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Abstract

Maintaining persistent laminar flow over high-speed vehicles and in super-
sonic wind-tunnel nozzles is essential: for vehicles, it minimizes friction
drag and thermal load, while for wind tunnels, it ensures the development
of facilities with low background turbulence. This thesis investigates the
effects of active and passive control techniques on the receptivity and
growth of laminar streaks and Gortler vortices in pre-transitional com-

pressible boundary layers using asymptotic and numerical methods.

In chapter 2, the effect of uniform suction on pre-transitional compress-
ible Gortler vortices is studied. Uniform suction reduces the amplitude
of steady and unsteady Gortler vortices and is more effective when the
Blasius boundary layer rapidly adjusts to the asymptotic-suction bound-
ary layer. Its effect weakens as the free-stream Mach number increases.
A thinner boundary layer prevents the exponential growth of the vortices
because the wall-normal momentum equation becomes uninfluential at
leading order and therefore the curvature effects responsible for the invis-
cid pressure-centrifugal imbalance are negligible. Uniform suction leads
to a broadening of the the stability regions and favors the presence of
weak Tollmien-Schlichting waves at the expense of more energetic Gortler

vortices for relatively high disturbance frequencies and Mach numbers.

In chapter 3, supersonic pre-transitional boundary layers flowing over
porous surfaces are studied. The porous wall is composed of thin equally-
spaced cylindrical microcavities. When the spanwise wavelength is much
larger than the boundary-layer thickness, these disturbances are effec-
tively attenuated by the porous surface. The unsteady laminar streaks
evolve into oblique Tollmien-Schlichting waves through a leading-edge-
adjustment receptivity mechanism. The wavenumber of these waves is
only slightly modified over the porous surface, while the growth rate in-

creases, thus confirming previous experimental results. An asymptotic



analysis based on the triple-deck theory confirms these numerical find-
ings. When the wall is concave, the amplitude of the laminar streaks is
enhanced by the wall curvature and is attenuated by the wall porosity

during the initial development.

In chapter 4, a compressible laminar boundary layer developing over an
isotropic porous substrate is studied. The substrate is modeled as an
array of cubes. The momentum and enthalpy balance equations are de-
rived by volume averaging. The self-similar solution proposed by Tsi-
berkin (Transp. Porous Media 121(1):109-120, 125(2):259-269, 2018) for
streamwise-growing permeability is extended to include compressibility,
heat conduction and a nonlinear drag. The velocity profile shows an in-
flection point at the free fluid-porous interfacial layer, below which it
decreases to zero. In the upstream (i.e. boundary-layer) limit of the dis-
turbance flow, the velocity and temperature streaks are enhanced by wall

porosity.
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Chapter 1

Introduction

Active and passive control methods for delaying the laminar-to-turbulent transition

in high-speed boundary layers have been extensively studied using numerical, exper-
imental and theoretical approaches. Developing e ective control strategies is crucial
for aerospace applications, such as heat-transfer management in reentry vehicles and
supersonic transport systems [Martin et al., 2012; Schmisseur, 2015], as well as for the
design of hypersonic quiet tunnels, where minimizing noise contamination is critical
[F.-J. Chen et al., 1989; F.-J. Chen et al., 1992; Schneider, 2008a]. These strate-
gies primarily aim to modify boundary-layer properties near the wall, suppressing
disturbance growth and extending the laminar regime.

This thesis investigates the e ects of uniform wall suction and passive porous
walls on the excitation and evolution of unsteady, three-dimensional disturbances
using asymptotic and numerical methods. Section 1.1 discusses the mechanisms of
disturbance excitation and transient growth. The in uence of wall suction is reviewed
in Y1.2, while Y1.3 introduces porous media ows and examines the role of passive
porous coatings. Finally, the thesis is outlined in Y1.4.

1.1 Receptivity and disturbance growth in laminar
boundary layers

Laminar boundary layers are susceptible to free-stream disturbances that excite the
growth of persistent velocity and temperature perturbations in the early stage of
transition. In the words of Morkovin [1969], the term receptivity refers to the in-
ternalization of external agents and their subsequent evolution within the boundary
layer. Disturbances of the vortical, acoustic and entropic type were rst distinguished
by Kovasznay [1953]: vortical disturbances consist in transversal velocity waves and



exist at all speeds, while the acoustic and entropy ones are only present in compress-
ible ows. The disturbance amplitude is sometimes characterized by the turbulence
intensity, Tu = u,,s=U, , whereu,,, is the root mean square of the uctuations
about the free-stream velocityU, .

When Tu is very low (< 0:1%), the early stage of transition is dominated by
the exponential growth of the unstable eigenmodes such as the Tollmien-Schlichting
(TS) waves described by linear stability theory [Criminale et al., 2003]. Goldstein
and Hultgren [1989] pointed out that the pioneering experiment of Schubauer and
Skramstad [1947] was indeed a study on the receptivity of a laminar boundary layer
to low-amplitude harmonic disturbances and the excitation and linear growth of TS
waves. In incompressible at-plate boundary layers, TS waves are excited by free-
stream velocity uctuations via a leading-edge adjustment mechanism [Goldstein,
1983].

When Tu is relatively high (0:1% Tu < 1%), the early stage of transition
in at-plate boundary layers is dominated by the algebraic growth of externally
forced perturbations rather than the exponential ampli cation of unstable eigen-
modes. Albeit still present, modal growth ceases to be predominant and transient-
growth [Reshotko, 2001] and bypass mechanisms [Dryden, 1937; Morkovin, 1985] take
over. The high-amplitude, low-frequency streamwise velocity uctuations that result
de ne streamwise-elongated, spanwise-adjacent regions of accelerating and decelerat-
ing ow, the spanwise (transverse) direction being perpendicular to the streamwise
and wall-normal ones.

Receptivity, transient growth and bypass transition are more complex and multi-
faceted in high-speed compressible ows. TS waves are also excited by the scattering
of acoustic waves with roughness elements [Goldstein, 1985] or by the interaction of
acoustic and free-stream vortical disturbances [X. Wu, 1999] and the rst and second
Mack modes arise in the supersonic regime [Mack, 1984]. Early measurements on
supersonic and hypersonic boundary layers reported higher critical Reynolds num-
bers compared to the incompressible case [Demetriades, 1960] and highlighted the
signi cance of vortical and acoustic disturbances near the leading edge [Laufer and
Vrebalovich, 1960]. These ndings suggested a complex picture of the early stage
of transition at moderate supersonic Mach numbers. Although the inviscid second
Mack mode is often considered the predominant source of instability in supersonic
boundary layers [Mack, 1984; Schneider, 2001], the presence of rst-mode distur-
bances and laminar streaks excited by free-stream vorticity has been reported in



supersonic and hypersonic wind tunnels [Schneider, 2008a; Schneider, 2008b]. Vorti-
cal uctuations cannot be ruled out in the low-frequency band belov8 kHz, as the
hot-wire signal distills the velocity uctuations of the vortical and acoustic distur-
bances together [Morkovin, 1959; Duan et al., 2019], and disturbances of all types are
present downstream of a shock wave [McKenzie and Westphal, 1968] and have been
reported in supersonic and hypersonic wind tunnels [Schneider, 2008a]. Graziosi and
G. L. Brown [2002] reported low-frequency disturbances in a pre-transitional Mach-3
boundary layer exposed to vortical and acoustic free-stream uctuations. In the ex-
periments of Ho erth et al. [2013] and Borg et al. [2015], the energy content measured
at low frequencies was comparable with that at the signi cantly higher frequency as-
sociated with the second Mack mode for all the unit Reynolds numbers considered.
In spite of these ndings, recent experiments have either focused exclusively on the
characterization of acoustic pressure uctuations [Duan et al., 2019] or postulated the
rapid decay of free-stream vorticity across the throat section of the tunnel [Thasu and
Duvvuri, 2024]. Nevertheless, the evolution of the laminar streaks is of interest in the
investigation and implementation of control techniques in high-speed wind tunnels
where levels offu are relatively high and the streaks can turn into Gortler vortices
over smooth concave walls [F.-J. Chen et al., 1992; Schneider, 2008a].

1.1.1 Disturbances on at plates: laminar streaks

In his pioneering account of bypass transition, Dryden [1937] reported the onset
of spanwise-adjacent, streamwise-elongated laminar structures in a Blasius bound-
ary layer perturbed by free-stream turbulence. Klebano and Tidstrom [1959] and
Klebano, Tidstrom, and Sargent [1962] used the vibrating-ribbon technique of
Schubauer and Skramstad [1947] to generate controlled disturbances in an incom-
pressible wind tunnel. They observed a spanwise-periodic thickening and thinning of
the boundary layer which was later described empirically [Bradshaw, 1965] and via
asymptotic methods [Crow, 1966]. Mounting evidence [Tani, 1969] pointed to the
key role played by free-stream turbulence on the excitation and disturbance growth
in laminar boundary layers. Motivated by this ndings, Klebano investigated the

e ect of disturbances of moderate amplitude Tu 0:3%) on transition. His re-
sults, which were presented at a conference meeting [Klebano, 1971] and yet never
published on a journal [Kendall, 1985; Kendall, 1990; Kendall, 1998; Goldstein and
Wundrow, 1998], showed the presence of streamwise-elongatsitiegky) uctuations

of very low frequency ( 12H2 and a cyclic spanwise thinning and thickening of the
boundary layer. These laminar streaks have been referred to laeathing modesor

3



Klebano modes within the transition community, although their growth is strictly
non-modal. Incompressible laminar streaks were studied by Westin et al. [1994], who
compared the autocorrelation function and the power spectral density of the free-
stream and the boundary-layer regions and attributed the observed low-frequency
peak to streamwise-elongated structures with a constant spanwise wavelength. Their
ndings were supported by the hot-wire measurements of Matsubara and Alfreds-
son [2001], who observed that the disturbance energy increases with the Reynolds
number based on the streamwise coordinate and provided clear visualizations of the
breakdown of laminar streaks. The energy growth was initially observed for low
wavenumbers ( gure 13 therein), and the measured spanwise spectra showed a higher
energy content at low frequency and a lower energy content at high frequency com-
pared to the free stream. These results suggested the role of the boundary layer as a
low-pass lIter [Ricco, Walsh, et al., 2016].

Measurements in compressible wind tunnels have focused on the role of high-
frequency ( 10kH2) perturbations [F.-J. Chen et al., 1989; Maslov, Shiplyuk, et al.,
2001; Graziosi and G. L. Brown, 2002], while the excitation of low-frequency laminar
streaks by free-stream turbulence has drawn far less attention. Kendall [1975] argued
that, even in the presence of relatively high-amplitude acoustic disturbances, the
second Mack mode may play a minor role in transition compared to the nonlinear
low-frequency perturbations. In fact, velocity spectra sampled at Mach 8.5 showed a
marked peak at frequencies below the rst Mack mode, a hallmark of periodic laminar
structures. Recently Mwunoz et al. [2014] observed streaky structures in the cross ow
over a cone in a Ludwieg tube at Mach 6.

The e ect of free-stream turbulence on bypass transition has been investigated also
via direct numerical simulations of incompressible at-plate boundary layers [Rai and
Moin, 1993; Nagarajan et al., 2007; Ovchinnikov et al., 2008; Brinkerho and Yaras,
2015]. In these studies, the isotropic grid turbulence at the inlet was seeded su -
ciently far upstream of the leading edge to capture the excitation and the evolution
of the streaks. Ohno et al. [2023] performed direct numerical simulations of bypass
transition in a compressible boundary layer. Instead of imposing an isotropic tur-
bulent eld upstream of the leading edge, they seeded the in ow using a continuous
spectrum of Orr-Sommerfeld modes [Jacobs and Durbin, 2001]. The practice of im-
posing free-stream disturbances described by the linear stability analysis of a parallel
wall ow was questioned by X. Wu and Dong [2016], who pointed out that neglecting
non-parallel e ects leads to a spurious entanglement of Fourier modes and an unreal-
istically high magnitude of the streamwise disturbance velocity component in the free



stream [Ricco, Walsh, et al., 2016]. Direct numerical simulations of boundary layers
perturbed by grid turbulence in the fashion of Ovchinnikov et al. [2008] remain an
expensive task and have not been performed in the compressible regime.

1.1.2 Disturbances on concave plates: Gortler vortices

A convective instability a ects laminar boundary layers developing over streamwise-
concave surfaces. An inviscid mechanism similar to the one responsible of Couette-
Taylor instability [Saric, 1994] leads to the formation of Gortler vortices, streamwise-
oriented and spanwise-adjacent counterrotating structures which ensue when the wall-
normal pressure gradient cannot balance the centrifugal force. This behavior was
reportedly rst illustrated by von Karman [1934] with an argument based on Kelvin's
circulation theorem [Charru and Forcrand-Millard, 2011]. The perturbations evolve as
laminar streaks near the leading edge and engage in a quasi-exponential growth down-
stream. The rapid ampli cation of the velocity disturbances causes the breakdown to
turbulence via secondary-instability mechanisms [Swearingen and Blackwelder, 1987].
In compressible boundary layers, temperature uctuations also play an important role

in the transition process [Q. Wang et al., 2018]. Amongst di erent external pertur-
bations, free-stream vortical disturbances have been recognized as powerful external
initiators of convective instability at low speeds [Swearingen and Blackwelder, 1987;
Tandiono et al., 2008; Borodulin et al., 2018] and results from direct numerical simu-
lations indicate free-stream vorticity as a critical cause of Gortler vortices in the su-
personic and hypersonic regime [Zhong and Whang, 2002; Whang and Zhong, 2003].
Nevertheless, many wind tunnel measurements in the incompressible regime [Tani,
1962; Finnis and A. Brown, 1997] and the compressible regime [de Luca et al., 1993;
Ciolkosz, 2006; Q. Wang et al., 2018] have focused on the streamwise evolution of
the vortices without addressing receptivity. A comprehensive review of wind-tunnel
experiments and numerical simulations on compressible Gortler vortices is given by
Xu, Ricco, et al. [2024].

