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Abstract

Lagrangian multiforms provide a variational framework for describing integrable hierar-
chies. This thesis presents two approaches for systematically constructing Lagrangian
one-forms, which cover the case of finite-dimensional integrable hierarchies, thus address-
ing one of the central open problems in the theory of Lagrangian multiforms.

The first approach, based on the theory of Lie dialgebras, incorporates into Lagrangian
one-forms the notion of the classical r-matrix and produces Lagrangian one-forms living
on coadjoint orbits. We prove an important structural result relating the closure relation
for Lagrangian one-forms to the Poisson involutivity of Hamiltonians and the double zero
on Euler–Lagrange equations. As applications of this approach, we obtain explicit La-
grangian one-forms for the hierarchies of the open Toda chain and the non-cyclotomic and
cyclotomic rational Gaudin models, as well as the periodic Toda chain and the discrete
self-trapping model as realisations of the cyclotomic Gaudin model. The versatility of this
approach is further demonstrated by coupling the periodic Toda chain with the discrete
self-trapping model and obtaining a Lagrangian one-form for the corresponding hierarchy.

In the second approach, we extend the notion of Lagrangian one-forms to the setting of
gauge theories and derive a variational formulation of the Hitchin system associated with
a compact Riemann surface of arbitrary genus. We show that this description corresponds
to a Lagrangian one-form for classical 3d holomorphic-topological BF theory coupled with
so-called type A and type B defects. Notably, this establishes an explicit connection
between 3d holomorphic-topological BF theory and the Hitchin system at the classical
level. Further, we obtain a unifying action for a hierarchy of Lax equations describing the
Hitchin system in terms of meromorphic Lax matrices. The cases of genus zero and one
are treated in greater detail, leading to explicit Lagrangian one-forms for the hierarchies of
the rational and the elliptic Gaudin models, respectively, and of the elliptic spin Calogero–
Moser model as a special subcase of the latter.
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Nomenclature

For the reader’s convenience, here is a list of abbreviations that are used repeatedly
throughout this thesis.

• AKS: Adler–Kostant–Symes (scheme)

• CYBE: Classical Yang–Baxter Equation

• DST: Discrete Self-Trapping (model)

• HT: Holomorphic-Topological (gauge theory)

• IFTs: Integrable Field Theories

• mCYBE: modified Classical Yang–Baxter Equation
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Chapter 0

Introduction

Our quest to understand the perplexing complexity of nature and develop a unifying
picture of its underlying principles has led to remarkable discoveries. Integrable models
— the central theme of this thesis — sit right at the heart of this quest. They have long
offered valuable insights by serving as theoretical laboratories for studying nature using
exact techniques.

One can trace back the study of integrable systems to attempts to find exact solutions
to Newton’s equations of motion, made soon after Newton’s dynamical laws were intro-
duced over three centuries ago. The Kepler two-body problem, historically one of the first
integrable systems to be studied, was solved by Newton himself.

Two different but closely related pictures soon evolved from Newtonian mechanics:
the Hamiltonian and the Lagrangian frameworks. Both approaches provide useful refor-
mulations of Newtonian mechanics and form the foundation of much of modern physics.
However, when it comes to integrable systems, the traditional Lagrangian framework has
serious limitations. As we explain later in this chapter, this framework is ill-equipped for
detecting and encoding integrability purely variationally. It is therefore not surprising that
the modern era of research in integrable systems — which started with the discovery of
the classical inverse scattering method [Gar+67] by Gardner, Greene, Kruskal and Miura
— has been primarily driven by the Hamiltonian formalism. A natural question arises:
how does one address this inadequacy of Lagrangians? After all, they have otherwise been
central to the formulation of the fundamental theories of nature.

However, the motivations behind this question go beyond this somewhat philosophical
consideration. The Hamiltonian approach, despite having led to significant advances in
our understanding of integrability, has its own shortcomings. For instance, the language of
Hamiltonians is ill-suited for studying Lorentz-invariant theories and fully discrete systems,
two important classes that play foundational roles in physics.

Thus, the need for a purely variational approach to integrability is also prompted
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by the possibility of using the advantages afforded by Lagrangian techniques to tackle
problems where the Hamiltonian approach encounters limitations. This work, aimed at
constructing a systematic Lagrangian framework for integrable models, is an attempt in
this direction.

0.1 Integrability in the Hamiltonian framework

Let us start by talking about integrable systems in the language of Hamiltonians where
we have a definition of integrability through the work of Liouville. A Hamiltonian system
with phase space of dimension 2n is said to be integrable in the sense of Liouville or
Liouville integrable, if it possesses n independent conserved quantities, say Hi, i ≥ 1, that
are in involution, that is,

{Hi, Hj} = 0, (1)

for every i, j ≥ 1, with respect to some Poisson bracket on the phase space. The Liouville–
Arnol’d theorem [Lio55; Arn89] then states that the equations of motion of the system
can be solved by quadrature: this implies that the system is solvable or integrable.1

The field of integrable systems was to lie dormant for more than a century after the
work of Liouville. This changed with the pioneering papers of Gardner, Greene, Kruskal
and Miura [Gar+67], and Zakharov and Shabat [ZS72] on the inverse scattering method.
Shortly after, Ablowitz, Kaup, Newell and Segur [Abl+74] generalised this method and
introduced the notion of an integrable hierarchy. This notion stems very naturally from
the definition of Liouville integrability we discussed above: each of the quantities Hi in (1)
can be used as a Hamiltonian to define a time flow with respect to the Poisson bracket.
We can impose all these flows simultaneously on the phase space, as a result of which we
obtain an entire collection of equations of motion referred to as an integrable hierarchy.

The notion of an integrable hierarchy has played a crucial role in the study of integrable
systems: it is often useful to treat an integrable model not on its own but as a part of
the entire hierarchy it lives in. Studying the hierarchy as a whole then reveals more struc-
ture and properties of the initial models. For instance, the nonlinear Schrödinger (NLS)
equation and the modified Korteweg-de Vries (mKdV) equation were originally studied as
integrable field theories (IFTs) in their own right, only for it to be discovered later that
they both naturally fit into the Ablowitz–Kaup–Newell–Segur (AKNS) hierarchy [Abl+74].
These ideas grew further and led to interesting developments in different directions, bring-
ing in valuable algebraic and geometric perspectives to the subject of integrability. Some
of these developments of relevance to this thesis will be discussed in Chapter 1. For now,

1One can extend this notion of integrability to Hamiltonian field theories as well: an integrable Hamil-
tonian field theory should possess infinitely many conserved charges in involution. We do not discuss the
case of integrable field theories here, the focus of this thesis being finite-dimensional integrable systems.
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let us return to the notion of integrable hierarchies but in the framework of Lagrangians.

0.2 Integrability in the Lagrangian framework

A scalar Lagrangian function only describes an individual model and cannot capture the
notion of commuting (Hamiltonian) flows, or its discrete analogue known as multidimen-
sional consistency [BS02; Nij02]. Given the crucial role the least action principle and
Lagrangians play in describing the fundamental theories of nature, it is worthwhile ad-
dressing this limitation of the traditional Lagrangian formalism in encoding the notion of
integrable hierarchies.

The obstacle to studying integrable hierarchies within a variational framework was
overcome for the first time within the discrete setup in [LN09] by introducing Lagrangian
multiforms. A generalised action and a variational principle, involving a Lagrangian mul-
tiform, were proposed to capture the notion of multidimensional consistency purely vari-
ationally. Since its introduction in the work [LN09] of Lobb and Nijhoff in 2009, this idea
has been developed in several directions, covering various realms of integrable systems:

• discrete and continuous finite-dimensional systems
[YLN11; Sur13; PS17; Ver21]

• discrete systems in 2 and 3 dimensions
[LNQ09; LN10; BS10; XNL11; BS12; ALN12; BPS14; BPS16; LN18; RV25a; RV25b;
NZ24; Nij24]

• IFTs in 1 + 1 and 2 + 1 dimensions
[XNL11; Sur16; SV16; SNC19; SNC20; CS20; PV21; CS21; Ver21; SNC23; Nij23;
Cau+24; FNR24]

• semi-discrete systems
[XNL11; SV22; Nij24]

Relations between discrete and continuous multiforms were explored in [Ver19a; Ver19b],
while the concept was extended to non-commuting flows in [Cau+23; CH25]. More re-
cently, connections between the multiform framework and the theory of multidimensional
dispersionless integrable systems were established in [FV25].

This thesis is concerned with the case of continuous Lagrangian one-forms which cover
continuous finite-dimensional integrable systems. We only present a brief introduction
to the main ideas2 here, reserving a detailed discussion of the necessary background on
Lagrangian one-forms for later in Chapter 2.

2The interested reader is also referred to [HJN16, Chapter 12] for a comprehensive introduction to these
ideas in the discrete setup.
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Unlike a traditional Lagrangian, a Lagrangian multiform is a differential d-form which
is integrated over a d-dimensional hypersurface in a so-called multitime of dimension
greater than d to yield an action functional depending not only on the field configura-
tions but also on the hypersurface. One then postulates a principle of least action, which
must be valid for any hypersurface embedded in the multitime space, together with the
so-called closure relation which provides a variational analogue of the Poisson involutiv-
ity of the Hamiltonians of a hierarchy.3 The generalised variational principle produces
equations4 that come in two flavours:

• Standard Euler–Lagrange equations associated with each of the coefficients of the
Lagrangian multiform, which form a collection of Lagrangian densities

• Corner or structure equations on the Lagrangian coefficients themselves which select
possible models and ensure the compatibility of the various equations of motion
imposed on a common set of fields

In practice, it is a non-trivial task to obtain all the Lagrangian coefficients of a mul-
tiform which produce compatible equations of motion. Beyond brute-force calculations
to solve the corner equations [SNC19], several works have used the idea of variational
symmetries to achieve this goal [PS17; PV21; SNC20]. This produces an algorithm to
construct the Lagrangian coefficients one after the other from a given initial Lagrangian.
Although perfectly fine in theory, this can become quickly unmanageable in practice, and
usually formulas for only a few Lagrangian coefficients are obtained.5 Developing a sys-
tematic framework for the construction of Lagrangian multiforms has therefore been an
open problem in general.

This thesis is based on three joint works, [CDS24], [CSV24], and [CHSV25], that
provide a solution to this problem for the case of Lagrangian one-forms. We achieve
this by introducing geometric Lagrangian one-forms for large classes of finite-dimensional
integrable hierarchies and developing two approaches for their construction.

Crucially, the framework of geometric Lagrangian one-forms is formulated in phase
space in contrast to most works on Lagrangian multiforms so far which are instead based
in coordinate space. As we will see later in this thesis, this has the advantage of placing
various techniques from symplectic geometry at our disposal and of allowing for direct
connections with more traditional features of integrability to be made. In connection with

3Some early works on this theme are based on the framework of the so-called pluri-Lagrangian systems,
which differ from Lagrangian multiforms in that they do not require the closure relation to be satisfied.

4Classifying all possible Lagrangian multiforms along these lines would amount to classifying all inte-
grable hierarchies, which lends a further appeal to this framework.

5This also has the disadvantage of singling out some independent variables in the hierarchy which then
appear as the so-called “alien derivatives” in the higher Lagrangian coefficients. See, for instance, [Ver19a;
Ver19b] for discussions on alien derivatives.
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our approach, we also note the recent work [CH25] where a new variational principle for
Lagrangian one-forms, termed the univariational principle, was introduced by Caudrelier
and Harland.

Apart from providing solutions to various problems in the framework of Lagrangian
multiforms, this thesis also presents the first instance of the merging of this framework with
that of mixed holomorphic-topological (HT) gauge theories, another recent development in
the study of integrable systems that has seen immense activity in the last few years.

In the next section, we present an overview of these results and the content of this
thesis.

0.3 Structure of the thesis

This thesis has four parts.

• In Part I, we start by providing the necessary background on aspects from the Hamil-
tonian framework for integrability: in particular, we discuss the notions of Lax pairs
and classical r-matrices and the theory of Lie dialgebras in Chapter 1. Then, in
Chapter 2, we present the theory of Lagrangian multiforms in detail, focusing on the
case of finite-dimensional integrable systems. These two chapters are intended to
provide the required background for the work presented in the rest of the thesis. To-
gether with older results by other authors, they also contain some novel content from
the three works this thesis is based on, namely [CDS24], [CSV24], and [CHSV25].

• Part II is devoted to the framework of Lagrangian multiforms on coadjoint orbits we
introduced in [CDS24] and generalised further in [CSV24]. The general framework is
the content of Chapter 3, where we also discuss several main results for the geometric
Lagrangian one-form. This framework resolves the open problem of a systematic
construction of Lagrangian one-forms for a large class of integrable hierarchies that
fall within the Lie dialgebra setup. Then, in Chapter 4, we illustrate the construction
of geometric Lagrangian one-forms for some well-known integrable models and, in
the process, fill multiple gaps in the landscape of Lagrangian multiforms.

• We then switch from the algebraic approach of [CDS24] and [CSV24] to a gauge-
theoretic one in Part III. This is based on the joint work [CHSV25] and deals with
casting a large class of integrable systems, called Hitchin systems, into the framework
of Lagrangian multiforms. This variational setting naturally produces a multiform
version of the action of 3d mixed BF theory with defects, a lower-dimensional ana-
logue of the celebrated 4d semi-holomorphic Chern–Simons theory. In Chapter 5, we
give details on the required geometric setup and describe the construction of a La-
grangian one-form for the Hitchin system. Then, in Chapter 6, we obtain a reduced
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Lagrangian one-form that provides a variational formulation of the Lax description
of the Hitchin system. Finally, in Chapter 7, we focus on the cases of genus 0 and 1
to produce explicit geometric Lagrangian one-forms that describe some well-known
rational and elliptic integrable models.

• We conclude this thesis by discussing some perspectives and open questions in Chap-
ter 8 in Part IV.
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Part I

Background
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Chapter 1

Classical r-matrices and Lie
dialgebras

This chapter is devoted to some fundamental concepts in the Hamiltonian framework
for finite-dimensional integrable systems. We present a basic introduction to the Lax
formulation and the notion of classical r-matrices in Section 1.1. Then, in Section 1.2,
which is adapted from [CDS24] and [CSV24], we review the key results from the theory
of Lie dialgebras that form the foundation of the work presented in Part II of this thesis.
Proofs have been omitted as this chapter is intended to serve as a quick overview of these
topics. There are many wonderful references that can be referred to for further details.
See, for instance, [RS94; Aud96; BBT03; Sem08].

1.1 Lax pairs and classical r-matrices

We begin with the notion of Lax pairs which arose out of the discovery made by Lax in
[Lax68] that equations of motion of some dynamical systems can be expressed as a Lax
equation

dL
dt = [M,L]. (1.1)

Here L and M belong to some Lie algebra g with Lie bracket [ , ], and form a Lax pair,
a pair of globally defined maps from the phase space of the dynamical system to g such
that its equations of motion are equivalent to (1.1). Crucially, the Lax matrix L contains
all information on initial data and M is a function of L. Further, Lax matrices depend
analytically on an auxiliary parameter λ, called the spectral parameter, for many systems.1

The underlying Lie algebra in such cases is a loop algebra g ⊗ C[λ, λ−1] with g being a
1Except for the open Toda chain, presented in Sections 4.1 and 4.2, this will be the case for all systems

that appear in this thesis.
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matrix Lie algebra.
In general, the Lax formulation of a system (if it exists) is not unique. Nonetheless,

the notion of Lax pairs provides a powerful general principle that allows one to associate
a linear operator, namely a Lax matrix, with a nonlinear equation, so that the eigenvalues
of the linear operator are conserved quantities of the nonlinear equation.

Let us emphasise, however, that the flow described by the Lax equation (1.1) is not
integrable in general. Recall from Section 0.1 that for a Hamiltonian system on a 2n-
dimensional phase space to be Liouville integrable, it is necessary (and sufficient) for it to
have n independent conserved quantities in involution. This additional requirement for
these quantities to be in involution leads to an important result first established in the
remarkable work [BV90] of Babelon and Viallet: any Hamiltonian system that is Liouville
integrable admits a Lax representation, at least locally at generic points in phase space.
The Lax representation further leads to the notion of a classical r-matrix which we shortly
define. First, let us introduce some notation we use in the discussion to follow. Denoting
by Ei a basis of the Lie algebra g, we write

L(λ) =
∑

i

Li(λ)Ei (1.2)

where the components Li are functions on the phase space, and

L1(λ) = L(λ) ⊗ 1 =
∑

i

Li(λ)(Ei ⊗ 1), L2(µ) = 1 ⊗ L(µ) =
∑

i

Li(µ)(1 ⊗ Ei) (1.3)

with the indices on L1 and L2 denoting that L sits in the first and the second factors in
the tensor product respectively. Similarly, we write

r12(λ, µ) =
∑
ij

ri,j(λ, µ)Ei ⊗ Ej , r21(µ, λ) =
∑
ij

ri,j(µ, λ)Ej ⊗ Ei (1.4)

for r living in the tensor product g ⊗ g. Further, we define

{L1(λ), L2(µ)} =
∑
ij

{Li(λ), Lj(µ)}Ei ⊗ Ej . (1.5)

Then, we have

Theorem 1.1.1. The eigenvalues of L(λ) are in involution if and only if there exists a
function r12(λ, µ) ∈ g ⊗ g defined on the phase space such that

{L1(λ), L2(µ)} = [r12(λ, µ), L1(λ)] − [r21(µ, λ), L2(µ)]. (1.6)

The object r12 is called a classical r-matrix and has played a central role in the study of
integrable systems from both algebraic and geometric perspectives since it first appeared
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in the works of Sklyanin [Skl79; Skl82a]. Famously, it led to the discovery of the quadratic
Poisson brackets on Poisson–Lie groups [Skl82b], and also played a central role in relating
the Hamiltonian structure of integrable systems with the Riemann–Hilbert factorisation
problem [Sem83], which, in turn, provides a setup for obtaining explicit solutions.

Remark 1.1.2. The case when r is skew-symmetric, that is r12(λ, µ) = −r21(µ, λ), is
in general better understood compared to the non-skew-symmetric case. This presents a
serious limitation when dealing with integrable field theories (IFTs) in particular. The
quantisation of non-ultralocal classical integrable field theories — a class of IFTs whose
underlying Poisson structure is governed by non-skew-symmetric classical r-matrices —
has been a long-standing open problem. The case of non-ultralocal IFTs incorporates the
important family of integrable σ-models which includes the well-known principal chiral
model and the Wess–Zumino–Witten model. At present, the most successful approach for
quantising IFTs and establishing their integrability at the quantum level is the quantum
inverse scattering method [TF79; KS79]. However, this approach suffers from the drawback
of only being applicable to the case of ultralocal IFTs, which correspond to the skew-
symmetric case, leaving the problem of a systematic quantisation of non-ultralocal IFTs
open. As this thesis only deals with the finite-dimensional case, we do not discuss this
further and refer the interested reader to [FR86; SS97; DMV12] for some interesting works
on this topic. ◁

When r12 is non-dynamical, the iteration of (1.6) together with the Jacobi identity
leads to the following condition:

[[r12(λ, µ), r13(λ, ν)] + [r12(λ, µ), r23(µ, ν)] + [r32(ν, µ), r13(λ, ν)], L1(λ)] = 0. (1.7)

For a general L(λ), the condition gives the celebrated classical Yang–Baxter equation

[r12(λ, µ), r13(λ, ν)] + [r12(λ, µ), r23(µ, ν)] + [r32(ν, µ), r13(λ, ν)] = 0. (1.8)

This is the general version of the CYBE applicable to non-skew-symmetric matrices. For
a simple Lie algebra g, the CYBE has large classes of solutions, in both the spectral
parameter-independent and spectral parameter-dependent cases. These solutions for the
skew-symmetric case, under an additional nondegeneracy condition, were classified by
Belavin and Drinfel’d [BD82; BD84]. In [Dri88], Drinfel’d also provided a geometric
interpretation of the CYBE which eventually led to the beautiful theory of Poisson–Lie
groups. Also see, for instance, [Sem94].

Remark 1.1.3. As mentioned, (1.8) corresponds to the case of a non-dynamical classical
r-matrix. However, this is not always the case. The dynamical analogue of (1.8), called
the classical dynamical Yang–Baxter equation, and its quantum counterpart are important
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objects of study with interesting connections to conformal field theory and statistical
mechanics. The models we deal with using an algebraic approach in Part II all belong
to the case where the underlying r-matrix is non-dynamical, so we do not discuss the
dynamical case in detail here. The interested reader is referred to [ES01] for a review of
developments related to the classical dynamical Yang–Baxter equation. ◁

1.2 The theory of Lie dialgebras

Having provided an introduction to the Lax formulation of integrable systems and the
notion of classical r-matrices, we now turn to discussing the theory of Lie dialgebras, which
underlies the framework of Lagrangian multiforms on coadjoint orbits [CDS24; CSV24]
to be covered in Part II of this thesis. For simplicity, we only work with complex matrix
Lie algebras and their corresponding connected, simply connected complex Lie groups
throughout this section.

The notion of Lie dialgebras, introduced by Semenov-Tian-Shansky [Sem83], is asso-
ciated with the factorisation aspects of classical r-matrices and provides a useful setup
for studying integrable systems.2 It is important to note that Lie dialgebras are different
from the perhaps better-known Lie bialgebras appearing in Drinfel’d’s theory of Poisson–
Lie groups. Relations and differences between these two structures can be found in [Sem08]
and [Kos97], for instance.

1.2.1 The general setup

Let g be a matrix Lie algebra, with matrix Lie group G, and g∗ its dual space. We have
the usual (co)adjoint actions for all X,Y ∈ g, ξ ∈ g∗, and g ∈ G,

adX · Y = [X,Y ], (ad∗
X · ξ)(Y ) = −ξ(adX · Y ) = −ξ([X,Y ]), (1.9a)

Adg ·X = g X g−1, Ad∗
g · ξ(X) = ξ(Adg−1 ·X). (1.9b)

Further, the Lie bracket on g allows us to endow the dual space g∗ with a Poisson structure
through the Lie–Poisson bracket3 defined by

{f, g}(ξ) = (ξ, [∇f(ξ), ∇g(ξ)]), f, g ∈ C∞(g∗), (1.10)
2Some earlier works — for instance, [Sem83; Kos97] — refer to Lie dialgebras as double Lie algebras

instead. We follow [Sem08] in referring to them by their newer name.
3Interestingly, the Lie–Poisson bracket was first discovered by Lie [Lie90] in the late nineteenth century

but not given much attention to till the works of Kirillov [Kir76], Kostant [Kos70], and Souriau [Sou69] in
the second half of the following century.
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where we introduced the convenient notation ( , ) for the natural pairing between g∗ and
g: ξ(X) = (ξ,X). The gradient ∇f(ξ) is the element of g defined from the differential
δf(ξ) by using the pairing

δf(ξ)(η) = lim
ϵ→0

f(ξ + ϵη) − f(ξ)
ϵ

= (η,∇f(ξ)). (1.11)

The Lie–Poisson bracket is degenerate in general, and the Ad∗-invariant functions on
g∗ are the Casimir functions. Every maximal connected submanifold of g∗ on which all
Casimir functions are constant inherits a nondegenerate Poisson structure, and is therefore
a symplectic manifold. Since the Hamiltonian vector fields of linear functions generate the
infinitesimal coadjoint action, these maximal connected level sets are exactly the coadjoint
orbits of G in g∗. We thus obtain a symplectic foliation of g∗ into coadjoint orbits, and the
restriction of the Poisson structure to each orbit gives rise to the Kostant–Kirillov–Souriau
symplectic form. The interested reader is referred to [Sou69; Sou97] for a comprehensive
introduction to these ideas and a detailed treatment of classical mechanics in the frame-
work of symplectic geometry.

Remark 1.2.1. Since G acts transitively on any coadjoint orbit of G in g∗, it preserves
the Kostant–Kirillov–Souriau symplectic form on the coadjoint orbit. A coadjoint orbit is
therefore an example of a homogeneous symplectic manifold, that is, a symplectic manifold
with a transitive Lie group action that preserves the symplectic form. We refer the reader
to [Kir04, Chapter 1] for a discussion on the geometry of coadjoint orbits. ◁

Now, let R : g → g be a linear map. It is a solution of the modified classical Yang–
Baxter equation (mCYBE) if it satisfies

[R(X), R(Y )] −R ([R(X), Y ] + [X,R(Y )]) = −[X,Y ], (1.12)

for all X,Y ∈ g. We will refer to a solution R of (1.12) as a (classical) r-matrix, in relation
to the fact that with R one can associate a classical r-matrix r ∈ g⊗g when g is equipped
with a nondegenerate ad-invariant symmetric bilinear form ⟨ , ⟩. For instance, this is given
by the Killing form when g is a finite-dimensional semisimple Lie algebra. A well-known
example of an r-matrix arises in the case where g admits a direct sum decomposition4 as
a vector space into two Lie subalgebras

g = g+ ∔ g−. (1.13)

Then, R = P+ − P− is a solution of (1.12), where P± is the projector on g± along g∓.
Given a solution R of the mCYBE, we can define on the vector space g a second Lie

4Following [Sem08], we use ∔ to denote a direct sum of vector spaces, and ⊕ to denote a direct sum of
Lie algebras throughout this work.
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bracket
[X,Y ]R = 1

2 ([R(X), Y ] + [X,R(Y )]) , (1.14)

and denote the corresponding Lie algebra by gR. Note that g and gR, being the same as
vector spaces, have the same dual space g∗. We have an adjoint action of gR on itself and
a coadjoint action of gR on g∗:

adR
X · Y = [X,Y ]R, (1.15a)

(ad∗R
X · ξ)(Y ) = −(ξ, adR

X · Y ) = −(ξ, [X,Y ]R), (1.15b)

for all X,Y ∈ g and ξ ∈ g∗.
We refer to the pair (g, R) as a Lie dialgebra. The algebraic significance of the mCYBE

and of the second Lie bracket [ , ]R is given by the following results which lead to essential
factorisation properties underlying integrable systems. The key objects are the maps

R± = 1
2 (R± Id) . (1.16)

Proposition 1.2.2. Let g± = ImR±. Then,

1. R± : gR → g are Lie algebra homomorphisms:

R± ([X,Y ]R) = [R±(X), R±(Y )] . (1.17)

In particular, g± ⊂ g are Lie subalgebras of g.

2. The mapping iR : gR → g+ ⊕ g−, iR(X) = (R+(X), R−(X)) is a Lie algebra embed-
ding. Thus, g̃R = Im iR is a Lie subalgebra of g+ ⊕ g− and isomorphic to gR.

3. The composition of the maps

iR : gR → g+ ⊕ g−, X 7→ (R+(X), R−(X)), (1.18)

followed by
a : g+ ⊕ g− → g, (X+, X−) 7→ X+ −X−, (1.19)

provides a unique decomposition of any element X ∈ g as X = R+(X) −R−(X).

Note that R+ −R− = Id and

[X,Y ]R = R+ ([X,Y ]R) −R− ([X,Y ]R) = [R+(X), R+(Y )] − [R−(X), R−(Y )] . (1.20)

We can express the actions of gR in terms of those of g. For convenience, we write
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X± = R±(X) for X ∈ g. Then,

adR
X · Y = 1

2adR(X) · Y + 1
2adX ·R(Y ) = adX+ · Y+ − adX− · Y−, (1.21a)

ad∗R
X · ξ = 1

2ad∗
R(X) · ξ + 1

2R
∗(ad∗

X · ξ) = R∗
+(ad∗

X+ · ξ) −R∗
−(ad∗

X− · ξ), (1.21b)

where the adjoint A∗ : g∗ → g∗ of a linear map A : g → g is defined by (A∗(ξ), X) =
(ξ, A(X)).

The application of this framework to integrable systems relies on the interplay between
the two Lie–Poisson brackets one can define on g∗. Indeed, having a second Lie bracket,
we can repeat the definition (1.10) to obtain

{f, g}R(ξ) = (ξ, [∇f(ξ), ∇g(ξ)]R). (1.22)

Exactly like the earlier case of the space g∗ endowed with the Lie–Poisson bracket { , }
defined by (1.10), we have a symplectic foliation of the space g∗ equipped with { , }R into
coadjoint orbits of GR, the Lie group of gR, in g∗. The restriction to a coadjoint orbit
gives rise to the symplectic form which we denote by ωR. It is the interplay between these
two structures that provides integrable systems whose equations of motion take the form
of a Lax equation. For this last part, one needs one more ingredient: an Ad-invariant
nondegenerate bilinear symmetric form ⟨ , ⟩ on g. It allows us to identify g∗ with g and
the coadjoint actions with the adjoint actions. Specifically, one has

Theorem 1.2.3. The Ad∗-invariant functions on g∗ are in involution with respect to
{ , }R. The equation of motion

d
dtL = {L,H}R (1.23)

induced by an Ad∗-invariant function H on g∗ takes the following equivalent forms, for an
arbitrary L ∈ g∗,

d
dtL = adR∗

∇H(L) · L = 1
2 ad∗

R∇H(L) · L = ad∗
R±∇H(L) · L. (1.24)

When there is an Ad-invariant nondegenerate bilinear form ⟨ , ⟩ on g so that we can
identify g∗ with g and ad∗ with ad, the last equation takes the desired form of a Lax
equation for L ∈ g,

d
dtL = [M±, L], M± = R±∇H(L). (1.25)

The proof can be found in [BBT03], for instance, and we only elaborate on certain
points that we need here. The crucial point is to exploit the Ad∗-invariance of the function
H defining the time flow. The latter means that the following property holds

ad∗
∇H(ξ) · ξ = 0, ⇔ (ξ, [∇H(ξ), X]) = 0, ∀ξ ∈ g∗, ∀X ∈ g. (1.26)
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Thus, for any two Ad∗-invariant functions H1 and H2,

{H1, H2}R(ξ) = (ξ, [∇H1(ξ), ∇H2(ξ)]R)

= 1
2(ξ, [R∇H1(ξ), ∇H2(ξ)] + [∇H1(ξ), R∇H2(ξ)]) = 0.

(1.27)

For any function f on g∗, the time evolution associated with the Ad∗-invariant H with
respect to the Poisson bracket { , }R is defined by

d
dtf(L) = {f,H}R(L), (1.28)

i.e. ( d
dtL, ∇f(L)

)
= (L, [∇f(L), ∇H(L)]R) = −1

2 (L, [R∇H(L), ∇f(L)])

= (adR∗
∇H(L) · L, ∇f(L)) = 1

2(ad∗
R∇H(L) · L, ∇f(L)).

(1.29)

Finally, in view of (1.14) and (1.26), we have

ad∗
R∇H(L) · L = 2 ad∗

R±∇H(L) · L, (1.30)

thus establishing the various equivalent forms of the equations in (1.24) (by restricting f
to be any of the coordinate functions on g∗).

The involutivity property (1.27) ensures that we can define compatible time flows
associated with a family of Ad∗-invariant Hamiltonian functions Hk, k = 1, . . . , N . If
one can supply enough such independent functions, or work on a coadjoint orbit of low-
enough dimension, one obtains an integrable system described by an integrable hierarchy
of equations in Lax form (again using the identification provided by ⟨ , ⟩)

∂tkL = [R±∇Hk(L), L], k = 1, . . . , N. (1.31)

The typical example of an invariant function Hk is given by Hk = 1
k+1 Tr(Lk).

For our purposes, the Lie groups associated with g and gR will be important. We
introduce G and GR as the (connected, simply connected) Lie groups defined for g and
gR respectively. For simplicity, we only think of matrix groups in this work. Only in
special circumstances are G and GR diffeomorphic. In general, this is only true in a
neighbourhood of the identity where the crucial difference between the two groups lies in
their multiplications induced by [ , ] and [ , ]R respectively. The homomorphisms R±

give rise to Lie group homomorphisms (which we denote by the same symbols) and we
obtain a factorisation at the group level. With g = eX , X ∈ g, we have

R± g = eR±X . (1.32)
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Specifically, let G± = R±(GR) be the subgroups of G corresponding to g±. The composi-
tion of the maps

iR : GR → G+ ×G−, g 7→ (R+(g), R−(g)), (1.33)

followed by
m : G+ ×G− → G, (g+, g−) 7→ g+ g

−1
− , (1.34)

allows us to factorise uniquely an arbitrary element g ∈ G (sufficiently close to the identity)
as

g = g+ g
−1
− , (g+, g−) ∈ G̃R = Im iR. (1.35)

An element g ∈ GR can be identified with its image (g+, g−) ∈ G̃R ⊆ G+ × G− and the
multiplication ·R in GR is most easily visualised using the homomorphism property

iR(g ·R h) = iR(g) ∗ iR(h) = (g+ h+, g− h−) (1.36)

where ∗ is the direct product group structure of G+ ×G−. This is usually shortened to

g ·R h = (g+ h+, g− h−). (1.37)

The group GR acts on gR by the adjoint action and on g∗ via the coadjoint action

AdR
g ·X = g ·R X ·R g−1, ∀X ∈ gR, g ∈ GR, (1.38a)

AdR∗
g · ξ(X) = (ξ, AdR

g−1 ·X), ∀ g ∈ GR, ξ ∈ g∗, X ∈ gR. (1.38b)

Remark 1.2.4. When using the notation g ·R X ·R g−1 for the adjoint action, we assume
that ·R is an associative product on the matrix Lie algebra and its Lie group. One possible
case in which this assumption can be made occurs when g is an associative algebra and R
is a solution of the associative Yang–Baxter equation (AYBE),

R(X)R(Y ) −R(R(X)Y +X R(Y )) +X Y = 0. (1.39)

This implies that X ·R Y = 1
2 (R(X)Y +X R(Y )) defines a second associative product on

g and allows us to view [X,Y ]R as the commutator X ·R Y − Y ·R X, in direct analogy
with [X,Y ] = X Y − Y X, see [Sem83]. However, we should emphasise that the AYBE
is only a sufficient (and not necessary condition) for ·R to be an associative product. In
the rest of the thesis, we will assume that ·R is such an associative product (and not that
R is necessarily a solution of the AYBE) in order to use its consequences, for instance,
[X,Y ]R = X ·R Y − Y ·R X. ◁

The following relations are most useful in the practical calculations of the examples
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discussed below. With g± = R± g, X± = R±X, g ∈ GR, X ∈ gR,

AdR
g ·X = g+X+ g

−1
+ − g−X− g

−1
− , (1.40a)

AdR∗
g · ξ = R∗

+(Ad∗
g+ξ) −R∗

−(Ad∗
g−ξ), ∀ξ ∈ g∗. (1.40b)

Thus, the dual space g∗ hosts two coadjoint actions of G and GR, as it does with the two
coadjoint actions of the Lie algebras g and gR.

The last main result of this framework is known as the factorisation theorem, see, for
instance, [Sem08; BBT03; AMV04].

Theorem 1.2.5. Consider the system of compatible equations with the given initial con-
dition

∂tkL = ad∗
R±∇Hk(L) · L, k = 1, . . . , N, L(0, . . . , 0) = L0 ∈ g∗. (1.41)

Denote (t1, . . . , tN ) = t for conciseness. Let g±(t) be the smooth curves in G± which
solves the factorisation problem

e−
∑N

k=1 tk∇Hk(L0) = g+(t)−1 g−(t), g±(0) = e. (1.42)

Then, the solution to the initial-value problem (1.41) is given by

L(t) = Ad∗
g+(t) · L0 = Ad∗

g−(t) · L0, (1.43)

and g±(t) satisfy
∂tkg±(t) = R±∇Hk(L(t)) g±(t). (1.44)

This result shows that the solution lies at the intersection of coadjoint orbits of G
and GR. Combined with the fact that the coadjoint orbits provide the natural symplectic
manifolds associated with the corresponding Lie–Poisson bracket, this means that the
natural arena to define our phase space, i.e. where L lives, is a coadjoint orbit of GR in
g∗,

OΛ = {AdR∗
φ · Λ;φ ∈ GR}, for some Λ ∈ g∗. (1.45)

Remark 1.2.6. The essential results of the theory of Lie dialgebra discussed above extend
to the infinite-dimensional setting, for instance, to the case of loop algebras5. As discussed
earlier, infinite-dimensional Lie algebras are relevant when one needs Lax matrices with
spectral parameters. This is typically the case for integrable field theories but it can also
be required for some finite-dimensional systems such as the closed Toda chain or Gaudin

5There are several subtleties related to duals in infinite dimensions and completions which we do not
detail out here for keeping the discussion concise.
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models. We will discuss the extension of the Lie dialgebra construction to this infinite-
dimensional setting later in this chapter and present it via the examples of non-cyclotomic
and cyclotomic Gaudin models in Sections 4.3 and 4.4 respectively. ◁

1.2.2 The Adler–Kostant–Symes scheme

A special case of the Lie dialgebra setup arises when g admits a direct sum decomposition
(as a vector space) into two Lie subalgebras

g = g+ ∔ g−, (1.46)

and we take R = P+ −P−, where P± is the projector on g± along g∓. The decomposition
of g induces the decomposition

g∗ = g∗
+ ∔ g∗

−. (1.47)

Using a nondegenerate ad-invariant bilinear form on g, we can identify g∗
± with g⊥

∓, where
g⊥

∓ denotes the orthogonal complement of g∓. We fix Λ to be in g∗
− and consider the

coadjoint orbit of elements L = AdR∗
φ · Λ. As a result, only the subgroup G− in GR ≃

G+ × G− plays a role since L = AdR∗
φ · Λ = −R∗

−(Ad∗
φ− · Λ) and the coadjoint orbit OΛ

lies in g∗
−. This is the historic setup of the so-called Adler–Kostant–Symes (AKS) scheme

[Adl78; Kos79; Sym80] which can be used to formulate the open Toda chain in Flaschka
coordinates. R is not skew-symmetric in this case. We will present this example in Section
4.1 where details on our Lagrangian multiform for this model will be given.

We conclude this chapter by presenting an infinite-dimensional generalisation6 of the
AKS scheme that will be required for the case of the cyclotomic Gaudin model dealt with
in Section 4.4. In the case of this model, as well as its non-cyclotomic version in Section
4.3, we need to work with infinite-dimensional Lie algebras to cast them in the framework
of Lie dialgebras. So, for clarity of exposition, we denote by g the infinite-dimensional Lie
algebra of interest and reserve the notation g to denote finite-dimensional Lie algebras.

Let g be the infinite-dimensional Lie algebra of interest with Lie group G, which we
assume is equipped with a nondegenerate invariant bilinear pairing

⟨·, ·⟩ : V × g −→ C (1.48)

with some representation V of G. The AKS scheme, as detailed above, can then be
applied more generally by using V as a model for the dual space g∗ of g. We will denote

6In the rest of this chapter, we use the terms “Lie groups” and “manifolds” simply in analogy with the
finite-dimensional case. The particular instances of this infinite-dimensional generalisation that appear in
this thesis (in Chapter 4) all correspond to the cases of loop algebras and loop groups which are well-
understood. The interested reader is referred to [PS86; Kac90] for detailed discussions on various aspects
of infinite-dimensional Lie algebras and Lie groups.
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the representation of G by Ad∗ : G × V → V , (φ, ξ) 7→ Ad∗
φ ξ and the corresponding Lie

algebra representation by ad∗ : g × V → V , (X, ξ) 7→ ad∗
X ξ, and refer to these as the

coadjoint representations. When g and V are subspaces of a common ambient Lie algebra
and the coadjoint action ad∗ : g × V → V is given by a Lie bracket in this ambient Lie
algebra, as will be the case for us in Section 4.4 below, we obtain Lax equations on the
symplectic leaves of the Poisson manifold

(
g∗, {, }R

)
given by the coadjoint orbits

OΛ = {AdR∗
φ Λ;φ ∈ GR}, for Λ ∈ g∗, (1.49)

as in the general case and provide natural phase spaces for integrable systems.

Remark 1.2.7. Note that if g were finite-dimensional, then a good choice of representation
space V would be the algebraic dual g′ of g, in which case (1.48) is given by the canonical
pairing. In the infinite-dimensional setting we are considering, the algebraic dual is too big.
When g is equipped with a nondegenerate invariant symmetric bilinear form (·, ·) : g×g →
C, then one possible replacement for the algebraic dual is afforded by the smooth dual
(g, ·) ⊂ g′, which is canonically isomorphic to g itself. However, in the setting required for
Gaudin models, discussed in Chapter 4, it turns out that the smooth dual will not be the
appropriate notion of dual space, which is why we need the above more general working
definition for the dual space g∗. ◁

Remark 1.2.8. The case where R is not obtained from a decomposition into two subal-
gebras but rather from a decomposition into nilpotent and Cartan subalgebras can also
be accommodated within the framework of Lie dialgebras in a straightforward manner.
Interestingly, as we illustrate in Section 4.2, it can also be used to describe the same open
Toda chain obtained from the AKS scheme, as presented in Section 4.1. The underlying
algebraic structures are very different, though. In particular, R is skew-symmetric in this
case, while it is not in the AKS formulation, showing that the same Toda chain can arise
from two distinct constructions. ◁

We will employ the results from the theory of Lie dialgebras we have discussed here
in Part II, where they will provide the ingredients for the construction of geometric La-
grangian one-forms living on coadjoint orbits. But before we do that, we present the
necessary details on Lagrangian one-forms in the next chapter, which will serve as the
foundation for the rest of the thesis.
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Chapter 2

Lagrangian one-forms

This chapter provides the necessary background on Lagrangian multiforms. We restrict the
discussion to the case of Lagrangian one-forms, which covers finite-dimensional integrable
systems.

We start by reviewing the position-space formulation of Lagrangian one-forms and
the so-called bivariational principle in Section 2.1. Then, in Section 2.2, we describe the
setup of phase-space or geometric Lagrangian one-forms — first introduced in [CDS24]
— followed by a discussion of the univariational principle of [CH25]. In Section 2.3, we
explain how to incorporate a symmetry in this setup, represented by the free action of a
connected Lie group G on a manifold M . This allows us to recast the relation between
Noether charges and moment maps in the context of Lagrangian one-forms. Then, in
Section 2.4, we introduce the gauged univariational principle, explaining how it describes
the symplectic reduction procedure traditionally presented in Hamiltonian terms purely
in the variational language of Lagrangian one-forms.

The content of this chapter is adapted from [CDS24] and [CHSV25]. Here and in
everything that follows, we always use the summation convention according to which
repeated upstairs and downstairs indices of any kind are summed over.

2.1 Lagrangian one-forms on position space

As we briefly discussed in Section 0.2, the original approach to Lagrangian multiforms was
based on a position-space formulation, and has so far been the one used most predomi-
nantly in subsequent works. Here we present a quick overview of this formulation for the
case of Lagrangian one-forms in the continuous setup and describe how it captures the
notion of an integrable hierarchy.

The central object in the position-space formulation is a position-space Lagrangian
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one-form
L [q] = Li[q] dti, i = 1, . . . , n, (2.1)

where Li denotes the Lagrangian coefficient corresponding to the time ti and q denotes
generic configuration coordinates. For instance, q could be a position vector in Rd for
some d or an element of a (matrix) Lie group. The notation L [q] and Lk[q] mean that
these quantities depend on q and a finite number of derivatives of q with respect to the
times t1, . . . , tn. Here we restrict ourselves to only the case of first derivatives and simply
write Li for the Lagrangian coefficients. The traditional action is replaced by a multiform
action

S[q,Γ] =
∫

Γ
L [q] (2.2)

where Γ is a curve in the multitime Rn with (time) coordinates t1, . . . , tn. The multiform
action (2.2) is a functional of both the configuration coordinates q and an arbitrary curve
Γ. One then applies to this action a generalised variational principle, referred to as the
bivariational principle.1 This is done in two steps. First, we vary over the degrees of
freedom for an arbitrary choice of the curve Γ and require criticality of the action. This
leads to the following multitime Euler–Lagrange equations:

∂Li

∂q
− ∂ti

∂Li

∂qti

= 0, (2.3a)

∂Li

∂qtj

= 0, j ̸= i, (2.3b)

∂Li

∂qti

= ∂Lj

∂qtj

, i, j = 1, . . . , n. (2.3c)

Note that (2.3a) is simply the standard Euler–Lagrange equation for each Li describing the
dynamics of the degrees of freedom. Equation (2.3b) states that the Lagrangian coefficient
Li cannot depend on the velocities qtj for j ̸= i. The last equation (2.3c) requires that
the conjugate momentum to q be the same with respect to all times ti. Equations (2.3b)
and (2.3c) provide conditions that the Lagrangian coefficients Li must satisfy, and are
often referred to as corner equations, a term borrowed from the discrete setup. This is
where they first appeared in the context of discrete-time Calogero–Moser model [YLN11].
However, we should emphasise that, in general, equation (2.3b) is an identity only on shell,
and in some cases, it also provides non-trivial equations of motion.

Finally, as a separate second step, we vary over the curve Γ and require criticality
of the action on solutions of the multitime Euler–Lagrange equations (2.3a)–(2.3c). This

1The term bivariational principle was used for the first time relatively recently in [CH25] to contrast it
with the univariational principle, discussed here in Section 2.2, that combines the two-step procedure of
the former into one unified step.
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gives the so-called closure relation for Lagrangian one-forms

dL [q] = 0 ⇔ ∂tiLj − ∂tj Li = 0, (2.4)

on solutions of (2.3a)–(2.3c). Crucially, this is the variational equivalent of the Poisson
involutivity of Hamiltonians, the Liouville criterion for integrability. The relation between
the closure relation for Lagrangian one-forms and the Poisson involutivity of Hamiltonians
will be the subject of Section 3.2.

2.2 Lagrangian one-forms on phase space

The objects of interest in this thesis are Lagrangian one-forms formulated on phase space,
as opposed to the position-space Lagrangian one-forms discussed in Section 2.1. Through-
out this work, we refer to these phase-space Lagrangian one-forms as geometric Lagrangian
one-forms in line with the terminology used in the literature, in particular to do with
geometric actions, which our Lagrangian one-forms share a structural similarity with. Ge-
ometric actions can be traced back (at least) to works [AFS88; AS89; Wie89; Ara+90] on
the path integral quantisation of coadjoint orbits based on ideas coming from the orbit
method [Kir68; Kir76] due to Kirillov.2

We now discuss the framework of geometric Lagrangian one-forms, together with a new
generalised variational principle introduced in [CH25], referred to as the univariational
principle.

