Theoretical analysis of numerical
schemes for stochastic differential

equations

Luis Mario Chaparro Jaquez

Submitted in accordance with the requirements for the degree of

Doctor of Philosophy

University of Leeds
Department of Statistics

March 2025






Intellectual Property Statement

The candidate confirms that the work submitted is their own, except where
work which has formed part of jointly authored publications has been included.
The contribution of the candidate and the other authors to this work has been
explicitly indicated below. The candidate confirms that appropriate credit has
been given within the thesis where reference has been made to the work of

others.

This copy has been supplied on the understanding that it is copyright mate-
rial and that no quotation from the thesis may be published without proper

acknowledgement.
(©) 2024 University of Leeds and Luis Mario Chaparro Jaquez.

The right of Luis Mario Chaparro Jaquez to be identified as Author of this
work has been asserted by Luis Mario Chaparro Jaquez in accordance with the
Copyright, Designs and Patents Act 1988.



Acknowledgements

I would like to express my gratitude to my supervisors Elena Issoglio and
Jan Palczewski who, with immense patience, guided me through the world of
mathematics and academia. I also thank CONACYT for their financial support,
which enabled me to embark in this project.

Special thanks to my parents, Nicté and Francisco, who have supported me
in all my questionable decisions. To my siblings, José Alonso and Ana Victoria,
whose growth I have missed. To my friends in Mexico—Judith, David, Giselle,
Chuma, Jordy, Tony—who are always there in one way or another, and to those
in England—Anna, Rukia, Nils, Jacob—who have provided me with company

in the last few years. And last but not least, to Joyce, for keeping me sane and

happy.

ii



Abstract

The present thesis deals with the design of an Euler-Maruyama method for
stochastic differential equations (SDEs) with distributional drifts—generalized
functions—and study its convergence rate. We obtain a lower bound for
the convergence rate for SDEs, and for SDEs of McKean-Vlasov type using
a transformation based on the mild solution of partial differential equations
(PDEs). One novelty is the usage of the solution to the associated Fokker-Planck
PDE in the solution of the McKean equation.
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“We demand rigidly defined areas of doubt and uncertainty!”
—Vroomfondel in Douglas Adams’ The Hitchhikers’ Guide to the Galazy
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Chapter 1

Introduction

Stochastic differential equations (SDEs) have been a topic of interest in the stochastic
calculus community since its beginning. Classical results on the existence and uniqueness of
solutions to SDEs are used on a daily basis in multiple disciplines where stochastic calculus
is paramount. Just as in the case of deterministic differential equations, SDEs often do not
have explicit solutions and in order to use them in practice we must solve them numerically.
Although classical results on SDE approximations date back to Maruyama’s work [35] 70
years ago, there is currently great interest in relaxing the regularity assumptions of the
coefficients and see how far the tried and tested iterative methods can take us. One of
the most widely used references for numerical analysis of SDEs, the book by Kloeden and
Platen [29], just before their result on the convergence rate of the Euler-Maruyama scheme

they write:

“the Euler scheme gives good numerical results when the drift and diffusion
coefficients are nearly constant...however, it is not particularly satisfactory

and the use of higher order schemes is recommended”.

This statement is partially true, however a phenomenal effort has been made since that
book was written to prove that the Euler scheme suffices to solve SDEs with a much larger
family of coefficients, and in particular for very rough drifts and an additive noise as we
will study in the present thesis.

We note that the Euler scheme is often the default choice of numerical method to solve
SDEs in practice, and in fact since many of the theoretical questions deal with the case of
additive noise and very rough drifts—for instance where the motivation is regularization
by noise to solve ODEs—following the advice in [29] will take us away from the more
widely used Euler and Milstein schemes, of order 1/2 and 1 respectively, because those two
are equivalent in that case which will make us resort to schemes of order 3/2 and higher.
However, the implementation of higher order methods requires the usage of derivatives of
the coefficients, and increasing the roughness of coefficients implies that these derivatives
will not exist in the classical sense and if needed they must be obtained in non-standard
ways. Hence, the simplicity of the Euler-Maruyama scheme is a great motivation to find
out if it can be used in broader scenarios.

The interest on SDEs with distributional coefficients comes from both theoretical and
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applied questions. For instance some authors have found applications in the development of
models for random irregular media. Such is the work of Russo and Trutnau [43] where they
give a probabilistic representation to a parabolic PDE, with a diffusion process given by an
SDE with a drift which is the distributional derivative of a continuous function, which it is
ultimately used in the study of SPDEs. Another work is that of Hu et al. [22] have used
SDEs with this kind of drifts—in particular for distributional derivatives of a two-sided
Brownian motion—to represent diffusions in random media such as Bronx diffusions. There
is also the work of Cannizzaro and Chouk [8], which is a multidimensional generalization
of [15], where they use a martingale problem approach to prove the well-posedness of
SDEs with distributional drifts in the Holder-Besov space of negative order, which they
ultimately use to study behaviour of the polymer measure. The works mentioned above
are of a theoretical nature, trying to find well-posedness of the equations they approach.
However, in these cases one is not able to obtain exact solutions for the SDEs under study,
and here is where questions of convergence of numerical methods arise. Addressing such
questions, although in different settings, we mention the work by De Angelis et al. [14] and
Goudenege et al. [19]. In the former, the authors study an SDE with additive Brownian
noise and a drift in belonging to of fractional negative Sobolev spaces and design numerical
methods providing a lower bound for the rate of convergence. Whereas in the latter, they
implement numerical methods for an SDE with a fractional Brownian motion as a noise

and drifts in a Besov space of negative order.

One can see that the implementation of numerical methods for irregular drifts, can
sometimes lag behind the theoretical results, and although one can benefit of simply
knowing that convergence can be attained and leave to other authors the implementation
of the corresponding numerical methods, making the design of implementations equal in
importance to the theoretical questions can give light to other interesting approaches to
the study of the SDEs. Additionally, once the convergence results have been obtained,
the numerical implementations can pose an extra significant challenge since coefficients of
irregular nature are sometimes not trivial to implement. This is especially noticeable for
distributional drifts, where numerical techniques can be quite challenging due to the fact
that it is not possible to simulate a distribution numerically—at least not directly—and

one must come up with clever techniques to accomplish such task.

In this work we develop estimates for the numerical error for approximations of SDEs
and McKean-Vlasov SDEs with a distributional drift and an additive Brownian noise. In
particular, the drifts we study belong to a negative Besov space, which one can think
of an extension to negative regularity of the Holder spaces. We design and implement
robust numerical methods to solve said equations and test them in order to compare the
theoretical and empirical rate of convergence. We note that the obtained convergence rate
is a lower bound and, as such, can be tightened using different techniques. Our work is
similar in spirit to the aforementioned work by De Angelis et al. [14], but it parts from the
study by Issoglio and Russo in the papers on SDEs and McKean SDEs with distributional
coefficients [27, 26] where the drifts belong to negative Besov spaces. And in comparison

with the work of Goudenege et al. [19] we are able to address the case of a standard
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Brownian noise rather than having extra regularity obtained by a Hurst parameter in the
noise which is smaller than 1/2.

This thesis is organized as follows:

1. In Chapter 2 we present a literature review where we explore the work done by
multiple authors in the field of SDEs with irregular coefficients. We see the progression
in the loss of regularity and how these problems are addressed for different regimes,
starting with the more restrictive settings involving only discontinuous functions
and gradually moving towards the most general cases with distributional coefficients.
We place special emphasis on the study of numerical methods for these kinds of

equations.

2. Chapter 3 contains some preliminary theory on the well-posedness of the problems
we address numerically. We set the stage for the coming numerical work presented in
the next chapters by presenting the fundamental tools that we use and which have

been developed prior and in parallel to the present work.

3. Chapter 4 covers the first problem we tackle: the convergence of an Euler-Maruyama
scheme for an SDE driven by additive Brownian motion and with a drift taking
values in a negative Besov space. We use the concepts of mild solutions to PDEs
and estimates for them that allow us to propose a bound for the strong error in L'
between the approximated solution and the real solution. Additionally, we implement
the numerical methods and obtain an empirical rate that improves from the bound
found theoretically and study of the law density of the solution to the SDE in terms

of the associated Fokker-Planck equation.

4. Finally, in Chapter 5 we use the techniques that we learned in the development of
Chapter 4 for an SDE of the McKean-Vlasov class. We add an extra step to the
numerical methods of solving the one dimensional Fokker-Planck PDE associated to
the SDE to tackle the need of the density of the solution, for which we need to adjust
our estimates for the strong error in L', still obtaining the same convergence rate as
for the SDEs in Chapter 4. It also provides some insights into the numerical study of
the Fokker-Planck equation associated with the McKean SDE with a distributional
drift, and moreover, facilitated the development of numerical tools to verify accuracy

of the iterative approximations.
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Chapter 2
Literature review

The classical setting on existence and uniqueness of solutions of SDEs and furthermore, for
numerical solutions, requires strong regularity conditions which for modern applications
of stochastic calculus can severely limit the class of SDEs that one can study. For this
case the reader is referred to any textbook on stochastic calculus such as @ksendal’s [38],
Baldi’s [4] or Karatzas and Shreve’s [28]. Because of the limitations imposed classically, a
vibrant research area has sprouted in an attempt to extend the well posedness of SDEs
into more generalized scenarios.

For an SDE it is well known that strong existence and uniqueness is guaranteed when
the coefficients are Lipschitz continuous and have linear growth, c.f. Theorem 5.2.1 from
[38]. Additionally, the results on convergence of numerical methods for classical SDEs
are a direct consequence of the existence and uniqueness of strong solutions, in fact the
conditions to obtain a convergence rate of iterative schemes such as the Euler-Maruyama
method!, are not very different from the conditions to find strong solutions. See for example
Theorem 10.2.2 from [29]:

Theorem 1. Let us have an SDE
t
X = Xo+ / (s, Xs)ds + o(s, Xs)dWs,
0

for a one-dimensional Brownian motion W and t € [0,T], and an iterative Euler-Maruyama

approximation with uniform time steps tg, ..., tN
YnA-i-l = YnA + u(nv YnA)A + J(TL, YnA)AWny

where A = tp41 —ty, for alln € [0, N| is the length of a time step and AW, =W, ., —W;
1s the n-th increment of the Brownian motion W. Suppose that the following conditions

hold:

n+1

n

1. E|Xo]? < o0,

2. There exists K1 such that E(| X — Y 2)Y? < K1A2,

"We may also call it simply Euler scheme or method.
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3. There exists Ko such that for allt € [0,T] and x,y € R we have |u(t, z) — u(t,y)| +
o(t,2) —o(t,y)| < Kalz —yl,

4. There ezists Ks such that for allt € [0,T] and z,y € R we have |u(t, z)| + |o(t, z)| <
K3(1 + |z]),

where the constants K1, Ko, K3 are independent of A. Then, for the Fuler-Maruyama

approzimation Y2, the estimate
E|Xp — Y| < KyAY?

holds, for a constant K4 independent of A.

The exponent 1/2 in the last equation of the theorem above is what we call the
convergence rate of the Euler-Maruyama method. Some authors prefer to use instead of A
the parameter N which signifies the number of time steps, in that case the notation for

the last inequality would be
E|Xr — Y& < KgN~1/2,

Note that conditions 3 and 4 of the above theorem are exactly what we have discussed
before for existence and uniqueness of solutions, Lipschitz continuity and linear growth,
therefore this result will also break apart when we deviate from this pair of very strong
regularity assumptions, and enter into the realm of SDEs with irregular coefficients.

The first attempts to study SDEs with irregular coefficients are fairly modern, even
in comparison with the study of stochastic calculus. In the literature, one will find
that ‘irregular coefficients’ for SDEs can mean very different types of regularity or other
conditions, and this of course starts the moment one steers away from Lipschitz continuity
and/or sub-linear growth. Considered one of the seminal works in the area, the article by
Zvonkin [49], with its legacy reflected in the myriad of implementations of their techniques,
proposed a transformation of an SDE with drift being merely measurable and bounded,
whereas the diffusion was continuous in its two variables. Said transformation—which
comes from the infinitesimal generator of the SDE—has the powerful effect of removing the
drift of the SDE, and by its nature requires of some PDE theory to build their arguments.
After some years, Veretennikov [48] expanded Zvonkin’s work in to the multidimensional
case, finding that for additive noise and a simply bounded drift, they can attain a strong
solution. Both of these works consider the driver of the equation being a Brownian motion
and set the stage for the work that has been done in more recent years.

Let us start with a slightly less irregular setting, which is partially motivated by
applications in energy management, this is for SDEs that have coefficients which simply
exhibit some discontinuities. Among this line, the work of Leobacher et al. [34] attempts
to use alternative methods to those of [48] and [49] which rely on the ellipticity of the SDE
generator, so they refer to SDEs with a potentially ‘degenerate’ diffusion in the sense of
degenerate ellipticity. They prove that this is possible by making a transformation of the

SDE removing the discontinuities and having a new SDE in terms of which the solution to

6



the time homogeneous SDE

can be found for u that is discontinuous at a singular point, and sufficiently smooth at the
rest, and where o is locally Lipschitz—component-wise.

Then in a sequel, Leobacher and Szolgyenyi [31] allow for a finite number of disconti-
nuities in the drift, provided in between those discontinuities the Lipschitz condition still
holds, and using again a transformation G that they can invert to recover the solution of
the original SDE (2.1). Once the solution Z of the transformed SDE is obtained, it is then
possible to use the Euler-Maruyama scheme for it, to get the approximation Z and define
the approximation for (2.1) as X = G~1(Z). This result is in one dimension, but it admits
a non-trivial multidimensional extension presented in [32] which requires some conditions
on the surface of discontinuities and furthermore, the transformation G has to be inverted
numerically incurring in a high cost of computation. In both the one-dimensional and
multidimensional case, the convergence rate of the Euler-Maruyama approximation is of
order 1/2. Notice that equation (2.1) is time homogeneous, but in [44] they extend the
result on the existence of a unique strong solution into the time inhomogeneous case in
order to solve an optimal control problem in the setting of energy storage, using the same
transformation techniques as in the prior works. In an attempt to find a simpler method
to solve to multidimensional SDEs, Leobacher and Szolgyenyi [33] propose a clever trick to
calculate the error and simply using the Euler-Maruyma approximation of the transformed
SDE for Z = G(X), i.e. Z° without the need to invert G. Considering the SDE has a

solution X and an Euler approximation X° they can see the error of the approximation as
1X = Xl = IG71(2) = G™H(Z°)|2

and then split it into the terms ||Z — Z%||> which is the error of the numerical approximation
to the new transformed SDE, and || Z% — G(X?)||9, which is difference of the approximation
to the new transformed SDE and the transformation of the approximation to X. For this
simplified method they obtain a strong convergence rate of 1/4 saving themselves a few
practical challenges. Another one dimensional case in which the convergence rate of 1/2 is

attained is when the SDE contains Poisson jumps, this is an equation of the form
dX; = /L(Xt)dt + O'(Xt)th + p(Xt)dNt

with Xy € R and (N¢)i>0 a Poisson process with intensity A. This equation is studied in
[40] and they impose a few restrictions in the real-valued coefficients, namely the drift p is
piecewise Lipschitz with discontinuities on (1, ..., (n, the diffusion coefficient o is Lipschitz
and non-zero on the collection discontinuity points of u and finally the so-called jump
coefficient p is Lipschitz. All of them additionally have sublinear growth. They propose
a similar technique of transformation of the SDE obtaining a new SDE which is solved
numerically and has an optimal strong rate of convergence.

Moving away from merely discontinuous coefficients, we recall the above-cited article by

7
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Veretenikov [48] tackles the problem of existence of strong solutions for SDEs with bounded
measurable drifts and multiplicative noise. However, this result was only theoretical and
it was not until the Gyoéngy and Krylov [21] found that indeed well-posedness of the
Euler scheme for the SDEs proposed by Veretennikov holds and there is convergence in
probability of the numerical solutions. The last result was only qualitative, and more
recently Dareiotis et al. [13] take on the task of providing convergence rates to Gyoéngy
and Krylov’s result, obtaining in this case a convergence rate 1/2 — € for some small € > 0.
The authors discuss that for an additive drift the rate of convergence is not ideal, since
in the classical case this rate must be 1, so they plan to pursue the regularity condition
for the drift which will yield a convergence rate akin to the one for the Milstein scheme.
Moreover, when the noise is only additive they are able to find a convergence rate for a
drift with Sobolev regularity of order @ € (0,1). This result can be used as a benchmark
for the convergence rates of schemes for SDEs with distributional coefficients in the sense
that we would expect that if the drift has a negative regularity ~, as v — 0 from the
left we would expect to have a convergence rate that agrees with a convergence rate in
[13] when a — 0 from the right. In a different work Butkovsky et al. [7] use stochastic
sewing lemma, exploiting the effects of regularization by noise, to find a convergence rate
((1/2 4+ aH) A1) for SDEs with additive noise, but this time they work on SDEs driven
by fractional Brownian motion with Hurst parameter H € (0,1) and a drift living in a
Hoélder-Besov space C* for o € [0,1]N(1—1/(2H), 1]. Notice that this is indeed one step in
the pursuit of a Milstein like convergence rate that Dareiotis et al. mentions in [13], albeit
being aided by the regularity properties of a fractional noise. In the same work for the
case of multiplicative standard Brownian noise—H = 1/2 —they reiterate the convergence
rate obtained in [13].

Losing more regularity, we step into the realm of distributional coefficients. Some of
the starting works on this regard is by Flandoli, Russo and Wolf [17, 18] where the authors
discuss an SDE in one dimension and with a drift that is defined as the derivative of a one
dimensional function g that is only continuous, this is f(¢,2) = ¢’(x), and so they have

time homogeneous one-dimensional SDEs of the type

t t
X = xo —I—/ o(Xs)dWs + / g (Xs)ds,
0 0

where o and g are merely continuous functions. Solutions to this equation are considered
as a singular martingale problem or in the sense of solutions in law or weak—an approach
that we will find familiar in the coming chapters.” For the equation above, we have the

formal operator
2
Lr=571"+97
and in [17, Proposition 3.11 and Corollary 3.12] the authors find that if the operator L is
close to divergence form, this is £¢ = f = (%2f’)’ + (g% f where g% = g — %2, and if X

2In order to avoid confusions with weak solutions of PDEs, when talking about weak solutions of SDEs
we will often prefer to call them solutions in law.
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solves the martingale problem with respect to £ then X is a solution in law to the SDE
t
X, = X, +/ o (X3)dW, + A(b)
0

for b = %2 + B, where A is the extension onto C°(R) of the map [ + fo I'(Xs)ds which
is defined on C*(R). In the sequel [18] the same SDE is explored, but now there is a
development of an It6 formula when the drift is LS. and the functions f applied are
in a Sobolev space VVloc' Furthermore, they find functions f such that f(X) is a semi-

martingale.

An example of works where the drift is a significantly different type of distribution was
written by Bass and Chen [5] where the SDE of interest is

dX; = dWy + dAs

where Al = fo fi(X,)ds for some n-dimensional vector A; = (A}, ..., A%) and f;(z)dz is
the Revuz measure of A for f bounded. In this case the goal is to replace fi(x)dx by some
more generic signed measures 7;. In particular, measures of the Kato class were considered,
i.e.

K, = {w(da:) : lim sup sup /B( : |z — y|” 7| (dy) = O}

e=0 zecRd

where |7| is the total variation of the measure . Then they say that f € K, if f(x)dx € K,.
The idea is then to find a process in R3 that behaves as a Brownian motion outside the
domain I' but inside of it drifts upwards, where I' = A x R and A is the Sierpinski triangle
in R?. The main result tells us that we can indeed find a solution in law to the SDE of

interest, and although the paper presents it for d > 3 it also holds for d > 2.
With an SDE again with a unit diffusion Delarue and Diel [15] have a drift 0,Y;(X})

where the paths (R 3  — Yi(z)):>0 are continuous. This is a one dimensional problem
and the derivative 0,Y;(X;) is in the sense of generalized functions and since Y is time
dependent, so is its derivative. They also go for the approach of the Martingale problem
and use the associated PDEs with the appropriate operators. Then Cannizzaro and Chouk
[8] generalize this work for d-dimension using paracontrolled distributions as per the theory
in [20].

In one of the main steps towards the work in this thesis, Flandoli, Issoglio and Russo
[16] deal with the SDE

dX; = b(t, Xy)dt + dW,

Xo = 7o

for a d-dimensional Brownian motion W; and a drift b taking values in a fractional Sobolev
space, in particular they say that b € L*°([0,T]; H, ) for g € (0,1/2), q (ﬁ %) and
q:= 12 B They introduce the concept of virtual solu‘mon which is very useful to create

bounds in terms of the solutions to a class of associated PDEs.

The present work draws much inspiration from the work of De Angelis et al. [14],

in fact the initial stages of the project where a mere generalization of their tools for a
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Chapter 2. Literature review

different type of drift. In [14], they work in the same setting for the drifts as [16] but in the
one-dimensional case. One key difference is that in dimension one, this type of equations
have a strong solution. They approach the problem by observing that the space of negative
regularity H qﬁ will have as a base the family of Haar functions and approximate the drift
b as a truncated series of such functions. Furthermore, b" is the regularized version of the
truncated series that is obtained taking a convolution of the heat kernel in what they call
a randomization procedure to control the convergence rate appropriately. Their usage of
Haar functions is also for the sake of numerical efficiency in their implementations. For a
drift b € C*([0,T); Hy ) for x € (1/2,1), and B € (0,1/4), q € (4,1/8), §=1/(1 — B), and
a convergence rate in L' of the numerical approximation of the form

G-

2(4

fory=1-05-— %. Doing some substitution one can see that this rate ranges between % for
B ~0and 0 for g~ 1/4.

The theoretical framework that we take the most advantage from is done by Issoglio
and Russo in three articles, namely [27, 25, 26]. The first pair of articles are part of the
same underlying theory, and are the base of the work on SDEs with distributional drift
which is presented in Chapter 4, whereas the third one on McKean-Vlasov SDEs which
will be discussed on Chapter 5. All of those papers will also be discussed in greater length
in Chapter 3, where we talk precisely about some of the results on well-posedness of the

problems we attack numerically.

In [27], they study the SDE
dX; = b(t, Xy)dt + dWy,

with Xg ~ u, where X; € R?, and (Wt)e>0 is a d-dimensional Brownian motion, p is a
probability measure and the drift b(t,-) € C(=#+. In Chapter 4 we will get deeply familiar
with the one-dimensional version of this SDE, but we may recall that this equation is
also intimately related to the ones in [17, 18] with a different kind of drift, and in the
multidimensional case as we have seen there is the paper [16]. Their approach uses the
interpretation of the mentioned SDE as a singular martingale problem which, we will

discuss in Section 3.4, and hence they rely on the usage of a PDE

Oif +3AF +Vfb=Af+g
(1) = fr,

for A\ = 0, which is studied in the sibling paper [25] for a A € R, where the authors are
concerned with the questions of existence and uniqueness for its solutions. Note that the
left-hand side of the equation above is the infinitesimal generator of the process X, and that
well posedness of said PDE allows them to provide a meaning for the martingale problem,
which depends on that operator. They also provide the dynamics followed by the solution

of the SDE, and with some considerations find equivalent results to the ones by Stroock and

10



Varadhan [45] by finding an equivalence between the solution to the martingale problem
and a suitable notion of solution of the SDE. In terms of the study of the PDE above,
which is fundamental to solve the SDE problem, in [25] the authors develop a meaning to
this class of PDEs. Variations of the parameter A will lead to different equations which
can be useful in the study of their related SDEs. They investigate the action of the heat
semigroup on the PDEs, in particular Schauder and Bernstein inequalities of which we will
take big advantage, in our work, when finding bounds for the convergence of numerical
methods. In one of the most beneficial techniques for us, they give the notion of weak
and mild solutions of that PDE and their equivalence. Then prove that mild solutions are

unique using the properties they develop of the application of the heat semigroup.

A generalization of SDEs are the so called McKean-Vlasov equations, where the
coefficients can depend on the distribution of the solution to the SDE. Issoglio and Russo
[27] study a McKean-Vlasov SDE whose drift has the same regularity as in [27] with a very
distinct dependency of the drift on the density of the solution with an additive Brownian

noise. They study the d-dimensional McKean-Vlasov equation
¢

X, = / F(p(s, Xo))b(s, X.)ds + Wi,
0

where p(t,-) is the law density of X;, for a random initial condition X, with density po.
They assume that b(t,-) € C-A* and the function F is nonlinear bounded and with
bounded derivative, so the overall regularity of the drift is encoded in b and is what poses
the problem of assigning meaning to the SDE. As in [27], this paper also uses analytical
tools but this time in the form of the Fokker-Planck PDE

ip = 3Ap — div(pF (p)b)
p(O) = P0;

for which they find a unique solution p € C([0,T]; C?) in the sense of distributions, which

they use to find their main result on the existence and uniqueness of solution of the McKean
SDE.