1.1.3 Receptivity: an asymptotic framework

The accurate computation of the generation and evolution of laminar streaks and
Gortler vortices is crucial for predicting transition, yet it presents signi cant theo-
retical challenges. Experimental evidence of non-modal growth in laminar boundary
layers motivated research into the algebraic ampli cation of streaks in the 1970s. Orig-
inally formulated for inviscid parallel ows [Ellingsen and Palm, 1975; Landahl, 1980],



transient-growth theory describes disturbance growth due to the non-orthogonality of
the linearized Navier-Stokes operators, primarily through the lift-up e ect and vor-
tex tilting of wall-normal vorticity [Butler and Farrell, 1992; Trefethen et al., 1993].
This input-output framework has since been extended to account for non-parallel
e ects and to study optimal disturbances in developing boundary layers [Andersson
et al., 1999; Luchini, 2000]. As pointed out by Wundrow and Goldstein [2001], while
transient-growth computations predict normalized streamwise velocity perturbation
pro les in good agreement with experiments, they fail to capture the correct stream-
wise evolution of the disturbance amplitude when the upstream and outer boundary
conditions are not rigorously speci ed and receptivity is neglected. This limitation
also applies to boundary layers on concave surfaces: as rst noted by Hall [1983],
the convective nature of the centrifugal instability results in a critical dependence
of the disturbance growth and neutral curves on the upstream ow conditions. The
asymptotic analysis by Hall [1983] revealed that the eigenvalue approach [e.g. El-
Hady and Verma, 1981] is not tenable in general and that the rigorous computation
of the vortices requires the solution of an initial-boundary-value problem where the
boundary-layer disturbances match the external perturbation ow [X. Wu, D. Zhao,
et al., 2011; Xu, Ricco, et al., 2024].

A rigorous description of the incompressible laminar streaks was developed by
Goldstein and co-workers [Leib et al., 1999, hereafter referred to as LWG99] and later
extended by X. Wu, D. Zhao, et al. [2011] (hereafter WZL11) to Gortler vortices on
concave walls. Through an asymptotic approach, they unraveled the physical inter-
action between the disturbances in the free stream and the laminar boundary layer.
Their formulation hinges on the assumption of streamwise-elongated structures of
small streamwise wavenumbek, 1 (i.e. negligible streamwise di usion and stream-
wise pressure gradient), high Reynolds numb&e = U, .=, 1 (where , is the
spanwise wavelength and, the dynamic viscosity) and small amplitude 1. The
laminar streaks and the Gortler vortices appear where the boundary-layer thickness
is comparable to ,, and their evolution is governed by the unsteady boundary-region
equations, which are streamwise-parabolic and cross ow-elliptic. The di erence in
magnitude between the spanwise and streamwise scales result©i() free-stream
uctuations generating O ( Re) = O ( =ky) streamwise velocity disturbances in the
boundary layer [Gulyaev et al., 1989; Choudhari, 1996].

The initial-value problem that arises is of parabolic nature, and thus suitable to a
downstream-marching treatment. The computational cost is considerably lower than
that required by the numerical solution of the complete Navier-Stokes equations.



LWG99's theory is based on the precise speci cation of the initial and boundary
conditions and accounts the continuous outer forcing of the external vortical ow.
The disturbances are linearized about the laminar Blasius boundary layer under the
assumption that Re; =k, 1, resulting in a one-way coupling between the base ow
and the superposed disturbances. The linear theory describes rather well the initial
excitation and growth of the laminar streaks, their amplitude still being small and the
intermodal coupling being negligible. The contribution of each monochromatic mode
can be studied separately in this case. The linear incompressible theories of LWG99
and WZL11 were extended to the compressible case by Ricco and X. Wu [2007] and
Viaro and Ricco [2019a], respectively.

The nonlinear theory instead applies when the amplitude of the the disturbances
is comparable with that of the base ow Re, =k, = O(1). Nonlinearity results
in a two-way coupling between the boundary-layer and external disturbance ow
Ricco, Luo, et al. [2011]. Nonlinear Gortler vortices were investigated by Xu, Y.
Zhang, et al. [2017], Marensi and Ricco [2017] and Xu, J. Liu, et al. [2020] in the
asymptotic framework of LWG99. Their accurate specication of the initial and
outer boundary conditions resulted in good agreement with the wind-tunnel data
of Swearingen and Blackwelder [1987] and Tandiono et al. [2008]. For a review of
LWG99's framework, a validation with wind-tunnel measurements and a comparison
with optimal-growth, Taylor-Stewartson and Orr-Sommerfeld theories, the reader is
referred to Ricco, Walsh, et al. [2016].

Compressible Gortler vortices engendered by free-stream vortical disturbances
were studied by Viaro and Ricco [2019a], while the growth of nonlinear compress-
ible streaks was addressed by Marensi, Ricco, and X. Wu [2017]. The combined
e ect of a continuous free-stream spectrum of vortical disturbances and nonlinearity
was considered by Y. Zhang et al. [2011], while X. Wu and Dong [2016] included
the contribution of short-wavelength free-stream disturbances in incompressible and
compressible boundary layers.

1.2 Laminar ow control with wall suction

The persistence of laminar streaks and Gortler vortices in boundary layers and their
role in bypass transition calls for control techniques aimed at their attenuation. Uni-
form wall suction is achieved by imposing a uniformly distributed wall-normal velocity
across a permeable surface, thereby modifying the two-dimensional steady base ow.



Suction has been employed to prolong laminar ow in boundary layers, and signi -
cant e ort has been dedicated to designing and testing suction actuators for aircraft
wings, where TS waves [Reed et al., 1996] and cross ow instability are often regarded
as primary transition mechanisms [Krishnan et al., 2017]. However, the in uence of
uniform suction on the excitation and growth of compressible laminar streaks and
CGortler vortices remains unexplored and it is the object of chapter 2 of this thesis.
This section focuses on the use of suction to attenuate laminar streaks and Cortler
vortices in laminar boundary layers. Experimental studies, direct numerical simula-
tions, and theoretical works are reviewed in Y1.2.1, Y1.2.2, and Y1.2.3, respectively.

1.2.1 Experimental studies

The use of transpiration devices on wind-tunnel walls dates back to the 1960s [Schnei-
der, 2008a]. E orts to delay transition in supersonic wind tunnels were undertaken
using longitudinal slots [Beckwith and Bertram, 1972; Beckwith, Harvey, et al., 1973]
and perforated plates [Leontiev and Pavlyuchenko, 2008]. An issue with transpira-
tion surfaces is related to their non-uniformities and defects. These imperfections
are known to generate an isolated or distributed roughness e ect to which the thin-
ner suction boundary layer may be susceptible [Saric, 1985; Messing and Kloker,
2010]. The impact of distributed roughness on high-speed transition is however still
poorly understood [Schneider, 2008b; Running et al., 2023]. While relatively large
roughness $0 m to 500 m) dramatically triggers the breakdown to turbulence in
absence of suction [Bountin et al., 2016; Gui, C. Zhang, et al., 2023], Ludwieg-tube
measurements at subsonic speeds [Dimond, Costantini, Risius, et al., 2020; Dimond,
Costantini, and Klein, 2022] and experiments in incompressible wind tunnels [Methel
et al., 2021] suggest that suction e ectively delays transition even in the presence of
suction holes as large as00 m.

Fransson and Alfredsson [2003] applied uniform suction through a sintered-plastic
plate with small pores € 10 m) and reported an attenuation of TS waves and
laminar streaks at low speeds and high free-stream turbulence levéls. Their results
show a gradual evolution from the Blasius boundary layer to the asymptotic-suction
boundary layer (ASBL) over the porous plate. Despite a twofold reduction in the
boundary-layer thickness, the spanwise wavelength of the streakswas not a ected.
Yoshioka et al. [2004] measured, in a series of experiments with suction, concluding
that its value was primarily determined by the shape of the leading edge and the
oncoming free-stream perturbation ow. Kurian and Fransson [2011] investigated the
evolution of disturbances induced in an ASBL by an array of roughness elements.
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Their ndings showed good agreement with optimal growth predictions when the
optimization time was chosen to t the experimental data.

The experimental studies on the in uence of suction on Gortler vortices are very
limited. Mangalam et al. [1987] placed spanwise-aligned rods on the concave section
of a wing pro le and reported an attenuation of the velocity uctuations associated
with Gortler vortices. A selective transpiration technique was employed by Myose and
Blackwelder [1995] on a concave boundary layer. They applied suction at periodic
spanwise locations where the low-speed streaks were known to develop and reported
a delay in the breakdown of the Gortler vortices.

To the best of the author's knowledge, there are no experimental investigations
on compressible Gortler vortices evolving in suction boundary layers. Li et al. [2018]
examined the use of uniform suction to mitigate Gortler instability on ared cones
at zero angle of attack in a hypersonic wind tunnel. To that end, they manufactured
a model comprising an aft cone and a rear ared cone with a truncated permeable
volume installed on the aft section, although no measurements of the perturbed ow
in the boundary layer were conducted. Furthermore, wall suction has never been used
to attenuate Gortler vortices in boundary layers along the nozzles of supersonic wind
tunnels, nor over the wetted surfaces of aircraft fuselages or engine intakes. Suction
actuators have successfully delayed transition in boundary layers on aircraft wings,
yet with no evidence that the perturbations involved were Gortler vortices [Krishnan
et al., 2017].

1.2.2 Studies based on direct numerical simulations

Sescu et al. [2018] and Sescu et al. [2019] investigated the e ect of localised blow-
ing and suction by performing direct numerical simulations of a supersonic concave
boundary layer. They implemented a feedback control algorithm to attenuate the
nonlinear growth of the vortices. Direct numerical simulations were also employed to
study how wall transpiration modi es perturbed Mach-6 boundary layers over ared
cones, by Hader and Fasel [2021] for the case of alternate blowing and suction and
by Hollender et al. [2019] for the case of distributed suction with the objective to
reproduce the ow con guration studied experimentally by Li et al. [2018].

1.2.3 Theoretical studies

The e ect of uniform wall transpiration on the linear stability of Gortler vortices has
been studied for self-similar and asymptotic suction [Kobayashi, 1972; Kobayashi,



1974; El-Hady and Verma, 1981; El-Hady and Verma, 1984; Floryan and Saric, 1983].
Self-similar suction, which features an unbounded wall-normal velocity as the leading
edge is approached, has never been implemented in laboratory. Self-similar solutions
o er the advantage of being more tractable theoretically and often provide valuable
insights into stability and transition, especially when solving a system of partial dif-
ferential equations is not feasible [Stewartson, 1964; Anderson, 2019; Al-Malki et al.,
2021]. Ricco and Dilib [2010] and Ricco, Shah, et al. [2013] imposed self-similar suc-
tion on incompressible and compressible laminar base ows to study the receptivity
and growth of streaks and oblique TS waves within the asymptotic framework of
Ricco and X. Wu [2007] and LWG99. Marensi and Ricco [2017] solved the nonlinear
boundary-region equations in the asymptotic framework of LWG99 and reported a
marked attenuation of the Gortler vortices in the presence of spanwise-dependent walll
suction. Es-Sahli et al. [2023] applied an optimal-control technique to the nonlinear
boundary-region equations and reported a marked attenuation of the energy growth.
Within these theoretical frameworks, uniform wall suction has never been utilised to
attenuate the growth of Gortler vortices at any Mach number.

The laminar ow modi ed by uniform suction is initially streamwise-dependent,
with the asymptotic-suction solution being valid only su ciently downstream of the
onset of suction. The ASBL solution was rst derived by Gri th and Meredith [1936]
and later extended to the compressible regime by Young [1948]. Morduchow [1963]
showed that it remains valid even in the presence of streamwise pressure gradients.
An exact compressible solution was derived by Lew and Fanucci [1955] for the case
where the wall suction was uniform at any streamwise location, while Gortler [1957]
treated the case of arbitrary distributions of the suction velocity in the incompressible
regime. Boundary layer receptivity plays a critical role at the leading edge, where
the suction velocity is either zero or nite in practical applications [Fransson and
Alfredsson, 2003]. In such cases, the self-similar suction model and the ASBL model
may not accurately capture the e ect of control on disturbance growth.

1.3 Laminar ow control with porous walls

The implementation of uniform wall suction requires the installation of actuators that
are often heavy, voluminous and energy-consuming [Krishnan et al., 2017]. Albeit less
exible, passive control mechanisms such as porous walls e ectively delay transition in
high-speed boundary layers perturbed by acoustic waves at high frequency [Fedorov,
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2011]. The impact of passive porous walls on receptivity to free-stream turbulence is
the focus of chapters Y3 and Y4 of this thesis.

This section contains a general introduction to porous media ows in Y1.3.1. Lit-
erature reviews on laminar ow control with passive (i.e. without suction) porous
coatings and highly permeable porous coatings are presented in Y1.3.2 and Y1.3.3,
respectively.

