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Abstract

Neoadjuvant chemotherapy (NACT) is a widely used treatment for patients
with locally advanced breast cancer. However, some breast cancer sub-
types exhibit pathological complete response rates as low as 10% [1]. Non-
responsive patients endure NACT side-effects without therapeutic benefit.
It is essential to identify non-responsive tumours as early as possible, to
enable clinicians to discontinue the unsuccessful NACT and proceed with
alternative treatments. Furthermore, recognising exceptional responders
could allow clinicians to minimise their unnecessary exposure to NACT.

A promising new approach, gaining traction in breast tumour model-
ling over the past decade, is the integration of patient-specific imaging data
into mathematical models of tumour physiology and treatment response
[2]. Among these, predictive models based on reaction-diffusion (RD) equa-
tions have been widely explored [3-6]. This thesis presents a family of four
mathematical models based on these and tailored to each individual patient
using magnetic resonance imaging (MRI) data. These models are designed
to predict tumour progression throughout the course of NACT.

Models were implemented in FEniCSx and personalised using diffusion-
weighted (DW) and dynamic contrast-enhanced (DCE) MRI from 34 pa-
tients, acquired before and after one NACT cycle, to predict response after
three cycles. After the first cycle, up to three model parameters are calib-
rated to each patient: tumour cell proliferation, diffusion and drug efficacy.

The best-performing model was the simplest, one that accounts solely
for the effects of chemotherapy without incorporating tumour growth. This
model distinguished responders from non-responders after just one cycle
of NACT, achieving 82% sensitivity, 75% specificity and an 86% negative
predictive value. These findings suggest that tumour cell diffusion is not a
critical factor in predicting response to NACT, which aligns with the ob-
servation that breast tumours do not exhibit significant growth over NACT

timescales.
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CHAPTER 1

Introduction

Breast cancer is the most common cancer in women across the globe and a leading
cause of death. Since 2007, a moderate but significant increase in incidence has been
reported in many countries [7]. Neoadjuvant chemotherapy (NACT) is a common
treatment option for patients with locally advanced breast cancer (stage II-III) [8, 9],
delivered with the intention of shrinking the tumour before proceeding to surgery [10].
However, pathological complete response (pCR) rates can range from under 10% to
over 60% depending on the breast cancer subtype and the treatment regimen [1, 11].
Non-responsive patients suffer the side-effects of their chemotherapy regimen without
reaping any benefit. There is a clear need to accurately identify non-responsive tumours
as early as possible [6, 9, 12-14], enabling clinicians to replace the unsuccessful NACT
with an alternative, potentially more successful therapy. Furthermore, recognising ex-
ceptional responders could allow clinicians to minimise their unnecessary exposure to

NACT.



Reliable techniques to accurately evaluate patient response early in the course of NACT
are currently lacking [6, 12]. Most commonly, response is assessed based on the size
of the tumour: morphological changes are gauged by physical exam or conventional
medical imaging, and metrics such as the Response Evaluation Criteria in Solid Tu-
mours (RECIST) are used to categorise the response objectively [15]. This approach is
fundamentally limited, as these changes in size may not occur until after several cycles
of NACT [6, 9, 14, 15]. On the other hand, parameters including tumour cell dens-
ity, blood flow or tissue volume fractions which can be estimated using quantitative
magnetic resonance imaging (MRI) [9, 16] are much quicker to show evidence of re-
sponse [12]. While these techniques hold greater potential than clinical assessment and
conventional scans, imaging data alone are often insufficient to characterise treatment

response [17, 18] or offer quantitative forecast.

A promising new approach that has gained traction in breast tumour modelling over
the past decade is integrating patient-specific imaging data into mathematical models
of tumour physiology and treatment response [3—6]. Among these, a family of predict-
ive models based on reaction-diffusion (RD) equations has been widely explored. RD
models describe tumour growth by capturing the interplay between cell proliferation
and diffusion throughout the tumour microenvironment. These models have been the
subject of extensive development and have shown promise in forecasting tumour re-
sponse to therapy. A drawback of RD-type models is their reliance on a high number
of parameters, which increases the risk of overfitting and can reduce interpretability. A

detailed discussion of RD models and their formulation is provided in Chapter 2.

Image-informed models bridge data-driven and knowledge-driven predictions, with ima-
ging data offering a detailed characterisation of the patient’s anatomical, functional,
and/or pathological state, while the models incorporate underlying biological mech-

anisms that govern tumour behaviour and treatment response. By combining these



complementary sources of information, rather than relying solely on image-derived or
clinical predictors, this integrated approach has the potential to enhance predictive
accuracy and improve treatment personalisation. In practice, the model is initialised
with imaging data and calibrated to represent a specific patient’s tumour, then solved
to determine the time evolution of the tumour under the prescribed chemotherapy

regimen.

In this thesis, I adopt the recommendation of Brady and Henderling [19]: a quantity
of interest that can be measured experimentally (in the clinic or in wvitro), a minimal
number of parameters, parameter initial values extracted from the available data rather
than from theoretical literature as much as possible, and the evaluation of the calib-
rated parameters performed on data distinct from the calibration. To this effect the
number of calibrated parameters in the current state-of-the-art, the drug-incorporated

mechanically-coupled reaction—diffusion (DI-MC-RD) model [4], is reduced.

This model and other current image-informed tumour modelling approaches are dis-
cussed in Chapter 2. The imaging dataset is presented in Chapter 3, along with its
analysis and preprocessing for use in such models. Chapter 4 examines the current
state-of-the-art, identifying key computational challenges. Chapter 5 builds on these
findings, proposing a family of light and efficient mathematical models that replace
the spatially-varying calibrated proliferation matrix in the DI-MC-RD with a single
calibrated scaling of a perfusion image. Finally, Chapter 6 summarises the findings and

discusses limitations and potential future work.
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This chapter presents a literature review of mechanistic mathematical models of
breast tumour growth and response to treatment. Predicting treatment response on a
patient-specific basis requires a reliable mathematical model grounded in biophysical
reality. Such a model must be personalised using patient data, while parameters that
cannot be measured in vivo should be calibrated to the individual patient.

We begin by reviewing mathematical models of breast tumour growth in Section
2.1, focusing on those with practical relevance to predicting tumour response in the
manner described in Chapter 1, rather than purely theoretical approaches. Next, we
examine methods for personalising these models in Section 2.2, including how routinely
acquired MRI data can be used for parameterisation. Finally we discuss the practical
implementation of these models in Section 2.3, covering essential image preprocessing

steps and numerical techniques required for their application.

2.1 Mathematical models of tumour growth

A large number of mathematical models of tumour growth exist, broadly falling into
three categories: continuum, discrete and hybrid. Continuum approaches treat the
material as a continuum and model variables as smooth fields; they can be based on
ordinary differential equations (ODEs, Subsection 2.1.1) or partial differential equa-
tions (PDEs, Subsections 2.1.2 and 2.1.3). In contrast, discrete approaches such as
agent-based models and cellular automata derive overall prediction from considering
the dynamics of single cells [20, 21]. These are thus able to model different types of

tumour cells and stochastic events such as cell mutation [21, 22], but this comes at a
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prohibitively large computational cost: only a small number of tumour cells (of the or-
der of thousands) can be considered [21, 23, 24]. As even the smallest tumours contain
at least tens of millions of cells, this largely prohibits their clinical use. Furthermore,
discrete models often require a large number of parameters that can be impossible to
measure in vivo. On the other hand, hybrid models can be successful but require a
breadth of data across multiple scales that is not routinely acquired [25, 26]. For these

reasons, we focus on continuum models.

2.1.1 Exponential, Gompertz and logistic models

The earliest attempts at capturing the dynamics of tumour growth mathematically
used exponential models to describe the changes in population observed in tumour cell

cultures [27]. These models describe the number of tumour cells N at time ¢ as:
N(t) = N(0)e™, (2.1)

where b is a constant [28]. As more in vitro cancer cell population data was acquired,
it was observed that exponential population growth only occurred at the earliest stages
of tumour development [29]. Once the population reaches a certain size, the notion
of a “carrying capacity”, a maximum number of cells that can be sustained by the
environment, limits this exponential growth [20, 29, 30]. Consequently, Gompertzian
models (such as equation (2.2) [28, 30]) and logistic models (equation (2.3) [31]) were

favoured for their ability to reflect this:

N(t) = N(0) exp{log (6/N(0)) - [L — e™"]}, (2.2)

N (0)

N(#) = N(0) + (6 — N(0)) exp#t’

(2.3)

where 0 is the carrying capacity and k the proliferation rate. As these equations are not
spatially-varying, these models are unable to account for spatial variation and growth.
This fundamentally limits their application to tumour growth modelling, where cells
are mobile and the spatial heterogeneity of the surrounding environment is known to

impact tumour evolution [32].
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2.1.2 Reaction—Diffusion models (RD)

Modelling spatio-temporal tumour evolution requires partial differential equation (PDE)
models, rather than one-dimensional ordinary differential equations (ODEs) [20]. Mod-
els based on the reaction—diffusion (RD) equation are most widely used, as they are
well-suited to personalisation (see Section 2.2) and are often more tractable numerically
than other PDE models, such as advection—diffusion [21, 33, 34]. Pioneered by Swan-
son et al. [35] in the brain in the early 2000s, RD models are able to account for the
spatial proliferation and diffusion of tumour cells and are particularly appropriate for
problems in which interaction with the environment plays an important role in tumour
evolution [21, 36]. In the following example [35], the RD equation describes the rate of
change of the tumour cell population density as the sum of the diffusion of the tumour

cells in the brain and their net proliferation:

ON(x,t

gf) =V - (D(x)VN(x,1)) + kN(x, 1), (2.4)
where N (x,t) represents the concentration of tumour cells at location x and time ¢, k
is the proliferation rate of tumour cells. D(x) is a two-valued function controlling the
random movement of glioma cells. In this model, its spatial variation is only used to

assign different scalar values in grey and white matter, as cells have been observed to

move around more freely in white matter than in grey [37].

2.1.3 Mechanically-Coupled Reaction—Diffusion models (MC-RD)

Experiments with cell cultures led Helmlinger et al. [38] to discover that a growing
tumour is restricted by the mechanical stress caused as it pushes against the surrounding
tissue. This phenomenon is known as the mass effect. Several mathematical models
were rapidly able to reproduce this in vitro behaviour, but were too simplistic to be
relevant in vivo [39, 40]. Garg and Miga [41] bridged this gap by extending Swanson’s
RD model [35] to account for the mechanoinhibitory effect of the surrounding tissue
in brain tumour modelling, thus formulating the first such mathematical model for

macroscopic tumour growth. They justified this approach by noting that the inhibitory
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effect of mechanical stress on glioma growth could be significant, given its expansion
within the confined space of the cranium. This is referred to as “mechanically-coupled

reaction—diffusion” (MC-RD):

N N
INxY) _ g, (Dx, )TN (x,8)) + k() (1 - (Xt)) N(x,t), (25
ot 0
Random cell diffusion Logistic growth
D(x,t) = Dg exp{—y0um(x,t)}, (2.6)
V - Gom — AVN = 0. (2.7)

Equation (2.5) represents the RD part, describing as before the spatiotemporal change
in tumour cell number N(x,?) as the sum of random cell diffusion (the first term on
the right hand side of the equation) and logistic growth (the second term) — k(x) is
the spatially-varying growth rate, and 6 is the carrying capacity. D is the apparent
cell diffusion coefficient, this time linked to the surrounding tissue stiffness through
equation (2.6) where oy, is the von Mises stress, Dy is the diffusion of tumour cells
in the absence of stress and + is an empirically-derived mechanical coupling constant.
Equation (2.7) establishes mechanical equilibrium (isotropic and linear elastic) subject
to an expansive force due to the change in tumour cell number (the second term on the

left hand side) with coupling constant \.

As Garg and Miga demonstrated that the new MC-RD model [41] provided improved
predictions of tumour cell number compared to the original RD formulation [35] in
brain tumours, pioneering patient-specific work by Weis et al. [6] subsequently adapted
these models to breast cancer and populated them with patient data (see Subsection
2.2.2). This enabled them to evaluate each model against actual pathological outcome,
revealing that the MC-RD results were more accurate: the specificity was increased

from 55% to 84%, though the sensitivity decreased from 100% to 92%.
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2.1.4 Models of the vasculature and angiogenesis

Another key characteristic of cancer is angiogenesis, involving the formation of new
blood vessels from existing ones. This process is vital for tumour growth, as it meets
the increased demand for oxygen and nutrients necessary for cancer cell proliferation
[42]; tumours typically cannot exceed 1-2 mm in diameter without developing new
blood vessels [43]. In normal tissues, blood is supplied through a mature and orderly
vascular network, on the other hand, tumour vasculature is characterised by disorgan-
isation and dysfunction, resulting in irregularly shaped, tortuous, immature and leaky
blood vessels [44]. Although there is an extensive body of work on the mathematical
modelling of angiogenesis [45, 46], few studies address this phenomenon at the imaging
or tissue scale, or personalise it for individual tumours [47]. Hormuth et al. [48] review
the integration of time-resolved imaging data with mathematical modelling to system-
atically study angiogenesis from the cellular to tissue scale, with the ultimate goal of
predicting treatment response.

Hormuth et al. [49] developed a murine model of glioma growth coupled with an-
giogenesis, where vasculature influences the tumour growth direction and tumour cells,
in turn, drive vascular evolution. The vasculature was also linked to the carrying
capacity. In contrast, Roque et al. [50] did not explicitly model vascular evolution
but used vasculature-derived parameters to initialise model variables and calibrate key
parameters.

Wu et al. [51] introduced a computational fluid dynamics model of blood flow in
breast tumours, coupling 1D blood flow with 3D tissue low. DWI and DCE-MRI were
employed to identify a vasculature-interstitium geometry, which enabled patient-specific
assessment of tumour-associated blood supply and interstitial transport characteristics.
They demonstrated that malignant lesions exhibit greater interstitial flow velocity and
higher heterogeneity in blood pressure and vascular extraction rate. The model was
later used to identify an optimised NACT regimen for each patient, balancing treatment

efficacy and toxicity [52].
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2.1.5 Drug-Incorporated Mechanically-Coupled Reaction—Diffusion mod-
els (DI-MC-RD)

Jarrett et al. [4] extended the MC-RD to include the effect of spatially-varying chemo-
therapy drug delivery. Rather than explicitly modelling drug transport, a snapshot
of drug concentration estimated from DCE-MRI is incorporated directly into the RD

equation as an explicit cell death term:

AN (x, t)
ot

N(x,t)

= V- (D VN (1)) + k(x) (1 - N

) N(x,t) — aC(x,t)N(x,t),

Death
(2.8)

where C' represents the concentration of drug in the tissue and « is a globally-fitted
parameter describing the efficacy of the drug. The mechanical coupling and mechanical
equilibrium equations (equations (2.6) and (2.7)) are unchanged compared to the MC—
RD model. When personalised using patient data (further discussed in Subsection
2.2.2), this drug incorporated MC-RD model (DI-MC-RD) was shown to outperform
the earlier MC-RD model, with concordance correlation coefficient increased from 0.85

to 0.99. However, this was only tested on five patients.

2.1.6 Machine learning

Artificial intelligence (AI) broadly refers to the capability of machines to perform tasks
autonomously without human intervention. Machine learning (ML), a subset of Al, is
a general-purpose approach that identifies patterns and relationships in data without
requiring them to be predefined [26]. This data-driven approach has gained widespread
adoption across numerous disciplines, including cancer modelling. ML can leverage
the numerous datasets available in cancer research to identify statistical correlations
between biomarkers and patient survival [53], particularly in breast cancer [54]. How-
ever, when applied to patient-specific tumour models, ML faces a fundamental limita-
tion in the lack of sufficient data for any individual patient [55]. Clinical imaging and
biomarker data are typically collected at sparse time points, providing only infrequent

snapshots of tumour evolution. This makes it impossible to train an ML model on

10
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patient-specific data alone to produce reliable predictive outcomes [56].

One alternative is to train ML models on multi-patient datasets. However, this
approach is complicated by the high heterogeneity of tumour imaging: differences in
scanners, imaging protocols across institutions and, critically, the variability in tumour
characteristics and patient response. ML models often struggle with so-called “out-of-
distribution” cases: instances where a patient’s data deviates significantly from the
patterns observed in the training set. As a result, models trained on population-
level data may struggle to capture the unique physiological characteristics of individual
patients, potentially leading to inaccurate predictions [26, 55].

A promising avenue lies in hybrid methods, such as biologically-informed neural
networks (BINNs), which offer frameworks for combining data-driven and mechanistic
modelling [57]. This strategy has shown success in brain tumour modelling, demonstrat-
ing improved predictive accuracy on an in silico cohort compared to purely mechanistic
methods [58]. Further discussions on the so-called “synergistic combination” of ML and
mechanistic models can be found in [59].

Beyond direct tumour growth prediction, the most valuable role for ML may lie in
complementary tasks. For instance, it can assist with model calibration by integrating
population-level insights with individual patient data as in [60]. Additionally, ML tech-
niques could help process mechanistic model outputs to optimise treatment selection
[26, 55] and assist with imaging-related tasks such as tumour segmentation and image

registration.

2.2 Model personalisation

The foregoing models provide a mathematical description of the hypothesised main
physiological phenomena governing tumour dynamics. To be predictive of tumour
evolution and treatment response in real subjects, the models must be personalised.
Early ODE efforts described in Subsection 2.1.1 were severely limited by their model

parameters, which were not based on patient data [61]. These parameters were hard
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or impossible to evaluate in vivo thus were assigned values from the literature, often
from different biological systems. The problem of unreliable parameter values was com-
pounded by a heavy dependence of the model prediction on these values [61]. Without
reliable data, biophysical theories of tumour growth and treatment response have very
limited clinical utility [62].

Medical imaging has since tremendously improved, and quantitative MRI is presen-
ted as a noninvasive tool capable of estimating parameters such as the volume transfer
rate (K'"%), from which tumour blood flow or vascular permeability can be calculated.
These prove much better indicators of treatment response than standard RECIST meas-
ures [9]. It is crucial to inform models with data that can be acquired widely and not
exclusively in research-oriented hospitals with state-of-the-art facilities. Dependence
on data which cannot be obtained in the community hospitals where the majority of
patients receive their care severely limits the relevance of a model, and reduces its
potential significance to cancer care as a whole [2, 5, 9]. MRI is a strong candidate
in this regard, as it is already a routine imaging modality for breast cancer patients.
Moreover, it is the only imaging technique consistently used longitudinally throughout
the course of treatment, enabling data acquisition at multiple time points as required

by these modelling approaches.

2.2.1 Diffusion-weighted (DW-)MRI

Atuegwu et al. [63] were the first to incorporate DW-MRI data into a logistic model
of breast tumour growth (equation (2.3)) in order to predict changes in the cellularity
of breast tumours during NACT. They used DWI to calculate maps of the apparent
diffusion coefficient (ADC) before the initiation of treatment and after one cycle of
NACT:
1
ADC =2 )

iZfE,%Z

In Sp/S;

o (2.9)

where 4 is the diffusion-weighting direction, b; is the amount of diffusion-weighting

imparted to the sample, and Sy and S; are the measured signal in each voxel [3].
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These in turn provide estimates of the number of cells within the tumour, as a strong

negative correlation between ADC and cellularity has long been observed [31, 64-66]:

ADC,, — ADC(t) ) | 210)

N(t) =6 (ADCU, — ADCin
where 6 is the carrying capacity, ie. the total number of tumour cells that fit within
a voxel. This was determined based on the volume of a tumour cell (assumed to be
4189um?, based on a packing density of 74.05% and spherical tumour cells of radius
10 pm) and the volume of each voxel, which depends on MRI acquisition parameters.
ADC,, is the ADC of free water at 37°C (3 x 107® mm?/s), ADC(t) is the ADC
value measured at time ¢, and ADC,,;, the lowest observed ADC, which is assumed to
correlate to the voxel containing the largest number of cells.