On a related work by Issoglio et al. [24] the authors prove existence and uniqueness for
a singular martingale problem associated to a kinetic McKean-Vlasov system of equations
for the velocity V; and position X; of a particle in the phase-space. They key difference
with [26] is the kinetic property of the system, which means that the Brownian motion only
drives the term which represents the velocity. They do it by thinking about their martingale
problem as a case of a class of linear, rather than McKean, martingale problems; which
requires knowing the density of the solution to the equation since it has to be an input of
the linear martingale problem. Then they find a solution to this linear singular martingale
problem, which they take in ensuring that it coincides with the classical Stroock-Varadhan
problem in the smooth case. Finally, since the above represents a solution by construction

they verify that the construction indeed solves the problem at hand.

Another approach in the setting of distributional drifts with more generic noises, the

11
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work by Anzeletti et al. [1] deals with the one dimensional SDE
dX; = b(X;)dt + dB;

where the driver noise is a Fractional Brownian motion with Hurst index H € (0,1) and
the drift b belongs to the space Bg,oo, which is written as Bg for convenience.®> Proving
that a Weak solution exist given certain conditions for 3, p, H. In particular, they show
that if b = ady where, a € R and dg is the Dirac delta centred at zero then a weak solution
exists for any H < v/2 — 1. Their technique to prove existence of a weak solution require

of considering another, more general, SDE
dXy = b(Xy)dt + dZ,

for some continuous stochastic process Z, which they solve for a fixed trajectory of the

noise (Z¢(w)); by rewriting said equation into a random ODE of the form
ay; = b(Y: + Zy)

where Y; = X; — Z;. They study the regularity of the operator TZb : y fg b(y, Zs)ds and
find out that in some cases the transformation 7/7b is more regular than b, and then the
ODE admits a solution Y; = Yy + fg TdZSb(YS). Then, they prove that this solution to the
ODE is equivalent to the solution to their original SDE, so they prove that the ODE has a
solution of the form above. Additionally, they show that a weak solution always exists if
the drift is in the space Bll/ 4 Then, using stability arguments and regularity estimates
powered by the stochastic sewing lemma by Lé [30], they go on to prove that pathwise
uniqueness holds for weak solutions provided that b is in Bg, oo With 5 —1/p>1—-1/2H.
And when b is a measure they are able to prove that strong solutions have sufficient Holder

regularity. And obtain strong existence and uniqueness for b = adp and H < 1/4.

The work that, to our knowledge, resembles the closest the results of the present text

is [19] where the authors study the multidimensional SDE

t t
Xt = X() + / b(Xt)dS + / dBt
0 0

which has as a driver the fractional Brownian motion (Bi):>¢ in d dimension with Hurst
coefficient H < 1/2, and a time homogeneous drift b € By with a regularity assumption
1-— ﬁ <y - % < 0. It is worth noticing that the requirement for the Hurst coefficient is
paramount for this approach, because when the threshold H = 1/2 is reached then it is no
longer possible to handle distributional drifts but only functional. In that case, however,
they prove that they extend the regime studied by [7]. They make an extension of the
existence result by [1] for any dimension d > 1 by claiming that for b € B~ and satisfying

their regularity assumption there is a weak solution to the corresponding SDE. Then they

3See Section 3.1 for the definition of Besov spaces.
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perform a standard Euler-Maruyama scheme approximation

t t
Xth’n = XO + / bn(Xth’n)dS + / dBt
0 0

for some time step h—which is a carefully chosen function of n—and an approximation

(b™)nen of b in the appropriate space. On this setting they obtain a convergence rate

1
— ¢
2(1—7+I;)

in the space C[lo/f]Lm(Q) for m > 2. Notably, if p = oo and d = 1 the convergence rate
1

=) 6 which is the setting we will explore in depth in the present work, we will make

further comparisons of this in the coming chapters. Additionally, they study the limiting

d__q1_ 1 i - ici _ 1
case when vy — b= 1 — 5, which leads to a non-explicit convergence rate 1 — 7.

Another common case of extension of the noise is to use a-stable noises as the driver.
There is the work by Athreya et al. [2] for a one dimensional time homogeneous SDE with
a symmetric a-stable process L; with a € (1,2). They see the drift as the limit of the
integral fg bds, for a sequence b™ which approximates the drift b in C® for a negative /3

as seen as well in the work by [1], and their solution is of the form
Xi=x+ A+ Ly

where the term A; satisfies

t
g:/ b(X,)ds — Ay,
0

They prove pathwise uniqueness for 5 € (1_?0‘, 0], in a way extending the result by Tanaka
et al. [46] into distributional drifts. Additionally prove strong existence on the solution

when

E|A; — A2 < Ot — s|**
for any k € (0, 1].

In the inhomogeneous drift, and multi-dimensional setting we can see among others
the work [11], where the SDE on focus has an a-stable additive noise W; and the drift
is in the regime of Besov spaces, with only integrability required for the time parameter,
specifically the drift belongs to the space L"([0,T]; Bg,gl(Rd, R%)). The stability parameter
of the noise is a € (1, 2], which includes the Brownian motion case and the jump case,
notably it does not include either the lower bound of the so-called sub-critical case—where
« > 1—mnor the super-critical case—where o < 1—which is included in works such as
[39] and [12] respectively but only for Holder continuous drifts. The questions concerning
[11] are theoretical in nature, in particular to establish conditions for well-posedness of
the equation but, contrast with the works [16, 17, 18, 5], here the drift is obviously more
generic, and they have to control the parameters p, q,y,r, «. As the aforementioned works,
they also rely on a Zvonkin type transformation and develop Schauder type estimates for

the mild solution of the associated PDEs. In doing so, the prove the well-posedness of the
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Chapter 2. Literature review

martingale problem provided that p, ¢, > 1 and v € (1/2,1) for all « € (1,2]. Additionally,
for some slightly stronger conditions they derive the dynamics of the martingale problem,
which allows them to build a weak solution, extending the result from [2], which is one
dimensional. They make some hints about potential usage of their tools for numerical

approximations, but do not delve into that problem.
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Chapter 3

Setting of the problems and

preliminary mathematics

The purpose of this chapter is to stablish the setting that is common for the two problems
we solve. This includes results and derivations that are helpful for both problems.
We will be working with a class of SDEs of the form

t
X, :X0+/ b(s, Xs)ds + Wi, (3.1)
0

where (W})¢>0 is a Brownian motion and b(t, -) belongs to the space of Schwartz distributions
S'(R) for all t € [0,T]. More precisely, the map ¢ — b(t) is 3-Hélder continuous on [0, T
with values in the Holder-Zygmund space C'~7 of negative order —v < 0, which we denote
by be Cy/*C.

3.1 Function and distribution spaces

We will start by setting notation that will hold for the rest of the document and furthermore
defining the spaces on which the problem is posed.

In what follows we will use standard notation for derivatives in “time” and “space”,
making slight changes depending on convenience, and specially on the type of function
we are observing. For single variable functions, = — f(x) and ¢ — g(t), that are regular
enough, we will denote space derivatives as f’, f”, and so on; and time derivatives as
4, §, etc. Occasionally we may denote an arbitrary a-th derivative of f as f(%), in these
cases we will make an extra effort to be clear as to which variable is being used when
required. Whereas if we have two variable functions h(t, z) we will prefer the notation hy,
hze and h¢, hy. Where it makes it more readable, or we are applying the derivative to
a composite function, we extend this notation as follows h, = 0,h, respectively for each
case. Furthermore, an a-th partial derivative in = of h will be denoted 0%h, similarly for
an a-th derivative in t. The later notation may be also used for single variable functions

on occasion.
Definition 2 (Schwartz functions and tempered distributions). Let S(R) be the space of
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Chapter 3. Setting of the problems and preliminary mathematics

Schwartz functions on R, i.e. the space of all C*° functions on R such that for any k,a € N

there exists C}, such that
sup |z]*6\ (2)] < Ch.a-
zeR

A sequence (¢, )nen converges to ¢ in S(R) if the derivatives of all orders of the sequence

¢, converge uniformly to those of ¢ and

sup sup ]m|k|¢,(f) ()] < Cha,
z€R neN

holds for some constants C}, , which are independent of n.

A tempered distribution (also called Schwartz distribution) on R is a linear mapping
¢ — (f,¢) from S(R) to R such that (f, ¢n) = (f,¢) if ¢, = ¢ in S(R). We denote the
set of tempered distributions by §'(R). We say that f, — f in S'(R) if (fn,¢) — (f, )
for every ¢ € S(R).

In what follows we will write S for S(R) and &’ for §'(R). In fact this will be the case
for any function or distribution spaces on R. Below we will require the definition of the

Fourier transform for distributions.

Definition 3 (Fourier transform). The Fourier transform of a continuous, absolutely
integrable function f : R — C is defined by

FUNG = = [ e plaaa (32

In particular this defines the Fourier transform for functions in S, and we have the
following result. If we do not need to specify the dependency of a function ¢ to which we
apply the Fourier transform, instead of denoting it by F[¢] we will shorten the notation it

by writing F¢, the same will be done for the inverse Fourier transform.

Theorem 4 ([41, Theorem 5.63]). If ¢ € S, then F¢ € S. Moreover, the mapping F is

continuous from S into itself.

The theorem below is about the inversion property for the Fourier transform on

distributions.

Theorem 5 ([41, Theorem 5.64)). Let ¢ € S. Then there is a unique ¢ € S such that

¢ = F. Moreover, the inverse Fourier transform of ¢, i.e. ¥ is given by

FYg)(x) = () = jﬂ /R — i€ g(6)de (3.3)

For distributions, the Fourier transform, and its inverse are defined similarly to the

way in which distributions themselves are defined.

Definition 6. Let f € &’ then the Fourier transform of f is defined by

(Ff.0) = (f,F o), (3.4)
for all ¢ € S.
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3.1. Function and distribution spaces

For v € R, the Holder-Zygmund spaces are defined by

C®) = {f €85l =27 |[F 077, < oo}, (3.5)

where (¢;);ez is a partition of unity! on R. Holder-Zygmund spaces C7(R) are a special
case of the Besov spaces Bj4(R) where p = ¢ = co. For details on the general spaces in
our context see [8, Section 2], and for a deeper dive into those spaces in a more analytical
context see [3, 47]. See that C7 will denote C7(R). The norm under which the spaces C7
are defined will rarely (if ever) be used by us in our tasks of making estimates, instead
we note several equivalent norms for different cases of the parameter v. Note that for
v € RT\ N, C7 coincides with the classical Holder spaces, therefore the norm || - || is
equivalent to the classical y-Holder norm. Recall that if v € (0,1) and f € C7 the classical

~v-Holder norm is

f@) - f
Il =l + sup LI (3.
lz—yl<1
and if v € (1,2) and f € C7 we have
M7 (3.7)

Iller = 1Flpoe + (1] oo+ suP
zFy

lz—y|<1

lz —y|”

where ||f| L = esssup,cr |f(2)]. Let us also denote the sup norm || f|leo = supger |f(2)]
and note that the norm in (3.6) is equivalent to the one from the Holder-Zygmund spaces

from (3.5), hence the abuse of notation.

We will often make use of the following estimate for functions in Holder-Zygmund

spaces which comes as a corollary of [20, Lemma A.1].

Lemma 7 (Bernstein inequality). For any v € R there is ¢ > 0 such that
1 ler < ellfllenn

for all f € C7+L,

For a Banach space (E, || - ||g), we denote by CrE the space C([0,T]; E) of continuous

functions on [0, 7] taking values in £ with the norm
[fllere = sup [|f(8)]e-
te[0,7

Similarly, for x € (0,1), we write C#E for the space C*([0,T]; E) of k-Hélder continuous

functions on [0, 7] taking values in E with the following norm

[ fllese = Ifllere + [flkE,

!This is a family of functions (¢;(z)) ez such that there is a neighbourhood of x where all but finitely
many points are non-zero, and such that » ., ¢;(z) = 1 for some z € R. For a detailed explanation see [8].

17



Chapter 3. Setting of the problems and preliminary mathematics

where

[f]n,E _ sup Hf(t) - f(S)HE (38)

te[0,T),t#£s |t — s|*

In the same spaces CrE we have a family of equivalent norms for p > 0 defined as
IAIE) 5 = sup e " TD)|f(t)] 5. (3.9)
t€[0,7)]
Indeed, it is easy to see that
A < I fllerr < TIFIE & (3.10)

Finally, for any given v € R we denote C7" := Uy>,C?, and C7™ := Mgy C®. Similarly,
we write C7C"?" which means that there is some a > 7 such that f € CrC®. Additionally,
for any ~y, the space denoted by DC7 represents the space of differentiable functions such
that their derivative belongs to C7, so we have that DCY > C7*1.

3.2 The heat kernel and semigroup

We will need to apply the heat kernel as a smoothing procedure in some instances which
will include applying it on distributions. Let us introduce a few results and definitions to
aid our way.

Recall that we have said in Definition 2 that distributions are linear functionals and in

fact one can associate a distribution to a continuous function f via the integral

(f.6) = /R f(2)é()de (3.11)

for any Schwartz function ¢.

For a distribution 7" that does not come from a function by associating an integral as
above, we will often just call it T after specifying which space it belongs to, e.g. T € &,
which will automatically tells us over which functions it operates. However, there may be
instances where the notation (-, -) notation may be preferred even for pure distributions.
An example of this is the identity which defines the product of a distribution and a function.

This is, for any function a € S and a distribution 7' € 8’ the product aT is understood as
oT = (aT, $) = (T, a6 (3.12)
for any Schwartz function ¢.

Definition 8 (Heat kernel and semigroup). The function

1 =2
pt(m) = \/277_(_1:6 2t (313)

is called heat kernel with parameter ¢, and it is the fundamental solution to the heat
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equation. The operator? acting as a convolution of the heat kernel with a (generalized)
function, is called heat semigroup, and it is denoted by (P;)¢>0. For any g € S and ¢ > 0

we have

Uwﬂw=%m*mQD=A¥M@My—@@% (3.14)

Note that the heat semigroup is defined for functions in S, but we want to apply it on
distributions in &’. The extension of this operator is made by dual pairing. Now let f € &,
the map P, f is a linear map from S’ to S’ defined for any ¢ € S as ¢ — (P.f)(¢) := (f, Pio).

Applying the semigroup on a distribution will improve its regularity, this is seen by the

so called Schauder estimates.
Lemma 9 (Schauder estimates).

1. Forany £ € R, ( >0 and t' > 0, there is a constant c}q = c};(&,{,t’) such that for
any f € C&%
1Pfllce < et floec,  te (0,¢]. (3.15)

2. For £ € R, ¢ €(0,1) and t' > 0, there exists a constant ¢% = c%(&,(,t') such that for
fe st
I1Pif = Pofllos < c&(t = s)llflloerac, 0<s<t<t, (3.16)

i particular, when s = 0, we obtain
1PLf = Fllce < €5tCllflloerac (3.17)

Note that & and ¢ in point 1 are unrelated to £ and ¢ in point 2.

For a proof of the above lemma see [24, Theorem 2.10] with d =0 and N = 1.

Remark 10. In this work, we will take ¢ = 1/N for N > 1, so it is enough to consider the
above estimates with ¢/ = 1. We will therefore omit the dependence on #’ when we refer to

constants cls and c%.

3.3 Some related PDEs

Related to the concept of solutions of the SDE there is a family of PDEs with useful bounds
which are discussed in [25] and recalled here. We will use those bounds later to find the
convergence rate of the numerical methods we implement. Firstly, the class of PDEs we

will discuss is of the form

up + %um +buy = Au+g, on [0,T] x R
u(T) = ur,

(3.18)

where ¢ is a continuous function in time taking values in CpC—?, up € CDI=)~ and X is

a real number.

2Recall that semigroups are families of operators, we choose to call them operators as a shorthand.
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Before stating the definitions we care about, one more thing to mention is the way the
product bu, is defined. Notice that this is potentially the product of two distributions, so

let us define a meaning for it.

Definition 11 (Pointwise product of distributions). Suppose that f,g € S’. Choose a
function ¢ € § such that 0 < ¢(x) <1 for all x € R, and that for |x| < 1 we have p(z) =1,
and for |x| > 3/2 then ¢(z) = 0. Let us consider the approximation S’ for h € S’ and

j € N defined by
£

Sih(z) = F! M?

The pointwise product fg is defined as

)Fln]| @).

fg:= 3151010 SifSig (3.19)
if the limit exists in S'.

One can see that this definition is not operational unless we prove that the pointwise
product exists in the space where we are working, so we recall the argument from [27,
Section 2.2] where they claim that for f € C* and g € C~” such that o — 8 > 0 and
a, 8 > 0 then the pointwise product fg is an element of C~#. Additionally, there exist a
constant ¢ > 0 such that

Ifgllc-e < cllflle=llglic-s- (3.20)

This property is termed point-wise product and is a consequence of the so called Bony
paraproduct, for a detailed description see [20, Section 2.1].
The following two assumptions will stand for the PDE (3.18).

Assumption 12. g € CrCA% and up € DCO-P* for 3 € (0,1/2).
Assumption 13. g € C7CCA% and up € CC=AF for g € (0,1/2).
For ease of notation, we define an operator £ as follows®:

Definition 14. Let b € C}/QC(_BH for 5 € (0,1/2). The operator L is defined as
L: 'D% — CTSI,

which maps

Foo Lf = 0f + %&mf + b0, f, (3.21)

where the product bd, f is understood in the sense of (3.19) which exists because 9, f € C?
and b € C-A)* by (3.20) and the domain

DY .= CrDCP N CLS

is contained in Dy .

3This operator can, and will, be defined on smaller domains where it is needed.
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It is worth mentioning that [16, 25, 27] deal with equations in R? whereas we work in
R. We define a mild solution of (3.18) in C7DC? as follows:

Definition 15. Let u € CrDC? for § € (0,1/2). We say that u is a mild solution of
(3.18) if u satisfies

T T
u(t) = Pp_yup + /t Ps_i(ug(s)b(s))ds — /t Ps_i(Au+ g)ds (3.22)
for all ¢ € [0,T].

The product u;(s)b(s) above is understood as in (3.19) and well-defined thanks to
(3.20). Existence and uniqueness of the mild solution to PDE (3.18) is proved in [25,
Theorem 4.7]. We recall the theorem below.

Theorem 16 ([25, Theorem 4.7]). Let b € 0711/20_5 for € (0,1/2).

1. Let up and g satisfy Assumption 12. Then there exist a mild solution u to (3.18) in
CrDC=B)= which is unique in CrDC?.

2. Let ur and g satisfy Assumption 13, and ur be bounded. Then the unique mild
solution u of (3.18) is also bounded and u € CrCPA)—,

In this theorem we can see that the regularity of the terminal condition to equation
(3.18) will determine the regularity of the solution itself. More importantly, notice that
under Assumption 12 we have that existence of a mild solution holds in a smaller space
CrDCU1=P)~ and uniqueness in the larger. This is a result of the usage of Banach fixed
point theorem on the map of the mild solution of (3.18), that is

T T
Tu:= Pr_yur + /t Ps_(ugy(s)b(s))ds — /t Ps_1(Augy(s) + g(s))ds. (3.23)

The theorem proves that the map 7 is a contraction for any « € (8,1 — ) in the space
CrC® (point 1) and in CrDC*® (point 2). Moreover, it is possible to see that it works
also for @ = 3, with a small adjustment in the bound.

In order to define a virtual solution to SDE (3.1), let us see a particular case of PDE
(3.18), we set g = —b and up = 0, which clearly satisfy Assumptions 12 and 13 and the
equation reads

Ly=dv—1D

o (3.24)

Since that equation is a special case of (3.18), its mild solution exists in CrC2=H)~ and is
unique in C7DC?. Moreover, by [25, Proposition 4.13] the solution v of (3.24) is bounded

in (t,z), i.e. there is a constant ¢ such that

sup  |v(t,z)| <ec (3.25)
(t,)€[0,T]xR
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Also, we choose A such that for a constant C'(f, €) the following holds

1
A 2 [C(8, ¢) max{sup 16V o oses [1Bllopoaee Y2, (3.26)
where? bV = p1/n * b. So we have

sup  |ug(t,x)| < <. (3.27)

(t,x)€[0,T]xR

N |

In the following, instead of referring to equation (3.26) we may simply say that A > 0 is

large enough. By [25, Theorem 4.14] we have the following auxiliary function
o(t,x) :=v(t,z) + x, (3.28)
where v is the solution to (3.24). And by [25, Proposition 4.16] we have extra properties

for ¢ that we will benefit from, namely

1. It holds that ¢ € C%' and ¢, € CrC1=P~ and ¢, is uniformly bounded. So it
follows that ¢ is Lipschitz with constant Ky = sup gy [¢z| = sup( ) [vs + 1] < 3/2.

2. For X large enough, we have that ¢(t,-) is invertible for all ¢ € [0, 7] and its space

inverse is denoted by

U(t, ) ==t -). (3.29)

Additionally, 1 € C%' and ¢, C7C =)~ and 1), is uniformly bounded, so is Lipschitz
with constant Ky = 2.

We additionally argue that v is 2-Lipschitz, which is proved as follows. By the definition
of 1 as the space inverse of ¢, we have z = (¢, z) + u(t,¥(t, z)). Hence,

|w(t7 y) - ¢(t>y,)| < ’u(tv ¢(t>y)) - U(tﬂ/’(t, y/)| + |y - y/|

1
< S llty) — (9| + by~ v

where the last inequality uses again that u(¢,-) is %—Lipschitz.

3.4 Notions of solutions of the SDE

In this section we discuss the martingale problem associated to this SDE and its links to the
concept of virtual solutions. We will see that within the setting of our problem—importantly,
the fact that is in one dimension—the virtual solutions will be equivalent to strong solutions
of the SDE.

The martingale problem with distributional drift

The celebrated martingale problem proposed by Stroock and Varadhan [45] arises as

a natural formulation on the construction of diffusion processes. We will give a brief

“We talk more about this object in Section 4.2
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3.4. Notions of solutions of the SDE

explanation of the classical problem in order to motivate the formulation of the martingale

problem with singular drift that [27] propose.
Notice that for coefficients o and b, a diffusion process (X;);>0 can be defined as the
solution of the SDE

t t
X = Xo —|—/ o(s, Xs)dWs —|—/ b(s, Xs)ds, (3.30)
0 0

and Theorem 5.1.5 [45] shows that for such a process with o, b uniformly bounded and
Lipschitz continuous it is possible to define the associated family of probability measures
{Pss : (s,z) € [0,00) x R} on a measurable space (2, M) which serve as the law of X,
consider also a filtration (M;)¢>0. We define

P(s,z;t,T') := P (X, €T)

for 0 <s<t, ze€Rand I € B(R), then (s,z) — P(s,z;t,I") is measurable on [0,¢] x R
and is a transition probability function, so we have a diffusion process. For a function

f € C§° we apply It6’s formula to (3.30) and we have

t t 2
f(Xt) = f(Xo) +/0 U(S,Xs)gidWs—k/o (b(s,Xs)g'i + ;02(S,Xs)gm'£>d8. (3.31)

For ease of notation we introduce the operator

1 9? 0
Ly = §a(t7 )W + b(tv )%7 (332)
rewrite and rearrange (3.31) to get
t t 8f
£ + [ Laf()ds = 1) + [ ats, X)Z . (3.33)
0 0

We know that the right-hand side of (3.33) is a martingale, since we have a constant and a

stochastic integral, hence one must prove that

£ = [ Luf(Xu)du (3.34)

is a P z-martingale for all f € C§°(R).

Then the question is if we can characterize the diffusion process X with coefficients o
and b by a probability measure P such that (3.34) is martingale under P, this is termed
the martingale problem for (L¢)¢>0. This statement is indeed true—in some cases—and
if a solution can be found it will be the pair (X,PP). The proof is beyond the scope of
this work, and can be found in Chapter 6 of the aforementioned work by Stroock and
Varadhan. However, this idea has percolated in the area of diffusion processes in such a
way that a common approach on the construction of such processes is to create martingale
formulations of different types. Additionally, the notion of solution to a martingale problem

is equivalent to that of a weak solution to an SDE, which makes it a strong tool on the
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Chapter 3. Setting of the problems and preliminary mathematics

analysis of the dynamics of SDEs.

For our case, let us recall the family of SDEs we are concerned about
t
X, = Xo+ / b(s, Xa)ds + W, (3.35)
0

where Xo ~ p. With the operator £ from (3.21), see that if b is a function then (X,P) is
a solution to the classical Stroock-Varadhan martingale problem with respect to £ if for
every f € Cg°

F00) = 10X0) = [ (50 () + 0,1 (X0 )b(s. X)) s

is a local martingale.

