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ABSTRACT

The properties of thallium isotopes beyond the neutron shell closure at N =

126 remained unknown. Experimental data is urgently needed to test different

nuclear models around the doubly-magic nucleus, 208Pb. This work focuses on

studies of shell effects in ground-state properties around N = 126, by in-source

resonance-ionisation laser spectroscopy measurements of 207−209Tl at a radioactive

isotope production facility, ISOLDE, CERN.

The application of the Laser Ion Source and Trap structure at ISOLDE heavily

suppressed the dominant isobaric contamination, francium. Due to this, the first-

ever laser spectroscopy measurements of the 207mTl and 209gTl were performed at

the ISOLDE Decay Station. The changes in the mean-square charge radii and the

magnetic dipole moments are deduced from the measured hyperfine structures.

The characteristic kink phenomenon in the charge radii, as well as the odd-

even staggering, have been confirmed for the thallium isotopes when crossing

the N = 126 shell closure. A sudden jump of the magnetic dipole moment at

207gTl has been observed along the isotopic chain. The experimental results are

compared to state-of-the-art calculations in the framework of the relativistic mean

field approach, and from the self-consistent theory of finite Fermi systems based

on the energy density functional by Fayans. In the case of the Fayans functional,

the pairing interaction with the dependence on the density gradient is the key to

providing agreement with the experimental results. In addition, the inclusion of

the phonon coupling appears to be crucial for reproducing the values of magnetic

dipole moment of thallium isotopes.
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Chapter 1

Introduction

The mean-square charge radii and the magnetic dipole moments are among the

most fundamental properties of the ground and isomeric states of atomic nuclei.

The relative changes in the mean-square charge radii between isotopes provide

insights into how nuclear size and shape evolve along an isotopic chain, while

the magnetic dipole moments are determined by the underlying quantum con-

figuration of unpaired nucleons [1–3]. The nuclear shell model is considered to

be one of the most successful theoretical frameworks for describing the structure

of spherical nuclei. It reproduces the magic numbers, which correspond to the

number of protons or neutrons within closed shells [4–6]. It successfully explains

many features of spherical nuclei, such as shell effects in the nuclear mean-square

charge radii and nucleon separation energies, and shows good agreement with

experimental observations near shell closures. However, the shell model fails to

reproduce some fundamental nuclear features when applied to nuclei far from

these magic numbers, where the nuclear shapes are deformed rather than spheri-

cal (see Figure 1.1). So far, there have been a number of theoretical models with

different approaches and modifications on detailed terms, such as nuclear den-

sity and nucleon-nucleon interactions [7–9], developed to try to provide a more

universal description of the entire nuclear chart. Despite these efforts, a unified

model that can reproduce all nuclear properties has yet to be found.

Some nuclear properties experience abrupt changes, such as mean-square charge

radii, as proton (Z) or neutron (N) number crosses the shell closures. These dis-

continuities, known as shell effects, particularly exist near doubly magic nuclei. In

these regions, small variations in nucleon number can lead to significant changes



Figure 1.1: Theoretical predictions for the nuclear ground state quadrupole de-
formations. The double-black lines represent the magic numbers (proton and
neutron shell closures). Figure taken from [10].

in nuclear properties. Therefore, studying the evolution of nuclear structure in

such areas is crucial for benchmarking different nuclear models.

There are only 251 [11] stable or long-lived (with half-lives longer than 106 years)

isotopes found in nature, out of more than 6000 isotopes predicted to exist by

theory. In order to study the short-lived radioactive isotopes, experimental fa-

cilities based on different reaction mechanisms for production have been built.

So far, approximately 3339 isotopes have been artificially produced [11] and their

properties are ready to be studied to help develop a more universal nuclear model.

In certain regions of the nuclear chart, many isotopes have been well-studied due

to their high production yields and long half-lives. In contrast, studies of exotic

nuclei far from stability can be more challenging due to less favorable production

mechanisms. Even when production is feasible, their yields can be very low and

they are typically accompanied by significant contamination, which leads to dif-

ficulties in their separation. In this work, the ground and isomeric states of such
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isotopes, 207−209Tl, are studied. These isotopes lie close to doubly-magic 208Pb,

and so should have a relatively simple structure that can provide stringent tests

for cutting-edge nuclear models.

1.1 Previous experimental work for the region near doubly-

magic 208Pb

Laser spectroscopy has proven to be a powerful technique to systematically study

nuclear properties in a model-independent way across the nuclear chart. By

measuring the transition strengths as a function of laser frequency, a so-called

hyperfine structure (hfs) of an atomic transition can be obtained. From the hfs

spectra, key nuclear observables such as electromagnetic moments of ground and

isomeric states of the nucleus, as well as their relative mean-square charge radii,

can be extracted.

Figure 1.2 presents an overview of the in-source laser spectroscopy measurements

of mean-square charge radii in the lead (Z = 82) region as of 2022. The combina-

tion of high-efficiency in-source laser spectroscopy with highly sensitive detection

methods, such as decay tagging and precision mass spectrometry, enables studies

of exotic isotopes with very low production yields and short half-lives [13, 14]. By

2024, the highest sensitivity achieved in the in-source laser spectroscopy measure-

ments corresponds to a yield of 0.01 ions per second for 191Po (t1/2 = 93ms) [15].

As shown in Figure 1.2, the region southeast of the doubly-magic nucleus 208Pb,

which is also known as the lead region, remains largely unexplored, including the

neutron-rich thallium, mercury, and gold isotopes. In particular, the lack of ex-

perimental data on the mean-square charge radii and magnetic dipole moments of

these isotopes limits our understanding of nuclear structure beyond the N = 126

shell closure, where detailed information on shell effects and single-particle con-

figurations is essential for testing different nuclear models.

The main obstacle for the studies in this region at isotope separation on-line fa-

cilities, such as ISOLDE [16, 17], is high-yield isobaric contaminations. In order

16



Figure 1.2: Change in mean-square charge radii for isotopic chains in the lead
region, measured by laser spectroscopy as of 2022 [12]. The red data points are
from the in-source laser spectroscopy experiments performed at ISOLDE, CERN.

to overcome this problem, the (Laser Ion Source and Trap)LIST structure [18,

19] was developed at ISOLDE (see Chapter 3 for more details). The application

of LIST structure effectively suppresses the isobaric contamination, and enables

high purity nuclear spectroscopy studies in this region.

In addition to ISOLDE, similar experimental programmes have been pursued

at other facilities worldwide, such as RIKEN (Japan), TRIUMF (Canada), and

JYFL (Finland), using complementary production and detection techniques. Var-

ious forms of laser spectroscopy, including collinear laser spectroscopy and res-

onance ionisation spectroscopy, have been developed to study both ground and

isomeric states. Alternative approaches such as β-NMR, NQR, and muonic X-

ray spectroscopy have also contributed important information on nuclear electro-

magnetic moments and charge radii, particularly for stable or long-lived isotopes.

These developments illustrate the broad international effort to extend precision
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measurements of charge radii and moments across the nuclear chart, and provide

important context for the present work.

The work presented in this thesis represents the first laser spectroscopy measure-

ments on the neutron-rich thallium isotopes, 207mTl and 209gTl. The results reveal

shell effects in both magnetic moments and the mean-square charge radii. In ad-

dition, dedicated theoretical calculations have been made by the theory group

at the National Research Centre Kurchatov Institute, using the self-consistent

theory of finite Fermi systems based on the energy density functional by Fayans

et al. [20–22]. The calculations, as well as previous studies on the nuclear model

with frameworks such as relativistic mean-field, will be systematically compared

to the experimental data in this thesis work.
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Chapter 2

Theoretical background

2.1 Nuclear models

2.1.1 The liquid drop model

The atomic nucleus contains two types of fermions, protons and neutrons, which

are collectively referred to as nucleons. A nucleus is a complex many-body quan-

tum system, in which the motions and interactions of nucleons determine the

nuclear properties. The study of nuclear structure began over a century ago,

starting with simple models that changed over time as new experimental findings

became available.

In 1911, Rutherford performed an experiment with α particles bombarding a

thin gold foil [23]. The results showed that while most α particles passed straight

through the atom, some of them were deflected and even bounced backwards.

This finding suggested that the atomic system must consist of a core with large

concentration of both mass and positive charge in the center, and negatively

charged electrons, which occupy a large volume around the nucleus. Yet, this

model failed to answer how multiple protons could be held together in such a

small volume despite the presence of the Coulomb repulsion force. This led to

the development of models considering short-range attractive interactions be-

tween nucleons.

Later in the 1930s, G. Gamow suggested that the nucleus behaves like a charged

liquid drop, with the nucleons bound together by short-range attractive forces.

At the same time, the nucleon–nucleon interaction is characterised by a strongly

repulsive core at extremely short distances, preventing the collapse of the nu-



cleus [24]. One key result of this model is that it described the relationship

between the experimentally measured nuclear radius, R, and mass number, A:

R = r0A
1/3 (2.1)

where r0 = 1.2 fm. Building on this idea, Weizsäcker in 1935 introduced a semi-

empirical mass formula [25], which describes the binding energy of the nucleus.

This formula can be expressed as

EB = aVA− asA
2/3 − aC

Z(Z − 1)

A1/3
− aA

(N − Z)2

A
± δ(N,Z) (2.2)

which accounts for several contributing effects:

• aVA is the volume term corresponding to the increase in binding energy due

to the attractive strong nuclear force. The volume of the nucleus is linearly

dependent on A, meaning that each nucleon provides a constant increase in

the attractive force.

• aSA
2/3 is the surface term. The volume term suggests that all nucleons have

the same chance to interact with all other nucleons, which is almost true

for nucleons in the centre of the nucleus. However, the nucleons around the

surface of the nucleus are not surrounded by as many nucleons as those in

the centre. Thus, the surface term is included to account for this. Since the

volume is proportional to A, the surface term is then naturally proportional

to A2/3.

• aC
Z(Z−1)

A1/3 is the Coulomb term, which accounts for the repulsive Coulomb inter-

action between the protons within the nucleus. As the Coulomb potential

energy is inversely proportional to the distance, this term is inversely pro-

portional to A1/3.

• aA
(N−Z)2

A
is the asymmetry term, which is related to the Pauli exclusion prin-

ciple, which states that no two identical fermions can occupy the same
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quantum state. In other words, nucleons must fill higher energy states

with increasing particle number. Therefore, nuclei with a large asymme-

try in proton and neutron numbers tend to have lower binding energy per

nucleon.

• δ(N,Z) is the pairing term, which indicates the extra energy gain provided

by pairing nucleons. This term is also expressed as apA
−3/4 in some other

versions, where ap is positive in even-even nuclei, negative in odd-odd nuclei

and zero in odd-A nuclei.

The values of the parameters aV , aS, aC , aA and ap are deduced from fits of ex-

perimental data, which give aV = 15.85MeV, aS = 18.34MeV, aC = 0.71MeV,

aA = 23.21MeV and ap = 12MeV [26]. An illustrating diagram of the terms in

the semi-empirical mass formula is shown in Figure 2.1.

This model successfully reproduces the global trends of nuclear binding energies

Figure 2.1: Illustration of the terms of the semi-empirical mass formula in the
liquid-drop model of the atomic nucleus. Figure taken from [27].

across the chart of nuclides, accounts for the curvature of the valley of stabil-

ity through the competition between Coulomb and asymmetry terms, provides a

framework to understand decay modes such as α-decay, β-stability and sponta-

neous fission, and describes the onset of nuclear fission as the balance between

surface tension and Coulomb repulsion is overcome. Figure 2.2 shows the binding

energy per nucleon (BE/A) for stable isotopes, and marks the peak near iron,

which represents the most strongly bound nuclei.
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Figure 2.2: Binding energy per nucleon for stable isotopes as a function of mass
number. Figure taken from [28].

2.1.2 The spherical shell model

Although the liquid drop model provided a description of the general trend in

binding energy per nucleon, it failed to reproduce some certain anomalies. For

example, nuclei such as 4He and 16O experimentally exhibit higher binding ener-

gies than the model predicts. In addition, several other experimental observations

cannot be explained by the liquid drop model either, such as:

Figure 2.3: Mass defects, Sn and Sp of some nuclei around the doubly-magic
nuclei (16O, 40Ca) and 208Pb. Figure taken from [3].
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• Magic numbers Nuclei with specific numbers of protons or neutrons, namely

2, 8, 20, 28, 50, 82 and 126, are found to have higher binding energies than

others. Therefore, the neutron and proton separation energies, referring to

the energy required to remove a neutron (Sn) or a proton (Sp), at these

numbers are higher (see Figure 2.3). These numbers are referred to as

magic numbers.

• Energy of the first 2+ excited state Even-even nuclei with magic numbers

exhibit a higher energy for the first 2+ state compared to those without

magic numbers.

• Nuclear charge radii When the neutron number goes across the magic num-

ber, the nuclear mean-square charge radii experience sudden changes across

isotopic chains, which is a phenomenon that is not captured by the liquid-

drop model.

These observations suggest that the nucleus exhibits a shell structure, where nu-

cleons occupy discrete energy levels, similar to electrons in atomic orbitals. In

order to provide a description of this behaviour, the shell model was developed [4–

6]. In its simplest form, the shell model treats the nucleus as a system of inde-

pendent fermions moving in a central, spherically symmetric potential, which is

generated by the motion of nucleons. In principle, solving the Schrödinger equa-

tion can indicate the energy states for nucleons. However, the accuracy of the

deduced energy states largely depends on the choice of an appropriate realistic

potential.

To describe the single-particle motion of a nucleus, one can begin by considering a

simple 3D central harmonic oscillator potential, which has a form of V (r) = 1
2
kr2.

The wavefunction of the nucleons bound by such a potential can be written in

spherical coordinates (r, θ, ϕ) as

ψ(r, θ, ϕ) = R(r)Y m
l (θ, ϕ) (2.3)
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where R(r) is the radial part of the wavefunction, and Y m
l (θ, ϕ) are the spherical

harmonic functions. The solution to the Schrödinger equation in this potential

introduces two quantum numbers: the principle quantum number, n, which is

related to the size of the orbit, and the orbital angular momentum quantum

number [29], ℓ, which is linked to the shape of the orbital. They both have

integer values, with ℓ = 0, 1, 2, 3... corresponding to spectroscopic labelling of

s, p, d, f ...orbitals, respectively. The allowed values of ℓ are constrained by the

parity of n: if n is even or odd, ℓ only takes even or odd values [3].

Each orbital exhibits a degeneracy due to the magnetic quantum number mℓ,

which has integer values from −ℓ to ℓ, and an additional spin degeneracy from

the intrinsic spin of fermions (s = 1
2
), so that each orbital can hold 2(2ℓ + 1)

nucleons. Grouping orbitals with the same principal quantum number n in the

three-dimensional simple harmonic oscillator (SHO) gives a total capacity of (n+

1)(n+ 2). For example, the lowest SHO shells are:

• n = 0: the 0s state, capacity 2 nucleons;

• n = 1: the 0p states, capacity 6 nucleons;

• n = 2: the 1s and 0d states, capacity 12 nucleons.

This sequence leads to magic numbers 2, 8, 20, 40, 70, 112, . . . of which only the

first three match experimental observations. For comparison, in the hydrogen

atom the first shells also follow 1s (2 electrons), 2s+2p (8 electrons), 3s+3p+3d

(18 electrons), but the detailed ordering differs due to the Coulomb potential

rather than the harmonic oscillator. These contrasts highlight why corrections

beyond the SHO are needed in nuclear structure.

One limitation of the simple harmonic oscillator potential is that the potential

increases indefinitely with r, which is physically wrong, as the nuclear potential

should approach 0 at r goes to infinity. A more realistic approximation is given

by a Woods-Saxon potential, which has a smooth change of the potential to 0
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over some finite skin depth, a. The potential has a form of

V (r) =
−V0

1 + exp(
r−rsph

a
)

(2.4)

where V (r) is the magnitude of the central potential at a radial distance from the

centre of the nucleus, r, V0 is the well depth at the centre of the nucleus with a

typical value of 40.5+ 0.13AMeV, rsph is the radius of the nucleus deduced from

the liquid drop model in Equation 2.1, and a is the nuclear surface diffuseness

with a typical value of 0.65 fm [30].

