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Abstract

This thesis describes, quantifies and applies quantum information-processing resources that

go beyond observables and generalised measurements (POVMs), and must instead be defined

as monotones on the pre-order established within a resource theory. The research is divided

into two parts, examining monotones expressed in terms of generalised quantum entropies for

the resource theories of magic and asymmetry respectively. These resources display counter-

intuitive behaviour signalling the breakdown of classical descriptions for quantum computing

(in terms of statistical mechanics) and symmetry-constrained open system dynamics (in terms

of Noether’s Theorem).

Part I of the thesis concerns magic distillation. Previous work has cast universal fault-tolerant

quantum computing by magic state injection for odd-dimensional systems within a phase

space setting wherein distillable magic states acquire negative α-Rényi entropies. We extend

this statistical mechanics framework to the technologically important qubit case, from which

we derive fundamental trade-off relations on parameters governing the performance of an ele-

mentary family of protocols that project onto CSS codes. These trade-off relations are tuned to

physics specific to code projection protocols and can outperform previous monotone bounds

on protocol parameters in regimes of practical interest.

Part II of this thesis concerns symmetry-constrained open system dynamics. Recently, a com-

plete but infinite set of entropic monotones was found for the resource theory of asymmetry,

given in terms of correlations with every state on a spontaneously emergent quantum refer-

ence system. We show that one can restrict to reference frames forming any surface enclos-

ing the maximally mixed state, which implied that the possibility of state transition under

symmetry-constrained general quantum channels can be determined by a single entropic min-

imality condition at the maximally mixed state. Building on this analysis, we provide simple,
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closed conditions on the minimal depolarization needed to make a quantum state accessible

under channels covariant with symmetry groups whose multidimensional representations are

multiplicity-free.
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Chapter 1

Introduction

Historically, quantum mechanics seemed to present nothing but obstacles to information pro-

cessing. Examples include the restriction posed by the uncertainty principle on the precision

with which canonically conjugate variables may be encoded in a quantum state [1], as well as

the disconcerting discovery, expressed by the No-Cloning Theorem [2], that one cannot copy

an arbitrary unknown quantum state.

The advent of quantum computing has radically overturned this assessment. From algorithms

that solve important problems such as prime factorisation [3] nearly exponentially faster than

their classical counterparts, to protocols for fundamental cryptographic tasks such as key dis-

tribution that, for the first time, offer security on an information-theoretic basis rather than

on assumptions about the technological limitations of attackers [4], we have seen that quan-

tum mechanics in fact holds new possibilities for information processing beyond what can be

achieved within classical physics.

One particularly fruitful approach to studying and characterising how the quantum properties

of a physical system may be harnessed for information-processing tasks is the resource theory

framework [5]. The basic idea is to restrict quantum information processing to a permitted or

“free” subset of quantum channels, and thereby designate access to any channel outside of

this subset as a resource. While such restrictions frequently originate in current technological

limitations on which quantum operations are easy or even possible to perform, resource the-

ories often came to be valued for isolating the physical ingredients essential for a given task

in quantum information processing. For instance, in the first quantum resource theory ever
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Chapter 1. Introduction

formulated, the resource theory of entanglement, the “free” operations are local operations

and classical communication (LOCC) [6]. Restricting to such operations not only allows us to

capture the practical reality that LOCC are far less challenging to carry out than the faithful

transmission of quantum systems across large distances, but also isolated entanglement as the

sole necessary ingredient for making such transmissions possible. Another example comes

from the resource theory of asymmetry, which has shown that superselection rules on observ-

ables conserved under a symmetry group can be lifted by sharing a quantum reference frame

for that symmetry group [7].

The set of free operations defining a quantum resource theory often also coincides with some

notion of classicality. For example, in the field of quantum computation, the stabilizer sub-

theory, which can be implemented relatively easily in a fault-tolerant way [8, 9, 10], can also

be simulated efficiently on a classical computer [11, 12, 13]. Non-stabilizer (“magic”) states

or channels can consequently be regarded as holding the resources responsible for quantum

computational speedup [14]. We therefore see that the resource theory framework is highly

versatile and lends itself both to practical questions probing the consequences of limited ex-

perimental capabilities and foundational questions on the sources of quantum advantage.

At a more technical level, resource theories provide a rigorous basis for identifying how many

different types of resources are relevant for a given information-processing task, as well as

quantifying how much of these resources are held by a given quantum state (or channel).

From an operational perspective, one state possesses at least as much of a given resource as

another state if it is possible to transform the former into the latter without bringing in more

of the resource – i.e. via the free operations of the resource theory. Convertibility under free

operations thus establishes a “ranking” – formally, a pre-order – on the set of quantum states,

which is captured by a set of resource monotones that cannot increase under free operations.

Perhaps unsurprisingly, resource monotones are often expressed in terms of entropies – classical

thermodynamics itself can be regarded as a resource theory of operations restricted by com-

pliance with the laws of thermodynamics, within which thermodynamic entropy uniquely

determines the accessibility of any equilibrium state from another (of the same energy). The

Shannon entropy [15] used for quantifying classical information was developed with thermo-

dynamic entropy as its inspiration. In recent years, many generalised quantum entropies have

been devised in place of the Shannon entropy to characterise the irreversibility of state con-
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versions within a quantum resource theory [16, 17], which typically possess far more complex

structures than classical thermodynamics.

1.1 Thesis overview: motivation and contributions

This thesis is concerned with describing, quantifying and using information-theoretic resources

of quantum systems that go beyond what can be captured via observables or generalised mea-

surements (POVMs), and must instead be defined by measures capturing the pre-order es-

tablished within a quantum resource theory. The research is divided into two parts, which

examine measures expressed in terms of generalised quantum entropies for the resource theo-

ries of magic and asymmetry respectively. These resources display counterintuitive behaviour

that signals the breakdown of classical descriptions for quantum computing (in terms of sta-

tistical mechanics) and dynamical properties induced by a symmetry constraint (in terms of

Noether’s Theorem) respectively. The two parts of this thesis demonstrate the wide scope of

the resource-theoretic framework in characterising quantum resources, as one part studies ab-

stract computational resources that may be held by any physical system in a fixed practical

application (magic distillation), whereas the other part studies resources that must be held by

specific physical systems (capable of encoding given symmetry groups) from a general foun-

dational perspective.

We begin in Chapter 2 with a review of tools from quantum information science that will be

used extensively throughout this thesis. We give particular focus to introducing the notion

of quantum resource theories, which provides the overarching framework within which the re-

search constituting this thesis takes place.

1.1.1 Part I: General entropic constraints on Calderbank-Shor-Steane (CSS) codes

within magic distillation protocols

Quantum Computing by State Injection (QCSI) has emerged as one of the most promising ap-

proaches for achieving universal fault-tolerant quantum computation, wherein so-called magic

states are resources that must be distilled by fault-tolerant stabilizer circuits in order to promote

those circuits to universality [18]. First experimentally demonstrated in December 2024 [19] af-

ter long theoretical investigation, almost all known magic distillation protocols [18, 20, 21, 22,

23] are based on a subclass of quantum error-correcting codes known as Calderbank-Shor-Steane
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(CSS) codes [24, 25]. Though significant progress has been made to reduce the overhead of such

protocols [26], magic distillation is still expected to dominate the resource cost of QCSI. Un-

derstanding what fundamental trade-offs distillation must make between reducing resource

costs and improving fidelity, especially in ways that could be tailored to the specific physics of

protocols used, is thus of vital practical interest, and may be instructive for designing protocols

with optimised parameters.

Recent work [27] developed a statistical mechanics framework for analysing magic distillation

protocols by extending tools from majorization theory to phase-space representations of magic

states. However, this framework was restricted to quantum systems of odd prime Hilbert

space dimension, and had not yet been applied to concrete protocols for magic distillation.

In Part I of this thesis, we extend the framework of Ref. [27] to the experimentally impor-

tant case of qubit systems by focussing on magic distillation in the completely CSS-preserving

subset of stabilizer circuits, which we show to be similarly capable of QCSI. By exploiting

this extended framework, we derive fundamental trade-off relations in parameters governing

the performance of an elementary family of magic distillation protocols that project onto CSS

codes. These trade-off relations yield lower bounds on code length capable of out-performing

state-of-the-art lower bounds due to magic monotones in some regimes of practical interest, as

well as a novel cut-off result implying, for fixed target error rate and acceptance probability,

that one needs only consider CSS codes below a threshold number of qubits. These constraints

are not due simply to the data-processing inequality but rely explicitly on the stochastic repre-

sentation of such protocols in phase space.

1.1.2 Part II: Infinitesimal reference frames suffice to determine the asymmetry

properties of a quantum system

Identifying constraints imposed by symmetry on the evolution of a system has broad appli-

cations throughout physics – when exact solutions to the laws of motion become too com-

plex, one can often make non-trivial inferences by appealing to symmetry principles. While

Noether’s Theorem allows us infer conserved quantities from symmetries in closed quantum

system dynamics [28], this inference is no longer valid in open quantum system dynamics [29,

30]. How symmetry principles constrain the general evolution of a quantum system via quan-

tum channels therefore became a crucial question. In response, the resource theory of asym-
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metry was developed [30] with the aim of understanding which states can be converted into

which under channels that are covariant with respect to a symmetry group G. Most works

have addressed this question by identifying asymmetry monotones [30, 31, 32, 33, 34, 35] that

allows us to quantify the degree to which a quantum system encodes coordinates of a sym-

metry group; such monotones must decrease underG-covariant channels and thereby provide

necessary conditions on general state evolution under a symmetry principle.

Recent work [36] identified the first complete set of asymmetry monotones in terms of cor-

relations relative to quantum reference frames assessed by the single-shot conditional min-

entropy. However, because these monotones must be evaluated at infinitely many reference

frames, they are difficult to use in practice and their physical implications unclear.

In Part II of this thesis, we show that the set of asymmetry monotones identified in Ref. [36]

has extensive redundancy, and that one can restrict to reference frames forming any closed

surface that encloses the maximally mixed state. This result enables us to obtain a single nec-

essary and sufficient entropic condition at the maximally mixed state for G-covariant state

conversion. Though evaluating this condition in its current form poses signficant technical

difficulties, it can still be interpretationally interesting because it shows that one does not need

reference frames that perfectly encode a symmetry group to characterise the asymmetry prop-

erties of a quantum system – in fact, reference frames that are nearly completely degraded

suffice. Building on this analysis, we provide simple, closed conditions to estimate the mini-

mal depolarisation needed to make a given quantum state accessible under channels covariant

with an arbitrary symmetry group.
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Chapter 2

Quantum Resource Theories (QRTs)

2.1 Quantum information preliminaries

In this section, we rapidly review some basic concepts from quantum information theory that

are relevant to quantum resource theories, and introduce notation that will be used throughout

the rest of this thesis. Classic exposition of this introductory material can be found in e.g.

Ref. [1] or Ref. [37]. Throughout this thesis, we work in units of ℏ = 1 for convenience.

A quantum system is any collection of physical degrees of freedom whose behaviour allow for a

closed and consistent description using quantum theory [38]. Every quantum system S is asso-

ciated to a Hilbert space HS , and we will denote the Hilbert space of a d-dimensional quantum

system, that is, a quantum system in which at most d states are simultaneously distinguishable,

by Hd. Furthermore, we will denote the set of bounded operators on HS by B(S); in the special

case where S is a system of n qubits, this notation will be adapted to B(n). The quantum states

(i.e. density matrices) for system S form the subset in B(S) of positive-semidefinite matrices

with trace 1, which we denote by D(S).

Any physically possible evolution of a quantum system must take density matrices to density

matrices in a way that respects statistical mixing, even when only acting on a subsystem of

some larger system. The most general evolution of system S to system S′ is therefore given by

the set of quantum channels from S to S′, which are defined as linear maps from B(S) to B(S′)

that are completely positive and trace-preserving (CPTP). We will denote the identity or “do

nothing” channel on quantum system S by idS .
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It is worth noting at this juncture that quantum states (or, speaking more precisely, prepara-

tions of quantum states) can also be represented as quantum channels if one introduces the

complex numbers C as the Hilbert space of the unique 0-dimensional quantum system, whose

sole “state” is the number 1. The state ρS of system S can then be represented as the quantum

channel Φ : C → B(S) such that Φ(1) = ρS ; all channels of the form Φ are therefore referred to

as state preparation channels.

2.1.1 Three representations of quantum channels

We now review three ways of representing any quantum channel that are frequently used

across quantum information science. The existence of any of these representations is necessary

and sufficient for a map to be CPTP, and thus constitute a valid quantum channel.

2.1.1.1 The Stinespring dilation

Possibly the most intuitive way of representing a quantum channel is the Stinespring dilation.

Given any quantum channel ΦA→B from an input system A to an output system B, the Stine-

spring theorem [39] states that there always exists some ancillary system E and unitary oper-

ation UAE on the input and ancillary system such that

ΦA→B(ρA) = TrE′

[
UAE(ρA ⊗ |0⟩⟨0|E)U

†
AE

]
, (2.1)

where we highlight that the discarded system E′ need not be the same as the initial ancillary

system E, and that the choice of UAE is in general not unique. The Stinespring dilation can

be interpreted as saying that every possible evolution of a quantum system is equivalent to a

unitary evolution of the system and its environment, where some degrees of freedom in the

joint system subsequently become inaccessible.

2.1.1.2 The Kraus representation

Probably most widely encountered method of representing a quantum channel ΦS→S′ from

input system S to output system S′ is the Kraus representation, which decomposes Φ into a set
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of linear operators {Kj : HS → HS′} satisfying
∑

jK
†
jKj = 1A such that

ΦS→S′(ρS) =
∑
j

Kj(ρS)K
†
j . (2.2)

As is the case with UAE in the Stinespring dilation, the choice of {Kj} is also not unique and is

only defined up to unitary mixing [1].

2.1.1.3 The Choi-Jamiolkowski representation

This representation expresses the Choi-Jamiolkowski isomorphism [40, 41] between quantum

states and channels. Let us define the maximally entangled state between two copies of an input

system S with Hilbert space dimension dS in an orthonormal basis {|i⟩S} as

∣∣ϕ+〉
SS

:=
1√
dS

dS∑
i=1

|i⟩S |i⟩S . (2.3)

Given any quantum channel ΦS→S′ from S to an output system S′, we can construct the as-

sociated Choi state J (ΦS→S′) ∈ B(SS′) representing the channel as the following state on the

bipartite system SS′,

J (ΦS→S′) := idS ⊗ ΦS→S′(
∣∣ϕ+〉〈ϕ+∣∣

SS
), (2.4)

which further has the property of being maximally mixed on the input system, i.e.

TrS′ [J (ΦS→S′)] =
IS
dS

(2.5)

The Choi-Jamiolkowski isomorphism states that J constitutes a bijection between CPTP maps

from S to S′ and states on SS′ that are maximally mixed on S. Concretely, given any bipartite

state JSS′ ∈ B(SS′) on the joint system SS′ satisfying Eq. (2.5), one can construct a quantum

channel J −1(JSS′) from S to S′ that acts on a state ρS of S as

J −1(JSS′)[ρS ] := dS TrS(JSS′ [ρS ]
T ⊗ IS′), (2.6)

where transposition is performed relative to the basis {|i⟩S}.
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2.1.2 Inner products, norms and distance measures between quantum states

The set of bounded linear operators B(H) on a finite-dimensional Hilbert space H can consti-

tute a (complex) linear vector space, and can itself be turned into a Hilbert space upon being

equipped with the Hilbert-Schmidt inner product, which is defined as

⟨A,B⟩ := Tr
[
A†B

]
. (2.7)

The norm induced by the Hilbert-Schmidt inner product on B(H) is also known as the trace

norm or Schatten-1 norm, which has been extended into a whole family of operator norms used

extensively throughout this thesis: the Schatten-p norms defined as

∥X∥p :=
[
Tr
(
X†X

) p
2

] 1
p

(2.8)

for p ∈ [1,∞] and bounded operator X . The Schatten-2 norm is also known as the Frobenius

norm. Given a Hermitian input, the Schatten-∞ norm returns the largest absolute value of its

eigenvalues.

We can construct distance measures between two quantum states ρ and σ of the same system

to quantify how far they are from being identical. This thesis uses two of the most important

distance measures in quantum information science, the trace distance

D(ρ||σ) := 1

2
∥ρ− σ∥1, (2.9)

and the infidelity,

1− F (ρ, σ) where F (ρ, σ) :=
∥∥√ρ√σ∥∥2

1
. (2.10)

When σ is a pure state given by |ψ⟩⟨ψ|, its fidelity with respect to ρ becomes simplified to

F (ρ, |ψ⟩⟨ψ|) = ⟨ψ| ρ |ψ⟩. In accordance with the definition of distance measures, both the trace

distance the infidelity becomes 0 if and only if ρ = σ.

2.1.3 Universal quantum computation

A quantum computer on qudits of the same dimension d is universal when it is able to exe-

cute any quantum channel between such qudits with arbitrary precision. From the Stinespring
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dilation of quantum channels, we see that universality can be reduced to the ability to dis-

card any qudit, to initialise any qudit in a computational basis state that is the eigenstate of the

Pauli Z operator, and to perform any unitary operation on qudits with arbitrary precision. In

quantum information, unitary operations are usually referred to as gates following terminol-

ogy from classical computer science. Universal quantum computation is then typically defined

as the ability to approximate any unitary channel using a number of elementary gates (drawn

from a finite set) that scales polynomially with the desired accuracy [1]. A classic example of

a universal gateset for qubits is the CNOT-gate, the Hadamard gate H , the phase-gate S and

the T -gate, which are reviewed in section 3.2.3 of Chapter 3.

2.2 The QRT framework

In this section, we briefly review the QRT framework. Despite its name, a quantum resource

theory is not a scientific theory in the sense of falsifiability, but rather a framework for casting

physical properties as “resources” relative to a set of quantum channels. This framework al-

lowed researchers a method to precisely quantify fundamental quantum properties that could

not be expressed as Hermitian observables or even POVMs, such as entanglement [42, 6], co-

herence [43, 33, 44, 45], thermodynamics [46, 47, 48], non-Gaussianity [49, 50], magic [14, 51]

and many more [5]. Outstanding and much more thorough exposition of the QRT formalism

can be found at e.g. Ref. [52].

Consider a quantum system given to an agent or distributed amongst a group of agents. A

QRT essentially models what the parties can physically accomplish using this system given

restrictions imposed by technological or experimental limitations, the rules of some game, or

even the laws of physics [5]. What operations the agents can still perform is then described by

a (typically much smaller) subset R of all the quantum channels by which this system could

evolve, which forms the basis for defining a QRT.

Definition 1 (Quantum Resource Theory). A quantum resource theory is defined by a subset

R of quantum channels, called free or permitted, with the following properties:

(R1) contains all identity channels, i.e. given any quantum system A, idA ∈ R.

(R2) is closed under composition, i.e. given any three quantum systems A,B and C, if ΦA→B

is a quantum channel from A to B and ΦB→C is a quantum channel from B to C such

11
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that ΦA→B ∈ R and ΦB→C ∈ R, then ΦA→B ◦ ΦB→C ∈ R.

The free states of a QRT are the subset F of quantum states produced by state preparation

channels in R, i.e. given any quantum state ρA of system A, we have ρA ∈ F if and only if

there exists a quantum channel ΦA : C → B(A) such that ΦA ∈ F and ΦA(1) = ρA. Any state

or channel that is not free is called a resource state or channel.

It is worth taking a few moments to unpack the physical interpretation and consequences of

Definition 1. Property (R1) simply says that doing nothing is always permitted. Property

(R2) then formalises what it means for quantum channels to be permitted: that they can be

performed in whatever order one wishes and as often as one wishes. The major consequence

of Property (R2) is

The Golden Rule of QRTs

Free operations cannot convert free states to resource states.

More formally, if ρA is a free state of quantum system A prepared by some state preparation

channel ΦA ∈ R, then given any channel ΦA→B ∈ R from system A to system B, Property

(R2) implies that ΦA→B ◦ ΦA ∈ R, which is equivalent to ΦA→B(ρA) ∈ F . Therefore, in the

absence of any resource states or channels, a QRT leaves agents “stuck” in a subtheory – i.e.

closed subset of channels – of quantum theory that consists exclusively of its free operations.

Given a set of free operations R alongside the free states F it induces, we will use R(A → B)

to denote the set of free operations from input system A to output system B, and use FA to

denote the set of free states on system A.

2.2.1 Resource Monotone

The golden rule of QRTs does not mean that resource states are totally excluded. On the con-

trary, if the quantum system originally given to the parties happens to be a resource state,

it could potentially be used to lift the restrictions on the allowed operations. More formally,

given any two physical systemsA andB, access to a resource state ρX on systemX allows one to

perform channels from A to B of the form ΦA→B(·) := ΦAX→B((·)A ⊗ ρX) where ΦAX→B ∈ R,

which may not necessarily also lie in R. The most celebrated example of using a resource state

to circumvent operational restrictions come from the QRT of entanglement, where the free op-
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erations are restricted to local operations and classical communication (LOCC), yet sharing a

Bell state allows one agent to transmit a qubit perfectly to another.

However, the Bell state is “used up” by the perfect transmission of a qubit, in the sense that

after the transmission, the Bell state is degraded to a separable state [6]. One basic question

that QRTs were developed to answer is therefore: how quickly must a resource state be used

up, i.e. what free operations can it go through before ending up as a free state? Addressing

this question naturally leads us to explore the structure of state conversion within a QRT.

Given some quantum states ρ and σ, if there exists a free operation Φ ∈ R that can convert σ

to ρ as Φ(σ) = ρ, then we write ρ ≻R σ. Generally, the relation ≻R is only a pre-order, because

there can exist ρ and σ such that neither state can be converted to the other via free operations,

i.e. we have ρ ⊁R σ and σ ⊁R σ, and moreover ρ ≻R σ and σ ≻R ρ does not necessarily imply

ρ = σ. This pre-order is captured by resource monotone:

Definition 2 (Resource monotone). Given a resource theory with free operations R, a resource

monotone M : ∪SD(S) → R+ is a function that assigns a non-negative real number to every

state of every quantum system S that cannot be increased by free operations, i.e.

ρ ≻R σ =⇒ M(ρ) ≥M(σ). (2.11)

Informally, resource monotones allow us to quantify “how much” of a resource a state pos-

sesses, as well as how many different “flavours” of resource are required by a particular

information-processing task. Though this is not the case with the monotones studied in this

thesis, we note that typically resource monotones are also expected to be faithful, i.e. to vanish

on free states.
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Chapter 3

A Statistical Mechanics Framework for

Qubit Magic Distillation

3.1 Introduction

3.1.1 Quantum computation by state injection (QCSI)

The components of any real quantum computer are invariably noisy. To prevent errors in-

troduced by noise from multiplying and spreading until computation becomes unreliable, a

practical quantum computer must have a fault-tolerant architecture, which rests upon two ingre-

dients. First and foremost, the quantum computer must be able to protect information stored

in its memory using quantum error-correcting codes (QECCs) [53]. Similar to its classical counter-

part, a QECC typically encodes any state on a single qubit redundantly across a block of several

qubits, which allows the original state to be reconstructed even after a few qubits in the block

are disturbed by noise [54]. To maintain this protection as information is processed, the quan-

tum computer then encodes a universal set of channels to operate directly on encoded states

so they need never be decoded, and periodically performs error correction on each encoded

block of qubits [54]. In August 2024, Google provided the first experimental demonstration of

below-threshold quantum error correction using surface code constructions [9, 10, 55], which

exponentially suppressed the logical relative to the physical error rate by a factor 2 [56].

However, error correction alone is insufficient for fault tolerance, because encoded operations

can cause errors to propagate from one encoded block to another, and the correction procedure
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3.1. Introduction Chapter 3. Statistical mechanics for qubit magic

may itself introduce errors as it is carried out using the same noisy components as the rest of

the computer. The second ingredient of fault-tolerant architecture is designing each encoded

operation such that a failure anywhere in the procedure only propagates to a small number of

qubits in each encoded block, so error-correction can remain effective at removing them [1]. To

this end, it is highly desirable if encoded operations can be transversal, i.e. act on each qubit in

an encoded block independently1, as this ensures a failure can produce at most one qubit error

per encoded block [54]. Unfortunately, hopes that transversal encoding can directly provide

universal fault-tolerant quantum computing were dashed by the Eastin-Knill Theorem [57],

which proved that no universal gateset can be transversally encoded.

Quantum Computation by State Injection (QCSI) has emerged as one of the most promising

frameworks for circumventing the Eastin-Knill Theorem. Its basic idea is restricting compu-

tation to a subtheory that can be encoded transversally at the expense of only offering classical

computational power, and then promoting this subtheory to universal quantum computation

by injecting special, pre-prepared ancillary states known as magic states. In the first and still

most popular concrete scheme for QCSI, the Bravyi-Kitaev model, computation is restricted to

stabilizer circuits, which can be transversally encoded via surface code constructions but were

shown in the Gottesman-Knill theorem to be efficiently simulable on a classical probabilis-

tic computer [12, 13]. Stabilizer circuits can be promoted to universal quantum computa-

tion through the injection of any pure state that they cannot prepare [58, 59]. We see that a

QCSI scheme is naturally structured as a resource theory of magic, wherein the transversally-

encoded subtheory constitutes the free operations, while states (and channels) outside this

subtheory are defined as magic and contain the resources necessary for quantum computa-

tion. The split between free and resourceful operations in a QCSI scheme approximates2 the

classical-quantum boundary in computational power.

Because magic states are prepared outside the fault-tolerant subtheory to which QCSI compu-

tation is restricted, they suffer error rates that are too high for them to be used directly. QCSI

therefore requires an initial stage of magic state distillation, which converts many noisy copies

1Formally, a quantum operation Φ on m blocks of n qubits is transversal if there exists a set of m-qubit operations
{Φi}i=1,...n such that Φ =

⊗n
i=1 Φi.

2Whether a subtheory can be transversally encoded is not straightforwardly related to whether it only provides
classical computational power. Taking the Bravyi-Kitaev model as an example, the subtheory of operations with a
non-negative Gross’s Wigner representation (reviewed in the next section) is strictly larger than stabilizer circuits,
but can still be efficiently simulated by a classical probabilistic computer [60]. Resource theories of magic with a
more foundational outlook than those reformulating QCSI schemes have been constructed by taking such larger
sets of free operations [14, 61].
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of a desired magic state into fewer copies at higher fidelity using only operations from the

fault-tolerant subtheory. Magic distillation was experimentally demonstrated for the first time

in December 2024 [19].

3.1.2 Phase-space formulations of QCSI

On qudits of odd prime dimension, the Bravyi-Kitaev model has a beautiful phase-space for-

mulation that has powerful applications for resource theories of magic and other sorts of non-

classicality. Invented by David Gross [60] as an extension of a similar representation for con-

tinuous variable systems in quantum optics by Eugene Wigner [62], this formalism provides

the closest quantum analogue to the classical conception of dynamical systems as probability

distributions evolving over phase space, with the exception that some quantum states are rep-

resented by quasiprobability distributions that have negative values. Nevertheless, under Gross’s

Wigner representation, every state that can be prepared by a stabilizer circuit becomes a legiti-

mate probability distribution over phase space; more generally, every stabilizer circuit becomes

a stochastic map between phase spaces. By contrast, distillable magic states are represented

by quasiprobability distributions that always contain negative entries [63]. Negativity under

Gross’s Wigner representation thus emerges as a necessary (and, for pure states, sufficient)

resource for quantum computational speedup.

Gross’s Wigner representation can serve as a realist model for stabilizer circuits in odd prime

dimension, i.e. we can interpret points in the phase space of a single qudit as the “true” states

of that qudit, such that preparing a stabilizer state would, “in reality”, place each qubit in one

of these states, which then evolve under stabilizer operations that, “in reality”, sends these

states to others. This is partly because Gross’s Wigner representation becomes stochastic for

stabilizer circuits, but also because it respects the sequential and parallel composition of pro-

cesses – that is, if a channel Φ1 operates after, or on a separate system from, another channel

Φ2, Gross’s Wigner representation W of Φ1 also acts after, or on a separate phase space from,

the representation of Φ2, i.e. WΦ1⊗Φ2 =WΦ1 ⊗WΦ2 and WΦ2◦Φ1 =WΦ1 ◦WΦ2 .

Gross’s Wigner representation goes further by being a realist model for stabilizer circuits that

satisfies a form of classicality known as generalised noncontextuality [64] – it explains operational

equivalence between stabilizer circuits as due to these procedures being identical on the “true”

states of systems (e.g. no matter which mixtures were used to prepare a maximally mixed state,
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the probability distribution over phase space is the same). In fact, it is impossible to construct

a generalised noncontextual model incorporating both stabilizer circuits and any distillable

magic state [65], making negativity in Gross’s Wigner representation a resource under this

more philosophical notion of nonclassicality, and forms a pleasing connection with the more

practical notion of nonclassicality from computational speedup.

3.1.3 Finding statistical mechanics constraints on magic distillation

Recent work [27] has developed a statistical mechanics framework for analysing magic distilla-

tion in qudits of odd prime dimension by taking key insights from a rich literature of majoriza-

tion theory and applying them to Gross’s Wigner representation. The Bravyi-Kitaev model is

transformed by Gross’s Wigner representation into the stochastic updating of quasiprobabil-

ity distributions, but when computation is restricted to stabilizer circuits, the resultant classical

stochastic model can be studied using entropic theory and in particular relative majorization [66,

47, 67, 68, 69]. Ref. [27] extended majorization to the quasiprobability distributions represent-

ing magic states, and found that a dense subset of α-Rényi entropies Hα defined on phase

space remains capable of characterising their pre-order under stochastic processing, leading to

fundamental constraints on magic distillation protocols that can be tailored to their particular

physics3.

Since most quantum algorithms are formulated for systems of qubits, we would like to extend

this framework to qubits with the aim of identifying trade-off relations between physical pa-

rameters characterising distillation protocols. There are, however, many well-known obstacles

in constructing valid Wigner representations for qubits (related to the fact that 2−1 does not

exist modulo 2 [71]) – in particular, a recent no-go theorem has shown that it is impossible

to construct a quasiprobability representation of the qubit Bravyi-Kitaev model that respects

the sequential and parallel composition of processes while representing all stabilizer circuits

stochastically [65]. As we will see, relaxing the former property significantly complicates the

extraction of trade-off relations, so we instead make progress by identifying subsets of qubit

stabilizer operations that can be represented stochastically, while nevertheless remaining ca-

pable of universal quantum computation via magic state injection.

3As a point of clarification, these α-Rényi entropies are distinguished from the stabilizer Rényi entropies intro-
duced in Ref. [70] by the fact that they are defined on Gross’s Wigner representations of a quantum state, rather
than on the quantum state itself.
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3.1.4 Chapter summary

The rest of this chapter proceeds as follows. We begin with a review of stabilizer circuits in

section 3.2, which forms the main technical background for this chapter. In sections 3.3 and 3.4,

we develop the properties of a qubit Wigner representation introduced by Ref. [72] and extend

it to arbitrary quantum channels, which we verify as respecting the parallel and sequential

composition of processes. Drawing on results from Ref. [73], we show in Section 3.4 that a

stabilizer circuit is stochastically represented by our chosen qubit Wigner representation if it is

completely CSS-preserving (that is, preserves a subset of stabilizer states known as CSS states

even when acting on a subsystem), and that such circuits are capable of QCSI. In section 3.5,

we extend the statistical mechanics framework for universal quantum computing developed

in Ref. [27] from qudits of odd prime dimension to qubits in the completely CSS-preserving

setting, and show how this constitutes a pleasing physical picture of universal qubit quantum

computing as statistical mechanics with negative entropies. All arithmetic is modulo 2 unless

stated otherwise.

3.2 Technical background: stabilizer circuits

We first provide a brief review of stabilizer circuits. While the core presentation will focus

on qubits, we will also sketch how the subtheory is to be extended to qudits of odd prime

dimension d. Brilliant and much more comprehensive exposition of the stabilizer formalism

by its inventor, Daniel Gottesman, can be found at Ref. [54].

3.2.1 The Pauli group and its stabilizer subgroups

The formalism of qubit stabilizer circuits is constructed around Pauli groups. Formally, the

n-qubit Pauli group Pn consists of all n-fold tensor products of Pauli matrices with phases of ±1

or ±i,

Pn := {ik{1, X, Y, Z}⊗n|k ∈ Z4}, (3.1)

19



3.2. Stabilizer circuits Chapter 3. Statistical mechanics for qubit magic

where X,Y and Z are Pauli matrices represented in the computational basis as

X :=

0 1

1 0

 , Y :=

0 −i

i 0

 , Z :=

1 0

0 −1

 . (3.2)

It is immediately apparent that the n-qubit Pauli group is simply the n-fold tensor product

of the single-qubit Pauli group – formally, Pn =
⊗n

i=1 P1. We further highlight the following

properties of Pauli operators, which arise because X,Y and Z are unitary, have eigenvalues

±1 and anti-commute with each other.

Lemma 3. A Pauli operator is unitary and either has eigenvalues ±1, in which case it constitutes

a valid observable, or eigenvalues ±i. Two Pauli operators either commute or anti-commute.

A state vector |ψ⟩ in the Hilbert space Hn
2 := H⊗n

2 of n qubits is said to be stabilized by an

n-qubit Pauli operator P if |ψ⟩ is an eigenstate of P of eigenvalue 1, i.e.

P |ψ⟩ = |ψ⟩ (3.3)

Evidently, only Pauli operators that are also observables, which we henceforth refer to as Pauli

observables, can stabilize a non-zero state vector. This notion can be used to pick out a special

class of Pauli subgroups known as stabilizer groups.

Definition 4 (Stabilizer group). Given any subgroup S of the n-qubit Pauli group Pn, the

vectors in Hn
2 stabilized by every element of S form a Hilbert subspace in Hn

2 , referred to as the

stabilized subspace HS. Then S is called a stabilizer group when HS is not empty.

The abstract definition of stabilizer groups conceals the fact that their structure is in fact highly

restrictive, as revealed in the following theorem (for completeness, a proof is provided in Ap-

pendix A.1).

Theorem 5. A subgroup S of the n-qubit Pauli group Pn is a stabilizer group if and only if it

is an Abelian group generated by a set of n ≥ m ≥ 0 commuting, independent and non-trivial

Pauli observables such that −I /∈ S (with m = 0 corresponding to S being the trivial group).

The stabilized subspace HS of S then has dimension dim(HS) = 2n−m.
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3.2.2 Stabilizer states

We are now in a position to present the states that can be prepared by stabilizer circuits. By The-

orem 5, we see that the stabilizer spaces of the largest stabilizer groups on n qubits – those gen-

erated by n commuting, independent and non-trivial Pauli observables – are 1-dimensional,

and therefore spanned by a single unique pure state.

Definition 6 (Stabilizer state). An n-qubit stabilizer state is the unique pure state stabilized

by a stabilizer group generated from n independent and non-trivial Pauli observables, or any

statistical mixture of such pure states.

As a simple example, we now identify all the stabilizer states of a single qubit. To do so,

we first need to identify all the single-qubit stabilizer groups generated by a single non-trivial

Pauli observable. These are evidently groups generated by ±X,±Y and ±Z, so the pure single-

qubit stabilizer states are the eigenstates of X,Y and Z.

Figure 3.1: The stabilizer states of a single qubit (blue octahedron).

As shown in Fig. 3.1, the stabilizer states of a single qubit therefore form an octahedron in the

Bloch sphere, with vertices given by the eigenstates of X,Y and Z.

3.2.3 Unitary operations and measurements in stabilizer circuits

Unitary operations in stabilizer circuits are restricted to those executed using members of the

Clifford group. Roughly speaking, these are unitaries that map Pauli operators to Pauli opera-

tors under conjugation.

Definition 7 (Clifford group). The Clifford group Cn for n qubits is the normalizer of Pn in the
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unitary group U(2n), that is4

Cn := {U ∈ U(2n)|UPU † ∈ Pn ∀P ∈ Pn}/{eiθI|θ ∈ [0, 2π)}. (3.4)

The Clifford group is more conveniently characterised by a standard set of generators. To do

so, we must first define the Hadamard gate H and phase gate S on a single qubit, which are

represented in the computational basis as

H :=
1√
2

1 1

1 −1

 , S :=

1 0

0 i

 , (3.5)

as well as the CNOT-gate with control qubit i and target qubit j as

CNOT(i, j) := |0⟩⟨0|i ⊗ 1j + |1⟩⟨1|i ⊗Xj . (3.6)

Theorem 8 (Generators of the Clifford Group). The Clifford group on n qubits, Cn, can be

generated from all Hadamard, phase and CNOT gates on n qubits, i.e.

Cn = ⟨Hi, Si,CNOTi,j⟩i,j=1,...,n,i̸=j (3.7)

The Clifford group can be promoted by a universal gateset through the addition of any gate

outside it [58, 59], with a typical choice being the T -gate 4
√
Z.

Measurements in stabilizer circuits are restricted to projective measurements in the eigenbasis

of Pauli observables. In general, a stabilizer circuit is any sequence of preparing stabilizer

states, performing Clifford unitaries, measuring Pauli observables, adaptive decision making

conditioned on outcomes, and classical randomness, as well as statistical mixtures amongst

such sequences.

3.2.4 Stabilizer circuits in higher prime dimensions

The formalism for stabilizer circuits in a higher prime dimension d is constructed analogously

around the Heisenberg-Weyl group as the formalism for qubit stabilizer circuits are constructed

4Modding out by unitaries of the form eiθI is necessary as otherwise Cn would become infinite for the trivial
reason that if U ∈ Cn, then eiθU ∈ Cn for any phase θ.
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around the Pauli group. Let us first define the following generalisations of qubit X and Z

operators to qudits of odd prime dimension d,

Xd :=
d−1∑
k=0

|k + 1⟩⟨k| , Zd :=
d−1∑
k=0

ωk |k⟩⟨k| , (3.8)

wherein {|0⟩ , . . . , |d− 1⟩} is the computational basis, ω := exp
(
2πi
d

)
is the dth root of unity and

addition should be interpreted modulo d. The n-qudit Heisenberg-Weyl group is then simply

HWd,n := {⟨Xd, Zd⟩⊗n}. While there is also a Heisenberg-Weyl group defined for a qubit, it

differs from the single-qubit Pauli group in only containing ±iY and not ±Y as well (and

therefore also does not contain ±i1). The allowed unitary operations in stabilizer circuits for

qudits of odd prime dimension d are members of the normalizer for HWd,n up to a global phase,

while allowed measurements are projective measurements in the eigenbasis of any element

drawn from HWd,n.

3.3 A Qubit Wigner Representation Respecting Parallel and Sequen-

tial Process Composition

In this section, we review the Wigner representation of qubit states Wρ introduced in Ref. [72].

We then expand upon its properties and extend it to the representation of channels. In the

process, we confirm that the channel representation we have produced respects the sequen-

tial and parallel composition of processes, the former crucially giving rise to an input-output

relation WΦ(ρ) = WΦWρ in phase space mirroring how the channel Φ acts on ρ in state space,

which justifies WΦ as a meaningful phase-space representation of the channel Φ. Moreover, re-

spect for the parallel composition of processes implies that the representation of product states

factorizes over subsystems, a property which will prove computationally advantageous given

that inputs to magic distillation protocols typically take on the form ρ⊗n.

3.3.1 Wigner representation of qubit states

We first establish some convenient notation. Let u := (u1, . . . , un) ∈ Zn2 denote a binary vector.

Furthermore, given any single qubit operator O, let us define the following abbreviation

O(u) := Ou1 ⊗ · · · ⊗Oun . (3.9)
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We can now present the phase space of our chosen qubit Wigner representation.

Definition 9 (Phase space). Consider an n-qubit quantum system with total Hilbert space Hn
2 .

We associate to this system a phase space Pn := Zn2 × Zn2 , where Pn consists of all pairs of n-bit

strings (ux,uz), and has a symplectic inner product [u,v] defined as

[u,v] := uz · vx − vz · ux ≡ uz · vx + vz · ux. (3.10)

We note that the equivalence between the two forms of the symplectic inner product presented

in this definition originates from the fact that we are working in modulo 2 arithmetic.

Because each point in the phase space of a single qubit is a pair of bits (ux, uz), it is often

visualised as a 2 × 2 square grid, as shown in Fig. 3.2(a). Because Pn = P×n
1 = (Z2 × Z2)

×n,

Pn simply consists of all n-fold Cartesian products of points in a single-qubit phase space.

Concretely, representing a phase-space point u ∈ Pn as the pair of n-bit strings u = (ux,uz),

we can regard ((ux)i, (uz)i) as the phase-space co-ordinates of the ith qubit, as seen for two

qubits in Fig. 3.2(b).

Figure 3.2: Phase spaces for (a) a single qubit and (b) two qubits.

We are now in a position to present our chosen representation over Pn.

Definition 10 (Displacement Operators). The displacement operators of the n-qubit phase

space Pn are the set of operators {Du}u∈Pn where Du is defined for u = (ux,uz) ∈ Pn as

Du := Z(uz)X(ux). (3.11)

We can now construct the qubit Wigner representation used throughout this chapter as follows.
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Definition 11 (Chosen qubit Wigner representation). Given any n-qubit state ρ, we define

its Wigner representation as

Wρ(u) :=
1

2n
⟨Au, ρ⟩, (3.12)

where {Au} are the set of 22n phase-point operators on n-qubits, which are defined as

A0 :=
1

2n

∑
v∈Pn

Dv, Au := DuA0D
†
u. (3.13)

To gain some visual intuition for how our chosen Wigner representation works, Fig. 3.3 pro-

vides several examples showing the Wigner representations of commonly-encountered states.

Figure 3.3: Three examples for Wigner representations of qubit states. (a) the computational
basis state |0⟩. (b) the Hadamard state (+1 eigenstate of the Hadamard gate), a typical magic
state chosen for the Bravyi-Kitaev model, and so unsurprisingly represented with negative
components (c) The ϕ+ Bell state on two qubits.

As an aside, we can now motivate the naming of {Du}u∈Pn as displacement operators. Con-

sider the Wigner representation of DvρD
†
v for an arbitrary phase space displacement v,

W
DvρD

†
v
(u) :=

1

2n
⟨A†, DvρD

†
v⟩ ≡

1

2n
Tr
[
A†

uDvρD
†
v

]
=

1

2n
Tr
[
D†

vA
†
uDvρ

]
=

1

2n
Tr

[∑
a∈Pn

(−1)[u,a](DaDv)
†Dvρ

]

=
1

2n
Tr

[(∑
a∈Pn

(−1)[u+v,a]D†
a

)
ρ

]
=Wρ(u+ v), (3.14)
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from which we see that the unitary channel executed by Dv has the effect of displacing the

Wigner representation of ρ in phase space by −v (equivalent to v modulo 2).

If we were to changeX → Xd, Z → Zd and Pn → (Zd×Zd)×n for some odd prime d, we would

find that the construction ofWρ has exactly copied that of Gross’s Wigner representation except

in one detail – every displacement operator in Gross’s Wigner representation, D(G)
u for some

u := (ux,uz) ∈ Zd × Zd, is multiplied by an additional phase factor to ensure that they are

Hermitian as follows

D
(G)
u := ω2−1(uz ·ux)Zd(uz)Xd(ux), (3.15)

where ω2−1
denotes the unique dth root of unity that, when squared, produce ω [60]. The

absence of a similar phase factor in Eq. (3.11) means the displacement operators of our chosen

qubit Wigner representation, such as D1,1 = iY , are not Hermitian. We will shortly see that

this produces some startling consequences.

3.3.2 Properties of the Wigner representation of qubit states

The Wigner representation we have chosen for qubit states behave very similarly to Gross’s

Wigner representation for the states of qudits with arbitrary odd prime dimension, which is

unsurprising given their nearly identical construction. To begin with, we can show (see Ap-

pendix A.2.1) that the phase point operators defining Wρ have the following properties, which

are shared by phase-point operators defining Gross’s Wigner representation [60].

Lemma 12. The phase point operators {Au}u∈Pn have the following properties:

(A1) Factorizability: AuX⊕uY = AuX ⊗AuY on a bipartite system XY , where uX and uY are

respectively points in the phase spaces of subsystems X and Y .

(A2) Orthogonality: ⟨Au, Av⟩ = 2nδu,v,

(A3) Unit trace: Tr[Au] = 1,

(A4) Completeness:
∑

u∈Pn
Au = 2nI .

As proved in Appendix A.2.2, these properties further ensure that our chosen Wigner repre-

sentation for qubit states shares the following properties with Gross’s Wigner representation.
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Lemma 13. The Wigner representation Wρ for qubit states has the following properties

(W1) Informational completeness: Given any qubit state ρ, one can decompose it uniquely as

ρ =
∑

u∈Pn
Wρ(u)Au because {Au}u∈Pn form a complete orthogonal basis for B(n) un-

der the Hilbert-Schmidt inner product.

(W2) Normalization: the function representing any qubit state ρ sums to 1 over phase-space, i.e.∑
u∈Pn

Wρ(u) = 1.

The lack of phase factors ensuring the Hermiticity of displacement operators means that the

phase-point operators of our qubit Wigner representation, unlike those of Gross’s Wigner rep-

resentation, are not Hermitian. For instance, the single-qubit phase-point operator at the origin

is A0,0 = 1
4(1 + X + Z + iY ), which is evidently not Hermitian. Therefore, Wρ is generally

complex, and not guaranteed to be real on all states the way Gross’s Wigner representation is.

As a simple example, the +1 eigenstate of Y , |i⟩ := 1√
2
(|0⟩+i |1)⟩, appears in our chosen Wigner

representation as W|i⟩⟨i| :=
1
4(1 + i, 1− i, 1− i, 1 + i).

Nevertheless, even though the qubit displacement operators we have chosen are not Hermi-

tian, they are constructed by Eq. (3.11) to always be real in the computational basis, which

implies by Eq. (A.12) that qubit phase-point operators are real as well. This fact leads a direct

correspondence between the real/imaginary parts of a state’s Wigner representation and those

of its density matrix in the computational basis (a proof is given in Appendix A.2.3).

Lemma 14. Given any n-qubit quantum state ρ,

Re[Wρ(u)] =WRe(ρ)(u) (3.16)

Im[Wρ(u)] =WIm(ρ)(u) (3.17)

for all u ∈ Pn, where Re(ρ) and Im(ρ) are respectively the real and imaginary parts of the density

matrix of ρ in the computational basis.

We therefore obtain the following corollary.

Corollary 1. The Wigner representation Wρ of an n-qubit state ρ is real if and only if ρ is an

n-rebit state, i.e., the density matrix ρ is real in the computational basis.

In the next section, we extend our chosen qubit representation to quantum channels and verify
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that the result respects the sequential and parallel compositions of processes.

3.3.3 Wigner representation of qubit channels

Denoting the set of bounded operators on the Hilbert space of n qubits by B(n) for the rest

of this chapter, we can extend the qubit state Wigner representation defined in Eq. (3.12) to

quantum channels between qubits.

Definition 15 (Wigner representation of qubit channels). The Wigner representation WΦ of

a quantum channel Φ : B(n) → B(m) from n to m qubits is defined as the following linear map

WΦ : Pn → Pm from the phase space of n qubits to that of m qubits

WΦ(v|u) := 22nWJ (Φ)(u⊕ v), (3.18)

where J (Φ) is the state on n+m qubits constituting the Choi-Jamiolkowski representation of Φ.

This construction copies the extension of Gross’s Wigner representation for qudits of odd

prime dimension d from states to channels in Ref. [61] except for the substitution of 22n in place

of the original d2n. Unsurprisingly given their extremely similar construction, the Wigner rep-

resentation for channels between qubits that we constructed share the following properties

(proof in Appendix A.3) with the extension of Gross’s Wigner representation to channels [61].

Lemma 16. The Wigner representation WΦ of a quantum channel Φ : B(n) → B(m) from n to

m qubits has the following properties:

(W3) (Input-Output Relation). If σ = Φ(ρ), then Wσ(v) =
∑

u∈Pn
WΦ(v|u)Wρ(u).

(W4) (Respects the sequential composition of channels). Given a channel Λ : B(n′) → B(n)

from n′ to n qubits, we have that WΦ◦Λ =WΦWΛ.

(W5) (Respects the parallel composition of channels). Given a channel Λ : B(n′) → B(m′) from

n′ to m′ qubits, we have that WΦ⊗Λ =WΦ ⊗WΛ.

(W6) (Preserves normalization). Each column of WΦ sums to 1, i.e.
∑

v∈Pm
WΦ(v|u) = 1.

It is worth spending a few moments unpacking the channel representation properties listed in

the Lemma above. Property (W3) reveals that WΦ turns every channel into a matrix mapping

the phase-space representation of an input state to the channel onto the phase-space represen-

tation of the resultant output state from that channel, which justifies accepting WΦ as a mean-
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ingful phase-space representation of quantum channels. By taking Λ to be the state preparation

channel for ρ, we can see that Property (W3) is a special case of the respect for the sequential

composition of channels given in Property (W4).

One useful implication of the respect for parallel composition guaranteed by Property (W5) is

that, by taking Φ and Λ to be preparation channels for states ρ and σ, we obtain

Wρ⊗σ =Wρ ⊗Wσ, (3.19)

so our chosen qubit state representation factorizes over subsystems for product states.

Finally, Property (W6) is so called because it guarantees that the action ofWΦ will preserves the

sum over phase space of any complex Wigner distribution over phase space W (u) : Pn → C,

as it can be used to show

∑
v∈Pm

[WΦW ](v) =
∑

v∈Pm

(∑
u∈Pn

WΦ(v|u)W (u)

)

=
∑
u∈Pn

( ∑
v∈Pm

WΦ(v|u)

)
W (u) =

∑
u∈Pn

W (u). (3.20)

We can interpret Property (W6) as the phase-space equivalent of Φ being trace-preserving –

indeed, this property would not hold were Φ not trace-preserving.

Property (W6) further implies that a quantum channel Φ from n qubits to m qubits is repre-

sented by a stochastic matrix if and only if WΦ(v|u) ≥ 0 for all u ∈ Pn and v ∈ Pm. By

Eq. (3.18), we equivalently have that Φ is stochastically represented if and only if its Choi-

Jamiolkowski state J (Φ) on n+m qubits is represented by a genuine probability distribution

on the phase space Pn+m. In the next section, we will show that Φ is stochastically represented

if J (Φ) belongs to an important subset of stabilizer states known as CSS states.

3.4 Stochastic representation of CSS circuits

Because our qubit Wigner representation respects the sequential and parallel composition

of processes, a recent no-go theorem [65] prohibits it from representing all stabilizer circuits
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stochastically. As an example, the Hadamard gate is represented with negative entries as

WH =
1

2



1 1 1 −1

1 −1 1 1

1 1 −1 1

−1 1 1 1


. (3.21)

Nevertheless, we can identify a smaller subtheory that arises naturally in fault-tolerant quan-

tum computing, is sufficiently large to enable universal quantum computation, and admits a

stochastic representation. In particular, we show that a channel is stochastically represented

if its Choi-Jamiolkowski state is CSS. Building on this result, we construct a stochastically-

represented subset of stabilizer circuits wherein, roughly speaking, CSS states play the role

of stabilizer states, and quickly review QCSI schemes built around such circuits wherein they

act as the fault-tolerant but computationally classical subtheory that is promoted to universal

quantum computing by the injection of magic states.

3.4.1 CSS states

We begin by clarifying what makes a stabilizer state CSS.

Definition 17 (CSS state). A CSS state on n qubits is a pure stabilizer state whose stabilizer

group can be generated by Pauli observables that are individually a tensor product of X or Z

only, or a statistical mixture of such states.

As a simple example, the Bell state |ϕ+⟩ := 1√
2
(|00⟩+ |11⟩) has the stabilizer group

S(
∣∣ϕ+〉) = ⟨X1X2, Z1Z2⟩, (3.22)

and is therefore CSS. By contrast, |ψ⟩ := 1⊗H |ϕ+⟩ is stabilized by

S(|ψ⟩) = ⟨X1Z2, Z1X2⟩, (3.23)

and is not CSS because its stabilizer generators necessarily mixX andZ. As they are generators

of stabilizer groups defining CSS states, we group X- and Z-type Pauli observables together

under the name CSS observables.
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It is worth noting at this juncture that all CSS states are rebit states. It can be shown (see

Lemma 74) that every pure CSS state can be generated from a tensor product of |+⟩ and |0⟩

states by some sequence of CNOT, X and Z gates. As |+⟩ and |0⟩ have real density matrices in

the computational basis, and unitary matrices representing CNOT, X and Z in the computa-

tional basis are also real, we can conclude that all pure CSS states, and therefore any statistical

combination of them, have density matrices that are real in the computational basis.

