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Abstract

Numerical simulation is typically used to study the dynamics of complex quantum sys-
tems, namely 1-dimensional many-body spin systems and 2-dimensional spin lattice mod-
els. Systems of this nature tend to have large or complicated to experimentally realise
Hilbert spaces. This results in a difficulty in producing realistic experimental methods of
creating interacting spin systems and non-abelian topological phenomena. It also gives a
limited success in numerical simulation, requiring advanced methods of quantum simula-
tion to achieve results on an interesting scale. In this thesis we verify known theoretical
properties and uncover new features of two such models: a many-body XX Hamiltonian
modified with an interacting chiral term and a quantum double model utilised in the
manipulation of topological particles. The interacting chiral spin chain has previously
shown a rich variety of properties, from the semi-classical black hole background found
in its continuum limit, to measurements of Hawking radiation and maximal information
scrambling abilities. Our work builds upon these findings. First by analysing the phase
order transition from the dominance of the chiral coupling and identifying the role inter-
actions play in the chiral phase that define the interior of a black hole. The interactions
of this model are then broken down with the Trotter-Suzuki method into a set of local
evolutionary ’gates’. This quantum circuit decomposition of the chiral many-body dy-
namics gives rise to a potential method of experimental realisation, both of black hole
geometry and of its maximal scrambling. Then a lattice model capable of manipulating
topological particles is introduced. With this model we produce a methodology of ex-
tracting the braiding statistics of a simple non-abelian set of topological quasiparticles
based on the S3 group with minimal resources. Within the limitations of this model, we
manage to produce the result that the braiding operator this particle set has the ability to
produce quantum magic states. This indicates a capability to perform universal quantum

computation that can be demonstrated in the laboratory with current technology.
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Chapter 1

Introduction

Simulation of quantum systems plays a key role in the investigation of many interesting
phenomena. Whether for investigating effects that are too difficult to sufficiently analyse
analytically, such as when chaotic effects were first computationally analysed in the mid
1900s [4, 5], or for observing the dynamics of some quantum model to verify known
characteristics, or indeed uncover new interesting properties. Numerical simulation and
quantum condensed matter systems go hand-in-hand as features of complex systems
may require strong computational power to observe in a reasonable amount of time.
This occurs in some interacting non-integrable condensed matter systems of quantum
objects where analytical methods are incapable of discerning important characteristics

and when the dimensionality of the Hilbert space grows exponentially large.

Condensed matter systems have shown a rich variety of fascinating properties, namely
re-emerging in recent years is the relativistic description of many-body systems in their
continuum limits [6], [7, 8, @]. Whilst many such systems exhibit relativistic effects, it
is truly remarkable when this allows for the simulation of the dynamics of black hole
backgrounds. This feature was found in the many-body SYK model, a toy model that
exhibits a black hole duality [10} 11 12}, T3] where the maximal scrambling of information,
a feature that has been related to the geometry of a black hole [I4], 15] was found in the
many-body SYK model [10].
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Condensed matter systems also allow for the investigation of a different type of ef-
fect: the manipulation of topological particles. Non-abelian anyons, two dimensional
quasiparticles with exotic exchange statistics have proven an interesting focus of research
due to the potential utilisations of their unique interactions. First theorised in 1977
[16] and the theory of their properties developed by Wilczek in 1982 [I7], anyons have
been proposed as a naturally error resilient basis for creating quantum computational
devices (topological quantum computers). Current models for quantum computation
suffer greatly from insufficient error correction, distinguishing anyons as one of the most
promising current directions to compute information [I8, 19, 20]. Only in recent years
are we coming to experimentally observe such phenomenal systems, first measuring any-
ons via observation of unique braiding statistics in 2020 [21} 22] and now non-abelian

braiding observed in a superconducting processor [23].

These condensed matter systems are the focus of this thesis, and computational
numerical simulations will be applied alongside analytical examination of these systems
to confirm and uncover a wide range of properties in each system. Simulation will support
the black hole analogy of a chiral 1D spin chain through dynamics around a phase
transition and maximal chaos [24]. Then analytics of topological ribbons will generate
non-abelian braiding statistics with the potential to produce quantum magic states [25],

26].

This thesis is split into 7 chapters. In Chapters [2| and |3| we introduce and analyse a
1D many-body spin chain with spin hopping and ’chiral’ interaction terms. We show how
the continuum limit of its mean field representation leads to the metric of a Dirac particle
on a black hole background, where the strength of the chiral coupling dictates the speed
of a free falling observer. The transition of the spin chain into a chiral dominant phase
is analogous to the crossing of the event horizon of the black hole. The characteristics of
the dynamics around this phase transition is investigated by employing bosonisation to

ascertain the significance of the contributions of interactions in the spin chain.

This model is further investigated in Chapter[d, where the previously measured effects
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of maximal scrambling, a black hole characteristic, are further explored. The sensitiv-
ity of information to perturbations of the Hamiltonian probe the chaotic properties of
the model. To overcome limitations of the system sizes available with the interacting
model we aim to produce a quantum circuit chirality model that is capable of detecting
these results experimentally with current publicly available quantum computational sys-
tems. We derive a quantum circuit decomposition of the chiral dynamics and probe the
sensitivity of this circuit to noise effects.

We look at a different system in Chapters [p] and [6 instead exploring a 2D spin
lattice capable of theoretically producing and manipulating non-abelian anyons. Anyonic
statistics and the quantum double model is introduced in Chapter [5| Then we devise a
method to obtain the braiding statistics of a non-abelian set of anyons in Chapter [6] and
demonstrate we can produce specific states enabling universal quantum computation.

We provide a summary of the work performed in Chapter [7] and give brief proposals

of future research that may expand on the ideas demonstrated in this thesis.



Chapter 2

Introduction to a chiral
Hamiltonian as a black hole

simulator

2.1 Introduction

There is an interesting set of lattice models whose continuum limits may be expressed in
terms of a relativistic theory. Many condensed matter systems have low energy behaviour
that may be effectively described with relativistic models. Such relativistic descriptions
may be found in models such as Kitaev’s honeycomb [8, 27], superconductors [9} 28], the
XX model [29, B0] and the Dirac equation found from graphene [0l [7]. Simulations of
such systems are often the strongest method we have of deepening our understanding of,
not only the characteristics of these systems, but of the analogous high-energy physics.
These effects are now observable via methods such as superconducting qubits [31].
These relativistic frameworks not only deepen our understanding of these systems,
but also pave the way for the simulation of high-energy physics with table-top experi-
ments. In this chapter, we introduce a previously studied 1D spin-1/2 XX model modi-

fied with a chiral interaction term [I]. The XX model can be expressed in terms of free

12
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fermions, thus it is analytically tractable and well understood. The inclusion of the next-
to-nearest-neighbour chiral term creates a system exhibiting a rich spectrum of quantum
correlations [3], however, also renders it interacting and thus hard to investigate ana-
lytically or numerically. A fascinating aspect of this model is that we can demonstrate
that these chiral systems can be effectively modelled by the Dirac equation on a curved
spacetime. This intriguing connection offers a unique opportunity to realize a black hole

background within the laboratory setting.

The application of mean field approximations allows us to analytically reveal and
numerically verify the emergent black hole physics. This has been confirmed by invest-
igating characteristic black hole features, such as the Hawking effect [1]. For this a
mechanism derived in [32] is used that allows the simulation of Hawking radiation in
fermionic lattice models [33], 34}, B35, 36, 37, 38, B9, 40, 411, 142} [43], [44], 45] [46, 47, [48].
Remarkably, the emergent event horizon aligns with the interface between chiral and
non-chiral phases. In particular, we find that the inside of the black hole corresponds to
a chiral region with an ever growing ground state expectation of the chiral operator. The
outside corresponds to a non-chiral region where the XX model is dominant, visualised

by low expectation values of the chiral operator.

This chapter introduces the background theory to set up the framework of a model
that will be investigated in the following two chapters. This chapter is structured as
follows: In Sec. we introduce the chiral spin chain model and diagonalise it in order
to probe its dynamics analytically as well as create a model that can be effectively
numerically simulated. In Sec. we give a diatomic description of the model and
show how the continuum limit of the mean field version of our Hamiltonian gives a semi-
classical black hole background, with a chiral phase transition corresponding to the black
hole horizon. In Sec. we give concluding remarks about the system that has been

introduced.
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2.2 The chiral chain model

The focus of our investigation is a one-dimensional XX model lattice of half-integer spins

modified with a three-spin interacting chiral term [49, 2]

N-1
1 v
H= ; 3 [*“ (nonir +onon,) — §Xn} : (2.1)

with chirality operator given as the scalar chirality of three adjacent spins [50, [51]

Xn = En ' (5n+1 X 5571-1—2) ; (22)

where &, = (0%, 01,07%) is the spin vector of Pauli operators, and the u,v couplings are

real numbers with dimensions of energy. Here, periodic boundary conditions are adopted

with on = &9, so that our interactions act as shown in Fig. [2.1

The chiral operator has eigenvalues A = +-21/3 each with 2-fold degeneracy and 4-fold
degeneracy values A = 0. Eigenstates for the A = 0 include

1

.

(I + ) + ) (2.3)

while those for A = £24/3 are given as |¢4)

1

2V/3

F o)+ (5o £ 1) W), (2.4)

1
64) = =) + ( 5t

All other eigenstates of the same A values can be obtained by performing a spin flip on all
three spins. Due to the nature of these eigenstates, the chiral operator has been proposed
as a tripartite entanglement witness [2]. Spin chirality breaks parity (P) and time (7)
symmetries, but preserves PT symmetry and has been suggested as an order parameter

in quantum magnetism [51].

In order to probe large system analytics, the spin model is mapped to a fermionic
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Figure 2.1: (a) The interactions of the chiral Hamiltonian lattice diagrammatically por-
trayed, with nearest neighbour interaction strength defined by u and next-to-nearest
neighbour interactions by v [I]. The separations of neighbouring spins into groups A and
B represents the unit cell described in Eq. . The chirality operator calculates the
interaction of the three spins in each triangular space [2]. (b) The dispersion relation of
the Hamiltonian for various values of v. Two additional Fermi points appear if v > u
which divides the negative-energy portion of the Brillouin zone into two disconnected
regions.

chain via a Jordan-Wigner transformation

n—1 n—1
of =exp (—m Z cincm> e, o7 =exp (iw Z c;fncm> e, 02 =1—=2cc,, (2.5)
m=0 m=0

where 0 = (0f +i0})/2 and ¢, are fermionic operators obeying the commutation

relations {cp, c;fn} = Opm and {cp, e} = {CL, c;rn} = 0. Thus, the Hamiltonian becomes

w
H= Z [ —uchenp1 + g(c;rzcnﬂ(l - 2C;rz+2c”+2)
~ (2.6)

+ CL+1Cn+2(1 —2cle,) — chnng)} +H.c.

This Hamiltonian should have additional boundary terms due to the periodicity condi-
tion, but these may be ignored in the thermodynamic limit of N — oco. The model is

intrinsically interacting as the fermionic Hamiltonian contains quartic terms.
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To analyse the behaviour of the interacting model, mean field theory (MFT) is ap-
plied to transform the Hamiltonian into an effective quadratic Hamiltonian which can be
efficiently diagonalised. Fluctuations of an operator A in a mean field model is defined
as 0A = A — (A), where (A) is the expectation value of the operator A with respect to

the mean field ground state |Q2). A product of two operators is given as

AB = (A)B + A(B) — (A)(B) + 6 ASB, (2.7)

where the second order in fluctuations can be ignored.

Applying this to the interacting terms of Eq. (2.6)), the Hamiltonian becomes

N-1

1w
Hyr(a, Z) ZO [ (u—ivZ)ec cn+1 5 CILCnH
n=
N (2.8)

Z Cn—i-E()—i-HC

where p = 2vIm(«) is an effective chemical potential controlling the number of particles
in the ground state, By = v(Z — 1)Im(«) is a constant energy shift, and (02) = Z,
(cILan) = «, where the expectation value is done with respect to the ground state of
the mean field Hamiltonian, |Q(a, Z)), for given values of a and Z. Self consistency
requires (Q(c, Z)|0Z|Qev, Z)) = Z and (Qa, Z)|chenia|Qa, Z)) = « for all n. A single
solution to these equations may be chosen on the grounds that the original Hamilto-
nian of Eq. has particle-hole symmetry, [H,U]| = 0, where U is the particle-hole
transformation with Uc, Ut = (—1)"¢} and Ucl,UT = (=1)"c,. This symmetry implies
that (cILcn) =1/2 and (cILan) € R in the ground state. Requiring the MFT to retain
the particle-hole symmetry, these conditions imply that Z = p = o = 0, and the MFT

Hamiltonian becomes

N-1

Hyp = Z (—uchnH — QCLanrg) +H.c.. (2.9)
n=0
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This Hamiltonian is quadratic and periodic, hence it can be diagonalised with a

Fourier transform

1 .
Ch = —F—= Z e""Pey, (2.10)

\/N peB.Z.
where B.Z. = [-7/a,m/a) is the Brillouin zone, p are the momenta quantised as p =

2nm/Na for n € Z, ¢, are the momentum space fermionic modes, and a is the lattice

spacing. This brings the Hamiltonian into the diagonal form

Hyr = Z E(p)c;;cp, (2.11)
peEB.Z.

where the dispersion relation is given by
E(p) = —2ucos(ap) + vsin(2ap), (2.12)

as shown in Fig. 2.1 The Fermi points of this model, defined as the points {p;} such
that E(p;) = 0, are given by py = +7/2a for |v| < |u|, whilst for |v| > |u| two additional

Fermi points appear, located at

1. _
P1 = —sIn ! (7) ) P2 = E — P1, (213)

as shown in Fig. [2.1(b). These additional points arise due to the Nielsen-Ninomiya
theorem.

Now that we have a non-interacting integrable model we want to probe at its interest-
ing properties analytically. Namely, we want to explore the transitions of quantum phases
of our mean field spin Hamiltonian Hy;r for the cases where v and u are homogeneous

couplings.

2.2.1 Correlators

The correlation matrix is defined as Cp, = (Q\c,ﬁcm|§2>, where [(2) is the ground state of

the mean field Hamiltonian (2.9). Mapping to momentum space with a discrete Fourier



18

transform as in Eq. (2.10)), the correlators can be written as

1 . .
Com =~ > €™ (Qcle,|)
p,qEB.Z.

1 —ip(n—m
=5 D Apem (2.14)
p:E(p)<0

N;gol/ dpe—ip(nfm)’
21 Jp:E(p)<0

where in the second equality the fact that the ground state |{2) has all negative energy
states occupied is utilised, so <Q|c;r,cq|Q> = 0ps0(—E(p)), and the fact that eigenstates are
separated in momentum space by Ap = 27 /N for a lattice spacing a = 1 used to rewrite
the sum as a Riemann sum. In the third equality the thermodynamic limit N — co maps

the sum to an integral which can now be solved analytically.

For |v| < |u| the correlation function is given by

(2.15)

For |v| > |u|, the negative energy portion of the Brillouin zone splits into two disconnected

regions so the integral splits into two as

1 P1 T—P1 .
Cnm = / dp + / dp efzpa(nfm)
27 _x ks
2 2
]

— 2cos {(n - m)z} (2.16)

:27r(n—m>{ 2

+ (_1)nfm€ip1(nfm) + eipl(nm)}’

which is now a function of v and is not smooth. The fact the correlation matrix is not a
smooth function of v is a consequence of the change in topology of the Fermi sea shown
by the grey portion of Fig. As observables are derived from the correlation matrix,

this behaviour is the root cause of the phase transition exhibited by the model.
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2.2.2 Energy density at the phase transition

The Fermi sea is fully occupied in the ground state |2). Therefore, the ground state

energy density is given by

1 1
po= —(QUHIQ) - / dpE(p), (2.17)
N 2m p:E(p)<0

where again the thermodynamic limit is taken. Now energy density becomes

2
-5 o] < Jul

po = (2.18)
2
~L (£ 40) ol > Jul.

The first derivative of pg is continuous, but there exists a discontinuity in the second

derivative as

o |0 WI<H
= , (2.19)
81)2 1 u2
—ro v > |yl
revealing that the point |v| = |u| corresponds to the critical point of a second order phase

transition.

In Fig. comparison is made between the ground state energy density vs. v for
the MPS numerics of the spin model [I] and the mean field approximation for a system
of N = 200. The mean field agrees well with the spin model, accurately predicting the
location of the critical point. Below the critical point, the two models agree exactly,
which suggests that the interactions induced by the chiral term are irrelevant in the

ground state. Nevertheless, interactions become significant above the critical point.

2.2.3 Central charge

To gain further insight into the nature of the chiral phase transition, the behaviour of the
ground state bipartite entanglement entropy as a function of v is considered. Consider

partitioning the system into two subsystems, A and B, where A contains I <« N adjacent
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Figure 2.2: A comparison of the ground state energy density vs. v obtained from MPS
simulation of the spin model from Ref. [I] and the MF approximation for N = 200 spins.

spins. The reduced density matrix of A as the partial trace over the remaining N — L
spins of B is defined as p4 = Trg(p), where p is the state of the whole system. Here, the
system of interest is the ground state, giving p = |Q)(Q|, where |Q2) is the (pure) ground
state of the total system. The entanglement entropy is defined as Sy = —Tr(palnpa).
As discussed above, the model is gapless for all v so it can be described by a conformal
field theory (CFT) [52]. In this case the ground state entanglement entropy of a partition

of spins is expected to obey the Cardy formula,
SEBC(L) = g InL + So, (2.20)

provided L < N, and where c is the central charge of the CFT and Sy is a constant [3, 53],
which applies to both the original spin model and the mean field approximation but differ
for open (OBC) and periodic (PBC) and boundary conditions. The entanglement entropy
of the mean field model (for PBC) can be measured quite simply by using the correlation
matrix. Scaling behaviour of the entanglement entropy follows the formula in Eq. ,
as shown in Fig. (a), allowing for the extraction of the central charge ¢ for various
values of v. Good agreement is found with the Cardy formula at even small L, which
is expected due to the primary operators that define the CFT being localised on single

lattice sites, similar to the XX model. Therefore no RG flow is necessary to access the
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Figure 2.3: (a) The entanglement entropy Sz of the mean field (MF) model vs. L
for a system of size N = 500, for values u© = 1 and v = 0.5 with periodic boundary
conditions. The entanglement entropy follows Eq. , allowing the extraction of the
central charge. (b) A comparison of the central charge ¢ of the mean field model and
spin model vs. v for the same system. The central charge jumps from ¢ = 1 to ¢ = 2
across the phase transition for the mean field, suggesting that the degrees of freedom
of the model have changed. The central charge for the spin model was calculated using
OBC and fitted using Eq. (2) in [3].

universal behaviour.

Using the MPS results with open boundary conditions the spin model and the mean
field approximation are compared. In Fig. (b) it is shown that ¢ ~ 1 in the XX phase
and jumps to ¢ =~ 2 in the chiral phase, with good agreement between the spin and mean
field results. The additional Fermi points appearing when |v| > |u| cause the model to
transition from a ¢ = 1 CFT with a single Dirac fermion to a ¢ =2 = 1+1 CFT with two
Dirac fermions, as seen by the additional Fermi points of the dispersion in Fig. [2.1|(b).
This can also be understood from the lattice structure of the MF model, as seen in
Fig. 2.1(a), where for |[v| < |u| a single zig-zag fermionic chain dominates (¢ = 1) while
for |v| > |u| two fermionic chains dominate, corresponding to the edges of the ladder,

thus effectively doubling the degrees of freedom (¢ = 2).

Now the interesting properties of the mean field system at a chiral phase transition
have been identified, another feature of the model that shows a transition will be intro-

duced. The point |v| = |u| is also found to locate the horizon of a black hole background.



22

2.3 Emergent black hole background

Although the Einstein equations are trivial in (1+1)-dimensions, relativistic gravitational
theories have been shown to reproduce the effects of higher dimensional gravity [54, [55].
This had lead to analytical solutions of complex systems using the semiclassical limit of
applying quantum fields on a classical (14 1)-dimensional curved space background, such
as the Dirac equation for spinors in a Schwarzschild-like metric [56]. It is thus of apparent
interest to simulate this physics with many-body systems, allowing for an effective way to
simulate these semiclassical gravitational systems, such as simulating the Dirac equation

with the SSH model [33].