We start by describing the phase space for our Lagrangian one-form. Let M be an
m-dimensional manifold with coordinates qµ, for µ = 1, . . . ,m. The cotangent bundle
T ∗M is parameterised by coordinates (qµ, pµ) where pµ, for µ = 1, . . . ,m, are dual coor-
dinates along the fibres. The tautological one-form α and symplectic form ω on T ∗M are
respectively given by

α = pµdqµ and ω = dpµ ∧ dqµ. (2.5)

The Hamiltonian vector field Xf associated with any given function f on T ∗M is defined
by the property Xf⌟ω = df and given explicitly by

Xf = ∂f

∂qµ

∂

∂pµ
− ∂f

∂pµ

∂

∂qµ
. (2.6)

The Poisson bracket for any pair of functions f and g is then given by

{f, g} = −Xfg = Xgf. (2.7)
2Geometric actions have been studied in connection with integrable hierarchies in [NP01]. They have

also appeared in the study of matrix models and Fermi fluids [DMW92; DMW93], and of gravity in two,
three, and four dimensions. See, for instance, [MNW17; BGS18; MR20; BNR22].
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Let us now introduce the geometric Lagrangian one-form on T ∗M × Rn,

L = α−Hidti = pµdqµ −Hidti, (2.8)

where H1, . . . ,Hn are n ∈ Z≥1 real functions on T ∗M and ti are Cartesian coordinates on
Rn. Note that in (2.8), the phase space variables pµ, qµ and the time variables ti are treated
on an equal footing.3 The action associated to a parameterised curve γ : (0, 1) → T ∗M×Rn

can therefore be expressed as

S0[γ] =
∫ 1

0
γ∗L =

∫ 1

0

(
pµ

dqµ

ds −Hi(p, q)
dti
ds

)
ds. (2.9)

Let us start by applying the standard principle of least action to S0[γ]: we seek a
curve γ : (0, 1) → T ∗M × Rn that is a critical point of this action, that is, under an
arbitrary variation δγ(s) = (δpµ(s), δqµ(s), δti(s)) satisfying the boundary conditions 0 =
lims→0,1 δq(s) = lims→0,1 δt(s), we require

0 = δS0[γ] =
∫ 1

0

(
δpµ

dqµ

ds + pµ
dδqµ

ds −
(
∂Hi

∂pµ
δpµ + ∂Hi

∂qµ
δqµ

)
dti
ds −Hi

dδti
ds

)
ds

=
∫ 1

0

(
δpµ

(
dqµ

ds − ∂Hi

∂pµ

dti
ds

)
− δqµ

(
dpµ

ds + ∂Hi

∂qµ

dti
ds

)
+ dHi

ds δt
i

)
ds, (2.10)

where in the second line we have integrated by parts and used the boundary conditions.
This leads to the Euler–Lagrange equations

γ′⌟dL = 0 ⇐⇒ dqµ

ds = ∂Hi

∂pµ

dti
ds ,

dpµ

ds = −∂Hi

∂qµ

dti
ds ,

dHi

ds = 0 (2.11)

where we have denoted by γ′ the tangent vector to the curve γ.
The first two Euler–Lagrange equations imply that locally along the curve, we must

always have dti

ds ̸= 0, for some i ∈ {1, . . . , n}, since otherwise we would have γ′ = 0. We
can then look for solutions of (2.11) such that dti

ds ̸= 0 for a fixed i. Up to a change of
variable, this amounts to working with the parameter s = ti along the curve γ. However,
this leads to an issue: this inevitably singles out the corresponding Hamiltonian Hi as our
“preferred” Hamiltonian.

To avoid this, rather than looking for individual curves γ : (0, 1) → T ∗M × Rn which
are critical points of the action (2.9), we replace the curve γ by an immersion

Σ : Rn −→ T ∗M × Rn, (uj) 7−→
(
pµ(u), qµ(u), ti(u)

)
, (2.12)

3When writing the geometric Lagrangian one-form (2.8), we do not assume any relation between the
dimension of the manifold M and the number of time variables ti here. The case n = 1 corresponds to an
ordinary Hamiltonian system while the case n = m corresponds to that of a Liouville integrable system.
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i.e. a map Σ such that its tangent map

duΣ : TuRn → TΣ(u)(T ∗M × Rn) (2.13)

is injective for every u ∈ Rn. In particular, Σ is then a (local) diffeomorphism onto its
image in T ∗M × Rn. We require Σ to satisfy boundary conditions that fix the functions
lim∥u∥→∞ qµ(u) and lim∥u∥→∞ ti(u) of Sn−1 at spatial infinity. Next, we introduce a curve

Γ : (0, 1) −→ Rn, s 7−→
(
ti(s)

)
(2.14)

such that lims→0,1∥Γ(s)∥ = ∞. Evaluating the action (2.9) on the composite map

γ := Σ ◦ Γ : (0, 1) Rn T ∗M × RnΓ Σ

leads to a family of multiform actions labelled by Γ, namely

SΓ[Σ] := S0[Σ ◦ Γ] =
∫ 1

0

(
pµ
∂qµ

∂uj
−Hi(p, q)

∂ti

∂uj

)
duj

ds ds. (2.15)

We treat this family of actions as depending only on the map Σ in (2.12), and the curve
Γ as a parameter labelling the family. This distinction between the roles of Σ and Γ,
reflected in the notation SΓ[Σ], sits at the heart of the univariational principle which we
can now formulate as seeking an immersion Σ which is simultaneously a critical point of
the family of actions SΓ[Σ] for all curves Γ in Rn. It can equivalently be stated as the
following single-step procedure:

Find Σ such that δΣSΓ[Σ] = 0 for all curves Γ in Rn.

As shown in [CH25], the univariational principle implies that the map Σ in (2.12) can be
written as Σ = (fΣ, IdRn) for some map fΣ : Rn → T ∗M , (ti) 7→

(
pµ(t), qµ(t)

)
. This is

equivalent to the system of equations

∂qµ

∂ti
= ∂Hi

∂pµ
,

∂pµ

∂ti
= −∂Hi

∂qµ
, i = 1, . . . , n, µ = 1, . . . ,m, (2.16a)

∂Hi

∂pµ

∂Hj

∂qµ
− ∂Hi

∂qµ

∂Hj

∂pµ
= {Hi, Hj} = 0, i, j = 1, . . . , n. (2.16b)

First, we have (2.16a) which implies that the time coordinate ti parameterises the Hamil-
tonian flow of Hi for each i = 1, . . . , n. Additionally, as a result of having included the
times ti among the dynamical variables in the map Σ, we also have (2.16b), which tells
us that the univariational principle already encodes the closure relation through the vari-
ation of Σ. In particular, the univariational principle admits solutions if and only if the
Hamiltonian functions H1, . . . ,Hn pairwise Poisson commute. Therefore, the univaria-
tional principle applied to the Lagrangian one-form (2.8) encodes multitime Hamiltonian
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mechanics, which includes the case of Liouville integrable systems when n = m.

Remark 2.2.1. The univariational principle is a natural generalisation of the well-known
extended phase space approach to classical mechanics to the multitime case. The case of a
single time t, i.e. n = 1, in our setup so that Γ : (0, 1) → R, s 7→ t is a (re)parametrisation
of time, corresponds to the original extended phase space approach. The application of
this idea to the Lagrangian formalism can be found, for instance, in [Sou69; Sou97], but
the idea itself is likely much older. ◁

Remark 2.2.2. As mentioned earlier, the univariational principle encapsulates the two-
step procedure of the bivariational principle into a single step. In the bivariational ap-
proach, one views Σ as (fΣ, IdRn) for some map fΣ : Rn → T ∗M , (ti) 7→

(
pµ(t), qµ(t)

)
from the outset so that S0[Σ ◦ Γ] in (2.15) becomes the action

S[fΣ,Γ] := S0[fΣ ◦ Γ] =
∫ 1

0

(
pµ
∂qµ

∂tj
−Hj(p, q)

) dtj
ds ds. (2.17)

The price to pay in this approach is that one has to vary with respect to both fΣ and Γ
to obtain the full set of equations (2.16). We do not discuss the relation between the two
approaches in any further detail and refer the interested reader to [CH25]. ◁

2.3 Group actions and symmetry

Let us now suppose that M admits a free right action of a connected Lie group G, ρ :
G × M → M . Let Xa be a basis of the Lie algebra g of G and let Xµ

a (q) ∂
∂qµ denote the

corresponding fundamental vector fields generating the action of g on M . The right action
of G lifts to T ∗M , which we also denote by ρ : G× T ∗M → T ∗M , and the corresponding
action of g is generated by vector fields

X♯
a = Xµ

a (q) ∂

∂qµ
− pν

∂Xν
a

∂qµ

∂

∂pµ
(2.18)

satisfying [X♯
a, X

♯
b ] = fab

cX♯
c , where fab

c denotes the structure constants of g. We further
lift this to a right action ρ : G × T ∗M × Rn → T ∗M × Rn of G on T ∗M × Rn by letting
G act trivially on Rn so that the infinitesimal action of g is still generated by the same
vector fields (2.18).

In what follows, we will consider only the corresponding left action of the group G on
T ∗M × Rn, given by G× T ∗M × Rn → T ∗M × Rn, (g, x) 7→ g · x := ρg−1(x) and which is
infinitesimally generated by the vector fields δXa

:= −X♯
a, for a = 1, . . . ,dim g.

Proposition 2.3.1. The action (2.15) is invariant under the infinitesimal action of G on
T ∗M × Rn generated by (2.18) if and only if each Hi is invariant under this infinitesimal
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group action, i.e.

L
X♯

a
Hi = 0, i = 1, . . . , n, a = 1, . . . ,dim g. (2.19)

The Noether charges associated with this global G symmetry are then given by µa(p, q) =
−pνX

ν
a (q).

Proof. The variation of any given map Σ : Rn → T ∗M × Rn, (uj) 7→
(
pµ(u), qµ(u), ti(u)

)
under the infinitesimal left action of G on T ∗M × Rn generated by the vector fields (2.18)
is given by δXΣ(u) = −X♯

(
Σ(u)

)
, or more explicitly in components

δXq
µ(u) = −λaXµ

a (q(u)) (2.20a)

δXpµ(u) = λapν(u)∂X
ν
a

∂qµ
(q(u)) (2.20b)

δXt
i(u) = 0 (2.20c)

for arbitrary X = λaXa ∈ g. Noting that

δX

(
pµ
∂qµ

∂uj

)
= λapν

∂Xν
a

∂qµ

∂qµ

∂uj
− λapν

∂Xν
a

∂uj
= 0, (2.21)

where the last step is by the chain rule for the function Xν
a (q(u)), the corresponding

variation of the action SΓ[Σ] in (2.15) is then

δXSΓ[Σ] = λa
∫ 1

0

(
Xµ

a

∂Hi

∂qµ
− pν

∂Xν
a

∂qµ

∂Hi

∂pµ

)dti
ds ds = λa

∫ 1

0

(
L

X♯
a
Hi
)dti

ds ds, (2.22)

where the second step is by definition (2.18) of X♯
a. Now the resulting expression in (2.22)

should be zero for any λa, any map Σ and any curve Γ from which (2.19) follows.
The expression µa = −pνX

ν
a for the Noether charge associated with this global sym-

metry can be obtained by using the standard trick of promoting the constant parameters
λa ∈ C to functions λa : Rn → C. This leads to an additional term ∂λa

∂uj µa on the right-
hand side of (2.21) so that the variation of the action now reads δXSΓ[Σ] =

∫ 1
0

dλa

ds µads,
as required. □

In the Hamiltonian formalism, the Noether charges µa from Proposition 2.3.1 are
encoded in a moment map µ : T ∗M → g∗ such that

⟨µ(p, q), Xa⟩ = µa(p, q) = −pµX
ν
a (q), (2.23)

where ⟨ , ⟩ : g∗ × g → C denotes the canonical pairing. In general, a moment map is
required to satisfy the equations

⟨dµ,Xa⟩ = X♯
a⌟ω and L

X♯
a
µ+ ad∗

Xa
µ = 0. (2.24)
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For us, the first of these follows by a direct calculation from (2.18), (2.23) and ω =
dpµ ∧ dqµ. The second is proved as follows. First we note that ⟨µ,Xb⟩ = −X♯

b⌟α and that
L

X♯
a
α = 0. So

⟨L
X♯

a
µ,Xb⟩ = −L

X♯
a
(X♯

b⌟α) = −[X♯
a, X

♯
b ]⌟α = ⟨µ, [Xa, Xb]⟩ = −⟨ad∗

Xa
µ,Xb⟩, (2.25)

where in the second last step we used the fact that [X♯
a, X

♯
b ] = [Xa, Xb]♯. Hence, the second

equation of (2.24) holds.

2.4 Gauged Lagrangian one-forms

When a physical system is invariant under the action of a Lie group G, such as in the
context of Section 2.3, this symmetry can be used to reduce the number of degrees of
freedom. Indeed, since the components of the moment map µ : T ∗M → g∗ are preserved
under all the Hamiltonian flows XHi , i.e. XHiµa = 0, one may consistently restrict to the
zero-level set µ−1(0) ⊂ T ∗M of this moment map by imposing the constraint µ(p, q) = 0.
Furthermore, by the G-equivariance property of the moment map, the zero-level set µ−1(0)
is invariant under the action of G so that we may further reduce the number of degrees of
freedom by working on the quotient space µ−1(0)/G.

In order to implement the above symplectic reduction procedure in the variational set-
ting, and thereby construct a Lagrangian one-form and action for the reduced system, we
can impose the constraint µ(p, q) = 0 in g∗ by introducing a g-valued Lagrange multiplier.
Specifically, since we want to gauge the action of G on the map Σ : Rn → T ∗M × Rn

described infinitesimally in (2.20), we introduce a g-valued Lagrange multiplier one-form
on Rn which we denote by

A = Ajduj = Aa
jXaduj ∈ Ω1(Rn, g). (2.26)

Using the canonical pairing ⟨ , ⟩ : g∗ × g → C we can combine (2.26) with the moment
map µ : T ∗M → g∗, which we view as a map µ : T ∗M × Rn → g∗ that is constant along
Rn, to obtain a one-form ⟨Σ∗µ,A⟩ ∈ Ω1(Rn). The gauging procedure then simply consists
in adding this term to the pullback Σ∗L ∈ Ω1(Rn) of the Lagrangian one-form L . We
obtain a family of actions for a map Σ : Rn → T ∗M × Rn and a one-form A ∈ Ω1(Rn, g),
parameterised by curves Γ : (0, 1) → Rn,

SΓ[Σ,A] =
∫ 1

0
Γ∗
(
Σ∗L + ⟨Σ∗µ,A⟩

)
. (2.27)

The constraint µ(p, q) = 0 will now be enforced dynamically through the equations of
motion for A, see Section 2.4.2 below. Moreover, the effect of adding this new term to the
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Lagrangian is to promote the G-symmetry we started with, from Section 2.3, to a gauge
symmetry as we now show.

2.4.1 Gauging a symmetry in a Lagrangian one-form

We consider local gauge transformations parameterised by smooth maps g : Rn → G,
which act pointwise on the map Σ : Rn → T ∗M × Rn and on the Lagrange multiplier
A ∈ Ω1(Rn, g) as a gauge transformation, i.e.

Σ(u) 7−→ g(u) · Σ(u), (2.28a)
A 7−→ gA g−1 − dRng g−1, (2.28b)

where dRn denotes the de Rham differential on Rn. Due to its transformation property
(2.28b), we will henceforth often refer to the Lagrange multiplier one-form A ∈ Ω1(Rn, g)
as a gauge field.

Proposition 2.4.1. The action SΓ[Σ,A] is invariant under an infinitesimal version of
the G-valued local gauge transformation in (2.28) if and only if the functions Hi are G-
invariant, i.e.

L
X♯

a
Hi = 0, i = 1, . . . , n, a = 1, . . . ,dim g. (2.29)

Proof. Let Σ : Rn → T ∗M × Rn, (uj) 7→
(
pµ(u), qµ(u), ti(u)

)
be a given map as in the

proof of Proposition 2.3.1. The action (2.27) for this Σ and any curve Γ : (0, 1) → Rn then
explicitly reads

SΓ[Σ,A] =
∫ 1

0

(
pµ
∂qµ

∂uj
−Hi(p, q)

∂ti

∂uj
+ µa(p, q)Aa

j

)duj

ds ds, (2.30)

where pµ, qµ, ti and Aa
j all depend on s through their dependence on the functions uj(s).

Consider an infinitesimal gauge transformation parameterised by a g-valued function X :
Rn → g, which we write in components as X = λa(u)Xa. The variations of the components
of Σ and A under the infinitesimal left action ofG on T ∗M×Rn then read (cf. the variations
(2.20) where λa was constant):

δXq
µ(u) = −λa(u)Xµ

a

(
q(u)

)
(2.31a)

δXpµ(u) = λa(u)pν(u)∂X
ν
a

∂qµ

(
q(u)

)
(2.31b)

δXt
i(u) = 0 (2.31c)

δXAa
j (u) = −∂λa

∂uj
− fbc

aAb
j(u)λc(u). (2.31d)

By the exact same computation as in the proof of Proposition 2.3.1, where in the end of
that proof λa was already treated as a function λa : Rn → C, the corresponding variation
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of SΓ[Σ,A] reads

δXSΓ[Σ,A] =
∫ 1

0

[
λa(L

X♯
a
Hi
) ∂ti
∂uj

− λaAb
j

(
L

X♯
a
µb − fab

cµc

)] duj

ds ds. (2.32)

We note, in particular, that the term −µa
∂λa

∂uj appearing in the variation µaδXA
a
j cancels

with the term −pνX
ν
a

∂λa

∂uj from the variation (2.21) when λa is not constant. The right-
hand side of (2.32) needs to vanish for all functions λa, Aa

i and all maps Σ and curves Γ,
but the last bracketed term vanishes by the second relation in (2.24) since

⟨L
X♯

a
µ,Xb⟩ + ⟨ad∗

Xa
µ,Xb⟩ = L

X♯
a
µb − ⟨µ, [Xa, Xb]⟩ = L

X♯
a
µb − fab

cµc. (2.33)

Therefore, gauge invariance is equivalent to the condition (2.29). □

By combining Propositions 2.3.1 and 2.4.1 we see that the gauged action SΓ[Σ,A] in
(2.27) is invariant under the gauge group C∞(Rn, G) if and only if the original action
SΓ[Σ] in (2.15) is invariant under the Lie group G.

2.4.2 Gauged univariational principle

Recall from Section 2.2 that the univariational principle seeks an immersion Σ : Rn →
T ∗M × Rn such that for all curves Γ : (0, 1) → Rn we have δΣSΓ[Σ] = 0. We introduce
the gauged version in the following definition. To do so, note that, using the infinitesimal
right action of G on T ∗M × Rn, we obtain the linear map

A♯
u : TuRn → TΣ(u)(T ∗M × Rn), ∂

∂ui
7→ Aa

iX
♯
a, (2.34)

where we recall that X♯
a is given in (2.18).

Definition 2.4.2. The gauged univariational principle seeks a map

Σ : Rn −→ T ∗M × Rn

and a gauge field A ∈ Ω1(Rn, g) such that the linear map duΣ − A♯
u is injective for every

u ∈ Rn, and such that the pair (Σ,A) is simultaneously a critical point of the family of
actions SΓ[Σ,A] for all curves Γ : (0, 1) → Rn, namely such that

δΣSΓ[Σ,A] = 0 and δASΓ[Σ,A] = 0.

Theorem 2.4.3. The gauged univariational principle applied to the gauge invariant action
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SΓ[Σ,A] in (2.27) gives rise to the following set of equations:

µ(p, q) = 0, (2.35a)
∂qµ

∂ti
− ∂Hi

∂pµ
= Ãa

iX
µ
a , (2.35b)

∂pµ

∂ti
+ ∂Hi

∂qµ
= −Ãa

i pν
∂Xν

a

∂qµ
, (2.35c)

{Hi, Hj} = 0, (2.35d)

where the composition πRn ◦ Σ : Rn → Rn, (uj) 7→
(
ti(u)

)
with the projection πRn :

T ∗M × Rn → Rn, (pµ, q
µ, ti) 7→ (ti) to the second factor is a (local) diffeomorphism and is

used to define Ãa
i = ∂uj

∂ti Aa
j .

Moreover, the g-valued connection dRn + A is flat, i.e. it satisfies the zero-curvature
equation F = dRnA + 1

2 [A,A] = 0 or in components

F a
ij :=

∂Ãa
j

∂ti
− ∂Ãa

i

∂tj
+ fbc

aÃb
iÃc

j = 0, a = 1, . . . ,dim g, i, j = 1, . . . , n. (2.36)

Proof. Let Σ : Rn → T ∗M × Rn, (uj) 7→
(
pµ(u), qµ(u), ti(u)

)
and Γ : (0, 1) → Rn be

arbitrary maps. The action (2.27) for these can be written as in (2.30).
We first perform a variation of the action (2.30) with respect to the functions Aa

j :
Rn → R

δASΓ[Σ,A] =
∫ 1

0
µa(p, q)δAa

j

(
u(s)

)duj

ds ds. (2.37)

In order for this to vanish for arbitrary variations δAa
j we must have

µa(p, q) = 0, (2.38)

which is the expected constraint equation µ = 0.
Next, consider the variation of the action (2.30) with respect to the map Σ : Rn →

T ∗M × Rn. Under an arbitrary variation δΣ(u) =
(
δpµ(u), δqµ(u), δti(u)

)
satisfying the

boundary conditions 0 = lim∥u∥→∞ δqµ(u) = lim∥u∥→∞ δti(u), the action varies as

δΣSΓ[Σ,A] =
∫ 1

0

d
ds

[
pµδq

µ −Hiδt
i
]
ds+

∫ 1

0

[(
∂qµ

∂uj
− ∂ti

∂uj

∂Hi

∂pµ
+ ∂µa

∂pµ
Aa

j

)
δpµ

−
(
∂pµ

∂uj
+ ∂ti

∂uj

∂Hi

∂qµ
− ∂µa

∂qµ
Aa

j

)
δqµ +

(
∂Hi

∂pµ

∂pµ

∂uj
+ ∂Hi

∂qµ

∂qµ

∂uj

)
δti
]duj

ds ds. (2.39)

The total derivative term on the right-hand side of this equation vanishes due to the
boundary conditions on δΣ and the boundary condition lims→0,1∥Γ(s)∥ = ∞ on Γ. We
now want the above variation to vanish for all δΣ and all curves Γ, and hence for arbitrary
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duj

ds , which is equivalent to the system of equations:

∂qµ

∂uj
= ∂ti

∂uj

∂Hi

∂pµ
− ∂µa

∂pµ
Aa

j , (2.40a)

∂pµ

∂uj
= − ∂ti

∂uj

∂Hi

∂qµ
+ ∂µa

∂qµ
Aa

j , (2.40b)

∂Hi

∂pµ

∂pµ

∂uj
+ ∂Hi

∂qµ

∂qµ

∂uj
= 0. (2.40c)

Next, we claim that these equations of motion imply that the Jacobian matrix
(

∂tj

∂uj

)
must be invertible, thus ensuring that the composition πRn ◦ Σ : Rn → Rn is a (local)
diffeomorphism. To show this we adapt the similar argument [CH25, §2.2] to the present
case with gauge field. The differential of Σ at u ∈ Rn reads

duΣ : TuRn → TΣ(u)(T ∗M × Rn), ∂

∂ui
7→ ∂pµ

∂ui

∂

∂pµ
+ ∂qµ

∂ui

∂

∂qµ
+ ∂tj

∂ui

∂

∂tj
, (2.41)

and therefore proving the claim is equivalent to showing that the tangent map of the
composition πRn ◦ Σ : Rn → Rn, uj 7→ ti(u) at every u ∈ Rn, namely

du(πRn ◦ Σ) = dΣ(u)πRn ◦ duΣ : TuRn → TπRn (Σ(u))R
n,

∂

∂ui
7→ ∂tj

∂ui

∂

∂tj
, (2.42)

is injective when the univariational equations (2.40a)–(2.40c) hold. To do this we will use
the fact that the univariational equations (2.40a)–(2.40c) can equivalently be written as

duΣ
(
∂

∂ui

)
⌟dL − A♯

u

(
∂

∂ui

)
⌟ω = 0 ∀i, (2.43)

in which

dL = ω − dHi ∧ dti = dpµ ∧ dqµ − ∂Hi

∂pµ
dpµ ∧ dti − ∂Hi

∂qµ
dqµ ∧ dti. (2.44)

So, let V ∈ ker
(
dΣ(u)πRn ◦ duΣ

)
. On the one hand, (2.43) and (2.44) imply

0 = (duΣ − A♯
u)(V )⌟ω − [duΣ(V )⌟dHi]dti + [duΣ(V )⌟dti]dHi. (2.45)

On the other hand, duΣ(V )⌟dti = (dΣ(u)πRn ◦ duΣ)(V )⌟dui = 0 since V ∈ ker
(
dΣ(u)πRn ◦

duΣ
)
. Thus, we are left with

(duΣ − A♯
u)(V )⌟ω − [duΣ(V )⌟dHi]dti = 0 (2.46)

and each term must individually vanish since the first belongs to T ∗(T ∗M) and the second
belongs to T ∗Rn. In particular, since ω is nondegenerate, we must have (duΣ−A♯

u)(V ) = 0,
from which it follows that V = 0 since duΣ − A♯

u is injective.
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As a consequence, performing a suitable coordinate transformation on Rn, we may
bring Σ to the canonical form (fΣ, IdRn) for some function fΣ : Rn → T ∗M , ti 7→(
pµ(t), qµ(t)

)
. We may then rewrite (2.40) as

∂qµ

∂ti
= ∂Hi

∂pµ
− ∂µa

∂pµ
Ãa

i , (2.47a)

∂pµ

∂ti
= −∂Hi

∂qµ
+ ∂µa

∂qµ
Ãa

i , (2.47b)

∂Hi

∂pµ

∂pµ

∂tj
+ ∂Hi

∂qµ

∂qµ

∂tj
= 0, (2.47c)

where Ãa
i := ∂uj

∂ti Aa
j is defined using the inverse

(
∂uj

∂ti

)
of the matrix

(
∂ti

∂uj

)
. Substituting

(2.47a) and (2.47b) into the left-hand side of (2.47c) we obtain

{Hi, Hj} = {Hi, µa}Ãa
j .

The right-hand side vanishes using Proposition 2.3.1 since {Hi, µa} = L
X♯

a
Hi = 0, where

the first equality follows from the definitions (2.18), (2.6) and (2.23). It then follows that
{Hi, Hj} = 0, which completes the derivation of the Euler–Lagrange equations (2.35).

The relation (2.36) is a consistency condition between the equations (2.47a)–(2.47b)
under the assumption that SΓ[Σ,A] is gauge invariant (that is, the Hamiltonians are
invariant). To see this, consider the identities

0 = ∂

∂ti
∂qµ

∂tj
− ∂

∂tj
∂qµ

∂ti
, 0 = ∂

∂ti
∂pµ

∂tj
− ∂

∂tj
∂pµ

∂ti
.

Evaluating the right-hand sides using (2.35b) and (2.35c) eventually leads to

0 = F a
ijX

♯
a − Ãa

i [X♯
a,XHj ] + Ãa

j [X♯
a,XHi ] + [XHi ,XHj ], (2.48)

where F a
ij are the components of the curvature of A defined in the statement of the

theorem. The second and third terms in (2.48) vanish because [X♯
a,XHi ] = X

X♯
aHi

and
X♯

aHi = L
X♯

a
Hi = 0 where the last step uses the condition (2.29) from Proposition 2.4.1

since we are assuming that SΓ[Σ,A] is gauge invariant. The fourth term in (2.48) vanishes
because [XHi ,XHj ] = X{Hi,Hj} = 0 using the fact that {Hi, Hj} = 0, as we have already
established. Therefore, F a

ijX
♯
a = 0. Since the action of G is free, the tangent vectors X♯

a

are linearly independent at each point (pµ, q
µ) of T ∗M , and so we deduce the relation

(2.36), as required. □

The equation (2.35a) together with (2.35b)–(2.35c) for any i = 1, . . . , n represent
Hamiltonian flow equations for a constrained Hamiltonian system. Indeed, the effect of
the first equation (2.35a) is to impose the set of constraints µa(p, q) = 0 on the phase
space T ∗M , restricting the dynamics to the submanifold µ−1(0) ⊂ T ∗M . On the other



34

hand, the equations (2.35b)–(2.35c) written in the form (2.47a)–(2.47b) describe, for each
i = 1, . . . , n, the flow equation for the time-dependent Hamiltonian

H̃i(p, q, t) := Hi(p, q) − µa(p, q)Ãa
i (t). (2.49)

This flow is a linear combination of the Hamiltonian flow XHi of the unconstrained system
and an arbitrary time-dependent linear combination of the flows Xµa , for a = 1, . . . ,dim g,
along the orbits of the G-action, which implements the quotienting by G to µ−1(0)/G.
The last equation (2.35d) encodes the commutativity of the flows for different i = 1, . . . , n
and has been obtained here in our variational setting.

Crucially, the commutativity of the flows is related to the closure relation in the theory
of Lagrangian multiforms that we briefly talked about earlier in this chapter. This relation
will be discussed in further detail in Section 3.2 in Part II. More generally, this next part
of the thesis will deal with the first of our two approaches for the construction of geometric
Lagrangian one-forms, which employs the theory of Lie dialgebras to obtain Lagrangian
one-forms for a large class of finite-dimensional integrable systems.
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Part II

Lagrangian multiforms on
coadjoint orbits
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Chapter 3

From Lie dialgebras to Lagrangian
multiforms

This part of the thesis is concerned with the framework of Lagrangian multiforms on
coadjoint orbits introduced in [CDS24]. As we discussed in Section 0.2, the primary
motivation behind [CDS24] has been to address the absence of a systematic framework
for constructing Lagrangian multiforms. It draws and expands upon the insight of [CS21;
Cau+24] to incorporate into Lagrangian multiforms the notions of the classical r-matrix
and the “compounding” of hierarchies following [Nij87].1

In this chapter, which draws content from [CDS24, Sections 3-4], we show how the
theory of Lie dialgebras, discussed in Section 1.2, can be used to achieve this for a large
class of finite-dimensional integrable systems. In Section 3.1, we introduce geometric
Lagrangian one-forms living on coadjoint orbits and present the first main result of this
chapter: Theorem 3.1.2. Then, in Section 3.2, we obtain a structural result, namely
Theorem 3.2.1, for geometric Lagrangian one-forms that brings together aspects from the
framework of Lagrangian multiforms and the Hamiltonian framework for integrability.
Section 3.3 deals with another main result. We recast our results from Sections 3.1 and
3.2 in the context of reduction from free motion on the cotangent bundle of a Lie group
and produce a Lagrangian one-form on a general coadjoint orbit. We show how to recover
the case of a Lagrangian one-form associated with a Lie dialgebra described in Section 3.1.

1Another precursor to this construction is the short but remarkable paper [ZM80] where a Lagrangian
(but not a multiform) was introduced to provide a variational description of zero-curvature equations
corresponding to a Lax pair consisting of rational functions of the spectral parameter with distinct simple
poles.
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3.1 Geometric Lagrangian one-forms on coadjoint orbits

Let us start by recalling from the discussion on Lie dialgebras in Section 1.2 that a coadjoint
orbit of GR in g∗,

OΛ = {AdR∗
φ · Λ;φ ∈ GR}, for some Λ ∈ g∗, (3.1)

provides a natural description of the phase space of an integrable system. With this as
the underlying setup, we now introduce a Lagrangian one-form, which we refer to as the
geometric Lagrangian one-form, on this coadjoint orbit,

L [φ] = Lk dtk = K[φ] − H[φ] (3.2)

with kinetic part

K[φ] =
(
L, ∂tkφ ·R φ−1

)
dtk, L = AdR∗

φ · Λ, φ ∈ GR, (3.3)

and potential part
H[φ] = Hk(L) dtk, (3.4)

where k = 1, . . . , N . We remind the reader that we always use the summation convention
according to which repeated upstairs and downstairs indices of any kind are summed over.
The field φ ∈ GR contains the dynamical degrees of freedom and, as we will see, the Euler–
Lagrange equation will take a natural form when expressed in terms of L = AdR∗

φ · Λ. Λ is
a fixed non-dynamical element of g∗ which defines OΛ, the phase space of the model. Each
Lagrangian Lk in the Lagrangian multiform has a structure comparable to the familiar
Lagrangian pq̇ − H in classical mechanics. The potential part is expressed in terms of
Ad∗-invariant functions Hk ∈ C∞(g∗), and we suppose we have N of them.2

Remark 3.1.1. An important ingredient in producing equations of motion in Lax form
from the coadjoint orbit construction of Section 1.2 is an Ad-invariant nondegenerate
bilinear symmetric form ⟨ , ⟩ on g to identify g∗ with g and the coadjoint action with the
adjoint action. However, we write the geometric Lagrangian one-form using the pairing
( , ), an element Λ ∈ g∗ and functions Hk on g∗, since it is less confusing to do so
when deriving results in the general case here and in the examples in Chapter 4. It must
be emphasised that ultimately we always use the bilinear form ⟨ , ⟩ to make all the
identifications and obtain equations in Lax form. ◁

We now formulate our first main result.
2At this stage, we do not necessarily have that N is exactly half of the dimension of OΛ. As in the AKS

scheme, this needs to be addressed in specific cases by choosing a coadjoint orbit of appropriate dimension
to ensure Liouville integrability. We will not worry about this for now as our construction follows through
anyway.
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Theorem 3.1.2. The geometric Lagrangian one-form (3.2) satisfies the corner equations
of the multitime Euler–Lagrange equations. The standard Euler–Lagrange equations asso-
ciated with the Lagrangian coefficients Lk take the form of compatible Lax equations

∂tkL = [R±∇Hk(L), L], k = 1, . . . , N. (3.5)

The closure relation holds: on solutions of (3.5), we have

∂tkLj − ∂tj Lk = 0, j, k = 1, . . . , N. (3.6)

Proof. It is clear that each Lk does not depend on ∂tℓφ, for ℓ ̸= k, so the first corner
equation is satisfied. To see that the second corner equation holds, it is convenient to
introduce local coordinates ϕα, α = 1, . . . ,M , on the group GR. The only source of
dependence on velocities is in the kinetic term of Lk. Now,(

AdR∗
φ · Λ, ∂tkφ ·R φ−1

)
=
(
Λ, AdR

φ−1 ·
(
∂tkφ ·R φ−1

))
=
(
Λ, φ−1 ·R ∂tkφ

)
=

M∑
α=1

(
Λ, φ−1 ·R

∂φ

∂ϕα

)
∂tkϕα ≡

M∑
α=1

πα ∂tkϕα

(3.7)

where we have introduced the momentum

πα =
(

Λ, φ−1 ·R
∂φ

∂ϕα

)
(3.8)

conjugate to the field ϕα. Thus,
∂Lk

∂ (∂tkϕα) = πα (3.9)

is independent of k. The remainder of the multitime Euler Lagrange equations consists of
the standard Euler–Lagrange equations for each Lk. We compute

δLk =
(
δL, ∂tkφ ·R φ−1

)
+
(
L, δ (∂tkφ ·R φ−1)

)
− δHk(L), (3.10)

with3

δL = adR∗
δφ·Rφ−1 · L (3.11)

3More rigorously, the notation δL denotes the tangent vector to OΛ at the point L induced by the
element X ∈ gR which we write more suggestively as δφ ·R φ−1. The latter notation is closer to the more
familiar one in variational calculus using matrix-valued fields.
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and

δHk(L) = (δL,∇Hk(L))

= −
(
L,
[
δφ ·R φ−1,∇Hk(L)

]
R

)
= 1

2
(
L,
[
R∇Hk(L), δφ ·R φ−1

])
= −1

2
(
ad∗

R∇Hk(L) · L, δφ ·R φ−1
)
.

(3.12)

So,

δLk =
(
adR∗

δφ·Rφ−1 · L, ∂tkφ ·R φ−1
)

+
(
L, δ (∂tkφ) ·R φ−1

)
−
(
L, ∂tkφ ·R φ−1 ·R δφ ·R φ−1

)
+ 1

2
(
ad∗

RdHk(L) · L, δφ ·R φ−1
)

=
(
adR∗

δφ·Rφ−1 · L, ∂tkφ ·R φ−1
)

−
(
∂tkL, δ φ ·R φ−1

)
+
(
L, δφ ·R φ−1 ·R ∂tkφ ·R φ−1

)
+ ∂tk

(
L, δ φ ·R φ−1

)
−
(
L, ∂tkφ ·R φ−1 ·R δφ ·R φ−1

)
+ 1

2
(
ad∗

R∇Hk(L) · L, δφ ·R φ−1
)

=
(
adR∗

δφ·Rφ−1 · L, ∂tkφ ·R φ−1
)

−
(
adR∗

∂
tk φ·Rφ−1 · L, δ φ ·R φ−1

)
+
(
L,
[
δφ ·R φ−1, ∂tkφ ·R φ−1

]
R

)
+ 1

2
(
ad∗

R∇Hk(L) · L, δφ ·R φ−1
)

+ ∂tk

(
L, δ φ ·R φ−1

)
.

(3.13)

The first and third terms cancel each other. In the second term, we recognise

adR∗
∂

tk φ·Rφ−1 · L = ∂tkL. (3.14)

Hence,

δLk =
(

−∂tkL+ 1
2ad∗

R∇Hk(L) · L, δ φ ·R φ−1
)

+ ∂tk

(
L, δ φ ·R φ−1

)
(3.15)

and we obtain the Euler–Lagrange equation for each Lk as

∂tkL = 1
2 ad∗

R∇Hk(L) · L. (3.16)

Now recall that 1
2 ad∗

R∇Hk(L) ·L = ad∗
R±∇Hk(L) ·L and that, with g being equipped with an

Ad-invariant nondegenerate bilinear form, ad∗
R±∇Hk(L)·L is identified with [R±∇Hk(L), L].

Thus, we have obtained (3.5) variationally as desired. That this set of equations is com-
patible follows from the commutativity of the flows which is a consequence of the mCYBE
and the Ad-invariance of Hk as we now show. Going back to having L ∈ g∗ and evaluating
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its derivatives on a fixed but arbitrary X ∈ g, we have

(∂tk∂tjL)(X) = −1
2∂tk (L, [R∇Hj(L), X])

= 1
4 (L, [R∇Hk(L), [R∇Hj(L), X]]) − 1

4 (L, [R[R∇Hk(L), ∇Hj(L)], X]) .

(3.17)

Hence, using the Jacobi identity, we get

([∂tk , ∂tj ]L)(X) = 1
4 (L, [[R∇Hk(L), R∇Hj(L)], X])

− 1
4 (L, R([R∇Hk(L),∇Hj(L)] + [∇Hk(L), R∇Hj(L)]), X])

= −1
4 (L, [[∇Hk(L),∇Hj(L)], X]) = 0,

(3.18)

where we use the mCYBE in the second equality and property (1.26) in the last step. We
now establish the closure relation, i.e. dL = 0 on shell. It turns out that the kinetic and
potential contributions vanish separately. We have

∂tj Lk−∂tkLj = ∂tj

(
L, ∂tkφ ·R φ−1

)
−∂tk

(
L, ∂tjφ ·R φ−1

)
−∂tjHk(L)+∂tkHj(L). (3.19)

Now, using (1.26), we find

∂tjHk(L) = (∂tjL, ∇Hk(L)) = −1
2 (L, [R∇Hj(L),∇Hk(L)]) = 0. (3.20)

Thus, it is a direct consequence of the Ad∗-invariance of H that the potential contribution
to dL is zero on shell. We are now left with just the kinetic terms which can be rewritten
as (

∂tjL, ∂tkφ ·R φ−1
)

−
(
∂tkL, ∂tjφ ·R φ−1

)
+
(
L, ∂tj (∂tkφ ·R φ−1)

)
−
(
L, ∂tk(∂tjφ ·R φ−1)

)
=
(
∂tjL, ∂tkφ ·R φ−1

)
−
(
∂tkL, ∂tjφ ·R φ−1

)
+
(
L, ∂tj∂tkφ ·R φ−1 − ∂tk∂tjφ ·R φ−1

)
+
(
L, ∂tkφ ·R ∂tjφ−1 − ∂tjφ ·R ∂tkφ−1

)
.

(3.21)

From the commutativity of flows, we have ∂tj∂tkφ− ∂tk∂tjφ = 0, which leaves us with(
∂tjL, ∂tkφ ·R φ−1

)
−
(
∂tkL, ∂tjφ ·R φ−1

)
+
(
L, ∂tkφ ·R ∂tjφ−1 − ∂tjφ ·R ∂tkφ−1

)
.

The on-shell relation
∂tjL = 1

2 ad∗
R∇Hj(L) · L (3.22)
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allows us to express the first term as(
∂tjL, ∂tkφ ·R φ−1

)
= 1

2
(
ad∗

R ∇Hj(L) · L, ∂tkφ ·R φ−1
)

= −1
2
(
ad∗

∂
tk φ·Rφ−1 · L,R∇Hj(L)

)
.

(3.23)

Since (
adR∗

∂
tk φ·Rφ−1 · L,∇Hj(L)

)
= 1

2
(
ad∗

∂
tk φ·Rφ−1 · L,R∇Hj(L)

)
+ 1

2
(
ad∗

R ∂
tk φ·Rφ−1 · L,∇Hj(L)

) (3.24)

and (
ad∗

R ∂
tk φ·Rφ−1 · L,∇Hj(L)

)
= −

(
ad∗

∇Hj(L) · L,R∂tkφ ·R φ−1
)

= 0, (3.25)

we have a further simplification to(
∂tjL, ∂tkφ ·R φ−1

)
= −

(
adR∗

∂
tk φ·Rφ−1 · L,∇Hj(L)

)
= − (∂tkL,∇Hj(L))

= − ∂tkHj(L) = 0,

(3.26)

where we have used the result from (3.20) (with k ↔ j). Similarly, we have for the second
term (

∂tkL, ∂tjφ ·R φ−1
)

= − ∂tjHk(L) = 0. (3.27)

For the last remaining term, we have(
L, ∂tkφ ·R ∂tjφ−1 − ∂tjφ ·R ∂tkφ−1

)
=
(
L, −∂tkφ ·R φ−1 ·R ∂tjφ ·R φ−1 + ∂tjφ ·R φ−1 ·R ∂tkφ ·R φ−1

)
=
(
L,
[
∂tjφ ·R φ−1, ∂tkφ ·R φ−1

]
R

)
= −

(
adR∗

∂
tj φ·Rφ−1 · L, ∂tkφ ·R φ−1

)
= −

(
∂tjL, ∂tkφ ·R φ−1

)
= ∂tkHj(L) = 0.

(3.28)

□

It is worth noting that the properties of the geometric Lagrangian one-form heavily
rely on the mCYBE for R. It is at the heart of the commutativity of the flows and the
closure relation. The connection between the closure relation and the CYBE was first
identified and established in [Cau+24] in the context of integrable field theories. Here it
is established in the finite-dimensional context and related to Lie dialgebras.
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3.2 Closure relation and Hamiltonians in involution

In this section, we obtain a structural result which brings together Lagrangian multiforms
and essential Hamiltonian aspects of integrable systems. It will be convenient and clearer
to work with local coordinates ϕα, α = 1, . . . ,M , on the group GR, as we did in (3.7).
Then, the geometric Lagrangian one-form can be written in the form

L [φ] =
(

M∑
α=1

πα ∂tkϕα −Hk

)
dtk (3.29)

where we recall that the momentum πα is defined by

πα =
(

Λ, φ−1 ·R
∂φ

∂ϕα

)
. (3.30)

Each Lagrangian Lk in the multiform has the structure pq̇ −H of a Lagrangian in phase
space,

Lk =
M∑

α=1
πα ∂tkϕα −Hk, (3.31)

and yields its Euler–Lagrange equations from the variation

δLk =
M∑

β=1

(
M∑

α=1

(
∂πα

∂φβ
− ∂πβ

∂φα

)
∂tkϕα − ∂Hk

∂ϕβ

)
δϕβ + ∂tk

(
M∑

α=1
παδϕα

)
. (3.32)

This is of course consistent with the general result of the previous section. Using (3.15)
and (3.30), we can write

(
−∂tkL+ 1

2 ad∗
R∇Hk(L) · L, δ φ ·R φ−1

)
=

M∑
β=1

(
M∑

α=1
Ωαβ ∂tkϕα − ∂Hk

∂ϕβ

)
δϕβ (3.33)

and (
L, δ φ ·R φ−1

)
=
(

M∑
α=1

παδϕα

)
. (3.34)

Thus, we have natural coordinate versions of key components of the theory. In particular,
let us denote by θR the vertical one-form

θR = −
M∑

α=1
παδϕα = −

M∑
α=1

(
Λ, φ−1 ·R

∂φ

∂ϕα

)
δϕα = −

(
Λ, φ−1 ·R δφ

)
, (3.35)

and let us introduce the vertical 2-form

ΩR =
∑
α<β

Ωαβ δϕα ∧ δϕβ, Ωαβ = ∂πα

∂ϕβ
− ∂πβ

∂ϕα
. (3.36)
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Observe the important relation
ΩR = δθR. (3.37)

The form ΩR is the pullback to the group GR by the map

χ : GR → OΛ

φ 7→ AdR∗
φ · Λ

(3.38)

of the Kostant–Kirillov–Souriau symplectic form ωR on the coadjoint orbit through Λ ∈ g∗.
We recall here that we consider the coadjoint action of the group GR, not the group G.
Relation (3.37) is the well-known fact [Arn89; Can01] that this pullback is an exact form.
The expression φ−1 ·R δφ appearing in θR can be interpreted as the Maurer–Cartan form
on GR. The structure of our Lagrangian coefficients, in particular their kinetic part, is now
elucidated in terms of fundamental objects associated with GR and its coadjoint orbits in
g∗.

It is known that the map χ is a submersion4. Also, a coadjoint orbit is always even-
dimensional as it admits the nondegenerate symplectic form ωR. Let us introduce local
coordinates ξm, m = 1, . . . , 2p, on OΛ (2p ≤ M). The tangent map χ∗ is represented
locally by the 2p × M matrix

(
∂ξm

∂ϕα

)
. From now on, summation over repeated indices is

understood. The pushforward of the vector fields ∂
∂ϕα

on GR is given by

χ∗

(
∂

∂ϕα

)
= ∂ξm

∂ϕα

∂

∂ξm
(3.39)

and the pullback of the differential one-forms δξm on OΛ reads

χ∗(δξm) = ∂ξm

∂ϕα
δϕα. (3.40)

If we write for the Kostant–Kirillov–Souriau form

ωR = ωmn δξm ∧ δξn, (3.41)

then we have the following relation with the coefficients of its pullback ΩR = χ∗(ωR),

Ωαβ = ∂ξm

∂ϕα

∂ξn

∂ϕβ
ωmn. (3.42)

In view of (3.33), it remains to introduce the Euler–Lagrange vertical one-forms on GR

ELk ≡ ELβ
kδϕβ ≡

(
Ωαβ ∂tkϕα − ∂Hk

∂ϕβ

)
δϕβ. (3.43)

4We suppose that we are in a situation where this holds, for instance, excluding the trivial case where
the orbit is reduced to a point and assuming that the GR action is proper.
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This is the pullback of the following vertical one-form on OΛ,

ELk = χ∗(Υk) = Υn
kχ∗(δξn) =

(∑
m

ωmn∂tkξm − ∂Hk

∂ξn

)
χ∗(δξn) (3.44)

with the relation
ELβ

k = Υn
k

∂ξn

∂ϕβ
. (3.45)

Since χ is a submersion, the matrix
(

∂ξm

∂ϕα

)
has maximal rank 2p, so the Euler–Lagrange

equations ELβ
k = 0 imply the equations Υn

k = 0 (and vice versa). This is of course just
the confirmation in the present coordinate notations of the result we obtained previously
that the (multitime) Euler–Lagrange equations from the geometric Lagrangian one-form
produce Lax equations naturally living on coadjoint orbits of GR.