3.4.2 Probabilistic representation of CSS states

The Discrete Hudson’s Theorem for Gross’s Wigner representation proved that a pure state

on qudits of odd prime dimension is represented as a genuine probability distribution if and

only if it is a stabilizer state [60]. Ref. [73] introduced a Wigner representation for rebits alone

wherein a Discrete Hudson’s Theorem could be recovered – every pure state on rebits is rep-

resented as a genuine probability distribution if and only if it is CSS. This representation co-

incides with Wρ on all rebit states [74] (an original proof is provided in Appendix A.2.3 for

completeness). We can therefore carry over the recovery of the Discrete Hudson’s Theorem for

rebits in Ref. [73] and conclude that Wρ represents all CSS states as probability distributions.

3.4.3 Stochastic representation of completely CSS-preserving channels

Since we saw at the end of section 3.3.3 that a qubit channel Φ is stochastically represented if

and only if J (Φ) is probabilistically represented, we arrive at the following theorem.

Theorem 18. A channel Φ between qubits is stochastically represented if J (Φ) is a CSS state.

Theorem 18 can be leveraged to identify stochastically-represented qubit stabilizer operations

in a systematic way. A channel Φ from a system of qubits B is CSS-preserving if Φ(ρ) is always

CSS whenever ρ is, and completely CSS-preserving if, given any CSS state ρAB on another

system of qubits A as well as B, idA ⊗ ΦB(ρAB) is always CSS.

We now note that the canonical maximally entangled state |ϕ+n ⟩ over two sets of n qubits, which

is defined as |ϕ+n ⟩ := 1√
2n

(∑
k∈{0,1}n |k⟩ ⊗ |k⟩

)
, is CSS because one can verify that is stabilized

by the group

S(
∣∣ϕ+n 〉) = ⟨ZiZn+i, XiXn+i⟩i=1,...,n. (3.24)
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Therefore, if Φ is completely CSS-preserving, J (Φ) must be CSS, and so by Theorem 18, we

conclude that

Corollary 2. A completely CSS-preserving channel between qubits is stochastically represented.

This corollary is the qubit equivalent of a similar result for qudits of odd prime dimension.

Under Gross’s Wigner representation, stabilizer states on such qudits are represented as valid

probability distributions over phase space [60]. Therefore, if a channel between qudits of the

same odd prime dimension is completely stabilizer-preserving, that channel will be stochasti-

cally represented under the extension of Gross’s Wigner representation to channels [61].

3.4.4 QCSI with completely CSS-preserving channels

Completely CSS-preserving channels turn out to also be capable of QCSI. To motivate this, we

first highlight (proof in Appendix A.4.3) that such channels must at least include the following

subset of stabilizer circuits.

Lemma 19 (CSS circuits). Any sequence of the following operations:

1. introducing a CSS state on any number of qubits,

2. performing a completely CSS-preserving gate on any number n of qubits, i.e., any gate

drawn from the group G(n) := ⟨CNOT(i, j), Zi, Xi⟩i,j=1,...,n,i̸=j .

3. projectively measuring a CSS observable (with the possibility of classical control condi-

tioned on outcome),

4. discarding any number of qubits,

as well as statistical mixtures of such sequences, is completely CSS-preserving.

By using CSS-preserving rather than completely CSS-preserving gates, channels covered by

Lemma 19 can be promoted to the subset of stabilizer operations wherein CSS states play

the role of stabilizer states. However, both groups of gates are equally powerful for magic

distillation (see discussion in Appendix A.4.3.1). Thus we directly refer to the set of channels

covered by Lemma 19 as CSS circuits, and conclude that every operation within this subtheory

is stochastically represented.

CSS circuits are capable of universal quantum computation [73, 74], and we direct interested

readers to a summary of the QCSI scheme presented in Ref. [73] at Appendix A.5. In fact, we
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will see in the next chapter that CSS circuits form the basis of many existing magic distillation

protocols constructed around a family of QECCs known as CSS codes.

3.5 Entropic constraints on qubit magic distillation

We now generalise the statistical mechanics framework of magic distillation introduced by

Ref. [27] from the Bravyi-Kitaev model for qudits of odd prime dimensions to completely CSS-

preserving QCSI on rebits. The framework considers how a class of magic distillation protocols

transforms the Wigner representations for a pair of quantum states – one a noisy magic state,

the other a non-magic state singled out by the characteristic physics of those protocol – and

identifies a family of relative entropies to characterise which transformations are ruled out. In

this section, we briefly review the approach taken in Ref. [27] to extend relative majorization

to quasiprobability distributions, and how that leads to the extension of a dense subset of α-

Rényi divergences from classical statistical mechanics to quantify the non-classical order in

magic states under distillation. We then adapt this work for rebit magic state distillation using

completely CSS-preserving circuits.

3.5.1 Majorization of Wigner representations

Standard majorization [68, 67] is a tool for capturing a notion of stochastic ordering amongst

probability distributions that regards the uniform probability distribution as the “most disor-

dered”. This kind of stochastic ordering underpins classical statistical mechanics, wherein the

macrostate of an isolated system tends towards a uniform distribution over its microstates as

time goes by, corresponding to an increase in the system’s Gibbs entropy.

Definition 20 ((Standard) majorization [75]). Let p and p′ be probability distributions over

the sample space Ω respectively. We say that p majorizes p′, denoted p ≻ p′, when there exists

a stochastic map M on Ω that transforms p into p′ while preserving the uniform probability

distribution µ over Ω, i.e.

M(p) = p′ (3.25)

M(µ) = µ. (3.26)

Necessary conditions on majorization are provided by the family of α-Rényi entropies, which
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becomes the Shannon entropy constructed on the basis of the Gibbs entropy at α = 1.

Definition 21 ((Classical) α-Rényi entropies). The (classical) α-Rényi divergence Dα for a

probability distribution p at α ∈ (0,∞] is

Hα(p) :=



1
1−α log

∑
i p
α
i for α ∈ (0,∞) ∪ (1,∞)

−
∑

i pi log pi for α = 1

− logmaxi pi for α = ∞

(3.27)

Each α-Rényi entropy has the crucial property that it cannot be decreased by any classical

channel, which at its most generic is simply a stochastic mixing of states, that preserves the

uniform probability distribution. We consequently obtain the following necessary conditions

on majorization [76]:

p ≻ p′ =⇒ ∀α ∈ (0,∞] : Hα(p) ≤ Hα(p
′). (3.28)

In the next section, we will see that Hα monotonically decreases in a measure of statistical dis-

tance between a given probability distribution and the uniform probability distribution over

the same sample space. We therefore see that majorization describes stochastic processing that

brings probability distributions closer to the uniform probability distribution.

Ref. [27] made the highly non-trivial discovery that the majorization relations of Eq. (3.28) can

in fact be extended from probability distributions to quasiprobability distributions for a dense

subset of α-Rényi entropies.

Theorem 22 ([27]). Let w = (w1, . . . , wn) and w′ = (w′
1, . . . , w

′
n) be two quasiprobability distribu-

tions. If w ≻ w′ then

∀α ∈ A :=

{
2a

2b− 1
: a, b ∈ N+, a ≥ b

}
: Hα(w) ≥ Hα(w

′), (3.29)

for all α ∈ A :=
{

2a
2b−1 : a, b ∈ N+, a ≥ b

}
.

The rigorous framework established in Eq. (3.28) for describing stochastic order in classical sta-

tistical mechanics therefore extends to QCSI via stochastically-represented quantum channels

that preserves the uniform distribution over phase space, even though the α = 1 case (Shannon
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entropy) is no longer well-defined on quasiprobability distributions. Under the qubit Wigner

representation we chose (or Gross’s Wigner representation for qudits of odd prime dimension),

this restricts us to stochastically-represented unital quantum channels, as the maximally mixed

state is uniquely represented as a uniform distribution over phase space.

We highlight that the entropies used within this framework are not Hermitian observables

or even POVMs, but resource monotones characterising a pre-order defined by which states

are accessible from which other states via unital stochastic processing of their phase-space

representations. These entropies thereby furnish examples of physical properties isolated by

the QRT formalism that cannot be captured by more traditional notions focussed on what can

be directly measured.

Furthermore, under the qubit Wigner representation we chose, there always exists α ∈ A such

that Hα(Wρ) < 0 when ρ is a (distillable) rebit magic state for completely CSS-preserving

QCSI (see Appendix A.6.3). Thus this chapter paints a conceptual picture of universal qubit

computing as classical statistical mechanics where one gains access to resources with non-

classically low – i.e. negative – entropies, which “fuel” its computational advantage.

3.5.2 Relative majorization of Wigner representations

Standard relative majorization [68, 67] allows us to further capture the stochastic ordering

amongst pairs of probability distributions.

Definition 23 ((Standard) relative majorization). Let (p, r) and (p′, r′) be pairs of probabil-

ity distributions over sample spaces Ω and Ω′ respectively. We say that (p, r) relatively majorizes

(p′, r′), which we denote by (p, r) ≻ (p′, r′), when there exists a stochastic map M : Ω → Ω′

that transforms the first pair of distributions into the second, i.e.

M(p) = p′ (3.30)

M(r) = r′. (3.31)

Similar to the case of standard majorization, a family of measures for statistical distance based

on the α-Rényi entropies, known as the α-Rényi divergences, provide necessary conditions for

relative majorization.
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Definition 24 ((Classical) α-Rényi divergence). The (classical) α-Rényi divergence Dα for

an input probability distribution p and a reference probability distribution r at α ∈ (0,∞] is

Dα(p||r) :=



1
α−1 log

∑
i p
α
i r

1−α
i for α ∈ (0, 1) ∪ (1,∞)∑

i pi log
(
pi
ri

)
for α = 1

logmaxi

(
pi
ri

)
for α = ∞

(3.32)

For α > 1, we read pαi r
1−α
i as pαi /r

(α−1)
i , and adopt the conventions 0/0 := 0 and x/0 := ∞

for x > 0 to accommodate points at which probability distributions are 0. We note that the

α-Rényi entropy for a probability distribution p on a sample space Ω is related to the α-Rényi

divergence of p relative to the uniform probability distribution µ over Ω as

Hα(p) = log[dim(Ω)]−Dα(p||µ). (3.33)

The distance between two probability distributions as measured by an α-Rényi entropy cannot

be increased by any classical channel. Formally, given any stochastic map M : Ω → Ω′, it has

been shown [76] that

∀α ∈ (0,∞] : Dα(p||r) ≥ Dα(M(p)||M(r)). (3.34)

from which we obtain the following necessary conditions on when one pair of probability

distributions relatively majorize another:

(p, r) ≻ (p′, r′) =⇒ ∀α ∈ (0,∞] : Dα(p||r) ≥ Dα(p
′||r′). (3.35)

Ref. [27] also discovered that the relative majorization relations of Eq. (3.35) can be extended

to input quasiprobability distributions for the same dense subset of α-Rényi entropies identi-

fied in Theorem 22, provided that the reference distributions are strictly positive probability

distributions. In fact, this requirement can be relaxed as follows (see proof in Appendix A.6).
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Theorem 25. Let w = (w1, . . . , wN ) and w′ = (w′
1, . . . , w

′
N ′) be any two quasiprobability dis-

tributions and let r = (r1, . . . , rN ) and r′ = (r′1, . . . , r
′
N ′) be any two probability distributions.

If (w, r) ≻ (w′, r′) such that supp(w) ⫅ supp(r) and therefore supp(w′) ⫅ supp(r′), then

Dα(w||r) ≥ Dα(w
′||r′), (3.36)

or all α ∈ A :=
{

2a
2b−1 : a, b ∈ N+, a ≥ b

}
.

We note that since the set A is dense in α ∈ (1,∞), one could extend the definition of Dα(w||r)

to all α ∈ (1,∞] by continuity. We therefore speculate that it may be possible to extend all

results in this part of the thesis from α ∈ A to all α ∈ (1,∞].

We now apply the generalised relative majorization relations in Theorem 25 to the Wigner

representations of magic states. To do so, we first introduce the following definition to pull

together the shared ingredients of Gross’s Wigner representation and the qubit representation

developed in this chapter that enable us to effectively draw on the results of Ref [27].

Definition 26 (Generalised Gross’s Wigner representation). Let R be a quantum subtheory for

d-dimensional qudits, and let M be a set of magic states that can promote R to universal quantum

computation such that F ∪M is closed under R, where F are the free states in R (though M need not

be the full set of resource states in the QRT defined by R). We then call W a generalised Gross’s Wigner

representation with respect to the QCSI scheme (R,F ,M) if

1. each free state ρS ∈ FS of a system S is represented as a unique probability distribution Wρ over

a phase space PS associated to S,

2. each magic state σS ∈ M of a system S is represented as a unique quasiprobability distribution

Wσ over PS ,

3. each free channel ΦS→S′ ∈ R from S to S′ is represented as a unique stochastic map WΦ from

PS to PS′ ,

4. W respects the sequential and parallel composition of processes.

We then have the following Lemma (see proof in Appendix A.6.1), which generalises Theo-

rem 11 of Ref. [27] to qubits with the slight upgrade suggested by Theorem 25.
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Lemma 27. Let W be a generalised Gross’s Wigner representation for d-dimensional qudits

with respect to the QCSI scheme (R,F ,M). Consider states ρ ∈ F ∪ M, τ ∈ F such that

supp(Wρ) ⫅ supp(Wτ ), and a stochastically-represented channel Φ ∈ R. Then the α-Rényi

divergence Dα(·||·) is well-defined and satisfies the following properties for α ∈ A:

(D1) Non-negativity: Dα(Wρ||Wτ ) ≥ 0.

(D2) Additivity: Dα(Wρ⊗n ||Wτ⊗n) = nDα(Wρ||Wτ ) for all n ∈ N+.

(D3) Data-Processing Inequality: Dα(Wρ||Wτ ) ≥ Dα(WΦ(ρ)||WΦ(τ)), where by Lemma 70 we

also have that supp(WΦ(ρ)) ⫅ supp(WΦ(τ)).

3.5.3 Using relative majorization to generate magic monotones

The standard approach to obtaining constraints on magic distillation is tracking a magic mono-

tone [14, 51, 77, 78, 79], which is any property of a quantum system that cannot be increased

under some class of magic non-generating operations (e.g. stabilizer operations). The paradig-

matic example of a magic monotone is mana [14], the total negativity in Gross’s Wigner repre-

sentation W (G) of a state ρ on qudits of odd prime dimension:

M(ρ) := log
∑
u∈Pn

∣∣∣W (G)
ρ (u)

∣∣∣. (3.37)

We can leverage Lemma 27 to systematically identify the following family of magic monotones

for any QCSI scheme by using τ as a variational parameter to optimise over non-magic states (see

proof in Appendix A.6.2).

Theorem 28. Let W be a generalised Gross’s Wigner representation for the QCSI scheme

(R,F ,M). We then have that

Mα(ρ) := inf
τ∈F s.t.

supp(Wρ)⫅supp(Wτ )

Dα(Wρ||Wτ ), (3.38)

is a magic monotone for any α ∈ A. Furthermore, Mα can be used to lower-bound the overhead

n of a magic distillation process ρ⊗n → σ within this QCSI scheme as

∀α ∈ A : n ≥ Mα(σ)

Mα(ρ)
. (3.39)
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In fact, in the limit of α → 1, these magic monotones tend towards a generalisation of mana

for an arbitrary generalised Gross’s Wigner representation W (see proof in Appendix A.6.2).

Lemma 29. Let W be a generalised Gross’s Wigner representation for a QCSI scheme

(R,F ,M). Then given any state ρ ∈ F ∪M covered by the QCSI scheme, we have that

lim
α→1+

(α− 1)Mα(ρ) = MW (ρ) := log
∑
u

|Wρ(u)| (3.40)

where the limit is taken through a sequence of rational values drawn from A.

3.5.4 Entropic conditions on completely CSS-preserving magic distillation

We can exploit the relative majorization of Wigner representations to obtain more targeted

constraints on magic distillation than the magic monotone approach described in the previous

section. Alongside the magic distillation process ρ⊗n → ρ′, we can identify a reference process

τ⊗n → τ ′ between non-magic states τ and τ ′ that singles out a particular class of distillation

protocols – that is, while protocols within this class will always perform τ⊗n → τ ′, protocols

outside this class may not. We now apply Lemma 27 to completely CSS-preserving magic

distillation on rebits to demonstrate how it can generate entropic constraints specialised for

what protocols singled out by such a reference process can achieve.

Theorem 30. Let ρ be a noisy multirebit magic state and τ be a CSS state where we have that

supp(Wρ) ⫅ supp(Wτ ). If there exists a completely CSS-preserving magic distillation protocol

Φ such that Φ(ρ⊗n) = ρ′ and τ ′ := Φ(τ⊗n), then

∆Dα := nDα(Wρ||Wτ )−Dα(Wρ′ ||Wτ ′) ≥ 0 (3.41)

for the qubit Wigner representation of Eq. (3.18) and all α ∈ A := { 2a
2b−1 , |a, b ∈ N+, a ≥ b}.

In the next chapter, we will show how to the reference process may be chosen to produce

entropic constraints specialised to a family of protocols based on CSS codes. For now, we note

that the reference process τ⊗n 7→ τ ′ can also be used to take into account limitations in the

hardware carrying out magic distillation. For instance, Ref. [27] uses the reference process to

preserve the state at equilibrium with a heat bath in order to encode a background temperature
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or free energy production in the distillation hardware.

Theorems 28 and 30 motivate why we demanded a Wigner representation for qubits that re-

spected the parallel composition of processes. One of the key aims of the present work is to

identify fundamental limitations on the overhead of magic distillation, and we can straight-

forwardly extract a lower bound on such an overhead in Eq. (3.41) and Eq. (3.39) only because

Dα(Wρ⊗n ||Wτ⊗n) = nDα(Wρ||Wτ ), which (as seen in the proof of Lemma 27) relies on the

respect of W for the parallel composition of processes.
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Chapter 4

Entropic trade-off relations in stabilizer

code distillation

4.1 Introduction

Broadly speaking, the aim of magic distillation is to convert many copies of a noisy magic state

into fewer copies at any desired higher fidelity with respect to a target pure magic state. Each

run of any magic distillation protocol usually only succeeds probabilistically, and a sequence

of successful runs may be needed to go from a typical input error rate of ∼ 10−4 [26] to a

desired error rate of at most ∼ 10−9 at which useful and classically intractable quantum com-

putation starts to become possible (particular computations may require error rates that are

many orders of magnitude lower) [80]. Consequently, distillation is expected to dominate the

resource cost of QCSI, though recently significant progress has been made to reduce the over-

head they require [26]. Understanding what fundamental trade-offs must be made in each

round of magic distillation between reducing resource costs and improving fidelity, especially

in ways that could be tailored to the specific physics of the protocols used, is therefore of vital

practical interest, and may be instructive for designing protocols with optimised parameters.

Almost all magic distillation protocols to-date [18, 20, 21, 22, 23] are based on a subclass of

QECCs known as Calderbank-Shor-Steane (CSS) codes [24, 25]. CSS codes can be constructed

from two classical linear codes, allowing one to draw on a plethora of results from classical

coding theory to construct quantum codes with symmetries (such as triorthogonality [81])
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that are useful for encoding operations transversally. Furthermore, CSS codes are examples

of stabilizer codes, the class of QECCs defined by codespaces that are stabilized by stabilizer

groups. One family of protocols that project onto the codespaces of such codes, known as

stabilizer code projection protocols, broadly underpin the possibility of magic distillation in the

Bravyi-Kitaev model, where every protocol producing a single copy of the desired magic state

can be decomposed into stabilizer code projection protocols and simply re-preparing stabilizer

states [82]. We therefore apply the statistical framework for QCSI that was extended to qubits

in the previous chapter to obtain trade-off relations in parameters governing the performance

of stabilizer code projection protocols.

4.1.1 Chapter Summary

The rest of this chapter proceeds as follows. We begin with a review of stabilizer codes in

section 4.2, which forms the main technical background for this chapter. In section 4.3, we

establish that qubit CSS code projection protocols can be stochastically represented by the

Wigner representation defined in the previous chapter, and identify a reference process for

such protocols by exploiting how they act on the maximally mixed state. In section 4.4, we use

the statistical framework for qubit QCSI obtained in the previous chapter to identify entropic

trade-off relations on parameters controlling qubit CSS code projection protocols, and demon-

strate how such constraints give rise to lower and upper bounds on the code length ( ∼ resource

cost) of such protocols. To our knowledge, these are the first fundamental upper bounds on re-

source cost for a family of distillation protocols identified in the literature. For an example

application of distilling Hadamard states via CSS code projection protocols, our lower bounds

on code length are competitive with those generated using state-of-the-art magic monotones

in some parameter regimes of interest, which can be combined with our upper bounds to pro-

duce no-go conditions on the code length of CSS code projection protocols that could achieve

a desired distillation process. We conclude in section 4.5 by extending our trade-off relations

to stabilizer code projection protocols in qudits of odd prime dimension.

4.2 Technical background: stabilizer codes

We begin with a brief review of stabilizer codes on qudits of prime dimension, of which CSS

codes are a subclass. Much more detailed and insightful exposition of this material can be
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found at Ref. [54]. For simplicity, we will use the term “Pauli operators” throughout this sec-

tion to refer to members of the multiqudit Heisenberg-Weyl groups for qudits of odd prime

dimension as well as members of the multiqubit Pauli groups.

Though a quantum computer could simply store a qudit of information, or logical qudit, on a

single physical qudit of the same dimension, this approach makes error detection impossible

because no state on that physical qudit could only arise through error. Like its classical coun-

terpart, quantum error correction is only possible if we encode our logical qudit redundantly

as a subspace, known as the codespace, within the Hilbert space of a physical system, usually

several logical qudits of the same dimension. In the case of stabilizer codes, these codespaces

are subspaces stabilized by stabilizer groups.

Definition 31 (Stabilizer code). An [[n, k]] stabilizer code for qudits of prime dimension d is a

QECC that encodes k logical qudits across n physical qudits in a codespace C that constitutes the

subspace stabilized by an n-qudit stabilizer group requiring (n−k) independent and non-trivial

generators, where we have n ≥ k ≥ 0.

We will denote a stabilizer code directly by its codespace C and the stabilizer group of C by S(C).

When S(C) can be generated from Pauli operators that are individually products of single-

qudit X operators only or single-qudit Z operators only, then C is known as a CSS code. As an

example, the [[7, 1]] qubit Steane code is a CSS code because its codespace is stabilized by

Ssteane := ⟨X4X5X6X7, X2X3X6X7, X1X3X5X7, Z4Z5Z6Z7, Z2Z3Z6Z7, Z1Z3Z5Z7⟩. (4.1)

An [[n, k]] stabilizer code C for qudits of prime dimension d carries out its encoding process via

an encoding unitary UC : H⊗k
d ⊗ |0⟩⊗(n−k) → C, which is always a Clifford unitary. An example

encoding unitary for the Steane code is shown in Fig. 4.1.

Given any state |ψ⟩ ∈ H⊗k
d encoded by the stabilizer code as |ψL⟩ := UC(|ψ⟩ |0⟩⊗(n−k)) ∈ C, we

can calculate that

∀j ∈ {n− k + 1, . . . , n} : (UCZjU
†
C) |ψL⟩ = (UCZjU

†
CUC |ψ⟩ |0⟩⊗(n−k) = |ψL⟩ (4.2)

which implies that S(C) can be generated as S(C) = ⟨UC(Zn−k+1)UC
†, . . . , UC(Zn)UC

†⟩. We will
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Figure 4.1: An encoding circuit for the Steane code, where |0L⟩ := 1√
8
(|0000000⟩+ |1010101⟩+

|0110011⟩+|1100110⟩+|0001111⟩+|1011010⟩+|0111100⟩+|1101001⟩) and |1L⟩ := 1√
8
(|1111111⟩+

|0101010⟩+ |1001100⟩+ |0011001⟩+ |1110000⟩+ |0100101⟩+ |1000011⟩+ |0010110⟩).

refer to the channel UC(·) := UC(·)UC
† as the encoding channel, and its inverse U†

C(·) := UC
†(·)UC

as the decoding channel.

In general, we will denote the encoding of states and channels under a QECC by the subscript

(·)L (for logical as opposed to physical states and channels). An [[n, k]] stabilizer code encodes

an arbitrary k-qudit state |ψ⟩ as |ψL⟩ := UC |ψ⟩ ⊗ |0⟩⊗(n−k). Of particular note is the logical basis

{|kL⟩ := UC |k⟩ ⊗ |0⟩⊗(n−k) |k ∈ Znd}, which encode the computational basis states of k qudits.

Stabilizer codes were designed for protection against Pauli errors, i.e. any error process de-

scribed by a unitary channel E(·)E† where E is a Pauli operator on n qudits. From section

3.2, we see that any two Pauli operators P1 and P2 on qudits of prime dimension d have a

conjugation relation of the form

P1P2 = ωsP2P1, where ω := exp

(
2πi

d

)
and s ∈ Zd. (4.3)

Consequently, given any codespace state |ψL⟩ ∈ C and set of independent and non-trivial

generators ⟨S1, . . . , Sn−k⟩ for S(C), we have

∀j ∈ {1, . . . , n− k} : E |ψL⟩ = ESj |ψL⟩ = (ESjE
†)E |ψL⟩ = ωsjSj(E |ψL⟩) for sj ∈ Zd. (4.4)

Eq. (4.4) implies that, if E does not commute with the generators of S(C), it transforms C into

an orthogonal subspace C′ stabilized by ⟨ωs1S1, . . . , ωsn−kSn−k⟩ for an n-dimensional vector of
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d-its s := (s1, . . . , sn−k) ̸= 0, known as the error syndrome. This further implies that C′ is a

simultaneous eigenspace of {S1, . . . , Sn−k} characterised by eigenvalues {ω−s1 , . . . , ω−sn−k}.

An [[n, k]] stabilizer code C therefore enables us to detect any Pauli error process E(·)E† where

E does not commute with S(C) by projectively measuring every generator {S1, . . . , Sn−k} of

S(C) in its eigenbasis, which is known as the syndrome measurement, and obtaining outcomes

{ω−s1 , . . . , ω−sn−k} that can be summarised in a non-zero error syndrome s := (s1, . . . , sn−k).

Crucially, because E transforms C into a simultaneous eigenspace of {S1, . . . , Sn−k}, the syn-

drome measurement detects error without disturbing the physical qubits. The error can be perfectly

corrected by applying the channel F †(·)F where F is an n-qudit Pauli operator such that

FSjF
† = ωsjSj for all j and F †E /∈ N [S(C)] − S(C), where N [S(C)] are n-qubit Pauli oper-

ators that commute with S(C) (i.e. the normalizer of S(C) in Pn). This works even if F was not

the actual error E because, defining the projector onto the codespace

PC :=
n−k∏
i=1

1
d

n−1∑
j=0

(Sj)
n

 , (4.5)

we have by by construction that EPCE
† = FPCF

† and therefore F †EPCE
†F = PC . Since this

implies F †E ∈ S(C), we are assured that F †E |ψL⟩ = |ψL⟩ for any |ψL⟩ ∈ C, so F † has corrected

the error produced by E.

The most interesting scenario occurs when every (non-trivial) Pauli operator on m qudits does

not commute with S(C). For example, every (non-trivial) single-qubit Pauli operator anticom-

mutes with at least one generator of the Steane code given in Eq. (4.1). Concretely, one can

verify by direct calculation that single-qubit Pauli operators have the following commutation

relations with the Steane code generators.

X4X5X6X7 X2X3X6X7 X1X3X5X7 Z4Z5Z6Z7 Z2Z3Z6Z7 Z1Z3Z5Z7

Xj 0 0 0 s1 s2 s3
Zj s1 s2 s3 0 0 0
Yj s1 s2 s3 s1 s2 s3

Table 4.1: Commutation relations between single-qubit Pauli operators on seven qubits and
generators of the Steane code, where s1, s2 and s3 be three bits such that s1s2s3 is the binary
representation of j ∈ {1, . . . , 7}, a bit value of 0 indicates commutation and a bit value of 1
indicates anticommutation.

Because1 any QECC capable of correcting all Pauli errors on m qubits is capable of correcting
1The reasoning is essentially that if a QECC can perfectly correct a set of error processes {Ej(·)Ej}, it can also
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arbitrary errors on m qubits [54], the Steane code is an example of a stabilizer code able to

correct an arbitrary single-qubit error.

4.3 CSS code projection protocols for qubit magic distillation

An elementary protocol for magic distillation, first proposed in the seminal work launching

the Bravyi-Kitaev model [18], is based on projection onto the codespace of a stabilizer code.

Very often, the stabilizer code used will be a CSS code (e.g. see the code projection protocols

based on the [[7, 1]] Steane and [[23, 1]] Golay CSS codes analysed in Ref. [20].) This protocol,

known as a stabilizer code projection, consists of the following four steps.

Protocol for a stabilizer code projection

1. Take in n copies of a noisy magic state ρin on a qudit of prime dimension d, i.e.

prepare the state ρ⊗nin .

2. Perform the syndrome measurement of an [[n, k]] stabilizer code C, i.e. projectively

measure in the eigenbasis of every generator in a set of (n − k) independent and

non-trivial generators for S(C), and obtain the error syndrome s.

3. If errors were found, i.e. if s ̸= 0, we discard the output state and return to step 1.

4. Otherwise, we accept the output state, decode it onto k qudits and discard the

remaining (n−k) syndrome qudits. Concretely, steps 2-3 is equivalent to projecting

onto C, so reaching step 4 implies the accepted output state ρacc lies in C. We can

therefore perform the decoding channel to obtain U†
C(ρacc) = ρout ⊗ |0⟩⟨0|⊗(n−k) for

some k-qudit state ρout, and then discard the final (n− k) qudits.

In the qubit case, an n-to-k CSS code projection protocol can be formalised as a quantum chan-

nel ΦC : B(n) → B(k) from n to k qubits that acts as

ΦC(·) := Trk+1,...,n[U†
C ◦ΠC(·)], (4.6)

where U†
C and ΠC := PC(·)PC are respectively the decoding and codespace projection channels

correct any error process described by Kraus operators that are linear combinations of {Ej}. Since Pauli operators
on m qudits form a basis for all bounded operators on m qudits, being able to correct all Pauli operators implies
being able to correct all errors.
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for an [[n, k]] CSS code C. Given n copies of a noisy magic state ρ on a single qubit, ΦC acts as

ΦC(ρ
⊗n
in ) = pρout, (4.7)

where p := Tr[PC(ρ
⊗n
in )] is the probability that the output state from the protocol is accepted

(often abbreviated to acceptance probability) and ρout is the resultant magic state on k qubits

distilled out by the protocol. Distillation towards a target single-qubit pure magic state ψ is

successful if the per-qubit output error defined as ϵout := k−1
∥∥ρout − ψ⊗k∥∥

1
is less than the

per-qubit input error defined as ϵin := ∥ρin − ψ∥1. As an example, repeated iterations of code

projection protocols using the Steane and Golay CSS codes have been shown to decrease error

with respect to the magic state

|H⟩ := cos
π

8
|0⟩+ sin

π

8
|1⟩ , (4.8)

which is the +1 eigenstate of the Hadamard gate, exponentially quickly in the number of iter-

ations whenever FH(ρ) := maxU∈C1 ⟨H|U †ρU |H⟩ ≥
[
1
2(1 +

√
1
2)
] 1

2
.

It has long been known that any n-to-1 qubit magic distillation protocol yields a statistical

mixture of stabilizer states and outputs from n-to-1 stabilizer code projection protocols [82].

This result demonstrates that stabilizer code projection protocols provide the core machinery

that makes qubit magic distillation possible at all in the n-to-1 case, and further implies that

optimal fidelity with respect to a target magic state (though not necessarily optimal acceptance

probability) is always achieved by a stabilizer code projection protocol. In a similar way, we

can show (Theorem 83) that any CSS circuit carrying out an n-to-k magic distillation protocol

can be decomposed into CSS code projection protocols followed by completely CSS-preserving

post-processing (the proof line we give also allows one to generalise the result of Ref. [82] to

arbitrary n-k qubit magic distillation protocols). Many state-of-the-art protocols are based on

CSS codes, such as the celebrated 15-to-1 protocol [18] constructed from the [[15, 1]] punctured

Reed-Muller code [83, 84].

4.3.1 Trace-preserving CSS code projections and their stochasticity

Because Theorem 30 was derived for trace-preserving magic distillation protocols, we cannot

directly apply it to a CSS code projection ΦC as defined in Eq. (4.6). However, this can be
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remedied by preparing a specially designated CSS state σ on k qubits whenever the output

of an n-to-k CSS code projection protocol is rejected, while continuing to distinguish between

accepted (labelled ‘0’) and rejected (labelled ‘1’) runs of the protocol by recording this infor-

mation in an ancillary qubit. We can therefore extend ΦC into the following trace-preserving

operation ΛC : B(n) → B(k + 1) from n to (k + 1) qubits

ΛC(·) := ΦC(·)⊗ |0⟩⟨0|+Tr
[
ΠC(·)

]
σ ⊗ |1⟩⟨1|

= Trk+1,...,n[U†
C ◦ΠC(·)]⊗ |0⟩⟨0|+Tr

[
ΠC(·)

]
σ ⊗ |1⟩⟨1| (4.9)

where once again UC
† and ΠC are the decoding and codespace projection channels of an [[n, k]]

qubit CSS code C, ΠC := (I − PC)(·)(I − PC) is the projection channel onto the orthogonal com-

plement of C, and σ is an arbitrary k-qubit CSS state. We conclude that there exists an n-to-k

qubit CSS code projection ΦC such that ΦC(ρ
⊗n
in ) = pρout if and only if there exists a trace-

preserving n-to-k qubit CSS code projection ΛC as defined in Eq. (4.9) such that

ΛC [ρ
⊗n
in ] = pρout ⊗ |0⟩⟨0|+ (1− p)σ ⊗ |1⟩⟨1| := ρp. (4.10)

Crucially, trace-preserving qubit CSS code projections defined according to Eq. (4.9) can be im-

plemented as a CSS circuit (see Appendix B.1 for proof), which leads to the following Lemma.

Figure 4.2: (Schematic of our approach). We find that the set of completely CSS-preserving
protocols O are stochastically represented. Such protocols contain the family of CSS code pro-
jections as a subset, examples of which include 7-1 and 23-1 protocols based respectively on
the Steane [[7, 1]] and Golay [[23, 1]] codes [20].

Lemma 32. Every trace-preserving qubit CSS code projection can be executed as a CSS circuit,

and is therefore stochastically represented by the Wigner representation defined in Eq. (3.18).
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4.3.2 Unital reference process for CSS code projection protocols

In order to apply Theorem 30 to trace-preserving qubit CSS code projection protocols, we must

first identify a reference process common to all such protocols. Concretely, we must find a

single-qubit CSS state τin whose Wigner representation is full-rank (to ensure supp(Wρin) ⫅

supp(Wτin) for any single-rebit state ρin) and a (k+ 1)-qubit CSS state τout such that, given any

[[n, k]] qubit CSS code C,

τ⊗nin
ΛC−−→ τout. (4.11)

A natural reference process can be chosen for trace-preserving CSS code projection protocols by

exploiting the fact that their acceptance components (describing the case in which the protocol

output is accepted) are sub-unital. To see this, we first note that the identity operator on n qubits

can be decomposed as 1⊗n = PC +P C for the codespace projector PC of any [[n, k]] CSS code C.

Since PC and P C project onto orthogonal subspaces by definition, the acceptance component

ΦC in the trace-preserving code projection of C acts as

ΦC(1
⊗n) = ΦC(PC + P C) = ΦC(PC) = Trk+1,...,n[U†

C(PC)] (4.12)

Since PC is the logical identity operator on the codespace C, i.e.

PC =
∑

k∈{0,1}k
|kL⟩⟨kL| ≡ IL, (4.13)

the decoding of PC in Eq. (4.12) must produce the identity operator on k qubits, i.e.

∀k ∈ H⊗k
2 : U †

C |kL⟩ = |k⟩ ⊗ |0⟩⊗(n−k) =⇒ U†
C(PC) =

 ∑
k∈{0,1}k

|k⟩⟨k|

⊗ |0⟩⟨0|⊗(n−k)

= 1
⊗k ⊗ |0⟩⟨0|⊗(n−k) . (4.14)

Substituting into Eq. (4.12), we confirm that the acceptance component of any trace-preserving

qubit CSS code projection is unital, so the acceptance component takes n copies of the (single-
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qubit) maximally mixed state to k copies with probability 2k−n because

ΦC(1
⊗n) = 1

⊗k =⇒ ΦC

[(
1

2

)⊗n
]
= 2k−n

[(
1

2

)⊗k
]
. (4.15)

Consequently, every n-to-k trace-preserving qubit CSS code projection ΛC maps n copies of the

(single-qubit) maximally mixed state to

ΛC

[(
1

2

)⊗n
]
= 2k−n

(
1

2

)⊗k
⊗ |0⟩⟨0|+ (1− 2k−n)σ ⊗ |1⟩⟨1| =: τn,k (4.16)

Since the Wigner representation of the maximally mixed state can be verified by direct calcu-

lation to be W1

2
= (14 ,

1
4 ,

1
4 ,

1
4) and is therefore full-rank, we can choose Eq. (4.16) to be our

reference process for all trace-preserving CSS code projections.

4.4 Entropic constraints on qubit CSS code projections

We now apply Theorem 30 to trace-preserving qubit CSS code projection protocols with the

reference process defined by Eq. (4.16), and obtain the following entropic constraints on all

n-to-k CSS code projection protocols on qubits.

Theorem 33. If there exists an n-to-k CSS code projection protocol that distils n copies of a

noisy rebit magic state ρin with acceptance probability p into the k-rebit magic state ρout, then

∀α ∈ A : ∆Dα := nDα

(
Wρin

∣∣∣∣∣∣∣∣W1

2

)
−Dα

(
Wρp ||Wτn,k

)
≥ 0 (4.17)

We highlight the satisfying fact that the choice of CSS state σ to prepare when the output from

a CSS code projection protocol is rejected has no impact on the entropic conditions in Eq. (4.17).

Lemma 34. The entropic constraints ∆Dα ≥ 0 on n-to-k CSS code projection protocols are

independent of which CSS state σ is prepared following failed runs.

Proof. This Lemma follows from resource-theoretic considerations. Consider a channel Φ on

(k + 1) qubits that performs a Z-basis measurement on the final qubit and, if the −1 outcome
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is obtained, re-prepares the first k qubits in a CSS state ω instead. Thus one can write

Φω(·) := id⊗Π0(·) + ωTr⊗Π1(·), (4.18)

where Πk(·) := |k⟩⟨k| (·) |k⟩⟨k|, from which one straightforwardly verifies that Φω(ρp) and

Φω(τn,k) simply replaces σ in ρp and τn,k respectively by ω. Since Φ is a CSS circuit and there-

fore stochastically represented by Lemma 19, given any CSS state ω, we have by Property (D3)

in Lemma 27 that

Dα

(
Wρp ||Wτn,k

)
≥ Dα

(
WΦω [ρp]||WΦω [τn,k]

)
Dα

(
WΦω(ρp)||WΦω(τn,k)

)
≥ Dα

(
WΦσ◦Φω(ρp)||WΦσ◦Φω(τn,k)

)
= Dα

(
Wρp ||Wτn,k

)
. (4.19)

We therefore conclude that

Dα

(
Φω(Wρp)||Φω(Wτn,k

)
)
= Dα

(
Wρp ||Wτn,k

)
, (4.20)

for any CSS state ω, so the entropic constraints on qubit CSS code projections are unaffected by

changing the choice of CSS state to prepare when the protocol is rejected.

For convenience, we will take σ to be the maximally mixed state on k qubits to make τn,k the

product state

τn,k :=

[
1

2

]⊗k
⊗ (2k−n |0⟩⟨0|+ (1− 2k−n) |1⟩⟨1|). (4.21)

In the rest of this section, we specialise the entropic constraints obtained in Theorem 33 to

identifying bounds on the code length used in qubit CSS code projection protocols.

4.4.1 Bounds on the code length of qubit CSS code projection protocols

The entropic constraints on qubit CSS code projection protocols given by Theorem 33 can be

used to bound many metrics on their performance as magic distillation protocols. In this sec-

tion, we apply these constraints to bounding the code length of any CSS code projection proto-

col that could achieve some target combination of noise reduction and acceptance probability

from a given supply of noisy magic states. In some parameter regimes, the new lower bounds
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we identify on code length outperform those due to a state-of-the-art approach to constructing

magic monotones based on the notion of robustness [85], in particular generalised robustness2 [86]

and projective robustness3 [87]. Such monotones formalise answers to the question: “how much

of a stabilizer state can be mixed into a given state ρ before it becomes another stabilizer state?”,

where we can intuitively regard ρ as highly resourceful if the answer is “a lot”.

We first highlight some properties of the relative entropy difference ∆Dα in the following

lemma, proof of which can be found in Appendix B.2.2. To this end, it is helpful to momentarily

extend the domain for code length n of ∆Dα to the continuous range n ∈ [k,∞].

Lemma 35. Given any noisy input rebit magic state ρin, output k-rebit magic state ρout, accep-

tance probability p and α ∈ A, we have that

(i) ∆Dα is concave over the domain n ∈ [k,∞].

(ii) ∆Dα becomes negative as n→ k, i.e. limn→k∆Dα < 0.

(iii) If Hα[Wρin ] > 1, then we have that ∆Dα also becomes negative in the asymptotic limit,

i.e. limn→∞∆Dα < 0.

An immediate consequence of Lemma 35 is that ∆Dα is either negative for all n, which implies

no CSS code projection protocol can distil ρout from a supply of ρin with acceptance probability

p, or ∆Dα has one or two roots located at nαL and nαU . These roots then constitute lower and

upper bounds on the code length n of any CSS code projection that can carry out the desired

distillation. We formalise these observations in the following theorem.

Theorem 36. Any n-to-k CSS code projection that can distil out the k-rebit magic state ρout

from a supply of the noisy rebit magic state ρin at acceptance probability p must have a code

length n such that for all α ∈ A, we have that

n ≥ nαL :=


infn{n : ∆Dα ≥ 0} if ∃n : ∆Dα ≥ 0,

∞ otherwise.
(4.22)

n ≤ nαU :=


supn{n : ∆Dα ≥ 0} if ∃n : ∆Dα ≥ 0,

−∞ otherwise.
(4.23)

Moreover, given any α such that Hα[Wρin ] > 1, nαU provides a finite upper bound on n.
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For sufficiently low k, these bounds can be computed numerically using basic root-finding

methods. However, we also find analytic upper and lower bounds on n in Section 4.5.

We emphasise that n in Theorem 36 refers to the code length (related to the resource cost C by

C = n
pk ) in a single run of a distillation protocol, as opposed to the the asymptotic overhead.

However, single-run n still constitutes a useful metric for analysing the actual resource cost of

a given stage of a protocol. Moreover, distillation costs are typically dominated by the final

round of a multi-stage distillation protocol (see Ref. [53] and references contained therein), so

we expect the above bounds to be particularly informative in this context.

4.4.2 Example application: Hadamard distillation

We can apply Theorem 36 to n-to-1 rebit distillation carried out by CSS code projection pro-

tocols targeting the Hadamard state |H⟩ introduced in Eq. (4.8). Regardless of which error

processes affect our initial supply of noisy single-qubit magic states, it is sufficient to consider

partially-depolarised input states of the form

ρ(ϵin) := (1− ϵin) |H⟩⟨H|+ ϵin
1

2
. (4.24)

where the input error ϵin ∈ [0, 1] is the depolarisation noise, because any noisy input magic

state ρin can be converted into this canonical form4 by fault-tolerant stabilizer operations.

Somewhat less obviously, it is also sufficient to consider output states ρ(ϵout) of the same canon-

ical form for output error ϵout ∈ [0, 1]. This is largely because, if there is an n-to-1 CSS code

projection protocol whose accepted run sends n copies of ρ(ϵin) to ρout with acceptance prob-

ability p, then there exists another CSS code projection protocol whose accepted run sends the

same input to HρoutH with the same acceptance probability (see Appendix B.3 for proof and

further details). Above a threshold input error ϵin ≥ 1− 1√
2
≈ 0.3, the input state ρ(ϵin) becomes

CSS and no longer magic.

3The projective robustness of a state ρ on quantum system S is Ω(ρ) := minσ∈DSTAB(S) Rmax(ρ||σ)Rmax(σ||ρ),
where Rmax is the non-logarithmic max-relative entropy defined as Rmax := min{λ|ρ ≤ λσ} [88].

3The generalised robustness of a state ρ on a quantum system S is Λ+(ρ) := minλ≥1,τ∈D(S){λ| 1λρ+ (1− 1
λ
)τ ∈

DSTAB(H)}, where DSTAB(S) is the set of stabilizer states on S.
4Concretely, the channel GH executing gates from the group generated by the single Hadamard gate at random,

GH(ρin) :=
1

2
(1ρin1+HρinH), (4.25)

projects ρin onto the Bloch sphere axis from |H⟩ to its orthogonal state
∣∣H〉

, resulting in ρ(ϵin) for some error
probability ϵin when the fidelity of ρin with respect to |H⟩ is greater than that with respect to

∣∣H〉
, and ρ(ϵin) :=

(1− ϵin)
∣∣H〉〈

H
∣∣+ ϵin

1

2
otherwise. In the latter case, one can perform the gate XZ to take ρ(ϵin) to ρ(ϵin).

53



4.4. CSS code projection constraints Chapter 4. Trade-offs in stabilizer code distillation

in

Figure 4.3: (Lower bound comparison [by Rhea Alexander]). We plot lower bounds on the
number of copies n of the noisy Hadamard state ρ(ϵin) required to distil a single Hadamard
state ρ(ϵout) with output error rate ϵout = 10−9 and acceptance probability p = 0.9 under a CSS
code projection protocol as a function of input error rate ϵin. Our tightest lower bound from
majorization (maj.) is shown to be tighter than those from mana and generalized robustness
(GR). However, it only outperforms the lower bound from projective robustness (PR) at high
p, high ϵin.

In Fig. 4.3, we plot the tightest5 lower bound produced by Theorem 36 on the code length

of n-to-1 CSS code projection protocols carrying out Hadamard distillation. In all parame-

ter regimes, our lower bound is tighter than that produced by mana generalized robustness.

Furthermore, in the high p, high ϵ regime our lower bound gives tighter constraints than pro-

jective robustness [87]. In particular, there is a cut-off input error rate ϵ ≈ 0.12 at which our

lower bound shoots up to infinity because, for any input error greater than this cut-off, one can

always find some α such that ∆Dα < 0 for all n, so no CSS code projection can carry out the

desired distillation given a higher input error rate.

In the low p regime, our upper bounds are still able to give additional constraints on code length

beyond those given by the projective robustness bound. In particular, Fig. 4.4 puts together

information from the entropic upper bounds and the lower bound from projective robustness

to show that no CSS code projection can achieve some target combinations of output error and

acceptance probability beyond a cut-off input error rate.

5as numerically identified by basin-hopping in α.
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Figure 4.4: (Finite range on CSS code lengths for magic state distillation protocols [by
Rhea Alexander]). We plot upper and lower bounds on the number of copies n of the noisy
Hadamard state ρ(ϵin) required to distil a single output state ρ(ϵout) with output error rate
ϵout = 10−9 by projecting onto an [[n, 1]] CSS code. The shaded purple region shows the range
of code lengths allowed by the tightest numeric upper bound (red curve) from Theorem 36
and the lower bound from projective robustness (PR) (blue curve). The analytic upper bound
n∗ (dashed yellow curve) defined in Eq. (4.28) is shown to form a good approximation to the
numeric bound. (a) When target acceptance probability p is low (p = 0.1) the upper bounds are
less constraining; (b) By increasing to p = 0.9, the upper bounds become considerably tighter.
In both cases, there is a cut-off input error ϵ beyond which no CSS code projection protocol can
achieve the desired combination of output error and acceptance probability.

4.5 Extension to non-qubit stabilizer code projections

Because Gross’s Wigner representation stochastically represents every stabilizer operation for

qudits of odd prime dimension [60], we can extend Theorem 33 to all stabilizer code projection

protocols on qudits of odd prime dimension d (see proof at the start of Appendix B.4).

Theorem 37. If there exists an n-to-k stabilizer code projection protocol for qudits of odd prime dimen-

sion d that distils n copies of a noisy magic state ρin with acceptance probability p into the k-qudit magic

state ρout, then we have that

∀α ∈ A : ∆Dα := nDα

(
W (G)
ρin

∣∣∣∣∣∣∣∣W (G)
1

d

)
−Dα

(
W (G)
ρp ||W (G)

τn,k

)
≥ 0, (4.26)

where W (G) denote Gross’s Wigner representation.

The concavity of ∆Dα in code length n, which leads to upper bounds on n, is not peculiar to

qubits and leads to the following analytic bounds on code length (proof in Appendix B.4).

55



4.5. Extension beyond qubits Chapter 4. Trade-offs in stabilizer code distillation

Theorem 38 (Qudit code length bounds). Consider the distillation of a target pure magic

state ψ from a supply of the noisy magic state ρin, where ψ and ρin are states of a single rebit

(qudit of odd prime dimension d). Any n-to-k CSS (stabilizer) code projection protocol that

distils n copies of ρin into a k-rebit (qudit) state ρout with acceptance probability p and per-rebit

(qudit) output error ϵout must have a code length n such that

n ≥
k [log d−Hα(Wψ)]− α

1−α log
( p
1+kϵoutd5/2

)
[log d−Hα(Wρin)]

, (4.27)

for all α ∈ A for which Hα(Wρin) < log d, and

n ≤
k [Hα(Wψ)− log d] + α

1−α log
( p
1+kϵoutd5/2

)
[Hα(Wρin)− log d]

, (4.28)

for all α ∈ A for which Hα(Wρin) > log d, where W is the qubit Wigner representation defined

in Eq. (3.18) (Gross’s Wigner representation).

One might be concerned that the conditions Hα(Wρin) > log d given in Theorems 36 and 38

for the existence of a finite upper bound on n are never actually satisfied. Fortunately, this

turns out not to be the case. As an example, we return to n-to-1 qubit CSS code projection

protocols carrying out Hadamard distillation examined from a supply of partially depolarised

Hadamard states ρ(ϵin). The partial depolarisation channel Λϵin on a single qubit, which re-

prepares that qubit in the CSS maximally mixed state with probability ϵin and does nothing

otherwise, is a unital quantum channel that can be carried out as a stabilizer circuit. Conse-

quently, we can transformWρ(0) intoWρ(ϵin) by the stochastic representationWΛϵin
of the partial

depolarisation channel, which also preserves the uniform distribution over phase space that

constitutes the Wigner representation of the maximally mixed state. Since Hα for α ∈ A is

well-defined on quasiprobability distributions and cannot decrease under their stochastic pro-

cessing when the uniform distribution over phase space is preserved (Theorem 22), we can

upper-bound the α-Rényi entropy of Wρ(ϵin) as

∀a ∈ A : Hα

[
Wρ(ϵin)

]
≥ Hα

[
Wρ(0)

]
(4.29)

Fig. 4.5 shows that there exists α for which Hα > 1 even at ϵin = 0, and therefore at any ϵin.
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in

in

in

in

in

Figure 4.5: (Wigner-Rényi entropies & magic distillation [by Rhea Alexander]) We examine
the condition Hα[Wρ(ϵin)] > 1 in Theorem 36 for the existence of finite upper bounds on n
for n-to-1 qubit CSS code projection protocols carrying out Hadamard distillation. Even in
the limit of zero input error ϵin = 0, there exist α at which this condition is met, with Hα

attaining a maximum of ∼ 1.012 at α ≈ 2.2. Therefore Hadamard distillation under n-to-1
qubit CSS code projection protocols is ruled out in the asymptotic limit n → ∞ at any target
acceptance probability and output error. We highlight that at the error rate ∼ 0.3 (dashed
curve) beyond which ρ(ϵin) is no longer magic, Hα starts satisfying the standard property of
monotonically decreasing with α becauseWρ(ϵin) has become a proper probability distribution.
We also highlight that the α → 1 divergence corresponds to a pole in Hα[Wρin ] for magic state
ρ, and its residue is mana.