Maps of the tumour cell number, or tumour cellularity, derived in this way are
used to parameterise several mathematical models [4, 6, 31, 67], which can then be
run forward in time to predict cellularity at the conclusion of NACT. In [63] they were
combined with a logistic model of tumour growth to estimate a voxel-wise proliferation

rate k(r), which could be negative to account for cell death or positive for proliferation.

2.2.2 Dynamic contrast-enhanced (DCE-)MRI

In the first instances of image-informed patient-specific tumour models, DCE-MRI
was simply used to identify the location of the tumour [6, 13, 14, 31]; segmentation
techniques to this aim are discussed in Subsection 2.3.1. Most recently, DCE-MRI data
were used by Jarrett et al. [2] to describe voxel-wise drug delivery and spatially-varying
vasculature (equation (2.8)). They used the extended Kety-Tofts model to estimate
the concentration of the contrast agent (CA) in the tissue, and assumed that the drug

would extravasate in the tissue in an identical manner:

tissue trans
Cdrug (X7 t) =K /0

t plasma Ktrans plasma
C1d1"ug (u) €exXpy — V (t - u) du + VPCdrug (X, t)v
e
(2.11)
where Cj%54¢ and Cgizzma are the concentrations of the drug in the tissue and in

the plasma, respectively. K9 is the volume transfer constant from the plasma to
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the tissue and v, v, are the volume fraction of the plasma and of the extravascular
extracellular space respectively. This effect was incorporated directly into the RD

equation (see Section 2.1, equation 2.8).

DCE-MRI can also be used to distinguish between different types of tissue in the
breast. The MC-RD [6, 13, 14] and DI-MC-RD [2, 4] models classify fibroglandular
and adipose (fat) tissue using a two-class k—means clustering algorithm. These tissue
types are then assigned different Young’s moduli to implement the mechanical coupling:
4 kPa for fibroglandular and 2 kPa for adipose tissue, compared to 20 kPa for the
tumour tissue. These are population values, i.e. not patient-specific, based on magnetic
resonance elastography (MRE) measurements in six breast cancer patients [68]. It
would be difficult to acquire these in each patient as MRE is not part of routine imaging

for breast cancer.

2.2.3 Parameter calibration methods

Some parameters cannot be reasonably informed by data, either because they cannot be
acquired for individual patients or at all, meaning no reasonable population reference
values exist in the literature. In such cases a so-called inverse problem is formulated
to calibrate said parameters to an individual patient’s dataset. Data from at least
two time points are generally required; typically, an initial guess is made for the un-
known parameters and refined iteratively in an optimisation process, until the model
predictions from the first time point to the next align with the observed data. Lorenzo
et al. [47] outline the general formulation of inverse parameter estimation and explore
standard methods for solving it.

In the MC-RD [6, 13, 14] models a scalar apparent cell diffusion coefficient in
the absence of stress is calibrated, Dy. The DI-MC-RD [2, 4] models also calibrate
a scalar chemotherapy efficacy constant, &. Both MC-RD and DI-MC-RD models
locally calibrate the proliferation rate k(x), assigning a different scalar value at each

voxel both within the tumour and within a large region of interest surrounding it.
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The k values can be negative at voxels where tumour shrinkage occurs or positive for
tumour cell proliferation. Depending on the size of the tumour and refinement of the
computational grid the problem is solved on, this can amount to hundreds of calibrated

k values.

2.3 Implementation techniques for model personalisation:

data pre-processing and numerical methods

This section covers the practical implementation of mechanistic tumour models. We
begin with the essential image preprocessing steps of tumour segmentation and image
registration. We then discuss the numerical techniques required to solve the models
introduced in Sections 2.1 and 2.2, focusing on the finite difference and finite element

methods.

2.3.1 Segmentation

Tumour segmentation is an active and extensively studied field. Here, the focus is
on techniques specifically used for the image-informed breast tumour models discussed

above, with a brief mention of promising ML/AI techniques.

Methods used in image-informed breast tumour models DCE-MRI typically
involves acquiring one or more images before contrast agent (CA) injection, followed by
a series of images during and after the injection. These postcontrast images capture the
CA’s uptake and washout dynamics. The CA accumulates in the tumour, making it
appear brighter in postcontrast images. A common approach to highlight the enhanced
tissue is to subtract the precontrast image (or an averaged precontrast image set, if
multiple are available) from the brightest postcontrast image. The resulting subtraction
image provides a clear distinction between the tumour and surrounding tissue.

A straightforward approach to tumour segmentation is to simply apply a SI en-

hancement threshold based on CA uptake: voxels exhibiting enhancement above this
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threshold are classified as tumour, while those below it are considered non-tumour.
In the early days of image-informed tumour modelling, Atuegwu et al. [63] used an
empirical threshold of a 40% SI increase between a single precontrast and postcontrast
image. Weis et al. [6, 13, 14] refined this method by computing a subtraction image
between the average of three precontrast images and the average of 22 postcontrast
images. They adopted an 80% SI increase as their threshold, again based on empir-
ical observations. This threshold was later validated to show a strong correlation with
tumour volume measurements from excised tissue obtained during surgery [69].

Jarrett et al. [4] later adapted a method inspired by Stadlbauer et al. [70]. Their
approach begins by averaging the precontrast images and the three consecutive postcon-
trast images showing the highest enhancement. A subtraction image is then computed
by subtracting the precontrast average from the postcontrast average. To account for
background variability, they also compute the average of the final six postcontrast im-
ages and measure the standard deviation of signal intensity (SI) enhancement in the
breast which doesn’t contain the tumour, i.e. in purely healthy tissue. A conservat-
ively sized bounding box is drawn around the tumour and, within this region, voxels
are classified as tumour if their percentage enhancement exceeds twice the standard
deviation of healthy tissue enhancement [71].

Another approach adapts a fuzzy c-means algorithm developed in [72] to classify
voxels based on probabilistic membership in the tumour ROI. This method has been

employed in [5, 51, 73, 74].

Other promising methods Al and ML have demonstrated significant promise in
automating breast tumour segmentation in MRI. Deep learning techniques, particularly
convolutional neural networks (CNNs), excel in complex image analysis tasks due to
their ability to learn intricate patterns from large datasets. In breast MRI, CNN-based
models have been developed to automatically detect and segment tumours, achieving
high accuracy and efficiency [75-77]. Deep learning models have also been trained to

perform fully automated tumour segmentation on DCE-MRI images of triple-negative
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breast cancer, achieving a Dice similarity coefficient of 93% and a sensitivity of 96%
in independent testing datasets [78]. Some studies extend beyond segmentation to le-
sion detection: Zhang et al. [79] implemented a deep learning method using the Mask
R-CNN algorithm to detect abnormal lesions in breast MRI, reaching an accuracy of
0.86 on a per-slice basis in the training dataset. These Al-driven approaches often out-
perform traditional methods by leveraging large annotated datasets to learn complex
tumour characteristics, thereby improving robustness and accuracy across diverse ima-
ging conditions. The field continues to evolve, with ongoing research exploring various
supervised, unsupervised and hybrid models to enhance segmentation precision and

clinical applicability [80].

Lastly, image spatial resolution significantly affects segmentation quality for model-
ling [70]. The slice thickness is typically 3-5 times larger than the in-plane resolution,
introducing uncertainty in the z—axis segmentation. Even small segmentation errors
can substantially impact the estimated tumour size and volume, which can be a problem

for modelling.

2.3.2 Registration techniques

Image-informed modelling requires images acquired at different times for model calibra-
tion and prediction evaluation. When patients are scanned multiple times on different
days, their positioning within the scanner may vary slightly. Therefore, all images of
a given patient’s tumour must be registered to a shared coordinate system to facilit-
ate image-based modelling. This process ensures that the voxel located at coordinates

(z,y,z) corresponds to the same anatomical site across all scans of that patient.

The elastiz manual [81] provides an introduction to image registration and an over-
view of some common techniques. A brief explanation of registration is provided here.
Two images are involved: the moving image Ips(x), which is deformed to align with
the fixed image Ir(x). Both images have dimension d and are each defined on their

respective spatial domains, Qp C R? and Q)7 € R?. The goal of registration is to find

17



2.3 Implementation techniques for model personalisation: data
pre-processing and numerical methods

T

Figure 2.1: With the fixed image Ir on the left and the moving image I; on the right,
image registration is the task of finding a spatial transformation 7" mapping one image

to another. From [81].

a displacement field u(x) such that Ips(x 4+ u(x)) aligns with Ir(x). Equivalently, this
can be expressed as finding a transformation T(x) = x+ u(x) mapping the fixed image

domain to the moving image domain:
T:Qp CRY = Qy C RY

The alignment quality is quantified by a similarity measure S, such as the sum of
squared differences, correlation ratio or mutual information. Since nonrigid trans-
formations 7" make the problem ill-posed, a regularisation or penalty term P is often
introduced to constrain the transformation. Thus, registration is typically formulated

as an optimisation problem, where a cost function € is minimised with respect to T":
T= argmin €(T; I, Iyr), (2.12)

where 7 weighs similarity against regularity [81].

Like segmentation, registration is a well-established field of research; it would be
beyond the scope of this work to provide an extensive review of all available methods.

Instead, we will focus on the techniques employed in the models mentioned earlier.

In the context of breast imaging, registration poses particular challenges due to the

ductile and easily deformable nature of breast tissue. In contrast to brain tumours,
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where the skull provides a consistent shape which can be used for guidance, the outline
of the breast can be deformed or compressed during MRI scans resulting in varying ap-
pearances across different imaging sessions. When the entire breast domain is required
for modelling, a deformable registration algorithm is necessary to account for these
changes. However, it is crucial to maintain the integrity of the tumour itself during
this process. If the tumour is deformed, valuable information regarding its size at differ-
ent scans may be lost, particularly if it has shrunk; the deformable registration could
inadvertently stretch it to match previous time points. To address this, the image-
informed breast tumour models which we have reviewed above employ a deformable
registration with a “rigidity penalty” on the tumour [2, 4-6, 13, 14, 51, 63, 67, 74, 82].
Developed by Li et al. [83, 84], this approach allows for the registration of surrounding
tissue while preserving the tumour’s original shape.

Lastly, while intuitive, it is worth emphasising that registration accuracy heavily
depends on a precise tumour segmentation. Even small errors, such as missing or adding
a few voxels, can significantly alter the tumour’s shape at one timepoint, making it

difficult to align with its differently shaped counterpart at another timepoint.

2.3.3 Numerical methods

Mechanistic tumour models typically consist of coupled, nonlinear PDEs. There are
numerous techniques and approaches for solving these PDEs. Here we provide a brief
overview of the methods employed or mentioned later in the thesis: the finite difference

method (FDM) and the finite element method (FEM).

FDM The finite difference method is one of the simplest numerical techniques for

solving PDEs. It involves discretising the continuous domain into a grid or mesh and

approximating the derivatives in the equations by replacing them with difference equa-

tions, by means of Taylor series expansions [47]. Derivatives at a point ¢ are approx-

imated using values of the function at nearby points. For example, a time-dependent
daf

first-order derivative j; can be approximated using a central difference scheme, where

19



2.3 Implementation techniques for model personalisation: data
pre-processing and numerical methods

h describes the distance from point ¢ to its neighbours t + h and ¢t — h:

df f(t+h)— f(t—h)

s 5% , (2.14)
a forward scheme:
df _ ft+h)—[f(#)
T 0 , (2.15)
or a backward scheme:

dt ~ h
Similarly, spatial derivatives are approximated by using values at neighbouring grid
points.

In a typical implementation, the computational domain is divided into a mesh of
grid points, and the solution is iteratively updated over time. FDM is particularly
advantageous for problems with simple geometries, where a grid structure can be eas-
ily defined. Thus it can be well-suited to MRI grids. However, the accuracy of the
method is heavily dependent on the grid resolution and the choice of finite difference

approximations [85].

FEM In contrast, the finite element method is a more versatile approach, especially
well-suited for solving PDEs in complex geometries. FEM involves dividing the com-
putational domain into a collection of smaller, simpler regions called elements, which
can take various shapes (e.g., triangles or quadrilaterals in 2D, tetrahedra or hexahedra
in 3D). The solution is approximated by constructing piecewise polynomial functions
over these elements [86].

The core idea of FEM is to derive a “weak” formulation of the PDE, also known as
its variational form, where the equation has solutions only for certain “test functions”.
The variational problem is the form in which the problem is solved. The steps required

to transform a second order PDE into a variational problem are as follows:
1. Multiply the PDE by a “test function” v;

2. Integrate the resulting equation over the domain;
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3. Perform integration by parts on the terms containing second-order derivatives.

FEM provides several advantages, including its ability to handle irregular geomet-
ries, varying material properties and complex boundary conditions. Additionally, it
allows for local refinement of the mesh, enabling higher accuracy in areas where the

solution exhibits rapid changes, such as near tumour boundaries.

2.4 Conclusions

To conclude, the foregoing personalised models of tumour growth suggest that it is
possible, after only one cycle of NACT, to evaluate whether a patient will respond
positively and it is worth pursuing the treatment, or whether the patient is a non-
responder and alternative therapy regimens should be sought out. The current state-
of-the-art [2] shows that the spatial variation of “fluid” transport within the tumour,
manifested in that instance as variation of drug concentration, affects the overall tumour
response.

The conclusions from the above literature review are as follows:

e Discrete models of tumour growth are unable to consider enough cells to accur-
ately represent a patient’s tumour, due to large computational expense. Con-

tinuum models are better suited to clinically-relevant tumour growth modelling.

e Continuum models based on PDEs can be used to model spatio-temporal tu-
mour evolution. Among these, those based on the reaction—diffusion equation are
best suited to personalisation due to their dependence on parameters which can

feasibly be acquired using routine MRI.

e The diffusion of tumour cells is restricted in wvitro by the healthy tissue which
surrounds it. Taking this into account in modelling via mechanically coupling the

tissue stiffness to the diffusion coefficient improves model predictions.

e Current models based on the RD equation often rely heavily on numerous calib-

rated parameters (such as the locally-calibrated proliferation rates k(x) in [4]),
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which can overshadow the influence of the underlying mathematics on predictions.
Reducing the number of calibrated parameters may allow for a deeper exploration
of the mathematical framework, helping to identify the most influential terms in

the solution and ensuring that all included terms are relevant.

Tumour segmentation and image registration are important steps in the model-
ling process, and can be difficult to achieve in breast MR. Image slice thickness
can introduce errors in segmentation, and the ductile nature of breast tissue com-

plicates registration.

FDM is generally easier to implement, computationally less intensive and can be
applied directly to the MR voxel grid. However, it has limitations in handling
complex shapes which may compromise its accuracy near boundaries. While FEM
may be more computationally expensive, it offers greater accuracy and robustness

as a result, and allows for local refinement of the mesh in areas of interest.
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3.1 Introduction

3.1 Introduction

The CHERNAC study [87] acquired DW-MRI and DCE-MRI data for 37 patients with
breast cancer before, during and after a course of NACT. This chapter describes the
preprocessing of these images, i.e. the steps required to obtain model input data from
them, for the models described in Chapter 5. The required data are spatially-varying
maps of the tumour cell volume fraction and of the concentration of chemotherapeutic

drug evolving in the tumour tissue over several days following its delivery.

3.2 Patient details

40 female patients with newly diagnosed primary invasive carcinoma of the breast due
to undergo NACT were originally recruited to the study, three patients withdrew.
Patients who had received previous treatment for breast cancer or had recurrent breast

cancer, impaired kidney function or contraindications to MRI were excluded.

3.3 Treatment and scanning schedule

All recruited patients were treated with 90 mg/m? epirubicin and 600 mg/m? cyc-
lophosphamide (EC90) for the first three cycles of chemotherapy, administered every
three weeks. The treatment plan aimed for patients to continue with docetaxel (100
mg/m?) for an additional three cycles (Figure 3.1). Several patients transitioned to
paclitaxel or albumin-bound paclitaxel after just one cycle of docetaxel due to side ef-
fects (Figure 3.2). For patients with HER2-positive tumours, docetaxel was combined
with trastuzumab and pertuzumab (Figure 3.3). One patient received six cycles of
EC90 alone (Figure 3.4). All patients were scanned before the start of chemotherapy
(“Scan 07), after one cycle and after three cycles of EC90 (“Scan 1” and “Scan 3”), and

after their last cycle (patients received either six or seven cycles in total).
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Figure 3.1: Treatment plan received by n = 27 patients in the study: three cycles of
EC90 followed by three (n = 25) or four (n = 2) cycles of docetaxel. One patient in
this group received an additional cycle of trastuzumab after the third docetaxel. MRI
scans were taken before treatment, at two timepoints during and after the EC90 cycles

and at the end of treatment.
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Figure 3.2: Treatment plan received by n = 4 patients in the study: three cycles of
EC90 followed by one cycle of docetaxel, discontinued due to side effects. For these
four patients the docetaxel was replaced by two cycles of weekly paclitaxel, for one
further patient the treatment was interrupted completely. MRI scans were taken before

treatment, during and after three cycles of EC90 and at the end of treatment.

3.4 MRI data acquisition

The MRI data were acquired several years ago as part of the CHERNAC study [87].
The details of their acquisition are provided here, for completeness.

Blood samples obtained as part of normal standard of care were used to estimate
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Figure 3.3: Treatment plan received by n = 4 patients in the study: three cycles of
EC90 followed by three (n = 1) or four (n = 3) cycles of pertuzumab, trastuzumab
and docetaxel (PTD). MRI scans were taken before treatment, during and after three

cycles of EC90 and at the end of treatment.
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Figure 3.4: Treatment plan received by one patient: six cycles of EC90 (epirubicin (90
mg/m?) and cyclophosphamide (600 mg/m?)). MRI scans were taken before treatment
and after the first, third and sixth cycles of EC90.

the large vessel haematocrit (Hct) before each scan. All imaging was performed using
a 1.5 T MR scanner (Aera; Siemens) with the patients positioned head-first and prone.
A dedicated 16-channel bilateral breast coil (Sentinelle; Siemens) was used for signal
detection and an additional flexible array coil was placed on the patients’ backs to

increase the signal from the descending aorta [88].

The MRI protocol included axial T;-weighted 3D spoiled gradient echo (FLASH), axial

Tr-weighted turbo spin echo, DWI, and DCE series. Before the dynamic acquisition,
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axial DWI was performed using a spectral attenuated inversion-recovery fat-suppressed,
2D single-shot spin echo-echo planar imaging sequence at six b-values (0, 50, 100, 200,
400 and 800 s/mm?) with the following parameters: TR/TE: 7200/59 msec, field of view
(FOV): 340 x 136 mm?, matrix size: 280 x 116, slice thickness: 4 mm, and GRAPPA
parallel factor: 2. The acquisition time was 5 minutes and 31 seconds. Maps of the
apparent diffusion coefficient (ADC) were created by the scanner software immediately

after the DWI acquisition.

The DCE series consisted of 93 high temporal resolution (HTR) volumes interleaved
with eight high spatial resolution (HSR) volumes in the following manner: 10 HTR, 1
HSR, 43 HTR, [1 HSR, 5 HTR] repeated seven times, 5 HTR [89]. The HTR data were
obtained with a Tj-weighted 3D spoiled gradient echo sequence (TR/TE: 2.37/0.73 ms,
FOV: 340 x 340 x 180 mm?, matrix size: 128 x 128 x 36, flip angle: 25°, CAIPIRINHA
parallel factor: 2 x 2, acquisition time: 2 s). For the HSR data, a fat-suppressed T}
weighted 3D FLASH sequence (TR/TE: 4.1/1.2 ms, matrix size 384 x 384 x 128, flip
angle: 10°, GRAPPA parallel factor: 3, acquisition time: 36 s) was employed. The
volume selected encompassed both breasts, the aortic arch and part of the descending
aorta. A dose of 0.1 mmol/kg of the contrast agent GAd-DOTA (Dotarem; Guerbet
Laboratories) was administered intravenously via the antecubital vein using an auto-
mated power injector (Spectris Solaris EP; Bayer) at the beginning of the eleventh

dynamic volume acquisition, followed by 20 mL of saline at a rate of 3 mL/s.