As a consequence, whenever we say that an equality holds “on shell”, we mean that
it holds modulo ELβ

k = 0 or equivalently Υn
k = 0. We can take advantage of this in

the following way. ΩR is the pullback of the Kostant–Kirillov–Souriau form ωR on the
coadjoint orbit OR. The latter is nondegenerate and therefore induces a Poisson bracket
with bivector

PR =
∑

m<n

Pmn
∂

∂ξm
∧ ∂

∂ξn
, Pmn ωnr = δmr. (3.46)

The corresponding Poisson bracket on OΛ is known (see, for instance, [BBT03, Chapter
14]) to be the restriction of the Lie–Poisson bracket (1.22) on g∗:

{f, g}R(ξ) =
(
ξ, [∇f(ξ),∇g(ξ)]R

)
. (3.47)

In other words, when f , g are restricted to OΛ, we have

{f, g}R = Pmn
∂f

∂ξm

∂g

∂ξn
. (3.48)

With these notions introduced, we see that the Euler–Lagrange equations Υn
k = 0 take

the form ∑
m

ωmn ∂tkξm = ∂Hk

∂ξn
, (3.49)

and can be written in Hamiltonian form

∂tkξm = Pmn
∂Hk

∂ξn
= {ξm, Hk}R. (3.50)

The system of simultaneous equations (3.50) on the ξm admits a solution (at least locally)
if and only if the flows are compatible, i.e. [∂tk , ∂tℓ ] = 0. For an arbitrary function f , this
means

[∂tk , ∂tℓ ]f = {{Hk, Hℓ}R, f}R = 0. (3.51)
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The stronger condition {Hk, Hℓ}R = 0 is the familiar Hamiltonian criterion for integrabil-
ity (together with a sufficient number of independent such functions Hk, of course).

After these preliminary steps, we are now ready to state our second main result and
its corollary, the significance of which will be discussed after the proofs.

Theorem 3.2.1. The following identity holds

∂Lk

∂tℓ
− ∂Lℓ

∂tk
+ Υm

k Pmn Υn
ℓ = {Hk, Hℓ}R. (3.52)

Proof. The proof is by direct computation.

∂Lk

∂tℓ
− ∂Lℓ

∂tk
=
(
∂πα

∂ϕβ
− ∂πβ

∂ϕα

)
∂tℓϕβ ∂tkϕα − ∂Hk

∂ϕβ
∂tℓϕβ + ∂Hℓ

∂ϕα
∂tkϕα

=
(

Ωαβ ∂tkϕα − ∂Hk

∂ϕβ

)
∂tℓϕβ + ∂Hℓ

∂ξm

∂ξm

∂ϕα
∂tkϕα

=
(
ωmn ∂tkξm − ∂Hk

∂ξn

)
∂tℓξn + ∂Hℓ

∂ξm
∂tkξm

=
(
ωmn ∂tkξm − ∂Hk

∂ξn

)
Pnr

(
ωrs ∂tℓξs + ∂Hℓ

∂ξr
− ∂Hℓ

∂ξr

)
+ ∂Hℓ

∂ξm
∂tkξm

= −Υn
k Pnr Υr

ℓ + ∂Hk

∂ξn
Pnr

∂Hℓ

∂ξr
,

(3.53)

hence the result. □

Corollary 3.2.2. The closure relation for the Lagrangian multiform L is equivalent to
the involutivity of the Hamiltonians Hk with respect to the Lie–Poisson R-bracket { , }R.

Proof. The closure relation requires that on shell, we have

dL =
(
∂Lℓ

∂tk
− ∂Lk

∂tℓ

)
dtk ∧ dtℓ = 0, k < ℓ. (3.54)

From the previous theorem, on shell we have

∂Lk

∂tℓ
− ∂Lℓ

∂tk
= {Hk, Hℓ}R, (3.55)

hence the result. □

Remark 3.2.3. The connection between the closure relation for Lagrangian one-forms
and the involutivity of Hamiltonians was first discussed in [Sur13]. The content of our
Corollary establishes this result for all Lagrangian one-forms in the class that we have
introduced in this paper. They include any system describable by the coadjoint orbit and
r-matrix methods of Lie dialgebras. An extension of the connection between closure and
involutivity to the field theory context (Lagrangian two-forms) was discussed in [Ver21]. ◁
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Remark 3.2.4. The content of the theorem sheds fundamental light on the link between
the closure relation and the involutivity of the Hamiltonian as it establishes an off-shell
identity which clearly shows the interplay between the coefficients of dL , the Euler–
Lagrange equations, the Poisson tensor on the coadjoint orbit, and the Poisson bracket of
the Hamiltonians related to our Lagrangian coefficients. A particular point is that it shows
in the present general setting that dL has a so-called “double zero” on the equation of
motion. This idea was introduced in [SNC20] and developed in [SNC23] as an important
ingredient of Lagrangian multiform theory. However, the relation to Hamiltonians in
involution was not noticed there. The status of the “double zero” term Υn

k Pnr Υr
ℓ is now

clearly identified as well as its relation to the Euler–Lagrange equations. This term is
the off-shell element linking the Hamiltonian integrability criterion {Hk, Hℓ}R = 0 and
the integrability criterion advocated in Lagrangian multiform theory: the closure relation
dL = 0 on shell. ◁

3.3 Geometric Lagrangian one-forms from reduction

It is well-known that many integrable systems arise from Hamiltonian reduction on the
cotangent bundle of a Lie group A following the intuitive idea that the more intricate
dynamics of the integrable system of interest on the reduced phase space comes from the
simplest “free” dynamics on the cotangent bundle. In this section, we show how one can
construct a general Lagrangian multiform on a coadjoint orbit by a Lagrangian analogue
of the procedure of Hamiltonian reduction. The Lagrangian multiform of Section 3.1 is
recovered as a special case.

We follow mainly the exposition and ideas in [Sem08, Lectures 1-2] to summarise the
key notions. By fixing a left trivialisation of T ∗A we can parametrise it with (α, a) ∈ a∗×A
where a∗ is the dual of the Lie algebra a of A. The canonical symplectic form Ω is exact
and derives from the canonical one-form θ

Ω = δθ with θ = (α, a−1δa). (3.56)

The cotangent lifts to T ∗A of the action of A on itself by left and right translations read

λb : (α, a) 7→ (α, b a), ρb : (α, a) 7→ (Ad∗
b · α, a b−1), b ∈ A. (3.57)

The canonical one-form and hence the symplectic form are invariant under these actions.
The corresponding moment maps are given by

µℓ(α, a) = Ad∗
a · α, µr(α, a) = −α. (3.58)

In applications to integrable systems, one usually consider the case where only Lie sub-
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groups A+ and A− of A act by left and right translations. In this case, the moment maps
are the restriction of the above moment maps to a±, the Lie algebras of A±. Thus, they
are elements of a∗

±, and we denote them by

µℓ(α, a) = Πa∗
+

(Ad∗
a · α) , µr(α, a) = −Πa∗

−
α. (3.59)

In the special case where A+ is the trivial group and A− = A, it is known that the quotient
Poisson manifold T ∗A/A is isomorphic to a∗ equipped with the Lie–Poisson bracket. See,
for instance, [Sem08, Proposition 1.24].

Since our emphasis is on the Lagrangian formalism, let us describe the translation of
the above situation into this framework. We consider the following Lagrangian on T ∗A

L 0 =
(
α, a−1 da

dt

)
. (3.60)

The importance of L 0 is that the Cartan form arising from its variation is precisely the
canonical one-form on T ∗A. Indeed, we have

δL 0 =
(
δα, a−1 da

dt

)
−
(
α, a−1δaa−1 da

dt

)
+
(
α, a−1δ

da
dt

)
=
(
δα, a−1 da

dt

)
−
(
α, a−1δaa−1 da

dt

)
−
(dα

dt , a
−1δa

)
+
(
α, a−1 da

dt a
−1δa

)
+ d

dt
(
α, a−1δa

)
=
(
δα, a−1 da

dt

)
−
( d

dt (Ad∗
a · α) , δaa−1

)
+ d

dt
(
α, a−1δa

)
(3.61)

In the last term, we recognise that the Cartan form is θ (up to a conventional sign). Also,
we see that this Lagrangian yields trivial equations of motion

a−1 da
dt = 0, d

dt (Ad∗
a · α) = 0 ⇔ da

dt = 0, dα
dt = 0. (3.62)

The Lagrangian L 0 is invariant under the global transformations (α, a) 7→ (α, b a) and
(α, a) 7→ (Ad∗

b · α, a b−1) where b ∈ A is constant. The conserved currents produced by
Noether’s theorem are the moment maps µℓ,r. It is immediate from (3.62) that they
are indeed conserved currents. The symmetry group A × A of this free theory is too
large to produce systems of interest. One easy way to reduce the symmetry group to
A+ ×A− = {e} ×A acting by right translations only is to include a potential term where
the potential function depends on (α, a) only through µℓ:

L =
(
α, a−1 da

dt

)
−H (−µℓ(α, a)) =

(
α, a−1 da

dt

)
−H (Ad∗

a · α) , (3.63)

where H is a function on a∗. By Noether’s theorem, we expect that µr = −α is still
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a conserved current. Indeed, a computation analogous to that in the proof of Theorem
(3.1.2) gives

δL =
(
δα, a−1 da

dt − Ada−1 · ∇H (Ad∗
a · α)

)
−
( d

dt (Ad∗
a · α) − ad∗

∇H(Ad∗
a·α) · (Ad∗

a · α) , δaa−1
)

+ d
dt
(
α, a−1δa

)
.

(3.64)

Thus, the equations of motion read

da
dt a

−1 − ∇H (Ad∗
a · α) = 0, d

dt (Ad∗
a · α) − ad∗

∇H(Ad∗
a·α) · (Ad∗

a · α) = 0, (3.65)

or equivalently,
da
dt a

−1 − ∇H (Ad∗
a · α) = 0, d

dtα = 0. (3.66)

The analogue of fixing the moment map µr = −α to some fixed value −Λ ∈ a∗ in the
Hamiltonian reduction approach consists of “integrating out degrees of freedom” by solving
d
dtα = 0 to α = Λ ∈ a∗, and inserting back into the Lagrangian to get the effective
Lagrangian of the reduced model. This yields

Leff =
(

Λ, a−1 da
dt

)
−H (Ad∗

a · Λ) . (3.67)

This Lagrangian describes a system on the coadjoint orbit of Λ ∈ a∗ under A. At this
stage, if we equip a with a nondegenerate symmetric bilinear form to identify a∗ with a,
we obtain as before that the equations of motion take the Lax form for L = Ad∗

a · Λ

dL
dt = [∇H(L), L] . (3.68)

Note that we have not assumed anything special about the function H, so strictly speaking
there is no notion of integrability at this stage, only that the equations for the system under
consideration are written in Lax form.

Applying this construction to the case A = GR, a = gR, we see that each of our
Lagrangians Lk in (3.2) is of the form of Leff. Of course, in that case, each function Hk

was assumed to have the additional property of being invariant under the coadjoint action
of G so that the closure relation, the Lagrangian criterion for integrability5, was valid.
However, let us go back to the general situation above and suppose we form a Lagrangian
one-form by assembling N effective Lagrangians of the form (3.67) with N independent
(arbitrary smooth) functions Hk defined on a∗ (or possibly only on OΛ):

L = Lk dtk =
((

Λ, a−1∂tka
)

−Hk (Ad∗
a · Λ)

)
dtk. (3.69)

5This is modulo the requirement of having a sufficient number of such independent functions, as always.
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The arguments of Section 3.2 can be repeated verbatim and lead to the same conclusion
as in Theorem 3.2.1.

Theorem 3.3.1. The following identity holds

∂Lk

∂tℓ
− ∂Lℓ

∂tk
+ Υm

k Pmn Υn
ℓ = {Hk, Hℓ}a∗ , (3.70)

where { , }a∗ is the Lie–Poisson bracket on a∗ and Pmn the corresponding Poisson tensor
on OΛ.

Note that so far we have not assumed anything on the functions Hk. The exact
analogue of Corollary 3.2.2 follows from Theorem 3.3.1 in the present context. We stress its
importance in this general situation: if we can solve for Lk such that the multitime Euler–
Lagrange equations and the closure relation hold for the one-form (3.69) then it qualifies
as a Lagrangian multiform and (3.70) implies that the corresponding functions Hk are in
involution. Conversely, if we use functions Hk that are in involution with respect to { , }a∗

then the one-form (3.69) satisfies the closure relation and is a Lagrangian multiform. In
Section 3.1, we used the latter point of view in a special situation: we took advantage of
the Lie dialgebra construction which uses Ad∗

G-invariant functions to produce functions
in involution with respect to { , }R on the dual of gR. In the present section, the above
results imply the stronger statement that one can associate a Lagrangian multiform with
any family of Hamiltonians in involution on any coadjoint orbit of a Lie group.

The perspective of the reverse procedure consisting of solving the multitime Euler–
Lagrange equations and the closure relations to produce (new?) integrable systems and
Hamiltonians in involution is tantalising. However, it is far from clear whether such a
philosophy is more (or less) promising than the established integrable system classification
tools such as symmetry analysis or classification of the solutions of the (modified) classical
Yang–Baxter equation.

It is instructive to recover our Lagrangians Lk as effective Lagrangians via a slightly
different, but related, mechanism. Suppose now that we reduce the symmetry group to
A+ × A− such that, at least locally, any element a ∈ A factorise uniquely as a = a−1

+ a−,
a± ∈ A±. At the Lie algebra level, we have a unique decomposition X = X+ −X−, X± ∈
a± and by duality α = Πa∗

+
α− Πa∗

−
α. Identifying a with (a+, a−), we see that the action

of A+ × A− on a amounts to an action by right translations (a+, a−) 7→ (a+b
−1
+ , a−b

−1
− ).

Thus,
s : T ∗A → a∗, (α, a) 7→ Ad∗

a− · α (3.71)

is invariant under the action of A+ × A−. Equipped with this, as before, it is easy to
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introduce a Lagrangian which has A+ ×A− as symmetry group

L =
(
α, a−1 da

dt

)
−H (−s(α, a)) , (3.72)

where H is a function on a∗. By Noether’s theorem we expect that µℓ,r in (3.59) are
conserved currents. The direct verification from the Euler–Lagrange equations follows by
noticing that (

α, a−1 da
dt

)
= −

(
s,

da+
dt a

−1
+ − da−

dt a
−1
−

)
. (3.73)

Therefore,

δL = −
(
δs,

da+
dt a

−1
+ − da−

dt a
−1
− − ∇H(−s)

)
+
( d

dt

(
Ad∗

a−1
+

· s
)
, δa+a

−1
+

)

−
( d

dt

(
Ad∗

a−1
−

· s
)
, δa−a

−1
−

)
− d

dt
(
s, δa+a

−1
+ − δa−a

−1
−

) (3.74)

giving 

d

dt Πa∗
+

(
Ad∗

a−1
+

· s
)

= d

dt Πa∗
+

(Ad∗
a · α) = d

dt µℓ = 0,

d

dt Πa∗
−

(
Ad∗

a−1
−

· s
)

= d

dt Πa∗
−
α = − d

dt µr = 0,

da+
dt a−1

+ − da−
dt a−1

− − ∇H(−s) = 0.

(3.75)

The first two equations are indeed the conservation of the Noether currents, as expected.
We use them to integrate out the corresponding degrees of freedom. Namely, we set

µℓ = −Λ+ ∈ a+, µr = Λ− ∈ a−, (3.76)

and substitute back into the Lagrangian. To obtain the effective Lagrangian, note that

s = Πa∗
+

(
Ad∗

a+ · µℓ

)
+ Πa∗

−

(
Ad∗

a− · µr

)
. (3.77)

This can be seen by the following computation6. For any X ∈ a,

(s,X) = (s,X+ −X−) =
(

Ad∗
a−1

+
· s,Ada−1

+
·X+

)
−
(

Ad∗
a−1

−
· s,Ada−1

−
·X−

)
=
(
µℓ,Ada−1

+
·X+

)
+
(
µr,Ada−1

−
·X−

)
=
(
Πa∗

+

(
Ad∗

a+ · µℓ

)
+ Πa∗

−

(
Ad∗

a− · µr

)
, X
)
.

(3.78)

6This computation is the generalisation to the present context of the analogous argument used in [FG02]
where our s corresponds to their X.
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Putting everything together, and setting

L = −s = Πa∗
+

(
Ad∗

a+ · Λ+
)

− Πa∗
−

(
Ad∗

a− · Λ−
)
, (3.79)

the effective Lagrangian is

Leff =
(
L,

da+
dt a−1

+ − da−
dt a−1

−

)
−H (L) . (3.80)

In the special case where A = G, a = g, a± = g± with g± = R±(g), this effective
Lagrangian is exactly of the form of our Lagrangian coefficients Lk. This alternative
construction amounts to reducing a free system on T ∗G by acting with G+ × G− ≃ GR.
We refer the interested reader to [Sem08, Section 2.4] for a discussion of the connection
between the reduction on T ∗GR by left translations of GR and the reduction on T ∗G by
left and right translations of G+ ×G−.

This brings us to the end of our presentation of the general framework of Lagrangian
multiforms on coadjoint orbits. The next chapter will be dedicated to the application of
this framework to some examples. These examples will demonstrate the scope of our frame-
work while also providing, for some well-known integrable systems, explicit Lagrangian
one-forms that were obtained for the first time in [CDS24] and [CSV24].
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Chapter 4

Examples

The theory of Lie dialgebras provides a general setup for constructing integrable models
in a systematic manner. This setup is at the heart of the framework of geometric La-
grangian one-forms living on coadjoint orbits that we presented in Chapter 3. By fixing
the algebraic data in the general expression for the geometric Lagrangian one-form in
(3.2), one can construct explicit examples of Lagrangian one-forms for specific integrable
models. In this chapter, adapted from [CDS24] and [CSV24], we demonstrate this for
several well-known integrable models, thus obtaining Lagrangian one-forms describing the
corresponding hierarchies.1

In Section 4.1, we illustrate the construction for the open Toda chain associated with a
Lie dialgebra via a non-skew-symmetric r-matrix. We present explicit expressions for the
Lagrangian coefficients and relate our results to the well-known formulations of the Toda
chain in Flaschka and canonical coordinates. In Section 4.2, the same open Toda chain
is used to illustrate our construction in the case of a skew-symmetric r-matrix. We also
relate our results to the description in Flaschka and canonical coordinates. Section 4.3 is
concerned with the rational Gaudin model, while in Section 4.4, we deal with a cyclotomic
generalisation of this model. The two cases of Gaudin models will be opportunities for
us to show how our construction works in the case of infinite-dimensional Lie algebras,
which accounts for the presence of a spectral parameter in the Lax matrices. The case of
the cyclotomic Gaudin model is also interesting because it admits two special realisations
— the periodic Toda chain and the discrete self-trapping (DST) model — that are the
subject of Section 4.5. In this last section, we also demonstrate how to couple together the
hierarchies of the periodic Toda chain and the DST model in a straightforward manner
and derive a Lagrangian one-form for this coupled hierarchy.

1Minor sign errors appear in some expressions in Sections 5 and 6 of [CDS24] (corresponding to Sections
4.1 and 4.2 below) that have been corrected in this thesis. I would like to thank Caolfionn McLoughlin for
pointing these out.
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The choice of examples in this chapter also allows us to illustrate the versatility of the
theory of Lie dialgebras and, as a consequence, of our framework of geometric Lagrangian
one-forms, since each of these examples requires a distinct algebraic setup, as will become
clear over the course of this chapter.

4.1 Open Toda chain in the AKS scheme

Toda chains, introduced in [Tod67], are among the most extensively studied integrable
models. A Toda chain describes a system of particles with nearest-neighbour exponential
interaction. The case with an open boundary condition is the subject of this section. The
construction here is based on the AKS scheme [Adl78; Kos79; Sym80] and reproduces
the approach of Flaschka [Fla74]. We start with the algebraic setup required for the
construction and present the Lax description of the model before making the connection
with our variational approach of geometric Lagrangian one-forms.

4.1.1 Algebraic setup

Let us choose g = slN+1(C), the Lie algebra of (N + 1) × (N + 1) traceless real matrices,
g+ the Lie subalgebra of skew-symmetric matrices and g− the Lie subalgebra of upper
triangular traceless matrices, yielding

g = g+ ∔ g−. (4.1)

Here R = P+ − P− and R± = ±P± with P± the projector on g± along g∓. The following
Ad-invariant nondegenerate bilinear form

⟨X,Y ⟩ = Tr(XY ) (4.2)

allows the identification g∗ ≃ g, and it induces the decomposition

g∗ = g∗
− ∔ g∗

+ ≃ g⊥
+ ∔ g⊥

−, (4.3)

where g⊥
± is the orthogonal complement of g± with respect to ⟨ , ⟩: g⊥

+ is the subspace
of traceless symmetric matrices and g⊥

− the subspace of strictly upper triangular matrices.
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Let us choose

Λ =



0 1 0 0 . . . 0
1 0 1 0 . . . 0
0 1 0 1 . . . 0

0 0 1 . . . . . . ...
... . . . . . . 1
0 0 0 . . . 1 0


∈ g∗

− ≃ g⊥
+ (4.4)

and consider its orbit under the (co)adjoint action of G−, the Lie subgroup associated to
g− consisting of upper triangular matrices with unit determinant.

4.1.2 Lax description

As explained in Section 1.2.2, the AKS case corresponds to the particular case where
φ ∈ G− so that

L = AdR∗
φ · Λ = −R∗

−(Ad∗
φ− · Λ), (4.5)

and the coadjoint orbit OΛ lies in g∗
−. Using ⟨ , ⟩, we can identify the adjoint and

coadjoint actions. Also, we use it to identify the transpose A∗ : g∗ → g∗ of any linear
map A : g → g with the transpose of A with respect to ⟨ , ⟩ defined on g. Writing
(ξ,X) = ⟨Y,X⟩, this means that we have

(A∗(ξ), X) = (ξ, A(X)) = ⟨Y,A(X)⟩ = ⟨A∗(Y ), X⟩. (4.6)

This allows us to work with

L = −R∗
−(φ−Λφ−1

− ) = −R∗
−(φΛφ−1), (4.7)

where we have dropped the redundant subscript on φ in the second equality with φ =
φ− ∈ G−. From the definitions ⟨X, R±Y ⟩ = ⟨R∗

±X, Y ⟩ and ⟨X, P±Y ⟩ = ⟨Π∓X, Y ⟩,
where we denote by Π± the projector onto g⊥

± along g⊥
∓, we find R∗

± = ±Π∓. Note that
this is an example of non-skew-symmetric r-matrix since

R∗ = Π− − Π+ ̸= −R = P− − P+. (4.8)
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Now, φΛφ−1 is the following traceless matrix:

φΛφ−1 =



a1 ∗ ∗ ∗ . . . ∗

b1 a2 ∗ ∗ . . . ∗

0 b2 a3 ∗ . . . ∗

0 0 b3
. . . . . . ...

... . . . . . . ∗

0 0 0 . . . bN aN+1


, (4.9)

from which we obtain L as the symmetric tridiagonal matrix

L = Π+(φΛφ−1) =



a1 b1 0 0 . . . 0

b1 a2 b2 0 . . . 0

0 b2 a3 b3 . . . 0

0 0 b3
. . . . . . ...

... . . . . . . bN

0 0 0 . . . bN aN+1


. (4.10)

Using the Hamiltonian
H1(L) = −1

2 TrL2, (4.11)

we then find

R+∇H1(L) = P+(−L) =



0 b1 0 0 . . . 0

− b1 0 b2 0 . . . 0

0 −b2 0 b3 . . . 0

0 0 −b3
. . . . . . ...

... . . . . . . bN

0 0 0 . . . −bN 0


. (4.12)

A direct substitution in (3.5) with k = 1, i.e.

∂t1L = [R±∇H1(L), L], (4.13)
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reproduces the open Toda chain equations in Flaschka’s coordinates an, bn:

∂t1a1 = 2b2
1, ∂t1aN+1 = −2b2

N ,

∂t1aj = 2(b2
j − b2

j−1), j = 2, . . . , N,

∂t1bj = bj(aj+1 − aj), j = 1, . . . , N.

(4.14)

The next flow generated by the Hamiltonian

H2(L) = −1
3TrL3, (4.15)

with gradient ∇H2(L) = −L2 yields R+∇H2(L) = P+(−L2) as

0 b1(a1 + a2) b1b2 0 . . . 0

−b1(a1 + a2) 0 b2(a2 + a3) b2b3 . . . 0

−b1b2 −b2(a2 + a3) 0 b3(a3 + a4) . . . 0

0 −b2b3 −b3(a3 + a4) . . . . . . ...
... . . . . . . bN (aN + aN+1)

0 0 0 . . . −bN (aN + aN+1) 0


.

The corresponding equations from (3.5) with k = 2 read

∂t2a1 = 2b2
1(a1 + a2), ∂t2aN+1 = −2b2

N (aN + aN+1),

∂t2aj = 2b2
j (aj + aj+1) − 2b2

j−1(aj−1 + aj), j = 2, . . . , N,

∂t2b1 = b1(a2
2 − a2

1 + b2
2), ∂t2bN = bN (a2

N+1 − a2
N − b2

N−1),

∂t2bj = bj(a2
j+1 − a2

j + b2
j+1 − b2

j−1), j = 2, . . . , N.

(4.16)

4.1.3 Lagrangian description

We need to choose a convenient parametrisation of φ since this is the essential ingredient
in the Lagrangians Lk. We choose

φ = UY, (4.17)

where Y = diag(y1, . . . , yN+1) is the diagonal matrix of diagonal elements of φ (i.e. yi =
φii) and U = φY −1 is the upper triangular matrix with 1 on the diagonal and arbitrary
elements uij , 1 ≤ i < j ≤ N . Since φ has non-zero determinant, yi ̸= 0, i = 1, . . . , N + 1,



58

and with this parametrisation, we find L as in (4.10) with

a1 = y2
y1
u12, aN+1 = −yN+1

yN
uN,N+1,

ai = yi+1
yi

ui,i+1 − yi

yi−1
ui−1,i, i = 2, . . . , N,

bi = yi+1
yi

, i = 1, . . . , N.

(4.18)

Note that
N+1∑
j=1

aj = 0, so we have 2N independent variables on the coadjoint orbit OΛ.

We compute the kinetic part of Lk defined in (3.3) as

Kk = ⟨−R∗
−(φΛφ−1), ∂tkφ ·R φ−1⟩ = −⟨φΛφ−1, R−(∂tkφ ·R φ−1)⟩

= −⟨φΛφ−1, ∂tkφφ−1⟩ = −Tr
(
Λφ−1∂tkφ

)
,

(4.19)

where in the third step we have used the morphism property of R−,

R−(∂tkφ ·R φ−1) = ∂tkφ−φ
−1
− , (4.20)

and φ− = φ ∈ G−. It remains to express it in terms of our chosen coordinates to get

Kk = −Tr
(
ΛY −1U−1∂tk(UY )

)
= −

N∑
j=1

yj+1
yj

∂tkuj,j+1. (4.21)

From these results, it becomes apparent that the convenient coordinates are bi as given in
(4.18) and ui ≡ ui,i+1, i = 1, . . . , N . The first two Lagrangians involve the Hamiltonians
(4.11) and (4.15) respectively, and can now be expressed in the ui, bi coordinates as follows

L1 = K1 −H1 = −
N∑

j=1
bj∂t1uj + 1

2

N∑
j=2

(bjuj − bj−1uj−1)2 +
N∑

j=1
b2

j + 1
2b

2
1u

2
1 + 1

2b
2
Nu

2
N ,

(4.22a)

L2 = K2 −H2 = −
N∑

j=1
bj∂t2uj + 1

3

N∑
j=2

(bjuj − bj−1uj−1)3 + 1
3(b1u1)3 − 1

3(bNuN )3

+
N−1∑
j=2

b2
j (bj+1uj+1 − bj−1uj−1) + b2

1(b2u2) − b2
N (bN−1uN−1). (4.22b)
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The variation of L1 reads

δL1 = −
N∑

j=1
∂t1ujδbj +

N∑
j=1

∂t1bjδuj − ∂t1

N∑
j=1

bjδuj

+
N∑

j=2
(bjuj − bj−1uj−1)(ujδbj + bjδuj) −

N−1∑
j=1

(bj+1uj+1 − bjuj)(ujδbj + bjδuj)

+ 2
N∑

j=1
bjδbj + b1u

2
1δb1 + b2

1u1δu1 + bNu
2
NδbN + b2

NuNδuN ,

(4.23)

and gives the following Euler–Lagrange equations

∂t1u1 = u2
1b1 − u1(b2u2 − b1u1) + 2b1,

∂t1uN = uN (bNuN − bN−1uN−1) + u2
NbN + 2bN ,

∂t1uj = uj(bjuj − bj−1uj−1) − uj(bj+1uj+1 − bjuj) + 2bj ,

∂t1b1 = b1(b2u2 − b1u1) − b2
1u1, ∂t1bN = −bN (bNuN − bN−1uN−1) − b2

NuN ,

∂t1bj = bj(bj+1uj+1 − bjuj) − bj(bjuj − bj−1uj−1),

(4.24)

for j = 2, . . . , N − 1. It is easy to see that these equations give exactly (4.14) using the
identification (see (4.18))

a1 = b1u1, aN+1 = −bNuN ,

aj = bjuj − bj−1uj−1, j = 2, . . . , N.
(4.25)

This provides a very explicit check that our Lagrangians produce the corresponding Lax
equations, in coordinates naturally dictated by the coadjoint orbit construction of the
kinetic term, here uj , bj . As recalled in Section 3.2, the kinetic part of a Lagrangian
provides the (pullback of the) symplectic form of the model via the Cartan form θR. Here,
we have (see the total derivative term in δL1)

θR =
N∑

j=1
bjδuj ⇒ ΩR =

N∑
j=1

δbj ∧ δuj . (4.26)

This shows that the coordinates uj , bj are canonical. In the present case, choosing bj , aj ,
for j = 1, . . . , N , as the coordinates on the coadjoint orbit OΛ, we can also express the
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Kostant–Kirillov–Souriau form explicitly using the formula

uj = 1
bj

j∑
ℓ=1

aℓ (4.27)

to get

ωR =
N∑

j=1

1
bj

j∑
ℓ=1

δbj ∧ δaℓ. (4.28)

It is instructive to see how the usual Hamiltonian formulation of the open Toda chain
in canonical coordinates qi, pi is derived from our Lagrangian formulation. From the
symplectic form (4.26), we deduce the following (canonical) Poisson brackets2

{bj , uk} = δjk, {bj , bk} = 0 = {uj , uk}, j, k = 1, . . . , N. (4.29)

The Legendre transformation
∂L1

∂(∂t1uj) = −bj (4.30)

reproduces, as it should, the Hamiltonian

N∑
j=1

∂L1
∂(∂t1uj)∂t1uj − L1

= −1
2

N∑
j=2

(bjuj − bj−1uj−1)2 −
N∑

j=1
b2

j − 1
2b

2
1u

2
1 − 1

2b
2
Nu

2
N = H1(L).

(4.31)

The matrix L for slN+1(C) in canonical coordinates (qi, pi) is given by

L =



p1 eq1−q2 0 0 0 . . .

eq1−q2
p2 eq2−q3 0 0 . . .

0 eq2−q3
p3 eq3−q4 0 . . .

0 0 . . . . . . . . .

... eqN−1−qN
pN eqN −qN+1

0 eqN −qN+1
pN+1



, (4.32)

2Here we drop the subscript R when referring to the Poisson bracket { , }R since there will be no
confusion with another Poisson bracket.
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and by comparison with (4.10), we set the change of variables

qj =
N∑

k=j

ln bk, j = 1, . . . , N,

pj = bjuj − bj−1uj−1, j = 2, . . . , N,

p1 = b1u1, pN+1 = −bNuN .

(4.33)

From (4.29), we deduce by direct calculation:

{qj , pk} = δjk, {qj , qk} = 0 = {pj , pk}, j, k = 1, . . . , N,

{qj , pN+1} = −1, {pj , pN+1} = 0, j = 1, . . . , N.
(4.34)

Note that pN+1 is redundant for the description of the dynamics since we only need the
map (uj , bj) 7→ (qj , pj) for j = 1, . . . , N . This is captured by the fact that the previous

relations imply that C =
N+1∑
j=1

pj is a Casimir on the 2N -dimensional phase space with

coordinates (q1, . . . , qN , p1, . . . , pN+1) and we can work with C = 0. The coordinate pN+1

is still useful for writing the Hamiltonian in the familiar compact form as

H1 = −1
2

N+1∑
j=1

p2
j −

N−1∑
j=1

e2(qj−qj+1) − e2qN
. (4.35)

Hamilton’s equations ∂t1qj = {qj , H1}, ∂t1pj = {pj , H1} yield

∂t1p1 = 2e2(q1−q2), ∂t1pN+1 = −2e2qN
,

∂t1pj = 2
(
e2(qj−qj+1) − e2(qj−1−qj)

)
, j = 2, . . . , N − 1,

∂t1pN = 2
(
e2qN − e2(qN−1−qN )

)
,

∂t1qj = pN+1 − pj , j = 1, . . . , N.

(4.36)

These can be seen to be equivalent to (4.14), thus completing the Hamiltonian description
of the first flow for the open Toda chain, from our Lagrangian formulation. The same
analysis can be performed with L2, although the calculations are longer. We simply
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record here the Euler–Lagrange equations obtained from δL2:

∂t2u1 = u1
(
(b1u1)2 − (b2u2 − b1u1)2 − b2

2
)

+ 2b1b2u2,

∂t2uN = uN

(
(bNuN − bN−1uN−1)2 − (bNuN )2 + b2

N−1

)
− 2bNbN−1uN−1,

∂t2uj = uj
(
(bjuj − bj−1uj−1)2 − (bj+1uj+1 − bjuj)2)+ uj(b2

j−1 − b2
j+1)

+2bj(bj+1uj+1 − bj−1uj−1),

∂t2b1 = b1
(
(b2u2 − b1u1)2 − (b1u1)2 + b2

2
)
,

∂t2bN = bN

(
(bNuN )2 − (bNuN − bN−1uN−1)2 − b2

N−1

)
,

∂t2bj = bj
(
(bj+1uj+1 − bjuj)2 − (bjuj − bj−1uj−1)2)− bj(b2

j−1 − b2
j+1),

(4.37)

for j = 2, . . . , N − 1. To conclude this example we establish the closure relation for the
first two flows, i.e.

∂t2L1 − ∂t1L2 = 0 (4.38)

on shell. We know from our general results that this must hold, so this is simply an
explicit check. The kinetic and potential contributions give zero separately, so we split
the calculations accordingly. For the potential terms, it is more expedient to use the aj , bj

coordinates3 and equations (4.14) and (4.16):

∂t2H1 − ∂t1H2

= ∂t1

N+1∑
j=1

a3
j

3 +
N∑

j=1
b2

j (aj + aj+1)

− ∂t2

N+1∑
j=1

a2
j

2 +
N∑

j=1
b2

j


=

N+1∑
j=1

2a2
j (b2

j−1 − b2
j ) +

N∑
j=1

2b2
j (a2

j − a2
j+1 + b2

j−1 − b2
j+1)

−
N+1∑
j=1

2aj(b2
j−1(aj−1 + aj) − b2

j (aj + aj+1)) −
N∑

j=1
2b2

j (a2
j − a2

j+1 + b2
j−1 − b2

j+1)

=
N+1∑
j=1

2(ajaj+1b
2
j − ajaj−1b

2
j−1)

= 0,

(4.39)

3Note that for conciseness, we treated the equations for j = 1 and j = N on the same level as for
j = 2, . . . , N − 1 by formally introducing b0 = 0 and bN+1 = 0.
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where in the last step we recognise a telescopic sum. For the kinetic terms, we also use
the aj , bj coordinates wherever possible to expedite the calculations:

∂t1K2 − ∂t2K1

=
N∑

j=1
(∂t1(bj∂t2uj) − ∂t2(bj∂t1uj))

=
N∑

j=1
(∂t1((a2

j+1 − a2
j + bj+1 − b2

j−1)ujbj − 2b2
j (aj + aj+1)) − ∂t2((aj+1 − aj)ujbj − 2b2

j ))

=
N∑

j=1
((∂t1(a2

j+1 − a2
j + bj+1 − b2

j−1) − ∂t2(aj+1 − aj))ujbj − 2b2
j (b2

j+1 − b2
j−1))

= 0,
(4.40)

where in the last step the first term gives zero for each j upon using the equations of
motion and the remaining terms form a telescopic sum adding up to zero.

A Lagrangian one-form for the Toda chain was first constructed in [PS17] using vari-
ational symmetries of a given starting Lagrangian, which would be L1 in our context, to
construct higher Lagrangian coefficients which constitute a one-form when assembled to-
gether. The infinite Toda chain was studied more recently in [SV22] to illustrate the newly
introduced theory of Lagrangian multiforms over semi-discrete multitime. In [PS17], the
analogue of our L2 and L3 were constructed. The Noether integrals J1 and J2 (equations
(10.11) and (10.12) in [PS17]) which constitute the potential part of their Lagrangians are
nothing but H2(L) and H3(L) with L parametrised as in (4.32), up to an irrelevant change
of convention eqi−qi+1 → eqi+1−qi and setting qi = xi and pi = ẋi. The kinetic part of
the higher Lagrangians in [PS17] involves the so-called alien derivatives which are symp-
tomatic of constructing a Lagrangian multiform from a starting Lagrangian and building
compatible higher Lagrangian coefficients. Our construction prevents the problem of alien
derivatives altogether, putting all the Lagrangian coefficients on equal footing. This was
also achieved previously in the context of IFTs in [CS21; Cau+24].

4.2 Open Toda chain with a skew-symmetric r-matrix

We now present the open Toda chain for the same algebra, that is, g = slN+1(C), but
endowed with a different Lie dialgebra structure. This is based on the Cartan decomposi-
tion of g and leads to a skew-symmetric r-matrix in contrast to the non-skew-symmetric
r-matrix in the previous section. An additional interesting feature of this setup, which
we only illustrate for slN+1(C) here, is that it allows for a generalisation to any finite
semisimple Lie algebra. See, for instance, [BBT03, Chapter 4].
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4.2.1 Algebraic setup

Consider the decomposition
g = n+ ∔ h∔ n−, (4.41)

where h is the Cartan subalgebra of diagonal (traceless) matrices and n± the nilpotent
subalgebra of strictly upper/lower triangular matrices. Let P±, P0 be the projectors onto
n± and h respectively, relative to the decomposition (4.41) and set R = P+ − P−. It can
be verified that R satisfies the mCYBE. Here R± = ±(P± + P0/2) and

g± = Im(R±) = b± = h∔ n±. (4.42)

We have the following action of R± on the elements y ∈ h and w± ∈ n±,

R±(y) = ±1
2y, R±(w±) = ±w±, R±(w∓) = 0. (4.43)

Taking the same bilinear form as in (4.2), i.e. ⟨X,Y ⟩ = Tr(XY ), we see that

P ∗
± = P∓, P ∗

0 = P0 so that R∗ = −R. (4.44)

Thus, we have a skew-symmetric r-matrix here. For the related Lie groups, we have the
following factorisations close to the identity,

φ = φ+φ
−1
− , φ± = W±Y

±1, Y ∈ exp(h), W± ∈ exp(n±). (4.45)

4.2.2 Lax description

For Λ ∈ g∗ ≃ g, the expression of L as a coadjoint orbit of Λ is given by

L = AdR∗
φ · Λ = R∗

+(W+Y ΛY −1W−1
+ ) −R∗

−(W−Y
−1ΛYW−1

− ). (4.46)

We choose Λ as in (4.4), emphasising that in this case it is an element of the full g∗ ≃ g,
and Y ∈ exp(h), W± ∈ exp(n±) given by

Y = diag (η1, η2 . . . , ηN+1) , detY = 1, (4.47a)

W− =



1 0 0 . . . 0

ω−
2,1 1 0 . . . 0

ω−
3,1 ω−

3,2 1 . . . 0
... . . . . . . . . . 0

ω−
N,1 ω−

N,2 . . . ω−
N,N−1 1


, (4.47b)
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W+ =



1 ω+
1,2 ω+

1,3 . . . ω+
1,N

0 1 ω+
2,3 . . . ω+

2,N

0 0 1 . . . ...
... . . . ω+

N−1,N

0 0 . . . 0 1


. (4.47c)

From (4.44), we deduce that R∗
± = ±(P∓ + P0/2) so that

R∗
±(y) = ±1

2y, R∗
±(w±) = 0, R∗

±(w∓) = ±w∓, (4.48)

for y ∈ h, w± ∈ n±. Let us introduce the variables (wi, zi), defined as

wi =
ω+

i,i+1 − ω−
i+1,i

2 , zi = 2ηi+1
ηi

, (4.49)

from which we determine the Flaschka coordinates as

ai = wizi − wi−1zi−1
2 , i = 2, . . . , N − 1,

a1 = w1z1
2 , aN+1 = −wNzN

2 ,

bi = zi

2 , i = 1, . . . , N.

(4.50)

The evaluation of (4.46) in those coordinates reproduces the tridiagonal form as in (4.10).
One can then check that the equations for the first two flows (4.14) and (4.16) in the
previous section derive from the Lax equation

∂tkL = [R+(∇Hk(L)), L] , k = 1, 2, (4.51)

where the Hamiltonians are taken as

H1(L) = Tr(L2), H2(L) = 2
3 Tr(L3), (4.52)

and we recall that R+ = P+ + P0/2 here.

4.2.3 Lagrangian description

The Lagrangian one-form takes the form

L = Lkdt
k = (Kk(L) −Hk(L)) dtk, (4.53)
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for L ∈ OΛ, φ ∈ GR, with the kinetic and the potential terms given by

Kk(L) = Tr(L∂tkφ ·R φ−1), Hk(L) = 2
k + 1Tr(Lk+1), (4.54)

respectively. As in the previous section, the kinetic term will allow us to recognise natural
canonical variables of the system in this description. Recalling (4.45), (4.47), and (4.49),
we find

Kk(L) = Tr(Λφ−1 ·R ∂tkφ)

= Tr(Λφ−1
+ · ∂tkφ+) − Tr(Λφ−1

− · ∂tkφ−)

=
N∑

i=1

ηi+1
ηi

∂tkω+
i,i+1 −

N∑
i=1

ηi+1
ηi

∂tkω−
i+1,i

=
N∑

i=1
zi∂tkwi.

(4.55)

The k-th Lagrangian coefficient expressed in terms of the coordinates (wi, zi) reads

Lk = Kk −Hk =
N∑

i=1
zi∂tkwi −Hk, (4.56)

with (wi, zi) being canonical coordinates, and for k = 1, 2,

H1(L) = Tr(L2) =
N∑

i=1

1
2
(
z2

i + w2
i z

2
i

)
−

N−1∑
i=1

1
2wiziwi+1zi+1, (4.57a)

H2(L) = 2
3Tr(L3) =

N∑
i=1

1
4
(
z2

iwi+1zi+1 − z2
i+1wizi + w2

i z
2
iwi+1zi+1 − wiziw

2
i+1z

2
i+1

)
.

(4.57b)

To obtain the latter expressions of the Hamiltonians, it suffices to use the following ex-
pression for L in the wi, zi coordinates:

L = 1
2



w1z1 z1 0 0 . . . 0

z1 w2z2 − w1z1 z2 0 . . . 0

0 z2 w3z3 − w2z2 z3 . . . 0

0 0 z3
. . . . . . ...

... . . . . . . zN

0 0 0 . . . zN −wNzN



. (4.58)
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Note that we can just as easily determine the higher Hamiltonians and hence the higher
Lagrangian coefficients Lk, although the expressions become long. The variation δL1

yields the following Euler–Lagrange equations

∂t1w1 = z1 − w1
2 ((w2z2 − w1z1) − w1z1) ,

∂t1wN = zN − wN

2 (−wNzN − (wNzN − wN−1zN−1)) ,

∂t1wi = zi − wi

2 ((wi+1zi+1 − wizi) − (wizi − wi−1zi−1)) ,

∂t1z1 = z1
2 ((w2z2 − w1z1) − w1z1) ,

∂t1zN = zN

2 (−2wNzN + wN−1zN−1) ,

∂t1zi = zi

2 ((wi+1zi+1 − wizi) − (wizi − wi−1zi−1)) ,

(4.59)

for i = 2, . . . , N − 1, while the variation of L2 gives the Euler–Lagrange equations for the
second flow

∂t2z1 = z1
4
(
(w2z2 − w1z1)2 − (w1z1)2 + z2

2
)
,

∂t2zN = zN

4
(
(wNzN )2 − (wNzN − wN−1zN−1)2 − z2

N−1

)
,

∂t2zi = zi

4
(
(wi+1zi+1 − wizi)2 − (wizi − wi−1zi−1)2 + z2

i+1 − z2
i−1
)
,

∂t2w1 = z1
2
(
w2z2

)
− w1

4
(
(w2z2 − w1z1)2 − (w1z1)2 + z2

2

)
,

∂t2wN = −zN

2
(
wN−1zN−1

)
− wN

4
(
(wNzN )2 − (wNzN − wN−1zN−1)2 − z2

N−1

)
,

∂t2wi = zi

2
(
(wi+1zi+1 − wizi) + (wizi − wi−1zi−1)

)
− wi

4
(
(wi+1zi+1 − wizi)2

−(wizi − wi−1zi−1)2 + z2
i+1 − z2

i−1

)
,

(4.60)
with i = 2, . . . , N − 1. One can check that these reproduce the more familiar equations
(4.14)–(4.16) in Flaschka coordinates, using (4.50). As in the previous section, we can re-
late our results with the Hamiltonian formulation of the Toda chain in traditional canonical
coordinates (qi, pi). With

θR =
N∑

i=1
ziδwi =⇒ {zi, wj} = δij , {wi, wj} = 0 = {zi, zj}, (4.61)
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we see that it suffices to set

qi =
N∑

ℓ=i

ln zi

2 , i = 1, . . . , N

pi = wizi − wi−1zi−1
2 , i = 2, . . . , N

p1 = w1z1
2 , pN+1 = −wNzN

2 .

(4.62)

The explicit verification of the closure relation in the first two flows is completely
analogous to that given at the end of the previous section.

