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Abstract

This thesis builds on the work of Dunne and collaborators [12—14], advocating for the use of Picard—
Lefschetz (PL) theory to perform semiclassical expansions of path integrals in the context of quantum
field theory. We demonstrate that the PL theory also provides a rigorous framework for evaluating
stochastic path integrals in the weak-noise limit, D ¥ 0. In particular, it offers a natural resolution
to long-standing issues associated with multi-instanton contributions, particularly the role of instanton-

anti-instanton [l 1] pairs in the thermal escape rate across a potential barrier.

Traditional approaches focus on real-valued [l 1] configurations, but the integral over the quasi-zero
mode (QZM) direction diverges due to the mutual attraction between instantons and anti-instantons.
The standard analytic workaround continues the noise parameteras D ¥ D, known as the Bogomolny—
Zinn—Justin (BZJ) procedure. However, while operationally effective, the BZJ procedure lacks concep-
tual clarity and introduces ambiguity. Instead, we apply PL theory to uncover a complex saddle-point
solution, which we call the stochastic complex bounce [CB]. The [CB] dynamics takes place in a tilted
effective potential. In the Markovian-stochastic setting, the tilt is a feature of the discretisation scheme,

whereas in quantum field theory, the tilt arises from fermionic effects.

The [CB] offers a fresh perspective and emerges as a genuine saddle of the complexified action, con-
necting to a convergent integral defined over a special descent manifold known as a Lefschetz thimble.
Embedded within the [CB] is a composite structure of the form of an instanton-anti-instanton [1 1] pseu-
doparticle pair. A well-defined complex separation characterises the instantonic substructures. The PL
framework refines the BZJ procedure with rigorous justification, and the QZM integral becomes both

convergent and physically transparent when defined over the appropriate Lefschetz thimble.

We present an algorithm using PL theory to evaluate stochastic path integrals in the weak-noise limit,
incorporating quadratic fluctuations around complex saddles. This method is applied to compute escape

rates in two canonical systems: the stochastic cubic potential and the stochastic sine-Gordon potential.



The thesis concludes by highlighting the broader implications of complex stochastic saddles, including
their applications in non-equilibrium stochastic systems and their potential role in the deeper theoretical

framework of resurgence theory.
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Perturbation theory's failure is not a bug—it's a signal.

— Inspired by Dyson (1952)



Chapter 1

Introduction

Chapter summary

This chapter outlines the thesis's scope and objectives. It outlines the originality of the work, summarises
the main results, and situates them within the path integral formulation of classical Markovian stochastic
dynamics.

We introduce the essential tools of stochastic calculus, ranging from the Langevin equation to the Fokker—
Planck—Smoluchowski framework, with a focus on the path integral representation of transition probabilities.
We work in the weak-noise limiD ! 0 and exploit the analogy with semiclassical expansions in quantum
mechanics, where perturbation theory fails without incorporating complex saddles.

We then advocate a shift in viewpoint, extending classical stochastic trajectories into the complex domain
so that new analytic structures emerge which encode both perturbative and non-perturbative information.
Picard—Lefschetz theory provides the natural framework for organising this complexi ed landscape. We
adopt a practical approach to resolving real-contour ambiguities and set the stage for a systematic study of
complex saddles in a stochastic setting. The chapter closes with a concise roadmap and a preview of the
escape-rate computations developed in later chapters.
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Glossary of abbreviations and notation

OM

(functional)

MOSD

PL (theory)

Thimble

EZM

010

QZM

]

(]

BZJ

Onsager—Machlup functional. For additive, overdamped Langevin dynamics, the path weight
is proportional teexp( S [x]=(4D)), whereS|[x] = R; T::ZZ(&+ V{x))? dt denotes the
Onsager—Machlup functional. This formulation expresses transition probabilities as a path
integral and is derived in § 2.1.4.
Method of steepest descentg\n asymptotic method for integrals of the forFrzrexp(f ) with

1, obtained by deforming the integration contour onto paths of steepest decrease through

critical points off . Reviewed in § 1.2.3.

Picard-Lefschetz theory.A framework for deforming integration contours in complexi ed

path space so that oscillatory integrals become sums of steepest descent contour contributions

associated with critical points. Introduced in § 3.6; the main application of the theory is
reiterated in 8§ 1.2.7.

Lefschetz thimble. The steepest descent manifold for Re(S=(4D)) through a saddle,
along whichlm S is constant. De ned (together with dual thimbles) in § 3.6.

Exact zero mode.A symmetry direction of the quadratic uctuation operator (e.g. time
translation), yielding a zero eigenvalue in the! 1 limit and treated by collective
coordinates; see § 2.1.9.

Instanton / anti-instanton. Distinguished classical solutions related by time reversal; de ned
in§1.2.4.

Quasi-zero mode A near- at direction in a multi-saddle problem (typically the separation
parameter in a multi-instanton con guration). Introduced in § 2.3 and developed in § 3.5.
Instanton-anti-instanton sector. Two-event con guration whose separation integral is the
QZM integral studied extensively in this thesis; see § 2.3.2.

Instanton-instanton sector. Two-event con guration with &ZM whose correct thimble
contour is the full real line; see § 2.3.1.

Bogomolny—Zinn—Justin (BZJ) continuation. A prescription for the attractive
instanton-anti-instanton QZM integral in which one analytically continues to the repulsive
sheet (equivalentlip 7! e ' D), evaluates the now well-de ned separation integral, and then

returns toD > 0 across the logarithmic branch cut. See § 1.2.8 for a practical overview.
17
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1.1 Novelty and the aim of the thesis

This thesis presents, to our knowledge, the rst systematic study of complex saddles via Picard—Lefschetz
theory [7] for weak-noise asymptotics in Markovian stochastic dynamics. We show that complex sad-
dles and their Lefschetz thimbles resolve the instanton-anti-instanton ambiguity along the real contour
and render ad hoc sign- ip prescriptions sucibas D unnecessary, replacing them with a geomet-
rically correct contour. The & discretisation choice qualitatively alters the extremising solutions by
inducing anO(D) curvature term; together with complexi cation, this furnishes the geometric setting

in which exact complex stochastic bounce trajectories solve the complexi ed Euler—Lagrange equation

associated with the Onsager—Machlup functional [118, 135].

Although complex saddles and thimbles are well established for quantum path integrals in quantum
mechanics (see Witten [184]) and quantum eld theory (see, e.g., Dunne et al. [13, 71]), and have been
contrasted with complex Langevin methods [1], they have not, to our knowledge, been applied to the

Onsager—Machlup formulation of Markovian stochastic dynamics in order to refgdly@ambiguities

and compute escape rates via thimble contours. Unlike quantum path integrals, the stochastic path
integral is inherently real, so the necessity of complexi cation here is a mathematically substantive

outcome.

Our main contribution is to import and operationalise standard thimble geometry associated with com-
plex saddles in this stochastic setting. Within ®le framework, theQZM reduces to @ona de
one-dimensional integral along its thimble (e.g., [15, 71, 184]), providing a robust, contour- xed treat-
ment of instanton-anti-instanton con gurations in the stochastic setting. We demonstrate the method in
the escape-rate computation for Brownian motion in cubic and sine—Gordon potentials, where complex

saddles cleanly recov&ramers' rate[85] and clarify the limitations of real-contour approaches.

We next review the stochastic foundations and give the fallvliriational derivation, contrastingdlt
and Stratonovich (8 1.2.2). We then develop steepest descents for the Onsager—Machlup functional

(8 1.2.3) and give a background on instantons and on bounce solutions (used later in the escape-rate

19



analysis), see 8 1.2.4 and § 1.2.5. Then, we introduce complexi cation and Picard—Lefschetz theory
(8 1.2.7), which leads to the locBlZM QZM Gaussian factorisation and a thimble- x€¥ZM
contour. A minimal toy model (8 1.2.8) illustrates how thimbles x tid ] phase unambiguously

(BZJ vs thimble). We conclude with a brief validation on cubic and sine—Gordon escapes (Kramers'

problem; § 1.3) and thesis roadmap, 8 1.4.

In the following text, we summarise the thesis and the concepts and techniques we use; some full
derivations are deferred to subsequent chapters and will be appropriately signposted. What follows

serves as a high-level overview.

1.2 Preliminaries

1.2.1 Stochastic foundations

1.2.1.1 Brownian motion, Langevin equation, and the Fokker—Planck—Smoluchowski equation

Brownian motion was rst recorded in 1827 by the Scottish botanist Robert Brown, who observed

the incessant jitter of pollen granules suspended in water [29, 30, 141] (see Fig. 1.1). In 1905, Ein-
stein [58, 59, 142] and, independently, in 1906, Smoluchowski [164] provided quantitative theories of
Brownian motion. Their explanation is that a visible grain is buffeted by countless, rapid and uncorre-

lated molecular impacts, leading to diffusive spreading with mean-square displacement,

[x(t) x(0)J* = 2Dt (1.1)

whereD is the diffusion constant (which we call the noise strength in our setting) erthe time [36,
58, 74,151, 172]. Crucially, Einstein linked to dissipative transport through the Einstein relation
D = kT [36,58], wherekg is the Boltzmann constant [32, 144]js a mobility coef cient andT is

the system temperature. This relation is an early form of the uctuation-dissipation principle: the same

20



microscopic collisions that produce viscous drag also generate thermal uctuations, and in equilibrium

these balance [34, 80, 86, 104, 105].

Langevin (1908) recast this picture as a stochastic differential equation (SDE) driven by Gaussian white

noise, which takes the heuristic form [37,114,140,172]
mx = X + F(x;t) + (t); (1.2)

wherem is the mass of the Brownian patrticle,is the friction coef cient,F (x;t) is a mechanical
force, and (t) encodes the stochastic data. Assuming a viscous bath, rescaling units te defso
the mobility = 1= =1, whenceD = kgT in these units), and neglecting inerflanxj | Xj),
one obtains theverdampedsmall massn ! 0) Langevin equation with conservative drift [56, 74,82,

140, 154]:
x(t) = VOx(t) + (b); h(t)i=0; h() (9 =2D (t t9; (1.3)

whereF = V{x) and (t) models the random kicks and is idealised as Gaussian white noise. In

stochastic calculus notation, writing; for the random position, this may be expressed as [96, 155]
p___
dX; = VX dt + 2D dW; (1.4)

whereW = (W,); o is a standard Brownian motion (Wiener process) [73, 96, 130, 150, 156].Here
denotes ensemble averaging over realisations of the noise, and Brownian motion is characterised by

W, = 0, almost surely continuous sample paths, and independent stationary Gaussian increments
W, Wg N (O;t 5s) (0 s<t); (1.5)

whereN (; ?2) denotes the normal distribution with mearand variance 2. Equivalently,iW;i = 0

21



and

AW Wsi = minft; sg: (1.6)

! The differential notatiomW, is the shorthand for these increments, and (1.4) is understood through

the integrated form 7

t p -
Xi = Xo V{Xs)ds + 2D W;: (1.7)
0
(a) (b)
r
o Bath molecule
N o)
------- -© ——
e .
“®

Figure 1.1: Microscopic origin of thermal noise and its impact on a Brownian parfalé

mesoscopic tracer (green disc) is incessantly bombarded by fast bath molecules (red); dashed arrows
indicate instantaneous momentum transf@ss A numerically generated sample path of the
Ornstein—UhIenl’ﬁp% process (the overdamped Langevin dynamics in a harmonic potential),

dX;= X.dt+ 2D dWw,.

The overdamped Langevin model has an equivalent ensemble descriptiép:faflows (1.4) with
initial law Py, then its probability density (x;t) satis es the Fokker—Planck—Smoluchowski equa-

tion [62, 63, 74,100, 151]

@R%Y) _ @y pty + p EPXD.

@t @x —ax P 0)=Pox): (1.8)

We consider a point start &b, enforced by the delta-function conditid®y(x) = (X Xg). On a

bounded intervalre ecting boundariesmean that no probability ux crosses the endpoints. Equiva-

Fort s, writeW; = W5 +(W; Ws) and use independence pliw; Wsi =0 andhwW2i = s.
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lently, the probability current
Jix;t) = VIX)P(x;t) D@P(x:t) (1.9)

satis esJ = 0 at the boundary. With re ecting boundaries (or for con niNg, the stationaryero-
currentsolution is the equilibrium density obtained by imposihgx) 0, namelyPgq(X) /  exp

V(x)=D , i.e. the Boltzmann distribution. Finding an analytical solution of this PDE is dif cult and,
except for special choices & (e.g. harmonic), (1.8) is rarely solvable in closed form. Inweak-
noiseregimeD ! 0" (equivalentlyD small compared with a characteristic potential scale, for instance
a barrier height V when present; see § 2.1.6, 8 2.1.7), it is convenient to use the Onsager—Machlup

path integral formulation [118, 135]

Z Z 1=

P/ Dxexp %S[x] . S[x] = X+ VIx) 2dt: (1.10)
T =2

R
Here Dx denotes an integral over trajectorieS) on[ T =2; T =2] (with the appropriate endpoint
constraints for the transition probability), de ned as the continuum limit of a time sliced integral.
Concretely, for a partitiot, = T =2+ n twith t= T=N andx, = x(t,), one may read

Z Z N 1
Dx( ) lim dx, ( ); (1.11)

N1
RN 1 n=1

with any overall normalisation absorbed into the proportionality constant in (1.10). A complete deriva-
tion of the stochastic path integral is given in § 2.1.4. It is possible to show that (1.10) solves (1.8),
so solving the Fokker—Planck (FP) equation is equivalent to evaluating the stochastic path integral.
The large parametei=(4D) multiplies a functionalsS, and we apply the method of steepest descents
(MOSD) to evaluate the integral asymptotically [23, 43, 128, 134, 138, 185]. A brief recap of MOSD
and its use in (1.10) appears in 8 1.2.3. This asymptotic evaluation of the stochastic path integral in the

weak-noise limit is the focus of this thesis.
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Langevin SDE (overdamBed, additive)
dX¢= VIX)dt+ 2D dw,

Kolmogorov forward/backward (exact Wiener/Girsanov (exact)

Fokker—Planck (Kolmogorov forward) OnsagerzMachlup path integral (1td)

QP =@ VO(X) P +D @P - Feynman—Kac / path integral (exact) —> P/ DX exp % S[x]

A -
Weak-noise asymptotics:evaluate the OM integral by the method of steepest descents (MOSD) a9.
) Laplace/WKB expansion fdP, i.e. an asymptotic solution to both the FP problem and the Langevin dynamics.

Figure 1.2:Equivalence triangle A schematic illustration depicting the equivalence among the three
formulations, valid under identical initial and boundary conditions. The diagram considers additive
noise; in contrast, multiplicative noise introduces additional drift terms and path integral corrections.
It is essential to maintain consistency in the discretisation sche@medisus Stratonovich)

throughout the analysis.

The overdamped Langevin SDE, its Fokker—Planck (Kolmogorov forward) equation, and the On-
sager—Machlup path integral are different representations of the same Markov diffusion (for xed
initial/boundary data and a xed discretisation convention). The arrows in Fig. 1.2 indicate exact cor-
respondences. The only approximation enters when we evaluate the path integral in the weak-noise
limit by the method of steepest descents (MOSD): this yields a Laplace/WKB asymptoR¢ &me
historically [102, 181] and for a modern tutorial [16], which is therefore an asymptotic solution to the

FP equation.

We conclude by summarising the equivalence triangle (SDE, FP, OM; additive noise). Th& SDE

FP correspondence follows directly frond'® formula and integration by parts (forward/backward
Kolmogorov theory) [62,74,96,100, 133,140,151, 153, 165]. The $DBM connection comes from

the Onsager—Machlup construction of path weights together with Girsanov's change of measure [77,
96,109, 116,118, 135]. The I OM link is the Feynman—Kac representation of parabolic solutions

as Wiener expectations/path integrals [22, 44,92, 96, 130, 133].
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1.2.2 0 vs Stratonovich primer and variational overview

This section contrasts thedland Stratonovich calculi (see, e.g. [145], [133] and [107] for practical
texts). The methodological choice in this thesis is to work in thectinvention, which producesis-
dependent tilt term in the equations of motion and naturally accommodates complex saddles. The full
Itd variational derivation is given in the next subsection, while this subsection gives a fast but suf cient
overview of stochastic calculus at the level required for this thesis. We refer the readeistbdbk

for additional background [90].
Acknowledgement.thank A. J. McKane for discussions on thé itariational problem.
1.2.2.1 Stochastic calculus primer

We consider the general one-dimensional SDE
p__

whereX is the stateyV, a standard Wiener proce$sthe drift, G the noise amplitude (“multiplicative”
if G depends o), andD > 0 the noise strength. Ldt 2 C? be a test function; the primes denote

x-derivatives.

Let us begin with the & discretisation scheme. We de ne thé integral and b's lemma [87,90, 103].

Fixt> Oandlet = fO=ty<t;< <ty = tgbe a partition of0; t], with mesh size

Plh= max (ter ) (1.13)
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The ItH stochastic integral is de ned as the mean-sqtingit of left—point Riemann sums [108]

YA t w1
G(Xo)dWs = fim © GXy Wi, W (1.14)

0 k=0

wherej j! 0 means that we take ner and ner partitions whose maximal step size tends to zero.
Intuitively, the left-point choice re ects that the integrand is evaluated using information available up

to timety. If, more generallydX; = (X{)dt+ (X;)dW,, then Ib's lemma gives
df (X;) = f9Xy) (X)dt + %f BXy) 2(Xo)dt + FUXe) (Xp) dW: (1.15)
With = F and = pEG from (1.12), this becomes
df (X;) = FAX)F(X:)+ Df X)) G?(X,) dt + pﬁf AX1) G(X ) dW; (1.16)

or, equivalently,
df (X;) = fqX)dX+ Df %X;) G*(X,)dt; (1.17)
which exhibits the additional drifd f °G? due to the quadratic variation ¥, .

We contrast this to the Stratonovich discretisation scheme. We de ne the Stratonovich integral and the

Stratonovich chain rule. The Stratonovich integral uses midpoint sums,

Z 1
. Xi + X
G(Xs) dWs = lim G Tl W, (1.18)
0 j 0k:0 2
and satis es the traditional chain rule,
df (Xo) = fqXy) dXy; (1.19)
2“mean-square” means that there exists a random variableh thahjS Ij%i! Oasj j! O, whereS denotes

the Riemann sum.
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where indicates the Stratonovich prescription, but this notation will be dropped. The midpoint pre-

scription is time-symmetric and restores the classical chain rule.

The important takeaway is that in the path integral variational calculus, @heh#in rule (1.17) pro-
duces an ordeB contribution at the integration by parts step. For gradient Bri#t v °with additive

noise, this yields the Euler-Lagrange equations
x = Vi) VRX) DV%) (itd); x = VIX)VRx) (Stratonovich) (1.20)

the former featuring th® -dependent “tilt". So, even though we work under the assumption of additive
white noise, the choice of discretisation scheme alters the saddles of the functional. We derive this

explicitly in the following subsection.

1.2.2.2 I vs Stratonovich in the variational calculus

Recall that, in the Onsager—Machlup representation in (1.10), the transition probability has the schematic
formP / RDx exp S [x]=(4D) . For this reasoi®[x] plays the role of amction functionain the

path integral, and writin@[x] = RL(t; X; X) dt de nes the correspondingagrangianL. The dom-

inant trajectories in the weak-noise regime are obtained by station&ity 0, equivalently by the
Euler—Lagrange equation associated Witfwith xed endpoints). A more detailed justi cation of this

stationary-path principle, and the associated “weak-noise tube” picture, is givenin 8 2.1.6 and § 2.1.7.

Fix V 2 C3. Letx(t) be an extremal o6 with Dirichlet datax( T =2) = Xj.,. With L(t;x; X) =

(x+ VAx))? and a test variatior- = x + " where (T =2) =0 andj"j 1,
x>=x+": V% =Vix)+"V%qx) + 0O("?: (1.21)

Hence,
Z 1=

S[x-]= S[x]+2" (x+ VX)) _+VRx) dt+O("?); (1.22)
T =2
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and the rst variation is
Z 1=

S=2 (x+ VYx)) +VRX) dt (1.23)
T =2
Integrate the_term by-parts (no stochastic correction since the functimsmooth),

Z h i1 Z

(VY _dt= (V) Sxe v d (1.24)

and the boundary term vanishes by the Dirichlet condition. To evaﬁ‘@M%X(t)), we now insert the

1t chain rule (1.17) with = V°©
d — 0 00, .
av°(x(t)) = V%x) x + P _\/{Z @ (1.25)
It tilt
Substituting (1.25) into (1.23) and cancelling ¥& terms yields

Z .-
S=2 " t)  x+VXV%x) DV %) dt; (1.26)

T =2

so, since S = 0 for all test functions , by the fundamental lemma of the calculus of variations,

x(t) = VIx)V%x) DV %) |: (1.27)

Remarks

* In the Stratonovich convention the chain rule is classiga!,o(x) = V9%x)x, so (1.27) reduces

tox = VO %without tilt).

R
« We work with the Onsager—Machlup functioral= (x + V92dt (cf. (1.43)), and the &
contributionD V ®%nters precisely at the integration by parts step via (1.25). This is the key

input for steepest descents and for accommodating complex saddles.

 General driftF (x). WithL = (x F(x))?, the same argument gives= F F°+ D F % Setting
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F = VPOrecovers (1.27).

1.2.3 Steepest descents for the Onsager—Machlup functional
1.2.3.1 1D method of steepest descents template

This section covers the basics of the steepest descent method in the language of the stochastic path

integral, working in the limiD ! 0.

Consider the one-dimensional template

Z

()= f(z) exp g(2) dz; 1 (1.28)
c

wheref andg are analytic in a domain containing the cont@yrand no singularities are crossed under

admissible deformations. Writg= u+ iv with u = Re gandv = Im g. By Cauchy's theorem we can
S

deformC into a union of constant phase path$= ) chosen so that is constant along each

andu decreases away from a saddlewith
g4z ) =0; gz ) 60: (1.29)
Along such a path, the oscillatory factor is xed, and one has

z z
f(z)exp g(z) dz=exp iv (z) f(z)exp u(z) dz: (1.30)

To capture the contribution near a given saddle, exmgpawadf aboutz ,

02)= 0+ 5wz 20+ 2@ 2P+ (@=Torh 2)+ 30 20+
(1.31)
whereg = g(z ), o = g®(z )andf, = f®(z). Letz z = with 2 Rand =exp(i )
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a unit complex direction chosen so that the quadratic term points along the steepest descent,

argg

5 (1.32)

® 2R 0 2 +argo (mod 2 ); =

Indeed, writingg, = jopje givesg(z) g = 3jgjel *2 ) 2 the constant phase condition forces

sin( +2 ) =0, and the steepedescenthoiceis +2 (the other solution gives ascent).

Parametrise the local constant phase line by the signed arclength

z()=2z + ; dz= d; (1.33)
so that
— 1 2 2 3\ — 1 2 3y. — 2 .
gz() =g +5% **+0(Y)=g A *+0(% A= (g H>0 (L34
and
fz() =fo+f, +%f2 2 2+ 0(3: (1.35)
The integral neaz becomes
Z Z .
f(z)exp g(z) dz= fz() expg z() zY)d
! Z+l 1
=exp ¢ fo+t O() exp EA 2+0 jj? d:
1
(1.36)

The dominant region ig j = O( ™), so let us introduce the Laplace rescaling
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to obtain
Z Z

f(z)exp g(z) dz=exp ¢ == fo+t O( ¥2) exp %52 ds: (1.38)
R

Evaluating the Gaussian and simplifying the prefactor,

1
o I o = p— b — 139
PA | d 92 2 4 gz | > ( )

and xing the branch so thaﬁ 0 2 R.g, one obtains the canonical leading term

z P 1
f(z)exp g(z) dz=exp g(z) —pfp% 1+0( Y | (1.40)

(TheO( ') term vanishes after integration by parity; the rst non-zero correctigd(is 1).)

Summing the contributions from all saddles reached by admissible deformations gives the MOSD

asymptotic formula

X P&
[() exp g(z) -pzrp# (1.41)
2 gz )

In the following, we give a plot in Fig. 1.3 of representative steepest descent/ascent curves for an

integral of the form

z z2 z4
I(;a)= exp W(z;a) dz; W(z;a) = > az: (1.42)
C

Herea is a parameter that we can vary, even to complex values, and we can visualise how the descent

curves geometry changes. The saddles sel%z;a) = 0, i.e.
Z0=0; Z = a %

with the branch ofi 2 chosen consistently (principal branch unless stated). The leading contributions

are of the formexp W (z ;a) , and thedominantsaddle(s) are those that minimReW (z ; a).
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Varying arga steers which saddle minimis&eW and how the contours attach. We illustrate two

examples below; a more extensive gallery of method of steepest descent/ascent curves is provided in A.

(@)a=exp(0:12 ). (b)a=exp(1:2i ).

Figure 1.3:MOSD curves for the model integrig{ ;a ) = RC exp W (z;a) dz with

W(z;a) = 32> a%z* shown fora=exp(0:12 ) anda=exp(1:2i ) (taking 2 R.o). The
background colour indicates the “height functioReW (z; a), and the thin black curves are contour
lines ofReW. The thickblue curves are steepest descent trajectories: along the is constant
andReW increases monotonically away from a saddle (as indicated by the shading/contours). The
dashedgreencurves are the corresponding steepest ascent (dual) trajectories. The black dot marks
the saddlezy = 0, and the red dots mark the pair = a 2 (principal branch).

1.2.3.2 Applying MOSD to the Onsager—Machlup functional

With the MOSD framework established, we now extend steepest descent reasoning to the stochastic
path integral. In the weak-noise regirde! 0", paths are weighted by an Onsager—Machlup action

asin (1.10),

Z 12
P[x] I exp %S[x] ; S[x] = ] T_: x(t) + VYx(1)) 2dt; (Itd interpretation). (1.43)
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HereP [x] denotes the (unnormalised) weight assigned to an individual trajextoryn the path in-

tegral, whileP (x;t) denotes the probability density krspace as in (1.8). In the one-dimensional
MOSD template (1.28), the exponent takes the fagnwith large. In the present setting the same

role is played by 7! (4D) *andg 7! S . Thus, asD ! 0", trajectories with largeB[x] are
exponentially suppressed, and the dominant contribution comes from a neighbourhood of a stationary

point of S. This is the functional analogue of expandig(@) about its saddle points.

We therefore identify the most probable trajectrg)ft) by imposing stationarityS= x = 0 with xed
endpoints. This parallels the saddle conditidz ) = 0, except that the saddle is now an entire path.

Under the 16 convention the variational calculus yields thedependent Euler—Lagrange equation,
Xq(t) solves x = VW pyvOo® (1.44)

with the D -dependence coming from théIthain rule in the variation (see § 1.2.2.2).

To quantify uctuations abouk, write X(t) = X¢(t) + y(t) and expands to quadratic order,
1 . .
SIx] = Slxal + Sty M yi + O(°); (1.45)

whereM' s the linear operator that governs small deviatipadoutx. This is directly analogous to
retaining the quadratic tergfz )(z  z )?=2 in the one-dimensional MOSD template (see § 1.2.3).
The local contribution from neighbouring paths therefore reduces to a Gaussian functional integral

governed by the spectrum bf  (see (2.61) for the explicit form).

The quadratic forny j M yi encodes the local curvature®fat the stationary path, and plays the role

of the Hessiam®{z ) in the nite-dimensional template. In particular, the eigenfunctiondfof pick

out distinguished uctuation directions in path space, while each eigenvalue controls how r&pidly
increases (or decreases) when we move away kgm@long that direction. Steepest descent logic then
says that the relevant local integration directions are those along which the quadratic approximation has

strictly positive damping in the exponent, so that the uctuation integral is genuinely Gaussian. This is
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the path integral version of choosing, neayrthe descent directionso thatg®{z ) ? 2 R.y.

Expandingy in eigenmodes oM reduces the functional Gaussian to a product of ordinary one-
dimensional Gaussians, one for each mode. Up to overall normalisation, each non-zero eigenvalue

contributes an inverse square-root factor, and their product yields the determinant,

Z

1 1
8D detM'

where the prime indicates omission of exact zero modes. An exact zero mode signals a at direction
of S generated by a continuous symmetry. For instance, an isolated instanton (see § 1.2.4) can be
translated in time without altering, resulting in a vanishing eigenvalue alo@x.. Rather than
yielding a divergent Gaussian, the method of steepest descents instructs us to treat this direction by

introducing the collective coordinatgand its Jacobiad,, (see § 1.2.4 and § 2.115).

In addition to exact symmetries, one often encountexarly at directions, which we call quasi-zero
modes. Geometrically, these correspond to shallow vallegsfof which the quadratic approximation
does not reliably localise the integral. In such cases, the correct leading contribution is obtained by
keeping the corresponding one-dimensional integral explicit and evaluating it along the appropriate
descent contour. In this thesis, the contour for the soft coordiniatexed by the associated Lefschetz

thimble. See § 1.2.7 for an overview and 8 3.6 for the detailed implementation.

With this interpretation, the sector contribution is seen to take the form

1 . . .
P ' exp S [xq]=(4D) p?m\ collective coordinate factor  soft-mode integral:
det
(1.47)
More explicitly, after separating the time-translation collective coordinaad a single soft coordinate

, one obtains the template form
z z

P / exp S [XC|]:(4D) pl—— Jtc dtc d exp S int( ):(4D) ; (148)
det®™M J
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whereJ;, is the collective coordinate Jacobian (derived in § 2.1.9)J&ndenotes the steepest descent
contour for (see § 3.6). In words, the neighbourhood of a saddle path factorises into stiff directions
that are genuinely Gaussian, exact symmetry directions handled by collective coordinates, and softly

lifted directions retained as explicit steepest descent integrals on their thimbles.

