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Abstract
It has been known since at least 1969, that there exist quantum states of a free
particle on the line with purely positive momentum that exhibit probability transfer
towards the negative half-line. This phenomenon, the quantum backflow effect, is
the subject of this thesis. The largest amount of backflow any state can exhibit over
a single time interval, the Bracken–Melloy constant, was initially calculated to be
cBM ≈ 0.04.

In the first half of this thesis, we consider the question of how much quantum
backflow states can exhibit over disjoint time intervals. This is done by formulating
the question in terms of the spectra of bounded operators. When considering more
than one disjoint time interval, we discuss a new phenomenon where a state exhibits
more probability transfer in the same direction as its momentum than any classical
state. We call this effect quantum overflow. Given a number M of disjoint time
intervals, we give bounds on the maximum amount of backflow and overflow a state
can exhibit over any M many intervals. The limiting cases in which two disjoint
intervals merge into one is particularly studied. Finally, we show plots of the time
t = 0 momentum space wavefunction of states exhibiting multiple quantum backflow
and quantum overflow.

The second half of the thesis contains a detailed numerical investigation into
the backflow problem for a single time interval. Based on previous conjectures, we
construct the maximum backflow state from a given set of normalised states closely
resembling the sinc function. The Bracken—Melloy constant is then bounded from
below by the largest solution to a generalised eigenvalue problem. Using a multi-step
numerical procedure, we solve a high precision large dense generalised eigenvalue
problem. From this we obtain new numerical approximation to the backflow state
and the best known rigorous lower bound of the Bracken—Melloy constant.
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1

Introduction

1.1 QUANTUM ADVANTAGE

In the game of rugby, a player may only legally pass the ball to their teammate
backwards. That is, the player must be positioned further towards the opposing
team’s posts than the intended recipient of the ball. Fortunately, rugby league is a
sport played by macroscopic players obeying the laws of classical mechanics, most
rugby players do not find it so difficult to obey this rule and avoid losing their team
possession of the ball. The same cannot be said for a rugby game played with a
quantum rugby ball. Imagine a player Bob passing a quantum rugby ball backwards
to their teammate Alice with Charlie positioned further up the pitch. It is possible,
despite the fact that Bob aimed to legally pass the ball to Alice, for Charlie to find
the ball in his hands. However, the upset was not Bob’s fault. This was due to the
phenomenon that goes by the name of quantum backflow.

Quantum backflow (QB) is the counterintuitive phenomenon whereby a free
particle moving on the line with momentum in the positive spatial direction can
exhibit probability flow in the negative spatial direction. This is in sharp contrast to
the case of a classical ensemble of free particles which will always exhibit probability
transfer in the same direction as its momentum. The first example of quantum states
exhibiting QB was found by Allcock [2] in 1969 while studying the problem of time of
arrival in quantum mechanics. In his study, he showed that the quantum mechanical
current of a state with non-negative momentum could be negative, giving rise to the
QB phenomenon. The work of Allcock was significantly expanded by Bracken and
Melloy in 1994 [12], who conducted the first thorough study of QB.

The phenomenon of quantum backflow can be firmly placed among physical

11



12 Chapter 1. Introduction

effects exhibited by quantum systems that outdo some bound obeyed by the system’s
classical counterpart. Quantum effects that display this behaviour of exceeding some
classical bound are often labelled under the umbrella term quantum advantage, for
which the canonical example would be quantum tunneling. Tunneling is the well
studied quantum effect [54] whereby a quantum particle, initially localised in some
classically insurmountable energy well, may be measured to be outside of this well
some time later.

Quantum advantages in general transport tasks have been studied by Trillo,
Le and Navascués [64]. In their paper they study the quantum projectile scenario
whereby a quantum particle is prepared such that it is localised in some bounded
region B with momentum distribution ρ and left to freely propagate to some region R
far away from B. The behaviour of these states are then compared to the behaviour
of an analogous classical particle with momentum distribution |ρ|2. In the paper,
they find that there exist ultrafast and ultraslow quantum states in the sense that in
expectation, these states will be measured in the distant region R quicker and slower
than the associated classical particle respectively. As is shown in [64], this transport
problem is closely related to the quantum backflow phenomenon. Intuitively, one
may suppose that such an ultraslow state is one exhibiting backflow in some time
intervals between B and R.

Another related quantum effect is Tsirelson precession. Consider a one dimen-
sional classical harmonic oscillator of frequency ω with some initial position x, and
three distinct equally spaced times 0, 2π/(3ω), 4π/(3ω). Now suppose one of these
times is chosen at random, and the position coordinate of the oscillator is measured.
This process is called the Tsirelson protocol, and the probability of measuring the
chosen position coordinate as positive is called the Tsirelson score. It was shown by
Tsirelson, in an unpublished preprint [65], that the Tsirelson score of this classical
oscillator will never exceed 2/3. Now turn to the analogous quantized oscillator.
Again in [65], it was shown that there are initial states of the quantum harmonic
oscillator for which the Tsirelson score can exceed 2/3. This protocol has been
studied extensively by Zaw and others in [18, 70, 72]. In particular, in [71], it
was shown that the maximum Tsirelson score for the quantum harmonic oscillator
associated with any three times (satsifying some technical condition) P3 satisfies
the bound 0.709364 ≤ P3 ≤ 0.709511. The original Tsirelson protocol has further
been generalised to an arbitrary odd number of times in the unpublished thesis of
Zaw. There is good reason to believe that this phenomenon has a firm link to the
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quantum backflow of a free particle, based on work by both myself and Zaw, which
it is hoped will be developed elsewhere.

In the different setting of quantum field theory, there are also well known examples
of the observables of quantum fields exceeding the bounds obeyed by their classical
counterparts. In classical relativistic field theories, the energy density of a field is
described by its stress–energy tensor Tab. This is a quantity typically made up of
local quantities associated with the field. One of the assumptions of general relativity
is the weak energy condition, which is the proposition that all observers measure
the local energy density of matter to be non-negative. Mathematically, this can
be expressed as Tabuaub ≥ 0 for all timelike vectors ua. This condition, as well as
others like it, are assumptions added into the theory of general relativity alongside
the Einstein equations. The story for the quantum fields is quite different, as has
been known since at least 1965 [28]. For even the simplest quantum fields, there are
states of the field for which the quantized stress-energy tensor’s expectation value
does not obey the weak energy condition. Furthermore, such states of a quantum
field can possess pointwise negative energy densities that can be arbitrarily negative.
However, it was first shown by Ford [37] that temporally averaged expectation values
of the quantum stress–energy tensor, when appropriately smeared, admit bounds
from below. These are known as quantum energy inequalities, for which there are
examples in globally hyperbolic manifolds of arbitrary dimension [31, 22, 34]. Many
other examples exist in globally hyperbolic manifolds of dimension two [21] and yet
more examples for four dimensonal Minkowski space [35]. For a full pedagogical
overview, the reader is guided to [32].

The overall theme of this thesis is to describe the extent of the quantum advantage
of generalised backflow problems, as well as describe some of the states that possess
this advantage. To do this, we first note the following. All of the examples given
above possess a common feature. That is, quantum systems typically violate bounds
obeyed by their classical counterparts. All of these examples admit a mathematical
description in terms of the extremal spectral values of some operator. We now move
on to describe an operator associated with the quantum backflow phenomenon.
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1.2 BACKFLOW OPERATORS

Throughout the thesis, we work in units with ℏ = 1. A free quantum particle of
mass µ > 0 is described at time t by a quantum state ψt ∈ L2(R) obeying the free
Schrödinger equation

i∂tψt = Hψt (1.1)

where H = −1/(2µ)∂2
x is the Hamiltonian of a free particle and with initial condition

ψ0 = ψ. Choosing µ = 1/2, we find the formal solution is given by ψt = exp(it∂2
x)ψ.

Define the unitary F as the Fourier transform with explicit form

(Fψ)(p) = 1√
2π

∫ ∞

−∞
dx ψ(x)e−ipx (1.2)

with the inverse Fourier transform denoted by F∗. Commonly, we will make use of
the abbreviation ψ̂ := Fψ. By applying the Fourier transform to the Schrödinger
equation, we find the general solution has momentum space representation

ψ̂t(p) = exp
(
−itp2

)
ψ̂0(p). (1.3)

To discuss QB, we must first define the subspace H+ of position representation
quantum states with non-negative momentum as

H+ =
{
ψ ∈ L2(R)

∣∣∣∣ supp ψ̂ ⊆ [0,∞)
}
. (1.4)

Similarly, we define the momentum representation quantum states with non-negative
momentum as FH+ = L2(R+). Note that by (1.3), H+ is invariant under the free
Schrödinger evolution. For fixed t1 < t2, the amount of QB a normalised quantum
state ψ ∈ H+ can exhibit is given by

∆⟨t1,t2⟩(ψ) = Probψ (X ∈ (−∞, 0] | t = t2)− Probψ (X ∈ (−∞, 0] | t = t1) (1.5)

where for a spatial region R ⊆ R, the probability of finding the particle in the state
ψ at a time t in the region R is given by

Probψ(X ∈ R | t) =
∫
R
dx |ψt(x)|2. (1.6)

According to classical intuition, the momentum of a particle expresses the direction
that it is moving in. Since any state in H+ has non-negative momentum, one should
expect the probability of finding the state in the left half-line (−∞, 0] to only ever
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decrease in time. However there exist normalised states ψ ∈ H+ with ∆⟨t1,t2⟩(ψ) > 0
and we call every such ψ a backflow state. The maximum amount of backflow any
state can exhibit is the constant cBM ≈ 0.04, first found by Bracken and Melloy in
[12].

To understand the possible range of values ∆⟨t1,t2⟩ can attain we first describe
some important operators and note some symmetries. The position and momentum
operators are denoted by X and P , each densely defined on the domains DX and
DP which are given by

DX =
{
ψ ∈ L2(R) :

∫ ∞

−∞
dx|xψ(x)|2 <∞

}
, (1.7)

DP =
{
ψ ∈ L2(R) :

∫ ∞

−∞
dx |ψ′(x)|2 <∞

}
. (1.8)

On these respective domains, the actions of X and P are given by

(Xψ)(x) = xψ(x), (Pψ)(x) = −iψ′(x) (1.9)

and we note that together they generate a representation of the canonical commu-
tation relation algebra (CCR). Let St = F∗ exp(−itP 2)F : L2(R) → L2(R) be the
Schrödinger evolution operator acting on wavefunctions in the position representation.
Then firstly, as first shown by Bracken and Melloy in [12], we find that

∆⟨t1+τ,t2+τ⟩(ψ) = ∆⟨t1,t2⟩(Sτψ). (1.10)

Secondly, for a > 0 let Da : L2(R)→ L2(R) be the dilation operator with action

(Daψ)(x) = a1/4ψ(a1/2x). (1.11)

A simple computation, again performed first in [12], shows that Sat = D∗
aStDa and

consequently we find that

∆⟨at1,at2⟩(ψ) = ∆⟨t1,t2⟩(Daψ). (1.12)

For a > 0 and t ∈ R, the unitaries Da and St leave H+ invariant. Since for any
t1 < t2 and s1 < s2, one can find a, b with sj = atj + b, j = 1, 2 it follows that
∆⟨t1,t2⟩(H+) remains fixed for any t1 < t2.

One easily sees that the amount of backflow over any continuous time interval
must be bounded by

∆⟨t1,t2⟩(H+) ⊆ [−1, 1] (1.13)
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from the trivial bounds on probabilities. To improve the bound in (1.13), we follow a
calculation first done by Bracken and Melloy. Let Π− : L2(R)→ L2((−∞, 0]) be the
projection onto the negative half-line. Then one can write the amount of backflow a
normalised state ψ ∈ H+ exhibits over the interval (t1, t2) as

∆⟨t1,t2⟩(ψ) =
〈
ψt2
∣∣∣Π−ψt2

〉
−
〈
ψt1
∣∣∣Π−ψt1

〉
. (1.14)

Writing ϕ = ψ̂ with supp ϕ ⊆ [0,∞), for each t ∈ R one finds

〈
ψt
∣∣∣Π−ψt

〉
=
〈
Stψ

∣∣∣Π−Stψ
〉

=
〈
F∗e−iP 2tϕ

∣∣∣Π−F∗e−iP 2tϕ
〉

=
〈
ϕ
∣∣∣eiP 2tFΠ−F∗e−iP 2tϕ

〉
(1.15)

and hence

∆⟨t1,t2⟩(ψ) =
〈
ϕ
∣∣∣B⟨t1,t2⟩ϕ

〉
(1.16)

where the manifestly self-adjoint Bracken–Melloy operator B⟨t1,t2⟩ : L2(R+)→ L2(R+)
acting on quantum states with positive momentum in the momentum representation
is given by

B⟨t1,t2⟩ = S∗
t2FΠ−F∗St2 − S∗

t1FΠ−F∗St1 . (1.17)

From equation (1.16), it is clear that ∆⟨t1,t2⟩(ψ) belongs to the numerical range1

N (B⟨t1,t2⟩) of the backflow operator B⟨t1,t2⟩ for any normalised ψ ∈ L2(R+). Conse-
quently, the supremum value of ∆⟨t1,t2⟩(H+) is the top spectral point max σ(B⟨t1,t2⟩).

Clearly, from (1.17), B⟨t1,t2⟩ is the difference of two non-negative self-adjoint
bounded operators, each of which is bounded above by the identity. Hence, B⟨t1,t2⟩

is a self-adjoint bounded operator with spectrum σ(B⟨t1,t2⟩) ⊆ [−1, 1].

To find an explicit form of B⟨t1,t2⟩, we first compute an explicit form of FΠ−F∗.
Let ϕ be a compactly supported smooth function vanishing on the negative half-line,

1For a bounded operator A on a Hilbert Space H, the numerical range is given by N (A) =
{⟨ϕ|Aϕ⟩ : ϕ ∈ H, ∥ϕ∥ = 1}.
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then (
FΠ−F∗ϕ

)
(p) = 1

2π

∫ 0

−∞
dx e−ipx

∫ ∞

0
dq eixqϕ(q)

= 1
2π lim

ϵ→0+

∫ ∞

0
dq ϕ(q)

∫ 0

−∞
dx e−i(p−q)x+ϵx

= 1
2π lim

ϵ→0+

∫ ∞

0
dq

ϕ(q)
ϵ− i(p− q)

= − 1
2πi lim

ϵ→0+

∫ ∞

0
dq

ϕ(q)
p− q + iϵ

= − 1
2πi PV

∫ ∞

0
dq
ϕ(q)
p− q

(1.18)

where on the second line of (1.18), we have made use of Fubini’s theorem. On the
final line PV denotes the principal value integral

lim
ϵ→0+

(∫ p−ϵ

0
+
∫ ∞

p+ϵ

)
.

Both sides of (1.18) are continuous in ϕ, and since this holds on a dense subset of
L2(R+), it follows that (1.18) holds for all ϕ ∈ L2(R+). Furthermore, the calculation
in (1.18) demonstrates the well known fact that F∗Π−F = −2iH [26] where H is the
restriction of the Hilbert transform to L2(R+). Returning to (1.17), we find that the
Bracken–Melloy operator has the explicit form

(
B⟨t1,t2⟩ϕ

)
(p) = − 1

2πi

∫ ∞

0
dq

eit2(p2−q2) − eit1(p2−q2)

p− q
ϕ(q) (1.19)

which holds pointwise almost everywhere for any ϕ ∈ L2(R+). Note that the principal
value is no longer required since the integral kernel is finite on the diagonal. A
particular special case is

(
B⟨−τ,τ⟩ϕ

)
(p) = − 1

π

∫ ∞

0
dq

sin τ(p2 − q2)
p− q

ϕ(q) (1.20)

for any τ > 0. Both (1.19) and (1.20) were first given in [12] and will be generalised
to new backflow operators in this thesis.

The backflow operators satisfy a covariance relation expressed as

S∗
τB⟨t1,t2⟩Sτ = B⟨t1+τ,t2+τ⟩. (1.21)

Furthermore, for a > 0, the dilation operator alters a backflow operator as

D∗
aB⟨t1,t2⟩Da = B⟨a−1t1,a−1t2⟩. (1.22)
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Combining (1.21) and (1.22), for any τ > 0, we have

B⟨t1,t2⟩ = S∗
(t1+t2)/2D

∗√
2τ/(t2−t1)

B⟨−τ,τ⟩D√2τ/(t2−t1)S(t1+t2)/2 (1.23)

which shows that all the operators B⟨t1,t2⟩ for t1 < t2 are unitarily equivalent and
therefore have the same spectrum. Note also that t 7→ S∗

tHSt is strongly continuous,
because St and S∗

t are strongly continuous and uniformly bounded. It follows that
(t1, t2) 7→ B⟨t1,t2⟩ is strongly continuous on the set T2 = {(t1, t2) ∈ R2 : t1 < t2}.

One final unitary transform will play a central role in the thesis. For any τ > 0
we may define a unitary Uτ : L2(R+, dk)→ L2(R+, dq) by

(Uτϕ)(q) =
ϕ(
√
q/τ)

√
2(qτ)1/4

, (1.24)

where q is a dimensionless variable (representing action in units of ℏ). Making the
change of variables q 7→ q2, one finds that

(UτB⟨t1,t2⟩U
∗
τφ)(p) = − 1

4πi

∫ ∞

0
dq

(eit2(p−q)/τ − eit1(p−q)/τ )
p− q

[(
p

q

)1/4
+
(
p

q

)−1/4]
φ(q)
(1.25)

for φ ∈ L2(R+, dq) Accordingly, every single backflow operator B⟨t1,t2⟩ is unitarily
equivalent to the bounded operator C = UτB⟨−τ,τ⟩U

∗
τ ∈ B(L2(R+, dq)) given by

(Cφ)(p) = − 1
2π

∫ ∞

0
dq

sin(p− q)
p− q

[(
p

q

)1/4
+
(
p

q

)−1/4]
φ(q). (1.26)

By definition, cBM = max σ(C), and as ∥C∥ ≤ 1 it follows that σ(C) ⊂ [−1, cBM].
Since the original calculation by Bracken and Melloy in 1994 that cBM ≈ 0.04,

there have been two further supposed improvements. In this thesis, we will present a
new value for cBM, accurate to 6 significant figures. The first was by Eveson, Fewster
and Verch (cBM ≈ 0.03845(2)) [29] and shortly thereafter by Penz et al. (cBM ≈
0.0384517) [53]. Recently, Trillo, Le and Navascués showed that 0.0315cBM < 0.072
[64]. The upper bound of 0.072 is of significance here since it is the first known upper
bound of the cBM. Due to the small value of cBM, experimental verification of QB is
an ongoing effort. Goussev has shown that when considering an angular analogue
of QB for a particle on a ring, the associated maximum possible backflow is larger
than in the linear case with cring ≈ 2.6 cBM [39]. Angular QB has also been studied
in the case of a charged massless fermion [23]. Palmero et al. have shown how QB
could be experimentally verified by measuring density fluctuations in a Bose-Einstein
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condensate [52]. Bracken has explored a whole family of QB related problems where
the quantum states considered have their momentum restricted to p > p0 for some
fixed p0 ∈ R [11]. Other variations of QB that have been considered include but
are not limited to: QB in two dimensions [4], QB in a relativistic setting [3], the
relation between QB and the local wave number [7] and QB across a black hole
horizon [9]. Finally, Bostelmann, Cadamuro and Lechner [10] studied the extent to
which scattering states exhibit the backflow effect for general short-range potentials,
while Yearsley and Halliwell showed that the dependency of the maximal QB on ℏ
reappears [68] once a realistic measurement apparatus is considered.

We note in particular here that all previous methods to numerically investigate
quantum backflow have employed lattice methods, which have the following drawback.
Any lattice method depends on the lattice spacing ∆p, as well as the maximum
lattice size pmax. Therefore any attempt to calculate cBM is found by taking the limit
of some function c(∆p, pmax) as ∆p→ 0 and pmax →∞. In practise one lets ∆p and
pmax depend on some independent parameter n so that ∆p(n)→ 0 and pmax(n) as
n→∞. Furthermore, previous attempts to estimate cBM, such as in [53] and [29]
have modelled the relation c(∆p(n), pmax(n)) using a simple power law. This lays
the basis for the numerical investigation that takes place in this thesis.

1.3 PLAN OF THE THESIS

Throughout the thesis, we generalise and expand on previous work on the quantum
backflow problem. Previously, the question of how much backflow quantum states
can exhibit has been restricted to the case of a single continuous time interval. In
chapter 2, we introduce the notion of a state undergoing QB over multiple disjoint
time intervals. This is done by first fixing an arbitrary integer number M and
increasing list of times t1, t2, . . . , t2M−1, t2M which parametrise the M intervals as
[t2j−1, t2j ]Mj=1. Given a collection of such intervals, we construct an associated M -fold
backflow operator in the spirit of Bracken and Melloy. An explicit formula for
such operators can be found in (2.25). From here, we introduce the phenomenon
of quantum overflow. This is the existence of quantum states that exhibit more
probability transfer in the same direction as their momentum than is classically
allowed.

From there, by writing M -fold backflow operators as a sum of single backflow
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operators, we establish general outer bounds on their spectra. This is given in
theorem 2.3.1. After constructing a particular class of multiple backflow operators
C(M) with closed form integral kernels, we show in theorem 2.4.1 that for each M

one can find an M -fold backflow operator whose spectral suprema and infima grow
as O(M1/4). This establishes that for any amount of backflow b > 0, one can find
an M ∈ N and collection of times t1, t2, . . . , t2M−1, t2M parametrising disjoint time
intervals and a state ψM exhibiting backflow larger than b. An analogous statement
exists for quantum overflow. In theorem 2.5.1 and theorem 2.5.2, we establish various
properties of the maximum amount of backflow and overflow that states can exhibit
for a given parametrisation of time intervals. Particular care is taken in the limiting
case where two disjoint time intervals coincide.

In chapter 3, we conduct a detailed numerical study of multiple backflow states
for the specific multiple backflow operators (C(M))4

M=1. To do this we make use of a
generalised Rayleigh-Ritz method. Given parameters a > 0, |δ| < 1, we describe an
arbitrary multiple backflow operator in terms of a dense sequence of exponentially
damped monomial vectors (ψn,a,δ)∞

n=0 ⊂ L2(R+) where

ψn,a,δ(p) = pn+δe−ap.

The method, encapsulated in lemma 3.2.1, involves first fixing parameters a, δ
and N ∈ N from which Hermitian matrices C(M)(a, δ), P (a, δ) ∈ C(N+1)×(N+1) are
generated. The matrix C(M)(a, δ) is made up of the matrix elements of C(M) with
respect to (ψn,a,δ)Nn=0, and P (a, δ) is the Gram matrix for the same finite sequence of
vectors. Formulae for these matrix elements can be found in appendix C and (3.18).
With these matrices in place, the maximum backflow and overflow values exhibited
by states in the span of (ψn,a,δ)Nn=0 can be found by finding the largest and smallest
λ that solve the generalised eigenvalue equation

C(M)(a, δ)v = λP (a, δ)v.

Furthermore, the associated such v can be used to construct time t = 0 quantum
states ψback/over ∈ L2(R+) that exhibit backflow and overflow respectively over the
time intervals that the operators C(M) correspond. Plots of these normalised quantum
states, after multiplication by p 7→ p3/4, can be found in figures 3.4 to 3.10. A specific
comment is made regarding the types of states exhibiting C(1) expectation value
close to the lower bound −1. Plots of such states can be found in figure 3.11.
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The final section of chapter 3 is devoted to a numerically accelerating the sequence
of generalised eigenvalues found to better approximate cBM. Using such techniques,
we find a value of cBM = 0.0384506 to 6 significant figures. This is of note because
of its contrast to the previous accepted value of 0.038452 found in [53] and [29].

The content of chapters 4 and 5 is made up of a more detailed numerical study
of a single backflow operator, C, which is unitarily equivalent to the Bracken–Melloy
operator. This is the same operator studied in [29]. As discussed in section 4.1.1,
we are inspired by the conjecture of Halliwell and Yearsley that the maximizing
vector of the Bracken–Melloy operator, should it exist, is asymptotic to sin(p2)/p.
Expressed in the variables we use, this would suggest that a maximizing vector of
C is asymptotic to q−5/4 sin(q). Using the same method as in chapter 3, namely
lemma 3.2.1, we describe the operator C in terms of a doubly infinite sequence
(φ∞

n=0) ⊂ L2(R+) where

φ±
n (q) = 1

π
q±1/4 sin(q − nπ)

q − nπ
, p > 0.

The density of this sequence is given in theorem 4.1.2 which is proven using methods
from Paley-Wieiner and distribution theory. This method has the advantage that
for each N chosen, the largest λ that solves an assoicated generalised eigenvalue
problem provides a rigorous lower bound of cBM. That is because this method solves
for the largest backflow vector belonging to the span of (φ±

n )Nn=0 ⊂ L2(R+).
With this density result in place, for each N we construct matrices C [N ] and P [N ]

whose generalised eigenvalue problem is solved to approximate cBM. The remainder
of chapter 3 is taken up by the computation of the matrix elements of C [N ] and P [N ].
The reader is guided to (4.61) and (4.60), as well as (4.63) to (4.114) for the full
formulae used. All of these formulae are proven in appendix D.

With these matrices constructed, in chapter 5 we describe a multi-stage numerical
procedure for the computation of the generalised eigenpairs (λ(N), V (N)) solving

C [N ]v(N) = λ(N)P [N ]v(N).

The strategy involves converting the generalised eigenvalue problem to a standard
eigenvalue problem and is described in lemma 5.2.1. The transformation is done
in such a way that the resulting matrix has an increased gap between the top two
eigenvalues, thus allowing for faster computation of the top eigenvalue using the
power method. A plot of the resulting sequence of eigenvalues is given in figure 5.1.
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Of particular note is the largest rigorous lower bound λ1700 for cBM which we find to
be λ1700 = 0.03837 to 4 significant figures. Further, from this method we obtain a
simple formulae, given in (5.19), for a backflow vector. The vector exhibits just under
one third of the maximum backflow for a single interval and is a linear combination
of just four of the basis vectors (φ±

n )1
n=0. Using 602 basis vectors, we obtain a plot

approximating the backflow maximizing vector in figure 5.6, which matches previous
work done by Halliwell and Yearsley in [69] as well as that by Penz et. al. in [53]. A
discussion on the numerical analysis of (λ(N))1700

N=1 is given in section 5.4.



2

Multiple Quantum Backflow

2.1 CLASSICAL STATISTICAL MECHANICS

Consider a classical ensemble of particles C of mass µ under free evolution on the
line. The phase diagram is given in figure 2.1.

Figure 2.1: Phase diagram for free time evolution with initial position X0

X

P

X
=
P
t/
µ
+
X 0

Let the distribution of particles on phase space P = R2 at time t be given by a
probability measure ρt so that a randomly chosen member of the ensemble has phase

23
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space position (X,P ) in a Borel subset S ⊆ P at time t with probability

Probρ((X,P ) ∈ S | t) = ρt(S), (2.1)

where we write ρ = ρ0 for the state at time t = 0. Denote the continuous functions
on phase space by C(P). The ensemble average of an observable f ∈ C(P) at time t
is given by

∫
f dρt =

∫
f ◦ τt dρ by Liouville’s Theorem, where

τt(x, p) = (x+ pt/µ, p) (2.2)

is the forwards Hamiltonian time evolution through time t. Correspondingly, we find
that ρt(S) = ρ(τ−1

t (S)). If the ensemble only contains particles with non-negative
momentum then one has

ρ(S) = ρ(S ∩ (R× [0,∞))) (2.3)

for any Borel subset S ⊆ P , and consequently,

Probρ(X ∈ (−∞, 0) | t) = ρt((−∞, 0)× R)
= ρ(τ−1

t ((−∞, 0)× R)) ∩ (R× [0,∞))
= Probρ((X,P ) ∈ {(x, p) ∈ P : x < −pt/µ, p ≥ 0}). (2.4)

The difference between the probabilities of finding a randomly chosen particle on
the left-hand half line at time t′ and an earlier time t is therefore

Probρ(X ∈ (−∞, 0) | t′)− Probρ(X ∈ (−∞, 0) | t) = −Probρ((X,P ) ∈ St,t′), (2.5)

where
St,t′ = {(x, p) ∈ P : −pt′/µ ≤ x < −pt/µ, p ≥ 0} (2.6)

for any t′ > t. Note that we may replace p ≥ 0 by p > 0 in the formula St,t′ without
loss because St,t′ ∩ (R× {0}) = ∅. Accordingly, −ρ(St,t′) measures the probability
backflow between times t and t′; as it is clearly nonpositive, we see that there is no
classical backflow.

Now consider adding together the backflow for a set of disjoint time intervals.
Specifically, given M ∈ N and times t1 < t2 < · · · < t2M−1 < t2M , the total amount
of probability backflow is given by

∆(M)
classical(ρ) :=

M∑
j=1

(Probρ(X ∈ (−∞, 0) | t2j)− Probρ(X ∈ (−∞, 0) | t2j−1))

= −
M∑
j=1

Probρ(X ∈ St2j−1,t2j
) = −Probρ

X ∈ M⋃
j=1

St2j−1,t2j

 (2.7)
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because the sets St2j−1,t2j
are disjoint for distinct j.

It follows that, for a classical ensemble with non-negative momentum, the total
amount of probability backflow over multiple disjoint time periods is bounded by

−1 ≤ ∆(M)
classical(ρ) ≤ 0 (2.8)

for every M . In particular, a classical ensemble cannot exhibit positive probability
backflow, and the probability transfer in the forward direction is bounded by unity.
By contrast, it is well known that quantum particles can exhibit backflow over a
single time interval, thus violating the upper bound in the analogue of (2.8). One of
the main results of this paper is that the violation increases with M , and that the
lower bound of (2.8) is also violated in quantum theory for M ≥ 2.

2.2 QUANTUM MECHANICS

We turn to the quantum case, using units in which ℏ = 1. Consider the motion of a
free quantum particle of mass µ with normalised state vector ψt ∈ L2(R+) at time t,
whose dynamics is governed by the free Schrödinger equation

i∂tψt = − 1
2µ∂

2
xψt (2.9)

and initial condition ψ0 = ψ, so ψt = e−ip2tψ, where p = −i∂x and we have chosen
units so that µ = 1

2 , as we shall do from now on for simplicity. The states with
nonnegative momentum form the subspace

H+ = {ψ ∈ L2(R, dx) : supp ψ̂ ⊆ [0,∞)}, (2.10)

where
ψ̂(p) = 1√

2π

∫
R
dx e−ipxψ(x) (2.11)

is the Fourier transform of ψ.
Let t1 < t2. The probability backflow exhibited by the normalised t = 0 state ψ

between times t1 and t2 is quantified by

∆⟨t1,t2⟩(ψ) := Probψ(X < 0 | t2)− Probψ(X < 0 | t1). (2.12)

where Probψ(X ∈ R | t) =
∫
R dx |ψt(x)|2 is the probability of measuring the position

of the particle to lie in the region R ⊆ R at time t. There are simple examples of
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states ψ ∈H+ for which ∆⟨t1,t2⟩(ψ) > 0, showing that quantum mechanical particles
can exhibit nontrivial backflow (see e.g., [41]) whereas the classical backflow quantity
for particles always lies in [−1, 0].

We are interested in the range of values assumed by ∆⟨t1,t2⟩(ψ) as ψ varies over
normalised states of H+. As a difference of probabilities, its range is contained in
[−1, 1]. Moreover, because H+ is invariant under both the free time evolution and
dilations, the range is invariant under ⟨t1, t2⟩ 7→ ⟨t1+τ, t2+τ⟩ and ⟨t1, t2⟩ 7→ ⟨λt1, λt2⟩
for all τ ∈ R and all λ > 0. This is given in more detail in equations (1.10) and (1.12).
It follows that the range is independent of both t1 and t2, provided t1 < t2, as was
observed by Bracken and Melloy [13]. As noted in [40], Dollard’s lemma (Lemma 4 of
[25]) shows that Probψ(X < 0 | t1)→ 1 as t1 → −∞ and Probψ(X < 0 | t2)→ 0 as
t2 → +∞ for any fixed ψ ∈H+, thus giving ∆⟨t1,t2⟩(ψ)→ −1 when both limits are
taken. Intuitively, Dollard’s Lemma shows that the probability of finding a quantum
particle with positive momentum in the negative (resp. positive) half-line vanishes
in the far future (resp. past) limit. Thus −1 belongs to the closure of the range of
∆⟨t1,t2⟩ for any t1 < t2.

More detailed information can be found by reformulating backflow in terms of
operators. For normalised ψ ∈ H+, a calculation due to Bracken and Melloy [13]
gives ∆⟨t1,t2⟩(ψ) as a quadratic form

∆⟨t1,t2⟩(ψ) = − 1
2πi

∫ ∞

0
dp

∫ ∞

0
dq

ei(p
2−q2)t2 − ei(p2−q2)t1

p− q
ψ̂∗(p)ψ̂(q), (2.13)

which can be written as

∆⟨t1,t2⟩(ψ) =
〈
ψ̂
∣∣∣B⟨t1,t2⟩ψ̂

〉
. (2.14)

An algebraic form of (2.14) was given in (1.15). Here, the operator B⟨t1,t2⟩ on L2(R+)
has the following properties, which are established in the introduction, drawing on
arguments in [53].

Theorem 2.2.1. For any t1 < t2, B⟨t1,t2⟩ is a bounded self-adjoint operator with
∥B⟨t1,t2⟩∥ = 1. There is a unitary equivalence between B⟨t1,t2⟩ and the operator
C ∈ B(L2(R+, dq)) with action

(Cφ)(p) = − 1
2π

∫ ∞

0
dq

sin(p− q)
p− q

[(
p

q

)1/4
+
(
p

q

)−1/4]
φ(q) (2.15)

on φ ∈ L2(R+, dq), where (2.15) holds pointwise almost everywhere on R+. The map
(t1, t2) 7→ B⟨t1,t2⟩ is strongly continuous on {(t1, t2) ∈ R2 : t1 < t2}.
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The unitary equivalence in Theorem 2.2.1 is a combination of translations, scale
transformation and a change of variables. It follows from (2.14) that the range of
∆⟨t1,t2⟩(ψ), as ψ varies over the normalised elements of H+, is the numerical range
of the operator B⟨t1,t2⟩. We recall the definition and main properties of numerical
range of a bounded operator (see e.g., Section 9.3 of [20]). We denote the spectrum
of a bounded operator A by σ(A).

Definition 2.2.2. Let A be a bounded self-adjoint operator on a Hilbert space H .
The numerical range N (A) ⊂ R of A is given by

N (A) =
{
⟨ϕ|Aϕ⟩
⟨ϕ|ϕ⟩

∣∣∣ϕ ∈H \ {0}
}
. (2.16)

One has N (A) = N (UAU∗) for any unitary U ∈ B(H ), and

σ(A) ⊆ N (A) = Convσ(A), (2.17)

where · denotes topological closure and Conv the convex hull. In particular σ(A)
and N (A) have the same supremum and infimum.

It follows immediately that, for all t1 < t2,

N (B⟨t1,t2⟩) = Convσ(C) ⊆ [−1, 1], (2.18)

using ∥C∥ = 1. We have already noted that −1 ∈ N (B⟨t1,t2⟩). Defining the Bracken–
Melloy constant as the largest spectral point of C,

cBM = supσ(C) = max σ(C), (2.19)

the possible values of the backflow ∆⟨t1,t2⟩(ψ) obey

−1 ≤ ∆⟨t1,t2⟩(ψ) ≤ cBM (2.20)

for all normalised ψ ∈H+. Note that the second equality in (2.19) holds due to the
spectrum of a bounded operator being closed.

These ideas, first exhibited in [12], are readily generalised to consider the total
backflow over M ≥ 1 disjoint time intervals [t2j−1, t2j] for 1 ≤ j ≤M , which can be
represented by a list ⟨tM⟩ = ⟨t1, ..., t2M⟩ in strictly increasing order.