In order to reproduce the full set of the experimentally observed magic numbers,

a potential due to the spin–orbit interaction needs to be introduced [4, 31], which

has the form

VSO(r) = −Vℓsr20
1

r

dV (r)

dr
⟨ℓ · s⟩, (2.5)

where Vℓs is the strength of the interaction with a typical value of 0.22MeV, and

⟨ℓ · s⟩ represents the coupling between the orbital angular momentum (ℓ) and the

intrinsic spin (s) [29] of the nucleon. This interaction causes a splitting of states

with ℓ > 0, providing a new quantum number: the total angular momentum, j,

where

j = ℓ+ s. (2.6)

As shown in Figure 2.4, there are two possible ways to couple ℓ and s, correspond-

ing to two values of j suggested by Figure 2.4. Each of these spin–orbit split levels

has a degeneracy of 2j + 1 due to the secondary total angular momentum quan-

tum number, mj, which ranges from −j to +j in steps of one. Therefore, the

inclusion of such spin–orbit interaction significantly improves the description of

the nuclear shell model as it reproduces the observed magic numbers. Unlike

in atomic physics, where spin–orbit coupling appears only as a small relativistic

correction to the Coulomb potential and produces fine-structure splittings, in nu-

clear physics the spin–orbit interaction is of comparable strength to the central

potential itself. This unusually large scale arises because the nuclear mean-field
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Figure 2.4: The two configurations of coupling of ℓ and s given total angular
momentum j. Figure taken from [3].

potential has a very steep surface, and since the spin–orbit term is proportional

to the radial derivative of the potential, dV (r)
dr

, the interaction is strongly am-

plified at the nuclear boundary. Furthermore, the sign of the nuclear spin–orbit

potential is opposite to that in atomic systems. In nuclei, the effective interaction

originates from the strong nucleon–nucleon force, which favours the alignment of

orbital and spin angular momenta. As a result, the j = ℓ+1/2 state lies lower in

energy than the j = ℓ− 1/2 state, in contrast to the ordering observed in atoms.

This inversion is essential, as it reorganises the sequence of single-particle levels

and generates the large shell gaps at N,Z = 28, 50, 82, 126, which are crucial for

the appearance of magic numbers in nuclear structure.

Figure 2.5 illustrates a comparison between calculated degeneracy energy lev-

els with different potentials. These improvements have allowed the shell model

to achieve particular success in describing ground-state properties of nuclei near

shell closures, such as spins, parities, and excitation patterns.
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Figure 2.5: Neutron single-particle states in 208Pb with three potentials, 3D har-
monic oscillator (left), Woods-Saxon without spin-orbit coupling (middle) and
Woods-Saxon with spin-orbit coupling (right). The numbers in square brackets
are the maximum number of neutrons in that each level can hold, and the fol-
lowing number is a running sum of the total. The harmonic oscillator is labelled
by the major quantum number N = 2n + ℓ, the Woods-Saxon is labelled by the
quantum number n, ℓ, and the Woods-Saxon with spin-orbit coupling is labelled
by n, ℓ, 2j. Figure is taken from Ref. [32].
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2.2 Nuclear properties

The shell model can make predictions for properties which can be measured in

the laboratory. Some of them are the nuclear spin, magnetic dipole moment and

mean-square charge radius. As such, experimental measurements can provide

tests of the model.

2.2.1 Nuclear spin

The nuclear spin I (total angular momentum of the nucleus) arises from the

vector sum of the orbital angular momenta and intrinsic spins of all constituent

nucleons. Protons pair with protons and neutrons with neutrons, and these pairs

usually occupy time-reversed single-particle states with opposite projections of

both angular momenta and intrinsic spins. As a result, their contributions cancel,

giving zero net angular momentum from each pair. Consequently, for even–even

nuclei all nucleons are paired and the ground state has spin I = 0. For odd–even

(or even–odd) nuclei, there is one unpaired nucleon, and the ground-state spin

is usually determined by the total angular momentum j = ℓ + s of that valence

nucleon. In odd–odd nuclei, where both a proton and a neutron remain unpaired,

the total spin can couple to a range of values I = |j1 − j2|, . . . , |j1 + j2|, where j1

and j2 are the total angular momenta of the unpaired nucleons [3].

2.2.2 Nuclear magnetic dipole moments

The nuclear magnetic dipole moment originates from the orbital motion and in-

trinsic spin of protons and neutrons within the nucleus. Only nuclei with non-zero

spin possess a magnetic dipole moment, the value of which is mainly determined

by the contributions of the valence nucleons. From a classical perspective, the

analogy can be drawn to a charged particle moving in a circular orbit. In classical

mechanics, a current i circulating around an area A produces a magnetic moment

of magnitude |µ| = iA. For a particle of charge e moving with speed v along a
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circular orbit of radius r, this expression becomes [3]:

|µ| = e

(2πr/v)
πr2 =

evr

2
(2.7)

where e is the electric charge, v is the velocity, and r is the orbital radius. The

magnitude of the angular momentum of a nucleon can be defined as |l| = mvr,

where m is the mass of the nucleon. This relation, known as the classical gy-

romagnetic ratio, illustrates that the magnetic moment is proportional to the

orbital angular momentum.

In quantum mechanics, the observable magnetic moment is defined to correspond

to the direction of the greatest component of ℓ. Thus the value of ℓ can be replaced

by the expectation value relative to the axis where it has maximum projection,

which is mlℏ with mℓ = +ℓ. Hence, by replacing vr in the above equation with

lℏ/m, it can be written as

µN =
eℏ
2m

ℓ (2.8)

where ℏ is the reduced Planck’s constant, and ℓ is now the angular momentum

quantum number of the orbital. In the nuclear context, one must account for

both orbital and intrinsic spin contributions, as well as the fact that protons

(positively charged) and neutrons (electrically neutral but with internal quark

structure) contribute differently. Importantly, the sign of the charge leads to

a crucial difference between atomic and nuclear systems: electrons, being neg-

atively charged, give magnetic moments opposite in direction to their angular

momentum, whereas protons give moments aligned with their angular momen-

tum. The quantity of eℏ/2m is known as the nuclear magneton. Thus, the

magnetic moment due to the motion of the nucleon can be written as:

µ = gℓℓµN (2.9)

where the coefficient gℓ is the so-called orbital g-factor associated with the orbital

angular momentum ℓ. Since protons have a charge of +1 and neutrons have
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no electric charge, the orbital g-factor for protons and neutrons are 1 and 0,

respectively. In addition to orbital motion, the intrinsic spins of the nucleons lead

to the spin magnetic moments. The magnitude of the spin magnetic moment of a

nucleon N has a similar form as the angular magnetic moment, which is described

by:

µ = gssµN (2.10)

where s = 1/2 for both protons and neutrons, and gs is the spin g-factor. Ex-

perimentally, the values of gs for protons and neutrons are determined as [33,

34]

proton : gs = 5.5856946892(16) (2.11)

neutron : gs = −3.8260837(18) (2.12)

The magnetic moment of a free nucleon is obtained from the expectation value

of the magnetic moment operator in the state with maximum projection in the z

direction of total angular momentum. Therefore,

µ = µN(gℓℓz + gssz)/ℏ (2.13)

Assuming j in the z direction has a defined value, jz = jℏ, the individual value

of ℓz and sz cannot be uniquely expressed in the same system. As a result, the

expectation value of µ, ⟨µ⟩, becomes:

⟨µ⟩ = [gℓj + (gs − gℓ)⟨sz⟩/ℏ]µN (2.14)

after computing the expectation value, ⟨sz⟩, for j = ℓ + 1
2
the corresponding

magnetic moments can be finally defined as [3, 6]:

⟨µ⟩ = [gℓ(j −
1

2
) +

1

2
gs]µN (2.15)
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whereas for j = ℓ− 1
2
, the magnetic moments can be written as [3, 6]:

⟨µ⟩ =

[
gℓ
j
(
j + 3

2

)
j + 1

− 1

2

1

j + 1
gs

]
µN (2.16)

For example, by taking gℓ and gs values into account, the single proton in a free

space moving in the s1/2 orbital, with j = 1/2, should have a magnetic dipole

moment of 2.7928456(11)µN . As mentioned, the magnetic dipole moment of a

whole nucleus is primarily determined by the valance nucleons. Thus, the ground

state of odd-even nuclei should have a magnetic dipole moment that corresponds

to that of the single unpaired nucleon moving in the orbital predicted by shell

model. This theoretical value is referred to as the Schmidt value [35].

However, experimental measurements of magnetic dipole moments often show

significant deviations from the Schmidt lines, as illustrated in Figure 2.6. These

discrepancies reflect the limitations of the independent-particle shell model and

highlight the necessity of taking into account the residual interactions and many-

body correlations within the nucleus.
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Figure 2.6: Experimental values for the magnetic moments of odd-proton shell-
model nuclei. The Schmidt values are shown as solid line for gs = gs(free) and
dashed line for gs = 0.6gs(free). Figure taken from Ref. [3].
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2.2.3 Nuclear mean-square charge radius

The nuclear mean-square charge radius (⟨r2⟩) characterises the spatial distribu-

tion of the charged particles (protons) within the nucleus. It is defined as

⟨r2⟩ =
∫
ρ(r)r2dr∫
ρ(r)dr

(2.17)

where ρ(r) denotes the density of protons at a radial distance r from the centre

of the nucleus [3]. This nuclear property provides a fundamental description of

the distribution of the charged particles inside the nucleus.

For stable isotopes, the ⟨r2⟩ can be measured with high precision using a variety

of techniques. Elastic electron scattering provides a model-independent deter-

mination of the nuclear charge distribution by probing the nuclear form factor.

Atomic x-ray spectroscopy, in particular the measurement of K x-ray energies, is

sensitive to changes in the electron binding energies induced by the finite nuclear

size. In addition, muonic x-ray spectroscopy offers extremely high sensitivity due

to the small Bohr radius of muonic orbits, which strongly overlap with the nu-

clear volume[36]. Together, these methods form the foundation for precise charge

radius determinations in stable nuclei. However, this technique requires stable

targets and is therefore not suitable for short-lived radioactive isotopes, which

cannot be produced in large quantities or maintained as targets over extended

measurement periods. Alternatively, the laser spectroscopy technique is able to

deduce the relative changes in the ⟨r2⟩ between isotopes in the same isotopic

chain, even in the case of short-lived, low-yield nuclei. In fact, different elements

exhibit distinct patterns in their charge radius evolution (see Figures 2.7, 2.8 and

2.9). Despite these differences, there are certain common features that are ob-

served across the nuclear chart. One of them is the local variation referred to as

the odd-even staggering (OES). It is observed that the ⟨r2⟩ in nuclei with an even

N are larger than the average of their neighbouring odd-N isotopes (see partic-

ular examples of argon isotopic chain in Figure 2.7 and barium isotopic chain in
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Figure 2.7: rms charge radii (top) of the isotopic chains of Ca (left) and Fe (right),
and differential ms charge radii (bottom) of K - Fe (left). Figure taken from Ref.
[37].

Figure 2.9). This behaviour is attributed to nucleon pairing effects, which influ-

ence the overall spatial distribution of protons within the nucleus [3].

An additional systematic feature observed across the nuclear chart is the sudden

increase in the slopes of charge radii when N crosses a magic number, the so-

called “kink”. These kinks associated with the shell closures are directly linked

to the shell effects. Understanding the fundamental mechanisms and quantifying

these features is essential for benchmarking various nuclear models. Accurate

calculation of such variations is a strong constraint for testing different nuclear

models, and hence to develop a general nuclear “standard model”.
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Figure 2.8: Changes in ⟨r2⟩ as a function of neutron number in the Kr to Ru
region. A clear kink is observed at N = 50 shell closure. Figure taken from [2].

Figure 2.9: Changes in ⟨r2⟩ for Eu, Sm, Nd [38], Ba, Cs and Xe [39, 40] isotopic
chains in the vicinity of N = 82. Figure taken from Ref. [38].
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2.3 Previous theoretical studies in the mean-square charge

radii around doubly-magic 208Pb region

The kink phenomenon in the nuclear ⟨r2⟩ is commonly observed near magic num-

bers. Historically, there have been many theoretical models developed to explain

the kink, particularly in the vicinity of N = 126.

It was shown that standard non-relativistic Skyrme or Gogny functionals fail to

reproduce the observed kink in radii (see, for example, Refs. [41, 42]), whereas this

kink is obtained in the relativistic mean-field (RMF) theory without any new ad-

justment of parameters [43]. However, as shown by M. M. Sharma et al. [41], the

modification of the spin-orbit potential in the framework of the Skyrme-Hartree-

Figure 2.10: Isotopic shifts in the charge radii of lead isotopes normalised to
the nucleus 208Pb as a function of the mass number A in the modified isospin-
dependence model (MSkA) as compared to the traditional Skyrme model (SkM*)
and the experimental data. Figure taken from [41].
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Fock (SHF) approach enables one to describe the kink also in the non-relativistic

approximation. They introduced an isospin-dependence in the spin-orbit inter-

action, meaning that the spin-orbit potential evolves differently for neutrons and

protons as neutrons are added. This replaced the traditional Skyrme models [44,

45], which are isospin-independent, and reproduced the observed kink at N = 126

(see Figures 2.10). However, the size of the kink was underestimated in their cal-

culations.

It is important to note that at the time of Ref. [41], theoretical studies were largely

restricted to even-even nuclei, since the treatment of odd systems, in particular

the description of the OES effect, was not yet feasible within such models. The

subsequent development and application of density functional approaches, both

relativistic and non-relativistic, have been instrumental in extending calculations

to odd-mass nuclei and thereby enabling direct comparison with experimental

odd-even trends in charge radii. More recently, research conducted by P. M.

Goddard and P. D. Stevenson [8], used SHF models and compared their results

with those obtained from RMF calculations. Figure 2.11 represents their pre-

dicted energies of the neutron single-particle levels, as well as the changes in ⟨r2⟩

for lead isotopes, in the vicinity of N = 126. Their study demonstrated that only

models that predicted the ν1i11/2 orbital energetically below the ν2g9/2 state,

Figure 2.11: Left: Neutron single-particle energies around the Fermi surface in
210Pb for five sets of Skyrme forces studied in [8]. The 2g9/2 and 1i11/2 states are
highlighted in blue and green, respectively. Right: Comparison between exper-
imental and theoretical values of relative changes in ⟨r2⟩ between Pb isotopes,
denoted by their mass number, A, and that of 208Pb. Methods that successfully
reproduced the kink are highlighted in red rectangles. Figure taken from [8].
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such as Skl4 and NRAPRii, were able to reproduce the kink. This suggested

that occupation of the ν1i11/2 state orbital immediately above the N = 126 shell

closure plays a significant role in producing the kink. They further argued that

Figure 2.12: Radial overlaps between all the occupied proton orbitals in 208Pb
and the neutron 2g9/2 (left red bars) and 1i11/2 (right green bars) states computed
with the NRAPRii parametrisation. An overall overlapping with proton orbitals
is dominated by the 1i11/2 state neutron.

neutrons occupying the 1i11/2 state above the shell closure have a stronger spatial

overlap with the majority of the proton orbitals compared to those in the 2g9/2

state (see Figure 2.12), including deeply bound ones. This overlap enhances the

neutron-proton interactions, and hence effectively “pulls out” the orbitals of the

protons (via symmetry energy), resulting in the increase in the nuclear charge

radii.

However, experimental data from the excited state in 209Pb indicates that the

2g9/2 state lies approximately 779 keV below the 1i11/2 state [47], which con-

tradicts the orbital ordering in the SHF models. To explain this, the authors

suggested that the pairing interaction in even-N nuclei may effectively lower the

energy of the 1i11/2 state in order to enhance the neutron occupation. They also

emphasized that mean-field single-particle energies do not agree with the experi-

mentally measured excitation energies.

After these studies, a series of theoretical investigations have been conducted

aiming to invert the ordering of the 2g9/2 and 1i11/2 states under the condition of
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reproducing the kink, in order to match with the experimental findings. One of

the approaches incorporates a modification on the spin-orbit interaction by intro-

ducing a density-dependent term [41, 48–52]. Another method proposed by the

theoretical group at the National Research Centre Kurchatov Institute uses the

so-called Fayans functionals, which define a specific pairing term that depends

on the gradient of the nuclear density (see Ref. [46] for more details). This ap-

plication significantly improves the general description of the experimental kink

in both the tin and lead isotopic chains, despite the fact that the size of the

kink is slightly overestimated (see Figure 2.13). The authors concluded that the

density-dependent pairing term is the key to accurately reproducing the kink.