1.2.3.3 Semiclassical contributions in the context of the stochastic path integral

To clarify terminology, we give a brief recap of perturbative versus non-perturbative contributions and
of the term (semi)classical. We use this language by analogy with semiclassical evaluations of quantum-
mechanical path integrals, with the weak-noise libit! 0 playing the role of the semiclassical
parameter. Througholt > 0; thus weak-noise meals! 0", although we often omit the superscript

+ when no confusion can arise.

In the stochastic setting, dominant contributions arise from stationary (saddlexpaihthe Onsager—
Machlup action (i.e. extremals satisfyin§= x = 0 with the relevant boundary conditions), which we

will refer to as classical paths.

A classical con guratiorx contributes a term of the schematic form

S[Xcl]
4D

A(D) exp F (D), (1.49)

whereF (D) is the Gaussian (perturbative) prefactor obtained from the uctuation operator afpout
The exponential factor ison-perturbativé, while F (D) admits a (typically divergent but asymptotic)

expansion in powers d.

In our setting:

» Exponent (non—perturbative].he Arrhenius factoexp(S [Xq]=(4D)).

3Since it scales likexp( A=(4D)), its Taylor expansion aD = 0 vanishes term-by-term, e.gxp( 1=(4D))
0+0+0+ . This re ects an essential singularity Bt = 0, so such terms are invisible to ordinary power-series
perturbation theory.
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« Prefactor (perturbative)Writing x = x¢ + v, the quadratic uctuation operatdf yields, up to

overall normalisation conventions,

F(D) / Vol(EZM) 917 1+ ciD + D2+ ;
det’M'

wheredet® omits exact zero modes (handled by collective coordinates), and the higher-order

terms arise from cubic and higher uctuations.

1.2.4 Introduction to instantons

Instantong]l ] and anti-instantonfl ] are distinguished classical solutions that interpolate smoothly
between neighbouring critical points of the effective potential in the limitl . They are localised
in time, and asT ! 1  they arise on the zero-energy level ( nite-connecting trajectories have

H > 0, with the instanton recovered Bis! 0). Their derivatives decay exponentiallytals 1

Consider an archetypal model with a symmetnegerteddouble-well effective potential as in Fig. 1.4.
Here the effective potential I9(x) =  Vx) 2 0, so its maxima (at critical points &f) sit at zero
height. We seek the classical trajectory connecting the two maxima atamely a path that starts at

(T =2) = and ends ax(+ T=2) =+ ,takingT !1 atthe end.
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S s S

U(x)

Figure 1.4:Effective potential with a symmetric inverted double-well structure. Maxima afgreen)

are at zero height sincd = [V92 0. Dashed red curves show the local inverted harmonic
approximation. The cyan curve with arrows illustrates the instanton connecting the maxima; arrows
indicate increasing time alongj, (t).

By convention, a rightward transition path wik(t) strictly increasingin time is called an instan-
ton [148]; an anti-instanton is obtained by time reversal. In the zero-energy kit (0), the rst

integralH = x2+ U(x) (details can be found in (2.51)) reduces to the separable gradient form

q___
i (t) = Ux(t) = Vox(t) (H! o)

where the sign is chosen so thxat> 0 for the instanton (angl, = j VY for the anti-instanton [24]).

Under this prescription, the sign in (2.51) is xed and for instantons we take the positive branch,

yielding 7
* dX|

pP————— =+ T: 1.50
H UX) ( )

SinceU( ) = 0, one hasH = x(T =2)?, so a nite-time connecting trajectory requirés >

0. If H = 0 the connecting time diverges logarithmically becaU§g,) ! 0 near the endpoints.
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Quantitatively, letting := jV° )j, one nds the largeF behaviour

1 1 C 2T
T Tt T Iogpﬁ 0 H Clexp T, T : (1.51)
for constant<; C°> 0set by the inner (core) region. In the symmetric dase= ! . = ! this reduces

to the simpli ed scalingH  exp( ! T) stated earlier.

Physically, the instanton spends most of its time near the critical points, with the nontrivial excursion
occurring over a short intervalt aroundx 0. The remainder off is spent lingering near in
the inverted harmonic regions, and the term “instanton” re ects that the transition happens within an

“instant” relative to the total tim@ .

Figure 1.5:Instanton pro lex; (t), interpolating smoothly between . The transition region t is
localised relative to the full time interval.

In speci ¢ models the instanton pro le can be written in closed form. As an aside, for the quartic

double-well in Euclidean quantum mechanics,

|1 2

Ve (X)= — x2 2

" (1.52)



theH = 0 instanton solving = P 2V (x)*is given by the familiar hyperbolic tangent [61, 190],
!
X, (t)= tanh p—é(t to) ; (1.53)

illustrating the sharply localised core. In our stochastic setting, the instanton is likewise monotone and

localised, and for symmetric wells, its core is well approximated tana pro le.

Since the classical equations are invariant under time translation, any translated insténhtort.)
is also a valid solution for arbitrartt asT ! 1 . These form a continuous one-parameter family of

degenerate saddles (“critical points at in nity”), with specifying the instant of transition.

This time-translation freedom implies that the uctuation operafopossesses a zero solution we call

theexact zero modBZM(t) / x(t) of the homogeneous ODE,
M X =0;  xq60:

On a nite interval with Dirichlet boundary conditions, this does not, in general, satisfy the endpoint
conditions, so there is no Dirichlet zero eigenvalue and the determinant is nonzero; the exact zero mode
emerges inthd ! 1 limit. The at direction it generates (i;) is handled using the method of

collective coordinates § 2.1.9.

1.2.5 Bounce solutions and metastable decay in quantum mechanics

This subsection is purely motivational; the stochastic bounce con gurations studied in this thesis are
de ned later from the Onsager—Machlup functional rather than from a Wick-rotated quantum action.
We brie y recall the semiclassical picture of quantum tunnelling, where the Euclidean path integral

is dominated by non-perturbative saddle point con gurations knowhaascesolutions, originally

— R
4The factorp 2is specictothe sbandard Euclidean quantum-mechanical normalisggion (%x_z+ V) dt, for which

the zero-energy condition giveas= = 2V. In the stochastic settin% used in this thesis, the rstintegréd is x2 + U(x)
with U= [VY9?, so the corresponding zero-energy limit yields U=jVvy.
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introduced by Coleman [38, 39]. In the Euclidean formulation of quantum mechanics, tunnelling is
recast as classical motion in tlmverted potential V(x), transforming the problem into one of a
particle rolling on a hill. For de niteness, one may take the cubic madel) =  (1=3)x3 + a?x,
whose critical points lie at = aand a full analysis of this potential is given in Chapter 3. In Fig. 1.6

we seta = 1 for illustration and observe that the inversion swaps the roles of maxima and minima.

V(x)

A~
|
|
|
|
|
|
!
!
|
|

+1

Figure 1.6:The cubic potentiaV/ (x) = (1=3)x® + x (left) and its inverted counterpartV (x)
(right). Inversion swaps the roles of maxima and minima; the marked points are the critical points
x= 1

A quantum bounce corresponds to a classical trajectoriix) that starts and ends at the same point
Xy (the false vacuum, i.e. a local minimum¥éf equivalently a local maximum of V), but executes

a nite excursion to a turning pointt in between. A schemati,(t) pro le is shown in Fig. 1.7.
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Figure 1.7:A schematic of the quantum bounce in the inverted potend&lx). The solution is
sharply localised in Euclidean time, with width set by the inverse harmonic frequencyxahauitd
re ects rapidly at the turning point.

The particle spends most of its Euclidean time ngarthen brie y traverses to the turning poirg,

re ects, and returns. Accordingly, bounce trajectories satisfy the boundary conditions

Xp(1 )= Xp; Xp(0) = X7: (1.54)

In many models, bounce solutions can often be written in terms of elliptic functions [186], and they

contribute to the semiclassical expansion through non-perturbative terms of oBdg( S pounce)-

Although bounces are sometimes loosely referred to as “instantons,” they are technically distinct. An
instanton interpolates between two distinct vacua (different maxima\of, whereas a bounce is a

closed excursion based at a single false vacuum and encodes metastable decay.

Bounce solutions play a central role across many areas of theoretical physics, from false vacuum de-
cay in cosmology to metastability in condensed matter and tunnelling phenomena in quantum eld

theory [83,112, 113,127,131, 160, 177-180].
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As we now transition to the dtstochastic setting, key differences emerge. First, the relevant landscape
governing saddle trajectories is no longer the inverted physical potentiaRather, it is the effective
potential U(x) induced by the Onsager—Machlup functional (cf. 8 1.2.2.2), which in general differs
gualitatively from a simple inversion and dependswofand, in the 16 convention, o). Second, the
stochastic analogue of a bounce is not a sharply re ecting excursion with a time scale set solely by the
local harmonic frequency. Instead, the relevant saddle is typically an instanton-anti-instanton composite
sectofl 1 ], whose separation is controlled by a soft (quasi-zero) mode and can lead to logarithmic time
scales. Finally, in the weak-noise Onsager—Machlup setting, this composite saddle may lie off the real

contour, so complex bounces must be included.

1.2.6 Necessity of complexi cation
1.2.6.1 Analogy with complex classical trajectories

In conventional classical mechanics, trajectories live on the real phase @g8c@(t)) 2 R?. As
emphasised by Bender and collaborators (e.g. complexi ed classical dynamics [3, 17-20]), analytic
continuation of(qg; p into C? uncovers a rich taxonomy of trajectories that persist even where real

motion is classically forbidden.

As a simple illustration, consider the harmonic oscillator

H(p;d=p*+ ¢  g=2p; p= 2q; (1.55)

and promotey; pto complex variableg = r + is andp = u+ iv, withr; s; u;v 2 R. Prescribing a real

energyE 2 R, conservation oH gives the complex energy shell

E=p?+@=(u® V)+(r2 s?)+2i(uv+ rs):
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To obtain the one-parameter families plotted in Fig. 1.8, we take the initial position on the real axis,
r(0) = a; s(0) =0; u(0) =0; (1.56)

so thatq(0) = a 2 R and the initial velocityg(0) = 2p(0) is purely imaginary. The condition that the

conserved energy equdtsthen xes the remaining component of the initial momentum,

E=r(0)> v(0)? =) v()= IOa2 E: (1.57)

which is real provide@&? E. The resulting orbit is an ellipse in theplane,

g(t) = acos(a) + ip az E sin(2t); (1.58)

so forE > O the trajectories intersect the real axis orthogonally (at crossmggt) = O one has
sin(2t) = 0, hencep(t) = ip a2 E cos(2), soq(t) = 2p(t) is vertical), while forE < 0there is no
real phase space motion on the energy shell (one always BaR, even wherg 2 R), although the

complex orbit remains smooth.

(@)E = 1: orbits (1.58) for severad 1. (b)E = 1. orbits (1.58) for severa 2 R.

Figure 1.8: Complex trajectories of the harmonic oscillator inctpdane generated from the initial
data (1.56) withv(0) xed by (1.57).
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1.2.6.2 Stochastic analogue and persistence of complex bounces beyond the real bounce regime

The same complexi cation philosophy underpins our stochastic path integral setting. o @edager—

Machlup formulation, the weak-noise landscape relevant for saddle analysis is the effective potential,
Uz) = VY2 ° + 2DVX2); (1.59)

and saddle trajectories satisfy thedftilted) Euler—Lagrange equation

r = V{zav%{z) DV%%): (1.60)
For the cubic potentia (x) = % + x (i.e.a= 1 in the model studied rigorously in Chapter 3),
Ux) = x> 1° 4Dx (1.61)

so the I tilt 2D V ®deformsU asD increases. The real critical pointsidfwhich control the existence
of areal[l | ] bounce on the real contour, satis#{x) =0 | x> x+D=0:For0O<D<D .
this equation has three real roots, two of which form the barrier pair relevant to the real bounce, and

these coalesce 8X; = gﬁ—é 0:385in a saddle node bifurcation; f@ > D . the pair disappears.

(b) Bifurcation diagram: tt}§ ‘relevant real critical point
(a) Effective landscapd(x) for D = 0; 0:2; 0:4; 0:5. pair coalesces &. = 2=3 3) and disappears for
The2D V %ilt lowers and skews the barrier. D>D..

Figure 1.9:1t0 tilt of the effective potential and disappearance of the real bounce.
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BeyondD . the real critical point pair is absent, so the turning point (critical point) condition required to
realise a real instanton-anti-instant¢hl(]) bounce no longer has the necessary real solutions. Equiv-
alently, the real bounce saddtg, ceases to exist as a real trajectory Bbr> D . (henceS[xy,] is

not de ned as a real-saddle action beyddg). Under complexi cation, however, the same coalescing
pair continues as a complex-conjugate pair, andstbehastic complex boungersists folD > D ..
Accordingly, the complex bounce acti@iz.,] remains well-de ned (and analytic iB) far beyond

the real bounce regime, and its contribution is captured by deforming the path integral contour to the

appropriate Lefschetz thimble.

1.2.7 Lefschetz thimbles and contour selection

For background on Picard—Lefschetz theory as a method to select convergent integration cycles in
oscillatory/complex integrals, we refer to Witten's formulation in quantum mechanics [184] and the

AGV text [7]; representative applications in quantum eld theory include [15, 71].

On the real contour, thf | ] sectors contain a soft (quasi-zero) direction, and the associated one-
dimensional integral is poorly de ned as a Gaussian approximation. We show in Chapters 3 and 4 that
the complexi cation under Picard—Lefschetz theory selects the correct contour, known as the Lefschetz
thimble. The path integral measure factorises into an exact symmetry directidZthg a single soft

direction (theQZM), and the remaining stable modes, which are genuinely Gaussian:

Y
Dz dt. d da,;  (EZM) (QZM) (stable modes) (1.62)

n2hard

A complete account of Lefschetz thimbles and the rol@bftheory is given in § 3.6. Intuitively, a
thimble is the geometric set spanned by gradient ow lines of a Morse function. We adagiwsed

ow for h = Re(S=(4D)), that is,

@a;u) _ Slz] .

@u -~ T Z@w ap 0 AT TWwExi (T30 = X (1.63)
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whereu is the auxiliary ow time parameter (distinct from the physical tije Along solutions of
(1.63),Im S is constant, antl is non-decreasing, so modulesp(S =(4D)) is exponentially damped

away from the saddle.

The thimble associated to a saddle trajectorgan extremal of the action) is the collection of points

whose backward ow timé is asymptotic t@ ,
J = z(;0):[T =2+T=2]! C z(t;u) solves (1.63) and Iilm z(bu)=2z (t) : (1.64)
u!

AlongJ ,Im Sis constant (equal tom S[z ]), whileh = Re(S=(4D)) increases away from the saddle
along the integration direction, ensuring convergencexpi{ S =(4D)). A heuristic visualisation of

the thimble is shown in Fig. 1.10.

{h = Re( S=(4D)); along each trajectoryn S is constant}

Figure 1.10: The thimble is the manifold of the ow bf= Re(S=(4D)); Im S is constant ant
increases away from the saddle for increasing

Fig. 1.11 summarises, diagrammatically, the central mechanism used throughout this thesis. Picard—
Lefschetz theory isolates tH@ZM integral and, crucially, prescribes its steepest descent evaluation
along a re ned contour xed by the thimble (hence xing the sign/phase of the contribution)[I Fgr

con gurations theQZM contour is necessarily complex and one nds

J =R 1i;

SEquivalently, one may use the downward ow and imptise,; +1 z(t;u) = z (t).

46



(a) Local thimble splitting near z (b) Slice: 1D QZM contour J inthe -plane
Im

J =R+

Y
Y

GausgsSian directions / SeLlEpLansation)

-—LLQ) ' Re

Z T
/ QZM directjion log(A! *=D)

thimble patchl
QZM line

EZM

Gaussian modes

Figure 1.11: Thimbld near a complex saddie and the 1DQZM slice in the -plane. The thimble
splits asEZM direction QZM line stable Gaussiandn the -plane, the contributing contours are
shifted from the positive half line (blue) and are de ned by the lidess R i . The critical point
(logarithm term represents the real part) sits on the complex rays (green circles).

which is the familiar BZJ-type i re nement (see § 1.2.8). By contrast, fof ] con gurations, the
correct contour stays on the real axis,

J = R;

that is, the whole real line rather than the naive half-ray. An alternative approach to complexi ed
integrals is complex Langevin dynamics; for a discussion of its merits and limitations in this context,

see, e.g. [1]. In this thesis, we use Picard—Lefschetz geometry to de ne the integration cycle.

(b) Slice: 1D QZM contour J inthe -plane for [II ] con gurations
Im

log(A! 3=D) Re

Figure 1.12: The improved contour fiit ] pairs (red line). Instead of the half lii®" (blue line), the
correct contour is the full real line. The critical point is a purely real logarithm (green circle).
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1.2.8 QZM toy model and geometric sign xing (BZJ versus thimble)

To isolate how thimbles x ambiguous phases, consider a toy integral modelling the instanton—anti—

instanton quasi-zero mode (QZM), inspired by Duenal.[14]:

Zi h i
25 d expie’ 1; O0<A<2S; !> 0 (1.65)

| D:A)= —
ozm (D A) = exp D, D

where the subtraction removes the largetateau (two well-separated events). Witk e ' (d

du=('u)),
e 25=(4D) Z, du A
lozm(D;A)= ——— — & 1, a= —

: 1.66
! T 4D (1.66)

HereEi denotes the exponential integra&, the Euler—Mascheroni constant, af@ ; ) the incomplete
1 Lau

du =Ei(a) e Ina

gamma function; see e.g. [132]. Using
0

25 h [ A

ex —=-
lgm(D;A)= P E(a) ¢ Iha; a= 50 (1.67)

This exact expression is real. Working in the weak-noise Init 0" (equivalentlya! 1 ), use

. et 1 2 .
Ei(a) — 1+ _+ o+ to obtain
a a a
exp 2 h 1 i
lom(D:A) = P € 1,01 | pa
! a a
oxp 25 h i (1.68)
:g exp i £ 1+O} Ina :
! D A a . '

Thus, the integral is convergent but, r 1, is dominated by the endpoint= 0; this is precisely

where the physicdl | ] sector is least reliable. Instead, one wants the separation to be largelj,

which motivates the continuation method of Bogomolny—Zinn—Justin [24]. This toy model reveals a
multivalued phase and a contribution that lacks geometric interpretation. We contrast this with thimble
integration, which reproduces the same logarithmic structure and phase with a geometric origin, without

any contribution from an ascent direction.
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Route A (BZJ on the real axisiContinue to the repulsive interacti@n! | aj (equivalent toD !

D):
Z, .
hav 1 - -
eru= 0;ja) e Inj@g2R;
° | (1.69)
- 204,01 Injaj;
iaj iaj - '
which follows from (0 ;a) = Ei( a). Rotating back across the cut, the logarithm picks up a branch
jump and one obtains
e 25 =@D)h A . - i
Igu(DiA)= ———— & oo i + Oe™t (1.70)

We use the principal branch bf with a cut alongR ;underD ! e ' D one has In( A=(4D)) 7!
In(A=(4D)) i . The neglected term is exponentially small on the repulsive sheet; after returning
to ReD > 0 it corresponds to an ascent direction contribution, so discarding it must ultimately be

justi ed by the contour rather than by size alone (see Chapter 2 for a careful discussion).

Route B (Lefschetz thimblé)s shown in Chapters 3 and 4, integrating over the appropriate Lefschetz
contour reproduces the BZJ logarithm and phase, with a geometric origin foi thand without any

divergent terms.

1.3 Kramers' problem, validation and limits

To benchmark the weak-noise picture and to indicate its limits, we compare Kramers' approximation
with (i) the exact one-dimensional mean rst passage time (MFPT) formula (derived fully in § 2.1.3.1)
and (i) direct simulations of the overdamped Langevin dynamics. Throughout this section, we take the

quartic potential

V(x)= x* 4x3+4x* 06x+1:6, VIx)=4x® 1X%*+8x 06 (1.71)
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and simulate the SDE given in (1.4) by the Euler-Maruyama scheme (time step
p___
Xps1 = Xn tVIX)+ 2D t g n N (0;1): (1.72)

We initialise each trajectory at the metastable wglE a with a = 0:0857027and de ne the escape
time as the rst hitting time of the barrielh = 0:846374 :=infft 0: x(t) > bg. For eaciD,

the numerical escape rate is estimated @s,  1=h i from an ensemble of independent paths.

Figure 1.13:Escape rate from simulation versus the exact MFPT rate and Kramers' approximation
for the potential1.71) with escape de ned by rst crossing bf The simulation uses
Euler—-Maruyamg1.72)with  t = 0:01, Ngeps = 10°, andN = 500 independent trajectories pér.

For this parameter set we observe good agreement p to 0:30, beyond which the Kramers
approximation deviates markedly.

In the weak-noise regimé&®(small compared with the barrier scale), Kramers' estimate tracks both the
exact rate and the simulation data. This is the regime in which rare, localised barrier-crossing events
dominate escape, and the instanton picture (together with perturbative uctuations) is quantitatively

accurate. AD increases, the Kramers approximation becomes visibly too shallow on the Arrhenius

®In the simulations used to produce Fig. 1.13, paths that do notlsisthe nal timeTmax = Nsteps t are discarded;
Tmax IS chosen suf ciently large that, for the displayed noise range, essentially all paths escape.
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plot, signalling the breakdown of the approximation.

Figure 1.14:Representative Euler—Maruyama sample pat{t3 for the dynamics in the potential

(1.71) started atx(0) = aand stopped upon rst crossing bf(dashed line). Left: weak-noise

(D = 0:2) where trajectories typically spend long times uctuating near the metastable well before a
rare escape. Right: larger nois®(= 0:4) where escapes occur more readily.

For broader perspective on Kramers' law, its domain of validity, and generalisations, see the review by

Hanggi—Talkner—Borkovec [85] and the survey by Berglund [21].

1.4 Structure of the thesis

A brief roadmap is as follows.

» Chapter 1. Introduction and overview: complexi cation, steepest descents, BZJ versus thimbles,

and the minimal stochastic background needed for the sequel.

e Chapter 2. Technical foundations: the Onsager—Machlup path integral (waitsitatonovich

conventions), uctuation operators, exact zero modes and collective coordinates. We also derive
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a master formula for the functional determinant, in a form that matches the standard quantum-

mechanical instanton prefactors (cf. [14]).

Chapters 3 and 4.Picard—Lefschetz framework for stochastic dynamics and its consequences for
escape. We construct new exact two-instanton saddles (real and complex bounces) and apply the
resulting thimble prescriptions to escape-rate computations in cubic and periodic (sine—Gordon)

models, recovering the correct Kramers prefactor within the complexi ed framework.

Chapter 5. Summary and outlook: connections to non-equilibrium statistical mechanics and to
resurgence, together with a complex-analysis derivation of the univefissign associated with

the complex bounce sector.
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Chapter 2

The stochastic path integral and escape-rate

theory

Chapter summary

This chapter reviews the work of A.J. McKane and H.C. Luckock [117]. We provide a detailed commen-
tary on their results working in the white-noise (Markovian) framework. Our focus is on thermally activated
escape processes involving Brownian particles evolving in a metastable potéftial We compute the
associated escape ratg across a potential barrier using a perturbative procedure inspired by Feynman's
semiclassical path integral formulation of quantum mechanics (with the small paraibepdaying the role

of~1 0).

The leading-order term in this expansion is obtained by nding Hamilton's principal function. The next-to-
leading-order (NLO) correction accounts for Gaussian uctuations around the classical path and is encoded
in the prefactor, represented by a uctuation determinant. The determinant is complicated by the presence
of exact and quasi-zero modes, arising from continuous symmetries and nearly at directions in the action,
respectively. To treat these, we isolate their contributions from the uctuation determinant and introduce a
master formulao compute this determinant systematically. The (exact) zero modes are handled using the
method of collective coordinates.

Quasi-zero modes associated with instanton-anti-instghtohsectors result from the intrinsic mutual at-
traction between the constituent instantons, captured by an interaction 8gtiohhe contribution ofl | ]

pairs becomes essential in systems that fail to equilibrate, where uctuations around metastable states persist
and nontrivial multi-instanton effects are non-negligible. The sig&qfdictates the convergence of the
corresponding quasi-zero mode intedrgty . Although this integral is well de ned for repulsive instanton-
instantor{ll ] con gurations, it diverges in the attractiykl ] case unless an analytic continuaton D

is performed. This step, the Bogomolny—Zinn—Justin (BZJ) prescription, serves as the conceptual motivation
for the broader framework of this thesis. The chapter concludes with a discussion of the necessity and inter-
pretation of this analytic continuation of the noise.
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2.1 Path integral formulation and global preliminaries

2.1.1 Bistable potential and escape problem

V (X)

X X Xc

Figure 2.1:A canonical bistable potentiaf (x) with three critical points: the metastable minimum
X , the barrier topx , and the global minimum,. Forward escape ¢ proceeds fronx toX.viax .
Dashed parabolas indicate local quadratic approximations with small-oscillation frequehcidhe
barrier heightisE, = V(x ) V(X ); blue/orange bands indicate pre- and post-barrier regions.

We begin with a prototypical bistable potential pro le [174], as illustrated in Fig. 2.1, characterised by
a metastable well at , a barrier ak , and a global minimum at.. The speci ¢ analytic form of the
potential is unimportant; we require only that it be at least thrice differentis(e) 2 C3, to ensure

smoothness and avoid singularities in the formalism.

Throughout, we work in the weak-noise linidt ! 0, assuming that the noise stren@iihis small and
constant. The key scale separatioDis Ey, ensuring that thermally activated barrier-crossing events

are exponentially suppressed (rare events) and dominated by saddle-point con gurations in path space.

In quantum eld theory, bistable con gurations model metastable vacuum decay via instanton-mediated

tunnelling processes [45,68,97]. In the stochastic context, our aim is to calculate the thermally activated

55



escape rate of a Brownian particle that begins near the metastabbe vegltl surmounts the barrier at

X .

We are interested in the instanton sectors (see 8§ 1.2.4 for more details), where composite (anti)instanton

con gurations interpolate between critical points. A stochastic trajectory following the sequence
x ! X | Xc¢ (2.1)

is most naturally viewed astavo-leg([Il ]) con guration: an uphill instanton from tox , followed

by a downhill relaxation tx.. In the Onsager—Machlup form

Z.,
S[x] = X+ V%) “dt; (2.2)

to

the downhill leg contributes zeqointwise(sincex = V{x) there), so the Arrhenius exponent is set

entirely by the uphill instanton. If one instead rewrites

Z .
Sx] =2 V + x2+ VYx)? dt; V=V x(t1)  V x(to) ; (2.3)

to

then each leg carries a non-zero bulk cost; however, on the full interval x. the path-independent
term 2 V cancels the downhill bulk exactly, leaving the same net action. Thus, we will refer to

x I x I x;as atwo-ledll ]event. In contrast, the (homoclinic) orbit
x ! x ! x (2.4)

describes an instanton-anti-instanton con gurafioh], corresponding to a cyclical trajectory that re-
turns to where it started. As in quantum mechanics, instantons and anti-instantons interact: repulsively
in [I1 ] con gurations and attractively ifi 1 ] con gurations. Crucially, these interactions occur along

the time direction rather than the spatial direction.

The attractive interaction in the| ] sector renders the quasi-zero mode separation integral non-convergent
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in the naive Gaussian approximation, posing a non-trivial challenge for solving the stochastic path inte-
gral in the weak-noise limit. The usual x is the Bogomolny—Zinn—Justin (BZJ) analytic continuation

of the noiseD ! D. This motivates our later use of complex saddles and thimble contours. This
chapter presents a detailed, self-contained derivation of the escape rate in the weak-noise limit, begin-
ning with a formal introduction of the path integral via the Onsager—Machlup action. We follow [117]
and set the stage for subsequent developments that involve exact two-instanton solutions and complex-
i ed saddles. This chapter contains original work in § 2.2 where we present a new master formula for

computing uctuation determinants with zero modes removed.

2.1.2 Onsager—Machlup functional integral

The probability density functional for a given realisationGdussian white noise(t) de ned over the

time interval[to; t1] is formally expressed as

Z,

P[ (D]/ exp % tldt (t)? (2.5)

Here, (t) is a Gaussian stochastic process characterised by the mean and covariance [74,151,173]
h (t)i =0; h(t) 9% =2D (t t9; (2.6)

whereh i denotes expectation afii> 0 is the noise strength [118, 135]. The proportionality symbol

in (2.5) arises because the Gaussian white-noise measure (the Wiener measure) requires appropriate
normalisation; for a rigorous treatment, see Appendix B.1 or Chapter 2 of Wio [182]. The white-noise
idealisation corresponds to a noise process with vanishing correlation time. However, many physical
systems exhibit coloured-noise correlations, leading to non-Markovian dynamics, as formulated in [28,

117,123]; see also [139].

Consider the overdamped Langevin dynamics of a Brownian particle moving in a one-dimensional
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potentialV : R ! R, subject to stochastic perturbations arising from microscopic collisions. The

stochastic differential equation (SDE) governing the particle posKipis
p__
dX;= VIX)dt+ 2D dw;; (2.7)

whereW, is a Wiener process [74,173]. We work in the overdamped regime, assuming that the inertial
term mx is negligible compared to frictional damping, thatjimixj j Xj. Herem is the mass of
the particle and the friction coef cient, which we set to unity henceforth, as it only scales the overall

time.

Equivalently, one may express (2.7) as a Langevin equation,

= Vix@)+ (1) (2.8)

where the noise term(t) is interpreted in the distributional sense as the time-derivative of the Wiener
process ( [133]),
P_——dw;_

For a xed discretisation and initial condition, this de nes a one-to-one mapping
(t) 7' x(t); (2.10)

whose Jacobian depends on the discretisation schebnes(IStratonovich). Substituting= x+ Vqx)

into (2.5) yields the Onsager—Machlup weight for a single pdth:

Z

PX(V)] / Jox]exp % "t x(t) + VIx(@) 2 (2.11)

whereJoX] is the (scheme-dependent) Onsager—Machlup Jacobian factor [79, Ya®)will adopt

a consistent convention (speci ed in Chapter 3) and kégx] explicit when needed. The func-

1The Jacobian factor strictly enters once we sum over all paths as done in (2.28).
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tional (2.11) exponentially penalises deviations from the deterministic (noise-free) relaxation path,
x = VYx). Before we continue with the path integral formalism, we derive the Kramers' rate

probabilistically and then compare it with the path integral derivation of the rate.