2.3.1 Diatomic model

An interesting feature appears in the continuum limit of the model when the fermionic
operators are alternatively labelled between sub-lattices A and B by introducing a two-
site unit cell, as shown in Fig. The mean field Hamiltonian of Eq. (2.9) can be
reparametrised as
w
Hyr = Z —ua};(bn +bp—1) — —(aLanH + bj,;bn+1) +H.c., (2.21)

2

n

where the fermionic modes a,, and b, belong to sublattice A and B, respectively, of the
unit cell located at site n. These modes obey the commutation relations {an,ajn} =
{bn, bin} = 0pm, while all mixed anti-commutators vanish. The index n now labels the

unit cells. A Fourier transform is performed on the Fermions with the definition

1 )
ap = > ereng, (2.22)
Ve peB.Z.

and similarly for b,,, where N, = N/2 is the number of unit cells in the system, a. = 2a

is the unit cell spacing for a given lattice spacing a, and B.Z. = [0, 27 /a.) is the Brillouin
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Figure 2.4: The tilting of the Dirac cones as v increases and v = 1. The blue and orange
sections show the dispersions of the two operators a and b respectively in the diatomic
unit cell for a. = 1.

zone. The Fourier transformed Hamiltonian becomes

Hyp = XphD)xp, (D) = , (2.23)
. pe;Z. f*(») 9(p)

where the two-component spinor is defined as x, = (ap,b,)* and the functions are given
by

f(p) = —u(l + e P),  g(p) = vsin(acp). (2.24)

The dispersion relation is given by the eigenvalues of the single-particle Hamiltonian
h(p) which yields
E(p) = g(p) £ [f(p)]

= vsin(acp) £ u/2 + 2 cos(acp).

Though this is a more simplified energy spectrum than derived from Eq. (2.1)), only the

(2.25)

ground state properties are of interest, which are seen to in general agree exactly for

v < u, and diverge slightly for v > w.

Fig. shows that the parameter v has the effect of tilting the cones as it increases.

The Fermi points {p;}, defined as the points for which E(p;) = 0, are found at

1 2u?
Py = 1, p+ = +— arccos <1 — l;) . (2.26)
Ac Q¢ v

The roots py only exist if the argument of arccos is in the range [—1,1] which implies
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|v| > |ul for these to appear in the dispersion. Therefore, if |v| < |ul, the only Fermi point
is located at py = 7/a. which is where the Dirac cone is located, as shown in Fig.
When the cone over-tilts, so when |v| > |ul, then the additional zero-energy crossings at
p+ appear, again due to the Nielsen-Ninomiya theorem, which states that the number of

left- and right-movers must be equal [57].

2.3.2 Continuum limit

In order to probe the relativistic characteristics of this model more effectively, the con-
tinuum limit of the mean field Hamiltonian must be found. The continuum limit is ob-
tained by Taylor expanding the single-particle Hamiltonian h(p) about the Fermi point

po to first order in momentum, yielding

h(po + p) = uo¥p — vlp = eaioz“pi, (2.27)

where lattice spacing is set as a. = 1, the coefficients are defined as e)* = —v,e;”

=u
and the Dirac matrices a® = I, ! = o¥. Therefore, the continuum limit Hamiltonian

after an inverse Fourier transform to real space is given by

H— /R dax' (x) <—ieaia“§;> (@), (2.28)

A d
with A0, B = 5 (40,B — (0,A)B) and the Dirac a® = (I,¢¥) and = 0*. Note that the

1
2
position is now measured in terms of unit cells with two lattice sites rather than single
sites.

Comparing this Hamiltonian to the general one of Dirac particles in curved space

[55], the continuum limit of the lattice model can be interpreted as a curved space field

theory with zweibein

1 —v 1 v/u
el = , el = (2.29)
0 wu 0 1/u

and Dirac gamma matrices Y = ¢ and ¥ = —io® which obey the anti-commutation
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relations {7%,7%} = 21, with n® = diag(1, —1). The zweibein corresponds to the metric

Juv = eauebynab which gives

2

2 1
ds? = <1 - 22) dt? — u—gdtdx — ?dxz. (2.30)

When variables u and v are given as slowly-varying spatial functions, the same calculation
holds, with an event horizon located at the point x, where |v(xp)| = |u(xy)|. As is done
for the SSH model where the continuum is described by a Dirac equation [33], in the small
region in which v is a slowly-varying functions of z, the coupling of different momentum
modes will be small and can be ignored to a good approximation, leaving the diagonal
terms a}:ap only. For coordinate dependent coefficients, this is the Gullstrand-Painlevé
metric [58] also know as the acoustic metric, which is the Schwarzschild metric of a
(141)D black hole expressed in Gullstrand-Painlevé coordinates [59, [60} [61]. This metric
has the useful property of having no coordinate singularity at the horizon, allowing for
the observation of particles moving into the physical singularity at the centre of the black
hole. It is invariant under time translation (stationary) and has the non-diagonal metric
elements change sign under time reversal 7 : ¢ — —t (not static). The system, however,
acts similarly under parity (inversion) symmetry P : x — —z, and so is symmetric under
a reversal of both space and time coordinates (P7 symmetric). This metric is referred
to here as an ‘internal metric’ of the model as it depends upon the internal couplings of
the Hamiltonian and not the physical geometry of the lattice. In addition, this is a fixed

classical background metric and the quantum fields have no back-reaction on it.

In order to bring the metric Eq. (2.30)) into standard form, a coordinate transforma-

tion defined as (t,z) — (7, x) is used, where

T(t,z) =t — /x dz& (2.31)

o u—0v2(z)’
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maps the metric to

ds? = (1 _ v ! 2 (2.32)

u2(x)> dr® - u2($) (1 . 02(:13)) dz”,

2 (z)

thus taking the general form of the Schwarzschild metric. From this metric, it is seen
that, when w is fixed, the variable v may be interpreted as the velocity of an observer
freely falling directly toward the centre of the black hole with zero initial velocity at

infinity [62]. As the physics of interest are those of the horizon only the behaviour of

the the system for x ~ =z is considered, where f(z) = (1 - ZZ((B) can be taken to
have a linear profile that changes sign around x = x; and satisfies f(xp) = 0. This
condition corresponds to v(xy) = w in the couplings of the chiral model. Looking at
the condensed matter model with space-dependent parameters u(x) and v(z), the phase
boundary between the regions for |v| < u and |v| > u, as will be utilised in the next

chapter, can be interpreted in terms of a field theory with a black hole metric, where the

phase boundaries align precisely with the event horizons of this metric.

2.4 Conclusion

We have introduced a one-dimensional spin chain model with the interactions of an XX
model, modified with an extra interacting spin chirality term. It has been shown how a
non-interacting version of this model can be found via mean field theory and that this
mean field system can be diagonalised by simple Fourier transformation. This allows
for the analytical investigation of a phase transition brought on by the dominance of
the chiral terms, namely, when coefficients follow |v| > |u|. This second order phase
transition point leads to a drastic change in the ground state energy density, as well as
an increase in the central charge, doubling the degrees of freedom of the system. Next, we
show how a diatomic representation of this model leads to a dispersion relation featuring
a Dirac cone at the ground state level. This cone is tilted by an increase in strength of

the chiral term. Further investigation gives us a continuum limit that produces a semi-
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classical black hole background with a horizon coinciding with the chiral phase transition
found previously.

Now that we have introduced the chiral model and analysed an intriguing black hole
analogy, we will investigate the chirality, the operator that gives us this specific semi-
classical space time background. In the next chapter we calculate chiral properties of the
phase transition for homogeneous systems and for those where the strength of chirality
follows a black hole like profile. We then use analytical methods to determine how true
these interactionless calculations are to the original interacting system and find how a

classical chain of spins acts under the same interactions.



Chapter 3

Analysis of chirality on a
semi-classical black hole

background

3.1 Introduction

In the following chapter we build upon the research into the chiral Hamiltonian of
Eq. (2.1), taking u(z) = 1, so as to align with the standard Schwarzschild metric in
natural units as given in Eq. . We examine the ground state expectations of the
original and MF models, and find that the MF approximation faithfully predicts a phase
transition between a chiral and non-chiral phase. The reliability of this interaction-less
approximation is tested through an analysis of the bosonization of the full spin model in
the regime where our model has two Fermi points [63] [64]. Subsequently, we examine the
MF approximation’s validity in the chiral regime by employing bosonization techniques
of the four Fermi point section of our model [65], which allows us to map the fully inter-
acting Hamiltonian onto a Luttinger liquid [64]. We then employ a classical version of
the system to further analyse and understand these effects comprehensively. By doing

so, we understand further how chirality acts on a chain of spins as a closed system.

28
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This chapter is structured as follows: In Sec.[3.2] we investigate the chiral spin operator
and its expectation with the ground state of the system both in the flat and curved space
cases. In Sec. we use bosonization to ascertain the significance of the interactions, and
finally, in Sec. [3.4] we use a classical version of the system to gain a geometric intuition

on chiral interactions. We end with concluding remarks on these results in Sec.

3.2 Analysis of spin chirality

In this section the spin-chirality operator from Eq. is investigated in detail. From the
previous chapter, in the mean field description the v parameter, controlling the strength
of chirality, is found to have the effect of tilting the Dirac cones, as shown in Fig.
Thus, the chirality of the system is responsible for this tilting which emulates the over-
tilting of a Dirac cone near a black hole. This operator is clearly an order parameter
of the system, as the point of over-tilting and entering the analogous black hole brings
the system into a chiral phase. Evidence of this is found in the previous chapter, where
upon entering this phase the Brillouin zone is seen to split into two closed sections of
momentum space. It is also found to affect many other aspects of the model, including
the central charge and the ground state energy density. Therefore it is of interest to study
this operator and find what it can show about the the black hole system, especially in
the case of the spins inside of the black hole horizon, corresponding to the transition into

a chiral phase in a homogeneous lattice.

Applying the Jordan-Wigner transformation to the chirality operator of Eq. (2.2)),

produces the chirality operator in terms of fermionic modes, given by

Xn = — 2i(CLCn+1 + C:rz+1cn+2 - CLCn+2)

(3.1)
+ 4i(chn+1cL+20n+2 + cjl+1cn+gcjlcn) +H.c..

It can be seen in Fig. M(C) that the expectation of the chirality operator has a point

after the transition |v| > |u| where it is equal to 0. If this operator is to be viewed as an
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Figure 3.1: The dispersion relations, with coloured Fermi points corresponding to those
in Fig. 2.1{(b), when (a) v = 1.5, and (b) v = 5. Black dots provide a visual in the
difference in number of discrete momentum states, equally space from —x to 7, in the
spaces (1 and (2. (c) The chirality of any single site in a 100 site homogeneous (‘flat
space’) lattice as v changes for the fully interacting chiral operator. (d) gives the same
for the mean field chiral operator. (c) and (d) also give the analytical solutions as given

in Eq. (3.9) and Eq. (3.10) respectively.

order parameter, giving the transition at the point where x is non-zero, it is unusual for
it to return to this value. However, there is a choice now to be made of exactly which
chiral operator to analyse. As the original spin Hamiltonian of Eq. contains the
chirality operator as in Eq. , applying MFT yields a non-interacting version of the
chiral operator, interpreting this as the coefficient of v/4 in the mean field Hamiltonian
of Eq. . The MFT version of the chiral operator in fermionic form is therefore given
by

XM = 2icl ein + Hee,, (3.2)

with ground state expectation given in Fig.|3.1(d). In the following both versions of the
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chirality operator will be considered, as they give complementary information. Eq. (3.1])
will be referred to as the full chirality, whilst Eq. (3.2)) as the mean field chirality.

3.2.1 Discrete stepping of the chirality

In Fig. it is shown how the chirality of a homogeneous chain system (corresponding to
flat space) changes as the next-to-nearest neighbour terms in the Hamiltonian becomes
more dominant. Clear discrete jumps in the value of chirality are found as the parameter
v is increased, corresponding to a momentum state leaving the left-hand Fermi sea (de-
noted as (1) as another momentum state simultaneously enters the right-hand Fermi sea
(denoted as (2). This is due to the fact that the number of discrete momentum states
in the total Fermi sea is equal to N/2, i.e, |(1| + |¢2| = N/2, where |(;| is the number of
momentum states in ;. As v changes, these two disconnected regions of the Fermi sea
change size and hence exchange states to keep the total fixed at N/2.

The behaviour of the chirality jumps shown in Fig. can be determined analytically.
The total chirality in this instance can be diagonalised by the Fourier transform that also

diagonalises the Hamiltonian of the system

o = \/1N ZB:Z ¢ivane, (3.3)
peB.Z.
to give
(x) = —4 Z sin(2ap) — % Z [sin(a(k — 2p)) + sin(a(p — 2k))], (3.4)
PEBZ. p,kEB.Z.

where the summed momenta p and k satisfy E(p) < 0 and E(k) < 0. The chirality is
seen to jump in discrete steps as the chiral coupling v is increased. This diagonalised

total chirality can be used to find an analytical formula for the size of the jumps, where

e—0 ’U2

lim (x (v + €)) — (x(v)) = /1 - [ <> (sin<2p> - 2:608@))] (3.5)
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Figure 3.2: Measurements of the discrete jumping of total chirality as chiral coefficient v
is increased. The numerical solutions are found by taking the expectation of the chirality
operator on the ground state at v, then subtracting that from the same operator for some
small change v+e¢. The analytic solution is found from Eq. , and the thermodynamic
solution N — oo from Eq. .

In the large v limit where the chiral operator becomes dominant

vV—00

lim A(yx) = —% Zsin(Qp), (3.6)

which gives a value of about 10.2 for the limit the jumps tend towards as v is increased.

Additionally, in the thermodynamic limit

_ [ w2 [16u 32 u?

As the existence of the discrete stepping feature in Eq. (3.5)) has already been assumed,
this order of the limits allows for the application of N — oo without forming a continuum
version of the lattice model. This analytically predicted behaviour of chirality jumps is

in agreement with the numerical findings, as shown in Fig. 3.2

The frequency of the jumps is controlled by the rate in which the momentum space
within (; shrinks while (s grows, as shown in Fig.|3.1] expressed in terms of the proportion

of the momentum space in the Brillouin Zone that is spanned by (1 = [52,p1) for Fermi
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Figure 3.3: (a) The rate of ’jumping’ of the values of the chirality as found from Eq. .
(b) the discrete jumping found from applying Eq. . It is seen that with the number
of states in the momentum space encapsulated by (i decreasing, each integer change
corresponds to a sudden increase in the chirality. Seven total jumps are shown in the
interval v =1 to v = 1.11.

1

point p; = sin™! (%) The number of states in the left-hand Fermi sea is given by

+Z2L  Nsin™! N7 /2
Nl =N P 2a — S (U/’U) —+ 71'/ , (38)
2 2ma

which, in Fig. 3.3] shows a correspondence between N7 dropping by an integer amount

to the number of discrete steps in chirality taken.

3.2.2 Chirality in the thermodynamic limit

Here, the chirality in the thermodynamic limit for N — oo is analysed. Using the

expression for the correlation matrix derived in Egs. (2.15) and (2.16)). The ground
state chirality with respect to the full chiral operator of Eq. (3.1]) is given by the simple
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Figure 3.4: A comparison of the ground state chirality obtained from the mean field
ground state |Q) using the two operators x and xMF of Eq. (3.1)) and Eq. (3.2)) respectively,
and the results obtained from exact diagonalisation of the spin model.

expression

<Xn> = SIm(Cn,n+10n+2,n+2 - Cn,n+2Cn+27n+1

+ Cn+1,n+2cn,n - Cn+1,ncn,n+2 - (Cn,nJrl + Cn+1,n+2 - On,n+2)/2)

(3.9)
0 o] < ul
10-%) @) iz
as per the correlators defined in Sec. and for the mean field chirality
0 v] <ul
<XTI\L/IF> = 4Im (Cn,n+2) = (310)

2
L(1-5) el ful

A comparison between the chirality of this MPS spin model simulation and the mean field
approximation can be seen in Fig. The mean field faithfully captures the important
information about the phase transition and, just like for the energy density, the two
models agree exactly below the critical point where the chirality is zero. This behaviour
suggests the chirality is an order parameter for the model and emphasises again that,

below the critical point, the interactions are irrelevant in the ground state. The free
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fermion mean field approximation of Eq. (2.9 accurately reveals that for small v the
system is in a disordered, gapless, XX phase, while as v increases it passes through a
second-order phase transition into a gapless chiral phase, corresponding to a non-zero

ground state chirality (x,).

From Egs. and , it is clear that the chirality is non-zero if and only if
there are complex next-to-nearest-neighbour correlations Cj, ,42. To investigate these
correlations further, a general tight-binding model with discrete translational symmetry
and periodic boundary conditions can be considered. Considering a model with inversion
symmetry under the transformation n — —n, this implies that the dispersion relation
is an even function obeying E(p) = E(—p), so the Fermi points must come in + pairs.
Referring back to the definition of the correlation matrix in Eq. , it is seen that
Cr,, = Cpm for an even dispersion relation: complex conjugation is equivalent to the
transformation p — —p in the integral and, as the range of integration is symmetric
under this transformation due to the Fermi points being + symmetric as the dispersion
relation is an even function, the integral, and hence correlation matrix, is invariant and
hence real. In fact, as long as the Fermi points come in £ pairs, even if the dispersion
E(p) itself is not an even function, the correlation matrix is real, as is the case the chiral
model in the range |v| < |u| as in this phase the Fermi points are fixed at pg = +7/2a
despite the dispersion itself not being even, as in Fig. However, this is broken when

|v| > |u| as new Fermi points appear and the correlation matrix is complex.

A simple model that breaks inversion symmetry is a model with nearest-neighbour

hoppings and complex couplings, with Hamiltonian

H=-ue > clear +He, (3.11)

n

where u € R and 0 € [0,27). The breaking of inversion symmetry is apparent from the
dispersion relation E(p) = —2ucos(p — 0) as it is no longer an even function. The Fermi

points of this model are at pg = 6 £ m/2, therefore the correlations of this model are
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Figure 3.5: (a) An example of an inhomogeneous distribution for the couplings v. (b)
The corresponding chirality obtained from the spin model MPS [I] and the mean field
model with the full operator x. The distribution of v describes a phase boundary between
a chiral (v > u) and non-chiral (v < u) phase.

given by
| 0+

Corm dpefip(n*m)

727‘(’92

(3.12)

_sin [ = m)5] ipnom)
~ 7m(n—m) ’

which are complex, but the correlations between next-to-nearest-neighbours, where |n —

m| = 2, are zero, therefore the chirality of this model will be zero.

The simplest way to achieve complex next-to-nearest neighbour correlations is to in-
clude a term in the Hamiltonian which couples next-to-nearest neighbour sites and breaks
inversion symmetry, such as the MF chiral Hamiltonian of Eq. . The interesting fea-
ture of this model is that for |v| < |ul, the dispersion relation retains its symmetric Fermi
points at pyx = +7/2 despite the dispersion not being symmetric. Therefore, all correl-
ators in this phase will be real as seen in Eq. and hence the chirality will be zero.
On the other hand, for |v| > |u| the dispersion relation changes resulting in complex
correlations which yields a non-zero chirality, giving the chirality its order parameter

behaviour.
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Figure 3.6: (a) Measurements of total chirality for a 100 site lattice with the horizon zj,
at site 95 for the collapsing dust profile of Eq. when mass M is increased. (b)
shows the same calculations for the hyperbolic tanh profile of Eq. as « is increased.
(c) Chirality expectations of each site of a 500 site lattice for spatial functions v(x) with
horizon xj, positioned at site 450 for the collapsing dust metric with M =1 (blue) and
with the hyperbolic profile with o = 2, 3 = 0.2 (green).

3.2.3 Black hole profile chiralities

The above analysis was conducted for homogeneous systems where u and v are constants.
Profiles where v(x) changes slowly will now be considered, where these calculations are
still expected to hold, and behaviour investigated of the system around v = u, which
from the emergent metric in Eq. , corresponds to the location of the event horizon.
Fig. shows the chirality distribution across the system for a given coupling profile v(x)
for constant w. The result that the system is chiral where |v| > |u|, whereas for |v]| < |u]
the system is non-chiral is still observed, therefore an interface still exists between two

phases.
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The chirality expectation can be found for different black hole backgrounds by choos-
ing an appropriate relation for v. If a collapsing dust metric for a black hole is considered,

the coupling becomes

v=1/1-M(z| — z1,/2), (3.13)

where M is the mass of the black hole and x, is the position of its horizon [66]. Another

useful metric is a hyperbolic tanh profile [31], with coupling
1
v = aftanh(B(x — zp) + ) + 1], & =tanh™! (a - 1) . (3.14)

In Fig. the chiralities across the lattice are shown, where the position on the
lattice x corresponds to the position in space. Moreover, we present the total chiralities
of these black hole profiles as their parameters are altered, giving similar results to those
in the homogeneous case.