1.3.1 A preliminary introduction to porous media ows

A porous medium is a heterogeneous mixture of a solid material and a uid phase.
Consolidated porous media consist in a continuous solid matrix saturated by a liquid,

a gas, or both [Attenborough, 1982]. The motion of the uid phase is restricted by
the geometry of the solid matrix. Most porous media feature a large separation of
scales and are described either from a microscopic or from a macroscopic perspective.
The microscopic approach focuses on the small-scale geometry of the pores and on the
local interaction between the saturating uid and the solid matrix [Bear, 2018]. The
macroscopic approach considers the porous medium in its entirety and focuses on its
bulk properties [Bear and Bachmat, 1990; Whitaker, 1998]. Adopting the macroscopic
approach inevitably sacri ces some detail on local microscopic processes but reduces
complexity. The pioneering work of Darcy [1856] followed this idea in deriving a
linear relation between the e ux (seepage) velocity and the pressure gradient across
the medium

K @mpi;
- @x’
wherehu;i; and hpi; are the bulk velocity and pressure, the dynamic viscosity and
K [m?] the permeability, a macroscopic parameter measured in? which accounts
for the global e ect of the microscopic geometry on the macroscopic motion. The
non-dimensional form of (1.1) is

hJiif =

(1.1)

: @i,
huii; = ReDa ; 1.2
whereRe= hui, L = isaReynolds numberDa = K =L ?is Darcy number,L

is a length of macroscopic heterogeneity (i.e., a spatial scale over which the macro-
scopic properties vary considerably)Da  1in a wide range of practical applications
[Nield, 2000]. The linearity of (1.1) limits its validity to relatively small Reynolds
numbers based on the pore diameted, or the grain diameterd,, as the onset of
nonlinearity is observed forRey = O (1) or larger. The de nition of Rey is anything
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but unique, as dierent lengths (e.g. pK_, d,) are often used [Goharzadeh et al.,
2005]. Beavers and Sparrow [1969] performed experiments on metallic ber lattices
of di erent shape and size, and found that for all cases the pressure gradient was
accurately represented by a second-degree polynomialhofi,. Forchheimer [1901]
had proposed an extension to 1.1
@i
@x
which is known as the Darcy-Forchheimer equation [Joseph et al., 1982]. The coe -
cientsa and bin (1.3) are not sensitive to the presence of solid boundaries [Beavers,
Sparrow, and Rodenz, 1973] and the onset of nonlinearity does not imply that the
microscopic ow is transitioning to turbulence [Wood et al., 2020]. The physical
variables that appear in Darcy's law (1.2) and its extension (1.3) are empirical, and
e orts have been made to express them in terms of macroscopic quantities.
Brinkman [1949] tried to reconcile Darcy's law (1.1) with the Navier-Stokes equa-
tions. He argued that, in the absence of inertial and unsteady terms, a small transition
region exists at the interface of a porous medium and a free uid region whelke is
unbounded. He added a term to the right-hand side of Darcy's law (often referred to
as Brinkman correction)

= ahui, bhui, hi;; (1.3)

@i, : @ hui
= —hi, + ———:

@ K 2
¥ 85,

Brinkman
correction

(1.4)

Here, is a modied viscosity coe cient (e ective viscosity) which is assumed equal
to the dynamic viscosity  in most practical cases [Nield and Bejan, 1999]. The
Darcy and Forchheimer terms have been often introduced directly into the momentum
balance together with the Brinkman correction [Joseph et al., 1982; Nield, 1991; Nield,
1994].

Further e orts [Whitaker, 1969; Hassanizadeh and Gray, 1979; Bachmat and Bear,
1986; Whitaker, 1966; Whitaker, 1967; Gray, 1975] aimed to reconcile (1.1) with the
Navier-Stokes equations through a macroscopic approach. Their studies focused on
the transport of extensive quantities such as mass, momentum, and energy within
a saturated porous medium. The microscopic motion of the uid phase is described
by a set of macroscopic variables obtained by averaging the microscopic quantities
over a representative elementary volume (REV), henceforth denoted with, [Bear
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and Bachmat, 1967; Howes and Whitaker, 1985]. An important macroscopic property
that arises is the volume porosity of the uid phase

(= (1.5)
0

which indicates the volume fraction of the porous medium saturated by the uid
phase ;. The solid and uid continua are distilled in a porous continuum governed
by volume-averaged transport equations. The volume-averaging technique is similar
to the Reynolds-averaging used for turbulent ows in that the extensive quantitieg
are decomposed in their volume-averagdtji, and uctuating ¢ parts [Gray, 1975;
Howes and Whitaker, 1985]

q= hoi; + € (1.6)
and the surface integral of the uctuating shear stresses and the uctuating pressure
gradient needs to be expressed by means of a Darcy-Forchheimer closure model (1.3)
[Whitaker, 1986; Whitaker, 1996]. Conversely, the volume averages of the nonlinear
products of the velocity uctuations hu;u;i, account for what is known agmechanical
dispersion [Bear and Bachmat, 1990; Bear, 2018], and are asymptotically smaller
than the linear Darcy term and the nonlinear advection terms [refer to appendix
A in Breugem, Boersma, and Uittenbogaard, 2006]. Whitaker [1996] derived the
Forchheimer term by solving the Darcy-Forchheimer closure problem for the velocity
and pressure uctuations. He suggested that the inertial term should be neglected
when the Forchheimer correction is present, as suggested by Nield [1991].

1.3.1.1 Flows at the interface of an isotropic porous medium

Fluid ows over saturated porous media are common in industrial and engineering
contexts [Nield and Bejan, 2017; Vafai and Kim, 1990; Nield and Kuznetsov, 2003;
Breugem, Boersma, and Uittenbogaard, 2005; Tsiberkin, 2016]. The e ect of a porous
boundary on a pressure driven channel- ow was rst investigated by Beavers and
Joseph [1967]. They considered a channel bounded by an impermeable wall at the
top and a semi-in nite porous medium at the bottom and assumed a Darcy ow (1.2)

in the porous region. They did not assume continuity in the velocity at the boundary,
and de ned the jump condition at the porous-channel interface located at=0"

du _ int .
dy . = F’?(U Jor  Up) (1.7)

whereu (0") is the slip velocity at the interface, u, is the seepage velocity com-
puted from Darcy's law (1.1) and j; is a constant which distills the properties of
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the interface. The square root of the permeabilitypK_ represents the interfacial
thickness. Taylor [1971] and Richardson [1971] found that,; was not independent
on the channel ow dynamics. The rst experimental evidence of the destabilizing

e ect of a porous medium was given by Beavers, Sparrow, and Magnuson [1970].
Sparrow, Beavers, et al. [1973] imposed the boundary condition (1.7) in solving the
Orr-Sommerfeld equations on a channel ow. The permeable cases featured lower crit-
ical Reynolds numbers as compared to the impermeable ones. Theoretical grounds to
the empirical model of Beavers and Joseph [1967] were provided by Sa man [1971],
who employed the volume averaging technique and asymptotic analysis. Neale and
Nader [1974] used the Brinkman correction (1.4) to model the porous-free uid in-
terface, which matched Darcy's law within the porous layer. Their solution adjusted
across a interfacial layer of thickness,,; = O(Da'™).

Ochoa-Tapia and Whitaker [1995a] argued that the inertial terms are not negligible
in the interfacial layer, where the uid motion is still a ected by the geometry of
the solid matrix. They derived a continuity condition for the velocity and a jump
condition for the shear stresses across the interface from the continuity and momentum
balance, respectively. Their shear-stress jump relation is

1 @i Qui, _ Py, (1.8)
i @y @y K 0

0 (0

where iy = O(1) is a non-dimensional empirical coe cient. The results obtained
with these boundary conditions were in good agreement with those of Beavers and
Joseph [1967] [Ochoa-Tapia and Whitaker, 1995b] and values @f ranging between

1 and 1:5. Jump conditions for the static temperature equations were derived by
Ochoa-Tapia and Whitaker [1997] who assumed thermal equilibrium between the
uid and solid phases. Angot et al. [2017] extended the jump conditions to two and
three-dimensional ows.

Experimental evidence [Sahraoui and Kaviany, 1992; Ochoa-Tapia and Whitaker,
1995b; Goyeau et al., 2003; Z. Wu and Mirbod, 2018; Harter et al., 2023] supports
the hypothesis that the depth of the interfacial layer is at least on the order of the
grain diameterd,. Goharzadeh et al. [2005] performed a series of PIV measurements
on a channel ow lying on a packed bed of spheres at loRey and found that the
thickness of the interfacial layer increases withK . Similar results were obtained
by Morad and Khalili [2008]. Chandesris and Jamet [2006] assumed an analytical
functional shape forK and ; across the interface, and found an expression for
the jump condition consistent with both (1.7) and (1.8). An alternative interfacial
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treatment was employed by Breugem and Boersma [2005] and Breugem, Boersma,
and Uittenbogaard [2006], who validated the solution of the volume-averaged Navier-
Stokes equations in the turbulent channel over a set of equally spaced cubes with direct
numerical simulations. They used the parameterization of the Darcy-Forchheimer
integral derived by Whitaker [1996] and assumed a smooth variation of the porosity
and the permeability across the interface. The problem of the interfacial conditions
has recently been addressed using multi-scale homogenization [Bottaro, 2019; Naqvi
and Bottaro, 2021] and numerical simulations at the pore scale [Kang and M. Wang,
2024].

1.3.1.2 Incompressible parallel ows on porous walls: e ect on linear
stability

The impact of a porous walls on the linear stability of channel ows was stud-
ied by Tilton and Cortelezzi [2006] and Tilton and Cortelezzi [2008] using the
volume-averaged equations with the momentum jump conditions of Ochoa-Tapia
and Whitaker [1998]. Their analysis neglected the nonlinear e ects at the interface.
Higher permeability was shown to destabilize the TS waves, whereas increasing the
value of i at a constant permeability resulted in a higher critical Reynolds number
compared to that observed for impermeable walls. Similar results were obtained for
the incompressible asymptotic suction boundary layer over a permeble porous plate
[Tilton and Cortelezzi, 2015]. The TS waves propagated in both the boundary layer
and the porous layer underneath, and formed a set of counterrotating vortices. The
slip velocity at the wall destabilised the viscous modes and hindered the bene cial
e ects of suction. Conversely, self-similar suction over a porous, heated wall has a
stabilizing e ect when the disturbances do not propagate within the medium and
a no-slip condition is imposed at the interface [Al-Malki et al., 2021]. The desta-
bilizing e ect of wall porosity on a steady channel ow was also studied by Ghosh
et al. [2019], who employed the interfacial treatment of Breugem and Boersma [2005].
They attributed the destabilization to viscous (TS) instability at low ¢, and inviscid
(Rayleigh) instability at high .

1.3.1.3 Compressible ows in porous media

Theoretical and numerical analyses of compressible ows within porous media have
drawn far less attention. Emanuel and Jones [1968] proposed a Fanno ow-like [Ander-
son, 2020] model for the one-dimensional ow through an adiabatic, isotropic porous
plate. The experiments of Shreeve [1968] conrmed the validity of his approach.
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Emanuel and Jones [1968] noted that, for small pressure ratios, the incompressible
and compressible models yield almost identical results, and argued that Darcy's law
(1.1) can accurately describe the behavior of a compressible ow at low Mach num-
bers. Their idea was considered again by Beavers and Sparrow [1971], who included a
Forchheimer term in the form of Beavers and Sparrow [1969]. The Darcy-Forchheimer
equation (1.3) has been extensively used to characterise the blowing and suction rates
through porous surfaces in compressible ows [Schmidt, 2014; Schmidt et al., 2016;
Traub et al., 2024].

In deriving the balance equations for both the saturating uid and the solid ma-
trix, Bear and Bachmat [1986] and Bear and Bachmat [1990] assumed microscopic
incompressibility, while Ruth and Ma [1992] started from compressible microscopic
balances. Nield [1994] argued that the omission of the advection terms [Nield, 1991,
Tilton and Cortelezzi, 2006; Tilton and Cortelezzi, 2015] was not suitable for com-
pressible ows and obtained a solution of the momentum balance equation by apply-
ing the volume average operators of Bear and Bachmat [1990] to the compressible
momentum balance.

Continuum models must incorporate slip-gas e ects when dealing with low-
permeability porous media and Knudsen numberkn = ° . =d, (where " is the
mean-free-path length) in the rang®:001 Kn < 0:1 [Chapman and Cowling, 1990;
Shepherd and Begeal, 1988]. Appropriate slip-velocity and temperature-jump condi-
tions of the Maxwell type [Chapman and Cowling, 1990, eq. 6.21-3] are imposed at
the boundary of the solid matrix. When volume averaging is used and the closure of
the Darcy problem is performed, the intrinsic permeability of the medium is enhanced
by a factor proportional to Kn. This enhancement is known as the Klinkenberg ef-
fect [Lasseux and Valdes-Parada, 2017; Yang and Weigand, 2018]. To the author's
knowledge, no correction has ever been proposed for the Forchheimer term and most
studies have considered inertial and rari ed-gas e ects separately [e.g. L. Chen et al.,
2015], while Innocentini and Pandolfelli [2001] argued that the two are closely re-
lated and should be described by a single quadratic term in the momentum equation.
An exception is the recent work of Zolotukhin and Gayubov [2022], who proposed a
new Darcy-Forchheimer relation accounting for rari ed-gas e ects in porous media of
very-low permeability.

