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Abstract

Lagrangian multiforms provide a variational framework for describing integrable hierar-
chies. This thesis presents two approaches for systematically constructing Lagrangian
one-forms, which cover the case of finite-dimensional integrable hierarchies, thus address-
ing one of the central open problems in the theory of Lagrangian multiforms.

The first approach, based on the theory of Lie dialgebras, incorporates into Lagrangian
one-forms the notion of the classical r-matrix and produces Lagrangian one-forms living
on coadjoint orbits. We prove an important structural result relating the closure relation
for Lagrangian one-forms to the Poisson involutivity of Hamiltonians and the double zero
on Fuler-Lagrange equations. As applications of this approach, we obtain explicit La-
grangian one-forms for the hierarchies of the open Toda chain and the non-cyclotomic and
cyclotomic rational Gaudin models, as well as the periodic Toda chain and the discrete
self-trapping model as realisations of the cyclotomic Gaudin model. The versatility of this
approach is further demonstrated by coupling the periodic Toda chain with the discrete
self-trapping model and obtaining a Lagrangian one-form for the corresponding hierarchy.

In the second approach, we extend the notion of Lagrangian one-forms to the setting of
gauge theories and derive a variational formulation of the Hitchin system associated with
a compact Riemann surface of arbitrary genus. We show that this description corresponds
to a Lagrangian one-form for classical 3d holomorphic-topological BF theory coupled with
so-called type A and type B defects. Notably, this establishes an explicit connection
between 3d holomorphic-topological BF theory and the Hitchin system at the classical
level. Further, we obtain a unifying action for a hierarchy of Lax equations describing the
Hitchin system in terms of meromorphic Lax matrices. The cases of genus zero and one
are treated in greater detail, leading to explicit Lagrangian one-forms for the hierarchies of
the rational and the elliptic Gaudin models, respectively, and of the elliptic spin Calogero—

Moser model as a special subcase of the latter.
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Nomenclature

For the reader’s convenience, here is a list of abbreviations that are used repeatedly
throughout this thesis.

o AKS: Adler-Kostant—Symes (scheme)

¢« CYBE: Classical Yang—Baxter Equation

o DST: Discrete Self-Trapping (model)

o HT: Holomorphic-Topological (gauge theory)
e IFTs: Integrable Field Theories

« mCYBE: modified Classical Yang—Baxter Equation
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Chapter 0

Introduction

Our quest to understand the perplexing complexity of nature and develop a unifying
picture of its underlying principles has led to remarkable discoveries. Integrable models
— the central theme of this thesis — sit right at the heart of this quest. They have long
offered valuable insights by serving as theoretical laboratories for studying nature using
exact techniques.

One can trace back the study of integrable systems to attempts to find exact solutions
to Newton’s equations of motion, made soon after Newton’s dynamical laws were intro-
duced over three centuries ago. The Kepler two-body problem, historically one of the first
integrable systems to be studied, was solved by Newton himself.

Two different but closely related pictures soon evolved from Newtonian mechanics:
the Hamiltonian and the Lagrangian frameworks. Both approaches provide useful refor-
mulations of Newtonian mechanics and form the foundation of much of modern physics.
However, when it comes to integrable systems, the traditional Lagrangian framework has
serious limitations. As we explain later in this chapter, this framework is ill-equipped for
detecting and encoding integrability purely variationally. It is therefore not surprising that
the modern era of research in integrable systems — which started with the discovery of
the classical inverse scattering method [Gar+67] by Gardner, Greene, Kruskal and Miura
— has been primarily driven by the Hamiltonian formalism. A natural question arises:
how does one address this inadequacy of Lagrangians? After all, they have otherwise been
central to the formulation of the fundamental theories of nature.

However, the motivations behind this question go beyond this somewhat philosophical
consideration. The Hamiltonian approach, despite having led to significant advances in
our understanding of integrability, has its own shortcomings. For instance, the language of
Hamiltonians is ill-suited for studying Lorentz-invariant theories and fully discrete systems,
two important classes that play foundational roles in physics.

Thus, the need for a purely variational approach to integrability is also prompted



by the possibility of using the advantages afforded by Lagrangian techniques to tackle
problems where the Hamiltonian approach encounters limitations. This work, aimed at
constructing a systematic Lagrangian framework for integrable models, is an attempt in

this direction.

0.1 Integrability in the Hamiltonian framework

Let us start by talking about integrable systems in the language of Hamiltonians where
we have a definition of integrability through the work of Liouville. A Hamiltonian system
with phase space of dimension 2n is said to be integrable in the sense of Liouwville or
Liouwville integrable, if it possesses n independent conserved quantities, say H;, ¢ > 1, that
are in involution, that is,

{H;, Hj} =0, (1)

for every i,j > 1, with respect to some Poisson bracket on the phase space. The Liouville—
Arnol’d theorem [Lio55; Arn89] then states that the equations of motion of the system
can be solved by quadrature: this implies that the system is solvable or integrable.'

The field of integrable systems was to lie dormant for more than a century after the
work of Liouville. This changed with the pioneering papers of Gardner, Greene, Kruskal
and Miura [Gar+67], and Zakharov and Shabat [ZS72] on the inverse scattering method.
Shortly after, Ablowitz, Kaup, Newell and Segur [Abl+474] generalised this method and
introduced the notion of an integrable hierarchy. This notion stems very naturally from
the definition of Liouville integrability we discussed above: each of the quantities H; in (1)
can be used as a Hamiltonian to define a time flow with respect to the Poisson bracket.
We can impose all these flows simultaneously on the phase space, as a result of which we
obtain an entire collection of equations of motion referred to as an integrable hierarchy.

The notion of an integrable hierarchy has played a crucial role in the study of integrable
systems: it is often useful to treat an integrable model not on its own but as a part of
the entire hierarchy it lives in. Studying the hierarchy as a whole then reveals more struc-
ture and properties of the initial models. For instance, the nonlinear Schrédinger (NLS)
equation and the modified Korteweg-de Vries (mKdV) equation were originally studied as
integrable field theories (IFTs) in their own right, only for it to be discovered later that
they both naturally fit into the Ablowitz-Kaup—Newell-Segur (AKNS) hierarchy [Abl+74].
These ideas grew further and led to interesting developments in different directions, bring-
ing in valuable algebraic and geometric perspectives to the subject of integrability. Some

of these developments of relevance to this thesis will be discussed in Chapter 1. For now,

'One can extend this notion of integrability to Hamiltonian field theories as well: an integrable Hamil-
tonian field theory should possess infinitely many conserved charges in involution. We do not discuss the
case of integrable field theories here, the focus of this thesis being finite-dimensional integrable systems.



let us return to the notion of integrable hierarchies but in the framework of Lagrangians.

0.2 Integrability in the Lagrangian framework

A scalar Lagrangian function only describes an individual model and cannot capture the
notion of commuting (Hamiltonian) flows, or its discrete analogue known as multidimen-
sional consistency [BS02; Nij02]. Given the crucial role the least action principle and
Lagrangians play in describing the fundamental theories of nature, it is worthwhile ad-
dressing this limitation of the traditional Lagrangian formalism in encoding the notion of
integrable hierarchies.

The obstacle to studying integrable hierarchies within a variational framework was
overcome for the first time within the discrete setup in [LN09] by introducing Lagrangian
multiforms. A generalised action and a variational principle, involving a Lagrangian mul-
tiform, were proposed to capture the notion of multidimensional consistency purely vari-
ationally. Since its introduction in the work [LN09] of Lobb and Nijhoff in 2009, this idea

has been developed in several directions, covering various realms of integrable systems:

o discrete and continuous finite-dimensional systems
[YLN11; Surl3; PS17; Ver21]

o discrete systems in 2 and 3 dimensions
[LNQO09; LN10; BS10; XNL11; BS12; ALN12; BPS14; BPS16; LN18; RV25a; RV25b;
NZ24; Nij24]

e IFTsin 1+ 1 and 2 + 1 dimensions
[XNL11; Surl6; SV16; SNC19; SNC20; CS20; PV21; CS21; Ver21; SNC23; Nij23;
Cau+24; FNR24]

o semi-discrete systems
[XNL11; SV22; Nij24]

Relations between discrete and continuous multiforms were explored in [Ver19a; Ver19b],
while the concept was extended to non-commuting flows in [Cau+23; CH25]. More re-
cently, connections between the multiform framework and the theory of multidimensional
dispersionless integrable systems were established in [FV25].

This thesis is concerned with the case of continuous Lagrangian one-forms which cover
continuous finite-dimensional integrable systems. We only present a brief introduction
to the main ideas® here, reserving a detailed discussion of the necessary background on

Lagrangian one-forms for later in Chapter 2.

2The interested reader is also referred to [HIN16, Chapter 12] for a comprehensive introduction to these
ideas in the discrete setup.



Unlike a traditional Lagrangian, a Lagrangian multiform is a differential d-form which
is integrated over a d-dimensional hypersurface in a so-called multitime of dimension
greater than d to yield an action functional depending not only on the field configura-
tions but also on the hypersurface. One then postulates a principle of least action, which
must be valid for any hypersurface embedded in the multitime space, together with the
so-called closure relation which provides a variational analogue of the Poisson involutiv-
ity of the Hamiltonians of a hierarchy.® The generalised variational principle produces

equations? that come in two flavours:

o Standard Fuler-Lagrange equations associated with each of the coefficients of the

Lagrangian multiform, which form a collection of Lagrangian densities

e Corner or structure equations on the Lagrangian coefficients themselves which select
possible models and ensure the compatibility of the various equations of motion

imposed on a common set of fields

In practice, it is a non-trivial task to obtain all the Lagrangian coefficients of a mul-
tiform which produce compatible equations of motion. Beyond brute-force calculations
to solve the corner equations [SNC19], several works have used the idea of variational
symmetries to achieve this goal [PS17; PV21; SNC20]. This produces an algorithm to
construct the Lagrangian coefficients one after the other from a given initial Lagrangian.
Although perfectly fine in theory, this can become quickly unmanageable in practice, and
usually formulas for only a few Lagrangian coefficients are obtained.? Developing a sys-
tematic framework for the construction of Lagrangian multiforms has therefore been an
open problem in general.

This thesis is based on three joint works, [CDS24], [CSV24], and [CHSV25], that
provide a solution to this problem for the case of Lagrangian one-forms. We achieve
this by introducing geometric Lagrangian one-forms for large classes of finite-dimensional
integrable hierarchies and developing two approaches for their construction.

Crucially, the framework of geometric Lagrangian one-forms is formulated in phase
space in contrast to most works on Lagrangian multiforms so far which are instead based
in coordinate space. As we will see later in this thesis, this has the advantage of placing
various techniques from symplectic geometry at our disposal and of allowing for direct

connections with more traditional features of integrability to be made. In connection with

3Some early works on this theme are based on the framework of the so-called pluri-Lagrangian systems,
which differ from Lagrangian multiforms in that they do not require the closure relation to be satisfied.

4Classifying all possible Lagrangian multiforms along these lines would amount to classifying all inte-
grable hierarchies, which lends a further appeal to this framework.

5This also has the disadvantage of singling out some independent variables in the hierarchy which then
appear as the so-called “alien derivatives” in the higher Lagrangian coeflicients. See, for instance, [Ver19a;
Ver19b] for discussions on alien derivatives.



our approach, we also note the recent work [CH25] where a new variational principle for
Lagrangian one-forms, termed the univariational principle, was introduced by Caudrelier
and Harland.

Apart from providing solutions to various problems in the framework of Lagrangian
multiforms, this thesis also presents the first instance of the merging of this framework with
that of mized holomorphic-topological (HT) gauge theories, another recent development in
the study of integrable systems that has seen immense activity in the last few years.

In the next section, we present an overview of these results and the content of this

thesis.

0.3 Structure of the thesis

This thesis has four parts.

o In Part I, we start by providing the necessary background on aspects from the Hamil-
tonian framework for integrability: in particular, we discuss the notions of Lax pairs
and classical r-matrices and the theory of Lie dialgebras in Chapter 1. Then, in
Chapter 2, we present the theory of Lagrangian multiforms in detail, focusing on the
case of finite-dimensional integrable systems. These two chapters are intended to
provide the required background for the work presented in the rest of the thesis. To-
gether with older results by other authors, they also contain some novel content from
the three works this thesis is based on, namely [CDS24], [CSV24], and [CHSV25].

o Part II is devoted to the framework of Lagrangian multiforms on coadjoint orbits we
introduced in [CDS24] and generalised further in [CSV24]. The general framework is
the content of Chapter 3, where we also discuss several main results for the geometric
Lagrangian one-form. This framework resolves the open problem of a systematic
construction of Lagrangian one-forms for a large class of integrable hierarchies that
fall within the Lie dialgebra setup. Then, in Chapter 4, we illustrate the construction
of geometric Lagrangian one-forms for some well-known integrable models and, in

the process, fill multiple gaps in the landscape of Lagrangian multiforms.

o We then switch from the algebraic approach of [CDS24] and [CSV24] to a gauge-
theoretic one in Part III. This is based on the joint work [CHSV25] and deals with
casting a large class of integrable systems, called Hitchin systems, into the framework
of Lagrangian multiforms. This variational setting naturally produces a multiform
version of the action of 3d mixed BF theory with defects, a lower-dimensional ana-
logue of the celebrated 4d semi-holomorphic Chern—Simons theory. In Chapter 5, we
give details on the required geometric setup and describe the construction of a La-

grangian one-form for the Hitchin system. Then, in Chapter 6, we obtain a reduced



Lagrangian one-form that provides a variational formulation of the Lax description
of the Hitchin system. Finally, in Chapter 7, we focus on the cases of genus 0 and 1
to produce explicit geometric Lagrangian one-forms that describe some well-known

rational and elliptic integrable models.

We conclude this thesis by discussing some perspectives and open questions in Chap-
ter 8 in Part IV.



Part 1

Background






Chapter 1

Classical r-matrices and Lie

dialgebras

This chapter is devoted to some fundamental concepts in the Hamiltonian framework
for finite-dimensional integrable systems. We present a basic introduction to the Lax
formulation and the notion of classical r-matrices in Section 1.1. Then, in Section 1.2,
which is adapted from [CDS24] and [CSV24], we review the key results from the theory
of Lie dialgebras that form the foundation of the work presented in Part II of this thesis.
Proofs have been omitted as this chapter is intended to serve as a quick overview of these
topics. There are many wonderful references that can be referred to for further details.
See, for instance, [RS94; Aud96; BBT03; Sem08].

1.1 Lax pairs and classical r-matrices

We begin with the notion of Laxz pairs which arose out of the discovery made by Lax in
[Lax68] that equations of motion of some dynamical systems can be expressed as a Laz
equation oL

T [M, L]. (1.1)
Here L and M belong to some Lie algebra g with Lie bracket [, |, and form a Lax pair,
a pair of globally defined maps from the phase space of the dynamical system to g such
that its equations of motion are equivalent to (1.1). Crucially, the Lax matrix L contains
all information on initial data and M is a function of L. Further, Lax matrices depend
analytically on an auxiliary parameter A, called the spectral parameter, for many systems.!

The underlying Lie algebra in such cases is a loop algebra g @ C[A\,\7!] with g being a

'Except for the open Toda chain, presented in Sections 4.1 and 4.2, this will be the case for all systems
that appear in this thesis.
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matrix Lie algebra.

In general, the Lax formulation of a system (if it exists) is not unique. Nonetheless,
the notion of Lax pairs provides a powerful general principle that allows one to associate
a linear operator, namely a Lax matrix, with a nonlinear equation, so that the eigenvalues
of the linear operator are conserved quantities of the nonlinear equation.

Let us emphasise, however, that the flow described by the Lax equation (1.1) is not
integrable in general. Recall from Section 0.1 that for a Hamiltonian system on a 2n-
dimensional phase space to be Liouville integrable, it is necessary (and sufficient) for it to
have n independent conserved quantities in involution. This additional requirement for
these quantities to be in involution leads to an important result first established in the
remarkable work [BV90] of Babelon and Viallet: any Hamiltonian system that is Liouville
integrable admits a Lax representation, at least locally at generic points in phase space.
The Lax representation further leads to the notion of a classical r-matriz which we shortly
define. First, let us introduce some notation we use in the discussion to follow. Denoting

by E; a basis of the Lie algebra g, we write
N = Y LiVE; (1.2)

where the components L; are functions on the phase space, and

LI(A):L(A)@l:ZLi(A)(Ei@@l), Ly(p) =1® L(p) ZL Y1 ®E) (1.3)

with the indices on L, and L, denoting that L sits in the first and the second factors in

the tensor product respectively. Similarly, we write
715 (A 1) Zr” A p)E ® Ej, 791 (11, A) = Z”J(N’ MNE; ®E; (1.4)
-
for 7 living in the tensor product g ® g. Further, we define

{240 2y} = SALO) Ly 0)E: 9 ;. (1.5)

Then, we have

Theorem 1.1.1. The eigenvalues of L(X\) are in involution if and only if there exists a

function TE()\,/L) € g® g defined on the phase space such that

(A)s Ly (1)} = [raa (A 1), Ly (V)] = [r0 (115 A); Ly ()] (1.6)

The object r,, is called a classical r-matrix and has played a central role in the study of

integrable systems from both algebraic and geometric perspectives since it first appeared
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in the works of Sklyanin [Sk179; Skl82a]. Famously, it led to the discovery of the quadratic
Poisson brackets on Poisson-Lie groups [Skl82b], and also played a central role in relating
the Hamiltonian structure of integrable systems with the Riemann—Hilbert factorisation

problem [Sem83], which, in turn, provides a setup for obtaining explicit solutions.

Remark 1.1.2. The case when r is skew-symmetric, that is r;,(\, ) = —r,, (1, A), is
in general better understood compared to the non—skew—symmetgc case. This;resents a
serious limitation when dealing with integrable field theories (IFTs) in particular. The
quantisation of non-ultralocal classical integrable field theories — a class of IFTs whose
underlying Poisson structure is governed by non-skew-symmetric classical r-matrices —
has been a long-standing open problem. The case of non-ultralocal IFTs incorporates the
important family of integrable o-models which includes the well-known principal chiral
model and the Wess—Zumino—Witten model. At present, the most successful approach for
quantising IFTs and establishing their integrability at the quantum level is the quantum
inverse scattering method [TF79; KS79]. However, this approach suffers from the drawback
of only being applicable to the case of ultralocal IFTs, which correspond to the skew-
symmetric case, leaving the problem of a systematic quantisation of non-ultralocal IFTs
open. As this thesis only deals with the finite-dimensional case, we do not discuss this
further and refer the interested reader to [FR86; SS97; DMV12] for some interesting works
on this topic. N

When r,, is non-dynamical, the iteration of (1.6) together with the Jacobi identity
leads to the following condition:

[[raz (A 1), 11 A )]+ [rag (As 1), g (11 )] o+ [rge (v, 1), 715 (A )], Ly (W] = 0. (1.7)

For a general L(\), the condition gives the celebrated classical Yang—Baxter equation

(P12 (A 1), 115 (A )] 4 [0 (A 1), 79 (10, V)] - 13 (v, 1), 715 (A5 )] = 0. (1.8)

This is the general version of the CYBE applicable to non-skew-symmetric matrices. For
a simple Lie algebra g, the CYBE has large classes of solutions, in both the spectral
parameter-independent and spectral parameter-dependent cases. These solutions for the
skew-symmetric case, under an additional nondegeneracy condition, were classified by
Belavin and Drinfel’d [BD82; BD84]. In [Dri88], Drinfel’d also provided a geometric
interpretation of the CYBE which eventually led to the beautiful theory of Poisson—Lie

groups. Also see, for instance, [Sem94].

Remark 1.1.3. As mentioned, (1.8) corresponds to the case of a non-dynamical classical
r-matrix. However, this is not always the case. The dynamical analogue of (1.8), called

the classical dynamical Yang—Bazter equation, and its quantum counterpart are important
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objects of study with interesting connections to conformal field theory and statistical
mechanics. The models we deal with using an algebraic approach in Part IT all belong
to the case where the underlying r-matrix is non-dynamical, so we do not discuss the
dynamical case in detail here. The interested reader is referred to [ES01] for a review of

developments related to the classical dynamical Yang—Baxter equation. N

1.2 The theory of Lie dialgebras

Having provided an introduction to the Lax formulation of integrable systems and the
notion of classical r-matrices, we now turn to discussing the theory of Lie dialgebras, which
underlies the framework of Lagrangian multiforms on coadjoint orbits [CDS24; CSV24]
to be covered in Part II of this thesis. For simplicity, we only work with complex matrix
Lie algebras and their corresponding connected, simply connected complex Lie groups
throughout this section.

The notion of Lie dialgebras, introduced by Semenov-Tian-Shansky [Sem83], is asso-
ciated with the factorisation aspects of classical r-matrices and provides a useful setup
for studying integrable systems.? It is important to note that Lie dialgebras are different
from the perhaps better-known Lie bialgebras appearing in Drinfel’d’s theory of Poisson—
Lie groups. Relations and differences between these two structures can be found in [Sem08]

and [Kos97], for instance.

1.2.1 The general setup

Let g be a matrix Lie algebra, with matrix Lie group G, and g* its dual space. We have
the usual (co)adjoint actions for all X,Y € g, £ € g*, and g € G,

adx - Y = [X,Y], (ad - §)(Y) = —€(adx - Y) = ={([X,Y]), (1.9a)
Ad,- X =gXg*, Ad} - £(X) = ¢(Ady-1 - X). (1.9b)

Further, the Lie bracket on g allows us to endow the dual space g* with a Poisson structure
through the Lie-Poisson bracket® defined by

{£,936) = (& [VS(&), Vg(©)]),  frgeC™(g), (1.10)

2Some earlier works — for instance, [Sem83; Kos97] — refer to Lie dialgebras as double Lie algebras
instead. We follow [Sem08] in referring to them by their newer name.

3Interestingly, the Lie-Poisson bracket was first discovered by Lie [Lie90] in the late nineteenth century
but not given much attention to till the works of Kirillov [Kir76], Kostant [Kos70], and Souriau [Sou69] in
the second half of the following century.
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where we introduced the convenient notation ( , ) for the natural pairing between g* and
g: £(X) = (&, X). The gradient Vf(£) is the element of g defined from the differential
df(&) by using the pairing
. +en) —
5161 n) — 1oy LN = I(©)

e—0 €

=, V() (1.11)

The Lie-Poisson bracket is degenerate in general, and the Ad*-invariant functions on
g* are the Casimir functions. Every maximal connected submanifold of g* on which all
Casimir functions are constant inherits a nondegenerate Poisson structure, and is therefore
a symplectic manifold. Since the Hamiltonian vector fields of linear functions generate the
infinitesimal coadjoint action, these maximal connected level sets are exactly the coadjoint
orbits of G in g*. We thus obtain a symplectic foliation of g* into coadjoint orbits, and the
restriction of the Poisson structure to each orbit gives rise to the Kostant—Kirillov—Souriau
symplectic form. The interested reader is referred to [Sou69; Sou97] for a comprehensive
introduction to these ideas and a detailed treatment of classical mechanics in the frame-

work of symplectic geometry.

Remark 1.2.1. Since G acts transitively on any coadjoint orbit of G in g*, it preserves
the Kostant—Kirillov—Souriau symplectic form on the coadjoint orbit. A coadjoint orbit is
therefore an example of a homogeneous symplectic manifold, that is, a symplectic manifold
with a transitive Lie group action that preserves the symplectic form. We refer the reader

to [Kir04, Chapter 1] for a discussion on the geometry of coadjoint orbits. <

Now, let R : g — g be a linear map. It is a solution of the modified classical Yang—
Baxter equation (mCYBE) if it satisfies

[R(X), R(Y)] = R([R(X),Y] + [X, R(Y)]) = —[X, Y], (1.12)

for all X,Y € g. We will refer to a solution R of (1.12) as a (classical) r-matrix, in relation
to the fact that with R one can associate a classical r-matrix r € g® g when g is equipped
with a nondegenerate ad-invariant symmetric bilinear form ( , ). For instance, this is given
by the Killing form when g is a finite-dimensional semisimple Lie algebra. A well-known
example of an r-matrix arises in the case where g admits a direct sum decomposition? as

a vector space into two Lie subalgebras

g=g++o-. (1.13)

Then, R = Py — P_ is a solution of (1.12), where Py is the projector on g+ along g=.

Given a solution R of the mCYBE, we can define on the vector space g a second Lie

4Following [Sem08], we use + to denote a direct sum of vector spaces, and @ to denote a direct sum of
Lie algebras throughout this work.
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bracket )
(X, Y]r = 5 ([R(X), Y]+ [X, R(Y)]), (1.14)

and denote the corresponding Lie algebra by gr. Note that g and ggr, being the same as
vector spaces, have the same dual space g*. We have an adjoint action of gg on itself and

a coadjoint action of gr on g*:

ad Y = [X,Y]p, (1.15a)
(@d*§ - (V) = —(& ad¥ - Y) = —(&, [X,Y]R), (1.15b)

for all X, Y € gand £ € g*.
We refer to the pair (g, R) as a Lie dialgebra. The algebraic significance of the mCYBE
and of the second Lie bracket [ , | is given by the following results which lead to essential

factorisation properties underlying integrable systems. The key objects are the maps
Ry = %(Rild). (1.16)
Proposition 1.2.2. Let g+ = Im Ry. Then,
1. Ry :gr — g are Lie algebra homomorphisms:
Re (X, Y]R) = [Re(X), Re(Y)]. (1.17)
In particular, g+ C g are Lie subalgebras of g.

2. The mapping ir : 9r — 9+ D g—, ir(X) = (R+(X), R_(X)) is a Lie algebra embed-
ding. Thus, gr = Imig is a Lie subalgebra of g4+ & g_ and isomorphic to gg.

3. The composition of the maps
iR:9R = 9+ DY, X = (R-l-(X)?R—(X))v (118)

followed by
a:g-i-@g— — 9, (X+’X—)’_>X+_X—7 (119)

provides a unique decomposition of any element X € g as X = Ry(X) — R_(X).

Note that Ry — R_ =1d and
(X, Y]r = Ry ([X,Y]r) = R- ([X,Y]r) = [R+(X), Ry (V)] = [R-(X), R_(Y)].  (1.20)

We can express the actions of gp in terms of those of g. For convenience, we write
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X+ =Ry (X) for X € g. Then,
" 1 1
ady - Y = iadR(X) Y + §adX “R(Y) =adx, - Yy —adx_-Y_, (1.21a)
ad"§ - € = Sadjey) €+ SR (adk - €) = Ri(ady, <€)~ R (adk_-€),  (121b)

where the adjoint A* : g* — g* of a linear map A : g — g is defined by (A4*(§),X) =
(& AX)).

The application of this framework to integrable systems relies on the interplay between
the two Lie—Poisson brackets one can define on g*. Indeed, having a second Lie bracket,

we can repeat the definition (1.10) to obtain

{f,93r(€) = (& [Vf(£), Vg(&)]r)- (1.22)

Exactly like the earlier case of the space g* endowed with the Lie-Poisson bracket { , }
defined by (1.10), we have a symplectic foliation of the space g* equipped with { , }r into
coadjoint orbits of G, the Lie group of ggr, in g*. The restriction to a coadjoint orbit
gives rise to the symplectic form which we denote by wg. It is the interplay between these
two structures that provides integrable systems whose equations of motion take the form
of a Lax equation. For this last part, one needs one more ingredient: an Ad-invariant
nondegenerate bilinear symmetric form ( , ) on g. It allows us to identify g* with g and

the coadjoint actions with the adjoint actions. Specifically, one has

Theorem 1.2.3. The Ad*™invariant functions on g* are in involution with respect to

{, }r- The equation of motion
d
—L={L,H}g (1.23)
dt
induced by an Ad*-invariant function H on g* takes the following equivalent forms, for an

arbitrary L € g*,

1

R* * *
When there is an Ad-invariant nondegenerate bilinear form ( , ) on g so that we can
identify g* with g and ad™ with ad, the last equation takes the desired form of a Lax
equation for L € g,

%L = [My,L], My=R.VH(L). (1.25)

The proof can be found in [BBT03], for instance, and we only elaborate on certain
points that we need here. The crucial point is to exploit the Ad*-invariance of the function

H defining the time flow. The latter means that the following property holds
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Thus, for any two Ad*-invariant functions H; and Hs,

{Hl,HQ}R(f) = (57 [VH1<€)7 VHZ(&)]R)

) (1.27)
= 5(& [RVH1(§), VH2(8)] + [VH1(§), RVH3(§)]) = 0.

For any function f on g*, the time evolution associated with the Ad*-invariant H with

respect to the Poisson bracket { , }g is defined by

SLHI) = (. HYR(D), (1.25)
(L VL)) = (LIVAL). THDR) = —3 (LIRVH(L), VI(L) .

1
= (ad@E(L) L, Vf(L)) = §(ad*RVH(L) - L, Vf(L)).

Finally, in view of (1.14) and (1.26), we have

adEVH(L) - L= ZadEiVH(L) . L, (130)

thus establishing the various equivalent forms of the equations in (1.24) (by restricting f
to be any of the coordinate functions on g*).

The involutivity property (1.27) ensures that we can define compatible time flows
associated with a family of Ad*-invariant Hamiltonian functions Hy, kK = 1,...,N. If
one can supply enough such independent functions, or work on a coadjoint orbit of low-
enough dimension, one obtains an integrable system described by an integrable hierarchy

of equations in Lax form (again using the identification provided by ( , ))
OuL = [ReVH,(L),L], k=1,...,N. (1.31)

The typical example of an invariant function Hy is given by Hy = le-l Tr(LF).

For our purposes, the Lie groups associated with g and gr will be important. We
introduce G and G as the (connected, simply connected) Lie groups defined for g and
gr respectively. For simplicity, we only think of matrix groups in this work. Only in
special circumstances are G and Gg diffeomorphic. In general, this is only true in a
neighbourhood of the identity where the crucial difference between the two groups lies in
their multiplications induced by [ , ] and [ , |g respectively. The homomorphisms R4
give rise to Lie group homomorphisms (which we denote by the same symbols) and we

obtain a factorisation at the group level. With ¢ = eX, X € g, we have

Ry g = el X, (1.32)
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Specifically, let G = Ry (GRr) be the subgroups of G corresponding to g+. The composi-
tion of the maps
ir:Gr = Gy x G-, g~ (Ry(9), R-(9)), (1.33)

followed by
m:GyxG_ — G, (g4,9-) g4 9-", (1.34)

allows us to factorise uniquely an arbitrary element g € G (sufficiently close to the identity)

as

9=9+9"". (9+.9-) € Ggr =Imig. (1.35)

An element g € Gg can be identified with its image (g4, ¢9_) € Gr C G4 x G_ and the

multiplication -p in G is most easily visualised using the homomorphism property

ir(9-rh) =1ir(g) *ir(h) = (9+ by, g- h—) (1.36)

where * is the direct product group structure of G, x G_. This is usually shortened to

9-rh=(g91hy, g-h_). (1.37)
The group Gr acts on gr by the adjoint action and on g* via the coadjoint action

Adff X =g X -rg", VX €gr, ¢€Gg, (1.38a)

AdjF-6(X) = (¢, Ad) - X),  VgeGrleg’, Xegr (1.38b)

Remark 1.2.4. When using the notation g-r X -g g~ for the adjoint action, we assume
that - is an associative product on the matrix Lie algebra and its Lie group. One possible
case in which this assumption can be made occurs when g is an associative algebra and R

is a solution of the associative Yang-Baxter equation (AYBE),
RX)RY)—-RR(X)Y+XRY))+XY =0. (1.39)

This implies that X -gY = 1 (R(X)Y + X R(Y')) defines a second associative product on
g and allows us to view [X,Y]r as the commutator X - Y — Y - X, in direct analogy
with [X,Y] = XY — Y X, see [Sem83]. However, we should emphasise that the AYBE
is only a sufficient (and not necessary condition) for -r to be an associative product. In
the rest of the thesis, we will assume that - is such an associative product (and not that
R is necessarily a solution of the AYBE) in order to use its consequences, for instance,
[X,Y]R:X-RY—Y~RX. <

The following relations are most useful in the practical calculations of the examples
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discussed below. With g+ = R1 g, X+ = R+ X, g € Ggr, X € gg,
Adff X =g+ Xy gll —g_X_g Y (1.40a)

A€ = RY(AD] &) — R*(Ad}, §),  VEegh (1.40b)

Thus, the dual space g* hosts two coadjoint actions of G and Gg, as it does with the two
coadjoint actions of the Lie algebras g and gg.

The last main result of this framework is known as the factorisation theorem, see, for
instance, [Sem08; BBT03; AMV04].

Theorem 1.2.5. Consider the system of compatible equations with the given initial con-

dition
atkL:ad}}iVHk(L)-L, k=1,...,N, L(0,...,0) =Ly e g". (1.41)

Denote (t',...,tN) = t for conciseness. Let g+(t) be the smooth curves in Gx which

solves the factorisation problem
e T VI — g ()7L g (), g2(0) =e. (1.42)
Then, the solution to the initial-value problem (1.41) is given by
L(t) = Adg, () - Lo = Ady_(y) - Lo, (1.43)

and g+ (t) satisfy
O gs(t) = RLVHE(L(t)) g+ (t). (1.44)

This result shows that the solution lies at the intersection of coadjoint orbits of G
and Gr. Combined with the fact that the coadjoint orbits provide the natural symplectic
manifolds associated with the corresponding Lie—Poisson bracket, this means that the
natural arena to define our phase space, i.e. where L lives, is a coadjoint orbit of Gg in
9"

Op = {Adg* -A; ¢ € Gr}, for some A € g*. (1.45)
Remark 1.2.6. The essential results of the theory of Lie dialgebra discussed above extend
to the infinite-dimensional setting, for instance, to the case of loop algebras®. As discussed
earlier, infinite-dimensional Lie algebras are relevant when one needs Lax matrices with
spectral parameters. This is typically the case for integrable field theories but it can also

be required for some finite-dimensional systems such as the closed Toda chain or Gaudin

5There are several subtleties related to duals in infinite dimensions and completions which we do not
detail out here for keeping the discussion concise.
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models. We will discuss the extension of the Lie dialgebra construction to this infinite-
dimensional setting later in this chapter and present it via the examples of non-cyclotomic

and cyclotomic Gaudin models in Sections 4.3 and 4.4 respectively. N

1.2.2 The Adler—Kostant—Symes scheme

A special case of the Lie dialgebra setup arises when g admits a direct sum decomposition

(as a vector space) into two Lie subalgebras

g=g+ o, (1.46)

and we take R = Py — P_, where P4 is the projector on g+ along g+. The decomposition
of g induces the decomposition
g=g,+g". (1.47)

Using a nondegenerate ad-invariant bilinear form on g, we can identify g% with g#, where
g$ denotes the orthogonal complement of g-. We fix A to be in g* and consider the
coadjoint orbit of elements L = Adf* - A. As a result, only the subgroup G_ in Gg =~
G+ x G_ plays a role since L = Adg* -A = —R*(Ad;, -A) and the coadjoint orbit O
lies in g* . This is the historic setup of the so-called Adler-Kostant—Symes (AKS) scheme
[AdI78; Kos79; Sym80] which can be used to formulate the open Toda chain in Flaschka
coordinates. R is not skew-symmetric in this case. We will present this example in Section
4.1 where details on our Lagrangian multiform for this model will be given.

We conclude this chapter by presenting an infinite-dimensional generalisation® of the
AKS scheme that will be required for the case of the cyclotomic Gaudin model dealt with
in Section 4.4. In the case of this model, as well as its non-cyclotomic version in Section
4.3, we need to work with infinite-dimensional Lie algebras to cast them in the framework
of Lie dialgebras. So, for clarity of exposition, we denote by g the infinite-dimensional Lie
algebra of interest and reserve the notation g to denote finite-dimensional Lie algebras.

Let g be the infinite-dimensional Lie algebra of interest with Lie group G, which we

assume is equipped with a nondegenerate invariant bilinear pairing
(w):Vxg—C (1.48)

with some representation V' of G. The AKS scheme, as detailed above, can then be

applied more generally by using V' as a model for the dual space g* of g. We will denote

5Tn the rest of this chapter, we use the terms “Lie groups” and “manifolds” simply in analogy with the
finite-dimensional case. The particular instances of this infinite-dimensional generalisation that appear in
this thesis (in Chapter 4) all correspond to the cases of loop algebras and loop groups which are well-
understood. The interested reader is referred to [PS86; Kac90] for detailed discussions on various aspects
of infinite-dimensional Lie algebras and Lie groups.
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the representation of G by Ad* : G xV =V, (¢,§) — Ad, € and the corresponding Lie
algebra representation by ad® : g x V — V, (X,§) — adk &, and refer to these as the
coadjoint representations. When g and V' are subspaces of a common ambient Lie algebra
and the coadjoint action ad* : g x V' — V is given by a Lie bracket in this ambient Lie
algebra, as will be the case for us in Section 4.4 below, we obtain Lax equations on the

symplectic leaves of the Poisson manifold (g*,{, } gr) given by the coadjoint orbits
Op = {Adf* A;p € Gg},  for A € g7, (1.49)
as in the general case and provide natural phase spaces for integrable systems.

Remark 1.2.7. Note that if g were finite-dimensional, then a good choice of representation
space V would be the algebraic dual g’ of g, in which case (1.48) is given by the canonical
pairing. In the infinite-dimensional setting we are considering, the algebraic dual is too big.
When g is equipped with a nondegenerate invariant symmetric bilinear form (-,-) : gxg —
C, then one possible replacement for the algebraic dual is afforded by the smooth dual
(9,-) C @', which is canonically isomorphic to g itself. However, in the setting required for
Gaudin models, discussed in Chapter 4, it turns out that the smooth dual will not be the
appropriate notion of dual space, which is why we need the above more general working

definition for the dual space g*. <

Remark 1.2.8. The case where R is not obtained from a decomposition into two subal-
gebras but rather from a decomposition into nilpotent and Cartan subalgebras can also
be accommodated within the framework of Lie dialgebras in a straightforward manner.
Interestingly, as we illustrate in Section 4.2, it can also be used to describe the same open
Toda chain obtained from the AKS scheme, as presented in Section 4.1. The underlying
algebraic structures are very different, though. In particular, R is skew-symmetric in this
case, while it is not in the AKS formulation, showing that the same Toda chain can arise

from two distinct constructions. N

We will employ the results from the theory of Lie dialgebras we have discussed here
in Part II, where they will provide the ingredients for the construction of geometric La-
grangian one-forms living on coadjoint orbits. But before we do that, we present the
necessary details on Lagrangian one-forms in the next chapter, which will serve as the

foundation for the rest of the thesis.
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Chapter 2
Lagrangian one-forms

This chapter provides the necessary background on Lagrangian multiforms. We restrict the
discussion to the case of Lagrangian one-forms, which covers finite-dimensional integrable
systems.

We start by reviewing the position-space formulation of Lagrangian one-forms and
the so-called bivariational principle in Section 2.1. Then, in Section 2.2, we describe the
setup of phase-space or geometric Lagrangian one-forms — first introduced in [CDS24]
— followed by a discussion of the univariational principle of [CH25]. In Section 2.3, we
explain how to incorporate a symmetry in this setup, represented by the free action of a
connected Lie group G on a manifold M. This allows us to recast the relation between
Noether charges and moment maps in the context of Lagrangian one-forms. Then, in
Section 2.4, we introduce the gauged univariational principle, explaining how it describes
the symplectic reduction procedure traditionally presented in Hamiltonian terms purely
in the variational language of Lagrangian one-forms.