3.5 Pre-processing

A chronological overview of the pre-processing which transformed the raw DICOM files
into .mat model inputs is provided here and expanded on in each subsection. The steps

required were:

1. The location of the tumour, referred to hereafter as the region of interest (ROI),

was identified in the scan 0, 1 and 3 HSR and HTR image volumes by a breast
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radiologist and provided as a MATLAB (MathWorks, [90]) file registered to the
ADC data.

2. The HTR DICOM time series were used in the software PMI (Platform for Re-
search in Medical Imaging, version 0.4) [91] to calculate spatially-varying maps

of K" and v, at the first two timepoints, scans 0 and 1 (Subsection 3.5.3);

3. K'ans and v, were upsampled and cropped to match the ADC (and ROI) image
resolution and field of view in MATLAB (Subsection 3.5.2);

4. When the HSR and HTR ROIs were not coincident (if the patient moved during
the longer HTR acquisition), the latter were registered to the former using an
elastiz [81] rigid registration implemented in MATLAB. The resulting transform-
ation was applied to the K" and v, image volumes using transformiz [81].

This concludes the intravisit image alignment.

5. All datasets acquired during or after chemotherapy were registered to the pre-

treatment dataset using a rigid registration of the ROIs (Subsection 3.5.2);

6. The model data were extracted from the registered image sets: maps of the
tumour volume fraction Vyc were derived from the ADC (Subsection 3.5.4) and
the concentration of chemotherapy drug in the tumour tissue over several hours

post-NACT infusion was estimated from K% and v, (Subsection 3.5.3).

3.5.1 Tumour segmentation

The location of the tumour was identified on the subtraction of the HSR precontrast
image from the first HSR postcontrast image by a breast radiologist. A tumour ROI
was generated by a radiographer using a three-dimensional region-growing algorithm
based on a signal intensity threshold [92]. Each enhanced voxel in the subtraction
image was compared to its equivalent voxel in the ADC image, to distinguish tumour
(dark in ADC) from fluid (bright in ADC) and ensure only tumour voxels were added
to the ROI. This was provided as a binary mask (.mat) of the ADC data.
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3.5.2 Registration

All images of a given patient’s tumour must be registered to a shared coordinate system
to enable image-based modelling. This ensures that the voxel located at coordinates
(z,y,z) represents the same anatomical site across all scans of that patient. As the
surrounding breast tissue is not included in the models described in Chapter 5, we
only require the tumour ROIs to be registered and not the entire breast — this greatly
simplifies the process. Registration is required both intravisit (aligning all images
acquired at a given timepoint) and intervisit (aligning the images acquired at timepoints
during and after chemotherapy to the pretreatment images). This was carried out in
MATLAB.

The process of intravisit registration was relatively straightforward and is described
in Figure 3.5. If the patient remained stationary during a single scanning session, the
images acquired at different timepoints were already inherently in a common anatomical
reference frame. In those cases, all that remained was to reorder the slices by anatomical
location rather than acquisition time, then resample and crop the images to a common
resolution and FOV. The DCE images (K% and v,, see Subsection 3.5.3 for how they
were obtained) were upsampled to the ADC (and ROI) resolution and cropped to the
narrower ADC FOV to obtain a matching dataset with voxel-to-voxel equivalence. In
the few cases where the patient moved during the HTR acquisition, a motion-corrected
ROI mask was also provided for the HTR data. This was rigidly registered to the HSR
mask using elastiz [81], and the resulting transformation was applied to the K% and
ve images using transformiz [81] prior to their resampling and cropping.

Once the intravisit registration was completed for each timepoint, the Scan 1 and 3
ROIs were rigidly registered to the pretreatment ROI and the resulting transformations
applied to all other images.

The Dice similarity coefficient (DSC) quantifies the quality of the registration by

assessing the overlap between the tumour volumes v across different scans, e.g. between
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HTR time series
[DICOM]

]
Kety-Tofts model
PMI

ve [csv] Ktrans [csv]

L I A ]

: I HSR image volume
ADC image volume Upsampling and cropping [DICOM]
[DICOM] MATLAB

Radiologist segmentation

ADC [mat] ve [mat] Ktrans [mat] ROI [mat]

Figure 3.5: Forming a matching dataset of .mat files from all DICOM images acquired
at a given timepoint. The HTR DICOM images were used to derive spatial maps of
K'rans and v, using the software PMI. The tumour ROI was identified on the HSR and
HTR image volumes by a breast radiologist and provided as a .mat file registered to the
ADC data. In cases where the HSR and HTR ROIs were not coincident, the HTR data
were registered to the HSR with a rigid registration in elastiz. In MATLAB, K'res
and v, were upsampled and cropped to match the ADC (and ROI) image resolution

and field of view.
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Scan 1 and Scan 3:

DSC — 2(V51 N ng)‘

(3.1)
vVs1 +Vs3

Table 3.1 presents these values for the overlap between scans 0 and 1 as well as between
scans 1 and 3 — the higher the coefficient, the greater the overlap. Note that the DSC
will be low if there is a substantial change in volume between two scans, but this does
not necessarily indicate poor registration in these cases.

Only patient 28 was deemed to have a failed registration (shown in Figure 3.6) and
removed from the study. Patient 19 (also in Figure 3.6) is an example of a subpar

registration that was kept in the study.
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Figure 3.6: Examples of subpar or poor registration between Scan 0 and Scan 1 tu-

VICO
VIC1
VICO
O
=~
vIiC

mours. For patient 19 (left) the “tail” is clearly misaligned, but this is only a small
percentage of the volume. The registration was deemed adequate. For patient 28 (right)
the two tumours barely overlap (the volume of the intersection is only 16% of the Scan
0 tumour volume and 29% of the Scan 1 tumour volume), and the DSC is very low

(0.2).

3.5.3 Drug concentration data

The HTR DICOM images were processed in PMI to estimate the concentration of
chemotherapy drug in each tumour tissue voxel. The images were acquired with a

large field of view which includes the aorta.

Estimating K% and v, A ROI in the descending aorta was drawn on the 5th
to the 14th slice in all cases (where it is usually most visible and to ensure consistency

across patients) and trimmed to include only voxels with a peak relative signal intensity
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ID | DSCon1  DSCins
1 0.65 0.38

3 0.71 0.66
4 0.78 0.65
5 0.77 0.30
6 0.52 0.41
7 0.22 *

8 0.67 0.36
9 0.51 0.49

10 0.73 0.65
11 0.76 0.62
13 0.53 0.77
14 0.49 0.40
15 0.60 0.38
16 0.72 0.52
17 0.66 0.12
18 0.53 0.50
19 0.61 0.66
20 0.50 0.56
21 0.74 0.50
23 0.50 *

24 0.66 0.63
25 0.64 0.43
26 0.67 0.51
28 0.20 0.46
29 0.58 0.24
30 0.45 0.44
31 0.87 0.64
32 0.68 0.62

33 0.51 0.44
34 0.51 0.70
35 0.81 0.39

36 0.26 0.33
37 0.76 0.53
38 0.54 0.50
39 0.68 0.60

Table 3.1: Dice similarity coefficients (DSC) for tumour volumes at scans 0 and 1
(DSCpn1) and for tumour volumes at scans 1 and 3 (DSCoyny). Patients 7 and 23 (*)

have no tumour present on their third scan.
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3.5 Pre-processing

(SI) change between the 50th and the 95th percentile of the signal change maxima. This
thresholding was chosen to minimise inflow, section profile and partial volume artifacts
[88]; an example of such a ROI is shown in Figure 3.7. SI time curves were generated
from the aorta ROL. The contrast agent (CA) concentration in plasma (C2Z%™®) at each
voxel was deduced from the CA concentration in whole blood (Cgfﬁfd), approximated

as proportional to the change in SI induced by its passage, ASI, over the SI measured

before its injection, Sly:

1 ASI
Cblood — . 3.9
CA gl SIO ’ ( )
[ blood
CHgm = s i, (33)

The constant of proportionality in equation (3.2) is known as the CA relaxivity. For Gd-
DOTA this is 71 = 4.2 s7'mM~! in whole blood [93]. The change in CA concentration
over time is known as the arterial input function (AIF), shown in Figure 3.9 for two
patients.

CA concentrations were used with a modified Tofts model (extended Kety—Tofts)
to fit K'""$(x) (the volume transfer constant of contrast agent from the plasma to the
tissue space at position x), ve(x) (the extravascular extracellular volume fraction at

position x) and v,(x) (the plasma volume fraction at position x):

trans (X)

Ve(X)

t
CH(x, 1) = K7 (x) [ CEE™ (w) - exp (— (t— u>) du
0

(3.4)
+ vy (x)CEG ().

Figure 3.8 shows the mean K!%"¢ estimated from scans 0 and 1 for each patient.

Concentration of drug in plasma A negative exponential decay law was used
to estimate the concentration of each EC90 drug in the patient’s plasma immediately

following its infusion:

Céplasma(t) _ Cvimax6—0.693t/t§’7 (35)

where C2 is the maximum concentration and t? the half life of drug i. These are

listed in Table 3.2. The plasma concentrations were calculated in each case over the
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3.5 Pre-processing

Figure 3.7: Example of an aorta region of interest used to calculate the arterial input

function in PMI. The ROI (yellow) was drawn in the descending aorta on slices 5-14 of
the HTR time series, and trimmed to include only voxels with a peak relative SI change
between the 50th and 95th percentile of the signal change maxima. The left-hand side
shows the ROI on the full FOV for slice 8, and the smaller images on the right show
slices 4-15, with the ROI drawn on slices 5-14.

length of time required for the concentration to reach 1% of its starting value C™2*.

These are shown in Figure 3.10.

Half-life ¢, (h) | Maximum concentration Cpqe (ng/mL)

Epirubicin 22.4 [94] 3486 [94]
Cyclophosphamide 5 [95] 61320 [95]

Table 3.2: Drug half-life (h) and maximum concentration in plasma (ng/mL) for epi-
rubicin and cyclophosphamide, which all patients received for the first three cycles of

their treatment.
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M Seriesl W Series2
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Figure 3.8: Mean K" estimated at each tumour voxel from scans 0 and 1 for each
patient. Patient 3 was removed for visualisation purposes, due to an unusually high

mean K% at Scan 0 (0.37/min). The Scan 1 value was normal (0.02/min).
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Figure 3.9: Arterial input functions calculated at Scan 0 (blue) and at Scan 1 (orange)

for patients 7 and 15.

Concentration of drug in tissue Using the spatial maps of K" and v, derived

from equation (3.4) and plasma drug concentrations from equation (3.5), the concen-

tration of each drug in the tumour tissue was estimated from the Kety-Tofts model:
Ctime 1) = Ko e) [ CPeme ) esp <——K T 4 - u)> du,  (3.6)

0 ve(X)

for i € {epirubicin (E), cyclophosphamide (C)}. Compared to equation (3.4), the term

Up (X)Cﬁfsma(t) was dropped as it was consistently almost zero over the tumour voxels,

so would have no measurable impact on the overall concentration. Furthermore, it

represents drug delivery to the blood plasma — i.e., not to the tumour tissue — which is

not of interest in this context.
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Figure 3.10: Concentration of epirubicin (left) and cyclophosphamide (right) in blood
plasma over 150 h immediately following their infusion from equation (3.5). This is the
duration required for both of them to drop below 1% of their peak concentration, and

the values provided are the mean concentration over all voxels over this duration.
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Figure 3.11: Mean drug concentration in tissue averaged across all tumour voxels and
chemotherapy timesteps (i.e. from infusion until the concentration falls to less than 1%

of its maximum), estimated from scans 0 and 1 in each patient.

From the data collected at scans 0 and 1, the total concentration of EC90 chemo-
therapy in the tumour tissue was calculated from the relative weight and concentration

of each drug at each timepoint:
Céi‘sj;‘e(x, t) = wpCHEss e (x, t) + weCEss e (x, t), (3.7)

where wgp = 90/690 and we = 600/690 reflect their relative doses. Figure 3.11 shows

the mean Cflﬁfj;e estimated at scans 0 and 1.
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3.5.4 Tumour cell volume fraction

At each timepoint, a tumour cell volume fraction Vo was estimated at each voxel from

the normalised ADC maps [65]:

 ADC(x) - ADCmm) | (3.8

% =0.75(1
re (X) < ADCma:t - ADszn
where ADC(x) is the ADC measured at voxel x and ADC),ip,, ADCypq, are the min-
imum and maximum values observed over all voxels at this timepoint. A maximum of

0.75 is imposed, which is the average of the five highest values measured experimentally

in [96].

a). b). c).

Figure 3.12: Tumour volume fractions calculated per voxel in patient 21 at three
timepoints: pretreatment (a), after one cycle of NACT (b) and after three cycles of

NACT (c). Voxels are 1.2 mm in the in-plane directions with 4 mm slice thickness.
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CHAPTER 4

Locally-calibrated proliferation rate: a

finite difference implementation
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4.1 Implementationanddata. .. .................. 39
4.2 Computationalexpense . . . . .. ... ... ... 00 40
4.3 Conclusions . . . . . .. o i i e e e e e 43

A finite difference (FD) solution for the state-of-the-art mechanically-coupled re-

action diffusion (MC-RD) model implemented in MATLAB is available on GitHub

[2, 14]. Preliminary experiments indicated that this implementation incurs a high com-

putational cost, with the mechanical coupling component being the primary contrib-

utor. Consequently, this chapter examines the role of mechanical coupling in predicting

breast tumour response to NACT, to determine whether its inclusion is justified.
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4.1 Implementation and data

Example pre-processed data from one test patient is also provided: tumour cellu-
larities and tissue distributions estimated from one scan before NACT is initiated and
one scan after the patient has received one cycle of the treatment. The code provided
calibrates the model parameters to the test patient data before extrapolating forward in
time to predict the tumour evolution by the third scan. Data from the third scan is not
provided, therefore we cannot directly compare the model prediction to the pathological

outcome for this particular tumour.

4.1 Implementation and data

The mathematical model is given in equations (2.5)-(2.7). The problem is solved using
a fully explicit three-dimensional finite difference (FD) grid, implemented with central
differences in space and forward difference in time. The full numerical details can be
found in [33]. The FD solution is executed in two steps. The calibration step first
uses the scanning schedule and test patient data from two DW-MRI scans (prior to
the initiation of treatment and after one cycle of NACT). The mesh is coarsened by
a factor of two in the z— and y— planes to reduce the computational time, and once
the solution is computed it is reinterpolated to the original grid for evaluation. Figure
4.1 depicts one forward pass of the calibration, which is embedded within a Levenberg-
Marquardt optimisation loop [97, 98]. The output is a best estimation of the tumour
cell proliferation rate, which can be positive or negative, at each voxel in a large ROI
surrounding the tumour (k(x)) and of their scalar diffusion coefficient in the absence
of stress (Dp). The simulation step then uses these newly calibrated parameters to
output a three-dimensional prediction of the tumour cellularity after two to four cycles

of NACT.

The data provided are not the MR images themselves but the preprocessed .mat files
required to run the model. These include the number of tumour cells at each voxel and
the spatial distribution of different breast tissues (adipose, fibroglandular and tumour)

at cycles 0 and 1, for seven slices of processed MRI data (resolution 171-by-171, voxel
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4.2 Computational expense

volume 8.45 mm?®). The image acquisition, processing, registration and analysis is

described in detail by Jarrett et al. [2].

“ “
eq. (2.7) eq. (2.6) eq. (2.5)

Figure 4.1: Flowchart depicting one forward pass of the model: equation (2.7) estab-
lishes mechanical equilibrium, equation (2.6) is the MC and equation (2.5) the RD.
Note that the main model variable Np¢ represents the cellularity at each voxel, and
the carrying capacity € is a maximum number of tumour cells allowed in a voxel. For
the parameter calibration, a Levenberg-Marquardt algorithm is used to output a best
estimation of the diffusion coefficient of tumour cells in the absence of stress (D) and of

numerous proliferation rates calibrated at each voxel in and around the tumour (k(x)).

4.2 Computational expense

The calibration code failed to complete in the time available when run locally. It also
exceeded the standard 48-hour job limit on the University of Leeds’ ARC4 supercom-
puter. The results presented here were obtained using the University of Luxembourg’s
more powerful Aion supercomputer [99]; its specifications are detailed in Subsection

5.6.5.

The mechanical coupling was observed to be the most computationally expensive part
of the calibration. To investigate its impact, this coupling was removed to solve the
RD equation alone. This was achieved by modifying the function which calculates the
new, mechanically-coupled diffusion to simply use the value of diffusion calibrated from
the patient data instead. The tumour cellularity results predicted by each model are
shown in Figure 4.3, along with a subtraction image showing their difference, and the
calibration and initialisation data. Qualitatively, the tumour presents the same general
shape and comparable cellularity. Results are discussed quantitatively in Section 4.3.

Figure 4.4 shows the calibrated proliferation rates from the MC-RD model.
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10

Number of tumour cells (x1 05)

Figure 4.2: Example data: slice 4 shown from Scan 0 (top row) and Scan 1 (bottom
row). The breast tissue structure data is shown on the left, where yellow voxels indicate
fibroglandular tissue and cyan indicates adipose. The tumour cellularity is shown on

the right, with its associated colourbar.

41



4.2 Computational expense

NTC1 NTC2 MC-RD RD Sub.
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0% 10°

Figure 4.3: Tumour cell number predictions for slices 37 of the test patient data,
with (MC-RD) and without (RD) mechanical coupling. An image of the absolute
difference between each model prediction is also shown (Sub.). The patient data is also
included: NTC1 and NTC2 were first used for model calibration, then NTC2 served as
the starting point for the prediction. The calibration and simulation were carried out
on a grid coarsened by a factor of two compared to what is shown here. The domain is
only to a ROI around the tumour for visualisation purposes only; the predictions were
computed on the 86 x 86 x 7 mesh. The root mean square error between the predicted

tumour cellularities (MC-RD and RD) is 1.8 x 1074.
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4.3 Conclusions

Calibrated proliferation rate

Figure 4.4: Proliferation rates calibrated between scans 1 and 2 (NTC1 and NTC2
shown in Figure 4.3) used for the MC-RD model prediction, shown for each slice of
data. Beyond the ROI in which proliferation rates are calibrated, the proliferation rate
is set to a fixed value of —10. The calibrated diffusion coefficient was Dy = 3.3 x 10%
m?2s~1.

Table 4.1 summarises the predicted tumour characteristics and calibration durations
for each model. The full MC-RD model, as originally formulated, was calibrated in
one day, 12 hours and 17 minutes. The optimisation function coarsened the initial
171 x 171 x 7 mesh to 86 x 86 x 7. Removing mechanical coupling allowed the RD
model to run in just 9 minutes, highlighting that the computational cost is primarily
driven by the MC component. Simulation times were negligible (less than a minute in

both cases).