Passive porous substrates have been used to delay boundary-layer transition to
turbulence in supersonic wind-tunnels [Running et al., 2023]. Most studies have fo-
cused on the attenuation of small-amplitude acoustic disturbances in at-plate bound-
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ary layers rather than the modi cation of the velocity pro les of the laminar base ows
[Mironov et al., 2015; Maslov, Mironov, et al., 2019].

1.3.2 Passive porous coatings without slip and suction

Passive porous coatings have the advantage of interacting with small-amplitude dis-
turbances without a ecting the laminar base ow, as only the wall-normal component
of the disturbance velocity interacts with the pores. Fedorov and colleagues were the
rst to attenuate second-mode growth in a supersonic boundary layer using a perfo-
rated plate, though this came at the cost of a slight enhancement of the rst Mack
mode [Malmuth et al., 1998; Fedorov, Malmuth, et al., 2001; Rasheed et al., 2002;
Fomin et al., 2002; Maslov, 2003].

These early analyses paved the way to further studies on ultrasonically absorptive
coatings [Fedorov, Kozlov, et al., 2006; Wartemann, Ludeke, et al., 2012; Wartemann,
Wagner, et al., 2014] and have been extended to include non-regular geometries,
acoustic scattering e ects, and coupling mechanisms between adjacent pores [R. Zhao,
T. Liu, et al.,, 2018; R. Zhao, X. X. Zhang, et al., 2020; Gui, W. Wang, et al.,
2022]. Other researchers have studied surfaces with two-dimensional, equally-spaced
grooves of constant width [Bes et al., 2013] and porous surfaces with non-regular
microstructures [Sousa et al., 2019]. Egorov et al. [2008] investigated the e ect of
a porous layer on the receptivity of a boundary layer to acoustic disturbances. The
combined e ect of wall cooling and a porous layer was recently investigated by Oz
and Kara [2024] on a wedge in a supersonic ow. In his review paper, Fedorov
[2011] advocated further study on porous coatings for the control of boundary-layer
receptivity and transient growth.

1.3.3 Permeable isotropic substrates with slip and suction

Several theoretical, numerical, and experimental studies have focused on wall-bounded
ows through a semi-in nite porous medium [Kaviany, 1987; Nakayama et al., 1990;
Papalexandris, 2023]. Much less attention has been devoted to the coupling be-
tween an unbounded free uid and a porous medium. Vafai and Kim [1990] studied
the e ects of a porous substrate on the heat transfer and the drag exerted by an
over owing uid subject to a streamwise pressure gradient. They solved the steady,
two-dimensional Navier-Stokes equations with a Darcy term and a Forchheimer term.
The boundary-layer approximation was not imposed and the governing equations
were elliptic, yet their results featured a marked parabolic character. Nield and
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Kuznetsov [2003] modeled the in uence of a uniform porous substrate on an incom-
pressible Blasius boundary layer by expanding the streamfunction in a power series
of (K =x)¥?, wherex is the streamwise coordinate andk is a su ciently small
permeability. They implicitly assumed continuity in the velocity and shear stresses
across the uid-porous interface [Neale and Nader, 1974]. Using a similar approach,
Breugem, Boersma, and Uittenbogaard [2005] proposed a theoretical model for an
incompressible laminar boundary layer over a porous at plate and adopted the in-
terfacial conditions of Ochoa-Tapia and Whitaker [1995a]. The pores were assumed
to be small enough for the nonlinear terms to be negligible below the interface.

The modelling and computation of boundary-layer ows over (and within) porous
surfaces of constant thickness and uniform permeability pose signi cant challenges.
Firstly, the geometry of the problem cannot generally be represented in parabolic co-
ordinates [van Dyke, 1975]. The thickness of the boundary layer grows downstream,
while that of the porous substrate is usually constant. The use of a double-domain
setting with two di erent wall-normal coordinates is thus necessary. This issue can
be partially circumvented by considering a porous substrate of in nite thickness [Tsi-
berkin, 2018a] or an asymptotic-suction boundary layer [Tilton and Cortelezzi, 2015].
Secondly, self-similar solutions can not be derived when uniform porous substrates are
considered [Vafai and Kim, 1990; Papalexandris, 2023]. Hence, even when the reduc-
tion to a system of parabolic equations is possible, its computation by a streamwise-
marching procedure relies on the existence a self-similar solution upstream [Sparrow,
Quack, et al., 1970; Cebeci, 2002], which is not available in general. Finally, the
velocity pro les feature an in ection point near the porous-free uid interface that
can be the cause of an instability of the Kelvin-Helmholtz type. The solution may or
may not break down eventually [Vafai and Kim, 1990; Antoniadis and Papalexandris,
2015; Antoniadis and Papalexandris, 2016]. If it does, the computation of the parab-
olized equations becomes unreliable in the vicinity of the separation point [Cebeci,
2002].

A similarity solution was found by Tsiberkin [2016], Tsiberkin [2018a], and Tsi-
berkin [2018Db] for the case of an incompressible boundary layer on a porous substrate
of in nite thickness and streamwise-increasing permeability. His analysis did not
take the nonlinear Forchheimer term into account. He concluded that neither the
Brinkman nor the advection term can be neglected without losing important features
of the momentum transfer and interfacial stability. Albeit stemming from an ideal-
ized setting, self-similar solutions permit to overcome all these issues and to unravel
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physical mechanisms that are relevant to more realistic scenarios, particularly when
the e ects of compressibility are important [Stewartson, 1964; Anderson, 2019].

1.4 Thesis outlook

In chapter 2, the asymptotic framework of LWG99 is extended to non-similar com-
pressible base ows to study the e ect of uniform wall suction on the receptivity and
growth of compressible steady and unsteady Gortler vortices. The realistic scenario of
a concave plate with an impermeable-entry region near the leading edge is considered.
The laminar base ow under the e ect of suction is validated against low-speed wind
tunnel experiments and direct numerical simulations in the hypersonic regime. The
evolution of the vortices with and without suction is analysed at subsonic and super-
sonic speeds, and the neutral maps of Gortler instability with uniform wall suction
are computed for the rst time.

In chapter 3, the e ect of a porous wall on the receptivity and growth of laminar
streaks and oblique TS waves is investigated in the hypersonic regime. The porous
wall features a regular microstructure composed of uniformly spaced cylindrical pores.
The unsteady ow within a pore is studied asymptotically, and the wall's response to
free-stream vortical disturbances of di erent frequencies and spanwise wavelengths is
discussed. The e ect of wall porosity on the onset of oblique TS waves and laminar
streaks with mild wall curvature is investigated.

Chapter 4 explores the e ect of high wall porosity and permeability on pre-
transitional laminar boundary layers. The self-similar solution proposed by Tsiberkin
[2018a] for porous substrates of streamwise-growing permeability is extended to take
into account the e ect of compressibility and a Forchheimer drag. The governing
equations are derived by volume averaging using a single-domain approach in which
the properties of the medium vary smoothly across the porous-free uid interface.
The base- ow solutions are computed for di erent volume porosities, grain diameters
and free-stream Mach numbers. The compressible boundary-region equations for the
ow over and within the porous layer are derived, and the upstream boundary-layer
solutions are presented.

Conclusions are drawn in chapter 5.

Appendix A contains a detailed derivation of the compressible Navier-Stokes equa-
tions in the curvilinear coordinate system of a streamwise-concave plate.

Appendix B contains the detailed derivation of the non-similar laminar boundary
layer solution used in chapter 2.
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Appendix C contains details on the asymptotic framework of LWG99. The outer
inviscid ow upstream is discussed and a thorough derivation of the initial and outer
boundary conditions of the boundary-region equations is provided.
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Chapter 2

Attenuation of linear compressible
Gortler vortices by uniform suction

This chapter focuses on the excitation and growth of compressible Gortler vortices
developing on a concave wall with steady, uniform suction applied downstream of an
impermeable region. The receptivity of the base ow to external perturbations is a
central ingredient of the present framework, i.e. the Gortler vortices are generated
by and continuously exposed to free-stream vortical disturbances. The theoretical
framework of LWG99 and WZL11 is thus formulated and solved for non-similar com-
pressible boundary layers over concave walls for the rst time.

The velocity and temperature distributions of the laminar base ow do not obey
self-similarity because uniform suction is applied downstream of an impermeable re-
gion. The evolution of the laminar ow must therefore be described by the non-similar
boundary-layer equations [e.g. Cebeci, 2002], as shown by Fransson and Alfredsson
[2003]. Furthermore, the receptivity of the base ow to free-stream vorticity plays a
critical role in the vicinity of the leading edge where the suction velocity is zero or
nite. This e ect is another compelling reason why neither the self-similar suction
model nor the ASBL model can provide an accurate description of the base ow of
interest in the present case.

The asymptotic framework, the governing equations of the base ow and the dis-
turbance ow, and the boundary conditions are discussed in Y2.1. The validation of
the non-similar laminar base ow, the e ect of suction on the growth of the compress-
ible Gortler vortices and the behaviour of the neutral stability curves are discussed
in Y2.2.
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Figure 2.1: Schematic of the ow system. Gortler vortices grow over a concave plate
under the continuous forcing of free-stream vorticity. The plate is in nitely thin at
the leading edge and uniform suction is applied in the yellow regich> X..

2.1 Mathematical formulation

As shown in gure 2.1, a uniform ow of velocityU; and temperatureT,; past a thin
concave plate with radius of curvaturer is considered. This ow generates a thin
boundary layer of thickness r. over the plate. Wall suction is applied by impos-
ing a streamwise-dependent wall-normal velocity,, at the wall. Downstream of an
impermeable region (gray area in gure 2.1) followed by a short adjustment region
centred atx, (red area in gure 2.1), the wall suction velocity is uniform (yellow area
in gure 2.1). The ow is described in a curvilinear, orthogonal system of coordinates
fx ;y ;z gcentred at the leading edge. The streamwise coordinate follows the cur-
vature of the plate, andy and z denote the wall-normal and spanwise coordinates,
respectively. All dimensional quantities are denoted by the superscript The govern-
ing equations are recovered by introducing the Lane coe cient§1 vy =r.;1;1g in
the Navier-Stokes equations [e.g. El-Hady and Verma, 1984, Viaro and Ricco, 2019a]
and their derivation is outlined in appendix A. The spatial coordinates are normalised
with = ,=2 , where , is the spanwise wavelength of the disturbances. The ve-
locity componentsfu ;v ;w g, the density and the temperatureT scale with their
reference free-stream values), , ; and T, . The pressure is normalised by, U, 2
and the time is scaled by =U, . The Reynolds numberisRe= , U; =, 1,
while the Mach numberMa = U, =( R T, )" = O(1), where s the dynamic
viscosity, = 1:4is the heat capacity ratio andR = 287:05Jkg 'K ! the perfect

22



Figure 2.2: Flow con guration for a concave wall. The four asymptotic regions are
indicated in roman numbers. Their width is not to scale. Regions | and Il are
located near the leading edge, where  x Re (® 1), while regions Ill and
IV are situated further downstream atx = O(Re) (® = O(1)). The disturbance ow

in regions Il and Il is governed by the unsteady boundary-layer equations and the
unsteady boundary-region equations, respectively.

gas constant of air. The Prandtl number iPr = ( 1) * 1 R =k, =0:71, where
k is the thermal conductivity. Scaled quantities are not indicated by any symbol.
We follow the receptivity framework rst introduced in LWG99. The frame-
work relies on the assumption of larg®e ows and streamwise-elongated, spanwise-
periodic structures with a small streamwise wavenumbe; 1. It is convenient to
introduce the scaled coordinate® = x=Re and f' = t=Re. A distinguished scaling
emerges and the domain splits in the four asymptotic regions that are depicted in g-
ure 2.2. Regions | and Il are near the leading edge, &t x Re(® 1), where the
boundary-layer thickness is smaller than the spanwise wavelength of the disturbance,
i.e. 1. The viscous e ects are con ned in this thin boundary layer in region
Il, where the disturbance ow is governed by the unsteady boundary-layer equations.
Small-amplitude, non-interacting vortical disturbances are passively advected by the
inviscid ow in region |, wherey = O(1). They take the form of monochromatic
perturbations of the gust type (see YC.1 in the appendix),

u i= otdkxFNice: (2.1)

Regions Il and IV are located further downstream att = O(1). Here, low-
frequency, streamwise-elongated gusts induce three-dimensional disturbances within
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the boundary layer = O(1) and the spanwise and wall-normal viscous di usion
are comparable. Viscous e ects are con ned within the thicker boundary layer in
region I, wherey = O(1) and the laminar streaks and the Gortler vortices ensue.
The evolution of these structures is governed by the unsteady boundary-region equa-
tions, which represent the rigorous asymptotic limit of the Navier-Stokes equations
forky landRe 1. The large disparity between spanwise and streamwise scales
results in O( ) free-stream uctuations generatingO( Re) streamwise velocity dis-
turbances in region Ill. The inviscid outer ow is in uenced by the boundary-layer
displacement in region 1V, wherey = O(Re) and the gusts (2.1) decay as they are
advected downstream.

For asymptotically small disturbance amplituder; = Re 1, the unsteady,
three-dimensional disturbance owq is linearised about the steady, two-dimensional
laminar base owQ, i.e. q ®y;z;f = Q®&y)+ q Ry;z;f:

fuyviw; ;pg Ry z;f =
1
= UVOT—— &)+ fuviw ;pg Ry z:f 0 (2.2)
In the case of uniform suction downstream of an impermeable region, the base ow
Q is not self-similar. It is governed by a system of parabolic partial di erential
equations, the compressible Blasius solution being valid only along the impermeable
region® < XRs.