Further studies were carried out by A. V. Afanasjev et al. [56]. In this work, a

comprehensive comparison of the experimental charge radii data with relativistic

mean-field (RMF) theory was presented. Their calculations were based on the

relativistic Hartree–Bogoliubov (RHB) model, which is an extension of RMF the-

ory that self-consistently incorporates Bogoliubov quasiparticle transformations

and thus provides a unified treatment of mean-field and pairing correlations. In

Figure 2.13: Evolution of the nuclear charge radii along the tin and lead isotopic
chains from the experiment (black solid circles) and from DFT calculations using
the SV-min (blue hollow trianlges) and Fy(∆r, HFB) (dots) functionals. Figure
taken from [46].
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the context of the models discussed above, RHB plays a role analogous to the

Hartree–Fock–Bogoliubov (HFB) approach in non-relativistic density functional

theory, but with the important difference that it is formulated within the rela-

tivistic (covariant) framework. The underlying functionals used in these calcu-

lations are known as covariant energy density functionals (CEDFs). The term

“covariant” indicates that the EDFs are constructed on the basis of Lorentz in-

variance, i.e., they explicitly respect the symmetries of special relativity. This

ensures a consistent treatment of spin degrees of freedom, naturally generates

large spin–orbit splittings, and provides a more reliable extrapolation to exotic

regions of the nuclear chart compared to non-relativistic functionals. Figure 2.14

compares the experimental data and theoretical results from different CEDFs in

⟨r2⟩ of both the lead and mercury isotopic chains. Even without pairing, their

models showed the presence of the kink when neutrons occupy the 1i11/2 state

Figure 2.14: Comparison of experimental and theoretical δ ⟨r2⟩N,126
values of the

Pb and Hg isotopes. The theoretical values are obtained in the RHB calculations
with different CEDFs, as indicated in the figure. The experimental data are
taken from Refs. [53–55]. The blue dashed and dash-dotted lines are the trend

representing the calculated δ ⟨r2⟩N,126
values obtained with CEDF NL3* without

pairing, under the condition that either only ν1i11/2 or ν2g9/2 are occupied in the
N > 126 nuclei, respectively. Figure taken from [54].

40



Figure 2.15: The energies of neutron single-particle states at spherical shape
in 208Pb obtained in the calculations without pairing in the indicated CEDFs.
Figure taken from [54].

for N > 126, indicated by the blue dashed lines in the figure, which are the

calculated δ ⟨r2⟩N,126
. From this, they concluded that the pairing term is not

an essential factor to reproduce the kink, but it determines the size of the kink,

which contradicts the conclusions based on the studies using the Fayans func-

tionals. However, their results also showed that the ordering of the energy levels

of the 2g9/2 and 1i11/2 states remains inconsistent with the experiment (see Fig-

ure 2.15). The energy gap between the 1i11/2 and 2g9/2 states calculated using

the DD-MEδ functional is so large that neutrons preferentially occupy the 1i11/2

state, leading to a higher occupation probability, as shown in Figure 2.16.

In addition to the kink, the OES effect was also systematically tested by using

various approaches [54]. In particular, there are two different procedures, labeled

“LES” (Lowest in energy solution) and “EGS” (experimental ground state), used

for blocking in odd-A nuclei [48, 54]. In the LES procedure, the configuration

with the lowest energy was selected, while in the EGS procedure, the blocked

state was chosen to have spin and parity to match the experimentally observed

ground state, even if it was not necessarily the lowest in energy in the RMF
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Figure 2.16: (a): The evolution of the cumulative occupation probabilities ν2state
of the neutron 1i11/2 and 2g9/2 orbitals as a function of neutron number in the
N ≥ 126 Pb nuclei for the indicated CEDFs. (b): The evolution of the energies of
the single-particle states as a function of neutron number. The dashed and solid
lines indicate the results corresponding to CEDFs for 1i11/2 and 2g9/2 orbitals,
respectively. Note that the presented results are based on the calculations for
even-even nuclei. Figure taken from [54].

Figure 2.17: Comparison of experimental and theoretical ∆ ⟨r2⟩(3) values for lead
(left) and mercury (right) isotopes. Figure is taken from Ref. [54] and references
therein.
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calculations. The results showed that within the RMF framework, the OES was

described reasonably well when the EGS procedure was applied. In contrast, the

LES procedure significantly underestimated the OES effect and, in some cases,

even reversed the OES (see Figure 2.17).

Among the various theoretical models discussed above, the RMF framework is

considered one the most successful models in reproducing the observed kink in

the lead region. However, the agreement of this model with experimental data is

achieved at the cost of the inversion of the neutron single-particle states above

the shell closure. An alternative theoretical approach, the finite Fermi systems

theory (TFFS) [57] based on the generalised energy density functionals (EDF) by

Fayans et al. [20–22], referred to as TFFS-Fayans, provides a different perspec-

tive. Importantly, the TFFS-Fayans functionals require a specific form of pairing

interaction with a dependence on the density gradient of the nucleus in order to

provide agreement with the experimental charge radii, whereas the pairing term

is not essential in the RMF calculations.

To summarise, previous studies have demonstrated the difficulty of simultane-

ously achieving an accurate description of several nuclear observables near the

N = 126 shell closure, namely the kink and OES effect in the nuclear ⟨r2⟩, as

well as the ordering of neutron single-particle states above the shell closure. It

should be stressed that early models, such as those of Ref. [41], were essentially

limited to even–even nuclei, since the treatment of odd systems was not theo-

retically accessible at that time. The introduction and systematic use of energy

density functional approaches, both non-relativistic (Skyrme, Gogny, Fayans) and

relativistic (covariant RMF and RHB), have since made it possible to extend cal-

culations to odd-mass nuclei, allowing direct comparisons with experimentally

observed OES effects. In the present work, the changes in mean-square charge

radii of neutron-rich thallium isotopes (N > 126) were deduced, which allowed

us to examine the existence of both the kink and the OES phenomenon in the

thallium isotopic chain around the N = 126 shell closure. Detailed comparisons
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between various RMF approaches and TFFS-Fayans functionals, whose param-

eters are specifically adjusted for this region, will be presented to evaluate their

ability to reproduce experimentally measured nuclear properties in the lead re-

gion.
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Chapter 3

Laser spectroscopy

Due to the finite size and mass of the atomic nucleus, its internal charge dis-

tribution influences the surrounding electron cloud. This interaction leads to

small shifts and splittings in the electronic energy levels, referred to as isotope

shifts and hyperfine splittings [1, 40]. The study of these effects has progressed

significantly over the past century: from early optical spectroscopy on stable iso-

topes, to atomic-beam and off-line laser spectroscopy techniques that enabled

high-resolution studies of non-radioactive nuclei, and ultimately to modern on-

line laser spectroscopy at isotope separator facilities, which provides access to

short-lived isotopes far from stability. In such experiments, a high-resolution

laser is scanned across a chosen atomic transition and the transition strengths

are measured. The observed resonant patterns correspond to the transition en-

ergies between atomic levels, from which isotope shifts and hyperfine structures

can be extracted. These measurements provide information on changes in δ⟨r2⟩

as well as on the electromagnetic moments of the nuclei.

3.1 Hyperfine structure

The hyperfine structure originates from the interaction between nuclear elec-

tromagnetic multipole moments and the electromagnetic fields generated by the

surrounding electrons at the site of the nucleus. The dominant contribution is the

magnetic dipole interaction (I = 1/2 and above), which couples the nuclear mag-

netic dipole moment to the magnetic field produced by the electrons. For nuclei

with spin I ≥ 1, an additional contribution arises from the electric quadrupole

interaction, reflecting the coupling between the nuclear quadrupole moment and
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Figure 3.1: Close up of the possible hyperfine levels for the odd-A ground state
thallium isotopes with I = 1/2. The possible transitions between the sublevels
are connected by solid arrows on the right.

the electric field gradient at the nucleus. The nuclear quadrupole moment is typ-

ically much weaker than the magnetic dipole moment and beyond the sensitivity

of the present measurements. Thus, in this work the hyperfine structure is anal-

ysed primarily in terms of the magnetic dipole interactions (see Figure 3.1 for

examples of thallium isotopes) .In other words, the hyperfine structure is a result

of the coupling between the total angular momentum of the electrons (J) and I,

which gives rise to a new total spin F of the atom [40]:

F = I+ J (3.1)

Transitions between hyperfine states follow the selection rule, ∆F = 0,±1, with

the exception of the case when two states have F = 0, which is forbidden. The

expression for the hyperfine energy shift, ∆E, is derived within the framework

of first-order perturbation theory, where the electromagnetic interaction between

the nuclear multipole moments and the surrounding electrons is treated as a

small correction relative to the unperturbed atomic Hamiltonian. In practice,

the expansion is truncated at the leading multipole contributions that can be
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experimentally resolved: the magnetic dipole term and the electric quadrupole

term. Higher-order interactions, such as the magnetic octupole contribution, are

typically several orders of magnitude smaller and therefore neglected in this work.

The ∆E can be expressed as [1, 40]

∆E = a
K

2
+ b

3
4
K(K + 1)− I(I + 1)J(J + 1)

2I(2I − 1)J(2J − 1)
(3.2)

where K is

K = F (F + 1)− I(I + 1)− J(J + 1). (3.3)

The first and second terms in Equation 3.2 originate from the magnetic dipole

and the electric quadrupole interactions between the nucleus and the electrons,

respectively. The hyperfine parameter a corresponds to the magnetic dipole mo-

ment of a nucleus with I ̸= 0, and is defined as [1, 40]

a =
µIBe

IJ
(3.4)

where µI is the nuclear magnetic dipole moment of the nucleus with spin I, and Be

is the magnetic field produced by the orbiting electrons at the site of the nucleus.

The parameter b is related to the spectroscopic electric quadrupole moment for

an I > 1/2 nucleus via the equation [1, 40]

b = eQs

〈
δ2V

δz2

〉
(3.5)

where Qs is the spectroscopic nuclear electric quadrupole moment and
〈

δ2V
δz2

〉
is the average electric field gradient produced by the electrons at the site of

the nucleus. Note that atomic levels with J = 1/2 are not sensitive to Qs.

Precise values of Be and
〈

δ2V
δz2

〉
can be calculated by atomic theory. Fortunately,

due to the fact that Be and
〈

δ2V
δz2

〉
are generated by the electrons, they should

depend only on the electronic structure if assuming the nucleus is point-like. As

a result, they are expected to be identical for all the isotopes of the same element.
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Therefore, if one can measure the energy shifts, ∆E, of all hyperfine substates,

the nuclear spin I and hyperfine parameters a and b can be determined, and

hence µI and Qs of a nucleus can also be calculated by the following equations:

µI = µref
Ia

Irefaref
(3.6)

Qs = Qs,ref
b

bref
(3.7)

where µref , Qs,ref , aref and bref correspond to the µ, Qs, a and b of the refer-

ence nucleus. The calculation can be performed under the conditions that µref

and Qs,ref , and the parameters aref and bref from the same atomic levels are

well known [1]. The reference nucleus is usually chosen from stable or long-lived

isotopes, which makes precision measurements of their electromagnetic moments

possible via nuclear magnetic resonance (NMR) [58] and nuclear quadrupole res-

onance (NQR) [59] spectroscopy possible. The NMR is a spectroscopic technique

based on the interaction of nuclear magnetic dipole moments with an external

magnetic field. In a static magnetic field, nuclei with non-zero spin experience a

Zeeman splitting of their magnetic sublevels. By applying a radiofrequency (RF)

field at the resonance frequency corresponding to the energy difference between

these sublevels, transitions can be induced. The detection of these resonances

provides direct information on nuclear magnetic moments and spin states. The

NQR technique is a related technique that exploits the interaction of the nuclear

electric quadrupole moment with the local electric field gradient at the site of the

nucleus. By applying an RF field, transitions between quadrupole-split sublevels

can be driven and observed.

However, in reality, all nuclei have finite sizes and hence the magnetism distri-

bution inside a nucleus is non-uniform. Due to this, additional terms need to

be introduced when calculating the unknown nuclear magnetic dipole moment to
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account for this effect:

µ ≈ µref
Ia

Irefaref
(1 + A∆A′

) (3.8)

where A is the reference isotope, A′ is the measured isotope, and A∆A′
is the

so-called relative hyperfine anomaly (RHFA) [1]. For most of the elements, the

contribution of such a term is usually < 1%, which is negligible [1]. The RHFA

for thallium isotopes has been calculated to be only 0.3% [60, 61].

3.2 Isotope shift

The isotope shift (IS) is the observed energy shift for a specific transition between

different isotopes (A, A′) of the same element [1, 40]. An example of the isotope

shifts of the even-even polonium isotopes is shown in Figure 3.2. For nuclei

with I ̸= 0, there are multiple peaks in the hfs spectrum due to transitions

between hyperfine sublevels. As such, the isotope shifts are represented as the

differences between centre-of-gravities of the hfs spectra. Figure 3.3 provides

experimental hfs spectra of neutron-deficient thallium isotopes with I ̸= 0. The

isotope shifts are indicated as the frequency differences between vertical, dashed

red lines (centre-of-gravities). The isotope shift is defined as the difference in the

centre-of-gravity of two isotopes (νA and νA
′
)

δνA,A′

IS = νA
′ − νA (3.9)

The isotope shift can be split into two parts: the mass shift δνA,A′

MS and the field

shift δνA,A′

FS . The mass shift is due to the change in mass of the nucleus and can

be split into two parts: the so-called Normal Mass Shift (NMS) and the Specific

Mass Shift (SMS) [40]. The former is a result of the difference in the reduced

mass of the electron and the latter arises from the correlation effects between any

two electrons within this multi-electron system. Both terms are proportional to
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F = I + J

I = 0

F = 2

F’ = 2

Figure 3.2: An ionisation scheme (left, figure taken from [62]) and the hfs spectra
(right, figure taken from [63]) of the even-even polonium isotopes. As I = 0 for
even-even nucleus, the initial and final F states are both 2. Thus, there is only
one transition (peak) in the hfs spectra. Accordingly, the isotope shifts are the
changes in the frequencies of the peaks in the spectra.

MA′−MA

MA′MA , and hence the total mass shift is

δνA,A′

MS = δνA
′

NMS+ δνA
′

SMS = (KNMS+KSMS)
MA′ −MA

MA′MA
= KMS

MA′ −MA

MA′MA
(3.10)

where KMS = (KNMS +KSMS) is the mass shift factor. The NMS factor can be

calculated by the following expression [1, 40]

KNMS =
νme

mp

(3.11)

where ν is the unperturbed transition frequency, mp is the mass of a proton and

me is the mass of an electron. However, the SMS is challenging to calculate the-

oretically and is therefore usually obtained by a King plot analysis [40, 64] using

data from experimentally measured stable/long-lived isotopes.

The field shift arises from changes in the radial distribution of the nuclear charge.

It is primarily sensitive to the mean-square nuclear charge radius, as this modifies

the spatial overlap between the nuclear volume and the electron wavefunction,

thereby altering the electron binding energies. Unlike higher-order moments of
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Figure 3.3: Examples of hfs spectra of neutron-deficient thallium isotopes with
I ̸= 0 [13]. Red dashed lines indicate the centre-of-gravities of the hfs spectra.
The ionisation scheme applied in the spectra above is the same as used in the
experiment for this thesis: 6p 2P1/2−→ 6d 2D3/2−→ continuum, which is also shown
in Figure 3.1. Figure taken from [13].
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the charge distribution, such as the quadrupole moment which reflects deviations

from spherical symmetry, the field shift depends mainly on the spherically av-

eraged radial distribution of charge. Contributions from higher radial moments

can also play a role, but these are typically much smaller than the leading de-

pendence on the mean-square radius. As a result, the field shift term becomes

sensitive to the difference in nuclear mean-square charge radii between isotopes,

and can therefore be expressed as:

δνA,A′

FS = Fδ
〈
r2
〉AA′

(3.12)

where F is the field shift factor, which can be calculated by atomic theory, or can

be extracted by the King plot method [40, 64], and δ ⟨r2⟩AA′
is the change in the

mean-square charge radius between isotopes/isomers A and A′.

