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Abstract

Populations evolve subject to the conditions of their environment, which vary
in time. Changes in the environment directly impact the evolution of the popu-
lation, making an understanding of population evolution under environmental
variability crucial to uncovering the evolutionary dynamics of natural popu-
lations. This thesis investigates the e ect of the coupling between ecological
dynamics, driven by varying environmental conditions, and population evolu-
tion. In particular, it considers the combined e ect of demographic uctuations
(randomness caused by stochastic births and deaths in a nite population)
and environmental variability on four models of competition in two-species
microbial populations. These models are inspired by real-world issues such
as antimicrobial resistance evolution and the establishment of unwanted mu-
tants in healthy populations. In a constant environment, the behaviour in
each model is understood and, in the motivating contexts considered, often
leads to undesirable evolutionary outcomes. However, these dynamics change
dramatically upon the introduction of environmental variability. The majority
of this thesis focuses on environmental variability modelled by a dichotomous
Markov noise controlling the carrying capacity of the population (the num-
ber of individuals it can typically support). This drives the population size
of the community and thus directly impacts the strength of demographic uc-
tuations, providing a coupling between ecological and evolutionary dynamics.
The case where environmental variability impacts both the reproductive ca-
pabilities of species and the carrying capacity is also considered. Due to the
eco-evolutionary coupling, driven by environmental changes, interesting novel
phenomena arise at the evolutionary level. In particular, in each model a pre-
ferred evolutionary outcome is motivated, and it is shown how appropriate
conditions on environmental variability can promote those outcomes. These
behaviours are investigated through extensive stochastic simulations and the
development of analytical techniques.
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Chapter 1

Introduction

Natural selection is a key mechanism of evolution, where individuals with advantageous
traits are more likely to survive and reproduce. Within a population, natural selection
occurs according to the rules set by its environment. Over generations, advantageous
mutations accumulate and traits therefore evolve, allowing the population to become in-
creasingly well-adapted to its ecological landscape. Nature provides countless examples
of the end product of this process: the long neck of the gira e allow it to access treetops
in the African savannah, the long, strong limbs of the spider monkey allow it to easily
navigate the dense rainforest trees, and the thick fur of the snow leopard provides it with
insulation in the snowy mountains. While perhaps a less evocative example, the same
goes for microscopic organisms such as bacteria, where they too adapt over time to best
survive and replicate in their environment. However, the same evolved traits in a di erent
environment may instead be disadvantageous and unlikely to survive { the snow leopard
su ers in the heat of the savannah, the spider monkey struggles in the freezing condi-
tions of the snowy mountains, and the gira e stumbles in the dense canopy of the jungle.
Moreover, environmental factors such as temperature and resource availability often vary
in natural environments in both space and time. Therefore, a population well-adapted to
one environment may be plunged into a new environment to which it is maladapted. This
poses serious challenges in understanding the evolution of such natural systems.

Environmental variability (EV) refers to changes in the environmental conditions that
directly in uence the ecological dynamics of a population. Moreover, EV can lead to
signi cant shifts in the evolutionary landscape of the population, and understanding the
subsequent evolution of the population is non-trivial. This scenario of population evo-
lution subject to EV increasingly aligns itself with modern-day issues of importance to
society; for example, the survival and adaptation of species under the e ects of climate
change (Ho mann & Sgo, 2011), the emergence of novel pathogens in shifting ecological
landscapes (Engering et al., 2013), and the evolution of antimicrobial resistance (AMR)
(Lindsey et al., 2013; Coates et al., 2018; Mahrt et al., 2021). A developed understanding
of the evolution of populations in changing environments is therefore imperative should
we hope to address these key scienti ¢ and societal challenges. This thesis advances the
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theoretical understanding of such systems by investigating models of AMR and the estab-
lishment of an evolutionarily advantageous but pathogenic mutant under EV.

Theoretical models of biological processes, largely developed over the last century, have
been crucial in providing insight into the dynamics of such systems. In particular, ideas
from evolutionary and population genetics alongside those from population ecology have
lead to signi cant steps forward in our understanding. Historically, these two elds devel-
oped largely independently. Population genetics was rst given a rm theoretical basis in
the early 20th century by Fisher, Haldane, and Wright, who reconciled natural selection
and Mendelian genetics by introducing models for gene frequency change in nite popula-
tions (Haldane, 1927; Fisher, 1930; S. Wright, 1931). Later, Feller and Moran introduced
stochastic models of genetic drift using Markov chain approaches, which captured the ran-
domness of nite populations (Feller, 1939; Moran, 1958, 1962). Feller, Crow, and Kimura
extended these insights with di usion theory, providing approximations of the genetic
evolution of a population that allowed for elegant analytical results (Feller, 1951; Crow
& Kimura, 1970). Following these developments, evolutionary game theory emerged from
the work of Maynard Smith and Price, who applied the strategic thinking of classical game
theory to biological interactions of populations (J. M. Smith & Price, 1973). This provided

a connection between evolutionary dynamics and game-theoretic reasoning, enabling the
study of behavioural strategies. Almost in parallel to the work of Fisher, Haldane, and
Wright, theoretical population ecology was aided signi cantly by progress due to Lotka
and Volterra (Lotka, 1925; Volterra, 1926), resulting in the well-known Lotka-Volterra
equations. Additionally, empirical evidence suggested that evolutionary timescales were
not necessarily much slower than ecological timescales (Tutt, 1896; Berry, 1964; John-
ston & Selander, 1964; Bradshaw, 1965; Pimentel, 1968; Kettlewell, 1973), as was often
assumed. This was made even clearer in studies of bacterial species, where evolutionary
dynamics are particularly fast (Luria & Delbnack, 1943; Lenski et al., 1991; Yoshida et al.,
2003). Furthermore, computational methods and computational power advanced signi -
cantly during the 20th century. Monte Carlo methods were developed for the simulation
of complex stochastic systems with many possible trajectories by von Neumann and Ulam,
and the work later published by Metropolis and Ulam (Metropolis & Ulam, 1949) . These
methods permitted the exploration of complex evolutionary scenarios via computational
means, and were used to test theoretical predictions and investigate systems where ana-
Iytical progress was unfeasible. Gillespie later developed methods for statistically correct
stochastic simulations, eliminating errors caused due to the speci ¢ simulation method
selected (Gillespie, 1976, 1977).

With these various developments and the e orts of some prominent gures of the time
(Levins, 1966, 1968; Lewontin, 1968), the importance of studying the interplay between
ecological and evolutionary dynamics was established. Termeeco-evolutionary dynamics
this scenario where ecological changes can impact the evolutionary dynamics and evolu-
tionary changes can a ect the ecological dynamics combines the theoretical works from
population genetics and population ecology to capture the full picture of population evolu-



tion (Pelletier et al., 2009). In this thesis, | chie y investigate the e ect of environmental
changes where their direct impact on the ecology of a population a ects how it goes on to
evolve, thus leading to eco-evolutionary dynamics.

More recently, studies have made signi cant headway in addressing the eco-evolutionary
dynamics of a population whose size is composition-dependent and therefore varies in
time (Parsons & Quince, 2007a, 2007b; Parsons et al., 2010; Houchmandzadeh & Vallade,
2012; Y. T. Lin et al., 2012; Chotibut & Nelson, 2015; Houchmandzadeh, 2015; Rogers
& McKane, 2015; Constable et al., 2016; Joshi & Guttal, 2018; DelLong & Cressler, 2023;
Wang et al., 2023; Bhat, 2025; Bhat & Guttal, 2025). These works represent signi -
cant advances in our understanding, but consider only impacts to the population ecology
due to the evolution of the population itself, and not the case where it varies due to an
externally-driven environment. Thus, despite this progress, eco-evolutionary dynamics
remains poorly understood, with many empirical and theoretical studies continuing to
consider either ecological or evolutionary dynamics independently, ignoring the coupling
between them. This thesis aims to address this knowledge gap by focussing on the dis-
tinct scenario where environmental variations drive ecological dynamics that impact the
evolutionary behaviour. In some of the models considered here, the evolution of the pop-
ulation also impacts the ecology of the system (see Ch. 3), but the ecological dynamics
are generally not a ected.

Traditionally, biological processes have been modelled as continuous and deterministic,
an approach where quantities such as the population size are approximated as smoothly
varying and random uctuations due to noise are ignored (Hofbauer & Sigmund, 1998;
L. J. S. Allen, 2007). This approach often permits a great deal of analytical progress.
On the contrary, such processes are, by their very nature, discrete and stochastic. By
ignoring the inherent stochasticity and discreteness of biological systems, we are at risk of
missing key features of their dynamics (van Kampen, 1992; L. J. S. Allen, 2003), or even
nding unphysical results; see the \atto-fox problem" of Lotka-Volterra dynamics (Molli-
son, 1991). These discrete, stochastic changes are here modelled in terms of a birth-death
process where, at the simplest level, each birth and death occurs randomly and changes
the population by one. This leads to demographic uctuations (DF) { randomness in a
population's evolution caused by stochastic births and deaths. These uctuations can
lead to the xation of a trait in a population (Crow & Kimura, 1970; van Kampen, 1992;

L. J. S. Allen, 2003; Ewens, 2004; Gardiner, 2009), the process in which a population
becomes homogeneous and consists only of individuals carrying that speci c trait (equiv-
alently all individuals with di erent traits go extinct). This does not occur in continuous,
deterministic modelling approaches, where xation is only approached asymptotically in
time. In this thesis, | will consider individuals of two di erent competing types, represent-
ing distinct microbial strains with di erent traits. Central questions are thus the xation
probability of a given trait, that is the likelihood that it takes over the entire population,
and the mean time for xation to occur (referred to as the mean xation time (MFT)).
These notions are closely related to the probability and mean time to extinction of the
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Figure 1.1: Cartoon of the Moran process. A population of mutant (red) and wild-type
(blue) cells occupy the same environment. The population is of constant size, equal to its
carrying capacity, labelled K. The state of the population is then captured entirely by
the number of mutant individuals, labelled ny . In the example state shown at the top,
K =9 and ny = 4. The population evolves, at each step either increasingy through
the replacement of a wild-type by a mutant (arrow to the right) or decreasing ny by
replacing a mutant by a wild-type (arrow to the left). Therefore, ny performs a random
walk on f0;:::; K g until it reaches one of the absorbing states:ny = 0 with all wild-types

or ny = K with all mutants. This process of reaching an absorbing state is called xation.

other trait initially present.

Mathematically, this process of xation is often captured using a Markov chain with
absorbing boundaries. Several di erent models are used to describe the behaviour of such
systems, but here | focus on theMoran process (Moran, 1958, 1962; Antal & Scheuring,
2006; Blythe & McKane, 2007; Traulsen & Haeurt, 2009); see Fig. 1.1 and Ch. 2.2.2. In its
classical formulation, the Moran process represents a paradigmatic model of evolution for
haploid organisms, where at its simplest there are two species in a population of constant
size. At each step of the process, one individual is chosen to replicate, with its o spring
replacing an individual of the other species, until xation of one species occurs. Species
which have a higher tness { a quantity directly related to a species' reproductive rate

{ are more likely to be chosen to replicate; see Ch. 2.2.1. A particularly nice feature of
the Moran process is that these rates can generally be density-dependent, i.e. they vary
depending on the population composition, behaviour which is also found in experimental
settings (Lewontin, 1955; Contois, 1959; Lorenzen & Enberg, 2002). While the Moran
process represents a particularly convenient formulation, alternatives such as the Wright-
Fisher process could also be used. The conceptual di erence between these two approaches
is that the Moran model considers overlapping generations in its evolution, while in the



Wright-Fisher model generations are non-overlapping. Quantitatively, this corresponds to
a simple rescaling of the population size by a constant factor in results on xation, so little
is lost in selecting one approach over the other.

More generally, the Moran process illustrates a key concept in evolutionary dynamics.
This is the impact of selection and di usion : selection refers to the process in which a
tter species tends to be favoured in a population, leading to an increase in its abundance;
di usion refers to the randomness of a population's evolution due to DF from the popu-
lation's nite size, and therefore acts counter to selection. In larger populations, di usion

is weaker, since the typical strength of DF is inversely proportional to the square root
of the population size, while the strength of selection is independent of population size
(van Kampen, 1992; Ewens, 2004; Gardiner, 2009). Therefore, a small population experi-
ences stronger di usion in its evolution and requires a large selection strength to ensure
the xation of the tter species, whereas a large population requires only a small selection
strength for the same e ect. | will refer throughout this thesis to the strength of selection
and di usion in relation to the evolutionary dynamics of the populations considered. This
behaviour is in fact seen inin vitro systems, such as in experiments on bacteriophages
(Burch & Chao, 1999) and bacteria (Travisano, Mongold, et al., 1995; Travisano, Vasi,
& Lenski, 1995). In this context, the Moran process represents a key tool in developing
insight into these systems, and | will use it to investigate the evolution of the models
described in this thesis.

However, a key assumption of the Moran process is not generally adhered to by biological
populations { the constant population size. Ecological factors such as the size of a popu-
lation can vary dramatically following changes to a population's environment. Thus, EV
that leads to changes in the population size also modulate the strength of DF, therefore
impacting the strength of di usion relative to selection and demonstrating the coupling
between the ecological and evolutionary dynamics of a population. In fact, this coupling is
ubiquitous in real populations but often ignored in theoretical models that, in the absence
of suitable theoretical tools, often assume these dynamics are decoupled. An important
aspect of this thesis is the consideration of coupled ecological and evolutionary dynamics,
where | develop analytical and computational tools to tackle these challenging problems.
Without a detailed knowledge of the exact form of EV causing these changes, it is often
modelled by allowing the birth and death rates of each species to vary in time. This
approach has been used to study a variety of eco-evolutionary phenomena such as pheno-
typic switching (Balaban et al., 2004; Kussell & Leibler, 2005; Acar et al., 2008; Assaf,
Roberts, et al., 2013), cooperation (Assaf, Mobilia, & Roberts, 2013; Melbinger et al.,
2015; Wienand et al., 2017, 2018), species coexistence (Chesson & Warner, 1981; Chesson,
1994, 2000a, 2000b; Hidalgo et al., 2017; Ellner et al., 2019; Meyer et al., 2021), and
more general xation and extinction (Ashcroft et al., 2014; Hufton et al., 2016; Danino &
Shnerb, 2018; Taitelbaum et al., 2020; Raatz & Traulsen, 2023; Taitelbaum et al., 2023).
In this thesis, | shall utilise the dichotomous Markov noise (DMN) process to capture the

e ects of EV on microbial populations, which I will now introduce.
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Figure 1.2: Cartoon demonstrating the e ect of dichotomous Markov noise driving the
carrying capacity of a population. The environment switches stochastically between harsh
and mild environmental conditions, corresponding to small and large carrying capacities,
respectively. A change in the carrying capacity (red line) drives the evolution of the
population size (black line) towards the new carrying capacity. In the example realisation,
the carrying capacity switches between values of 100 and 200 with a rate:D.



DMN is a two-state Markovian process whereby a random variable de ned by a DMN pro-
cess switches between its two possible values with constant rates (Horsthemke & Lefever,
1984; Bena, 2006; Ridol et al., 2011). In the following chapters, | shall use DMN to vary
the death rates of the individuals in the population, switching between a high and low
value; see Ch. 2.3 and Wienand et al. (2017, 2018). This is done through a time-varying
carrying capacity, where the carrying capacity gives the number of individuals that can be
supported in a population. Biologically, this corresponds to the e ect of varying resource
availability, where a high death rate/small carrying capacity means few resources (harsh
environment) and a low death rate/large carrying capacity means abundant resources
(mild environment); see Fig. 1.2. This is particularly relevant to microbial communities
where, due to their scale, sharp transitions in nutrient availability in the system can oc-
cur or the population can be rapidly and signi cantly diluted as in many experimental
studies (Wahl et al., 2002; Brockhurst, 2007; Patwa & Wahl, 2010; Shade et al., 2012).
In fact, due to the instantaneous switches that characterise DMN, its relevance is largely
restricted to such natural systems where the changes to the environmental state can be
approximated by sudden variations. However, these are systems of particular interest and
this approximation allows for signi cant analytical tractability, as we shall see. In such
systems, nutrient shocks, where the amount of available resource suddenly and drasti-
cally decreases, lead to population bottlenecks where the population size rapidly shrinks.
This produces the coupling between the ecological and evolutionary dynamics, discussed
previously. In fact, in most lab-controlled experiments, changing environments are im-
plemented by means of a binary time-varying environment (Acar et al., 2008; Sanchez &
Gore, 2013; G. Lambert & Kussell, 2014; Rodrguez-Verdugo et al., 2019; Abdul-Rahman
et al., 2021; Nguyen et al., 2021; Shibasaki et al., 2021) that can be well represented by
DMN. The models considered in this thesis are inspired by the chemostat set-up, which is
a bioreactor with a continuous in ow of fresh medium (typically nutrients) and out ow of
cells, and waste products (Novick & Szilard, 1950; James, 1961; Jakiela et al., 2013). This
set-up is commonly used in experimental studies to obtain a steady state population. A
change to the environment may be implemented in a chemostat through a change to the
in owing medium, for example in the nutrient concentration or toxin level, leading to a

di erent steady state. This contrasts with batch cultures, another common experimental
setup, where a population is exposed to an initial xed amount of resource and there is
no ow of medium. As the resources are consumed, growth halts and cell death ensues.