2.1.1 The non-similar laminar base ow

This section introduces the non-similar, compressible boundary-layer equations with
emphasis on the derivation of the wall-normal velocity componeri¥. A stream-
function (%;y) that satis es the continuity equation U = @ =@yand V =
Re '@ =@ is dened. The governing equations (B.3) are derived in terms of
the normalised streamfunctionF (&, )= (&;y)(28) 2 and the similarity variable

(&y) = Y(&y)(28) 7 where
Z

y
Y (%Y) [T &:y)] “dy (2.3)
0
is the Dorodnitsyn-Howarth variable [Stewartson, 1964]. Inverting (2.3) yields

y® )=@%7 T )d: (2.4)
0
The use of is convenient because the boundary layer is self-similar along the im-

permeable region and because the initial and outer boundary conditions are more
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readily specied in terms of [Xu, J. Liu, et al., 2020]. The streamwise momentum
and static-enthalpy balance equations that govern the base oW are [e.g. Cebeci,

2002]
|

: !
?FOO + FF%=2% Fo%ﬁ FOO%F , (2.5a)
!
0
FTo4+( 1)M32T(F092+P_1r FT0 =2% FO%T To@@F , (25b)

where the prime denotes di erentiation in . The viscosity is modelled with Suther-
land's law. The complete derivation of (2.5) is found in appendix B. The wall-normal
velocity component is recovered by applying the chain rule t@ =@ and introducing

the perfect gas equationT =1
|

V(& )= re_ 1 TE + 24T @F +29<T@ FO :  (2.6)

Re @ Re (28)'7 @ @ ,

The unknown term @ =@, is found by recalling that® and y are orthogonal, and
thus the total derivative of (2.4) with respect to® is null. Using the chain rule yields

@yx ) _ @k ) | @Ky @Y% )

@ @ @ y @ ) =0; (27)
where
: B ) 1=2 & .
- el T(& )d +(2%) @ d; (2.8a)
@Y%; ) :(Z,X)kz-r(k; ): (2.8b)
@

The derivative (2.8a) represents the rate of change iy due to a change inR while
moving along a path at xed . The derivative (2.8b) is the rate of change ity due to a
variationin ~while® is xed. The soughtderivative @ =@, = Q@Qy=8 (@y=@,) !

IS
z Z

@ (&) 1 1 QT c
@ , &), T Tay, @ x (@9
where the compressible similarity variable. (%; )
z " #
(%) T(& )+2%X @t d; (2.10)
’ T®& ) o ’ @ ’
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is de ned. Equation (2.10) reducesto( ) = T 1R; Td in the self-similar case
[Viaro and Ricco, 2019a]. The self-similar form of (2.10) can also be derived by
expanding the integral in (3.1.5) in Stewartson [1964, p. 36].

The base- ow velocity components are

U )= F?%
T

V&)= cogm

| (2.11a)

@F
2R — ; 2.11b
@ ( )
and reduce to (2.7a,b) in Viaro and Ricco [2019a] in the self-similar case. The wall
is adiabatic, T°(%; 0) = 0. A no-slip condition is imposed on the streamwise velocity
component,F°(%; 0) = 0, while the e ect of the transpiration velocity Vi, = V (&; 0)
is described by the equation

#
1=2
F +2% @F | w7

@ T (%,0) =0; (2.12)

where , (&) = V,yRe = O(1) is the suction parameter. The incompressible de nition
of  [Floryan and Saric, 1983] is adopted instead of the compressible one [El-Hady
and Verma, 1984] becausé& (%;0) is not constant. The non-dimensional suction
velocity V,,  1is also known as the suction coe cient in the experimental literature
[e.g. Myose and Blackwelder, 1995; Fransson and Alfredsson, 2003; Leontiev and
Pavlyuchenko, 2008] and is typically in the rangd0 ®> V,, < 10 3. The velocity
and the temperature are uniform in the external region 1, F°= T =1.

In the limit of large streamwise distance, the boundary-layer equations (B.3) tend
to the compressible asymptotic-suction (ASBL) system of ordinary di erential equa-
tions [Young, 1948; Morduchow, 1963; Ricco, Shah, et al., 2013],

d du
N TaN + =0; (2.13a)
1 d kdT , du *
BraN TW+T +( 1)Ma? aN =0; (2.13b)
whereN = wY =T, Ty is the wall temperature andY is de ned in (2.3).

2.1.2 The unsteady, three-dimensional disturbance ow

The disturbance ow q in region Il is governed by the compressible linearised un-
steady boundary-region equations (CLUBR). By substituting the expansion (2.2) with
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the disturbances
_ )
@)= w . p
Re 'ik,Re’ ' Re?

g =ik,wRe u;

where
w= ! +ik 0t = k2+ k2 = 0(1)

into the Navier-Stokes equations, and by assuming = r_=

é’(kzzF £)

(2.14)

(2.15)
= O(Re?), the CLUBR

continuity C, streamwise momentun¥X , wall-normal momentumY, spanwise momen-

tum Z, and enthalpy E balances are recovered

T 1 @T @ @ T° 1@
S T “"a =me T2 Te "
, FLFP@T T°@F FT°  F°@ |
T T2@ TZ@ 2472 T@
F 1@F @ __
+ W-}-?@ @—O, (2.16a)
! !
- : F® @F @ F @F @
2 C 0
Xj kT IiF o @ u+F@ §+@ ,@+
. !
L1 _@° F® FFY FO@F  FY@F
2% T@ T 2T T @ T @&
OF 00 0_ .
o7 =0 (2.16b)

v TETF% J% ZF® @T @F _@F F @T,

’ 42 @ @ @’ @
J° 2T @F  TF°@. , T @F° _ 2GF° L. e,

. 2% @# 22 @ 2@  (2R)? R @

, () ‘et @ e @ c @u, op o, F° FT°
122 22 @ @ 6@ @ I12><‘2@ z 5{ 2/T
T_OQF _Iﬁ +F_OQT + CFOO Vv + FOQ i+ QF @-}-
T @& @ T @& 2% @ 2x @ @

2 @ °, T° @, (FFY" FF° FT° G (F9’,
HT@ R @ 4%2 a2 42T (op)2 T

27



TR % (. F%N° FoT FTO (O 200 ° @F 2 or°
+ + + —_— + +

+

3%2T 4%2 22T 2% 3T @ 3%T
+ o F F° @F + ° @F° + FE® o(FY’ 2 F° O+
R 2R R @ 2R @ AT 20T 3RT
!
0 @T  2F°@F @T _,GF FY¥ @ T° @F
2 @ T @ @ @? 2 @ T @
@F @F 2 F°@? FO@ TE o FO
@ @ RT @ 2% @ 3R2T 4%2
|
2 T° @F ‘@F 2%F°@T @ K6 1@_
® @ +; @ T @ @+§@—O, (2.16¢)
!
L, ,@T L, OTTO KT @ , T @ .,
Zj KT @ K= Ut 73 @ z 6%'@+kz T+
@ o 4, @& F_Q@F @ Qv °
+ 3@ iF ész W+F@ g"‘@l @ W@ +
K2OTFE 22 T°@F 2k2 F°@T o
3 @ & k’Tp=0; (2.16d)
! "
. @T T F %, T° | FT° F°@T
E] — o u ( 1)Maﬁ@+?v+ T iF Ta +
#
T @F 2 “(FY KT 1L T % @
Ta MU TR Bz TTa !
!
F @F @ 1 @ °_ .
where ) 2 3
_ Re” _ 1 Ug z _
G= — = : 55 - 0(1) (2.17)

is the global Gortler number [Kobayashi, 1972], [WZL11] and® d=dT. Equations
(2.16a) (2.16e) are parabolic in® and represent an initial-boundary value problem
that needs to be solved subject to appropriate initial and boundary conditions.

2.1.2.1 Wall boundary conditions

The no-slip and no-penetration conditionsu = v = w = 0 are assumed over an
adiabatic wall, @=@ = 0 [El-Hady and Verma, 1984, Viaro and Ricco, 2019a]. The
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use of the no-penetration conditionv = 0 at the wall is justied as follows. In a
laboratory, distributed suction is usually applied through a porous substrate where
and p are coupled via a Darcy law [e.g. Wedin, Cherubini, and Bottaro, 2015]

K _@p

@y’
where K [m?] is the permeability. In non-dimensional form, relation (2.18) at the
wall becomes

(2.18)

DaRe @ _
w @y y=0"
where ,, = (Ty) = O(1) is the dynamic viscosity at the wall, the Darcy number

Da K = 2 listypically O(Re ') or smaller andDaRe = O(1). Equation (2.19)

is the extension of (1.2) to account for a variable temperature within the boundary
layer. Introducing the asymptotic scaling (2.14) in (2.19) leads tw(@=@) ! =
O(Da), i.e. the coupling is inhibited, thus justifying the no-penetration condition at

the wall.

Suction non-uniformities are not considered in this study because their length
scale is smaller than or comparable to the pore siz§ and thus negligible when
compared to the length scales of the disturbance ow, i.ed, ,. Wall roughness
can also be neglected because the height of the roughness element is assumed to
be comparable with the pore sizel, and, therefore, to be much smaller than the
boundary-layer thickness . The use of the no-slip conditionsy = w = 0, is thus
justied. These assumptions are consistent with the experiments of Fransson and
Alfredsson [2003] who used a sintered-plastic porous layer with a permeability of
K =3:7 m? an average pore size af, =16 m and a roughness 00:38 m. Such
a low roughness is typical of polished, non-permeable surfaces used in supersonic quiet
tunnels [Schneider, 2008a].

Viy=0 = (2.19)

2.1.2.2 Outer boundary conditions

Both u and vanish in the free stream (1), while v, w and p satisfy mixed-type
boundary conditionsas !'1

% ik, (R)2v1 dFRTREDTIL o (Gri)s, (2.20a)
% + ke (2R w ik, (22)! 7 @RTETIL ] (KR, (2.200)
%” + jkoj (282! O (2.20c)
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Equations (2.20) are essentially the same as those presented in LWG99, Ricco and
X. Wu [2007] and Viaro and Ricco [2019a] except for the term, (%) = F & ),
which here is streamwise-dependent.

The outer boundary conditions (2.20) are derived by matching the outer limit of
region Ill (i.e. the large- limit of the CLUBR equations (2.16a) (2.16€)) with the
inner limit of region 1V. Following Wundrow and Goldstein [2001], the ow in region
IV - where ®; ¢ = O(1) and§ = Re 'y - is decomposed in its steady, two-dimensional
and unsteady, three-dimensional parts aD( )

u=f100g+ fu;v;og&; P+ fu;viwg Ry:y;z:8 +::: (2.21a)

p= g+ PIUVIOE Y+ % Ryigizit + i (2.215)

The steady, two-dimensional part fu;v;0g(%;¥) is induced by the base- ow dis-

placement and is governed by the steady Euler equations and its wall-normal velocity

component v matches the base ow velocityV (2.11b) whenr, 1
1dh_ . b1 )

lim v=1lim V=2 (27 (%) + Re 22)=

0 Redr (2.22)

where .(®) =Ilim 1 (¢ ). The streamfunction for the rst two terms in (2.21a)
is "™y;)=y+ 1(%¥, where

_ 1@, _ 1@,
V: G Rea (2.23)
Equating (2.22) and (2.23) and integrating yields the asymptote
“r @)
("y)=y (207 o(®) (2; dx, fory 1y=0(1):  (224)

Note that an analytical expression for ; (%;¥) cannot be obtained for allg in the
non-similar case and when the self-similar ow is supersonic. However, the focus is on
the asymptotic behaviour of ; as¢! O (i.,e. ¥ 1) andy = O(1). The unsteady,
three-dimensional part of (2.21) is governed by

@ @ _ .
@ @7 =0; (2.25a)
. @ @ @ @ @ _ @V @v
Y] @\ + @ ¢t (V+ V)= @y w@ @ @—9 @7 (2.25b)
G @v . @ _ @w @W.
Zj @ + @ ¢ (V+ V) @y+ @ @z @§/ @z (2.25¢)
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Figure 2.3: Schematic of the four asymptotic regions introduced in LWG99 and their
domains (dashed lines). The disturbance ow is inviscid in region | (orange) and
viscous in regions Il, 1ll, and IV (blue). The boundary layer thickness is shown in
gray. Laminar streaks and Gortler vortices develop in region Ill, where the ow is
governed by the CLUBR equations. The solution to the far- eld ( 1) form of
the CLUBR equations matches the inviscid ow in region | (2.1) a® ! 0 and the
inner limit (¢! 0) of region IV for largey ! 1 . The initial conditions are obtained
by solving the upstream form of the CLUBR equations, subject to the initial outer
conditions (I0OC), which are derived by taking the smal® limit of the upstream
CLUBR equations.
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u= =0, and = 0 because of the perfect gas equation. The system (2.25) is
elliptic in the cross- ow (y-z) plane and the two-dimensional and three-dimensional
components are coupled becauseppears in (2.25). These components are decoupled
by substituting (2.23) and (2.24) into (2.25), which yields the linearised momentum
balances valid forg 1 [LWG99],

e, e

@ @
— — — fv;wg=0: 2.26
@ @ @z @ " (2.26)
The solution to (2.26) is
fviwg R :z:f = fowg(R)e Flik A kez 4 oocn (2.27)

where the amplitude is found by matching with (2.1) for y=0(1)and® 1,

fO:Wg(R) = Fol oWt gef? (kiR (2.28)
AsT 1andY = O(y) fory; 1, the far- eld variable for region IIl, y©@ is
de ned consistently with the asymptote (2.24) [Viaro and Ricco, 2019a]
“r )
©  (2%F )12 %) F 12 77 dx: 2.29
yo o (@RE) L c(R)] 22 (2.29)

By applying the transformation (%; ) ! (%y©®) to the large- form of (2.16a)
(2.16e), the far- eld balances are recovered,

Cj(2%F)** @@@ +w=0; (2.30a)
1, @ FI22 (R) @
Y] §+ ks iF v+@y0) (2%)1=2 @@)+
@v FI?7 @
=0; (2.30b
@p? " (222 @P ( )
1=2
zi k2 iF we @ FZ 4 Qv o Gw k2p=0: (2.30¢)

@ o (2R) @Y @2
The solution (2.20) that matches with (2.1) forg 1, y©@ = O(1) and (2.27) for
2= 0(1), y9 1is rst derived for p by combining the wall-normal derivative of
(2.30b) with (2.30c) and using (2.30a).