4.3 Rational Gaudin model

Gaudin models are a general class of integrable systems associated with Lie algebras with a
nondegenerate invariant bilinear form. They were first introduced for the Lie algebra sl2(C)
by Gaudin in [Gau76] as quantum integrable spin chains with long-range interactions, and
then generalised for arbitrary semisimple Lie algebras in [Gau83]. At both the classical
and quantum levels, the integrable structure of this model, associated with a Lie algebra
g, is underpinned by the rational skew-symmetric solution

r0
12(λ, µ) =

C12

µ− λ
(4.63)

of the CYBE4

[r12(λ, µ), r13(λ, ν)] + [r12(λ, µ), r23(µ, ν)] + [r32(ν, µ), r13(λ, ν)] = 0. (4.64)

The rational classical r-matrix (4.63) takes values in g ⊗ g and depends on spectral pa-
rameters λ, µ ∈ C, and the tensor Casimir C12 ∈ g ⊗ g appearing in (4.63) is defined
as

C12 = Ia ⊗ Ia (4.65)

where {Ia} and {Ia} are dual bases of g with respect to a fixed nondegenerate invariant
bilinear form. The main property of C12 which gives it its name is [C12 , X1 +X2 ] = 0 for
all X ∈ g and where we use the standard tensorial notation X1 ≡ X ⊗ 1 and X2 ≡ 1 ⊗X.

Unlike the case of the open Toda chain, the Lax matrix of a Gaudin model is a Lie
algebra-valued rational function of a variable λ, the spectral parameter. We will only look
at (classical) finite Gaudin models here, which describe certain spin chains and mechanical
systems. To accommodate this, we need to extend our construction to certain infinite-

4Note that this is the general version of the CYBE applicable to non-skew-symmetric matrices.
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dimensional Lie algebras.
Before diving into the required algebraic machinery, it is useful to recall the usual pre-

sentation of the equations of the model that we are aiming at describing variationally. We
do so in the simplest case of a rational Lax matrix with simple poles. Many generalisations
are known, including elliptic and non-skew-symmetric cases [Skr05]. The latter will be the
subject of Section 4.4.

The Lax matrix of a (rational) Gaudin model associated with a finite Lie algebra g

and a set of points ζr ∈ C, r = 1, . . . , N , and the point at infinity is given by the following
g-valued rational function

L(λ) =
N∑

r=1

Xr

λ− ζr
+X∞, X1, . . . , XN , X∞ ∈ g. (4.66)

The coefficients Hn
k,r of (λ− ζr)−n−1, n ≥ 0, in Tr(L(λ)k+1)/(k + 1), k ≥ 1, are Hamilto-

nians in involution (with respect to the Sklyanin bracket). Of course, only a finite subset
of them are independent and generate nontrivial flows. In the rest of this work, we will
focus on the coefficients corresponding to n = 0 and drop the extra label by simply writing
H0

k,r = Hk,r. The most famous ones are the quadratic Gaudin Hamiltonians which are the
coefficients H1,r in

1
2 Tr(L(λ)2) = 1

2

N∑
r=1

Tr(X2
r )

(λ− ζr)2 +
N∑

r=1

H1,r

λ− ζr
+ 1

2 Tr(X2
∞), (4.67)

and read
H1,r =

∑
s ̸=r

Tr(XrXs)
ζr − ζs

+ Tr(XrX∞), r = 1, . . . , N. (4.68)

The functions Hk,r give rise to a hierarchy of compatible equations in Lax form

∂tk,rL(λ) = [Mk,r(λ), L(λ)] . (4.69)

For k = 1, we have
M1,r = − Xr

λ− ζr
, (4.70)

and the Lax equation (4.69) leads to the following equations of motion for the degrees of
freedom in X1, . . . , XN , X∞:

∂t1,rXs = [Xr, Xs]
ζr − ζs

, s ̸= r, (4.71a)

∂t1,rXr = −
∑
s ̸=r

[Xr, Xs]
ζr − ζs

− [Xr, X∞], (4.71b)

∂t1,rX∞ = 0. (4.71c)
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We proceed to derive a Lagrangian one-form description of the set of equations (4.71a)–
(4.71c), as well as those corresponding to the next higher Hamiltonians with k = 2. In
principle, we could also include all higher Hamiltonians, but the first two levels are enough
to illustrate our method. To do so, we need to be able to interpret L(λ) as living in a
coadjoint orbit. The corresponding setup is described in [Sem08, Lecture 3] which we now
review and adapt to our purposes.

4.3.1 Algebraic setup

Let Q = {ζ1, . . . , ζN ,∞} ⊂ CP 1 be a finite set of points in CP 1 including the point at
infinity, and denote by FQ(g) the algebra of g-valued rational functions in the formal
variable λ with poles in Q. Further, define the local parameters

λr = λ− ζr, ζr ̸= ∞ and λ∞ = 1
λ
, (4.72)

and let S = {1, . . . , N,∞}. This is to be used as an index set, so ∞ is viewed here purely
as a label for an index, not as the point at infinity. For each r ∈ S, consider the algebra
g̃r of formal Laurent series in variable λr with coefficients in g,

g̃r = g ⊗ C((λr)), (4.73)

with Lie bracket
[Xλi

r, Y λ
j
r] = [X,Y ]λi+j

r , X, Y ∈ g. (4.74)

We have the vector space decomposition into Lie subalgebras

g̃r = g̃r+ ∔ g̃r−, (4.75)

where
g̃r+ = g ⊗ C[[λr]], r ̸= ∞, g̃∞+ = g ⊗ λ∞C[[λ∞]], (4.76)

and
g̃r− = g ⊗ λ−1

r C[λ−1
r ], r ̸= ∞, g̃∞− = g ⊗ C[λ−1

∞ ]. (4.77)

In other words, g̃r+ is the algebra of formal Taylor series in λr (without constant term
when r = ∞) and g̃r− is the algebra of polynomials in λ−1

r without constant term (except
when r = ∞). Associated with this decomposition, we have projectors Pr± onto g̃r±

relative to g̃r∓. Let us now consider g̃Q defined as the following direct sum of Lie algebras

g̃Q =
⊕
r∈S

g̃r. (4.78)
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The above decompositions yield the decomposition of g̃Q as

g̃Q = g̃Q+ ∔ g̃Q− with g̃Q+ =
⊕
r∈S

g̃r+ and g̃Q− =
⊕
r∈S

g̃r−, (4.79)

and the related projectors P±. Although useful, as we will see below, the decomposition
(4.79) is not what we need to interpret (4.69) within the Lie dialgebra setup. So, let us
consider the map

ιλ : FQ(g) → g̃Q, f 7→ (ιλ1f, . . . , ιλN
f, ιλ∞f) , (4.80)

where ιλrf ∈ g̃r is the formal Laurent series of f ∈ FQ(g) at ζr ∈ CP 1 and ιλ∞f ∈ g̃r

that of f ∈ FQ(g) at ζ∞. This is an embedding of Lie algebras. In addition, we have the
vector space decomposition

g̃Q = g̃Q+ ∔ ιλFQ(g). (4.81)

This decomposition reflects the fact that there exists a unique rational function on the
Riemann sphere with a prescribed set of singularities and principal parts at its poles, and
conversely, any rational function on the Riemann sphere admits a unique decomposition
into elementary functions.

Let us introduce the projectors Π± associated with this decomposition. They are
different from P± related to (4.79). The following relation is useful in practical calculations
(see below when computing gradients or in (4.89))

Π−(X) = ιλ ◦ πλ ◦ P−(X), X ∈ g̃Q, (4.82)

where the map πλ : g̃Q− → FQ(g) given by

πλ(Y1(λ1), . . . , YN (λN ), Y∞(λ∞)) =
∑
r∈S

Yr(λr) (4.83)

puts elements of g̃Q− and FQ(g) in one-to-one correspondence. This amounts to decom-
posing an f ∈ FQ(g) into the sum of its partial fractions Yr(λr).

We define the r-matrix we need as

R = Π+ − Π− (4.84)

and use it to define on g̃Q the structure of a Lie dialgebra to which we will apply the results
of that theory. Since we want to work with rational fractions which we have naturally
embedded as ιλFQ(g) into g̃Q, we need to identify the dual space this corresponds to, so
that we can identify the coadjoint action and its orbits appropriately. The nondegenerate
invariant symmetric bilinear form on g, given by (X,Y ) 7→ Tr(XY ), can be used to define
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a nondegenerate invariant symmetric bilinear form on g̃Q by setting

⟨X,Y ⟩ =
∑
r∈S

resλr=0 Tr(Xr(λr)Yr(λr)). (4.85)

Both g̃Q+ and ιλFQ(g) are Lie subalgebras which are (maximally) isotropic with respect
to the bilinear form ⟨ , ⟩ in (4.85). This tells us that

g̃∗
Q+ ≃ ιλFQ(g), (4.86)

so that elements of g̃∗
Q+ are those we should work with if we want to deal with Lax

matrices which are rational fractions of the spectral parameter. Accordingly, coadjoint
orbits of G̃Q+ in g̃∗

Q+ are the natural arena for the description of Gaudin Lax matrices.
Here G̃Q+ is the group associated with the algebra g̃Q+, with elements of the form

φ+ = (φ1+(λ1), . . . , φN+(λN ), φ∞+(λ∞)) , (4.87)

where each component φr+(λr) is a Taylor series in the local parameter λr valued in G,
the matrix Lie group associated with the Lie algebra g, that is,

φr+(λr) =
∞∑

n=0
ϕ(n)

r λn
r , r ̸= ∞, φ∞+(λ∞) = 1 +

∞∑
n=1

ϕ(n)
∞ λn

∞. (4.88)

As always, in practice we use the identification (4.86) (identifying the action and coadjoint
actions accordingly) and the (co)adjoint orbit of an element f ∈ ιλFQ(g) can be seen to
be given by the elements

F = Π−(Adφ+ · f) ≡ ιλL. (4.89)

In (4.89), the adjoint action of φ+ on f is defined component-wise

(Adφ+ · f)r(λr) = φr+(λr)fr(λr)φr+(λr)−1, r ∈ S. (4.90)

Thus, we have a construction that allows us to interpret a rational Lax matrix L(λ) as an
element of a (co)adjoint orbit and recast (4.69) as the following Lax equation in ιλFQ(g)

∂tk,r ιλL = [R±∇Hk,r(ιλL), ιλL], (4.91)

where Hk,r are the following invariant functions on g̃Q

Hk,r : X ∈ g̃Q 7→ Resλr=0
Tr(Xr(λr)k+1)

k + 1 , k ≥ 1. (4.92)

Having set up the required framework, let us now show how (4.69) is derived in this
context.
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4.3.2 Lax description

Let us choose

Λ(λ) =
N∑

r=1

Λr

λ− ζr
+ Ω, (4.93)

and apply (4.89) to f = ιλΛ to get

ιλL = Π−
(
Adφ+ · ιλΛ

)
= ιλ ◦ πλ ◦ P−

(
Adφ+ · ιλΛ

)
= ιλ ◦ πλ

(
ϕ

(0)
1 Λ1(ϕ(0)

1 )−1

λ− ζ1
, . . . ,

ϕ
(0)
N ΛN (ϕ(0)

N )−1

λ− ζN
,Ω
)

≡ ιλ ◦ πλ

(
A1

λ− ζ1
, . . . ,

AN

λ− ζN
,Ω
)

= ιλ

(
N∑

r=1

Ar

λ− ζr
+ Ω

)
.

(4.94)

This is the desired form of (4.129) where now each Xr is of the form Ar = ϕ
(0)
r Λr(ϕ(0)

r )−1

with Λr ∈ g fixed and ϕ
(0)
r containing the dynamical degrees of freedom. This is the

(co)adjoint description required to compute our Lagrangian coefficients, see below.
Next, we derive the Lax equations in ιλFQ(g) associated with the functions Hk,r(ιλL)

for k = 1, 2. The gradient of Hk,r at the point ιλL is defined as the element of g̃Q satisfying

lim
ϵ→0

Hk,r(ιλL+ ϵη) −Hk,r(ιλL)
ϵ

= ⟨η,∇Hk,r(ιλL)⟩, (4.95)

for all η ∈ g̃Q. It is enough for our purposes to calculate R−(∇Hk,r(ιλL)), therefore, we
can restrict η to g̃Q+. Thus, writing

∇Hk,r(ιλL) = N (k) + ιλh
(k), N (k) ∈ g̃Q+, h(k)(λ) ∈ FQ(g), (4.96)

recalling that g̃Q+ and ιλFQ(g) are isotropic with respect to the bilinear form in (4.85),
(4.95) becomes

Resλr=0 Tr
(
ηrιλrL

k
)

=
∑
s∈S

Resλs=0 Tr
(
ηsιλsh

(k)
)
, (4.97)

for any ηs ∈ g̃s+, s ∈ S, implying

(ιλsh
(k))− = 0, ∀s ̸= r, (4.98a)

(ιλrh
(k))− = (ιλrL

k)−. (4.98b)

This means that the rational function h(k)(λ) has a non-zero principal only at ζr which
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equals (ιλrL
k)−, so

h(k)(λ) = (ιλrL
k)−(λ), (4.99)

and we find

R−(∇Hk,r(ιλL)) = −Π−(∇Hk,r(ιλL)) = −ιλh(k) = −ιλ
(
(ιλrL

k)−
)
. (4.100)

For k = 1, 2, this gives us

R−(∇H1,r(ιλL)) = −ιλ
Ar

λ− ζr
(4.101)

and

R−(∇H2,r(ιλL)) = −ιλ

 A2
r

(λ− ζr)2 +
∑
s ̸=r

ArAs +AsAr

(λ− ζr)(ζr − ζs) + ArΩ + ΩAr

λ− ζr

 , (4.102)

respectively. As a consequence, we find the Lax equations for the two levels of flows as

∂t1,r ιλL =
[
−ιλ

Ar

λ− ζr
, ιλL

]
(4.103)

and

∂t2,r ιλL =

−ιλ

 A2
r

(λ− ζr)2 +
∑
s ̸=r

ArAs +AsAr

(λ− ζr)(ζr − ζs) + ArΩ + ΩAr

λ− ζr

 , ιλL
 . (4.104)

Explicitly, they yield the following equations on the As,

∂t1,rAs = [Ar, As]
ζr − ζs

, s ̸= r,

∂t1,rAr = −
∑
s ̸=r

[Ar, As]
ζr − ζs

− [Ar,Ω],
(4.105)

thus reproducing (4.71a)–(4.71b) ((4.71c) is automatic here since Ω is a constant element
of g), and

∂t2,rAs = − [A2
r , As]

(ζr − ζs)2 +
∑
s′ ̸=r

[ArAs′ +As′Ar, As]
(ζr − ζs)(ζr − ζs′) + [ArΩ + ΩAr, As]

ζr − ζs
, s ̸= r,

∂t2,rAr =
∑
s ̸=r

[A2
r , As]

(ζr − ζs)2 −
∑
s ̸=r

∑
s′ ̸=r

[Ar, AsAs′ ]
(ζr − ζs)(ζr − ζs′) −

∑
s ̸=r

[Ar, AsΩ + ΩAs]
ζr − ζs

− [Ar,Ω2].

(4.106)
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4.3.3 Lagrangian description

Applying our formula for the Lagrangian coefficients, we obtain the following one-form on
the orbit of Λ(λ), with elements ιλL given in (4.94),

L = Lk,rdt
k,r, k = 1, . . . , N, r ∈ S, (4.107)

with
Lk,r =

∑
s∈S

Resλs=0 Tr
(
ιλsL∂tk,rφs+(λs)φs+(λs)−1

)
−Hk,r(ιλL), (4.108)

where Hk,r(ιλL) is the restriction of Hk,r to ιλL. For the kinetic part, we have

Resλs=0 Tr(ιλsL∂tk,rφs+(λs)φs+(λs)−1) = Tr
(
Λs(ϕ(0)

s )−1∂tk,rϕ(0)
s

)
, s = 1, . . . , N,

(4.109)
and

Resλ∞=0 Tr(ιλ∞L∂tk,rφ∞+(λ∞)φ∞+(λ∞)−1) = Tr
(
Ω∂tk,rϕ(1)

∞ ϕ(1)
∞

)
= 1

2∂tk,r Tr
(
Ω(ϕ(1)

∞ )2
)
.

(4.110)

The contribution at ∞ is a total derivative, so it will not enter the Euler–Lagrange equa-
tions and hence we discard it. Thus, only the term ϕ

(0)
s in the Taylor series of φs+(λs)

appears in the kinetic term. We will simply denote it by ϕs to lighten notations. The
Lagrangian coefficients of the Gaudin one-form take the form

Lk,r =
N∑

s=1
Tr
(
Λsϕ

−1
s ∂tk,rϕs

)
−Hk,r(ιλL). (4.111)

More explicitly, for k = 1, 2, we have

H1,r(ιλL) =
∑
s ̸=r

Tr(ArAs)
ζr − ζs

+ Tr(ArΩ), (4.112)

and

H2,r(ιλL) = Tr

Ar

∑
s ̸=r

As

ζr − ζs
+ Ω

2
− Tr

A2
r

∑
s ̸=r

As

(ζr − ζs)2

 . (4.113)

Varying L1,r and L2,r with respect to ϕs, s = 1, . . . , N (recalling that As = ϕsΛsϕ
−1
s ), one

can check by direct calculations that the Euler–Lagrange equations give exactly (4.105)–
(4.106).

Further, we know from the general theory that the closure relation dL = 0 holds on
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shell. This implies
∂tj,sLk,r − ∂tk,rLj,s = 0, (4.114)

for all possible combinations of j, k and r, s. As we know, the kinetic and potential
contributions give zero separately in each case. Let us illustrate the main steps here for
k = 1, j = 2 and r ̸= s in (4.114), the left-hand side of which will then read

N∑
s′=1

∂t2,s Tr
(
Λs′ϕ−1

s′ ∂t1,rϕs′

)
−

N∑
s′=1

∂t1,r Tr
(
Λs′ϕ−1

s′ ∂t2,sϕs′

)
− ∂t2,sH1,r(ιλL) + ∂t1,rH2,s(ιλL).

Using the equations of motion, we have

∂t2,sH1,r(ιλL)

=
∑
s′ ̸=r

1
ζr − ζs′

Tr
((

− [A2
s, Ar]

(ζs − ζr)2 +
∑

s′′ ̸=s

[AsAs′′ +As′′As, Ar]
(ζs − ζr)(ζs − ζs′′) + [AsΩ + ΩAs, Ar]

ζs − ζr

)
As′

)

+
∑
s′ ̸=r
s′ ̸=s

1
ζr − ζs′

Tr
(
Ar

(
− [A2

s, As′ ]
(ζs − ζs′)2 +

∑
s′′ ̸=s

[AsAs′′ +As′′As, As′ ]
(ζs − ζs′)(ζs − ζs′′)

+ [AsΩ + ΩAs, As′ ]
ζs − ζs′

))

+ 1
ζr − ζs

Tr
(
Ar

(∑
s′ ̸=s

[A2
s, As′ ]

(ζs − ζs′)2 −
∑
s′ ̸=s

∑
s′′ ̸=s

[As, As′As′′ ]
(ζs − ζs′)(ζs − ζs′′)

−
∑
s′ ̸=s

[As, As′Ω + ΩAs′ ]
ζs − ζs′

− [As,Ω2]
))

+ Tr
((

− [A2
s, Ar]

(ζs − ζr)2 +
∑
s′ ̸=s

[AsAs′ +As′As, Ar]
(ζs − ζr)(ζs − ζs′) + [AsΩ + ΩAs, Ar]

ζs − ζr

)
Ω
)
.

(4.115)

This is seen to add up to zero by assembling the terms of the same nature (quartic, cubic or
quadratic in A), manipulating the sums, using the ad-invariance property Tr([A,B]C) =
Tr(A[B,C]) and the identity

1
(ζr − ζs)(ζr − ζs′) + 1

(ζs − ζs′)(ζr − ζs′) + 1
(ζs − ζr)(ζs − ζs′) = 0. (4.116)



77

Similar calculations give ∂t1,rH2,s(ιλL) = 0. For the kinetic terms we have

∂t2,s

N∑
s′=1

Tr
(
Λs′ϕ−1

s′ ∂t1,rϕs′

)
− ∂t1,r

N∑
s′=1

Tr
(
Λs′ϕ−1

s′ ∂t2,sϕs′

)

=
N∑

s′=1
Tr
(
(∂t2,sAs′)(∂t1,rϕs′)ϕ−1

s′

)
−

N∑
s′=1

Tr
(
(∂t1,rAs′)(∂t2,sϕs′)ϕ−1

s′

)

+
N∑

s′=1
Tr
(
As′ [(∂t2,sϕs′)ϕ−1

s′ , (∂t1,rϕs′)ϕ−1
s′ ]
)

+
N∑

s′=1
Tr
(
As′

(
(∂t2,s∂t1,rϕs′)ϕ−1

s′ − (∂t1,r∂t2,sϕs′)ϕ−1
s′

))
.

(4.117)

The commutativity of flows ensures that the last term equals zero. Further, using the
relation

∂t2,sAs′ = [(∂t2,sϕs′)ϕ−1
s′ , As′ ], s′ = 1, . . . , N, (4.118)

it is easy to see that the first and the third terms cancel each other. Finally, for the
second term, using ad-invariance, (4.118) and the on-shell relations in (4.105) and (4.106),
we have

N∑
s′=1

Tr
(
(∂t1,rAs′)(∂t2,sϕs′)ϕ−1

s′

)
= Tr

(
(∂t1,rAr)(∂t2,sϕr)ϕ−1

r

)
+
∑
s′ ̸=r

Tr
(
(∂t1,rAs′)(∂t2,sϕs′)ϕ−1

s′

)
= −

∑
s′ ̸=r

Tr
( [Ar, As′ ]
ζr − ζs′

(∂t2,sϕr)ϕ−1
r

)
− Tr

(
[Ar,Ω](∂t2,sϕr)ϕ−1

r

)
+
∑
s′ ̸=r

Tr
( [Ar, As′ ]
ζr − ζs′

(∂t2,sϕs′)ϕ−1
s′

)

= −
∑
s′ ̸=r

Tr(As′∂t2,sAr)
ζr − ζs′

− Tr(Ω∂t2,sAr) −
∑
s′ ̸=r

Tr(Ar∂t2,sAs′)
ζr − ζs′

= −∂t2,sH1,r(ιλL)

(4.119)

which we previously showed to be zero.

Remark 4.3.1. The algebraic framework we have used to obtain a Lagrangian one-form
for the Gaudin model is to a very large extent similar to that used in [Cau+24] to construct
Lagrangian multiforms of Zakharov–Mikhailov type. Therefore, in hindsight, it is perhaps
not very surprising that the Lagrangian

L1,r =
N∑

s=1
Tr
(
Λsϕ

−1
s ∂t1,rϕs

)
−
∑
s ̸=r

Tr(ArAs)
ζr − ζs

− Tr(ArΩ), (4.120)
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appears to be the direct analogue in the finite-dimensional case of the Zakharov–Mikhailov
Lagrangians which describe integrable field theories with rational Lax matrices [ZM80]. It
is a rather satisfying outcome that we have unravelled the unifying structure underlying
such Lagrangians, whether in finite or infinite dimensions. They are all connected to Lie
dialgebras which control the structure of their kinetic part and tell us which potentials to
include. ◁

4.4 Cyclotomic Gaudin model

The purpose of this section is to formulate a Lagrangian one-form for a cyclotomic gener-
alisation of the rational Gaudin model presented in Section 4.3. The first immediate task
is to introduce the relevant infinite-dimensional Lie algebra g and a suitable model V for
its dual space g∗ by constructing a nondegenerate invariant bilinear pairing as in (1.48).
This will be achieved in Section 4.4.1, which culminates in a description of the relevant
coadjoint orbits OΛ ⊂ g∗ in Lemma 4.4.5. In Section 4.4.2 we specialise to the case of
simple poles at ωkζr, k ∈ {0, . . . , T − 1}, r ∈ {1, . . . , N}, and double poles at the origin
and at infinity, and then describe the Lax matrix (4.130) of the cyclotomic Gaudin model
as an element of this coadjoint orbit. In Section 4.4.2 we then describe the Lax equations
as flows on this coadjoint orbit. Finally, in Section 4.4.3 we put everything together to
obtain the Lagrangian one-form for the cyclotomic Gaudin model.

The cyclotomic Gaudin model of interest here arises as a specialisation of a general
procedure which can be traced back to reduction group ideas [Mik81], first applied in the
form of an averaging procedure [RF83] to the rational classical r-matrix (4.63) in order to
produce the trigonometric and elliptic r-matrices. This was generalised in various ways, for
instance, in [AT91; Ava91a; Ava91b] in the context of Sklyanin’s (linear) Poisson algebra

{U1(λ), U2(µ)} =
[
r0

12(λ, µ), U1(λ) + U2(µ)
]
, (4.121)

where, as above, the index denotes which factor in the tensor product g ⊗ g the g-valued
function U sits in, that is, U1(λ) ≡ U(λ) ⊗ 1 and U2(µ) ≡ 1 ⊗ U(µ).

The idea is to use a Lie algebra automorphism appropriately extended to a loop algebra
automorphism. For our purpose, we use an automorphism σ of order T on g and define

ϕ : U(λ) 7→ ωσ−1(U(ωλ)) (4.122)

where ω is a T th root of unity. Thus, ϕ is an automorphism of the Poisson algebra (4.121).
This leads us to consider the fixed point subalgebra generated by

L(λ) = 1
T

T −1∑
k=0

ω−kσkU(ω−kλ), σ(L(λ)) = ωL(ωλ). (4.123)
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The Poisson algebra for L(λ) closes into

{L1(λ), L2(µ)} =
[
r12(λ, µ), L1(λ)

]
−
[
r21(µ, λ), L2(µ)

]
(4.124)

where

r12(λ, µ) = 1
T

T −1∑
k=0

σk
1C12

µ− ω−kλ
(4.125)

is a non-skew-symmetric solution of CYBE. These facts are special cases of Propositions
2.2 and 4.1 in [CC19]. It is well-known [BV90] that the Poisson algebra (4.124) ensures that
the quantities TrL(λ)p Poisson commute and the equations of motion generated by them
with respect to (4.124) take the Lax form. More precisely, the generating Hamiltonian

H(µ) = 1
p+ 1 TrL(µ)p+1, p ∈ Z≥0, (4.126)

satisfies
{L(λ), H(µ)} = [M(λ, µ), L(λ)] , (4.127)

where, by definition {L(λ), H(µ)} = {La(λ), H(µ)}Ia, and

M1(λ, µ) = Tr2 r12(λ, µ)L2(µ)p. (4.128)

This yields an infinite number of Hamiltonians by specifying p and extracting coefficients
at the poles of L(µ). Of course, only a finite number of these Hamiltonians are independent
when acting on a finite-dimensional phase space. They generate mutually compatible flows
forming an integrable hierarchy.

If one applies this construction to a Lax matrix of rational Gaudin model type, with
poles in the finite set D = {0, ζ1, . . . , ζN ,∞} ⊂ CP 1,

U(λ) =
N0−1∑
n=0

U
(n)
0

λn+1 +
N∑

r=1

Nr−1∑
n=0

U
(n)
r

(λ− ζr)n+1 +
N∞∑
n=0

U (n)
∞ λn, U (n)

s ∈ g, (4.129)

then one obtains the so-called cyclotomic Gaudin model [Skr05; VY16; VY17] and its
associated integrable hierarchy. Note that in (4.129), we have anticipated that the pole
at 0 and at infinity behave differently in (4.123) compared to the poles at λ = ζr ̸= 0,∞.
Although we will present the general algebraic setup, in our examples we will only consider
the case where U(λ) has simple poles at all ζr, r ∈ {1, . . . , N}, and double poles at the
origin and at infinity for simplicity.5 The corresponding Lax matrix of the cyclotomic

5This will be sufficient for our application to the periodic Toda chain and the discrete self–trapping
(DST) model that we present in Section 4.5.
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Gaudin model then takes the form

L(λ) = X
(0)
0
λ

+ X
(1)
0
λ2 + 1

T

N∑
r=1

T −1∑
k=0

σkXr

λ− ωkζr
+X∞ (4.130)

with σX
(j)
0 = ω−jX

(j)
0 and σX∞ = ωX∞.

4.4.1 Algebraic setup

Let us fix T ∈ Z≥1 and pick a primitive T th root of unity ω ∈ C×. We can then define

Γ := {1, ω, ω2, . . . , ωT −1}, (4.131)

a copy of the cyclic group ZT of order T that acts on C by multiplication. Further, we
introduce the finite set of points D = {0, ζ1, . . . , ζN ,∞} ⊂ CP 1 including the point at
infinity such that the Γ-orbits of the points ζ1, . . . , ζN are pairwise disjoint, that is,

Γζr ∩ Γζs = ∅, for all 1 ≤ r ̸= s ≤ N. (4.132)

Note that unlike the non-zero finite points ζ1, . . . , ζN , the origin and the point at infinity
are fixed under the action of Γ.

Let g be a finite-dimensional Lie algebra over C with an automorphism σ of order T . For
simplicity, we will only consider matrix Lie algebras in this work, with the Lie bracket being
the commutator, and a nondegenerate invariant bilinear pairing given by the trace. We
also assume that the automorphism σ preserves the trace, that is, Tr(σ(x)σ(y)) = Tr(xy)
for any x, y ∈ g. The eigenspaces of σ,

g(k) = {X ∈ g : σ(X) = ωkX}, k ∈ {0, . . . , T − 1}, (4.133)

form a ZT -gradation of g, namely

g = g(0) ∔ . . .∔ g(T −1), with [g(k1), g(k2)] = g(k1+k2 mod T ). (4.134)

From now on, we will simply write g(n) to mean g(n mod T ). Further, let us define the local
parameters

λ0 = λ, λr = λ− ζr for r ∈ {1, . . . , N}, λ∞ = 1
λ
. (4.135)

It will be convenient to also introduce an additional set of local parameters λr,k = λ−ωkζr

for all k ∈ {0, . . . , T − 1} and r ∈ {1, . . . , N}. We also introduce an index set S =
{0, 1, . . . , N,∞} where 0 and ∞ denote labels for indices rather than points in CP 1.

Let us denote by FD′ the algebra of rational functions in the formal variable λ with
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values in g that are regular outside D′ =
{
ωkζr : k ∈ {0, . . . , T − 1}, r ∈ {1, . . . , N}

}
∪

{0,∞}. Two subspaces of this algebra will be of relevance here: the subspace FΓ
D′ of

equivariant functions and the subspace ΩΓ
D′ of equivariant one-forms that we define as

FΓ
D′ := {f ∈ FD′ : σ(f(λ)) = f(ωλ)},

ΩΓ
D′ := {g ∈ FD′ : σ(g(λ)) = ωg(ωλ)}.

(4.136)

In general, equivariant functions and equivariant one-forms take the forms

f =
M0−1∑
n=0

X
(n)
0

λn+1 +
N∑

r=1

T −1∑
k=0

Mr−1∑
n=0

σkX
(n)
r

(ω−kλ− ζr)n+1 +
M∞∑
n=0

X
(n)
∞
λn

∞
,

g =
N0−1∑
n=0

Y
(n)

0
λn+1 +

N∑
r=1

T −1∑
k=0

Nr−1∑
n=0

ω−kσkY
(n)

r

(ω−kλ− ζr)n+1 +
N∞∑
n=0

Y
(n)

∞
λn

∞
,

(4.137)

respectively, with

X
(n)
0 ∈ g(−n−1), X(n)

r ∈ g for r ∈ {1, . . . , N}, X(n)
∞ ∈ g(n),

Y
(n)

0 ∈ g(−n), Y (n)
r ∈ g for r ∈ {1, . . . , N}, Y (n)

∞ ∈ g(n+1).
(4.138)

One can check that the subspace FΓ
D′ is, in fact, a Lie subalgebra of FD′ . The subspace

ΩΓ
D′ , on the other hand, contains the Lax matrix (4.130) of the model. To construct the

cyclotomic Gaudin one-form à la [CDS24], we will realise this Lax matrix as an element of
a certain coadjoint orbit. To do so, let us define the loop algebra of formal Laurent series
in the local parameter λr with coefficients in g, for each r ∈ S,

g̃r = g ⊗ C((λr)), (4.139)

with Lie bracket
[Xλi

r, Y λ
j
r] = [X,Y ]λi+j

r , X, Y ∈ g, (4.140)

and then consider the direct sum
g̃D =

⊕
r∈S

g̃r. (4.141)

The Lie bracket of two elements X,Y ∈ g̃D is defined component-wise

[X,Y ]r(λr) = [Xr(λr), Yr(λr)]. (4.142)

Of interest to us here are two particular subspaces of g̃D,

g̃
(0)
D = g̃Γ,0

0 ⊕
N⊕

r=1
g̃r ⊕ g̃Γ,0

∞ and g̃
(1)
D = g̃Γ,1

0 ⊕
N⊕

r=1
g̃r ⊕ g̃Γ,1

∞ , (4.143)

where the twisted spaces attached to the origin and infinity (recalling that λ0 = λ and
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λ∞ = 1/λ) are defined as

g̃Γ,k
0 = {X0(λ0) ∈ g̃0 : σ(X0(λ0)) = ωkX0(ωλ0)},

g̃Γ,k
∞ = {X∞(λ∞) ∈ g̃∞ : σ(X∞(λ∞)) = ωkX∞(ω−1λ∞)},

(4.144)

for k = 0, 1. Elements of g̃(0)
D and g̃

(1)
D are tuples of the form

X =

M0−1∑
n=−∞

X
(n)
0

λn+1 ,
M1−1∑
n=−∞

X
(n)
1

(λ− ζ1)n+1 , . . . ,
MN −1∑
n=−∞

X
(n)
N

(λ− ζN )n+1 ,
M∞∑

n=−∞

X
(n)
∞
λn

∞

 , (4.145)

and

Y =

 N0−1∑
n=−∞

Y
(n)

0
λn+1 ,

N1−1∑
n=−∞

Y
(n)

1
(λ− ζ1)n+1 , . . . ,

NN −1∑
n=−∞

Y
(n)

N

(λ− ζN )n+1 ,
N∞∑

n=−∞

Y
(n)

∞
λn

∞

 , (4.146)

respectively, where the coefficients X(n)
r and Y (n)

r , r ∈ S, satisfy the conditions in (4.138).
Note that each entry in (4.145) and (4.146) is a g-valued Laurent series, i.e., an element
of (4.139) for r ∈ S. This is clear from changing variables in each sum from n to −n. The
reason for the unusual choice of range for the indices n in each of the above sums is to
make the expressions for the maps in (4.149) defined below slightly more transparent.

The subspace g̃
(0)
D is a Lie subalgebra of g̃D which defines for us the desired infinite-

dimensional Lie algebra g = g̃
(0)
D in the notation of Section 1.2.2. Continuing the iden-

tification of the different ingredients from the Lie dialgebra framework listed in Section
1.2.2, notice that V = g̃

(1)
D is clearly a representation of the Lie algebra g = g̃

(0)
D since we

have [g̃Γ,0
r , g̃Γ,1

r ] ⊂ g̃Γ,1
r for r ∈ {0,∞}. In the notation of Section 1.2.2, the representation

ad∗ : g × V → V is given explicitly by (X,Y ) 7→ [X,Y ]. The next proposition identifies
V = g̃

(1)
D as a suitable model for the dual space g∗.

Proposition 4.4.1. The bilinear pairing ⟨·, ·⟩ : g̃(1)
D × g̃

(0)
D → C defined by

⟨Y,X⟩ = T
N∑

r=1
Resλr=0 Tr(Yr(λr)Xr(λr))dλ+

∑
r∈{0,∞}

Resλr=0 Tr(Yr(λr)Xr(λr))dλ,

(4.147)
for any Y ∈ g̃

(1)
D and X ∈ g̃

(0)
D , is nondegenerate and invariant under the adjoint action of

g̃
(0)
D .

Proof. Recall that the trace Tr : g × g → C, (x, y) 7→ Tr(xy) is a nondegenerate invariant
bilinear pairing on g and invariant under the action of σ. Given any x ∈ g(m) and
y ∈ g(n), we have Tr(xy) = Tr(σ(x)σ(y)) = ωm+n Tr(xy). Therefore, Tr(xy) = 0 for all
x ∈ g(m) and y ∈ g(n) if m + n ̸= 0 mod T . Now, since Tr : g × g → C is nondegenerate
on g, given y ∈ g(n), there is x ∈ g such that Tr(xy) ̸= 0. From (4.134), we have x =
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x(0)+· · ·+x(T −1), and from the previous result Tr(xy) = Tr(x(m)y) with m+n = 0 mod T .
Hence, Tr(x(m)y) ̸= 0 and we get a nondegenerate pairing between the subspaces g(m) and
g(n) with m+ n = 0 mod T .

Now given any non-zero element Y ∈ g̃
(1)
D , it has a non-zero component Y (m)

r λ−m−1
r

for some m ∈ Z and r ∈ S. If r = 0 then Y
(m)

0 ∈ g(−m) by (4.138), and we can find an
X

(−m−1)
0 ∈ g(m) which pairs non-trivially with it under the trace. So, X(−m−1)

0 λm pairs
non-trivially with Y . Likewise, if r = ∞ then Y (m)

∞ ∈ g(m+1) by (4.138) and we can find an
X

(−m−1)
∞ ∈ g(−m−1) which pairs non-trivially with it under the trace so that X(−m−1)

∞ λm+1
∞

pairs non-trivially with Y . And if r ∈ {1, . . . , N} then pick any X(−m−1)
r ∈ g which pairs

non-trivially with Y
(m)

r ∈ g under the trace so that X(−m−1)
r λm

r pairs non-trivially with
Y . Therefore, the bilinear pairing ⟨·, ·⟩ is nondegenerate in the first argument. A similar
argument establishes the nondegeneracy in the second argument.

Finally, the invariance of the bilinear pairing ⟨·, ·⟩ under the adjoint action of g̃
(0)
D

follows from the definition (4.140) of the Lie bracket in g̃D and the invariance of the trace
under the adjoint action of g. □

Next, we turn to the identification of the subalgebras g± ⊂ g and the corresponding
subspaces V± ⊂ V in the notation of Section 1.2.2. Crucially for us, the spaces FΓ

D′ and
ΩΓ

D′ embed into g̃
(0)
D and g̃

(1)
D respectively,

ιλ : FΓ
D′ ↪−→ g̃

(0)
D , f 7−→ (ιλ0f, ιλ1f, . . . , ιλN

f, ιλ∞f),

ιλ : ΩΓ
D′ ↪−→ g̃

(1)
D , g 7−→ (ιλ0g, ιλ1g, . . . , ιλN

g, ιλ∞g),
(4.148)

where, for each r ∈ S, ιλrf and ιλrg respectively denote the formal Laurent expansion of f
and g about the point ζr. It will also be useful to define left inverses for these embeddings:

π
(0)
λ : g̃(0)

D −→ FΓ
D′ ,

π
(1)
λ : g̃(1)

D −→ ΩΓ
D′ ,

(4.149)

defined explicitly as

π
(0)
λ

M0−1∑
n=−∞

X
(n)
0

λn+1 ,
M1−1∑
n=−∞

X
(n)
1

(λ− ζ1)n+1 , . . . ,
MN −1∑
n=−∞

X
(n)
N

(λ− ζN )n+1 ,
M∞∑

n=−∞

X
(n)
∞
λn

∞


=

M0−1∑
n=0

X
(n)
0

λn+1 +
N∑

r=1

T −1∑
k=0

Mr−1∑
n=0

σkX
(n)
r

(ω−kλ− ζr)n+1 +
M∞∑
n=0

X
(n)
∞
λn

∞
,

(4.150)
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and

π
(1)
λ

 N0−1∑
n=−∞

Y
(n)

0
λn+1 ,

N1−1∑
n=−∞

Y
(n)

1
(λ− ζ1)n+1 , . . . ,

NN −1∑
n=−∞

Y
(n)

N

(λ− ζN )n+1 ,
N∞∑

n=−∞

Y
(n)

∞
λn

∞


=

N0−1∑
n=0

Y
(n)

0
λn+1 +

N∑
r=1

T −1∑
k=0

Nr−1∑
n=0

ω−kσkY
(n)

r

(ω−kλ− ζr)n+1 +
N∞∑
n=0

Y
(n)

∞
λn

∞
.

(4.151)

We will also need to define the following subspaces of g̃(0)
D and g̃

(1)
D respectively:

g̃
(0)
D+ = g̃Γ,0

0+ ⊕
N⊕

r=1
g̃r+ ⊕ g̃Γ,1

∞+ and g̃
(1)
D+ = g̃Γ,1

0+ ⊕
N⊕

r=1
g̃r+ ⊕ g̃Γ,1

∞+ (4.152)

where, for k = 0, 1, we introduced (cf. (4.139) and (4.144))

g̃Γ,k
0+ = g̃Γ,k

0 ∩ g ⊗ C[[λ0]],
g̃r+ = g ⊗ C[[λr]], r ∈ {1, . . . , N},

g̃Γ,k
∞+ = g̃Γ,k

∞ ∩ g ⊗ λ∞C[[λ∞]].

(4.153)

Here we denoted by g ⊗ C[[λr]] the algebra of formal Taylor series in λr with coefficients
in g, for r ̸= ∞, and by g ⊗ λ∞C[[λ∞]] the algebra of formal Taylor series in λ∞ with
coefficients in g without constant term.

Coming back to the identification of the Lie dialgebra ingredients from Section 1.2.2,
the next proposition identifies the desired decomposition of g = g̃

(0)
D into complementary

subalgebras g± ⊂ g. Explicitly, we have the identifications g+ = g̃
(0)
D+ and g− = ιλFΓ

D′ .
We also identify a decomposition of our model V = g̃

(1)
D for the dual space g∗ into com-

plementary subspaces V± ⊂ V , where explicitly V+ = g̃
(1)
D+ and V− = ιλΩΓ

D′ , but will show
only later in Proposition 4.4.4 that this decomposition of V is the desired one induced by
that of g.

Proposition 4.4.2. The spaces g̃
(0)
D and g̃

(1)
D admit the vector space decompositions

g̃
(0)
D = g̃

(0)
D+ ∔ ιλFΓ

D′ , (4.154a)

g̃
(1)
D = g̃

(1)
D+ ∔ ιλΩΓ

D′ , (4.154b)

respectively. Moreover, the subspaces g̃
(0)
D+ and ιλFΓ

D′ are Lie subalgebras of g̃(0)
D .

Proof. To any X = (X0, X1, . . . , XN , X∞) ∈ g̃
(0)
D , we associate an equivariant function

f = π
(0)
λ X. Notice that for all r ∈ S, Xr−ιλrf is a formal Taylor series in λr. It follows that

X splits uniquely as the direct sum of the tuples (X0 − ιλ0f,X1 − ιλ1f, . . . ,XN − ιλN
f,

X∞ − ιλ∞f) ∈ g̃
(0)
D+ and (ιλ0f, ιλ1f, . . . , ιλN

f, ιλ∞f) ∈ ιλFΓ
D′ , as required.

One can repeat the above steps (with the map π
(1)
λ acting on some Y ∈ g̃

(1)
D ) to prove
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that (4.154b) defines a vector space decomposition as well. □

Let P+ and P− denote the projectors onto the subspaces g̃
(0)
D+ and ιλFΓ

D′ respectively,
relative to the decomposition in (4.154a), and P+ and P− the projectors onto g̃

(1)
D+ and

ιλΩΓ
D′ respectively, relative to the decomposition in (4.154b), in line with the notation

from Section 1.2.2. As recalled in Section 1.2.2, the linear map

R = P+ − P−, (4.155)

is a solution of the mCYBE on g̃
(0)
D . It is also useful to define the maps

R± = 1
2(R± Id) (4.156)

which can be related to the projectors onto g̃
(0)
D+ and ιλFΓ

D′ relative to direct sum decom-
position (4.154a) as

R± = ±P±. (4.157)

The linear map R is related to the non-skew-symmetric r-matrix (4.125) underlying the
cyclotomic Gaudin model, as one would naturally expect from the construction. More
precisely, the expression (4.125) provides the kernel of the linear map (4.155) with respect
to the bilinear pairing (4.147). To show this, we will use standard tensor product space
notation as follows. Given any rational function U12(λ, µ) in the parameters λ and µ such
that ιµιλU12 , ιλιµU12 ∈ g̃

(0)
D ⊗̃ g̃

(1)
D , where the first tensor factor in the formally completed

tensor product is the loop algebra g̃
(0)
D with the loop parameter λ, and the second tensor

factor is the space g̃
(1)
D with the loop parameter µ, we introduce the following shorthand

notations:

⟨ιµιλU12 , X2⟩
2

= T
N∑

r=1
Resµr=0 Tr2

(
ιµr ιλU12(λ, µ)Xr2(µr)

)
dµ

+
∑

r∈{0,∞}
Resµr=0 Tr2

(
ιµr ιλU12(λ, µ)Xr2(µr)

)
dµ, (4.158a)

and

⟨ιλιµU12 , X2⟩
2

= T
N∑

r=1
Resµr=0 Tr2

(
ιλιµrU12(λ, µ)Xr2(µr)

)
dµ

+
∑

r∈{0,∞}
Resµr=0 Tr2

(
ιλιµrU12(λ, µ)Xr2(µr)

)
dµ, (4.159a)

for any X ∈ g̃
(0)
D , where the parameters µr are defined analogously to the parameters λr

in (4.135), and the linear map ιµ is defined as in (4.148), returning the tuple of formal
Laurent expansions in µr, r ∈ S.
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Proposition 4.4.3. For all X ∈ g̃
(0)
D , the linear maps R+ and R− satisfy

R+(X) = ⟨ιµιλr12 , X2⟩
2

and R−(X) = ⟨ιλιµr12 , X2⟩
2

(4.160)

respectively, where

r12(λ, µ) = 1
T

T −1∑
k=0

σk
1C12

µ− ω−kλ
. (4.161)

Proof. In what follows, to treat the origin on the same footing as the points ζr, r ∈
{1, . . . , N}, it will be convenient to introduce the notation ζ0 = 0. We have

ιλs

 1
T

T −1∑
k=0

σk
1C12

µ− ω−kλ

 =



1
T

T −1∑
k=0

∞∑
m=0

ω−km(λ− ζs)mσ−k
2 C12

(µ− ω−kζs)m+1 for s ∈ {0, 1, . . . , N}

− 1
T

T −1∑
k=0

∞∑
m=0

ωk(m+1)µmσ−k
2 C12

λm+1 for s = ∞,

(4.162)
and

ιµr

 1
T

T −1∑
k=0

σk
1C12

µ− ω−kλ

 =


− 1
T

T −1∑
k=0

∞∑
m=0

ωk(m+1)(µ− ζr)mσk
1C12

(λ− ωkζr)m+1 for r ∈ {0, 1, . . . , N}

1
T

T −1∑
k=0

∞∑
m=0

ω−kmλmσk
1C12

µm+1 for r = ∞.