The content of this chapter is adapted from [CDS24] and [CHSV25]. Here and in
everything that follows, we always use the summation convention according to which

repeated upstairs and downstairs indices of any kind are summed over.

2.1 Lagrangian one-forms on position space

As we briefly discussed in Section 0.2, the original approach to Lagrangian multiforms was
based on a position-space formulation, and has so far been the one used most predomi-
nantly in subsequent works. Here we present a quick overview of this formulation for the
case of Lagrangian one-forms in the continuous setup and describe how it captures the
notion of an integrable hierarchy.

The central object in the position-space formulation is a position-space Lagrangian
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one-form

ZLlgl = ZLlqldt', i=1,...,n, (2.1)

where .%; denotes the Lagrangian coefficient corresponding to the time ¢ and ¢ denotes
generic configuration coordinates. For instance, ¢ could be a position vector in R? for
some d or an element of a (matrix) Lie group. The notation .Z[q] and Z}[q] mean that
these quantities depend on ¢ and a finite number of derivatives of ¢ with respect to the
times t!,...,t". Here we restrict ourselves to only the case of first derivatives and simply
write .Z; for the Lagrangian coefficients. The traditional action is replaced by a multiform

action

Slat)= [ 2l (22)

where T is a curve in the multitime R” with (time) coordinates ¢!,...,#". The multiform
action (2.2) is a functional of both the configuration coordinates ¢ and an arbitrary curve
I". One then applies to this action a generalised variational principle, referred to as the
bivariational principle.' This is done in two steps. First, we vary over the degrees of
freedom for an arbitrary choice of the curve I' and require criticality of the action. This

leads to the following multitime Euler—Lagrange equations:

0%, 0%

— 0i— =0, 2.3a
dq ! 0qy ( )
0%, ..
=0, , 2.3b
o0 j#i (2.3b)
0% 0% o
= , ,7=1,...,n. 2.3c
Oqyi Oqy / ( )

Note that (2.3a) is simply the standard Euler—Lagrange equation for each .%; describing the
dynamics of the degrees of freedom. Equation (2.3b) states that the Lagrangian coefficient
% cannot depend on the velocities ¢;; for j # i. The last equation (2.3c) requires that
the conjugate momentum to g be the same with respect to all times #*. Equations (2.3b)
and (2.3c) provide conditions that the Lagrangian coefficients .%; must satisfy, and are
often referred to as corner equations, a term borrowed from the discrete setup. This is
where they first appeared in the context of discrete-time Calogero-Moser model [YLN11].
However, we should emphasise that, in general, equation (2.3b) is an identity only on shell,
and in some cases, it also provides non-trivial equations of motion.

Finally, as a separate second step, we vary over the curve I' and require criticality

of the action on solutions of the multitime Euler-Lagrange equations (2.3a)—(2.3¢). This

'The term bivariational principle was used for the first time relatively recently in [CH25] to contrast it
with the univariational principle, discussed here in Section 2.2, that combines the two-step procedure of
the former into one unified step.
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gives the so-called closure relation for Lagrangian one-forms
dZql=0 & 0:%;-0;% =0, (2.4)

on solutions of (2.3a)—(2.3c). Crucially, this is the variational equivalent of the Poisson
involutivity of Hamiltonians, the Liouville criterion for integrability. The relation between
the closure relation for Lagrangian one-forms and the Poisson involutivity of Hamiltonians
will be the subject of Section 3.2.

2.2 Lagrangian one-forms on phase space

The objects of interest in this thesis are Lagrangian one-forms formulated on phase space,
as opposed to the position-space Lagrangian one-forms discussed in Section 2.1. Through-
out this work, we refer to these phase-space Lagrangian one-forms as geometric Lagrangian
one-forms in line with the terminology used in the literature, in particular to do with
geometric actions, which our Lagrangian one-forms share a structural similarity with. Ge-
ometric actions can be traced back (at least) to works [AFS88; AS89; Wie89; Ara+90] on
the path integral quantisation of coadjoint orbits based on ideas coming from the orbit
method [Kir68; Kir76] due to Kirillov.?

We now discuss the framework of geometric Lagrangian one-forms, together with a new
generalised variational principle introduced in [CH25], referred to as the univariational
principle.

We start by describing the phase space for our Lagrangian one-form. Let M be an
m-~dimensional manifold with coordinates ¢*, for 4 = 1,...,m. The cotangent bundle
T*M is parameterised by coordinates (¢*,p,) where p,, for p =1,...,m, are dual coor-
dinates along the fibres. The tautological one-form « and symplectic form w on T*M are
respectively given by

a = p,dg” and w = dp, Adg". (2.5)

The Hamiltonian vector field X' associated with any given function f on T*M is defined

by the property Xy.w = df and given explicitly by

= = = 2.6
I agr Op,  Opy Og (2.6)

The Poisson bracket for any pair of functions f and g is then given by
{f.9} = —Xrg = X,f. (2.7)

2Geometric actions have been studied in connection with integrable hierarchies in [NP01]. They have
also appeared in the study of matrix models and Fermi fluids [DMW92; DMW93], and of gravity in two,
three, and four dimensions. See, for instance, [MNW17; BGS18; MR20; BNR22].
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Let us now introduce the geometric Lagrangian one-form on T*M x R",
L =a— Hdt' = pudg” — H;dt’, (2.8)

where Hy, ..., H, are n € Z> real functions on 7" M and t* are Cartesian coordinates on
R™. Note that in (2.8), the phase space variables p,,, ¢" and the time variables t are treated
on an equal footing.? The action associated to a parameterised curve « : (0,1) — T*M xR"

can therefore be expressed as

' L[ dgr ari
Sol] :/0 o -iﬂ:/o (p“ds —Hi(p,Q)dS> ds. (2.9)

Let us start by applying the standard principle of least action to Sp[y]: we seek a
curve 7y : (0,1) — T*M x R™ that is a critical point of this action, that is, under an
arbitrary variation 6v(s) = (dp.(s), dg"(s), 0t'(s)) satisfying the boundary conditions 0 =
limg ;0,1 0g(s) = lims—,0,1 6t(s), we require

1 dg"  dég* [ OH; &H, At doti
0= S0} /o <5p“ ds T PrTgs <8pu Opu+ gt 0q ) ds ds )ds

1 dg* OH;dt’ dp, OH;dt’ dH; _ .
= ) —_ = L) =gt | £ S Lot ) d 2.10
/0 ( Pu ( ds  Opy ds) 4 < ds + Ogh ds) + ds ) 5, (210)

where in the second line we have integrated by parts and used the boundary conditions.

This leads to the Euler-Lagrange equations

dg* OH;dt' dp OH; dt*  dH,
! dg — O <> _— = 71/ _ = Ko —_ ? ? —
T ds Op, ds’  ds Ogt ds’ ds

0 (2.11)

where we have denoted by + the tangent vector to the curve ~.

The first two Euler—Lagrange equations imply that locally along the curve, we must
always have Gcll—'z # 0, for some i € {1,...,n}, since otherwise we would have v/ = 0. We
can then look for solutions of (2.11) such that % # 0 for a fixed 7. Up to a change of
variable, this amounts to working with the parameter s = t* along the curve +. However,
this leads to an issue: this inevitably singles out the corresponding Hamiltonian H; as our
“preferred” Hamiltonian.

To avoid this, rather than looking for individual curves v : (0,1) — T*M x R™ which

are critical points of the action (2.9), we replace the curve v by an immersion

Y:R" — T*M xR™,  (w!) — (pu(u), ¢ (u),t"(u)), (2.12)

3When writing the geometric Lagrangian one-form (2.8), we do not assume any relation between the
dimension of the manifold M and the number of time variables t* here. The case n = 1 corresponds to an
ordinary Hamiltonian system while the case n = m corresponds to that of a Liouville integrable system.



25

i.e. a map X such that its tangent map
dy ¥ : T,R" — T (T*M x R™) (2.13)

is injective for every u € R™. In particular, ¥ is then a (local) diffeomorphism onto its
image in T*M x R™. We require ¥ to satisfy boundary conditions that fix the functions

lim ) w00 ¢ () and limy, o0 t'(u) of S"~! at spatial infinity. Next, we introduce a curve
[:(0,1) — R", s+ (t(s)) (2.14)

such that limg 0 1||I'(s)|| = co. Evaluating the action (2.9) on the composite map

7:=%ol:(0,1) —— R* —= T*M x R"
leads to a family of multiform actions labelled by I', namely

1 ogh ott\ du!
5] = Sp[S o T = G fgip, )2 ) g, 2.1
Sr[E] = Sp[E o T /0 (puauj (p Q)auj> 15 08 (2.15)

We treat this family of actions as depending only on the map ¥ in (2.12), and the curve
I' as a parameter labelling the family. This distinction between the roles of ¥ and I,
reflected in the notation Sp[X], sits at the heart of the univariational principle which we
can now formulate as seeking an immersion ¥ which is simultaneously a critical point of
the family of actions Sr[X] for all curves I' in R™. It can equivalently be stated as the

following single-step procedure:
Find ¥ such that dxSp[X] = 0 for all curves I in R™.

As shown in [CH25], the univariational principle implies that the map ¥ in (2.12) can be
written as ¥ = (fx,Idgn) for some map fx; : R* — T*M, (t) — (pu(t),¢"(t)). This is

equivalent to the system of equations

d¢* OH; Op,  OH;
ot p,’ ot gr’
OH; 0H; 0H;0H;
Op, Ogt B 0q* Opu

i=1,....,n, pu=1,...,m, (2.16a)

= {H;,H;}=0, i,j=1,...,n. (2.16b)

First, we have (2.16a) which implies that the time coordinate ¢* parameterises the Hamil-
tonian flow of H; for each ¢ = 1,...,n. Additionally, as a result of having included the
times # among the dynamical variables in the map ¥, we also have (2.16b), which tells
us that the univariational principle already encodes the closure relation through the vari-
ation of . In particular, the univariational principle admits solutions if and only if the
Hamiltonian functions Hi,..., H, pairwise Poisson commute. Therefore, the univaria-

tional principle applied to the Lagrangian one-form (2.8) encodes multitime Hamiltonian
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mechanics, which includes the case of Liouville integrable systems when n = m.

Remark 2.2.1. The univariational principle is a natural generalisation of the well-known
extended phase space approach to classical mechanics to the multitime case. The case of a
single time ¢, 7.e. n = 1, in our setup so that I' : (0,1) — R, s — t is a (re)parametrisation
of time, corresponds to the original extended phase space approach. The application of
this idea to the Lagrangian formalism can be found, for instance, in [Sou69; Sou97], but

the idea itself is likely much older. <

Remark 2.2.2. As mentioned earlier, the univariational principle encapsulates the two-
step procedure of the bivariational principle into a single step. In the bivariational ap-
proach, one views X as (fs,Idgs) for some map fx : R™ — T*M, (t') — (pu(t), ¢"(t))
from the outset so that Sp[¥ oI'] in (2.15) becomes the action

gt dt/

S[fo,T] == Solfss o T = /01 <p#8tj —Hy(p, q)> s (2.17)

The price to pay in this approach is that one has to vary with respect to both fs and I’
to obtain the full set of equations (2.16). We do not discuss the relation between the two

approaches in any further detail and refer the interested reader to [CH25]. <

2.3 Group actions and symmetry

Let us now suppose that M admits a free right action of a connected Lie group G, p :
G x M — M. Let X, be a basis of the Lie algebra g of G and let ij(q)% denote the
corresponding fundamental vector fields generating the action of g on M. The right action
of G lifts to T*M, which we also denote by p: G x T*M — T*M, and the corresponding

action of g is generated by vector fields

0 oxy o
B yu _ a
Xa - Xa (Q) 6q/‘ Pv 8(]“ 3pu

(2.18)

satisfying [X§, X g] = fu° X%, where fu;¢ denotes the structure constants of g. We further
lift this to a right action p: G x T*"M x R" — T*M x R™ of G on T*M x R" by letting
G act trivially on R™ so that the infinitesimal action of g is still generated by the same
vector fields (2.18).

In what follows, we will consider only the corresponding left action of the group G on
T*M x R", given by G x T*M x R* — T*M x R", (g,x) + g - x = pg1(x) and which is
infinitesimally generated by the vector fields 0y, == —Xf, fora = 1,...,dimg.

Proposition 2.3.1. The action (2.15) is invariant under the infinitesimal action of G on

T*M x R™ generated by (2.18) if and only if each H; is invariant under this infinitesimal
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group action, i.e.

EXgHi:(), i=1,...,n, a=1,...,dim g. (2.19)
The Noether charges associated with this global G symmetry are then given by uq(p,q) =
_pl/X(Izj(Q) .

Proof. The variation of any given map ¥ : R® — T*M x R™, (v/) — (pu(u), ¢"(u),t*(u))
under the infinitesimal left action of G' on T*M x R™ generated by the vector fields (2.18)
is given by 6x%(u) = —X¥(X(u)), or more explicitly in components

oxq*(u) = =X X[ (q(u)) (2.20a)
Sxpul) = Xp () 5 (4(w) (2.200)
Sxt'(u) =0 (2.20c)

for arbitrary X = A°X, € g. Noting that

H XY Hat XV
5X( é’fJ):Aa OX7 9¢" . 0Xg

—_ v —_ — v — = 5 221
Pu o’ P gt oud A'p ouJ 0 ( )

where the last step is by the chain rule for the function X2 (¢(u)), the corresponding
variation of the action Sp[X] in (2.15) is then

H; XY OH;\ dt’ 1 dtt
0 0X, 0 )ds:/\“/ (Lo H)Sods,  (2.22)
O a

SSels] = | T T

1
0 (X‘l; oq T agr op,
where the second step is by definition (2.18) of X%. Now the resulting expression in (2.22)
should be zero for any A%, any map ¥ and any curve I from which (2.19) follows.

The expression p, = —p, X} for the Noether charge associated with this global sym-
metry can be obtained by using the standard trick of promoting the constant parameters
A% € C to functions A\* : R — C. This leads to an additional term %,ua on the right-
hand side of (2.21) so that the variation of the action now reads dxSr[X] = 01 4% 11qds,

as required. O

In the Hamiltonian formalism, the Noether charges u, from Proposition 2.3.1 are

encoded in a moment map pu : T*M — g* such that

(u(p, q), Xa) = pta(p;q) = —puX7(9), (2.23)

where ( , ) : g* x g — C denotes the canonical pairing. In general, a moment map is

required to satisfy the equations

(dp, Xo) = Xfow and  Lyzp+ady,p=0. (2.24)
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For us, the first of these follows by a direct calculation from (2.18), (2.23) and w =
dp, Adg*. The second is proved as follows. First we note that (1, Xp) = —X g_na and that

LXga =0. So

(L a1, Xo) = L e (Xfsa) = —[XE, Xfoa = (1,[Xa, X)) = —(adi, . Xp),  (2.25)

where in the second last step we used the fact that [X%, X 2] = [X,, X3)f. Hence, the second
equation of (2.24) holds.

2.4 Gauged Lagrangian one-forms

When a physical system is invariant under the action of a Lie group G, such as in the
context of Section 2.3, this symmetry can be used to reduce the number of degrees of
freedom. Indeed, since the components of the moment map p : T*M — g* are preserved
under all the Hamiltonian flows Xg,, i.e. X, 1, = 0, one may consistently restrict to the
zero-level set 1 =1(0) C T*M of this moment map by imposing the constraint u(p, q) = 0.
Furthermore, by the G-equivariance property of the moment map, the zero-level set =1 (0)
is invariant under the action of G so that we may further reduce the number of degrees of
freedom by working on the quotient space p~1(0)/G.

In order to implement the above symplectic reduction procedure in the variational set-
ting, and thereby construct a Lagrangian one-form and action for the reduced system, we
can impose the constraint u(p, q) = 0 in g* by introducing a g-valued Lagrange multiplier.
Specifically, since we want to gauge the action of G on the map ¥ : R® — T*M x R"
described infinitesimally in (2.20), we introduce a g-valued Lagrange multiplier one-form

on R™ which we denote by
A= Ajdu! = A5Xdu? € QO'(R", g). (2.26)

Using the canonical pairing (, ) : g* x g — C we can combine (2.26) with the moment
map p : T*M — g*, which we view as a map p : T*M x R™ — g* that is constant along
R™, to obtain a one-form (X*u, A) € Q'(R™). The gauging procedure then simply consists
in adding this term to the pullback ©*.% € Q'(R") of the Lagrangian one-form .. We
obtain a family of actions for a map ¥ : R* — T*M x R™ and a one-form A € Q}(R™, g),
parameterised by curves I': (0,1) — R,

Sp[S, Al = /0 1 (27 + (S, A)). (2.27)

The constraint u(p,q) = 0 will now be enforced dynamically through the equations of

motion for A, see Section 2.4.2 below. Moreover, the effect of adding this new term to the
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Lagrangian is to promote the G-symmetry we started with, from Section 2.3, to a gauge

symmetry as we now show.

2.4.1 Gauging a symmetry in a Lagrangian one-form

We consider local gauge transformations parameterised by smooth maps ¢ : R" — G,
which act pointwise on the map ¥ : R” — T*M x R™ and on the Lagrange multiplier

A€ QY(R™, g) as a gauge transformation, i.e.

S(u) — g(u) - B(u), (2.28a)

A— gAg "t —dreggt, (2.28b)

where dgrr denotes the de Rham differential on R™. Due to its transformation property
(2.28Db), we will henceforth often refer to the Lagrange multiplier one-form A € Q!(R", g)
as a gauge field.

Proposition 2.4.1. The action Sp[X, A] is invariant under an infinitesimal version of
the G-valued local gauge transformation in (2.28) if and only if the functions H; are G-
invariant, i.e.

ﬁxgHiZO, i=1,...,n, a=1,...,dim g. (2.29)

Proof. Let ¥ : R® — T*M x R", (u) — (pu(u),¢"(u),t'(u)) be a given map as in the
proof of Proposition 2.3.1. The action (2.27) for this ¥ and any curve I' : (0,1) — R™ then
explicitly reads

L7 ogh ot o) du
Sr(E, Al = /0 (puauj — Hi(p,q) 55 + Ha(p, q)Aj> - 95 (2.30)
where p,, ¢, t* and A? all depend on s through their dependence on the functions 7 (s).
Consider an infinitesimal gauge transformation parameterised by a g-valued function X :
R™ — g, which we write in components as X = \%(u)X,. The variations of the components
of ¥ and A under the infinitesimal left action of G on T* M xR™ then read (cf. the variations

(2.20) where A* was constant):

Oxq"(u) = =A"(u) X% (q(u)) (2.31a)

Sxpu() = X)) G (4(w) (2.310)

Sxt'(u) =0 (2.31c)
a 2% a gb c

ox Aj(u) = 90 Joe" A (u)A(u). (2.31d)

By the exact same computation as in the proof of Proposition 2.3.1, where in the end of

that proof A* was already treated as a function A\* : R® — C, the corresponding variation
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of Sr[X, A] reads

du/
—ds. 2.32
ds ° (2:32)

o AL furne)

1
&&m&:élv@ﬁm%u

We note, in particular, that the term —ua% appearing in the variation p,d XA? cancels
with the term —pl,Xa”% from the variation (2.21) when A® is not constant. The right-

hand side of (2.32) needs to vanish for all functions A%, A% and all maps ¥ and curves T,

but the last bracketed term vanishes by the second relation in (2.24) since

<£Xg,u, Xb> + <ad}a/‘7 Xb> = ‘CXg:ub - <:ua [Xav Xb]> = ‘CXg:ub — fab“te- (2'33)
Therefore, gauge invariance is equivalent to the condition (2.29). g

By combining Propositions 2.3.1 and 2.4.1 we see that the gauged action Sp[¥,.A] in
(2.27) is invariant under the gauge group C*°(R",G) if and only if the original action
Sr[2] in (2.15) is invariant under the Lie group G.

2.4.2 Gauged univariational principle

Recall from Section 2.2 that the univariational principle seeks an immersion » : R® —
T*M x R™ such that for all curves I' : (0,1) — R™ we have 0xSp[2] = 0. We introduce
the gauged version in the following definition. To do so, note that, using the infinitesimal

right action of G on T*M x R™, we obtain the linear map

. 0
AKRW%&M@MXWLEﬁHMﬁ, (2.34)
where we recall that X is given in (2.18).
Definition 2.4.2. The gauged univariational principle seeks a map

Y:R"—T*M x R"

and a gauge field A € Q'(R™, g) such that the linear map d,% — A, is injective for every
u € R™, and such that the pair (X,.4) is simultaneously a critical point of the family of
actions Sp[X, A] for all curves I' : (0,1) — R™, namely such that

5251“[2,./4] =0 and 5_,45{‘[2,«4] =0.

Theorem 2.4.3. The gauged univariational principle applied to the gauge invariant action
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Sr[2, A] in (2.27) gives rise to the following set of equations:

1(p,q) =0, (2.35a)

8(]“ aHZ =

_ = Ao xH 2.
o oy, — XL (2.35D)
apu 8HZ -~ oxY

: = —A%p, =2, 2.
St g = Ay (2.35¢)

{Hi,H;} =0, (2.35d)

where the composition mre o X @ R® — R, (w/) ~ (t'(u)) with the projection mrn :
T*M x R™ = R", (pu, q",t') — (') to the second factor is a (local) diffeomorphism and is
used to define A? = 861;: Af.

Moreover, the g-valued connection drn + A is flat, i.e. it satisfies the zero-curvature

equation F' = dgn A + %[A, A] =0 or in components

0A?  9Ae
[ J )
iy ot otJ

Proof. Let ¥ : R* — T*M x R", (v!) = (pu(u),¢*(u),t*(u)) and I : (0,1) — R™ be
arbitrary maps. The action (2.27) for these can be written as in (2.30).

+ fret ALAS =0,  a=1,....dimg, ij=1,...,n. (2.36)

We first perform a variation of the action (2.30) with respect to the functions A$ :
R" - R ]
1 du?

SASEE A = [ alp, )8 A7 (u(s) Gods. (2.37)

In order for this to vanish for arbitrary variations 6.A7 we must have

ta(p,q) = 0, (2.38)

which is the expected constraint equation p = 0.
Next, consider the variation of the action (2.30) with respect to the map ¥ : R” —
T*M x R™. Under an arbitrary variation 6%(u) = (dp,(u), dg"(u), 6t'(u)) satisfying the

boundary conditions 0 = lim,—e0 0¢" (u) = limy 00 §t'(u), the action varies as

14 A Lr/ogt ot OH;  Opug
M = —_— g Hz ! a 5 : i
oxSr(%, Al /0 ds [p”(Sq ot }ds +/0 K@uﬂ oul Op,, * Ipy, AJ) P

(D DO Oy (OBLO0 OO
<8uj+6uj gt 8q“Aj o¢" + Ipu 8uj+8qﬂ oul ot ds ds. (2.39)

The total derivative term on the right-hand side of this equation vanishes due to the
boundary conditions on §% and the boundary condition limg_,01[|I'(s)|| = oo on I". We

now want the above variation to vanish for all 43 and all curves I', and hence for arbitrary
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dd—f, which is equivalent to the system of equations:
dg*  Ot' OH; 0O
K _ I Tha g (2.40a)
ow  ow Op, Op, "’
Opu ot' OH;  Oua ,,
— = —— - 2.40b
ouJ oul Ogt  Ogr” 7’ ( )
0H; 0 OH; Oq*
i 9Py 199 _ (2.40¢)
Op, 0w~ Ogt Ow/
Next, we claim that these equations of motion imply that the Jacobian matrix (%)

must be invertible, thus ensuring that the composition g 0 ¥ : R” — R™ is a (local)
diffeomorphism. To show this we adapt the similar argument [CH25, §2.2] to the present
case with gauge field. The differential of ¥ at u € R" reads

o Bul dp, | Out dg + out ots’

0 Op, 0 +8q“ 0 otl 9

du3 : T,R™ = Ty (T*M x R"), (2.41)

and therefore proving the claim is equivalent to showing that the tangent map of the

composition mre 0 X : R — R™, w/ s t*(u) at every u € R", namely

0 otl 9

du(mrr 0 %) = ds(ymre 0 duX : TuR" = Trgus@)R", - 55 = 5555

(2.42)

is injective when the univariational equations (2.40a)—(2.40c) hold. To do this we will use

the fact that the univariational equations (2.40a)—(2.40c) can equivalently be written as

0 0
d, X (8ui>_|d$ A <5ui)_lw 0 Wi, (2.43)
in which
} OH; . OH, .
g — HZ t = Ho_ [ — H Z. 244
dZ =w—dH; Adt' =dp, Adg s dp, N dt ag dg" A dt (2.44)

So, let V' € ker (dyyymre © dyX). On the one hand, (2.43) and (2.44) imply
0= (duX — A)(V)aw — [d2(V)od Hy]dt? + [d, 2 (V) dt']|dH;. (2.45)

On the other hand, d,X(V)adt" = (dyy)mre 0 dyX)(V)adu' = 0 since V € ker (dg,ymrn 0
d,X). Thus, we are left with

(A2 — A (V) aw — [d2(V) 2dHy)dt = 0 (2.46)

and each term must individually vanish since the first belongs to 7*(7T* M) and the second
belongs to T*R™. In particular, since w is nondegenerate, we must have (d,%—.A4%)(V) = 0,

from which it follows that V' = 0 since d,¥ — A is injective.
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As a consequence, performing a suitable coordinate transformation on R™, we may
bring ¥ to the canonical form (fs,Idge) for some function fs : R® — T*M, '
(pu(t), ¢"(t)). We may then rewrite (2.40) as

o¢" _ OH; Oua 7,

ot o Gpu 819“ v (247a)
apu 8Hl a,Uta T
u a 24
o~ agr T ag (2.470)
A HgH
OH; Op,  OH; 0¢" (2.47c)

Op, Ot1  dgn Oti

where A% = %15 A¢ is defined using the inverse (%ﬁf ) of the matrix (%) Substituting

(2.47a) and (2.47b) into the left-hand side of (2.47c¢) we obtain
{Hi, Hj} = {H;, jia} A5,

The right-hand side vanishes using Proposition 2.3.1 since {H;, o} = L Xt H; = 0, where
the first equality follows from the definitions (2.18), (2.6) and (2.23). It then follows that
{H;, H;} = 0, which completes the derivation of the Euler-Lagrange equations (2.35).
The relation (2.36) is a consistency condition between the equations (2.47a)—(2.47b)
under the assumption that Sp[X, A] is gauge invariant (that is, the Hamiltonians are

invariant). To see this, consider the identities

0 o¢" 0 Og" 0 Opy O Opy

ot ot 0w on - oHou ot ot
Evaluating the right-hand sides using (2.35b) and (2.35¢) eventually leads to

0=FiX}— A% XE X, + jg[xg, X)) + (X, X, ), (2.48)

where Fj% are the components of the curvature of A defined in the statement of the
theorem. The second and third terms in (2.48) vanish because [X!, Xpy,] = X L
X!H, = L+ H; = 0 where the last step uses the condition (2.29) from Proposition 2.4.1

since we are assuming that Sp[%, A] is gauge invariant. The fourth term in (2.48) vanishes

and

because [Xp,, Xn;] = Xy, n;) = 0 using the fact that {H;, H;} = 0, as we have already
established. Therefore, F;;Xg = 0. Since the action of G is free, the tangent vectors X
are linearly independent at each point (p,,q¢*) of T*M, and so we deduce the relation
(2.36), as required. O

The equation (2.35a) together with (2.35b)—(2.35¢) for any ¢ = 1,...,n represent
Hamiltonian flow equations for a constrained Hamiltonian system. Indeed, the effect of
the first equation (2.35a) is to impose the set of constraints u®(p,q) = 0 on the phase
space T*M, restricting the dynamics to the submanifold ;~1(0) € T*M. On the other
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hand, the equations (2.35b)—(2.35¢) written in the form (2.47a)—(2.47b) describe, for each

1=1,...,n, the flow equation for the time-dependent Hamiltonian

ﬁl(p)(Lt) = Hl(p7 Q) - :U’a(p7 Q)“Z{'La(t) (249)

This flow is a linear combination of the Hamiltonian flow X'z, of the unconstrained system
and an arbitrary time-dependent linear combination of the flows X, fora =1,...,dimg,
along the orbits of the G-action, which implements the quotienting by G to x~!(0)/G.
The last equation (2.35d) encodes the commutativity of the flows for different i =1,...,n
and has been obtained here in our variational setting.

Crucially, the commutativity of the flows is related to the closure relation in the theory
of Lagrangian multiforms that we briefly talked about earlier in this chapter. This relation
will be discussed in further detail in Section 3.2 in Part II. More generally, this next part
of the thesis will deal with the first of our two approaches for the construction of geometric
Lagrangian one-forms, which employs the theory of Lie dialgebras to obtain Lagrangian

one-forms for a large class of finite-dimensional integrable systems.
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Chapter 3

From Lie dialgebras to Lagrangian

multiforms

This part of the thesis is concerned with the framework of Lagrangian multiforms on
coadjoint orbits introduced in [CDS24]. As we discussed in Section 0.2, the primary
motivation behind [CDS24] has been to address the absence of a systematic framework
for constructing Lagrangian multiforms. It draws and expands upon the insight of [CS21;
Cau+24] to incorporate into Lagrangian multiforms the notions of the classical r-matrix
and the “compounding” of hierarchies following [Nij87].!

In this chapter, which draws content from [CDS24, Sections 3-4], we show how the
theory of Lie dialgebras, discussed in Section 1.2, can be used to achieve this for a large
class of finite-dimensional integrable systems. In Section 3.1, we introduce geometric
Lagrangian one-forms living on coadjoint orbits and present the first main result of this
chapter: Theorem 3.1.2. Then, in Section 3.2, we obtain a structural result, namely
Theorem 3.2.1, for geometric Lagrangian one-forms that brings together aspects from the
framework of Lagrangian multiforms and the Hamiltonian framework for integrability.
Section 3.3 deals with another main result. We recast our results from Sections 3.1 and
3.2 in the context of reduction from free motion on the cotangent bundle of a Lie group
and produce a Lagrangian one-form on a general coadjoint orbit. We show how to recover

the case of a Lagrangian one-form associated with a Lie dialgebra described in Section 3.1.

! Another precursor to this construction is the short but remarkable paper [ZM80] where a Lagrangian
(but not a multiform) was introduced to provide a variational description of zero-curvature equations
corresponding to a Lax pair consisting of rational functions of the spectral parameter with distinct simple
poles.
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3.1 Geometric Lagrangian one-forms on coadjoint orbits

Let us start by recalling from the discussion on Lie dialgebras in Section 1.2 that a coadjoint

orbit of Gg in g*,
Op = {Adfg* -N; 0 € GRr}, for some A € g*, (3.1)

provides a natural description of the phase space of an integrable system. With this as
the underlying setup, we now introduce a Lagrangian one-form, which we refer to as the

geometric Lagrangian one-form, on this coadjoint orbit,

Lyl = L dt* = Klp] - H[y] (32)
with kinetic part
Kl = (L, Qupore™") dt*,  L=Ad A, peGp, (3.3)
and potential part
Hp] = Hy (L) dt*, (3.4)
where £ =1,..., N. We remind the reader that we always use the summation convention

according to which repeated upstairs and downstairs indices of any kind are summed over.
The field ¢ € G contains the dynamical degrees of freedom and, as we will see, the Euler—
Lagrange equation will take a natural form when expressed in terms of L = Adg* ‘A Ais
a fixed non-dynamical element of g* which defines Op, the phase space of the model. Each
Lagrangian % in the Lagrangian multiform has a structure comparable to the familiar
Lagrangian pg — H in classical mechanics. The potential part is expressed in terms of

Ad*-invariant functions Hy € C*(g*), and we suppose we have N of them.?

Remark 3.1.1. An important ingredient in producing equations of motion in Lax form
from the coadjoint orbit construction of Section 1.2 is an Ad-invariant nondegenerate
bilinear symmetric form ( , ) on g to identify g* with g and the coadjoint action with the
adjoint action. However, we write the geometric Lagrangian one-form using the pairing
(, ), an element A € g* and functions Hy on g*, since it is less confusing to do so
when deriving results in the general case here and in the examples in Chapter 4. It must
be emphasised that ultimately we always use the bilinear form ( , ) to make all the

identifications and obtain equations in Lax form. N

We now formulate our first main result.

2 At this stage, we do not necessarily have that N is exactly half of the dimension of @,. As in the AKS
scheme, this needs to be addressed in specific cases by choosing a coadjoint orbit of appropriate dimension
to ensure Liouville integrability. We will not worry about this for now as our construction follows through
anyway.
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Theorem 3.1.2. The geometric Lagrangian one-form (3.2) satisfies the corner equations
of the multitime Euler—Lagrange equations. The standard Euler—Lagrange equations asso-

ciated with the Lagrangian coefficients £ take the form of compatible Lax equations
oL = [RLVH(L), L], k=1,...,N. (3.5)
The closure relation holds: on solutions of (3.5), we have
O — 0y, =0, j,k=1,...,N. (3.6)

Proof. 1t is clear that each .Zj, does not depend on O,¢, for ¢ # k, so the first corner
equation is satisfied. To see that the second corner equation holds, it is convenient to
introduce local coordinates ¢o, @« = 1,..., M, on the group Gr. The only source of

dependence on velocities is in the kinetic term of .%},. Now,
(Adg* A, O R <,0_l> = (A, Adﬁq : (atkgo ‘R (p_1)>

(A R 3W) (3.7)

%)

ﬁ;j: < a¢a>atk¢a— Zﬂaatkéf)a

where we have introduced the momentum

_ Oy
a = A 1. > :
(Ao m g (38)
conjugate to the field ¢,. Thus,
0%
— = Tq 3.9
9 (000) (39

is independent of k. The remainder of the multitime Euler Lagrange equations consists of

the standard Euler-Lagrange equations for each .%;. We compute
6% = (6L, O r ™) + (L. 6 (Opp-n ™)) — 6Hi(D), (3.10)

with?
0L = ad&p o -L (3.11)

3More rigorously, the notation §L denotes the tangent vector to @, at the point L induced by the
element X € gr which we write more suggestively as dp -r ¢~ *. The latter notation is closer to the more
familiar one in variational calculus using matrix-valued fields.
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and
SHy(L) = (5L, VHy(L))
= — (L, [0p-r¢ . VHL(D)] ) (3.12)
% (L, [RVHK(L), 60 re!]) = —% (adivs,z) - L 09 re ")
So,
0L = (adfs 1 L, Oppre™) + (L, 6 (0p) ™)
~ (L, 0 me™ mOp e + % (adiea, 1y - Ls 09 ™)
= (adf 1 L, up o e™t) = (L, 6 -ne")
+ (L, 6pre™ R Opp o)
+0p (L, 69 e™") = (L, Opp me™ nop-ne™") (3.13)
+ % (adiegry(r) - L 00 m 97"
= (adfs 1L dpone ) — (adf, o Lobone)
+ (L [dp-re™" dnpne™| ) + % (adRws,z) - L 09 r ™)
+ O (L, 5o R gp_l) .

The first and third terms cancel each other. In the second term, we recognise

adgiz onpt - L =0uL. (3.14)
Hence,
1 ., _ _

and we obtain the Euler-Lagrange equation for each %, as
Lo

Now recall that % adpy o) L= adp, ¢ m,(r) - L and that, with g being equipped with an
Ad-invariant nondegenerate bilinear form, ady, ¢y, (1) L is identified with [R4 VH(L), L.
Thus, we have obtained (3.5) variationally as desired. That this set of equations is com-
patible follows from the commutativity of the flows which is a consequence of the mCYBE

and the Ad-invariance of Hy as we now show. Going back to having L € g* and evaluating
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its derivatives on a fixed but arbitrary X € g, we have

(00 L)(X) = o (L, [RVH;(1), X))

= YL [RVHL(L), (R H(L), X]]) - (L, [RIRVH(L), VH;(L)), X]).

4 4
(3.17)

Hence, using the Jacobi identity, we get

([0, O] L)(X) = 7 (L, [[RV Hi(L), RV H;(L)], X])

=

_ i (L, R(RVH;(L), VH,(L)] + [VHy(L), RVH,(L)]), X]) (3.18)

=~ (L, [[VH(E), VH; (L)), X)) =0,

where we use the mCYBE in the second equality and property (1.26) in the last step. We
now establish the closure relation, i.e. d.Z = 0 on shell. It turns out that the kinetic and

potential contributions vanish separately. We have
Oy L0 Ly = Oy (L, A R @—1) — (L, YR ¢—1) —08y Hy(L)+0y H;(L). (3.19)
Now, using (1.26), we find
Oy Hyp(L) = (0L, VHi(L)) = —% (L, [RVH;(L),VH(L)]) = 0. (3.20)

Thus, it is a direct consequence of the Ad*-invariance of H that the potential contribution
to d.Z is zero on shell. We are now left with just the kinetic terms which can be rewritten

as
<8t]~L, O R 90_1> - (atkLv Oy R 90_1) + (La O4i (O R ‘P_l))
- (L, 6%(@5]’@ ‘R 90_1))
= (3th, O 'R g071> — (8tkL, O R (,071)

+ (L, 00000 r ™" = 00 n o) + (L, 0pp r O™ = B rOp™").
(3.21)

From the commutativity of flows, we have 0;;0,x ¢ — 0,40, = 0, which leaves us with

(6th, O 'R QD_I) — (8tkL, Oy R go_l) + (L, O@ 'R 6tj(p_1 — 04 R 8tk<,0_1) .

The on-shell relation .
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allows us to express the first term as

(ath, 8tkgo ‘R (pfl) = % (ad*RVHJ-(L) - L, 8tk(,0 ‘R 8071)

h (3.23)
= (ad g1 - L RVH (L))
Since
1
R* _ *
(b oot - L VHG(L)) = 5 (adf, s - L RVH (L)) 2
1 N ’
+ 5 (adRoypoper - L. VH, (D))
and
(ad*RatkgaRgO*l L, vH](L)) == (a’d*VHj(L) L, Ratk(p ‘R 90_1) =0, (325)
we have a further simplification to
(8,53‘[/, O 'R (,0_1) =— (adé];;cw.R‘p—l 'L,VHj(L))
= — (0L, VH;(L)) (3.26)

where we have used the result from (3.20) (with k& <> j). Similarly, we have for the second

term

<8tkL, 0¥ R 80,1) = — 0, Hi(L) = 0. (3.27)
For the last remaining term, we have
(L, O RO~ — Oupr @w—l)

= (L7 —Opp R N ROupRY N+ Oue Ry ROpy R 80_1)

= (L. |dwere™ dupre | ) (3.28)
- (adgtjso'mp’l L, O r S071)

= — (8th, O@ R g071> = 0 H;(L) = 0.
([

It is worth noting that the properties of the geometric Lagrangian one-form heavily
rely on the mCYBE for R. It is at the heart of the commutativity of the flows and the
closure relation. The connection between the closure relation and the CYBE was first
identified and established in [Cau+24] in the context of integrable field theories. Here it

is established in the finite-dimensional context and related to Lie dialgebras.
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3.2 Closure relation and Hamiltonians in involution

In this section, we obtain a structural result which brings together Lagrangian multiforms
and essential Hamiltonian aspects of integrable systems. It will be convenient and clearer
to work with local coordinates ¢, @ = 1,..., M, on the group Gg, as we did in (3.7).