By evaluating the α = 2 condition explicitly, we find that, if there exists a CSS code projection

that distils n copies of the ϵin-depolarised Hadamard state ρ(ϵin) into a k-rebit state ρout with

acceptance probability p and per-qubit output error ϵout, then n is upper-bounded as

n ≤ n∗ := 2 logf(ϵin)

[
1 + 6kϵout

p

]
, (4.30)

where the logarithm base is f(ϵin) :=
[
1− ϵin +

ϵ2in
2

]−1
. This expression reveals that, if we use

CSS code projection protocols for Hadamard distillation, we must accept a fundamental trade-

off between acceptance probability and output fidelity. In particular, Eq. (4.30) shows that

given a supply of noisy magic states (ϵin > 0), no CSS code projection can distil a perfect

Hadamard state (ϵout = 0) with certainty (p = 1), which was first demonstrated in Ref. [78].

This example highlights that Theorem 38, and indeed the stronger results in Theorem 36, need

not simply be viewed providing bounds on code length n, but as trade-off relations between

the three parameters that govern the performance of a stabilizer code projection protocol at

distilling a target ψ from a supply ρin: the code length n, the acceptance probability p and the
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in

in

Figure 4.6: (Explicit protocol comparison [by Rhea Alexander]). (a) We compare the entropic
upper bounds (dashed lines) on the acceptance probability p with which one can distil a noisy
Hadamard state ρ(ϵin) via an n-to-1 code projection against actual acceptance probabilities
attained using the Steane code (purple) at n = 7 and the Golay code (green) at n = 23 (detailed
in Ref.[20]). Attained acceptance probabilities are orders of magnitude less than our upper
bounds. (b) We plot the entropic upper bound (dashed line) on the acceptance probability p
of any 15-to-1 CSS code projection protocol with which one can distil the noisy magic state
(1 − ϵ) |A⟩⟨A| + ϵ12 . Interestingly, our bound is very close to the actual acceptance probability
for the 15-to-1 protocol (blue line) given in [18], though we emphasise this latter protocol is not
just a straightforward CSS code projection.

output error ϵout.

As an example, Eq. (4.27) and Eq. (4.28) can be rearranged to upper-bound the acceptance

probability p at a target code length and output error. In Fig. 4.6, we compare the tightest

upper bound on p produced by Theorem 38 for n-to-1 Hadamard distillation to those attained

in existing protocols based on CSS codes given in Refs. [18] and [20]. We see that the acceptance

probabilities of code projection protocols using the [[7, 1]] Steane and [[23, 1]] Golay codes in

Fig. 4.6(a) are orders of magnitude less than our upper bounds, suggesting that substantial

room for improvement is not ruled out. Interestingly, in Fig. 4.6(b) our upper bound is very
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close to the actual acceptance probability of the protocol based on the [[15, 1]] Reed-Muller

code in Ref. [18], which we speculate may hint at something fundamental about the role of the

intermediate Clifford corrections used in that protocol. To further investigate this trade-off, in

Fig. 4.7(b) we plot the maximum output fidelity with respect to the Hadamard state Fmax that

can be achieved by any n-to-1 CSS code projection according to Theorem 36.

4.5.1 Why do we expect upper bounds on code length?

The appearance of upper bounds on the number of input copies nmight first seem to contradict

a resource-theoretic perspective. Concretely, if we take CSS (stabilizer) operations on qubits

(qudits of odd prime dimension d) to be our free operations, we might expect n + 1 copies of

a noisy magic state ρin to be at least as good as n copies at distilling magic, since discarding is

itself a CSS (stabilizer) operation.

However, by specialising to code projection protocols, we necessarily introduce a trade-off

between n and acceptance probability p, which can be seen from the following back-of-the-

envelope calculation. For any n-to-k stabilizer code projection protocol used for d-dimensional

qudit distillation, p is given by how much of n copies of the noisy input magic state ρin projects

onto the dk-dimensional codespace spanned by the logical basis {|jL⟩}j=0,...,dk−1 of the code.

Letting λmax(·) denote a state’s largest eigenvalue, we find the following upper bound on p,

p =
dk−1∑
j=0

⟨jL| ρ⊗nin |jL⟩ ≤ dkλmax(ρ
⊗n) = dk[λmax(ρin)]

n, (4.31)

which falls monotonically towards 0 as n→ ∞ whenever ρin is impure.

At an intuitive level, the trade-off between n and p occurs because the codespaces of [[n, k]]

stabilizer codes remain the same size as we increase n, and so take up a vanishingly small

part in the support of all the noisy input magic states used. Under the requirement that we

have some threshold acceptance probability (below which the expected overhead would be

too large), a corresponding upper bound on n is then expected.

4.5.2 Comparison with the data-processing inequality (DPI)

We have seen how upper bounds on code length such as those identified by Theorem 33 con-

stitute a generic feature of code projection protocols (once other parameters governing distil-
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lation performance are fixed). As the derivation of these upper bounds encoded the restriction

to code projection protocols by demanding the reference process
(
1

d

)⊗n → τn,k, we can ask

how far this demand alone accounts for the strength of these upper bounds.

Concretely, we can invoke the data-processing inequality (DPI) of quantum channels, which

states that, if there exists any quantum channel, stabilizer or otherwise, that can carry out a

desired distillation process ρin → ρp and the reference process
(
1

d

)⊗n → τn,k, then

∆D̃α := nD̃α

(
ρin

∣∣∣∣∣∣∣∣1d
)
− D̃α (ρp||τn,k) ≥ 0, (4.32)

forα ≥ 1
2 [89], where D̃α(ρ||τ) is the sandwichedα-Rényi divergence [90, 91] on the normalized

quantum states ρ and τ , which is defined as

D̃α(ρ||τ) :=



1
α−1 log Tr

[(
τ

1−α
2α ρτ

1−α
2α

)α]
for α ∈ (1,∞) for α ∈ (0, 1) ∪ (1,∞)

Tr[ρ log ρ− log σ] for α = 1

log
∥∥∥σ− 1

2 ρσ−
1
2

∥∥∥
∞

for α = ∞.

(4.33)

Because
(
ρ, 1d

)
are simultaneously diagonalisable in the eigenbasis of ρin, and (ρp, τn,k) are

simultaneously diagonalisable in {eigenbasis(ρout)⊗ |0⟩⟨0| , eigenbasis(ρout)⊗ |1⟩⟨1|}, we can in

fact replace the sandwiched α-Rényi divergences in the above equation by (classical) α-Rényi

divergences evaluated on eigenvalue distributions. Letting λ(·) denote a probability distribution

formed from the eigenvalues, we have that

∆D̃α = nDα

(
λ(ρin)

∣∣∣∣∣∣∣∣λ(1d
))

−Dα (λ(ρp)||λ(τn,k)) ≥ 0. (4.34)

Following a similar proof strategy to Lemma 35, we find that, just like the majorization con-

straint ∆Dα ≥ 0, the DPI constraint ∆D̃α ≥ 0 above also generates upper bounds on code

length n for a given supply of noisy input magic state ρin and a combined target of output

magic state ρout and acceptance probability p. This motivates defining the following DPI up-

per bound on n:

n ≤ nDPI := min
α≥ 1

2

max
n

{n : ∆D̃α ≥ 0}. (4.35)

60



Chapter 4. Trade-offs in stabilizer code distillation 4.6. Concluding Remarks

Loosely speaking, by examining ∆nU := nmaj−nDPI (the extent to which majorization “beats”

DPI), where nmaj is the tightest upper bound due to majorization from Theorem 36, we can see

whether stochasticity imposes additional constraints beyond demanding a quantum channel

sufficiently similar to code projection as to reproduce the reference process
(
1

d

)⊗n → τn,k.

Figure 4.7: (Majorization gives independent constraints over DPI [by Rhea Alexander]). (a)
Variation of (scaled) ∆nU := nDPIU − nmajU over all possible values of acceptance probability p
and a realistic range of input error ϵ, with fixed kϵout = 10−9. Whenever log10(∆nU + 1) > 0,
upper bounds on code length from majorization give tighter constraints than those from DPI,
reaching ∆nU = O(104) in the low p, low ϵ regime. (b) We show the trade-off relation given
by bounds on the maximum achievable fidelity Fmax(ρ) vs. target acceptance probability p,
under an n-1 CSS code projection, where ρ = 3

4 |H⟩⟨H| + 1
81. For p above a given threshold

(≈ 0.6) no perfect distillation is theoretically possible, even for n→ ∞ copies of the input state.
Majorization (maj.) is shown to give stronger constraints than that of DPI.

Our collaborator Rhea Alexander answered this question in the affirmative in Fig. 4.7: ∆nU is

positive over a wide range of parameter regimes. In particular, the low acceptance probability

p and low input error ϵ regime of Fig. 4.7(a) produces differences in upper bounds ∆nU :=

nDPIU − nmajU (the amount by which majorization “beats” DPI) of the order ∆nU = O(104). We

thus conclude that the constraints on CSS protocols stemming from majorization go beyond

those from the DPI.

4.6 Concluding Remarks

In Part II of this thesis, we extended the statistical mechanics framework introduced in Ref. [27]

for QCSI on qudits of odd prime dimensions to the technologically significant case of qubits.

To achieve this, we made use of a Wigner representation first introduced in Ref. [72], wherein

completely CSS-preserving channels correspond to stochastic transformations on phase spaces

associated to qubit systems. These channels include CSS circuits, the subset of stabilizer cir-
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cuits wherein CSS states play the role of stabilizer states. These circuits consist precisely of

the gateset that can be encoded transversally using surface code constructions [8], and can be

promoted to universal quantum computing with the injection of rebit magic states [73, 74].

Within this framework, we leveraged relative majorization to identify entropic constraints on

completely CSS-preserving magic distillation protocols. These can be fine-tuned to a reference

process singling out physics that is distinctive to a particular class of protocols, or the limita-

tions of hardware on which distillation is carried out. Concretely, we applied these constraints

to stabilizer code projection protocols, in terms of which all magic distillation protocols car-

ried out by CSS circuits can be decomposed, and established fundamental trade-off relations

between parameters governing their performance.

A natural extension of the research conducted in this part of the thesis would be applying our

constraints to more sophisticated magic distillation protocols. For instance, we might ask how

the use of intermediate Clifford corrections (similar to those deployed in the 5-1 Bravyi-Kitaev

protocol [18]) between measurements of stabilizer generators might affect the trade-offs we

found between resource cost and fidelity improvement. To this end, a significant limitation of

the statistical mechanics framework we developed to identify such constraints is its restriction

to completely CSS-preserving protocols in the qubit case. This originated from the demand for

a Wigner representation that represents magic distillation stochastically while also respecting

the sequential and parallel composition of processes. As the second requirement was largely

introduced in order to simplify the extraction of lower bounds on overhead via results such

as Theorem 30, which was complicated in this chapter by the possibility of non-trivial depen-

dence on overhead in the reference output state, future work could consider extending our

framework to qubit Wigner representations (such as that developed in Ref. [92]) that do not

respect the sequential and parallel composition of processes, but thereby become capable of

representing the entire stabilizer subtheory stochastically.

We have also obtained a set of monotones {Mα} for completely CSS-preserving magic distil-

lation, each of which forms a convex optimization problem. We speculate that an analogous

monotone can be constructed for any resource theory for which the free operations are a subset

of operations that completely preserve Wigner positivity. From the perspective of quantum op-

tics experiments, wherein Gaussian operations and probabilistic randomness are readily avail-

able, it may be of interest to consider the case of continuous variable systems under the set
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of Gaussian operations and statistical mixtures [49]. Since the individual α-Rényi divergences

on quasiprobability distributions were seen in Section 4.5.2 to typically produce stronger con-

straints than the corresponding constraints given by α-Rényi divergences on quantum states,

it would be interesting to see how well these quasiprobability distribution-based monotones

perform relative to known state-based counterparts.

On a technical note regarding majorization theory, we point to an interesting direction for

further study. The Wigner representation of Ref. [72] recovers the covariance over symplectic

affine transformations on qubit phase spaces, a property shared by Gross’s Wigner function

on odd-dimensional systems. This added structure on the phase space was ignored by our

analysis, but could be utilised to tighten the obtained bounds in future work. In particular, as

explained in the discussion of Ref. [27], the stochastic majorization used in our analysis is only

a special case of G-majorization, where G can be taken as a subgroup of the stochastic group

such as the symplectic group. It can then be shown [93, 94, 95] that one should expect to obtain

a set of finite lower bound constraints on distillation, which will be tighter than stochastic

majorization constraints.
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Part III

Infinitesimal reference frames suffice to

determine the asymmetry properties of

a quantum system
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Chapter 5

Single Entropic Condition for the

Resource Theory of Asymmetry

5.1 Introduction

5.1.1 Symmetry constraints on general quantum channels

Identifying constraints imposed by symmetry on the evolution of a system has broad appli-

cations throughout physics. When finding exact solutions to the laws of motion becomes too

complex, one can often make non-trivial inferences by appealing to symmetry principles. In

classical mechanics, the most prominent example of such an appeal is Noether’s Theorem,

which enables one to infer conserved quantities from (differentiable) symmetries in the laws

of motion, and vice versa [28]. However, Noether’s Theorem is restricted to closed system

dynamics, and can only be extended to unitary evolution in quantum mechanics [29, 30]. How

symmetry principles constrain the general evolution of a quantum system via quantum channels

therefore remains a crucial question.

The evolution of a quantum system possesses symmetry with respect to a groupG, represented

by unitary channels on that system, when it is restricted to the subset of quantum channels that

commute with all group actions, known as G-covariant channels. This definition of symmetric

dynamics is best understood by example. Consider a (finite-dimensional) quantum system

constrained to channels that commute with every possible time evolution of that system (rep-

resenting the group U(1)). Since this is equivalent to restricting channels to those that can occur
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at any time to exactly the same effect, and therefore require no clocks to perform, it makes sense

to say that the system evolution possesses time symmetry (formally, is time-covariant).

In general, symmetry with respect to a group G naturally induces the structure of a resource

theory for asymmetry, or asymmetry theory for short, on the dynamics of quantum systems,

whereinG-covariant channels constitute the free operations while all channels that break sym-

metry become resources. Furthermore, the pre-order on quantum states defined by convertibil-

ity under G-covariant channels in asymmetry theory provides a rigorous basis for quantifying

the extent to which a quantum system breaks a symmetry [30, 33, 34]. Taking the example of

time symmetry again, only states that are not time-symmetric can act as clocks, and a state ρ is

at least as good a clock as another state σ if ρ can be converted into σ without bringing in an

additional clock. As we have seen, this is equivalent to whether ρ can be converted into σ via

a time-covariant channel. The pre-order on quantum states established by asymmetry theory

is ultimately the pre-order on how well they encode a group element.

5.1.2 Asymmetry as an information-theoretic resource

Asymmetry is an example of unspeakable information [7, 96], which is contrasted with speakable

information capable of being encoded in any physical system (paradigmatically, spoken over

the phone) that constitutes the typical interest of abstract information theory1. Why asym-

metry must be unspeakable becomes clear once we ask what sorts of information-processing

tasks require symmetry-breaking as a resource. Consider a scenario where Alice and Bob are

in spaceships so far apart that they have no shared stars. If Alice would like to align her Carte-

sian frame with Bob’s, there is no way for her to simply describe an alignment direction over

the phone. Instead, Alice must share a physical system with Bob that points out the desired

direction for one axis in their Cartesian frames, which means the system she sends cannot be

rotationally symmetric. In this scenario, asymmetry with respect to the group of rotations be-

comes a resource without which Alice and Bob cannot do anything that requires them to have

a shared spatial orientation.

In general, the task of reference frame alignment, which encompasses clock synchronisation and

global positioning as well as the example of Cartesian frame alignment just discussed, requires

the transfer of a physical system that carries a non-trivial action with respect to a symmetry

1For instance, the Shannon-Hartley theorem holds equally well for bits communicated by a person saying “yes”
or “no”, a coin showing heads or tails, or a switch being turned on or off.

66



Chapter 5. Single Condition for Asymmetry 5.1. Introduction

group G via a G-covariant quantum channel [7, 96], thereby establishing a shared reference

frame with respect to G amongst parties that previously had none. Asymmetry theory can

therefore also be regarded as the resource theory of quantum reference frames with respect to a

symmetry group G. The lack of a quantum reference frame for a degree of freedom is mathe-

matically equivalent to imposing a superselection rule [7] – for instance, lacking a shared phase

reference in quantum optics prevents one experimenter from establishing coherences between

states with different total photon numbers from the perspective of another experimenter.

Beyond quantifying the quality of reference frames [7, 31, 97, 98, 99, 100], asymmetry is a vi-

tal resource for many tasks in quantum metrology [101, 102], such as bounding the error of

estimating optical phase shifts. More recently, asymmetry has also been identified as a re-

source in quantum computing, especially for (partially) circumventing the Eastin-Knill no-go

theorem [57] against quantum error-correcting codes that transversally encode and are there-

fore covariant with respect to a continuous group of gates [103]. As a result, bounds on the

correctable error of such codes [104] and approximately covariant codes [57, 105, 103, 106,

107, 108, 109] have been constructed. Beyond symmetry-constrained dynamics [30, 110, 111],

asymmetry theory also finds application in thermodynamics [35, 112, 113], measurement the-

ory [114, 115, 116, 117, 118], macroscopic coherence [119], and quantum speed-limits [120].

Of particular interest for this part of the thesis are two current strands of quantum gravity

research that draw on tools of asymmetry theory. One strand concerns how transformations

between inertial reference frames established by relativity should be updated in light of their

ultimately quantum nature, and the extent to which foundational aspects of relativity such

as the weak equivalence principle can be recovered afterwards [121, 122]. Another strand

identifies single-shot entropies that can capture fundamental relationships between quantum

information and the geometry of spacetime in the context of the AdS/CFT duality [107, 108].

Notably, very recent work from this latter strand has identified the conditional max-entropy

as the right information measure for the causal development of a spatial region [123]. This

part of the thesis builds on research in asymmetry theory [36] that uses the dual form of the

conditional max-entropy to quantify the quality of quantum reference frames, and so combines

two very active lines of research on foundational topics from quantum gravity.
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5.1.3 The search for asymmetry monotones

The central concern of asymmetry theory is finding a complete set of resource monotones,

known as asymmetry monotones, capable of capturing the pre-order induced on quantum states

by G-covariant channels, which would isolate all the dynamical properties governing the be-

haviour of quantum systems under a symmetry constraint and fully address the fundamental

question:

When is it possible to transform a state ρ of input system A into a state σ of output system B

via a quantum channel that is covariant with respect to a symmetry group G?

Finding asymmetry monotones for general quantum dynamics (mixed states evolving via

channels) turned out to be surprisingly complex and highly counterintuitive. Taking the partic-

ular example of rotational symmetry, one might guess from closed system dynamics governed

by Noether’s Theorem that expectation values (and higher moments2) of angular momenta

would always be good asymmetry monotones. However, this turns out to be false in gen-

eral – in fact, expectation values of angular momenta can be arbitrarily increased by rotationally

covariant channels (such as the optimal universal cloner [124]) from a spin-jA system to a spin-

jB system by simply taking jB sufficiently higher than jA [110]. This example shows why we

need information-theoretic monotones that go beyond traditional Noetherian conserved quan-

tities to quantify asymmetry as a resource – while the expectation values of angular momenta

can increase under rotationally covariant channels, the degree to which a quantum system can

encode a direction in space does not.

Significant progress has been made in recent years in the identification of asymmetry mono-

tones, including relative entropy measures [31, 32], the skew-Fisher information [30, 34, 125]

as well as the purity of coherence [35]. Recently, Ref. [36] identified the first complete set of

asymmetry monotones, which are expressed in terms of correlations between the input/out-

put quantum system S and a spontaneously emerging quantum reference frame system R

locally in a state that transforms non-trivially under the group action. These correlations are

measured via the single-shot quantum conditional min-entropy Hmin(R|S), a central quantity in

quantum encryption [126] whose dual form has also been identified in very recent research

2The extension of Noether’s Theorem to quantum mechanics states that a necessary (and, between pure states,
sufficient) condition for the existence of a G-covariant unitary state transition is the conservation of the moments
⟨Jn

k ⟩ of every generator Jk of the group representation U(g) := exp
(
i
∑

k gkJk

)
[29, 30].
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in quantum gravity as the right information measure for the causal development of a spatial

region [123]. However, the physical significance of these monotones remains obscure, and the

complete set of conditions require Hmin(R|A) to not decrease at every possible reference frame

state ηR, which leads to an infinite number of conditions to check. This opens the question

of whether one can reduce these monotones to a simpler, ideally finite, set of conditions for

asymmetry theory, and whether such reduction can shed light on the asymmetry properties of

quantum systems.

5.1.4 Chapter summary

The rest of this chapter proceeds as follows. In Section 5.2, which forms the main techni-

cal background for this chapter, we formally define asymmetry theory and review the first

complete set of asymmetry monotones identified by Ref. [36], focussing on the spontaneous

emergence of quantum reference frames in these monotones. We then examine a warm-up ex-

ample in Section 5.3 of time-symmetric state transitions in a non-degenerate qubit, where we

find that the original infinite set of asymmetry monotones can be reduced to just two, which

are evaluated at reference frames that, contrary to intuition from the theory of quantum refer-

ence frames, are infinitesimally close to time-stationary. Guided by the warm-up example, we

identify generic reference frame redundancies in sections 5.4 and 5.5 applicable to all symme-

try groups and systems. In particular, we find that one can restrict to reference frames forming

any closed surface enclosing the maximally mixed state. By taking this surface arbitrarily

close to the maximally mixed state, which is always symmetric, we obtain a single necessary

and sufficient entropic condition for G-covariant state conversion. Though we find that evalu-

ating this condition poses significant technical difficulties, it can nevertheless be interpreted as

generalising an insight from our warm-up example: one does not need reference frames that

perfectly encode a symmetry group to characterise the asymmetry properties of a quantum

system – in fact, reference frames that are infinitesimally close to being symmetric suffice.

5.2 Technical background

5.2.1 Asymmetry theory of compact symmetry groups

We now formalise the resource theory of asymmetry with respect to a compact group G.
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Definition 39 (Resource Theory of G-Asymmetry). Let G be a compact group that, given

any quantum system S, has a unitary representation {US(g)|g ∈ G} on HS . Furthermore, let

USg [·] := US(g)[·]U †
S(g) denote the unitary channel induced by US(g). We say that a quantum

channel ΦA→B from input system A to output system B is G-covariant when performing this

channel before any group action is operationally equivalent to performing this channel after that

group action, i.e.

∀g ∈ G, ρA ∈ DA : UBg ◦ ΦA→B(ρA) = ΦA→B ◦ UAg (ρA). (5.1)

The resource theory of G-asymmetry is defined by taking the set of G-covariant channels as the

free operations RG. A state τ of system S therefore belongs to the set of free states FG if and only

if it is invariant under all group actions, i.e.

τ ∈ FG ⇐⇒ ∀g ∈ G : Ug(τ) = τ. (5.2)

We will also find it helpful to define the G-twirling operation on a bounded operator O, which

constructs a symmetric operator from OS as follows3.

Definition 40 (G-twirling). The G-twirl averages the output of all group actions on a bounded

operator OS of quantum system S as

G(OS) :=
∫
G
dg USg (OS). (5.3)

When G is finite,
∫
G dg is naturally replaced by 1

|G|
∑

g∈G. Though we will use the Lie group

notation exclusively from this point forwards, all results apply equally well to finite groups.

Throughout this part of the thesis, we will use ρ G−→ σ to denote the existence of a G-covariant

channel capable of transforming ρ into σ.

3In the next chapter, we will see that the G-twirl operator is in fact the projector onto the subspace of B(S) that
is invariant under all group actions, or equivalently the subspace spanned by all trivial representation spaces of G
on B(S).

70



Chapter 5. Single Condition for Asymmetry 5.2. Technical background

5.2.1.1 Example: resource theory of time asymmetry (“clockiness”) in systems with peri-

odic Hamiltonians

Consider a quantum system S with a Hamiltonian HS such that there exists a finite minimum

length of time TS > 0 at which e−iHSTS = I , which is known as the period of HS . Then

the time evolution of this system forms the unitary representation
{
e−iHSt

∣∣ t ∈ [0, TS)
}

for the

group U(1) on HS . Any free state τS in the time asymmetry theory of system S must therefore

be time-stationary, i.e.

∀t ∈ [0, TS) : e
−iHStτSe

iHSt = τS ⇐⇒ [HS , τS ] = 0 (5.4)

so τS must be a mixture of energy eigenstates for HS . Free operations in the time asymmetry

theory of systems with periodic Hamiltonians, i.e. their time-covariant channels, must there-

fore take mixtures of energy eigenstates on the input system to mixtures of energy eigenstates

on the output system, making time asymmetry theory in such systems equivalent to a resource

theory of coherence in energy.

5.2.2 Quantum reference frames

Asymmetry is ultimately a relational quantity. For instance, the direction in space encoded by

a rotationally asymmetric system (e.g. a spin-12 particle in a pure state) is not defined rela-

tive to “absolute space” but another physical system (e.g. a set of gyroscopes); similarly, the

phase encoded in a time-asymmetric system (e.g. an atom in coherent superposition between

two eigenstates of different energies) is not defined relative to “absolute time” but a physical

clock [7]. The systems with respect to which unspeakable asymmetry information is defined,

such as clocks, gyroscopes and metre sticks, are known as quantum reference frames. In this

section, we briefly review how the asymmetry properties of a quantum system are established

through correlations with such reference frames, rather than in any absolute sense.

Under a global symmetry described by a groupG, one can nevertheless effectively perform any

channel on a subsystem to arbitrary precision by executing that channel relative to a quantum

reference frame encoding the group elements [7, 127, 125, 128, 129, 130]. Concretely, we say

that a quantum reference frame ηR of system R encodes G as the set of states {ηR(g)|URg (ηR)},

known as the G-orbit of ηR. This reference frame is said to be complete4 when it becomes a pure
4Formally, the G-orbit of a complete reference frame |ηR⟩, {|ηR(g)⟩ := UR(g) |ηR⟩ |g ∈ G}, constitutes a left-
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state |ηR⟩ whose G-orbit encodes different elements of G with perfect distinguishability so that

∀g, g′ ∈ G :
〈
ηR(g)

∣∣ηR(g′)〉 = δ(g−1g′). (5.5)

One can produce a globally-symmetric version of any bounded operator OS ∈ B(S) of system

S by taking its bipartite G-twirl with the reference frame ηR on system R, which is defined as

G(ηR ⊗OS) ≡ Gη(OS) :=
∫
G
dg URg (ηR)⊗ USg (OS). (5.6)

Given a state τS on the system S, the bipartite G-twirl induces classical correlations between R

and S whose strength depend on the extent to which ηR and τS break symmetry. To take the

simplest non-trivial example, let us consider the G-twirl over two qubits with respect to the

cyclic group Z2, which is represented on the Hilbert space of either qubit by unitaries {1, Z}

generated by the Pauli Z-operator. The bipartite G-twirl on a reference qubit R in state ηR and

system qubit S in state τS is therefore

G(ηR ⊗ τS) =
1

2
ηR ⊗ τS +

1

2
Z(ηR)Z ⊗ Z(τS)Z. (5.7)

At one extreme, we have that ηR or τS is symmetric under this representation of Z2 – for

instance, if we have τS = |0⟩⟨0|. In this case, we obtain

G(ηR ⊗ |0⟩⟨0|) =
[
1

2
ηR +

1

2
Z(ηR)Z

]
⊗ |0⟩⟨0| = G(ηR)⊗ |0⟩⟨0| , (5.8)

from which we see that the bipartite G-twirl generates no correlations between R and S if one

of them carries a symmetric state (and destroys any asymmetry carried by the other). At the

other extreme, we consider the case where ηR = τS = |+⟩⟨+|, which is maximally symmetry-

breaking because its G-orbit, {1 |+⟩⟨+|1 = |+⟩⟨+| , Z |+⟩⟨+|Z = |−⟩⟨−|}, encodes this repre-

sentation of Z2 with perfect distinguishability. Consequently, we find that the bipartite G-twirl

when both R and S are in the state |+⟩⟨+| yields

G(|+⟩⟨+|R ⊗ |+⟩⟨+|S) =
1

2
|+⟩⟨+| ⊗ |+⟩⟨+|+ 1

2
|−⟩⟨−| ⊗ |−⟩⟨−| , (5.9)

which is a maximally classically correlated state between R and S.

regular representation of G.
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As ηR tends towards a complete reference frame, one finds, given any two bounded operators

TS , OS ∈ B(S) of quantum system S, that

Gη(TS)Gη(OS) =
[∫

G
dg URg (ηR)⊗ USg (TS)

] [∫
G
dg′ URg′ (ηR)⊗ USg′(OS)

]
=

∫
G
dg

∫
G
dg′ ηR(g)ηR(g

′)⊗ USg (TS)USg′(OS)

complete ref.
−−−−−−−→

∫
G
dg |ηR(g)⟩⟨ηR(g)| ⊗

[
US(g)(TS)U

†
S(g)US(g)(OS)U

†
S(g)

]
=

∫
G
dg URg (|ηR⟩⟨ηR|)⊗ USg (TSOS) = Gη(TSOS). (5.10)

Therefore, given any measurement described by POVM elements {Ei}, any channel described

by Kraus operators {Kj} and any state τ on subsystem S, one can always construct a globally

symmetric measurement described by POVM elements {Gη(Ei)}, a globally symmetric chan-

nel described by Kraus operators {Gη(Kj)} and a globally symmetric state Gη(τ) on the joint

system RS with which, in the limit of a complete reference frame, the quantum statistics of the

Born rule on subsystem S can be perfectly reproduced, i.e.

∑
j

Tr
[
Gη(Ei)Gη(Kj)Gη(τ)Gη

(
K†
j

)] complete ref.
−−−−−−−→

∑
j

Tr
[
Gη
(
EiKj(τ)K

†
j

)]
=
∑
j

Tr
[
EiKj(τ)K

†
j

]
. (5.11)

In other words, the bipartiteG-twirl with a reference frame provides a globally symmetric setting

wherein any subsystem channel can be executed relative to this reference frame to arbitrary

precision as the state of that reference frame becomes more complete.

The preparation of a state τS on system S relative to a reference frame ηR tends towards a

classical-quantum state whereR behaves as a classical “register” for symmetry group elements

as ηR becomes more complete. Formally, one sees that

G(ηR ⊗ τS)
complete ref.
−−−−−−−→

∫
G
dg |ηR(g)⟩⟨ηR(g)| ⊗ USg (τS). (5.12)

For this reason, complete reference frames are interpreted as classical. Eq. (5.11) suggests that

the asymmetry properties of a quantum system only become completely meaningful in the

limit of classical reference frames, which can be seen as an instance of the Correspondence

Principle.
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5.2.3 Complete entropic monotones for asymmetry theory

Recently, Ref. [36] identified the first complete set of asymmetry monotones in terms of the

single-shot conditional min-entropy Hmin(R|S) [126].

Definition 41. The single-shot condition min-entropyHmin(R|S)Ω of a state ΩRS on a bipartite

system RS is defined via an infimum over positive-semidefinite operators XS on HS as

Hmin(R|S)Ω := − log inf
XS≥0

{Tr[XS ] : IR ⊗XS ≥ ΩRS}. (5.13)

This complete set of asymmetry monotones is given by the single-shot conditional min-entropy

evaluated on the input/output state prepared relative to every possible quantum reference

frame on an external system R that spontaneously emerges.

Theorem 42 ( [36]). Let A and B be input and output quantum systems whose Hilbert spaces

carry unitary representations of a compact symmetry group G. Furthermore, let

Hη(ρ) := Hmin(R|S)G(ηR⊗τS) (5.14)

denote the single-shot conditional min-entropy on the bipartite G-twirl of a state τS on system S

and a state ηR on a reference systemR forG, whose Hilbert space carries a unitary representation

of G that is complex conjugate to that carried by the Hilbert space of the output system B, i.e.

UR(g) = UB(g)
∗ for all g ∈ G (which also implies dim(HR) = dim(HB)). We then have

ρA
G−→ σB if and only if

∆Hη := Hη(σ)−Hη(ρ) ≥ 0 (5.15)

for all states ηR of the reference system R.

Theorem 42 explicitly shows asymmetry to be a relational quantity that is not intrinsic to a

quantum state, but instead lies in correlations with quantum reference frames, which explains

why asymmetry must be unspeakable and cannot be fully captured by Hermitian observables

on that state alone. However, in contrast to what one might expect, the asymmetry properties

of a quantum system can be completely defined relative to incomplete reference frames, as the

reference system in Theorem 42 does not have to be infinitely big, so its reference frames will
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typically not encode elements of a continuous symmetry group with perfect distinguishability.

In the classical limit at which the quantum reference frame for G on system R becomes com-

plete, the asymmetry monotone Hη tends to the optimal guessing probability popt(g) [131] for the

group element g held in the classical register R given system S, i.e.

Hη(τ)
complete ref.
−−−−−−−→ − log popt(g). (5.16)

In particular, when G is the group of time-translation symmetry, popt(t) is the optimal prob-

ability for guessing the time t on a Page-Wootters clock [132] given system S. Indeed, the

formalism of quantum reference frames is a generalisation for the Page-Wootters construction

of time as a relational quantity emerging from correlations with a physical clock, which was

created to understand the appearance of temporal evolution in a universe that must remain

globally time-symmetric under the Wheeler-deWitt equation [132] central to quantum gravity.

The monotonicity of Hη under G-covariant transformations on system S can then be loosely

interpreted as a degradation in the ability to deduce the state of a classical register R for the

symmetry group G from measurements on a covariantly-correlated system S, because the

strength of those correlations must decrease as the state of S becomes more symmetric un-

der G-covariant transformations.

5.3 Warm-up example: infinitesimally symmetric reference states

Though Theorem 42 showed that the asymmetry properties of a quantum system can be fully

captured by incomplete quantum reference frames, one nevertheless expects intuitively that

the more complete a reference frame ηR is (in the sense of encoding any two group elements

by states at a larger distance), the more powerful the asymmetry monotone Hη generated by

ηR will be (in the sense of ruling out a larger subset of G-covariantly inaccessible states). In

this section, however, we present a startling counter-example where the entire structure of

G-covariant state transitions can be obtained from just two reference frames that are infinites-

imally close to completely symmetric, which further demonstrates that the complete mono-

tones of Theorem 42 can be highly redundant.

We consider time-covariant transformations from a qubit S with HamiltonianHS = Z to itself,

which forms the symmetry group U(1) represented on HS as {Ut := e−iZt|t ∈ [0, 2π)}. In this
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case, the reference systemR is a qubit with HamiltonianHR = −Z. The set of symmetric states

are statistical mixtures of |0⟩ and |1⟩, i.e. the Z-axis of the Bloch sphere. Given a fixed input

state ρ, we can define

Tη(ρ) := {σ : Hη(σ) ≥ Hη(ρ)}. (5.17)

as the set of states classed by a single reference frame ηR as time-covariantly accessible. We

emphasise that σ ∈ Tη(ρ) constitutes a necessary, but not sufficient, condition on ρ
U(1)−−−→ σ.

Concretely, letting T (ρ) denote the full set of G-covariantly accessble states from ρ, we have

T (ρ) =
⋂

ηR∈D(R)

Tη(ρ). (5.18)

We can now formalise the question of which asymmetry monotones Hη are the most pow-

erful by asking which Tη(ρ) best approximate T (ρ), for which a closed-form expression is

known [133]. From the formalism of quantum reference frames, the natural answer would

appear to be |+⟩ (or any state on its orbit), since given any two times t1 and t2, states encoding

these times on the orbit of |+⟩ are at least as distinguishable as states encoding these times on

the orbit of any other reference frame; more formally, we have

∀t1, t2, η′R : Tr[Ut1(|+⟩⟨+|),Ut2(|+⟩⟨+|)] ≥ Tr
[
Ut1(η′R)Ut2(η′R)

]
. (5.19)

In another way, |+⟩ is the “best” clock state that one can find for the qubit because, as a uniform

superposition over energy eigenstates, it can encode a single bit of data about the parameter t,

which is the maximum allowed by the Holevo bound [37].

In Fig. 5.1, we compare Tη(ρ) (blue region) generated by a pure reference frame ηR (blue dot)

at different choices of polar angle θ (and zero azimuthal angle5) against T (ρ) (region bound by

black lines) for a fixed input state ρ = 1
2

(
1+ X+Z

2

)
(black dot). We see that the constraint due

to |+⟩ (θ = π
2 on the Bloch sphere) actually yields a poor approximation for the true set of time-

covariantly accessible states. On the other hand, choosing a symmetric reference frame (θ = π)

is even worse, as it does not constrain accessible states at all. Unexpectedly, the more we let

reference frames approach the set of symmetric states without actually becoming symmetric

(θ = 0.4π → 0.01π and θ = 0.6π → 0.99π), the better the approximations they generate to the

5Changing the azimuthal angle of a reference frame ηR for time-covariant transitions in this non-degenerate
qubit leaves Tη(ρ) constant.
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Figure 5.1: “Less is more”: near–symmetric reference frames are optimal. We consider a qubit
system under time-translation symmetry. Given a reference frame ηR (blue dot), the shaded
region Tη(ρ) corresponds to potential states in the Bloch sphere which ηR classes as accessible
from the state ρ (black dot) under a time-covariant transformation. The black curve marks the
boundary of all states that are covariantly accessible from ρ, and is obtained from the inter-
section of all regions Tη(ρ). Surprisingly, the high coherence state ηR = |+⟩⟨+| gives a weak
bound, while in contrast taking ηR very close to |0⟩⟨0| or |1⟩⟨1| provides complete constraints.
Note that changing the azimuthal angle of ηR leaves Tη(ρ) constant.

set of time-covariantly accessible states become, until we find that

Tη(0.01π)(ρ) ∩ Tη(0.99π)(ρ) ≈ T (ρ). (5.20)

In other words, the sets of states classed as time-covariantly accessible from ρ by just two refer-

ence frames that are arbitrarily close to, without becoming, the time-symmetric states |0⟩ and

|1⟩ approximate the full set of time-covariantly accessible states from ρ arbitrarily well.

These results are quite surprising. The formalism of quantum reference frames intuitively

leads us to assume that, as the “best clock”, the reference frame |+⟩ would provide the most

information on the time-asymmetry properties of an input state ρ, as expressed by which states

ρ would be resourceful enough to transform into under time-covariant transformations. In-

stead, the constraints improve as reference frames approach the set of time-symmetric states,

even though symmetric reference frames themselves provide no constraints at all! The findings

of Fig. 5.1 can be generalised to all input states as follows (see proof in Appendix C.4.1).
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Lemma 43. In spherical polar co-ordinates on the Bloch sphere, there exists a time-covariant

transformation ρ to σ in a qubit with Hamiltonian ∝ Z if and only if

∂2θ (∆Hη)|θ=0 ≥ 0 and ∂2θ (∆Hη)|θ=π ≥ 0. (5.21)

Alternatively, parameterising a state ω of the non-degenerate qubit in the energy eigenbasis as

ω =

pω cω

c∗ω 1− pω

 , (5.22)

where pω is a probability and cω is a complex number such that |cω|2 ≤ pω(1−pω), we find that

there exists a time-covariant transition from ρ to σ if just two entropic conditions at reference

frames with Bloch vectors (x1, y1, z1) and (x2, y2, z2) satisfying

0 <

√
x21 + y21
2z1

≤ min

{
1− pρ
|cρ|

,
1− pσ
|cσ|

}
and 0 >

√
x22 + y22
2z2

≥ max

{
− pρ
|cρ|

,− pσ
|cσ|

}
(5.23)

respectively (see proof in Appendix C.4.1) are met. As these reference frames tend towards

time-symmetric states at x1 = y1 = 0 and x2 = y2 = 0 respectively, they certify the existence of

a time-covariant transition between an increasing range of input and output states. Informally,

the structure of time-covariant transitions in a non-degenerate qubit is determined by asym-

metry monotones Hη at two reference frames that are “infinitesimally close” to symmetric.

This simple example suggests that the dynamical constraints enforced by the asymmetry mono-

tones Hη have a non-trivial and counter-intuitive dependence on the reference frame ηR, and

can be extremely redundant. As we have seen, Lemma 43 reduces infinitely many monotone

conditions to evaluate at all reference frames to just two curvature conditions to evaluate near

symmetric states. This raises the question of whether similar results carry over to more general

situations, and to what extent we can reduce the set of reference frames to determine the mini-

mal relational data needed to specify the asymmetry of arbitrary quantum systems for general

symmetry group G.
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5.4 Sufficient surfaces of reference frames

In this section, we establish some basic redundancies in reference frames generating the asym-

metry monotones of Theorem 42 due to the group structure of the symmetry constraint, and

conclude that any surface of reference frame enclosing the maximally mixed state generate a

sufficient set of monotones. All results apply to transformations between arbitrary systems

under a general symmetry group G.

5.4.1 Basic reference frame redundancies

In the warm-up example, we observed that asymmetry monotones generated by time-symmetric

reference frames seem to impose no constraints on time-covariant dynamics in a non-degenerate

qubit. This observation turns out to be true of all symmetry groups (see proof in Appendix C.1.2).

Lemma 44. Given any input state ρS of system S and reference frame ηR of system R,

HG(η)(ρ) = Hη(G(ρ)) = HG(η)(G(ρ)) = − log ∥G(η)∥∞, (5.24)

where ∥·∥∞ is the Schatten-∞ norm defined in Eq. (2.8). Therefore, if η is symmetric so we have

η = G(η), then ∆Hη = 0.

Furthermore, any two reference frames related by a G-covariant unitary channel generate

equivalent asymmetry monotones. In the warm-up example, this meant we only had to con-

sider reference frames at the same azimuthal angle in the Bloch sphere.

Lemma 45. If there exists a G-covariant unitary channel UR on the reference system R such

that UR(ηR) = η′R, then ∆Hη ≥ 0 if and only if ∆Hη′ ≥ 0 because ∆Hη = ∆Hη′ .

The invariance of entropic conditions under G-covariant unitary channels on the reference

system is a consequence the following lemma, which we prove in Appendix C.1.1.

Lemma 46. Let UR and VS be unitary channels on the reference and input systems respectively such

that UR ⊗ VS is G-covariant (on the joint system RS). Then given any reference frame η of system R

and input state τ of system S, we have that

HUR(η)

[
VS(τ)

]
= Hη(τ). (5.25)

79



5.4. Sufficient surfaces of reference frames Chapter 5. Single Condition for Asymmetry

For Abelian groups, one need only consider reference frames with all modes of asymmetry (in-

troduced in the next chapter) in common with the input state (see Appendix D.3.3.1 for proof).

5.4.2 Necessary and sufficient surfaces of reference frame states

Figure 5.2: (Sufficient surfaces of reference frames). There is extensive freedom in the choice
of sufficient reference states. According to Theorem 47, any surface in the reference system
state space D(R) that encloses the maximally mixed state (blue dot) is a sufficient set of refer-
ence frames – the three surfaces ∂D1, ∂D2 and ∂D3 provide the same information.

The entropic conditions of Theorem 42 turn out to possess a more extensive kind of redun-

dancy, in particular that one need only consider reference frames on any surface enclosing the

maximally mixed state (see proof in Appendix C.2.2). This is essentially because the entropic

conditions turn out to be invariant under partial depolarisation of the reference system.

Theorem 47. (Sufficient surfaces of states). Let ρA and σB be states of an input system A

and output system B respectively, and let G be a compact symmetry group. Furthermore, let

∂D be any closed surface in the state space D(R) of the reference system R for G-covariant

state transitions from A to B that encloses the maximally mixed reference state I
d , where d =

dim(HR). Then ρ G−→ σ if and only if

∀η ∈ ∂D : ∆Hη ≥ 0. (5.26)

Combined with the reference frame redundancies identified in the previous subsection, we

conclude that only a subset of ∂D will produce non-trivial constraints – namely, the intersection

of ∂D with asymmetric states quotiented by the sub-group of G-covariant unitary channels on

the reference system alone.
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5.5 Infinitesimal reference frames and a single entropic minimality

condition for asymmetry theory

Theorem 47 showed any surface enclosing the maximally mixed state constitutes a sufficient

set of reference frames. In particular, we are therefore free to choose a surface that bounds

an arbitrarily small neighbourhood around the maximally mixed state, and so restrict to ref-

erence frames that are infinitesimally close to completely symmetric. This indicates that the

counter-intuitive features we highlighted in the case of time-covariant transitions within a

non-degenerate qubit are in fact generic and appear in all systems and symmetry groups.

Moreover, by shrinking the neighbourhood bounded by a sufficient surface of reference frames

towards the maximally mixed state, we arrive at a single necessary and sufficient condition for

G-covariant state conversion.

Theorem 48. Let ρA and σB be states of an input system A and output system B respectively,

and let G be a compact symmetry group. Then ρA
G−→ σ if and only if ∆Hη attains a local

minimum at the maximally mixed reference state ηR = I
d .

Proof. We first note that ∆Hη = 0 whenever ηR is symmetric due to Lemma 44. Since the

maximally mixed state is symmetric for all G, we have ∆Hη = 0 when ηR = I
d . If we assume

ρA
G−→ σB , then Theorem 42 implies that ∆Hη has a global minimum at ηR = I

d , which must

therefore be a local minimum as well. Conversely, if we assume ∆Hη has a local minimum at

ηR = I
d , then there exists a neighbourhood D around ηR = I

d in which ∆Hη ≥ ∆HI/d = 0.

Because Hη is continuous in ηR (see Lemma 52 in the next chapter), we conclude that ∆Hη ≥ 0

on ∂D as well, and so obtain from Theorem 47 that ρA
G−→ σB . Therefore, ρA

G−→ σB if and only

if ηR = I
d is a local minimum of ∆Hη.

This result is quite surprising in light of the formalism for quantum reference frames. Because

arbitrary channels can only be executed perfectly relative to a classical reference frame for the

symmetry group G, one might have expected that the asymmetry properties of a quantum

system are best captured by correlations with reference frames that encode different group

actions as distinguishably as possible. However, Theorem 48 shows that the opposite is the

case – the asymmetry resources of a state can be completely determined from correlations with

a reference frame that is infinitesimally close to transforming trivially under all group actions,
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and so encoding different group actions completely indistinguishably.

As Theorem 48 is a local minimum condition, we might hope that the problem of G-covariant

state conversion can (typically) be resolved by checking whether ∆Hη has a critical point at

the maximally mixed state and conducting a second partial derivative test. This would imply

that the asymmetry properties of a system might be described by a form of quantum Fisher

information [134], a key quantity in asymmetry theory [125, 135] related to the curvature of

divergences from which conditional min-etropies are constructed [136].

Unfortunately, ∆Hη often has a conic singularity at the maximally mixed state (see Appendix

C.3 for proof). To be concrete, let us decompose every reference frame η in terms of an orthog-

onal basis for Hermitian operators {I,X1, . . . , Xd2−1} with ∥Xk∥∞ = 1 as

η(x) :=
1

d

I + d2−1∑
k=1

xkXk

 , (5.27)

where d is the reference system dimension and xk ∈ R provide coordinates for the state. We

can then describe all directions out of the maximally mixed state by considering a unit sphere

of states around it at co-ordinates S :=

{
x ∈ Rd2−1

∣∣∣∣∥∥∥∑d2−1
k=1 xkXk

∥∥∥
∞

= 1

}
. In the case of a

qubit, this is simply the surface of the Bloch sphere.

Lemma 49. In a sufficiently small neighbourhood ϵ > 0 around the maximally mixed state,

∆Hη changes linearly along any direction out of the maximally mixed state. Thus one can write

∀x ∈ S : ∆Hη(ϵx) = f(x)ϵ+O(ϵ2), (5.28)

for some function f : S → R.

More broadly, the above lemma shows that ∆Hη will have a conical singularity at the maxi-

mally mixed state unless it becomes completely linear there. In the example of time-covariant

transitions in a non-degenerate qubit, this conical singularity always appears when neither ρ

nor σ is symmetric unless ρ and σ can be converted into each other via time evolution under

the Hamiltonian (see the end of Appendix C.4). A conical singularity in ∆Hη can therefore

appear at the maximally mixed state much more often than stated in the Lemma.

We remark that though ∆Hη is typically not differentiable at the maximally mixed state, it
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may still have nice differentiability properties at points on a sufficient surface of reference

frames where ∆Hη = 0. In that case, if ∆Hη has a local minimum, as determined by the

second derivative test, at every location where ∆Hη = 0, then a G-covariant transition can

occur. A successful example of this strategy reducing infinitely many asymmetry monotone

conditions on a sufficient surface of reference frames to finitely many curvature conditions is

time-covariant transitions in a non-degenerate qubit with Hamiltonian proportional to Z. One

sufficient surface of reference frames for such transitions is the arc from θ = 0 to θ = π at

constant ϕ on the surface of the Bloch sphere. To see this, we can begin from the surface of the

Bloch sphere as a larger sufficient surface of reference frames in accordance with Theorem 47,

and then reduce this to the arc from θ = 0 to θ = π by applying Lemma 45 to time evolution

under the Hamiltonian. By Lemma 44, we know that ∆Hη = 0 when the polar angle θ of

the reference frame η takes on the values θ = 0 or θ = π because η becomes the symmetric

energy eigenstate |0⟩ or |1⟩ at those polar angles respectively. Appendix C.4.1 shows that ∆Hη

is infinitely differentiable with respect to θ on this sufficient surface at θ = 0 and θ = π. We

have already seen in section 5.3 that demanding ∂2θ∆Hη|θ=0,π ≥ 0 is sufficient to determine

whether a time-covariant transition can occur.
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Sufficient depolarisation for

G-covariant state conversion

6.1 Introduction

In principle, the local minimality condition derived in the previous chapter (Theorem 48) for

∆Hη at the maximally mixed state provides a complete description of the asymmetry proper-

ties of quantum states. However, even in simple cases such as time-symmetric transitions in

a non-degenerate qubit, solving the minimisation problem defining ∆Hη is fairly non-trivial,

and we have seen that standard tests for local minima are typically not applicable for ∆Hη at

the maximally mixed state. Computing this condition therefore presents a significant technical

challenge that we must leave for future study.

In this chapter, we adopt a more physical perspective by allowing a certain amount of noise

into state conversion, and attempt to extract finite sets of complete conditions from Theorem

42 under this weakened demand. In particular, we focus on depolarisation noise because the

maximally mixed state is symmetric under arbitrary group actions, so a G-covariant state con-

version can always take place once the output state has been sufficiently depolarised. More

concretely, we depolarise our output state σ by some probability p to

σp := (1− p)σ + p
I

d
, (6.1)

where d is the dimension of output system, and pose the question

84



Chapter 6. Approximate asymmetry theory 6.2. Coarse-graining conditions

What is the minimal amount of depolarisation noise p needed to make σ accessible from the

initial state ρ via a G-covariant channel?

We will take two approaches to addressing this problem, one based on coarse-graining a sur-

face of sufficient reference frames (Theorem 47) and the entropic conditions they generate into

a finite set, and the other based on decomposing quantum states into modes of asymmetry [137]

that are never mixed under G-covariant channels.

6.1.1 Chapter summary

The rest of this chapter proceeds as follows. In section 6.2, we coarse-grain the surface of

sufficient reference frames into a finite set known as an ϵ-covering, then upper-bound the depo-

larisation needed to make ∆Hη non-negative in the neighbourhood around reference frames

in the covering based on its values at those reference frames. Section 6.3.2 reviews modes of

asymmetry, the main technical background for this chapter. In section 6.4, we identify suffi-

cient conditions for G-covariant state transitions defined on the modes of asymmetry present

in the desired input and output states. These conditions require finding a family ofG-covariant

channels with members each attempting to generate as much fidelity as possible relative to a

distinct reference frame. By taking this family to be measure-and-prepare channels based on

the Pretty Good Measurement [138] and carefully choosing the state prepared by each channel

of this family, we identify a sufficient depolarisation condition that becomes independent of

the reference frame for each mode of asymmetry in the output system.

6.2 Coarse-graining conditions

We first introduce the notion of an ϵ-ball, which formalizes the notion of an arbitrarily small

neighbourhood around a quantum state.

Definition 50 (ϵ-ball). Let η be a (possibly subnormalized) quantum state of system R. We

define the ϵ-ball Bϵ(η) as the subset of subnormalized states that are ϵ-close to ρ as measured by

the trace distance, so we can write

Bϵ(η) := {η̃ ∈ D≤(R)|D(η, η̃) ≤ ϵ}. (6.2)
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With this definition in hand, we can formalize what we mean by an ϵ-covering of sufficient

reference frames in the following Lemma (see Appendix D.1.2 for proof), and upper-bound

the number of states in the covering.