(4.163)
It follows that both ιµιλr12 and ιλιµr12 are elements of g̃(0)

D ⊗̃ g̃
(1)
D where the loop parameter

λ is in the first tensor factor and µ in the second. Now, pick an arbitrary X ∈ g̃
(0)
D and

let X = W + Z be its decomposition relative to (4.154a) where the two components can
be written explicitly as

W =
( ∞∑

n=0
W

(n)
0 λn,

∞∑
n=0

W
(n)
1 (λ− ζ1)n, . . . ,

∞∑
n=0

W
(n)
N (λ− ζN )n,

∞∑
n=1

W (n)
∞ λn

∞

)
∈ g̃

(0)
D+,

(4.164)
and

Z = ιλ

N0−1∑
n=0

Z
(n)
0

λn+1 +
N∑

r=1

T −1∑
k=0

Nr−1∑
n=0

σkZ
(n)
r

(ω−kλ− ζr)n+1 +
N∞∑
n=0

Z
(n)
∞
λn

∞

 ∈ ιλFΓ
D′ . (4.165)

Using the expansion (4.162), we get

T
N∑

r=1
Resµr=0 Tr2

(
ιµr ιλsr12(λ, µ)Wr2(µr)

)
dµ

+
∑

r∈{0,∞}
Resµr=0 Tr2

(
ιµr ιλsr12(λ, µ)Wr2(µr)

)
dµ
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=
∞∑

m=0
W (m)

s (λ− ζs)m, when s ∈ {0, 1, . . . , N}, (4.166)

and

T
N∑

r=1
Resµr=0 Tr2

(
ιµr ιλsr12(λ, µ)Wr2(µr)

)
dµ

+
∑

r∈{0,∞}
Resµr=0 Tr2

(
ιµr ιλsr12(λ, µ)Wr2(µr)

)
dµ

=
∞∑

m=1
W (m)

∞ λm
∞, when s = ∞. (4.167)

So, we find that
⟨ιµιλr12 ,W2⟩

2
= W. (4.168)

To evaluate ⟨ιµιλr12 , Z2⟩
2
, we note that for an arbitrary equivariant rational function

f ∈ FΓ
D′ and equivariant rational one-form g ∈ ΩΓ

D′ , we have the following relation:

Resλr=0 Tr(g(λ)f(λ))dλ = Resλr=0 Tr(σk(g(λ))σk(f(λ)))dλ
= Resλr=0 Tr(ωkg(ωkλ)f(ωkλ))dλ
= Resλr,k=0 Tr(g(λ)f(λ))dλ, (4.169)

for all k ∈ {0, . . . , T − 1}. This allows us to rewrite each entry of the tuple ⟨ιµιλr12 , Z2⟩
2

as

T
N∑

r=1
Resµr=0 Tr2

(
ιµr ιλsr12(λ, µ)Zr2(µr)

)
dµ

+
∑

r∈{0,∞}
Resµr=0 Tr2

(
ιµr ιλsr12(λ, µ)Zr2(µr)

)
dµ

=
N∑

r=1

T −1∑
k=0

Resµr,k=0 Tr2

(
ιµr ιλsr12(λ, µ)Zr2(µr)

)
dµ

+
∑

r∈{0,∞}
Resµr=0 Tr2

(
ιµr ιλsr12(λ, µ)Zr2(µr)

)
dµ, s ∈ S,

which is a sum over all the residues of a meromorphic one-form on CP 1. Hence, we deduce

⟨ιµιλr12 , Z2⟩
2

= 0. (4.170)

From (4.168) and (4.170), we then have

⟨ιµιλr12 , X2⟩
2

= W = P+(X) = R+(X). (4.171)
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Since X ∈ g̃
(0)
D was arbitrary, this establishes the first relation in (4.160). Similarly, using

the expansion (4.163), we find ⟨ιλιµr12 ,W2⟩
2

= 0 and ⟨ιλιµr12 , Z2⟩
2

= −Z from which we
conclude that

⟨ιλιµr12 , X2⟩
2

= −Z = −P−(X) = R−(X). (4.172)

Again, since X ∈ g̃
(0)
D was arbitrary, this establishes the second relation in (4.160). □

It follows from Proposition 4.4.3 that the kernel of the linear map R = P+ − P− and
that of the identity map Id = P+ +P− (with respect to the bilinear pairing of Proposition
4.4.1) are

(ιµιλ + ιλιµ)r12(λ, µ) and (ιµιλ − ιλιµ)r12(λ, µ)

respectively.
Recall that in Proposition 4.4.2 we identified the Lax matrix (4.129) of the cyclotomic

Gaudin model, or rather its image under the embedding ιλ in (4.148), as living in the
subspace V− = ιλΩΓ

D′ of our model V = g̃
(1)
D for the dual space g∗. The next proposition

establishes that this subspace V− ⊂ V is the orthogonal complement of ιλFΓ
D′ ⊂ g̃

(0)
D ,

i.e., g− ⊂ g, with respect to the nondegenerate bilinear pairing of Proposition 4.4.1.
This completes the proof of the claim that the decomposition V = V+ ∔ V− obtained
in Proposition 4.4.2 is the one induced from the corresponding decomposition of the Lie
algebra g = g+ ∔ g−.

Proposition 4.4.4. An element Y ∈ g̃
(1)
D lies in ιλΩΓ

D′ if and only if ⟨Y,X⟩ = 0 for all
X ∈ ιλFΓ

D′. Moreover, Y ∈ g̃
(1)
D lies in g̃

(1)
D+ if and only if ⟨Y,X⟩ = 0 for all X ∈ g̃

(0)
D+.

Proof. This is a particular case of the Γ-equivariant strong residue theorem [VY16, Ap-
pendix A]. We recall the proof here in the present setting for completeness. We start
by proving that if Y ∈ ιλΩΓ

D′ , then ⟨Y,X⟩ = 0 for all X ∈ ιλFΓ
D′ . Let us pick elements

f ∈ FΓ
D′ and g ∈ ΩΓ

D′ , and let X = ιλf and Y = ιλg. Since g(λ)f(λ)dλ is a meromorphic
one-form on CP 1, by the residue theorem we have

N∑
r=1

T −1∑
k=0

Resλr,k=0 Tr(ιλr,k
g(λ)ιλr,k

f(λ))dλ+
∑

r∈{0,∞}
Resλr=0 Tr(ιλrg(λ)ιλrf(λ))dλ = 0.

(4.173)
Using the relation (4.169) valid for any f ∈ FΓ

D′ and g ∈ ΩΓ
D′ , we may rewrite the first

term on the left-hand side as T times a sum over the residues at the points ζr, for r ∈ S,
so that

T
N∑

r=1
Resλr=0 Tr(ιλrg(λ)ιλrf(λ))dλ+

∑
r∈{0,∞}

Resλr=0 Tr(ιλrg(λ)ιλrf(λ))dλ = 0. (4.174)
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By the definition of the bilinear pairing from Proposition 4.4.1 we thus have ⟨Y,X⟩ = 0,
as desired.

Let us now prove the converse. Namely, let Y ∈ g̃
(1)
D be arbitrary and suppose that

⟨Y,X⟩ = 0 for all X ∈ ιλFΓ
D′ . We must show that, in fact, Y (λ) ∈ ιλΩΓ

D′ . It follows from
Proposition 4.4.2 that Y = (Y0, Y1, . . . , YN , Y∞) ∈ g̃

(1)
D has a unique decomposition as a

direct sum of the tuples P+(Y ) = (P0+(Y0),P1+(Y1), . . . ,PN+(YN ),P∞+(Y∞)) ∈ g̃
(1)
D+ and

P−(Y ) = ιλg for some g ∈ ΩΓ
D′ . Now, let X = ιλf for some f ∈ FΓ

D′ . Since ⟨Y,X⟩ = 0,
writing this out explicitly means

T
N∑

r=1
Resλr=0 Tr(Pr+(Yr(λr))ιλrf(λ))dλ+

∑
r∈{0,∞}

Resλr=0 Tr(Pr+(Yr(λr))ιλrf(λ))dλ

+ T
N∑

r=1
Resλr=0 Tr(ιλrg(λ)ιλrf(λ))dλ+

∑
r∈{0,∞}

Resλr=0 Tr(ιλrg(λ)ιλrf(λ))dλ = 0.

(4.175)

From (4.174), we have that the last two terms on the left-hand side vanish on their own.
Therefore, we get

T
N∑

r=1
Resλr=0 Tr(Pr+(Yr(λr))ιλrf(λ))dλ+

∑
r∈{0,∞}

Resλr=0 Tr(Pr+(Yr(λr))ιλrf(λ))dλ = 0.

(4.176)
One can then show, along the same lines as the argument in the proof of Proposition
4.4.1, that if P+(Y ) ̸= 0 then by picking a suitable f ∈ FΓ

D′ adapted to P+(Y ) ∈ g̃
(1)
D+, one

can ensure that the expression on the left-hand side is non-zero, which is a contradiction.
Therefore, we conclude that P+(Y ) = 0, and hence Y ∈ ιλΩΓ

D′ , as required. The proof of
the “moreover” part is completely analogous. □

The upshot of Proposition 4.4.4 is that we are now exactly in the setting recalled in
Section 1.2.2. We will use this in Lemma 4.4.5 to give a concise description of the desired
coadjoint orbit for the Lax matrix of the cyclotomic Gaudin model. Before stating the
lemma, we first give an explicit description of the infinite-dimensional Lie group G+ = G̃

(0)
D+

associated with the Lie algebra g+ = g̃
(0)
D+. Its elements are of the form

φ+ = (φ0+, φ1+, . . . , φN+, φ∞+) , (4.177)

where φr+(λr) is a Taylor series in the local parameter λr with values in G, the matrix
Lie group associated with the Lie algebra g,

φr+(λr) =
∞∑

n=0
ϕ(n)

r λn
r , r ̸= ∞, φ∞+(λ∞) = 1 +

∞∑
n=1

ϕ(n)
∞ λn

∞. (4.178)
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The Lie group G+ = G̃
(0)
D+ has a natural action on V = g̃

(1)
D given by conjugation. This

defines the coadjoint representation Ad∗ : G+ × V → V from Section 1.2.2 explicitly as

(φ+, Y ) 7−→ Ad∗
φ+ Y =

(
φ0+Y0φ

−1
0+, φ1+Y1φ

−1
1+, . . . , φN+YNφ

−1
N+, φ∞+Y∞φ

−1
∞+

)
. (4.179)

We are now in a position to give an explicit description of the GR-coadjoint orbit where
the Lax matrix of the cyclotomic Gaudin model lives and which will act as our phase
space.

Lemma 4.4.5. The orbit of the coadjoint action of GR = (G̃(0)
D )R on an element ιλΛ ∈

V− = ιλΩΓ
D′ has the explicit form

OΛ =
{
P−(Ad∗

φ+ ιλΛ); φ+ ∈ G̃
(0)
D+
}
. (4.180)

Proof. By definition, the coadjoint orbit of (G̃(0)
D )R on any ιλΛ ∈ ιλΩΓ

D′ is given by

OΛ =
{

AdR∗
φ ιλΛ; φ ∈ (G̃(0)

D )R

}
. (4.181)

Using the explicit form for the coadjoint action of GR we have

AdR∗
φ ιλΛ = P−(Ad∗

φ+ ιλΛ) + P+(Ad∗
φ− ιλΛ) = P−(Ad∗

φ+ ιλΛ) (4.182)

where the last equality follows from the fact that ιλΛ ∈ V− = ιλΩΓ
D′ so that Ad∗

φ− ιλΛ ∈ V−

also and hence P+(Ad∗
φ− ιλΛ) = 0. □

It will be useful in practice to express the action of the projector P− on Y ∈ g̃
(1)
D as

P−(Y ) = ιλ ◦ π(1)
λ (Y ). (4.183)

In the remaining sections we will put this setup to use to describe the Lax matrix of the
cyclotomic Gaudin model (4.129) as a point in a coadjoint orbit OΛ for some suitable
Λ ∈ ΩΓ

D′ and then introduce the ingredients from Section 1.2.2 to derive the associated
Lax equations.

4.4.2 Lax description

Our algebraic setup covers the case of the cyclotomic Gaudin model with arbitrary multi-
plicities. However, as mentioned at the start of this section, from now on we will restrict
to the case with simple poles at all ωkζr, k ∈ {0, . . . , T − 1}, r ∈ {1, . . . , N}, and double
poles at the origin and at infinity, since this is the setting required for our examples in
Section 4.5. The discussion in the remaining sections is easily generalised to the case of
arbitrary multiplicities.
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To describe a coadjoint orbit OΛ ∈ ιλΩΓ
D′ from Lemma 4.4.5 corresponding to the Lax

matrix (4.129) of the cyclotomic Gaudin model, we fix a non-dynamical element Λ ∈ ΩΓ
D′

with the same pole structure as (4.129), namely we introduce

Λ(λ) = Λ(0)
0
λ

+ Λ(1)
0
λ2 + 1

T

N∑
r=1

T −1∑
k=0

σkΛr

λ− ωkζr
+ Λ∞ ∈ ΩΓ

D′ . (4.184)

According to Lemma 4.4.5 and formula (4.183), the corresponding coadjoint orbit OΛ then
consists of elements of the form

P−

(
φ+ ιλ

(
Λ(0)

0
λ

+ Λ(1)
0
λ2 + 1

T

N∑
r=1

T −1∑
k=0

σkΛr

λ− ωkζr
+ Λ∞

)
φ−1

+

)

= ιλ ◦ π(1)
λ

(
A

(0)
0
λ

+ A
(1)
0
λ2 ,

1
T

A1
λ− ζ1

, . . . ,
1
T

AN

λ− ζN
, A∞

)

= ιλ

(
A

(0)
0
λ

+ A
(1)
0
λ2 + 1

T

T −1∑
r=1

T −1∑
k=0

σkAr

λ− ωkζr
+A∞

)
≡ ιλL(λ), (4.185)

where, recalling the definitions (4.177) and (4.178), we have set

A
(0)
0 = ϕ

(0)
0 Λ(0)

0 ϕ
(0) −1
0 +

[
ϕ

(1)
0 ϕ

(0) −1
0 , ϕ

(0)
0 Λ(1)

0 ϕ
(0) −1
0

]
,

A
(1)
0 = ϕ

(0)
0 Λ(1)

0 ϕ
(0) −1
0 ,

Ar = ϕrΛrϕ
−1
r , r ∈ {1, . . . , N},

A∞ = Λ∞,

(4.186)

with ϕ
(0)
r denoted by ϕr, for r ∈ {1, . . . , N}, to simplify notation. Notice that we have

the relations σϕ(0)
0 = ϕ

(0)
0 and σϕ

(1)
0 = ωϕ

(1)
0 for the field elements which ensure that

A
(0)
0 ∈ g(0) and A

(1)
0 ∈ g(−1). This gives us the desired parameterisation of the cyclotomic

Gaudin Lax matrix

L(λ) = A
(0)
0
λ

+ A
(1)
0
λ2 + 1

T

N∑
r=1

T −1∑
k=0

σkAr

λ− ωkζr
+A∞ (4.187)

viewed as an element of the coadjoint orbit OΛ.

Lax equations

To derive Lax equations for the Lax matrix (4.187) of the cyclotomic Gaudin model, let
us return to the hierarchy of Lax equations (1.31) induced by the family of Hamiltonians
in involution with respect to { , }R. In our current setup, { , }R is the Lie–Poisson bracket
on g̃

(1)
D associated with the linear map R = P+ − P−. Invariant functions on g̃

(1)
D take the
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form

Hp,r : Y ∈ g̃
(1)
D 7−→ Resλr=0

(
ℓp,r(λr) Tr

(
Yr(λr)p+1))dλ, p ≥ 1, r ∈ S, (4.188)

where ℓp,r(λr) ∈ C((λr)) is a collection of Laurent polynomials for p ≥ 1 and r ∈ S.
It follows from Proposition 4.4.1 that for these functions to be non-trivial, the Laurent
polynomials ℓp,r(λr), for r ∈ {0,∞}, should be chosen such that ℓp,r(λr)Yr(λr)p ∈ g̃Γ,0

r ,
while ℓp,r(λr), for r ∈ {1, . . . , N}, can be any Laurent polynomials. Let us then choose

ℓp,r(λr) = ιλr

λp

p+ 1 for r ∈ {0,∞} and ℓp,r(λr) = ιλr

Tλp

p+ 1 for r ∈ {1, . . . , N}.

(4.189)
The restriction of the functions Hp,r to ιλL are Hamiltonians (in involution) of the model
and generate the elementary (pairwise-commuting) flows ∂tp,r . However, by virtue of the
choice (4.189) we made, it follows from (4.169) that ∑r∈S Hp,r(ιλL) = 0 by the residue
theorem, for each p ≥ 1.

In what follows, it will thus be sufficient to focus on the Hamiltonians Hp,r, for r ̸=
∞, and look at the associated equations of motion they produce through (1.31). Using
R± = 1

2(R± Id), these equations can be rewritten as

∂tp,r ιλL =
[
R±∇Hp,r(ιλL), ιλL

]
. (4.190)

Note that it suffices to calculate only one of the two expressions R+∇Hp,r(ιλL) and
R−∇Hp,r(ιλL). Let us compute the latter. The gradient of Hp,r(ιλL) is an element
of g̃(0)

D and satisfies

lim
ϵ→0

Hp,r(ιλL+ ϵη) −Hp,r(ιλL)
ϵ

=
〈
η,∇Hp,r(ιλL)

〉
, (4.191)

for all η ∈ g̃
(1)
D . Using Proposition 4.4.2, we may decompose this gradient as follows

∇Hp,r(ιλL) = N (p)
r + ιλh

(p)
r , N (p)

r ∈ g̃
(0)
D+, h(p)

r ∈ FΓ
D′ , (4.192)

and rewrite (4.190) as

∂tp,r ιλL =
[
R−∇Hp,r(ιλL), ιλL

]
= −

[
P−
(
∇Hp,r(ιλL)

)
, ιλL

]
= −

[
ιλh

(p)
r , ιλL

]
. (4.193)

Since ιλ is an embedding which also clearly commutes with the Lie brackets [·, ·] : FΓ
D′ ×

ΩΓ
D′ → ΩΓ

D′ and [·, ·] : g̃(0)
D × g̃

(1)
D → g̃

(1)
D , the above equation implies

∂tp,rL = −
[
h(p)

r , L
]
. (4.194)

In order to calculate h(p)
r ∈ FΓ

D′ , by virtue of Proposition 4.4.4 it is sufficient to restrict η
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in (4.191) to live in g̃
(1)
D+. We then have
〈
η,N (p)

r

〉
= 0 for all η ∈ g̃

(1)
D+, N

(p)
r ∈ g̃

(0)
D+, (4.195)

and the right-hand side of (4.191) becomes

T
N∑

s=1
Resλs=0 Tr

(
ηs(λs)ιλsh

(p)
r

)
+

∑
s∈{0,∞}

Resλs=0 Tr
(
ηs(λs)ιλsh

(p)
r

)
,

while for the left-hand side we find

lim
ϵ→0

Hp,r(ιλL+ ϵη) −Hp,r(ιλL)
ϵ

= (p+ 1) Resλr=0 Tr
(
ℓp,r(λr)ηr(λr)ιλrL

p), r ∈ S,

(4.196)
for any ηs(λs) ∈ g̃s+, s ∈ {1, . . . , N}, and ηs(λs) ∈ g̃Γ,1

s+ , s ∈ {0,∞}. By definition of
ℓp,r(λr) in (4.189), this implies

(
ιλsh

(p)
r

)
− =

0 for s ̸= r(
ιλrλ

pιλrL
p)

− for s = r,
(4.197)

for all r ∈ S, where X− denotes the principal part of a Laurent series X. Plugging the
equivariant functions h(p)

r obtained from the above conditions into (4.194) gives a hierarchy
of Lax equations corresponding to our choice of invariant functions Hp,r in (4.188).

Explicitly, for p = 1, we get the Lax equations

∂t1,rL = −
[
h(1)

r , L
]

with h(1)
r =


A

(1)
0
λ

for r = 0

1
T

T −1∑
k=0

ωkζrσ
kAr

λ− ωkζr
for r ∈ {1, . . . , N}.

(4.198)

Finally, we turn to the primary goal of this work which is to give a Lagrangian one-
form for the cyclotomic Gaudin model that will provide a variational description of the
hierarchy of Lax equations in (4.194). Having just described the cyclotomic Gaudin model
within the Lie dialgebra framework, we now have all the necessary ingredients to achieve
this goal: the non-dynamical element Λ ∈ ΩΓ

D′ that fixes the phase space, the field element
φ+ ∈ G̃

(0)
D+ containing the dynamical degrees of freedom, the linear map R that equips the

phase space with the required Poisson structure, and the invariant functions Hp,r which
induce non-trivial equations of motion with respect to this Poisson structure.
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4.4.3 Lagrangian description

We can now define a Lagrangian one-form on the coadjoint orbit OΛ of the cyclotomic
Gaudin model as

L = Lp,rdtp,r, p = 1, . . . ,M, r ∈ S \ {∞}, (4.199)

using the expression (3.2) for the Lagrangian coefficients. It will be useful to recall the
notation in (4.186) associated with the parameterisation of the cyclotomic Gaudin Lax
matrix. The elementary times tk that appear in (3.2) are now naturally labelled by a pair
of indices p ≥ 1 and r ∈ S, namely we now have elementary times tp,r, associated with
the corresponding Hamiltonians (4.188). Explicitly,

Theorem 4.4.6. The Lagrangian coefficients of the cyclotomic Gaudin one-form L take
the form

Lp,r =
N∑

s=1
Tr
(
As∂tp,rϕsϕ

−1
s

)
+ Tr

(
A

(0)
0 ∂tp,rϕ

(0)
0 ϕ

(0) −1
0

)
−Hp,r(ιλL), (4.200)

with As and A(0)
0 given by (4.186), and the potential part given by

Hp,r(ιλL) = Resλr=0
(
ℓp,r(λr) Tr(ιλrL

p+1)
)
dλ, r ∈ {0, 1, . . . , N}, (4.201)

where ℓp,r(λr) are the Laurent polynomials

ℓp,0 = ιλ0
λp

p+ 1 and ℓp,r = ιλr

Tλp

p+ 1 for r ∈ {1, . . . , N}. (4.202)

The Lagrangian one-form L satisfies the corner equations (2.3b)–(2.3c) of the multitime
Euler–Lagrange equations, while the standard Euler–Lagrange equations for Lp,r give the
hierarchy of Lax equations in (4.194). Further, on solutions of (4.194), we have the closure
relation

∂tq,sLp,r − ∂tp,rLq,s = 0, (4.203)

for all possible combinations of (p, r) and (q, s) in Z≥1 × S.

Proof. Let us start by reinterpreting the formula in (3.2) in the present context of the cyclo-
tomic Gaudin model. First, note that on the coadjoint orbit OΛ, where the Lagrangian one-
form L lives, the role of the Lax matrix is played by the image of L in g̃

(1)
D under the em-

bedding ιλ, given by (4.185). Next, the bilinear pairing used to define the kinetic part is the
one constructed in Proposition 4.4.1. Furthermore, in the Adler–Kostant–Symes scheme
where (locally) GR ≃ G+ ×G−, we explicitly have ∂tp,rφ ·Rφ−1 = ∂tp,rφ+φ

−1
+ +∂tp,rφ−φ

−1
− ,

and since ιλL ∈ V− = ιλΩΓ
D′ , it follows from Proposition 4.4.4 that only the ∂tp,rφ+φ

−1
+

piece contributes to the kinetic term. Finally, the potential part is simply the restriction
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of the invariant functions Hp,r in (4.188) to ιλL. Therefore, in the present setup, the
Lagrangian coefficients in (3.2) can be expressed as

Lp,r =
〈
ιλL, ∂tp,rφ+φ

−1
+
〉

−Hp,r(ιλL)
=
〈
ιλΛ, φ−1

+ ∂tp,rφ+
〉

−Hp,r(ιλL), r ∈ {0, 1, . . . , N} (4.204)

where in the second step we used the fact (4.185) that ιλL = P−
(
φ+(ιλΛ)φ−1

+
)
. The

kinetic term can be written out more explicitly in terms of the component fields (4.178)
as

〈
ιλΛ, φ−1

+ ∂tp,rφ+
〉

= T
N∑

s=1
Resλs=0 Tr

(
ιλsΛφs+(λs)−1 ∂tp,rφs+(λs)

)
dλ

+
∑

s∈{0,∞}
Resλs=0 Tr

(
ιλsΛφs+(λs)−1 ∂tp,rφs+(λs)

)
dλ

=
N∑

s=1
Tr
(
As∂tp,rϕsϕ

−1
s

)
+ Tr

(
A

(0)
0 ∂tp,rϕ

(0)
0 ϕ

(0) −1
0

)
+ ∂tp,r Tr

(
ϕ

(1)
0 ϕ

(0) −1
0 A

(1)
0
)

+ 1
2∂tp,r Tr

(
A∞(ϕ(1)

∞ )2). (4.205)

The last two terms associated to the poles at the origin and at infinity are total derivatives
and do not contribute to the multitime Euler–Lagrange equations since dropping them
amounts to changing the Lagrangian one-form L by d Tr

(
ϕ

(1)
0 ϕ

(0) −1
0 A

(1)
0 + 1

2A∞(ϕ(1)
∞ )2

)
which is a total horizontal differential. Discarding these two terms, we are left with the
required expression for the Lagrangian coefficients.

Since the Lagrangian coefficients Lp,r in (4.204) are of the form (3.2), it follows directly
from Theorem 3.1.2 that the Lagrangian one-form L satisfies all the required conditions
and the closure relation. □

To close this section, let us present the explicit expressions for the first set of La-
grangian coefficients L1,r with r ∈ {0, 1, . . . , N}. The kinetic terms are obtained by
simply substituting p = 1 in the kinetic part in (4.200), while the potential terms defined
by (4.201) read

H1,0 = 1
2 Tr

(
A

(0) 2
0

)
−

N∑
r=1

Tr
(
A

(1)
0 Ar

)
ζr

+ Tr
(
A

(1)
0 A∞

)
,

H1,r = Tr
(
A

(0)
0 Ar

)
+

Tr
(
A

(1)
0 Ar

)
ζr

+ 1
2T

T −1∑
k=0

Tr
(
Arσ

kAr
)

+ 1
T

∑
s ̸=r

T −1∑
k=0

Tr
(
Arσ

kAs
)
ζr

ζr − ωkζs
+ Tr(ArA∞)ζr, r ∈ {1, . . . , N}.

(4.206)
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Upon varying L1,r with respect to ϕs, s = 1, . . . , N , ϕ(0)
0 , and ϕ(1)

0 , it can be checked that
the associated Euler–Lagrange equations correspond to the set of Lax equations for p = 1
in (4.198), as it should be from Theorem 4.4.6.

4.5 Realisations of the cyclotomic Gaudin model

In this section, we study two different realisations of the cyclotomic Gaudin model — the
periodic Toda chain and the discrete self-trapping (DST) model — with the objective of
describing their corresponding hierarchies variationally. The construction of the periodic
Toda one-form, in particular, complements the result of Sections 4.1 and 4.2 where we
derived Lagrangian one-forms for the open Toda chain.6 Finally, in Section 4.5.3, we illus-
trate how to couple the periodic Toda and DST hierarchies together in a straightforward
manner and derive a Lagrangian one-form for this coupled hierarchy. We will then go on
to show how our framework allows for a straightforward coupling of integrable hierarchies,
by using the approach devised in [Cau+24, Section 7] to couple together hierarchies of
integrable field theories.

In what follows, we will work with the cyclotomic Gaudin model associated with the
Lie algebra g := glT (C) and the automorphism σ ∈ Aut g defined by σ(Eij) = ωj−iEij , for
every i, j = 1, . . . , T . Here ω is a primitive T th root of unity, and by Eij , i, j = 1, . . . , T ,
we denote the standard basis of glT (C) taking the indices i and j modulo T by convention.
The eigenspaces of σ defined by (4.133) are then given by g(n) = span{Ei,i+n}T

i=1.
Let us also note the following useful identity that we shall frequently make use of:

z
T −1−[l]
1 z

[l]
2

zT
1 − zT

2
= 1
T

T −1∑
k=0

ω−kl

z1 − ωkz2
(4.207)

for any z1, z2 ∈ C and l ∈ Z, where [l] ∈ {0, . . . , T − 1} is such that l = [l] mod T .

4.5.1 Periodic Toda chain

The periodic Toda chain [Tod70] describes a system of particles connected by “exponential
springs” together with a periodic boundary condition (in contrast to the case with an open
boundary condition that we saw in Sections 4.1 and 4.2) and has been extensively studied
in the Hamiltonian formalism. See, for instance, [Fla74] for the widely used Flaschka
change of coordinates, and [AM80] for a proof of its integrability.

6We also note the work [SV22], where the infinite Toda chain was considered within the setup of
semi-discrete Lagrangian one-forms.
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Lax matrix: We will work with the Lax matrix

LToda(λ) =



p1λ
−1 1 0 . . . aTλ

−2

a1λ
−2 p2λ

−1 1 . . . 0
... . . . ...
0 ai−1λ

−2 piλ
−1 1 0

... . . . ...
0 . . . aT −2λ

−2 pT −1λ
−1 1

1 . . . 0 aT −1λ
−2 pTλ

−1


(4.208)

where ai = eqi−qi+1 , and qi, pi are the canonical coordinates satisfying the canonical Pois-
son bracket relations {pi, q

j} = δij , for i, j = 1, . . . , T . We also have the periodic bound-
ary conditions (p0, q

0) = (pT , q
T ) and (pT +1, q

T +1) = (p1, q
1). The Lax matrix above is

parametrised by ai, pi, i = 1, . . . , T , satisfying ∏T
i ai = 1 and ∑T

i pi = 0, carrying 2(T −1)
degrees of freedom. Equivalently, when describing the system in terms of the canonical
coordinates qi, pi, we can eliminate the centre of mass motion by imposing the conditions∑T

i q
i = 0 and ∑T

i pi = 0, leaving us with a phase space of dimension 2(T − 1).
The standard Lax matrix for the periodic Toda chain (see [BBT03, Chapter 6], for

instance)

L̃Toda(λ) =



p1 a
1/2
1 0 . . . a

1/2
T λ−1

a
1/2
1 p2 a

1/2
2 . . . 0

... . . . ...
0 a

1/2
i−1 pi a

1/2
i 0

... . . . ...
0 . . . a

1/2
T −2 pT −1 a

1/2
T −1

a
1/2
T λ . . . 0 a

1/2
T −1 pT


(4.209)

is related to LToda(λ) by conjugation by the diagonal matrix Q = diag
(
e−q1/2λ−1, . . . ,

e−qT /2λ−T
)

and multiplication by an overall factor of λ−1, together with a change of
λ-dependence, as follows

LToda(λ) = λ−1QL̃Toda(λT )Q−1. (4.210)

The Poisson bracket of the Lax matrix L̃Toda(λ) can be written as
{
L̃Toda 1(λ), L̃Toda 2(µ)

}
=
[
r̃12(λ, µ), L̃Toda 1(λ) + L̃Toda 2(µ)

]
(4.211)
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where r̃12(λ, µ) is the skew-symmetric r-matrix

r̃12(λ, µ) = 1
2
µ+ λ

µ− λ

T∑
i=1

Eii ⊗ Eii + 1
µ− λ

(
µ
∑
i<j

+λ
∑
i>j

)
Eij ⊗ Eji. (4.212)

Under the gauge transformation (4.210), on using the identity (4.207), we find that the
Lax matrix LToda(λ) satisfies the Poisson bracket

{LToda 1(λ), LToda 2(µ)} = [r12(λ, µ), LToda 1(λ)] − [r21(µ, λ), LToda 2(µ)] (4.213)

where r12(λ, µ) is the non-skew-symmetric cyclotomic r-matrix

r12(λ, µ) = 1
T

T −1∑
k=0

ωk(j−i)

µ− ω−kλ
Eij ⊗ Eji (4.214)

that we have been working with. This explains our choice of Lax matrix (4.208) as
opposed to the more traditional one. As just proved, it satisfies the Poisson algebra of
the cyclotomic glT (C)-Gaudin model and therefore allows us to obtain the periodic Toda
chain as a certain realisation of that model. Specifically, the Lax matrix LToda(λ) can be
seen as a realisation of the cyclotomic Gaudin Lax matrix with double poles at the origin
and at infinity, that is,

LToda(λ) = J
(0)
0
λ

+ J
(1)
0
λ2 + J∞ (4.215)

where

J
(0)
0 =

T∑
i=1

piEii, J
(1)
0 =

T∑
i=1

eqi−qi+1
Ei+1,i, J∞ =

T∑
i=1

Ei,i+1. (4.216)

Orbit realisation: Set D = {0,∞}, and choose the non-dynamical element

ΛToda(λ) = Λ(1)
0
λ2 + Λ∞ ∈ ΩΓ

D′ (4.217)

where

Λ(1)
0 =

T∑
i=1

Ei+1,i ∈ g(−1), Λ∞ =
T∑

i=1
Ei,i+1 ∈ g(1). (4.218)

The group elements φ+ = (φ0+, φ∞+), defined by (4.178), contain the dynamical degrees
of freedom. From (4.186), we know that the components of LToda(λ) can now be expressed
as

J
(0)
0 = [ϕ(1)

0 ϕ
(0) −1
0 , J

(1)
0 ], J

(1)
0 = ϕ

(0)
0 Λ(1)

0 ϕ
(0) −1
0 , J∞ = Λ∞. (4.219)

This gives us a parametrisation of the Lax matrix LToda(λ) in (4.215) as an element of
the coadjoint orbit OToda

Λ . Since σ(φ0+(λ)) = φ0+(ωλ), we have σϕ
(n)
0 = ωnϕ

(n)
0 . In
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particular, ϕ(0)
0 and ϕ

(1)
0 have the form

ϕ
(0)
0 =

T∑
i=1

uiEii, ϕ
(1)
0 =

T∑
i=1

viEi,i+1. (4.220)

For convenience, define (u0, v0) = (uT , vT ) and (uT +1, vT +1) = (u1, v1) to encode the
periodic boundary conditions. Then, from (4.219), we get

J
(0)
0 =

T∑
i=1

(
vi

ui
− vi−1
ui−1

)
Eii, J

(1)
0 =

T∑
i=1

ui+1
ui

Ei+1,i, J∞ =
T∑

i=1
Ei,i+1. (4.221)

Defining
pi = vi

ui
− vi−1
ui−1

and qi = − ln ui, for i = 1, . . . , T, (4.222)

we now have the desired realisation of the coefficients of the Lax matrix LToda(λ). The
coadjoint orbit OToda

Λ where LToda(λ) lives is parameterised by ai, pi, i = 1, . . . , T , satis-
fying ∏T

i ai = 1 and ∑T
i pi = 0.

Lax equations: Let us now look at the Lax equations associated with the invariant
functions on g̃

(1)
D defined in (4.201) for the general case. The only functions we need to

consider are
Hp,0 = 1

p+ 1 Resλ=0(λp Tr(ιλ0L
p+1
Toda))dλ. (4.223)

The set of functions Hp,∞ are not independent: we have Hp,∞ = −Hp,0 for all p ≥ 1. The
Lax equations for the periodic Toda chain with respect to the elementary times tp,0 are
given by

∂tp,0ιλLToda = [R±∇Hp,0(ιλLToda), ιλLToda]. (4.224)

For p = 1, these take the form of the set of Lax equations in (4.198):

∂t1,0LToda = [M1,0, LToda] with M1,0 = −J
(1)
0
λ
. (4.225)

Taking residues on both sides in (4.225) gives the equations of motion for pi, q
i, for i =

1, . . . , T . To get the equations of motion for qi it is most convenient to “undo” the dressing
and write the corresponding equation as

[∂t1,0ϕ
(0)
0 ϕ

(0) −1
0 − J

(0)
0 , J

(1)
0 ] = 0. (4.226)

This tells us that the diagonal matrix ϕ
(0) −1
0

(
∂t1,0ϕ

(0)
0 ϕ

(0) −1
0 − J

(0)
0

)
ϕ

(0)
0 must commute

with Λ(1)
0 , and is therefore equal to α1. Using the freedom ϕ

(0)
0 → ϕ

(0)
0 g, where g is

diagonal, to set detϕ(0)
0 = 1, we see that α = 0 by taking the trace of ∂t1,0ϕ

(0)
0 ϕ

(0) −1
0 −J (0)

0 =
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α1. Thus, we have the desired Toda equations

∂t1,0qi = −pi,

∂t1,0pi = eqi−qi+1 − eqi−1−qi
.

(4.227)

Lagrangian description: Using Theorem 4.4.6, we can now write a Lagrangian one-
form for the periodic Toda hierarchy as

LToda = Lp,0dtp,0, p = 1, . . . ,M, (4.228)

with

Lp,0 = −pi∂tp,0qi − 1
p+ 1 Resλ=0(λp Tr(Lp+1

Toda))dλ, i = 1, . . . , T. (4.229)

For p = 1, this gives us the Lagrangian coefficients for the periodic Toda chain with
respect to the time t1,0:

L1,0 = −pi∂t1,0qi − 1
2

T∑
i=1

p2
i −

T∑
i=1

eqi−qi+1
. (4.230)

This is the expected phase-space Lagrangian that our method produces and which gives
Hamilton’s equations (4.227) for periodic Toda. It corresponds to the (tangent bundle)

Lagrangian L1,0 = 1
2

T∑
i=1

(∂t1,0qi)2 −
T∑

i=1
eqi−qi+1 .

4.5.2 DST model

The discrete self–trapping (DST) equation was introduced in [ELS85] to describe the
dynamics of small molecules, which then led to detailed studies of the DST dimer using
different methods. The DST model we cast into our framework here is a generalisation of
the dimer case to arbitrary (finite) degrees of freedom. This general case first appeared
in [CJK93] where its relationship with the periodic Toda chain was also hinted at. Our
motivation here being different, we do not delve into this connection between the two
theories. The interested reader is referred to [KSS00] where this aspect was explored
further.

Lax matrix: We work here with the following avatar of the Lax matrix of the DST
model

LDST(λ) = 1
λ

T∑
i=1

ciEii + 1
T

T∑
i,j=1

T −1∑
k=0

ωk(j−i)xiXjEij

λ− ωkζ1
+

T∑
i=1

Ei,i+1 (4.231)
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where ci, for i = 1, . . . , T , are complex parameters, and xi, Xi are the canonical coordinates
satisfying the canonical Poisson bracket relations {Xi, x

j} = δij , for i, j = 1, . . . , T , and
the periodic conditions (X0, x

0) = (XT , xT ) and (XT +1, x
T +1) = (X1, x

1).
The DST Lax matrix in [KSS00, Equation 3.8] is given as

L̂DST(µ) =
T∑

i,j=1

bT +i−jxiXjEij

µ− bT
+µET 1 +

∑
i≥j

bi−jxiXjEij +
T∑

i=1
ciEii +

T −1∑
i=1

Ei,i+1 (4.232)

where b, ci ∈ C are parameters of the model, and µ is the spectral parameter of the Lax
matrix. In the present setup where we realise the DST model as a cyclotomic Gaudin
model, the role of the parameter b is played by the location of the pole ζ1 on CP 1 \{0,∞}.
One obtains the Lax matrix LDST(λ) by conjugating L̂DST(λT ) by the diagonal matrix
D = diag(λ−1, . . . , λ−T ) followed by an overall multiplication by λ−1, together with a
change of λ-dependence, that is,

LDST(λ) = λ−1DL̂DST(λT )D−1, (4.233)

and then using the identity (4.207).
The Poisson bracket of the Lax matrix L̂DST(λ) is given as

{L̂DST 1(λ), L̂DST 2(µ)} = [r̂12(λ, µ), L̂DST 1(λ)] − [r̂21(µ, λ), L̂DST 2(µ)] (4.234)

where

r̂12(λ, µ) = 1
µ− λ

µ∑
i≤j

+λ
∑
i>j

Eij ⊗ Eji. (4.235)

Using the identity (4.207) once again, one finds that the gauge transformation (4.233) gives
for LDST(λ) the r-matrix (4.214) associated with the cyclotomic glT (C)-Gaudin model, as
we would have anticipated. We then have the Poisson bracket

{LDST 1(λ), LDST 2(µ)} = [r12(λ, µ), LDST 1(λ)] − [r21(µ, λ), LDST 2(µ)]. (4.236)

Similar to the case of the periodic Toda chain, the Lax matrix LDST(λ) can be seen as a
realisation of the cyclotomic Gaudin Lax matrix, this time with simple poles at the origin
and all ωkζ1, k ∈ {0, . . . , T − 1}, for some ζ1 ∈ C×, and a double pole at infinity, that is,

LDST(λ) = K
(0)
0
λ

+ 1
T

T −1∑
k=0

σkK1
λ− ωkζ1

+K∞ (4.237)

where

K
(0)
0 =

T∑
i=1

ciEii, K1 =
T∑

i,j=1
xiXjEij , K∞ =

T∑
i=1

Ei,i+1. (4.238)



102

Orbit realisation: Set D = {0, 1,∞}, and choose the non-dynamical element

ΛDST(λ) = Λ(0)
0
λ

+ 1
T

T −1∑
k=0

σkΛ1
λ− ωkζ1

+ Λ∞ ∈ ΩΓ
D′ (4.239)

where

Λ(0)
0 =

T∑
i=1

ciEii ∈ g(0), Λ1 = E11 ∈ g, Λ∞ =
T∑

i=1
Ei,i+1 ∈ g(1). (4.240)

The coadjoint action of the group elements φ+ = (φ0+, φ1+, φ∞+), defined by (4.178), on
ΛDST(λ) gives the orbit where LDST(λ) lives. From (4.186), we know that the components
of LDST(λ) can then be expressed as

K
(0)
0 = ϕ

(0)
0 Λ(0)

0 ϕ
(0) −1
0 , K1 = ϕ1Λ1ϕ

−1
1 , K∞ = Λ∞, (4.241)

where we have denoted ϕ
(0)
1 by ϕ1 for simplicity. This gives us a parameterisation of the

Lax matrix LDST(λ) in (4.253) as an element of the coadjoint orbit ODST
Λ . We parameterise

ϕ1 as

ϕ1 =
T∑

i,j=1
sijEij , (4.242)

and denote by ŝij , i, j = 1, . . . , T , the entries of its inverse, that is,

ϕ−1
1 =

T∑
i,j=1

ŝijEij . (4.243)

From (4.241), we then have

K
(0)
0 =

T∑
i=1

ciEii, K1 =
T∑

i,j=1
si1ŝ1jEij , K∞ =

T∑
i=1

Ei,i+1. (4.244)

Defining
xi = si1 and Xi = ŝ1i, for i = 1, . . . , T, (4.245)

gives us the desired realisation of the Lax matrix LDST(λ) as an element of the coadjoint
orbit ODST

Λ . Notice that TrK1 = ∑T
i=1 x

iXi = 1 is an orbit invariant and can be seen as
being generated by the symmetry xi → axi, Xi → a−1Xi.

Lax equations: Let us choose invariant functions Hp,r on g̃
(1)
D as defined in (4.201), and

treat Hp,0 and Hp,1 as the independent functions. The Lax equations for the DST model
with respect to the elementary times tp,r are then given by

∂tp,r ιλLDST = [R±∇Hp,r(ιλLDST), ιλLDST]. (4.246)
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For p = 1, these take the form of the set of Lax equations in (4.198):

∂t1,rLDST = [M1,r, LDST] with M1,r =


0 for r = 0

− 1
T

T −1∑
k=0

ωkζ1σ
kK1

λ− ωkζ1
for r = 1.

(4.247)

The t1,0 equations are trivial. Similar to the case of the periodic Toda chain, the easiest
way to get the t1,1 equations of motion for xi and Xi, for i = 1, . . . , T , is to undo the
dressing. With M = K

(0)
0 + ζ1K∞ + 1

T

∑T −1
k=1 σ

kK1, we find that ϕ−1
1 (∂t1,1ϕ1ϕ

−1
1 −M)ϕ1

must commute with Λ1, and hence be block diagonal with a scalar “block”, say ρ, and a
(T − 1) × (T − 1) block which is irrelevant. Then we find, collecting xi in the vector x,
and Xi in the vector X,

∂t1,1x −Mx = ρx, ∂t1,1XT − XTM = ρXT . (4.248)

Using the freedom xi → axi, Xi → a−1Xi mentioned above with a = eB, ∂t1,1B = ρ, we
can set ρ = 0. Explicitly, we obtain

∂t1,0Xi = 0,

∂t1,0xi = 0,

∂t1,1Xi = −ciXi − ζ1Xi−1 − 1
T

T −1∑
k=1

T∑
j=1

ωk(j−i)xjXjXi,

∂t1,1xi = cix
i + ζ1x

i+1 + 1
T

T −1∑
k=1

T∑
j=1

ωk(j−i)Xjx
jxi.

(4.249)

Lagrangian description: We can now write a Lagrangian one-form for the DST hier-
archy using Theorem 4.4.6 as

LDST = Lp,0dtp,0 + Lp,1dtp,1, p = 1, . . . ,M, (4.250)

with
Lp,r = Xi∂tp,rxi −Hp,r(ιλLDST), i = 1, . . . , T, r ∈ {0, 1}, (4.251)

where the potential term Hp,r(ιλLDST) is given by (4.201), for r ∈ {0, 1}. Notice that
we have dropped the kinetic contribution to Lp,r from the pole at origin since being a
total derivative it will not enter the Euler–Lagrange equations. For p = 1, the Lagrangian
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coefficients explicitly read

L1,0 = Xi∂t1,0xi − 1
2

T∑
i=1

c2
i ,

L1,1 = Xi∂t1,1xi − 1
2T

T −1∑
k=0

ωk(j−i)xixjXiXj − cix
iXi − ζ1x

i+1Xi,

(4.252)

for i, j = 1, . . . , T . It can be checked that the Euler–Lagrange equations obtained from
varying L1,0 and L1,1 with respect to Xi, x

i are exactly the equations in (4.249).

4.5.3 Coupled Toda–DST system

Finally, we turn to the task of coupling together the two hierarchies we have described
variationally in this section. The Lax matrix of the coupled hierarchy can be expressed as

LToda–DST(λ) = LToda(λ) + βLDST(λ), (4.253)

where LToda(λ) is the Lax matrix of the periodic Toda chain in (4.215), LDST(λ) is the DST
Lax matrix (4.237), and the parameter β is a real-valued scalar parameter dictating the
strength of coupling between the two hierarchies. Naturally, the Lax matrix LToda–DST(λ)
can be seen as a realisation of the cyclotomic Gaudin Lax matrix:

LToda–DST(λ) = J
(0)
0 + βK

(0)
0

λ
+ J

(1)
0
λ2 + β

T

T −1∑
k=0

σkK1
λ− ωkζ1

+ J∞ + βK∞ (4.254)

with the g-valued coefficients defined in (4.219) and (4.238).
As the number of finite (non-zero) poles in a cyclotomic Gaudin model is arbitrary,

our construction allows us, in principle, to couple together an arbitrary number of copies
of the DST model and a copy of the periodic Toda chain. Here we only illustrate it for a
single copy each of the periodic Toda chain and the DST model. This simple mechanism
for coupling together integrable hierarchies with Lax matrices living on coadjoint orbits
can be applied if they have the same underlying Lie algebra. Readers interested in the
application of this mechanism in the field-theoretic case are referred to [Cau+24, Section
7].

