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Abstract 

Parametric array loudspeakers (PALs) enable highly directional sound projection through 

ultrasonic modulation and are widely used in applications such as immersive audio, assistive 

communication, and spatial sound control. Despite their potential, accurate far-field directivity 

modelling remains challenging due to nonlinear acoustic propagation and the complexity of 

sparse array configurations. This dissertation proposes an integrated framework combining 

analytical, numerical, and deep learning methods to address these challenges. A dual 

convolution model is developed to improve grating lobe prediction and nonlinear beam 

characterisation. To optimise array performance under varying steering angles, a particle 

swarm optimisation (PSO) method is introduced for transducer layout design. Full-wave 

acoustic simulations using the finite-element method (FEM) are employed to model 

propagation and validate the optimised arrays, demonstrating up to a 5 dB reduction in peak 

sidelobe level across the tested steering range. To overcome the computational burden of full-

wave simulations, deep learning models, based on generative adversarial network (GAN) 

architectures are trained to infer far-field patterns from sparse near-field inputs. By integrating 

physics-informed modelling, numerical optimisation, and data-driven prediction, the proposed 

approach improves both design efficiency and accuracy. In particular, the GAN-based predictor 

achieves MAE = 0.0105 and RMSE = 0.0171 on peak-normalised directivity. Experimental 

measurements were conducted to validate the proposed models and inform their development, 

ensuring consistency between predicted and observed acoustic directivity patterns. These 

outcomes address critical limitations in existing PAL modelling techniques and support the 

feasibility of real-time, adaptive control of acoustic fields for advanced sound applications. 

Key words: Parametric Array Loudspeaker; Far-field Directivity; Dual Convolution Model; 

Generative Adversarial Network; Finite Element Method; Acoustic Beamforming; Nonlinear 

Acoustics; Spatial Sound Field Prediction
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Introduction 

1.1 Motivation 

Precise control of sound direction is increasingly important in modern audio applications such 

as spatial sound rendering, personal audio systems, and targeted communication. To meet this 

demand, technologies capable of producing highly focused acoustic fields have gained 

considerable attention. Parametric Array Loudspeakers (PALs) stand out for their ability to 

generate narrow sound beams by leveraging the nonlinear properties of air. Unlike 

conventional loudspeakers that emit sound uniformly in all directions, PALs encode audible 

signals onto high-frequency ultrasonic carriers. As these waves propagate, they undergo self-

demodulation due to nonlinear interactions in air, resulting in the formation of tightly focused 

audible sound fields [1]. This unique property enables precise sound delivery in public spaces, 

spatial audio systems, targeted communication, and active noise control (ANC) environments 

[2], [3]. However, achieving accurate and efficient prediction of PAL far-field directivity 

remains an open challenge due to the complexity of nonlinear sound propagation, beam 

attenuation, and the impact of transducer configuration. 

To address this challenge, researchers have proposed three primary classes of modelling 

approaches. First, analytical methods based on the Westervelt equation, and its derivatives offer 

insight into nonlinear acoustic behaviour through simplified, closed-form solutions. These 

models are useful for theoretical analysis but often oversimplify boundary conditions and 

struggle to capture beam distortion or side-lobe behaviour in realistic setups [4]. Second, 

numerical methods, particularly Finite element method (FEM) simulations, provide high-

fidelity modelling of acoustic propagation in nonlinear media. These methods are well-suited 

for capturing complex interactions and boundary geometries, but their computational cost 

severely limits their use in optimisation tasks or real-time applications [5]. Third, data-driven 
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approaches, including recent developments in deep learning, offer promising alternatives by 

learning complex mappings from simulation or experimental data. Among these, Generative 

adversarial networks (GANs) stand out for their ability to generate accurate, high-resolution 

outputs from limited inputs while preserving physical consistency [6], [7]. 

This thesis proposes an integrated modelling and optimisation framework for PALs by 

combining analytical theories, numerical simulations, and deep learning techniques. The 

primary motivation is to bridge the gap between accurate but computationally intensive 

numerical methods and fast, generalizable predictive models, while also addressing practical 

challenges such as beam steering and grating lobe suppression. The proposed framework aims 

to enhance the accuracy, efficiency, and scalability of far-field directivity prediction and array 

configuration for real-world PAL applications. The specific goals of this study are structured 

according to the major contributions of each chapter, as follows: 

i. To provide a structured review of acoustic technologies, the characteristics of 

PALs, and existing directivity modelling techniques. By organizing existing 

methods into analytical, numerical, and data-driven approaches, the analysis reveals 

key limitations in current models, achieving real-time computation, and supporting 

steerable array optimisation. These insights help define the scope of the modelling 

challenges addressed in subsequent chapters. 

ii. To improve the accuracy of analytical directivity predictions through a dual 

convolution-based modelling strategy that overcomes the limitations of traditional 

approaches. Conventional analytical models, though efficient, often overlook 

nonlinear propagation and struggle to capture grating lobes and edge effects. By 

integrating both spatial impulse response and transducer layout geometry, the dual 

convolution approach provides more accurate predictions of far-field behaviours. In our 

benchmarks against measured directivity, root-mean-square error (RMSE) decreases 

from 45.23 dB (convolution) to 15.51 dB (dual convolution), and main-lobe RMSE 

from 24.59 dB to 6.84 dB, while retaining lightweight computation, offering an 

interpretable tool for early-stage array analysis. 

iii. To optimize steerable PAL array configurations using metaheuristic algorithms. 

Steering acoustic beams in PAL systems involves trade-offs between beam sharpness, 

side-lobe suppression, and physical layout. We implement a Particle swarm 

optimisation (PSO) based optimisation scheme is implemented to identify optimal 
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transducer placements under varying steering angles. PSO-optimised, non-uniform 

PAL layouts were validated by FEM and 2.0 m measurements (2.5° grid). Compared 

with uniform arrays, they consistently strengthened the main beam and suppressed 

grating lobes in the mid-to-high steering range (60°–75°), achieving side lobe 

reductions of up to 5 dB while maintaining acceptable beamwidth; trends were 

consistent across simulation and experiment. 

iv. To develop a GAN-based far-field prediction framework trained on high-fidelity 

FEM data to accelerate the simulation process. Since FEM is computationally 

intensive, a deep generative model is proposed to approximate the complex nonlinear 

wave propagation patterns captured by simulation. A deep generative model is 

developed to learn the mapping from near-field or configuration data to far-field 

distributions. The model incorporates physics-informed loss functions to improve 

generalization. We assess accuracy via Mean absolute error (MAE) and RMSE against 

FEM/measurement, reporting MAE of 0.0105 and RMSE of 0.0171. The model 

delivers high-fidelity predictions with a substantial per-pattern runtime speedup relative 

to FEM, enabling scalable exploration of array configurations. 

1.2 Dissertation Outline 

This dissertation is organized into six chapters, each progressively developing the research 

from theoretical modelling to experimental validation and deep learning-based prediction. The 

structure is as follows: 

Chapter 1 introduces the motivation and research background for the study, emphasizing the 

significance of accurately predicting the far-field directivity of PALs. The key research 

challenges are outlined, along with the objectives of the dissertation.  

Chapter 2 presents a comprehensive literature review on PALs, focusing on their working 

principles, signal modulation schemes, transducer structures, and beamforming capabilities. 

The design of transducer arrays, including miniaturized PMUTs and non-uniform 

configurations, is discussed for their role in shaping directional performance. The chapter also 

classifies and evaluates three major modelling approaches for PAL directivity prediction: 

analytical models based on nonlinear acoustic theory, numerical simulations using FEM, and 

recent deep learning approaches such as GANs. Through this review, key challenges in 
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achieving accurate, efficient, and scalable modelling are identified, forming the basis for the 

subsequent research. 

Chapter 3 presents the theoretical modelling of the far-field directivity of PALs, deriving the 

Westervelt-based convolution framework in 2D and its 3D counterpart and simulation of both 

primary and secondary acoustic fields. A Dual Convolution Model is proposed to address 

limitations in existing analytical methods. We benchmark the dual-convolution against the 

conventional convolution model, showing marked error reductions on measurement-referenced 

curves and improved grating-lobe fidelity. However, the study also identifies challenges in 

predicting far-field variations for complex or non-uniform arrays, motivating the need for more 

flexible modelling approaches. 

Chapter 4 integrates FEM simulations with PSO to design sparse transducer arrays. We 

formulate a principal-plane 2D FEM for routine analysis and its 3D counterpart for scoping 

and asymmetric scenarios, clarifying when each is required. FEM accurately models nonlinear 

acoustic propagation, while PSO efficiently searches for optimal array configurations under 

steering constraints. To validate the simulation outcomes, an experimental platform is 

constructed, including a PAL prototype, microphone array, and data acquisition system. 

Measurement results of the sound pressure fields are compared against FEM predictions, 

confirming the effectiveness of the optimized arrays and revealing the trade-offs between 

accuracy and computational cost in practical implementation. 

Chapter 5 introduces a GAN-based learning framework trained on FEM-generated datasets. 

The architecture and training methodology of the GAN model are detailed, with an emphasis 

on incorporating physics-informed loss functions to ensure physical plausibility. Techniques 

such as data augmentation, domain adaptation, and structured learning are employed to 

enhance generalization. The model is evaluated on its ability to predict far-field directivity 

patterns under various PAL configurations, demonstrating both accuracy and efficiency 

improvements over conventional simulation methods. 

Chapter 6 summarizes the main contributions of this work, including a dual convolution model 

for grating lobe prediction, PSO-based array optimisation, and a GAN-based method for fast 

far-field directivity prediction from sparse data. These methods are validated through 

simulations and experiments. Future work will focus on extending the models to 3D, improving 

data acquisition, and integrating physics-informed constraints into deep learning frameworks. 
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Review of Parametric Array Loudspeaker and 

Directivity Prediction 

2.1 Introduction  

Parametric array loudspeakers (PALs) are drawing increasing interest. They deliver tightly 

focused sound in open air by using ultrasound and nonlinear demodulation. This capability 

supports uses from immersive installations and museums to public address and wayfinding, 

where precise coverage and low spill matter. [1], [8], [9].  

The ability to control the directivity of PALs is central to their performance in real-world 

deployments[10]. However, accurately predicting far-field sound remains challenging due to 

several interrelated factors. These include the nonlinear nature of acoustic wave propagation, 

the influence of transducer arrangement and spacing, the selection of modulation schemes, and 

the potential emergence of grating lobes in sparse or irregular arrays. In addition to hardware 

considerations, digital signal processing (DSP) also plays a key role in shaping and steering 

the emitted wavefronts, further complicating the modelling of directivity [11]. 

Researchers use three modelling methods to manage these effects. Analytical models, such as 

Westervelt-based convolution, give clear insight into nonlinear propagation. They are fast and 

easy to analyse, but their simplifying assumptions reduce accuracy in complex scenes. 

Numerical models, especially FEM, raise fidelity and capture boundaries and coupling well. 

The trade-off is heavy computation, which limits parameter sweeps and real-time use. Data-

driven models offer a third path. Recent GAN-based frameworks learn rich mappings and can 

predict fast while keeping strong accuracy once trained. 

This chapter provides a comprehensive review of the key technologies and modelling methods 

associated with PAL directivity. It begins with an overview of the physical principles, 

transducer architectures, and digital modulation strategies that define PAL operation. And then 

examines various application scenarios that highlight the importance of accurate directivity 
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control. Finally, the chapter evaluates existing modelling techniques, including analytical and 

numerical approaches, deep learning methods, and hybrid frameworks, to identify 

opportunities for improved prediction and control of PAL sound fields in complex 

environments. 

2.2 Background of Parametric Speakers  

PALs represent an advanced directional sound technology that utilizes ultrasonic waves to 

project audible sound in a highly focused manner. Unlike traditional loudspeakers that emit 

sound omnidirectionally, PALs modulate audio signals onto high-frequency ultrasonic carriers. 

As these carriers propagate through air, nonlinear interactions cause self-demodulation, 

reconstructing the audible signal only within the target area [2]. This high directivity minimizes 

acoustic spillover, making PALs well-suited for applications requiring precise and localized 

sound delivery. 

 

Fig. 2-1. The sound propagation characteristic of parametric speaker (a) loudspeaker 

with wide dispersion; (b) parametric loudspeaker with a narrow, highly directional 

beam; (c) targeted crosswalk announcement using a parametric loudspeaker triggered 

by a detecting camera [11]. 

As shown in Fig. 2-1, the illustration compares conventional and PALs and highlights a 

practical application scenario. In panel (a), a traditional loudspeaker radiates sound uniformly 

in all directions, resulting in uncontrolled dispersion. Panel (b) depicts a PALs generating a 

highly directional beam that enables precise sound localization. Panel (c) illustrates a 

pedestrian alert system in which a camera triggers the PAL to deliver personalized audio cues 
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to individuals at a crosswalk. This targeted sound projection enhances intelligibility while 

minimizing ambient noise, making it particularly suitable for urban environments [11]. 

 Application for Parametric Speakers: 

A major advantage of parametric speakers is their ability to create focused audio field, which 

means sending sound to specific people or areas while keeping the surroundings quiet. This 

highly focused sound projection has led to numerous applications across various domains. 

a) Healthcare and Assistive Technologies 

PALs are increasingly used in healthcare. They deliver focused sound to one listener without 

affecting nearby people. This feature is promising for music therapy in dementia care, where 

speakers or headphones can be disruptive or impractical. When the system directs sound to the 

target listener, it can reduce agitation and wandering. It also helps keep a calm environment for 

others. A study by Yuko and colleagues showed that parametric audio reduced dementia-

related symptoms in a residential care facility [12]. Typical installations place the emitters near 

beds or chairs. They can also link to presence detection to trigger simple sound cues. However, 

challenges remain, including discomfort at high frequencies and interference in complex sound 

fields [12]. 

b) Transportation and Safety Systems 

In urban transportation systems, PALs have been investigated for their ability to deliver 

targeted warnings without contributing to ambient noise. A typical application involves 

pedestrian alert systems at crosswalks, where cameras or sensors detect individuals and trigger 

a narrow sound beam directed only at those in potential danger. Compared to traditional 

speakers or broadcast alarms, PALs can provide discrete yet effective communication, 

improving both safety and environmental noise control. Studies have also explored their use in 

bus-pedestrian collision prevention systems, where directional alerts reduce reaction time 

without disturbing surrounding traffic or pedestrians. These implementations often involve 

integration with vision systems and require careful alignment to ensure accurate sound 

targeting, especially in dynamic outdoor environments [13], [14]. 
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c) Scientific and Industrial Applications 

PALs have been increasingly adopted in scientific and industrial domains due to their ability 

to generate precisely controlled acoustic beams in the air. In atmospheric research, they play a 

key role in Radio Acoustic Sounding Systems (RASS), where modulated ultrasonic signals are 

transmitted vertically to probe air temperature and wind velocity through acoustic wave 

reflections. Compared to conventional sources, PALs offer better beam collimation and 

frequency stability, resulting in higher measurement accuracy under varying environmental 

conditions [15]. 

In industry, PALs are added to active noise control (ANC) to quiet local zones, such as 

workstations, control panels, or passenger areas. Traditional ANC often needs many 

loudspeakers or large barriers. By contrast, PALs project phase-inverted sound along a narrow 

path. They achieve cancellation without affecting nearby areas. This enables open-space quiet 

zones and improves comfort and speech clarity [16]. 

PALs are also explored for industrial monitoring and ultrasonic testing where precise spatial 

excitation is required. However, challenges remain. Hard surfaces cause reflections. Beam 

steering can be limited. Power is often constrained in large or reverberant spaces. Ongoing 

research aims to improve beam shaping, source modulation, and array control to raise reliability 

in complex acoustic conditions [17]. 

d) Targeted Audio and Immersive Experiences 

Given their high directivity and sound beamforming capabilities, parametric speakers have 

significant potential in spatial audio, immersive sound experiences, and intelligent 

communication systems. They have been applied in museum and exhibition audio guides, 

where highly localized sound projection allows visitors to receive audio information without 

disrupting others nearby. The studies [18] have explored their use in acoustic measurement 

setups, where their precision and directionality contribute to improved sound field control and 

measurement accuracy.  

 Fundamentals and System Architectures of Parametric Speaker 

Parametric array loudspeakers operate based on principles of nonlinear acoustic propagation, 

using ultrasonic carrier waves, typically in the range of 20 kHz to 100 kHz, to transmit audio 
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signals. These high-frequency waves are modulated with audible content and emitted into the 

air, where the medium’s inherent nonlinearity triggers a self-demodulation process. This results 

in the reconstruction of the audible signal at a distance, confined to a narrow propagation region. 

Due to the short wavelength of ultrasonic waves, PALs achieve minimal diffraction and high 

directionality, allowing precise spatial targeting of sound energy [19], [20]. 

In this study, a 40 kHz carrier wave is used, chosen for both its acoustic advantages and 

engineering practicality. First, it exceeds the upper limit of human hearing (20 kHz), ensuring 

inaudibility. Second, 40 kHz is a standard frequency in airborne ultrasonics, with numerous 

cost-effective and readily available transducers such as the Murata MA40S4 used in our setup 

which designed for optimal performance at this frequency. Third, while higher ultrasonic 

frequencies suffer from rapid air attenuation, 40 kHz offers an effective trade-off: it is 

sufficiently high to trigger nonlinear self-demodulation while still propagating well through air 

without excessive loss [21]. 

Unlike conventional loudspeakers that rely on diaphragm vibration, parametric speakers emit 

modulated ultrasound that demodulates during propagation, producing audible sound solely 

along a narrow beam path. The short wavelength of ultrasonic waves minimizes diffraction and 

enhances directivity, a phenomenon explained by Huygens' principle [21]. This capability 

allows sound to reach a specific spot or a single listener while nearby areas remain unaffected. 

It suits museum guidance, public announcements, active noise control (ANC), and spatial audio 

in smart environments. 

However, PALs have technical limits. Effective self-demodulation often needs sound pressure 

level (SPLs) exceeding 110 Decibels (dB), which raises power demand. The nonlinear process 

also creates harmonic distortion and reduces low-frequency output. In addition, air absorption 

at ultrasonic frequencies lowers transmission efficiency. To address these issues, researchers 

study advanced modulation, improved transducer design, and high-efficiency power 

amplification. Recent work on hybrid modulation, adaptive beamforming, and AI-enhanced 

DSP shows promise for better performance and energy efficiency [22], [23]. 



 

P a g e | 31  

 

 

Fig. 2-2. The infrastructure of the parametric speaker and the demodulation process in 

the air. 

As shown in Fig. 2-2, a typical parametric speaker system consists of several key components: 

audio signal input, modulation stage, power amplification, ultrasonic transducer array, and the 

demodulation region where audible sound is perceived. The focused beam undergoes nonlinear 

self-demodulation during propagation [25], effectively forming a virtual sound source at the 

target. Upon interacting with a listener or obstacle, the ultrasonic and audible components 

separate, ensuring only the desired listener perceives the sound. 

• DSP Unit – Modulates the input audio signal onto an ultrasonic carrier wave. The most 

used modulation techniques include Amplitude Modulation (AM) and Frequency 

Modulation (FM). These modulation techniques determine how efficiently the sound is 

encoded into the ultrasonic wave for effective transmission. 

• Power Amplifier – Amplifies the modulated signal to a sufficiently high level to drive 

the transducers while maintaining minimal distortion. Given the high frequencies 

involved, power amplifiers used in parametric speakers must exhibit wide bandwidth 

and high efficiency to prevent excessive energy loss. 

• Transducer Array – Converts the amplified electrical signal into an ultrasonic beam 

with high directivity. This array typically consists of multiple piezoelectric transducers 

arranged to produce a narrow sound field, allowing for focused sound projection with 

minimal dispersion. 
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 Digital Modulation Methods for Parametric Speakers 

Modulation is a very important process to parametric speakers. It sets how the ultrasonic carrier 

encodes the audio and how the air later reconstructs it. Conventional loudspeakers generate 

audio directly. Parametric speakers do not. They rely on nonlinear effects in air to self-

demodulate the transmitted signal. This modulation pathway produces a highly directional 

sound field. It is essential for applications that need localised audio delivery. 

 

Fig. 2-3. Nonlinear interaction process in air for signal generation in PALs. 

As illustrated in Fig. 2-3, a parametric speaker is typically driven by two closely spaced 

ultrasonic signals, denoted as f1 and f2. Due to the nonlinear interaction within the air medium, 

these signals generate additional spectral components, including the sum frequency ( f1+f2 ), 

the difference frequency (  f1-f2 ) which is also be called DF, and various higher-order 

harmonics such as 2 f1,2 f2 , and intermodulation products. Among these components, the 

higher frequency harmonics experience rapid attenuation in air, diminishing quickly as the 

distance from the speaker increases. In contrast, the DF ( f1-f2 ), which falls within the audible 

range, is comparatively less absorbed by air, allowing it to propagate further while inheriting 

the spatial characteristics of the ultrasonic waves. This process enables parametric speakers to 

achieve an extremely narrow beam of audible sound, maintaining high directivity and minimal 

sound dispersion even over long distances[8], [25]. 

This section will further discuss the different modulation techniques used in parametric 

speakers, including AM, Single-Sideband Modulation (SSB), and DSB methods, which 

enhance the efficiency and precision of directional sound reproduction. 
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a) Double Sideband (DSB) amplitude modulation 

DSB Modulation is one of the earliest and most widely used modulation schemes in parametric 

speaker systems, initially introduced in 1983 [26] which is also used in 3.3 as the modulation 

method. In this approach, an audio signal is embedded into a high-frequency carrier via 

amplitude modulation, producing a modulated waveform that undergoes nonlinear self-

demodulation in air. The resulting audible signal is formed through the interaction of primary 

ultrasonic components, governed by the modulation envelope. A typical DSB-AM waveform 

is defined as：  

 s(t)=Ac[1+mg(t)]cos�2πfct�  (2-1) 

where m is the modulation index (depth), g(t) is the (normalized) audio message, fc  is the 

carrier frequency, and Ac is the carrier amplitude. 