Definition 2.2.3. For positive integer M , let

TM =
{
⟨tM⟩ = ⟨t1, ..., t2M⟩

∣∣∣t1 < t2 < · · · < t2M−1 < t2M
}
. (2.21)
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The total probability backflow exhibited by the initial state ψ ∈ L2(R, dx) over
the intervals parameterised by ⟨tM⟩ ∈ TM is defined as

∆(M)
⟨tM ⟩(ψ) :=

M∑
j=1

(Probψ(X < 0|t = t2j)− Probψ(X < 0|t = t2j−1)) , (2.22)

so that, for example, ∆(1)
⟨t1⟩(ψ) = ∆⟨t1,t2⟩(ψ).

For normalised ψ ∈H+, one has

∆(M)
⟨tM ⟩(ψ) =

〈
ψ̂
∣∣∣B(M)

⟨tM ⟩ψ̂
〉
, (2.23)

where the M-fold backflow operator

B
(M)
⟨tM ⟩ =

M∑
j=1

B⟨t2j ,t2j−1⟩ (2.24)

is a bounded self-adjoint operator on L2(R+, dq) acting as

(
B

(M)
⟨tM ⟩ϕ

)
(p) = − 1

2πi

∫ ∞

0
dq

M∑
k=1

ei(p
2−q2)t2k − ei(p2−q2)t2k−1

p− q
ϕ(q). (2.25)

In the same way as before, the set of possible values taken by ∆(M)
⟨tM ⟩(ψ) for normalised

ψ ∈ H+ is the numerical range of B(M)
⟨tM ⟩ and can be studied via its spectrum. As

before, if ∆(M)
⟨tM ⟩(ψ) > 0, we say that the state exhibits quantum backflow. We will

also investigate states ψ ∈H+ for which ∆(M)
⟨tM ⟩(ψ) < −1 for M ≥ 2, a phenomenon

we will call quantum overflow.
The following straightforward argument shows the existence of states exhibiting

quantum overflow with M = 2. Fix t1 < t2 and suppose ψ ∈ H+ is such that
∆(1)

⟨t1,t2⟩(ψ) = λ > 0, i.e., there is nontrivial backflow between t1 and t2. Taking
T > max(|t1|, |t2|), one can write the total backflow over [−T, t1] ∪ [t2, T ] as

∆(2)
⟨−T,t1,t2,T ⟩(ψ) = ∆(1)

⟨−T,T ⟩(ψ)−∆(1)
⟨t1,t2⟩(ψ). (2.26)

For any fixed ϵ ∈ (0, λ), one can find T sufficiently large such that ∆(1)
⟨−T,T ⟩(ψ) < −1+ϵ,

because Dollard’s lemma [25] implies that ∆(1)
⟨−T,T ⟩(ψ)→ −1 as T →∞. It follows

that
∆(2)

⟨−T,t1,t2,T ⟩(ψ) < −1− λ+ ϵ < −1, (2.27)

showing that the state ψ exhibits quantum overflow on [−T, t1] ∪ [t2, T ]. As ψ
can be chosen to make λ arbitrarily close to cBM and ϵ could be chosen arbitrarily
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small, this already shows that 2-fold overflow can approach −1− cBM over suitable
intervals. In this example, we chose the time interval after fixing the state, without
any control on the size of T . However, in Section 2.4, we will consider M equally
spaced intervals of equal width, and show that the total M -fold overflow can be
made unboundedly negative as M increases, and similarly that the M -fold backflow
can be made unboundedly positive as M increases.

The invariance of H+ under time evolution and dilations does not completely
fix N (B(M)

⟨tM ⟩) if M > 1. However, time translation invariance shows that N (B(M)
⟨tM ⟩)

is a function of the successive differences (t2 − t1, t3 − t2, . . . , t2M − t2M−1), and the
scaling invariance shows that it may be expressed in terms of successive ratios of
these differences. For each M > 1, then, there are backflow and overflow functions
b

(M)
back/over : R2M−2

>0 → R (writing Rk>0 = (0,∞)×k) so that

supN (B(M)
⟨tM ⟩) = b

(M)
back

(
t3 − t2
t2 − t1

, . . . ,
t2M − t2M−1

t2M−1 − t2M−2

)
= b

(M)
back(srsd⟨tM⟩) (2.28)

infN (B(M)
⟨tM ⟩) = b(M)

over

(
t3 − t2
t2 − t1

, . . . ,
t2M − t2M−1

t2M−1 − t2M−2

)
= b(M)

over(srsd⟨tM⟩), (2.29)

where srsd is the operation of forming the sequence of successive ratios of successive
differences. By convention, we write b(1)

back = cBM, b(1)
over = −1 and dictate that srsd

maps any element of T1 to the empty list.
The dependence of the backflow and overflow functions on the successive ratios

of successive differences of times, as in (2.28) and (2.29) can be seen by the following
argument. Take some function f : R2M → R obeying f(t1, . . . , t2M) = f(t1 +
t, . . . , t2M + t) for all t, t1, . . . , t2M ∈ R (scalar translation invariance) and dilation
invariance. For j = 1, . . . , 2M − 1 let dj = tj+1 − tj be the sequence of successive
differences. Immediately it is seen that

f(t1, t2, . . . , t2M) = f(0, t2− t1, . . . , t2M − t1) = f(0, d1, d1 + d2, . . . , d1 + · · ·+ d2M−1)
(2.30)

by the scalar translation invariance property. Now by dilation invariance and (2.30)
we find

f(t1, . . . , t2M) = f

(
0, 1, d1 + d2

d2
, . . . ,

d1 + · · ·+ d2M−1

d2

)
(2.31)

= f
(

0, 1, t3 − t2
t2 − t1

, . . . ,
t2M − t2M−1

t2 − t1

)
(2.32)
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Let rj = (tj+2 − tj+1)/(tj+1 − tj) for j = 1, ..., 2M − 2, then by a simple calculation
we find that

r1 · · · rk = tk+2 − tk+1

t2 − t1
for k = 1, . . . , 2M − 2. (2.33)

Hence

f(t1, . . . , t2M) = f(0, 1, r1, . . . , r1 · · · r2M−2) = f

(
0, 1, t3 − t2

t2 − t1
, . . . ,

t2M − t2M−1

t2M−1 − t2M−2

)
(2.34)

and so the backflow and overflow functions depend only on the successive ratios of
the successive differences of the times.

As we now describe, the backflow and overflow functions are semicontinuous.

Lemma 2.2.4. For each M > 1, the functions b(M)
back/over are lower/upper semicon-

tinuous on R2M−2
>0 . That is, for all u0 ∈ R2M−2

>0 , one has

lim inf
u→u0

b
(M)
back(u) ≥ b

(M)
back(u0), lim sup

u→u0
b(M)

over(u) ≤ b(M)
over(u0), (2.35)

as u→ u0 in R2M−2
>0 .

Proof. The function ⟨tM⟩ 7→ B
(M)
⟨tM ⟩ is strongly continuous on TM due to (2.24)

and Theorem 2.2.1, so for each normalised ϕ ∈ L2(R+, dq), ⟨tM⟩ 7→
〈
ϕ
∣∣∣B(M)

⟨tM ⟩ϕ
〉

is continuous on TM . As ⟨tM⟩ 7→ supN (B(M)
⟨tM ⟩) = b

(M)
back(srsd⟨tM⟩) is the pointwise

supremum over ϕ of a family of continuous functions, it is lower semicontinuous
(see, e.g., Chapter 2 of [58]). Fixing τ > 0, it follows that b(M)

back ◦ srsd is lower
semicontinuous on the subset {⟨0, τ, t3, . . . , t2M⟩ ∈ TM} (in the relative topology). As
this subset is mapped homeomorphically to R2M−2

>0 by srsd, we conclude that b(M)
back is

lower semicontinuous on R2M−2
>0 . The proof for the overflow functions is similar. □

We also introduce sequences of backflow and overflow constants, by

c
(M)
back = sup

R2M−2
>0

b
(M)
back, c(M)

over = inf
R2M−2

>0

b(M)
over (2.36)

for M ≥ 1, in which the Bracken–Melloy constant appears as the first backflow
constant: cBM = c

(1)
back, while the first overflow constant is c(1)

over = −1. Just as with
cBM, the functions b(M)

back/over and constants c(M)
back/over are quantities that are fixed by

the free quantum dynamics on the line. However, as the b(M)
back/over are dimensionless

functions of dimensionless variables, they are manifestly independent of Planck’s
constant. In the remainder of this thesis, we will initiate the study of these functions
and constants using both analytical and numerical methods, starting by considering
the spectrum of the operators B(M)

⟨tM ⟩ for ⟨tM⟩ ∈ TM .
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2.3 THE SPECTRUM OF M -FOLD BACKFLOW OPERATORS

2.3.1 Bounds on the spectrum

Our aim in this section is to obtain estimates on σ(B(M)
⟨tM ⟩) for a variety of ⟨tM⟩ ∈ TM .

The simplest estimate arises from the triangle inequality: since ∥B⟨t1,t2⟩∥ = 1 for
all t1 < t2, we have from (2.24) that ∥B(M)

⟨tM ⟩∥ ≤ M and consequently σ(B(M)
⟨tM ⟩) ⊆

[−M,M ] for all ⟨tM⟩ ∈ TM and M ≥ 1.
To get a better estimate of the upper bound on the spectrum, we note that any

sum of self-adjoint bounded operators obeys

supσ
 M∑
j=1

Aj

 ≤ M∑
j=1

supσ(Aj) (2.37)

and therefore
supσ

(
B

(M)
⟨tM ⟩

)
≤

M∑
j=1

supσ(B⟨t2j−1,t2j⟩) = McBM. (2.38)

To get a lower bound on the spectrum, it is convenient to rewrite ∆(M)
⟨tM ⟩(ψ) as

∆(M)
⟨tM ⟩(ψ) = Probψ(X < 0|t = t2M)− Probψ(X < 0|t = t1)

−
M−1∑
j=1

(Probψ(X < 0|t = t2j+1)− Probψ(X < 0|t = t2j)) , (2.39)

from which it follows that

B
(M)
⟨tM ⟩ = B⟨t1,t2M ⟩ −B(M−1)

⟨t2,...,t2M−1⟩. (2.40)

Iterating, one obtains the formula

B
(M)
⟨tM ⟩ =

M∑
j=1

(−1)j−1B⟨tj ,t2M−j+1⟩, (2.41)

which will be used later on.
Returning to (2.40), an analogue of (2.37) gives

inf σ
(
B

(M)
⟨tM ⟩

)
≥ inf σ

(
B⟨t1,t2M ⟩

)
+ inf σ

(
−B(M−1)

⟨t2,...,t2M−1⟩

)
= −1− supσ

(
B

(M−1)
⟨t2,...,t2M−1⟩

)
≥ −1− (M − 1)cBM, (2.42)

where we have used (2.38). Summarising, we have shown the following.
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Theorem 2.3.1. For any M ∈ N and ⟨tM⟩ ∈ TM , the spectrum of B(M)
⟨tM ⟩ satisfies

σ(B(M)
⟨tM ⟩) ⊆ [−1− (M − 1)cBM,McBM]. (2.43)

Thus one has bounds

b
(M)
back(u1, . . . , u2M−2) ≤ c

(M)
back ≤McBM (2.44)

b(M)
over(u1, . . . , u2M−2) ≥ c(M)

over ≥ −1− (M − 1)cBM (2.45)

for all (u1, . . . , u2M−2) ∈ R2M−2
>0 .

Theorem 2.3.1 shows that c(M)
back/over do not grow faster than linearly in M , but

does not answer the question of whether they grow at all. In the following subsections
we will prove rigorously that for a particular class of backflow operators, both the
infimum and supremum of σ(B(M)

⟨tM ⟩) tend to ±∞ as M → ∞ at least as fast as
O(M1/4). This is in stark contrast to the classical case where, irrespective of the
number of disjoint backflow intervals, the total backflow always lies in [−1, 0]. The
rigorous results presented will be supplemented by a numerical investigation for values
of 1 ≤M ≤ 4 which clearly indicate monotonicity of the infimum and supremum of
σ(B(M)

⟨tM ⟩).

2.4 UNBOUNDED M -FOLD BACKFLOW AND OVERFLOW AS
M →∞

In this subsection we will show that c(M)
back and −c(M)

over grow unboundedly with M , by
considering the M -fold backflow operator corresponding to M backflow periods of
equal duration, separated by M − 1 intervals of the same duration. Specifically, for
M ∈ N and fixed T > 0 consider the M -fold backflow problem for the times

⟨tM⟩ =
〈
−T 2M − 1

2 ,−T 2M − 3
2 , ...,−T2 ,

T

2 , ..., T
2M − 1

2

〉
, (2.46)

displayed in figure ??for which the total backflow is bounded between b(M)
over(1, . . . , 1)

and b
(M)
back(1, . . . , 1).

Figure 2.2: Equally spaced times, as in (2.46)
t

− 5T
2 − 3T

2 −T
2

0 T
2

3T
2

5T
2

· · · · · ·− (2M−1)T
2

(2M−1)T
2
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Note that b(M)
over(1, ..., 1) and b(M)

back(1, ..., 1) are invariant under the choice of T > 0.
One can write the associated M -fold backflow operator B(M)

⟨tM ⟩ as

B
(M)
⟨tM ⟩ =

M∑
j=1

(−1)j−1B
(1)
⟨−T (j−1/2),T (j−1/2)⟩ (2.47)

using (2.41). Each of the B(1)
⟨−T (j−1/2),T (j−1/2)⟩ operators has the closed form

(B(1)
⟨−T (j−1/2),T (j−1/2)⟩ϕ)(k) = − 1

π

∫ ∞

0
dl

sin (T (j − 1/2)(k2 − l2)/2)
k − l

ϕ(l). (2.48)

Let U : L2(R+, dk)→ L2(R+, dp) be the unitary implementing the change of variables
p = k2T/2, (Uϕ)(p) = (2pT )−1/4ϕ(

√
2p/T ), so that U∗B

(1)
⟨−T/2,T/2⟩U = C is the

operator defined in (2.15). The identity

M∑
j=1

(−1)M−j sin(2(j − 1/2)(p− q)) = sin 2M(p− q)
2 cos(p− q) , (2.49)

is easily proven by expressing sin in terms of complex exponentials and can be
verified in MapleTM 2024 or higher. From (2.49), we find that the operator C(M) =
U∗B

(M)
⟨tM ⟩U ∈ B(L2(R+, dq)) is independent of T and has the action

(
C(M)φ

)
(p) = − 1

4π

∫ ∞

0
dq

sin(2M [p− q])
(p− q) cos(p− q)

(p
q

)1/4

+
(
p

q

)−1/4
φ(q). (2.50)

The following theorem shows that the suprema and infima of N (B(M)
⟨tM ⟩) = N (C(M))

grow arbitrarily large in magnitude with M at least as fast as O(M1/4).

Theorem 2.4.1. For M ∈ N, let C(M) ∈ B(L2(R+, dq)) be the backflow operator
defined in (2.50) describing M backflow periods of unit duration separated by M − 1
periods of unit duration. Then there is a constant k > 0 so that

supσ
(
C(M)

)
≥ kM1/4 (2.51)

for all positive even M , and furthermore,

lim inf
M→∞

M−1/4 supσ
(
C(M)

)
≥ k > 0, lim sup

M→∞
M−1/4 inf σ

(
C(M)

)
≤ −k < 0,

(2.52)
where the limits are taken over all M ∈ N.
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Proof. We begin by proving (2.51). For even M ∈ N and ϵ ∈ (0, π6 ], define the
intervals I0, I1 ⊆ R by

I0 =
[
0, ϵ
M

]
, I1 =

[
π

2 −
ϵ

2M ,
π

2 + ϵ

2M

]
(2.53)

and associated normalised ψM ∈ L2(R+, dq) by

ψM(q) =


√

M
2ϵ q ∈ I0 ∪ I1

0 otherwise
. (2.54)

We will estimate the supremum of the spectrum using the bound supσ(C(M)) ≥〈
ψM |C(M)ψM

〉
. The following Lemma is established in Appendix A.

Lemma 2.4.2. For even M ∈ N and ϵ ∈ (0, π/6],
〈
ψM |C(M)ψM

〉
≥ 27/4ϵ3/4

3π11/4 M
1/4S

( 2ϵ
πM

)
, (2.55)

where
S(η) = 1− 31π2

80 η1/4 − 5
8η −

9π2

176η
5/4. (2.56)

Clearly S(η) > 0 for sufficiently small η ≥ 0. Fixing ϵ ∈ (0, π/6] sufficiently small
that S > 0 on [0, ϵ/π], and using continuity of S, let

k = min
η∈[0,ϵ/π]

27/4ϵ3/4

3π11/4 S(η). (2.57)

Then (2.51) follows because 2ϵ/(πM) ∈ [0, ϵ/π] for all even M ≥ 2. (The value of k
can be optimised by varying ϵ.)

To establish the first result in (2.52), we need some information on supσ(C(M))
for odd M ≥ 1. Writing

B
(M+1)
⟨tM+1⟩ = B

(M)
⟨−T 2M+1

2 ,...,− T
2 ,

T
2 ,...,T

2M−3
2 ⟩ +B

(1)
⟨T 2M−1

2 ,T 2M+1
2 ⟩, (2.58)

the left-hand side is unitarily equivalent to C(M+1), while by making time translations
and dilations, the first and second terms on the right-hand side are unitarily equivalent
to C(M) and C(1) respectively. Consequently C(M+1) is a sum of operators unitarily
equivalent to C(M) and C(1). As the supremum of the spectrum is a sub-additive
function on bounded self-adjoint operators, and spectra are invariant under unitary
equivalence, it follows that

supσ
(
C(M+1)

)
≤ supσ

(
C(M)

)
+ supσ

(
C(1)

)
= cBM + supσ

(
C(M)

)
, (2.59)
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and therefore supσ
(
C(M)

)
≥ k(M + 1)1/4 − cBM for all odd M ≥ 1, using (2.51).

Combining with the bound (2.51) for even M , one has supσ
(
C(M)

)
≥ kM1/4 − cBM

for all M ∈ N and the first part of (2.52) follows immediately.
Finally, for any M ≥ 1, B(M+1)

⟨tM+1⟩ can be rewritten as

B
(M+1)
⟨tM+1⟩ = B

(1)
⟨−T 2M+1

2 ,T 2M+1
2 ⟩ −B

(M)
⟨tM ⟩ (2.60)

which, because all single-backflow operators are unitarily equivalent, gives

C(M+1) = C̃(1) − C(M) (2.61)

where C̃(1) is unitarily equivalent to C(1). Using invariance of the spectrum under
unitary equivalence and the fact that supσ(−A) = − inf σ(A) for any bounded
self-adjoint operator A, we find

supσ
(
C(M+1)

)
≤ supσ

(
C(1)

)
− inf σ

(
C(M)

)
(2.62)

and consequently
inf σ

(
C(M)

)
≤ cBM − supσ

(
C(M+1)

)
. (2.63)

Thus lim supM→∞ M−1/4 inf σ
(
C(M)

)
≤ − lim infM→∞ M−1/4 supσ

(
C(M+1)

)
≤ −k.
□

Numerically, the first positive zero of S(η) occurs at η0 = 0.0046 to two significant
figures and S is decreasing on the interval [0, η0]. Then the constant k in Theorem 2.4.1
may be taken as

k = max
ϵ∈[0,πη0]

27/4ϵ3/4

3π11/4 S(ϵ/π) = 2.1× 10−4, (2.64)

computing the maximum numerically to 2 significant figures. By considering more
complicated trial functions, it seems likely that we can increase the coefficient; at any
rate, the main point is to establish the growth of at least O(M1/4). For comparison,
the numerical results of Section 3.1 show that supσ(C(4)) ≳ 0.095, which far exceeds
the lower bound 41/4k = 0.0003 for this case.

Theorem 2.4.1 has an immediate corollary relating to the asymptotics of the
backflow and overflow constants.

Corollary 2.4.3. Let c(M)
back and c(M)

over be the M -fold backflow and overflow constants
defined in (2.36). Then

lim inf
M→∞

M−1/4c
(M)
back > 0, lim sup

M→∞
M−1/4c(M)

over < 0. (2.65)
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Proof. Since C(M) is unitarily equivalent to B(M)
⟨tM (T )⟩, we find that

supσ
(
C(M)

)
= b

(M)
back(1, ..., 1) ≤ c

(M)
back, inf σ

(
C(M)

)
= b(M)

over(1, ..., 1) ≥ c(M)
over.

(2.66)
The result follows on multiplying each inequality by M−1/4 and employing Theo-
rem 2.4.1, together with elementary properties of lim sup and lim inf. □

Theorem 2.4.1 and Corollary 2.4.3 demonstrate the unboundedness of the quantum
backflow and overflow effects as M → ∞. In Section 3.1, we will find numerical
estimates of the spectral extrema for M equally spaced intervals of equal width, with
2 ≤M ≤ 4, showing in particular that

sup
(
C(M)

)
> cBM, inf

(
C(M)

)
< −1 (2.67)

and further give numerical evidence for lower bounds on c
(M)
back as well as plots of

vectors in L2(R+, dp) exhibiting backflow and overflow.

2.5 LIMITING CASES AND MONOTONICITY OF THE BACK-
FLOW CONSTANTS

In Lemma 2.2.4 we have already seen that the M -fold backflow and overflow functions
are semicontinuous for limits taken within R2M−2

> . We now consider certain limiting
cases, which show how backflow and overflow functions with different numbers
of parameters are related and establish monotonicity properties of the backflow
constants.

Theorem 2.5.1. Let M ∈ N and j, k ∈ N0 so that j + k = 2L is even and positive.
Consider any u ∈ R(2M−2)

> and any sequences (vn)n∈N in Rj> and (wn)n∈N in Rk>
whose last and first components obey vn,j → 0 and wn,1 →∞. (In the case M = 1
one omits u; similarly, in the cases j = 0 resp., k = 0 one omits v resp., w.)

If j (and hence also k) is even, then

lim inf
n

b
(M+L)
back (vn, u, wn) ≥ b

(M)
back(u), lim sup

n
b(M+L)

over (vn, u, wn) ≤ b(M)
over(u) (2.68)

where we use the shorthand notation

(v, u, w) = (v1, . . . , vj, u1, . . . , u2M−2, w1, . . . , wk)
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.
On the other hand, if j (and hence also k) is odd, then

lim inf
n

b
(M+L)
back (vn, u, wn) ≥ −1− b(M)

over(u),

lim sup
n

b(M+L)
over (vn, u, wn) ≤ −1− b(M)

back(u). (2.69)

Consequently, the sequence of backflow constants c(M)
back is nondecreasing in M , and

the sequence of overflow constants c(M)
over is nonincreasing in M ; moreover, c(M+L)

back ≥
−1− c(M)

over and c(M+L)
over ≤ −1− c(M)

back for all L ∈ N.

We remark that the result holds also, with the same proof, if the discrete index
n on v and w is replaced with a continuous α ∈ R.

Proof. Choose any ⟨tM⟩ ∈ TM so that u = srsd⟨tM⟩ (if M = 1, any element of T1

can be chosen). With this choice, for each v ∈ (R+
>)j and w ∈ (R+

>)k there are unique
r ∈ Rj and s ∈ Rk so that ⟨t̂M+L⟩ = ⟨r1, . . . , rj, t1, . . . , t2M , s1, . . . , sk⟩ ∈ TM+L

satisfies srsd⟨t̂M+L⟩ = (v, u, w). Specifically, the components are defined recursively
by

ra−1 = ra + ra − ra+1

va−1
, sa+1 = sa + (sa − sa−1)wa+1 (2.70)

with s0 = t2M , s−1 = t2M−1, rj+1 = t1, rj+2 = t2. It is easily seen from (2.70) that
vj → 0+ implies rj → −∞ (and therefore also ra → −∞ for each 1 ≤ a ≤ j), while
if w1 → +∞ then s1 → +∞ (and therefore also sa → +∞ for each 1 ≤ a ≤ k).

For any ϵ > 0, we may choose ψ ∈H+ so that

∆(M)
⟨tM ⟩(ψ) > sup

φ∈H+

∆(M)
⟨tM ⟩(φ)− ϵ, (2.71)

whereupon Dollard’s lemma [25] gives

∆(M+L)
⟨t̂M+L⟩(ψ) =

j∑
a=1

(−1)aProbψ(X < 0|t = ra) + (−1)j∆(M)
⟨tM ⟩(ψ)

+
k∑
a=1

(−1)k−aProbψ(X < 0|t = sa) (2.72)

−→

−1−∆(M)
⟨tM ⟩(ψ) j odd

∆(M)
⟨tM ⟩(ψ) j even.

(2.73)
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as vj → 0+ and w1 → +∞. As the limit is approached, in the case where j is even,
it eventually holds that ∆(M+L)

⟨t̂M+L⟩(ψ) > ∆(M)
⟨tM ⟩(ψ)− ϵ and thus the inequalities

∆(M+L)
⟨t̂M+L⟩(ψ) > sup

φ∈H+

∆(M)
⟨tM ⟩(φ)− 2ϵ (2.74)

and

b
(M+L)
back (v, u, w) = sup

ψ∈H+

∆(M+L)
⟨t̂M+L⟩(ψ) > sup

φ∈H+

∆(M)
⟨tM ⟩(φ)− 2ϵ = b

(M)
back(u)− 2ϵ (2.75)

are eventually true. Replacing v and w by sequences as in the statement and using
the fact that ϵ > 0 was arbitrary, we have proved the first statement in (2.68); the
second part is proved analogously.

If j is odd, we argue in a similar way that for any ϵ > 0,

b
(M+L)
back (v, u, w) = sup

ψ∈H+

∆(M+L)
⟨t̂M+L⟩(ψ) > −1− inf

φ∈H+
∆(M)

⟨tM ⟩(φ)−2ϵ = −1−b(M+L)
over (u)−2ϵ.

(2.76)
is eventually true as the limit is taken, thus giving the first statement in (2.69); the
second is again proved analogously.

To establish the monotonicity of the backflow constants, for any M ∈ N, let
ϵ > 0 be arbitrary and choose u ∈ R(2M−2)

> so that b(M)
back(u) > c

(M)
back − ϵ. Then (2.68)

with L = 1 and j = 2, k = 0 (or j = 0, k = 2) implies that c(M+1)
back > c

(M)
back − ϵ

and taking ϵ→ 0+, we deduce that c(M+1)
back ≥ c

(M)
back; an analogous argument proves

that c(M+1)
over ≤ c(M)

over. Finally, for any L ∈ N, we may use (2.69) with e.g., j = 1
and k = 2L − 1 to prove c(M+L)

back ≥ −1 − c(M)
over and c(M+L)

over ≥ −1 − c(M)
back by similar

means. □

Theorem 2.5.1 has a number of consequences. First, the bound c(2)
over ≤ −1− c(1)

back

can be combined with (2.45) to give the sharp value

c(2)
over = −1− cBM. (2.77)

Second, as the overflow constants are nonincreasing, we see that for every M ≥ 2
and ϵ > 0 there exists ⟨tM⟩ ∈ TM and ψ ∈H+ so that

∆(M)
⟨tM ⟩(ψ) ≤ −1− cBM + ϵ (2.78)

which (taking 0 < ϵ < cBM) provides another proof, independent to Theorem 2.4.1,
of the existence of overflow states for any M ≥ 2. Similarly, we may deduce that
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there are backflow states for every M ∈ N. This follows from combining (2.78) with
the final statement in Theorem 2.5.1 to find

c
(M)
back ≥ −1− c(1)

over = cBM (2.79)

for all M ∈ N.
Third, the proof of Theorem 2.5.1 can be modified slightly to give the following

result (many other variations are possible) which may be useful for further studies.
The notation Li will be explained after the statement.

Theorem 2.5.2. For M ∈ N and ⟨tM⟩ ∈ TM , one has

−1−N
(
B

(M)
⟨tM ⟩

)
⊆ Li

T±→±∞
N
(
B

(M+1)
⟨T−,tM ,T+⟩

)
(2.80)

and
N
(
B

(M)
⟨tM ⟩

)
⊆ Li

T,T ′→−∞
T<T ′

N
(
B

(M+1)
⟨T,T ′,tM ⟩

)
. (2.81)

Here, Li denotes the Painlevé-Kuratowski lower closed limit, see e.g. Chapter 29
of [47] and Chapter 5 of [6], defined as follows.

Definition 2.5.3. Given a net of sets (Aα)α∈I in a topological space X, where I is
a directed set, LiAα ⊆ X is the set of points p ∈ X with the property that, for every
neighbourhood N of p, there exists α0 ∈ I with Aα ∩N , ∅ for all α > α0, i.e., every
neighbourhood of p is eventually intersected by Aα.

Proof of Theorem 2.5.2. For the first inclusion, fix ⟨tM⟩ ∈ TM and let T− < 0 < T+

so that ⟨T−, tM , T+⟩ ∈ TM+1. As in the proof of Theorem 2.5.1, take j = k = 1 and
let r1 = T−, s1 = T+. By (2.72),

∆(M+1)
⟨T−,tM ,T+⟩(ψ) −→ −1−∆(M)

⟨tM ⟩(ψ) for any ψ ∈ H+ (2.82)

as T± → ±∞. So for each λ ∈ N (B(M)
⟨tM ⟩) and ϵ > 0, one can find T− < 0 < T+ such

that
[−1− λ− ϵ,−1− λ+ ϵ] ∩N

(
B

(M+1)
⟨T−,tM ,T+⟩

)
, ∅, (2.83)

whereupon the first result follows by Definition 2.5.3. The second follows in a similar
way, taking j = 2, k = 0 and r1 = and r1 = T, r2 = T ′. □
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A fourth consequence of Theorem 2.5.1 is that it provides an understanding of
how the spectrum of an two-fold backflow operator B(2)

⟨t1,t2,t3,t4⟩ behaves in a limit in
which the two backflow intervals merge together, i.e., t2, t3 → τ for some τ ∈ (t1, t4),
with t1, t4 held fixed and maintaining t2 < t3. An obvious question is whether the
spectrum converges in some sense to that of B(1)

⟨t1,t4⟩. As we now show, this is not the
case. Writing srsd⟨t1, t2, t3, t4⟩ = (v, w), we have v → 0+ and w → +∞ in the limit.
Using the M = j = k = 1 case of Theorem 2.5.1, we find

lim sup b(2)
over(v, w) ≤ −1− b(1)

back = −1− cBM (2.84)

from (2.69) in the limit of interest. Hence b(2)
over(v, w)→ −1− cBM because we also

have b(2)
over ≥ c(2)

over = −1 − cBM. Thus, σ(B(2)
⟨t1,t2,t3,t4⟩) contains points approaching

−1− cBM arbitrarily closely in the limit, while σ(B(1)
⟨t1,t2⟩) ⊆ [−1, cBM]. Therefore the

spectra do not coincide in the limit; in fact, we have

lim inf
t2,t3→τ
t2<t3

dHaus
(
σ(B(2)

⟨t1,t2,t3,t4⟩), σ(B(1)
⟨t1,t4⟩)

)
≥ cBM, (2.85)

where the Hausdorff distance between compact A,B ⊂ R is

dHaus(A,B) = max{sup
a∈A

inf
b∈B
|a− b|, sup

b∈B
inf
a∈A
|a− b|}, (2.86)

and gives the collection of non-empty compact subsets of R the structure of a
complete metric space (see, e.g., Theorem 3.2.4 of [6]). As one has the inequality
dHaus(σ(A), σ(B)) ≤ ∥A−B∥ for self-adjoint bounded operators on Hilbert spaces
(see e.g., Theorem V.4.10 in [46]), we may infer that the backflow operators B(2)

⟨t1,t2,t3,t4⟩

do not converge in norm to B(1)
⟨t1,t4⟩ in the limit considered. This can also be seen

directly as follows, noting that

B
(2)
⟨t1,t2,t3,t4⟩ −B

(1)
⟨t1,t4⟩ = −B(1)

⟨t2,t3⟩ (2.87)

and therefore
∥B(2)

⟨t1,t2,t3,t4⟩ −B
(1)
⟨t1,t4⟩∥ = 1 (2.88)

by recalling that all single backflow operators have unit norm. It would be interesting
to study other mergers of multiple backflow intervals in a similar way.

We end this discussion with a cautionary note. For Λ > 0, let L2([0,Λ], dk) be
the space of positive momentum states with momentum cutoff Λ, in momentum
representation. Let ιΛ : L2([0,Λ], dk) → L2(R+, dk) be the subspace inclusion
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map, whereupon ι∗Λ is the subspace projection. The following Lemma describes the
continuity of single backflow operators restricted to the space of finite momentum
states.

Lemma 2.5.4. Let ιΛ : L2([0,Λ], dk)→ L2(R+, dk) be the subspace inclusion. Then
(s, t) 7→ ι∗ΛB⟨s,t⟩ιΛ ∈ B(L2([0,Λ], dk)) is norm continuous on T2.

Proof. For ϕ ∈ L2([0,Λ]) we have (almost everywhere)

|(Ssϕ− Stϕ)(p)|2 = sin2
((t− s)p2

2

)
|ϕ(p)|2 ≤ Λ4

4 |s− t|
2|ϕ(p)|2 (2.89)

and consequently, in the operator norm on B(L2([0,Λ], dk), L2(R+, dk))

∥(Ss − St)ιΛ∥ ≤
Λ2|s− t|

2 . (2.90)

Thus the restricted Schrödinger time evolution operators StιΛ : L2([0,Λ], dk) →
L2(R+, dk) are norm continuous in t. Using the general inequality

∥A∗CA−B∗CB∥ = ∥A∗C(A−B) + (A−B)∗CB∥ ≤ ∥C∥(∥A∥+ ∥B∥)∥A−B∥,

for bounded Hilbert space operators A,B ∈ B(H ,K ) and C ∈ B(K ) it follows
that ι∗ΛS∗

tR∗Π−RStιΛ is also norm continuous in t and the result follows. □

Considering (2.87) again, it follows that

∥ι∗Λ(B(2)
⟨t1,t2,t3,t4⟩ −B

(1)
⟨t1,t4⟩)ιΛ∥Λ −→ 0 (2.91)

as the backflow intervals merge, so

lim
t3−t2→0+

dHaus

(
σ
(
ι∗ΛB

(2)
⟨t1,t2,t3,t4⟩ιΛ

)
, σ
(
ι∗ΛB

(1)
⟨t1,t4⟩ιΛ

))
−→ 0 (2.92)

in this limit. Accordingly, any numerical scheme implementing a fixed momentum
cutoff will give the erroneous impression of a convergence of spectra as backflow
intervals merge. To see the true behaviour of the backflow operators as in (2.85), it
would therefore be necessary to increase the momentum cutoff as t3 − t2 decreases.
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Numerical Investigation of Multiple
Quantum Backflow

3.1 NUMERICAL CALCULATION

The goal of this section is to numerically investigate the multiple quantum backflow
and quantum overflow effect over M disjoint intervals of equal duration separated
by gaps of the same length, corresponding to the bounded operator C(M) given
in (2.50). Although our method would in principle apply to arbitrary M , the
computational effort rises quickly with M and we have chosen to restrict to M ≤ 4.
The numerical results give lower bounds on the magnitudes of b(M)

back/over(1, . . . , 1) for
1 ≤ M ≤ 4. In particular, we will find for 2 ≤ M ≤ 4 that max σ

(
C(M)

)
> cBM

and min σ
(
C(M)

)
< −1. This complements the analytic results in Theorem 2.4.1

and Corollary 2.4.3 on the large M asymptotics of σ(C(M)) and the mononotonicity
results in Theorem 2.5.1. By numerical acceleration methods, we will give improved
estimates for b(M)

back/over(1, . . . , 1) for 1 ≤M ≤ 4. In addition, we will investigate the
properties of states that come close to maximising the backflow or overflow for these
operators.