2.1.3 Kramers' rate from the exact MFPT formula

Suppose that the system evolves in the metastable potential of Fig. 2.1. We wish to compute the mean
escape rate from the basin of attraction of the local minimum X over the potential barrier at
X = X >X . Let o(Xg) be the probability distribution of initial positions supported in the basin

[XL;x ], wherex, <x <x .The mean escape time averaged over this distribution is

Z X
hi= dXo o(Xo0) (Xo); (2.12)

XL

where (Xo) is the mean rst passage time (MFPT) for a particle startingeatio reach an absorbing

boundary ak = x , assuming a re ecting boundary =t .

The exact MFPT satis es the backward Fokker—Planck boundary-value problem [151]
D %) Vi) %)= 1 (2.13)
with boundary conditions
%) =0 (reecting): (x )=0 (absorbing) (2.14)
Using the integrating factor(x) = exp( V(x)=D) and integrating once from_ to x yields
1 V(X)

Ix) = 5exp - . dy exp

V() .
-5 (2.15)
Integrating °from X, tox and enforcing (x ) = 0 gives the standard double-integral formula [149,
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151]

Z
_ 1 V(x) —* V() .
(Xo) = D . dx exp o . dy exp o (2.16)
valid for allD > 0. Averaging over the initial data with (2.12) then yields
1 Z X Z u Z u
hi==  due'®® dve VP  dxg oXo); (2.17)
D XL XL XL

where we have exchanged the order of integration saxthatu  x . The corresponding escape rate
IS Exact = 1=h i. We assume a delta-peaked initial conditiexo) = (Xo X ), which reduces to

(2.16).

For the asymptotic evaluation below we take the absorbing boundary slightly beyond the kasrier,
Xp > X , SO that the barrier top controls the Laplace approximation and the standard overdamped

Kramers prefactor is recovered.

2.1.3.1 Recovering Kramers' formula from the exact integral

Suppose that the particle begins precisely at the local minimujrand let the re ecting boundary
be located ak = x5 < x , while the absorbing boundary is placed slightly beyond the barrier, at
X = Xp > X . For notational consistency with the exact formula above we may ideqtify X, . Then

the mean rst passage time (MFPT) to reach the absorbing boundary is given by the exact expression

z
_ 1% V(x) “* V(y)
(x )= D . dx exp D . dy exp D (2.18)

This formula is valid for arbitrary noise strengih > 0, and encodes the precise solution to the
backward Fokker—Planck equation with re ecting and absorbing boundary conditions. It becomes es-
pecially suited for asymptotic evaluation in the weak-noise limit E;, where the barrier height is

Epb:=VX) V().

To extract the leading-order behaviour of the MFPT in this limit, we apply Laplace's method to both
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the inner and outer integrals [43, 185], taking advantage of the fact that they are dominated by neigh-
bourhoods near the extremal points\ofx). The outer integral is sharply peaked near the barrier top
atx = x , a local maximum satisfyingqx ) = 0; V%x ) < 0, while the well minimum ak = x
satisesV{x ) = 0; V%x ) > 0. In each case the dominant contribution arises from a region of
width z P D=jV%, so the nite integration limits may be extended tb when evaluating the

leading-order Gaussian contributions, incurring only exponentially small errors.

We begin with the inner integral. ExpandiN{y) aboutx to quadratic order yields
1 0 2.
V(y) V(x)+ EV Ix )y x)% (2.19)

Substituting this into the integral and extending the limitslto , we nd

Z

exp @ dy exp

1 0 2 .
5 ) exp 5=V Ix )z? dz; (2.20)

Xa

where we have made the substitutor y x . Evaluating the resulting Gaussian integral gives

Z, S
V() V(x) 2D |
. exp 5 dy exp D ETBE (2.21)
Next, we approximate the outer integral ngax x , expanding the potential as
1 0 2.
V(x) V(x)+ EV Ix)(x x)=% (2.22)
Substituting this into the exponential and extending the limit4 to, we obtain
Z,, Z .,
V (X) V(x) 1., i .
) exp D dx exp D ) exp 2DJV Ux )jz? dz; (2.23)

61



where we used = x X . Thisyields

7 " s
V (X) V(x) 2D
exp —= dx ex . - 2.24
. PD "D VX )i (224
Combining both approximations, the mean rst passage time becomes
(x) P _exp YX) V(X) (2.25)
VX ) jVORx )] D

Taking the reciprocal yields the classical Kramers escape rate [85, 101] in the overdamped regime:

RSN V. T 1 ) B
<) 2 P D

(2.26)

This expression reproduces the leading-order prediction for thermally activated escape over a potential

barrier.

2.1.4 Path integral representation of the transition probability

We wish to compute the transition probability for a particle to be found at postti@t timet,, given

that it starts ak, at timety. For a xed discretisation scheme and initial conditioftg) = X, each
realisation of the noise generates a unique stochastic trajectory via the Langevin equation (2.8). A
convenient starting point is the noise path integral, summing over those realisations that satisfy the

initial condition and enforcing the terminal condition by a Dirac delta:
z 1 Z .
P(X1;t1 ] Xo;to) / D exp D dt (t)> X (t1) X1 ; (2.27)

f :x (to)=%o0g to
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wherex denotes the trajectory obtained fronthrough the SDE. Changing the variables fromo the

trajectoryx (bijection for xed discretisation and(ty) = Xo) gives [79,109, 121]

Z
P(X1;t1 ] Xo5to) = Dx b exp Sk] X(t1)) X1
X(to)= Xo Dx 4D
Z (2.28)
= DX JoMX] exp Sk X(t1) X1 ;
X(to)= Xo 4D
whereJopx] is the (scheme-dependent) Onsager—Machlup Jacobian [135] and
Z,
S[x] = dt x+ VIx) > (2.29)
to
The path integral measure is de ned as the continuum limit of a discrete product,
W
Dx / lim dx;; Xi=x(t); ti=to+i t; N t=t; tg (2.30)

NI
i=1

with any overall normalisation absorbed into the measure and xequbsteriori by matching the
Ornstein—Uhlenbeck transition kernel [151], which is a well-known solution describing a particle mov-
ing in a harmonic well. This matching enforces the short-time lintit:= t;  ty # 02, for which
P(X1;t1) Xo;to) ! (X1 Xg). We place the dynamics on a symmetrictime sfabs [ T =2;+ T =2]

and takel !'1 atthe end, following [35]; cf. [69].

For additive noise, a one-parameter family of time-slicings interpolates between Stratonovich (mid-
point) and 16 (left point). Writing 2 [0; 1] for this choice, the Onsager—Machlup Jacobiarkon

takes the compact form !

Z 1=
JolX] = exp dtVv%x(t) ; (2.31)
T =2
with = % (Stratonovich) and = 0 (Itd [89, 110]). A derivation based on the discretised Langevin

equation is provided in Appendix B.2.

%t # 0 means there is a sequenige> 0 with t,.1 t, andt, ! 0. So, itis a right-hand limit with monotonic
decrease.
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R
Expanding the square in (2.29) yiel8f] = (x*>+ V{x)? + 2xV {x)) dt: In Stratonovich calculus,
the mixed term is an ordinary Riemann integral and a total derivative,
Z, Z,
2xVqx)dt = 2  VIx) dx = 2 V; V= V(X)) V(Xo); (2.32)

to to

so that
Z t

S[x] =2 V + X2+ VIx)? dt: (2.33)

to
In 1td calculus the chain rule picks up an additional correction (8 1.2.2.1). Usilsgémma forV (x)
withdx = V{x)dt + P 2D dW; [133, Ch. 4],
Z, Zy,
2xVi{x)dt =2 Vv 2D VRx)dt: (2.34)

to to

R
Thus, compared to the Stratonovich identity (2.32), tBealttion carries a 2DV %shift. Precisely
this shift is supplied by the Jacobian factor (2.31) (with the approprigteo that thecombinedwveight

is convention independent for additive noise.

Collecting the action and Jacobian contributions, one obtains the convention-neutral form

|
Z.,1 h i’

i
P[x(t)] / exp % ) dt (x+ VIx)? 4D V ) ; (2.35)

T =

which is independent of the discretisation odegis included. For additive white noise, the choice of
merely redistributes contributions between the stochastic action and the Jacobian; genuine physical
differences arise only for multiplicative or coloured noise. In what follows, we adopt the Stratonovich

convention ( = %) for algebraic convenience and defer a detailed comparison Wit IEhapter 3.

To obtain the stochastic path integral representation of transition probabilities, we now integrate over
all paths connecting xed endpoints. L&(xy;+T=2 ] Xo; T =2) denote the probability that the

system reaches, at time+ T =2, having started aty at time T =2. This probability is given by the
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path integral,

Z
P(Xy;+T=2jXo; T =2)=N Dx JoMXx] exp % X(+T=2) Xi; (2.36)
X(T =2)=Xo 4D

whereN is a normalisation constar®[x] is the Stratonovich action, ad@y[x] denotes the Stratonovich
Onsager—Machlup Jacobian. The transformation of the me&sur D x can be made rigorous, e.g.,
Girsanov's theorem [94], which governs the changes in the measure under drift deformations in the

Wiener space.

2.1.5 The semiclassical limit and the Dirac—Feynman insight

The conditional probability in (2.36) satis es the Fokker—Planck—Smoluchowski equation via the Feynman-—
Kac formula [22, 92,93, 163]. This naturally invites a brief comparison with a familiar object from
guantum mechanics. In real time, the quantum propagator is the transition amplitude for a particle pre-
pared aty attime T =2to be found atp attime+ T =2[161]. Feynman's representation expresses this
amplitude as an integral over paths with xed endpoints, weighted by an oscillatory phase proportional

to the classical action [64, 65,99, 157],

Z i Z.r=2 h i
K gi+T=2 q T =2 = Dg exp — dt 3ma® V(@  o+T=2)
«T =2=q TOT =2
(2.37)
where the delta distribution enforces the endpoint constrainiat2.
Under Wick rotatiort = i , one analytically continues real time to imaginary time. This transforms

the oscillatory weight into an exponentially damped one and provides the standard imaginary-time form
used in semiclassical analysis. In particular, the time integral changes variable and limits,

LT 1Z+TE:2 ' dq
exp - dt zmg® V(@ ! exp = - d md*+V@ ;o=
(2.38)
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which de nes the Euclidean action [91,136,137,189],

Z +Tg=2

Se[q] = d Im()*+ V(g : (2.39)

T g=2

Closed forms exist only for quadrati€; otherwise, one proceeds via asymptotics or numerics. Dirac's
idea, developed by Feynman, is to expaneirAs ~! 0 the integral is dominated by paths near the
classical extremum, and the next correction arises from the quadratic expansion, the one-loop term [23,

46,65, 185].

The weak-noise analysis mirrors this structure. The Onsager—Machlup functional plays theSp]e of
and the identi cations

D! ~ D E,! ~ 1 (2.40)

make the steepest descent the natural tool [69, 135]. Unlike the quantum amplitude, the stochastic path
integral is already real and exponentially convergent, so no Wick rotation is required on the stochastic
side. These quantum notions are recalled only to highlight the shared semiclassical organisation of the
two theories. This mapping of parameters (2.40) gives a weak-noise viewpoint of Kramers' escape [25,

26].

2.1.6 From the semiclassical limit to the weak-noise limit

Building on the structural analogy between the stochastic path integral and the Wick-rotated quantum
path integral, we adapt the procedure for the stochastic problem by taking the weak-noige limit

0[69,158]. The rst step is to identify the classical paths that satisfy the Dirichlet boundary conditions.

X(T =2) = Xy; X(+ T=2) = Xxz: (2.41)
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These paths are extremals of the Onsager—Machlup functional. Equivalently, they are the most probable

paths (minimum-action paths) among

n 0
1= X(t) X(T =22)=X; X(+T=2)=x%x,; T =2 t +T=2 ; (2.42)

with minimisers de ned by [57, 158]
Xq: () 2 arg ryin S[I; (2.43)
where
argminS[]:= %2 1 :S[7]= inf S[] : (2.44)
2 T T

Up to the path-independent constantV (which we drop for the variational problem), the action reads

Z ...
S[x] = ' 2dtL(x;>Q; L(x;Xx) = %x_z U(x); Ux):= Vi) (2.45)
T =2

In our normalisatiorm, = 2, soL = x?+ V{x)? as used earlier. Thus, the most probable path of an
overdamped particle i¥ (x), connecting; to x, intime T , maps to a conservative mechanics problem
for a particle of mass 2 in the effective potentif{ik) 0. Becausd. is time independent, there is a

conserved “energy”
H = 1% - s %Xf* Ux) = x* V%)% (2.46)

which is constant along any classical segment. For heteroclinic connections between critical points of

V we havevV{x) ! Oandx! 0 atthe endpoints, hené¢¢ = 0 throughout and

x=  VIX): (2.47)

3Dimensional analysis shows tHatis technically a power; we loosely refer to it as energy since we scaled the frictional
constant to unity.
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The minus sign reproduces deterministic relaxation (downhill drift), while the plus sign is its time-

reversal and yields the activated uphill segment (the instanton branch).

(@V(x)= x* 4x3+4x% 015x+1:9 (b)U(x) = Vqx)?

Figure 2.2:Effective potentiaU(x) = Vqx)? associated with the bistable landscayéx). Critical
points satisfy)y{x) = 2V{x)V%x) = 0. Hence, in addition to the extrema \df(whereV°= 0),

in ection points ofV (whereV %= 0) also appear as stationary points of The markers indicate
these additional points, highlighting that the effective dynamics have a richer stationary structure
than the original landscape.

2.1.7 The weak-noise tube and quadratic uctuations

The system does not literally trace the smooth Hamiltonian path. The stochastic path integral sums over
trajectories that are almost surely nowhere differentiable (see, e.g., [133, Ch. 2]). The smooth classical
solution is the centreline of maximal probability within an in nitesimal tubular neighbourhood; it is not

a typical realisation of the diffusion. In the weak-noise regime, the dominant contributions are con ned
to a tight tube of radiué)(IO D) around the classical path (Schulman gives a straightforward heuristic
on this point; cf. [157, p. 111]). AB ! 0, the tube shrinks, and modelling the transition by a single

smooth path becomes a controlled leading-order approximation.

Examining the effective potential where the Hamiltonian dynamics occur (see Fig. 2.2), it becomes
clear that the Hamiltonian particle will spend in nite time near the stationary point(a). It ac-
cumulates in nite dwell time not only near the minima but also at the barrier. Physically, this in-

nite plateau is unsatisfactory: to ensure barrier crossing in nite time, the effective potential must
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acquire an appropriate tilt. In Chapter 3 we show how such a tilt emerges naturally, linking back to the

[to—Stratonovich choice.

X(T =2)
Xei(t)

X(+T=2)

Y
—

T =2 +T=2

Figure 2.3:lllustration of the weak-noise tube. Only paths (blue) within a tube of ra@i@psﬁ)
about the smooth centreling, (red) contribute appreciably. The endpoints (green) satisfy Dirichlet
boundary conditions @t= T =2andt =+ T=2.

Following this stochastic Hamiltonian correspondence, we identify the dominant classical con gura-

tions by extremising the action, which gives the Euler—Lagrange equations,

S[x(1)] _n _ 1 .
0 X:Xd_o =) x= éu°(x). (2.48)

As discussed, the parametérrepresents the system's energy,
H = x%+ U(x): (2.49)
On classical solution${ is conserved [10]:
dH

1
i 2X X+ Euo(x) =0: (2.50)
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Rearranging (2.49) gives the rstintegral,
p
X = H  U(x); (2.51)

which fully speci es the extremal in one dimension. The action evaluated on this path is Hamilton's
principal function [78]. A useful estimate follows from (2.51). Near any stationary poif V one

hasVq{x) V%x )(x x )andhence

ﬂ = ! q ! : (2.52)

dx_pH U(x) \1|_|+ VO‘{x)Z(X X )2

Integrating over a small symmetric interJal ;X + ] vyields

Z oo s
¢ dx = - 1 - arsinh v SX_)J
0 2 > JVRX)j

H+ V%x) “(x x)

C
- - logp—; 2.53
JV X )j ®F (2:53)

soforH # 0, the dwell time diverges logarithmically. At = 0, the integral has &§x X j singularity,

and the plateau is truly in nite. This motivates the effective tilt introduced in Chapter 3.

Having determined the leading-order contribution, we now examine the next-order correction, the

guadratic uctuations around the dominant path. A general path can be written as
X(t) = Xa(t) + y(b); (2.54)
where the uctuationy(t) must vanish at the endpoints,

y(T =2)=0= y(+T=2): (2.55)
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1
1
1
I
1
1
1
1

Figure 2.4:Quadratic uctuationsy(t) about the smooth classical patly. The grey band indicates
the region where the semiclassical expansion is valid. Endpoints (green) are xed by the boundary
conditions.

Remark2.1.1 (On large uctuations)The uctuation expansion formally integrates over all paglig
satisfying the Dirichlet conditions. However, only small uctuations of typical amplityd® (ID D)
contribute signi cantly in the weak-noise limit. Larger excursions are exponentially suppressed by the
quadratic form in the Onsager—Machlup action, contributing factorsdig O (y?)=(4D)] and are

thus negligible. The dominant weight is concentrated in a narrow tube asQundstifying the local

expansion and the picture in Fig. 2.4.

We thus integrate over an in nite set of paths clustered tightly around the extremal solution. By insert-

ing the expansion (2.54) into the action, one performs a functional Taylor expansion [60] up to second

order,
Z 1= " S #
S[X] S [Xa] + dty(t) —~
T =2 X (t) Xl . 4
1Z s1=2 Lat= . 2g ,
+ — dt dt t) ——— tH+ O : (2.56
> at y(t) XX, y(t) + O(y®): (2.56)
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The rst-order term vanishes by the Euler—Lagrange condition, so the action reduces to

Zit= Lt
S[X] = S[xal + = dt di®y(t) M' (1Y y(t) + O(y®); (2.57)
=2

2 12 T

The single-integral quadratic form obtained by direct computation is then [79]

Z .15 h 2 1 [
S[x] = S[xa] + dty® 4z EUO?Xd) y(t) + O(y®): (2.58)
T =2
Equivalently, in original units,
m Z 1o h g2 1 i
S[x] = S[xa] + 7‘) dty® 4z —U%xa) y(t)+ O(Y®); (2.59)
T =2 Mp

making the dependence am, explicit. The uctuation sector is therefore governed by the uctuation
operator,
d2 2

M= 0 Z0ta) = gt Vo) + V)V ) (2.60)

which de nes the spectrum of Gaussian uctuations around the dominant trajectory. This is our second-

order uctuation operator. We can write the expansion compactly as
S[x] = S[xa] + y j M'yi + O(y%): (2.61)

The inner product is the standard real inner product on the int&nfar real-valued functiorfs where

K=[T =2+T=2], .

H jgi= dtf(t)g(t): (2.62)
K

The termhy j M yi de nes the uctuation action which captures the contribution from quadratic

uctuations about the classical path. This shows that the full path integral naturally factorises into a

4Complex conjugation is omitted since the paths are real, fdr g{t) = g(t).
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classical part and a uctuation factor,

P I:)classical P uctuations (2 . 63)

up to an overall normalisation constant. The uctuation sector is non-trivial. The Euler-Lagrange
equations with Dirichlet boundary conditions x the classical solution, so the Jacobian for the af ne
shiftx(t) ! y(t) is unity, and the path integration measure transfddxs= Dy [157]. Inserting (2.61)

into the original path integral (2.36) gives, up to quadratic order,

P(X2;+T=2]xq; T =2)

S[Xcl]
Dy J +
4D y(T :2):0 y O[\,{Xd y] exp 4D

hyjMy

= exp | +O(y?) y(H+T=2): (2.64)

The decomposition in (2.63) is now explicit: the classical factor comes forx]=(4D), while
the uctuation piece is a Gaussian path integral about the saddle [189]. Using the earlier form of the

Onsager—Machlup Jacobian, at quadratic order, one may réegigges + y] !  JodXal.

To evaluate the Gaussian piece, expg(t)l in an orthonormal basisy, (t)g that diagonalisef :

M Ya(t) = n¥a(D); (2.65)
with Dirichlet boundary conditions
Yo(T =2)=0= y,(+ T=2); (2.66)
and orthonormality
Z i1
W J Ymi = dt yn(t) ym(t) = mn: (2.67)
T =2

The original action (2.29) is positive semide nit§[x] O for all real, admissible paths. Hence,

SAt prefactor accuracy (leading D), typical uctuations scale ag = O(p D). Expandingog JopX¢ + Y] then shows
that they-dependent terms modifgg P only by O(D), so we evaluate the Jacobian at the sadigfxq + y] !  JoMXal
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the classical solution with Dirichlet conditions is a local minimum; inspecting (2.61) showMthiat
therefore positive semide nite. With these boundary conditighss also self-adjoint,which justi es

the mode expansion.

Hence, we write

X
X(t) = Xq(t) + y(t) = xq(t) + an Yn(t); (2.68)
n=0

with coef cientsa,. The uctuation action becomes diagonal,

hyjM yi= 0 al; (2.69)

So integration over the uctuation space reduces to an integral over the coef eiglgee Appendix |
of [124] for a detailed justi cation). This diagonalisation reduces the uctuation path integral to an
in nite product over decoupled Gaussian modes and underpins the computation of uctuation determi-

nants.

We transform the path integral from an integral oyé to an explicit product ovefra, g:

\N(z )

2
Jowlxal Jim dagexp i (270)
~ n=0

S[Xcl]
4D

P(X2;+T=2jX1; T =2)= Np exp

where the constamNp xes the overall normalisation of the free path measure.

Remark2.1.2 (Normalisation of the mode expansiofr) the continuum formulation, the measub&

is chosen so that the free Gaussian functional integral equals one. After expanding in the orthonormal
eigenmodes oM, the measure becomes a product of standard one-dimensional Gaussians over the
coef cients a,, each contributing a factopr 4D . The constanNp cancels the resulting product so

that the free theory is correctly normalised [157, 189].

SFor test functions; g vanishing at the endpoints,
Z,t= h i
MMfjg = d  fg LifguU%xq) = jMagi;

T =2

so the eigenfunctions form a complete orthonormal set.
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Carrying out the Gaussian integrals formally yields

W r —
P(X2;+T=2jx1; T =2)= Np exp Sl JoMXa] lim 4D . (2.71)
4D NI n
h W [ )
= Np exp Slxal JoMXe] lim IO4D (detM') z: (2.72)
4D Nz

Here,detM denotes the product of the eigenvalfiesg and is the uctuation determinant. We assume

for simplicity that no zero eigenvalues are present; cases with zero or near-zero modes are treated later.

To begin, consider the simplest solvable case: the free particleWi) = 0 everywhere. This
describes unconstrained diffusion along the real axis. The Fokker—Planck—Smoluchowski equation

then reduces to the standard diffusion (heat) equation,

@P @P
— =D —; 2.73
o0 &% (2.73)
whose fundamental solution over the time interails
. 1 Xo  Xq1)?
Piree(X2; +T=2]X1; T =2) = Pm exp % : (2.74)

In the path integral representation (2.72), the transition probability for the free patrticle is

h Wop__ i i}
P(X2;+T=2jx1; T =2)= Np exp S[j:gee] JoMXireel NIi{n 4 detM fee
' n=1
(2.75)
The classical solution satisfying the Dirichlet endpoints is elementary,
Xo X1 X1+ Xo
t) = t+ ; 2.7
Xfree( ) T 2 ’ ( 6)
and its action evaluates to
Xy  X1)?
S[Xiee] = %: (2.77)
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The Onsager—Machlup Jacobian for free diffusion is trivially urigg[X#ee] = 1, and the free uctua-

tion operator reduces to the negative second derivative,

dZ
M free = m; (2.78)
with eigenvalue problem [187]

Miee Vn(1) = n¥n(t); Ya(T =2)=0= y,(+ T=2): (2.79)

The standard Dirichlet modes ¢ =2;+ T =2] are

' 2 2 2
H n . — n . — e TEERC RN

Yn(t) = ?S|n?t+T:2 ; n= T n=1;2:::; (2.80)

and note that there is no non-trivial Dirichlet eigenfunctionricr 0.

Inserting these results into (2.72) and equating with the fundamental solution xes the normalisation

relation, |
h Wp 1 ¥ 22 = 1
N lim 4 = p— 2.81
DN o - T2 AD T ( )

This provides the needed reference toNy once the uctuation determinant is regularised.

Next, let us assum¥(x) 6 0 and consider the elementary case where the particle remains stationary
at a xed pointxg for all time. Assumex, is anon-degenerate minimuof V, i.e. V{x,) = 0 and
V%x,) > 0. Thatis, att = T =2 the particle sits axo and att = + T =2 it remains there. Returning

to the path integral representation (2.72), the conditional probability is

h W i
S[xo] . P
an Joxo]  lim 4 detM' o

n=1

P(Xo;+T=2jXo; T =2) = Np exp 1=2,

(2.82)

For brevity, de nePo(T) := P(Xo;+T=2] Xo; T =2), the probability that a trajectory starts and ends

atxo over timeT . In the weak-noise limit, uctuations aboup are in nitesimal, so only paths within
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the harmonic region of the potential contribute appreciably. Expand{xg aroundx, gives the local

guadratic approximation,
VO Voo VR (x X0’ 3 1= 3o, (2.83)

q___
where the harmonic frequencylig = 2U%X0) = jV%xo)j.

In this stationary limit, the action of the constant pailt) = Xq is zero,S[xg] = 0, sinceU(x) =

(VYx))?2 givesU(xo) = 0 andx 0 makes the kinetic term vanish. The uctuation operator is now

harmonic,
d? 5
Mo = e (2.84)
and the eigenvalue problel o yn(t) = , ya(t) with Dirichlet conditions has solutions
' > A , n2 2
Ya(t) = - sin n a3+ T=2); L=1lg+ w7 n=1;2:::: (2.85)
The Onsager—Machlup Jacobian for a stationary harmonic minimum is
JoMxol =exp IVAx) T =exp 10T ; (2.86)
sinceV%xg) = ! o > 0at a minimum.
Hence, the conditional probability is
L h ) Y‘l p_l \Z 02 2 1=2 \Z | 272 1=2
Po(T)=exp 5'0T Np NIl!rln 4D e 1+ -5 : (2.87)
| n=1 {Z n=1 } | n=1 {Z }
L T
P—= ' 0
4D T sinh(l oT)

The rst product uses the relation derived in the free particle case (2.81) and the nal product follows
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from Euler's in nite product expansion [175], resulting in

r

Po(T) =

* 0 1 -
2D sinh(,T) P2 ol (2.88)

which matches the Ornstein—Uhlenbeck solution [119]. P§@ ) xes the normalisation factor in the

full path integral,

!
S[Xa] JoMXxa] det M

P(X2;+T=2]X1; T =2) = Po(T) exp 4D JoMXo] detM
0

(2.89)

This con rms that in the weak-noise approximation, the stochastic path integral is properly normalised

and matches the exact known solutions in the free and harmonic limits.

In constructing (2.89), we have so far assumed that the uctuation operator admits only positive, non-
zero eigenvalues. Throughotf, acts onL2([ T =2;+ T =2]) with Dirichlet boundary conditions and

the spectrum is discrete. We write
o(M):=f 2RjMy= y forsomey60g; (2.90)

and when ,, > O for all n we denote the spectrum bg. SinceM' andM' o Share the same interval

and BCs, the ratio
detM'

detM o

is nite even though the individual determinants are divergent. Fluctuation determinants in this context
are meaningful only when expressed as a ratio. As all other components of (2.89) are standard, the

chief task is to evaluate this uctuation determinant ratio.

We could impose the Ornstein—Uhlenbeck result a priori, but this example illustrates how determining
the full spectrum quickly becomes non-trivial. Rather than summing the eigenvalues explicitly, we
use theGel'fand—Yaglom (GY) methpdhich computes determinants from a well-posed initial value

problem without solving for the entire spectrum. It states thatsiblvesM'y = 0 with y( T =2) =0,
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y{ T =2) =1 (andy, for M o), thendetM =detM o = y(+ T =2)=yo(+ T =2):

Cases with a zero eigenvalue are handled via the McKane—Tarlie boundary-perturbation [125]: we
slightly perturb one boundary condition so the zero eigenvalue lifts to " + O("?) (with  xed

by the zero mode), computietM - (e.g. by Gel'fand—Yaglom), and de ne the reduced determinant

detM' .

det’™ = lim :
The full details of this case are given in § 2.2, but rst we present the GY method assuming that all

n> O-

2.1.8 Gel'fand-Yaglom formula and the functional determinant

Rather than resolving the entire set of eigenvalues, we evaluate uctuation determinants using the GY
method [75]. We consider the second-order operator
d2

Mg = gz T RO):; (2.91)

actingonK =[ T =2;+ T =2]with Dirichlet boundary conditiong( T =2) = 0.” For smoothR with
a strictly positive Dirichlet spectrum on tlsame interval and boundary conditioasM Ro» GY gives

the determinant ratio [67]

detMr = Rr(+T=2)

detM\ - R (+ T:2)’ Ic‘\)’(tt) = R(t) r(); R(T =2)=0; g( T =2)=1; (2.92)
Ro 0

i.e., the determinant is xed relative to a reference operator by solving a single initial value problem

(IVP). Only ratios such as (2.92) enter (2.89).

"The GY formula applies to any interviik ; t,]; we use the symmetric intervill for later convenience.
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Harmonic reference. TakingR,(t) = ! § gives

sinhl(! oT) 5 deth,; sinh'(! oT).