As illustrated in Fig. 2-4, the DSB-AM process consists of: 

• Scaling the audio g(t) by m to set the modulation depth; 

• Adding a DC term to form the envelope 1+mg(t) (keeps the envelope non-negative 

when m ≤ 1); 

• Multiplying by the carrier Accos�2πfct� to obtain s(t). 

 

Fig. 2-4. Block diagram of DSB-AM with carrier signal generation. 

While DSB-AM is simple to implement, it presents a trade-off between demodulation 

efficiency and harmonic distortion. As shown in [27], increasing the modulation index 

improves signal strength but also leads to a substantial rise in total harmonic distortion (THD), 

reaching up to 80% when m = 1. This high distortion compromises sound quality and limits 

practical deployment. The limits of DSB-AM motivate alternative schemes. Single-sideband 
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(SSB) and recursive amplitude modulation (RAM) are two common options. They aim to raise 

fidelity and spectral efficiency. They also reduce total harmonic distortion (THD). As a result, 

SSB and RAM are often better choices for high-performance parametric speaker designs. 

b) Modified amplitude modulation (MAM) 

To improve the efficiency of parametric speaker systems, [28], [29] propose a MAM method, 

which combines Amplitude Modulation (AM) and Square-Root Amplitude Modulation 

(SRAM) based on orthogonal AM principles. The MAM method is designed to optimize the 

trade-off between audio loudness and distortion, which is a critical consideration when 

choosing a modulation technique and modulation index. The block diagram of the MAM 

method is illustrated in Fig. 2-5. 

The MAM modulation signal can be expressed as: 

 s(t)=(mg(t)+1) cos(ωct) +�1-(mg(t))2 cos(ωct)  (2-2) 

Where s(t) is the modulated output signal, which is transmitted as an ultrasonic wave. g(t) 

present input audio signal, containing the low-frequency audible content. And m controlling 

the depth of modulation: 

• Higher m increases loudness but also raises distortion. 
• Lower m reduces distortion but weakens the output. 
This method introduces a square-foot function to the modulation envelope, which helps reduce 

nonlinear distortion by controlling the depth of modulation. As a result, the modulated signal 

maintains a more linear response, leading to improved demodulation efficiency and reduced 

harmonic artifacts. 

 

Fig. 2-5. Block diagram of the MAM method. 
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A major challenge in modulation design is balancing audio loudness and signal fidelity. A 

higher modulation index increases demodulated signal strength, making the output more 

audible, but also introduces higher harmonic distortion [30]. To minimize distortion, one 

approach is the square-rooting method, which modifies the amplitude envelope to reduce the 

influence of high-order nonlinear components. However, this approach requires wide 

bandwidth ultrasonic transducers to handle the modified signal efficiently [31]. 

While MAM improves modulation linearity, it adds complexity to the system design, especially 

in terms of hardware implementation and transducer response. Despite this, MAM remains a 

viable alternative to conventional AM techniques for parametric speaker systems where low 

distortion and high sound clarity are prioritized. 

c) Single-Sideband (SSB)  

An alternative strategy to reduce distortion and improve spectral efficiency is the Single-

Sideband with Carrier (SSB-WC) system, as illustrated in Fig. 2-6. Compared to conventional 

AM, SSB modulation utilizes electrical power and bandwidth more efficiently, making it a 

preferred choice for parametric speaker applications [32]. 

The SSB-WC signal equation is given by: 

 s(t)=m[g(t) cos(ωct) ±g∧(t) sin(ωct)]+ sin(ωct)  (2-3) 

Where, g(t) is the signal, g∧(t) represents the Hilbert transform of the input signal, and ωc is 

the carrier angular frequency, the diagram of the SSB-WC has been shown in Fig. 2-6. 

 

Fig. 2-6. Block diagram for single sideband modulation with carrier (SSB-WC). 
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In Fig. 2-6, the positive (+) and negative (-) symbols denote Lower Sideband (LSB) and Upper 

Sideband (USB) modulation, respectively. The Hilbert transform block in the diagram follows 

a transfer function H(ω)=-jsgn(ω), where sgn(ω) is defined as: 

 sgn(ω) = �
1, for ω>0
0, for ω=0
-1, for ω<0

 (2-4) 

For a normalized signal g(t)=cos(ωt), the Hilbert transform introduces a phase shift of π/2, such 

that g∧(t)=sin(ωt). Consequently, the output of the single-sideband modulator φSSB(t) is: 

 φSSB(t)=0.5m cos(ωct) ±0.5m sin(ωt)  (2-5) 

which simplifies to: 

 φSSB(t)=0.5m cos[(ωc∓ω)t]#  (2-6) 

For a single-tone input signal cos(ωt), the modulated Lower Sideband with Carrier (LSB-WC) 

signal is(2-7): 

 φLSB-WC(t)=0.5{cos(ωct) + mcos[(ωc-ω)t]}  (2-7) 

Similarly, the modulated Upper Sideband with Carrier (USB-WC) signal is2-8: 

 φUSB-WC(t)=0.5{cos(ωct) + mcos[(ωc+ω)t]}  (2-8) 

As shown in Fig. 2-6, SSB-WC reduces redundant frequency components, thereby improving 

demodulation efficiency while maintaining a high-quality, low-distortion audio output. 

Compared to DSB-AM, SSB modulation minimizes spectral waste and reduces the risk of 

nonlinear distortion, making it a more effective choice for high-performance parametric 

speakers. 
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2.3 Parametric Speaker Design and Transducer Array 

Configuration 

While the unique directivity and low-spillover characteristics of PALs have enabled diverse 

applications, their practical effectiveness relies heavily on the physical design of the 

transducers and the configuration of the acoustic array. Unlike conventional audio systems, 

PALs must generate and control ultrasonic carriers with high precision, requiring specialized 

transducer materials, structures, and driving methods [33], [34]. 

Equally important is the arrangement of transducers within an array, which directly affects 

beamwidth, grating lobe formation, spatial resolution, and SPL. Choices regarding aperture 

size, spacing, array geometry, and element phasing have a considerable influence on the 

resulting sound field and its adaptability to different environments. 

The following sections examine critical aspects of ultrasonic transducer design for PALs, 

including recent developments in miniaturized, as well as array configuration strategies. These 

physical design elements form the foundation for precise beamforming and high-fidelity sound 

projection, which are central to achieving accurate far-field directivity, one of the primary goals 

of this study. 

 Beamforming Capability 

Acoustic beamforming is a spatial filtering technique that employs DSP to control the direction 

of sound propagation. In parametric speaker arrays, beamforming enhances directivity and 

reduces unwanted sound dispersion by manipulating the phase relationships among transducer 

elements. By applying carefully calibrated phase delays, the system induces constructive 

interference in a desired direction, an approach derived from phased array technology [35], 

[36]. As illustrated in Fig. 2-7, increasing the number of transducers and optimizing the delay 

profiles sharpens the main lobe and enables electronic steering of the sound beam [37]. 
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Fig. 2-7. Evolution of beamforming in parametric speaker arrays: (a) Single-element 

source with omnidirectional field, (b) Two-element array producing limited 

beamforming, and (c) Five-element array with delay-based phase control achieving 

focused directivity. 

As shown in Fig. 2-8, beamforming in PAL systems is realized through a multi-transducer 

configuration with individually controlled phase delays. These delays generate a focused 

ultrasonic beam that undergoes nonlinear self-demodulation during propagation, forming a 

steerable audible sound field. Although the complete system may include Analog-to-digital 

Converters, modulators, and amplifiers, it is the integration of precise phase control with 

nonlinear acoustic effects that fundamentally enables directional sound projection. 

Achieving beamforming in PAL systems requires driving each ultrasonic transducer with an 

independent amplifier, enabling individual phase control across the array. By exploiting 

constructive and destructive interference, a highly directional ultrasonic beam is formed, which 

self-demodulates into an audible signal through nonlinear interaction in air. This configuration 

functions as an end-fire virtual array, allowing precise targeting with minimal off-axis 
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dispersion. However, implementing such systems presents substantial challenges, particularly 

in maintaining synchronization across multiple amplifiers and preserving signal integrity [38]. 

Despite the challenges in implementation, advances in DSP have significantly enhanced the 

beamforming capabilities of PALs. Modern algorithms such as delay-sum, minimum variance 

distortion less response (MVDR), and adaptive filtering enable real-time steering of narrow 

acoustic beams with high spatial precision. Unlike traditional systems that rely on mechanical 

rotation or gimbals for beam redirection, parametric speakers with phase control can steer 

sound electronically by adjusting the delay and phase applied to each transducer. This 

eliminates the need for complex mechanical structures, leading to more compact, reliable, and 

rapidly reconfigurable audio systems. 

 

Fig. 2-8. Parametric array loudspeaker array with beamforming capability enabled by 

digital signal processing, using individually amplified ultrasonic transducers and phase-

controlled modulation to generate a steerable audio beam. 

 Power Amplifier for Parametric Speaker 

Parametric array loudspeaker systems, like conventional audio systems, can employ various 

power amplifier topologies, including Class A, B, AB, and D configurations. Analog amplifiers 

such as Class A and AB offer excellent signal fidelity but suffer from low power efficiency 

typically below 70% [39], [40]. In contrast, switching-mode amplifiers, particularly Class D, 

have emerged as a highly efficient alternative, achieving power conversion efficiencies 

exceeding 90% at high modulation indices [41]. As shown in Fig. 2-9, this efficiency advantage 

has led to the widespread adoption of Class D amplifiers in commercial parametric speaker 

designs, replacing many traditional analogue implementations [42], [43]. In this thesis, we 

employ a Class-D power stage to generate and deliver the ultrasonic drive: the DSB-AM carrier 

and audio envelope are composed in the digital domain and then amplified by a MOSFET H-
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bridge  to excite the array. Implementation details and measurement configurations are 

provided in Chapter 3 and in the experimental-setup sections of Chapters 3 and 4.  

 

Fig. 2-9. Power efficiency comparison of amplifier classes used in audio and parametric 

array loudspeaker systems [32]. 

a) Analog Amplifier 

Class A amplifiers are occasionally employed in parametric speaker systems due to their 

superior linearity and low distortion. These amplifiers operate continuously throughout the 

entire input signal cycle, including both positive and negative phases. As a result, they consume 

power even in the absence of an input signal, leading to poor power efficiency, ranging from 

15% to 30% [44]. 

To address these inefficiencies, push-pull Class B amplifiers have been proposed as an 

alternative. Operating at a lower DC bias point than Class A amplifiers, Class B designs offer 

improved power efficiency and wider bandwidth. However, this comes at the cost of increased 

signal distortion due to crossover nonlinearity and reduced fidelity [45], [46]. 

To mitigate these issues, pre-linearized Class B amplifiers have been developed to enhance 

linearity by reducing voltage gain variation [47], [48]. Another option is the Class C amplifier, 
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a nonlinear configuration that offers high efficiency but suffers from reduced output power and 

limited sensitivity, making it less suitable for precision audio applications. 

To overcome this limitation, a novel diode expander architecture has been proposed to improve 

Class C amplifier performance [49]. By increasing the input pulse amplitude applied to the 

power transistor, this structure enhances the output voltage and compensates for sinusoidal 

waveform degradation caused by limited conduction angles. 

b) Digital Amplifier 

Class D amplifiers adopt a switching topology that significantly reduces power dissipation 

compared to conventional linear amplifiers. As illustrated in Fig. 2-10, analogue audio signals 

are first sampled and converted into pulse-modulated waveforms, which are then used to drive 

output switching devices. The resulting high-frequency switching signals are filtered either by 

a dedicated low-pass filter or through the mechanical response of the speaker itself to 

reconstruct the audible signal. 

 

Fig. 2-10. Topology and signal waveform of a Class D amplifier using pulse-width 

modulation (PWM). 

Depending on the modulation strategy employed, Class D amplifiers can be categorized into 

several types, including Pulse Width Modulation (PWM), Pulse Density Modulation (PDM), 

Delta-Sigma (Δ-Σ) Modulation, and Self-Oscillating schemes [50], [51] . Each technique offers 

distinct trade-offs in terms of spectral efficiency, distortion, and control complexity. In our 

implementation, a PWM-modulated audio signal is fed into the TC4427 MOSFET driver, 

which controls the switching of power transistors connected to a DC supply (VDD). This setup 

forms a discrete Class D amplification stage, where the amplified switching output is delivered 

to the speaker. The acoustic signal is reconstructed either through a low-pass filter or the 

inherent mechanical response of the loudspeaker. 
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c) Semiconductor Materials of Amplifier  

Wide-bandgap (WBG) semiconductors such as silicon carbide (SiC) and gallium nitride (GaN) 

have enabled the development of Class D amplifiers with improved distortion characteristics 

and wider bandwidths [52]. Compared to silicon (Si) devices, GaN transistors support higher 

operating voltages and exhibit lower leakage currents [53]. They also offer reduced on-

resistance and conduction losses because of their higher electron saturation velocity, which is 

approximately 2.8 times greater than that of Si. 

GaN devices also benefit from lower parasitic capacitance, allowing them to operate at 

switching frequencies in the megahertz range. Table 2-1 summarizes the key differences in 

electrical and thermal properties between GaN and Si devices. The wider bandgap, higher 

carrier mobility, and better thermal performance of GaN materials enable faster switching and 

lower conduction losses [54], [55]. 

Table 2-1. Comparison of Key Electrical and Thermal Parameters of Semiconductor 

Materials (Si, SiC, GaN). 

Characteristic Parameters Unit Si SiC GaN 

Energy gap eV 1.1 3.26 3.49 

Electron mobility 
cm2/vs

 1500 700 2000 

Saturated electron velocity 
10

7
/s

 1 2 2.8 

Electric breakdown field MV/cm 0.4 2 3.3 

Thermal conductivity W/(cm
∙
K) 1.5 4.5 >1.5 

Relative permittivity ɛr 11.8 10 9 

Experimental results confirm that GaN-based Class D amplifiers can achieve higher power 

output and lower THD compared to their silicon-based counterparts [56]. A comparative 

analysis of 60 V GaN and Si devices showed that GaN delivers significantly higher power 

density [57], [58]. In addition, GaN FETs are more compact, efficient, and cost-effective than 

traditional Si MOSFETs. One study demonstrated a compact eight-phase GaN Class D 

amplifier operating at 5 MHz for ultrasound cancer therapy, highlighting GaN’s advantages in 

high-frequency acoustic applications [59]. 
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 Design of Transducers 

To keep a consistent and balanced frequency response, designers tune piezoelectric transducers 

for a broad resonance peak or for several distinct resonance modes. Recent work also targets 

miniaturised structures to fit PALs into compact electronic devices. 

For example, a circular PAL in [60] uses a dual-diaphragm layout with two radial cones on a 

piezoelectric transducer. This layout raises acoustic output. It also uses an acoustic-crystal 

waveguide to produce highly directional ultrasound. In addition, piezoelectric micromachined 

ultrasonic transducers (PMUTs) are promising for compact PALs because they integrate well 

and use little power. [61]. 

Due to the impact of radiation structure size on radiation impedance, thin-plate PMUTs have 

been employed to enhance electro-acoustic efficiency. For example, [62] implemented a 

Complementary metal oxide semiconductor (CMOS)-compatible, air-coupled parametric array 

loudspeaker using dual-crystal aluminum nitride PMUTs, demonstrating a 200% improvement 

in output performance with a beamwidth that is narrower than 5 degrees. The PMUT array 

consisted of 246 transducer units integrated within a 13 mm × 13 mm chip. Additionally, to 

expand the operational bandwidth of the transducer array, out-of-phase driving was introduced, 

utilizing multiple radiators with different resonance frequencies [63]. 

These advancements have led to compact PAL designs that combine low power consumption 

with high-fidelity audio, making them suitable for portable devices such as laptops and 

smartphones. Fig. 2-11 shows the internal structure of a typical ultrasonic transducer, which 

includes a piezoelectric element that converts electrical signals into mechanical vibrations. 

These vibrations are transferred to a metal diaphragm and then radiated as ultrasonic waves. A 

radial cone shapes the beam direction, while the housing and elastic components provide 

structural support and vibration stability. This design enables efficient ultrasonic generation, 

essential for the precise sound control in PAL systems. 
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 (a)                                                             (b) 

Fig. 2-11. Package and internal structure of a piezoelectric ultrasonic transducer used in 

PALs. (a) External view; (b) cross-section with labelled components [64]. 

 Configuration of Transducers 

Transducer configuration is determined by the application and available installation space. 

Different array shapes produce varying frequency responses and directivity patterns, as the 

effective radiation length depends on array geometry. Higher element density generally 

narrows the beam but may reduce power efficiency [65]. 

Olszewski and Linhard analysed various parametric speaker array configurations and proposed 

a ring-shaped transducer arrangement to reduce beamwidth at lower frequencies, as illustrated 

in Fig. 2-12 (a). Furthermore, introducing phase deviations between transducer elements, as 

shown in Fig. 2-12 (b), enables additional acoustic effects, such as enhanced noise rejection, 

reduced overall noise levels, and 3D spatial sound reproduction. Additionally, attaching a horn 

structure to the parametric speaker, as depicted in Fig. 2-12 (c), improves beam collimation by 

further increasing directivity. 
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Fig. 2-12. Various parametric speaker array configurations: (a) Ring-shaped transducer 

arrangement, (b) Phase-deviation array, (c) Horn-augmented structure [1], [66]. 

A key factor in understanding parametric array loudspeaker directivity is the array aperture, 

which is equal to the array length. The frequency bandwidth fmin  to fmax  for maximally 

directional audio output is empirically constrained by the speed of sound in air ( c≈342 m/s at 

sea level) [67]: 

 
c

�1
2� aperture 

≤ fmin≤ fmax≤
c

2 spacing  (2-9) 

Where: 

• Aperture size should be at least twice the largest wavelength to maintain collimated 
sound beams. 

• Transducer spacing should not exceed half the wavelength of the highest frequency to 
prevent undesirable diffraction effects. 

• The effective aperture of an ultrasonic transducer array is significantly larger than its 
actual length, enabling highly focused sound projection even with a compact array 
design. 

Designing array directivity involves several trade-offs. Lower frequencies require larger 

apertures to maintain beam focus, while higher frequencies demand tighter spacing to avoid 

grating lobes. Narrower beams improve targeting but reduce the effective bandwidth. These 
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principles guide the design of efficient PAL arrays for applications such as spatial audio and 

ANC. 

2.4 Acoustic Field Characteristics and Performance Metrics 

 Near-Field and Far-Field Characteristics 

To accurately model the spatial distribution of sound from parametric array loudspeakers, it is 

crucial to distinguish between near-field and far-field acoustic characteristics (Fig. 2-13). This 

distinction not only affects the interpretation of beam-forming behaviour but also influences 

the selection of appropriate modelling techniques for predicting sound pressure and directivity 

patterns [68], [69]. 

The Fresnel distance (also known as the near-field to far-field transition distance or Rayleigh 

distance) is the characteristic range from an acoustic source beyond which the sound field 

transitions from the near-field (Fresnel zone) to the far-field (Fraunhofer zone). Beyond the 

Fresnel distance, the wavefront fully develops and becomes less dependent on transducer-

specific characteristics. In this region, sound pressure decays according to the inverse-square 

law. This phenomenon can be described in terms of the acoustic wavelength ‘ λ’ and piston 

radius ‘a’, with general distances denoted as ’r’ and along the transducer axis as ‘z’. Beyer and 

Letcher acknowledged the presence of Fresnel and Fraunhofer diffraction, introducing a 

conceptual distinction between the near-field and far-field at z=a2/λ [70]. 

Building upon this, Blackstock extended the definition of the far-field to z>πa2/λ and z≫a, 

recognizing the significance of the quantity πa2/λ as a marker that delineates the transition from 

the near-field to the far-field [71]. However, these criteria are not exhaustive. Alternative 

approaches, such as modelling the near-to-far-field transition via the Rayleigh integral, have 

also been proposed [72]. Another study further divides the far-field into the Westervelt far-

field and the inverse-square law far-field [73]. The latter is characterized by sound pressure 

being inversely proportional to the distance from the source, adhering to the principles of the 

inverse square law. It represents the farthest region from the sound source where the sound is 

perceptible. In this work, we focus on modelling far-field directivity for PALs, particularly 

within the inverse-square law regime.  
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Fig. 2-13. Conceptual illustration of near-field amplitude modulation and far-field beam 

profile in a parametric acoustic array [72]. 

 Attenuation Coefficient 

To accurately model sound propagation in air, especially at ultrasonic frequencies, it is essential 

to account for the attenuation coefficient, which quantifies the decay of acoustic amplitude with 

distance. This coefficient is governed by physical mechanisms such as viscous losses, thermal 

conduction, and molecular relaxation, and is highly frequency dependent. Accounting for 

attenuation is critical for predicting the sound field generated by PALs. As sound travels 

through air, its amplitude decreases due to thermo-viscous losses and molecular relaxation, 

both of which convert acoustic energy into heat. These effects are particularly significant at 

ultrasonic frequencies. This study adopts a closed-form attenuation model incorporating both 

classical and relaxation-based absorption, allowing frequency-dependent damping to be 

explicitly represented [74], [75]. 

  α  =f2 �1.84×10-11 pr
pa
�

T
T0
�
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where α  is the acoustic absorption coefficient, f  is frequency (Hz),   pa is the ambient air 

pressure in the propagation environment (Pa), pr=101.325kPa is the reference atmospheric 

pressure, T  is the absolute air temperature (K) , and T0=293.15 K(20∘C)  is the standard 

reference temperature. The terms fr,O and fr,N denote the relaxation frequencies of oxygen and 

nitrogen (Hz), respectively. Units: α in Np/m (neper per meter), f and fr, in Hz , pressures in 

Pa , and temperatures in K [76]. 