3.2 BACKGROUND THEORY

Our numerical calculations are based on the following basic observation. (See Section
XIII.1 of [56] for a discussion of other min-max results and Theorem VII.12 of [55]
for Weyl’s criterion.) Here, σ(B,Q) = {λ ∈ R : det(B − λQ) = 0} is the set of

42
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generalised eigenvalues for Hermitian matrix B with respect to a positive definite
matrix Q of the same dimension.

Lemma 3.2.1. Let A be a bounded self-adjoint operator on Hilbert space H and let
(χn)n∈N ⊂H be a sequence of linearly independent vectors with dense span. Define
sequences of self-adjoint N × N matrices (A[N ])N∈N and (P [N ])N∈N with matrix
elements

A[N ]
mn = ⟨χm|Aχn⟩ , P [N ]

mn = ⟨χm|χn⟩ (3.1)

for 1 ≤ m,n ≤ N . Then σ(A[N ], P [N ]) ⊆ N (A), and max σ(A[N ], P [N ]) (resp.,
min σ(A[N ], P [N ])) is a bounded nondecreasing (resp., nonincreasing) sequence with

max σ(A) = lim
N→∞

max σ(A[N ], P [N ])

min σ(A) = lim
N→∞

min σ(A[N ], P [N ]). (3.2)

For each N ∈ N, suppose v(N) ∈ CN is a generalised eigenvector obeying

A[N ]v(N) = λNP
[N ]v(N), v(N)†P [N ]v(N) = 1 (3.3)

and define ψ(N) ∈ H by

ψ(N) =
N∑
n=1

v(N)
n χn. (3.4)

If ψ(N) → ψ ∈ H in norm then

1. the sequence of generalised eigenvalues (λN)N∈N converges;

2. the sequence of vectors (ψ(N))N∈N is a Weyl sequence for λ = limN→∞ λN , i.e.,
∥ψ(N)∥ = 1 and ∥(A− λI)ψ(N)∥ → 0;

3. the limiting vector ψ is an eigenvector for A with eigenvalue λ.

Proof. If λ ∈ σ(A[N ], P [N ]) with A[N ]v = λP [N ]v for nonzero v, then

λ = v†A[N ]v

v†P [N ]v
= ⟨ϕ|Aϕ⟩
⟨ϕ|ϕ⟩

, (3.5)

where ϕ = ∑N
r=1 vrχr, so λ ∈ N (A), which is a bounded set. Let

SN = span(χ1, . . . , χN),
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then monotonicity of the sequences of maximum and minimum generalised eigenvalues
is guaranteed because SN ⊂ SN+1. Finally, as ⋃N SN is dense in H and A is bounded,
we easily compute

max σ(A) = supN (A) = lim
N→∞

sup
ϕ∈SN \{0}

⟨ϕ|Aϕ⟩
⟨ϕ|ϕ⟩

= lim
N→∞

sup
v∈CN \{0}

v†A[N ]v

v†P [N ]v

= lim
N→∞

max σ(A[N ], P [N ]), (3.6)

where in the final equality we have made use of the (generalised) Courant–Fischer
min-max principle – see, e.g., Theorem 2.1 of [48]. The proof for the minimum of
σ(A) is analogous.

For each N ∈ N, let QN be the projection onto SN . First we show that ψ(N) is
an eigenvector of QNA. Since QNAψ

(N) ∈ SN , we must have

QNAψ
(N) =

N∑
k=1

w
(N)
k χk (3.7)

for some w(N) ∈ CN . For 1 ≤ j ≤ N , the inner product of (3.7) with χj can be
written as both

〈
χj
∣∣∣QNAψ

(N)
〉

=
N∑
k=1
⟨χj|χk⟩w(N)

k =
(
P [N ]w(N)

)
j

(3.8)

and
〈
χj
∣∣∣QNAψ

(N)
〉

=
N∑
k=1

v
(N)
k ⟨χj|Aχk⟩ =

(
A[N ]v(N)

)
j

= λN
(
P [N ]v(N)

)
j
. (3.9)

By the linear independence of the χj, P [N ] has trivial kernel and we find w(N) =
λNv

(N), from which it follows that

QNAψ
(N) = λNψ

(N). (3.10)

Note that ∥ψ(N)∥ = 1 because of the normalisation condition on v(N). Property (1)
follows from the fact that

λN =
〈
QNψ

(N)
∣∣∣Aψ(N)

〉
(3.11)

converges to some λ ∈ R by the norm convergence of the ψ(N) to ψ and boundedness
of A. To prove property (2), note that

∥(A− λI)ψ(N)∥ ≤ ∥(A− λNI)ψ(N)∥+ |λN − λ| (3.12)
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so since λN → λ, it suffices to note that

∥(A− λNI)ψ(N)∥ = ∥(A−QNA)ψ(N)∥ (3.13)
≤ ∥(I −QN)Aψ∥+ ∥(I −QN)A∥∥ψ(N) − ψ∥ → 0

by the density of ⋃N SN in H and convergence of (ψ(N))N∈N proving property (2).
The final property follows from

∥(A− λI)ψ∥ ≤ ∥(A− λI)ψ(N)∥+ (∥A∥+ |λ|)∥ψ(N) − ψ∥ → 0 (3.14)

and hence ψ is an eigenvector of A with eigenvalue λ. □

The generalised eigenvalue problems in Lemma 3.2.1 reduce to standard eigenvalue
problems if the trial vectors χn are orthonormal. In principle one could always
orthogonalise to express the matrix elements in a Gram-Schmidt basis, but this
introduces a nontrivial computational overhead and the generalised eigenproblem
may be preferred.

3.3 NUMERICAL METHODOLOGY AND RESULTS

We will apply Lemma 3.2.1 to the operators C(M), but our methodology also applies
to general backflow operators. Given δ > −1/2 and a > 0, define the sequence of
normalized L2(R+, dq) vectors (ψn,a,δ)∞

n=0 by

ψn,a,δ(q) = En(a, δ)qn+δe−aq, (3.15)

with the normalization constant En(a, δ) given by

En(a, δ) = (2a)n+δ+1/2√
Γ(2n+ 2δ + 1)

. (3.16)

The reason that the vectors (ψn,a,δ)∞
n=0 were chosen is two fold. The first is that

for small q, the vectors replicate the behaviour of monomials, with the exponential
factor playing the role of L2 normalisation. The second is that the matrix elements
of arbitrary backflow operators with respect to the sequence can be computed in
closed form, a feat that has previously not been done before. The following density
result is found in Theorem 5.7.1 of [63] in the case a = 1/2, and follows for general
a > 0 by a unitary scale change.
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Lemma 3.3.1. For a > 0 and −1
2 < δ < 1

2 , the sequence (ψn,a,δ)∞
n=0 has a dense

span in L2(R+, dq).

To apply Lemma 3.2.1 to C(M), we require the matrix elements

C(M)(a, δ)mn =
〈
ψm,a,δ

∣∣∣C(M)ψn,a,δ
〉
, P (a, δ)mn = ⟨ψm,a,δ|ψn,a,δ⟩ (3.17)

for m,n ∈ N0. The components P (a, δ)mn admit the closed form

P (a, δ)mn =

√
Bdiag(m+ δ + 1/2)Bdiag(n+ δ + 1/2)

B(m+ δ + 1/2, n+ δ + 1/2) , (3.18)

where B(x, y) = Γ(x)Γ(y)/Γ(x+ y) is the beta function and Bdiag(x) = B(x, x) =
Γ(x)2/Γ(2x). The components C(M)(a, δ)mn (or indeed, those of general multiple
backflow operators) also have a closed form expression in terms of incomplete Beta
functions, for which the reader is referred to Appendix C.

For each M , and for fixed a > 0, δ ∈ (−1/2, 1/2), the matrix elements P (a, δ)mn
and C(M)(a, δ)mn can be computed for 0 ≤ m,n ≤ N , giving (N + 1)-dimensional
square matrices. The minimum eigenvalue of P [N ] tends to zero as N increases,
so the generalised eigenvalue problem is increasingly ill-conditioned and requires
high-precision calculation to obtain accurate results. The following theorem, stated
as Corollary VI.3.3 in [62], shows how the numerical precision of a pair of Hermitian
matrices affects the accuracy of the associated generalised eigenvalues.

Theorem 3.3.2. Let A,B be n-dimensional Hermitian matrices with B positive
definite, and consider n-dimensional Hermitian perturbations ∆A,∆B. If√

∥∆A∥2
op + ∥∆B∥2

op < γ(A,B) := min
∥x∥2=1

√
(x†Ax)2 + (x†Bx)2, (3.19)

where ∥ · ∥op is the operator norm induced by the Euclidean vector norm ∥ · ∥2 on Rn,
then the matrix pair (A+ ∆A,B + ∆B) is definite and, for all 1 ≤ i ≤ n,

|λi − λ̃i|√
(1 + λ2

i )(1 + λ̃2
i )
≤

√
∥∆A∥2

op + ∥∆B∥2
op

γ(A,B) , (3.20)

where λ1 ≤ · · · ≤ λn and λ̃1 ≤ · · · ≤ λ̃n are the generalised eigenvalues of (A,B) and
(A+ ∆A,B + ∆B) respectively.

We adapt this theorem to our numerical calculation in the following corollary.
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Corollary 3.3.3. Let A,B be n-dimensional Hermitian matrices with B positive
definite, and let λ1 ≤ · · · ≤ λn be the generalised eigenvalues of the matrix pair
(A,B). If n-dimensional Hermitian perturbations ∆A,∆B obey

Cmax := n(1 + max(|λ1|, |λn|)2)∥∆A∥
2
∞ + ∥∆B∥2

∞
min σ(B)2 <

1
2 , (3.21)

where λmax = max(|λ1|, |λn|) and ∥ · ∥∞ is the elementwise maximum modulus matrix
norm, then the matrix pair (A+∆A,B+∆B) is definite, with generalised eigenvalues
λ̃1 ≤ · · · ≤ λ̃n satisfying

|λi − λ̃i|2 ≤
Cmax

1− 2Cmax
(1 + 2λ2

i ) (3.22)

for all 1 ≤ i ≤ n.

Proof. First note that Cmax < 1/2 implies that ∥∆A∥2
∞ + ∥∆B∥2

∞ < min σ(B)2 ≤
γ(A,B)2, using the trivial bound

γ(A,B) ≥ min
∥x∥2=1

x†Bx = min σ(B). (3.23)

Then (A+∆A,B+∆B) is definite by Theorem 3.3.2, and we proceed to obtain (3.22)
by estimating and rearranging (3.20). Applying the inequality

n−1/2∥M∥op ≤ ∥M∥∞ := max
1≤i,j≤n

|Mij|, (3.24)

for n-dimensional square matrices (see [43], pp. 313-314) and Theorem 3.3.2 we
obtain

|λi − λ̃i|2 ≤ (1 + λ̃2
i )Ci, (3.25)

where
Ci = n(1 + λ2

i )
∥∆A∥2

∞ + ∥∆B∥2
∞

min σ(B)2 . (3.26)

Now note that λ̃2
i ≤ (|λi|+ |λi− λ̃i|)2 ≤ 2(λ2

i + |λi− λ̃i|2) (using (a+b)2 ≤ 2(a2 +b2)).
Combining with (3.25), we find

|λi − λ̃i|2 ≤ Ci(1 + 2λ2
i + 2|λi − λ̃i|2). (3.27)

Rearranging the above, we obtain

|λi − λ̃i|2 ≤
Ci(1 + 2λ2

i )
1− 2Ci

≤ Cmax(1 + 2λ2
i )

1− 2Cmax
, (3.28)

by making use of the fact that x 7→ 2x/(1 − 2x) is monotonically increasing on
[0, 1/2] and where Cmax = maxiCi has the closed form (3.21) with 1−2Cmax > 0. □
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In our application, using (3.18), numerical experiments showed that

min σ(P [N ](a, δ)) ≈ 102−0.94N

independently of δ. Further, any generalised eigenvalue λ ∈ σ(C(M)[N ], P [N ]) ⊆
N (C(M)) obeys |λ| ≤ 1 + (M − 1)cBM ≤ M by Theorem 2.3.1. Letting A =
C(M)[N ](a, δ) and B = P (a, δ)[N ] in Corollary 3.3.3, we find that condition (3.21) is
satisfied if the maximum error ϵ in the matrix elements obeys

ϵ ⪅
102−0.94N

2
√

(N + 1)(1 +M2)
. (3.29)

As we study 1 ≤ M ≤ 4, this constraint is satisfied, with some room to spare,
by computing the matrix elements to N + 30 digits of precision, whereupon the
maximum error ∆λN on the elements of σ(C(M)[N ], P [N ]) is bounded by

|∆λN | ⪅ 10−0.06N−32
√

2(N + 1)
√

(1 +M2)(1 + 2M2) (3.30)

For the N = 500, 1 ≤ M ≤ 4 calculations we find it is possible – in theory – to
calculate the generalised eigenvalues to |∆λ| ≤ 7.5× 10−60 or around 59 digits.

To calculate the matrix elements of C(M)(a, δ) and P (a, δ) to high precision,
we make use of the Python 3.11 library python-flint (a wrapper for the FLINT
package [36]) whose method good automatically increases working precision to
produce results accurate to the required precision. In particular, python-flint was
used to calculate the incomplete beta function in terms of hypergeometric functions,
implemented as described in [45]. The generalised eigenvalue spectrum

σ(C(M)[N ](a, δ), P [N ](a, δ))

was computed numerically using MapleTM 2023, using N + 20 digits of precision.
Although Corollary 3.3.3 gives a bound on the theoretical error for the generalised
eigenvalues, it does not take account of numerical error accumulated in the generalised
eigenvalue solver. In practice, we found that, when calculating the first Nmax

generalised eigenvalues, the Nth generalised eigenvalue is accurate to around Nmax +
3 − 0.91N digits. This means for Nmax = 500, the final eigenvalue is accurate to
48 digits, rather than the 59 digits estimated above, but for N < Nmax, the Nth
generalised eigenvalue is accurate to higher precision, with over 90 digits expected
for N ≤ 450.
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Further experimentation was used to find the values of aM , δM that appear to
produce the best, i.e., approximately largest magnitude, values of λ(M)

back/over(a, δ;N)
for given M across the range of N studied, resulting in choices aM = 2M/π and
δM = −1/4. (We do not claim that these values are precisely optimal.) Our choice
relies on the following observations. Each ψn,a,δ(q) has a unique global maximum at
q = a−1(n+ δ) and hence for each number of backflow periods M , we expect that a
good choice of a−1

M would be comparable with the gap between consecutive peaks of
the top approximate eigenvector ψ(M)

back(a, δ;N). Early numerical results suggested
that for M = 1, this gap tends to π as N increases and the best numerical results
were found when using a1 = 2/π. For larger values of M , the top approximate
eigenvector has M times as many stationary points (see Figures 3.5, 3.7 and 3.9
below) and so we selected aM = Ma1 = 2M/π. To motivate the choice δM = −1/4,
consider the action of a vector of the form ψ(q) = q−1/4f(q) under C(M), we find

(C(M)ψ)(p) = −p
−1/4

4π

∫ ∞

0
dq

sin(2M(p− q))
(p− q) cos(p− q)f(q)

− p1/4

4π

∫ ∞

0
dq

sin(2M(p− q))
(p− q) cos(p− q)q

−1/2f(q), (3.31)

suggesting that any eigenfunction of C(M) is likely to diverge as O(p−1/4) as p→ 0+.
We define λ(M)

back/over(N) = λ
(M)
back/over(aM ,−1

4 ;N).
We present numerical results for M ∈ {1, 2, 3, 4} in graphical form in Figures 3.1

and 3.2 for 100 ≤ N ≤ 500 and tabulate the values of λ(M)
back/over(500) in Table 3.1.

The values obtained for all N stored at 150 digits may be found in the Supplementary
Material.1 Note that the Nth eigenvalue should only be trusted to around 503−0.91N
decimal places. The plots display the values for N ≥ 100, over which range they
increasingly resemble smooth curves. Each separate eigenvalue sequence is monotone
and would tend to the maximum or minimum of the appropriate spectrum σ(C(M))
as N →∞. We will discuss the convergence rates and estimated limits with more
detail in the next subsection, but it is already clear that the M = 1 values stay below
the previously estimated value of the Bracken–Melloy constant cBM ≈ 0.03845 [29,
40], that one has c(M)

back ≥ b
(M)
back(1, ..., 1) > cBM and c(M)

over ≤ b(M)
over(1, ..., 1) < −1 for

2 ≤M ≤ 4, and that the value of b(2)
over(1, 1) appears to be much closer to −1 than

to the 2-fold overflow constant c(2)
over = −1− cBM.

The final values for each of our sequences λ(M)
back and λ(M)

over are shown in Table 3.1.
1See https://github.com/hkk506/Repeated-quantum-backflow-and-quantum-overflow/.

https://github.com/hkk506/Repeated-quantum-backflow-and-quantum-overflow/
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Figure 3.1: Plot of λ(M)
back(N) for 100 ≤ N ≤ 500.
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Figure 3.2: Plot of λ(M)
over for 100 ≤ N ≤ 500.

M λ
(M)
back(500) λ(M)

over(500)
1 0.036933 −1
2 0.058464 −1.0030
3 0.074860 −1.0089
4 0.088378 −1.0157

Table 3.1: Values of λ(M)
back/over(500) for 1 ≤M ≤ 4.
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As well as estimates for the backflow and overflow values of C(M), we also
computed the associated approximate eigenvectors as follows. As in Lemma 3.2.1,
each vector v ∈ RN+1 with v†P [N ](a, δ)v = 1 defines an approximate eigenvector
ψ ∈ L2(R+) for C(M),

ψ =
N∑
n=0

vnψn,a,δ. (3.32)

Define ψ(M)
back/over(a, δ;N ; ) as the L2(R+) vector given by applying (3.32) to the

generalised eigenvectors associated with the largest/smallest generalised eigenvalues
of (C(M)[N ](a, δ), P [N ](a, δ)). Figure 3.3 shows the vectors ψ(M)

back(aM ,−1/4; 500; p) for
p ∈ [0, 10]. As can be seen, all the M -fold backflow maximizing vectors appear to
diverge as p → 0. In line with δ = −1/4 giving the best approximate eigenvalue
results, we conjecture that all of the M -fold backflow maximizing vectors behave
like p−1/4 for p ∼ 0.

Figures 3.4–3.11 show the approximate backflow and overflow eigenvectors for
1 ≤ M ≤ 4. A common feature is that the envelope of the wavefunction decays
as p−3/4 for large p; in all cases except for ψ(1)

over(a1,−1/4; 500); p), we plot the
eigenfunction multiplied by a factor of p3/4 to better illustrate the oscillatory structure.
From Figures 3.5, 3.7 and 3.9, one sees that all M ≥ 2 backflow vectors have higher
frequency contributions when compared with the M = 1 backflow vector. This is
not a surprise when considering the integral kernel of the C(M) for M ≥ 2 in (2.50).

As shown in Lemma 3.2.1, if the sequences (ψ(M)
back/over(aM ,−1/4;N ; ·))N∈N con-

verge in norm, then they are Weyl sequences and the associated limiting vector
and spectral point constitute an eigenpair. For integers n,m, let d(M)

back/over(n,m) be
defined as

d
(M)
back/over(n,m) = ∥ψ(M)

back/over(aM ,−1/4;n; ·)− ψ(M)
back/over(aM ,−1/4;m; ·)∥L2(R+).

(3.33)
As a crude test, we have computed d

(M)
back(N, 500) for 1 ≤ N ≤ 499. For each

M = 1, 2, 3, 4 the values form a decaying nonincreasing sequence with final values
tabulated in Table 3.2. Similar results are obtained for the norm differences of
overflow vectors d(M)

over(N, 500) for 1 ≤ N ≤ 499 and M = 2, 3, 4. Though far from
a rigorous proof, our numerical results suggest that b(M)

back(1, . . . , 1) = max σ(C(M))
is an eigenvalue of C(M) for 1 ≤ M ≤ 4, while b(M)

over(1, . . . , 1) = min σ(C(M)) is an
eigenvalue of C(M) for 2 ≤M ≤ 4.
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M d
(M)
back(499, 500)

1 0.0058

2 0.0017

3 0.0041

4 0.0084

Table 3.2: Values of norm differences of the approximate backflow eigenvectors for
1 ≤M ≤ 4 given to 2 significant figures.
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Figure 3.3: Plot of ψ(M)
back(aM ,−1/4; 500; p) for p ∈ [0, 10]
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back(a1,−1/4; 500; p) for p ∈ [0, 100]
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Figure 3.5: Plot of p3/4ψ
(2)
back(a2,−1/4; 500; p) for p ∈ [0, 100]
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Figure 3.6: Plot of p3/4ψ(2)
over(a2,−1/4; 500; p) for p ∈ [0, 100]
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Figure 3.7: Plot of p3/4ψ
(3)
back(a3,−1/4; 500; p) for p ∈ [0, 100]
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Figure 3.8: Plot of p3/4ψ(3)
over(a3,−1/4; 500; p) for p ∈ [0, 100]
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Figure 3.9: Plot of p3/4ψ
(4)
back(a4,−1/4; 500; p) for p ∈ [0, 100]
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Figure 3.10: Plot of p3/4ψ(4)
over(a4,−1/4; 500; p) for p ∈ [0, 100]
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Figure 3.11: Plots of ψ(1)
over(a1,−1/4;N ; p) for N in multiples of 50 and p ∈ [0, 800].

The plots illustrating the structure of the backflow and overflow maximizing
vectors in Figures 3.4 to 3.10 show a particular feature. That is, the higher M
backflow/overflow maximizing vectors resemble the M = 1 backflow/overflow maxi-
mizing vector with higher frequency contributions increasing with M . Physically,
one expects that the quantum states maximizing higher M backflow and overflow
are more spatially extended2.

The infimum of the spectrum of the M = 1 operator C(1) requires particular
discussion. Fig. 3.11 shows the vectors ψ(1)

over(a1,−1/4;N) for N running from 50 to
450 inclusive in multiples of 50, generated from Nmax = 500 data. Each plot consists
of a single peak centred roughly at 1.5N , which broadens as N increases. This
suggests a sequence of vectors weakly converging to the zero vector in L2(R+, dp)
as N increases, whose C(1)-expectation values tend to −1. Such a sequence would
constitute a singular Weyl sequence for C(1) at −1, from which one could deduce that
−1 ∈ σess(C(1)) (see e.g., Theorem 2 in of [8]) – a fact that was proved rigorously
in [53]. Our numerical results are therefore in line with this result.

3.4 NUMERICAL ACCELERATION

The sequences λ(M)
back/over are guaranteed to converge to the backflow/overflow values

b(M)(1, . . . , 1), but the rate of convergence is slow. For example, λ(1)
back(500) = 0.03693

2This is shown in Section J of http://dx.doi.org/10.6084/m9.figshare.c.8174360.
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can be compared with the expected value b(1)
back = 0.03845 to 4 significant figures. In

this section we consider numerical acceleration techniques that modify a convergent
sequence, while preserving its limit, but increasing the speed of convergence, at least
for sequences of interest. The aim is to provide a better estimate of the eventual
limit from the available data.

Let lconv be the vector space of convergent real-valued sequences in ℓ∞(N).

Definition 3.4.1. A map A : lconv → lconv is called a sequence accelerator for
x ∈ lconv if Ax and x have the same limit and

(Ax)n − x∞

xn − x∞
−→ 0. (3.34)

as n→∞, where x∞ = limn→∞ xn.

Richardson accelerators provide a particularly useful class of sequence accelerators;
see Chapter 1 of [15] for a modern overview and [60] for detailed theory and
generalisations.

Definition 3.4.2. The Richardson accelerator of order γ is the linear map Rγ on
lconv with action

(Rγx)n = 2γx2n − xn
2γ − 1 . (3.35)

It is clear that Rγx is convergent with the same limit as x. Moreover, every
sequence (n−α)n∈N is an eigenvector of Rγ , with eigenvalue (2γ−α− 1)/(2γ − 1), while
for any sequence x with |xn| ≤ n−α we have a bound

|(Rγx)n| ≤
2γ−α + 1
2γ − 1 n−α. (3.36)

As Rγ is linear, if
xn = a+ b

nγ
+ ϵn, |ϵn| ≤

C

nα
(3.37)

for constants a, b, C, and α > γ, then

Rγxn = a+ (Rγϵ)n, |(Rγϵ)n| ≤
2γ−α + 1
2γ − 1

C

nα
. (3.38)

and it is clear that the rate of convergence has been improved from O(n−γ) to
O(n−α); moreover, the error terms are suppressed if

γ > 1− log2(1− 2−α). (3.39)
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The Richardson acceleration can be iterated, but a significant disadvantage is that
the number of the available terms in the resulting sequence is approximately halved
on each iteration. Alternatively, one can generalise the Richardson method as follows
– see [60] for yet further generalisations and discussion. Suppose, for some integer
k ≥ 2, that

xn =
k∑
j=1

aj
nγj

+ ϵn, |ϵn| ≤
C

nγk+1
(3.40)

where 0 = γ1 < γ2 < · · · < γk < γk+1, a1, . . . , ak and C are constant real numbers,
so xn → a1 as n → ∞. Let 1 = r1 < r2 < . . . < rk be integers and write
γ = (γ1, . . . , γk), r = (r1, . . . , rk). Let v ∈ Rk be the unique solution (the relevant
generalised Vandermonde determinant is nonvanishing by the remark at the end
of [57]) to

k∑
j=1

vj
(rj)γi

=

1 i = 1

0 i , 0
. (3.41)

Then

(Rγ,rx)n :=
k∑
j=1

vjxnrj
= a1 + (Rγ,rϵ)n, |(Rγ,rϵ)n| ≤

C

nγk+1

k∑
j=1

|vj|
r
γk+1
j

. (3.42)

The accelerator Rγ,r removes k − 1 power-law terms, while reducing the number
of available terms by a factor of approximately rk. Provided that rk < 2k−1 this
represents an advantage over the iterated Richardson accelerator Rγk

◦ · · · ◦ Rγ2 .
The simplest usage is to set rj = j for 1 ≤ j ≤ k and we will do that from now on,
dropping the vector r from the notation.

Our aim is to apply (generalised) Richardson accelerators to the sequences
λ

(M)
back/over for 1 ≤ M ≤ 4. As the asymptotics of these sequences are unknown we

also have to determine that the sequences are well-described by expansions of the
form in (3.40), and to determine the relevant exponents. Another issue is that the
sequences λ(M)

back contain oscillatory components with amplitude and period increasing
with M . These oscillations become apparent in the accelerated sequences, once the
dominant power law terms are removed, obstructing attempts to estimate the limit.

To dampen the oscillations in the sequences Kolmogorov–Zurbenko (KZ) low-pass
filters [74, 67] are applied before Richardson acceleration. The KZ filter KZm,k can
be regarded as k ∈ N iterations of a moving average over an odd number of points
m ∈ N, and preserves limits of convergent sequences. We chose k = 5 for each
filter application and then for each M chose the parameters mM such that the 3rd



3.4. Numerical acceleration 59

M 1 2 3 4
Filter KZ7,5 KZ13,5 ◦KZ7,5 KZ24,5 ◦KZ7,5 KZ38,5 ◦KZ7,5

Table 3.3: KZ filters applied for 1 ≤M ≤ 4.

successive differences have significantly diminished oscillations. Table 3.3 shows the
choice of filtering for each sequence of approximate eigenvalues. With the oscillations
significantly dampened, we begin analyzing the non-decreasing backflow sequences
by assuming that each sequence λ(M)

back has successive differences of the form

λ(N + 1)− λ(N) = βγ

Nγ+1 +O
( 1
Nγ+1+δ

)
(3.43)

for some β, γ, δ > 0. Resumming, this implies that each λ
(M)
back has the form

λ(N) = α− β

Nγ
+O

( 1
Nγ+δ

)
(3.44)

for some constant α ∈ R, which is the limit of λ(N) as N → ∞ and estimates
the supremum of the spectrum of the relevant backflow operator. We will write
β

(M)
back, γ

(M)
back to indicate the leading order parameters of the sequences λ(M)

back.
To find the leading order parameters of λ(M)

back, we make use of two tools: a log - log
plot and the Pearson correlation coefficient.

Taking the logarithm of (3.43), we find that

log(λN+1 − λN) = log(βγ)− (γ + 1) log(N) +O
( 1
N δ

)
(3.45)

and so one can estimate the parameters β, γ by the estimating the intercept and
gradient of the plot of log(λN+1 − λN) against logN .

The second tool in our arsenal is the Pearson correlation coefficient. Given two
sequences X, Y , their Pearson correlation coefficient ρ(X, Y ) ∈ [−1, 1] is given by

ρ(X, Y ) = Cov(X, Y )√
Var(X) Var(Y )

, (3.46)

which measures the extent to which Y is linearly dependent on X, with values
of ρ(X, Y ) = ±1 for the case of perfect linear correlation with positive/negative
coefficient, and values closer to 0 indicating poor linear correlation. For a given
γ > 0 and sequence λ, consider the sequence

µ(γ;λ)N = Nγ+2(λN+1 − λN). (3.47)
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Comparing with (3.43), we will choose the value of γ so as to maximise the Pearson
coefficient.

Using the log-log plots, we obtained Table 3.4 of approximate values of β(M)
back, γ

(M)
back

to 3 significant figures. Meanwhile, computation of the Pearson coefficients all give
peaks within 0.02 of γ = 0.5. On natural grounds, we argue that γ(M)

back = 0.5 for
each M , which justifies applying the accelerator R0.5 to each sequence. We can then
repeat the process of trying to estimate the next term in a putative asymptotic
expansion for λ(M)

back. In the case M = 1, we obtained good evidence for a power
γ = 1, and after applying the combined accelerator R(0.5,1) to the original sequence,
we found evidence that the next power is below 2. This suggests a conjecture that
λ

(1)
back admits an asymptotic series of the form

λ
(1)
back(N) ∼ cBM −

∑
k≥1

βk
Nk/2 (3.48)

for some coefficients βk with β1 > 0.
Using generalised Richardson accelerators, we obtain conjectural bounds on cBM.

Application of R(0.1,1,1.5,2,2.5,3) and R(0.5,1,1.5,2,2.5,3,3.5) to λ
(1)
back result in descending

and ascending sequences respectively as shown in Figure 3.12. By selecting the
final values of each sequence, we obtain conjectured upper and lower bounds to the
Bracken-Melloy constant. To eight significant figures, we find

0.038450556 ≤ cBM ≤ 0.038450568 (3.49)

and thus cBM = 0.0384506 correct to the first 6 significant figures. Of particular
note is that the upper bound we obtain is strictly below the previously accepted
figure of 0.038452. Possible reasons for this are discussed below. Note that while
the accelerators we use result in sequences whose eventual limit is guaranteed to be
equal to cBM, it is conceivable that the limited number of terms available may give
a misleading impression. For example, we cannot be sure that the two sequences
arising from R(0.5,1,1.5,2,2.5,3) and R(0.5,1,1.5,2,2.5,3,3.5) remain monotonic and provide
upper and lower bounds to cBM. It is conceivable that if more terms were computed,
these sequences might cross, perhaps many times, before approaching their common
limit. However, problems of this sort are common to all numerical computation that
is unsupported by rigorous bounds. We are currently conducting an independent
calculation of cBM which it is hoped will serve as a cross-check on these values.

Our estimate for cBM agrees with those of [29, 53] to 4 significant figures but
differs beyond that. In fact the 5th significant figure in [29] was stated tentatively,
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M β
(M)
back γ

(M)
back

1 0.0329 0.494
2 0.0739 0.495
3 0.118 0.502
4 0.0168 0.514

Table 3.4: Values of β(M)
back, γ

(M)
back for 1 ≤M ≤ 4.

though it was then apparently confirmed and refined in [53]. We briefly compare the
methods used to argue that our new estimate is likely to be the more accurate of the
three, based on the following two observations. First, in [29, 53] the backflow operator
(or an operator unitarily equivalent to it) on L2(R+) was numerically diagonalised
by truncating to a subspace L2([0,Λ]) and then discretising the resulting operator
by setting a mesh size δ ≪ Λ resulting in a matrix problem of dimension O(Λ/δ).
Although the techniques in [29, 53] were different in detail, they share the feature
that cBM is obtained in a double limit δ → 0 and Λ→∞. In practice, a mesh size
δ(Λ) > 0 is selected that appears to give reasonable estimate of the δ → 0 limit at
fixed Λ, and a sequence of results is obtained by increasing Λ through some sequence
of cutoff sizes ΛN . Consequently, the sequence of results can depend on the sequence
ΛN as well as the dependence of δ on Λ. By contrast, our method is based on closed
form expressions for the matrix elements in terms of special functions, avoiding
cutoffs and discretisation. Once we have chosen our sequence of basis functions, the
sequence of eigenvalue estimates is labelled by the single parameter N that indicates
how many basis vectors have been used; we are also able to compute these estimates
to high precision based on the error analysis in Section 3.2. Second, [29, 53] used
relatively straightforward fitting or extrapolation methods to estimate the limiting
value cBM, whereas we have used sequence acceleration to systematically remove
terms in the asymptotic series resulting in sequences that converge significantly faster
to cBM than the raw sequence λ(1)

back.

The numerical evidence for an asymptotic expansion of λ(M)
back for M = 2, 3, 4

beyond the initial N−1/2 term is rather weaker, but we conjecture that they have a
similar asymptotic expansion to the case M = 1. However, the results of successive
acceleration are limited by the extra smoothing required to limit the impact of the
more complicated oscillations in the sequences. Plots of the accelerated sequences
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Figure 3.12: Plots of RγM
λ

(M)
back for selected powers γM and 1 ≤M ≤ 4

are presented in Figure 3.12, with the resulting bounds tabulated in Table 3.5. As
with the M = 1 case, these ‘bounds’ are not rigorous, but indicate that accelerated
sequences appear to sandwich the limiting value.
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M Acceleration parameters Lower bound (LB) Upper bound (UB)
1 LB: (0.5, 1, 1.5, 2, 2.5, 3),

UB: (0.5, 1, 1.5, 2, 2.5, 3, 3.5)
0.0384505563 0.0384505678

2 LB: (0.5, 1, 1.5, 2),
UB: (0.5, 1, 1.5)

0.0618453024 0.0618597497

3 LB: (0.5, 1), UB: (0.5, 1, 1.5) 0.0800324618 0.0801617473
4 UB: (0.5) − 0.0955940854

Table 3.5: Conjectured upper and lower bounds for cBM and b
(M)
back(1, . . . , 1) for

1 ≤M ≤ 4.

As a check on our attempts to numerically accelerate λ(1)
back, we also made use

of Theorem 5 from [49], which gives an acceleration method based on the Raabe-
Duhamel (RD) convergence test.

Theorem 3.4.3. If a sequence x obeys

lim
n→∞

[
(n+ 1)xn+2 − xn+1

xn+1 − xn
− n

]
< 0 (3.50)

then x converges and the nonlinear sequence transformation

RD[x]n = xn −
n(xn+1 − xn)2

(n+ 1)(xn+2 − xn+1)− n(xn+1 − xn) (3.51)

accelerates the convergence of x.

The sequence λ
(1)
back appears to satisfy equation (3.50) for large N , as does

RDk[λ(1)
back] for k = 1, 2, 3. After four applications of Theorem 3.4.3 (with some

intermediate KZ-smoothing) to λ
(1)
back, we find cBM ≈ 0.0384506, backing up the

values we find in Table 3.5 from the generalised Richardson accelerator. We were
only able to apply the accelerator once to each of the sequences λ(M)

back for M = 2, 3, 4
and the Richardson results of Table 3.5 appear to be more stable estimates on
the basis of the data for N = 500, though they rely on our assumption that the
asymptotic behaviour mirrors that in the M = 1 case.