By combining the mass shift and the field shift, the total isotope shift is

δνA,A′

IS = KMS
MA′ −MA

MA′MA
+ Fδ

〈
r2
〉AA′

(3.13)

where the values of KMS and F are considered to be constant for a certain atomic

transition across an isotopic chain. The mass shift originates from differences

in nuclear mass, while the field shift arises from variations in the internal charge

distribution of the nucleus. For light nuclei (low atomic number A), the mass shift

typically contributes more significantly to the overall isotope shift. In contrast,

for heavy nuclei (high Z), the field shift becomes the dominant component [40].

Figure 3.4 provides physical origins of the mass and field shifts, as well as their

relative contributionsas a function of atomic number Z. By measuring isotope

shifts, relative changes in the δ ⟨r2⟩ can be determined. This equation is also

applicable for the measurements between two isomers, from which one can tell

whether there is a change in δ ⟨r2⟩AA′
, in other words, whether the shapes of the

isomers change significantly.
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Figure 3.4: Schematic illustration of the physical origins of isotope shifts. Left:
The mass shift arises from the finite nuclear mass, which modifies the motion of
the electron cloud relative to the nucleus and leads to changes in the electronic
energy levels. Middle: The field shift results from the finite size of the nuclear
charge distribution, altering the overlap between the nuclear volume and the
electronic wavefunctions. Right: Relative contributions of the two effects as a
function of atomic number Z. For light elements, the mass shift dominates,
whereas for heavy nuclei the field shift becomes the main contribution.

3.3 King plot

In order to extract δ ⟨r2⟩, the field and mass shift values need to be known.

Since δ ⟨r2⟩ between isotopes is a nuclear property, it remains the same for any

scanned transition. If the values of KMS and F have been determined for one

transition, a King plot method can be applied to estimate these values for another

transition [13, 65], under the condition that at least two isotopes’ hfs have been

studied using both transitions.

Equation 3.13 can be rearranged as follows:

δ
〈
r2
〉AA′

=
1

F
(δνA,A′

IS −KMS
MA′ −MA

MA′MA
) (3.14)
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Due to the unchanged δ ⟨r2⟩AA′
measured by two transitions, the equation can be

written as

1

F1

(δνA,A′

IS1
−KMS1

MA′ −MA

MA′MA
) =

1

F2

(δνA,A′

IS2
−KMS2

MA′ −MA

MA′MA
) (3.15)

where the subscription 1 and 2 indicate the parameters for transition 1 and 2,

respectively. If the reduced mass term can be defined as

µAA′ =

(
MA′ −MA

MA′MA

)−1

(3.16)

The above equation can be rearranged and one get

µAA′δνA,A′

IS1
=
F1

F2

· µAA′δνA,A′

IS2
− F1

F2

KMS2 +KMS1 (3.17)

in terms of the reduced mass µAA′ =
(

MA′−MA

MA′MA

)−1

.

As a result, if plotting the isotope shifts deduced from one transition against those

Figure 3.5: King plot for the 276.9-nm versus the 535-nm transitions. The x
axis and y axis are the modified isotope shifts, isotope shifts of thallium isotopes
studied with the 276.9 nm transition (in Refs. [13]) and previously with the 535 nm
transition (in Refs. [13] and references therein) are plotted. The red solid line
represents the linear fit to the data points. Figure taken from [13].
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from the other transition for at least two isotopes, a linear relationship should

be observed, which has a slope of F1

F2
and an intercept of −F1

F2
KMS2 +KMS1 . This

method sufficiently reduces the tasks acquired for determining mass and field

shift constants by theoretical calculations alone. Figure 3.5 shows an example

of a King plot analysis in determining the F and KMS values for the 276.9-nm

atomic transition in thallium using the pre-measured values for the 535-nm atomic

transition [13].

3.4 Simulated hfs spectra for thallium isotopes

In theory, the relative intensity of a transition for a given I between two hyperfine

states, Fi and Ff is given by [66]

IFi→Ff
∝ (2Fi + 1)(2Ff + 1)

Fi Ff 1

Jf Ji I


2

(3.18)

where the subscripts i and f denote initial and final states, respectively, and

the factor in brackets is a Wigner 6-j symbol. Simulated hfs spectra for 207gTl

(I = 1/2,πs1/2) and
207mTl (I = 11/2,πh11/2) are shown in Figure 3.6.
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Figure 3.6: Ionisation scheme and simulated hfs spectra of thallium isotopes with
I = 1/2 (top) and I = 11/2 (bottom). The ionisation schemes used during the
experiment presented in this thesis are shown on the left. The arrows between
the hyperfine levels indicate allowed transitions, and their corresponding peaks
are shown in the hfs spectra on the right-hand side. The functions drawn in blue
represent the simulated hfs spectra with a resolution of 50MHz, which is typical
for collinear laser spectroscopy experiments (e.g. CRIS [67, 68]), whereas the
functions drawn in red have a resolution of 1000MHz, which is achieved with the
in-source laser spectroscopy technique. The a and b factors used to generate the
spectra are taken from the fitting results of the 207gTl and 207mTl, which will be
discussed in the Results section later. The relative intensities of the peaks are
calculated from the equation 3.18.
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Chapter 4

Experimental methods: Decay tagging with laser

spectroscopy

Worldwide, a number of large-scale isotope research facilities provide access to

radioactive beams for precision nuclear structure studies. Prominent examples

include ISOLDE at CERN (Switzerland), TRIUMF (Canada), RIKEN (Japan),

JYFL at the University of Jyväskylä (Finland), GANIL (France), and GSI/FAIR

(Germany). Each facility exploits different production mechanisms—such as spal-

lation, fission, or fragmentation—to access nuclei far from stability. Alongside

in-source and collinear laser spectroscopy, which are the most widely used tools

for measuring charge radii and electromagnetic moments across extended iso-

topic chains, several complementary spectroscopic techniques have played impor-

tant roles. These include β-NMR and NQR for magnetic dipole and quadrupole

moments, and muonic X-ray spectroscopy for precise determinations of nuclear

charge radii in stable isotopes. Together, these facilities and techniques form a

global experimental effort to provide critical benchmarks for nuclear models across

the chart of nuclides. In this work, the combination of decay-tagging method and

laser spectroscopy provides a new level of selectivity and sensitivity in studying

properties of exotic nuclei.

4.1 The ISOLDE facility

The Isotope Separation On-Line DEvice (ISOLDE) [16, 17] is a nuclear physics

facility located downstream of the Proton Synchrotron Booster (PSB) in the

CERN accelerator system (see Figure 4.1 for a schematic map of CERN). It is

dedicated to the production of and research on nuclei far from stability with the



isotope separate online method. The ISOLDE facility is able to produce more

than 1300 isotopes of 73 elements for the study of nuclear structure, nuclear

astrophysics, atomic physics, material science and radioactive isotopes for medical

applications [17, 69, 70]. Figure 4.2 shows the top view of the whole facility.

Figure 4.1: The accelerator map at CERN. Figure taken from [71].

Figure 4.2: An overview of ISOLDE. Locations of two separator systems, GPS
and HRS, and ISOLDE Decay Station are labelled. Figure taken from [16].
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4.1.1 Production of radioactive isotopes

At ISOLDE, a primary proton beam with a current of up to 2µA and an energy

of 1.4GeV is delivered by the PSB every 1.2 s. The proton beam is organised

into a series of ≈ 40 pulses arranged into a repeating ‘supercycle’. The proton

beam impinges onto a target to produce various radioactive isotopes through nu-

clear reactions. Although the production rates for the isotopes far from stability

are relatively low, the high-energy proton beam allows one to use a thick target

(≈ 45 g/cm2 [72]) to increase the yields. Different types of target materials can

be chosen to maximise the production yield of the isotope of interest. One com-

monly used target material is uranium carbide (UCx).

There are three main types of reactions to produce radioactive isotopes in differ-

ent regions of the Nuclide Chart at ISOLDE: fission, spallation and fragmentation

(see the schematic in Figure 4.3). Fission occurs when a nucleus inside the target

Figure 4.3: A schematic of different isotope production reactions at ISOLDE.
Figure taken from [12].

captures an incident proton and exceeds its fission barrier, resulting in splitting

into two parts with roughly equal masses and releasing several extra neutrons [3].

This type of reaction can produce hundreds of different isotopes on the neutron-

rich side of the nuclear chart. When high energy protons hit nuclei within the

target material, they can excite the individual nucleus to excited states. The
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nucleus then de-excites via γ-ray emission and nucleon evaporation. Tens of nu-

cleons can be emitted during this process, known as spallation, some of which can

induce further reactions. Fragmentation is when a heavy nucleus fragments into

lighter products whose masses differ significantly after being hit by the 1.4GeV

protons. This process is favourable for producing some of the lightest isotopes.

After production in the target, the nuclides in atomic (neutral) form must quickly

and effectively diffuse through the target material and effuse into the cavity of

the ionisation source in order to avoid decay losses. The target and the ionisation

cavity are connected by a transfer line. To enhance the diffusion-effusion process,

the target and the transfer line are typically maintained at a high temperature

≈ 2000 ◦C. This process is designed to be as fast as possible in order to minimise

the losses due to radioactive decay.

4.1.2 ISOLDE ionisation sources

For effective investigation of the isotope of interest, a high-purity ion beam is

required. Therefore, it is essential to separate the isotope of interest from other

contaminants after production. This is achieved by ionising the element of inter-

est, enabling extraction and separation using electric and magnetic fields. Once

the atoms enter the ionisation cavity, they are ionised and extracted by applying

a high voltage (up to 60 kV), then guided along the beamline to different setups.

There are three main types of ionisation techniques applied at ISOLDE.

• Surface ion source

Isotopes of certain elements, particularly those in groups I and II of the periodic

table, often exhibit relatively low ionisation energies. For example, francium and

radium have ionisation energies of 4.072741 eV and 5.278423 eV, respectively [73].

As a result, these elements can be easily ionised upon contact with the hot surface

of the ionisation cavity. This type of ionisation mechanism can occur regardless

of the ion source in use leading to isobaric contamination in the ion beam. Such
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contamination can hamper the studies of some low-yield isotopes.

• Laser ion source (RILIS)

For isotopes that are not efficiently ionised by surface ionisation, the Resonance

Ionisation Laser Ion Source (RILIS) [18] is employed. This technique is particu-

larly suitable for elements with high ionisation potentials that cannot be surface

ionised. Due to its high selectivity, RILIS is the most widely used ion source at

ISOLDE and has been applied in over half of the experiments conducted at the

facility, and provides beams of more than 40 elements [18].

RILIS employs two or three tunable pulsed lasers operating in parallel to res-

onantly ionise atoms based on their characteristic atomic energy levels. The

first-step laser, typically with a linewidth of approximately 2-3GHz, resonantly

excites an atomic electron from the ground state to an intermediate excited state.

These excitations are highly selective, as they occur only when the photon energy

precisely matches the atomic transition energy. A final laser step is then used

to ionise the atom by removing the electron from the continuum, producing a

singly charged ion (1+). The lasers can be tuned to wavelengths within the range

of 210–950 nm, depending on the specific ionisation scheme [18]. The average

time that an atom spends in the hot cavity before diffusing out is approximately

0.1ms. To ensure both high ionisation efficiency and selectivity within this short

timescale, the lasers typically operate at a repetition rate of around 10 kHz.

• Forced Electron-Beam-induced Arc Discharge (FEBIAD) ion source

The FEBIAD ion source is designed for elements whose ionisation potentials are

too high for either surface or laser ionisation to occur, such as noble gases. In

this source, energetic electrons are generated by resistive heating of a cathode,

typically composed of tantalum, and are subsequently accelerated toward an an-

ode by applying an electrostatic potential. These electrons inelastically scatter

with the neutral atoms, leading to ionisation [74]. Since this ionisation process

is purely random, all atoms have an approximately equal probability of being
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ionised. As a result, the FEBIAD source has the lowest selectivity among the ion

sources used.

4.1.3 Ion extraction and mass separation

Once the isotopes are ionised, they are extracted from the ionisation cavity using

an extraction electrode, which applies an electrostatic potential of 30–60 kV. The

extracted ion beam will then pass through one or two magnetic dipole separators

with a uniform magnetic field B. The ions will move in such a field along a

circular path with radius based on their mass-to-charge ratio (m
q
):

r =

√
m

q
·

√
2V

|B|
(4.1)

where |B| is the magnetic field, which can be tuned by varying the current flowing

through the solenoid. As a result, ions with the same m
q
ratio will follow trajecto-

ries with the same radius in the magnetic field. Consequently, ions with the same

charge but different masses will be spatially separated due to their different path

radius. By placing a narrow slit at the focal plane of the magnet, only ions cor-

responding to a specific mass can be transmitted. A schematic of the radioactive

ion beam production and separation processes is shown in Figure 4.4.

There are two separators at ISOLDE, the General Purpose Separator (GPS) and

the High Resolution Separator (HRS), each starting from their separate target

unit. The GPS contains only one 70 ◦ dipole magnet. The HRS consists of two

bending magnets, which are 60 ◦ and 90 ◦, respectively (see Figure 4.2). The mass

resolving power of the GPS is M/∆M = 2400 [70], whereas HRS can achieve

M/∆M = 7600 [76]. Due to such a high resolving power, only one specific mass

can be transported to the central beamline, hence the detection setup. Both

beamlines after the GPS and HRS are merged into the central beamline, which

feeds into different branches for the specific detection setups.
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Figure 4.4: The production process of radioactive ion beams at ISOLDE. The
ionisation source shown in the diagram is the laser ionisation source, which was
used to perform in-source laser spectroscopy studies in this work. Figure taken
and modified from [75].

4.1.4 LIST

As discussed above, surface ionisation is often inevitable and can compromise the

purity of the ion beam. Although the RILIS is employed to selectively ionise the

isotopes of interest, surface ions are still produced due to the high temperature

in the ionisation cavity and transfer line. Unfortunately, the resolving powers of

the separators are not high enough to eliminate isobaric contamination, resulting

in their presence during the measurements. In studies focusing on the nuclei in

the vicinity of the N = 126 shell closure (shown in Figure 4.5), francium isotopes

are a major source of contamination. The in-target production cross-sections of

francium isotopes in the mass range of A = 207 − 209 are 4 to 5 orders of mag-

nitude higher than that of thallium isotopes [77], which is why previous studies

for thallium isotopes on the neutron-rich side were not possible.

The Laser Ion Source and Trap (LIST) structure [19] was developed to overcome

this problem. A schematic of the LIST is shown in Figure 4.6. The basic princi-

ple of the LIST was the insertion of an electrostatic repeller between the transfer

line and the ionisation cavity. This repeller applies a positive electrostatic poten-
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Figure 4.5: A part of the nuclide chart around the lead region to help illustrate
the studies of thallium isotopes on the neutron-rich side suffer greatly from the
isobaric contaminations of highly produced francium isotopes. Red lines indicate
the isobars affected by the francium contaminant. Green arrows illustrate the
decay chains of the francium contaminants.

To 
experiment

Ion repeller electrode

Ionization cavity

LIST structure

Figure 4.6: A schematic drawing of the LIST structure. Figure taken from [19].

tial to reflect positively charged surface ions produced in the target or line back

towards the target unit. As a result, only neutral atoms are able to pass into

the laser ionisation cavity to be laser ionised and to be extracted by the down-

stream extraction electrode. In addition, it should be noted that electrons were
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also able to enter the ionisation cavity, which can result in further non-resonant

ionisation. This configuration significantly suppresses the isobaric contamination

by a factor of approximately 2000, as determined in this work by comparing the

beam intensity with a FC when the repeller was switched on and off. However,

it also suppresses the isotopes of interest by a factor of roughly 20. For mass

regions where isobaric contamination is minimal, this loss may be unnecessary.

Therefore, the LIST setup can operate in the so-called Ion Guide (IG) mode.

In the IG mode, the repeller is set to a negative potential, allowing both surface

ionised ions and neutral atoms to enter the ionisation cavity. This mode functions

similarly to a standard target unit without the LIST structure [19].

4.2 The ISOLDE Decay Station

Laser spectroscopy studies of 207−209Tl were carried out at the ISOLDE Decay

Station (IDS) [78] using the decay-tagging technique. IDS is one of the perma-

nent setups at ISOLDE. It is a modular and flexible decay station that can be

adapted to a wide range of measurements, including β, γ, neutron and charged

particle spectroscopy. A variety of detectors can be employed depending on the

experimental goals: a β detector made of a plastic scintillator and a fast pho-

tomultiplier tube (PMT), along with 2 LaBr detectors, is used for fast-timing

lifetime measurement [79]; neutron detection is carried out using long scintilla-

tor bars with high neutron interaction cross-sections and two PMTs mounted at

both ends, enabling neutron time-of-flight measurements [80]; an annular silicon

detector is applied to detect α and other charged particles [81].