 

fr,O=
pa
pr
�24+4.04×104h

0.02+h
0.391+h

� ,

fr,N=
pa
pr
�

T
T0
�

-12

⎝

⎛9+280hr

-4.17�� T
T0

-13-1��

⎠

⎞ ,
 (2-11) 

In the Equation (2-11), h is the absolute humidity, which can be derived from the relative 

humidity hr and the saturated water vapour pressure psat by the following equation: 

 h=hr
psat 
pr

pa
pr

 (2-12) 

psat is given by the modified Tetens Equation as: 

 psat =0.6112× exp �
17.67T

T+243.5
�  (2-13) 

Fig. 2-14 shows the variation of sound attenuation coefficients with frequency from 0 to 

100kHz at different relative humidities (RH) at 283.15 K(10∘C) and 313.15 K ( 40∘C ), 

atmospheric pressure (pr). As depicted, the attenuation coefficients increase with frequency, 

indicating greater sound energy loss at higher frequencies. In dry air (RH = 0%), water-vapour–

assisted vibrational relaxation of O₂ and N₂ is essentially absent, so the relaxation term in 

atmospheric absorption is negligible and the loss reduces to classical viscous/thermal 

mechanisms; consequently the attenuation coefficient α is minimal, whereas increasing 

humidity enhances relaxation absorption in the ultrasonic band [74], [76]. A small non-

monotonicity around RH ≈20% at frequency 3 kHz appears where the relaxation frequency 

passes through the band; for fixed fr fa
  2/�fr

  2+fa
  2� peaks at fa ≈ fr, yielding a local maximum 

and minor curve crossings. 
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Fig. 2-14. The Frequency response of the attenuation coefficient α at 283.15 K (a) and 

313.15 K (b), illustrating the variation in sound attenuation across a frequency range 

from 0 to 100 kHz. 

 Directivity of Parametric Speaker  

Directivity describes the angular dependence of a loudspeaker's radiated sound field and is a 

key metric of spatial performance. For PALs, directivity is particularly pronounced because 

ultrasonic carriers and nonlinear self-demodulation generate sharply focused audible beams 

with minimal spillover, unlike conventional loudspeakers that typically exhibit broader 

radiation patterns [101], [102]. In practice, PAL directivity is measured by rotating a 

microphone at a fixed radius around the source and recording the sound pressure level (or SPL) 

over angle; the results are plotted in polar or Cartesian form to reveal main-lobe width, side 

lobes, and off-axis behaviour [103]. 

In experiments, the SPL-based directivity is defined as a relative level in decibels, 

 DSPL(φ)=Lp(φ)-Lp�φref�  (2-14) 

where Lp(φ) is the measured sound pressure level (in dB) at angle φ, and φref  is typically the 

direction of maximum response (e.g., on-axis). Because Lp  is already in decibels, the 

subtraction directly yields a relative directivity in dB. 
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For theoretical modelling (e.g., FEM), the pressure-amplitude directivity is often defined via a 

normalized complex pressure (dimensionless), 

 Dp(φ)=20 log10 �
|p(φ)|
�p�φref��

�  (2-15) 

where p(φ) is the (audible) acoustic pressure amplitude at angle φ. prms is the measured (root-

mean-square) sound pressure and the reference in air is pref=20μ Pa [71]. Equations (2-14) and 

(2-15) are consistent: both express the directional response relative to a reference direction, 

with (2-15) providing the theoretical counterpart to the experimental SPL definition. In PALs, 

the observed audible-band pattern reflects the combined effect of the primary ultrasonic beam 

and nonlinear propagation, which together shape the far-field directivity and its side lobe 

structure. 

2.5 Modelling Strategies for PAL Far-Field Directivity 

Accurately modelling the far-field directivity of PALs needs a balance of accuracy, speed, and 

scalability. The reason is the nonlinear nature of sound propagation and the complex system 

geometry. Current methods fall into three groups. Analytical models come from nonlinear 

wave equations. Numerical models use finite element modelling (FEM). Data-driven models 

use deep learning. This section compares these strategies and evaluates their strengths, limits, 

and suitability for practical PAL design. 

 Westervelt-Based Directivity Analytical and Numerical Models 

Accurate prediction of PAL sound-field directivity relies on nonlinear acoustic models 

grounded in basic physical laws. As illustrated in Fig. 2-15, the modelling starts from 

conservation of mass, conservation of momentum, and the equation of state. Together these 

describe sound in a fluid. From this basis, researchers derive several nonlinear wave equations. 

Each equation strikes a different balance between physical fidelity and computational cost..  
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Fig. 2-15. Nonlinear acoustic equation framework for far-field modelling of PALs. 

The earliest comprehensive model is the Lighthill equation. It comes from fluid dynamics and 

models sound generation in turbulent flows. It provides the base for later work in nonlinear 

acoustics [77].  

Then in 1963, the Westervelt equation which is the most widely used nonlinear wave model 

for PALs invited. It describes finite-amplitude sound in weakly nonlinear media. It adds 

second-order nonlinearity and diffusive loss. It is well suited to modelling the secondary field 

produced by self-demodulation in air [4].  

From the Westervelt equation, researchers derive simpler forms from Westervelt. The 

Khokhlov–Zabolotskaya–Kuznetsov (KZK) equation uses a paraxial approximation (KZK) 

applies a paraxial approximation [78], [79]. It assuming that the primary beam is narrow and 

forward-propagating. It incorporates nonlinearity, diffraction, and absorption, and is effective 

in modelling narrow and forward-propagating sound beams [80].  

The Burgers [81] equation represents a further simplification of the KZK [82] model, 

neglecting diffraction entirely. It is typically used in one-dimensional analysis to capture the 

nonlinear steepening and shock formation in wave propagation [83].  



 

P a g e | 52  

 

For efficient far-field directivity modelling, the convolution model offers a low-complexity 

alternative. Derived from the Westervelt equation under far-field assumptions, it represents the 

secondary field as a convolution between the primary ultrasonic beam and a nonlinear kernel. 

While it predicts the main lobe accurately, it tends to underrepresent side lobes and array-

induced artifacts [84].  

The Kuznetsov equation, although mathematically like Westervelt’s formulation, uses a 

slightly different representation and is commonly used in theoretical derivations of nonlinear 

wave motion [85]. It provides a complete description of nonlinear propagation but is rarely 

used directly in PAL simulations due to its computational complexity.  

Together, these models form a practical ladder for PAL directivity. Westervelt sits at the top 

for full-physics accuracy; KZK and Burgers simplify the physics when speed is needed; and 

convolution-based methods give fast far-field estimates that are convenient for large design 

sweeps and steering studies. Fig. 2-15 summarises how they trade accuracy for computation 

across this hierarchy. 

 Acoustic Far-Field Calculation by FEM and Deep Learning  

Accurate far-field prediction of PALs requires computational models that can capture the 

nonlinear acoustic interactions driving secondary sound field formation. While analytical 

approaches offer theoretical insight, they often miss complex propagation and energy loss in 

parametric sound. For this reason, researchers develop numerical models. These models 

simulate parametric-speaker fields under realistic conditions with higher precision [86]. 

The Westervelt equation is the most used numerical framework for PALs. It includes second-

order nonlinearity and dissipative effects. It predicts directional secondary fields with good 

accuracy. However, its application involves solving second-order partial differential equations 

with nonlinear source terms, which demand advanced numerical solvers and significant 

computational resources [87]. 

FEM suits high-fidelity simulation. It can include nonlinear terms and use adaptive meshing. 

It can predict fields even with strong nonlinearity and steep wavefronts. For example, Wong et 

al. (2007) used FEM to simulate CMUTs and showed it can model complex acoustic coupling 

[88]. In contrast, methods like the Finite-Difference Method (FDM) are often preferred for 

simpler, homogeneous media and time-domain simulations due to their lower computational 
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cost. Okita et al. (2011) utilized FDM for high-intensity focused ultrasound (HIFU) simulations 

in medical applications, highlighting its efficiency in specific contexts [89]. However, for 

applications such as parametric speakers, even just modelling boundary effects without 

nonlinear interactions, FEM remains the preferred approach. 

FEM is also common in wider acoustics, It models reflections and absorption in concert halls 

and studios and supports better room design [90]. Taraldsen (2001) demonstrated the 

effectiveness of FEM in solving nonlinear medical ultrasound problems, providing insights that 

also apply to parametric speaker modelling [91]. Despite its higher computational demands, 

the flexibility and accuracy of FEM make it a superior choice for simulating the sound field of 

parametric speakers, particularly in predicting far-field directivity. As computational power 

continues to advance, FEM remains a fundamental tool in acoustic engineering, facilitating 

more precise and efficient parametric speaker designs. 

However it still too slow, traditional methods for optimizing parametric speaker arrays, such 

as Genetic Algorithm (GA) and PSO, rely on computationally expensive simulations like FEM 

[92]. While these approaches offer accurate solutions, their high-cost limits real-time 

applications and large-scale optimisation. To address this, generative models like GANs 

present a promising alternative by learning complex mappings between array configurations 

and their resulting directivity patterns, significantly reducing computational requirements [93]. 

GANs have shown strong performance in domains such as image synthesis and audio signal 

enhancement, with models like WaveGAN and SEGAN demonstrating realistic waveform 

generation and noise suppression [94]. Although these models primarily target one-

dimensional signals, recent studies have applied GANs to physics-informed tasks such as fluid 

dynamics, where they significantly reduce simulation cost while preserving spatial accuracy 

[95]. These findings suggest that GANs can be extended to nonlinear acoustic modelling, 

offering a data-driven alternative to solve the Westervelt equation efficiently. 

To systematically compare modelling strategies for predicting PAL far-field directivity, Table 

2-2 summarizes three representative approaches, analytical, numerical, and data-driven, along 

with their typical strengths and limitations. Analytical methods are fast and interpretable with 

closed or semi-closed forms, but their simplifying assumptions limit accuracy in complex or 

off-axis scenarios. Numerical methods deliver high-fidelity predictions, handle complex 

geometries and boundaries, and can include nonlinearity and attenuation, yet they are 
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computationally expensive and less scalable. Data-driven models provide fast inference, are 

scalable and optimizer-friendly, but remain data-dependent and offer weaker physical 

guarantees. These trade-offs motivate a hybrid workflow in which high-fidelity simulations 

inform learned models, combining the accuracy of numerical methods with the efficiency and 

scalability of data-driven prediction for PAL directivity estimation. 

Table 2-2. Representative Approaches for PAL Directivity Prediction: Methods, 

Representative References, and Typical Applications. 

Category References Limitations Strengths 

Analytical 
Westervelt [18], 

KZK [82], 
Burgers [81] 

Oversimplified, 
low accuracy 

Fast; interpretable 

Numerical 
FEM [96], 

FDTD [97], 
BEM [98], 

Computationally 
expensive, 

Scalability limited 

High-fidelity, complex geometry 
and boundaries, nonlinear 

attenuation 

Data-driven 
WaveGAN[6] 
SEGAN[94] 

Data-dependent, 
weak physical 

guarantees 

Fast inference, scalable, optimizer-
friendly 

2.6 Summary 

This chapter has reviewed the foundations needed to model and design PALs. We outlined the 

nonlinear acoustics that govern ultrasonic carriers and difference-frequency generation, then 

connected these principles to practical system choices: transducer layouts, modulation schemes, 

and beamforming strategies for directional projection. Because drive electronics shape the 

usable bandwidth and modulation fidelity, we also noted relevant electrical aspects, including 

amplifier and transducers. Building on this context, we compared three modelling families 

analytical (Westervelt/KZK/Burgers), numerical (FEM), and data-driven (GAN) with attention 

to what each deliver in terms of interpretability, spatial fidelity, runtime, and ease of integration 

into a design workflow. 

The comparison clarifies the trade-offs. Analytical methods are fast and interpretable, but they 

rely on simplifying assumptions that limit their ability to represent nonlinear loss, edge effects, 

and grating-lobe behaviour in steered or non-uniform arrays. FEM achieves high spatial fidelity 
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and accommodates complex boundaries; however, its computational cost hinders routine 

design sweeps, optimisation, and rapid exploratory studies. GAN-based models provide near-

instant inference and scale well to large design spaces, yet their reliability depends on the 

coverage of the training data and they offer weaker explicit physical guarantees. 

From this review, we can find that there is no widely adopted approach that simultaneously 

delivers FEM-level spatial fidelity for main-lobe and side/grating-lobe prediction under 

realistic steering and layouts and the design-time efficiency required for parameter sweeps and 

optimisation. In practice, PAL development needs a modelling route that preserves the physical 

character of the sound field, scales to large design studies, and is evaluated with consistent, 

peak-normalized, measurement-referenced metrics on matched angle samples. 

These observations motivate a hybrid direction. The next chapter introduces a dual-convolution, 

physics-aware modelling approach that embeds array geometry and spatial impulse-response 

information to better capture far-field structure including side lobes and grating lobes while 

remaining lightweight enough for broad design sweeps and optimisation. Subsequent chapters 

evaluate this approach alongside FEM and measurement under a consistent protocol and show 

how it can support steerable PAL configuration with the accuracy, efficiency, and 

reproducibility that real-world workflows require. 
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Grating Lobe Prediction Using a Dual Convolution 

Model for PALs 

3.1 Introduction 

Traditional approaches to modelling the far-field characteristics of PALs, such as analytical 

solutions based on the Westervelt equation and numerical simulations using FEMs, often face 

significant computational challenges. While conventional Westervelt-based convolution 

models are efficient in capturing main lobes, however, they do not resolve the precise grating 

lobes when the array layout or steering changes. limits their practical use in PAL design. To 

address this, we propose a Dual Convolution Model to predict the grating lobes in the 

directivity patterns of PALs.  

Here, a novel approach integrates a quasi-linear solution of the Westervelt equation with the 

two-dimensional (2D) convolutional model for directivity analysis. To enhance directivity 

prediction accuracy, the derived expression is augmented convolution with the phased-array 

eigen-directivity, yielding the modified convolutional formulation model which is called the 

dual convolution model. Convolution can be used to model the superposition effect of the 

sound waves in space. The enhanced model not only improves main lobe accuracy but also 

extends predictions to side lobes and grating lobes. Measurements of the directivity of 

rectangular PALs are compared with the proposed modified convolution model, validating the 

accuracy in predicting directivity and efficacy to capturing side-lobes and grating lobes. The 

proposed model can provide valuable support for future investigations into the design and 

implementation of the far-field of PALs. 

In this Chapter First, we present the theoretical foundations of the Dual Convolution Model. 

Then we build the predictive framework from these foundations. Next, we describe the 

experimental setup and report results, comparing the proposed model with standard 

convolution methods and FEM. Finally, we show that the model captures grating-lobe 

characteristics and improves predictive accuracy. 
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3.2 Westervelt-Equation-Based Dual Convolution Model  

In this section, we model the directivity of PALs. First, we derive the standard convolution 

model and relate its terms to the array geometry and the propagation path. Then, we introduce 

a two-dimensional predictive model that estimates grating lobes with high accuracy. Next, we 

extend the derivation to three dimensions to cover more general layouts and steering. In the 

last part, we explain why the 2D model is sufficient in most practical cases: the principal-plane 

behaviour dominates, out-of-plane variation is weak over the apertures and angles considered, 

and the evaluation metrics are taken on those planes. 

 2D Analysis of analytical method 

Fig. 3-1 is a schematic that explains the PAL architecture and demodulation mechanism; the 

actual FEM geometry and mesh used in simulations are shown in Fig. 4-2 (COMSOL 

screenshot with PML and a mesh inset). The initial model considers a PAL placed on an 

infinitely reflective plane, with its three-dimensional (3D) configuration depicted in Fig. 3-1(b). 

In this setup, the PAL emits ultrasonic beams at distinct frequencies, while the DF component 

which representing the audible signal is generated via second-order nonlinear interactions in 

air. 

 

Fig. 3-1. The linear acoustic phased array and corresponding sound field, illustrating (a) 

an 8-element configuration in the 2D model and (b) an 8×8-element configuration in the 

3D model, both depicted with a specified. 
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Although full 3D modelling can reveal rich acoustic behaviour and enable applications such as 

medical imaging and complex environmental simulations [99], [100], such scenarios extend 

beyond the scope of this work. In contrast, the primary focus here is on planar far-field 

directivity in controlled acoustic environments. For this purpose, a 2D simplification is both 

computationally efficient and sufficiently accurate. By constraining the problem space, the 2D 

model in Fig. 3-1(a) retains essential physical characteristics such as beam steering, grating 

lobe formation, and spatial aliasing while significantly reducing the computational burden. 

In a 2D analysis, a Cartesian coordinate system (𝑥𝑥, 𝑦𝑦) and a polar coordinate system (ρ, 𝜑𝜑) are 

centred at the PAL's origin, O. Here, the x-axis’ positive semiaxis aligns with the sound 

radiation direction, with 𝜌𝜌 and 𝜑𝜑 representing radial and azimuthal coordinates, respectively. 

[81]. 

 In the following, the Westervelt equation will be used to derive the far-field solution of phase 

loudspeaker array. In the derivation, the convolution model proposed in recent studies [101] is 

employed to accurately characterize the far-field behaviour. The radiation of the loudspeaker 

arrays in the far-field is dominated by the Westervelt equation as [102]: 

 ∇2p-
1
c0

2
∂2p
∂t2

=-
δ
c0

4
∂3p
∂t3

-
β
ρ0c0

4
∂2p2

∂t2
 (3-1) 

Where ρ0 represents the ambience air density, c0is the linear speed of sound in air, p denotes 

the sound pressure, β is the nonlinear coefficient in air, and δ is the sound diffusivity which is 

linked to the sound attenuation coefficient α which defined in Equation (3-1). The Westervelt 

equation serves to precisely simulate the PAL under second-order nonlinearities within the far-

field. Employing a stepwise approach, it simulates the quasi-linear solution of audio sound, 

representing as the emission from an infinite virtual source with a defined sound pressure [103]:  

 pa(ρ)=-ρ0wa �  
2π

0
�  

∞

0
qa�ρv�H0�ka�ρ-ρv��ρv dρv dφv  (3-2) 

Here, the virtual source point ρv=�xv,yv�, and �ρ-ρv�=�(x-xv)2+(y-yv)2 is the distance between 

the point ρ  and the source point ρv . ωa =2πfa  is the angular frequency and fa= f2-f1  is the 
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frequency of the audio. H0 is the first order Hankel function, ka = ωa/c0 is the wavenumber and 

qaas the density of the source [103], which can be expressed as: 

 qa�ρv�=
βωa

iρ0 2c0 4
p1 *�ρv�p2�ρv�  (3-3) 

The acoustic pressure of ultrasound at the virtual source point can be formulated in a manner 

akin to the Rayleigh integral [103]:  

 pj�ρv�=
p0
2
�  

ap

-ap

H0�kj�ρv-ρs��uj�ρs�dys  (3-4) 

Here apdenotes the piston half-width (aperture parameter). The symbol aelsewhere refers to 

the attenuation combination a=α1+α2. In the far-field case with ρ→∞, the 0th order Hankel 

function has an approximation of [26]: 

 H0�ka�ρ-ρv��≈�
2

iπρka
eika�ρ-ρv cos�φ-φv��  (3-5) 

where: 

 �ρ-ρv�≈ρ-
ρ⋅ρv
ρ

=ρ-ρv cos φ -φv  (3-6) 

Considering the scenario of far-field with ρv→∞, Equation (3-4) is expressed as [27]: 

 pj�ρv�=�
2

iπkjρv
p0kiapeikiρvDj�φv�  (3-7) 

Substituting Equation 3-7 into Equation (3-4) yields the source density of the audio sound 

[101]: 

 qa�ρv�=
2βkap0 2�k1k2ap

2

iπρ0 2c0 3ρv
ei�k2-k1 *�ρvD1 *�φv�D2�φv�  (3-8) 

Applying Equation3-8 into Equation (3-2) we can derive the sound pressure as [103]: 
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With implementing Equation (3-5) into Equation (3-9) the sound pressure can be expressed as 

[103]: 

 
pa(ρ)=

4βka
2p0 2ap

2

iπ
�

k1k2

2πikaρ
eikaρ

�  
2π

0
 �  

+∞

0
 D1 *�φv�D2�φv�e

i�k2-k1 *-ka cos�φ-φv��ρv dρv dφv.

 (3-10) 

We define an integral called Westervelt's directivity as [101]: 

 

Dw(φ)≡(α1+α2)�  
+∞

0
ei�k2-k1 *-ka cos�φ-φv��ρv dρv 

=
1

1-ika
α1+α2

2  -1 sin2 �
φ-φv

2 �
 

(3-11) 

The total attenuation coefficient α1+α2 is such that Dw(φ) has a value of 1 at φ=0. In this case, 

Equation (3-10) can be simplified to: 

 pa(ρ)=
4βka 2p0 2ap

2

iπ
�

k1k2

2πikaρ
eikaρDa(φ)  (3-12) 

where audio sound directional equation is expressed as:  

 Da(φ)=�D1 *D2×Dw�(φ)=�  
2π

0
D1

*�φv�D2�φv�Dw�φ-φv�dφv  (3-13) 

In the 2D piston model, the velocity distribution of the ultrasound is uniform uj�ρs�=1, ρs≤ ap, 

where the directivity of the corresponding ultrasound is Dj(φ)=sinc�kjrcosφ�. Here, sinc is the 

first order spherical Bessel functions of class 0.  
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The symbol ×signifies the linear convolution operator. Equation (3-13), commonly known as 

the convolution model, demonstrates that the audio sound's directivity results from the 

convolution of the Westervelt directivity of the ultrasound and the product directivity. The 

model does not account for nonlinear interactions in the near-field and neglects transducer 

spacing effects, leading to inaccuracies in predicting audio directivity. 