4.3 Conclusions

Since no target data was provided for evaluation, we cannot assess how closely each
model prediction aligns with reality. While mechanical coupling has been shown to
improve model performance [14], the metrics in Table 4.1 suggest it is not the primary
factor influencing the solution. The predicted tumour volumes are similar with or
without MC, and the longest axes are nearly identical (3.83 cm versus 3.88 cm, a 1.3%

difference). The root mean square error between the predicted tumour cellularities is
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NTC2 RD MC-RD
Longest axis (cm) 3.82  3.88 3.83

Total cellularity (x10%) | 1180 931 1104
Tumour volume (cm?®) | 10.56 9.72  10.54
Calibration time (h) - 0.21  36.28

Table 4.1: Comparison of tumour characteristics (longest axis, total cellularity and
volume) across the prediction initial data (NTC2) and prediction results with (MC-
RD) and without (RD) mechanical coupling.

only 1.8 x 1074,

The primary objective of tumour modelling for NACT prediction is to identify re-
sponders and nonresponders to treatment. RECIST evaluations, detailed in Subsection
5.8.1, serve as a widely used metric for this differentiation. In the case of the RD and
MC-RD predictions discussed here, both models would classify this patient in the same
way. This suggests that mechanical coupling does not significantly improve model pre-

dictions, while accounting for almost all of the computational time.
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5.1 Introduction

In this chapter, a family of minimally calibrated and highly image-informed models for
predicting breast tumour response to NACT is introduced. As discussed in Chapter 4,
the mechanical coupling mechanism used in current state-of-the-art models [2, 14] does
not appear to significantly enhance their performance relative to the clinical standard
RECIST criteria. It does, however, substantially increase computational time. For this
reason, mechanical coupling is omitted from the present models. Furthermore, as noted
in Chapter 2, state-of-the-art models rely on locally optimising proliferation rates at
each voxel, resulting in a large number of parameters and a risk of overfitting [100, 101].
In contrast, rather than calibrating numerous spatially varying proliferation rates k(x)
as in previous approaches, we propose calibrating a single scalar proliferation rate k.

This parameter scales a map of K% the volume transfer constant reflecting the eflux
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5.2 Mathematical model

rate of contrast agent from blood plasma into the tissue extravascular extracellular
space. With K" as a proxy for tumour blood flow, we hypothesise that regions
with higher K?9"% receive better blood supply and that this leads to greater tumour
cell proliferation. This approach prioritises mathematical modelling over the potential
risk of overfitting through extensive calibration. By reducing the number of calibrated
parameters, we may also decrease the large computational expense of the optimisation
process.

Ultimately, the aim is to predict the tumour’s response to chemotherapy after just
one cycle, by calibrating the model with scans 0 and 1 then comparing the model
prediction at the end of treatment to the final scan. However, our dataset presents
some challenges. The full treatment and scanning schedules are described in Chapter
3, Section 3.3. In summary, all patients received antineoplastic drugs for the first three
cycles and most were switched to a taxane from cycle 4 onward, with mid-treatment
scans only taken after cycles 1 and 3. Since antineoplastic drugs and taxanes work
through entirely different mechanisms, predictions based on response to cycle 1 may
not be applicable to cycles 4-7, which complicates modelling the full treatment course.
There is one exception, as one patient received the same EC90 treatment for all six
cycles (Figure 3.4). For this patient, the model can be calibrated with scans 0 and 1
and those parameters can be used to predict the tumour response after six cycles. For
the other patients, however, we are limited to predicting the response after three cycles

based on the first two scans (Figure 5.1).

5.2 Mathematical model

Starting from a model inspired by the image-informed reaction—diffusion model in [2],
we aim to improve clinical efficiency by reducing computational cost. To do so, a family
of models presented in increasing order of complexity is proposed. The models contain
only one unknown, the tumour cell volume fraction Vpo. We hypothesise that the

evolution of V¢ is dependent on at most three patient-specific scalar parameters: the
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| chemo 1 I | chemo 2 | | chemo 3 |
T T
EC90 EC90 EC90
| v | M |
I | 1
Baseline Cycle 1 Cycle 3
MRI MRI MRI

Calibration timepoints

[\ ~ J
a. Simulation timepoints
| chemo 1 I | chemo 2 | | chemo 3 I | chemo 4 | I chemo 5 | | chemo 6 I
T T T T
EC90 EC90 EC90 EC90 EC90 EC90
v \ 4 v v \4 v
| | | ] N
| | | | i
Baseline Cycle 1 Cycle 3
MRI MRI MRI Last MRI
Calibration timepoints
@ J
Y
b. Simulation timepoints

Figure 5.1: Treatment, scanning, calibration and simulation timeline for most patients

(a) and for the single patient who received six cycles of the same drug (b).

chemotherapy response «, the diffusion coefficient of the tumour cells D — i.e. the abil-
ity of the tumour cells to invade surrounding tissue — and the tumour cell proliferation

coefficient k.

This leads to the following process of patient-specific model calibrations: first, the
tumour evolution during NACT is evaluated only by the chemotherapy response a:

OVre(x,t .
Tgi 8 _ —aCiVro(x, 1), (5.1)
where C’ffrsusge is the tumour tissue drug concentration (defined in Subsection 3.5.3).
Then, if this simplified model is not sufficient to predict patient response to NACT,

the invasive behaviour of the tumour cells is implemented first via a proliferation term:

OVre(x,t)

oot ke K roGet) (10 59 ) - aCli Vet ), (52

0 drug

where the proliferation rate is informed by a K% mapping defined over the entire

breast domain, and # = 0.75 is the maximum tumour cell volume fraction permitted
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(introduced in Section 3.5.4). Another option is to implement the invasive behaviour
of the tumour cells via a diffusion term:

a‘/TC(Xv t)

5 = DV?Vro(x,t) — acgigfgevm(x, t). (5.3)

A final model considers the diffusion, proliferation and chemotherapy response:

Vre >

= — aCtseyL o (x, 1), (5.4)

drug

Beyond this apparent simplicity, these equations are informed by an in-depth ana-
lysis of the patient imaging: the initial condition of V¢ is informed by DW-MRI, and
parameters k and « both scale the mappings of K% and C’éirsjge obtained from the
DCE-MRI analysis.

For clarity, the remainder of this thesis refers to these models by their calibrated

parameters: the « (5.1), ka (5.2), Da (5.3) and kDo (5.4) models.

Name Unit Meaning Source Type
Vre dimensionless tumour cell volume fraction variable initialised with patient data | image
a [mL mg~! s71] drug efficacy calibrated scalar
D [m2s~1] tumour cell diffusion coefficient calibrated scalar

k dimensionless proliferation coeff. calibrated scalar
Clissne [mg mL~1] concentration of drug in tissue patient data image
Ktrans [s7Y perfusion patient data image
0 dimensionless maximum Vr¢ measured in vivo [96] scalar

Table 5.1: Model variables and parameters.

5.3 Implementation

5.3.1 Numerical methods

All models were implemented in three dimensions (3D) and initialised using patient-
specific DW-MRI and DCE-MRI. The calibration and simulation codes were written in
the Python-based finite element library FEniCSx [102], with first-order in space Lag-

range elements and backward Euler timestepping. The timestep size At was gradually
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increased from 10 seconds to 30 minutes in 10-second increments over the first 180
timesteps, to ensure stability for the ko, Da and kD« models. This was not necessary
for the o model, which employed a constant At = 30 mins. Upper and lower thresholds
on acceptable tumour cell volume fractions were imposed after each solver iteration:
values were capped at § = 0.75 [96], and those below 10~ were considered nontumour
and set to zero [103].

A stability check was implemented to terminate the solver early if the solution
remained unchanged for 50 iterations (equivalent to 25 real-time hours, chosen empir-
ically). The a model, which only simulates the duration of the chemotherapy (from
administration until the drug concentration decreases to 1% of its maximum), fre-
quently stabilised before reaching the final iteration. This early termination resulted in
computational time savings often exceeding 50%. The other models include “growth”
phases, where the tumour cells are allowed to diffuse and/or proliferate in the absence
of a chemotherapy term: from the first scan until the point at which the drug is de-
livered, then from the end of drug delivery until the date of the next scan. For these
models, stabilisation occurred less frequently; if it did, the computation advanced to

the next stage rather than terminating entirely.

Variational formulation For the kDo model, multiplying equation (5.4) by the test
function v, Ve and v in the Sobolev space H1, and integrating over the computational

domain 2 we have:

Vreo
qQ Ot

V;
vdQ) = / DV2VpovdQ + / |3 Gl Vo (1 — ?) vd) — / aCvd(, (5.5)
Q Q Q

writing C' = Céirsjge for conciseness. Using integration by parts and the divergence

theorem, the diffusion term V2Vy¢ can be rewritten as:

oVrc
a0 On

/ V3VrcvdQ = vdS — / VVre - VodQ, (5.6)
Q Q

where the surface integral [y, %—deS is prescribed to be zero on the domain boundary

0f), which was defined as a box surrounding the tumour with a padding of at least two
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voxels in each direction. Equation (5.5) thus becomes

/ OVro 40— / DVVire - VodQ + / | G A (1 — VZC) vdQ) — / aCvdQ.
Q Q Q Q

ot
(5.7)
We use a backward Euler scheme for the time discretisation:
/ Vre = Vrco, ¢ = / [—DVVTC Vo + kKNS (1 - VTC) v aCU] 0,
Q At Q 0
(5.8)

which rearranges to finally give the finite element variational form Fepemo used for the

chemotherapy timesteps:

E chemo — /
Q

The variational form for the “growth” timesteps is derived identically, minus the chemo-

Vi
(Vre — Vipeoo)v + At (DVVTC -Vov — thranSVTc <1 — 70;0) v+ OzCU)] dQ.

(5.9)

therapy term:

Vi
Fhonchemo = /Q {(VTC — Vrco)v + At (DVVTC Vo — kK™ Vo (1 — :gc) U):l d€2.

Following the same methodology, the variational form for the  model (5.1) is:
Fonemo = / (Vic — Vrco)v + AtaCv] d9, (5.11)
Q

for the ka model (5.2):

F chemo = /
Q

F nonchemo — /
Q

and for the Da model (5.3):

e Vreow s 84 (kv (12 1) o ace) a0, 12

v
(Vre — Vrog)v — Atk K™ Ve (1 - ?) v] dQ, (5.13)

Frnome = / (Ve — Vico)v + At (DVVie - Vo + aCo)] dQ, (5.14)
Q

Fnonchemo = /Q [(VTC - VTCO)U + At (DVVTC ’ V’U)] dQ. (515)
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5.3 Implementation

5.3.2 Computational domain and meshing

For each patient, the size of the computational domain was defined as a cuboid encom-
passing the tumour segmentations with a minimum padding of 2 voxels in all direc-
tions. This padding threshold was selected based on the established observation that
adenocarcinomas exhibit minimal growth over NACT timescales. Tetrahedral meshes
of increasing refinement were generated using Gmsh [104] to determine the resolution
at which the numerical solution became independent of the choice of mesh. Figure 5.2
shows the difference between the error from each mesh and the error from the finest
mesh (as defined in Subsection 5.6.2), all other patient plots can be found in Appendix
A.
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Figure 5.2: Examples of mesh convergence plots for two patients. The solution is
considered to be independent of the mesh if the volume of the solution tumour is
within 1% of the volume of the finest mesh’s solution tumour for the o model, and
within 5% for the ko, Da and kDo models (to avoid prohibitively long simulation

times).

An additional risk associated with overly coarse meshes is the potential for errors to
arise when interpolating data between function spaces. Figure 5.3 describes a section
of code in which this can be a problem. The optimisation’s target data originally
provides a single value at the centre of each hexahedral voxel and is first read into

FEniCSx via a discontinuous Lagrange function space, which comprises of one value
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5.4 Excluded patients

at the centre of each solution mesh tetrahedron. The target data is subsequently
interpolated onto the continuous Lagrange function space where the equations will be
solved, so that the solution tumour may be compared with it. This space is comprised
of one value at each element vertex, i.e. four values per tetrahedron, and this is the step
at which discrepancies may occur. If the mesh is too coarse, significant differences can
emerge between the actual tumour volume and the volume computed on the solution
grid, which critically impacts the optimisation process when the cost function involves
tumour volumes (see Figure 5.11).

Thus the optimal mesh for each patient and each model was selected as the coarsest
mesh beyond which further refinement resulted in a change in the solution of no more
than 1%. Furthermore, consistency in the volume of the target tumour data between

the different function spaces was confirmed.

1. Data 2. DGO space 3. CG1 space
oo (oo |o
[ ] [ ] [ ]
[ I [ J ® [ J
oo |0 |0 0|0
° ) ° — > — >
oo |0 |0 0|0
|0 (0 |0® 0O
o ([ ] o
o|o |00 (0|0 0

Figure 5.3: Illustration of the process of reading MR data into FEniCSx. Note that in
reality the problem is three-dimensional and the solution mesh (shown in steps 2 and

3) is tetrahedral.

5.4 Excluded patients

Eight patients were excluded from the entire study, and a further two only from the

prediction step:

e Patients 12 and 40 were excluded due to issues in their MR data. For patient

12, the DCE field of view was cropped to the wrong size and didn’t include the
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5.4 Excluded patients

entire aorta. This rendered the DCE analysis described in Chapter 3 impossible.
For patient 40, an error occurred during the acquisition of the DCE-MRI.

o Patient 28 was excluded due to unsatisfactory image registration. The overlap
volume between the registered scan 0 and scan 1 tumours was only 16% of the
scan 0 tumour volume and 29% of the scan 1 tumour volume (with Dice similarity
coefficient 0.2), making it impossible to accurately compare the model predictions

to the true tumour size and shape.

« Patient 38 was excluded due to the tumour’s small size: when the tumour occupies
only a few voxels, segmentation errors affecting a single voxel can constitute a
significant proportion of the tumour volume, leading to artificially high errors

which significantly impede the optimisation process.

« The upper bound of 1 x 1072 on a (described in Subsection 5.5) is necessary

to prevent model instability for the patient with the highest C%su®. This arises

drug -

Ctissue

drug ) becomes excessively large compared to

when the chemotherapy term (—a
the other terms. This poses a practical constraint on the models’ applicability:
when the mean C’fﬁsj}gle is too low, i.e. falls below 10~%mg/mL, the chemotherapy
term is insufficiently large to influence the solution meaningfully. As a result,
patients 3, 25, 32, and 33 are excluded from this study due to their Cgfﬁge at
Scan 0, and patients 8, 13, and 38 are excluded from the simulation step because

of their Cgﬁfge at Scan 1. These data are shown in Figure 3.11.

e Lastly, patients 2, 22 and 27 withdrew from the CHERNAC study. To avoid
confusion, as the DICOM datasets are identified by the original patient IDs, the

remaining patients were not renumbered.

Model calibrations and predictions after three cycles of NACT were still conducted

for the seven patients with low Ct55u¢: these results are included in Appendix B. This

drug
was not possible for the patients with problematic MRI data. Thus of the 34 patients

whose datasets could be used in these models, 27 remained in the final cohort discussed
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in this chapter.
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Figure 5.5: Patient 38’s tumour at Scan 0 (small; left) next to patient 3’s (large; right)

for scale.
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Figure 5.6: Example of a low Cgim

tumour cell volume fraction on the left shows the full shape of the tumour, with the

drug concentration within it shown on the right.
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5.5 Parameter space exploration

5.5 Parameter space exploration

To determine appropriate bounds for the parameters requiring calibration, simulations
from Scan 0 to Scan 1 were carried out for each model using various parameter com-
binations. The lowest values were chosen to ensure no observable impact, while the
upper values were increased until they caused the solver to fail. These simulations were
carried out for five patients with different treatment outcomes to guide the choice of
parameter bounds for the optimisation process.

Figure 5.7 shows an overview of the kDa model parameter space. Nine hundred
parameter combinations were investigated: the (dimensionless) proliferation coefficient
k was varied between 10~ and 1079, the diffusion coefficient D between 10716 and
1078 m?/s and the drug efficacy a between 107 and 1 mL/(mg-s). Each dot represents
a simulation carried out with parameters (k, D, «) given by its coordinates, where the
relative error between the numerical tumour volume and the data tumour volume is
indicated by the simulation error colourbar. The Vpo colourbar is relevant to the
numerical results visualisations; it shows the tumour volume fraction Vpo at each
element of the domain where Vo > le — 5 (below which the element is considered
non-tumour) [103]. Seven areas of the parameter space were identified, corresponding
to seven solution behaviours; one example solution is shown for each zone.

Simulation errors are lowest in zone A, corresponding to the region where the nu-
merical tumour exhibits qualitatively “reasonable” behaviour: it may diffuse slightly,
shrink, or disappear entirely. This is consistent with behaviours observed throughout
treatment. Beyond D = 107'2 m2 /s, the tumour cell diffusion becomes excessive, lead-
ing to errors of at least 100% (zone C, where the tumour expands to occupy most of
the domain) or higher (zone F, where the tumour fully invades the domain). Similarly,
when k& = 1075, tumour cell proliferation becomes excessive and results in a tumour
that occupies too much of the domain (zone G). Beyond o = 1072 mL/(mg-s) the
chemotherapy parameter is four to fourteen orders of magnitude larger than the oth-

ers, resulting in quantitative errors above 500% and qualitatively unphysical behaviour
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5.5 Parameter space exploration

(zone B). Lastly, when D < 107 m?/s, k < 107® and o < 1075 mL/(mg-s), these
parameters have no meaningful impact on the solution.

Further examples of simulation results with parameters in the “reasonable” range
(zone A) are shown in Figure 5.8 for the o model (equation (5.1)) and in Figure 5.10

for the Da model (equation (5.3)), which shows cross-sections of the tumour.
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C. Tumour grows to
occupy most of domain:
excessive D

B. Tumour breaks up
unphysically: excessive a

D. Tumour
disappears
entirely: excessive a
A. Tumour evolves in a
reasonable manner for

suitable k, D, a

E. Solver fails to
converge when all
parameters are too large

F. Tumour grows to
occupy entire domain:
excessive D

G. Tumour grows to
occupy most of domain:
excessive k

Simulation error (%)

I
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Figure 5.7: kDa model simulation results for one patient with 900 parameter combin-
ations: k € (10714,107%), D € (107%6,107%) m?/s and o € (107?,1) mL/(mg-s). The
scale of the error is given by the lower colourbar. Seven zones are identified (A-G) and

an example of a solution tumour is provided for each of the zones.



5.5 Parameter space exploration

Figure 5.8: Result of four simulations from Scan 0 (shown in the first column) to Scan
1 (last column) for one patient using the a model with a = 107%, a = 1074, o = 1073
and o = 1072 mL/(mg-s). The error shown is the percentage difference between the

volumes of the numerical tumour and the Scan 1 tumour.
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Figure 5.9: Result of 15 simulations from Scan 0 to Scan 1 for one patient using the ka
model with k € (1078,107%) m2/s and « € (107°,1072) mL/(mg-s). The error shown
is the percentage difference between the volumes of the numerical tumour and the Scan

1 tumour.
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5.6 Model calibration

Figure 5.10: Result of 24 simulations from Scan 0 to Scan 1 for one patient using the
Da model with D € (107%,1072) m?/s and a € (107%,107!) mL/(mg-s). The error
shown is the percentage difference between the volumes of the numerical tumour and

the Scan 1 tumour.

5.6 Model calibration

5.6.1 Overview

Figure 5.11 describes the calibration process, which was handled by an optimisation
algorithm. A first guess chosen randomly from Zone A in the parameter space (see
Figure 5.7) is made for the parameters to be calibrated (k, D, «). These values are
used with the tumour volume fraction measured before the start of NACT (scan 0)
to yield the model-predicted tumour volume fraction after one cycle of NACT (scan
1). This prediction is compared to tumour cell number measured after one cycle. The
algorithm iteratively adjusts the parameter values until suitable agreement is reached
(as defined in Subsection 5.6.2). Once the best set of parameters is identified for the

dataset, the forward evaluation of the model to predict further timepoints can proceed.
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Figure 5.11: Parameter calibration process.