While the setup of the station is highly versatile and can be modified to optimise

the measurement based on experimental goals, there are some key parts that

are shared in common across different experiments. These include a digital data

acquisition system (DAQ) called Pixie-16, a tapestation, and an array of high

purity germanium (HPGe) clover detectors. The support structure for the clover

detectors was recently upgraded to accommodate up to 15 clover detectors and

65



to optimise their positions for the experiment.

4.2.1 Detector setup

Both decay and laser spectroscopy studies of the neutron-rich thallium isotopes

were performed during the beamtime. Therefore, the high-efficiency β − γ com-

bined with the fast-timing detection setup was used. Figure 4.7 shows a photo-

graph of the setup. The implantation spot was surrounded by six HPGe clover

detectors, which tilted 45 ◦ along the vertical and horizontal directions. Among

these six, four had plastic scintillators for β particles detection installed in front

of them. They were made of a 150 × 150 × 3 mm plastic scintillator and a sil-

icon photomultiplier. They were designed to distinguish high-energy β particles

from γ photons detected in the clovers by doing anti-coincidences for these two

detectors. They can also be used as general β detectors to produce β-gated γ-ray

energy spectra for decay studies. The fast-timing setup consisted of two LaBr

and a fast β detector was also mounted closely around the implantation point for

a parallel lifetime measurement study, but it was not used in the present work.

Figure 4.7: Photos of the setup used during the thallium beamtime. Left: A wide
overview of IDS setup, with the tapestation positioned at the bottom. Right: A
zoomed-in version inside the “football” detector frame, which shows the positions
of all types of detectors relative to the implantation point inside the chamber.
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4.2.2 High-Purity Germanium (HPGe) Detectors

High-Purity Germanium (HPGe) detectors are widely used in nuclear spectroscopy

because of their excellent energy resolution for γ-ray detection. Their operation

is based on the interaction of incoming γ-rays with the germanium crystal and

the subsequent collection of charge carriers produced within the semiconductor.

Signal Generation in HPGe

When a γ-ray enters the germanium crystal, it can interact via the photoelec-

tric effect, Compton scattering, or pair production, depending on the energy of

the incident photon. In each case, the interaction produces energetic electrons

which lose energy by creating electron–hole pairs within the crystal lattice. The

average energy required to create a single electron–hole pair in germanium is ap-

proximately 2.9 eV, significantly lower than in many other semiconductors (e.g.

3.6 eV for silicon). As a result, a large number of charge carriers are produced

for each absorbed photon, leading to an intrinsically good statistical precision in

measuring the deposited energy.

Charge Collection and Signal Extraction

The germanium crystal is maintained under a large reverse-bias voltage, which

creates a strong electric field across the depletion region. This field rapidly sepa-

rates the electron–hole pairs: electrons drift towards the positively biased contact,

while holes drift towards the negatively biased contact. The movement of these

charges induces a current pulse on the detector electrodes, which is then fed into

a charge-sensitive preamplifier. The preamplifier integrates the current signal to

produce a voltage pulse whose amplitude is directly proportional to the total

number of electron–hole pairs, and hence to the energy deposited by the γ-ray.

This voltage pulse is subsequently processed by shaping amplifiers and digitised

for analysis, producing the familiar γ-ray energy spectrum.
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Superior Energy Resolution

HPGe detectors achieve energy resolutions on the order of a few tenths of a

percent (∆E/E ∼ 0.1% at 1 MeV), which is substantially better than scintillator

detectors. The high resolution originates from two main factors:

1. Small electron–hole pair creation energy: Because only 2.9 eV is

required to produce a single charge carrier, a 1 MeV photon yields on the

order of 3 × 105 pairs. This large number reduces the relative statistical

fluctuations (described by Poisson statistics), resulting in a narrower energy

distribution.

2. High crystal purity and low noise electronics: Modern HPGe crystals

are grown with extremely low impurity levels, allowing the creation of large

depletion regions with minimal leakage current. Combined with advanced

low-noise preamplifiers, this ensures that the electronic contribution to the

resolution is minimal compared to the statistical limit.

The combination of these properties makes HPGe detectors one of the best choices

for high-precision γ-ray spectroscopy in nuclear structure experiments.

4.2.3 Scintillator detectors for β-detection

Scintillator detectors operate by converting the kinetic energy of charged particles

into visible or near-visible photons. When a β-particle enters the scintillator

material, it loses energy through ionisation and excitation processes. The de-

excitation of the scintillator molecules produces scintillation light. The total

light yield is proportional to the deposited energy, while the time profile of the

emission depends on the scintillator material.

The scintillation photons are collected by a Silicon Photomultiplier (SiPM), which

serves as the photosensor. An SiPM consists of an array of avalanche photodiodes

operated in Geiger mode, each acting as an independent photon counter. When

a scintillation photon strikes a microcell, it triggers an avalanche breakdown,

68



producing a quantised electrical pulse. The combined output is proportional

to the number of detected photons, and hence to the energy deposited by the

β-particle in the scintillator.

4.2.4 Calibration of Germanium Detectors

The HPGe clover detectors were energy and efficiency calibrated using a 152Eu

source (RP number: 3687; Activity: 10.33(18) kBq measured on 15/03/2022).

Figure 4.8 shows the energy of the detected γ-rays as a function of the ADC

channel number. The data points were fitted with a second-order polynomial

function. Figure 4.9 shows the residuals of the fitted γ-ray energies for one of

the clover crystals after the energy calibration. The uncertainties of the residuals

were determined from the statistical errors of the fitted peak centroids. Since

the calibrated peak positions directly determine the alignment of the γ-ray en-

ergies, any deviations in the centroids can lead to slight misalignments of the

peaks. This, in turn, may affect the accuracy of the extracted peak areas and

consequently influence the efficiency determination. However, the overall impact

of the calibration uncertainty on the efficiency curve is negligible. Figure 4.10

shows the absolute clover efficiency with addback as a function of the energies of

γ-rays (Eγ) emitted by the calibration source. When a γ-ray undergoes Comp-

ton scattering in one crystal and then continues into an adjacent crystal where

it is fully absorbed, the energy is split between the two crystals. If the crystals

are treated independently, this event would appear as two smaller energy signals

(and reduce the full-energy peak efficiency). In addback mode, the signals from

all four crystals collected at the same timestamp are summed together event-by-

event. This means that Compton-scattered γ-rays that deposit their energy in

multiple crystals are reconstructed as a single event at the correct total γ energy.

The peaks from the γ-ray energy spectra are fitted with a Gaussian function plus
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a linear background. The function used to fit the efficiency curve is

ε(Eγ) =
P1 + P2ln(Eγ) + P3ln(Eγ)

2 + P4ln(Eγ)
3 + P5ln(Eγ)

4

Eγ

(4.2)

where the parameters Pi were determined by the fit to the data points [82].
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Figure 4.8: Calibration spectrum using 152Eu source. Top panel: uncalibrated
152Eu γ spectrum recorded in one clover crystal. Bottom panel: calibration func-
tion with a second-order polynomial fit to the data points.
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Figure 4.9: The residuals for one of the clover crystals during the calibration
procedure.
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Figure 4.10: The total γ-ray detection efficiency data for all 6 clovers, along with
the fitted efficiency curve using Equation 4.10.
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4.2.5 Tapestation

The ion beam was implanted into a 50-µm-thick aluminised mylar tape, with a

length of 5 km and a width of 10mm. To minimise the contamination from daugh-

ter products and obtain cleaner data from the decay of the isotope of interest,

the tape is moved by a motor inside the tapestation. This movement removes the

daughter products from the implantation position, leaving a fresh piece of tape

for the next measurement cycle. The tape can be set to move either manually or

automatically after a defined number of proton pulses, supercycles or a specific

period of time. The time between tape movements is determined by the half-life

of isotope of interest relative to that of contaminants, as well as the production

rate, to avoid detector saturation.

LED

LED

Photon 
detector Photon 

detector

Figure 4.11: IDS tapestation. The red lines represent the route of the tape
mounting. The chamber was mounted above the tapestation. The green arrows
show the direction of the tape movement.

Once the tape is moved from the implantation point, it can be either transported

to a secondary decay position to further measure the decays from the daughter

products, or can be moved directly inside the tapestation box. To shield detec-
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tors from radiation within the tapestation, lead bricks are often placed on the

top of the box. The interval between two tape movements was determined by

the half-life of the studied isotope. In practice, for the short-lived isotopes with

half-lives shorter than 5 seconds, after approximately five half-lives the implanted

activity can be assumed to have decayed to a negligible level. For the longer-lived

isotopes, such as 208gTl in the present work, the measurements were usually deter-

mined to be 1-1.5 half-lives in order to collect enough data without accumulating

much contamination from daughter products. At this point, the tape was moved

in order to remove the accumulated daughter activities and to expose a fresh

section of tape for the next implantation.

A photograph showing the inside of the tapestation is presented in Figure 4.11.

As indicated, a light gate system is installed on each side of the tape path, which

acts as a safety mechanism to prevent the tape from reaching its end and break-

ing. At both ends of the tape, a length of 10 cm is made transparent, allowing

the light gate to detect when this section is reached. Upon detection, the tape

movement direction is reversed.

4.3 Scanning the hyperfine structure

To measure the hyperfine structure (hfs) of different thallium isotopes, the laser

wavelengths were tuned to match the two-step ionisation scheme shown in Fig-

ure 3.1:

6p 2P1/2
277 nm−−−−−→
LiopStar

6d 2D3/2
532 nm−−−−→
Blaze

continuum. (4.3)

The first step, 6p 2P1/2 → 6d 2D3/2, was excited using a frequency-doubled, tun-

able dye laser (LIOP-TEC LiopStar, with a frequency of 100 kHz and a pump

laser pulse power of 10mJ) beam at 277 nm, with a linewidth of ≈ 1.5GHz, com-

bined with the 1-1.5GHz Doppler broadening. The uncertainty output from the

wavemeter (≈ 1.5MHz) was much smaller than the laser line width. As a result,

the uncertainty of the laser frequency played a negligible role during the hfs fit-
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ting procedure. The Doppler broadening is due to a velocity distribution of atoms

inside the hot ionisation cavity. The subsequent ionisation step was driven by

an Nd:YVO4 laser (Lumera Blaze), operating at a fixed frequency optimised for

ionisation efficiency. To record the hfs spectra, the wavenumber of the first-step

laser was scanned in discrete steps. A high-precision wavemeter with a resolution

of 0.005 cm−1 was used to measure the wavenumber every 0.1 s. For each step,

the average measured wavenumber was recorded, and the standard deviation was

taken as the uncertainty. The hfs of 205Tl produced on-line were used as reference

scans to check the stability of the wavemeter.

4.4 Decay-tagging and detection methods

A key feature of the present experiment was the use of decay-tagging as the

main detection technique. In this approach, the hyperfine structures (hfs) of

thallium isotopes were reconstructed by correlating the laser ionisation step with

the subsequent detection of their characteristic γ-ray decays. By gating on known

γ-ray transitions, it was possible to isolate contributions from a specific isotope or

isomer of interest, thereby achieving high selectivity and sensitivity even in

the presence of strong isobaric contamination. For relatively high-yield isotopes

such as 208gTl and 209gTl, each laser-frequency step was measured for about 330 s,

while for the lower-yield isomer 207mTl, the measurement time was extended to

660 s per step. In these cases, the laser frequency step size was set to ≈ 0.02 cm−1

before frequency doubling.

For comparison, isotopes with sufficiently high ion beam intensities (> 0.2 pA),

including 203gTl, 205gTl, and 207gTl, were studied more directly using a movable

Faraday cup (FC) inside the vertical IDS chamber. The FC could be positioned

at the implantation point or retracted above it, and was used both for beam

tuning—by measuring the ion current of the primary 238U beam—and as a direct

counter of the isotope’s ionisation rate at each laser-frequency step. For these
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isotopes, each step was measured for about 5 s, with a frequency increment of

≈ 0.005 cm−1 before doubling.

Thus, the combination of decay tagging for low-yield isotopes and Faraday

cup measurements for higher-yield isotopes provided complementary detection

schemes. The decay-tagging method in particular proved to be the distinguishing

element of this experiment, enabling the extraction of isomerically pure hyperfine

spectra in regions where direct ion current measurements were not feasible.
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Chapter 5

Results

This chapter presents the results from the laser spectroscopy studies of the

neutron-rich thallium isotopes. The extracted observables include the extracted

values of isotope and isomer shift, and the hyperfine parameter a, as well as the

deduced δ⟨r2⟩ and µ corresponding to different isotopes.

5.1 Extracting hyperfine structures

The hfs of the high-yield isotopes 203g,205g,207gTl were directly measured by record-

ing beam intensities using a Faraday cup (FC). These measurements were carried

out by scanning the frequency of the laser employed for the first step in the ion-

isation scheme shown in Figure 3.1.

In contrast, for low-yield isotopes such as 207m,208g,209gTl, the hfs were extracted

by counting the number of characteristic γ-ray transitions observed in the energy

spectra recorded by the clover detectors. The decay schemes of 207mTl, 208Tl and

209Tl are shown in Figures 5.1, 5.2 and 5.3, respectively. The γ-ray energies used

to construct the hfs for each isotope are shown in Table 5.1. The intensities of the

peaks were evaluated by fitting the data with Gaussian plus linear background.

Table 5.1: The energies of γ-ray transitions that were gated on to extract the hfs
of different thallium isotopes.

A Iπ Eγ [keV] Ref.

207m 11/2− 351.07(5), 997.1(3) [83]
208 5+ 583.187(2), 2614.511(10) [86]
209 1/2+ 117.24(5), 1566.96(5) [87]



Figure 5.1: Part of 207mTl decay scheme showing the γ-ray transitions [83]. Sym-
bols on the left of the levels are the nuclear spin-parity of the respective excited
states of 207Tl. Number on the right side is the half-life of the excited state.
Values above each arrow are the energy, multipolarity and relative intensity of
the corresponding γ-ray transition.

Figure 5.2: Part of 208Tl decay scheme showing some of the most intense γ-ray
transitions [84]. Notations on the left and right of the levels are correspond to
those of Figure 5.1. Values above each arrow are the energy, multipolarity and
absolute intensity of the corresponding γ-ray transition.
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Figure 5.3: Part of 209Tl decay scheme showing some of the most intense γ-ray
transitions [85]. Notations in the figure are correspond to those of Figure 5.2.

5.1.1 208gTl

Figure 5.4 displays the γ-ray energy spectra measured at the hfs peak during

the laser scan (with the laser frequency set at the resonant frequency of the

most intense hyperfine component) for 208Tl, which has the half-life of 3.05min.

Significant isobaric contamination from francium isotopes, 208Fr, with the half-

life of 58.6 s and their daughter products was observed, along with those of the

isotopes of interest. Despite this, the most intense transition is the 583 keV peak

belonging to the decay of 208Tl, demonstrating the effectiveness of the suppression

of the isobaric contamination by the LIST. Note that without LIST operation,

the contamination from those implanted francium would be approximately two

to three orders of magnitude higher than that observed. This suppression factor

was determined by comparing the beam intensities with the LIST mode enabled

and disabled using the FC located in the upstream beamline. Notably, the LIST
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operation also suppressed thallium isotopes by a factor of approximately 20. The

main peaks in Figure 5.4 (a) show the examples of the fitted function: Gaussian

with a linear background. The peaks in γ spectra in the rest of this work apply

the same fitting function. The uncertainties of the peak areas were obtained

directly from the output errors of the fittings.

Figure 5.5 presents a comparison of the γ-ray energy spectra in the region of

208Tl characteristic γ-ray energy (583 keV), obtained during laser set on (red)

and off (blue) measurements. The small amount of 583 keV peak observed in the

blue spectrum indicates incomplete suppression of the surface ionised 208Tl. As

a result, a constant background due to the continuous surface ionisation of the

isotope of interest was added in the hfs fitting procedure. Figure 5.6 displays

the fitted hfs spectra obtained by gating on the 583 keV and 2615 keV peaks.