The parametric speaker, regarded as a phased array, can be analysed using the phased array 

model to a reasonable degree in predicting its far-field characteristics. Moreover, its main lobes 

can be regulated via the phase difference between transducers. The results of a uniform linear 

array in Equation 3-14 for the far-field polar response, at a frequency which wavenumber is k. 

From 3-14 onward, we use θ for the principal-plane steering angle; φ and φvremain azimuthal 

angles. 

 P(θk)=A0e-j(0) kdsin θ+A1e-j(1) kdsin θ+A2e-j(2) kdsin θ+⋯+AN-1e-j(N-1) kdsin θ  (3-14) 

Where d is the distance between each transducer, and the wavenumber k is given by: 

 k=
2π
λ

=
ω
c0

=
2πf
c0

 (3-15) 

This can be rewritten as:  

 P(θ)=�  
n

n=0

Ane-jnkd sin θ  (3-16) 

To implement the deflection, an additional weight matrix is required： 

 Wp(θv)=�  
n

n=0

 e-jnktτ  (3-17) 

Where τ = dsinθ/c is the delay between each transducer, so that, the direction of the phase array 

can be set as: 

 Dp(θ,θv)=Wp(θ)∙P(θv)=�  
n

n=0

 e-j2nkd sin θe-jnktτ  (3-18) 
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By convolving the phased array's directivity with the convolution model obtained from the 

above equation, a directivity model with the nature of the phased array can be obtained, which 

is called the Dual convolution model in this thesis: 

 DP� (φ)=�D1 *D2×Dw�×Dp(φ)  (3-19) 

To determine the overall computational complexity of the algorithm described by the equations, 

we need to consider the individual complexities of each component of the computation and 

how these scale with respect to the input parameters. 

The complexity of this algorithm shows that the Equation (3-20) consists of D1 *D2×Dw, Dp(φ). 

The Equation Dp�φ,φv�  involves a summation from n=0  to N , each involving complex 

exponential calculations dependent on θ and τ. The complexity for this summation is O(N). 

Assuming D1 *D2×Dwand Dp(φ) are evaluated at M discrete values of φ, and convolution is 

implemented using Fast Fourier Transform (FFT). The overall computational complexity of 

the algorithm can thus be summarized as: 

 C= O(M log M)  (3-20) 

This expression succinctly encapsulates the scaling behaviour with respect to the number of 

summation terms N and the convolution complexity involving M discrete angles, providing a 

clear picture of the algorithm’s computational demands. 

 3D Analysis of analytical method 

In 2D we adopt Cartesian (x, y) and polar (ρ, φ) coordinates centred at O, with the positive x-

semiaxis aligned with the radiation direction. In 3D we use Cartesian (x, y, z) and spherical 

(r, θ, φ) centred at O, with the z-axis along the radiation direction; r is radial distance, θ the 

polar (colatitude) angle from +z, and φ the azimuth. 

For tractability, we first present the 2D derivation; the 3D counterpart is outlined below. At the 

audio angular frequency ωa=ω2-ω1, incorporating absorption into a wavenumber ka=ωa/c0, the 

Westervelt equation reduces to an in homogeneous Helmholtz equation with a quadratic source 

[103]: 
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 �∇2+ka
2�pa(r)=Sa(r), Sa(r)=Cap1

*(r)p2(r),  (3-21) 

Where Ca is Quadratic-source constant Ca∝βωa
2/�ρ0c0

4� with β the nonlinear coefficient. Using 

the free-space Green's function Ga(r)=eika|r|/(4π|r|), the DF field approximation is: 

 pa(r)=�  
R3

Ga(r-rv)Sa(rv)d3rv  (3-22) 

Far-field (Fraunhofer) approximation. For r=|r|→∞ and observation direction r̂=(θ, φ) [101], 

 |r-rv|≃r-r̂⋅rv, Ga(r-rv)≃
eikar

4πr
e-ikar̂⋅rv.  (3-23) 

Hence 

 pa(r)≃
eikar

4πr
�  Sa(rv)e-ikar̂⋅rvd3rv  (3-24) 

Here r̂ denotes the observation direction with spherical angles (θ,φ). Primary (ultrasonic) far-

field at the virtual source. For j∈ {1,2}, 

 pj(rv)≃AjDj
(3D)(Ωv)

eikjrv

rv
, Ωv=�θv,φv�  (3-25) 

where Dj
(3D)(θ, φ) denotes the 3D primary directivity (element pattern times array factor if 

applicable), and Aj is a constant for fixed drive.; Ωv=(θv,φv)is the virtual-source direction; αais 

the DF attenuation coefficient. Therefore, 

 Sa(rv)=Cap1
*(rv)p2(rv)∝D1

(3D)*(Ωv)D2
(3D)(Ωv)

eiΔkrv

rv
2 , Δk = k2-k1  (3-26) 

We define γ is the angle of observation direction r̂=(θ, φ)  and virtual-source direction 

Ωv=�θv,φv� . With d 3rv=rv
2drv d Ωv a so that r̂⋅rv=rv cos (γ ), the attenuation of DF is αa . 

substituting (3-26) into (3-24) gives 
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pa(r)=

eikar

r
�  

S2
D1

(3D)*(Ωv)D2
(3D)(Ωv)�  

∞

0
 e-αarvei[(Δk)-ka cos (γ)]rvdrv�����������������

Dw
(3D)(γ)

dΩv  (3-27) 

This defines the 3D Westervelt directivity function  

 Dw
(3D)(γ)=�  

∞

0
e-[αa-i(Δk-ka cos γ)]rvdrv=

1
αa-i(Δk-ka cos γ))  (3-28) 

After normalization D‾ w
(3D)(φ)≡Dw

(3D)(φ)/Dw
(3D)(0)  (so D‾ w

(3D)(0) = 1), the audio directivity is a 

spherical convolution (*) denotes convolution over the unit sphere): 

 Da
(3D)(θ, φ)=�D1

(3D)*D2
(3D)�×D‾ w

(3D)(θ, φ).  (3-29) 

Here “×” denotes convolution over the unit sphere, and “*” denotes complex conjugation. 

When phased-array steering is present with a 3D array factor Dp
(3D)(θ, φ), the total (dual-

convolution) directivity is 

 D�P
(3D)(θ, φ)∝�D1

(3D)*D2
(3D)�×D‾ w

(3D)×Dp
(3D)(θ, φ).  (3-30) 

Equations (3-30) - (3-31) are the exact 3D counterparts of 2D convolution (3-19) and dual-

convolution (3-26); the line convolution in φ is replaced by a spherical convolution in (θ, φ). 

For a uniform linear array (elements along x) with weight/delay wn, the 3D array factor is 

 Dp
(3D)(θ, φ)=�  

N-1

n=0

wne-jkndsin θ cos�φ-φ0�.  (3-31) 

On the principal plane θ=π/2, 

 Dp(φ)=�  
N-1

n=0

wne-jkndcos�φ-φ0�,  (3-32) 

which matches the 2D array factor used in (3-17)-(3-19). Substituting (3-31) and using (3-28) 

in (3-32) yields the dual-convolution on φ : 
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 D�P
(3D) �

π
2

,φ�= ��D1
*D2�×D‾ w

(2D)×Dp� (φ),  (3-33) 

As the same functional form as (3-25) in 2D. The only difference between 3D and 2D fields is 

the geometric spreading factor eikar/r versus eikaρ/�ρ, which vanishes under normalized plots. 

Let M be the number of azimuth samples in 2D and L the spherical-harmonic bandlimit in 3D. 

• 2D (cf. (3-20)): FFT convolution over M angles costs O(M log M). 

• 3D: spherical convolution via spherical-harmonic transforms typically costs O�L3� (or 
O�L2log L� with specialized algorithms) with a much larger constant. 

A full 3D treatment is only necessary when 

• Significant polar-angle variation is required (elevation scanning or tall apertures); 

• Planar arrays/3D arrays with non-negligible vertical aperture; 

• Near-field regimes (Fraunhofer invalid); 

•  Strongly asymmetric boundaries cause Dj
(3D) to vary sharply with θ. None applies to 

our linear-array, far-field, principal-plane evaluation; thus, 2D modelling yields the 
correct normalized principal-plane directivity at a fraction of the cost. 

3.3  Experimental Setup for Verifying the Dual-Convolution 

Model 

 PAL Configuration and Signal Generation  

In light of the theoretical analysis in chapter 3.2, the normalized directivity of a parametric 

array loudspeaker in the far-field can be accurately represented by the 2D convolution model. 

The 3D formulation reduces to the 2D expression when restricted to the principal plane, and 

the additional computational burden of full 3D modelling is unnecessary for evaluating 

azimuthal beam patterns. Based on this equivalence, the first experimental validation was 

designed to measure the far-field directivity of a parametric array loudspeaker along a 2D 

sampling plane. This approach allows a direct comparison with the 2D convolution model, 

providing a reliable verification of its predictive capability. 

The experimental system uses a uniform 8 × 8 ultrasonic array (Fig. 3-2). Each element is a 

piezoelectric transducer mounted on a rigid baffle with consistent spacing. Each channel is 
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driven with double-sideband amplitude modulation (DSB-AM) to generate the audio 

difference-frequency in air. An Arduino Mega provides eight digital carrier waveforms with 

programmable phase and duty settings; The audio baseband is scaled and DC-biased to form a 

non-negative envelope, and the firmware multiplies this envelope with the carrier to produce a 

non-suppressed DSB-AM signal (carrier plus sidebands) at the chosen ultrasonic frequency. 

The modulated bitstreams feed Class-D output stages built around TC4427 MOSFET gate 

drivers that drive compact MOSFET half-bridges. A multichannel shield boosts each output to 

approximately 17 Vpp so that the piezoelectric transducers can be driven independently.  

 

Fig. 3-2. Photograph of the physical transducer array configurations: Uniform 8 × 8 

array with fixed 10 mm inter-element spacing. 

 Measurement Setup and Data Acquisition  

Measurements were performed in an anechoic environment at a distance of 2 m from the array, 

ensuring operation within the far-field region. The directivity was sampled over an azimuthal 

angular range of 180° with a resolution of 5°, yielding 38 discrete measurement points. This 

2D acquisition captures the principal-plane radiation pattern of the parametric speaker while 

avoiding unnecessary complexity from full 3D scanning. Unlike the Chapter 4 experiments 

that used a motorised turntable, this setup relied on manual alignment. We calibrated the angle 

marks before each run and checked them at several reference positions to limit cumulative error. 

We are upgrading the turntable for future measurements in Chapter 4, so that the same protocol 

can be repeated with automated rotation and improved repeatability. 
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The experiment setup uses the PRIMO EM258 Model as a microphone, which was employed 

to acquire acoustic data. This device can detect sound frequencies exceeding 95 kHz. Key 

specifications of the PRIMO EM258 include a Signal to Noise ratio of 74 dB with a self-noise 

level of 20 dB, a sensitivity of -32 dB with a tolerance of +/- 3 dB at 1kHz (where 0dB is 

equivalent to 1V/Pa), and an operating voltage range of 3V, accommodating a broader range 

of 1.5-10 V. 

The signals were bandpass-filtered to isolate the demodulated difference-frequency component 

at 4 kHz. from this filtered segment, the RMS pressure prms  was computed, and the 

corresponding SPL was calculated using Equation (2-14). To ensure consistency and 

comparability between configurations, all SPL values were normalized by subtracting the peak 

SPL within each angular sweep, resulting in relative directivity profiles expressed in dB. These 

profiles were used to generate polar plots for evaluating main lobe orientation, beamwidth, and 

side lobe characteristics. The complete acquisition and analysis workflow is illustrated in Fig. 

3-3. 

 

Fig. 3-3. Schematic diagram of the measurement process. The microcontroller 

generates digital excitation signals, which are amplified and delivered to an 8 × 8 

transducer array. 

At each angular position, a time-domain waveform was recorded with a microphone and 24-

bit interface; only the steady-state window was analysed. Before measurements we performed 

electrical and acoustic verification of the array: 
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i. Checked and labelled the polarity (+/-) of every transducer and wiring harness; 

ii.  Used an oscilloscope to verify, at each driver pin, the carrier frequency, the programmed 

phase delay, and the peak-to-peak voltage, ensuring channel-to-channel phase alignment 

and absence of clipping;  

iii.  After connection, conducted an acoustic sanity check by using a receiver (microphone) 

to confirm the presence of the ultrasonic carrier and the demodulated audio tone at the 

measurement radius, and to verify that the main lobe steered to the expected angle under 

the applied delays. 

The primary calibration in this study was the per element polarity, phase, frequency, and drive-

level verification described above. 

3.4  Results Validation for the Dual-Convolution Model 

 Dual Convolution Model Verification: 

In the conventional convolution model [67], beam steering is implemented by embedding the 

phased-array phase law directly into the primary directivities D1 and D2: the physical aperture 

is partitioned into short sub-segments, each segment is assigned the appropriate phase, and the 

contributions are superposed to form a single convolution result. This quasi-continuous 

treatment is efficient, but it folds the array geometry into the primary fields, which cause: 

i. Blurs discrete-element effects; 

ii. Makes the result sensitive to how the aperture is segmented;  

iii. Can under- or over-estimate grating-lobe levels when element spacing approaches or 

exceeds λc/2 or when the layout is non-uniform. 

The dual-convolution model separates these roles. We retain  D1  and D2  for the primary 

element pattern (or measured/analytic single-element response) and apply the propagation 

kernel as before, then introduce an explicit array factor Dp built from the actual transducer 

centres and delays. This decoupling lets the model (a) operate on the discrete layout without 

sub-segmentation, (b) preserve the steering law exactly, and (c) recover grating-lobe positions 

and levels more faithfully for sparse or non-uniform arrays, while adding only a negligible 

FFT-level cost. All models were assessed under the same normalisation and angular sampling; 

results and RMSE statistics are reported in this section. 
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To validate the proposed dual-convolution model, we performed comparative simulations 

against a Westervelt-based model and the conventional convolution model at a 40 kHz carrier. 

For a slender, effectively linear aperture, the principal-plane (2D) solution provides an accurate 

approximation to the full 3D far-field, so all models were evaluated in 2D and compared with 

peak-normalised measurements at matched angles (Fig. 3-4). 

 

Fig. 3-4. Comparison of experimental data and simulated data for directivity of 

rectangular deflectable PAL model at 0°deflection. 

After validating the models, we conducted benchmark simulations to examine parameter 

effects on grating-lobe formation and to assess model fidelity in predicting PAL directivity. 

Ambient conditions were fixed at 20 °C and 50% RH. For quantitative evaluation, we 

computed RMSE against the measured difference-frequency directivity at 2.0 m (dB re 20 µPa) 

after peak-normalising each curve to 0 dB at the main-lobe maximum; model outputs were 

sampled on the same angles from −90° to 90° in 5° steps with no smoothing or weighting. We 

also report a main-lobe RMSE within ±20° about the beam axis. 

Using the measurements as reference, global RMSE values are 45.23 dB for the Convolutional 

model, 28.40 dB for the Westervelt-based model, and 15.51 dB for the Dual-Convolutional 

model. Restricting the analysis to the main lobe reduces the errors to 24.59 dB, 12.22 dB, and 

6.84 dB, respectively. These results show that main-lobe prediction is consistently more 

accurate than off-axis behaviour for all methods, and that the Dual-Convolutional model 
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provides the closest match to measurement both globally and within the main lobe, making it 

the most suitable basis for subsequent design studies. 

  Primary Waves without Steering Angle 

Fig. 3-5 examines the frequency dependence of side lobe formation by fixing the steering at 0 

degree and comparing two difference-frequency cases, DF = 8 kHz and DF = 4 kHz. The figure 

contrasts the predicted directivity of the Dual Convolutional, Convolutional, and Westervelt-

based models at the same operating conditions. Across both frequencies, the models yield 

distinct sidelobe patterns. The Dual Convolution model produces pronounced secondary lobes 

near the main beam. The Convolution model shows multiple sidelobes, with a higher count at 

8 kHz, which agrees with expected frequency scaling. The Westervelt-based result shows more 

suppressed off-axis energy. These results show that sidelobe behaviour depends on both the 

difference-frequency and the chosen model. 

 

Fig. 3-5. The result of directivity of three kinds of model methods at DF (a) 8000 Hz and 

(b) 4000 Hz. 
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 Steered Primary Waves 

At a fixed audio difference-frequency of 4 kHz, with a 40 kHz carrier and 10 mm element 

spacing, we compare directivity at steering angles 0∘,30∘, and 60∘ using the Convolutional, 

Dual-Convolutional, and Westervelt-based models. Because the spacing exceeds half the 

carrier wavelength in air, grating lobes are expected. At broadside, the first grating lobe appears 

near ±60°, which is evident in Fig. 3-6.  

 

Fig. 3-6. The result of directivity of three kinds of model method, at, steering angle 

θ= 0°, 30°,60° respectively. (The space between each transducer: 10mm, Carrier wave 

frequency: 40 kHz, DF: 4 kHz) 
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As the steering angle increases to 30∘  and 60∘ , these lobes move toward the main beam, 

consistent with standard array behaviour. The Dual-Convolution model reproduces these lobe 

positions and peak-side lobe levels most faithfully across all three steering cases. The 

Westervelt-based model under-attenuates off-axis energy (higher PSL), whereas the 

Convolution model over-attenuates side lobes and slightly broadens the main lobe. All curves 

are peak-normalised to 0 dB at the main-lobe maximum and plotted on matched angle grids.  

These trends have direct design implications. For 40 kHz in air, avoiding visible grating lobes 

for all steering would require d≤λc/2≈4.3 mm, which is rarely practical with standard 

transducers. When d>λc/2, steering pulls aliases toward the main beam, increasing peak-

sidelobe level; mitigation then relies on non-uniform spacing and mild apodisation to trade a 

small increase in main-lobe width for lower sidelobes. Because the audible difference-

frequency beam inherits the spatial structure of the ultrasonic primary, these spacing- and 

steering-dependent behaviours persist after demodulation, motivating the sparse, PSO-

designed layouts evaluated in Chapter 4. 

 Effect of Carrier Frequency 

The ultrasonic carrier (primary) frequency fc governs the primary beam width, steering range, 

atmospheric absorption, through the sampling ratio d/λcwith λc=c0/fc—susceptibility to grating 

lobes. We therefore evaluate fc∈{40,60,80} kHz in Fig. 3-7. A carrier of 40 kHz is adopted as 

the pragmatic baseline: commercial PZT transducers typically resonate near 40 kHz and deliver 

higher acoustic output for a given drive; atmospheric absorption in air increases with frequency, 

reducing usable range at 60–80 kHz under comparable conditions; and, for a fixed element 

pitch dr , a lower fc increases λc and thus decreases d/λc , alleviating grating-lobe formation 

during beam steering. The 60 kHz and 80 kHz cases are retained to quantify frequency 

sensitivity. 
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Fig. 3-7. The result of directivity of three kinds of model method, at 40 kHz, 60 kHz and 

80 kHz, respectively. (The space between each transducer: 10mm, steering angle: 0°, 

DF: 4 kHz). 

As shown in Fig. 3-7, with the element pitch d fixed, increasing the carrier frequency f shortens 

the wavelength λ=c0/fand reduces the angular spacing between grating lobes, so the pattern 

appears denser. For a steered uniform array, the grating-lobe angles satisfy 

sinθm≈sinθ0+m λ/d (m∈Z), giving a spacing in sin θ of Δ≈λ/d∝1/f; higher f therefore introduces 

more aliased lobes within the observable angular range. At the same time the main lobe narrows, 

improving on-axis directivity but increasing susceptibility to grating-lobe energy during 

steering. Because the audible difference-frequency beam inherits the ultrasonic primary’s 

spatial structure, these frequency-dependent sampling effects persist after demodulation, 
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revealing a trade-off among directivity, grating-lobe suppression, and propagation loss as f 

increases. 

 Effect of Transducer Spacing: 

At a carrier of 40 kHz, we model the parametric array loudspeaker as a uniform linear array 

and compare three practical inter-element spacings: 5 mm, 10 mm (typical of 10 mm-diameter 

transducers), and 15 mm. As shown in Fig. 3-8, spacing strongly governs both the appearance 

and the position of grating lobes. 

 

Fig. 3-8. Directivity patterns of three transducer spacings: 5 mm, 10 mm, and 15 mm 

(carrier: 40 kHz, steering angle: 0°, DF: 4 kHz). 
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With 5 mm spacing, the pattern remains essentially single-lobed with no visible grating lobe in 

both of Convolution model and Dual Convolution model. At 10 mm, a prominent pair of 

grating lobes emerges at large off-axis angles (≈ ±60°). Increasing the spacing to 15 mm shifts 

these lobes closer to the main beam (≈ ±35°) and elevates their levels, indicating stronger off-

axis energy. Relative tendencies are stable: the Westervelt-based curve tends to show a higher 

off-axis floor and stronger ripple; the simple Convolution model tends to attenuate side lobes 

more and slightly broaden the main lobe; the Dual-Convolution result tends to sit between these 

two in both peak side lobe level. These observations highlight that tighter spacing suppresses 

grating-lobe formation, whereas wider spacing brings lobes toward broadside and increases 

their amplitude, underscoring the need to set the element pitch carefully when targeting low 

side lobe levels in PAL array design. 

3.5 Summary  

This chapter introduced a dual-convolution directivity model for parametric array loudspeakers. 

The model combines the product of primary patterns with a Westervelt-type directivity term 

and a phased-array factor. By making aperture spacing explicit, it accounts for grating-lobe 

formation under steering and improves the interpretability of far-field predictions. Its 

convolutional form supports fast evaluation on matched angle grids and gives a direct link 

between array geometry, element spacing, and off-axis energy. 