Notice that we say that the initial condition is a random variable, we will sometimes
assume that this is distributed as Dirac delta centred on® 2 € R—effectively having a real
number as initial condition—but for the following discussion we can have it in this general
form.

The domain D, C D% proposed by Issoglio and Russo for their martingale formula-

tion—see [27, Section 3]—is

D :={f € CrCH+ . 3g € CrC%* such that

_ (3.36)
f is a mild solution of Lf = g and f(T) € C{*+A+}

where the operator £ the defined by (3.21). Using D, we can define a martingale problem
for SDE (3.35) with distributional drift as follows.

Definition 17. [[27, Definition 3.1]] Let X be a continuous process indexed by ¢ € [0, T
and P a probability measure on some measurable space, we say that a couple (X,P) is a
solution to the martingale problem with distributional drift b and initial condition p if and

only if for every f € D, the quantity

£t X)) — F(0, Xo) — /0 Lf(s, X.)ds (3.37)

is a local martingale under P, and Xy ~ u under P, where the domain D, is defined by
(3.36) and the operator L is from Definition (3.21).

Issoglio and Russo [27] say that uniqueness holds for the martingale problem if for any
two solutions (X!, P!) and (X2, P?) with X! ~ p and X? ~ y, the law of X! under P! is
the same as the law of X2 under P2. Moreover, in [27, Lemma 4.1] they also show that
when b € C;C% the notion of martingale problem with distributional drift, the classical
martingale problem, and the weak solution of the SDE (3.44) are equivalent. And they
conclude that existence and uniqueness of the solution to the martingale problem with
distributional drift in [27, Theorem 4.5] and in the end saying that by setting a certain

notion of mild solution to the SDE (3.35), so called there is an equivalence in the notion of

SFor instance in Chapter 4.
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3.4. Notions of solutions of the SDE

the martingale problem with distributional drift and this solution.

Virtual solutions

The concept of virtual solutions to the class of SDEs (3.1) is introduced in [16]. This idea
presents several advantages for us, one of them is that it allows to replace the integral
f(f b(s, Xs)ds for something more manageable, but additionally for a classical SDE the
virtual solution is also a strong solution. Let us mention that in order to define a virtual
solution for our setting we cannot rely on Itd’s formula as we explain for the classical
setting, instead its definition is heavily based on a class PDEs discussed on Section 3.3.
Before diving into the technical details let us provide some motivation for it. Consider
PDE (3.24), but instead of Assumptions 12 and 13, suppose that b has better regularity,
in particular b € CTCI}. In this case, the solution to the PDE, v, is at least of class C12,

so we can apply Itd’s formula to v(t, X;):

t 1 t
v(t, X3) = v(0, Xo) + / (Ut + §vm + bvx) (s, Xs)ds + / vz (s, Xg)dWs, (3.38)
0 0

by PDE (3.24) we can rewrite the above as

u(t, X)) = v(0, Xo) + /Ot()\v —b)(s, Xs)ds + /Ot vz (s, Xs)dWs. (3.39)

Rearranging this equation, the drift can be equivalently rewritten as

t t t
/ b(s, Xs)ds = v(0, Xo) —v(t, X¢) + )\/ v(s, Xs)ds + / vz (s, Xs)dWs, (3.40)
0 0 0

which we can plug into the SDE (3.1)—with the relaxed assumption of the drift—to get

¢ t
Xt = Xo +v(0, Xo) —v(t, X¢) + /\/ v(s, Xs)ds + / (vz(s, Xs) + 1)dWs. (3.41)
0 0

Note then that this is nothing but algebraic manipulation of the equation, and we can see
that the classical solution can also be expressed as in (3.41). Not only that, but in the
process we have successfully transformed our SDE by removing the irregularity of the drift.
Since in our setting we have a highly irregular drift, we want to find a way to transform
our SDE similarly.

We are now going to enforce once again our original assumptions on the problem and use
the prototype of a virtual solution (3.41) to define it in our case. We say that a stochastic
basis is a quintuple (Q, F,P,F, W) where (Q, F,P) is a complete probability space, together
with a filtration F = {F; : 0 <¢ < T} and a Brownian motion W = (W})c(0,1)-

Definition 18 (Virtual solution [16, Definition 25]). Given x € R, a virtual solution to
(3.1) is a stochastic basis (€2, F,P,F, W) and an F-adapted process X := (X¢);e[o,7] such
that
¢ t
Xe=x+v(0,z) —v(t,Xy) + A/o v(s, Xs)ds + /0 (vg(s, Xs) + 1) dWs, (3.42)
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holds P-almost surely for all ¢ € [0,7]. Where v is the unique mild solution to (3.24).

As noted before this construction jumps the hurdle of defining the ill-posed integral
fg b(s, Xs)ds, and now we can go ahead and prove that such a solution is meaningful for

our setting.

In order to construct an SDE that we can handle from the SDE with distributional
drift (3.1) let us assume that (X, F) is a virtual solution of said SDE with initial condition
Xo = z. Note that in (3.42) we can add v(¢, X;) on both sides and recall the definition of
o(t, Xt), so we get

o(t, Xe) = Xe +v(t, X)) =2+ v(0,2) + )\/tv(s,Xs)ds + /t (vg(s, Xs) + 1) dWs, (3.43)
0 0

we set the process Y; := ¢(t, X;). Since ¢(t,-) is invertible for all ¢ € [0, T] it is clear that
Xe =¢(t, ) = ¢(t, ¢(t, X¢)) and Yy := = + v(0, x), we have a classical SDE for Y with

well-behaved coefficients, i.e.

Vo= Yo d [ oli(s V) + [ (ol i(s,¥0) + 1) i, (3.44)

If Yy is a deterministic initial condition then (3.44) is a classical SDE whose drift and
diffusion are bounded and measurable, and it admits a classical weak solution, c.f. [27,
Remark 3.13] and [45, Theorem 10.1.2]. Conversely, if (Y,F) is a solution of (3.44), then
(X,F) with X; = ¢(t,Y%) is a virtual solution of (3.1) with distributional drift and initial
condition x = 1(0,y), see [16, Theorem 28]. Beyond seeing that the virtual solution
coincides with the classical solution for certain types of drift, one wishes to find results on
existence and uniqueness of the virtual solution. This is done by Flandoli et al. [16] in two
steps, first, it is proved that (3.44) has a unique weak solution, and then this is translated
into a result for (3.42) or (3.1).

Proposition 19 ([16, Proposition 27]). For every initial condition y € R there exists a
unique in law weak solution (Y,F) to the SDE (3.44) with initial value y = = + v(0, x).

Then given the transformation v, it is possible to find a unique virtual solution to SDE
(3.1).

Theorem 20 ([16, Theorem 28]). For every x € R there exists a unique in law virtual
solution (X,F) to the SDE (3.1) with initial value, Xo = x. The solution is given by
Xt =(t,Yy) fort € [0,T], where (Y,IF) is the solution with initial value y = = + v(0, x)

given in Proposition 19.
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3.5 Link between the martingale problem and virtual solu-

tions

In section 3.4 we discussed two types of solutions to SDE (3.1). Note that both notions of
solutions share an auxiliary process, denoted respectively® by (3.44) which, on attaining a
solution, will guarantee that we can find either a solution to the martingale problem with
distributional drift or a virtual solution for X.

Here we want to emphasize the relationship between the solutions to the martingale
problem with distributional drift and virtual solutions. Specifically because the solution
to the martingale problem does not give us the dynamics of the solution, but the virtual
solution formulation does, and we want to have information about the dynamics to create
the strong error estimates we are after. So, notice that we claim that solving equation
(3.44) will provide us with solutions to the martingale problem and virtual solutions which
holds by noting that Proposition 19 gives us weak solutions (Y, P). Additionally, in Section
3.4 it is discussed that (Y, P) is a solution to the classical martingale problem. And since we
know that weak solutions and solutions to the classical martingale problem are equivalent
we see that the solution to the martingale problem with distributional drift possesses the
dynamics of the virtual solution, this is proved in [27, Corollary 6.13]

Now that we have the link between the different notion of solutions we see that our

one dimensional SDE (3.1) has strong unique solutions, encoded in the next result.

Lemma 21. Letb € CTC(_ﬂ)Jr. Then there exist a process (Yz)e>0 with a Brownian motion
(Wy) in the original probability space such that it satisfies (3.44), and the process is unique

up to modifications. Similarly, there is a unique process (X¢)i>o that satisfies (3.42)

Proof. Recall that v and v, are bounded, therefore they have linear growth uniformly in
time, which implies existence of a strong solution Y to (3.44) by [4, Remark 9.6]. The
uniqueness of the solution comes again from the boundedness of the coefficients of (3.44)
and the usage of a result of Yamada and Watanabe—see [28, Proposition 5.2.13]. v, is
bounded which implies Lipschitz continuity of v, moreover since |v, + 1| < 3/2, we can
select a strictly increasing function h(v) = %fua for any a > 1/2 that satisfies the result
mentioned, so we see that the diffusion coefficient is a-Holder continuous therefore strong
uniqueness hold for Y. Recall that Y (¢,2) = ¢(t, x), whose space inverse is 9(t, -), therefore
there is a one-to-one correspondence between Y and X. Thus, since strong uniqueness
hold for Y it does for the virtual solution of (3.1) X. O

One potential pushback to the usage of virtual solution is the apparent dependence of
the solution on the parameter A\. This problem, however, is sorted by Flandoli et al. in
[16, Proposition 29], where they express the virtual solution as the limit of the solutions of
a sequence of SDEs. They note that with a smooth drift " which converges to b in the
appropriate space, the strong solution of the SDEs with drift b converge in law to the
virtual solution (X, P) of (3.1). Thus, since the solution X with drift bV does not depend

5Despite the slightly different notation, those two SDEs are exactly the same, we can observe that by
the definition ¢(t,x) = u(t, z) + .
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on A neither does its limit X. Although they work in the setting of Bessel potential spaces,
their result holds as well for the Holder-Zygmund spaces we work, the reader is referred to

[27, Theorem 4.3] for a proof of this claim.
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Chapter 4

SDEs with irregular drift

In this chapter we present the material related to the manuscript [9], which is concerned
with the numerical approximation of a one-dimensional SDE with unit diffusion and a drift
which is a generalized function. In particular, the drift takes values on a Hélder-Zygmund
space of negative order. We design an Euler-Maruyama scheme and prove its convergence,

along with an upper bound for the strong L' error.

4.1 The SDE and some motivation

We are interested in an SDE with the form of (3.1), which is
t
Xy =z+ / b(s, Xs)ds + W. (4.1)
0

where x € R, (W})>0 is a standard one-dimensional Brownian motion, and b(t,-) € C~7
for some v > 0. In particular, the space where the SDE takes values is encoded in the

following standing assumption.

Assumption 22. Let b € C’%/QC(_BH for 8 € (0,1/2), this is an object which is %—Hélder

in time and takes values in the space of distributions C~#" for some 3’ such that 8’ < 8.

Working with this SDE, the first step is to develop a meaning for the term fot b(s, Xy)ds.
In this work we presented this task on Chapter 3, but it was first developed by Flandoli et
al. [16] and De Angelis et al. [14], albeit in a different setting where the drift belongs to a
negative Sobolev space. More directly related to our subject are two works by Issoglio and
Russo [27, 25] which share the same setting we have and deal with this kind of equations
in the multidimensional case.

Having a meaning for the drift of this SDE is enough for the theoretical considerations
which are the basis of the present work, however for the numerical analysis we need some
additional steps. Particularly, notice that we cannot approximate b directly through a
numerical method because it is a distribution. Instead we need some approximation b

that converges to b in an appropriate space as N — oo, and then we can approximate an
SDE with drift 5"
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4.2 Intuition for the numerical scheme

The idea behind the numerical scheme we implement serves as a good motivation for
the theoretical work. The numerical scheme is based on two subsequent approximations.
The first one replaces the distributional drift with a sequence of functional drifts that
converge to the distributional one, let us call the elements of that sequence b, so we
have that as N — oo it holds that b — b in C7C~#. In finding such a sequence for the
drift we will have a sequence of regularized SDEs with solutions X~. The second step
is to solve numerically the approximating SDEs, since these have a smoother drift and
can be simulated using an Euler-Maruyama scheme. We will then balance errors coming
from the approximation of the drift and the discretization of time to maximize the rate of

convergence.

We obtain the sequence b by a regularization process on the drift, this is done applying
heat the semigroup (see Definition 8) with parameter ¢ = 1/N for a real number N > 0,
we define the regularized drift

VW =Pib=pi b (4.2)
N N

Using Schauder estimates (Lemma 9) we can see that bY (¢,-) € C7 for any v > 0 and
for all t € [0,T], we have bV (¢,-) € Clt € [0,T], hence, it is Lipschitz continuous in the
spatial variable. Therefore, the SDE

t
xN :x+/ v (s, XNYds + W, (4.3)
0

has a unique strong solution in the classical sense.

For this sequence of reqularized SDFEs we can venture an approximation by the usual
methods, in particular we are interested in using the simplest of all, the Euler scheme.
The Milstein scheme, which is arguably the second simplest of the iterative methods of
solutions for SDEs, is irrelevant since we have a unit diffusion, so we are back to the Euler
scheme. Alternatively, it would be fair to conjecture that our scheme is in fact a Milstein
scheme, and we should aim for the convergence rate to be equal to one. However, the fact
that we are making two subsequent approximations will add up to the error which will be
reflected both in the theoretical and the numerical error. Additionally, looking for a 1/2
rate of convergence is supported by the work of multiple other authors which use irregular,
but still functional, drifts such as [13] where the authors find a rate of convergence of 1/2.
In practice it is rare to consider any schemes of order greater than 1 (Milstein scheme), so

we content ourselves studying the Euler method for this class of SDEs.

Keeping the usual approach for the Euler scheme, for m € N we take an equally spaced
partition ¢, = t]' = kT/m, k = 0,...,m, of the interval [0, T]. We define

k(t) = k™ (t) = max{k : tj, < t}, (4.4)

for all ¢ € [0,7], and consider an Euler-Maruyama approximation of (X) with m time
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steps1

t
XN =+ / DN (thsy, X0 ds + W, (4.5)
0

> k(s

for all ¢t € [0,T]. In order to verify that these numerical approximations converge we first
obtain a bound on the strong error between the approximation (XtN "™)¢>0 and the process
(X}N)i>0 with explicit dependence of constants on the properties of the drift 6". This is
needed in order to balance the smoothing via choice of N and the number of time steps
m to optimize the convergence rate of the Euler-Maruyama approximation to the true
solution (X¢)>0.

By having these two sequential approximations we can split the actual problem that we
want to solve, which is to find a bound for the error of the numerical approximation (4.5)

against the real solution of the SDE (4.1), into two problems by using triangle inequality

S[up]]EHXtN’m — X)) SE[X)" - XN+ EIXN - X))
te[0,T

4.3 Numerical approximation of the regularized SDE

We first want to find a bound on L' between the numerical approximation and the
regularized solution, i.e. E[| X" — XN|]. For this purpose we will use a similar procedure
to the way we found virtual solutions to SDEs in Chapter 3 but now for the process X,
then we will find a bound for some auxiliary stochastic processes. Let us introduce the
following PDE

o + 5on + 0V =Mo" — 1)

4.6
¢N(T) =0, ( )

which has a solution ¢~ for which (2553\[ exists and is bounded, therefore ¢V is Lipschitz.
Note that the left-hand side can be written with the operator

‘CNf = ft + %fx;t + bez (47)

This operator will be used to shorten notation in some places. Similarly as in the case of

the auxiliary functions ¢ and v in Chapter 3, we define the space inverse of ¢V as
1/}N = (¢N)71(t7 ')7 (48)

and then we obtain the following processes as a result of the transformation ¢~ applied on
the solution to the regularized SDE X* and to the Euler-Maruyama approximation X~
from (4.5)

YN = o, X[ and Y= oM (1 X,

By the definition of 9"V we see that

XY =N YY) and XM= 0N (Y,

! Alternatively one can think of a step size At = T/m.
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and since 1" is 2-Lipschitz (c.f. 3.3) instead of looking for a bound of IE[|XtNm — XN we
will look for one of I[*3[|Yl,/Nm —Y;N|]. This is a convenient trade of tasks since we will see

that Y;N’m and Y,V are processes with smooth coefficients.

First of all, to be convinced that the processes YtN’m and Y,V are indeed more regular
we will find their dynamics applying [t6’s formula to the definition we have just provided,
recalling that ¢™(¢,2) = = + u™N(t,z). So, let us start with Y,¥. Note that bV is in C*,

and therefore u" € C12—c.f. [27, Theorem A.3]-—which makes it a classical solution of

ud + Jull, + 0Nl = N — N
(4.9)
uN(T) = 0,

which we can note is the equivalent equation to (3.24) with £V from (4.7) instead of L.

Since bN — b in CTC*E by Lemma 9 and Assumption 22, we can apply [25, Lemma
4.19]. This lemma and its proof provide key properties of the above system and its relation
to (4.9) and (3.44). The solution of the regularised Kolmogorov equation (4.9) enjoys a
bound ||uY || < 1/2 for A large enough; the constant A can be chosen independently of N
(but it depends on the drift b of the original SDE), and from now on we fix such A\. We

also have u" — u and u — u, uniformly on [0, 7] x R

In order to find the dynamics of the processes (Y;")i>0 and (YtN’m)tzo we can use
similar arguments to those we used when motivating the use of virtual solutions in Section
3.4. Just that in this case, these procedure is indeed possible and not just a motivation as
we have mentioned before in the same section. Start applying It6 formula on u'¥ (¢, X}V)

which yields

t 1 t
u (t, X)) = u™(0, z) —|—/ (ufY + §ui\2 + 0Nl ) (s, XN )ds + / ul (s, X)dWs.
0 0

Note that the drift of this diffusion is the left hand side of (4.9), so we can substitute it as
t t
u™ (t, XN) = (0, 2) + / M — o) (s, XN)ds +/ ul (s, X)dWs.
0 0
Using the definition of ¢" we have
Y=oV X)) = X+ ult, X))
t t
=uN(0,2) + / M — ™) (s, XN)ds —|—/ ul (s, XN)dW,
0 0
t t
+x+/ bN(s,X;V)der/ dWs
0 0
t t
=uMN(0,2) + =z +/ M (s, XN)ds +/ (ul (s, XN) +1)dw,
0

0

so we can see that
t t
VY =00+ A [ s XNds+ @ XD 4 W, (@10)
0 0
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and using the space inverse of ¢ we recover the dynamics as
¢ ¢
VY = ¥ 0.6(0.9) + A [ (e s+ [ (@ (s 0e X)) + DL (@11
0 0

In order to derive the dynamics of the numerical approximation YtN’m we have to consider
that although we are using the same functional drift 4", the actual drift that is used
is slightly different because of where it is evaluated at each point. Recall that for the
numerical scheme we are using a discretization of the time interval and the drift is actually
bN (tr(s)» XtN:';) for all s € [0,¢]. Applying It6 formula on u® (¢, XtNm) we have

k(
u(t, XN = w0, z)

t
1
1 G X2 8 . XU (5, X

t
+ / ul (s, XNm™YaWw,.
0
This time we will again use the PDE (3.24) to substitute, albeit differently, namely

(XY = uN (0, 2)

t
[0 0 b (s, X 48 40 X0 (5, X
0

» (s 1T
t
+/ ul (s, XNmyaw,
0
= u™ (0, x)

t t
+/ ()\uNbN)(s,Xév’m)ds+/ ul (5, XNy dw,
0 0
t
[ s XN b X0 — 6 XX ).
0

Lk (s)

We denote the last term as

t
Bhm :/ ud (5, XXM (O (1), X0 — 0N (5, X)) ds. (4.12)
0

th(s)
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We can now use the definition of ¢V and XtN ™ to get the dynamics of YtN’m
Y = N (8 X = Xl (X

t t
:x+/ bN(tk(s),XtJZ(’g‘)ds+/ AW
0 0

t t
+uN(0,2) + / AN — o) (s, XNM)ds + / ulY (s, XN™ AW, + E}™
0 0

¢ ¢
=z +u™(0,z) + / M (s, XNm)ds + / (ul (5, XX™) +1)dW,
0 0

t
N,m m ;1M
[ 0¥ e X0 =8 (5. X s+ B

¢ t
=z +u™(0,z) + / M (s, XN ds + / (ul (s, XN™) +1)dW, + EF™ + B,
0 0

where the term Ef "™ is the process
t
2, N,
Et ™= /(; [bN(tk(sﬁth(ZL) - bN(sa Xé\am)]ds‘

We define the error term EM = Ef™ + E>™ so we have that ¥, will be

t t

u (s, XN ds + / (ul (5, XN £ 1)dW, + B, (4.13)

YtN’m:x+uN(O,x)+)\/
0

0

. . . N .
For convenience let us write the difference ¥, — Y}N separately so we can refer to it

directly

t
yNm _yN / (W (s, XM — N (5, X)) ds
0

A (4.14)
4 [ (s, 2 — (5, X)W, + P
0
Definition 23. Let & be a process of bounded variation, if Z := fg &sds then
t
2= [ leas (415)

The process Ef" defined above will agree with Definition 23 and we can find a bound

for it in the following lemma.

Lemma 24. Let EJ" be
t
E" = E'™ + BP = /O [bN(tk(s),XfZ(’Z‘) — N (s, XD [ul (s, X2™) + 1]ds  (4.16)
Then the following bound holds
E|E™| < C1(N)m™! + Co(N)ym™1/2, (4.17)
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4.3. Numerical approximation of the regularized SDE

where 5
C1(N) = [ pae 1o (9T + sziVHL%jLOOTQ)

Co(N) = T*2(|bY || oo oo + [BV]1j2,10)

Proof. From the definition of E}", Jensen’s inequality and since (3.27) tells us that |uy| <
1/2, we have

t
E|E™| < gE/ 6N (s X0 — BN (5, X V™) ds. (4.18)
0

Lk (s)

We can break the integral into the integrals between the points of the discretized grid

which gives

m 3 n N N,m N N,m
E|E; |§2E[/ 0¥ (t0, X0 = b (s, X2V [as]

0
3 KO- g,
+§IE[ Z/ }bN(tk,Xt]Z’m)—bN(s,XéV’m)‘ds} (4.19)
k=1 7tk
g t WY (e, XY — N (5, XN g
+§ [ } (k(t)7 tk(t))_ (Sa s )| 8i|7

Note that it is true that 0 <t —t) < T/m for all t € [0, 7], so the first and last terms
above are bounded each by 3%\\61\[ | Lge Loo. Further for the second term in (4.19) we add

and subtract bV (¢, X o ™) and then split by triangle inequality and to get

k(t)—1 tht1 v N v v
E| ; /tk [0 (1, X) = 6V (s, X

3 RO 1 bt N N,m N N
<E[ 3 /t 6 (1 X — B (5, X s (4.20)
k=1 7t
k(-1
JE[ D [ e ) ¥ (s
ti

k=1

For the first term in the right hand side of (4.20) use the mean value theorem and the

linearity of expectation to get

RO-1 g,
E[ / \bN(tk,XtJZ’m)—bN(tk,Xév’m)}ds}
k=1 7tk
O
~E| Z/t 63 e poe [ X0 = XN ds| (4.21)
k=1 k

N k(t)—1 trost . N
< 0¥l 3 / B[ X" - X ds].
k=1 k

Then the integral term inside the sum can be estimated using the definition of the numerical
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Chapter 4. SDEs with irregular drift

approximation (4.5) as

tkHIEXN’m—XN’md — E|(s — t)bN (tp, XV™) + (W, — W, 4.22
| X, D ds = E|(s — te)b" (b, X;, ") + (Ws — W), (4.22)

Ly
since tyy1 — tx = T/m is small. We can then bound bN by its sup norm as
lkt1 Nom Nom tet+1 N tot1
/ E[xm XN \dsg/ E|(s — t2)1b HL%LOO\dH/ E| W, — Wi, |ds, (4.23)
tr t ty

then the first term on the right hand side is deterministic so its expectation is itself and
we can integrate with respect to s, for the second we use the properties of the Brownian

motion and again integrate which yields.
b1 1 2
N
[ B s < SV s — 0)° + SEIWA a1 — )

ti
1 T\2 2/T\3/2
2” HLTL m +3 m

(4.24)

We plug (4.24) into (4.21) and note that there are at most m terms in the sum to get
k()1 tot1
E[ > / o™ (1, X0 — bN(tk,Xév’m)\ds}
— 123
TN2 2 /T\3/2 (4.25)
) 5G]

1
N N
< 113 Nl oo | 5 16V e 2= (=

3

1 B ) -
= HbiVHL%oLOO [§||bN||L%oLooT2m 1y §T3/2m 1/2}

m

Then the second term of (4.20) by linearity of expectation and bounding the difference of

bN only with the sup norm in space is

RO gy N N N N & e N N
El > o™ (g, X0™) — BN (s, XV |ds| < > E|[0N () — BN ()| Lo ds,
k=1 7tk k=1 7t

(4.26)
using the 1/2-Holder seminorm of b, integrating and noting that there are at most m

terms in the sum, and that ¢4 — tk = T/m gives

k(t)—1 lk41
E[ / 6N (g, XV — bN(s,Xév’m)\ds}
k=1 vtk
k(t)—1 tht1
Z / (s — tk)l/QdS) b1 /2, 0 (4.27)

k=1 Ytk

<

/N

IA
()

gm(tkﬂ - tk)3/2[bN]1/2,Loo
2 T3/2,-1/2

IN

3 [bN] 1/2,L°°

Putting together the bound for the first and last terms of (4.19) plus (4.25) and (4.27)
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4.3. Numerical approximation of the regularized SDE

we have the bound

m 3 - —
EIE| < [[6Y|ngere= (9T + illbiVHL;OLwTZ)m P TR (103 g noe + BV 2,00 )
(4.28)

as required. ]

We will need to bound the L' norm of a certain process, which will turn out to depend
on bounding the local time at zero of a related process. To this end, we recall the definition

of a local time of a continuous semi-martingale Z at time 0 as

.1t
L?(Z):hm/ Lz1<d(Z)s, (4.29)
0

e—0 2¢€

P-a.s. for all ¢ > 0. Then we have a bound for this local time established in [14].