Then, the geometric Lagrangian one-form can be written in the form

M
L] = ( Z T Ok Doy — Hk> de® (3.29)
a=1
where we recall that the momentum 7, is defined by
d¢
= (A, ot ) . 3.30
o= (et n gy (3:30)
Each Lagrangian %} in the multiform has the structure p¢ — H of a Lagrangian in phase
space,
M
L = 27ra8tk¢a—Hk, (3.31)
a=1

and yields its Euler-Lagrange equations from the variation
M /M
om on OH}
5L, = e I T 3¢5+ Op | 3 mada | - 3.32
%(E(m Opa) T 065 ) T Z 332

This is of course consistent with the general result of the previous section. Using (3.15)

and (3.30), we can write

M
_ 0Hj,
(—GtkL + = adRVHk( L L7 (5@ ‘R 1) — E < E Qaﬁ 8tk¢a — a¢ > 5(]55 (333)

pA=1 \a=1

and u
(L, 5o R ¢—1> _ <Z waégba) : (3.34)
a=1

Thus, we have natural coordinate versions of key components of the theory. In particular,

let us denote by 0g the vertical one-form

o o 1 Dy 1
~ Y maba ==Y (M n g )b =— (M mbe). (339)
a=1 a=1
and let us introduce the vertical 2-form
One Omg
Qrp = Qo 6 N O3, Q= — — ——. 3.36
R =) Qapdda A 3o 5= 5oy Do (3.36)

a<p
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Observe the important relation
Qr = 60p. (3.37)

The form Qp is the pullback to the group G by the map

x: Gr — Oy
3.38
o — Adf* A (3:35)

©

of the Kostant—Kirillov—Souriau symplectic form wg on the coadjoint orbit through A € g*.
We recall here that we consider the coadjoint action of the group G g, not the group G.
Relation (3.37) is the well-known fact [Arn89; Can01] that this pullback is an exact form.

1.r 6 appearing in O can be interpreted as the Maurer—Cartan form

The expression o~
on Gr. The structure of our Lagrangian coefficients, in particular their kinetic part, is now

elucidated in terms of fundamental objects associated with G and its coadjoint orbits in

*

g*.

It is known that the map y is a submersion*. Also, a coadjoint orbit is always even-
dimensional as it admits the nondegenerate symplectic form wg. Let us introduce local
coordinates &, m = 1,...,2p, on Op (2p < M). The tangent map Y. is represented
locally by the 2p x M matrix (g%). From now on, summation over repeated indices is

understood. The pushforward of the vector fields % on Gp is given by

9\ 0&, 0
«(56:) = 3 7, (3:39)
and the pullback of the differential one-forms §&,, on Oy reads
ém,
(6&m) = —— 0¢q. 4
X (66m) = 52" 06 (3.40)

If we write for the Kostant—Kirillov—Souriau form
WR = Wmn 6£m A 65717 (341)

then we have the following relation with the coefficients of its pullback Qr = x*(wr),

O 0%,

og = 2, 3.42
= Dn D03 (3.42)

In view of (3.33), it remains to introduce the Euler-Lagrange vertical one-forms on Gr

O0H,
EL, = ELi(qu@ = (QQB O Pa — %) 0pg. (3.43)

4We suppose that we are in a situation where this holds, for instance, excluding the trivial case where
the orbit is reduced to a point and assuming that the Gr action is proper.
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This is the pullback of the following vertical one-form on Oy,

0H
ELk = x+(Tk) = Tix«(6&) = (Z Winn Opk&m — a£k> X+(6&n) (3.44)
with the relation o
ELP =p5n, 3.45

Since x is a submersion, the matrix (géﬁ) has maximal rank 2p, so the Euler—Lagrange

equations ELf = 0 imply the equations Y} = 0 (and vice versa). This is of course just
the confirmation in the present coordinate notations of the result we obtained previously
that the (multitime) Euler-Lagrange equations from the geometric Lagrangian one-form
produce Lax equations naturally living on coadjoint orbits of Gg.

As a consequence, whenever we say that an equality holds “on shell”, we mean that
it holds modulo ELf = 0 or equivalently T}! = 0. We can take advantage of this in
the following way. (g is the pullback of the Kostant—Kirillov—Souriau form wp on the
coadjoint orbit Og. The latter is nondegenerate and therefore induces a Poisson bracket

with bivector 5 5
Pr = Popn— A —, Prn wWnr = O 3.46
k=2 Prnge N g, . (3.46)

The corresponding Poisson bracket on O, is known (see, for instance, [BBT03, Chapter
14]) to be the restriction of the Lie-Poisson bracket (1.22) on g*:

{£,93r(©) = (& [VF(©), Va()]r ) (3.47)
In other words, when f, g are restricted to Oy, we have
af 0dg
= Pun=——=>. 3.48
With these notions introduced, we see that the Euler-Lagrange equations T} = 0 take
the form oH
k
;wmn 8tk§m = Tgn, (349)
and can be written in Hamiltonian form
0H

The system of simultaneous equations (3.50) on the &,, admits a solution (at least locally)
if and only if the flows are compatible, i.e. [0, 0] = 0. For an arbitrary function f, this

means

[0k, Ope) f = {{Hk, He} Ry f1r = 0. (3.51)
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The stronger condition {Hg, Hy} r = 0 is the familiar Hamiltonian criterion for integrabil-
ity (together with a sufficient number of independent such functions Hy, of course).
After these preliminary steps, we are now ready to state our second main result and

its corollary, the significance of which will be discussed after the proofs.

Theorem 3.2.1. The following identity holds

04, 0%
ng - W’f + X3 Pon Y7 = {Hg, He} g (3.52)

Proof. The proof is by direct computation.

R T,
( o5 O — f ) obs + gg: gi’z Dy
(w o O — %Zf) Dyn + gff O (3.53)
= (wmn Op&m — Zﬁ) Py (wrs Opés + %Zf - %Ze) gg{e Ay
= XE P T et P G
hence the result. 0

Corollary 3.2.2. The closure relation for the Lagrangian multiform £ is equivalent to

the involutivity of the Hamiltonians Hy, with respect to the Lie—Poisson R-bracket { , }g.

Proof. The closure relation requires that on shell, we have

0% 0%

dg:(&ﬁ_aﬂ

) dt* Adt* =0, k<t (3.54)

From the previous theorem, on shell we have

0.%. 0%
ank - aT’f = {Hy, Ho} g, (3.55)

hence the result. O

Remark 3.2.3. The connection between the closure relation for Lagrangian one-forms
and the involutivity of Hamiltonians was first discussed in [Surl3]. The content of our
Corollary establishes this result for all Lagrangian one-forms in the class that we have
introduced in this paper. They include any system describable by the coadjoint orbit and
r-matrix methods of Lie dialgebras. An extension of the connection between closure and

involutivity to the field theory context (Lagrangian two-forms) was discussed in [Ver21]. <«
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Remark 3.2.4. The content of the theorem sheds fundamental light on the link between
the closure relation and the involutivity of the Hamiltonian as it establishes an off-shell
identity which clearly shows the interplay between the coefficients of d.Z, the Euler—
Lagrange equations, the Poisson tensor on the coadjoint orbit, and the Poisson bracket of
the Hamiltonians related to our Lagrangian coefficients. A particular point is that it shows
in the present general setting that d.Z has a so-called “double zero” on the equation of
motion. This idea was introduced in [SNC20] and developed in [SNC23] as an important
ingredient of Lagrangian multiform theory. However, the relation to Hamiltonians in
involution was not noticed there. The status of the “double zero” term Y} P,, T} is now
clearly identified as well as its relation to the Euler-Lagrange equations. This term is
the off-shell element linking the Hamiltonian integrability criterion {Hy, He}r = 0 and
the integrability criterion advocated in Lagrangian multiform theory: the closure relation
d.Z = 0 on shell. <

3.3 Geometric Lagrangian one-forms from reduction

It is well-known that many integrable systems arise from Hamiltonian reduction on the
cotangent bundle of a Lie group A following the intuitive idea that the more intricate
dynamics of the integrable system of interest on the reduced phase space comes from the
simplest “free” dynamics on the cotangent bundle. In this section, we show how one can
construct a general Lagrangian multiform on a coadjoint orbit by a Lagrangian analogue
of the procedure of Hamiltonian reduction. The Lagrangian multiform of Section 3.1 is
recovered as a special case.

We follow mainly the exposition and ideas in [Sem08, Lectures 1-2] to summarise the
key notions. By fixing a left trivialisation of T* A we can parametrise it with (o, a) € a*x A
where a* is the dual of the Lie algebra a of A. The canonical symplectic form €2 is exact

and derives from the canonical one-form 6
Q=60  with 6= (a,a '6a). (3.56)
The cotangent lifts to T*A of the action of A on itself by left and right translations read
N (o,a) = (a,ba), py:(a,a) = (Ad] - a,ab™ ), be A. (3.57)

The canonical one-form and hence the symplectic form are invariant under these actions.

The corresponding moment maps are given by
e(a,a) = Ad) - o, pp(o,a) = —a. (3.58)

In applications to integrable systems, one usually consider the case where only Lie sub-
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groups A4 and A_ of A act by left and right translations. In this case, the moment maps
are the restriction of the above moment maps to ay, the Lie algebras of AL. Thus, they
are elements of a, and we denote them by

pe(a,a) =g (Ady - @), pr(ea) = —Igr o (3.59)

In the special case where A is the trivial group and A_ = A, it is known that the quotient
Poisson manifold 7*A/A is isomorphic to a* equipped with the Lie-Poisson bracket. See,
for instance, [Sem08, Proposition 1.24].
Since our emphasis is on the Lagrangian formalism, let us describe the translation of
the above situation into this framework. We consider the following Lagrangian on T* A
da
L0 = <a,a 1dt) : (3.60)

The importance of £ is that the Cartan form arising from its variation is precisely the

canonical one-form on T*A. Indeed, we have

6.0 = <5a,a_1da) — (a, a_léaa_lda> + <a,a_15da>

dt dt dt
= <5a,a_1da) — (a,a léaa_lda> — <da, _léa)
dt dt dt
(3.61)
+ <a a‘ldaa_15a> + 4 (a a 15@)
odt de \7
da d d
_ —1da) (D gr. —1> a -1
<6a,a dt) (dt( d; - a),daa + T (oz,a 5a)

In the last term, we recognise that the Cartan form is 6 (up to a conventional sign). Also,

we see that this Lagrangian yields trivial equations of motion

d d d d
12, S(Adl-a)=0 o =0, Z=o (3.62)

“ dt at

The Lagrangian £ is invariant under the global transformations (a,a) — (a,ba) and
(a,a) — (Ad} - a,ab™!) where b € A is constant. The conserved currents produced by
Noether’s theorem are the moment maps j,. It is immediate from (3.62) that they
are indeed conserved currents. The symmetry group A x A of this free theory is too
large to produce systems of interest. One easy way to reduce the symmetry group to
Ay x A_ = {e} x A acting by right translations only is to include a potential term where
the potential function depends on («a,a) only through p,:

£ = (a,a_lc(ii(z) — H (—p(aya)) = (a,a*ij) — H(Ad} - a), (3.63)

where H is a function on a*. By Noether’s theorem, we expect that p, = —a is still
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a conserved current. Indeed, a computation analogous to that in the proof of Theorem
(3.1.2) gives

d
5L = <5a, a*litl — Ad,-1 - VH (Ad? - a)>
q q (3.64)
— (dt (Ad; - @) — adgy(adz.q) - (Adg - @) ,5aa1> + X (a, ailéa) .
Thus, the equations of motion read
da —1 * d * * *
¢ " VH(Ad} - o) =0, T (Ad - @) — ady gy (agz.q) - (Adg - @) =0, (3.65)
or equivalently,
%a_l—VH(Ad* a)=0 Eoz—O (3.66)
dt oAt '
The analogue of fixing the moment map p, = —a to some fixed value —A € a* in the

Hamiltonian reduction approach consists of “integrating out degrees of freedom” by solving
d
dt
Lagrangian of the reduced model. This yields

a =0toa=A € a*, and inserting back into the Lagrangian to get the effective

d
L = (A, ald;‘> _H(Ad: - A). (3.67)

This Lagrangian describes a system on the coadjoint orbit of A € a* under A. At this
stage, if we equip a with a nondegenerate symmetric bilinear form to identify a* with a,

we obtain as before that the equations of motion take the Lax form for L = Adj, - A

drL
@ = [VH(L). L] (3.68)

Note that we have not assumed anything special about the function H, so strictly speaking
there is no notion of integrability at this stage, only that the equations for the system under
consideration are written in Lax form.

Applying this construction to the case A = Ggr, a = gr, we see that each of our
Lagrangians %, in (3.2) is of the form of %g. Of course, in that case, each function Hy
was assumed to have the additional property of being invariant under the coadjoint action
of G so that the closure relation, the Lagrangian criterion for integrability®, was valid.
However, let us go back to the general situation above and suppose we form a Lagrangian
one-form by assembling N effective Lagrangians of the form (3.67) with N independent
(arbitrary smooth) functions Hy, defined on a* (or possibly only on Oy):

& = 2 dtt = (A a7 0pa) — Hy (Ad; - A)) di*. (3.69)

5This is modulo the requirement of having a sufficient number of such independent functions, as always.
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The arguments of Section 3.2 can be repeated verbatim and lead to the same conclusion

as in Theorem 3.2.1.

Theorem 3.3.1. The following identity holds

0% 0
ank - Wf F YT P TP = {Hy, Hydor, (3.70)

where { , }qx is the Lie—Poisson bracket on a* and Py, the corresponding Poisson tensor

on Oy.

Note that so far we have not assumed anything on the functions Hy. The exact
analogue of Corollary 3.2.2 follows from Theorem 3.3.1 in the present context. We stress its
importance in this general situation: if we can solve for £} such that the multitime Euler—
Lagrange equations and the closure relation hold for the one-form (3.69) then it qualifies
as a Lagrangian multiform and (3.70) implies that the corresponding functions Hj, are in
involution. Conversely, if we use functions Hj, that are in involution with respect to { , }q=
then the one-form (3.69) satisfies the closure relation and is a Lagrangian multiform. In
Section 3.1, we used the latter point of view in a special situation: we took advantage of
the Lie dialgebra construction which uses Adg-invariant functions to produce functions
in involution with respect to { , }r on the dual of gr. In the present section, the above
results imply the stronger statement that one can associate a Lagrangian multiform with
any family of Hamiltonians in involution on any coadjoint orbit of a Lie group.

The perspective of the reverse procedure consisting of solving the multitime Fuler—
Lagrange equations and the closure relations to produce (new?) integrable systems and
Hamiltonians in involution is tantalising. However, it is far from clear whether such a
philosophy is more (or less) promising than the established integrable system classification
tools such as symmetry analysis or classification of the solutions of the (modified) classical
Yang-Baxter equation.

It is instructive to recover our Lagrangians .} as effective Lagrangians via a slightly
different, but related, mechanism. Suppose now that we reduce the symmetry group to
A, x A_ such that, at least locally, any element a € A factorise uniquely as a = a;la,,
a+ € AL. At the Lie algebra level, we have a unique decomposition X = X, — X_, X1 €
a+ and by duality o = Huia — I+ a. Identifying a with (ay,a—_), we see that the action
of Ay x A_ on a amounts to an action by right translations (a4, a_) — (a+b;1, a_b~h).
Thus,

s:T*A —a*, (a,a)— Ad, -« (3.71)

is invariant under the action of A, x A_. Equipped with this, as before, it is easy to
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introduce a Lagrangian which has A, x A_ as symmetry group

yda

Z = (a,a dt) — H (—s(a,a)), (3.72)

where H is a function on a*. By Noether’s theorem we expect that py, in (3.59) are

conserved currents. The direct verification from the Euler—-Lagrange equations follows by

da da da_
-15%) D P e e |
(a,a dt) <s, EraL s > (3.73)

noticing that

Therefore,

day _; da- _4 ) (d ( N > _1>
— (65, 20t S VH(—s) ) 4 (= (Ad, -
0.7 <(53, Era 7 (—s) = da+1 s, daray

. . (3.74)
* -1 -1 ~1
_ <dt (Ada:1 .s) , 0a_a_ ) T (S,5a+a+ —da_a_ )
giving
d . d . d
& Hai (Ada+1 . S) = & Ha’; (Ada . CY) = & e = 0,
d d d
1. [ Ad* ., - = —Mpa=——pu = 3.75
at ( dazr 8) ap = g =0 (3.75)
da+ 71 da/f 71 _
@ T e T VHES =0

The first two equations are indeed the conservation of the Noether currents, as expected.

We use them to integrate out the corresponding degrees of freedom. Namely, we set
pe=—Ap €ay, pr=A_€a_, (3.76)
and substitute back into the Lagrangian. To obtain the effective Lagrangian, note that
s =My (Ady, - pe) + T (Adg - ) (3.77)
This can be seen by the following computation®. For any X € a,
(5,X) = (5, Xy — X_) = (Ad;;;l 5, Ad, -X+) _ (Adj;:l s, A, -X_>
= (W,Adaf X4 )+ (pry Ad - X)) (3.78)

= (Mg (A, - pr) + e (Ad;_ i), X) -

5This computation is the generalisation to the present context of the analogous argument used in [FG02]
where our s corresponds to their X.
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Putting everything together, and setting
L=—s=Tly (Adj, -Ay) — Tl (Adj A}, (3.79)

the effective Lagrangian is

day -1 da- a—l) —H(L). (3.80)

"%H:( Car T T

In the special case where A = G, a = g, ax = g4 with g+ = R4(g), this effective
Lagrangian is exactly of the form of our Lagrangian coefficients .%;,. This alternative
construction amounts to reducing a free system on T*G by acting with G+ x G_ ~ Gg.
We refer the interested reader to [Sem08, Section 2.4] for a discussion of the connection
between the reduction on T*Gp by left translations of Gi and the reduction on T*G by
left and right translations of G4 x G_.

This brings us to the end of our presentation of the general framework of Lagrangian
multiforms on coadjoint orbits. The next chapter will be dedicated to the application of
this framework to some examples. These examples will demonstrate the scope of our frame-
work while also providing, for some well-known integrable systems, explicit Lagrangian
one-forms that were obtained for the first time in [CDS24] and [CSV24].
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Chapter 4

Examples

The theory of Lie dialgebras provides a general setup for constructing integrable models
in a systematic manner. This setup is at the heart of the framework of geometric La-
grangian one-forms living on coadjoint orbits that we presented in Chapter 3. By fixing
the algebraic data in the general expression for the geometric Lagrangian one-form in
(3.2), one can construct explicit examples of Lagrangian one-forms for specific integrable
models. In this chapter, adapted from [CDS24] and [CSV24], we demonstrate this for
several well-known integrable models, thus obtaining Lagrangian one-forms describing the
corresponding hierarchies.!

In Section 4.1, we illustrate the construction for the open Toda chain associated with a
Lie dialgebra via a non-skew-symmetric r-matrix. We present explicit expressions for the
Lagrangian coefficients and relate our results to the well-known formulations of the Toda
chain in Flaschka and canonical coordinates. In Section 4.2, the same open Toda chain
is used to illustrate our construction in the case of a skew-symmetric r-matrix. We also
relate our results to the description in Flaschka and canonical coordinates. Section 4.3 is
concerned with the rational Gaudin model, while in Section 4.4, we deal with a cyclotomic
generalisation of this model. The two cases of Gaudin models will be opportunities for
us to show how our construction works in the case of infinite-dimensional Lie algebras,
which accounts for the presence of a spectral parameter in the Lax matrices. The case of
the cyclotomic Gaudin model is also interesting because it admits two special realisations
— the periodic Toda chain and the discrete self-trapping (DST) model — that are the
subject of Section 4.5. In this last section, we also demonstrate how to couple together the
hierarchies of the periodic Toda chain and the DST model in a straightforward manner

and derive a Lagrangian one-form for this coupled hierarchy.

"Minor sign errors appear in some expressions in Sections 5 and 6 of [CDS24] (corresponding to Sections
4.1 and 4.2 below) that have been corrected in this thesis. I would like to thank Caolfionn McLoughlin for
pointing these out.



54

The choice of examples in this chapter also allows us to illustrate the versatility of the
theory of Lie dialgebras and, as a consequence, of our framework of geometric Lagrangian
one-forms, since each of these examples requires a distinct algebraic setup, as will become

clear over the course of this chapter.

4.1 Open Toda chain in the AKS scheme

Toda chains, introduced in [Tod67], are among the most extensively studied integrable
models. A Toda chain describes a system of particles with nearest-neighbour exponential
interaction. The case with an open boundary condition is the subject of this section. The
construction here is based on the AKS scheme [AdI78; Kos79; Sym80] and reproduces
the approach of Flaschka [Fla74]. We start with the algebraic setup required for the
construction and present the Lax description of the model before making the connection

with our variational approach of geometric Lagrangian one-forms.

4.1.1 Algebraic setup

Let us choose g = sly4+1(C), the Lie algebra of (N + 1) x (INV + 1) traceless real matrices,
g+ the Lie subalgebra of skew-symmetric matrices and g_ the Lie subalgebra of upper

triangular traceless matrices, yielding

g=g+to-. (4.1)

Here R = Py — P_ and Ry = £P; with Py the projector on g4 along g-. The following

Ad-invariant nondegenerate bilinear form
(X,Y) =Tr(XY) (4.2)
allows the identification g* ~ g, and it induces the decomposition
g =g+, ~gr+o (4.3)

where g is the orthogonal complement of g+ with respect to ( , ): gi is the subspace

of traceless symmetric matrices and g the subspace of strictly upper triangular matrices.
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Let us choose

010 0 ... 0
101 0 ... 0

010 )

A= egt ~ 4.4
001 gt ~gy (4.4)
000 ... 1 0

and consider its orbit under the (co)adjoint action of G_, the Lie subgroup associated to

g_ consisting of upper triangular matrices with unit determinant.

4.1.2 Lax description

As explained in Section 1.2.2, the AKS case corresponds to the particular case where
v € G_ so that
L=Adf"-A=—R"(Ad}_ -A), (4.5)

and the coadjoint orbit Oy lies in g*. Using ( , ), we can identify the adjoint and
coadjoint actions. Also, we use it to identify the transpose A* : g* — g* of any linear
map A : g — g with the transpose of A with respect to ( , ) defined on g. Writing
(&, X) = (Y, X), this means that we have

(A%(§), X) = (§, A(X)) = (Y, A(X)) = (A*(Y), X). (4.6)
This allows us to work with
L=—-R(p_Ap_") = —R* (pAp™), (4.7)

where we have dropped the redundant subscript on ¢ in the second equality with ¢ =
@_ € G_. From the definitions (X, R+Y) = (R1X,Y) and (X, P1Y) = (II+ X, Y),
where we denote by TI1 the projector onto gt along gi, we find R} = +II+. Note that

this is an example of non-skew-symmetric r-matrix since

R*=I_-Il . #-R=P_—P,. (4.8)



Now, ¢ A o~ ! is the following traceless matrix:
al * * * e *
by as * x ... *
0 b2 as * . *
pAp ! =
0 0 b3
*
0 0 0 ... by any1

from which we obtain L as the symmetric tridiagonal matrix

al b1 0 0
bl a9 bz 0
0 by az b3
L= (pAp™") =
0 0 b3
by
0 0 0 ‘e bN’ aN+1
Using the Hamiltonian
1
H(L) = -5 Tr L2,
we then find
0 b1 0 0 0
— b 0 b 0 0
0 —by, 0 bs 0
R,VH(L)=Py(—L) =
0 0 —b3
by
0 0 0 by O

A direct substitution in (3.5) with k =1, d.e.

OnL = [ReVH (L), L],

56

(4.10)

(4.11)

(4.12)

(4.13)
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reproduces the open Toda chain equations in Flaschka’s coordinates a,,, b,:
8t1a1 = Qb%, 8t1(1N+1 = —Qb%\[,
Opaj = 2(b5 —b5_y), j=2,...,N, (4.14)
8t1bj:bj(aj+1—aj), j=1,...,N.

The next flow generated by the Hamiltonian

1
Hy(L) = —§ﬁL3, (4.15)

with gradient VHy(L) = —L? yields R;VHs(L) = P, (—L?) as

0 b1(a1 + a2) b1ba 0 0
—bi(a1 + a2) 0 ba(ag + as3) babs .. 0
—b1bs —ba(ag + a3) 0 bs(as + aq) .. 0
0 —babs —bs(az + as)
by(an + an+1)

0 0 0 —by(ay + ans1) 0
The corresponding equations from (3.5) with k = 2 read

Oppar = 2b5 (a1 +az),  Opani1 = —2b%(an +an+1),

Opa; = 2b§(aj +aj1) — 2632_1(aj_1 + aj), j=2,...,N,

(4.16)
8t2b1 = bl(a% — CL% + b%), athN = bN(a?\Url — a?\, — b%*l)’

8t2bj:bj(a?+l_a?+b?+1_b?_l), ]:2,,]\7

4.1.3 Lagrangian description

We need to choose a convenient parametrisation of ¢ since this is the essential ingredient
in the Lagrangians .%,. We choose
p =UY, (4.17)

where Y = diag(y1,...,yn+1) is the diagonal matrix of diagonal elements of ¢ (i.e. y; =
@ii) and U = oY ! is the upper triangular matrix with 1 on the diagonal and arbitrary
elements u;;, 1 <1i < j < N. Since ¢ has non-zero determinant, y; #0,i=1,...,N + 1,
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and with this parametrisation, we find L as in (4.10) with

Y2 YN+1

a1 = —Uu12, AN+1 = — UN,N+1,
n
Yi+1 Yi .

a; = 7Z+ u”i,i+1 - u”i*l,’i? 1= 2, e ,N, (418)
Yi Yi—1

b= 2HL =1, N.
Yi

N+1
Note that Z a; = 0, so we have 2N independent variables on the coadjoint orbit Oj.

j=1
We compute the kinetic part of %}, defined in (3.3) as

Ky = (—R* (Ao 1), 0p0 ") = —(pAp " R_(Opp r "))

(4.19)
= —{pAp ™" upp!) = —Tr (Ap ™ 0pp) ,
where in the third step we have used the morphism property of R_,

R (O -re™") = O, (4.20)

and p_ = p € G_. It remains to express it in terms of our chosen coordinates to get

N
K, =-—Tr (AY_lU_latk(UY)) = — Z Jiﬂatku]',]q_l. (4.21)
Y

j=1 Y

From these results, it becomes apparent that the convenient coordinates are b; as given in
(4.18) and u; = w41, @ = 1,...,N. The first two Lagrangians involve the Hamiltonians

(4.11) and (4.15) respectively, and can now be expressed in the wu;, b; coordinates as follows

M=

N
1 1
(bjuj = bj—1uja)® + D0 + Sbiui + ShjuR,

N
L =K —H = —ijatluj +
j=1 Jj=1

1
2¢
J

||
N

(4.22a)

W

N N
1 1
L =Ky — Hy = — Z bj6t2uj + Z(bju]' - bj_1Uj_1)3 + §(b1u1)3 - g(bNuN)?’
j=1 =2

N-1
+ Z b?(bj+1uj+1 — bj,lujfl) + b%(bgUg) - b?v(beluNfl). (422b)
j=2
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The variation of % reads

N N N
8L = =Y Opujdb; + Y Opbidu; — I Y bjdu
j=1

Jj=1 J=1

+ ’N (bjuj — bj—ruj—1)(u;obj + bjdu;) — ]il(bj+1Uj+1 — bju;)(u;0bj + bjdu;)
J:jv j=1
+2) " bidb; + biuidby + biurduy + byuidby + biundun,
=1
: (4.23)
and gives the following Euler-Lagrange equations
Opuy = utby — up(boug — byug) + 2b1,
Opuy = un(byun — by—1un—1) + udbn + 2bn,
Opuy = uj(bju; — bj_1uj—1) — uj(bjr1ujpr — bjuy) + 2bj, (4.24)

8tlbl = bl(bQ'LLQ — blul) — b%ul, 8tle = —bN(bNuN — bN_luN_l) — b%VuN,

Ipbj = bj(bjr1ujr1 — bjuj) — bj(bju; — bj—1uj—1),

for j =2,...,N — 1. It is easy to see that these equations give exactly (4.14) using the
identification (see (4.18))

ap = bjuq, any1 = —byup,
(4.25)

aijjUj—bj_1Uj_1, j:2,...,N.

This provides a very explicit check that our Lagrangians produce the corresponding Lax
equations, in coordinates naturally dictated by the coadjoint orbit construction of the
kinetic term, here u;, b;. As recalled in Section 3.2, the kinetic part of a Lagrangian
provides the (pullback of the) symplectic form of the model via the Cartan form 6r. Here,

we have (see the total derivative term in §.7)
N N
Or = Z bjduj = Q= Z 5()] AN 5u]'. (4.26)
j=1 j=1

This shows that the coordinates u;, b; are canonical. In the present case, choosing b;, a;,

for 7 =1,..., N, as the coordinates on the coadjoint orbit Oy, we can also express the
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Kostant—Kirillov—Souriau form explicitly using the formula

Z a (4.27)

351

to get
N oy
=232 0 Ada. (4.28)
j=1"7 ¢=1

It is instructive to see how the usual Hamiltonian formulation of the open Toda chain
in canonical coordinates ¢',p; is derived from our Lagrangian formulation. From the

symplectic form (4.26), we deduce the following (canonical) Poisson brackets?

{bj,uk} = Ojk, {bj,bk} =0= {Uj,uk}, j,k=1,...,N. (4.29)
The Legendre transformation
04
— = —b; 4.30
8(8t1uj) J ( )
reproduces, as it should, the Hamiltonian
N
024
_Z1 L _
. a(atluj)atluf L
Ji
- N (4.31)
52 (bjuj —bj_1uj_1) Z ? fblul bNuN = Hy(L).

The matrix L for sly,1(C) in canonical coordinates (¢, p;) is given by

p el 0 0 0
e 0 0
0 et ¢ P3 et =" 0 .
L= , (4.32)
0 0 t. t. t.
eqN717qN DN equqNJfl
0 " =" py

2Here we drop the subscript R when referring to the Poisson bracket { , }r since there will be no
confusion with another Poisson bracket.
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and by comparison with (4.10), we set the change of variables

N
¢ = Inby, j=1,...,N,
k=j

pj =bjuj —bj_1uj_1,  j=2,...,N, (4.33)
pr=biur,  pny1 = —byun.
From (4.29), we deduce by direct calculation:
(.o} =0k, {d "y =0={pj,m}, Jk=1....N,
(4.34)

{qjapN-i-l}:_lv {pj7pN+1}:O7 J:lavN

Note that py1 is redundant for the description of the dynamics since we only need the

map (uj,b;) — (¢/,p;) for j = 1,..., N. This is captured by the fact that the previous

N+1

relations imply that C = Z pj is a Casimir on the 2N-dimensional phase space with
j=1

coordinates (¢*,...,¢~,p1,...,pn+1) and we can work with C' = 0. The coordinate py 1

is still useful for writing the Hamiltonian in the familiar compact form as

| N1 e Y
H, = -5 Z p? _ Z o2(@ =) _ 2" (4.35)
==

Hamilton’s equations d1¢’ = {¢’, H1}, 9,p; = {p;, H1} yield

dppy = 262 ~0), Oppnir = 262"

Oppj =2 (eQ(qj—qj“) _ 62(qj’1—qj)> ., j=2,...,N—1,
(4.36)
Duipy =2 (20" — 2 )

8t1qj:pN+1—pj, jzl,,N

These can be seen to be equivalent to (4.14), thus completing the Hamiltonian description
of the first flow for the open Toda chain, from our Lagrangian formulation. The same

analysis can be performed with %%, although the calculations are longer. We simply
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record here the Euler-Lagrange equations obtained from 0.%5:
Opur = uy ((brur)? — (baug — brug)? — b3) + 2b1baus,
Opun = un ((bNUN — by_1un—1)* — (bvun)? + b?v_l) — 2bnby_1uNn-—1,
Opzuj = u; ((bju; — bj1uj-1)* = (bpaujr — bju;)?) +u; (b5, — by)
+2b5(bj 4141 — bj-1u5-1), (4.37)
Op2by = by ((boug — byuy)? — (byup)? + b3) ,

Btsz = bN ((bNuN)2 — (bNuN — bN_luN_1)2 — b%V—l) N

Dby = bj ((bj 1w — bjug)® — (bjuy — bj_quj1)?) = bi(b5_; — b3 ),

for 7 =2,...,N — 1. To conclude this example we establish the closure relation for the
first two flows, i.e.
(975231 - 3,5132 == O (438)

on shell. We know from our general results that this must hold, so this is simply an
explicit check. The kinetic and potential contributions give zero separately, so we split
the calculations accordingly. For the potential terms, it is more expedient to use the a;, b;
coordinates® and equations (4.14) and (4.16):

8t2H1 - atlHQ

N+1,3 N Nt+l1,2 N
= 0On Z ?]+Zb§(aj+aj+1) — Op2 ' ?]—I-Zb?

N+1 N (4.39)

-> 2aj(b?_1(aj_1 +aj) — b?(aj +aj1)) = 26?(0,? — a?H + b?_l — b?H)
j=1 j=1
N+1

= > 2(aja;41b; — aja;_1b ;)
j=1

:07

3Note that for conciseness, we treated the equations for j = 1 and j = N on the same level as for
j=2,...,N —1 by formally introducing bp = 0 and by4+1 = 0.
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where in the last step we recognise a telescopic sum. For the kinetic terms, we also use

the a;, b; coordinates wherever possible to expedite the calculations:

atl KQ - atQKl
N
> (041 (bjOh2uz) — D2 (b0 uy))

<
Il
—_

-

(Op((ady) — a3 +bjpr — b5 )usb; — 203 (aj + aj41)) — O ((aj41 — aj)ujb; — 2b7))

<
Il
-

M-

((On (a§+1 - a? +bjs1 — 53—1) — Op(ajr1 — aj))u;b; — 2b§(b§+1 - b?—l))

I
o s
'&

(4.40)

where in the last step the first term gives zero for each j upon using the equations of
motion and the remaining terms form a telescopic sum adding up to zero.

A Lagrangian one-form for the Toda chain was first constructed in [PS17] using vari-
ational symmetries of a given starting Lagrangian, which would be % in our context, to
construct higher Lagrangian coeflicients which constitute a one-form when assembled to-
gether. The infinite Toda chain was studied more recently in [SV22] to illustrate the newly
introduced theory of Lagrangian multiforms over semi-discrete multitime. In [PS17], the
analogue of our %5 and .3 were constructed. The Noether integrals J; and Jy (equations
(10.11) and (10.12) in [PS17]) which constitute the potential part of their Lagrangians are
nothing but He(L) and Hs(L) with L parametrised as in (4.32), up to an irrelevant change

. i_ . i+1 i+1
of convention e? —¢ el

~4' and setting ¢' = 2 and p; = #;. The kinetic part of
the higher Lagrangians in [PS17] involves the so-called alien derivatives which are symp-
tomatic of constructing a Lagrangian multiform from a starting Lagrangian and building
compatible higher Lagrangian coefficients. Our construction prevents the problem of alien
derivatives altogether, putting all the Lagrangian coefficients on equal footing. This was

also achieved previously in the context of IFTs in [CS21; Cau+24].

4.2 Open Toda chain with a skew-symmetric r-matrix

We now present the open Toda chain for the same algebra, that is, g = slx4+1(C), but
endowed with a different Lie dialgebra structure. This is based on the Cartan decomposi-
tion of g and leads to a skew-symmetric r-matrix in contrast to the non-skew-symmetric
r-matrix in the previous section. An additional interesting feature of this setup, which
we only illustrate for sly41(C) here, is that it allows for a generalisation to any finite

semisimple Lie algebra. See, for instance, [BBT03, Chapter 4].
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4.2.1 Algebraic setup

Consider the decomposition
g=ny+h+n_, (4.41)

where b is the Cartan subalgebra of diagonal (traceless) matrices and ny the nilpotent
subalgebra of strictly upper/lower triangular matrices. Let Py, Py be the projectors onto
ny and b respectively, relative to the decomposition (4.41) and set R = Py — P_. It can
be verified that R satisfies the mCYBE. Here Ry = £(Py + Py/2) and

g+ = Im(Ri) = [J:t = [] + ni. (4.42)
We have the following action of Ry on the elements y € h and wy € ny,

1
Ri(y) = :|:§y, Ri(w+) = fws, Ri(ws)=0. (4.43)
Taking the same bilinear form as in (4.2), i.e. (X,Y) = Tr(XY), we see that
Pi=P:, Pj=F so that R* = —R. (4.44)

Thus, we have a skew-symmetric r-matrix here. For the related Lie groups, we have the

following factorisations close to the identity,

p=prpt, oL =WiYT Y cexp(h), Wi € exp(ng). (4.45)
4.2.2 Lax description
For A € g* ~ g, the expression of L as a coadjoint orbit of A is given by

L=Adl - A=R, (W YAY'W ) — RE(W_Y 'AYW ). (4.46)

We choose A as in (4.4), emphasising that in this case it is an element of the full g* ~ g,

and Y € exp(h), W4 € exp(ny) given by

Y =diag(m,n2...,0n+1), detY =1, (4.47a)
1 0 0 0
Wy 1 1 0 0

Wo— | wyy wie 1 .. 0|, (4.47D)
0

Wyp Wno - WN -] 1



Wio Wi Wi N
0 1 wZ3 Wy
W+ == 0 0 1
+
WN_1,N
0 0o ... 0 1

From (4.44), we deduce that R} = £(P+ + FPy/2) so that

* 1 * *
R:t(y) = i§y7 R;I:(wi) = 0, Rﬁ:(“’?) = :|:U)$,

for y € h, wy € ny. Let us introduce the variables (wj, z;), defined as

+ —
W — W- . .
i,4+1 i+1,4 Ti+1
W; = ) Zip = 2 )
2 i
from which we determine the Flaschka coordinates as
WiZi — Wi—1%i—1
a; = — Sl 1=2,...,N —1,
2
w121 WNZN
ay = aN+1 = —
9 ) + 9 )
5
bi = 51, 1= 1, . N.
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(4.47¢)

(4.48)

(4.49)

(4.50)

The evaluation of (4.46) in those coordinates reproduces the tridiagonal form as in (4.10).
One can then check that the equations for the first two flows (4.14) and (4.16) in the

previous section derive from the Lax equation

OwL = [Ry(VH(L)), L], k=12,
where the Hamiltonians are taken as

2 2 3

Hy(L) = TH(I?),  Hy(L) = 5 (L),
and we recall that Ry = P, + Py/2 here.
4.2.3 Lagrangian description
The Lagrangian one-form takes the form

L = Lpdt* = (Ki(L) — Hy(L)) dt",

(4.51)

(4.52)

(4.53)
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for L € Oy, ¢ € GR, with the kinetic and the potential terms given by

Ki(L) = Tr(Lowgp ¢~ Y), Hi(L) = Tr(LFH), (4.54)

k+1

respectively. As in the previous section, the kinetic term will allow us to recognise natural
canonical variables of the system in this description. Recalling (4.45), (4.47), and (4.49),

we find
Ki(L) = Tr(Ap~! g O )

= Tr(Ap " - Opupy) — Tr(Ap~" - Opp)

N N
Z Ti+1 Z Mi+1 - 4.55
i=1 772 i=1 7]2

N
= Z Zz‘atk'u)i.
=1

The k-th Lagrangian coefficient expressed in terms of the coordinates (wj, z;) reads

N
gk :Kk—Hk :Zzi(‘)tkwi—Hk, (456)
=1

with (wj, z;) being canonical coordinates, and for k = 1,2,

N 1 N-—1 1
Hi(L)=Tr(L*) =) 3 (z + w?z ) 5 WiZiWit1Zit1, (4.57a)
=1 =1
N1
Hy(L) = Z 1 (z Wit12i41 — 7;_|.1wz'2i + wfsziﬂzm — wiziwg_i_lzf_i_l) .
i=1

(4.57b)

To obtain the latter expressions of the Hamiltonians, it suffices to use the following ex-

pression for L in the wj;, z; coordinates:

w121 21 0 0o ... 0
Z1 WoZo — W12 29 0o ... 0
1 0 Z92 W3zZ3 — Waz2 zZ3 ... 0
L= 5 . (4.58)
0 0 23 . . .
ZN

0 0 0 ... ZN —WNZN
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Note that we can just as easily determine the higher Hamiltonians and hence the higher
Lagrangian coefficients %, although the expressions become long. The variation 0.4

yields the following Euler—Lagrange equations

w1
8t1w1 =ZzZ1 — —/— ((wQZQ - wlzl) — wlzl) N

2
WN
OpwN = 2N — - (—wnzNn — (WNZN — WN-12ZN—1))
w;
Opw; = 2 — 5 (wit12i41 — wiz) — (Wizi — wi—12i-1))
(4.59)
1
6t1z1 == E ((U)QZQ - wlzl) — wlzl) s
z

N
Opzn = > (—2wnzN +wN-_12N-1),

2
Opnz = 51 (wig12it1 — wiz;) — (Wizg — wi—12i-1))

for i =2,..., N — 1, while the variation of .%% gives the Euler-Lagrange equations for the
second flow

z
Op 21 = Zl((szg —wi21)? — (w121)? + 23),

ZN
at2ZN = Z ((wNzN)2 — (wNzN — wN,12N71)2 — Z]2V71> 5

2
Opzi = ZZ((wi—i-lZi—o—l - wizi)Z - (wizi - wi—lzi—1)2 + z§+1 - 21-2_1)7

Z1 w1
Oppwy = = (we22) — —((wgzg —wi21)? — (wi21)? + z%),
2 4
ZN wN
Opwn = —7(101\/—121\/—1) - T(('(UNZN)Q — (wnen —wy—128-1)% — 212\/,1>7
Zi Wy 2
Opw; = 5((wi+12i+1 —wiz) + (wizi — wi—12i-1)) — Z((wz‘+1zi+1 — w;z;)
—(w;z; — wiflzi71)2 + Z,2+1 - 212_1),
(4.60)
with ¢ = 2,..., N — 1. One can check that these reproduce the more familiar equations

(4.14)—(4.16) in Flaschka coordinates, using (4.50). As in the previous section, we can re-
late our results with the Hamiltonian formulation of the Toda chain in traditional canonical

coordinates (¢, p;). With

N
HR = Zzléwl — {zi,wj} = (Si]’, {wi,wj} =0= {ZZ', Zj}, (461)
i=1
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we see that it suffices to set

N
Zq
b= In — =1 N
q ZHQ’ 1 ) )
=i
A1 2 4.62
p’L_wZZl Wi—1%4 1’ i=2....N ( )
2
w1z _ WNZN
p1 = 5 PN+1 = 5

The explicit verification of the closure relation in the first two flows is completely

analogous to that given at the end of the previous section.