Model fidelity was tested against measurements at 2.0 m using peak-normalised dB directivity 

from −90° to 90° in 5° steps, with an extra ±20° main-lobe window. Under these settings, the 

dual-convolution model achieved the lowest errors: global RMSE 15.51 dB versus 28.40 dB 

for the Westervelt-based model and 45.23 dB for the simple convolution model. Within the 

main lobe the RMSEs were 6.84 dB, 12.22 dB, and 24.59 dB, respectively. The model also 

reproduced the grating-lobe directions predicted by d/λ sampling, giving reliable placement of 

secondary peaks under steering. 

However, Traditional analytical methods rely on simplified assumptions. They often ignore 

nonlinear propagation and array complexity. Conventional numerical methods can also fall 

short. They may impose rigid geometries or lack sufficient resolution. 
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To address these limits, we use FEM as the simulation backbone in Chapter 4. FEM models 

wave interactions in complex spatial domains with high fidelity. It provides the datasets needed 

to train and test our framework. It also offers a robust reference for validating the proposed 

predictions under realistic conditions. 

. 
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PSO-Based Optimisation of Sparse Arrays and 

Experimental Validation of Far-Field Directivity 

To enhance the directional performance of PALs, this chapter presents an integrated framework 

that combines FEM simulation, particle-swarm optimisation (PSO) for array design, and 

experimental validation. Unlike traditional analytical models, the FEM approach offers greater 

flexibility and physical accuracy. It accounts for nonlinear propagation, transducer coupling, 

and complex boundary conditions. It is therefore well suited to high-resolution prediction of 

far-field sound fields. 

To verify the framework, we run controlled experiments with a custom 8 × 8 PAL array. We 

test both uniform and PSO-optimised sparse layouts. We then compare the measured directivity 

with the simulation outputs. The results show strong agreement between prediction and 

measurement. This confirms the validity of the FEM-based model and the practical benefit of 

PSO-guided array design. 

4.1 Introduction 

In acoustic engineering, adaptive PALs advance traditional designs by using phased-array 

control to steer audio beams without mechanical rotation. The approach is well studied and 

deployed in ANC and sound reproduction. An adaptive PAL typically comprises a linear array 

of ultrasonic transducers, utilizing phased array technology to control beam directionality [104].  

To avoid grating lobes, element spacing is set to half the wavelength of the ultrasonic carrier 

wave( λc=c0/fc  ), i.e., d≤λc/2 . Using the highest operating frequency ensures lobe-free 

performance across the steering band; for a uniform linear array scanned to θmax, a common 

guideline is d/λc≤1/(1+sinθmax) . In practice, meeting this spacing is difficult because 

commercial ultrasonic transducers have centimetre-scale apertures and the frequency is usually 

40 kHz, so arrays often exceed the ideal density and rely on weighting and optimisation to 
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suppress residual grating energy [105]. To mitigate side lobe interference and spatial aliasing 

when the spatial-Nyquist condition cannot be met across the steering band, we adopt a sparse 

non-uniform array as shown in Fig. 4-1. 

 

Fig. 4-1. Schematic representation of (a) optimal array and (b) uniform array of the 

PALs shows N ultrasonic transducers (represented as 8 sets).  

In the 2D formulation, only the inter-column spacings along x are optimised, while the within-

column pitch along y is fixed at dy=λc/2(set by the highest carrier) for manufacturability and to 

avoid aliasing in y. Because steering and evaluation are performed in the x–z (elevation) plane, 

the rectangular aperture factor separates; with uniform dythe y-factor is effectively constant, so 

side lobe control reduces to shaping the x -aperture. We therefore pose a constrained 

optimisation over the inter-column centres {d1,…,d7}(optionally with amplitude weights), 

subject to overall aperture-width wand spacing/order bounds, and solve it via global search 

with FEM-based forward evaluation. Fig. 4-1 summarises the geometry and baseline 

comparison: the array-fixed frame (x,y,z)  is centred at Oon the baffle plane (z=0) ; eight 

columns of identical transducers are aligned with y; the uniform baseline uses a constant inter-

column spacing d  along x , whereas the optimised layout employs aperiodic spacings 

{d1,…,d7}(with dyas above), which mitigates periodic grating-lobe reinforcement within the 

target steering band and reduces the peak side lobe level. 

Because the sparse layout introduces a large, nonconvex design space without a closed-form 

solution, we employ a PSO-based global optimisation coupled with FEM evaluation. The 
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optimizer searches over the inter-column spacings ( d1,…,d7  ) (equivalently, the column 

centres referenced to O) to minimize the penalized side lobe objective defined in Eq. (4-16), 

while respecting the spacing bounds and maintaining the aperture centred at O. This PSOFEM 

procedure yields transducer positions that achieve high main-lobe directivity with reduced peak 

side lobe level at the specified steering angles. 

Additionally, to accurately model the acoustic field and evaluate the impact of different array 

configurations, we employ the FEM, which provides a high-fidelity simulation of nonlinear 

acoustic wave propagation to generator the Far-field data. Traditional analytical approaches, 

such as the Westervelt equation and the KZK equation, offer useful approximations but are 

often limited by simplifying assumptions, such as paraxial approximations or restricted 

boundary conditions. FEM, in contrast, provides greater flexibility in handling complex 

boundary conditions, irregular geometries, and near-field effects, making it particularly 

effective for modelling the intricate interactions within PALs. By resolving the nonlinear 

effects more accurately, FEM enables a deeper understanding of wave behaviour, diffraction, 

and beamforming characteristics, ensuring a more realistic representation of sound propagation 

in practical applications [106], [107]. 

By integrating PSO-based 2D array optimisation with FEM-based acoustic field simulations, 

this study presents a comprehensive and computationally efficient framework for improving 

PAL performance and build an experiment setup to support the result. This combination 

ensures precise beamforming control, reduced side lobe interference, and enhanced 

adaptability, making it well-suited for real-world directional audio systems. The proposed 

approach not only advances theoretical modelling but also offers practical benefits in 

applications such as public address systems, spatial audio design, and automotive acoustics, 

where accurate sound projection is crucial. 

4.2 PSO-Based Optimisation of Sparse Array Configuration for 

Far-Field Directivity Enhancement 

This section introduces a hybrid optimisation framework that combines FEM simulations and 

PSO to improve the far-field directivity of PALs through sparse array design. We first present 

the COMSOL-based modelling of the parametric  loudspeaker in both 2D and 3D, then justify 
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our choice to proceed with 2D for the main study: at ultrasonic resolution, the 3D FEM problem 

increases Degree of freedom (DOF) by 1 order of magnitude and demands sub-millimetre 

meshing in the domain and PML, making parameter sweeps and optimisation intractable within 

our compute budget. Using the validated 2D model, we conduct array optimisation using 

particle swarm optimisation with grid-search baselines, targeting side lobe suppression and 

reduced RMSE of the predicted directivity over prescribed steering angles. PSO-Based 

Optimisation of Sparse Array Configuration for Far-Field Directivity Enhancement 

 2D Far-Field Directivity Calculation By FEM 

In the study, we utilize the Pressure Acoustics Frequency Domain interface from the Pressure 

Acoustics branch for modelling acoustic wave propagation in fluids. This is applied to calculate 

pressure variations for acoustic wave propagation in fluids. It is ideal for frequency-domain 

simulations involving harmonic pressure field variations, which form the core of the model 

used in this thesis. To optimize computational resources, our model is constructed in two 

dimensions, incorporating a line sound source which produces a cylindrical sound wave. The 

physics interface solves the Helmholtz equation in the frequency domain for specified 

frequencies or performs an eigenfrequency or mode analysis study. This interface efficiently 

computes pressure variations by solving the Helmholtz equation in the frequency domain and 

is particularly suited for frequency-domain simulations involving harmonic pressure field 

variations. The primary variable, the sound pressure, pt, encapsulates the acoustic perturbations 

relative to the ambient pressure. For 2D models, the default out-of-plane wavenumber kz is set 

to 0 rad/m, indicating no variation along the z-axis, thereby simplifying the pressure expression 

in our simulations.  

Fig. 3-1 (Chapter 3) is a schematic that explains the PAL architecture and self-demodulation 

mechanism, including the formation of a highly directional main lobe and the presence of side 

lobes. To facilitate computation, Fig. 4-2 depicts the Pressure Acoustics (Frequency Domain) 

model used in this study. The computational region is a semicircle of radius 200 cm centred on 

the array and terminated by a perfectly matched layer (PML) to suppress boundary reflections. 

A mesh inset is provided; the minimum element size is λmin/6 to resolve the highest frequency. 

Far-field responses are sampled on an observation arc at 200 cm, matching the experimental 

microphone distance. This choice places the sampling arc well beyond the array’s near-field 
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(Rayleigh) region at 40 kHz and 42 kHz, making the angular pattern effectively range-invariant 

and enabling a direct simulation-to-measurement comparison. 

 

Fig. 4-2. 2D Acoustic Field Simulation Model in COMSOL with Perfectly Matched 

Layer (PML) Boundary. 

We compute the difference-frequency far-field in a 2D axisymmetric pressure-acoustics model 

consistent with the principal y-z evaluation plane. Unless stated otherwise, the DF is 2 kHz; air 

properties follow the built-in model at 21∘C,1 atm,RH≈50%. For Fig. 4-2 we use a uniform 

array with 8 elements and 1.01 cm spacing. All training and evaluation were run on a single 

NVIDIA RTX 3080 Ti (12 GB VRAM). No distributed or multi-GPU training was used and 

identical preprocessing/normalization/evaluation code was applied across all runs.  

This is achieved by using the line source on axis node to introduce a line source along the axis 

of symmetry in 2D axisymmetric components. This line source represents a radially vibrating 

cylinder in the limit as its radius approaches zero. The sound pressure value of any point in the 

calculation space can be obtained by solving the partial differential equation (4-1) by the FEM 

[80], [108]. 
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Where pt represents the total acoustic pressure, ρ is the fluid density, c is the speed of sound, 

qd denotes the dipole domain source, complex density ρc= ρc
2

cc
2 , complex speed of sound as 

cc= ω/k-i. In this context, δ(z-z0) is the 2D delta function that introduces the source at the axis 

of symmetry, where z=z0 and r=0, while dz represents the line element along the z axis (SI unit: 

m). The monopole amplitude S (SI unit: N/m2 ) is determined by the type of source selected 

and is analogous to the 3D case for a line source. To include an edge source at r=r0, define it 

using the volume flow rate per unit length QS and the phase φ of the source. The flow edge 

source then establishes the monopole amplitude as (4-3): 

 S=eiφ iωρc
4π

QS
 (4-3) 

A flow edge source with strength QS represents an area flow emitted from the source, modelled 

as a very thin cylinder with a pulsating surface. Specify QS (SI unit: m2/s ), the volume flow 

rate per unit length from the source, as the amplitude for the source strength in the field. 

 pt=p+pb  (4-4) 

In the frequency domain (using Fourier transforms), the nonlinear correction becomes[108]: 

 p̂b(ω)=
β
ρc4 (-ω2)p̂2(ω)-

iδω
ρc2 ∇

2p̂(ω)  (4-5) 

Where p̂(ω) represents the Fourier transform of the primary pressure p, p̂b(ω) denotes the 

Fourier transform of the nonlinear correction pb. This expression highlights that the nonlinear 

component pb scales with the square of the primary pressure amplitude. As a result, higher 

frequencies and larger pressure amplitudes lead to more pronounced nonlinear effects. This 
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formulation plays a crucial role in understanding the generation of secondary sound fields in 

PALs, particularly in predicting far-field directivity patterns. To simplify the analysis, we only 

consider the second harmonic, which is the most significant nonlinear component. Under this 

assumption, the nonlinear correction can be approximated as: 

 pb≈
βω2p2

ρc4  (4-6) 

 3D Far-Field Model By FEM 

This section clarifies why we do not adopt full 3D FEM for routine directivity simulations: at 

ultrasonic resolution it is computationally prohibitive in both degrees of freedom and runtime. 

For context only, Fig 4-3 is presented as an illustrative 3D FEM model. Fig 4-3 (a) is the mesh 

of the model and the Fig 4-3 (b) are the Pressure-magnitude slices �pt� on two orthogonal planes 

for a representative case ( 40 kHz); The example uses an 8×8 uniform array with triangular size 

of 10 mm over a 300 × 300 × 400 mm rectangular domain. 

Moving from 2D to 3D increases the number of finite-element unknowns by roughly one to 

two orders of magnitude at comparable resolution: DOF∝(L/λ)3 (3D) versus (L/λ)2 (2D). At 

ultrasonic frequencies (40-42 kHz in air), a conservative mesh of λmin/6 implies sub-millimetre 

elements in both the physical domain and the absorbing layer, which leads to substantially 

higher memory usage, longer factorization/iteration times for the complex Helmholtz system, 

and tighter requirements on preconditioning and layer thickness. When weak nonlinearity is 

included via the frequency-domain correction pb, the volumetric coupling further amplifies the 

cost. 
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Fig. 4-3. 3D COMSOL model. (a) Finite-element tetrahedral mesh containing the 8×8 

uniform array with triangular size of 10 mm over a 300 × 300 × 400 mm rectangular 

domain; (b) Pressure-magnitude slices �pt� on two orthogonal planes for a 

representative case ( 40 kHz , steered to ψ ). 

Even with this coarse discretisation, included only to visualise the geometry and field slices, 

our hardware barely completes the solve. The study focuses on principal-plane far-field 

directivity of a slender, effectively linear aperture and reports relative SPL metrics. Under these 

conditions, a 2D surrogate captures the dominant beam physics, including main-lobe formation, 

steering, and side lobe behaviour, because out-of-plane variations are weak over the apertures 

and steering angles considered. Quantitative assessment is performed on 2D slices in the 

principal planes, as in Fig 4-3 (b), so a full 3D model would provide the same analysis views 

at substantially higher computational cost. Enforcing the experimental parameters in three 

dimensions, such as a 200 cm propagation distance and a λmin/6 mesh size, is impractical on 

the available hardware. For efficiency and clarity, we therefore retain the validated 2D 

formulation and use the 3D model only for illustration and scoping. 
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 Theory and Implementation of PSO 

Many metaheuristic algorithms have been used to optimise element placement in phased-array 

antennas. Examples include Teaching–Learning-Based Optimisation (TLBO) [109], modified 

Quantum Particle Swarm Optimisation (QPSO) [110], Symbiotic Organisms Search (SOS) 

[111], and machine learning-enhanced genetic algorithms [112] have been employed to 

generate tailored beam patterns, such as pencil beams or flat-top responses, while minimizing 

side lobe levels [113]. They frame beamforming as a nonlinear, high-dimensional optimisation 

problem. The same methodology transfers to parametric speaker arrays and supports 

configuration design and directivity control. 

Among the many optimisation algorithms, PSO, SA (Simulated Annealing), and GA(Genetic 

Algorithm) are widely applied in high-dimensional design problems, including phased array 

optimisation. Each method presents unique strengths and limitations: 

 PSO is favoured for its rapid convergence and ease of parallelization, making it suitable 

for large-scale problems. However, it is sensitive to parameter selection and prone to 

premature convergence if not properly tuned [114]. 

 SA offers robust global search capabilities by probabilistically accepting worse 

solutions in early iterations, helping to escape local minima. Its efficiency, however, is 

constrained by the need for careful temperature schedule design and its inherently 

sequential nature [113]. 

 GA maintains a diverse population of candidate solutions, reducing the likelihood of 

local convergence. Nonetheless, it often exhibits slower convergence rates and requires 

extensive parameter tuning to balance exploration and exploitation [115], [116]. 

These comparisons guide the choice of optimisation algorithms under specific application 

needs and compute limits. In this study, we choose PSO for array configuration because it 

balances simplicity, scalability, and proven effectiveness. 

 As summarized in Table 4-1, each algorithm exhibits distinct strengths and limitations: PSO 

converges quickly and parallelises well, but it is sensitive to parameter tuning and can converge 

prematurely. SA escapes local optima by accepting worse solutions early on, but it converges 

slowly and depends strongly on the temperature schedule. GA maintains population diversity 

and reduces the risk of local minima, but it often converges more slowly and needs complex 
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parameter control in high-dimensional cases. Given these trade-offs, PSO is a practical and 

computationally efficient choice for the optimisation tasks in this work. 

Table 4-1. Comparative Analysis of Optimisation Algorithms: PSO, SA, GA. 

Algorithm Reference Advantages Limitations 

PSO [114], [117] Simple & parallel; fast on 
continuous spaces;  

Premature convergence risk; 
Sensitive to parameters  

SA [113], [118] Escapes local optima; simple; 
convergence under proper cooling. 

Slow in practice; schedule-
sensitive; weak parallel 

efficiency. 

GA [115], [119] Maintains diversity; handles 
discrete/complex encodings. 

Slower convergence; many 
hyperparameters; diversity 

control needed. 

 

PSO is an evolutionary algorithm inspired by the social behaviours of animal groups such as 

bird flocks and fish schools. Proposed by Kennedy and Eberhart in 1995, PSO has proven 

effective for addressing nonlinear and multi-dimensional optimisation problems. The 

algorithm’s simplicity and robustness have contributed to its widespread adoption across 

diverse domains. 

In PSO, each particle’s position is a D-dimensional vector that represents a candidate solution. 

We evaluate each position with an objective function. The goal is to let all particles explore the 

space and move toward the global best solution. Each particle stores its own best position 

(personal best). It also knows the best position found by the swarm. This personal–social update 

lets particles adjust their motion using both private and shared information. It improves the 

search for optima in complex spaces [114]. The position xi and velocity vi of each particle 𝑖𝑖 in 

a D dimensional space is updated at each step of the algorithm according to the following 

equations: 

 xi={xi1,xi2,xi3,…,xiD},i=1,2,3,…,N  (4-7) 

The fitness value is calculated by substituting it into the fitness function, and the location of 

the optimal fitness value experienced by the first particle is noted as the individual historical 

optimum: 
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 pbesti =�pbesti1 ,pbesti2 ,pbesti3 ,…,pbestiD �,i=1,2,…N  (4-8) 

The optimal position experienced by the entire particle swarm is denoted as the global optimum: 

 gbesti =�gbesti 1,gbesti 2,gbesti3 ,…,gbestiD �,i=1,2,…N  (4-9) 

The velocity of the first particle is given as: 

 vij={vi1,vi2,vi3,…,viD},i=1,2,…N  (4-10) 

Then the velocity of the first particle in dimension after the first iteration is. 

 vij(t+1)=vij(t)+c1r1 �Pbesti (t)-xij(t)�+c2r2 �gbest -xij(t)�  (4-11) 

Where i=1,2,…N,j=1,2,…,Dand r1,r2 is the random number. Location updated for: 

 xij(t+1)=xij(t)+vij(t+1)  (4-12) 

where i=1,2,…N,j=1,2,…D. 

In PSO, the calculation time primarily depends on the number of particles 𝑁𝑁 and iterations ger. 

The maximum function evaluations are given by: 

 Number of Calls=N×ger  (4-13) 

The overall workflow of the PSO algorithm is illustrated in Fig. 4-4. The process begins with 

the random initialization of a population of particles, each representing a candidate solution 

within the search space. At each iteration, particles adjust their velocities and positions based 

on two key influences: their personal best-known positions pbesti and the global best position 

gbesti discovered by the swarm. This balance between individual learning and group knowledge 

supports both exploration and exploitation. The loop continues until a stopping rule is met, 

such as a maximum number of iterations or a target fitness. Through this process, PSO finds 

near-optimal solutions in complex, high-dimensional 
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Fig. 4-4. Detailed Flowchart of the PSO Algorithm for Optimizing Speaker Array 

Configurations. 

To study the effect of sparse arrays on performance, we normalised the initial SPL to 1 dB and 

varied the inter-element spacing from 0 to 13 mm. The upper bound of 13 mm was chosen to 

ensure that the total array length remained within twice the acoustic wavelength, thereby 

avoiding grating lobes associated with oversized apertures. The cost function and sampling 

strategy followed the methodology described in chapter 4.2.4, with all array configurations 

centred at the origin. Environmental conditions were fixed across all trials, with air humidity 

set at 75% and ambient temperature at 13°C, to ensure consistency in acoustic propagation 

parameters. 

 Cost Function Design and Algorithmic Implementation 

In this study, the cost function equals the SPL of the main lobe minus the SPL of the highest 

sidelobe. We add a constraint to keep the main lobe above a minimum level. To explore the 
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effects of sparse array configurations, the initial SPL is normalized to 1, and the transducer 

spacing varies from 0 cm to 13 mm. The upper limit is selected to keep the overall array 

aperture within twice the acoustic wavelength, thereby avoiding excessive array size and 

potential spatial aliasing. The sampling strategy and cost function evaluation follow the 

methodology described previously, with all arrays symmetrically centred at the origin. 

To prevent the main lobe from becoming too narrow or weak, an additional constraint is 

introduced based on the SPL of the main lobe, denoted as LMain defined as equation (4-14): 

 Jtot (x)= �max
k

 LSide 
(k) -LMain (ψ)��������������

J(x)

+λmax(0,Lmin -LMain (ψ))  (4-14) 

Here, ψ denotes the target steering angle. The main-lobe window Δφmain >0 is chosen to cover 

the main lobe around ψ; the corresponding peak level is LMain (ψ)= max
φ∈�ψ-Δφmain ,ψ+Δφmain �

 L(φ). The 

peak side lobe level (PSL) LPSL  is computed as the maximum of L(φ) outside an exclusion 

window �ψ-Δφexcl ,ψ+Δφexcl �  with Δφexcl ≥Δφmain . The design vector x=[x1,x2,…,xN]T 

collects the element centre positions on the array axis (cm), where  xN-xN-1∈[0,1.3] cm . 