It has been shown that many analogue gravitational systems will exhibit a Hawking-
like effect, whereby emission of radiation is described by scattering events following a
thermal distribution at the Hawking temperature [36, 37, B38| 48] B3l B4, 35] 39 40,
411, 43, 42], 47, [46], [45]. This has been explicitly demonstrated in the mean field model
of Eq. with inhomogeneous couplings, whereby interfaces between the two chiral
phases thermalises the wavefunction [I]. By preparing a single particle inside the horizon
in the state |n) = c}|0) and letting it evolve under the Hamiltonian, it is found that
once the wavefunction tunnels across the horizon the external distribution takes the
form P(k,t) oc e PHF)/T where T is the Hawking temperature of the effective black hole
given by T = |v'(xp)|/27. This is an effective thermalisation exhibited shortly after the

scattering [48], 32].

3.3 Bosonization

As the mean field Hamiltonian is non-interacting, it is important to investigate how

important the interactions of the full model are in order to asses the validity of the mean
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field results. In higher dimensions, most interacting fermionic models can be studied
using Fermi liquid theory; in one dimension they can differ dramatically. The breakdown
of Fermi liquid theory is intuitively explained by the nature of excitations near the Fermi
surface [64]. In one dimension, the Fermi surface consists of two points, kr and —kp.
For inversion symmetric Hamiltonians, the dispersion in the vicinity of the Fermi surface
is typically wi(k) = vp(k — kr) and wa(k) = —vp(k — kr). The nesting condition
wi(k) = —wa(k) leads to a breakdown in perturbation theory and indicates that the
interacting model differs dramatically from the non-interacting model. In fact, the low
energy behaviour is typically described by collective, bosonic excitations using Luttinger

liquid theory.

For the chiral model, bosonization has been previously employed when |v| < |u]
where there are only two Fermi points [I]. This resulted in the bosonized Luttinger
liquid Hamiltonian

H= u/da: [T1% + (0,9)?] (3.15)

for a bosonic field ® with canonical momentum II. This gives a Luttinger coefficient [64]
K =1, corresponding to a free fermion model in the whole regime with the interactions
simply renormalizing the Fermi velocities. This can be simply understood by noting that
the Fermi velocities differ at the two Fermi points, therefore the nesting condition does

not apply.

When |v| > |u| there are two additional Fermi points with equal Fermi velocities, so
the nesting condition becomes relevant. The bosonized system is now described by a four

component Hamiltonian given, neglecting terms with minimal contribution, by

H =" 0pbuhyuOsty (3.16)

wv

where ¢, represents the bosonic fields [63] centred at each Fermi point in the sum of p
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and v and
WU2L1—2U 0 v—U v—u
1 0 MQL2+2v uU—v U — v
hy = — , (3.17)
T v—u u—v R4 2u 2u
v—u u—v 2u 5+ 2u
with Fermi velocities vr,, = 2(Fu — v) and vg = 2v (1 — Z—j) After a coordinate

transformation it is found, near the transition point v ~ wu, the Hamiltonian takes the

form

VR v
H:u/dx 113 + (9,91)°] +./uRv;%/dm /Engﬂli(aﬂh)? : (3.18)

for bosonic fields @1, ®o and corresponding canonical momenta IIy,Ils, giving two Lut-
tinger coefficients K1 = 1 and Ky = \/vg/v = \/vr/(vr + &£). Since the Luttinger
coefficient Ky # 1, the interactions after the transition into the chiral phase are relevant

and have a significant influence on the model.

3.4 Classical analysis

To gain further insight into the behaviour of the chiral spin chain a classical equivalent
of the model is analysed. Classically, the spins are unit vectors that can take arbitrary
orientations. The dispersion is found by minimising the energy of the spin vectors in a

classically equivalent energy function. The Hamiltonian is now given as
u V= — _
H= Z [—5(5ﬁ5ﬁ+1 +858041) = an (Sn41 % Sn+2):| ; (3.19)
n

for spin S, = (sin ¢y, cos Oy, sin ¢y, sin ,,, cos ¢y, ). Open boundary conditions are adopted,
so the summation in Eq. (3.19) ends at N — 2 for the chiral operator. The u controlled
XX portion of the energy attempts to align all the spins with nearest neighbour couplings

whilst the chiral coupling v of the three spin interaction works to make neighbouring spins
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Figure 3.7: (a) Average chirality of the classical chain, when u = 1, v = 20, where the
strong chiral contribution from large v gives values close to 1, shown as lattice size N
is increased. The quantum case in (b) for values up to N = 300, which shows similar,
locally oscillatory behaviour with a tendency toward ~ 1.22 as lattice size is increased. (c)
Values for the classical/quantum chirality operator, given in blue/black, as v is increased
for a periodic lattice of N = 300. The classical value slowly approaches 1, whilst the
quantum chirality grows larger towards ~ 1.22. It can also be seen that the classical
chirality begins to grow before the phase transition point of u© = v.

orthogonal. The overall spin configuration that minimises the energy was determined
numerically, where the first site was set as spin up and all others sites were free, and the
classical chirality found using DMRG.

The average chirality has the form

1 - - -
<X> = N Z S - (Sn—i-l X Sn+2)~ (320)

The value of chirality for the spin configurations that minimize the classical energy is

given in Fig. 3.7l By showing the spins along the chain in Bloch space it can be seen
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(a) (b) &

Figure 3.8: The procession of spins in a 10 spin lattice as found by the classical model for
(a) v =0.8 and (b) v = 8. In (b) the spin states are found in sets of 3 almost orthogonal
spins that repeat and process along the chain.

that, when v > wu, the spin structure of the lattice is a repeating three spin sequence
with these three spins almost orthogonal due to the chiral operator minimising whilst
the spins are orthogonal, whereas the XX portion of the energy is minimised when the
spins are parallel. This sequence then repeats along the lattice whilst slowly processing,

as is shown in Fig. [3.8] where the effect of increasing the chiral coupling strength is given.

The results from Fig. show a similarity between the classical chirality calculations
and those done in the quantum case. This figure also gives the changes in average chirality
x when the system size is increased, shown to be a tendency toward 1 in the classical
regime as the spins align for every extension of the chain to maximise the chirality. From
observing the spins in Fig. [3.§ when v is large it is found the spins take on a repeating
3-spin pattern in which they attempt to stay orthogonal to maximise x, which may
increase by a maximum of 1 for every chiral operator acted along the chain. In contrast,
in the quantum chain the chirality takes a maximal value of approximately 1.22, as shown
in Fig. This indicates that chirality receives contributions from genuine quantum
correlations, that cause its value to become larger than the maximum possible classical

value of 1 [2].
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3.5 Conclusion

In this chapter, we have expanded on the analysis of the mean field chiral system, namely
investigating the expectations of chirality and the shift in physics across the phase trans-
ition. This is done both in a homogenous system, and one where our coupling strengths
are spatially dependent variables following a black hole like structure. The meaning of
the sudden jumps in chirality are discovered through numerics as the ”jumping” of a mo-
mentum space from a shrinking portion of the Brillouin zone to another growing portion.
We perform bosonization techniques and find that the interactions have a significant ef-
fect in the chiral regime, suggesting information is lost in the mean field model. Finally,
we looked at a classical equivalent of the spin chain and found the different interactions
fought between the XX interaction keeping the spins parallel, and the chiral interaction
keeping the spins orthogonal.

The growth in spin chirality gives us a measure to detect the velocity of a Dirac
particle near a simulated black hole, indicated by a tilting cone in the dispersion relation.
The clear change in the expectation values of chirality at the phase boundary gives us a
distinct indicator that we have crossed the horizon, as this phase has already been used
to find the Hawking temperature of our black hole [I]. To further the black hole analogy,
it is constructive to next explore other black hole characteristics of the chiral chain. It
has been found that this model has the potential to maximally scramble information, a
key feature of black holes, by a study of the out-of-time-order correlators [24]. In the
next chapter, we expand on the notion of maximal scrambling. We also attempt to build
methods to experimentally realise the fully interacting model on a larger scale, as we have
shown here the mean field approximation is insufficient in fully capturing the dynamics

of the model.



Chapter 4

Chaotic properties and quantum
circuit simulation of the chiral

model

4.1 Introduction

Much work has been conducted in recent years on characterising and extrapolating in-
formation from chaotic systems, driven by the broad range of subjects with applications
in chaos theory, from cryptography [67] to celestial mechanics [68]. The method of cal-
culating the strength of chaos via the determination of how such a system statistically
scrambles information of an initial input state is well utilised in the determination of
quantum many-body chaotic models, although an exact definition of a quantum equival-
ent to classical chaos remains elusive [69)].

Two such techniques are considered in this chapter, the first of which being out-of-
time-order correlators (OTOCs) [70} [71] [72], for which it was suggested chaos in many-
body quantum systems should be quantified [73]. Quantum chaos is defined for when
correlations between an initial local operator and another evolved by the chosen Hamilto-

nian show an exponential decay with the exponent proportional to the ‘Lyapunov expo-

44
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nent’, as inspired by the semiclassical picture of chaos in [70]. This measure probes how
quickly a time evolved operators grows throughout the phase space and interferes with
a local operator positioned elsewhere in the system, and grows exponentially until some

saturation time when the evolved operator covers the entire phase space [71], [74].

The second of these methods is the Loschmidt Echo (LE) [75], [76], [77], where fidelities
are found between an initial state when evolved for some time ¢ and the state evolved
with some slight perturbations in the evolving Hamiltonian. Echos reveal the sensitiv-
ity of information evolved through a many-body model with respect to perturbations.
It was proposed in [78] that, due to the paradox between classical chaos and quantum
mechanics, sensitivities in the Hamiltonian should govern chaotic decay rather than sens-
itivity in the initial conditions. From this work and further investigation it was found
that classically chaotic systems would decay exponentially fast up to a saturation time,
while integrable systems decayed with large oscillations and saturated at higher values
[79]. Following these breakthroughs, it was shown from an information theoretical ap-
proach that perturbing the evolution had the same effect as that of changing the initial

conditions in classical dynamics [80), 81].

Black holes are postulated to be maximal scramblers of information [72} 82 [83] [84],
and so it is advantageous to calculate the scrambling potential of our chiral model, as has
been done for the SYK model [85] (a system that has been demonstrated to maximally
scramble analytically and numerically [II]). This has been done in [24], where it was
found that this model is maximally scrambling in the chiral phase (equivalent to being
inside the horizon of the black hole model) by saturating the bound of the Lyapunov

exponent.

As well as the investigation and utilisation of this black hole analogous feature, it is
important to find experimentally viable options to simulate this fully interacting model
at scales large enough to accurately verify the key features of the many-body system.
Trotterisation techniques are applied to the Hamiltonian evolution to break the inter-

actions into a combination of discrete local time evolution operators. The local chiral
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evolution operator is found to act on three neighbouring spins by simple three spins
permutations and phase factors. While this type of spin state is reliably simulatable
with multiphoton manipulations [86], our research focuses on simulations via quantum
computation. In order to achieve this, we Trotterise the chiral operator and find two
quantum gate decompositions that together accurately reproduce the effects of the local
chiral operators. Other than the potential to simulate the maximal scrambling chaos
effects of a black hole analogous many-body spin system on a quantum circuit, these
results and techniques have other interesting applications, such as simulations of black
hole geometry and the possible construction of quantum encryption methods.

This chapter is presented as follows. In Sec. we introduce the two methods that
will be used to deduce the chaotic scrambling effects of the chiral interactions. In Sec.
we deconstruct the interactions into a set of local operators and find quantum circuit
compositions that faithfully reproduce the chaos found with the chiral Hamiltonian. Then
the limits of this local gate set are tested by examining the correlations with original
results when fewer gates are applied and when evolutions are perturbed by quantum

noise. Finally, we end in Sec. [4.4 with concluding remarks.

4.2 Measurements of chaos in the chiral model

Two methods for measuring chaos are considered in this work: OTOCs [87] and Loschmidt
Echos [88]. The first of these has been previously studied for the chiral model [24], and

has been used to determine the chiral Hamiltonian is maximally scrambling.

4.2.1 Out-of-time-order correlators

Out-of-time-order correlations have been used to diagnose the scrambling behaviour of
chaotic systems, including in black hole models [I4]. This is achieved by the determin-
ation of the classical Lyapunov exponent from early-time chaotic behaviour [87]. The
Lyapunov exponent, A, quantifies the rate of thermalisation of a chaotic system [69].

The OTOCs calculated in the low temperature regime [89] [90L [12], 0] can lead to ex-
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trapolation of the Lyapunov exponent. This has been done for the chiral model by
techniques previously employed on the SYK model [85]. The chiral Hamiltonian optim-
ally scrambles information in the chiral regime, analogous to the inside of the black hole,
but is a weaker scrambler outside of this phase. This supports the black hole analogue
of the chiral Hamiltonian, where the effects of information scrambling act as a signature

of passing through the horizon.

To calculate A\ for the chiral system, the decay of the OTOCs in time is determined
with respect to some local operator O; on site i on the spin chain. A local perturbation
from an operator O; is applied at site j and evolved with the chiral Hamiltonian so that
the action of the operator O;(t) = e'#t0;(0)e ! spreads throughout the system. The
correlation is obtained by measuring the degree with which the affects of O;(t) non-
commutatively overlap with O;. In the large temperature regime, the OTOC is thus

given as

Ci(t) = ([0i(0),0;(1)]?) (4.1)

where expectations are found as a trace with respect to a thermal state, where p(T' —

o0) =1, and C(t) is normalised so that C'(0) =1 [911 92].

In [24] it is shown that the Lyapunov exponent extracted from infinite and finite tem-
perature OTOCs of the chiral model saturates the upper bound for scrambling. Results of
A from the infinite temperature OTOCs are found from the chaotic exponential decay of
the OTOC in the early-time regime, before values for C(¢) saturate. Using these results,
it can be shown that the fast scrambling is a characteristic of the strongly interacting
chiral coupling. In Fig comparison between the OTOCs of the Hamiltonian

v
H= [—u(sgcsgf;l +SYSY ) = 58i - Sivt X Siza) (4.2)

i=1
for spinor states S; = (07 /2,07 /2,07 /2), is given against those of the chiral term, scaled
appropriately by using that achieved from setting u = 0. The chaos of the chiral operator

acts almost exactly as the early-time chaotic dynamics of the full Hamiltonian, suggesting



48

20.0
1.0 1
17.5
0.9
08 15.0
0.7 1 12.5
O 0.6 10.0 =
0.5 7.5
0.4 5.0
0.3 A 55
0.2
T T T T T T 0.0
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1: Out-of-time-order correlators for a 12-spin lattice chiral Hamiltonian with
values for v ranging between 0 and 20. Comparison is given between the full Hamiltonian
(u = 1) and the chiral operator alone (u = 0), showing that the chaotic properties of the
spin chain are produced by the chiral interactions.

the scrambling of information is solely facilitated by the spin chirality.

The OTOC derived form these numerics may be limited by the system sizes that
can be reached when simulating the fully interacting model. It has also been argued
that the bounded nature of operators in a spin system also have an effect of bounding
the exponential effect of the OTOC after some scrambling time ¢* [74]. Accessing the
global properties of the scrambling dynamics by the use of the density of the OTOCs

may further enlighten calculations limited to small system sizes [93].

4.2.2 Loschmidt echos

Loschmidt echos are another numerical technique employed for classifying the scrambling
rate of information in a given system. This method instead probes the revival sensitivity
of quantum information to perturbations in a time-reversal procedure [88 04, [95] 96].

The echo is given by the fidelity

S(t) _ ‘<w0‘ eiHate—th |¢0> ‘2 , (4.3)
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Figure 4.2: Fidelities for a 10 site lattice with © = 1 and v = 10 against time for the chiral
model perturbed by the chiral and XX terms, then the XX model with perturbations.
Operations of perturbation ¥ are either the chiral operator x for 9, or the XX operation
acting on every other spin in the lattice. (a) considers a strong perturbation x = 10,
whereas in (b) a weak perpetuation k = 2 gives slower decay rates. Perturbations by the
chiral operator show exponential decay until a saturation to low fidelities. Perturbations
in the XX term, however, show faster initial exponential decay then revivals in fidelity
that, at least for the pure XX model, periodically return indefinitely.

of some initial state |1g) evolved by some Hamiltonian H and |¢g) evolved backwards in
time by the Hamiltonian modified with some perturbation Hs. When this time-reversal
method is made imperfect by some perturbation, local or global, the value of fidelity
reduces, with a rate corresponding to the complexity of the scrambling of information.

The perturbation is given as the difference in these Hamiltonians

kY = Hy — H, (4.4)

with strength of the perturbation operator ¥ parametrised by . In this chapter the
initial state is taken as the half filled spin state |¢o) = |10...10), with 1/0 corresponding
to spin up/down, for even length chains with PBC and H to be the fully interacting chiral
Hamiltonian given in Eq. . Perturbations ¥ are chosen to be either an operator of
the XX or chiral term acting on every other site of the lattice, perturbing half of the

system.
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The rate of information revival loss is an indicator of the scrambling strength of a
model. Thus, it is advantageous to compare the echos of different models to confirm the
maximal scrambling of spin chirality. This is done in Fig. where echos of the chiral
Hamiltonian perturbed by the XX, x = d,, and chiral, kK = §, interactions are compared
with imperfect revivals of the XX model, equivalent to H with v = 0. It is seen for
large perturbations in Fig. (a) that, while perturbations in the XX terms have larger
initial fidelity loss, the informations is periodically retrieved with dampening results. It is
more accurate then to visualise the information scrambling as the peaks of these damped
revivals, which are slower than the rate of loss for perturbations in chirality. When
observing the echos of a system with small perturbations, such as in Fig. b)7 the
fidelity loss in the imperfect chiral evolutions is substantially lower than those perturbed
by an XX term. Although there are fidelity revivals for the chiral perturbed systems,
these are small and inconclusive as to the retrievability of information. Rises in the fidelity
of the full chiral Hamiltonian appear comparable in size when the system is perturbed by
the chiral or XX term (d,/dy, respectively). This may indicate scrambling limitations of
the small size of the model, restricted numerically by the size of the interacting Hilbert
space. However, it is found for the XX model that imperfect evolutions, however small,

result in returning fidelities, which periodically decrease and rise in size.

4.3 Quantum gate decomposition of the chiral Hamilton

evolution

Here, simulation by quantum hardware is chosen as a possible approach of experimental
realisation of the chiral chain. Quantum computation has the potential to realise the
manipulation of complex quantum many-body systems exponentially faster than classical
devices. In order to simulate such a spin system, it is necessary to reduce to model to a
quantum gate set. This is achieved by first Trotterising the interactions into local gates,

then decomposing these into a quantum circuit model.
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4.3.1 Trotterisation of the chiral model

Trotterisation is a mechanism of breaking down the evolution of non-commuting operators
into a product of their individual evolutions [97]. The Trotter-Suzuki method will allow
for the reduction of the dynamics of the strongly interacting many-body spin chain into
a set of local time evolution 'gates’. This local gate formalism provides an ideal system

layout to employ a circuit model for quantum computation.

Writing the chiral Hamiltonian as

H=-u/2) U-v/4) xi (4.5)

the evolution of this system is defined as

p—tHE _ (ui U /24vi Y xi/4)t (4.6)

This may be split into M number of time steps At

—iHt _ (efiHAt)M _ (e(uizui/QJrviZXi/él)At)M

e , (4.7)

where t = M At. As the operators U and x do not commute with each other or themselves
when lattice sites partially overlap, the evolution may be split into the product of the

separate operator exponentials according to the Baker—-Campbell-Hausdorff formula [98]

N N
e—iHAt — euiZUiAt/Z . eviZXiAt/4 + O((At)2) ~ HeuiuiAt/Z . HevinAt/4’ (48)
i J

where the first Trotter step is taken by assuming At is sufficiently small to ignore higher
order terms. Thus, so long as the size of the time steps At is small, the evolution of
the Hamiltonian Eq. (4.5)) can be accurately estimated as the product of local evolution

puildit/2

operators. Defining the XX evolutions as U!(t) = and chiral evolutions U} (t) =

evXit/4 for the chiral model of six spins, a single evolution step is produced on a periodic
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System as
—] — Ui () = — Ut () —
Ui (t) Utya(t)
— M — U () - —
i41(1)
— K H O -
—iHt Ui(t)
e ] H N H Lo R (4.9)
i1 (t)
== — Uz () - —
U (t) U ()
— HuhmoH — U2 -

where U"(U") are 2(3)-spin operators and shortened operators on the edges show evol-

utions periodically acting on the final and first sites.