The uncertainties of the data points in the hfs spectra were determined from the

statistical errors of the fitted γ-ray peak areas, normalized by the corresponding

measurement time.
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Figure 5.4: Part of the γ-ray energy spectrum from 0 keV up to 1000 keV (a)
and around 2615 keV (b) (208Tl characteristic decay) measured from the run at
the maximum of hfs for 208Tl. The most intense peaks originating from the
decay of 208Tl and from the contaminants are labelled in red and black text,
respectively. The main peaks in Figure (a) were fitted using a Gaussian function
plus on a linear background. The presence of 207At (t1/2 = 1.81 h) came from the
α-decay of 211Fr, which was the isobaric contamination during the 211Tl decay
measurement that was made 5minutes before the 208Tl laser scan. The reduced
resolution of the 2615 keV peak originates from residual non-linearities in the
data acquisition system at high energies. These non-linearities vary slightly on
a channel-by-channel basis, leading to small misalignments between signals from
individual crystals. As such, the effect is a limitation of the acquisition electronics
rather than the intrinsic performance of the HPGe detectors.

80



560 565 570 575 580 585 590 595 600 605
Energy (keV)

0

5000

10000

15000

20000

25000

C
o

u
n

ts
 /

 0
.5

 k
e

V 208Tl
583 keV

Figure 5.5: Comparison of γ-ray spectra around the 208Tl characteristic decay
(583 keV), obtained at the tail (blue spectrum, no laser ionisation, at -2523MHz
in the next Figure (a)) and at the peak (red spectrum, maximum laser ionisation,
at 4365MHz in the next Figure (a)) of the hfs. The intensity of of the blue
spectrum was scaled down based on the time of the measurements to match the
background level of the red spectrum for a better comparison.
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Figure 5.6: Measured hfs from the first (a) and second (b) scans of 208Tl. The
extracted hfs from the count rates of 583 keV and 2615 keV peaks are indicated
by the data points and lines in black and red, respectively. The zero point on the
frequency scale corresponds to a wave number of 36117.92 cm−1. The error bars
are too small to be visible in the figure.
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5.1.2 209gTl

Figure 5.7 presents the γ-ray energy spectra corresponding to the run taken

around the peak of the 209Tl hfs. It can be seen that the main γ-ray peaks

from 209Tl, 117 keV and 1567 keV, are well separated from other peaks which are
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Figure 5.7: Partial γ-ray energy spectra measured at the peak of 209Tl hfs: (a):
0-1010 keV; (b): 1500-1600 keV. The principal peaks corresponding to the 209Tl
and contaminant isotope decays are labeled in red and black text, respectively.
The evidence of the γ-ray peaks from isotopes with mass number other than
A = 209, or from their respective daughter products, are attributed to the decay
of the remaining recoil nuclei in the chamber during previous measurements at
different mass numbers.
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coming from the contaminants. Figure 5.8 is a comparison of the γ-ray energy

spectrum near 1567 keV recorded with the laser set on (red) and off (blue) res-

onance of the ionisation scheme. In this case, there was no indication of surface

ionised 209Tl observed when the laser is off-resonance. This is likely due to the

significantly lower production yield of 209Tl compared to that of 208Tl (≈ 50 times

lower, as indicated in Table 5.2). Figure 5.9 shows the 209Tl hfs extracted from

the count rates of the gated characteristic decay peaks.
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Figure 5.8: A comparison of γ-ray spectra obtained at the laser frequencies on
(red, at 2075MHz in the next Figure (a)) and off (blue, at -13876MHz in the
next Figure (a)) resonance around 1567 keV. The intensity of the blue spectrum
was scaled down based on the time of the measurements to match the background
level of the red spectrum for better visual comparison.
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Figure 5.9: First (a) and second (b) scans of the fitted hfs of 209Tl. The extracted
hfs from count rates of 117 keV and 1567 keV γ peaks are indicated by the solid
dots and lines in black and red, respectively. The zero point on the frequency
scale corresponds to a wave number of 36117.92 cm−1.
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5.1.3 207mTl

Figure 5.10 and 5.11 show the γ-ray energy spectra for 207mTl measured at the

laser frequency on resonance. In the case of the I = 11/2− 207Tl isomer, although

the peaks around 997 keV in the γ-ray energy spectrum are relatively crowded,

the characteristic peak is sufficiently well separated from neighbouring ones. As

a result, the hfs can be extracted directly using the count rate of the 997 keV

peak, despite its limited statistics. In contrast, the 351 keV peak overlaps with

the nearby 353 keV peak, as illustrated in Figure 5.10 and Figure 5.11. A clearer

view of this overlap is provided in Figure 5.12. The 353 keV peak was later identi-

fied as originating from the decay of 199Tl and 199Pb, both of which are daughter

products of the isobaric contaminant 207Fr.

Unfortunately, the measurements of 207mTl hfs were significantly affected by iso-

baric contamination due to an operational mistake in the LIST mode. Prior to

the laser scans for 207mTl, the LIST structure was accidentally switched from the

normal LIST mode to the IG mode for a period of approximately 5 minutes. Con-

sequently, a substantial amount of the unsuppressed 207Fr was implanted into the

decay station chamber. Despite the tape being moved several times to remove the

daughter products of this contamination, recoil nuclei from α-decays of 207Fr and

its daughter product 203At had already dispersed within the chamber around the

implantation point, resulting in persistent γ-ray background from the full decay

chain of 207Fr (see the decay chain in Equation 5.2) throughout the 207mTl scan.

207Fr
α (95%)−−−−−−−→

T1/2≃14.8 s

203At
α (31%)−−−−−−−−→

T1/2≃7.4 min

199Bi
β (100%)−−−−−−−−→

T1/2≃27 min

199Pb (5.1)

β (100%)−−−−−−−−→
T1/2≃90 min

199Tl
β (100%)−−−−−−−→

T1/2≃7.42 h

199Hg (5.2)

Fitting the 351-353 keV doublet is particularly challenging, especially for the low-

count cases taken at the tail of the hfs. Due to the overlap between the two peaks,

an alternative approach was employed to extract the count rate of the 351 keV

peak. By rebinning the spectra from 0.25 keV to 1 keV per channel, the doublet
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Figure 5.10: Partial γ-ray energy spectra measured at the maximum of hfs for
207mTl. Panel (a) shows the spectrum up to 1100 keV; panel (b) provides a
zoomed-in region highlighted by the red square on the left (200-400 keV). The
main peaks are labelled with the corresponding isotopes, with transitions from
207mTl marked in red. The dominant contamination are 207Fr and its daughter
products. Additional contributions from isotopes with A =204, 201 were due
to the long-lived daughter products from the implanted francium contamination
during the previous 208Tl and 209Tl measurements.
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Figure 5.11: (Continued from Figure 5.10) Additional regions of the γ-ray energy
spectra measured at the peak of hfs for 207mTl. Panel (c) and (d) show the
zoomed-in spectra highlighted by the purple and green squares in the middle
(450-700 keV) and on the right (800-1050 keV), respectively.
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Figure 5.12: Evidence of the 353 keV contamination during the 207mTl laser scan.
The blue spectrum represents the γ-ray energy spectrum taken at the tail of the
hfs, where zero laser ionisation rate of the 207mTl is expected, and the 353 keV
peak arises solely from 199Tl and 199Pb decays. The red spectrum corresponds
to the peak of hfs, where the 207mTl was maximally ionised. Both spectra are
normalised to the local background level for better comparison. It can be seen
from the spectrum that the contribution to the amount of 207mTl from surface
ionisation is negligible.

merges into a single, broader peak, as shown in Figure 5.13. In such case, the

doublet was fitted with a single Gaussian peak with an increased full-width at

half-maximum. The contribution from the contaminant 353 keV peak can be

further subtracted to isolate the 351 keV component, which will be discussed in

the following paragraph.

Figure 5.14 presents the extracted hfs from the single Gaussian-fitted peak at

351 keV. As illustrated in the figure, the hfs peaks sit on top of an exponential

decay background. Data points located at the tails of the hfs peaks, where no

ionisation is expected, are indicated by the rectangles. These points are attributed

to background contamination originating from the 353 keV peak. To quantify the

background contribution to the hfs, the tail data points were isolated and plotted

against the timestamps of the corresponding measurements (see Figure 5.15).
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Figure 5.13: γ-ray energy spectra from the 207mTl hfs scan fitted with a single
Gaussian peak near 351 keV. Panels (a) and (b) show spectra from the tail and the
peak of the hfs, respectively. The green and blue vertical lines indicate 351 keV
and 353 keV to guide the eye. It can be seen that the same case as Figure 5.12
applied here: when laser frequency was on-resonance, the peak centre aligns with
353 keV; when it was off-resonance, a distinct component at 351 keV is visible.

An exponential fit to these data points yielded a half-life of 5.1(4) h, which falls

within the expected range of half-lives for the two contributing contaminants:

199Pb with τ1/2=7.4 h and 199Tl with τ1/2=1.5 h.

However, the half-life derived from the exponential fit alone does not provide

conclusive evidence that the 353 keV peak originates exclusively from the decay

of 199Pb and 199Tl. In order to improve the modelling of the decay background,
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Figure 5.14: Raw 207mTl hfs extracted from single Gaussian fitted peak at 351-
353 keV. Data points at the tails of the hfs, where zero ionisation is expected, are
highlighted in blue rectangles. These points solely originate from the background
due to the 353 keV contamination. The zero point on the frequency scale corre-
sponds to a wave number of 36117.92 cm−1.

and thereby enhance the accuracy of the extracted hfs, a more comprehensive

approach was implemented. This refined model incorporates both the decay half-

lives and the branching ratios of the decay chain to more accurately estimate

the background contribution to the extracted hfs. Assuming the 353 keV peak

originates exclusively from the decay of 199Pb and 199Tl, and all the contaminants

with half-lives less than 30min decayed infinitely fast, the decay activities of the

199Pb and 199Tl can be approximated by the Bateman equation. For the mother

isotope 199Pb with a half-life of T1/2,m = 1.5 h, the decay constant is

λm =
ln 2

T1/2,m
=

0.693

1.5 h
≈ 0.462 h−1. (5.3)

For the daughter isotope 199Tl with a half-life of T1/2,d = 7.42 h, the corresponding

decay constant is

λd =
ln 2

T1/2,d
=

0.693

7.42 h
≈ 0.0933 h−1. (5.4)
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Therefore, the number of mother nuclei as a function of time is

Nm(t) = N0e
−λmt, Am(t) = λmNm(t). (5.5)

and the daughter activity is obtained from the Bateman equation as

Ad(t) =
λmλd
λd − λm

N0

(
e−λmt − e−λdt

)
. (5.6)

The total activity of the chain is therefore

A(t) = Am(t) + Ad(t) =
λd

λd − λm
λmN0e

−λmt − λm
λd − λm

λdN0e
−λdt. (5.7)

where t denotes the time interval between the unintended implantation of 207Fr

and the start of the 207mTl laser scan. By fitting the background points of the hfs

spectra with the sum of the contributions from both isotopes, as described by the

equations above, t was determined to be 97(28)minutes. This result is consistent

with the recorded experimental logbook within the range of uncertainty, which

notes the scan beginning approximately 90minutes after the 207Fr contamination

event. Consequently, the consistency with the timestamp confirm the validity of

this approach. The hfs spectrum after background subtraction using the half-

life approach is shown in Figure 5.16, while Figure 5.17 compares the spectra

obtained using each subtraction method. It can be seen from the graphs that

both background subtraction methods, based on exponential fitting and half-

life modelling, yield consistent results and can be reliably implemented in the

analysis.

Figure 5.18 displays the hfs spectra extracted from the first and second scans.

It is noted that the second scan of 207mTl was performed more than three hours

after implantation, by which time the contamination activity had decayed to a

negligible level. Consequently, no background subtraction was required for this

scan, and the spectrum could be treated as a pure hyperfine structure signal
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Figure 5.15: Count rate of the 353 keV γ-ray peak as a function of the timestamp
for each measurement. Data points are fitted with an exponential function. The
fitted chi-square was 4.

0 5000 10000 15000 20000 25000 30000 35000 40000
Timestamp (s)

2

3

4

5

6

7

C
o

u
n

ts
/s

Figure 5.16: Count rate of the 353 keV γ-ray peak as a function of the timestamp
relative to the start of the 207mTl scan. Data points are fitted with the Bateman
equation with the combination of activities from both 199Pb and 199Tl by using
Equation 5.7. The time t was a variable to be determined. In order to obtain
a more accurate t0 value, 3 more points from the beginning of the second scan
are added to the data, compared to the previous pure exponential fitting. The
chi-square was determined to be 13.
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Figure 5.17: Fitted hfs spectra of 207mTl extracted by gating on the 351 keV after
background subtraction by each method. The black points and the corresponding
black fitting function represent the spectra processed using the exponential back-
ground subtraction method, whereas the red data points and red fitting function
correspond to background subtraction based on the half-life calculation accord-
ing to equation 5.7. The zero point on the frequency scale corresponds to a wave
number of 36117.92 cm−1.

with only a negligible (zero or at most linear) background contribution. The hfs

extracted from the 351 keV and 997 keV γ-rays are consistent in shape and fitting

quality, which is proven later by deduced values of CoG and a.
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Figure 5.18: First (a) and second (b) fitted hfs of 207mTl. The hfs extracted from
351 keV (after decay background subtractions) and 997 keV γ peaks are indicated
by the solid dots and lines in red and black, respectively. The zero point on the
frequency scale corresponds to a wave number of 36117.92 cm−1.
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5.2 Production yields for 207−209Tl

The count rates at the peaks of the hfs, corrected for the detection efficiency,

were used to estimate the production yields of the measured thallium isotopes

with the LIST structure target at ISOLDE. The deduced yields for 207−209Tl, as

well as those of 207−209Fr measured with the normal uranium carbide target [77],

are summarised in Table 5.2. These results account for the efficiency loss from

beam tuning with the LIST suppression mode. It should be noted that the

target employed in this experiment had been used in a previous experimental

campaign, which likely reduced its performance compared to a fresh target. A

significant difference in yields was observed between 208Tl and 209Tl due to their

distinct production mechanisms inside the target. The majority of 208Tl was

indirectly produced through the α decay of 212Bi (T1/2 ≈ 1 h, bα ≈ 36%), which

itself originates from both direct production and in-target decay of the highly

produced precursors (216At, 220Fr). In contrast, the lower yield of 209Tl can be

explained by the small α-branching ratio bα ≈ 2% of its precursor 213Bi.

Table 5.2: Measured yields for thallium isotopes using the LIST target, as well as
yields for francium isotopes with the normal uranium carbide target [77]. Results
of the yields for thallium isotopes displayed were deduced from the measured
γ-ray energy spectrum at on-resonance frequencies. The average proton current
remained at 2µA during the measurements. The calculated yields account for
the efficiency loss from beam tuning with the LIST suppression mode, which
was approximately 50% during the experiment. Uncertainties are estimated as
30%, which came from the attenuation of the beam profile caused by the LIST
structure.

Nucleus γ-ray (keV) Count rate/s efficiency (%) Yields (Ions/µC)
207gTl - - - 5.5×106
207mTl 997 0.7 4.1 3.4×101
207Fr - - - 3.6×106
208Tl 583 450 6.1 1.5×104
208Fr - - - 2.5×107
209Tl 117 25 16 3.2×102
209Fr - - - 7.5×107
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5.3 Fitting the hyperfine structures

Following the extraction of the hfs spectra, a chi-squared minimisation approach

was applied to fit the data and extract the centre-of-gravity (CoG) frequencies

and the magnetic dipole constant (a1) for the lower sublevels. These parameters

are used to determine the isotope/isomer shifts and magnetic dipole moments.

Figure 5.19 shows representative fitted hfs spectra for all measured isotopes. The

CoG of each spectrum is indicated by the vertical blue dashed line.

The hfs were fitted using Voigt-profiles, which are convolutions of Gaussian and

Lorentzian distributions [88]. The parameters incorporated in the fitting proce-

dure are: nuclear spin (I) (fixed value), data taken from [89], centre-of-gravity,

magnetic dipole constant a1 for the first level of the ionisation scheme, the elec-

tric quadrupole hfs constant b2 for the second level, the Lorentzian and Gaussian

widths, the amplitudes of the peaks and a constant background. As the first

level in the ionisation scheme has electronic angular momentum J = 1/2, the b1

constant for this level is 0.