Lemma 51. For every ϵ > 0, there exists an ϵ-covering of sufficient reference frames, i.e. a finite

set of reference frames Nϵ such that every state η on a sufficient surface of reference frames ∂D

lies within an ϵ-ball around some state in Nϵ. The cardinality of Nϵ is upper-bounded as

|Nϵ| ≤
(
1 +

1

ϵ

)d2−1

. (6.3)

The geometric intuition behind an ϵ-covering of sufficient reference frames is conveyed by the

illustration of Lemma 51 in Fig. 6.1.

Figure 6.1: An ϵ-covering of sufficient reference frames. The pale pink circle shows a surface
of sufficient reference frames enclosing the maximally mixed state, while the black dots form
ϵ-covering Nϵ such that every state on the surface is within an ϵ-ball of a state in Nϵ.

Throughout this section, we will find it easier to work with the exponentiation of the asymmetry

monotone Hη given by Fη(τ) := 2−Hη(τ), which provides equivalent constraints on the exis-

tence of a G-covariant transition from ρ to σ because ∆Fη(ρ, σ) := Fη(ρ) − Fη(σ) ≥ 0 implies

∆Hη(ρ, σ) := Hη(σ)−Hη(ρ) ≥ 0 and vice versa (see the end Appendix C.1 for details).

We first show that the function ∆Fη is continuous in η, and upper-bound how much ∆Fη can

vary within an ϵ-ball around η, in the following Lemma (see Appendix D.1.1 for proof).

Lemma 52. Given any input state ρ of system A, output state σ of system B, reference frame η

of system R with dim(R) = dim(B) := d and state η̃ ∈ Bϵ(η), we have that

|∆Fη̃(ρ, σ)−∆Fη(ρ, σ)| ≤ 2dϵ := r(ϵ). (6.4)
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We highlight that the continuity of ∆Fη(ρ, σ) in reference frame η implies the continuity of

∆Hη(ρ, σ) in η as well (see the end of Appendix D.1.1 for details).

Lemma 52 shows that, if ∆Fηk(ρ, σ) ≥ r(ϵ) on the single reference frame ηk in an ϵ-covering,

then ∆Fη(ρ, σ) ≥ 0 for all reference frames in the ϵ-ball around η. While ∆Fηk(ρ, σ) < 0 means

no G-covariant transformation is possible, if r(ϵ) ≥ ∆Fηk(ρ, σ) ≥ 0, then we can attempt to

boost ∆Fη(ρ, σ) to ∆Fη(ρ, σp) = ∆Fη(σ, σp) + ∆Fη(ρ, σ) by depolarising σ (we are guaranteed

∆Fη(σ, σp) ≥ 0 as partial depolarisation is G-covariant) until ∆(ρ, σp) ≥ r(ϵ). This line of

thinking leads to the following result (see Appendix D.1.3 for proof).

Theorem 53. Given any ϵ > 0, there is a finite set of reference frames N := {ηk}Nk=1 with

|N | ≤ (1 + 1
ε )
d2−1, where d is the dimension of the reference system, such that:

• if ∆Fηk(ρ, σ) < 0 for any ηk ∈ N then ρ→ σ is forbidden under G-covariant channels.

• if ∆Fηk(ρ, σ) ≥ r(ϵ) for all ηk ∈ N then ρ→ σ under a G-covariant quantum channel.

• For each ηk ∈ N where 0 ≤ ∆Fηk(ρ, σ) < r(ϵ) we obtain the lower bound

p ≥ r(ϵ)−∆Fηk(ρ, σ)

∆Fηk
(
σ, Id

) (6.5)

on the amount of depolarisation required to ensure ρ→ σp under a G-covariant channel.

Because r(ϵ) scales with output system dimension, generating sufficient depolarisation condi-

tions from a reasonable number of reference frames may only be practical in low-dimensional

systems. Therefore, instead of developing this line further here, we take a different approach

by exploiting the modes of asymmetry within a quantum system to identify sufficient depolari-

sation conditions that are independent of reference frame.

6.3 Technical background: modes of asymmetry

We begin with a brief technical overview on modes of asymmetry. Brilliant and much more

detailed exposition of this material can be found at e.g. Ref [125, 137].

6.3.1 The irreducible tensor operator (ITO) basis

The modes of asymmetry in a quantum system S are constructed in terms of an irreducible

tensor operator (ITO) basis for the representation of a finite or compact Lie group G on the set of
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bounded operators B(S). In this section, we introduce the definition of an ITO basis alongside

some of its basic properties.

Given any unitary operator U on HS , its associated super-operator U(·) := U(·)U † preserves

this inner product, so U can be thought of as a unitary acting on B(S). Therefore, a unitary

representation g → U(g) of a group G on HS induces a unitary representation g → Ug :=

U(g)(·)U †(g) of G on B(S) because we have

∀g1, g2 ∈ G : Ug1Ug2 = Ug1g2 . (6.6)

An ITO basis is any orthonormal basis for B(S) that places Ug into a block-diagonal form,

wherein every block is an irrep of G, and every copy of an irrep is represented by identical

matrix components.

Definition 54 (Irreducible Tensor Operator (ITO) basis). Let g → Ug be a unitary represen-

tation of a compact group G on the bounded operators B(S) of a quantum system S. Then Ug

can be decomposed as follows into distinct finite-dimensional irreducible representations (irreps)

labelled by λ,

Ug =
⊕
λ

(
U (λ)
g

)⊕αλ

(6.7)

where U (λ)
g is the λ-irrep of G and occurs αλ times in the irrep decomposition of Ug. We say that

a basis {X(λ,α)
j } for B(S) is an irreducible tensor operator (ITO) basis for the representation Ug

if its elements are orthonormal and satisfy

Ug
(
X

(λ,α)
j

)
=

dλ∑
i=1

U
(λ)
ij (g)X

(λ,α)
i , (6.8)

where U (λ)
ij (g) are complex matrix components for U (λ)

g , dλ is the dimension of the λ-irrep, and

the index α ∈ {1, . . . , αλ} accounts for the multiplicity of the λ-irrep.

We highlight a couple of important requirements that are implicit in the ITO basis Given any

two representations UAg on B(A) and UBg on B(B) of the same group G, where A and B could

be distinct quantum systems, the ITO basis elements for any irrep λ common to both represen-

tations must be chosen such that λ is represented by the same matrix elements U (λ)
ij (g) in both
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representations. Furthermore, two irreps are considered equivalent under the ITO formalism

if and only if they are related by a unitary similarity transformation, as ITO basis elements

must be orthonormal.

Before presenting some examples of ITO bases, we note that the irreps in Ug occur in pairs

related by complex conjugation. Given an ITO basis {X(λ,α)
j } for the representation Ug of

a compact G on the bounded operators B(S) for a quantum system S, one can identify an-

other orthonormal basis for B(S) by taking the Hermitian conjugate of the basis elements

to obtain {X(λ,α)†
j }. Because elements in the ITO basis that span the β-copy of the µ-irrep,

{X(λ=µ,α=β)
j }j=1,...,dµ , transform solely amongst each other under the group action according

to U (µ)(g), one can show that their Hermitian conjugates, {X(λ=µ,α=β)†
j }j=1,...,dµ , transform

solely amongst each other under the group action according to complex conjugate of U (µ)(g) as

Ug
(
X

(µ,β)
j

†
)

=
(
Ug
(
X

(µ,β)
j

))†
=

dµ∑
i=1

(
U

(µ)
ij (g)

)∗
X

(µ,β)
i

†
. (6.9)

It can be shown (see Appendix D.3.1) that U (µ)(g)∗ is also an irrep of G, and that the irreps

U (µ1)(g)∗ and U (µ2)(g)∗ are equivalent if and only if U (µ1)(g) and U (µ2)(g) are equivalent. This

implies {X(λ,α)†
j } constitutes another ITO basis for B(S), wherein {X(µ,β)†

j }j=1,...,dλ constitute

an orthonormal basis for a single copy of the unique irrep appearing in g → Ug that is equiva-

lent to U (µ)(g)∗, which we denote by µ∗.

6.3.1.1 Example: ITO basis for U(1) represented as time evolution by ladder Hamiltonian

Consider a quantum system S of dimension d whose Hamiltonian is a “ladder” of equally-

spaced energy levels, HS :=
∑d−1

n=0 n∆ |En⟩⟨En|. The time evolution of system S, given by

{Ut := e−iHt(·)eiHt|t ∈
[
0, 2π

lcm(1,...,d−1)

)
} wherein lcm(·) is the lowest common multiple func-

tion, is a unitary representation of the group U(1) on B(S).

Because U(1) is Abelian, its (complex) irreps must be one-dimensional [139]. If we evolve any

operator of the form |Ej⟩⟨Ek| with time, we find that

e−iHt |Ej⟩⟨Ek| eiHt = e−i(j−k)∆t |Ej⟩⟨Ek| , (6.10)

which implies that |Ej⟩⟨Ek| spans the subspace for a one-dimensional irrep we can label by
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λ := (j − k)∆. Since the set of such operators, {|Ej⟩⟨Ek| |j, k = 0, . . . , d − 1}, is a orthonormal

basis for B(S), it constitutes an ITO basis for the representation t→ Ut of U(1) on B(S).

The distinct irreps appearing in this representation are then determined by the range of values

(j − k) can take, i.e. we have λ ∈ {−(d− 1)∆, . . . ,−∆, 0,∆, . . . , (d− 1)∆}. The complex con-

jugate of irrep λ is −λ, because while |Ej⟩⟨Ek| transforms under Ut by picking up a factor of

e−iλt, its Hermitian conjugate |Ek⟩⟨Ej | transforms under Ut by picking up a factor of eiλt.

6.3.1.2 Example: ITO basis for SU(2) represented by arbitrary unitary evolution of a qubit

The possible unitary evolution a single qubit, given by {Un̂,θ|θ ∈ [0, π), n̂ ∈ R3 s. t. |n̂| = 1}

where Un̂,θ := e−iθn̂·S(·)eiθn̂·S for S being the vector of Pauli operators S := (X,Y, Z)T , is a

unitary representation of the group SU(2) on B(1). In the Bloch sphere, Un̂,θ rotates the Bloch

vector r for the quantum state ρ = 1

2 + 1
2r · S about the n̂ direction through angle θ.

Consider the orthonormal basis for B(1) formed by the Pauli operators 1√
2
{1, X, Y, Z}. Be-

cause U(1) = 1 for any unitary super-operator on B(1), we see that 1√
2

is the basis for a trivial

irrep of SU(2). From the Bloch sphere description, we can see that Un̂,θ is represented in the

basis 1√
2
{X,Y, Z} exactly as the rotation R(n̂, θ) about the n̂ direction for angle θ would be

represented in the basis provided by three orthonormal vectors x̂, ŷ and ẑ in 3D-space. There-

fore, just as the representation for the group of rotations SO(3) in 3D space is irreducible,

1√
2
{X,Y, Z} must also provide the basis for a three-dimensional irrep of SU(2).

Therefore, 1√
2
{1, X, Y, Z} is an ITO basis for B(1) under the representation Uθ,n̂ for SU(2). Both

irreps in this example are complex conjugate to themselves.

6.3.2 Constructing modes of asymmetry

The ITO basis is used to decompose any bounded operator into modes of asymmetry.

Definition 55 (Modes of asymmetry). Let
{
X

(λ,α)
j

}
be an ITO basis for the representation

g → Ug of a compact group G on the bounded operators B(S) of a quantum system S. Then we

can decompose any operator O ∈ B(S) into modes of asymmetry {Oλj } as

O =
∑
λ

dim(λ)∑
j=1

(∑
α

〈
X

(λ,α)
j , O

〉
X

(λ,α)
j

)
:=
∑
λ

dim(λ)∑
j=1

O
(λ)
j . (6.11)
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We will denote the set of modes of asymmetry present in a quantum state ρ by modes(ρ), and

similarly the set of modes of asymmetry that could be carried by any bounded operator in

B(S) for some quantum system S by modes(S).

A simple way of identifying the (µ, k) mode of asymmetry for a bounded operator O ∈ B(S)

for some quantum system S in the ITO basis
{
X

(λ,α)
j

}
is provided by the projector

P(µ)
k :=

∫
G
dg dim(µ)u

(µ∗)
kk (g) Ug (6.12)

on B(S), where u(µ
∗)

kk is the (k, k) matrix component (in the given ITO basis) for the µ∗ irrep

occurring in the representation g → Ug on B(S). Concretely, we have that (see Appendix D.2.1

for proof).

P(µ)
k (O) = O

(µ)
k . (6.13)

We conclude by remarking that distinct modes of asymmetry are orthogonal, i.e. given any

two bounded operators A and B in B(S), we have that

⟨A(λ)
j , B

(µ)
k ⟩ = δλ,µδj,k⟨A

(λ)
j , B

(µ)
k ⟩, (6.14)

(see Appendix D.2.2 for proof), which further implies

⟨A,B⟩ =
∑
λ,j

⟨A(λ)
j , B

(λ)
j ⟩. (6.15)

6.3.2.1 Example: modes of asymmetry for U(1) represented by time evolution of a qubit

Consider a qubit with two energy eigenstates |E0⟩ , |E1⟩ at distinct energies 0,∆ respectively. In

Section 6.3.1.1, we identified {|E0⟩⟨E0| , |E1⟩⟨E1| , |E0⟩⟨E1| , |E1⟩⟨E0|} as an ITO basis for U(1) as

represented by the time evolution of this qubit, from which we build the modes of asymmetry

λ = 0 : ρ(0) = ρ00 |E0⟩⟨E0|+ |E1⟩⟨E1| =⇒ Ut(ρ(0)) = ρ(0).

λ = ∆ : ρ(1) = ρ10 |E1⟩⟨E0| =⇒ Ut(ρ(1)) = e−i∆tρ(∆)

λ = −∆ : ρ(−1) = ρ01 |E0⟩⟨E1| =⇒ Ut(ρ(−∆)) = ei∆tρ(−∆).
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In the energy eigenbasis, the modes of asymmetry for a qubit state ρ can simply be read off its

density matrix for state ρ as

ρ =

 ρ00 ρ01

ρ10 ρ11

 , (6.16)

with the λ = 0 mode in blue, the λ = ∆ mode in green, and the λ = −∆ mode in red.

6.3.3 Properties of the modes of asymmetry

What makes modes of asymmetry such a useful construction for analysing state transitions

under a symmetry constraint is that they cannot be mixed under G-covariant channels.

Theorem 56 (Lemma 8 of Ref. [125]). Let ΦA→B be a covariant channel with respect to a

compact group G from input system A to output system B. Then given any state ρ and mode of

asymmetry (λ, j) of system A, we have that

ΦA→B

(
ρ
(λ)
j

)
= ΦA→B(ρ)

(λ)
j . (6.17)

This theorem implies that G-covariant channels eliminate modes of asymmetry that can be

present in the input state but not the output state. As a simple example, given two qubits

A and B with different gaps ∆A and ∆B between their two energy levels, the only mode of

asymmetry they share with respect to time-translation symmetry is λ = 0. Consequently, time-

symmetric transformations from A to B reduce to preparations of time-symmetric (i.e. free)

states onB. More generally, if ρA
G−→ σB for a compact groupG, then Modes(σB) ⫅ Modes(ρA).

Generalising from Example 6.3.1.2, we can see that, no matter which symmetry group G we

choose, its representation Ug on the bounded operators B(S) of a quantum system S necessarily

contains the trivial irrep because I transforms trivially under all group actions, i.e. Ug(I) =

I for all g. Throughout the rest of this chapter, we assign the label λ = 0 to the mode of

asymmetry in the subspace spanned by trivial irreps, which we will call the trivial mode of

asymmetry.

Noting that the trivial irrep is its own complex conjugate, we see from Eq. (6.12) that the pro-

jector for the trivial mode of asymmetry of an operator reduces to the G-twirl. In particular,
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given any operator OS ∈ B(S) of a quantum system S, we can write

O
(0)
S = G(OS). (6.18)

6.4 Modal conditions

We now derive simple and closed-form sufficient depolarisation conditions, one for each mode

of asymmetry, on G-covariant state conversions for compact symmetry groups whose multi-

dimensional irreps have no multiplicity. These include all compact Abelian groups (as their

complex irreps are always one-dimensional [139]) as well as important representations of non-

Abelian groups such as SU(2) on a spin-j system. For such representations, one can always

choose (see Appendix D.3.2 for proof) ITO bases satisfying the following two conditions, which

will turn out to be extremely useful throughout this section.

Lemma 57. Let ρ be the input state for a G-covariant state transition from a quantum system

S, and consider the representation Ug of a compact group G on B(S) whose multidimensional

irreps have no multiplicity. Then there exists an ITO basis {X(λ,α)
j } for Ug such that

1. corresponding basis elements of complex conjugate irreps are Hermitian conjugates of each

other. Thus one can write

X
(λ∗,α)
j = X

(λ,α)†
j . (6.19)

2. in every irrep λ, the input state ρ has at most a single non-zero mode of asymmetry, which

we label (λ, 0). Thus one can write

ρ
(λ)
j = δj,0ρ

(λ)
0 . (6.20)

Throughout the rest of this section, we assume ITO bases satisfying the conditions of Lemma

57. As concrete examples, we highlight that ITO bases presented in sections 6.3.1.1 and 6.3.1.2

both satisfy Equation 6.19.

We begin with the following Lemma from Ref. [36], which exploits the convexity of asymmetry

theory to frame the search for sufficient conditions on G-covariant state conversion in terms of

a family of G-covariant channels {Φη} indexed by every state η of the reference system.
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Lemma 58 ( [36]). Let ρ, σ, and η be quantum states on input system A, output system B, and

reference system R respectively, where dim(HR) = dim(HB). We have ρ G−→ σ if we can find a

family of G-covariant channels {Φη|η ∈ D(R)} from system A to B such that

∀η : ⟨η,Φη(ρ)⟩ ≥ ⟨η, σ⟩. (6.21)

The figure below provides an illustration of how Lemma 58 generates sufficient conditions for

G-covariant state conversion.

Figure 6.2: Graphical interpretation of Lemma 58. If, for a complete set of reference frame
states {η}, we construct some family of covariant protocols that transform from a state ρ to
Φη(ρ) that has a higher overlap with η than σ has with η, then it is possible to transform from
ρ to σ under a G–covariant channel.

We saw in Section 6.3.2 that distinct modes of asymmetry are orthogonal, and in Theorem 56

that G-covariant channels do not mix distinct modes of asymmetry in a quantum state. These

facts enable us to split the sufficient conditions in Lemma 58 by modes of asymmetry.

Corollary 3. Let ρ, σ and η be quantum states of systems A, B and R respectively, where

dim(HR) = dim(HB). We have that ρ G−→ σ if for any reference frame η, we can find a G-

covariant channel Φη from system A to B such that

∑
λ,j

〈
η
(λ)
j ,Φη(ρ)

(λ)
j − σ

(λ)
j

〉
=
∑
λ,j

〈
η
(λ)
j ,Φη

(
ρ
(λ)
j

)
− σ

(λ)
j

〉
≥ 0. (6.22)

6.4.1 Measure-and-prepare channels from the Pretty Good Measurement (PGM)

In this subsection, we extract slightly more practical sufficient conditions from Corollary 3

by choosing Φη to be a family of measure-and-prepare channels based on the Pretty Good
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Measurement (PGM) [138], which areG-covariant by construction. The PGM is a measurement

described by POVM elements {Mpgm(g)|g ∈ G} defined for an input state ρ as

Mpgm(g) := G(ρ)−
1
2Ug(ρ)G(ρ)−

1
2 = Ug(ρ), (6.23)

where we have introduced the notation ρ := G(ρ)−
1
2 ρG(ρ)−

1
2 . Concretely, we choose Φη to be

Φηpgm(ρ) :=

∫
G
dg Tr[Mpgm(g)ρ]Ug(τ(η)) (6.24)

for some state τ(η) dependent upon η. This channel can be interpreted as performing the PGM

and preparing the state Ug(τ(η)) upon obtaining the g, and is G-covariant because given any

group element g′, we have that

Φηpgm ◦ Ug′(ρ) =
∫
G
dg Tr

[
Mpgm(g)U(g′)ρU †(g′)

]
Ug(τ(η))

=

∫
G
dg Tr

[
U †(g′)Mpgm(g)U(g′)ρ

]
Ug(τ(η))

=

∫
G
dg Tr

[
Mpgm(g

′−1g)ρ
]
Ug(τ(η))

=

∫
G
dg Tr[Mpgm(g)ρ]Ug′g(τ(η))

=

∫
G
dg Tr[Mpgm(g)ρ]Ug′ ◦ Ug(τ(η))

= Ug′
[∫

G
dg Tr[Mpgm(g)ρ]Ug(τ(η))

]
= Ug′ ◦ Φηpgm(ρ). (6.25)

By restricting Φη to PGM measure-and-prepare channels Φηpgm in Corollary 3, we replace the

search for a G-covariant channel at every reference frame η with the following easier search

for a state τ(η) (see proof in Appendix D.3.3).

Lemma 59. Let ρ, σ and η be quantum states of systems A, B and R respectively, where we

have dim(HR) = dim(HB). Given a symmetry group G whose multidimensional irreps have

no multiplicity, we have ρ G−→ σ if for any reference frame η, we can find a state τ(η) such that

∑
λ,j

〈
η
(λ)
j , f

(λ)
j (ρ)τ(η)

(λ)
j − σ

(λ)
j

〉
≥ 0, (6.26)

where we have introduced f (λ)j (ρ) := 1
dλ

〈
ρ
(λ∗)
j , ρ

(λ∗)
j

〉
.
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We note in passing that the quantity f (λ)j (ρ) can be related to the Sandwiched α–Rényi diver-

gence Dα(ρ||σ) for two states ρ, τ of a quantum system, which is defined as [16, 91]

Dα(ρ||τ) :=
1

α− 1
log Tr

[
τ

1−α
2α ρτ

1−α
2α

]α
, (6.27)

whenever the support of ρ lies in the support of τ , and is infinite otherwise. Focussing on

α = 2 and extending the domain of the first argument to all linear operators as

D2(X||τ) := log Tr

[(
τ−

1
4Xτ−

1
4

)† (
τ−

1
4Xτ−

1
4

)]
, (6.28)

we can relate f (λ)j (ρ) to the α = 2 Sandwiched Rényi entropy as

log f
(λ)
j (ρ) = D2

(
ρ
(λ)
j

∣∣∣∣∣∣G(ρ))− log dλ. (6.29)

6.4.2 General sufficient conditions for G-covariant state conversion

As they stand, the sufficient conditions of Lemma 59 seem no easier to apply than the complete

entropic conditions provided by Theorem 42, as Lemma 59 similarly has one condition for each

reference frame and therefore an infinite set of conditions overall. In this subsection, we show

that it is possible to choose τ(η) such that the dependence on η in Lemma 59 disappears, and

we extract modal sufficient conditions for G-covariant state conversion that depend purely on

the properties of the input and output states.

We begin with the following Lemma, for which a proof can be found in Appendix D.3.5.

Lemma 60. Let ρ, σ and η be quantum states of systems A, B and R respectively, where we

have dim(HR) = dim(HB). Furthermore, let us define components for states η, τ(η) and σ

in the ITO basis {X(λ,α)
j } of system B as n(λ,α)j := ⟨X(λ,α)

j , η⟩, t(λ,α)j := ⟨X(λ,α)
j , τ(η)⟩ and

s
(λ,α)
j := ⟨X(λ,α)

j , σ⟩ respectively. Given a symmetry group G whose multidimensional irreps

have no multiplicity, we have that ρ G−→ σ if for any reference frame η, we can find a state τ(η) of

system B such that

∀(λ, α, j) :


f
(λ)
j (ρ)t

(λ,α)
j = s

(λ,α)
j or

f
(λ)
j (ρ)

∣∣∣t(λ,α)j

∣∣∣ ≥ ∣∣∣s(λ,α)j

∣∣∣ and arg(t
(λ,α)
j ) = arg(n

(λ,α)
j ).

(6.30)
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The main proof idea behind this Lemma is effectively to make the sufficient conditions in

Lemma 59 stricter by insisting that they apply for individual modes of asymmetry, i.e. de-

manding that for every reference frame η, we find a state τ(η) such that

∀(λ, j) ∈ modes(B) :
〈
η
(λ)
j , f

(λ)
j (ρ)τ(η)

(λ)
j − σ

(λ)
j

〉
≥ 0, (6.31)

and then showing that each such condition is met if τ(η) has ITO basis components satisfying

the conditions stated in Eq. (6.30).

The sufficient conditions in Lemma 60 are nearly η-independent – the only place where η ap-

pears is in the arguments of ITO basis components for τ(η) in the second case of Eq. (6.30).

By choosing the magnitudes of ITO basis components on τ(η) to ensure that it remains a valid

quantum state regardless of the arguments on those components, we arrive at the following

Theorem, for which a proof is provided in Appendix D.3.6.

Theorem 61. Let ρ and σ be two states of systems A and B respectively. Given a symmetry

group G whose multidimensional irreps have no multiplicity, we have ρ G−→ σ if

∀λ ̸= 0 :


µminn

−1f
(λ)
j (ρ) ≥ g

(λ)
j (σ) for j = 0

σ
(λ)
j = 0 for j ̸= 0.

(6.32)

where we have defined g(λ)j (σ) :=
∑

α

∣∣∣⟨X(λ,α)
j , σ⟩

∣∣∣ for the ITO basis {X(λ,α)
j } of systemB, µmin

as the smallest eigenvalue of G(σ), and n as the number of distinct non-trivial irreps appearing

in the representation of G on B(B).

Because we have made a choice of ITO basis such that ρ(λ)j = δj,0ρ
(λ)
0 , the condition in Eq. (6.32)

on the non-trivial mode of asymmetry (λ ̸= 0, j ̸= 0) is a manifestation of the fact that

Modes(σ) ⊆ Modes(ρ) is a necessary condition for a G-covariant state transition from ρ to

σ, as discussed in section 6.3.3.

6.4.3 Sufficient depolarisation conditions for G-covariant state transitions

We now substitute the output state σ in Theorem 61 by σp to identify the minimum depo-

larisation sufficient to guarantee a G-covariant state transition from the input state ρ. As the

maximally mixed state is symmetric and therefore only contains the trivial mode of asymmetry
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by Eq. (6.18), we can decompose σp into modes of asymmetry as follows

σp =

(
p
I

d
+ (1− p)G(σ)

)
+ (1− p)

∑
λ̸=0,j

σ
(λ)
j . (6.33)

Denoting the smallest eigenvalue of G(σ) by µmin as previously done, we see from Eq. (6.33)

that the smallest eigenvalue of G(σp) is (1− p)µmin+
p
d and that the (λ ̸= 0, j) non-trivial mode

of asymmetry for σp is simply (1−p)σ(λ)j , which further implies g(λ)j (σp) = (1−p)g(λ)j (σ) when

λ ̸= 0. Using these to substitute σp for σ in Eq. (6.32), we obtain the following theorem.

Theorem 62. Let ρ and σ be two states of systems A and B respectively, and p ∈ [0, 1] be a

depolarisation probability. Given a symmetry group G whose multidimensional irreps have no

multiplicity, there exists a G-covariant channel transforming ρ to σp := (1− p)σ+ p Id , where d

is the dimension of the output system B, if

∀λ ̸= 0 :


n−1

(
µmin +

p
d(1−p)

)
f
(λ)
j (ρ) ≥ g

(λ)
j (σ) for j = 0

(1− p)σ
(λ)
j = 0 for j ̸= 0

(6.34)

where we have defined g(λ)j (σ) :=
∑

α

∣∣∣⟨X(λ,α)
j , σ⟩

∣∣∣ for the ITO basis {X(λ,α)
j } on B(B), µmin

as the smallest eigenvalue of G(σ), and n as the number of distinct non-trivial irreps appearing

in the representation of G on B(B).

In the case where µmin = 0, we note that Theorems 61 and 62 can be slightly strengthened by

applying them to an output system B′ formed by truncating HB to the support of G(σ) instead

of B, because such a truncation has no impact on whether ρ G−→ σ is possible (see Appendix

D.4 for proof). We now examine the performance of these sufficient depolarisation conditions

in a couple of simple examples.

6.4.3.1 Example: SU(2) represented by unitary channels of a qubit

In Example 6.3.1.2, the representation of SU(2) by unitary qubit channels on B(1) decomposes

into a single copy of the trivial irrep, spanned by the ITO basis element 1√
2
, and a single copy of

a three-dimensional irrep spanned by ITO basis elements 1√
2
{X,Y, Z}, which we will label by

λ = 3. We now apply Theorem 62 to identify the minimum depolarisation needed to transform

an input state ρ to an output state σ of the same qubit under a unitarily covariant channel.
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We first choose an ITO basis that satisfies the requirements of Lemma 57. All elements of the

ITO basis presented in the last paragraph are Hermitian. Because each irrep in this representa-

tion of SU(2) was shown to be its own complex conjugate in Example 6.3.1.2, this basis already

satisfies the first requirement of Lemma 57. All that remains is to “rotate” the ITO basis for the

λ = 3 irrep until its first element points along the Bloch vector of the input state. Formally,

we can denote the Bloch vector of the input state ρ by rρ, and select three pairwise orthogo-

nal vectors {r̂ρ, n̂1, n̂2} in 3D space, where r̂ρ is a unit vector in the direction of rρ. One can

straightforwardly verify that

1√
2
∪ 1√

2
{r̂ρ · S, n̂1 · S, n̂2 · S}, (6.35)

where S := (X,Y, Z)T is the vector of non-trivial Pauli operators, is an ITO basis that satisfies

both conditions laid out in Lemma 57.

We now apply Theorem 62 in our chosen ITO basis, and use rσ to denote the Bloch vector of

the output state σ. There are now two possibilities:

Case I: rσ is not parallel to rρ. The (λ = 3, j = 1, 2) conditions in Eq. (6.34) force the minimum

sufficient depolarisation to be 1.

Case II: rσ is parallel to rρ. In this case we can write

rσ = γrρ (6.36)

for some real number γ. This immediately satisfies the (λ = 3, j = 1, 2) conditions in Eq. (6.34),

so we turn to the (λ = 3, j = 0) condition. Noting that G(ρ) = 1

2 , we calculate

f3r̂ρ(ρ) =
1

3
Tr

[√
21

1

2
(rρ · S)

√
21

1

2
(rρ · S)

]
=

1

3
r2ρ. (6.37)

Since G(σ) = 1

2 , we further have µmin = 1
2 . Finally noting that Eq. (6.36) implies g3r̂ρ =

|γrρ|√
2

, we

substitute all these values into the (λ = 3, j = 0) condition of Eq. (6.34) to obtain the following

lower bound on sufficient depolarisation:

|rρ|
3
√
2
≥ (1− p)|γ| ⇐⇒ p ≥ |rρ|

|γ|3
√
2
. (6.38)
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Ref. [140] established the following necessary and sufficient condition on the existence of a

unitarily covariant transition in a qubit from an input state ρ with Bloch vector rρ to an output

state σ with Bloch vector rσ:

rσ = γrρ where γ ∈
[
−1

3
, 1

]
. (6.39)

Combining cases I and II (for which we note that σp = 1

2 + 1
2(1− p)γrρ · S), we see that under

Theorem 62, ρ can be transformed into the depolarised output state σp with Bloch vector rσp if

rσp = γprρ where γp ∈
[
− |rρ|
3
√
2
,
|rρ|
3
√
2

]
. (6.40)

As |rρ| ≤ 1, this falls within the full range given by Eq. (6.39) and offers particularly good

coverage when the input state is pure.

6.4.3.2 Example: U(1) represented by time evolution of a (non-degenerate) qubit

Letting |E0⟩ and |E1⟩ respectively denote the ground and excited states of a non-degenerate

qubit, we saw in Example 6.3.2.1 that the representation of U(1) on B(1) as the time evolution

of this qubit decomposes into two copies of the trivial irrep, spanned by ITO basis elements

|E0⟩⟨E0| and |E1⟩⟨E1|, one copy of the irrep labelled λ = ∆, spanned by the ITO basis element

|E1⟩⟨E0|, and one copy of its complex conjugate labelled λ = −∆, spanned by the ITO basis

element |E0⟩⟨E1|. This choice of ITO basis already satisfies both requirements in Lemma 57.

Figure 6.3: General depolarisation conditions for state transitions covariant with time evo-
lution in a (non-degenerate) qubit. The black dot shows the initial qubit state ρ = |+⟩⟨+|. The
large blue shaded region (SDP) defines the full set of output qubit states that can be reached
under G-covariant channels as determined in Ref [133], while the smaller pink shaded region
(SC) overlapping this shows the region given by the conditions of Theorem 62.

Given an input state ρ and desired output state σ in our non-degenerate qubit, we now apply
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Theorem 62 in our chosen ITO basis to find a depolarisation sufficient for ρ to transform into

σ under a time-symmetric channel. Parameterising states of the non-degenerate qubit in the

energy eigenbasis as shown in Eq. (5.22), we can write G(ρ) = pρ |E0⟩⟨E0| + (1 − pρ) |E1⟩⟨E1|

and recall from Example 6.3.2.1 that ρ(∆) = cρ |E1⟩⟨E0| = ρ(∆)†. We can then calculate that

f (∆) =
|cρ|2√

(1− pρ)pρ
= f (−∆). (6.41)

as well as

g(∆)(σ) = |Tr[|E1⟩⟨E0|σ]| = |cσ| = |Tr[|E0⟩⟨E1|σ]| = g(−∆)(σ). (6.42)

Substituting all this back into Eq. (6.34), we obtain

1

2

(
|cρ|2√

(1− pρ)pρ

)
≥ |cσ|

min{pσ, 1− pσ}+ p
2(1−p)

(6.43)

whose performance we plot for the example input state |+⟩ in Figure 6.3.

6.4.4 Sufficient depolarisation conditions for identical input and output systems

When the input and output systems are the same, we can use the fact that the identity channel

is now G-covariant to strengthen Theorem 61. Concretely, one can, without loss of generality,

replace the covariant channel Φη in Lemma 58 with (1 − q)id + qΦη, where q is a probability

and id is the identity channel. The sufficient conditions of Lemma 58 then become identifying

a family of G-covariant channels {Φη} indexed by every reference frame η such that

(1− q)⟨η, ρ⟩+ q⟨η,Φη(ρ)⟩ ≥ ⟨η, σ⟩ for all η and any q ∈ [0, 1], (6.44)

which can be rearranged as

⟨η, qΦη(ρ)⟩ ≥ ⟨η, (σ − (1− q)ρ)⟩ for all η and any q ∈ [0, 1]. (6.45)

Defining

σ(q) := σ − (1− q)ρ (6.46)
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for any q ∈ [0, 1], we can express Eq. (6.45) more compactly as

⟨η, qΦη(ρ)⟩ ≥ ⟨η, σ(q)⟩ for all η and any q ∈ [0, 1], (6.47)

which can be obtained from the original sufficient conditions in Lemma 58 by the substitution

Φη → qΦη and σ → σ(q). By pursuing the impact of this substitution across the proof of

Theorem 61, we can specialise it to the case where the input and output systems are identical

(see Appendix D.3.7 for proof).

Theorem 63. Let ρ and σ be states of system S and let p ∈ [0, 1] be a depolarisation probability.

Given a symmetry group G whose multidimensional irreps have no multiplicity, we have that

ρ
G−→ σp := (1− p)σ + p Id if σp = ρ or if there exists a probability q ∈ (q∗, 1] such that

∀λ ̸= 0 :


µmin(q)n

−1f
(λ)
j (ρ) ≥ g

(λ)
j (σp(q)) for j = 0

(1− p)σ
(λ)
j = 0 for j ̸= 0.

(6.48)

where we have defined σp(q) := σp − (1 − q)ρ, q∗ := min{q ∈ [0, 1] : G(σp(q)) ≥ 0},

g
(λ)
j (σp(q)) :=

∑
α

∣∣∣⟨X(λ,α)
j , σp(q)⟩

∣∣∣ for the ITO basis {X(λ,α)
j } on B(S), µmin(q) as the small-

est eigenvalue of G(σp(q)), and n as the number of distinct non-trivial irreps in the representation

of G on B(S).

Once again, we examine the performance of these sufficient conditions for simple examples.

6.4.4.1 Example: SU(2) represented by unitary evolution of a qubit

Using the ITO basis and calculations developed in Example 6.4.3.1, we once again find two

possibilities.

Case I: rσ is not parallel to rρ. The (λ = 3, j = 1, 2) conditions in Eq. (6.34) force the minimum

sufficient depolarisation to be 1.

Case II: rσ is parallel to rρ. In this case, we can write

rσ = γrρ (6.49)

for some real number γ. This immediately satisfies the (λ = 3, j = 1, 2) conditions in Eq. (6.34),
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so we turn to the (λ = 3, j = 0) condition, which becomes

∃q ∈ [q∗, 1] : µmin(q)

(
1

3
r2ρ

)
≥ 1√

2
|(1− p)γrρ − (1− q)rρ|. (6.50)

Since G(τ) = 1

2 for any state τ , we have that G(σp(q)) = q 12 , so µmin(q) = q
2 , which implies

q∗ = 0. Substituting this into Eq. (6.50), we obtain the sufficient condition

∃q ∈ [0, 1] : q

(
|rρ|
3
√
2

)
≥ |(1− p)γ − (1− q)|. (6.51)

We note that

rσ = γrρ → σp =
1

2
+

1

2
(1− p)γrρ · S. (6.52)

We first consider the scenario where γ ≥ 0. When (1 − p)γ < 1, we can always choose a

probability q such that (1−q) = (1−p)γ, which immediately satisfies Eq. (6.51). At (1−p)γ = 1

exactly, we see by Eq. (6.52) that we simply have σp = ρ. However, when (1 − p)γ > 1, we

cannot find any probability satisfying Eq. (6.51), because if such a probability q were to exist, it

would always make the part on which the absolute is taken on the right hand side of Eq. (6.51)

positive, which implies

q

(
|rρ|
3
√
2

)
> (1− p)γ − (1− q)

=⇒ q

(
|rρ|
3
√
2

)
+ (1− q) > (1− p)γ

=⇒ q + (1− q) > q

(
|rρ|
3
√
2

)
+ (1− q) ≥ (1− p)γ

=⇒ 1 > (1− p)γ (6.53)

contradicting the initial assumption of (1−p)γ > 1. We therefore conclude by Theorem 63 that

when γ ≥ 0, we have ρ G−→ σp if (1− p)γ ≤ 1.

We next consider the case where γ < 0, which implies that the part inside the absolute on the
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right hand side of Eq. (6.51) must be non-positive, so we obtain the sufficient condition

∃q ∈ [0, 1] :q

(
|rρ|
3
√
2

)
≥ (1− q)− (1− p)γ = (1− q) + (1− p)|γ|

=⇒ q

(
|rρ|
3
√
2
+ 1

)
≥ 1 + (1− p)|γ| (6.54)

Choosing q = 1 to maximise the LHS, we obtain the sufficient condition

|rρ|
3
√
2
≥ (1− p)|γ|. (6.55)

Putting everything together, Theorem 63 certifies that ρ
SU(2)−−−→ σp if

rσ = γrρ and (1− p)|γ| ≤


1 if γ ≥ 0

|rρ|
3
√
2

otherwise.
(6.56)

By Eq. (6.52), the conditions in Eq. (6.56) are equivalent to saying that ρ can be transformed

into the depolarised output state σp with Bloch vector rσp in a unitarily covariant way if

rσp = γprρ where |γ| ∈
[
− |rρ|
3
√
2
, 1

]
. (6.57)

We see that Eq. (6.57) outperforms the range of accessible states identified by depolarisation

conditions that do not account for the input and output systems being the same in Eq. (6.40),

because we recovered all partially depolarised ρ as unitarily accessible from ρ.

6.4.4.2 Example: U(1) represented by time evolution of a (non-degenerate) qubit

In Figure 6.4, we plot the range of time-covariantly accessible states from a fixed input state

ρ according to the sufficient conditions in Theorem 63. Comparison to 6.3 similarly indicates

that Theorem 63 provides more powerful sufficient conditions than Theorem 62.

6.4.5 Concluding Remarks

In Part III of this thesis, we have shown that the first complete set of asymmetry monotones

identified by Ref. [36], given by the single-shot conditional min-entropy evaluated on the in-

put/output state prepared relative to every possible state on a spontaneously emerging ref-
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Figure 6.4: Depolarisation conditions for state transitions covariant with time evolution
in a (non-degenerate) qubit, accounting for the input and output system being the same.
The black dot shows an initial qubit state ρ with Bloch vector r := (12 , 0,

1
2). The large blue

shaded region (SDP) defines the full set of output qubit states that can be reached under time-
symmetric channels as determined in Ref [133]. The smaller pink shaded region (SC) overlap-
ping this shows the region given by the conditions given in Theorem 63. (Note that despite
appearances the boundary of the SDP region is not linear, but curves outwards.)

erence system, are highly redundant. In general, one need only consider reference frames on

any surface enclosing the maximally mixed state, so we could reduce the original infinite set

of monotone conditions on G-covariant state transitions to a single local minimality condition.

The fact that all asymmetry properties of a quantum system can be captured relative to refer-

ence frames with arbitrarily small modes of asymmetry suggests a deeper description in terms

of differential geometry, at least when allowing a small amount of noise in transitions would

smooth out conical singularity issues such as those discussed at the end of Chapter 5. We

expect this description to take the form of a Fisher-like information [125, 30, 34]. In partic-

ular, it would be interesting to see whether one can replace Hmin(R|A) with the conditional

von-Neumann entropy H(R|A), which would allow explicit analytic computations.

Applying the single minimality condition for asymmetry obtained in Chapter 5 presents great

technical challenges. Therefore, in Chapter 6, we allow noise to affect transitions and thereby

extract two finite sets of sufficient conditions on how far the output state should be depolarised

to make a G-covariant transition possible. The two sets of sufficient depolarisation conditions

respectively rely on ϵ-smoothing of the reference frames and the separation of modes of asym-

metry under G-covariant transitions. However, while the ϵ-smoothing conditions may only be

practical for low-dimensional systems, the modal conditions are restricted to (representations

of) symmetry groups whose multidimensional irreps have no multiplicity.

Nevertheless, the modal sufficient depolarisation conditions are very easy to compute and, in

simple examples, provide decent coverage of the entire set of G-covariantly accessible states
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from a fixed initial state ρ. By considering different families of G-covariant channels than the

PGM measure-and-prepare schemes used in Chapter 6, we anticipate that the modal sufficient

depolarisation conditions can almost certainly be improved upon. In particular it would be

exciting to see whether one can make choices that lift the restriction to (representations of)

groups with multiplicity-free multidimensional irreps.

Beyond this, a range of other interesting questions exist. For example we have not exploited

the duality relations [131, 141] between Hmin(R|A) and the single-shot quantum conditional

min-entropy Hmax(R|S), where S is a purifying system for the state ΩRA. For example, for the

case of time-translation symmetry the joint purified state admits two notable forms. The first

is an energetic form:

ΩRAS =
∑
E

√
p(E) |φ(E)⟩RA ⊗ |E⟩S (6.58)

obtained from considering ΩRA = G(ηR ⊗ ρA) =
∑

E Π(E)(ηR ⊗ ρA)Π(E) as an ensemble of

states over energy sectors, Π(E) being the projector onto the energy E subspace of RA. While

the second is a temporal form, given by

ΩRAS =

∫
dt |ϕ(t)⟩RAS , (6.59)

with |ϕ(t)⟩RAS being a purification of Ut(ηR)⊗ Ut(ρA). It would be of interest to explore these

two forms and also their connection to entropic uncertainty relations. In particular, as Hmax

has been identified as the correct information measure for the causal development of a spatial

region [123], we hope that exploiting its duality relations with Hmin might allow the character-

isation of quantum reference frames in terms ofHmin continued in this work to feed into future

research on quantum gravity.

Finally, it would also be valuable to see how the explicit conditions given by Theorem 62 and

Theorem 63 could be used in concrete settings, such as for covariant quantum error-correcting

codes [105, 103, 106], thermodynamics [36] or metrology [101]. Moreover, the method of con-

structing these conditions can certainly be improved upon by using more detailed covariant

protocols.
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Chapter 7

Summary of results

This thesis has built on and contributed to the characterisation, within a resource-theoretic

framework, of properties in quantum systems that can be harnessed for information-processing.

We have focussed in particular on properties described by generalised quantum entropies in

the resource theories of magic and asymmetry, wherein we have considered speakable and un-

speakable resources in tasks that are narrow and practical as well as general and foundational

in scope. The theme of resource theories unify the two research directions making up this the-

sis, which are respectively the identification of constraints on magic distillation arising from its

representation as statistical mechanics on quasiprobability distributions, and the identification

of finite sets of conditions on when a state transition can occur under a (compact) symmetry

constraint. We now summarise the main results from each part of the thesis in turn.

Part I of this thesis concerns magic distillation, a central component of fault-tolerant quantum

computing via magic state injection that was first experimentally demonstrated in December

2024 [19]. In Chapter 3, our main result extends a statistical mechanics framework developed

in Ref. [27] for magic distillation on qudits of odd prime dimension to the technologically

more important case of qubits. This framework recasts qubit computing by state injection

in a phase-space setting that respects the sequential and parallel composition of processes,

wherein stochastic transformations representing fault-tolerant channels process quasiproba-

bility distributions representing quantum states, and induce a pre-order on such distributions

that is captured by a dense subset of α-Réyni entropies. In Chapter 4, we apply these abstract

resource-theoretic tools to establish fundamental bounds on the performance of real-world

magic distillation protocols, in particular on those based on projection onto CSS codes. Our
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main result consists of analytic trade-off relations between parameters governing the perfor-

mance of such protocols, including input and output error rates, success probability and code

parameters. These trade-off relations may be instructive for designing protocols with opti-

mised parameters.

Part II of this thesis concerns restrictions imposed by compact symmetries on quantum state

transitions. In Chapter 5, we show that the first complete but infinite set of asymmetry mea-

sures [36], given by quantum conditional min-entropies capturing the strength of correlations

between the input/output state and all possible states of a reference system, possess extensive

redundancies. This work continues the characterisation of quantum reference frames in terms

of single-shot entropies begun in Ref. [36], and we hope that this combination of tools of active

interest in recent quantum gravity research can contribute to future work in that area. Our

main result establishes that one need only consider entropic measures produced by reference

frames that are arbitrarily close to symmetric, from which we obtain a single minimality condi-

tion that completely determines whether a state transition can occur under a given symmetry

constraint. As this condition is rather technically intractable, we weaken the demand for exact

state transitions in Chapter 6. Our main result is a finite set of closed-form sufficient conditions

on the depolarisation of the output state needed to ensure a state transition that respects any

symmetry group whose multidimensional irreps have no multiplicity. All Abelian groups as

well as important representations of non-Abelian groups such as SU(2) on a spin-j system fall

under the scope of this result.
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Appendix A

Appendices to Chapter 3

A.1 Characterisation of stabilizer groups (proof of theorem 5)

We begin with the characterisation of stabilizer groups provided by the following Lemma.

Lemma 64. A subgroup S of the n-qubit Pauli group Pn is a stabilizer group if and only if −I /∈ S,

which further implies that the order of S is related to the dimension of its stabilized subspace HS as

|S| dim(HS) = 2n.

Proof. We begin by assuming that −I /∈ S, from which we will prove that S is a stabilizer

group. To do so, we first need to define the operator

Π :=
1

|S|
∑
P∈S

P. (A.1)

The unitarity of Pauli operators, as well as the group property of S, allow us show that

Π† =
1

|S|
∑
P∈S

P † =
1

|S|
∑
P∈S

P−1 = Π. (A.2)

The group property of S further enables us to show that

Π2 =
1

|S|2
∑
P∈S

P

(∑
P ′∈S

P ′

)
=

1

|S|2
∑
P∈S

(∑
P ′′∈S

P ′′

)
=

1

|S|2
|S|

(∑
P ′′∈S

P ′′

)
= Π, (A.3)

where P ′′ := PP ′. When we put these two equations together, we can conclude that Π is a

projective operator, and can therefore define a subspace HΠ in the Hilbert space of n qubits, Hn,
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which forms the space that Π projects onto. The dimension of this subspace is

dim(HΠ) = Tr[Π] =
1

|S|
∑
P∈S

Tr[P ]. (A.4)

Because X,Y and Z are traceless, every Pauli operator except for ±I and ±iI is also traceless.

Since S is a group, I must be a member of S. However, since (±iI)2 = −I , the assumption

−I /∈ S implies ±iI /∈ S. Therefore, the only member of S that can contribute to the above sum

is I , and we conclude that

dim(HΠ) =
1

|S|
Tr[I] =

2n

|S|
, (A.5)

which implies HΠ cannot be empty. Now given any vector |ψ⟩ ∈ HΠ and any element P ∈ S,

we have that

Π |ψ⟩ = PΠ |ψ⟩ =

(
1

|S|
P
∑
P ′∈S

P ′

)
|ψ⟩ =

(
1

|S|
∑
P ′′∈S

P ′′

)
|ψ⟩ = Π |ψ⟩ = |ψ⟩ , (A.6)

where once again P ′′ := PP ′, and we used the group property of S in the second equality.

From the above equation, we see that any |ψ⟩ ∈ HΠ lies in HS, and therefore HΠ ⫅ HS. We

thus conclude that HS is not empty, so S is a stabilizer group.

We now assume that S is a stabilizer group, from which we will prove that −I /∈ S. Since HS,

the Hilbert space stabilized by S, is not empty in this case, we can consider a non-zero vector

|ψ⟩ ∈ HS. If −I ∈ S, then −I |ψ⟩ = |ψ⟩, which produces the contradiction that |ψ⟩ must be the

zero vector. We therefore conclude that −I /∈ S.

We have now proven that S is a stabilizer group if and only if −I /∈ S, and will conclude

by showing why this implies the relationship between the order S and the dimension of its

stabilized subspace given in the lemma. Let us consider an arbitrary vector |ψ⟩ ∈ HS. Then

Π |ψ⟩ = 1

|S|
∑
P∈S

P |ψ⟩ = 1

|S|
∑
P∈S

|ψ⟩ = |ψ⟩ , (A.7)

which implies |ψ⟩ ∈ HΠ for any |ψ⟩ ∈ HS, and therefore HS ⫅ HΠ. Since we had already shown

that S is a stabilizer group if and only if −I /∈ S, and furthermore that −I /∈ S implies HΠ ⫅ HS,

we conclude that HΠ = HS. By substituting this equality into Eq. (A.5), we immediately
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conclude that |S| dim(HS) = 2n.

We next verify some more basic properties of stabilizer groups.

Lemma 65. Every stabilizer group is an Abelian group of Pauli observables.

Proof. Let S be a stabilizer group. Because Pauli operators that are not an observable cannot

stabilize the non-zero state vectors that exist by definition in the stabilized subspace of S, every

element of S must be a Pauli observable. We now prove that S is Abelian by contradiction. If S

were not Abelian, then by Lemma 3, it must contain two non-trivial Pauli observables P and P ′

that anti-commute, i.e. PP ′ = −P ′P , which implies (PP ′)PP ′ = (−P ′P )PP ′ = −I ∈ S by the

group property of S and the fact that every non-trivial Pauli observable is of order 2. Since this

contradicts S being a stabilizer group by Lemma 64, we conclude that S must be Abelian.

A finite Abelian group S generated by a set of m commuting, independent and non-trivial

generators G := {g1, . . . , gm}, each of which has order 2, can be characterised as

S = {gb11 . . . gbmm |b1, . . . , bm ∈ {0, 1}}. (A.8)

Because each bi is a bit and all the generators commute, this characterisation is equivalent to

the set for products of elements in all possible subsets of G, so we can write

S =

∏
gi∈X

gi

∣∣∣∣X ∈ P (G)

 , (A.9)

where P (G) is the power set (i.e. set of all subsets) of G.

With the above lemmas and discussion in hand, we are now in a position to prove Theorem 5.

Theorem 5. A subgroup S of the n-qubit Pauli group Pn is a stabilizer group if and only if it is

an Abelian group generated by a set of n ≥ m ≥ 0 commuting, independent and non-trivial Pauli

observables such that −I /∈ S (with m = 0 corresponding to S being the trivial group). The stabilized

subspace HS of S then has dimension dim(HS) = 2n−m.