4.3 Rational Gaudin model

Gaudin models are a general class of integrable systems associated with Lie algebras with a
nondegenerate invariant bilinear form. They were first introduced for the Lie algebra sla(C)
by Gaudin in [Gau76] as quantum integrable spin chains with long-range interactions, and
then generalised for arbitrary semisimple Lie algebras in [Gau83]. At both the classical
and quantum levels, the integrable structure of this model, associated with a Lie algebra

¢, is underpinned by the rational skew-symmetric solution

Ciz
W= A

r(ll()\, W) = (4.63)

of the CYBE*

[r1a (A 1) 715 (A )] 4 [r1a (X 1) 75 (1, V)] 4 [ (v 1), 705 (A, )] = 0, (4.64)

The rational classical r-matrix (4.63) takes values in g ® g and depends on spectral pa-
rameters A, € C, and the tensor Casimir C|, € g ® g appearing in (4.63) is defined
as N

C,,=1,I" (4.65)

where {I,} and {I%} are dual bases of g with respect to a fixed nondegenerate invariant
bilinear form. The main property of C,, which gives it its name is [C},, X; + X,] = 0 for
all X € g and where we use the standard tensorial notation X, = X®1land X, =1® X.

Unlike the case of the open Toda chain, the Lax matrix of a Gaudin model is a Lie
algebra-valued rational function of a variable A, the spectral parameter. We will only look
at (classical) finite Gaudin models here, which describe certain spin chains and mechanical

systems. To accommodate this, we need to extend our construction to certain infinite-

4Note that this is the general version of the CYBE applicable to non-skew-symmetric matrices.
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dimensional Lie algebras.

Before diving into the required algebraic machinery, it is useful to recall the usual pre-
sentation of the equations of the model that we are aiming at describing variationally. We
do so in the simplest case of a rational Lax matrix with simple poles. Many generalisations
are known, including elliptic and non-skew-symmetric cases [Skr05]. The latter will be the
subject of Section 4.4.

The Lax matrix of a (rational) Gaudin model associated with a finite Lie algebra g
and a set of points (. € C, r = 1,..., N, and the point at infinity is given by the following

g-valued rational function

Xy
)‘_Cr

N
L) =)

r=1

+ Xoo, Xi,..., XN, X € 8. (466)

The coefficients Hj . of (A — G)™™ Y n >0, in Tr(L(A)*+1)/(k + 1), k > 1, are Hamilto-
nians in involution (with respect to the Sklyanin bracket). Of course, only a finite subset
of them are independent and generate nontrivial flows. In the rest of this work, we will
focus on the coefficients corresponding to n = 0 and drop the extra label by simply writing
ng,r = H}, ,. The most famous ones are the quadratic Gaudin Hamiltonians which are the

coefficients Hy , in

1 18 wr(x2) X H, 1
STH(L(MN?) =2 oY S Tr(X2), (4.67)
2 270 (A —¢)? SA-G 2
and read Te( XX
H,=% TEX) | X, Xe),  r=1,...N. (4.68)
s#r C?" - CS
The functions H}, , give rise to a hierarchy of compatible equations in Lax form
Opper L(X) = [My (), L(N)] . (4.69)
For k =1, we have
T p—ci (4.70)
1,r — \ — Cr’ .

and the Lax equation (4.69) leads to the following equations of motion for the degrees of
freedom in X1q,..., Xy, Xoo:

Opnr Xy = —"7——, s#T, 4.71a

s e # ( )

OpoXp == X Xs) (X, Xool, (4.71b)
8751” CT - Cs

atl,rXoo =0. (471C)
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We proceed to derive a Lagrangian one-form description of the set of equations (4.71a)—
(4.71¢c), as well as those corresponding to the next higher Hamiltonians with £ = 2. In
principle, we could also include all higher Hamiltonians, but the first two levels are enough
to illustrate our method. To do so, we need to be able to interpret L(A) as living in a
coadjoint orbit. The corresponding setup is described in [Sem08, Lecture 3] which we now

review and adapt to our purposes.

4.3.1 Algebraic setup

Let Q = {(1,...,{n,o0} C CP! be a finite set of points in CP! including the point at
infinity, and denote by Fg(g) the algebra of g-valued rational functions in the formal

variable A with poles in ). Further, define the local parameters

1

Ar=A—0(ry ( # © and Ao = v (4.72)

and let S = {1,...,N,o0}. This is to be used as an index set, so co is viewed here purely
as a label for an index, not as the point at infinity. For each r € S, consider the algebra

g, of formal Laurent series in variable A\, with coefficients in g,
ﬁr = 9®C(()‘r))v (4'73)

with Lie bracket
(XML YN] = [X, YN, XY eq. (4.74)

We have the vector space decomposition into Lie subalgebras

9 = Or+ + G, (4.75)
where
5o = g@CINL 1 #00,  Foor = 80 ACllAucll, (4.76)
and
G- =0®NCINY, r£00, e =g ®CAL (4.77)

In other words, g, is the algebra of formal Taylor series in A, (without constant term
when r = co0) and g,_ is the algebra of polynomials in A without constant term (except
when r = o0). Associated with this decomposition, we have projectors P, onto g,+

relative to g,+. Let us now consider g defined as the following direct sum of Lie algebras

g0 = Do (4.78)
res
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The above decompositions yield the decomposition of gg as

90 = 8o+ +0¢- with gor =P+ and go- =Por, (4.79)

res res
and the related projectors P. Although useful, as we will see below, the decomposition
(4.79) is not what we need to interpret (4.69) within the Lie dialgebra setup. So, let us

consider the map

i FQ(e) = 8g, fr (o, oS f), (4.80)

where ¢y, f € g, is the formal Laurent series of f € Fg(g) at ¢, € CP! and ty_f € g
that of f € Fo(g) at (o. This is an embedding of Lie algebras. In addition, we have the

vector space decomposition
90 = 8o+ + uFole). (4.81)

This decomposition reflects the fact that there exists a unique rational function on the
Riemann sphere with a prescribed set of singularities and principal parts at its poles, and
conversely, any rational function on the Riemann sphere admits a unique decomposition
into elementary functions.

Let us introduce the projectors Il associated with this decomposition. They are
different from Py related to (4.79). The following relation is useful in practical calculations

(see below when computing gradients or in (4.89))
H_(X):L)\OW)\OP_(X), X€§Q, (482)
where the map 7y : gg— — Fo(g) given by

TAY1(AL), - YN(AN), Yoo (Aoo)) = D Ya(Ar) (4.83)
res
puts elements of gg— and Fg(g) in one-to-one correspondence. This amounts to decom-
posing an f € Fg(g) into the sum of its partial fractions Y;.(\.).

We define the r-matrix we need as
R=1I, —1I_ (4.84)

and use it to define on gg the structure of a Lie dialgebra to which we will apply the results
of that theory. Since we want to work with rational fractions which we have naturally
embedded as ¢y\Fg(g) into gg, we need to identify the dual space this corresponds to, so
that we can identify the coadjoint action and its orbits appropriately. The nondegenerate

invariant symmetric bilinear form on g, given by (X,Y) — Tr(XY'), can be used to define
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a nondegenerate invariant symmetric bilinear form on g¢g by setting

(X,Y) = resy,—o Tr(X, (M) Y (Ar). (4.85)
res

Both gg+ and ¢y Fg(g) are Lie subalgebras which are (maximally) isotropic with respect
to the bilinear form ( , ) in (4.85). This tells us that

00+ ~ Fele), (4.86)

so that elements of ﬁ*Q , are those we should work with if we want to deal with Lax
matrices which are rational fractions of the spectral parameter. Accordingly, coadjoint
orbits of éQ+ in ﬁzg ., are the natural arena for the description of Gaudin Lax matrices.

Here éQ+ is the group associated with the algebra gg., with elements of the form

o+ = (P14+(M), -+, ONH(AN); Poot (M) 5 (4.87)

where each component ¢, () is a Taylor series in the local parameter A, valued in G,

the matrix Lie group associated with the Lie algebra g, that is,
Pra(A) = DAL T #£00,  Paor(Ae) =14 D gUINL. (4.88)
n=0 n=1

As always, in practice we use the identification (4.86) (identifying the action and coadjoint
actions accordingly) and the (co)adjoint orbit of an element f € 1yFg(g) can be seen to
be given by the elements

F=I_(Ady, - f) =uL. (4.89)

In (4.89), the adjoint action of ¢4 on f is defined component-wise

(Adso+ ’ f)r()‘r) = @T-i-()‘r)fr()‘r)@?“-i-()‘r)ilv res. (490)

Thus, we have a construction that allows us to interpret a rational Lax matrix L(\) as an

element of a (co)adjoint orbit and recast (4.69) as the following Lax equation in ¢y Fg(g)
8tk,rb)\L = [RiVHk,T(LAL), L)\L], (4.91)

where Hj, . are the following invariant functions on gg

Tr(X,(A) )

Hk,r : X EﬁQHReSATZO kil s

k> 1. (4.92)

Having set up the required framework, let us now show how (4.69) is derived in this

context.
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4.3.2 Lax description

Let us choose

+ 9, (4.93)

and apply (4.89) to f = \A to get
L)\L =1I_ (Ad¢+ . L)\A) = L) OT)O© P_ (Ad(p+ . L)\A)

B VN (61 P DAN ()
= 1) O M) ( " e N Oy , 0

:L)\Oﬂ')\( A AN Q)
A=G7 A=V

(4.94)

This is the desired form of (4.129) where now each X, is of the form A, = $°)AT(¢£°))*1
with A, € g fixed and qZ)?(«O) containing the dynamical degrees of freedom. This is the
(co)adjoint description required to compute our Lagrangian coefficients, see below.

Next, we derive the Lax equations in ¢y\Fg(g) associated with the functions Hy, ,(t\L)
for K = 1,2. The gradient of Hy, , at the point ¢y L is defined as the element of gg satisfying

lim Hy, (AL + €en) — Hy (1A L)

e—0 €

= (0, VHp,(iaL)), (4.95)

for all n € gg. It is enough for our purposes to calculate R_(VHy, .(¢AL)), therefore, we
can restrict n to gg4. Thus, writing

VHi, (L) = N® £ ,n® 0 N® ego . BB € Fole), (4.96)

recalling that go4 and tyFg(g) are isotropic with respect to the bilinear form in (4.85),
(4.95) becomes

Resy,—o Tr (mLATLk) = Z Resy,—o Tr (nsu\sh(k)) , (4.97)
sES

for any ns € gs+, s € S, implying
(1, h*)_ =0, Vs #r, (4.98a)

This means that the rational function h(*)()\) has a non-zero principal only at ¢, which
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equals (1), LF)_, so

R () = (1x, LF) - (N), (4.99)
and we find
R_(VHy,(1xL)) = —TI_(VH,,(txL)) = —xh® = —1, ((L)\TLk)_) . (4.100)
For k = 1,2, this gives us
A,
R_(VHLT(L,\L)) = —L,\)\ —C (4.101)
and
A? ArAs + AGA, A+ QA,
R_(VHy, (t)\L)) = —0) | — L~ + + , 4.102
( 2,()\ )) A(()\_Cr)2 ;()\_Q")(CT_CS) A — G ) ( )

respectively. As a consequence, we find the Lax equations for the two levels of flows as

A,
8t1,rb)\L = |:—L)\)\_CT, L)\L:| (4103)

and

A? Ay As + AGA, A Q4+ QA,
OpriyL = |— L ;L] . 4.104
i [ “((A—g)?*;u—g)(g—@ﬁ P ) “] .

Explicitly, they yield the following equations on the Ag,

(9 1,7’A3 - 9 S r,
! C?" - Cs 7& (4 105)
8t1 ’I‘AT - Z [AT7 AS] — [AT7 Q],
26— G

thus reproducing (4.71a)—(4.71b) ((4.71c) is automatic here since €2 is a constant element

of g), and

[Ag, AS] [ATAS/ + AS’AT7 As] [ATQ + QAM As]
OprAg = —————= ; 5
! (C?"_CS)2 +s’§7é:r (Cr _Cs)(Cr _Cs’) * <r_<s S#T
[A%, AS] [AT7 ASAS/] [AT7 ASQ + QAS] 2
Op2,r Ay = —_— — — — [4,, Q7.
' §<cr—¢s>2 gé(cr—<s)(cr—csl> ; G =G 4 7]

(4.106)
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4.3.3 Lagrangian description

Applying our formula for the Lagrangian coefficients, we obtain the following one-form on
the orbit of A()\), with elements ¢ty L given in (4.94),

L = G pdth k=1,...,N, rebs, (4.107)

with

gk,r = Z RGSAS:O Tr (LASLatk’“PSJr()\s)SOer()\s)_l) - Hk,r(LAL)a (4'108)
seS

where Hy, -(10L) is the restriction of Hy, to tyL. For the kinetic part, we have

Resy,—o Tr(L)\sLatkﬂ“Sps-‘r()\8)9054-()‘5)71) =Tr (As(égO))ilat’fﬂ“gﬁgo)) ) s=1,...,N,
(4.109)

and
Resx =0 T (1 LI oot (Aoo) oot (Aoo) 1) = Tr (20,6060

1 (4.110)
= 50k Tr (Q(qbgg))?) :

The contribution at oo is a total derivative, so it will not enter the Euler-Lagrange equa-
tions and hence we discard it. Thus, only the term ¢§0) in the Taylor series of @gi(As)
appears in the kinetic term. We will simply denote it by ¢s to lighten notations. The

Lagrangian coefficients of the Gaudin one-form take the form

N
gk,r = Z Tr (Asgbs_latk’rgbs) - Hk,r(LAL)' (4'111)

s=1
More explicitly, for k£ = 1,2, we have

Hip (L) =) TZ(A_’"?S) + Tr(A,Q), (4.112)
S#T r s

and

2
A A
Hyp(1nL) =Tr | A, (Z >+ Q) —Tr (A% (Z )) . (4.113)
s#r Cr - Cs sr (CT - CS)Q

Varying % , and %5, with respect to ¢s, s = 1,..., N (recalling that A, = psAsp3t), one
can check by direct calculations that the Euler-Lagrange equations give exactly (4.105)—
(4.106).

Further, we know from the general theory that the closure relation d.Z = 0 holds on
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shell. This implies
atj,sgkﬂn - 8tk,r.,?j7s == O, (4114)

for all possible combinations of j,k and r,s. As we know, the kinetic and potential
contributions give zero separately in each case. Let us illustrate the main steps here for
k=1,7=2andr # s in (4.114), the left-hand side of which will then read

% 926 Tr (Asr¢;18t1,r¢sl) - ivj A Tr (AS,¢;1at2,s¢s,)
s'=1

s'=1
- 8t2,sH17r(L)\L) + 8t1,rH27S(L)\L).

Using the equations of motion, we have

8t2,sH177«(/,)\L)
~[A%,4,] Ay + A Ao Ar] | [AQ+ 04 A )
/;ér (( (Cs - Cr)2 + s%s (Cs - gr)(gs - Cs”) * Cs - Cr ) B
[A2) Ay [AsAgr + Agr Ay, Ay
A — 22
+zig Co ( ( @@&*2%(@@m;<m
’;ﬁs

[A,Q + QA,, Ay]
* Cs - <s’ ))

1 [4%,4,] Ay, Ay Ag]
+CT‘7C8 r (AT<Z (Cs s) Z Z Cs )(Csfgs”)

s'#s /;éss”;és
/#8 CS

42,4 [A Ay + Ay Ay, A [AQ + QAS,AT}>Q>
o (( (Cs - Cr) * %;5 (Cs CT)(CS - Cs’) * Cs - Cr .

(4.115)

This is seen to add up to zero by assembling the terms of the same nature (quartic, cubic or
quadratic in A), manipulating the sums, using the ad-invariance property Tr([A, B]C) =
Tr(A[B, C]) and the identity

1 1 1
GG —C) (G- —C) =)=

= 0. (4.116)
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Similar calculations give 0j1,- Ha s(txL) = 0. For the kinetic terms we have
N N
B2 > Tr (As,¢;lat1,r¢s,) — O Z Tr (As/¢;18tz,s¢s/)
s'=1

N
= X T (@A) G007 = 5 T (00 Ar) @)
=1 s'=1 (4.117)

+ ZTr( 8t2s¢s )gb/ ,(atlr(bs >¢ ])

+ Z Tr ( ( Oy2,50p1,r gt )qb (8t1,r8t2,s¢s/)¢;1)) .

The commutativity of flows ensures that the last term equals zero. Further, using the

relation

8t2,sAs/ — [(8t2 sgbs )¢ ,ASI], S/ — ]., oo ,N, (4].].8)

it is easy to see that the first and the third terms cancel each other. Finally, for the
second term, using ad-invariance, (4.118) and the on-shell relations in (4.105) and (4.106),

we have

N
> T (9 Aw) (G20 00)63,")
s'=1
=Ty ((atl,rAr)(atQ,sqbr)qﬁ;l) +3 T ((atl,TAs,)(atg,sqﬁs,)(ﬁ;l)

s'#r
AT7 A ] -1 -1
= - Z Tr (O2.s ¢7‘)¢r —Tr [AT’7 Q](a 2v5¢7“)¢r
/§£T‘ ( C’/‘ CS ¢ ) ( ¢ ) (4'119)
ArvA ] -1
tan (e on0e3)
TI‘ A 8t2 sA ) Tr(AratQ,sAs/)
= — — = —Tr(Q0p2sA,) — _
/27;7, C Cs Tr( ¢ ) s%é:r Cr - Cs’
= —atQ,sHLT(L)\L)

which we previously showed to be zero.

Remark 4.3.1. The algebraic framework we have used to obtain a Lagrangian one-form
for the Gaudin model is to a very large extent similar to that used in [Cau-+24] to construct
Lagrangian multiforms of Zakharov—Mikhailov type. Therefore, in hindsight, it is perhaps

not very surprising that the Lagrangian

N
Ly =3 Tr (A 0prts) — Z (4, A — Tr(A,Q), (4.120)

s=1 SF#ET
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appears to be the direct analogue in the finite-dimensional case of the Zakharov—Mikhailov
Lagrangians which describe integrable field theories with rational Lax matrices [ZM80]. It
is a rather satisfying outcome that we have unravelled the unifying structure underlying
such Lagrangians, whether in finite or infinite dimensions. They are all connected to Lie
dialgebras which control the structure of their kinetic part and tell us which potentials to

include. <

4.4 Cyclotomic Gaudin model

The purpose of this section is to formulate a Lagrangian one-form for a cyclotomic gener-
alisation of the rational Gaudin model presented in Section 4.3. The first immediate task
is to introduce the relevant infinite-dimensional Lie algebra g and a suitable model V' for
its dual space g* by constructing a nondegenerate invariant bilinear pairing as in (1.48).
This will be achieved in Section 4.4.1, which culminates in a description of the relevant
coadjoint orbits Oy C ¢* in Lemma 4.4.5. In Section 4.4.2 we specialise to the case of
simple poles at w*¢,, k € {0,...,T — 1}, r € {1,..., N}, and double poles at the origin
and at infinity, and then describe the Lax matrix (4.130) of the cyclotomic Gaudin model
as an element of this coadjoint orbit. In Section 4.4.2 we then describe the Lax equations
as flows on this coadjoint orbit. Finally, in Section 4.4.3 we put everything together to
obtain the Lagrangian one-form for the cyclotomic Gaudin model.

The cyclotomic Gaudin model of interest here arises as a specialisation of a general
procedure which can be traced back to reduction group ideas [Mik81], first applied in the
form of an averaging procedure [RF83] to the rational classical r-matrix (4.63) in order to
produce the trigonometric and elliptic 7-matrices. This was generalised in various ways, for

instance, in [AT91; Ava9la; Ava9lb] in the context of Sklyanin’s (linear) Poisson algebra

{UL(N), Uy ()} = [r?l(A, w), Uy (A) + Ug(u)} : (4.121)

where, as above, the index denotes which factor in the tensor product g ® g the g-valued
function U sits in, that is, U; (A\) = U(A\) @ L and U, (p) = 1@ U(u).
The idea is to use a Lie algebra automorphism appropriately extended to a loop algebra

automorphism. For our purpose, we use an automorphism o of order 7" on g and define
¢:UN) —= wo L (U(w)) (4.122)

where w is a T'th root of unity. Thus, ¢ is an automorphism of the Poisson algebra (4.121).

This leads us to consider the fixed point subalgebra generated by

L) = ;Tilw_kakU(w_k)\), o(L(N) = wL(wA). (4.123)
k=0
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The Poisson algebra for L(\) closes into

(L), Ly (10} = [raa () Ly (V)] = [ras (1.0, Ly ()] (1.124)
where 1o ke
150Gy
1z (A, p) = T kgo L —w A (4.125)

is a non-skew-symmetric solution of CYBE. These facts are special cases of Propositions
2.2and 4.1 in [CC19]. It is well-known [BV90] that the Poisson algebra (4.124) ensures that
the quantities TrL(\)? Poisson commute and the equations of motion generated by them

with respect to (4.124) take the Lax form. More precisely, the generating Hamiltonian

Hp) = pj—l T L, pe Zso, (4.126)
satisfies
{LA), H(pw)} = [M (A p), LN, (4.127)

where, by definition {L(\), H(u)} = {L*(\), H(u)}1,, and

My (A ) = Ty 7y (A, ) Ly ()P (4.128)

This yields an infinite number of Hamiltonians by specifying p and extracting coefficients
at the poles of L(u). Of course, only a finite number of these Hamiltonians are independent
when acting on a finite-dimensional phase space. They generate mutually compatible flows
forming an integrable hierarchy.

If one applies this construction to a Lax matrix of rational Gaudin model type, with
poles in the finite set D = {0, (1,...,(y,00} C CPL,

No—1 Uon) N N,—1 Urn)

UN=2 st 2

r=1 n=0

ooyt Z uln U ey, (4.129)

then one obtains the so-called cyclotomic Gaudin model [Skr05; VY16; VY17] and its
associated integrable hierarchy. Note that in (4.129), we have anticipated that the pole
at 0 and at infinity behave differently in (4.123) compared to the poles at A = ¢, # 0, co.
Although we will present the general algebraic setup, in our examples we will only consider
the case where U(\) has simple poles at all (., » € {1,..., N}, and double poles at the

origin and at infinity for simplicity.” The corresponding Lax matrix of the cyclotomic

5This will be sufficient for our application to the periodic Toda chain and the discrete self-trapping
(DST) model that we present in Section 4.5.
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Gaudin model then takes the form

X(O) X(1) | N T-1

L) =——+55 + 7 Z“;)A i+ Xee (4.130)

with O’X(()j) = w_jX(()j) and 0 Xo = wX o

4.4.1 Algebraic setup

Let us fix T € Z>; and pick a primitive T'th root of unity w € C*. We can then define
I={l,w,w. .., w1}, (4.131)

a copy of the cyclic group Zp of order T that acts on C by multiplication. Further, we
introduce the finite set of points D = {0,(,...,{x,00} C CP! including the point at
infinity such that the I'-orbits of the points (1, ..., (N are pairwise disjoint, that is,

¢ N =0, forall 1 <r# s <N. (4.132)

Note that unlike the non-zero finite points (i, ..., (N, the origin and the point at infinity
are fixed under the action of T'.

Let g be a finite-dimensional Lie algebra over C with an automorphism o of order T'. For
simplicity, we will only consider matrix Lie algebras in this work, with the Lie bracket being
the commutator, and a nondegenerate invariant bilinear pairing given by the trace. We
also assume that the automorphism o preserves the trace, that is, Tr(o(x)o(y)) = Tr(zy)

for any z,y € g. The eigenspaces of o,
M={Xeg:o(X)=u'X}, Eke{0,...,T—1}, (4.133)
form a Zp-gradation of g, namely
0=+ . FgT Y with [gk) glke)] = glkrthamoed ), (4.134)

From now on, we will simply write g to mean g("™°d7) Further, let us define the local

parameters

1
M=X A=A-G o forre{l N} A= (4.135)

It will be convenient to also introduce an additional set of local parameters A, = A —wkg}
for all & € {0,...,7 — 1} and r € {1,...,N}. We also introduce an index set S =
{0,1,..., N, 00} where 0 and oo denote labels for indices rather than points in CP?.

Let us denote by Fpr the algebra of rational functions in the formal variable A with
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values in g that are regular outside D’ = {w*(, : k € {0,...,T —1},r € {1,...,N}} U
{0,00}. Two subspaces of this algebra will be of relevance here: the subspace FL, of

equivariant functions and the subspace Qg/ of equivariant one-forms that we define as

Fbr={f € Fp :a(f(\) = flw))},

- (4.136)
Qp ={g € Fpr:0(g(N\) =wg(wA)}.
In general, equivariant functions and equivariant one-forms take the forms
Mo—1 +(n) N T—1M,—1 (n) Moo (1)
f—z)\n+1+z:122,; —k)\ C)n—&-l_l_z;))\n’
r k=0 n= n= 00
No—1 Y( N T—-1N,-1 _ akY}(”) Noo Yo(gz) (4.137)
g_Z)\n+1+ZZZ —k/\_c)n+1+z A
r=1 k=0 n=0 r n=0 700
respectively, with
(n) (—n—1) (n) (n) (n)
X, €9 ) X, eg forre{l,...,N}, X e g,
0 { J (4.138)

Yo(n) e g™, y"eg forre{l,...,N}, vy g gt

One can check that the subspace .7:11;, is, in fact, a Lie subalgebra of Fps. The subspace
QB,, on the other hand, contains the Lax matrix (4.130) of the model. To construct the
cyclotomic Gaudin one-form a la [CDS24], we will realise this Lax matrix as an element of
a certain coadjoint orbit. To do so, let us define the loop algebra of formal Laurent series

in the local parameter A, with coefficients in g, for each r € .S,
ﬁr =g® C(()‘r))a (4'139>

with Lie bracket
[(XALYM] = [X, YN, XY eg, (4.140)

and then consider the direct sum

ip =Paor (4.141)

res

The Lie bracket of two elements X,Y € gp is defined component-wise
(X, Y] (A) = [Xr(A), Y (A (4.142)
Of interest to us here are two particular subspaces of gp,
5% =gy eé@gr@ﬁgo’o and g% =gy’ Gé@gr@ﬁgo’l, (4.143)

where the twisted spaces attached to the origin and infinity (recalling that A\g = A and
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Ao = 1/) are defined as

30" = {Xo(N) € 8o : 0(Xo(No)) = wF Xo(wo)},

4.144
ﬁlc:ék = {Xoo(Aoo) € Goo : 0(Xeo(Aeo)) = kaoo(w_l)\oo)}, ( )

for kK =0, 1. Elements of ﬁg) and ﬁ%) are tuples of the form

Mpy—1 (n) Mi-1 (n) Mpy—1 (n) Moo (n)
X X X X
X = 0 P —— — N = 4.14
( Z )\n+1’ Z ()\ _ Cl)n+1’ ’ Z ()\ _ CN>n+1’ Z )\go ) ’ ( 5)

and
No—1 (n) Ni—1 (n) Ny—1 (n) Noo (n)
Y, Y, Y, Y-
v=[> 2 oot Y Y 2 4.146
(n:oo AL n=—00 ()\ B Cl)n+1 ’ ’n:foo ()\ o CN)TH-I , n=-—00 )\go ) ’ ( )

respectively, where the coefficients X;n) and Y}(n), r € S, satisfy the conditions in (4.138).
Note that each entry in (4.145) and (4.146) is a g-valued Laurent series, i.e., an element
of (4.139) for r € S. This is clear from changing variables in each sum from n to —n. The
reason for the unusual choice of range for the indices n in each of the above sums is to
make the expressions for the maps in (4.149) defined below slightly more transparent.

The subspace ﬁg) is a Lie subalgebra of gp which defines for us the desired infinite-

dimensional Lie algebra g = ﬁg) in the notation of Section 1.2.2. Continuing the iden-
tification of the different ingredients from the Lie dialgebra framework listed in Section
1.2.2, notice that V = fj(Dl) is clearly a representation of the Lie algebra g = ﬁg) since we
have [gh0,gll] € gh! for r € {0,00}. In the notation of Section 1.2.2, the representation
ad* : g x V — V is given explicitly by (X,Y) — [X,Y]. The next proposition identifies

V= ﬁg) as a suitable model for the dual space g*.

Proposition 4.4.1. The bilinear pairing (-,-) : ﬁ%) X ﬁg) — C defined by

N
(Y, X)=T> Resy—o Tr(Yr(A)Xp(Ar))dA + > Resy —o Tr(Yi(Ar) Xi(Ar))dA,
r=1 re{0,00}
(4.147)

forany Y € ﬁ(Dl) and X € ﬁ([(,]), is nondegenerate and invariant under the adjoint action of
i

Proof. Recall that the trace Tr: g x g — C, (z,y) — Tr(xy) is a nondegenerate invariant
bilinear pairing on g and invariant under the action of o. Given any z € g™ and
y € g™, we have Tr(zy) = Tr(o(z)o(y)) = w™ ™ Tr(xy). Therefore, Tr(zy) = 0 for all
z e g™ and y € g™ if m+n # 0 mod T. Now, since Tr : g x g — C is nondegenerate
on g, given y € g™, there is z € g such that Tr(zy) # 0. From (4.134), we have z =
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2O 4. 42T and from the previous result Tr(zy) = Tr(z™y) with m+n = 0 mod T
Hence, Tr(x(m)y) # 0 and we get a nondegenerate pairing between the subspaces g™ and
g™ with m +n =0 mod T.

Now given any non-zero element Y &€ ﬁg), it has a non-zero component Y}(m))\; m—1
for some m € Z and r € S. If r = 0 then Yo(m) € g-=™ by (4.138), and we can find an

Xé_m_l) e g™ which pairs non-trivially with it under the trace. So, Xé_m_l))\m

pairs
non-trivially with Y. Likewise, if r = oo then YO(J”) € g™*+b by (4.138) and we can find an
Xég m—1) e g(_m_l) which pairs non-trivially with it under the trace so that Xég m‘l)Agg“
pairs non-trivially with Y. And if » € {1,..., N} then pick any X,E_m_l) € g which pairs

non-trivially with Yr(m) € g under the trace so that Xr(_m_l)

A" pairs non-trivially with
Y. Therefore, the bilinear pairing (-, -) is nondegenerate in the first argument. A similar
argument establishes the nondegeneracy in the second argument.

Finally, the invariance of the bilinear pairing (-,-) under the adjoint action of g( )
follows from the definition (4.140) of the Lie bracket in gp and the invariance of the trace

under the adjoint action of g. O

Next, we turn to the identification of the subalgebras g+ C g and the corresponding

subspaces V1 C V in the notation of Section 1.2.2. Crucially for us, the spaces .7:11;, and

QL embed into ﬁg) and ﬁg) respectively,

LX: ]:5’ %a([()])a f — ([’)\of7L)\1fa"'aL)\Nf7[’)\oof)a

~(1)

F (4.148)
L\: QD’%gD ) g’—>(L>\097L)\1.gv"‘7L>\Ng7l’>\oog)a

where, for each r € S, 1), f and ), g respectively denote the formal Laurent expansion of f

and g about the point (.. It will also be useful to define left inverses for these embeddings:

7.‘_&0): E(D()) — fg’v

NURNONINS (4.149)
defined explicitly as
" Mo—1 Xén) M;—1 an) My—1 X](\;l) Moo x ()
R (nz_:oo Antl? n;@ (A — 41)"+1 T ’n,zoo (A=)t ,Z_:OO Ngo)
Mo—1 5 N T—1M,—1 ky(1) Moo 3-(n)
SIS Y A

(4.150)
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and
71-(1) Nil Yo(n) Nil Yl(n) Nfl Y]Efn) % Yo(on)
g n=-—00 AL n=-—00 ()\ o Cl)n+1 o 7n:—oo (A - (N)n-&-l ’ n=-—00 An
No—1 () N T—1N,—1 (n) N, ()(4'151)
0 n r w*ko.ky n o Y n
)‘H r=1k=0 n=0 A=)t )‘
We will also need to define the following subspaces of fjg) and ﬁ%) respectively:
~(0 1
9(D)+ =Gor ® @ 8+ @8y and 9(D)+ =85} © EB Gt ® B (4.152)

where, for k = 0,1, we introduced (cf. (4.139) and (4.144))

3o =80 Ng® Cll,
G =0®C[A],  re{l,...,N}, (4.153)
gk = 807 N g @ A Cl[ Al

Here we denoted by g ® C[[A,]] the algebra of formal Taylor series in A, with coefficients
in g, for 7 # o0, and by g ® A\xC[[A]] the algebra of formal Taylor series in A\, with
coefficients in g without constant term.

Coming back to the identification of the Lie dialgebra ingredients from Section 1.2.2,
(0)

the next proposition identifies the desired decomposition of g = gj,’ into complementary

subalgebras g+ C g. Explicitly, we have the identifications g = ggl and g_ = L,\f,g/.

We also identify a decomposition of our model V' = §%) for the dual space g* into com-
plementary subspaces Vi C V, where explicitly V, = ,gvgzr and V_ = 1, QL pr» but will show
only later in Proposition 4.4.4 that this decomposition of V' is the desired one induced by

that of g.

~(0) (1)

Proposition 4.4.2. The spaces g;,’ and g5’ admit the vector space decompositions

=(0) _ ~(0)

9p =0py T L)\]:D/ (4.154a)
g0 =ab) + 0k, (4.154b)

()

respectively. Moreover, the subspaces gy, and L,\}"B are Lie subalgebras of §g).