During the fitting, a fixed ratio a2/a1 = −0.002013(19), taken from the measured

value for the stable isotope 205Tl in Ref. [90], was applied to determine the a

constant for the second ionisation level. The relative intensities of the allowed

transitions between hyperfine sublevels were calculated using Equation 3.18, with

a maximum allowed deviation of 30%. The peak widths were constrained to be

equal for each hfs component.

Previous to this work, the spin of 209gTl was not determined for certain. There-

fore, I = 1/2 and I = 3/2 have been implemented in the fitting parameter to

compare the results (see Figure 5.20). The intensities of the transitions were fixed

to the theoretical values using Equation 3.18 during this procedure. Although

one can see I = 1/2 (red) provides a better agreement (fitted chi-square was

deduced to be 67) with the data points, the I = 3/2 assignment (blue, fitted

chi-square was 247) cannot be completely excluded. Therefore, the “integration

method” was used [91], which has already been successfully applied for the case
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353 keV

583 keV
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Figure 5.19: The fitted hfs of studied thallium isotopes after frequency doubling.
The solid red lines are the functions fitted to the data. Vertical dashed blue lines
represent the centers of gravity of the corresponding hfs fits. The nuclear spin
is displayed for each isotope. The photoion detection methods (FC for beam
intensity measurements in the unit of pA, and IDS for decay tagging methods to
count characteristic γ-rays per second), as well as the gated γ-ray energies, are
labeled on the right. The zero point on the frequency scale corresponds to a wave
number of 36117.92 cm−1.
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of 180Au [92] and 188Bi [93]. This method is based on the comparison between

the experimental and theoretical ratios of integrated peak areas. Based on the

derivation from Ref. [91], the theoretical intensity ratio depends only on the nu-

clear spin: rtheo = [(I + 1)I] [91, 93], leading to rtheo = 3 and 1.67 for the spin

assumption of I = 1/2 and 3/2, respectively. The experimentally extracted aver-

age peak ratio from the two scans (2.93 and 3.01, respectively) is 2.97(8), which

supports the I = 1/2 assignment. The deduced spin I = 1/2 aligns with the

spherical shell model expectation, for a single-particle configuration of πs1/2.
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Figure 5.20: A comparison between the fitted functions with I = 1/2 (red solid
line) and I = 3/2 (blue dashed line) to the 209gTl hfs. The hfs was constructed
from gating on the 117 keV peak.

For nuclei with I > 1/2, the possible quadrupole interaction of the upper level

should be taken into account. Unfortunately, there are no experimental data on

the electric quadrupole constant for the upper level 6d 2D3/2. To address this,

dedicated atomic structure calculations were performed (see details in [60] and

its Supplementary Materials). The value of the electric field gradient,
〈

δ2V
δz2

〉
,
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Table 5.3: Comparison of fitted results for 207mTl hfs of constant a1 and its uncer-
tainties (shown in brackets) with different fixed values of b2. Note that the fitted
hfs extracted from the 351 keV gate are obtained by subtracting the exponential
backgrounds. The differences are negligible with the significant figures.

Scan Gated γ [keV] a1(b2 = 0) [MHz] a1(b2 = 83) [MHz]

1 351 8560(50) 8560(50)
997 8450(50) 8450(60)

2 351 8350(90) 8350(90)
997 8270(30) 8270(40)

for the level 6d 2D3/2 of thallium was calculated to be
〈

δ2V
δz2

〉
= 41.2(23)MHz/b

(see details in [60] and its Supplementary Materials). Given that the nucleus of

207Tl can be approximated as a doubly magic nucleus 208Pb with a single proton

hole, its quadrupole moment should be smaller than that of nuclei with the same

configuration but further away from 208Pb on the nuclear chart. For example, the

isomeric states (Iπ = 11/2− in 193,195,197Tl) in gold isotopes all have |Qs| < 2 b [94].

Therefore, the assumption of |Qs| < 2 b is also valid for the present thallium cal-

culation. Using the calculated
〈

δ2V
δz2

〉
and the estimated upper limit of Qs, the

hyperfine constant b(6d 2D3/2;
207Tl) was determined to be less than 83MHz.

In order to test the sensitivity of the fitting results to this b2 value, hfs spectra

for 207Tl were fitted with fixed values of b2 = 0MHz and b2 = 83MHz. The

resulting difference in the a constant was found to be ∼3MHz (see Table 5.3),

which is one magnitude smaller than the experimental uncertainties (≈ 50MHz).

This indicates that the b2 value is so small that the fit to the data is not sen-

sitive to it. Previous studies estimated
〈

δ2V
δz2

〉
(6d 2D3/2) = 15MHz/b using a

crude one-electron approximation [13]. While this value is approximately half of

that from the dedicated calculation method applied in this work, the conclusion

made in Ref. [13] that the contribution of b(6d 2D3/2) for I > 1/2 of thallium

isotopes can be neglected remains valid. As a result, the value of b2 was kept as

0 for all the hfs fittings for nuclei with spin I > 1/2. Table 5.4 summarises the

results of the CoG and a1 parameter, as well as their corresponding uncertainties.
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Table 5.4: Results of part of fitted hfs for all measured isotopes.

A Iπ Scan FC/γ energy CoG (MHz) a1 (MHz)

203 1/2+ 1 FC 3050(90) 21320(160)

2 FC 2880(50) 21070(320)

3 FC 2750(100) 21170(260)

205 1/2+ 1 FC 3830(20) 21330(60)

2 FC 3790(80) 21250(130)

3 FC 4090(80) 21230(180)

207 1/2+ 1 FC 4870(20) 24390(50)

2 FC 4850(20) 24450(50)

3 FC 4820(20) 24400(50)

207m 11/2− 1 351 5030(140) 8530(50)

997 4810(170) 8450(50)

2 351 4860(250) 8340(90)

997 4990(100) 8270(30)

208 5+ 1 583 6050(30) 377(fixed)

2615 6060(30) 377(fixed)

2 583 5970(70) 377(fixed)

2615 5990(70) 377(fixed)

209 1/2+ 1 117 7080(60) 22880(150)

1567 6980(90) 22910(190)

2 117 7010(60) 22520(190)

1567 7000(80) 22520(280)

5.4 Changes in the mean-square charge radii

The values of δ⟨r2⟩ were deduced using Equation 3.13. In this work, F =

9.32(23)GHz/fm2 and kMS = −575(71)GHz amu were adopted from the re-

cent calculations presented in Ref. [95]. Taking the isotope shift δν209,205 as

an example, the CoG values were extracted from repeated scans of both iso-

topes. For 205Tl, the mean CoG obtained from three independent scans was

3900MHz, while for 209Tl, the average of four CoG values from two scans was

7030MHz. The difference between these two mean values yields the isotope shift,

δν209,205 = 3130MHz. To estimate the associated uncertainties, a conservative

procedure was adopted: for each isotope, the uncertainty of the mean CoG was

determined by taking the difference between the average value and the minimum
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Table 5.5: Isotope shifts for the 277-nm transition (δνA,205) and δ ⟨r2⟩A,205
of

thallium isotopes with A > 200. The statistical experimental uncertainties are
given in parentheses. The systematic uncertainties arising from the uncertainties
of the F and kMS factors are shown in curly brackets. Literature values are
displayed in italic in the second line where available.

A Iπ δνA,205(MHz) δ⟨r2⟩A,205(fm2)

203 1/2+ -1026(104) -0.107(11){3}
-1038.5(1) [90] -0.10840(3){220} [95]

207g 1/2+ 1023(175) 0.107(19){3}
1030(240) [13] 0.1100(2){22} [95]

207m 11/2− 1030(290) 0.108(31){3}
208 5+ 2118(190) 0.223(21){6}

0.192(13){4} [95]

0.201(14)a

209 1/2+ 3130(220) 0.330(23){8}
a Weighted mean for δ⟨r2⟩208,205 between our result and that from Ref. [95].

value across the scans, and then adding the largest individual fitting error ob-

served among the scans. This resulted in uncertainties of 190MHz for 205Tl and

120MHz for 209Tl. Since these two errors are not correlated, the total uncertainty

on the isotope shift was obtained as the square root of the sum of their squares,

giving a final value of δν209,205 = 3130(220)MHz. By using the values F and

kMS, and applying Equation. 3.13, the isotope shift was converted into a change

in mean-square charge radius of δ⟨r2⟩209,205 = 0.330(23) fm2. The statistical and

systematic uncertainties were evaluated using the standard Gaussian error prop-

agation formula,(∆f)2 =
∑n

i=1

(
∂f
∂xi

∆xi

)2

ensuring that the contributions from

the independent parameters were consistently accounted for in the final uncer-

tainty. The results of the isotope shifts and the deduced δ⟨r2⟩ relative to 205Tl

(δνA,205
277 nm) (N = 126) are summarised in Table 5.5, alongside literature values

from previous studies.
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Figure 5.21: The δ ⟨r2⟩ values for thallium isotopes in the vicinity of N = 126.
The red triangles are results from the present work, and the black squares are
literature values taken from [95]. The black and red dashed lines indicate the
linear fits before (N = 200 − 207) and after (N = 207 − 209) the N = 126 shell
closure, respectively, to guide the eyes. The error bars indicated for each data
point was deduced by taking the square root of the sum of the squares of the
statistical and systematic uncertainties, since they are uncorrelated.

Figure 5.21 illustrates the δ⟨r2⟩ values for thallium nuclei in the vicinity of

N = 126. The δ⟨r2⟩ for 207gTl (I = 1/2) and 207mTl (I = 11/2) are identical

within their respective uncertainties, making them indistinguishable in Figure

5.21. In that case, only 207gTl value is shown. The results for 203,207gTl from

this work are in agreement with the previous measurements. It is noted that, for

208Tl, the experimental value from this work deviates from the literature by 1.1σ.

Therefore, a weighted mean of the literature data (0.192(13) fm2) and that from

our measurements (0.223(21) fm2) is adopted (0.201(11) fm2) in later sections.

The evolutions of charge radii in mercury [48, 53, 54], thallium (this work),

lead [55] and bismuth [96, 97] isotopic chains when crossing N = 126 are shown

in Figure 5.22. Each chain exhibits a similar size of the kink. Unlike the pro-
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Figure 5.22: The δ ⟨r2⟩ values for the isotopic chains with Z close to 82, near N =
126. Only even-N isotopes are included for clarity. The different isotopic chains
are arbitrarily shifted relative to each other in order to help visually compare the
change of the slopes.

nounced kink phenomenon near N = 82 (see Figure 2.9 [38]) and N = 28 (see

Figure 2.7 [98]), the kink at N = 126 does not show a significant Z dependence,

at least within the limits of the experimental uncertainties. This suggests that

the size of the kink in the lead region does not depend on whether the valence

protons occupy low-j orbitals, such as in thallium (s1/2) or high-j ones as in bis-

muth (h9/2). This conclusion is further supported by the negligible isomer shift

observed between 207mTl (I = 11/2, πh11/2) and
207gTl (I = 1/2, πs1/2) (see Ta-

ble 5.5).
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5.5 Magnetic dipole moments

The magnetic dipole moments of thallium isotopes were determined using Equa-

tion 3.8. The reference values of stable 205Tl: µ205 = 1.632(2)µN [99], a205 =

21310.835(5)MHz [100], I205 = 1/2 were used. For 207g,207m,209gTl, the RHFA cor-

rections were found to be negligible: |205∆207(6P1/2)| < 1.2·10−3, |205∆209(6P1/2)| <

1.2 · 10−3 and |205∆207m(6P1/2)| = −0.0033(16) (see details in [101] and the sup-

plementary materials). Given this condition, the RHFA corrections were omitted

during the calculation.

The determination of the magnetic dipole moments follows the same procedure.

Taking 209Tl as an example, the final value of the hyperfine parameter a was

obtained as the average of the four values extracted from the individual hyper-

fine spectra. The associated uncertainty was estimated conservatively by adding

the largest individual fitting uncertainty to the deviation between the maximum

a-value and the average, resulting in a = 22700(480)MHz. Since both the param-

eter a and the magnetic moment of 205Tl are known with high precision, Equa-

tion 3.8 can be applied to deduce the magnetic dipole moment of 209Tl, yielding

µ = 1.739(40)µN . The extracted hyperfine constant a and the calculated µ val-

ues are shown in Table 5.6. The a constant and µ of 208Tl were not determined

in this study due to the poor resolution of the hfs spectra. A dedicated measure-

ment of µ(208Tl), using the same ionisation level as in this work, was previously

conducted in [102], which provides precise values of a and µ. Consequently, the

reported a constant value from that study was adopted in the fitting procedure

to extract the isotope shift.
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Table 5.6: Magnetic hfs constants for the atomic ground state 6p 2P1/2 (a1) and
magnetic moments (µ) of thallium isotopes. Where available, literature values
are shown in italic in the second line for each isotope.

A I a1(MHz) µ(µN)

203 1/2 21180(102) 1.622(8)
21105.4497638(5) [103] 1.616(2) [99]

205 1/2 21302(46) 1.631(4)
21310.835(5) [100] 1.632(2) [99]

207g 1/2 24398(44) 1.868(6)
24690(300) [13] 1.869(5) [99]

207m 11/2 8391(85) 7.045(84)
209 1/2 22700(480) 1.739(40)

The deduced results of δ⟨r2⟩ and µ for thallium isotopes in the vicinity of N = 126

shell closure offer a valuable benchmark for nuclear theoretical models. Compar-

isons between different theoretical calculations and the experimental findings will

be illustrated in the next chapter.
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Chapter 6

Discussion

6.1 Kink and OES on the mean-square charge radii

To quantitatively assess the magnitude of the kink and the OES effect in the

nuclear ⟨r2⟩, the kink (ξ) and staggering (γN) indicators are introduced:

ξ =
δ ⟨r2⟩128,126

δ ⟨r2⟩126,124
(6.1)

γN =
2δ ⟨r2⟩N−1,N

δ ⟨r2⟩N−1,N+1
(6.2)

where superscript indices indicate the neutron numbers. Both indicators are

free from the uncertainties in the atomic factor, F . For the kink indicator, the

choice of even-N isotopes adjacent to the neutron magic number ensures that the

extracted value predominantly reflects the kink effect, while minimising contri-

butions from OES or other effects.

Figure 6.1 presents the deduced experimental kink indicators for isotopic chains

with proton numbers ranging from Z = 80 to Z = 88. For the polonium, asta-

tine, radon, francium and radium isotopic chains, the values of δ⟨r2⟩ at N = 128

have not been measured experimentally. In these cases, the slope of δ⟨r2⟩ be-

tween N = 126 and the lowest even-N isotope measured above the shell closure

is used to approximate the numerator in the kink indicator formula, yielding an

“interpolated” value. The “interpolated” kink indicator, ξ∗even, can be defined as

ξ∗even =
2

N0 − 126

δ ⟨r2⟩N0,126

δ ⟨r2⟩126,124
(6.3)



Tl
3s1/2 1h9/2

Bi

Figure 6.1: Experimental kink indicator values for the isotopic chains from Z = 80
to Z = 88: mercury [48, 53, 54], thallium of the present work and [60], lead [55],
bismuth [96, 97], polonium [62], astatine [14, 104], radon [105], francium [106,
107] and radium [108, 109]. The black square markers are the kink indicators
deduced from Equation 6.3. The red triangles are calculated “interpolated” kink
indicators. The blue dashed line is drawn to guide the eyes in order to show the
general trend of the kink indicator with respect to the increasing Z.

where N0 is the lowest even-N isotope with a measured δ ⟨r2⟩ above the N = 126

shell closure.

As shown in Figure 6.1, the kink indicators across these isotopic chains are con-

sistent within the range of their experimental uncertainties. The inclusion of

the thallium isotopic chain suggests a possible decrease in the kink strength at

Z = 82, followed by a gradual increase above the proton shell closure. However,

these “interpolated” values should not be directly compared to the original kink

indicators. For isotopes in this region with N > 128, the nuclei are deformed,

and the magnitudes of the deformation are Z dependent [110, 111]. Therefore,

the observed ξ∗even is due to deformation rather than the shell effect. In addition,

the observed reduction for lead is not significant considering the large uncertainty

for thallium. Thus, there is no conclusive experimental evidence of a “kink” in

the kink as a function of proton number across the Z = 82 shell closure.

To support the interpretation of the experimental results, theoretical calcula-
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tions in the framework of TFFS-Fayans functionals were performed by our the-

ory collaborators at the National Research Centre Kurchatov Institute [20–22].