Aside from its physical relevance to microbial communities, DMN has many other positive
attributes: (i) it is simple enough that analytical results are possible to obtain for some
systems; (i) it is bounded, i.e. the range of values it can take does not diverge in time;
(iii) it is easy to implement in simulations; (iv) it is a coloured noise, meaning it generally
has non-zero temporal autocorrelation. This nal property is particularly attractive when
looking to model EV in biological systems, allowing for the capture of correlations in time
which occur in natural environments. In such cases where the evolutionary dynamics
occur on similar or faster timescales than the ecological dynamics, EV drives the system
and shapes the landscape in which it evolves. This is particularly relevant to microbial
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communities, where evolutionary timescales are fast and therefore correlations of the EV
are important.

To fully appreciate the strengths of DMN, it is instructive to compare it to other forms

of noise used in modelling a changing nutrient level in biological systems. Here, | will
compare DMN with two common alternatives: the Ornstein-Uhlenbeck (OU) process and
periodic dichotomous noise (PDN). Although not explicitly considered in this thesis, these
forms of noise are common alternatives in related contexts, with OU processes appropriate
for modelling continuously varying environments correlated in time, and PDN suited to
environments that vary in a strictly periodic fashion. A system driven by an OU process
does not enjoy the attributes (i)-(iii): (i) in general, to obtain analytical results for a
system driven by an OU process, it is necessary to resort to limiting regimes where the
correlation time of the noise is either much shorter or longer than that of the evolutionary
dynamics (Horsthemke & Lefever, 1984); (ii) the Gaussian noise driving the OU process
has an unbounded range (i.e. can take any value in { ;1)), therefore allowing the
carrying capacity to take unphysical negative values and being generally unbounded; (iii)
the value of the OU process driving the system varies continuously in time, therefore mak-
ing it impossible to exactly simulate the full system. Further issues arise in simulations
due to the carrying capacity including unphysical values in its range, requiring ad-hoc
corrections (Bena, 2006). In the case of a system driven by a PDN, we nd that attributes
(i) and (iii) are not satis ed and DMN provides a good approximation for the dynamics
of a system driven by PDN, making it the more attractive modelling approach (Taitel-
baum et al., 2020). Throughout this thesis, a common theme is the nding of suitable
methods to combine analytical results of DMN (see Ch. 2.3) with the analytical results
of the Moran process (see Ch. 2.2.2) to capture the joint eco-evolutionary dynamics of
the system. In this thesis | combine these results to develop an understanding of xation
and coexistence in populations with cooperative AMR under a time-varying volume (see
Ch. 3.4.2) (Herrandez-Navarro, Asker, & Mobilia, 2024) and populations with resistant
species subject to twofold environmental variability (see Ch. 4.3) (Asker et al., 2023), as
well as to investigate xation of an advantageous mutant species on spatially structured
populations (see Ch. 5.3) (Asker et al., 2025).

Spatial structure is another key aspect of realistic microbial populations that is often
beyond mathematical analysis and is dealt with almost exclusively by computational
means. In this thesis, spatial structure refers speci cally to the spatial distribution of
cells, rather than environmental inhomogeneities across space which is neglected. Micro-
bial populations typically occupy complex spatial structures, across which the distribu-
tion of microbes uctuates. For instance, many organisms live in densely packed aggre-
gates on surface-attached bio Ims (Widder et al., 2016), numerous commensal bacteria
are distributed throughout the gastrointestinal tract (Engel & Moran, 2013; Garud et
al., 2019), and patients' organs are spatial environments between which bacteria can mi-
grate (She et al., 2024). Following on from the population ecology developments of Lotka
and Volterra, several theoretical advancements were made in the consideration of spatially



Figure 1.3: Cartoon of a metapopulation containing two species and an example migration
of an individual between two adjacent deme in a metapopulation. Individuals interact only
with those occupying the same subpopulation, but may also migrate along the arrows
connecting deme. An example of such a migration event is depicted, with the grey cell
migrating from the left subpopulation to the right one.

structured ecological communities, termedmetapopulations (S. Wright, 1931; Kimura &
Weiss, 1964; MacArthur & Wilson, 1967; Levins, 1969; Maruyama, 1970; Slatkin, 1981).
These metapopulations consist of several demes (subpopulations) representing di erent
spatial niches in a population. Individuals interact within these demes, and may migrate
to neighbouring demes; see Fig. 1.3. While this simpli es the spatial structure of natural
systems by representing space as discrete, interacting demes, it nonetheless captures es-
sential features of microbial populations such as migration and competition. Furthermore,
models considering continuous space are often intractable and require numerical simula-
tions. Due to their relevance to natural systems and analytical tractability, the use of
metapopulation models in the study of spatially structured populations remains a com-
mon approach (Whitlock, 2003; Constable & McKane, 2014; Hauert et al., 2014; Szczesny
et al., 2014; Marrec et al., 2021; Yagoobi & Traulsen, 2021; Abbara & Bitbol, 2023; Mar-
rec, 2023; Abbara et al., 2024; Herrandez-Navarro, Distefano, et al., 2024; Moawad et al.,
2024; Asker et al., 2025).

In microbial systems, mutations frequently arise through errors in DNA replication during
reproduction, and occasionally one of these may provide a reproductive advantage to the
mutant daughter cell over the resident population (Barrick et al., 2009; Tenaillon et al.,
2016; Good et al., 2017). As such, the population then consists of the individuals without
the mutation denoted the wild-type, and the individual with the advantageous mutation,
denoted the mutant. These mutations are often rare, and so this population will then
evolve and eventually consist of all mutants or all wild-types through xation of either
strain. The dynamics of such a population is well understood in the absence of spatial
structure, as discussed. An interesting question to ask is then: how is the xation of a
mutant strain impacted by spatial structure?
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Several theoretical studies have probed this question on metapopulations in constant en-
vironments where cell migration is symmetric (cells have no preference in where they
migrate). Maruyama (1970) notably showed that, under some additional simple and phys-
ically relevant conditions, the xation probability of a mutant is independent of the spatial
structure and migration rate. Furthermore, many works have investigated how random
extinction (the process where all individuals within a subpopulation die) and recolonisa-
tion (the process whereby an extinct subpopulation has an individual migrate to it and
restore the population) of demes a ect mutant xation within metapopulations (Levins,
1969; Barton, 1993; Lande et al., 1998; Hanski, 1999). Recently, Marrec et al. (2021)
studied the the in uence of slow migration on the fate of mutants, and demonstrated that
asymmetric migration can dramatically a ect the xation probability on certain spatial
structures. Chiey, these theoretical studies into metapopulation dynamics have focussed
on the in uence of spatial structure on evolution without EV, with experimental studies
following suit (Kryazhimskiy et al., 2012; Nahum et al., 2015; Chakraborty et al., 2023;
Kreger et al., 2023). Moreover, the natural environments of spatially structured popula-
tions are also generally not static. One example is the gut microbiome, which is exposed to
large uctuations across several timescales, a ecting the diversity of the microbiota (Smits
et al., 2017; Cignarella et al., 2018). Therefore, to achieve a full understanding of these
biological systems, we must consider their evolution taking into account the e ects of EV
and spatial structure. This thesis thus also investigates the eco-evolutionary dynamics on
spatially structured metapopulations in the presence of EV to understand how a changing
environment coupled to DF interacts with spatial structure to shape evolutionary out-
comes; see Ch. 5. By doing so, it extends classical models to more realistic settings and
provides theoretical insights into evolutionary outcomes in natural, dynamic landscapes
such as the gut microbiome.

After having set the scene and motivated the research undertaken in this thesis, | now
provide a brief outline of the following chapters. In this thesis, | investigate four dis-
tinct models of microbial populations subject to EV: two focussed on cooperative AMR,
one on the coexistence of resistant and sensitive species, and one on spatially structured
populations. Speci cally, | ask:

What mechanisms enable eradication of AMR under EV?

How does EV govern xation versus long-lived species coexistence in competing
microbial species?

How does EV a ect the xation probability of an advantageous mutant in a spatial
metapopulation?

In Ch. 2, | will develop the mathematical techniqgues and computational methods used
throughout the rest of this thesis. In Ch. 3, | address the rst question, introducing two
models of cooperative AMR, where resistant cells pay a metabolic cost for resistance.
The resistance is shared among all cells if they exceed a certain threshold in resistant cell
abundance, and kept private if they do not (Herrandez-Navarro et al., 2023; Herrandez-
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Figure 1.4: Cartoon of cooperative AMR. When the resistant (blue) cells exceed their
threshold in abundance for shared resistance, the sensitive (red) cells are protected. The
resistant cells have paid a metabolic cost to produce the resistance enzyme, while the
sensitive cells have not. Therefore, the sensitive cells are better o and will increase in
abundance. When the resistant cells are below the threshold, the resistant cells maintain
resistance to the antimicrobial, while the sensitive cells su er a metabolic cost larger than
that paid by the resistant cells for resistance. Therefore, the resistant cells are better o
and will increase in abundance. This leads to the population being driven towards the
threshold; see Ch. 3.

Navarro, Asker, & Mobilia, 2024); see Fig. 1.4. | investigate the xation and coexistence
properties of both strains under constant antimicrobial concentration, determining under
which EV xation or long-lived coexistence occurs. Moreover, | am able to identify and
fully characterise a novel EV-driven resistance-eradication mechanism; see Ch. 3.3.1. |
also show more generally that the picture of cooperative AMR evolution can be greatly
altered by the joint e ect of EV and DF; see Chs. 3.3.1 and 3.4.2. In Ch. 4, | consider
the second question in a distinct model of AMR, where the resistance remains private to
the resistant cells (Asker et al., 2023). Here, the antimicrobial is not always supplied at
a concentration su cient to impede sensitive cells. Its concentration is instead driven by
another independent DMN process, varying between a high toxin level and a low toxin
level, impacting the birth rate of the sensitive strain. The distinctive feature of this study is
therefore the twofold environmental variability accounting for variation of the toxin level
and the switches of the nutrient level, impacting both the birth rates and death rates,
respectively. | determine the environmental conditions under which long-lived coexistence
of the strains is possible or certain, and those in which one strain dominates the other. The
coexistence mechanism is induced by environmental changes that are su ciently large and
frequent, and so is closely related to bet-hedging strategies and the storage e ect (Chesson
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& Warner, 1981; Frank & Slatkin, 1990; Gal et al., 2010; Xue & Leibler, 2017; Bhat &
Guttal, 2025). | also analyse the make-up of the population when the strains coexist,
and their average abundance. In Ch. 5, | cover the nal proposed question. | study
a class of time-varying microbial metapopulation models consisting of demes in which
wild-type and mutant cells evolve in a time-varying environment represented by a time-
varying carrying capacity. | use coarse-grained descriptions of the dynamics to study
the joint in uence of EV, DF, migration, and spatial structure on the evolution of the
metapopulation; see Figs. 1.2 and 1.3. | demonstrate that the coupling of EV and DF in
spatially structured populations leads to qualitatively distinct outcomes compared to the
case of a static environment, and notably determine how the probability of mutant xation
depends explicitly on migration and EV. Viewing this through the lens of an unwanted
mutant arising and attempting to spread through an otherwise healthy system, | determine
optimal conditions to eradicate mutants without risking metapopulation extinction. | am
able to capture this behaviour through novel analytic approaches and extensive stochastic
simulations.

Collectively, the ndings of this thesis demonstrate that EV impacting the ecology of a
population couple directly to its evolution and can unveil qualitatively distinct behaviour
that is not found when this interplay is neglected. Importantly, this unveils dynamical
scenarios that are relevant to modern-day societal issues, such as the evolution of AMR,
the emergence of novel pathogens, and the spread of cancer. In considering this interplay,
I nd novel mechanisms for the eradication of AMR and unwanted mutants that have
implications for these issues. These ndings suggest that the dynamics of microbial com-
munities cannot be fully understood without considering the joint eco-evolutionary e ects
of coupled EV and DF. In this thesis, | develop a suite of mathematical tools, combined
with e cient computational methods, to analyse in detail several models of population
evolution in time-varying environments.
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Chapter 2

Mathematical preliminaries

In this chapter, | will introduce logistic growth dynamics for well-mixed populations con-
sisting of a single species. Starting with the microscopic dynamics underlying the birth-
death processes at the individual level, | will demonstrate how the mean- eld (MF) ap-
proximation, where DF (and hence correlations) are neglected, can be obtained from the
full microscopic description in the large population size limit. Furthermore, | will show
how the dynamics change under considerations of nite population size, notably consid-
ering the mean time to extinction and the quasi-stationary population size distribution
(QPSD) when the extinction time is long; see later. Following this, | present the concept
of competition for shared resources between two species, rst determining the microscopic
processes underlying such a model, and considering the MF approximation for the evolu-
tion of its composition. Subsequently, | present the Moran process, and demonstrate its
utility in modelling the evolution of a population under logistic growth, particularly in the
capturing of stochastic e ects that the MF approximation neglects. | will then introduce
the concept of dichotomous Markov noise (DMN), and demonstrate some of the properties
it possesses that make it useful both for modelling EV and obtaining analytical results.

| continue by showing how | utilise DMN to vary the resources available to the popula-
tions considered in the following chapters, and discuss properties of this form of noise.
Furthermore, | will demonstrate that we can capture an analytic approximate expression
for the QPSD of the population under this noise, and demonstrate the practicality of this
expression using an illustrative example case in which | capture the xation properties of
the population under environmental variability.

2.1 Logistic growth of a single-species population

We will start by considering the simple case of logistic growth in a population with a
single species. Here, and throughout the rest of this thesis, we neglect mutations on the
timescale of the population dynamics considered. Logistic growth is a prototypical example
of population growth under a nite resource restriction, and the models considered in this
thesis are assumed to follow such growth. Other models of population growth exist and are

13
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active areas of interesting research, e.g. exponential phase, predator-prey interactions, the
Allee-e ect, and range expansions (Allee & Bowen, 1932; Mollison, 1977; Chesson, 1978;
Sun, 2016; R. J. Allen & Waclaw, 2018; Diz-Pita & Otero-Espinar, 2021). Logistic growth

is arguably the simplest example of a model of growth dynamics with nite resources and,
given the analytical progress this simplicity allows when introducing DMN (as we shall
see later), it presents a key step towards understanding the impact of EV on evolutionary
dynamics. | note here that all models considered in this thesis are in continuous-time,
capturing the asynchronous births and deaths of individuals in microbial populations.