Proof. To any X = (Xo,X1,..., XN, Xx) € ﬁ%}), we associate an equivariant function
f= WE\O) X. Notice that for all r € S, X, —¢), f is a formal Taylor series in A,. It follows that

X splits uniquely as the direct sum of the tuples (Xo — tx,f, X1 —ea [, Xv — iy [,

Xoo —ta f) € fgv(DOL and (tx, f i fre e s tan friaa f) € txFry, as required.
(1)

One can repeat the above steps (with the map my

(1)

acting on some Y € g},’) to prove
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that (4.154b) defines a vector space decomposition as well. (]

Let Py and P- denote the projectors onto the subspaces ﬁgl_ and [,)\./.“51 respectively,

relative to the decomposition in (4.154a), and Py and P_ the projectors onto fjgzr and
L/\Q%/ respectively, relative to the decomposition in (4.154b), in line with the notation

from Section 1.2.2. As recalled in Section 1.2.2, the linear map

R=P, — P_, (4.155)

is a solution of the mCYBE on ﬁg). It is also useful to define the maps

1
Ry = §(R +1d) (4.156)
which can be related to the projectors onto Ag/gl and L,\]:ll;/ relative to direct sum decom-

position (4.154a) as
Ry = +P,. (4.157)

The linear map R is related to the non-skew-symmetric r-matrix (4.125) underlying the
cyclotomic Gaudin model, as one would naturally expect from the construction. More
precisely, the expression (4.125) provides the kernel of the linear map (4.155) with respect
to the bilinear pairing (4.147). To show this, we will use standard tensor product space
notation as follows. Given any rational function U,, (A, 1) in the parameters A and p such

that ¢y\Uy,, iUy, € ﬁg) @ﬁ%), where the first tensor factor in the formally completed

tensor product is the loop algebra ﬁg) with the loop parameter A, and the second tensor

factor is the space ﬁ(Dl) with the loop parameter u, we introduce the following shorthand

notations:

N
(tuiaUyy, Xy) =T Z Resy,—o Tr, <LMTL)\UE()\, H)Xrg(,ur)) du

=2
- r=1
+ Z Resy, =0 Try (L“TL)\UQ()\,,U,)XTE(/LT)) du, (4.158a)
re{0,00}

and

N
(tatpUsyg, X3>2 =T Z Resy, =0 Tr, (L)\LM,UQ(A, M)X,g(,ur)) du

r=1
+ Z Resy, =0 Try (LALMUQ()\,,LL)X@(MT)) du, (4.159a)
re{0,00}

for any X € ﬁg), where the parameters p, are defined analogously to the parameters A,

in (4.135), and the linear map ¢, is defined as in (4.148), returning the tuple of formal

Laurent expansions in u,, r € S.
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Proposition 4.4.3. For all X € g(D), the linear maps Ry and R_ satisfy

Ry (X) = (uutaryy, Xy) o and R_(X) = (iaturyy, Xy) (4.160)

2 ]

respectively, where
1 I= oy C

Z

B kA (4.161)

Proof. In what follows, to treat the origin on the same footing as the points (., r €

{1,..., N}, it will be convenient to introduce the notation (o = 0. We have

7km)\ Cs)m 7kC
( — for s € {0,1,...,N}

1 T-1 Ufcg kz mZ_O N —w kC )m+1
s T Z W= w kN T T—-1 oo k(m+1) —kC
k=0 1 12
T E E SR for s = oo,

(4.162)

1 T-1 = wk(mﬂ)(u_g)mgfcg

(15 e ) T2 X oo
br — - —
R A T

T (= m=o pm -

forr € {0,1,..., N}

(4.163)
It follows that both ¢y, and exe,r,, are elements of ggj) ® fjg) where the loop parameter
A is in the first tensor factor and p in the second. Now, pick an arbitrary X € g(o) and
let X = W + Z be its decomposition relative to (4.154a) where the two components can

be written explicitly as

(ZWO AL W G ZW (A=) D WA )693317
n=1

n=0 n=0
(4.164)
and
No—1 Z(n) N T—1N,—1 kZ(n) (n) .
7z = Z ST +Z“;) 2) e n+1+z o | €9Fbe (4169)

Using the expansion (4.162), we get

N
T Resy,—0 Try (1, 00,73 (O W) Wiy (117) ) dps
r=1

+ > Resy—Tr, (LHTL)\STE(}H :U')W'rg(:u'r)> dp
re{0,00}
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=> W (X = ¢)™, when s € {0,1,..., N}, (4.166)

m=0

and

N
T Z Res,, =0 Tr, (LMTL)\STE(/\, M)W@(Mr)) du
r=1

+ Z Resy, =0 Tr, (L“TL,\S’I“Q()\,,UJ)WTE(,UTD du

TG{O oo}
= Z %% mugg, when s = oo. (4.167)
So, we find that
(Lptarsy, Wy) = W. (4.168)

2
To evaluate (tytATys, ZE)z’ we note that for an arbitrary equivariant rational function

fe .7:11;, and equivariant rational one-form g € QB,, we have the following relation:

Resy, —o Tr(g(\) f(N))dA = Resy, —o Tr(a®(g(A\)a* (f(N)))dX
= Resy, —o Tr(wFg(w* ) f(wWFN))dA
= Resy, =0 Tr(g(A) f(N))dA, (4.169)

for all k € {0,..., 7 — 1}. This allows us to rewrite each entry of the tuple (1,275, Z;)

2
as

N
T Z Resy, =0 Tr, (LW ATz (A, N)ng(ﬂr)) du
r=1

+ Y Resy—Tr, (LWAJQ(/\,M)Z@(W)) dp
re{0,00}
N T-1

= Z Z Resy, =0 Tty (102,712 (A 1) Zy (1) ) s

+ Z Resy, =0 Tr, (LML,\ST‘E()\,,LL)Z@(;LT)) du, s€ S,
re{0,00}

which is a sum over all the residues of a meromorphic one-form on CP'. Hence, we deduce

(Lutarsy, Zy) = 0. (4.170)

2

From (4.168) and (4.170), we then have

(tuiarss, X), = W = Py(X) = Ry (X). (4.171)
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Since X € ﬁg) was arbitrary, this establishes the first relation in (4.160). Similarly, using

the expansion (4.163), we find (txt.7y,, Wg>2 =0 and (extury,, Z3>2 = —Z from which we
conclude that - -

(rturyz Xy), = —Z = —P_(X) = R_(X). (4.172)
Again, since X € ﬁg) was arbitrary, this establishes the second relation in (4.160). O

It follows from Proposition 4.4.3 that the kernel of the linear map R = Py — P_ and
that of the identity map Id = P, 4+ P_ (with respect to the bilinear pairing of Proposition
4.4.1) are

(L,uL)\ + LALM)le (A,p) and (L,ML)\ - LXLM)le (A )

respectively.
Recall that in Proposition 4.4.2 we identified the Lax matrix (4.129) of the cyclotomic
Gaudin model, or rather its image under the embedding ¢y in (4.148), as living in the

subspace V_ = L)\Qg, of our model V = ﬁg) for the dual space g*. The next proposition

establishes that this subspace V_ C V is the orthogonal complement of t\FL, C ﬁg),
i.e., g— C g, with respect to the nondegenerate bilinear pairing of Proposition 4.4.1.
This completes the proof of the claim that the decomposition V' = V, + V_ obtained
in Proposition 4.4.2 is the one induced from the corresponding decomposition of the Lie

algebra g =g+ +9-_.

Proposition 4.4.4. An element Y € ﬁg) lies in 1\QY, if and only if (Y, X) = 0 for all

Xc L)\fg/. Moreover, Y € ﬁg) lies in fj(l%l if and only if (Y, X) =0 for all X € ﬁgl.

Proof. This is a particular case of the I'-equivariant strong residue theorem [VY16, Ap-
pendix A]. We recall the proof here in the present setting for completeness. We start
by proving that if Y € 1,Q},, then (Y, X) = 0 for all X € 1,Fh,. Let us pick elements
feFL and g€ QF,, and let X =1\ f and Y = 1g. Since g(\)f(A)d\ is a meromorphic

one-form on CP!, by the residue theorem we have

N T-1
>3 Resy, =0 Tr(ea, . 9(N)ea, )X+ D Resy, — Tr(er, g(N)ea, f(A))dA = 0.
r=1 k=0 ref{0,00}

(4.173)
Using the relation (4.169) valid for any f € ]-"IF), and g € Q%,, we may rewrite the first
term on the left-hand side as T times a sum over the residues at the points (., for r € S,
so that

N
T Resy,—o Tr(er, g(N)ea, fF(A)dA+ Y Resy,—0 Tr(ea, g(M)ea, f(A))dA = 0. (4.174)
r=1 re{0,00}
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By the definition of the bilinear pairing from Proposition 4.4.1 we thus have (Y, X) = 0,
as desired.

Let us now prove the converse. Namely, let Y € ﬁ%) be arbitrary and suppose that
(Y, X) =0 for all X € (yFL,. We must show that, in fact, Y/(\) € t\QL,. It follows from
Proposition 4.4.2 that Y = (Y, Y1,..., YN, Y) € ﬁg) has a unique decomposition as a
direct sum of the tuples P (Y) = (Po+(Y0), Pi+(Y1), ..., PN+ (YN), Poot (Vo)) € fjgzr and
P_(Y) = 1)g for some g € QL,. Now, let X = v, f for some f € Fr,. Since (Y, X) = 0,

writing this out explicitly means

TZResA 0 Tr(Pr (Ve (Ar))en, FA))AA + D Resy,— Tr(Pry (Yr(Ar))en, f(A))dA

r=1 re{0,00}
N
+ T Resy,—o Tr(er, g(N)ea, FA)dA+ Y- Resy, =0 Tr(ea, g(Mea, f(A))dA = 0.
r=1 re{0,00}

(4.175)

From (4.174), we have that the last two terms on the left-hand side vanish on their own.

Therefore, we get

N

Ty Resy=0 Tr(Pry (Ve (Ar)ea, SO)AA + Y Resy,=o Tr(Pry (Ve (Ar))en, f(A))dA = 0.
r=1 re{0,00}

(4.176)
One can then show, along the same lines as the argument in the proof of Proposition
4.4.1, that if P4 (Y) # 0 then by picking a suitable f € Fr, adapted to P4 (Y) € §%Zr, one
can ensure that the expression on the left-hand side is non-zero, which is a contradiction.
Therefore, we conclude that P (Y) = 0, and hence Y € ¢ AQBH as required. The proof of

the “moreover” part is completely analogous. O

The upshot of Proposition 4.4.4 is that we are now exactly in the setting recalled in
Section 1.2.2. We will use this in Lemma 4.4.5 to give a concise description of the desired
coadjoint orbit for the Lax matrix of the cyclotomic Gaudin model. Before stating the

~(0)

lemma, we first give an explicit description of the infinite-dimensional Lie group G4 = Gg i\

(0)

associated with the Lie algebra g, = g’ . Its elements are of the form

P+ = (P0+:P145 - -+ PN+, Poot) 5 (4.177)

where ¢4 (),) is a Taylor series in the local parameter A, with values in G, the matrix

Lie group associated with the Lie algebra g,

Pr+ (X Z SUIN T £ 00, poor (M) =1+ Z BLINL. (4.178)
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The Lie group G = égl has a natural action on V = ﬁg) given by conjugation. This

defines the coadjoint representation Ad* : G, x V' — V from Section 1.2.2 explicitly as

(01, Y) = A% Y = (004 Yorgh, o1 Vgt oN e YN, Poot Yooty ) - (4.179)

We are now in a position to give an explicit description of the Ggr-coadjoint orbit where
the Lax matrix of the cyclotomic Gaudin model lives and which will act as our phase

space.

Lemma 4.4.5. The orbit of the coadjoint action of Gg = (CNJ%}))R on an element Ly €
V_ = L)\Q%, has the explicit form

Or = {P_(AdL, 1h); o € G} (4.180)
Proof. By definition, the coadjoint orbit of (C:‘g)) r on any A € L)\Q%, is given by
O = {AdT 1 A; g € (GD)R). (4.181)
Using the explicit form for the coadjoint action of G we have
AT iAA = P_(Ad}, A) + P (Ad, aA) = P_(Ad}, 1A) (4.182)
where the last equality follows from the fact that ;xA € V_ = 1, Q%) so that Ad, A e Vo

also and hence P (Ad}, t\A) = 0.

It will be useful in practice to express the action of the projector P_ on Y € fj(Dl) as

P_(Y) =1y 0m (V). (4.183)

In the remaining sections we will put this setup to use to describe the Lax matrix of the
cyclotomic Gaudin model (4.129) as a point in a coadjoint orbit O, for some suitable
A € OF, and then introduce the ingredients from Section 1.2.2 to derive the associated

Lax equations.

4.4.2 Lax description

Our algebraic setup covers the case of the cyclotomic Gaudin model with arbitrary multi-
plicities. However, as mentioned at the start of this section, from now on we will restrict
to the case with simple poles at all w*¢,, k € {0,...,7 — 1}, r € {1,..., N}, and double
poles at the origin and at infinity, since this is the setting required for our examples in
Section 4.5. The discussion in the remaining sections is easily generalised to the case of

arbitrary multiplicities.



91

To describe a coadjoint orbit Oy € L)\QB/ from Lemma 4.4.5 corresponding to the Lax
matrix (4.129) of the cyclotomic Gaudin model, we fix a non-dynamical element A € QY

with the same pole structure as (4.129), namely we introduce

A(o) A(l) N T-1
A = =% +—+ ZZ wk( + Ay € Q5. (4.184)
'r 1 k= 0 r

According to Lemma 4.4.5 and formula (4.183), the corresponding coadjoint orbit O, then

consists of elements of the form

A(()O) A(1) N T-1 ,
7»_<go+M(A SR ) m )w)

r=1 k=0
0 1
1) (A()+A(()) 1A 1 Anx 7Aoo>

= LNOTy \ )\27T)\—<77T7>\—CN

(A(o) A(l) | =171
(B T Y T )
A r=1 k=0 A-w C’"
=1, L(\), (4.185)
where, recalling the definitions (4.177) and (4.178), we have set

¢(0)A ¢(0)71 + [(b((]l)(ﬁ(()o)fl7 ¢80)Aél)¢60) 71]’

(b(O)A (0)—1
’ (4.186)
Ar =6, Mg Y, re{l... N},
Aoo = Aooa

with gb7(~0) denoted by ¢, for r € {1,..., N}, to simplify notation. Notice that we have
the relations Ugb(()o) = qb(()o) and ad)él) = wqﬁ(()l) for the field elements which ensure that
Aéo) € g and Aél) e g(-1). This gives us the desired parameterisation of the cyclotomic

Gaudin Lax matrix

o
LA\ =—"F+—F + = — + A 4.1
() == +)\2+TZ_:Z)\—wkCT+ (4.187)
viewed as an element of the coadjoint orbit O,.

Lax equations

To derive Lax equations for the Lax matrix (4.187) of the cyclotomic Gaudin model, let
us return to the hierarchy of Lax equations (1.31) induced by the family of Hamiltonians
in involution with respect to {, } g. In our current setup, {, } g is the Lie—Poisson bracket

(1)

on gy’ associated with the linear map R = Py — P_. Invariant functions on ﬁ(Dl) take the
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form
Hy,: Y €8 — Resy— (pr(A) Tr (Y, (A)PT))dA,  p>1, res,  (4.188)

where £, .(A\;) € C((\;)) is a collection of Laurent polynomials for p > 1 and r € S.
It follows from Proposition 4.4.1 that for these functions to be non-trivial, the Laurent
polynomials ¢, ,(\.), for r € {0,000}, should be chosen such that £, ,(A\.)Y.()\.)P € gh0,
while £, ,.(\,), for r € {1,..., N}, can be any Laurent polynomials. Let us then choose

TN\P
p+1

for r € {0,00} and £y, (A) =1y,

forre{1,...,N}.
(4.189)

The restriction of the functions Hp, to tyL are Hamiltonians (in involution) of the model

Lpr(A al
p,'f'( T) _LA’I‘pJ’_l

and generate the elementary (pairwise-commuting) flows Ow.r. However, by virtue of the
choice (4.189) we made, it follows from (4.169) that > ..g H,,(txL) = 0 by the residue
theorem, for each p > 1.

In what follows, it will thus be sufficient to focus on the Hamiltonians Hp ., for r #
oo, and look at the associated equations of motion they produce through (1.31). Using

Ry = (R +1d), these equations can be rewritten as
atp,rb,\L = [RiVHpW(L)\L), /,)\L] . (4.190)

Note that it suffices to calculate only one of the two expressions R,V H) ,(txL) and

R_VH,,(t\L). Let us compute the latter. The gradient of H,,(:nL) is an element

of ﬁg) and satisfies

po (L +en) = Hy, (L)

e—0 €

= (1, VHp, (L)), (4.191)

for all n € ﬁg). Using Proposition 4.4.2, we may decompose this gradient as follows

VHy, (L) = NP +,h®, NP eghl, n® e Fh, (4.192)
and rewrite (4.190) as

OwrixL = [R_VHp, (L), 1nL] = —[P_(VHp,(txL)), taL] = —[tahP,izL].  (4.193)

Since ¢) is an embedding which also clearly commutes with the Lie brackets [-, -] : ]:5, X
QB, — Qg/ and [+, ] : "g'g) X ﬁg) — E;(Dl), the above equation implies
Owr L = —[hP) L]. (4.194)

In order to calculate hgp ) € .7-"11;,, by virtue of Proposition 4.4.4 it is sufficient to restrict n
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in (4.191) to live in ﬁ%i_ We then have

(n, Nﬁp)> =0 for all n € ﬁgl, NP e ﬁgl, (4.195)

and the right-hand side of (4.191) becomes

N

TZ Resy,—o Tr (ns()\s)%hﬁm) + Z Resy,—o Tr (nS(AS)LAShﬁp)),
s=1 s€{0,00}

while for the left-hand side we find
lim Hy (ixL+en) — Hyr(exL)

e—0 €

= (p+ 1) Resy,—0 Tr (Lpr (Ar)nr (A )en, LP), res,

(4.196)
for any 7n5(A\s) € gs4, s € {1,..., N}, and ns(Xs) € "g';rl, s € {0,00}. By definition of
lpr(Ar) in (4.189), this implies

0 for s #r
(i) = { . (4.197)

(ex, APuy, LP)  for s =,

for all » € S, where X_ denotes the principal part of a Laurent series X. Plugging the
equivariant functions hq(np ) obtained from the above conditions into (4.194) gives a hierarchy
of Lax equations corresponding to our choice of invariant functions H,, in (4.188).

Explicitly, for p = 1, we get the Lax equations

forr =0

k kA
w0 Ar forre {1,...,N}.

Finally, we turn to the primary goal of this work which is to give a Lagrangian one-
form for the cyclotomic Gaudin model that will provide a variational description of the
hierarchy of Lax equations in (4.194). Having just described the cyclotomic Gaudin model
within the Lie dialgebra framework, we now have all the necessary ingredients to achieve
this goal: the non-dynamical element A € Qg, that fixes the phase space, the field element
P+ € égi containing the dynamical degrees of freedom, the linear map R that equips the
phase space with the required Poisson structure, and the invariant functions Hp, which

induce non-trivial equations of motion with respect to this Poisson structure.
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4.4.3 Lagrangian description

We can now define a Lagrangian one-form on the coadjoint orbit O of the cyclotomic

Gaudin model as
L =L pdth", p=1,...,M, reS\ {0}, (4.199)

using the expression (3.2) for the Lagrangian coefficients. It will be useful to recall the
notation in (4.186) associated with the parameterisation of the cyclotomic Gaudin Lax
matrix. The elementary times t* that appear in (3.2) are now naturally labelled by a pair
of indices p > 1 and r € S, namely we now have elementary times tP", associated with

the corresponding Hamiltonians (4.188). Explicitly,

Theorem 4.4.6. The Lagrangian coefficients of the cyclotomic Gaudin one-form £ take
the form

N
Ly =3 Tr (ABper $503 ") + Tr (AL O 6" 68" ™) — H,, (10 L), (4.200)

s=1

with Ag and A(()O) given by (4.186), and the potential part given by
H,(1xL) = Resy—o (Upr(A) Tr(en LPTY))dN, 7€ {0,1,...,N}, (4.201)

where Ly, (A\,) are the Laurent polynomials

TP
d ,, =
an DT L)\'rp 1

] forre{l,...,N}. (4.202)

lpo = [’/\op
The Lagrangian one-form £ satisfies the corner equations (2.3b)—(2.3¢) of the multitime
Euler—Lagrange equations, while the standard Euler—Lagrange equations for £, , give the
hierarchy of Lax equations in (4.194). Further, on solutions of (4.194), we have the closure
relation

Orars Lpy — Owr Ly s =0, (4.203)
for all possible combinations of (p,r) and (q,s) in Z>1 X S.

Proof. Let us start by reinterpreting the formula in (3.2) in the present context of the cyclo-
tomic Gaudin model. First, note that on the coadjoint orbit Oy, where the Lagrangian one-
form .Z lives, the role of the Lax matrix is played by the image of L in ﬁg) under the em-
bedding ¢y, given by (4.185). Next, the bilinear pairing used to define the kinetic part is the
one constructed in Proposition 4.4.1. Furthermore, in the Adler—Kostant—Symes scheme
where (locally) Gr ~ G, x G_, we explicitly have Op.rp-gpp~! = 8tp,r<p+90;1 + O p_ 1,
and since 1L € V_ = 1,QL,, it follows from Proposition 4.4.4 that only the 8tp,r<p+<p;1

piece contributes to the kinetic term. Finally, the potential part is simply the restriction
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of the invariant functions H,, in (4.188) to tyL. Therefore, in the present setup, the

Lagrangian coefficients in (3.2) can be expressed as

Ly = (0L, Opripyp3 "y — Hp o (10L)
= (A, 07 Owroy) — Hyp(nL), 7€{0,1,...,N} (4.204)

where in the second step we used the fact (4.185) that 1xL = P_(p4(taA)pt). The
kinetic term can be written out more explicitly in terms of the component fields (4.178)

as

N
<L)\A, (p:_latp,rgo_i_ > =T Z RGS)\S:() Tr (L)\SA g05+()\5)71 8tp,r(ps+()\s))d)\

s=1

+ Z Res,\s:()Tr(LASA%JF()\S)_Iﬁtp,rgszr()\s))d)\
s€{0,00}

N
= 5 Tr (A D dsty ) + Tr (AL 9 oV g0 )

s=1

_ 1
+ O Tr (0 g0 1AM 4+ 50 Tr (Ao (61))?). (4.205)

The last two terms associated to the poles at the origin and at infinity are total derivatives
and do not contribute to the multitime Euler-Lagrange equations since dropping them
amounts to changing the Lagrangian one-form . by d Tr (qb(()l)qb((]o) 71A(()1) + %Aoo( &))2)
which is a total horizontal differential. Discarding these two terms, we are left with the
required expression for the Lagrangian coefficients.

Since the Lagrangian coefficients .Z}, ; in (4.204) are of the form (3.2), it follows directly
from Theorem 3.1.2 that the Lagrangian one-form . satisfies all the required conditions

and the closure relation. O

To close this section, let us present the explicit expressions for the first set of La-
grangian coefficients .23, with » € {0,1,...,N}. The kinetic terms are obtained by
simply substituting p = 1 in the kinetic part in (4.200), while the potential terms defined
by (4.201) read

N oy (40 A,)

Hip=5Tr (A% -3 ¢ + Tr (A Aso),
r=1 T
©) T (4504,) 1
Hy, =Tr(Ay Ay) + — < tar > Tr(4,0%4,) (4.206)
r k=0

k
+F2 2 oo, T4 AR), re{l . N)
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Upon varying .2} , with respect to ¢5, s =1,..., N, ¢(()0), and ¢(()1), it can be checked that
the associated Euler—Lagrange equations correspond to the set of Lax equations for p =1
in (4.198), as it should be from Theorem 4.4.6.

4.5 Realisations of the cyclotomic Gaudin model

In this section, we study two different realisations of the cyclotomic Gaudin model — the
periodic Toda chain and the discrete self-trapping (DST) model — with the objective of
describing their corresponding hierarchies variationally. The construction of the periodic
Toda one-form, in particular, complements the result of Sections 4.1 and 4.2 where we
derived Lagrangian one-forms for the open Toda chain.® Finally, in Section 4.5.3, we illus-
trate how to couple the periodic Toda and DST hierarchies together in a straightforward
manner and derive a Lagrangian one-form for this coupled hierarchy. We will then go on
to show how our framework allows for a straightforward coupling of integrable hierarchies,
by using the approach devised in [Cau+24, Section 7] to couple together hierarchies of
integrable field theories.

In what follows, we will work with the cyclotomic Gaudin model associated with the
Lie algebra g := gly(C) and the automorphism o € Aut g defined by o(E;;) = w/ ' Ej;, for
every 4,5 = 1,...,T. Here w is a primitive T'th root of unity, and by E;;, 7,5 =1,...,T,
we denote the standard basis of gl (C) taking the indices ¢ and j modulo 7" by convention.
The eigenspaces of ¢ defined by (4.133) are then given by g™ = span{F;;,}L,.

Let us also note the following useful identity that we shall frequently make use of:

Zf—l—[l]zg} 1 I=1 -k
S == _ 4.207
2 — 2 Tkz::[)zl—wsz ( )

for any 21,22 € C and | € Z, where [I] € {0,...,T — 1} is such that [ = [I] mod T

4.5.1 Periodic Toda chain

The periodic Toda chain [Tod70] describes a system of particles connected by “exponential
springs” together with a periodic boundary condition (in contrast to the case with an open
boundary condition that we saw in Sections 4.1 and 4.2) and has been extensively studied
in the Hamiltonian formalism. See, for instance, [Fla74] for the widely used Flaschka

change of coordinates, and [AMS80] for a proof of its integrability.

5We also note the work [SV22], where the infinite Toda chain was considered within the setup of
semi-discrete Lagrangian one-forms.
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Lax matrix: We will work with the Lax matrix

prAT! 1 0 .. ar\~?
CLl)\_2 p2>\_1 1 Ce 0
Lrodaa(A) = 0 a2 pial 1 0 (4.208)
0 e (IT_2>\_2 pT_l)\_l 1
1 ce 0 anl)\_2 pT)\_1
i+

where a; = ed' =4 1, and ¢*, p; are the canonical coordinates satisfying the canonical Pois-
son bracket relations {p;, ¢’} = 0ij, for 4,5 = 1,...,T. We also have the periodic bound-
ary conditions (po,¢°) = (pr,q") and (pri1,q¢’ 1)

parametrised by a;,p;, ¢ = 1,...,T, satisfying HiT a; = 1 and ZiT p; = 0, carrying 2(T'—1)

= (p1,¢'). The Lax matrix above is

degrees of freedom. Equivalently, when describing the system in terms of the canonical
coordinates ¢, p;, we can eliminate the centre of mass motion by imposing the conditions
E;‘F ¢" =0 and ZlT pi = 0, leaving us with a phase space of dimension 2(7" — 1).

The standard Lax matrix for the periodic Toda chain (see [BBT03, Chapter 6], for

instance)

D1 a}/2 0 . alT/z)\_l
ai/Q P2 aé/Q . 0
LteaaN) =| 0 A2 p a2 0 (4.209)
0 . agp/_% PT-1 a%/fl
a;ﬂ/z)\ . 0 a;/_zl pr

is related to L7oda(A) by conjugation by the diagonal matrix Q = diag (e_ql/Q)\_l, el
e~/ QA_T) and multiplication by an overall factor of A™!, together with a change of

A-dependence, as follows
LToda()‘) = )\_1 QEToda(/\T) Q_l- (4'210)
The Poisson bracket of the Lax matrix I}Toda()\) can be written as

{ETodal()‘)a ETodag(u)} = I:;:Q()\? ,u), ETodal()\) + ETodag(M)] (4-211)
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where 7, (A, i) is the skew-symmetric r-matrix

- 1 ptA )\
1<j 1>7
Under the gauge transformation (4.210), on using the identity (4.207), we find that the

Lax matrix Lroda(A) satisfies the Poisson bracket

{LTOdal()‘)ﬂ LTOdag(:U’)} = [r£<)‘7 1) LTodal()\)] - [rg(u7 )‘)7 LTOdag(:u)] (4.213)

where 7,, (A, i) is the non-skew-symmetric cyclotomic r-matrix

TE<A7IU’) = 7

————E;; @ Ej (4.214)
Tk i & B
T Pl A

that we have been working with. This explains our choice of Lax matrix (4.208) as
opposed to the more traditional one. As just proved, it satisfies the Poisson algebra of
the cyclotomic glp(C)-Gaudin model and therefore allows us to obtain the periodic Toda
chain as a certain realisation of that model. Specifically, the Lax matrix Lpoqa(\) can be
seen as a realisation of the cyclotomic Gaudin Lax matrix with double poles at the origin

and at infinity, that is,

JO )
Lroda(A) = 20— 4+ 22— + Joo (4.215)
A
where
0) 1 +1 T
7 sz i o) = Z T B =Y Bt (4.216)

Orbit realisation: Set D = {0,00}, and choose the non-dynamical element

(1)

Ay
AToda(A) - 7 + A € QF/ (4217)
where .
A(l) ZEZ-H i € g( l), Ao = ZEi,i-f—l S g(l). (4.218)
=1 =1

The group elements ¢+ = (@o+, Yoot ), defined by (4.178), contain the dynamical degrees
of freedom. From (4.186), we know that the components of Ly,ga(\) can now be expressed
as

O = (6071 gDy gD = pOAL GO g = A (4.219)

This gives us a parametrisation of the Lax matrix Lryda(A) in (4.215) as an element of
the coadjoint orbit OT°%. Since o(po4+(N)) = @or(wA), we have a¢(()") = w"gb(()”). In
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particular, qﬁ((]o) and d)(()l) have the form

T T
o =S wiEu, o) =3 viEii. (4.220)
i=1 i=1
For convenience, define (ug,v9) = (ur,vr) and (ur41,vr4+1) = (ug,v1) to encode the

periodic boundary conditions. Then, from (4.219), we get

T T T
0 v vi—1 1 Uit1
T = > (Z — = > Eq, J§V = S B, Je =Y Eii1 (4.221)
: U; Ui—1 : U; -
=1 =1 =1
Defining
(3 Vi—1 i .
P = — — and ¢ =-—-Inwu;, fori=1,...,T, (4.222)
% Ui—1

we now have the desired realisation of the coefficients of the Lax matrix Lyoga(A). The
coadjoint orbit OK"da where Lyoga(\) lives is parameterised by a;,pi, i = 1,...,T, satis-

fying [17 a; = 1 and 3.7 p; = 0.

Lax equations: Let us now look at the Lax equations associated with the invariant
functions on ﬁg) defined in (4.201) for the general case. The only functions we need to

consider are

1
Hy,o = " Resy—o (NP Tr(ex, 251 ))dA. (4.223)
The set of functions H) , are not independent: we have Hj, o, = —Hp for all p > 1. The

Lax equations for the periodic Toda chain with respect to the elementary times tP° are
given by
Opw.otxLroda = [R+VHp o(txLToda), tALTodal- (4.224)

For p = 1, these take the form of the set of Lax equations in (4.198):

‘ J(l)
01,0 Lroda = [M1,07 LToda] with MI,O = —OT. (4.225)

Taking residues on both sides in (4.225) gives the equations of motion for p;, ¢*, for i =
1,...,T. To get the equations of motion for ¢’ it is most convenient to “undo” the dressing

and write the corresponding equation as
Opod®g® 1 _ O 0y g, (4.226)

This tells us that the diagonal matrix ¢(()0)_1 (8t1,o¢(()0)¢80)_1 — Jéo)> qﬁ(()O) must commute

with A(()l) , and is therefore equal to al. Using the freedom qﬁéo) — gb(()o)g, where g is

diagonal, to set det <Z>éo) = 1, we see that o = 0 by taking the trace of 01,0 (béo)(béo) -1 —J(()O) =
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al. Thus, we have the desired Toda equations

atlvoqi = —Di, (4 227)

i+1 i—1

Opop; = P

Lagrangian description: Using Theorem 4.4.6, we can now write a Lagrangian one-
M

form for the periodic Toda hierarchy as

Lroda = Lpodt??, p=1,..., M, (4.228)
with
1
Lo = —piOpoq' — | Resy—o(AP Tr(L%Jgdla))d)\ i=1,...,T. (4.229)
For p = 1, this gives us the Lagrangian coefficients for the periodic Toda chain with
respect to the time ¢10:
T
Ao =—piOpog — = sz D el (4.230)
i=1 i=1

This is the expected phase-space Lagrangian that our method produces and which gives

Hamilton’s equations (4.227) for periodic Toda. It corresponds to the (tangent bundle)

T
. 1 i+1
Lagrangian %] o = 5 ZE 1 (Dp.0q") E ed'~1

4.5.2 DST model

The discrete self-trapping (DST) equation was introduced in [ELS85] to describe the
dynamics of small molecules, which then led to detailed studies of the DST dimer using
different methods. The DST model we cast into our framework here is a generalisation of
the dimer case to arbitrary (finite) degrees of freedom. This general case first appeared
in [CJK93] where its relationship with the periodic Toda chain was also hinted at. Our
motivation here being different, we do not delve into this connection between the two
theories. The interested reader is referred to [KSS00] where this aspect was explored
further.

Lax matrix: We work here with the following avatar of the Lax matrix of the DST

model

k=) pi x . EU

T — T
Lpst(A chEn + = Z Z —wkg +> Eiin (4.231)
=1 k= i=1
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where ¢;, fori = 1,...,T, are complex parameters, and x*, X; are the canonical coordinates
satisfying the canonical Poisson bracket relations {X;, 2/} = 0ij, for 4,5 = 1,...,T, and
the periodic conditions (Xg,2°) = (X7, 27) and (X741, 271 = (X1, 21).

The DST Lax matrix in [KSS00, Equation 3.8] is given as

- L 0TI X B 4 =
Lpst(p) = > _—bTHMETﬁLsz I X EU-FZC, i+ > Eiipn (4.232)
i,5=1 > =1

where b, ¢; € C are parameters of the model, and p is the spectral parameter of the Lax
matrix. In the present setup where we realise the DST model as a cyclotomic Gaudin
model, the role of the parameter b is played by the location of the pole ¢; on CP\ {0, 00}.
One obtains the Lax matrix Lpgr(A) by conjugating EDST(AT) by the diagonal matrix
D = diag(A7%,...,A7T) followed by an overall multiplication by A~!, together with a
change of A-dependence, that is,

Lpst(A) = A ' DLpgr(AT)D 1, (4.233)

and then using the identity (4.207).
The Poisson bracket of the Lax matrix EDST(A) is given as

{Lpst, (A), Lpst, (1)} = [P (A 1), Lost, (V)] — [P (1, A), Lpst o (1)) (4.234)

where
12 (A, 1) (u > A Z) i ® Eji. (4.235)
1<J 1>

Using the identity (4.207) once again, one finds that the gauge transformation (4.233) gives
for LpgT(\) the r-matrix (4.214) associated with the cyclotomic gl;(C)-Gaudin model, as

we would have anticipated. We then have the Poisson bracket

{LpsT 1 (A); LpsT (1)} = [r1a (A, 1), LDsT 1 (A)] = [721 (14, A); LDsT 5 (10)]- (4.236)

Similar to the case of the periodic Toda chain, the Lax matrix Lpsr(A) can be seen as a
realisation of the cyclotomic Gaudin Lax matrix, this time with simple poles at the origin
and all w*¢y, k€ {0,...,T — 1}, for some ¢; € CX, and a double pole at infinity, that is,

KO 1Tl GRE

Lpsr(\) = =2 + =N 4+ K 4.237
DST( ) A + T = \— wkC1 + ( 3 )
where
T T
K(go) = Zcz‘Em Ky = Z ' XjEij, Koo = ZEZ i+l (4.238)
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Orbit realisation: Set D = {0,1, 00}, and choose the non-dynamical element

A(O) 1 T=1 kAl

Apst(\) = =2 Ao € QY 4.239
psT(A) Z PN + A € ( )
where
T T
=Y cEicg?, AM=En€cg A=) Eiegh. (4.240)
‘ i=1

The coadjoint action of the group elements ¢+ = (@o+, Y1+, Yoot ), defined by (4.178), on
Apst(A) gives the orbit where Lpgr(\) lives. From (4.186), we know that the components
of Lpg(A) can then be expressed as

where we have denoted gégo) by ¢1 for simplicity. This gives us a parameterisation of the

Lax matrix Lpgr(A) in (4.253) as an element of the coadjoint orbit OY5T. We parameterise

¢1 as

T
gbl = Z SijEij7 (4.242)
ij=1
and denote by 8;;, 4,7 = 1,...,T, the entries of its inverse, that is,
T
=) 8iE. (4.243)
ij=1
From (4.241), we then have
. T T
K( ) = Zcz i, Ki= Z si181jij, Koo = ZEi,z‘H- (4.244)
,j=1 i=
Defining
=351 and X; =58, fori=1,...,T, (4.245)

gives us the desired realisation of the Lax matrix Lpgr(\) as an element of the coadjoint
orbit OPST. Notice that Tr K = Y.~ ; 2'X; = 1 is an orbit invariant and can be seen as

being generated by the symmetry z* — az’, X; — o= Xj.

Lax equations: Let us choose invariant functions H,, , on fjg) as defined in (4.201), and
treat Hy,o and Hp 1 as the independent functions. The Lax equations for the DST model

with respect to the elementary times tP" are then given by

atp,rb)\LDST = [RiVH ,r(L)\LDST)a L)\LDST]- (4246)
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For p = 1, these take the form of the set of Lax equations in (4.198):

0 forr=20
Op,r LpsT = [Ml,T7 LDST] with Ml,r = 1 T-1 WkCIO'kKl (4.247)
—_ ~ kS for r=1.
T k=0 A—w Cl

The t''9 equations are trivial. Similar to the case of the periodic Toda chain, the easiest

tht equatlons of motlon for ' and X;, for i = 1,...,T, is to undo the

way to get the
dressing. With M = Ko + (Koo + = Zk ) L oF K1, we find that d)l (8t1 10107 — M)y
must commute with Aj, and hence be block diagonal with a scalar “block”, say p, and a
(T — 1) x (T — 1) block which is irrelevant. Then we find, collecting z* in the vector x,

and X; in the vector X,
Opax — Mx = px, Opa X' — XTM = pXT. (4.248)

Using the freedom z¢ — az?, X; — a~'X; mentioned above with a = e?, 0,11 B = p, we
can set p = 0. Explicitly, we obtain

atl,()Xi - 0,
Opoxt =0,

| T (4.249)
OnnXi = —iXi — O Xio1 — — z z WrI=) 23 X X,

T k=1 j=

T-1 T
Opaxt = cia +§1x’+1+— >3 Wk Xl

T k=1 =1

Lagrangian description: We can now write a Lagrangian one-form for the DST hier-

archy using Theorem 4.4.6 as
Lost = Lpodt?? + L, dtPt, p=1,..., M, (4.250)

with
Zpr = XiOwrx' — Hy,(1xLpsT), i=1,...,T, rec{0,1}, (4.251)
where the potential term Hj ,(txLpgt) is given by (4.201), for » € {0,1}. Notice that

we have dropped the kinetic contribution to .Z),, from the pole at origin since being a

total derivative it will not enter the Euler—Lagrange equations. For p = 1, the Lagrangian



104

coefficients explicitly read

1 X
3170 = Xiatl,ol'z - 5 Z C?,
=1

1

(4.252)
T-1
.,%171 = Xiﬁtl,lxi — 7 Z wk(j_i)l'iiijin — Ci.%‘iXi — §1$i+1X¢,

k=0

2

for i,5 = 1,...,T. It can be checked that the Euler-Lagrange equations obtained from
varying % o and %] 1 with respect to X;,x" are exactly the equations in (4.249).

4.5.3 Coupled Toda—DST system

Finally, we turn to the task of coupling together the two hierarchies we have described

variationally in this section. The Lax matrix of the coupled hierarchy can be expressed as

L1oda-DsT(A) = Lroda(A) + BLpsT(N), (4.253)

where Lyda(A) is the Lax matrix of the periodic Toda chain in (4.215), Lpgr () is the DST

Lax matrix (4.237), and the parameter (3 is a real-valued scalar parameter dictating the

strength of coupling between the two hierarchies. Naturally, the Lax matrix Lroqa psT(A)

can be seen as a realisation of the cyclotomic Gaudin Lax matrix:

J(O) + K(O) J(l) T-1 ofF K

0o AR Ty +ﬁzxwklg+‘]°°+5K°° (4.254)
- 1

2
A A T =

Ltoda-psT(A) =

with the g-valued coefficients defined in (4.219) and (4.238).

As the number of finite (non-zero) poles in a cyclotomic Gaudin model is arbitrary,
our construction allows us, in principle, to couple together an arbitrary number of copies
of the DST model and a copy of the periodic Toda chain. Here we only illustrate it for a
single copy each of the periodic Toda chain and the DST model. This simple mechanism
for coupling together integrable hierarchies with Lax matrices living on coadjoint orbits
can be applied if they have the same underlying Lie algebra. Readers interested in the
application of this mechanism in the field-theoretic case are referred to [Cau+24, Section
7].

Orbit realisation: Set D = {0,1,00}. Since we already have a parameterisation of the
Lax matrices Lroda(A) and Lpgr(\) as orbit elements, we only need to check that the
action of a generic group element ¢ = (Yo+, Y1+, Poot) € C:’gzr defined by (4.178) on the

non-dynamical element

AToda DST(A) = AToda(N) + BApsT(N) € Q) (4.255)
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where
ALY AO 1Tl Gk
Atoda(N) = =%~ + Aso, ApsT(\) = 2 + — 7 + Ao (4.256)
A2 AT =N - Wk

results in the Lax matrix Loqa-psT(A). Indeed, using the result in (4.186), we have that
the components of Lyoda-psT(A) take the form

Jéo) +6K(§0) _ [¢é1)¢éo)—1“]0(1)] +5¢80)A80)¢80)_1,
Jél) _ gZS(()O)A/\(()l)Qb(()O)717
BKy = B¢1A147!, and

(4.257)

as desired. This gives us a parameterisation of the Lax matrix Lroda psT(A) in (4.253) as
an element of the coadjoint orbit (’)}COda X OEST.