-0 -0

Ry (+ T=2) = (2.93)

We will always de ne determinant ratios against this reference. This xes the form of the normalisation

constant in (2.70), _
h \N p_l 1 _
Np := lim 4 = lim (4D ) N2 (2.94)

N1 N1

non-trivial uctuation operator along x. For
Rao(t) = VAxa(®) VOBa(0) + VORxa(®) (2.95)

de ne the classical velocity(t) := xq(t). From
Xa = VRxa)?+ VIxa) VI%e) Xa (2.96)

we haveM' g, =0, i.e. is a zero solution of the ODE. Using the reduction of order method [187],

R
let (t)= (t) 'dt°= (t92 and by imposing the initial GY data & =2we nd

=2 dt®
R,(+T=2)= (T =2) (+T=2) 5 (2.97)
T =2 (t()
Therefore, combining (2.92), (2.93) and (2.97),
detM g (T =2) (+T=2) 212 dt®
2= : (2.98)

detM ;  sinh(oT)=lo 1 (197

Using energy conservation (2.49%,= H+ V{x) 2 anddt = dx= , this becomes the position-space

representation [98]

detM' Ry _ P H+ Vo(xl)zp H + Vqx,)2 Z X2 dx .
detM', sinh(! oT)=!y o H+ V)2 52

(2.99)
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Equations (2.98)-(2.99) complete the determinant part of the transition probdD{y, + T =2 |

X1; T =2) for operators without a Dirichlet zero mode.

2.1.9 The method of collective coordinates

In setting up the path integral, we arrived at a step involving formal Gaussian integration over all mode
coef cientsf a,g. As demonstrated above, there a0 mod¢39,99] associated with time-translation
invariance. On a nite interval with Dirichlet boundary conditions this mode does not, in general,
satisfy the endpoints exactly and its eigenvalue is exponentially smal| in the strict in nite-time

limit T '1 it satis es the boundary conditions and become&@M. We reserve the notatideZM

for this limit.

Isolating the zero mode in the mode expansion gives

¥ nZ 52 O Z W nZ 52 ©
lim da, exp n = day lim da, exp f :
N R 4D R N R 4D

(2.100)

since o = 0intheT ! 1 limit. The standard Gaussian approximation then breaks down since
the ap-integral is unsuppressed and diverges [117]. This re ects that the instanton is not isolated but
lies on a one-parameter family of degenerate saddles generated by time translatianstétiten

valley[4,5, 120]).

The moduli space of single-instanton solutions is

FiI = Xxalt t)jte2R Path Space (2.101)

Its tangent vector ig.;, as seen by expanding about an arbitrary referénce

Xat [tet t] =Xat to) txalt to)+ O(t?): (2.102)
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Thus, to leading order, exciting the zero mode with amplitaglis equivalent to a local shift ,

Xe(t
xat 1) txalt = xalt 0+ awd 0 ¥ = p2 ;.  (2108)
Mgl | Xl
Promoting t to the global collective coordinatg spans the entire family.
Matching the expansion yields the following relationship between coordinates [76, 167]
dag = e j Xgi dte; ) dag = = Mg j Xgi dtc; (2.104)

where the measure picks up the absolute value of the Jacobian and the collective coordinate Jacobian is

Z +T=2 Z qu —2 Z X2
Xel ] Xo = Xo(t)? dt = H+ vax) “dxt - VAX)jdx; (2.105)

T =2 X1 ) X1
using 2= x4 =H+ Vx) ? anddt = dx= .

Hence, the divergent zero-mode integral is replaced by an integral over the collective coordinate span-

ning the moduli space,
g p 7 Z 1o

¥ one 3% °
gm0 damexp o5
n=0
P Z 1= Y n A a2 0
= Xy Xgl dt. lim da, exp n . (2.107)
- N1 4D
| {Z T =2 } n=1 R

zero-mode EZM ) contribution
which shows that the functional determinant must have its null eigenvalue removed, denoted by a prime.

Putting everything together, the properly regularised transition probability withZiv treated exactly
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reads:

P(Xo;+T=2]xq1; T =2)

Mz +T=2 0 !
S[Xal JoMXa] el j X gt det®™
4D Joxol 4D 1 ¢ detM,

1=2

= Po(T) exp (2.108)

2.2 Master formula for regularised uctuation determinants

In the Gel'fand—Yaglom approach of Section 2.1.8, we assumed that the uctuation operator admits
no exact or exponentially small zero eigenvalues. We now present a re ned version that allows for
the calculation of the uctuation determinawith the EZM correctly removed. The Imit 1 is

always taken at the end. While we omit a detailed derivation here, this result is a natural modi cation

of the method developed by McKane and Tarlie [125].

There are two differences from the standard quantum mechanical presentation which together introduce
an overall factor 4in our stochastic normalisation: (i) our uctuation operator carries the opposite sign
convention, which ips the sign after integrating by parts (cf. Eq. (3.3) of [125]); and (ii) the stochastic
weight isexp[S =(4D)] (with D playing the role of~), so the Gaussian normalisation differs by a

factor of4 compared t@exp[S =].

Consider the uctuation operator
d2

1
& W) (2.109)

whereU = [V92. The regularised functional determinant with 88M removed is

det’M' =

1 Xel | Xol ,
axo(T 2% T2) (20
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To render this nite we normalise by the Dirichlet harmonic operator

d? . .
M, = et z with 1§=1Uat the endpoint) (2.111)

Using the GY result (2.93), we obtain omnaster formula

0 | i
det®™M _ o Xel | Xel : (2.112)
detM', 4 sinh( oT) xa( T =2)xa(+ T=2)
Equivalently, usingtg = 5 UYXa),
0 | i

detM g Sinh( oT) Uixa(T =2)) Wixa(r T=2))

Since theEZM is the time derivative of the classical solution and the instanton pro le decays exponen-

tially, it admits the asymptotics
Xci(t) gt (tr1 ) Xci(t) celtt (il +1); (2.114)

where we de ne > 0 as the positive amplitudes. Combining these vgittth(! (T ) %e’ oT and

xg(T =2) o e '°T=2:the master formula reduces in the in nite-time limit to

de®™ 1 XagjXq

lim = 2.115
T detM, 20 - (2419
For an instanton one has = + V{x,) atH =0, so
YA +T=2 2
SinsiX] = dt x; + VIX) “=4 XgjXa : (2.116)
T =2
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and hence the fully explicit instanton determinant

Iim detOM\Inst_ 1 SInst .

= : 2.117
T detM, 8lo 4 (2117

In summary, the reduced uctuation determinant is determined by three ingredients: the endpoint har-
monic frequency o, the action of the saddle, and the asymptotic falloff amplitudesof the zero
mode. Equation (2.117) agrees in structure with known QFT results on reduced determinants and zero

modes; see, e.g., [14,54].

2.2.1 Instanton con gurations and explicit forms

The expression in (2.108) is strictly valid only in the liMit! 1 . However, it also holds approxi-
mately for large but niteT, provided the derivatives of the classical solution decay exponentially at
the endpoints. Returning to the method of collective coordinates on a long but nite interval, a pertur-
bation of the form t x(t), corresponding to a slight time shift of the classical solution, will nearly
satisfy the boundary conditions. In this scenaxig s approximately proportional to an eigenfunction

Yo that exactly satis es the boundary conditions but carries a small positive eigenvaluel.

Physically, this means the nearly at direction in the path integral (the translation mode) is lifted slightly
by the nite-time cutoff: the uctuation must bend near the endpoints to satisfy the imposed conditions,
and this gentle bending costs a small positive “energy” in the spectrivi.oAsT 1 | this small

eigenvalue vanishes exponentially, recovering the exact zero mode.

Thus, for any suf ciently largeT , we may still apply the method of collective coordinates in an ap-

proximate sense. We replace the integral over the near-zero mode by an integral over the collective
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coordinatd,, giving

P(X ;+T=2jx ; T =2)
1=2

Z 7= e 0 !

S 4D JowmXd] 4D detM

wherex andx denote the asymptotic initial and nal positions,
X = t!llm Xal(1); X = t!Ilrpl Xql(t):

For a large but nite interval, the classical action, the Onsager—Machlup Jacobian, and the uctuation
determinant all depend explicitly a through the shifted solutiorq(t t.). Thetc-integral must
therefore sit in front to re ect this dependence. Only in the strict limit 1  does this dependence
drop out, restoring exact time-translation symmetry; the integral then factorises as a trivial moduli

volume. Hence, one checks that (2.118) reproduces (2.10B)!ds

Next, we write explicit forms for each factor. Using the uctuation determinant master formula (2.112)

and the equation of motion
Xa(t) = VIXe) VRXe)  (equivalentlyxy = 3 UYXq)); (2.119)

we nd
detOM\ _ 'o hX_C|] )SCII .
detM',  4sinh( oT) (T =2) (+T=2)jVRjVY

(2.120)

where we recall = x. Atthe endpointsxg V% ; writing jV % j makes the overall sign manifestly
positive. For a right-moving instanton( %) (+ TE) > 0, and the exponential factors frasmh(! ¢T)

and the endpoint asymptotics otancel, leaving a nite prefactoras ! 1

By construction, the right-moving instanton connecting! x with x > x follows the uphill
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branch

xu(t) =+ VAxu(t); (2.121)

while the time-reversed pro le corresponds to the downhill branch

xg() = VAxq(): (2.122)

Each depends implicitly on the collective coordingte

The Onsager—Machlup Jacobian along the uphill branch is

s _

JoMXu] Xu(+ T=2) 1
= —_— ‘ex —1 4T ; 2.123
okl - x(T 2) P 2o (&123)
while for the downhill branch it is

s
Jolxdl _ xa(T =2) 1, -
Tokal . xa* T=2) exp 5! ol ; (2.124)

with the sign of the endpoint velocity reversing and swapping which endpoint dominates the ratio.

Collecting all factors, the uphill probability in the in nite-time linfitreads

q___
jVO?jVO?Z +T=2 [ ]
dt. exp .

PO ;+T=2jx ;T =2),' ———
(s O T 4D

xu(+T=2):  (2.125)

For the downhill path,

q_
VRV Z 1=

P(X ;+T=2jx ;T =2)4' —>D
T =2

dte xq(T =2): (2.126)

Along the downhill branch, the classical action is z&rbhis explicit separation into uphill and down-

8We retain the leading-order terms of the path integral components; taking theTexatt limit in the integration
bounds would turn into =.
9We emphasise that (2.126) is used here in this pre-normalised form to isolate the translation mode before passing to the
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hill contributions will feed directly into the Kramers rate derived next.

2.3 [Escape rate over a potential barrier

Having presented the foundational aspects of the stochastic path integral, we how demonstrate how to

compute the escape rate over a potential barrier using instanton methods.

2.3.1 Escape rate analysis for instanton-instanton pairs

We analyse the escape process by examining composite instanton-insfenippdirs. Our goal is to
determine the probability that a particle initially near a metastable well &scapes over the barrier

x and settles near a stable minimwyn This is described by glueing together an uphill segment
and a downhill segment, forming a single continuous Hamiltonian trajectory mapped by the stochastic

Hamiltonian correspondence (see Fig. 2.5). For later use, set

Ly = jVRX)j; lg:= VRxo) > O

R, -
rate. The extracted zero mode appears explicitly.TaTs;;dtc T . After dividing out this explicit factor, the corresponding
normalised downhill contribution tends to unity as! 1
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Figure 2.5:A schematic composifl ] solution plotted as a function of time. The black curve
represents the double kink pro le, while the fading cyan points indicate the direction of time evolution,
progressing from left to right. Dashed red lines and annotated arrows mark the characteristic widths

ty and tq4 of the uphill and downhill excursions, inversely proportional to the corresponding local
barrier and well curvatures, , = jV%x )j and! 4 = VR®x,).

We introduce an intermediate matching tifyeat which the trajectory transitions from the uphill to the
downhill segment. A minimal ansatz for the path is

8
Sxut); t2[T =2 Tl

Xa(t) = To2 [T =2, +T=2] (2.127)
" Xxa(t); 2 [To; +T=2]

At the barrier, we enforcposition continuity
Xu(To) = Xa(To) = X ; (2.128)

while theslopegenerally does not matck, (To) 6 Xq(To). In practice, the uphill and downhill pieces
are weakly coupled through their overlapping exponential tails; the resulting sihbdtton guration

is obtained by including a small interaction that corrects @isnismatch (see Appendix B).

The composite path admitwo time-translation zero modes in the largidimit: one shifting the uphill
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segment and one shifting the downhill segment. Hence, the collective coordinate method uses two
moduli, t, (uphill midpoint) andty (downhill midpoint). The intermediate timk, depends implicitly

on both. The full functional integral for thél ] pair reads

Zit Ltz
T n iy T —oy S[Xa]l JoMXel
P(Xe;+T=2)x ;T =2)" Po(T) o dt, . dty exp D Jodxol |
r . . r . . O : 1:2
Xy j Xui  Mxgjxgi  det’™M . (2.129)
4D 4D detM\o ' '

where the double prime removes the two near-zero eigenvalues associatét, wih The second

integral starts dt, to enforce temporal ordering (the downhill relaxation starts after the uphill segment

reaches the barrier).

Determinant factorisation on split intervals. LetK = [T =2,+T=2], K, = [ T =2,To], and

K, =[To; +T=2]. OnK; andK, we impose Dirichlet BCs at the outer ends and enforce continuity at
To.19 In the limit of large separatiofty t,) ! 1 , the determinant oK factorises approximately
into the determinants ok ; andK,, and comparing the harmonic Gel'fand—Yaglom solutionkon

versusK 1; K, yields the interface correction,

" # 1
det Mj 2
Po(T) K
detMOJK
s PPV UV
2D detMj g detMj g
T Py(To+ T=2)Py(T=2 T : 2 : (2.130
jvop Follo ) Pol 2 detM ojk,  detM gj, (2:130)

The factor 2 D= jV° removes the duplicated local harmonic contribution at the barrier created by

0Equivalently, one can phrase the composition using the Forman determinant formula for concatenated intervals; we
only need the leading large-separation limit.
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splitting the interval [67]. Removing the two in nitesimal eigenvalues consistently gives

" #1
det® M 2
Po(T) = 3
detl\ﬁ\ojK
S oo "ot ot F 3
2D det ] K, det ] Ko
——== Po(To+ T=2)Po(T=2 T 2.131
JVO? O( ° ) O( O) detl\A\QjKl detM\()jKZ ( )
Other factors. The Onsager—Machlup Jacobian factorises cleanly:
JoMXalik _ JoMXalik, JoMXaljk,
— = : — = 2.132
JoMXolik  JoMXolik;  JoMXolik, ( )
Using the improved ansatz from Appendix B, the classical action separates as
S[Xa] = S[xu] + ng} + Sint(ty; ta); (2.133)

=0 atleading order

whereS[xq] = 0 follows from xq4 VYxg4) (downhill along the drift), up to exponentially small

corrections. The interaction term arises from matching the linearised (inverted) harmonic tails at the

barrier and minimising the slope mismatch; it takes the form

Su(tuta) = Jvio? xy(To) 2 (2.134)

Change of variables.Set the centre and separation

— tU'*"[d.

te: > s=tg ty, O (2.135)
so that
Z+T:2 Z+T:2 Z+T:2 ZT 2jtcj
dt, dty = dt. ds: (2.136)
T =2 ty T =2 0

Collecting all factors, the double integral (2.129) simpli es to
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s
N Ve 1YL IV Six,]
P(Xe;+T=2jx ; T =2) W exp )

Z[|| ]; (2137)

with the integral

L1 L+ 2tej

2
2 Xu(T
Zw = dt, ds x,(To) exp Xu(To)

, . W , To = To(tc; s); (2.138)
T =

where, in the limit of large separatiofiyg = t. + O(e ' 7). The prefactor in (2.137) will be cross-

checked against the Kramers prefactor in the next subsection.

Effective interaction and QZM integral. De ne the function
(8):= xu(To) (2.139)
For well separated segmentg, decays exponentially from the barrier top, hence
(s) ' A e S; =iV, A:= (0)>0: (2.140)
Using (2.136) and extending tlseupper limit to+ 1 gives
‘1 (©)

Zny ' T ds (s) exp — (2.141)
0 D

The integral in (2.141) is thquasi-zero mod€éQZM) integral. A convenient way to display its saddle
structure is to absorb the prefactdss) into the exponential. Writing(s) = Ae ° =exp(InA s)

and pulling constants out, one may de ne (up to an additive constant)
4A
Vi(s) = —e ° + 4D s; (2.142)

sothat (s)exp[ (s)=(D )]/ exp V .(s)=(4D) .} The rstterminV. encodes the repulsive

Uexplicitly, (s)e =® ) =exp  E[*e S +4Ds 4DInA]. The 4DInA term is ans-independent
normalisation and can be dropped.
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interaction between the uphill and downhill pieces; the linear term is the “tilt” originating algebraically
from the (s) = Ae S prefactor when recast in the exponent (equivalently, from the Gaussian mea-

sure/Jacobian once the mode expansion is performed).

The critical point ofV., is
D A
VO = - S = __ = | —_— 2.14

so, the dominant contribution sits at a separasion 1log(1=D). Exact evaluation of the QZM

integral. Using (2.140) directly in (2.141), set= e ° sothatds= (du)=(u). Then

Z 1 YA 1
Ae 3
ds (s) exp 9 = ds Ae ° exp 5 (2.144)
0 0
Z h i
AT A A
=— d — = D1 — 2.145
. u exp 5 u exp D ( )
Hence, . _
n |
: A .
Zmwy' DT 1 exp BV !, DT: (2.146)

The exponentially small terraxp A =(DjV°) is an important correction that will reappear in the

1]
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Figure 2.6:Effective interaction potentiadl. (s) governing the separatiosbetween the uphill and
downhill segments of tHél ] con guration; cf. (2.142) The exponential term encodes the repulsion
between segments, while the linear term arises when the overlap fqsjor Ae ° is absorbed into
the exponential. The unique critical poimt= log(A=(D )) (green) stabilises the pair at a nite
separation.

Combining the large separation evaluation of the quasi-zero mode integral with (2.137) yields

q___
JVO?JVO?JVCO? S[Xu]
2 "2 P D

PXe;+T=2)x ;T =2)'T : (2.147)

To extract a physical escape rate from this density at the nal point, note that for a long observation time,
the system depends only on the well label of the initial condition (not its precise microscopic position).
By the Markov property and the fast intrawell relaxation on the time stallg (with ! . := V> 0

the local curvature scale at the stable minimum), the dependence on the exact starting point is washed
out:

P(Xz;+T=2jx ; T =2) ! P(xz;+T=2ja; T =2), a' x: (2.148)

Near the stable minimumg, the particle rapidly equilibrates, so fag in the capture region of the

well the nal distribution factorises (again by the Markov property together with rapid relaxation) (see,
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e.g., [74,151)):

P(xg;+T=2ja; T =2)' P(c;+T=2ja; T =2)Ps(x3) + Oe ' : (2.149)
and r
—_ VC00 VC00 2 .
Ps(x3) = >p &P 5(X3 Xc)” (2.150)

Hence, the total probability of being captured in the well is obtained by integrating the density over the

capture region (width =~ D=V that is, the standard deviation of the local harmonic equilibrium),

7 s
Pc;+T=2ja; T =2) P(Xxs;+T=2ja;, T =2)dxs ' PX;+T=2ja; T =2) %;
R ¢
(2.151)
where we used that the capture region is narronfanid sharply peaked and normalised, so the integral

is well approximated by the value at the peak times its width (Laplace's method axg{ib@l).

Dividing by the observation time then de nes the escape rate

s
= lim 12 P(X3;+T=2ja; T =2)dxz ' lim ! P(X;+T=2ja; T =2) 2D (2.152)
ToTn T 4 sri=ela b = 3 T T ot izela = Voo
Using (2.147) in (2.152) gives the coarse-grained probability and the escape rate,
P(c;+T=2ja; T =2 T VAV Sixul 2.153
+ | = . = = : = .
(c; j & ) IR o 5 exp D ( )
Finally, for gradient owsx = V{x) one hasS[x,]=4 V, so
JVopivVoy v
mr= —5 &XP D (2.154)

which is the classic overdamped Kramers rate in the weak-noise limit (cf. [85, 101]).

Remarks on regime and accuradyie derivation above isvalid f@  E,, largeT, and large instan-
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ton segment separatiofn t,; neglected corrections a@(D), O(e '¢ "), and subleading interaction
corrections beyond the large separation approximation. Units are transparent: the path integral output
at xed x3 is a density iflength ]; multiplying by the capture widtﬁ F\/Cooyields a probability,

and dividing byT yields a ratdtime 1].

2.3.2 Escape rate associated with instanton-anti-instanton events

We now analyse the analogous contribution from composite instanton-anti-instfntdnp@irs. This
con guration describes a closed uctuation loop: the pseudoparticle climbs the barrier via an instanton

and then returns via an anti-instanton, ending in the original metastable well.

Figure 2.7:A schematic composifel ] solution as a function of time. The black curve shows the
pseudoparticle compound, the fading cyan points indicate the time direction, red dashed lines mark
the characteristic excursion widthst, and t4 (equal by symmetry), and the breathing madhe
plateau between events) is shown in blue.

The setup mirrors thggl ] case: we glue an uphill instanton trajectory framtox to its time-reversed

anti-instanton that returns to . Time reversal implies the Onsager—Machlup Jacobians and uctuation
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determinants match segment-wise. The double integral fdt thesector is

P(X ;+T=2jx ; T =2)

Zit2 Lt S[Xal JomXal My j Xui detOOM“! =
' Po(T) dt,, dty exp ol —oMZdl “Zu ] v

2.155
FL D ok 4D detM. (2.155)

Here the factohx, j x,i=(4 D ) comes from the product of two identical collective coordinate Jaco-

bians (one for the instanton shift and one for the anti-instanton shift), each contrigun'ggj Xyi=(4 D).

Determinant factorisation (large separation). With K = [ T =2;+ T =2] and an intermediate time
To, letKy =[ T =2;To]andK, =[To;+T=2]. Intheregimey t,!1 (well-separated segments),
" # - " #
Po(T) det®M T e Po(To+ T=2)Po(T=2 T o) detM 1- (2.156)
° detl\ﬂ\oK JVO? e ° 0 detl\A\OKl . .
SinceK ; andK , are mirror images in thg | ] con guration, their two identical factors with exponent

q__
% combine to the single bracket with exponertt shown above; the prefactor 2 D= jV % corrects

the double-counting of the local harmonic piece at the barrier.

Interaction sign and instability. The crucial difference with thgl ] case is thesignof the interaction

action. Reversing the second segment ips the velocity near the barrier and yields (Appendix B.3)
St = — x,(To) 2 (2.157)
int \tu, td) — jVOT 2u\ 10/ .

which is negative de nite. Thus thg | ] composite is docal maximumalong the quasi-zero mode

s:=tyg tyandisintrinsically unstable on the real axis.

Quasi-zero mode integral and the need to complexifyChanging variables to centre and separation,

tc - 2 y S= td tu O,
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and using the same large separation estimates as jH thease, the quasi-zero mod@4{M) integral

takes the form

1 1 4A :
Zy=TA ) ds exp EV(S) , V (s)= e S+4D! s; | = jV9> o
(2.158)
There is no real saddle farsince
. 1A |
@V =4Ae  °+4D! =0 =) s, = — log +i(2k+1) ; k2Z; (2.159)

! D!

is complex. ConsequentlR. is not a steepest descent contour because the integral has no saddle on
the real axis and is dominated by the endpsinrt 0, signalling the breakdown of the large separation

approximation.

Figure 2.8:Comparison of the effective interaction potentials for instanton-instanfondashed)
and instanton-anti-instanton/( , solid) con gurations. The repulsivé, has a unique minimurs
(stabilising the pair), whereas the attractive has no real critical point and the pair collapses.

A common workaround is the ad hoc analytic continuafioh De ' to ip the sign in the exponent
and force convergence [24, 188]. However, this choicgi$ ambiguous and, more seriously, it turns

the exponentially suppressed facedr <P' ) that appeared in thigl ] analysis into an exponentially
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enhanced one, so dropping it becomes inconsistent.

Remark2.3.1 (Why instanton-instanton pairs behave but instanton-anti-instanton doThet)l| ]

sector has an effective interaction
4A 0
Vi(s)=+ ;—e ' °+4D! s I = V%> o (2.160)
with a real critical point

A
@V, = 4Ae' *+4D! =0 =) s = lOgDT; (2.161)

and@V.(s)=4A! e' s > 0, sos is alocal minimum. Hence, the resdaxis already contains
a steepest descent contour (a Lefschetz thimble) threugéind theQZM integral overR, does not

need contour deformation. By contrast, fbt ] the interaction is
V (s)= ?ﬁe’ S+4D! s; (2.162)

whose critical points solv@V =4Ae ' S+4D! =0, giving
S, = i log——— i ; (2.163)

a conjugate pair of complex saddles with no real critical point. Thus, the real cdRtoigrnot a valid
contour (thimble), and th®ZM integral is not valid in a Gaussian approximation. The well-de ned

prescription is to deform to the thimble(s) througih(details in § 3.6).

We shall demonstrate that the correct weak-noise prescription is tolxeep0 and deform thes-
contour into the complex plane to the steepest descent thimble(s) through the complex sagdle(s)
(Picard—Lefschetz theory [42,70, 143,169, 184]). Only one of the conjugate saddles contributes, with
the choice xed by intersection numbers [50-52, 71]. This replaces the ill-posed real integral by a

well-de ned thimble integral and removes the need for the adboc D ip. We develop this
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construction in Chapter 3 and show that it preserves the leading Kramers exponent while providing a

contour-consistent treatment of tfid ] sector.
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Chapter 3

Case Study | — Stochastic Cubic Formulation

Chapter Summary

We calculate the escape rate of a Brownian particle in the weak-noiseniit (O) using Picard—Lefschetz
theory, focusing on the stochastic cubic potential. We reformulate the dynamics using the Onsager—Machlup
functional in the 10 discretisation, mapping the problem to classical motion in an effective tilted quartic
landscape, where the tilt arises from thé d¢alculus.

In the 16 framework, we nd that in the weak-noise regime, a new trajectory emerges: the stochastic real
bounce [RB]). This path shows an extended plateau near the classical turning point, unlike quantum
bounces. However, the saddle-point approximation fails because an attractive quasi-zero mode makes the
uctuation determinant divergent. The standard Bogomolny—Zinn—Justin prescription, continding D

to x this, lacks justi cation in the stochastic setting and introduces ambiguity.

Picard—Lefschetz theory directly addresses these challenges. It complexi es the path space and selects the
appropriate integration cycle, a Lefschetz thimble. This supports another solution: stochastic complex bounce
([CH), an exact solution to the holomorphic Euler—Lagrange equations on a nhon-vanishing energy manifold.

With this method, deforming to the thimble allows an exact evaluation of the quasi-zero mode integral and
xesthe i factor geometrically via thimble orientation, ensuring that 0 throughout.
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3.1 The Itd Onsager—Machlup formulation

In contrast to Chapter 2, where we used the Stratonovich prescription, we now adoptdiseiéti-

sation in formulating the stochastic path integral. Since our analysis concerns additive white noise, the
Onsager—Machlup Jacobian simpli es to unity, provided that the stochastic integral is interpreted in the
Itd sense [106]. Concretely, this choice does not change the physics for additive noise, but it changes
where the% Rdt V Pcontribution appears in the path integral formulation. While the Stratonovich

formalism packages the ordBx? contribution into the Onsager—Machlup Jacobian,

Z .72

JoX] = exp % . dt VOx() ; (3.1)

the 11O formalism absorbs this term directly into the action functional, as demonstrated in §1.2.2.1. The

R
origin of this difference lies in how the cross-terntt 2xV {x) is evaluated.

Viewing the cross term as ardlintegral, this expression acquires an additional correction due to the
Itd chain rule.
( Z .15 ) Z 7=
I1td dt 2xVv9x) =2 VvV 2D dt vV %x): (3.2)
T =2 T =2
Thus, the Stratonovich Jacobian re-emerges now as a built-in feature of the action. In equivalent formu-
lations, this same contribution may be described as Jacobian-induced loop effecté fohmdtation,

therefore, yields an effective action of the form

Z
S[x]= dt x>+ VI{x)? 2DVRx) : (3.3)

where the nal term encodes the tilt induced by the stochastic calculus itself. For a complementary

discussion of tilt effects in Onsager—Machlup functionals (in a closely related setting), see [159].

In the quantum eld theory setting studied by Dureteal. [12—14], the tilt arises from “fermionic loop

effects’ and enters at ord€¥(g), with g the coupling constant [183]. The effective potential here takes
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the form

Vo= JWix)? pgWh): (3.4)

In the stochastic analogue, the tilt arises not from quantum corrections but from the discretisation

schemé. It emerges at orded(D) in the action, giving
Ux)= (VIx))?+2DV %x); (3.5)

which shares a structure similar to (3.4). From a strictly perturbative viewpoint, adding theDorder-
correction directly to the action contaminates the expansion. It mixes different orders in noise strength
and disrupts the order-by-order hierarchy seen in the Stratonovich formalism. This conventional view
keeps the Onsager—Machlup Jacobian outside the action, preserving the clean strati cation of the weak-

noise expansion.

Yet, we will show that both formalisms yield the same escape rate up to the prefactobDwkemall.
More importantly, the & framework naturally reveals complex saddles and presents a clear picture
of theD ! D continuation. Thus, the @t prescription goes beyond convenience and enhances

compatibility between the stochastic path integral and complexi ed geometry.

3.1.1 Thetilt term and the effective landscape

We now give a brief overview of the geometry generated by thehbice and discuss how the formula-
tion differs from the Stratonovich path integral formulation presented in Chapter 2. Some well-known

potentials are plotted, in which the classical mechanics takes place, wbDheterm added.

1The point at which the force is evaluated in the discrete-time Langevin equation determines the structure of the Onsager—
Machlup measure.

103



(a) Quartic potential. (b) Soft-Coulomb potential.

(c) Augmented sextic potential. (d) Mathieu-type potential.