The local action of the gate U" on two spins is simply derived from the fact U acts
as spin swapping

1 00
Us = (ST~ STy + SV SV,) = ( §§> (4.10)

giving the evolution as
4 . (4.11)
¢

The chiral interaction acts as a 3-spin local operator of the form
xi =S8 (ST x 572 (4.12)

The time evolution can be found exactly using the repeating pattern of the odd and even
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powers of the chiral operator

2k+1
4 V3
M= — )= . k=0,1,2...
X <J§)<4> X

/3 on (4.13)
16 3
2k 2
=|— — k=1,2,3...
X < 3 > ( 4 > X 9 ? ) )
with x? given by a sum of Pauli spin matrices
1 i {i,i+1,i+2}
X = o |61 Y SESE(L—6nm)
k=xy,z n,m
- (4.14)
1 {i,i+1,i+2}
_ k qk
= 671 151 — kZ Z SkSE |,
x7y7

for n, m summations over all possible combinations of sites ¢,7 + 1,7 + 2. This gives the

chiral time evolution operator [50]

cos (ZF\{?t) - 1] X2 - j% sin <$\§;vt> X, (4.15)

where +/— corresponds to forwards/backwards time evolution.

; 1
Uv(j:t) — eimtx/4 =14+ 36

Next, it will be shown how the local gate-like operators can be used as a basis for

designing a quantum computational circuit to simulate the chiral system.

4.3.2 Quantum gate decomposition of the chiral gate

Considering the spins of the lattice as qubits g;, the action of the gate U"

U(t) lqrg2) = cos(t/4) lq1g2) + isin(t/4) [g21) , (4.16)



54

where q1,¢2 € {0,1} and q; # g2, has a known primitive structure [99]. The chiral gate,

however, has a more complex action on three consecutive qubits

U (0) l14208) = 5 [1+ 205 (6)] a1209)
% [1 - cos (6) +V3sin (9 )} asae) + 3 [1 — 005 () — V3sin (6)] |gagsan)
% [+ 2 cos (6)] [q14243) + [1 +2cos ( )] |439192)
+ é [1 + 2cos <¢ + 2;)] lg293q1)
= 0(6) ln1a205) + O(6 — ) lasanaa) + O(6 + =) laras)

(4.17)

where ¢ = ‘{gt, O(¢) = 3 [1 4+ 2cos (¢)] and O(¢) +O(¢+ 27 ) +O(¢— &) = 1. Denoting

D0, P+, P— = O(9),0(é + %’r), O(o — —) the matrix form of UV becomes

1 0 0 0 0 0 O
po p— 0 py 0 O
p+ po 0 p- 0 O
0 0 po 0 pr p_

’ N (4.18)
p— p+ 0 po 0 O

0 0 p- 0 po p+

o o o o o o o

0 0 pr 0 p- po
0O 0 0 0 0 0 1

o o o o o o o

The complicated nature of this operator makes it difficult to find an exact quantum
circuit decomposition. It has been shown that at ¢ = +27/3 this operator is equivalent
to two SWAP gates [50], however, this simple gate set is not sufficient for simulating the

interacting model. Thus, it is advantageous to further Trotterise the chiral operator into
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the evolutions of the three individual Pauli terms following the decomposition

Xi = Szz( f+lSzy+2 - Szy+1 z¢+2) + (SZySfHSﬁZ - Sf i'z+1SZ'J+2) + (stzy-;-l - Szy f+1) i’z+2

= X[1] T X[2] T X[3]-
(4.19)

Taking a first order Trotterisation of the evolution U"

U? = e—ixit — e*iX[l]te*iXB]te*iX[fi]t + O(t2) — Ul(l)U(z)UZ(g) 4 O(tZ) ~ U(l)U(2)U(3),

3 3 3 K3

(4.20)

gives the chiral evolution in terms of three operators U(1/2/3) where the indices denote
the location of S* in the relative exponentiated term. These gates have similar quantum

circuit decompositions

| — GO G(-0) |—
4 H [
vW="la-9)| |G v® ="
_| - - —G) H G(-b) —
(4.21)
G(=0)| |G(0)
U — | L -

o—

where 6 = 2t in the open and closed controlled Givens gates

1 0 0

o O

0 cosf —sind
G(0) = , (4.22)
0 sinf cos6

o

0 0 0 1



o6

and the U® gate is composed of controlled 2-qubit gates targetting qubits three and

one.

From this point U(?) will not be analysed further as it is a non-interacting term. This
is evident in the mean field transformation of this chiral term in Eq. producing
quadratic fermionic terms, and in its minimal contribution in chaos measurements seen
later in this chapter. It is worth noting that controlled Givens rotations form a universal
gate set for U(1) conserving quantum circuits [L00]. These may be represented by a
primitive gate set by recognising the gates U(1/3) can be constructed with controlled-

SWAP (CSWAP /Fredkin) gates

U(l) — G(*G) G(G) = G(*G) (4.23)

U®d = | - I : (4.24)

The primitive circuit compositions of Givens [100] and Fredkin gates [101] are known.
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This leads to a circuit decomposition for the gate U

P T7
G(=9) =
——{ o —o{reo—r o
[ 7]
N
&— 1t —d— 5]
H &— Ry (§) —&— Ry(F) HH o1t |—
[7]
N
Tt d— 1t s
oot —o—rH

(4.25)

composed of 16 CNOT gates, where the circuit for U®) has a similar layout with 16
CNOT gates (see Appendix [B)). The minimisation of the number of these gates is crucial,
as two-qubit gates take more time to implement, and CNOT gates generate correlation
errors [102]. Thus, simplifying the primitive circuit makes computation on quantum
hardware more manageable. Decomposing the interactions into a simplified gate set not
only provides a direct method on quantum computer implementation, but also sets a basis
for constructing other gate sets that may implement chiral evolutions more naturally on

specific hardware.

Now that the chiral Hamiltonian has been translated into a quantum circuit model,
the scrambling abilities of this system will be compared with LEs from original calcu-

lations. The local gates model will be simulated as a Trotterised system, and then as
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a quantum circuit with simulated noise. This noise model will show to what effect the

correlation errors of the CNOT gates disrupt observables.

4.3.3 Information scrambling from local chiral gates

The creation of local evolutionary chiral operators was carried out with the approximation
that the time steps At taken in these evolutions were negligibly small. Here, the chaotic
dynamics are compared with various sets of these local gate systems in order to ascertain
the accuracy with which scrambling characteristics may be produced.

There are proposed methods of calculating OTOCs with quantum circuits [103, [104],
including methods for deducing information scrambling via the Hayden-Preskill protocol
of quantum information teleportation [105], a protocol that has been simulated for the
chiral Hamiltonian [I06]. Now a comparison of OTOCs and LEs of the Trotterised model
with original numerics to find how accurately the local gate structure can simulate the
chaotic properties of the chiral model. Efforts to calculate LEs using the chiral circuit
with simulated error models will then determine the sensitivity of the chiral circuit to
quantum noise.

It is useful to compare the OTOCs for different possible gate set combinations to
ascertain which of these local operators control information scrambling. Fig.|4.3(a) gives
the OTOCs from the original Hamiltonian dynamics, just as in [24], against OTOCs of
the evolution operators U* and UY for u = 1 and various v coupling values. Only a
slight divergence from the original values for C'(¢) are found, with early-time scrambling
accurately reproduced, for all values of v. Fig. (b) then gives the same comparison
instead for LEs, where v = 10 and the perturbation strength is given for various values.
While the correlation of the local operators with original values is not as strong as for the
OTOCs, evolutions by U*U" still produce accurate results for all perturbation strengths.
Fig. [4.4] gives the accuracy of the results of the OTOCs for v = 20 when taking different
amounts of time steps At in the gate set method. Results become more accurate as

the number of time steps is increased. This is expected as this reduces the size of At,
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Figure 4.3: (a) Infinite temperature OTOCs found in the original method (solid lines),
and using the local evolutionary gate combination U“U" (dotted lines) for varying values
of v for a 12 spin lattice with v = 1. (b) LEs calculated in the same way for a 10
spin lattice with v = 10 and varying perturbations values §,. OTOC values show strong
correlation for early-time chaos with the gate set evolutions, while there is slight deviation
in the LEs.
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Figure 4.4: Testing the accuracy of chiral evolutionary gates U’ when taking a larger
number of time steps (#At). Calculations for the OTOCs C(t) are taken for 12 site
lattices with v = 20 and show strong correlation even when larger time steps are taken,
with the weakest correlation at At = 0.2 when #At = 5. The inset shows the same
calculations done for LEs S(t) for a 12 site lattice with v = 10 and 4, = 10. This also
gives strong correlation for larger time steps.
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Figure 4.5: Comparisons of OTOCs for a 12 spin system of purely chiral interactions with
v = 20 calculated from combinations of chiral gate constructions. The full local chiral
operator gate UX is contrasted on the left with evolutions from the three individual chiral
component gates U(1/2/3) When acting a combined evolution of all three gates the full
chiral OTOC is retained. Evolutions involving U®?) show weaker scrambling. Random
evolution applications U") with r representing a randomly chosen chiral gate are shown
to weakly scramble.

and the Trotterisation assumes higher powers of At to be negligible. However, strong
reproducibility is still found even when few time steps are given. The inset of this figure
shows the same results for LEs when a large perturbation is considered, showing echos
can also be faithfully reproduced with few local gate evolutions.

Further comparison of the chaotic effects of gate set systems is made in Fig.
where values for chiral local operator OTOCs are compared to the local evolutionary
operators of the separate chiral components. Fig. [4.5] gives comparison with the gates
U1/2/3) applied individually and together. The combination of all three gates, the result
of Trotterising the chiral operator, identically reproduces the action of the chiral gate U".
Individually, the gates fail to reproduce the early-time scrambling, with U® producing
very weak chaotic effects, as expected from its lack of interacting terms. This is also
evident where various combinations of these gates show that evolutions including U
have weaker scrambling. While the evolution of UWTU®) diverges as C (t) begins to level
out, these gates faithfully reproduce the initial fast scrambling, showing that U®) is not

required to reproduce the optimal scrambling behaviour.
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Figure 4.6: Simulations of Loschmidt Echos of gates UNU®) on a 6 site lattice with
v = 10 and chiral perturbations §, = 10 on half lattice sites with simulated 2-qubit gate
errors for varying error probabilities. Ten time steps are used to estimate the LEs with
errors ranging from 0.02 — 0.2% probability (perror from 0.0002-0.002). De-cohering noise
is shown for bitflip errors in the main figure and for phaseflip errors for the same system
in the inset.

Finally, the possibility of realisation by quantum computation is tested by error sim-
ulations on IBMs qiskit software. In Fig. LEs are reproduced using the 16 CNOT
primitive gate set representation of the chiral gates. In order to minimise errors only
chiral interactions are simulated, as it has been shown the chiral operators are respons-
ible for the chaotic effects in the Hamiltonian Eq. . Error probabilities are only cast
on two qubit gates, as these are much more prone to noise than single qubit gates. It is
shown for bitflip and phase simulated errors in Fig. that the primitive circuit form of
the chiral interactions is sensitive to quantum noise. Noise probability is given between
0.02 — 0.2% and seen to already de-cohere LE results at such low values. The limitation
of noise sensitivity suggests another approach to simulation may be more advantageous.
Quantum computation may still be beneficial in future work on the experimental realisa-
tion of this model, whether results may be improved by advances in quantum hardware

or by using gate structures more suitably designed to optimally run on specific hardware.
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Natural gates that may reduce the number of gates required to simulate chiral effects
would minimise the opportunities for errors to arise, such as Fermionic simulation gates

[107, [108].

4.4 Conclusion

This chapter has expanded on the range of rich properties displayed by the many-body
chiral Hamiltonian investigated in Chapters [2] and The chaotic properties first re-
searched in [24] are introduced and expanded upon, as the OTOCs are found to produce
signatures of maximal scrambling even when spins interact by the chiral operations alone.
Information scrambling is further exemplified by Loschmidt echos, measurements of fi-
delity loss between a state that is evolved by the system Hamiltonian and one with an
imperfect evolution, probing the sensitivity to perturbations of the model. Echos for
large perturbations are found to have greater ultimate fidelity loss for systems perturbed
by an imperfection in the chirality than those with imperfect XX term evolutions. For
defects on small scales, however, the effects of fidelity return for XX perturbed terms
that dictated slow information loss in the large defects systems are greatly reduced. This
may be a limitation of the small system sizes that are numerically possible to investigate.

In hopes to reproduce this scrambling experimentally, a quantum circuit structure
is investigated. Operators in the original Hamiltonian are Trotterised into 2 and 3 spin
local evolutionary gates. The chiral gate structure is found to produce W-like states with
phase factor contributions. The difficulty of producing a primitive quantum circuit of
these operations inspires a further Trotterisation of the chiral operator, leading to two
interacting 3 spin gates, and another non-interacting local operation that is ignored for
its lack of scrambling contribution. A quantum circuit composition is found for these
two chiral gates, each a circuit set containing 16 2-qubit CNOT gates. High sensitivity of
these circuit models to quantum noise encourages future research to approach different
approaches than native gate decomposition to simulate this model on quantum hardware,

or indeed other experimental methods that more naturally employ these local quantum
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interactions.

A quantum computational gate structure is desirable, as it provides a method of
experimentally investigating the unique properties of the chiral model. Evolutionary gate
circuits for U*U" provide an opportunity to simulate black hole physics with quantum
devices. The optimal scrambling dynamics of the U(1/3) and UV gates provide a possible
method of encoding and decoding quantum information. The fast scrambled information
encoded from chiral evolutions would look like a thermal state carrying no information.
The decoding of information performed as a reverse time evolution of the encoded state
would require almost the exact time used to encode the state, as the Loschmidt echos

show that the information of the state is sensitive to perturbations.



Chapter 5

Background on topological

particles and double models

5.1 Introduction

Here, we introduce the relevant background material for Chapter [6] This includes the
concept of anyons, two dimensional quasiparticles with unique fusion and braiding char-
acteristics derived from the topology of their exchange statistics. This chapter also
introduces Kitaev’s lattice double model; used as a model to create and manipulate such
topological particles.

Ever since it has been shown that the unique statistical properties of anyonic quasi-
particles could be used to perform the fault-tolerant quantum manipulation of inform-
ation [16, 20, 109], there has been a rapid surge of interest in topological computa-
tion. The topological nature of the evolutions gives these systems the ability to perform
information manipulation protected from environmental perturbations. Many applica-
tions arise from this new way of encoding, such as the combatting of thermal errors
[110, 11T}, 112, 113 114, 115, [116], efficient algorithms to evaluate Jones polynomials

[117] and the creation of high error threshold error-correcting quantum codes [118] [119].

There are two types of anyons, defined by the statistics they exhibit upon worldline

64
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braiding: abelian and non-abelian. Here, we give a brief overview of the evolutions of
both kinds of statistics, and more specifically, explain how the non-commutativity of the
non-abelian braiding gives rise to methods of information manipulation.

This chapter is organised as follows. In Sec. [5.2] we present the statistics of the
2-dimensional anyonic quasiparticles and how their braidings give rise to non-trivial op-
erators. In Sec. we introduce the Kitaev quantum double model, a lattice model for
creating, transporting and fusing anyons via string and ribbon-like operators. Finally,

Sec. provides concluding remarks and outlook.

5.2 Brief introduction to anyons

5.2.1 Anyonic statistics

The idea of anyons can be most intuitively shown via the exchange properties of particles
confined to a 2-dimensional plane. It is well known that in 3-dimensions the double
exchange of two identical particles, physically equivalent to adiabatically moving one
particle around a second and returning it to its original position, as shown in Fig. [5.1
returns the same state with the trivial phase factor +1. Hence, the single exchange
results in a phase on each particle e’® with this phase having two possible outcomes
¢ = 0,7, corresponding to a +1 phase factor. These are just the phases corresponding
to bosonic/fermionic statistics.

While these two types of statistics govern the properties of all particles in 3D space,
different possible statistics emerge when considering 2 dimensions. Taking the same
particles, but now on a 2d plane, g; can still be adiabatically moved in a closed loop
and, as long as this looping path does not contain some other particle, it can still be
continuously deformed into a trivial path where ¢ stays in the same spatial position,
just as Cs can be deformed into Cj in Fig. However, when moving ¢; along the
closed path C; that encircles the particle go, this loop cannot be contracted into the

trivial path without cutting it, moving the cut pathways around g2, then gluing the
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Figure 5.1: If one of two identical particles ¢; and ¢ is wound about the other it is
found, in 3d space, that the initial state is retrieved. However, in two dimensions the
state after double exchange depends on the path. The path Cs of ¢; can be continuously
deformed into the trivial path of keeping the particle in place. But the path C; cannot
be topologically deformed this way, as this would require cutting the path, moving it
around ¢o and gluing it together again.

path back together into a closed loop. Whereas in 3d space this path can clearly pass
g2 by moving it above the particle, there is no way to topologically deform C; into Cy
in 2-dimensional space. Hence, these paths are topologically distinct, and so the state
defining them may differ by a phase factor. Such an effect of topological phase shift has
been evaluated in experiments, such as the Aharanov-Bohm affect [120), [121]

This is an intuitive way to see that the phase gained by anyonic particles upon
exchange may take some arbitrary value, or indeed, be some higher dimensional unitary
holomorphic phase [122], as the double exchange of anyons results in a different state
[Vinal) = €% |[¥initial). Here, s is some scalar exchange phase value 0 < s < 27 for
abelian anyons. For non-abelian anyons, this factor can be some non-trivial geometric

phase [123], giving rise to a host of unique exotic exchange statistics.

5.2.2 Fusion properties of anyons

The unique properties of anyons are tied to the topology of their worldlines, and so if
anyons can be pairwise created from a vacuum, the topology of the system can be altered
by ’braiding’ their worldlines and then fusing them together, resulting in topologically

distinct states. Whilst the fusion of abelian anyons results in a new particle, or simply
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Figure 5.2: The R and F' operations that characterise anyonic models. (a) The R braid
describes the phase, R?b, gained by exchanging two anyons, a and b when they have a
fixed fusion outcome c. (b) The (F(fbc)é» matrix elements give the relation between the
states of three fusing anyons a, b, and ¢ with fixed fusion outcome d when the order of
fusion is changed.

a vacuum, the statistics of non-abelian quasiparticles enables systems where fusion can
produce multiple particles together simultaneously. Here, fusion is considered simply as
bringing two particles together and measuring the statistics of both as one quasiparticle.
Consider a set of anyons labelled 1, a, b, ¢, ..., in general, the fusion rules of a set of anyons
can look like

aXb= gbc+Ngbd+"' (51)

where a x b = ¢ for abelian anyons. As a state, fusion can be represented as |a,b — ¢),
indicating a fusion of quasiparticles a and b into some particle c. The fusion outcome is
independent of the ordering of the two particles, and the multiple mechanisms in fusions

may create higher dimensional fusion channels, as ) NS > 1.

When fusing multiple particles, the order of fusion plays an important topological role.
As the final outcome of the ordering should not be affected by the choice of ordering,
a relation between mechanisms of different ordered fusions can be found, as long as all
possible intermediate fusion channels are considered. For example, consider three anyons
a, b, c where the total fusion channel results in a x b x ¢ = d. These may fuse separately
into distinct intermediate anyons, such as a x b = ¢ and b X ¢ = j, where ¢ and j may
represent a singular fusion outcome or a list of multiple possible fusion results, such as

from the general non-abelian fusion shown in Eq. (5.1). Any fusion channel may be taken
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by ordering the fusion to either create a particle ¢ or j, as this will always return to the
same result ¢ X ¢ = a X j = d. As these two choices in fusion channel are equivalent up
to some intermediary fusion choices, a relation between the two systems may be defined,
as given in Fig|5.2|(b). This equivalence gives a relation

(a,b),c = iyc— d) =Y (Fhe)ila, (b,e) = a,j — d) . (5.2)

J

When these systems are non-abelian, the fusion of two particles generates multiple result-
ing anyons, and so the F gb . operator becomes a matrix in a fusion space basis, where the
equivalence of different fusion channels includes a summation of possible intermediary

particles produced from the first fusion.

5.2.3 Braiding of anyons

In order to extract interesting topological features of anyons, they must be exchanged
in ways that braid their worldlines into a new topological structure, such as dictated in
the theory of knots [123], [124] [125], 126]. Just as bosons and fermions acquire a +1 phase

when they are exchanged, so do anyons obtain a more general phase upon exchange
R la,b— ¢) = R® |a,b — ¢) (5.3)

where R represents the operation of a counter-clockwise exchange of a and b, or in a
topological picture, a twist in the fusion anyon worldlines from ¢, and Rgb is the phase
acquired by the exchange. This process is diagrammatically shown in Fig [5.2(a). If
this set of anyons has multiple possible fusion outcomes the phase becomes a higher
dimensional operator, where the matrix elements of Rgb can be found by exchanging
fusing anyons for each possible outcome c.