Lmin=80 dB  and λ=1  unless otherwise stated. PSL serves as the key metric for array 

performance. The solution xopt (optimal element positions) is obtained using the PSO-FEM 

procedure summarized in Algorithm 1. 

Algorithm 1: PSO-Driven FEM Optimisation 

Inputs: 

  ψ                      # target steering angle (deg) 

  φ                      # angle grid for evaluation (deg) 

  Pref =20μ Pa         # SPL reference 

  spacing bounds: [0, 1.3] cm 

  START 

  Initialize particle population x=[x1,x2,…,xN]T 

  FOR each particle xi DO 

   Transfer xi to COMSOL FEM model 

   Run FEM: compute pressure field p(r) 
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   Convert to SPL: L=20log10 �
pt

Pref 
� ,  

   Extract directivity pattern L(φ) 

   Find main lobe: LMain (ψ)=maxφ∈Δφ L(φ) 

   Find 3 highest side lobes: �LSide 
(k)  �k=1

3
 

   Evaluate cost: 

Jtot (ψ)= �max
k

 LSide 
(k) -LMain (ψ)��������������

J(x)

+λ max(0,Lmin -LMain (ψ)) 

  ENDFOR 

  Update particles: 

   vi(t+1)=ωvi(t)+c1r1�pi-xi�+c2r2(g-xi) 

   xi(t+1)=xi(t)+vi(t+1) 

ENDFOR 

Return optimal positions xopt, optimal directivity pattern L(φ;xopt) 

 FEM–MATLAB Co-Simulation and Sampling Strategy for Far-Field 

Directivity Evaluation 

In this study, we use COMSOL Multiphysics to implement a finite-element model of the 

ultrasonic field from a transducer array. Using this method, detailed acoustic pressure field 

distributions are calculated, providing comprehensive insight into how sound waves propagate, 

interact, and reflect within the defined domain. As shown in the Integration Diagram (Fig. 4-5), 

these field data feed the optimisation stage. They allow precise evaluation of directivity and 

sidelobe suppression, which are key metrics for optimising the array.. 
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Fig. 4-5. Integration Diagram of COMSOL and MATLAB for Co-Simulation in 

Speaker Array Optimisation. 

As illustrated in the co-simulation workflow (Fig. 4-5), we use the SPL data to extract key 

performance indicators. These include far-field directivity and sidelobe behaviour. The 

directivity plots mark the main-beam axis and reveal sidelobes, which indicate off-axis energy 
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that should be minimised for optimal beamforming. The resulting SPL fields then feed the 

optimisation stage, so we can evaluate array performance objectively under different layouts. 

The simulation environment is run in a rectangular domain, with boundary conditions 

specifically designed to replicate the experimental setup, thereby minimizing unwanted 

reflections and refractions that could distort the results. The source is an 8 × 8 array of circular 

transducers, each 10 mm in diameter, arranged on the bottom plane. The spatial positions of 

these transducers are dynamically determined by the PSO algorithm implemented in MATLAB. 

This integrated approach allows for an iterative process, where the PSO algorithm adjusts the 

array configuration to optimize performance, and the updated parameters are re-applied in 

COMSOL for further acoustic field calculations. 

To ensure accuracy, the medium for the simulation is modelled as air at standard atmospheric 

pressure, with specific environmental conditions set at 50% humidity and a temperature of 

13 ℃. The study focuses on linear acoustic fields, as nonlinear acoustics are excluded; this 

simplification is necessary because the nonlinear models cannot adequately represent the 

demodulated sound pressure in this context. MATLAB is used to generate eight-line segments, 

each 1 cm in length, representing a PAL in 2D. This setup provides a simplified but effective 

representation of the acoustic field, facilitating detailed analysis and optimisation of the 

performance of array.  

The corresponding simulation results are presented in Section 4.4, where they are compared 

with experimental measurements to evaluate the accuracy and practical relevance of the 

modelling approach. 

4.3  Experimental Setup and Measurement Protocol for Far-

Field Directivity 

 Experimental Objectives for Far-Field Acoustic Performance 

The purpose of this chapter is to experimentally validate the theoretical modelling framework, 

and the array optimisation strategies presented. In particular, the experiments are designed to 

assess the far-field acoustic directivity of PALs under both uniform and sparse transducer 

configurations. These measurements provide critical insight into the practical feasibility and 
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robustness of the optimisation scheme based on PSO. The experimental campaign is structured 

around the following key objectives: 

• Characterization of Far-Field Directivity: To evaluate the spatial distribution of the 

acoustic field generated by the PAL, with particular focus on quantifying the main lobe 

width, side lobe level, and the angular suppression of grating lobes. These parameters 

are critical in assessing the effectiveness of beam control mechanisms in practical 

directional sound applications. 

• Performance Assessment of sparse arrays: To determine the degree to which sparse 

transducer spacing, optimized through PSO, improves the directivity performance 

relative to conventional uniform arrays. This involves both simulation-based design and 

hardware implementation of optimized configurations, followed by direct experimental 

comparison. 

• Analysis of Angular Robustness: To investigate how the directivity characteristics of 

the PAL vary with respect to steering angle. Steering angles of 60° and 75° are selected 

as representative test cases based on prior simulation studies, enabling the analysis of 

angular performance degradation or stability in both uniform and sparse configurations. 

To meet the steering objective, we use the physical setup in Fig. 4-6, The figure shows the 

array geometry, the beam analysis axes, and the primary/secondary wave paths. In this study, 

we suppress the secondary wave to simplify control of the phased array. We therefore measure 

only the ultrasonic primary field at 40 kHz and 42 kHz along a sampling arc orthogonal to the 

array plane. The microphones scan these angles to reconstruct the primary-field pattern. We 

then compute the Westervelt directivity from the measured primary field to estimate the 

corresponding difference-frequency directivity. 

Each measurement was conducted across a range of steering angles (e.g., 0°, 60°, and 75°) and 

transducer configurations (uniform vs. optimized sparse array). At each configuration, the array 

was rotated in 2.5° increments to capture high-resolution polar sound field data. The measured 

spatial pressure distributions were subsequently compared to the simulated results for model 

validation and evaluation of the optimisation's practical effectiveness. 
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Fig. 4-6. Geometric representation of the PAL beamforming measurement setup. 

 System Architecture and Hardware Components 

All experimental measurements were conducted in a carefully controlled acoustic environment 

to ensure consistency, suppress reflections, and eliminate external noise. The measurement site 

was a full anechoic chamber with dimensions 3 m × 3.5 m as shown in Fig. 4-7, located in a 

separate, acoustically isolated building. The chamber is fully lined with wedge-shaped 

absorbing foam on all six surfaces, including a suspended mesh floor that allows for free-field 

conditions while supporting equipment placement. This design ensures reflection-free 

propagation of acoustic waves across the relevant ultrasonic and audible frequency bands. A 

temperature-controlled system maintains ambient conditions at 13°C during most measurement 

sessions, minimizing variations in sound speed due to thermal drift. 
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Fig. 4-7. Photograph of the experimental setup inside the anechoic chamber. The 

parametric array loudspeaker is mounted on a rotary stage and the microphone is fixed 

at a 2 m radial distance.  

The PAL is mounted vertically on a rotating base positioned at the acoustic centre of the 

chamber, with a measurement microphone placed on a boom stand at a fixed radial distance of 

200 cm along the array’s main axis. Angular scanning is achieved using an electric turntable, 

enabling the array to rotate in 2.5° increments across a 180° arc. This configuration ensures 

systematic acquisition of directional sound pressure data with consistent alignment throughout 

each test session. Insets show the turntable, alignment of the microphone, power supply unit, 

and a thermometer indicating an ambient temperature of 13 °C during testing. The exact 

measurement geometry and environmental control parameters are summarized in Table 4-2. 
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Table 4-2. Detailed Parameters of Experimental Setup for Measuring Speaker Array 

Directivity. 

Parameter Value 

Distance between speaker and microphone 200cm 

Temperature T 13℃ 

Piezoelectric Transducer Diameter 1cm 

Frequency f 40 kHz, 42 kHz 

Optimal angle ψ 60°, 65°, 70°, 75° 

The measurement microphone is an Earthworks M30, chosen for its linear response up to 30 

kHz (with usable extension above 40 kHz), ~20 dBA self-noise, and sensitivity of −29 dB V/Pa. 

The microphone is mounted away from reflective surfaces and suspended above the mesh floor 

to minimise reflections. Signals are pre-amplified and recorded with a 24-bit audio interface 

and post-processed in MATLAB, following the same measurement workflow as in Chapter. 

3.3. 

The core acoustic source consists of an 8 × 8 matrix of piezoelectric ultrasonic transducers, 

each with a diameter of 10 mm and a nominal resonant frequency centred at 40 kHz. In the 

uniform configuration, the array adopts a fixed 10 mm centre-to-centre spacing between 

adjacent elements, corresponding to the transducer diameter. For sparse configurations, the 

element positions are reconfigured according to optimized spatial coordinates derived via PSO, 

with the objective of suppressing grating lobes and enhancing beam directivity at predefined 

steering angles. As shown in Fig. 4-8, a uniform linear array is used for baseline comparisons. 

For each optimized sparse array layout, a corresponding physical holder was fabricated using 

high-resolution 3D printing to ensure precise element placement. The piezoelectric transducers 

were manually inserted into the printed frame according to the computed coordinates. This 

fabrication approach enables consistent implementation of complex array geometries, 

facilitating accurate experimental validation of simulation and optimisation results. 
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Fig. 4-8. Photograph of the physical transducer array configurations. 8 × 8 Uniform 

array with fixed 10 mm inter-element spacing and three optimal arrays at specific 

steering angles. 

 Signal Generation and Beamforming Control 

The phased array loudspeaker system is driven by an Arduino Mega microcontroller, capable 

of generating independently controlled digital signals on any of its 64 output pins. This feature 

allows for precise per-channel phase modulation across the array. In the present experiment, 

the array is divided into eight vertically arranged groups, with each group consisting of eight 

transducers driven in phase synchrony. Thus, only eight independent control signals are 

required, one per group, which simplifies the system architecture without compromising 

beamforming capabilities. 

Each control signal is generated as a half- duty square wave, with phase shifts implemented in 

20 discrete steps (π/10 resolution) via cyclic binary pattern shifting, and amplitude controlled 

through duty cycle modulation. The square wave signals are amplified to 10 V and drive the 

piezoelectric transducers near their resonance, resulting in acoustic sinusoidal output despite 

the binary excitation. 
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The modulation scheme and signal generation process are illustrated in Fig. 4-9, which depicts 

the mapping between phase and duty cycle settings, controller output waveforms, and the 

corresponding measured acoustic responses. This system configuration enables high-resolution 

experimental evaluation of the directivity characteristics of both uniform and optimal PAL 

arrays under controlled acoustic conditions. The platform ensures consistent signal delivery, 

environmental repeatability, and full compatibility with simulation validation and optimisation 

assessment workflows. 

 

Fig. 4-9. Phase and duty-cycle control of excitation signals. Left: digital bitstreams with 

varying phase and duty settings. Centre: amplified signals from controller. Right: 

pressure waveforms captured by receivers, demonstrating sinusoidal output due to 

transducer resonance. 

4.4 Simulation and Measurement Results for Optimized Array 

This section presents the results of both simulation and experimental evaluations of transducer 

array configurations optimized using the PSO algorithm. The analysis focuses on comparative 

assessments of SPL distributions, far-field directivity patterns, and the influence of array 

geometry on beamforming performance. Special attention is given to the improvements 

achieved through PSO-based sparse arrays, including enhanced main lobe focus and side lobe 

suppression. These findings provide quantitative insights into the effectiveness of optimisation 

strategies and their implications for the design of high-performance phased array loudspeaker 

systems. 
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 FEM Simulation Result: 

Building upon the simulation and measurement setup described earlier, this section presents 

the results of FEM-based optimisation for different steering angles. The analysis focused on 

evaluating optimal array configurations and assessing directivity performance across a range 

of steering angles. To avoid convergence to suboptimal local minima, a random perturbation 

mechanism was introduced into the PSO process. Particles that failed to improve over multiple 

generations were perturbed to enhance exploration. This strategy led to consistent convergence 

behaviour across repeated runs, validating the stability and robustness of the optimisation 

method [120]. 

This optimisation process involves adjusting the inter-element spacings denoted as d1,d2,…,d7, 

which represent the relative distances between adjacent transducers in the sparse array. These 

spacings are adaptively tuned to achieve the desired directivity at each target angle ψ while 

minimizing side lobe levels. However, the deflection capability of a sparse array is inherently 

constrained by its geometry. Beyond a certain steering angle, further steering may result in 

reduced performance, particularly in side lobe suppression and beam shaping accuracy.  

The directivity of the optimized array was initially assessed at optimal angles ψ = 80°, 75°, 70°, 

65°, 60° and compared with a sparse array. In the context of these arrays, 90° denotes the 

reference angle (zero steering). Using the optimisation algorithm, we identified the optimal 

transducer positions for distinct optimal angles, the iteration process is illustrated in Fig. 4-10. 

Convergence to the optimal solution is shown by darker solid lines, while lighter dashed lines 

correspond to suboptimal (local-optimal) solutions arising during iteration. 
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Fig. 4-10. Iterative process of Optimized PAL as a function of the number of PSO 

iterations, based on 250 trials. The configuration includes 8 elements (N = 8). Results 

are shown for optimal angles of: ψ = 75°, 70°, 65°, 60°. 

In Fig. 4-10, each colour scheme represents the optimisation process corresponding to a 

specific angle. The darker data points indicate the optimal solutions identified during the 

process. The objective function values throughout the optimisation are negative, and the 

process aims to minimize these values. It is observed that as the steering angle increases, both 

the initial cost function value and the maximum optimized value also increase. Additionally, 

the optimisation process tends to converge toward the maximum value within approximately 

100 iterations, suggesting that 250 iterations are sufficient to achieve an optimal solution. 

Furthermore, optimisation processes associated with smaller steering angles demonstrate a 

more favourable optimisation landscape compared to those with larger steering angles. Fig. 

4-10 demonstrates that due to the random initialization of arrays at the start of each optimisation, 

certain local optimisation results vary during the process. This indicates a tendency for the 

algorithm to approach a global optimum, even when the process begins with different initial 

conditions. However, a general trend is evident: for each optimisation angle, the solutions 

consistently converge toward an optimal value.  
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Fig. 4-11. Far-field directivity (SPL, dB) of the PSO-optimized 8-element linear 

array (element width =1 cm) at 40 kHz. Panels (a)-(d) correspond to target/optimal 

angles ψ=θ=60∘,65∘,70∘,75∘ , respectively. 

The patterns for optimal angles ψ=θ=60∘,65∘,70∘,75∘  are shown in Fig. 4-11. The colour 

variations represent the results of independent simulations conducted under the same 

conditions. Panels (a)-(d) correspond to optimal angles ψ=θ=60∘,65∘,70∘,75∘  , respectively. 

Curves are shown as angle-resolved profiles ( 0∘-180 ) flattened from the polar representation; 

the vertical dotted line marks the target steering angle ψ. For each angle, three independent 

simulations under identical settings are overlaid (grey traces) to illustrate repeatability; minor 

variations reflect stochastic restarts of the optimizer and numerical noise. All SPL values use 

Pref =20μ Pa; when discussed comparatively, we report relative directivity DSPL(φ)=L(φ)-L(ψ). 

As illustrated in Fig. 4-11, reveal a clear trend: as the ψ increases, the separation between the 

main lobe and the side lobes progressively decreases. When the ψ is below 65°, the amplitude 

difference between the main lobe and the side lobes becomes less pronounced, remaining under 

3 dB. In the ψ range of 65° to 75°, the optimal array demonstrates effective main lobe control 

and side lobe suppression. 
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This observation suggests that the optimal array can significantly mitigate the occurrence of 

grating lobes. However, the deflection capability of a sparse array is inherently limited, and 

beyond a certain point, further deflection may result in reduced performance in terms of side 

lobe suppression.  

Fig. 4-12 illustrates how the optimal values of ( d1,d2,…,d7 ) evolve with different steering 

angles, providing insight into how the array configuration dynamically adapts to directivity 

requirements under the limitations imposed by the sparse layout. 

 

Fig. 4-12. The best array configurations obtained through optimisation for different 

optimal angle ψ =60∘,65∘,70∘,75∘. The array consists of 8 elements, each with a base 

length of 10 mm. 

Table 4-3 reports the main-lobe to peak-side lobe difference (in dB) at four steering angles (ψ 

= 60°, 65°, 70°, 75°), comparing a PSO-optimised non-uniform array with a uniform array. 

Positive values mean the main lobe is higher than the strongest side lobe (better beam quality); 

negative values mean a side lobe/grating lobe exceeds the main lobe. Across 𝜓𝜓 between 60° 

and 75°, the optimised layouts improve this metric by about +1.9 to +5.7 dB (largest gains near 

60° to 70°; smaller but still positive at 75°), indicating more robust side lobe suppression under 

steering. 
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Table 4-3. Main-lobe to peak-side lobe difference (dB) for optimised and uniform arrays 

at steering angle ψ.  

ψ ( ∘) Optimal array(dB) Uniform array (dB) 

60 2.5486 -3.1203 

65 4.5273 -0.7920 

70 6.0791 1.2819 

75 7.1327 5.2665 

Fig. 4-13 (a) compares the main lobe and side lobe differences (in dB) across array 

configurations: one Uniform and six Optimized, evaluated over steering angles (θ) from 55° to 

80°. The Uniform Array maintains stable but low directivity across angles, indicating limited 

side lobe suppression and energy focusing. In contrast, Optimized arrays, tailored for specific 

angles ψ, show greater variation and improved performance at higher θ values. 

For lower steering angles (θ = 55°–65°), optimized arrays show reduced distinction between 

main and side lobes, weakening directivity. However, performance significantly improves at 

higher angles (θ = 70°–75°), with stronger main lobe concentration and better side lobe 

suppression, especially for ψ = 65°, 70°, and 75°. This highlights the benefit of nonlinear 

optimisation in directional sound control. Notably, grating lobes in uniform arrays persist or 

even exceed side lobes at high angles, while optimized arrays effectively eliminate them, 

particularly around θ = 70°. 

Fig. 4-13 (b) presents box plots of main lobe–side lobe differences. The Uniform Array shows 

a narrow interquartile range (IQR) and low median, confirming consistent but subpar 

performance. In contrast, Optimized arrays exhibit higher medians and wider IQRs, especially 

for ψ = 70° and 80°, indicating superior directivity with some trade-off in consistency due to 

complex non-linear geometries. The presence of outliers reflects variability tied to angle-

specific optimisation. 

Finally, as parametric speakers produce audible signals through nonlinear interactions of high-

frequency carriers, accurate directivity modelling using the Westervelt framework requires 

frequency-specific analysis that accounts for both spectral characteristics and spatial 

propagation effects. 
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(a)…………………………………..……(b) 

Fig. 4-13. (a) Comparison of main lobe and side lobe differences (in dB) for distinct 

array configurations, including a Uniform Array and six Optimized arrays, steering 

angle θ =60∘,65∘,70∘,75∘. (b) Comprehensive summary of main lobe and side lobe 

differences for each configuration across all steering angles, with each box depicting 

the IQR of the measured differences. 

 Experimental Validation of Directivity: 

a) Measured Directivity of PALs 

To experimentally validate the simulation results and assess the effectiveness of the array 

optimisation strategy, directivity measurements were performed for both uniform and 

optimized array configurations. The uniform array serves as a baseline configuration, with 

evenly spaced transducers, while the optimized array incorporates the sparse transducer 

positions (d1,d2,…,d7) derived from the PSO-based simulations in Fig. 4-12. 

Fig. 4-14 reports measured far-field SPL patterns at two carrier frequencies ( f=40 kHz and 

f=42 kHz ) for steering angles ψ={60∘,65∘,70∘,75∘}. Panels are mapped as follows: (a) uniform, 

f=40 kHz; (b) optimized, f=40 kHz; (c) uniform, f=42 kHz; (d) optimized, f=42 kHz. Curves 

are sampled every 2.5∘ (motorized turntable); the vertical dashed line marks ψ. The optimized 

layouts implement the sparse spacings ( d1,…,d7 ) from Fig. 4-13. For Example, at ψ=70∘ and 

f=40 kHz (compare panels (a) vs. (b)), the main-peak side lobe difference improves from 

1.2819dB (uniform) to 6.0791dB (optimized), evidencing tighter main lobe focus and side lobe 

suppression (Table 4-3). 
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Fig. 4-14. (a-d) Directivity of the uniform array evaluated at 40 kHz and 42 kHz for 

steering angles ψ=60∘,65∘,70∘,75∘. (e-h) Directivity of the optimized arrays at the same 

frequencies and steering angles. 

Experimental measurements were conducted using a PWM-driven excitation signal (50% duty 

cycle) powered by a 14 V supply. Directivity data were collected at an angular resolution of 

2.5°, limited by the mechanical increment of the motorized turntable. Arrays corresponding to 

steering angles of 60°, 65°, 70°, and 75° were selected for detailed experimental analysis and 

validation. The setup, including equipment layout and testing environment, is thoroughly 

described in Chapter 4.3. The 14 V supply ensured consistent array operation, while the 2.5° 

sampling resolution enabled accurate capture of the directivity patterns. 
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The experimental results show the directivity performance at f= 42 kHz, 40 kHz for the uniform 

array, the optimal ψ = 60° array, and the optimal 75 array. Compared to the simulation results, 

the experimental side lobes are higher, and some irregular side lobes appear. These 

discrepancies are likely due to performance deviations among the transducers, measurement 

errors in the array setup, and phase errors in the control circuitry. However, the experimental 

results still validate the key conclusions drawn from the simulations. 