5.6.2 Cost function design

Choosing an appropriate cost function, the error measure used to evaluate the accuracy
of each Scan 1 prediction within the optimisation loop, is crucial to achieving a suc-
cessful optimisation. We explored three cost functions. The first simply minimised the
percentage difference between the solution tumour volume vy, and the data tumour

volume vgqiq:

El _ ‘Vsol - Vdata‘ ) (516)
Vdata

The second applied to same approach to the average tumour cell volume fraction, A:

_ [Asot = Adatal

E,
Adata

(5.17)

The third was designed to measure the spatial overlapping of the predicted tumour
and the target data tumour in an element-by-element manner (Figure 5.12). This cost
function considered the proportion of the solution tumour that is made up of elements

inaccurately identified as part of the tumour (false positives) and the proportion of the
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data tumour which was not identified by the solution (false negatives):

Vi X Vi Y Vim0V

E3 — % 1€Tqata 1€T4ataNT 501 + 1€ 501 1€T4ataNT 501 , (518)
>, Vi > Vi
1€T4ata 1€ 501

where V; is the volume of voxel ¢ and Ty, and T, are the data and the solution

tumours.

Numerical

—N—

Positive Negative

Data
Positive

Negative

Figure 5.12: Error based on volume of overlap between solution tumour and target

data tumour.

Minimising the percentage difference between the solution tumour volume and the
data tumour volume proved to be by far the most effective approach, and thus this
was used as the cost function for all the results presented subsequently. The average
tumour cell volume fraction was not deemed a relevant measure of tumour evolution,
while the voxel-by-voxel error was too stringent: since the models struggle to predict
the exact tumour location at the voxel level, the best outcome using this metric often

resulted in no change to the tumour.

5.6.3 Choice of optimisation algorithm

Three optimisation algorithms were implemented using the NLopt library [105]: COBYLA
(Constrained Optimization BY Linear Approximations) [106], Nelder-Mead Simplex
[107] and Low-storage BFGS (Broyden-Fletcher-Goldfard—Shanno) [108]. These were

identified as those with the most potential for a reasonably quick optimisation process,
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5.6 Model calibration

from a larger subset of algorithms initially tested. Each algorithm was used to cal-
ibrate all four mathematical models for the same twelve patient datasets, to identify
the best-performing. Figure 5.13 compares the results from each algorithm in terms of
optimisation time and lowest error identified. Each dot represents one patient dataset,
with the ellipses centred around the average and stretched by the standard deviation
in each direction. BFGS was frequently the fastest to converge but rarely successful in
identifying the lowest possible error. Cobyla and Nelder-Mead tended to identify very
similar best errors, with the latter being slightly faster for the a model and significantly
faster for the kDo model. Therefore, Nelder-Mead was chosen as the best optimisation

algorithm for generalising to the rest of the patient cohort.
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Figure 5.13: Comparing optimisation algorithms: best error against parameter calibra-
tion time for a model with one, two or three parameters, tested on 12 patient datasets
for the three optimisation candidates: COBYLA, Nelder-Mead and Low-storage BFGS.

The ellipses are centred around the mean and stretched by the standard deviation in

each direction.

63



5.6 Model calibration

5.6.4 Optimisation settings

A stopping criterion for the cost function was set at 1% for the o model and 5% for the
ko, Da and kDo models. Relative tolerances of 10~% were imposed on the parameters
and on the cost function, below which the optimisation process was terminated. Ad-
ditionally, the optimisation was constrained to a maximum of 200 iterations or a total
runtime of 30 days. This constraint was imposed firstly due to practical limitations
on our computational resources, as each job is restricted to a 48-hour runtime before
requiring relaunch. It is also important to note that the timeframe of the optimisation
represents only 3 weeks of real-time tumour evolution. Table 5.2 lists the parameter
bounds and initial values used for optimisation in each case, determined empirically
from the parameter space exploration described in Section 5.5. In the Da and kD«
models, the initial values for « are set significantly higher to ensure the effect of chemo-
therapy is represented despite the opposing influence of diffusion. The lower bounds on
k, D and « in models (5.2)—(5.4) were chosen such that these parameters would always
have an effect on the solution, i.e., to prohibit the ka model from reducing to the «

model with k = 0, etc.

Model Parameter Bounds Starting point

(5.1) a [1075,1072] 1074
(5.2) k [1078,107] 5x 1078
a [107°,1072] 1x1074
(5.3) D (10714107  1.5x 1071
a [107°,1072] 4x1073
(5.4) k [1078,1077] 5x 1078
D (10~ 10713 1.5x 10714
a [1075,1072] 4 %1073

Table 5.2: Upper bounds, lower bounds and starting points for each parameter in each

model based on the parameter space exploration (Section 5.5).
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5.6.5 Hardware

The code was executed on the University of Luxembourg’s Aion supercomputer [99],
a cluster of x86-64 AMD-based compute nodes. Each node consists of 8 (virtual)
processors with 16 cores each, physically hosting 2 physical sockets of AMD Epyc
ROME TH12 processors with 64 cores each, for a total of 128 cores per node. Each node
has 256GB of DDR4 3200MT /s memory (8x16GB DIMMSs per socket, 16 DIMMs per
node). However, the version of FEniCSx installed on Aion is not currently parallelisable,

thus each job was only able to be run on one node.

5.7 Calibration results

This section explores several key aspects of the optimisation results: we compare op-
timisation durations and fit quality across models, investigate why certain patients
prove more challenging to calibrate, analyse the values of the calibrated parameters
and compare each model’s performance in distinguishing between responders and non-
responders. Though calibration results are not inherently predictive, any insights de-
rived solely from scans 0 and 1 are highly valuable as the ultimate goal is to predict
tumour response after just one cycle of chemotherapy. For instance, if the calibrated
parameters for responders consistently fall within a specific range, this information
could enable the identification of potential responders to NACT immediately following
calibration.

For the purposes of this discussion, the models were categorised into “chemo-heavy”
(a and ka) and “diffusion-heavy” (Da and kDa) groups. This is because the inclusion
of diffusion drives the model predictions towards tumour growth, as simulating the
outward diffusion of cells gives the appearance of expansion. This has a significant
impact on the solution which is inherently absent from the chemo-heavy models. The
focus is primarily on volume errors rather than the other two metrics (longest axis
and average tumour cell volume fraction), as volume is considered the most clinically

relevant measure for assessing prediction quality. Using the longest axis simplifies a
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three-dimensional problem into two dimensions — an unnecessary reduction given our
capability to estimate volumes. Meanwhile, the average tumour cell volume fraction
lacks a direct correlation with assessments of tumour response to NACT.

Lastly, the RECIST guidelines [109] are used to differentiate between responders
and nonresponders as determined from the data collected at Scan 3. Briefly, RECIST
categorises response into four groups: complete response (CR), partial response (PR),
stable disease (SD) and progressive disease (PD). CR and PR are considered responders,
SD and PD nonresponders. RECIST classifications are discussed in greater detail in

Subsection 5.8.1.

5.7.1 Duration of the optimisations

Figure 5.14 shows the minimum error achieved during the optimisation process and the
time required to attain it for each model. These values are also detailed in the €,,; and

topt columns of Tables 5.10-5.13.

Calibration error against optimisation time for all models
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Figure 5.14: Minimum error (tumour volumes) attained during the optimisation process
for each model. Note the logarithmic scales in both axes. Each dot represents an

individual patient dataset.
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The « model was on average the quickest, with the majority of the optimisations
(21 out of 29) completing in under 24 h and seven of the remaining eight within 48 h.
The median optimisation time was 10.8 h with an interquartile range of [6.75, 28.65].

The ka model generally required more time to converge than the o model, reflecting
its increased complexity. Despite this, 13 cases completed within 24 hours and an
additional nine within 48 hours. Two cases were unable to converge to a solution in
30 days: patient 9 and patient 14. Both had meshes exceeding one million elements,
resulting in extremely long runtimes for a single iteration of the optimisation process:
29 hours 47 minutes for patient 9 and 33 hours 43 minutes for patient 14. These
times are significantly longer than the average for the other patients, 6 hours and 13
minutes. These cases, along with the 30 day limit, are discussed further in Appendix
C. For the cases that did converge, the median optimisation duration was 22.1 h with
an interquartile range of [8.2,34.0].

The Da model had yet more difficulty achieving convergence, with six cases failing
to complete within a month (patients 7, 17, 18, 20, 21 and 31). While patients 18 and
20 experienced extremely long runtimes per forward pass (22 hours 58 minutes and 24
hours 17 minutes, compared to the average 3 hours and 34 minutes of the other pa-
tients), the other problematic cases did not have unusually long runtimes. For patients
7 and 17, this could be explained by the significant shrinkage experienced by the tu-
mour between scans 0 and 1, with volume reductions of 66.9% and 48.9% respectively
(see Table 5.7). However, comparable reductions in volume occurred for patients 36,
23 and 24 which the Da model successfully calibrated in 1 hour 29 minutes, 11 hours
52 minutes and 22 hours 2 minutes respectively. Patient 17 eventually converged (in
just under 23 days), thus those results were included here. Among the 24 converged
cases, 16 completed within 24 hours and an additional four finished within 48 hours.
The median optimisation duration for all completed cases was 15.65 hours with an
interquartile range of [7.625, 43.125].

Finally, the kDo model had the lowest success rate, with only 51.9% of the op-

timisations (14/27) converging within a month and a further five within 30 days. For

67



5.7 Calibration results

those that did converge, the median optimisation time was 26.55 h with an interquartile
range of [18.225,243.25].

All instances of non-convergence across models are discussed in Appendix C.

5.7.2 Quality of the optimisations

For the o model, 24 of the 29 optimisations achieved an error smaller than 1% and
terminated for that reason. Of the remaining six cases, four terminated due to the
relative change in parameters falling below the specified 107 tolerance (patients 14,
19, 20 and 34) and two terminated due to the relative change in the cost function
meeting the same criterion (patients 11 and 39). As a result, the optimisation error
was higher for these patients.

Five of these cases involve tumours whose volume appeared to increase between
scans 0 and 1: patient 14’s tumour “grew” by 1.6%, patient 39 by 5.8%, patient 20 by
19.5%, patient 34 by 23.4% and patient 19 by 34.3%. These figures are listed in Table
5.7. Given that the o model assumes a chemotherapy-only scenario, which accounts
solely for tumour shrinkage, it is reasonable that the error is higher in these cases.
This hypothesis is supported by the observation that none of the tumours successfully
optimised with an error below 1% exhibited volume growth between scans 0 and 1.
Furthermore, the tumours with the largest volume increases correspond to the highest
optimisation errors, as follows: ey = (2.6%,4.9%,16.2%,20.1%,24.7%) in the same
order as listed above. This topic is further explored in the prediction results discussion
(Subsection 5.9.2).

The error for patient 19 could further be attributed to registration error. This
patient was not excluded as the overlap between registered tumours was still significant
— 54% of the cycle 0 tumour volume and 71% of the cycle 1 tumour volume, with a
Dice similarity coefficient between the tumour volumes of 0.61. However, it is possible
that the chemotherapy-only model would struggle to match the volumes, given the

misalignment in the “tail” of the tumour in the visualisation in Figure 5.15.

68



5.7 Calibration results

08 —08
[ 06 06
, 05 05
—~04 3 04 O
el TR fo
_02 02
01
00 00

Figure 5.15: Example of a poor registration between data from scans 0 and 1 (patient
19). This patient is an outlier in the & model optimisation process, with unusually high

error (24%).

Lastly, the higher-than-usual error for patient 11 (13.6%) does not have an imme-
diately apparent explanation. The optimisation algorithm obtains an identical volume
error for the first two « values tested and consequently terminates. This may simply

be attributed to an unfavourable starting point for this particular patient.

To avoid excessively long optimisation times, the stopping criterion for the cost
function evaluation was relaxed from 1% to 5% for the subsequent models. Only one
case exceeded this threshold for the ko model: patient 39, with a calibration error of
5.5%. Most of the other patients for whom the o model had struggled to find optimal
parameters were largely “fixed” under this model, achieving errors of 2.0% (patient
11), 2.6% (patient 29), 4.8% (patient 20) and 1.9% (patient 34). This can likely be
attributed to the model’s additional capabilities of representing growth.

Similarly, the Da model exhibited fewer outliers in calibration error compared to
the o model. Two cases exceeded the 5% tolerance: patient 36 and patient 17, with
errors of 29.2% and 7.4% respectively. These slightly higher errors are likely related to
the shrinkage that these tumours underwent between scans 0 and 1, a behaviour that a
diffusion-heavy model may struggle to accurately represent. Patient 36 experienced the
most significant shrinkage across all patients (67.6%, detailed in Table 5.7). Patient 7
underwent comparable shrinkage (66.9%) and failed to converge to a solution within

the allotted time, making it an “unfinished” case for this model. However, patient 23
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was able to converge successfully and achieve a calibration error of just 1.6% despite
undergoing a comparable shrinkage of 66.5% between scans 0 and 1. A similar pattern
was noticed for the kDa model, where optimisation errors are high for patients 7 and
36 (206.0% and 76.5%) and patient 17 failed to converge.

Lastly, Tables 5.3-5.6 present the median and interquartile ranges for the optim-
isation error across the models. Despite the outliers discussed earlier, the a model
achieves the lowest errors overall — but a bias was introduced in constraining this
model to reach errors below 1%, rather than the 5% threshold applied to the other
models. The a model calibration errors are very slightly lower for responders (median
value 0.55%) compared to non-responders (median value 0.7%). Although admittedly
a very marginal difference, this aligns with expectations for a model that exclusively
accounts for tumour shrinkage and lacks any growth term. The ka model, which in-
cludes a proliferation but no diffusion term, exhibits a similar pattern with a 2.3%
median error for responders and 2.6% for non-responders. The trend continues with
the kDo model, presenting perhaps surprisingly a median error of 2.6% for responders
and 3.1% for nonresponders. The diffusion-heavy models may have been expected to
perform better for the nonresponders. This is the case for the Da model, with errors

of 3.1% for nonresponders compared to 3.25% for responders.

5.7.3 Calibrated parameters

All the calibrated parameters for each model and for each patient are listed in the first
few columns of Tables 5.10-5.13. In addition to the calibrated parameters themselves,

Tables 5.3-5.6 include the median and interquartile range of the calibrated parameters

scaled by the relevant data in the model equations: k- Ktrens for models incorporating

tissue

g for the chemotherapy term. The mean values are used here

proliferation and « -
as both K'a"s and Cflisj;e are spatially varying quantities.

The values in Tables 5.3-5.6 are reported for all patients as well as for responder
and non-responder groups, determined based on RECIST guidelines evaluated at Scan

3 [109]. Figures 5.16-5.18 illustrate the scaled calibrated parameters for each dataset
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5.7 Calibration results

with individual data points colour-coded according to their RECIST classification. (The
figure for the kDa model was omitted as the three-dimensional data was too difficult
to visualise in two dimensions.) These visualisations provide further insight into the
distribution of parameters across the responder and non-responder groups in a patient-
by-patient manner.

Comparing the a model results in Figure 5.16 with Figure 3.11, we observe that
patients with the highest calibrated « values tend to have particularly low drug con-
centrations, while the low-a outliers exhibit higher drug concentrations. This suggests
that « can be calibrated to compensate for low C’éﬁ;e values when the tumour is ob-
served to reduce in volume. Comparing « values across models shows that « can also
be adjusted to account for growth effects, as it presents higher values in the diffusion-
heavy models than in the chemo-heavy models. Similarly the diffusion coefficient D
tends to be calibrated to slightly lower values in the kD model, where proliferation
also contributes to simulating growth, than in the Da model where growth is driven
by diffusion alone.

Differentiating between responders and nonresponders, responders exhibited higher
calibrated « values for the @ model (median 15.9 mL/(mg:s), interquartile range [5.8, 119.9])
compared to nonresponders (median 10.5 mL/(mg-s), interquartile range [2.35,17.73)).
For the ka model, both K and Cflffjgue were systematically higher in responders,
which makes sense as these parameters highlight regions of increased blood flow, fa-
cilitating greater chemotherapy delivery. The dimensionless proliferation coefficient k
was slightly higher in nonresponders, which aligns with expectations. Surprisingly,
higher « values were not indicative of positive response until scaled by Cflisj;e. The
Da model reveals a slightly higher diffusion coefficient and significantly lower « value
in nonresponders, which are both consistent with expectations. As in the ka model,
no conclusion is drawn from the « values until scaled by Cflisjge, no conclusion from D,
and slightly more proliferation for the nonresponders than the responders.

An important point to note is that in both diffusion-heavy models the diffusion

coefficient D is frequently calibrated to its lowest allowable value, 1 x 1074 m?/s. This
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5.7 Calibration results

x107° a [mL/mg-s] %1073 a% [/s] opt (%)
All patients  11.7 [4.95, 23.25]  3.82 [1.46, 6.75] 0.6 [0.3, 0.9]
Responders 15.9 [5.8, 119.9]  8.17 [4.43, 15.41]  0.55 [0.325, 0.775]
Nonresponders  10.5 [2.35, 17.73] 2.04 [0.58, 3.52] 0.7 [0.3, 9.25]

Table 5.3: Median and quartile ranges for the calibrated «, calibrated o multiplied by
the mean drug concentration measured in the tissue at Scan 0 and optimisation error
of the @ model. The responder and nonresponders categories are determined by the

RECIST status evaluated at Scan 3.

is the lower bound imposed on D during the optimisation, chosen because at this level
it has no measurable effect on the solution on its own. Although diffusion is permitted
to reach an upper limit of 1 x 107!2 m?/s, the highest calibrated values observed in
practice were 2.6 x 1074 m?/s for the Da model and 2.5 x 1074 m?/s for the kDa
model. This is an important point which suggests that diffusion may not be a valuable

mechanism to include in these models for this specific application.

a model calibrated parameters for each patient
.
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Figure 5.16: Calibrated « values multiplied by the mean drug concentration estimated
in the tissue from Scan 0, for each patient dataset. The colours correspond to the
RECIST evaluation at Scan 3: CR = complete response, PR = partial response, SD =

stable disease.
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x107% k [-]  x1078 kK" [/s]  x107% a [mL/mgs] x1073 aCHsue /5] eopt (%)
All patients 5[1,5.8  11.42 [3.84, 18.04] 13.8 [10, 38.7] 445 [3.60, 7.64] 2.6 [1.5, 3.7]
Responders 5 [1.5, 5.0] 11.79 [5.44, 16.65] 10 [10, 27.75] 6.63 [4.16, 15.76] 2.3 [1.25, 3.7]
Nonresponders 5.30 [1.0, 8.0]  7.49 [2.17, 22.96] 15.3 [10, 53.90] 4.23 [2.59, 4.87] 2.6 [1.9, 4.0]

Table 5.4: Median and quartile ranges for ka model parameters grouped by responder
status, as defined by the RECIST evaluation at Scan 3. The parameters include the

calibrated values (k and «), their products with the mean of the data they scale in

the model equation (5.2), kK" and aCflfjf;‘e, and the optimisation error of the ko

model.

le—7 ka calibrated parameters
4.0 ®

3.5
3.0

25 e CR
2520 PR
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0 1 2 3 4

k- Ktrans le—9

Figure 5.17: Calibrated k and « values multiplied with the mean of the data they

scale in the ko equation, kK% and anﬁjfge. The colours correspond to the RECIST
evaluation at Scan 3: CR = complete response, PR = partial response, SD = stable

disease, PD = progressive disease.
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5.8 Prediction results: scan 3

x107 D [m2?/s]  x107° o [mL/mg-s] x1073 aClizsue /] €opt (%0)

All patients ~ 1.25 [1.03, 1.8]  649.75 [400, 774.63]  186.45 [59.67, 293.89]  3.15 [1.38, 3.98]
Responders 1.2 [1, 1.9] 764.38 [462.44, 774.63] 272.02 [125.55, 551.41]  3.25 [0.975, 5.225]
Nonresponders 1.5 [1.1, 1.6] 540.48 [400, 680.97]  127.15 [51.25, 200.21] ~ 3.15 [1.525, 3.675]

Table 5.5: Median and quartile ranges for Da model parameters grouped by responder
status, as defined by the RECIST evaluation at Scan 3. The parameters include the

calibrated values (D and «), the product of o with the data it scales in the Da equation,
tissue

o drug

and the optimisation error of the Da model. Note that the scaled data refers

to the mean value of the spatially-varying data.