Figure 3.1:Geometry of the & effective potential. The black curve indicates the original potential

V (x) governing the stochastic dynamics, and the coloured curves represer #féelttive potential

U(x), which governs the Hamiltonian evolution. (a) A symmetric quartic potential [162],

V(x) = (x? 1)?, mapped to an inverted and tilted sextic effective potential. (b) A soft-Coulomb-type

potential [115],V(x) = P 1+(f( vy P~ (i = (c) A sextic potential augmented by a centrifugal
7 HXx+3
barrier [47], V(X) = 10(1»(2 x? + x*+ x® mapped to a highly deformedltandscape. (d) A

Mathieu-type potential [166]y (x) = 1 + 3 cos(X) + sin?(x).

In Fig. 3.1, the bold black curve shows the original stochastic potevi{ia). The dashed blue curve
gives its effective Stratonovich landscapgVqx)]?>. The coloured curves display the effectivé It
landscap&J(x) = [VYx)]?+2DV %¢x) for the indicated values d@. The2DV °%ilt shifts the critical

points and removes their degeneracy. Under Stratonovich's formalifwf)? keeps all critical points

at zero. In contrast) raises or lowers them by terms of ord2r splitting minima and maxima. This
deformation of the landscape then produces qualitatively different Hamiltonian trajectories under the

Itd Euler—Lagrange dynamies= VWV DV ©(see § 1.2.2.2).
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3.1.2 1t0 and Stratonovich compared

With this new classical landscape in mind, we now derive the path integral up to equation (2.108) from

Chapter 2. Here, we work within@ts framework, with the choice = 0 (see B.2) in the discretised

Langevin equation. The derivation follows the earlier steps closely, but subtle differences arise. Using

the self-adjointness of the Hamiltonian uctuation operator, we obtain the analogue of equation (2.72):
" #

YWp_
5 Popy i Op“D (detM) 3 (36)
=1 n=

4D

P(X2;+T=2jx1; T =2)= Np exp

The Onsager—Machlup Jacobian evaluates to unity along arpath; we thus omit it from all further

expressions. Its structural role is now absorbed into the action functional, which becomes

Z +T=2
S[x]=2 V+ dt L(x;x;t); (3.7)
T =2
with Lagrangian
cyepy— Mp o dx ’ : _ 2 09\ -
L(x;x;t) = > & U(x); Ux)= VIx)?+2DV %x): (3.8)

As before, we may sah,=2 = 1 without loss of generality. The classical paths that extremise this

action satisfy the modi ed Euler—Lagrange equation,

S[x(1)] d?x 1
= = - = -U : 3.9
X(O) e, b, T YW ©9)
This leads to the Hamiltonian dynamics,
d*x _ 0 008\ Ti :
az = [VIx)V%Hx) DV @X)]szxd' (3.10)
X=Xl
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Previously, the term DV °%) was absent in Stratonovich's formalism, and the extremising solutions

were instantons obeying the rst-order equation

dX| _ .
- = VX ): (3.11)

Differentiating this with respect to time yields the associated second-order differential equation,

2
% = VY, V%X, ): (3.12)

This trajectory is entirely independent of the noise stremythin contrast, within the & formalism,
the saddle equations acquire an expli@idependence. This quantitative modi cation introduces a

gualitative deformation of the space of extremising paths.

To obtain a rst integral for the & Euler—Lagrange equation (3.9), we multiply it By and use

X2 = 2xX; %V(’(x)2 2DV %x) =2xvAx)V%x) 2D xV%):

Sla

Along any classical trajectory satisfying (3.9) this gives
% x?> VAx)?2+2DV%x) =0;

so the combinatior? Vqx)2+2DV %x) is constant in time. We denote this real integration constant
by H; it plays the role of an effective conserved energy for the tiltéddignamics. The conserved

guantity can therefore be written as
x>=H+V® 2Dv® (3.13)

so that the corresponding rst integral is

dc_ P H+V® 2DV® (3.14)
dt
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This rstintegral solves the Euler—Lagrange equation (3.9) for x€dAs we shall later demonstrate in
equations (3.3.4) and (3.4.4), the tilt term also deforms the uctuation operator through a modi cation

of the associated uctuation potential.

Finally, the normalisation constant must also be reevaluated. Consider a particle that begins and ends at
a minimum of the original potential. One may either use the Ornstein—Uhlenbeck propagator or follow

the explicit eigenvalue analysis beginning with equation (2.73), yielding

" #
Np = lim (4D) : (det M o)* 2Po(T); (3.15)
' n=0
where the time-dependent factor becomes
r [
- " 0 :
Po(T)= " 2B sinh oT)° (3.16)

Unlike in the Stratonovich setting, the exponential faerp(! o T =2) appearing in equation (2.88) is

absent from the & normalisation function.

The corresponding harmonic uctuation operator is given by

2

M\o % %UO?XO)
2

- %+v0(x0)vooexo)+[vozx0)]z DV “%0);

(3.17)

which exhibits an explicit dependence on the noise strebgtAround a critical poinkg, the uctua-

tion operator simpli es to

d? 5
M o= et (3.18)
with effective frequency
15 = VAxo)V™%%o) + [Vx0)]* DV *o): (3.19)
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A natural assumption is that the noise dependence in the uctuation spectrum stems solely from the term
involving the fourth derivative of the potential. For example, in a cubic potential Wh&) = 0, one

might expect the harmonic frequenkty to be noise-independent. However, this intuition is incorrect:

as we demonstrate in Section 3.3, there tare distinct mechanisms through whiéh-dependence

enters the frequency.

Even whenv %) = 0, the frequency o can still acquire dependence Bn This arises because the
pointx, entering the harmonic operator corresponds not to a critical point of the original potential, but
to the critical pointx., of the Itd effective potentialde ned by the conditio{x,) = 0. Crucially,

the extrema ofJ(x) generally do not coincide with those ¥f(x). As illustrated in Fig. 3.1, these
critical points can be displaced relative to their Stratonovich counterparts. In suchxgseay be

perturbatively expanded i, and the conditiotV{x.;) = 0 is violated by a small remainder. That is,
VAxe) = E(D); (3.20)

whereE(D) admits a power series expansionDn Consequently, the frequency inherits a noise de-

pendence of the form

| = b+ bD + bL,D?%+ :::: (3.21)

This contrasts with the Stratonovich formalism, whageis xed by V{x,) = 0, eliminating such

corrections by construction.

The method of collective coordinates introduced in § 2.1.9 carries over directly tdtfrarework.
As before, we isolate the divergent contribution associated with the translational zero mddeaafi
replace it by an integration over the collective coordirtate

r 2D p Z i1

7 giXg dte: (3.22)

o
—
|

N
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The resulting Id path integral, which incorporates quadratic uctuations around the saddle, reads

r

! 0 S[Xcl]
4D sinh(oT) P 4D
r— I
el T2, defM 7
4D T = detM 0

P(Xo;+T=2jx1; T =2)=

(3.23)

We now compare the weak-noise asymptotics of the stochastic path integral derivedarfohmétlism

with its Stratonovich counterpart (2.108). The key structural differences are as follows:

» Measure / Jacobian.For additive noise the Onsager—Machlup Jacobian is

Z
1
Jow Xl=exp 5 VRx)dt 5 Jgiix] L

In the weak-noise expansion, this factor is evaluatexi,aand multiplies the weight. We may

equivalently absorb it into the exponent (see the following item).

R
« Exponent and equations of motion.We keep the canonical acti&®{x] = (x + V92dt and

weightexp[S =(4D)] in both schemes. The total exponent differs by

Z
Sp= SKd+ s V0t BK= oSk

which are algebraically equivalent to the total exponent

y4

2 @ 00 -
— X“+V 2DV ™ dt:
4D -

For the 16 action functional, the equations of motion acquire an additional term through the

calculus of variations,

x= VY% Dy
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 Stationary points and harmonic operator. In Stratonovich the effective landscapélg(x) =
VAx)]?, soW(x) = 2VW%and generic stationary points satis#(x) = 0 (in ection
points withV%° = 0 may also appear). Indtthe landscape iBl(x) = [VI?+2DV ¥ so
UIx) = 2vW%+ 2DV %%nd stationary points solwe%° DV %= Q; that do not need
to haveV® = 0. Expanding near a Stratonovich extremumwith VY{x ) = 0; V%x ) 8 0
(x = 0O(D)),
_ DV%X)

Xeg = X + X X = W+ O(D?); Vxq)=

DV %% )

VoR ) + O(D?):

Linearising the EL equation aboxt, gives the local frequency

! 2 = [VOYXcr)]2 + VO(Xcr) Voo&cr) DV 00?9(”):

« Fluctuations and determinant. In Stratonovich the quadratic operator aboyis M' s = @
1URxq), which is real andD-independent. InGonehasd = @ 1U%xq), which depends
on D both throughU and through thé -shift of x.,, making the spectrum and determin@x

dependent.

« Zero-noise limit. Both formalisms coincide @ = 0 (the Jacobian contributes only at ordz?
and the Euler—-Lagrange equations agree). Forlany O they differ in the stationary set, the

uctuation operator, and the prefactors, while yielding the same leading Arrhenius exponent.

We now proceed to apply thedlformalism to a concrete physical example. Our goal is to compute the
components of thedtstochastic path integral explicitly and recover the corresponding escape rate. We
begin by formally introducing the stochastic cubic potential and setting up the relevant semiclassical

framework.
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3.2 Stochastic cubic potential preliminaries

We begin by considering a prototypical non-con ning potential that supports metastable dynamics,
namely the cubic potential

V(x) = %x3 + a’x; (3.24)

wherea > 0 determines the positions of the extrema. This function has a local minimunFat a
and a local maximum at = + a. Physically, the minimum at = a plays the role of a metastable

state, from which thermally activated escape occurs.

Figure 3.2:The cubic potentiaV/ (x), illustrated at two distinct times. The orange arrow denotes the
forward direction of time. Initially (left), particles are localised near the metastable wedlat a.
At later times (right), escape events over the barriex at + a have occurred.

To meaningfully discuss thermally activated escape in the poténtigl, the noise strength must be

small compared to the barrier height,
4 3
Vo, a=V(H+a V( a= éa : (3.25)

We assumae is suf ciently large such thah D3, ensuring a clear separation of scales between

thermal uctuations and the potential barrier.
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Asiillustrated in Fig. 3.2, the potential is non-con ning. Once particles cross the barker ata, they
irreversibly escape into a running channelxas +1 , effectively reaching an absorbing boundary.
The system therefore admits no stationary distribution [2, 126], and, in analogy with quantum eld

theory, one may regard it as lacking a true ground state [81].

In computing the forward escape rate, the detailed structure of the potential beyond the barrier is largely
irrelevant. This justi es the use of asymptotic methods that focus on local bounce-like con gurations,

which we proceed to analyse next.

3.3 The stochastic real bounce

Starting from the cubic potential (3.24), we consider the problem of evaluating the transition probability
P( a;+T=2] a; T =2), corresponding to escape over the barrier at+ a for a Brownian particle
initialised in the metastable well at = a. We analyse this using thedlfpath integral formalism,

expanding around the dominant weak-noise trajectory and incorporating Gaussian uctuations.

Under the Markovian stochastic Hamiltonian correspondence (as discussed in 8 2.1.7), the escape dy-

namics reduces to a classical problem: the motion of a Hamiltonian particle ibtbfdttive potential

Ux)= [VIX)]?+2DVRx): (3.26)

A plot of the effective potential(x) associated with the stochastic cubic model (3.24) is shown in

Fig. 3.3.
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Figure 3.3:1t0 effective potentidl(x) (witha = P 2;D = 0:1) governing the stochast[®B]

dynamics. The horizontal lines indicate three representative energy ldyetsH , <H o de ned in
Eq.(3.30) Green circles mark the critical points &f(x), while squares denote the corresponding

turning points of the & dynamics at these energy levels. The orange square anticipates the position of
a complex turning point after analytic continuation into the complex plane, foreshadowing the need
for complexi ed dynamics. The qualitative structure closely follows Figure 10 of Behtash et al. [13].

Inspection of the effective potential reveals that the noise-induced tilt signi cantly deforms its geometry
such that a conventional bounce trajectory no longer exists. Consider, for instance, a Hamiltonian
particle with energy in nitesimally below the global maximumdfx). The particle acquires suf cient
kinetic energy to surpass the secondary peak and escape to asymptotically large valuesioh
prevents any return. Accordingly, there exists no real, bounded classical solution satisfying the relevant

boundary conditions. The standard bounce paradigm thus fails to coRpute+T=2] a; T =2).

A natural alternative is to consider the transition probabMig;+ T=2ja; T =2), where the particle
begins and ends at the top of the barrier. At this energy level, the Hamiltonian trajectory is bounded
between real turning points: the particle descends to a turning point and returns, yielding a real closed

classical solution that satis es the desired boundary conditions. Although this setup may initially ap-
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pear arti cial, it offers a controlled setting in which to study bounce dynamics within théotmalism
and to build intuition for the in uence of noise and asymmetry. We refer to this con guration as the

stochastic real bouncedenoted byRB]. Its trajectory is depicted as the thick red curve in Fig. 3.3.

3.3.1 Critical points, energies and turning points

To begin our analysis of the stochastic real boufRB], we examine the geometry of its classical
trajectory. The natural starting point is the set of critical points of the effective potential, de ned by
the stationarity conditio{x¥) = 0. For the cubic potentiaV (x) =  2x3 + ax, this yields the
depressed cubic equation,

(xk)® a’xk + D =0; (3.27)

cr

which admits three distinct real roots, provided the discriminant satised( a?)3+27D? < 0.

These roots may be expressed explicitly in trigonometric form

p_
2 1 3 3 2k
xK = p%cos garccos =D — ;  k=0;12 (3.28)

This agrees with the set of critical points found by Dureteal. in Equation (128) in [13]. The
stochastidRB] trajectory is time-symmetric, re ecting off a turning poirf att = t. = 0 (without
loss of generality), and approaching the lower maximunl@f) asT ! 1 . At the energy level

associated witfRB], the turning pointx} andx] coalesce.

In the weak-noise regime, corresponding physically to a small tilt in the effective potential, the roots of

2This follows via the substitutior; = 3% cos( ) and the identitycos(3 ) = 4 cos® 3cos .
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the depressed cubic (3.27) admit asymptotic expansions in powers of

D 3D2
cr — 4+ + O D3 ’
Xo 2a2  8ad (D7)
D D3
gt oo (3.29)
D 3D2 o
X5 52 8 + O(D>):

These expansions con rm that the critical points of tledffective potential are slightly shifted com-
pared to their Stratonovich counterparts. In the noiseless Dmit 0, the tilt vanishes exactly and
U(x) becomes symmetric, recovering the critical point structure of the classical Stratonovich frame-
work. The three critical points collapse to the zero-energy level 0. In contrast, for non-zero noise,

this symmetry breaks and the degeneracy is lifted.

To determine the energy associated with each critical point, we evaluate the effective potential at the
corresponding roots,

Hie = UKXE); k=0:1; 2 (3.30)

These energy levels explicitly depend on the noise streldgénd remain nite (typically negative for
real bounces) even in the in nite-time limit ! 1 . The energy level governing the stochastic real

bounce is the value at the rightmost critical poifit which admits the expansion

D2
H, = U(XS) 4aD + =¥ O(D3): (3.31)

To determine the corresponding turning points, we proceed by analysing the square of the particle's
velocity via energy conservation. Turning points are de ned as locations where the Hamiltonian particle

momentarily comes to rest, i.e., where its velocity vanishes,

dx ?
X =h U
at (x)
= H +4Dx + x* 2a%?%+ a* (3.32)
( X);
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where ( x) is theturning point function This function encodes the kinematically accessible region of
the Hamiltonian particle and admits a transparent algebraic structure. Since the criticakfdiets

on constant-energy surfaces, they satiéfyX,) = 0 by construction. Differentiating and evaluating at
xK yields qxX) = UYxX) = 0, con rming that eactx¥, is a degenerate double root ¢fx). This

re ects the vanishing of both the velocity and its derivative at that point. As a monic qudrig,

factorises as

(X)=(x x)?(x X1 X); (3.33)

wherex., 2 R is a double root corresponding to a critical point aadx? 2 R are the associated

non-degenerate turning points. Expanding both sides and comparing with (3.32) yields the coef cient

identities:
(i) Coefcientof x*>: 2x¢+ X7+ X2 =0;
(i) Coefcientof x?: 2xe(x7 + x3) + x7x$ + x4 = 2a%
(3.34)
(i) Coef cient of x*: 2 XTX? x2(x7 + x$) =4D;
(iv) Coefcientofx°: xZxrx%=H + a*
Using (i), we eliminate one rootx? = 2x, x1. Substituting into (iii) yields a quadratic iy,
leading to ; r
2D 2D
XT = Xgt+ — and  x$ = X — (3.35)
cr XCI’
providedx. > 0. Substituting these into (ii) yields the constraint
D
X2 + o a’; (3.36)
cr

which is algebraically equivalent to the critical point conditioffx.;) = 0, or equivalently the de-
pressed cubic (3.27). These identities will help streamline the analytic study of the stochastic bounce

con guration and its uctuations.
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3.3.2 Exact analytic solution for the stochastic real bounce

The motion of the stochastj®B ] satis es the second-order ODE,

d?x 1
= U
dez 2 (3.37)
=2x3 2a’°x +2D:;
subject to the conditions
X(1 )= x5, X(te) = Xr; (3.38)

wherex$' is given explicitly in (3.28) and the turning point;, satis es the relation of (3.35). We solve

this equation numerically to extract the structural features of the solution.

(a) A phase plot of the stochas{ikB]. (b) Evolution of the stochastiRkB].

Figure 3.4: Numerically solving the ODE,(= 0) witha =1 andD =10 ©. The colour bar on the
right indicates the direction of time. On the colour bar, the time is normalised to unity.

The phase plot in Fig. 3.4a shows that the stochgRi#] remains con ned to the real axis since

y(t) = 0 8t, returning to its initial position at the end of its trajectory. In Fig. 3.4b, we plot the solution
as a function of time against position, revealing the loop-like structure characteristic of a composite
ansatz paifll ] introduced in Chapter 2. We will now derive the exact analytic solution that exhibits

this behaviour.

To elucidate the structure of the solution, we begin in a general setting, postponing the substitution of
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explicit values for the critical and turning points until the nal step. Although their speci c locations
vary across energy levels, the underlying ODE structure remains invariant. The classical path satis es
the algebraic curve equation (3.33), which is equivalent to the differential equation

dx 2

T T X xnx X (3.39)

and admits an implicit solution via quadrature:

Z t VA X dXO
1 dt°= P = F(x); (3.40)
te XT (XO Xcr)z(xo XT)(X0 X'CIJ')
yielding the relation
Z X 0
t te=  p dx F (%): (3.41)

|54 =
xr (X0 Xe)?(X0 xr)(xO X'(I)')

Without loss of generality, we assume the particle reaches the turningqgoatttimet = t. = 0. This
choice amounts to a global time translation! t t., which leaves the underlying dynamics invariant
due to time-translation symmetry. At this stage, the solution is implicit in the fornt, = F(x), and

must be inverted to yield the classical pah  t)) = F (t t.).

Rather than solving (3.39) directly using special functions such as the Weierstrass elliptic function
} [111], we adopt a constructive and algebraically transparent appto&leis. method systematically
transforms the original equation through a sequence of invertible maps into a solvable form. The

solution strategy is depicted below as a commutative diagram of transformations.

3The idea of reducing the ODE to more accessible forms was motivated by discussions with Professor Alan McKane.
The illustration and implementation of commutative diagrams was an original contribution of the author.
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T1

A > B »C ——D > E > > J
lsolution magf lSqution
SA — SB — SC — SD AGREERREES SE < S| < SJ

R1 R2 R3 Rn 1 Rn

Each transformatiol; represents a (possibly non-linear) change of variables designed to simplify
the algebraic structure of the differential equation, while the reverse Raps T; * reconstruct the

original variables. This de nes th&olution magd , expressed as the composition
f(A)= Ry Ry R, Solution T, T1(A); (3.42)

where denotes function composition. The order of composition is essential. We now proceed to solve
the bounce equation explicitly. We rst introduce a coordinate shift to centre the dynamics at the critical
point,

(' (X); ' T, I T) = ( X Xers X1 Xers X'c|)' Xcr): (343)

This recasts the quartic ODE (3.39) into the translated form

— = ¢ W (3.44)

i.e., a quartic equation with a double root at the origin. We now apply a reciprocal transformation to

simplify the quartic structure,

( x); 5 9= %i

=

(3.45)

—AO0
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Under this change of variables, Equation (3.44) becomes

e G GO (3.46)

The prefactor simpli es upon identifying the square of the local angular frequency around the critical

point,

1
1 2= (g Xcr)(X$ Xer) = -0 : (3.47)
T

This arises from the linearisation of the effective potential araupndvhere the operator has the form
M = £+6(xa)? 282= L+(xr xa)(x3 Xo). Introducing the scaled time varialite= !t ,

we obtain the simpli ed equation

=( )( 7): (3.48)

To x the freedom associated with the time-translation symmetry, we choose the initial condition
x(0) = x1, which implies (0) = 1. This convention xes the position modulus, selecting a unique

bounce trajectory up to global time shifts. De ne

r= 1 % ®:= © = (3.49)
so that Equation (3.48) becomes
d 2
— = +r): 3.50
e = (*n (3.50)

We now rescale to symmetrise the right-hand side. De ne

KM 1: with K©O)=1: (3.51)
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This transforms the ODE into the elementary form

dKk 2

whose solution is the standard hyperbolic cosine,

K (f) =cosh t: (3.53)

Since each transformation is invertible, we reconstruct the original bounce solution by reversing the

sequence. The result is an exact analytic expression,

(Xt Xe)(1+ C).

cosh(t)+ C ’ (3.54)

Xol(t) = Xer +

where the constant
Ko (X1 + X?)

C=
xr  x2

(3.55)

guanti es the asymmetry of the turning points relative to the critical point.

A > B yC—"> D yE— 5 F
lf lSOIution
SA A— SB A— SC < C1 SD A— SE AP S|:

Figure 3.6:Commutative diagram illustrating the transformation sequence yielding the exact bounce
solution. The maps are de ned as

CEX Xes =1 t=l 0 M= 1 K®O=1+ 2 (0.

The diagram above compactly summarises the sequence of transformations employed to obtain the ex-
act solution. For example, the solution in the canonical form, denot&g bis given byK = cosh t,
while Sg = S[cosht 1] represents the form of the solution after inverting the nal simplifying

transformation, and so on.
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The explicit stochastifRB ] solution is obtained by substituting the relevant critical and turning point

values into the general solution structure (3.54). This yields

(x1  x§)(L+ Cnw)

Xa(t) = X3 coshl wD) + Cp (3.56)
where the turning point is perturbed very slightly frona,
r—_
X;= a+ %D + % + O(D¥?); (3.57)
and the asymmetry constant is
Co = 22 xI(XTXo 2 (359)
Note that this constant is real and very large in the weak-noise limit,
U r— r—
Cp = ZFa g 23 i—g %+ Zﬁa as D! O (3.59)

At rst glance, the structure of the solution may appear opaque. However, using the exact expressions
for the turning points and the identity (3.36), the solution can be reorganised into a more transparent ex-
pression that naturally admits a physical interpretation in terms of a composite anti-instanton-instanton

con guration, reminiscent of the language in Chapter 2. Explicitly, algebraic rearrangement yields

2 ! 3
ped 1
. 23_2 Z(Xcr)z 2
Xel(t) = X5+ (X4 L4 (3.60)
red 1
cosﬁ(' pt=2)+ p——=2— =
22 2(x§)2 2
To reveal the compound structure, we de ne a new temporal separation parameter
S !
2 xS 1
w= —arcosh p——2__ _+ = ; (3.61)
Mrb 22 2(x§H2 2

4This follows from the identitfcosh(arcoshk))]? = x2, and[sinh(arcosh(x))]? = x? 1.
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where
3D 21D2

1
I b = EUOQX(ZH) 2a E 1625

+ O(D?®); (3.62)

denotes the local curvature of the effective fotential at the lower peak. Then, we obtain a more

illuminating expression,

cost (! v =2)
costt (! pt=2) +sinh? (! p b=2)
sink? (! pt=2) .
coslit (l rb rb:2) +sinh2(! rbt:2) .

Xa(t) = X3+ (X1 X3)

(3.63)
X[+ (X3 x7)

Finally, to exhibit the anti-instanton-instanton structure in closed form, we recast the sto¢R&stic
solution as

| | |
"™ ™ tanh %(t+ ) tanh %(t b) 1 (3.64)

xa()=x§ S0 x]) coth
It follows directly from this expression that the boundary conditions are satis ed,
Jimxq(t) = xS Xa(0) = X]: (3.65)
If we had chosen to retain the collective coordingiehe[RB ] would instead take the form

!rb rb

h , | i
tanh %(t te+ )  tanh %(t te ) . (3.66)

1
Xel(t) = x§ E(ng x1) coth

This representation demonstrates the two-instanton structure of the sto¢Ra&sftisolution, derived
entirely from rst principles without recourse to an ansatz. The solution is understoodexsieticom-
posite anti-instanton-instanton con guration. This matches the expression derived by Ealna

Equation (143) in [13]. The instantonic substructures are explicitly captured by thamvdunctions,

each localised near its respective centre. Concretely, the trajectory consists of an anti-instanton event
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[I ] centred at = t, b, followed by an instanton evefit] centred at = t. + .

The collective coordinaté, serves as the centre-of-mass of the instanton compound, re ecting its
underlying time-translation invariance. The parametgigoverns the temporal separation between the
two instantonic events. In the weak-noise liBit! 0, this separation diverges logarithmically and
the con guration becomes dilute, factorising into two weakly interacting segments. The asymptotic

expansion of ., in this regime is given by

1 8a’ D 5125°
= —log — +-— T7+log

= + . .
" 4a D 16a° D3 ! (3:67)

con rming the emergence of widely separated instantons in the weak-noise limit, where the total sepa-

ration is dominated by

2 iIog — (3.68)

(a) Stochasti¢RB] trajectories for decreasing noise (b) Logarithmic growth of the bounce width at xed
strengthD. D =10 °.

Figure 3.7: Qualitative structure of the stochastic real boliRBd for a = 1. (a) As the noise strength
D decreases, the solution attens and separates into a dilute anti-instanton-instanton contipound.
At xed small D, the temporal separatidh ,, log(1=D) becomes clearly resolved, con rming the
logarithmic scaling of the bounce width in the weak-noise limit, as also observed in [12].

In the weak-noise limit, the temporal gap between the anti-instanton and instanton grows large, as

shown by the logarithmic dependence @f on the inverse noise strength. This highlights a key trait
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of the[RB] solution: the path starts at the lower maximum of the effective potexffialst ! 1
lingering there for a long period. The system then quickly moves to the turningppatttimet = t..

Unlike quantum tunnelling trajectories, which change over time sdale, the stochastifRB ] stays

near the turning point for abo& ,,  (1=2a)log(8a®=D). Thus, the stochastic bounce has a much
wider temporal footprint than its quantum counterparts, with a long plateau separating the instantonic

events.

This long middle segment shapes the spectrum of the uctuation operator aroufirBthediscussed
in further detail in Section 3.3.4. In one-dimensional systems, knowing the exact analytic form of the
[RB] is not necessary to compute its stochastic action. As shown in the following, the action can be

found independently of the explicit trajectory.
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3.3.3 The stochastic real bounce action

If the total durationTl is assumed to be large but nite, the particle does not start exactly at the critical
point. Instead, it begins with a small distanceo the left, thatisxq( T =2) = X, , where isa
function to be determined. We will demonstrate thas exponentially suppressed in time and can be

neglected. Assuming is large but nite, the action functional evaluated along the extremal path takes

the form
Z 1= Z 1=
S[Xq] = dt[H 2U(X)]= dt[2H 2U(x) H]
T =2 T =2
Z 1=
= HT +2 dt[H  U(X)] (3.69)
ZT =2
XT p I
= HT+4 dx H UX);

Xer

where we have used time-reversal symmetry and the fact tiat= 0, since the particle returns to
its initial position. The trajectory traces the path ' Xt ! X ,which, due to symmetry,
corresponds to twice the journay; I Xx7. The resulting action is a line integral over the square

root of a quartic polynomial scaled by a multiplicative factor of 2, and reads

ZXT q

S[x]= HT +4 dx (X Xe)3(x  xr)(x  x%): (3.70)

Xer

This integral can be evaluated exactly, yielding

S[x]= HT
1( 9
*e (Xer X1 ) (Xer XDBXr  Xx§)+4( X X1 )(Xer X1
S S l)
012 0 Xer Xt + Xer X$
3Xt X7)(2Xe 2 Xr  X7)log T X0 xr X0 (3.71)

q__
5The logarithmic term corresponds to the explicit formapoginh :ﬁ'*)ﬁf , assuming the principal branch is taken.
T

To avoid subtle issues with branch cuts in inverse hyperbolic functions, we prefer to express the result explicitly in terms of
logarithms.