Proof. We begin by assuming S is a stabilizer group and proving the forward direction. By

Lemma 65, we immediately conclude that S is either trivial or generated from a set of m ≥ 1

independent and non-trivial Pauli observables G := {g1, . . . , gm} that commute. Since ev-

ery non-trivial Pauli observable has order 2, we can alternatively characterise S as shown in
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Eq. (A.8) and Eq. (A.9). By Lemma 64, we know that −I /∈ S, so the characterisation of S given

in Eq. (A.9) demonstrates that −I is not a product of elements from any subset in G. Further-

more, the characterisation given of S given in Eq. (A.8) also implies |S| = 2m. Together with

Lemma 64, we arrive at dim(HS) = 2n−m, which places an upper bound n ≥ m on m.

In the reverse direction, we have that S is either trivial or we can begin immediately with the

alternative characterisation of S in Eq. (A.9), from which we see that −I not being the product

of elements in any subset of G implies −I /∈ S. By Lemma 64, S is a stabilizer group.

A.2 Properties of the Wigner representation of qubit states

We begin with a few remarks on the displacement operators defined in Eq. (3.11). Because

XZ = −ZX , these displacement operators satisfy the commutation relation

DuDv =
n⊗
i=1

Z(uz)iX(ux)iZ(vz)iX(vx)i

=
n⊗
i=1

(−1)(ux)i(vz)iZ(uz)iZ(vz)iX(ux)iX(vx)i

=
n⊗
i=1

(−1)((ux)i(vz)i+(uz)i(vx)i)Z(vz)iX(vx)iZ(uz)iX(ux)i = (−1)[u·v]DvDu. (A.10)

Furthermore, the displacement operators are unitary:

DuD
†
u =

n⊗
i=1

Z(uz)iX(ux)iX(ux)iZ(uz)i = I =
n⊗
i=1

X(ux)iZ(uz)iZ(uz)iX(ux)i = D†
uDu. (A.11)

A.2.1 Properties of qubit phase-point operators (proof of 12)

We note that A0 can also be cast into the form A0 = D0A0D
†
0 as D0 = I . Therefore, as a

consequence of Eq. (A.10), the phase-point operators we have defined can much more usefully

be re-expressed as

Au =
1

2n

∑
v∈Pn

DuDvD
†
u =

1

2n

∑
v∈Pn

(−1)[u,v]DvDuD
†
v =

1

2n

∑
v∈Pn

(−1)[u,v]Dv. (A.12)

Lemma 12. The phase point operators {Au}u∈Pn have the following properties:

(A1) Factorizability: AuX⊕uY = AuX ⊗ AuY on a bipartite system XY , where uX and uY are

respectively points in the phase spaces of subsystems X and Y .
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(A2) Orthogonality: ⟨Au, Av⟩ = 2nδu,v,

(A3) Unit trace: Tr[Au] = 1,

(A4) Completeness:
∑

u∈Pn
Au = 2nI .

Proof. We prove each property listed by the Lemma in turn.

Proof of Property (A1).

From the definition of Du in Eq. (3.11), it is clear that

Du = DuX ⊗DuY . (A.13)

Let nX and nY be the numbers of qubits in subsystems X and Y respectively. Then the zero

phase point operator on the bipartite system, A0, is

A0 :=
1

2nX+nY

∑
u∈PXY

Du =
1

2nX+nY

∑
uX∈PX ,uY ∈PY

DuX⊕uY =
1

2nX+nY

∑
uX∈PX

∑
uY ∈PY

DuX ⊗DuY

= A0X ⊗A0Y , (A.14)

which in turn implies that any phase point operator Au := AuX⊕uY for some uX ∈ PX and

uY ∈ PY is

Au := AuX⊕uY = DuX⊕uY A0X⊕0Y D
†
uX⊕uY

=
(
DuXA0XD

†
uX

)
⊗
(
DuY A0Y D

†
uY

)
= AuX ⊗AuY , (A.15)

as claimed.

Property (A1) enables us to break down any n-qubit phase-point operatorAu as a tensor prod-

uct of single-qubit phase-point operators,

Au =

n⊗
i=1

Auj , u =

n⊕
i=1

uj , (A.16)

where uj ∈ Z2 × Z2 is a co-ordinate in the phase space of the jth qubit only. It is therefore
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instructive to calculate the single-qubit phase point operators, which are

A0,0 =
1

2
(1+X + Z + iY ),

A0,1 =
1

2
(1−X + Z − iY ),

A1,0 =
1

2
(1+X − Z − iY ),

A1,1 =
1

2
(1−X − Z + iY ). (A.17)

Proof of Property (A2). Let us first decompose u and v as u =
⊕n

i=1 uj and v =
⊕n

i=1 vj ,

where uj and vj are phase point co-ordinates on the jth qubit only. By Eq. (A.17),

〈
Auj , Avj

〉
= 2δuj ,vj . (A.18)

Therefore,

⟨Av, Au⟩ =
n∏
j=1

〈
Auj , Avj

〉
=

n∏
j=1

2δvj ,uj = 2nδu,v. (A.19)

as claimed.

Proof of Property (A3). Let us first decompose u as u =
⊕n

j=1 uj , where uj is a point in the

phase space of the jth qubit. We see that Tr
[
Auj

]
= 1 from Eq. (A.17). Therefore,

Tr[Au] =
n∏
j=1

Tr
[
Auj

]
=

n∏
j=1

1 = 1, (A.20)

as claimed.

Proof of Property (A4). We can directly calculate that

∑
u∈Pn

Au =
∑

u1∈P1

, . . . ,
∑

un∈P1

 n⊗
j=1

Auj

 =
n⊗
j=1

 ∑
uj∈P1

Auj

 . (A.21)

Using the explicit forms of single-qubit phase-point operators in Eq. (A.17), we calculate that

∑
v∈P1

Av = 21, (A.22)

from which the result immediately follows.

116



Chapter A. Appendices to Chapter 3 A.2. Properties of state Wigner rep.

A.2.2 Shared properties with Gross’s Wigner representation (proof of Lemma 13)

Lemma 13. The Wigner representation Wρ for qubit states has the following properties

(W1) Informational completeness: Given any qubit state ρ, one can decompose it uniquely as ρ =
∑

u∈Pn
Wρ(u)Au

because {Au}u∈Pn form a complete orthogonal basis for B(n) under the Hilbert-Schmidt inner

product.

(W2) Normalization: the function representing any qubit state ρ sums to 1 over phase-space, i.e.∑
u∈Pn

Wρ(u) = 1.

Proof. We prove each property stated by the Lemma in turn.

Proof of Property (W1). There are |Pn| = |Zn2 × Zn2 | = 4n phase point operators on n-qubits.

Property (A2) thus implies {Au}u∈Pn forms an orthogonal complex basis for the complex vec-

tor space C2n×2n of 2n × 2n complex matrices under the Hilbert-Schmidt inner product, where

each phase-point operator has a Hilbert-Schmidt norm of
√
2n. Therefore, any n-qubit quan-

tum state ρ can be uniquely decomposed as ρ =
∑

u∈Pn
Wρ(u)Au for Wρ(u) :=

1
2n ⟨Au, ρ⟩.

Proof of Property (W2). Since any n-qubit state ρ has trace 1,

1 = Tr[ρ] = Tr

[ ∑
u∈Pn

Wρ(u)Au

]
=
∑
u∈Pn

Wρ(u) Tr[Au] =
∑
u∈Pn

Wρ(u), (A.23)

where the last equality is established by Property (A3).

A.2.3 Properties of rebit representation

Any n-qubit state ρ can be decomposed as

ρ =

[
1

2

(
ρ+ ρT

)]
+ i

[
−i
2

(
ρ− ρT

)]
, (A.24)

where the transposition is taken with respect to the computational basis. Because ρ∗ = ρT in

any basis, we can identify

ρ(0) :=
1

2
(ρ+ ρT ) = Re(ρ), (A.25)

ρ(1) =
−i
2
(ρ− ρT ) = Im(ρ), (A.26)
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i.e., ρ(0) and ρ(1) are respectively the real and imaginary components of the density matrix of ρ

in the computational basis.

With this notation in place, we now prove Lemma 14.

Lemma 14. Given any n-qubit quantum state ρ,

Re[Wρ(u)] =WRe(ρ)(u) (3.16)

Im[Wρ(u)] =WIm(ρ)(u) (3.17)

for all u ∈ Pn, where Re(ρ) and Im(ρ) are respectively the real and imaginary parts of the density

matrix of ρ in the computational basis.

Proof. Adopting the identification ρ(0) = Re(ρ) and ρ(1) = Im(ρ), we can then decompose

Wρ(u) as

Wρ(u) =
1

2n

〈
Au, ρ

(0)
〉
+ i

1

2n

〈
Au, ρ

(1)
〉
. (A.27)

We recall that Au is real for all u ∈ Pn. Furthermore both ρ(0) and ρ(1) are real by construc-

tion. We then conclude that
〈
Au, ρ

(0)
〉

and
〈
Au, ρ

(1)
〉

are both real for all u ∈ Pn. Therefore,

we can match the real/imaginary component of Wρ with those of its density matrix in the

computational basis

Re(Wρ(u)) =
1

2n

〈
Au, ρ

(0)
〉
=Wρ(0)(u) (A.28)

Im(Wρ(u)) =
1

2n

〈
Au, ρ

(1)
〉
=Wρ(1)(u) (A.29)

as claimed.

Ref. [73] introduced an n-rebit Wigner representation W (0)
ρ defined as

W (0)
ρ (u) :=

1

2n

〈
A

(0)
u , ρ

〉
, (A.30)

for all u ∈ Pn, where

A
(0)
u :=

1

2n

∑
v∈P0

n

(−1)[u,v]Dv (A.31)
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for the subset of phase space

P0
n := {v : vx · vz = 0} . (A.32)

We now show that the rebit Wigner representation introduced in Ref. [73] has an extremely

useful relationship to the full qubit Wigner representation we have shown.

Lemma 66. Wρ reduces to W (0)
ρ on all rebit states.

Proof. The definition of qubit displacement operators in Eq. (3.11) implies the relations

ux · uz = 0 ⇔ D†
u = DT

u = Du (A.33)

ux · uz = 1 ⇔ D†
u = DT

u = −Du, (A.34)

We see from Eq. (A.33) that P(0)
n is the subset of phase-space displacements corresponding

to real symmetric displacement operators. The difference between Wρ and W
(0)
ρ thus comes

down to the fact that Au sums over all displacement operators while A(0)
u only sums over real

symmetric ones, which implies A(0)
u is itself real symmetric.

We further observe from Eq. (A.34) that the complement of P(0)
n in Pn,

P(1)
n := {u : ux · uz = 1}, (A.35)

is the subset of phase-space displacements for real anti-symmetric displacement operators. Par-

alleling Eq. (A.31), we then introduce the set of real anti-symmetric phase-point operators

A
(1)
u :=

1

2n

∑
a∈P(1)

n

(−1)[u,a]Da for any u ∈ Pn, (A.36)

By Eq. (A.31) and Eq. (A.36), each Au splits up as

Au = A
(0)
u +A

(1)
u . (A.37)
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We can correspondingly split up the Wigner representation of ρ as

Wρ(u) =
1

2n
⟨Au, ρ⟩ =

1

2n

〈
A

(0)
u +A

(1)
u , ρ

〉
=

1

2n

〈
A

(0)
u , ρ

〉
+

1

2n

〈
A

(1)
u , ρ

〉
=:W (0)

ρ (u) +W (1)
ρ (u), (A.38)

where we have defined

W (k)
ρ (u) :=

1

2n

〈
A

(k)
u , ρ

〉
(A.39)

We can now prove that the real and imaginary components ofWρ coincide withW (0)
ρ andW (1)

ρ

respectively. Because A(0)
u and A

(1)
u are respectively real symmetric and real anti-symmetric,

we have A(0)†
u = A

(0)T
u = A

(0)
u and A(1)†

u = A
(1)T
u = −Au. Thus for k = 0, 1, we obtain

[
W (k)
ρ (u)

]∗
=

1

2n

〈
A

(k)
u , ρ

〉∗
=

1

2n
Tr

[(
A

(k)†
u ρ

)†]
=

1

2n
Tr
[
A

(k)
u ρ

]
=

1

2n
Tr
[
(−1)kA

(k)†
u ρ

]
= (−1)kW (k)

ρ (u). (A.40)

This implies W (0)
ρ (u) is the real component of Wρ(u) while W (1)

ρ (u) is the imaginary compo-

nent of Wρ(u). Thus given any n-qubit state ρ, we can write

Re(Wρ(u)) =W (0)
ρ (u) (A.41)

iIm(Wρ(u)) =W (1)
ρ (u) (A.42)

By combining these two equations with Lemma 14, we arrive at

WRe[ρ](u) =W
(0)
u (ρ). (A.43)

when ρ is an n-rebit state, Re(ρ) = ρ, which implies Wρ(u) =W
(0)
ρ (u).
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A.3 Properties of the Wigner representation for channels (Proof of

Lemma 16)

Lemma 16. The Wigner representation WΦ of a quantum channel Φ : B(n) → B(m) from n to m

qubits has the following properties:

(W3) (Input-Output Relation). If σ = Φ(ρ), then Wσ(v) =
∑

u∈Pn
WΦ(v|u)Wρ(u).

(W4) (Respects the sequential composition of channels). Given a channel Λ : B(n′) → B(n) from n′ to

n qubits, we have that WΦ◦Λ =WΦWΛ.

(W5) (Respects the parallel composition of channels). Given a channel Λ : B(n′) → B(m′) from n′ to

m′ qubits, we have that WΦ⊗Λ =WΦ ⊗WΛ.

(W6) (Preserves normalization). Each column of WΦ sums to 1, i.e.
∑

v∈Pm
WΦ(v|u) = 1.

Proof. We prove each of the properties listed by the Lemma in turn.

Proof of Property (W3). The factorizability (Property (A1)) of phase-point operators implies

WΦ(v|u) =
2n

2m
⟨Au ⊗Av,J (Φ)⟩ . (A.44)

Using the identity Φ(X) = 2nTr1,...,n
[
(XT ⊗ 1

⊗m)J (Φ)
]

for transposition taken with respect

to the computational basis, and recalling that Au is real in the computational basis,

WΦ(v|u) =
1

2m
⟨Av,Φ(A

∗
u)⟩ =

1

2m
⟨Av,Φ(Au)⟩ . (A.45)

Therefore, if σ = Φ(ρ), we obtain

Wσ(v) =
1

2m
⟨Av,Φ(ρ)⟩

=
1

2m
Tr

[
Φ

(∑
u∈Pn

Wρ(u)Au

)
A†

v

]

=
1

2m

∑
u∈Pn

⟨Av,Φ(Au)⟩Wρ(u)

=
∑
u∈Pn

WΦ(v|u)Wρ(u). (A.46)

We thereby see that if Φ maps ρ to σ, then WΦ is a matrix that maps Wρ to Wσ, which justifies
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regarding WΦ as the representation of Φ on phase space.

Proof of Property (W4). Since {Ax}x∈Pn constitute a complex orthogonal basis for B(n) un-

der the Hilbert-Schmidt inner product, wherein each Ax has Hilbert-Schmidt or trace norm
√
2n, we can decompose the action of Λ on an n′-qubit phase-point operator Au uniquely as

Φ(Au) =
1
2n
∑

x∈Pn
⟨Ax,Λ(Au)⟩Ax. We therefore obtain

W[Φ◦Λ](v|u) =
1

2m
⟨Av,Φ ◦ Λ(Au)⟩

=
1

2m

〈
Av,Φ

(
1

2n

∑
x∈Pn

⟨Ax,Λ(Au)⟩Ax

)〉

=
∑
x∈Pn

1

2m
⟨Av,Φ(Ax)⟩

1

2n
⟨Ax,Λ(Au)⟩

=
∑
x∈Pn

WΦ(v|x)WΛ(x|u), (A.47)

which is equivalent to multiplying the matrix representing Λ on phase space to that represent-

ing Φ as follows

WΦ◦Λ =WΦWΛ. (A.48)

Proof of Property (W5). Due to the factorizability (Property (A1)) of the phase-point operators,

WΦ⊗Λ(x⊕ y|u⊕ v) =
1

2(m′+m)
⟨Ax ⊗Ay,Φ⊗ Λ(Au ⊗Av)⟩

=
1

2m
⟨Ax,Φ(Au)⟩

1

2m′ ⟨Ay,Λ(Av)⟩

=WΦ(x|u)WΛ(y|v), (A.49)

which is equivalent to taking the tensor product of the representations for Λ and Φ on phase

space as follows

WΦ⊗Λ =WΦ ⊗WΛ. (A.50)

Proof of Property (W6). Property (A4) of the phase point operators states
∑

v∈Pm
Av = 2mI .
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By applying this to the alternative formulation of WΦ in Eq. (A.45), we see that

∑
v∈Pm

WΦ(v|u) =
1

2m

∑
v∈Pm

⟨Av,Φ(Au)⟩

=
1

2m

〈( ∑
v∈Pm

Av

)
,Φ(Au)

〉

=
1

2m
⟨2mIΦ(Au)⟩

= Tr[Φ(Au)]. (A.51)

Since Tr[Au] = 1 by Property (A3) of the phase-point operators, and Φ is trace-preserving,

∑
v∈Pm

WΦ(v|u) = Tr[Au] = 1. (A.52)

which means every column of WΦ sums up to 1.

A.4 Completely CSS-preserving operations

A.4.1 Completely CSS-preserving unitaries

The group of CSS-preserving unitaries on n qubits [73] can be generated as

G+(n) :=
〈
H⊗n,CNOT(i, j), Xi, Zi

〉
i,j=1,...,n,i̸=j . (A.53)

wherein the collective Hadamard gate H⊗n has the following conjugation relations with the

other generators

H⊗nCNOT(i, j) = CNOT(j, i)H⊗n (A.54)

H⊗nX(a) = Z(a)H⊗n, (A.55)

We begin by establishing the subset of G+(n) that is completely CSS-preserving.

Lemma 67. The group of completely CSS-preserving unitaries on n qubits is

G(n) := ⟨CNOT(i, j), Zi, Xi⟩i,j=1,...,n,i̸=j . (A.56)

Proof. Let U+ be any CSS-preserving unitary on n qubits. The conjugation relations given by
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Eq. (A.54) and Eq. (A.55), alongside the fact that H⊗n is self-inverse, imply either U+ ∈ G(n)

or U+ = H⊗nU for some U ∈ G(n).

If U+ ∈ G(n), then because G(n) is a subset of G+(n
′) for all n′ ≥ n, U+ must be completely

CSS-preserving. If U+ /∈ G(n), then U+ = H⊗nU for some U ∈ G(n), which implies U+ is not

completely CSS-preserving as H⊗n is not. Therefore, U+ is completely CSS-preserving if and

only if U+ ∈ G(n).

A.4.2 Completely CSS-preserving measurements

Throughout the rest of this Appendix, we extend, wherever necessary, the notion of being

completely CSS-preserving to trace-decreasing operations – i.e. a trace-decreasing operation Φ

from n to n′ qubits is completely CSS-preserving if, given any CSS state ρ on (m + n) qubits,

(id⊗ Φ)(ρ) is always a (possibly subnormalised) CSS state on (m+ n′) qubits.

The projective measurement of any n-qubit Pauli observable S is carried out using projectors

P (±S) := 1

2
(I ± S) (A.57)

corresponding to the ±1 outcomes [1]. Post-selection for the ±1 outcome is then carried out by

the operation Π(±S) := P (±S)(·)P (±S).

Lemma 68. Post-selecting on any outcome in the projective measurement of a CSS observable is com-

pletely CSS-preserving.

Proof. Let S be a CSS observable on n qubits and |ψ⟩ be a CSS state on m + n qubits for any

m ≥ 0. Let the stabilizer group for |ψ⟩ be generated by a set of m+n independent, commuting

and non-trivial CSS observables as S(|ψ⟩) = ⟨S1, . . . , Sm+n⟩.

Post-selecting the ±1 outcome in a projective measurement of S on the last n qubits of |ψ⟩

yields the (possibly subnormalised) output state

|ϕ±⟩ :=
[
1
⊗m ⊗ P (±S)

]
|ψ⟩ =

[
1

2

(
1
⊗m+n ± 1

⊗m ⊗ S
)]

|ψ⟩ = P (±S′) |ψ⟩ , (A.58)

where we have defined the CSS observable S′ := 1
⊗m ⊗ S. There are now two possibilities:

(a) that S′ commutes with every generator of S(|ψ⟩), so S′ or −S′ must stabilize |ψ⟩. There-

fore, either |ϕ+⟩ = |ψ⟩ and |ϕ−⟩ = 0 or vice versa, so |ϕ±⟩ are CSS states.
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(b) that, without loss of generality, S′ anti-commutes with just one CSS observable S1 that

generates S(|ψ⟩). This follows from the fact that, in any set of m+n CSS observables that

generate S(|ψ⟩), those that do not commute with S′ must all beX or Z-type, so by picking

one such generator and multiplying all others by it, we obtain another set ofm+nCSS ob-

servables generating S(|ψ⟩) in which only one generator does not commute with S′. Then

the states |ϕ±⟩ have norm 1√
2

and are stabilized respectively by ⟨±S, S2, . . . , Sm+n⟩ [1],

so |ϕ±⟩ are subnormalised CSS states.

Therefore, given any pure CSS state |ψ⟩ on m + n qubits, post-selecting the ±1 outcome in

the projective measurement of a CSS observable on the last n qubits of |ψ⟩ always produces

a (possibly subnormalised) CSS state. As all CSS states are mixtures of pure CSS states by

construction, we can extend this conclusion to all CSS states.

A.4.3 CSS circuits

In this section, we show that the subset of stabilizer operations covered by Lemma 19, which

we referred to as CSS circuits, are completely CSS-preserving.

We recall that a CSS circuit is a statistical mixture of sequences of the following four primitive

CSS channels

1. Introducing a CSS state on some qubits,

2. Performing a completely CSS-preserving unitary,

3. Projectively measuring a CSS observable (with the possibility of subsequently perform-

ing different sequences of CSS channels depending on outcome),

4. Discarding some qubits.

Each such sequence can be executed as a binary tree where the root node represents inputting

qubits, the leaf nodes represent outputting qubits, and internal nodes represent primitive CSS

operations. An illustrative example is provided in Fig. A.1, from which we see that a sequence

of primitive CSS channels can produce outputs distinguished by the sequences of measure-

ment outcomes leading up to them.

Different numbers of ancillary qubits may be introduced on different branches of a tree rep-

resenting a sequence of primitive CSS channels. However, one can arbitrarily increase the
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Figure A.1: The sequence of primitive CSS channels on the top can be executed as the binary
tree on the bottom.

number of qubits introduced on any branch, without affecting what it does, by introducing

the maximally mixed state on qubits that are immediately discarded just before the branch’s

output. Furthermore, different branches may have different lengths. However, one can ar-

bitrarily lengthen any branch, without affecting what it does, by inserting identity channels

just before the branch’s output. Since introducing the maximally mixed state and the identity

channel are both primitive CSS channels, we can, without loss of generality, only consider se-

quences of primitive CSS channels executed as binary trees where every branch has the same

length and introduces the same number of ancillary qubits.

Lemma 69. A CSS circuit Φ on n qubits is a statistical mixture of channels Φi representing sequences

of primitive CSS channels, where the channel Φi representing the ith sequence in the mixture is a sum

of (possibly trace-decreasing) operations Φi,j generating the jth distinguishable output of sequence Φi.

Thus one can write

Φ(ρ) =
∑
i

piΦi, where Φi =
∑
j

Φi,j for Φi,j := TrR

[
Ki,j(ρ⊗ σi,j)K

†
i,j

]
,

Ki,j :=
N∏
l=1

P (S(i,j),l)U(i,j),l, (A.59)
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where {pi} is a probability distribution, σi,j is a CSS state on m ancillary qubits, R is a subset of

the (n +m) input and ancillary qubits, U(i,j),l is a completely CSS-preserving unitary and P (S(i,j),l)

projects onto the +1 eigenspace of the CSS observable S(i,j),l. Moreover, P (S(i,j),1), . . . , P (S(i,j),N ) is

the sequence of measurement outcomes that operationally distinguish the jth output of sequence Φi.

Proof. Without loss of generality, every branch of every sequence forming the mixture of Φ

introduces the same number of ancillary qubits m and has the same length N . One can show

that the jth branch of the ith sequence must generate the channel Φi,j by induction over the

steps of the branch.

We are now in a position to prove Lemma 19, which is reproduced below. To this end, it is

convenient to define the unique 0-qubit state 1 as CSS.

Lemma 3. Any CSS circuit is completely CSS-preserving.

Proof. The decomposition of CSS circuits given in Lemma 69 implies that if performing com-

pletely CSS-preserving unitaries, (ii) conditioning on the +1 outcome in the projective mea-

surement of a CSS observable, (iii) introducing a CSS state and (iv) discarding any number

qubits are completely CSS-preserving, then all CSS circuits are completely CSS-preserving.

Now (i) is completely CSS-preserving by definition, we proved that (ii) is completely CSS-

preserving in Lemma 68, and since the tensor product of two CSS states is always a CSS state,

(iii) is completely CSS preserving.

Therefore, to prove that all CSS circuits are completely CSS-preserving, we just have to prove

that discarding any number of qubits is completely CSS-preserving.

Consider discarding l qubits from n, where n ≥ l ≥ 1. As swapping the ith and jth qubit can

be carried out by the completely CSS-preserving unitary CNOT(i, j) CNOT(j, i) CNOT(i, j),

we need only consider discarding the last l qubits. Let |ψ⟩ be a pure CSS state on m+ n qubits

for any m ≥ 0. Discarding the last l qubits of |ψ⟩ then produces the state

σ := id⊗ Trn−l+1,...,n[|ψ⟩⟨ψ|] = Trm+n−l+1,...,m+n[|ψ⟩⟨ψ|]. (A.60)

As tracing out is unaffected by first performing a computational basis measurement on the last
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l qubits, we have that

σ =
∑

k∈{0,1}l
Trm+n−l+1,...,m+n

[
1
⊗(m+n−l) ⊗ |k⟩⟨k| (|ψ⟩⟨ψ|)1⊗(m+n−l) ⊗ |k⟩⟨k|

]
. (A.61)

Since a computational basis measurement on the last l qubits means projectively measuring

the CSS observable Z on each of those qubits, the trace-decreasing channel leading to any

outcome of this computational basis measurement is completely CSS-preserving. Therefore,(
1
⊗m+n−l ⊗ |k⟩⟨k|

)
|ψ⟩ is a (possibly subnormalised) pure CSS state

√
pk |ϕk⟩ ⊗ |k⟩, where pk

is the probability of getting the |k⟩ outcome in the computational basis measurement, and |ϕk⟩

must be a (normalised) CSS state to keep the full state CSS. We thus obtain

σ =
∑

k∈{0,1}l
Trm+n−l+1,...,m+n [pk |ϕk⟩⟨ϕk| ⊗ |k⟩⟨k|] =

∑
k∈{0,1}l

pk |ϕk⟩⟨ϕk| , (A.62)

which is a CSS state on (m+n− l) qubits. Therefore, given any pure CSS state onm+n qubits,

discarding any l ≤ n of its final n qubits always produces a CSS state. As all CSS states are

mixtures of pure CSS states by construction, we can extend this conclusion to all CSS states.

A.4.3.1 Omission of the collective Hadamard gate

One can reasonably ask why we have excluded the collective Hadamard gate from the con-

struction of CSS circuits. Our justification is that one can conjugate the collective Hadamard

gate past any primitive CSS channel and leave another primitive CSS channel behind. This

follows from the conjugation relations given by Eq. (A.54) and Eq. (A.55) for completely CSS-

preserving unitaries and projective measurements of CSS observables, from the cyclic property

of the trace for discarding qubits, and from

H⊗n ⊗ 1
⊗m(ρ⊗ σ)H⊗n ⊗ 1

⊗m = H⊗(n+m)(ρ⊗ (H⊗mσH⊗m))H⊗(n+m) (A.63)

for introducing a CSS state on m ancillary qubits to an n-qubit system, where we note that

H⊗mσH⊗m is also a CSS state because H⊗m is CSS-preserving on m qubits. Therefore, circuits

from this wider subset are operationally equivalent to CSS circuits followed by the collective

Hadamard gate conditioned upon obtaining certain outputs, and are therefore not more pow-

erful as magic distillation protocols.
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A.5 Sketch of qubit QCSI based on CSS circuits

For completeness, we sketch one such QCSI scheme presented in [73], which can be carried

out using only rebits. This scheme is based an encoding of qubit states as rebit states first

introduced in Ref. [142]. Explicitly, starting from a general n-qubit state

ρ =
∑
v∈Z2

n

rve
iθv |v⟩ , (A.64)

the corresponding encoded state is

ρ =
∑
v∈Z2

n

rv cos(θv) |v⟩ ⊗ |R⟩+ rv sin(θv) |v⟩ ⊗ |I⟩ . (A.65)

where |R⟩ := |0⟩ and |I⟩ := |1⟩ are computational states of an additional ancilla rebit introduced

to separately track the real and imaginary components of ρ.

In this encoded rebit setting, a channel Φ between qubits should be encoded as Φ such that, if

Φ(ρ) = σ, then Φ(ρ) = σ [142]. Because CSS circuits do not mix the real and imaginary parts

of a state, we do not need to change them for the encoded setting [143], i.e. Φ̄ = Φ for any

CSS circuit Φ. Thus to achieve universal quantum computing, all we need to do is find rebit

magic states that can promote completely CSS-preserving gates to a universal gateset encoded

for this rebit setting, which can be achieved in two steps. First, injecting two-rebit magic state

|B⟩ := 1√
2
(|0⟩ |+⟩+ |1⟩ |−⟩), (A.66)

allows us to perform encoded Hadamard gate as shown in Fig. A.2(a), as well as the encoded

S-gate on the ith qubit as S = CZi,I/R CNOTi,I/R [143], wherein the controlled-Z can be carried

out as shown in Fig. A.2(b).

The magic state |B⟩ thus enables us to promote CSS circuits to stabilizer circuits, and can be

distilled using CSS circuits alone through a simple variation on Bell-state distillation proto-

cols [143]. We can then reach universality by injecting |H⟩, which can be distilled by CSS

circuits such as CSS code projection protocols based on the 7-to-1 Steane or 24-to-1 Golay

codes [20], as shown in Chapter 4.
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Figure A.2: Promoting CSS to stabilizer computing in the encoded rebit setting through
injection of the two-rebit magic state |B⟩. (a) the encoded Hadamard gate (b) the controlled-
Z gate required for performing an encoded S-gate. [143].

A.6 Relative majorization of quasiprobability distributions (Proof

of Theorem 25)

In this section, we prove Theorem 25, which we reproduce below for clarity.

Theorem 25. Let w = (w1, . . . , wN ) and w′ = (w′
1, . . . , w

′
N ′) be any two quasiprobability distri-

butions and let r = (r1, . . . , rN ) and r′ = (r′1, . . . , r
′
N ′) be any two probability distributions. If

(w, r) ≻ (w′, r′) such that supp(w) ⫅ supp(r) and therefore supp(w′) ⫅ supp(r′), then

Dα(w||r) ≥ Dα(w
′||r′), (3.36)

or all α ∈ A :=
{

2a
2b−1 : a, b ∈ N+, a ≥ b

}
.

We begin by proving the following two lemmas.

Lemma 70. Let w = (w1, . . . , wN ) and w′ = (w′
1, . . . , w

′
N ′) be two quasiprobability distributions and

let r = (r1, . . . , rN ) and r′ = (r′1, . . . , r
′
N ′) be two probability distributions. If (w, r) ≻ (w′, r′) and

supp(w) ⫅ supp(r), then supp(w′) ⫅ supp(r′).

Proof. By the definition of relative majorization, there exists a stochastic map Λ such that

Λw = w′ and Λw′ = r′. If

r′i =
∑
j

Λi,jrj =
∑

j∈supp(r)

Λi,jrj = 0, (A.67)

then as rj > 0 for all j ∈ supp(r), we must have Λi,j = 0 for all j ∈ supp(r).
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Since supp(w) ⫅ supp(r), this implies Λi,j = 0 for all j ∈ supp(w) as well, so

r′i = 0 =⇒ w′
i =

∑
j

Λi,jwj =
∑

j∈supp(w)

Λi,jwj = 0. (A.68)

We thus conclude that supp(w′) ⫅ supp(r′).

Lemma 71. If (w, r) ≻ (w′, r′) such that supp(w) ⫅ (r) and therefore supp(w) ⫅ (r), then

(w̃, r̃) ≻ (w̃′, r̃′), where w̃ and r̃ are the parts of w and r on supp(r), while w̃′ and r̃′ are the parts of

w and r on supp(r′).

Proof. Let Ω and Ω̃ denote the sample spaces of r and r̃ respectively, and let Ñ denote the size

of Ω̃. We first define the stochastic map Λ+ : Ω̃ → Ω as

Λ+ :=

 IÑ×Ñ

0(N−Ñ),Ñ

 , (A.69)

which acts on r̃ and w̃ as

Λ+w̃ = w̃ ⊕ 0N−Ñ , (A.70)

Λ+r̃ = r̃ ⊕ 0N−Ñ . (A.71)

In words, Λ+ pads w̃ and r̃ with 0s until they become vectors with N entries.

We next define the stochastic map Πr : Ω → Ω as a permutation of Ω that moves entries

outside of supp(r) to the end of the vector, while maintaining the ordering amongst entries

within supp(r), so we can write

Πrr = r̃ ⊕ 0N−Ñ (A.72)

Πrw = w̃ ⊕ 0N−Ñ (A.73)

as any entry outside supp(r) is also outside supp(w). Similarly, letting Ω′ be the sample space

of r′, we define another permutation of Ω′, Πr′ : Ω′ → Ω′, that moves entries outside of supp(r′)

to the end of the vector, while maintaining the order amongst entries within supp(r′), so we
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can write

Πr′r′ = r̃′ ⊕ 0N ′−Ñ ′ (A.74)

Πr′w′ = w̃′ ⊕ 0N ′−Ñ ′ . (A.75)

As any entry outside supp(r′) is also outside supp(w′). Because they are permutations, Πr and

Πr′ have inverses that are also stochastic maps.

Finally, letting Ω′ and Ω̃′ denote the sample spaces of r′ and r̃′ respectively, we define a stochas-

tic map Λ− : Ω′ → Ω̃′ as

Λ− :=

(
IÑ ′×Ñ ′

∣∣∣∣Λ′
Ñ ′,N ′−Ñ ′

)
, (A.76)

where Λ′
Ñ ′,N ′−Ñ ′ is an arbitrary stochastic matrix. Then Λ− acts as

Λ−(r̃
′ ⊕ 0N ′−Ñ ′) = r̃′, (A.77)

Λ−(r̃
′ ⊕ 0N ′−Ñ ′) = w̃′. (A.78)

i.e. removing the 0s at the end of r̃′ ⊕ 0N ′−Ñ ′ and w̃′ ⊕ 0N ′−Ñ ′ .

By the definition of relative majorization, there exists a stochastic map Λ such that Λw = w′

and Λw′ = r′. Since a sequence of stochastic maps is still stochastic, we can define a stochastic

map A : Ω̃ → Ω̃′

A := Λ−Πr′ΛΠ−1
r Λ+. (A.79)

that acts as Aw̃ = w̃′ and Ar̃ = r̃′.

With these lemmas in place, we can turn to the following theorem established in Ref. [27].

Theorem 72 ([27]). Let w = (w1, . . . , wN ) and w′ = (w′
1, . . . , w

′
N ′) be two quasiprobability distribu-

tions and let r = (r1, . . . , rN ) and r′ = (r′1, . . . , r
′
N ′) be two strictly positive probability distributions.

If (w, r) ≻ (w′, r′) then

∀α ∈ A : Dα(w||r) ≥ Dα(w
′||r′), (A.80)

for all α ∈ A :=
{

2a
2b−1 : a, b ∈ N+, a ≥ b

}
.
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Putting Lemma 71 together with Theorem 72, we conclude that if (w, r) ≻ (w′, r′) such that

supp(w) ⫅ supp(r) and therefore supp(w′) ⫅ supp(r′), then

Dα(w̃||r̃) ≥ Dα(w̃
′||r̃′), (A.81)

for all α ∈ A. Since w (w′) is 0 whenever r (r′) is 0, we find that

Dα(w̃||r̃) := 1

α− 1
log

∑
j∈supp(r)

rj

(
wj
rj

)α
=

1

α− 1
log
∑
j

rj

(
wj
rj

)α
:= Dα(w||r). (A.82)

and similarly Dα(w̃
′||r̃′) = Dα(w||r). We thus arrive at the extension of Theorem 72 presented

in Theorem 25.

A.6.1 Entropic constraints on completely CSS-preserving protocols (proofs of Lemma

27 and Theorem 30)

Lemma 27. LetW be a generalised Gross’s Wigner representation for d-dimensional qudits with respect

to the QCSI scheme (R,F ,M). Consider states ρ ∈ F ∪M, τ ∈ F such that supp(Wρ) ⫅ supp(Wτ ),

and a stochastically-represented channel Φ ∈ R. Then the α-Rényi divergence Dα(·||·) is well-defined

and satisfies the following properties for α ∈ A:

(D1) Non-negativity: Dα(Wρ||Wτ ) ≥ 0.

(D2) Additivity: Dα(Wρ⊗n ||Wτ⊗n) = nDα(Wρ||Wτ ) for all n ∈ N+.

(D3) Data-Processing Inequality: Dα(Wρ||Wτ ) ≥ Dα(WΦ(ρ)||WΦ(τ)), where by Lemma 70 we also

have that supp(WΦ(ρ)) ⫅ supp(WΦ(τ)).

Proof. By definition, Wρ and Wτ are respectively a quasiprobability distribution and a proba-

bility distribution such that supp(Wρ) ∈ supp(Wτ ), and we have already seen thatDα(Wρ||Wτ )

will remain well-defined from α ∈ A. We proceed to prove each of the properties listed in turn.

(D1) Let P be the phase space on which ρ and τ are represented. Consider the stochastic

map Λ : P → P defined by Λ(v|u) = 1
|P| for all v,u ∈ P . Since Wρ and Wτ are nor-

malized, we see that Λ(Wρ) = Λ(Wτ ) = 1
|P | , where 1 is the unit vector. Therefore,
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(Wρ,Wτ ) ≻
(

1
|P| ,

1
|P|

)
, so by Theorem 25,

Dα(Wρ||Wτ ) ≥ Dα

(
1

|P|

∣∣∣∣∣∣∣∣ 1|P|

)
=

1

α− 1
log
∑
u∈P

1

|P|
= 0. (A.83)

(D2) Let Pn be the phase-space of an n-qudit system. Since Wρ respects the parallel composi-

tion of processes, we have that Wρ⊗n = (Wρ)
⊗n and Wτ⊗n = (Wτ )

⊗n, which implies

Dα(Wρ⊗n ||Wτ⊗n) =
1

α− 1
log

∑
u∈Pn

Wρ⊗n(u)αWτ⊗n(u)1−α

=
1

α− 1
log

∑
u1∈P1

· · ·
∑

un∈P1

[
n∏
i=1

Wρ(ui)
αWτ (ui)

1−α

]

=
1

α− 1
log

n∏
i=1

 ∑
ui∈P1

Wρ(ui)
αWτ (ui)

1−α


= n

 1

α− 1
log

∑
ui∈P1

Wρ(ui)
αWτ (ui)

1−α


= nDα(Wρ||Wτ ) (A.84)

(D3) Since W respects the sequential composition of processes, we have that WΦ(ρ) = WΦWρ

and WΦ(τ) = WΦWτ . As WΦ is stochastic, this implies (Wρ,Wτ ) ≻ (WΦ(ρ),WΦ(τ)), so we

can prove this property by invoking Theorem 25.

Theorem 30. Let ρ be a noisy multirebit magic state and τ be a CSS state where we have that

supp(Wρ) ⫅ supp(Wτ ). If there exists a completely CSS-preserving magic distillation protocol Φ such

that Φ(ρ⊗n) = ρ′ and τ ′ := Φ(τ⊗n), then

∆Dα := nDα(Wρ||Wτ )−Dα(Wρ′ ||Wτ ′) ≥ 0 (3.41)

for the qubit Wigner representation of Eq. (3.18) and all α ∈ A := { 2a
2b−1 , |a, b ∈ N+, a ≥ b}.

Proof. We have seen that the qubit Wigner representation defined in Eq. (3.18) provides a gen-

eralised Gross’s Wigner representation for the QCSI scheme (R,F ,M) where R is the set of

completely CSS-preserving operations, F is the set of CSS states and M is the set of non-CSS
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multirebit states. We can therefore apply Lemma 27 to W , ρ and τ to obtain

Dα(Wρ⊗n ||Wτ⊗n) = nDα(Wρ||Wτ ). (A.85)

We also have that ρ⊗n is also a multirebit state because ρ is a multirebit state, and τ⊗n is a CSS

state because τ is a CSS state and introducing a CSS state is completely CSS-preserving (see

Lemma 19). AsW respects the parallel composition of processes, we see that supp(Wρ) ⫅ supp(Wτ )

implies

supp(Wρ⊗n) = supp(W⊗n
ρ ) = supp(Wρ)

×n

⫅ supp(Wτ )
×n = supp(W⊗n

τ ) = supp(Wτ⊗n). (A.86)

Finally, by Theorem 18, Φ is stochastically represented. We can therefore apply Lemma 27 to

W , ρ⊗n, τ⊗n and Φ to obtain

Dα(Wρ⊗n ||Wτ⊗n) ≥ Dα(Wρ′ ||Wτ ′). (A.87)

Substituting the left-hand side using Eq. (A.42) and rearranging completes the proof.

A.6.2 Generating magic monotones from entropic constraints on completely CSS-

preserving protocols

Theorem 28. Let W be a generalised Gross’s Wigner representation for the QCSI scheme (R,F ,M).

We then have that

Mα(ρ) := inf
τ∈F s.t.

supp(Wρ)⫅supp(Wτ )

Dα(Wρ||Wτ ), (3.38)

is a magic monotone for any α ∈ A. Furthermore, Mα can be used to lower-bound the overhead n of a

magic distillation process ρ⊗n → σ within this QCSI scheme as

∀α ∈ A : n ≥ Mα(σ)

Mα(ρ)
. (3.39)
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Proof. Letting Φ ∈ R denote a magic distillation protocol such that Φ(ρ) = ρ′, we obtain

Mα(ρ) = inf
τ∈F s.t.

supp(Wρ)⫅supp(Wτ )

Dα(Wρ||Wτ ) ≥ inf
τ∈F s.t.

supp(Wρ)⫅supp(Wτ )

Dα(Wρ′ ||WΦ(τ)) ≥Mα(ρ
′), (A.88)

where the first inequality follows from applying the data-processing property (D3) of the α-

Rényi entropies to each (ρ, τ), and the second inequality follows from the fact that Φ(τ) must

be a non-magic state such that, by Lemma 70, we have supp(Wρ′) ⫅ supp(WΦ(τ)). We thus

conclude that {Mα} are monotonically non-increasing under the magic distillation protocols

defined as R.

By the non-negativity property (D1) of theα-Rényi operators, we are guaranteed thatMα(ρ) ≥ 0

for all ρ. Furthermore, given any non-magic state τ , we have that Dα(Wτ ||Wτ ) = 0, which fur-

ther guarantees that Mα(τ) = 0 for any τ ∈ F . We therefore conclude that {Mα}α∈A form a set

of magic monotones in the QCSI scheme (R,F ,M).

Now {Mα} are sub-additive, i.e. nMα(ρ) ≥Mα(ρ
⊗n), because

nMα(ρ) = inf
τ∈F s.t.

supp(Wρ)∈supp(Wτ )

nDα(Wρ||Wτ ) = inf
τ∈F s.t.

supp(Wρ)∈supp(Wτ )

Dα(Wρ⊗n ||Wτ⊗n) ≥Mα(ρ
⊗n)

(A.89)

where the second equality is due to Property (D1) of the α-Rényi entropies, and the final in-

equality is due to the fact that τ⊗n must be non-magic if τ is non-magic, andW ’s respect for the

parallel composition of processes together with supp(Wρ) ⫅ supp(Wτ ) leads to supp(Wρ⊗n) =

supp(W⊗n
ρ ) = supp(Wρ)

×n ⫅ supp(Wτ )
×n = supp(W⊗n

τ ) = supp(Wτ⊗n).

Therefore, if there exists a magic distillation protocol Φ ∈ R such that Φ(ρ⊗n) = ρ′, then we

can combine Eq. (A.88) and Eq. (A.89) to show that

nMα(ρ
⊗n) ≥Mα(ρ

⊗n) ≥Mα(ρ
′). (A.90)

Rearranging this inequality leads to the lower bound on n found in Eq. (3.39).

Lemma 29. Let W be a generalised Gross’s Wigner representation for a QCSI scheme (R,F ,M).
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Then given any state ρ ∈ F ∪M covered by the QCSI scheme, we have that

lim
α→1+

(α− 1)Mα(ρ) = MW (ρ) := log
∑
u

|Wρ(u)| (3.40)

where the limit is taken through a sequence of rational values drawn from A.

Proof. We first note that the values of α in A were so chosen to ensure that Wα
ρ (u) = |Wρ(u)

α|.

lim
α→1+

(α− 1)Mα(ρ) = lim
α→1+

inf
τ∈F s.t.

supp(Wρ)∈supp(Wτ )

(α− 1)Dα(Wρ||Wτ )

= lim
α→1+

inf
τ∈F s.t.

supp(Wρ)∈supp(Wτ )

log
∑
u

|Wρ(u)|α

Wτ (u)α−1

= inf
τ∈F s.t.

supp(Wρ)∈supp(Wτ )

log
∑
u

|Wρ(u)| = log
∑
u

|Wρ(u)| = MW (ρ). (A.91)

A.6.3 Negative α-Rényi entropies for rebit magic states

Consider the QCSI scheme (R,F ,M) where R consists of completely CSS-preserving opera-

tions, F are CSS states and magic states are non-CSS rebit states. Because all pure rebit magic

states have negativities in their Wigner representation, and completely CSS-preserving oper-

ations are stochastically represented, we see that only rebit magic states with negativities in

their Wigner distributions can be distilled within this QCSI scheme.

We now prove that, given any rebit state with negativities in its Wigner distribution, at least

one α-Rényi entropy with α ∈ A evaluated on the state is negative.

Lemma 73 (based on Theorem 10 of Ref. [27]). There exists α ∈ A such that Hα(Wρ) < 0 if and

only if ρ is a rebit state whose Wigner representation Wρ has negative entries.

Proof. SinceHα is non-negative on probability distributions,Hα(Wρ) < 0 implies thatWρ must

contain negative entries.

In the reverse direction, if Wρ is not a probability distribution, then we must have

lim
ϵ→0

∑
u∈P

|Wρ(u)|1+ϵ =
∑
u∈Pn

|Wρ(u)| > 1 (A.92)
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As the function f(x1, . . . , xn) :=
∑

i x
1+ϵ
i is continuous in ϵ, there must exist some finite interval

ϵ ∈ (0, ϵth] such that

∀ϵ ∈ (0, ϵth] :
∑
u∈P

|Wρ(u)|1+ϵ > 1. (A.93)

Since A is dense in (1,∞), A′ := {α − 1|α ∈ A} must be dense in (0,∞), which implies it is

always possible to find α′ ∈ A such that (α′ − 1) ∈ (0, ϵth]. We then have that

∀α′ ∈ (1, 1 + ϵth), α
′ ∈ A :

∑
u∈Pn

Wρ(u)
α′

=
∑
u∈P

|Wρ(u)|α
′
> 1. (A.94)

As α′ > 1, this implies Hα′(Wρ) < 0.
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Appendix B

Appendices to Chapter 4

B.1 Stochastic representation of qubit CSS code projection protocols

In this section, we prove that all qubit CSS code projection protocols are stochastic under the

Wigner representation defined in Eq. (3.18).

To this end, it is helpful to first consider the impact of a CNOT gate on the CSS observables

generating the stabilizer group defining a CSS code. We first remark that a CNOT channel acts

on individual X- and Z-type CSS observables as

CNOT(i, j)ZmCNOT(i, j) =


ZiZj for m = j,

Zm otherwise.
(B.1)

CNOT(i, j)XmCNOT(i, j) =


XiXj for m = i,

Xm otherwise.
(B.2)

We now introduce an isomorphismMZ that maps any set ofZ-type CSS observables {Z(ui)}i=1,...,m,

where each ui is an n-bit vector, to a matrix whose ith column is ui, i.e.

MZ ({Z(u1), . . . , Z(um)}) =


| . . . |

u1 . . . um

| . . . |

 . (B.3)

Performing the channel for swapping qubits i and j, USWAP(i, j) := USWAP(i, j)(·)USWAP(i, j)
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where USWAP(i, j) := CNOT(i, j) CNOT(j, i) CNOT(i, j) [1], on every observable in the set

{Z(u1), . . . , Z(um)} is represented in the MZ mapping by swapping rows i and j.

Furthermore, by Eq. (B.1), performing the channel UZ−SUM(i, j) := CNOT(j, i)(·)CNOT(j, i)

on Z(u) for any n-bit vector u produces

UZ−SUM(Z(u)) = Z(u+ uiej), (B.4)

where arithmetic is modulo 2 and ej is an n-bit vector that has 1 in its jth entry, and 0 every-

where else. Consequently, the simultaneous action of UZ−SUM(i, j) on every observable in the

set {Z(u1), . . . , Z(um)} is represented under the MZ mapping as adding row i to row j.

Similarly, we can introduce an isomorphism MX that maps any set of X-type CSS observables

{X(vj)}j=1,...,m, where each vj is an n-bit vector, to a matrix whose jth column is vj , i.e.

MX ({X(v1), . . . , X(vm)}) =


| . . . |

v1 . . . vm

| . . . |

 . (B.5)

Performing the channel USWAP(i, j) for swapping qubits i and j on every observable in the set

{X(u1), . . . , X(um)} is also represented in the MX mapping by swapping rows i and j. Further-

more, by Eq. (B.2), performing the channel UZ−SUM(i, j) := CNOT(i, j)(·) CNOT(i, j) on X(v)

for any n-bit vector v produces

UX−SUM(X(v)) = Z(v + viej), (B.6)

where arithmetic is modulo 2, which implies that the simultaneous action of UX−SUM(i, j)

on every observable in the set {X(u1), . . . , X(um)} is represented under the MX mapping

as adding row i to row j. We remark that MZ and MX are the Z and X blocks forming the parity

check matrix [1] of a CSS code.

With these preliminaries in place, we can prove the following Lemma1.
1A similar proof can be found at in the Appendix of Ref. [144].
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Lemma 74. Let C be an [[n, k]] stabilizer code where n > k, so S(C) can be generated as

S(C) := ⟨(−1)b1Z(u1), . . . , (−1)brZ(ur), (−1)br+1X(vr+1), . . . , (−1)bn−kX(vn−k))⟩. (B.7)

where b1 . . . , bn−k are bits, {u1, . . . ,ur} form a set of non-zero and linearly independent n-bit vectors,

{vr+1, . . . ,vn−k} form another set of non-zero and linearly independent n-bit vectors, and r gives the

number of Z-type generators and so falls into the range r ∈ {0, . . . , n− k}.