Da calibrated parameters
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Figure 5.18: Calibrated « values multiplied by the mean drug concentration Ctlfjf;e

against calibrated D values for each patient dataset using the Da model. Note the
log scale in the y-axis. The colours reflect the RECIST evaluation at Scan 3: CR =

complete response, PR = partial response.

5.8 Prediction results: scan 3

After calibrating with data from scans 0 and 1, the models were populated with the
calibrated parameters and the data from Scan 1 to generate a prediction at Scan 3.
Due to the low drug concentration data measured for patients 8 and 13 at Scan 1,

these datasets could not be used for the prediction step. This limitation is discussed
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5.8 Prediction results: scan 3

x107% k []  x1079 kK" [/s]  x107' D [m®/s] x107° o [mL/(mgs)] x107% - (CF5) [/s]  eopt (%)
All pats. 515 [2.4, 7.2]  73.4 [46.71, 191.65) 1[1, 18] 649.8 [400, 972.8]  167.18 [59.51, 237.90] 2.9 [0.8, 4.4]
Resp. 4.2 [2.5,7.25] 75.96 [60.84, 230.89] 111, 1.6) 649.8 [358.55, 970.7]  186.53 [81.0, 236.2] 2.6 [0.5, 4.65]
Nonresp. 5.3 [2.3,7.2]  52.97 [37.94,171.32] 111, 1.9] 649.8 [400, 981] 86.20 [58.65, 243.58] 3.1 [1.4, 4.3]

Table 5.6: Median and quartile ranges for kDa model parameters grouped by responder
status, as defined by the RECIST evaluation at Scan 3. The parameters include the

calibrated values (k, D and «), their products with the data they scale in the model

equation (5.4), kK and aCéifg‘e, and the optimisation error of the kDo model.

Note that the scaled data refers to the mean values of the spatially-varying data.

in Section 5.4, in Section 5.10 and in Appendix B.

For the rest of the cohort, a RECIST evaluation [109] was performed for each model
prediction and compared to the RECIST assessment derived from the data, providing
a qualitative measure of each model’s ability to predict response or non-response to
NACT (Subsection 5.8.1). In addition, the accuracy of the model predictions was
quantitatively evaluated using tumour volume and longest axis as key measures of
tumour size. Two evaluation approaches were employed: comparing predicted values
to measurements at Scan 3 (Subsection 5.8.2), and assessing the predicted tumour
evolution over three cycles of NACT against the measurements from Scan 3 (Subsection

5.8.3).

5.8.1 RECIST evaluation

RECIST evaluations are ordinarily based on changes in the tumour’s longest axis [109].
A tumour is classified as achieving complete response (CR) if it disappears entirely,
partial response (PR) if its longest axis decreases by at least 30% and progressive
disease (PD) if it increases by at least 20%. Tumours that exhibit neither sufficient
shrinkage nor growth to qualify as PR or PD are classified as stable disease (SD). A
well-known limitation of this approach is that the longest axis is not the most reliable
measure of treatment response [110]. It provides only a two-dimensional assessment of

a three-dimensional problem and, in clinical practice, is often measured on MR slices
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ID | Scan0to1l Scanlto3 Ratio
1 —43.43 —70.57 0.62
4 —14.22 —49.00 0.29
5 —23.52 —78.53 0.30
6 —27.82 —67.44 0.41
7 —66.86 —100.00 0.67
8 —38.26 —77.57 0.49
9 —11.53 23.04 —0.50
10 —-31.27 —39.15 0.80
11 —12.36 —54.27 0.23
13 —39.46 —17.53 2.25
14 1.68 —5.13 —0.33
15 —5.97 —73.45 0.08
16 —15.35 —22.24 0.69
17 —48.94 -92.61 0.53
18 —28.66 16.54 —-1.73
19 34.25 8.06 4.25
20 19.47 —27.62 —0.71
21 —13.62 —34.30 0.40
23 —66.49 —100.00 0.66
24 —47.82 15.70 —3.05
26 —2.95 —48.80 0.06
29 —34.19 —81.54 0.42
30 —44.19 —70.73 0.62
31 —5.56 —17.83 0.31
34 23.35 16.69 1.40
35 —17.06 —75.31 0.23
36 —67.64 100.98 —0.67
37 —16.28 —61.26 0.27
39 5.78 —48.24 —0.12

Table 5.7: Percentage change in tumour volume for each patient from Scan 0 to Scan
1, from Scan 1 to Scan 3, and the ratio of the first change over the second. Negative

values represent decrease and positive values represent increase in volume.
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5.8 Prediction results: scan 3

— potentially overlooking the possibility that the longest axis lies in the slice direction.
A volume-based approach is used here, applying equivalent criteria for CR, PR, SD

and PD based on volume [92]. Assuming spherical tumours, their volume is given by

4@(%

3
3 (5 ) , where LA is the longest axis. A 20% increase in longest axis thus yields the

following change in volume:

47 (LA 0.2 x LA\? A (LAN?®
Sl (el sl R == 1
3(2+ 5 ) 73><3<2>, (5.19)

and tumour volume must increase by 73% for a patient to be marked as PD. Following
the same reasoning, tumour volume must reduce by at least 66% for PR.

Table 5.9 shows the volume-based RECIST evaluations performed for each model
prediction and those derived from the Scan 3 data. The results in terms of the original
RECIST criteria, based on the longest axis, are shown in Appendix D.

Given that our models are intended to identify and cease treatments predicted to be
ineffective, and that incorrectly discontinuing an effective treatment due to a misclassi-
fication would be highly detrimental, the negative predictive value (NPV) is particularly
important. It is determined by the number of true negatives (TN; correctly identified
nonresponders) and false negatives (FN; responders misidentified as nonresponders),

calculated as:
|TN|

NPV = —ri—r—.
|TN|+ |FN|

(5.20)

Denoting correctly identified responders as true positives (TP) and nonresponders
misidentified as responders as false positives (FP), we can also calculate positive pre-

dictive values (PPV), sensitivities (Sens.) and specificities (Spec.) for each model:

TP|
PPV = "1 5.21
ITP|+ |FP| (5:21)
TP
[ o N 22
Sens. = B L IFN|' (5:22)
|T'N|
Spec. = —- 1 5.23
PeC =T N 1+ |FP] (5.23)

These values are reported for each model in Table 5.8.
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Eleven patients of the calibrated 27 were determined to be responders (two CR
and nine PR) and 16 were nonresponders (all SD) at Scan 3. Looking at each model’s

predictions:

e The o model identified nine of the 11 responders, including one of two CR and
seven of nine PR. The misclassifications were limited to one CR case predicted
as PR (so, still a responder predicted as a responder), and SD cases predicted
as PR or vice versa. It also correctly identified 12 of the 16 SD. Overall, the
model achieved an accuracy of 21/27 (77.8%) when categorising patients as either
responders or nonresponders and 19/27 (70.4%) when distinguishing between all

four categories, and a negative predictive value of 85.7%.

e Two of the SD patients were failed optimisations for the ka model, leaving 14
SD patients in this cohort. The model identified eight of the 11 responders,
including one of two CR and six of nine PR. It also correctly identified ten of
14 SD. Again, the misclassifications were limited to one CR case predicted as
PR (still a responder predicted as a responder), and SD cases predicted as PR
or vice versa. The model achieved an overall accuracy of 18/25 (72.0%) when
categorising patients as either responders or nonresponders, and 17/25 (68.0%)
when distinguishing between all four categories, and a negative predictive value

of 76.9%.

e The failed optimisations of the Da model were one CR case and four SD, leaving
ten responders (one CR, nine PR) and twelve SD. The model identified six of the
ten responders, including zero of one CR and five of eight PR. It also correctly
identified ten of twelve SD. Again, the misclassifications were limited to the CR
case predicted as PR, and SD cases predicted as PR or vice versa. Overall, the
model achieved an accuracy of 16/21 (76.2%) when categorising patients as either
responders or nonresponders and 15/21 (71.4%) when distinguishing between all

four categories, and a negative predictive value of 71.4%.

e Lastly, the failed optimisations of the kDa model were one CR case, one PR
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and six SD, leaving nine responders (one CR, eight PR) and ten SD. The model
identified only one of the nine responders, incorrectly marking the other eight as
SD. It correctly identified all ten of the SD cases, thus achieving an accuracy of
11/19 (57.9%) whether using two or four categories, and a negative predictive
value of 55.6%. It is worth pointing out that, except for patient 30 which was
correctly identified as PR, all other patients are predicted to be SD by this model.

In conclusion, all models except the kDa model demonstrated reasonable accuracy
in predicting RECIST status. The a model exhibited the best predictive performance
followed by the ko, Da and kDa models. This holds true both for distinguishing
between responders and non-responders as well as for classifying CR, PR, SD and
PD. To ensure a fair comparison, we can focus solely on the subset of patients that
successfully calibrated across all models. These are patients 1, 4, 5, 6, 11, 15, 16, 24,
29, 30, 34, 35, 36, 37 and 39, among which there are eight PR and seven SD. Within
this group, the o model identifies 6/8 PR and 5/7 SD; the ka model identifies 5/8 PR
and 5/7 SD; the Do model identifies 4/8 PR and 6/7 SD; and the kDa model identifies
1/8 PR and 7/7 SD. These results indicate that diffusion-heavy models perform slightly
better for predicting non-responders, whereas chemo-heavy models are more effective

at identifying responders.

Sensitivity (%) Specificity (%) PPV (%) NPV (%)
o 81.8 75.0 69.2 85.7
ka 2.7 71.4 66.7 76.9
Do 60.0 83.3 75.0 71.4
kDo 11.1 100.0 100.0 595.6

Table 5.8: Sensitivity, specificity, positive predictive value (PPV) and negative predict-
ive value (NPV) for each model, evaluated based on the RECIST evaluation at Scan
3. The values are based on classifying patients as either responders (CR and PR) or

nonresponders (SD only, as there were no PD cases).
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Patient | « ka Da kDa | Scan 3 RCB (Scan 6)

1 PR PR PR SD PR 0
4 Sb SD SD SD SD 3
5 PR SD SD SD PR 2
6 PR PR PR SD PR 1
7 CR CR - SD CR 0
9 Sb - SD - SD 3
10 PR PR PR - SD 1
11 Sb SD SD SD SD 1
14 Sb - SD SD 2
15 Sb SD SD SD PR 2
16 SO SD SD SD SD 3
17 PR PR PR PR 1
18 PR PR - SD SD 2
19 Sb SD SD SD SD 1
20 SO SD - - SD 3
21 Ssb SD - - SD 2
23 PR PR PR - CR 0
24 PR PR SD SD SD 1
26 SD SD SD - SD 3
29 PR PR SD SD PR 2
30 PR PR PR PR PR 0

—_

31 s SD - SD SD

34 Sb SD SD SD SD 2
35 PR PR PR SD PR 3
36 PR PR PR SD SD 1
37 Sb SD SD SD PR 2
39 Sb SD SD SD SD 2

Table 5.9: Volume-based RECIST evaluation of each model prediction at Scan 3 (a,
ka, Da, kDa), for the data at Scan 3, and residual cancer burden determined after the
completion of NACT (RCB). Missing values () indicate failed optimisations for that

model.
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5.8.2 Tumour characteristics

As well as the calibrated parameters discussed in Section 5.7, Tables 5.10-5.13 list the
optimisation error (defined as the percentage difference between the numerical tumour
volume and the Scan 1 tumour volume), optimisation duration and percentage differ-
ence between the Scan 3 data and model predictions for each error measure. All model

predictions and corresponding measurements from Scan 3 are provided in Appendix E.

5.8.3 Tumour evolution

Figure 5.19 shows the percentage change in tumour volume and tumour longest axis
predicted by each model against the observed percentage change from Scan 0 to Scan 3.
The models all provide a more accurate estimation of tumour volume than the longest
axis. Notably, most points fall within either the lower-left or upper-right quadrant for
the volume error, indicating that when shrinkage (or growth) is observed, the models

generally predict shrinkage (or growth) accordingly.

5.9 Discussion

5.9.1 Effect of registration

Figure 5.20 shows the volume prediction error for each model against the Dice similarity
coefficient (DSC), defined in Chapter 3, Subsection 3.5.2. The DSC for each patient
between scans 0 and 1 and scans 1 and 3 were listed in Table 3.1. The results indicate
that patients with a high degree of tumour overlap between Scans 1 and 3 generally
exhibit lower prediction errors, suggesting that the quality of the registration plays an
important role in achieving accurate predictions. This explains the particularly high
errors found in the predictions for patient 5 (DSC = 0.3), patient 29 (DSC = 0.24),
patient 17 (DSC = 0.12) and patient 36 (DSC = 0.33) across all models. We see that

for these cases, the error generally gets worse as the model complexity increases.
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ID | @ (X1073)  eopt (%)  topt (h1s) | €t (%) era (%)
1 14.2 0.4 10.8 —12.3 17.4
4 9.2 0.8 5.3 0.9 —-1.0
5 5.4 0.9 13.0 68.2 48.8
6 9.6 0.8 8.8 3.1 22.2
7 340.8 0.7 40.6 * *

8 45 0.6 7.4 i i

9 14.2 0.3 47.0 —58.9 —-10.7
10 20.5 0.7 19.0 —24.2 —21.9
11 16.8 13.6 0.6 123.0 23.0
13 10.5 0.3 8 i T
14 1.0 2.6 23.5 4.8 —-4.1
15 4.5 0.2 13.5 176.2 109.2
16 9.2 0.2 8.2 —29.2 26.0
17 26.0 0.7 13.9 29.1 74.6
18 64.0 0.4 38.1 —93.2 —89.2
19 1.0 24.7 3.0 —11.1 34.7
20 1.0 16.2 10.8 36.3 23.3
21 12.5 0.9 5.2 —20.6 22.7
23 17.6 0.5 26.0 * *
24 45.4 0.4 10.5 —63.3 —19.5
26 6.6 0.6 40.9 44.3 9.5
29 442.4 0.3 80.5 —62.7 43.5
30 19.7 0.5 13.8 3.0 56.9
31 3.7 0.1 6.4 18.1 —14.2
34 1.0 20.1 7.1 —15.3 10.6
35 151.2 0.2 6.4 67.0 35.2
36 168.6 < 0.1 31.3 —98.8 —81.8
37 7.0 0.8 40.8 33.7 60.2
39 11.7 4.9 2.4 —29.8 10.0

Table 5.10: Results from the @ model for each patient, including the calibrated « value,
optimisation error (eqy¢), and optimisation duration in hours (¢, ). Simulation errors
are reported as the percentage difference between the predicted and actual tumour
volumes (€,,;) and longest axes (er4). Missing values (—) denote failed optimisations
(see Appendix C), daggers (f) cases unsuited to prediction (see Appendix B), and
stars (*) indicate tumours no longer detectable by Scan 3. Negative errors indicate

underprediction and positive errors indicate overprediction relative to actual values.
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ID | k(x1078)  « (x107%)  eopt (%) topt (hrs) | €yor (%)  €pa (%)
1 5.8 20.1 2.6 31.8 18.2 18.3
4 5.8 13.4 2.6 13.6 9.9 3.6
5 5.0 10.0 3.7 8.0 165.4 40.9
6 5.0 10.0 1.2 1.7 4.7 24.7
7 1.0 307.2 4.2 140.8 0.0 0.0
8 2.0 49 <01 1111 i +

9 _ — _ _ — —
10 1.0 20.1 < 0.1 25.5 26.9 —6.9
11 1.0 53.9 2.0 10.8 110.7 20.6
13 6.7 11.6 2.9 7.8 t T
14 - - - - - -
15 5.0 10.0 0.4 6.5 156.0 87.2
16 5.4 13.8 2.8 28.9 16.2 31.5
17 1.0 26.9 2.3 42.2 23.6 80.5
18 1.0 65.7 2.6 90.0 41.9 —60.6
19 8.0 3.3 2.6 32.7 5.1 33.8
20 8.0 10.0 4.8 34.0 14.6

21 5.0 16.8 1.9 17.2 36.0

23 8.0 28.6 3.8 140.5 * *
24 1.0 38.7 4.0 2.6 62.7 —22.3
26 5.0 10.0 1.5 18.2 49.3 10.2
29 10 414.2 2.2 25.6 148.7 94.9
30 3.4 18.5 3.7 34.5 17.3 58.0
31 2.8 4.9 1.0 33.0 15.2 —-11.4
34 8.0 10.0 1.9 22.1 38.9 15.1
35 1.0 134.7 14 17.8 66.5 28.1
36 1.0 172.2 4.9 18.1 98.6 —81.8
37 5.0 10.0 2.3 8.2 58.9 60.2
39 5.2 10.0 5.5 7.5 30.9 3.3

Table 5.11: Results from the ko model for each patient, including the calibrated values
(k and «), optimisation error (e,,;) and optimisation duration in hours (t,,). Simula-
tion errors are reported as the percentage difference between the predicted and actual
tumour volumes (€,,;) and longest axes (er4). Missing values (—) denote failed optim-
isations (see Appendix C), daggers (T) cases unsuited to prediction (see Appendix B),
and stars (*) indicate tumours no longer detectable by Scan 3. Negative errors indicate

underprediction and positive errors indicate overprediction relative to actual values.
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ID | D (x107")  a (x107%)  eopt (%) topt (hrs) | eyt (%) ena (%)
1 1.0 462.4 4.5 22.7 23.2 22.4
4 2.3 649.8 3.6 2.5 61.4 11.8
5 2.6 774.6 2.7 14.7 272.9 67.6
6 1.5 649.8 4.0 8.9 17.2 31.2
7 — — — — — —
8 1.2 649.8 0.6 75.3 T T

9 1.2 540.5 4.6 40.2 —27.6 —8.2
10 1.1 540.5 3.6 47.8 —23.2 —21.1
11 1.1 649.8 0.7 16.6 97.0 29.0
13 15 400 3.2 15 + i
14 1.9 400.0 1.3 71.5 1.9 11.7
15 1.9 400.0 2.4 10.2 244.0 90.1
16 1.1 649.8 2.3 12.4 25.2 38.0
17 1.0 293.4 7.4 551.2 222.8 77.5
18 - - - - - -
19 1.5 400.0 3.9 3.2 —27.7 40.9
20 - - - - - -
21

23 1.0 774.6 1.6 11.9 * *
24 1.5 382.2 1.7 22.0 —5.2 —10.4
26 2.6 774.6 0.5 20.2 75.2 17.5
29 1.2 764.4 0.3 43.5 221.1 105.4
30 1.0 1000.0 8.3 42.0 36.6 54.3
31 - - — - - -
34 1.5 400.0 3.1 1.9 —38.0 19.3
35 1.0 774.6 3.8 8.3 21.4 33.0
36 1.0 1000.0 29.2 1.5 —62.8 —48.1
37 2.6 774.6 1.1 7.4 140.9 70.3
39 1.3 930.7 3.5 57.4 67.2 13.1

Table 5.12: Results from the Da model for each patient, including the calibrated

values (D and «), optimisation error (eq:) and optimisation duration in hours (top).