2.1.1 Master equation and the mean- eld approximation

To begin, we consider the microscopic processes underlying the dynamics. The population
is comprised ofn individuals, existing in a well-mixed environment, i.e. there is no spatial
structure to the population. We denote the probability of nding this system with n
individuals at time t asP(n;t). The rates at which the system transitions from P(n;t) !
P(n 1;t) are given by T (n), where P(n;t) ! P(n+1;t) represents a birth event and
P(n;t)! P(n 1;t) represents a death event. From these microscopic rates, we can write
a master equation (ME) for P(n;t) describing its time evolution, given by

@P(n;t) = |T+(n DP(n Lt)ErzT (n+1)P(n +1;tg [T"(n)+ T{Z(n)]P(n;t;;

inowto P(n;t) outow from P (n;t)

2.1)

whereT (n)=0for n 0 andP(n)=0 for n< 0, such that the system population size
remains physical (i.,e.n 0) and n = 0 is the only absorbing state. This equation wholly
determines the evolution of the system but is too complicated to solve directly if either of
the transitions rates T (n) is non-linear in n, as is typical for many systems. Despite this
apparent pitfall, we can still derive much understanding from various approximations of
this ecbuation. Here, we start by investigating the evolution of the mean population size,

i =, nP(n;t). Multiplying Eqg. (2.1) by n and summing over alln we have
d ..~
a I = n@P(n!t)’

= nT'(n 1HP(n L)+ T (n+1P(n+1;t) [T (n)+ T (n)]P(n;t) :

n
Shifting the indices of summation and carrying out the averaging procedure yields

d

—mi= T (n T (n) :

- (n) Q)

So far, this equation is exact and independent of the form off (n). To proceed further,

we must now choose the forms of these rates. Here, we focus on the case of logistic growth.
Resources are limited, so the population does not grow inde nitely, and this is introduced
via a carrying capacity K > 0. Each individual gives birth with a per-capita rate b and

dies with a per-capita rate di-, where both b;d > 0. Therefore, the rates of birth and
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2.1 Logistic growth of a single-species population

death for the total population are given by T*(n) = bnand T (n) = dﬁ, respectively.
This leaves us with (L. J. S. Allen, 2003; Gardiner, 2009)

%mi = bmi % n? .
This equation is not closed with respect to the moment hierarchy inn, i.e. the evolution
of mi depends on the behaviour of a higher order moment,n? , and so we must make a
suitable approximation to proceed. Here, we adopt the simplest form of moment closure
approximation, assuming n? = mi? in order to close the equations. This approximation
equates to the assumption that the variance ofn is small and therefore uctuations in n
are negligible compared to its mean. For increasing population sizes this approximation
improves as the ratio between the size of uctuations and the population size scales like
n 2 (van Kampen, 1992; Gardiner, 2009). This is known as thanean- eld (MF) approx-
imation, and while here it is an uncontrolled approximation (we have made no guarantee
here that uctuations will indeed be small), the same result is reached using approaches
that are controlled but typically more involved; see Ch. 2.2.1. Therefore, we now have

d d

— i = bni

i P mi?; (2.2)

which can be solved to give
_ no€” .
1+ fedebt 1)’

(2.3)

where ng is the number of individuals at time t = 0. We see that limy; i = K g
Alternatively, this can be easily seen from simple stability analysis of the xed points of
Eq. (2.2). Therefore, under logistic growth, the MF approximation predicts that the pop-
ulation size will tend towards an equilibrium value at mi = K la’ and does so exponentially
quickly. For simplicity and without loss of generality, we herein consider that b= d = 1.
Therefore, the typical interpretation of the carrying capacity K is that it gives the number
of individuals the system can typically sustain. This behaviour is particularly useful when
considering more complex dynamics within the population, as it allows us to treat the
population size as approximately constant atn = K. We will use this later.

2.1.2 Stochasticity and the quasi-stationary population size distribution

While the MF approximation is useful, particularly in large populations, it gives no infor-
mation on the distribution of n except the mean. For smaller populations, the variance
of n increases and DF can be of comparable order to the mean. This can have dramatic
e ects on the dynamics within the population, in extreme cases leading to extinction of the
population (as we shall see in Ch. 5). To gain a better understanding of the distribution
of n, we look to calculate its approximate QPSD. Concretely, a population undergoing lo-
gistic growth dynamics as described previously will inevitably reach population extinction
at the absorbing staten =0ast!1 , since the population is driven ton = K and the
probability of reaching the state n = 0 from n = K is non-zero (L. J. S. Allen, 2003; Assaf
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& Meerson, 2010). However, the time for extinction can be exceedingly long { far longer
than the timescale of the dynamics that we are interested in. In such cases, it is useful
to consider the distribution of the population size neglecting extinction. The QPSD forn
can be approximated by assuming thatT (1) = 0, i.e. extinction does not occur due to
a re ecting boundary at n = 1. We denote this approximate QPSD by (n). Assuming
stationarity as we are in equilibrium, we can then say that (1)T*(1)= (2)T (2). Pro-
ceeding similarly, we can then say (2)T*(2) = (3)T (3), and so on where this equates
the probability ow between adjacent states such that the approximate QPSD satis es
detailed balance (Gardiner, 2009). Therefore, we can write (L. J. S. Allen, 2003)

oYt T
(n)= (1)i=1 m

P
Using the condition that (j) =1 we determine (1) as

j

1

M= P Q1T
i i=1 T O(+1)
and hence,
Qn 1 TH(i)
I S i ()
(N= P Q10
j 0=l TG+

For the case of logistic growth, we haveT* (i)=T (i +1) = Ki=(i + 1)2 and so, the
numerator is given by
Y1oKi (n 1 K"

- (i+1)2 ntnl  n nl
A similar calculation applies in the denominator and we thus have
K"=(n n!)
(n) = ID—,
p KI=(G )
— 1 K n .
" Ei(K) In(K) gemn n!

(2.4)

R
where Ei(x) = 1X et—tdt is the exponential integral and gy = 0:577:: is the Euler-

Mascheroni constant. The latter representation is useful when implementing the QPSD
in computer code. We can then calculate the mean population size of the approximate
QPSD ashmi = !_, n (n) giving

exp(K) 1 .
Ei(K) In(K) em

i =

This can be seen by noting that multiplying Eqg. (2.4) by n and summing over alln gives
precisely the power series of the exponential function minus then = 0 term. Taking

the limit of large population size, i.e. assuming that K 1, we expand the terms in
our expression. First, we have asymptotically that Ei(x) & &:o )'(‘—k' (O'Malley, 2014).

X
Truncating at the rst term, this gives Ei( x) % and this is dominant over the other terms

16



2.1 Logistic growth of a single-species population

Figure 2.1: Mean extinction time of a population under logistic growth, g, against car-
rying capacity K, initialised at n = K. Blue circles are simulation data, black line shows
the predictions of Eq. (2.6).

in the denominator. Furthermore, the exponential in the numerator dominates. Therefore,
this leaves us withini K, as in the MF approximation, showing that for large K the MF
approach provides a good approximation to the true dynamics. However, as mentioned
previously, due to DF extinction is inevitable since n = 0 is the sole absorbing state. This
extinction occurs after a time which scales with the population size. To understand when
we can reasonably ignore extinction or when we must consider it, | now will estimate that
time.

The mean extinction time (MET) for a population with carrying capacity K, initialised
with K individuals, denoted g(K), is given by (L. J. S. Allen, 2003)

|
KL o R ki
e(K)= Kn -

n=0 i=n+1

iil (2:5)
The leading contribution to this expression arises from the termn = 0 term, and so
e(K) ilzl Ki=(i i!). This expression, corresponding to the MET for a population
initialised with a single individual, is a good approximation of Eq. (2.5) which indicates
that the MET is independent of initial condition (to leading order in g). We have
already seen this expression in the normalisation of (n) in Eq. (2.4), and thus have
e(K) Ei(K) In(K) em. Using the asymptotic expression for Eik) to rst order
again, we nd
ek

e(K) (2.6)
The MET hence increases almost exponentially withK and is essentially independent
of the initial state. This approximation matches well to simulation results as seen in
Fig. 2.1. For larger populations as considered previously, this time can thus be very long,
far exceeding the timescale of the dynamics of interest. In this case, the population is
characterised by the approximate QPSD of Eq. (2.4), where extinction can be ignored. In
smaller populations however, this time is comparable to the timescale of the dynamics of
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interest and extinction must be explicitly considered. Chs. 3 and 4 will consider only cases
of large populations and so extinction is irrelevant, while Ch. 5 will explicitly consider the
possibility of extinction.

I shall now look at competition between species, where the logistic growth dynamics are
recovered in the population size.

2.2 Competition for shared resources

Typically, several species occupy a given environment. These species make use of the
resources available in the environment, such as glucose, to replicate (Fuhrer et al., 2005;
Nannipieri et al., 2017; Van den Bergh et al., 2018; Grilli, 2020). It is common for

di erent species to utilise the same resource for replication. This leads to a competition
between species, where they each compete for the same resource and those that can do
so more e ectively are more likely to survive and replicate. This type of competition
involves no direct interactions between members of di erent species, such as is typical
in predatory reproduction under predator-prey interactions where individuals consume
members of other species to reproduce. Here, | shall consider solely the case of competition
for shared resources, ignoring any direct inter-species interactions. Speci cally, | consider
competition between two species for a constant supply of resources held at a limited level.
Under these restrictions, analytical progress can be made. Furthermore, restricting our
attention to two species is less limiting than it might initially seem. In environments
where multiple species are present, if di erences among them in replication rates and
resource usage are negligible, they may be treated as e ectively equivalent for modelling
purposes. This simpli cation allows us to reduce a complex community to a two-species
system without signi cant loss of generality. In any case, the two-species case provides a
clear and analytically tractable example, which will serve as a useful tool in subsequent
analysis.

Here, | will start from the ME for competition between two species, where one is assumed
to be a mutant, denoted M, competing with the wild-type species, denotedW. This
arbitrary labelling will vary in the chapters following this to suit the context of the model
considered. | will show that in the MF limit, we retrieve an equation for the evolution

of the composition of the population, capturing the change in relative abundance of the
species in time. | will then consider the Moran process (Moran, 1958, 1962; Ewens, 2004),
demonstrating its utility in considering the evolution of a population under the logistic
growth dynamics considered in Ch. 2.1.

2.2.1 Master equation and the van Kampen expansion

Again, we begin by considering the underlying microscopic processes of the dynamics. The
population contains n = ny + ny individuals, where ny; and ny denotes the mutant and
wild-type components of the population, respectively. We again consider no spatial struc-
ture, and so the system is well-mixed. The probability of nding the system with ny, mu-
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tant individuals and ny wild-type individuals at a time t is denotedP (ny ; nw ;t). Birth
and death events are independent for each species. Therefore, the rates at which the system
transitions from P(ny ;nw;t)! P(ny Lnw;t)and P(ny;nw;t)! P(ny;nw 1;t),
are given by T, (nm ;nw) and T, (nm ; nw ), respectively. The ME describing this system

is then given by

X
@P(nm;nw;t) = E 1 T (nm;nw)P(nw;nm;t)
=fMW g (2.7)

+ E° 1T (ny;nw)P(nm;nw;t) ;

where the operatorsE act on a general functionf (ny ; nw ;t) to give E,, f (nm ;nw ;t) =
f(nm Linw;t)andEyf(nm;nw;t) = f(ny;nw 1t). Furthermore, we setP (ny ;nw;t) =
0 wheneverny < 0 or ny < 0 to avoid unphysical population sizes, a condition we shall
apply throughout this thesis. It is important to note that we generally consider T* = 0 for

n =0, meaning once a species has reached extinction it cannot return and the system has
entered an absorbing state. To proceed, we perform a van Kampen system size expansion
(van Kampen, 1992). We assume a large parametdf (here the carrying capacity), where
nv;nw K, and de ne the variables x = ny =K, y = nw =K, which become continuous
in the limit of K !'1 . We then also write P(x;y;t) P(ny = Kx;nw = Ky;t).
Furthermore, we assume that the ratesT can be writtenasT = K (Xx;y), where
remain nite as K !'1

The impact of the operators E on a general functionf (ny ;nw;t) f(Kx;Ky;t ) can
then be expanded inK , giving®

Eyf(Kx;Ky;t) f(Kx;Ky;t) Ki@f (Kx;Ky; t);

Ewf(Kx;Ky;t ) f(Kx;Ky;t) Ki@f (Kx; Ky;t ):
Substituting the above into Eq. (2.7) yields

@PXY;)=@ ( yxy)  wKY)IPXY;E) +@ (wy)  wOGYy)P(Xy;t) :

We note that this equation can be simply rearranged to give a continuity equation@P (x; y)+
roWOGY)POGy:I=0with v(xy)=( »(sy)  wxy): wy)  wxy)), and
so demonstrates the conservation of probability wherev(x;y) describes the ow of proba-
bility at each point in phase space &;y). Using the method of characteristics (Riley et al.,

2006), we obtain
d

-t (- ) -
gX= my) o m0Gy);
| (2.8)
-t (- ) -
—=y= wy)  wy):
dt
YIn cutting the expansion of E at rst-order, | have implicitly assumed that the size of the relative
uctuations scales as Kz and therefore goes to zero asK ! 1 . Therefore, we consider averaged

quantities from this point, i.e. i ;hyi, hny i, and mw i, though do not change the notation for clarity.
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Finally, multiplying through by K yields,

d +
g™ = Ty (msnw) Ty (v nw);
2.9)

d N
gt = Tw(mnw) Ty (Dmsnw):

Typically, Egs. (2.9) can not be solved exactly forny (t) and ny (t) since the rates are
commonly non-linear functions of ny; and ny . Let us consider now the specic case of
interest to us. Here, the rates of increase and decrease of individuals of specie? f M; W g
are given by (Melbinger et al., 2010; Cremer et al., 2011; Wienand et al., 2017, 2018)

n

T = ffn and T = N (2.10)

where f denotes the tness of species , and f = W denotes the average
tness of the entire population. Fitness, as brie y mentioned in Ch. 1, is a value assigned
to a species denoting the reproductive capabilities of an individual of that species { a
species with a higher tness will reproduce more often. This is seen in the form of the
birth rates of Eqg. (2.10). The choice to rescaleT* by the average tness of the entire
population is common for a broad range of evolutionary processes, though alternatives
have been proposed (Traulsen et al., 2005). The convenience of this choice becomes clear
when considering the evolution of the total population sizen under these rates. Summing
Egs. (2.10) over gives the overall rates for increase and decrease of the population sine
We nd that we retrieve the logistic growth rates of Ch. 2.1 and therefore this system also
undergoes logistic growth dynamics, seen directly by substituting these rates into the sum
of Egs. (2.9). Therefore, Eq. (2.2) has been obtained under a controlled approximation,
unlike the method of Ch. 2.1.1. This is particularly useful, as it allows us to consider that
the population size of this system is approximately constant atn = K and independent
of its composition, which will allow us to use the Moran process later. This reduces the
dimensionality of the problem in the population composition evolution, as we need only
consider the evolution ofnyy, = K nw. Then, the evolution of the composition, now
given by x  ny=n= ny=K alone (withy =1 x), follows the rst of Egs. (2.8) with
the rates of Eg. (2.10), giving

(2.11)
= X(l X)fofW’

which is the adjusted replicator equation; see J. M. Smith (1982). Therefore, ifpy >f w
thenx ! 1 (andthusy! 0), andif fy <fw thenx ! O (and thusy ! 1). This
gives a clear qualitative understanding of the composition evolution at the MF level: if
one species is tter than the other, then its relative abundance increases.

A further useful consideration is that of weak selectionwhere there is only a small selective
advantage to one of the species (Hofbauer & Sigmund, 1998; Wild & Traulsen, 2007). Let
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us assumefyw =l1land fyy =1+ swith0 <s 1, therefore allowing the mutant species
a small selective advantage. Eq. (2.11) is then approximated by

d |
ax sx(1 Xx): (2.12)

Therefore, at the MF level we expect an increase in the fraction oM in the population
on a timescale of orderO(1=s). Since 0< s 1, this is typically far slower than the
timescale on which the population sizen evolves, where from Eq. (2.23) we expect this to
occur on a timescale of ordefO(1). There is then atimescale separationbetweenn and x,
where n relaxes quickly while x relaxes slowly. We will make use of this relevant regime
later; see Chs. 3 and 5. We now continue, and consider where this MF approximation
breaks down.

2.2.2 Stochasticity and the impact of nite size

We again nd that, while useful in large populations, the MF description fails to capture
some crucial aspects of the dynamics in nite populations. For example, Eq. (2.11) predicts
that the tter species is certain to grow in abundance and get arbitrarily close to taking
over the population, but will never xate, i.e. reach x = 0;1. Fixation, as introduced in
Ch. 1, only occurs in nite populations as a stochastic e ect due to DF. We now look to
capture this process of xation.

In systems such as those described in Ch. 2.1, we can make use of the approximately
constant population size under logistic growth for K 1, through the Moran process
(Moran, 1958, 1962). Therefore, we approximate our system using a Moran process,
which we term the Moran approximation (MA) of the system. In the MA we couple
the processes of birth and death and de ne e ective rates, such that the population size
remains constant atn = K, i.e. eachM birth is accompanied by aW death, and each
W birth is accompanied by an M death. This allows the population to evolve in its
composition, while maintaining a constant population size wherenyy = K nw. The
reactions

+

(inw)t ™ (g +1inw 1); 213

T
(winw)t ™ (w Linw +1);

maintaining the constant population size but allowing the compaosition of the population

to evolve, occur at e ective rates T,,, . To obtain expressions for these rates we start

by noting that changes in x in the MA according to Eq. (2.13) are of size x = 1=K.