The spanwise componentv is obtained by solving the inhomogeneous heat equa-

tion
@VO @WO 2 2
F =0 - k2pelks 'F)*; 231
@ y(O) @(0)2 Zp ( )
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found by using the change of variablev = woe(F ¥ and
yO=@xF)TL (&) (2.32)

to simplify (2.30c) [Polyanin and Nazaikinskii, 2015, Y3.8.7.4]. Equation (2.31) is
solved subject to initial and outer boundary conditions as shown in gure 2.3: the
initial conditions are recovered by matching with region | (2.1), while the outer con-
ditions are found by matching with the smallg limit of region IV (2.27). The wall-
normal componentv is obtained by integrating (2.30a). The detailed derivation of
(2.30), (2.31) and (2.20) is found in YC.2 in the appendix.

2.1.2.3 Initial conditions

The initial conditions are imposed in the impermeable region ag 1 and are
therefore those of Viaro and Ricco [2019a, appendix B]. Upstream, the dependent
variables expand as a power series Rfwhose coe cients are governed by a set of
ordinary di erential equations in  (upstream CLUBR in gure 2.3). These equations
are solved subject to the initial outer boundary conditions (IOC in the schematic
2.3), which are the small® limit of the solution of the far- eld equations (C.11). For
more details, the reader is referred to YC.3 in the appendix. The evolution from
the impermeable to the suction region occurs gradually across an adjustment strip
of nite width "X (red area in gure 2.1) and centred at a prescribe®s. In this
region, the suction velocity varies a¥,,S(%), where

8
% 0 for & R X =2;
1t . .
S(R) = 3 1+exp 7t o forj® Ry Xe=2; (2.33)
S for R Rs> ™Xs=2;

and x = (X Rs+ "Xs=2)="Xs [Negi et al., 2015]. The author has veri ed that

varying the length of the adjustment strip in the range0:01 Xs < 0:1 has a

negligible e ect on the results. A "xs = 0:05is taken for all the computations. In

the results section, ,, indicates the constant suction value attained at the end of the
adjustment strip.

A few comments about the initial conditions are in order. The plate is assumed
to be in nitely thin and therefore the free-stream base ow is not distorted at leading
order as the uid encounters the at plate. The only distortion of the base- ow
streamlines is produced by the thickening of the boundary layer. As the free-stream
disturbances are transported by the base ow, they are neither stretched nor tilted

33



by the leading edge. The leading-edge bluntness e ects can play a central role on the
free-stream distortion and therefore on the boundary-layer response. This problem
is however out of the scope of the present study because these e ects only occur
when the characteristic dimension of the rounded leading edge is comparable with the
spanwise length scale [Goldstein, Leib, and Cowley, 1992; Goldstein and Leib, 1993;
Goldstein and Wundrow, 1998; Goldstein, 2014]. Furthermore, the disturbance ow
in the very proximity of the leading edge is not considered because the inviscid ow
outside of the boundary layer is solved fox 1, i.e. at a distance much larger than
the spanwise wavelength. As discussed in LWG99, streamwise-decaying disturbances
emerging from the interaction between the free-stream vorticity disturbances and the
leading edge, obtained by Choudhari [1996] by using the Wiener-Hopf technique,
decay to a very small amplitude wherx 1 and, therefore, they play a negligible
role in the boundary-layer response. As the initial conditions are obtained by taking
the limit x 1 of the CLUBR equations, they constitute the asymptotically rigorous
upstream behaviour of the CLUBR solution at locationsl x Re.

2.1.3 Numerical solution of the compressible boundary-region
equations on non-uniform grids

The base ow and the CLUBR equations are solved by marching downstream as
they are parabolic in®. At each R location, the CLUBR equations reduce to a
system of ordinary di erential equations in and the solution is obtained by a block-
elimination algorithm [Cebeci, 2002], also used to solve (B.22) and (2.13). When
suction is applied, the boundary layer becomes thinner in and thus a non-uniform
grid is used to resolve the near-wall region.

A schematic of the streamwise and wall-normal grid is shown in gure 2.4 (left).
The base- ow equations (2.5) are discretized on the Keller-box grid (red rectangle)
centered on the red poin(®, 1-2; j 1=2) and uses the variables de ned at the vertices
of the red rectangle(®n; ), (Rn; j 1), Rn 15 j 1) and (%, 1; j). For further details,
the reader is referred to Keller and Cebeci [1970] and Keller and Cebeci [1972].

OnceF and T are known, a nite di erence scheme is employed to compute the
velocity components,u, v, w, the temperature and the pressurep. The terms that
multiply u, v, w, , andp are de ned at the point (&,; ;) denoted by the olive square.
A uniform marching step is used ink, the streamwise derivatives are estimated by
backward di erencing and the variables at(%, 1; j) and (%, 2; j) are stored from
upstream computations. The wall-normal derivatives are approximated with nite
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Figure 2.4: Left: schematic of the non-uniform spatial discretization used in the
computation of the boundary-region equations. Right: base- ow streamwise velocity
prole U = F%in the near wall region. A uniform (magenta triangles) and a CGL
grid (black crosses) were used to collocate the same number of poiNts= 3000 on

a width 2 = 30.

di erences centred in(%n; ;)

@ _Guna*r@d CHY Y 1 (2.34a)
@ |, G jat
@u Pivsa (L+Pu +u 1
— =2 1 (2.34b)
@2 j Pj j2+1 + j2
where the weights areG = (  j= ja)?andP; = ;= ;.. Upward nite
di erences are used to enforce the adiabatic condition at the wgll=1
@ - Cup;l 3 2t (1 C up;l) 1 - 0; (2.35)

@ , Gpa( 3+  2) 2

and Gp.1 = §=( 3+ 2)2. Downward nite di erences are used to enforce the
boundary conditions of the mixed type (2.20) at the outer boundary = N, - where
N, is the number of points in the wall-normal direction -

@ _ Cdown;NpVNp 2 VNp 1 (Cdown;Np 1)VNp_

= : 2.36
@ Np Np C down;Np( Np + Np l) ( )
whereCyownn, = ,%,p:( n,* N, 1)°. The asymptotic outer boundary conditions
are imposed by introducing
Y V A F i ky@8)'72[ c(®)] (kZ+k2)R
Wy, = Cback,Np Np 2 Np 1 Np _ _ : (2.37a)
C:back;Np 1+ ANp szJ (22‘)
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] Cbat:k;Np 1+ ANp Kz (25{‘)1:2
L Angiky (22) 12 gF Ry @O0 o] (KG+ kD)

Cback;Np 1+ ANp sz] (Zk) o

WN

; (2.37b)

D, = Goack;N, PN, 2 .pr\fp 1 —;
Goackin, 1+ An, jKzj (28)

- whereAy, = Gackng (- Ny + Np 1) N, - In the discretization at , 1. The

pressure is computed on the staggered grid (blue circles in gure 2.4) to avoid the

odd-even decoupling

(2.37¢)

41 T D
Pi+1=2 = Ba*h 12 D ; (2.38)
and the wall-normal pressure gradient is
@ _pa B
—_— = 2.39
@ j+1 ( )

A Chebyshev-Gauss-Lobatto (CGL) grid is used to distribute the grid points (olive
points in gure 2.4) in the wall-normal direction [Aref and Balachandar, 2018]. The
location of each point is given by

_ J : :

i max 1 C€OS N, forO j Np; (2.40)
in the range 2 [0; max]- The base- ow results obtained on uniform and CGL grids
with N = 3000 and max = 30 are compared in gure 2.4 (right plot). The CGL grid
(black crosses) is substantially more re ned than the uniform grid (magenta triangles)
in the near-wall region.

Following WZL11, in order to validate the algorithm and the use of the CGL grid,
the present solution to (2.16a) (2.16e) - which reduce to the form of Viaro and Ricco
[2019a] in absence of suction - is validated against the incompressible wind tunnel
data of Tani [1962, T62] and Finnis and A. Brown [1997, FB97]. Since the amplitude
of the free-stream gusts was not provided in their works, the numerical results were
rescaled with respect to the experimental data point located furthest upstream [Xu,
Y. Zhang, et al., 2017]. The agreement is good for all the cases (refer to gure 2.5).
Unfortunately, a direct comparison with the supersonic wind tunnel data of Q. Wang
et al. [2018] is not possible and an experimental validation cannot be performed in
the compressible regime. The code reproduces the computations of Viaro and Ricco
[2019a] for the compressible case (refer to gure 9a therein and to the right plot in
gure 2.5).
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Figure 2.5: Validation of the disturbance ow without suction computed on the CGL
grid. Left: the growth of the steady, incompressible Gortler vortices compared against
the experimental data of Tani [1962, T62] and Finnis and A. Brown [1997, FB97] as
in WZL11. Right: the growth of compressible steady Gortler vortices compares well
with the results of Viaro and Ricco [2019a, g. 9a] foMa =4:0andk, = 1.

Finally, the discrete points of the neutral stability curves in Y2.2.3 were computed
by solving the CLUBR equations for increasing and storing the streamwise location
of the neutral point. In most cases, the neutral curves are functiorGg (%), whereGg
is the Gortler number corrisponding to a neutral point, and a Quicksort algorithm
[Hoare, 1962] was used to sort the detected points for ascendig

2.2 Results

The base- ow solution (2.5) is validated in Y2.2.1.1 against wind-tunnel measurements
and direct numerical simulations of boundary layers with uniform suction. The free-
stream conditions outlined in table 2.1 are used in the rest of Y2.2. The characteristics
of the porous wall and the base- ow properties are discussed in Y2.2.1.2 and Y2.2.1.3,
respectively. The e ect of uniform suction on the receptivity (excitation) and growth

of Cortler vortices is studied in Y2.2.2, and the neutral curves are examined in Y2.2.3.

2.2.1 Laminar base ow

2.2.1.1 Comparison with experiments and direct numerical simulations

The non-similar laminar base ow (2.5) with wall suction is validated against the low-
speed wind tunnel data of Fransson and Alfredsson [2003] ( gure 2.6, left). The free-
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Figure 2.6: Left and centre: laminar velocity pro les in the suction region (solid
curves) compared with the incompressible data (marks) of Fransson and Alfredsson
[2003] (left plot, x, = 0:34 m) and Kay [1953] (central plot,x, = 0:11 m). Asymptotic-
suction pro les are plotted in bold black. Right: momentum thickness along the
surface of a cone at Mach 6 and the numerical data of Hollender et al. [2019] (right
plot, X, = 0:2m).

stream velocity isU; =5ms ! and a region of uniform suction velocityV (&; 0) =
1:44cms?! begins atx, = 0:36m. A spanwise wavelength , = 44(X{) =5:2mm
is assumed, which yield&ke = 275 and , = 0:79. The results of (2.5) ( gure 2.6,
left) show excellent agreement with the wind tunnel data. The boundary layer reaches
the asymptotic-suction state (black bold curve) atx = 0:9m. The incompressible
asymptotic-suction proleisU =1 exp( wY). Fransson and Alfredsson [2003] had
previously validated their results by solving a non-similar, incompressible boundary-
layer equation with *xs = 0. Their mathematical formulation diers in that it
features the streamwise variable = 82, and the scalingsF(; )= (&Yy) w *
and =y, 1, all dependent on the suction rate ,,.

A good agreement is also found with the wind-tunnel data of Kay [1953] ( gure
2.6, centre). They studied an incompressible boundary layer witd, = 17:37ms?
and developing over a porous surface. The boundary-layer thickness wgs= 1:5mm
at the beginning of the suction region, located at, = 0:11m, the kinematic viscosity
was = 1:43 10 °>m?=s and the Reynolds number based onyg, was 290. A uni-
form suction velocity V (%;0) = 5:1cms ! was applied and the laminar asymptotic
suction pro le was attained atx =0:35m

The velocity and temperature pro les of compressible laminar boundary layers
over porous plates with suction are not readily available in the experimental and nu-
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merical literature. The wall-normal pro les reported in Leontiev and Pavlyuchenko
[2008] atMa = 2:5 cannot be used for comparison because they were measured in a
high-intermittency region downstream of a perforated suction plate, where the ow
was already transitional. Hollender et al. [2019] performed direct numerical simula-
tions on the cone- ared cone geometry studied by Li et al. [2018]. Unfortunately, it
is not possible to validate the present computations against the velocity pro le they
sampled in the suction region as neither the corresponding boundary-layer thickness
nor the exact location of the suction region on the cone was speci ed. Nevertheless,
they reported the distribution of the momentum thickness upstream of and over the
suction region. They imposed a constant mass ow raten, = 0:5gs?! on the
surface of a truncated section of a cone with a half-angle.ne =7 . The fore section
of the model was conical and had a slant height &3 m. The suction region was
located between ; = 0:20mand ", = 0:28 m from the tip and covered an estimated
area

Age= (Ci+7)8in( cone) (T, 1) =0:0147 nt: (2.412)

suc

The free-stream density and temperature were; = 0:035kg=m® and T, =52:6K.
The boundary layer on the cone at zero angle of attack develops downstream of an
axisymmetric conical shock wave, with no uid motion occurring along the merid-
ian planes. The inviscid ow properties at the cone surface are described by the
Taylor-Maccoll theory and the boundary layer is governed by the compressible Bla-
sius solution [Stewartson, 1964, Y5.2]. Fdfla = 6 and cne = 7:5, the tables in
Sims [1964] report the following thermodynamic properties at the cone surface

.
Par = 5.08 S0 =1:68 S =124 Magy, =5:3
Py 1 T

The inviscid surface velocity isUy,, = MasurID R T, =857:53ms?! Assuming
, = g9 =1mm [Lietal, 2018], the Reynolds numberiRes, = ,Usr ,=(2 <),
where the viscosity at the surface is estimated using Sutherland's law

3=2
T + Tref .