Lax equations: As earlier, we will choose invariant functions H,, , on ﬁg)
(4.201), for r € {0,1}. The Lax equations for the DST-Toda model with respect to the

elementary times t?" are given by

as defined in

Ow.rtxLrodaDsT = [R+VHp r(tALTodaDST)s tALToda-DsT]- (4.258)

For p = 1, these take the form of the set of Lax equations in (4.198):

Opt.r Lroda-—DST = [M1,r, LToda—DST] (4.259)
with @
—JOT for r =
My, _ 4.260
T k=0 A — ka

Taking residues on both sides in (4.259) gives the equations of motion for p;, ¢*, X;, 2*, for
i =1,...,T. Like in the cases of the periodic Toda chain and the DST model, to get

the equations of motion for ¢*, X;, 2%, one can “undo” the dressing in the corresponding
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equations. Explicitly, one gets the following equations for p;, ¢, for i = 1,...,T:

Oprop; = (1 + B)(e? 0" — et ') ﬁ(eqi_l_qixz‘—lXi — el T X ),

&
Opoq' = —pi — Bei,
4.261
,8 qi—q T i ¢1—g ( )
Opap; = a(e X —e€ zi—1Xi),
Opaq' = —pr'X;,
and the following equations for X;, %, fori=1,...,T:
|
8t1,0XZ' = —el71 XiJrl,
G1
. 1 1
Opoxt = ——el T q,
1
1 i i g I 11 )
OpaX; = —piXi—BeiXi——el 1 X -5 3 Y w029 XG X — (14 B)G X1,
@ T i=1 k=0
Ozt = pat + Beirt + —ef Tz + p ¥ Y WM Xadat 4 (14 B)Gatt
§ T i=1 k=0
(4.262)

Setting 5 = 0 in the above equations produces the equations of motion in (4.227) for
the periodic Toda chain. In the limit 8 — oo, these reduce to the equations of motion
we obtained for the DST model in (4.249). To see this, note that the Lax matrix Lpgr
comes as SLpgt in the coupled system. Therefore, in the limit 5 — oo, the time flow tP"

is rescaled such that O, rescales to SPOw.r.

Lagrangian description: Using Theorem 4.4.6, we can now write a Lagrangian one-
form for the Toda—DST hierarchy:
LToda DST = fppdtp’o + ngdtZl?, p=1,..., M, (4.263)
with
Ly = Te(JV 0 g0 ) + B Tr(K Y 0w 6Vl 71 (w260
+ BTr(K10wr 167 ") — Hpp(trLToda DsT), 7 € {0,1},

where the potential term Hp, »(¢xLTodaDsT) is given by (4.201) for r € {0,1}. Notice that
K 80) = ZiT:1 ¢; Fy;. So, the second term on the right-hand side is, in fact, a total derivative
and will not enter the Euler-Lagrange equations. So, we will simply drop it. In terms of

the canonical coordinates, we then have

Lpr = —DiOwrq +BX;0pr3" — Hp (1L Toda DST) i=1,....T, re{0,1}. (4.265)
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The decoupled limits of the periodic Toda and the DST hierarchies are easily recovered
by setting 8 = 0 and taking the limit § — oo in (4.265) respectively.

For p = 1, (4.265) gives the Lagrangian for the coupling of the periodic Toda chain
and the DST model with the potential terms

1& 9 T o T 9 T B i git1
Hig=53 pi+B8) cpit Y ci+(1+p)) ™7 — el ™1 2l X,
i=1 i=1 i=1 i=1 Q1
g =t ro ,
Hyy =+ Z wk(]_l)xzx]Xin +p Zpiac’Xi + B2t X, (4.266)
2T (= i=1
" geqi_qmw" i1+ (B4 )G,

The variation 0.7] , gives the Euler-Lagrange equations for the coupled system with re-
spect to the time flow ¢17, for each r € {0,1,00}. It can be checked that these are exactly
the equations we obtained in (4.261)—(4.262).

We have reached the end of Part II. We will now change tracks, and instead of the
rather algebraic approach that allowed us to construct geometric Lagrangian one-forms
living on coadjoint orbits, we will use a gauge-theoretic approach to cast a more general

class of integrable models into the variational framework of Lagrangian multiforms.
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Part 111

Gauge theory and Lagrangian

multiforms
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Chapter 5

3d mixed BF theory and Hitchin

systems

In 1987, Hitchin introduced a construction [Hit87] that provides integrable systems asso-
ciated with the moduli space of stable holomorphic bundles over Riemann surfaces. This
construction and its generalisations introduced in subsequent works (see, for instance,
[Mar94; Bot95; Nek96; ER96]) encompass a large class of classical integrable systems.
Hitchin systems, as they have come to be known, have been studied extensively within
the Hamiltonian framework leading to interesting discoveries that connect them to several
areas of physics and mathematics.!

The shortcoming of traditional Lagrangians in capturing the notion of integrable hi-
erarchies — as they only describe individual models — becomes particularly detrimental
in the case of Hitchin systems. Hitchin’s construction provides a set of functionally in-
dependent Poisson-commuting conserved quantities on a suitable phase space: a Hitchin
system therefore represents an integrable hierarchy by itself. This makes the traditional
Lagrangian formalism ill-equipped for describing a Hitchin system variationally.

This part of the thesis, adapted from the joint work [CHSV25], is dedicated to a
solution to this problem through the construction of geometric Lagrangian one-forms for
Hitchin systems associated with Riemann surfaces of arbitrary genus. The Lagrangian
one-forms we construct in this part thus generalise the geometric Lagrangian one-forms
on coadjoint orbits that were the subject of Part II of this thesis and first introduced in
[CDS24]. In the process, we are also led to a Lagrangian multiform for 3-dimensional

mized holomorphic-topological BF theory? (hereafter simply referred to as 3d mired BF

'We refer the interested reader to [Sch20] for an overview of some of these connections.

2BF theory is named as such because its action is given in terms of a field B and the curvature F of
a field A. One of the earliest occurrences of (topological) BF theory can be found in [Hor89]. In contrast
to this earlier avatar of the theory, the BF theory of interest here looks topological in some directions and
holomorphic in others, and is therefore mixed in this sense.
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theory) introduced in [VW22]. Also see [Zen23; GW24; GRW24]. This connects us to
another recent approach to integrability, also taking a Lagrangian perspective, based on
so-called mized holomorphic-topological (HT) gauge theories.® It started with the work of
Costello [Cos14], which was further developed with Witten and Yamazaki in [CWY18a;
CWY18b], demonstrating a relation between integrable lattice models and a 4-dimensional
semi-holomorphic variant of Chern—Simons theory in the presence of line defects. The main
idea behind this gauge-theoretic approach to integrability is that the Lax formalism of an
integrable model on a d-dimensional manifold M, depending on a spectral parameter living
on a Riemann surface C, arises from the equations of motion of a suitable gauge theory
on M x C which is holomorphic along C' and (possibly a mixture of holomorphic and)
topological along M.

In the years since its inception, this approach has been extensively studied and gener-
alised, most notably to the case of integrable field theories in 1+ 1 dimensions. In [CY19],
and many subsequent works (see, for instance, [Del+20; BL20; HL20; LV21; Cau+21]),
(1 4+ 1)-dimensional integrable field theories were shown to arise from surface defects in
the same 4-dimensional Chern—Simons theory. More recently, in [SV24], a 5-dimensional
semi-holomorphic higher Chern—Simons theory was used to extend this framework to 3-
dimensional integrable field theories. This perspective has also been linked to an older
gauge-theoretic approach to integrability in which integrable field theories arise as sym-
metry reduction of the anti-self-dual Yang-Mills (ASDYM) equations [MW96] by deriving
these integrable field theories from various defects in 6-dimensional holomorphic Chern—
Simons theory on twistor space [BS23; Col+424a; Col+24b]. However, as alluded to earlier,
the work most relevant here is [VW22] where a relationship between 3-dimensional mixed
BF theory with line defects and finite (rational) Gaudin model was established.

This chapter is structured as follows. In Section 5.1, we discuss the geometric setup
for Hitchin systems, thereby setting our conventions. Then, in Section 5.2, we generalise
the construction of Section 2.4 to an infinite-dimensional context and provide a variational
description of the Hitchin system. In Section 5.3, we implement a symplectic reduction
to obtain a Lagrangian one-form for the Hitchin system on a certain symplectic quotient.
This turns out to be the Lagrangian one-form for 3d mixed BF theory with type B defects®.
Finally, in Section 5.4, we go on to extend the construction to the case of Hitchin systems
on compact Riemann surfaces with marked points, which leads to a Lagrangian one-form
for 3d mixed BF theory with type B and type A defects.

3In connection with combining the framework of Lagrangian multiforms with gauge-theoretic ideas,
we note another recent work [FNR24]. However, it is based on an approach different from mixed HT
gauge theories. In this work, Lagrangian multiforms for the Darboux—Kadomtsev—Petviashvili system
were derived from a hierarchy of Chern—Simons actions in an infinite-dimensional space of Miwa variables.

“We use the terms “type B defect” and “type A defect” in line with [VW22] — these defects depend
on the B field and the A field respectively.
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5.1 Geometric setup for Hitchin systems

To set the stage for the rest of the chapter, let us start by discussing the case of the Hitchin
system on a Riemann surface C of arbitrary genus g > 2 without marked points.® The
case with marked points is dealt with later in Section 5.4.

The phase space of the Hitchin system for the case without marked points is given by
the cotangent bundle T*Bung(C'). A point in the base Bung(C) is a stable holomorphic
principal G-bundle Py, of a fixed topological type, which can always be described using a
single holomorphic transition function v : Uy N Uy — G relative to an open cover {Up, Uy }
of C with Uy an open neighbourhood of a fixed point p € C and U; := C'\ {p}. A point in
the fibre T Bung(C) above P is called a holomorphic Higgs field L. On identifying
g with its dual g* using a fixed nondegenerate invariant bilinear pairing on g, it is given
explicitly by a pair of g-valued (1,0)-forms LY and L! on Uy and Uy, respectively, which are
related via the adjoint action L° = yL'y~1 on the overlap UyNU;. The pair (Ppel, L) is an
example of a stable Higgs bundle. The Hitchin map, also known as the Hitchin fibration,
provides a complete set of Poisson-commuting Hamiltonians H; for ¢ = 1,...,n, where
n denotes half the dimension of the phase space, thereby encoding a finite-dimensional
integrable hierarchy.

These Hamiltonians, which we will now refer to as Hitchin Hamiltonians, induce com-

muting time flows d,i, i = 1,...,n, on T*Bung(C), whose action on the pair (L, ) is
given by

0L’ = [MP, L%, M) =My + 8y (5.1)
fori =1,...,n, where M} are g-valued meromorphic functions on U; each with a simple

pole at a fixed marked point q; € U; whose residue there is determined by the Hitchin
Hamiltonian H;, and MZ-0 are g-valued holomorphic functions on Uy.

To give a variational description of the hierarchy of commuting flows given by (5.1),
we will exploit the fact that the Hitchin phase space T*Bung(C') can be obtained as a
symplectic reduction of the infinite-dimensional cotangent bundle T* M of the space M of
stable holomorphic structures on a fixed smooth principal G-bundle P by the action of the
group G = Aut P of smooth bundle automorphisms of P.% A holomorphic structure on P
can be specified in terms of a partial (0, 1)-connection” A” on P given in local coordinate
patches by g-valued (0, 1)-forms on C. A smooth bundle automorphism g € G acts on
such a holomorphic structure A” by gauge transformations A” — gA”g~' — dgg~!. Two

5Detailed discussions on the geometric setup for Hitchin systems in the case without marked points and
related algebro-geometric notions can be found, for instance, in [DM96], [KW09, Section III, Chapter 1],
and [Sch21].

5That this phase space is finite-dimensional is a consequence of a theorem of Narasimhan and Seshadri
[NS64]. See, for instance, [BBT03, Chapter 7).

TA partial connection is a connection that can only take derivatives in certain directions.
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holomorphic structures related in this way define the same holomorphic principal G-bundle
Prhol- In particular, the action of G on the space M of stable holomorphic structures is
free, and we have an isomorphism M /G = Bung(C). Moreover, the action of G on M lifts
to a Hamiltonian action on 7% M with moment map given by u(B, A”) = 04" B, where B
denotes the smooth Higgs field® parametrising the fibre of 7%, M over a fixed holomorphic
structure A” € M.

As the construction of geometric Lagrangian one-forms for Hitchin systems relies on
some intricacies of the definition of T M and G, we devote the rest of this section to the

relevant details.

5.1.1 Holomorphic structures on a principal G-bundle

Let G be a complex connected Lie group with Lie algebra g. Denote by C be a compact
Riemann surface and fix a holomorphic atlas {(Ur, z1)}rez of C with z; : Uy — C local
holomorphic coordinates on each open subset Uy C C and Z some indexing set.

We fix a smooth principal G-bundle 7 : P — C which is specified relative to the open
cover {Ur} of C by local trivialisations 17 : 771(U;) = Ur x G, p — (n(p), f1(p)). The
principal bundle is equipped with a free right action G x P — P, p+— p - g, and the local
trivialisations should be G-equivariant, that is, fr(p-g) = fr(p)g for any g € G. The
transition between local trivialisations 1; and 1; on overlapping charts Uy N U; # () is

given by
Q/JIO’Lbjl :(U]ﬂUJ)XG — (U]ﬂUJ) x G, (x,g) — (x,g]J(x)g) (5.2)

with smooth transition functions g7y : Uy N Uy — G, given by grs(x) = f1(p)fs(p)~" for
any p € P with 7(p) = 2 € Uy N Uy, satisfying the Cech cocycle condition

9119JK = JIK (5.3)

on triple overlaps Uy NU; N Uk # 0. A change of local trivialisation of P is specified by
a family of smooth maps hr : Ur — G, that is, a Cech 0-cochain h = (hr)rer € éO(C, G).
Indeed, given local trivialisations ¢y : 7= 1(U;) = Ur x G, p = (7(p), f1(p)), we can define

new local trivialisations by

Gr WU = Ur x Gy pre— (7(p), hi(w(p)) f1(p)).- (5.4)

The transition functions of P relative to these new local trivialisations are the smooth

8We use the symbol B to denote the Higgs field instead of the symbol ® which is more standard in
works on Hitchin systems, as it will later be identified with the corresponding B field of 3d mixed BF
theory.
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maps
g1s = higrshy' U Uy — G. (5.5)

The change of local trivialisations from {u;}7e7 to {1[11} 1e7 on the fixed bundle P can
equivalently be seen as producing a new principal G-bundle P — C that is smoothly
isomorphic to P.

An automorphism of P, or more precisely a fibre-preserving automorphism of P which
we will sometimes refer to as a gauge transformation, is a Cech 0-cochain g = (gr)rer €

CO(C, @) which preserves the transition functions of P in the sense that

g1 = gungle (5.6)

on any overlap Uy N Uy # (. We can describe the action of g on P relative to a fixed
choice of local trivialisations {1r}rez as sending ¥;(p) = (7w(p), f1(p)) to ¥r(g - p) =
(7(p), g1(7(p)) f1(p)). The compatibility condition (5.6) ensures that this is well-defined
on P, in the sense that we can either perform the gauge transformation directly in the
local trivialisation ;, or we can first move to the local trivialisation v, perform the
gauge transformation there and then move back to the local trivialisation ;. Both give
the same result. We let

G:=AuwtP c C°C, Q) (5.7)

denote the infinite-dimensional group of automorphisms of the principal G-bundle P. Note
that, by the condition (5.6), we can equally describe automorphisms of P as sections of
the fibre bundle P x aq G associated with the adjoint representation of G on itself.

A holomorphic structure on P is a choice of local trivialisations {1} ez with respect
to which the transition functions g7y : Uy N Uy — G are holomorphic. It can equally be
described [AB83] as a family of g-valued (0, 1)-forms AY (zr, z7)dz; € QO (Ur, g) relative

to a choice of local trivialisations {1;};c7, denoted collectively as A”, such that
A% dzp = g1y AL g7 dz; — Ogrigr) (5.8)

on UrNU; # (. We let M denote the infinite-dimensional space of holomorphic structures
on P.

Under a change of local trivialisations h € C’O(C, @), the holomorphic structure A” is
described in the new local trivialisations (5.4) by the family of g-valued (0, 1)-forms

Al dzp = hy AL h'dz — Ohrhyt € Q¥ Uy, g). (5.9)

In particular, by solving the equations A/Z—’I = hl_lah] /0Zr, which is always possible lo-
cally [AB83, Section 5|, we obtain smooth maps hy : Uy — G which define a new local
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trivialisation where
Al (21,71) =0. (5.10)

This represents the same holomorphic structure A” of P but now in an adapted local
trivialisation of P where its components vanish. In particular, it now follows from (5.8)
that in this new local trivialisation the transition functions gry : Uy N Uy — G of the
bundle are holomorphic.

Under a gauge transformation by g € G, a holomorphic structure A” € M is trans-

formed to a new holomorphic structure on P given by the family of g-valued (0, 1)-forms
9 AY dzp = gr A% g7 'dzr — Ogrg;t € Q¥ Uy, g). (5.11)

Let 9A"” := gA"g~' — Ogg~' € M denote this transformed holomorphic structure. We
have a left action of G on M given by

GXxM — M, (g, A") — g- A" :=9A4" = gA"g71 — Ogg~L. (5.12)

Any A” € M determines a Dolbeault operator 94” on any vector bundle Vp = P x oV
associated with P in some representation p : G — AutV, which acts on local sections
over Ur as 0 + p(A%)dz;. In terms of Dolbeault operators, the left action (5.12) reads
(g,0%") = g0 g~
The Lie algebra & = Lie(G) of G consists of sections X of the vector bundle gp =
P Xaq ¢ associated with P in the adjoint representation. Explicitly, this is given by a
family of g-valued functions X! € C*°(Uy, g) in each local trivialisation such that on each
overlap Uy N Uy # () we have the relation X! = gUX‘]gI_Jl. The left action (5.12) of the
group G induces an infinitesimal left action of a Lie algebra element X € & on A” € M
given by
ox A" = -0V X = —9X — [A", X], (5.13)

or in local trivialisations by

Syt A = —oxT — (A" X1 (5.14)

5.1.2 Cotangent bundle 7T*M and action of G

The tangent space Ta»M at any point A” € M is given by the space of sections of
the bundle A! C' ® gp. Similarly, the cotangent space T, M is the space of sections
of AW C @ gp, where g5 = P X,q+ g* is the vector bundle associated with P in the
coadjoint representation. To put it concretely, any X € Ty»M is described by a family of
g-valued (0, 1)-forms X! = X;, (27, z;)dz; € Q%1(Ur,g), and any Y € T%, M by a family
of g*-valued (1,0)-forms Y! = Y, (27,z;)dz; € Q'O(U;,g*) such that on any overlap
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UrNU;j # ), we have the relations

X! =g1;X7g;7, vi=Ad: Y/ (5.15)

grJ

respectively. Using the canonical pairing ( , ) : g* x g — C, we obtain a family of local
(1,1)-forms (Y, X1y € QVY(Ur). Here we have suppressed a wedge product between the
one-forms Y/ and X’ It follows from (5.15) that these local (1, 1)-forms agree on overlaps,
that is, (Y1, X7) = (Y7, X7} and hence define a global (1,1)-form on C which we denote
by (Y, X) € Qb1(C). In particular, the latter can be integrated over the compact Riemann
surface C' to obtain a pairing

ToMx TwM — C, (V. X) —s 1/ ¥ X). (5.16)
C

21

Now, a point in the cotangent bundle T*M is given by a pair (B, A”), with A” € M
a holomorphic structure on P parametrising the base and B a section of A'YC ® 9p
parametrising the fibre. To describe vector fields on T* M, we note that we have the

canonical isomorphism

T(B7A//)(T*M) & TZHM S5, TA”M- (517>

The differential at (B, A”) € T*M of the projection
m T M — M, (B,A") — A" (5.18)

is given by the projection onto the second summand under the isomorphism (5.17), which

we denote as
6(B,A”)A” : T(B,A”) (T*M) — TAHM, (Y,X) — X. (519)

The tautological one-form on 7% M is then defined using the pairing (5.16) as

1
a(B,A”) = <B,5A”>. (520)

2w Jo
More explicitly, this can be described as a map a(p ary : T(p am(T*M) — C given by

— 2mi

apan(Y,X) = L Jo{B, X). The corresponding symplectic form w = do is given by

1 1
w(s,am (Y1, X1), (Y2, X2)) = TM/C<Y1’X2> - 27@'/0<Y2’X1>' (5.21)

Let us recall the left action (5.12) of the group of gauge transformations G on the
space of holomorphic structures M. We can lift this to an action of G on 7% M as follows.
In a local trivialisation, an element g € G is represented by smooth maps g; : Ur — G,
and a section B € T"}, M of the bundle A C® gp is described by a family of g*-valued
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(1,0)-forms B! € QM0(U7, g*). Since

Ad; B'=Ad; B’ =Ad; B’ =Ad; (Ad; B’), (5.22)

91917 9197 g1J

we obtain a well-defined left action of g = (g97)7ez € G on the fibres
TIZNM — T;.A//M, B — qg- B = Ad; B (523)

given explicitly in the local trivialisation over Uy by B — Ad;l B!. Combining this with
the left action of G on the base M, we obtain the desired left action of G on T* M given
by

GXT'M — T*M,  (9,(B,A")) — g-(B,A") = (Ad} B,94").  (5.24)

This induces an infinitesimal left action of a Lie algebra element X € & on (B, A”) € T*M
given by
(6xB,0xA") = (ad’ B, —0"" X), (5.25)

where 6x B = ad B is given in local trivialisations by 6y B! = ad’,; B! € QL0(U;, g*).
As in the finite-dimensional setup of Section 2.4, we need a notion of freeness for the
action of the group G on T* M. We say that (B, A”) € T* M is stable if

OX +[A",X]=0, ad4yB=0 = X =0, (5.26)

for all X € &. This implies that the stabiliser of (B, A”) is not a continuous subgroup of

G, making it an infinitesimal version of freeness.

Remark 5.1.1. The notion of a stable principal Higgs bundle was introduced in [BG11].
We expect that any Higgs bundle that is stable in the sense of [BG11] satisfies (5.26). This
was proved for semisimple irreducible reductive algebraic groups G in the case B = 0 in
[Ram75, Proposition 3.2]. A proof of this statement for B # 0 and G = SL,,(C) using
the Kobayashi—-Hitchin correspondence of Simpson can be found in [CHSV25, Appendix
Al. N

Having discussed the essential geometric ingredients, we now turn to our first main goal
of this chapter: constructing a geometric Lagrangian one-form on the infinite-dimensional
cotangent bundle 7% M.

5.2 Lagrangian one-form on 7% M

To construct a geometric Lagrangian one-form on T* M, we will generalise the finite-

dimensional setup of geometric Lagrangian one-forms discussed in Chapter 2 to the present
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infinite-dimensional case. The role of the underlying manifold M there will now be played
by the space M of holomorphic structures on a principle G-bundle P — C over a compact
Riemann surface C, for some connected Lie group G, and the role of the symmetry group
G will be played here by the group G = Aut P of (fibre-preserving) automorphisms of P.
The starting point for our construction is the fact that the Hitchin phase space is given

by the symplectic quotient
T*Bung(C) = u'(0)/G. (5.27)

More specifically, we introduce a natural lift of the Hitchin map to the cotangent bundle
T*M which induces n commuting flows on this infinite-dimensional symplectic mani-
fold and that can be described variationally using a natural geometric multiform action
Sr[B, A" t] on T* M. Then, upon performing the symplectic reduction to x~1(0)/G at the
level of the action, we obtain a multiform version of the action for 3d mixed BF theory.

In the present infinite-dimensional setting, the analogue of the Lagrangian one-form
(2.8) is

L = o amy — Hi(B,A")dt" = QL /C<B,5A”) — Hy(B, A”)at'. (5.28)

)

To write down the corresponding action, that is, the analogue of (2.15), let ¥ : R® —
T*M x R"™ be an immersion. For any u € R, we write ¥(u) = (B(u), A" (u),t(u)). It is
helpful to take a moment to describe each component of ¥(u) in more detail. Firstly, B(u)
describes an R"-dependent section of A C ® gp given in each local trivialisation of P
over U; by g*-valued (1,0)-forms B,, (2, z1,u)dz; € QY9(U; x R™, g*). These are related
in chart overlaps Uy N Uy # () by the second relation in (5.15), explicitly

le (Z], 21, u)dZ[ = Ad;U BZJ (ZJ, ZJ, u)dZJ. (5.29)

Secondly, A”(u) describes an R"-dependent element of M given in each local trivialisation
of P over Ut by g-valued (0,1)-forms A% (zr,zr, u)dz; € Q%1(Uz, g). These are related in
chart overlaps Uy N Uy # 0 by (5.8), explicitly

A/Z—/I(Z[, zZr,u)dzy = g[JA/Z—/J(Z], Z, u)gI_JleJ — 5gUgI_Jl. (5.30)

Finally, ¢(u) describes an R"-dependent point in R™ with components t*(u) fori = 1,...,n.

Note that since the transition functions g;y : Uy N U; — G of P obviously do not
depend on the parameter u = (u?) € R", differentiating the relation (5.30) with respect to
w’, we obtain

8ujAgI (Z[, 2], ’U,)dEI = guaujAgJ (ZJ, ZJ, u)gl_}déj. (5.31)

Thus, for every j = 1,...,n, the family of g-valued (0, 1)-forms 0,,; A7 dz; € QL (U, g)
defines an R™-dependent section of A>! C'® gp which we denote by 9,; A”(u). Similarly,
we denote by 9,; B(u) the family of g*-valued (1,0)-forms 9,,; B,,dz; € QY9(Uy, g*). Now,
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let 1 : R" = T*M, u — (B(u), A”(u)) be the component of the map ¥ in T*M. Its

differential at © € R™ is

duEl : TuRn — TEl(u) (T*M> = Tz”(u)M S, TA”(u)M7
o , (5.32)
WA (04 B(u), 0, A" ().

The pullback of the differential §A” defined in (5.19) by the map ¥; is then given by
the composition (X*(64"))(u) = 05, () A” 0 d,X1 and hence ¥*(6A") = 0,; A" (u) A du/ =
—dgrn A”(u). We now find that the pullback ¥*.Z of the Lagrangian (5.28) by the map X
is given by

s = QLM [ (Bu).de A" () ~ Hi(B(w), A" () det. (5.33)
Given an arbitrary curve I' : (0,1) — R, s — (u/(s)) can now finally write down the

analogue of the action (2.15) in the present case, which reads

1 1 ) 4w
SF[E]:/O (zor)*zz/o (—;M/C<B(u),8ujA”(U)>—Hi(B(U),A"(U))gfLa')isds‘
(5.34)

Remark 5.2.1. We make a few remarks on notation and terminology to avoid confusion.
Note that the kinetic part 5= [ (B,5A”) of (5.28) is the direct analogue of p,dg" in (2.8).
In particular, the integration over C' in the present setting is the analogue of the summation
over p € {1,...,m} in the finite-dimensional setting of Section 2.3. Importantly, this
means that, although the first term in the action (5.34) involves the integral of a 3-form
over C' x (0,1), from the point of view of Lagrangian multiform theory we should really
regard the whole action Sr[X] as the integral of a 1-form on the interval (0, 1), namely the

pullback of (5.28) along ¥ oI': (0,1) — T*M x R™. N

Remark 5.2.2. The terminology “gauge group” for the group G of fibre-preserving au-
tomorphisms is standard in the geometric formulation of the Hitchin system and that is
why we used it here. However, it is crucial to note that, at this stage of the construction,
the group G is the analogue of what we called the global symmetry group G in Section 2.3,
which we will later gauge by considering transformations parametrised by maps g : R* — G
by analogy with the finite-dimensional setting of Section 2.4.1; see Section 5.3 for details.

A crude way to say this is that we will “gauge the gauge group G”. N

We now prove the analogue of Proposition 2.3.1 in the present infinite-dimensional
context with this in mind. In fact, the setting of Section 2.3 was very generic and the
infinitesimal action of a Lie algebra element X € g on M was specified only implicitly
through the vector fields X?. By contrast, in the present context, we have an explicit

description of the action of the Lie algebra & on T*M in (5.25) and even of the action
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of the group G on T*M in (5.24). Therefore, we can prove a stronger statement than
Proposition 2.3.1 in the present case. We first need to lift the action of G to T* M x R"
by letting it act trivially on R™, that is, we set g-¢ =1t for any g € G and t € R™.

Proposition 5.2.3. The action (5.34) is invariant under the action of G on T*M x R"
given in (5.24) if and only if each H;, fori=1,...,n, is invariant under the group action,
that 1is,

Hi(Ad; B,9A") = H;(B, A") (5.35)

for any (B, A"”) € T*M and g € G. Moreover, the Noether charge associated with an

infinitesimal bundle morphism X € & is given by

1

*A//
57 [ (B 04X, (5.36)

Ay (X) =

Proof. We closely follow the proof of Proposition 2.3.1. Let ¥ : R — T* M x R™ be given
by X(u) = (B(u), A”(u),t(u)). By (5.24), its pointwise image under the left action of any
geGisg-Y:R" = T*M x R" given by

(9-)(u) = (Ad; B(u), A" (u), t(u)). (5.37)

Note, in particular, that this implies 8, (9-X)(u) = (Ad} 9, B(u), g0, A" (u)g~", d,it(u)).

The action for the transformed map g - X therefore reads

Srlg - ¥]

/ ( o | (Ad; Blu),90,, 4" (wg ™) ~ Hi( Ad; B(u), 74" (w) g‘;j)d;d

/ < o / (B(u), 8,y A"( ))Hi(Ad;B(u),gA”(u))gf;> %ds
= Sr[2 +/ u), A" (u)) —HZ-(Ad;B(u),gA"(u)»%ds

(5.38)

The result now follows since for g € G to be a symmetry means that Srlg - X] = Sp[X] for
any map X and any curve I' and hence the integral on the right-hand side must vanish for
any curve I' but this, in turn, is equivalent to the condition (5.35).

To work out the Noether charge associated with the infinitesimal symmetry generated
by a Lie algebra element X € &, we introduce an arbitrary smooth function A : R* — C

and consider the pointwise variations of the map ¥(u) = (B(u), A”(u),t(u)) given by

Oawyx B(u) = Mu)ad B(u), (5.39a)
Saux A" (w) = =ANw)d" WX = —\(u)(9X + [A"(u), X]). (5.39b)
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The variation of the action (5.34) then only has a contribution from the kinetic term,

which reads

du?
Ox(u)xSr[X] = /0 2m/<B oA (u )>d7d3

:/0 OyiN(u) <2m,/c<B(u),8A”(“)X>> (Zids

cf. the end of the proof of Propostion 2.3.1. From this we read off the desired expression
(5.36). O

(5.40)

Remark 5.2.4. Note that the expression (5.36) is well-defined since 94" X is a section of
A% C ® gp. Indeed, using the relations (5.8) and X' = gUXJgI_Jl, respectively, between
the local expressions of A” € M and X € & in overlapping charts Ul N U7 # ), we find
that

OX"+ AL, X"dz; = grs(0X, + [AL,, X )dz7) g7} (5.41)

We thus have (BT,04" XT) = (B”, 84" X} on overlaps U; N Uy # 0 so that these define a
global (1,1)-form (B, 94" X) € Qb(C) which can be integrated over the compact Riemann
surface C. Likewise, we have a well-defined global (1,1)-form (94" B, X) € QL(C) given
by the expression <5AHBI X! ) in each local chart Ur. Moreover, these are related by

(B, 0" X) — (0" B, X) = —d¢(B, X) (5.42)

where (B, X) € Q19(C) is a well-defined (1,0)-form on C. The relative sign on the left-
hand side comes from the fact that B is a one-form and the operator 4" has cohomological
degree 1. Integrating both sides over C' and using Stokes’ theorem on the right-hand side,
noting that C' has no boundary, we deduce that the Noether charge (5.36) can equivalently

be rewritten as )

5 /C (04" B, X). (5.43)
In other words, the value of the corresponding moment map p:T*M — &* at (B,A") €

T* M is the element of &* given by the linear map X +— 27” Jool aA”B X) which takes in
any vector X € &, that is, a section of gp, and integrates it against the section 04" B of

A C @ gh. <

B,y (X) =

The construction of the Hamiltonians H; : T* M — C satisfying (5.35) will be inspired
by that of the Hitchin map [Hit87]. Recall that the latter is constructed from a choice of

(1) G-invariant homogeneous polynomials P, : g* — C for r = 1,...,rkg of degree
dy + 1, where E = {dr}ﬁkzgl is the set of exponents of g.
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Given such data, the Hitchin map

rkg
Pi=(Pi,..., Pag) : H'(C, \Y'C @ gp) — @ HO(C, (AY0C) D), (5.44)

takes as input a holomorphic section B of the bundle A\ C ® gp. Recall that this is
given by a family of g*-valued (1,0)-forms B! = B,,(z)dz; € QY%(Uy, g*) in the local
trivialisation over the chart (Uy, zr), where here the function B, depends holomorphically
on z7, related by the second relation in (5.15), explicitly B! = Adg,, B’ on UrNUy # 0.
Since P, is G-invariant, it follows that we have

P,(B') = P.(Ad;,, BY) = P.(B”) (5.45)

grJ

on non-trivial overlaps Uy N U; # (). In this way, we obtain a holomorphic section of
the bundle (AM? C)®(@+D for each r = 1,...,rkg, which we denote by P,(B), and the
Hitchin map returns a holomorphic section of @f};gl(/\l’o C)®(dr+1). To obtain individual
complex-valued Hamiltonians one can then expand each component P.(B) of the Hitchin
map in a basis of holomorphic (d, + 1,0)-differentials on C.

However, in our present setting, B € 1"}, M is only a smooth section of A C ® 9p-
We can still form a smooth section P,(B) of (A"°C)®Wr+D) for every r = 1,...,rkg,
however we can no longer expand it in a basis of holomorphic sections of (/\1’0 C)®(dr+1).
Instead, in order to produce complex-valued Hamiltonians we will proceed along the lines
of [VW22] by introducing a marked point on C for each Hamiltonian H;.” We therefore

introduce the following additional data:

(ii) Points q,; € C labelled by pairs (r,l) with r =1,...,rtkgand I =1,..., m,, where

_ >
my = dim (H°(C, (\W00)* @) = { Qdr+ (g =), forg=2, 0
g, forg=0,1

and a set of holomorphic tangent vectors Vg,, € T, qlr’?C .

We can now define H; : T*M — C by evaluating the smooth section P.(B) of
(AM? 0)®(dr+1) at q,; € C and pairing the resulting element P, (B(q,)) € (/\1 0 0y®ldr+1)
with Vq‘ifrl € (T30C)2@+1) that is,

H;(B) := (P,(B(qn)), V&), (5.47)

? Tl

Concretely, if (Ur,zs) is a local chart around one of the points q,; € C then we can

pick Vg, = 0., and the above geometric construction amounts to writing P.(B) =

90nly one marked point was needed in [VW22] since only a single Hamiltonian was considered in that
setup.
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P, (le(zj, 51))dz?(dr+l) locally in the coordinate z; and then evaluating its component
at q,; € C, that is,
Hi(B) = P (B, (an))- (5.48)

The understanding in (5.47) and (5.48) is that the label ¢ on the Hamiltonians runs over
pairs (r,l) with » = 1,...,rkg and [ = 1,...,m,. Note that m, being the dimension of
the space of holomorphic sections of (/\1’0 C’)®(dr+1) ensures that, when the points q,; are
generic, the number of Hamiltonians we produce coincides with the number of Hamiltoni-
ans obtained via the construction of the Hitchin map (5.44) when the smooth section B of
the bundle A’ C ® gp becomes holomorphic. Indeed, our evaluation prescription (5.47)
defines a bijection

HO (C, (/\1700)@’(‘“1)) =, cm, (5.49)

for generic points q,; € C, [ = 1,...,m,. It is enough to show this is injective, which
follows from the fact that divisors D, = > ;") q, on C for which deg(D,) = m, =
dim (H°(C, (/\LOC)@)(dTH))) and dim (HY(C, (/\LOC’)®(dr+1) ® O(—D,))) = 0 are generic.

Since the label i on the Hamiltonians runs over pairs (r,1), with r = 1,...,rkg and
l=1,...,m,, it runs from 1 to
rkg rk g
n=>Y m.=(g—-1)>Y (2d,+1)=(g—1)dimg (5.50)
r=1 r=1

when g > 2 and from 1 to n := rkg when g = 1. This number coincides with half the
dimension of the phase space of the Hitchin system when g > 2 and g = 1, respectively.!’
When g = 0, however, there are no Hamiltonians since the set of points q,; € C introduced
in condition (i) above is empty. Producing non-trivial integrable systems in the case of
genus g = 0 will require introducing additional marked points on C' which we will turn to

in Section 5.4 below.

Remark 5.2.5. From now on, for notational convenience, we will simply use the common
label i for the Hamiltonians H;, the polynomials P,, the points q,; and the times ¢* associ-
ated to the Hamiltonians. This amounts to relabelling P, as P,;, with the understanding
that P,y = P,y for any I,I' = 1,...,m,, so that we can simply write H;(B) = P;(B,(q;))-
Accordingly, we can keep denoting by t* the time associated to H;, rather than the cum-

bersome " or t(0, 4

!0This is a consequence of the Riemann-Roch theorem. See, for instance, [BBT03, Chapter 7].
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5.3 Lagrangian one-form for the Hitchin system on p~1(0)/G

So far we have introduced the action Sp[X] in (5.34) for an immersion ¥ : R" — T* M xR"
and an arbitrary curve I" : (0,1) — R™, and showed in Proposition 5.2.3 that it is invariant
under the left action of the group G, provided that the Hamiltonians H; themselves are
G-invariant in the sense that (5.35) holds. Note that the latter condition clearly holds for
the Hamiltonians introduced in (5.48) by virtue of the G-invariance of the polynomials
P; : g¢ — C. Moreover, we identified the moment map p : T*M — &* associated with
this symmetry as given by (5.36).

We now turn to generalising the gauging procedure of Section 2.4 to the present infinite-
dimensional setting. This requires introducing two additional elements: gauge transfor-
mations g and a gauge field A.

Let us start with the gauge transformations. For the Hitchin system, the group by
which we need to quotient is the group G of automorphisms of the bundle P — C. In
the language of Section 2.4, the group G corresponds to the global symmetry group G.
Thus, in order to gauge G here, we consider the group of local transformations g : R» — G,
i.e. automorphisms of the bundle P — C that depend smoothly on v € R". In a local
trivialisation of P, this is represented by G-valued functions g;(zr, zr,u). On overlaps
UrNUy # 0, they satisfy (5.6), in which g7y are the transition functions relative to the
chosen trivialisation of P — C.

The action of a local gauge transformation g on the map 3 : u — (A" (u), B(u), t(u))
is exactly as in Section 5.1, except that g, A”, B, and t depend on the parameters u (in

addition to depending on local coordinates z7). Explicitly, we write
g- % ur— ((WA"(u), A}, B(u), t(w)), (5.51)

where 9 A” (4) and Ady(,) B(u) are defined as in (5.12) and (5.23) for each u.