Taking the MF approximation for the rst two moments of the ME of Eq. (2.7), we nd
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2. MATHEMATICAL PRELIMINARIES

the evolution of x and the evolution of its variance 2 are given by*

d 1 x X

Fridalia (Tw Tw) K(TVJ(, Tw);

d, 1 x?_, x 2. | (2.14)
a X = T (T|v|+T|v|)+ K (TW+Tw)-

The e ective rates T,;, and T,,, correspond to an increase or decrease by an amount
X, respectively. Therefore, separately (but obtained similarly), we have for the evolution
of x and 2 in the MA that

d

ax=(T+A Tua) X

d (2.15)
gt <= (Tia * Tua)( %)%

Thus, we can combine Egs. (2.14) and (2.15) to nd general expressions for the e ec-
tive rates, T,,, , leading to the same evolution of the mean and variance ok as the true
microscopic rates. Therefore, the population evolution given by Eq. (2.2.1) and the e ec-
tive process are equivalent at the level of the Fokker-Planck approximation (van Kampen,
1992; Gardiner, 2009). These e ective rates are given by
|
d 2
lx dt XX %x : (2.16)

TMA 2

Substituting Egs. (2.14) into Eq. (2.16), this simpli es to (Wienand et al., 2017, 2018)

Ty (nm) Ty, () |

T|\7|A (nM)= K
TMA (nm) = T\;rv (M LTM (N ):

Noting that the MA of the system also has absorbing boundaries atny, = 0;K, we
see that in this approximation we have obtained a one-dimensional random walk with
state-dependent rates and two absorbing boundaries. If thenyy, = K state is reached,
then the mutant has xated the population, whereas if ny = 0 is reached, the wild-type
has xated the population. In such a case, we can de nerst-step equations (di erence
eqguations) for the xation probability of the mutant,  ya (nm ), and the mean xation time
(MFT), wma (nnm), assuming initially ny mutant individuals (Gardiner, 2009; Ashcroft et
al., 2014). Note that in this thesis we always consider the unconditional MFT, i.e. the

! Alternatively, we could have carried out our van Kampen expansion of the ME to second order in the
previous section to obtain a Fokker-Planck equation. From this, the expressions for the evolution of the
mean and variance can be read o directly (van Kampen, 1992; Gardiner, 2009).
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2.2 Competition for shared resources

mean time to xation regardless of which species xates. These are given by

Tua (M) + Tya (D) ma(nm) = r,\;A(nM) {J%A(nrvl +11+ FMA (nm) {\%A (Nm 1?;

xation from ny +1 xation from ny 1
Tua (M) + Tya (M) ma(nm) = |T§|A(n|v|) f/ZIA(nM +11+ lTMA(nM) &A(nM ]})+1;
xation from ny +1 xation from ny
(2.17)

where the motivation is to look one \step" into the future and consider the subsequent
evolution of the system, and the +1 on the right hand side of the rst-step equation for
MmA IS a time increment. These are classical results, and can be solved exactly to give
(Antal & Scheuring, 2006; Traulsen & Haeurt, 2009)

P Q .
1+ w1k (i)
wa (M) = ——pkil g i=t MA S, (2.18)
Xk <k m
Ma (Nm) = wma(Nm) m=ix N.IA( )
ceny izt wa ()
ny 1)4( Qk ) m
L a ()] m=isg WA (M), 2.19)
where ya (i) = I’Y‘A E:; For the specic rates given by Eq. (2.10), we nd wma (i) =
MA

MA = % This simpli es the expression for the xation probability signi cantly, giving

fw ™
1
mMa (Nm) = ﬁ; (2.20)
S v

while the expression for ma (Nm) remains unwieldy. Therefore, we are able to capture
the evolution of the population size and its composition in a constant environment.

Consider again the weak selection limit used to obtain Eq. (2.12), withfyy, =1+ s and
fw =1 where O<s 1. In this limit, assuming K 1, we have

1 exp( nus).
1 exp( Ks)'’

ma (Nw)

which demonstrates the impact and interplay of selection through the selective advantage,
s, and di usion through the population size, K. For Ks 1 selection is the dominating
factor and ma (ny) 1, while for Ks 1, diusion drives xation and ma num =K,
with a transition around Ks 1. These parameters de ne the environment of the popula-
tion. Should this environment change, which as discussed previously is ubiquitous across
natural systems, these parameters are liable to change. This will therefore directly a ect
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2. MATHEMATICAL PRELIMINARIES

the xation probability of the mutant, and the MFT. Capturing the e ect of EV on such
processes is typically non-trivial, but is crucial if we hope to understand the behaviour of
the real biological systems.

I now look to introduce environmental variability, showing how it is modelled here, and
concretely how we capture its e ects through an illustrative example.
2.3 Dichotomous Markov noise

Dichotomous Markov noise (DMN), as discussed in Ch. 1, is a simple form of noise, where
two states are switched between with constant rates. De ning a time-varying random
variable (t) that evolves according to DMN, we have 2f ; ,gand

= 4! and = ! + (2.22)

where  are the switching rates of the DMN. It is useful to de ne the average switching
rate and the switching bias as

suchthat = (1 ). This meansthat > 0 corresponds to a bias towards time spent
inthe (t) = 4 state, while < 0 indicates more time in the (t) = state. Herein, |
initialise the DMN from its stationary distribution (i.e. the probability distribution of
attained at long times), giving (0) = with probabilities (1  )=2,andIchoose = 1
for simplicity and without loss of generality. Thus, for (t) we nd the average over its
stationary distribution h (t)i = and autocovariance (autocorrelation up to a constant)
ht) (9% h (ih % =@  2exp( 2 jt tY), wherehi here denotes the ensemble
average. The correlation time of the DMN, 1=(2 ), is half of the inverse of the average
switching rate of .

I will now show how DMN is implemented to model EV through a carrying capacity that
changes in time.

2.3.1 Stochastically switching carrying capacity

Using the DMN, | look to introduce EV through sudden changes in available resources,
such as in cycles of feast and famine (Hengge-Aronis, 1993; Srinivasan & Kjelleberg, 1998;
Merritt & Kuehn, 2018; Himeoka & Mitarai, 2020). This is implemented by allowing
the carrying capacity to uctuate in time between two values, such that we have K (t) 2
fK ;K.g, with K. > K , mimicking the e ect of a varying nutrient availability. We
denote K. the large carrying capacity, associated with mild environmental conditions
(high nutrient availability) and K the small carrying capacity, associated with harsh
environmental conditions (low nutrient availability). As motivated in Ch. 1, this allows us

to simply model sudden extreme changes in the population size, particularly the formation
of population bottlenecks (Wahl et al., 2002; Brockhurst, 2007; Patwa & Wahl, 2010; G.
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2.3 Dichotomous Markov noise

Lambert & Kussell, 2014; Wienand et al., 2017, 2018; Mahrt et al., 2021; Shibasaki et al.,
2021), and make analytical progress in capturing their e ects. To achieve this,K (t) is
driven by the DMN (t) = f 1;1g that randomly switches between 1 and 1 as given in
Eq. (2.21). Concretely, we then have (Wienand et al., 2017, 2018; Taitelbaum et al., 2020,
2023)

1
KM= [K: + K + OK, K (2.22)
which, with Ko 3%~ and ~ “45— can conveniently be written as

K(t)= Ko[l+ (DI

Through analogy with the constant environment case, this suggests that, at the MF level,
the population size now denotedN evolves according to the stochastic di erential equation

8

<N 1 N i o= 1
N=N 1 N - K
t:NlN

<D (2.23)

if =+1;

~

+

where a dot denotes the time derivative here and throughout this thesis. This de nes
a piecewise-deterministic Markov process(PDMP), consisting of deterministic evolution

interspersed with stochastic switches (Davis, 1984). ThereforeN will stochastically be

driven out of equilibrium and generally vary signi cantly. It is useful to consider the

QPSD of N under this PDMP description, where we consider only uctuations due to
the environment as given by Eq. (2.23), i.e. ignoring DF, as we will be able to obtain
its analytical form and see that it approximates qualitatively well the true QPSD of the

system (Wienand et al., 2017, 2018).

To do so, following the derivations of Horsthemke and Lefever (1984) and Ridol et al.
(2011), we start by de ning the pair process (N; ). In what follows we abuse notation
slightly by using to denote both the DMN process and its instantaneous state in a given
realisation. Here, uctuates independently of N, according to Eq. (2.21) andN evolves
according to the stochastic di erential equation de ned in Eq. (2.23). Concretely, | de ne
that NN=F (N)whereF (N)= N 1 % . The Chapman-Kolmogorov equation
for the pair process (N; ) is given by
X z
p(n; it + tjno; 0;0) = dm p(n; St + tjm; it )p(m; it jno; o;0);

2t 540
where p(n; ;tjn® ©t9 denotes the probability of being in state (n; ) at time t given
the system was in state % 9 at time t® ng and ( denote the values of the respective
variables att = 0, and t is a small time increment. This simply states that, by the
Markov property, the probability to go from the state ( ng; o) at time O to the state (n; )
attime t+ t can be captured by summing (and integrating) over all possible intermediate

states (m; ) occurring at a time t (van Kampen, 1992; Gardiner, 2009). For brevity we
will introduce p(n; ;tjO)  p(n; ;tjng; o;0) and show this derivation for the case only
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2. MATHEMATICAL PRELIMINARIES

of = + as the derivation for = is almost identical. Furthermore, we will use
to denote the environmental states explicitly for clarity. Allow f (n) to be a su ciently
smooth real-valued function with compact support. Then we have that
Z X Z Z

dnf(n)p(n; +;t+ tjo)= dm p(m; ;t jO) dnf (n)p(n; «;t+ tjm; ;t) :

R
We can now subtract dn f (n)p(n; +;tjO) from each side, divide by t and take the limit
as t ! O to obtain on the left-hand side
Z

R | |
m AT .ot+ 10) P UL gt (my@p(n; Loy (2.24)

t1 0 t

where we can exchange the integral and the limit as@p(n; +;tj0) is assumed to exist
and be continuous. Now to evaluate the right-hand side we must nd expressions for
p(n; +;t+ tjim;;t)for 2 f ; sginthelimtas t ! 0. To do this we start
by considering the transition rates for the possible transitions of in a time t. The
transition probability fornojump +! +is1 4+ t+o(t)andforonejump ! .
is t + o(t). The probability for two or more jumps is of order o( t) and thus in our
limit these need not be considered. If does not jump thenN = m at time t and we have
n=m+F _ (m)t+o(t)attimet+ t. Thus we have that

p(n; +;t+ tjm; +;t)= (n [m+F (m)t)A +t)+ o(t)

where (x) denotes the Dirac-delta function. If we now consider the case of a single jump
occurring in the interval [t;t + t), and denote the fraction of time passed prior to a jump
as whereby this fraction is uniformly distributed on [0; 1], then (starting at N = m at
time t) we nd that N atatime t+ t takes the value

n=m+ F (mt+(1 JF,.(m)t +o(t)
giving us
p(n; +;t+ tjim; ;)= (n [m+ F (mt+(@1 JF,(m)t]) t+oft):

Substituting these expressions fop(n; +;t+ tjm; 4;t) and p(n; +;t+ tjm; ;t)into
the right-hand side of Equation (2.24) and neglecting terms of ordero( t) we get
z 1 z
dn f (n)@p(nz; +:;10) = Itir!nOT dnp(n; +;tj0)f(n+F ,(n)t)(1 +1t)
+ dnp(n; ;tjof(n+ F (n)t +(1 JF.(n)t) t
z
dnf (n)p(n; +;tj0) :

We can now take a Taylor expansion off (n) to rst order, neglect terms of order o( t)
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2.3 Dichotomous Markov noise

and integrate by parts using the compact support off (n) to obtain
z z
dnf(n)@p(n; +:;1j0)= dnf(nmf @[F . (np(n; +;tjo)]

+p(n; +;tj0)+  p(n; ;tj0)g:
Sincef (n) was chosen as an arbitrary function, we have
@(n: )= @F . (Mp(; +:) P +0)+ +p(ni )

and a similar result holds if we rst consider = . Denoting p(n; ;t) asp for conve-
nience, we therefore have

@p @(F (n)p) P+ b

n (2.25)
@J whered =Fp+ dn{ p p )

If we now considerp and J at stationarity, denoted p and J , we have
@ = @J =0:

This implies that @(J,. + J ) = 0 and so, taking the natural boundary conditions, i.e.
there is no probability current at the boundaries (Gardiner, 2009), givesJ, + J =0.

We thus nd that .

p = ?p
Using this in conjunction with Eqg. (2.25) gives

+

@Fp)+ =+

which we can rewrite by dividing through by F p , integrating, and exponentiating to give

z

Fp= Zexp F++F dn ;

R
where Z is a normalisation constant ensuring p dn = 1. Therefore, the stationary
distributions conditioned on the environmental state are given by

8 1

< Z Kin n K + . _ _
_ nz “n n it =+ =+1
p(n)=. ;Ko on A (2.26)
Z Ren - if = = 1

where the p (n) have support [K ;K.]. Furthermore, we can construct the joint station-
ary distribution p (n)=[(1+ )p,(n)+(1 )p (n)]=2 giving

Z Ki n Y @n k ¢

; 2.27
2 - - ; (2.27)

p(n)=
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2. MATHEMATICAL PRELIMINARIES

where Z has been rede ned to absorb a constant factor and the approximate QPSD has
support [K ;K. ]. Herein, we shall refer top (n) and p (n) as simply p(n) and p (n) for
notational clarity. Intuitively, these distributions can be understood through the lens of
a histogram where population sizes are binned through time. The histogram fop. (n) is
binned while = ., forp (n) while = |, and p(n) is always binned regardless of .

This distribution has a particularly simple form and captures well many aspects of the

distribution, while neglecting the width of its peaks since we have ignored DF. It is possible
to capture the width of the peaks using the linear noise approximation, where it is seen
that the true distribution is captured more accurately. However, it is far more complex and

computationally expensive to use, and little is gained over using the analytically tractable
QPSD of the PDMP (Wienand et al., 2018).

2.3.2 lllustrative example

To illustrate the utility of the approximate QPSD of Eq. (2.27), | will demonstrate how it
can be used in a simple case, considered in Wienand et al. (2017). Consider a two-species
population governed by the birth and death rates de ned in Eg. (2.10), where we again
denote the species as either mutanti1) or wild-type (W). We also now allowK ! K (t)
in the death rates to vary according to Eq. (2.22), driven betweenK = K, and K = K
by a DMN process labelled . For simplicity, we will consider symmetric switching in the
environment, i.e. 4 = = and =0. The ME for this system is thus given by
X f . n
@P(nm;nw; ;t)= E 1 fjn + E 1 Kn P(nm;nw; ;t)
2f M;W g

+ [P(nm;nw; t) P(nm;nw; ;t)l;

with P(ny ;nw; ;t)=0for ny < 0 ornyw < 0, where the operatorsE are de ned as in

Eq. (2.7). The top row of the right-hand side gives the birth and death dynamics already
discussed in Ch. 2.2.1, while the bottom row makes explicit the switching environment
through the DMN variable

It is rst useful to consider the population size distribution and how this depends on
the switching rate . Herein | simply write N for both the stochastic processN and its
instantaneous valuen. We will consider how the approximate QPSD compares to the true
distribution, both through qualitative comparison of the distributions and quantitative
comparison of the average population size of the distributions, denotediNi. We see from
Fig. 2.2(a) that for slow switching rate, 1, the distribution is bimodal, sharply peaked
around each ofK . Here, the population is initialised with a carrying capacity K (0) = K
each with a probability 1=2 due to symmetric switching, and does not switch for long
periods of time. In this limit, the QPSD given by Eq. (2.27) becomes approximately a
sum of delta functions, p(N) = % (N Ki)+ % (N K ), one for each of the possible
starting states. Therefore, the average population size is given byNi = Kz* + KT = Ko.