We now turn to the analysis of the minimum spectral estimates λ(M)
over for 2 ≤

M ≤ 4. Note that we do not include any analysis of M = 1 since it is known that
λ(1)

over(N)→ min σ(C(1)) = −1 as N →∞. Our analysis follows that of the maximum
spectral estimates and we assume that each λ(M)

over has asymptotics satisfying (3.43),
however now we will have β < 0 in line with λ(M)

over being monotonically decreasing



64 Chapter 3. Numerical Investigation of Multiple Quantum Backflow

M β(M)
over γ(M)

over
2 −0.0141 0.46
3 −0.0439 0.479
4 −0.0826 0.497

Table 3.6: Values of β(M)
over and γ(M)

over for 2 ≤M ≤ 4.

M Acceleration parameters Lower bound (LB) Upper bound (UB)
2 LB: (0.5, 1, 1.5),

UB: (0.5, 1, 1.5, 2)
−1.0037916 −1.0037899

3 LB: (0.5, 1, 1.5), UB: (0.5, 1) −1.011078 −1.011029
4 UB: (0.5), (0.5, 1) −1.01947 −1.01934

Table 3.7: Conjectured upper and lower bounds of b(M)
over(1, . . . , 1) for M = 2, 3, 4

intervals of equal length and spacing.

sequences for M = 2, 3, 4. Before going ahead with our analysis, we applied KZ
filters to λ(M)

over with the same parameters as in Table 3.3.
Using the log-log plots, for each M = 2, 3, 4 let β(M)

over and γ(M)
over be the leading order

parameters as in (3.43). The values we find are tabulated in Table 3.6. Similarly
to the parameters of maximum spectral estimates, we find peaks of the Pearson
correlation coefficient within 0.03 of γ = 0.5 and we infer γ(M)

over = 1/2 for each
M = 2, 3, 4. Following as we did for the maximum spectral estimates, we conjecture
that the λ(M)

over admit an asymptotic expansion of the form (3.48). Again by making
use of the generalised Richardson accelerators, we accelerate the convergence of the
minimum spectral estimates. The plots of these accelerated sequences are shown in
Figure 3.13.

The final values of the generalised Richardson accelerated overflow estimates are
tabulated in Table 3.7. The values are written as upper and lower bounds on the
overflow values b(M)

over(1, . . . , 1) for M intervals of equal length and spacing, in line
with the assumption that the monotonicity of the sequences remain fixed. We note
in particular that the overflow value b(2)

over(1, 1) for two intervals of equal length and
spacing is far from the M = 2 overflow constant c(2)

over = −1− cBM arising from all
possible pairs of intervals.
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-1.019488

-1.0194372

-1.0193864

-1.0193356

-1.0192848

-1.019234

R(0.5)λ
(4)
over(N)

R(0.5,1)λ
(4)
over(N)

-1.011100

-1.01107

-1.01104

-1.01101

-1.01098

-1.01095

R(0.5,1,1.5)λ
(3)
over(N)

R(0.5,1)λ
(3)
over(N)

-30 -25 -20 -15 -10 -5 -1
-1.003793

-1.0037918

-1.0037906

-1.0037894

-1.0037882

-1.003787

N

R(0.5,1,1.5)λ
(2)
over(N)

R(0.5,1,1.5,2)λ
(2)
over

Figure 3.13: Plots of RγM
λ(M)

over for selected powers γM and 2 ≤M ≤ 4.
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Numerical Investigation of the
Bracken–Melloy Operator

4.1 MATRIX APPROXIMATION AND A DENSITY PROOF

As defined in (1.17) and (1.19), the backflow operator for a pair of times t1 < t2 is
given by (

B⟨t1,t2⟩ϕ
)

(p) = − 1
2πi

∫ ∞

0
dq

eit2(p2−q2) − eit1(p2−q2)

p− q
ϕ(q) (4.1)

for ϕ ∈ L2(R+). As has been discussed in 1 and 2, the largest possible amount of
quantum backflow for a single continuous time interval, named the Bracken–Melloy
constant cBM, was first approximated in [12] to be cBM ≈ 0.04. In particular we have

cBM = max σ(B⟨t1,t2⟩) (4.2)

for any t1 < t2. We restrict our attention to the particular Bracken–Melloy operator
B := B⟨−1,1⟩ which has the simplified form

(Bϕ) (p) = − 1
π

∫ ∞

0
dq

sin(p2 − q2)
p− q

ϕ(q) (4.3)

for ϕ ∈ L2(R+). Rather than work with the Bracken–Melloy operator, we instead
work with a unitarily equivalent operator C = U∗BU where U ∈ L2(R+) has the
action

(Uϕ)(q) =
ϕ(√q)√

2q1/4
. (4.4)

66
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It is a straight-forward calculation to verify that the bounded operator C then has
the action

(Cφ)(q) = − 1
2π

∫ ∞

0
dq

sin(p− q)
p− q

(p
q

)1/4

+
(
p

q

)−1/4
φ(q) (4.5)

for φ ∈ L2(R+).

4.1.1 The Strategy

The strategy to find the largest spectral point of C is encapsulated in the following
lemma, first given in Chapter 3 but reiterated without proof for readability.

Proposition 4.1.1. Let A be a bounded self-adjoint operator on Hilbert space H

and let (χn)n∈N ⊂H be a sequence of linearly independent vectors with dense span.
Define sequences of self-adjoint N×N matrices (A[N ])N∈N and (P [N ])N∈N with matrix
elements

A[N ]
mn = ⟨χm|Aχn⟩ , P [N ]

mn = ⟨χm|χn⟩ (4.6)

for 1 ≤ m,n ≤ N . Then σ(A[N ], P [N ]) ⊆ N (A), and max σ(A[N ], P [N ]) (resp.,
min σ(A[N ], P [N ])) is a bounded nondecreasing (resp., nonincreasing) sequence with

max σ(A) = lim
N→∞

max σ(A[N ], P [N ])

min σ(A) = lim
N→∞

min σ(A[N ], P [N ]). (4.7)

For each N ∈ N, suppose v(N) ∈ CN is a generalised eigenvector obeying

A[N ]v(N) = λNP
[N ]v(N), v(N)†P [N ]v(N) = 1 (4.8)

and define ψ(N) ∈ H by

ψ(N) =
N∑
n=1

v(N)
n χn. (4.9)

If ψ(N) → ψ ∈ H in norm then

1. the sequence of generalised eigenvalues (λN)N∈N converges;

2. the sequence of vectors (ψ(N))N∈N is a Weyl sequence for λ = limN→∞ λN , i.e.,
∥ψ(N)∥ = 1 and ∥(A− λI)ψ(N)∥ → 0;

3. the limiting vector ψ is an eigenvector for A with eigenvalue λ.
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Hence, by finding the closed form of the matrix elements of C with respect to some
dense sequence in L2(R+), it will be possible to obtain rigorous lower bounds on cBM.
This method is akin to a finite element method, often used in the numerical analysis
of partial differential equations. All previous attempts to numerically study the
Bracken–Melloy operator have used lattice methods. Typically, the Bracken–Melloy
operator is studied by first fixing a finite lattice Λ(pmax, δ) ⊂ R2 with maximum
size pmax > 0 and minimum distance δ > 0. Let KBM be the integral kernel of the
Bracken–Melloy operator. Then the matrices B(pmax, δ) with

B(pmax, δ)nm = KBM(δn, δm), 0 ≤ n,m ≤ ⌊pmax⌋, (4.10)

approximate the Bracken–Melloy operator. The largest eigenvalue λ(pmax, δ) of
B(pmax, δ) then satisfies

lim
δ→0, pmax→∞

λ(δ, pmax) = cBM. (4.11)

In particular, two limits are required to find cBM. The finite element method used
in this chapter has the advantage that cBM arises from the limit of a single discrete
variable and the resulting spectral estimates constitute rigorous lower bounds on
cBM.

The choice of dense sequence is inspired by the conjecture by Yearsley and
Halliwell [69] that the Backflow maximizing vector for B has the asymptotic form
ϕ(q) ∼ sin(q2)/q. This would imply that the vector maximizing the expectation
value of C has the asymptotic form φ(q) ∼ sin(q)/q3/4. Additionally, by inspecting
the integral kernel of C, one might expect the asymptotic form of a vector in the
image of C to be

A
sin(p− α)

p3/4 +B
sin(p− α)

p5/4 (4.12)

for fixed α. It is this heuristic that led to choosing the sequence

(φn,±1/4)n≥0 = (φn,1/4, φn,−1/4)n≥0 ⊆ L2(R+) (4.13)

to be the sequence of trial vectors used to estimate cBM where for integer n and
|α| < 1/2, φn,α is given by

φn,α(q) = 1√
π
qα

sin(q − nπ)
q − nπ

. (4.14)

Before applying Lemma 3.2.1 to the backflow operator C and the sequence
(φn,±1/4)n≥0, we require density of the sequence. We make an important comment
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here. It was only possible to prove that (φ±
n )n∈Z is dense in L2(R+). We do, however,

conject that (φ±
n )n≥0 is dense in L2(R+). The proof of the density of (φn,±1/4)n∈Z is

given by the following theorem.

Theorem 4.1.2. For |α| < 1/2 and integer n ∈ Z, let φn,α ∈ L2(R+) be defined by

φn,α(q) = 1√
π
qα

sin(q − nπ)
q − nπ

. (4.15)

Then (φn,α)n∈Z is dense in L2(R+).

Before stating the proof we make a short digression to discuss and prove some
facts about band-limited functions. A band-limited function is one whose Fourier
transform is compactly supported.

−12 −8 −4 4 8 12−0.1

0.1

0.3

0.5

x

f(x) = 1√
π

sin(x)
x

−2 −1 1 2

0.25

0.5

0.75

k

f̂(k) = 1√
2
χ[−1,1](k)

Figure 4.1: Example of typical band-limited function

A typical example of a band-limited function is shown in Figure 4.1. The
compactly supported nature of f̂ means that f is intuitively a very smooth function,
since it imposes limits on how fast f can oscillate.

Definition 4.1.3. For p, σ > 0, let PW p,σ be the class of Paley-Wiener functions
defined by

PW p,σ =
{
f ∈ Lp(R) : supp f̂ ⊆ [−σ, σ]

}
. (4.16)

Elements of Paley-Wieiner spaces are also called band-limited functions. An
important property of band-limited functions is that they can be extended to
holomorphic functions on C. This can be seen in the following argument. For
f ∈ PW 2,1, we have

f(x) = 1√
2π

∫ 1

−1
dk f̂(k)eikx. (4.17)

As can be seen, by substituting x with x+ iy for some y ∈ R, we obtain

f(x+ iy) = 1√
2π

∫ 1

−1
dk f̂(k)e−kyeikx (4.18)
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which clearly converges for any x, y ∈ R. Differentiating (4.18), it follows that
f is holomorphic on C. An immediate corollary of this is that for any p > 1,
PW p,1 ⊆ C∞(R). The Paley-Wieiner spaces PW p,1 for p > 1 will play an important
role in the proof of theorem 4.1.2 for the following reason. For n ∈ Z, let sn ∈ L2(R)
be the shifted sinc vector

sn(q) = sin(q − nπ)
q − nπ

. (4.19)

Note that for n ∈ Z and q ∈ R, we have
1√
2π

∫ ∞

−∞
dk

1√
2
e−iknπχ[−1,1](k)eikq = 1√

π

1
2(q − nπ)

(
ei(q−nπ) − e−i(q−nπ)

)
(4.20)

= 1√
π

sin(q − nπ)
q − nπ

(4.21)

and hence by the Fourier inversion theorem on L2(R), we find that ŝn ∈ PW 2,1 for
all n ∈ Z. As was first shown by Shannon in 1948 [59], one can reconstruct a function
f ∈ PW 2,1 by its samples on the grid (nπ)n∈Z using the shifted sinc functions sn.
For a modern overview of sampling theorems, the reader is guided to [16, 17]. The
classical Shannon sampling theorem says that if f ∈ PW p,σ for some p > 1 and
σ > 0, then f admits a representation as an infinite sum of sinc functions. The
following theorem is a precise version of this, taken from Theorem 1 of [30].

Theorem 4.1.4. (Shannon sampling theorem) Let σ > 0 and 1 < p < ∞. If
f ∈ PW p,σ then

lim
N→∞

∥∥∥∥∥∥f −
∑

|k|≤N
f

(
kπ

σ

)
sk(σ·)

∥∥∥∥∥∥
p

= 0. (4.22)

Furthermore,

f(x) =
∞∑

k=−∞
f

(
kπ

σ

)
sk(σx) (4.23)

for all x ∈ R.

Theorem 4.1.4 tells us that if f ∈ PW p,σ, then f may be reconstructed from its
samples. The following Lemma will be used in the proof of theorem 4.1.2.

Lemma 4.1.5. Let 1 < p <∞, f ∈ PW p,1 and |α| < 1/2. Then∥∥∥∥∥∥Xα

f − ∑
|n|≤N

f(nπ)sn

∥∥∥∥∥∥
2

→ 0 as N →∞, (4.24)

where X is the densely defined position operator with action (Xf)(x) = xf(x).
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For the proof, we require the notion of Schwartz functions1, defined by

S(R) =
{
f : R→ C

∣∣∣∣f smooth and ∥f∥p,q <∞ for all p, q ∈ N0

}
(4.25)

where ∥f∥p,q are The Schwartz seminorms given by

∥f∥p,q = sup
x∈R

∣∣∣∣∣xq
(
d

dx

)p
f(x)

∣∣∣∣∣ . (4.26)

Proof of lemma 4.1.5. Note that for any N ∈ N we can write∥∥∥∥∥∥Xα

f − ∑
|n|≤N

f(nπ)sn

∥∥∥∥∥∥
2

2

=
(∫ 1

0
+
∫ ∞

1

)
dx x2α

∣∣∣∣∣∣f(x)−
∑

|n|≤N
f(nπ)sin(x− nπ)

x− nπ

∣∣∣∣∣∣
2

. (4.27)

Let I1(N) and I2(N) denote the first and second integrals in (4.27). Then we find
that

I1(N) ≤ sup
0≤x≤1

∣∣∣∣∣∣f(x)−
∑

|n|≤N
f(nπ)sin(x− nπ)

x− nπ

∣∣∣∣∣∣
2 ∫ 1

0
dx x2α

= 1
2α + 1 sup

0≤x≤1

∣∣∣∣∣∣f(x)−
∑

|n|≤N
f(nπ)sin(x− nπ)

x− nπ

∣∣∣∣∣∣
2

. (4.28)

Since supp f̂ ⊆ [−1, 1], f extends to an entire function on C. Applying equation 4.23
of theorem 4.1.4, we have

I1(N)→ 0 as N →∞ (4.29)

Now consider the integral I2(N) given by and obeying

I2(N) =
∫ ∞

x0
dx x2α

∣∣∣∣∣∣f(x)−
∑

|n|≤N
f(nπ)sin(x− nπ)

x− nπ

∣∣∣∣∣∣
2

(4.30)

≤ sup
x≥1

x2α

∣∣∣∣∣∣f(x)−
∑

|n|≤N
f(nπ)sin(x− nπ)

x− nπ

∣∣∣∣∣∣
1−ϵ

∥∥∥∥∥∥f −

∑
|n|≤N

f(nπ)sn

∥∥∥∥∥∥
1+ϵ

1+ϵ

(4.31)

1An exposition of Schwartz functions and the associated Schwartz distributions can be found in
[42].
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for 0 < ϵ < 1− |2α|. We will now show that the supremum is bounded from which
convergence will follow from the convergence of the Whittaker series in the L1+ϵ

norm. First let

S(N) = sup
x≥1

x2α

∣∣∣∣∣∣f(x)−
∑

|n|≤N
f(nπ)sin(x− nπ)

x− nπ

∣∣∣∣∣∣
1−ϵ
 . (4.32)

By the triangle inequality

S(N) ≤
sup
x≥1

x2α/(1−ϵ)|f(x)|+
∑

|n|≤N
|f(nπ)| sup

x≥1
x2α/(1−ϵ)

∣∣∣∣∣sin(x− nπ)
x− nπ

∣∣∣∣∣
1−ϵ

. (4.33)

The first term in (4.33) is finite from the fact that f ∈ S(R). For the second term,
note that for any x ≥ 1 we have

x2α/(1−ϵ)
∣∣∣∣∣sin(x− nπ)

x− nπ

∣∣∣∣∣ ≤ x

∣∣∣∣∣sin(x− nπ)
x− nπ

∣∣∣∣∣ ≤ | sin(x− nπ)|+ |nπ|
∣∣∣∣∣sin(x− nπ)

x− nπ

∣∣∣∣∣
(4.34)

where we have added and subtracted nπsn(x) under the absolute value and applied
the triangle inequality. Taking the supremum over x ≥ 1, we find

sup
x≥1

∣∣∣∣∣x1/(2(1+ϵ)) sin(x− nπ)
x− nπ

∣∣∣∣∣ ≤ 1 + |nπ|. (4.35)

Substituting this into the sum in (4.33), we find that

S(N) ≤
sup
x≥1

x2α(1+ϵ)|f(x)|+
∑

|n|≤N
|f(nπ)|(1 + |nπ|)

1−ϵ

≤
(

sup
x≥1

x2α/(1−ϵ)|f(x)|+
∞∑

n=−∞
|f(nπ)|(1 + |nπ|)

)1−ϵ

<∞ (4.36)

since f ∈ S(R). Now note that there is a continuous embedding S(R) ↪→ L1+ϵ(R)
since

∥f∥1+ϵ
1+ϵ ≤

∫ ∞

−∞
dx

∥f∥1+ϵ
0,2

(1 + x2)1+ϵ = Cϵ∥f∥1+ϵ
0,2 . (4.37)

where for p, q ∈ N ∪ {0}, ∥ · ∥p,q is the Schwartz seminorm defined by

∥f∥p,q = sup
x∈R

∣∣∣∣∣xq
(
d

dx

)p
f(x)

∣∣∣∣∣ . (4.38)

and Cϵ > 0 is a constant independent of f . Hence f ∈ L1+ϵ(R) and by assumption
supp f̂ ⊆ [−1, 1]. By equation 4.22 of theorem 4.1.4, the right hand side of (??)
vanishes in the limit as N →∞. This completes the proof. □
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Proof of theorem 4.1.2. First note the natural embedding, Mϑ : L2(R+) ↪→ L2(R),
given by multiplication by the Heaviside function ϑ. From here onwards we will
drop the ι with the understanding that L2(R+) ⊂ L2(R). A well known property of
Hilbert spaces is that a sequence is dense if and only if there is no non-trivial vector
orthogonal to every element. Assume that there exists some g ∈ L2(R) with

supp g ⊆ R+, ⟨g|φn,α⟩ = 0 (4.39)

for all n ∈ Z. Recall the definitions of the unbounded position operator X and that
the shifted sinc functions sn ∈ L2(R). We can write the orthogonality condition on
g as

0 = ⟨g||X|αsn⟩ for all n ∈ Z. (4.40)

For g obeying (4.39), let Tg : S(R)→ R be the map defined by

Tg(f) = ⟨g|Xαf⟩ . (4.41)

Immediately, we find that

Tg(f) =
∫ ∞

0
dx g(x)xαf(x) =

∫ ∞

0
dx

xαg(x)
1 + x2 (1 + x2)f(x)

=
〈

Xα

1 +X2 g

∣∣∣∣(1 +X2)f
〉
. (4.42)

Since Xα(1 +X2)−1g, (1 +X2)f ∈ L1(R+), by Hölder’s inequality, Tg(f) exists for
all f ∈ S(R) and

|Tg(f)| ≤
∥∥∥∥ Xα

1 +X2 g
∥∥∥∥

1
∥f∥0,2 (4.43)

where the Schwartz seminorms ∥ · ∥p,q are described in (4.26). Consequently we find
Tg ∈ S ′(R). We will now show that supp T̂g ∩ [−1, 1] = ∅ in the distributional sense.
Recall that for n ∈ Z, sn ∈ L2(R) is the shifted sinc vector sn(x) = sin(x− nπ)/(x−
nπ). Then for f ∈ S(R) and any N ∈ N one can write

Tg(f) =
〈
g

∣∣∣∣∣∣Xα
N∑

n=−N
f(nπ)sn

〉
+
〈
g

∣∣∣∣∣∣Xα

f − N∑
n=−N

f(nπ)sn

〉 . (4.44)

By hypothesis, the first term of (4.44) vanishes. By the Cauchy-Schwarz inequality
we have

|Tg(f)| ≤ ∥g∥2

∥∥∥∥∥∥Xα

f − N∑
n=−N

f(nπ)sn

∥∥∥∥∥∥
2

, (4.45)
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for any N ∈ N.
For a distribution u ∈ S ′(R), let û ∈ S ′(R) be its Fourier transform defined by

û(f) = u(f̂). Now suppose that f satisfies supp f̂ ⊆ [−1, 1]. Then by taking the
limit of (4.45) as N →∞ and applying lemma 4.1.5, we find

Tg(f) = 0 (4.46)

for any f ∈ S(R) ∩ PW 2,1 or equivalently

supp T̂g ∩ [−1, 1] = ∅. (4.47)

Now we turn to the bulk of the theorem. For ψ ∈ C∞
0 (R) with supp ψ ⊆ [−1+δ, 1−δ]

for some small 0 < δ < 1, let t̂g = T̂g ∗ ψ ∈ C∞(R). The support of t̂g obeys
supp t̂g ⊆ supp T̂g + suppψ and so supp t̃g ∩ [−δ, δ] = ∅. One can express t̂g as a
distribution,

t̂g(f) =
∫ ∞

−∞
dx f(x)

∫ ∞

−∞
dy g(y)|y|α

∫ ∞

−∞
dk ψ(k − x)e−iky (4.48)

=
∫ ∞

−∞
dx f(x)

∫ ∞

−∞
dy g(y)|y|α

∫ ∞

−∞
dk ψ(k)e−i(k+x)y (4.49)

=
∫ ∞

−∞
dx f(x)

∫ ∞

−∞
dy g(y)|y|αψ̂(y)e−ixy (4.50)

=
∫ ∞

−∞
dy g(y)|y|αψ̂(y)f̂(y) (4.51)

= T̂gψ̂(f). (4.52)

Note that since ψ ∈ C∞
0 (R), we have ψ̂ ∈ S(R). If there exists a non-trivial g ∈ L2(R+)

satisfying ⟨g|φn,α⟩ = 0 for all n ∈ Z, then setting h = gψ̂ one finds a distribution
T̂h ∈ C∞(R) ∩ S ′(R) satisfying supp T̂h ∩ [−δ, δ] = ∅ for some δ > 0. We can then
assume there exists a h ∈ L2(R) satisfying

supp h ⊆ R+, supp T̂h ∩ [−δ, δ] = ∅, P (X)h ∈ L2(R+) (4.53)

for all polynomials P where the condition involving polynomials follows from the
fact that ψ̂ ∈ S(R). Let us further assume that ψ satisfies

∫
ψ = 0. This implies that

ψ̂(0) = 0. Since ψ ∈ C∞
0 (R), it follows that ψ̂ is entire. For z in an open set containing

0, we have ψ̂(z) = ψ′(0)z +O(z2). Consequently |X|αψ̂ is bounded and it follows
that |X|αh = |X|αψ̂g ∈ L2(R). The distribution Th is then simply the image of
|X|αh in the natural embedding L2(R) ↪→ S ′(R) given by f 7→ (ϕ ∈ S(R) 7→ ⟨f |ϕ⟩).
For convenience we write Th ∈ L2(R) now obeying (4.53) and

supp T̃h ∩ [−δ, δ] = ∅. (4.54)
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Define C± as the upper (+) and lower (−) complex half planes. From the support
property of Th in (4.54), we find that T̂h given by

T̂h(z) = 1
2π

∫ ∞

0
dx Th(x)e−izx (4.55)

is analytic on the lower half plane C−. We now make use of the Schwarz reflection
principle, for which the reader is guided to Chapter 6 of [1] for an overview. The
Schwartz reflection principle says that from an analytic function s− : C− → C, one
can define an analytic function s+ : C+ → C by s+(z) = s−(z) for z ∈ C+. From the
reflection principle, we find that Gh given by Sh(z) = T̂h(z) is analytic on the upper
half plane C+ and furthermore both T̂h and Sh agree on the real line.

Here, we make use of a edge of the wedge-like theorem for complex functions of a
single complex variable. Letting the region [0, δ]× R be our wedge with edge [0, δ],
we find that the function F defined on [0, δ]× (R \{0}) by

F (z) =

T̂h(z) z ∈ C− ∩ ([0, δ]× R)

Sh(z) z ∈ C+ ∩ ([0, δ]× R)
(4.56)

is analytic on its domain. Furthermore, one can distributionally define F on smooth
test functions ϕ ∈ C∞(0, δ) by

⟨F |ϕ⟩ = lim
y→0

∫ δ

0
dx F (x+ iy)ϕ(x). (4.57)

By [66, page 53], we find F is in fact holomorphic on all of [0, δ]× R. However, by
(4.54), F vanishes on an open interval and so F = 0 identically. The only way this
can be the case is if Th = 0 identically from which it follows that |X|αψ̂g = h = 0.
Since ψ is compactly supported, ψ̂ must be analytic and consequently has isolated
zeroes. We conclude that g = 0 up to L2 equivalence. Hence there is no non-trivial
vector g obeying

⟨g|φn,α⟩ = 0 (4.58)

for all integer n ≥ 0.
□

Applying theorem 4.1.2 with α = 1/4 and α = −1/4, we find that (φn,±1/4)n≥0 is
dense in L2(R+). As such, we can now safely apply lemma 3.2.1 to find lower bounds
on the Bracken–Melloy constant cBM.
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4.2 MATRIX ELEMENTS

As in lemma 3.2.1, we now construct the matrices of Gram elements and operator
matrix elements for the sequence (φn,±1/4)n≥0 and Bracken–Melloy operator C. For
integer N ∈ N, let(

P [N ]
στ

)
nm

=
〈
φn−1,σ1/4

∣∣∣φm−1,τ1/4
〉
,

(
C [N ]
στ

)
nm

=
〈
φn−1,σ1/4

∣∣∣Cφm−1,τ1/4
〉

(4.59)

for σ, τ ∈ {+,−}. Further for i, j ∈ {1, 2}, let eij ∈ R2×2 be the basis matrices with
entries (eij)mn = δimδjn. Then we define

P [N ] = P
[N ]
++ ⊗ e11 + P

[N ]
+− ⊗ e12 + P

[N ]
−+ ⊗ e21 + P

[N ]
−− ⊗ e22, (4.60)

C [N ] = C
[N ]
++ ⊗ e11 + C

[N ]
+− ⊗ e12 + C

[N ]
−+ ⊗ e21 + C

[N ]
−− ⊗ e22 (4.61)

as the complex valued 2N + 1 square matrices. From these two sequences of square
matrices, we will find an approximation to the Bracken–Melloy constant cBM and
associated approximate eignvector according to proposition 3.2.1.

4.2.1 P and C matrix elements

This subsection is concerned with calculating the matrix elements of the bounded
integral operator C, which as in (4.5), has the action

(Cφ)(p) = − 1
2π

∫ ∞

0
dq

sin(p− q)
p− q

(p
q

)1/4

+
(
p

q

)−1/4
φ(q), (4.62)

for φ ∈ L2(R+).
Much of the following work was done prior to the start of my PhD by Chris

Fewster. However, every calculation done prior has been repeated and furthermore
generalised by myself, as can be found in appendix D.

For σ, τ ∈ {+,−} let Pσ,τ and Cσ,τ be the infinite matrices with elements

(Pσ,τ )m+1,n+1 =
〈
φn,σ/4

∣∣∣φm,τ/4
〉
, (Cσ,τ )m+1,n+1 =

〈
φm,σ/4

∣∣∣Cφn,τ/4
〉

(4.63)

for m,n ∈ Z. The elements of P are given by

(Pσ,τ )m+1,n+1 = 1
π

∫ ∞

0
dq q(σ+τ)/4 sin(q − nπ) sin(q −mπ)

(q − nπ)(q −mπ) (4.64)

= (−1)m+n

π

∫ ∞

0
dq q(σ+τ)/4 sin2 q

(q − nπ)(q −mπ) . (4.65)
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Letting fσ,τ be given by

fσ,τ (x, y) =
[
x(1+σ)/4

y(1−τ)/4 + y(1+τ)/4

x(1−σ)/4

]
, (4.66)

then

(Cσ,τ )m,n (4.67)

= − 1
2π2

∫ ∞

0
dx
∫ ∞

0
dy

sin(x−mπ) sin(x− y) sin(y − nπ)
(x−mπ)(x− y)(y − nπ) fσ,τ (x, y) (4.68)

= (−1)m+n+1

2π2

∫ ∞

0
dx
∫ ∞

0
dy

sin x(sin x cos y − cosx sin y) sin y
(x−mπ)(x− y)(y − nπ) fσ,τ (x, y)

(4.69)

= (−1)m+n+1

4π2

∫ ∞

0
dx
∫ ∞

0
dy

sin2 x sin 2y − sin 2x sin2 y

(x−mπ)(x− y)(y − nπ) fσ,τ (x, y). (4.70)

Define

D±
mn =

∫ ∞

0
dx x±1/2

∫ ∞

0
dy

sin2 x sin 2y − sin 2x sin2 y

(x−mπ)(x− y)(y − nπ) , (4.71)

Emn =
∫ ∞

0
dx

∫ ∞

0
dy

sin2 x sin 2y − sin 2x sin2 y

(x−mπ)(x− y)(y − nπ) , (4.72)

Fmn =
∫ ∞

0
dx x1/2 sin(x− α)

∫ ∞

0

dy

y1/2
sin2 x sin 2y − sin 2x sin2 y

(x−mπ)(x− y)(y − nπ) . (4.73)

Then

(Cσσ)mn = (−1)m+n+1

4π2 (Dσ
mn +Dσ

nm), (4.74)

(C+−)mn = (−1)m+n+1

4π2 (Emn + Fmn), (C−+)mn = (−1)m+n+1

4π2 (Emn + Fmn).

(4.75)

For |c| < 1, α, β ∈ R let

F (c, α;x) = PV
∫ ∞

0

dy

yc
sin 2y

(x− y)(y − α) , (4.76)

G(c, α;x) = PV
∫ ∞

0

dy

yc
sin2 y

(x− y)(y − α) , (4.77)

H(c, α;x) = F (c, α;x) sin2 x−G(c, α;x) sin 2x, (4.78)
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then we have

C±
mn =

∫ ∞

0
dx
x±1/2H(0, nπ;x)

x−mπ
, (4.79)

Dmn =
∫ ∞

0
dx
H(0, nπ;x)
x−mπ

, (4.80)

Emn =
∫ ∞

0
dx
x1/2H(1/2, nπ;x)

x−mπ
, (4.81)

(Pσ,τ )m+1,n+1 = (−1)m+n+1G
(
−σ + τ

4 , nπ,mπ
)
. (4.82)

The closed forms of C±
mn, Dmn and Emn are given by

C±
mn =


− (f(0, nπ) + π)G(∓1/2, nπ;mπ) + 1

2g(0, nπ)F (∓1/2, nπ;mπ)
+K(∓1/2, 0;nπ,mπ)

, n , 0

J(∓1/2,mπ) , n = 0.

Dmn =


− (f(0, nπ) + π)G(0, nπ;mπ) + 1

2g(0, nπ)F (0, nπ;mπ)
+K(0, 0;nπ,mπ)

, n , 0

J(0,mπ) , n = 0

Emn = −f(1/2, nπ)G(−1/2, nπ;mπ)− πG(0, nπ;mπ)

+ 1
2g(1/2, nπ)F (−1/2, nπ;mπ) +K(−1/2, 1/2;nπ,mπ) (4.83)
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where for m , n

K(∓1/2, 0;nπ,mπ) = ∓1− δmn
2 Im q(∓1/2,mπ)− q(∓1/2, nπ)

m− n

− δmn
π±1/2eiπ(ϑ(n)(1∓1/2)−1/2)

2|n|1∓1/2

(
1
2 log |nπ| − iπε(n)

4 ± 1
)

− (1− δmn)π±1/2Γ(1± 1/2)
m− n

× Re
[
e∓iπϑ(n)/2|n|±1/2Γ̃(∓1/2,−2nπi)

−e∓iπϑ(m)/2|m|±1/2Γ̃(∓1/2,−2mπi)
]

+ δmnπ
±1/2Γ(1∓ 1/2)
4|n|1∓1/2

× Im eiπ((1∓1/2)ϑ(n)−1/2)
[
e∓iπε(n)/2|2nπ|∓1/2

−Γ(1∓ 1/2) + (2nπi∓ 1/2)Γ(∓1/2,−2nπi)]

+ (1− δmn) Im e∓iπ/4P (∓1/2,mπ)− P (∓1/2, nπ)
2π(m− n)

+ δmn Im e∓iπ/4P ′(∓1/2, nπ), (4.84)

K(0, 0;nπ,mπ) = 1− δnm
4π2

q(0, nπ)− q(0,mπ)
m− n

− δnmε(n)
4n

+ 1− δnm
4(m− n) Re [log |nπ|+ Γ(0,−2nπi)

− log |mπ| − Γ(0,−2mπi)− iπ(ε(n)− ε(m))/2]

− πδnm
2 Im Γ(0,−2nπi) (4.85)

K(−1/2, 1/2;nπ,mπ) = (1− δmn)L(mπ)− L(nπ)
2
√
π(m− n) − δmnnπ

3/2L2(nπ) + δmn
2n

+ δmnε(n)
2

√
π

|n|
Im(1− i)Γ(1/2, 2|n|πi)

+ δmnϑ(n)π3/2 Re Γ(1/2, 2nπi) (4.86)

for m,n ∈ Z \ {0}. The derivation of the closed form expressions for F,G,H, J, P, L
and L2 can be found in Appendix D.1. We give the general formulae for the functions,
as well as the more specific values for arguments on πZ. The function F is given by

F (c, α;x) = f(c, α)− f(c, x)
x− α

, (4.87)
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where

f(c, x) = Γ(1− c) Im e−iπc/2(ix)−ce2xiΓ(c, 2xi) + πϑ(x) cos 2x
xc

, (4.88)

= Γ(1− c)
|x|c

Im e−iϑ(x)πce2xiΓ(c, 2xi) + πϑ(x) cos 2x
xc

. (4.89)

In particular, we have

f(1/2, x) = −
√
π

x
Re e2xiΓ(1/2, 2xi) + π cos(2x)√

x
, (4.90)

f(1/2, nπ) = − 1√
|n|

Re eiπϑ(−n)/2Γ(1/2, 2πni) + ϑ(n)
√
π

n
, (4.91)

f(1/2, 0) = 2
√
π, (4.92)

f(0, x) = Im e2xiΓ(0, 2xi) + π cos 2x, (4.93)
f(0, nπ) = Im Γ(0, 2πni) + ϑ(n)π, (4.94)

f(0, 0) = π

2 , (4.95)

f(−1/2, x) =
√
πx

2 Re e2xiΓ(−1/2, 2xi) + π
√
x cos 2x, (4.96)

f(−1/2, nπ) = π
√
n

2 Im eiϑ(n)π/2Γ(−1/2, 2πni) + ϑ(n)π3/2√n, (4.97)

f(−1/2, 0) =
√
π

2 . (4.98)

Making use of (4.87), the specific values of F (c, nπ;x) at x = nπ for n ∈ Z \ {0} are
given by

F (1/2, nπ;nπ) = Im e−iϑ(n)π/2

2π|n|3/2 (1− 4nπi)Γ(1/2, 2nπi)− 1
n
√
π

+ ϑ(n)
2n3/2√π

, (4.99)

F (0, nπ;nπ) = 2Ci(2nπ), (4.100)

F (−1/2, nπ;nπ) = Im e−iϑ(n)π/2

4
√
|n|

(1 + 4nπi)Γ(−1/2, 2nπi) + 1
2n
√
π
−
√
πϑ(n)
2
√
n

.

