u<min(1/6,¢/2) and J = [3u/10] > 2¢/p. Since for any n € N U {0}, n! > (n/e)".
Then

z]>] sz h i ﬁl+6(ﬂl+€)(2]—21—h) i eﬂ/2+1(ﬁl+ ) 2J—21-h
V) T4 (@J-20-h) Zi\ g v al—h :



78 CHAPTER 3. EFFECTIVE AISTLEITNER-BORDA-HAUKE

By e//2t1 < ¢'3/12 < 3 and Bl + ¢ < 2max (1, €), we have that,

ePI2(Bl + ¢) p 3¢/], 1<e/p 15k
2] +2l-h 34, l>£/ﬂ_

u

Thus, for any u > u* > 30«k,

Yiss Vajon 15x \ " (15 /w)?*' 4 (15k &
=en () < s ()

=1

<
3u/5
S é IS_K S é(15k)3u/5u—u/10u—u/2'
3 u 3
By standard methods in calculus, for any u > 1,

(15k)°

(156)**°u™/1° < exp .
10e

As u™*/? is decreasing on (1/e, +00) C [1, +00); (3.11) follows for any u > u,. 0

We now state the following is an effective version of [2, Lemma 3], which is essentially

[24, Theorem 18.11(a)].

Proposition 3.2.2 (Effective version of [2, Lemma 3]). Let (a,).cn be a non-negative sequence,
P C P be finite, P := [[,cp p, y := maxP and Ag := Y, mod 4 @n- Suppose Axioms 1(3.6)
and 2 (3.7) are satisfied. Then, for any u > 1,

0< Y a,< (14 LGk, Ou?) X[ ] (1 - %) + > I,

(n.P)=1 peP dIP, d<y"

where

C 2 N
. Uy /2
Ly(x, C) = (1 + —21()) (1 tme T 1) (w""* + Lig1(x, ©)) (3.16)

in which uy and Lo (K, C) are defined respectively in (3.8) and (3.12).

Proof. We first handle the case that u > u,. Define the arithmetic functions A-,A* : N - C
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as in Proposition 3.2.1, and set

R* := ) A*(d)ry, S(AP) = ) an

d|P (n,P)=1

By (3.9),

S(A,P) < i (an > )ﬁ(d)) .

dln

Then

A (d)v(d) N

Xy A~ (d)v(d) ) Rt

y +R <SAPISX Y,

dp dp

Since [A*] < 1 and supp(A*) Cc {d | P,d < D := y“}; we have that

RE <) Irdl

d|P,d<D

This case follows by Proposition 3.2.1.

Now we handle the case that 1 < u < u,. Let z = DV* < y and P., = P n[2,z]. By

Proposition 3.2.1.

0< S(AP) < (AP < (14 Lios(e, O ) x [ (1 - ”;”)) Y

PEP<, d|P,, d<z
14
< (Lot ow) x IT (1-22) + 3 il
peP<, p d|P, d<y*

By the assumptions of Axioms 1 and 2, and that D > ¢*'°,

u

<|l1+ ¢ K 1+ ¢ 1+ 2 )
— U = — — ] .
- 210 ) " 210 e0-53/x — 1

Therefore, the case follows by

[Ler..(1=v(p)/P) KRV
s [Ler(1 = v(p)/p) = (H 10g2> ( )

» C 2 .
S(A, 7)) < (1 +L19_1(K, C)u /2) (l + m) (1 + m) XH <1 —

pEP

V;P)> + Z |rd|-

d|P, d<y*
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]

3.2.2 Effective [2, Lemma 4]

Let P be a set of odd primes. In [2, Lemma 4], the following multiplicative function

f : N - R" is introduced:

1
£ :=H(1+m) o1,

pln
pEP

with the convention that the empty product is equal to 1. The lemma shows that, for x > 2,

the partial sums of f satisfy

Zf(n)—xH(H 2)> + O(log x).

n<x pEP

To obtain an effective version, i.e. to make the implied constant in the error term explicit,

it is necessary to revisit [24, Theorem 14.2], one of the main tools in the proof. In this section,

5)

The proof requires several classical estimates from analytic number theory, which we now

we establish that for all x > 2,

< 10" log x.

S -« (
n<x peEP

recall.

Proposition 3.2.3 (Mertens’ Second Estimate). For any x > 2,

1 1
0< Y ——loglogx < ¢ := 5 ~loglog2 = 0.866512920582 ... (3.17)

psx

Proposition 3.2.4 (Prime Zeta Function at s = 2).

1 1
0<c = — = 0.4522474200410654985065 ... < —. (3.18)
2 2
peP

Proof. Refer to [9]. O
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Proposition 3.2.5 (Rosser-Barkley Upper Bound). For any x > 0,

Z A(b) < esx,

b<x

where A is the second Chebyshev function, and

B loglem (1,2,3,...,113)

Ca :
} 113

= 1.038820577609130 ... (3.19)

Proof. Refer to [43]. O

Proposition 3.2.6. For any x > 2,

1 -1
H(l——) < ¢qlog x,
p<x p

where

Cy = 2.88539008178....

B log 2

Proof. By Proposition 3.2.3, for any x > 2,

-1
1 1 1 1
logH(l—I—)> :—Zlog(l——)SZ;gloglogx+§—loglog2.

p<x p<x p p<x

The following proposition is a refined version of [24, Exercise 1.6].

Proposition 3.2.7 (Effective Counting of Square-full Numbers). Let n € Z. n is said to be

square-full if for any p € P, if p | n then p* | n. For any x > 1,
1
E\/E <#{neN : n<x issquare-full} < 3x

Proof. We first establish a structural characterization: n is square-full if and only if there exist

a, b € Z such that n = a?b>.

(= ). Let n = pi* - p* be the prime factorization of n. Then each k; > 2, there exists

xi, y; € N U {0} such that k; = 2x; + 3y;. Thus, n = (p7* - p=)*(p)* - p2r)’.
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( <= ). Pick any p € P. Suppose p | a®b>. By Euclid Lemma, p | a or p | b. Thus p? | a®

or p* | b% in any case, p* | n.

For any x > 1, by estimating the area of the region bounded by a > 1, b > 1 and a*b® < x,

[Vx] x1/3 NES da
| Vx| <#{neN:n<xis square—full.}:/ [Wl danl/S/ =3x.
0 0

@
[l

The following proposition is a refined version of the final expression of [24, Exercise 2.9f],

an asymptotic upper bound of 7y, as defined in (3.3).

Proposition 3.2.8 (Upper Bound of 74). Foranyk € N andn € N, ifk > 3 and n > 3 then

Te(n) < nﬁk(n)/loglogn,

where

~ (k=1)log(2logn+1) 2log k
Puln) = (loglog n)t01 (loglog n)?
o 13(k — 1) + 2log k

“ 77 (loglog n)y?

(3.20)

Proof. Let k € IN. We first note that 7 = 1 * 1 * --- % 1 (the k-fold Dirichlet convolution of

the constant function 1), hence 7 is multiplicative.

For any p € P and a € N, if there exists (dy, ds, ..., di) € IN* such that p* = did, - d, then
by p being a prime, for any i = {1, 2, ..., k}, there exists ¢; € N U {0} such that d; = p“. Thus,
we have that a = e; + e, + -+ + ¢;. By the stars-and-bars method, the number of solutions to

(ey, €9, ..., €), and hence the number of solutions to (d;, ds, ..., dy), is exactly
at+tk-1
9= . 3.21
ne= (35 (3.21)

Suppose k > 3. By the same setting as in the previous paragraph, for any i € {1,..., k — 1}
and f; €{0,1,...,a},a= fi+ fo+...+ fio1 + fr, where fy ;= a—(fi+ fo+...+ fr1) € Z. Then,

7i(p®) < (a+ 1)¥'. By writing a = )7, 1 and assigning each 1 into the one of the following
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k pairs of brackets:

a= () + () + e+ (),

in which, each 1 has k choices to be put in; it generates an upper bound for 74 by 7,(p*) < k°.

Therefore, by combining both upper bounds above, 7;(p*) < min (k“, (a+ 1)"’1).

Pick any n € IN. Suppose n > 2. By the prime factorization of n,

as

_ a a
n=p; Py~ pse,

and the multiplicative of 7y, it follows from the upper bounds above that

ri(n) = e (P1*) Tk (P2*) -+ 71 (ps*)
< min (k&% - k%, (@, + D (ay + 1) (g, + 1))
= min (k"% (@, + 1)(ay + 1) - (a, + 1))

= min (kQ("), (T(n))kfl),

where Q(n) = 3 ¢, k., and 7(n) = #{d € N : d | n}.

By the same setting as in the previous paragraph, without loss of generality, p, := 1 <
p1 < p, < - < ps,and foranyi €{1,2,..., s}, a; € N. Pick any y > 1. There exists a maximal
r €{1,..., s} such that p,_; < y. Thus,

- TP
n = plalpzaz ...pr_lar 1prarpr+lar+l e psas 2 yar ari1 as’

and we have that

logn

a, + ayyq + - +ag = Z agl .
a€N, pelP Ogy
P lin, p>y

Pick any n € N and y > 1. Suppose n > 2. By the previous upper bounds in the proof,

nm< [ @+ J] &

a€N, peP a€lN, pelP
p*lin, p<y ptlin, p>y
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Note that, by taking the logarithm on both factors,

log H (a+1)= Z log(a+1) < ylog(2logn+ 1),

a€N, pelP a€N, peP
pelin p<y plinp<y

(if there exists r € IN such that a, > 2log n, then n > p 218" = p2l8rs > p138 isa contraction)

and by the previous paragraph,

1
log H k® =logk Z a< Ognlogk.

a€N, peP a€N, peP log y
pelin, p>y ptlin, p>y

Thus, it follows that for any n € N and y > 1,
ri(n) < (2log n + 1)V losn/logy, (3.22)

which is the main inequality for the proof.

Let k € IN. Suppose k > 3. Pick any n € IN. Suppose n > 3. By taking

. logn o1
Yn = (loglog n)tor =
and (3.22), we have that,
1
log 74(n) < log (2log n+ 1) - (k — 1)y, + log " logk
08 Vn
log 74(n) ynlog(2logn+1) log k
———<(k—-1)
logn logn log (log n/(log log n)!1)

log(2logn+1) 2log k

(loglog n)t0 (loglog n)?
13(k—1) +2logk

(loglog n)?

<(k-1)

Proposition 3.2.9 (The Sum of First Few 7;’s). For any k € IN,

1 3 4
Z Tr(n) = gk3+§kz+§k+1.

n<l
n square-full
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Proof. The only square-full numbers that are strictly less than 16 are 1, 4, 8 and 9. Hence,

Y, wlm = 1(1) + () + Ti(8) + 7(9)

n<16
n square-full

= (1) + 7222 + 1(2%) + 74 (3%)

14 2+k—-1 N 3+k—-1 N 2+k-—-1
- k-1 k—1 k—1

1+ %k(k L)+ %k(k Sk +2) + %k(k L),

where expression (3.21) is applied. [

Proposition 3.2.10 (Monotonicity of fi;). Define fi; : (1,0) \ {e} - R* by
f;#Ol(x) = xl/loglogx.

Then f, is strictly increasing on [16, ).

Proof. For x > 16, we have loglog x > 1. Differentiating,

x1/lglogx1(JogJog x — 1) 0

fin(x) = , (3.23)

log® log x
showing that fi, is strictly increasing on [16, o). ]

Let f : N — C be multiplicative. Define 74 : IN — C to be the (unique) multiplicative

function such that for any p € Pand a € N,

ot = (P,

a

where for any z € C and a € IN U{0}, the binomial coefficient for non-integer values is defined

by

(z> . 2(z—1)(z—a+1)

a ala—1)-1

Proposition 3.2.11 (Effective version of [24, (14.4)]). Let f : IN — R be multiplicative and

re + IN — R. Suppose f = 7; * ry and there exists k € N such that|f| < 7. Then, r¢ is non-zero
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only on the set of all square-full integers, and for any x > 1 and § € (0,1/2),

Z Irs(n)| < Qps x' 72,

n<x

where,

Prs = max (16 exp exp /a55> 16,

4
Qk,5 = (ng + 6k2 + gk + 4) (Pk,g)l_a,
in which ay. is given in (3.20).

Proof. Note that by the inverse operation of Dirichlet convolution, ry = f * 7_; is multiplica-

tive. Note that, for any p € P, f(p) = 7,(1)rs(p) + 7(p)rs(1) = ri(p) + f(p), we have that

r¢(p) = 0. Hence, r; = 0 on the set of all non-square-full integers.
Note that |rf| = [f * 7_f| < ¢ * 74 = 7y Pickany x > 1 and § € (0,1/2).

Suppose x > Py s. By Propositions 3.2.7, 3.2.8, 3.2.9 and 3.2.10,

Mirml< > = ), wm+ Y, wun)

n<x n<x n<16 16<n<x
n square-full n square-full n square-full
1 3 4
< -k + 2@k + k) +1+ ), poa/leloen
6 2 3 16<n<x

n square-full

< (2 tek+Ske1)+ Z (n!/Toglogm)**
a 3 3 l6<n<x
n square-full
4 8 A2k
<K +6k+ck+1) x4 Y (x!/leehsx)
3 3 16<n<x

n square-full

x! +3\/_ l/loglogx)“Zk

IN

8
k® + 6k* + §k +1
1/2 1/2+a2k/loglogx

) 1/2+a2k/ loglog x

8
k3+6k2+§k+1

IA

8
k3+6k2+§k+4

A

VAN
N N N N 7N VR

WIR WA WA WA

x

8
k3+6kz+§k+4
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Suppose x < Py s. By the previous case, it gives

Dl < Y. Irp(n)|

n<x n<Pys

4
< <§k3 +6k% + Zk + 4) (Pes)™?

4 8
< (§k3 + 6k% + §k + 4) (Pes) Ox'0.

Proposition 3.2.12 ([24, (14.6)]). Forany f : N - R and x > 0,

, ~Ifp)
T (1 L ane) | ) | ) =11 (1 - 1) " (3.24)

o p p?

Proof. By the binomial series expansion, for any p € P,

i (P _ i <|f(p)|;ra— 1)i _ i <—|f:p)l> (_l>a i (1 . l>—f(p)'

a=0 pa a=0 pa a=0 p p
O

Proposition 3.2.13 (Effective version of [24, (14.5)]). With the same setting in Proposition 3.2.11,

forany x,y € R*, if x > y > 1 then

D) =Y r@ Y 7(b) + R(x, ), (3.25)
n<x a<ly b<x/a
where,
_ |7+(b)| x 717(b)
R(x,y) = Y, ;) >, rp(@) < Quox'™ D, gl—a SQk,(SF > %
b<x/y y<a<x/b b<x/y b<x/y

the first inequality follows from Proposition 3.2.11; and

x 1\ @
S [

psx p

Proof. It follows directly from the Dirichlet’s hyperbola method. By extending the summation
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to all integers b and all prime factors p with p < x:

D Tflb(b) <1+ Y Py | D 715(p1%) N

2
b<x/y p1<x P1 pr2<x P1

. TIfI(Pl)T\fI(P2)+ D T|f\(P1)T|f\(1;zz)+
P1pasx P P p1p2?<x P P2

77(p) | 7p(p*) )
gH(1+ o T )

psx

hence, the proof is completed by applying (3.24). [

We are now ready to establish an effective version of [24, Theorem 14.2].

Proposition 3.2.14 (Effective version of [24, Theorem 14.2]). Let f : IN — [0, +0c0) be multi-

plicative. Suppose there exists k € IN such that 0 < f < t4. Then for any x > 1,

S £(n) < Lusa(k) x exp (Z %)
n<x pP<x

where

1 1
Ly4,(k) := max { ((:3 k + E) exp ((4log2 —2)c k+ 5~ loglog 2),

Je

log 264ka,5 (Qrsd(1+6) + 1)}, (3.26)

in which § = 1/3 is taken, c, and c; are respectively given in (3.18) and (3.19).

Proof. The statement is trivially true for any 1 < x < 2. It suffices to prove for the case x > 2.

Suppose the function f is of the form 7;. Let g be the Dirichlet inverse of f and A; =
flog = g, where flog : N — [0, +) is defined by for any n € N, (f log )(n) := f(n)log n.
Then flog = f * Ay onIN and, for any p € P and m € IN, A¢(p™) = f(p)log p. We have that
Ay < kA. By Dirichlet hyperbola method and Proposition 3.2.5,

3 fmlogn =Y f@) Y AB)< kY f@ 3 A< eskx Y T,

n<x a<x b<x/a asx b<x/a asx
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By properties of logarithm and the fact that for any n € IN, log (x/n) < x/(en), we have that,

logx ), f(w) = Y, f(m)logn+ Y, f(n)log (x/n) < Y, f(m)logn+= D f(n)

n<x n<x nx n<x n<x

co kg 1O X 3 )

n<x n<x

By dividing both sides by log x > log 2 > 0,

By (3.24), it follows that,

Zf(n) < 2 fEln) :H(i f(p’")> =H(1_l>_ﬂp)'

n<x pln = p<x p<x \\m

I
i~}
3

By standard methods in calculus, for any p > 2,

( 1)‘1 (1 410g2—2)
1-— <exp| —+—5— |
p p p

By (3.18) and for any p € P, f(p) < k, we have that

Z f(n) < lilog2-2erk o <Z M)

n<x p<x p

By Proposition 3.2.3, we have that,

> fm< <C3k+ ) g p(4log2-2)czk <Z f(P)>

n<x p<x
1 1 .
B (CS o ) @ ethoer ek exp <pz<;c f(P})) )exp (10g10gx + 37 log log 2)
1 1 .
<|ek+—-)exp|(4log2—2)c,k+ - —loglog2 | xexp Z& ,
¢ 2 p<x p

Otherwise for general f, by Proposition 3.2.11, for any § € (0,1/2),

Dl € Qrs x'

n<x
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By Propositions 3.2.13, 3.2.6, (3.24), and |f| < 74; we have that for any y € [1,x] and § €
(0,1/2),

=lf(p)l x 1 —-7x(p) x 1 —k
R(x,y) < Qrs— H(l——> SQk,(ng(l—;) :Qk’SFH<1_I_)>

p<x

< ¢F Qs xy~° log" x.

By (3.25), with y = /x and § = 1/3,

N fm< Y @ Y o)+ et Quap-

n<x a<x b<x/a

Irf(a)l fp) -1 3x

where 1/1og" x < 3/log x. By f > 0 and Proposition 3.2.3,

- —1\3,e
log x = 3xexp ¢; exp (—loglog x — ¢;) < xexp <PZ<;€ f(pf)) )lo\g/_z'

By Proposition 3.2.11 and partial summation,

n—oo

n—1
< Qua Jim < " Z zf 5) = Qi lim (n-5 v Zj‘”)

= Qks {(1 +6).

¥ Irfia)l — lim Z Irf(a)l = lim ( Z re(a)l + Z (— — %) D |rf(a)|>

Hence,

Zf(n) < ¢ Qks (Qk5§(1+5)+ —\/_> X exp (Z M)

n<x p<x p

We are now ready to establish an effective version of [2, Lemma 4].

Proposition 3.2.15 (Effective version of [2, Lemma 4]). Let P C P\ {2} be a set of odd primes.
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Define f : N — R" by, foranyn € N,

s = T (1+L2) >,

pln, peP p-

with the convention that the empty product is 1. Then for any x > 2,

< L, log x,

2] (1+55)

n<x peEP

where

L, = 8L142(3) e
4 T T s
log 2

in which Ly4, is given in (3.26).

Proof. Define g := px f : N — [0, 4+0); that is; by for any n € N,

g(n) = u(d)f(n/d).

dln
Note that, for any p € P\ P and m € N, g(p™) = 0; for any p € P,

1

glp) = f(p)—-l—-;;———

and for any m € N, if m > 2 then g(p™) = 0. Since both y and f are multiplicative, so is g,

and

Z%:H( ! > (3.27)
d=1 peP

p(p—2)

Pick any x > 2. Since

N OEDWOEDWOIEIEDWIO!

n<x d|n n<x d<x n<x

IR OB W OLES

d<x n<x d<x
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where for any z € R, {z} := z — |z] € [0, 1) is the fractional part of z; we have that

0<x YD S = Y@ {2} < Nao,
d<x

n<x d<x d<x

and

|/\

D WIOED WG EED Il
d=1 n<x

d<x d>x

By (3.27), the expression above implies that,

d<x d>x

Y fm-x]] ( >‘ D g(d) +x Z 8(d), (3.28)
n<x peP

and it suffices to establish upper bounds for the two terms in the right-most sum.