Simulation errors are reported as the percentage difference between the predicted and

actual tumour volumes (€,,;) and longest axes (er4). Missing values (—) denote failed

optimisations (see Appendix C), daggers (}) cases unsuited to prediction (see Appendix

B), and stars (*) indicate tumours no longer detectable by Scan 3. Negative errors

indicate underprediction and positive errors indicate overprediction relative to actual

values.
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ID | k (x1078) D (x107)  a (x1075)  €opt (%) topt (hrs) | e (%) era (%)
1 2.3 1.0 317.1 2.6 364.7 134.7 21.1
4 2.3 2.5 733.0 1.4 16.8 59.9 8.2
5 7.3 1.9 100.0 <0.1 24.2 369.5 51.8
6 6.5 1.1 566.5 0.5 17.0 107.3 44.7
7 1.7 1.0 999.9 206.0 618.1 * *
9 _ _ _ _ _ _ _
10 - - - - - - -
11 7.2 1.0 649.8 2.7 25.0 88.9 29.4
13 5.0 1.5 400.0 0.4 1.6 t 1
14 - - - - -

15 7.2 1.0 649.8 1.2 39.5 255.3 101.3
16 3.1 1.0 981.0 4.3 83.5 42.2 38.3
17 - - - - - - -
18 1.7 1.0 999.9 3.1 296.5 -10.7 =320
19 7.3 1.9 400.0 3.2 15.5 9.8 43.3
20 - - - - - - -
21 - - - - - - -
23

24 7.2 1.0 667.7 2.1 28.1 4.7 —7.8
26 - - - - - - -
29 3.7 1.3 786.8 3.3 42.3 265.2 106.1
30 2.7 1.0 974.9 4.4 74.9 30.4 53.4
31 7.3 1.9 400.0 0.7 25.0 15.9 —5.7
34 1.1 1.0 999.9 5.9 567.7 —-38.7 19.9
35 4.2 1.0 966.5 4.9 21.9 68.9 23.2
36 5.3 1.0 563.2 76.5 514.3 —38.0 12.0
37 7.3 1.9 400.0 0.5 24.5 138.6 70.9
39 5.9 1.4 504.1 3.1 11.1 84.9 1.4

Table 5.13: Results from the kDa model for each patient, including the calibrated
values (k, D and «), optimisation error (€qp) and optimisation duration in hours (¢qp¢).
Simulation errors are reported as the percentage difference between the predicted and
actual tumour volumes (€,,;) and longest axes (er4). Missing values (—) denote failed
optimisations (see Appendix C), daggers (}) cases unsuited to prediction (see Appendix
B), and stars (*) indicate tumours no longer detectable by Scan 3. Negative errors
indicate underprediction and positive errors indicate overprediction relative to actual

values.
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a Model: Scan 0 to Scan 3

a Model: Scan 0 to Scan 3

Observed volume change (%)
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Figure 5.19: Percentage change in tumour volume (left column) and longest axis (right
column) from Scan 0 to Scan 3 predicted by each model, against observed percentage
change in tumour volume from scan 0 to scan 3. Negative change represents shrinkage;

positive change represents growth.
86



5.9 Discussion

350 ©a
[] ka
X 300 e D
GEJ ° kDa
S 250 e
g . .
— 200
o
E
L)
Y 150
o
e
S 100
pe]
@
|-
€ 50 =
s e o o ¢ e,
0 80 o H
0.1 02 0.3 0.4 0.5 0.6 0.7

DSC between tumours at scans 1 and 3

Figure 5.20: Prediction error (percentage difference in tumour volumes) for each model
against Dice similarity coefficient (DSC) of the Scan 1 and Scan 3 overlap. The lines

are linear best-fits for each model.

5.9.2 Types of tumour response

In the cohort of calibrated patients we observe several distinct patterns of tumour
evolution across scans 0, 1 and 3. In this section, we evaluate how well each model

predicts tumour volume for each category of behaviour.

Patients with consistent tumour shrinkage from scans 0 to 1 and scans 1 to
3. These are patients 1, 7, 10, 16, 17, 23 and 30. In this category, the Scan 0 to Scan 1
shrinkage is always at least 50% of the Scan 1 to Scan 3 shrinkage — hence “consistent”.
In most of these cases, volume errors are all below 50%. This low error aligns with
expectations, as the models are calibrated on a stable pattern of behaviour that persists
in the prediction phase. The exceptions are patient 17 with the Da model (222.8%)
and patient 1 with the kDa model (134.7%). In both cases this can be attributed to

poor registration, as mentioned above (Subsection 5.9.1).
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Patients with consistent tumour growth across scans 0 to 1 and scans 1 to
3. This group includes patients 19 and 34. As with the consistent shrinkage group,
volume errors in these cases remain below 50%, again as expected since the tumour’s
behaviour during prediction matches the calibrated trend. Note that actual tumour
growth over the NACT timescale is unlikely, and this apparent growth is likely to

result from segmentation errors or uncertainty.

Patients with minimal change between scans 0 and 1, followed by significant
change between scans 1 and 3. We defined this category as a Scan 0 to Scan 1
volume change less than 45% of the Scan 1 to Scan 3 volume change. This group
comprises patients 4, 5, 6, 11, 15, 21, 26, 29, 31, 35 and 37. Most patients in this
group exhibit volume errors exceeding 50%, with the exceptions of patients 21 and 31.
These higher errors are expected as the models are calibrated using scans where little
change is observed. When a substantial change occurs between scans 1 and 3, it is not

surprising that the models struggle to predict it accurately.

Patients with initial tumour growth followed by shrinkage. Patients 14, 20
and 39 fall into this category. For patient 39 the chemo-heavy models perform well,
while the diffusion-heavy models perform poorly. This is consistent with the calibration
process, as the diffusion-heavy models are biased towards predicting growth. When the
tumour unexpectedly shrinks these models struggle to adapt, resulting in higher errors.
For patients 14 and 20, only two models converge (« and ka for patient 20; o and Do

for patient 14) and these models achieve low errors.

Patients with initial tumour shrinkage followed by apparent growth. This
group includes patients 9, 18, 24 and 36. These cases consistently produce the highest
errors, particularly for the chemo-heavy models. This result is expected as growth is
inherently more challenging for diffusion-less models to predict — especially when the

calibration process led the models to anticipate continued shrinkage.
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Prediction error per patient and per model
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Figure 5.21: Volume error for each patient from each model’s prediction at Scan 3.

Patients are grouped by type of response, as described in Subsection 5.9.2.

5.10 Conclusions

The key findings from this chapter are summarised here. To avoid immediate repetition,
the limitations of our modelling approach are saved for the overall discussion of the

thesis, in Chapter 6.

e The a model, which exclusively models the effect of chemotherapy, is significantly
faster to calibrate and predict treatment response than the models which include
proliferation (ka), diffusion (Da) or both (kD«). It is also the only model capable

of doing so for every patient in our cohort in a “workable” timeframe.

e The o model can be more challenging to calibrate than the other models, reflecting
that it is the model with the least features. Diffusion-heavy models struggle to
capture tumour shrinkage, and the « model struggles to capture growth. In

contrast, the ka model is able to handle both scenarios.

e However, there is little correlation between how well a model is calibrated and
how accurately it predicts outcomes. That is, a case can have a low prediction
error despite a high calibration error, and vice versa. This is shown in Figure F.1

in Appendix F.
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e We cannot reliably determine whether a patient will be a responder based solely

on the values of the calibrated parameters.

e In terms of distinguishing responders from nonresponders, the a model signific-
antly outperforms all other models, achieving an accuracy of 77.8% and a negative
predictive value of 85.7%. This compares to 72.0% and 76.9% for ko, 76.2% and
71.4% for Da, and 57.9% and 55.6% for kD«.

o The single greatest factor in whether a model prediction will be accurate or not
is the consistency of the tumour behaviour between scans 0 and 1 and scans 1
and 3. If the tumour behaves consistently between 0—1 and 1-3, the models can
make a reasonably good prediction. However, if the tumour’s behaviour changes
across these intervals — such as growing then shrinking, shrinking then growing,

or remaining stable before a sudden change — prediction becomes much harder.

The conclusion from this chapter is that the single-parameter, single-term « model
is sufficient for predicting breast tumour response to NACT. It is the fastest, generally
the most accurate, and can be calibrated for all patients within a workable time frame.
Even with advancements in computing power allowing for the kD« model to complete,
its results do not offer improvement. Our data and results strongly suggest that for
the specific application of predicting breast tumour response to NACT, incorporating

diffusion is not justified.
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CHAPTER 6

Discussion and Conclusion

In this chapter, the key contributions of this work and their conclusions are outlined
in Section 6.1, we discuss the limitations of both the data and modelling approaches in
Section 6.2 and finally explore perspectives and potential directions for future work in

Section 6.3.

6.1 Contributions

The key contributions and conclusions from this work are summarised and discussed
here. In short, I propose to reduce the number of calibrated parameters in RD models
of breast tumour response to NACT, forego any mechanical coupling, and consider
a chemotherapy-only —or, at most, chemotherapy and proliferation-only— approach to

breast tumour models for predicting early response to chemotherapy.
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6.1.1 Removing the locally calibrated proliferation rates

The primary contribution of this thesis was to remove the local calibration of numerous
proliferation rates in the state-of-the-art breast tumour model for treatment outcome
prediction [4]. A single scalar proliferation coefficient was introduced instead, scal-
ing a map of K% and together defining a new proliferation rate for tumour cells.
Due to the change in chemotherapy regimen after cycle 4 in the CHERNAC dataset,
predicting the final treatment outcome was not possible — a limitation that prevents
direct comparison with previous models. Regardless of whether these proposed models
outperform previous efforts in terms of accuracy, they offer a viable alternative to the
risk of overfitting through matrix calibration [100, 101]. While extensive parameter
tuning might still yield the most precise treatment outcome predictions, it does so at
the expense of interpretability, making it difficult to discern which of the underlying
mechanisms (tumour cell diffusion, proliferation or chemotherapy effects) are driving
the results. In contrast, the approach proposed here enables a critical evaluation of each
term in the mathematical model, ensuring that only biophysically relevant components

are retained.

6.1.2 Ablation study of the DI-RD

Given the above, analysing the four models proposed in this work is effectively an
ablation study on our alternative to the DI-MC-RD model: the kDa model. This ap-
proach allowed for the assessment of which terms in the equation were most meaningful,
concluding that this is the chemotherapy response. Indeed, the simplest a model signi-
ficantly outperformed all others across all metrics except for the PPV (see Table 5.8).
However, the PPV values for the diffusion models were artificially high, as they tended
to class nearly all cases as nonresponders. This resulted in very few false positives,
making any correctly identified responder a large proportion of the total (see the PPV
equation 5.21).

These findings suggest that tumour cell diffusion is not a critical factor in predicting
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response to NACT. If tumour growth is driven by a combination of proliferation and
diffusion, this aligns with the observation that breast tumours do not exhibit significant
growth over the modelled timescales [111, 112]. By the principle of parsimony [101], if
tumours do not grow over NACT timescales then a growth term need not be included.
However, it is worth noting that for the rare patient whose tumour does grow, omitting

a growth term may pose a risk of underestimating progression.

6.1.3 Removing the mechanical coupling

This work posits that mechanical coupling may not be crucial for breast tumour models.
Chapter 4 demonstrated that mechanical coupling is not the dominant factor in the test
patient dataset provided by the authors [2]. While Weis et al. [6] reported improved
predictions using an MC—RD model compared to a simple RD model, neither of these
models accounted for drug delivery, and other RD models have not experimented with
removing the MC since then. When considering enhancements that introduce challenges
to practical applicability, such as the significant computational burden of mechanical
coupling, it is important to weigh the potential benefits against the associated costs to
determine whether the improvement justifies the added complexity.

Beyond the performance of MC-RD models, mechanical coupling equations in
breast tissue models are based on assumptions that may not accurately reflect the
complex behaviour of soft tissues. These models assume that tumour tissue behaves
as a linearly elastic material, yet soft tissues exhibit nonlinear behaviour with stiffness
varying based on strain rate and loading conditions [113-115].

Moreover, mechanical coupling relies on parameters that cannot yet be routinely
acquired in a patient-specific manner yet exhibit high patient-specific variability [114].
While MRE can estimate tissue stiffness, it is not widely used and exhibits patient-
to-patient variability [68], furthering the need for patient-specific values rather than
a population value from previous MRE studies. Other techniques for measuring the
Young’s modulus of living tissue present further challenges, as standard mechanical

testing relies on excised tissue samples, which may not accurately reflect the properties
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of tissue in vivo [114].

6.2 Limitations

This study faced several technical limitations related to data acquisition and the in-
herent nature of the data, as well as limitations associated with the mathematical

modelling.

6.2.1 Data limitations

Uncertainty quantification in MRI: There are challenges in quantifying uncer-
tainty in MRI data, particularly concerning the applicability of measurements across
different hospitals. The consistency of values obtained from varying institutions re-

mains uncertain [116, 117].

Resolution constraints of MRI data impacting segmentation and registra-
tion quality: The very high temporal resolution at which DCE-MRI was acquired
for the CHERNAC study comes at the cost of spatial resolution. In this context, the
spatial resolution of the MRI presents a significant limitation: 4 mm in the slice direc-
tion (z—axis) and 1.3 mm in the x— and y—axes. This resolution leads to considerable
uncertainty in tumour segmentation along the z—axis, particularly since the longest
axes of tumours often fall within this range. For instance, Table E.1 indicates that the
median longest axis at Scan 3 measures 25.4 mm — so a segmentation error concerning
only one voxel could introduce a 25% error in this tumour’s size. Additionally, missing
tumour features in the segmentation complicates registration, further affecting the ac-
curacy of our models. Prediction accuracy was shown to be correlated to registration

quality (Figure 5.20).

Impact of drug changes in the dataset: A significant limitation arises from the
nature of our dataset, in particular from the drug change at cycle 4 whose effect was not

captured by a scan. A dataset featuring the same drug or type of drug throughout the

94



6.2 Limitations

entire chemotherapy regimen would be more relevant for predicting treatment outcome
—rather than “mid-point of treatment”. Alternatively, an additional scan after the drug
change would allow for models to be recalibrated to that drug. As it is, we are only able
to predict the response after three cycles and not the outcome at the end of treatment,
which limits our ability to compare the performance of the proposed models to others

in the literature.

Factors affecting ADC measurements: Although there is compelling evidence
supporting a linear inverse correlation between the ADC and tumour cell volume frac-
tion or density, two issues persist. First, numerous factors can influence the ADC
values measured, including cell membrane permeability, cell size, tissue tortuosity and
gradient nonlinearity [4]. Second, each voxel of tissue contains components beyond
just tumour cells. We attempted to mitigate this by imposing a maximum tumour cell
volume fraction of 0.75, which reflects the average of the five highest volume fractions

recorded in [96].

Sample size: Lastly, it is worth noting that the dataset comprises only 37 patients.
While this sample size is comparable to those of other studies (33 in [13], 5 in [4], 18
in [5]), it nonetheless limits the generalisability of our findings. A larger cohort would

strengthen the conclusions drawn from this research.

6.2.2 Modelling limitations

Tumour tissue heterogeneity A key simplification in our model is the assumption
of a homogeneous tumour tissue. In reality, tumours are composed of heterogeneous
subpopulations of cells, each exhibiting distinct growth dynamics and treatment re-
sponses [118]. However, MRI data is routinely acquired at the tissue scale and there-
fore does not give us information on cell populations. While hybrid approaches are

promising, they are not compatible with routinely acquired data as of yet [25, 26].
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Low Céisj;e cases The variation in the estimated tissue drug concentration poses
a significant challenge for modelling. In certain patients (e.g. patients 5 and 23),

C’flﬁf;e is so high that the upper bound on o must be restricted to 1072 to prevent

the code from crashing. This constraint means that for patients where Céisjgl‘e is below

1079 the chemotherapy efficacy o cannot be calibrated to a sufficiently large value for
it to take effect, resulting in little to no chemotherapy reaching the tumour in the
simulation. Perhaps instead of excluding the patients with low concentration, we could
have excluded the patients with high concentration and raised the upper bound on a.

This would have increased our cohort by four patients.

Tumour behaviour between Scans 0—1 and 1-3 The models struggle to predict
cases where the tumour behaviour between Scans 0 and 1 doesn’t match the behaviour
between Scans 1 and 3. This includes cases where minimal change occurs between
Scans 0 and 1 followed by a substantial change between Scans 1 and 3, and cases where

growth is followed by shrinkage or wvice versa.

Registration and segmentation: As discussed in Subsection 6.2.1, the accuracy
of registration and segmentation is crucial for model performance. The cost function
relies on tumour volume measurements, meaning that errors in segmentation that lead
to uncertainty in tumour volume will have a profound impact on the model prediction.
Furthermore, artificial tumour growth resulting from imprecise segmentation was fre-
quently observed in our dataset. This was observed to negatively affect both the model
calibration and performance (see Subsection 5.9.2). Improvements in registration and
segmentation techniques for breast tumours would therefore improve the accuracy of
our modelling by providing more precise spatial information, leading to better-informed

predictions.

Starting points of the optimisations It is possible that some model optimisations
converged to local minima due to the choice of initial parameter values. Several starting

points were tested for each model, but only those presented in Section 5.5 were docu-
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mented formally in the thesis. The intent was to start each parameter at a value where
it would have a measurable impact on the solution, to avoid calibrating such a small
value of D that the Da model would reduce to the a model. A more comprehensive
analysis of the parameter space, possibly using randomised starting points, could help

mitigate this issue.

Mesh refinement While our current FEM meshes are of approximately uniform
density, adaptive meshing could potentially significantly enhance efficiency. Refining
the mesh specifically at the tumour—breast boundary would conserve accuracy in regions
where fine resolution is most critical, while reducing computational cost in less relevant
regions. This targeted approach could ultimately lower computational costs, an ever-
relevant concern when predicting early response to therapy. Although this approach
was explored, integrating it into the workflow proved impractical within the available

time frame and was ultimately abandoned.

Computational resources Computational resources posed a significant limitation.
The cluster I used allows each user to run only two “long” jobs (up to seven days) at
any given time. With a dataset of 35 patients, four models to evaluate and additional
jobs for testing different starting points and optimisation algorithms, this restriction
was unworkable. The two long jobs were effectively useless given the hundreds of
simulations required, leaving me reliant on the “normal” jobs capped at 48 hours. This
required relaunching jobs every two days, with no guarantee of obtaining the same
type of node. This makes it difficult to compare runtimes as the same simulation could
be allocated different nodes every 48 hours, leading to fewer iterations in one period
compared to another.

Furthermore, FEniCSx is not currently parallelised on the Aion supercomputer.
Implementing this model in legacy FEniCS or in another library that can be parallelised
would significantly improve computational times.

The deal.IT library [119] may be an ideal framework for future implementations of

these models. This C++ software library facilitates the development of parallelised FE
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codes and can automatically refine the mesh in critical regions, directly addressing two

of the implementation limitations discussed above.

6.3 Perspectives

Several suggested directions for future work emerge from Section 6.2. These include
conducting further experiments with the models proposed herein, as well as exploring
alternative modelling approaches.

It would be interesting to apply our models to a dataset with consistent drug ad-
ministration throughout, or to one that includes additional scans after a drug change
to enable recalibration. However, in the latter case, this would negatively impact
the ‘early’ prediction of response as we would need to wait longer for the subsequent
scan. Additionally, as previously mentioned, a more thorough investigation of the
parameter space could be beneficial, including starting optimisations from randomised
initial points. Reimplementing the models in deal.IT [119], which appears more capable
than FEniCSx, could also accelerate computational times through parallelisation and
adaptive mesh refinement.

To improve and modify the models further, a multiphase poromechanics approach
could be considered to better account for the inherent heterogeneity within tumour
tissue. Such an approach would treat each element as a mixture of different cell types

— introducing, however, a heavy computational burden.