Lemma 25 ([14, Lemma 5.1]). For any € € (0,1) and any real-valued, continuous semi-

martingale Z we have

t
E{L;(Z)] < 4c — 2 [/0 <]1{Zs€(0,6)} + H{Zsze}el’ZS/E> dZS}

1 t 7 e
+-E [/0 Liz,sqe %/ d<Z>S]

€

(4.30)

Conveniently, we wish to estimate the absolute value of a difference of semi-martingales,
so we can use one of the so called Ité-Tanaka-Meyer formulas (c.f. [28, Section 3.7] [42,
Theorem 43.3]). This will coerce us to find a bound for the local time of said difference, so

the following result is in order.

Lemma 26. The following bound holds for (Y™ )0 and (YN"™)>q defined by (4.11) and
(4.13) respectively.

t
E[LO(YN — yNm) < 4AE[/0 [y Nom YSN‘ds} + 2R EM]]. (4.31)

Proof. Let us use Lemma 25 on YtN’m -YN

which yields
E[L) (YN —y ™)
t
1—(YN Y™ /e N N,m
< 4e— 28| /O (1w —ymeooy + Tym—yrmsge™ VYN -y

1 t (YN _yNmy /e
+EE[ / Ly vy et OF Y ey y —YN’m>s}
0 500

(4.32)
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Chapter 4. SDEs with irregular drift

using (4.14). By that definition the second term in (4.32) becomes

t
1—(YN vy /e N N,m
E[/o (Lo v + Lyoyrmsge ™" V)Y =y

t
1—(YN-yNm™y /e
- E|:/0 (H{YSN_YSN’mE(Ove)} + ]]_{YSN_YsNymze}e ( / )

A (5,905, Y™) = 0 (5, 9(5, Y2V))) s
(4.33)

t
1— YSN_YSN,m
i E[/O (ﬂ{YstYsN’me(O,e)} + H{YSN,YSN,mZG}e ( )/6)

(5, (5, YY) =l (s, (s, Y)WV |
' _ N_yNm € m
" E[/ﬂ <]1{YSN_YSN’m€(O’E)} + H{YSN_YSNYMZE}el e / )dEt :|7

note that the second term has a stochastic integral and due to u, being bounded its

expectation vanishes, and we have

t
1—(YN—yNm™y /e N N,m
E{/o (E{YSN—YSN’%(o,e)}*1{YSN—YSN’MZe}€ e )/)d(Ys Rt )}

t
N E[/ (H{YN—YN’"LE(O oy T ]l{YN_yN,m>e}61’(Y9N*YSN’m)/€>
0 s s ’ s s = (434)

A (s, (s, YI) = u (5,005, YV))) ds|
t _(YN_yNmy/, -
+E[/O (Lo yomeioy + Lyr_yimsoge O ) agp].

For the third term in (4.32), see that Y,V — YtN’m is an Ito process and therefore its

quadratic variation is

T

(¥~ yNmy, /0 [ (s, (s, YY) — ul (s, (s, V)] ds. (4.35)

Then using the arguments above, (4.32) becomes

E[LY (YN — v,
< 4e

t
1-(YN Y™ /e
— 2| /O (1w —ymeoey + Tym—yimsge ™ )

(6™ (5, (5, YY) = (s, (s, V) ) ds] (4.36)
t
1—(YN -y ™y /e m
N QE[/O (H{YSN—YSN””E(&@} tLlyn yrmsqe o / )dEt ]

1 ! - (YN -y
L8] [ 1y gt O

(ul (s, (5, ¥;)) = ul (s, (s, YY) s,
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4.3. Numerical approximation of the regularized SDE

Note that if YV — YN™ > ¢ then

1- )/stysN’m
H{YSN—YSN‘me(O,e)} + H{YSN—YSN’WEE}Q ( Ve <9

and we have
E[LY (VN = v™)]

< 4 - DB /0 (u (5,265, YY) — (5, 0(5, Y,))) ds| — 2ELE]]

1 ! 1= (YN -y Nm) e
+6E|:/0 Liynymmsge

(u (s, (s, Vi) =l (s, ™ (s, YY) s

(4.37)

which is obviously bounded from above by the absolute value of the term on the right hand
side, which using Jensen’s inequality can be inside of the integrals and expectation; this

gives
E[LY (Y)Y =™

< e+ 0E| / [ (s, (5, Y2 — (5,05, V) ] + 2B
0

+ 2B /0 Ly g €O 5, (5, ) - (s, (5, V) P,

(4.38)

Note that the first term on the right-hand side above is such that 4¢ — 0 as ¢ — 0, and

also we know how to bound the third term by lemma 24, we will come back to that, but

for now we need estimates for the second and last terms. For the second term, note u® i
%—Lipschitz and " is 2-Lipschitz, so

S

E[/Ot [ (s, s, YN) = 0 (5, (5, YY) |ds | < E[/Ot y¥m -y Nds]. (439)

For the last term which involves the differences of u,

7' < 1— 8 with constant HUN”(JT(,W" Chose ¢ € (0,1) such that (' > 1/2, which since
e € (0,1) implies that € > e¢. We can split the term as follows

1 ! 1= (YN —yNm™y /e
6E[/0 ]l{YstysN’m>€}€
Jug (s, 9™ (5, V) = ull (5,97 (s, Y1)
1 ' 1-(YN-Y"™) /e
= EE[/O 1{5<YSN—YSN’m<E<}e s )
man (2]
[ug (5, 0™ (5, Y1) — g (s, (5, Y1) ds

1 t 1_(YN—YN’m)/€
+6E[/0 ]]'{GCSYSN—YSN’m}e s s

[ (5,9 (5, YY) = ) (5,0 (s, Y2m)) s

note that u) is 7/-Hélder, for

2ds_

(4.40)

x
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Chapter 4. SDEs with irregular drift

For the first term in (4.40) use the Holder regularity of uY to get the estimate

’l/JN(S, S/SN) _ wN(S’ YSN,m)‘Q'\//,
(4.41)

|l (5,97 (5, YN)) = ul (s, 0™ (5, YN™) [ < [|u|

2
CprC1+
then since " is 2-Lipschitz

2 !
YN -y Nt (4.42)

2 ’
Juz (5,9 (5, Y)) = ugl (s, 9™ (5, YY) |7 < 227 | s

2
CrC+

Therefore, the first integral in (4.40) is bounded as

1 t _ N _ N,m 9
EE[/O 1{6<YSN7YSNW<E<}61 (s )/e‘uiv(s,wN(s,Y;N)) —ull (5,9 (s, YV "ds

1 ¢ ! 2~/ 1 / /
S P AR A e P
(4.43)
where the last inequality comes from the fact that Y — Y, < ¢¢ and then integrating the

remaining terms. This term also goes to zero as € — 0.

Finally, the last term in (4.40) using (4.42) is such that

]. t _ N_yNm ¢ m 9
| /0 Ly ymmye 08l (5, 0N (5, Y2) =l (5,07 (5, YY) s

- 1E{/ot Lo ayprypmy 02 e e ),

(4.44)
note that the indicator function is bounded from above by 1 and the uniform norm of v is
bounded by 1/2, so all factors in the integral are bounded by 1 except for the exponential,

which is bounded by
617(YSN7YSN!m)/€ < 61764_1' (445)

So, in sum the integral above is bounded by

]. t _ N_yNm € m 9
| /0 Ly ypmye 08l (5, 0N (5, Y2) =l (5,07 (5, YY) s

S 1t61—€C71
€
(4.46)
which goes to zero as € — 0. After discarding the terms that vanish in (4.38), and applying

the bound (4.39) we have
t
BIZP(Y,Y - ")) < B[ [ ¥V - v¥|ds] + 2B] B, (447)
0

as required. ]

We finally can put together the lemmas above and come up with an estimate of the

error of the numerical approximation for the regularized solution.
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4.3. Numerical approximation of the regularized SDE

Proposition 27. Assume that b € C%/ZLOO N L%OCI}. Then

sup E[[X]V™ — XN|] < C3(N)m ™" + Cy(N)ym~/2, (4.48)
0<t<T

where

C3(N) = c1||b" || e oo + ca|b™ || s poe [|bY || g Lo (4.49)

Ca(N) = ea (10 | gz + b1 2000)
and the constants are ¢; = 18T T ¢y = %65)‘T, c3 = 2T3/2e5AT
Proof. Recall that 1" is 2-Lipschitz, so we have

N,m N N N.m N N N,m N
EIXN™ = XN = BV (1, V™) — 68 (s, X < 2BV VN (450)

we apply the It6-Tanaka formula to |YtN’thN | which gives
N, N N, N
Y =Y = YT =Y

+ A / 'sign (YN — Y ) (N (s, 0N (s, Y™)) = u (s, 9V (5, YY) ) ds
0
- / 'sign (Y =Y ) () (s, 0N (5, YOM) — u (5, 0N (5, YN))) dW
0

t
+ / sign (Y™ — YN)dET + L) (YN —YN).
0
(4.51)
The above is obviously bounded by absolute value of the terms, using triangle inequality

and Jensen’s inequality leaves the following
t
0 [ 0 Y ¥ (5, YY) ds
to (4.52)
o [ s ) (5,2
+EM| + Ly (YN -y,

Take expectation of (4.52), and note that the expectation of the stochastic integral is zero

yields

E[yNm _ yN| < E[A /Ot | (s, (5, Y — UN(SWN(S’KS’N)WS] (4.53)

+E[EM |+ E[L{ (YN - YY),
then recall that v’V is 1/2-Lipschitz and % is 2-Lipschitz
t
ElyN™ — Y| < AE[/ v Nm — Y N|ds| + BIEM| + BIL (YN - YY), (454)
0
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Chapter 4. SDEs with irregular drift

Using lemma 26 on the local time term
t
ElY,Y™ - YN < 5)\E[/ [y, — YSN\ds] + 3E[|E™|], (4.55)
0

and then by lemma 24

IE\Y;N,m _ YtN| < S(C’l(N)mfl + CZ(N)mfl/Z)
! (4.56)
+5)\IE[/ 3(01(N)m_1 +C2(N)m—1/2)e5>\(t—s)ds]
0

where the constants C1(N),C2(N) > 0. By Gronwall’s inequality we have that
B[y, - Y|
t
< 5)\E[/ ¥ Y| ds] 4+ 3(Ch(Nym 4 Co(N)m™12)
0

< 5)\(01(N)m_1 + C’g(N)m_l/Q)E[/t 65’\(75_5)(15} + 3(01(N)m_1 + CQ(N)m_1/2)
0

< (C’l(N)m_1 + C3(N) _1/2) [65)\t -1] + S(C'l(]\f)m_1 + Cg(N)m_l/z)
= (C1(N)m ™" + Cy(N)m~/2) .

(4.57)
Rearranging the bound and plugging into (4.50) and taking the supremum over ¢ gives the
result. O

The constants C3(N) and C4(N) in the bound above can be further estimated to
get a bound in terms of the original drift b and the smoothing parameter used to create
regularized equations, or more precisely the parameter N. Let us first note what the actual

constants are when we substitute C (V) and C3(N) from Lemma 24

3
C2(N) = 18T S5AT bN 00 T 00 °r 5T bN 00T 00 bN 0o T 00
3(IN) o g roe + ST |07 g roc by [l (4.58)

Cu(N) = 2232 || e + 26232 [pN], Jo,15%-

In the following corollary we deduce bounds for the terms including norms or seminorms

of bY or its derivative.

Corollary 28. Under Assumption 22, the condition of Proposition 27 is satisfied and for

any € > 0 we have

e+
C3(N) < chelN 2 16l 6 + cheaN*

CCB

and

cic
-8’
CrC

Cy(N) <

where the constants ¢y, co, cs are from Proposition 27 and c}g is from Lemma 9.

1
Proof. We will show that bY € C7L>N L%OC’I} and find the appropriate bounds simultane-
ously by finding a bound for each of the terms HbNHL%oLoo, HbéVHL%oLoo and [b™N] o0 in
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4.4. Convergence of the regularized solution to the real solution

(4.48).

First we apply Lemma 9 with € from the statement of this corollary, so we have ¢ = 6”56 ,
and & — 2¢ = —f3, which means £ = e. This tells us that b (¢,-) € C for all t € [0,7] and
an arbitrarily small €, so b™V(t,-) € L. Then, note that the classical Holder norm (3.6)

implies
6™ (¢, ) = % (s, )z = 1P (b2, ) = b(s, )l < P2 (b(t,-) = b(s,))llce

and by the first Schauder estimate (Lemma 9)

e+B
6™ (2, ) =Y (s, )| poe < e§NTZ[1b(E, ) = b(s, )l s

Hence, by definition of the seminorm [-]; /5 r in (3.8)

N 1 A7
By < SNE DRIy (4.59)
By the same arguments applied to b™ (¢, -), we obtain ||bY (¢,-)| g~ < CISNh;ﬁ 16Ct, ) -5
which yields )
B
16| zge Lo < 16V [lopoe < esN 72 [1Bll gy s (4.60)

By bounds (4.59) and (4.60) we conclude that b € CéLm.

It remains to show that bY(¢,-) exists and is bounded uniformly in ¢ € [0,7]. The
derivative b (t,-) is well defined for all ¢ € [0, T] because b € CrC? for all v > 0. By the
definition of the equivalent norm || - |+ (3.6), Bernstein’s inequality (Lemma 7) and the

first Schauder estimate we have

e+B+1

62 g oo < 116 lleroe < eslbY oot < cgN (4.61)

1Bl ey s
Inequalities (4.60) and (4.61) show that bV € L¥C}.

Finally we insert the bounds derived above into (4.48) from Proposition 27 to get the
result. O

4.4 Convergence of the regularized solution to the real solu-

tion

Since we are approximating (X );>o through (X*);>0 we need to know if there is convergence
between those two. The result which proves that requires of several auxiliary results and
the definition of new objects to work with. This result is in Proposition 35 and with the
goal to get there, we recall the auxiliary process YV, which is the weak solution of the
SDE (4.11).

The main idea of the result we are after is to rewrite the solutions X~ and X in their
equivalent virtual formulations and thus study the error between the auxiliary processes
Y™ and Y defined in (4.11) and (3.44) respectively. This transformation has the advantage
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Chapter 4. SDEs with irregular drift

that the SDEs for YV and Y are classical with strong solutions, see Remark 21. After
writing the difference XV — X in terms of YV — Y we apply Ito’s formula to |[YV — Y.
We will control the stochastic and Lebesgue integrals by u — u and Y — 4, which in
turn are bounded by some function of ¥V — b. The term involving the local time at 0 of
YN — Y is handled in Lemma 25.

In the remaining of this section, we fix 8 € (8,1/2) and & € (0,1 — ) in anticipation of
the statement of Proposition 35. Since 3’ € (B, 1/2), we have b € CrC—F by Assumption
22. Notice that the solutions u and u”¥ obtained when taking b as an element of C%/2C(_ﬂ)+
are the same as when viewing the same b as an element of C7C 5. We obviously have
u,uN € CrC? )~ and u,uV € CpC™ for any a < 1 — .

Lemma 29. There are py and ¢ such that for any p > po and for any o < 1 — 3" we have

a+ﬂ'—1
= u™ | e < 26lb =0V o (1l E) e = D™

Proof. The bound in the statement of the lemma forms the main part of the proof of
[25, Lemma 4.17] in the special case when the terminal condition is zero and gV = b%,

g=>b. O

The parameter p and the exact dependence of the bound on it is not important for our
arguments, so we may fix p that satisfies the conditions of the above lemma. However, for
completeness of the presentation, we will mention the dependence on pg and p in results
below.

Using Lemma 29 we can derive a uniform bound on the L°°-norm of the difference
u(t) —uN(t) and ug(t) — ul¥ ().

Lemma 30. For any p > pg, where pg is from Lemma 29, there is k > 0 such that for all
t€[0,T]
() = u™ (@)l pee + ua(t) = ug ()| < Kllb =0Vl 0y cmpr-

The constant x depends also on ¢ from Lemma 29 and on T and u.

Proof. We recall that u,u’Y € CrC'*® and u,,u) € CrC® for any a < 1 — B Recall also
that the norm in C7 for v € (0,1) is given by (3.6) and in C7 for v € (1,2) is given by
(3.7). Using this together with Bernstein inequality we get for all ¢ € [0, T] that

lu(t) = ™ (@)l + lus () = ug (D2 < lut) — ™ @)llorre < llu—u"oporte,

for some ¢ > 0. We use (3.10) on the last term above, which gives

(p)

lu—uloporia < deMlu—uMIE) i

Finally, by Lemma 29 the statement holds with constant s given by

atp -1
k=20 (Jull ) crre = 1)p™ 2
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4.4. Convergence of the regularized solution to the real solution

Next we derive a bound for the difference 1) — ", where we recall that the two functions
are the space-inverses of ¢ and ¢” defined in (3.29) and (4.8).

Lemma 31. Take x from Lemma 30. We have

sup [t y) — N (4 )| < 260 =Ny on- (4.62)
(t,y)€[0,T)xR

Proof. Let us first recall that ||ug|| e see the discussion at the beginning of this

1
S 29
section. Hence u, is %—Lipschitz. Using this we have for any z,2’ € R

ot x) — o(t,2")] = |(z + ult,x)) — (¢ + u(t, 2"))]
> |z — 2| — Ju(t,z) — u(t,z)|

> —|z —a'|.
Insert = = ¢(t,y) and 2’ = ¥V (t,5) for some y € R, to get the bound

1
This implies the first inequality below

[W(t,y) — N (Ey)] < 208t 9(ty) — ot ¥ (¢, y))]
=2[¢™ (t, N (t,y) — o(t, 0N (t, 1)) (4.64)
= 2lu™ (¢, N (t,y)) — u(t, vV (t,y))],

where we used ¢V (t, ™ (t,y)) = y = ¢(t,%(t,y)) and the definition of ¢ and ¢". Thus

[t y) — o™ ()l < 2lu(t) — o™ (@) < 26]b = 0Vl omers

having used Lemma 30 in the last inequality. O

Finally, we derive a bound for [u™ (s, 9" (s,9)) —u(s, ¥ (s,y"))| and for [ul (s,%™ (s,y))—
uz (s, 9 (s,9"))I.

Lemma 32. For any 8’ € (B, 1/2), any a < 1 — B and any y,y' € R, the following bounds

are satisfied

[ (5,9 (s,9')) = uls, ¥(s,9))| < 26[6Y = bl con + 1y =], (4.65)
and

[ug (5,9 (5,9)) — a5, 9(5,9))| <wllb = 0| oo + 2°K% [ullopora O™ = I, s

+ [ua (s, 9(s, ) — ua(s, ¥(s, )],
(4.66)
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Chapter 4. SDEs with irregular drift

where Kk is from Lemma 30.

Proof. We start with (4.65). We rewrite the left-hand side as

|uN(SJwN(Say/)) - U(871/}(8,y))| < ‘UN(SJwN<37y/)) - U(S,f(ﬁN(S,yl))‘
+Ju(s, v (s,9) — uls, ¥(s,y)] (4.67)
+ |’LL<S, w(s7y/)) - u(s,zp(s,y))\.

Using Lemma 30, we bound the first term above by
™ (5, 9™ (5,97) = uls, 0N (s,9)] < [[u™ (s) = w(s) oo < K1 = bV

The second term in (4.67) is bounded using the fact that [|uy|[z~ < % (see the discussion

at the beginning of this section) and Lemma 31:

uls, 9 (5,) = (s, V(58] < 516 (5 9') = 00, 8/)] < o = DYy

For the third term in (4.67), we use again that wu(t,-) is %—Lipschitz

(s, ¥(5,1) = uls, U5, )| < 51605, 4') = 6(s,0)| <y — o),

where the last inequality follows from the fact that ¢(¢,-) is 2-Lipschitz (c.f. (3.3)).
Combining the above estimates proves (4.65).

Let us now prove (4.66). Similarly, as above we write

‘ué\f@’q’/}N(s’y/)) - Uz(87¢(3,y))| < ‘ui‘V(sﬂwN(s?y/)) - ur(57¢N(57y/))‘
+fua (s, 9N (5,9) — uals, ¥(s,y)))| (4.68)
+ |UI(37¢(S>y,)) - uﬂ?(saw(say))"

The first term is bounded using Lemma 30 as follows
ug (5, 9™ (5,4)) — (5, 9™ (5,9))] < Hlug (8) = ua(s) Lo < Kllb =0Vl

Since b € CpC~# and a € (1/2,1 — ﬁ) then u € CrC™*, so by Bernstein inequality
(Lemma 7) we have u,(t) € CrC® with ||uz|cpce < ||lullcpcr+e. Recalling the norm (3.6)
in C*, we conclude that u,(t) is a-Holder continuous with constant |u|c,.c1+a. This allows

us to bound the second term in (4.68) as

[ua (5,9 (5,9)) — s (s, (5, 9))| < Ilulloporeal ™ (5,9) = (s,

and by Lemma 31 we get

[ua (s, 0™ (5,4)) = wa(5,9(5,9))| < [ulloporsa2®m[b = bV|1E, -

This concludes the proof. ]
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4.4. Convergence of the regularized solution to the real solution

Remark 33. Note that in our main result we find the strong error in L' instead of the most
commonly used estimates in L2, the reason for this is illustrated here. Let us apply Itd’s
formula to (Y;Y — Y;)?, integrate from 0 to ¢ and take expectation. Apply further Lemma
32 and recall that ||ug|leo < 1/2, ¢ is 2-Lipschitz, and u, is a-Hoélder continuous for any
a<l-— B . We get

t t
E(Y,Y - 1) = (¥ - Yp)* < 2E/ VY = Yol + 4sb" — bHCTc—B’E/ VY — Yilds
0 0
+ (86 = bll oy + 276 ullgpe-s IO = DIE, op)?
t
+ E/ 6222a|Y;N _ Y;|2ad8.
0
Note that the second and last terms in the inequality have the difference |Y¥ — Y| in
smaller powers than 2 (the latter since o < 1), so they decrease slower than the term on
the left-hand side and Gronwall inequality cannot be applied. The power 2« in the last

term follows from the fact that u, is a-Holder continuous which is an inherent feature of

the construction of the virtual solution to (4.1).

The next Proposition is a bound for the local time of Y — Y. This is a key bound in

the proof of the L'-convergence of X~ to X, due to the application of It&’s formula to
Yy -yl

Proposition 34. For any a € (1/2,1 — ) and N such that ||bN — bllo,c-sr <1 we have

CT Cchﬁ/
(4.69)

t
E[L}(YY -Y)] < AE[/ V.Y = Yolds] + BIbY =012 o + o0 = bl2E 1 00),
0
for some constants A, B > 0.

Proof. This proof follows the same steps as the proof of [14, Proposition 5.4] with differences
coming from the spaces that b and b" belong to. It is provided for the reader’s convenience.