Define h : IN — [0, +00) by, for any d € N, h(d) := d g(d). h is multiplicative, and for
any m € IN, h(2™) = 0. Since for any p € P and m € N,

h(p™) = p"g(p™) < pis < 13(p™),

we have that 0 < h < 73. By Proposition 3.2.14, we have that,

3 d g(d) < Liua(3) x exp (Z %) < Liya(3) xexp (Z P(pz_ Z)) < Lus@3)ex.

d<x p<x p>2

We have that for any x > 2,

Z %<_Zd (d)<zeL14z(3)

x<d<2x d<2x

By repetitively applying the formula above for countably infinite times,

Zg(d) Z Z %61)3231414.2(3)2 } :4eL14_2(3).

d>x k=1 2k-1x<d<2kx k=1

Thus,

(d)

‘Oq
W
IN

4L142(3) e. (3.29)

U

>X
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Similarly,

Y, gD Y dgd) < 2L

x<d<2x d<2x

There exists a unique m € IN such that 2 < 2™ < x < 2™*', By applying the formula above

iteratively m + 1 times,

k
m+1 2 m+1 L142(3) e

Y)Y Y gd)= 2eL142(3)Z 1< 2Ly,(3) e(log, x +1) < — 22 log 2 log x (3.30)

d<x k=1 g=2k-1

Therefore, by substituting (3.29) and (3.30) into (3.28), it follows that,

Z f(n)—x H <l + 20— 2)>> < 4L14'2(2) ¢ log x +4L1,5(3) e < —SLM'Z(Z) ¢ log x.

n<x pEP log lOg

3.2.3 Effective [2, Lemma 5]

One of the key problems in the metric theory of Diophantine approximation by fractions
in simplest form, is to estimate the measure of the overlaps, that is, for any q # r, ﬁ(Aq NA,),
as defined in expression (3.2). The divergent case of Borel-Cantelli Lemma (Lemma 1.2.4)
could have been applied if (Ag)qew is pairwise independent, that is for any g # r, L(A, n
A,) = L(AHL(A,); however, it is not the case as there exist g, r, / such that L(A; N A,) >
L(AGL(A,)loglog qr (see [2]).

The best one can hope for is to estimate L(A,; N A,) in some averaged sense. The main
discovery in [25] is that (A,)en is proved to be quasi-independent on average, that is for any

Q e N, if ¥(Q) > 1 then

SO TL LGN A)
(Xg<o L(A) ’

this property is sufficient for an application of the Erdos-Rényi version (see [6]) of the diver-



94 CHAPTER 3. EFFECTIVE AISTLEITNER-BORDA-HAUKE

gent case of Borel-Cantelli Lemma . In [2], the expression above is improved by the following:

qu:1 erZI E(Aq n Ar)
1m —
0w (TL, L(AY))

A classical upper bound for the overlap measure of A, N A, (g # r), is given in [40] as

LA NA) < LANLE) ] (1 + 1) :

plarjged (g p
p>D(q,r)

where D is given in expression (3.4). The overlap measure is improved by [2, Lemma 5] as
L(AgNAr) < LIADL(A)A + E(g, 7)),

where is error term E(q, r) is small if there are only a few small primes that divide g and r

with different multiplicities; the proof is similar to that of [40].

To derive an effective version of [2, Lemma 5], we first require several auxiliary estimates.

Let C > 1. Define u, T, S : [1/2,+0) — R* by, for any D > 1/2,

_ 4Cloglog (D + 100)

D) := ,
u(D) logloglog (D + 100)
log (D + 100) logloglog (D + 1
T(D) := exp og (D + 100) logloglog (D + 00)Jrl > 2
8Cloglog (D + 100)
T(D))“P log (D + 2)log T(D
s(p) := TP og (D + 2)log T(D)

D
These coincide with the definitions introduced in [2].

Proposition 3.2.16 (Estimations on u and S). Forany C > 1 and D > 1/2,
(u(D)) P2 10g (D + 2) < 1,

and

9(10C)™3¢

S dog 0y
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Proof. Pick any D > 1/2. By taking x = loglog (D + 100) > 1, 1/2 — loglog x/log x > 0 and

u(D) 1/ 4Cx 4Cx
- 1 D)+ Cloglog(D+2) < — | —— |1 C
5 og u(D) + Cloglog(D +2) < 5 <logx> 0g<logx) + Cx

90y log4C N 1 loglogx
logx 2 log x

<0.

The first inequality is implied by taking exponential function on both sides of the expression

above. Define fi ¢, foc : [1/2,+0) — R* by for any D > 1/2,

log"*“ (D + 100)

Dl/z ’
1

log® (D +2)

ﬁ,c(D) =
fz,c(D) =

By finding an upper bound for each quotient below, we have for any C > 1 and D > 1/2,

S(D) _ 8(1/2)
FoD) S Tl S 0297170964393

fic(D)  log™C (D + 100) log"* (D + 100) 26C\ ¢
: < < 201 <201 (== .
fac(D) D1/2 VD +100 e

The second inequality follows by 0.34/201 < 9/2 and 26/e < 10. O

Proposition 3.2.17 (Effective version of [2, Lemma 5], Overlap Estimate). For any q,r € N,
if g # r then for D = D(q, r) given in (3.4), foranyu >1and T > 2,

£(A, 1 A) < L(A)E(A) <1 b L1, D 4 21, L1080 T Dlog T) [1 (1 =

plar/ged(q.r)?,
p>T

In particular, for any C > 1,

Ls(C) 1
£(Aq nA,)< £(Aq)E(A,) <1 + c—) H (1 + —) ,
log™ (D +2) plar/ged(q.r)?, p-1

p>Ac(q.r)
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where Ls(C) and Ac are defined by

LS(C) = L3(1, 1) + 9(10C)13CL4C4,

log (D + 100) log log log (D + 100) 1
8Cloglog (D + 100) '

Ac(g,r) :=exp (

Proof. Pick any g # r. Note that if D = D(q,r) < 1/2 then ¥(q)/q + ¢(r)/r < 1/lem(q, r)
and A, N A, = @; the proof is completed. It suffices to consider D > 1/2. Define

d = min <M, r,b(r)), A = max (M, EMF)),
q r q r

and w : [0,+00) — [0, +00) a piece-wise linear non-increasing function by, for any y > 0,

-

28 0<y<A-§

W) =1A+6—-y A-S8<y<A+65-

0 y>A+96

\

The Lebesgue measure of A, N A, is expressed as

a b

q r

LANA)= > >, w<

a=1 b=1
ged (a,q)=1 ged (b,r)=1

)

Define, for any p € P, u := u(p, q) and v := v(p, r) respectively to be the exponents of p

in the prime factorisation of g = [[,ep p* and r = [ ] ,cp p”. Define

[ = H pu, m = H pmin(u,v)’ ni= H pmax(u,v)'

pEP, u=v PEP, u#v PEP, u#v
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By an application of the Chinese remainder theorem as in [40],

)

L(A,NA)= Z Z <———

gcd(a q) 1 gcd(b r) 1

nl
= Z 2w< )(p(m)l H (1_1) H (1_E>
dc—l pleged(le) p pllpte p
ged (c,n)=1
nl ) )
= 2¢p(m)l wl(l (1__> (1__)
ng%l)—l <"l> plgl;[(z,a P/ plipte p

s (CHEIE O CHR ]

(3.31)

where Euler product formula ¢/(1)/1 = [],,(1 - 1/p) is applied.

Case 1: [ is odd. In this case, for any ¢ € N, 2 { ged (¢, [) and

2 2 2\ !
1——| = 1—— 1—— .
P]i,_17‘|;(0( P) ]1;!:< p>p:g[ch(c,l)< P)

From (3.31), we have

= T (-3) (i-3) & () 11 (-3) (-3)
e T (- 05) & () T (5)

pll =1 L plgedtio p-2

Let T > 2. by replacing the condition ged(c,n) = 1 into ged (¢, n*) = 1, where n* is the

T-smooth part of n, that is

nt o= pmax(u,v) < n.
Pp<T, u#v

Note that, for any ¢ € N, if ged (¢, n) = 1 then ged (¢, n*) = 1. Let K € N. Define w* : R -> R
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by for any y € R,

_ K-
wi(y) = % (lW| + 1) = E(S Z 0A+5—2k5/1<](y)~

Note that for any y > 0, w(y) < w*(y); we have that

nl
L(A N A,) < 2¢(m )q)()H( (p_l)z> ) W(%) 11 (HL)

pll gcd(c n*)=1 pleged (o

~1 nl(A+6-2k5/K)

<p(l)2 1 1
= 2¢m) H<l (P_1)2> Z Z chd(lc)(1+ >

1 c=1 p-
Pl ged (e,n*)=1

(3.32)

For any k € {0,--,K —1}and c € N, if 1 < ¢ < nl(A + § — 2ké/K),

a, = H <1+L>

plged(Lo) p=2

and a. = 0if ¢ > nl(A+ 8 —2k5/K). Note that if d | n* and dc < nl(A+ 6 —2ké/K), then d | n

and ay. = a.. By Proposition 3.2.15, for any d | n*,

nl(A+5-2k5/K)/d 1
Loas I (1+55)
plged(lc)

¢=0 mod d c=1 p- 2

nl(A + 8 — 2k& /K)
< y I1 (1

1
+ p(p—2)> + Lylog (D + 2).

pll

By Proposition 3.2.2, in which P is the set of primes that divides n*, max P < T, g=1=k =
C=1,x=nl(A+6-2k5/K) Hpu(l +1/(p(p — 2))), and |ry| < Lylog (D + 2), we have that

nl(A+5—2k5/K)
Y oa= Y I <1+_)

ged (¢,n*)=1 c=1,gcd (¢,n*)=1 p| ged (I,c) p

< (14 Ly(1, 1) u™?) nl (A + 65— @) "’(” ) I1 ( )> + LyT"log (D + 2),

pll

where Euler product formula [],,.(1—1/p) = @(n*)/n" is applied. By simple computation
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in algebraic fractions,

ol (1 (p—1)2>p,< p(p—2)> 3

it follows from (3.32) that,

2 K-1
L(A,NA)< 4¢(m)")(l) %Z ((1 +Ly(1,1) u /%) nl( +6— %) ; ) +L,T" log(D+2)>

! k=0

By taking limg_,. on both sides, D = Anl, Proposition 3.2.6 and

(n) 1
>H(1__> T cylog T’

p<T

we have that

L(A,NA,) < 4g(m )")( y ((1 + Ly(1,1) /%) nlA "’( )+L4T“ log (D + 2))

< 4<p(m)(p(1)2n£’1)5A <1 +L(L D u ™%+ Lyc,
n

o(n*)/n*
p(n)/n

T*log(D +2)log T
5
T*log(D +2)log T

5 )

< £(Aq)£(Ar) (1 + L3(1, 1) u_”/z + L4C4

Since n* is defined as the T-smooth part of n, it follows that,

¢(n*)/n" _ 1 _ b
(p(n)/n B ];_[pln,p>T(1 - 1/P) - p|:,ll:;[>]“ <1 ’ P 1>

By definition of n, for any p € P, p | nif and only if p | gr/gcd (g, r)°. Case 1 is proved.

Case 2: [ is even. In this case, 2 | [ and for any odd ¢ € N, 2 { [ and

I (3)

pllpfc p

For any even ¢ € N,

DI (=5)=2 T (-5) I (-3)
[T (-5) I (-2)=5 T (1-;) I (1-2)
plged(le) < p plipte p 2 plged(le), p>2 p pllptep>2 p
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By combining both cases, for any c € N,

IO 0, ()
0 (=3) T (i-2)=% 11 (-3) IT (-3
pgcd(l,c)< P/ plipte P 2 plged(le), p>2 PJ ol pte po2 p
x| 1 2\ 2
L0 L)
2 plged(lc), p>2 p p pllp>2 p

where y,|. is a characteristic function, y;|. = 1if and only if 2 | ¢, otherwise y;. = 0. It

follows from (3.31) that,

L(Agn A)) = 4p(m )(p() H( (p_ll)z> Z W(l) 11 <1+;>

pllLp>2 c=1,2]c plged(lc), p>2
ged (¢,n)=1

<p()2 1 ik 2/ 1
_ 4p(m) H<1_(p_1)2> Y w(ﬁ> I1 (1+—)

pllp>2 d(c2/:’1 - plged(l2c), p>2
ged (2¢,n)=

() nl/2 1
= 4om) =~ H( <p—1>2> 2 W<W) 11 (”ﬁ)’

pllp>2 ged (om)=1 pl ged(lc), p>2

where as n is odd, for any ¢’ € IN, ged (2¢’, n) = ged(¢’, n). The rest of the proof is similar
to Case 1. Let K € IN and T >. By the same definition of w* and n*, an inequality similar

to (3.32) is given,

(p(l)z 1 K 1 nl(A+6—2k6/K)/2 1
£(4n A) < spmy—— [] <1 (p_1)2> Z Z I (1+—>.

plLp>2 gcd(c n =1 plged(le), p>2

By applying Propositions 3.2.15 and 3.2.2, it follows that,

2 K-1
£(Aanr)£8q0(m)(p(l) %Z ((1+L3(1 1) u /%) l(A 5—%) " ) L4T“10g(D+2))

! k=0

§4(p(m)(p(l)2%Z ((1+L3(1, 1) u/*) nl (A 5—%) . )+2L4T”10g(D+2)>

! k=0

By taking limg_,.. on both sides and Proposition 3.2.6, it follows that,

T*log(D+2)log T 1
L:(Aan»sz:(Aq)z:(Ar)<1+L3(1,1)u-“/2+2L4c4 O ) [1 (H—
plgr/gcd(qr)? p>T
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It remains to prove the particular case. Pick any C > 1. By defining

_ 4Cloglog (D + 100)
" logloglog (D + 100)’

log (D + 100) logloglog (D + 1
T:Ac(q,r):exp<0g( +100) log log log (D + 00)+1>’

8Cloglog (D + 100)

and applying Proposition 3.2.16, the conclusion follows. ]

3.2.4 Effective version of [2, Proposition 6]

The proof of [2, Proposition 6] relies on estimates involving the notion of GCD graphs,
introduced in [25]. In order to obtain an effective version, it suffices to establish effective
forms of [2, Proposition 8 and Lemmas 13, 15, and 16], which can be achieved through explicit
computations. For this purpose, we begin by recalling the relevant definitions and results

concerning GCD graphs from [25].

A 7-tuple G = (1, V, W, E, P, f, g) is said to be a GCD graph, if all of the following holds:

1. p is a measure on IN such that for any n € IN, p(n) < +o0; and extend to IN? by for any
N c N,

pN) == 7 p(nyp(ny);

(n1,n2)EN

2. YV c N and W C N are finite subsets;

3. ECVYxW;

4. P C P is a subset of primes;

5. f and g are functions from P to IN U {0} so that for any p € P,

(a) for any v € V, p/® |v; for any w € W, p&) | w;
(b) for any (v, w) € &, pminUFP&P) || ged (v, w);

(c) if f(p) # g(p) then for any v € V, p/®||v and for any w € W, p&® | w.
The edge density 6 of G is defined by

p(&) <1

)= oy <t
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The quality of G is defined by

plf(p)—g(p)l

G) = 8(G)" u(WV)p(w .
4(6) 3= oG VK )g (1 = Xpy=g(py=1/ Y (1 — p=1/20)10 =0

R(G) is the set of primes that have not (yet) been accounted for in the GCD graph:

R(G) = | J{peP: plgedvw

(v,w)e€

Also, as the same in [2], define V,x :={v €V : p¥|lv} and

R™(G) := ﬂ {p € R(G) : min<

keINu{o}

:u(vpk) /l(ka)> <1 1 }

p(¥) " p(W) P

If P = @, we write f = f, and g = g, as two copies of the empty function from @ to
INu{0}. Let G’ = (¢//, V', W', E", P, f’, g’) be a GCD graph. G’ is said to be a GCD sub-graph
of G (denoted by G’ < G) if

W=p Vv, Wecw, &cé& POP, fllp=f glhr=g¢g

Note that < is a transitive relation.

Let Pg; and P; be defined by

03000 .

Pss = (£(31/30))", Py =10
they are related to [25, Proof of Proposition 6.3 assuming Proposition 7.1] and [2, Proposition
8]. The Proposition 3.2.18 is referred as the ‘Bounded Quality Loss for Small Primes’.
Proposition 3.2.18 ([2, Lemma 15]). Let G = (1, V, W, E, P, f, g) be a GCD graph. Suppose

5(G) > 0. Then there exists GCD sub-graph G’ = (u, V', W', E",P’, f’, g") of G such that

PPcPU(R@GN{peP:p<10™}),
R(G) C {pEJP : P>102000},

q(G) < Pyq(G),

Proof. Refer to [2, Lemma 15]. O
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Proposition 3.2.19 ([2, Lemma 16]). Let G = (1, V, W, E, P, f, g) be a GCD graph. Suppose
5(G) > 0and® # R(G) C {p € P : p > 10}, Then there exists GCD sub-graph G’ =
(V' W, E, P, f,g") of G such that

PcP cPuR(G), R(G") c R(G), q(G") > q(G).
and
PP, R(G") # R(G).
Proof. Refer to [25, Propositions 8.1 & 8.2]. [

Proposition 3.2.20 (Effective version of [2, Lemma 13]). Let G = (1, V, W, E, P, f, g) be a
GCD graph. Suppose §(G) > 0. Then there exists GCD sub-graph G’ = (u, V', W', E", P’, f', g")
of G such that

P’ c PUR(G), R(G) =@, q(G) < Pyq(G").

Proof. By Proposition 3.2.18, there exists a GCD sub-graph G < G such that R(GV) c {p €
P : p > 10*°} and g(GWV) > Pyq(G). If RY = @, it is done. Otherwise, by Proposition 3.2.19,
there exists GCD sub-graph G® < GW such that and R(G) = R(G?) ¢ R(GW) and
4(G?) 2 ¢(G),

Repeating such process, as R(GW) is finite, the process terminates after certain n steps,
at a GCD sub-graph G’ := G < G with R(G") = @, q(G") > q(GV) > Pyq(G) and
P’ c PUR(G). H

Proposition 3.2.21 (Effective version of [2, Proposition 8]). Let G = (i, V, W, E, D, f», go) be
a GCD graph. Suppose §(G) > 0. Then there exists GCD sub-graph G’ = (u, V', W', &, P, f', g")
of G such that R(G") = @, q(G) < Pyq(G’) and for anyv € V' and w € W',

96(G")

uom, (o)) > 22D

10

p(Te ) > u(V).

Proof. By Proposition 3.2.20, there exists G < G such that R(GV) = @ and q(GV) >
P;q(G). By [2, Lemma 14] on G\, there exists G’ < G such that the rest holds. O
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The proof of [2, Proposition 6] depends on [25, Propositions 6.3 & 7.1].

Proposition 3.2.22 (Effective version of [2, Proposition 6]). Let Q € N, t > 1 and

Eor = {(q, r)€[1,0P nIN? : D(q,r) < \P(Q)}
Then
(Y (q) o(r)y(r) ¥2(Q)
L ,
(q,r)z:eegt q r = £1/5
where

L6 - (P8P6.3)1/10 < 10103000.

Proof. Let y : N — [0,1/2] be a function, Q € N and ¢ > 1. Define y : N — R* by, for any
v e,

o)y )
p) = —,

Take V =W =[1,Q] nN and

z{(v,W)G([LQ]ﬂN)Z:D( W) < (Q)}

Let G' = (u, V, W', E", P, f’, g’) be a sub-graph of G given by Proposition 3.2.21. The rest of
the proof follows similar steps to [25, Proof of Proposition 6.3 assuming Proposition 7.1].