126



The correction behavesas/ exp( ! T=2)(1+O(exp( ! T))). Forsuf ciently largeT, becomes

exponentially suppressed and negligible. Inthe limit1 , ! 0, and the action simpli es to
(
1 g 0 0y2 0
S[X] = HT+ 6 (Xcr XT)(Xcr XT)[3(XT XT) +4(Xcr XT)(Xcr XT)]
s____ s_____ 1
Xer  XT Xor XY
3xr  x9)?2xg  xr x9)log xj X0 + x: xé (3.72)

Removing the tilt corresponds to the coalescence of the turning paints, x2, which recovers the

instanton limit, wheréd = 0. In that case, the instanton action becomes
2 3
SinstX] = é(xcr X1)%; (3.73)

with X, = aandxy = a. This yieldsSi, = % =4 V, .. Thus, exponentiating and dividing by

4D recovers the expected Boltzmann faa&p(  V=D). We now simplify the general form of the

action ( (3.72)) for the stochastic real bounce using the relations established in Eq. 3.34. The classical

action then becomes

Os S , 1
8a?P ————— 1 cn3 1 cn3
Swlx]= HT + % 6(x§)2 2a2 16D log@ 5 + ();E) + 5 + ();Iz:)) A
s 0s s : 1 (3.74)
16a3 3D 1 (x5"3 1 (X3
= L2 P gpeg@ 1+ Y20, 1 EPAL
i 3 2825’ 0% 3 2D 2 2D

This agrees with the action functional expression found by Datiad in Equation (159a) in [13] left

in terms of the logarithm. For smdll, we obtain the asymptotic expansion:

3 ga®  7D2
Swlx] = HT+% 4D 4D log Fa + o + O(D); (3.75)

127



Figure 3.8:Plot of the stochastic real bounce actid®|RB], fora= 1 as a function oD, omitting
the energy-dependent term. The black curve represents the exact actidf3.(#q, while the green,
red and blue curves correspond to the asymptotic approximations at c@{@$, O(D?) andO(D?3)
to O(D1°) respectively.

The critical valueD = D, = 2a3:(3p 3) represents a saddle-node bifurcation. At this value, the
turning points coalesce and, beyond this noise strength, no real bounce is possible because the barrier
completely collapses. In the physical regdrx D ., we see that as more orders are retained, the better

the approximation to the exact action value. To illustrate this, we plot the error in the asymptotic series

against the exact action value@svaries in Fig. 3.9.
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Figure 3.9:Asymptotic weak-noise expansion of the real bounce actiarrat. Truncated series
Sk(D) fork =1;2;:::;10are compared with the exact acti@g (D). Higher orders consistently
outperform lower orders.

The leading-order contribution to the escape rate is obtained by exponentiating Hamilton's principal

function and dividing by 4D,

rb exp SZ:[)X]
3 (3.76)
=exp Vv exp HT exp(1) 81 (higher-order terms
D 4D D

The divergent exponentiaixp(H T =(4D)) poses no problem, as it cancels against an equivalent term
arising from the & normalisation factoPo(T). The factor ofe comes from the term 4D and the

factor of8a®=D comes from the logarithm term4D log(8a3=D). Although the Hamiltonian principal
function governs the leading exponential behaviour, our objective is to determine the full prefactor. To

this end, we must analyse the uctuation determinant associated with the stochastic real bounce.

129



3.3.4 Stochastic real bounce uctuations and functional determinant

We proceed with the analysis of quadratic uctuations around the stochB&icsolution in the weak-
noise limit. These uctuations are governed by the second variation ofagtsdthastic action, leading
to a Schodinger-type operator of the form

2 1

M = 9 éUf’?xc.); (3.77)

where the b effective potential associated with the cubic potential is de ned@$ = (x? a?)?
4Dx . Consequently, the uctuation operator around the stochfRBd solution is expressed as

d2
Mgre = =5 +6[xa(t)]> 282

dt2
e 3 - - (3.78)
= wmtle 13 sech - (t* w) + sech? >t w)

where! 2 = 6(x§)? 2a? represents the local curvaturexdt and , controls the separation between
the anti-instanton and instanton substructures embedded within the stochastic bounce. We denote the
time-dependent term in the uctuation operator as ti@uation potential so that the general form of

the uctuation operator assumes the schematic structure

2

M = et uctuation potential™ (3.79)

Thus, the uctuation potential associated with the stochdRi#] is given by a linear combination of

sech functions. The invariance of the action under time translations implies the existence of an exact

zero eigenvalue d¥ff re]- 1he zero modeHZM) is de ned as the time derivative of the bounce pro le,

d
yg:?o]modét) = axcl (t)
h i (3.80)

| | |
" seck %(H )  sech %(t )

2

=+
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!rb rb
2

that the derivative with respect tds equivalent (up to a sign change) to the derivative with respect to

1 . . :
where = E(XI x5 coth isa ,-dependent amplitude factor of the stochafgiB ]. Note

the centre-of-mass collective coordinétgi.e.,

chI(t) .

ero o/ dt
Cc

yzero mod

(3.81)

The formal de nition of the zero mode involves differentiating with respect:tdout our de nition
remains valid and does not affect the computation of the uctuation determinant. The normalised zero

mode is given by, = §c|=p hxqjXqi. Itis straightforward to verify that either function satis es
h el [
M RB] Yzeromoaft) = 0; (3.82)

con rming the exactness of the zero mode. In the forthcoming graphical analysis, we compare the
uctuation potential and zero mode of the stochastic real bounce with those of its quantum mechanical
counterpart. This comparison highlights the distinctive features of the stochastic solution, particularly
the re ection symmetry and the double-well structure of its uctuation potential, which encapsulates

its composite anti-instanton-instanton nature.
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(a) [RB] uctuation potential for different (b) [RB] uctuation potential for

noise strengthB . D=1 10°
(c) The (normalised)RB ] zero mode (d) The (normalised)RB] zero mode for
for differentD . D=1 10°

Figure 3.10:A plot of the uctuation potential and normalised zero mode in the background of the
stochastic real bounce solution. The plots in the left panel (Fig. 3.10a and Fig. 3.10c) are shown for
ve different noise strength® . By contrast, the plots in the right panel (Fig. 3.10b and Fig. 3.10d)
are shown at xed noise strengih =1 10 °, with the parametea = 1.

The uctuation potential and the zero mode of the stochdRi] encode essential information about

the pre-exponential factor and perturbative structure of the escape rate. Fig. 3.10a shows the uctuation
potential derived from the linearised operalté}r[RB] about the stochastikB ] con guration. As the

noise strengtiD decreases, the potential smoothly deforms into a double-well pro le. This deforma-
tion signals the emergence of two quasi-independent instanton substructures within effedtive
potential, symmetrically placed around the midpdint t. = 0. The growing separation of the wells

re ects the anti-instanton-instanton composition of the stochfRBd, where the constituent instanton
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events become increasingly decoupledas 0.

Fig. 3.10b presents the uctuation potential at small noise. The inter-well separation scales logarith-
mically aslog(8=D), which is consistent with the asymptotic behaviour of the separation parameter
. The potential maximum is3, determined by the leading-order termNgg;. The minima are

located neat = b, Where the anti-instanton and instanton peaks reside.

Fig. 3.10c displays the normalised zero mg@%l (t), which arises from the time translation sym-

mode
metry of the classical pathy(t). AsD ! 0, this mode becomes increasingly antisymmetric and
concentrates into two narrow lobes supported near |, with a node at = 0. Near the origin,

the mode attens signi cantly, aligning with the physical interpretation that the instanton structures are
localised near the turning points of the path and effectively remain at rest between transitions. This
behaviour re ects the slow dynamics of the system near the critical points, where the uctuations are

minimal.

Fig. 3.10d depicts the same zero mode at very small noise. The structure reveals two sharply peaked,
oppositely signed lobes of equal amplitude, whose separation scales adag(&®). The sign
structure of the zero mode re ects the temporal orientation of the solution: the particle rst moves
leftward (anti-instanton) before reversing direction rightward (instanton). The peak amplitudes are

symmetric, indicating equal-magnitude peak speed in the two transition events.

The antisymmetry of the zero mode carries critical spectral implications: by the Sturm—Liouville nodal
theorem [84], the existence of a node (a zero crossing) implies a lower-lying eigenfunction with no
nodes, that is, a negative eigenvalue of the uctuation opeM\t@{B]. Consequently, in the spectral
hierarchy, the zero mode is not the ground state but the rst excited state of the uctuation operator, a

fundamental result with implications for the perturbative expansion of the escape rate.

This observation is crucial, as it directly leads to the conclusion that the stodRBiits a saddle point
rather than a true minimum. Consequently, the uctuation determinant is negative. After removing the

zero mode from the spectrum, the remaining eigenvalues consist of one negative eigenvalue and
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positive eigenvalues inthid ' 1 limit. The reduced functional determinant, after omitting the zero
mode, then takes the form
N( 2
detM gg;=  , lim r <0 (3.83)

N1
n=1

where the prime indicates the omission of the zero mode. This spectrum is consistent with the general
structure of the bounce-type saddle points in semiclassical tunnelling [33], where the presence of a
single negative mode indicates instability in one uctuation direction, a hallmark of saddle points in the

tunnelling process.

In contrast, the quantum mechanical bounce exhibits a simpler uctuation structure, typically governed
by a single-well Bschl-Teller potential [40, 66, 147], re ecting its simpler, single-event nature. The
absence of the two-event structure makes the quantum bounce's uctuation operator much less complex

than that of the stochasti®B ], which is a coherent anti-instanton-instanton composite.

(a) Fluctuation potential of the quantum bounce. A (b) Quantum bounce zero mode. Antisymmetric with a
single-well schl-Teller potential. single node.

Figure 3.11: Fluctuation potential and zero mode for the quantum bounce solution.

Fig. 3.11 illustrates this contrast. The left panel shows the symmetric uctuation potential with a single
peak at! gb, while the right panel displays the corresponding antisymmetric zero mode. Unlike the
stochastidRB ], the quantum zero mode has a smooth pro le and lacks any attening near the origin,

re ecting the simplicity of its single-event structure.
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Explicit Computation of the Stochastic Real Bounce Fluctuation Determinant

We now compute the uctuation determinant associated with the stocH&®it con guration and

show that it is negative. The computation proceeds via the master formula established in (2.115), which
relates the functional determinant to the asymptotic data of the zero mode. The key computational
aspect is the extraction of the asymptotic prefactorscharacterising the exponential decay of the

normalised zero modeZM ast! T =2, withT I'1

The asymptotic constants can be extracted by differentiating the classical solution twice and examining

the asymptotic decay od;(t) for largeT , while keepingl' nite. In our case, we nd,

Xg(+T=2)=%g(T =2)' 4! Zsinh('p 1) exp( ! T =2): (3.84)

The fact that the asymptotic particle acceleration is the same at both endpoints is physically intuitive.
The stochastifRB ] is time-reversal symmetric about the bounce centret, = 0, sox(t) = Xg( t).

As a consequence, its derivatives satisfy(t) = Xxq( t) andxq(t) = %g( t). This symmetry
ensures that both the exponential decay rate and the prefactor of the uctuations are identical for both
ends of the bounce, which are mirror images of each other under time reversal. Substituting this into
the master formula and taking tAie ! 1 limit yields a well-de ned expression for the uctuation

determinant ratio,

im 1 det®M' [RB] _ 1
T hgjxei  detM 32 21 3 sint?(! p 1p) (3.85)
D 23D?

— 5=2y\.
= 51z 20agu T OO

Thus, to leading order in the weak-noise expansion, the uctuation determinant is manifestly negative,

lim 1 detOM\ [RB] _ D

— = + 3.86
T MXgjXai  detM' 51228 (3.86)
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3.3.5 Conclusion for the stochastic real bounce

The negative uctuation determinant signals that the Gaussian integral over the unstable mode is ill-
de ned on the real contour. In particular, for the mode with eigenvalue< O,
z
2

da ; exp 1 18, diverges (3.87)
R 4D

Moreover, this direction isoftsincej 3j O (D) due to a quasi-zero mode. This is the familiar

instability of the[l | ] sector, already encountered in Chapter 2.

The Bogomolny-Zinn-Justin (BZJ) prescription recti es the problem by analytic continu&iai
e ' D, which renders the Gaussian (and the @EM integral) convergent, and then returning across
the branch cut; this produces the characterisiic phase. While operationally effective, this manoeu-

vre leaves a branch choice and lacks geometric rigour.

In the next section, we resolve this cleanly by complexifying the path space and deforming the contour
to the Lefschetz thimble of the contributing complex saddle (the stochastic complex bounce). On this
thimble, the unstable direction is translated into a decaying one, the quadratic form has a positive real
part, and the phase is xed by thimble orientation, so the entire analysis proceeds & xed Thus,

although the path integral is formally real, its weak-noise asymptotics are governed by saddles in the

complexi ed con guration space.

3.4 Complexi cation and the stochastic complex bounce

The motivation behind studying the stochastic real bounce arose from inspecting the Hamiltonian dy-
namics governed by the effective potential depicted in Fig. 3.3. The stochastic real J&Bice
emerges as the only suitable classical trajectory to describe the escape rate over the barrier. It is an

exact and purely real solution to the Euler-Lagrange equations derived from the stochastic action.
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However, we face dif culties posed by the negative uctuation determinant.

We demonstrate that a rigorous framework exists to place this analytic continuation on a rm footing.
This framework requires considering an alternative classical trajectory, fundamentally different from
the real bounce, de ned in a complex con guration space. The strength of complexi cation is that it

elevatedl | ]-type saddles to the same rigorous footing as the more convenfibriatlype instantons.

Until now, our analysis has been restricted to real-valued trajectofi¢2 R. However, through the
lens of Picard—Lefschetz theory, there is no fundamental obstruction to extending the stochastic path

integral contour into the complex plane. This raises critical questions:

» Do complex-valued classical solutions to the Euler—Lagrange equations exist?

« If they do, do these complex solutions carry physical signi cance?

The answer is af rmative. Not only do complex classical solutions exist, they provide the relevant
saddles governing the non-perturbative sectors of the weak-noise expansion. In particular, for the
[I 1 ]-type con gurations, complex trajectories provide the canonical saddles on which the path integral

should be de ned.

Revisiting the effective potential landscape from Fig. 3.3, we initially dismissed trajectories emanating
from the global maximum of the potential because they “escape” to in nity in the real con guration
space. Particle trajectories that roll off to in nity correspond to con gurations with divergent Euclidean
action sincgx(t)j ! 1  for somet. As such, they do not contribute to the weak-noise expansion of
the stochastic path integral since their weighp(S =(4D)) ! 0 vanishes. This criterion serves as

a natural lter, excluding physically irrelevant solutions that do not correspond to true saddle points of

nite action.

However, this conclusion applies only under the restriction to real trajectories. By allowing trajectories
to explore the complex plane, one discovers exact complex bounce solutions initialised at the global

maximum that remain bounded, thereby providing genuine non-perturbative saddles that contribute to
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the path integral. This was foreshadowed by the orange turning point in Fig. 3.3.

Formally, to properly compute the conditional probability that a particle starts and nishea aver
a durationT , we extend the stochastic path integral into the complexi ed con guration space. This
extension is essential for capturing the non-perturbative contributions that are inaccessible through

real-valued trajectories alone. We write the stochastic path integral as

V4

P( a;+T=2] a; T =2)= Dzexp %

D (3.88)

whereDz represents the integration over complex paitt¥, and we choose an integration contour

The choice of integration contourand the subsequent decomposition of the stochastic path integral
are determined by Picard-Lefschetz theory, which ensures the correct saddle points are captured and
the integral converges, which we will explore in detail in 8 3.6. We focus on the structural impact of

this complexi cation on the path integral.

All elements of the path integral, including the measure, are promoted to complex variables. The action
functional S[z] is holomorphically extended to the complex domain, with the real-valued terms of the

action now extended as complex functions. Speci cally, the action is given by

Z 1=
S[z] = dt Z2(t)  U(z(v) ; (3.89)

T =2

where the effective & potentialU(z) is analytically continued to the complex plane, yielding the fol-
lowing holomorphic form

Uz)= (22 ad)? 4Dz; (3.90)

which is now a holomorphic function o8. We emphasise the mathematical consequences of com-

plexi cation.

We start by understanding how the complexi cation in (3.88) affects the diagonalisation procedure and

the derivation of the & path integral that previously took the form (3.23).
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3.4.1 Complex paths, uctuations and diagonalisation of the non-Hermitian

uctuation operator

We extend the stochastic path integral to complex particle trajectories. In Chapter 2, we derived the
one-loop factor for real paths by expanding about a classical trajeci¢ty 2 R and treating quadratic

uctuationsy(t) as real-valued. After complexi cation, the classical trajectory becomes
Zq(t) = Xa(t) + iya(t); (3.91)

and uctuationsw(t) are taken in the complexi ed path space. Complexi cation dnesdouble the

number of integration directions on the cycle: later we will show, using Picard—Lefschetz theory, that
there remains one real steepest descent direction per mode, with quasi-zero modes handled separately
(cf. [143]). LetM' denote the uctuation operator (the Hessian of the holomorphic action).afor

the stochasti§RB ] on the real contour, the operator is self-adjoint. At a genuinely complex saddle the
Hessian is in general non-Hermitian but complex symmetridfi€s M Y, where¥ denotes the conju-

gate transpose. In particular, with the (sesquilinear [146]) pahing wherehu;vi = R u(t)v(t) dt

one has

M f;gi & H; M gi; (3.92)

R
while the (complex) pairindu j vi = u(t)v(t) dt renders the Hessian symmetric in the sense
Wif jgi = HF j Mg (see, e.g., [88]). For a nite-mode truncation, the complex symmetric matrix

representindf’ admits the Autonne—Takagi [9, 168] factorisation
M=uU U; U2 UNN); =diag( o ;:::); n O (3.93)

so that, in the Takagi basts= U c, the quadratic form diagonalises to

X
nShi (3.94)

n
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with U unitary and real non-negative [9, 31, 88, 168]. Herg, = 0 corresponds to the translation

zero mode. The mode factors then integrate along their steepest descent rays,

Z r

2 4
ds, exp 2; :
n n

n = Rin Takagi variables, (3.95)

as in the standard multidimensional saddle-point method [143]. The product over all non-zero modes
yields (det®™') =2 up to a global orientation phasmduced by the contour choice. With the transla-

tion zero mode isolated, the transition probability reads

. S[ch] ! 0
P(z;+T=2jz;; T =2)=N
(22 Jz2i T =2)=No exp 75 4D sinh( oT)
r — 7 __ P
M jzi =T detM . (3.96)
4D T detM', ' .
whereh# i denotes the chosen pairind, o is the free operator, and
P =exp(i=2) (3.97)

is an orientation factor with phasethat is later identi ed with a complex Morse/Maslov index [6, 49,

122] in the Picard—Lefschetz framework.

3.4.2 Exact analytic solution for the stochastic complex bounce

Let us return to individual elements of the complex stochastic path integral. As shown in (3.90), now
the IO effective potential describes a holomorphic surface where the particle motion takes place. This
represents a shift in the kinematical landscape of classical particles. If we separate the complex path

z(t) into real and imaginary components, i.e., 2ét) = x(t) + iy(t), the holomorphic surface takes

5The magnitude of the measure is unchanged, but the overall phase and the choice of steepest descent directions across
modes produce a net phase (called a complex Morse/Maslov index).
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the following form,

RelU(z)] = x* y*+6x%? 2a%(y> x? 4Dx a*
(3.98)
Im[U(2)] = 4xy® 4x3y+4a’xy 4Dy:

Onthe liney = 0, we return to the original real potential where the stochdRi] analysis was carried
out. Leavingy to vary, the effective potential geometry becomes much more intricate. A visualisation

of this landscape is shown below.

(a) Real part of holomorphic function. (b) Imaginary part of holomorphic function.

Figure 3.12: Visualising the hypersurface corresponding to the complexi ed version obthe It
effective potential. The surfaces are plotted over a complex square of radius 2,

2 X 2, 2 vy 2 Lighterregions indicate large peaks, whereas darker regions indicate deep
wells.

The new solution space is spanned by particle paths that interpolate from the (real) global maximum
of the It© effective potential and re ect from a turning point that lies in the complex plane. This is
what was hinted at in Fig. 3.3 by the orange turning point. We re-plot the diagram to give a simple

visualisation of the stochasti€ Bl trajectory.
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Figure 3.13:Effective potential(x) (witha = P 2;D = 0:1) governing the stochast[€B dynamics.
Green circles mark the critical points &f(x), while blue squares denote real turning points along the
representative energy levily. The orange square denotes a complex conjugate turning point pair
with a non-zero imaginary part.

The critical point is real and negative, as already found in (3.28),

p_ !

2 1 3 3
X§ = p%cos 3 arecos ED : (3.99)

We shall letz§" = xg" in the spirit of working in a complex con guration space, but the critical point
here is purely real. Referring to Fig. 3.13, now the turning points have a non-zero imaginary part and
are, in fact, a complex conjugate pair. We denote complex turning pointg (lyrz_g), and there is
currently ambiguity about which path we choose. Intersection coef cients will formalise this choice in

§ 3.6.
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Im(%)

gy

Re(z)

Figure 3.14lllustration of the effective, inverted double-well potentiiz) where the stochastic

[RB] motion (red line) and the stochas{i€ Bl motion (blue lines) take place. As explained

in Fig. 3.12, the actual structure of the effective potential is much more elaborate, but here we
highlight the shift of the particle paths onto the complex plane. This was inspired by Fig. 1 of [12].

Let us assigiz] to the path with a positive imaginary part. The energy level here is positive and can be

expanded in powers @,

D2
Ho= U(z5) 4aD + =7 O(D?): (3.100)

The critical point is a double degenerate root, and the turning points form a conjugate pair, which means

the turning point equation (3.33) takes the form of

dz ?

o =z 2%z )z Z); (3.101)

where 0 1 0 1 S 0O 1
i 1 DR 1
%)Z_iﬁ = 28’%) 153 + i—?, %) 1& ; (3.102)
Z
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Then, expanding in small powers Bf, we nd that

r___
. 2D D _
zg=a+i —+ >z O(D>%); (3.103)

andz_g admits the same real powers but all imaginary components are conjugated. The equations
of motion are found by extremising the holomorphic act®[m] which is equivalent to applying the

condition of vanishing rst-order functional derivative,

o

S
= (3.104)

Therefore, saddle points of the complexi ed stochastic path integral correspond to classical trajectories

Z.(t) solving theholomorphicEuler—Lagrange equation,

dzzcI 1 @J
— = - — ; 3.105
dt2 2 @ZZ= ZCI! ( )
subject to the boundary conditions,
T1|2r|r1| Zo(T =2)= 2z, 2(t=1t)= 25 (3.106)

From the equations of motion, if we sgt) = x(t) + iy(t), we nd the following system of coupled

second-order ODEs,

d?x 3 2 2 .
W=2X oxy- 2a°x +2D;
&y (3.107)
gz - A 2&y+6xy;
subject to the conditions
x(1 )=Rezf; x(tgd=Rezj>0;, y(1 )=Imz; vy(t)=Im z; (3.108)
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wherez§" is given explicitly in (3.28) and the turning poingy, satis es the relation of (3.35) and
we choose the branch with positive imaginary component. We can solve these ODEs numerically to

develop an insight into the new dynamics.

(a) Phase plot ofx(t); y(t)). (b) Phase plot ofx(t); y(t)).

(c) Real part of th¢CH|. (d) Imaginary part of th¢CH].

Figure 3.15:A numerical investigation into the€€ B (t. = 0) witha =1 andD =10 &.

Fig. 3.15a shows the characteristic loop of the stoch§Stif in the complex plane, a hallmark of a

[I 1 ]-type trajectory. Rather than lying on the real axis, the orbit traces a semicircular aiovaté O .

The particle reaches a complex turning point whose real part lies just beyond the barrier, then retraces
the arc. Choosing the conjugate turning point re ects the arc across the real axis, producing the same

shapeinmz < 0.
Fig. 3.15b displays the velocity portrgRe z; Im z), consisting of two adjacent, symmetric lobes.

Fig. 3.15c—Fig. 3.15d show th&ex(t) realises a pair ofl | ] pseudo-events rather than tfé ]

145



structure seen for the stochasfiRB]. The imaginary component supplies a well-de ned excursion

away from the real axis. The exact analytic solution derived below accurately reproduces these features.

Because the turning point condition depends only on the constant energy level, the analytic construction
of the stochasti¢CH follows the [RB] derivation almost verbatim, with relabelled parameters and
complex boundary data. The complex classical path satis es the algebraic curve equation (3.101) and

can be solved implicitly by quadrature,

Z t Z z dZO
1dt°= q — = F(2): (3.109)
te (22 Z)A° Z)(2° Z)

Again, we can seff, = 0 and, to make the inversion of the solutipft) = F *(t) clear, we follow the

transformative procedure summarised in the commutative diagram.

A s B sy C—1 5 D sy E—S S F
lf lSqution
SA A— SB A— SC < C1 SD A— SE P SF

Figure 3.16:Commutative diagram illustrating the transformation sequence yielding the exact bounce
solution. The maps are de ned as

‘=z z§,; =1=" t=1 M= ® ; K() =2 (t)=r+ 1: with the condition

z(0) = ZJ.

This yields
(zg z§)(1+ Cu).

COShQ cbt) + ch ’ (3.110)

zy(t) = z5' +

where the constant,

228 (5 + Z]).

Ceb = T T
Zy 4y

(3.111)

is now purely imaginary, which can be seen with some algebra using (3.102) and expanding in small
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powers ofD,

_ r
. D 15 D3 . 2a3

Co=i 2,2 2 2 D7 - DI O 3.112
o=l 575 283 16 220 ' o *® (3.112)

Following the same algebraic approach as ifRi&] case 3.3.2, we nd the stochastic complex bounce
solution as

h i
1 ! ! !
za(t) = 75 (2 zl) coth °b2 ®  tanh %b(t+ o) tanh 7Cb(t o) o (3.113)

where the separation parameter is de ned as

S !

2 5 1
= —arcosh p K (3.114)

leb 222 2(z5)? 2

and the frequency about the critical point is
r 1 3D 21D?
— 3y.

lep= EUOngf) 2a + o 166 + O(D”): (3.115)

Settingt. = 0 was arbitrary; the most general form of &8 solution is

!cb cb

h | | i
tanh %’(t te+ o)  tanh %’(t te o) @ (3.116)

1
)= 2§ 5@ 2])coth

This matches the expression (150) in [13]. Now, the frequency (3.115) is purely real and admits a series
expansion irD, however, the separation (3.114) is now shifted into the complex plane, as seen through

the series expansion,

Ly B oL D g gy
Cb_4a g D 16a4 g

(3.117)
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where the total separation is dominated by

1 8a .
- —  + : .
2 o o log D | (3.118)

If we instead chose the path that was centred at the conjugate turning:_hdinnm tha factor would

ip sign while all other elements remain the same. In light of this, we shall write
2 — log — +(2 )i = — log — i (3.119)
where the multivalued imaginary part is directly attached to the choice of the complex path

f0; +1g. This choice will be fully understood in 8 3.6.

The explicit stochastifCH| solution (3.113) reveals another two-instanton structure. The solution is
understood as an exact composite instanton-anti-instghioncon guration, which is the relevant
complex saddle for a particle initialised in the metastable well. The full trajectory consists of an instan-
ton evenfl ] centred at = t, b followed by an anti-instanton evefit] centred at = t. +

where the separation between the events inherits an imaginary component.

3.4.3 Stochastic complex bounce action and asymptotics

The classical action associated with the complex bounce can be written as

O0s (S , 1
Pp— 1 cn3 1 cn3
Selz] = HT + 8% 6(z5)2 2a2+ 16D log@ 5 (22?3) 5 %?3) A
s Os . s , 1 (3.120)
16a3 3D 1 (253 1 (Z_Cr)3
= HT+ 1 +16Dlog@ =+ 01 4 gt 0)A -
3 2e2(z) T 1OP 19T 5* oo > b
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(a) Real part of théCH. (b) Imaginary part of th¢CH].

(c) width/ atness of thdCBH.

Figure 3.17:nvestigating thgCHB| solution and decomposing it into its real and imaginary

constituents. All curves shown are generated from the exact analytic complex bounce solution derived
in this section, rather than from numerical integration of the equations of motion. We observe all the
features of our numerical solution and tfiRB ] solution, except that the transition events ordering

has changed, and there is clear particle motion beyond the real axis.

This agrees with the action functional expression found by Dt in Equation (159a) in [13] left

in terms of the logarithm. For smdll, we obtain the asymptotic expansion,

16a° . D 7D?2
SwfZ] = HT+ —-+4D 4Di 4Dlog o5 + 55+ O(DY): (3.121)

Omitting the energy-dependent term and imaginary factor, we can analyse the asymptotic expansion.

149



Figure 3.18:Plot of the real part of the complex stochastic bounce ac8j@,B, fora=1 as a
function ofD, omitting the energy-dependent term. The black curve represents the exact action
((3.120), while the red, green, yellow and thin, dashed curves correspond to the asymptotic
approximations at order® (D), O(D?) andO(D?3) to O(D 1) respectively (Eq(3.121).

In contrast to the stochastiRB] asymptotics presented in Fig. 3.8 whose action has no meaning be-
yond D, due to a saddle-node bifurcation, the exact stoch§&ti# action (blue) persists for al.

The trade-off in accessing highBr regimes (where the Kramers approximation breaks down) is that
the higher-order approximations are less controlled; i.e., sometimes lower-order truncations outper-
form higher-order truncations. The asymptotics are quite controlled upintil 0:5, a signi cant

proportion past where the real barrier vanishes.

This “lower-beats-higher” behaviour is a consequence of complexi cation. We can plot the errors in

the asymptotics against the noise strength to clearly observe this phenomenon.
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Figure 3.19:Asymptotic weak-noise expansion of the complex bounce actéon &t Truncated
seriesS¢(D) fork = 1;2;:::;10are compared with the exact acti@g (D). For each xedD there
is an optimal truncation indek (D) ReScg=D at which the error is minimised; beyoikd higher

orders degrade the approximation.

Proceeding with the computation, we apply the master formula of the uctuation determinant. The

uctuation operator about the cubJ€B solution is

d? 2 2
M cg = o5 to6[zu(t)]” 2a

dt2
3 » » (3.122)
= W + ! cb 1 é SeCﬁ 7(t + Cb) + SeCh2 7(t Cb) ;

and the uctuation operator has oBZM corresponding to the time translational symmetry of{H],

d
yLCeIE modgt) = azd(t)
. h i (3.123)

! ! !
ZCb sech 7°b(t+ @)  sech 7°b(t w)

=+

where is a constant independent of time but dependent on the separgtigien by the prefactor in

the explicit{CH solution, = %(zg z§") coth ITCb . Itis easily checked thadf [CB]yL(;Bg moadt) = 0.
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(d)[CH uctuation potential for different (b) [CH uctuation potential for

noise strengthB . D=1 10 °.
(c) The[CB] zero mode (d) The (normalised)CB] zero mode for
for differentD . D=1 10°

Figure 3.20:A plot of the uctuation potential and zero mode in the background of the stochastic
complex bounce solution. The plots in the left panel (Fig. 3.20a and Fig. 3.20c) are shown for ve
different noise strengthis . By contrast, the plots in the right panel (Fig. 3.20b and Fig. 3.20d) are
shown at xed noise strength =1 10 °, with the parametea = 1.