Recall that V;, Y,V are strong solutions of (3.44) and (4.11) respectively, see Remark
21. Their difference satisfies

YN = (o — o) + A /0 (W™ (5,9™ (5, YY) — u(s, (s, Ya)))ds
(4.70)

+/ (U (s, 9N (5, YV)) — up(s, (s, Yy)))dWs.
0

We apply Lemma 25 to Y,V —; for € € (0,1) and since the expectation of the integral
with respect to the Brownian motion (W;) is zero thanks to the fact that u, and u) are

bounded uniformly in N we get

E[L2(YYN — V)] < 4e

v N —vg

t
—22\E /0 (]l{YSN—YSG(O,e)} + ]l{ysN_ySZE}el_ < ) (4.71)
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Chapter 4. SDEs with irregular drift

(UN(SWN(SJQN)) - u(37w(svn)))ds (4'72)
+ %E /0 LiyN_v,>ep€ e (4.73)
(ui\f(S’wN@’Y;N)) - uﬂ?(‘s?w(svn)))QdS] ) (4'74)

vN -y,
Notice that if YV — Y > ¢, then e}~ "< < 1. Hence, (4.72) is bounded above by

ANE| /0 (s, (s, Ya)) — ™ (5, 6™ (5, YV))) d]
< NI~ Bleyewt + B[ Y~ ¥Vas),
0

where the last inequality is by Lemma 32.

v v,

Now for (4.74), we use again the observation that Il{YSN,YSx}el_ < < 1, the

~

estimate (4.66) from Lemma 32 choosing o’ € (a, 1 — ), and the inequality
(€1 + @2 + x3)° < 3(a + 23 + a3)

to get the bound

1 ¢ 2 N2 2a’  2a’ (1N 2a’ 2
EE/O(Sn 15— BV I2, oo +3- 22 k2 BN — B2l o or)ds

YN v,

1 [ _
+€E/o3ﬂw_ys>g}el T lua(s, (5, Ya) = wals, v(s, Ya)) Pds

3t N 21N 20/ N 20/ 1
< ?”b = bllgpo-p (K107 = bl omsr + (26)° |ul] 6™ — bHCO;C_g/)

3 t 1
+ —E( ; Liyy_y,>qe

€

2
CrCi+a! |

v N v,

T lua(s,0(5, YY) — ua(s, 0(s, Y5))Pds).

Putting above estimates together yields the following bound for the expectation of the

local time:
t
E[L (YN —Y)] < de + 4X2k]16Y — bl oot + E[/ YN —vV|ds))
0

3t
+ ?HbN —blleypo-s

‘bN - bH2o/—1 )

21N 20/
(216"~ s + 20 Jul )

2
Croi+e! |

2K

|u27(3a w(& YSN)) - ul"(sa w(sa Y'S))’stl :

We take € = [|b"Y — bl|o,.c-s < 1 and choose ¢ € (0,1) such that o/¢ > 1/2. Recall that

Uz (s, ") is o/-Holder continuous with the constant ||ullo ci+ar, as o’ <1 - 3, (see Section
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4.4. Convergence of the regularized solution to the real solution

3.4) and (s, -) is 2-Lipschitz, so
[t (3,95, YS¥) = 1t (5,05, Vo))l < lull v 27 1YY = V5|

This bound and the observation that € > e yield

3 vN v,

t
B[ Ly vl e 05, Y2) = el 05, V) Pl
v N

3 ! 1Y = N 2
< 2B Lo ovisge ™ s, 005, V) = a5, Y0P
3 t vV _y.

1—1s S N 2
+ 2B Ly o (8 YY) = s, 00 V) Pl

3 2
< gtHUHCTcua

/ / 3 _ (-1
l22a 62& ¢ + *7561 € ’
€

where in the last inequality we used that ||uy|/z < 1/2. We insert this bound into (4.75)
and recall that ¢ = bV — bl s to obtain

E[L) (YN - V)]
t
< (44 8t + 3520) [N — bl o0 + 4)\(E[/ YN~ yNigg))
0

+3t((26)° JullZ, caver 07 = 0122 2100)

CT07B/
- 3t e
3t/ u|2 920/ |pN _ p||2’¢1 cre’
+ HUHC’TClJra/ || ||CTC?B/ * HbN - bHCj“Cfﬁ/ ’

T
’ 20/ ¢—1 2a/¢—1
< AT, o2 10— S + B[V Y]+ o0 -0l

Taking ¢ = a/a’ completes the proof. O

Proposition 35. Under Assumption 22, for any & € (1/2,1 — B) and any B € (B, 1/2),

there is a constant ¢ such that

sup BIXN — X;[] < ¢|pN — b2 L,
t€[0,T) ! CrC-F

for all N sufficiently large so that ||b" — bllgpc-er <1

Proof. For our arguments we fix p that satisfies conditions of Lemma 29 and denote by

the constant from Lemma 30. By the definition of 1, 1" we have

XY =X < [N N (8, XTY)) — 0t ot Xy)))

(4.76)
= [N (6, YY) — o (t. Y1),
then adding and subtracting, and using the triangle inequality we get
X = Xl < [N (YY) =0, YY)+ [ YY) = ot V). (4.77)

Where the first term is bounded by 2x||bY — bllg,.c-e (see Lemma 31) and since ¢ is
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Chapter 4. SDEs with irregular drift

2-Lipschitz uniformly in ¢ € [0, 7] the second term is bounded by 2|Y" — Y|, therefore
XN — X[ < 266N = bl oo + 20V =Y (4.78)

By assumption the first term above goes to zero as N — 0o, then we only need a bound

for the second term. By Ito-Tanaka’s formula
1 t
VY=Y = -l + L0 Y+ s Y vy ), @)
0
by taking expectation and using the definitions of YV, Y we have

BIYY — Y| = Bl ol + BZLUYY - V)
t (4.80)
B [ sV - ¥) (s, 0% 5, Y) — s w0, Yo,
0

then observe that the first term above is a constant, for the second we have a bound in

Proposition 34 and for the third we use Lemma 32, and the fact that sign(x) < 1 therefore
EYY - Y] < [uM(0,2) — u(0,2)]

1 N 2a—1 ! N N 2a—1
oY b+ AR Y = Vlas)+ Bl — )

t
L E| / @2 lI0Y = Bl o + [V = Y™ [)ds]

(4.81)
< ’uN(Ov .’IJ) - U(0,$)|
1 oa— ! oa—
ol — b )+ AE(/O YN = ¥ ds) + BI6Y — b2 )]
t
A2 = Yl oot + NEC[ Y = ¥ ds)
0
Note that the first and third terms above are controlled by o(||b" — b||éa70176,), so after
T

merging those terms and the two involving E( fot YN — Y N||ds) we get

t
EYY = Y[ < BlIbY —blIZ o + (A+ A)E(/ 1Y = YN ds) + o([b" = bIIZY - )-
0

CrC CrC—#
(4.82)
From there, using Gronwall’s lemma we get the following bound
E[YN —y| < B|pN —b|?o=L, TeAHNT L o(|pN — b|22~L ). (4.83)

crc—# Crc—#

Now we use (4.83) to bound (4.78), and as the small-o term controls the second term in
(4.78) we obtain
EIXY = X[] < BN = b2 L TV o(|pN — blZ0 L) (4.84)

CrC—8' CrCc—F

O]
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4.5. The convergence rate

Notice that Proposition 35 does not really depend on the shape of the drift, but is

rather a comparison of generic drifts which we can also phrase as follows.

Corollary 36. Under Assumption 22, for any & € (1/2,1 — 3) and any pt, 2 € CrC—F'
for B € (8,1/2) and SDEs

dy;' = pt(t, vhdt + dw;

dY? = p2(t, Y2)dt + dW;

there is a constant ¢ such that if ||u! — ,u2HCTC,@/ < 1, we have

sup B[V = Y] < cllpn — pal?2 )
t€[0,T] ! ! CrC=F

4.5 The convergence rate

The approximation error of our numerical scheme comes from two sources: the time
discretization error from Euler-Maruyama scheme, which depends on m, and the smoothing
error coming from replacing b with Y in the SDE, which depends on N. We will now
show how to balance those two sources of errors and bound the resulting convergence rate.
To this end, we parametrize N in terms of m and postulate that this parametrization is of
the form N(m) = m" for some n > 0. We denote

)%nz:::)(AKnﬂﬂn
and consider the strong error denoted by

YT(m)= sup E[\Xtm — X4].
0<t<T

Take any € € (0,1/2 —f3), 8 € (4,1/2) and & € (1/2,1 — (). By the triangle inequality,
we have
om N(m) N(m)
T(m) < sup E[|X[" - X, ]+ sup E[X, — X3|] (4.85)
0<t<T 0<t<T
then we use Propositions 27 and 35 to get

T(m) < C3(N)m™' + Cy(N)ym ™% 4 ¢|pN ™) — bu?;;ﬁ, (4.86)

then we use Corollary 28 on the first two terms which yields

e+B8+1 _
2 ”bHCTCfB)m !

T(m) < ¢ [mn#ubnow,éu +m

e+f+1 et+B
n . n
(S Wl gyos +m My )

2 (4.87)
+ ¢||pN ™ — ]
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Chapter 4. SDEs with irregular drift

where ¢’ is a constant big enough to encompass the constant of the results used. Then the

following estimate from Lemma 9
_8'-8
BN () = b(ts Y oopr < eN(m) ™7 (b0t s

for t € [0, 7] allows us to bound the last term and we have

e+B+1 _
bl s )m !

e+8
T(m) < ¢ [m" 5 bl 0, s (1 + "

et+Bt1 +8
n R U
(S Wl gys +m My )

> (4.88)

+ 25 E (26-1) [b][26-1 ]
CTC—ﬂ ’

where ¢’ is a constant that absorbs all other constants.

Since all the norms appearing on the right hand side are finite, they can be absorbed

u

by a constant ¢ and we have

E+l§_1

2e+2B8+1 3+1 3 '_B)(2a—1
T < " |mn " —i—m”%_l—}— etf+l_ 1 +B_ 1 _p BB ea-1)

ml— 2 “24mT2 "2 +m 2 . (4.89)

Before proceeding further, we select the optimal 3’ and & to maximise the decreasing rate
of the last term in m. Recalling the constraints for 5" and &, the product (8" — B)(Qd -1)
is maximised for & ~ 1 — 3 and ' ~ 1/2. We take & =1 — B—eand B = 1/2 — € which
yields the exponent 2(1/2 — 3 — €)2. The last term of (4.89) takes the form

—n(i—p0?

The monotonicity of the remaining four terms in (4.89) depends on 7). For the scheme to

converge, we need to make sure that they all decrease which is guaranteed if n%ﬁﬂ -1<0

and 77€+§+1 — % < 0. Therefore we have the constraint
1
0<n< ———. (4.90)
e+p/+1

At this point we have to find the optimal value of 7. Here, the slowest decreasing term out
of the first four terms of (4.89) is m1 <573 To balance Euler-Maruyama error measured

by the first four terms and the error of approximating b with 5™ in the last term we

equate the rates (exponents)

e A (@01

This leads to

=— - : 4.92
K e+B+1+2(3—B—€)? (4.92)

Inserting this expression for 7 into the right-hand side of (4.91) we obtain the rate of
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4.5. The convergence rate

convergence of our scheme as

((fjgfj)?+2)—1.

[\

We summarise the above derivation in the following theorem.

Theorem 37. Let Assumption 22 hold and fix e € (0,1/2 — ). By taking
1
N(m) = metAI+2Ag—F-97

the strong error of our scheme is bounded as follows:

o __etB+1 -1
sup E[XN™ X)) < em” (@i D) (4.93)
0<t<T

where constant ¢ depends on € and drift b.

Remark 38. Note that the bound stated in Proposition 35 holds for N large enough so
that [|pV(™) — bllc;c-# < 1. Formally, the error for small N(m), i.e., small m, could be
incorporated into the constant ¢ in (4.93) when the condition |bV (™) — bllcrc-s < 1is not
satisfied. However, when doing numerical estimation of the convergence rate we have to
pick m large enough so that ||pV (™) — bllc,c-s < 1, otherwise the numerical estimate of

the rate could not be reliable.

Corollary 39. Our construction allows us to achieve any strong convergence rate strictly
smaller than ) A

1 -1 1 -1 .
lim (i + 2) = (L + 2) =:7(fB).
(z—B—¢€)? (

D=

. 1_py2
Remark 40. We rewrite () = %
2

displays this function over the range of B € (0, %) We take a closer look at the limits as 3

from Corollary 39. Figure 4.4 in Section 4.6

approaches 0 and %:

e limg, r(B) = L. This corresponds to b € CrC%F, which is comparable to the case of

a measurable function b € C7CO.

e lim Al r(B) = 0, so when the roughness of the drift approaches the boundary %, the
2
scheme deteriorates. This is expected due to the nature of the estimate in Proposition

35 that we use.

A direct comparison of our rate with other rates found in the literature is only possible in
the case of measurable drifts with Brownian noise, which has been treated in [7]. The rate
obtained there is %, so our estimate is clearly not optimal. However, the technique they
use is different than ours, and in particular they use stochastic sewing lemma due to [30]
to drive up the rate, but it seems it is not straightforward to apply the techniques used in

[7] to our setting.
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Chapter 4. SDEs with irregular drift

Paper [19] considers time-homogeneous distributional drifts and, between others, covers

drifts b € C—P for some 3 > 0, but the driving noise is a fractional Brownian motion with

Hurst index H € (0,3). For 8 € (0,55 — 1), the rate of convergence is m — € for
any € > 0. However, within their framework they do not study the case where H = % of

Brownian noise, in this case they are restricted to measurable drifts.

In [14], the authors consider SDE (4.1) with the drift b € C;H(—lfj 51

g € (0, i) and ¢ € (4, %) The space H(?fﬂ)*l . is a fractional Sobolev space of negative

regularity —3. Their § is closely related to our f as fractional Sobolev spaces H; , are

1
. for k € (5,1),

related, albeit different, to Besov spaces B, ,, see e.g. [47]. In both cases the index s is a
measure of smoothness of the elements of the space. When S | 0, the convergence rate
of the numerical scheme in [14] tends to %, as in our case. However, when 8 — 1 the
convergence rate in [14] vanishes, while we get r(1) = 2.

Finally we would like to mention that in our numerical study in Section 4.6 we obtain a

numerical estimate of the convergence rate equal to #

, which is the equivalent of the
rate HTW found in [7] for positive 7, i.e. for y-Holder continuous drifts. This suggest that
the rate from the latter paper could apply in our setting but it would require a different

approach and is left as future work.

4.6 Implementation of numerical methods

In this section we describe an implementation of our numerical scheme and analyze the
results obtained. Our implementation was done in the Python programming language
and can be found in [10]. We recall that said numerical implementation proceeds in two
steps. First we approximate the drift b with b as in (4.2). Then we apply classical
Euler-Maruyama scheme (4.5) to approximate the SDE with drift ?. For the numerical
examples we will consider a time homogeneous drift, i.e. b € C(=PA)+,

Since the drift b is a Schwartz distribution in C(~#)* producing a numerical approxi-
mation of it poses some challenges. Firstly, we cannot simply discretize b and then perform
the convolution with the heat kernel to get b" as in (4.2), see also (3.14), because the
discretization of a distribution is not meaningful. Instead, we use that, formally, an element
of C=A)+ can be obtained as the distributional derivative of a function h in C(-A+D+
and for a distribution p € &', the convolution and derivative commute as mentioned in [41,
Section 5.3] and [25, Remark 2.5], that is,

(pexo) =pixo=pix0. (4.94)

This fact is useful for efficient construction of regularised SDEs when b = B, for some
function B € C%/ 201-8 as we do in the numerical example studied in the present.

Indeed, since b € C75+€ for some € > 0 and —f € (—1/2,0), we have 4 := —f+e+1 >0
and h € C7 is a function. Using (4.94) allows us to discretise the function A first, then
convolve it with the heat kernel, which has a smoothing effect, and finally take the
derivative.

Without loss of generality we will pick a function h that is constant outside of a compact
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4.6. Implementation of numerical methods

set, which implies that the distribution A’ is supported on the same compact. For example
one can choose L > 0 large enough so that the solution X; of the SDE with the drift
bl(_r 1) replacing b will, with a large probability, stay within the interval [—L, L] for all
times ¢ € [0, 7], rendering numerically irrelevant the fact that the drift b has been cut

outside the compact support [—L, L].
The simplest example of a drift b € C7~1, v € (1/2, 1), would be given by the derivative

of the locally v-Holder continuous function |z|Y, smoothly cut outside the compact set
[—L,L]. However, this function is only not differentiable at z = 0. Instead, for our
numerical implementation we consider h € C7, which is capable of fully encompassing
the rough nature of the drift b = A’. This can be obtained if the function h has a ‘rough’
behaviour in (almost) each point of the interval [—L, L]. In this section, we take as h a
transformation of a trajectory of a fractional Brownian motion (fBm)? (BX),>0. Indeed,
it is known that P-almost all paths of fBm B are locally y-Hélder continuous for any
v < H, see [6, Section 1.6] but paths are almost nowhere differentiable, see [6, Section 1.7].
We construct a compactly supported function h as follows. We take a path (B2 (w))zep0,21]
with Hurst index H = —f + 1+ 2¢ € (1/2,1) for some small € > 0, which is thus locally
~v-Holder continuous with v = —8 4+ 1 4+ . The constraint H € (1/2,1) ensures that
B € (0,1/2), as needed in Assumption 22. We define function g : R — R as
Bsl

g(x) = (Bif - ff’f)]l{xe[o,u]}(iﬂ),

which ensures that g(0) = ¢g(2L) = 0. This transformation, inspired by the so called
Brownian bridge, ensures that g is continuous and keeps the same regularity as the fBm
B . Finally, for convenience, we translate g so that it is supported in [~ L, L] rather than
[0,2L]. This is done for the sake of symmetry, since we choose to start our SDE from an
initial condition close to 0. We choose L large enough so that the path (X;) has a big
chance to stay in the strip [~ L, L] up to our terminal time 7. In summary, the function h

is constructed as

_ Bl

ha) = (Bl 1 (w) - 2L

(z — L)) Lizer-r,3(2), (4.95)

and we have h € C7 with v = —B+e+1, so that b := k' € =+ and both are supported
on [—L, L]. By a slight abuse of notation we denote B (x) = h(x) so that b = (B*)'.

To compute bY we apply the semigroup P, /N to b, as in (4.2), which is equivalent to a
convolution with the heat kernel p; /. Since the derivative commutes with the convolution

as recalled in (4.94) we get

N () := (Pyynb)(2) = (p1yn * (BT)) ()

oo 4.96
= (P v * BM)(2) = /_ pin () BY (z — y)dy. (49

2A fractional Brownian motion (BY),>¢ with Hurst parameter H € (0, 1) on a probability space (©2, F,P)
is a centered Gaussian stochastic process with covariance given by E(BY B,)') = 3 (|z|*" +|y|*" — |z —y*").

When H = % we recover a Brownian motion.
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Chapter 4. SDEs with irregular drift

As the derivative of the heat kernel is p’l/N(y) = —ULNpl/N(y), we have

W) == [ B )y (1.97)

—00

In order to approximate the above integral numerically, we create a uniform discretiza-
tion of the interval [—L, L] with 2M + 1 points, denoted by 9 = {x_ps, ..., xar }, with the
mesh size § := ﬁ We sample the fBm B (x) in 2 € 9 and extend to the real line as a

piecewise constant function B as follows:

M-1

BH(z) = ‘ZM BH(xj)n{Ze[zj_g@ﬁg)}, z€R. (4.98)
i

Inserting (4.98) into (4.97) and performing the change of variable z = x; — y we obtain a

numerical approximation of bV at any point z; € I:

W) == [ B =) s

—00

o M
Ty — 2
- _/ BH(:Ej)]l{ze[;tj—g,:vj-i-g)} 1/N pl/N(xi — 2)dz
—o0 ;0

b5 g (4.99)

M
=— BH:E'/ ——0p T — z)dz
JZM ( J) zj_5/2 1/N l/N( )

S oy — a2 /
= — Z B ($])/ Tpl/N(mi —x;—2)dz
i —5/2

where we performed a second change of variable 2’ = z — x; in the last equality. Let us
denote the integral in the last line of (4.99) as

N 6/2 , P . ,
I (y) == /5/2 Wpl/N(y —2)dz, (4.100)

so that equation (4.99) reads

M
N (zi) ~ = Y B (2)IN (i — x5) = —(B «IV)(xy), (4.101)
j=—M

where * denotes the discrete convolution between vectors
(B ()L 5y and (TN (2:)) 72 5.

The latter vector needs to be formally defined for a d-discretization of the interval [—2L, 2L],
however, in practice, the values of ZV(y) decrease quickly to 0 as |y| increases (this is
illustrated in Figure 4.1 for two values of 1/N), so it is enough to use the values of (ZV (x;))

for x; € M. We will use the above approximation (4.101) in our numerical computations.

At this stage a few remarks regarding the size of 9t are in order. The drift b is
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TN (y) for different 1/N
1/N = 0.199494 1/ = 0068111

0.003 4

0.002

0.001 4
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T T T T T T T T T T T T T T T T T T T T T
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Figure 4.1: From left to right: Z¥(y) for y € [~5,5] and 1/N = 0.199494,0.068111
respectively.

implemented with a discrete convolution given in equation (4.101), where one of the
convoluting terms is Z%, which is depicted in Figure 4.1. The peaks of ZV depend on the
magnitude of 1/N, indeed they become higher and thinner as the variance 1/N of the heat
kernel p; / decreases. We choose N = N(m) = m" for some 7 > 0 given in equation (4.92),
so as the number of steps m in the Euler scheme increases, the variance 1/N(m) =m™"
decreases, leading to a vector ZV(™ of mostly zeros up to numerical precision. If the
discretization 9 is too coarse compared to 1/N(m), the vector ZV(™ does not retain
enough information. To avoid this issue we have to make sure that there are sufficiently
many points in 9, i.e. that 2M is large enough compared to the size of the support [—L, L].
More specifically, we require that the distance § between points in the grid is less than the
standard deviation of the heat kernel /1/N(m), i.e. § < \/1/N(m) = m~"/2 for every m

considered in numerical computations, which leads to
oM > 2Lm"/?. (4.102)

As an example, let us consider a discretization of the interval [—5,5] (hence L = 5) and
use m = 2'2 points in the Euler-Maruyama scheme. We will need at least 2M + 1 >
2Lm"? 41 =10 - 207 4+ 1 points in 9, where the value 1 depends on 3 and it is given
explicitly in equation (4.92). The smallest admissible number of points 2M + 1 of the

discretization 9t for varying g is given in Table 4.6.

We now summarise the procedure to compute numerically an approximation of the

drift pNm™)
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Chapter 4. SDEs with irregular drift

B 107 1/16 1/8 1/4 1/2
1/N(m) =m~"®) [ 0.001288 | 0.001398 | 0.001489 | 0.001768 | 0.003906
2M +1 279 269 261 239 161

Table 4.1: Minimum amount of points 2M + 1 needed in the discretization 9t when m = 212
and L = 5. This varies according to the variance 1/N, which in turn is a function of

1. Fix B, L and the number m of steps of the Euler scheme. Compute the smallest
integer M that satisfies (4.102). Define the discretization 9t and the corresponding

mesh size §.

2. Simulate a single path of fBm on the interval [0,2L] with mesh size ¢ and with a

given Hurst parameter H = —f§ + 1 + ¢ for some small € > 0.

3. Transform the path of fBm into a bridge on [—L, L] by applying the transformation
(4.95), to get a vector B (z;), for z; € M.

4. Compute numerically the integral ZV(™ (z;) for x; € M.

5. Perform the discrete convolution —(BH + ZV(™)) as in (4.101) to approximate numer-
ically b0 () for x; € M.

6. Extend bV(™)(z) for all € [~L, L] by linear interpolation.

One can note that the creation of a drift depends on exactly two parameters as opposed
as in more classical examples where the drift is given as a function of (t,z) € [0,T] x R
These parameters being the Hurst parameter H or more precisely for this discussion S,
which will give us the regularity of the drift on x, and interestingly the number of time
steps m that will be used in the numerical scheme by means of the heat kernel parameter
m~".

Since the drift is created based on the simulation of a fractional Brownian motion, the
one has to be aware of how to handle the random nature of the simulation for reproducibility
purposes. This of course poses no challenge and it is just a matter of selecting a particular
seed to generate the drift. Without selecting a seed for the simulation we will have a random
drift with the selected regularity, which for our purposes is in fact beneficial since we can
see how different drifts living in the same space will affect the rate of convergence. With
this in mind, one has to also consider that having different drifts in different simulations
effectively means that we are simulating different SDEs with solutions XV, not only one
SDE, which we will discuss in a moment.

For now, let us discuss the generation of a drift with a given regularity —( but using
a different number of time steps. We need to do this, because in the computation of the

¢

error we require to compare the “real solution” to the SDE with the approximation. Recall
that for an SDE with a classical drift, this drift would be a given function which is fixed
across different approximations, whereas we have that for different amount of time steps,

the smoothing given by the heat kernel will change. In this sense, the numerical scheme
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we propose has two things that are improving by decreasing the length of the time steps,
the solution of the SDE itself and the drift.