The decoding channel UC
† of C then has the form

U†
C = UHr+1 ◦ · · · ◦ UHn−k ◦ U , (B.8)

where UHl := Hl(·)Hl is the Hadamard gate on the lth qubit, and U is a completely CSS-preserving

unitary channel such that

∀i ∈ {1, . . . , r} : U [(−1)biZ(ui)] = Zk+i, (B.9)

∀j ∈ {r + 1, . . . , n− k} : U [(−1)bjX(vj)] = Xk+j . (B.10)

Proof. The (unique) reduced row echelon form RZ of MZ(u1, . . . ,ur) is

RZ :=

 Ir,r

0n−r,r

 , (B.11)

where Ir,r is an r× r identity matrix while 0n−r,r is a (n− r)× r null matrix. We can use Gauss-

Jordan elimination on F2 to convert MZ to RZ . As this procedure is a sequence of row swaps

and additions, both of which can be executed via sequences of CNOT channels, we conclude

that there exists a unitary channel UZ formed by a sequence of CNOT channels such that

∀i ∈ {1, . . . , r} : UZ [Z(ui)] = Zi. (B.12)

Let us define X(v′
j) := UZ [X(vj)] for j ∈ {r + 1, . . . , n − k}. Since the Z-type generators of

S(C) commute with the X-type generators, each X(v′
j) must commute with Z1, . . . , Zr for all
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j ∈ {r + 1, . . . , n− k}, which implies

∀j ∈ {r + 1, . . . , n− k} : UZ [X(vj)] := X(v′
j) = 1

⊗r ⊗X(v′′
j ) (B.13)

where v′′
j is an (n−r)-bit vector. Repeating our reasoning forMZ(u1, . . . ,ur) forMX(v

′′
r+1, . . . ,v

′′
n−k),

we conclude that there exists a channel UX , which is formed from sequence of CNOT gates act-

ing on qubits r + 1 through n alone, such that

∀j ∈ {r + 1, . . . , n− k} : UX ◦ UZ [X(vj)] = Xj . (B.14)

Finally, we define unitary channels UC := UC(·)UC and UMV := UMV(·)UMV where,

UC :=

[
n−k∏
i=r+1

Xbi
i

][
r∏
i=1

Zbii

]
,

UMV :=
n−k−1∏
i=0

USWAP(n− i, n− k − i). (B.15)

which respectively remove signs from the generators of S(C) and moves qubits 1 through n−k

to k + 1 through n. These enable us to construct the unitary channel U := UMV ◦ UC ◦ UX ◦ UZ

satisfying Eq. (B.9) and Eq. (B.9) from the Lemma statement. Since U is formed from CNOT-,

single-qubit X- and Z-gates, it is completely CSS-preserving unitary channel.

With this Lemma in hand, we can show that every trace-preserving CSS code projection can

be executed as a CSS circuit, which leads to the following Lemma from the main text.

Lemma 32. Every trace-preserving qubit CSS code projection can be executed as a CSS circuit, and is

therefore stochastically represented by the Wigner representation defined in Eq. (3.18).

Proof. When k = n, the trace-preserving qubit CSS code projection protocol becomes introduc-

tion of a CSS state |0⟩⟨0| on the ancillary qubit, which is completely CSS-preserving. Otherwise,

the stabilizer group S(C) of an [[n, k]] CSS code can be generated by a set of non-trivial (n− k)

CSS observables {S1, . . . , Sn−k}, and its trace-preserving code projection protocol ΛC .

1. Projectively measure S1, . . . , Sn−k.

2. If the no-error syndrome is obtained, decode onto the first k qubits and discard the fi-

nal (n − k) qubits. By Lemma 74, the decoding channel is a completely CSS-preserving
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unitary channel U followed by Hadamard gates on some of the final (n − k) qubits. Be-

cause the trace is invariant under circular shifts, this step is equivalent to just performing

the completely CSS-preserving unitary channel U and then discarding the final (n − k)

qubits. Furthermore, prepare an ancillary qubit in the state |0⟩.

3. Otherwise, discard all qubits, prepare a k-qubit CSS state σ, and prepare the ancillary

qubit in the state |1⟩.

We see from Lemma 19 that ΛC is completely CSS-preserving, and is therefore stochastically

represented by Corollary 2.

B.2 Entropic constraints on qubit CSS code projection protocols

B.2.1 Structure of entropic constraints

In this section, we prove several lemmas that will help us simplify the expression of entropic

constraint functions ∆Dα defined for qubit CSS code projection protocols in Eq. (4.17). To this

end, we find it useful to introduce the general mean Qα(w||r) for any α ∈ A on a quasiproba-

bility distribution w := (w1, . . . wN ) and probability distribution r := (r1, . . . rN ), as

Qα(w||r) := 2(α−1)Dα(w||r) =
N∑
i=1

wαi r
1−α
i . (B.16)

Lemma 75. Consider k-rebit states ρ0 and ρ1, k-qubit CSS states τ0 and τ1, distinct m-qubit compu-

tational basis states ψ0 and ψ1, and probability distributions {p0, p1} and {q0, q1}. Given any α ∈ A,

we then have

Qα(W∑
i piρi⊗ψi

||W∑
i qiτi⊗ψi

) =
∑

i∈{0,1}

pαi q
1−α
i Qα(Wρi ||Wτi), (B.17)

which in turn implies the inequality

Qα(W∑
i piρi⊗ψi

||W∑
i qiτi⊗ψi

) ≥ pαi q
1−α
i Qα(Wρi ||Wτi), (B.18)

for each i ∈ {0, 1}.

Proof. Recalling that computational basis states are CSS and therefore have real Wigner rep-
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resentations, we have by Property (A2) of the phase-point operators in our chosen Wigner

representation that

⟨ψ0, ψ1⟩ = 2m
∑

u∈Pm

Wψ0(u)Wψ1(u) = 0 (B.19)

because ψ0 and ψ1 are orthogonal.

Since computational basis states are CSS, we must further have Wψi
(u) ≥ 0. We thus conclude

from Eq. (B.19) that

V0 := supp(Wψ0) ⊆ ker(Wψ1), (B.20)

V1 := supp(Wψ1) ⊆ ker(Wψ0). (B.21)

With this in hand, we can explicitly evaluate

Qα(W∑
i piρi⊗ψi

||W∑
i qiτi⊗ψi

)

=
∑

i,j∈{0,1}

∑
u∈Pk

∑
v∈Pm

(
piWρj (u)Wψj

(v)
)α

(qiWτi(u)Wψi
(v))1−α

=
∑

i∈{0,1}

pαi q
1−α
i

∑
u∈Pk

Wρi(u)
αWτi(u)

1−α

=
∑

i∈{0,1}

pαi q
1−α
i Qα(Wρi ||Wτi), (B.22)

where in the second equality we used the normalisation of our chosen representation. The

inequality in the Lemma statement then follows from the fact that both terms summed in the

right hand side of Eq. (B.17) must be non-negative for all α ∈ A.

With this property in hand, we obtain the following Lemma, which makes the non-trivial n-

dependence in ∆Dα more explicit.

Lemma 76. Let µ denote the maximally mixed state on k qubits. Given any α ∈ A, the function ∆Dα

can then be expressed as

∆Dα = n (1−Hα[Wρin ]) + k − 1

α− 1
log

[
pαQα (Wρout ||Wµ) + (1− p)α

(
1

2n−k − 1

)α−1
]

(B.23)
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Proof. By Lemma 75, we have the expansion

Qα
(
Wρp ||Wτn,k

)
= pα

(
2k−n

)1−α
Qα (Wρout ||Wµ) + (1− p)α

(
1− 2k−n

)1−α
Qα (Wσ ||Wσ)

=
(
2n−k

)α−1
[
pαQα (Wρout ||Wµ) + (1− p)α

(
1

2n−k − 1

)α−1
]
, (B.24)

where in the last equality we have used Qα(p||p) = 1 for all probability distributions p. We

therefore obtain

Dα

(
Wρp ||Wτn,k

)
= n− k +

1

α− 1
log

[
pαQα (Wρout ||Wµ) + (1− p)α

(
1

2n−k − 1

)α−1
]
.

(B.25)

Substituting Eq. (B.25) and Dα

(
Wρ

∣∣∣∣∣∣W1

2

)
= 2−Hα[Wρ] into Eq. (4.17) gives the Lemma.

By inspection, the form for ∆Dα given in Lemma 76 has no σ-dependence, which serves as

another proof of Lemma 34.

B.2.2 Properties of qubit CSS entropic constraints (Proof of Lemma 35)

We now prove the following properties of the constraint function ∆Dα from the main text:

Lemma 35. Given any noisy input rebit magic state ρin, output k-rebit magic state ρout, acceptance

probability p and α ∈ A, we have that

(i) ∆Dα is concave over the domain n ∈ [k,∞].

(ii) ∆Dα becomes negative as n→ k, i.e. limn→k∆Dα < 0.

(iii) If Hα[Wρin ] > 1, then we have that ∆Dα also becomes negative in the asymptotic limit, i.e.

limn→∞∆Dα < 0.

Proof. Let us denote the maximally mixed state on k qubits by µ. We further simplify notation

by defining the constants c1 := pαQα(Wρout ||Wµ) and c2 := (1− p)α.

Proof of (i): Let us define the following function

g(n) :=

[
c1 + c2

(
1

2n−k − 1

)α−1
]
. (B.26)
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This means that from Lemma 76 we can write

∆Dα = n (1−Hα[Wρin ]) + k − 1

α− 1
log g(n), (B.27)

and since the first term is linear in n we need only check the second derivative of the second

term to establish that ∆Dα is concave. We have

∂2n∆Dα = − 1

α− 1
∂2n log g(n)

= −

[
ln 2 c22

k+n
(
c1
(
2k + (α− 1)2n

) (
2n−k − 1

)α
+ c2

(
2n − 2k

))
(2n − 2k)

(
c12k (2n−k − 1)

α
+ c2 (2n − 2k)

)2
]
.

Since c1, c2 ≥ 0 for all ρout and p, the term in square brackets must be non-negative for all

n ≥ k, α > 1, ρout and p (strictly positive for p < 1). This implies ∂2n∆Dα is non-positive

everywhere on n ∈ [k,∞] for any given ρout and p. Therefore ∆Dα is concave, as claimed.

Proof of (ii): Recalling that α > 1, we have from Eq. (B.27) that

lim
n→k

∆Dα = k(2−Hα[Wρin ])−
1

α− 1
lim
n→k

{
log

[
c1 + c2

(
1

2n−k − 1

)α−1
]}

= −∞ (B.28)

so long as c2 > 1, which is true if and only if p < 1.

Proof of (iii): We have from Eq. (B.27) that

lim
n→∞

∆Dα = k − 1

α− 1
log[c1] + lim

n→∞
{n (1−Hα[Wρin ])} = −∞ (B.29)

if Hα[Wρin ] > 1, as claimed.

B.3 Paired CSS code projection protocols for Hadamard distillation

Lemma 77. Consider an [[n, 1]] qubit CSS code C whose projection protocol sends n copies of ρ(ϵin) to

the rebit state ρout with acceptance probability p. Then there exists an n-to-1 qubit CSS code C̃ whose

projection protocol sends n copies of ρ(ϵin) to H(ρout)H with the same acceptance probability.

Proof. We can represent the action of the code projection protocol constructed around C, ΦC ,
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on n copies of ρ(ϵin) in terms of the encoding unitary UC and codespace projector PC as

ΦC(ρ(ϵ)
⊗n) = Tr2,...,n[U

†
CPC(ρ(ϵ)

⊗n)PCUC ] = pρout (B.30)

The stabilizer group defining the codespace of C can be represented in the form

S(C) := ⟨(−1)b1Z(u1), . . . , (−1)brZ(ur), (−1)br+1X(vr+1), . . . , (−1)bn−1X(vn−1))⟩. (B.31)

for bits b1 . . . , bn−1, n-bit vectors u1, . . . ,ur and vr+1, . . . ,vn−1, and some r ∈ {0, . . . , n − 1}.

By Lemma 74, U may be represented as U = [1⊗(r+1) ⊗H⊗(n−r)]VC for some completely CSS-

preserving unitary VC such that

∀i ∈ {1, . . . , r} : VC [(−1)biZ(ui)]V
†
C = Zi+1, (B.32)

∀j ∈ {r + 1, . . . , n− 1} : VC [(−1)bjX(vj)]V
†
C = Xj+1. (B.33)

We now observe that

pH(ρout)H = H
(
Tr2,...,n[UCPC(ρ(ϵ)

⊗n)PCU
†
C ]
)
H = Tr2,...,n[H1UCPC(ρ(ϵ)

⊗n)PCU
†
CH1], (B.34)

whereH1 is the Hadamard gate on the first qubit. The form of UC and the cyclic property of the

trace then means we can execute Hadamard gates on the final (n− 1) qubits before discarding

them to obtain

pH(ρout)H = Tr2,...,n[HallVCPC(ρ(ϵin)
⊗n)PCV

†
CHall] = Tr2,...,n[ṼC(ρ(ϵin)

⊗n)P̃CṼ
†
C ], (B.35)

where we have defined ṼC := Hall(VC)Hall and P̃C := Hall(PC)Hall for the simultaneous Hadamard

gate on all n qubits, Hall. We note that the final equality relies on the invariance of ρ(ϵ) under

the Hadamard gate.

From the definition of PC in Eq. (4.5), we have that

PC =

n−1∏
i=1

[
1

2
(I + (−1)biSi)

]
(B.36)

Therefore, P̃C is the codespace projector onto another [[n, 1]] CSS code C̃ whose stabilizer group
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is generated by

S(C̃) := ⟨(−1)b1X(u1), . . . , (−1)brX(ur), (−1)br+1Z(vr+1), . . . , (−1)bn−1Z(vn−1))⟩. (B.37)

Since VC is a completely CSS-preserving unitary, it must be a product of CNOTj,k, Zj , Xj for

j ̸= k ∈ {1, . . . , n}. Therefore, ṼC is a product ofHallCNOTj,kHall = CNOTk,j ,HallZjHall = Xj

and HallXjHall = Zj , and thus also a completely CSS-preserving unitary. Furthermore, by

Eq. (B.32) and Eq. (B.33), we have that

∀i ∈ {1, . . . , r} : ṼC [(−1)biX(ui)]Ṽ
†
C = HallVC [(−1)biZ(ui)]V

†
CHall = Xi+1, (B.38)

∀j ∈ {r + 1, . . . , n− 1} : ṼC [(−1)bjX(vj)]Ṽ
†
C = HallVC [(−1)biX(vj)]V

†
CHall = Zj+1. (B.39)

Therefore, ṼC followed by some swaps amongst the final (n − 1) qubits, which can be carried

out by CNOT gates on those qubits, and Hadamard gates on some of the final (n − 1) qubits,

produces the encoding unitary UC̃ of the code C̃. We thus conclude

pH(ρout)H = ΦC̃ [ρ(ϵ)
⊗n], (B.40)

i.e. the code projection protocol of the CSS code C̃ produces H(ρout)H from n copies of ρ(ϵin)

with acceptance probability p.

The even mixture of ρout and H(ρout)H , GH(ρout) := 1
2((ρout) +H(ρout)H), is the projection of

ρout onto the Bloch sphere axis from |H⟩ to
∣∣H〉. Therefore, we have that GH(ρout) = ρ(ϵout), an

ϵout-depolarised |H⟩, or GH(ρout) = ρ(ϵout), an ϵout-depolarised
∣∣H〉, where ϵout ∈ [0, 1].

Let us now define the channel Λ′
C for an [[n, 1]] CSS code C, which performs the trace-preserving

code projection protocol for C with the addition that we perform the gate XZ on the accepted

output, i.e.

Λ′
C(·) := [XZ(Tr2,...,n[U†

C ◦ΠC(·)])ZX]⊗ |0⟩⟨0|+ σTr⊗ |1⟩⟨1| (B.41)

Since the gate ZX is completely CSS-preserving, Λ′
C also lies in the CSS subtheory and is there-
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fore stochastically represented. With this in hand, let us next define the channel

Λ :=


1
2(ΛC + ΛC̃) if GH(ρout) = ρ(ϵout)

1
2(Λ

′
C + Λ′

C̃) if GH(ρout) = ρ(ϵout)

for ϵout ∈ [0, 1]/ (B.42)

As an equal mixture of stochastically-represented channels, Λ is itself stochastically repre-

sented, and transforms n copies of ρ(ϵin) into

Λ(ρ(ϵin)
⊗n) = pρ(ϵout)⊗ |0⟩⟨0|+ (1− p)σ ⊗ |1⟩⟨1|). (B.43)

because XZ(ρ(ϵout))ZX = ρ(ϵout). Furthermore, Λ maps n copies of 1

2 to τn,k. Therefore, if

there exists an n-to-1 CSS code projection that transforms n copies of ρ(ϵ) to ρout with accep-

tance probability p, then there exists a stochastically-represented operation that transforms n

copies of ρ(ϵ) to ρ(ϵout) with acceptance probability p while also mapping n copies of 1

2 to τn,k.

Consequently, the entropic constraints given by 33 remain valid after replacing ρout by ρ(ϵout)

in ρp for some ϵout ∈ [0, 1].

B.4 Bounds on code length in stabilizer code projection protocols

Throughout this section, we will use “Wigner representation”, denoted W , as a shorthand

covering the representation defined in Eq. (3.18) for qubits and Gross’s Wigner representation

W (G) for qudits of odd prime dimensions. We first remind the reader of the shared properties

between our chosen qubit Wigner representation and Gross’s Wigner representation and that

power the extension of results from the former to the latter throughout this section. Given a

state ρ on n qudits of odd prime dimension d, its Gross’s Wigner representationW (G)
ρ is defined

at each point u in a phase space P(G)
n := Z

×n
d × Z

×n
d as [145]

W (G)
ρ (u) :=

1

dn
⟨A(G)

u , ρ⟩, (B.44)

where {A(G)
u } are the set of d2n phase-point operators defined on each point u ∈ P(G)

n as

A0 :=
1

dn

∑
v∈P(G)

n

Dv, Au := DuA0D
†
u (B.45)
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for the set of d2n displacement operators {D(G)
u } on n qudits of prime dimension d defined for

each point u := (ux,uz) ∈ P(G)
n as

Du := ω2−1(uz ·ux)Zd(uz)Xd(ux), ω := exp

(
2πi

d

)
. (B.46)

where arithmetic is modulo d. Given a channel Φ from n to m qudits of prime dimension d,

Gross’s Wigner representation has been extended by Ref. [61] as

W
(G)
Φ (v|u) :=

〈
A

(G)T

u ⊗Av,⊗,J (Φ)
〉
, (B.47)

where transposition is carried out in the same basis of the input system with which the Choi

representation of Φ is calculated. It has been shown [145, 61] that the phase-point operators

of Gross’s Wigner representation shares Properties (A1)–(A3) with those of our chosen qubit

representation, and Gross’s Wigner representation itself shares Properties (W1)–(W6) with our

chosen qubit Wigner representation. Because of these properties, Gross’s Wigner representa-

tion constitutes a generalised Gross’s Wigner representation with respect to the Bravyi-Kitaev

model because it represents stabilizer operations stochastically [61].

B.4.1 Generalisation of entropic constraints on qubit CSS code projections to qu-

dit stabilizer code projections

We first explain how Theorem 33 can be extended to all stabilizer code projection protocols

on qudits of odd prime dimension d. Because Gross’s Wigner representation stochastically

represents every stabilizer operation for qudits of odd prime dimension [60], we can use the

proof strategy of Theorem 30 to prove its analogue for qudits of odd prime dimension.

Theorem 78. Let ρ be a noisy magic state and τ be a stabilizer state on a single qudit such that

supp(Wρ) ⫅ supp(Wτ ). If there exists a magic distillation protocol Φ such that Φ(ρ⊗n) = ρ′ and

τ ′ := Φ(τ⊗n), then

∆Dα := nDα(Wρ||Wτ )−Dα(Wρ′ ||Wτ ′) ≥ 0 (B.48)

for Gross’s Wigner representation W and all α ∈ A := { 2a
2b−1 , |a, b ∈ N+, a ≥ b}.

Much as we had already done for CSS code projection protocols, we can construct a trace-

preserving equivalent to any given n-to-k stabilizer code projection protocol by preparing a
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specially designed stabilizer state σ on k qudits whenever the output is rejected, while record-

ing acceptance (rejection) in computational basis states |0⟩ (|1⟩) of an ancillary qudit. Since

such a trace-preserving stabilizer code projection belongs to the stabilizer subtheory for qudits

of odd prime dimension d, it is stochastically represented under Gross’s Wigner representa-

tion. Furthermore, every trace-preserving stabilizer code projection protocol has the form ΛC

from Eq. (4.9) once we let C be any [[n, k]] stabilizer code and σ be any k-qudit stabilizer state,

so by the reasoning of section 4.3.2, we can take the following analogous reference process to

that defined for qubit CSS code projection protocols in Eq. (4.16),

ΛC

([
1

d

]⊗n)
= dk−n

[
1

d

]⊗k
⊗ |0⟩⟨0|+ (1− dk−n)σ ⊗ |1⟩⟨1| . (B.49)

As Gross’s Wigner representation for the maximally mixed state on a qudit of prime dimension

d is the uniform distribution on a d2 sample space, the representation of any qudit state ρin will

have support inside the representation of the maximally mixed state. We can therefore apply

the above Theorem to trace-preserving stabilizer code projection protocols on qudits of odd

prime dimension d with the above reference process to obtain Theorem 37.

B.4.2 Continuity of α-Réyni entropy in state

In this section, we establish a bound on the difference between α-Réyni entropies calculated on

Wigner representations of states ρ and σ based on the distance between the states themselves.

We first define the ℓ1- and ℓ2-norms, respectively, of a vector w ∈ Rd as

∥w∥1 :=
d∑
i=1

|wi|, (B.50)

∥w∥2 :=

[
d∑
i=1

|wi|2
] 1

2

. (B.51)

We now make use of the following result from the literature on real vector spaces (e.g. see

[146]), which is a consequence of the Cauchy-Schwarz inequality.

Lemma 79. For all w ∈ Rd

∥w∥1 ≤
√
d∥w∥2. (B.52)
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This result enables us to show that vanishingly small variations in quantum states correspond

to vanishingly small variations in their Wigner representations.

Lemma 80. If ∥ρ− σ∥1 ≤ ϵ then for any Wigner representation W , we have

∥Wρ −Wσ∥1 ≤
√
dϵ. (B.53)

Proof. To simplify notation, we first define the state difference ∆ := ρ−σ such thatW∆ =Wρ −Wσ.

Since the Schatten-p norms are non-increasing with respect to p [146], we obtain

∥ρ− σ∥1 ≥ ∥ρ− σ∥2 =

∥∥∥∥∥∑
x

W∆(x)Ax

∥∥∥∥∥
2

=

√∑
x,y

W ∗
∆(x)W∆(y)⟨Ax, Ay⟩

=

√∑
x,y

W ∗
∆(x)W∆(y)dδx,y

=
√
d∥W∆∥2 ≥

1√
d
∥W∆∥1, (B.54)

where in the second inequality we employ Lemma 79. We thus obtain ∥Wρ −Wσ∥1 ≤
√
d∥ρ− σ∥1,

which completes the proof.

Lemma 81. Let ρ and σ be two quantum states of a d-dimensional qudit such that ∥ρ− σ∥1 ≤ ϵ. Then

|Hα[Wρ]−Hα[Wσ]| ≤
α

α− 1
log
[
1 + ϵd

5
2

]
. (B.55)

Proof. Theorem 7 (2) of Ref. [147] tells us that for two d2-dimensional distributions w,w′, we

have the following continuity statement on the α-Rényi entropies

∣∣Hα(w)−Hα(w
′)
∣∣ ≤ α

α− 1
log
[
1 +

∥∥w −w′∥∥
1
d2
]
. (B.56)

The Lemma result then follows from Lemma 80.

B.4.3 Proof of Theorem 38

We are now in a position to derive the analytic bounds on code length for stabilizer code

protocols on qudits of prime dimension d presented in Theorem 38.

Theorem 38 (Qudit code length bounds). Consider the distillation of a target pure magic state ψ
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from a supply of the noisy magic state ρin, where ψ and ρin are states of a single rebit (qudit of odd prime

dimension d). Any n-to-k CSS (stabilizer) code projection protocol that distils n copies of ρin into a

k-rebit (qudit) state ρout with acceptance probability p and per-rebit (qudit) output error ϵout must have

a code length n such that

n ≥
k [log d−Hα(Wψ)]− α

1−α log
( p
1+kϵoutd5/2

)
[log d−Hα(Wρin)]

, (4.27)

for all α ∈ A for which Hα(Wρin) < log d, and

n ≤
k [Hα(Wψ)− log d] + α

1−α log
( p
1+kϵoutd5/2

)
[Hα(Wρin)− log d]

, (4.28)

for all α ∈ A for which Hα(Wρin) > log d, where W is the qubit Wigner representation defined in

Eq. (3.18) (Gross’s Wigner representation).

Proof. Let µ denote the maximally mixed state of k qudits with prime dimension d. We first

note that Lemma 75 extends straightforwardly to Gross’s Wigner representation upon replac-

ing rebits by qudits of odd prime dimension d and CSS states by stabilizer states. Applying

this extended Lemma to the parts of ρp and τn,k that are tagged by |0⟩⟨0| on the ancillary qudit,

we obtain

Qα(Wρp ||Wτn,k
) ≥ pα

d(n−k)(1−α)
Qα(Wρout ||Wµ). (B.57)

By applying the fact that log(·)/(α−1) is a monotonically increasing function for α > 1 to both

sides of the above equation, we see that

Dα(Wρp ||Wτn,k
) ≥ 1

α− 1
log

[
pα

d(n−k)(1−α)
Qα(Wρout ||Wµ)

]
= Dα(Wρout ||Wµ) +

α

α− 1
log p+ (n− k) log d

= k log d−Hα(Wρout) +
α

α− 1
log p+ n log d, (B.58)

where in the final equality we have used the identity Dα

(
Wρ

∣∣∣∣∣∣∣∣Wµ

)
= 2k log d−Hα(Wρ) due

to Eq. (3.33).
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We can now make use of the continuity of the Rényi entropy as stated in Lemma 81 to obtain

∣∣Hα[Wψ⊗k ]−Hα[Wρout ]
∣∣ ≤ α

α− 1
log[1 + kϵoutd

5
2 ], (B.59)

where we have applied the definition of the output error rate ϵout := k−1
∥∥ρout − ψ⊗k∥∥

1
. By

applying the above inequality to obtain

k log d−Hα(Wρout) = k log d−Hα(Wψ⊗k) + (Hα(Wψ⊗k)−Hα(Wρout)

≥ k log d−Hα(Wψ⊗k)−
∣∣(Hα(Wψ⊗k)−Hα(Wρout)

∣∣
≥ k log d−Hα(Wψ⊗k)−

α

α− 1
log[1 + kϵoutd

5
2 ], (B.60)

we can lower-bound Dα(Wρp ||Wτn,k
) further as

Dα(Wρp ||Wτn,k
) ≥ k log d−Hα(Wψ⊗k)−

α

α− 1
log[1 + kϵoutd

5
2 ] +

α

α− 1
log p+ n log d

= k [log d−Hα(Wψ)]−
α

1− α
log

p

1 + kϵoutd
5
2

+ n log d, (B.61)

where in the final equality we have used

Hα(Wψ⊗k) =
1

1− α
log

∑
u1∈P

· · ·
∑
uk∈P

Wψ(u1)
α . . .Wψ(uk)

α

=
1

1− α
log

k∏
i=1

 ∑
ui∈Pd

Wψ(ui)
α


= k

(
1

1− α
log
∑
u∈P

Wψ(u)
α

)
= kHα(Wψ) (B.62)

for the phase space Pd := Zd × Zd used for the Wigner representation of a single qudit with

prime dimension d. Noting that

Dα

(
Wρ⊗n

in
||W

(1d )
⊗n

)
= nDα

(
Wρin ||W(1d )

)
= n[2 log d−Hα(Wρin)] (B.63)

where we applied Property (D2) in the first equality and Eq. (3.33) in the second, we obtain the

following upper bound on the relative entropy difference ∆Dα

0 ≤ ∆Dα ≤ n[log d−Hα(Wρin)] + k [Hα(Wψ)− log d] +
α

1− α
log

p

1 + kϵoutd
5
2

. (B.64)
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This gives a weaker but still necessary constraint on stochastic transformations accomplishing

ρ⊗n 7→ ρp and
(
1

d

)⊗n 7→ τn,k. We can rearrange this as

n[Hα(Wρin)− log d] ≤ k [Hα(Wψ)− log d] +
α

1− α
log

p

1 + kϵoutd
5
2

. (B.65)

For Hα(Wρin) < log d, we can rearrange Eq. (B.65) to obtain the lower bound in Eq. (4.27). For

Hα(Wρin) > log d, we obtain the upper bound in Eq. (4.28).

B.5 Decomposition of CSS magic distillation into code projections

We first define magic distillation protocols in the CSS setting.

Definition 82. An n-to-k CSS magic distillation protocol is any CSS circuit (as defined in Lemma 19)

that takes in n ≥ 2 qubits and outputs onto the first 1 ≤ k < n qubits.

With this definition in hand, we move to the main goal of this section, which is to prove the

following theorem.

Theorem 83. Every n-to-k CSS magic distillation protocol E can be decomposed as a sum of CSS code

projection protocols followed by preparing CSS states and completely CSS-preserving post-processing.

Thus one can write

Φ(ρ) =
∑
i

pi Ui ◦ (ΦCi(ρ)⊗ |φi⟩⟨φi|) , (B.66)

where pi is a probability, Ui is a completely CSS-preserving unitary channel on k qubits, ΦCj is the

codespace projection protocol for an [[n, ki]] CSS code Ci for an integer ki in the range 0 ≤ ki ≤ k, and

|φi⟩ is a CSS state on (k − ki) qubits.

Proof. To bring E into the desired form, we proceed in four steps (all auxiliary lemmas used

will be presented after this proof):

1. By Lemma 85, any n-to-k CSS magic distillation protocol Φ can be decomposed as a sum

of n-qubit operations

Φ(ρ) =
∑
i

qiΦi where Φi := Trk+1,...,n+m

[
Ki(ρ⊗ |ψi⟩⟨ψi|)K†

i

]
(B.67)

wherein qi is a probability, |ψi⟩ is a CSS state on m ancillary qubits and Ki is a Kraus
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operator of the form

Ki = Ui

 N∏
j=1

P (Si,j)

 , (B.68)

for a completely CSS-preserving unitary Ui and projector P (Si,j) onto the +1 eigenspace

of a CSS observable Si,j .

2. By Lemma 86, each operation Φi can be further decomposed into a sum

Φi(ρ) =
∑

s∈{0,1}n+m−k

Φi,s(ρ), (B.69)

where each operation Φi,s first introduces m ancillary qubits in the CSS state |ψi⟩, then

post-selects the +1 outcome in a sequence of projective measurements of CSS observ-

ables Si,N , . . . , Si,1, and then performs a CSS code projection protocol on the input and

ancillary qubits. Thus one can write

Φi,s(ρ) = ΦCi,s ◦Π(Si,1) ◦ · · · ◦Π(Si,N )[ρ⊗ |ψi⟩⟨ψi|], (B.70)

where Π(Si,j) post-selects the +1 outcome in a projective measurement of the CSS ob-

servable Si,j , and ΦCi,s is the code projection of an [[n+m, k]] CSS code Ci,s.

3. By repeated applications of Lemma 87, we find that Φi,s performs a CSS code projection

on the input and ancillary qubits, followed by preparing a CSS state and completely

CSS-preserving post-processing. Thus one can write

Φi,s(ρ) = q′i,s U ′
i,s ◦ (ΦC′

i,s
(ρ⊗ |ψi⟩⟨ψi|)⊗

∣∣φ′〉〈φ′∣∣
i,s
), (B.71)

where q′i,s is a probability, U ′
i,s is a completely CSS-preserving unitary channel on k

qubits, |φ′⟩i,s is a CSS state on k−k′i,s qubits for some integer k′i,s in the range 0 ≤ k′i,s ≤ k,

and ΦC′
i,s

is a code projection for an [[n+m, k′i,s]] CSS code C′
i,s.

4. By Lemma 89, each CSS code projection ΦC′
i,s

on the input and ancillary qubits from

Eq. (B.71) can be reduced to a CSS code projection on the input qubits alone, followed

by preparing a CSS state and completely CSS-preserving post-processing. Thus one can
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write

ΦC′
i,s
(ρ⊗ |ψi⟩⟨ψi|) = q′′i,s U ′′

i,s ◦ (ΦC′′
i,s
(ρ)⊗

∣∣φ′′〉〈φ′′∣∣
i,s
), (B.72)

where q′′i,s is a probability, U ′′
i,s is a completely CSS-preserving unitary channel on k′i,s

qubits, ΦC′′
i,s

is the code projection for an [[n, k′′i,s]] CSS code C′′
i,s for some integer k′′i,s in

the range 0 ≤ k′′i,s ≤ k′i,s, and |φ′′⟩i,s is a CSS state on k′i,s − k′′i,s qubits. Substituting back

then immediately yields the result.

Auxiliary lemmas

Before turning to the proofs of Lemmas used in each step of the main proof, we present a

result on the conjugation relations between completely CSS-preserving unitaries and CSS ob-

servables as well as three representations of CSS code projection protocols, all of which will be

useful throughout.

Lemma 84. Given any completely CSS-preserving unitary U and CSS observable S on n qubits,

S′ := U †SU is another CSS observable of the same type as S. This further impliesP (±S)U = UP (±S′).

Proof. For convenience, let us label the n qubits as 1, . . . , n. Let a be an arbitrary n-bit string,

and ej be the n-bit string with 1 in its jth entry and 0 everywhere else. We then have the

following conjugation relations

Zj [X(a)]Zj = (−1)ajX(a) (B.73)

Zj [Z(a)]Zj = Z(a) (B.74)

Xj [X(a)]Xj = X(a) (B.75)

Xj [Z(a)]Xj = Xj(−1)ajZ(a) (B.76)

CNOT(i, j)[X(a)] CNOT(i, j) = X(a+ aiej) (B.77)

CNOT(i, j)[Z(a)] CNOT(i, j) = Z(a+ ajei), (B.78)

for any i, j from the range 1, . . . , n, where arithmetic is modulo 2. Since S is of the form ±X(a)

or ±Z(a), and U is a product of CNOT(i, j), Zj and Xj for i, j in the range 1, . . . , n, we imme-

diately arrive at the Lemma result.

We recall from Chapter 4 and Lemma 74 that the code projection protocol for an [[n, k]] CSS
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code C with n > k and minimal set of stabilizer group generators {S1, . . . , Sn−k} can be repre-

sented in terms of a completely CSS-preserving unitary UC and codespace projector PC as

ΦC(ρ) := Trk+1,...,n

[
U †
CPC(ρ)PCUC

]
where U †

C(Si)UC =


Zk+i if Si is Z-type

Xk+i if Si is X-type

and PC :=
n−k∏
i=1

P (Si) (B.79)

With slight abuse of terminology and notation, we shall also refer to UC as the encoding unitary

of C throughout the rest of this section.

By conjugating UC past each P (Si) in PC , we obtain the following alternative expression of ΦC

in terms of the decoding unitary and the zero-syndrome projector P0 (up to Hadamard gates

on syndrome qubits to transform |+⟩ into |0⟩ as needed).

ΦC(ρ) := Trk+1,...,n

[
P0 U†

C(ρ)UCP0

]
where P0 :=

n∏
i=k+1

P (Ci)

for Ci :=


Xk+i if Si is Z-type

Zk+i if Si is X-type,
(B.80)

which is equivalent to

ΦC(ρ) := Trk+1,...,n

[(
I

n⊗
i=k+1

|ϕi⟩⟨ϕi|

)
U†
C(ρ)UC

(
I

n⊗
i=k+1

|ϕi⟩⟨ϕi|

)]

where |ϕi⟩ :=


|+⟩ if Si is X-type

|0⟩ if Si is Z-type,
(B.81)

Now UC generates the logical basis for C as

∀s ∈ {0, 1}k : |sC⟩ := UC

(
|s⟩

n⊗
i=k+1

|ϕi⟩

)
(B.82)

We can therefore express ΦC as the Kraus decomposition

ΦC(ρ) = KCρK
†
C for K†

C :=
∑

s∈{0,1}k
|sC⟩⟨s| . (B.83)
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When k = 0, ΦC simply projects onto a pure n-qubit CSS state and then discards it.

Step 1: Standard form for CSS magic distillation protocols

Lemma 85. Any n-to-k CSS magic distillation protocol Φ can be decomposed as a sum of n-qubit

operations

Φ(ρ) =
∑
i

piTrk+1,...,n+m

[
Ki(ρ⊗ |ψi⟩⟨ψi|)K†

i

]
, (B.84)

where pi is a probability, |ψi⟩ is a CSS state on m ancillary qubits and Ki is Kraus operator of the form

Ki = Ui

(
N∏
l=1

P (Si,j)

)
, (B.85)

where Ui is a completely CSS-preserving unitary and P (Si,j) projects onto the +1 eigenspace of a CSS

observable Si,j .

Proof. By Lemma 69, we can decompose Φ as follows

Φ(ρ) =
∑
i

p′iTrk+1,...,n+m

[
Ki(ρ⊗ σi)K

†
i

]
(B.86)

where p′i is a probability, σi is a CSS state on m ancillary qubits and Ki is a Kraus operator of

the form

Ki =
N∏
j=1

P (S′
i,j)U

′
i,j , (B.87)

where U ′
i,j is a completely CSS-preserving unitary and P (S′

i,j) projects onto the +1 eigenspace

of the CSS observable S′
i,j . Given any completely CSS-preserving unitary U and CSS observ-

able S′, we have that S′U = US, where S is another CSS observable. Therefore, we can con-

jugate every completely CSS-preserving unitary U ′
i,j to the beginning of its Kraus operator K ′

i,

where we compose them into a single completely CSS-preserving unitary Ui, leaving behind a

string of projections onto the +1 eigenspaces of another set N CSS observables {Si,j} in their

wake. Decomposing each CSS state σi on ancillary qubits into a statistical mixture of pure CSS

states then yields the Lemma result.

159



B.5. CSS distillation as code projections Chapter B. Appendices to Chapter 4

Step 2: Exposing the decoding

Lemma 86. Consider a channel Φ on n qubits that performs a completely CSS-preserving unitary U

and then discards the final n− k qubits,

Φ(ρ) = Trk+1,...,n

[
U(ρ)U †

]
. (B.88)

where 1 ≤ k < n. Then Φ can be decomposed into a sum over CSS code projections {ΦCs} onto [[n, k]]

CSS codes {Cs} indexed by the computational basis {s} on the discarded qubits,

Φ(ρ) =
∑

s∈{0,1}n−k

ΦCs(ρ). (B.89)

Proof. The channel Φ is unchanged by performing a measurement in the computational basis

{|s⟩} of the final n− k qubits before discarding them. Thus one can write

Φ(ρ) =
∑

s∈{0,1}n−k

Φs(ρ), (B.90)

where we have defined

Φs(ρ) := Trk+1,...,n

[
1
⊗k ⊗ |s⟩⟨s| (U †(ρ)U)1⊗k ⊗ |s⟩⟨s|

]
. (B.91)

Let Us be a completely CSS-preserving unitary on the final n−k qubits that transforms |s⟩ into

|0⟩, e.g. U †
s :=

⊗n−k
i=1 (X)si . By the cyclic property of the trace, we obtain

Φs(ρ) = Trk+1,...,n

[
K(ρ)K†

]
, (B.92)

for the Kraus operator

K := 1
⊗k ⊗ (Us |s⟩⟨s|)U = 1

⊗k ⊗ |0⟩⟨0|
(
[1⊗k ⊗ Us]U

)
. (B.93)

By Eq. (B.81), we see that Φs can be interpreted as a code projection protocol with a com-

pletely CSS-preserving decoding unitary UsU for an [[n, k]] CSS code Cs stabilized by S(Cs) :=

⟨(UsU)†Zk+1(UsU), . . . , (UsU)†Zn(UsU)⟩.
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Step 3: Removing the projections

Lemma 87. Let Φ be an operation on n qubits that projectively measures a CSS observable S, post-

selects the +1 outcome, and then carries out a code projection ΦC of an [[n, k]] CSS code C, i.e.

Φ(ρ) := ΦC ◦Π(S)[ρ] where Π(S)[ρ] := P (S)ρP (S). (B.94)

where n > k. There are three possibilities for how Φ transforms ρ:

1. that Φ(ρ) = 0 for all ρ.

2. that Φ is a code projection ΦC′ for another [[n, k]] CSS code C′, followed by completely CSS-

preserving unitary post-processing U . Thus one can write

Φ(ρ) = p U ◦ ΦC′(ρ), (B.95)

where p > 0 is a probability. One can further find logical bases for the new and old codes respec-

tively,
{
|sC′⟩ |s ∈ {0, 1}k

}
and

{
|sC⟩ |s ∈ {0, 1}k

}
, such that

P (S) |sC⟩ ∝ |sC′⟩ . (B.96)

3. for k ≥ 1, that Φ is a code projection C′ for an [[n, k − 1]] CSS code C′, followed by preparing a

CSS state |φ⟩ on a single qubit and completely CSS-preserving unitary post-processing U ′, i.e.

Φ(ρ) = U ′ ◦ [ΦC′(ρ)⊗ |φ⟩⟨φ|]. (B.97)

Furthermore, we can find logical bases
{∣∣s′C′

〉
|s′ ∈ {0, 1}k−1

}
and

{
|sC⟩ |s ∈ {0, 1}k

}
such that

P (S)
∣∣f(s′)C〉 ∝ ∣∣s′C′

〉
, (B.98)

for some function f : {0, 1}k−1 → {0, 1}k.

Proof. Let {Sk+1, . . . Sn} be CSS observables that constitute a minimal set of generators for

the stabilizer group S(C) of C. We now demonstrate how to manipulate Φ into one of the

forms stated by the Lemma depending on the relationship between S and the CSS observables

generating S(C).
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(i) S does not commute with at least one generator of S(C). We assume without loss of

generality that S does not commute with Sk+1. We now show how Φ can be manipulated

into the second form stated by the Lemma.

By Eq. (B.83), we can express Φ as the following Kraus decomposition in terms of the

logical basis {|sC⟩} generated by the encoding unitary UC of C as

Φ(ρ) = K(ρ)K† for K† :=
∑

s∈{0,1}k
P (S) |sC⟩⟨s| . (B.99)

The stabilizer group S(|sC⟩) for each logical basis state |sC⟩ can be expressed as

S(|sC⟩) = ⟨(−1)s1UC(Z1)U
†
C , . . . , (−1)skUC(Zk)U

†
C , Sk+1, . . . , Sn⟩, (B.100)

We can multiply all generators of S(|sC⟩) that do not commute with S by Sk+1 and, as all

CSS observables that do not commute with S must be of the same type, arrive at another

set of commuting, independent and non-trivial CSS observables {S1, . . . , Sn} such that

S(|sC⟩) = ⟨(−1)s1S1, . . . , (−1)skSk, Sk+1, . . . , Sn⟩. (B.101)

This implies (see proof of Lemma 68)

P (S) |sC⟩ =
1√
2
|ψs⟩ (B.102)

for a CSS state |ψs⟩ stabilized by

S(|ψs⟩) = ⟨(−1)s1S1, . . . , (−1)skSk, S, Sk+2 . . . , Sn⟩. (B.103)

Applying Lemma 74 to S1, . . . , Sk, S, Sk+2, . . . , Sn, we can find a completely CSS-preserving

encoding unitary UC′ for the [[n, k]] CSS code C′ stabilized by ⟨S, Sk+2, . . . , Sn⟩ that gener-

ates a logical basis {|sC′⟩} in C′ such that |sC′⟩ shares the stabilizer group of |ψs⟩. There-

fore, |sC′⟩ and |ψs⟩ only differ up to a phase, and one can write

P (S) |sC⟩ =
1√
2
e−iθs |sC′⟩ . (B.104)
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Substituting into Eq. (B.99), we obtain

Φ(ρ) =
1

2
U [ΦC′(ρ)]U †, (B.105)

where we have defined the following unitary on k qubits to adjust for the phase differ-

ences between |ψs⟩ and |sC′⟩,

U :=
∑

s∈{0,1}k
eiθs |s⟩⟨s| . (B.106)

We see that Eq. (B.105) now matches the second statement of the Lemma provided that

U is completely CSS-preserving, which we now proceed to show.

Consider an arbitrary pure CSS state |ψ⟩ on k qubits. Since UC′ is completely CSS-

preserving, it encodes |ψ⟩ as another CSS state |ψC′⟩ in C′. The initial form of Φ in

Eq. (B.94) shows that it is completely CSS preserving, which implies Φ(|ψC′⟩⟨ψC′ |) is a

(possibly subnormalised) CSS state. On the other hand, the form of Φ in Eq. (B.105)

implies Φ(|ψC′⟩⟨ψC′ |) = 1
2U |ψ⟩⟨ψ|U †, and therefore U |ψ⟩⟨ψ| must be CSS as well. We

conclude that if |ψ⟩ is CSS, then so is U |ψ⟩, which implies that U is CSS-preserving.

From the proof of Lemma 67, we can express U as U =
[
H⊗k]a V , where V is a com-

pletely CSS-preserving unitary and a is a binary digit. While the CNOT-gate and single-

qubit X- and Z-gates map computational basis states onto computational basis states,

the collective Hadamard gate does not. As U is diagonal in the computational basis by

construction, we conclude that a = 0, so U is indeed completely CSS-preserving.

(ii) S commutes with Sk+1, . . . , Sn, and both S and −S are independent of them. This is

only possible when k ≥ 1. In this case, we show that Φ can be manipulated into the third

form in the Lemma.

By Eq. (B.80), we can express Φ as the following once we conjugate P (S) past U in accor-

dance with Lemma 84:

Φ(ρ) = Trk+1,...,n

[
P0P (S

′)U †
C(ρ)UCP (S

′)P0

]
(B.107)

where S′ := U †
CSUC is another CSS observable, and P0 is the zero-syndrome projector of

163



B.5. CSS distillation as code projections Chapter B. Appendices to Chapter 4

C. Consider the term

P (S′)P0 = P (S′)P (Ck+1) . . . P (Cn), where Ci :=


Xi if Si is X-type,

Zi if Si is Z-type.
(B.108)

from Eq. (B.107). Given any two Pauli observables O2 and O2, we have that [82]

P (O1)P (O2) = P (O1O2)P (O2). (B.109)

Because S′ must commute with Cn−k, . . . Cn, we conclude that S′ can be non-trivial on a

qubit i where k + 1 ≤ i ≤ n if and only if Ci is the same type of Pauli observable as S′,

which implies, sinceCi must be non-trivial, that S′ is non-trivial on a qubit i if and only if

S′Ci is trivial on qubit i. We can therefore apply Eq. (B.109) to S′ and the Ci in Eq. (B.108)

to eliminate the non-trivial part of P (S′) on the last n− k qubits, and conclude that there

exists a non-trivial CSS observable S′′ on the first k qubits alone such that

P (S′)P0 = [P (S′′)⊗ 1
⊗(n−k)]P0. (B.110)

Since both S′ and −S′ must be independent of Ck +1, . . . , Cn, we conclude that S′′ is not

proportional to the identity.

We now consider the cases where S′′ is Z-type and X-type separately.

(a) S′′ is Z-type. We therefore represent S′′ as S′′ = (−1)bZ(z), where b is a binary digit

and z is an k-bit string of which at least one bit j is such that zj = 1.

Consider the following completely CSS-preserving unitary on k qubits

Ũ † := SWAP(j, k) ◦Xb
j ◦ UZ where UZ :=

k∏
i=1

[CNOT(i, j)]zi , (B.111)

where SWAP(j, k) := CNOT(i, j) CNOT(j, i) CNOT(i, j) swaps qubits i and j, and

UZ has been designed via Eq. (B.1) to “clear” the non-trivial parts of S′′ on every

qubit except the jth, which implies UC [Z(z)]U
†
C = Zj . Therefore,

Ũ †P (S′′)Ũ = P (Zk), (B.112)
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Using Eq. (B.112) to substitute P (S′′) in Eq. (B.110), we have by Eq. (B.107) that

Φ(ρ) = Ũ
(
Trk+1,...,n

[
P ′U

′†(ρ)U ′P ′
])
Ũ †, (B.113)

where we have defined

P ′ := P (Zk)P0 and U ′ := UCŨ ⊗ 1
⊗(n−k). (B.114)

As kth qubit outputted after the projection P ′ is always |0⟩, we can simply discard

the kth qubit as well and re-prepare it. Thus one can write

Φ(ρ) = Ũ (ΦC′(ρ)⊗ |0⟩⟨0|) Ũ †, (B.115)

where we have defined

ΦC′(ρ) := Trk,...,n

[
P ′U

′†(ρ)U ′P ′
]
. (B.116)

By Eq. (B.81), we see that ΦC′ is the code projection of an [[n, k − 1]] CSS code C′

stabilized by ⟨U ′ZkU
′†, U ′Ck+1U

′†, . . . , U ′CnU
′†⟩ with a completely CSS-preserving

encoding unitary U ′.

By Eq. (B.82), U ′ generates the following logical basis for C′:

∀s′ ∈ {0, 1}k−1 :
∣∣s′C〉 := U ′ |s⟩ |0⟩ |Φ⟩

where |Φ⟩ :=
n−k⊗
i=1

|ϕi⟩ for |ϕi⟩ :=


|+⟩ if Si is X-type.

|0⟩ if Si is Z-type.
(B.117)

Noting that P (Zk)P0 is the zero-syndrome projectors of C′, which has the zero syn-

drome state |0⟩ |Φ⟩ on its (n − k − 1) syndrome qubits, we can relate each logical
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basis state
∣∣s′C′

〉
to a (unique) logical basis state in the old code C as

∣∣s′C′
〉
=
[
UCŨ ⊗ 1

⊗(n−k)
] ∣∣s′〉 |0⟩ |Φ⟩

=
[
UCŨ ⊗ 1

⊗(n−k)
]
P (Zk)P0

∣∣s′〉 |0⟩ |Φ⟩
= UCP

(
S′′)⊗ 1

⊗(n−k)P0

[(
Ũ
∣∣s′〉 |0⟩) |Φ⟩]

= UCP (S
′)P0

∣∣f(s′)〉 |Φ⟩
= P (S)UC

∣∣f(s′)〉 |Φ⟩
= P (S)

∣∣f(s′)C〉 , (B.118)

where we have defined |f(s′)⟩ := Ũ |s′⟩ |0⟩, used Eq. (B.112) for the second equality,

used Eq. (B.110) for the third equality, and the fact that P0 is the zero-syndrome

projector of C, whose zero-syndrome state is |Φ⟩ on (n−k) syndrome qubits, for the

fourth equality. Explicitly, f evaluates to

f(s′) =(s′1, . . . , s
′
j−1, s, s

′
j , . . . , s

′
k−1),where

s :=

(
j−1∑
i=1

s′izi

)
+ b+

 k∑
i=j+1

s′i−1zi

 , (B.119)

and arithmetic is modulo 2.

(b) S′′ is X-type. We therefore represent S′′ as S′′ = (−1)bX(x), where b is a binary

digit and x is an k-bit string of which at least one bit j is such that xj = 1.

Consider the following completely CSS-preserving unitary on k qubits,

Ũ † := MVj→k ◦Zbj ◦ UC , (B.120)

in which UC is defined as

UC :=


k∏
i=1

xi=1,i̸=j

CNOT(j, i) if ∃i ̸= j : xi = 1,

1
⊗k otherwise.

(B.121)
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Because UC [X(x)]U †
C = Xj , we have that

Ũ †P (S′′)Ũ = P (Xk). (B.122)

Using Eq. (B.122) to substitute P (S′′) in Eq. (B.110), we have by Eq. (B.107) that

Φ(ρ) = Ũ
(
Trk+1,...,n

[
P ′U

′†(ρ)U ′P ′
])
Ũ †, (B.123)

where we have defined

P ′ := P (Xk)P0, U
′ := UCŨ ⊗ 1

⊗(n−k). (B.124)

Since kth qubit outputted by the part inside Ũ(·)Ũ † is always |+⟩, we can simply

discard the kth qubit as well and re-prepare it. Thus one can write

E(ρ) = Ũ
(
K′(ρ)⊗ |+⟩⟨+|

)
Ũ †, (B.125)

where we have defined

K′(ρ) := Trk,...,n

[
P ′U

′†(ρ)U ′P ′
]
. (B.126)

From Eq. (B.79), we see that K′ is a code projection for an [[n, k − 1]] CSS code C′

stabilized by ⟨U ′XkU
′†, U ′Ck+1U

′†, . . . , U ′CnU
′†⟩ with a completely CSS-preserving

encoding unitary U ′. By Eq. (B.82), U ′ generates the following logical basis for C′:

∀s′ ∈ {0, 1}k−1 :
∣∣s′C〉 := U ′ |s⟩ |+⟩ |Φ⟩ (B.127)

where |Φ⟩ :=
n−k⊗
i=1

|ϕi⟩ . (B.128)

We can then relate the logical basis state
∣∣s′C′

〉
in the new code C′ to a logical basis
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state in the old code C as

∣∣s′C′
〉
=
[
UCŨ ⊗ 1

(n−k)
]
P (Xk)P0

∣∣s′〉 |+⟩ |Φ⟩

=
√
2
[
UCŨ ⊗ 1

⊗(n−k)
]
P (Xk)P0

∣∣s′〉 |0⟩ |Φ⟩
=

√
2 UCP (S

′′)⊗ 1
⊗(n−k)P0

(
Ũ
∣∣s′〉 |0⟩) |Φ⟩

=
√
2 UCP (S

′)P0

∣∣f(s′)〉 |Φ⟩
=

√
2 P (S)UC

∣∣f(s′)〉 |Φ⟩
=

√
2 P (S)

∣∣f(s′)C〉 , (B.129)

where we defined |f(s′)⟩ := Ũ |s′⟩ |0⟩, used Eq. (B.122) to obtain the second equality

and Eq. (B.110) to obtain the third. Explicitly, f(s′) = (s′1, . . . , s
′
j−1, 0, s

′
j , . . . , s

′
k−1).