The most significant improvement I envision for this work is the inclusion of chemo-
therapy diffusion, which I was unable to complete within the timeframe of my project.
The tissue drug concentration is modelled as its own variable C(x,t), initialised by

the values measured as in Subsection 3.5.3. The following set of coupled equations is

proposed:
(nggix,t) = DV?Vro(x, t) + kK™ Vo (x, t) (1 - V:gc) —aC(x,t)Vro(x,1), (6.1)
T Ktrans<x)
ac((;t(,t) _ DCVQC(X,t) _|_Ktmns(x)/ C§£sz“(u) . efT(X)(tfu)du —s, (6.2)
0
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where the second term is a source term as in equation (3.4), with [0, T the fixed interval
over which the plasma drug concentration reduces to 1% of its maximum as described
in Subsection 3.5.3. D¢ is a diffusion coefficient for the chemotherapy (available in
the literature for each drug), and lastly s is a decay term yet to be determined more

specifically, possibly informed by the drug half-life.
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APPENDIX A

Mesh Independence Study

This appendix presents the mesh independence study conducted for each patient and
model. The plots show the relative error between simulations run on different meshes
and the corresponding simulation on the finest mesh, against the number of elements
in each mesh. The coarsest mesh for which the error remained within a specified
tolerance relative to the finest mesh was selected: 1% for the o model and 5% for the

other models.
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APPENDIX B

Patients excluded due to low C’fiﬁfge

Results for the patients whose drug concentration in tissue was measured below 1076

are provided in this Appendix. Patients 3, 25, 32 and 33 had low Céisj;e at Scan 0 and

were therfore excluded entirely. Patients 8, 13 and 38 had low Céiﬁf;e at Scan 1, so they
were included in the optimisation results but excluded from the prediction. Patient 38

was excluded anyway due to small tumour volume.
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ID | (X107 @ €opt (%) topt (hrs) | €yor (%) €pa (%)
3 1 11.2 20.4 —6.5 —0.19
25 16.8 74.8 1.4 40.1 —0.39
32 16.8 46.0 0.7 —32.8 0.17
33 16.8 54.3 0.4 —48.3 —0.16
8 4.5 0.6 7.4 333.7 0.40
13 10.5 0.3 8 204.1 0.27
38 13.4 33.2 0.5 105.4 0.59

Table B.1: Results from the o model for each patient, including the calibrated « value,

optimisation error (€q,), and optimisation duration in hours (te). Simulation errors

are reported as the percentage difference between the predicted and actual tumour

volumes (€,0;) and longest axes (era). Negative errors indicate underprediction and

positive errors indicate overprediction relative to actual values.

ID | [x1078] k [x1075) @ eopt (%) topt (hrs) | evor (%) era (%)
3 B R R R R R

25 8.0 16.8 72.7 5.5 40.5 —0.38
32 8.0 16.8 48.3 0.2 -39.7  —0.07
33 8.0 16.8 55.9 1.8 —271  —0.06
8 2.0 4.9 108.9 111.1 344.8 0.55
13 6.7 11.6 2.9 7.5 21.3 0.31
38 100.0 2.3 11.7 23.1 104.8 0.67

Table B.2: Results from the ko model for each patient, including the calibrated values

(k and «), optimisation error (€,,¢) and optimisation duration in hours (f,y). Simula-

tion errors are reported as the percentage difference between the predicted and actual

tumour volumes (€,,;) and longest axes (e4). Negative errors indicate underprediction

and positive errors indicate overprediction relative to actual values. Missing values (—)

indicate a failed optimisation.
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ID | [x107"] D [x107%] & €opt (%) topt (hrs) | €por (%) era (%)
3 1.0 999.9 18.8 3274 —67.7 —-0.19
25 1.0 1000.0 111.1 46.5 104.5 —0.32
32 1.0 1000.0 4.7 1.8 —29.5 —0.06
33 2.2 1.0 4.9 17.0 70.5 —0.02
8 1.2 650 0.6 75.3 396.4 0.77
13 1.5 400 3.2 1.5 21.6 0.32
38 1.0 1.0 17.8 7.2 102.8 0.65

Table B.3: Results from the Da model for each patient, including the calibrated values

(D and «), optimisation error (e,y¢) and optimisation duration in hours (¢,p). Simula-

tion errors are reported as the percentage difference between the predicted and actual

tumour volumes (€,,;) and longest axes (e, 4). Negative errors indicate underprediction

and positive errors indicate overprediction relative to actual values.

ID | [x1079) k [x107™] D [x107) o e€opt (%) topt (hrs) | €por (%) era (%)
3 - , _ , - - _
25 9.2 1.0 1000.0 111.4 140.0 1045  —0.34
32 6.6 1.0 1000.0 74.8 5.5 -31.4  —0.05
33 10.0 2.5 1.0 2.5 24.5 77.8 0.06
8 _ _ _ _ _ _ _

13 5.0 1.5 400.0 0.4 1.6 21.3 0.31
38 9.8 1.0 1.0 15.1 23.6 104.8 0.67

Table B.4: Results from the kDa model for each patient, including the calibrated val-

ues (k, D and «), optimisation error (e,:) and optimisation duration in hours (Zqp).

Simulation errors are reported as the percentage difference between the predicted and

actual tumour volumes (€,0;), longest axes (er,4) and average tumour cell volume frac-

tions (ey;,.. ). Negative errors indicate underprediction and positive errors indicate over-

prediction relative to actual values.
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APPENDIX C

Lengthy optimisations

In this appendix, we examine the optimisations for which the ko, Da or kDa models
were unable to converge to a solution in 30 days. We explore potential explanations
for these outcomes and provide justification for terminating these optimisations and

classifying them as unsuccessful.

C.1 Excessive length of one iteration

The most common cause of an interminable optimisation is that a single iteration of
the model is extremely time consuming, which can happen when the mesh contains a
very large number of elements. However, the minimum number of elements necessary to
ensure a mesh-independent solution was selected. The average duration of one iteration
for all patients and for all completed patients (i.e. the patients not discussed in this

Appendix) are listed for each model in Table C.1.
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C.1 Excessive length of one iteration

ka Da kDo

All patients ;e (h) 772 4.22 8.72
Completed cases tie, (h) | 6.23 5.29 3.88

Table C.1: Average duration in hours of one forward pass of the optimisation, for each
model. The a model is not included here as it was able to complete optimisations for

every patient.

Excessively long iterations were responsible for both failed ka optimisations: one
iteration took 29 hours and 47 minutes for patient 9, and 33 hours and 43 minutes
for patient 14. Although there is an example of a similarly lengthy iteration that
successfully converged — patient 20, with a runtime of 35 hours and 53 minutes per
iteration — this optimisation completed in just two iterations, quickly landing on an
acceptable error (4.8%). This shows that excessively slow iterations can succeed, but
only if the initial starting point is particularly advantageous for the dataset. This was
unfortunately not the case for patients 9 and 14; as shown in Figure C.1, their errors
continued to increase over 22 days without improvement. Given the computational
resource constraints, namely the 48-hour timeout on jobs, it was deemed appropriate
to terminate these optimisations and classify them as failed.

For the Da model, excessively long iteration times also explain the failure of patients
3, 18 and 20, who required 13 hours and 17 minutes, 22 hours and 58 minutes and 24
hours and 17 minutes per iteration respectively. As shown in Figure C.2, which plots
the error at each iteration over 28 days, it is evident that these optimisations were not
converging. An exception to this trend was patient 14, who required 24 hours and 38
minutes per iteration but managed to complete in just two iterations. In contrast, the
failed cases of patients 7, 17, 21 and 31 had relatively unremarkable durations for one
iteration: 7 hours and 58 minutes, 2 hours and 49 minutes, 3 hours and 31 minutes, and
4 hours and 17 minutes respectively. The average iteration time for all other patients
using this model was 4 hours and 13 minutes.

Similarly, the kDa model encountered iteration time issues for patients 3, 8, 9, 14,
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C.2 Tumour behaviour between scans 0 and 1

18, 20, 23, 26, and 34, with one iteration for each of those cases requiring 11 hours and
8 minutes, 11 hours and 46 minutes, 30 hours and 54 minutes, 34 hours and 56 minutes,
8 hours and 44 minutes, 34 hours and 44 minutes, 16 hours and 13 minutes, 18 hours
and 33 minutes, and 11 hours and 29 minutes. By comparison, the average iteration
time for all other patients under this model was 3 hours and 53 minutes. While patient
34 eventually finished in just over 23 days, it is clear from the evolution of the errors

in Figure C.3 that the other optimisations in this group are not going to improve.

C.2 Tumour behaviour between scans 0 and 1

Another key reason for lengthy optimisation times is the tumour behaviour observed
between scans 0 and 1. As discussed in Chapter 5, Section 5.9.2, diffusion-heavy models
often struggle to capture significant tumour shrinkage as they are inherently biased
towards representing growth. Table 5.7 (in Ch.5, S.5.9.2) lists the percentage change in
tumour volume for each patient; highlighting the most significant shrinkages: patients
36, 7, 23, 17, 24, 30, and 1, with reductions of 67.6%, 66.9%, 66.5%, 48.9%, 47.8%,
44.2% and 43.4% respectively. With the exception of patients 24 and 30 — who were
successfully calibrated by the Da model in 22 and 42 hours, and by the kDa model in
28 and 75 hours — these patients were unable to complete optimisation for at least one

of the diffusion-heavy models.

C.3 Unexplained cases

Table C.2 summarises the optimisation cases that were unfinished for each model, and
the theorised reasons why. This leaves patients 21 and 31 unexplained for the Da

model and patients 10 and 21 unexplained for the kDo model.
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C.3 Unexplained cases

ka Da kD«
ID Big shrink
Slow opt. Slow iters. | Slow opt. Slow iters. | Slow opt. Slow iters.
9 v v v v
14 v v v v
3 v v v v
7 v v v
17 v v v
18 v v v v
20 v v v v
21 v v
31 v
1 v v
8 v v
10 v
23 v v v
26 v v
34 v v
36 v v

Table C.2: Summary of lengthy optimisations (“Slow opt.” ticked) for each model and

the associated reasons. Possible reasons include long iteration times (“Slow iters.”) and

significant tumour shrinkage between scans 0 and 1 (“Big shrink”).
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Figure C.1: Volume error evaluated at each iteration of the ka optimisation process

over 30 days for the lengthy optimisations, patients 9 and 14.
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C.3 Unexplained cases
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over 30 days for the lengthy optimisations: patients 7, 17, 18, 20, 21 and 31.
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C.3 Unexplained cases

% Error at each iteration of the kDA optimiser for CHO8

% Error at each iteration of the kDA optimiser for CH09
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Figure C.3: Volume error evaluated at each iteration of the kD« optimisation process

over 30 days for the lengthy optimisations: patients 8, 9, 10, 14, 17, 20, 21, 23 and 26.
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APPENDIX D

Longest axis RECIST

Conventionally, RECIST guidelines are determined based on longest axis measure-
ments. In the main body, we used a volume based RECIST evaluation system. Here
we provide the original RECIST evaluations of our model predictions and of the scan

3 data.
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Patient | « ka  Da kDa | Scan3 RCB (Scan 6)

1 SD SD SD SD PR 0
4 SD SD SD SD SD 3
5 SbD SD SD SD SD 2
6 SO SD SD SD PR 1
7 CR CR -~ - CR 0
9 SD SD SD 3
10 SD SD SD - SD 1
11 SD SD SD SD SD 1
14 Sb - SD - SD 2
15 SO SD SD SD PR 2
16 SbD SD SD SD SD 3
17 SD SD SD - PR 1
18 PR PR — SD PD 2
19 SO SD SD SD PR 1
20 SO SD - - SD 3
21 SO SD - - SD 2
23 PR PR PR - CR 0
24 SO SD SD SD SD 1
26 SD SD SD - SD 3
29 PR SD SD SD PR 2
30 SD SD SD SD PR 0

31 SD SD SD PD

—_

34 SO SD SD SD SD 2
35 SO SD SD SD SD 3
36 PR PR PR SD SD 1
37 SO SD SD SD PR 2
39 S SD PD SD SD 2

Table D.1: RECIST LA evaluation for each model prediction at scan 3 («, ka, Da,
kEDe), for the data at scan 3 (Scan 3), and residual cancer burden determined after the

completion of NACT (RCB). Missing values indicate failed optimisations.
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APPENDIX E

Scan 3 measured and predicted tumour

characteristics

Tables E.1-E.4 present the tumour characteristics predicted by the a, Da, ka and kD«
models, compared to measurements from Scan 3: volume, longest axis and tumour cell

volume fraction.
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1D volp [x102 mm?3] voly [x102 mm3] | LAp [mm] LAy [mm] Vrep Ve,
1 8.3 9.5 28.4 24.2 0.20 0.47
4 23.1 22.9 30.2 30.5 0.25 0.43
5 34.1 20.3 37.5 25.2 0.32 0.37
6 5.4 5.3 18.7 15.3 0.13 0.34
7 0.0 0.0 0.0 0.0 0.00 0.00
9 49.0 119.3 59.0 66.1 0.32 0.46
10 6.0 8.0 15.0 19.2 0.35 0.27
11 51.5 23.1 31.6 25.7 0.53 0.54
14 287.1 273.9 65.3 68.1 0.40 0.46
15 31.0 11.2 41.0 19.6 0.27 0.44
16 16.3 23.0 32.0 25.4 0.35 0.51
17 1.6 1.3 21.3 12.2 0.23 0.38
18 21.3 311.4 10.2 94.8 0.26 0.36
19 26.1 29.4 31.8 23.6 0.26 0.39
20 332.4 243.8 83.7 67.9 0.38 0.43
21 9.2 11.6 22.7 18.5 0.25 0.38
23 22.7 0.0 26.9 0.0 0.28 0.00
24 1.9 5.2 13.2 16.4 0.46 0.35
26 216.6 150.1 63.6 58.1 0.29 0.51
29 10.2 27.5 44.9 31.3 0.37 0.45
30 3.5 3.4 20.4 13 0.20 0.37
31 51.2 43.4 34.5 40.2 0.29 0.34
34 95.1 112.3 37.5 33.9 0.33 0.42
35 121.4 2.7 53.3 394 0.21 0.38
36 0.2 19.4 4.27 23.4 0.17 0.29
37 75.1 56.2 47.9 29.9 0.26 0.46
39 36.6 52.2 43.0 39.1 0.23 0.41
Median 23.1 23.0 31.8 25.4 0.27 0.39
Q. range [6.0, 51.5] 8.0, 72.7] [20.4, 44.9] [18.5, 39.4] | [0.23, 0.35] [0.35, 0.46]

Table E.1: Predicted (p) and measured (37) tumour characteristics at Scan 3 using

the @ model. Results include tumour volume (vol), longest axis (LA) and tumour cell

volume fraction (Vr¢).
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1D volp [x10%2 mm®] volys [x102 mm?] | LAp [mm] LAj; [mm)] Vrep Vrey,
1 10.8 9.1 28.4 24.0 0.20 0.47
4 20.2 22.5 31.5 30.4 0.23 0.42
5 57.5 21.7 38.6 27.4 0.22 0.37
6 5.5 5.3 18.7 15.0 0.12 0.33
7 0.0 0.0 0.0 0.0 0.00 0.00
10 5.7 7.9 19.0 20.4 0.36 0.28
11 45.0 21.4 31.6 26.2 0.46 0.54
15 29.8 11.6 42.5 22.7 0.22 0.44
16 18.7 22.4 32.6 24.8 0.29 0.51
17 1.6 1.3 22.2 12.3 0.23 0.37
18 35.4 330.2 38.1 96.7 0.19 0.36
19 30.5 29.1 32.1 24.0 0.36 0.39
20 437.1 268.1 92.8 81.0 0.20 0.43
21 8.0 12.5 24.4 19.3 0.25 0.38
23 36.8 0.0 26.6 0.0 0.48 0.00
24 1.8 4.9 12.2 15.7 0.46 0.34
26 230.5 154.3 63.6 57.7 0.26 0.51
29 68.3 27.5 61.0 31.3 0.16 0.45
30 4.1 3.5 20.7 13.1 0.19 0.37
31 46.3 40.2 34.3 38.7 0.30 0.34
34 63.6 104.0 38.8 33.7 0.19 0.41
35 104.4 62.7 49.7 38.8 0.22 0.38
36 0.3 19.4 4.27 23.4 0.17 0.29
37 87.8 55.3 47.9 29.9 0.23 0.46
39 66.7 50.9 44.0 42.6 0.17 0.41
Median 30.5 21.7 32.1 24.8 0.22 0.38
Q range [5.6, 65.1] [6.6, 53.1] [21.5,43.3] [17.5,36.2] | [0.19, 0.20] [0.34, 0.45]

Table E.2: Predicted (p) and measured (3s) tumour characteristics at Scan 3 using the
ka model. Results include tumour volume (vol), longest axis (LA) and tumour cell

volume fraction (Vr¢).
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D volp [x10% mm?®] volys [x102 mm?] | LAp [mm] LAjs [mm] Ve, Ve,
1 10.6 8.6 29 23.7 0.17 0.47
4 37.6 23.3 33.1 29.6 0.02 0.43
5 74.5 20.0 42.4 25.3 0.03 0.37
6 6.2 5.3 20.6 15.7 0.00 0.34
9 86.9 120.1 59.5 64.8 0.08 0.46
10 6.0 7.9 16.1 20.4 0.20 0.28
11 421 21.4 33.8 26.2 0.18 0.54
14 273.9 268.8 77.4 69.3 0.03 0.46
15 411 11.9 42.4 22.3 0.03 0.45
16 28.1 22.4 34.5 25 0.05 0.51
19 19.8 27.3 32.4 23 0.03 0.39
23 37.9 0.0 26.4 0.0 0.23 0.00
24 5.0 5.3 14.6 16.3 0.22 0.35
26 259.6 148.2 62.5 53.2 0.01 0.51
29 88.1 27.5 64.3 31.3 0.06 0.45
30 4.8 3.5 19.9 12.9 0.00 0.37
34 63.2 101.9 37.1 31.1 0.05 0.41
35 76.1 62.7 51.6 38.8 0.24 0.38
36 8.6 23.2 12.1 23.3 0.07 0.28
37 135.3 56.2 49.9 29.3 0.04 0.46
39 76.9 46.0 48.3 42.7 0.04 0.42
Median 41.0 23.2 34.5 25.3 0.05 0.42
Q range 9.6, 81.9] 8.2, 59.4] [23.5, 50.8]  [21.4, 35.1] | [0.03, 0.17] [0.36, 0.46]

Table E.3: Predicted (p) and measured (5s) tumour characteristics at Scan 3 using the
Da model. Results include tumour volume (vol), longest axis (LA) and tumour cell

volume fraction (Vr¢).
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ID volp [x10% mm?3] voly [x102 mm?] | LAp [mm] LA,/ [mm] Vrep Vreyy,
4 35.9 22.45 32.9 30.4 0.02 0.42
5 101.8 21.68 41.6 27.4 0.07 0.37
6 10.9 5.27 21.7 15 0.02 0.33
11 40.4 21.37 33.9 26.2 0.19 0.54
15 41.3 11.6 45.7 22.7 0.03 0.44
16 31.8 22.4 34.3 24.8 0.05 0.51
19 31.9 29.1 34.4 24 0.06 0.39
24 5.1 4.9 14.47 15.7 0.19 0.34
29 100.2 27.5 64.5 31.3 0.08 0.45
30 4.6 3.5 19.6 13.1 0.37
31 46.6 40.2 36.5 38.7 0.04 0.34
35 105.9 62.7 47.8 38.8 0.17 0.38
37 131.9 55.3 51.1 29.9 0.07 0.46
39 94.1 51.0 43.2 42.6 0.07 0.41
Median 40.4 22.4 34.4 26.2 0.06 0.41
Qrange | [10.9, 100.2] [9.1, 40.2] [21.7,45.7) [22.7,31.3] | [0.04, 0.10] [0.37, 0.46]

Table E.4: Predicted (p) and measured (5s) tumour characteristics at Scan 3 using the
kDo model. Results include tumour volume (vol), longest axis (LA) and tumour cell

volume fraction (Vr¢).
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APPENDIX F

Optimisation error against prediction

CIrror

Figure F.1 shows the optimisation error against the prediction error for each model,
given as the percentage difference between the numerical and data tumour volumes.

The colours indicate the RECIST status at Scan 3.
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Figure F.1: Optimisation error against prediction error for each model. Both errors
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