We can observe in figure 4.2 how the different levels of smoothing will change dramati-
cally the behaviour of the drift. Primarily, recall that the drift is formally defined as the
derivative of a fractional Brownian motion b = B and note how the figure shows negative
values of the drift when the slope of the fBm is roughly negative. This is observable with
both of the drifts, but note how the one with a higher level of smoothing the oscillation
is much more violent, which is to be expected since we are approximating the drift by
W =P, /nb for N =m", so as N increases bN gets closer to the distribution b, and it has
to become more and more rough. Not only that, but also this roughness is indeed better
capturing the behaviour of the derivative of the fBm. We know that a path of fBm is
self-similar and not differentiable, so in principle its derivative has a negative and fractional
differentiability order, which indicates us that any attempt to simulate the derivative has
to reflect the fluctuations on the path.

Moreover, figure 4.3 shows a similar story with a different parameter of regularity on
the drift—or different Hurst parameter—namely —f ~ 1/2. This is obviously a different
fractional Brownian motion, since we are using a new H, however the features to emphasize
of this plot are the massive change on the magnitude of the drifts and the frequency of the
oscillations compared with figure 4.2. This is to show that our numerical implementation
is able to simulate drifts with different regularities and reflect said regularity.

We know that the further we go in 3 the space C~? contains distributions with less
regularity, and indeed even their approximations have to be rougher from the start. Which
is why the values of IV are different on each of the pictures—given by the dependency of n
on (3 from (4.92)—even though both correspond to the same value of m.

Once we have a numerical approximation of the drift coefficient, the remaining step
is to apply the standard Euler-Maruyama scheme using the numerical drift calculated
and interpolating linearly so we indeed have a function we can evaluate at every point of
the discretized time grid. To calculate the empirical rate of convergence of the numerical
scheme we must have approximations with an increasing number of steps m, as well as a
proxy of the real solution, since the real solution is unknown in a closed form. This real
solution proxy is the most expensive run of the iterative scheme, so we compute it first and
store it in memory in order to compare with the rest of approximations. The strong error
of the scheme is calculated by Monte Carlo approximation of the L' norm of the difference
between the approximations with less time steps and the proxy of the real solution at time
T'. Recall that as we discussed above, different amount of time steps will generate distinct
drifts, and therefore in practice what is fixed for each run of the Euler-Maruyama scheme
is the fractional Brownian motion, from which we create the drift using the corresponding
smoothing parameters to each time step. The procedure to compute the strong error for a

given fBm reads as follows:

1. Choose a ‘large’ m for the proxy of the real solution, and m; < m, ¢ =0,...,1, for
the approximations and such that each m; divides m. Choose a number of sample

paths @ € N sufficiently large for a Monte Carlo procedure.
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Figure 4.2: Comparison of and fBm with Hurst parameter H = 1 — ¢ for € = 10% and the
drifts generated with 2! and 2'7 time steps which translates into N = 445 and N = 12407
respectively. The drift b has regularity —3 for § = e.
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Figure 4.3: Comparison of and fBm with Hurst parameter H = 1/2 + ¢ for € = 10° and the
drifts generated with 2'' and 2!7 time steps which translates into N = 155 and N = 2448.
The drift b has regularity —3 for 5 =1/2 —e.
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2. Denote by At; = T'/m; the time-step for the approximated solutions, where T is the

terminal time.

3. Define M with M points, where M and m satisfy (4.102). Generate one fBm path
on the discrete grid 9.

4. Run the Euler-Maruyama scheme for the proxy solution and for the approximated

solutions up to time 7', with the same () Brownian motion paths.

5. Compute the strong error between the proxy solution corresponding to m and the
approximations corresponding to m;, by calculating a Monte Carlo average of the
absolute differences between computed solutions at time 1" across the () sample paths.

Denote this approximations of the strong error by ¢;,, ¢ =0,...,1.

6. As we expect €; ~ cm;~" = ¢(At;)", where r is the convergence rate, we compute
the empirical rate r by performing a linear regression of log;y(¢;) on log,o(At;),
i=0,... 1

With this way to approximate the error the analysis of the rate of convergence is
explored using two different approaches: the classical way comparing for a single drift
the convergence depending on the number of time steps, and one comparing the rates of
convergence across several levels of regularity of the drift. The first one has to obviously
be done for different values of 3, in fact the later analysis is not possible before doing the
former first.

Finally, we performed a further experiment to better compare the empirical rate with
the theoretical results. Since the drift of the SDE is obtained running a single path of a
fBm, and clearly there is randomness there, we decided to run the algorithm for 50 different
paths, for each value £, and then we computed the average of the empirical convergence
rates as well as its 95% confidence interval. We compared this with the theoretical rate
obtained in Theorem 37 and with the conjecture that the rate should be 1/2 — 3/2. The
latter would be the natural extension of the results of [13] if they could be extended into
the case of distributions, in particular with —3 € (—1/2,0) which is the case we treat
here. We collected the results in Table 4.6 below and also plotted them in Figure 4.4.
This experiment strongly suggests that our theoretical result is not optimal, and that
the convergence rate indeed could be 1/2 — 3/2. Further studies are needed to prove or

disprove this conjecture.

3 e=10C%] 1/8 1/4 3/8 | 1/2—¢
Empirical rate 0.50814 | 0.44063 | 0.38163 | 0.32318 | 0.28275
1/2—-75/2 0.49999 | 0.43750 | 0.37500 | 0.31250 | 0.25000
Theoretical rate | 0.16666 | 0.10000 | 0.04545 | 0.01111 | 0.00000

Table 4.2: Average of empirical convergence rates obtained using 50 Euler-Maruyama
approximations with 10 sample paths for each 3, the conjecture rate of 1/2 — 3/2 and the
theoretical rate from Theorem 37. All values rounded to 5 decimal places. Same values are
plotted in Figure 4.4.
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Figure 4.4: Average empirical convergence rates obtained from 40 Euler-Maruyama with
drifts of the same regularity but generated for each run. Approximations have 10 sample
paths for each 8 including 95% confidence interval for the average, the conjectured rate of
1/2 — /2 and the theoretical rate obtained in Theorem 37.

4.7 Fokker-Planck equation and the law density of X

A generalization of equation (4.1) can be obtained if we admit a random initial condition,
ie.

t
X, =X, +/ b(s, Xs)ds + Wi, (4.103)
0

where X is a random variable and p(t,-) is the law density of X,. Although throughout this
chapter we have been considering (4.1), with a deterministic initial condition, we will argue
that in the same setting we can arrive to (4.103) via a superposition argument—which we
will develop below. We can associate Fokker-Plank PDE to (4.103)

Dip(t, ) = 502p(t, x) — D [bp](t, )

(4.104)
p(0,z) = po.

In smooth cases, as well as when b is a distribution of the class considered in this thesis,
it is known that the density of the solution of X solves the Fokker-Planck PDE (4.104).
Moreover, the latter has a unique solution—in a certain class—hence the unique solution to
(4.104) will be the density of X. Also, see that (4.104) is a special case of a Fokker-Planck
PDE studied in [26] associated to a McKean-Vlasov SDE, we will go into more details the
McKean-Vlasov SDE and its related Fokker-Planck equation in Chapter 5. Note that in
(4.104) the initial condition of the SDE cannot be deterministic, but instead it must be
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4.7. Fokker-Planck equation and the law density of X

X ~ p for some probability measure p which admits a density because we cannot have the
initial condition pg for the Fokker-Planck PDE to be a Dirac delta due to the regularity
assumptions imposed in [26].

SDE (4.103) is akin to the main SDE from [27] where the authors describe in Theorem
4.5, in the setting of a martingale problem, that a superposition argument can be made to
justify the usage of a more generic density to what we have—a Dirac delta. The following
argument is almost identical to the one made in the proof of the aforementioned theorem.

Suppose that instead of the initial condition Xy = 2 that we have in (4.1) we say that
Xo ~ p where 1 is some probability measure on (R, B(R)), and we define the push-forward
measure v(B) := u((0, B)) of u through ¢, since we know ¢ = ¢!, for any B € B(R),
then v will be the initial condition for the process ¥; = o(t, Xt). By Kolmogorov’s extension
theorem we have the canonical process Y;(w) = w(t) on the underlying probability space,
so Q = Cr, and P¥ be a law of Y on Cr and such that (Y,PY) is the weak/mild solution
of (3.44) with initial condition Yy = y. The probability measure given by

P(E) = / PY(E)(dy) (4.105)

for E € B(Cr) is well defined and if X; = v (t,Y;), we can conjecture that (X, P) is the
solution to the martingale problem with singular drift b and initial condition u. See that
for any E’ € B(Cr) such that E' = {w : wy € B} for some B € B(R) we have

PY(E') =P¥(Yy € B) = 15(y) (4.106)
considering that PY-a.s. Yy = y. Let us set B = ¢(0, A) for any A € B(R) and we have
B(Xo € 4) = Pa(0,Yy) € 4) = P(Yp € (0, A) =B(¥o € B)  (4.107)

using the definition of P (4.105) and (4.106)

P(Y) € B) = P(E') = / PY(E')u(dy) = / 15 () (dy)

(4.108)
= [ wldy) = (B) = (610, 4)) = p(0(0.6(0, 4)) = ().
where the penultimate equality comes from the definition of v. Putting (4.107) and (4.108)
together we have that P(Xy € A) = P(E’) = u(A). So that indeed X is distributed as p.
Given the discussion above, we are now in position to solve an SDE with a random
initial condition in our setting such as (4.103), and to use the Fokker-Planck equation
(4.104) to obtain the law density p of the solution. It is possible to obtain the law of the
SDE by solving this PDE numerically so we can compare it with a density histogram of
the solution to the SDE at terminal time t = T.
The drift of the SDE is created once as mentioned above and used both in the iterative
Euler scheme that is used to solve the SDE numerically, but then it is also separately fed
to the PDE solver. In Figures 4.5 and 4.6, where the initial condition for the SDE is a

sample from a standard normal distribution, we can see how the PDE solution adjusts
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closely to the histogram, which is a sign of both the Euler scheme and the PDE solver
working appropriately. This comparison is the normalized histogram of the solution to the
SDE at time ¢t =T = 1 against the solution of the Fokker-Planck equation at the same
time for two different drifts, one which is close to the regime of measurable functions and
one on the end of regularity 5~ 1/2.

Notice how for a more regular SDE the density looks “smoother”, indicating the value
at terminal time of the solution is distributed somewhat evenly as opposed to the case
where the drift is less regular in figure 4.6—in this case with g ~ 1/2—where, although
we do have most of the observations of X1 being around zero and indeed much more
concentrated than in the previous picture, there are additional peaks on different locations.

We conclude this chapter by showing the results of performing a goodness of fit test,

SDE densities

I Empirical density
—— FP PDE solution
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Figure 4.5: Law density of the SDE obtained by solving the associated Fokker-Planck PDE
(green line) and the histogram of the empirical density (red bars) at time ¢t = T for an
SDE with drift derived from a fBm with Hurst parameter H = 1 — ¢, or a drift in C~¢, for
e=1075.

using the Kolmogorov-Smirnov test for one sample, in order to compare the empirical
density obtained with the solution to the Fokker-Planck equation. Recall that p? is
the law density of the solution, and it is stored as a numerical array, and that to use
the Kolmogorov-Smirnov test we require the cumulative distribution function. We can
achieve this simply by integrating numerically, and then we can use the array to make the
comparison to obtain the results presented in Table 4.7.

In a few words, we know that the Kolmogorov-Smirnov test is considered passed when
the K-S statistic is small and the p-value is large. This is the case for all our tests, and this
acts as a sanity check for the generation of densities through the Fokker-Planck equation,

but it additionally offers us a glimpse into a very interesting phenomenon in that occurs
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SDE densities
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Figure 4.6: Law density of the SDE obtained by solving the associated Fokker-Planck PDE
(green line) and the histogram of the empirical density (red bars) at time ¢ = T for an SDE
with drift derived from a fBm with Hurst parameter H = 1/2 + €, or a drift in C—1/2=e
for e = 1075,

Time steps K-S statistic p-value
211 0.006513891887619694 | 0.787279319179895
29 0.006246209815441578 | 0.8276968493111533
27 0.006513891890088164 | 0.7872793187950878

Table 4.3: Results of the Kolmogorov-Smirnov test for the goodness of fit of the PDE
approximation of the law density with respect to the empirical density for SDEs with drift
in the space C~/4 and time steps 211,29, 27.

with the increase of time steps. At first sight, one may be inclined to think that by
increasing the amount of time steps and therefore being closer to the real solution—both
for the SDE and the PDE—the fit of the distribution would be better and hence the K-S
test statistic and the p-value would decrease and increase, respectively. However, in the
example presented we see that this is not necessarily the case. For instance for 2! time
steps we have a slightly worse p-value than for 2°, when one would potentially expect for
the former to be slightly larger if anything. We explain this situation, with the fact that
as we increase the number of time steps, the parameter N of the sequence b will change
making both the SDE and the PDE more difficult to solve, hence explaining the difficulty
for the goodness of fit to improve. Effectively, since both of the elements that are being
compared are numerical approximations, they have an inherent error associated and this

has the potential to be amplified if other sources of error converge.
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Chapter 5

McKean SDEs with irregular drift

5.1 Introduction

In this chapter we are concerned with numerical schemes for McKean-Vlasov SDEs of the

form

X¢ = Xo+ /Ot F(p(s, Xs))b(s, Xs)ds + Wy (5.1)

p(t,-) is the law of X,

for some initial condition X which admits a density pg(t,-), where W is a 1-dimensional
Brownian motion, b is a Schwartz distribution, F' is a suitable non-linear function. SDEs
where the solution depends on the law of the unknown itself are called McKean-Vlasov,
and for the case we are interested in the dependence is on the density of this law in a
pointwise form like in (5.1). Such SDEs arise for example as limit of moderately interacting
particle systems, as shown in [37, 36] for smooth coefficients. Here we are in a singular
setting since the coefficient b is assumed to be a Schwartz distribution, in particular it is an
element of a negative Besov space C~7 with 8 € (0, %), more details below. The theoretical
well-posedness and other properties of solutions to (5.1) have been studied in [26] and here

we are concerned in devising a numerical scheme and studying its convergence.

5.2 Problem statement
We start by making the following assumptions, which will be in force throughout the paper.
Assumption 41. Let § € (0,1/2) and b € C’%/QC_B for some 0 < B < B.
Assumption 42. Let F be a function and x — F(z) := 2F(x) be such that
e [ is bounded and differentiable, and 0, F' is Lipschitz and bounded,
e F is differentiable, and 9, F is Lipschitz and bounded.
Assumption 43. Let py € C'*¥ for some v > 0.

Remark 44. The convergence rate will be expressed in terms of S and the smaller this

parameter is, the faster the numerical scheme will be shown to converge. The reader should
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think of 5 as being close to B . For technical reasons, we require that g8 — ff <vA(l-p).
Additionally, we remark that Assumption 41 is often written in an equivalent way: b €
C;/2C(_5)+, where C’%/QC(_B)Jr = U—B’>—6 C%/QC_E recalling the notation introduced in
Section 3.1.

In order to solve the McKean-Vlasov SDE (5.1), a key tool is the associated Fokker-
Planck equation

0p = 30p — 0:[F ()b, (5.2)

p(0) = po.
We understand the Fokker-Planck equation (5.2) through its mild formulation—as we have
been doing with many PDEs in this work—mnamely a function p is a solution to (5.2) if

p € CrC* for some o >  and it solves the integral equation

p(t) = Pupo — /0 "B [ax [F(p(s))b(s)ﬂ ds, t>0. (5.3)

We note that one can also study a weak formulation of the PDE (5.2). However, it was
shown in [26, Proposition 3.2] that mild and weak formulations are equivalent, and as we
do not need the properties of weak solutions, will not go deeper in their study for this

work.

Proposition 45 ([26, Proposition 3.6]). Under Assumptions 41, 42 and 43, PDE (5.2)
has a unique mild solution in the space CTC® for any o € (8,1 — ).

The above result is proved in [26] under weaker assumptions, namely py € C* and
b € CrC~7 as there is no need for Holder regularity of the drift b in time.

We are now in a position to formally define what we mean by a solution to (5.1)
following [26, Definition 6.2].

Definition 46. A triple (X, p, (Q, F, (F:),P)), in short written as (X, p,P), is a solution
to McKean-Vlasov SDE (5.1) if

e X is a stochastic process on a filtered probability space (2, F, (F;),P),

e (X,P) is a solution to the martingale problem with distributional drift B := F(p)b
and Xy ~ pg in the sense of Definition 17,

e p € OrCP, and p(t) is the density of X; for all t € [0,7].

This problem admits uniqueness if for any two solutions (X, p,P) and (X', p/, ') the
densities p, p’ coincide as elements of C7C? and the laws of (X,P) and (X',P) are

identical.

Theorem 47 ([26, Theorem 6.3 and Theorem 4.2]). Let Assumptions 41, 42 and 43 hold.
There is a unique solution to McKean-Vlasov SDE (5.1) and p is a mild solution to PDE
(5.2).
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Our numerical approach to approximate the McKean-Vlasov SDE (5.1) is similar to the
one we use in Chapter 4 but we will make a brief reminder in what follows for convenience
of the reader with the necessary changes for this setting. We start by replacing b with

N . _
bt =P L b (5.4)
and then applying Euler scheme to solve the resulting SDE. Since the density of the solution

appears in the equation, and we have changed the drift b by bV, we must start with the

study of the solution to the following regularized Fokker-Planck equation

0N = 500N — 0. [F(pN)bV],

(5.5)
PN (0) = po.

As before with equation (5.2), Proposition 45 guarantees the existence of a unique mild
solution for the regularized PDE (5.5) which reads

oN (1) = Pipo — /0 "B [a,r [F(,oN(s))bN(s)H ds, telo,T]. (5.6)

Furthermore, this solution converges to p in CpC® as N — oo for any a € (5,1 — ) by

[26, Proposition 4.4], more succinctly
lim |pY - pllcpca — 0. (5.7)
N—oo

Denote the drift coefficient of the McKean-Vlasov SDE (5.1) by B := F(p)b and its
smooth approximation by BY := F(p™)b". Let (X, p,P) be the solution to (5.1). On the

same probability space, we consider the regularised McKean-Vlasov SDE:

t

XN =X+ / BN (s, XN)ds + W;. (5.8)
0

Importantly, note that X is the initial value of the solution X and (W;) is the Brownian

motion driving X. Equation (5.8) has a unique strong solution X with density px.

We discretize the time interval [0, 7] into m equal subintervals and we set ¢; := z% for

i =0,...,m. The Euler-Maruyama approximation at time ¢ € (¢;,t;11] of the SDE (5.8)
will be
X0 = X0 BN (4, X (t— t) + Wy — W, (5.9)

Our strategy is to identify how N depends on m so that we maximize our bound of
the strong rate of convergence of X¥™ to X. Once this is done, the Euler-Maruyama
approximation will only depend on m and we denote it by )A(Z” for simplicity. The main

theoretical result of this work is formulated below and will be proven in Section 5.6.

Theorem 48. Let Assumptions 41, 42 and 43 hold and 0 < € < % — B be fized. Setting

1
I 5 o2
N(m) = methtit2(z-8-¢) ,
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optimizes our bound for the strong rate of convergence and leads to the rate

. _( et 1 +2)’1
sup E HXZ” - XtH <em \(/2-5-92 , (5.10)
0<t<T

where constant ¢ depends on € and the drift b.

Notice that the convergence rate is the same as in the main result of Chapter 4, Theorem
37, which is not surprising considering that the drifts of equations (4.1) and (5.1) live
in the same space of distributions. However, consider as well that our conclusion in the
previous chapter is that this convergence rate is not optimal and has a significant chance
of being improved by using different techniques to find it.

We briefly illustrate our strategy for the proof of the main result on convergence rate,
which is the same basic idea we use in Chapter 4 for the computation of the error, i.e. we

split the error into 2 terms

sup E| X" —X;| = sup E[X]"™"—X;| < sup E|X"—XN|+supE| XN — X/, (5.11)
t€[0,T] t€[0,T t€[0,T i

where the first one is the error of an Euler scheme applied to a smoothed SDE (called
Euler error thereafter), while the second term is controlled with stability estimates on
the SDE (called stability error thereafter). Clearly, since the drift BY of the SDE (5.8) is
smooth, a standard result on the convergence of Euler scheme could be applied to control
the Euler error. The issue however, is that the constant in front of the rate depends
on the parameters in an exponential way, in particuar it explodes as N — oo as fast
as ellB" > Thus new estimates are needed, and these were establised for SDEs (not of
McKean-Vlasov type) in [9]. These estimates involved the norms and seminorms [B™] 1 e
|BY||cpre and || BY||c,L= The reader may notice that this decomposition of the error
is not considering any sort of numerical approximation of the solution to the associated
Fokker-Planck equation p”, which may imply that we are able to get an exact solution for
it. We do not prove that we can obtain an exact p¥ as a solution in order to avoid a rather
circuitous route of analytical results, and we are able to make use of the probabilistic
nature of the problem in order to solve it. We trade this by proving that we are able to
construct a numerical approximation p such that the convergence rate of the numerical
scheme remains unchanged, this is presented in the last section of this chapter but for the

next sections it may seem like we are considering p'¥ is obtained exactly.

5.3 Analytical results

In this section we explore a few results that lay slightly outside of the probabilistic aspects
of the problem but are fundamental for the convergence results of the numerical methods
that we are after.

First, note that we can see the function F as an operator on C* for a € (0,1) and
study some mapping properties. We also denote the operator as F, so that for f € C we

denote F(f) := F(f(-)). The properties we need are given in the following result.
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Lemma 49 ([23, Prop. 3.1]). Let ¢ : R — R be a function such that ¢, is Lipschitz and
bounded. For o € (0,1) define the operator ¢ : C* — C* as p(f)(-) :== @(f(-)) for any
f € C%. Then there is a constant c, > 0 such that for all f,g € C*

le(f) = e(@)llce < co(X+IIF1Ze + IgllEe)21f = glice

and
lo(Hllce < co(1+ || fllce)-

So, when we define the mild solution of the Fokker-Planck equation what we use is not

the function F but the operator.

Lemma 50. For f € CpC¢ for some &€ € R let us define
t
o(t) = / P f(s)ds. (5.12)
0

Then g € C';/ZC'C for any ¢ <&+ 1. Furthermore, ||g[| 1/2,c < c1llfllcpcss where
T

¢—¢ 1+¢—¢
T3 T -5
_ 1 2
CI—CI(T7£>C)_CS (1 —¢ +2+651_1+g_§)'

2

Proof. For clarity, we recall the definition of the norm to bound:

lg(t) — g(r)llce
9l carzce = N9lleroe + 19l jo,cc = sup [lg(t)]ce +  sup - (5.13)

Oy 70t g /2 te[0,T] t£re[0,T] |t —r[l/2
We will estimate each term separately. For the first term in (5.13), using Jensen’s inequality

we have

lo(@le< = | [ P f(s)ds

t
< / |Pr—sf ()l ds.

c¢ 0

Applying Lemma 9 (i) we obtain

1_$=¢

[ ~(5Y) LT
lg@llce < s ; (t—s) V2 f(s)llceds < ST [ llerees
=

where c}g is the constant from the Schauder estimate and in the last inequality we use

¢<&+Tand [|[f(s)llce < ||fllepce- We take the supremum over ¢ and conclude

1_$=¢

T 2
l9llcree < C}gﬁHchTcs- (5.14)
- T2

1
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For the second term in (5.13), let us fix 0 < r <t <T. We have

/0 Py f(s)ds - /0 " P f(s)ds

l9(®) — g(r)lloe = ]

’ ce

t T
S/r [1Pe—s f(5)ll o d8+/0 1Pr—s [Per f(5) = f(5)]llcc ds,

c<

/ P_sf(s)ds + /OT [Pi—sf(s) — Pr—sf(s)]ds (5.15)

where the last inequality comes from the semigroup property and Jensen’s inequality. For

the first term on the right-hand side we apply Lemma 9(i) to get

t t
/ 1P f () ds < / e(t — 5)V2 [ £()l| e ds.

r

Noting that £ > ¢ — 1, taking the supremum over s and computing the integral we get

t t
J NPt @locds < [ bt =972 156 lex ds < b2t =12 | flyee. (516)

For the second term in (5.15) we apply Lemma 9(i) and (ii) for some n € (0,1) to be
specified later

/0 NP [P f () — F()ll e ds < /0 " = 8) B f(5) — F(5)l| e ds
< [ b= 5) b= )2 (5 o ds
0

'
= S — )Y [ fllon e /0 (r — 5)~ds

,
1—n

= C}GC%‘ (t— 7")1/2 Hchch—2n+1 )

where the last inequality comes from taking the supremum over s. Setting n = 1H6=¢€ 56 as

2
¢ —2n+ 1= ¢ we obtain
r ,r_lf 1+57§
/0 [1Pr—s [Prer f(5) = f(9)]ll e ds < c}chm(t =) | fllegos - (5.17)
— et
Stitching (5.16) and (5.17) together we get
1_ltc—¢

r 2
lg(t) — g(r)llce < 25t —r)H/? 1 llepee + C}scgm(t —r)l/? [ lepce -
gt

Thus
|_lbce
[9]1/2,0¢ < <2C§ +C§C§1_1+§5> [ lepce - (5.18)

O]

The result above allows us to increase the regularity in time at the cost of reducing
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the regularity in space and it will be used to find bounds involving the solution to the

regularised Fokker-Planck equation p'.