Next, we introduce the gauge field A = A;du’. This consists of functions A; from R"
to the Lie algebra & of G. The Lie algebra & is the space of sections of the bundle gp, so
each A; is a section of gp that depends smoothly on u € R™. In any local trivialisation,
A; is represented by functions Af (z1,2r,u) that take values in g. Further, on the overlap
UrNUy # (), these are related by

Al =g15A 97] . (5.52)

Under a local transformation g : R — G, these transform as

1 Ogr _
Al — grAigr = =ar (5.53)

Now that we have introduced the local transformations and the gauge field, let us write
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down the analogue of the gauged action in the finite-dimensional setup (2.27). Recall that
to do so we need to add to the ungauged action (5.34) a term coupling the moment map
(5.36) to the gauge field as

1 1 HA" g 96\ du

21

SPIS, A, 1] :/

0

The first term in this action is exactly a multiform action of 3d mixed BF theory, as we
now show. Let
A=A"+ A (5.55)

This is a partial connection on the pullback bundle 7P = P x R™ over C x R" along the
projection m¢ : C' x R® — C. By definition, the bundle 7P is trivialised over open sets
Ur x R™, and the transition functions between these sets are the transition functions gz

of P, which obviously satisfy

9917
— =0 5.56
D (5.56)
In these local trivialisations, A takes the form
Al = AIZ—/I(Z[,ZI,’LL)dEI+A£(Z],2[,u)dui. (5.57)

This looks like the local expression for a connection, except that it is missing a dzj-
component, which is why we refer to it as a partial connection. To show that A is a

well-defined partial connection we must check that it satisfies
A = g15A7 g7} — 091197 — dregrigr) (5.58)

on overlaps Uy NU; # (0, and that it is independent of the choice of local trivialisations of
P — C. From (5.8), (5.52) and (5.56), it follows that (5.58) is satisfied. Independence of
the choice of local trivialisation follows from (5.58): if we use different local trivialisations
of P — C over open sets {Ur}ez to construct a connection A’, then A and A’ will be
related as in (5.58) on the overlaps Uy NU; for I € 7 and J € Z’. Therefore, A’ and A
represent the same connection.
The curvature F4 of the partial connection A is defined in local trivalisations by
Pl (aAg oAy 1 <8A§ OA!

£, Al dz P+ s 9% Al Al dud A dud
851 8ul + [Az]7A1]> dZ[ Adu® + 9 8'[},’ au] + [AZ7A]]> du® A du’.
(5.59)

The family B(u) of sections of AM° C' ® gp naturally determines a section of 7, AV C®

gj‘r*cp, which we will denote by the same symbol B. The following theorem is a direct

consequence of our definitions of B and A, with corresponding curvature F4.

Theorem 5.3.1. The gauged multiform action (5.54) for the Hitchin system is equivalent
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to the multiform action for 3d mized BF theory on C X R™ for the pair (B, A) with a type
B line defect along each coordinate t* determined by the Hitchin Hamiltonian H; given in
(5.48), namely

1 dtt

Sr(B, A, 1] = %/CXF<B,FA> —/01 Hi(B(u(s))) J-ds (5.60)

for an arbitrary curve I" : (0,1) — R™, s — u(s).

The proof relies on the simple observation that, when pulled back along the one-
dimensional curve I', only the first term in the expression (5.59) of the curvature is non-
zero. That being said, the significance of Theorem 5.3.1 is that it shows how the multiform
version of 3d mixed BF theory with type B defect is derived from our procedure of gauging
a natural Lagrangian multiform on a cotangent bundle, applied to the Hitchin setup. As
we show in Section 5.4, a similar derivation with the inclusion of marked points in the
Hitchin picture corresponds to the inclusion of so-called type A defects to the multiform
action of 3d mixed BF theory.

In this new interpretation of the action (5.54), local (gauge) transformations g : R — G
play the role of bundle automorphisms of 7P, with local expressions gr(zr, z7,u) in the
trivialisations over U; x R™. From (5.12), (5.23), (5.53) and (5.57), it follows that these

bundle automorphisms act on A and B in the expected way:

Al s 91 A = gIAIgl_l — 5919;1 — ang[gl_l, (5.61a)
B!+ Ad,, B! (5.61b)

Remark 5.3.2. The partial connection A on 7P was defined using the local trivialisa-
tions of w7, P obtained canonically from the local trivialisations of P. In particular, in such
a local trivialisation, the transition functions ¢rs are independent of w/ and A transforms
as in (5.58) but without the last term. However, the resulting action (5.60) is well-defined
in any local trivialisation of 7/ P, including those for which the transitions functions do
depend on v/, in which case A transforms as in (5.58) with the last term present. Indeed,
with A transforming as in (5.58), the curvature F defines a section of A?(C' x R™) ® grs P
with O P the vector bundle associated to 75P in the adjoint representation, and hence
(B, F4) is a well-defined global 3-form on C' x R™. We will exploit such a change of local
trivialisation leading to u/-dependent transition functions later on in Section 6.2 to prove
Theorem 6.2.1. N

To derive the equations of motion for (5.60), we first introduce some notation. Let
(U1, z1) be a coordinate chart containing the point q € Uy with coordinate w = zr(q). We
denote by 0(z; — w) the 2-dimensional Dirac d-distribution on U; at the point q € Ur in
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the local coordinate z7. It has the defining property
g f(zr)d(zr —w)dzr Adzr = f(w) (5.62)
I

for any function f : Uy — C. Note that the distribution-valued 2-form 0(z; —w)dz; AdZ; is
invariant under coordinate transformations. Specifically, if (Uy, z;) is another chart with
qeUrnUy # 0 and w' == z;(q), then we have

(5(2]—w)d21/\d5]:5(ZJ—’LU,)dZJ/\d5J. (563)
Therefore, for notational convenience, we introduce
5q = (5(2[ — Z[(q))dZ[ Adzr (564)

for any q € C, which is independent of the coordinate chart (U, zy) used, so long as it

contains the point q. We will also make use of the following useful fact

1 .
aglm = —2m 5(2] — QU) (565)

Given any polynomial P : g* — C, its gradient VP : g* — g is defined through the

first order term in the variation of P(¢) at any ¢ € g*, namely
P(¢+6¢) = P(¢) + (56, VP(¢)) + O(6¢%). (5.66)

In particular, for a coadjoint-invariant polynomial P, that is, a polynomial P for which
P(Adj ¢) = P(¢) for any g € G, it follows from considering g = eMX with X € g and h
small such that (ad% ¢, VP(¢)) = 0.

Theorem 5.3.3. The gauged univariational principle applied to the 3d mized BF mul-
tiform action Sp[B, A,t] in (5.60) gives rise to a set of equations for the fields B, A”
and A. By working in any chart (Ur, zr) of C in terms of the components B, (21, Zr, ),
A% (21,%1,u), and A§(z;,21,u) of these fields, these equations take the following form:

851"1{ - 8251"’4/2/1 + [A/z‘/p“zﬂ =2mi VP (BZI (qi))é(zf - Zf(qi))v (5‘673)
0:,B,, +ad’y, B., =0, (5.67b)
zr
0y B, + ad},BzI =0, (5.67c)
J
0;H;(B)=0 (5.67d)

where we used the invertibility of the map (w?) — (t'(u)) to define Al = %q“t”f Al. The

equations associated to any pair of overlapping charts (Ur, zr) and (Uy, z5) are compatible
onUrNUy# 0.
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Finally, if B and A" satisfy the stability condition (5.26), then the following zero

curvature equations also hold
O AL — 9, Al + [AL Al = 0. (5.68)

Proof. Since the action (5.60) is local in all the fields, and in particular in the fields B and
A, to work out the equations of motion for the latter at any point p € C, it is sufficient to
restrict the integration over C' in the action to any chart (U, zr) for which p € U;. In other
words, to work out the equations of motion for the g-valued fields B! = B, (21, Z1,u)dzr,
A = A% (21, 2r,u)dzr and Al = .A]I-(zj, zr,u)du/, it is sufficient to consider the variation

of the following action

1 1
S[,F[ ZI,A/Z/I,_AI ]—/O (/U <Bz1(z],5[,u(s)),FEI”-(Z[,EI,U,(S)»dZ[/\dE[
I

2mi

n ot \ du (5.69)
Z PZ Z1 qlv ))) auj>d3

et

Ur

9i

where we used the fact that the pullback of the curvature F! € Q?(U; x R™, g) along the
curve I' : (0,1) — R™ is given by

I I 5 _ o dw 2
F'(u(s)) = Fs (21, z1,u) dzr A Eds € Q°(Ur x (0,1),9), (5.70)

217

noting that the pullback of Fif;(zI7 zr,u)du’ A du? vanishes since ds A ds = 0.
We now work out the variation of (5.69) with respect to all four fields B,, (zr, z1,u),
A% (21, 21,u), AJI»(ZI,ZI,u) and t'(u). Firstly, we have

0B., S1r(Bz;, AL, AL 1]

zZr0

:/0 /UI <2m<(5BZI(Z],gj,u(s)),FZIIj(szIaU(S))>

- Z <5Bz1 21,21, U ()),VR(BzI(zI,Ej,u(s)))>6(zj— 1(q ))gﬂ)cwdz[/\dz[/\ds

qzeUI
(5.71)

where, in the second term on the right-hand side, we used both the defining properties
(5.62) of the Dirac o-distribution and (5.66) of the gradient of P;. Since the above vari-

ation should vanish for all curves I' : (0,1) — R", s — (u/(s)) and for all variations
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§'B., (21,71, u), we deduce that

0z, Aj (21, 21, uls)) — 0y AL, (21, 21, u(s)) + [A%, (21, 21, uls)), Aj (a1, 21, u(s))]

5 7 o'
=2mi Y VPi(Bzz(ZI,ZI,u(s)))(S(z[—zl(qi))auj_ (5.72a)
aiely

The first equation (5.67a) now follows by multiplying both sides by ‘gT",z, summing over
j = 1,...,n, and then relabelling k¥ as j, and using the definition of ./TJI given in the
statement of the theorem. Next, for the variation of (5.69) with respect to A% (21, 21, u),

we find
zZr?

1 1 B
— —/0 27‘(‘2"/1]1 <BZI(Z[,Z[,U(S)),
du?

8,6 AL (21, Zr,u(s)) + [Al(zr, Zr,u(s)), 6 AL (21, 21, u(s)))] >$dzl Adzr Ads.
(5.72b)

Oy Srr(Bay, AL, Aj 1]

Since this should vanish for all curves I' : (0,1) — R™, s — (u/(s)) and all variations
0AY (21,21, u), we deduce that (5.67c) must hold, again after multiplying liy 8%, summing
over j =1,...,n, and relabelling k£ as j, and also using the definition of .A]I . Similarly, by
varying (5.69) with respect to A]I-(ZI,EI,U), we deduce that (5.67b) must hold. Finally,
varying (5.69) with respect to t'(u) leads to

i J
00t )du ds, (5.72¢)

1
Opi(uySrr[Bzy, A%, Aj 1] = — /0 (Hi(B(U(s))) 0w ) ds

and since this should vanish for all curves I' : (0,1) — R™, s ~ (u/(s)) and all variations
6t (u), we deduce that (5.67d) must hold.
The derivation of (5.68) follows the same reasoning as in the proof of Theorem 2.4.3
for (2.36). Using (5.67¢), and with Eg = 6,51-.,1]1 — 9y Al + [AL /TJI], we deduce
I:ati, 815]] BZ] + a’d}l BZ] - O (573)
ij

The first term on the left-hand side vanishes since partial derivatives commute. Hence,

ad%, B., =0. (5.74)
ij
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Similarly, using (5.67a), we deduce
[ati7 atj] Ag} + 851 F’]Iz + [Agp ﬁ‘]ﬂ

= 2mi ((9”' VP;(B., () + [A}, VP, (BZI(CM))]) d(z1 — zr(ai)) (5.75)
—2ri (9 VP (B, (ay)) + [AL, VP (B2, (0))]) 6 (21 — 21 (ay))-
Now, note that (5.67¢c) implies
05V Pi(B,(a:)) + [A]. VPi(Bx, (@) | =0, (5.76)

so that both terms on the right-hand side of (5.75) vanish. The first term on the left-hand
side of (5.75) also vanishes since partial derivatives commute and (5.75) reduces to

0z, F, + [AL  FL] = 0. (5.77)

ji z
Equation (5.68) now follows from (5.74) and (5.77) using the stability condition (5.26). O

Remark 5.3.4. In standard terminology of the theory of Lagrangian multiforms (see
Chapter 2), the first three equations (5.67a)—(5.67c) are the multitime Euler-Lagrange
equations and the last equation (5.67d) is (related to) the closure relation. Importantly,
the latter holds automatically as a consequence of (5.67c¢) and G-invariance of P;, thus
confirming that we indeed have a Lagrangian multiform — a Lagrangian one-form here

— for the Hitchin system. To see this, note that
Oy Pi(B;) = (95 Bz, VP(Bs,)) = (B, +adyyB., VE(B.,)) =0, (5.78)
J

where we used the infinitesimal coadjoint-invariance of P; in the second equality (see the
argument right after (5.66)) and (5.67c) in the last equality. N

5.4 Adding type A defects at marked points on C

Having obtained a variational description of the Hitchin system for the case without
marked points, we now turn to extending the above construction to the case with marked
points. As we will see later on in the thesis, namely in Chapters 6 and 7, this enables us
to incorporate a wider class of integrable systems into our framework. We will work with
a Riemann surface C with N € Z>; distinct marked points {p,}Y_; and will allow the
Higgs field B € T, M to have simple poles at these points by introducing extra structure
encoding the residues of B.

More specifically, to each marked point p, we associate a coadjoint orbit O, in the

fibre of g3 over p,. This coadjoint orbit O, is determined by an element A, € g*. In a
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local trivialisation of P over Ur 3 pq, an element X € O, is represented by
X! = Ad(*péAa, for some ol € G. (5.79)

If po € Ur N Uy, then we must have X! = Ad;”(pa)XJ. So, we require <pé = gU(pa)cpé.
This means that !, represents an element ¢, of the fibre of P over p,,.

The Kostant—Kirillov—Souriau form on O, is given by wq(X,Y) = (Aq, [X,Y]) for
every X,Y € g representing tangent vectors in T O,. The Kostant-Kirillov-Souriau

form w, can equally be described as follows. Consider the map
G— Oy ph— Al A, (5.80)

The pullback of w, under this map, which, by abuse of notation, we also denote by w,, is
the 2-form given by w, = d{A,, (@) "1dpl). Note that this is exact, and that both w,
and (Mg, (pL)7tdel) are invariant under changes of local trivialisation. We will denote
the latter by (Aq, (9a) 'dpas) to emphasise this.

Instead of working on the phase space (T*M,w) as in Section 5.2 and Section 5.3, we

will now work with the extended phase space

N N
(T*/\/l X H Oq, w+ Z wa>. (5.81)
a=1 a=1
We extend the tautological one-form o on T* M, given in (5.20), to a one-form on the

extended phase space (5.81), which we still denote by «. It is given explicitly by

1 al _
a(B,A”,(wa)) = /C<B, 5A//> + Z <Aa, (Soa) 1d§0a>- (582)
a=1

- 211

To evaluate the second term, for each «, we choose an open set U containing p,, and
evaluate (Aq, (p4)~tdel), where L € G is the representative of ¢, in our chosen trivial-
isation.

The action of the group G of bundle automorphisms on 7* M x Hé\le O, is as follows,
cf. (5.24),

N N
GXxT*Mx [[ Oa — T*M x [] Oa
a=1 a=1 (583)

(9:(B. A", (0h))) = g+ (B, A", (¢h)) = (Ad; B.7A", (¢ (Pa)el) ).

This induces the following infinitesimal left action

oxB=adyB, O6xA"=-0"X, ox(Ad} As)=adyi ) (AdL As) (5.84)
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of X € & on (B, A", () € T"M x [T)_; O,.

Remark 5.4.1. We can describe the phase space (5.81) more invariantly in the following
manner. Let G, be the stabiliser of A, € g*. Then, Ad(*pé A, corresponds to a left coset
oL Gr, € G/Gy, . This represents an element of the quotient Py, /G, in our chosen local
trivialisation. An element of Py, /Gy, is usually called a reduction of the structure group
of P at py to G,. Therefore, our phase space is the product of the cotangent bundle of
the space of holomorphic structures and the space of reductions of structure group to G,

at the subset of marked points {pa }2_;. q

We proceed with generalising the construction of Section 5.2. In the present setup, the
Lagrangian one-form (2.8) and action (2.15) take the form
1 N

= BéA” a0 0atdps) — Hi(B, A", (pg))dt! )
L= Z ;0o dpa) (B, A", (pa))dt’, (5.85)

for some Hamiltonians H; : T*M x ngl O, — C. Its pullback along an arbitrary
immersion ¥ : R® — T*M x [[Y_; On x R?, S(u) = (B(u), A" (u), (pa(u)),t(u)) is then

1 N ,
= 271_2 /C B dR"A” Z ) QP;lanCPo) - Hl (BaA”a (@a))antZ, (586>

Y =
so that for any parametrised curve I' : (0,1) — R™, s — (u/(s)), the corresponding action
is given by Sp[X fo (X oI")*.%, which explicitly reads

N

SF[Z] = /01 (— 217TZ/(}<B(U) A” Z chDoz a auﬂpa(u»

— H; (B(U(S)), A/’(u(s)), (SOa(u(S)))) ot )dujds

oul
(5.87)

We have the following analogue of Proposition 5.2.3.

Proposition 5.4.2. The action (5.87) is invariant under the action of G on T*M X
ngl Oa x R™ given by (5.83) and extended trivially to the R™-factor if and only if each

H;, fori=1,...,n, is invariant under the group action, that is,
Hi( Ady B,7A", (9(pa)¢a) ) = Hi(B, A", (¢0)) (5.88)

for any (B, A" (pa)) € T*M x[IY_, On and g € G. Moreover, the value of the associated
moment map w: T*M X Hiv:1 Oq — &* on an infinitesimal bundle morphism X € & is
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given by
1 HA" al *
b 40 G (X) = 5 /C (3.5 + 3 /C (A, Aoy X)op. (5.:89)
Proof. For the invariance of the action under the group action (5.83), by Proposition
5.2.3 we only need to check the invariance of the new kinetic terms for the ¢, but this is
immediate.
The extra term in the moment map (5.89) compared to the expression in (5.36) comes
from generalising the argument in the last part of the proof of Proposition 5.2.3 to the
present case, and again, the new contribution comes from the coadjoint orbit terms in the

kinetic part. U

Following the discussion in Remark 5.2.4, we can use Stokes’ theorem to rewrite the

expression (5.89) for the moment map as

1 g N
/’L(B,A”,(goa))<X> = /C <2maA B+ Z AdSOa Aaépa,X>. (590)
a=1

In particular, we see that the vanishing of p at any (B, A", (¢s)) € T*M x [I2_; O,

corresponds to the condition

N
0V B = —2mi Y Ad}, Aadp,, (5.91)
a=1
which reads locally as
N
05, B., + adz% By, =2mi Y Adj; Aad(zr — zr(pa))- (5.92)
PSEIIJI

To produce a (non-trivial) dynamical theory, we must choose Hamiltonians H; on the
symplectic manifold 7*M x ], On,. We do this in a manner similar to the case without
marked points, with Hamiltonians given in (5.48) in terms of invariant polynomials P; on
g* and points q;. This ensures, in particular, their invariance as in Proposition 5.4.2. We
will specify the number of points q; more precisely when we look at specific examples in
Chapter 7.

Let us now proceed with generalising the construction of Section 5.3 to the case with
marked points. Recall that we introduced the g-valued gauge field A along R™ and (¥*u, A)
was added to the pullback ¥*.% of the Lagrangian one-form (5.28) to eventually produce
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the gauged action (5.54). In the present case, we have the gauged action

sitmt = [ (= g5 [ (5002500 )+ 3 (s G + Ao

— H;(B(u)) SZ ) %ds (5.93)

Rewriting this in terms of the connection A = A” + A over C x R™ yields the following

analogue of Theorem 5.3.1.

Theorem 5.4.3. The gauged multiform action (5.93) for the Hitchin system with marked
points is given by the multiform action for 3d mixed BF theory on C xR™ for the collection
of fields (B, A, (¢a)) with a type B line defect along each coordinate t* determined by the
Hitchin Hamiltonian H; defined as in (5.48), and a type A line defect at each marked point
Pa, namely

J

1 N 1 . du
SF[B,A, ((pa),t] = —./CXF <B,FA> + Z/{) <Aa7§0a1(auj +Aj(pa))‘poc>$ds
a=1

27

(5.94)
- [ B Las
o " " ds
for an arbitrary curve I' : (0,1) — R™, s — u(s), where F is the curvature introduced in
(5.59).

The action (5.94) will appear again in Chapter 6, where, following [VW22], we perform
a reduction to obtain a unifying action for Hitchin systems associated with Riemann sur-
faces of arbitrary genus with marked points. Notably, the construction we have presented
here extends the work of [VW22] in a key aspect: we have derived the 3d mixed BF action
as a variational description of the Hitchin system rather than taking it as given as was
done in [VW22]. Before we move to discussing this reduction, let us present the following

analogue of Theorem 5.3.3 that we need for what follows in the next chapter.

Theorem 5.4.4. The gauged univariational principle applied to the 3d mixed BEF mul-
tiform action Sv[B, A, (va),t] in (5.94) yields a set of equations for the fields B, A and
Ya, fora=1,...,N. Working in any chart (Ur,z1) of C and in terms of the components
B, (21, zr,u), AY (21,21,u), A]I(z],él,u) of the various fields, these equations take the

following form:
851.;‘@-1 - 8tiA// [A/Z/I,.AI] = 2m VP (BZI (qi))5(21 - z](qi)) (595&)

9z, B, —i—ad* " B,, = 2mi Z Ad* Aod(zr — z1(pa))s (5.95Db)

Pa EU]
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04 B, + ad},BZI =0, (5.95¢)
i
8, Hy(B) = 0, (5.95d)
O (Adyy Aa) +ad%  Ady Ao =0, (5.95¢)

where we have used the invertibility of the map (w?) — (t'(u)) to define Al = %?Z AJI-. The
equations associated to any pair of overlapping charts (Ur, zr) and (Uy, z5) are compatible

on UrNUy # 0. The following zero curvature equations also hold
O AL — 0y Al + [AL Al = 0. (5.96)

Proof. The computation for the variation of the action with respect to the fields B, AZ,
and ' is exactly as in the proof of Theorem 5.3.3 and so is the derivation of (5.96). The
new terms in the action only modify the equation obtained by varying A’ and this gives
the right-hand side of (5.95b). Finally, the variation with respect to ¢z gives

1 N du’
6<pg Sr [Bv A, (‘Pa)a t] = 5@5 /0 Z <Aaa 90(;1 (auj + Aj(pa)>§0a>gd3

a=1

_ /01 (As,—(eh) " 0h(0h) ™ (0 + Af (o)) b

du’
+ (o)~ (0w + A]I-(pa))590§>d%d5 97
1 du?
:/O <Ad;é Ag, [0, + A§(p5),5wé(¢é)’l]>id5

ds
1 du?
= = [ (0w + 83y, (Ady Ag), 805 (h) ™) onds

so that we obtain (5.95¢). O

To summarise this chapter, we have shown that in the case without marked points,
the Hitchin system on the symplectic quotient p~'(0)/G is described variationally by
the action for 3d mixed BF theory with type B line defects associated with each of the
Hamiltonians H; and corresponding times ¢ for i = 1,...,n (Theorem 5.3.1), and in the
case with marked points by adding type A line defects at each marked point in C' to the
action (Theorem 5.4.3). The latter case will be the subject of the next chapter where
we obtain a unifying Lagrangian one-form for Hitchin systems associated with Riemann

surfaces of arbitrary genus with marked points.
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Chapter 6

Hitchin system in Lax form and

its variational formulation

Hitchin’s original construction [Hit87] provides integrable systems associated with Rie-
mann surfaces without marked points. The generalisation of this construction to the case
of Riemann surfaces with marked points allows for a wider class of integrable models —
even certain models with spectral parameters lying on curves of genus zero and genus one
— to be seen as realisations of the Hitchin system.

The focus of this chapter, adapted from [CHSV25, Section 4], is this more general form
of Hitchin systems: those associated with Riemann surfaces of any arbitrary genus with
marked points. In Section 5.4, we obtained a variational description for these systems in
terms of a multiform action (5.94) for 3d mixed BF theory with type A and type B line
defects. Now, in this chapter, we work with this multiform action as our starting point.

Central to what follows is the isomorphism (5.27) which we use to pass from the de-
scription of the Hitchin system on ¢ ~1(0)/G in terms of smooth g-valued (0, 1)-connections
A" € M and smooth Higgs fields B € T, M, as in Section 5.3 and Section 5.4, to a descrip-
tion of the Hitchin system on 7*Bung(C') in terms of holomorphic transition functions and
holomorphic Higgs fields. We will thus establish the right-hand side of the commutative

diagram in Figure 6.1.

holomorphic

Sr[B, A, (¢a), ] Unifying action

description

univariational univariational
principle principle

holomorphic

Variational equations (5.95) O L = [M;, L]

description

Figure 6.1: Two descriptions of Hitchin systems and corresponding variational equations



138

This chapter has a twofold purpose. First, in Section 6.1, we show that the set of
variational equations derived in Theorem 5.4.4 encode the hierarchy of equations of the
Hitchin system in the standard Lax form!, namely 0, L = [M;, L] for a meromorphic Lax
matrix L and a collection of meromorphic Lax matrices M; associated with each time t*
in the hierarchy for ¢ = 1,...,n. Second, in Section 6.2, we show that this hierarchy of
Lax equations for the Hitchin system is itself variational and can be derived as the Fuler—
Lagrange equations of a new multiform action, which we refer to as the unifying action,

derived, in turn, from the multiform action (5.94).

6.1 Hitchin system in Lax form

This section is devoted to obtaining a description of the Hitchin system as a hierarchy of
Lax equations. Following [VW22], we make the observation that (5.95c) takes the form of
a hierarchy of Lax equations for Lax matrices B, and A! defined on the coordinate patch
(Ur, zr) that become meromorphic when solving (5.95a)-(5.95b) in a local trivialisation
such that A7 = 0. The compatibility of this hierarchy of Lax equations is ensured by
(5.96).

As usual, in order to bring (5.95¢) to the standard Lax form, we will identify g* with g
using a nondegenerate invariant bilinear form on g. We still denote the latter by (, ) (like
the pairing between g* and g) hoping that it will not confuse the reader. This allows us
to identify adjoint and coadjoint actions. Moreover, from now on we only consider matrix
Lie groups and Lie algebras.

Next, we pick a point p € C distinct from all the marked points p, with « =1,..., N,
and q; with ¢ = 1,...,n. Pick a neighbourhood Uy of p not containing any of these other
points and equipped with a local coordinate zg : Uy — C. We also let Uy := C'\ {p} so that
{Uy, U1} forms an open cover of C. Let us stress that for g > 1 the open U; C C is not
a coordinate chart since in general it cannot be equipped with a holomorphic coordinate
U; — C. However, we can further refine the cover by choosing a holomorphic atlas
{(Ur, z1) }1e7 for Uy, where 7 is any indexing set not containing 0 and 1 so that we can
also use the notation Uy for I € {0,1}. In other words, U for I € Z are open subsets of
U1 such that (J;c7 Ur = Ur and equipped with coordinates z; : Uy — C.

The open cover {Up, Uy } of C suffices for the purpose of describing the smooth principal
G-bundle 7 : P — C with a holomorphic structure specified by A” € M. Indeed, since Uy
is a non-compact Riemann surface and G is semisimple, we can trivialise the holomorphic
principal G-bundle (P, A”) over U;. Since we can also trivialise (P, A”) over Uy, we obtain

local trivialisations for the holomorphic principal G-bundle (P, A”) relative to the open

!To our knowledge, the earliest connection between the Hitchin system and the Lax formalism appeared
in [Kri02; LOZ03].
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cover {Up,U;} of C. More importantly for us, we also have local trivialisations of the

pullback bundle 7P = P x R", see Section 5.3, which we write as

Yo : 71'71(U0 x R™) Uy xR"x G, p+— (7(p), fo(p)), (6.1a)
Y17 N (U xRY) — Uy xR" x G, pr+— (n(p), f1(p)) (6.1Db)

1R iIIZ

relative to the open cover {Uy x R",U; x R"} of C' x R™. Let go1 : (UpNU;) x R* = G
be the smooth transition function on the overlap (Up N Uy) x R™ # 0 so that, with (z,t) =
w(p) € (UpNU;p) x R™, we have

Yooyt (UoNUL) xR"x G — (UgNUy) xR"x G, (x,t,g) — (z,t,g01(z,t)g). (6.2)

Since Uy C U; for each I € Z, we will use the restriction of the local trivialisation (6.1b)
on each 771(U; x R") so that the transition functions gr; : (U N Uy) x R® — G and
g1r - (U1NUr) x R — G are trivial for all I, J € Z, and gor : (UpNUr) x R — G is given
by gor = go1 for all I € T.

Let us revisit the equations of motion (5.95¢) derived in Theorem 5.4.4. Since we are
now identifying g* with g and the coadjoint action with the adjoint action, we can rewrite
this set of equations as

0B, = [_ "Zzlv BZI] (6'3)

on the open chart Uy C C for each I € ZU{0}. We note following [VW22] that these clearly
resemble a hierarchy of Lax equations. We can rewrite them without using coordinates by
expressing them in terms of the g-valued (1,0)-forms B! = B,, (21, zr, t)dz; € QY0 (Uy x
R™, g) for I € ZU {0} as

9,B! = [- Al B]. (6.4a)

Since these equations for I € Z are compatible on overlaps Uy N U; # ) and in fact
B! = B’ and .,lel = .Z;] since the transition functions on these overlaps are trivial, we may
consider the equations (6.4a) simply for I € {0,1}. In that case, B! € QY9(U; x R", g)
and .%U is a g-valued function on Uy x R™ for I € {0, 1} which on the overlap Uy N U; are
related by

B = g1 By A? = g1 Al gor' — Digorgor- (6.4b)

We could also further rewrite (6.4a) more compactly as
dre B = [~ A, BY] (6.5)

recalling that Al = .A]I-duj = fTZI dt’, see Theorem 5.4.4, and correspondingly the second
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equation in (6.4b) would read
A = gor Al g — dregorgor - (6.6)

In order for (6.4) to describe Lax equations on the Riemann surface C for the hierarchy
of the Hitchin system, however, we need B! and A! to be solutions of (5.95a) and (5.95b)
(recall that the latter represent the moment map condition g = 0). In addition, to ensure
that the resulting Lax matrices are meromorphic in the spectral parameter, we make a
change of local trivialisation on P, moving from (6.1) to new local trivialisations 1y and
Y1 with respect to which A”f = 0 for I € {0,1}, or equivalently AZ = 0 in each local
chart (Ug, z7) for I € T U {0}, see Section 5.1.1 for details. Let h = (h;) € C°(C,G) be

the Cech O-cochain implementing this change of trivialisation and let
L' =nB'n;t,  —Ml = hiAlhy — 0uhghit (6.7)

be the local expressions for B! and .ZZI with respect to this new local trivialisation. The
additional minus sign in the definition of M is introduced so that the equations (6.4a)

take on the standard Lax form in this local trivialisation, namely
oLt = M}, L] (6.8a)

on Ur for I € {0,1}. On the overlap (Up N U;) x R™ we have the same relations as in
(6.4b), namely
L' =~L'y™t, MY =My~ + Oy, (6.8b)

where the new transition function
v = hog(]lhl_l : (U() N Ul) x R" —- G (6.9)

is now holomorphic on Uy N Uy, see Section 5.1.1. We note here that the plus sign in
the last term of the second equation in (6.8b) stems from the minus sign introduced in
the second definition in (6.7). In other words, — M) and —M} are related by an ordinary
gauge transformation by 7. If we introduce also the g-valued 1-forms M’ := MIdgnt’ €
QL (U; x R™, g) then the Lax hierarchy (6.8a) can be rewritten more compactly as in (6.5),
namely

drn LT = [MT, LT] (6.10a)

and also the relations (6.8b) become

LY =~yL'y7 Y MO = ~yMy™1 + dgeyyh (6.10b)
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In this adapted local trivialisation, the equations of motion (5.95a) and (5.95b) become

9z, M} = —27iV P,(L.,(q:))0 (21 — 2r(qi)), (6.11a)
N
0z L., = 2mi Z (PaAaSD;l(S(ZI - Zl(poz)) (6.11b)
PSEI}I

for each I € ZU{0}, where L! = L, (2y, z1,t)dz; is the local expression of the Lax matrix
L' in the coordinate chart (Uy, z7). Equivalently, using the identity (5.65), we have

VFP;(L,(q;
9z, (Mf _ VAL (@) ))) =0, (6.12a)
zr — zr(q;)
N -1
Palap
05, | Ly, + LT ) =0. 6.12b
(2o 3 et ) (6120)
Pa €U

So MZ»I and L, are meromorphic in the chosen local trivialisation, with a specific pole
structure.

First, equation (6.12b) tells us that L' is a g-valued meromorphic (1,0)-form on U;
with simple poles at each p, with residue —p,Aqp, ! there. Indeed, note that the residue
of a meromorphic (1,0)-form is independent of the local coordinate used. Locally around
the point p,, for any a =1,..., N, if p, € Uy for some I € 7 then in the coordinate chart

(Ur, z1) we can write

=1 = (— PaZaPa | Jé) dzy (6.13a)
21 — 21(Pa)

where the first equality follows from the fact that the transition functions of the principal
G-bundle P between the opens U; and U; C Uy were, by definition, trivial. In the last
expression, J! denotes the holomorphic part of L, in the neighbourhood of p,. Also, since
Pa & Up by assumption, it follows that L® = L, dzg is holomorphic on Uy. Therefore, using
the relation (6.8b) we have

vyt =110 (6.13b)

on Uy N Uy, which expresses the fact that the g-valued (1,0)-form vL'y~! € QM0((U; N
Up) x R™, g) extends holomorphically to Uy x R"™. We will refer to L as the Laz matriz of
the Hitchin system.

Next, equation (6.12a) tells us that M} is a g-valued meromorphic function on Uy with

a simple pole at the point q;, with the local expression

VP (L, (q:))

MY =M=
’ ! Zr — ZI(Qi)

+ K} (6.14)
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in the chart (Ur, zr) which is such that q; € U;. Here KZI denotes the holomorphic part of
MZI in the neighbourhood of q;. Moreover, since we have q; ¢ Uy by assumption, MZ»0 is a
holomorphic g-valued function on Uy which is related to M} on the overlap (UpNU;) xR™ by
the second relation in (6.8b). That is, yM!y~! + 9,iyy~! = M? extends holomorphically
from Uy N Uy to Uj.

To summarise the above discussion, the Hitchin system can indeed be presented as
the hierarchy of Lax equations (6.8a), as a direct consequence expressing our variational

equations (5.95) in a local trivialisation with A”/ = 0, in terms of:

1. the Lax matrix L which is a meromorphic section of w7, A C® g p fixed in terms

of the following degrees of freedom:

(a) Maps ¢, : R — G/G,, into the coadjoint orbits O, = G/G,, for each
a=1,...,N,

(b) The transition function v : (Up N U;) x R® — G holomorphic in Uy N U; and
encoding the holomorphic structure on the principal G-bundle P. In particular,
L satisfies (6.13b).

2. The g-valued meromorphic functions Mio and Mi1 for each ¢ = 1,...,n with pole

structure dictated by (6.14) and satisfying the second equation in (6.10b).

6.2 Unifying Lagrangian one-form

We now turn to the last remaining task of this chapter, which is to derive the unifying
action referred to in the commutative diagram in Figure 6.1 that directly produces the
hierarchy of Lax equations (6.8a) as its Euler-Lagrange equations.

Recall that in Section 6.1, we obtained a description of the Hitchin system associated
with a Riemann surface with marked points as the hierarchy of Lax equations (6.8a) from
the set of equations of Theorem 5.4.4 by moving to a local trivialisation in which A"/ =0
and solving the moment map condition (5.95b).

In Theorem 6.2.1, we construct the unifying action (and the associated unifying La-
grangian one-form) by writing the 3d mixed BF action (5.94) in a local trivialisation with
A" = 0 and explicitly solving the moment map condition (5.95b). Then, in Theorem
6.2.3, we prove that varying this unifying action obtained after the above step does pro-
duce precisely the hierarchy of Lax equations (6.8a) thus establishing the commutativity

of the diagram in Figure 6.1.

Theorem 6.2.1. The 3d mized BF action (5.94) written in a local trivialisation where
A" = A" = 0 and with the moment map condition (5.95b) explicitly solved, leads to the
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unifying action

SHI[L?% (Spa)aﬂ :/FD%H’ (6.15&)

for any parametrised curve I' : (0,1) — R, where %1 € QY(R™) is the Hitchin Lagrangian

one-form defined using a small counter-clockwise oriented loop cp in Uy N Uy around the
point p € C by

1 N ,
L= 5= | (L%drnyy ™) + 3 (A0 drnpa) = Hidpet',  H; = Pi(Lz, (1))
Cp

(6.15b)

In particular, under a change of ‘residual’ local trivialisation h = (hg, h1) € C°(C, Q)

with hy holomorphic on Ut for I € {0,1} so that the condition A"™ = A" = 0 is preserved,

the action (6.15a) is invariant in the sense that

a=1

Su,r[RLh™" hovhit, (higa)] = Sur[L% 7, (¢a)], (6.16)
where hLh™" stands for the Lax matriz given by hOLOh(;1 on Uy and hlLlhfl on Uj.

Proof. We choose local trivialisations over Uy x R™ and U; x R™ in which the components
A

z0?

(5.59) becomes

AZ of the partial connection A vanish. Then the local expression for the curvature

1 ) .
Fi =0z, Aldz; Adu? + i(auiAjT — 0 A} + [A], Al)du' A du?. (6.17)

Unlike earlier trivialisations used in Section 5.3 for which we had (5.56), these trivial-
isations will have a transition function v = go1 : Up N Uy x R® — G that depends on
u € R™ (because our choice of trivialisation depends on A”, and A” depends on u). On

the overlaps of coordinate charts we have
A? = *y.Ajl’y’l — 9y L, oy =0. (6.18)

Recall from Section 6.1 that to emphasise that B solves the moment map condition
(5.95b) we denote it by L and refer to it as a Lax matrix. Now the moment map condition
(6.12b) can be written concisely as

- - N
LY =0,  OL'=-2mi Y @alapy bp,- (6.19)
a=1

In order to evaluate the action (5.94) in these trivialisations, we choose a circle ¢, as
described in the statement of the theorem, and let Ry C Uy, R1 C Uy be the closure of the
interior and exterior of this circle. Then Ry N Ry = ¢, and Ry U Ry = C. The first term
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in the action (5.94) is
1 / B.F)= Y - / (L1, DAL A du. (6.20)
21t Joxr e 21t JRyxT J

We evaluate these terms separately. For I = 1 we find

1 Il aAl 1 / a/71 4l a7l g4l
2m,/Rl< 04 =5 | | 8<L,Aj>+(8L,Aj)>
1 a —1 1
= - alda'¥f o aA a
ori /6R azzl Pallay (Pa)) (6.21)

:2171_2/c < Z<90a aSOa 7 pa)>

where in the second equality we used the second relation in (6.19) and in the last step
we used the first relation in (6.10b) and the fact that OR; is equal to ¢, with reversed

orientation. For I = 0,

1 1

4 0 540 — _ 1 0 40 7/ 0 40
i o (L0A) = —5 o [ o My = o [ (10, A
1

_ 1 _
= /< YAy ! +ﬁ/ (L2, 8,577 1),

2mi

(6.22)

where the first equality uses the first relation in (6.19) and in the third step we used (6.18)
and the fact that Ry coincides with ¢, and has the same orientation. It now follows from
the above computation of both integrals on the right-hand side of (6.20) that

1 1
o7 o B = 5o [ (e ) - 2 J (eadags Aol (629

2 2mi
Substituting this into (5.94) and setting B = L in the remaining terms gives the desired
result.