Let a := [[,cp p/ ‘@ and b =] epr p¢®_ By the definition of GCD graph, for any v €
VY andw € W, a | vand b | w. Since R(G’) = @ and for any (v, w) € £, p™'®LE) || ged (v, w).
Then for any (v, w) € &', ged (v, w) = ged (a, b). Note that

lem(a, b) ab
ged(a,b) ged(a, b)”

H PPl = H PP (p)—min ( (pg'(P)) —
pEP’ peEP’
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and by the Euler product formula for the Riemann zeta function,

I1 1 <@@1/300° ] 1

oo (L= Xppy=g(pyon /PP (1 = p721/30)10 verr (1= Xp =g/ (p=1/P)?
ab
p(@)p(b)

< P

By the definition of quality,

plf (r)—-&'(p)l

G) = 8(G)" V)W’
9(G') = 8(G')u(V")u( )E(l_mm_m)zl oY= piyi

ab ab
ged (a, b)? p(a)e(b)
ab ab
ged (a, b)” p(@)p(b)’

< Py38(G) " n(V))p(W")

= P6.35(G/)9/1(€/)

(3.33)

By & c &, for any (v, w) € &,

< ged (a,b) ‘P(Q)’ Pw) < ged (4, b) ¥(Q)
w t v t

40)

By Proposition 3.2.21, for any v € V”, there exists the greatest integer wy,,(v) such that
(v, Wnmax(v)) € &’; similarly, for any w € W, there exists the greatest integer vy, (w) such

that (Vpa(w), w) € £’. Thus, for any v € V' and w € W/,

ged (a, b) \P(Q)’ Pw) < ged (a, b)‘I’(Q)_

Wmax(v) t Umax(w) t

Y(v) <

(3.34)

Let wy := max W’ be the greatest element in W’ and £” := {(v, w) € & : (v, wy) € E’}. Thus,

for any (v, w) € ", Wi (v) = wy. By Proposition 3.2.21, we have

HED = T spTo) > ure(u) X > (2w
veT ¢/ (wy)
L HOWE)

By (3.33) and 6 < 1,

ab ab . ab ab
acd (0,0 (@) = M E) 0 ed (0 Y p(@olb)

q(G") < P38(G)°u(€”) (3.35)
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Since a |v, b | w, p(v)/v < ¢(a)/a and p(w)/w < @(b)/b, it follows that

8//) — Z lﬁ(v)(/)(l)) lﬁ(W)({)(W)
(v,w)e&” v w
By combining (3.34) and (3.35), we have that,
1 ¥(Q)

q(G') < Posab ),

(v,w)e&” UmaX(W) Wo tZ

b

By v :=v/aand w = w/b,
1 1 1 Umax(BV
Z v (w)wS Z WoUmax (b W) Z L= Z WoUmax (b W) afl :
(v, w)e€” max 0 w<wy/b 0Ymax v <vmax (b)) / a w'<wy/b 0Ymax
1
< —.
ab
We have that

q(G') < Pys

Q)
12

By Proposition 3.2.21, we have that

¥
S(O) WMD) = 4(G) < Prg(G)) < Py oy 2
Note that u(V) = p(W) = ¥(Q)/2. Then, we have that

3(G) < (4P8P6.3)1/10t_1/5

Hence the result follows as:

p(E) = (\P(ZQ)> 5(G) < (Pspé_s)l/“’w.

t1/5

3.2.5 Effective version of [2, Proposition 7]

The proof of [2, Proposition 7] relies on [2, Proposition 9] and [25, Proposition 7.1]. To
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obtain an effective version, it is therefore necessary to establish effective analogues of both of

these results.

We begin by introducing two auxiliary functions. For s € R, define L, : N* — R by

1
Lig.r):= > = (greN-
plar/ ged(qr)? p
p2s

Clearly, L; is decreasing in s. Next, for any C > 0, define F- : R* — R* by

1 100) loglogl 100
Fo(x) := exp( 0g(x + 100) log log log(xx + 100) + l> , x>0,

8C log log(x + 100)
so that Fo(x) > e and F¢ is increasing on [1, ).

Proposition 3.2.23 (Function #02). Forany C > 1andt > 1,
1'% exp (=25Fc(£)**) < fia(C) 1= (x0(C))'* exp (—25(co(C))"*(x0(C) + 100)/?),  (3.36)

where

408 (51 + /2601 + 15625¢,(C))
625¢4(C)

log loglog 100
8C loglog 100

t(C) 5= exp < ) %(C) =

Proof. Pick any C > 0 and x > 0. Since

log loglog 100

Fe(x) >
cx) 2 exp <8Clog log 100

) (x +100) = ¢,(C)(x + 100).
Then, as Fo(x) > e,
x'% exp (—25Fc(x)**) < x' exp (—25Fc(x)"/?) < x'” exp (—ZSCO(C)I/Z(x +100)'/%).

By the derivative test, the rightmost function attains its maximum at x = xo(C). [l

Proposition 3.2.24 (Effective version of [2, (23)]). Forany p € P and x > 1,

px—l/Z
Lot = bt

where bys 1= 107%.
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Proof. Define, for any p > 2, f, : [1,+00) - R* by for any x > 1,

p3x/4—1/2

1015 %20 .

fp(x) ‘=

If p < €**/3 then the global minimum of f, is achieved at

80
X = ,
3logp

and that minimum value is given by

>107%.

; 80 ~ 320 20 ]og? p . 320 ¢20]og™ 2
p 3log p T 995535 JP = 995535 J2

If p > €*/* then the global minimum of f, is achieved at x = 1 and the value is given by

p'* _ exp(20/3)

—-13
1015 — 1015 > 1077

(D) =

By combining both cases, for any p € P and x > 1, f,(x) > 107, O
Proposition 3.2.25. Forany N € N and y > e, if N! < y then

2.44log y

N < .
loglog y

Proof. Suppose e < y < 16. The only possible values of N are 1, 2 and 3, the result follows as

2.44logy

N<6< .
loglog y

Suppose y > 16. Note that by the definition of Lambert W function,
N N/1.36
— <N!<y
1.36

N
T3¢ < exp W(log y).
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Note that for any z > ¢, 0 < loglog z/log z < 1/e. By [16, Theorem 2.7], for any z > e,

e loglogz

W(z) < logz —loglog z + e=1 logz

1
<l —log1 e
<logz ogogz+e_1
By taking z = log y > log 16 > e,

N <e log lo logloglog y + 1
[ X — [
136 p glogy gloglogy o1

log y < 244logy
e—1loglogy ~loglogy’

N <136exp

Proposition 3.2.26. Forany N € N and t > 107'2, if N! < 10"°°¢'? then

60log ¢
loglogt’

Proof. By applying y = 10"°°#'? > e to Proposition 3.2.25 and standard methods in calculus,

we have

1 156 412 . '
N < 2441080077 (244)(24.3)logt
loglog (107112) loglog t

Proposition 3.2.27. For any finite Y C P,

1
> logp > o8 30030#Ylog #Y,

prrt 6logé6

under the convention that 0log 0 = 0.

Proof. The statement is trivial if #Y < 1. It suffices to prove for the case that #Y > 2. For the

same values of #Y, the expression is minimised

1
f¥) = #Y log #Y 2, log .

peY

if the choices of the primes p € Y are minimised. It is trivial that, for any k € N, p, > k+ 1,
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where py is the k-th (smallest) prime. We have that, for any finite Y C P, if #Y > 2 then

1 #Y
> # = 1 - -
fN 2 860) = min | FOO = (o sy Lle s
1 & 1 # #Y log#Y —#Y + 1
>—Zlogk2—/ log xdx = o8 il
#Y log#Y #Y log#Y J, #Y log#Y

1 1
1- + =>1-
log#Y #Ylog#Y 2log2

> 0;

thus, f is bounded below. Note that, for any n € IN, if n > 10! then g(n) > 0.96. By computing
all cases of Y such that #Y < 10" (a finite number of cases), we have that f is minimised when

Y, = {2,3,5,7, 11, 13}, in which

F(Yy) = 1"5;% < 0.96;
it completes the proof. [
Proposition 3.2.28. For any u > 1 andv > 16, if
ulogu < %,
then
23logv

< .
. loglogvloglogloguv

Proof. Pick any x > 1 and y > 0. Suppose xlogx < y then x < y/W(y). By standard

methods in calculus, W(y)/log y is minimised when y = e'*¢. We have

1+e

0.73log y < ) logy < W(y).

+e
By substituting x = u and y = 16.7logv/ log loglogv, it gives,

16.7logv 1
logloglogv W(16.7 logv/logloglogv)
< 16.7 logv
0.73 log (16.7 logv/ log log log v) log log log v
23logv

< loglogvlogloglogv’
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Proposition 3.2.29. Foranyt > 22 and y > 0, if

23logt
y< ;
loglog tlogloglog t

then

462 log t < 58log t
y " loglogt

y log

Proof. By t > 22, we have that 23/(loglog t logloglog t) < 462/e and

< 23logt 462 log t
V= loglog tlogloglog ¢ e

Define f; : R* — R by for any x > 0,

462logt
fi(x) 1= xlog B

X

Note that f; is increasing on (0,462 log t/e) and the global maximum of f; is 462logt/e. It

gives

Jlog 462logt < 23logt og 462loglog t logloglog t‘
y loglog tlogloglog t 23logt

The result follows as for any ¢ > 17,

23 462loglog tlogloglog t <s

1 8.
o8 23logt

logloglog t

Proposition 3.2.30. Let C > 0. For any t > exp exp exp (48578724C?) > ¢,

296 log t loglogloglog t
loglog ¢

1
< 1 log Fc(1).

Proof. We have

oglog(t+100) logt loglogloglog ¢ < 9473Clog logloglog t
loglogt  log(t+ 100)logloglog (¢ + 100) logloglog t

8(296)(4)C1
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by finding an upper bounds for each quotient. Since for any x > 0, log x/x < 2/(e/x),

loglogloglogt 2  2369C 18946C

9473C < - < <1
logloglog t e Jlogloglogt =~ e48578724C

We have that,

1184 log tloglogloglog ¢
loglog t

< log Fc(t) -1< log Fc(t).

Next, we present some sufficient tools to make [2, Lemma 11] effective.

Proposition 3.2.31 ([2, Lemma 17]). Let G = (1, V, W, E, P, f, g) be a GCD graph and p €
R(G). Suppose 5(G) > 0. Define, for any k € N U {0} and | € N u {0},

_ .u(vp")
pv)

_ pWpi)
W) -

B

Ak

Then, there exists (k, 1) = (kp, 1,) € (N U {0})? such that ax, > 0, f;, > 0 and

l‘(‘gpk,Pl) > (akﬁl)g/m’ k= ls

pE) | aa-porprli—an)ra(i-p)+Ai(1—ar)
k k k 401‘<k_llé 1 1 1 , k i l.

Proposition 3.2.32 ([2, Lemma 19]). Let G = (u, V, W, E, P, f, g) be a GCD graph and p €
R**(G). Suppose §(G) > 0. Let (k = 1) = (kp, 1,) € (IN U {0})* be given in Proposition 3.2.31.
Then there exists a GCD subgroup G = (u, V', W', E",P’, f’, &") of G such that P’ = P U {p},
R(G’) c R(G)\{p} and

/ 1, k=1, / 1 k=1,
5(G") S 9(&)
5(G)

) (G WIS

1
20[k—1P> 10520

Proposition 3.2.33 (Effective version of [2, Lemma 11]). Let G = (u, V, W, E, D, f5, 80) be a
GCD graph and C,t > 1. Suppose 5(G) > 0 and

t > max (exp exp exp (48578724C?)), exp exp exp exp 4).
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Then there exists a GCD subgraph such that G’ < G such that R**(G") = @ and at least one of
the following holds:

1. ¢(G") > £2q(G); or

2. q(G) > byq(G), 8(G")/5(G) > 1/Fe()/* and N = #P4(G’) < log t.

Proof. By an iterative application of Proposition 3.2.32, there exists a GCD sub-graph G’ of
G such that R**(G’) = @. For any p € P’, denote (k,,[,) € (IN U {0})* to be that given by
Proposition 3.2.32. Since G has an empty set of primes, we have Pya(G’) = {p € P’ : k, # [}

and

5(G") 1
— > [ —
5(G) — H )2o|kp—lp|2’

PEPair(G/
G lkp—1,|—1/2
199> 1 s
1 PEPsi(G’) N

Then, by comparing each term in the product and Proposition 3.2.24,

G/
q(G)Zb% [T p" > (3.37)
q( ) PEPir(G’)

Suppose q(G’) < £*q(G). Define N = #Py5(G’). As stated in the original proof,

(N!)1/4 < H p\kp—lp|/4 < LQ(G) < its
PePair(G) bas qG bas

Hence, N! < 10"°°¢!? and by Proposition 3.2.26, N < 60 log t/log log t.

Define Y := {p € Pyr(G’) : |k, — I,| > logloglogt. As t > exp exp exp exp 4, it follows

that,

> log (20lk, — 1,[*) < " log (20(log log log t)*)

peY pey
< N(log 20 + 2loglogloglog t)

< Nlog20loglogloglogt
log t log log loglog t

< 60log 20
= 0008 loglog t
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By Proposition 3.2.27, (3.37) and ¢(G) < #*q(G), we have

3logt > log <b23 H plkp—lp|/4>

P€Pir(G’)

k,— 1
> Z%logpﬂogb%
peY

k,—1
4logt > Z%Iogp

peY

1
> 1 Z logloglog tlog p

peY
log 30030

96 log 6

#Y log(#Y) logloglog ¢

= by#Y log(#Y)logloglogt,

where

_ log 30030

by 1= > 0.599.
277 96log6

By 1/by4 < 16.7 and Proposition 3.2.28,

23logt
#Y <
loglog tlogloglog t

16
— < — .
E Ikp lpl log 2 log t

peY

By the AM-GM inequality and Proposition 3.2.29, as 20(16/ log 2) < 462, it follows that,

> log (20k, — L,|*) < 2 )" log (20lk, — 1,])
peyY peY

20 pey lkp — 1|
& #Y
462log t

< 2#Ylo

< 2#Y log

116log t
< .
loglog ¢
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Hence, by combining the partition and Proposition 3.2.30,

o(G)
—log < . log(20lk, — 1,[%
3(G) PEPir(G’)
= Y log(20lk, — L)+ . log(20lk, — 1,[*)
pey pEPa(GNY
log tlogloglogl
< (116 + 60 log 20) 28108108 08 o8 ¢
loglog ¢
< 296 log t loglogloglog t
- loglog t
1
< —Fq(1).
< Fe(®)

]

Proposition 3.2.34 (Effective version of [2, Proposition 9]). Let G = (i, V, W, E, D, f», go) be
a GCD graph and C > 1. Suppose there exists t > 1 such that

1
EC {(v,w)e VxW : L (v, w) > W}

D=

Then there exists GCD sub-graph G' = (u, V', W', E", P, f’, g") of G such that
1. R(G) =09,
2. foranyv € V', u(Ts(v)) > 0.96(G)u(W’),
3. foranyw e W, u(Tg(w)) > 0.96(G")u(V’),

4. at least one of the following holds:

q(G) > Pst*q(G);

or

b
q(G) > Z—;Zq(G),
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with for any (v, w) € €', ifv =" [ [ ,epr p!'® and w=w [Ler p&®) then

1

L vow) > —.
Fc(t)( ) = ch(t)1/4

Proof. By Proposition 3.2.33, there exists GV < G such that R**(GV) = @ and at least one of
the following holds:

. (A): q(GW) > £q(G);
o (B): ¢(GV) > by3q(G), 5(GM)/8(G) > 1/Fc(H)V/* and N = #Pyin(GV) < log t

Suppose (A) holds. By Proposition 3.2.20, there exists G? < G such that R(G®Y) = @
and g(G®Y) > Py;q(GW). Then take G’ = G®¥,

Suppose (B) holds. Th point is to remove the effect of the large primes in R(G") on
Lr. (v, w). Since §(G) > 1/Fc(t)V2, §(GV) > 1/Fc(t)V*. By applying [2, Lemma 12] to G
with s = Fo(t), there exists G < G with edge set £ such that

G(l))
gy > XG7)
q(G*”) > )

and

1
EB c i, w)eVxW : Z >

= 1/4
plow/ ged (0.w)%, p>Fe(t) peR(GD) p o AFe(t)

By removing the contribution of the primes in Pge(G™) on Lr.y(v, w)’, as #Pun(GV) < log t,
for any (v, w) € £ and large t,

1 _ logt 1
Z —< < -
plow/gedwmw?, P Fo(t) ~ 4Fq(t)
P>Fe(t), pePaig(GD)

Hence for any (v, w) € £25),

) Ls o

= 1/4°
plow/ ged (0,w)%, p>Fe(t) peR(GD)UPia(GWV) p 2Fc(1)
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By applying Proposition 3.2.20 to G®®), there exists G®® < G®® such that R(G®P)) = @ and
96 2 Tq(G®) 2 T q(0) 2 2 (0)
= P, = 2P, = 2P,

Then, taking G’ = G®P) and the rest follows from applying the argument as in the proof of
[25, Proposition 7.1]. ]

Proposition 3.2.35 (Effective version of [2, Lemma 10]). Foranyx € R, t > 1 and ¢ € (0, 1],

1
#{ne]N :n<xand Z —2c}ngoxexp(—1OOCt),
pln,pztp

where
Lio := L4, (6100) exp (2 (emo — 1) cz),

in which L4, is given in (3.26).

Proof. Pick any x € R, t > 1 and c € (0, 1]. By Markov’s inequality,

1 1
#{ne]N :n<xand Z ;2c}:#{n€]N :n<xand exp(lOOt Z ;>2exp(100ct)}

pln, p>t plnp>t

< exp(—lOOct)Z H exp <%>

n<x plnp>t

Define a multiplicative function f, : N — R* by for any p € P and m € NN,

exp (100t/p), p >t
fi(p"™) = < e < 10*

1, p<t

Note that for any p € P and t < p,

elOOt/p -1 112 _ elOOt/p -1 < Joo 1
P t t/p
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By Proposition 3.2.14, we have,

Z H €xp (%) = Z ft(n) < L14.2 (6100) X €xXp (Z —ft(p) — 1)

n<x p|n,p>t n<x p<x p

elOOt/p -1
t<p<x P

= L4y (eloo) X exp

where for any t > 0,

Proposition 3.2.36 (Sub-linearity of F¢). For any C > 10 and x > 3,
Fe(x) < x.

Proof. Note that F is decreasing in argument C.

For any C > 10 and x > 3, logloglog (x + 100)/loglog (x + 100) < 1/e and

Fe(x) < Fio(x) _ 1 exp log (x + 100) log log log (x + 100) 1) < e exp log (x + 100) '
x X X 80 log log (x + 100) 80e

The result follows from the right-most is decreasing for x > 3 and

e (log (3 +100)

< 0.9257 < 1.
80e

]

Proposition 3.2.37 (Effective version of [2, Proposition 7]). Let C > 10. Define forany Q € IN
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andt > 3,

1
Egu = {(q, ) €[L.OP AN : Dlg,r) < 1H(Q) and Lio(4.1) 2 57 } -

Then, the following inequality holds,

D (¥ (q) e(r)y(r) < L,(0) *(Q)

1/2°
(Gretos q r Fo(H)Y

where L;(C) is defined by,

Pes 1 /8PsPes\ "™
L,(C) =max | -2, = il (2L1o feoz(O)V ),
Ps 4 b3

in which fuy, is given in (3.36).
Proof. Let Q € N and t > 1. Define y : N — R* by for any v € N,

RO O)
p) = —,

Take V =W =[1,Q] nN and

1
E = {(l}, W) S ([1, Q] n N)Z : D(U, W) < t‘{l(Q) and LFc(t)(U> W) > W} .
Note that p(V) = p(W) = ¥(Q)/2. Let G’ be a GCD sub-graph of G given by Proposi-
tion 3.2.34. Let a = [[,eps p/'® and b = [ p€®_ By the definition of GCD graph,
for any v € V’, a|v and for any w € W, b|w. Since R(G") = @, for any (v,w) € &',
ged(v, w) = ged (a, b). Let wy = max(W’) and vy (w) = maxfo € V' @ (v, w) € '}

Before applying the rest of Proposition 3.2.34, notice that by a similar argument in the

proof of Proposition 3.2.22,

q(G) < Posab¥*(Q)t* Z < PosPA(Q)E%.

(v, w)e&’ Wo Umax(w)
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Suppose q(G’) > Pst*q(G). We have,

1 P, ¥?
5(G) UMW) = ¢(G) < ~13q(c) < L2 T Q)
Py Pyt
Then we have that,
4P 3 f1 4P 3
5(G) € =22471/10 < Z 83 p (p)71/2,
(G) B, B, c(t)”

Suppose

(@) > ;’—qu(@

Then for any (v, w) € €', if v = av’ and w = bw’ (notice that ged (v/, w') = 1), then

1

L W) > —.
Fc(t)( ) = 2FC(t)1/4

Then we have that,

5(G)*° u(V)u(W) = q(G)

23 (v, w)e&’ WOUmaX(U)

< 2P8P6.3 ab‘PZ(Q)tz Z 1 Z

T by Wy

I/\

1<w'<wy /b Umax(v) 1<V <vmax (bw')/a
Lpe(n@',w')21/(2Fc()!/*)

Define for any s > 1, R, : N — [0, +0) by for any n € N,

R(n) = ),

pln p>s

1
—20.
p

Thus, we have that,

1

2Fc(t)V/4
1

— <
4Fc ()4

< Le (@', W) = Rpe(n(v”) + Rpe(n(w')

min (Rpc(t)(l)/), RFC(t)(W/))'
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Define

__abt? 1
Sl VD Y (T 2 L

1w/ Swo/b 1w Swo /b 1<V’ Smax(bW')/@.Rp oy )21/ (4FC(D)/4)

__abt’ 1
= 3 D Cxa B

w,
O 1w/ <wo/b.Rep(n(w)21/(4Fc(£)1/4) 1<W <wo /b 1<V <vmax(bW)/a

Then we have that,

8PP 3

23

S(G)" < (51 + Sy).