Lemma 51. For f € LE}OC’g for some £ € R define g by (5.12). Then g € L%OCC for any
¢ <&+2, and ||gllpsece < el fllrsece, where

T
_ 1
03(T7£a<—) - Csl B ng .

Proof. We only need to derive a bound for ||g(¢)||o¢ which is uniform in ¢ € [0, T]. We have

t
< / 1P f () e dis
c< 0

= ¢t
t—= T

¢
< /0 cs(t—s)"2 || fllceds = Clslﬁ”f”a < Clslﬁnfﬂc&
2 2

lotOloc = | | P f(s)ds

where cg is the constant from Lemma 9. O

5.4 Regularity properties of p"v

In this section, we derive estimates for 1/2-Holder (in time) norm of py and for the spatial
derivative of py. These will be needed in the following section to study the behaviour of
the Euler scheme for the approximating SDE (X}V).

We start by citing known results. The bounds established in equations (4.60), (4.61)
and (4.59) from Corollary 28 using Schauder estimates read in our setting as follows: for

any € > 0 we have

4B
B3 e < N2 [bll /205 (5.19)
P
16" lerre < N2 (bl s (5.20)
e+f+1
163 lerroe < N2 [1bll oy s (5.21)

where the constant ¢; depends on €, 8 and T'. In what follows, € will appear in the main
result of this chapter and in many intermediate estimates. We do not know the limit of ¢
as € — 0, hence, we cannot set ¢ = 0 in the above estimates. However, € is meant to be
arbitrarily small but fixed.

Below we will obtain bounds on p" which will enable us to derive in the next section
analogous estimates as in (5.19)-(5.21) but for F(p™¥)b". By Proposition 45 we know that
and p" are continuous in time as functions with values in L>, but we also need estimates
for the time-Hdlder norm and for the L norm of the derivative in space with an explicit

dependence on N.

Lemma 52. Let us denote by HY = F(pN)bN, and its derivative in space by HY , then

f07’77€ (Oal_ﬁ)
HY € 0rC" and HY e cromt, (5.22)
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Furthermore,

e+
VY s < esNE (5.23)
where the constant c3 depends on T, ||p||c1/2va, supy [0V ]|opcs and on [|bllc,.c-s-

Proof. First we show that for each t € [0, 7] we have HY (t) € C" and we bound its norm
uniformly in ¢. Recalling that |HY (t)||cn = ||[HN ()| L= + [HY (t)],, let us bound the

second term as

[HN ()] = [(F(p™M)BY)(0)]y < 1BV ()| 2o [F(p™) ()] + DY O F(0™) (0)|zoe- (5.24)
Thus we have

ICEE™)PY) Ol en

< IEEN) Oz 0™ Ol + 1B (@)l [F(p™) Oy + B ()]l F (0™ (1) 2
= [[6™ () 2= (1(E(p™) Oz + [F(p™)(O)]y) + [N )]l F (V) (8) | 2 (5.25)
= [[6Y () |2 1(E (™) @) e + BV @] F(p™) (1) 2=
< o™ @)1z 1CE ™)) O llen + 0 @)l F (™) ()l
= [I(E(™) O llenllb™ @)llen-
By Schauder estimates (Lemma 9) we have
B+n B+n

1™ (#)llon < SN0 < 5N = [1Bll s

We apply Lemma 49 on F with o = 71 to obtain

IE (™ ()llen < e+ 1™ (t)llcn)-
By [26, Proposition 3.3] (choosing v = 1 V 1, and using that b € C7C~# and py € C%Vn)

there is an increasing function (dependlng also on T, || po| 1v”) such that

N N N
tS[lépT]Hp ®)llen =l lleron <o, oavn < 18V lere-5) <5 <Sup||b loro- ﬂ)
€|0,

and the latter is finite because b — b in C7C—# as N — oo. Putting everything together

in (5.25) and taking the sup over ¢ we obtain

IHN || Lsecm = | F(p™)bN || Lse e

B-H/

<cp 1+H(S%PH5N||CTC—¢3))CSN 1ol o-5
_ oN,

where the constant C' depends on the Schauder constant c}g, the constant c,, the final time
T, and on the norms Hpo”c%\/n,sup]\[ 16| ¢ -5 and HbHCTC,B, but crucially not on N.
To obtain (5.23) it is now enough to use Bernstein inequality (Lemma 7) which ensures

HHéVHL%oqu < ep||H™||gecn. This gives (5.23) where ¢z := Cep.
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5.4. Regularity properties of p™v

Now let us prove the continuity in ¢ of HY. Take t,s € [0,7]. We know that
HN(s), HN(t) € C", and with similar computations as in (5.25) we have

= IEEM)0) = FM ) len 526)
< PN = FEV DY Wller -+ IFENE O 6 =Y () o
< IEE DO = N lenllb @ llen + HEE) ) e B (8) = b (5) .

The second term in (5.26) tends to zero as t — s since b € CrC" and ||(F(p™))(s)|lcn <

1E(p™)]| Lgeen < o0 by the computations above. Let us consider now the first term in
(5.26). For fixed t, s we know that pV(t) and pV(s) are elements of C" so by Lemma 49

we have the bound

(F(p™))(8) = (F(p™))() e
< e (L+ IV @20 + 10" ()120) 210N (1) = p™ () e
<o (L+ 1PV D12,y + 10 ()12,00) 0™ (1) = oV (3) e

Mg @) = Y (5)llom,

A

o3
< cp(l1 +28up\|p
M

where supy ||p Coenvh is finite since p’¥ — p in C™V3 as B<nv % < 1— /. Using that
'TC

pN € CrC™, the right-hand side converges to 0 as t — s. This proves that HY € CrC".
By Bernstein inequality, for every s,t € [0,7] we have

1Y (1) = HyY (5)llon-1 = 105 (HY (8) = HY(5)) | on-1 < epl|HY () = HY(5)lon,

therefore the continuity in time of the derivative HY in C"~! holds by the continuity in
time of HY in C". O

Using Lemma 50, we will show that p? is %—Hélder continuous on t.

Lemma 53. Let pV be a mild solution of the Fokker-Planck equation (5.5), then pN €
C’%/2L°°. Furthermore the following bound holds for any n € (0,(1 — ) Av)

+8
[pN]1/2,L°° <cg+cesN2 . (5.27)

Where
ca = csl|pollcrn

s = ca(T' v, v)epen(L + K(T [|pollca » 10llopc-5))[bllcpo—e-

Proof. We observe that p’¥ € CpC? (see Proposition 45), so pV € C7L>. We only need to

prove the Holder continuity in time, i.e., we need to bound the seminorm [pN |1 oo Recall
2 b

that by (5.6), p™V(t) = Pypo — f(f P,_,0,HN(t)ds. Without any increase in complexity, we
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will provide a stronger bound: for any § € (0,7) we have

9 s — s 120 =2 Ol
,Cn— tts ‘t _ 8‘1/2
HPtpg — Pspo + fg P, HY (u)du — f(f PS_uHéV(u)du) B
= sup o
t#s |t — s|1/2
< sup 1Ptpo = Ppolions + sup Hfo B3 (w)du = fy a1 )duHCn—é
T ots |t - s['/2 s It — s[1/2
(5.28)

For the first term, we use the Schauder estimates, Lemma 9(ii) with ¢ = 1/2:

1/2 1/2 |1/2

1Pipo = Papollen-s < 1t — sllpollen-sr < It — s|llpollcrse = eslt -

having used that n —d+1<n+1<1+w.
For the second term of (5.28), we start from noting that HY € C7C"~! by Lemma 52.
An application of Lemma 50 with f = HY and ¢ =7 — § yields

tr—>/ Pr_ HY (u)du € C}/*Cn?
with the norm

+8
. <alBY lopon S cesNE
CT/ cn—=5

/ | P_ HY (u)du

0

where the last inequality is by (5.23). It remains to note that [z e < || - [l 172,00 <
T
|| : ”C;_‘/QCY]—(s' ]

Lemma 54. We have p" € Cr_lp/2C77 for any n € (0,(1 — B) Av) with

n+B+6

[N j2.0n < ca+ 5N
where & > 0 is arbitrary but the constants cy,cs from Lemma 53 depend on it.

Proof. Assume first that ¢ is such that n + 6 < (1 — 8) Av. The estimate of the Holder
seminorm [p"]; s2,cn follows directly from the estimates in the proof of Lemma 53 upon
taking 7 =n + 6. If 0 in the statement does not satisfy the condition n+ 6 < (1 — ) Av
we obtain the result for any delta that satisfies it and the notice that the right-hand side
of the estimate is increasing in §. The finiteness of the Holder seminorm together with the
fact that p’¥ € CpL>®—as noted in the first line of the proof of the Lemma above —implies
that pN € Cp/*Cn. 0

Lemma 55. We have pY € L¥L>® for any n € (0,v)

8
oz g ree < c7+csN 2. (5.29)
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Where
Cr = HPOHC’TC’IH

cs = c3(T,v,v)epen(1 + &(T, [|poll ga 5 10l cpc-8)) 10l cpo—s -

Proof. Fixn € (0,v) and § € (0,7). Recall that by (5.6), p™¥ (t) = Ptpo—fg P,_s0, HN (t)ds.
We will show that pN € L>®C"*1=% by bounding the norm. We have

(5.30)

/ P_,HY(s)ds
0

HPNHL%OCW+1—5 < ||P‘PO||L%Ocn+175 + ’
L%ocvﬁl—é

The continuity of the operator Py on C"1=% implies || P;pol|cn+1-s < C||pol|cn+1-s for some

constant C' > 0, so

1P.poll secnri-s < Cllpolleni-s < Cllpollcatr, (5.31)

where the right-hand side is bounded as n — § < v and by Assumption 43. For the second
term of (5.30), we apply Lemma 51 with ( =71+ 1 — 0 to obtain

< el | HY | o1,
LgpCn+1-9

/' P_ HY (s)ds

0

where we used that HY € CrC"~! by Lemma 52 with the bound ||HY ||cpcn-1 < c;;N#
and the constant cs depending on 1 and 4. Inserting the bounds into (5.30) gives

n+B
||PNHL;°Cn+14 < Cllpollcr+v + czeaN 2.

By the Bernstein inequality, Lemma 7, applied for each time ¢, we have

12 s cn-s < enllp™ [l oo nrrs-

Asn—9 > 0, the bound Hpi.VHL%OLoo < ||inHL%ocn_a holds. As we do not want the estimate
in the lemma to depend on §, we need to specify ¢ as a function of 7, for example, 6 = n/2.

The constants 17 and § influence the constant cs. O

5.5 Three key bounds for BY

The main aim of this section is to derive regularity results for the smoothed drift BY in
order to apply similar arguments to Chapter 4. More precisely, we are aiming at obtaining
analogues of results in Proposition 27 and Corollary 28. In particular, we need to show that
BN € €y’ L N LEC}, where, BN = F(pV)bY. In this section, we fix ¢ € (0, (1 — 8) A v)
and consider the bounds (5.19)—(5.21), where the constant ¢, depends on e. We recall that
€ is meant to be small but we cannot send it to 0 as the constant ¢, in the aforementioned
bounds may explode. We will also apply bounds from the previous section with n = ¢ and

the constants there explode when 1 — 0.
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Lemma 56. We have BY € C’%/2L°° and

| BN || Lge e < N2,

€ L‘? )
[BN];LOO < coNF + e NP,

where

co = [[Flloccollbll -

10 = @llBll g, o5 (1P lloe + 1 Falloocs).

ci1 = allbll g, o a | Frlloocs.

Proof. Since F' is bounded, we write

etd
IBY|zgezee = 1F(p™)b™ [zgeroe < Fllscllb™ 25200 < 1FlloocsN = [Ibll, -5

where (5.20) is used the last inequality. This proves the first bound in the lemma.

To show that BY ¢ C’%/ 2LOO, it is sufficient to bound the following seminorm

BNt,' —BNS,' o
B e — sup 1B = B sl

s |t — s]1/2
We write
1BY(t,-) = BN (s, )|z
= [|F (o™ (8, )N (X, ) = F(p" (8, )0 (s, ) + F(p" (8, )™ (s, ) = F(p™ (5,-))b"™ (5, )| 2=
< HF(pN(t, '))[bN(tv ) - bN(Sv )]”LOO + HbN(Sv ')[F(pN<t’ )) - F(pN(S7 ))]HLOO
(5.32)
For the first term, the boundedness of F' and (5.19) yield

IE (o™ (&, DBV () = 6V (s, ) llpee < I F oo lI6™ (8 ) = bV (s,-) | s

<N Flloo o™ poelt = 5[

e+B

< N FlloocsN 2 (bl gy st — 512,

In order to bound the second term in (5.32), we recall that the derivative F, is bounded
and b" is bounded, so

1™ (s, )E (PN (E, ) = F(p™ (s,))]l| o

< 16Vl op Lo |F (0™ (2, ) = F(p™ (5,)) 2=
< 6l opzoell Falloollo™ (£ ) = p™ (s, ) [ oo

Inserting the estimate (5.20) for ||b™ ||,z and the bound from Lemma 53 with = e for
||pN(ta ) - pN(57 ')”LOO gives

6% (s, ) [E (N (8,-)) = F(pN (s, )llzoe < N7 (bl oo |1 Falloo (ea + esN 720 [t = s/,
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1/2

Putting the above estimates into (5.32) and dividing by |t — s|*/* provides a bound for

[BN]1/2,LOO and completes the proof. O
Lemma 57. We have BN ¢ L%OC,} and

e+B+1

iﬁ ~
IBY |lLooree < c1aN 2 +eisNH 4 eyN -2 (5.33)
where
c12 = ||Felloscren|bll oo
a3 = [|Felloocsen|bll oo

c1a = [|[Flloocollbll . -5
Proof. For any t € [0,T], it is clear that BV (¢) is differentiable in x because so are F by
assumption, p™(¢,-) by Lemma 55 and b (¢,-) by (5.21). To prove (5.33) we write

d

(5.34)
and bound its L®-norm as follows
1B lse Lo < 1 Fe(p™)pl 0N || oo poe + | F(p™ V0L || oo Los (5.35)

N N N N N
< Fe(p™ )lLgereellpp Lo noo 167 | goLoe + |F'(p™) || Lge oo |02 (| Loe Lo

Recalling that F' and F, are bounded by Assumption 42 and using equations (5.20), (5.21)

and Lemma 55 with 7 = ¢ we get

1BY g 2 < [ Fellooler + esN F)esN Tl o, s + [ FllooesN 5 8],
< Py lloocreoN F bl o5 + [ Felloocsco N [bll, o s
1l N 5 bl o5
which concludes the proof. O

5.6 Convergence rate with an exact solution to the Fokker-
Planck PDE

In this section we finalize our analysis of the convergence rate for (5.1) assuming that
we know p’V exactly, which solves the regularized Fokker-Planck equation (5.5). This
assumption is relaxed in Section 5.7. X

By the results above we can see that B belongs to the space C% L> N L>®CYL, therefore
a modified version of Proposition 27—where the Euler approximation X™ is for the

solution of (5.8)—can be stated as follows.

1
Proposition 58. Let BN ¢ CzL>*nN L‘X’C’I}, then
supE[ XY™ — XN < dy(N)m ™! + do(N)m ™2
t
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where ) ) )
d1 (N) = CQN# <1 + 012]\7# + 613]\7EJrﬁ + 014N6+2,8>

et+B 3 e+B+1
da(N) = (c10 + 012)N% + (c11 4+ c13) NP feyN—2 .

1
Proof. See that by Lemmas 56 and 57 BN € C7L>™nN LOOCI} holds, also Assumption 41

holds, so we can use Proposition 27 to get
sup E| XV — XN| < C5(N)ym ™! + C5(N)m ™2
¢
where
C3(N) = || BN || zge oo (1 + | B2 || oo o),

and
Ca(N) = |BY [lzss o + [BY]1 /2, 10

Also, by Lemmas 56 and 57 we can bound C3 and Cy by

C3(N) < C9N# <1 + C12N# + C13N6+B014N6+§+1>

e+8 et+B+1

C4(N) < (610 + 612)]\7 2 4+ cyN~ 2 + (611 + 613)N6+B.

For the problem of finding a bound for the difference sup, E|X}¥ — X;| let us see that
Corollary 36 holds for any drift u € C%/ o8 )+ in particular we have assumed that B

and BY satisfy that condition, so we can use said result to bound the difference above

N N _ py2a-1
sng\Xt X¢| <c|B BHCTC’*B (5.36)

for any & € (1/2,1 — f8) and § € (3,1/2) such that ||p" — blle, -5 < 1. Note that we
also use constants o € (8,1 — ) (see Proposition 45) and 5 (from Assumption 41). The
flexibility in the choice of B will be used in the following proposition when we estimate the

difference ||BY — B]| opc-5 applying Schauder estimates.
Proposition 59. For any & € (1/2,1 — B), and any y € (B, 1/2), we have
N v—B\ 26—1
sup E|XY — Xy| < e15 (clgN_T> , (5.37)
t

for N sufficiently large so that | BY — Bl|¢;c-~ < 1, where the constants c15,c16 > 0 do

not depend on & and B

Proof. We will use the estimate (5.36) and bound its right-hand side. Recall the definitions
BN .= F(pM)bN and B := F(p)b. Let 4 € (,00) N (3,1 — B), then adding and subtracting
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5.6. Convergence rate with an exact solution to the Fokker-Planck PDE

F(p™)b and using the triangle inequality we get

IBY = Bllopc— = IIF(0™)bY = F(p)bllcpe—
= [|F(p™M)p™ = F(p™)b + F(p™)b — F(p)bll oy
< ||[F(p™MN = F(p™)blicrc— + IF(p™)b = F(p)bllcpe—
<|F(eM)O = 0)llope— + [B(F (™) = F(p)lcpo-

Since we have the product of functions and distributions, by the norm property of the

point-wise product (3.20) where we must have v < 4, we have the bound

IBN = Bllopc— < I1F(p™)loperllb™ = bllope— + 1bllepe— 1 (™) = F(p)lcpes-

Let us split the right-hand side of the inequality. The term ||F(p")||c,.c+ is bounded as

follows:
IF (M) lopes < co(L+ 10N lopen) < o1+ sup oM lopen) < co(X+ lIpllenes),

where the first inequality is by the linear growth for the operator F' (see Lemma 49) and the
third inequality uses the convergence of p — p in C7rC7, which implies the boundedness
of |pY|c,c5 in N € N for the choice of 4 € (8,1 — 3).

The term ||F(p™) — F(p)||¢,c+ is bounded by the first part in Lemma 49

N
1E(P™) = F(p)llepes < et + 10" 13,00 + 1012000 210" = pllescs-

Then since v € (3,1/2) we use [26, Proposition 4.4] to get
o™ = plloges = sup [Ip™ (t) = p(t)lles
te[0,T]
< L (lvoll s, bllepoa VDY llopo-n) s 6™ (2,-) = b(t, ) oo
t€o,

N N
=Ly (lvolless bllere— Vb llope-) 167 = bllepe-,

where 5 comes from the aforementioned proposition, and is increasing in its second variable.

This allows us to write

N
L (Ilvolless 1ol epe— VI lepe—) < 5 (Ilvollos, Iblope—) = a,

since b converges to b in CrC~? so the norm ||V ||¢,.c-~ is uniformly bounded in N.

Combining the above estimates gives

|IBN — Bl|¢,c-s

< (co(1+ lIpllopes) + et + oM 1E, 0 + 1olE,c0) allblere) 16N = bllepc-s-
Finally, by Schauder estimates 9 (ii) we have a bound in terms only of ||b||c,.c-~ for the
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Chapter 5. McKean SDEs with irregular drift

last term above
y=8

1 2
I = bloro-s <& (5 ) Ibllere,

then we can put our estimates together to get

IBN — Bllgyc-s
y=8

N2 2 1/2 Ly 2
< (e + lIpllorer) + e+ o7 loper +lple,ca) ™ allbllore-+)e | & ollcro—-

=8
Note that only the constant that accompanies (%) 2 [|b]lc,c— is dependent of 4, so we
chose 4 = 1/2. O

The final result to bound the strong error is then obtained by merging Propositions 58

and 59.

Theorem 60. Assume that the conditions for Propositions 58 and 59 hold, then the
numerical error is bounded by

EIX™ — Xo| < crrm ™+ crsm™ 7 + 015(016N_#)2&_1, (5.38)

where
ciy = Cg(F)N# <1 + CQN# + 010N6+’6) ,

etB
2

B8 e+8+1
cig = (co+c11)N 2 +ecaN 2z + (c13 4 c10) NP,

and the constant c1g comes from Proposition 59 and is independent of the choice of & and

B.
Proof. The proof follows immediately by the triangle inequality and the usage of Proposi-

tions 58 and 59. ]

The technical proposition above expresses the bound for the approximation error in
terms of the smoothing parameter N and the number of time steps 1/m, plus several
auxiliary parameters €, a,y. We want to choose those auxiliary parameters in such a way
that we can determine the dependency of N on m and finally express the convergence rate

only in terms of the time steps m and the regularity 5, thus we choose

which appears in the estimates in the previous sections starting from (5.19)—(5.21). We
note that € must be smaller than v A (1 — 3), see the beginning of Section 5.5, which is
guaranteed by the discussion in Remark 44.

Inserting the above € into the formulas for dy (N) and d2(N) in Theorem 58

dl(N) = 69]\7g (1 —|-012]Vg +013Nﬁ +C14N%> ,

8 B+l
da(N) = (c10+ c12)N2 + (c11 + Clg)Nﬂ 4+ ci4N 2.
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5.6. Convergence rate with an exact solution to the Fokker-Planck PDE

The fastest growing terms in dq (V) and do(NN) are, respectively, coc1a NP3 and 014N§+%.

Now, we proceed to determine the relationship between N and m to balance the error
of the Euler-Maruyama scheme for XV and the error of approximating X with XV. We
postulate that N = m® for some w > 0 to be determined in order to maximize the rate.

The asymptotic behaviour is guided by the fastest growing terms in (5.38), i.e.

1 B+l 1
09014N’5+2m ! +c14aN 2 m™ 2
1 _ B+1
209cl4mw(5+2)m Lyepum® = m

NI

1 B+1
w(B+3)-1 +oepm® T

N|=

(5.39)

= cgc1am
Next we turn our attention to the third addend in the rate (5.38). We select a € (1/2,1—f3)
and v € (B ,1/2) according to Theorem 60 so to maximize it, that is, to maximize

_(y=8)(2a=1)
2 .

This is achieved by picking the largest possible a and =, that is «a = 1 — 8 — A and

v =1/2 — A, for some small A > 0. Hence we have

(v=B)(2a—1) (3 -2-B)(2-28-22-1) (3-2-p)(1-28-2))
-———%  =N-— T —

= 2 =

—w(i-x—p)a-28-2x
(3 /1‘2)( B-2X) _w(%_A_ﬂ)g.

=m =m

Finally, let us find the best choice for w > 0. First of all, in order to guarantee

convergence we must have that the exponents in (5.39) are negative, that is

B+1 1
wi_

1
-1 -
w(5—|—2) <0, and 5 5 <0

which simplifies to w < % and w < ﬁ, thus the only requirement we need to enforce

s0<w< ﬁ Under this constraint it is clear that asymptotic behaviour of (5.39) is
governed by

B+1
mY 2 ,

=

indeed, this is the leading term as long as w < 1/3. Therefore, the asymptotic behaviour
of (5.38) is controlled by the sum

Clmw%ié + Cgmiw(%fﬁf)‘)

for some constants C1,Cy > 0. As the first term is increasing in w while the second is

decreasing, this expression decreases the fastest as m — oo if the two exponents are equal:

g+1
wi

1 1 2
7 3= wG=A-2

1
(1+8)+2(3-B-N)

which yields w = 5. We collect this result in the following theorem.

Theorem 61. Let N(m) = m®. Then the optimal rate of convergence derived from
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Chapter 5. McKean SDEs with irregular drift

Theorem 60 is obtained by choosing

1
(+B)+25-F-2P

for any XA € (0,1/2 — B3). This yields the convergence rate

N _1p asep
sup E|X; (m)m _ Xy <em ? 0925522 (5.40)
t€[0,T]

when m is sufficiently large so that | BN(™) — Blleyc-~ < 1 and ¢ > 0 independent of N.