The experiments show that nonlinear optimisation can suppress sidelobe levels at selected 

steering angles. At 75°, the optimised array produces visibly smaller grating lobes than the 

uniform array. Its pattern is also smoother, which matches the simulation trends. At high 

steering angles, the optimised array keeps high main-lobe directivity, though sidelobes 

unavoidably rise beyond 65°. 

b) Westervelt Directivity of PALs 

A detailed analysis of Fig. 4-15 visualises the Westervelt directivity for multiple array layouts 

at steering angles of 75°, 70°, 65°, and 60°. In each subplot, the experiment results(blue) are 

plotted against simulation results(red) for a direct comparison. Both the simulation and the 

experiment use the primary field only to compute Westervelt directivity via the 

D1×D2 formulation (i.e., derived from the first-wave response). The results show that the 

optimised arrays form sharper main lobes and achieve stronger sidelobe suppression, with a 

clear advantage at 60° steering. This confirms the effectiveness of the optimisation strategy. 
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Fig. 4-15. FEM Simulated and measured Westervelt directivity of the uniform array(a) 

and optimal array(b) at 40 kHz and 42 kHz for steering angles ψ=60∘,65∘,70∘,75∘; 

By analysing the Westervelt directivity, it becomes evident that the optimal array produces 

smoother patterns compared to the uniform array. At steering angles of ψ = 65° and 70°, the 

optimal array clearly outperforms the uniform arrays by effectively reducing side lobes while 

maintaining strong main lobe directivity. At ψ = 75°, the performance of the optimal and 

uniform arrays is comparable. In contrast, at ψ = 60°, the optimal array loses its advantage in 

main lobe strength, and both uniform arrays demonstrate higher directivity, particularly at the 
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grating lobe angles. These observations suggest that the optimal array offers significant benefits 

in the mid-to-high steering range (ψ = 65° to 75°), where it suppresses grating lobes while 

preserving the main beam shape. However, its effectiveness diminishes at lower steering angles, 

where grating lobes are less prominent and the performance gap between configurations is 

minimal. 

The consistency between experimental and simulation results highlights the reliability of the 

optimisation method in reducing unwanted grating lobe interference, thus improving overall 

system performance at these target angles. However, from the perspective of practical 

application, only arrays with lower optimal steering angles are meaningful. When the optimal 

steering angle is set too large (e.g., 60°), the array cannot maintain high main lobe directivity 

at low steering angles, nor can it significantly reduce grating lobes at high steering angles, 

resulting in a lack of distinctiveness in the main lobe. 

However, some discrepancies between simulation and experimental data are observed. The 

experimental results tend to show higher side lobes and irregular patterns, which are attributed 

to transducer inconsistencies, phase control errors, or minor misalignments in the physical 

array setup. These deviations are expected in practical implementations and underscore the 

need for further refinement in hardware synchronization and experimental calibration. 

Nonetheless, the overall trend remains consistent, validating the simulation models and 

confirming that the optimisation process is effective in guiding real-world array design. 

Table 4-4 presents a comparative analysis of the directivity differences between the main lobe 

and grating lobes for both optimized and uniform arrays at different steering angles (ψ = 60°, 

65°, 70°, and 75°). The table includes both simulation and experimental results, demonstrating 

the performance improvements achieved through optimisation. The optimized arrays 

consistently show higher main lobe-to-grating lobe differences, particularly at larger steering 

angles, confirming their superior directivity control. The comparison between simulated and 

experimental data further validates the effectiveness of the proposed optimisation approach in 

real-world implementations.  
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Table 4-4. The directivity difference between main-lobe and grating lobe at optimal 

steering angle ψ and comparison with the results of linear array. 

 Simulation Data (dB) Experiment Data (dB) 

ψ ( ∘) Uniform Array Optimal Array Uniform Array Optimal Array 

60 -9.2042 -1.539 -1.966 -3.8191 

65 -4.1416 0.917 2.950 5.88176 

70 1.4966 3.6541 3.449 4.53129 

75 6.46171 5.6765 3.538 4.47579 

While the consistency between simulation and experimental results supports the effectiveness 

of the proposed optimisation approach, several sources of measurement error and modelling 

assumptions must be acknowledged, as they may contribute to the observed discrepancies. 

On the experimental side, hardware-related limitations include variations in microphone 

sensitivity, imperfections in transducer responses, and possible phase mismatches in signal 

excitation. Minor misalignments during array installation, such as deviations in element 

orientation or positioning, can introduce systematic errors in the measured directivity. In 

addition, the angular resolution of the measurement system is limited to 2.5°, which restricts 

the ability to capture fine-scale variations in the side lobe structure, especially near nulls or 

secondary peaks. 

Environmental factors also play a role. Despite efforts to minimize reflections using absorbing 

materials, residual acoustic reflections and background noise may affect measurement 

reliability, particularly at higher frequencies or lower signal amplitudes. Furthermore, 

variations in temperature and humidity can alter the local speed of sound and air absorption 

characteristics, which are not dynamically compensated for in the current setup. 

On the simulation side, several idealizations are made to maintain computational efficiency. 

These include the assumption of homogeneous and lossless air, ideal phase synchronization 

across array elements, and the use of simplified 2D models for certain cases. While these 

approximations are acceptable for initial design and comparative analysis, they may overlook 

important 3D propagation effects and hardware-specific nonlinearities. 

Addressing these issues through more precise alignment mechanisms, higher-resolution 

angular scanning, dynamic environmental monitoring, and enhanced physical modelling would 

further improve the accuracy and robustness of future directivity evaluations. 
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4.5 Summary  

This chapter evaluated array optimisation for PAL directivity using a FEM–PSO–experiment 

pipeline. Both simulation and measurement computed Westervelt directivity from the primary 

field via the Westervelt formulation. Tests covered steering angles ψ=60∘,65∘,70∘,75∘at 40/42 

kHz, with 2.5° angular sampling. Across these settings, optimised sparse arrays produced 

sharper main lobes and lower sidelobes than uniform arrays. For example, at ψ=70∘, 40 kHz, 

the main-peak–sidelobe difference improved from 1.28 dB (uniform) to 6.08 dB (optimised). 

Table 4-4 and Fig. 4-15 show the same trend: optimised layouts raise the main-to-grating-lobe 

gap, especially at 65°–75°. 

Experiments and FEM agreed on the steered main-lobe angle, grating-lobe locations, and the 

relative benefit of optimisation. Measured sidelobes were higher and sometimes irregular, 

attributable to element mismatch, small phase errors, and minor alignment drift. These 

deviations are expected in practice and point to the value of tighter hardware synchronisation 

and calibration. Still, the agreement in trends confirms that the optimisation reliably reduces 

grating-lobe energy and improves beam focus at the target angles. 

Practically, optimisation benefits depend on the intended steering range. Mid-to-high steering 

(65°–75°) showed the clearest gains; at 60° the advantage in main-lobe strength can diminish, 

and uniform arrays may retain comparable directivity at some angles. Thus, the optimisation 

target ψ should match the operational band: targeting very high angles can trade off 

performance elsewhere. Overall, the FEM-guided, PSO-optimised designs provide measurable 

sidelobe suppression and cleaner beams under the tested conditions, offering a useful route for 

PAL array configuration in practice. 
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GAN-based Hybrid Learning Framework for Far-

Field Directivity Prediction in PALs  

FEM simulations in Chapter 4 give high-fidelity PAL directivity. They require fine spatial 

discretisation at ultrasonic frequencies. This leads to high computational cost. They are not 

suitable for interactive design or real-time control. To address this, we build a data-driven 

surrogate. The surrogate maps near-field representations to far-field patterns. 

In this chapter, we adopt a conditional Generative Adversarial Network (GAN): the generator 

takes the input and predicts a far-field map. The discriminator checks whether the map looks 

real when given the same input. We train the two networks with an adversarial loss and a 

reconstruction loss. These losses keep the output sharp and physically plausible, and they 

stabilise training. After training, prediction reduces to a single forward pass with negligible 

marginal cost, enabling fast design evaluation and adaptive beamforming.  

5.1 Introduction 

 Motivation for GAN-Based Prediction 

Accurate modelling of the parametric speaker’s sound field is essential for optimising 

directivity and improving audio performance. Analytical methods, introduced in Chapter 3, 

give fast estimates. However, they do not capture key nonlinear effects and complex wave 

interactions that shape far-field behaviour. 

FEM-based models, discussed in Chapter 4, are accurate and flexible. They handle complex 

geometry and boundary conditions well. However, they are costly, especially for 3D time-

domain runs. The solver must discretise the mesh, perform numerical integration, and solve 

large sparse matrices. These steps need high-performance computing and long runtimes. They 

are not practical for large parameter studies or real-time use. 
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This limitation motivates an alternative that keeps accuracy and lowers cost. Recent deep-

learning methods, especially GANs, offer such a path. GAN-based models learn the nonlinear 

map from near-field data to far-field directivity. They deliver rapid predictions without 

repeated full-physics simulations [96], [119]. In contrast to the FEM, which involves mesh 

discretization, numerical integration, and the solution of large sparse matrices resulting in high 

memory usage and exponentially increasing computation time, GAN inference is significantly 

more efficient. It can be executed on a single GPU within milliseconds and with much lower 

energy consumption [95]. This makes GAN prediction suitable for real-time tasks such as 

adaptive beamforming and dynamic array control. Table 5-1 compares the computational cost 

and resource needs of FEM and GAN-based methods. 

Table 5-1. Comparative Analysis of Computational Methods for Acoustic Field 

Prediction: FEM Simulation vs. GAN-Based Prediction. 

 Computing Complexity Computing Resource Error 

FEM Simulation O(NP)(p=2-3) High  High quantifies 

GAN Prediction O(M) (fixed) Low Potential generalization error 

This study develops a GAN-based framework to predict the far-field directivity of parametric 

array loudspeakers (PALs) with high accuracy while reducing reliance on computationally 

expensive full-wave simulations. Finite-element modelling (FEM) is used to generate high-

fidelity supervisory data and to benchmark behaviour under nonlinear propagation and realistic 

geometries. By coupling data-driven learning with physics-based simulation, the approach 

enables rapid, measurement-referenced evaluation and streamlines PAL design and 

optimisation for practical deployments. 

 Selection of GAN Architectures for Spatial Sound Field Prediction 

This study predicts far-field acoustic distributions at 200 cm from near-field data measured at 

30 cm. The task is high-dimensional. Propagation and wave interference make the mapping 

complex. Traditional regression lacks the nonlinear capacity needed for these interactions. 

Standard deep networks often over-smooth spatial detail. These smoothing lowers resolution 

and degrades the predicted field. 
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We adopt a GAN framework to learn far-field patterns with preserved spatial detail and 

improved data efficiency. High-fidelity FEM simulations provide supervisory signals and a 

physics-consistent reference for benchmarking nonlinear propagation and realistic geometries. 

Compared with running FEM at design time, a trained GAN generates patterns at interactive 

rates, enabling rapid, measurement-referenced evaluation within design workflows[121], [122]. 

GAN is a training framework, not a fixed network. The generator can use different designs. In 

this study, we test two generators: U-Net and an Encoder–Decoder. We compare their ability 

to predict far-field acoustic directivity. 

U-Net uses an encoder–decoder with skip connections. It is common in image-to-image 

translation. It preserves spatial detail and global context. This makes it a strong choice for near-

field to far-field mapping. We also train a supervised U-Net as a baseline to measure the gain 

from GAN training [123]. The Encoder–Decoder compresses the input to a latent code and 

reconstructs the output. It offers flexible feature extraction and can generalise better with 

limited data. Used as a GAN generator, it helps reduce overfitting while maintaining accuracy 

[124]. 

Additionally, We also consider CNNs and Transformers. They offer different trade-offs 

between computational cost and feature representation. These architectures are included in 

Table 5-2, which presents a comparative analysis of different deep learning models for acoustic 

field prediction. 

By integrating GAN with U-Net and Encoder-Decoder and comparing them to a standalone U-

Net, this study assesses the impact of different generator designs on accuracy, efficiency, and 

generalization in nonlinear acoustic field prediction. The comparative analysis in Table 5-2 

further contextualizes these findings by evaluating additional architecture, providing a 

comprehensive overview of deep learning approaches in this domain. The insights gained 

contribute to the development of a GAN-based framework for parametric speaker modelling, 

advancing deep learning-based sound field prediction and optimisation. The following section 

details the methodology used to implement and evaluate these models. 
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Table 5-2. Comparative analysis of deep-learning architectures for acoustic field 

prediction. 

Model Reference Advantages Limitations 

U-Net [123], [125] 
Strong spatial detail via skip 

connections; good multi-scale 
dense mapping. 

Limited global context; may 
smooth high-frequency content. 

Encoder-
Decoder [124] Simple, efficient, scalable; good 

for resolution change. 
Loses fine detail without skips; 
deconvolution artifacts possible. 

CNN 
(generic/FCN) [126] Fast inference; stable training; 

local pattern capture. 
Weak long-range dependencies; 

needs dilations/multi-scale. 

Transformers [127], [128] 
Global context; strong 
transfer/self-supervised 

pretraining. 

Data-/compute-hungry; weaker 
inductive bias in small-data 

regimes. 

5.2 GAN-Based Methodology for Far-Field Directivity 

Prediction 

In this chapter, we collect acoustic-field data in a defined region and split it into near-field and 

far-field sets. We use a 2D framework with the Pressure Acoustics module to simulate sound 

propagation in space. The sampling domain has 512 × 512 points. We use the near-field data 

as the GAN input. We use the paired far-field data as the target output. This setup trains the 

model to learn the nonlinear propagation behaviour. We set the near/far split from the physics 

of the difference-frequency (DF) wave. We estimate the onset of the far field as follows: 

 rfar-field =
2D2

λ
=

2×(0.15)2

0.171
≈0.117 m  (5-1) 

Where λ=c/f, c is the speed of sound in air (approximately 342 m/s), and f is the frequency of 

the difference-frequency wave. Assuming the two primary high-frequency ultrasound waves 

have frequencies of 40 kHz and 42 kHz, resulting in a difference-frequency wave of 2 kHz. 

The effective diameter D of the array is estimated to be approximately 15 cm. This is based on 

a linear arrangement of eight transducers, each with a diameter of 1 cm, spaced with small gaps 

in between. Although the exact centre-to-centre spacing may vary slightly due to mounting 

constraints, the total aperture spans a relatively wide area, forming a compact but acoustically 



 

P a g e | 115  

 

significant array. To avoid losing near-field information, the near field is defined up to 30 cm, 

and the transition to the far-field is assumed to begin beyond 200 m. 

Fig. 5-1 compares FEM-based far-field simulation with the proposed GAN-based estimation. 

The left panel shows the FEM model. It resolves the primary wave, the secondary wave, and 

the grating lobes across a 200 cm semi-circular domain. The right panel shows the GAN 

approach. It takes near-field data on the 30 cm semi-circular arc as input and predicts the far-

field directivity. 

 

Fig. 5-1. Far-field estimation using a GAN compared to finite-element simulation, (a) 

Finite-element simulation method, (b) Near-field simulation with far-field 

estimation. 

 Data Collection and Preprocessing 

In this simulation, the directivity patterns of an ultrasonic phased array were calculated using 

the Westervelt equation within a finite element framework. To reduce computational 

complexity, a 2D axisymmetric model was adopted to represent the inherently 3D system. This 

was achieved by placing a line source along the axis of symmetry using a built-in on-axis node 

in the 2D axisymmetric geometry. 

The directivity patterns were computed using a frequency-domain finite-element formulation 

identical to Chapter. 4 (Equations. (4-1) - (4-6)), i.e., a Helmholtz model with Westervelt-
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informed weak nonlinearity truncated at the second harmonic. We therefore do not repeat the 

governing equations, symbols, or unit definitions here; notation and units. 

To reduce computational cost while retaining principal-plane accuracy, we adopt the same 2D 

axisymmetric surrogate used previously. The phased aperture is represented by a phased line 

source distribution placed on the symmetry axis (COMSOL on-axis line source), which 

corresponds to a radially vibrating cylindrical emitter of vanishing radius. Steering is 

implemented by prescribing relative phase delays across eight coaxial source segments located 

along the axis, emulating an eight-element linear array in the principal plane. This surrogate 

captures the dominant beam physics for the slender apertures and steering angles considered; 

see Chapter. 4.2 for the 3D extension and its computational implications. 

This Fig. 5-2 uses the same COMSOL Pressure Acoustics (Frequency Domain) configuration 

as Fig. 4-2. A 2D principal-plane semicircular region of radius 200 cm is terminated by a PML 

to suppress artificial reflections. Near- and far-field evaluation arcs are placed at 30 cm and 

200 cm, respectively. The far-field radius matches the experimental microphone distance and 

lies well beyond the Rayleigh region at 40–42 kHz, making the angular pattern effectively 

range-invariant. The mesh policy is identical (minimum element size ≥λmin /6) to ensure 

accuracy and consistency across figures. All other solver, boundary, and normalization settings 

follow those reported for Fig. 4-2. 

Post-processing follows chapter. 4.2: total acoustic pressure pt  is obtained from the finite-

element solution, SPL is computed using the standard reference Pref =20μ Pa, and relative 

directivity is reported as DSPL (φ)=L(φ)-L�φref � with φref  the main-lobe direction. 
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Fig. 5-2. Far-field sound pressure simulation of a parametric array loudspeaker array 

conducted in COMSOL. 

We construct a 512 × 512 grayscale image from FEM outputs by sampling SPL over a 180° 

sector. Each pixel encodes the SPL at one spatial location. The grayscale intensity reflects the 

local pressure magnitude. This step converts the complex sound field into an image-like input. 

It suits deep-learning models that extract spatial features and recognise patterns. 

To improve robustness and generalisation, we use a hybrid data-generation strategy. We run 

grid scanning to sample key array configurations at small steering angles. We add random 

sampling to vary transducer positions, amplitudes, and phases. We also apply standard image 

augmentation, such as random cropping and flipping, in line with prior image-learning results  

[129]. Structural perturbations were introduced based on the recommendations of Shorten and 

Khoshgoftaar [130], who showed that targeted data augmentation can significantly improve 

model performance under limited data conditions. 

The dataset consisted of 5,000 samples: 4,650 simulation instances and 350 experimental 

measurements. In the simulations, each “array” denotes a distinct geometric realisation of a 

linear transducer aperture. We considered three families: uniformly spaced, Gaussian-

distributed inter-element spacing, and randomly perturbed (jittered) spacing and, within each 

family, generated multiple arrangements by varying the element count N, aperture length A, 
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and spacing-profile parameters (e.g., Gaussian width). For every arrangement, far-field 

responses were computed over steering angles θ∈[60∘,90∘]; small random perturbations around 

the baseline designs were added to increase diversity. The 350 experimental samples were 

reserved for validation and out-of-sample generalisation across the same angle range. 

To ensure consistency across training inputs, all grayscale images were normalized to the range 

[0,1] using min-max scaling. Specifically, each pixel intensity I was transformed according to 

the Equation (5-8): 

 Inorm=
I-Imin

Imax-Imin
  (5-2) 

where Imin and Imax denote the minimum and maximum intensity values in the original image, 

respectively. This normalization facilitates stable training and accelerates convergence during 

learning. 

 Deep Learning Model Development 

The proposed GAN architecture, illustrated in Fig. 5-3, comprises a generator and 

discrimination, specifically designed for far-field acoustic prediction. During adversarial 

training, the generator continuously refines its predictions to deceive the discriminator, 

ultimately converging toward an equilibrium where the discriminator can no longer distinguish 

between real and generated far-field patterns [131], [132]. This enables the synthesis of high-

fidelity acoustic field distributions while reducing reliance on computationally expensive 

simulations. 

To further evaluate the effectiveness of GAN-based learning, this study implements two 

distinct network architectures: U-Net and Encoder-Decoder. These architectures serve as the 

generator backbone and are compared in terms of their ability to reconstruct far-field directivity 

patterns. The following sections provide a detailed discussion of these two approaches, 

outlining their structural differences, advantages, and suitability for nonlinear acoustic field 

prediction. 
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Fig. 5-3: Illustration of GAN Training Process: Interaction Between Generator and 

Discriminator. 

a) Loss Function 

To ensure the effectiveness of the GAN architecture illustrated in Fig. 5-3, a well-designed loss 

function is critical for achieving both training stability and predictive accuracy. The generator 

must produce far-field acoustic distributions that are not only visually consistent with real 

measurements but also physically aligned with the principles of wave propagation. To this end, 

the training objective integrates three complementary loss components: 

 L1 loss (also referred to as Mean Absolute Error or MAE), which serves as the 

reconstruction loss by enforcing pixel-wise similarity with ground truth data. 

 Adversarial loss, which encourages realism through feedback from the discriminator; and 

 Physics-informed loss, which enforces consistency with the acoustic wave equation to 

preserve physical plausibility. 

Together, these components define the generator’s overall objective function, balancing 

perceptual fidelity with physical validity. The following sections detail the formulation and 

role of each loss term [133], [134]. 

The L1 loss measures pixel-wise similarity and ensures that generated outputs closely resemble 

ground truth distributions which have been defined in equation (5-3). 
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 LL1=Ex,y �∥ygt-G(x)∥1�=
1
N
�  

N

i=1

�yi-ŷi�  (5-3) 

Where ygt represents the ground truth far-field data, ŷi=G(x) is the predicted far-field output 

generated by the GAN, and N denotes the total number of samples. 

To improve realism, an adversarial loss is used to train the generator against a discriminator. 

A hinge loss formulation (5-4) is adopted to stabilize training and enhance gradient quality 

[121]: 

 Ladv=Ey�max�0,1-D(y)��+Ex �max �0,1+D�G(x)���  (5-4) 

This formulation ensures that the discriminator assigns a high probability to real far-field 

samples while penalizing the generator when its outputs deviate from realistic distributions. 