Let b; = b, = Ly fu02(C). By Propositions 3.2.23 and 3.2.35, we have that,

bt?

S: < Lygy— Z exp (_25Fc(t)3/4) - L10t2 exp (—25Fc(t)3/4) < b, t*lOO,
0 <w'<wo/b
bt?
= Z 1 < Lyot? exp (—=25Fc(1)**) < byt 1%,
Wo

1<w/<wo /b Re(y(w)21/(4Fc(1)!/4)

Hence, the result follows from that p(€) = p(V)u(W)S8(G) = 6(G)¥*(Q)/4, and by Proposi-
tion 3.2.36,

SP.P 1/10 SP.P 1/10
5(G) < ( A “) (S +5)V" < <—8 “) (by + b))/ 1010

23 b23

8PP\ /" 8PP\ /"
<(B2) G byrr s (B2 )b bR
23 23

3.2.6 Effective version of [2, Theorem 2]

Before giving an explicit version for [2, Theorem 2], we give some estimates that we will

use later. From now on, write k := (e/C)¢/100.

Proposition 3.2.38. Let C > 10. For any x > exp ((3C + 1)!/x>),

l/2y1/2 /2
log F, > .
grc ( logC/? x) 300000C
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Proof. Let y = k'/?x'/2/1og™? x > x'/*> > 59%. By monotonicity,

log Fc(y)  log(y +100)logloglog (y + 100) N 1

log”?x  8Cloglog(y + 100)log"? x log!/? x
1 logx'/*logloglogx/* 1 logloglogx'/*log"* x .
8C loglogylog?x  24C log log x'/3 300000C"
O
Proposition 3.2.39. Let C > 10. For any x > exp (10C + 1)!*°,
log“** x 1
F(x/log® x) ~ log«x’
Proof. Since
x > exp (10C + D > exp (112(C + 1)1*°) > 10,
we have that
F X > F(x0.9 _ 100) > exp 0.9 lng — (log x)9logx/(80Clog(0.9logx)
log€x) = - 8Clog (0.91log x)
O
Proposition 3.2.40. Forany p > 2,
2log2
1+ ——<exp
- p
Proposition 3.2.41 (Function #03). For any C > 0 and x > 1,
log” x 6C ~8C
< fus(C) 1= 2°CCEC(20). (3.38)
JFe(x)

Proof. Pick any C > 0 and x > 1. Note that

log'/? (x + 100) log log log (x + 100) .
log log (x + 100) -

1
>
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By the definition of F¢, we have that,

1/2

8C

X

1
JFc(x) > exp ©

By taking y = log x and €* < z2€/(2C)!,

logcx y*© 6C ~8C
'—Fc(x) < exp (J7/(B0)) < 2°°C*H(20).

]

Proposition 3.2.42 (Function #04). ForanyC > 0,a > 0 andx > fi04(C, a) := exp ((C + 1)!a),

then

logx 1

x a
Proof. By taking y =log x > (C + 1)!a, we have that

log© x _ y© - y© < (C+1)!
x expy y“/(C+1)! — y

1

< -

a
U

By the Merten-Laudau Theorem, for any C > 0, there exists M- > 0 such that for any
x 22,
c

1 M,
> — —(loglogx + M)| < ——, (3.39)

px P log™ x

where M is the Meissel-Merten’s constant. We are now in position to give an effective and

explicit version of [2, Theorem 2].

Proposition 3.2.43 (Effective version of [2, Theorem 2]). Let  : N — [0,1/2] be a function
and C > 0. Forany Q € N, if

¥(Q) > max (3, exp fx04(C,1/2),exp (k(C + 1)! expexp C, exp (10C + 1)!10)) >3, (3.40)
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then

. ¥(Q)
%KZQaAnA) YA(Q) < LO) ey 5

where L,(C) := E;(C) + E;(C) + E4(C) + Es(C) and each is given by

Ls(5(C+210g82)) \ .3 210010
Ey(C) = (1 + 10g5<<:+210g‘2>g2 ) A 7 (3.41)
. L5(C) \ 2° 21182, (C)eC f103(C)
E{(C) := (1 + logC2> Y , (3.42)
E«(C) :=2°(1 + 2Ls(C)) + 2, (3.43)
E5(C) i 22—210glog2 <1 + LS(C)) L7(C); (3‘44)
log© 2
Proof. Let C > 10 and Q € IN. Suppose (3.40) holds. [1, Q]* n IN? is partitioned into:
& :={(gr)e[l,QPnN*: g=r},
82 = {(q, r) € [l, Q]2 n INZ T qFT, D(q, r) % \I;(\P()Q) L‘J’(Q)(q’ r) < 1} s
&’ {(q, r)e[1,01°nIN?* : g = r,D(q,r) < logc(—‘s()Q),qu(Q)(q, r)> 1},
b4 K
Et = {(q, r)e[1,01°nIN? : g # r,D(q,1) > C(‘S()Q)’ Fep(gr)(gs 1) < o C‘P(Q)}
K
& {<q, D EILOF NN« q % 1.0 > [t O L (0:1)> s }

where K = K(C) = 2 + M,c107°C? > 1.

For any (q,r) € €', as L(A; N A,) = L(A,) and

Q
Y, L(ANA) =) L(A)=¥(Q)>2,

(gn)ee! g=1

we have the contribution of £! to be, as ¥(Q) > 2,

D, LA A)—¥A(Q) = ¥(Q) ~ ¥*(Q) <.

(g.r)e&t
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For any (g, r) € £% as by Propositions 3.2.3, 3.2.36, 3.2.40 and Lr.w0y(q. ) < 1,

H <1+L>£exp Z 210g2+ Z 2log2

plar/ged(gr) Pl plar/ecd(qrtip<iev@) P plar/eedrt perecney P
< exp (2log 2(loglog F-(¥(Q)) + 1/2 —loglog 2) + 2log 2)
=exp (2log2(1/2 —loglog 2) + 21log 2) exp (2 log 2 log log F-(¥(Q)))
< 2%72lglog? oy (210g 2 log log W(Q))

— 23—2 loglog 2 10g2 log2 \II(Q)

By Proposition 3.2.17, for any (g, r) € &€,

L
ﬁ(Aq N Ar) < ﬁ(Aq)E(Ar) (1 + 1 5(52) 23—210glog2 logzlogz \IJ(Q)
0}

By summing all (¢, r) € £, we have,

L5 C 3—2loglog 2 2log2
Y ceagnays (1455 )2 g w0) T L)L)

(q,r)e&? (q.r)e&?

By Proposition 3.2.22 with ¢ = log® ¥(Q),

¥2(Q)
LOANC(A,) < Li—n=? .
(qégz ( q) ( ) logC/S\I,(Q)

The contribution of £ is,

> LA NnA)<

(gq.r)e&?

L(C _ P2
(1 + CS( ) )23 21oglog2L6 C/S_ZI(OSZ)
log™(D + 2) log ¥Y(Q)

*(Q)
C/5-2log2 \P(Q) ’

< E(C/5 - 2log2)
log

where (by replacing C by 5(C + 2log 2)),

5(C+2log2) 2

EZ(C) — (1 + 23—210g10g2L6
log

logs(c+zlog 2) 9 L.

£14<1+

For any (q,r) € &% define j(q,r) := max {j €N : Ly (expexp (¢, 1) > l}. Note that
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j(q,r) > [loglog ¥(Q)] and L (expexp (j(g,+1))(qs 1) < 1. By Propositions 3.2.3 and 3.2.40,

1 21og 2 2log 2
(1 + —1) < exp Z : + Z 5
plqr/ ged(q.r)? p plqr/ged(q.r) p plqr/ged(qr) p
p<Fc(expexp (j(q.r)+1)) p>Fc(exp exp (j(q.r)+1))

1
< exp (2 log 2 (log log Fe(expexp (j(g,r) + 1)) + i loglog 2 + 1>)

< 2372loglog2 oy (210g 2(j(g, ) + 1)).

By Propositions 3.2.17 and 3.2.37 (with ¢t = exp exp j), it gives

> oLAnA)= > > LA nA)

(g.r)e€? Jj2|loglog ¥(Q)] (q,r)e&?
igr)=j

L-(C 22(j+1)\I/2
< (1 + S(C)) 23—2loglogzL7(C) Z (Q) )
log™ 2 j>loglog ¥(0Q)] VE c(exp exp j)

Note that by Proposition 3.2.41, we have,

22(j+1)\1j2(Q) 4j
Z = < 4¥°(Q) fus(O) Z TP —
Jj>loglog ¥(Q)] \ FC(eXp exp ]) j>lloglog ¥(Q)| 0g expexpJ

4 ]
= 4¥%(Q) fuos(C) Z (;)
Jj2|loglog ¥(Q)]
(4/eC)10g log¥(Q)-1

< 4¥(Q) fus( O T
= e“(1 - 4/€%) fus(C)F2(Q) log*C ¥(Q)
P4(Q)

Cl1 _ a/sC
<e(1—-4/e )ﬁm(C)logC/Z‘I’(Q).

Hence, the contribution of £? is given as

¥*(Q)

Z L(AGNA) <L Ez(C)W,

(g.r)e&?

where E;(C) is given in (3.42).
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For any (g, r) € £*, by Proposition 3.2.40, the definition of L and that log® ¥(Q) > 2,

2log2

1 2
1+ —— ) <exp(2log2L ngr)<exp——"— <1+ ———.
p|qr/1g_c£q,r>z ( p- 1) PR Tt Plog”w(0) = " 1og"¥(Q)

p>Fc(D(g,r))

Since, by the definition of £*, for any (g, r) € £*,

¥(Q)

D+2> ————,
log” ¥(Q)

where D := D(q, r). By (3.40) and Proposition 3.2.42, we have that log® log ¥(Q)/log ¥(Q) <
1/2 and

log (D + 2) > log ¥(Q) — Cloglog ¥(Q) > %log W(0) > 0.

Thus, as ¥(Q) > 3, it gives

1 - 2¢
log® (D +2)  log®¥(Q)

By Proposition 3.2.17, for any (g, r) € &%,

Ls(C) :
L(A;NA) < LIADL(A) (1 + logC(—D+2)> (1 ’ logc—‘I’(Q)>

2€Ls(C) 2 2L (0)
log” ¥(Q) " log" %(Q) " log”® W(Q))
2€Ls(C) + 2+ 2°71L5(0)

log® ¥(Q) )

< L(A)L(A,) (1 +

< L(ADL(A,) (1 +

Hence, by summing over £, the contribution of £* is given by,

2 (Q)*
(q;ﬁ L(A,NA) <F(Q) + E4(C)m,

where E,(C) is given in (3.43).

For any (q,r) € £, define

K/2

(g, r) := €N : L . ) > —tc
l(q r) max {l FC(Kexpexp(l/logC‘I’(Q)))(q r) logC \P(Q)}
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where k := (e/C)¢/100 < 107", By L, being decreasing in s and the definition of £°,

K
LFC(‘I’(Q)/IOgC W(Q))(q, r) 2 Lr(p(gr)(q. 7) 2 _logc ‘I'_(Q)

By the definition of i(q, r), we have that,

. ¥(Q)
,r) > |log® ¥(Q)loglog ———=2 | | 3.45
l(q r) = Og (Q) Og Og K logC T(Q) ( )
where, by the definition of «,
Y 1
(O S S

klogC ¥(Q) = K x5 log® x
Pick any (g, r) € £°. Suppose i(q, r) = i. By the definition of i(g, r),

L (q.r) < _ Kz
. ,r) < .
Fe((i exp exp ((i(q.r)+1)/ log” ¥(@))\ 9 log® ¥(Q)

By Propositions 3.2.3, 3.2.36 and 3.2.40, we have that

I <1+;>Sexp > + > 2log2

-1
plqr/ ged(q,r)? p plqr/ged(q.r) plar/ged(g.r) p
p<Fc(x expexp ((i+1)/1og® ¥(Q)))  p=Fe(x expexp ((i+1)/log® ¥(Q)))

i+ 1 Klog2
< gl-2loglog2 oy <210 2loglog F, (Kex ex Lt )+ )
i+K/2 )

log“ ¥(Q)

< 21—210glog2 exp (210g2
By Proposition 3.2.17,

1-2loglog2 Ls(C) i(qg,r) +K/2
L(A;NA,) S LIAHL(A,)2 77808 <1 + —logc O+ 2)) exp (2 log z—logc ¥0) >
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By (3.39) and Proposition 3.2.38, we have that

1 2M.
Z — <loglog He(i + 1) — loglog Hc(i) + Tzc
He(i)<p<Hc(i+1) log™ He(i)

< 1. 2Msc !
= 1og° ¥(0Q) <(300000C)2> log€ ¥(Q)

<(1+-=%C !
- 10°C? ) log® ¥(Q)

where

. i+1
Hc(l) = FC <K EXp exp logc—\}/(Q)> s

and as h(x) : R = R, h(x) :=log(log(Fc(k exp exp x))), we have h’(x) < 1 and that

Kl/z\Pl/Z(Q)

1/2
log He(i) > log F (—c/z\P(Q)> > log "“ ¥(Q)
log

300000C

By Lie)(q> ) = Luc+1)(q: ) < Xopo<p<hei+y 1/ p and the definition of K,

M, 1
Lu (g, 7) < Lagrn(g, 1) + (1 + 101°C2> log® ¥(0)

(K M ! <KX
—\2 101°C2 ) 1og® ¥(Q) ~ log® ¥(Q)’

Hence, D(q, r) < x exp exp (i/ log® ¥(Q)).

By Proposition 3.2.37 (with t = x exp exp (i/ log® ¥(Q)), we have that

129

1-2loglog2 L5(C) > ( 21 ) \PZ(Q)
> LA NnA)<2 (1 +—2"2 ) L(C)exp )

¢ C
(g.r)e€s,i(g,)=i log™ (D +2) log™ ¥(Q)

By summing over all possible values of i and applying (3.40) and Proposition 3.2.39, we have
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that ¥(Q) > C/e+3 > exp (x V/€) and

¥ o D exp(2i/ log” ¥(Q))¥*(Q))
i>[l0gC ¥(Q) log log (¥(0)/(x log® ¥(Q))] He(D)

e2m
< ¥2(Q)log” ¥(Q) >, X
m>my :=log log (¥(Q)/(x log€ ¥(Q))) V (K €Xp €Xp m)

e?m < 29%(Q) log™** ¥(Q) < 2¥%(Q)
\/F(K expexpmgy) F(¥(Q)/1og" ¥(Q)) ~ log ¥(Q))’

< 2¥%(Q)log” ¥(Q)

Thus,
\PZ
> LA NA)< ES(C)%,
(g og~ ¥(Q)
where Es(C) is given in (3.44).
Finally, by combining all of them, we have,
¥2(Q)

qgé é ﬁ(Aq n Ar) <V (Q) + LZ(C)logC—\I/(Q),

where Ly(C) := E»(C) + E3(C) + E4(C) + E5(C), as defined in (3.41) to (3.44).

3.2.7 Proof of Theorem 3.1.2

To apply Proposition 3.0.1, it suffices to obtain the following result:

Proposition 3.2.44. Let ¢y : N — [0,1/2]. For any Q € N and C > 10, if ¥(Q) > 3 then

2 (¥(Q))
qSZQ ZQ L(A;NA) = (F(Q))| < L(C)logc ¥ o)
where
__ Qc*/(¥(Qc))* — 1
L(C) := max < log® ¥(0c) ,Lz(c)),

in which Q¢ is the minimal Q such that expression (3.40) is satisfied, and L,(C) is given in

Proposition 3.2.43.
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Proof. By Proposition 3.2.43, the explicit expression for any Q > Qc is explained. For any
Q € IN: 1f Q S QC’

3 LA N A) - (F(Q) < 0F — (¥(Q))

q<Q r<Q
_ QY (¥(Q) —1 (¥(Q))
log“ ¥(Q)  log“ ¥(Q)
_ Qc*/(¥(Qe)Y — 1 (¥(Q))
log® ¥(Qc)  log®¥(Q)’

Hence, by applying Proposition 3.0.1, the following proposition is obtained.

Proposition 3.2.45. Let y : IN — [0,1/2]. Suppose (1.14) diverges. Then for any C > 10 and
& > 0, there exists measurable Ec s C [0,1) such that L(Ecs) < 8 and for any x € [0,1) \ Ecs
and Q € N, if ¥(Q) > 3 then

. kcs 2e¥(Q)+1 1
S (x,Q)—‘I’(Q)ISmaX{ o +5},

where L is the Lebesgue measure relative to [0, 1) and (to make the presentation self-contained,

we recall here the relevant definitions, identical to those given earlier in this chapter.)

kecs = min{k €N : L(C)k—x/f/z (1 n 2k ) . 5} |

JC -2
Qc?/(¥(Qc))? — 1
log® ¥(Qc) ’LZ(C)>’

Qc := min{Q €N : ¥(Q) > max (3,exp fe0a(C,1/2), exp (k(C + 1)! exp exp C, exp (10C + 1)!10)) },

L(C) := max (

where k = (e/C)€ /100, Ly(C) = Eo(C) + Es(C) + E4(C) + Es(C) and each is given by

Ls(5(C + 2log 2)) 210z lo
Ey(C) = (1 + 10g5(c+210g2)2 2ree gZLé’
L(C 93-2loglog2y ((™)C C
Es(C)=(1+ 5(c) ) S )’
log® 2 1-4/e°

E,(C) =2°(1+2Ls(C)) + 2,

Ls(C
E5(C) = 2% 2loglog?2 (1 + —5(C )> L,(0),
log™ 2
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in which , Ls(C), L¢(C), L;(C), fu3(C) are given by

Ls(C) = L3(1, 1) + 5(10C)13CL4C4,

03000

L¢(C) = (P8P6.3)1/10 <10,
L,(C) = max { Pis 1 ( 16P8P6.3L10f#02(c)>1/10}
7 = —, = ,

P4 bas

fuos(C) = 2°°C*(20)! < 2941 10

also,

_ 8L142(3)e
, =

log 2
Ly = L14.2(3100) exp (2(9100 - 1)02),

C 2 )
_ uc/2
L3(Ks C) - (1 + 210> (1 + 30'53/K _ 1) (uK + L19‘1(K’ C)) )

4 2278125x°
L k,C)= —exp ——,
19.1( ) 3 p 2e
ue =1+ e0-53/x _ 1;
and the constants,

1 1
Cy = Z F < 5,

peP

c; < 1.038821
¢, =2/log2,
P8 — 10103000

Pgs = (£(31/30))" <6,

bzg = 10739;
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also
1 1 3Je
Lis(k) := max e k+ - exp | (4log2—2)c, k + 5~ loglog2 |, 10g204 Qk1/3 (Qk,1/3§(4/3) + 1)
Pr1/3 = max (16, exp exp (6 log 2k + ay)) > 16,

4 8
Oki/3 = (gk3 +6k% + gk + 4) (Peays)™?,

ar = 13(k — 1) + 4logk;
and

Fio2(C) = (30(C))'* exp (=25(co(C))*(x5(C) + 100)"/?) < 107,

B logloglog 100
(€)= exp (8C10g log 100 >
408 (51 + /2601 + 15625¢,(C))
x(C) =

625¢o(C)
Proof of Theorem 3.1.2. The result follows mainly from Proposition 3.2.45.

Let C > 10. Note that,

¥(Q) > expexp(C + 1)
> exp (k(C+ 1)!expexp C)

= max (3, exp fu0a(C,1/2),exp (k(C + 1)! expexp C, exp (10C + 1)!10)).
Note that for any k > 3,

Pi1/3 < exp exp (29k),
Qki/3 < 4k’ exp exp (29k),

Lis2(k) < 28 - 3% exp (2 exp (30k)).
We have that

Ly <10

Lo < 10101044.6
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Note that L3(1,1) < 10'%1%¢ we have that

Ls(C) < 10" (100) €,
03000

Ly(C) <10,

44.7
L,(C) < 10" .
Hence, we have that,

E»(C) < 10" (59C)741€,
E(C) < 101" 253C+2 casC1,
E,(C) < 10" (100)"C,

01045

E<(C) <10 (100)™¢,

L,(C) < 10" (59C)7+1C.



Chapter 4

Liiroth Representation of Numbers

The results of Khintchine (Theorem 1.2.6), Jarnik—Besicovitch (Theorem 1.2.9), and Dodson
(Theorem 1.2.11), discussed in Chapter 1, concern the Lebesgue measure and the Hausdorff
dimension of sets of well-approximable numbers. In this chapter, we present further results
and provide proofs for them, as well as for those introduced in Section 1.4. In particular, we

establish analogues of these classical theorems in the Liiroth setting (see Section 1.4).