Orbit realisation: Set D = {0, 1,∞}. Since we already have a parameterisation of the
Lax matrices LToda(λ) and LDST(λ) as orbit elements, we only need to check that the
action of a generic group element φ+ = (φ0+, φ1+, φ∞+) ∈ G̃

(0)
D+ defined by (4.178) on the

non-dynamical element

ΛToda–DST(λ) = ΛToda(λ) + βΛDST(λ) ∈ ΩΓ
D′ (4.255)
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where

ΛToda(λ) = Λ(1)
0
λ2 + Λ∞, ΛDST(λ) = Λ(0)

0
λ

+ 1
T

T −1∑
k=0

σkΛ1
λ− ωkζ1

+ Λ∞ (4.256)

results in the Lax matrix LToda–DST(λ). Indeed, using the result in (4.186), we have that
the components of LToda–DST(λ) take the form

J
(0)
0 + βK

(0)
0 = [ϕ(1)

0 ϕ
(0) −1
0 , J

(1)
0 ] + βϕ

(0)
0 Λ(0)

0 ϕ
(0) −1
0 ,

J
(1)
0 = ϕ

(0)
0 Λ(1)

0 ϕ
(0) −1
0 ,

βK1 = βϕ1Λ1ϕ
−1
1 , and

J∞ + βK∞ = Λ∞ + βΛ∞,

(4.257)

as desired. This gives us a parameterisation of the Lax matrix LToda–DST(λ) in (4.253) as
an element of the coadjoint orbit OToda

Λ × ODST
Λ .

Lax equations: As earlier, we will choose invariant functions Hp,r on g̃
(1)
D as defined in

(4.201), for r ∈ {0, 1}. The Lax equations for the DST-Toda model with respect to the
elementary times tp,r are given by

∂tp,r ιλLToda–DST = [R±∇Hp,r(ιλLToda–DST), ιλLToda–DST]. (4.258)

For p = 1, these take the form of the set of Lax equations in (4.198):

∂t1,rLToda–DST = [M1,r, LToda–DST] (4.259)

with

M1,r =


−J

(1)
0
λ

for r = 0

−β

T

T −1∑
k=0

ωkζ1σ
kK1

λ− ωkζ1
for r = 1.

(4.260)

Taking residues on both sides in (4.259) gives the equations of motion for pi, q
i, Xi, x

i, for
i = 1, . . . , T . Like in the cases of the periodic Toda chain and the DST model, to get
the equations of motion for qi, Xi, x

i, one can “undo” the dressing in the corresponding
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equations. Explicitly, one gets the following equations for pi, q
i, for i = 1, . . . , T :

∂t1,0pi = (1 + β)(eqi−qi+1 − eqi−1−qi) + β

ζ1
(eqi−1−qi

xi−1Xi − eqi−qi+1
xiXi+1),

∂t1,0qi = −pi − βci,

∂t1,1pi = β

ζ1
(eqi−qi+1

xiXi+1 − eqi−1−qi
xi−1Xi),

∂t1,1qi = −βxiXi,

(4.261)

and the following equations for Xi, x
i, for i = 1, . . . , T :

∂t1,0Xi = 1
ζ1
eqi−qi+1

Xi+1,

∂t1,0xi = − 1
ζ1
eqi−1−qi

xi−1,

∂t1,1Xi = −piXi −βciXi − 1
ζ1
eqi−qi+1

Xi+1 − β

T

T∑
j=1

T −1∑
k=0

ωk(j−i)xjXjXi −(1 + β)ζ1Xi−1,

∂t1,1xi = pix
i + βcix

i + 1
ζ1
eqi−1−qi

xi−1 + β

T

T∑
j=1

T −1∑
k=0

ωk(j−i)Xjx
jxi + (1 + β)ζ1x

i+1.

(4.262)
Setting β = 0 in the above equations produces the equations of motion in (4.227) for

the periodic Toda chain. In the limit β → ∞, these reduce to the equations of motion
we obtained for the DST model in (4.249). To see this, note that the Lax matrix LDST

comes as βLDST in the coupled system. Therefore, in the limit β → ∞, the time flow tp,r

is rescaled such that ∂tp,r rescales to βp∂tp,r .

Lagrangian description: Using Theorem 4.4.6, we can now write a Lagrangian one-
form for the Toda–DST hierarchy:

LToda–DST = Lp,0dtp,0 + Lp,1dt1p, p = 1, . . . ,M, (4.263)

with

Lp,r = Tr(J (0)
0 ∂tp,rϕ

(0)
0 ϕ

(0) −1
0 ) + β Tr(K(0)

0 ∂tp,rϕ
(0)
0 ϕ

(0) −1
0 )

+ β Tr(K1∂tp,rϕ1ϕ
−1
1 ) −Hp,r(ιλLToda–DST), r ∈ {0, 1},

(4.264)

where the potential term Hp,r(ιλLToda–DST) is given by (4.201) for r ∈ {0, 1}. Notice that
K

(0)
0 = ∑T

i=1 ciEii. So, the second term on the right-hand side is, in fact, a total derivative
and will not enter the Euler–Lagrange equations. So, we will simply drop it. In terms of
the canonical coordinates, we then have

Lp,r = −pi∂tp,rqi+βXi∂tp,rxi−Hp,r(ιλLToda–DST), i = 1, . . . , T, r ∈ {0, 1}. (4.265)
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The decoupled limits of the periodic Toda and the DST hierarchies are easily recovered
by setting β = 0 and taking the limit β → ∞ in (4.265) respectively.

For p = 1, (4.265) gives the Lagrangian for the coupling of the periodic Toda chain
and the DST model with the potential terms

H1,0 = 1
2

T∑
i=1

p2
i + β

T∑
i=1

cipi + β2

2

T∑
i=1

c2
i + (1 + β)

T∑
i=1

eqi−qi+1 − β

ζ1
eqi−qi+1

xiXi+1,

H1,1 = β2

2T

T −1∑
k=0

ωk(j−i)xixjXiXj + β
T∑

i=1
pix

iXi + β2cix
iXi

+ β

ζ1
eqi−qi+1

xiXi+1 + (β + β2)ζ1x
i+1Xi.

(4.266)

The variation δL1,r gives the Euler–Lagrange equations for the coupled system with re-
spect to the time flow t1,r, for each r ∈ {0, 1,∞}. It can be checked that these are exactly
the equations we obtained in (4.261)–(4.262).

We have reached the end of Part II. We will now change tracks, and instead of the
rather algebraic approach that allowed us to construct geometric Lagrangian one-forms
living on coadjoint orbits, we will use a gauge-theoretic approach to cast a more general
class of integrable models into the variational framework of Lagrangian multiforms.
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Part III

Gauge theory and Lagrangian
multiforms
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Chapter 5

3d mixed BF theory and Hitchin
systems

In 1987, Hitchin introduced a construction [Hit87] that provides integrable systems asso-
ciated with the moduli space of stable holomorphic bundles over Riemann surfaces. This
construction and its generalisations introduced in subsequent works (see, for instance,
[Mar94; Bot95; Nek96; ER96]) encompass a large class of classical integrable systems.
Hitchin systems, as they have come to be known, have been studied extensively within
the Hamiltonian framework leading to interesting discoveries that connect them to several
areas of physics and mathematics.1

The shortcoming of traditional Lagrangians in capturing the notion of integrable hi-
erarchies — as they only describe individual models — becomes particularly detrimental
in the case of Hitchin systems. Hitchin’s construction provides a set of functionally in-
dependent Poisson-commuting conserved quantities on a suitable phase space: a Hitchin
system therefore represents an integrable hierarchy by itself. This makes the traditional
Lagrangian formalism ill-equipped for describing a Hitchin system variationally.

This part of the thesis, adapted from the joint work [CHSV25], is dedicated to a
solution to this problem through the construction of geometric Lagrangian one-forms for
Hitchin systems associated with Riemann surfaces of arbitrary genus. The Lagrangian
one-forms we construct in this part thus generalise the geometric Lagrangian one-forms
on coadjoint orbits that were the subject of Part II of this thesis and first introduced in
[CDS24]. In the process, we are also led to a Lagrangian multiform for 3-dimensional
mixed holomorphic-topological BF theory2 (hereafter simply referred to as 3d mixed BF

1We refer the interested reader to [Sch20] for an overview of some of these connections.
2BF theory is named as such because its action is given in terms of a field B and the curvature F of

a field A. One of the earliest occurrences of (topological) BF theory can be found in [Hor89]. In contrast
to this earlier avatar of the theory, the BF theory of interest here looks topological in some directions and
holomorphic in others, and is therefore mixed in this sense.
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theory) introduced in [VW22]. Also see [Zen23; GW24; GRW24]. This connects us to
another recent approach to integrability, also taking a Lagrangian perspective, based on
so-called mixed holomorphic-topological (HT) gauge theories.3 It started with the work of
Costello [Cos14], which was further developed with Witten and Yamazaki in [CWY18a;
CWY18b], demonstrating a relation between integrable lattice models and a 4-dimensional
semi-holomorphic variant of Chern–Simons theory in the presence of line defects. The main
idea behind this gauge-theoretic approach to integrability is that the Lax formalism of an
integrable model on a d-dimensional manifold M , depending on a spectral parameter living
on a Riemann surface C, arises from the equations of motion of a suitable gauge theory
on M × C which is holomorphic along C and (possibly a mixture of holomorphic and)
topological along M .

In the years since its inception, this approach has been extensively studied and gener-
alised, most notably to the case of integrable field theories in 1+ 1 dimensions. In [CY19],
and many subsequent works (see, for instance, [Del+20; BL20; HL20; LV21; Cau+21]),
(1 + 1)-dimensional integrable field theories were shown to arise from surface defects in
the same 4-dimensional Chern–Simons theory. More recently, in [SV24], a 5-dimensional
semi-holomorphic higher Chern–Simons theory was used to extend this framework to 3-
dimensional integrable field theories. This perspective has also been linked to an older
gauge-theoretic approach to integrability in which integrable field theories arise as sym-
metry reduction of the anti-self-dual Yang–Mills (ASDYM) equations [MW96] by deriving
these integrable field theories from various defects in 6-dimensional holomorphic Chern–
Simons theory on twistor space [BS23; Col+24a; Col+24b]. However, as alluded to earlier,
the work most relevant here is [VW22] where a relationship between 3-dimensional mixed
BF theory with line defects and finite (rational) Gaudin model was established.

This chapter is structured as follows. In Section 5.1, we discuss the geometric setup
for Hitchin systems, thereby setting our conventions. Then, in Section 5.2, we generalise
the construction of Section 2.4 to an infinite-dimensional context and provide a variational
description of the Hitchin system. In Section 5.3, we implement a symplectic reduction
to obtain a Lagrangian one-form for the Hitchin system on a certain symplectic quotient.
This turns out to be the Lagrangian one-form for 3d mixed BF theory with type B defects4.
Finally, in Section 5.4, we go on to extend the construction to the case of Hitchin systems
on compact Riemann surfaces with marked points, which leads to a Lagrangian one-form
for 3d mixed BF theory with type B and type A defects.

3In connection with combining the framework of Lagrangian multiforms with gauge-theoretic ideas,
we note another recent work [FNR24]. However, it is based on an approach different from mixed HT
gauge theories. In this work, Lagrangian multiforms for the Darboux–Kadomtsev–Petviashvili system
were derived from a hierarchy of Chern–Simons actions in an infinite-dimensional space of Miwa variables.

4We use the terms “type B defect” and “type A defect” in line with [VW22] — these defects depend
on the B field and the A field respectively.
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5.1 Geometric setup for Hitchin systems

To set the stage for the rest of the chapter, let us start by discussing the case of the Hitchin
system on a Riemann surface C of arbitrary genus g ≥ 2 without marked points.5 The
case with marked points is dealt with later in Section 5.4.

The phase space of the Hitchin system for the case without marked points is given by
the cotangent bundle T ∗BunG(C). A point in the base BunG(C) is a stable holomorphic
principal G-bundle Phol, of a fixed topological type, which can always be described using a
single holomorphic transition function γ : U0 ∩U1 → G relative to an open cover {U0, U1}
of C with U0 an open neighbourhood of a fixed point p ∈ C and U1 := C \ {p}. A point in
the fibre T ∗

Phol
BunG(C) above Phol is called a holomorphic Higgs field L. On identifying

g with its dual g∗ using a fixed nondegenerate invariant bilinear pairing on g, it is given
explicitly by a pair of g-valued (1, 0)-forms L0 and L1 on U0 and U1, respectively, which are
related via the adjoint action L0 = γL1γ−1 on the overlap U0 ∩U1. The pair (Phol, L) is an
example of a stable Higgs bundle. The Hitchin map, also known as the Hitchin fibration,
provides a complete set of Poisson-commuting Hamiltonians Hi for i = 1, . . . , n, where
n denotes half the dimension of the phase space, thereby encoding a finite-dimensional
integrable hierarchy.

These Hamiltonians, which we will now refer to as Hitchin Hamiltonians, induce com-
muting time flows ∂ti , i = 1, . . . , n, on T ∗BunG(C), whose action on the pair (L0, γ) is
given by

∂tiL0 = [M0
i , L

0], M0
i = γM1

i γ
−1 + ∂tiγγ−1, (5.1)

for i = 1, . . . , n, where M1
i are g-valued meromorphic functions on U1 each with a simple

pole at a fixed marked point qi ∈ U1 whose residue there is determined by the Hitchin
Hamiltonian Hi, and M0

i are g-valued holomorphic functions on U0.
To give a variational description of the hierarchy of commuting flows given by (5.1),

we will exploit the fact that the Hitchin phase space T ∗BunG(C) can be obtained as a
symplectic reduction of the infinite-dimensional cotangent bundle T ∗M of the space M of
stable holomorphic structures on a fixed smooth principal G-bundle P by the action of the
group G = Aut P of smooth bundle automorphisms of P.6 A holomorphic structure on P
can be specified in terms of a partial (0, 1)-connection7 A′′ on P given in local coordinate
patches by g-valued (0, 1)-forms on C. A smooth bundle automorphism g ∈ G acts on
such a holomorphic structure A′′ by gauge transformations A′′ 7→ gA′′g−1 − ∂̄gg−1. Two

5Detailed discussions on the geometric setup for Hitchin systems in the case without marked points and
related algebro-geometric notions can be found, for instance, in [DM96], [KW09, Section III, Chapter 1],
and [Sch21].

6That this phase space is finite-dimensional is a consequence of a theorem of Narasimhan and Seshadri
[NS64]. See, for instance, [BBT03, Chapter 7].

7A partial connection is a connection that can only take derivatives in certain directions.
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holomorphic structures related in this way define the same holomorphic principal G-bundle
Phol. In particular, the action of G on the space M of stable holomorphic structures is
free, and we have an isomorphism M/G ∼= BunG(C). Moreover, the action of G on M lifts
to a Hamiltonian action on T ∗M with moment map given by µ(B,A′′) = ∂̄A′′

B, where B
denotes the smooth Higgs field8 parametrising the fibre of T ∗

A′′M over a fixed holomorphic
structure A′′ ∈ M.

As the construction of geometric Lagrangian one-forms for Hitchin systems relies on
some intricacies of the definition of T ∗M and G, we devote the rest of this section to the
relevant details.

5.1.1 Holomorphic structures on a principal G-bundle

Let G be a complex connected Lie group with Lie algebra g. Denote by C be a compact
Riemann surface and fix a holomorphic atlas {(UI , zI)}I∈I of C with zI : UI → C local
holomorphic coordinates on each open subset UI ⊂ C and I some indexing set.

We fix a smooth principal G-bundle π : P → C which is specified relative to the open
cover {UI} of C by local trivialisations ψI : π−1(UI) ∼=−→ UI × G, p 7→ (π(p), fI(p)). The
principal bundle is equipped with a free right action G× P → P, p 7→ p · g, and the local
trivialisations should be G-equivariant, that is, fI(p · g) = fI(p)g for any g ∈ G. The
transition between local trivialisations ψJ and ψI on overlapping charts UI ∩ UJ ̸= ∅ is
given by

ψI ◦ ψ−1
J : (UI ∩ UJ) ×G −→ (UI ∩ UJ) ×G, (x, g) 7−→

(
x, gIJ(x)g

)
(5.2)

with smooth transition functions gIJ : UI ∩ UJ → G, given by gIJ(x) = fI(p)fJ(p)−1 for
any p ∈ P with π(p) = x ∈ UI ∩ UJ , satisfying the Čech cocycle condition

gIJgJK = gIK (5.3)

on triple overlaps UI ∩ UJ ∩ UK ̸= ∅. A change of local trivialisation of P is specified by
a family of smooth maps hI : UI → G, that is, a Čech 0-cochain h = (hI)I∈I ∈ Č0(C,G).
Indeed, given local trivialisations ψI : π−1(UI) ∼=−→ UI ×G, p 7→ (π(p), fI(p)), we can define
new local trivialisations by

ψ̃I : π−1(UI)
∼=−→ UI ×G, p 7−→

(
π(p), hI(π(p))fI(p)

)
. (5.4)

The transition functions of P relative to these new local trivialisations are the smooth
8We use the symbol B to denote the Higgs field instead of the symbol Φ which is more standard in

works on Hitchin systems, as it will later be identified with the corresponding B field of 3d mixed BF
theory.
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maps
g̃IJ = hIgIJh

−1
J : UI ∩ UJ → G. (5.5)

The change of local trivialisations from {ψI}I∈I to {ψ̃I}I∈I on the fixed bundle P can
equivalently be seen as producing a new principal G-bundle P̃ → C that is smoothly
isomorphic to P.

An automorphism of P, or more precisely a fibre-preserving automorphism of P which
we will sometimes refer to as a gauge transformation, is a Čech 0-cochain g = (gI)I∈I ∈
Č0(C,G) which preserves the transition functions of P in the sense that

gI = gIJgJg
−1
IJ (5.6)

on any overlap UI ∩ UJ ̸= ∅. We can describe the action of g on P relative to a fixed
choice of local trivialisations {ψI}I∈I as sending ψI(p) = (π(p), fI(p)) to ψI(g · p) :=(
π(p), gI(π(p))fI(p)

)
. The compatibility condition (5.6) ensures that this is well-defined

on P, in the sense that we can either perform the gauge transformation directly in the
local trivialisation ψI , or we can first move to the local trivialisation ψJ , perform the
gauge transformation there and then move back to the local trivialisation ψI . Both give
the same result. We let

G := Aut P ⊂ Č0(C,G) (5.7)

denote the infinite-dimensional group of automorphisms of the principal G-bundle P. Note
that, by the condition (5.6), we can equally describe automorphisms of P as sections of
the fibre bundle P ×Ad G associated with the adjoint representation of G on itself.

A holomorphic structure on P is a choice of local trivialisations {ψI}I∈I with respect
to which the transition functions gIJ : UI ∩ UJ → G are holomorphic. It can equally be
described [AB83] as a family of g-valued (0, 1)-forms A′′

z̄I
(zI , z̄I)dz̄I ∈ Ω0,1(UI , g) relative

to a choice of local trivialisations {ψI}I∈I , denoted collectively as A′′, such that

A′′
z̄I

dz̄I = gIJA
′′
z̄J
g−1

IJ dz̄J − ∂̄gIJg
−1
IJ (5.8)

on UI ∩UJ ̸= ∅. We let M denote the infinite-dimensional space of holomorphic structures
on P.

Under a change of local trivialisations h ∈ Č0(C,G), the holomorphic structure A′′ is
described in the new local trivialisations (5.4) by the family of g-valued (0, 1)-forms

Ã′′
z̄I

dz̄I = hIA
′′
z̄I
h−1

I dz̄I − ∂̄hIh
−1
I ∈ Ω0,1(UI , g). (5.9)

In particular, by solving the equations A′′
z̄I

= h−1
I ∂hI/∂z̄I , which is always possible lo-

cally [AB83, Section 5], we obtain smooth maps hI : UI → G which define a new local
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trivialisation where
Ã′′

z̄I
(zI , z̄I) = 0. (5.10)

This represents the same holomorphic structure A′′ of P but now in an adapted local
trivialisation of P where its components vanish. In particular, it now follows from (5.8)
that in this new local trivialisation the transition functions g̃IJ : UI ∩ UJ → G of the
bundle are holomorphic.

Under a gauge transformation by g ∈ G, a holomorphic structure A′′ ∈ M is trans-
formed to a new holomorphic structure on P given by the family of g-valued (0, 1)-forms

gIA′′
z̄I

dz̄I := gIA
′′
z̄I
g−1

I dz̄I − ∂̄gIg
−1
I ∈ Ω0,1(UI , g). (5.11)

Let gA′′ := gA′′g−1 − ∂̄gg−1 ∈ M denote this transformed holomorphic structure. We
have a left action of G on M given by

G × M −→ M, (g,A′′) 7−→ g ·A′′ := gA′′ = gA′′g−1 − ∂̄gg−1. (5.12)

Any A′′ ∈ M determines a Dolbeault operator ∂̄A′′ on any vector bundle VP := P ×ρ V

associated with P in some representation ρ : G → AutV , which acts on local sections
over UI as ∂̄ + ρ(A′′

z̄I
)dz̄I . In terms of Dolbeault operators, the left action (5.12) reads

(g, ∂̄A′′) 7→ g∂̄A′′
g−1.

The Lie algebra G := Lie(G) of G consists of sections X of the vector bundle gP =
P ×ad g associated with P in the adjoint representation. Explicitly, this is given by a
family of g-valued functions XI ∈ C∞(UI , g) in each local trivialisation such that on each
overlap UI ∩ UJ ̸= ∅ we have the relation XI = gIJX

Jg−1
IJ . The left action (5.12) of the

group G induces an infinitesimal left action of a Lie algebra element X ∈ G on A′′ ∈ M
given by

δXA
′′ = −∂̄A′′

X = −∂̄X − [A′′, X], (5.13)

or in local trivialisations by

δXIA′′I = −∂̄XI − [A′′I , XI ]. (5.14)

5.1.2 Cotangent bundle T ∗M and action of G

The tangent space TA′′M at any point A′′ ∈ M is given by the space of sections of
the bundle ∧0,1C ⊗ gP . Similarly, the cotangent space T ∗

A′′M is the space of sections
of ∧1,0C ⊗ g∗

P , where g∗
P := P ×ad∗ g∗ is the vector bundle associated with P in the

coadjoint representation. To put it concretely, any X ∈ TA′′M is described by a family of
g-valued (0, 1)-forms XI = Xz̄I (zI , z̄I)dz̄I ∈ Ω0,1(UI , g), and any Y ∈ T ∗

A′′M by a family
of g∗-valued (1, 0)-forms Y I = YzI (zI , z̄I)dzI ∈ Ω1,0(UI , g

∗) such that on any overlap
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UI ∩ UJ ̸= ∅, we have the relations

XI = gIJX
Jg−1

IJ , Y I = Ad∗
gIJ

Y J , (5.15)

respectively. Using the canonical pairing ⟨ , ⟩ : g∗ × g → C, we obtain a family of local
(1, 1)-forms ⟨Y I , XI⟩ ∈ Ω1,1(UI). Here we have suppressed a wedge product between the
one-forms Y I and XI . It follows from (5.15) that these local (1, 1)-forms agree on overlaps,
that is, ⟨Y I , XI⟩ = ⟨Y J , XJ⟩, and hence define a global (1, 1)-form on C which we denote
by ⟨Y,X⟩ ∈ Ω1,1(C). In particular, the latter can be integrated over the compact Riemann
surface C to obtain a pairing

T ∗
A′′M × TA′′M −→ C, (Y,X) 7−→ 1

2πi

∫
C

⟨Y,X⟩. (5.16)

Now, a point in the cotangent bundle T ∗M is given by a pair (B,A′′), with A′′ ∈ M
a holomorphic structure on P parametrising the base and B a section of ∧1,0C ⊗ g∗

P
parametrising the fibre. To describe vector fields on T ∗M, we note that we have the
canonical isomorphism

T(B,A′′)(T ∗M) ∼= T ∗
A′′M ⊕ TA′′M. (5.17)

The differential at (B,A′′) ∈ T ∗M of the projection

πM : T ∗M → M, (B,A′′) 7→ A′′ (5.18)

is given by the projection onto the second summand under the isomorphism (5.17), which
we denote as

δ(B,A′′)A
′′ : T(B,A′′)(T ∗M) −→ TA′′M, (Y,X) 7−→ X. (5.19)

The tautological one-form on T ∗M is then defined using the pairing (5.16) as

α(B,A′′) := 1
2πi

∫
C

⟨B, δA′′⟩. (5.20)

More explicitly, this can be described as a map α(B,A′′) : T(B,A′′)(T ∗M) → C given by
α(B,A′′)(Y,X) := 1

2πi

∫
C⟨B,X⟩. The corresponding symplectic form ω := δα is given by

ω(B,A′′)
(
(Y1, X1), (Y2, X2)

)
= 1

2πi

∫
C

⟨Y1, X2⟩ − 1
2πi

∫
C

⟨Y2, X1⟩. (5.21)

Let us recall the left action (5.12) of the group of gauge transformations G on the
space of holomorphic structures M. We can lift this to an action of G on T ∗M as follows.
In a local trivialisation, an element g ∈ G is represented by smooth maps gI : UI → G,
and a section B ∈ T ∗

A′′M of the bundle ∧1,0C ⊗ g∗
P is described by a family of g∗-valued
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(1, 0)-forms BI ∈ Ω1,0(UI , g
∗). Since

Ad∗
gI
BI = Ad∗

gIgIJ
BJ = Ad∗

gIJ gJ
BJ = Ad∗

gIJ

(
Ad∗

gJ
BJ), (5.22)

we obtain a well-defined left action of g = (gI)I∈I ∈ G on the fibres

T ∗
A′′M −→ T ∗

g·A′′M, B 7−→ g ·B := Ad∗
g B (5.23)

given explicitly in the local trivialisation over UI by BI 7→ Ad∗
gI
BI . Combining this with

the left action of G on the base M, we obtain the desired left action of G on T ∗M given
by

G × T ∗M −→ T ∗M,
(
g, (B,A′′)

)
7−→ g ·

(
B,A′′) :=

(
Ad∗

g B,
gA′′). (5.24)

This induces an infinitesimal left action of a Lie algebra element X ∈ G on (B,A′′) ∈ T ∗M
given by (

δXB, δXA
′′) :=

(
ad∗

XB,−∂̄A′′
X
)
, (5.25)

where δXB = ad∗
XB is given in local trivialisations by δXIBI = ad∗

XIBI ∈ Ω1,0(UI , g
∗).

As in the finite-dimensional setup of Section 2.4, we need a notion of freeness for the
action of the group G on T ∗M. We say that (B,A′′) ∈ T ∗M is stable if

∂̄X + [A′′, X] = 0, ad∗
XB = 0 =⇒ X = 0, (5.26)

for all X ∈ G. This implies that the stabiliser of (B,A′′) is not a continuous subgroup of
G, making it an infinitesimal version of freeness.

Remark 5.1.1. The notion of a stable principal Higgs bundle was introduced in [BG11].
We expect that any Higgs bundle that is stable in the sense of [BG11] satisfies (5.26). This
was proved for semisimple irreducible reductive algebraic groups G in the case B = 0 in
[Ram75, Proposition 3.2]. A proof of this statement for B ̸= 0 and G = SLm(C) using
the Kobayashi–Hitchin correspondence of Simpson can be found in [CHSV25, Appendix
A]. ◁

Having discussed the essential geometric ingredients, we now turn to our first main goal
of this chapter: constructing a geometric Lagrangian one-form on the infinite-dimensional
cotangent bundle T ∗M.

5.2 Lagrangian one-form on T ∗M

To construct a geometric Lagrangian one-form on T ∗M, we will generalise the finite-
dimensional setup of geometric Lagrangian one-forms discussed in Chapter 2 to the present
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infinite-dimensional case. The role of the underlying manifold M there will now be played
by the space M of holomorphic structures on a principle G-bundle P → C over a compact
Riemann surface C, for some connected Lie group G, and the role of the symmetry group
G will be played here by the group G = Aut P of (fibre-preserving) automorphisms of P.

The starting point for our construction is the fact that the Hitchin phase space is given
by the symplectic quotient

T ∗BunG(C) ∼= µ−1(0)/G. (5.27)

More specifically, we introduce a natural lift of the Hitchin map to the cotangent bundle
T ∗M which induces n commuting flows on this infinite-dimensional symplectic mani-
fold and that can be described variationally using a natural geometric multiform action
SΓ[B,A′′, t] on T ∗M. Then, upon performing the symplectic reduction to µ−1(0)/G at the
level of the action, we obtain a multiform version of the action for 3d mixed BF theory.

In the present infinite-dimensional setting, the analogue of the Lagrangian one-form
(2.8) is

L = α(B,A′′) −Hi(B,A′′)dti = 1
2πi

∫
C

⟨B, δA′′⟩ −Hi(B,A′′)dti. (5.28)

To write down the corresponding action, that is, the analogue of (2.15), let Σ : Rn →
T ∗M × Rn be an immersion. For any u ∈ Rn, we write Σ(u) =

(
B(u), A′′(u), t(u)

)
. It is

helpful to take a moment to describe each component of Σ(u) in more detail. Firstly, B(u)
describes an Rn-dependent section of ∧1,0C ⊗ g∗

P given in each local trivialisation of P
over UI by g∗-valued (1, 0)-forms BzI (zI , z̄I , u)dzI ∈ Ω1,0(UI × Rn, g∗). These are related
in chart overlaps UI ∩ UJ ̸= ∅ by the second relation in (5.15), explicitly

BzI (zI , z̄I , u)dzI = Ad∗
gIJ

BzJ (zJ , z̄J , u)dzJ . (5.29)

Secondly, A′′(u) describes an Rn-dependent element of M given in each local trivialisation
of P over UI by g-valued (0, 1)-forms A′′

z̄I
(zI , z̄I , u)dz̄I ∈ Ω0,1(UI , g). These are related in

chart overlaps UI ∩ UJ ̸= ∅ by (5.8), explicitly

A′′
z̄I

(zI , z̄I , u)dz̄I = gIJA
′′
z̄J

(zJ , z̄J , u)g−1
IJ dz̄J − ∂̄gIJg

−1
IJ . (5.30)

Finally, t(u) describes an Rn-dependent point in Rn with components ti(u) for i = 1, . . . , n.
Note that since the transition functions gIJ : UI ∩ UJ → G of P obviously do not

depend on the parameter u = (uj) ∈ Rn, differentiating the relation (5.30) with respect to
uj , we obtain

∂ujA′′
z̄I

(zI , z̄I , u)dz̄I = gIJ∂ujA′′
z̄J

(zJ , z̄J , u)g−1
IJ dz̄J . (5.31)

Thus, for every j = 1, . . . , n, the family of g-valued (0, 1)-forms ∂ujA′′
z̄I

dz̄I ∈ Ω0,1(UI , g)
defines an Rn-dependent section of ∧0,1C ⊗ gP which we denote by ∂ujA′′(u). Similarly,
we denote by ∂ujB(u) the family of g∗-valued (1, 0)-forms ∂ujBzI dzI ∈ Ω1,0(UI , g

∗). Now,
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let Σ1 : Rn → T ∗M, u 7→
(
B(u), A′′(u)

)
be the component of the map Σ in T ∗M. Its

differential at u ∈ Rn is

duΣ1 : TuRn −→ TΣ1(u)(T ∗M) ∼= T ∗
A′′(u)M ⊕ TA′′(u)M,

∂

∂uj
7−→

(
∂ujB(u), ∂ujA′′(u)

)
.

(5.32)

The pullback of the differential δA′′ defined in (5.19) by the map Σ1 is then given by
the composition

(
Σ∗(δA′′)

)
(u) = δΣ1(u)A

′′ ◦ duΣ1 and hence Σ∗(δA′′) = ∂ujA′′(u) ∧ duj =
−dRnA′′(u). We now find that the pullback Σ∗L of the Lagrangian (5.28) by the map Σ
is given by

Σ∗L = 1
2πi

∫
C

〈
B(u), dRnA′′(u)

〉
−Hi

(
B(u), A′′(u)

)
dRnti. (5.33)

Given an arbitrary curve Γ : (0, 1) → Rn, s 7→
(
uj(s)

)
can now finally write down the

analogue of the action (2.15) in the present case, which reads

SΓ[Σ] =
∫ 1

0
(Σ ◦ Γ)∗L =

∫ 1

0

(
− 1

2πi

∫
C

〈
B(u), ∂ujA′′(u)

〉
−Hi

(
B(u), A′′(u)

) ∂ti
∂uj

)duj

ds ds.

(5.34)

Remark 5.2.1. We make a few remarks on notation and terminology to avoid confusion.
Note that the kinetic part 1

2πi

∫
C⟨B, δA′′⟩ of (5.28) is the direct analogue of pµdqµ in (2.8).

In particular, the integration over C in the present setting is the analogue of the summation
over µ ∈ {1, . . . ,m} in the finite-dimensional setting of Section 2.3. Importantly, this
means that, although the first term in the action (5.34) involves the integral of a 3-form
over C × (0, 1), from the point of view of Lagrangian multiform theory we should really
regard the whole action SΓ[Σ] as the integral of a 1-form on the interval (0, 1), namely the
pullback of (5.28) along Σ ◦ Γ : (0, 1) → T ∗M × Rn. ◁

Remark 5.2.2. The terminology “gauge group” for the group G of fibre-preserving au-
tomorphisms is standard in the geometric formulation of the Hitchin system and that is
why we used it here. However, it is crucial to note that, at this stage of the construction,
the group G is the analogue of what we called the global symmetry group G in Section 2.3,
which we will later gauge by considering transformations parametrised by maps g : Rn → G
by analogy with the finite-dimensional setting of Section 2.4.1; see Section 5.3 for details.
A crude way to say this is that we will “gauge the gauge group G”. ◁

We now prove the analogue of Proposition 2.3.1 in the present infinite-dimensional
context with this in mind. In fact, the setting of Section 2.3 was very generic and the
infinitesimal action of a Lie algebra element X ∈ g on M was specified only implicitly
through the vector fields X♯. By contrast, in the present context, we have an explicit
description of the action of the Lie algebra G on T ∗M in (5.25) and even of the action
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of the group G on T ∗M in (5.24). Therefore, we can prove a stronger statement than
Proposition 2.3.1 in the present case. We first need to lift the action of G to T ∗M × Rn

by letting it act trivially on Rn, that is, we set g · t = t for any g ∈ G and t ∈ Rn.

Proposition 5.2.3. The action (5.34) is invariant under the action of G on T ∗M × Rn

given in (5.24) if and only if each Hi, for i = 1, . . . , n, is invariant under the group action,
that is,

Hi
(

Ad∗
g B,

gA′′) = Hi(B,A′′) (5.35)

for any (B,A′′) ∈ T ∗M and g ∈ G. Moreover, the Noether charge associated with an
infinitesimal bundle morphism X ∈ G is given by

µ(B,A′′)(X) = 1
2πi

∫
C

〈
B, ∂̄A′′

X
〉
. (5.36)

Proof. We closely follow the proof of Proposition 2.3.1. Let Σ : Rn → T ∗M × Rn be given
by Σ(u) =

(
B(u), A′′(u), t(u)

)
. By (5.24), its pointwise image under the left action of any

g ∈ G is g · Σ : Rn → T ∗M × Rn given by

(g · Σ)(u) =
(

Ad∗
g B(u), gA′′(u), t(u)

)
. (5.37)

Note, in particular, that this implies ∂uj (g ·Σ)(u) =
(

Ad∗
g ∂ujB(u), g∂ujA′′(u)g−1, ∂uj t(u)

)
.

The action for the transformed map g · Σ therefore reads

SΓ[g · Σ]

=
∫ 1

0

(
− 1

2πi

∫
C

〈
Ad∗

g B(u), g∂ujA′′(u)g−1〉−Hi
(

Ad∗
g B(u), gA′′(u)

) ∂ti
∂uj

)
duj

ds ds

=
∫ 1

0

(
− 1

2πi

∫
C

〈
B(u), ∂ujA′′(u)

〉
−Hi

(
Ad∗

g B(u), gA′′(u)
) ∂ti
∂uj

)
duj

ds ds

= SΓ[Σ] +
∫ 1

0

(
Hi
(
B(u), A′′(u)

)
−Hi

(
Ad∗

g B(u), gA′′(u)
))dti

ds ds

(5.38)

The result now follows since for g ∈ G to be a symmetry means that SΓ[g · Σ] = SΓ[Σ] for
any map Σ and any curve Γ and hence the integral on the right-hand side must vanish for
any curve Γ but this, in turn, is equivalent to the condition (5.35).

To work out the Noether charge associated with the infinitesimal symmetry generated
by a Lie algebra element X ∈ G, we introduce an arbitrary smooth function λ : Rn → C

and consider the pointwise variations of the map Σ(u) =
(
B(u), A′′(u), t(u)

)
given by

δλ(u)XB(u) = λ(u)ad∗
XB(u), (5.39a)

δλ(u)XA
′′(u) = −λ(u)∂̄A′′(u)X = −λ(u)

(
∂̄X + [A′′(u), X]

)
. (5.39b)
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The variation of the action (5.34) then only has a contribution from the kinetic term,
which reads

δλ(u)XSΓ[Σ] = δλ(u)X

∫ 1

0

−1
2πi

∫
C

〈
B(u), ∂ujA′′(u)

〉duj

ds ds

=
∫ 1

0
∂ujλ(u)

( 1
2πi

∫
C

〈
B(u), ∂̄A′′(u)X

〉) duj

ds ds,
(5.40)

cf. the end of the proof of Propostion 2.3.1. From this we read off the desired expression
(5.36). □

Remark 5.2.4. Note that the expression (5.36) is well-defined since ∂̄A′′
X is a section of∧0,1C ⊗ gP . Indeed, using the relations (5.8) and XI = gIJX

Jg−1
IJ , respectively, between

the local expressions of A′′ ∈ M and X ∈ G in overlapping charts U I ∩ UJ ̸= ∅, we find
that

∂̄XI + [A′′
z̄I
, XI ]dz̄I = gIJ

(
∂̄XJ + [A′′

z̄J
, XJ ]dz̄J)g−1

IJ . (5.41)

We thus have ⟨BI , ∂̄A′′
XI⟩ = ⟨BJ , ∂̄A′′

XJ⟩ on overlaps UI ∩UJ ̸= ∅ so that these define a
global (1, 1)-form ⟨B, ∂̄A′′

X⟩ ∈ Ω1,1(C) which can be integrated over the compact Riemann
surface C. Likewise, we have a well-defined global (1, 1)-form ⟨∂̄A′′

B,X⟩ ∈ Ω1,1(C) given
by the expression ⟨∂̄A′′

BI , XI⟩ in each local chart UI . Moreover, these are related by

⟨B, ∂̄A′′
X⟩ − ⟨∂̄A′′

B,X⟩ = −dC⟨B,X⟩ (5.42)

where ⟨B,X⟩ ∈ Ω1,0(C) is a well-defined (1, 0)-form on C. The relative sign on the left-
hand side comes from the fact that B is a one-form and the operator ∂̄A′′ has cohomological
degree 1. Integrating both sides over C and using Stokes’ theorem on the right-hand side,
noting that C has no boundary, we deduce that the Noether charge (5.36) can equivalently
be rewritten as

µ(B,A′′)(X) = 1
2πi

∫
C

〈
∂̄A′′

B,X
〉
. (5.43)

In other words, the value of the corresponding moment map µ : T ∗M → G∗ at (B,A′′) ∈
T ∗M is the element of G∗ given by the linear map X 7→ 1

2πi

∫
C(∂̄A′′

B,X) which takes in
any vector X ∈ G, that is, a section of gP , and integrates it against the section ∂̄A′′

B of∧1,1C ⊗ g∗
P . ◁

The construction of the Hamiltonians Hi : T ∗M → C satisfying (5.35) will be inspired
by that of the Hitchin map [Hit87]. Recall that the latter is constructed from a choice of

(i) G-invariant homogeneous polynomials Pr : g∗ → C for r = 1, . . . , rk g of degree
dr + 1, where E = {dr}rk g

r=1 is the set of exponents of g.
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Given such data, the Hitchin map

P := (P1, . . . , Prk g) : H0
(
C,
∧1,0C ⊗ g∗

P

)
−→

rk g⊕
r=1

H0
(
C,
(∧1,0C

)⊗(dr+1))
, (5.44)

takes as input a holomorphic section B of the bundle ∧1,0C ⊗ g∗
P . Recall that this is

given by a family of g∗-valued (1, 0)-forms BI = BzI (zI)dzI ∈ Ω1,0(UI , g
∗) in the local

trivialisation over the chart (UI , zI), where here the function BzI depends holomorphically
on zI , related by the second relation in (5.15), explicitly BI = Ad∗

gIJ
BJ on UI ∩ UJ ̸= ∅.

Since Pr is G-invariant, it follows that we have

Pr(BI) = Pr
(

Ad∗
gIJ

BJ) = Pr(BJ) (5.45)

on non-trivial overlaps UI ∩ UJ ̸= ∅. In this way, we obtain a holomorphic section of
the bundle (∧1,0C)⊗(dr+1) for each r = 1, . . . , rk g, which we denote by Pr(B), and the
Hitchin map returns a holomorphic section of ⊕rk g

r=1(∧1,0C)⊗(dr+1). To obtain individual
complex-valued Hamiltonians one can then expand each component Pr(B) of the Hitchin
map in a basis of holomorphic (dr + 1, 0)-differentials on C.

However, in our present setting, B ∈ T ∗
A′′M is only a smooth section of ∧1,0C ⊗ g∗

P .
We can still form a smooth section Pr(B) of (∧1,0C)⊗(dr+1) for every r = 1, . . . , rk g,
however we can no longer expand it in a basis of holomorphic sections of (∧1,0C)⊗(dr+1).
Instead, in order to produce complex-valued Hamiltonians we will proceed along the lines
of [VW22] by introducing a marked point on C for each Hamiltonian Hi.9 We therefore
introduce the following additional data:

(ii) Points qrl ∈ C labelled by pairs (r, l) with r = 1, . . . , rk g and l = 1, . . . ,mr, where

mr := dim
(
H0
(
C,
(∧1,0C

)⊗(dr+1))) =
{

(2dr + 1)(g − 1), for g ≥ 2,
g, for g = 0, 1

(5.46)

and a set of holomorphic tangent vectors Vqrl
∈ T 1,0

qrl C.

We can now define Hi : T ∗M → C by evaluating the smooth section Pr(B) of
(∧1,0C)⊗(dr+1) at qrl ∈ C and pairing the resulting element Pr

(
B(qrl)

)
∈ (∧1,0

qrl
C)⊗(dr+1)

with V dr+1
qrl

∈ (T 1,0
qrl C)⊗(dr+1), that is,

Hi(B) :=
〈
Pr
(
B(qrl)

)
, V dr+1

qrl

〉
. (5.47)

Concretely, if (UI , zI) is a local chart around one of the points qrl ∈ C then we can
pick Vqrl

= ∂zI and the above geometric construction amounts to writing Pr(B) =
9Only one marked point was needed in [VW22] since only a single Hamiltonian was considered in that

setup.
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Pr
(
BzI (zI , z̄I)

)
dz⊗(dr+1)

I locally in the coordinate zI and then evaluating its component
at qrl ∈ C, that is,

Hi(B) = Pr
(
BzI (qrl)

)
. (5.48)

The understanding in (5.47) and (5.48) is that the label i on the Hamiltonians runs over
pairs (r, l) with r = 1, . . . , rk g and l = 1, . . . ,mr. Note that mr being the dimension of
the space of holomorphic sections of (∧1,0C)⊗(dr+1) ensures that, when the points qrl are
generic, the number of Hamiltonians we produce coincides with the number of Hamiltoni-
ans obtained via the construction of the Hitchin map (5.44) when the smooth section B of
the bundle ∧1,0C ⊗ g∗

P becomes holomorphic. Indeed, our evaluation prescription (5.47)
defines a bijection

H0
(
C,
(∧1,0C

)⊗(dr+1)) ∼=−→ Cmr , (5.49)

for generic points qrl ∈ C, l = 1, . . . ,mr. It is enough to show this is injective, which
follows from the fact that divisors Dr := ∑mr

l=1 qrl on C for which deg(Dr) = mr =
dim

(
H0(C, (∧1,0C

)⊗(dr+1))) and dim
(
H0(C, (∧1,0C

)⊗(dr+1) ⊗ O(−Dr)
))

= 0 are generic.
Since the label i on the Hamiltonians runs over pairs (r, l), with r = 1, . . . , rk g and

l = 1, . . . ,mr, it runs from 1 to

n :=
rk g∑
r=1

mr = (g − 1)
rk g∑
r=1

(2dr + 1) = (g − 1) dim g (5.50)

when g ≥ 2 and from 1 to n := rk g when g = 1. This number coincides with half the
dimension of the phase space of the Hitchin system when g ≥ 2 and g = 1, respectively.10

When g = 0, however, there are no Hamiltonians since the set of points qrl ∈ C introduced
in condition (ii) above is empty. Producing non-trivial integrable systems in the case of
genus g = 0 will require introducing additional marked points on C which we will turn to
in Section 5.4 below.

Remark 5.2.5. From now on, for notational convenience, we will simply use the common
label i for the Hamiltonians Hi, the polynomials Pr, the points qrl and the times ti associ-
ated to the Hamiltonians. This amounts to relabelling Pr as Prl, with the understanding
that Prl = Prl′ for any l, l′ = 1, . . . ,mr, so that we can simply write Hi(B) = Pi

(
BzI (qi)

)
.

Accordingly, we can keep denoting by ti the time associated to Hi, rather than the cum-
bersome trl or t(r,l). ◁

10This is a consequence of the Riemann–Roch theorem. See, for instance, [BBT03, Chapter 7].
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5.3 Lagrangian one-form for the Hitchin system on µ−1(0)/G

So far we have introduced the action SΓ[Σ] in (5.34) for an immersion Σ : Rn → T ∗M×Rn

and an arbitrary curve Γ : (0, 1) → Rn, and showed in Proposition 5.2.3 that it is invariant
under the left action of the group G, provided that the Hamiltonians Hi themselves are
G-invariant in the sense that (5.35) holds. Note that the latter condition clearly holds for
the Hamiltonians introduced in (5.48) by virtue of the G-invariance of the polynomials
Pi : g∗ → C. Moreover, we identified the moment map µ : T ∗M → G∗ associated with
this symmetry as given by (5.36).

We now turn to generalising the gauging procedure of Section 2.4 to the present infinite-
dimensional setting. This requires introducing two additional elements: gauge transfor-
mations g and a gauge field A.

Let us start with the gauge transformations. For the Hitchin system, the group by
which we need to quotient is the group G of automorphisms of the bundle P → C. In
the language of Section 2.4, the group G corresponds to the global symmetry group G.
Thus, in order to gauge G here, we consider the group of local transformations g : Rn → G,
i.e. automorphisms of the bundle P → C that depend smoothly on u ∈ Rn. In a local
trivialisation of P, this is represented by G-valued functions gI(zI , z̄I , u). On overlaps
UI ∩ UJ ̸= ∅, they satisfy (5.6), in which gIJ are the transition functions relative to the
chosen trivialisation of P → C.