(4.101)

Similarly for G, its closed form is given by

G(c, α;x) = g(c, α)− g(c, x)
2(x− α) (4.102)
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where

g(c, x) = π

|x|c
(ϑ(x) cotπc+ ϑ(−x) cscπc)− Γ(1− c)

|x|c
Re e−iπcϑ(x)e2xiΓ(c, 2xi)

+ πϑ(x) sin 2x
xc

.

(4.103)
Furthermore, we have

L(nπ) =
√
πRe Γ(0, 2|n|πi)− 2π3/2 Im erfc(

√
|n|π(1 + i)) +

√
π(log(8|n|π) + γ)

+ 4π
√
|n| Im 2F2(1, 1; 3/2, 2;−2|n|πi), (4.104)

L2(nπ) = − 1√
π|n|

Im Γ(0,−2|n|πi) +
√
π

|n|
Re erfc(

√
|n|π(1− i))− 1

2π3/2n2

− 1
2
√
π|n|3/2 . (4.105)

for n ∈ Z \ {0} and
L(0) = 2

√
π log 2. (4.106)

The values for the function q are given by

q(∓1/2, nπ) = e∓iπϑ(n)/2|nπ|∓1/2
(

log |nπ| − iπε(n)
2

)
, (4.107)

q(0, nπ) =
(

log |nπ| − iπε(n)
2

)2

. (4.108)

The values for the function J̃ are given by

J̃(∓1/2, nπ) = ∓Γ(1± 1/2)
|nπ|1∓1/2 Im eiπϑ(n)(1∓1/2)Γ(0, 2nπi)Γ̃(1∓ 1/2,−2nπi)

± π±1/2Γ(1± 1/2)
|n|1∓1/2 Re e−iπϑ(n)(1∓1/2)

(
Γ(1∓ 1/2) + π

2
−2Γ(1∓ 1/2,−2nπi))

− 21∓1/2γΓ(1± 1/2)
1∓ 1/2 Im 2F2(1, 1∓ 1/2; 2, 2∓ 1/2; 2nπi)

± 2Γ(1± 1/2)
|nπ|1∓1/2 Im e−iπϑ(n)(1∓1/2) [Γ(1∓ 1/2)ψ(1∓ 1/2)

− Γ(1∓ 1/2,−2nπi)
(

log |2nπ| − iπε(n)
2

)

+ π(log |2nπ| − iπε(n)/2− ψ(±1/2)
Γ(1± 1/2)

]
, (4.109)
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J̃(0, nπ) = γ

2nπ −
ε(n)
4n + 1

2nπ Im Γ(0,−2nπi) + Re 2F2(1, 1; 2, 2;−2nπi)

− (1 + γ) Re 2F2(1, 1; 2, 2; 2nπi)

− Re d

dc

∣∣∣∣∣∣
c=1

3F3(1, 1, 1; c, 2, 2; 2nπi) + γ

2nπ Im Γ′(0,−2nπi)

− γε(n)
2n − 1

2nπ Im
(
γ − log |2nπ|+ iπε(n)

2

)
Γ′(1,−2nπi)

− 1
4nπ Im Γ′′(1,−2nπi). (4.110)

Finally, the P values are given by

P (∓1/2, nπ) = e±iπε(n)/2|nπ|±1/2Γ(1± 1/2)Γ(0, 2nπi)Γ̃(∓1/2,−2nπi)
± e±iπε(n)/4π1±1/2|n|±1/2Γ(1± 1/2)Γ(∓1/2, 2nπi)
+ e±iπε(n)/4|nπ|±1/2Γ(1± 1/2) [Γ′(1∓ 1/2,−2nπi)

−Γ(∓1/2,−2nπi)
(

log |nπ| − iπε(n)
2 + ψ(1± 1/2)

)]
, (4.111)

P (0, nπ) = (−γ + iπε(n))Γ(0, 2nπi)− 2 Im Γ′(0, 2nπi)
− |Γ(0, 2nπi)|2 +G 3,1

2,3 ( 0,1
0,0,0 | 2nπi))

− Γ(0,−2nπi)
(

log |nπ| − iπε(n)
2 + γ

)
, (4.112)
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P ′(∓1/2, nπ) = (imπ ± 1/2)eiπε(n)(1∓1/2)/2|nπ|±1/2−1

× Γ(1± 1/2)Γ̃(∓1/2,−2nπi)Γ(0, 2nπi)

+ i2∓1/2Γ(1± 1/2)Γ(0, 2nπi)
nπ

− 2e∓iπε(n)/2Γ(1± 1/2)|nπ|±1/2Γ(∓1/2,−2nπi)Γ(0, 2nπi)
− eiπε(n)(1∓1/2)/2|nπ|±1/2−1Γ(1± 1/2)Γ̃(∓1/2,−2nπi)
∓ πΓ(1± 1/2)
×
[
(∓1/2− 2nπi)eiπε(n)(1∓1/2)/2|nπ|±1/2−1Γ(∓1/2, 2nπi)

±2∓1/2

nπ

]
+ e−iπε(n)(1∓1/2)/2|nπ|±1/2−1Γ(1± 1/2)G 3,1

2,3 ( ∓1/2,1
1∓1/2,∓1/2,0 | 2nπi)

+ (b± 2nπi)Γ(1± 1/2)eiπε(n)(1∓1/2)/2|nπ|±1/2−1

×
[
Γ(∓1/2,−2nπi)

(
log |nπ| − iπε(n)

2 + ψ(1± 1/2)
)

−Γ′(∓1/2,−2nπi)]

+ eiπ(1∓1/2)ε(n)/2|nπ|±1/2−1Γ(1± 1/2)
[

Γ(∓1/2,−2nπi)
nπi

+2∓1/2eiπ(1±1/2)ε(n)/2|nπ|∓1/2−1(ψ(1± 1/2)− log 2)
]
, (4.113)

P ′(0, nπ) = 2 [(−γ + iπε(n))Γ(0, 2nπi)− Γ′(0, 2nπi)]

−
[
πε(n) + iγ

nπ
+ i log |2nπ| − πε(n)/2

nπ

]
− 2iRe Γ(0, 2nπi) + 2∂G 3,1

2,3 ( 0,1
1,0,0 | 2nπi)

− 2 [Γ′(0,−2nπi) + (γ − (log |nπ| − iπε(n)/2)Γ(0,−2nπi)

−i log 2 + γ + Γ(0,−2nπi)
nπ

]
(4.114)

for n ∈ Z \ {0}.
With these matrix elements calculated, it remains to compute the generalised

eigenpairs of (C,P ) which is done in the following chapter.
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Numerical Analysis of the
Bracken–Melloy Operator

5.1 NUMERICAL EVALUATION OF THE MATRIX ELEMENTS

This chapter is dedicated to the solution of the generalised eigenproblem

C [N ]v = λP [N ] (5.1)

for N ∈ N. From Section 4.2 of chapter 3, we have closed form expressions for
the elements of C [N ] and P [N ]. To numerically compute these elements, we make
use of the arbitrary precision C libraries Arb [44] and FLINT (Fast LIbrary for
Number Theory). Arb makes use of a computational tool known as ball arithmetic.
Each value in Arb is represented as a ball, a subset of the real line in the form
[m− r,m+ r] where m (the midpoint) and r (the radius) are both given as binary
floating point numbers, i.e. values of the form u2v for u, v ∈ Z or one of the special
values ±∞,NaN(Not a Number). In practice the radius r is the error on the value
m. The real benefit of using Arb is that with every step of a numerical computation,
the radius r accommodates any additional numerical error that may arise through
rounding or other approximation.

With this data structure in place, Arb implements functions as follows. Suppose
we have some function f : A→ B, then a ball implementation of f is some F such
that

F ([m− r,m+ r]) = [f(m)− r′, f(m) + r′] (5.2)

for some known r′ > 0 depending on m, r and f . The Arb ball data structure is
very useful for computing special functions which are typically calculated using some

84



5.2. The Generalised Eigenvalue Problem 85

infinite series or integral. To demonstrate this, suppose some function f is defined as

f(x) =
∞∑
n=0

an(x) (5.3)

where the (an)∞
n=0 are functions that are ‘easy’ to compute. Then, as is typical

in any numerical computation, a ball implementation of f only needs to compute∑N
n=0 an(x) where N is the smallest N such that |f(x)−∑N−1

n=0 an(x)| ≤ 10−dps where
dps is the decimal precision as set by the user. The ball implementation of f(x) for
some x will then be

F (x) ⊆
[
N∑
n=0

an(x)− ϵ,
∞∑
n=0

an(x) + ϵ

]
(5.4)

with the guarantee by Arb that f(x) ∈ F (x). This guarantee, coupled with the well
benchmarked speedup [44] that ball arithmetic demonstrates compared to standard
floating point arithmetic, is why Arb was necessary for the computation of the matrix
elements of P and C.

Now using corollary 3.3.3 from chapter 3, we find that the error ∆λ on the
generalised eigenvalues λ satisfying

C [N ]v = λP [N ]v (5.5)

is bounded by

|∆λ| ≤ N(1 + cBM)∥∆P
[N ]∥2

∞ + ∥∆C [N ]∥∞

min σ(P [N ])2 (5.6)

where ∆P [N ] and ∆C [N ] are error matrices associated with P [N ] and C [N ] respectively.
Early numerical experiments showed that min σ(P [N ]) ≈ 10−2.7N and so using Arb,
we ensure the matrix elements are computed to 102.7N + 50 decimal places. It
is worthy of note that without computing these matrix elements to this level of
precision, the resulting generalised eigenvalues are wildly incorrect. In this sense,
the calculation automatically reveals when it is wrong.

5.2 THE GENERALISED EIGENVALUE PROBLEM

To estimate cBM, we will generate a sequence of 1700 values (λ(N))1700
N=1 with

C [N ]v(N) = λ(N)P [N ]v(N) (5.7)



86 Chapter 5. Numerical Analysis of the Bracken–Melloy Operator

such that for each N , λ(N) is the largest generalised eigenvalue. By construction,
(λ(N))1700

N=1 is a monotonically increasing sequence all elements of which are bounded
above by cBM, as shown in Proposition 3.2.1. As discussed in section 5.1, to obtain the
maximal eigenvalue λ(N) generated from the 2N+1 dimensional matrices (C [N ], P [N ])
to 50dps, the matrices must be generated to 2.7× 1700 + 50 = 4640dps. As such
this section is dedicated to the solution of the generalised eigenvalue problem of
dense matrices of dimension 2 ≤ N ≤ 3402, stored to 4640dps. This required the
writing of bespoke algorithms and access to the University of York’s high performance
computing Viking cluster1.

To find the approximate eigenpairs (λ(N), v(N)), we use a shift and invert strategy
to convert the generalised eigenvalue problem into an equivalent standard eigenvalue
problem with improved convergence properties. From there, we make use of the
standard power method, detailed in algorithm 1, to find the largest eigenvalue. The
transformation of the generalised eigenvalue problem into a standard eigenvalue
problem is given by following lemma. A point on notation, for an invertible M ∈
CN×N we let M−† = (M−1)† = (M †)−1.

Lemma 5.2.1. Let A,B ∈ CN×N with A,B Hermitian and B positive definite and
µ > max σ(A,B). Further, let L,E ∈ CN with L lower triangular be defined by

LL† = µB − A, E = L−1BL−†. (5.8)

Then
σ(A,B) =

{
µ− 1

λ′

∣∣∣∣λ′ ∈ σ(E)
}
. (5.9)

Proof. If λ ∈ σ(A,B), then Av = λBv for some v ∈ CN . By assumption µ > λ. By
subtracting µBv from both sides and rearranging, we find

(µB − A)v = (µ− λ)Bv (5.10)

Since B is positive definite and Hermitian, we can write B = KK† for some lower
triangular matrix K, a unique representation known as the Cholesky decomposition.
Using this representation, we can write

K−1(µB − A)K−†v = (µ− λ)v (5.11)

and since µ− λ > 0 by construction, it follows that K−1(µB −A)K−† > 0. Here we
make use of the fact that positivity is preserved under conjugation to conclude that

1More information regarding Viking can be found at https://vikingdocs.york.ac.uk

https://vikingdocs.york.ac.uk
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µB − A > 0. Hence, we can write µB − A in its Cholesky representation, LL† with
L lower triangular. Substituting this representation into (5.10) and rearranging, we
obtain

Bv = 1
µ− λ

LL†v (5.12)

Since A− µB is strictly positive, L is invertible and so by writing w = L†v for some
w ∈ CN we find

L−1BL−†w = 1
µ− λ

w (5.13)

This is precisely what it means for 0 , 1/(µ− λ) ∈ σ(L−1BL−†). Each step in the
proof is reversible, so the lemma holds. □

A note on Lemma 5.2.1, the map λ 7→ µ− 1/λ is order preserving and so finding
the largest value of σ(A,B) comes from finding the maximum eigenvalue of E.

As shown in theorem 5.2.2, the power method applied to a self-adjoint matrix
A ∈ Cd×d converges as O(|λ2/λ1|n) where λ1 and λ2 are the two largest eigenvalues
by absolute value. By choosing a shift parameter µ such that µ > max σ(A,B), after
a shift and invert, the power method applied to the matrix E as defined in 5.2.1,
will converge as O(|(µ − λ1)/(µ − λ2)|n). Selecting a µ close to λ1, the improved
convergence is evident.

The matrix L may be calculated using [38, chapter 4, algorithm 4.2.1]. We
will denote the Cholesky decomposition of a positive self-adjoint matrix A ∈ Cd×d,
Chol(A) as the unique lower triangular L ∈ Cd×d satisfying A = LL†. The matrix E
may be calculated using a combination of forward and backward substitution as in
[38, chapter 4, algorithms 4.3.2 and 4.3.3]. With the generalised eigenvalue problem
transformed into a standard eigenvalue problem, it remains to solve for the largest
eigenvalue of the resulting matrix. We choose to do this using the power method.
The algorithm for the power method is described in [38, chapter 7, section 7.3.1] and
given below in algorithm 1.

With this algorithm written out, the following theorem, again found in [38,
chapter 7, section 7.3.1] shows the convergence properties of the power method.

Theorem 5.2.2. For N ∈ N, let A ∈ CN×N be self-adjoint such that X−1AX =
diag(λ1, . . . , λn) with X = [x1, ..., xN ] and |λ1| > |λ2| ≥ · · · ≥ |λN |. For q(0) ∈ CN

with ∥q(0)∥2 = 1 and for k ∈ N let (λ(k), q(k)) be a sequence of scalar-vector pairs
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Algorithm 1 Power Method
Input: Self-adjoint matrix A ∈ Cd×d, vector q(0) ∈ Cd, tolerance ϵ, max steps K.
Output: Scalar λ, vector q.
for k in 1 : K do

r(k) ← Aq(k−1)

q(k) ← r(k)/∥r(k)∥2
λ(k) ← q(k)†Aq(k)

if ∥Aq(k) − λ(k)q(k)∥ < ϵ then
return (λ(k), q(k))

end if
end for
return (λ(K), q(K))

obtained by algorithm 1. If x†
1w

(0) , 0, then

|λ(k) − λ1| = O
∣∣∣∣∣λ2

λ1

∣∣∣∣∣
k
 , dist(span q(k), span v1) = O

∣∣∣∣∣λ2

λ1

∣∣∣∣∣
k
 . (5.14)

With the theory laid out, we discuss the details of implementing Lemma 5.2.1
and algorithm 1 for (C [N ], P [N ]). From Lemma 5.2.1, we will choose µ = 0.039 for
which the reason will become clear. For each N ∈ N, let

L[N ] = Chol
(
C [N ] − 0.039P [N ]

)
, E[N ] =

(
L[N ]

)−1
C [N ]

(
L[N ]

)−†
, (5.15)

and let σ(N) = σ
(N)
1 > σ

(N)
2 ≥ · · · ≥ σ

(N)
2N+2 be the eigenvalues of E[N ] with associated

eigenvectors w(N)
max, w

(N)
2 , . . . , w

(N)
min. Selecting µ = 0.039 significantly amplifies the

ratio |σ(N)/σ
(N)
2 | compared to |λ(N)/λ

(N)
2 | and consequently when applying the power

method to E[N ] we obtain drastically better convergence. First we discuss the
efficient computation of L[N ] and E[N ]. To speed up the computation of L[N ] and
E[n], we make use of parallelised Cholesky and linear systems solver algorithms.
These parallelised algorithms split the task into chunks of equal complexity according
to algorithms 2 and 4. As is common, we denote the integers (inclusive) between
a ∈ Z and b ∈ Z with a : b. Further, we use ⌊·⌉ to denote the nearest integer.

The following algorithms were originally written by Fewster, though they were
improved to their current form by both Fewster and myself.

Given a matrix L ∈ Cd×d for which we wish to compute the Cholesky decom-
position, the standard Cholesky algorithm [38, chapter 4, algorithms 4.3.2] takes
a row 1 ≤ i ≤ d and performs computations on the matrix elements (Lij)i≤j≤d in
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series. Computing the i, j element of the Cholesky decomposition has complexity
proportional to j − i. In the parallelised Cholesky algorithm, we account for this
and for each row index i, the corresponding column indices [i : d] are split into p
chunks for which the computations necessary are of roughly equal complexity. A
longer discussion of a parallel Cholesky algorithm can be found in [38, Section 6.3].

Algorithm 2 Complexity Splitting 1, (split1)
Input: Parameter n, number of parallel processes p,
Output: Array of ranges S.
S ←

[
0,
⌊√

n(n+1)
p

⌉
, ...,

⌊√
n(n+1)(p−1)

p

⌉
, n
]

S ← [S1 + 1 : S2, . . . , Sp + 1 : Sp+1]
Return: S

With this complexity splitting algorithm written out, we write out the algorithm
for the parallelised Cholesky decomposition. This algorithm is parallelised and more
efficient version of [38, chapter 4, algorithm 4.2.1]. The notation parfor in the
algorithm denotes the parallelised for loop.
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Algorithm 3 Parallelised Cholesky, (ParChol)
Input: Matrix L ∈ Cd×d, number of parallel processes p.
Output: Lower triangular matrix L.
d← dim L
for i from 1 to d− 1 do

Lii ←
√
Lii

for j from i+ 1 to d do
Lji ← Lji/Lii

end for
if d− i > p then

Q← split1(d− i,min(d− i, 6))
R← [[q1 + i : q2 + i] for q in Q]

else
R← [i : d]

end if
parfor r in R

for j in r do
for k from i+ 1 to j do

Ljk ← Ljk − LjiLki
end for

end for
end parfor

end for
Ldd ←

√
Ldd

Return: L as lower triangular.

The following two algorithms present a method for the parallelised computation
of L−1CL−† where L is lower triangular. The first algorithm allows for the splitting
of the computation according to tasks of equal complexity. The second presents the
computation of L−1CL−† itself using a combination of the forward and backward
substitution algorithms.
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Algorithm 4 Complexity Splitting 2, (split2)
Input: Parameter n, number of parallel processes p.
Output: Array of ranges S.
if d < p− 1 then

l← [1 : n]
else

l← [iquo(r(n+ 1), p), r = 0 : p]
end if
if |l| = 1 then

return [0]
else

return [[lr, lr+1 − 1] for 1 ≤ r < |l|]
end if

In algorithm 4, for n,m ∈ N, iquo(m,n) refers to the integer quotient of m
divided by n and for an array l, |l| refers to its size.
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Algorithm 5 In place L−1CL−†, (LeftInvRightInvDagger)
Input: Matrices L,C ∈ Cd×d with L lower triangular, number of parallel processes
p.
Output: Matrix C ∈ Rd×d

for j from d to 1 by −p do
parfor k from 1 to min(j, p)

m← max(1, j − p+ 1) + k − 1
for i from 1 to d do

x← Ci,m/Li,i
for l from i+ 1 to d do

Cl,m ← Cl,m − Lr,ix
end for
if i<k then

Ci,m ← 0
else

Ci,m ← x
end if
x← 0

end for
end parfor
for n from 0 to min(j, p) do

Cj−n:d,j−n ← Cj−n:d,m+min(j,p)−n
end for

end for
note: At this stage lower triangular part of C holds the lower triangular part of
the solution X to LX = C.
for i from 1 to d do

R← [split2(d− 1, p)1 + i : split2(d− 1, p)2+i
parfor r in R

for j in r do
Cij ← 1

Lii
(Cij −

∑i−1
k=1 LikCkj)

end for
end parfor

end for
return C
note: The lower triangular part of C now agrees with the lower triangular part of
L−1CL−†.

One important benefit to algorithms 3 and 5 is that they compute L and L−1CL−†

respectively in place. That is to say, no auxiliary matrices are required that take
up additional memory. With these algorithms written out, we now perform the



5.3. Numerical Analysis of the Bracken–Melloy Operator’s Spectral
Estimates 93

following set of instructions.
1. L[N ] ← C [N ] − 0.039P [N ]

2. ParChol(L[N ])

3. LeftInvRightInvDagger(L[N ], C [N ])
This procedure works as it does because the algorithms perform the numerical linear
algebra in place without the need for additional auxillary matrices. After performing
these steps, the matrix L[N ] now holds the matrix E[N ]. To find the generalised
eigenvalues, we now perform the power method as described in algorithm 1 on the
matrix E[N ] to find its largest eigenvalue σ(N)

max and associated eigenvector w(N)
max. To

obtain the generalised eigenvalues λ(N)
max that converges to cBM, we perform the simple

computation λ(N)
max = 0.039− 1/σ(N)

max.

5.3 NUMERICAL ANALYSIS OF THE BRACKEN–MELLOY OP-
ERATOR’S SPECTRAL ESTIMATES

From here on, we will refer to the sequence (λ(N)
max)1700

N=1 as the approximate spectral
estimates. Figure 5.1 shows the approximate spectral estimates in full followed by
Figure 5.2 showing the final 500 values.
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Figure 5.1: Plot of λ(N)
max for 1 ≤ N ≤ 1700
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Figure 5.2: Plot of λ(N)
max for 1200 ≤ N ≤ 1700

The histogram in Figure 5.3 shows the spread of generalised eigenvalues σ(C [400], P [400]).
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Figure 5.3: Generalised spectrum σ(C [400], P [400])

We note several features of Figure 5.3. First, note the significant concentration
of eigenvalues around min σ(B) = −1. As shown by Penz et al in [40], −1 is not an
eigenvalue of the backflow operator B and so one may conjecture that this feature of
Figure 5.3 indeed indicates a feature of the Bracken–Melloy operator which certainly
has a continuous part of the spectrum containing −1. Another important feature
that one can point to is the largest spectral point close to 0.04 that approximates
cBM, as has been previously discussed.



5.3. Numerical Analysis of the Bracken–Melloy Operator’s Spectral
Estimates 95

One must be very careful to extract any more information about σ(B) from
Figure 5.3 due to the phenomenon of spectral pollution. For a detailed discussion on
spectral pollution see [19]. Spectral pollution is the following phenomemon. Let A
be some bounded self-adjoint operator on a Hlbert space H, some nested sequence of
subspaces (Ln)n∈N ⊆ H with ∪nLn dense in H and let Pn denote the projection onto
Ln. If there is some sequence λn ∈ σ(PnAPn) with λn → λ ∈ R such that λ < σ(A),
then λ is a point of spectral pollution. Fortunately Proposition 3.2.1 ensures that the
sequences λ(N)

max/min will not be points of spectral pollution however any sequence of
spectral points that do not reside on the boundary of σ(C(N), P [N ]) are not afforded
this same guarantee. There are simple examples of spectral pollution described in
[19]. The fact that there do appear to be converging sequences of discrete points in
the spectra of σ(C [N ], P [N ]) suggests that this numerical scheme is indeed prone to
spectral pollution.

Similarly to the approximate spectral estimates, we find the sequence of gener-
alised eigenvectors v(N)

max that, together with λ(N)
max, solve equation 5.7 by

v(N)
max = L−†w(N)

max√〈
L−†w

(N)
max

∣∣∣P (N)L−†w
(N)
max

〉 . (5.16)

To find approximate eigenvectors close to the bottom of σ(B), we use a different
strategy. Our method of approximating the spectrum of the Bracken–Melloy operator
is optimized for calculating approximate spectral values close to cBM, through the
shift and invert strategy as discussed earlier. One may expect it is possible to adjust
this shift and invert strategy to efficiently calculate approximate eigenvalues and
associated eigenvectors close to the bottom of the spectrum −1 = min σ(B⟨−1,1⟩).
This is incorrect. For a given, sufficiently large N , numerical experiments showed
that the generalised eigenvalue spectrum σ(C [N ], P [N ]) contains a bulk of eigenvalues
very close to −1. This can be clearly seen in Figure 5.3. This means it is not possible
to use the power method efficiently and we rely on the eigenvectors procedure
built into Maple 2024. For N ∈ N, we find the approximate eigenvector ϕ(N)

min as
follows. Let v(N)

min be the vector obeying

C [N ]v
(N)
min = λ

(N)
minP

[N ]v
(N)
min,

〈
v(N)

∣∣∣P [N ]v(N)
〉

= 1 (5.17)

with λ
(N)
min = min σ(C [N ], P [N ]). The normalisation in equations 5.16 and (5.17)

are done so that the associated L2(R+) vectors ϕ(N)
max/min, constructed according to
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Proposition 3.2.1 and given explicitly as

ϕ
(N)
max/min =

N+1∑
k=1

[(
v

(N)
max/min

)
2k−1

φ+
k−1 +

(
v

(N)
max/min

)
2k
φ−
k−1

]
(5.18)

have unit L2(R+) norm. The ordering of the vectors in (5.18) is inherited from the
construction of the matrices C [N ], P [N ] given in (4.61) and (4.60). The plot of ϕ(300)

max

is given below.

Figure 5.4: Plot of ϕ(300)
max (p) for 0 ≤ p ≤ 100.
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Note that the v(300)
max vector has elements of order 10393 and so the vector ϕ(300)

min is
the result of a lot of cancellation. The plot in Figure 5.4 of the backflow maximizing
vector for the time interval [−1, 1] matches precisely what was found by Penz et.
al. in Figure 3 of [40] and matches the shape of the vector found by Halliwell and
Yearsley in Figure 4 of [68]. Immediately, one notices that the p ∼ 0 behaviour
of ϕ(100)

max follows that of the function p 7→ p−1/4. Just as was found in Figure 3.4,
we again notice that the envelope of ϕ(100)

max for large p follows p−3/4. Figure 5.5 of
p 7→ p3/4ϕ(300)

max (p), that closely replicates an oscillating wave of constant amplitude
illustrates this.
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Figure 5.5: Plot of p3/4ϕ300)
max(p) for 0 ≤ p ≤ 100.
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Here, we note that the approximate backflow vector ψ(1)(a1,−1/4; 500; ·), with
a1 = 2/π, computed in chapter 3 and plotted with a multiplication by p3/4 in
Figure 3.4 was the maximium backflow vector for the time interval [−1/2, 1/2]. One
can find a normalised approximation backflow vector for the time interval [−1, 1]
by applying the unitary D4, defined in 1.11 with explit form (D4f)(p) =

√
2f(2p).

Figure 5.6 shows ϕ(300)
max plotted on the same axes as D4ψ

(1)(a1,−1/4; 500; ·). As can
be seen, both approximations agree to a high degree. We note that the vector ϕ(300)

exhibits the most backflow of the two.

Figure 5.6: Comparison of the approximations of the maximum backflow eigenvector.
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At the other end of the spectrum, just as in section 3.1, we find approximately
Gaussian states whose expectation value with respect to the backflow operator
approximate −1.

Figure 5.7: Plot of ϕ(N)
min(p) for 100 ≤ N ≤ 400 in steps of 50 and 0 ≤ p ≤ 1000.
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These approximate eigenvectors for the bottom of the spectrum −1 ∈ σ(C)
appear to be Gaussian vectors with reducing maximum and larger spread as N
increases. This pattern is very similar to what was found in Figure 3.11 using the
exponentially damped monomial vectors as trial vectors.

Returning to the sequence of approximate spectral estimates, one feature of the
sequence λmax that we highlight is that, to 3 significant figures, λ(2)

max = 0.0125 > 0.
From this we conclude that the vector ϕ(2)

max given by

ϕ(2)
max(p) = N

[
sin p
p

(
α+p

1/4 + α−p
−1/4

)
− sin(p)
p− π

(
β+p

1/4 + β−p
−1/4

)]
(5.19)

where N is a normalisation constant and

α+ = 4.38, α− = −2.42, β+ = 4.33, β− = −7.62 (5.20)

to 3 significant figures, is a backflow vector exhibiting slightly below one third
of maximum backflow for a single time interval. Each λmax(N) gives the total
amount of backflow exhibited by vectors belonging to span(φ±

0 , . . . , φ
±
N) ⊂ L2(R+)
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and hence are each rigorous lower bounds on cBM. Notice that λ(1700)
max = 0.03837 (to

4 significant figures) gives the best rigorous lower bound on cBM to date. This value
is an improvement compared to the lower bound 0.036933 found in chapter 3 using
the exponentially damped monomial vectors ψn,a,δ as given in (3.15).

5.4 NUMERICAL ANALYSIS

The goal of this section is to accelerate the sequence of estimates λmax using conver-
gence acceleration methods discussed in section 3.4, chapter 3. One common feature
of convergence accelerators is that they amplify oscillations in the sequences they are
attempting to improve the convergence of. One important feature of the approximate
spectral estimates λ is the presence of structured oscillations. To discuss this, first
let e and o denote the even and odd subsequences of λmax. Further, for k ∈ N and
a sequence s, let sdk(s) denote the kth successive difference of s. Figure 5.8 below
shows the second successive differences of the even and odd subsequences of the
approximate spectral estimates.

Figure 5.8: Second successive differences of e(N) and o(N) for 700 ≤ N ≤ 720.
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As can be seen in Figure 5.8, the even and odd subsequences of λ possess
oscillations with a of period of 7 that are almost exactly out of phase with one
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another. To dampen the oscillations, we perform the following. Compute

λsmooth = KZ7,10

(1
2 [e+ o]

)
(5.21)

where the addition of sequences is done element-wise and KZ is the Kolmogorov–
Zurbenko filter discussed in Chapter 3, section 3.4. A longer exposition of this filter
can be found in [74, 67]. After the application of the KZ filter, the oscillations in
λsmooth are only visible after 8 successive differences where the oscillations in the
final 100 elements have an amplitude of order 10−24.

There are significant problems with trying to accelerate the sequence λsmooth.
First one can attempt to fit the sequence (λsmooth(N))N to an ansatz of the form

cbm −
a1

Nα1
+ a2

Nα2
+ · · · (5.22)

however it is clear that the sequence does not follow this simple pattern. The most
reliable method for determining the leading order power α1 is using a log–log plot.
Simply, if

x(N) = c− a1

Nα1
+ a2

Nα2
+ · · · (5.23)

with α1 < α2 < · · · then the sequence

log(xN+2 − xN+1)− log(xN+1 − xN)
log(N + 1)− logN → −(α1 + 1) (5.24)

as N →∞. Performing this log–log analysis on λsmooth leads to a value of α1 ≈ −0.2.
Clearly, λsmooth is converging, and so cannot possess a leading asymptotic of the
form N0.2. We can conclude that the ansatz given in (5.23) is incorrect.

Since the asymptotics of λsmooth do not follow a simple sum of powers rule, this
effectively rules out linear accelerators to improve the convergence and we are left
at the mercy of nonlinear accelerators. Many nonlinear accelerators were used to
attempt to improve the convergence of λsmooth, all of which suffered from the same
problem which can be summed up in the following way.

A good acceleration regime, even with nonlinear accelerators, involves gathering
evidence of the asymptotic ansatz of the sequence. Selecting the correct nonlinear
accelerator to use requires knowledge of the ansatz as without this, many nonlinear
accelerators do not come with guaranteed limit preservation. Discussion of nonlinear
sequence accelerators can be found in [14] and [61]. One can try to test for more
complicated asymptotics such asN−αe−aN . However, attempts to test for asymptotics
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of the form N−αe−aN were inconclusive. Clearly the asymptotics of λsmooth are
complicated and so far it has not possible to accelerate the convergence of λsmooth.

Many other attempts to calculate cBM have involved plotting the approximating
sequence against 1/Nα for some appropriately chosen α such that the resulting curve
looks approximately straight. Once α is chosen, a straight line is drawn from the
end of this approximately straight line to the y axis to predict the value of cBM.
Despite the fact that the approximate spectral estimate λ(N)

max does not follow a power
law, previous attempts to calculate cBM, such as in [53], have plotted their estimates
against 1/N . Hence, Figure 5.9 shows the curve resulting from plotting λ(N)

max against
1/N .

Figure 5.9: Plot of λ(N)
max against 1/N for 500 ≤ N ≤ 1700
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It is clear that, after extrapolation, the curve in Figure 5.9 will meet the y axis
somewhere around 0.03845. Taking a linear fit of the final 10 data points meets the
y axis of Figure 5.9 at 0.038436 to 5 significant figures. One should not take this
as the value of cBM as clearly λ(N)

max does not follow a simple 1/N relation, however
it does show the estimates are heading for a similar value to that found before by
Fewster [29] and Penz et. al. [53]. This value is also very close to the value given in
chapter 3 of cBM ≈ 0.0384505.
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Conclusion

In the first half of this thesis, we describe two new quantum mechanical phenomena
and analyse them in detail. The first of these is the existence of quantum states
that repeatedly exhibit the quantum backflow phenomena over multiple disjoint time
intervals. The second new phenomenon we have demonstrated is quantum overflow.
This is the existence of quantum states undergoing free Schrödinger evolution
that exhibit more probability transfer in the direction of their momentum than is
possible for any freely evolving classical ensemble. The quantum overflow effect is a
phenomenon only visible when multiple disjoint time intervals are considered, thus
explaining why it has not yet been seen in the literature.

In addition to demonstrating these new phenomena, a numerical study into the
single backflow maximizing vector led to a new conjectured value for cBM ≈ 0.0384506.
This marks a contrast from previous calculations in [53] and [29] in that the new
value is lower than the previously expected value of 0.038452.

A particular point of interest, as shown in Theorem 2.4.1, is that the largest
amount of quantum backflow that some state can exhibit is unbounded as a function
of the number of disjoint time intervals. The same is true of quantum overflow. States
that exhibit such maximal multiple backflow and overflow for 1 ≤M ≤ 4 have also
been described in chapter 3 using a numerical scheme. It is particularly interesting
that states exhibiting backflow over multiple disjoint time intervals appear to mimic
the backflow vector for a single time interval but with higher frequency contributions.
This suggests that such states are more physically extended in position space, a
prediction that requires further study.

Prior to this year, the only examples of experimental verification of backflow have
come from classical optical systems [27]. We particularly note the work of Zhang
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et. al. [73], who earlier this in 2025 showed the existence of azimuthal backflow.
Specifically they showed that a photon prepared in a state with only negative
azimuthal angular momentum can exhibit positive azimuthal angular momentum
some time later. This was done using a weak measurement, a type of measurement
that minimally modifies the state under investigation. We note that given the
amount of quantum backflow a state exhibits can grow arbitrarily large when the
state’s probability density is measured at more than 2 times, it may allow for the
experimental verification of quantum backflow of a system undergoing evolution on
a line. Such an experimental scheme would have to make use of some kind of weak
measurement to avoid disturbing the state under investigation. We note that there
is increasing interest in controlling the quantum backflow phenomenon, in particular
for its use in imaging and metrology [73] as well as transportation tasks [64].