4.1 Results

In this chapter, a few generalisations to Theorem 1.4.3, which we have discussed in Section 1.4,
are given, namely Theorems 4.1.1 and 4.1.2 below. We present a partial result (Theorem 4.1.3)

to Conjecture 1.4.5 as well.

Recall, for a given function ¢ : IN — (0, 1], the Liiroth analogue of the set of y/-well

approximable is given by (1.28); that is

P o P ] ¢(Qn(x))
L(y) = lim sup {x «(0.1]: ‘x 0. = 0 }
Theorem 4.1.1. Let ¢ : N — (0, 1].
147y < dimL(y) < 1+,

Theorem 4.1.1 provides both lower and upper bounds on the Hausdorff dimension, it also

135
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serves as a generalisation of Theorem 1.4.3. To see this, define ¥ : N — (0, 1] by, for any
q €N, y(q) :=1/q". Theorem 1.4.3 is recovered as r, = T; = , that is the upper and lower

orders of 1/ coincide.

Let ¥ : IN — (0, 1]. By definition, the set L(1/) only depends on the values of ¢ evaluated
at a certain subset of IN with density arbitrary small. Since for any x € (0,1] and n € N, Q,(x),
the denominator of the n-th Liiroth convergent of x, is divisible by 2""!; the contribution of

¥ evaluated at non-highly composite numbers is negligible to L(¢/).

Our next result, Theorem 4.1.2, is an improved result of Theorem 4.1.1 based on this ob-
servation. Theorem 4.1.2 relies on a more refined range for the limit inferior and limit superior

in (1.30) is taken on.

Theorem 4.1.2. Let / : N — (0,1]. Then

1 1
— <dimL(}) < ———
1+, mL(y) < 1+,

where A, and A, are respectively defined by,

_ -1
Ty Ay = liminf lim sup ©

~1
A, = liminflim inf ~ 226D 5
koo s, logg

k—+oc0 qESk log q
in which for any k € N, Sy := {d\ Hf:_ll di(dj—1) €N : foranyn e N, d, € N \{1}}.

Theorem 4.1.3 below represents a partial result to the revised conjecture (Conjecture 1.4.5),
with three extra conditions; namely that the value of the lower order is sufficiently large, a

stronger monotonicity on the function, and the divergence of a series.

Let  : N — (0, 1] and define 6; : N — R* by, for any g € N,

0,(q) = q'°¥*(g), (4.1)

where s := 1/(1+ z,,). Note that if 0, is non-increasing then ¢ is also non-increasing.

Theorem 4.1.3. Let y : N — (0, 1]. Suppose, Ty > 1, 0; is non-increasing, and

q=1
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where t, and 0; are defined in (1.30) and (4.1) respectively. Then,

. 1
dim L(y) = T
=y

4.2 Proofs

We first give the proofs of the Theorems 1.4.1, 1.4.3 and Theorem 1.4.4 as we discussed in

Section 1.4, and then give the proofs of the theorems introduced in Section 4.1.

4.2.1 Proof of Theorem 1.4.1

Theorem 1.4.1 presents a measure-theoretic result originally stated by Tan-Zhou [48], which
forms an analogue of the Khintchine Theorem (Theorem 1.2.6) in the Liiroth setting. While

the original statement was claimed in [48], a direct proof was not fully provided.

Theorem 1.4.1 is logically equivalent to [49, Corollary 1.3] below.

Proposition 4.2.1 (Tan-Zhou [49, Corollary 1.3], 2021). Let ¢ : N — [2,4+00) be a function.

Suppose ¢ is non-decreasing. Then

. oo (n)
O’ lf anl ?zg;inr; < too,

L(e(p)) =

: o logg(n) _
l’ lf anl%__'_oo’

where

e(p) +=limsupfx € (0,1] : du1(x)da(x) > (Qu(x))}.

n—+oo
The following demonstrates how Theorem 1.4.1 is implied by Proposition 4.2.1.

Proof of Theorem 1.4.1. By [49, (4.1)], for any x € (0,1] and n € N,

1
(dn(x) - 1)(dn+1(x) - 1)

(dn(x) —11>d o SR - Rl <
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Since d,(x) > 2 for all x € (0,1] and n € N, the above implies that

1 4
i) < Q) =BGl < Ty

The following chain of set inclusions holds:

lim sup {x € (0,1] : dp(x)dpi1(x) >

n—o0

o)
Y (Qn(x))
c limsup{x € (0,1] : |xQ,(x) — Po(x)| < ¥(Q,(x)} = L(¥)

n—>oo

. ) 1
C lim sup {x €(0,1] : do(x)dpi1(x) > —¢(Qn(x)) } .

n—>oo
We first handle the convergent case, that is:

i RAC) lc;g AC
q=1

In particular, lim,_.., /(q) = 0. Define a non-decreasing ¢, : IN — [2, +0) by, for any g € N,

- b
¢o(q) := max <2, ¢(q)>-

Since limg_. ¥(q) = 0, there exists a minimal g, € IN such that for any q € N, if g > g, then

»o(q) = 1/Y(q). By a straightforward computation,

o0

3 log po(q) i log2 i Y(q@)log ¥(q)

q=1 q90(q) = 29 an q
dlog2 < 1
<y g2 . D _V(Qlogyle) _ .
q=1 zq q=1 q

By the convergent part of [49, Corollary 1.3], the set inclusion implies that L(L(¢/)) = 0.

We first handle the divergent case, that is:

i AT lc;g v _
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Define a non-decreasing ¢; : N — [2, +00) by, for any q € N,

4
0:(q) = E”(—q)

By a straightforward computation,

[s]

D log ¢:(q) _ i —y(q)log (¥(q)/4)
q=1

q¢1(q) 4q

S i SAC) 1;g v _
q=1

q=1

By the divergent part of [49, Corollary 1.3], the chain of set inclusions implies that L(L(¢/)) =
1.

The proof of Theorem 1.4.1 is completed. [

4.2.2 Proof of Theorem 1.4.3

Theorem 1.4.3 establishes the Hausdorff dimension of the set of Liiroth 7-well-approximable
numbers, also improving the result of Cao-Wu-Zhang (Theorem 1.4.2), which forms an ana-

logue of the Jarnik—-Besicovitch Theorem (Theorem 1.2.9) in the Liiroth setting.

Proposition 4.2.2 below provides an inequality that every Liiroth convergent satisfies.
Proposition 4.2.2. For any x € (0,1] and n € N,

P.(x) < 1 1

00,0 = 410,

Proof. Pick any x € (0, 1] and n € IN. By the definitions of P,(x) and Q,(x) in (1.26) and (1.27),

[ee]

Pn(x) _ - 1 _ 1 1 1
Tom 2. d T1)5 di(d; = 1) dy—10,(x) kz & ITon di(d; = 1)’

k=n+1 =n+1 j=n+1

where the value of the summation in the rightmost expression lies in the interval (0,1]. [

Proposition 4.2.2 states that every real number in (0, 1] is strictly greater than all of its
Liroth convergents; in other words, all Liiroth convergents approximate the real number from

the left of the number line. Figure 4.1 is an illustration.
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Py(x) . P 1 1
Qn(x) Qn(x) dn(x) -1 Qn(x)

I T T T 1

Figure 4.1: Liiroth convergents approximate from the left

By Proposition 4.2.2, for any 7 > 0, the set L(7), defined in (1.29), can be expressed as:

L(7r) = lim sup {x €(0,1] : 0<x (4.2)

n—+oo

B P,(x) 1
@w<gmm}

The proof of the upper bound for dim L(7) is established by a standard covering argument in

fractal geometry.

Proposition 4.2.3 (Upper Bound of dim L(7)). For any t > 0,

1
dim L(7) < .
()< 1+71

Proof. Pickany n € Nand d,, d,, ..., d, € N\{1}. Define Q, :=di(d;—1)...d,—1(dp-1 —1)d, >
2”, Pn = [dl; dz, cees dn]Qn, and

P, P, 1
In)f(dl, do, ..., dn) = (Q—, 5 + W) .

Note that the diameter of I, . satisfies that diamI,, = 1/Q,""" < 1/2". Pick any p > 0 and

N € N. Suppose N > —log p/ log 2. By (4.2), the following is a p-cover of L(7).

0 U La(dids....dy). (4.3)

n=N (dy,....d,)e(N\{1})"

Pick any € > 0 and s > 1/(1+ 7). Suppose N € N is large enough in terms of 7 > 0, s > 0 and

¢ > 0, so that

c n—1 €
D CET=D}

where ( is the Riemann zeta function and

% 1
Fes 1= ). @ (0, 1).

d=2
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Hence, the s-Hausdorff measure for the p-cover (4.3) is obtained as

H3(L(7)) < i > (diam I, ,(d,, ..., dy))°

n=N (d.....d,)e(IN\{1})"

-y ¥ !

(1+71)
TN (ddyeiingapy Qn(dis o dn) "

o]

D) 1

Sy (d(dy = 1) dyy(dyy — D)

0 0 1 n—1 o 1
% (Z (d(d - 1»““”) (Z d<—>>

<{((1+1)s) i res < e
n=N

Thus, for any s > 1/(1+ 7), H*(L(7)) = 0. The result follows from the definition of Hausdorff

dimension. n

The proof of the lower bound for dim L(7) makes use of the Mass Transference Principle
[4, Theorem 2] (Theorem 1.2.12). It provides an alternative to the original method presented
in the work of CWZ [8]. Proposition 4.2.4 below is sufficient to establish the results developed

in the remainder of the chapter.

Proposition 4.2.4. Let (I,).en be a sequence of intervals in [0,1] and 0 < s < 1. Suppose

lim,_ . diam I, = 0 and

L ([0, 1] N lim sup Ins) =1,

n—+oo

where I° denotes the interval with the same centre as I and with radius equal to the radius of I

raised to the power of s. Then

H® <1im sup In) = +o0;

n—+oco

in particular,

dim <lim sup I,,) > s.

n—+oo

Proof. The proof essentially follows on applying [4, Theorem 2]. Suppose 0 < s < 1. Define
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fs ©+ R — R* by, for any x € R", f{(x) := x°. f; is a dimension function, that is, f; is

non-decreasing and lim,_,+ f;(x) = 0. Define X; and its 1-periodic extension Y; by,

XS :llmSup([O’ 1)nIns)’ YS = U(Xs+2)»

n=>+00 z€Z

where X; + z is the translation of X; by z, defined as X; + z :={x + z : x € X,}.

Pick any interval I C R. Pick any z € Z. By assumption, £(X,) = 1, implying L£([z, z +
1)NnYy) =1and L([z,z + 1) \ ;) = 0. By the additivity of Lebesgue measure,

LAN[z,z+1)nY)=LUNn[z,z+1)—LIn[z,z+1)\Y,)=L(INn][z,z+1)).

By the countable additivity of Lebesgue measure, the above implies that £(I n Y;) = L(I).
By a re-enumeration, Y; = limsup,_ B,°, where for any n € N, B, is an interval, and
lim,, ;. diam B, = 0. Thus, the assumption of [4, Theorem 2] is satisfied and its conclusion

implies that,
H°([0,1] n Y,) = H*([0,1]) = +oo.
By X, = [0,1) n Y, the above implies that

H°® (hm sup In> > H* (X;) = +oo.

n—+o0o

The result follows from the definition of HausdorfT dimension. ]

In order to apply Proposition 4.2.4 to establish a lower bound for dim L(7), L(7) needs to
be expressed as a lim sup set of intervals. Define S to be the set of all 3-tuples consisting of

the Liiroth numerators, denominators, and last digits. Formally,

$:=J | @ux). 0u(x). du(x)). (4.4)

neN xe(0,1]

where for any n € IN and x € (0, 1], P,(x) and Q,(x) are defined in (1.26) and (1.27) respec-

tively, and d,(x) = d, is given in (1.23). Note that S is countable. Let

S = ((Pr, Qk> di)ken (4.5)
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be a re-enumeration so that (Qx)ren is non-decreasing. Proposition 4.2.5 below can be com-
pared with Proposition 4.2.2, stating that satisfying an inequality implies that the fraction is

a Liroth convergent.
Proposition 4.2.5. For any x € (0,1] and k € N, if

Py 1

0<x—@£m,

then Py/Qx is a Liiroth convergent of x.

Proof. By the definition of S, there exist y € (0,1] and n € N such that Q;y = Q,(y). By the
definition, there exist dy, ds, ..., d,, € N \ {1} such that

n—1
O =dy [ [ di(di = 1) = di(dy — 1)da(dy — 1) -+ dys(dyy — 1)dy.

i=1

The length of the following cylinder:
{z€(0,1] : di(2) = di,dy(2) = d, ..., d,(2) = d,}.

for [dy, ds, ..., d,] is given by

1 1
H?:l di(di - 1) B (dn - I)Q

Therefore, Py./Qy is the n-th Liroth convergent of x. []

Define, for any 7 > 0, a sequence of intervals (B, x)ren in [0, 1] by,

(R P, LN (BB, 1
Bex = (QﬁQﬁQﬁ“)”(Qk’Qk+(dk—1)Qk | (46)

Proposition 4.2.6. Forany t > 0,

L(7r) = limsup B, . (4.7)

k—+o0

Proof. The inclusion C follows directly from (4.2) with the definitions of S and B, in (4.4)

and (4.6) respectively. The reverse inclusion D follows from Proposition 4.2.5. []
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Proposition 4.2.7 (Lower Bound of dim L(7)). Forany t > 0,
dim L(7) > —
imL(t) > —.
T 1+

Proof. Pick any x € (0, 1]\ Q. Since x is irrational, there exist infinitely many n € IN such that

d.(x) > 3. By Proposition 4.2.2, for any n € N, if d,(x) > 3 then

_Pn(x) < 1
On(x) ~ Qn(x)

0<x

By (4.2), (0,1]\ Q c L(0) and consequently dim L(0) = 1.

Suppose 7 > 0. By a straightforward computation, for any k € N,

(ﬂ, Pe | L) C B, M0+,
Qr Or Ok

where B® denotes the interval with the same centre as B and with radius equal to the radius
of B raised to the power of s. Since for any x € (0, 1] \ Q, there exist infinitely many n € IN

such that (4.8) holds, implying that,

. P, Py 1
(0>1]\ - (0,1]\ )ﬂllmsu <—,—+_)
Lel@thontnae {550,
C ((0,1]\ Q) n lim sup B, ;/**.
k—+o0

Hence, we have

1=L£00,1]\Q)< L (((o, 11\ Q) n lim sup B,,kl/(”ﬂ) <1

k—+o00
By the re-enumeration on S in (4.5), limy_, o Qx = +o0 and consequently lim;_,,, diam B, ; =
0. The assumptions in Proposition 4.2.4 are satisfied.
By the conclusion in Proposition 4.2.4 and (4.7),

Hl/(lﬂ)(L(T)) — HV/(+0) (lim sup Br,k> = +4o00; (4.9)

k—+o0
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in particular,

1
dim L(7) = dim (hm sup B,,k) > :

k—+oc0 1 + T

Thus, the lower bound of dim L(7) is established. n

Proof of Theorem 1.4.3. By combining Proposition 4.2.3 and 4.2.7, the Hausdorff dimension of
L(7)is established for all = > 0. By (4.9), the Hausdorff measure of L(7) at the critical exponent

is obtained. The proof of Theorem 1.4.3 is completed. ]

4.2.3 Proof of Theorem 1.4.4

Theorem 1.4.4 presents a counterexample, and consequently suggests a reformulation, to the
conjecture stated by Tan-Zhou [48]. The proof constructs the function that takes small values
at integers that are highly divisible by 2, and consequently does not satisfy the monotonicity

condition.

Proof of Theorem 1.4.4. Let T > 0. Define ¢ := ¢/, : N — (0, 1] by, for any q € N,

1
qr+vZ(q)’

v(q) =

where v, is the 2-adic valuation. For any n € N, if n > 7 + /7 then

1 1 1

n —
¢(2 + 1) - (2n 4 1)1 2 2(T+1)n > 2(r+n)n

y(2").

Thus, ¢ is not eventually non-increasing. By a straightforward computation, z, = 7 can be

verified. It remains to prove that dim L(/) = 0.

For any ¢, k € N, if 2* divides g then v,(q) > k and

1
q7:+k '

0< ¢¥(q) < (4.10)

Pick any j € N, p > 0 and N € IN. Suppose N > —log p/ log 2. The following forms a p-cover
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of L(¢):

U U (_n,_n . s//(Qn)>, i

n=N (di,...,dn)e(IN\{1})" Qn Qn Qn
where for any n € IN, Qn = d](dl — 1) dn—l(dn—l — 1)dn > 2" and Pn - [dl, dz,,_,, dn]Qn'
Pick any s > 1/(1 + 7 + j). Define

0 1 (1+7+))s
Tis C= — 0,1);
DY (d(d—l)) €.

d=2

[se]

1
Cf,j,s = Z m < 400,

d=2

Pick any ¢ > 0. Suppose N is large enough so that N > j and
Cf’j’s Z rw-)sn_l < E.
n=N

Note that for any n € N and d;, ds,...,d, € N\ {1},if n > N then n > jand 2/ | d,(d; —
1) d,-1(dy_1 — 1)d,. By applying (4.10), the s-Hausdorff measure for the p-cover (4.11) is

obtained as

- d(d — 1) d)\°
HAL(P)) < ( )
g rglzl(dl,“.,dn)g(ll\l\{l})" di(dy 1) dy

00 1 N
< ((dxdl—l)---dn)”fﬂ)

n=N (dj.....d,)e(IN\{1})"

) ) 1 (1+7+))s =l 1
2(B(a)) ek

d=2

Hence, H*(L(y)) = 0 and consequently for any j € N,

dim L < —
1m (l//)_1+z'+j

The proof of Theorem 1.4.4 is completed. O
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4.2.4 Proof of Theorem 4.1.1

Although Theorem 4.1.1 may appear stronger than Theorem 1.4.3, its proof reveals that it

follows directly from two applications of the latter.

Proof of Theorem 4.1.1. Suppose 7, > 0. Pick any 0 < ¢ < z,. By the definition of z,, there
exists N, € IN such that for any g € N, if ¢ > N, then

1
log g
1
¥(Q) < ———-
q‘/

Thus, L(y) € L(z,, — ¢). By Theorem 1.4.3 and the monotonicity of Hausdorff dimension,

1

dimL(¢) < dimL(z, —¢) = ———.
imL(y) < dimbz, — o) = —

Since ¢ > 0 is arbitrary, the upper bound is established.

Pick any ¢ > 0. By the definition of 7, there exists N, € IN such that for any q € N, if
q > N, then

_logylg) _

log g

1
g < ().

¢+€

Thus, L(Ty + ¢) C L(¢). By Theorem 1.4.3 and the monotonicity of Hausdorff dimension,

1

Since € > 0 is arbitrary, the lower bound is established.

The proof of Theorem 4.1.1 is completed. O]

4.2.5 Proof of Theorem 4.1.2

Theorem 4.1.2 refines the general dimensional bounds established in Theorem 4.1.1. The proof
for the upper bound follows a similar approach as in Theorem 4.1.1; and for the lower bound,

Proposition 4.2.4 is applied once again.
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Proof of Theorem 4.1.2. Suppose A, > 0. Pick any 0 < ¢ < A,. By the definition of 4, there
exists K, € IN such that for any k € N, there exists g € IN such that for any q € S, if k > K,

and q > g then

_log ¥(q)
log g

1
Y(q) < W

A¢—£<

Thus, L(Y) C L(A, — ¢€). By Theorem 1.4.3 and the monotonicity of Hausdorff dimension,

1

dimL(y) < dimL(A, — &) = ————.
imL(y) < dim L(4, — ) 144, ¢

Since ¢ > 0 can be chosen arbitrarily small, the upper bound is established.

Pick any ¢ > 0. By the definition of 1, there exists a strictly increasing sequence (k;) e

of positive integers such that for any j € N,

—1 _
a; = limsup ~log y(q) <Ay + g
ges,  logq 2
For any j € IN, by the definition of the limit superior, there exists gx, € Sk, such that for any

q € S, if ¢ > g, then

—log l//(q).