(iii) Either S or −S is not independent of Sk+1, . . . , Sn. This implies either −S or S stabilizes

C. In the former case, we see from Eq. (B.99) that Φ(ρ) = 0 for all ρ. In the latter case,

we have P (S) |sC⟩ = |sC⟩, which implies Φ = ΦC by Eq. (B.99). Together these equations

match the Lemma’s second form.

Step 4. Removing ancillary qubits

Lemma 88. Let C be an [[n+m, k]] CSS codes where n ≥ 1, n > k and m > 0, and let {|sC⟩} be a

logical basis for C generated by a completely CSS-preserving encoding unitary U such that each logical

basis state |sC⟩ factorises over n and m qubits, i.e.,

|sC⟩ = |ψs⟩ ⊗ |ψ⟩ , (B.130)

where |ψ⟩ is a CSS state on m qubits. We then have that

|ψs⟩ = e−iθs |sC′⟩ , (B.131)

where {|sC′⟩} is a logical basis for an [[n, k]] CSS code C′ generated by a completely CSS-preserving

unitary.

Proof. The stabilizer group for the logical basis state |sC⟩ can be related to the stabilizer group
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S(C) of C as

S(|sC⟩) = ⟨(−1)s1S1, . . . , (−1)skSk⟩ × S(C), (B.132)

where we have defined Si := UZiU
† for i = 1, . . . , k.

We observe that S(C) is a direct sum of F2-subspaces SX(C) and SZ(C) corresponding to X-

and Z-type stabilizers for C. Because |ψ⟩ is a CSS state, its stabilizer group S(|ψ⟩) is similarly

a direct sum of F2-subspaces SZ(|ψ⟩) and SX(|ψ⟩) corresponding to X- and Z-type stabilizers

for |ψ⟩.

Since {|sC⟩} span C, Eq. (B.130) implies that, if S stabilizes |ψ⟩, then 1
⊗n ⊗ S stabilizes C.

Therefore, 1⊗n⊗SZ(|ψ⟩) and 1⊗n⊗SX(|ψ⟩) are F2-subspaces of SZ(C) and SX(C) respectively.

By applying the basis extension theorem separately to the Z and X cases, we can represent

S(C) as

S(C) = ⟨Sk+1, . . . , Sn,1
⊗n ⊗ T1, . . . ,1

⊗n ⊗ Tm⟩, (B.133)

where Sk+1, . . . , Sn and T1, . . . , Tm are all CSS observables such that S(|ψ⟩) = ⟨T1, . . . , Tm⟩.

The stabilizer group of |sC⟩ can then be represented as

S(|sC⟩) = ⟨(−1)s1S1, . . . , (−1)skSk, Sk+1, . . . , Sn,1
⊗n ⊗ T1, . . . ,1

⊗n ⊗ Tm⟩, (B.134)

from which we note that S1, . . . , Sn are all members of S(|0C⟩), the stabilizer group for the

zero logical basis state in C. Since |0C⟩ and |ψ⟩ are CSS, |ψ0⟩ must be CSS as well (as discard-

ing the last m qubits is CSS-preserving). Therefore, S(|0C⟩) is a direct sum of F2-subspaces

1
⊗n ⊗ S(|ψ⟩) and S(|ψ0⟩)⊗ 1

⊗m, where S(|ψ0⟩) is the stabilizer group of |ψ0⟩. Consequently,

we can express Si as Si = S′
i ⊗ T ′

i , where S′
i and T ′

i are CSS observables of the same type

as Si that respectively stabilize |ψ0⟩ and |ψ⟩. Therefore, by multiplying each Si in Eq. (B.134)

by appropriate generators of the same type in {1⊗ ⊗ T1, . . .1
⊗n ⊗ Tm}, we can represent the

stabilizer group of |sC⟩ as

S(|sC⟩) = S(|ψs⟩)⊗ S(|ψ⟩), (B.135)
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where the stabilizer group S(|ψs⟩) is generated by

S(|ψs⟩) = ⟨(−1)s1S′
1, . . . , (−1)skS′

k, S
′
k+1, . . . , S

′
n⟩, (B.136)

in which S′
1, . . . , S

′
k are Z-type because S1, . . . , Sk are Z-type. By applying Lemma 74 to

S′
1, . . . , S

′
n, we can find a logical basis {|sC′⟩} for an [[n, k]] CSS code C′ stabilized by ⟨S′

k+1, . . . , S
′
n⟩,

generated by a completely CSS-preserving encoding unitary, such that |sC′⟩ shares the stabi-

lizer group of |ψs⟩. Therefore, |sC′⟩ and |ψs⟩ only differ up to a phase, which implies the

Lemma.

Lemma 89. Let ΦC be the code projection for an [[n+m, k]] CSS code C where n ≥ 1, n > k and

m > 0. Then given any m-qubit CSS state |ψ⟩, we have that ΦC([·] ⊗ |ψ⟩⟨ψ|) is equivalent to a CSS

code projection on n qubits alone, followed by preparing a CSS state and completely CSS-preserving

post-processing, i.e.

ΦC(ρ⊗ |ψ⟩⟨ψ|) = p Ũ ◦
(
Φ̃C(ρ)⊗ |φ⟩⟨φ|

)
, (B.137)

where p is a probability, Ũ is a completely CSS-preserving unitary channel on k qubits, Φ̃C is a code

projection for an [[n, k′]] CSS code where 0 ≤ k′ ≤ k, and |φ⟩ is a CSS state on k − k′ qubits.

Proof. Let {Sn+1, . . . , Sn+m} be a set of CSS observables that generate the stabilizer group

defining |ψ⟩. Then ΦC(ρ⊗ |ψ⟩⟨ψ|) is equivalent to

ΦC(ρ⊗ |ψ⟩⟨ψ|) = ΦC(P[ρ⊗ |ψ⟩⟨ψ|]P), (B.138)

where P projects the last m qubits onto |ψ⟩, i.e.

P := 1
⊗n ⊗ |ψ⟩⟨ψ| =

n+m∏
i=n+1

P (1⊗n ⊗ Si). (B.139)

By applying Lemma 87 to each projection carried out by P, we obtain

ΦC(ρ⊗ |ψ⟩⟨ψ|) = p U ◦ Φ′
C(ρ⊗ |ψ⟩⟨ψ|)⊗ |φ⟩⟨φ| , (B.140)

where p is a probability, U is a completely CSS-preserving unitary channel on k qubits, ΦC′ is a
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code projection for an [[n+m, k′]] CSS code C′ where 0 ≤ k′ ≤ k, and |φ⟩ is a CSS state on k−k′

qubits. Lemma 87 further implies there exists a logical basis {|sC′⟩ |s ∈ {0, 1}k′} for the new

code C′, generated by a completely CSS-preserving encoding unitary, which can be related to

an orthonormal set of states {|Ψs⟩ |s ∈ {0, 1}k′} on n+m qubits as

P |Ψs⟩ =
(
1
⊗n ⊗ |ψ⟩⟨ψ|

)
|Ψs⟩ ∝ |sC′⟩ . (B.141)

Eq. (B.141) immediately implies

|sC′⟩ = |ψs⟩ ⊗ |ψ⟩ , (B.142)

where |ψs⟩ is a state on the first n qubits alone. By Lemma 88, each |ψs⟩ is, up to a phase that may

vary with s, a logical basis state |sC′′⟩ for an [[n, k′]] CSS code C′′ with only n physical qubits.

Thus one can write

|sC′⟩ = e−iθs |sC′′⟩ ⊗ |ψ⟩ . (B.143)

By Eq. (B.83), we can express the code projection ΦC′ for C′ in terms of the logical basis {|sC′⟩}

as

ΦC′(·) = K(·)K†, K† :=
∑

s∈{0,1}k′
|sC′⟩ ⟨s| . (B.144)

We can then use Eq. (B.143) to show that

ΦC′(ρ⊗ |ψ⟩⟨ψ|) = U ′
[
Φ̃C(ρ)

]
U

′†, (B.145)

where we have defined the following unitary on k′ qubits to adjust for the phase differences

between |sC′⟩ and |ψs⟩,

U ′ :=
∑

s∈{0,1}k′
eiθs |s⟩⟨s| , (B.146)
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as well as

Φ̃C(·) := K̃(·)K̃†, K̃† :=
∑

s∈{0,1}k′
|sC′′⟩ ⟨s| , (B.147)

By comparison with Eq. (B.83), we see that Φ̃C is the code projection for the [[n, k′]] CSS code

C′′. Following a similar argument to that at the end of case (iii) in the proof of Lemma 87, we

can demonstrate that U ′ is completely CSS-preserving. Substituting back immediately yields

the Lemma result.
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Appendix C

Appendices to Chapter 5

C.1 Properties of the conditional min-entropy

We begin by reviewing some useful properties for the exponentiated single-shot conditional min-

entropy function F : Herm(RA) → R, which is simply defined as

F (ΩRA) := 2−Hmin(R|A)Ω = inf
XA≥0

{Tr[XA] : IR ⊗XA ≥ ΩRA}. (C.1)

on every Hermitian operator ΩRA of the joint system RA.

Given any Hermitian operators ΩRA and Ω′
RA ∈ Herm(RA), Ref. [148] showed that

(P1) (Scalar multiplication). F (λΩRA) = λF (ΩRA) for any λ > 0.

(P2) (Convexity). F (pΩRA + (1− p)Ω′
RA) ≤ pF (ΩRA) + (1− p)F (Ω′

RA) for any p ∈ [0, 1].

(P3) (Invariance under local isometries). Let UR and VA be local unitary channels on subsystems

R and A respectively. Then F (UR ◦ VA(ΩRA)) = F (ΩRA).

(P4) (Local data processing inequality). Let ΦR : B(R) → B(R′) be a unital CPTP map and

ΛA : B(A) → B(B) be a CPTP map. Then F ((ΦR ⊗ idA)(ΩRA)) ≤ F (ΩRA) and F ((idR ⊗

ΛA)(ΩRA)) ≤ F (ΩRA).

We also recall the following notation for evaluating F on bipartite G-twirled states,

Fη(τ) := F (G(ηR ⊗ τA)), (C.2)
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and that ∆Fη := Fη(ρ)−Fη(σ) ≥ 0 is equivalent to ∆Hη := Hη(σ)−Hη(ρ) ≥ 0. This is because

F (X) > 0 for any X that is positive-semidefinite with at least one non-zero eigenvalue [148],

which is true of G(ηR⊗ τA) formed between any reference frame ηR and input state τA because

it is a quantum state, and − log(x) is monotonically decreasing in x for x > 0.

C.1.1 Invariance under local unitary channels that commute with G

We now prove the following Lemma from the main text, which specializes property (P3) to the

particular conditional min-entropies appearing in Theorem 42.

Lemma 46. Let UR and VS be unitary channels on the reference and input systems respectively such

that UR ⊗ VS is G-covariant (on the joint system RS). Then given any reference frame η of system R

and input state τ of system S, we have that

HUR(η)

[
VS(τ)

]
= Hη(τ). (5.25)

Proof. By a straightforward appeal to Property (P3), we have

F
(
G
[
UR(ηR)⊗ VS(τS)

])
= F

(
UR ⊗ VS ◦ G [ηR ⊗ τS ]

)
= F (G[ηR ⊗ τA]). (C.3)

Since Hη(ρ) := − logF (G[ηR ⊗ τS ]), this implies HU(η)(V(τ)) = Hη(τ).

C.1.2 Symmetric input states

We now prove that, when η is symmetric, Hη has the same value on all input states, which

implies that if η is symemtric, ∆Hη = 0 and imposes no constraints on state transitions.

Lemma 44. Given any input state ρS of system S and reference frame ηR of system R,

HG(η)(ρ) = Hη(G(ρ)) = HG(η)(G(ρ)) = − log ∥G(η)∥∞, (5.24)

where ∥·∥∞ is the Schatten-∞ norm defined in Eq. (2.8). Therefore, if η is symmetric so we have

η = G(η), then ∆Hη = 0.

Proof. The first two equalities straightforwardly follow from

G(G(η)⊗ ρ) = G(η)⊗ G(ρ) = G(η ⊗ G(ρ)) = G(G(η)⊗ G(ρ)) (C.4)
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To show the final equality, we first examine

F (G(η)⊗ G(ρ)) = inf
X≥0

{Tr[X] : 1⊗X − G(η)⊗ G(ρ) ≥ 0} (C.5)

Since G(η) is Hermitian, it can be diagonalised as G(η) :=
∑

i µi |i⟩⟨i| for some orthonormal

basis {|i⟩} of the reference system. Working in this basis, we obtain

1⊗X − G(η)⊗ G(ρ) =
∑
i

|i⟩⟨i| ⊗X −
∑
i

µi |i⟩⟨i| ⊗ G(ρ) =
∑
i

|i⟩⟨i| ⊗ (X − µiG(ρ)) (C.6)

Therefore, 1⊗X −G(η)⊗G(ρ) ≥ 0 if and only if X − µiG(ρ) ≥ 0 for all i, which in turn is true

if and only if X −µmaxG(ρ) ≥ 0, where µmax is the largest eigenvalue of G(ρ). We can therefore

lower-bound the Tr[X] needed to achieve this by noting that if X − µmax[G(ρ)] ≥ 0, then given

any orthonormal basis {|j⟩} for the input Hilbert space, we have that

∀j : ⟨j|X |j⟩ − µmax ⟨j| G(ρ) |j⟩ ≥ 0 (C.7)

and can therefore identify the following lower bound after summing the above inequalities

over j:

=⇒ Tr[X] ≥ µmaxTr[G(ρ)] = µmax (C.8)

This lower bound can be attained by a positive semidefiniteX simply by settingX := µmaxG(ρ).

Therefore,

F (G(η)⊗ G(ρ)) = µmax = ∥G(ρ)∥∞ ⇒ HG(η)(G(ρ)) = − log ∥G(ρ)∥∞, (C.9)

where we have used the fact that the largest eigenvalue of a positive semidefinite operator can

be identified by its Schatten-∞ norm.
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C.2 A sufficient surface of reference frames

C.2.1 Depolarizing the reference state

Let us define the partially depolarizing channel for some fixed probability p:

Λp[ρ] := pρ+ (1− p)
1

d
. (C.10)

The following lemma shows that the functional Fη(ρ) behaves linearly when we take convex

combinations of the reference state with the maximally mixed state.

Lemma 90. For any reference state ηR and input state τA, we have

FΛp(η)(τ) = pFη(τ) + (1− p)F1/d(τ) = pFη(τ) +
1− p

d
, (C.11)

where d is the Hilbert space dimension of the reference system.

Proof. Because the maximally mixed state is symmetric under any group G, we have

G(Λp(ηR)⊗ τA) = pG(ηR ⊗ τA) +

(
1− p

d

)
1R ⊗ G(τA). (C.12)

Substituting this into Eq. (C.2) and rearranging terms gives

FΛp[η] (τ) = inf
XA≥0

{
Tr[XA] : 1R ⊗

(
XA − 1− p

d
G(τA)

)
− pG (ηR ⊗ τA) ≥ 0

}
. (C.13)

Given any positive semidefinite operators TA and ZRA, the conditions (C1) XA ≥ 0 and

(C2) 1R ⊗ (XA − TA)− ZRA ≥ 0 on an operator XA ∈ B(A) become equivalent to the con-

ditions (C’1) XA − TA ≥ 0 and (C2) because (C2) implies (C’1), which further implies (C1). As

1−p
d G(τA) and pG (ηR ⊗ τA) are subnormalised quantum states and there positive semidefinite,

we can rewrite the set over which we perform minimisation in Eq. (C.13) by

FΛp[η] (τ) = inf
XA− 1−p

d
G[τA]≥0

{
Tr[XA] : 1R ⊗

(
XA − 1− p

d
G[τA]

)
− pG [ηR ⊗ τA] ≥ 0

}
(C.14)

= inf
YA≥0

{
Tr

[
YA +

1− p

d
G[τA]

]
: 1R ⊗ YA − pG [ηR ⊗ τA] ≥ 0

}
, (C.15)
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where we have defined YA := XA − 1−p
d G(τA). Since Tr[G(τA)] = 1 as G(τA)

FΛp[η] (τ) = inf
YA≥0

{Tr[YA] : 1R ⊗ YA − pG [ηR ⊗ τA] ≥ 0}+ 1− p

d
. (C.16)

Finally, we make use of property (P1) to arrive at

FΛp[η] (τ) = pFη(τ) +
1− p

d
. (C.17)

which concludes the proof.

An immediate consequence of Lemma 90 is that taking a statistical mixture of any reference

state with the maximally mixed state does not change the entropic relation in Theorem 42.

Corollary 4. Given any reference frame ηR, we have that

∆Hη ≥ 0 ⇐⇒ ∆HΛp[η] ≥ 0for any p ∈ (0, 1]. (C.18)

Proof. Lemma 90 implies that ∆FΛp[η] = p∆Fη for any probability p. Therefore, ∆Fη ≥ 0 if and

only if ∆FΛp[η] ≥ 0, for any p ∈ (0, 1]. The Lemma statement is established by recalling that

∆Fη ≥ 0 is equivalent to ∆Hη ≥ 0.

C.2.2 Proof of Theorem 47

We now present a proof of Theorem 47, which we restate here for clarity:

Theorem 47. (Sufficient surfaces of states). Let ρA and σB be states of an input system A and output

system B respectively, and let G be a compact symmetry group. Furthermore, let ∂D be any closed

surface in the state space D(R) of the reference system R for G-covariant state transitions from A to B

that encloses the maximally mixed reference state I
d , where d = dim(HR). Then ρ G−→ σ if and only if

∀η ∈ ∂D : ∆Hη ≥ 0. (5.26)

Proof. If the transformation is possible under a G–covariant channel, then ∆Hη ≥ 0 for all

reference frames ηR, and therefore for all ηR restricted to ∂D. Conversely, suppose ∆Hη ≥ 0

for all ηR ∈ ∂D. Let η′R be an reference frame that is not maximally mixed, and consider the

family of reference frames η′R(p) := Λp(η
′
R) for p ∈ [0, 1] formed by depolarising η′R. This

defines a continuous line of states connecting η′R to the maximally mixed state 1/d. Since ∂D
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encloses the maximally mixed state, the set {η′R(p) : 0 ≤ p ≤ 1} must either intersect ∂D for

some value p⋆ with 0 < p⋆ ≤ 1 or lie entirely within the interior of ∂D. If the entire set is

inside ∂D, then we can find another reference frame η′′R ∈ ∂D such that Λq[η′′R] = η′R for some

probability q ∈ (0, 1). By Corollary 4, we have that η′R and η′R(p⋆) (or η′R and η′′R for the second

case) give equivalent entropic constraints. Since η′R was arbitrarily chosen, we conclude that

we can restrict to reference on ∂D.

C.3 The conical structure of Fτ(x)

In this section, we make use of the co-ordinate system for Hermitian operators (of the reference

system) established in Eq. (5.27). Furthermore, we introduce the notation

F̃τ (x) := Fη(x)(τ)− Fη(0)(τ) (C.19)

to represent the difference in Fη(τ) from the reference frame designated by x in this co-ordinate

system and the maximally mixed state at x = 0. Let X (R) := {x ∈ Rd2−1|η(x) ∈ D(R)} be the

co-ordinates designating valid quantum states of the reference system R.

Lemma 91. Let λ ≥ 0. Then for all x, λx ∈ X (R), we have that

F̃τ (λx) = λF̃τ (x) (C.20)

Furthermore,

F̃τ (x) ≥ 0. (C.21)

Proof. We first prove that F̃τ is always non-negative. Let PR be the completely depolarising

channel on the reference system. Then by Property (P4) of Fτ (x), and the fact that performing

a completely depolarising channel on the reference system is G-covariant, we have

Fη(x)(τ) := F [G(η(x)⊗ τ)] ≥ F [PR ⊗ idA ◦ G(η(x)⊗ τ)]

= F [G(PR[η(x)]⊗ τ)]

= F [G (η(0)⊗ τA)] ≡ Fη(0)(τ) (C.22)
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Therefore, F̃τ (x) ≥ 0 as claimed.

Let p be a probability, and define A(x) :=
∑d2−1

k=1 xkXk. Then partially depolarising η(x) with

probability p has the effect

pη(x) + (1− p)
1

d
= p

1

d
+ pA(x) + (1− p)

1

d
=
1

d
+A(px) (C.23)

Using this equation, we can rewrite Lemma 90 as:

∀p ∈ [0, 1],x ∈ X (R) : Fη(px) = pFη(x)(τ) +
1− p

d
. (C.24)

We then immediately have

∀p ∈ [0, 1],x ∈ X (R) : F̃τ (px) = pFη(x) +
1− p

d
− 1

d
= p

(
Fη(x)(τ)−

1

d

)
= pF̃τ (x) (C.25)

where in the final equality we applied Lemma 44 to obtain Fη(0)(τ) ≡ F I
d
(τ) =

∥∥ I
d

∥∥
∞ = 1

d as

the maximally mixed state is symmetric.

Making the change of variables x′ := px, we find that Eq. (C.25) is equivalent to:

∀p ∈ [0, 1], p−1x′ ∈ X (R) : F̃τ (x
′) = pF̃

(
p−1x′)⇒ p−1F̃τ (x

′) = F̃τ
(
p−1x′) . (C.26)

Since 1 ≤ p−1 ≤ ∞, we can combine this fact with Eq. (C.25) to conclude that

∀λ > 0,x, λx ∈ X (R) : F̃τ (λx) = λF̃τ (x), (C.27)

as claimed.

Lemma 91 implies that F̃τ (x), and consequently Fη(τ), is linearly non-decreasing in every

direction out of the maximally mixed state. This means Fη(τ) will, in general, have a conical

form at the maximally mixed state. As a result, unless ∆Fη(x) is completely linear in x, it too

will have a conical form at the maximally mixed state.

We are now in a position to prove Lemma 49.

Lemma 49. In a sufficiently small neighbourhood ϵ > 0 around the maximally mixed state, ∆Hη

179



C.4. Calculating Fη(τ) for qubit U(1) example Chapter C. Appendices to Chapter 5

changes linearly along any direction out of the maximally mixed state. Thus one can write

∀x ∈ S : ∆Hη(ϵx) = f(x)ϵ+O(ϵ2), (5.28)

for some function f : S → R.

Proof. Since Hη(ϵx)(τ) := − logFη(ϵx)(τ), we can Taylor-expand around Fη(0) = 1
d to obtain

Hη(ϵx)(τ) = − log
(
Fη(0)(τ) + F̃τ (ϵx)

)
= − log

(
1

d
+ ϵF̃τ (x)

)
= log d− dϵF̃τ (x) +O(ϵ2) (C.28)

in a small ϵ-neighbourhood around the maximally mixed state, which implies

∆H(ϵx) = dϵ∆Fη(x) +O(ϵ2) (C.29)

as claimed.

C.4 Calculating Fη(τ) for time-symmetric transformations in a non-

degenerate qubit

In this section, we calculate Fη(τ) for the case of time-symmetric transformations from a qubit

S with Hamiltonian HS ∝ Z to itself, which forms the symmetry group U(1) represented on

HS as {USt := e−iZt|t ∈ [0, 2π)}. In this case, the reference systemR is a qubit with Hamiltonian

HR = −Z, and we will describe reference states by their Bloch vector (x, y, z) as

η(x, y, z) =
1

2
+ x

X

2
+ y

Y

2
+ z

Z

2
, (C.30)

where x2 + y2 + z2 ≤ 1. The derivation will be conducted entirely in the energy eigenbasis.

We first introduce the following simplifying lemma that allows us to vastly reduce the feasible

set over which we must carry out the optimisation problem in Fη(τ).

Lemma 92. When calculating Fη(τ) defined by the minimisation problem

Fη(τ) := inf
XS≥0

{Tr[XS ] : 1R ⊗XS ≥ G(ηR ⊗ τS)}, (C.31)
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it is sufficient to minimise over positive-semidefinite operators that are G-covariant, i.e.

Fη(τ) = inf
XS≥0,XS=G(XS)

{Tr[XS ] : 1R ⊗XS ≥ G(ηR ⊗ τS)}. (C.32)

Proof. Suppose the compact group G has a representation g → U(g) on the Hilbert space H,

and let K be a Hermitian operator on B(H). We first observe that

K ≥ 0 =⇒ ⟨ψ| G(K) |ψ⟩ =
∫
G
dg [⟨ψ|U(g)]K[U †(g) |ψ⟩] ≥ 0 ⇐⇒ G(K) ≥ 0 (C.33)

Furthermore,

Tr[G(K)] =

∫
G
dg Tr

[
U(g)KU †(g)

]
=

∫
G
dg Tr[K] = Tr[K]. (C.34)

The set of operators S over which Fη(τ) minimises is

S := {XS ∈ B(HS)|XS ≥ 0,1R ⊗XS − G(ηR ⊗XS) ≥ 0}. (C.35)

By Eq. (C.33), we see that XS ≥ 0 =⇒ G(XS) ≥ 0, and furthermore that

1R ⊗XS − G(ηR ⊗XS) ≥ 0 =⇒ G[1R ⊗XS − G(ηR ⊗XS)]

=1R ⊗ G(XS)− G(ηR ⊗ τA) ≥ 0. (C.36)

We thus conclude that if XS ∈ S, then G(XS) ∈ S. Furthermore, by Eq. (C.34), we see that

G(XS) achieves the same value on the objective function Tr[·] to be minimised in Fη(τ) as XS .

Consequently, we can restrict the minimisation in Fη(τ) to XS where XS = G(XS).

This Lemma allows us to take XS to be diagonal in the energy eigenbasis, i.e.

X =

x1 0

0 x2

⇒ 1⊗X =



x1 0 0 0

0 x2 0 0

0 0 x1 0

0 0 0 x2


(C.37)

Local evolution of the reference system R under its Hamiltonian is described by the unitary
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channels {URt ⊗ idS := eiZt(·)e−iZt ⊗ IS(·)IS |t ∈ [0, 2π). Since all these channels are time-

symmetric on the joint reference and qubit system RS, we can apply Lemma 46 to conclude

that Fη(x,y,z)(τ) is invariant under all rotations of the η Bloch vector around the Z-axis of the

Bloch sphere, which are induced by these channels. Consequently, we can restrict our calcula-

tion to x ≥ 0, y = 0, and then equate

Fη(x,y,z)(τ) = F
η
(√

x2+y2,0,z
)(τ) (C.38)

Furthermore, simultaneously performing the Pauli-X unitary channel on the reference and

input system, which is described by XR ⊗ X S := X(·)X ⊗X(·)X , is time-symmetric because

[X ⊗X, eiZt ⊗ e−iZt] = 0 for all t ∈ [0, 2π). We therefore conclude that

Fη(x,0,z)(XτAX) = Fη(x,0,−z)(τ), (C.39)

which means we can additionally restrict our attention to z ≥ 0. We therefore only need to

consider reference states of the form:

η(x, y, z) =
1

2

1 + z x

x 1− z

 , x, z ≥ 0. (C.40)

Parameterising each state of the non-degenerate qubit in the energy eigenbasis as shown in

Eq. (5.22), we can write

ηR ⊗ τS =
1

2

1 + z x

x 1− z

⊗

pτ cτ

c∗τ 1− pτ

 (C.41)

=
1

2



pτ (1 + z) cτ (1 + z) pτx cτx

c∗τ (1 + z) (1− pτ )(1 + z) c∗τx (1− pτ )x

pτx cτx pτ (1− z) cτ (1− z)

c∗τx (1− pτ )x c∗τ (1− z) (1− pτ )(1− z)


(C.42)

The bipartiteG-twirl on the joint reference and qubit systemRS projects out the time-symmetric

part of η ⊗ τ (see discussion around Eq. (6.18)), i.e. the parts of ηR ⊗ τS with support on the
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total energy eigenspaces span |00⟩ , |11⟩, span |01⟩ and span |10⟩ of RS. We therefore conclude

G(ηR ⊗ τS) =
1

2



pτ (1 + z) 0 0 cτx

0 (1− pτ )(1 + z) 0 0

0 0 pτ (1− z) 0

c∗τx 0 0 (1− pτ )(1− z)


. (C.43)

and so obtain

1R ⊗XS − G(ηR ⊗ τS) =



x1 − pτ
1+z
2 0 0 −cτ x2

0 x2 − (1− pτ )
1+z
2 0 0

0 0 x1 − pτ
1−z
2 0

−c∗τ x2 0 0 x2 − (1− pτ )
1−z
2


.

(C.44)

Re-ordering our energy eigenbasis from |00⟩ , |01⟩ , |10⟩ , |11⟩ to |00⟩ , |11⟩ , |01⟩ , |10⟩ so that the

matrix above appears block-diagonal (in total energy), we obtain

1R ⊗XS − G(ηR ⊗ τS) =



x1 − pτ
1+z
2 −cτ x2 0 0

−c∗τ x2 x2 − (1− pτ )
1−z
2 0 0

0 0 x2 − (1− pτ )
1+z
2 0

0 0 0 x1 − pτ
1−z
2


.

(C.45)

The Sylvester Criterion [149] states that a matrix is positive semidefinite if and only if all its

upper-left determinants are non-negative, which produces the following criteria:

1. x1 ≥ pτ
1+z
2 .

2. (x1 − pτ
1+z
2 )(x2 − (1− pτ )

1−z
2 ) ≥ |cτ |2x2

4 .

3. x2 ≥ (1− pτ )
1+z
2 .

4. x1 ≥ pτ
1−z
2 .
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and we conclude that

Fη(τ) = min
x1,x2≥0

{x1 + x2 : conditions 1-4} (C.46)

The restriction z ≥ 0 implies that condition 4 is redundant given condition 1. For the same

reason, any value of x2 satisfying condition 3 also satisfies x2 ≥ x2 − (1 − pτ )
1−z
2 , so we can

transform condition 2 into

x1 − pτ
1 + z

2
≥ |cτ |2x2

4

1

x2 − (1− pτ )
1−z
2

. (C.47)

where the right hand side of the above equation is non-negative and thus yields a value of x1

that satisfies condition 1. Therefore, we need only consider conditions 2-3 under our restriction

z ≥ 0, yielding

Fη(τ) = min
x1,x2≥0

{x1 + x2 : conditions 2-3} (C.48)

Given any value of x2 satisfying condition 3, x1 is minimised when the inequality from the

equivalent expression of condition 2 in Eq. (C.47) becomes an equality, i.e. at

x1 =
|cτ |2x2

4

1

x2 − (1− pτ )
1−z
2

+ pτ
1 + z

2
(C.49)

We can therefore eliminate x1 from Fη(τ) and obtain

Fη(τ) = min
x2≥0

{
x2 +

|cτ |2x2

4

1

x2 − (1− pτ )
1−z
2

+ pτ
1 + z

2
: x2 ≥ (1− pτ )

1 + z

2

}
(C.50)

For x2 ≥ x2− (1−pτ )1−z2 , the objective function in Eq. (C.50) is a non-negative hyperbola with

asymptotes x = (1− pτ )
1−z
2 and y = x attaining minimum (by standard derivative tests) at

x2 = (1− pτ )
1− z

2
+ |cτ |

x

2
. (C.51)

Therefore, the value of x2 solving the minimisation of Fη(τ) should be

x2 = max

{
(1− pτ )

1 + z

2
, (1− pτ )

1− z

2
+ |cτ |

x

2

}
(C.52)
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i.e. the value of x2 where the objective function attains its minimum if that value of x2 satisfies

the constraint, or the minimum value of x2 satisfying the constraint if this is not the case.

Substituting this into Eq. (C.50), we obtain

Fη(x≥0,y=0,z≥0)(τ) =


|cτ |2
1−pτ

x2

4z +
z
2 + 1

2 for x
2z ≤ 1−pτ

|cτ |(
pτ − 1

2

)
z + |cτ |x+ 1

2 for x
2z ≥ 1−pτ

|cτ |

(C.53)

Finally, applying Equations C.38 and C.39, and noting that XτSX translates to pτ → 1 − pτ

and cτ → c∗τ in our parameterisation of τ , we can calculate Fτ for all reference states from the

above result as

Fη(x,y,z)(τ) =



|cτ |2
1−pτ

x2+y2

4z + z
2 + 1

2 for 0 ≤
√
x2+y2

2z ≤ 1−pτ
|cτ |(

pτ − 1
2

)
z + |cτ |

√
x2 + y2 + 1

2 for
√
x2+y2

2z ≥ 1−pτ
|cτ | and

√
x2+y2

2z ≤ − pτ
|cτ |

− |cτ |2
pτ

x2+y2

4z − z
2 + 1

2 for 0 ≥
√
x2+y2

2z ≥ − pτ
|cτ | .

(C.54)

From the above evaluation of Fη, we can see that unless |cρ|2
1−pρ = |cσ |2

1−pσ and |cρ|2
pρ

= |cσ |2
pσ

, we

can always find a region around the poles of the Bloch sphere were ∆Fη(x,y,z) is not going

to be linear. Since these conditions are met if and only if pρ = pσ and |cρ| = |cσ|, i.e. ρ can

be transformed into σ by time evolution under the Hamiltonian, ∆Fη has a conic singularity

unless ρ can be transformed into σ.

C.4.1 Two entropic conditions suffice to characterise time-covariant transforma-

tions in a non-degenerate qubit

Ref. [133] identified the following two necessary and sufficient conditions for the existence

of a time-covariant transformation from ρ to σ in a non-degenerate qubit with Hamiltonian

proportional to Z:

|cρ|2

1− pρ
≥ |cσ|2

1− pσ
and

|cρ|2

pρ
≥ |cσ|2

pσ
(C.55)
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We see from Eq. (C.54) that these conditions are equivalent to

∆Fη(x1,y1z1) ≥ 0 where 0 >

√
x21 + y21
2z1

≤ min

{
1− pρ
|cρ|

,
1− pσ
|cσ|

}
(C.56)

∆Fη(x2,y2,z2) ≥ 0 where 0 >

√
x22 + y22
2z2

≥ max

{
− pρ
|cρ|

,− pσ
|cσ|

}
. (C.57)

We can alternatively characterise each qubit reference frame as η(r, θ, ϕ), where (r, θ, ϕ)T is the

state’s Bloch vector in spherical polar co-ordinates (radial, polar and azimuthal respectively).

Using the standard conversion between spherical and Cartesian co-ordinates, which is given

by x = r sin(θ) cos(ϕ), y = r sin(θ) sin(ϕ) and z = r cos(θ), we can rewrite Equation C.54 as

Fη(r,θ,ϕ) =


r |cτ |2
1−pτ

tan(θ) sin(θ)
4 + r cos(θ)2 + 1

2 for 0 ≤ tan(θ)
2 ≤ 1−pτ

|cτ |

r
(
pτ − 1

2

)
cos(θ) + r|cτ | sin(θ) + 1

2 for tan(θ)
2 ≥ 1−pτ

|cτ | and tan(θ)
2 ≤ − pτ

|cτ |

−r |cτ |
2

pτ

tan(θ) sin(θ)
4 − r cos(θ)2 + 1

2 for 0 ≥ tan(θ)
2 ≥ − pτ

|cτ | .

, (C.58)

from which we see that Fη, and thereforeHη as well as ∆Hη, is infinitely partially differentiable

with respect to θ at θ = 0 and θ = π.

Lemma 43. In spherical polar co-ordinates on the Bloch sphere, there exists a time-covariant transfor-

mation ρ to σ in a qubit with Hamiltonian ∝ Z if and only if

∂2θ (∆Hη)|θ=0 ≥ 0 and ∂2θ (∆Hη)|θ=π ≥ 0. (5.21)

Proof. From Eq. (C.58), we can straightforwardly evaluate:

∂2θFη(τ)|θ=0 =
r

2

(
|cτ |2

1− pτ
− 1

)
and ∂2θFη(τ)|θ=π =

r

2

(
|cτ |2

pτ
− 1

)
, (C.59)

from which it immediately follows that

∂2θ (∆Fη)|θ=0 ≥ 0 ⇐⇒ cσ ≤ cρ

√
1− pσ
1− pρ

and ∂2θ (∆Fη)|θ=π ≥ 0 ⇐⇒ cσ ≤ cρ

√
pσ
pρ
, (C.60)

which reproduce the necessary and sufficient conditions on a time-covariant transformation

from ρ to σ given in Eq. (C.55).

We can also evaluate from Eq. (C.58) that ∂θFη(τ)|0,π = 0. Since η is a time-symmetric state at
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θ = 0, π, this means Fη(r,0,ϕ) = ∥η(r, 0, ϕ)∥∞ = 1
2(r + 1) by Lemma 44. With these in hand, we

straightforwardly evaluate

∂2θHη(τ)|θ=0,π = ∂2θ (− logFη[τ ])|θ=0,π = −
(

2

r + 1

)
∂2Fη(τ)|θ=0,π, (C.61)

from which we obtain ∂2∆Hη|θ=0,π ≥ 0 if and only if ∂2∆Fη|θ=0,π ≥ 0, completing the proof.
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Appendices to Chapter 6

D.1 Coarse-graining conditions

D.1.1 Continuity of entropic relations under variations of the reference state

In this section, we will make use of the following Theorem, which was proved in Ref. [148]:

Theorem 93 ( [148]). (Continuity of the exponentiated min-entropy F ). Let ρRA and σRA be two

quantum states on the bipartite system RA. Then

|F (ρRA)− F (σRA)| ≤ dD(ρRA, σRA), (D.1)

where d is the dimension of system R.

We now use the above theorem to establish the continuity of Fη(τ) in the reference state η.

Lemma 94. Let η and η̃ be two quantum states in system R where η̃ ∈ Bε(η). Then given any state τ

on system A, we have that

|Fη(τ)− Fη̃(τ)| ≤ dϵ, (D.2)

where d is the dimension of the reference system R.

Proof. By Theorem 93, we have that

|Fη(τ)− Fη̃(τ)| = |F (G(η ⊗ τ))− F (G(η̃ ⊗ τ))| ≤ dD(G(η ⊗ τ),G(η̃ ⊗ τ)). (D.3)

188



Chapter D. Appendices to Chapter 6 D.1. Coarse-graining conditions

Because the trace distance is contractive under quantum operations [1], we have that

D(G(ηR ⊗ ρA),G(η̃R ⊗ ρA)) :=
1

2
∥G[ηR ⊗ ρA]− G[η̃R ⊗ ρA]∥1

≤ 1

2
∥ηR ⊗ ρA − η̃R ⊗ ρA∥1

=
1

2
∥(ηR − η̃R)⊗ ρ∥1

=
1

2
∥(ηR − η̃R)∥1 =: D(ηR, η̃R) (D.4)

where in the second equality we have used the identity ∥A⊗B∥1 = ∥A∥1∥B∥1 from Ref. [1].

Since η̃ ∈ Bϵ(η) implies D(ηR, η̃R) ≤ ϵ, we conclude from Eq. (D.4) that D(G(ηR ⊗ ρA),G(η̃R ⊗

ρA)) ≤ ϵ. Substituting this into Eq. (D.3) leads to the lemma result.

We now prove the continuity of ∆Fη(ρ, σ) in reference frame η as presented in the main text.

Lemma 52. Given any input state ρ of system A, output state σ of system B, reference frame η of

system R with dim(R) = dim(B) := d and state η̃ ∈ Bϵ(η), we have that

|∆Fη̃(ρ, σ)−∆Fη(ρ, σ)| ≤ 2dϵ := r(ϵ). (6.4)

Proof. We first observe that we can carry out the rearrangement

∆Fη(ρ, σ)−∆Fη̃(ρ, σ) = [Fη(ρ)− Fη(σ)]− [Fη̃(ρ)− Fη̃(σ)]

= [Fη(ρ)− Fη̃(ρ)]− [Fη(σ)− Fη̃(σ)], (D.5)

which implies by Lemma 94 that

|∆Fη(ρ, σ)−∆Fη̃(ρ, σ)| ≤ |Fη(ρ)− Fη̃(ρ)|+ |Fη(σ)− Fη̃(σ)| ≤ 2dϵ, (D.6)

completing the proof.

The end of Appendix C.1 demonstrates that Fη(τ) > 0 for any reference frame η and quantum

state τ . As − log(x) is a continuous function on x > 0, we can therefore conclude that the

continuity of Fη(τ) in reference frame shown in Lemma 94 implies the continuity of Hη(τ) in

reference frame as well, which further implies the continuity of ∆Hη(ρ, σ) := Hη(σ) − Hη(ρ)

as the difference between two continuous functions in η.
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D.1.2 Proof of Lemma 51

We first introduce the definition of an ϵ-net Nϵ for a subset X in a metric space (V, ∥·∥), which

is another subset in V such that every element of X is within ϵ-distance of an element in Nϵ as

measured by the chosen norm.

Definition 95 (ϵ-covering). Given a metric space (V, ∥·∥) and ϵ > 0, an ϵ-covering of the set X ∈ V

is a set Nϵ such that for any x ∈ X , there exists y ∈ Nϵ such that ∥x− y∥ < ϵ.

When V is a real vector space, we have the following upper bound on the cardinality of ϵ-

coverings.

Theorem 96 ([150, 151]). Let ∥·∥ be a norm on Rn. Then for every ϵ > 0, the unit sphere {x ∈ Rn, ∥x∥ = 1}

admits an ϵ-covering Nϵ with respect to the distance measured by ∥·∥ of cardinality

|Nϵ| ≤
(
1 +

2

ϵ

)n
(D.7)

We can leverage the above theorem to show the following result from the main text:

Lemma 51. For every ϵ > 0, there exists an ϵ-covering of sufficient reference frames, i.e. a finite set of

reference frames Nϵ such that every state η on a sufficient surface of reference frames ∂D lies within an

ϵ-ball around some state in Nϵ. The cardinality of Nϵ is upper-bounded as

|Nϵ| ≤
(
1 +

1

ϵ

)d2−1

. (6.3)

Proof. By Theorem 47, we can choose our sufficient set of reference states to be

∂D =

{
η(A) :=

1

d
(1+A) | A ∈ Herm(R) s. t. ∥A∥∞ = 1 and Tr[A] = 0

}
, (D.8)

where d is the dimension of reference system R, as ∂D constitutes a closed surface of quantum

states around the maximally mixed state.

Traceless d× d Hermitian matrices form a real linear vector space Rd2−1. We now observe that

the subset of such matrices bijective to ∂D,

S := {A ∈ Herm(R) s. t. ∥A∥∞ = 1 and Tr[A] = 0} , (D.9)

constitutes a unit ball defined by ∥A∥∞ = 1. By Theorem 96, given any δ > 0, we can find a
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δ-covering Nδ for S with cardinality bounded as

|Nδ| ≤
(
1 +

2

δ

)d2−1

. (D.10)

Therefore, given any matrix A ∈ S, there exists another matrix Ak ∈ Nδ ⊂ S such that

∥A−Ak∥ ≤ δ, which further implies

||A−Ak||1 ≤ rank(A−Ak)||A−Ak||∞ ≤ dδ, (D.11)

where the first inequality was proved in Ref. [149]. By the bijection A ↔ η(A) betwee S and

∂D, we conclude that given any reference state η(A) := 1
d(1 + A) in ∂D, there is a reference

state η(Ak) = 1
d(1+Ak) in ∂D where Ak ∈ Nδ ⊂ S such that

D(η(A), η(Ak)) =
1

2
||η(A)− η(Ak)||1 =

1

2d
∥A−Ak∥1 ≤

δ

2
. (D.12)

We thus conclude that if we choose δ = 2ϵ, then given any reference state η(A) ∈ ∂D, one

can find another reference state η(Ak) ∈ ∂D with Ak ∈ Nδ such that η(A) falls into the ϵ-ball

around η(Ak). Substituting δ = 2ϵ into Eq. (D.10), we see that one can always find a finite set

of reference states Nϵ with cardinality upper bounded as

Nϵ ≤
(
1 +

1

ϵ

)d2−1

(D.13)

such that every reference state in the surface ∂D of sufficient reference states lies within the

ϵ-ball around a reference state from Nϵ.

D.1.3 Proof of Theorem 53

Theorem 53. Given any ϵ > 0, there is a finite set of reference frames N := {ηk}Nk=1 with |N | ≤

(1 + 1
ε )
d2−1, where d is the dimension of the reference system, such that:

• if ∆Fηk(ρ, σ) < 0 for any ηk ∈ N then ρ→ σ is forbidden under G-covariant channels.

• if ∆Fηk(ρ, σ) ≥ r(ϵ) for all ηk ∈ N then ρ→ σ under a G-covariant quantum channel.
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• For each ηk ∈ N where 0 ≤ ∆Fηk(ρ, σ) < r(ϵ) we obtain the lower bound

p ≥ r(ϵ)−∆Fηk(ρ, σ)

∆Fηk
(
σ, Id

) (6.5)

on the amount of depolarisation required to ensure ρ→ σp under a G-covariant channel.

Proof. From Lemma 51, we see that it is always possible to find a finite set N of reference states

with cardinality upper-bounded as |N | ≤ (1 + 1
ϵ )
d2−1 such that there exists a sufficient surface

of states ∂D in which every reference state lies within an ϵ-ball of a state in N .

Given any input state ρ and output state σ, we know that if ∆Fηk(ρ, σ) < 0 for any reference

state ηk ∈ N , then ρ→ σ is forbidden under G-covariant channels. However, if we find that

∆Fηk(ρ, σ) ≥ r(ϵ) for all ηk ∈ N , (D.14)

then Lemma 52 implies that ∆Fη(ρ, σ) ≥ 0 for all reference frame states η ∈
⋃
k Bϵ(ηk) and

therefore all reference states η ∈ ∂D, so we conclude that the state transition ρ → σ must be

possible under some G-covariant channel.

The final case where there exists at least one ηk for which 0 ≤ ∆Fηk(ρ, σ) < r(ϵ) can be handled

as follows. Because

G(η ⊗ σp) = pG
(
η ⊗ 1

d

)
+ (1− p)G (η ⊗ σ) , (D.15)

the convexity of Fη (Property (P2)) implies

Fη(σp) ≤ pFη

(
1

d

)
+ (1− p)Fη(σ) (D.16)

=⇒ ∆Fη(σ, σp) ≥ p

(
Fη(σ)− Fη

(
1

d

))
= p∆Fη

(
σ,
1

d

)
. (D.17)

We then observe that if we have

p ≥ r(ϵ)−∆Fηk(ρ, σ)

∆Fη
(
σ, 1d

) , (D.18)
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then we would obtain

∆Fηk(ρ, σp) = ∆Fηk(σ, σp) + ∆Fηk(ρ, σ) ≥ ∆Fηk(ρ, σ) + p∆Fηk

(
σ,
1

d

)
≥ r(ϵ). (D.19)

We therefore conclude that if we can find a depolarisation probability p∗ such that Eq. (D.18)

holds for every ηk ∈ N for which 0 ≤ ∆Fηk(ρ, σ) < r(ϵ), then ∆Fηk(ρ, σp) ≥ r(ϵ) for all ηk ∈ N

and therefore for all η ∈ ∂D, which ensures that the state transition ρ → σp can be carried out

via a G-covariant channel.

D.2 Properties of modes of asymmetry

D.2.1 Proof that P(µ)
k projects out the (µ, k) mode of asymmetry

Lemma 97. Given any bounded operator O ∈ B(S) mode of asymmetry (µ, k) ∈ modes(S) for a

quantum system S, we have that

P(µ)
k (O) = O

(µ)
k . (D.20)

Proof. We show by direct calculation that

P(µ)
k (O) =

∫
dgdµu

(µ∗)
kk (g) Ug(O)

=

∫
dgdµu

(µ∗)
kk (g) Ug

∑
λ,j

(∑
α

⟨X(λ,α)
j , O⟩X(λ,α)

j

)
=
∑
λ,j

∫ dgdµu
(µ∗)
kk (g)

∑
α

⟨X(λ,α)
j , O⟩

∑
j′

u
(λ)
j′j (g)X

(λ,α)
j′


=
∑
λ,j

∑
α,j′

[∫
dgdµu

(µ∗)
kk (g)u

(λ)
j′j (g)

]
⟨X(λ,α)

j , O⟩X(λ,α)
j′


=
∑
λ,j,j′

δλ,µδj,kδj′,k

(∑
α

⟨X(λ,α)
j , O⟩X(λ,α)

j′

)

=
∑
α

⟨X(µ,α)
k , O⟩X(µ,α)

k = O
(µ)
k , (D.21)

where we applied the Schur orthogonality relations in Eq. (D.34) to obtain the fifth equality.
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D.2.2 Proof that distinct modes of asymmetry are orthogonal

Lemma 98. Given any two operators A and B in B(S) for a quantum system S, we have that

⟨A(λ)
j , B

(µ)
k ⟩ = δλ,µδj,k⟨A

(λ)
j , B

(µ)
k ⟩, (D.22)

Proof. Because the ITO basis is orthonormal by construction, we have that

⟨A(λ)
j , B

(µ)
k ⟩ =

〈∑
α

⟨X(λ,α)
j , A⟩X(λ,α)

j ,
∑
β

⟨X(µ,β)
k , B⟩X(µ,β)

k

〉
(D.23)

=
∑
α,β

⟨X(λ,α)
j , A⟩⟨X(µ,β)

k , B⟩⟨X(λ,α)
j , X

(µ,β)
k ⟩ (D.24)

=
∑
α,β

⟨X(λ,α)
j , A⟩⟨X(µ,β)

k , B⟩δλ,µδj,k⟨X
(λ,α)
j , X

(µ,β)
k ⟩ (D.25)

= δλ,µδj,k

〈∑
α

⟨X(λ,α)
j , A⟩X(λ,α)

j ,
∑
β

⟨X(µ,β)
k , B⟩X(µ,β)

k

〉
= δλ,µδj,k⟨A

(λ)
j , B

(µ)
k ⟩,

(D.26)

which completes the proof.

D.3 Modal sufficient conditions

D.3.1 Complex conjugate irreps

Lemma 99. Given a complex irrep U (µ)(g) of a compact group G, its complex conjugate U (µ)(g)∗ is

also a complex irrep of G. Furthermore, two complex irreps U (µ1)(g) and U (µ2)(g) of G are equivalent

if and only if U (µ1)(g)∗ and U (µ2)(g)∗ of G are also equivalent.

Proof. We first prove that U (µ)(g)∗ is an irrep of G. Given any two elements g1, g2 of G, we

have U (µ)(g1)U
(µ)(g2) = U (µ)(g1g2). By taking the complex conjugate on both sides, we obtain

U (µ)(g1)
∗U (µ)(g2)

∗ = U (µ)(g1g2)
∗, so U (µ)(g)∗ is also a valid representation of G. If U (µ)(g)∗

were reducible, then there must exist a unitary operator V such that V U (µ)(g)∗V † is non-

trivially block-diagonal. However, the complex conjugate of this construction, V ∗U (µ)(g)V T =

V ∗U (µ)(g)(V ∗)†, must therefore be non-trivially block diagonal too, so there exists a unitary

operator V ∗ that places U (µ)(g) into a non-trivial block-diagonal form. As this would generate

the contradiction that U (µ)(g) is also reducible, we conclude that U (µ)(g)∗ is irreducible.
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We now assume that two complex irreps U (µ1)(g) and U (µ2)(g) of G are equivalent, i.e. there

exists a similarity transformation generated by a unitary V such that U (µ1)(g) = V U (µ2)(g)V †.

By taking the complex conjugate of both sides, we see that there exists a similarity transforma-

tion generate by the unitary V ∗ such that U (µ1)(g)∗ = V ∗U (µ2)(g)∗V T = V ∗U (µ2)(g)∗(V ∗)†, so

U (µ1)(g)∗ and U (µ2)(g)∗ are equivalent. By the same reasoning, we can show that if U (µ1)(g)∗

and U (µ2)(g)∗ are equivalent, then U (µ1)(g) and U (µ2)(g) are also equivalent. We therefore con-

clude that U (µ1)(g) and U (µ2)(g) of G are equivalent if and only if U (µ1)(g)∗ and U (µ2)(g)∗ of G

are also equivalent.