In the second half of the thesis, we conducted a thorough numerical study of the
backflow effect over a single time interval. This numerical study led to the best raw
estimate and rigorous lower bound on cBM, namely that cBM ≥ λ(1700) = 0.03837. In
principle, this sequence of estimates obtained can be accelerated to find more digits
of cBM. There are a number of challenges which make it difficult to be confident in
any numerical scheme. This is a challenge for more advanced numerical methods
in the future. A next step to obtain more more digits of cBM would be to use a
larger number of exponentially damped monomial vectors. This is due to the clear
asymptotic pattern that the estimates follow. An ideal future project would involve
finding basis vectors that produce eigenvalue estimates converging exponentially
fast. In addition to the estimate of cBM, we were also able to provide the second
independent verification of the shape of the backflow maximizing vector, as seen in
Figure 5.6.

There are a number of future directions that can be worked on in the study
of quantum backflow. One project that is close to completion, that I will report
elsewhere, is quantum referenced quantum backflow. That is, the study of states
exhibiting quantum backflow when the device measuring the position itself obeys
the laws of quantum mechanics. In practice this is very similar to the study of
quantum backflow in the presence of non-sharp measurements as discussed in [69]
when deriving the classical limit of quantum backflow. Another interesting avenue,
particularly in the context of experimental verification, is the study of quantum
backflow in the presence of electromagnetic fields. We note here that this has been
studied in the context of angular quantum backflow by Goussev [39].
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Finally, we make a comment regarding conjectural features of the backflow effect.
In Bracken and Melloy’s first paper on the backflow effect [12], it was conjectured that
the Bracken–Melloy operator has a positive eigenvalue at the top of the spectrum
(corresponding to cBM) and a sequence of positive eigenvalues with accumulation point
0. There is clear evidence, described in Section 5.3, that the single backflow operator
has an eigenvalue at the top of the spectrum. The plot of the full approximate
spectrum, given in Figure 5.3, would easily lead to the spurious conclusion that the
Bracken–Melloy operator also has eigenvalues at −1,−0.5 and 0. However, as is
discussed in the material surrounding Figure 5.3, this conclusion is likely false and a
consequence of the spectral pollution phenomenon. Numerical experiments of the
same type also suggested that the Bracken–Melloy operator may have a tower of
positive eigenvalues roughly of the form (cBM × 10−3n)n≥0. Once again, one must be
careful to infer genuine properties of the Bracken–Melloy spectrum outside of the
spectral maxima and minima.

Furthermore, there are analogous conjectures for M ≥ 2 multiple backflow
operators. One conjectures that the top and bottom of the spectrum of multiple
backflow operators, corresponding to backflow and overflow maximizing states, are
indeed eigenvalues. Similar to the M = 1 backflow operator, it is possible that the
M ≥ 2 multiple backflow operators also have sequences of eigenvalues above 0 and
below −1. It is clear that the backflow problem requires new analytical techniques
in order to find answers to these conjectures.



A

Proof of Lemma 2.4.2

The expectation value of C(M) in the state ψM (see (2.54)) can be written in the
form 〈

ψM
∣∣∣C(M)ψM

〉
= −M

2

4πϵ

[
I00 + 2I01 + I11

]
(A.1)

where, for i, j ∈ {0, 1},

Iij =
∫

Ii×Ij

dp dq gM(p− q)
[(
p

q

)1/4
+
(
p

q

)−1/4]
(A.2)

with
I0 =

[
0, ϵ
M

]
, I1 =

[
π

2 −
ϵ

2M ,
π

2 + ϵ

2M

]
(A.3)

and gM ∈ C∞(R) is given by

gM(x) = sin(2Mx)
2Mx cos(x) (A.4)

except at the isolated zeros of the denominator, where one extends by continuity.
We first show that |gM(x)| ≤ 1 for all x ∈ R. Recall that sinc(x) = sin(x)/x for

x , 0 and sinc(0) = 1. By insertion of the factor sin(x)/ sin(x) in the definition of
gM and using the double angle formula for the sin function, one finds

gM(x) = sin(2Mx)
2M sin(x) cos(x) ·

sin(x)
x

= sin(2Mx)
M sin(2x) sinc(x) (A.5)

= 1
M
UM−1(cos(2x)) sinc(x), (A.6)

where Un are the Chebyshev polynomials of the second kind defined by

Un(cos(x)) = sin((n+ 1)x)
sin(x) (A.7)
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and, as shown in Lemma B.0.1 of Appendix B, obey |Un(cos(θ))| ≤ n + 1 for all
θ ∈ R. Thus |gM(x)| ≤ | sinc(x)| ≤ 1 as claimed.

Using |gM(x)| ≤ 1 on I0, one can bound I00 by

I00 ≤
∫

I0×I0
dp dq

[(
p

q

)1/4
+
(
p

q

)−1/4
]

= 32ϵ2

15M2 . (A.8)

Similarly,

I11 ≤
∫

I1×I1
dp dq

[(
p

q

)1/4
+
(
p

q

)−1/4
]
≤ 2ϵ2

M2

1 + ϵ/(πM)
1− ϵ/(πM)

1/4

, (A.9)

where we use the fact that
p

q
≤ 1 + ϵ/(πM)

1− ϵ/(πM) (A.10)

for p, q ∈ I1. One can write
1 + ϵ/(πM)

1− ϵ/(πM)

1/4

=
(

1 + 2ϵ/(πM)
1− ϵ/(πM)

)1/4
≤ 1 + ϵ/(πM)

2(1− ϵ/(πM)) (A.11)

by Bernoulli’s inequality. Clearly, for M ≥ 2 and ϵ ≤ π
6 we have ϵ

πM
≤ 1

12 and hence
1 + ϵ/(πM)

1− ϵ/(πM)

1/4

≤ 1 + ϵ/(πM)
2(1− ϵ/(πM)) ≤ 1 + 6ϵ

11πM . (A.12)

Combining this inequality with (A.9) we find

I11 ≤
2ϵ2

M2

(
1 + 6ϵ

11πM

)
. (A.13)

Finally, consider I01, the integral over I0 × I1. We claim that

gM(p− q) ≤ −2 sinc(3ϵ)
π

(
1− ϵ

πM

)
(A.14)

holds for (p, q) ∈ I0 × I1, for which one also has

π

2 −
3ϵ

2M ≤ q − p ≤ π

2 + ϵ

2M . (A.15)

To establish the claim, we first rewrite the even function gM(x) for x , 0 as

gM(x) = sin(2Mx)
2Mx cos(x) = −sin(2M(x− π/2))

2Mx sin(x− π/2) = −sinc(2M(x− π/2))
x sinc(x− π/2) (A.16)
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after recalling that M is even, so

gM

(
π

2 + y
)

= − sinc(2My)
(π/2 + y) sinc(y) = −U2M−1(cos(y))

2M (π/2 + y) . (A.17)

By Lemma B.0.2 in Appendix B, the even expression U2M−1(cos(y)) is nonnegative
and nonincreasing on [0, π

2M ]. It therefore follows that for 0 < ϵ ≤ π
6 and y ∈

[− 3ϵ
2M

ϵ
2M ], we have

gM

(
π

2 + y
)
≤ − sinc(3ϵ)

(π/2 + y) sinc(3ϵ/(2M)) ≤ −
2 sinc(3ϵ)

π

(
1− 2y

π

)
, (A.18)

where the last step uses the elementary inequalities sinc(x) ≤ 1 and −1/(1 + x) ≤
−(1− x) for all x ∈ R. Since y ∈ [− 3ϵ

2M ,
ϵ

2M ], we deduce

gM

(
π

2 + y
)
≤ −2 sinc(3ϵ)

π

(
1− ϵ

πM

)
, (A.19)

which establishes the claim (A.14). Now we can use (A.14) to obtain an upper bound
for I01 by

I01 ≤ −
2 sinc(3ϵ)

π

(
1− ϵ

πM

) ∫
I0×I1

dp dq
[(
p

q

)1/4
+
(
p

q

)−1/4]
(A.20)

< −32 sinc(3ϵ)ϵ3/4

15πM3/4

(
1− ϵ

πM

)[(
π

2 + ϵ

2M

)5/4
−
(
π

2 −
ϵ

2M

)5/4]
, (A.21)

where we have dropped the contribution from the first term in the integrand in the
second line. By the mean value theorem, we have

0 <

αy
α−1 0 < α < 1

αxα−1 α > 1
<
yα − xα

y − x
<

αx
α−1 0 < α < 1

αyα−1 α > 1
. (A.22)

Applying (A.22) with α = 5/4, we find(
π

2 + ϵ

2M

)5/4
−
(
π

2 −
ϵ

2M

)5/4
≥ 5ϵ

4M

(
π

2

)1/4(
1− ϵ

πM

)1/4
, (A.23)

and substituting back into (A.21) gives

I01 ≤ −
8 sinc(3ϵ)ϵ7/4

3 · 21/4π3/4M7/4

(
1− ϵ

πM

)5/4
. (A.24)

An application of Taylor’s theorem yields (1 − x)5/4 ≥ 1 − 5x
4 for all x ∈ (0, 1).

Recalling that 0 < ϵ ≤ π
6 so that sinc(3ϵ) ≥ sinc(π/2) = 2

π
we obtain the final bound

I01 ≤ −
4
3

( 2ϵ
Mπ

)7/4 (
1− 5ϵ

4πM

)
. (A.25)
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Recombining the bounds for I00, I01 and I11, we find

supσ
(
J (M)

)
≥ 211/4ϵ3/4

3π11/4 M1/4S
( 2ϵ
πM

)
(A.26)

where
S(η) = 1− 31π2

80 η1/4 − 5
8η −

9π2

176η
5/4. (A.27)

thus completing the proof of Lemma 2.4.2.



B

Chebyshev Polynomials

This appendix concerns the value and distribution of the extrema of Chebyshev
polynomials of the second kind as defined in (A.7). The results are presumably
known, though we did not find a reference. The following Lemma bounds the absolute
value of the extrema of Un(x).

Lemma B.0.1. For n ∈ N, the Chebyshev polynomials of the second kind are
bounded as

|Un−1(x)| ≤ n (B.1)

for all x ∈ [−1, 1] and furthermore achieve this extremum for x = ±1.

Proof. As U0 ≡ 1, we may restrict to n ≥ 2 and x ∈ (−1, 1), noting that

Un−1(±1) = (±1)n−1n.

The derivative of Un−1(x) is given for x ∈ (−1, 1) by

U ′
n−1(cos(θ)) = −n sin(θ) cos(nθ)− cos(θ) sin(nθ)

sin3(θ) , (B.2)

so the stationary points of Un−1(x) with x ∈ (−1, 1) \ {0} occur when we have
x = cos(θ) with

tan(nθ) = n tan(θ). (B.3)

We can rewrite Un−1(x)2 as

Un−1(x)2 = tan2(nθ)
tan2(θ) ·

1 + tan2(θ)
1 + tan2(nθ) (B.4)
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Suppose x0 = cos(θ0) satisfies (B.3), then

Un−1(x0)2 = n2 1 + tan2(θ0)
1 + n2 tan2(θ0)

= n2

n2 + (1− n2)x2
0
∈ (1, n2), (B.5)

using trigonometric identities and recallling that x2
0 ∈ (0, 1). Therefore |Un−1(x0)| < n

at any extremum x0 ∈ (−1, 1) \ {0}. □

As well as an understanding of the best upper bound for Un(x), we would further
like to bound the position of the nearest extremum of Un(cos(θ)) to θ = 0.

Lemma B.0.2. For fixed n ∈ N with n ≥ 2 the function Un−1(cos(θ)) has no extrema
for θ ∈

(
0, π

n

)
and Un−1(cos(θ)) is nonnegative and nonincreasing on

[
0, π

n

]
.

Proof. Note that Un−1(cos(θ)) → n > 0 as θ → 0. There are no zeros of sin on
(0, π/n) so the extrema of Un−1(cos(θ)) in this interval satisfy

tn(θ) := tan(nθ)− n tan(θ) = 0. (B.6)

We will show that tn > 0 on (0, π/(2n)) and tn < 0 on (π/(2n), π/n), and it is clear
that tn(θ)→ ±∞ as θ → π/(2n)∓. Hence there are no zeros of tn in (0, π/n) and
therefore no extrema of Un−1(cos(θ)). Since Un−1(cos(θ)) is smooth, achieves its
global maximum of n at θ = 0, and satisfies Un−1(cos(π/n)) = 0, with no extrema in
(0, π/n), it follows that Un−1(cos(θ)) is nonnegative and nonincreasing on [0, π/n].

It remains to prove the statements made about tn. First, for θ ∈ (0, π/n) \
{π/(2n)}, the derivative of tn is given by

t′n(θ) = n
(

sec2(nθ)− sec2(θ)
)
, (B.7)

which is positive on (0, π/(2n)) because sec2(θ) is a strictly increasing function on
the range

(
0, π2

)
. As tn(0) = 0, this implies tn > 0 on (0, π/(2n)). Second, by

trigonometric identities, we may write t′n equivalently as

t′n(θ) = n
sin([n+ 1]θ) sin([n− 1]θ)

cos2(θ) cos2(nθ) , (B.8)

from which it is clear that the only zero t′n has on (0, π/n) is at θ = π
n+1 . At this

point, one has

tn

(
π

n+ 1

)
= tan

(
nπ

n+ 1

)
− n tan

(
π

n+ 1

)
= −(n+ 1) tan

(
π

n+ 1

)
< 0 (B.9)
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using tan(π − θ) = − tan(θ). Now tn(θ)→ −∞ as θ → π/(2n)+ and also

tn(θ) = tan(nθ)−n tan(θ) ≤ tan(π)−n tan
(

π

n+ 1

)
= −n tan

(
π

n+ 1

)
< 0 (B.10)

for θ ∈
(

π
n+1 ,

π
n

)
by considering an upper bound for each term individually, using the

fact that the tangent function is increasing on
[
0, π2

)
and

(
π
2 , π

]
. As tn is negative

at its unique extremum in (π/(2n), π/n) it follows that tn < 0 on this interval,
completing the proof. □



C

Exact Multiple Backflow Matrix Element
Integrals

In this appendix we compute closed forms for the matrix elements of an arbitrary
backflow operator with respect to the dense sequence (ψn,a,δ)n∈N, given in (3.15). Let
C

(M)
⟨tM ⟩ = W ∗B

(M)
⟨tM ⟩W , where W is the unitary implementing the change of variables

q 7→ q1/2, with action

(
C

(M)
⟨tM ⟩φ

)
(p) = − 1

4πi

∫ ∞

0
dq

M∑
k=1

eit2k(p−q) − eit2k−1(p−q)

p− q
P (p, q)φ(q), (C.1)

where P (p, q) = (p/q)1/4 + (p/q)−1/4. As shown in (2.24), one can write an arbitrary
multiple backflow operator as a sum of single backflow operators. Hence it suffices
to compute the matrix elements of C(1)

⟨s1,s2⟩ with respect to (ψn,a,δ)∞
n=0 for general

s1 < s2. For n,m ∈ N we have

⟨ψn,a,δ|C(1)
⟨s1,s2⟩ψm,a,δ⟩ =− En(a, δ)Em(a, δ)

4πi

∫ ∞

0
dp
∫ ∞

0
dq pn+δqm+δP (p, q)

× eis2(p−q) − eis1(p−q)

p− q
e−a(p+q)

=− En(a, δ)Em(a, δ)
4π

∫ ∞

0
dp
∫ ∞

0
dq pn+δqm+δP (p, q)

×
∫ s2

s1
dt eit(p−q)e−a(p+q)

=− En(a, δ)Em(a, δ)
4π

∫ s2

s1
dt (I+(n,m, δ; t) + I−(n,m, δ; t)),

(C.2)
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where we have interchanged the order of integration noting that the integral converges
absolutely. Here, En(a, δ) is the normalization constant given in (3.16) and

I±(n,m, δ; t) =
∫ ∞

0
dp
∫ ∞

0
dq pn+δ±1/4qm+δ∓1/4e−(a−it)pe−(a+it)q

= Γ(n+ δ ± 1/4 + 1)Γ(m+ δ ∓ 1/4 + 1)× (C.3)
× (a− it)−n−δ∓1/4−1(a+ it)−m−δ±1/4−1. (C.4)

In the definition of I±, the branches for noninteger powers are fixed so that zα is real
and positive for z > 0 and the cut is taken along the negative real axis. Combining
(C.2) with (C.4), we find that

⟨ψn,a,δ|C(1)
⟨s1,s2⟩ψm,a,δ⟩ = − 1

4π
[
Dnm(a, δ)J(s1, s2;α+

n , α
−
m; a)

+Dmn(a, δ)J(s1, s2;α−
n , α

+
m; a)

]
, (C.5)

where α±
n = n+ δ ± 1

4 with

Dnm(a, δ) = π
√

2
(2a)n+m+2δ+1

√
Bdiag(n+ δ + 1/2)Bdiag(m+ δ + 1/2)

B(n+ δ + 1/2, 3/4)B(m+ δ + 1/2, 1/4) , (C.6)

in which B is the beta function, Bdiag(x) = B(x, x), and

J(s1, s2;α, β; a) =
∫ s2

s1
dt (a− it)−α−1(a+ it)−β−1. (C.7)

As shown below, the closed form expression for J is given for s1, s2 ∈ R \ {0} by

J(s1, s2;α, β; a) =

J+(s1, s2;α, β; a) s1s2 > 0

J−(s1, s2;α, β; a) s1 < 0 < s2,
(C.8)

where

J+(s1, s2;α, β; a) = − i

(2a)α+β+1

[
e−iπsgn(s)(β+1)B

(
α + β + 1,−β; 2a

a− si

)]s=s2

s=s1

,

(C.9)
and

J−(s1, s2;α, β; a) = J+(s1, s2;α, β; a) + 2π
(2a)α+β+1

Γ(α + β + 1)
Γ(α + 1)Γ(β + 1) . (C.10)

To obtain these closed form expressions, first make the transformation of variable
t 7→ 2at in (C.7) so that

J(s1, s2;α, β; a) = (2a)−α−β−1
∫ s2/(2a)

s1/(2a)
dt
(1

2 − it
)−α−1(1

2 + it
)−β−1

. (C.11)
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Next, recall that the incomplete beta function B(µ, ν; z) is given for µ > 0, ν ∈ R as
a holomorphic function in z ∈ C \ ((−∞, 0] ∪ [1,∞)) by

B(µ, ν; z) =
∫ z

0
dv vµ−1(1− v)ν−1, (C.12)

where the integral is taken over any contour avoiding (−∞, 0] ∪ [1,∞). Thus, for
t ∈ R \ {0},

d

dt
B
(
µ, ν; (1/2− it)−1

)
= i

(
−1

2 − it
)ν−1 (1

2 − it
)−µ−ν

= ie−iπ(ν−1) sgn(t)
(1

2 + it
)ν−1 (1

2 − it
)−µ−ν

. (C.13)

Setting µ = α + β + 1 and ν = −β, we may evaluate (C.11) in cases where
α+β > −1 and s1, s2 ∈ R \ {0} using the fundamental theorem of calculus to obtain
J(s1, s2;α, β; a) = J+(s1, s2;α, β; a), where J+ is given by (C.9).

In the case where s1 < 0 and s2 > 0, we can decompose the integral
∫ s2/(2a)
s1/(2a)

in (2.15) as
∫ s2/(2a)
s1/(2a) =

∫∞
−∞−

∫∞
s2/(2a)−

∫ s1/(2a)
−∞ . The first integral can be evaluated in

closed form (see (5.12.8) in [24]) giving (C.15) below, while the others are limiting
cases of the result just proved. Noting that

lim
s→±∞

B
(
α + β + 1,−β; 2a

a− si

)
= 0, (C.14)

the overall effect is to add∫ ∞

−∞
dt (a− it)−α−1(a+ it)−β−1 = 2π

(2a)α+β+1
Γ(α + β + 1)

Γ(α + 1)Γ(β + 1) (C.15)

to J+(s1, s2;α, β; a), thus obtaining J−(s1, s2;α, β; a) as given in (C.10).
The incomplete beta function is computed using the hypergeometric representa-

tion
B(µ, ν; z) = zµ

µ
2F1(µ, 1− ν;µ+ 1; z). (C.16)

given in Section 8.17 of [24]. We also make use of the identity J(s1, s2;α, β; a) =
J(s1, s2; β, α; a), readily seen from (C.11).
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Closed form of the auxillary functions for
the matrix elements

Before beginning the calculation of the matrix elements found in chapter 4, we write
down a few important integrals that will be made use of. First note the following
integral, taken from the Digital Library of Mathematical Functions (DLMF) [24,
Chapter 8, equation 8.6.4]. For Re λ > 0, a ∈ C \ (−∞, 0] and c < 1 we find∫ ∞

0

dx

xc
e−λx

x+ a
= a−ceλaΓ(1− c)Γ(c, λa). (D.1)

where Γ(·) is the gamma function and Γ(·, ·) denotes the incomplete gamma function
whose definition is

Γ(µ, z) =
∫ ∞

z
dt tµ−1e−t, µ, z ∈ C (D.2)

where the integral is taken over any contour connecting the end points. When the
contour avoids the negative real axis, we say the incomplete gamma function takes
its principal value, as described in [24, Chapter 8]. It is readily seen from the defining
equation D.2, that for µ ∈ C, Γ(a, ·) is analytic on C \ (−∞, 0].

Continuing on from the integral in (D.1), for a, b ∈ C \ (−∞, 0], c < 1, λ > 0, we
obtain∫ ∞

0

dx

xc
e−λx

(x+ a)(x+ b) = Γ(1− c)
b− a

[
a−ceλaΓ(c, λa)− b−ceλbΓ(c, λb)

]
, (D.3)

by means of partial fraction decomposition. For |c| < 1 and writing λ = s− iω, one
can take the limit of (D.3) as s→ 0+ giving∫ ∞

0

dx

xc
eiωx

(x+ a)(x+ b) = Γ(1− c)
b− a

[
a−ce−iωaΓ(c,−iωa)− b−ce−iωbΓ(c,−iωb)

]
,

(D.4)
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where the left-hand side converges by the dominated convergence theorem. A final
integral of use for the P elements is obtained by taking the limit of (D.3) as λ→ 0
which gives

∫ ∞

0

dx

xc
1

(x+ a)(x+ b) = Γ(c)Γ(1− c)
b− a

(
a−c − b−c

)
= π(a−c − b−c)

(b− a) sin(πc) (D.5)

by making use of the reflection identity of the gamma function as shown in [24,
Chapter 5, equation 5.5.3]. The above integral holds for all |c| < 1 and a, b ∈
C \ (−∞, 0].

D.1 CLOSED FORMS OF F,G AND H

To find closed forms of F,G and H, we will first make use of the following Lemma.

Lemma D.1.1. Let A,B,C be holomorphic in | arg z| < π/2 + δ for some δ > 0,
with A,B bounded on the first quadrant of the complex plane and C bounded on the
fourth quadrant of the complex plane. Let

F (z) = A(z) +B(z)e2iz + C(z)e−2iz, (D.6)

and c ∈ (−1, 1). For α ∈ R and x ∈ R \ {α}, let Iα(x) be the integral

Iα(x) = PV
∫ ∞

0

dy

yc
F (y)

(x− y)(y − α) . (D.7)

Then for α , 0,

Iα(x) = eiπ(1−c)/2
∫ ∞

0

dy

yc
A(iy) +B(iy)e−2y

(y + ix)(y + iα) + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)e−2y

(y − ix)(y − iα)

− iπϑ(x)A(x) +B(x)e2xi − C(x)e−2xi

xc(x− α) + iπϑ(α)A(α) +B(α)e2αi − C(α)e−2αi

αc(x− α)
(D.8)

Furthermore, if F (z) has a zero at z = α then

Iα(x) = eiπ(1−c)/2
∫ ∞

0

dy

yc
A(iy) +B(iy)e−2y

(y + ix)(y + iα) + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)e−2y

(y − ix)(y − iα)

− iπϑ(x)A(x) +B(x)e2xi − C(x)e−2xi

xc(x− α) − 2iπϑ(α)C(α)e−2αi

αc(x− α) .

(D.9)

https://dlmf.nist.gov/5.5.3
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In the particular case α = 0, we have

I0(x) = eiπ(1−c)/2
∫ ∞

0

dy

yc+1
A(iy) +B(iy)e−2y + C(0)

y + ix

+ e−iπ(1−c)/2
∫ ∞

0

dy

yc+1
C(−iy)e−2y − C(0)

y − ix

− iπϑ(x)A(x) +B(x)e2xi − C(x)e−2xi + 2C(0)
xc+1 .

(D.10)

Finally, in the case where F (z) has a zero of order 2 at z = α with x, α > 0 then
Iα(α) has a finite value with

Iα(α) = eiπ(1−c)/2
∫ ∞

0

dy

yc
A(iy) +B(iy)e−2y

(y + iα)2 + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)e−2y

(y − iα)2

+ 2πiϑ(α)e−2αi
(
C ′(α)− 2iC(α)

αc
− cC(α)

αc+1

)
(D.11)

Proof. First, we deform the principal value integral to the contour Γ, illustrated in
figure D.1, avoiding the poles x and α of the integrand if they are present to find

Re(z)

Im(z)

x α

0 +∞

Figure D.1: The contour Γ

I(x) =
∫

Γ

dz

zc
F (z)

(x− z)(z − α) + iπϑ(x)x−c F (x)
x− α

− iπϑ(α)α−c F (α)
x− α

. (D.12)

We now split the integrand up and deform the integrals to the positive and negative
imaginary axes in such a way that the new integrals converge exponentially.

Iα(x) =
∫ ∞

0

idy

(iy)c
A(iy) +B(iy)e−2y

(x− iy)(iy − α) +
∫ ∞

0

−idy
(−iy)c

C(−iy)e−2y

(x+ iy)(−iy − α)

− 2iπϑ(x)A(x) +B(x)e2xi

xc(x− α) + 2iπϑ(α)A(α) +B(α)e2αi

αc(x− α)

+ iπϑ(x) F (x)
x− α

− iπϑ(α) F (α)
x− α

(D.13)
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where we have picked up residue contributions for the integral rotated to the positive
imaginary axis. Simplifying, we find

Iα(x) = eiπ(1−c)/2
∫ ∞

0

dy

yc
A(iy) +B(iy)e−2y

(y + ix)(y + iα) + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)e−2y

(y − ix)(y − iα)

+ iπϑ(x)C(x)e−2xi

xc(x− α) − iπϑ(x)A(x) +B(x)e2xi

xc(x− α) − iπϑ(α)C(α)e−2αi

αc(x− α)

+ iπϑ(α)A(α) +B(α)e2αi

αc(x− α) .

(D.14)
Now with the additional assumption that F (α) = 0, we find

Iα(x) = eiπ(1−c)/2
∫ ∞

0

dy

yc
A(iy) +B(iy)e−2y

(y + ix)(y + iα) + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)e−2y

(y − ix)(y − iα)

+ iπϑ(x)C(x)e−2xi

xc(x− α) − iπϑ(x)A(x) +B(x)e2xi

xc(x− α) − 2iπϑ(α)C(α)e−2αi

αc(x− α) .

(D.15)
from which equation (D.9) follows. For the case α = 0, letting Γ′ be a contour
following the positive half-line and avoiding the pole at z = x from below, we split
up the integral as

I0(x) =
∫

Γ′

dz

zc+1
A(z) +B(z)e2zi + C(0)

x− z
+
∫

Γ′

dz

zc+1
C(z)e−2zi − C(0)

x− z
+ iπϑ(x) F (x)

x− α
(D.16)

= eiπ(1−c)/2
∫ ∞

0

dy

yc+1
A(iy) +B(iy)e−2y + C(0)

y + ix
+ iπϑ(x) F (x)

x− α

+ e−iπ(1−c)/2
∫ ∞

0

dy

yc+1
C(−iy)e−2y − C(0)

y − ix

− 2πiϑ(x)A(x) +B(x)e2xi + C(x)
xc+1 (D.17)

= eiπ(1−c)/2
∫ ∞

0

dy

yc+1
A(iy) +B(iy)e−2y + C(0)

y + ix

+ e−iπ(1−c)/2
∫ ∞

0

dy

yc+1
C(−iy)e−2y − C(0)

y − ix

− iπϑ(x)
xc+1

(
A(x) +B(x)e2xi − C(x)e−2xi + 2C(0)

)
. (D.18)

Finally for the case where F (z) has a zero of order 2 at z = α, we can calculate
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Iα(α) as

Iα(α) = eiπ(1−c)/2
∫ ∞

0

dy

yc
A(iy) +B(iy)e−2y

(y + iα)2 + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)e−2y

(y − iα)2

− iπϑ(α) lim
x→α

1
x− α

[
A(x) +B(x)e2xi − C(x)e−2xi

xc
+ 2C(α)e−2αi

αc

]
.

(D.19)

By L’Hôpital’s rule, we can write the limit as

lim
x→α

1
x− α

[
A(x) +B(x)e2xi − C(x)e−2xi

xc
+ 2C(α)e−2αi

αc

]

= d

dx

∣∣∣∣∣∣
x=α

[
A(x) +B(x)e2xi − C(x)e−2xi

xc
+ 2C(α)e−2αi

αc

]
(D.20)

= d

dx

∣∣∣∣∣∣
x=α

[
F (x)
xc
− 2

(
C(x)e−2xi

xc
− C(α)e−2αi

αc

)]
(D.21)

= −2e−2αi
[
C ′(α)− 2iC(α)

αc
− cC(α)

αc+1

]
(D.22)

since F (α) = 0 and F ′(α) = 0 by assumption. Returning to (D.19), we find

Iα(α) = eiπ(1−c)/2
∫ ∞

0

dy

yc
A(iy) +B(iy)e−2y

(y + iα)2 + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)e−2y

(y − iα)2

+ 2iπϑ(α)e−2αi
[
C ′(α)− 2iC(α)

αc
− cC(α)

αc+1

]
, (D.23)

completing the proof of the lemma. □

As a brief comment, we note that if B and C are as in lemma D.1.1 with
B(iy) = C(−iy) for all y ∈ (0,∞) then by a simple computation we have

eiπ(1−c)/2
∫ ∞

0

dy

yc
B(iy)e−2y

(y + ix)(y + iα) + e−iπ(1−c)/2
∫ ∞

0

dy

yc
C(−iy)

(y − ix)(y − iα)

= 2 Re eiπ(1−c)/2
∫ ∞

0

dy

yc
B(iy)e−2y

(y + ix)(y + iα)

(D.24)

provided that both integrals on the left hand side exist.
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D.1.1 Calculation of the F and G integrals

Recall that F (c, α;x) and G(c, α;x) are defined by

F (c, α;x) = PV
∫ ∞

0

dy

yc
sin 2y

(x− y)(y − α) (D.25)

G(c, α;x) = PV
∫ ∞

0

dy

yc
sin2 y

(x− y)(y − α) . (D.26)

We begin with the F integral.
Using lemma D.1.1 we find

F (c, α;x) = Re e−iπc/2
∫ ∞

0

dy

yc
e−2y

(y + ix)(y + iα) − πϑ(x) cos(2x)
xc(x− α) + πϑ(α) cos(2α)

αc(x− α)
(D.27)

for general |c| < 1 and α ∈ R \{0}. By (D.3), this can be simplified to

F (c, α;x) = f(c, α)− f(c, x)
x− α

, (D.28)

where

f(c, x) = Γ(1− c) Im e−iπc/2(ix)−ce2xiΓ(c, 2xi) + πϑ(x) cos 2x
xc

(D.29)

= Γ(1− c)
|x|c

Im e−iϑ(x)πce2xiΓ(c, 2xi) + πϑ(x) cos 2x
xc

(D.30)

where on the second line we have made use of the fact that for c, x ∈ R, we have

(ix)−c = exp(−iπcϑ(x) + iπc/2)|x|−c. (D.31)

The case x = α for α , 0 can be obtained by taking limits. Firstly we find

F (c, α;α) = −∂x
∣∣∣∣
x=α

f(c, x) (D.32)

and

−∂xf(c, x) = Γ(1− c) Im e−iπc/2
[
e2xiΓ(c, 2xi)

(
c

x(ix)c −
2i

(ix)c

)
+ 2c
x

]

+ πϑ(x)
xc+1 [2x sin(2x) + c cos(2x)] . (D.33)

Now we can rewrite
c

x(ix)c −
2i

(ix)c = i

(ix)c+1 (c− 2ix) (D.34)

= −e−iπ(c+1)ϑ(x)+iπc/2|x|−c−1(c− 2ix) (D.35)
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Combing (D.35) with (D.33) we find

F (c, α;α) = −Γ(1− c) Im e−iπ(c+1)ϑ(α) e
2αiΓ(c, 2iα)
|α|c+1 (c− 2iα)− Γ(1− c) sin(πc/2)

α

+ πϑ(α)
αc+1 [2α sin(2α) + c cos(2α)] . (D.36)

At this stage, we calculate individual values of f(c, x) for c ∈ {0, 1/2} and x = nπ

for n ∈ Z, which is precisely what is required for the computation of the matrix
elements as in equations (4.79) to (4.81). As we will make use of, for x > 0 and
n ∈ Z \ {0}, we have

f(1/2, x) = −
√
π

x
Re e2xiΓ(1/2, 2xi) + π cos(2x)√

x
, (D.37)

f(1/2, nπ) = − 1√
|n|

Re eiπϑ(−n)/2Γ(1/2, 2πni) + ϑ(n)
√
π

n
, (D.38)

f(1/2, 0) = 2
√
π. (D.39)

For the case c = 0, we have

f(0, x) = Im e2xiΓ(0, 2xi) + π cos 2x, (D.40)
f(0, nπ) = Im Γ(0, 2πni) + ϑ(n)π, (D.41)

f(0, 0) = π

2 . (D.42)

Finally in the case c = −1/2, we have

f(−1/2, x) =
√
πx

2 Re e2xiΓ(−1/2, 2xi) + π
√
x cos 2x, (D.43)

f(−1/2, nπ) = π
√
n

2 Im eiϑ(n)π/2Γ(−1/2, 2πni) + ϑ(n)π3/2√n, (D.44)

f(−1/2, 0) =
√
π

2 , (D.45)

with the values for F (c, nπ;x) built from the corresponding f values as

F (c, nπ;x) = f(c, nπ)− f(c, x)
x− nπ

. (D.46)
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The specific values of F (c, nπ;x) at x = nπ for n ∈ Z \ {0} are given below

F (1/2, nπ;nπ) = Im e−iϑ(n)π/2

2π|n|3/2 (1− 4nπi)Γ(1/2, 2nπi)− 1
n
√
π

+ ϑ(n)
2n3/2√π

, (D.47)

F (0, nπ;nπ) = 2Ci(2nπ), (D.48)

F (−1/2, nπ;nπ) = Im e−iϑ(n)π/2

4
√
|n|

(1 + 4nπi)Γ(−1/2, 2nπi) + 1
2n
√
π
−
√
πϑ(n)
2
√
n

.