On the other hand, for fast switching rate, 1, the environment switches on a faster
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2.3 Dichotomous Markov noise

Figure 2.2: QPSD and xation dynamics for the illustrative example. (a-d): the QPSD
for (@) = 0:05, (b) 0.5, (c) 5, and (d) 50. The red and blue lines correspond tg (n)
given by Eq. (2.26) for = 1and =1, respectively. The black line corresponds top(n)
given by Eq. (2.27). The red and blue bars correspond to simulation data for the QPSD
conditioned on = 1 and =1, respectively, with their overlapping regions appearing
purple. (e): average population sizelN i against switching rate . Solid line is theory given
by Eq. (2.28) while simulation data are plotted as circles. Horizontal dashed grey lines
are from the slow and fast switching limits given by hiNi = Ko and iNi = K, respectively.
(f): xation probability of mutant in a switching environment against for s = 0:02
(blue) and s = 0:07 (orange). Solid lines calculated using Eq. (2.29) and simulation
data plotted as circles. Horizontal dashed lines for eachs (with matching colour) are
the slow and fast switching limits given by (ny) %( va Ny K:)+ ma(nm:K )

and (ny) ma (Ny ; K), respectively. The vertical dotted lines give the point = s,
indicating the transition point between slow and fast switching for eachs (with matching
colour). In each caseK . =200, K =50, =0, and initial composition x = 0:5.
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timescale than that of the relaxation dynamics of the population size which relaxes on a
timescale O (1); see Eq. (2.23). Therefore, the population feels an e ective environ-
ment', given by an e ective carrying capacity which the distribution becomes unimodal
around. This is seen in Fig. 2.2(d), both in the analytic approximation of the QPSD
and the results from simulations; see Appendix D. The e ective carrying capacity in this
limit, denoted K, is due to the self-averaging of the DMN. Its expression is obtained from
considering (Wienand et al., 2017, 2018)

N
N=F =N
Ko(l+ )
which can be rewritten, using 2=1, as
N(1 )
F=N1 ———— ;
Kol 2)

and averaged over the stationary distribution of , giving

L N(1 ) .
hF| =N 1 m y
N
=N 1 K
wherehi = andK = Ko(1  ?)=(1 ), simplifying to K = Ko(1  ?) in the case

of symmetric switching. Hence, su ciently fast environmental switching reproduces an
e ectively constant environment, which is also captured by the approximate QPSD with
p(N) (N K ). The average population sizelNi = K is then also adequately captured
in this limit; see Fig. 2.2(e).

When not in the limits of fast or slow switching, we consider intermediate switching where
1. Infact, itisat =1 where p(N) undergoes a noise-induced transition: increasing
from below to above 1, the approximate QPSD transitions from a bimodal to unimodal
distribution. Remarkably, we nd that p(N) is still able to capture key features of the
true distribution; see Fig. 2.2(b,c). Furthermore, now de ning
Zy,
NI = Np(N) dN; (2.28)
K
we see in Fig. 2.2(e) that across all , using our approximate expression for the QPSD
excellently captureshNi from simulations. Due to the population size following logistic
growth dynamics as in Eq. (2.23),N takes longer to grow than it does to decay following
an environmental switch. This is because, assuming( + K , immediately following a

switch from K to K; we haveN. K 1 % K , while following a switch from

Kito K wehaveN K, 1 K¢ K2=K , whereK2=K K . This means
that for < 1, the peak atN = K is larger than the peak atN = K.. The peaks
are most similar for ! 0, with the peak around N = K, decreasing as increases and

approaches 1. For larger , the population becomes unimodal aroundK. This explains
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2.3 Dichotomous Markov noise

the behaviour of Ni with |, where we see it smoothly decreases asincreases. Having
determined that p(N) adequately captures the ecological dynamics of the population, we
now look to how we may utilise p(N) in capturing its impact on xation.

Concretely, we will consider the case of a small selective advantage to the mutant, such
that fw =1 and fyy =1+ s where 0<s 1, and assume that the population is
initially composed of mutants and wild-types in equal measure, i.e.ny = K (0)=2 and
nw = K(0)=2. As seen in Eg. (B.1), we then have a timescale separation between the
composition evolution x, given by Eq. (2.12), evolving on a timescale of orderO(1=9),
while the evolution of the population size N, given by Eq. (2.23), evolves on a timescale
of order O(1). Therefore, while N relaxes rapidly, x does so slowly. Therefore, during the
evolution of x towards xation, we expect N to explore the entire QPSD. This suggests
a way to proceed, wherep(N ) captures the variation in N due to EV, and ma given by
Eq. (2.20) captures the probability of xation for each N in the QPSD. We therefore seek
to combine these results in such a way that their combination captures xation under an
EV-driven population size. To do so, we must ensure that the timescales on which ya
and p(N) evolve are matched. Hence, we rescale the switching rate in p(N), such that

I =s, where the average number of environmental switches prior to xation scales as
=s, so that the timescale of environmental switching is mapped onto that of xation. We
denote this rescaledp(N) as p-s (N) for clarity. We can then combine these quantities

for the xation probability in a switching environment, , to give (Wienand et al., 2017,
2018; Taitelbaum et al., 2020, 2023)
Z .
(nm) = ma (MM N) p=s(N) dN; (2.29)
K

where we have explicitly included the dependence on population sizd of ya. Similarly,
the mean xation time in a switching environment, , can be captured through
Zy,
(nm) = ) MA (Nm;N) p=s(N) dN;

though we focus on the xation probability in this example for simplicity. We see from
Fig. 2.2(f) that, similar to the analysis of N, in the slow ( s) and fast ( s) switch-
ing limits, we have (ny) %( ma (v K+)+ ma(nw;K ) and (ny) ma (N ; K),
respectively. This can be understood as follows: should the switching be far slower than
the timescale of xation, the population is initialised with a given carrying capacity and
will xate in that carrying capacity prior to a switch; should the switching be much faster,
the carrying capacity rapidly switches between its two values, and xation occurs with
an e ective population size of N K . Remarkably, the predictions of Eq. (2.29) also
quantitatively capture the behaviour in the intermediate switching regime. Furthermore,
we see that increasing the switching rate of the environment can act to either increase or
decrease the probability of mutant xation, depending on s. This example demonstrates
the power of using Eq. (2.27) in incorporating the environment-driven ecological dynamics
into the analysis of population evolution and xation, and the impact that EV can have
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on the evolution of a population. In the following chapters, we shall similarly utilise our
approximation for the QPSD on more complex systems of interest.
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Chapter 3

Cooperative antimicrobial
resistance

The rise of AMR is a pressing global issue (Eliopoulos et al., 2003; Gothwal & Shashidhar,
2015; O'Neill, 2016; Dadgostar, 2019; Murray et al., 2022). O'Neill (2016) estimated that
700,000 deaths each year are directly attributable to AMR, with this projected to rise to
10 million by 2050 without intervention. Not only is this an enormous human cost, but
this is economically crippling, with costs estimated at 100 trillion USD over the same time
frame in terms of losses in global production. It is therefore of the utmost importance to
develop our understanding of how AMR evolves (Bottery et al., 2021), with the hope that
we uncover mechanisms for preventing and eradicating it.

One common mechanism for AMR involves the production by resistant cells of an enzyme
which can inactivate antimicrobial drugs (Davies, 1994; Brook, 2004; G. D. Wright, 2005;
Brook, 2009; Shahid et al., 2009; Yurtsev et al., 2013). This enzyme production process
has some associated metabolic cost to the resistant cell, i.e. the resistant cells divert some
of their energy away from replication and towards enzyme production. This provides the
resistant cells with protection in the presence of an antimicrobial drug. Also present are
sensitive cells, which pay no metabolic cost but are impeded heavily by antimicrobial if
it is present. The enzyme produced by the resistant cells may be either intracellular or
extracellular. An intracellular enzyme only breaks down the antimicrobial within the cell,
making resistance private to the resistant cells. In this case, the problem considered here
reduces to that of Ch. 2.3.2 and Wienand et al. (2017, 2018) and the resistance is not
cooperative. If the enzyme is extracellular, it breaks down antimicrobial in the medium
itself around the resistant cell. Therefore, when the abundance of resistant cells exceeds
some threshold, the enzyme is su ciently abundant in the medium to also break down the
antimicrobial present there. This provides resistance to the sensitive cells which have paid
no metabolic cost. Below this threshold, there is insu cient enzyme in the medium and
sensitive cells su er the e ects of the antimicrobial. The concentration of antimicrobial
above which it inhibits the sensitive cells is known as theninimum inhibitory concentration
(MIC). This behaviour may then be viewed as the antimicrobial concentration being raised
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above or brought below its MIC, depending on the abundance of resistant cells which acts
as a proxy for the abundance of resistance enzyme.

In this case, AMR can be viewed as a thresholded cooperative behaviour where inactiva-
tion of the antimicrobial throughout the medium is considered a public good. Therefore,
below the threshold the resistant cells are better o, increasing in abundance, while when
above this threshold the sensitive cells are better o, meaning resistant cells decrease in
abundance as was illustrated previously in Fig. 1.4 (see also Figs. 3.3(a) and 3.6(a)). In
static environments where the population is large, the population is then driven towards
the threshold, which leads to a long-lived coexistence of sensitive and resistant strains
during antimicrobial treatment, where neither species is eradicated (Yurtsev et al., 2013;
Vega & Gore, 2014; Meredith et al., 2015; Bottery et al., 2016). How this picture changes
when the environment varies in time is not well understood, and thus is the focus of this
chapter.

In this chapter, | will investigate two models of cooperative AMR, where a cooperator
resistant strain, R, competes with a defector sensitive strainS, to xate the population.
Here, | assume that the cooperative resistance mechanism is mediated by the cooperator
strain, which pays some metabolic cost to produce an extracellular enzyme. This enzyme
hydrolises antimicrobial in the medium. Furthermore, | assume that the medium (com-
posed of antimicrobial and nutrients) is being continuously replenished. This mimics the
chemostat setup of experimental investigations, described in Ch. 1, where environmental
factors can be held constant, allowing the ecological dynamics to reach a steady state
(Novick & Szilard, 1950; James, 1961). Cooperators are always resistant to the antimicro-
bial, since the enzyme they produce is able to break it down. Defectors are not generally
protected against the antimicrobial by the enzyme. However, if the cooperators exceed
some threshold in either absolute or relative abundance (each choice requiring its own
investigation; see later), there is su cient enzyme in the medium for the antimicrobial to
be brought below its MIC and defectors are also protected from the antimicrobial without
having paid the metabolic cost to produce the enzyme, as described previously.

The two choices for the cooperation threshold (in absolute or relative abundance) are
entirely equivalent when the environment stays constant andN (0) = K (0), but under
a time-varying environment implemented as in Ch. 2.3.1 a threshold in absolute abun-
dance corresponds to &ime-varying resource concentration in a xed volume, whereas a
threshold in relative abundance corresponds to dime-varying volume of resourceat xed
concentration; see Fig. 3.1.

Contents of this chapter appear in Herrandez-Navarro et al. (2023) and Herrandez-
Navarro, Asker, and Mobilia (2024).
3.1 Model description

In the model, | consider a population of sizeN, comprised of Ng resistant cells and
Ns = N Ng sensitive cells. The composition of the populationx = Ng=N gives the
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3.1 Model description

Figure 3.1: Cartoon depicting the di erence between the two choices of threshold in the
thresholded shared resistance mechanism. Resistant cells (blue) compete with sensitive
cells (red). A green background indicates mild environmental conditions, while an or-
ange background indicates harsh environmental conditions which are switched between
with rates as shown. Top: threshold in the absolute abundance of resistant cells.
Regardless of the nutrient concentration, which allows for a larger total population, the
volume remains constant and therefore the same number of resistant cells produce su -
cient resistance enzyme to provide resistance across the whole volume. In this example,
the threshold is Ny, = 3. Bottom: threshold in the relative abundance of resistant cells.
While the nutrient concentration does not vary, the volume increases providing more nu-
trient overall to the population, and therefore allowing for a larger population size. To
produce enough resistance enzyme to cover the larger volume requires more resistant cells.
In this example, the threshold isxy = 0:6

relative abundance of resistant cells. HereR cells have a constant tnessfgr =1 s,
where 0 < s < 1 denotes the metabolic cost toR to produce the resistance enzyme.
The tness of S however depends on if there is su cient enzyme in the population. If
there is, S pays no cost and feels no e ect of the antimicrobial, and has tnessfg = 1.
If there is not, S pays a signi cant cost due to the e ects of the antimicrobial on its
replication, and has tnessfs =1 a with s <a< 1. Note that here we focus on the
e ect of a biostatic antimicrobial which only acts to slow the growth of bacteria (Pankey
& Sabath, 2004; Bernatowa et al., 2013; Nemeth et al., 2015). The e ect of a biocidal
antimicrobial, increasing the death rates of bacteria, is an interesting problem not studied
here, though typically the e ect of a drug can be either biostatic or biocidal depending
on its concentration (Pankey & Sabath, 2004; Bernatowa et al., 2013; Nemeth et al.,
2015). In the case of a threshold in the absolute abundance & cells for shared resistance
with S (varying nutrient concentration, xed volume), we denote this threshold number
N . For a threshold in the relative abundance ofR cells ( xed nutrient concentration,
varying volume), we denote the threshold compositionxy,. For convenience, we de ne
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3. COOPERATIVE ANTIMICROBIAL RESISTANCE

Hny = H[Ngw  Ngr] and Hy = H [xyy  X], where H[z] is the Heaviside step function,
denedasH[z]=1if z> 0 and H[z] = 0 otherwise. Therefore, we have that the tness
of f g is given by 8

. <1 aHy fora xed volume;

° 1 aHy fora xed concentration:
Herein, | will use H to denote both Hy and Hy for simplicity, and only di erentiate
between the two choices where it becomes important in the time-varying environment.
Thus, we usefg =1 aH, whereH = 0 when resistance is shared, andH = 1 when it
is not. The average population tness is then given byf = fgRNg=N + fsNs=N. The
population evolves according to the birth-death process de ned by the reactions

T
Ngres! ©° Npeg +1;
To_
Np=s! © Npes L
with transition rates
fr (1 s)x N
T2 = —~NRr = N; T, = —Ng;
R™ 7% "R 1 aH+(aH s)x R™ KR 3.1)
ST F ST 1 aH+(aH sx ' ST K %

where K denotes the carrying capacity, assumed to be time-varying as in Ch. 2.3.1. The
ME giving the time evolution of the probability P(Ngr;Ns; ;t) for the population to
consist of Ng and Ng cells in the environmental state at time t is (Gardiner, 2009)

X
@P(NR;Nsg; ;t) = E 1T+ E*¥ 1T P(Ng;Ng; ;t)

2f R:Sg (3.2)
+ P(Ngr;Ns; ;t) P(Ngr;Ns; ;t);

whereE_g are shift operators such thatEgf (Nr;Ns;t) = f (Nr  1;Ns;t)and Egf (Ng;Ns;t) =
f(Nr;Ns 1;t). Furthermore, we assume the system is always initialised at stationarity

with N (0) = K(0) and Ng(0) = Ny, or Ngr(0) = N(0)xy, depending on the modelling
choice for the abundance threshold. The last line on the right-hand-side of Eq. (3.2) ac-
counts for the random environmental switching as de ned in Ch. 2.3. To recover the ME

in the case of a constant environment, we set, = =0, K = constant, and remove

the dependence in Eqg. (3.2).

3.2 Constant environment

To develop an understanding of this system, it is instructive to consider and analyse
the case of a constant environment, withK (t) = K = constant. As mentioned before,
the dynamics under a constant environment do not depend on the choice of cooperation
threshold assuming we start at stationarity. However, the threshold must still be speci ed
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3.2 Constant environment

in the analytical expressions. We make the arbitrary choice to uséNy, here, which can be
equivalently expressed asNy, = NXx to nd the expressions in terms of X, .

Mean- eld analysis leads to long-lived coexistence

It is useful to start with the case of a very large population with carrying capacity K 1.
The rates of Eq. (3.1) are identical in form to Egs. (2.10). Therefore, in the MF limit the
population's dynamics is aptly described by Eqgs. (2.2) and (2.11) upon substituting in the
rates of EqQ. (3.1), giving (Herrandez-Navarro et al., 2023; Herrandez-Navarro, Asker, &
Mobilia, 2024)

N
N=N 1 — 3.3
K (3.3)

and
(aH s)x(1 x)

@ aH)+(aH 9x

X = (3.4)

Egs. (3.3) and (3.4) show that the dynamics of N and x are coupled forH = Hy or
decoupled forH = Hy at the MF level. However, given we start at stationarity and the
environment is constant, N remains at N = K for all time, and only x changes. Hence,
the dynamics are entirely equivalent. Furthermore, we see thailN evolves on a timescale of
order O(1), whereN ! K, while x has a stable equilibrium atx = N, =N that it reaches
on a timescale of orderO(1=s) when x > N ;=N and O(1=(a s)) when x  N=N.
Moreover, whens < a 1 there is a timescale separation betwee and x. N relaxes
to K on a fast timescale, whilex relaxes on a slower timescale tiN; =N. Due to the fast
relaxation of N ! K, should N be initialised out of equilibrium, it would rapidly attain

N = K causing a short transient in x in the H = Hy case, andx would subsequently
evolve while e ectively experiencingN = K = constant at the MF level.

This behaviour implies that, at the MF level, the two species will experience coexistence:
excluding the boundaries atx = 0;1, we havex_> 0 for x N =N and x < 0 for
Xx>N n=N, and thus x ! Nu=N. As we have seen before, in nite populations xation
will always eventually occur. However, when the coexistence state is stable this can take
a very long time, far longer than the timescale of the dynamics of interest in the system,
similar to the case of population extinction seen in Ch. 2.1.2. In such cases, we say that the
two species experience a long-lived coexistence, which | will de ne concretely later. The
key here is that we must consider three qualitatively distinct behaviours of the system:
xation of R, xation of S, and long-lived coexistence oR and S.