" and

Interesting topological affects arise when performing a combination of the 'F
'R’ moves on a set of fusing anyons. The group that gives the change in topology of a

set of fusing anyons is called the braid group, defined by the mechanism of braiding the



69

b a b a b
i . i . ] .
B Z(F abe), é = Z Rap(Fébe),; - Z (ngc‘l); RL,(Féhe),
J j J 7 -
d c d c d

Figure 5.3: The operation of braiding two anyons with an indirect fusion path. This
operator is dictated by the exchange and fusion statistics of the set of particles, and
defines the braid group that provides the set of operations that may be utilised in the
manipulation of quantum information in non-abelian systems.
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anyonic worldlines into topologically distinct knots. Fig shows how a braid can be
performed between three fusing anyons a, b, ¢ with resulting particle d by undoing a twist
in worldlines with a indirect fusion channel. Braiding can be seen here as starting with
two exchanged particles ¢ and b fusing via an indirect fusion channel with ¢. This can
be made into a direct fusion into intermediary particle j with an F' operation. Then,
undoing the exchange via an R operator and finally taking the form of the original fusion
process by the inverse of the first F' matrix gives a differing fusion order. Thus, the braid

operator is defined as

(Bap)s = (Ffbc_l); R, (Féibc>; ; (5.4)

where By, is the irreducible representation of the braid group for the particle set. An
important feature is present in this equation; if the matrices F' and R commute then the
F matrices cancel and the braiding operator is reduced into an exchange operator R. As
the operator By, is explicitly made non-diagonal by the F' operator, it is necessary to have
a non-trivial, non-diagonal, F' matrix in order to produce a braid group of an interesting
form. Such are the braid groups that have potential in quantum information manipulation
for topological quantum computing technologies [16, 20, 109]. Clearly, abelian anyons,
with singular fusion channels, will produce diagonal I’ matrices, as there is only a single
possible fusion outcome for intermediary particles ¢ and j. Thus, only a non-abelian
system of particles has the capabilities to produce computationally interesting unitaries

from the braid group, though this is not true for all cases [127].
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5.3 Quantum double models

First developed by Alexei Kitaev in his seminal paper [20], the quantum double was a
model proposed for manipulating anyonic quasiparticles to perform topological quantum
computation. The model is defined by a spin lattice of qudits, with spins following the
statistics of some finite group G. The quantum double of this group is represented by
D(G), where the group G can be chosen to contain particles to follow a desired algebraic
structure on the double model. Whilst in theory the lattice of the double may take any

arbitrary structure, here only a square lattice will be considered.

5.3.1 Anyons on the quantum double

In order to mathematically describe the associated anyonic model of the group G, a
one-to-one correspondence is found between the anyons of the model and the irreducible
representations (irrep) of this operator algebra. Anyons described on a double model are
hence prescribed a definition by the Drinfield double of the group, where each particle is

defined by (Cg, F/I;%Ng))‘ Here C, is the conjugacy class, denoting a particle’s flux
Cy, = {hgh™'|h € G}, (5.5)
N is the normalizer of a group, denoting a particle’s charge
Ny = {gh = hglh € G}, (5.6)

and R(N;) represents a unitary irrep of an element of the normaliser. Anyons with a

non-trivial flux/charge are labelled as fluxons/chargeons, and those with both as dyons.

5.3.2 Operators on the lattice

From this algebraic notation on the double lattice, a general notion of qudit operators

can be formed to define the systems dynamics. The quantum double model is a lattice
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Figure 5.4: The lattice construction of the quantum double model D(G). The solid lines
denote the direct lattice with underlying orientation as indicated by arrows. The dual
lattice is shown with dotted lines. At the top of (a), an example of a direct triangle is
shown as outlined in Eq. . The direct triangle, 7, creates excitations on vertices vy
and vo. Below, is a dual triangle as in Eq. . The dual triangle, 7/, creates a pair of
excitations on plaquettes p; and p2. In (b) closed loops of dual (direct) triangles form the
vertex (plaquette) operators. The orientation of each of the component operators depends
on the lattice enumeration and ensures that all A9(v) and B"(p) mutually commute. (c)
Two dyonic anyon ribbons with paths labelled as py /9, each formed from glued direct
and dual triangles. Dyons with non-trivial flux and charge live along the sites formed
of the vertices and plaquettes at the endpoints of each ribbon. The associated ribbon
operators F g and F g are the ribbons used in Chapter |§| for G dyons.

system defined by a set of spins/qudits and oriented operators that act to pairwise create,
transport and even project onto anyon states. These operators define the dynamics of a
system with a vacuum ground state where anyonic excitations are measured as violations
of ground state projection. Thus, the quantum double becomes a model capable of

expressing the manipulation of anyons.

Conventionally, an up/right positive orientation is chosen in order to define the orient-

ations of operators on the lattice. Each edge of the lattice contains a spin with a Hilbert



72

space H where this space has an orthonormal basis {|g) : ¢ € G} and dim(H) = |G|.
The ribbon operators are formed from a set of linear operators that create oriented tri-
angles on the lattice; these operators act on an elements g as LY |z) = |gz), LY |z) =
|2g71) TP |2) = Oz |2) , T" |2) = 6p-1, |2), for some z,g,h € G. From their application
on the lattice shown in Fig. it is found that the T" operators create excitations on the
direct lattice, and the L operators on the dual lattice, hence they are called direct and
dual triangles, respectively. Triangle operators are also given an orientation convention

based on the orientation of the lattice

L% if edge is oriented into vertex,

L7 if edge is oriented out of vertex,

T ﬁ if edge is clockwise w.r.t. the plaquette,

Th  if edge is anti-clockwise w.r.t. the plaquette.

These single-qudit operators may form closed loops on the direct/dual lattice to create
a set of mutually commuting operators. From dual triangles a vertex operator can be

formed

AW =5 Y 410,

gES3

1
:62L1®L1®L1®L9, (5.9)
geG

for vertex v, and from direct triangles, plaquette operators

B'p)= > TPeTPeTeTi, (5.10)
hihahsha=h

for plaquette p. Examples of these are given in Fig. H(b) for specific orientations
AI(v) =L, @ LY @ LY ® LY and B"(p) = ST eTh g T_Iﬁ3 ®Tﬁ4. From the action of

local gauge transformation of the LY operators it is seen that the operators A(v) enforce



73

gauge invariance on vertices v, hence, excitations measured from these projections denote
electric charges. Similarly, the T" operators in the plaquette operator B(p) measure the
oriented group elements around the boundary of plaquette p. Measured excitations of
this operator show a non-trivial holonomy, denoting a magnetic flux in the plaquette
[128], 20].

The dynamics of the quantum double are defined by the Kitaev Hamiltonian
H==) AW - BW), (5.11)
v P

where e is the identity element of the group G. Here, the plaquette operators B¢(p)
project to plaquette measurements of zero flux. For a lattice with open boundaries this
Hamiltonian produces a unique ground state, |¢), corresponding to the anyonic vacuum

where

A@)[C) =1[¢), B (p)IC) =1¢)  Vu,p. (5.12)

Particle-like excitations are indicated by violations of the conditions Eq (5.12)).

5.3.3 Ribbon operators

These definitions help formulate a notation for creating and manipulating anyons on the
double model. For this ribbon operators are used, which allow for the pairwise creation,
transportation and fusion of anyons of any flux/charge, such as in Fig. |5.4

Longer, multiple-qudit strips (ribbons) may be constructed by gluing together single-
qudit triangle operators, so long as the direct and dual paths do not self-cross [129], as
illustrated in Fig. (c) For each ribbon with path p there are a set of operators {F;l 91
with h, g € G, called ribbon operators. These ribbon operators create two anyons from
the vacuum, who’s properties depend on the values of flux and charge attributed by the
elements h and g respectively, and transport them along the path p. It can be seen that
these operators transport the formed anyons, as only measurements of the endpoints of

ribbons F, f? 91¢) violate the conditions Eq. (5.12)).
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The smallest possible ribbon, formed of a single triangle, can be constructed from a

dual triangle 7 or a direct triangle 7/ as
Fh =g, L0, Fl9 =19, (5.13)

A ’proper’ ribbon is one composed of at least one direct and one dual triangle, the
smallest case of which could take the forms

Fl9=rh T9 (5.14)

Tdual = Tdir’

as seen in Fig. m(c) A ‘gluing’ procedure exists for larger general ribbons that combines

shorter ribbons, such as pathways defined by p; and ps into a single strip as

Fho .= N phkpkhkks (5.15)
keG

where the ends on the glued ribbons must coincide.

In order to fully construct larger ribbons for abelian anyons, there is the formula [130]

FXe=7% xlg)Fy?, (5.16)
geS3

where ¢ and x are an element and character representation of G. For non-abelian anyons

a basis transformation is utilised [129]

FRGuY . |”TR 37 Dy (n)Fevamna, (5.17)

C’ neNe
with conjugacy class C, normaliser NV, irrep R, unitary matrices of the irrep I'g(g) with
dimension ng. Elements of the conjugacy class and normaliser are n; and ¢; respectively,
while ¢; are the elements of the representation Q¢ = G/AN¢, and u = (i,5) and v = (¢, j)
are additional degrees of freedom that may be traced out to give the final anyonic ribbon

operator [131].
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5.4 Conclusion

In this chapter we have introduced the concept of anyons, 2-dimensional quasiparticles
exhibiting rich new statistics. We have defined the rules of their creation, manipulation,
fusion and the non-trivial character of their braiding statistics. For non-abelian particles
these braiding evolutions are described by braid groups that, for some systems, hold
potential for complex quantum information manipulation. A large growth in interest has
been fed by the possibility of performing fault tolerant quantum computation with these
systems, necessitating a great demand for their physical realisation.

Potential systems of experimentally creating and non-trivially manipulating non-
abelian anyons have been born out of this demand, such as topological superconductors
[132, [133], 23], [134] and fractional quantum Hall liquids [135] 136], 137, [9]. Though these
systems are capable of exhibiting a range of interesting physical effects [I38], it can be
challenging to experimentally probe the statistics of such systems. Non-abelian anyonic
systems hide information from the environment in the form of topological invariants
which are difficult to detect.

In the next chapter we propose a method involving the quantum double to ascertain
the complex statistical properties of a simple non-abelian anyonic group. In order to
increase the feasibility of physical realisation we minimise the resources required to carry

out this analysis by only performing anyonic manipulations on two qudits of the lattice.



Chapter 6

Demonstrating anyonic
non-abelian statistics with a

minimal d = 6 qudit lattice

6.1 Introduction

A significant amount of work has been dedicated to physically simulate interesting stat-
istical anyonic properties [139] 140} 14T, [142] 143]. In this chapter we add to the work
on these efforts by providing our own simulation method to observe non-abelian stat-
istics. Our system focuses on the operators that form the braid group of our anyonic
group, the F' and R matrices. As mentioned in the last chapter, the exchange of any-
ons when changing the order of their fusion can alter the homotopy of the system by
the acquisition of a non-trivial topological phase. The restricted multiplicity in ground
state degeneracy has recently been observed experimentally [144] from this fundamental
property. Notably, the non-Clifford form of some braid groups allows for the possible
generation of quantum magic states. Magic states are powerful resources in quantum
computing. By allowing the creation of non-Clifford operators by the application of Clif-

ford operators on a magic state, these states allow access to a dense subset of the unitary
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group on the qubit Hilbert space. In this way, classically simulatable stabilizer circuits
may be promoted to full quantum universality through the ‘injection’ of these special
states [145], [146]. Together with the Clifford group gate set, magic states are capable of

implementing universal quantum computation [26], 147, 25].

The principle of applying these fusion and exchange operations involves transporting
the anyons. As the transport of anyons is in practice difficult to achieve without state
read-out, we focus our work on a static mechanism of exchange and fusion. Our research
focuses on devising a mechanism of obtaining the R and F' operators by simply applying
anyonic ribbons on a qudit lattice and performing projective operations to measure in
the anyonic basis. Similar approaches using measurements to circumvent the need for
transporting anyons have been previously seen in [148] [149]. Building a minimally com-
plex topological system that can produce such computationally powerful states provides
great potential for a naturally error resilient, resource efficient system with a possible

aptitude to scale into larger systems for universal quantum computation.

In this chapter, the simplest non-abelian anyonic model, based on the S3 group [20],
on a 6-dimensional qudit double model lattice is considered. Anyons are created and
transported in pairs, existing at the endpoints of strings/ribbons [150} 1511, 152], as given
in the previous chapter. This model of anyonic generation via lattice operators allows
us to consider a static system of short ribbons with fusions applied by projective lattice
measurements. This circumvents the necessity to transport anyons, a process which can
be difficult to implement physically. The aim of this model is to provide a mechanism
for efficiently generating the R and F’ matrices with a minimal four qudits system, with
the aim to reduce this to two qudits [I53]. The simplicity of this mechanism is aimed
to provide a method that may be experimentally realised by various possible quantum
platforms, such as photonic systems [154, (155, [156] to Rydberg atoms [I57, [158]. Similar
investigations of non-abelian anyons supported by the Fibonacci string-net model have
been carried out in [159, 160, [161], however, these systems are large and require complex

anyonic manipulations.
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This chapter is organised as follows. In Sec. [6.2] the double model of the S5 group
is introduced, and from this a closed subgroup chosen in order to achieve a maximally
simplified non-abelian model. Sec. provides a derivation of the R exchange matrix
in this simplified system, followed by the derivation of the F' fusion matrix and proof of
quantum magic in Sec. Finally, we conclude with remarks on the physical realisation

of non-abelian anyonic models in Sec.

6.2 The D(S;) and ABG models

6.2.1 Properties of the {A, B, G} sub-model

This chapter focuses on a double model of quasiparticles from the S3 group. The S5 group
is the group of reflections and rotation symmetries of an equilateral triangle, denoted with
group elements ¢ and c respectively. There are 6 group elements S3 = {e, c, ¢?,t, te, tc*}
where reflections for an equilateral triangle follow t> = e and rotations ¢® = e. This is
the simplest non-abelian symmetric group, seen from the non-commutativity of elements

tc = c?t,tc® = ct. Anyons of the S3 Drinfield double are labelled with conjugacy classes

{C.} ={e}, {C}={c,?}, {C}={t tc,tc?}, (6.1)

and normaliser irreps
Ne=53, Ne=No={e,c,c®y =273, Ni={et} 2N =Nz 2 7o (6.2)

where ‘=’ denotes an isomorphism [162]. The D(S3) quantum double model therefore
consists of eight types of anyons which labelled here as {A,B,C,D,E, F,G,H} [152].
Each type of anyon corresponds to one of eight irreducible representations of D(S3)
(detailed in Table . A denotes the vacuum particle with both trivial flux and charge,
such that Ax Z =Z for Z € {A,B,...,H}.
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’ Anyon H Cy Ny Trrep. Q-dim. Type
A C. S3 I‘f 3 1 Vacuum
B C. S3 s 3 1 Chargeon
C C. 53 Fg 3 2 Chargeon
D C: 7o F?" 3 Fluxon
E |[[¢ z, TR 3 Dyon
F [c zy 1 2 Fluxon
G C. Zs F%} 2 Dyon
H |[c zy 1% 2 Dyon

Table 6.1: Anyons of D(S3) with their charge and flux labels, quantum dimensions and
type.

Whilst the quantum double D(S3) is a simple model, the aim of this chapter is to
minimise the resources required to experimentally realise the non-abelianity of created
anyons. For the sake of minimisation, the system considered is simplified by reducing to
a non-abelian sub-model of D(S3). For this the set of particles {A, B,G} is chosen, a
non-abelian sub-model that is closed under fusion. This system consists of the vacuum

anyon A, an abelian chargeon B, and a non-abelian dyon G, with fusion rules

AxA=BxB=A,
G x B=G, (6.3)

GxG=A+B+G,

as per the fusion properties of their irreps and character representations as detailed in

Table [6.2] [156].

’ Anyon ‘ Irrep. H e ¢ & t te t
A ot 11 1 1 1
B s ot 1 1 -1 -1 A
G 'z 1 w @ 0 0 0

Table 6.2: The irreducible representations of the sub-model {A, B, G} and the traces of
their corresponding character irreducible representations.
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The non-abelian nature of this sub-model comes from the multi-dimensional Hilbert
space formed from the fusion multiplicity of the G anyons, as evident in the fusions
Eq. . In order to be able to show this non-abelian nature explicitly the F' and
R matrices introduced in Eq. and Eq. , respectively, will be utilised. These
operators define the ways in which anyons act under manipulation, and finding these
operators on a lattice will give the braiding statistics Bgp, as shown in Sec. [5.2.3] The
ABG model gives relatively simple rules for anyon creation and manipulation, and thus
is a good choice to derive fusion and braiding operations from a minimal system of local

lattice operations.

6.2.2 The I' and R matrices of the ABG model

As discussed in Sec. the exchange operator R has the effect of exchanging two
anyons counter-clockwise, upon which a phase R is gained. For exchanges between
abelian particles with one direct fusion channel this is just a singular phase, but with non-
abelian anyons, such as the G anyon, with multiple fusion channels, this phase becomes a
matrix with dimensions the same as those of the fusion multiplicity in the anyonic basis.
As this non-abelian anyon has a three dimensional fusion channel G x G = A+ B+ G the
phase R% becomes a 3 x 3 diagonal matrix. The form of this higher dimensional phase
operator may be determined analytically using a set of self-consistent relations known as
the pentagon and hexagon identities [123]. The matrix of phases for the exchange of two

G anyons, R is found to take the form

w 0 0
RE“=10 —w 0], (6.4)
0 0 @

with w = €3 and @ = w* [127].
For the fusion operator, as given in Eq. (5.2)), the dimension similarly depends on

the fusion multiplicity between the three fusing anyons. The non-abelian fusion process
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between three G anyons into a final resulting G has three possible fusion channels, and
so the relation between different possible fusion orders must account for this with a 3 x 3
matrix FgGG' Again, it is possible to use the sub-model properties to analytically find
this matrix [127] [163]

1 1 V2

G 1
Fea=5 1 1 —v2, (6.5)
V2 V2 0

where the elements ¢ and j of (FgGG); are given by the choices of fusion channels i, j =
A, B, G in the different fusion processes. Notably, this operator is symmetric as, although
a change of the order of fusing three identical anyons has statistical dependencies on
intermittent fusion channels, the symmetrical layout of the particles allows an arbitrary
relabelling of these channels, giving an identical basis transformation. This can be seen
by simply swapping the labelling of i and j in Fig. |5.2(b) and finding the fusion process
to be the same. This matrix is also non-diagonal, which allows for the creation of a non-
trivial braid group unitary Bgg and so capable of performing quantum computation [109]
as well as applications as with non-stabilizer magic states [131] 26l [164]. This is however,
not always the case, as unlike in this model where R and F' form a non-diagonal braiding
operator, other non-abelian systems, such as the ABC sub-model of the S3 group, have
trivial braiding statistics [127]. This trivial braiding also represents the lack of power of
the ABC model to form magic states. However, as will be shown here, the ABG braiding

statistics does have this potential, as can be shown with the methods of this chapter.

6.2.3 ABG ribbon operators

The abelian anyons in this sub-model correspond to the trivial conjugacy class C, = {e}
and are therefore chargeons residing on the vertices of the lattice, identified uniquely
by their irreps as A : (Ce, F‘l%) and B : (Ce,l“i?’l) in the D(S3) quantum double model.
The most simple possible form of the A and B ribbons are given as single direct triangle

operators, as in the operator 7 in Fig. a). A pair of A/B quasiparticles may be
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produced from these operators as per the character representations given in Table [6.2]

and ribbon forms Eq. (5.16)):

(Ff3),e e,e e,c e,c? et e,tc e,tc?
= Fo° 4 Fo¢ 4 Fo¢ _ Fot _ pote _ pe

FA = FX
=TS+ TS + TS + T 4 T 4+ T (6.6)

= le) {e] + lc) {cl + [c%) (| + [t) {t] + [te) (te| + [tc?) (tc?| = 1,

S
x(T'23)e

F7-B = FT — Ff,e + Ff,c + F7‘_3762 o F::t _ F;_i,tc _ Ff,tCQ
—TC 4+ TS+ TS — T, — Tt — 1! (6.7)

= le) (el + e} (el + [e*) (] — [¢) (t] — [te) (te| — |tc?) (tc?] .

The rule Eq. ([5.13]) has been applied here to give ribbons in terms of direct triangles and

the orientation on the lattice of the triangle 7 from Fig. [5.4{(a) used as an example.

Similarly, for the non-abelian anyons G : (C., T'23) with irreducible representation as

given in Table the non-abelian gluing relation Eq. (5.17)) is used to create a ribbon
FS = Fe© + wFS® + @FeC + FS ¢+ GF¢ © + wFs . (6.8)

As G anyons are dyonic (non-trivial flux and charge) particles, their ribbons are composed
of at least one direct and one dual triangle operator. In the following work two specific,

minimal, two-qudit ribbons are considered
FS = (T° + T +oT%) ® LE + (T° +&T° + wT) ® L (6.9)

and

FS = LS @ (T® +wT® +&TS) + LY ® (T¢ +&TC + wT<), (6.10)

each composed of one direct and one dual triangle, as illustrated in Fig. [5.4{(c). It is

worth noting that whilst these non-abelian operators are Hermitian, they are not unitary.
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Nevertheless, they return normalised states upon acting on the eigenstates of Eq.
[150].