(D.49)

Now with the values of f and F in place, we recall that the matrix elements are
built out of linear combinations of Ts2s2(a, b;mπ;nπ) as

Ts2s2(a, b;nπ,mπ) = PV
∫ ∞

0

dx

xa
sin2(x)
x− nπ

F (b,mπ;x) (D.50)

= −f(b, β)G(a;α, β)− PV
∫ ∞

0

dx

xa
f(b, x) sin2 x

(x− α)(x− β) (D.51)

where
G(c, α;x) = PV

∫ ∞

0

dy

yc
sin2 y

(x− y)(y − α) . (D.52)

We begin by calculating G(c, α;x). Note that the integral in (D.52) corresponds
to calculating Iα(x) in Lemma D.1.1 with A = 1/2, B = C = −1/4 and hence for
arbitrary |c| < 1 and α, β ∈ R \{0} we have

G(c, α;x) = eiπ(1−c)/2

4

∫ ∞

0

dy

yc
2− e−2y

(y + iα)(y + ix)

− e−iπ(1−c)/2

4

∫ ∞

0

dy

yc
e−2y

(y − iα)(y − ix)

− iπ

2(β − α)

(
ϑ(x)
xc
− ϑ(α)

αc

)

− π

2(x− α)

(
ϑ(x) sin 2x

xc
− ϑ(α) sin 2α

αc

)

= eiπ(1−c)/2

2

∫ ∞

0

dy

yc
1

(y + iα)(y + ix) (D.53)

+ 1
2 Re eiπ(1−c)/2

∫ ∞

0

dy

yc
e−2y

(y + iα)(y + ix)

− iπ

2(x− α)

(
ϑ(x)
xc
− ϑ(α)

αc

)

− π

2(x− α)

(
ϑ(x) sin 2x

xc
− ϑ(α) sin 2α

αc

)
. (D.54)
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Restricting to the case 0 < |c| < 1, the integrals above can be calculated once again
using (D.3) and we find

G(c, α;x) = −πe
iπ(1−c)/2

2
(ix)−c − (iα)−c

(x− α) sin(πc)

− Γ(1− c)
2(x− α) Re e−iπc/2

[
(ix)−ce2xiΓ(c, 2xi)− (iα)−ce2αiΓ(c, 2αi)

]
− iπ

2(x− α)

(
ϑ(x)
xc
− ϑ(α)

αc

)

− π

2(x− α)

(
ϑ(x) sin 2x

xc
− ϑ(α) sin 2α

αc

)
(D.55)

Note that we can write this as

G(c, α;x) = g(c, α)− g(c, x)
2(x− α) (D.56)

where

g(c;x) = πeiπ(1−c)/2(ix)−c

sin πc − Γ(1− c) Re e−iπc/2(ix)−ce2xiΓ(c, 2xi) + iπϑ(x)x−c

+ πϑ(x)x−c sin 2x
(D.57)

can be simplified to

g(c, x) = π (ϑ(x) cotπc+ ϑ(−x) cscπc) |x|−c − Γ(1− c) Re e−iπc/2(ix)−ce2xiΓ(c, 2xi)
+ πϑ(x)x−c sin 2x.

(D.58)
For the case β = 0, using lemma D.1.1 we have

G(c, 0;x) = PV
∫ ∞

0

dy

yc+1
sin2 y

x− y
(D.59)

= 1
2 Re eiπ(1−c)/2

∫ ∞

0

dy

yc+1
1− e−2y

y + ix
+ πϑ(x) sin 2x

2xc+1 (D.60)

= 1
2 Re e−iπc/2 Γ(1− c)

x

[2c
c
− (ix)−c(Γ(c)− e2αiΓ(c, 2αi))

]
− πϑ(x) sin 2x

2xc+1 (D.61)

= Γ(1− c)2c−1 cos(πc/2)
xc

− π

2|x|c+1 (ϑ(x) cotπc+ ϑ(−x) cscπc)

− Γ(1− c)
2|x|c+1 Re e−iπ(c+1)θ(x)e2xiΓ(c, 2xi) (D.62)
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for |c| < 1, β , 0 and

G(c, 0; 0) =
∫ ∞

0

dy

yc

(
sin y
y

)2

=
√
πΓ

(
1−c

2

)
2(1 + c)Γ

(
c
2 + 1

) , (D.63)

G(0, 0; 0) = π

2 . (D.64)

Both integrals directly above were computed using Maple 2024. For the case c = 0,
we must take extra care. Firstly, using lemma D.1.1 we find

G(0, α;x) = eiπ/2

2

∫ ∞

0

dy

(y + iα)(y + ix) −
1
2 Re eiπ/2

∫ ∞

0
dy

e−2y

(y + iα)(y + ix)

− iπ[ϑ(x)− ϑ(α)]
2(x− α) − πϑ(x)

2(x− α) sin 2x+ πθ(α)
2(x− α) sin 2α (D.65)

. By taking the limit of (D.5) as c→ 0, we find

−eiπ/2
∫ ∞

0

dy

(y + iα)(y + ix) + iπ[ϑ(x)− ϑ(α)] = log |α| − log |x|
x− α

(D.66)

for all α, x ∈ R. Further making use of (D.3), G(0, α, β) admits the closed form

G(0, α;x) = g(0, α)− g(0, x)
x− α

(D.67)

where
g(0, x) = Re e2xiΓ(0, 2xi) + log |x|+ πϑ(x) sin 2x. (D.68)

We can calculate G in the limit as α and x coincide as

G(0, α;α) = lim
x→α

G(0, α;x) (D.69)

= 1
2
d

dx

∣∣∣∣∣∣
x=α

G(0, α;x) (D.70)

= Im e2αiΓ(0, 2αi) + 1
2α − ϑ(α)π cos 2α. (D.71)

To summarise, we present specific values of g that will be made us of in the calculation
of the matrix elements. For n ∈ Z \ {0} and x > 0 we have

g(1/2, x) = −
√
π

x
Im e2xiΓ(1/2, 2xi) + π sin 2x√

x
, (D.72)

g(1/2, nπ) = − 1√
|n|

Im eiπϑ(−n)/2Γ(1/2, 2πni) + ϑ(−n)
√
π

|n|
, (D.73)

g(1/2, 0) = 2
√
π. (D.74)
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For the case c = 0 we have

g(0, x) = − log x− Re e2xiΓ(0, 2xi) + π sin 2x, (D.75)
g(0, nπ) = − log |nπ| − Re Γ(0, πni), (D.76)

g(0, 0) = γ + log 2. (D.77)

Finally for c = −1/2, we have

g(−1/2, x) =
√
πx

2 Im e2xiΓ(−1/2, 2xi) + π
√
x sin 2x, (D.78)

g(−1/2, nπ) = −
π
√
|n|

2 Re eiπϑ(n)2Γ(−1/2, 2nπi)− ϑ(−n)π3/2
√
|n|, (D.79)

g(−1/2, 0) = −
√
π

2 . (D.80)

At this stage we can construct the closed form of H as

H(c, α;x) = 2 sin2 x(f(c, α)− f(c, x))− sin 2x(g(c, nπ)− g(c, x))
2(x− α) (D.81)

= H0(c, α;x) + g(c, x) sin 2x− 2f(c, x) sin2 x

2(x− α) (D.82)

where
H0(c, α;x) = 2f(c, α) sin2 x− g(c, α) sin 2x

2(x− α) . (D.83)

At this stage we split up f and g into

f(c, x) = fΓ(c, x) + π cos 2x
xc

, g(c, x) = gΓ(c, x) + π sin 2x
xc

, (D.84)

fΓ(c, x) = ReW (c, x), gΓ(c, x) = ImW (c, x), (D.85)

W (c, x) =

−i
Γ(1−c)

|x|c e−iθ(x)πce2xiΓ(c, 2xi), c , 0

−i(e2xiΓ(0, 2xi) + log x), c = 0
. (D.86)

Combining all of this, we have∫ ∞

0

dx

xb
H(c, α;x)
x− β

= −f(c, α)G(b, α; β) + 1
2g(c, α)F (b, α; β)− πG(b+ c, α; β)

+ 1
2 PV

∫ ∞

0

dx

xb
gΓ(c, x) sin 2x− 2fΓ(c, x) sin2 x

(x− α)(x− β) . (D.87)

Recalling the earlier discussion, we require (D.87) with

(b, c) ∈ {(±1/2, 0), (0, 0), (−1/2, 1/2)}. (D.88)



126
Appendix D. Closed form of the auxillary functions for the matrix

elements

By direct calculation,

gΓ(c, x) sin 2x− 2fΓ(c, x) sin2 x = Re(e−2xi − 1)W (c, x) (D.89)

and consequently all remaining integrals are of the form

K(b, c;α, β) = 1
2 Re PV

∫ ∞

0

dx

xb
(e−2xi − 1)W (c, x)

(x− α)(x− β) (D.90)

with α = mπ, β = nπ, b, c ∈ {±1/2, 0}.

D.2 CALCULATION OF THE K INTEGRALS

To begin calculating the K integrals, we first make a rotation in the complex plane
to the negative imaginary axis, giving

K(b, c;α, β) = 1
2 PV

∫ ∞

0

dx

xb
(e−2xi − 1)W (c, x)

(x− α)(x− β) (D.91)

= 1
2 Im eiπb/2

∫ ∞

0

dx

xb
(1− e−2x)W (c,−ix)

(x− iα)(x− iβ)

+ χπZ+(α)χπZ+(β)δαβ
π

2 Im Resz=α
(e−2zi − 1)W (c, z)

zb(z − α)2

+ π

2χR
+ \πZ+(α) Im Resz=α

(e−2zi − 1)W (c, z)
zb(z − α)(z − β)

+ π

2χR
+ \πZ+(β) Im Resz=β

(e−2zi − 1)W (c, z)
zb(z − α)(z − β)

+ π

2χR
+ \πZ+(α)χR+ \πZ+(β)δαβ Im Resz=α

(e−2zi − 1)W (c, z)
zb(z − α)2 , (D.92)
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where χS is the indicator function for the set S ⊆ R and the residue terms are the
result of closing the principal value integral. Evaluating the residues, we find

K(b, c;α, β) = 1
2 Im eiπb/2

∫ ∞

0

dx

xb
(1− e−2x)W (c,−ix)
(x− imπ)(x− inπ)

− δαβχπZ+(α)χπZ+(β) π
αb

ReW (c, α) (D.93)

+ π

2χR
+ \πZ+(α) Im (e−2αi − 1)W (c, α)

αb(α− β)

− π

2χR
+ \πZ+(β) Im (e−2βi − 1)W (c, β)

βb(α− β)

+ π

2χR
+ \πZ+(α)χR+ \πZ+(β)δαβ Im

[
(b− (b+ 2αi)e−2αi)W (c, α)

αb+1

+e
−2xi − 1
xb

∂

∂x

∣∣∣∣∣∣
x=α

W (c, x)
 (D.94)

= K̃(b, c;α, β) +R(b, c;α, β) (D.95)

where

K̃(b, c;α, β) = 1
2 Im eiπb/2

∫ ∞

0

dx

xb
(1− e−2x)W (c,−ix)

(x− iα)(x− iβ)
− δαβχπZ+(α)χπZ+(β) π

αb
ReW (c, α) (D.96)

and R(b, c;α, β) contains the remaining residue terms that arise when α, β are not
integer multiples of π. Specifically, for the specific case α = mπ, β = nπ with
n,m ∈ Z we find the drastically simplified

K(b, c;mπ, nπ) = K̃(b, c;mπ, nπ) (D.97)

= 1
2 Im eiπb/2

∫ ∞

0

dx

xb
(1− e−2x)W (c,−ix)
(x− imπ)(x− inπ)

− δmnϑ(n) π

(nπ)b ReW (c, nπ). (D.98)

For the remainder, we will calculate the integral K̃ with the understanding that if
ever a non-integer multiple of π may be required, then K is obtained by adding on
the relevant residue contributions R.
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For the case c = 1/2, this gives

K(b, 1/2;mπ, nπ) = −
√
π

2 Im eiπ(2b+1)/4
∫ ∞

0

dx

xb+1/2
(1− e−2x)e2xΓ(1/2, 2x)

(x− imπ)(x− inπ)

+ δmnϑ(n)π
3/2 Re Γ(1/2, 2πni)

(nπ)b+1/2 (D.99)

= −
√
π

2 Im eiπ(2b+1)/4
∫ ∞

0

dx

xb+1/2
(1− e−2x)U(1, 3/2, 2x)

(x− imπ)(x− inπ)

+ δmnϑ(n)π
3/2 Re Γ(1/2, 2πni)

(nπ)b+1/2 (D.100)

where U(a, b, z) is the confluent hypergeometric function related to the incomplete
Γ-function by DLMF 8.5.3 as

Γ(c, z) = zce−zU(1, 1 + c, z). (D.101)

In particular for b = −1/2 we have

K(−1/2, 1/2,mπ, nπ) = −
√
π

2 Im
∫ ∞

0
dx

(1− e−2x)e2xΓ(1/2, 2x)
(x− imπ)(x− inπ)

+ δmnϑ(n)π3/2 Re Γ(1/2, 2nπi). (D.102)

For m = n, the integral may be split into partial fractions, to give

K(−1/2, 1/2;mπ, nπ) = L(mπ)− L(nπ)
2
√
π(m− n) , (m , n) (D.103)

where

L(α) = Re
∫ ∞

0
dx

(1− e−2x)e2xΓ(1/2, 2x)
x− αi

=
∫ ∞

0
dx

(1− e−2y)xe2xΓ(1/2, 2x)
x2 + α2 .

(D.104)
For m ∈ Z, we have

K(−1/2, 1/2;mπ,mπ) = −mπ3/2
∫ ∞

0
dx

(1− e−2x)xe2xΓ(1/2, 2x)
(x2 +m2π2)2

+ ϑ(m)π3/2 Re Γ(1/2, 2mπi). (D.105)

For α ∈ R \{0}, using integration by parts, we find∫ ∞

0
dx

xΓ(1/2, 2x)
(x2 + α2)2 =

√
π

2α2 −
1√
2

∫ ∞

0

dx

x1/2
e−2x

x2 + α2 (D.106)

=
√
π

2α2 +
√
π√

2|α|
Im(iα)−1/2e2αiΓ(1/2, 2|α|i) (D.107)

=
√
π

2

(
1
α2 + 1

|α|3/2 Im e−iπ/4e2|α|iΓ(1/2, 2|α|i)
)
. (D.108)
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Combining (D.105) with equations (D.106) to (D.108), we find

K(−1/2, 1/2;nπ, nπ) = −nπ3/2L2(nπ) + 1
2n + ε(n)

2

√
π

|n|
Im(1− i)Γ(1/2, 2|n|πi)

+ ϑ(n)π3/2 Re Γ(1/2, 2nπi) (D.109)

where

L2(α) =
∫ ∞

0
dx

xe2xΓ(1/2, 2x)
(x2 + α2)2 =

√
π
∫ ∞

0
dx

xerfc(
√

2x)
(x2 + α2)2 (D.110)

for α ∈ R+ \{0}. To calculate the c = 0 case of K we find

K(b, 0;mπ, nπ) = −1
2 Re eiπb/2

∫ ∞

0

dx

xb
(1− e−2x)(e2xΓ(0, 2x) + log x− iπ/2)

(x− imπ)(x− inπ)
− δmnϑ(n) π

(nπ)b Im Γ(0, 2nπi) (D.111)

for (m,n) , (0, 0). To calculate this, for m,n , 0, let

K(b, 0;nπ,mπ) = K
(1)
0 (b;nπ,mπ)+K

(2)
0 (b;nπ,mπ)−δnmϑ(m) π

(mπ)b Im Γ(0, 2mπi)

(D.112)
where for α, β , 0

K
(1)
0 (b;α, β) = −1

2 Re eiπb/2
∫ ∞

0

dx

xb
log x− iπ/2(1− e−2x)

(x− iα)(x− iβ) , (D.113)

K
(2)
0 (b;α, β) = Im eiπb/2P (b, β)− P (b, α)

2(α− β) , (D.114)

(D.115)

and for α ∈ R we have

K
(2)
0 (b;α, α) = Im eiπb/2P ′(b;α) (D.116)

where

P (b, α) =
∫ ∞

0

dx

xb
(1− e−2x)e2xΓ(0, 2x)− e−2x log x

x− iα
, (D.117)

P ′(b, α) =
∫ ∞

0

dx

xb
(1− e−2x)e2xΓ(0, 2x)− e−2x log x

(x− iα)2 . (D.118)
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The integral K(1)
0 can be calculated as

K
(1)
0 (b;α, β) = −1

2 Re eiπb/2
∫ ∞

0

dx

xb
log x− iπ/2(1− e−2x)

(x− iα)(x− iβ) (D.119)

= −1
2 Re eiπb/2

∫ ∞

0

dx

xb
log x

(x− iα)(x− iβ)

− π

4 Im eiπb/2
∫ ∞

0

dx

xb
1− e−2x

(x− iα)(x− iβ) (D.120)

= −1
2 Re eiπb/2

∫ ∞

0

dx

xb
log x

(x− iα)(x− iβ)

− (1− δαβ) Re πΓ(1− b)
4(β − α)

[
eiπbϑ(α)|α|−bΓ̃(b,−2αi)

−eiπbϑ(β)|β|−bΓ̃(b,−2βi)
]

+ δαβ
πΓ(1− b)

4|α|b+1 Im eiπ(b+ε(α)(b+1))/2
[
e−iπbε(α)/2|2α|b

−Γ(b+ 1) + (b+ 2αi)e−2αiΓ(b,−2αi)
]

(D.121)

for b , 0 using the integral identities (D.3) and (D.5). Similarly, for b = 0 we find

K
(1)
0 (0;α, β) = −1

2 Re
∫ ∞

0
dx

log x
(x− iα)(x− iβ)

+ δαβ
π

4(β − α) Re
[
log |α|+ e−2αiΓ(0,−2αi)

− log |β| − e−2βiΓ(0,−2βi)− iπ(ε(α)− ε(β))/2
]

− δαβ
π

2 Im e−2αiΓ(0,−2αi) (D.122)

As for the logarithmic integral, this can by∫ ∞

0

dx

xb
log x

(x− iα)(x− iβ) = − d

db

∫ ∞

0

dx

xb
1

(x− iα)(x− iβ) (D.123)

= iπe−iπb/2

sin(πb)(β − α) [q(b; β)− q(b;α)] (D.124)

where for b , 0,

q(b;x) = eiπbϑ(x)|x|−b
(
π cot(πb) + log |x| − iπε(x)

2

)
b , 0. (D.125)

To calculate the case b = 0, we take the limit of (D.123) as b→ 0 and first notice
that

lim
b→0

[q(b, α)− q(b, β)] = 0. (D.126)
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By LĤopital’s rule, and with the assistance of Maple, we find∫ ∞

0
dx

log x
(x− iα)(x− iβ) = i

2π(β − α) [q(0, α)− q(0, β)] (D.127)

where
q(0;x) =

(
log |x| − iπε(x)

2

)2

. (D.128)

For the case where α = β, we can take the limit of (D.5) as β → α to find that for
a ∈ C \ R− and then subsequently differentiate in b to find∫ ∞

0

dx

xb
1

(x+ a)2 = πc

sin πca
−c−1, (D.129)∫ ∞

0

dx

xb
log x

(x+ a)2 = πa−b−1−1 + πb cot(πb) + b log a
sin πb , (D.130)∫ ∞

0
dx

log x
(x+ a)2 = log a

a
(D.131)

where on the final line we have taken the limit as b→ 0. For the specific case that
a = −iα with α ∈ R, we obtain∫ ∞

0

dx

xb
1

(x− iα)2 = eiπε(α)(1+b)/2b

|α|b+1 sin πb , (D.132)∫ ∞

0

dx

xb
log x

(x− iα)2 = πeiπε(α)(b+1)/2−1 + πb cot(πb) + b log |α| − iπbε(α)/2
|α|b+1 sin πb (D.133)

and specifically∫ ∞

0
dx x±1/2 log x

(x− nπi)2 = π±1/2eiπε(n)(1∓1/2)/2

|n|1∓1/2

(
±1 + 1

2 log |nπ| − iπε(n)
4

)
.

(D.134)
Combining (D.119)-(D.121) with (D.133), we find

K
(1)
0 (b;α, β) = (1− δαβ) π

2 sin πb Im q(b, β)− q(b, α)
β − α

− δαβπeiπ(ϑ(α)(b+1)−1/2)−1 + πb cot(πb) + b log |α| − iπbε(α)/2
2|α|b+1 sin πb

− (1− δαβ)πΓ(1− b)
4(β − α) Re

[
eiπbϑ(α)|α|−bΓ̃(b,−2αi)

−eiπbϑ(β)|β|−bΓ̃(b,−2βi)
]

+ δαβ
πΓ(1− b)

4|α|b+1 Im eiπ(b+ε(α)(b+1))/2
[
e−iπbε(α)/2|2α|b

−Γ(b+ 1) + (b+ 2αi)e−2αiΓ(b,−2αi)
]
, (D.135)
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for b , 0 and

K
(1)
0 (0;α, β) = 1− δαβ

4π
q(0, α)− q(0, β)

β − α
− δαβ

πε(α)
4α

+ (1− δαβ) π

4(β − α) Re
[
log |α|+ e−2αiΓ(0,−2αi)

− log |β| − e−2βiΓ(0,−2βi)− iπ(ε(α)− ε(β))/2
]

− δαβ
π

2 Im e−2αiΓ(0,−2αi) (D.136)

Consequently, we find

K(b, 0;mπ, nπ) = 1− δnm
2 sin πb Im q(b,mπ)− q(b, nπ)

m− n

− δmneiπ(ϑ(n)(b+1)−1/2)−1 + πb cotπb+ b log |nπ| − iπbε(n)/2
2πb|n|b+1 sin πb

− (1− δmn)Γ(1− b)
πb(m− n) Re

[
eiπbϑ(n)|n|−bΓ̃(b,−2nπi)

−eiπbϑ(m)|m|−bΓ̃(b,−2mπi)
]

+ δmnΓ(1− b)
4πb|n|b+1 Im eiπ(b+ε(n)(b+1))/2

[
e−iπbε(n)|2nπ|b − Γ(b+ 1)

+(b+ 2nπi)Γ(b,−2nπi)]

+ (1− δnm) Im eiπb/2P (b;mπ)− P (b;nπ)
2π(n−m)

+ δnm Im eiπb/2P ′(b;nπ) (D.137)

for b , 0. In the case b = 0, we have

K(0, 0;mπ, nπ) = 1− δnm
4π2

q(0, nπ)− q(0,mπ)
m− n

− δnmε(n)
4n

+ 1− δnm
4(m− n) Re [log |nπ|+ Γ(0,−2nπi)

− log |mπ| − Γ(0,−2mπi)− iπ(ε(n)− ε(m))/2]

− πδnm
2 Im Γ(0,−2nπi) (D.138)

for m,n ∈ Z \ {0}.
The final breakdown we require is for the integral

J(b;α) =
∫ ∞

0

dx

xb+1
H(0, 0;x)
x− α

(D.139)
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required for the first row elements of C± and D as

C±
m0 = J(∓1/2;mπ), Dm0 = J(0;mπ). (D.140)

To do this, we return to the decomposition of H, first given in (D.81), which we
recall as

H(0, 0;x) = −sin 2x(g(0, x)− g(0, 0))− 2 sin2 x(f(0, x)− f(0, 0))
2x . (D.141)

Making use of the closed expressions for f(0, 0), f(0, x), g(0, 0) and g(0, x) summarised
in (D.42), (D.40), (D.77) and (D.75) respectively, we can write

f(0, x)− f(0, 0) = Re
[
−ie2xiΓ(0, 2xi)− π

2 + πe2xi
]
, (D.142)

g(0, x)− g(0, 0) = Im
[
−i
(
e2xiΓ(0, 2xi) + log 2x+ γ

)
+ πe2xi

]
. (D.143)

This inspires writing H(0, 0;x) as

H(0, 0;x) =
Im

(
W̃ (x) + πe2xi

)
sin 2x− 2 Re

(
W̃ (x) + π (e2xi − 1/2)

)
sin2 x

2x .

(D.144)
where for x > 0,

W̃ (x) = −i
(
e2xiΓ(0, 2xi) + γ + log 2x

)
. (D.145)

By a simple calculation, one can rewrite (D.144) in terms of complex exponentials as

H(0, 0;x) = −1
2

Re (1− e−2xi) W̃ (x)
x

− 2π sin2 x

x
(D.146)

where we have made use once again of the identity sin2 2x− 2 cos 2x sin2 x = 2 sin2 x.
Combining (D.139) with (D.144) and recalling the definition of the G integral, we
find

J(b;α) = −2πG(b, 0;α) + J̃(b;α) (D.147)

where for |b| < 1 and α ∈ R.

J̃(b;α) = −1
2 PV Re

∫ ∞

0

dx

xb+1
−i (e2xiΓ(0, 2xi) + log 2x+ γ)

x− α
. (D.148)

Making use of lemma D.1.1, we find J̃(b;α) can be written as

J̃(b;α) = −1
2 Re eiπb/2 PV

∫ ∞

0

dx

xb+1
1− e−2x

x− αi
(
e2xΓ(0, 2x) + γ + log(2x)

)
. (D.149)
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D.3 THE L AND L2 INTEGRALS

The L and L2 integrals are required for the calculation of the integrals

K(−1/2, 1/2;nπ,mπ)

with n,m ∈ Z. Recall that the L integral is given by

L(α) = Re
∫ ∞

0
dx

(1− e−2x)e2xΓ(1/2, 2x)
x− αi

. (D.150)

We can write the L integral as

L(α) =
√
πRe

∫ ∞

0
dy

(1− e−2y)e2yerfc(
√

2y)
y − iα

(D.151)

= 2
√
πRe

∫ ∞

0
dz
z(1− ez2)erfc(z)

z2 − 2αi , (D.152)

after making the transformation y = z2. For α , 0, we split up the integral into
L(α) = L0(α) + L1(α) where

L0(α) = 2
√
πRe

∫ ∞

0
dz
zez

2erfc(z)
z2 − 2αi , (D.153)

L1(α) = −2
√
πRe

∫ ∞

0
dz
zerfc(z)
z2 − 2αi. (D.154)

To calculate the L0 integral, we first note that the integrand has poles at z =
±
√

2αeiπ/4. Then rotating the integral contour to the negative imaginary axis we
find

L0(α) = 2
√
πRe

∫ ∞

0
dz
ze−z2erfc(z)
z2 + 2αi . (D.155)

Similarly, one can rotate the contour to the positive imaginary axis by picking up a
contribution from a residue as

L0(α) = 2
√
πRe

(∫ ∞

0
dz
ze−z2erfc(iz)
z2 + 2αi + 2πiResz=

√
2αeiπ/4

zez
2erfc(iz)

z2 − 2αi

)
(D.156)

= 2
√
πRe

∫ ∞

0
dz
ze−z2erfc(iz)
z2 + 2αi − 2π3/2 Im e2αierfc(

√
α(1 + i)). (D.157)

Summing (D.155) and (D.157), and then making use of the identity erfc(w) +
erfc(−w) = 2 we find

L0(α) =
√
πRe

∫ ∞

0
dz

2ze−z2

z2 + 2αi − π
3/2 Im e2αierfc(

√
α(1 + i)). (D.158)
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Once again making the change of variables y = z2 and using (D.1), we find

L0(α) =
√
πRe

∫ ∞

0
dy

e−y

y + 2αi − π
3/2 Im e2αierfc(

√
α(1 + i)) (D.159)

=
√
πRe e2αiΓ(0, 2αi)− π3/2 Im e2αierfc(

√
α(1 + i)). (D.160)

Now moving onto the L1 integral, we first note that the derivative of the erfc
function is erfc′(z) = −2e−z2

/
√
π and so using integration by parts we find

L1(α) = −2
√
π
∫ ∞

0
dz
z erfc(z)
z2 − 2αi (D.161)

= −
√
πRe

[
erfc(z) log

(
z2 − 2αi

)]∞
0
− 2 Re

∫ ∞

0
dz e−z2 log

(
z2 − 2αi

)
(D.162)

=
√
πRe

(
log(−2αi) + γ + 2 log 2 + iπerfc(

√
α(1 + i))

−4αi 2F2(1, 1; 3/2, 2;−2αi)) (D.163)
=
√
π (log 2α + γ + 2 log 2)− π3/2 Im erfc(

√
α(1 + i))

+ 4
√
πα Im 2F2(1, 1; 3/2, 2;−2αi) (D.164)

where to go from (D.162) to (D.163), we made use of Maple 2024. Now combining
(D.160) and (D.164) we find

L(α) =
√
πRe e2αiΓ(0, 2αi)− π3/2 Im(e2αi + 1)erfc(

√
α(1 + i))

+
√
π (log 2α + γ + 2 log 2) + 4

√
πα Im 2F2(1, 1; 3/2, 2;−2αi). (D.165)

To find the value of L(0), we take the limit of (D.165). Using Maple, we can calculate
the series of L(α) about α = 0 where we find

L(α) = 2
√
π log 2 +O(α) (D.166)

and hence
L(0) = 2

√
π log 2. (D.167)

We now move onto the L2 integral, which is given by

L2(α) =
∫ ∞

0
dy
ye2yΓ(1/2, 2y)

(y2 + α2)2 (D.168)

for α ∈ R \{0}. Since L2 is an even function of a real variable, without loss of
generality we assume α > 0. Making use of equation 8.4.6 of the DLMF [24], we find

L2(α) =
√
π
∫ ∞

0
dy
y erfc(

√
2y)

(y2 + α2) (D.169)

= −
√
π

2α Im
∫ ∞

0
dy
y erfc(

√
2y)

(y + iα)2 . (D.170)
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Making the change of variables z =
√

2y, we now find

L2(α) = −2
√
π

α
Im

∫ ∞

0
dz
zez

2 erfc(z)
(z − 2αi)2 . (D.171)

The integrand is meromorphic with poles at z = ±
√

2αe−iπ/4 with decay like
|z|−4/

√
π as z →∞ for | arg z| < 3π/4. As such, we can rotate the integral to both

the positive and negative imginary axes independently as

L2(α) = 2
√
π

α
Im

∫ ∞

0
dz
ze−z2 erfc(iz)
(z2 − 2αi)2 (D.172)

= 2
√
π

α
Im

[∫ ∞

0
dz
ze−z2 erfc(−iz)

(z2 − 2αi)2 + 2πiR(α)
]

(D.173)

where

R(α) = Resz=
√

2αe−iπ/4
zez

2 erfc(z)
(z2 + 2αi)2 (D.174)

= 1
2

(
e−2αi erfc(

√
α(1− i)− 1 + i√

πα

)
(D.175)

where the residue has been computed using Cauchy’s formula for higher order residues.
Next, by noting that the complementary error function admits the identity

erfc(z) + erfc(−z) = 2 (D.176)

for all z ∈ C, we find

L2(α) = 2
√
π

α
Im

[∫ ∞

0
dz

ze−z2

(z2 − 2αi)2 + πiR(α)
]
. (D.177)

The integral here can be calculated by making the change of variables x = z2 and
writing ∫ ∞

0
dz

ze−z

(z2 − 2αi) =
∫ ∞

0
dx

e−x

(x− 2αi)2 (D.178)

= − 1
2αi

d

dα

∫ ∞

0
dx

e−x

(x− 2αi) (D.179)

= −e2αiΓ(0,−2αi) + e4αi

2αi . (D.180)

Combining (D.175), (D.177) and (D.180) and simplifying, we find

L2(α) = −
√
π

α
Im e2αiΓ(0,−2αi) + π3/2

α
Re e−2αi erfc(

√
α(1− i))

−
√
π

2α2 cos 4α− π

2α3/2 .

This concludes any work done prior to the start of my PhD.
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D.4 THE J̃ INTEGRAL

The first row elements of C± and D are calculated using the J̃ integral given by

J̃(b;α) = −1
2 Re eiπb/2 PV

∫ ∞

0

dx

xb+1
1− e−2x

x− αi
(
e2xΓ(0, 2x) + γ + log 2x

)
(D.181)

for |b| < 1 and α ∈ R. In particular, the closed forms we require are given in the
below table.

b α

{0,±1/2} 0
{0, 1/2} πN

To begin calculating, we will write

J̃(b;α) = −1
2 Re eiπb/2 [IΓ(b;α) + γI1(b;α) + Ilog(b;α)] (D.182)

where for β > 0

IΓ(b;α) =
∫ ∞

0

dx

xb+1
1− e−2x

x− iα
e2xΓ(0, 2x), (D.183)

I1(b;α) =
∫ ∞

0

dx

xb+1
1− e−2x

x− iα
, (D.184)

Ilog(b;α) =
∫ ∞

0

dx

xb+1
1− e−2x

x− iα
log 2x. (D.185)

To begin calculating IΓ, we make use of the following representation of the
incomplete gamma function,

ezΓ(a, z) =
∫ ∞

0
dt (z + t)a−1e−t, (D.186)

which holds for z ∈ C\R− and Re a > 0. The integral representation follows from the
simple change of variable t 7→ z + t of equation 8.2.2 of the DLMF [24]. Substituting
(D.186) into (D.183) and rearranging the order of integration, we obtain

IΓ(b;α) = 1
2

∫ ∞

0
dt e−t

∫ ∞

0

dx

xb+1
1− e−2x

(x+ t/2)(x− αi) (D.187)

= Γ(−b)
∫ ∞

0
dt

e−t

t+ 2αi
[
(−αi)−b−1Γ̃(b+ 1,−2αi)− 2b+1t−b−1Γ̃(b+ 1, t)

]
(D.188)

= Γ(−b)(−αi)−b−1e2αiΓ(0, 2αi)Γ̃(b+ 1,−2αi)

− 2b+1Γ(−b)
∫ ∞

0

dt

tb+1
e−tΓ̃(b+ 1, t)

t+ 2αi (D.189)
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where the second line has been computed using (D.3) and (D.5), and the third line
by a single application of (D.186). Note that the new integral in (D.189) converges
for any b ∈ (−1,∞) \ {0}. We will write

ĨΓ(b;α) =
∫ ∞

0

dt

tb+1
e−t (Γ(b+ 1)− etΓ(b+ 1, t))

t+ 2αi , (D.190)

whose closed form and limiting values will be of particular interest here-on in this
subsection. Immediately, since Γ̃(1; t) = Γ(1)− etΓ(1, t) = 0 we have

ĨΓ(0;α) = 0 (D.191)

for all α ∈ C \ R−.
For b , 0, it will be convenient to decompose ĨΓ according to

ĨΓ(b;α) = lim
c→b

Ĩ
(1)
Γ (b, c;α)− Ĩ(2)

Γ (b, c;α), (D.192)

with

Ĩ
(1)
Γ (b, c;α) := Γ(c+ 1)

∫ ∞

0

dt

tb+1
e−t

t+ 2αi (D.193)

= Γ(c+ 1)Γ(−b)(2αi)−b−1e2αiΓ(b+ 1, 2αi) (D.194)

and

Ĩ
(2)
Γ (b, c;α) : =

∫ ∞

0

dt

tb+1
Γ(c+ 1, t)
t+ 2αi (D.195)

= 1
c− b

[
π(c− b)eiπ(c+1)(2αi)−b−1

sin π(c− b) (Γ(c+ 1)− Γ(c+ 1,−2αi)

−Γ(c− b+ 1)
b+ 1 2F2(1, b+ 1; 2 + b, 1 + b− c; 2αi)

]

− π2c(2αi)−b−1

Γ(1− c) sin πb sin πc (D.196)

can be computed in closed form by Maple 2024 and simplified using an identity of the
incomplete gamma function. Before computing a closed form for limc→b Ĩ

(2)(b, c;α),
we note that

lim
c→b

Ĩ
(1)
Γ (b, c;α) = −π(2αi)−b−1e2αiΓ(b+ 1, 2αi)

sin πb . (D.197)

We now turn to computing the limit of (D.196) as b→ c, we first note that

lim
c→b

Γ(c− b+ 1)2F2(1, 1 + b; 2 + b, 1 + b− c; 2αi)
1 + b

= (−2αi)−c−1 (Γ(c+ 1)− Γ(c+ 1,−2αi)) (D.198)

= lim
c→b

π(c− b)(2αi)−1−beiπ(c+1)

sin π(c− b) (Γ(c+ 1,−2αi)− Γ(c+ 1)) . (D.199)
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As such, by L’Ĥopital’s rule, we find that

lim
c→b

Ĩ
(2)
Γ (b, c;α) = lim

c→b

d

dc

[
π(c− b)(2αi)−b−1eiπ(c+1)(Γ(c+ 1)− Γ(c+ 1,−2αi)

sin π(c− b)

−Γ(c− b+ 1)2F2(1, b+ 1; b+ 2, 1 + b− c; 2αi)
b+ 1

]

− π2b(2αi)−b−1

Γ(1− b) sin2 πb
(D.200)

= lim
c→b

[
πz−b−1eiπ(c+1)(Γ(c+ 1)− Γ(c+ 1,−z))

sin π(c− b)

− π2(c− b)
sin π(c− b)

z−b−1eiπ(c+1)(Γ(c+ 1)− Γ(c+ 1,−z) cosπ(c− b)
sin π(c− b)

]
(D.201)

+ iπz−b−1eiπ(b+1)(Γ(b+ 1)− Γ(b+ 1,−z))

+ γ

b+ 12F2(1, 1 + b; 2 + b, 1; z)

+ z−b−1eiπ(b+1) (ψ(b+ 1)Γ(b+ 1)− Γ(b+ 1,−z) log(−z)

−G 3,0
2,3 ( 1,1

0,0,1+b | − z)
)

+ 1
b+ 1

d

dc

∣∣∣∣∣∣
c=1

2F2(1, 1 + b; 2 + b; c; z)

− π2bz−b−1

Γ(1− b) sin2 πb
(D.202)

where z = 2αi and G3,0
2,3 is a Meijer G function. The limit in (D.201) vanishes and so

we find

lim
c→b

Ĩ
(2)
Γ (b, c;α) = iπ(2αi)−b−1eiπ(b+1)(Γ(b+ 1)− Γ(b+ 1,−2αi))

+ γ

b+ 12F2(1, 1 + b; 2 + b, 1; 2αi)

+ (2αi)−b−1eiπ(b+1) (ψ(b+ 1)Γ(b+ 1)
− Γ(b+ 1,−2αi) log(−2αi)−G 3,0

2,3 ( 1,1
0,0,1+b | − 2αi)

)
+ 1
b+ 1

d

dc

∣∣∣∣∣∣
c=1

2F2(1, 1 + b; 2 + b, c; 2αi)− π2b(2αi)−b−1

Γ(1− b) sin2 πb
.