Tote>a+o>
4 ) log q

Thus, for any ¢ > 0, there exists a strictly increasing sequence (k;);en of positive integers

such that for any j € N, there exists qi, € S; such that for any g € S, if ¢ > gy, then

—log ¥(q)

<Ay +e
log g yTE

With loss of generality, for any j € NN, assume q,, > qi,. Define, for any j € N, a; :=
[log qr,;/log2] + 1 — k; > 1, where [] is the ceiling function. Then, for any j € N and
q € Sk;+a; C Sk;» we have that g > gx, and so

1

qI¢+£

< ¥(q). (4.12)
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Thus, for any j € N and d, ..., dj, 4o, € N\ {1},

(£,£+ ! >C<£,£+¢<Q>),
Q Q Q1+A¢,+g Q Q Q

where Q = di(d; — 1) - di;1a; € Sk;1a, and P = [dy, ..., di,44,]Q. Thus,

1/(14+A,+e) 1/(1+Ay+e)
(P P 1 (P P 1 ) 4 C(P P M) v (4.13)

o e Sl T e —, =+
Q0O 0 Q Q Qithte QQ Q
where for an given interval B, B® denotes the interval with the same centre as B and with a

radius equal to the radius of B raised to the power of s. By Proposition 4.2.2 and (4.13), for

any j € IN,

E B M>1/(1+A¢,+s)
(0,1] c dl,...,dkgemx{l} <Q’ ot o . (4.14)

Let ((Px,, Ok,» dk,))ien be the sub-re-enumeration of S = ((Py, O, di))ken in (4.5) so that for any

i € Nand g = Q, (4.12) is satisfied. Define a sequence of intervals (By . ;)ien by, for any i € IN,

P, P 1 P. P 1
Byeii=| =%, 0 4 ——— n<—’,—’+—].
Ox Qn Qe Qr Qr  (dy —1)Qx

Note that, for any ¢ > 0,

limsup By, ; C L(¥).

Jj—+oo

By a straightforward computation, for any i € N,

<&, P_" + L) C Bl/,’g,jl/(“%“),
O O Ok

By (4.14), for any j € N, the intervals at the (k; + a;)-th level cover (0, 1]. Thus

(0,1] N lim sup By,.;/4*4+9 = (0, 1];

i—+o00
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in particular,

L ([0, 1] n lim sup B¢,£,il/(1+’1¢+f)> =1

i—+o00

By the sub-re-enumeration on §, lim;_, .« Q, = +o0 and consequently lim;_, ., diam By, ,; = 0.

By applying Proposition 4.2.4 and the monotonicity of Hausdorff dimension,

1
dim L >dim | limsupBy,; | > ——.
@) ( ol Y ’J> 1+ Ay +e

Since ¢ > 0 is arbitrary, the lower bound is established.

The proof of Theorem 4.1.2 is completed. [

4.2.6 Proof of Theorem 4.1.3

Theorem 4.1.3 provides a partial solution to Conjecture 1.4.5. By Theorem 4.1.1, it suffices to

establish the following lower bound:

1
dim L(¢) > .
im L(y) > vz,

The idea is to apply the divergent case of Theorem 1.4.1 to deduce that £(6;) = 1, for the

auxiliary function 6 defined in (4.1). By applying Proposition 4.2.4, the lower bound is then
established.

By the assumption 7, > 1, the set L(/) can be expressed as a limsup set of intervals.

Proposition 4.2.8 can be compared with Proposition 4.2.6.

Proposition 4.2.8. Let ¢y : N — (0,1]. Suppose ,, > 1. Then

L Pe P y(Qp)
L(’”)‘llilliip(Qk’Qﬁ 0 )

where ((Px, Qk, di))ken is the re-enumeration of S in (4.5).

Proof. The inclusion C follows directly from the definition of S and (4.2). It remains to prove

the reverse inclusion D.
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By the assumption that z,, > 1, there exists gy € N such that for any q € N, if g > qo then

0< 9(q) < é (4.15)

Pick any x € limsup,_,,..(Px/Qk, Px/Qk + ¥(Qx)/ Q). By limit superior, there exists a strictly
increasing sequence (k;) e of positive integers such that for any j € IN, x € (Py,/Qx;, P,/ Ok, +
Y(Qk,)/ Qk,). Since (Qi)kew is non-decreasing, limy ... Qx = +o0 and there exists j, € N such

that Qk;, > qo- For any j € N, if j > ji then Qy, > Qki, > 9o and (4.15) implies that

Y(Qr) 1 1
0<x-— < =< < :
O, O, O’ (dx, — DOy,
By Proposition 4.2.5, Py, /Qy, is a Liiroth convergent of x. O

Proof of Theorem 4.1.3. By the assumption that 7, > 1, there exists qo € IN such that for any
q € N, if g > g then (4.15) holds. Thus,

S O0(logbq) & a7 v(@log (g v (9))
Y _Y\g)log bs\q) _ Y-

9=9 9 =9 q
S <¢(q)> log ¢
=9 q
By the divergent case of Theorem 1.4.1,
L(L(O,)) =1. (4.16)

By the assumption 7, > 1 and Proposition 4.2.8,

« P ¥(Q0)
L(‘”‘hi‘liip<9 2.t o )

By a straightforward computation, for s = 1/(1 + z,),

L(G)—hmsup<Pk P es(Qk)>  lim sup <_k P w(Qk)>
oo \ Q%" O o kot \ Ok Ok Ok
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By (4.16) and the monotonicity of Lebesgue measure,

: P P y(QI\) _
£<[0’”“h,‘3l§2p<9k’9k+ Qs )) t

Since limy_, ;0 Qx = +00, we have limy_, ., diam (Py./Qk, P/ Qr + ¥(Qr)/Qx) = 0. By applying
Proposition 4.2.4,

i — dim [ 1i P P y(Qn) 1
ALy = dism <llgigp <Qk’ o o )) STy Ty

The proof of Theorem 4.1.3 is completed. [



Chapter 5

Fourier Analysis on non-Liouville sets

The study of Fourier transforms of probability measures on fractal sets plays an important role
in recent advance in number theory and fractal geometry. Faster decay rates on the transforms
are known to yield enhanced results in areas such as metric number theory. In this chapter,
we focus on self-similar probability measures defined on self-similar sets that satisfy a non-
Liouville condition. Explicit upper bounds are derived for their decay rates, improving upon
prior research. These findings are illustrated with an application to sets of numbers whose
digits in their Liiroth representations (see Section 1.4 and Chapter 4) are restricted to a finite

set.

5.1 Results

In order to state our result, we define upper regularity exponent for measures in the following

sense.

Definition (Upper Regularity Exponent). Let y be a probability measure on a subset of [0, 1]
and @ € [0,1]. « is said to be an upper regularity exponent of y if, there exist C, > 0 and

r, > 0 such that for any interval I C [0, 1], if diam I < r, then
u(I) < C, (diam 1), (5.1)

where diam I denotes the diameter of I.

The inequality (5.1) is often referred to as the Holder condition.

153
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Theorems 5.1.1, 5.1.2, 5.1.3, and 5.1.4 are the main results of this chapter. Theorem 5.1.1
provides an explicit decay rate that refines and improves the previous result [33, Theorem 1.3].
Theorem 5.1.2 provides a method for computing the Hausdorff dimension of self-similar sets
satisfying the open set condition. Theorem 5.1.3 provides a probability measure achieving the
fastest decay rate under Theorem 5.1.1. Theorem 5.1.4 is an application of Theorem 5.1.3 to

number theory.

Theorem 5.1.1. Let F C [0, 1] be a self-similar set of the form (1.35) associated with simili-
tudes (1.36) for a finite set A. Suppose, there exist j,k € A and | > 2 such that logr;/logry is
non-Liouville (1.38) of degree 1. Then, for any self-similar probability measure y on F and any

upper regularity exponent a € [0,1] of i, as &€ — +oo,
ﬁ(g) -0 (log—a/(2(1+2a)(81—7)) |§|) )

According to the Frostman Lemma [36, Theorem 8.8], for any probability measure y on
F, every upper regularity exponent « of y is at most dim F, the Hausdorff dimension of F. In
the case of F being a singleton, dim F = 0 implies that the only upper regularity exponent is
a = 0. After removing the non-singleton assumption from the original result of Li-Sahlsten
[33, Theorem 1.3] (Theorem 1.5.5), Theorem 5.1.1 still applies in such degenerate cases, but it

only gives the trivial conclusion of non-decay.

In the case of including the non-singleton assumption, the result of Feng-Lau [12, Propo-
sition 2.2] ensures that for any self-similar probability measure, a positive upper regularity ex-
ponent exists. Theorem 5.1.1 guarantees the decay of its Fourier transform in non-degenerate

cases.

In the case of including the open set condition (a pairwise disjoint condition), a self-similar
probability measure p4 can be constructed, so that the maximal upper regularity exponent

equals dim F. This measure maximises the decay rate described in Theorem 5.1.1.

Theorem 5.1.2. Let F C [0, 1] be a self-similar set of the form (1.35) associated with simili-
tudes (1.36) for a non-empty finite set A. Suppose, the images (f,,((0,1)))wes are pairwise dis-

joint. Then, dim F is the unique solution s = s, in [0, 1] to the following equation:

dorS=1 (5.2)

weA
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Theorem 5.1.3. Let F C [0,1] be a self-similar set of the form (1.35) associated with simili-
tudes (1.36) for a finite set A. Suppose, the images (f,,((0, 1))),,ca are pairwise disjoint, and there
exist j,k € A and | > 2 such that log r;/log ry is non-Liouville (1.38) of degree I. Then, there

exists a self-similar probability measure j14 on F such that as & — +oo,

ﬂ:4(§) -0 (log—dimF/(2(1+2dimF)(8l—7)) |§|) )

Theorem 5.1.2 is essentially the same as the classical result of Moran [38, Theorem II]. Dif-
ferent from the original approach of Moran, which constructs additive functions and applies
density lemmas, the proof of Theorem 5.1.2 employs a novel approach. We first construct a
series of self-similar probability measures and then select the one maximising its upper reg-
ularity exponent. By using this measure, we also get the faster rate of decay in the Fourier

transform that Theorem 5.1.1 guarantees, and therefore Theorem 5.1.3 follows.

Theorems 5.1.2 and 5.1.3 can be applied together. By (5.2), the Hausdorff dimension of the
self-similar set can be computed or approximated numerically. Once the non-Liouville degree

is known, the decay rate described in Theorem 5.1.3 can be calculated.

Theorem 5.1.3 provides a framework for number theorists studying sets of numbers with
self-similar structures. One application lies in the study of sets of numbers whose digits in
their Liiroth representation are restricted to a finite set. This result is an analogous to the
work of Queffélec-Ramaré [42] (Theorem 1.5.4) on restricted partial quotients in continued

fractions.

Define, for any A C IN \ {1}, L4 to be the sets of numbers whose digits in their Liiroth

representations are restricted to .4. Formally,
L4 :={[d\,d,,...,d,,...] : d, € Aforall n € N},

where the Luroth representation [d;, ds, ..., d,, ...] is defined in (1.23). For any finite A C

IN \ {1}, L4 is self-similar in (0, 1]. Specifically, L 4 can be expressed as

La=J @, (5.3)

deA
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where for any d € IN \ {1}, the similitude f; : (0,1] — (0, 1] is defined by, for any x € (0, 1],

Ja(x) = % + ﬁx, (5.4)
derived from the following recursion formula: for any sequence (d,)nen in IN \ {1},
[ dyds. ] =~ % [dydsds.].
d di(d—-1)
Figure 5.1 illustrates the fractal construction process of L; := Ly3. Starting from the

interval (0, 1], sub-intervals are partitioned and removed iteratively at each level. At the first
level, (0, 1] is partitioned to three sub-intervals: (0,1/3], (1/3,1/2], and (1/2, 1], which corre-
spond to numbers in (0, 1] with d; > 4, d; = 3, and d, = 2 respectively. The first sub-interval
is removed, while the second and third are retained for the next level. At each subsequent
level n € IN, every retained interval is further partitioned to three sub-intervals, with diame-
ters in the ratio of 2:1:3, corresponding to d, > 4, d, = 3, and d, = 2 respectively. As before,
the first sub-interval is removed, and the remaining two are retained to continue the process.

The set L; is the countable intersection of all levels in this iterative construction.

0 1/3 1/2 1

e

Figure 5.1: Construction of the Liiroth set L;

The non-Liouville condition in Theorem 5.1.3 can be proved in the setting of L4 by ap-

plying the explicit Baker Theorem of Matveev [37, Theorem 2.1] for any non-singleton A C
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IN \ {1}. Theorem 5.1.4 is established as an application of Theorem 5.1.3 to number theory.

Theorem 5.1.4. For any non-singleton finite A C IN \ {1}, there exists a self-similar probability

measure ji4 on L, such that as & — +oo,

Ha(§) = O (log 7 |¢])

where

_dimLy4 10710
~ 1+2dimLyloga, loga, + 1

Pa:
in which a; and a, are the first smallest and second smallest elements in A respectively.

By Theorem 5.1.2, the Hausdorff dimension of L; can be approximated to yield:
dim Ly = 0.60096685161367548572 ... .

By Theorem 5.1.4, there exists a probability measure y; on Lj such that as £ — +oo,

fix(&) = O (log ™ [¢]) ,

where f; > 107! > 0. We can prove a slightly better decay rate, indeed see Proposition 5.2.10

in the proof of Theorem 5.1.4.

Returning to the motivation of establishing an explicit expression for f in (1.39), the result
of PVZZ [41, Theorem 1] (see Theorem 1.6.4) sets a significant target by requiring f > 2 as
a threshold in its assumption. Under the most favourable conditions, Theorem 5.1.3, which
achieves the fastest decay rate derived from Theorem 5.1.1, yields f = 1/54. This value reflects
inherent constraints, such as the Hausdorff dimension of subsets in [0, 1] being at most 1 and
the degree of non-Liouville numbers being at least 2. While the results in this chapter do
not yet meet this threshold, they offer an explicit framework and improved decay rates that

contribute to bridging the gap toward the target.
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5.2 Proofs

5.2.1 Proof of Theorem 5.1.1

The proof of Theorem 5.1.1 employs quantitative renewal theory, specifically for the stopping
time of random walks, as introduced in the work of Li [33]. A few definitions and propositions

are presented before starting the main proof of Theorem 5.1.1.

The self-similar measure y, defined as in (1.37) associated with similitudes (1.36), can be
expressed in terms of compositions of similitudes and their corresponding weights. Define,

for any n € N and w = (wy, wy, ..., w,) € A", a similitude f,, : [0,1] — [0, 1] by

fW ::fwnO“'OwaOfwl’ (55)
along with the contraction ratio r,, := r,,r,, - 1, and the weight p,, := p., pw, = Pw,.- By
these definitions, for any n € N,

H= Z puto fu
weAm

Define, for any t > 0, the stopping time n; : AYN — IN by, for any w = (w,)pen € AY,
n(w) :=min{n e N : —logr,, > t}.
Define, for any ¢ > 0,

W, = {(wl, Wy, ... Wnt(w)) t (Wn)nen € AN} -

The proposition below, is the same as [33, Lemma 3.1], serves as a starting point of the

proof of Theorem 5.1.1.

Proposition 5.2.1 ([33, Lemma 3.1]). Forany & € R andt > 0,

A < //[ | Z e PERROD (dyx) u(dy).
0,1]2

wew,

The integral in Proposition 5.2.1 is partitioned into two regions, depending on whether
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the points are near the diagonal or not. Upper bounds for the integrals over each region are

established, which together suffice to prove Theorem 5.1.1.

The proposition below is an explicit version of [33, Proposition 3.2]. The integral over

points near the diagonal is controlled by the upper regularity exponent of the measure.

Proposition 5.2.2. Let a € [0, 1] be an upper regularity exponent of p and | > 2. There exist

D, > 0 and t, > 0 such that forany ¢ € R and t > t,,

// 3 pue RO () pu(dy)| < Dt/ O
Ay

weEW;

where A, is the set of points near the diagonal, defined as
A, = {(x, y)€[0,1]* : |x —y| < til/((Hza)(Slqn} ) (5.6)

Proof. Since a € [0, 1] is an upper regularity exponent of 1, there exist C, > 0 and r,, > 0 such

that for any interval I C [0, 1], if diam I < r, then inequality (5.1) holds. Define

b, = p, (2O S

Thus, for any t > t,, we have 0 < § := /(2067 4

Note that for any 6 € R, [¢®| = 1; and for any t > 0, Y.y, pw = 1. By applying the

triangle inequality for integrals, the Fubini Theorem, inequality (5.1), and the definition of §,

//A 3 pue RO (dx) pu(dy)

weEW;

< // Y, e OO p(dx) u(dy)
Ap

weEW;
_ // 1 p(dx) pu(dy) = / u((x — 8,x + 6)) p(dx)
A [0.1]

< C,(28)* = Dt~/ (A+20BE),

where D, := 27¢/((1+20@=) 0 5 0, O

Quantitative renewal theory is applied to control the integral over points that are not near
the diagonal. The non-Liouville condition (1.38) is employed to guarantee that an auxiliary

measure is weakly Diophantine.

Definition (Weakly Diophantine). Let A be a probability measure on R* with finite support
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A and I > 0. A is said to be I-weakly Diophantine if,
I?mﬁwHL:ZMwM>Q
—4o00
where .Z A is the Laplace transform of A; that is, for any z € C,

ZLAz) ::Ae_“ A(dx).

In the case of a self-similar measure u of the form (1.37) associated with similitudes (1.36),

define the corresponding auxiliary measure A by

A= Z pw5—logrwa (57)

weA

where § is the Dirac delta measure. Since A is finite, A = {—logr,, > 0 : w € A}, the support

of A, is also finite. The proposition below refines [33, Lemma 3.4].

Proposition 5.2.3. Suppose, there exist j,k € A and | > 2 such that logr;/logry is non-
Liouville of degree l. Then, the probability measure A, defined in (5.7), is (21 — 2)-weakly Dio-

phantine.

Proof. Pick any b € R. Suppose |b| > 1. By taking b; € Z \ {0} to be the nearest non-zero

integer to b log r. /2,

11— ZAGDb)| > ‘éR(pj (1—e?em) 4+ py (1- e—blogrk>)‘

> max (dist (b log r}, 277,'Z)2 ,dist (b log ry, 27TZ)2>

log r; ?
>> max (dist ( 87 by, Z> , dist (b, Z)Z),
log r¢

where the Vinogradov symbol >> denotes a quantity being greater than a fixed positive mul-

tiple of another. Since 6 :=log r;/log ri is non-Liouville of degree [, inequality (1.38) implies

that there exists ¢ > 0 such that for any p € Z and q € N,

logr; p

>
logri, ¢

c
a.
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In particular, by taking g = |b;| € IN and multiplying both sides by |b;| > 0, for any p € Z,

log r; pby c|b,] c
oer T B 2 T S e
og 1% b1 |~ |by| |By
Thus, for any p € Z,
log r; c
I Lhy - ) 2 —
0g Ik b1

it follows that,

log r; ?
11— ZAib)| > dist ( 87, bl,Z> > [byf2 > |b[*2
log 7y

Thus, for any b € R\ (-1, 1), the above implies that
b2 11— LAGb)| > 1.
Therefore, A is (2] — 2)-weakly Diophantine. O
Let o be the expectation of the auxiliary measure A, defined in (5.7); that is,
o= Ax/l(dx) > 0,

where A is the support of A. Let (X,).en be a sequence of independent and identically dis-
tributed random variables in R with probability distribution A. Define for any n € N, the

partial sum S, as
S, =X+ X+ + X,
Define, for any t > 0, the stopping time n; as
n; ;=min{n € N : S, > t}.

The proposition below is the same as [33, Proposition 2.2].

Proposition 5.2.4. Let A be a probability measure on R* and 1 > 2. Suppose, A has finite support

A, is non-lattice and l-weakly Diophantine. Then, for any C' function g : R — [0,+o0) and
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t > 1+ maxA,

E(g (5~ 0)) = [ g@p@dz+0 () fglo

where o is the expectation of A, p : R* — [0, 1] is the survival function of A, that is, for any

z >0, p(2) := M(z, +0)); and the local C'-norm of g is defined by
lglcr == sup {|g(2)| +1g(2) : —1<z<1+ maxA}.

By combining Propositions 5.2.3 and 5.2.4, the proposition below is established to control
the integral over points that are not near the diagonal. The proposition also incorporates
optimisations to make the decay rate explicit, serving as a refined and improved version of

[33, Proposition 3.5]. These optimisations are achieved through carefully chosen parameters.

Proposition 5.2.5. Suppose, there exist j,k € A and | > 2 such that logr;/log ry is non-

Liouville of degree 1. Then, for any a € [0,1], as |£] — oo,
// T e WL () p(dy) = O (log /26 )
[0.12\A; ey,

where A, is defined in (5.6) and t := t(&) > 1 is the unique solution to the equation:

t(1+a)/((1+2a)(81—7)) t_ |§| (5.8)

Proof. Pick any ¢ € R. Suppose || is large enough in terms of a and [, so that the unique
solution ¢ := t(&) > 1 to (5.8) satisfies that t > 1+ max A, where A is the support of A, defined
in (5.7).