= , 2.42
ref Tref +T ( )
with . = 1:85 10 °Pas T, = 300K, = 129K. The adiabatic recovery
temperature is [Anderson, 2016]
— 1 1=2 2 — .
Ty =T 1+ Pr*=Mag, =374K: (2.43)
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The wall-normal velocity is found from the mass ow ratem,,

m m T,
vV, = —2 = =¥ w__. (2.44)
v A ASUC sur Tsur

w* *suc

The surface temperature of the cone i§,, = 300K and the suction parameter is

m, Ty

= L= 60L (2.45)
" ASUC TSUI’ 2 sur
The boundary-layer momentum thickness is computed from the present base- ow
solution (2.5) Z, !
BL — ?(1 U)dy; (2.46)

0
and agrees well with the DNS results ( gure 2.6, right).

2.2.1.2 Suction rates through the porous wall

The results presented from this point onwards are computed using the free-stream
conditions of cases F76 and W18 in table 2.1. Since suction is typically achieved by
generating a pressure gradient across a porous membrane, the implementation of a
transpiration surface is constrained by the low static pressures in supersonic wind
tunnels. Therefore, one might question whether the values of, considered herein
are feasible in practice. Although the design of suction actuators is beyond the scope
of this work, an estimate of the membrane's thickness is provided in this section.
The velocity through the porous layer is assumed to be uniford, = V (%;0) and
described by the linear Darcy law (2.18) [Schmidt et al., 2016; Traub et al., 2024].
Its use is justi ed when the pore-scale Reynolds number is su ciently small

w Vv Ay P wU G

Reg = -1 (2.47)
N RT, Re

In (2.47), T, is computed using (2.43) withT; and Ma instead ofT,,, andMag,,. The

e ect of choking, which may be important at high suction rates [Li et al., 2018], is not
considered [Schmidt et al., 2016]. The pore diameter and permeability of Fransson and
Alfredsson [2003]d, =16 mand K =3:7 10 *m?, are used. The combination
of low pressure and high recovery temperature yields a relatively high mean-free
path ", =( R T,=2)*? ,=p, and Knudsen number based on the pore diameter
Kn = ", =d,- The ow within the pores lies in the slip regime 0:001< Kn  0:1),
and the permeability is enhanced by a factot + 7:23Kn [Yang and Weigand, 2018].
The theoretical maximum pressure di erence across a porous layer of thicknesh

is the static pressure in the free stream, p = p,, if one assumes that a steady
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Table 2.2: Properties of the ow within the porous wall from Flechner et al. [1976,
F76] and Q. Wang et al. [2018, W18].

Ref. Ma Kn w Req (2.47) p @pF@y h (2.48)
- - - - [Pa] [kPa=m] [mm]
2 0.083 715 89.1
F76 0.8 0.007 5 0210 63634 182 356
2 0.017 1437 1.7
w18 2.95 0.090 5 0.043 2500 3597 0.7
10 0.087 7018 0.3

vacuum is generated underneath. Assumin@p=@y = p = h, the Darcy law

(2.18) becomes
h K (1+7:2n) Re

o - - U (2.48)
where h represents the maximum theoretical thickness of the porous layer through
which a given suction rate ,, can be realized assuming a vacuum is generated under-
neath.

The estimated maximum thicknesses pertinent to the considered range qf are
shown in the rightmost column in table 2.2 along with the pore-scale Reynolds number
and the Knudsen number. In all caseXn is within the limits of the slip regime and
Rey iIs much smaller than unity. The value of h decreases dramatically in the
supersonic case due to the highey,, higher T,, and lowerp; . The smallest thickness

h =348 m corresponds to the casdla = 2:95and ,, = 10, and is about 21
times d,,.

2.2.1.3 Compressible boundary layers

The streamwise evolution of the base ow pro les aMa = 0:80[F76] andMa = 2:95
[W18] are shown in gures 2.7 and 2.8, respectively. The ASBL pro les (circles)
are obtained by solving the system (2.13). All the pro les are markedly a ected by
suction. As the wall is adiabatic and®s and "xs are xed, the behaviour of the
laminar base ow is determined by ,, and Ma.

When suction is less intense, such as for, = 2 at Ma = 0:80 (gure 2.7,
left) or ,, = 5 at Ma = 2:95 (gure 2.8, right), the boundary-layer thickens over
the suction region before reaching the ASBL state. Moreover, whegr, is low or
moderate andMa is xed, the temperature adjusts more gradually than the velocity
to the ASBL conditions. The opposite occurs for intense suction, suchasfgr= 5
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Figure 2.7: E ect of uniform suction on the velocity and temperature base- ow pro-
les at Ma = 0:80 and for dierent ®. The evolution of the velocity U (top) and
temperature T (bottom) pro les is shown for , = 2 (left) and ,, = 5 (right).
The asymptotic suction pro les are plotted with the circles.
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Figure 2.8: E ect of uniform suction on the velocity and temperature base- ow pro-
les at Ma = 2:95 and for dierent ®. The evolution of the velocity U (top) and
temperature T (bottom) pro les is shown for ,, = 5 (left) and ,, = 10 (right).
The asymptotic suction pro les are plotted with the circles.
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at Ma =0:80(gure 2.7, left) or , = 10at Ma = 2:95( gure 2.8, right), in which
case the boundary-layer thickness decreases downstreamt ofA thinning boundary
layer is also observed in the direct numerical simulations of Hollender et al. [2019]
(gure 2.6, right). The streamwise distance along which the Blasius pro le shifts
to the asymptotic-suction pro le becomes shorter as,, increases andMa is xed.
Even when , is intense, the streamwise-evolving temperature pro le and the ASBL
temperature pro le still dier slightly near the wall, even though the streamwise
velocity pro les show excellent collapse (insets in gures 2.7 and 2.8).

For a given ,,, the e ect of suction weakens as the Mach number and the wall
temperature increase. For instance, the same suction ratg = 5 produces a slower
adjustment at Ma = 2:95 than at Ma = 0:80 from the Blasius boundary layer to
the ASBL. A higher wall temperature T,, = T(%; 0) decreases the amplitude of the
forcing term in the boundary condition (2.12), and a giverV,, generates a lower mass
ow rate through the wall when Ma is higher.

2.2.2 Attenuation of compressible Gortler vortices

The e ect of suction on the receptivity to steady free-stream vorticity is examined. In
this section, the geometry is xed. A typicalr, = 5m is considered for the subsonic
case [Viaro and Ricco, 2019a] angd = 1 m, as in the experiments of W18, is assumed
for the supersonic case. The free-stream conditions of F76 and W18 are adopted (with
xed ky, = 1) and the e ect of di erent ,, and , on the boundary-layer perturbations

is studied. For given free-stream conditions and wall curvature, varying, impacts
the base ow only, while varying , changesRe and G (the latter grows with the
third power of , as given in (2.17)).

The evolution of the amplitudes of the streamwise velocity and temperature per-
turbations is shown in gure 2.9 for , = 1mm (magenta) and2 mm (orange) as a
function of x =x,. Suction markedly attenuates the growth of the streamwise velocity
and temperature uctuations (juj andj j are multiplied by Re in gure 2.9 to study
quantities that are proportional to the physical quantities in (2.14) as , varies). The
attenuation e ect of suction intensi es as ,, increases, although it weakens as the
conditions changes from subsonic to supersonic, in qualitative agreement with the
results of linear stability theory [El-Hady and Verma, 1984]. In the high-subsonic
case (gure 2.9, left), a suction rate of ,, = 5 turns exponentially-growing Gortler
vortices with , = 1mm into decaying laminar streaks. In the supersonic case, an
intense suction rate of ,, = 10renders the perturbations constant along the stream-
wise direction. A transient behaviour is observed arouns in the supersonic case
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Figure 2.9: Uniform suction: e ect of , and , on the maximum of the streamwise-
velocity disturbances (top) and the temperature disturbances (bottom) in steady
conditions at Ma = 0:8 (left) and Ma = 2:95 (right). The length of the impermeable
region isx, = 4:2cmin the subsonic case and, = 2:5cm in the supersonic case.
The magenta and orange curves show the cases= 1 mm and 2 mm, respectively.
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Figure 2.10: Perturbation velocity and temperature with (dash dot) and without solid
suction at Ma = 0:80 (left) and Ma = 2:95 (right).

for = 10 (refer to inset in the top right plot of gure 2.9). The disturbance am-
plitude rapidly decreases, reaches a minimum downstream and then increases again
under the forcing exerted by free-stream vorticity.

In the absence of suction, increasing, delays the onset of Gortler vortices. The
delay occurs because the condition for large centrifugal growth is weakened, i.ebe-
comes comparable with , further downstream and thus the role of the¥ -momentum
balance, where the centrifugal e ect is active, is postponed. The in uence of suction
on the growth of Gortler vortices decreases as, increases, in both subsonic and
supersonic conditions.

The normalised velocity and temperature perturbation pro les at di erent stream-
wise locations are plotted in gure 2.10 for ,, = 0 (solid curves), , = 5 (subsonic,
left plot) and , = 10 (supersonic, right plot). The peaks of the uctuations move
to higher y (but lower ) as the boundary layer thickens when suction is absent or
mild. When suction is intense enough to induce the decay of the streaks, the latter are
con ned within the asymptotic suction boundary layer of constant thickness and the
shape of the normalised perturbation pro les is unaltered. A marked thinning of the
boundary layer prevents the exponential growth of the vortices because the ratic= ,
is reduced to a constant, thereby inducing a compression of the three-dimensional
spanwise-adjacent structures [Fransson and Alfredsson, 2003]. The thinning of the
boundary layer inhibits the generation of the spanwise and wall-normal pressure gra-
dients, and the spanwise viscous di usion of the disturbances that are instrumental
in the growth of the Gortler vortices. Since® = x=Re= O( ?) and ! 0, the ow
tends to be described by the boundary-layer equations, which, for solid walls, apply
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Figure 2.11: Comparison with self-similar suction: e ect of, and , on the maxi-
mum of the streamwise-velocity disturbances in steady conditions 8a = 0:8 (left)
and Ma = 2:95 (right). The magenta and orange curves show the cases = 1 mm
and 2 mm, respectively. The e ect of self-similar suction (thick curves) is reported
for comparison.

at locations closer to the leading edge where the pertubations grow at a slower rate
[Viaro and Ricco, 2019a]. This slower growth is due to th¥-momentum equation
(2.16¢) not entering the dynamics at leading order in the the boundary-layer equa-
tions, analogous to the laminar base ow. The curvature e ects that are responsible
for the inviscid pressure-centrifugal imbalance are therefore negligible.

The e ect of self-similar suctionV (%; 0) = Vo=(28)'~ whereV,Re = 5, is shown
in gure 2.11 (thick curves) and compared with the results of gure 2.9 (thin curves)
for w = 5inthe subsonic (left plot) and supersonic case (right plot). In the case of
self-similar suction, the boundary-region equations (2.14) reduce to those of Viaro and
Ricco [2019a]. Self-similar suction (thick curves) signi cantly attenuates the streaks
and prevents the onset of the vortices in the subsonic case, thereby damping the
disturbance growth right from its inception at the leading edge. The blowing velocity
decreases downstream and self-similar suction is outperformed by the uniform suction
with ,, = 5and , =1mm (magenta curves). An analogous behaviour is reported
in the supersonic case ( gure 3, right). The curves for the self-similar and non-similar
suction cases di er in both shape and amplitude and the results cannot be reconciled
by rescaling the plots.

The e ect of the free-stream gust frequency on the growth of Gortler vortices under
the same conditions of gure 2.9 is shown in the left plot of gure 2.12Ma = 0:80,
G = 905, Re = 3771 and x, = 4:2cm). A frequency of 1260 Hzis representative
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Figure 2.12: Left: e ect of ,, on steady and unsteady Gortler vortices. Right: e ect

of , and x, on steady Cortler vortices. For both graphs,Ma = 0:8, G = 905

and Re = 3771. The pattern of the curves denotes the suction rate,, = 0 (solid),
w = 2(dashed) and , = 5 (dash dot).

of wind-tunnel conditions at moderate Mach numbers [Viaro and Ricco, 2019a; Xu,
Ricco, et al., 2024]. Uniform suction attenuates steady and unsteady vortices and,
when ,, = 5, the e ect of frequency is negligible. When the boundary layer becomes
thinner due to suction, the dynamics is analogous to that near the leading edge.
As ® I 0, the asymptotic behaviour is described by a regular perturbation of the
boundary-region equations, expressed as a series summation [Leib et al., 1999; Viaro
and Ricco, 2019a]. The rst terms in this series are governed by the steady boundary-
layer equations, which explains the negligible in uence of unsteadiness.