(D.203)
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Substituting the closed forms (D.197) and (D.203) into (D.192), we find

ĨΓ(b;α) = −π(2αi)−b−1e2αiΓ(b+ 1, 2αi)
sin πb + π2b(2αi)−b−1

Γ(1− b) sin2 πb

− iπ(2αi)−b−1eiπ(b+1)(Γ(b+ 1)− Γ(b+ 1,−2αi))

− γ

b+ 12F2(1, 1 + b; 2 + b; 1; 2αi)

− (2αi)−b−1eiπ(b+1) (ψ(b+ 1)Γ(b+ 1)
−Γ(b+ 1,−2αi) log(−2αi)−G 3,0

2,3 ( 1,1
0,0,1+b | − 2αi)

)
− 1
b+ 1

d

dc

∣∣∣∣∣∣
c=1

2F2(1, 1 + b; 2 + b, c; 2αi) (D.204)

= −πe
−iπε(α)(b+1)/2e2αiΓ(b+ 1, 2αi)

|2α|b+1 sin πb + π2be−iπε(α)(b+1)/2

|2α|b+1 sin2 πb

− iπeiπ(3/2−ϑ(α))(b+1)|2α|−b−1 (Γ(b+ 1)− Γ(b+ 1,−2αi))

− γ

b+ 12F2(1, 1 + b; 2, 2 + b; 2αi)

− eiπ(3/2−ϑ(α))(b+1)|2α|−b−1 [ψ(b+ 1)Γ(b+ 1)
− Γ(b+ 1,−2αi)(log |2α| − iπε(α)/2)

+πb(log |2α| − iπε(α)/2 + π cot πb− ψ(−b))
Γ(1− b) sin πb

]

+ eiπ(b+1)

b+ 1 2F2(b+ 1, b+ 1; b+ 2, b+ 2;−2αi)

− 1
b+ 1

d

dc

∣∣∣∣∣∣
c=1

2F2(1, 1 + b; c, 2 + b; 2αi) (D.205)

It is of note that the derivative of the hypergeometric function with respect
to a parameter has not been simplified. In principle it is possible to write this as
a Kampé de Férier function; a double sum generalisation of the hypergeometric
function. However, for the purposes of numerical calculation we make use of a trick
implemented in the python library Arb, [44].

Let f be some function for which we would like to compute the derivative.
Suppose the computational implementation of f allows for its argument to be a
formal power series in some variable λ, in which case f(a0 +a1λ+ · · · ) = b0 +b1λ+ · · ·
as a formal power series. It follows by simple Taylor expansion, that if f ∈ C2(R),
we have f(a+ λ) = f(a) + λf ′(a) +O(λ2), where O(λ2) simply indicates the next
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leading order coefficient. It hence follows that

d

dc

∣∣∣∣∣∣
c=1

2F2(1, 1 + b; 2 + b, c; 2αi) = 2F2(1, 1 + b; 2 + b, 1 + λ; 2αi)[λ1] (D.206)

where for k ∈ N ∪ {0} and P ∈ C⟦λ⟧, P [λk] indicates the coefficient of λk in the
formal power series.

With ĨΓ calculated for all b of interest, we return to (D.189) to find

IΓ(b;α) = −Γ(1− b)(−iα)−b−1e2αiΓ(0, 2αi)Γ̃(b+ 1,−2αi)
b

+ 2b+1Γ(1− b)
b

ĨΓ(b;α) (D.207)

= −e
iπε(α)(b+1)/2Γ(1− b)e2αiΓ(0, 2αi)Γ̃(b+ 1,−2αi)

b|α|b+1

− e−iπε(α)(b+1)/2 πΓ(1− b)
b|α|b+1 sin πb

(
e2αiΓ(b+ 1, 2αi)− πb

sin πb

)

− eiπ(3/2−ϑ(α))(b+1) iπΓ(1− b)
b|α|b+1 (Γ(b+ 1)− Γ(b+ 1,−2αi))

− γ2b+1Γ(1− b)
b(b+ 1) 2F2(1, b+ 1; 2, b+ 2; 2αi)

− eiπ(3/2−ϑ(α))(b+1)Γ(1− b)
b|α|b+1 [ψ(b+ 1)Γ(b+ 1)− Γ(b+ 1,−2αi)(log |2α|

−iπε(α)/2) + πb(log |2α| − iπε(α)/2 + π cotπb− ψ(−b))
Γ(1− b) sin πb

]
(D.208)

+ 2b+1Γ(1− b)
b(b+ 1)

(
eiπ(b+1)

2F2(b+ 1, b+ 1; b+ 2, b+ 2;−2αi)

− d

dc

∣∣∣∣∣∣
c=1

2F2(1, b+ 1; c, b+ 2; 2αi)
 . (D.209)

In particular, we require this for b ∈ {0,±1/2}. The values b = ±1/2 are a simple
case of substitution and simplification and we find

For the case b = 0, by taking the limit and applying LĤopital’s rule we find

IΓ(0;α) = 1
αi

d

db

∣∣∣∣∣∣
b=1

Γ̃(b,−2αi) + 2 d
db

∣∣∣∣∣∣
b=0

ĨΓ(b;α). (D.210)
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The first term in (D.210) admits a closed form from the fact that

d

db

∣∣∣∣∣∣
b=1

Γ̃(b,−2αi) = d

db

∣∣∣∣∣∣
b=1

(
Γ(b)− e−2αiΓ(b,−2αi)

)
(D.211)

= Γ′(1)− e−2αiΓ′(1,−2αi) (D.212)

where we make use of the notation Γ′(b, z) = ∂bΓ(b, z). Using the standard integral
representation of the incomplete Gamma function we find

d

db

∣∣∣∣∣∣
b=1

Γ̃(b,−2αi) = −γ − e−2αi
∫ ∞

−2αi
dt e−t log t (D.213)

= −γ − log(−2αi)− e−2αiΓ(0,−2αi) (D.214)

after an application of integration by parts. It remains then to calculate

d/db|b=0ĨΓ(b;α).

Using Maple 2024, the series expansion of ĨΓ(b, z) centered at b = 0 can be computed
and the b1 coefficient coincides with the derivative required. Hence we find

d

db

∣∣∣∣∣∣
b=0

ĨΓ(b;α) = γ
e2αi − 1

2αi + e2αi
2F2(1, 1; 2, 2;−2αi) + 2F2(1, 1; 2, 2; 2αi)

+ γ2F2(1, 1; 2, 1; 2αi)− γ d
db

∣∣∣∣∣∣
b=0

2F2(1, 1 + b; 2 + b, 1; 2αi)

+ d

dc

∣∣∣∣∣∣
c=1

2F2(1, 1; 2, c; 2αi)

− d

dc

∣∣∣∣∣∣
c=1

d

db

∣∣∣∣∣∣
b=0

2F2(1, 1 + b; 2 + b, c; 2αi). (D.215)

At this stage, we will derive a simpler form of the derivative d/db|b=02F2(1, 1 + b; 2 +
b, 1; 2αi). By equation 16.2.1 of the DLMF [24], we have

2F2(1, 1 + b; c, 2 + b; z) =
∞∑
n=0

(1)n(1 + b)n
(c)n(2 + b)n

zn

n! = Γ(c)(b+ 1)
∞∑
n=0

Γ(n+ 1)
Γ(n+ c)(b+ 1)

zn

n!
(D.216)
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and hence
d

db
2F2(1, b+ 1; c, b+ 2; z) = Γ(c)

∞∑
n=0

Γ(n+ 1)Γ(n+ b+ 1)
Γ(n+ c)Γ(n+ b+ 2)

zn

n!

− Γ(c)(b+ 1)
∞∑
n=0

Γ(n+ 1)Γ(n+ b+ 1)2

(n+ c)Γ(n+ b+ 2)2
zn

n! (D.217)

= Γ(b+ 1)
Γ(b+ 2)

∞∑
n=0

(1)n(b+ 1)n
(c)n(b+ 2)n

zn

n!

− Γ(b+ 1)
Γ(b+ 2)

∞∑
n=0

(1)n(b+ 1)2
n

(c)n(b+ 2)2
n

zn

n! (D.218)

= 1
b+ 1 [2F2(1, b+ 1; c, b+ 2; z)

−3F3(1, b+ 1, b+ 1; c, b+ 2, b+ 2; z)] . (D.219)

In particular for c = 1 we have

d

db
2F2(1, b+ 1; 1, b+ 2; z) = 1

b+ 1 [1F1(b+ 1; b+ 2; z)

−2F2(b+ 1, b+ 2; b+ 2, b+ 2; z)] . (D.220)

Returning to (D.215), after simplification we find

d

db

∣∣∣∣∣∣
b=0

ĨΓ(b;α) = γ
e2αi − 1

2αi − e2αi
2F2(1, 1; 2, 2;−2αi) + 2F2(1, 1; 2, 2; 2αi)

+ γ2F2(1, 1; 2, 2; 2αi) + d

dc

∣∣∣∣∣∣
c=1

3F3(1, 1, 1; c, 2, 2; 2αi). (D.221)

Now we can calculate IΓ(0;α) according to (D.210) and after simplification we find

IΓ(0;α) = − 1
αi

[
γ(2− e2αi) + log(−2αi) + e−2αiΓ(0,−2αi)

]
− 2e2αi

2F2(1, 1; 2, 2;−2αi) + 2(1 + γ)2F2(1, 1; 2, 2; 2αi)

+ 2 d
dc

∣∣∣∣∣∣
c=1

3F3(1, 1, 1; c, 2, 2; 2αi). (D.222)

The integral I1 can be calculated immediately using (D.3) and (D.5) and we find

I1(b;α) = lim
β→0

Γ(1− b)
β + iα

[
(−iα)−bΓ̃(b,−2αi)− β−bΓ̃(b, 2β)

]
(D.223)

= 2bΓ(1− b)
iα

[
(−2αi)−bΓ̃(b,−2αi)− 1

b

]
. (D.224)



144
Appendix D. Closed form of the auxillary functions for the matrix

elements

By the recurrence relations of the gamma and incomplete gamma functions we find

I1(b;α) = 2bΓ(1− b)
iα

(−2αi)−bΓ(b+ 1)− e−2αiΓ(b+ 1,−2αi)
b

(D.225)

= Γ(1− b)eiπ(b+1)ε(α)/2 e
−2αiΓ(b+ 1,−2αi)− Γ(b+ 1)

b|α|b+1 (D.226)

from which it is straightforward to see that

I1(0;α) = − 1
iα

(
γ + e−2αiΓ′(1,−2αi)

)
. (D.227)

By simple inspection, we obtain

Ilog(b;α) = −2b ∂
∂b

2−bI1(b;α). (D.228)

This derivative is simple enough to compute and we find

Ilog(b, α) = ψ(1− b)I1(b, α)

− Γ(1− b)
iα

∂

∂b

[
(−2αi)−bΓ(b+ 1)− e−2αiΓ(b+ 1,−2αi))

b

]
(D.229)

= ψ(1− b)I1(b, α)− Γ(1− b)
iα

[
(−αi)−b

(
− log(−2αi)Γ̃(b,−2αi)

+Γ̃′(b,−2αi)
)

+ 2b
b2

]
(D.230)

= −e
iπ(b+1)ε(α)/2Γ′(1− b)Γ̃(b,−2αi)

b|α|b+1

+ eiπ(b+1)ε(α)/2Γ(1− b)
|α|b+1

[
Γ̃′(b,−2αi)

−Γ̃(b,−2αi)
(

log |2α| − iπε(α)
2

)]
+ i2bΓ(1− b)

αb2 (D.231)

We now proceed with calculating Ilog(0, α) by taking the limit of (D.229) as b→ 0.
It follows that

Ilog(0, α) = −γI1(0, α)− 1
2αi

[
2γ log(−2αi) + γ2 + π2

6
+2e−2αi log(−2αi)Γ′(1,−2αi)− e−2αiΓ′′(1,−2αi)

]
(D.232)

= 1
2αi

[
γ2 − π2

6 + iπγε(α)− 2γ log |2α|

+2
(
γ − log |2α|+ iπε(α)

2

)
e−2αiΓ′(1,−2αi) + e−2αiΓ′′(1,−2αi)

]
.

(D.233)
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Hence, we find

J̃(b, α) = Im eiπϑ(α)(b+1)Γ(1− b)e2αiΓ(0, 2αi)Γ̃(b+ 1,−2αi)
2b|α|b+1

− Im e−iπ(ϑ(α)(b+1)+b) πΓ(1− b)
2b|α|b+1 sin πb

(
e2αiΓ(b+ 1, 2αi)− πb

sin πb

)

+ Re eiπ(2b−ϑ(α)(b+1))πΓ(1− b)
2b|α|b+1 (Γ(b+ 1)− Γ(b+ 1,−2αi))

+ Re eiπb/2γ2bΓ(1− b)
b(b+ 1) 2F2(1, b+ 1; 2, b+ 2; 2αi)

+ Im eiπ(2b−ϑ(α)(b+1))Γ(1− b)
2b|α|b+1 [ψ(b+ 1)Γ(b+ 1)− Γ(b+ 1,−2αi)(log |2α|

−iπε(α)/2) + πb(log |2α| − iπε(α)/2 + π cotπb− ψ(−b))
Γ(1− b) sin πb

]
(D.234)

and similarly

J̃(0, α) = γ

2α(2− cos 2α)− πε(α)
4α + 1

2α Im e−2αiΓ(0,−2αi)

+ Re e2αi
2F2(1, 1; 2, 2;−2αi)− (1 + γ) Re 2F2(1, 1; 2, 2; 2αi)

− Re d

dc

∣∣∣∣∣∣
c=1

3F3(1, 1, 1; c, 2, 2; 2αi) + γ

2α Im e−2αiΓ′(1,−2αi)

− πγε(α)
2α − 1

2α Im
(
γ − log |2α|+ iπε(α)

2

)
e−2αiΓ′(1,−2αi)

− 1
4α Im e−2αiΓ′′(1,−2αi) (D.235)

D.5 THE P INTEGRALS

The remaining integrals to calculate are the P integrals, given in (D.117), with closed
forms

P (b, α) =
∫ ∞

0

dx

xb
(1− e−2x)e2xΓ(0, 2x)− e−2x log x

x− iα
, (D.236)

P ′(b, α) =
∫ ∞

0

dx

xb
(1− e−2x)e2xΓ(0, 2x)− e−2x log x

(x− iα)2 . (D.237)

Immediately we notice that

P ′(b, α) = −i ∂
∂α

P (b, α) (D.238)
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and by inspection we note that

P (b, α) = P1(b, α) + P2(b, α) (D.239)

P1(b, α) =
∫ ∞

0

(1− e−2x)e2xΓ(0, 2x)
x− iα

, (D.240)

P2(b, α) = ∂

∂b

∫ ∞

0

dx

xb
e−2x

x− iα
(D.241)

for b ∈ (−1, 1) and α ∈ R. From (D.1), for b , 0, we obtain

P2(b, α) = ∂

∂b
(−iα)−be−2αiΓ(1− b)Γ(b,−2αi) (D.242)

= (−iα)−be−2αiΓ(1− b) [Γ′(b,−2αi)
−Γ(b,−2αi)(log(−iα) + ψ(1− b))] . (D.243)

We proceed with the calculation of P1 with a similar method to the calculation of IΓ.
First, we use the integral representation of Γ(0, 2x) in (D.186) to find

P1(b, α) = 1
2

∫ ∞

0
ds e−s

∫ ∞

0

dx

xb
1− e−2x

(x+ s/2)(x− iα) . (D.244)

We define the inner integrand of (D.244) as I(b, α; s) which by (D.3) admits the
closed form

I(b, α; s) := 1
2

∫ ∞

0

dx

xb
1− e−2x

(x+ s/2)(x− iα) (D.245)

= Γ(1− b)(−iα)−b

s+ 2αi Γ̃(b,−2αi)− Γ(1− b)Γ(b)
sb(s+ 2αi)

+ 2bΓ(1− b) esΓ(b, s)
sb(s+ 2αi) (D.246)

again for b ∈ (−1, 1) \ {0}, α ∈ R and s ∈ R+. It follows that

P1(b, α) =
∫ ∞

0
dse−sI(b, α; s) (D.247)

and
P1(b, α) = P11(b, α) + P12(b, α) + P13(b, α) (D.248)

where for b and α in the same domains as P1 we have

P11(b, α) = (−iα)−bΓ(1− b)Γ̃(b,−αi)
∫ ∞

0
ds

e−s

s+ 2αi, (D.249)

P12(b, α) = −Γ(1− b)Γ(b)
∫ ∞

0

ds

sb
e−s

s+ 2αi, (D.250)

P13(b, α) = 2bΓ(1− b)
∫ ∞

0

ds

sb
Γ(b, s)
s+ 2αi. (D.251)
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By appealing to (D.1), we immediately find

P11(b, α) = (−iα)−bΓ(1− b)e2αiΓ(0, 2αi)Γ̃(b,−2αi), (D.252)

P12(b, α) = −π(iα)−be2αiΓ(0, 2αi)Γ(1− b)
sin πb . (D.253)

To calculate the integral of the incomplete gamma function in P13, we first note
that the incomplete gamma function can be written as the Meijer G function

Γ(0, s) = G 2,0
1,2 ( 1

0,0 | s) (D.254)

for s ∈ R+. To calculate the integral we make use of the identity∫ ∞

0
ds sc−1(s+ a)−σGm,n

p,q ( a1,...,ap

b1,...,bq
| s) = ac−σ

Γ(σ)G
m+1,n+1
p+1,q+1 ( 1−c,a1,...,ap

σ−c,b1,...,bq
| a) (D.255)

taken from page 418 of volume II of [5]. Applying (D.255), we find

P13(b, α) = (iα)−bΓ(1− b)G 3,1
2,3 ( b,1

b,b,0 | 2αi). (D.256)

Combining (D.252), (D.253) and (D.256), we arrive at

P (b, α) = e−iπbε(α)|α|−bΓ(1− b)e2αiΓ(0, 2αi)Γ̃(b,−2αi)

− πe−iπbε(α)/2e2αiΓ(b, 2αi)Γ(1− b)
|α|b sin πb

+ e−iπbε(α)/2|α|−bΓ(1− b)G 3,1
2,3 ( b,1

b,b,0 | 2αi)
+ eiπbε(α)/2|α|−be−2αiΓ(1− b) [Γ′(b,−2αi)
−Γ(b,−2αi)(log |α| − iπε(α)/2 + ψ(1− b))] (D.257)

for b ∈ (−1, 1) \ {0} and α ∈ R.
We also require the limit of P (b, α) as b→ 0. Naively taking the limit, we find

P (0, α) = lim
b→0

(
(−iα)−bΓ(1− b)e2αiΓ(0, 2αi)Γ(b)− π(iα)−be2αiΓ(b, 2αi)Γ(1− b)

sin πb

)
− Γ(0, 2αi)Γ(0,−2αi) +G 3,1

2,3 ( 0,1
0,0,0 | 2αi)

+ e−2αi [Γ′(0,−2αi)− Γ(0,−2αi)(log(−iα) + γ)] . (D.258)

We only require then the calculation of the non-trivial limit of (D.258) which we can
simply calculate according to L’Hôpital’s rule and hence

P (0, α) = e2αi (−γ + iπε(α)) Γ(0, 2αi)− e2αiΓ′(0, 2αi)
− Γ(0, 2αi)Γ(0,−2αi) +G 3,1

2,3 ( 0,1
0,0,0 | 2αi)

+ e−2αi [Γ′(0,−2αi)− Γ(0,−2αi)(log |α| − iπε(α)/2 + γ)] . (D.259)



148
Appendix D. Closed form of the auxillary functions for the matrix

elements

At this stage we can calculate P ′(b, α) by applying −i∂/∂α to (D.257) and
(D.259). Hence, we find

P ′(b, α) = (iα− b)e2αieiπ(b+1)ε(α)/2|α|−b−1Γ(1− b)Γ̃(b,−2αi)Γ(0, 2αi)

+ i2bΓ(1− b)e2αiΓ(0, 2αi)
α

− 2Γ(1− b)eiπbε(α)/2|α|−bΓ(b,−2αi)Γ(0, 2αi)
− eiπ(b+1)ε(α)/2|α|−b−1Γ(1− b)Γ̃(b,−2αi)

+ πΓ(1− b)
sin πb

[
(b− 2αi)e2αieiπ(b+1)ε(α)/2|α|−b−1Γ(b, 2αi)− eiπb2b

iα

]
+ e−iπ(b+1)ε(α)/2|α|−b−1Γ(1− b)G 3,1

2,3 ( b,1
b+1,b,0 | 2αi)

+ (b− 2αi)Γ(1− b)e2αieiπ(b+1)ε(α)/2|α|−b−1 [Γ(b,−2αi)(log |α|
−iπε(α)/2 + ψ(1− b))− Γ′(b,−2αi)]

+ eiπ(b+1)ε(α)/2|α|−b−1e2αiΓ(1− b)
[

Γ(b,−2αi)
iα

+2be−iπ(b−1)ε(α)/2|α|b−1e2αi(ψ(1− b)− log 2)
]
. (D.260)

for b ∈ (−1, 1) \ {0} and α ∈ R. For the case b = 0, we find

P ′(0, α) = 2e2αi [(−γ + iπε(α))Γ(0, 2αi)− Γ′(0, 2αi)]− e2αi
[
(−γ + iπε(α))e

−2αi

iα

(D.261)

−e
2αi(log |2α| − iπε(α)/2)

iα

]
+ e−2αiΓ(0,−2αi) + e2αiΓ(0, 2αi)

αi

+ 2∂G 3,1
2,3 ( 0,1

1,0,0 | 2αi)− 2e−2αi [Γ′(0,−2αi)

+(γ − (log |α| − iπε(α)/2)Γ(0,−2αi) + log 2 + γ + Γ(0,−2αi)
iα

]
.

(D.262)

This finally concludes all of the integrals required to calculate the matrix elements
of the Bracken-Melloy operator with respect to the sinc-like vectors.



E

Simplification of Meijer G functions

Numerical experimentation showed that the main time bottleneck to the computation
of the matrix elements of the Bracken–Melloy operator with respect to the dense
sequence (φ±

n )n∈N, was the evaluation of Meijer G functions that appear in the
evaluation of the C matrix, see equations (4.112) to (4.114). These functions were
initially computed using the Python library mpmath [51]. The next section is
dedicated to the evaluation of these Meijer G functions in terms of hypergeometric
functions that are readily handled in Arb.

Let
G0(b; z) = G 3,1

2,3 ( b,1
b,b,0 | z), G1(b; z) = G 3,1

2,3 ( b,1
b+1,b,0 | z). (E.1)

From equation 16.17.1 of the DLMF [24], we find

Gm,n
p,q ( a1,...,ap

b1,...,bq
| z) = 1

2πi

∫
L
ds

∏m
l=1 Γ(bl − s)

∏n
l=1 Γ(1− al + s)∏q−1

l=m Γ(1− bl+1 + s)∏p−1
l=n Γ(al+1 − s)

zs (E.2)

where the integration path L separates the poles of the factors Γ(bl − s) from those
of the factors Γ(1− al + s). After the change of variable s = −w, we obtain

G0(b, z) = 1
2πi

∫
L′
dw

Γ(w + b)2Γ(w)Γ(1− b− w)
Γ(w + 1) z−w (E.3)

where the contour L′ encloses all the poles of the integrand contained in the left-hand
plane. We will define the integrand in (E.3) as fMeijer(b, z;w), given by

fMeijer(b, z;w) = Γ(w + b)2Γ(w)Γ(1− b− w)
Γ(w + 1) z−w. (E.4)

The contour integral is equal to the sum of the residues at the poles of the integrand.
These poles qualitatively depend on the value of b.

149
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Value of b Poles Order of Poles

b = 0
w = 0
w = −n for n ∈ N

ord(w = 0) = 3
ord(w = −n) = 2

b ∈ R \Z
w = 0
w = −n−b for n ∈ N

ord(w = 0) = 1
ord(w = −b−n) = 2

For each b of interest, we use the residue theorem to write

G0(b, z) = R0(b, z) +
∞∑
n=1

R0(b, z) (E.5)

where

R0(b, z) = Resw=0 fMeijer(b, z;w), Rn(b, z) = Resw=−b−n fMeijer(b, z;w). (E.6)

We begin with the case b = 0 where, after applying the addition and reflection
formulae for the gamma function, we find

fMeijer(0, z;w) = πΓ(w)
w sin πwz

−w (E.7)

has a pole of order 3 at w = 0 as well as poles of order 2 at w = −n for n ∈ N. The
residue at w = 0 is easily computed in Maple 2024 since

R0(0, z) = 1
(3− 1)!

(
w3fMeijer(z;w)

)
[w0] (E.8)

= 1
2

(
γ2 + π2

2 + 2γ log z + log(z)2
)
. (E.9)

To calculate the residues of the poles of fMeijer at w = −n for n ∈ N, we make use of
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the Cauchy residue formula for higher order poles and hence find

Rn(0, z) = 1
(2− 1)! lim

w→−n

d

dw

π(w + n)2Γ(w)z−w

w sin πw (E.10)

= lim
w→−n

(
−πz

−w log zΓ(w)(w + n)2

w sin πw − πz−wΓ(w)(w + n)2

w2 sin πw

+ πz−wψ(w)Γ(w)(w + n)2

w sin πw

− π2z−wΓ(w) cosπw(w + n)2

w sin2 πw

+ 2πz−wΓ(w)(w + n)
w sin πw

)
(E.11)

= log z zn

n · n! −
zn

n2 · n!

+ lim
z→−n

πz−wΓ(w)(w + n)
w sin πw [ψ(w)(w + n)

− π cosπw(w + n)
sin πw + 2


= zn

n · n!

(
γ + log z − 1

n
−Hn

)
(E.12)

where Hn is the nth harmonic number. Summing up all the residues, we find

G0(0, z) = 1
2

(
γ2 + π2

2 + 2γ log(z) + log(z)2
)

+ (γ + log(z))
∞∑
n=1

zn

n · n!

−
∞∑
n=1

zn

n2 · n! −
∞∑
n=1

Hnz
n

n · n! (E.13)

= 1
2

(
γ2 + π2

2 + 2γ log(z) + log(z)2
)
− (γ + log(z))(γ + log(−z)

+ Γ(0,−z))− z3F3(1, 1, 1; 2, 2, 2; z)−H(0, z) (E.14)

where suggestively, we write

H(b, z) =
∞∑
n=1

Hnz
n

(n+ b) · n! (E.15)

for b ∈ R \Z. Note that we will only make use of b = ±1/2. The residue R0(b) is
immediate and we find

R0(b, z) = πΓ(b)
sin πb. (E.16)



152 Appendix E. Simplification of Meijer G functions

By Cauchy’s residue formula once again we find

Rn(b, z) = − lim
w→−b−n

[
π(w + b+ n)2Γ(w + b)z−w log z

w sin π(w + b)

−π(w + b+ n)2Γ(w + b)z−w

w2 sin π(w + b)

]

+ lim
w→−b−n

[
2π(w + b+ n)Γ(w + b)z−w

w sin π(w + b)

+ π(w + b+ n)2ψ(w + b)Γ(w + b)z−w

w sin π(w + b)

− π2(w + b+ b)2Γ(w + b) cosπ(w + b)z−w

w sin2 π(w + b)

]
. (E.17)

The limits on the first line of (E.17) are found by the well known residues of the Γ
and csc functions and hence we obtain

− lim
w→−b−n

[
π(w + b+ n)2Γ(w + b)z−w log z

w sin π(w + b) + π(w + b+ n)2Γ(w + b)z−w

w2 sin π(w + b)

]

= zb+n log z
(n+ b) · n! −

zb+n

(n+ b)2 · n! (E.18)

for n ∈ N, b ∈ R \Z. In order to calculate the remaining limits of (E.17), which we
define as

Ln(b, z) = lim
w→−b−n

(
2π(w + b+ n)Γ(w + b)z−w

w sin π(w + b)

+ π(w + b+ n)2ψ(w + b)Γ(w + b)z−w

w sin π(w + b)

−π
2(w + b+ n)2Γ(w + b) cosπ(w + b)z−w

w sin2 π(w + b)

)
, (E.19)

we factorise as

Ln(b, z) = lim
w→−b−n

(w + b+ n)Γ(w + b)z−w

w
lim

w→−b−n

[ 2π
sin π(w + b)

+ πψ(w + b)(w + b+ n)
sin π(w + b) − π2(w + b+ n) cosπ(w + b)

sin2 π(w + b)

]

= −π(−1)nzn+b

(n+ b)n! lim
w→−b−n

[ 2π
sin π(w + b) + πψ(w + b)(w + b+ n)

sin π(w + b)

− π2(w + b+ n) cosπ(w + b)
sin2 π(w + b)

]

= −π(−1)nzn+b

(n+ b)n! L(0)
n (b, z) (E.20)
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where

L(0)
n (b, z) = lim

w→−b−n

[
2π

sin π(w + b) + πψ(w + b)(w + b+ n)
sin π(w + b)

−π
2(w + b+ n) cosπ(w + b)

sin2 π(w + b)

]
. (E.21)

To calculate L(0)
n , we first, we first note that

lim
w→−b−n

(w + b+ n)ψ(w + b) = −1 (E.22)

and consequently

L(0)
n (b, z) = lim

w→−b−n

[
(w + b+ n)ψ(w + b)

sin π(w + b) + 1
sin π(w + b)

]
(E.23)

+ lim
w→−b−n

[
1− π(w + b+ n) sin(w + b) cotπ(w + b)

sin π(w + b)

]
. (E.24)

By multiplying the limits through by sincπ(w + b) and making use once again of
L’Hôpital’s rule, we find the final result to be

L(0)
n (b, z) = (−1)n

π

[
lim

w→−b−n

ψ(w + b)(w + b+ n) + 1
w + b+ n

+ lim
w→−b−n

1− (w + b+ n) cotπ(w + b)
w + b+ n

]
(E.25)

= lim
w′→−n

d

dw′ (w
′ + n)ψ(w′) (E.26)

= Hn − γ. (E.27)

Combining (E.20) and (E.27) and recalling the relation to Rb, we obtain

Rn(b, z) = (log z + γ) zb+n

(n+ b) · n! −
zb+n

(n+ b)2 · n! −
Hnz

n+b

n! · (n+ b) (E.28)

for n ∈ N and b ∈ R \Z. Summing (E.16) and the closed forms of Rn given in (E.28),
we find

G0(b, z) = πΓ(b)
sin πb + (log z + γ)zb+1

1 + b
2F2(1, 1 + b; 2, 2 + b; z)

− z1+b

(1 + b)2 3F3(1, 1 + b, 1 + b; 2, 2 + b, 2 + b; z)− zbH0(b, z) (E.29)

where H0 is defined in (E.15).
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It remains to calculate a closed form for the Harmonic number power series,
which we label

H(b, z) =
∞∑
n=1

Hnz
n

(n+ b) · n! . (E.30)

To do this, we first note that the harmonic numbers can be written as

Hn = 1
(1)n

d

dα

∣∣∣∣∣∣
α=1

(α)n (E.31)

where (α)n is the Pochhammer symbol. Hence we find

H(0, z) = d

dα

∣∣∣∣∣∣
α=1

∞∑
n=1

(α)n
n(1)n

zn

n! = d

dα

∣∣∣∣∣∣
α=1

∞∑
n=1

(α)n(1)n
(1)n(2)n

zn

n! = d

dα

∣∣∣∣∣∣
α=0

1F1(α; 2; z).

(E.32)

For b ∈ R \Z, we similarly find

H(b, z) = d

dα

∣∣∣∣
α=1

∞∑
n=1

(α)nzn
(1)n(n+ b)n! (E.33)

= d

dα

∣∣∣∣
α=1

∞∑
n=1

(α)n(b)n
(1)n(1 + b)n

zn

n! (E.34)

= d

dα

∣∣∣∣
α=1

2F2 (α, b; 1, 1 + b; z) (E.35)

and so the final closed form of the G0 Meijer G functions are

G0(0; z) = 1
2

(
γ2 + π2

2 + 2γ log(z) + log(z)2
)

+ (γ + log(z))
∞∑
n=1

zn

n · n!

−
∞∑
n=1

zn

n2 · n! −
∞∑
n=1

Hnz
n

n · n! (E.36)

= 1
2

(
γ2 + π2

2 + 2γ log(z) + log(z)2
)
− (γ + log(z))(γ + log(−z)

+ Γ(0,−z))− z3F3(1, 1, 1; 2, 2, 2; z)− d

dα

∣∣∣∣∣∣
α=1

1F1(α; 2; z), (E.37)

G0(b; z) = πΓ(b)
sin πb + (log z + γ)zb+1

1 + b
2F2(1, 1 + b; 2, 2 + b; z)

− z1+b

(1 + b)2 3F3(1, 1 + b, 1 + b; 2, 2 + b, 2 + b; z)

− zb d
dα

∣∣∣∣∣∣
α=1

2F2(α, b; 1, 1 + b; z) (E.38)
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for b ∈ R \Z and z ∈ C \ R−.
It remains to calculate a simpler form of G1. To do this we make use of a neat

indentity first derived by Meijer in [50, page 1064].

G1(b, z) = −zb+1 ∂

∂z
(z−bG0(b, z)). (E.39)

Simply applying this, we find

G1(b, z) = −z
b

b
+ πbΓ(b)

sin πb −
(1 + γ + log z)zb+1

b+ 1 2F2(1, 1 + b; 2, 2 + b; z)

− (γ + log z)zb+2

2(b+ 2) 2F2(2, 2 + b; 3, 3 + b; z)

+ zb+1

(1 + b)2 3F3(1, 1 + b, 1 + b; 2, 2 + b, 2 + b; z)

+ zb+2

2(b+ 2)2 3F3(2, 2 + b, 2 + b; 3, 3 + b, 3 + b; z) + zb+1H1(b, z) (E.40)

where H1(b, z) is a power series containing the harmonic numbers for which, with
similar techniques to that we used for H0, we find

H1(b, z) = 1
b2

d

dα

∣∣∣∣∣∣
α=1

3F3(α, b, b; 1, 1 + b, 1 + b; z) (E.41)

for b , 0.
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