The final operators needed for this model are the vertex operators for each anyon
type. These are local measurement operators that may be used to measure whether a
specific anyon type of the model is lying on the corresponding vertex by measuring which
anyons unique charge occupies the vertex. As the charges of each anyon are unique, these
operators also act as projectors with which fusion outcomes of two anyons laying on the
same vertex may be forced into a specified particle with the corresponding charge. The

three projectors for particles A, B, G are

(A°(0) + A°(0) + A7 () + A'(0) + A(0) + A (v))
(Ae(v) + A(v) + A (v) — A'(v) — Al(v) — A" (v)) (6.11)

A% (y) = %(2146(1)) —Aw) - A7),

as in [I62]. These are sufficient for the closed ABG model and give the appropriate
anyonic vacuum ground state rules [¢), A4(v)[¢) = [¢) and AB(v)[¢) = A%(v)|¢) = 0,
Vv. As anyons may be fused even when spatially separated, the projection that forces the
fusion must be acted within a loop that surrounds both anyons. For simplification only
the fusions of simple ribbons with two anyons that share a common vertex are considered.
Hence, the application of a four-body vertex operator is sufficient to combine the statistics
of these anyons, and so vertex operators are used to force the fusion channel of G anyons
as A'|G,G) = |G,G — i) for i € {A,B,G}. These operators are also more efficient
at distinguishing charges than the more general anyonic projectors P?, as are given in
[162]. The inclusion of flux projection is not only unnecessary for this method, but also
include an action on the entire plaquette, which may complicate the action of projection
in an experimental system. Flux projectors are also insufficient to uniquely dictate fusion
outcomes in the ABG model, due to anyons A and B both having trivial flux.

An example of how this may be done is in Fig. where the ribbon F g is applied

and two vertices denoted v /5. Vertex operators on these two vertices will return either 0
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! ! !

Figure 6.1: The anyonic ribbon operator F, g creates a pair of dyons G and G’ at the
endpoints of the ribbon p; when acting on the ground state |¢). In the {A, B, G} sub-
model, anyons can be measured with the application of the vertex projection operators
such as in Eq. . In this way, the state F pcf |C) is preserved under the action of the

measurement operators A%(v1) and A% (vy).

or the same state, depending on if the charge measured is that projected by the specified
operator, for example AG(vl)Fg () =F g |C), verifying the creation of a G anyon, while
AA(vl)FpCf IC) = AB(vl)FpCf |¢) = 0 (and similarly for v2). The same can be done for the
fusion of two anyons lying on the projected vertex, where the charge specified by the
operator determines the fusion channel. As an example, two G anyons can be fused by

applying two identical chf ribbons and measuring the same vertices

A (o1 2) (FGD?1C) = 16) s
AP (v ) (F)?1€) = FE1C) (6.12)
A (1) (F)?1€) = Fy7 1€)

where FE is the direct triangle ribbon operator producing a pair of B anyons on vertices

v1 and vg, indicating that the fusion of a pair of G anyons gives rise to a superposition

of A, B and G anyons as dictated by the fusion rule G x G = A+ B + G.
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a b
PC

Figure 6.2: Diagrammatic representation of anyonic braiding by manipulating ribbon
operators F}' and Fg, creating pairs of anyons (a,a) and (b, b) respectively to obtain the

phase (R)2. To highlight the topological equivalence of certain configurations, the rib-
bons p and p’ are abstracted as smoothly deformable strips with no explicit construction
on the lattice. In the top line it is observed that exchange of order of operation of these
two ribbons is equivalent to exchanging the paths on which they overlap. The bottom
arrows show how to obtain the same configuration by two successive anyonic exchanges,
each one characterised by R, giving the relation PCF;)IF;’, = (Rgb)QPCFg,Fg.

6.3 Derivation of the matrix R““ from ribbon operators

6.3.1 Mechanism of producing the operator (R%)? from ribbons

Here a minimal double model system is produced and used to derive the values of the
matrix of phases from exchanging two non-abelian G' anyons R““. To demonstrate how
ribbons on a lattice may be manipulated to perform this exchange the mechanism as
given in Fig. is utilised. The method begins with pairwise creating four anyons,
one pair (a,a) and another pair (b,b), from two ribbons F , and Fé’,, respectively. b
moves along the path p’, the path given by the ribbon operator, whilst b stays in the
initial position of the ribbon. Then likewise is done for anyon @ along path p, hence,

from the order of the application of these ribbons, paths p and p’ overlap, giving the
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operator application order as FJ'F fl)’,, as shown in the top left of Fig. If instead @

is created and transported first, this makes the ribbon order Fb F®

P2 which, in terms of

the ribbon worldlines, is topologically equivalent to performing two counter-clockwise
twists in the ribbons from the initial position where a and b lie. This can be visualised

in Fig. where one counter-clockwise exchange of FiJ'F b

o' equivalent to an application

of the exchange operator R, results in non-overlapping ribbons, and a second identical
exchange results in overlapping ribbon order FIS/ F7. Therefore, a phase (R)2 is obtained

from the double exchange action
R2a,b— ¢) = (R®)?|a,b — c), (6.13)

and, when forcing the fusion outcome with some projector P¢ forcing a specified fusion
channel, the individual elements of this phase matrix are found by comparing the two
ribbon ordered states

crarnb _ ab\2 pc b a
PCFOFY = (R®)*PeFY FO. (6.14)

By superselection rules, when forcing a fusion P¢|a,b — ¢) this also dictates the fusion
channel of the remaining particles |a,b — ¢), as the overall fusion channel of a system
with pairwise created anyons from the vacuum should be the vacuum.

From the intrinsic non-commutativity of non abelian ribbon operators Fy' and Fg,
the relation between fusion orders is found to be non-trivial and dependent on fusion
channel, as expected from a non-abelian anyonic system. Now this mechanism will be

applied to the ABG model to ascertain the elements on the non-abelian operator RE€C.

6.3.2 Deriving the R matrix on the D(S3) lattice

In order to apply this method of swapping the crossover of ribbons, the quantum double
is used and the order of application of ribbon operators of two G anyons is swapped.
As shown in Fig. (6.2)), two separate pairs of anyons are created and transported along

paths p and p’ via two ribbon operators F pG and Fg, where the anyons lie on the ends of
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F& FG
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Figure 6.3: Diagram illustrating the process to obtain the R“ matrix on the quantum
double lattice. Following Fig. a pair of braided G anyon ribbons are illustrated, F pG
and Flf,;, with the same start and end points, highlighting the qudits where the ribbons

cross. As the two ribbons, FpG and F,DC,;, cross at two qudits, denoted with red dots, the
effect of the braiding only depends on the action on these qudits. Hence, the elements
(RZGG)2 may be reproduced by the reduced system of two simple ribbons, Fg and F¢

P2
as shown in Fig.

these ribbons. Worth noting is that the paths the anyons are transported with result in
the same exchange statistics for any arbitrarily homotopically equivalent shape, so long
as the structure of the point of overlap of ribbons is preserved, as this crossover point
dictates the values obtained from the braiding relations. As the anyons live on the ribbon
ends, the only point of topological interest is the crossing point of the ribbons, and so
the commutativity is only dependent on the operators at the crossing.

The ribbon operators considered are a pair of minimal 2 qudit operators Fg and Fg
as described by Eq. and Eq. respectively. These ribbons, shown in Fig.
cross each other and act on the same two qudits, sharing a vertex v. The phase change
of different braiding configurations from Eq. is measured as

AW FSFS = (RF9)? AN () FS FS (6.15)

P2 p1 17 p2?

where A'(v),i = A, B, G, is the vertex projector as defined in Eq. (6.11]), projecting onto
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the desired fusion outcome of anyons (G; and G» as in Fig. The operators F/ pcf and
F g may be considered as the overlapping segments of larger general ribbons F pG and
chf, with the fusion action of A’ being generalised to the fusion at some endpoints of the

ribbons where they may be brought together to fuse.

In order to extract the braiding information from these operators two sets of states

are introduced

[621(0)) = NiA'(0) S 1Q) (6.16)

|p12(7)) = NjAj(U)FpCprcj [OF

for 4,7 = A, B,G, with normalisation factors Ny = N = 2 and Ng = /2 required
from the projector condition (¢o1(7)|p21(i")) = (¢12(7)|d12(¢")) = ;7. By analogy with
Eq.

|621(i)) = (RFY)? |$12(4)) , (6.17)

such that the algebraic form of each element (R“%)! = RFY corresponds to the result of

the calculation of the overlap
(REE)? = (912(0)[¢21(0))- (6.18)
By explicit computation of these amplitudes it is found that
(R = (RE)? =, (RE) =, (6.19)

demonstrating the exact reconstruction of (R““)? in the anyonic basis.

By this method it is possible to deduce the squared values of the elements of RgG
with a minimised two qudit point of braiding on a minimal four qudit lattice. As the
commutation rule determining the braiding statistics of these ribbons is dependent on two
6-dimensional qudits, it is also possible to determine the values of (R“%)? by comparing

; G G G G ; :
the phases in the elements of the operators F,/ F/7 and F F'r (see Appendix . This
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P1

P2 G,

Figure 6.4: The positions of the four G dyons are depicted as created by the operators

F pcf F pC; and F szF pcf. Anyons G and GY, overlap on a plaquette, while G; and G2 overlap

on the vertex labelled v. By applying a vertex projector A*(v), i = A, B or G, the
outcome of the fusion Gy x G5 can be directly measured.

method may lead itself to verification via quantum tomography [156].

6.4 Derivation of the I matrix

As well as the R braiding matrix, the matrix defining the non-trivial transformation
between states of fusing anyons when the fusion order is changed is now derived. This F'
matrix relates the states of fusion reordering depending on fusion channel, acting as seen
in Fig. [5.2(b). Here a minimal system is again used to show the non-abelian nature of
the G anyons by deriving the non-trivial braiding matrix BZ, = (Fiag) H(RS0)* Féae-

This relation can be found from the same quantum double mechanism, despite the
peculiar feature that this method of fusion superselectively fuses a distant pair of anyons
via the same channel as the chosen fusing particles. This arises from the fact that the
system’s total fusion channel must be the vacuum, as this is the initial state of the
system on which all excitations are created. Thus, the elements found for the fusion

matrix actually correspond to the square of the elements (FgGG)z This is, however,
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Figure 6.5: Recombination in the fusion order of G anyons, as seen in Fig. (b), imple-
mented on the D(S3) lattice. Here, three ribbons FkG, k = 1,2,3 that produce pairs of
anyons Gy, and G, at their endpoints are considered. At one side of the ribbons pairs of
anyons are measured in order to impose a certain fusion outcome. Each such measure-
ment necessarily projects the anyons at the other endpoint to the same fusion outcome
due to superselection rules. As a result, even if only the anyons at one end of the rib-
bons are manipulated, the process is doubled and the total state of the system produces
squared amplitudes [(FgGG);]Q during fusion recombination, as seen in Eq. .

sufficient to demonstrate the capability of the braid group to produce magic states.

6.4.1 The superselective doubling of fusion

As discussed previously, the F' matrix gives a mapping for the change of basis when
swapping the fusion order of three fusion anyons. For non-abelian systems this becomes
a matrix in the fusion basis with dimensions dependent on the number of possible fusion
channels. In order to simulate this affect on a quantum double model lattice, three
ribbons are considered with anyons at one end denoted G, G2 and Gj, fusing to some
final anyon Gy, as shown in Fig. [6.5] The fusion relation between two states of these

anyons with differing fusion orders is given as

|(G17 G2)7 G3 — iv G3 - G4> = Z(FgGG); |G17 (GQa G3) — Glaj — G4> ’ (620)
J
following the notation of Eq. (5.2)). As the fusion states are defined with orthonormal

fusion channels, the elements of the fusion operator may be found as

(FSac); = (G1,(Ga,G3) = G1,j — Gu|(G1, Ga), Gs — i,G3 — Gu). (6.21)
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Just as in the previous section, the aim is to develop a minimal mechanism for creating
and fusing these anyons, while controlling the fusion channel by forcing the fusion into
a chosen intermediary particle. The fusion outcomes are again forced by the projective
measurements of vertex operators on the lattice. As shown in Fig.[6.5] anyons are pairwise
formed from the vacuum using ribbon operators. Therefore, each anyon G,, created and
fused in this method is mimicked by an anyon GJ, at the other end of the ribbon. As the
particles in the system must completely fuse to the vacuum, a symmetry of superselection
dictates that the particles G,, and G’, must fuse in the same manner, so that the resulting
particles at the end, denoted G4 and G/, may fuse to the vacuum. This applies for the
intermediary fusion particles, as total fusion must be consistent throughout. This means

that two identical fusion processes act simultaneously throughout.

The two possible fusion processes can be given in the anyonic basis notation as a
tensor between the symmetrically equivalent fusions at both ends of the ribbons

|W1(i)) = [(G1,G2),G3 — i,G3 — G) ® |(GY, Gy), Gy = i,Gy — G) (6.22)

|\112(j)> = ’Gh (G27G3) — G17j — G> ® |G/17( /27G:/3) — Gll?j — G> .

When performing the state measurement of Eq. (6.21)) the relation defined by the matrix
FgGG is doubled, once between the particles G, and again between G/, at the other ends

of the ribbons. This fusion doubling process has the effect of squaring the values obtained

from the method of Eq. (6.21) as

(Wo(5)| W1 (i) = FF, (6.23)

Z'P

where the non-unitary ’squared’ F matrix is defined as ]:; = [(FgGG)j . This gives the

swapped order state relation

W1(D) = S [(FSoa) P 19209)) (6.24)

J
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where states |WUa(j)) form an orthonormal basis. This result is general for the fusion of
anyons at one end of a ribbon, G,,, confined in a small closed system where the fusion of
the anyons at the opposite ends of the ribbons, G/, are forced into the same fusion channel
to conserve the systems total flux/charge. Next this fusion method will be constructed

from minimal ribbon operators.

6.4.2 Deriving the F' matrix on the D(S;) lattice

Here a method to explicitly determine the elements of the ‘squared’ matrix F is intro-
duced by creating and manipulating D(.S3) anyons via ribbon and projections operations
on a quantum double model. For the purpose of minimisation the simple two qudit
ribbon operators Fg and Fg from Eq. and Eq. are used as in the previous
section. Two fusion states of differing fusion orders are created as

[91(0)) = A% (v) Fg7 A (0) Fi Fy[C)

p2* p1

(6.25)

[¥2(7)) = A% (0) Fyi A7 (0) Fy Fi 1)

for i,j = A, B, G. While the G anyons are not subscripted to show order, the order of fu-
sion can be considered as having |1 (7)) and [¢2(j)) corresponding to those of Eq. (6.22)).
Due to the projection of the first fusion with the A*(v) operators, these states are not
normalised. Thus, this normalisation must be accounted for when calculating compon-
ents of F by normalising with a factor (y2(j)|v2(7)), as the [2(j)) states are orthogonal.
Though our |¢1(i)) states are not orthogonal, they may be represented as superpositions

of the states |1)2(j))

[V1(3)) = fia [V2(A)) + fig [2(B)) + fic [¥2(G)), (6.26)

as states |¢2(j)) are orthogonal,

—~

Y2(j)11(4))
(P2 (d)|2(5))

~
~—

fij = (6.27)

~



93

Due to the crossing of the ribbons F g and F g, the coefficients f;; are related to F by

some arbitrary phase factor from the contributions of the R matrix.

The G anyons created by the ribbon operators F pcj and F g are clearly distinct from
each other, seen by how their flux resides on different plaquettes. This allows the defini-
tion of the swapping of the order of application of these ribbons in |11 (7)) and [12(j)) as
swapping the fusion order between two distinct particles. In Fig. the action F pGQF g
is shown acting on the vacuum ground state |(), just as in the initial operation of state
|1)1(7)). The fusion outcome of the two anyons with charge residing on vertex v are then
forced by applying a chosen vertex projector A’(v). This acts as the initial anyon fusion
G1 x G2 — i, however, to keep the total fusion channel consistent, this also superse-
lectively forces the fusion of the anyons at the others ends of the ribbons, giving the
operation of G| x G, — i. A third G anyon is produced when applying F’ g, which gives
the third pair of fusions G3 x i = G4 and G4 x i — G fusing into a final G anyon by

applying A% (v). This set of fusions and the set denoted by the states [12(5)) give the two

separate fusion processes that may be compared in the same manner as those in Fig. (6.5

To find a minimal fusion process, a set of ribbons that overlap is considered and thus
have extra phase contributions in measurements from their crossing points. This phase
factor can be found by analytically simplifying the measurement of state (19(j)|t1(1)).
This is done in Appendix where this measurement is found as

(o) (i) = (R ) (C| FSGFI, A% (0)FS A () FSFS C) (6.28)

showing a braiding phase contribution of (jo )2. Thus, the 'squared’ F matrix is found

as

Fi=(RZ)2fi, (6.29)

where for ABG anyons

(REY? = (RGP)* =1, (RGY)?=w. (6.30)
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Numerically calculating these values yields

11 2
1

F=111 1 2] (6.31)
2 2 0

which is in agreement with the known values of F((};GG of Eq. 1} From this matrix the
elements of the original F, gGG operator may be derived up to a sign ambiguity. However,
it will be found that this operator is sufficient in producing a braid group that is capable

of magic state generation.

6.4.3 Magic states generation from BZ,

Now that a mechanism for deriving the elements .7-"; = [(FgGG)ﬂ ’ has been determined,
it is important to show if this matrix is enough to display the magic state generation with
the creation of B%G in order to show the universality of this system. For this purpose,
it must be shown that the operator equivalent to the Fc(;;GG matrix with sign ambiguity
on each element, denoted FGGGG, gives enough information to prove this ability to create
magic states. The form of the matrix FgGG is simplified by three rules; it must be
unitary, real and symmetric, as this operator simply defines a basis mapping between
two physically equivalent processes of fusing three identical particles. These conditions

give a more general result

a B W2
~ 1
{FgGG}: 5 8 5 /2 |,a,8,7,.0,e==%1,, (6.32)
7\/5 V2 0

where there are eight possible solution combinations of these coefficients.

From the possible forms of FGGGG the braiding operator can only take one of two
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possible solutions

Big = (F&ae) ' (REa)*FSaa

cos (2r/3)  +isin(27/3)

)

(6.33)
= | £isin(27/3) cos(27/3) O

0 0 w

This unitary operation preserves the two-dimensional subspace span(|A),|B)) and its
orthogonal complement span(|G)). Thus, B is a well-defined operation on a qubit
encoded in span(|A) ,|B)). This operation has non-trivial action on this reduced subspace
and notably does not belong to the Clifford group [165]. By creating two pairs of G anyons

from the vacuum and applying B%G magic states may be prepared as [20]

) = B2 |A) = cos <2§> |A) + i sin (?) B). (6.34)
6.5 Conclusion

In this chapter we have considered a simple closed anyonic model containing the vacuum,
an abelian and a non-abelian anyon. This system has been applied to a minimalised
quantum double system containing a lattice with a single plaquette where we have access
to operations that create, transport and fuse these particles in a chosen fusion channel.
The system on which these particles are manipulated is designed to be simple and efficient
enough to realise the magic state generation capabilities of the braid group. The braiding
statistics of the anyons in this system are known, and found in our method, to be of
a non-trivial form that defines a braid group with potential applications in universal
quantum computing and error correction. We deduce this non-trivial braid group from
the operators that derive the braiding statistics of our model; the fusion operator F' and
the exchange operator R. These operators are central to our investigation as they may

be utilised in demonstrating the non-abelian nature of our anyons. Our model not only
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manages to detect the important features of these two operators with four 6-dimensional
qudits, but it is also possible to reduce the system to a half plaquette while retaining
accessibility of these features [153].

This approach aims to tackle the difficulty experimental implementations have faced
in fusion and braiding of anyons via physically transporting them. Many experimental
platforms have been used to simulate anyonic dynamics, such as trapped ions, cold atoms,
superconducting circuits. Of these, photonic systems have been found to be a promising
platform to realise non-abelian anyons, as these techniques have been successfully im-
plemented in simulations that produce the non-unitary transformations of the D(S3)
anyonic model, achieving fidelities above 94% [156]. These systems also have potential in
simulating noise effects, making them viable to support recent efforts in noisy quantum
circuit simulations [I41], 142], as well as testing the error correction capabilities of our
model.