The action of a local gauge transformation g on the map Σ : u 7→ (A′′(u), B(u), t(u))
is exactly as in Section 5.1, except that g, A′′, B, and t depend on the parameters u (in
addition to depending on local coordinates zI). Explicitly, we write

g · Σ : u 7−→
(g(u)A′′(u),Ad∗

g(u)B(u), t(u)
)
, (5.51)

where g(u)A′′(u) and Ad∗
g(u)B(u) are defined as in (5.12) and (5.23) for each u.

Next, we introduce the gauge field A = Aidui. This consists of functions Ai from Rn

to the Lie algebra G of G. The Lie algebra G is the space of sections of the bundle gP , so
each Ai is a section of gP that depends smoothly on u ∈ Rn. In any local trivialisation,
Ai is represented by functions AI

i (zI , z̄I , u) that take values in g. Further, on the overlap
UI ∩ UJ ̸= ∅, these are related by

AI
i = gIJAJ

i g
−1
IJ . (5.52)

Under a local transformation g : Rn → G, these transform as

AI
i 7−→ gIAI

i g
−1
I − ∂gI

∂ui
g−1

I . (5.53)

Now that we have introduced the local transformations and the gauge field, let us write
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down the analogue of the gauged action in the finite-dimensional setup (2.27). Recall that
to do so we need to add to the ungauged action (5.34) a term coupling the moment map
(5.36) to the gauge field as

SΓ[Σ,A, t] =
∫ 1

0

(
− 1

2πi

∫
C

〈
B(u), ∂A

′′

∂uj
− ∂̄A′′Aj

〉
−Hi

(
B(u)

) ∂ti
∂uj

)
duj

ds ds. (5.54)

The first term in this action is exactly a multiform action of 3d mixed BF theory, as we
now show. Let

A := A′′ + A. (5.55)

This is a partial connection on the pullback bundle π∗
CP = P × Rn over C × Rn along the

projection πC : C × Rn → C. By definition, the bundle π∗
CP is trivialised over open sets

UI × Rn, and the transition functions between these sets are the transition functions gIJ

of P, which obviously satisfy
∂gIJ

∂uj
= 0. (5.56)

In these local trivialisations, A takes the form

AI = A′′
z̄I

(zI , z̄I , u)dz̄I + AI
i (zI , z̄I , u)dui. (5.57)

This looks like the local expression for a connection, except that it is missing a dzI -
component, which is why we refer to it as a partial connection. To show that A is a
well-defined partial connection we must check that it satisfies

AI = gIJA
Jg−1

IJ − ∂̄gIJg
−1
IJ − dRngIJg

−1
IJ (5.58)

on overlaps UI ∩UJ ̸= ∅, and that it is independent of the choice of local trivialisations of
P → C. From (5.8), (5.52) and (5.56), it follows that (5.58) is satisfied. Independence of
the choice of local trivialisation follows from (5.58): if we use different local trivialisations
of P → C over open sets {UI}I∈I′ to construct a connection A′, then A and A′ will be
related as in (5.58) on the overlaps UI ∩ UJ for I ∈ I and J ∈ I ′. Therefore, A′ and A

represent the same connection.
The curvature FA of the partial connection A is defined in local trivalisations by

F I
A =

(
∂AI

i

∂z̄I
−
∂A′′

z̄I

∂ui
+ [A′′

z̄I
,AI

i ]
)

dz̄I ∧ dui + 1
2

(
∂AI

j

∂ui
− ∂AI

i

∂uj
+ [AI

i ,AI
j ]
)

dui ∧ duj .

(5.59)
The family B(u) of sections of ∧1,0C ⊗ g∗

P naturally determines a section of π∗
C

∧1,0C ⊗
g∗

π∗
CP , which we will denote by the same symbol B. The following theorem is a direct

consequence of our definitions of B and A, with corresponding curvature FA.

Theorem 5.3.1. The gauged multiform action (5.54) for the Hitchin system is equivalent
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to the multiform action for 3d mixed BF theory on C × Rn for the pair (B,A) with a type
B line defect along each coordinate ti determined by the Hitchin Hamiltonian Hi given in
(5.48), namely

SΓ[B,A, t] = 1
2πi

∫
C×Γ

〈
B,FA

〉
−
∫ 1

0
Hi
(
B(u(s))

)dti
ds ds (5.60)

for an arbitrary curve Γ : (0, 1) → Rn, s 7→ u(s).

The proof relies on the simple observation that, when pulled back along the one-
dimensional curve Γ, only the first term in the expression (5.59) of the curvature is non-
zero. That being said, the significance of Theorem 5.3.1 is that it shows how the multiform
version of 3d mixed BF theory with type B defect is derived from our procedure of gauging
a natural Lagrangian multiform on a cotangent bundle, applied to the Hitchin setup. As
we show in Section 5.4, a similar derivation with the inclusion of marked points in the
Hitchin picture corresponds to the inclusion of so-called type A defects to the multiform
action of 3d mixed BF theory.

In this new interpretation of the action (5.54), local (gauge) transformations g : Rn → G
play the role of bundle automorphisms of π∗

CP, with local expressions gI(zI , z̄I , u) in the
trivialisations over UI × Rn. From (5.12), (5.23), (5.53) and (5.57), it follows that these
bundle automorphisms act on A and B in the expected way:

AI 7→ gIAI = gIA
Ig−1

I − ∂̄gIg
−1
I − dRngIg

−1
I , (5.61a)

BI 7→ AdgI B
I . (5.61b)

Remark 5.3.2. The partial connection A on π∗
CP was defined using the local trivialisa-

tions of π∗
CP obtained canonically from the local trivialisations of P. In particular, in such

a local trivialisation, the transition functions gIJ are independent of uj and A transforms
as in (5.58) but without the last term. However, the resulting action (5.60) is well-defined
in any local trivialisation of π∗

CP, including those for which the transitions functions do
depend on uj , in which case A transforms as in (5.58) with the last term present. Indeed,
with A transforming as in (5.58), the curvature FA defines a section of ∧2(C× Rn) ⊗gπ∗

CP

with gπ∗
CP the vector bundle associated to π∗

CP in the adjoint representation, and hence
(B,FA) is a well-defined global 3-form on C × Rn. We will exploit such a change of local
trivialisation leading to uj-dependent transition functions later on in Section 6.2 to prove
Theorem 6.2.1. ◁

To derive the equations of motion for (5.60), we first introduce some notation. Let
(UI , zI) be a coordinate chart containing the point q ∈ UI with coordinate w = zI(q). We
denote by δ(zI − w) the 2-dimensional Dirac δ-distribution on UI at the point q ∈ UI in
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the local coordinate zI . It has the defining property∫
UI

f(zI)δ(zI − w)dzI ∧ dz̄I = f(w) (5.62)

for any function f : UI → C. Note that the distribution-valued 2-form δ(zI −w)dzI ∧dz̄I is
invariant under coordinate transformations. Specifically, if (UJ , zJ) is another chart with
q ∈ UI ∩ UJ ̸= ∅ and w′ := zJ(q), then we have

δ(zI − w)dzI ∧ dz̄I = δ(zJ − w′)dzJ ∧ dz̄J . (5.63)

Therefore, for notational convenience, we introduce

δq := δ
(
zI − zI(q)

)
dzI ∧ dz̄I (5.64)

for any q ∈ C, which is independent of the coordinate chart (UI , zI) used, so long as it
contains the point q. We will also make use of the following useful fact

∂z̄I

1
zI − w

= −2πi δ(zI − w). (5.65)

Given any polynomial P : g∗ → C, its gradient ∇P : g∗ → g is defined through the
first order term in the variation of P (ϕ) at any ϕ ∈ g∗, namely

P (ϕ+ δϕ) = P (ϕ) +
〈
δϕ,∇P (ϕ)

〉
+O(δϕ2). (5.66)

In particular, for a coadjoint-invariant polynomial P , that is, a polynomial P for which
P (Ad∗

g ϕ) = P (ϕ) for any g ∈ G, it follows from considering g = ehX with X ∈ g and h

small such that
〈
ad∗

Xϕ,∇P (ϕ)
〉

= 0.

Theorem 5.3.3. The gauged univariational principle applied to the 3d mixed BF mul-
tiform action SΓ[B,A, t] in (5.60) gives rise to a set of equations for the fields B, A′′

and A. By working in any chart (UI , zI) of C in terms of the components BzI (zI , z̄I , u),
A′′

z̄I
(zI , z̄I , u), and AI

j (zI , z̄I , u) of these fields, these equations take the following form:

∂z̄I ÃI
i − ∂tiA′′

z̄I
+ [A′′

z̄I
, ÃI

i ] = 2πi∇Pi
(
BzI (qi)

)
δ
(
zI − zI(qi)

)
, (5.67a)

∂z̄IBzI + ad∗
A′′

z̄I

BzI = 0, (5.67b)

∂tjBzI + ad∗
ÃI

j

BzI = 0, (5.67c)

∂tjHi(B) = 0 (5.67d)

where we used the invertibility of the map (uj) 7→
(
ti(u)

)
to define ÃI

i = ∂uj

∂ti AI
j . The

equations associated to any pair of overlapping charts (UI , zI) and (UJ , zJ) are compatible
on UI ∩ UJ ̸= ∅.
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Finally, if B and A′′ satisfy the stability condition (5.26), then the following zero
curvature equations also hold

∂tiÃI
j − ∂tj ÃI

i +
[
ÃI

i , ÃI
j

]
= 0. (5.68)

Proof. Since the action (5.60) is local in all the fields, and in particular in the fields B and
A, to work out the equations of motion for the latter at any point p ∈ C, it is sufficient to
restrict the integration over C in the action to any chart (UI , zI) for which p ∈ UI . In other
words, to work out the equations of motion for the g-valued fields BI = BzI (zI , z̄I , u)dzI ,
A′′I = A′′

z̄I
(zI , z̄I , u)dz̄I and AI = AI

j (zI , z̄I , u)duj , it is sufficient to consider the variation
of the following action

SI,Γ[BzI , A
′′
z̄I
,AI

j , t] =
∫ 1

0

(
1

2πi

∫
UI

〈
BzI (zI , z̄I , u(s)), F I

z̄Ij(zI , z̄I , u(s))
〉

dzI ∧ dz̄I

−
n∑

i=1
qi∈UI

Pi
(
BzI (qi, u(s))

) ∂ti
∂uj

)
duj

ds ds
(5.69)

where we used the fact that the pullback of the curvature F I ∈ Ω2(UI × Rn, g) along the
curve Γ : (0, 1) → Rn is given by

F I(u(s)) = F I
z̄Ij(zI , z̄I , u) dz̄I ∧ duj

ds ds ∈ Ω2(UI × (0, 1), g
)
, (5.70)

noting that the pullback of F I
ij(zI , z̄I , u)dui ∧ duj vanishes since ds ∧ ds = 0.

We now work out the variation of (5.69) with respect to all four fields BzI (zI , z̄I , u),
A′′

z̄I
(zI , z̄I , u), AI

j (zI , z̄I , u) and ti(u). Firstly, we have

δBzI
SI,Γ[BzI , A

′′
z̄I
,AI

j , t]

=
∫ 1

0

∫
UI

(
1

2πi
〈
δBzI (zI , z̄I , u(s)), F I

z̄Ij(zI , z̄I , u(s))
〉

−
n∑

i=1
qi∈UI

〈
δBzI (zI , z̄I , u(s)),∇Pi

(
BzI (zI , z̄I , u(s))

)〉
δ
(
zI − zI(qi)

) ∂ti
∂uj

)
duj

ds dzI ∧ dz̄I ∧ ds

(5.71)

where, in the second term on the right-hand side, we used both the defining properties
(5.62) of the Dirac δ-distribution and (5.66) of the gradient of Pi. Since the above vari-
ation should vanish for all curves Γ : (0, 1) → Rn, s 7→

(
uj(s)

)
and for all variations
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δIBzI (zI , z̄I , u), we deduce that

∂z̄I AI
j (zI , z̄I , u(s)) − ∂ujA′′

z̄I
(zI , z̄I , u(s)) +

[
A′′

z̄I
(zI , z̄I , u(s)),AI

j (zI , z̄I , u(s))
]

= 2πi
n∑

i=1
qi∈UI

∇Pi
(
BzI (zI , z̄I , u(s))

)
δ
(
zI − zI(qi)

) ∂ti
∂uj

. (5.72a)

The first equation (5.67a) now follows by multiplying both sides by ∂uj

∂tk , summing over
j = 1, . . . , n, and then relabelling k as j, and using the definition of ÃI

j given in the
statement of the theorem. Next, for the variation of (5.69) with respect to A′′

z̄I
(zI , z̄I , u),

we find

δA′′
z̄I
SI,Γ[BzI , A

′′
z̄I
,AI

j , t]

= −
∫ 1

0

1
2πi

∫
UI

〈
BzI (zI , z̄I , u(s)),

∂ujδA′′
z̄I

(zI , z̄I , u(s)) +
[
AI

j (zI , z̄I , u(s)), δA′′
z̄I

(zI , z̄I , u(s))
]〉duj

ds dzI ∧ dz̄I ∧ ds.

(5.72b)

Since this should vanish for all curves Γ : (0, 1) → Rn, s 7→
(
uj(s)

)
and all variations

δA′′
z̄I

(zI , z̄I , u), we deduce that (5.67c) must hold, again after multiplying by ∂uj

∂tk , summing
over j = 1, . . . , n, and relabelling k as j, and also using the definition of ÃI

j . Similarly, by
varying (5.69) with respect to AI

j (zI , z̄I , u), we deduce that (5.67b) must hold. Finally,
varying (5.69) with respect to ti(u) leads to

δti(u)SI,Γ[BzI , A
′′
z̄I
,AI

j , t] = −
∫ 1

0

(
Hi
(
B(u(s))

)∂δti
∂uj

)duj

ds ds, (5.72c)

and since this should vanish for all curves Γ : (0, 1) → Rn, s 7→
(
uj(s)

)
and all variations

δti(u), we deduce that (5.67d) must hold.
The derivation of (5.68) follows the same reasoning as in the proof of Theorem 2.4.3

for (2.36). Using (5.67c), and with F̃ I
ij = ∂tiÃI

j − ∂tj ÃI
i +

[
ÃI

i , ÃI
j

]
, we deduce

[∂ti , ∂tj ]BzI + ad∗
F̃ I

ij

BzI = 0. (5.73)

The first term on the left-hand side vanishes since partial derivatives commute. Hence,

ad∗
F̃ I

ij

BzI = 0. (5.74)
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Similarly, using (5.67a), we deduce

[∂ti , ∂tj ]A′′
z̄I

+ ∂z̄I F̃
I
ji +

[
A′′

z̄I
, F̃ I

ji

]
= 2πi

(
∂tj ∇Pi

(
BzI (qi)

)
+
[
ÃI

j ,∇Pi
(
BzI (qi)

)])
δ
(
zI − zI(qi)

)
− 2πi

(
∂ti ∇Pj

(
BzI (qj)

)
+
[
ÃI

i ,∇Pj
(
BzI (qj)

)])
δ
(
zI − zI(qj)

)
.

(5.75)

Now, note that (5.67c) implies

∂tj ∇Pi
(
BzI (qi)

)
+
[
ÃI

j ,∇Pi
(
BzI (qi)

)]
= 0, (5.76)

so that both terms on the right-hand side of (5.75) vanish. The first term on the left-hand
side of (5.75) also vanishes since partial derivatives commute and (5.75) reduces to

∂z̄I F̃
I
ji + [A′′

z̄I
, F̃ I

ji] = 0. (5.77)

Equation (5.68) now follows from (5.74) and (5.77) using the stability condition (5.26). □

Remark 5.3.4. In standard terminology of the theory of Lagrangian multiforms (see
Chapter 2), the first three equations (5.67a)–(5.67c) are the multitime Euler–Lagrange
equations and the last equation (5.67d) is (related to) the closure relation. Importantly,
the latter holds automatically as a consequence of (5.67c) and G-invariance of Pi, thus
confirming that we indeed have a Lagrangian multiform — a Lagrangian one-form here
— for the Hitchin system. To see this, note that

∂tjPi
(
BzI

)
=
〈
∂tjBzI ,∇Pi(BzI )

〉
=
〈
∂tjBzI + ad∗

AI
j
BzI ,∇Pi(BzI )

〉
= 0, (5.78)

where we used the infinitesimal coadjoint-invariance of Pi in the second equality (see the
argument right after (5.66)) and (5.67c) in the last equality. ◁

5.4 Adding type A defects at marked points on C

Having obtained a variational description of the Hitchin system for the case without
marked points, we now turn to extending the above construction to the case with marked
points. As we will see later on in the thesis, namely in Chapters 6 and 7, this enables us
to incorporate a wider class of integrable systems into our framework. We will work with
a Riemann surface C with N ∈ Z≥1 distinct marked points {pα}N

α=1 and will allow the
Higgs field B ∈ T ∗

A′′M to have simple poles at these points by introducing extra structure
encoding the residues of B.

More specifically, to each marked point pα we associate a coadjoint orbit Oα in the
fibre of g∗

P over pα. This coadjoint orbit Oα is determined by an element Λα ∈ g∗. In a
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local trivialisation of P over UI ∋ pα, an element X ∈ Oα is represented by

XI = Ad∗
φI

α
Λα, for some φI

α ∈ G. (5.79)

If pα ∈ UI ∩ UJ , then we must have XI = Ad∗
gIJ (pα)X

J . So, we require φI
α = gIJ(pα)φJ

α.
This means that φI

α represents an element φα of the fibre of P over pα.
The Kostant–Kirillov–Souriau form on Oα is given by ωα(X,Y ) := ⟨Λα, [X,Y ]⟩ for

every X,Y ∈ g representing tangent vectors in TΛαOα. The Kostant–Kirillov–Souriau
form ωα can equally be described as follows. Consider the map

G −→ Oα, φI
α 7−→ Ad∗

φI
α

Λα. (5.80)

The pullback of ωα under this map, which, by abuse of notation, we also denote by ωα, is
the 2-form given by ωα = d

〈
Λα, (φI

α)−1dφI
α

〉
. Note that this is exact, and that both ωα

and
〈
Λα, (φI

α)−1dφI
α

〉
are invariant under changes of local trivialisation. We will denote

the latter by
〈
Λα, (φα)−1dφα

〉
to emphasise this.

Instead of working on the phase space (T ∗M, ω) as in Section 5.2 and Section 5.3, we
will now work with the extended phase space

(
T ∗M ×

N∏
α=1

Oα, ω +
N∑

α=1
ωα

)
. (5.81)

We extend the tautological one-form α on T ∗M, given in (5.20), to a one-form on the
extended phase space (5.81), which we still denote by α. It is given explicitly by

α(B,A′′,(φα)) := 1
2πi

∫
C

⟨B, δA′′⟩ +
N∑

α=1

〈
Λα, (φα)−1dφα

〉
. (5.82)

To evaluate the second term, for each α, we choose an open set UI containing pα, and
evaluate

〈
Λα, (φI

α)−1dφI
α

〉
, where φI

α ∈ G is the representative of φα in our chosen trivial-
isation.

The action of the group G of bundle automorphisms on T ∗M ×
∏N

α=1 Oα is as follows,
cf. (5.24),

G × T ∗M ×
N∏

α=1
Oα −→ T ∗M ×

N∏
α=1

Oα(
g,
(
B,A′′, (φI

α)
))

7−→ g ·
(
B,A′′, (φI

α)
)

=
(

Ad∗
g B,

gA′′,
(
gI(pα)φI

α

))
.

(5.83)

This induces the following infinitesimal left action

δXB = ad∗
XB, δXA

′′ = −∂̄A′′
X, δX

(
Ad∗

φI
α

Λα
)

= ad∗
XI(pα)

(
Ad∗

φI
α

Λα
)

(5.84)
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of X ∈ G on
(
B,A′′, (φI

α)
)

∈ T ∗M ×
∏N

α=1 Oα.

Remark 5.4.1. We can describe the phase space (5.81) more invariantly in the following
manner. Let GΛα be the stabiliser of Λα ∈ g∗. Then, Ad∗

φI
α

Λα corresponds to a left coset
φI

αGΛα ∈ G/GΛα . This represents an element of the quotient Ppα/GΛα in our chosen local
trivialisation. An element of Ppα/GΛα is usually called a reduction of the structure group
of P at pα to GΛα . Therefore, our phase space is the product of the cotangent bundle of
the space of holomorphic structures and the space of reductions of structure group to GΛα

at the subset of marked points {pα}N
α=1. ◁

We proceed with generalising the construction of Section 5.2. In the present setup, the
Lagrangian one-form (2.8) and action (2.15) take the form

L = 1
2πi

∫
C

⟨B, δA′′⟩ +
N∑

α=1
⟨Λα, φ

−1
α dφα⟩ −Hi

(
B,A′′, (φα)

)
dti, (5.85)

for some Hamiltonians Hi : T ∗M ×
∏N

α=1 Oα → C. Its pullback along an arbitrary
immersion Σ : Rn → T ∗M ×

∏N
α=1 Oα × Rn, Σ(u) =

(
B(u), A′′(u), (φα(u)), t(u)

)
is then

Σ∗L = 1
2πi

∫
C

⟨B, dRnA′′⟩ +
N∑

α=1
⟨Λα, φ

−1
α dRnφα⟩ −Hi

(
B,A′′, (φα)

)
dRnti, (5.86)

so that for any parametrised curve Γ : (0, 1) → Rn, s 7→
(
uj(s)

)
, the corresponding action

is given by SΓ[Σ] :=
∫ 1

0 (Σ ◦ Γ)∗L , which explicitly reads

SΓ[Σ] =
∫ 1

0

(
− 1

2πi

∫
C

〈
B(u), ∂ujA′′(u)

〉
+

N∑
α=1

〈
Λα, φα(u)−1∂ujφα(u)

〉
−Hi

(
B(u(s)), A′′(u(s)),

(
φα(u(s))

)) ∂ti
∂uj

)
duj

ds ds.

(5.87)

We have the following analogue of Proposition 5.2.3.

Proposition 5.4.2. The action (5.87) is invariant under the action of G on T ∗M ×∏N
α=1 Oα × Rn given by (5.83) and extended trivially to the Rn-factor if and only if each

Hi, for i = 1, . . . , n, is invariant under the group action, that is,

Hi

(
Ad∗

g B,
gA′′,

(
g(pα)φα

))
= Hi

(
B,A′′, (φα)

)
(5.88)

for any
(
B,A′′, (φα)

)
∈ T ∗M×

∏N
α=1 Oα and g ∈ G. Moreover, the value of the associated

moment map µ : T ∗M ×
∏N

α=1 Oα → G∗ on an infinitesimal bundle morphism X ∈ G is
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given by

µ(B,A′′,(φα))(X) = 1
2πi

∫
C

〈
B, ∂̄A′′

X
〉

+
N∑

α=1

∫
C

〈
Ad∗

φα
Λα, X

〉
δpα . (5.89)

Proof. For the invariance of the action under the group action (5.83), by Proposition
5.2.3 we only need to check the invariance of the new kinetic terms for the φα but this is
immediate.

The extra term in the moment map (5.89) compared to the expression in (5.36) comes
from generalising the argument in the last part of the proof of Proposition 5.2.3 to the
present case, and again, the new contribution comes from the coadjoint orbit terms in the
kinetic part. □

Following the discussion in Remark 5.2.4, we can use Stokes’ theorem to rewrite the
expression (5.89) for the moment map as

µ(B,A′′,(φα))(X) =
∫

C

〈 1
2πi ∂̄

A′′
B +

N∑
α=1

Ad∗
φα

Λαδpα , X

〉
. (5.90)

In particular, we see that the vanishing of µ at any
(
B,A′′, (φα)

)
∈ T ∗M ×

∏N
α=1 Oα

corresponds to the condition

∂̄A′′
B = −2πi

N∑
α=1

Ad∗
φα

Λαδpα , (5.91)

which reads locally as

∂z̄IBzI + ad∗
A′′

z̄I

BzI = 2πi
N∑

α=1
pα∈UI

Ad∗
φI

α
Λαδ

(
zI − zI(pα)

)
. (5.92)

To produce a (non-trivial) dynamical theory, we must choose Hamiltonians Hi on the
symplectic manifold T ∗M ×

∏
α Oα. We do this in a manner similar to the case without

marked points, with Hamiltonians given in (5.48) in terms of invariant polynomials Pi on
g∗ and points qi. This ensures, in particular, their invariance as in Proposition 5.4.2. We
will specify the number of points qi more precisely when we look at specific examples in
Chapter 7.

Let us now proceed with generalising the construction of Section 5.3 to the case with
marked points. Recall that we introduced the g-valued gauge field A along Rn and ⟨Σ∗µ,A⟩
was added to the pullback Σ∗L of the Lagrangian one-form (5.28) to eventually produce
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the gauged action (5.54). In the present case, we have the gauged action

SΓ[Σ,A, t] =
∫ 1

0

(
− 1

2πi

∫
C

〈
B(u), ∂A

′′

∂uj
− ∂̄A′′Aj

〉
+

N∑
α=1

〈
Λα, φ

−1
α

(
∂uj + Aj(pα)

)
φα

〉

−Hi
(
B(u)

) ∂ti
∂uj

)
duj

ds ds. (5.93)

Rewriting this in terms of the connection A = A′′ + A over C × Rn yields the following
analogue of Theorem 5.3.1.

Theorem 5.4.3. The gauged multiform action (5.93) for the Hitchin system with marked
points is given by the multiform action for 3d mixed BF theory on C×Rn for the collection
of fields

(
B,A, (φα)

)
with a type B line defect along each coordinate ti determined by the

Hitchin Hamiltonian Hi defined as in (5.48), and a type A line defect at each marked point
pα, namely

SΓ[B,A, (φα), t] = 1
2πi

∫
C×Γ

〈
B,FA

〉
+

N∑
α=1

∫ 1

0

〈
Λα, φ

−1
α

(
∂uj + Aj(pα)

)
φα

〉duj

ds ds

−
∫ 1

0
Hi
(
B(u(s))

)dti
ds ds,

(5.94)

for an arbitrary curve Γ : (0, 1) → Rn, s 7→ u(s), where FA is the curvature introduced in
(5.59).

The action (5.94) will appear again in Chapter 6, where, following [VW22], we perform
a reduction to obtain a unifying action for Hitchin systems associated with Riemann sur-
faces of arbitrary genus with marked points. Notably, the construction we have presented
here extends the work of [VW22] in a key aspect: we have derived the 3d mixed BF action
as a variational description of the Hitchin system rather than taking it as given as was
done in [VW22]. Before we move to discussing this reduction, let us present the following
analogue of Theorem 5.3.3 that we need for what follows in the next chapter.

Theorem 5.4.4. The gauged univariational principle applied to the 3d mixed BF mul-
tiform action SΓ[B,A, (φα), t] in (5.94) yields a set of equations for the fields B, A and
φα, for α = 1, . . . , N . Working in any chart (UI , zI) of C and in terms of the components
BzI (zI , z̄I , u), A′′

z̄I
(zI , z̄I , u), AI

j (zI , z̄I , u) of the various fields, these equations take the
following form:

∂z̄I ÃI
i − ∂tiA′′

z̄I
+ [A′′

z̄I
, ÃI

i ] = 2πi∇Pi
(
BzI (qi)

)
δ
(
zI − zI(qi)

)
, (5.95a)

∂z̄IBzI + ad∗
A′′

z̄I

BzI = 2πi
N∑

α=1
pα∈UI

Ad∗
φI

α
Λαδ

(
zI − zI(pα)

)
, (5.95b)
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∂tjBzI + ad∗
ÃI

j

BzI = 0, (5.95c)

∂tjHi(B) = 0, (5.95d)
∂tj

(
Ad∗

φI
α

Λα
)

+ ad∗
ÃI

j (pα) Ad∗
φI

α
Λα = 0, (5.95e)

where we have used the invertibility of the map (uj) 7→
(
ti(u)

)
to define ÃI

i = ∂uj

∂ti AI
j . The

equations associated to any pair of overlapping charts (UI , zI) and (UJ , zJ) are compatible
on UI ∩ UJ ̸= ∅. The following zero curvature equations also hold

∂tiÃI
j − ∂tj ÃI

i +
[
ÃI

i , ÃI
j

]
= 0. (5.96)

Proof. The computation for the variation of the action with respect to the fields BI , AI ,
and ti is exactly as in the proof of Theorem 5.3.3 and so is the derivation of (5.96). The
new terms in the action only modify the equation obtained by varying AI and this gives
the right-hand side of (5.95b). Finally, the variation with respect to φβ gives

δφβ
SΓ[B,A, (φα), t] = δφβ

∫ 1

0

N∑
α=1

〈
Λα, φ

−1
α

(
∂uj + Aj(pα)

)
φα

〉duj

ds ds

=
∫ 1

0

〈
Λβ,−(φI

β)−1δφI
β(φI

β)−1(∂uj + AI
j (pα)

)
φI

β

+ (φI
β)−1(∂uj + AI

j (pα)
)
δφI

β

〉duj

ds ds

=
∫ 1

0

〈
Ad∗

φI
β

Λβ,
[
∂uj + AI

j (pβ), δφI
β(φI

β)−1]〉duj

ds ds

= −
∫ 1

0

〈(
∂uj + ad∗

AI
j (pβ)

)(
Ad∗

φI
β

Λβ

)
, δφI

β(φI
β)−1

〉duj

ds ds

(5.97)

so that we obtain (5.95e). □

To summarise this chapter, we have shown that in the case without marked points,
the Hitchin system on the symplectic quotient µ−1(0)/G is described variationally by
the action for 3d mixed BF theory with type B line defects associated with each of the
Hamiltonians Hi and corresponding times ti for i = 1, . . . , n (Theorem 5.3.1), and in the
case with marked points by adding type A line defects at each marked point in C to the
action (Theorem 5.4.3). The latter case will be the subject of the next chapter where
we obtain a unifying Lagrangian one-form for Hitchin systems associated with Riemann
surfaces of arbitrary genus with marked points.
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Chapter 6

Hitchin system in Lax form and
its variational formulation

Hitchin’s original construction [Hit87] provides integrable systems associated with Rie-
mann surfaces without marked points. The generalisation of this construction to the case
of Riemann surfaces with marked points allows for a wider class of integrable models —
even certain models with spectral parameters lying on curves of genus zero and genus one
— to be seen as realisations of the Hitchin system.

The focus of this chapter, adapted from [CHSV25, Section 4], is this more general form
of Hitchin systems: those associated with Riemann surfaces of any arbitrary genus with
marked points. In Section 5.4, we obtained a variational description for these systems in
terms of a multiform action (5.94) for 3d mixed BF theory with type A and type B line
defects. Now, in this chapter, we work with this multiform action as our starting point.

Central to what follows is the isomorphism (5.27) which we use to pass from the de-
scription of the Hitchin system on µ−1(0)/G in terms of smooth g-valued (0, 1)-connections
A′′ ∈ M and smooth Higgs fieldsB ∈ T ∗

A′′M, as in Section 5.3 and Section 5.4, to a descrip-
tion of the Hitchin system on T ∗BunG(C) in terms of holomorphic transition functions and
holomorphic Higgs fields. We will thus establish the right-hand side of the commutative
diagram in Figure 6.1.

SΓ[B,A, (φα), t] Unifying action

Variational equations (5.95) ∂tiL = [Mi, L]

holomorphic
description

univariational
principle

univariational
principle

holomorphic
description

Figure 6.1: Two descriptions of Hitchin systems and corresponding variational equations
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This chapter has a twofold purpose. First, in Section 6.1, we show that the set of
variational equations derived in Theorem 5.4.4 encode the hierarchy of equations of the
Hitchin system in the standard Lax form1, namely ∂tiL = [Mi, L] for a meromorphic Lax
matrix L and a collection of meromorphic Lax matrices Mi associated with each time ti

in the hierarchy for i = 1, . . . , n. Second, in Section 6.2, we show that this hierarchy of
Lax equations for the Hitchin system is itself variational and can be derived as the Euler–
Lagrange equations of a new multiform action, which we refer to as the unifying action,
derived, in turn, from the multiform action (5.94).

6.1 Hitchin system in Lax form

This section is devoted to obtaining a description of the Hitchin system as a hierarchy of
Lax equations. Following [VW22], we make the observation that (5.95c) takes the form of
a hierarchy of Lax equations for Lax matrices BzI and ÃI

i defined on the coordinate patch
(UI , zI) that become meromorphic when solving (5.95a)–(5.95b) in a local trivialisation
such that A′′

z̄I
= 0. The compatibility of this hierarchy of Lax equations is ensured by

(5.96).
As usual, in order to bring (5.95c) to the standard Lax form, we will identify g∗ with g

using a nondegenerate invariant bilinear form on g. We still denote the latter by ⟨ , ⟩ (like
the pairing between g∗ and g) hoping that it will not confuse the reader. This allows us
to identify adjoint and coadjoint actions. Moreover, from now on we only consider matrix
Lie groups and Lie algebras.

Next, we pick a point p ∈ C distinct from all the marked points pα with α = 1, . . . , N ,
and qi with i = 1, . . . , n. Pick a neighbourhood U0 of p not containing any of these other
points and equipped with a local coordinate z0 : U0 → C. We also let U1 := C \{p} so that
{U0, U1} forms an open cover of C. Let us stress that for g ≥ 1 the open U1 ⊂ C is not
a coordinate chart since in general it cannot be equipped with a holomorphic coordinate
U1 → C. However, we can further refine the cover by choosing a holomorphic atlas
{(UI , zI)}I∈I for U1, where I is any indexing set not containing 0 and 1 so that we can
also use the notation UI for I ∈ {0, 1}. In other words, UI for I ∈ I are open subsets of
U1 such that ⋃I∈I UI = U1 and equipped with coordinates zI : UI → C.

The open cover {U0, U1} of C suffices for the purpose of describing the smooth principal
G-bundle π : P → C with a holomorphic structure specified by A′′ ∈ M. Indeed, since U1

is a non-compact Riemann surface and G is semisimple, we can trivialise the holomorphic
principal G-bundle (P, A′′) over U1. Since we can also trivialise (P, A′′) over U0, we obtain
local trivialisations for the holomorphic principal G-bundle (P, A′′) relative to the open

1To our knowledge, the earliest connection between the Hitchin system and the Lax formalism appeared
in [Kri02; LOZ03].
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cover {U0, U1} of C. More importantly for us, we also have local trivialisations of the
pullback bundle π∗

CP ∼= P × Rn, see Section 5.3, which we write as

ψ0 : π−1(U0 × Rn)
∼=−→ U0 × Rn ×G, p 7−→ (π(p), f0(p)), (6.1a)

ψ1 : π−1(U1 × Rn)
∼=−→ U1 × Rn ×G, p 7−→ (π(p), f1(p)) (6.1b)

relative to the open cover {U0 × Rn, U1 × Rn} of C × Rn. Let g01 : (U0 ∩ U1) × Rn → G

be the smooth transition function on the overlap (U0 ∩U1) × Rn ̸= ∅ so that, with (x, t) =
π(p) ∈ (U0 ∩ U1) × Rn, we have

ψ0 ◦ψ−1
1 : (U0 ∩U1)×Rn ×G −→ (U0 ∩U1)×Rn ×G, (x, t, g) 7−→

(
x, t, g01(x, t)g

)
. (6.2)

Since UI ⊂ U1 for each I ∈ I, we will use the restriction of the local trivialisation (6.1b)
on each π−1(UI × Rn) so that the transition functions gIJ : (UI ∩ UJ) × Rn → G and
g1I : (U1 ∩UI) × Rn → G are trivial for all I, J ∈ I, and g0I : (U0 ∩UI) × Rn → G is given
by g0I = g01 for all I ∈ I.

Let us revisit the equations of motion (5.95c) derived in Theorem 5.4.4. Since we are
now identifying g∗ with g and the coadjoint action with the adjoint action, we can rewrite
this set of equations as

∂tiBzI =
[
− ÃI

i , BzI

]
(6.3)

on the open chart UI ⊂ C for each I ∈ I∪{0}. We note following [VW22] that these clearly
resemble a hierarchy of Lax equations. We can rewrite them without using coordinates by
expressing them in terms of the g-valued (1, 0)-forms BI = BzI (zI , z̄I , t)dzI ∈ Ω1,0(UI ×
Rn, g) for I ∈ I ∪ {0} as

∂tiBI =
[
− ÃI

i , B
I]. (6.4a)

Since these equations for I ∈ I are compatible on overlaps UI ∩ UJ ̸= ∅ and in fact
BI = BJ and ÃI

i = ÃJ
i since the transition functions on these overlaps are trivial, we may

consider the equations (6.4a) simply for I ∈ {0, 1}. In that case, BI ∈ Ω1,0(UI × Rn, g)
and ÃI

i is a g-valued function on UI × Rn for I ∈ {0, 1} which on the overlap U0 ∩ U1 are
related by

B0 = g01B
1g−1

01 , Ã0
i = g01Ã1

i g
−1
01 − ∂tig01g

−1
01 . (6.4b)

We could also further rewrite (6.4a) more compactly as

dRnBI =
[
− AI , BI] (6.5)

recalling that AI = AI
j duj = ÃI

i dti, see Theorem 5.4.4, and correspondingly the second
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equation in (6.4b) would read

A0 = g01A1g−1
01 − dRng01g

−1
01 . (6.6)

In order for (6.4) to describe Lax equations on the Riemann surface C for the hierarchy
of the Hitchin system, however, we need BI and ÃI

i to be solutions of (5.95a) and (5.95b)
(recall that the latter represent the moment map condition µ = 0). In addition, to ensure
that the resulting Lax matrices are meromorphic in the spectral parameter, we make a
change of local trivialisation on P, moving from (6.1) to new local trivialisations ψ̃0 and
ψ̃1 with respect to which A′′I = 0 for I ∈ {0, 1}, or equivalently A′′

z̄I
= 0 in each local

chart (UI , zI) for I ∈ I ∪ {0}, see Section 5.1.1 for details. Let h = (hI) ∈ Č0(C,G) be
the Čech 0-cochain implementing this change of trivialisation and let

LI := hIB
Ih−1

I , −M I
i := hIÃI

i hI − ∂tihIh
−1
I (6.7)

be the local expressions for BI and ÃI
i with respect to this new local trivialisation. The

additional minus sign in the definition of M I
i is introduced so that the equations (6.4a)

take on the standard Lax form in this local trivialisation, namely

∂tiLI = [M I
i , L

I ] (6.8a)

on UI for I ∈ {0, 1}. On the overlap (U0 ∩ U1) × Rn we have the same relations as in
(6.4b), namely

L0 = γL1γ−1, M0
i = γM1

i γ
−1 + ∂tiγγ−1, (6.8b)

where the new transition function

γ := h0g01h
−1
1 : (U0 ∩ U1) × Rn → G (6.9)

is now holomorphic on U0 ∩ U1, see Section 5.1.1. We note here that the plus sign in
the last term of the second equation in (6.8b) stems from the minus sign introduced in
the second definition in (6.7). In other words, −M0

i and −M1
i are related by an ordinary

gauge transformation by γ. If we introduce also the g-valued 1-forms M I := M I
i dRnti ∈

Ω1(UI × Rn, g) then the Lax hierarchy (6.8a) can be rewritten more compactly as in (6.5),
namely

dRnLI = [M I , LI ] (6.10a)

and also the relations (6.8b) become

L0 = γL1γ−1, M0 = γM1γ−1 + dRnγγ−1. (6.10b)
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In this adapted local trivialisation, the equations of motion (5.95a) and (5.95b) become

∂z̄IM
I
i = −2πi∇Pi

(
LzI (qi)

)
δ
(
zI − zI(qi)

)
, (6.11a)

∂z̄ILzI = 2πi
N∑

α=1
pα∈UI

φαΛαφ
−1
α δ

(
zI − zI(pα)

)
(6.11b)

for each I ∈ I ∪ {0}, where LI = LzI (zI , z̄I , t)dzI is the local expression of the Lax matrix
LI in the coordinate chart (UI , zI). Equivalently, using the identity (5.65), we have

∂z̄I

(
M I

i −
∇Pi

(
LzI (qi)

)
zI − zI(qi)

)
= 0, (6.12a)

∂z̄I

(
LzI +

N∑
α=1

pα∈UI

φαΛαφ
−1
α

zI − zI(pα)

)
= 0. (6.12b)

So M I
i and LzI are meromorphic in the chosen local trivialisation, with a specific pole

structure.
First, equation (6.12b) tells us that L1 is a g-valued meromorphic (1, 0)-form on U1

with simple poles at each pα with residue −φαΛαφ
−1
α there. Indeed, note that the residue

of a meromorphic (1, 0)-form is independent of the local coordinate used. Locally around
the point pα for any α = 1, . . . , N , if pα ∈ UI for some I ∈ I then in the coordinate chart
(UI , zI) we can write

L1 = LI =
(

− φαΛαφ
−1
α

zI − zI(pα) + JI
α

)
dzI (6.13a)

where the first equality follows from the fact that the transition functions of the principal
G-bundle P between the opens U1 and UI ⊂ U1 were, by definition, trivial. In the last
expression, JI

α denotes the holomorphic part of LzI in the neighbourhood of pα. Also, since
pα ̸∈ U0 by assumption, it follows that L0 = Lz0dz0 is holomorphic on U0. Therefore, using
the relation (6.8b) we have

γL1γ−1 = L0 (6.13b)

on U0 ∩ U1, which expresses the fact that the g-valued (1, 0)-form γL1γ−1 ∈ Ω1,0((U1 ∩
U0) × Rn, g

)
extends holomorphically to U0 × Rn. We will refer to L as the Lax matrix of

the Hitchin system.
Next, equation (6.12a) tells us that M1

i is a g-valued meromorphic function on U1 with
a simple pole at the point qi, with the local expression

M1
i = M I

i =
∇Pi

(
LzI (qi)

)
zI − zI(qi)

+KI
i (6.14)



142

in the chart (UI , zI) which is such that qi ∈ UI . Here KI
i denotes the holomorphic part of

M I
i in the neighbourhood of qi. Moreover, since we have qi ̸∈ U0 by assumption, M0

i is a
holomorphic g-valued function on U0 which is related toM1

i on the overlap (U0∩U1)×Rn by
the second relation in (6.8b). That is, γM1

i γ
−1 + ∂tiγγ−1 = M0

i extends holomorphically
from U0 ∩ U1 to U0.

To summarise the above discussion, the Hitchin system can indeed be presented as
the hierarchy of Lax equations (6.8a), as a direct consequence expressing our variational
equations (5.95) in a local trivialisation with A′′I = 0, in terms of:

1. the Lax matrix L which is a meromorphic section of π∗
C

∧1,0C⊗gπ∗
CP fixed in terms

of the following degrees of freedom:

(a) Maps φα : Rn → G/GΛα into the coadjoint orbits Oα
∼= G/GΛα for each

α = 1, . . . , N ,

(b) The transition function γ : (U0 ∩ U1) × Rn → G holomorphic in U0 ∩ U1 and
encoding the holomorphic structure on the principal G-bundle P. In particular,
L satisfies (6.13b).

2. The g-valued meromorphic functions M0
i and M1

i for each i = 1, . . . , n with pole
structure dictated by (6.14) and satisfying the second equation in (6.10b).

6.2 Unifying Lagrangian one-form

We now turn to the last remaining task of this chapter, which is to derive the unifying
action referred to in the commutative diagram in Figure 6.1 that directly produces the
hierarchy of Lax equations (6.8a) as its Euler–Lagrange equations.

Recall that in Section 6.1, we obtained a description of the Hitchin system associated
with a Riemann surface with marked points as the hierarchy of Lax equations (6.8a) from
the set of equations of Theorem 5.4.4 by moving to a local trivialisation in which A′′I = 0
and solving the moment map condition (5.95b).

In Theorem 6.2.1, we construct the unifying action (and the associated unifying La-
grangian one-form) by writing the 3d mixed BF action (5.94) in a local trivialisation with
A′′I = 0 and explicitly solving the moment map condition (5.95b). Then, in Theorem
6.2.3, we prove that varying this unifying action obtained after the above step does pro-
duce precisely the hierarchy of Lax equations (6.8a) thus establishing the commutativity
of the diagram in Figure 6.1.

Theorem 6.2.1. The 3d mixed BF action (5.94) written in a local trivialisation where
A′′0 = A′′1 = 0 and with the moment map condition (5.95b) explicitly solved, leads to the
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unifying action
SH,Γ

[
L, γ, (φα), t

]
=
∫

Γ
LH, (6.15a)

for any parametrised curve Γ : (0, 1) → Rn, where LH ∈ Ω1(Rn) is the Hitchin Lagrangian
one-form defined using a small counter-clockwise oriented loop cp in U0 ∩ U1 around the
point p ∈ C by

LH := 1
2πi

∫
cp

〈
L0,dRnγγ−1〉+

N∑
α=1

〈
Λα, φ

−1
α dRnφα

〉
−HidRnti, Hi = Pi

(
L1

zI
(qi)

)
.

(6.15b)
In particular, under a change of ‘residual’ local trivialisation h = (h0, h1) ∈ Č0(C,G)

with hI holomorphic on UI for I ∈ {0, 1} so that the condition A′′0 = A′′1 = 0 is preserved,
the action (6.15a) is invariant in the sense that

SH,Γ
[
hLh−1, h0γh

−1
1 , (h1φα)

]
= SH,Γ

[
L0, γ, (φα)

]
, (6.16)

where hLh−1 stands for the Lax matrix given by h0L
0h−1

0 on U0 and h1L
1h−1

1 on U1.