Large populations in static environments: xation or long-lived coexistence

To continue we consider a population that is large but now nite in a constant environ-
ment. As in Ch. 2.2.2, in this setting the dynamics are characterised by eventual xation

of one of the strains, though now this may be preceded by a long-lived coexistence in which
case xation is not seen over the timescales we are interested in. Similarly to Ch. 2.3.2, the
population undergoes logistic growth dynamics and so we may de ne a suitable Moran
process giving a MA of the system; see Ch. 2.2.2. Thus, despite the coexistence state
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3. COOPERATIVE ANTIMICROBIAL RESISTANCE

expected from Eg. (3.4), when the population size is nite, DF are present and can there-

fore prevent the long-lived coexistence of both species by leading to xation. Here, we
are interested in characterising these scenarios of dominance by one strain or long-lived
coexistence. As in Ch. 2.2.2 we de ne the reactions in the MA

+

e

Nr + Ng! ® (Nr+1)+(Ns 1)
t

Nr + Ns! © (Ng 1)+ (Ns+1);

with e ective transition rates

g - @ x@ X
R™1 aH+(aH s)x

(1 aH)x(1 x)
T, =

1 aH+(aH s)x;

which de ne the MA of the dynamics in a constant environment. | will now show results for
the xation probability and MFT, obtained from approximations of the exact expressions
for the xation probability and MFT given in Ch. 2.2.2 adapted to this speci c system,
as well as the long-lived coexistence probability of this system.

Fixation probability. Here, the xation probability of the strain R when the population
initially consists of N9 resistant individuals (and N2 = N NQ sensitive cells) is denoted
by n NQ ,where the subscript signi es that the expression is for a population of constant
sizeN.

From Egs. (3.3) and (3.4), we can predict that the make-up of a large population in a

static environment reaches its coexistence equilibrium, i.e. Ng ! Ny,, for any initial

condition NS well separated from the absorbing boundaries aNg = 0 and Ngr = N,

such that DF are not too strong and the MF description is a reasonable approximation.

However, since the population is nite, we infer that Ng will linger around Ny, until
xation occurs driven by DF. When Ng is not too close to 0 orN, we can thus assume
N(NR) N NR = Ng N, Yielding

1
35
1+1 @i N (39
with N N :28 3 This approximate expression is derived from the full expression

Eq. (A.2) in Appendix A.1.1. Here, N is de ned as the critical value of the cooperation
threshold for which both strains have probability 1=2 of xation,i.e. yn =1=2. Thisis an
important quantity, as it de nes the critical value where for Ny, > N the resistant species
is more likely to xate. Equivalently, substituting X = N, =N gives the analogous result
for a threshold in the relative abundance, where we have N =N In(2 s)=In(1 a).
For biologically plausible values, e.g. <s<a . 10 * and N > 25, Eq. (3.5) is a good
approximation for the xation probability and matches up well with the exact solution
and simulation data; see Fig. 3.2(a).
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3.2 Constant environment

Therefore, when a large amount ofR is required to inactivate the drug (N N ) we
nd ! 1, while when only a small amount ofR can inactivate the drug (N N )
we nd p§ ! 0, asconrmed by simulations in Fig. 3.2(a). Interestingly, this shows that
the less e cient R cells are at producing the enzyme at xed metabolic costs, i.e. the
higher N, is, the more likely they are to xate, the opposite being true for more e cient
R cells.

Mean xation time. The MFT given the population initially consists of N,g resistant
individuals is denoted y (Ng), with the subscript again denoting a constant population
sizeN. This is the mean of a distribution from which the random variable , representing

the xation time of a given realisation, is drawn from. As before, since xation generally
arises from excursions from the coexistence equilibriunNg Ny, driven by DF, then
N NS N NQ = Np n when NQ is not too close to 0 orN, and we obtain

N Ng
1 1

al s) N 1Ts . (3.6)
Nsz(a s) N N N ’

see Appendix A.1.2 for the full derivation. This simple expression matches well the simu-
lation results of Fig. 3.2(b) and the exact expression given by Eq. (2.19) where the MFT
is su ciently large, around § > 50. Note that y is much larger forNyg, N , exponen-
tially decreasing for Ny, either side of N . Thus, for a givens, a, and N, resistant strains
that are either very e cient or very ine cient in producing resistance enzyme ( Ny, very
small or large) lead to a rapid dominance of one strain, whereas resistant strains with an
intermediate e ciency promote a long-lived coexistence of the two species.

Long-lived coexistence probability. As we have mentioned several times now, though
in a nite population DF will unavoidably cause the xation of one strain (hence the
extinction of the other), this xation may only occur after a long-lived coexistence of the
two species. In this case, the coexistence state is e ectively metastable, and the population
is at quasi-stationarity. Here, the MFT generally scales super-linearly with the population
sizeN, and the xation time of a given realisation of the system, denoted , is generally
exponentially distributed with a cumulative distribution givenby 1  exp( = n); See e.g.
Assaf and Mobilia (2010), Mobilia and Assaf (2010), Assaf and Mobilia (2011), and Assaf
and Meerson (2017). In the case of species dominance the scaling wihis generally sub-
linear (Antal & Scheuring, 2006; Reichenbach et al., 2007; Cremer et al., 2009; Assaf &
Mobilia, 2010, 2011; He et al., 2011; Asker et al., 2023). These two regimes are separated by
an intermediate regime where the MFT scales linearly withN , often found under neutral
dynamics (Reichenbach et al., 2007; Cremer et al., 2009). With these considerations, we
then determine that a coexistence is long-lived when exceeds BI, where the factor of 2
is chosen for convenience. It should be noted that quantitative details change upon the
use of a dierent factor, but this is not relevant for the discussion here. We may then
concretely de ne our probability of coexistence in a population of sizeN as

N Prob:( > 2N)=exp( 2N= \): (3.7)
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3. COOPERATIVE ANTIMICROBIAL RESISTANCE

Under the assumption that the xation probability of a strain and the probability of a
long-lived coexistence state are independent, we may use Egs. (3.5), (3.6), and (3.7) to
estimate the probability of fast xation (i.e. in time less than 2 N) by either R or Sin a
population of constant sizeN. These quantities are given by

N(l N) and (1 N)(l N); (38)

respectively, where we remind ourselves that y is the xation probability of the resistant
strain regardless of long-lived coexistence,y is the probability of long-lived coexistence,
and p is the mean time for xation to occur, each for a population of constant sizeN .
The three quantities de ned by Egs. (3.7) and (3.8) then fully determine the long-time
behaviour of this system in static environments. Looking again to Fig. 3.2, we therefore see
that for Ny, su ciently close to the boundaries at 0 and N, i.e. min(Ngw:N  Ng). N,
DF are su ciently large to cause a fast xation ( xation prior to long-lived coexistence,

i.e. in atime less than 2N ) and the type of xation is fully determined by the value of
N, relative to N . For N, <N |, the sensitive defectors are more likely to xate, while
for Ny, > N, the resistant cooperators are more likely to xate. For Ny, far from the
boundaries, i.e. minNg; N N) N, DF are weak and a long-lived coexistence state
is reached. Interestingly, we see from Fig. 3.2 that increasing the constant population size
for a given Ny, increases the MFT exponentially, and the xation probability approaches

a step function, transitioning at Ny, = N . Considering how the resistant species may
be eradicated, we see that this requiredNy, < N . While increasing the population size
for Nt < N will increase the likelihood of S xation, i.e. R eradication, the time for
this to occur becomes much longer for larger populations and there is instead a long-lived
coexistence, except folNy, very close to zero. Therefore, it is di cult to see how one may
eradicate the resistant species in a reasonable time more generally in a static environment.

This leads us to the conclusion that in a static environment AMR either dominates or
survives in a long-lived coexistence state, so long aly, is not close to zero. We shall
now investigate how EV changes this picture, rst in the case where the concentration of
resources change in time in a xed volume, and then in the case of a constant resource
concentration and time-varying volume.
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3.2 Constant environment

Figure 3.2: R xation probability and mean xation time (MFT) in static environments.

(a) R xation probability n against the scaled cooperation thresholdNy =N xy, for s =
0:1,a=0:25, and for ve examples of total population size, fromN = 25 (yellow green) to
200 (dark green); the starting microbial composition is set at the coexistence equilibrium
NS = Ny, ; dotted and dashed lines show the exact and approximated Moran predictions
of Eq. (3.5), respectively, which are only distinguishable for the smallest population size;
noisy solid lines are from simulation data (1G realisations for each data point) and match
with dotted lines. The vertical black dashed line shows the value ofN =N for which each
strain has a probability 1=2 to xate when N 1. (b) Mean xation time  against
N, =N in log-linear scale; the simpli ed formula of Eq. (3.6) (dashed lines), approximates
well (for n > 50) the exact MFT (2.19) (dotted lines) and simulation results for the MFT
(solid lines); legend and line styles as in panel (a).
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3.3 Time-varying resource concentration

In the case of a time-varying environment, implemented through a time-varying capacity
as introduced in Ch. 2.3.1, the choice of the cooperation thresholdH , being in the abso-
lute or relative abundance ofR, i.e. H = Hy or H = Hy, no longer leads to equivalent
dynamics. In this section, we look to model a xed volume with time-varying resource
concentration and so use the former choice, reinstatingd = Hy . This can be understood
by assuming that the xed-volume population is well-mixed with R cells homogeneously
distributed throughout the population; see Fig. 3.1. For a constant antimicrobial concen-
tration supplied to the medium, Ny, resistant cells are required to bring the concentration
below the MIC, regardless of the total number of cells. In the chemostat setup mentioned
previously, where a constant in ow of fresh medium into a population at constant concen-
tration (nutrients, antimicrobial, etc.) allows the ecological dynamics of the population to
reach a stationary state, instead here the nutrient concentration owing into the chemostat
is stochastically switched between two values.

3.3.1 Fixation and coexistence: a novel resistance-eradication mecha-
nism

In this section we analyse how the coupling of EV and DF shape the evolution of coop-
erative AMR (Coates et al., 2018; Bottery et al., 2021). The main goal is to determine
under which conditions does this coupling lead to the eradication of resistance ( xation of
sensitive cells such that no resistant cells remain), and reduce the size of the population
which we assume to be pathogenic.

Coupled environmental variability and demographic uctuations induce regimes
of coexistence and dominance

As in Ch. 3.2, the long-time behaviour of the population is captured by the probability
of fast xation of either strain and the probability of long-lived coexistence. In the case
of a switching carrying capacity, and denoting the MFT in the switching environment
long-lived coexistence requires > 2hNi, where is again the xation time of a given
realisation and N i is the average population size as in Eq. (2.28). Continuing, under time-
varying environments we denote the xation probability of R as , and the probability of
long-lived coexistence , where we have now dropped the subscript to indicate that the
population size uctuates. Therefore, the three quantities de ned in Egs. (3.7) and (3.8)
have their analogue in the time-varying environment given by

Prob. ( > 2WNi)=exp( 2MNi=);

and
1 ) and (1 )T )

We compute and using statistically correct stochastic simulations (see Appendix D.1),
when the external conditions uctuate between harsh K = 120, scarce resources) and
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Figure 3.3: Microbial community model. (a) Top: When the abundance of R (blue
microbes) is below the cooperation threshold\y,, antimicrobial drug hinders the growth
rate of S (red microbes) andR cells have a growth advantage. Bottom: AMR becomes
cooperative when the number ofR exceedsNy, and these generate enoughesistance
enzyme(public good in green shade) to hydrolyse the antimicrobial drug below the MIC
for the whole medium, so that protection against the drug is shared withS (with green
shields). (b) Dynamics of the microbial community for example parameterss = 0:2,
a=0:5 K =50 K; =250, =0:2,and = 0:6; thick black line shows the sample
path of the time-switching carrying capacity K (t), with a cooperation threshold Ny, = 30
(dashed blue line); thick solid lines depict theN !'1  PDMP de ned by Egs. (2.23) and
(3.4) for the total microbial population ( N, green), number ofR (Ng = NXx, blue), and
number of S (Ns = N(1 x), red); noisy lines show an example stochastic realisation of
the full model under the joint e ect of DF and EV. In the absence of DF, R can experience
bumps and dips (thick blue line), and tg;, indicates the mean time to reach the bottom
of a dip from its inception; see Ch. 3.3.1. In the presence of DF, uctuations about the
dip can lead to the extinction of R (blue arrow). (c) R fraction x = Ng=N for the same
sample path of varying environment as in (b); line styles as in panel (b); the dashed black
line shows the stableR fraction in each environment asK (t), driven by (t), switches in
time.
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mild (K, = 1000, abundant resources). In our simulations, we consider a wide range of
switching rates and environmental biases , while also varying the cooperation threshold,
though maintaining Ny~ 102 <K . Furthermore, we uses 2 [0:1;0:2] and a 2 [0:25; 0:5]
as plausible values for the metabolic cost of producing resistance enzyme and the impact
of the drug on S, respectively (van der Horst et al.,, 2011; Melnyk et al., 2015). Our
choice ofK ensures that the dynamics is not dominated mainly by DF or EV, but by the
interplay of DF and EV, and the choice of Ny, < K guarantees that long periods of time
in K are not purely characterised byR dominance. Note that here we simulate systems
which are small compared to most microbial communities for computational tractability.
However, as discussed in Ch. 3.3.2, the behaviour reported here is also expected to be
observed in large populations of more realistic size, i.eN > 1P,

The behaviour in - space is shown in Fig. 3.4(a-c), obtained from simulations. We
see across cooperation thresholdlly,, xation of either strain or long-lived coexistence
can occur. In particular, for Ny, . 10K+ =K (Ny, . 83 for our parameter choices) we
nd that S xates quickly with a high probability (red region) where switching occurs at
intermediate rate and the bias is not too extreme, meaning the eradication of resistant
cells. Furthermore, for slow and fast switching where the bias is not too close to 1, we
nd black regions where long-lived coexistence of the strains is likely. ANy, increases,
we nd the parameter regime whereR is likely to xate (blue region) grows, particularly
where the environmental bias is towards the harsh state; see Fig. 3.4(c). This occurs due
to the advantage ofR in the harsh state: Ny, approacheskK , leaving K N, sensitive
cells vulnerable to DF sinceK Nt <N in our example.

We now analyse the various regimes of Fig. 3.4(a-c), with a focus on the red area, where
resistant cells are eradicated. This allows us to determine the optimal environmental
conditions for the eradication of resistant cells and the reduction of the overall size of the
population, two issues of great biological and practical relevance.

Weak demographic uctuations promote coexistence

For an intuitive understanding of the eco-evolutionary dynamics under environmental
switching, here we discuss the sample paths of Figs. 3.3(b,c) and 3.4(d-f) in terms &
and x.

When the population is large enough for DF to be negligible (L-pﬁ I 0) we may use
the PDMP description as de ned in Ch. 2.3.1 to capture the evolution of the population
size. Hence,N follows the evolution of Eq. (2.23) and x is coupled to this evolution
through H = Hy in Eqg. (3.4). Sample paths of the PDMP are shown as solid lines in
Figs. 3.3(b,c). The realisations of Fig. 3.3(b,c) illustrate the coupling ofx to N, where
N tracks the switching carrying capacity K independently of x, while x evolves towards
the coexistence equilibrium at the cooperation thresholdxy, = N =N, which changes in
time as N varies. Hence,x increases wherNg Ny, and it decreases wherNg > N .
For extremely slow or fast environmental switching rate (i,e. ! Oor !'1l asin
Fig. 3.4(d,f)), since the dynamics of N under the rates given by Eq. (3.1) are identical
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Figure 3.4: Eco-evolutionary dynamics in the phase diagram of the joint xation and
coexistence probability. (a-c) Fixation and coexistence joint probability from simulations
at a given environmental bias and mean switching frequency for s = 0:1, a = 0:25,
K =120, and K. =1000 at resistant cooperation thresholdsNy, = 60; 80; and 100; see
the discussion in Ch. 3.3.2 for the behaviour at much larger populations and thresholds.
Stronger blue (red) depicts a higher xation probability of R (S). Darker colour indicates
higher coexistence probability, de ned as the probability to not reach any xation by
t = 2hNi, where we take the average total population in its stationary state. The area
enclosed within the green solid line indicates the optimal regime for the eradication oR;
see Eg. (3.12) in Ch. 3.3.1. The white asterisks in (b) depict the environmental statistics
for each of the bottom panels. (d-f) Sample paths for the carrying capacity K, black),
number of R (Ng, blue), number of S (Ng, red), and xed cooperation threshold Ny, = 80
(dashed blue) for the environmental parameters (; ) depicted by the corresponding white
asterisk in (b). The high environmental switching frequency in (f) results in an e ectively
constant carrying capacity (K = K, dotted line); see Ch. 3.3.1.
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in form to that considered in Ch. 2.3.2, we see the same behaviour dfl. Therefore,
under slow switching the system has two behaviours: it is initialised atN = K. and
remains there for long times with Ng = Ny, and Ns = K+ Ny, leading to a long-lived
coexistence provided minN; K+ Ny ) is not too small or it is initialised at N = K
leading to Nr = Ny, and Ns = K N, where xation is expected provided that
min(Ng ; K N ) is small, and the most likely type of xation is given by which of Ng
and Ng is largest at equilibrium. Under fast switching, we again see that the e ective
carrying capacity attains N = K. Hence, provided that is not too close to 1 (i.e. K
not too small), long-lived coexistence of both strains is likely (with abundancesNg N,
and Ns K N ), as shown in Fig. 3.4(f).