To enforce physical consistency, a physics-informed loss is introduced based on the wave 

equation. It ensures the generated acoustic field aligns with wave propagation behaviour [135]: 

 Lacoustic =Ex �∥∥
∥∥∇2G(x)-

1
c2

∂2G(x)
∂t2 ∥∥

∥∥

2
�  (5-5) 

Where c represents the speed of sound. By incorporating this constraint, the GAN-generated 

acoustic field aligns with the expected wave propagation behaviour, improving the physical 

accuracy of the far-field estimation. The overall objective function for the generator combines 

adversarial loss, L1 loss, and acoustic consistency loss, balancing realism and physical 

accuracy. The generator loss is expressed as: 

 LG =Ladv+λ1LL1+λ2Lacoustic  (5-6) 

Where λ1,λ2 are hyperparameters that control the relative contributions of the reconstruction 

and physics-based losses. 

The discriminator loss LD  is designed to improve the ability of the discriminator D  to 

distinguish between real and generated samples. The objective of the discriminator is to assign 

a high probability to real samples y and a low probability to generated samples G(x). For a 

hinge loss-based discriminator, the loss function is defined as: 
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 LD=Ey�max�0,1-D(y)��+Ex �max �0,1+D�G(x)���  (5-7) 

This loss function encourages the discriminator to assign higher confidence scores to real far-

field samples while penalizing incorrect classifications of generated samples. By reinforcing 

this distinction, the discriminator effectively guides the generator toward producing more 

realistic far-field distributions. 

b) Encoder-Decoder:  

As shown in Fig. 5-4, the generator adopts a five-stage encoder–decoder architecture with 

residual blocks. The encoder progressively reduces spatial resolution while increasing the 

number of feature maps, enabling effective hierarchical feature extraction; the decoder mirrors 

this with five up-sampling stages to restore resolution and fuse features via skip connections, 

yielding high-fidelity reconstruction. In the diagram, the numbers above each block denote the 

number of feature maps (channels) at that stage, and the numbers below the arrows denote the 

spatial resolution (e.g., 512×512). This design improves the accuracy and stability of far-field 

directivity predictions [123]. 

 

Fig. 5-4. Residual Encoder-Decoder Generator for Far-Field Acoustic Prediction. 

The encoder (E) extracts hierarchical acoustic features by applying convolutional layers and 

progressively reducing spatial dimensions. This compression process ensures that essential 

information is retained while eliminating redundancies. The encoding function is formulated 

as Equation (5-8) [136]: 
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 Zlatent=E�Xinput;θe�=Xinput+f �We*Xinput+be�  (5-8) 

Where Xinput represents the input of near-field acoustic data, Zlatent is the latent representation, 

We,be  are the encoder weights and biases, and f (⋅)  denotes the activation function. As 

illustrated in Fig. 5-4, the encoder progressively reduces spatial dimensions from 5122 to 162 

while increasing feature depth, utilizing residual blocks (red arrows) to preserve information 

across layers. The decoder (D) reconstructs the far-field output from the latent representation 

through transposed convolutions or upsampling operations, incorporating residual connections 

to refine the reconstruction and maintain spatial consistency. The decoding process is expressed 

as: 

 Ŷ=D(Zlatent;θd)=Zlatent+g(Wd*Zlatent+bd)  (5-9) 

Where Ŷ  represents the reconstructed far-field output, Wd,bd  are the decoder weights and 

biases, and g (⋅) denotes the activation function. The decoder restores the spatial resolution 

from 162  to 5122 , using upsampling operations (green arrows) to maintain acoustic field 

consistency. 

This residual encoder-decoder framework, when integrated into the GAN training process, 

enhances the generator's ability to produce realistic and high fidelity far-field acoustic 

predictions, aligning with the loss function objectives previously discussed. 

c) Overview of U-Net Architecture 

The Residual U-Net follows the Encoder-Decoder structure but integrates residual and skip 

connections to improve gradient flow and feature reuse which have been shown in Fig. 5-5. 

Unlike conventional Encoder-Decoder models, U-Net preserves fine spatial details by directly 

transferring encoder features to the decoder, making it well suited for high-resolution acoustic 

modelling. 
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Fig. 5-5. Residual U-Net Architecture for Far-Field Acoustic Prediction. 

The encoder extracts hierarchical features through residual convolutional blocks while down 

sampling the spatial resolution via max pooling. The encoding process is expressed as [137]: 

 Zl=Zl-1+f �We,l*Zl-1+be,l�  (5-10) 

Where Zl is the feature map at layer l, and We,l,be,l are the layer-specific weights and biases. 

Max pooling reduces dimensionality while retaining critical features. The decoder restores 

spatial resolution using up-sampling skip connections, ensuring the recovery of spatial details 

lost during encoding. The decoding operation is formulated as equation (5-16): 

 Ŷl=Zl+g�Wd,l*�Zl,Zskip �+bd,l�  (5-11) 

Where Zskip  represents encoder features passed to the decoder. Skip connections enhance 

reconstruction accuracy by preventing feature degradation. Skip connections concatenate 

encoder and decoder feature maps to retain spatial information: 

 Zskip = Concat(Zencoder ,Zdecoder )  (5-12) 

This Equation improves training stability and enhances high-resolution reconstructions, 

making Residual U-Net effective for far-field acoustic prediction. 



 

P a g e | 124  

 

d) Discriminator:  

The discriminator (Fig. 5-6) employs a hierarchical feature extraction process using 

convolutional layers to distinguish real and generated samples. The input feature map 

undergoes successive convolutional transformations, reducing spatial resolution while 

increasing the number of feature channels. Starting with a 5122  input, a 3×3 convolution 

reduces it to 1282  with 64 channels, followed by further down sampling to 642  with 256 

channels. This enables the network to capture key spatial features for classification. A final 

fully connected layer predicts the probability of the input being real, ensuring effective 

adversarial training. 

  

Fig. 5-6. Convolutional Feature Extraction Process. 

The discriminator distinguishes between real and generated samples by extracting hierarchical 

features through convolutional layers and making binary decisions via a fully connected layer 

with a sigmoid activation [138]: 

 D(XD;θD)=σ(WD*XD+bD)  (5-13) 

Where X represents the input sample (either real or generated), D(XD) denotes the probability 

that XD is a real sample, WD,bD are the trainable weights and biases, and σ(⋅) is the activation 

function, commonly Sigmoid in standard GANs or identity mapping in Wasserstein GANs 

(WGANs) [139]. Through this hierarchical feature extraction, the discriminator learns to 

accurately distinguish generated far-field distributions from real data, ensuring robust 

adversarial training.  
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Fig. 5-7. Network Components for Generator and Discriminator. 

In the generator and discriminator architecture, several fundamental building blocks contribute 

to extraction, transformation, and reconstruction. The Max Pooling module (Fig. 5-7) performs 

spatial downsampling by selecting the maximum value within non-overlapping local regions, 

effectively reducing resolution while preserving dominant features. This operation facilitates 

abstraction and controls computational complexity during feature encoding [140]. The 

ResBlock (Fig. 5-7) introduces residual connections, mitigating gradient vanishing issues and 

preserving spatial details, making it particularly effective in deep network structures such as 

U-Net and residual encoder-decoder architectures [141]. The Up-Sample module (Fig. 5-7) 

restores spatial resolution in the decoder, utilizing interpolation or transposed convolutions 

followed by activation and normalization [142]. These components collectively enhance the 

performance of the generator and discriminator, contributing to more stable adversarial training 

and improved reconstruction of 3D sound fields. 
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5.3 Evaluation and Results of GAN-Based Far-Field Directivity 

Prediction 

 Error Distribution Analysis 

This section compares the performance of U-Net and Encoder-Decoder architectures in 

predicting the far-field directivity of a parametric array loudspeaker from near-field input. The 

evaluation includes visual comparisons with simulation results, error maps, and statistical error 

analysis. 

Fig. 5-8 illustrates the comparison between the U-Net and Encoder-Decoder models in 

predicting the far-field directivity from near-field input data. The top section presents the input 

conditions and simulation ground truth, where a sample from the test dataset is selected for 

visualization. In this example, the steering angle is set to 20°, with eight elements in the array, 

forming a uniform array with a spacing of 1.25 cm. The middle and bottom sections correspond 

to the U-Net and Encoder-Decoder predictions, respectively, each consisting of three key 

components: the FEM solution (ground truth), the GAN model prediction, and the 

corresponding error map, which highlights the absolute error distribution between the predicted 

and ground-truth values. 

The error maps in Fig. 5-8 on the rightmost column demonstrate that both models achieve a 

well-converged solution, enabling far-field directivity prediction with low errors. However, 

notable differences remain between the two models. The U-Net prediction more closely 

matches the FEM solution, displaying lower overall errors across the spatial domain. This can 

be attributed to the skip connections in U-Net, which help retain fine spatial features and 

minimize information loss during decoding. In contrast, the Encoder-Decoder model exhibits 

higher localized errors, particularly in regions with sharp gradient transitions, as evidenced by 

more intense variations in the error map. These results align with the statistical error analysis, 

further confirming that U-Net provides more stable and accurate directivity estimations 

compared to the Encoder-Decoder architecture. 
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Fig. 5-8. Comparison of the estimation results from U-Net and Encoder-Decoder 

models. Ground truth (top), U-Net estimate (middle), Encoder–Decoder estimate 

(bottom); rightmost column shows absolute error. 

Fig. 5-9 shows the error distribution for both models on the full test set of 350 samples. The 

Encoder–Decoder has a narrow distribution with a peak at lower error. The U-Net has a wider 

spread. The wider spread indicates higher variability in its predictions. Fig. 5-9(a) is  the 

distribution of MAE, while Fig. 5-9(b) presents the corresponding distribution of root mean 

squared error (RMSE). In both subfigures, the histograms are overlaid with kernel density 

estimates (KDEs) to provide a smooth, continuous summary of each distribution; clear 

differences between the two architectures are evident in both the histograms and the KDE 

curves. 
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Fig. 5-9. MAE distribution(a) and RMSE distribution(b) of U-Net and Encoder-Decoder 

models. The histogram represents the frequency of different error magnitudes across 

the test dataset. 

The results show that the U-Net model outperforms the Encoder–Decoder on both metrics. In 

numbers, U-Net reaches an average MAE of 0.0105, while Encoder–Decoder reaches 0.0132. 

U-Net also shows a tighter error distribution at lower values. This pattern indicates higher 

accuracy and greater stability across samples. A similar result appears for RMSE. U-Net has 

an average RMSE of 0.0171, while Encoder–Decoder has 0.0194. The concentration of RMSE 
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at lower magnitudes means U-Net reduces average error and also avoids extreme errors. As a 

result, U-Net is the more reliable model for directivity prediction. 

In contrast, the Encoder–Decoder shows a broader error distribution with heavier tails for both 

MAE and RMSE. The wider spread reflects higher variability in prediction quality. The model 

is more sensitive to certain inputs and generalises less well across array layouts or steering 

angles. A likely reason is the lack of skip connections. The downsampling and upsampling lose 

important spatial features and reduce performance in complex cases.. 

 Comparison of Far-Field Directivity Patterns 

To validate the proposed predictive framework, far-field directivity measurements were 

performed using the experimental setup described in Chapter 4. A linear parametric array 

loudspeaker was evaluated at four steering angles: 60°, 65°, 70°, and 75°, under two carrier 

frequencies of 40 kHz and 42 kHz. The resulting SPL data, measured at a fixed distance across 

a 180° angular sector, are presented in Fig. 5-10. Subfigures (a)–(d) correspond to 40 kHz, 

while (e)–(h) present results for 42 kHz. These measurements were obtained using a uniform 

array configuration and are directly compared against full-wave FEM simulations. Because the 

GAN and FEM differ only slightly (RMSE = 0.0171; far-field deviation = 1.71%), for analysis 

we treat the FEM result as equivalent to the prediction and use it as the reference. 
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Fig. 5-10. Comparison of Experimental, FEM-Simulated, and GAN-Predicted Far-Field 

Directivity Patterns at Four Steering Angles (60°, 65°, 70°, 75°). 

As shown in Fig. 5-10, the prediction result captures the far-field beam and the grating lobes 

at all tested steering angles and frequencies. The main lobes match the intended steering 

direction and align with the measurements (for example, around 75° in (a) and (e)). The 

positions and amplitudes of the secondary lobes also match well. These findings show that the 

model reproduces the key spatial features of the far-field pattern. 
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However, some differences appear in the sidelobe regions, especially where the field changes 

quickly or the SPL is low. The differences are larger near 0°–30° and 150°–180°. Likely causes 

include experimental noise, small transducer mismatches, and boundary reflections not 

modelled in the simulation. The 2.5° measurement step may also smooth fine structure 

predicted by the model. 

Importantly, the GAN-predicted results exhibit almost identical trends to the FEM simulations 

across all tested configurations. Both models successfully capture the main lobe direction, 

grating lobe structures, and overall spatial distribution of the far-field directivity. The 

maximum point-wise deviation between the GAN and FEM output remains below 1%, 

confirming that the GAN model achieves high accuracy while significantly reducing 

computational cost. Quantitatively, the MAE and RMSE between FEM simulations and 

experimental measurements are approximately 7.7 dB and 9.3 dB, respectively. Despite minor 

mismatches inside lobe structures, these results indicate that the prediction framework robustly 

models the spatial characteristics of parametric loudspeaker arrays. 

Overall, Fig. 5-10 validates the fidelity of both FEM and GAN models in reproducing measured 

acoustic fields. Their consistent performance across varying frequencies and steering angles 

supports their use as reliable tools for the prediction, analysis, and optimisation of directional 

acoustic systems. 

5.4 Summary 

This chapter presented a deep learning framework for efficient prediction of PAL far-field 

directivity, addressing the computational burden of full wave numerical simulation. The model 

maps near-field or configuration inputs to far-field, peak normalised dB directivity on matched 

angle grids, with physics informed losses to promote consistency with acoustic behaviour.  

Tests cover steering from 60° to 75° at 40 kHz and 42 kHz. We can find that the main-lobe 

angles align with experiment. Sidelobe gaps appear at angular extremes due to noise, small 

phase errors, and the 2.5° measurement grid. On average, FEM vs. measurement gives MAE ≈ 

7.7 dB and RMSE ≈ 9.3 dB, which sets a practical reference band for model–experiment 

agreement. 
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Two generator designs are studied in a GAN setting: U-Net and an Encoder–Decoder. U-Net 

reaches MAE = 0.0105 and RMSE = 0.0171. It outperforms a plain Encoder–Decoder (MAE 

= 0.0132, RMSE = 0.0194) and preserves fine spatial detail.  

For efficiency, inference cuts per-pattern runtime from minutes with FEM to the sub-second 

range. This speed enables batch exploration of array layouts and rapid iteration. The framework 

is suitable as a design-time surrogate for far-field directivity studies and for adaptive 

beamforming. 
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Conclusion and Future Work 

6.1 Conclusion 

This dissertation addressed far-field directivity prediction and array configuration for PALs 

under nonlinear propagation. We combined analytical modelling, numerical simulation, 

optimisation, and learning-based inference to improve accuracy, efficiency, and design 

practicality. Across measurement-referenced benchmarks, the proposed methods reduced 

directivity error and computation cost while preserving interpretability, enabling data-driven 

and physics-consistent PAL design. The main contributions of this study are summarized as 

follows: 

In Chapter 2, a detailed literature review is conducted to identify the limitations of 

existing analytical, numerical, and data-driven methods for modelling PAL directivity. It 

is found that while formula-based models such as the Westervelt equation offer analytical 

insight, they often fall short in handling complex geometries and nonlinear effects. Numerical 

simulations, particularly FEM, provide high accuracy but are computationally expensive. Deep 

learning models emerge as promising alternatives, but challenges remain in their physical 

interpretability and data dependency. This review establishes the foundation and motivation 

for developing hybrid modelling frameworks that combine physical principles with machine 

learning. 

In Chapter 3, a dual convolution-based model is proposed to improve the prediction of 

far-field directivity and grating lobe behaviour. This model leverages spatial impulse 

responses and element configuration data to characterize nonlinear propagation more 

accurately. Quantitatively, against peak-normalised measurements sampled from −90° to 90° 

(5° step), the dual-convolution approach reduces global RMSE from 45.23 dB (single-

convolution) to 15.51 dB, and main-lobe (±20°) RMSE from 24.59 dB to 6.84 dB. It offering 

clearer insight into side lobe/grating-lobe formation than traditional formulations. Because the 

method relies on lightweight convolution operations rather than full-wave meshing, it functions 

as a fast, interpretable tool for early-stage array design and parameter sweeps. 
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In Chapter 4, a phased array speaker optimisation framework is established based on 

PSO. PAL array design as a multi-objective optimisation (grating-lobe suppression and main-

lobe control) and validated PSO-optimised, non-uniform layouts with FEM and 2.0 m 

measurements (2.5° grid). Compared with uniform arrays, the optimised layouts consistently 

strengthen the main beam and suppress grating lobes in the mid-to-high steering range (60°–

75°), achieving side lobe reductions up to 5 dB. At lower steering (60°), the advantage narrows, 

reflecting a practical trade-off between aggressive steering and beam robustness. Despite 

modest simulation–measurement gaps due to hardware tolerances and setup/environmental 

factors, the overall trends align, confirming the real-world applicability of the PSO-based 

design and providing practical guidance for deploying PALs under varied operating conditions. 

In Chapter 5, a deep learning-based prediction system is introduced, using Encoder-

Decoder and GAN architectures to reconstruct far-field directivity patterns from sparse 

near-field measurements. The GAN model recovers PAL far-field structure from sparse 

inputs with high fidelity and practical speed. Across the test set (peak-normalised dB directivity 

on matched angle grids), U-Net achieves MAE of 0.0105 and RMSE of 0.0171, outperforming 

a plain Encoder–Decoder and indicating better preservation of fine spatial detail; the GAN 

surrogate attains comparable errors while yielding sharper high-frequency features. Under 

measurement validation at 2.0 m with 2.5° resolution and steering angles 60°–75° at 40/42 kHz, 

GAN Model reproduces the steered main lobe and grating-lobe behaviour observed 

experimentally with typical single-digit-dB average errors. The GAN surrogate closely tracks 

FEM and measurements while cutting per-pattern runtime from minutes to the second range, 

enabling rapid, measurement-referenced prediction suitable for real-time or resource-

constrained PAL design. 

Overall, this research proposes an integrated framework for modelling, optimizing, and 

predicting PAL directivity by combining analytical methods, numerical simulations, machine 

learning, and experimental measurements, shortening design cycles from simulation-led 

iteration to rapid, measurement-referenced evaluation suitable for real deployments. The 

following achievements have been made in this study: 

• A GAN-based far-field prediction framework that reconstructs patterns from sparse 

inputs with close agreement to FEM/experiment while cutting per-pattern runtime from 

minutes to the sub-second range for batch exploration. 
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• A PSO-based array configuration strategy that adapts to different steering angles and 

provides improved control over directivity and side lobe levels. 

• A dual-convolution directivity model that fuses spatial impulse responses with array 

geometry, improving grating- and side lobe prediction and reducing measurement-

referenced error for early-stage design. 

• A systematic review and classification of PAL modelling methods that establishes a 

common, measurement-referenced evaluation protocol and motivates hybrid 

approaches balancing accuracy and runtime. 

These contributions collectively provide a stronger foundation for accurate, efficient, and 

interpretable PAL design and control. They enable reproducible, measurement-referenced 

benchmarking, shorten design cycles from simulation-heavy iteration to rapid evaluation, and 

support actionable array synthesis under steering. In practice, this makes it more feasible to 

deploy PALs in targeted audio, automotive, and spatial-sound applications, while also charting 

a clear path toward 3D extensions, adaptive beamforming, and uncertainty-aware modelling in 

future work. 

6.2 Future work 

Based on the conclusions above and considering the limitations of the existing work, future 

research could be carried out in the following areas: 

• Extension to 3D Modelling and Complex Array Structures 

All modelling and optimisation methods proposed in this study, including the dual 

convolution model, PSO-based array optimisation, and GAN-based prediction 

framework, are currently based on 2D simplifications. Future work should focus on 

extending these methods to 3D acoustic environments, which will more accurately 

represent real-world spatial propagation. In addition, the modelling framework 

should be adapted to accommodate more complex array geometries such as circular, 

planar, or curved arrays, and support various modulation schemes and emission 

patterns. This will enhance the flexibility and applicability of the proposed 

approaches in practical PAL applications. 

• Enhancement of Experimental Setup and Data Acquisition Efficiency 



 

P a g e | 136  

 

The current experimental platform suffers from limitations in measurement speed and 

spatial resolution, leading to inefficiencies and increased susceptibility to error. 

Future studies should aim to develop an improved measurement system with 

automated scanning, higher spatial accuracy, and synchronized control. Such 

advancements would enable more reliable data collection for both training and 

validation of predictive models, especially in extended 3D sound fields. 

• Optimisation of GAN Performance for Sparse Input and Extended Distance 

Prediction 

Although the GAN-based model in this study shows robust performance in predicting 

far-field directivity, its dependency on dense near-field data remains a limitation. 

Future efforts should be directed toward improving the model’s ability to generate 

high-fidelity predictions with fewer input samples. This includes optimizing the 

network architecture for better generalization and extending the effective prediction 

range to cover broader far-field distances and angular spans, thus increasing its 

practical usability in real-time applications. 

• Integration of Physics-Informed Constraints into Deep Learning Models 

The current GAN framework is almost data-driven, which just add the basic wave 

equation to limit the result. Future research should investigate the integration of 

physics-informed constraints, such as those derived from the Westervelt or KZK 

equations, into the training process. This can be achieved by introducing acoustic 

consistency terms into the loss function or applying differential equation-based 

regularizations. Such integration is expected to improve model interpretability, 

stability, and alignment with known nonlinear acoustic behaviour.  
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