5.7 Numerical approximation of p

So far, we have operated under the assumption that the solution pV to the regularized
Fokker-Planck equation can be obtained exactly. Although this has allowed us to focus on
the probabilistic aspects of the numerical scheme and derive a bound for the approximation
error, in practice we must also approximate the function p" numerically, therefore this
approximation will incur in an error that we have to take into account in the convergence
rate. In this section we will show how the approximation 5"V of pV can be constructed
so that we preserve the bound from Theorem 61. In this theorem, m stands for the
cost of computing one trajectory of the approximate solution of SDE (5.1) The cost of
generating multiple trajectories is an appropriate multiplicity of the cost of generating one
trajectory. However, the calculation of p? is done only once, so the cost of it is independent
from the number of trajectories of (X;) that are subsequently simulated and it cannot be
incorporated into the bound stated in terms of m.

We denote by p"V a numerical approximation of p, to which we associate the solution
of SDE (5.8) X~ when we change the drift from BY into BN (z) = F(pN ()b (z), then
XNm s the Euler-Maruyama approximation of XN, The following results state the
conditions which need to be satisfied by the solution 5"V so that the rate (5.40) holds with
a mere change in the constants. With this we will conclude that the derivation of Theorem
61 is solely based on the exponents of m and N.

In contrast with the decomposition of the error for the numerical scheme from (5.11),

in this case we will have the error decomposed in three terms, namely
EIXV" - X, <E|XN™ - XN+ EIXY - XN+ EXY - X4, (5.41)

so now our task is to find bounds for those three terms. For the first term we need to find
an analogous bound as we did for IE\XtN ™ — X N| but replacing p" by %, the second term
is new, and the last term is bounded by Proposition 59. The final result of this section is

condensed in the following theorem, and its proof is the subsequent results.

Theorem 62. Let us assume that for y € (y,00) N (5,1 —B) and & € (1/2,1 — ), that
the solution to the reqularized Fokker-Planck equation is such that p& € C’%/QLOO and p is
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5.7. Numerical approximation of p

its numerical approximation, and the following holds for some C > 0

16 lopes < Cllpllepens

~ _a=8
15~ = pNllopes SCN™ 2,
152 | zes oo < CllpY || Lse Loe,

[ﬁNh/z,Loo < C[pN]l/Q,L"O-

Then

sup E|XN™ — X, < C(dy(N)ym™ + do(N)ergm™2)
0<t<T

B—8
+eis(cigNTz )2t (5.42)

_a=8\2a-1
+ <c¢,(1 + Csy\tfp HpNHQCTm)l/QC’N P )

where the constants di and do come from Proposition 58, c15 and ci1g from Proposition 59,

c1g from Theorem 60, and c, from Lemma 49.

Proof. The proof follows directly from using Lemmas 65, 66, and Proposition 59 on equation
(5.41). O

Note the similarity between Theorem 60 and the result above, where besides the terms
with m we have terms with explicit dependence on N. As we discussed after that that
result, the second two terms in (5.42) will not play an important role in the convergence
rate since they decrease way too quickly and again the optimization of the dependence of
N on the number of steps m is going to be m®“ for w as in Theorem 61. Leading us to the
same convergence rate when we consider a numerical approximation of the Fokker-Planck
equation under the assumptions of Theorem 62.

For the first term in (5.41) we need to find a bound for the quantities HBNHL%oLoo,
BV, /2,100, and | BY| Lge Lee which will be given in the following lemmas that are analogous
to Lemmas 56 and 57 for BY.

Lemma 63. Let pV be an element of C%/ZLOO, and assume that there exists a constant
C > 0 such that [IaN]l/Q’Loo < C[pN]l/QyLoo. Then we have BN € C'CIF/QLOO and

HBNHL%OLOO S 69]\7#7

e+8 A
[BN]l/Q,LOO <cigN 2 + Cey NP,

where c1g, c11 and c12 are from Lemma 56.
Proof. Note that F' is bounded, so
BN | se e = 1 F(P™ )0 | oo < |1 F [loollb™ || oo oo
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Chapter 5. McKean SDEs with irregular drift

and by (5.20)

A B
||BN||L%<>L<>o <[ FlloocyN 2 ||bHCTc—B

which gives the first estimate. We will show that BY € C; /2, by bounding the seminorm
AN IBY(t) — BN (s)| e

[B ]1 2,L° = sup
/2 t,s€[0,T),t#s ‘t - 3‘1/2

which will also prove the second estimate. We write the numerator of the right hand side

IBY (8, ) = BY (s, )1 = [F (A" (8, ) (t,-) = bV (s, )]l

0N (s, ) F BV (8, ) = F(pN (s, )]l

Note that the first term is the same as in Lemma 56 and by the same argument on the

boundedness of F', (5.19) and (5.20) we can bound it as

(5.43)

IF (N ([N (8 -) = 0N (s, )l poe < [F oo D™ (£, ) = Y (s5,-) | oo
< F oo [V 2, poo |t — 5[12
+B
<P llooesN = [0V o, mplt — s['/
For the second term we recall that F, and b" are bounded we have
1Y (s, ) (AN (2, ) = F(™ (s, N zoo < 10N log o | Fallool 6™ (£, -) = AN (s, ) 2o
< 16 lopros | Felloo[8™ 12,00 1t — 172
<[PV flerzoe | FelloaCloN 12,00t — 512
where the last inequality comes from the assumed bound in [p"]
(5.20) we get

1/2,Lo- Furthermore, by

e+B

16N (s, Y F (BN (8, ) = (AN (5. Dl < eoN 71l oy o | FellooClo 1o, oo ¢ — 512,

Multiplying both sides of (5.43) by |t — s|*/? and considering the bounds we derived, gives
the bound required for [BN], /2,10 and therefore BN ¢ C%/ 2. O

Lemma 64. Let pV be an element of C’;/QLOO and assume there exists a constant C' > 0

such that ||[)iv||L%oLoo < C||pfvv||L%oLoo, we have BN ¢ L¥C}L and

e+B+1

. 8 .
1BY || Ly < CernN T + CersNH 4 ¢y N (5.44)

where the constants cy2,c13,c14 come from Lemma 57.

Proof. By the same arguments as for B (c.f. Lemma 57) and the assumed bound on pY,
BY is differentiable. We write

BY(t,) = %[F(ﬁN(t, NN ()] = Fo(p™ (8,-))pg (8 )0 (8, )+F (AN (2, )63 (¢, -), (5.45)
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so we can calculate the bound on L from the term above as

1B (¢, Mgz < I1Fa (6™ (8, Dlzgr=Cllpz (¢, zgeroe 6™ (¢, ) gz

. (5.46)
+HIFAN (& D egroo 102 (¢ )l pge oo

Using the fact that F and F, are bounded, and Schauder estimates on the norms of b
and b we get the desired result. O

So we are finally ready to give the bound to E|X"™ — XN| in the following result.
Lemma 65. Given the assumptions from Lemmas 63 and 6/ we have the bound

sup E|XN" — XN| < Cdy(N)ym™ + Cdy(N)m™/? (5.47)
te[0,7

where C > 0, and the constants di and dy come from Proposition 58.
Proof. Using [9, Proposition 4] we have that

sup E[XN™ — XN| < dy(Nym ™! + dy(N)m~/?
te[0,7

with R R X
di(N) = | BN peopoe (1 + || BY || 2o o)
da(N) = || BY || ge Lo + [BN]1 o,

So, it suffices to prove that there is a constant C > 0 such that ch < édl and 622 < C’dg to

have the bound we require. To acomplish this, note that by Lemmas 63 and 64 we have

~ B
IBN|Lge e < coN 2 (5.48)

A

Q ~
(B2, < c10N 3 4 Con NP (5.49)

e+B+1

1B g ros < CopNs +CC13N P p ey N (5.50)

Then we can see that

di(N) = HBNHLOOLOO(l + HBNHLWLOO)

< CgN 2 (1 + 0612N 2 + CClgN +B + 014N6+6+1)
and since
dy(N) = || BY || Lge 1o + [BN 10,1
(0612 + C10)N 4; (0013 + 0611)N6+5 +cpyN~ 2

6+B+1

And since

dl(N) = CQN# <1 + ClgN 2 —|- 613N +B + 614N6+B>

B
dg(N) = (610 + 012)N -g + (611 + 613)
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Chapter 5. McKean SDEs with irregular drift

we can find C' such that both equations above are bounded by Cd, and Cdy respectively.
Which completes the proof. O

The second term of (5.41) can be bound using Proposition 35 as we explain in the

following lemma.

Lemma 66. Let us assume that for 4 € (y,00) N (8,1 — B) the following holds

1A lcres < CloY llopes (5.51)
A _a=B
1AY = pMlcper <ON~77, (5.52)
for some C' > 0. Then
~ 48\ 2a—1
sup E|XY = XP| < (ep(1+ Csup V|2, o) 2ON~7") (5.53)
t€[0,T] N

Proof. Consider X%V is the solution to (5.8) and )A(tN its numerical approximation where
BN replaces BY in (5.8). Note that both BN, BN € CrC~7, so we can use Proposition 35
which yields

Sup EIXYN — XM <l BN - BY|Z (5.54)

Following similar arguments to the proof of Proposition 59 we see that
AN Nj2a-1 AN\, N Ny\pNj2a—1
I1BY = B [lcr o = [F(p7)b™ = F(p )0 || o

< [0V ey | F(6Y) = F() 2k,

(5.55)

where the last inequality comes from an application of (3.20) since b € C7C~7 and
F € CrCY with 4 > ~. Then we use Lemma 49 to find a bound to ||[F(p") — F(o™)|c,cn

as follows
IF(6"™) = F(p™M)lepen < cp(l+ Sup 1™ 120 218N = PN lleres (5.56)
where we can bound HpANHéTm by (5.51) and [[p™ — pN||c,cv by (5.52) which gives
IE() = F(oMlogos < o1+ Csup oV, 00) /2ONT (5.57)

Finally, stitching together (5.54), (5.55) and (5.57) we get the desired result. O

5.8 Implementation of numerical methods

This section has several goals. The first one is to demonstrate that we can implement
the proposed numerical methods. Additionally, it acts as a sanity check, since this is the
only way to simulate the SDEs we study and to verify that the regularization process that
we apply to the drift captures the characteristics of the original distributional drift. The

second goal is to study the effect of the function F' on the performance of the numerical
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scheme and on the behaviour of the solution. Finally, by using the Kolmogorov-Smirnov
test we can study, albeit in a more exploratory way, the goodness of fit of the density
obtained by solving the PDE compared to the empirical density of the Euler approximation
of the solution to the SDE.

Implementation of the Euler-Maruyama scheme

We approach the numerical methods for McKean-Vlasov equations similarly as for the
linear case presented in Chapter 4. With the added twist that we must simulate the law
density of the solution, i.e. pV. In [26], the authors prove that p¥ is the solution to the
associated Fokker-Planck PDE of (5.8), which we recall here for the convenience of the

reader

B = 480 — L1F(] (559

p(0) = po-
Note that this PDE is one-dimensional, so it can be solved numerically using standard
methods. As we have discussed in Section 5.7, we can find a sufficiently good numerical
approximation of p» which can be used in the Euler scheme without affecting its convergence
rate.

In order to ease our way to solve the PDE we searched for a solver implementation
that could be of use for us, finding out that an appropriate tool was the Python package
py-pde [50] which was designed to solve general (nonlinear) PDEs. Additionally, this
implementation proved to be efficient and satisfied the requirements of pre-computation of
pN we desired.

Similarly to Chapter 4, we have to take into consideration the coarseness of the
approximations; but now, additionally, in the solution of the PDE. Namely, we need to
produce an approximation of 5V that is granular enough for us to use it and not lose the
characteristics of this function, meaning that the amount of points in the discretization of
the time-space domain of the PDE cannot be too small. However, we cannot spend too
much time on that, and fortunately once the PDE is solved on a relatively coarse grid, we
can use interpolation methods on the coarser solution of "V to get a smoother one which
we can plug in the Euler solver for the SDE.

We refer to the implementation of numerical methods for the linear SDE (4.1) as the
basis of what we aim to implement for (5.1). We recommend the reader to see Section 4.6
for more details, so that in the present section we can focus on the additional steps we
need in the McKean-Vlasov case.

Since we do not make any assumptions a priory about the characteristics of the initial
distribution of the SDE, this is the probability distribution of Xy, we have the freedom
to choose one that is convenient. Recall that we cannot use as initial condition a Dirac
delta as it is the case for the linear SDE. However, we could use any other variation of
an appropriate density; for simplicity, we stick to the density of the standard normal
distribution for this chapter.
pN

We apply the Euler-Maruyama scheme using the drift BY = F(p")b". The spatial

discretization of bV follows the approach in Section 4.6, while 5V is obtained by solving
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Chapter 5. McKean SDEs with irregular drift

the Fokker-Planck PDE on a predefined time-space grid. To balance accuracy and compu-
tational feasibility, both " and p" are precomputed, stored as numerical arrays, and then
used as functions through linear interpolation—e.g., using NumPy interfaces. This allows
us to solve the PDE with a limited number of time and space points—e.g., 28 time steps and
10 spatial points for testing—with the understanding that the solution can be accurately
approximated between these points via interpolation. Consequently, the SDE can be solved
with a finer discretization—e.g., 2'* time steps. When computing convergence rates of the
Euler-Maruyama scheme, we selectively increase the resolution—e.g., 10* sample paths for
the SDE vs. 4 x 10® points in space for the PDE, where interpolation helps compensate

for the coarser discretization of the PDE.

Apart for the particular interpolation method that we have to use for F (") which
is a two dimensional array, the implementation of the Euler scheme is based on the
implementation used for the linear SDE. So, we solve the SDE and store only the terminal
time, for the sake of efficiency, since it is what we will use to calculate the error of the
scheme. Again, we make a costly computation to get the finest approximation to the SDE,
which we treat as the real solution and compare it to each of the coarser approximations
obtained with less time steps. We compare the values to calculate the strong error and
then compute a linear regression using the log base 10 of the number of time steps as the
explanatory variable and the error as the response, so that the slope obtained in the linear
regression is the convergence rate. This process is done for the different values of 5 that

we consider.

One detail to keep in mind is that using the fBm with some Hurst parameter H as
the base of the creation of the distribution approximation b makes the drift inherently
random and effectively each time we generate a new fBm we are using a different drift
which we claim lives in the space C~? with —3 < H — 1. However, it is important to
notice that this technique is not without flaws, since the approximation procedure of the
distributional drift uses the scale parameter 1/N and this can have a ‘regularization’ effect
which affects how volatile the approximation bV of the distribution is. We can observe
this by comparing Figures 5.1 and 5.2. In Figure 5.1 we see an example where we ran the
Euler-Maruyama scheme 40 times, with 10,000 sample paths and a fixed drift for each of
the values of 5 ~ 0,5 ~ 1/2 and § = 0.125,0.25,0.375. Fixing a drift and running the
Fuler scheme means that we use a single trajectory of fBm for each 3, transform it into
our drift, and use different Brownian motion drivers in each of the runs. In here we can
observe that the 95% confidence interval is barely visible, meaning that the rates obtained
for the same drift are not far apart considering different noises. On the other hand, when
we do not fix the drift as in Figure 5.2, we notice that within the same values of 8 we
must have some variation by the random nature of our technique for drift generation. Of
course this is to be expected, since what is really being used to compute the error in are
effectively different SDEs by virtue of having different drifts. Nonetheless, this confidence
interval is still small, which indicates that our ways to generate drifts is correct, and it

keeps them in the space we specify.

The usage of fractional Brownian motion as a base for our drift gives us a powerful
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McKean SDE
Single (arbitrary) drift

-~ Theoretical rate
— =~ Empirical rate
95% ClI

Rate of convergence

0.5 =
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o
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0.1+
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0.000
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Figure 5.1: Example of convergence rate obtained for an SDE with a singular fixed drift
2
F(pM)bY with Xo ~ N(0,1), hence we have py(z) = expC2/2) and F(z) = sin(x). The

Ver

error is computed over 40 runs, each with 10,000 samples, of the Euler-Maruyama scheme
with different Brownian motion drivers. The empirical rate is compared with the theoretical
rate and a 95% confidence interval is drawn around the empirical rate.

Rate of convergence

0.5+

0.4+

°
W

°
N

0.1+

0.0+

McKean SDE
Different drifts

—e- Theoretical rate
— =~ Empirical rate

95% CI

B T

_____
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T
0.000

T
0.125

Figure 5.2: Example of convergence rate obtained for an SDE with multiple drifts F'(p™ )b

with Xy ~ N(0,1), hence we have py(x) = exp(2%/2) " and F(z) = sin(x).

The error is
V2

computed over 40 runs, each with 10,000 samples, of the Euler-Maruyama scheme with
different Brownian motion drivers and 40 different drifts with the same regularity. The
empirical rate is compared with the theoretical rate and a 95% confidence interval is drawn

around the empirical rate.
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method to study drifts with different regularities, and the randomness involved in the
generation of a path of a stochastic process allows us to study infinitely many drifts with
the same regularity. This allows us to explore in depth the behaviour of our algorithm.
However, a natural question would be to use a deterministic Hélder continuous function,
such as the Weierstrass function. Additional to the possibility to generate many different
drifts, the usage of fBm is preferred in this work because the smoothing procedure using
the convolution with the heat kernel seemed to overly smoothen the Weierstrass function,
creating an object which was not a good representation of a distributional drift. Let us
recall that the parameter of the heat kernel, 1/N, is dependent on the time steps of the
Fuler scheme m. We noticed that the current design of our numerical scheme, would
require a number of time steps that is too large in practice, so that we would have to
think about a modification of the Euler scheme that can account for this problem. For this

reason, we decided to leave this task for the future if it is indeed interesting to study.

Effect of F(p") on the distribution approximation 5"

We can see that the usage of different functions F' will make the drift BY = F(p™V)bV
of the McKean SDE behave different from the approximation b of the distribution b.
Although the distribution b is approximated in an interval [—L, L] for some L > 0, being
rough all along the interval we can observe in Figures 5.3-5.4 than the product with
F(p™V) will force the rough behaviour of the drift to be contained in a smaller interval.
Importantly, the roughness of the drift is not changed since this is governed by Y. In the
aforementioned figures, we can see how outside of a certain interval the behaviour of the
drift is the constant zero, which makes for very easy SDEs to solve. This is why we can
observe that convergence rates for McKean SDEs as observed in Figures 5.1-5.2 are slightly
higher than for SDEs without the factor F(") in their drifts like the ones in chapter 4
even though their drifts have the same regularity, see Figure 4.4.

Notice that we do not impose any restriction on the function F' besides the boundedness
of itself and its derivative, and the theoretical convergence rate obtained are independent
of it, however we can see the variety of law densities we can obtain with different functions.
It is particularly relevant the fact that our convergence rate is a lower bound of the speed,
hence it is the worst case scenario or the slowest our numerical method will converge. We
know that for an equation such as (5.1), if the coefficients are smooth, the convergence
rate of the Euler-Maruyama scheme is 1, just as for the Milstein scheme. The taming effect
that F(p") has on bV is a reduction of the area where the roughness of "V affects. Notice
that the usage of different functions F'(z) will not only make a change on the evolution
of the solution to the SDE, but this will also be reflected on the solution to the PDE. If
the distribution b—or rather its approximation b"¥—looked ‘uniformly rough’ across an
interval we selected for the empirical support [—L, L] of the drift, once we multiply by
the law density obtained by solving the Fokker-Planck PDE there will be an accentuation
around the ‘mean’ of the density and a dimming on the edges as we can see in Figure 5.3.
Here we can see that indeed for F'(z) = sin(z), the original empirical domain of the drift

changes from [—10,10] into roughly [—5, 5] at terminal time, and although this was an
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Action of F(vV) on bV
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Figure 5.3: Effect of the product F(p™) with bV for the function F(z) = sin(z). Distribution
approximations b" with smoothing parameter 1/N for N = 2448,155 and regularity
—B = —0.49. PDE solved on a grid with 2'! time steps and 4 x 103 points in z.
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Figure 5.4: Effect of the product F(p") with bY for the function F(z) = 1/(1 +
exp(—100(x — 0.2))). Distribution approximations b" with smoothing parameter 1/N for
N = 7926, 333 and regularity —3 = —0.25. PDE solved on a grid with 2!! time steps and
4 x 103 points in x.
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initial cause for concern since it could mean that, by the roughness of the drift, the values
could fall outside the area where the drift exhibits its roughness, and we would not see the
effects of the roughness on the solution of the SDE. This concern, however, is unfounded
since we know that p is the law density of X, which means that it states the probability of
the values of X. With this in mind we know that the values of X will never escapte from
the region where p > 0. Additionally, in Figure 5.4 we use continuous approximation of a
step function to exaggerate the effect of F', this further reduces the area of effect of the
drift. It can be seen on Figures 5.5-5.7 that even at terminal time, the values of the SDE
will be still within range of the definition of the drift, and it is not necessary to have a
drift defined in the entire [—10, 10] interval. Additionally, the taming effect gives a variety
on the drifts that we study and in fact allows us to see that within objects that have the
same level of regularity, we can indeed obtain different results on evaluating the drifts and

the convergence rates.

Goodness of fit of empirical density

We turn our attention to the fit that is attained by the solution to the Fokker-Planck
equation at terminal time, ﬁqj\f , compared to the empirical density of ijy . In each example,
the solution to the McKean-Vlasov equation is obtained through an Euler-Maruyama
scheme with 2! time steps, and 10* sample paths, whereas the Fokker-Planck equation is
obtained with 2! time steps. The number of points in the x variable is only 4 x 103 for
the sake of economy in the computations. This compromise does not have a big impact in
the generation of the law density with the PDE solver and on the other hand it allows us
to compute the solution to the PDE and to the SDE in a time that in practice is usable.

We observe the comparison between ﬁ¥ and the density histogram of X%V as we see in
Figures 5.5-5.7. In said figures we are able to explore the effect of F' on the law density of
the solution on the same instance of the approximation b to the distribution b, this is for

each value of 3 we generated a drift with regularity —3 and multiplied by F(p').

Time steps | K-S statistic | p-value
211 0.006495 | 0.790144
29 0.006261 0.825401
27 0.006127 0.844669

Table 5.1: Results of the Kolmogorov-Smirnov test for the goodness of fit of the PDE
approximation of the law density with respect to the empirical density for McKean-Vlasov
SDEs with drift in the space C~%25 and time steps 21,29, 27 and F(x) = cos(x).

As we can see from Table 5.8, the Kolmogorov-Smirnov test does not allow rejecting
the hypothesis that the sample of the solution has a density given by the solution of the
Fokker-Planck PDE. As we have mentioned it, we use this as a sanity check but at the
same time it does not come as a surprise, merely by the observation of Figures 5.5-5.7,
where we can indeed attest a close fit of the histogram—red bars—and the solution of the
Fokker-Planck PDE—green line. One can notice that the p-value in the Table 5.8 seems

to decrease slightly as we increase the number of time steps, which may at first seem to
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MVSDE densities for b € CpC~0-49
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Figure 5.5: Representation of %V for b € C7C~949 with different values of F. From top to
bottom F(z) = sin(z), F(z) = 5sin(z), F(z) = 1/(1+exp(—100(x —0.2))), F(x) = cos(x).
SDE solved with 2!! time steps and 10* sample paths. PDE solved on a grid with 2!! time
steps and 4 x 103 points in = € [-10, 10].
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MVSDE densities for b € CpC~9-25
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Figure 5.6: Representation of pV for bV € C7C~925 with different values of F. From top to
bottom F(z) = sin(z), F(x) = 5sin(z), F(x) = 1/(1 4 exp(—100(x —0.2))), F(x) = cos(x).
SDE solved with 2!! time steps and 10* sample paths. PDE solved on a grid with 2! time
steps and 4 x 103 points in = € [~10, 10].
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MVSDE densities for b € CpC 001
F(x) = sin(z)
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Figure 5.7: Representation of pV for bY € C7C~901 with different values of F. From top to
bottom F(z) = sin(z), F(z) = 5sin(z), F(z) = 1/(1+exp(—100(x —0.2))), F(x) = cos(x).
SDE solved with 2!! time steps and 10* sample paths. PDE solved on a grid with 2!! time
steps and 4 x 103 points in = € [-10, 10].
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contradict the fact that both approximation of the SDE and the PDE must be better as
we increase the time steps. However, we consider that the amount of time steps m on
the iterative methods, by the dependence of the regularization parameter to create the
drift BY, will make the equations more difficult to solve each time we increase the time
steps, hence there may also be a need to increase the resolution in space of the grid, which
we keep fixed in our implementations. What this also indicates, is that in order to solve
the PDE and for it to make sense with respect to the SDE density, we do not need to go
very far in the sequence of drifts BY, and the fit of the density obtained with the PDE is
acceptable even with a lower amount of time steps. This means, that N does not increase

in a way that we cannot control.
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