Demographic uctuations can eradicate antimicrobial resistance in time-varying
environments

Under slow and fast environmental switching rates, the population takes e ectively con-
stant size at K and K, respectively. Under slow switching, and are given by

=1+ )k,=2+(1 )k =2and =1+ ) x,=2+(1 ) k =2, and under
fast switchingwe nd = g and = , similar to the results discussed in Ch. 2.3.2. At
intermediate switching rates where several switches occur prior to xation, the dynamical
behaviour is far richer, as seen by the red regions in Fig. 3.4(a-c) for 2 [10 2;10°]. In
this regime, we cannot simply express and in terms of their e ectively static coun-
terparts N and p. Here, environmental switches lead to transient \dips" and \bumps"
in Nr following the carrying capacity switchesK,. ! K and K ! K, respectively
as in Fig. 3.3(b) and 3.4(e). Of prime importance here are the transient dips inNg, and
so that is where we direct our focus. For su ciently strong transient dips, Ngr becomes
small enough that DF, which are ampli ed in the harsh environment due to the smaller
population size, can lead to the eradication ofR (xation of S), giving rise to the red
regions of Fig. 3.4(a-c). Each dip has some non-negligible probability dR eradication and
so drastically reduces the MFT compared to the static case. To have this fasR eradi-
cation then requires three things: intermediate switching, such that the population size
N is given su cient time to track K (t) following environmental changes; timescale sepa-
ration between the population composition x and sizeN, where the composition evolves
more slowly, allowing for the transient behaviour following an environmental switch; and a
small number of resistant cells at the bottom of the transient dip, allowing DF to eradicate
them. Concretely, we requireNg O (1) for R to be prone to extinction by DF during
the transient dip; see later.

Here, we are interested in characterising the transient dips inNg, since it forms the
backbone of the EV-driven resistance-eradication mechanism we uncover here. To inves-
tigate their behaviour further, we consider the PDMP description of Ng, assuming large
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populations, giving

_ (@ s)Nr( r &)
R™ @ a)+(a s)Ngr=N’
1 s)K (1 aN.

(a s)K ’

Ng = TQ
(3.9)
with

where we have assumedNg N, since the equivalent description forNg > N, gives
Ng < OleadingtoNgr Ny,. Following a bottleneck of the population size, in the absence
of DF, resistant cells will inevitably survive and recover to their equilibrium number at
Nr = N . However, in nite populations where K K+, the minimum of the transient
dip of Nr predicted by the PDMP description may reach values small enough that DF
from the nite size of the population causesR eradication. The strength of DF in this
transient increases as the minimum of the dip decreases.

In order to adequately characterise the behaviour in the red region of the - phase dia-
gram, we seek to estimate the valueNg reaches at its minimum in this transient dip and

the time it takes to reach this minimum. We have that Nr evolves according to Eg. (3.9)
and so setting Ng = 0 allows us to determine its equilibrium; see Fig. 3.3(b). To nd

tagip from Eq. (3.9) we require Ng(tgp) = O which requires r = Nr=K . Assuming
s<a 1, yields N (tgip) K (1 s)=(1 a). From the solution of Eq. (3.3) with the

initial condition N(t=0) K. (see Eq. (2.3) of Ch. 2.1.1), we nd

1 s K
I
;
1
In —— ;
a S

where in the approximation of the second line we assumd& . K ands 1. To
determine the value of Ng at the dip, denoted Ng'p, we use the timescale separation in
the evolution of x and N sinces < a 1. In the low relative abundance limit of R, i.e.

x ! 0, Eq. (3.4) simpli es, giving

x (a sx (3.10)

Thus, x evolves on a timescale of orde©(1=(a s)) which is a slow timescalerelative to
the evolution of N. Therefore, assumingx(t = 0) = %h wheret = 0 is the time at the
K+ ! K environmental switch, we obtain that at short times

Nth
K:

x(t) x(0)= :
For s <a 1, we have thattgp, O (In( a—ls)) whereas the timescale ofx relaxation
is O (ﬁ), meaning the predicted dip can occur on these short, transient timescales.
The total population follows the logistic dynamics of Eq. (3.3) in the harsh environment
after the switch, and so rapidly attains N = K in a time of order O(1). Therefore,
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3. COOPERATIVE ANTIMICROBIAL RESISTANCE

multiplying both expressions provides the nal estimate of the number of R at the bottom
of the transient dip, N3", giving

N K
Ky '

NSP = X (taip) N (taip) (3.11)

occurring at time t  tgjp, Wwhere we asq'sumed thatR started from Nr(t =0) = Ny,. DF

at the bottom of a dip are of the order N,gip. For DF to possibly grive R to extinction,

and the EV-driven eradication scenario to hold, it is necessary that Ngip Ngip, which
requires smaIINgip, ie. Ngip . 10. This condition is certainly satis ed when K and
Ny, are of comparable size (withK > Ny, ), and each of orderpﬁ, which can also
hold for realistically large populations of N > 1P; see Ch. 3.3.2 for further discussion of
large population sizes. Furthermore, we note that while we have assumesi<a 1, the
timescale separation for the eradication mechanism only requires s 1 (see Eq. (3.10)),
allowing for the eradication to work at larger values ofa and s, so long as their di erence
is small. However,a s 1lis naturally satised for s<a 1 and so we continue under
this assumption.

Having characterised the eradication mechanism, we then note that each bottleneck is thus
seen as an attempt to eradicate resistant cells. Therefore, after nitely many bottlenecks
arising at a frequency we expectR eradication, allowing xation to occur prior to

t = 2hNi. With these requirements, the parameter regime to e ectively and quickly
eradicate R in large, populations under EV can be estimated. Firstly, R must be allowed
to evolve to its equilibrium position Ng = Ny, following a switch to K4, requiring + . S,
where I=sis the evolutionary timescale. Secondly, following a bottleneck of the population,
R should be allowed su cient time to reach the bottom of the transient dip and experience
the enhanced DF there, giving . tdié. Thirdly, should R not be eradicated in a transient
dip, the environment should recover to the mild state as soon as possible to eliminate the
possibility of R xation in this state. Therefore, we require & (a s):(2ln(E—*)),
where the expression on the right hand side is the inverse of twice the expected time to
reach equilibrium in the harsh state following a switch, obtained from Eq. (3.10). Finally,
we also require that these repeated bottlenecks are as frequent as possible while satisfying
all previous conditions (i.e. that we do not wait for too long after x relaxation in the
mild state), giving + & s:(2In(E+ )), where similarly the expression on the right hand
side here is the inverse of twice the expected time to reach equilibrium in the mild state
following a switch. We therefore nd that

S
2Ir17+ opt (1 opt) - S
a s ) (3.12)
W . opt I+ opt) - tdip’

where op and opt denote the optimal values for the environmental parameters and
, respectively. To summarise, the top line of Eq. (3.12) allows su cient time for Ngr
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3.3 Time-varying resource concentration

relaxation following a switch to the mild state, but not too long, while the bottom line
allows for su cient time for transient dips following a switch to the harsh state, but not
too long. The green contour lines in Fig. 3.4(a-c) enclose the predicted optimal region for
the fast eradication of R under s = 0:1, a = 0:25, K =120 and K = 1000, and fall

in the red areas observed in simulations. The green lines with positive slope correspond
to the top line of Eqg. (3.12) while those with negative slope correspond to the bottom
line. The true borders of these regions from the simulation data depend omNy,. This
stems from the dependence of and the MFT on Ny, (see Fig. 3.2) and the criterion for
long-lived coexistence (> 2hNi). The prediction of Eq. (3.12) ignores any dependence
on Ny, and thus fail to capture this e ect.

In summary, DF can eradicate AMR in time-varying environments when the population
composition x evolves on a much slower timescale than the population siz&l, satis ed
for s < a 1. Moreover, the magnitude of the bottleneckK . =K is required to be of
the order of the cooperation thresholdNy, or larger, the threshold has to fall below the
lowest value of the carrying capacity, i.e. Ny, < K, and the switching rate  should be
of order s and hence comparable to the rate of relaxation of the population composition.

Impact of environmental variability on the strains fraction and abundance

Having characterised the long-term population composition under environmental switches
in our region of interest, we additionally look to understand the non-trivial impact of EV
on the size and composition of the population outside of this regime, particularly where
coexistence is likely.

As seen in Ch. 2.3.1, the average size of the populatioiN i is a decreasing function of the
switching rate for xed . Furthermore, for xed , Ni is an increasing function of |,
where in particular we seelNi! K as ! 1. As a consequence of this behaviour, the
surviving pathogenic population can be reduced generally by increasing the environmental
switching rate and/or the time spent in the harsh environmental state, ! 1. More-
over, since theR fraction x is directly coupled to N through the cooperation threshold N,
(see Eg. (3.4)) EV non-trivially shapes the R fraction in the coexistence regime (coloured
areas in Fig. 3.5(f)).

Under slow environmental switching rate relative to the evolutionary dynamics of the
system (i.e. s), the population is likely to not switch prior to t =2 hNi. Therefore,
if the environment is initially mild, the R cells will relax to Ng = Ny,, with the S cells
at Ns = K+ Ny, and a long-lived coexistence will remain. However, if the initial
environment is harsh, (and N K ), DF will rapidly eradicate S, and hence not
allow coexistence of the species. Therefore, the distributions dflgr, Ng, and N are each
approximately bimodal as we average over the behaviours in each starting environment. In
the mild environment, we haveNr = Ny, Ns = K+ Ny, andN = K4, and in the harsh
environment, we haveNgr = K ,Ns=0,and N = K ; see Fig. 3.5(a). As is increased
to . s, and we approach the regime detailed in the previous section, xation again
dominates the dynamics, and the distributions ofNg and Ng become trimodal, with Ng-g
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3. COOPERATIVE ANTIMICROBIAL RESISTANCE

Figure 3.5. Total population, strain abundance, and coexistence composition in time-
varying environments. (a-c) Probability distributions of the total population ( N, green),
number of R (Ng, blue), and number of S (Ng, red), from simulations with parameters
s=0:1,a=0:25,K =120, K4+ = 1000, and Ny, = 80, under no environmental bias
( =0) and for mean switching rates in (a) slow =10 #, (b) intermediate =10 !, and
(c) fast =102 conditions. Histograms are smoothed by a Gaussian lIter of width =10
in cell number. (d) Average overall population (number of individuals on the vertical
axis) and strain abundances under no bias, i.e., = 0, as a function of switching rate ;
colours as in (a-c). Lines are smoothed by a log-scale Gaussian lter of width =10, i.e.,
one frequency decade. (e) Average overall population size in dynamic environments. (f)
Coexistence composition and xation probability (of any strain) in dynamic environments.
Stronger blue (red) depicts a higher coexistence fraction oR (S). Lighter colour indicates
lower coexistence probability, de ned as the probability for no xation event to occur by

t = 2MNi. The white and black asterisks in (e,f) depict the environmental statistics for
each of the top panels. All panels are computed at quasi-stationarity reached after a time
t> 2hNi, ensuring that N reaches its (quasi-)stationary state.
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3.3 Time-varying resource concentration

peaks at 0,K , and K ; see Fig. 3.5(b). The relative weights of the peaks aNr-g = 0
compared to those atNr-g = K is set by the xation probabilities of the species. The
total population size N remains bimodal aroundK . As s increased further, such that

1, we enter the coexistence regime wher& ! K , and the distributions become
unimodal around the coexistence equilibriumNgr = N¢, Ns = K Ny, and N = K; see
Fig. 3.5(c).

As a consequence, iR is eradicated, imposing fast environmental switching ( 1)
and harsh conditions ! 1 would considerably reduce the abundance of the surviving
community of pathogenicS cells; see Fig. 3.5(d) (green solid line) and Fig. 3.5(e). However,
if R survives, imposing 1 and < 0 would not only decrease the abundance of both
strains but it would also increase the R fraction, and risk further AMR spreading; see
Fig. 3.5(f) (magenta area). In the case that the environment is externally controlled,
following R eradication the best course of action is to remain inK forever ( = 1),
reducing the size of the remaining pathogenic population ofs.

3.3.2 Review of the modelling assumptions

In studying an idealised model of a microbial system, we make several assumptions that
it is important to review and contrast with realistic experimental conditions achievable

in a laboratory. The rst assumption we shall address here is that of the cooperation
threshold, based on a number of experimental observations of microbial cooperation; see
Davies (1994), G. D. Wright (2005), Sanchez and Gore (2013), and Yurtsev et al. (2013).
As explained before, here setting this threshold in the number of resistant microbed\y,,
allows us to assume that the nutrient concentration changes at constant volume with
environmental changes (Sanchez & Gore, 2013). It is this choice that leads to the transient
bumps and dips in Ng, which lead to the EV-induced eradication mechanism detailed
previously. In the next section, we shall consider the complementary scenario, where
the cooperation threshold is set by a xed R fraction xy,, relevant to a di erent set of
microbial systems. Furthermore, in some cases the resistant species are able to regulate
the production of the resistance enzyme through quorum sensing (Pai et al., 2012), but
its impact on cooperative AMR remains an open problem. We also note that certain
resistance mechanisms exhibit an anti-cooperative behaviour, such as e ux pumps, which
may result in enhanced metabolic costs to the sensitive cells (Poole, 2007; Soto, 2013).
Here, we have assumed that the enzyme breaking down the antimicrobial is public and
shared throughout the population. In the case that this resistance is private, i.e. only
available to the resistant cells that produce the enzyme, the model reduces to that of
Ch. 2.3.2, and those studied in Wienand et al. (2017, 2018). Further analytical results
where resistance is not shared are discussed in Uecker and Hermisson (2011) in a variable
environment, and in A. Lambert (2006), Parsons and Quince (2007a), and Patwa and
Wahl (2008) in the case of a static environment.

The second assumption we review here is that of the system size considered in our simu-
lations, with K & Ny, 107 and K.  10°. These parameters are chosen for computa-
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3. COOPERATIVE ANTIMICROBIAL RESISTANCE

tional e ciency, but correspond to small populations biologically. Therefore, it is right to
consider if the interesting behaviour, particularly the EV-driven eradication mechanism, is
also present in systems of more biologically realistic size. Typical microbiology laboratory
experiments study total microbial populations of sizeN 1P or larger (Sanchez & Gore,
2013). These studies model real-life microbial communities that are usually a few orders
of magnitude larger still, such as in case studies of mature or chronic clinical infections
with N & 108 (Canetti, 1956; M. R. Smith & Wood Jr, 1956; Feldman, 1976; Palaci et al.,
2007; Coates et al., 2018).

Communities of microbes of realistic size in the presence of antimicrobials could consist of
populations of N = K, 10! cells under mild, nutrient abundant conditions. Further-
more, as used throughout our analysis, biologically reasonable values for the metabolic
cost of producing the resistance enzymes, and the metabolic cost of replicating without
resistance in the antimicrobial, a, are plausibly around 10% and 25%, respectively, i.e.
s=0:1,a=0:25 (van der Horst et al., 2011; Melnyk et al., 2015). Moreover, a xed vol-
ume may requireNy, =2  10° resistant cells for the sensitive cells to be protected from
the antimicrobial. A sudden and drastic bottleneck to the population via a nutrient shock
(or addition of an additional toxin) may cause the population to be reduced greatly, to
sayN = K 5 10° cells, i.e. ve in every million cells survives. Under these plausible
parameters, the conditions detailed in Eg. (3.12) can be satis ed. Furthermore, Eq. (3.11)
then predicts that Ngip 10, meaning DF may still lead to eradication of R, even in
these larger, realistic system sizes. A recent study considering a spatial extension of this
model considers larger population sizes, though spatially structured, and determines that
the resistance-eradication mechanism uncovered here remains and can be enhanced under
slow migration (Herrandez-Navarro, Distefano, et al., 2024).