Define a probability measure P, on A* := |, A" by

]Pt = Z pw5w>
weWw,

where § is the Dirac delta measure. For any continuous function g : R — C, the expectation

E (g (Sm - t)) = /W g(=logr, —t)P,(dw) = Z pwg(—logr, —1t). (5.9)

weEW;
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Define, for any s € R, a smooth function g, : R — C by, for any z € R,

gs(z) 1= exp(—2mise ).

In particular, as s = £, |gs|c1 = O(|s|). By definition (5.5), for any x, y € [0,1] and w € W),,
e 2t fu()=fu(3) = g=2mi(=¥)rw By (5.9) with s := £/, for any x, y € [0, 1],

E (g (Sn = 1)) = 3, pre 00400, (5.10)
weEW;

By Proposition 5.2.3, A is (2] — 2)-weakly Diophantine, defined as in (5.7). By Proposi-

tion 5.2.4,

‘E (&t (Sn, — 1)) = i /R ) 8-y)s(2)p(z) dz

o=\ _ (=)
- +1/(4(21-2)+1) - +1/BI=7) :
By substituting (5.10) into the above,

—27i X)— 1
3 pe it pion _ 1 / Ses(2)p(2) dz
]R+

weW; o

(x = y)s|
-0 (W) : (5.11)

Since A, the support of A, is finite; the survival function p : R* — [0, 1] of A is piecewise

constant with finitely many points of discontinuity. By [32, Lemma 3.8], the decay rate in the

1
_O(Kx—wﬂ)'

By applying the triangle inequality, the above and (5.11) yield that

1 |Gx — y)s
=0 (I(x EppFR ) : (5.12)

main term, the oscillation integral, satisfies

JRICTOLE

Z pwe—zmg(fw(x)—fw(y))
wewt

With reference to (5.6), for any (x, y) € [0,1]* \ A,

$/2EIT) < [ _ 3))| < /(26T
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where |s| = t(F®/(+206E7D) 5 1 Since o € [0,1], [ > 2, and & = se',

1+ a
(1+2a)8L—7)

log|é] =log|s|+ t = logt+t <2t

Thus, the first term in the big-O notation in (5.12) is bounded above by

< t—a/((1+2a)(81—7)) < 21/27 log—a/((1+2(x)(8l—7)) |§|

|Gx = ¥
Similarly, the second term is bounded above by

|(x _ y)sl t(1+a)/((1+2a)(8177))
tl/(81—7) - tl/(81—7)

< t—zx/((1+2a)(81—7)) < 21/27 log—a/((1+2a)(81—7)) |§|

The result follows by the triangle inequality for integrals. O
We now complete the proof of Theorem 5.1.1.

Proof of Theorem 5.1.1. Let « € [0, 1] be an upper regularity exponent of . Pick any & € R.
Suppose || is large enough in terms of @ and [, so that the unique solution ¢ := #(£) > 1
to (5.8) satisfies both t > 1 + max A and t > t,, where A is the support of A, defined in (5.7),

and t, is given in Proposition 5.2.2. Note that log |£| < 2t.

By applying Propositions 5.2.1, 5.2.2 and 5.2.5,

i@ < ([ [ ) T pue 0 e iy
A [0,1]2\A; wew;

=0 (t—a/((1+2a)(81—7))) +0 (log—a/((1+2a)(81—7)) |§|) =0 (log—a/((1+2a)(81—7)) |§|) )

Theorem 5.1.1 is established. ]

5.2.2 Proof of Theorem 5.1.2

A few definitions and propositions are presented before starting the main proof of Theo-

rem 5.1.2. Let A be a non-empty finite set. Define f, : [0,1] — R* by, for any s € [0, 1],

fa(s) := ) rt (5.13)

weA
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Let s € [0, 1]. Define, for any w € A, a weight p;,, by

ry®

P =5 Gy

(5.14)

Define a probability measure v, on AN by, for any (a,),en € AN and n € N,

N . _ _ _ R
Vs ({(Wn)nEJN € A Wy =4, W = dgy .., Wy = an}) = ps,a1 ps,ag "'ps,a,,-

Define a coding map 7 : AN — F by, for any w = (w,)pen € AY,

a(w) = () (fun o fun © for) (B).

nelN

By r,, € (0,1) for all w € A, the composition functions form a sequence of nested intervals

within the countable intersection. Consequently, the intersection reduces to a singleton in F.

Define a measure p; to be the push-forward measure of v, under the coding map x; that

is, for any Borel subset S C [0, 1],
us(S) = (vs ° 7r71) (S). (5.15)
It is easily seen that g is a probability measure on F, as
us(F) = (vs ° 71'71) (F) = v, (AN) =1,

and y; is self-similar, as

Hs = Z Pswhs© fu -

weA
The proposition below provides an upper regularity exponent for ;.

Proposition 5.2.6. Let s € [0, 1]. Suppose, f4(s) > 1. Then, for any interval I C [0,1],
ps(I) = O ((diamI)*),

where f, and i, are defined in (5.13) and (5.15) respectively.
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Proof. Pick any interval I C [0, 1]. By the self-similarity property (1.35), there exist a maximal

n € N\{0}and w = (wy, w, ..., w,) € A" such that I is covered by the w-cylinder; that is,

IcC ]n = (fwn 00 fwz ° fwl) ([O’ 1])

By convention, the composition of no functions is defined as the identity function. The inter-

val I intersects at most #.A4, the cardinality of A, cylinders of the form

]n+1,w,,+1 = (fwnH ° fw,, 00 fwz ©° fwl) ([0: 1]),

where w,,, € A.

Suppose I intersects exactly one J,11 = Jy+1.w,,, for some w,,; € A. Without loss of
generality, by discarding sub-intervals of I that contribute zero p;-measure to I, I satisfies

Jnr1 CI C J,. Thus, diam J,; < h :=diam! < diam J,, = r,, I, - Iy, By the assumption that

fa(s) > 1 and the definition in (5.14), for any w € A, p;,, < r,,°. Thus,

N

.us(I) < .us(.]n) < Pswi Ps,wy =" Ps,w, < VWISFWZS ot T,

—s S —s7s s
S rWn+1 (rwlrwz rWn+1) S rWn+1 h S Dsh >

where D, := maX,e4 " °.
Suppose I intersects more than one J,.;,,,,,. By the sub-additivity of measures,

)US(I) S Z ;us(.]n+1,w,,+1) S Cshs,

Wn+IE-A
where C, := D, - #A. O

Proposition 5.2.7. There exists a unique s = s4 € [0, 1] such that (5.2) is satisfied.

Proof. The existence follows from the Intermediate Value Theorem. Since f, is a finite sum of
continuous functions on [0, 1], it is itself continuous on [0, 1]. Note that, f4(0) = #.4 > 1 and
fa(1) = X ,cq rw < 1. Otherwise, the total length of the image intervals (£, ([0, 1]))we4 Would
exceed 1, resulting in an uncountable intersection, which contradicts the pairwise disjoint

assumption. By the Intermediate Value Theorem, there exists s4 € [0, 1] such that f4(s4) = 1.

The uniqueness follows from the strict monotonicity of f4. For any w € A, r,, € (0,1)



5.2. PROOFS 167

and consequently log r,, < 0. Thus, for any s € [0, 1], the first derivative of fy,

fa'(s) = Z r,’ logr, <O0.

weA

We have that f is strictly decreasing on [0, 1]. Hence, the equation f4(s) = 1 has at most one

solution for s € [0, 1]. H

We now complete the proof of Theorem 5.1.2; that is the unique solution to (5.2) given by
Proposition 5.2.7 is the Hausdorff dimension. The proof is separated into two parts, establish-
ing the inequalities dim F < s4 and dim F > s4. The first inequality is proved by a standard

covering argument, and the second is proved by applying Proposition 5.2.6.

Proof of Theorem 5.1.2. Define r* := maxyeq 1y, € (0,1). Pick any s > s4, ¢ > 0, and p > 0.

Jen

where f, is defined in (5.13). Define F to be the set of all cylinders at level k by

For these parameters, we put

log p log ¢
k = 1, ,
fmax { Log r*} Log fa(s)

Fii={(fun oo furo fur) (01D [0, 1] : (Wi, Wiy, wi) € AF},

where each f,, is given by (1.36). By the self-similarity property (1.35), Fy is a cover of F.
There are (#.A4) pairwise disjoint intervals (except possibly at the endpoints) in F}, each of

length at most p, as for any (wy, ws, ..., wi) € Ak,

diam (f, o = o fu, © finr) ([0, 1]) = 1, Py 1oy < (P < .

Then, Fy is a p-cover of F, and the s-dimensional Hausdorff measure of F is at most

IeFy wi€A wpeA wr€EA weA

k
Z(diam[)s = Z Z Z (Fan Py = To) = <Z rws) = (fa(s) < e,

as f4 is strictly decreasing on [0, 1], and s > s, implies that f4(s) < f4(s4) = 1. Therefore,

we have H*(F) = 0, and consequently dim F < s4.

Pick any s < s4 and countable collection of intervals (I;);en. Suppose (I;)jen covers



168 CHAPTER 5. FOURIER ANALYSIS ON NON-LIOUVILLE SETS

F, that is F C {J,qy ;. Since fy is strictly decreasing on [0,1], f4(s) > fu(s4) = 1. By

Proposition 5.2.6,
D (diam [)* > > p(l) > py(F) = 1.
JEN JjeEN

Therefore, we have H*(F) > 0, and consequently dim F > s4.

Theorem 5.1.2 is established. ]

5.2.3 Proof of Theorem 5.1.3

Proof of Theorem 5.1.3. By Theorem 5.1.2 and the definition in (5.13), f4(dim F) = 1. By Propo-

sition 5.2.6, for any interval I C [0, 1],
pal) = O ((diam *™F)

where p4 = Hgimr, as defined in (5.15). Thus, the Hausdorff dimension of F is the maximal
upper regularity exponent of y14. By setting o := dim F in Theorem 5.1.1, the desired decay

rate in Theorem 5.1.3 is established. ]

5.2.4 Proof of Theorem 5.1.4

By equations (5.3) and (5.4), it is evident that for any finite A C IN \ {1}, the set L4 C [0, 1] is
self-similar, and the images (f,,((0,1)))yc4 are pairwise disjoint. To establish Theorem 5.1.4,
as an application of Theorem 5.1.3, it suffices to prove the remaining non-Liouville condition

for non-singleton A C IN \ {1}.

First, we prove the linear independence of logarithms of the contraction ratios. Then,
the explicit Baker Theorem by Matveev [37, Theorem 2.1] is applied, establishing the non-

Liouville degree explicitly.

Proposition 5.2.8. For any a,, a, € N\{1}, ifa; # a, thenlog(a,(a; — 1)) andlog (a,(a, — 1))

are linearly independent over Z.

Proof. We argue by contrapositive. Set b; := a;(a; — 1) and b, := ay(a, — 1). We first show

that neither b; nor b, is a non-trivial perfect power. Consequently, if log b;/log b, € Q, it
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follows that b, = b,, which forces a; = a, and thus completes the proof.

Suppose there exist n,m € IN such that n > 2 and a,(a; — 1) = n™. Let p;* p,* - p©
be the prime factorisation of n, where for any i € {1,2,...,s}, p; is a distinct prime and
e; € IN. Since ged(ay, a; — 1) = 1, without loss of generality (if necessary, relabel the primes
accordingly), there exists r € {1,2,...,s} such that a; = (p,“p,* - p,*)" and a; — 1 =
(Pri1o" Prazf2 - ps®)™. Thus, a; and a; — 1 are consecutive positive integers, and both are
m-th powers of positive integers. The only possibility is that m = 1, implying b, = a;(a; — 1)

is not a perfect power, and neither is b, = a,(a, — 1).

Suppose there exist p € Z and g € IN such that ged (p, g) = 1 and
blq = bzp. (516)

Let p,“p,* - ps™ and p;" p,” -+ p;”* be the prime factorisations of b; and b, respectively,

where for any i € {1,2,..., t}, p; is a distinct prime and u;,v; € N U {0}. By (5.16),

t t
— uiq — — Ui
b7 = I |Pi 1= byl = | IPi b,
i=1 i=1

and for any i € {1,2,..., t}, u;q = v;p. Since ged (p, q) = 1, for any i € {1, 2, ..., t}, u; is divisible

by p; there exists w; € IN, u; = w;p. By the prime factorisation of b,

t t t p
bi=[]p"=]]p" = (H piw") .
i=1 i=1 i=1

Since b, is not a perfect power, the above equation implies that p = 1. By substitution to (5.16),
b, being not a perfect power implies that g = 1. Therefore, a,(a; — 1) = ay(a; — 1) implies

that (a; — a;)(a; + a; — 1) = 0, and consequently, a; = a,. O
Proposition 5.2.9. For any a,,a, € N\ {1}, ifa; # a, then

1Og(a1(al - 1))
log(az(az - 1))
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is non-Liouville of degree 1, ,,, where

lo, o, :=387072€*(15.8 + 5.51log 2) log (a;(a; — 1)) log (ay(a; — 1)) + 1 (5.17)

> 189369098.
Proof. Pick any p € Z and g € IN. By Proposition 5.2.8 and [37, Theorem 2.1],
L(p, q, a1, ay) :=log|qlog(a;(a; — 1)) — plog (a,(a, — 1))| > —C(n)CoW,D*Q,  (5.18)
where the values in [37, Theorem 2.1] are takenas n =2, D =1, x = 1, and

C(2) = 387072¢;

Co = 15.8 + 5.5log 2;

B log (a;(a; — 1)) log(a;(a; — 1))
B = max {1’ Pl log (a,(a; — 1))q} > log (a,(a; — 1)) ¢

3 3elog(ai(a; —1)) \
Vo =log < 21og (ay(a; — 1)) q)’

Q =log(a;(a; — 1)) log (ay(a; — 1)).

By taking the exponential function on both sides of (5.18),

exp L(p, q, a1, a;) = |qlog (a;(a; — 1)) — plog (az(a, — 1))|

(3elog(a1(a1 - 1) >‘C<">°’°Q
q

2log (az(az — 1))

> Cay.a q—387072e3(15.8+5.5 log 2) log (a1(a1—1))log (az(az—1)) log (az(az _ 1))’

where

_ 1 <3elog (a;(a; — 1)) ) G 0
cal,ﬂz = .
log (ax(a; — 1)) \ 2log(az(a; — 1))

By dividing both sides of the above by glog (a;(a; — 1)),

log (ax(a; — 1)) ¢

log (a:(a; — 1)) P' 5 faa

qlal,az ’

where 1, ,, is defined in (5.17). ]
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The proposition below offers a faster decay rate than Theorem 5.1.4, but its decay param-
eter involves a more complicated expression. Theorem 5.1.4, derived from this proposition,
offers a simpler formula that makes it easier to see how the decay rate depends on the param-

eters.

Proposition 5.2.10. For any non-singleton finite A C IN \ {1}, there exists a self-similar prob-

ability measure pi4 on L 4 such that as & — +oo,

Ha(§) = O (log 7+ [¢])

where

1 dlmLA 1 >
21+2dimL, 3096576€3(15.8 + 5.5log 2)log (a;(a; — 1)) log (ax(a, — 1)) + 1

ﬂA,O = O»

in which a, and a, are the first smallest and second smallest elements in A respectively.

Proof. By the formula for the non-Liouville degree in (5.17), Theorem 5.1.3 gives the desired
decay rate after substitution and calculation. The fastest decay rate under Theorem 5.1.3 is
achieved when [, ,, is minimised. Since [,, ,, is jointly and strictly increasing, a; and a; are

selected to be the first smallest and the second smallest elements in .A respectively. [

Proof of Theorem 5.1.4. Theorem 5.1.4 follows directly from Proposition 5.2.10 and the fact
that ﬁA,O > ﬁA- O



Chapter 6

Inhomogeneous Diophantine

Approximation

In this chapter we state and prove effective versions of the two quantitative inhomogeneous
results introduced in Section 1.6, namely Theorems 1.6.4 and 1.6.5. Our arguments will rely on

the quantitative Borel-Cantelli lemmas (Theorems 2.1.1 and 2.1.2) established in Chapter 2.

6.1 Results

The following theorems, on inhomogeneous Diophantine approximation on M,-sets, are the
main results of this chapter. The results involve Fourier transform of measures, which we

have discussed in Section 1.5 and Chapter 5.

Theorem 6.1.1 (Effective version of [41, Theorem 1]). Let F C [0, 1] and p be an non-atomic
probability measure supported on F. Let y € [0,1] and y : N — (0,1] be a function. Let
A = (qn)nen be a lacunary sequence of positive integers. Suppose there exists v > 0 and A > 2

such that for any t € R\ [-1,1],

1%

()] < m- (6.1)

Then, for any e > 0 and § > 0, there exists y-measurable E. s C F such that u(E. s) < 8 and for

172
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anyx € F\NE.s and N € N,

IR(x,N) — 2¥(N)| < 2K, 55 (P(N)*> (log ¥(N) + 2)°") + 1.5, (6.2)
where
¥(n) =) y(k) (6.3)
k=1
®(N) = ¥*3(log" ®(N) + 1) + ¥(N), (6.4)
K = 6 max (48, ¢y, ¢3), (6.5)
¢ = Kozi T (6.6)
cz:12<%+1)(1+§(A—1))+Kog_1 o
+18vC™ (\/§§<A - %) (2+a)+ zA“g(?)) ,
1 (1-A)s \/0
tl,g = 5 + (m) s (68)

in which a € (0,1), log*() := max(0,logf), also N,s, r.s, and K, s and ®, are given in
Theorem 2.1.2, and K, is the constant so that (1.40) holds.

Theorem 6.1.2 (Effective version of [41, Theorem 4]). Let F C [0, 1] and p be an non-atomic
probability measure supported on F. Let y € [0,1] and ¢y : IN — (0,1] be a function. Let
A = (qn)nen be an a-separated sequence. Suppose there exists v > 0 and A > 2 such that for
any t € R\ [-1,1], (6.1) is satisfied. Further, assume that A = (q,).en Satisfies the following

growth condition:
log g, > Cn"/®, (6.9)
Then, for any € > 0 and § > 0, there exists -measurable E. s C F such that u(E. s) < 8 and for

anyx € F\E.s and N € N,

1/2

IR(x, N) — 2¥(N)| < Kv.s2 ((‘If(N) (log" ¥(N) + 2) + E(N))

log (¥(N) (log" ¥(N) + 2) + E(N))) 7> + 2) + t,.,
(log (¥(N) ( ) ) )
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where R(x, N) and ¥(N) are given in (1.41) and (6.3) respectively, also

EN)= ). > (gm: ¢»)min (@ M) ,

1<m<n<N Gn
®(N) = ¥(N) (log" ¥(N) + 2) + E(N), (6.11)
K = 2max (48, c3), (6.12)

- A 1 B A
c3=4+18vC A (\/Eé"(E — 5) (2 +a A) + 2A+1§(ﬁ>> +o (6.13)
1, <(1 — min (9, A/B))3 ) 1/(1-min (5.4/5))

, (6.14)

tys= —
207 2(1+ v/CA)

in which and c, is given in (6.7); also N, s, 1.5, and K. s and &, are given in Theorem 2.1.2.

The proofs of Theorems 6.1.1 and 6.1.2 follow the strategy in [41] for the non-effective
forms: one first proves [41, Theorems 1 & 4] and then applies Theorems2.0.1 and 2.0.2. With
this in mind, we begin by developing effective versions of [41, Lemmas 5-8], which in turn
yield effective versions of [41, Propositions 1 & 2]. These results form the core of the argument,

as Theorems 6.1.1 and 6.1.2 then follow by applying Theorems 2.1.1 and 2.1.2.

Lemma 6.1.3 (Effective version of [41, Lemma 5]). Let pi be a non-atomic probability measure
supported on F C [0, 1] and (q,)nen be an increasing sequence of positive integers greater than 4.
Suppose there exists B > 1 and C > 0 such that growth condition (6.9) is satisfied. Let y € [0, 1]
and ¥ : IN — (0,1] be a function. Suppose there exists A > 2B such that (6.1) is satisfied.