The result of this chapter is to build on these approaches by providing a viable minimal
system that may observe non-abelian braiding statistics on a qudit lattice model. Im-
plementations on such a system are experimentally feasible with cold atom and photonic
platforms. Thus, this work demonstrates a new avenue for anyonic investigation and

build upon the methods we have in topological computational research.



Chapter 7

Conclusion

In this thesis we have confronted multiple disciplines of condensed matter systems from
the approach of computational simulations. Despite the limitations of classical devices
and the quickly growing capabilities of quantum computational hardware [I8], classical
computation is still at the foreground of much important discovery. These abilities are
showcased in this thesis, where demanding theoretical problems ranging from highly
interacting spin chains, quantum many-body chaos and the manipulation of topological
2-dimensional quasiparticles enriched with exotic non-trivial braiding statistics have been
classically simulated. In the hopes of accessing the chaotic properties of a spin chain on
current quantum devices, classical numerics are performed to simulate a quantum circuit

of chaotic effects.

In Chapter [2] we introduced a quantum many-body 1-dimensional spin chain. This
system is the XX model [166], an extreme limit case of the anisotropic Heisenberg model,
modified with a strongly interacting spin chirality term. The tilting of a Dirac cone
formed at the ground state energy of the dispersion relation is an indicator of curvature
in the spacetime background profile of a Dirac particle. Such spacetime curvature has
been found in many-body systems before, such as the SSH model [167] the tight binding
model [168] and more. Thus, the continuum limit of the mean field model is found and

shows that, when the couplings of the model are taken to be slowly-varying spatial func-
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tions, the metric of the continuum system takes the form of a 1-dimensional black hole
in the Gullstrand-Painlevé coordinates. Finally, we show that a simple coordinate trans-
formation brings this to a Schwarzschild metric, with a black hole horizon corresponding

to the point of chiral phase transition.

This background material leads directly into Chapter [3] which is an extension of this
previous work. This chapter further analyses the dynamics of the chiral model, focusing
on the change in properties in the interacting chiral regime. Firstly, we examine the
expectation values of the spin chirality operator xy. We begin with homogeneous systems
where chirality is uniform throughout the lattice. By tuning the chiral coupling we find
the Brillouin zone of the dispersion relation splits into two individual regions of momenta
in the chiral dominant regime. Examining this change in shape of these zones shows that
at particular values of the couplings a momentum state leaves one region of the B.Z. and
another simultaneously enters the other growing zone. For points where this occurs there
is a visible jump in the value of (x). By analytically calculating the expectation values
using correlation matrices a continuous plot of chirality can be made that follows the
general trend of the numerical discrete values. Using these correlation matrices the size
of the chiral 'jumps’ are found by measuring the values of infinitesimally small changes
in chirality. The function of discrete jumping values is plotted with changes in the
discrete chirality measures and found to accurately map the peaks of changes in chiral

expectations.

Next we examine the thermodynamic limit of chirality, where it is found that the
value of chirality becomes non-zero when entering the chiral phase due to the symmetry
breaking in the dispersion when two more Fermi points are formed. Before these points
exist the dispersion is real and the correlators providing the expectation of chirality are
all real, giving a zero chirality. Chirality is then measured using an inhomogeneous lattice
with the chiral coupling controlled by a black hole profile. Two metrics are considered for
comparison; the collapsing dust metric, defined by a black hole mass and event horizon

xp, and a hyperbolic tanh profile. It is emphasised here that the chiral phase, in which
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the expectations of chirality spontaneously grow, is analogous to the event horizon of the

black hole, as defined in both black hole background profiles.

The next step taken is the investigation of the importance of interactions of this
system by the bosonisation of the chiral Hamiltonian. Bosonisation is a method of
representing a theory of interacting fermions in terms of massless, non-interacting bosons.
This theorem has been employed previously for the free fermionic phase of our system
[1], but we now provide the Luttinger liquid form of the system in the chiral phase.
This results in two Luttinger liquids, one for each pair of Fermi points, and provides two
Luttinger coefficients K. We find Ky # 1, indicating the interacting version of our
model differs significantly from the non-interacting case (the MFT model). Thus, we
find information of the dynamics in the system is lost through the approximations of the
mean field model. We finish this chapter with an investigation of a classical equivalent
chiral spin chain. Here, the expectations of chirality on a single spin are restricted to a
maximum value of 1, unlike the quantum case, capable of larger values from quantum
correlations in the lattice. Mapping the spins on Bloch spheres shows a competition
between the interaction of the XX term, attempting to keep the spins parallel, and the

chiral term, maximised when three consecutive spins are orthogonal.

Chapter [4 builds on previous research involving the information scrambling capabil-
ities of the chiral Hamiltonian [24]. In this work it is found that the chiral many-body
system has the capability to maximally scramble information, a known feature of black
holes. We build on the scrambling of the chiral model by first investigating the out-
of-time-order correlators of the full Hamiltonian, and find that the early-time regime of
these OTOCs, where the scrambling rate is deduced, is found to be exactly reproduced
by the chiral operator alone. The chaotic effects of the model are next analysed through
Loschmidt echos. LEs are the fidelities achieved when evolving some initial state by our
Hamiltonian, then performing an imperfect backwards evolution by introducing some
perturbation in the reverse-time Hamiltonian. The sensitivity of the system to perturb-

ations indicates the rate at which information may be scrambled from small changes of
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the evolving dynamics. We find that perturbations in the chiral term cause a shrinking
fidelity that stays low after the initial chaotic loss of information. This is compared to
perturbations in the XX term of a Hamiltonian with the chiral term and one without.
These perturbed systems have a periodically returning fidelity, where a general damping
in the periodicity is found to be slower than the information loss in the system with

imperfect chiral evolutions.

Next, we attempt to build a possible method of experimentally realising the dynamics
of the chiral model via the construction of a quantum circuit. The chiral Hamiltonian
is Trotterised into local evolutionary gates and the chiral operator deconstructed to
create simplified operators for the sake of designing a corresponding quantum circuit.
Chiral circuits are constructed using primitive quantum gates and are found to faithfully
reproduce the early-time chaotic effects of OTOCs and LEs. These local gate evolutions
show strong correlation even when few time steps are taken, showing the Trotter-Suzuki

approximations have only a minimal effect on the quantum gate formalism.

In Chapter [5| we introduce a new model that we investigate numerically in Chapter
[6l The focus of these two chapters is to analyse the braiding statistics of 2-dimensional
topological quasiparticles called anyons. Chapter [5|introduces the concept of anyons and
provides background material on the exotic properties intrinsic in these systems and a
model capable of manipulating these particles in order to measure these properties. We
start by defining the unique exchange statistics of 2-dimensional particles called anyons.
As the braiding of the worldlines of such exotic particles results in phases given generically
as homotopical operators, anyons hold remarkable potential to carry out error-resilient

quantum computational operations from particle exchange.

The braid group of non-abelian anyons defines these exotic statistics, and we show
how the braid operator of a set of anyons can be reproduced. The braid operator By, is
given in terms of a fusion matrix F' and a braiding matrix R. The R matrix gives the
phase factor achieved when unwinding a twist in the world lines of two fusing particles

and the F' matrix gives the basis transformation when changing the order of fusion of
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three particles, dependent on their intermediary fusion channel. Thus, in order to obtain

the braiding statistics of a set of particles we focus on these two operators.

Next, we introduce Kitaev’s quantum double model, a 2D lattice model capable of
pairwise creating, transporting and fusing anyons. We introduce a square lattice of spins
where anyons may be transported via worldline strings or ribbon, depending on if they
are abelian or non-abelian. Projection operators allow for the forcing of fusion with

fusion channels able to be chosen by the charge/flux of the chosen projector.

From this anyonic model, in Chapter [6] we introduce a closed model of anyons, labelled
A, B and G and design a minimal methodology to extract the fusion and braiding
operators of this system from a quantum double model. The braiding statistics of interest
are of the non-abelian anyons GG, with fusion multiplicity of the form G xG = A+ B+G.
The braid operator is known for this anyonic model, and its form has the capability of
generating quantum magic states. Magic states, together with unitaries of the Clifford
group, are known to be capable of universal quantum computation. This inspires the need
for an experimental approach to generating this braiding matrix, in hopes of performing
universal computation utilising a simple three anyon system. Here we propose a method
using a single plaquette in order to discern the R and F' operators and generate a matrix

capable of magic state generation.

We define the ribbon and vertex charge projection operators for each of the anyons
in our closed model and provide two simple 2-qudit G anyon ribbon operators used to
probe these properties. We propose a mechanism for finding the individual components
of the R? matrix, involving generating one ribbon operator after another, with these
ribbons overlapping. When fusing the anyons at the ends of the ribbons this overlap
acts as a twist in the world lines of the particles. Therefore, applying these ribbons in
the opposite order and performing the same fusion process should return an equivalent
state with a topological phase factor from the double twist necessary to undo, and again
twist the world lines of the two particles. We generate this with our ribbon operators by

comparing the states of these overlapping ribbons. Numerical simulations confirm the
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known phase factors of these anyons.

Next we introduce a method to extract the values of the fusion matrix FgGG. This
method involves the same ribbon operators, but instead applying three such ribbons
in different orders and fusing the anyons into either an A, B or G anyon, depending
on the element of F' being calculated. The application of ordering the fusions of two
overlapping ribbons is used to minimise the process onto 2 of the 6-dimensional qudits of
a single plaquette. Topological phase contributions from the overlap of fusing ribbons are
accounted for in the calculations in values of F'. Another feature arises from this method;
as the lattice is initialised in the vacuum state, at every step of the methodology the total
fusion outcome of generated anyons must be the vacuum. This results in a superselective
identical fusion of anyons on the ends of the ribbons that are not being projectively
fused and doubles the fusion effect measured when comparing states of ribbons with
differing orders of application. The result of the effects of this mechanism is a matrix
corresponding to the squared vales of each element of the F' matrix, from which only an
approximation F of the known F matrix may be obtained from the arbitrary + phases
when taking the square roots of these values. Nevertheless, in the final section of this
chapter we prove how it can still be shown that the R? and F operators produce a braid
group operator that can produce magic states. Magic state production from such a simple
system opens up the possibility of realising universal topological quantum computation

experimentally by the manipulation of this low dimensional anyonic system.

The work in this thesis has provided experimentally realisable models for two different
types of system. The interactions of a 1-dimensional quantum lattice has been translated
into local evolutionary operators with a quantum circuit breakdown also provided for a
new chiral gate. Despite the limitations of the primitive gate structure provided for these
interactions, we propose it would be beneficial to commit future work onto exploring the
sensitivities of these gates when implemented using the natural gate sets of different
quantum hardware, where implementation of these interactions may be more simple. It

is also beneficial to investigate further the information scrambling effects of this model
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and future work may lead to applications of maximal scrambling effects. For example
scrambling information in some quantum encryption protocol, where fast scrambling
encodes an initial message state into a thermal-looking state and exact knowledge of the
time the state is scrambled is required to faithfully decode the message. However, this
requires a physical chiral evolutionary process robust to errors, or the slight perturbations
from quantum noise would disrupt the sensitive decoding procedure. Thus, an important
next point of research would be in improving the reproducibility of the scrambling effects
with the local chiral gates. Whether that be from an improved application of a quantum
circuit or simulation of the effects of the chiral operator by other experimental methods,
such as production of chiral-like states from the operations of multiphoton devices [86].
The intriguing analogy of the black hole background is also worth studying further, and
possible next steps in this work may be finding a 2-dimensional chiral model capable of
returning the curved background metric of a (241)D black hole.

The theoretical production of magic states from a non-abelian topological system
provides inspiration for experimental realisation. It is proposed how these measurements
may be realised with a 2-qudit system [I53] and future work in reducing the dimension-
ality of the qudits from 6 to 3 may produce a system capable of simulation via photonic
devices, or indeed quantum computation. After the power to produce magic states is
proven for this system, it is then important to devise a scalable method of producing
many such devices capable of universal computation. Many such systems would be re-
quired to design a method of quantum computation, and a pertinent next step of research
should be to discern exactly how such a set of particles could be utilised to perform com-

putation.



Appendix A

Details on the analytics of the

chiral Hamiltonian interactions

A.1 On the space/time-likeness of the black hole

In the Gullstrand-Painlevé frame, the metric is given by
ds* = (1 —v?) dt* — 2vdtdz — da* (A1)

where we have set u = 1. Consider the vectors T+ = ¢} and X* = §% which point in the

t- and z-directions respectively. We have

guVTuTV =gt = (1 - UQ) (A2)

g;wXMXV = Gpz = —1 (AB)

so we see that the time coordinate is space-like inside the black hole (v > 1) and time-like
outside (v < 1) the black hole as the norm of T changes sign. However, the z-coordinate
remains space-like everywhere as the norm of X* is negative everywhere. This is fine
because, despite this, the metric is still Lorentzian everywhere. This means at every

point there exists a space-like and time-like direction, they just do not coincide with the
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coordinates in the GP frame. To see this we just need to solve for the eigenvalues of the

metric, which are given by

e = (:l: vi+4— v2) (A.4)

1
2
where p4+ > 0 and p— < 0 always. Therefore, the metric is Lorentzian and there will exist

a pair of space-like and time-like directions at every point. This contrasts to a Euclidean

metric which would have only positive eigenvalues.

If we change coordinates from GP coordinates to the Schwarzschild frame as (¢, z) —
(7, x) where
v ()
T(t,z) =t — dz A5
(t,2) /;po 1 —v%(2) (4.5)

Xt z) =x (A.6)

where we have explicitly used a different symbol for the spatial coordinate x despite it

being equal to x always, then we have

1
ds* = (1 —v*)dr? - - U2)dx2 (A.7)
If apply the same procedure as before, we have
grr = 1- 1}2, (AS)
1
e N 2 (A.9)

which always have opposite signs, therefore if 7 is time-like then y is space-like, and vice
versa. In this coordinate system, the coordinate basis vectors do point along the space-
like and time-like directions explicitly. Note that despite the transformation x(¢,z) = z

being trivial, the basis vectors for z and x do not point in the same direction.
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A.2 Diagonalising the chirality operator

The ground state expectation of the total chirality operator, given simply by the sum

of the chirality for every site in the lattice, may be diagonalised by applying a Fourier

transform, as in Eq. (2.10]). Utilising Wick’s theorem [I], the expectation of the chirality

takes the form

where (c;c;

(i) = —2i({chcnr1) + (el 4 ensa) + (el 1ocn))
+4i((chenpa) (el oenta) — (chensa) (el onit)

+ (el rensa)(chen) — (el ien) (chensa)) + cc.

half filling.The transform has the effect

Z<X”> = Z _Qi(eiaq i e—ia(P—?q) —Qzap Z e—zan p— q Cq>

n

p.q

4 Z 4 (e ia(2h=q=20) _ p~ia(2h=2q=1) | =ia(p=2q) _ ,ia(p=20)

qul

Ze—m”p TR0 (eheg)(cher) + cc.

= —2i(2e"% + e7H%P) (el ey )+
p

4i , .
Z i(zemq B efza(kaQ) _ efza(quk))<c;+l_kcq><C};Cl> + c.c.

= 2(8 sin(ap) — 4 Sin(2ap))<C;r)Cp>+

<2eiap — (e7iolk=2p) 4 o—ia(p=2k)) | c.c.> <c;cp><czck),

(A.10)

= <Q‘CZC]'|Q> where |Q) is the ground state of the system corresponding to

(A.11)



107

which, considering the half filling ground state, simplifies to

Z Xn = Z(S sin(ap) — 4 sin(2ap)) Z 8sin(ap)

n

- Z sm — 2p)) + sin(a(p — Qk))) (A12)

=—4 Z(sin(Qap)) - % Z(sin(a(k: —2p)) + sin(a(p — 2k))),

p,k

for the summations only accounting for momenta which produce negative energy solu-

tions. Here, the fact that the ground state expectations follow the rule

0pg if E(p) >0and E(qg) >0
(chegy =2 " (A.13)

0 ifE(p) <0orE(Q)<0

meaning Zp@;cp) = & was utilised.

In order to find an analytical solution for the size and frequency of these jumps we
consider the fact that the jumps originate from the "hopping’ of momentum states from
the space (; to the space (. If the chirality is known to change in a discrete step at certain
points, the parameter v increasing by an infinitesimally small amount v, the amplitude
in the difference in total chirality is thus given by x(vs) — x(v) where vs = v 4 dv. From
the Fermi points, found in the dispersion relation Fig. it is seen that the momentum
states that contribute to chirality differences as v increases are those momenta lost at

v =sin"!(%) and those gained at vy = 7 — sin™*(%). This gives

x(vs) — x(v) =4 Z sin(2ap,) — Z sin(2apy;)

Pov Pug

Z sin(k, — 2py) + sin(p, — 2k,)) (A.14)
v,kv

2

8 . .
-~ Z (sin(ky; — 2pys) + sin(py; — 2ky;)).
Pug 7kv5
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Substituting in the identities for the momentum states gives

16 2
_ 16 [ w

! v A.15
32 u? 2u u? (A.15)
-y d 1-— el sin(2p) — o 1-— el cos(p) |,

which may be used to estimate the size of the jumps, as used in Fig.

lim x(vs) — x(v)

Vs—V

Different limits show the values of the jumps at different extremes. When the chiral

term dominates at v — oo, we have

V—+00 V5 —V

lim Tim (x(05)) — (x(0)) = o0 > sin(2p). (A16)

which gives a value of about 10.2. In the thermodynamic limit N — oo where % Zp —

1 fp the change in chirality becomes

16w u2 32\/7 u?
o B _ 16w [ w32 0 Wt w AT
]\}gnoo vglinv(x(v5)> (x(v)) 11 \/:+ T 1 V2 (1 + 112) ( )

which is shown in Fig.

A.3 Two Fermi point bosonization

A.3.1 Normal ordering

The Hamiltonian may be separated into non-interacting and interacting systems H =

Hy + Hyyy for

1)
Hy = Z (—ucILCnH - 2C;cn+2> + H.c., (A.18)
n
)
Hiy = ) Z <c;flcn+1ofl+2 + CLchHafl) + H.c. (A.19)
n



109

Normal ordering, : A : = A — (Q]A|Q), affects Fermionic operators as
Al enp1 =l enit : HQlel i1 |Q) = < ¢l ey oy (A.20)
and
02 =1=2clc, =1—=2(:cle, - +(Qlel ) = =2 : cle, -, (A.21)

where the fact the ground state is a state of half filling gives (Q|chcn|Q) = 3. Therefore,

the interacting Hamiltonian becomes

Hi = —ivz (: cILan : +oz> : CL+20n+2 L+ (: CL+1cn+2 : —i—a) : cilcn :+H.c.
" (A.22)
= —ivz : chnH i CIL+2C774+2 T CL+1Cn+2 : CLCn : +H.c.,
n

where the fact that o is real and : chn : is Hermitian cancels a out of the calculation.

A.3.2 Field transformations

A real space continuum is approximated with field relations

7 = 3 ey, (ay), (A.23)

pn=R,L

where the sum is over the Fermi points and v, (z,) is a slowly-varying continuous field

sampled at discrete lattice sites x,, = na, with reinstated lattice spacing a.

First, we substitute the expansion of Eq. (A.23)) into Hy of Eq. (A.19)) to give

Hy = Z Z ae " {Pu—pv)an _ ueipua¢z(xn)¢u($n+l)
wy (A.24)

W o
?ezw”awl(:z:n)zb,,(xnﬁ) +H.c..

We now discard any oscillating term in the Hamiltonian as these integrate to zero, so we
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requires p, = p, in the first phase. This yields

Hy = Z Z a <—ueip”“¢:ﬂwu + a@x@bM)
nwon
- %e%wwﬂ (¥, + 2a,1,) + O(a®) + H.c.

(A.25)
= Z Z a? (iuzp/‘gax% — vwlaxwu> + O0(a®) 4+ H.c.
noon

— =20y / dzv 1| 0ay,
w

where in the third line £+ corresponds to u = R, L for the right and left hand Fermi

points, and we have renormalised the couplings as au — u and av — v. We have defined
vr,L = 2(fu —v), (A.26)

which are the Fermi velocities v, = E’(p,) obtained from the dispersion relation.

We now repeat the procedure for the interaction term Hiy of Eq. (A.19). We substi-
tute in the expansion of Eq. (A.23]) into Hiy to give

Hiyy = —iv Z Zae—i(m—pwpa—pﬁ)an
w8 m (A.27)

x (e!pr=2pampa)la  o=iu=2p)ay plop, o plaps 1 +O(a®) + Hee,

where we have expanded all fields to zeroth order in a to ensure the Hamiltonian retains
order a? and renormalised the couplings as av — v. We discard any term that oscillates
which requires p, — p, + pa — pg = 2nm/a for n € Z. With this we find only four terms

survive giving us

Hiyy = 2v / dz (pf + preL — pLer — p7) + Hec.