Compared to Skyrme or Gogny energy density functionals, the Fayans functional

incorporates a more complex dependence on the particle densities inside the nu-

cleus, which has been proven to be essential for reproducing the magnitude of the

experimental OES and kink in charge radii in other isotopic chains [46, 67, 112,

113]. In this work, the functional parameters in the pairing term were readjusted

using available experimental charge radii data for the mercury, thallium, lead

and bismuth isotopes, as well as the neutron separation energies (Sn), which are

particularly sensitive to the pairing interaction.

As indicated in Figure 6.2, the calculated δ⟨r2⟩ values for thallium isotopes agree

well with the experimental data, with a mean deviation of 0.03 fm2. Comparable

levels of agreement are observed for the neighbouring isotopic chains, including
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Figure 6.2: Comparison of the TFFS-Fayans calculations for δ ⟨r2⟩ values with
the experiment for mercury (Refs. [48, 53, 54]), thallium (Ref. [60] and present
work), lead (Ref. [55]) and bismuth (Refs.[96, 97]) isotopic chains in the vicinity
of N = 126.
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mercury, lead and bismuth Importantly, the adjusted parameters in the pairing

term do not worsen the description of the neutron separation energy for the lead

and thallium isotopic chains, as demonstrated in Figure 6.3, which supports the

validity of the chosen parameter set.

Figure 6.4 compares the experimentally extracted kink indicators for mercury,

thallium, lead and bismuth isotopic chains with the theoretical results obtained

from both TFFS-Fayans (with optimised pairing parameters) approaches and var-

ious RMF models (see [7] for details). Among theses, the Fayans-TFFS results
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Figure 6.3: Comparison of the TFFS-Fayans calculations of the neutron-
separation energy Sn with the experimental data for the thallium and lead isotopic
chains. Experimental data were taken from Ref. [114].
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Figure 6.4: Comparison of the calculations from TFFS-Fayans and RMF ap-
proaches with the experimental data for mercury [48, 53, 54], thallium [60] and
present work, lead [55], and bismuth [96, 97] isotopes. Theoretical values deduced
for RMF approaches with different functionals are determined based on the cal-
culations in Ref. [7].

show the best agreement with the experimental data. In contrast, the PC-L3R,

DD-PCX and PC-X functionals of the RMF models overestimate the sizes of the

kink, while the DD-MEX forces reveal a clear Z-dependence in the kink indicator,

which is not observed experimentally.

Another notable difference between TFFS-Fayans functionals and RMF approaches

is the single-particle spectrum of neutrons in 208Pb, which is extracted from the

excitation spectra of the neighbouring odd-A isotopes 207Pb and 209Pb (see Fig-

ure 6.5 [115]). The TFFS-Fayans functional successfully predicts the order of

neutron single-particle states near N = 126, whereas the RMF approach shows

that the νi11/2 state is lower in energy than the νg9/2 state, which contradicts the

experimental data [48, 54, 56].
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Figure 6.5: Single-particle spectrum of neutrons in the 208Pb nucleus. νi11/2 and
νg9/2 states are labelled in blue and red, respectively. Figure taken from [115].

The disagreement between the RMF predictions and experimental values (inver-

sion of positions of neutron states) is eliminated for odd-N nuclei by accounting

for the coupling of single-particle motion with collective excitations (also known

as particle-vibration coupling) (see [116, 117]). However, for even-N isotopes

with N > 126, RMF calculations predict the ground states based on the filling of

the lower lying νi11/2 shell, which contradicts with the experimental observation.

On the other hand, the TFFS-Fayans functionals describe neutron single-particle

spectra in accordance with experiment. In addition, the numerous shell-model

calculations also consistently fix the νg9/2 orbital below the νi11/2 by approxi-

mately 779 keV (see, for example, Refs. [9, 118, 119] and references therein).

Figure 6.6 illustrates the experimental values of the OES indicator, γN , for differ-

ent isotopic chains. To maintain clarity, the theoretical values are shown only for
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Figure 6.6: Comparison of the TFFS-Fayans calculations for the γN of thallium
and lead isotopic chains in the vicinity of N = 126. Experimental data of γN for
the mercury [48, 53, 54], thallium [60] and present work, lead [55] and bismuth [96,
97] are displayed in the graph. Note that theoretical calculations for mercury and
bismuth isotopic chains are hidden, as they are similar to those for thallium and
lead, to remain a clear figure for better comparison.

the lead and thallium isotopes, as results for other chains follow similar trends.

Similar to the kink indicators, γN for Z = 80, 81, 82 and 83 also exhibit com-

parable trends. In particular, each chain demonstrates a clear dependence of γN

on the orbital occupied by the valence neutron, such as νf5/2, νp1/2, νg9/2. The

TFFS-Fayans calculations successfully reproduce the experimental values of γN

and their neutron-orbital dependence up to N = 126. In contrast to the ap-

proaches based on the RMF studies in Ref. [54], the TFFS-Fayans framework

does not require extra conditions on the choice of blocking state in the odd-N

nuclei. This is a result of the good reproduction of the neutron single-particle

spectrum.
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6.2 Renormalisation of the proton orbital g-factor

The newly measured magnetic dipole moment of 207mTl provides an opportunity

to further investigate the effective proton orbital g-factor in the vicinity of the

doubly magic nucleus 208Pb. As discussed in Chapter 2.2.2, the orbital gℓ factor

for a free proton is expected to be gl ≈ 1. However, previous studies have shown

that this value failed to describe µ of single-particle states near 208Pb. Instead,

an effective value of gℓ = 1.1 is needed to achieve agreement with experimental

data [57, 120–122].

It is suggested in Refs. [123, 124] that the effective orbital g-factor can be de-

termined by averaging the g-factors of the two spin-orbit partners (for example,

πh11/2 and πh9/2) in neighbouring ±1 nucleon systems around a doubly magic

core. Thus, the equation of gℓ is given by:

g(j = ℓ+ 1/2) + g(j = ℓ− 1/2) = 2geffℓ . (6.4)

The measurement of µ(207mTl πh11/2)=7.045(84) µN , corresponding to g(πh11/2) =

1.281(15), in this work allows implementation of this procedure for the first time,

by combining with the known value of µ(209Big; πh9/2)=4.0900(15) µN , corre-

sponding to g(πh9/2)=0.9089(3) [125]:

geffℓ = [g(πh11/2) + g(πh9/2)]/2 = 1.095(11) (6.5)

This result is consistent with the previously proposed renormalised value geffℓ =

1.115(20) [123], providing additional experimental evidence in support of an en-

hanced gℓ factor in this region.
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6.3 Magnetic dipole moments

As illustrated in Figure 6.7, the observed deviation of measured µ from the

Schmidt value for the 1/2+ ground state in thallium isotopes indicates that the

single-particle model alone is insufficient to fully reproduce the experimental data

near the doubly magic 208Pb. These discrepancies suggest the necessity of con-

sidering additional corrections.

One such correction stems from the particle-vibrational coupling, also referred to

as phonon coupling (PC), which introduces interactions between valence nucle-

ons and collective vibrational modes of the nucleus. These residual interactions

allow the nuclear spin to remain unchanged, but the occupation of single-particle

orbitals by the valence nucleons differs from the ground-state configuration. As

a result, PC is one of the interactions that cause the discrepancies between the

experimentally measured µ for the 1/2+ ground state odd-A thallium isotopes

and the Schmidt value.

Previous theoretical studies [127] have already proposed that PC plays a crucial

role in explaining the sudden jump in magnetic moments of the 1/2+ thallium

ground state when moving from N = 124 to N = 126. This interpretation

is based on the consideration of the energy of the first 2+ excited vibrational

states in the even-even lead isotopes, which can be considered as the cores for

the corresponding thallium nuclei. The energy of the first vibrational 2+ excited

state in 208Pb126 (4.085MeV) is significantly higher compared to those in 206Pb124

(0.803MeV) and 210Pb128 (0.800MeV) [89]. This implies a weaker coupling be-

tween the vibrational phonon and single-particle configurations at N = 126,

thereby enhancing the dominance of the single-particle component in 207Tl. This

accounts for the fact that µ of 207Tl126 is closer to the Schmidt line compared to

its neighbouring isotopes.

To further refine the contribution of PC in the theoretical description, the PC

correction is divided into two types: the so-called “regular” correction, which is

already included in the standard TFFS parameters, and the “non-regular” cor-
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125

Figure 6.7: The µ values for 1/2+ ground states in thallium isotopes. The black
triangles indicate the experimental data from [101] and the present work (209gTl).
The blue star is the theoretical value obtained from [126]. The closed and open
circles represent the our TFFS-Fayans calculation results with and without PC
correction, respectively. The green dashed line marks the Schmidt value with
effective gℓ factor for the πs1/2 state.

rection, which is A, Z and state dependent and should be calculated separately.

In this work, in order to avoid double-counting, the “regular” PC was omitted

from the calculation [60].

The calculations performed in this work without the PC effect (red hollow circles

in Figure 6.7) substantially underestimated the jumps on both sides of N = 126,

although they reproduce the general linear trend with respect to N before the

N = 126 shell closure, as well as their absolute µ values reasonably well, with a

mean deviation of approximately 0.2µN (13%). Accounting for the PC correction

(red full circles in Figure 6.7) decreases the mean deviation from experiment to

≈ 0.13µN . The reduction of µ calculated on both sides of the magic number

qualitatively reproduced the sudden jumps at N = 126. However, the size of the

jumps predicted by this effect alone is still half of the experimental one. The

larger size of such “asymmetry” highlights the limitations of the PC correction

when treated in a simplified manner, i.e. complete ignorance of the “regular”
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PC terms. It should be noted that the calculations in the framework of DEDF

approach give µ(207gTl) = 2.61(2)µN , [126], and that is the value which strongly

deviates from the experimental data.

A notable highlight of the present calculation is the excellent agreement with

the experimental µ(207gTl): 1.897µN compared to 1.869(5)µN . This can be at-

tributed to the inclusion of 8 mixed configurations in the PC calculation for 207gTl,

in contrast to only 3 configurations used for isotopes with N < 126. In addition,

as N deviates further from the shell closure N = 126, nuclei tend to exhibit

stronger deformation. In such cases, additional effects, such as core polarization,

become more prominent and should no longer be negligible. This explains the

disagreement with the experimental data for nuclei further from N = 126.

In Figure 6.8, the results of TFFS-Fayans calculations for the europium, gold

and thallium 11/2− isomers are compared with the experimental data. The cal-

culations describe the parabolic trend of µ in the dependence of N , with the

127

Figure 6.8: Comparison of experimental and theoretical values from TFFS-Fayans
approach from this work and DEDF approach [128] for the µ values for the 11/2−

states in europium (Z = 63), gold (Z = 79), and thallium (Z = 81) isotopes.
The triangles are experimental data taken from [61, 101] and the present work.
The green dashed line marks the Schmidt value for πh11/2 state.
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pronounced maxima at the magic numbers, within the range of N = 82 − 126,

in good agreement with experiment. For comparison, the results of the DEDF

calculations are also displayed in Figure 6.8 [128]. These two approaches show a

comparable accuracy in describing the µ for the 11/2− isomers.

The relatively small deviations of experimental µ from the Schmidt line for the

11/2− isomers provide further evidence for the relevance of PC. In the case of

high-spin 11/2− states, the number of mixed configurations involving coupling

between phonons and single-particle states is smaller compared to the low-spin

1/2+ states. Consequently, the contribution from the single-particle configuration

remains more dominant, which explains why the measured µ of 11/2− isomers

tend to lie closer to Schmidt line.
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Chapter 7

Conclusions and outlooks

In this thesis, the results of in-source laser spectroscopy measurements of neutron-

rich thallium isotopes performed at ISOLDE are presented, contributing to nu-

clear structure near doubly-magic 208Pb. The application of the LIST structure

was crucial in enabling these measurements by significantly suppressing isobaric

contamination coming from the ISOLDE target. The hyperfine structures of

207mTl and 209Tl were measured for the first time, along with their production

yields, which have been included in the ISOLDE yield database. From these

data, changes in the mean-square charge radii relative to 205Tl and their mag-

netic dipole moments were deduced, allowing the shell effects in these properties

to be investigated.

The characteristic kink in the mean-square charge radii when crossing the N =

126 shell closure has been observed. The magnitude of the kink in the thallium

isotopic chain was found to be comparable to that in the neighbouring mercury,

lead and bismuth isotopic chains, within the limit of uncertainties. This suggests

that the magnitude of the kink does not significantly depend on whether valence

protons occupy low-j orbitals, such as in thallium (s1/2), or high-j ones, such as

in bismuth (h9/2). This conclusion is further supported by the negligible isomer

shift for 207mTl (I = 11/2, πh11/2) relative to 207gTl (I = 1/2, πs1/2). The newly

measured isotope shift for 209gTl also enabled the systematic studies in the OES

effect in the neutron-rich lead region to be completed. As in the case of the kink,

the OES for thallium isotopes in the vicinity of N = 126 matches that of neigh-

bouring isotopic chains in the limits of uncertainties.

The experimental data were compared to theoretical calculations using the TFFS-



Fayans et al. [20–22], which were contributed by our theory collaborators at the

National Research Centre Kurchatov Institute. By adjusting the parameters in

the pairing term, a good reproduction was achieved for the measured Sn, kink

and OES values in the mercury, thallium, lead and bismuth isotopic chains when

N ≤ 126. The discrepancies in theoretical predictions for N > 126 may be at-

tributed to the neglecting of phonon coupling, which has already been proven to

have a significant impact in this region in previous studies [129].

In addition, a detailed comparison between the experimental values of δ ⟨r2⟩ in

this region and the theoretical values from the recent advanced RMF functionals

has been made. The RMF values not only overestimated the size of the kink but

also indicate a clear Z-dependence on the kink indicator, which contradicts those

observed in this experimental data. The very existence of the kink described in

the RMF approaches is based on the assumption of the inversion of the neutron

νg9/2 and νi11/2 orbitals above the N = 126 shell closure. On the other hand, in

the TFFS-Fayans calculations presented in this work, the single-particle neutron

states above N = 126 correspond well with the experimental findings. Note that

unlike the TFFS-Fayans calculations made in this work, the RMF functionals

were not further adjusted to provide the kink description in this specific mass

region.

The µ values for 207mTl and 209Tl were also deduced. The inclusion of phonon

coupling in the TFFS Fayans functionals shows a good agreement in the gen-

eral trend of the µ values in the long isotopic chain of 1/2+ ground states in

thallium isotopes, and qualitatively reproduces the “asymmetry” in the jump at

N = 126. However, the calculation still underestimated the magnitude of the

jump by overestimating the values of µ on both sides of N = 126. This could be

due to the omitted “regular” phonon coupling corrections in the standard TFFS

model, which were purposely disregarded to avoid double counting. The calcula-

tions in describing the N dependence of the µ values for the 11/2− isomers also

matches with the experimental trend within the range of N = 82− 126.
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7.1 Future work

As presented in this work, fine tuning of the pairing term in the Fayans functional

is essential for providing good descriptions of the experimental kink and OES,

whereas the RMF approach also indicates the evidence of the kink without pair-

ing, at a cost of an inversion in the neutron energy states. Therefore, additional

experimental data of δ ⟨r2⟩ of isotopes with N > 126 in this region, such as polo-

nium and astatine, are needed in order to further constrain the parameters in the

density functionals. This is essential for achieving a more universal parametrisa-

tion in the pairing term to keep the global performance of the Fayans functionals.

Such measurements will require more advanced experimental techniques to reach

the most exotic cases. One example that can be highlighted here is the recent

laser spectroscopy measurements of neutron-rich mercury isotopes (209,210Hg) at

ISOLDE [130], using a quartz transfer line to suppress the isobaric contamina-

tion in this region. The inversion of neutron single-particle energy levels above

the shell closure compared to experimental observations, introduced in the RMF

approach to reproduce the kink at N = 126, should be further investigated in

future work.

In terms of the magnetic moment, the crude criteria of disregarding all the “reg-

ular” phonon coupling in the standard TFFS should be refined in order to test if

any omitted corrections will enable better agreement with experimental values.

Moreover, the model’s ability in describing the N dependence of µ for the 11/2−

isomers should be further validated. To this end, more experimental data from

the long-lived 11/2− states in 167−173,193−197Ir90−96,116−120,
141Eu78,

205Au126 are

necessary.
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