Further suppose that for any © > 1 and n € N,

¥(qn) =3n7". (6.15)

Then, for any a,b € N, ifa < b then

b

b
Du(Er) =2 (g

n=a

b
< min <m1, ms Z x//(qn)>, (6.16)
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where for any q € IN,

Ey = Ej(y) :={x €[0,1] : lgx -yl < y(q}, (6.17)
m, :ml(A,B):3+3§<%—l>, (6.18)
my = % <2 (6.19)

Note that the extra assumption (6.15) (and similarly (6.24) in Lemma 6.1.6) does not appear
in Theorems 6.1.1 or 6.1.2. These technical conditions will be removed later using Lemma 6.2.4.
As aresult, the terms ¢, s and ¢, s appear in Theorems 6.1.1 and 6.1.2, when compared with the

original statements of those results.
To state the next lemma, we define S(m, n) by

Stm,n) = Y. W, (Kj(—k),

kezZ\{0}

where

Gm—1 qn—1
vﬁ4m=<(zamw9*mmuwO((ZéwwO*mwgm), (6.20)
p=0 = P m "

where * denotes convolution, J, is the Dirac delta-function at the point x € R and

-

1 if [|x|| < 6

X5 (%) 3= 1 (8 = |IxlD/(8e) if (1 - )8 <|lx] <

0 if ||x|| > 6,

\

where ||x|| denotes the distance from x € R to the nearest integer(s).

Lemma 6.1.4 (Effective version of [41, Lemma 6]). Let u be a probability measure supported
on F C [0,1]. Let A = (gn)nen be an increasing sequence of positive integers greater than 4.
Suppose there exists B> 1 and C > 0 such that growth condition (6.9) is satisfied. Let y € [0,1],

Y+ IN — (0,1], let (e,)nenw be a sequence of real numbers in (0,1] and let a € (0, 1). Suppose
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there exists A > 2B such that (6.1) is satisfied. Then for any m,n € N with m < n, we have that

4 ¥(gn) A 1 ¥(qn) 9.24yC4
|S(m, l’l)l <9vC W+9vc (14—%) mA/Bgml/z + nA/B£m1/2€n1/2 +|T(m, n)ls
(6.21)
where T is defined based on the value of a that
T(mn) = T,(mn) := Y > WS (sq)W; . (tg)A(sqm — tqn), (6.22)

s, teZ\{0}
1<|5Gm—t qul<qm“

and W;my’em(sqm) is the Fourier transform of (6.20).

The following two lemmas give effective bounds on the size of the quantity T(m, n) ap-
pearing above. Lemma 6.1.5 deals with lacunary sequences and Lemma 6.1.6 deals with a-

separated sequences.

Lemma 6.1.5 (Effective version of [41, Lemma 6]). Let u be a probability measure supported
on F C [0,1]. Let A = (gn)nen be an lacunary sequence of positive integers, with the constant
from the definition in (1.40) given by K = K,. Let y € [0,1], « € (0,1), ¥ : N — (0,1] and
(én)nen be a decreasing sequence of real numbers in (0,1]. Then for any m,n € N withm < n,

we have that

% Y(gn)
ZZ|T(M,n)|311K’Z€_I]/nZ,

a<m<n<b n=a
where T(m, n) depends on a and it is given by (6.22), and K’ is given by

1
Ky—1

/

> 0. (6.23)

Lemma 6.1.6 (Effective version of [41, Lemma 8]). Let u be a probability measure supported
onF C [0,1]. Let A = (gn)new be an a-separated increasing sequence withmy = 1. Let y € [0, 1],

Y : N — (0,1] and (&,)nen be a sequence of real numbers in (0, 1]. Suppose that for any n € N,

¥(gn) = n~’ (6.24)
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and e,7' < 2n. Then for any m,n € N withm < n, we have that

b
DT <2 ¢(g).

a<m<n<b

where T(m, n) is given by (6.22).

6.2 Proofs

For the sake of simplicity, each of the proofs is built on the original proof in [41]; we refer
heavily to the original paper throughout. Before beginning the proofs, we make a slight re-
mark that, as commented in [41], the express of [13, (3.2.5)] does not always hold. In general,

it should be the following result instead:

Lemma 6.2.1. Let f : IN — [0,1/2] be a function, (a;);, (b;); be sequences of integers and
Then for any j, k € N, the Lebesgue measure L of £; N & is upper bounded by

£ (&0 &) <4F(DFKR) + 2 ged (a5, a) min (M @>

aj; aj

Proof. Let F; = {x € [0,1] : |x + b;| < f(D)}, ¢; = a;/ged(a;, ax) and ¢, = ai/ ged (a;, ax).
Since F is an open interval, for any y € R, the number of integers in the translation c¢;F; — y

is at most
L(>c;F)+1< ¢ L(F)+1< 2¢f(k)+ 1.
By [13, Lemma 3.1] and the argument contained there,

L& N &) < ——L(c/F) (L(eeF) +1) = ——(2er fF(D)2e, f(K) + 1)
CjCk CjCk
)

_3
a;

=4f(j)f(k) +2gcd (a;, ar)

and the result follows by interchanging the indices j and k for the last inequality. ]
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Hence, [13, (3.2.5)] should be applied in this context by setting &; = E¢, a; = g;, f(j) =
¥(q;), correcting the equals sign to <, and multiplying the second term by a factor of 2 to

obtain

L(E} 0 E) < 49(qn)y(qs) + 2ged (g, ¢,) min ( ‘ﬁ;qm), ¢;qn>>,

Thus, by [41, (105)], we can modify [41, (88)] and see that

Wi (0) < 4(1 + e,)(1 + €)Y (gm) ¥(g) + 2(1 + £,)(1 + &,) ged (G, ga) min ( ‘ﬁ;qm), ¢;qn)>

¥ (qm) ¢(qn))
Gn QG )’

< 49 (@) P(ge) + 126n Y (an)¥(n) + 8 ged (Gn ) min ( (6.25)

as the sequence (¢&,),en is bounded above by 1.

6.2.1 Proofs of Lemmas 6.1.3 to 6.1.6

Proof of Lemma 6.1.3. Pick any sequence (¢&,)nen of real numbers in (0,1]. By assumptions,

following the original proof in [41], for any a, b € N, if a < b then

b b b b
P(a.b) =Y uED -2 Y, ¥a)| < X Wlaen+ Y~ (6.26)

By definition, for any n € N, ¥(n) = ) ;_, (n). For any n € N, let
£, = min (1, (\I’(n))_z).
From (6.26) and [41, Lemma D4], following the argument of the original proof, it gives that
- 1
P(a,b)£3+3nz_;m =3+3{(A/B-1).

To finish the proof, we need to establish the “other" upper bound. By setting 7 = A/B in (6.15),
and let e, = 27%/% € (0, 1). Then (6.26) implies that

b b b
Pab)< (en + /(;)E/) Wa)< Y (en + E%) V4 = 55 2 V(@)

n=a n=a
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]

Proof of Lemma 6.1.4. We proceed along the lines of [41, Lemma 6]. We decompose S(m, n):

S(m,n) = Z Si(m, n), (6.27)

where the terms S;(m, n) are defined exactly as in [41, Proof of Lemma 6].

By (6.1) and (6.9), for any n € N and t € Z \ {0},
fi(—tgn)| < vCAn P,

By combining the above with [41, (47) & (53)], we have

A l//(q”z)
nA/Bg 172
¥ (qn)

A
|Sy(m, )| < 9vC mAlBe 172’

|S;(m,n)| <9vC™

where |S;(m, n)| and |S,(m, n)| are given at the beginning of the proof of [41, Lemma 6].

We now find an explicit bound for Sy(m, n). Note that, given the restriction |sg,, — tq,| >

gn/2 imposed on s, t € Z \ {0}, by (6.1) and (6.9), we have that

1%

|ﬁ(3qm - tqn)| < <
logA |Sqm — tqal logA (gn/2)
A
< 2 AV < 2AyC A A
log” g,

where the second line follows because for any n € IN, g, > 4, and from that we deduce that

log gy, )
log (qa/2) =

We now give an explicit upper bound for S, as defined in the original proof. We find that

1

A A
Ss(m, n)| < 9(2)"vC nA/Bg 1/2¢ 1/2°

To bound Sy as given in the original proof, note that for ¢, < |sq, — tqm| < ¢./2, by (6.9)
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and (6.1), it gives that

. 4 a1l
la(sqm — tg)| < ———5— < vC A—Am A/B,

atlog” q, a

It follows from the argument of the original proof that

~Y(gn)

1Ss(m, n)| < 9vC 41— oA AT 12

Hence, by combining the bounds for S;(m, n), with the decomposition (6.27), we complete the

proof. [
Proof of Lemma 6.1.5. Set

Gm
D=D(mn)= — I
Gn V() en'/?

Note that, from the original proof of [41, Lemma 7] and that as ¢, < 1, using [41, (51) & (52)],

it follows that

|T(m, n)| < %}1 min ( 4 q,; E w(qm) - (2 + gm);b(qm))(z + €)1V (qn)

<9 E (w(qm)lp(qn)) : qu 17;(0;(];2‘ Z %
mJ)E€m | pl+1

<112 < 11@¢(q”)

Gn €m 1/2 n £n1/2

This follows as (&,),en is decreasing, and by applying the following estimate:

L. / ”_2 _ 7 g (gn)en'”?
DJ+1 6 dm

Thus, by (1.40), we have that ¢,, < K" "g,. By the formula for geometric sums, it follows that

|>Q

L%

n—1 _ )

K, "q, . 1/K 1
<Y R oy MR L
£ « 1-1/K, Ko —1

qn i=

3
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Proof of Lemma 6.1.6. Note that, from the original proof of [41, Lemma 8], for any m, n € N,

|T(m’ n)| = s>m3z/l;(q ) T Sl//(qm) m( " H)¢(qn) - 2 IP(C]m) €m s>m3z/l;(q ) s* : 2 m3€m
PACD)
m? "’

by similar argument as in the proof of Lemma 6.1.5. Hence for any a,b € N, if a < b then

a<m<n<b n=a+1

2 b
NCTED) <¢<qn)z ><%Z¢(qn>.

The proof is completed by noting that 7%/6 < 2. []

6.2.2 Proofs of Theorems 6.1.1 and 6.1.2

The next aim is to establish explicit estimates for [41, Propositions 1 & 2]. Before doing so, we

first find explicit estimates for some inequalities. Take é € (0, 1] and for any n € N, let that
o 3 v )
Ep '=MINY —, = ¢,
290" (Xokeq ¥(qr))°
and notice that

e, ' <max {2°,n°} < 2n. (6.28)

In the case that ¥0__ #/(gi) > 2, inequality [41, (102)] can be modified to

b
Z Z nA/Bg 1/2 /2 = §< ) Z Y (qr).
k=a

a<m<n<b

For the case of Y.0__ 1/(gi) < 2, the inequality [41, (103)] can be modified to

ZZ nA/Bg 1/2 12 —2§V<2B> Zw(Qk)

a<m<n<b



182 CHAPTER 6. INHOMOGENEOUS DIOPHANTINE APPROXIMATION

Since the Riemann Zeta function is decreasing on R*, and

(8)<e(2) ()

in both cases, it follows that,

Z Z nA/BE 1/2 1/2 = §(23> Z lﬁ(qk) (629)

a<m<n<b

By (6.28), it follows that
- 1 - V2n A 1
Zl nA/Bg 172 < Zl nA/B = ﬁg(g - 5)
We apply the inequality right before [41, (104)], Lemma 6.1.4 and (6.29) to obtain

> ISmn) < 9ove (ﬁg(% - %) (2+ ) +221¢ ( >> Z Y(g) + Y., . IT(m ).

a<m<n<b a<m<n<b

Note that inequality [41, (108)] is made explicit, in the sense that for any § > 0 and
a,beNN,

2—-6 b
S g pa) < 4 (z o ) g <z ¢<q,,>>.

a<m<n<b

Before continuing the proof, we make a remark that there is a typo on [41, (109)]; the

correct version should state:

b 2 b 2-8 b
D, Wi (0)<2 (Z ¢<qn)> +0 (Z ¢<qn>> log <Z ¢<qn>> (6.30)
a<m<n<b n=a n=a n=a
+0 (Z > ged (gm, g,) min <¢Elq’"), ‘b(q”))) ; (6.31)

a<m<n<b qn

the coefficient of the main term in [41] is 4 instead of 2. Hence, by (6.25) and bounds given
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above, (6.30) is explicitly given by

b 2 b 2—-6 b
> Wy 0)<2 (Z ¢(qn>) +24 (Z ¢(qn>> log (Z ¢<qn)>

a<m<n<b
(l//(qm) l//(%))
G @ )

+4 Z Z ged (gm, gn) min

a<m<n<b

By applying Lemma 6.1.5 with « = 1/2 for the formula for T, the implicit constants of

inequality [41, (110)] are given by

¢(qn 11K b 1+6/2
Y. 2, IT(m,n) < 11K Z n S Zw(qn)<m< DIRZCON

a<m<n<b b

where K’ = 1/(K;— 1), and as the sequence (q,)qen is lacunary, inequality [41, (111)] becomes

b
3 ged (g, g,) min (%q) @) <K'y Y(gn).

a<m<n<b n

We now give explicit estimates for the inequalities on [41, Page 8620]. If the assumptions
of [41, Proposition 1] are satisfied, as inequality [41, (104)] has been made effective, it follows

that

2 b 2-0 b
2> HELNED <2 (Z ¥(a) > +24 (Z ¢<qn)> log* (Z w(qa)
a<m<n<b n=a n=a
b 1+6/2
+ 11K’ (Z ¢<qn>>

b
(o (a3 ere e 3)) o

(6.32)
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If instead the assumptions in [41, Proposition 2] are satisfied, it follows that

b 2 b 2-0 b
D) MELNEDN <2 <Z ¢<qn>> +24 (Z ¢<qn>> log” <Z w(qa)
a<m<n<b n=a n=a n=a
—A A 1 —-A A+1 A -
+<2+9vC (JEQV(E_E) (2+a)+2 g(ﬁ)));‘b(q")

+4 Z Z ged (gms ¢,) min (%, M) (6.33)

a<m<n<b dn

Next, we apply Lemma 6.1.3 with § = 2/3 and § = 1 to (6.32) and (6.33), respectively.

Under the stated assumptions of Lemma 6.1.3, we obtain

b 2 b 2 b
1 (Z w(q,») < (Z u(Egg) +4my(my +1) Y. ¥(qn),

where m; and m; are given in (6.18).

To continue the proof of Theorems 6.1.1 and 6.1.2, we need effective versions of [41, Propo-
sitions 1 & 2]. As commented previously, the assumption of (6.24) does not appear in Theorem

6.1.1 or 6.1.2, this issue is handled in Lemma 6.2.4.

Proposition 6.2.2 (Effective version of [41, Proposition 1]). Let F, y, A = (gu)nen, ¥ and ¢
be as in Theorem 6.1.1. Suppose ' satisfies (6.15). Then, for any a, b € N, ifa < b then

b 2 b 4/3 b
2y > p(E! nE!)< (Z u(%)) +48 (Z ¢<qn>> log” <Z w(q,a)
a<m<n<b n=a n=a n=a
b 4/3 b
+6 (Z ¢<qn>> +c, Y. Y(gn),

where ¢, and c, are given in (6.6) and (6.7) respectively.

Proposition 6.2.3 (Effective version of [41, Proposition 2]). Let F, u, A = (gn)nen, ¥ and ¢
be as in Theorem 6.1.2. Suppose ' satisfies (6.15), ¢ > 4 and that A is a-separated with the
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implicit constant my = 1. Then, for any a, b € N, if a < b then,

b 2 CORICD
ZZZu(EgmﬂEgnK(Zﬂ(E;,)) 8 3 e (g )i (L0010

a<m<n<b a<m<n<b Gm 4n
b b b
+48 <Z lﬁ(qn)) log” <Z l//(%)) +5 Y. Y(gn).
where ¢ is given in (6.13).

We now apply Theorem 2.1.2 to obtain effective versions of [41, Theorems 1 & 4], subject
to the additional assumptions (6.15) and (6.24). These assumptions will be removed later using
Lemma 6.2.4, at which point the error terms ¢, s and t, 5 arise. We present the proofs in full
here in order to illustrate the application of Theorem 2.1.2. For [41, Theorem 1], we take the

following parameters in Theorem 2.1.2:
¢n = Y(g)¥(n)'" (log" ¥(n) + 1) +2¢(gy).
Note that for any ¢ > 0 and N € IN,
@'2(N)log**** ®(N) + 2 < 2¥**(N)(log ¥(N) + 2)**,

where @ is as given in the original proof or in (6.4). This proves Theorem 6.1.1.

For [41, Theorem 4], we set the parameters of Theorem 2.1.2 as follows:

on = P(g2) (log" ¥(n) +2) + " ged (g, @) min (z#;qm)’ t//;qa)

O(N) = Y 9, < ¥(N) (log" ¥(N) + 2) + E(N),

n=1
where

N-1 N
EN =Y S ged (g g min (@@)

m=1 n=m+1

Theorem 6.1.2 follows.

We now address the additional terms ¢, s and t, 5 in Theorems 6.1.1 and 6.1.2. They appear

precisely as a consequence of removing the extra assumptions in Lemmas 6.1.3 and 6.1.6,
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namely conditions (6.15) and (6.24). The following lemma provides this step.

Lemma 6.2.4. Let  : N — (0,1] be a function and A = (q,), be an increasing sequence of
positive integers. Suppose there exists v > 0 and A > 2 such that for any t € R\ [-1,1], (6.1) is
satisfied. Suppose there exists B > 1 and C > 0 such that A > 2B and (6.9) is satisfied. Suppose
¥(n) =Y.;_, Y(k) is unbounded. Let @ : N — [0, +c0) be a function. Suppose

(o8]

Z w(n) < oo,

n=1

Define an auxiliary function y*(q,) = max ((g,), @(n)). Then for any § > 0 there exists Fs C F
such that y(Fs) < § and for any x € F\ Fs and N € N,

IR(x,N;y, ¢, A)— R(x,N; vy, ", A)| < t5,

where

t(g:min{telN : §<w(n)+ﬁ)<g}. (6.34)
Proof. By the definition of the counting function (1.41), for any x € F,

R(x,N;y, ¢y, A) <R(x,N;y,¥", A) < R(x,N;y, ¥, A) + R(x,N; y, w, A).
It follows that, for any x € F,

|[R(x,N;y, ¥, A) — R(x,N; y, ", A)| < R(x,N; y, w, A).

It suffices to find an upper for R(x, N; y, w, A), for any x € F\ Fs, for some measurable Fs C F
such that u(Fs) < &. By [41, Theorem 2], for almost every x € F, the extra term is exactly

given by the counting function
R(x,N;y, 0, A)
For any q € IN, define

E;i={x€F :|gx—y| < (@}
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By [41, Lemma 2], for any q € N, if g > 4 then

p(Eq) < 3w(q) + min {3 max la(sq)l, 2 Z M }

s=1

By the assumptions of the lemma,

. Vv
< < .
slé%g\l‘?g} |ﬂ(sqn)| B logA q” B CAnA/B

Hence, by taking the summation, for any ¢ € IN, it follows that

o0

1 14
nA/B <3 Z (w(n) + CAnA/B) :

n=t

u (U%) < ) H(E,) <3 ) wln) + % >
n=t n=t n=t n=t

As the right-most term converges when t = 1, we get that for any § > 0, there exists t5; € IN

H (O Eqn> <9,
n=ts

E

such that

where t5 is given by (6.34). By taking Fs = |J,-,, E,,, we have that y(Fs) < § and for any

x € F\ F;s,

R(x,N;y, 0, A) < ts.

]

Lemma 6.2.4 makes two such extra assumptions, namely conditions (6.15) and (6.24), on
¥ and the counting result differs by an additive constant which depends only on w. In the
proof for Theorem 6.1.1, the parameter 7 = A/B is taken in (6.15). That is, for Theorem 6.1.1,

ts is given by

- v )
tazmin{tE]N : Z(Bn‘A/B+ CA”A/B> <§}

n=t
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To get a concrete estimate, an upper bound for this 5 can be obtained by noticing that if

vy w1 v ® dx 3+v/CA 1\ "8
34— )Y — < (3+— = t— - <4,
(+ ) Zim= (&) [ won= s (- 3)

then

1 ((1-4/B)s\" P
< Ly (U=A/BY .
2 3+v/CA

Also, for Theorem 6.1.2, t; is given by

> v )
ts = min te]N:Z(n‘9+ )<— .
{ cinii) <3

To get a concrete estimate, an upper bound for this t5 can be obtained by noticing that if

d = min (9, A/B),

) S o0 A 1-d
S v 1/) 1 ( v>/ dx 1+v/C 1
) o ) < (1= ) Y S < (1+ = o (-2} <8,
<n CAnA/B> - < CA nd — CA) Jisae x@ 1-d 2

1 (1 — min (9’ A/B))5 1/(1-min (9,A/B)))
ts < -+ '
2 1+v/CA

The set E, ;5 associated with Theorems 6.1.1 and 6.1.2 is given by E, 5 = E;,a/z U Fs /2, where
E] 5/, is given by Theorem 2.1.2 with the parameters given above, and Fj; is given in Lemma

6.2.4. This completes the proofs of Theorems 6.1.1 and 6.1.2.
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