Proof. We choose local trivialisations over U0 × Rn and U1 × Rn in which the components
A′′

z̄0 , A′′
z̄1 of the partial connection A vanish. Then the local expression for the curvature

(5.59) becomes

F I
A = ∂z̄I AI

j dz̄I ∧ duj + 1
2(∂uiAI

j − ∂uj AI
i + [AI

i ,AI
j ])dui ∧ duj . (6.17)

Unlike earlier trivialisations used in Section 5.3 for which we had (5.56), these trivial-
isations will have a transition function γ = g01 : U0 ∩ U1 × Rn → G that depends on
u ∈ Rn (because our choice of trivialisation depends on A′′, and A′′ depends on u). On
the overlaps of coordinate charts we have

A0
j = γA1

jγ
−1 − ∂ujγγ−1, ∂̄γ = 0. (6.18)

Recall from Section 6.1 that to emphasise that B solves the moment map condition
(5.95b) we denote it by L and refer to it as a Lax matrix. Now the moment map condition
(6.12b) can be written concisely as

∂̄L0 = 0, ∂̄L1 = −2πi
N∑

α=1
φαΛαφ

−1
α δpα . (6.19)

In order to evaluate the action (5.94) in these trivialisations, we choose a circle cp as
described in the statement of the theorem, and let R0 ⊂ U0, R1 ⊂ U1 be the closure of the
interior and exterior of this circle. Then R0 ∩ R1 = cp and R0 ∪ R1 = C. The first term
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in the action (5.94) is

1
2πi

∫
C×Γ

⟨B,FA⟩ =
∑

I∈{0,1}

1
2πi

∫
RI×Γ

⟨LI , ∂̄AI
j ⟩ ∧ duj . (6.20)

We evaluate these terms separately. For I = 1 we find

1
2πi

∫
R1

⟨L1, ∂̄A1
j ⟩ = 1

2πi

∫
R1

(
−∂̄⟨L1,A1

j ⟩ + ⟨∂̄L1,A1
j ⟩
)

= − 1
2πi

∫
∂R1

⟨L1,A1
j ⟩ −

N∑
α=1

〈
φαΛαφ

−1
α ,A1

j (pα)
〉

= 1
2πi

∫
cp

〈
L0, γA1

jγ
−1〉−

N∑
α=1

〈
φαΛαφ

−1
α ,A1

j (pα)
〉
,

(6.21)

where in the second equality we used the second relation in (6.19) and in the last step
we used the first relation in (6.10b) and the fact that ∂R1 is equal to cp with reversed
orientation. For I = 0,

1
2πi

∫
R0

⟨L0, ∂̄A0
j ⟩ = − 1

2πi

∫
R0
∂̄⟨L0,A0

j ⟩ = − 1
2πi

∫
∂R0

⟨L0,A0
j ⟩

= − 1
2πi

∫
cp

〈
L0, γA1

jγ
−1〉+ 1

2πi

∫
cp

〈
L0, ∂ujγγ−1〉, (6.22)

where the first equality uses the first relation in (6.19) and in the third step we used (6.18)
and the fact that ∂R0 coincides with cp and has the same orientation. It now follows from
the above computation of both integrals on the right-hand side of (6.20) that

1
2πi

∫
C×Γ

⟨B,FA⟩ = 1
2πi

∫
cp×Γ

⟨L0, dRnγγ−1⟩ −
N∑

α=1

∫
Γ

〈
φαΛαφ

−1
α ,A1

j (pα)
〉
duj . (6.23)

Substituting this into (5.94) and setting B = L in the remaining terms gives the desired
result.

To prove the last “in particular” statement, consider a change of “residual” local triv-
ialisation h = (h0, h1) ∈ Č0(C,G), with hI holomorphic on UI so that the condition
A′′

z̄I
= 0 is preserved. We have γ 7→ γ̃ = h0γh

−1
1 , L̃0 = h0L

0h−1
0 and L̃1 = h1L

1h−1
1 so

that L̃0 = γ̃L̃1γ̃−1. Then the integral in the first term on the right-hand side of (6.15b)
transforms to∫

cp

〈
L̃0,dRn γ̃γ̃−1〉 =

∫
cp

〈
L0,dRnγγ−1〉+

∫
cp

〈
L0, h−1

0 dRnh0
〉

−
∫

cp

〈
L1, h−1

1 dRnh1
〉
. (6.24)

Note that the second term on the right-hand side vanishes by Cauchy’s theorem since h0

and L0 are both holomorphic on U0 and cp is a small contour around p ∈ U0. To evaluate
the last term on the right-hand side of (6.24), recall that the section L1 has poles at the



145

marked points pα given by (6.13a). Since h1 : U1 → G is holomorphic on U1 = C \ {p},
we then deduce using the residue theorem that

1
2πi

∫
cp

〈
L1, h−1

1 dRnh1
〉

= −
N∑

α=1

〈
− φαΛαφ

−1
α , h1(pα)−1dRnh1(pα)

〉
(6.25)

where the first sign comes from noting that cp can be contracted down to a sum of small
clockwise circles around each point pα. Substituting this into the right-hand side of (6.24)
we deduce the transformation property

1
2πi

∫
cp

〈
L̃0,dRn γ̃γ̃−1〉 = 1

2πi

∫
cp

〈
L0,dRnγγ−1〉−

N∑
α=1

〈
Λα, φ

−1
α

(
h1(pα)−1dRnh1(pα)

)
φα

〉
.

(6.26)
Consider now the second term in the Lagrangian one-form (6.15b). Since φα transforms
under the change of local trivialisation as φα 7→ φ̃α = h1(pα)φα, see the discussion at the
start of Section 5.4, this term in the Lagrangian transforms as

N∑
α=1

〈
Λα, φ̃

−1
α dRnφ̃α

〉
=

N∑
α=1

〈
Λα, φ

−1
α dRnφα

〉
+

N∑
α=1

〈
Λα, φ

−1
α

(
h1(pα)−1dRnh1(pα)

)
φα

〉
.

(6.27)
We see now from (6.26) and (6.27) that the Lagrangian one-form (6.15b) is invariant under
residual changes of local trivialisations h = (h0, h1) ∈ Č0(C,G) with hI holomorphic on
UI . □

Remark 6.2.2. The term
∫

cp

〈
L0,dRnγγ−1〉 in the kinetic part of the unifying Lagrangian

(6.15b) arises from a subtle mechanism. In the proof of Theorem 6.2.1, we work on the
pullback bundle π∗

CP but in a local trivialisation in which A′′I = 0 for each I ∈ I. This
implies, in particular, that the transition function gIJ : (UI ∩UJ)×Rn → G is holomorphic
in UI ∩UJ and dependent on the coordinates uj of Rn. Thus, specialising the A component
of the identity (5.58) to this setting, we find that

∂̄AI = gIJ ∂̄AJ g−1
IJ . (6.28)

In particular, it follows that ⟨BI , ∂̄AI⟩ = ⟨BJ , ∂̄AJ⟩ on overlaps UI ∩ UJ ̸= ∅ so that
we obtain a g-valued 3-form ⟨B, ∂̄A⟩ ∈ Ω3(C × Rn, g) which, in particular, is a global
(1, 1)-form along C so that it can be integrated over C.2 Now, by contrast, in this local
trivialisation where the transition functions of π∗

CP explicitly depend on Rn, we find using
the transformation property (5.58) that

⟨∂̄BI ,AI⟩ = ⟨∂̄BJ ,AJ⟩ −
〈
∂̄BJ , g−1

IJ dRngIJ

〉
. (6.29)

2Strictly speaking, this is a fibre integration along the fibres of the projection πRn : C × Rn → Rn.
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In other words, the local expressions ⟨∂̄BI ,AI⟩ do not define a global g-valued 3-form on
C × Rn. Likewise, the local expressions ⟨BI ,AI⟩ transform in a similar manner to (6.29)
and therefore do not define a global g-valued 2-form on C × Rn either. This means that
in the present context, “naive” integration by parts in an expression like

∫
C⟨B, ∂̄A⟩ is not

possible, cf. Remark 5.2.4. This is the source of the term
∫

cp

〈
L0,dRnγγ−1〉. ◁

We now derive the univariational equations for the unifying 1d action in (6.15). To do
so, it is helpful to recall the constraints on the various degrees of freedom. We recall that
L0 and L1 are holomorphic g-valued (1,0)-forms on U0 and U1 \ {pα}, γ is a holomorphic
G-valued function on U0 ∩ U1, and φα are elements of G. All of these depend on t ∈ Rn,
and are constrained by

L1 = γ−1L0γ, Respα L
1
zI

= −φαΛαφ
−1
α . (6.30)

We continue to assume that the Higgs bundle determined by γ and L satisfies the stability
condition (5.26). This means that there are no non-zero holomorphic functions XI : UI →
g for I ∈ {0, 1} with the property that [LI , XI ] = 0 on UI and X1 = γ−1X0γ on U0 ∩ U1.

Theorem 6.2.3. The equations of motion of the unifying 1d action SH,Γ
[
L, γ, (φα), t

]
in

(6.15) with respect to the variables L, γ and φα take the form

∂tiL0 = [M0
i , L

0], ∂tiL1 = [M1
i , L

1]. (6.31)

Here M0
i ,M

1
i are holomorphic g-valued functions on U0 and U1 \ {qi} that are uniquely

determined by the constraints

γ−1∂tiγ = γ−1M0
i γ −M1

i , Resqi M
1
i = ∇Pi

(
L1

zI
(qi)

)
. (6.32)

Moreover, they satisfy the zero curvature equations

∂tiM0
j − ∂tjM0

i − [M0
i ,M

0
j ] = 0, ∂tiM1

j − ∂tjM1
i − [M1

i ,M
1
j ] = 0. (6.33)

The equation of motion with respect to the set of times ti for i = 1, . . . , n describe the
conservation equations ∂tiHj = 0 for all i, j = 1, . . . , n.

Proof. The last statement for the variation with respect to ti for i = 1, . . . , n is straight-
forward, so we focus on deriving the equations of motions associated to variations of L, γ
and φα.

First we consider variations of L with γ and φα fixed. It follows from the condition
(6.30) that these are described by holomorphic g-valued (1, 0)-forms δLI on UI for I ∈
{0, 1} satisfying

δL1 = γ−1δL0γ (6.34)
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on the intersection U0 ∩ U1. In particular, since φα is held fixed, varying the second
constraint in (6.30) gives Respα δL

1
zI

= 0 so that δL1 is indeed holomorphic on U1. The
variation of SH,Γ is

δSH,Γ =
∫ 1

0

(
1

2πi

∮
cp

⟨δL1, γ−1∂ujγ⟩ −
〈
δL1

zI
(qi),∇Pi(L1

zI
(qi))

〉 ∂ti
∂uj

)
duj

ds ds. (6.35)

This must vanish for all curves Γ : (0, 1) → Rn so that for i = 1, . . . , n we have

0 = 1
2πi

∮
cp

⟨δL1, γ−1∂tiγ⟩ −
〈
δL1

zI
(qi),∇Pi(L1

zI
(qi))

〉
. (6.36)

Consider, to begin with, a variation such that δL1
zI

(qi) = 0 for some fixed i. We find
that

0 = 1
2πi

∮
cp

⟨δL1, γ−1∂tiγ⟩ = 1
2πi

∮
cp

⟨δL0, ∂tiγγ−1⟩, (6.37)

where the second equality just follows from the invariance of the bilinear form ⟨·, ·⟩ :
g ⊗ g → C and the constraint (6.34). Let us interpret the equation (6.37) using sheaf
cohomology. For each t ∈ Rn we denote by Et → C the holomorphic vector bundle with
transition function Adγ(t) between the two local trivialisations over U1 and U0. The pair
δL = (δL0, δL1) of g-valud (1, 0)-forms on U0 and U1 related by the constraint (6.34)
describes a holomorphic section of ∧1,0C⊗Et that vanishes at qi and hence it determines
an element of the Čech cohomology group H0(C,Λ1,0C⊗Et(−qi)

)
, in which (−qi) indicates

that the section vanishes at qi. On the other hand, the pair (∂tiγγ−1, γ−1∂tiγ) of g-valued
functions on U0∩U1 describe a holomorphic section of Et over U0∩U1 defined relative to the
local trivialisations over U0 and U1. It thus determines an element of the Čech cohomology
group H1(C,Et(qi)

)
. The two integral expressions in (6.37) then correspond to the Serre

duality pairing between H0(C,Λ1,0C ⊗ Et(−qi)
)

and H1(C,Et(qi)
)

described using the
local trivialisation of Et over U1 and U0, respectively. This pairing is nondegenerate, so if
(6.37) holds for all variation δL then (∂tiγγ−1, γ−1∂tiγ) is zero in cohomology. This means
that

γ−1∂tiγ = γ−1M0
i γ −M1

i , (6.38)

where M0
i and M1

i are sections of Et(qi) over U0 and U1, respectively, and the right-
hand side of (6.38) is the coboundary map in sheaf cohomology, expressed in the local
trivialisation over U1. More precisely, M0

i is a g-valued holomorphic function on U0 and
M1

i is a g-valued holomorphic on U1 \{qi} with a simple pole at qi. There is some freedom
in the choice of M I

i solving (6.38): if N0
i and N1

i are sections of Et over U0 and U1 \ {qi},
respectively, such that N1

i has a simple pole at qi and γ−1N0
i γ = N1

i , then adding N I
i to

M I
i produces a new solution of (6.38). Thus, M0

i ,M
1
i are unique up to the addition of

elements of H0(C,Et(qi)
)
.
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Now, we insert (6.38) into (6.36), in which the variation δL1 is no longer constrained
to vanish at qi. We find that

0 = 1
2πi

∮
cp

⟨δL1, γ−1M0
i γ −M1

i ⟩ −
〈
δL1

zI
(qi),∇Pi

(
L1

zI
(qi)

)〉
= 1

2πi

∮
cp

⟨δL0,M0
i ⟩ − 1

2πi

∮
cp

⟨δL1,M1
i ⟩ −

〈
δL1

zI
(qi),∇Pi

(
L1

zI
(qi)

)〉
.

(6.39)

The contour integral of ⟨δL0,M0
i ⟩ on the right-hand side vanishes because its integrand is

holomorphic on U0. Deforming the contour integral of ⟨δL1,M1
i ⟩ from the anticlockwise

contour cp to a clockwise small circle around qi yields

1
2πi

∮
cp

⟨δL1,M1
i ⟩ = −

〈
δL1

zI
(qi),Resqi M

1
i

〉
. (6.40)

We may then rewrite (6.39) as

0 =
〈
δL1

zI
(qi),Resqi M

1
i − ∇Pi

(
L1

zI
(qi)

)〉
. (6.41)

We would like to conclude from this that

Resqi M
1
i = ∇Pi

(
L1

zI
(qi)

)
. (6.42)

However, this does not follow immediately. The variation δL1 is constrained by (6.34),
and this constraint may mean that δL1

zI
(qi) takes values in a proper subspace of the fibre

Et|qi of Et at qi. If so, (6.41) does not constrain all the components of Resqi M
1
i . So to

find a solution M0
i ,M

1
i of (6.41) we use more sophisticated methods.

Consider the exact sequence of sheaves on C given by

0 −→ Et −→ Et(qi) −→ Et|qi −→ 0. (6.43)

Here, by abuse of notation, Et denotes the sheaf of holomorphic sections of the vector
bundle Et, and Et(qi) denotes the sheaf of sections that are holomorphic on C \ {qi} with
a simple pole at qi. Moreover, Et|qi is the fibre of Et at qi, which we regard as a skyscraper
sheaf on C supported at the point qi. This exact sequence of sheaves induces a long exact
sequence in Čech cohomology:

0 H0(C,Et) H0(C,Et(qi)) Et|qi H1(C,Et) . . . .ι Resqi h

(6.44)
The map ι is the inclusion of the space of holomorphic sections in the space of sections
with a simple pole. The map Resqi is given by evaluating the residue of a section at the
point qi. The so-called connecting homomorphism h acts as follows: given Xi ∈ Et|qi ,
we use the exactness of (6.43) at Et|qi to choose a holomorphic section h(Xi) of Et over
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U1\{qi} with a simple pole at qi with residue Xi there. The restriction of this holomorphic
section to U0 ∩ U1 determines a cohomology class in H1(C,Et) which is independent of
the choice of holomorphic section.

With this notation and letting Xi := Resqi M
1
i − ∇Pi

(
L1

zI
(qi)

)
, we can rewrite (6.41)

as follows:

0 =
〈
δL1

zI
(qi), Xi

〉
= − 1

2πi

∮
cp

〈
δL1, h(Xi)

〉
= − 1

2πi

∮
cp

〈
δL0, γh(Xi)γ−1〉, (6.45)

where the last step is as in (6.37). These two integral expressions describe the Serre
duality pairing between δL ∈ H0(C,Λ1,0 ⊗ E∗

t ) and
(
γh(Xi)γ−1, h(Xi)

)
∈ H1(C,Et)

in the local trivialisation of Et over U1 and U0, respectively. Since (6.45) holds for all
δL ∈ H0(C,Λ1,0 ⊗Et), and since the pairing is nondegenerate, we conclude that h(Xi) =
0 ∈ H1(C,Et). Since the sequence (6.44) is exact, there exists an Ni ∈ H0(C,Et(qi)

)
such

that Xi = Resqi Ni. We then have that M̃i := Mi − Ni solves both (6.38) and (6.42), as
required.

There is still some freedom in the choice of Mi solving (6.38), (6.42). The solution
of (6.38) is unique up to the addition of g-valued functions N0

i , N
1
i on U0, U1 satisfying

N1
i = γ−1N0

i γ. Since the pole of M1
i is fixed by (6.42), these functions N I

i are holomorphic,
so they determine a holomorphic section of Et. Therefore, Mi is unique up to addition of
elements of H0(C,Et).

Having considered variations of L only, we now consider variations of L, φα and γ.
We assume that Mi has been chosen solving (6.38) and (6.42). From (6.30), δL1 is now
meromorphic and the variations satisfy

[L0, δγγ−1] = γδL1γ−1 − δL0, (6.46a)
Respα δL

1
zI

= −[δφαφ
−1
α , φαΛαφ

−1
α ]. (6.46b)

The variation of SH,Γ is

δSH,Γ =
∫ 1

0

( 1
2πi

∮
cp

⟨δL1, γ−1∂ujγ⟩ + 1
2πi

∮
cp

〈
L1, γ−1∂uj (δγγ−1)γ

〉
+

N∑
α=1

〈
Λα, φ

−1
α ∂uj (δφαφ

−1
α )φα

〉
−
〈
δL1

zI
(qi),∇Pi

(
L1

zI
(qi)

)〉 ∂ti
∂uj

)duj

ds ds. (6.47)

We will rewrite this by substituting (6.38) in the first term and by using the following
contour integral, which is evaluated using (6.42) and (6.46b):

1
2πi

∮
cp

⟨δL1,M1
i ⟩ = −

〈
δL1

zI
(qi),∇Pi

(
L1

zI
(qi)

)〉
+

N∑
α=1

〈
[δφαφ

−1
α , φαΛαφ

−1
α ],M1

i (pα)
〉
.

(6.48)
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We obtain

δSH,Γ =
∫ 1

0

( 1
2πi

∮
cp

⟨γ δL1 γ−1,M0
i ⟩ ∂t

i

∂uj
+ 1

2πi

∮
cp

〈
γ L1 γ−1, ∂uj (δγγ−1)

〉
+

N∑
α=1

〈
Λα, φ

−1
α ∂uj (δφαφ

−1
α )φα

〉
−

N∑
α=1

〈
[δφαφ

−1
α , φαΛαφ

−1
α ],M1

i (pα)
〉 ∂ti
∂uj

)duj

ds ds. (6.49)

Let us now rewrite this using (6.30) and (6.46a):

δSH,Γ =
∫ 1

0

( 1
2πi

∮
cp

〈
δL0 + [L0, δγγ−1],M0

i

〉 ∂ti
∂uj

+ 1
2πi

∮
cp

〈
L0, ∂uj (δγγ−1)

〉
+
∑

α

〈
φα Λα φ

−1
α , ∂uj (δφαφ

−1
α )
〉

−
∑

α

〈
[δφαφ

−1
α , φαΛαφ

−1
α ],M1

i (pα)
〉 ∂ti
∂uj

)duj

ds ds. (6.50)

The contour integral of ⟨δL0,M0
i ⟩ vanishes because it is holomorphic on U0. After inte-

gration by parts, the variation becomes

δSH,Γ =
∫ 1

0

( 1
2πi

∮
cp

〈
[M0

i , L
0], δγγ−1〉 ∂ti

∂uj
− 1

2πi

∮
cp

〈
∂ujL0, δγγ−1〉

−
∑

α

〈
∂uj (φα Λα φ

−1
α ), δφαφ

−1
α

〉
+
∑

α

〈
[M1

i (pα), φαΛαφ
−1
α ], δφαφ

−1
α

〉 ∂ti
∂uj

)duj

ds ds. (6.51)

Let us restrict attention to variations for which δφα = 0. Then δSH,Γ vanishes for all
curves Γ if and only if

0 =
∮

cp

〈
∂tiL0 − [M0

i , L
0], δγγ−1〉 =

∮
cp

〈
∂tiL1 − [M1

i , L
1], γ−1δγ

〉
(6.52)

for all variations δγγ−1 satisfying (6.46a), where the second equality follows from noting
that

γ−1(∂tiL0 − [M0
i , L

0]
)
γ = ∂tiL1 − [M1

i , L
1] (6.53)

as a consequence of (6.38). In particular, it follows that ∂tiLI −[M I
i , L

I ] can be interpreted
as a section of Et. It could have poles at the point qi and any of the points pα, because
M1

i and L1 have a simple poles there. However, from (6.42) the residue at qi is given by

−
[

Resqi M
1
i , L

1
zI

(qi)
]

= −
[
∇Pi

(
L1

zI
(qi)

)
, L1

zI
(qi)

]
(6.54)

and this vanishes because Pi is an invariant polynomial. So ∂tiL1 − [M1
i , L

1] only has poles
at the points pα, and it determines a holomorphic section in H0(C,Λ1,0C ⊗ E∗

t (∑α pα)
)
.

To interpret (6.52) using Serre duality, we note using the constraint (6.46a) that the
components of the holomorphic section Y := (δγγ−1, γ−1δγ) of Et over U0 ∩ U1 defined
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relative to the local trivialisations over U0 and U1, respectively, satisfy

[L0, δγγ−1] = γδL1γ−1 − δL0, [L1, γ−1δγ] = δL1 − γ−1δL0γ. (6.55)

Since δL0, δL1 are holomorphic on U0, U1 (because we are assuming that δφα = 0), these
equations say that [L, Y ] lies in the image of the Čech coboundary map, so determines a
trivial element of H1(C,Λ1,0C ⊗ Et

)
. In other words, Y is in the kernel of the map

[L, ·] : H1(C,Et(−
∑

α pα)
)

−→ H1(C,Λ1,0C ⊗ Et
)
. (6.56)

(The notation (−∑α pα) in the domain of this map denotes the sheaf of sections vanishing
at the points pα, and appears because L has poles at these points). Thus, we may interpret
the integrals in (6.52) as the Serre duality pairing between ∂tiL− [Mi, L] ∈ H0(C,Λ1,0C⊗
E∗

t (∑α pα)
)

and Y = (δγγ−1, γ−1δγ) ∈ H1(C,Et(−
∑

α pα)
)
. The pairing is required to

vanish for all Y in the kernel of the map (6.56). This happens if and only if ∂tiL− [Mi, L]
lies in the image of the adjoint of (6.56). The adjoint of (6.56) is the map

−[L, ·] : H0 (C,Et) −→ H0(C,Λ1,0C ⊗ Et(
∑

α pα)
)

(6.57)

because, by Serre duality, the dual space of H1(C, V ) is H0(C,Λ1,0C ⊗ V ∗), and∮
cp

⟨[L, u], v⟩ = −
∮

cp
⟨u, [L, v]⟩ (6.58)

for every u ∈ H1(C,Et(−
∑

α pα)
)

and v ∈ H0 (C,Et). Since ∂tiL− [Mi, L] is in the image
of the map (6.57), there exist holomorphic functions N I

i : UI → g for I = 0, 1 satisfying

∂tiLI − [M I
i , L

I ] = [N I
i , L

I ], γ−1N0
i γ = N1

i . (6.59)

Recall from earlier that the solution of (6.38) and (6.42) was unique up to addition of
elements of H0(C,Et). Therefore, we are free to define M̃ I

i := M I
i +N I

i , and this choice of
Mi satisfies the Lax equations (6.31) and the constraints (6.32). The choice of Mi is now
unique up to addition of elements of ker[L, ·] ⊂ H0(C,Et). But the stability condition
(5.26) means that there are no holomorphic sections of C that commute with L. So Mi is
unique, as claimed.

We have shown that SH,Γ is critical with respect to variations of L, γ with φα fixed if
and only if L solves the Lax equation (6.31). It remains to check that solutions of these
equations are also critical points of SH,Γ with respect to variations of φα. The variation
of SH,Γ is given in (6.51). The term involving δγ vanishes because L satisfies the Lax
equations (6.31). The term involving δφα also vanishes because taking residues of (6.31)
gives

∂ti(φαΛαφ
−1
α ) =

[
M1

i (pα), φαΛαφ
−1
α

]
. (6.60)
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So the variation vanishes and SH,Γ is critical with respect to variations of L, γ, φα.
Finally, to show the zero curvature equation (6.33) we note that the Lax equations

(6.31) imply [
∂tiM I

j − ∂tjM I
i − [M I

i ,M
I
j ], LI] = 0 (6.61)

for I ∈ {0, 1}. On the other hand, it also follows from the first equation in (6.32) that

γ−1(∂tiM0
j − ∂tjM0

i − [M0
i ,M

0
j ]
)
γ = ∂tiM1

j − ∂tjM1
i − [M1

i ,M
1
j ] (6.62)

on U0∩U1. The zero curvature equation (6.33) now follows from the stability condition. □

As we have shown, the unifying action (6.15) indeed produces the hierarchy of Lax
equations (6.8a). Notably, this action generalises the 1d action obtained in [VW22, Sec-
tion 2.4] in two fundamental aspects. First, it describes Hitchin systems associated with
Riemann surfaces of arbitrary genus with marked points rather than just for the case
of CP 1. Second, the unifying action (6.15) encodes the entire hierarchy of such Hitchin
systems rather than just one individual flow in this hierarchy. The “unifying” aspect of
this construction lies in the fact that it incorporates a large class of integrable hierarchies
within a single multiform action, in which fixing algebraic and topological data produces
explicit variational descriptions of integrable hierarchies in Lax form. In the next chapter,
we will put this result to use in some special cases, thereby producing explicit Lagrangian
one-forms for hierarchies of certain well-known integrable models.
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Chapter 7

Examples

In this final chapter of Part III, adapted from [CHSV25, Section 5], we will look at the
specific cases of Hitchin systems associated with the Riemann surfaces of genus zero and
genus one with marked points.1 We explicitly compute our unifying Lagrangian one-
form LH, or its multiform action SH,Γ[L0, γ, (φα), t] from Section 6.2, in these cases by
exploiting the invariance of the action under changes of holomorphic local trivialisations
to fix particularly nice representatives for the transition function γ. In the g = 0 case,
we recover the Lagrangian one-form for the rational Gaudin hierarchy first obtained in
[CDS24] (and discussed in Section 4.3) by a completely different method. In the g = 1
case, we obtain a novel Lagrangian one-form for the elliptic Gaudin hierarchy — and
the elliptic spin Calogero–Moser hierarchy as a special case — thus filling a gap in the
landscape of Lagrangian multiforms.

The unifying Lagrangian one-form (6.15b) has the typical structure of a Lagrangian
one-form in phase space coordinates as first used in [CDS24] for finite-dimensional inte-
grable systems on coadjoint orbits, and further developed in [CH25] in relation to the
univariational principle. It is the difference of a kinetic part and a potential part involving
all the invariant Hamiltonians Hi. The essential novelty compared to all Lagrangian one-
forms considered in Part II is that the kinetic part involves not only the group coordinates
φα of the coadjoint orbits at the marked points pα for α = 1, . . . , N , but also the transition
function γ : (U0 ∩ U1) × Rn → G of the holomorphic principal G-bundle. This introduces
a new type of kinetic term in the action which is crucial for generating the complete set of
kinetic contributions. We will see explicit examples of this in the genus-1 case considered
in Section 7.2, where we derive a Lagrangian one-form for the elliptic Gaudin model, and
the elliptic spin Calogero–Moser model as its special case. In the genus-0 case considered
in Section 7.1, this new kinetic term is absent, and we recover the familiar geometric La-

1We refer the interested reader to [GT00, Section 5] for an explicit construction of a Hitchin system (in
the Hamiltonian framework) associated with a genus-two Riemann surface.



154

grangian one-form living on a coadjoint orbit from Sections 4.3 and 4.4, first introduced
in [CDS24; CSV24].

Since this section deals with explicit examples and we only work with a matrix Lie
algebra g, we fix the nondegenerate invariant bilinear pairing ⟨·, ·⟩ : g ⊗ g → C to be the
usual one given in terms of the trace by ⟨A,B⟩ = Tr(AB). Also, throughout this section,
we identify g∗ with g and the coadjoint action with the adjoint action. Further, we fix a
Cartan subalgebra h ⊂ g with basis {Hµ}rk g

µ=1 and the corresponding root generators {Eϱ}
of g.

7.1 Rational Gaudin model

We begin with the simplest case of genus 0 so that C = CP 1 is the Riemann sphere. We
will show that when the unifying Lagrangian one-form (6.15b) is specialised to the case
γ = 1, we obtain a Lagrangian one-form for the rational Gaudin model, which we have also
encountered earlier in Section 4.3. This model provides the simplest example of a Hitchin
system with marked points and has been extensively studied from this perspective; see,
for instance, [Nek96; ER96].

We choose N ∈ Z≥1 distinct marked points {pα}N
α=1. We also need sufficiently many

points {qi}n
i=1 which are distinct from the {pα}N

α=1, where n will be half the dimension of
the phase space, to obtain a sufficient number of Hamiltonians. Let U0 be a neighbourhood
of a point p ∈ C distinct from {pα}N

α=1 and {qi}n
i=1, such that U0 does not contain any

of these other points. Further, let U1 := C \ {p} which we equip with a holomorphic
coordinate z : U1 → C, where, in contrast to the general case of Chapter 6, we have
dropped the index on z for notational simplicity.

7.1.1 Lax description

Following the general setup in Section 6.1, we obtain a Lax matrix for the rational Gaudin
model as the solution of the moment map condition µ = 0 (6.12b) in a local trivialisation
where A′′I = 0. Using (6.13a), we can write

L1 = Lzdz =
(

Lα

z − z(pα) + J1
α

)
dz (7.1)

locally near the point pα. Here Lα = −φαΛαφ
−1
α denotes the residue at pα and J1

α the
holomorphic part of Lz in the neighbourhood of pα. Since γ = 1 we have L0 = L1 on
U0 ∩ U1 so that L1 extends holomorphically to the point p ∈ C = CP 1 at infinity in the
coordinate z. We can therefore write the Lax matrix L1 as a global g-valued meromorphic
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(1, 0)-form

L1 = Lzdz =
N∑

α=1

Lα

z − z(pα)dz (7.2)

together with the constraint ∑α Lα = 0 coming from the fact that L1 is regular at z(p) =
∞.

7.1.2 Lagrangian description

Let us look at the unifying Lagrangian one-form (6.15b) in the present case. Since γ = 1,
the kinetic term in the Lagrangian one-form (6.15b) involving the transition function drops
out, and we are left with

LRG =
N∑

α=1
Tr
(
Λαφ

−1
α dRnφα

)
−Hi dRnti (7.3)

where
Hi = Pi(Lz(qi)) (7.4)

with G-invariant polynomials Pi acting on Lz given by (7.2). The Lagrangian one-form
(7.3) describes the rational Gaudin hierarchy. A Lagrangian one-form for the rational
Gaudin hierarchy was first obtained in [CDS24, Section 7] using an algebraic approach,
and has been presented in this thesis in Section 4.3. A Lagrangian describing the dynamics
for a single Hamiltonian of the Gaudin model was also obtained previously in [VW22]. By
the same derivation as in these references, one shows that the Euler–Lagrange equations
associated to (7.3) give the following collection of equations

∂tiLα =
[ ∇Pi(Lz(qi))
z(pα) − z(qi)

, Lα

]
, (7.5)

for all i. One can check that one recovers a hierarchy of Lax equations from the above
collection of equations using (6.14).

7.2 Elliptic Gaudin and elliptic spin Calogero–Moser mod-
els

Let us now consider the g = 1 case so that the Riemann surface C is a complex torus
C/(Z+τZ) with Im(τ) > 0. Following the general setup of Chapter 6, we fix a point p ∈ C,
take U0 to be a small neighbourhood of p, and let U1 := C \ {p}. We fix a coordinate z
on C with the identifications z ∼ z + 1 and z ∼ z + τ such that z(p) = 0. Our starting
point is the Lagrangian one-form (6.15b) but now specialised to a holomorphic transition
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function γ on the annulus U0 ∩ U1 given by

γ = exp
(Q
z

)
with Q = qµHµ (7.6)

where qµ ∈ C, for each µ ∈ {1, . . . , rk g}, is constant in z. We will show that the resulting
Lagrangian one-form describes the elliptic Gaudin hierarchy, and in the case with N = 1
marked point the elliptic spin Calogero–Moser hierarchy. The choice of the holomorphic
transition function γ is dictated by the realisation of the Hitchin system we wish to obtain,
with the only condition on γ being that it has a sufficient number of degrees of freedom to
describe the moduli space in the g = 1 case. Here we have taken γ to have rk g parameters,
which is exactly the dimension of the moduli space in this case. A heuristic argument for
the form of transition functions for arbitrary genus can be found in [BBT03, Chapter 7].

The elliptic Gaudin model we construct was obtained from a Hamiltonian reduction
procedure in [ER96; Nek96]. To avoid possible confusion, it is worth noting in passing
that for g = slm there is another integrable system that also goes by the name elliptic
Gaudin model and was originally derived as a limit of the XYZ spin chain in [ST96; ST99].
It is not clear if and how these two models are related, especially since the elliptic Gaudin
model we consider is known to have a dynamical r-matrix [ER96] while the one of [ST96;
ST99] can be built from Belavin’s elliptic solution [Bel80] of the CYBE by following the
procedure of [Jur89]. A spin generalisation of the Calogero–Moser model was first defined
in [GH84], and its case with elliptic potential was realised as a Hitchin system in [Mar94;
GN94; ER96; Nek96]. The main goal for us in this section is to use the unifying Lagrangian
one-form (6.15b) to obtain variational descriptions of these two hierarchies.2

We choose N ∈ Z≥1 distinct marked points {pα}N
α=1 in C \U0. As in the general case,

we need sufficiently many additional points qi ∈ C \U0 distinct from {pα}N
α=1 to obtain a

sufficient number of Hamiltonians. We will later specialise to the case of a single marked
point p1, i.e. taking N = 1.

7.2.1 Lax description

From (6.13a), we have
L1 = Lzdz =

(
Lα

z − z(pα) + J1
α

)
dz (7.7)

locally around the point pα in our choice of local trivialisation. Here Lα = −φαΛαφ
−1
α

denotes the residue at pα and J1
α the holomorphic part of Lz in the neighbourhood of pα.

2Recently, the Lagrangian one-form structure of certain Calogero–Moser-type systems was studied in
[KNY24]. Starting from a general ansatz for the kinetic term of the Lagrangian one-form, the authors used
the resulting generalised Euler–Lagrange equations to derive the integrable cases of these systems.
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We can express Lα and L1 = Lzdz in the basis (Hµ,Eϱ) as

Lα = (Lα)µHµ + (Lα)ϱEϱ and Lz = LµHµ + LϱEϱ. (7.8)

Since L1 = Lzdz is a meromorphic one-form on the punctured torus U1, it satisfies

L1(z + 1) = L1(z + τ) = L1(z). (7.9)

Also, recall from Section 6.1 that L0 is holomorphic on U0 and we have the relation
L0 = γL1γ−1 on U0 ∩ U1. Therefore, we can write

L0 =
(
LµHµ + Lϱ exp

(ϱ(Q)
z

)
Eϱ

)
dz. (7.10)

We can express Lµ and Lϱ in (7.8) and (7.10) in terms of the Weierstrass ζ-function and
the Weierstrass σ-function which are respectively defined by the relations

dζ(z)
dz = −℘(z), lim

z→0

(
ζ(z) − 1

z

)
= 0 (7.11)

and
d log(σ(z))

dz = ζ(z), lim
z→0

σ(z)
z

= 1 (7.12)

where ℘ is the Weierstrass ℘-function. While the Weierstrass ℘-function is doubly periodic,
the σ-function and the ζ-function satisfy

ζ(z + 2ωl) = ζ(z) + 2ηl, (7.13a)
σ(z + 2ωl) = −σ(z)e2ηl(z+2ωl), (7.13b)

where 2ω1 and 2ω2 are the periods of a generic torus and ηl = ζ(ωl), for l = 1, 2. Here we
have 2ω1 = 1 and 2ω2 = τ .

It follows from (7.7) that the elliptic function Lµ is meromorphic with simple poles at
{pα}N

α=1 with residues (Lα)µ, so it can be expressed as

Lµ = πµ +
N∑

α=1
(Lα)µζ(z − z(pα)) (7.14a)

where πµ is constant in z, and we have

N∑
α=1

(Lα)µ = 0 (7.14b)

since the sum of residues over an irreducible set of poles of an elliptic function vanishes.
Next, for the function Lϱ, (7.7) tells us that it has poles at {pα}N

α=1 with residues (Lα)ϱ

and (7.10) implies that the function Lϱe
ϱ(Q)

z is holomorphic near z = 0. It then follows
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that

Lϱ =
N∑

α=1
(Lα)ϱ σ(ϱ(Q) + z − z(pα))

σ(ϱ(Q))σ(z − z(pα))e
−ϱ(Q)ζ(z). (7.15)

Then, we get L1 = (LµHµ + LϱEϱ)dz with Lµ and Lϱ given by (7.14) and (7.15) as the
Lax matrix of the elliptic Gaudin model.

In the special case when N = 1 and p1 = 0, the components (7.14) simply reduce to
Lµ = πµ, while the components (7.15) read

Lϱ =
N∑

α=1
(Lα)ϱ σ(ϱ(Q) + z)

σ(ϱ(Q))σ(z)e
−ϱ(Q)ζ(z). (7.16)

When g = slm(C), coincides with the Lax matrix of the elliptic spin Calogero–Moser
model, see, e.g. [BBT03, Chapter 7].

7.2.2 Lagrangian description

We now specialise the unifying Lagrangian one-form (6.15b) to the present case. Since g

is taken to be a matrix Lie algebra and we take the nondegenerate bilinear form on g to
be given by the trace, the Lagrangian one-form (6.15b) now reads

LEG = 1
2πi

∫
cp

Tr
(
L1 ∧ γ−1dRnγ

)
+

N∑
α=1

Tr
(
Λαφ

−1
α dRnφα

)
−Hi dRnti (7.17)

where the transition function γ is given by (7.6) and

Hi = Pi(Lz(qi)). (7.18)

Let us evaluate the integral in the first term on the right-hand side of (7.17). We have

1
2πi

∫
cp

Tr
(
Lzdz ∧ γ−1dRnγ

)
= 1

2πi

∫
cp

Tr
(
Lzdz ∧ dRnQ

z

)
= pµdRnqµ (7.19)

where the coordinates qµ were introduced in (7.6), and we defined

pµ := Tr
(
Lz(z(p))Hµ

)
, µ ∈ {1, . . . , rk g}. (7.20)

Plugging back (7.19) into (7.17), we get a Lagrangian one-form for the elliptic Gaudin
hierarchy

LEG = pµdRnqµ +
N∑

α=1
Tr
(
Λαφ

−1
α dRnφα

)
−Hi dRnti, (7.21)

with Hi defined by (7.18) depending on the elliptic Gaudin Lax matrix given by (7.14) and
(7.15). Note that in contrast with the Lagrangian one-form (7.3) obtained in the genus 0
case, the Lagrangian one-form above has an additional kinetic term corresponding to the
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cotangent bundle degrees of freedom pµ, q
µ arising from the non-triviality of the principal

G-bundle in genus 1.
Writing a Lagrangian one-form for the elliptic spin Calogero–Moser hierarchy only

requires us to set N = 1 in the Lagrangian one-form for the elliptic Gaudin hierarchy. We
then get

LESCM = pµdRnqµ + Tr
(
Λ1φ

−1
1 dRnφ1

)
−Hi dRnti (7.22)

for this special case.

Remark 7.2.1. Lax matrices for the elliptic Gaudin and elliptic spin Calogero–Moser
models have appeared before in the literature. These descriptions are related to ours by
a change of local trivialisation. We refer the interested reader to [CHSV25, Section 5] for
further details. ◁

By obtaining an explicit geometric Lagrangian one-form for the elliptic Gaudin hierar-
chy (and the elliptic spin Calogero–Moser hierarchy as a special case), we have extended
the results of Sections 4.3 and 4.4 in Part II, where we obtained explicit geometric La-
grangian one-forms for integrable models with spectral parameters lying on the Riemann
sphere.

However, it is important to note that our approach in Part II has the additional
advantage of providing an explicit connection between (non-dynamical) classical r-matrices
and Lagrangian multiforms. It will be interesting to generalise this connection to the
present setting, especially since the Hitchin system associated with an elliptic curve is
known to have a dynamical r-matrix [ER96]. We end this chapter by noting the works
[Bra+03; Ber25] which offer useful insights in this direction.
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Part IV

Conclusion
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Chapter 8

Perspectives and open questions

In this work, we introduced two approaches for systematically constructing geometric
Lagrangian one-forms for large classes of finite-dimensional integrable systems, thus ad-
dressing a central open problem in the theory of Lagrangian multiforms.

In the first approach, presented in Part II, we constructed geometric Lagrangian one-
forms living on coadjoint orbits while also making important connections between the
theory of Lagrangian multiforms and the more traditional Hamiltonian aspects of inte-
grability. The versatility of this approach was demonstrated through the construction
of explicit Lagrangian one-forms for the open Toda chain, the (non-cyclotomic and cyclo-
tomic) rational Gaudin models, and the periodic Toda chain and the DST model as special
realisations of the cyclotomic Gaudin model. In Part III, we introduced a variational de-
scription of Hitchin systems associated with compact Riemann surfaces of arbitrary genus
using the framework of Lagrangian multiforms and developed it further by presenting a
gauging procedure for multiforms. As an application, this allowed us to obtain explicit
geometric Lagrangian one-forms for the elliptic Gaudin hierarchy (and the elliptic spin
Calogero–Moser hierarchy as its special case) for the first time, as well as recovering the
rational Gaudin one-form obtained in Part II. Apart from providing a systematic frame-
work for constructing Lagrangian one-forms and thus filling large gaps in the theory of
Lagrangian multiforms, we were also able to make useful connections with the Hamiltonian
framework for integrability (in Part II) and with HT gauge theories (in Part III).

As we mentioned in Section 2.2, our Lagrangian one-forms have a structure similar
to the so-called geometric actions considered in [AFS88] in the context of path integral
quantisation of coadjoint orbits that give rise to localisation formulae for characters of
the underlying Lie group. In fact, a strong motivation behind the Lagrangian multiform
programme itself is a path integral quantisation of integrable hierarchies.1 Thus, this

1In relation to this research direction, it is important to note the work [KN19], where a new quantum
variational principle was proposed in terms of multiform path integrals.
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connection with geometric actions points towards the possibility of using results from
equivariant localisation of path integrals (see, for instance, [Sza00]) to our advantage.

Further, given the role of ideas coming from Hamiltonian reduction in both the ap-
proaches, it will be worthwhile to attempt to connect our framework of geometric La-
grangian one-forms with other reduction-based approaches to integrable systems. In this
regard, we note two recent interesting works [Feh23; FF25] based on the Hamiltonian
framework.

It will also be interesting to explore the generalisation of our approaches to incorporate
other classes of integrable models and their connections with other areas of physics and
mathematics. We conclude this thesis by briefly discussing some of these possible directions
of research.

Dihedral affine Gaudin models and non-ultralocal IFTs: In [FF11], Feigin and
Frenkel obtained a field-theoretic generalisation of Gaudin models by replacing the under-
lying finite-dimensional Lie algebras with infinite-dimensional Lie algebras, which leads to
affine Gaudin models (AGMs).2 These models were also produced independently using a
more geometric approach by Levin, Olshanetsky, and Zotov in [LOZ03]. More recently,
it was shown in [Vic18] that a large family of classical non-ultralocal IFTs can be seen as
realisations of AGMs with dihedral symmetry.

One of the motivations for choosing the finite rational Gaudin model and its cyclotomic
generalisation as examples to cast in the Lagrangian one-form framework of Part II has
been these so-called dihedral affine Gaudin models introduced in [Vic18].3 Generalising
the setup of [CDS24; CSV24] to construct a Lagrangian multiform for dihedral AGMs4

and analysing the associated path integral can therefore provide crucial insights into the
long-standing open problem of a systematic quantisation of non-ultralocal IFTs, which we
briefly discussed in Remark 1.1.2.

4d semi-holomorphic Chern–Simons theory and affine Higgs bundles: The con-
struction of [CHSV25], presented in Part III, brings together the framework of Lagrangian
multiforms with that of 3d mixed HT BF theory through the study of Hitchin’s com-
pletely integrable system in the Lagrangian framework. A natural generalisation of the
work of [CHSV25] will be to similarly merge the framework of Lagrangian multiforms

2The interested reader is referred to [Lac25] for a detailed introduction to affine Gaudin models.
3In connection with Gaudin models, it is worth noting the recent work [AMS25] on the construction

of solutions of the general CYBE based on more general Lie algebra decompositions. One can associate
generalised notions of Gaudin models to these solutions, and it will be interesting to explore how to
incorporate them into our framework of geometric Lagrangian one-forms.

4Constructing a Lagrangian multiform for dihedral AGMs will also provide a generalisation of the results
of [Cau+24], where a systematic framework for constructing Lagrangian multiforms for 2d ultralocal IFTs
was introduced.
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with that of 4d semi-holomorphic Chern–Simons theory [CY19] with the aim of obtaining
a gauge-theoretic origin of hierarchies of 2d integrable field theories.

In connection with these ideas, it is important to also note the work [LOZ22] on
a 2d field-theoretic generalisation of Hitchin’s integrable system based on affine Higgs
bundles. It was shown to be closely related to the 4d Chern–Simons setup. Examples
of affine Hitchin systems constructed in this manner include 2d field-theoretic analogues
of the elliptic Gaudin and Calogero–Moser5 models, both of which have been cast in the
variational framework of geometric Lagrangian one-forms in [CHSV25]; see Section 7.2. A
natural next step is then to use a higher-dimensional generalisation of the construction of
[CHSV25] to obtain a variational analogue of the affine Higgs bundle setup.

Integrable systems, gauge theories, and Langlands correspondence: The ap-
proach of [CHSV25] also unravels a connection between 3d classical mixed HT BF theory
and Hitchin systems. At the quantum level, this connection has been studied in [GW24],
where an identification between the Hitchin moduli space and the phase space of 3d quan-
tum mixed HT BF theory was made to demonstrate the existence of commuting quantum
Hitchin Hamiltonians.

In the last few years, it has been established that quantum Hitchin systems play a
central role in the geometric Langlands correspondence, as well as its more recent analytic
version; see, for instance, [EFK21; EFK24; GT25]. This connection goes back to the work
of Beilinson and Drinfel’d [BD95] on the quantisation of Hitchin systems. In particular,
for the genus-zero case of Gaudin models, interesting connections between the geometric
Langlands correspondence and the Bethe ansatz and Sklyanin’s separation of variables
methods have also been found. See, for instance, [Fre95]. In this context, it is also worth
noting the relation of this correspondence with the Feigin–Frenkel–Reshetikhin (FFR)
approach [FFR94] that describes the spectrum of (quantum) Gaudin Hamiltonians in
terms of differential operators called opers.

By constructing Lagrangian multiforms for Gaudin models in Part II and for the more
general case of Hitchin systems in Part III, we have opened up the avenue for studying the
quantisation of their hierarchies using a path integral approach (together with techniques
from equivariant localisation). This also provides the exciting possibility of discovering
novel connections of these models (as well as their 2d analogues) to gauge theories in the
quantum realm. Finally, a path integral quantisation of Lagrangian multiforms of these
integrable models can lead to useful insights into the unification of these ideas through
the construction of explicit examples of the geometric Langlands correspondence.

5See [AZ25] and references therein concerning the field-theoretic analogue of the elliptic (spin) Calogero–
Moser model.
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