To prove the last “in particular” statement, consider a change of “residual” local triv-
ialisation h = (ho,h1) € C°C, @), with h; holomorphic on U; so that the condition
Agl = 0 is preserved. We have v — 4 = ho’yhl_l, Y = hoLoha1 and L! = hlLlhl_1 SO
that L® = #L'54~'. Then the integral in the first term on the right-hand side of (6.15b)

transforms to

[ Edr37 ) = [ (20 drry )+ [ (kg dreho) — [ (L1 b o). (6:24)
¢ Cp Cp Cp

P

Note that the second term on the right-hand side vanishes by Cauchy’s theorem since hg
and L are both holomorphic on Uy and ¢ is a small contour around p € Uy. To evaluate
the last term on the right-hand side of (6.24), recall that the section L' has poles at the
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marked points p, given by (6.13a). Since hy : Uy — G is holomorphic on U; = C'\ {p},

we then deduce using the residue theorem that

1 N _ _
o / <L1 hi anh1> = — g <— QOaAaSOalvhl(pa) ldR"hl(pa» (6.25)
a=1

where the first sign comes from noting that ¢, can be contracted down to a sum of small
clockwise circles around each point py. Substituting this into the right-hand side of (6.24)

we deduce the transformation property

1 . o 1 _ ol _ _
%/ (L% drniy~t) = %/ (L drnyy ™) = 7 (A 00 (71 (pa) " dro b (pa))#a ).
Cp p a=1

(6.26)
Consider now the second term in the Lagrangian one-form (6.15b). Since ¢, transforms
under the change of local trivialisation as ¢, — @ = h1(Pa)@a, see the discussion at the

start of Section 5.4, this term in the Lagrangian transforms as

Z<Aou§0a R"‘Poz Z<Aou§0a R”SOa +Z< ou‘Pa hl (Pa)™ dR”hl(pa))S0a>‘

a=1
(6.27)
We see now from (6.26) and (6.27) that the Lagrangian one-form (6.15b) is invariant under
residual changes of local trivialisations h = (hg, h1) € C°(C,G) with h; holomorphic on
Ur. O

Remark 6.2.2. The term | o <L0, an’yfy_1> in the kinetic part of the unifying Lagrangian
(6.15b) arises from a subtle mechanism. In the proof of Theorem 6.2.1, we work on the
pullback bundle 7P but in a local trivialisation in which A”f = 0 for each I € Z. This
implies, in particular, that the transition function g7y : (UrNU;) x R™ — G is holomorphic
in UrNU; and dependent on the coordinates u? of R™. Thus, specialising the A component
of the identity (5.58) to this setting, we find that

DAl = grJj oA’ g;} (6.28)

In particular, it follows that (B!,0.A") = (B7,0A7) on overlaps Uy N Uy # () so that
we obtain a g-valued 3-form (B,dA) € Q3(C x R™,g) which, in particular, is a global
(1,1)-form along C so that it can be integrated over C.> Now, by contrast, in this local
trivialisation where the transition functions of 7/ P explicitly depend on R", we find using

the transformation property (5.58) that

(0B, A"y = (0B, A7y — (0B’ g7} drngrs). (6.29)

2Strictly speaking, this is a fibre integration along the fibres of the projection mgrn : C' x R™ — R™.
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In other words, the local expressions (5BI , AT) do not define a global g-valued 3-form on
C x R™. Likewise, the local expressions (B!, A’} transform in a similar manner to (6.29)
and therefore do not define a global g-valued 2-form on C' x R™ either. This means that
in the present context, “naive” integration by parts in an expression like [~(B, 5A> is not
possible, cf. Remark 5.2.4. This is the source of the term [ (IO, dgnyy™1). q

We now derive the univariational equations for the unifying 1d action in (6.15). To do
S0, it is helpful to recall the constraints on the various degrees of freedom. We recall that
LY and L' are holomorphic g-valued (1,0)-forms on Uy and Uy \ {ps}, 7 is a holomorphic
G-valued function on Uy N Uy, and ¢, are elements of G. All of these depend on t € R™,

and are constrained by
L' =~7'L%,  Resp, L;, = —palap, (6.30)

We continue to assume that the Higgs bundle determined by vy and L satisfies the stability
condition (5.26). This means that there are no non-zero holomorphic functions X’ : Uy —
g for I € {0,1} with the property that [L!, X!] =0 on U; and X' = v~1X% on Uy N U;.

Theorem 6.2.3. The equations of motion of the unifying 1d action Sur[L,~, (¢a),t] in
(6.15) with respect to the variables L, vy and pq take the form

O LY =M, LY, OuL' = [M}, LY. (6.31)

Here M?, M} are holomorphic g-valued functions on Uy and Uy \ {q;} that are uniquely

determined by the constraints
“19 . _ —12750 1 1_ Tl (.
N Ouy = My — M, Resq, M; = VP;(L;,(qi)). (6.32)

Moreover, they satisfy the zero curvature equations

Oy Mj — 0, M — [M, M) = 0, Oy M} — 0, M} — M}, Mj] = 0. (6.33)
The equation of motion with respect to the set of times t' for i = 1,...,n describe the
conservation equations O H; =0 for alli,5 =1,...,n.
Proof. The last statement for the variation with respect to t* for i = 1,...,n is straight-

forward, so we focus on deriving the equations of motions associated to variations of L, ~y
and @q.

First we consider variations of L with v and ¢, fixed. It follows from the condition
(6.30) that these are described by holomorphic g-valued (1,0)-forms §L! on Uy for I €
{0,1} satisfying

SLY =~y16L% (6.34)
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on the intersection Uy N U;. In particular, since ¢, is held fixed, varying the second
constraint in (6.30) gives Resp, 5Lf;l = 0 so that 6L' is indeed holomorphic on U;. The

variation of Sy is

H(L ot' '\ du’
Sur /0 (27”]4 (6LY, v~ 8y7) — (6L, (ai), VPi(Ly, (g ))>8uj> o ds (6.35)
This must vanish for all curves I": (0,1) — R™ so that for i = 1,...,n we have
1
0= <5L1,7 L9,7) — (8LL (qi), VR(LL (a:)))- (6.36)

Consider, to begin with, a variation such that 6L} (q;) = 0 for some fixed i. We find

that )
0 — % <5L1,'7_18t7, )

27i

1

~ ]f (0L, 8,777 1), (6.37)

where the second equality just follows from the invariance of the bilinear form (-,-) :
g ® g — C and the constraint (6.34). Let us interpret the equation (6.37) using sheaf
cohomology. For each ¢ € R® we denote by E;, — C the holomorphic vector bundle with
transition function Ad, ;) between the two local trivialisations over Uy and Up. The pair
L = (6L°,6LY) of g-valud (1,0)-forms on Uy and U related by the constraint (6.34)
describes a holomorphic section of A1'Y C'® E; that vanishes at q; and hence it determines
an element of the Cech cohomology group H°(C, A'°C®FE;(—q;)), in which (—q;) indicates
that the section vanishes at q;. On the other hand, the pair (9,ivy~1,v719,7) of g-valued
functions on UygNU; describe a holomorphic section of E} over UyNU; defined relative to the
local trivialisations over Uy and U;. It thus determines an element of the Cech cohomology
group H'(C, E¢(q;)). The two integral expressions in (6.37) then correspond to the Serre
duality pairing between HY(C, A" C @ Ey(—q;)) and H'(C, E¢(q;)) described using the
local trivialisation of E; over U; and Uy, respectively. This pairing is nondegenerate, so if
(6.37) holds for all variation 6L then (9,:yy~!,7~10,) is zero in cohomology. This means
that

v Oy =T My = M, (6.38)

where M? and M} are sections of Ey(q;) over Uy and Uj, respectively, and the right-
hand side of (6.38) is the coboundary map in sheaf cohomology, expressed in the local
trivialisation over U;. More precisely, M} is a g-valued holomorphic function on Uy and
M} is a g-valued holomorphic on Us \ {qg;} with a simple pole at q;. There is some freedom
in the choice of M/ solving (6.38): if N? and N} are sections of E; over Uy and Uy \ {q;},
respectively, such that Ni1 has a simple pole at q; and fy_lNZ-Ofy = Nil, then adding NiI to
MZI produces a new solution of (6.38). Thus, MZ-O, Mil are unique up to the addition of
elements of H°(C, Fy(q;)).
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Now, we insert (6.38) into (6.36), in which the variation §L! is no longer constrained
to vanish at q;. We find that

0= oo f 6L M0 = M) = (1L (00, V(LY (a0)
1 0 voy L . ) 1 (6.39)
- 27r27§ (0L%, My) — Qmj[ (6L°, M > <5L21 (qz'),VPi(LZI(qi)».

The contour integral of (JLY, M?) on the right-hand side vanishes because its integrand is
holomorphic on Uy. Deforming the contour integral of (§L!, M!) from the anticlockwise

contour ¢, to a clockwise small circle around q; yields

1

5 <5L1 1) = = (L%, (a), Resq, M} ). (6.40)

We may then rewrite (6.39) as
= (O, (a:), Resq, M = VPi(LL, (0:)) ). (6.41)
We would like to conclude from this that
Resq, M = VP,(L. (q:))- (6.42)

However, this does not follow immediately. The variation §L! is constrained by (6.34),
and this constraint may mean that 5L;I (q;) takes values in a proper subspace of the fibre
Ei|q; of E¢ at q;. If so, (6.41) does not constrain all the components of Resq, M. So to
find a solution M?, M} of (6.41) we use more sophisticated methods.

Consider the exact sequence of sheaves on C' given by
0 — E; — Ei(q;) — Ei|q;, — 0. (6.43)

Here, by abuse of notation, F; denotes the sheaf of holomorphic sections of the vector
bundle E;, and Ey(q;) denotes the sheaf of sections that are holomorphic on C'\ {q;} with
a simple pole at q;. Moreover, E|q, is the fibre of E; at q;, which we regard as a skyscraper
sheaf on C supported at the point q;. This exact sequence of sheaves induces a long exact

sequence in Cech cohomology:

Resq,
0 —— HY(C,E) —— H(C,Ey(q;)) — Eilq, —— HYC,E;) — ....

(6.44)
The map ¢ is the inclusion of the space of holomorphic sections in the space of sections
with a simple pole. The map Resq, is given by evaluating the residue of a section at the
point q;. The so-called connecting homomorphism h acts as follows: given X; € Eq,,

we use the exactness of (6.43) at E¢|q, to choose a holomorphic section h(X;) of E; over
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U1\ {q;} with a simple pole at q; with residue X; there. The restriction of this holomorphic
section to Up N U; determines a cohomology class in H!(C, E;) which is independent of
the choice of holomorphic section.

With this notation and letting X; := Resq, M;! — V(L (q;)), we can rewrite (6.41)
as follows:

1
0= (5L} (q; 7{ SLY, (X)) = ——— ¢ (6L, vh(X;)7y ! 6.45
(0L, (ai), X, o CP( i (OL%, YW(Xi)y ™), (6.45)

where the last step is as in (6.37). These two integral expressions describe the Serre
duality pairing between §L € HY(C,AYY @ Ef) and (yvh(Xi)y % h(X;) € HYC, Ey)
in the local trivialisation of E; over U; and Up, respectively. Since (6.45) holds for all
§L € H°(C,A"° ® E;), and since the pairing is nondegenerate, we conclude that h(X;) =
0 € HY(C, E;). Since the sequence (6.44) is exact, there exists an N; € H°(C, Ei(q;)) such
that X; = Resq, NV;. We then have that M; .= M; — N; solves both (6.38) and (6.42), as
required.

There is still some freedom in the choice of M; solving (6.38), (6.42). The solution
of (6.38) is unique up to the addition of g-valued functions NP, N} on Uy, U; satisfying
N} = ~71NPy. Since the pole of M} is fixed by (6.42), these functions N} are holomorphic,
so they determine a holomorphic section of E;. Therefore, M; is unique up to addition of
elements of H°(C, Ey).

Having considered variations of L only, we now consider variations of L, ¢, and 7.
We assume that M; has been chosen solving (6.38) and (6.42). From (6.30), L' is now

meromorphic and the variations satisfy

(L0, 6y~ = vdL 'y~ — 610, (6.46a)
Resp, 6LL, = —[6¢ay ", Paltapy']: (6.46b)

The variation of Sy r is

_ ! 1 -1 1 1 -1 1
6Su,r —/0 (27”}{ (0L Ow) + 5 ff:p (L', Y710, (6vy ™))
N . .

ot* \ duv/
— 1 . . 1 . PR
EZ: 047‘70(1 uJ 69004900{ )@OC> <5L21(q1)’V‘PZ(LZI(qZ))>au]> dS ds. (647)

We will rewrite this by substituting (6.38) in the first term and by using the following
contour integral, which is evaluated using (6.42) and (6.46b):

N
271m <<5L1 M}y = —(6LL,(qi), VP(LL (0:)) + Y ([00a¥s’s pala®y '], M (Pa))-
a=1

(6.48)
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We obtain

! 1 1 -1 0 at 1 1 _.—-1 —1
5Sr = /0 75 (L LMY S+ § (y L0, (007 7Y)
p

27i 211

ot' \ du’
aw)ds. (6.49)

N
=+ Z chOa 0y (60apq )‘Pa> - Z <[590a80¢;17‘PaAasogl]?Mil(pa» d
a=1

Let us now rewrite this using (6.30) and (6.46a):

_ ! 1 0 0 0 8t 1 0 —1
55 _/0 (2m, ]{ (SL0+ 10,5771, MO 5+ f (L9, 0, (577 ))
—1 —1 ~1 17 a1 ot' \ du?
+ D (Pataps 0u(0pars’)) = 3 ([0pas’s padats '], M (Pa)) 5 ) —ds. (6.50)

The contour integral of (§L°, M?) vanishes because it is holomorphic on Uy. After inte-

gration by parts, the variation becomes

tri 0 10 Lot 1 0 < 1
5SH,F:/ —,7{<[MZ~,L],5W >8j—i,j§<aujL,5w )
0 o U p

21 Je 211

>% —ds. (6.51)

ot > du’
ds

- Z <auj (o Ao ‘P;l)a 590a30;1> + Z <[M11(Pa)a ‘PaAaSOa |, 0¢atpq

[0}

Let us restrict attention to variations for which d¢, = 0. Then § Sy vanishes for all

curves I' if and only if

- 74 (010 — M2, L°], 677~ = 7( (OuL' — M}, LY, 7~6) (6.52)

P P

! satisfying (6.46a), where the second equality follows from noting

for all variations dy~~
that

v O L = [MP, L))y = O L' — M}, L") (6.53)

as a consequence of (6.38). In particular, it follows that O Lt — [MZI LT ] can be interpreted
as a section of F;. It could have poles at the point q; and any of the points p,, because

M} and L' have a simple poles there. However, from (6.42) the residue at q; is given by
| Resq, MY, LY (a0)] = = [VR(EL, (a), L, (a0)] (6.54)

and this vanishes because P; is an invariant polynomial. So 8, L' —[M}!, L!] only has poles
at the points p,, and it determines a holomorphic section in H%(C, AY9C @ Ef (¥, pa))-

To interpret (6.52) using Serre duality, we note using the constraint (6.46a) that the
components of the holomorphic section Y := (6yy~!, v~ 167) of E; over Uy N Uy defined
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relative to the local trivialisations over Uy and Uy, respectively, satisfy
(L6777 =70y~ = 6L, [L',y7'6n) = 6L =~ 16L0. (6.55)

Since 6L°, §L! are holomorphic on Up, U; (because we are assuming that 6@, = 0), these
equations say that [L,Y] lies in the image of the Cech coboundary map, so determines a
trivial element of H* (C, AYC ® E}). In other words, Y is in the kernel of the map

[L,-]: HY(C, Ei(— X, pa)) — HY(C,AMC ® Ey). (6.56)

(The notation (— Y, pa) in the domain of this map denotes the sheaf of sections vanishing
at the points p,, and appears because L has poles at these points). Thus, we may interpret
the integrals in (6.52) as the Serre duality pairing between 8, L — [M;, L] € H°(C,AY°C ®
Ef(XC,pa)) and Y = (5yy~ 1,y 16y) € HY(C, E(— Y4 Pa)). The pairing is required to
vanish for all Y in the kernel of the map (6.56). This happens if and only if 0,: L — [M;, L]
lies in the image of the adjoint of (6.56). The adjoint of (6.56) is the map

~[L,"]: H°(C, E) — H°(C,AY°C ® E/(3, Pa)) (6.57)

because, by Serre duality, the dual space of H'(C,V) is H%(C,A"°C ® V*), and

j{p<[L7u],v> =~ tw L) (6.58)

P

for every u € H'(C, Et(— ¥, Pa)) and v € HY (C, Ey). Since 0, L — [M;, L] is in the image
of the map (6.57), there exist holomorphic functions N/ : Uy — g for I = 0,1 satisfying

OpL! — M}, L) = NI, LY, A7'NDy = N, (6.59)

Recall from earlier that the solution of (6.38) and (6.42) was unique up to addition of
elements of HO(C, E;). Therefore, we are free to define M/ := M} + N/, and this choice of
M; satisfies the Lax equations (6.31) and the constraints (6.32). The choice of M; is now
unique up to addition of elements of ker[L,:] C H°(C, E;). But the stability condition
(5.26) means that there are no holomorphic sections of C' that commute with L. So M; is
unique, as claimed.

We have shown that Sy r is critical with respect to variations of L,y with ¢, fixed if
and only if L solves the Lax equation (6.31). It remains to check that solutions of these
equations are also critical points of Sy with respect to variations of ¢,. The variation
of Sur is given in (6.51). The term involving ¢+ vanishes because L satisfies the Lax
equations (6.31). The term involving ¢, also vanishes because taking residues of (6.31)
gives

By (palapy’) = [Mz‘l(pa)a SDaAa‘Pgl]' (6.60)
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So the variation vanishes and Sy r is critical with respect to variations of L, 7y, ¢,.
Finally, to show the zero curvature equation (6.33) we note that the Lax equations
(6.31) imply
[0 M] — 0y M) — M, M1, LT =0 (6.61)

for I € {0,1}. On the other hand, it also follows from the first equation in (6.32) that
Y H0u M — 0y MY — [M}, MP])y = 0, M} — 8, M — [M}, Mj] (6.62)
on UyNU;. The zero curvature equation (6.33) now follows from the stability condition. O

As we have shown, the unifying action (6.15) indeed produces the hierarchy of Lax
equations (6.8a). Notably, this action generalises the 1d action obtained in [VW22, Sec-
tion 2.4] in two fundamental aspects. First, it describes Hitchin systems associated with
Riemann surfaces of arbitrary genus with marked points rather than just for the case
of CP!. Second, the unifying action (6.15) encodes the entire hierarchy of such Hitchin
systems rather than just one individual flow in this hierarchy. The “unifying” aspect of
this construction lies in the fact that it incorporates a large class of integrable hierarchies
within a single multiform action, in which fixing algebraic and topological data produces
explicit variational descriptions of integrable hierarchies in Lax form. In the next chapter,
we will put this result to use in some special cases, thereby producing explicit Lagrangian

one-forms for hierarchies of certain well-known integrable models.
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Chapter 7
Examples

In this final chapter of Part III, adapted from [CHSV25, Section 5|, we will look at the
specific cases of Hitchin systems associated with the Riemann surfaces of genus zero and
genus one with marked points.! We explicitly compute our unifying Lagrangian one-
form %y, or its multiform action Sy r[L° 7, (pa),t] from Section 6.2, in these cases by
exploiting the invariance of the action under changes of holomorphic local trivialisations
to fix particularly nice representatives for the transition function «. In the g = 0 case,
we recover the Lagrangian one-form for the rational Gaudin hierarchy first obtained in
[CDS24] (and discussed in Section 4.3) by a completely different method. In the g =1
case, we obtain a novel Lagrangian one-form for the elliptic Gaudin hierarchy — and
the elliptic spin Calogero—Moser hierarchy as a special case — thus filling a gap in the
landscape of Lagrangian multiforms.

The unifying Lagrangian one-form (6.15b) has the typical structure of a Lagrangian
one-form in phase space coordinates as first used in [CDS24] for finite-dimensional inte-
grable systems on coadjoint orbits, and further developed in [CH25] in relation to the
univariational principle. It is the difference of a kinetic part and a potential part involving
all the invariant Hamiltonians H;. The essential novelty compared to all Lagrangian one-
forms considered in Part II is that the kinetic part involves not only the group coordinates
pq of the coadjoint orbits at the marked points p,, for a = 1, ..., N, but also the transition
function v : (Up NUp) x R™ — G of the holomorphic principal G-bundle. This introduces
a new type of kinetic term in the action which is crucial for generating the complete set of
kinetic contributions. We will see explicit examples of this in the genus-1 case considered
in Section 7.2, where we derive a Lagrangian one-form for the elliptic Gaudin model, and
the elliptic spin Calogero—Moser model as its special case. In the genus-0 case considered

in Section 7.1, this new kinetic term is absent, and we recover the familiar geometric La-

'We refer the interested reader to [GT00, Section 5] for an explicit construction of a Hitchin system (in
the Hamiltonian framework) associated with a genus-two Riemann surface.
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grangian one-form living on a coadjoint orbit from Sections 4.3 and 4.4, first introduced
in [CDS24; CSV24].

Since this section deals with explicit examples and we only work with a matrix Lie
algebra g, we fix the nondegenerate invariant bilinear pairing (-,-) : g ® g — C to be the
usual one given in terms of the trace by (A4, B) = Tr(AB). Also, throughout this section,
we identify g* with g and the coadjoint action with the adjoint action. Further, we fix a
Cartan subalgebra h C g with basis {H u}rkg

u—1 and the corresponding root generators {E,}
of g.

7.1 Rational Gaudin model

We begin with the simplest case of genus 0 so that C' = CP! is the Riemann sphere. We
will show that when the unifying Lagrangian one-form (6.15b) is specialised to the case
~ = 1, we obtain a Lagrangian one-form for the rational Gaudin model, which we have also
encountered earlier in Section 4.3. This model provides the simplest example of a Hitchin
system with marked points and has been extensively studied from this perspective; see,
for instance, [Nek96; ER96].

We choose N € Z>; distinct marked points {p,}Y_;. We also need sufficiently many

N

n—1, where n will be half the dimension of

points {q;}I*; which are distinct from the {pq}
the phase space, to obtain a sufficient number of Hamiltonians. Let Uy be a neighbourhood
of a point p € C distinct from {ps}Y_; and {q;}?;, such that Uy does not contain any
of these other points. Further, let U; = C \ {p} which we equip with a holomorphic
coordinate z: U; — C, where, in contrast to the general case of Chapter 6, we have

dropped the index on z for notational simplicity.

7.1.1 Lax description

Following the general setup in Section 6.1, we obtain a Lax matrix for the rational Gaudin
model as the solution of the moment map condition = 0 (6.12b) in a local trivialisation

where A" = 0. Using (6.13a), we can write

L
L'=Lde=(—"2— J1>d 7.1

= (Z - Z(pa) o ‘ ( )
locally near the point p,. Here L, = —gpaAagpgl denotes the residue at p, and Jé the
holomorphic part of L, in the neighbourhood of p,. Since v = 1 we have L° = L! on
Up N Uy so that L' extends holomorphically to the point p € C = CP! at infinity in the

coordinate z. We can therefore write the Lax matrix L' as a global g-valued meromorphic
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(1,0)-form

N
L'=Ldz=)_ _fa
z = Z(pa)

a=1

dz (7.2)

together with the constraint 3, L, = 0 coming from the fact that L! is regular at z(p) =

Q.

7.1.2 Lagrangian description

Let us look at the unifying Lagrangian one-form (6.15b) in the present case. Since v =1,
the kinetic term in the Lagrangian one-form (6.15b) involving the transition function drops

out, and we are left with

N
Fnc = 3 Tt (Ao drnga ) — Hidgnt! (7.3)
a=1

where

H; = Pi(L-(ai)) (7.4)

with G-invariant polynomials P; acting on L, given by (7.2). The Lagrangian one-form
(7.3) describes the rational Gaudin hierarchy. A Lagrangian one-form for the rational
Gaudin hierarchy was first obtained in [CDS24, Section 7] using an algebraic approach,
and has been presented in this thesis in Section 4.3. A Lagrangian describing the dynamics
for a single Hamiltonian of the Gaudin model was also obtained previously in [VW22]. By
the same derivation as in these references, one shows that the Euler—Lagrange equations

associated to (7.3) give the following collection of equations

VP;(L;(q;

O Ly — | VLilL(@) ;1 (7.5)
z(Pa) — 2(qi)

for all 5. One can check that one recovers a hierarchy of Lax equations from the above

collection of equations using (6.14).

7.2 Elliptic Gaudin and elliptic spin Calogero—Moser mod-

els

Let us now consider the ¢ = 1 case so that the Riemann surface C' is a complex torus
C/(Z+7Z) with Im(7) > 0. Following the general setup of Chapter 6, we fix a point p € C,
take Up to be a small neighbourhood of p, and let U; := C'\ {p}. We fix a coordinate z
on C with the identifications z ~ z + 1 and z ~ z + 7 such that z(p) = 0. Our starting

point is the Lagrangian one-form (6.15b) but now specialised to a holomorphic transition
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function « on the annulus Uy N U; given by
9\ .
v =exp|— with Q= ¢"H, (7.6)

where ¢ € C, for each p € {1,...,rkg}, is constant in z. We will show that the resulting
Lagrangian one-form describes the elliptic Gaudin hierarchy, and in the case with N =1
marked point the elliptic spin Calogero—Moser hierarchy. The choice of the holomorphic
transition function ~ is dictated by the realisation of the Hitchin system we wish to obtain,
with the only condition on 7 being that it has a sufficient number of degrees of freedom to
describe the moduli space in the g = 1 case. Here we have taken v to have rk g parameters,
which is exactly the dimension of the moduli space in this case. A heuristic argument for
the form of transition functions for arbitrary genus can be found in [BBT03, Chapter 7].

The elliptic Gaudin model we construct was obtained from a Hamiltonian reduction
procedure in [ER96; Nek96]. To avoid possible confusion, it is worth noting in passing
that for g = sl,,, there is another integrable system that also goes by the name elliptic
Gaudin model and was originally derived as a limit of the XYZ spin chain in [ST96; ST99].
It is not clear if and how these two models are related, especially since the elliptic Gaudin
model we consider is known to have a dynamical r-matrix [ER96] while the one of [ST96;
ST99] can be built from Belavin’s elliptic solution [Bel80] of the CYBE by following the
procedure of [Jur89]. A spin generalisation of the Calogero-Moser model was first defined
in [GH84], and its case with elliptic potential was realised as a Hitchin system in [Mar94;
GN94; ER96; Nek96]. The main goal for us in this section is to use the unifying Lagrangian
one-form (6.15b) to obtain variational descriptions of these two hierarchies.?

We choose N € Z>1 distinct marked points {p, })_; in C'\ Up. As in the general case,
we need sufficiently many additional points q; € C'\ Uy distinct from {p,}2_; to obtain a
sufficient number of Hamiltonians. We will later specialise to the case of a single marked

point pq, i.e. taking N = 1.

7.2.1 Lax description

From (6.13a), we have

L
L'=Lde=(—— J1>d 7.7
o= (i ) 7
locally around the point p, in our choice of local trivialisation. Here L, = —gpaAagpgl

denotes the residue at p, and J} the holomorphic part of L, in the neighbourhood of p,.

2Recently, the Lagrangian one-form structure of certain Calogero-Moser-type systems was studied in
[KNY24]. Starting from a general ansatz for the kinetic term of the Lagrangian one-form, the authors used
the resulting generalised Euler-Lagrange equations to derive the integrable cases of these systems.
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We can express L, and L' = L,dz in the basis (H,,E,) as
Lo = (La)'Hy+ (La)®E, and L, = L"'H, + L°E,. (7.8)
Since L' = L,dz is a meromorphic one-form on the punctured torus Uy, it satisfies
LYz +1) = LYz 4+ 7) = L(2). (7.9)

Also, recall from Section 6.1 that L° is holomorphic on Uy and we have the relation

LY = vL'y~! on Uy N Uy. Therefore, we can write
L0 = (L“H# + Leexp (Q(Q))Eg) dz. (7.10)
z

We can express L* and L¢ in (7.8) and (7.10) in terms of the Weierstrass (-function and

the Weierstrass o-function which are respectively defined by the relations

and
dlog(o(2)) . o(2)
T =i, (112)

where g is the Weierstrass p-function. While the Weierstrass p-function is doubly periodic,

the o-function and the (-function satisfy

C(z + 2wi) = ((2) + 2, (7.13a)
o(z 4 2w) = —o(2)e?mE+2) (7.13b)

where 2w and 2ws are the periods of a generic torus and 7, = ((w;), for [ = 1,2. Here we
have 2wy = 1 and 2wy = 7.
It follows from (7.7) that the elliptic function L* is meromorphic with simple poles at

{pa Y2 with residues (Ly), so it can be expressed as

LF =7t + Z ) C(z — z(pa)) (7.14a)

where 7 is constant in z, and we have

N
Y (La) =0 (7.14b)
a=1

since the sum of residues over an irreducible set of poles of an elliptic function vanishes.

Next, for the function L2, (7.7) tells us that it has poles at {p,}2_; with residues (Lq)?
(Q)

and (7.10) implies that the function L= is holomorphic near z = 0. It then follows
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that N
o(0(Q) + 2~ 2(pa)) -
e — Ly)? e—2(Q)C(2) 715
2 L) Q)0 Tz~ =(pa) (719
Then, we get L' = (L*H,, + L?E,)dz with L* and L? given by (7.14) and (7.15) as the

Lax matrix of the elliptic Gaudin model.

In the special case when N = 1 and p; = 0, the components (7.14) simply reduce to
LF = 7t while the components (7.15) read
N

‘= 22D +2) (s
- _;(LQ) o(0(Q))o(z) : (7.16)

When g = sl,,(C), coincides with the Lax matrix of the elliptic spin Calogero-Moser
model, see, e.g. [BBT03, Chapter 7].
7.2.2 Lagrangian description

We now specialise the unifying Lagrangian one-form (6.15b) to the present case. Since g
is taken to be a matrix Lie algebra and we take the nondegenerate bilinear form on g to

be given by the trace, the Lagrangian one-form (6.15b) now reads

oo =5 / Tr (L' Ay dre )+ZTr( wpa driga) — Hidmot!  (7.17)

a=1

where the transition function « is given by (7.6) and

Let us evaluate the integral in the first term on the right-hand side of (7.17). We have

drn Q

Tr (L dz Ay~ anv) —/ Tr (L dz A ) = pudrng” (7.19)

2i

where the coordinates ¢* were introduced in (7.6), and we defined

pu=Tr(L.(z(p))Hyu), ne{l,...,tkg}. (7.20)

Plugging back (7.19) into (7.17), we get a Lagrangian one-form for the elliptic Gaudin
hierarchy
N
Lra = pManq’“‘ + Z Tr (Aagp(;langoa) — H; anti, (7.21)
a=1
with H; defined by (7.18) depending on the elliptic Gaudin Lax matrix given by (7.14) and
(7.15). Note that in contrast with the Lagrangian one-form (7.3) obtained in the genus 0

case, the Lagrangian one-form above has an additional kinetic term corresponding to the
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cotangent bundle degrees of freedom p,,, ¢* arising from the non-triviality of the principal
G-bundle in genus 1.

Writing a Lagrangian one-form for the elliptic spin Calogero—Moser hierarchy only
requires us to set NV = 1 in the Lagrangian one-form for the elliptic Gaudin hierarchy. We
then get

Zrsem = ppdreg! + Tr (AlgofldRmpl) — H; dgnt’ (7.22)

for this special case.

Remark 7.2.1. Lax matrices for the elliptic Gaudin and elliptic spin Calogero—Moser
models have appeared before in the literature. These descriptions are related to ours by
a change of local trivialisation. We refer the interested reader to [CHSV25, Section 5] for

further details. 4

By obtaining an explicit geometric Lagrangian one-form for the elliptic Gaudin hierar-
chy (and the elliptic spin Calogero—Moser hierarchy as a special case), we have extended
the results of Sections 4.3 and 4.4 in Part II, where we obtained explicit geometric La-
grangian one-forms for integrable models with spectral parameters lying on the Riemann
sphere.

However, it is important to note that our approach in Part II has the additional
advantage of providing an explicit connection between (non-dynamical) classical r-matrices
and Lagrangian multiforms. It will be interesting to generalise this connection to the
present setting, especially since the Hitchin system associated with an elliptic curve is
known to have a dynamical r-matrix [ER96]. We end this chapter by noting the works
[Bra+03; Ber25] which offer useful insights in this direction.
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Part IV

Conclusion






163

Chapter 8
Perspectives and open questions

In this work, we introduced two approaches for systematically constructing geometric
Lagrangian one-forms for large classes of finite-dimensional integrable systems, thus ad-
dressing a central open problem in the theory of Lagrangian multiforms.

In the first approach, presented in Part II, we constructed geometric Lagrangian one-
forms living on coadjoint orbits while also making important connections between the
theory of Lagrangian multiforms and the more traditional Hamiltonian aspects of inte-
grability. The versatility of this approach was demonstrated through the construction
of explicit Lagrangian one-forms for the open Toda chain, the (non-cyclotomic and cyclo-
tomic) rational Gaudin models, and the periodic Toda chain and the DST model as special
realisations of the cyclotomic Gaudin model. In Part III, we introduced a variational de-
scription of Hitchin systems associated with compact Riemann surfaces of arbitrary genus
using the framework of Lagrangian multiforms and developed it further by presenting a
gauging procedure for multiforms. As an application, this allowed us to obtain explicit
geometric Lagrangian one-forms for the elliptic Gaudin hierarchy (and the elliptic spin
Calogero—-Moser hierarchy as its special case) for the first time, as well as recovering the
rational Gaudin one-form obtained in Part II. Apart from providing a systematic frame-
work for constructing Lagrangian one-forms and thus filling large gaps in the theory of
Lagrangian multiforms, we were also able to make useful connections with the Hamiltonian
framework for integrability (in Part IT) and with HT gauge theories (in Part III).

As we mentioned in Section 2.2, our Lagrangian one-forms have a structure similar
to the so-called geometric actions considered in [AFS88] in the context of path integral
quantisation of coadjoint orbits that give rise to localisation formulae for characters of
the underlying Lie group. In fact, a strong motivation behind the Lagrangian multiform

programme itself is a path integral quantisation of integrable hierarchies.! Thus, this

In relation to this research direction, it is important to note the work [KN19], where a new quantum
variational principle was proposed in terms of multiform path integrals.
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connection with geometric actions points towards the possibility of using results from
equivariant localisation of path integrals (see, for instance, [Sza00]) to our advantage.

Further, given the role of ideas coming from Hamiltonian reduction in both the ap-
proaches, it will be worthwhile to attempt to connect our framework of geometric La-
grangian one-forms with other reduction-based approaches to integrable systems. In this
regard, we note two recent interesting works [Feh23; FF25] based on the Hamiltonian
framework.

It will also be interesting to explore the generalisation of our approaches to incorporate
other classes of integrable models and their connections with other areas of physics and
mathematics. We conclude this thesis by briefly discussing some of these possible directions

of research.

Dihedral affine Gaudin models and non-ultralocal IFTs: In [FF11], Feigin and
Frenkel obtained a field-theoretic generalisation of Gaudin models by replacing the under-
lying finite-dimensional Lie algebras with infinite-dimensional Lie algebras, which leads to
affine Gaudin models (AGMs).? These models were also produced independently using a
more geometric approach by Levin, Olshanetsky, and Zotov in [LOZ03]. More recently,
it was shown in [Vicl8] that a large family of classical non-ultralocal IFTs can be seen as
realisations of AGMs with dihedral symmetry.

One of the motivations for choosing the finite rational Gaudin model and its cyclotomic
generalisation as examples to cast in the Lagrangian one-form framework of Part II has
been these so-called dihedral affine Gaudin models introduced in [Vic18].? Generalising
the setup of [CDS24; CSV24] to construct a Lagrangian multiform for dihedral AGMs*
and analysing the associated path integral can therefore provide crucial insights into the
long-standing open problem of a systematic quantisation of non-ultralocal IFTs, which we

briefly discussed in Remark 1.1.2.

4d semi-holomorphic Chern—Simons theory and affine Higgs bundles: The con-
struction of [CHSV25], presented in Part III, brings together the framework of Lagrangian
multiforms with that of 3d mixed HT BF theory through the study of Hitchin’s com-
pletely integrable system in the Lagrangian framework. A natural generalisation of the

work of [CHSV25] will be to similarly merge the framework of Lagrangian multiforms

2The interested reader is referred to [Lac25] for a detailed introduction to affine Gaudin models.

3In connection with Gaudin models, it is worth noting the recent work [AMS25] on the construction
of solutions of the general CYBE based on more general Lie algebra decompositions. One can associate
generalised notions of Gaudin models to these solutions, and it will be interesting to explore how to
incorporate them into our framework of geometric Lagrangian one-forms.

4Constructing a Lagrangian multiform for dihedral AGMs will also provide a generalisation of the results
of [Cau+24], where a systematic framework for constructing Lagrangian multiforms for 2d wltralocal IFTs
was introduced.



165

with that of 4d semi-holomorphic Chern—Simons theory [CY19] with the aim of obtaining
a gauge-theoretic origin of hierarchies of 2d integrable field theories.

In connection with these ideas, it is important to also note the work [LOZ22] on
a 2d field-theoretic generalisation of Hitchin’s integrable system based on affine Higgs
bundles. It was shown to be closely related to the 4d Chern—Simons setup. Examples
of affine Hitchin systems constructed in this manner include 2d field-theoretic analogues
of the elliptic Gaudin and Calogero-Moser® models, both of which have been cast in the
variational framework of geometric Lagrangian one-forms in [CHSV25]; see Section 7.2. A
natural next step is then to use a higher-dimensional generalisation of the construction of

[CHSV25] to obtain a variational analogue of the affine Higgs bundle setup.

Integrable systems, gauge theories, and Langlands correspondence: The ap-
proach of [CHSV25] also unravels a connection between 3d classical mixed HT BF theory
and Hitchin systems. At the quantum level, this connection has been studied in [GW24],
where an identification between the Hitchin moduli space and the phase space of 3d quan-
tum mixed HT BF theory was made to demonstrate the existence of commuting quantum
Hitchin Hamiltonians.

In the last few years, it has been established that quantum Hitchin systems play a
central role in the geometric Langlands correspondence, as well as its more recent analytic
version; see, for instance, [EFK21; EFK24; GT25]. This connection goes back to the work
of Beilinson and Drinfel’d [BD95] on the quantisation of Hitchin systems. In particular,
for the genus-zero case of Gaudin models, interesting connections between the geometric
Langlands correspondence and the Bethe ansatz and Sklyanin’s separation of variables
methods have also been found. See, for instance, [Fre95]. In this context, it is also worth
noting the relation of this correspondence with the Feigin—Frenkel-Reshetikhin (FFR)
approach [FFR94] that describes the spectrum of (quantum) Gaudin Hamiltonians in
terms of differential operators called opers.

By constructing Lagrangian multiforms for Gaudin models in Part II and for the more
general case of Hitchin systems in Part III, we have opened up the avenue for studying the
quantisation of their hierarchies using a path integral approach (together with techniques
from equivariant localisation). This also provides the exciting possibility of discovering
novel connections of these models (as well as their 2d analogues) to gauge theories in the
quantum realm. Finally, a path integral quantisation of Lagrangian multiforms of these
integrable models can lead to useful insights into the unification of these ideas through

the construction of explicit examples of the geometric Langlands correspondence.

®See [AZ25] and references therein concerning the field-theoretic analogue of the elliptic (spin) Calogero—
Moser model.
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