3.4.4 Stochastic complex bounce uctuations and functional determinant

Computing the uctuation determinant, we nd

i detM [CB _ hegjzai

im = T

1 detM, 32 2 3 sinh?(! ¢p op) (3.124)
_. D .
=+ E12 + O(D9):
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The grave instability in the uctuation determinant is no longer present. Using the formulation of the

path integral under &, the escape rate using tfeg is found as
, , 2a
] remlT = P exp(  V=D)T; (3.125)
whereas using Kramers' formula, we should get
, . a
j kjT = —exp( V=DT: (3.126)

Hence, thgCH| has produced the correct negative sign, but there are some additional unwanted terms
in the formula. By looking at the ratio of these answers, we deduce that we have a multiplicative error

to resolve,
sl "2
R=118__“. (3.127)

J k]

D

From a mathematician's perspective, the fact that we have bathde in the error is exciting and

makes one believe there must be a deeper story behind the mistake. At rst glance, one may be tempted
to think that theIo 2 factor is just a normalisation error (perhaps of the measure or eigenvalues) and
that in fact we are only trying to correct a factorefHowever, as we will show, this is not the case;

the factors arise together, originating from the same source.

The results so far have been entirely consistent with Section 5 of Denaé in [13]. We have

reproduced many similar results, but in a stochastic, rather than quantum, setting.

3.5 Quasi-zero modes and the prefactor problem

This error factor,R, is related to the quasi-zero mod@4M) issue for thel | ] pairs discussed in
Chapter 2. Viewing th¢CB solution as a correlated instanton-anti-instarjtdn] pair, care is needed

with their interaction. As discussef,l ] con gurations attract. Let ¢, denote the xed separation in
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the[CH solution. If we instead allow the separation to vary, the interaction weakens as the separation
grows, and ., serves as a collective coordinate. Because the interaction is weak, this direction in
con guration space is nearly at opseudo- atdirection of the[l | ] action. As with the exact zero
mode EZM), a naive Gaussian treatment of tlssft QZM direction is inaccurate: the associated
integral is large and must be handled exactly. We now show how this mistreatment of a non-Gaussian

mode in a Gaussian approximation is the source of the error factor.

In the functional integral step of (2.70) we should therefore separate the modes as

w Z

: ag
li da, exp 4
NI R 4D

z z w Z 2

= dag lozm  lim da, exp n . (3.128)
c o R 4D
| Rz} | —{z—1} n=2
EZM QzM

whereC is a contour that will be xed later, and standard collective coordinates tredEZivd. The
product starts at = 2 precisely because the integral over @&M direction fi = 1) must be extracted

from the in nite ladder of Gaussians and handled independently.

3.5.1 Quasi-zero eigenvalue and eigenfunction

We prove that such @ZM direction exists by relating thEC B uctuation determinant with standard
instanton determinants. With zero tilt, the cubic instanton rea{y = atanh a(t t;) . The

uctuation operator is Bschl-Teller [147],

2
M 1nst = % +121 2 sech(at) ; (3.129)

and its determinant ratio with zero mode removed is

T hjai detM, 6485

(3.130)
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Having computed thECB uctuation determinant explicitly, we can relate the two functional determi-

nants as " #,
. 1 det®™ . 1 det’'™M

lim ——— 8 -8a2D lim —-— Inst
Th hzgjzgi detM T hjxio detMy

; (3.131)

thus, a small eigenvalue is embeddedquCB] asD ! 0of orderD, indicating the existence of a
pseudo- at direction in the action. The fact that the instanton determinant appears squared re ects
the two-instanton composition of t{€F. The prefacto8a?D is model-dependent and builds the
guasi-eigenvalue. Computing the inner products to leading order numerically,

heg)jzgi 12D
[hxy jx, 112 a

b =8a’D (D! 0); (3.132)
and we see explicitly th®© (D) softness. An analytical derivation, inspired by conversations with
Professor Steve Fitzgerald on this quasi-eigenvalue, is presented in the Appendix C.1 to con rm the

numerical ndings. With this, the Gaussian integral over this mode is

Z r

da; exp %aﬁ

a
- 3.133
: (3.133)

If we also take th&)ZM factor out from the uctuation determinant,

detol\ﬁ\ [CH .

det®M' cg = (3.134)

we would nd to leading order

im L det'™M g a D _ 1
1 hggjzgi detM, 12D 5128 61447

(3.135)

so theQZM-stripped determinant is independentdf Hence, softness is solely a result of tQigM.
We can also deduce data about the structure of the quasi-eigenfunction. An approximate form of
the quasi-eigenfunction is given by taking the derivative of the classical solution with respect to the

collective coordinate ¢,. Unlike the exact zero mode, the prefactor contaigsso the derivative picks
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up an additional term by the product rule,

Yozm (1) = @, zq(t)

| | |
" tanh %Jt te+ op tanh '—2°bt te o

n #

! |
sech %’t te+ o +sech? %’t te o

|
=+ %’(zCr zr) cscif

!cb cb

!
TCb (ze z7) coth

(3.136)

It is ‘quasi' in the sense that it is not an exact solution to the eigenvalue problem,
M cgYomm = b Yozm + (small residual) (3.137)

with the residual suppressed by the exponentially small overlap of the two Welts, @ . Con-
sequently, if one attempted to solve the eigenvalue prolyigm , one would obtain an effective
dependent eigenvalue; the correct scalar eigenvalue is read using the Rayleigh-Ritz formula [41, 152]

(as used in the Appendix C.1). Using parity, a computation can skew is orthogonal to th&ZM,
@, ] @za =0; (3.138)

for the centred bounced(= 0) andhyozv j Yozmi = 8a°=3 +
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(a) First 3 eigenmodes. (b) QZM eigenfunction comparison.

Figure 3.21:The rst three eigenmodes exhibit an exact zero mode, a quasi-zero mode, and then a
signi cantly larger mode, con rming the structure we expected. Taking the derivative of the classical
solution with respect to, gives a very good approximate solution, only deviating from the true curve
(Figure (b)) around a small neighbourhood about the origin ;t + ).

3.5.2 Origin of the P 2 = efactor

To model theQZM direction and set up the correct integral, we use the large sepafiatipansatz

h| ansatz i h| ansatz [

"%t )= a atanh %t 5 +atanh "'2 t+s (3.139)

with separation . This is an approximation to our exgd€ B solution. Inserting this expression into

the action and retaining leading order terms yields the interaction potential
V()= 32aexp( ' )+4D! o ; (3.140)

where we have matchedy, = ! 2/*® This potential is purely attractive fgt | ] sectors. Fofll ]
pairs, the interaction action is repulsive and free from divergences. The naive (Ga@aMmtegral
therefore has the form

Z

V()
I = d ex —_ 3.141
Gauss R p 4D ( )
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and the interaction potential has a complex critical point,

h 3 i
1 8a .
VO( crit) =0 :) crit — —— In — | ; (3142)
! cb D

which matches the leadif@ B] separation ,. Following the MOSD, we expand the interaction po-

tential about the critical point,

1
\Y ( ) \Y ( crit)+ EVO(( crit)( crit)z; (3.143)
and one nds _
h 8as :
V(ew)=4D 1+l = i i VQe)=4D! (3.144)
Changing variable ta = ! ., sothatdu="!d andletting! = ! ., the Gaussian integral gives
Z
\ i 1
IGauss: I_ Rd(! )e)I;p iDcrlt) exp 8—DVO(( crit)( crit)2
= exp( i) 1 2 D (3.145)
- T e, 8&
R

The frequency scale is a consequence of the measure ctargel(! )=! and will later cancel an
identical factor. The Stirling factopr 2 =e is the “peculiar error factorR : it arises solely from treating
theQZM by a naive Gaussian on an incorrect contour. The cure is to evaluaZttiantegralexactly
on the appropriate Lefschetz contdtidetermined by th®L gradient ow. In the next subsection, we
justify the QZM isolation by clarifying the measure factorisation in (3.128) and specify the co@tour

doing so removes this Stirling factor.
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3.6 Picard-Lefschetz resolution of the quasi-zero mode

Our aim is not to survey Stokes phenomena and Morse theory (see, e.g., [129, 176]), but to implement
a method that allows for a precise factorisation of the measure that isolates the non-Ga4asiand

xes its integration cycle, similar to the work presented on the quasi-zero mode integral in [71,72] and
the work by Tanizaki [95, 169, 171]. Picard—Lefsche®t ) theory provides exactly this: a canonical
deformation of the original real cycle to a sum of “Lefschetz thimbles” on which the phase is stationary
and the integral is convergent, together with a geometric interpretation ofithphase that appears in

the BZJ continuation.

We apply the thimble path integral decomposition as in [12, 15, 71, 169, 170, 184] to the stochastic
path integral; to our knowledge, this is the rst explicit treatment in the stochastic context. We begin
by complexifying all components of the path integra{t) 7! z(t) 2 C and the stochastic action is
promoted to a holomorphic functio]z]. Using thePL theory framework, the stochastic path integral
may be written as 7
S[z] X

P= Dzexp 5 = nP; (3.146)
2

where is the set of critical points 0§, andn 2 Z are the intersection numbers that encode how

the original real integration cycle decomposes into thimbles. We now focus on the global cycle

Assuming for the moment no exact/near-zero directions, each saddle contributes

Z
S[Z]
P = D X 3.147
bzep S (3.147)

3.6.1 Thimble decomposition and ow equations

We compute) in (3.147) by the antiholomorphigpward ow with ow time u:

=+

_ -0 = @ S _
=+ 272%)+ @U ; ot 7 °

+ 22%)+ @U ; (3.148)
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with the convention that the thimble consists of points whose ow originates at the critical point as

ul1 :if S=zj, =0,thenlimy,,; z(;u)= z . Accordingly,

(@
I

z(;0)j z(;u) solves (3.148) andlilm z(;u)y=2z (3.149)
u!
Furthermore, the dual thimbles are de ned by ( ow time reversal)
K = 2z(;0)j Iim1 z(;u=2z (3.150)
ul +

AlongJ the imaginary part of the action is constant &S is increasingwith u (upward ow):

d s2 d o
G Res = 0 . ImS =0 (3.151)

This ensures a good convergence behaviour. The original integration cycle can be expressed as a sum
P
over the thimbles coupled with an intersection num@er= n J , and the full stochastic path

integral is decomposed into a sum over the thimbles,

Z
X
P = n Dz exp % : (3.152)
) 3 4D

The intersection coef cientsr are determined by the number of times the dual thimble intersects
the original integration cycle. Therefore, it is the geometry of the dual thimbles that dictates whether a
saddle contributes to the stochastic path integral. We plot the thimble geometry @z buintegration

example in Fig. 3.22 where the intersection coef cients will become clear.

To understand the structure of the cycle, we only need the local structure near the stochastic complex
bouncez, solution. Aroundz, the quadratic form de ned by the uctuation operatd\r[CB] decouples

into: (i) the exact zero mode (translation), (ii) a single soft quasi-mode (the sepapatidh, and (iii)
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a family of hard Gaussian modes. Consequently, the functional measure factorises as

Y Y
Dz ' (dtc) (d ) dan; J'J Ezm J qQzm R (3.153)

n 2 n 2

and the integration cycle decomposes accordingly: onlyQBA# slice is deformed to its Lefschetz
thimble contour, while th&ZM and hard Gaussians remain on their real cycles. This fact is also given
in (2.9) of [15]. Crucially, thePL theory provides the exact one-dimensional contour forQ&Ea/
direction beyond the Gaussian approximation, and we will integrate the interaction potential factor

exactly along that contour.

3.6.2 The quasi-zero mode contour and thei phase

To make the geometry of the thimbles clear, we introduce a regulatorthe interaction potential
and take the limits above and below! 0 . This will be seen as analogous to taking the limit

D! Dexp( i ). The interaction potential deformed byis
V()= 32%' ! +4D!: (3.154)

We shall work with
1 8a® |

S()=EV(; )= o bl (3.155)

Following thePL gradient ow equations (3.151), we nd that

_, @s() _ 8
- O%X) &=

e! o+ (3.156)

Q.|Q_
c

Allowing to take complex values, we let = x + iy and nd the following system of coupled

differential equations,

dx _ 8a%

dy _ 8’
du D

Ix

e " sin(ly + ): (3.157)

e *cosly + )+ I;

du D
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This gives an ODE fok andy,

!X

X
=cot(ly + )+ 801

dy

sin(ly + ): (3.158)

Using the fact that the imaginary part of the thimble is constant by construction (stationary phase), and

letting K be such a constant, one nds

3]
K ly = SaT'e % sin(ly + ): (3.159)

Using this result, we can integrate (3.158) to nd the general form of the dual thimbles as

sin(ly + )

1
x(y)= -log A K 1y

(3.160)

It will be convenient to clearly distinguish between the two saddles by introducing a saddle tracking

parameter, = f0;+1g. Then,
In — +(2 1)i i (3.161)
One nds

K=K = (2 1); A =8a’=D; (3.162)
hence we can relate the real and imaginary part of the dual thimble through the equation

8a’sin(ly +b)

5 Iy 75 . b = 2 1: (3.163)

X(y)= 1 log

This matches Equation (4.34) in [71], but reproduced in the stochastic context. To nd the thimbles

we imposdmV ( )=Im V ( oit) = 4D giving

32a% ' Rsin(l |)+4D! = 4D =) L= = r 2 R; (3.164)

’Use the factthasin(ly + )= sin(ly + +(2 1 ):
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so theQZM thimble is the horizontal line

J =R i (3.165)

3.6.3 Exact quasi-zero mode integral and recovery of the Kramers prefactor

With =e ',

z z .
V() 1 ! s e’ D
| = d ——~ 7 = Zel de ®D) == —_ (1); 3.166

where the sign in the exponestp( i ) depends on the saddle we choose. This exact thimble evalua-
tion replaces the naive Gaussian (which yields the Stirling remﬁ)qa_me) and is the only non-trivial

deformation we need: the rest of the modes stay on their real cycles.

(a) Taking the limit above. (b) Taking the limit below.

Figure 3.22: Plotting the thimbles and the dual thimbleK .

The two horizontal thimbles are complex conjugates and enter with equal intersection number for our
boundary data; equivalently, one may work with a single real integral and keep the @vérglhase

as in (3.166). Compared with the Gaussian relsgiiss= % (p 2=e)(D=8a%) we nd

P

_ p__
IGauss: 2=e 2

I gzm (1) T e (3.167)
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identifying the “peculiar error factor” as nothing but Stirling's approximation sneaking in from a naively
chosen contour. This matches the work in [14, 71] and we see th&ithkeory supplies the correct
contourJ and remove® exactly Putting everything together, the path integral about the stochastic
complex bounce splits as
Z x hZ inZ ihy Z i
Dx eS XF4D) = dt. d eV ()=4D) da,e "%=4D) - (3.168)

R 2 R |J {z } 02 R
QZM on thimble

i.e., only theQZM factor is deformed to its Lefschetz thimble while tB8M and orthogonal Gaussian
factors stay on the real axis. No poles are crossed in our problem, so there are no residue contributions.
Reading off Fig. 3.22, we see for! (0", the intersection numbers afgg;n;) = (0;1) and for

I 0 , the intersection numbers ahey; n1) = (1 ;0). This is thePL decomposition of the stochastic

path integral that xes th€ZM contour.

We conclude that i in (3.166) is the geometric avatar of the BZJ phase ambiguity: it simply records

which of the two horizontal thimbleR i =! contributes.

3.7 1t0 corrections and a stochastic real and complex bounce dic-

tionary

Recall that the main ingredients for the escape rate formula usirj@ #ender 10 is given informally

by

i o =exp(S Yzg]=(4D)) (uctuation operator) 2 {941:[); (3.169)

where®in the action indicates the removal of energy divergen¢¢T, the uctuation operator is
P— , ,

assumed to have tHeZM removed and thd= 4 D factor is from a length scale from smearing.

Unlike when deriving the escape rate traditionally using Stratonovich calculusptfrartework gives

an escape rate that has a non-terminating expansi@n irHere, we have an exact formula (when
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T !'1 ) for the stochastic bounce action and uctuation determinant that are coupl@d tbone

were to expand these quantities in small power® pbne would nd the series

h [
a
o= —+ exp V=D+7D=8a*+ (3.170)
Full equivalence betweendtand Stratonovich is at the level of the exact path integral, i.e., if we could
sum everything. However, to leading order under the weak-noise limit, these frameworks agree. The
additional terms generated in thé itase may be tied to a more global complex analysis framework

calledresurgenceFor this thesis, we do not concern ourselves with the additional corrections and work

strictly to leading order.

3.7.1 Comparing the stochastic real bounce and stochastic complex bounce

The stochasti¢RB ] sector on the real contour has a divergent quasi-zero mode. Instead of doing a
D! D operation, Picard-Lefschetz theory kedps> 0 and instead deforms the contour to the
Lefschetz thimble of the stochas{i€B. In the QZM variable this is the horizontal extension and

vertical translation 2 [0;1) ! [1 ;1) i=!

So, instead of following th¢RB ] and BZJ procedure, we follow tHE B with the contour chosen by
thePL theory. This explains why th€ B data matches tH&®B ] data and why they are related through
the algebraic substitution 7! D.

To illustrate this relationship, note that the uctuation determinant of @ig is + D=5122 compared

to the uctuation determinant of the real bounce that 8=51238. This algebraic relation persists for
higher ordeiD . We also see that we do not have an additional phase factor (Maslov-Morse index). The
same relation holds between the separatigpgind ., the frequencies,, vs! o, the actions, and so

on. The factor i emerges from the branch of the logarithmic term.

In short, thefCB andPL theory combination re nes the analytic continuation programme of the BZJ
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method and tells us that f¢r | ]-type con gurations, we should deform the contour of the real axis.
This analysis is consistent with the double-well potential analysis of Detraé. in [12], but the

context is within the Markovian white-noise setting and not quantum eld theory.

3.8 Using thimble integration to resolve the error factor for more

general cases

The exact integral presented in 3.6.3 is a very special case, but the integration method extends into
more general cases. As established, when studyihdrtype con gurations, a generic form of the
interaction potential is

Vin= Aa’exp( ! )+ B4D!; (3.171)

for A; B > 0. Provideda > 0, the rsttermin the interaction potential is strictly negative and represents
that the induced interaction between[ah] pair is attractive. The constaBtwill depend on the form
of the second derivative of the original potent&l® Now, let us compute the integral naively using a

Gaussian approximation. The Gaussian integral evaluates to

r
. 48D ° 2
naive — eXp( B I ) F?’e E: (3.172)

Comparing with the exact integral over the thimble,

4 B

i (B (3.173)

lexact=€Xp( B 1 )

gives a clear visual of the rate correction fac®r,'. Upon computing the ratio of the exact quantity

to the approximate value,
B
R = lexactInave = |(3 p) : (3.174)
2=B

e
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Stirling's approximation for the gamma function can be expressed as

e
(2)= 3

z

1
1+0 = X (3.175)

DIN

It is clear that, upon replacing 7! B, the error ratio is precisely the difference between Stirling's
asymptotics for the Gamma function and the exact value of the Gamma function. In the stochastic

cubic potential, we found the simplest case wHere 1, giving thep 2=eerror.

Note that this argument is not restrictedtd ] con gurations where the interaction potential (3.171)
is attractive. In fact, if the interaction potential is repulsive, as it is for (#irg, the same error factor
would emerge. The difference is that there would be no phase factors of thefp(B i ) in either

integral expression, but these factors cancel each other anyway.

3.9 Using the Stratonovich approach

We can follow (2.129) and recover Kramers' rate using the Stratonovich framework, so long as we

integrate over the thimble exactly. Under the Stratonovich formulation, this leads to formally solving

Z.,1 Z.i1o
. S[Xcl] ‘]O'\I[XCI]
P( a;+T=2] a T =2)' Py(T dt dty ex
s . - - - 1=2
My j Xui  Mxgjxqi  det’™M (3.176)
4D 4D detM' 0

Instead of studying a complex bounce solution, we study traditional instanton excursions,
X (t)=atanh a t t. > : (3.177)

The instanton and anti-instanton trajectories have the same uctuation determinant, giving the “instanton-

squared” determinanB, cancels the smearing factF())r D=a, the Onsager—-Machlup Jacobid)\[X]
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and theH T term, meaning that we can simplify (3.176) to

Z  -_ Z . +_ L |
. 1 TT=2 TT=2 S[XC|] detol\/i\|
P( a;+T=2] a T =2)' —— dt dty ex JoMXx T
( ] ) 0 . u' . d exp D oMXcl] detM o
. 1 Z
T detol\/i\|
= ex 2S exp(V =4D : (3.178
i5 e, P(25) exp(V ()=4D)) : (3.178)

The instanton determinant factordst = 64a°, twice the instanton action gives the Boltzmann factor

exp( V=D), and the thimble integral ové&® i gives D=8a3. Hence, the sector contribution is
. a
p( a;+T:21 a, T :2)[| 1= —exp( VZD)T; (3-179)
recovering Kramers' rate cleanly with i ! D tricks involved. The exact integral on the slice of

the thimble in theQZM direction reproduces thé | ] escape rate as in [117] but is now on the same
footing as the calculatiofil ]. The Stratonovich scheme gives no additional corrections to the escape

rate as there is no mixing of perturbation orders.

A natural question to ask is, are there any other discretisation schemes that could be chosen? Within
the class of additive-noise discretisations captured by an effective tilt, consistency of the weak-noise

saddle expansion forcé2 f 0; Dg, corresponding to Stratonoviclglit

3.10 Tilt rigidity and why the discretisation is not a dial

We now allow ara priori arbitrary tilt" in the Onsager—Machlup functional and track its impact through
the saddle, Jacobian, aQZM thimble integral. Consistency of the weak-noise asymptotics fdrces

onto the two canonical choices, recovering precisely thaid Stratonovich discretisations.
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Let us pick" > 0. Then, the Onsager—Machlup Jacobian takes the form

h 1 n Z +T=2 0 |
JoX:"] = exp 5 > . dt Vv o%x(t)) : (3.180)
while the action functional is
Z 1o
S[x;"] = dt x>+ VIx)? 2"VRx) : (3.181)
T =2

Then, we can keep the results for the uctuation determinant and action functional as already obtained,
but replaceD 7! ". However, the denominator4D must remain in terms ob. Instead of the
Onsager—Machlup Jacobian being unity, it now has a more complicated form. Using the classical
solution (in terms of'), note thatv%{x) =  2x, so we can integrate the classical solution directly to

nd the Onsager—Machlup Jacobian. One nds,

|OgJOM = 4i

" c 1 I'T
— 1 t tanh— ; 3.182
5 arctan W an 7 ( )

whereC 2 iR and, to leading orde; ip 2a3=". Then, Kramers' rate has the form

" # o1
T dettM °

JodXx: "1 exp(S [x;"]=(4D error correction 3.183
7D detMig oMX; "] exp(S [x;"]=(4D)) ( )

jimp

Now we can look at the asymptotics of each term and build our general Kramers' rate expression. We

nd, H _
. 1 "det®M ' "
o hejzgi detM, 51288 (3.184)
logdow=[ i +log "=8a®](1 "=D)+ ; (3.185)
and
S =4D) = V=D+ —[ 1 i log"=8a®]+ (3.186)
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The integral over the thimble is now

d(! Yexp V =(4D) = M % = ("=D): (3.187)
, i

meaning that the error factor using the results of § 3.8 is

II:D)
ern"=D) = F— 3.188
('=D) = — — P (3.188)
D r
If we momentarily ignore the Onsager—Machlup Jacobian factor, we would nd
a b = V=D i"=D ): 3.189
=T 8@ BeXp( =D) exp( i"=D ): (3.189)
The phase factoexp( 1"=D ) contributes to the overall sign. The Onsager—Machlup Jacobian con-
tains this factor of opposite sign and cancels it perfectly, but leaves behind a dexpiei )= 1

term. Adding the Jacobian asymptotics, we arrive at the most general form of Kramers' rate using the

complex saddle approach,

a " 1D
D

) exp( V=D): (3.190)

Kramers' rate is recovered if and only"if2 f O; Dg.
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Chapter 4

Case Study Il — Sine-Gordon Formulation

Chapter Summary

We apply the Picard-Lefschetz machinery of Chapter 3 to a periodic cosine potential where the dynam-

ics are mapped to an effective sine-Gordon model. The periodic landscape admits an additional well-

de ned instanton-instanton alongside the instanton-anti-instanton sector. The complex trajectory resolves

the instanton-anti-instanton computation. This chapter shows that the weak-noise asymptotics, determinant
signs, and quasi-zero mode structure carry over from the cubic case, with some new features induced by
periodicity.

4.1 The periodic sine—Gordon landscape

Periodic energy landscapes naturally arise in condensed matter and materials science, particularly in
models of dislocations and adatom motion on crystalline lattices. For example, the Frenkel-Kontorova [8,
27] chain reduces to the sine—Gordon (SG) model in the continuum limit. Inié€&saddle families

govern rare events:

1. Stochastic real bouncelRB]: a real saddle con ned to a single cell; on the real contour, it
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possesses a soft negative mode in[tHg sector.

2. Instanton-instanton-type event[ll ]: a two-instanton trajectory that advances the coordinate by

one period; in SG, this saddle is well de ned and contributes.

3. Stochastic complex bouncgéCH]: the complexi ed[l | ] saddle selected by contour deformation

at xed D > 0. Itreproduces thfl | ] rate and determines the phase via thimble orientation.

4.1.1 Critical points, energies and turning points

Unlike the cubic case in Chapter 3, SG admits a genuinely contrib{itingsaddle. We show how
[RB], [Il ], and[CH t together in this periodic landscape: the complex trajectory yields the correct
[I 1] contribution at xedD > 0, and[ll ] controls intercell hops. The classical mechanics results

agree with those of Dunret al. in Section 6 of [13].

We work in a simple periodic potential,

V(X) = 4a% cos 2X_a . a>0 (4.1)

which sets the barrier scale for the dynamics. Its basic geometry is as follows:

VYx) = 2a? sin 2X_a ; V%x) = acos % ; (4.2)
minima:x™ =4 ak; V (x"™)=4a3% VX)) =+ a; (4.3)
maxima:xp® = (2k+1)2 a; V (x®)=+4 a% VO™ = a; (4.4)
period:L =4 a; barrier height (adjacent wells):V = 8a°: (4.5)

The harmonic curvatures at the bottom of the well and the top of the barrier coincide in magnitude

jVOofxina)j = vOxin) = a, and the baseline Kramers escape rate from one well to either neighbour

1In this section, we refer to this solution simply as fHe] solution.
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q
(D) = 5 VORXPT) VO] exp

= 21 exp — : (4.6)

Figure 4.1:The periodic potentiaV/ (x) = 4a° cosf=2a) with a = 1. Adjacent wells are separated
by a barrier of height V = 8a® and periodL =4 a .

In what follows, we (i) usdRB ] to demonstrate the necessity of complexi cation and the breakdown
of a purely real contour; (ii) characterise glugd | paths, for which th&€ZM integral is already well
posed on the full real line; and (iii) evaluate tf@B] contribution by integrating th€@ZM exactly

along its Lefschetz thimble slice, yielding the exacfunction factor and restoring the correct sign
structure for[l I ] events. It is important to note that while tli¢ ]-type event is already de ned on

the real line, th&ZM integral is non-Gaussian. In both channels, the one-dimendiadlsl integral
produces the universal non-Gaussian faetc?rz_. BecauseV/ is periodic, the dynamics repeat with
spatial periodt a . In the weak-noise limit, the stochastic Hamiltonian correspondence lets us analyse
the exit geometry by studying the Hamiltonian trajectory in tifted effective potentialinder 19's
discretisation,

Ux) = VI%)? + 2DV Rx): (4.7)
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For the cosine potential

V(x) = 4a’cosx=2a (4.8)
we have

X X
V =2a’sin — V%x) = acos — 4.9
1) sin > 1x) S % (4.9)

so, the total form of the effective potential is

= 4 sin? L + i = 4 i + i 4.
U(x) 4a” sin % 2aD cos % 4a*cog % 2aD cos % 4a™: (4.10)

The stationary points of the effective potentifik) = VYx)?+2D V %¢x) organise into three distinct

energy levels (one periotla ):

« The highest leveHy = U(x}') = 2aD, achieved at
xl =4 ak; k 2 Z;

with Ux') = (4a®+ D)=(2a) < 0 (local maxima).

« The middle levelH g = U(x[") = 2aD, achieved at
Xl = (2k +1)2 a; k 2 Z;

with Ux"d) = (D  4a%)=(2a). Hence, for the weak-noise regifle< D < 4a3, these are

also localmaxima

 Lowest level(two symmetric minima per period), existing fo< D < 4as:

D
XQ =2a  arccos,— +4ak; k 2z

X D
COoS — = P

- 4@ )
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with energy

D? D?
@; UOYXLC? :28_2 1 — >0:

Hip = Ux2 )= 4a*
lo ( k; 1&6

Equivalently, usingarccosu = arctan P 1 u?=u (foru 2 (0O;1]), the two low-level critical points

in each cell can be written as

p16a6 D2

XQ =(2k+1)2a 2aarctan 5

AsD " 4a3 the pairx? coalesces withk"® in a saddle-node bifurcation at energga®.