Finally we note that, as shown previously, the relative magnitude of the population bottle-
neckK ;=K is critical to enhance the eradication ofR during transient dips. An increase
in this leads to a smaller expected number ofR cells at the minimum of the transient
dip, and thus stronger DF possibly leading to the eradication of resistance. Introduc-
ing an intermediate environmental step between harsh and mild regimes would reduce
the population bottleneck at each stage and may promote coexistence (Sanchez & Gore,
2013).

A speci c choice of this model is the focus orbiostatic antimicrobials, i.e. those decreasing
birth rates and not increasing death rates (Pankey & Sabath, 2004; Bernatowa et al., 2013;
Nemeth et al., 2015). Most antimicrobials, however, act biostatically at low concentrations,
becoming biocidal at higher concentrations (Andersson et al., 2007; Hughes & Andersson,
2012; San Millan & Maclean, 2017). Therefore, our approach captures the case of a
constant low concentration of antimicrobial. Through this choice and the normalisation of
the strain birth rates by the average tness of the population (see Eg. (3.1) (Ewens, 2004;
Blythe & McKane, 2007)) the population size N does not depend on the compositiorx. A
simpler model has been investigated in the scenario where this decoupling is not present,
and N depends onx (Wienand et al., 2017, 2018).
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Finally, we note that the mechanisms by which resistance can be eradicated, along with
the other interesting behaviours due to the eco-evolutionary dynamics of the model, all
present themselves at biologically reasonable and clinically relevant environmental switch-
ing rates. Though we do not explicitly set a timescale in our model, a crude approximation

assuming replication of a single cell takes 1 hour sets the timescale, and we see that
for environmental switches occurring at s leading to the resistance-eradication mech-
anism mean periods of 10 hours in each environmental state. This timescale is feasible
for laboratory experiments, where typically bottlenecks occur periodically on the order of

hours.

3.4 Time-varying volume

We now look to the case of the threshold for shared resistance in the relative abundance
of R. This corresponds to a system with a time-varying volume at xed nutrient concen-
tration, now with H = Hy; see Figs. 3.1 and 3.6(a). This can again be understood by
assuming that the xed nutrient concentration population is always well-mixed with R
cells homogeneously distributed throughout the population, including immediately follow-
ing an environmental switch. In a larger volume, where the concentration of antimicrobial
is also maintained, moreR cells will be required as there is, in total, more antimicrobial
present. Therefore,xy, is now constant while Ny, depends onN ; see Fig. 3.6(b,c).

3.4.1 Insight into xation and coexistence via sample paths

It is useful to rst consider the trajectories of Figs. 3.6(b,c) to gain some insight into
the dynamics. Clearly, the long-time dynamics leading to a long-lived coexistence or
xation (and the type of xation) are chiey controlled by Xxy,. SinceH = Hy, x is
now decoupled fromN and the transients of Ch. 3.3 do not occur. For xation to occur

in a time less than 2hNi, our condition for long-time coexistence, we require thatxy

is su ciently close to the boundaries at 0 and 1, allowing DF to drive the system to
xation. Similarly to the constant environment case, the most likely type of strain xation

is determined by whether xy, > x In ﬁ or Xy, < X ; see Figs. 3.2(a) and 3.7.
Furthermore, xation occurs prior to the condition for long-lived coexistence when x is
close to the absorbing boundaries; see Figs. 3.2(b) and 3.7. In Fig. 3.7(a,e,i), we have
Xth =0:1<X 0:37, therefore leading to a fast xation of S, whereas in Fig. 3.7(d,h,l),
we see a fasR xation since x¢, =0:9>x . In these same two sets of panels we see the
impact of slow and fast environmental switching rate . In Figs. 3.7(a,e,i), the switching
rate is particularly slow, and so the population remains in its initial harsh environmental
state at K (t) = K(0) = K until xation. In Figs. 3.7(d,h,l), the switching rate is very
fast, and the carrying capacity attains its e ective value K. In the remaining panels of
Figs. 3.7(b,f,j) and Figs. 3.7(c,g,k) we see that in the case in whiclxy, is close tox , with
Xt far from the boundaries at 0 and 1, we nd a long-lived coexistence. Environmental
switches, and in particular time in the harsh environmental state, lead to periods where
DF are enhanced due to the smaller population size. This is seen in Fig. 3.7(b,c), where
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Figure 3.6: Model cartoon and example realisations. (a) Top: when the fraction oR
(blue microbes) is below the concentration cooperation thresholdy,, antimicrobial drug
hinders the growth rate of S (red microbes) andR has a growth advantage. Bottom: in
a cooperative scenario arising above the concentration cooperation threshold, resistance
becomes shared (green shields) as the fraction & exceedsxy, and these generate enough
resistance enzyme(public good, green shade) to break down the drug and bring its con-
centration below the MIC for the whole community. (b) Eco-evolutionary dynamics of the
microbial community for parameters xi, =0:37,s=0:1,a=0:25,K =100, K, =1000,

= 0:1, = 0:5, and for initial conditions K(t = 0) = K4, Nr(t = 0) = xnK+, and
Ns(t =0)=(1 xu) K+, thick black line shows the sample path of the time-switching
carrying capacity K (t), thick solid coloured lines correspond to a realisation of the PDMP
that ignores DF and is de ned by Egs. (2.23) and (3.4) (see Ch. 3.4.1), for the total pop-
ulation (N, green), number of R (Ng = xN, blue), and number of S (Ns = (1 x)N,
red); noisy lines are the corresponding stochastic realisation of the full model under the
joint e ect of DF and EV; dashed lines show the piecewise (meta-)stable equilibrium
Nr = xpn K (1) (blue) and Ngr = (1 x4 )K (1) (red). (c) R fraction x = Nr=N for the
same sample path of varying environment as in (b); line styles as in panel (b).
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Figure 3.7: Eco-evolutionary dynamics sample paths. (a-d) Examples oR fraction
sample paths from simulations (blue lines) for four concentration cooperation thresh-
olds xy, (dashed black lines), three average switching rates, and two environmental
biases , for s = 0:1, a = 0:25, K = 100, and K+ = 1000, with initial conditions
Nr(t=0)= xpK(t=0)and Ns(t=0)=(1 X ) K (t =0). Shaded and white areas in
panels (b-c) encode periods of abundanceK((t) = K.) and scarcity (K ), respectively.
Note the larger amplitude of DF for the latter since N | K K. . (e-h) Same example
paths as in the corresponding panels (a-d) for the population sizéN (green lines); black
lines show example path for the carrying capacityK . The very high environmental switch-
ing rate in panel (h) provides the e ectively constant carrying capacity K (black dashed
line). (i-I) Same example paths as in the previous panels for the number oR (blue lines)
and S (red lines). Dashed lines show the corresponding (meta-)stable coexistence equilib-
rium Nr = XK (blue) and Ns = (1 x¢n)K (red). The DF and low value of xi, =0:1
in panels (a,e,i) lead to fast extinction of R, whereas the high thresholdxy, = 0:9 and DF
in panels (d,h,l) lead to an early xation of R and extinction of S.
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Xth = 0:37 andxy, =0:63 with =10 ! and the bottlenecks whereN K are given by
periods with white background. We see that following an environmental switch, in this
intermediate switching range the switches are slow enough thaN can relax to K (t). The
distribution of N is similarly well captured by Eq. (2.27) as the dynamics ofN remain
the same.

These features are essentially in line with the discussion of Ch. 3.2, and hence similar to
the behaviour found in static environments. In the next section, we will see that, in a
dynamic environment, xation of either strain is also possible whenxy, X and that
there can be long-lived coexistence also whexy, 0;1. These are distinctive e ects of
EV that are analysed in detail in what follows.

3.4.2 Theory for the xation-coexistence diagrams

In this section we develop the analytical methods for time-varying environments allowing
us to predict when one of the strains will xate, and when both strains will coexist for
long-periods. The theory that we have devised and discuss here is used to analytically
reproduce the xation-coexistence diagrams; see Fig. 3.8(e-h), of Fig. 3.8(a-d) obtained
from simulations.

We identify and distinguish between two environmental switching regimes in which the
dynamics of xation and long-lived coexistence are captured by distinct approaches. These
regimes are denoted theguenched(Q) and annealed(A) regimes. These regimes are distin-
guished by whether or not an environmental switch is expected before the coexistence time
2hNi, respectively. In the Q regime, this therefore requires the environmental switching
be so slow, 1, and/or so biased 1, that no switch occurs before 2N regardless
of the initial condition. Conversely, in the A regime we require at least one environmental
switch prior to 2 Ni. In each case, the analogy is made with quenched and annealed
disorder from statistical physics, where for a given realisation the random variable (here
the carrying capacity) is either constant or time-varying, respectively (Goldenfeld, 1992;
Nishimori & Ortiz, 2010). Similar Q and A environmental regimes have been identi ed
elsewhere (Meyer et al., 2023; Mobilia, 2023). It is worth noting that the annealed regime
in similar settings corresponds to the limit of !1 |, where the EV self-averages as seen
in Ch. 2.3.2 (Wienand et al., 2017, 2018; Taitelbaum et al., 2020; Meyer et al., 2023;
Mobilia, 2023; Taitelbaum et al., 2023). While the A regime is typically used to capture
behaviour in this limit, here we also use it to capture the case of intermediate switching
where we expect only a nite number of switches prior to xation or the long-lived coex-
istence condition. In fact, we nd qualitative similarities between these two regimes. The
border between Q and A regimes is determined by

max(1= ) 1= (1 ] J))=2MNi;

splitting the xation-coexistence - diagrams of Fig. 3.8 into two distinct regions sepa-
rated by green/yellow lines where areas to the left of these lines are the Q regime and
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areas to the right are the A regime.

Quenched environmental regime. In Q, environmental switches are particularly slow.
The environment is initialised in the state K (0) = K. with probability (1 + )=2 or
K (0) = K with probability (1 )=2, and the carrying capacity remains at this initial
value, K (t) = K(0), at least until time 2hNi. Therefore, the joint probability for a
realisation to undergo R xation and to do so in a time 2N (i.e. fast xation) in

the regime Q, denoted by @, is

Q  Prob.(R xation ; 2N j regime Q)
1+ 1
=5 K 1 % T K 1 S ;

where |y is the R xation probability in a population of xed size N, given by Eq. (3.5),
and N
S Prob:( > 2N) =exp .

is the probability of long-lived coexistence in the Q regime, at a constant total population
N, with MFT , as in Eq. (3.7).

Annealed environmental regime. In A, environmental switches are fast enough that at
least one switch occurs prior to time 2N i regardless of the initial condition. This allows N
to experience the full range of values from its quasi-stationary distribution, approximated
by p(N) of Eq. (2.27), prior to xation or long-lived coexistence. Similarly to Wienand
et al. (2017, 2018), we assume that xation occurs in such a system occurs at a population
sizeN where the probability density of N is given by p(N). Following Assaf and Mobilia
(2010) and Mobilia and Assaf (2010), we know the MFT  in a population of constant
sizeN where xation occurs due to deviations from a coexistence state are given by the
inverse of the ux towards the absorbing boundaries, and thus the xation probability
is given by the relative ux into the state Ngr = N compared to the total ux into the
absorbing states. Therefore, = n gives the \rate of R xation" in a population of size

N . Similarly, the \rate of S xation" is given by (1 N)= N . In analogy to the constant
N case, we de ne the rates to each xation in the varying environment by averaging these
quantities over p(N) to account for the varying population size. This givese ective rates
of xation for each type in the A regime, given by

Zy, Zy,
Tq = NoN)dN  and Ts= Np(N) dN:
K N K
Since g, k , the main contributions to Tg-g, and hence to xation, arise whereN is
smallest. For 1 this occurs chiey around N K , whereas for 1 we nd that

p(N) is unimodal around N K and each environment contributes similarly. With Tg-g,
we obtain the R xation probability and MFT, A and #, respectively, in formal analogy
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with the static environment case (Assaf & Mobilia, 2010; Mobilia & Assaf, 2010), giving

T 1
A _ R A — :
= = : A
Tt Ts and R (3.13)
Furthermore, the long-lived coexistence probability in regime A is given by
2N i
A =exp = ! (3.14)

Egs. (3.13) and (3.14) allow us to nd the joint probability of R xation and fast xation
in a time 2N in the regime A, denoted by A as

A Prob.(R xation ; 20N j regime A)= A1 A);

where we have again assumed that strain xation type and long-lived coexistence are
completely uncorrelated.

Crossover regime and general results. Having obtained the xation and coexistence
probabilities in regimes Q and A, we can superpose their expressions to obtain predictions
applicable in the crossover regime (about the green/yellow line in Fig. (3.8)), as well as in
regimes Q and A. This provides us with general results, that are valid for the entire range
of environmental parametersf ; g. Since the probability that no switches occur by time
2N is

exp[ 2Ni (1 ] J)l;
and the probability that at least one switch has occurred by 2Ni is 1 , the overall
joint probability of R xation and fast xation is

= Qy@a ) A (3.15)

The overall probability of long-lived coexistence is obtained by a similar superposition of
Q and A, yielding
= Q+a ) M (3.16)

Equations (3.15) and (3.16) used in the theoretical predictions of Figs. 3.8 and 3.9.

3.4.3 Comparison of theory and simulations

Here, we compare the results of computer simulations and theoretical predictions of
Ch. 3.4.2, fully characterising the long-time eco-evolutionary dynamics of the population
in a time-varying environment.

The xation-coexistence diagrams in Fig. 3.8(a-d) show simulation results for the prob-
ability of fast R xation (blue), fast S xation (red), or long-lived coexistence (black),
for di erent values of the concentration cooperation threshold xy,. The main features of
these diagrams can be understood in terms of the analysis carried out in Ch. 3.2 and

IS "\which to this level of approximation

the critical cooperation threshold value x a8
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Figure 3.8: Characterisation of the long-time eco-evolutionary dynamics by the xation-
coexistence diagrams. (a-d) Fixation type and fast xation joint probability from simu-
lations for EV parameters (average environmental switching rate) and (environmen-
tal switching bias), s = 0:1, a = 0:25, K =100, K+ = 1000, and the concentration
cooperation thresholdsxy, = 0:1; 0:37; 0:63, and 0:9. Here, x 0:366, and the to-
tal population is initialised at quasi-stationarity, with  Ngr(t = 0) = xun K (t = 0) and
Ns(0) = (1 x4 ) K(0). Stronger blue (red) corresponds to a higher xation probability
of R (S). Darker colour indicates a higher long-coexistence probability, de ned as the
probability to have no xation event by time 2 hN i, where we take twice the average total
population in its stationary state (average across 18 realisations). The green/yellow lines
separate the environmental regimes Q and A (respectively on the left and right of the
lines); see Ch. 3.4.2. The white asterisks in (a-d) refer to the values of and used for
each of the panel columns in Fig. 3.7. (e-h) Theoretical xation-coexistence diagrams:
same as in panels (a-d) for the theoretical predictions of the xation-coexistence joint
probability given by Egs. (3.15) and (3.16), where 2N i is computed as twice the average
over the distribution of Eq. (2.27). Analytical results reproduce remarkably the features
of those from simulations.
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Figure 3.9: Eco-evolutionary probabilities of long-coexistence and fasR xation. (a)
Long coexistence probability at quasi-stationarity P ( > 2hNi), de ned as no xation
occurring by 2hN i, as a function of the average environmental switching rate for a con-
centration cooperation threshold of xy, = 0:1 and di erent values of the environmental
bias . By t = 2hNi, we assume thatN has already reached its quasi-stationary distri-
bution, which we approximate as Eq. (2.27) in the theoretical predictions. Dotted lines
(downward triangles), solid lines (circles), and dashed lines (upward triangles) show re-
sults for = 0.5, 0, and Q5, respectively. Lines are theoretical predictions from in
Eq. (3.16), and markers are simulation data. Other parameters are:s = 0:1, a = 0:25,
K =100and K+ =1000, as in Fig. 3.8. Inset: R xation probability conditioned on fast
xation P (Rj 2N i) as function of ; lines are theoretical predictions from =1 )
(see Egs. (3.15) and (3.16)); all three theoretical lines for each are indistinguishable. Er-
ror bars show the binomial standard error of the mean. (b-d) Same as in (a) foky, = 0:37,
0:63, and Q9. Note that simulation data presents larger error bars for > 10 1 in the
inset of panel (c) due to the limited proportion of fast xations in this regime.
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