(A.28)
=4v/dw(p%—pﬁ),

where we have defined the normal-ordered densities pr 1, = : w;r{ LYRL i
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A.3.3 Bosonising the Hamiltonian

If we pull everything together, the normal-ordered Hamiltonian is given by

cH: =:Hy+ Hipp := —1 Z /d:c (”u : 1/1L8x1/1u g pi :) , (A.29)
n=R,L

where the £ corresponds to R and L respectively. Following [63], we map the fermionic

fields v, to bosonic fields ¢, with the mapping

YR = Frp———e 'V2™oRL
' TN 21a

' (A.30)
- 78‘% 9
PRL = F NoT: ®R,L

where FRr, are a pair of Klein factors and « is a cut-off. The bosonic fields obey the

commutation relations

[Or1.2). 6r1 ()] = £5sen(z — ), (4.31)

whilst pairs of fields about different Fermi points commute. The fermionic fields and

densities obey the identities

i gyl L A.32
YR L OzYRL 23m¢R,L, PR,L $\/ﬂ3m¢R,L, (A.32)

where we have taken lattice length L — oo. With this, the Hamiltonian is mapped to

H: = / dx% [lor] : (Par)® : +lon] : (Dogr)® ;] + 2;” [(Oa0r)” — (9201’
(A.33)

1
-2 /d:n (oh] = (Deom)? s HIoh | (Da61)? )

where the renormalised Fermi velocities are given by

™

vhr =2 [j:u o (1 - 2)} . (A.34)
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As the Fermi velocities of the model are not equal, we must generalise the bosonization

procedure of [63]. We define the canonical transformation

N
o 2( ol — rvgwR)

@:\/f< ol + |vg|¢R>,

where N is a constant to ensure the fields obey the correct commutation relations. We

(A.35)

require the fields ® and © to obey the commutation relations [63]

[9(2),0(5)] = —5sen(z — y). (4.30)

In terms of our canonical transformation, we have

9(@).0)] = - ([t [61@). 61.0)] ~ o 9n (). om(v)])
=5 (Tt - ) - Bhlsgato— ) (A3)
=~ ud 1+ st — ),

therefore we require
2 1

_ —— A.38
FIEARED (4.38)

Inverting the canonical transformation of Eq. , we have
itlo- = va©@+ @), \/lvhlés = V(0 -a). (A.39)
Substituting this back into the bosonised Hamiltonian of Eq. gives
cH: = u/dx [ (0:0)% : 4 : (0,2)* 1] . (A.40)

Differentiating the commutator [®(z),©(y)] with respect to y, we find [®(z),0,0(y)] =

id(x —y), so we can identify the canonical momentum as II(z) = 0,0(x). Therefore, the
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bosonised Hamiltonian takes the form of the free boson
:H::u/d:v [:H2:+:(8x<l>)2 ], (A.41)

which is exactly the same result obtained from bosonising the XX model (v = 0). Ac-
cording to the theory of Luttinger liquids, this implies that K = 1 which is the sign
of non-interacting fermions [64], demonstrating that the interactions for |v| < |u| are

irrelevant in the ground state.

A.4 Four Fermi point bosonization

A.4.1 Bosonising for four Fermi points

When |v| > |u] the chirality kicks in and two extra points are formed, shown in Fig.
The Fermi points will here be labelled by where they appear on the two momentum
spaces, (12, from left to right, giving pr, r, = F7/2, pr, = sin"'(u/v), pr, = 7™ —
sin~!(u/v).

Just as before, the expansion of Eq. is substituted into Hy of Eq. and

oscillatory terms are disregarded; this time, for the four Fermi points. This again results

in
Ho =i [ dovloni, (A42)
m
where the couplings have been renormalised as au — u and av — v. New couplings are
defined as
u?
VoL, = 2(iu — v), UR1,Re = 2v <1 — 2}2> , (A,43)

representing the four Fermi points where vz, ,vgr, € (1 and vr,,vR, € (2 with the L and
R representing the Fermi points on the left and right sides of the ( spaces.

Repeating the procedure for the interaction term Hi,s, the new Fermi points are

substituted into Eq. (A.27)). For the case of four Fermi points a more complicated con-



114

tribution of

Hin = av Z / dz |: - 4(pL1pR1 + PL1PRy + PLyPR,
n

+ pLopR,) + 2Re(d) (Wl YRy VR, + Uk VR VR UR,)

+2Re(a) (20} Yr ¥} Ur, + O] R Y, + U} YRV YL,

A.44
Ol b by + 200, vl v, + Ul vn vl vn,) (A-44)
+ 2Re(€) (Vi Y], Yrs + 20k, Yrabh, Vi, + V1, bR VR, VL
+ 200 VR WL R, + UL VR, UL, + Uk, Yrav] Ry
+2Re(D) (PR, pLy + PR PL + PRoPL, + PRoPL: + 20R, PRy + PRy + PRy |
is obtained, with density functions as defined before, and factors given as
_ 2isin™(u/v) . —isin™(u/v)y _ U 2u?
Re(a) = Re(e + ie )=1+ PR (A.45)
. isin™ ! (u/v) 2u
Re(b) = Re(—2ie )= > (A.46)
. —isin™1(u/v) 2isin ™ (u/v) u 2u?
Re(c) = Re(ie —e ) = o 1+ oR (A.4T)
Re(d) _ Re(iei’nsm T(u/v) je—3isin l(u/v)) _ 8% o 6£ (A.48)
v v
A.4.2 Bosonic fields
Bosonic field equations are given as in the two Fermi point model
1 iV2mé 1
Yy =Fy et " Ordp, (A.49)

2ma P = $\/ 27

where the F results are for right movers Ly, Ry, Ry (-) and left movers L; (+) (movement

seen from their Fermi velocities Eq. (A.43])). This gives the relation

1
: @{,Laxle,L = £50:0R.L, (A.50)
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which allows the transformation Hy from Eq. (A.42)) into

Hy = ;/dxz 0l (Badh)? : - (A.51)

The interacting Hamiltonian’s transformation is

2
Hos = > [ d2[0(0:61, 0001, + 0201, 0,61, — 0:01,0,61, — 0:01,0,61.)

v fu 20,2
-+ ; (/U + 1-— /U2> (COS(V 27['(2¢L1 + ¢R1 + (Z)RQ)) + 1)
v (u 202
+ - <v -1+ v2> (cos(\/ 27 (2¢1, — R, — OR,)) + 1)
+ u(0r0R, 0001, + 020 Ra0r012 — Os0m,Dabr, — Dpbraatin, + 20 6R,Daopy
4ud  3u
+ (De0m,) + (De0m:)?) + 0((0s01) = (0a61,)?) + 5= = =,
(A.52)
which, when ignoring the cosine terms, in matrix form, is given as
—2v 0 V—U UV—U v, O 0 0 001,
1 0 20 u—v Uu—w 1 0 v, O 0 O0zbL,
H= |- + 5
Tlv—u u—v 2u 2u 0 0 wgp, O OzOR,
v—u u—0v 2 2u 0 0 0 g, 0 PR,
(A.53)

A.4.3 Luttinger coefficient

It is possible to approximate to Eq. as the cosine terms, if relevant in the renor-
malization group sense, would open a gap in the model [63], meaning it may no longer be
defined by a Luttinger liquid. However, it is seen from Fig. (b) that the chiral phase
has a central charge ¢ = 2, suggesting the model is ’doubly gapless’, therefore, these

terms cannot be significant and may be ignored. In order to diagonalise the Hamiltonian

Eq. (A.53)), the coordinate transformations
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1
Rl S VAL

(A.54)
1
01 =/ 1 (VIh,lon + /v, lec.)
1
Py = E (SDR1 - ‘)OR2)
(A.55)
1
O2 = 2 (PR, + ¢Ry)
are considered, which gives the Hamiltonian in the form
1 11 0 M
H= idiag(u,u,vR + 8u/m,vR) + 5 (A.56)
M 0

mmM:vu<w%FW@w
mV2u \ S gl 0

) . Therefore, close to the point of transition when u &~ v

this becomes

VR v
H:u/dx 13 + (0,®1)%] + w/vm);_z/dgc /EH§+1/£(8$¢2)2 : (A.57)

This gives a Luttinger coefficient of Ky = | /2% = YE . The change in value of Ky
R

it

suggests that in the chiral phase, the model has significant interactions.



Appendix B

Analytics of the chiral operator

circuit decomposition

B.1 Derivation of the chiral evolution

The spin-chirality operator is given as

00 00O0UOTO 0O
00 ¢ 0 -0 00
i 1] 0-i00 i 000
_ i (qj _ 1100 000 —iio0
xX=5 (SXS)—4 0i -0 00 00 |> (B.1)
000 i 00 —i0
00 0—-0 4 00
000O0O0UOO 0O
with the square given in terms of Pauli operators
q g p
1 {0,1,2} 1 {0,1,2}
2 Z Z i Qi _ Z Z i Qi
i=z,y,z N,m i=z,y,z N,m
00 0 0 0 0 00O
02 -10-10 00 (B.2)
1[0-12 0-10 00
_ Y1000 2 0-1-10
“16l0-1-10 2 0 00
00 0 —-10 2 —10
00 0 —-10—-120
00 0 0 0 0O 0O

117
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The time evolution e’X! may be determined using the exponential formula

[ee] . n o . k oo . 2k+1
ity _ N 00" @)% o (it) 2k+1
=D PDTTR +kz_0 2k + It (B.3)

The repeating pattern of powers of the chiral operator result in the formulae

3 _ 3 5 _ i
X = 16X7 X = 256X7---
2k 2k+1
:>2k+1_ik:§ _ (A @ k=0,1,2
3 9 (B.4)
Vi 22 (b= L2
167’ 256"
2k
16\ [/ 3\" 16\ (V3
2k 2 _ 2
(Y (2 =(2) (¥ k=1,2,3...
S T S TC e
which may be substituted into the exponential formula as
2k 2k+1
[e’e) V3, o] V3.
e = | (3 Z([Zt) W+ 00|+ = Z( o) X
3 — 2k! V3 — (2k + 1)!
o ma ®9
() s By ()
- 3 2k! XT3 2k + 1) ©
k=0 k=0
which simplifies with trigonometric identities as
, 16 3 4 3
et =1 + 3 |cos <$\4[t> - 1] 2 - 7% sin <$\4[t> X- (B.6)

as found in [50].

B.2 Primitive gate decomposition of chirality

When Trotterising the chiral operator three evolutionary terms U(1/2/3) are obtained.
Due to the non-interactiveness of the evolution U®) only gates for U and U®) are

decomposed further. These local operations can be simulated by a combination of open
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and closed controlled Givens gates

where a Givens gate may be constructed by a natural gate circuit with 4 CNOT gates

[169]

4D
\'

Ry(3)
G(9) = . (B.8)

<
—
SIS
~—
ran)
A\ %

fan)
A\
fan)
A\

The controlled Givens gates can be reconstructed from Givens gates conjugated by two

Fredkin (controlled-SWAP) gates as

-

U — | - I ) (B.10)

o—
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The Fredkin gates have a primitive gate decomposition [I0T]

(7]
P Tt &— 1t 5@
—s—{H oo —e—{r{H
(B.11)
This means the full unitary U™ can be represented as
S yal
G(=9) =
—s—{H}o 1 —o {11 &
[ ]
N
&— 1t {5 Ry($) —&— Ry(F) — P
H S5 S5
[ ]
N
Tt &— 1t ——{ &
— e rte{rteorte{rHu

(B.12)

This can be simplified by noticing that the three CNOTs acting on the middle qubit
form a SWAP gate. If two CNOT gates are applied before the R, gates to form another

SWAP gate then the SWAP gates may be neglected by swapping the order of application
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of the gates conjugated by them. Thus, the circuit becomes

S T —
G(-0) =
—e—{ oo
[ ]
N
&— 1t —d—{ 5]

(B.13)

E
=
®
&
NID
®
&
<N
#
\|/

(7]
Tt &— 1t ——{ s}
— rt —o—{ 1o —e—r}{H

therefore reducing the circuit from 20 CNOTs to 16 CNOTs. The circuit for the U®)

gate identically can be reduced to 16 CNOTs.



Appendix C

Analytical calculations of the

D(S3) quantum double model

C.1 R matrix from ribbon operators

In Sec. we have shown how the exchange matrix (R%)?, describing the braiding of
two G anyons, may be reproduced with projective measurements onto states constructed
by exchanging the order of the ribbon operators F/ g and F g , replicating Eq. 1) This
result may also be verified with direct evaluation of the operator products chf FPC; and

FPGQFpCf in the basis {e,c,c? t,tc,tc®}. By comparing the form of each operator, the R
matrix can then be determined in the anyonic basis {A, B, G}. Such an approach can be

experimentally relevant when quantum operator tomography is available.

By representing the ribbons operators F pGl and F g fully in terms of their elements of

the isolated two lattice sites they cross over, we can find all the elements of the crossed

122
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terms

FSFS = (T +wTe + 0T9) @ LS + (TS +aT° +wT¥) & LY)
X (L ® (T° + wl® +@T%) + L @ (T° + &T® +wT£2)),

= (el +@le) (el +wle®) (c*]) @ |c*h) (Al

+ (le) (el +wle) el +@1e?) (c*]) @ [ch) <hl>

x (Z l9¢) (gl @ (le) (el + @ e} (c] + w [¢?) {c?])
g

+19¢) (gl @ (le) (e] + wle) {c] + @ 1c?) () )

= le, ) (c,e| + e, c®) (2 e| + e, c) (c,e] + |e, c) (?, e (C.1)
+wlc? ) (e e] +wl|c? ) (ce] +@|c2 ¢) (e e] + @2, c) {c, e

+@le, ) (e e| +@le, ) (P e] +wle, ) {e,e] +wle,c) (2 e

+wle,e) (c,c| +@le e) (P c| +wle ) (c,c| +@le, ) (2,

+ @l e) (e, e +|c2 e) (e, ¢| + |, ) (e, e] +wc?, ) (c, ¢

+wle,e) (e, c| + |e,e) (¢, c| + |e, &) (e, c| + @ e, ) (¢, c|

+@le,c) (e, +wle, c) (2, 2| +@le,e) {c, | +wle e) (2,2
+e?,¢) (e, [+ @l o) (e, P +wlc? e) e, & + |2 e) (e, ¢

+les) (e, +wlesc) (2P| + D leve) (e, ?] + lese) (),
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FpCQ"FpG1 =wle, ) (c,e| +@le, ) (P e| +@le,c) (c,e| +wle, ) (2 e| +@|c?, ?) e, e
+ |2, P) (e e| +wlc? e) (e el + |2, ¢) (e, el +we, ) (e e| + |e, ) (e
+@|c,c) (e el + |e,e) (el +@le,€) (e, c| +wle, e) (2, e + |e, ) (¢, c|
+le, ) (2| + |2 e) (e, c| + @ |, e) (e, | + @ |2, ) (e c] + @2, ) (e, ¢
+ le,e) le, e + wle,e) (P el +wle, ) (e, c| +wle, ) (2, c| + e, ¢) (¢, ¢
+ le, c) (2, | + |e, ) (e, 2| + @]e, e) (¢?, P +wlc?, e) (e, | +w]c?, ¢) (e, P
+ | e) (e, |+ wlc? e) (¢, | + @]c, ) (e, 2| + @ e, ¢) (2,

+ |, €) (e, 2|+ @ e, e) (¢, P

(C.2)

G

Upon comparison of these two expressions, it is clear that the elements of F gF b, gain

o . . G G . . .
an additional phase relative to those of F I;” according to the prescription

wlg1,g2) (h1,ha| if gigo = hiho
l91, g2) (h1, ha| — (C.3)

wlg1,g2) (h1,ha| otherwise.

To re-interpret this result into the anyonic basis as in Eq. , we consider the
flux these ribbon operator products create on the shared plaquette, p. As the vacuum
state is stabilised by the projector B¢(p) it has trivial flux. As a result it consists of a
superposition over all group elements for which hihohshgy = e on that plaquette. Under
the action of |g1, g2) (h1, ha|, if g1g2 = h1hg, then the condition g1 gohshy = e is preserved.
This condition corresponds to the fusion outcomes A and B that have trivial flux, that
gain a factor w, as seen from Eq. . When g1go # hihs, then gigohshg # e and the
two ribbons have fused to produce a pair of G anyons with non-trivial flux. As seen from

Eq. (C.3), this fusion outcome acquires a phase factor w as in the final diagonal element

of Eq. (6-4).
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C.2 Analytics for F' matrix,

We will now present the main calculations for the amplitudes that determine the elements
of the F' matrix squared. By taking the inner products of our ribbon fusion states as
in Eq. (6.28]), we find that for each combination i, = A, B,G a phase factor may be

extracted,

(Pa2(4) Y1 (1))

— (¢ (A (o) FS A () FS FEYT A% () FS A () FEFS (),

= (C| (Fp)* A7 (0) F A% (0) Fy A' () F FT[C) (C.4)

p2- p1

= (C| F}, Fpy A% (v) A% (0) Fy A'(0) F Ft €)

= (RZ7)?(¢| FS FJ, AC (0) FS Al () FS S |C)

where we have used the Hermiticity of each of our operators, A7(v) (Fg)2 () = Al (v)(FAa+

¢) and AS()FEF!, |¢) = (RZ)2AC(v)F!, FS (). The string

B G _J
Py + FPZ) €)= F] P17 T/p2 T/p2" P1

7/p2
operator FﬁQ with j = A or B is the direct triangle in the path po, producing a pair of A

or B anyons as in Eq. and Eq. (6.7 respectively.

All these possible inner products can be reduced to phases and inner amplitudes with
manipulations of the ribbon operators. We see that if j = A or B andi= A, B or G, we

can take

(V2(5) |1 (4))

= (RE)? (¢| FS FJ,AC (v) FS Al (0) FSFS 1)

= (R (¢l FyEGA (0) AT (0) FTELT () (C.5)
- <R8j>2;? (621D (1))

_(RE)?

- S

for the normalised states |¢21(7)) as defined in Eq. (6.16]).
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When j = G and i = A or B we have

(V2@ ()

= (RG)? (C| FSFS A (0)FS AY(0) FSFSHIC)

= (RG)* (| Fyy (Fgy ) A'(0) F F|C) (C.6)

P2 p1

= (RE)? (| FEFEA A W FEFE1C).
(RECY
NZ

)

And finally, for the case i = j =G

(¢2(G) 1 (G))
= (RG®) (C| F F AC () F A% (0) FEFT|C) (C.7)
_ (Bg9)?

_ %<m@wmmm

The operator F pC; as defined in Eq. is constructed from terms of the form Li QTh.
The non-zero matrix elements of the operators T” lie on the main diagonal, whereas Li
act as permutation operators between group elements such that the resultant operator
Fg is traceless and we obtain the required (12(G)[¥1(G)) = 0.

These analytical values for each of the overlaps (12(j)]11 (7)) may be substituted into
Eq. in order to determine each of the values of the F' matrix squared.

C.3 Magic state generation from R? and F

The double model fusion method has an intrinsic superselective limitation in the ability

to derive the fusion matrix with arbitrary sign values

! B W2
{@@zg 5§ e8| aBnde==%1Y, (C.8)
W2 ev/2 0
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as found from Eq. (6.31]). Despite this limitation, it is still possible to show the capabilities

of the braiding operator B3, = (F&o) H(RG:)?FSae to form quantum magic states.

’ Solution H a B 0 v €

#1 1 41 +1 +1 -1
#2 1 1 +1 —1 +1
#3 1 -1 +1 +1 +1
) 1 -1 +1 -1 —1

#5 —1 +1 -1 +1 +1
#6 “1 +1 -1 -1 -1
#7 1 -1 -1 +1 -1
#8 1 -1 -1 -1 +1

Table C.1: Sets of solutions of the sign values for the coefficients in FgGG allowed by
unitarity.

The form of the braiding operator derived from this method is

Big = (F&aa) " (R&a)*FSaa

a B W2\ [w 0 0 a B 2
= i B § /2|0 @ o0 B 5 eV2
W2 /2 0 0 0 w/ \W2 ev2 0 (C.9)
20 + 2w (af 4 )@ + 2vew  (ay + Be)v/2
= i (aff 4 BO)@ + 2vew 20 + 2w (By +6e)wv2 |
(ay + Be)ov/2 (By + de)wv/2 4w

where unitarity of F, (C;;GG dictates there are 8 possible sets of solutions of these coefficients,

given in Table For all allowed configurations of FgGG the braiding operator takes
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the form

-1 +V3i 0
. 1
Bk = 3=V -1 0

0 0 200
(C.10)
cos (2w/3)  +isin(27/3) 0
= | £isin(27/3) cos(27/3) O
0 0 w

Thus, this operator allows for the quantum magic state generation of Eq. (6.34]).
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