D.3.2 Proof of Lemma 57

In this section, we prove that it is possible to choose an ITO basis that satisfies the conditions

laid out in Lemma 57, which we reproduce below for convenience.

Lemma 57. Let ρ be the input state for a G-covariant state transition from a quantum system S, and

consider the representation Ug of a compact group G on B(S) whose multidimensional irreps have no

multiplicity. Then there exists an ITO basis {X(λ,α)
j } for Ug such that

1. corresponding basis elements of complex conjugate irreps are Hermitian conjugates of each other.

Thus one can write

X
(λ∗,α)
j = X

(λ,α)†
j . (6.19)

2. in every irrep λ, the input state ρ has at most a single non-zero mode of asymmetry, which we

label (λ, 0). Thus one can write

ρ
(λ)
j = δj,0ρ

(λ)
0 . (6.20)

Proof. We first show how, given an arbitrary ITO basis for Ug on B(S), we can construct new

ITO basis elements for each irrep µ appearing in Ug and its complex conjugate µ∗ that satisfy

the first condition in the Lemma statement. The method of construction depends as follows on

the dimension of µ and whether µ is its own complex conjugate irrep.

Case I: µ and µ∗ are distinct irreps. In this case, we are free to simply chooseX(µ∗,α)
j := X

(µ,α)†
j .

Case II: µ and µ∗ are the same one-dimensional irrep. In this case, we need to prove that,
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given an arbitrary ITO basis {X(µ,α)} for the µ-irrep, we can construct a Hermitian ITO basis

S := {S(µ,α)}, which we proceed to do as follows.

1. Construct a Hermitian but potentially overcomplete basis for µ-irrep from the initial ITO

basis as B := {(X(µ,α)) +X(µ,α)†), i(X(µ,α) −X(µ,α)†)}.

2. Pick out αµ linearly-independent non-zero elements from B, where αµ denotes the mul-

tiplicity of the µ-irrep, to construct a Hermitian basis B′ for the µ-irrep that is no longer

overcomplete. Let us denote the elements of B′ by {X(µ,α)′}.

3. Apply the Gram-Schmidt procedure to B′ and generate the basis B′′ for the µ-irrep, whose

elements we denote by {X(µ,α)′′}. By construction, B′′ constitutes an orthogonal basis for

the µ-irrep, so we now prove that its elements are Hermitian by induction. Suppose that

elements 1, . . . , β of B′′ are Hermitian. Then the β + 1 element of B′′ is defined as

X(µ,β+1)′′ := X(µ,β+1)′ −
β∑

α=1

⟨X(µ,α)′ , X(µ,α)′′⟩
⟨X(µ,α)′′ , X(µ,α)′′⟩

X(µ,α)′′ . (D.27)

We now observe that the Hilbert-Schmidt inner product of two Hermitian operators A

and B, which is simply ⟨A,B⟩ := Tr
[
A†B

]
= Tr[AB], is always real, because we have

Tr[AB] = Tr
[
A†B†] = Tr

[
B†A†] = Tr

[
(AB)†

]
= Tr[AB]∗. As every X(µ,α)′ is Hermitian

by construction as a member of B′, the assumption thatX(µ,1)′′ , . . . , X(µ,β)′′ are Hermitian

implies that the right hand side of Eq. (D.27) is a real linear combination of Hermitian

operators, and therefore X(µ,β+1)′′ must also be Hermitian. Noting that X(µ,1)′′ = X(µ,1)′

and is therefore Hermitian, we see by induction that all elements of B′′ are Hermitian.

4. Normalise each element of B′′ to obtain an orthonormal Hermitian basis for the µ-irrep,

S :=
{

X(µ,α)′′

⟨X(µ,α)′′ ,X(µ,α)′′ ⟩

}
.

We now show that S is a valid ITO basis for the µ irrep. To do so, we first show by in-

duction that each element of B′′ is a (complex) linear combination of the initial ITO basis

elements {X(µ,α)}. Suppose that elements 1, . . . , β of B′′ are all linear combinations of

{X(µ,α)}. As X(µ,β+1)′ is a linear combination of {X(µ,α)} by construction, this assump-

tion implies that the right hand side of Eq. (D.27) is also a linear combination of {X(µ,α)},

and therefore the β + 1 element of B′′ is also a linear combination of {X(µ,α)}. Noting

thatX(µ,1)′′ = X(µ,1)′ , wich is a linear combination of {X(µ,α)}, we conclude by induction

that every element of B′′, and therefore every element of S, which merely scales the cor-
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responding element in B′′ its norm, is a linear combination of {X(µ,α)}. Because {X(µ,α)}

is an ITO basis for the µ-irrep, we know that Ug(X(µ,α)) = U (µ)(g)X(µ,α), where U (µ)(g)

is a real number because we have µ∗ = µ. As each element of S ′ is a linear combination

of {X(µ,α)}, we conclude that Ug(S(µ,α)) = U (µ)(g)S(µ,α), which proves that S is a valid

ITO basis for the µ-irrep.

Case III: µ and µ∗ are the same multidimensional irrep. In this case, we also need to prove

that, given an arbitrary ITO basis for the µ-irrep, we can construct a Hermitian ITO basis. This

can be done using the same method as Case II. When unitary representations UAg and UBg of

the same compact group G on two different physical systems A and B both contain a single

copy of µ, this procedure generates ITO bases for µ on B(A) and B(B) over which G acts

equivalently. This is because any complex irrep appears on the complex span of a unique real

irrep (the Hermitian matrices span a real irrep) [152].

Finally, we show that, given an ITO basis satisfying the first condition in the Lemma statement,

it is possible to construct another ITO basis that also satisfies the second condition. Consider

any irrep µ that appears in Ug. When µ is one-dimensional, the second condition in the Lemma

statement is trivially satisified, so we only need to consider the case where µ is multidmen-

sional (and assumed to be without multiplicity).

Let {X(µ)
j } and {X(µ∗)

j } be elements of the given ITO basis for the irrep µ and its complex

conjugate µ∗ respectively. Consequently, we haveX(µ∗)
j = X

(µ)†
j . We can then generate another

pair of ITO bases for µ and µ∗ defined as {X(µ)′

j :=
∑

i UijX
(µ)
i } and {X(µ∗)′

j :=
∑

i U
∗
ijX

(µ∗)
i }

respectively, where U is a unitary matrix for µ ̸= µ∗ and an orthogonal matrix otherwise. By

construction, we have that X(µ)′†
j = X

(µ∗)′

j . We choose the first column of U so it will rotate

X
(µ)
0 into a normalised vector parallel to the projection of ρ in the irrep subspace of µ, i.e.

U :=


⟨X(µ)

0 , ρ⟩√∑
j⟨ρ

(µ)
j , ρ

(µ)
j ⟩

· · ·

...
⟨X(µ)

dµ−1, ρ⟩√∑
j⟨ρ

(µ)
j , ρ

(µ)
j ⟩

· · ·

 . (D.28)

Consequently, in the new ITO basis {X(µ)′

j } for the µ irrep defined by this choice of U , we have

ρ
(µ)′

j = δj,0ρ
(µ)′

j as desired. All that remains is to show that the above choice for U has the same

impact in the complex conjugate irrep µ∗. We first note that, by the cyclic property of the trace
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and the hermiticity of ρ, we have

⟨X(µ)
j , ρ⟩ := Tr

[
X

(µ)†
j ρ

]
= Tr

[
X

(µ∗)
j ρ

]
= Tr

[
X

(µ∗)
j ρ†

]
= Tr

[(
ρX

(µ∗)†
j

)†]
= Tr

[
ρX

(µ∗)†
j

]∗
= Tr

[
X

(µ∗)†
j ρ

]∗
= ⟨X(µ∗)

j , ρ⟩ (D.29)

and consequently

⟨ρ(µ)j , ρ
(µ)
j ⟩ = ⟨X(µ)

j , ρ⟩∗⟨X(µ)
j , ρ⟩ = ⟨X(µ∗)

j , ρ⟩⟨X(µ∗)
j , ρ⟩∗ = ⟨ρ(µ

∗)
j , ρ

(µ∗)
j ⟩. (D.30)

We can therefore write the first column of U∗ as

U∗ :=


⟨X(µ)

0 , ρ⟩∗√∑
j⟨ρ

(µ)
j , ρ

(µ)
j ⟩

· · ·

...
⟨X(µ)

dµ−1, ρ⟩
∗√∑

j⟨ρ
(µ)
j , ρ

(µ)
j ⟩

· · ·

 =


⟨X(µ∗)

0 , ρ⟩√∑
j⟨ρ

(µ∗)
j , ρ

(µ∗)
j ⟩

· · ·

...
⟨X(µ∗)

dµ−1, ρ⟩√∑
j⟨ρ

(µ∗)
j , ρ

(µ∗)
j ⟩

· · ·

 (D.31)

from which we see that U∗ rotates X(µ∗)
0 to a normalised vector parallel to the projection of ρ

in the irrep subspace of µ∗. We therefore also have ρ(µ
∗)′

j = δj,0ρ
(µ∗)′

j in the new basis {X(µ∗)′

j }

for the irrep µ∗ as desired.

In an ITO basis {X(λ,α)
j } satisfying the conditions laid out in Lemma 57, we have that

ρ
(λ∗)
j =

αλ∗∑
α=1

⟨X(λ∗,α)
j , ρ⟩X(λ∗,α)

j

=

αλ∑
α=1

⟨X(λ,α)†
j , ρ⟩X(λ,α)†

j

=

αλ∑
α=1

⟨X(λ,α)†
j , ρ†⟩X(λ,α)†

j

=

αλ∑
α=1

⟨X(λ,α)
j , ρ⟩∗X(λ,α)†

j = ρ
(λ)†
j (D.32)

where in going from the first to the second equality we have used the fact that an irrep and

its complex conjugate have the same multiplicity, and in going from the second to the third
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equality we have used the fact that ρ is Hermitian.

D.3.3 Proof of Lemma 59

We first note the following relations between the (complex) matrix components U (λ)
ij (g) repre-

senting the λ-irrep of G in some ITO basis. These components must obey the Schur orthogo-

nality relations

∫
G
dg U

(λ)
ip (g)∗U

(µ)
jq (g) =

1

dλ
δλ,µδi,jδp,q. (D.33)

The choices of ITO basis made in Lemma 57 implies that U (λ)
ip (g)∗ = U

(λ∗)
ip (g). Consequently,

under this choice of basis, the Schur orthogonality relations become

∫
G
dg U

(λ)
ip (g)U

(µ)
jq (g) =

1

dλ
δλ∗,µδi,jδp,q. (D.34)

Having specialised the Schur orthogonality relations to our choice of ITO basis, we can now

prove Lemma 59, which we reproduce below for convenience.

Lemma 59. Let ρ, σ and η be quantum states of systems A, B and R respectively, where we have

dim(HR) = dim(HB). Given a symmetry group G whose multidimensional irreps have no multiplic-

ity, we have ρ G−→ σ if for any reference frame η, we can find a state τ(η) such that

∑
λ,j

〈
η
(λ)
j , f

(λ)
j (ρ)τ(η)

(λ)
j − σ

(λ)
j

〉
≥ 0, (6.26)

where we have introduced f (λ)j (ρ) := 1
dλ

〈
ρ
(λ∗)
j , ρ

(λ∗)
j

〉
.

Proof. By Eq. (D.32), we can express the impact of the PGM prepare-and-measure channel on

the (λ, j) mode of asymemtry for ρ as

Φηpgm

(
ρ
(λ)
j

)
=

∫
G
dg Tr

[
Mpgm(g)ρ

(λ)
j

]
Ug(τ(η)) =

∫
G
dg
〈
ρ
(λ)†
j ,Mpgm(g)

〉
Ug(τ(η))

=

∫
G
dg
〈
ρ
(λ∗)
j ,Mpgm(g)

〉
Ug(τ(η)). (D.35)
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Because G(ρ) is a symmetric state, we have that Mpgm(g) = Ug(ρ), which implies

⟨η(λ)j ,Φηpgm(ρ
(λ)
j )⟩ =

∫
G
dg ⟨η(λ)j ,Ug(τ(η))⟩⟨ρλ

∗
j ,Ug(ρ)⟩ =

〈
η
(λ)
j ⊗ ρ

(λ∗)
j ,

∫
G
dg Ug(τ(η))⊗ Ug(ρ)

〉
=
〈
η
(λ)
j ⊗ ρ

(λ∗)
j ,G(τ(η)⊗ ρ)

〉
. (D.36)

We now calculate the bipartite G-twirl of τ(η) with ρ.

Momentarily adopting the simplifying notation t(λ,α)i := ⟨X(λ,α)
i , τ(η)⟩ and r

(µ,β)
j := ⟨Y (µ,β)

j , ρ⟩

for the components of τ(η) and ρ in the ITO bases {X(λ,α)
i } and {Y (µ,β)

j } of output system B

and input system A respectively, we first show that

G(τ(η)(λ)i ⊗ ρ
(µ)
j ) =

∫
G
dg Ug(τ(η)(λ)i )⊗ Ug(ρ(µ)j )

=

∫
G
dg

(∑
α

t
(λ,α)
i Ug

(
X

(λ,α)
i

))
⊗

∑
β

r
(µ,β)
j Ug

(
Y

(µ,β)
j

)
=

∫
G
dg

(∑
α

t
(λ,α)
i

∑
i′

U
(µ)
i′i (g)X

(λ,α)
i′

)
⊗

∑
β

r
(µ,β)
j

∑
j′

U
(µ)
j′j (g)Y

(µ,β)
j′


=
∑
i′j′

[∫
G
U

(λ)
i′i (g)U

(µ)
j′j (g)dg

](∑
α

t
(λ,α)
i X

(λ,α)
i′

)
⊗

∑
β

r
(µ,β)
j Y

(µ,β)
j′


=
∑
i′j′

δi′,j′δi,jδµ∗,λ
dλ

(∑
α

t
(λ,α)
i X

(λ,α)
i′

)
⊗

∑
β

r
(µ,β)
j Y

(µ,β)
j′


= δi,jδµ∗,λ

∑
i′

1

dλ

(∑
α

t
(λ,α)
i X

(λ,α)
i′

)
⊗

∑
β

r
(λ∗,β)
i Y

(λ∗,β)
i′

 (D.37)

We now observe that, by construction, the modes of asymmetry in ρ are related to those of ρ in

a particularly straightforward way. Using the projector P(λ)
j defined in Eq. (6.12) to project out

the (λ, j) mode of asymmetry for ρ, we obtain

ρ
(λ)
j = P(λ)

j (ρ) =

∫
dgdλu

(λ∗)
jj (g)Ug(ρ)

=

∫
dgdλu

(λ∗)
jj (g)Ug(G(ρ)−

1
2 ρG(ρ)−

1
2 )

= G(ρ)−
1
2

[∫
dgdλu

(λ∗)
jj (g)Ug(ρ)

]
G(ρ)−

1
2

= G(ρ)[P(λ)
j (ρ)]G(ρ)−

1
2 = G(ρ)−

1
2 (ρ

(λ)
j )G(ρ)−

1
2 , (D.38)
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which implies that, under the choice of ITO basis made in Lemma 57, we have

ρ
(λ)
j = δj,0ρ

(λ)
0 . (D.39)

Combining this fact with Eq. (D.37) implies that

G(τ(η)(λ)i ⊗ ρ
(µ)
j ) = δi,0δi,jδµ∗,λ

∑
i′

1

dλ

(∑
α

t
(λ,α)
0 X

(λ,α)
i′

)
⊗

∑
β

r
(λ∗,β)
0 Y

(λ∗,β)
i′

 , (D.40)

under the choice of ITO basis made in Lemma 57.

The bipartite G-twirl of τ(η) and ρ is therefore

G(τ(η)⊗ ρ) =
∑
λ,µ,i,j

G(τ(η)(µ)i ⊗ ρ
(λ)
j )

=
∑
λ,i′

1

dλ

(∑
α

t
(λ,α)
0 X

(λ,α)
i′

)
⊗

∑
β

r
(λ∗,β)
0 Y

(λ∗,β)
i′

 . (D.41)

Plugging this back into Eq. (D.36), we obtain

⟨η(λ)j ,Φηpgm(ρ
(λ)
j )⟩ =

〈
η
(λ)
j ⊗ ρ

(λ∗)
j ,

∑
µ,i′

1

dµ

(∑
α

t
(µ,α)
0 X

(µ,α)
i′

)
⊗

∑
β

r
(µ∗,β)
0 Y

(µ∗,β)
i′

〉 .
= δj,0

〈
η
(λ)
0 ⊗ ρ

(λ∗)
0 ,

∑
µ,i′

1

dµ

(∑
α

t
(µ,α)
0 X

(µ,α)
i′

)
⊗

∑
β

r
(µ∗,β)
0 Y

(µ∗,β)
i′

〉

= δj,0
∑
µ,i′

1

dµ

〈
η
(λ)
0 ,

(∑
α

t
(µ,α)
0 X

(µ,α)
i′

)〉〈
ρ
(λ∗)
0 ,

∑
β

r
(µ∗,β)
0 Y

(µ∗,β)
i′

〉

=
δj,0
dλ

〈
η
(λ)
0 ,

(∑
α

t
(λ,α)
0 X

(λ,α)
0

)〉〈
ρ
(λ∗)
0 ,

∑
β

r
(λ∗,β)
0 Y

(λ∗,β)
0

〉

= δj,0

(
1

dλ
⟨η(λ)0 , τ(η)

(λ)
0 ⟩⟨ρ(λ

∗)
0 , ρ

(λ∗)
0 ⟩

)
=

1

dλ
⟨η(λ)j , τ(η)

(λ)
j ⟩⟨ρ(λ

∗)
j , ρ

(λ∗)
j ⟩ (D.42)

where we have used the fact that ρ(λ)j = δj,0ρ
(λ)
0 under the choice of ITO basis made in Lemma

57 to arrive at the second and last equalities, and invoked the orthogonality of modes of asym-

metry (Eq. (6.14)) to arrive at the third equality. Applying Corollary 3 for the choice Φη = Φηpgm

using the above equation leads to the Lemma statement.
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D.3.3.1 Sufficiency of reference frames whose modes of asymmetery are a subset of the

input state for state transitions covariant with Abelian groups

In the special case of Abelian groups, whose complex irreps are always one-dimensional, we

see from Eq. (D.37) that, given any reference frame η and state τ , we have

G(η ⊗ τ) =
∑
λ

ηλ
∗ ⊗ τλ, (D.43)

from which we conclude that if η contains a mode of asymmetry that does not appear in τ ,then

ηµ
∗

does not contribute to the bipartite G-twirl of η with τ .

As we saw in Section 6.3.3, a necessary condition for a G-covariant state transition is that the

modes of asymmetry in the output state σ must form a subset of those in the input state ρ.

Consequently, if η contains a mode of asymmetry µ that does not appear in ρ, then for a G-

covariant transition to be possible, this mode of asymmetry also must not appear in σ, and so

also cannot contribute to the bipartite G-twirl of η and σ. From Eq. (D.32), we see that, given

any mode of asymmetry λ, we have that ρλ† = ρλ
∗

and σλ† = σλ
∗
, so if the mode µ does not

exist in ρ and σ, neither does its complex conjugate mode µ∗, so ηµ as well as ηµ
∗

would not

contribute to the bipartite G-twirls of η with ρ and σ.

In the remainder of this section, we concentrate on the non-trivial scenario where the modes of

asymmetry in the output state σ is a subset of ρ. From Theorem 47, we see that if we range over

all η in a region R bound by a small surface enclosing the maximally mixed reference frame

1

d , then we obtain a complete set of entropic conditions {∆Hη ≥ 0|η ∈ R}. Let µ be a mode

of asymmetry in η that is not present in ρ and σ, so ηµ and ηµ
∗

do contribute to the G-twirl of

η with the desired input and output states. If the region is chosen sufficiently small, we claim

that η′ = η − c(ηµ + ηµ
∗
) is still a valid state for µ ̸= 0, where we have c = 1 if µ ̸= µ∗ and

c = 1
2 otherwise. To see this, firstly note that, by orthonormality, the term in the brackets is

traceless and so the net result still has trace 1. Secondly, by choosing the surface appropriately,

the eigenvalues of η can be chosen arbitrarily close to the uniform distribution, and those of

the term in bracket made arbitrarily small. Therefore the eigenvalues of the resultant operator

η′ are all non-negative. We thus obtain a reference frame η′ by removing the µ (and µ∗ mode)

entirely from η, which nevertheless gives the same bipartite G-twirls G(η ⊗ ρ) and G(η ⊗ σ) as

did η. This implies it suffices to range over reference frame states η with modes the same as ρ.
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D.3.4 Properties of f (λ)
j (ρ)

Lemma 100. Given any state ρ and mode of asymmetry (λ, j), the function

f
(λ)
j (ρ) :=

1

dλ
⟨ρ(λ

∗)
j , ρ

(λ∗)
j ⟩ = 1

dλ
Tr
[
ρ
(λ)
j G(ρ)−

1
2 ρ

(λ∗)
j G(ρ)−

1
2

]
(D.44)

where we have used Eq. (D.32) to obtain the first equality, has the following properties:

(F1) (Invariant under complex conjugation). f (λ)j (ρ) = f
(λ∗)
j (ρ).

(F2) (Non-negative). f (λ)j (ρ) ≥ 0.

(F3) (Trivial mode). f0(ρ) = 1.

Proof. Proof of (F1) By the cyclic property of the trace, and that an irrep λ has the same dimen-

sion as its complex conjugate λ∗, we obtain

f
(λ)
j (ρ) =

1

dλ
Tr
[
ρ
(λ)
j G(ρ)−

1
2 ρ

(λ∗)
j G(ρ)−

1
2

]
=

1

dλ∗
Tr
[
ρ
(λ∗)
j G(ρ)−

1
2 ρ

(λ)
j G(ρ)−

1
2

]
= f

(λ∗)
j (ρ).

(D.45)

Proof of (F2) By the cyclic property of the trace and Eq. (D.32), we have

Tr
[
ρ
(λ)
j G(ρ)−

1
2 ρ

(λ∗)
j G(ρ)−

1
2

]
= Tr

[
G(ρ)−

1
4 ρ

(λ)
j G(ρ)−

1
4G(ρ)−

1
4 ρ

(λ∗)
j G(ρ)−

1
4

]
= Tr

[
G(ρ)−

1
4 ρ

(λ)
j G(ρ)−

1
4G(ρ)−

1
4 ρ

(λ)†
j G(ρ)−

1
4

]
=: Tr

[
AA†

]
(D.46)

where we have defined A := G(ρ)−
1
4 ρ

(λ)
j G(ρ)−

1
4 . Regardless of what A is, any operator of the

form AA† is semidefinite positive, which implies

Tr
[
ρ
(λ)
j G(ρ)−

1
2 ρ

(λ∗)
j G(ρ)−

1
2

]
= dλf

(λ)
j (ρ) ≥ 0, (D.47)

and immediately leads to the desired property.

Proof of (F3) Recalling from Eq. (6.18) that ρ(0) = G(ρ), and noting that the trivial irrep is

one-dimensional, we immediately obtain

f
(0)
0 (ρ) = Tr

[
G(ρ)G(ρ)−

1
2G(ρ)G(ρ)−

1
2

]
= Tr[G(ρ)] = 1. (D.48)
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which completes the proof.

D.3.5 Proof of Lemma 60

We first note that the choice of ITO basis made in Lemma 57, and the cyclic property of the

trace, imply that, given any Hermitian operatorO, the ITO components on corresponding basis

elements of complex conjugate irreps are likewise complex conjugates of each other because

⟨X(λ,α)
j , O⟩ := Tr

[
X

(λ,α)†
j O

]
= Tr

[
X

(λ∗,α)
j O

]
= Tr

[
X

(λ∗,α)
j O†

]
= Tr

[(
OX

(λ∗,α)†
j

)†]
= Tr

[
OX

(λ∗,α)†
j

]∗
= Tr

[
X

(λ∗,α)†
j O

]∗
= ⟨X(λ∗,α)

j , O⟩∗. (D.49)

Lemma 60. Let ρ, σ and η be quantum states of systems A, B and R respectively, where we have

dim(HR) = dim(HB). Furthermore, let us define components for states η, τ(η) and σ in the ITO

basis {X(λ,α)
j } of system B as n(λ,α)j := ⟨X(λ,α)

j , η⟩, t(λ,α)j := ⟨X(λ,α)
j , τ(η)⟩ and s(λ,α)j := ⟨X(λ,α)

j , σ⟩

respectively. Given a symmetry group G whose multidimensional irreps have no multiplicity, we have

that ρ G−→ σ if for any reference frame η, we can find a state τ(η) of system B such that

∀(λ, α, j) :


f
(λ)
j (ρ)t

(λ,α)
j = s

(λ,α)
j or

f
(λ)
j (ρ)

∣∣∣t(λ,α)j

∣∣∣ ≥ ∣∣∣s(λ,α)j

∣∣∣ and arg(t
(λ,α)
j ) = arg(n

(λ,α)
j ).

(6.30)

Proof. Together with the fact that λ → λ∗ is an isomorphism on the set of distinct irreps λ

appearing the representation G→ UBg in system B, Lemma 59 showed that ρ G−→ σ if, for every

reference state η, we can find a quantum state τ(η) of system B such that

1

2

∑
λ,j

{〈
η
(λ)
j , f

(λ)
j (ρ)τ(η)

(λ)
j − σ

(λ)
j

〉
+
〈
η
(λ∗)
j , f

(λ)
j (ρ)τ(η)

(λ∗)
j − σ

(λ∗)
j

〉}
≥ 0 (D.50)

where we have used f
(λ)
j (ρ) = f

(λ∗)
j (ρ) by Property (F1) of the function f

(λ)
j (ρ). We can re-

express these sufficient conditions in terms of ITO basis components as

1

2

∑
λ,α,j

[
n
(λ,α)∗

j

(
f
(λ)
j (ρ)t

(λ,α)
j − s

(λ,α)
j

)
+ n

(λ∗,α)∗

j

(
f
(λ)
j (ρ)t

(λ∗,α)
j − s

(λ∗,α)
j

)]
≥ 0. (D.51)
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Because all quantum states are Hermitian, we conclude by Eq. (D.49) that the choice of ITO

basis we made in Lemma 57 implies n(λ
∗,α)

j = n
(λ,α)∗

j , s(λ
∗,α)

j = s
(λ,α)∗

j and t
(λ∗,α)
j = t

(λ,α)∗

j .

Since f (λ)j (ρ) is always real (by Property (F2)), we see that the two terms in the summand of

Eq. (D.50) are complex conjugates, so we can convert the sufficient conditions in Eq. (D.50) to

∑
λ,α,j

Re
{
n
(λ,α)∗

j

(
f
(λ)
j (ρ)t

(λ,α)
j − s

(λ,α)
j

)}
=
∑
λ,α,j

∣∣∣n(λ,α)j

∣∣∣Re{e−i arg[n(λ,α)
j

] [
f
(λ)
j (ρ)t

(λ,α)
j − sλ,αj

]}
≥ 0. (D.52)

which is satisfied if each summand is itself non-negative, i.e.

∀(λ, α, j) : Re
{
e
−i arg

[
n
(λ,α)
j

] [
f
(λ)
j (ρ)t

(λ,α)
j − s

(λ,α)
j

]}
≥ 0. (D.53)

For any given (λ, α, j), one way of satisfying Eq. (D.53) is if we can choose τ(η) such that

f
(λ)
j (ρ)t

(λ,α)
j = s

(λ,α)
j . (D.54)

Another way is if we can choose a τ(η) such that the phase of t(λ,α)j cancels that of n(λ,α)
∗

j , i.e.

arg[t
(λ,α)
j ] = arg[n

(λ,α)
j ]. (D.55)

Substituting this phase choice for τ(η) into the sufficient condition in Eq. (D.53) at a particular

(λ, α, j), we obtain

f
(λ)
j (ρ)

∣∣∣t(λ,α)j

∣∣∣− ∣∣∣s(λ,α)j

∣∣∣ cos(arg [s(λ,α)j

]
− arg

[
n
(λ,α)
j

])
≥ 0. (D.56)

Noting that maxx cosx = 1, we see that the above equation holds for any η and σ if we can

choose τ(η) such that

f
(λ)
j (ρ)

∣∣∣t(λ,α)j

∣∣∣ ≥ ∣∣∣s(λ,α)j

∣∣∣. (D.57)

Together with Eq. (D.55), this provides a second way of satisfying Eq. (D.53) for a given

(λ, α, j). Therefore, if, given any (λ, α, j), either Eq. (D.54) is true or Eq. (D.57) and Eq. (D.55)

are true, then Eq. (D.53) holds, which implies the sufficient conditions identified by Lemma 59
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in Eq. (D.50) hold.

D.3.6 Proof of Theorem 61

Theorem 61. Let ρ and σ be two states of systems A and B respectively. Given a symmetry group G

whose multidimensional irreps have no multiplicity, we have ρ G−→ σ if

∀λ ̸= 0 :


µminn

−1f
(λ)
j (ρ) ≥ g

(λ)
j (σ) for j = 0

σ
(λ)
j = 0 for j ̸= 0.

(6.32)

where we have defined g(λ)j (σ) :=
∑

α

∣∣∣⟨X(λ,α)
j , σ⟩

∣∣∣ for the ITO basis {X(λ,α)
j } of system B, µmin as

the smallest eigenvalue of G(σ), and n as the number of distinct non-trivial irreps appearing in the

representation of G on B(B).

Proof. Let us define components for states η and σ, as well a linear operator τ(η), in the ITO ba-

sis {X(λ,α)
j } of system B as n(λ,α)j := ⟨X(λ,α)

j , η⟩, t(λ,α)j := ⟨X(λ,α)
j , τ(η)⟩ and s

(λ,α)
j := ⟨X(λ,α)

j , σ⟩

respectively.

We first present our choices for the ITO components of τ(η). Assuming that these choices pro-

duce a valid quantum state, we next show that when these choices satisfy the sufficient condi-

tions of Lemma 60, we obtain the Theorem statement. We then conclude the proof by verifying

that the choices for ITO components we have made always makes τ(η) a valid quantum state.

1. For trivial mode of asymmetry λ = 0. In this case, we simply set the trivial mode of

asymmetry for τ(η) to match that of the output state σ, i.e.

τ(η)(0) := σ(0) ⇐⇒ G(τ(η)) = G(σ). (D.58)

Because f (0)0 (ρ) = 1 by Property (F3) of the function f (λ)j (ρ), this choice guarantees

∀α : f
(0)
0 (ρ)t(0,α) = s(0,α), (D.59)

which satisfies sufficient conditions on ITO components for the trivial mode of asymme-

try of τ(η) set out in Lemma 60.
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2. For the nontrivial mode of asymmetry (λ ̸= 0, 0). In this case, we choose

t
(λ,α)
0 := e

i arg
[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣, (D.60)

where we have defined

c(λ) :=
µmin

n
(∑

α

∣∣∣s(λ,α)0

∣∣∣) . (D.61)

This choice satisfies the sufficient condition imposed on the (λ, α, 0) ITO component of

τ(η) from Lemma 60 if

f
(λ)
0 (ρ)c(λ) ≥ 1 ⇐⇒ µminn

−1f
(λ)
0 (ρ) ≥

∑
α

∣∣∣s(λ,α)0

∣∣∣ =∑
α

∣∣∣⟨X(λ,α)
0 , σ⟩

∣∣∣ =: g(λ)0 (σ), (D.62)

which leads to the sufficient conditions stated in the theorem statement for any mode of

asymmetry (λ ̸= 0, 0).

Given a mode of asymmetry (λ ̸= 0, 0), the choice we made for t(λ,α)0 in Eq. (D.60) be-

comes undefined if and only if s(λ,α)0 = 0 for all α. In this case, any choice of t(λ,α)0 satisfies

the sufficient conditions in Lemma 60; equivalently, the sufficient conditions in the theo-

rem statement are satisfied if s(λ,α)0 = 0 for all α. We therefore clarify that t(λ,α)0 := 0 when

s
(λ,α)
0 = 0 for all α.

3. For the non-trivial mode of asymmetry (λ ̸= 0, j ̸= 0). In this case, the choice of ITO

basis made in Lemma 57 imposes

ρ
(λ)
j ̸=0 = 0 ⇐⇒ f

(λ)
j ̸=0(ρ) = 0, (D.63)

so the sufficient condition stated in Lemma 60 for the (λ, α, j ̸= 0) ITO component of τ(η)

can be satisfied if and only if

g
(λ)
j ̸=0(σ) = 0 ⇐⇒ ∀α : s

(λ,α)
j ̸=0 = 0 ⇐⇒ σ

(λ)
j ̸=0 = 0, (D.64)

which leads to the sufficient condition stated in the theorem for any mode of asymmetry

(λ ̸= 0, j ̸= 0). Provided that the output state satisfies these conditions, we can then
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choose the (λ, α, j ̸= 0) component of τ(η) to be whatever we like, so we take

t
(λ,α)
j ̸=0 := 0. (D.65)

for simplicity.

We now prove that the choices of ITO components laid out above, which produces

τ(η) := G(σ) +
∑
λ̸=0,α

e
i arg

[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣X(λ,α)
0 , (D.66)

constitutes a valid quantum state regardless of η.

We first note that, because 1 transforms trivially, it must lie in the span of ITO basis elements

that transform trivially, i.e. 1 ∈ Span({X0,α}). The orthonormality between ITO basis elements

for distinct irreps then implies that ITO basis elements for non-trivial irreps must be traceless,

i.e. Tr
[
X

(λ̸=0,α)
j

]
= 0 for λ ̸= 0. We thus conclude that

Tr[τ(η)] = Tr[G(σ)] = 1, (D.67)

so it only remains to show that τ(η) as defined in Eq. (D.66) is positive semidefinite.

Because λ → λ∗ is an isomorphism on the set of distinct irreps λ appearing the representation

G→ UBg in system B, and the trivial irrep is its own complex conjugate, we can write

τ(η) =
1

2

∑
λ,α,j

t
(λ,α)
j X

(λ,α)
j + t

(λ∗,α)
j Xλ∗,α

j

 (D.68)

= G(σ) + 1

2

 ∑
λ̸=0,α

e
i arg

[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣X(λ,α)
0 + e

i arg
[
n
(λ∗,α)
0

]
c(λ

∗)
∣∣∣s(λ∗,α)∣∣∣

0
X

(λ∗,α)
0


= G(σ) + 1

2

 ∑
λ̸=0,α

e
i arg

[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣X(λ,α)
0 + e

−i arg
[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣X(λ,α)†
0

 (D.69)

We obtained the final equality by invoking the choice of ITO basis made in Lemma 57, which

imposed X(λ∗,α)
j = X

(λ,α)†
j . Because σ is a quantum state, this choice implies by Eq. (D.49) that

s
(λ∗,α)
0 = s

(λ,α)∗

0 , and consequently
∣∣∣s(λ∗,α)0

∣∣∣ = ∣∣∣s(λ,α)0

∣∣∣ as well as c(λ) = c(λ
∗). Similarly, because

η is a quantum state, this choice implies by Eq. (D.49) that n(λ
∗,α)

j = n
(λ,α)∗

j by Eq. (D.49) and

consequently arg[n
(λ∗,α)
j ] = − arg[n

(λ,α)
j ].
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Let |ψ⟩ be any pure state of the output system B. Starting from Eq. (D.69), we obtain

⟨ψ| τ(η) |ψ⟩ ≥ µmin +
1

2

 ∑
λ̸=0,α

e
i arg

[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣ ⟨ψ|X(λ,α)
0 |ψ⟩+ e

−i arg
[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣ ⟨ψ|X(λ,α)†
0 |ψ⟩


= µmin +

∑
λ̸=0,α

Re

(
e
i arg

[
n
(λ,α)
0

]
c(λ)
∣∣∣s(λ,α)0

∣∣∣ ⟨ψ|X(λ,α)
0 |ψ⟩

)
= µmin +

∑
λ̸=0,α

c(λ)
∣∣∣s(λ,α)0

∣∣∣∣∣∣⟨ψ|X(λ,α)
0 |ψ⟩

∣∣∣ cos(arg [n(λ,α)0

]
+ arg

[
⟨ψ|X(λ,α)

0 |ψ⟩
])

≥ µmin −
∑
λ̸=0,α

c(λ)
∣∣∣s(λ,α)0

∣∣∣∣∣∣⟨ψ|X(λ,α)
0 |ψ⟩

∣∣∣ (D.70)

as minx cos(x) = −1. Because ⟨X(λ,α)
j , X

(λ,α)
j ⟩ = 1 by construction, and because, given any

bounded operator A, we know that A†A is always positive semidefinite, we conclude that

X
(λ,α)†
j X

(λ,α)
j is diagonalisable with eigenvalues between 0 and 1. Therefore

∣∣∣X(λ,α)
j |ψ⟩

∣∣∣2 = ⟨ψ|X(λ,α)†
j X

(λ,α)
j |ψ⟩ ≤

∥∥∥X(λ,α)†
j X

(λ,α)
j

∥∥∥
∞

≤ 1. (D.71)

By the Cauchy-Schwarz inequality, we then have

∣∣∣⟨ψ|X(λ,α)
j |ψ⟩

∣∣∣ ≤ ||ψ⟩| ×
∣∣∣X(λ,α)

j |ψ⟩
∣∣∣ ≤ 1, (D.72)

which can then be used to lower-bound Eq. (D.70) as

⟨ψ| τ(η) |ψ⟩ ≥ µmin −
∑
λ̸=0,α

c(λ)
∣∣∣s(λ,α)0

∣∣∣
= µmin −

∑
λ̸=0,α

µmin

n
(∑

α′

∣∣∣s(λ,α′)
0

∣∣∣)
∣∣∣s(λ,α)0

∣∣∣
= µmin −

∑
λ̸=0

µmin

n

= µmin − µmin = 0, (D.73)

which confirms that τ(η) is positive semidefinite regardless of η.

D.3.7 Conditions for identical input and output systems

We begin with the following analogue of Lemma 58, which was established at the start of

Section 6.4.4.
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Lemma 101. Let ρ and σ be states of a system S, and η be a state of reference system R where we have

dim(HR) = dim(HS). Then ρ G−→ σ if there exists a family of G-covariant channels {Φη|η ∈ D(R)}

from S to itself and a probability q ∈ [0, 1] such that

∀η : ⟨η, qΦη(ρ)⟩ ≥ ⟨η, σ(q)⟩. (D.74)

Recalling that distinct modes of asymmetry cannot be mixed and are orthogonal, we see that

Lemma 101 implies the following analogue of Corollary 3.

Corollary 5. Let ρ and σ be states of system S, and η be a state of reference system R where we have

dim(HR) = dim(HS). Then ρ G−→ σ if for any reference frame η, we can find a G-covariant channel Φη

from S to itself and a probability q ∈ [0, 1] such that

∑
λ,j

〈
η
(λ)
j , qΦη

(
ρ
(λ)
j

)
− σ(q)

(λ)
j

〉
≥ 0. (D.75)

Corollary 5 is identical to Corollary 3 upon substituting Φη → qΦη and σ → σ(q) at any

probability q ∈ [0, 1]. Running through the proof of Lemma 59 from Corollary 5 instead of

Corollary 3 using these substitutions, we arrive at the following analogue of Lemma 59.

Lemma 102. Let ρ and σ be states of system S, and let η be a state of reference system R where

we have dim(HR) = dim(HB). Given a symmetry group G whose multidimensional irreps have no

multiplicity, we have ρ G−→ σ if for any reference frame η, we can find a state τ(η) and a probability

q ∈ [0, 1] such that

∑
λ,j

〈
η
(λ)
j , f

(λ)
j (ρ)

(
qτ(η)

(λ)
j

)
− σ(q)

(λ)
j

〉
≥ 0. (D.76)

Lemma 102 is identical to Lemma 59 upon substituting τ(η) → qτ(η) and σ → σ(q) at any

probability q ∈ [0, 1]. Running through the proof of Lemma 60 from Lemma 102 using these

substitutions, for which we note that σ(q) is still Hermitian even though it is not necessarily a

quantum state, we obtain the following analogue of Lemma 60.

Lemma 103. Let ρ and σ be states of a system S, and let η be a state of reference system R where

dim(HR) = dim(HS). Furthermore, let us define components for states η, τ(η) and σ in the ITO basis

{X(λ,α)
j } of system S as n(λ,α)j := ⟨X(λ,α)

j , η⟩, t(λ,α)j := ⟨X(λ,α)
j , τ(η)⟩ and s(q)(λ,α)j := ⟨X(λ,α)

j , σ(q)⟩

respectively. Given a symmetry group G whose multidimensional irreps have no multiplicity, we have
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that ρ G−→ σ if for any reference frame η, we can find a state τ(η) of system S and a probability q ∈ [0, 1]

such that

∀(λ, α, j) :


f
(λ)
j (ρ)(qt

(λ,α)
j ) = s(q)

(λ,α)
j or

f
(λ)
j (ρ)

∣∣∣qt(λ,α)j

∣∣∣ ≥ ∣∣∣s(q)(λ,α)j

∣∣∣ and arg(t
(λ,α)
j ) = arg(n

(λ,α)
j ).

(D.77)

t
(λ,α)
j → qtλ,αj and s(λ,α)j → s(q)

(λ,α)
j .

We are now in a position to derive the following analogue of Theorem 61.

Theorem 104. Let ρ and σ be states of a system S. Given a symmetry groupGwhose multidimensional

irreps have no multiplicity, we have ρ G−→ σ if σ = ρ or if there exists a probability q ∈ (q∗, 1]

∀λ ̸= 0 :


µmin(q)n

−1f
(λ)
0 (ρ) ≥ g

(λ)
0 (σ(q)) for j = 0

σ
(λ)
j = 0 for j ̸= 0.

(D.78)

where we have defined q∗ := min{q ∈ [0, 1]|G(σ(q)) ≥ 0}, g(λ)j (σ(q)) :=
∑

α

∣∣∣⟨X(λ,α)
j , σ(a)⟩

∣∣∣ for the

ITO basis {X(λ,α)
j } of system S, µmin(q) as the smallest eigenvalue of G(σ(q)), and n as the number of

distinct non-trivial irreps appearing in the representation of G on B(S).

Proof. The only covariantly accessible state at q = 0 from ρ is ρ itself. At any other probability

q ∈ (0, 1], the proof follows that of Theorem 61 with the substitutions τ(η) → qτ(η) and σ →

σ(q) except for the following caveat. The part of that proof demonstrating why τ(η) is positive

semidefinite relies on G(τ(η)) being positive semidefinite, which may not be true for all q ∈

(0, 1] since we now assign G(τ(η)) := q−1G(σ(q)), which is semidefinite positive if and only

if G(σ(q)) is semidefinite positive. We therefore restrict ourselves to the interval of q ∈ (0, 1]

in which G(σ(q)) ≥ 0 by finding the minimum probability q∗ at which this is achieved and

noting that if G((σ(q∗))) ≥ 0, then at any higher probability q > q∗ we also have G(σ(q)) =

G([σ− (1−q∗)+(q∗−q))ρ]) = G([σ− (1−q∗)ρ+(q−q∗)ρ]) = G(σ(q∗))+(q−q∗)G(ρ) ≥ 0 as the

sum of two semidefinite positive operators. We conclude this proof by noting that q∗ always

exists since at q = 1 we have G(σ(1)) = G(σ) ≥ 0.

By applying Theorem 104 to a partially depolarised version of σ, σp := (1−p)σ+p Id , we arrive

at Theorem 63.
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D.4 Truncation of output system

The following two Lemmas detail when one can truncate the Hilbert space of the output sys-

tem without affecting the possibility ofG-covariant interconversion to a particular output state

σ. This is of use in our analysis of state interconversion with partial depolarisation.

Lemma 105. Let ρ be a state of the input system A, associated to the Hilbert space HA. Let σ be a state

of the output system B, associated to the Hilbert space HB .

Let HS be any subspace of HB with the following two properties:

1. HS carries its own representation of G, i.e. HB can be decomposed into HB = HS ⊕HS⊥ such

that UB(g) = US(g)⊕ US⊥(g).

2. The support of σ is contained entirely within HS , i.e. letting ΠS be the projector onto HS ,

ΠSσΠS = σ.

Then there exists a G-covariant operation from A to B that takes ρ to σ if and only if there exists a

G–covariant operation from A to S that takes ρ to σ.

Proof. Let us first assume that there exists a G–covariant operation Ecov : B(A) → B(B) such

that Ecov(ρ) = σ. We then observe that

ΠSUB(g) = (1S ⊕ 0S⊥) (US(g)⊕ US⊥(g))

= US(g)⊕ 0S⊥

= (US(g)1S)⊕ 0S⊥ = US(g)ΠS (D.79)

Therefore, ΠS(·)ΠS is a covariant map from B(B) to B(S). As a result, ΠS [Ecov(·)]ΠS is a co-

variant operation from B(A) to B(S) such that

ΠSEcov(ρ)ΠS = ΠSσΠS = σ. (D.80)

Conversely, let us now assume that there exists a covariant transformation Fcov : B(A) → B(S)

such that Fcov(ρ) = σ. We then extend HS into the bigger Hilbert space HB = HS ⊕HS⊥ such

that HS still forms its own representation of G, e.g. as UB(g) = US(g)⊕ IS⊥ . Then Fcov can be

reinterpreted as a covariant channel from B(A) to B(B).
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We therefore conclude that G-covariant interconversion from ρ to σ is unaffected by treating σ

as a state of B or as a state of S.

Lemma 106. Given any particular output state σ, it is always possible to truncate the Hilbert space of

the output system, HB , to the support of G(σ) without affecting the possibility of G–covariant inter-

conversion.

Proof. The representation of G on HB splits up in the following way [7]:

HB =
⊕
q

Hq. (D.81)

The Hq are known as the charge sectors of HB , and they each carry an inequivalent representation

of G. Each Hq can be further decomposed into a tensor product

Hq = Mq ⊗Nq. (D.82)

The Mq carry inequivalent irreps of G, while the Nq carry trivial representations of G (so

dim(Nq) yields the multiplicity of q in the irrep decomposition for the representation of G

on HB). This means every element g is represented on Hq in the form UMq(g) ⊗ 1Nq . As a

result, given any pure state |ψq⟩ in Nq, Mq ⊗ Span(|ψq⟩) is an irrep of G. Projectors onto irreps

of G thus take the form 1Mq ⊗ |ψq⟩⟨ψq|.

We note the following properties about the projector 1Mq ⊗|ψq⟩⟨ψq|. Because Mq⊗Span (|ψq⟩)

is a subspace of Hq,

[
Πq,1Mq ⊗ |ψq⟩⟨ψq|

]
= 0 (D.83)

For the same reason, Πq is identity on Mq ⊗ Span (|ψq⟩), which means

1Mq ⊗ |ψq⟩⟨ψq| = Πq
(
1Mq ⊗ |ψq⟩⟨ψq|

)
. (D.84)

A subspace H of HB lies inside the kernel of σ if and only if Tr[Πσ] = 0, where Π is the projector
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onto H. Therefore, the irrep Mq ⊗ Span (|ψq⟩) lies in the kernel of σ if and only if

Tr
[(
1Mq ⊗ |ψq⟩⟨ψq|

)
σ
]
= Tr

[
Πq
(
1Mq ⊗ |ψq⟩⟨ψq|

)
σ
]

= Tr
[
ΠqΠq

(
1Mq ⊗ |ψq⟩⟨ψq|

)
σ
]

= Tr
[
Πq
(
1Mq ⊗ |ψq⟩⟨ψq|

)
σΠq

]
= Tr

[(
1Mq ⊗ |ψq⟩⟨ψq|

)
ΠqσΠq

]
= ⟨ψq|TrMq [ΠqσΠq] |ψq⟩ = 0 (D.85)

where in the first equality we made use of Eq. (D.84), and in the fourth equality we made use

of Eq. (D.83). This short calculation means Mq ⊗ Span(|ψq⟩) lies inside the kernel of σ if and

only if |ψq⟩ lies inside the kernel of TrMq [ΠqσΠq].

Let {|ψq,i⟩} be an orthonormal basis for Nq in which TrMq [ΠqσΠq] is diagonalised. One possible

irrep decomposition for HB is then

HB =
⊕
q,i

Mq ⊗ Span (|ψq,i⟩) . (D.86)

An irrep in this decomposition lies inside the kernel of σ if and only if |ψq,i⟩ is a basis element

for the kernel of TrMq [ΠqσΠq]. This means

H⊥
S :=

⊕
q, |ψq,i⟩∈ker(TrMq [ΠqσΠq ])

Mq ⊗ Span (|ψq,i⟩) =
⊕
q

Mq ⊗ ker(TrMq [ΠqσΠq]) (D.87)

must lie inside the kernel of σ on HB . Conversely, the support of σ must lie inside the subspace

of HB that is orthogonal to H⊥
S , i.e.

HS =
⊕
q

Mq ⊗ supp(TrMq [ΠqσΠq]). (D.88)

As we see from the above equation, HS is also a direct sum over irreps of G and so carries its

own representation of G. Thus by Lemma 105, the possibility of interconversion is unaffected

if we truncate HB to HS .
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The action of the G-twirl is given by [7]:

G =
∑
q

(DMq ⊗ INq) ◦ Pq, (D.89)

where Pq := Πq(·)Πq is the projector onto the charge sector Hq, DMq is the completely depo-

larising channel on Mq and INq is the identity channel on Nq. Therefore,

G(σ) =
∑
q

1

dMq

⊗ TrMq [ΠqσΠq], (D.90)

where dMq is the dimension of Mq. Looking back at Equation (D.88), we see that HS = supp[G(σ)].

It is therefore always possible to truncate the output Hilbert space to the support of G(σ) with-

out affecting possibility of interconversion.
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[111] G. Chiribella, E. Aurell, and K. Życzkowski. Symmetries of Quantum Evolutions. Physical

Review Research 3 (2021).

[112] M. Lostaglio, D. Jennings, and T. Rudolph. Description of Quantum Coherence in Ther-

modynamic Processes Requires Constraints beyond Free Energy. Nature Communications 6

(2015).

225

http://dx.doi.org/10.1103/PhysRevLett.96.010401
http://dx.doi.org/10.22331/q-2020-03-23-245
http://dx.doi.org/10.22331/q-2020-03-23-245
http://dx.doi.org/10.48550/arXiv.2505.00427
https://arxiv.org/abs/2505.00427
http://dx.doi.org/10.1103/PhysRevX.10.041018
http://dx.doi.org/10.1103/PhysRevResearch.4.023107
http://dx.doi.org/10.1103/PhysRevResearch.4.023107
http://dx.doi.org/10.1007/JHEP04(2015)163
http://dx.doi.org/10.1007/JHEP04(2015)163
http://dx.doi.org/10.1007/JHEP06(2015)149
http://dx.doi.org/10.1007/JHEP06(2015)149
http://dx.doi.org/10.22331/q-2021-06-29-488
http://dx.doi.org/10.22331/q-2021-06-29-488
http://dx.doi.org/10.1103/PhysRevX.10.041035
http://dx.doi.org/10.1103/PhysRevX.10.041035
http://dx.doi.org/10.1103/PhysRevResearch.3.033028
http://dx.doi.org/10.1038/ncomms7383
http://dx.doi.org/10.1038/ncomms7383


REFERENCES REFERENCES

[113] M. Lostaglio, K. Korzekwa, D. Jennings, and T. Rudolph. Quantum Coherence, Time-

Translation Symmetry, and Thermodynamics. Physical Review X 5 (2015).

[114] E. P. Wigner. Die Messung Quantenmechanischer Operatoren. Zeitschrift fur Physik 133

(1952).

[115] H. Araki and M. M. Yanase. Measurement of Quantum Mechanical Operators. Physical Re-

view 120 (1960).

[116] M. M. Yanase. Optimal Measuring Apparatus. Physical Review 123 (1961).

[117] I. Marvian and R. W. Spekkens. An Information-Theoretic Account of the Wigner-Araki-

Yanase Theorem. 2012. arXiv: 1212.3378 [quant-ph].

[118] M. Ahmadi, D. Jennings, and T. Rudolph. The Wigner-Araki-Yanase Theorem and the Quan-

tum Resource Theory of Asymmetry. New Journal of Physics 15 (2013).

[119] B. Yadin and V. Vedral. General Framework for Quantum Macroscopicity in Terms of Coher-

ence. Physical Review A: Atomic, Molecular, and Optical Physics 93 (2016).

[120] I. Marvian, R. W. Spekkens, and P. Zanardi. Quantum Speed Limits, Coherence, and Asym-

metry. Physical Review A: Atomic, Molecular, and Optical Physics 93 (2016).
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