Thus, for0 < D < 4a® each period contains two maximayat= 4 ak with energy2aD andx =
(2k +1) 2 a with energy 2aD and a symmetric pair of minima at’; .AsD ! 4a® these minima
coalesce (saddle-node)xat= (2k + 1) 2 a. This agrees with the classical mechanics structure given

by Dunneet al. in Section 6 [13].
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Figure 4.2:Effective potentiaU(x) (witha = P 2;D = 0:4) governing the stochast[€ B dynamics.
Green circles mark the critical points @f(x), while blue squares denote real turning points along the
representative energy leviel. The orange square denotes a complex conjugate turning point pair
with non-zero imaginary part.

4.2 Stochastic real bounce

Consider the motion of a Hamiltonian particle that starte.at= 2a +4ak ;; ky 2 Z; in the in nite
pastt ! 1 at the energy levell = 2aD. Assume that the particle bounces off a turning point at

t. =0 and returns tx,, ast ! +1 . The turning points are

D
XT = 2aarccos 1 228 +4ak,; k, 2 Z; (4.11)
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obtained by setting the velocity to zero in the rst integral

dx 2 h DI
d_)t( =4a* 1+c052X—a 1 coszx—a >3 (4.12)

Integrating by quadrature gives,

’ dto= i : i . (4.13)
° T 4at 1+cost 1 cos B
At the critical pointx,, the uctuation operator has a simple closed form,
M = :—; %UO‘(xcr) = :—; + a’ 4% (4.14)
where the frequency is r r
lp = @2 4% = a 1 %: (4.15)

4.2.1 Exact analytic solution for the stochastic real bounce

We solve (4.12) by a sequence of elementary transformations (summarised in Fig. 4.3). Upon inversion,

the classical trajectory takes the equivalent closed forms

0 1
D
1 YRR cosH! ,t
Xq(t) =2a arcco% [')rb
1+ Zal rzb COSH! i | | (416)
r _— : r !
D D
= 4a arctan - 2 cosh{ ,,t) = 4aarctan = D cosh( ,pt)
s

This solution satis es the boundary conditions moddio .

n

. . . P—
2Using the identityarctan’ X = %arccos

1 X
1+ X
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lf lsolution

I
[EEN
In

Figure 4.3:Transformations used to obtain the closed form:cos( x=2a), ' = +1 ,

t=21,t, = p, K=2=r+1with p,=(2 2 'andr= 5.
b

To exhibit the solution as a composjtd ] pair, write

r

Be! ) e! w(t  w) + e Do (t+ 1) : (417)

Xq(t) = 4 a arctan 4. a
T

where the separatiory, is xed by the addition formularctan X +arctan Y = arctan 1x’;<$ (mod

). SettingX = @»t ) Y =g 'nl+ »)yields

D,
—e@h b = ; (418)

and hence the explicit separation
r

b = 1L arsinh 2 b o (4.19)
"o D

which is purely real. Its weak-noise expansion is

1 16a3 D 16a3 D? 16a3 3
= — o+ — + + + - + © (4.
= oo log D 1648 1+log D E1o 7 +6log D O(D”>): (4.20)

Thus, the time near the turning point is again logarithmically growing,

1 16a3
2 — | e 4.21
rb a og D ’ ( )
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asD ! 0. Usingarctan(x 1) = 5 arctanx forx > 0, we also have thi | ] form

Xq(t) =4a arctan € »t ) +arctan e 't ®)

(4.22)
=4a 4a arctan € ») +arctan e ' ®)
i.e., an instanton dt= » followed by an anti-instanton &at=+ . (4.22) matches (184) in [13].
(a) Stochasti¢RB] for varyingD. (b)[RB]atD =10 °.
Figure 4.4: StochastigkB ] in the sine—Gordon model withh= 1.
4.2.2 The stochastic real bounce action
The associated action can be written as a line integral,
Zy T o D
S[x]= HT +4 d da* 1+cos— 1 cos— — ; 4.23
[x] Xer X 2a 2a 2a8 ( )
which evaluates in closed form to
r 0 q 1
D 1+ 1 4D?
SXx]= HT+32a®> 1 —— 4D log@—q——A: (4.24)
da 1 1 o

433
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Our action functional agrees with the logarithmic expression given in (187b) in [13]. The weak-noise

asymptotic expansion of the action is

3 2

16a D
S[x]= HT +32a> 4D 4D log 5 tzm’ O(D?®): (4.25)

The real bounce solution exists foxK D < D . with D, = 4a5.

Figure 4.5:Asymptotics of the stochastic real bounce action for the sine—Gordon poterdial At

The solid curve is the exaBkgg with the HT term removed; dashed/dotted curves show weak-noise
truncations at order®© (D), O(D?), O(D?), andO(D*) O (D?°). The vertical line mark®. = 4a3;

for D > D . no real bounce exists (shaded). The inset zoomdIno[0; 1:2].

4.2.3 Stochastic real bounce functional determinant

The uctuation determinant around the stocha§®8 ] has one negative mode that is soft, and using

the master formula 8§ 2.2, one nds the same leading-order expression as for théRihic

. 1 det’M
lim =

i = + higher-order t 4.26
T g ] Xel detM | 5lza® | Oncr OTCeTIeNmS (4.26)
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exhibiting the same instability. In the same manner, we address this by passing to the complex bounce

in the next subsection, and then analyse[thg event.

4.3 The stochastic complex bounce

Write the complex path axt) = x(t) + iy(t) and seu := x=(2a), v := y=2a). For the Ib effective
potentialu(z) = VYz) * + 2DV %z) with VYz) = 2asin £ ,one has

Re U(z) = 4a* cogu costtv sinu sinh’v +2aD cosu coshv  4a*;

(4.27)
Im U(z) = 4a*sin(2u) coshv sinhv  2aD sinu sinhv:;
and the holomorphic Euler—Lagrange equations
3 D . _
x = a’sin(2u) cosh(27) + — sinu coshv;
EZ) (4.28)
y = a®cos(a) sinh(2v) + > cosu sinhv;
obtained frome = VY2)V%z) DV %%%) withV®z) = acos Z ,V%%)= 1isin Z .
We expand about the well at the origig = 0. The uctuation operator is
2 1 d? D
M\ = @ é UO((Zcr) = w + | C2b7 | gb = a2 + Za, (429)
so that r
lep = D 4.30

For the right-moving branch, one nds the complex turning point from the rst integral as

D D
= 2aar 1 — =2 2ai arcosh 1+ — ; 4.31
Z7 a arccos >l a ai arcos o (4.31)
usingarccos( 1 ) = i arcosh(1 + ). Multivaluedness encodes the two complex-conjugate
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sheets relevant to the phase .

4.3.1 Exact analytic solution for the stochastic complex bounce

A convenient representation of the complex bounce is
r_
D

zq(t) =2a 4a arctan i cosh( t) D+aa ;

(4.32)

which follows from1 + cosh(2x) = 2 cosh? x and the identityirctanp X = Zarccos+% . Equiva-

lently, r I

D
Py cosh( t) (4.33)

[
zy(t) =2a 4a arctan
2! cb

r— r
D
a

since

o D+da To display thdl | ] structure, rewrite (4.33) in exponential form and

use the arctan addition law,

zq(t) =2a 4a arctan gty glot - (4.34)

4! cb

Introduce a (complex) separation, by shiftingt 7! t v and demand the representation as a

difference of two elementary kinks:

h i
zu(t) = 2a 4a arctan € (" @) grctan € @t @) (4.35)
Matching (4.34) and (4.35) gives
1 'D
I !
= —e @ ®; 4.36
1 2w o 4l cb a ! ( )
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whose exact solution is

r . r

1 L a i .
b = I—arsmh i 2! ) = — arcsin 2! ¢,

a
— 4.37
- cb ! cb D ( )

usingarsinh(iz) = iarcsinz. ForD ! 0,

h 3 i h 3l 2 h 3|
1 16a : D : 16a D . 16a 3
= o log D i 168 1 i log D 5107 7 61 +6log D O(D>);
(4.38)
ie.,2 o' 2 log “E)—a3 i :Theimaginary paim o = =(2a)+ O(D) encodesthei phase.

At the special value, the trajectory crosses a branch and becomes discontinuous on the real axis (the

= ”singular case); otherwise, the real-time pro le is continuous, with a steep but nite transition.

(4.35) agrees with Dunret al. in (201) of [13], and a clear discussion on the singularity in the solution

is given in Section 6.5 of [13].

() Re U(2). (b) Im U(2).

Figure 4.6: Holomorphic & effective potential over 2;2] [ 2;2] C. Lighter regions are higher;
darker regions are deeper wells.
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Figure 4.7:Transformations leading t¢4.32)(4.35) = cos( z=2a), ' = 1, =1=,
t=214t, = p, K=2=r+1with p= (2+ 2) Yandr = >+.

‘ch
(a) Re z(t) for varyingD. (b) Im z¢(t) for varyingD.

(c) Re zg(t) at xed D.

Figure 4.8: Plots of the exact complex bounce solutinin the sine—Gordon effective potential for
a=1.
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4.3.2 The stochastic complex bounce action

The action evaluated on the complex bounce is

Z r

ZT

S[z]= HT +4 dz 2aD 1 cos> +4a* 1 co§%l

- 2a

By substitution, this integrates to the closed form

0 q

D
1+ 1+

S[z]= HT +32a® 1+ %+4D log@—gq——A:

1

r

1 1+ 25
The stochastic complex bounce asymptotics read as
16a® D2
=32a®+4D 4iD +4Dlog — + — + O(D?):
S[z] = 32a i og D e O(D>)

(4.39)

(4.40)

(4.41)

The sign comes from the choice of the turning point. We will formalise this in the language of

intersection coef cients shortly.
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Figure 4.9:Real part of the complex bounce actigs (D) Re S[zy]ata=1 vs. noiseD. The

solid curve is the exact closed foi 40)with  HT removed and the log on its principal real branch
(the i discarded). Dashed/dotted: weak-noise truncatia®), O(D?), O(D?), and
O(D*-0O(D ') grouped. The vertical line marld. = 4a3, beyond which theealbounce ceases to
exist; the complex saddle persists.

4.3.3 Stochastic complex bounce functional determinant

Using the master formula 8§ 2.2, to leading order one nds the uctuation determinant around the

stochasti¢CH| as

1 det’M
lim — =+ + higher-order terms 4.42
T Tgg ]zl detM, | 51288 9 m (4.42)
which is preciselyD ! D in the [RB] determinant. This is strictly positive and has the same

leading-order expansion as for the cufi®] in Chapter 3.
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4.3.4 Recovery of the Kramers rate

The interaction potential can be derived from the ansatz

x2qt; ) =4aarctanexp ! %% t+ > daarctanexp ! 2% t 5 t2al (443)

The interaction potential is attractive, so there is a complex critical point that matches the leading-order
expansion of ¢,

V ()= 64aexp( ' )+4D! o ; (4.44)

where we have matchécf?satz: I o Inthis case, the thimble is just the real axis shifted bl,g that
is,

J =R i—: (4.45)

So, thee=p 2 correction factor is needed to resolve the thimble computation. This is equivalent to

settingB =1 in (3.8). Now, we shall compute the rate for a particle starting at the origin:
n # 1

1 deM °

4D detM,

PO;+T=2j0;, T =2) P exp S 9z]=4D) T; (4.46)

whereS° denotesS, with the energy term HT omitted. The intersection coef cients follow identi-
cally to the cubic case (3.168), and we have the same dual-thimble shape as in (3.163), which means
we nd the rate as

| T = Ziexp( V=D)T: (4.47)

Therefore, Kramers' rate has been recovered usingthigamework and stochast€B|. Since the pe-
riodic potential orR admits no normalisable equilibrium density, one has to sfutly con gurations.
On these sectors, complexi cation provides a systematic contour prescription via Picard—Lefschetz

theory.

187



4.4 Instanton-instanton-type event

In the periodic sine—Gordon landscape, there is, in addition to the real and complex bounces, another
classical path that contributes and lies on a real contour: an instanton-instant¢n-ty/frajectory. We
consider a particle on the highesh4éffective energy leveH = 2aD, that moves from one maximum
of the I© effective potential to the next, crossing a single intermediate barrier. Disregarding any overall
shifts by4a , the path is

0! 2a ! 4a ;

with x( T =2)=0,x(0) =2a ,andx(+ T=2) =4a . The rstintegral for the motion reads

dx ? X h X D i
— =4a* 1 cos— 1+cOS—+ — ; 4.48
dt 2a 2a 2ad ( )
and integrating by quadrature gives
Z t Z X
dx°
t = ]_dtO: s h | . (449)
0 T 4at 1 cosS  1+cosk + 2
Expanding about the critical point, = 0, the uctuation operator is
2 1 o ad? , D
W é U ?X(;r) = w + a + 4—a, (450)
so the frequency is r
D
! o= a 1+ E: (451)
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4.4.1 Exact analytic solution for the instanton-instanton-type event

Solving (4.48) by transformations (cf. Fig. 4.10) and inverting yield the exact classical trajectory solu-
tion,
r ! r !

D D . _
E 123+ D Slnh(! " t) ,

1
Xq(t)=2a +4aarctan ——

o sinh(! , t) = 2a +4aarctan
sl

(4.52)
which satis esxq(1 ) =0,xq(0)=2a ,xq(+1 ) =4a . To display the composite nature, use the
arctangent addition law to write

h i
Xq(t)y=2a +4a arctan " * ") agrctane 't ) (4.53)

which is a sum of two instantons separated hy. The matching of (4.52)—(4.53) gives

r

1 4a3+ D
n = —— arcosh X (4.54)
I D
so ; 2 RforallD > 0. UsingarctanX arctanY = arctan 7~ with X = e " n) vy =
e (¥ ) showsthatrctan sech{, ) sinh(! , t) isreproduced exactly, witkech{ ,, | )=
P D=(4a3 + D). (4.53) is consistent with the “real bion” solution given by Dumal. in (193) of [13].
A . B sy C s D —" 3 E N SR SN ¢
lf lsolution
SA( I SB( 1 SC\ 1 SD<1~1 SE( 1 S|: 1 SG

Figure 4.10:Transformations used to obta{i.52)+(4.53) One convenient chain of transformations
is: =cos( x=2a),"' = 1, =1=",t=2!t, = b, K =2=r 1with
r = D=(8a! 7 ). Equivalent choices lead to the same closed f¢tri2)
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(a) Portrait of the stochast[t! ] path for varyingD.  (b) Time evolution aD =10 © (witha=1).

Figure 4.11: Analytical solution of thigl ]-event.

4.4.2 Instanton-instanton-type event action

The action can be written as the line integral

Z 5, r X h » D i
S[x]= HT +4 d 4a* 1 cos— 1+cos—+ — ; 4.55
[x] 0 X 2a 2a 2a3 (4.59)

which evaluates to the closed form,

r 0q 1
D 1+ g+l
S[x]= HT +32a°> 1+ — +4D log@g—— A : (4.56)
43 1+20, 1
433
This is purely real foD > 0. The asymptotics read:
S[x]=32a>+4D +4D log o + e + O(D>): (4.57)
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4.4.3 Instanton-instanton-type event functional determinant

The uctuation determinant is positive. In our normalisation,

. 1 det®™M'
lim — =+
T g | Xai detM 512a8

+ higher-order terms, (4.58)

in contrast to the real bounce case, and agreeing with the complex bounce case. Thus, there is no
unstable direction to account for. Kramers' rate can also be derived from such a con guration, and
the thimble integration can be performed exactly. For{tHg sector, the relevant Lefschetz thimble is
shifted off the real axis, so the quasi-zero mode must be integrated on a complex contougllin] the
sector, the thimble coincides witR; nevertheless, the quasi-zero mode integral is non-Gaussian and

must be treated exactly. We now verify this by completing the computation.

4.4.4 Recovery of the Kramers rate

The interaction potential can be derived from the ansatz

xansaqt: ) = 4aarctanexp ! 3" t+ 5 +4aarctanexp ! [ t 5 2a; (4.59)

the interaction potential changes sign so that a real critical point exists,

V.()=+64 a®exp( !y )+4D!, (4.60)
where we have matched"®?= 1, . In this case, the thimble is just the real axis,
J =R; (4.61)
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and so thea:p 2 error factor is needed. The dual thimble is similar to (3.163) but with no shifts of
appearing in the expression,

1 16a° sin(! | y)

><(y)=!II log D 1,y ; (4.62)

which intersect® once at = (1=!, )log(16a®=D) with positive orientation, hence the intersection

coef cientis+1 and thePL decomposition is trivial. Collecting the remaining ingredients,

" # o1
1 dettM °?

P(da,; +T=2j0, T =2
( : ) 4D detM,

exp S | [x]=4D) T; (4.63)

©

whereS? denotesS;, with the energy term HT omitted. Then, we nd the rate as
a
o= 2—eXp( V:D): (464)

Our analysis is conducted entirely within the stochastic regime; however, the resulting classical me-
chanics shares a structural similarity with the results reported by Dehak in Section 6 of [13],

which pertain to the quantum eld theory (QFT) framework. In particular, the effective potential in
our setting is tilted as a direct consequence of the discretisation scheme applied in the stochastic con-
text. Although the classical equations of motion derived in both cases are structurally analogous, the

physical regimes and underlying mechanisms remain fundamentally different.
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Chapter 5

Conclusion and Outlook

Chapter Summary

This chapter summarises the main contributions of the thesis, states a practical algorithm for computing es-
cape rates and discusses further applications in non-equilibrium statistical mechanics

Summary of the main contributions

* It 6 variational calculus and the tilted saddle equation.Using the |6 chain rule in the varia-

tional calculus yields an ordéd-tilt in the equations of motion,

x = VIX)VRx) DV%)

reshaping the saddle geometry and making solutions explidityependent while leaving the

Arrhenius factor unchanged.

 Discovery of stochastic bouncesSolving the 16 Euler—Lagrange equation reveals exact
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two-instanton con gurations-stochastic real bouncesdstochastic complex bouncess stochas-
tic analogues of the real bounce and complex bion in QFT. At a critical noiseDewelD . the

real bounce disappears via a saddle-node bifurcation, whereas the complex bounce persists.

Complexi cation and thimble-based contour selection. For instanton-instanton sectdi$ ]
the undeformed real contour (real thimble) suf ces but can be improved. For instanton-anti-

instanton([I 1 ]) sectors, we complexify the Onsager—Machlup path integral

Z
P(Xy;+T=2jX1; T 22)= Dz exp % X := Lefschetz thimble
and work on the holomorphic landscapez) = VYz) ° + 2DV %z). Although the original

problem is real, th@l 1 ] weak-noise asymptotics are governedchynplexsaddles.

Local product structure and clean factorisation. Near each relevant saddle, the path integral

measure admits a local product:
Measure EZM bre QZM line  stable Gaussians

yielding

Z

P ' exp 48—D I\/oI(EZM) (G{;%ussian prefact}or) d exp
J

Sint( )

4D
steepest descents + collective coordinates | z
QZM integral along the thimble

This factorisation and choice of contour is enabled by the Picard—LefsdPiefzi{eory.

QZM contour and geometric sign (vs. Bogomolny—Zinn—Justin, BZJ)Factorisation isolates

the quasi-zero mode integral. For qui ] case studies, the correct contoudis= R 1 ; for

[IT ] pairs, itis the full real line. Thus, both sectors extend beyond a positive half-line, and cru-
cially, the[l 1 ] sectors must be shifted off the real axis. This provides a geometric interpretation

of the BZJ prescription. Any naive Gaussian approximation ofQE& (even after complexi-

194



cation) is uncontrolled due to the pseudo- at direction and produces a spurious Stirling factor,

which we identify and remove in general.

Non-zero energy and cancellation of divergencedhe tilt lifts bounces off zero energh, > 0,
producing a linear termtH T asT !'1 . We show that this divergence cancels against the

normalisation of the path integral measure, always returning a nite result.

Fluctuation determinants and the correct overall sign.We present a master formula for com-
puting uctuation determinants of stochastic bounces. Moreover, we nd a relation linking It

and Stratonovich prefactors (zero modes removed):

n #2
1 d etO M\ 1t 1 deto M\ Strat
J

= g@Db Ilim

- . - . ; 51
T Xy | Xieol detM\Q T MXspat] Xstrad detM\o G

where the prime denotes removal of zero modes @@ajl > 0 is model-dependent). For the
stochastic complex bounce the determinant is positive and of @¢leJ); together with a mul-
tivalued action term 4iD this yields an overall factor 1 and the physically correct transition

sign. We demonstrate this explicitly in two case studies on a cubic and sine—Gordon potential.

Only two tilts reproduce Kramers exactly. With a regulator’ interpolating discretisations,

Ux)= (V92+2"V 2the escape rate takes the schematic form

_ f@ "o Voo
T = — 5 EeprT.

Only the limits" ! 0 (Stratonovich) and ! D (Itd) reproduce Kramers at leading order. For

clean contour selection and a geometric resolution oQ@B® sign, we adopt the d&tframework.
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5.1 Practical algorithm

This thesis presents an algorithmic procedure to recover Kramers' escape rate by analysing complex
saddles of the stochastic path integral. The complexi cation and correct treatment@Z Merovide

a systematic and rigorous approach to obtaining the correct formula while maintBirend. From

an applied perspective, the main insight is tfidt]-type con gurations must be addressed through
complexi cation and tilting of the effective landscape. Notably, these two aspects are intrinsically
linked: once the f discretisation is selected, it is necessary to consider complex trajectories. This
requirement arises from the nature of the tilt term itself, and from the fact that real bounce trajectories
in the tilted landscape originate at the barrier. This step is essential to reproduce the correct sign for

Kramers' rate. In summary, the algorithm fiorl ] con gurations to derive the rate is as follows:

Depending on the problem, it may be necessary to emjplby-type con gurations, i.e., non-

con ning potentials or those with no well-de ned Boltzmann density.

 If [I I ] con gurations are required, select thé discretisation scheme and complexify the sys-

tem. This entails studying Hamiltonian mechanics in a tilted, holomorphic potential.

» Derive all necessary results (numerical evaluation is acceptable for more complicated potentials):

the action, extremising solution, and uctuation determinant using the provided formulae.

» With an understanding of the underlying thimble geometry, assemble all components to obtain the
rate, and multiply by the error factor arising from the Gaussian approximation to a non-Gaussian
mode. TheQZM can be isolated and its thimble integral evaluated exactly, or the general error

formula given in § 3.8 may be used.

Thus, tilt, complexi cation, and error factor constitute the three key elements required to derive the es-
cape rate without recoursep! D substitutions. These steps suf ce to obtain the correct prefactor

and a geometric resolution of phases, irrespective of the availability of closed-form expressions.
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Figure 5.1: Qualitative evolution of the probability density during nite-time escape. Blue curves
show the potentiaV/ (x) (scaled) and red curves the probability density; t) (scaled), at three
representative timds <t, <ts. At t; the density is localised near the left well and spreads under
diffusion. Att, a secondary peak begins to form in the right well, creating a region wi@ere 0,

which implies@S < 0 and hence a dominant turning path approaching the target from the right. By
t3 the density has developed two well-separated peaks, approaching its long-time form.

5.2 Finite-time and non-equilibrium extensions

Throughout this thesis, we have operated under the assumption of in nite-time averaging for barrier
crossing. The time interval was taken to be suf ciently large and ultimately in nite. The natural
progression is to examine the role of complex saddles at nite observationTimgken the density is

still reorganising between the wells. For genéralthe density, initially concentrated as a delta spike
near the left minimum, rst shifts and broadens; at intermediate times, a secondary peak emerges in the
right well and subsequently grows, asymptotically approaching the Boltzmann distribufioh &s .
Non-equilibrium physics presents more challenges. Consider a general v@luéefseen in Fig. 5.1,

the initial delta function slides towards the local minimum and spreads (tiilneAfter some timet,

a small peak appears in the far well. This grows as the density ows over the barrier, asymptotically

approaching the Boltzmann densitygd 1

When the second peak emerges, the system is far from equilibrium. At this stage, there exists a region
of X in which the density is an increasing functionxofcorresponding to the left slope of the nascent
secondary peak). In this region,@s! 0, the action must decrease with increasmd his behaviour

is only possible if the path reverses and approaches the nal point from the right. In the Stratonovich
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effective potential, such turning paths are prohibited—any extremal that crosses the barrier within nite
time will diverge to in nity on the right. By contrast, for thedteffective potential, turning solutions

are permitted for suf ciently smalH. This indicates that thedtpotential (and, by extension, gen-
eral complexi cation) provides the appropriate framework for analysing nite-time non-equilibrium

dynamics.

A new framework in quantum settings, called resurgence (see, for example, [11,48,53,55,72]), is being
developed that provides a deeper analysis of the complex analysis at play and can be extended to more
complicated multi-instanton structures. It is focused on the analytic continuation of path integrals.
There is great interest in generating the full transseries (i.e., a full series representation containing per-
turbative and non-perturbative effects, logarithmic quasi-mode sectors and highly correlated expansion
coef cients), and this framework is rooted in the idea of complex saddlesPantheory. The same
complex skeleton may lie beneath the weak-noise asymptotics of the stochastic path integral. The key
feature of resurgence is to make the hidden, non-perturbative physics visible; it would be an interesting
task to begin to understand the role resurgence may play in the stochastic context. In particular, it could
give meaning to the additional terms generated in the expansion and provide access to higher-order

non-perturbative physics.

5.3 Universal phase of the complex bounce

In this thesis, we provide detailed calculations of the escape rate for the cubic and sine-Gordon poten-
tials. In both cases fdr | ]-type trajectories, the action containeebg( i ) = 1factor thatresolved

the sign issue. We show, more generally, how this factor can arise through complex integration.

In the generic b case at smalD > 0, the relevant turning points are complex. The associated complex
saddle trajectories then contribute a universal imaginary phase to the action, which xes the overall
sign of the escape contribution. Our goal is to compute this imaginary piece generally using a contour

formulation. The method is presented in a general form, though we shall use the cubic potential for
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de niteness. It applies to polynomi&l, and more generally to analy®¢ with suf ciently rapid growth
at in nity for the residue-at-in nity argument to be justi ed. Throughout, we assWwhis analytic and

set
A(2) := VY2): B(z):=H 2DV %2); P(2) := A(2)*+B(2); p(z) = P P(2): (5.2)

Letz,, 2 R denote a critical point of the effective potentidlnot necessarily a strict critical point of
V; for smallD one has, = zo+ O(D) if VYz) = 0 andV%z,) 6 0). Letz; be the two simple
turning points (the simple zeros &f(z)) that bifurcate fronegg, for smallD; for real-analyticv and
realH; D they satisfyz; = f We choose a branch cufoining z; toz; and x the boundary values

so that on

p(@= p(2; (5.3)

i.e., the square root ips sign across the cut. For one complex bounce, we de ne the open integral

Z .

z

lopen = ' p(z)dz: (5.4)

Zer

We also introduce the cut integral along the upper edge of the branch cut,

Z +

Zr

leut = p: (z) dz; (5.5)

Z7

and the dog-bone contour integral,

Idog = p(Z)dz; (5-6)

where wraps once counter-clockwise arounddown one edge, up the other). With these conven-

tions,
ldog = 2 lecurs lopen  lopen = lcut; (5.7)
and hence
1 1
IM | open = i leut = 2i | dog: (5.8)
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The contribution of a single complex bounce to the action is

Figure 5.2: Dog-bone contourwrapping the branch cut between the complex turning pants
Across the cut the WKB momentum ips sigp, (z) = p. (z), so the closed contour integral

p(z) dz equals twice fhe single-edge cut integral. The dashed circlendicates the blown-up
contour used to evaluate pdz via residues (including the residue at in nity).

Slb = 4 Iopen. (5.9)

Using (5.8), its imaginary part is

2 1

To computel 4o We deform away from the cut (optionally out to a large cirglg = R !'1 )
and use the uniform binomial expansion. For a polynoiiaf positive degregjA(z)j ! 1 while

B(z) = O(1) + O(z%9V 2)andA(z)> B(z). Hence, o1jzj = R,

s
_ B(z) _ B(z) B(z)2
p(z) = A(z) 1+ "D A(z) + 2A) 8A(2)° (5.11)
De ne the meromorphic truncation
— B(z) _ H 1 V%Rz) .
Pmer(2) = A(2) + 2A(2) VYz) + 2V Viz) (5.12)
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Then
X
ldog = p(z)dz = Pmer(2) dz + Ta(2) dz; (5.13)

izj=R jzj=R izZi=R
4
higher-order terms

whereT,(z) = ¢, B(2)"=A(z)>" L. IfdegV = m 2 thenA(z) z™ %, Vv%z) =z™ 2 and

Zn(m 2)

Ta(2) z(m 1@2n 1)

=z rm DI (zjr1 ): (5.14)

Thus,T,, , have nol=zterm at in nity, soRes-; T, », =0. From now on,

|
ldog = Pmer(2) dz: (5.15)

jzj=R
With A(z) = VYz), we have a total derivative so that its Laurent series at in nity hag faerm. It
H
immediately follows that A(z)dz = 0. For the next term,

Bz) . X B(2) .

Res-; 2A(2) = €S-z, m,

(5.16)

zk:A(z¢)=0

wherez, denotes the simple poles b¥VYz). At a simple zer@,, A(z) = AYz)(z z)+ O(z

z)? VRz)(z z)andB(z) is analytic. Therefore,

B(z) _ B(z) _ H 2DV%z).

eSS4 2A@) ~ 2Az) T V2 (547
Hence, altogether we get
I I I h i
H dz V%4z) HX 1
Pmer(2) dz = — — dz=2i — ——— DN : (5.18)
L 2, V(@) , V4@) 2 V%z)

whereN is the number (with multiplicity/winding) of zeros &f°enclosed by ; .

Cubic checkForV(x) = ix3+ a’x,one has/Yz) = (22 a%),V%z)= 2z. On the blown-up
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contour enclosing both zerag = 3,

X 1 1 1
= + = 0;
« VOPz) 2a +2a
SO

Using (5.10), this gives

1

so the OM weight S»=“P) carries the phase ''™ Sv=(4D) = & =
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Appendix A

Steepest descent curves as we continue our

parameter
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