The in uence of x on the evolution of the steady vortices is shown in the right plot
of gure 2.12. The growth rate for ,, = 2 does not depend orx,, while the value
of maximum streamwise velocity at a giverx increases withx,. For , = 5, the
disturbance growth is no longer quasi-exponential and settles to an almost constant
amplitude for relatively low x,. For the largest testedx,, the boundary layer has
grown thicker and the same control is not as e ective.

2.2.3 Neutral stability curves

The mathematical formulation presented in Y2.1 incorporates the receptivity of the
base ow to free-stream vortical disturbances, allowing a rigorous study of the evo-
lution of the vortices and the plotting of neutral curves for the Gortler instability.

The shape of the neutral curves, - i.e. curves in the parameter space that distinguish
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conditions of growth and decay - is signi cantly in uenced by the initial conditions
[Hall, 1983] which can only be determined by matching with the outer ow, i.e. by
taking receptivity into account. As suggested by Kobayashi [1972], the neutral curves
can be easily interpreted if drawn in terms of5 (2.17), which only depends on the
free-stream conditions and wall curvature, and not on the boundary-layer thickness.
Thus, the curves are represented as the points of t#e G parameter space that satisfy
the condition &(%) = 0, where&(®) = d E (%) =d® and
Z
E (R) = 1 ju(% )j°d (2.49)
0

is the scaled perturbation energy divided b}(2>’é)1=2 [Hall, 1983; Viaro and Ricco,
2019b]. The curves in gure 2.13 are drawn for giveR, Ma and ;. They separate
stable (& <0) and unstable & > 0) regions, with colours denoting the suction rate
w- The curves embody the convective nature of Gortler instability: a perturbation
evolving in ® at a xed G grows in unstable regions and decays in stable regions.
The in uence of the curvature radius on the Gortler instability when all the other
physical parameters are xed is obtained by changing at xed R in the maps of
gure 2.13. Whenr. is large, G is small, the perturbations evolve as laminar streaks
and eventually decay by viscous e ects. As. decreases( increases and the laminar
streaks become Gortler vortices as they undergo a quasi-exponential growth.

The importance of receptivity is revealed unequivocally in the in uence of the
wall-normal wavenumberky, a quantity that only enters the problem though the
free-stream boundary conditions. A largek, stabilises the ow, i.e. the curves for
ky = 2 (solid) feature a pronounced peak near the leading edge (lett&) that is
almost absent fork, = 1 (dashed). The solid and dashed curves merge at large
R and the disturbance growth is less impacted by receptivity as the perturbations
evolve downstream. The reason for this result resides in the decay of the external
perturbations by viscous dissipation, as evident in the outer boundary conditions
(2.20). The eigenvalue approach becomes tenable because the external forcing is
unin uential su ciently downstream [Viaro and Ricco, 2019a].

In the subsonic caseNla = 0:8, gure 2.13, left), the stable region & <0) expands
considerably and the marked peak near the leading edge becomes more pronounced
as ,, increases. The broadening of the stable region and the reduction in the growth
rate caused by increasing suction are similar to those obtained by increasivig at
constant® and Re.

The e ect of suction is much weaker in the supersonic cas®la = 2:95, right plot
in gure 2.13), where the stable region does not broaden as signi cantly as in the
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Figure 2.13: Neutral stability maps of steady £ = 0) Gortler vortices with suction
for ky = 2 (solid curves) andk, = 1 (dashed curves) aMa = 0:8 (left) and Ma = 2:95
(right) for the conditions of table 2.1 and®s; = 0:1. The maximum stable Gortler
number G, is shown in the inset as a function of,.

subsonic case, especially downstream of its leading-edge peak. The neutral curves in
absence of suction are inherently broader for supersonic Mach numbers because of the
stabilising e ect of compressibility on the centrifugal growth [Viaro and Ricco, 2019a],
also caused by the strength of the suction term in the wall boundary condition (2.12)
being reduced adl,, increases. The narrow vertical band in gure 2.13 (left) is due

to the transient behaviour shown in the inset of gure 2.9, where suction decreases
downstream of®s, reaches a minimum, and increases again. Ag increases, the
stability region broadens upstream and eventually merges with this band (refer to
yellow neutral curve in gure 2.13, right).

The maximum stable Gortler number G4 which corresponds to the peak of the
curves with ky, = 2 increases quasi-exponentially withj j (inset in gure 2.13).
This change ofG, with j ,j is more pronounced in the subsonic case. For both Mach
numbers, wall suction is more stabilising at largek,. Higher suction rates shift the
location where the boundary-layer perturbations become independent of the initial
and outer conditions farther downstream.

The neutral stability curves of gure 2.14 (left) show the e ect of suction for rel-
atively high disturbance frequencyF in supersonic ows. The shape of this neutral
curve for unsteady conditions is markedly di erent from the map of gure 2.13 for
steady conditions. AtF increases, the peak denoted by the letter A in gure 2.13
becomes more pronounced and, eventually, the stable region splits in two branches
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Figure 2.14: Left: neutral maps of Gortler instability (solid curves) at moderate Mach
numbers and relatively high disturbance frequency. The stable regionS;(and S,)
are enclosed within the solid curves and the regions of weak TS growily,) within
the dashed curves. Right: evolution ofuj,,, for G = 650 (thick) and G = 1600
(thin). For both graphs, Ma = 2:95 k, = 1, F = 150:3, and ,, = 0 (black) and
w =5 (red).

denoted byS; and S, in gure 2.14 (left) [Viaro and Ricco, 2019b]. The ow expe-
riences three types of instability: laminar streaks, Gortler vortices and oblique TS
waves. The latter are generated by a wavelength-shortening mechanism related to
the spanwise pressure gradient of the disturbance, as rst shown by Ricco and X. Wu
[2007]. For moderateG, the disturbance growth in absence of suction is described
by the thick black curve for G = 650 in gure 2.14 (right). Laminar streaks develop
upstream of (and attenuate within) S;. Downstream ofS,, they either decay inS, or
amplify again as TS waves, their growth being independent of the curvature [Viaro
and Ricco, 2019b]. Here, a strong or weak TS growth occurs depending on whether
—_ dzjujmax

is positive or negative, respectively. Regions of< 0 are enclosed in the dashed
curves in gure 2.14. Immediately downstream o8;, is positive and the TS waves
undergo an intense growth (> 0). The disturbances then enter the region enclosed
by the dashed curve and turn into weak TS waveslIS,,). Only for very large G the
perturbations turn into quasi exponentially-growing Gortler vortices, as shown by the
thin black curve for G = 1600 in gure 2.14 (right).

Uniform suction with , = 5 (red curves in gure 2.14) broadens the stable
regions. The branchesS; and S, merge and all disturbances are attenuated for
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G < 150 RegionS; broadens almost vertically, while the in uence on regiors; is
milder. This nding is consistent with the results for steady conditions at moderate
Mach numbers (gure 2.13, right). The region of the weak TS waves spreads and
covers a large portion of the® G plane that would otherwise host the more powerful
exponential growth of the strong TS waves or the Gortler vortices. The thick curves
for G = 650 in gure 2.14 (right) illustrate the shift from strong to weak ( < 0)
TS growth. When the curvature is more marked (thin curves foG = 1600), suction
delays the onset of the strong TS waves and the Gortler vortices farther downstream.
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Chapter 3

Receptivity over porous walls with a
regular microstructure

This chapter investigates the e ect of porous surfaces on the receptivity of super-
sonic boundary layers to free-stream vortical disturbances, focusing on the generation
and evolution of compressible laminar streaks and highly-oblique Tollmien-Schlichting
(TS) waves over these surfaces. The study is motivated by the ndings of Egorov et
al. [2008] and Fedorov [2011]. The porous-layer model used in this chapter was rst
employed by Fedorov, Malmuth, et al. [2001], and is characterized by a regular mi-
crostructure of thin, uniformly spaced cylindrical pores. To the best of the author's
knowledge, it is the rst time that porous surfaces are utilized to control laminar
streaks and Gortler vortices over at and concave porous surfaces.

The mathematical framework, based on Ricco and X. Wu [2007] and discussed
in Y3.1, is essentially the same as that introduced in chapter 2, the main di erence
being in that the dimensional lengths are scaled on the spanwise wavelengthand
the streamwise coordinatex on the streamwise wavenumbek, 1. The laminar
streaks are studied in Y3.2.1 and the receptivity and exponential growth of the TS
waves are investigated in Y3.2.2. The combined e ect of wall porosity and curvature
is the subject of ¥3.2.3.

3.1 Mathematical formulation

A supersonic uniform air ow with free-stream velocityU, and static temperatureT,
past an in nitely-thin plate is considered. The ow is described in a Cartesian frame
of reference, wherex , y and z de ne the streamwise, wall-normal and spanwise
coordinates, respectively. The leading edge of the plates is locatedxat=y = 0.
The Mach number isMa U, =¢, , wherec;, = R T, is the speed of sound
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in the free stream, = 1:4is the heat capacity ratio, andR = 287:05Jkg *K 1!

is the specic gas constant of air. All dimensional quantities are denoted by the
superscript . Schematics of the physical domains are shown in gure 3.1. The top
sketch depicts the at-wall system where laminar streaks turn into TS waves and the
bottom sketch represents the concave-wall system where laminar streaks turn into
CGortler vortices. The steady compressible laminar boundary layer forming over the
plate is referred to as the base ow [Stewartson, 1964]. The free stream is perturbed by
small-amplitude, homogeneous disturbances of the convected gust type, i.e. vortical
perturbations which are purely advected by the free-stream base ow.

The spatial coordinates and all the boundary-layer lengths and wavenumbers are
scaled by the spanwise wavelength of the gust,. The time is scaled by ,=U, . The
velocity components, the density, the viscosity and the temperature are normalized
by their free-stream values and the pressure is scaled by U,2, where ; is the
density of the uid in the free stream.

The small-amplitude, non-interacting perturbations in the free-stream are mod-
eled by a single monochromatic perturbation of the gust type,

u {= g!dkz kb icco (3.1)

where u is the free-stream velocity vector{ is the streamwise unit vector, 1
indicates the amplitude of the gust,@* = fa! ;¢! ;Wwlg = O(1), and c.c. its
complex conjugate. The gust is characterized by a large wavelength ratip= , 1
and a small frequencyk, = ! ,=U, 1, where! is the angular frequency. A
Reynolds numbelR U, ,=, 1is de ned, where ; is the kinematic viscosity
of the uid in the free stream. Equation (3.1) di ers from (2.1) in that

3.1.1 The self-similar laminar base ow: validation of the com-
pressible Blasius solution

The steady compressible boundary-layer equations are cast into a more compact form
by applying the Dorodnitsyn-Howarth coordinate transformation (2.3). In the ab-
sence of a streamwise pressure gradient, a similarity solution exists and a wall-normal
similarity variable Y [keR =(2x)]** is de ned. The streamwise velocity, the
wall-normal velocity and the temperature of the base ow are

U=FY); V=@2xR) ¥2( TF° TF); T=T(); (3.2)
where the prime denotes di erentiationzwith respect to and
1
¢ T OT()d- (3-3)
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Figure 3.1: Schematics of the physical domains. Flat-plate system (top) and concave-
surface system (bottom).
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The base- ow solution (3.2) satis es the coupled streamwise momentum and energy
balance equations (B.19)

0
=F% + FF®=0; (3.4a)
1

0
_—  _T60 + 0+ 2 092 -0N- .
o TT FTO+ ( 1)Ma < (F%°=0:; (3.4b)

subject to the boundary conditions

F(O)=0; F°0)=0; FOo1)! 1

TO) =Ty, T(1)! L (3.5)

The Prandtl number isPr = 0:7. The dynamic viscosity has a power-law dependence
on the temperature = T%7® [Cebeci, 2002]. The numerical solutions (3.2) of the
base- ow system (3.4) are compared to numerical and experimental data available in
the literature, retrieved by the authors by using an image-digitizing software. The

numerical pro les are plotted versus the similarity variable
Z

YRz =212 T()d; (3.6)
X 0

whereR, = U; X = ; .

Figure 3.2: Comparison of the present base- ow numerical solution (3.2) (solid lines)
with the hot-wire data by Graziosi [1999, pp. 85-110] foMa = 3, Pr = 0:72, and
Tw=Tagw = 1:1.

Our numerical solutions are rst compared in gure 3.2 with the hot-wire data by
Graziosi [1999, pp. 85-110] (refer also to Graziosi and G. L. Brown [2002]) kba = 3,
Pr = 0:72 T,=Tagw = 1:1 and at di erent unit Reynolds numbersR = U, =,
and streamwise locationsRy . The present solutions (solid lines), plotted against
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Figure 3.3: Comparison of the present base- ow numerical solutions (3.2) (solid lines)
with the numerical results by van Driest [1952, pp. 40-41] (dashed lines) for a bound-
ary layer over an adiabatic at plate (Pr = 0:75).

Figure 3.4: Comparison of the present base- ow numerical solutions (3.2) (solid lines)
with the numerical results by Stewartson [1964, p. 40] (dashed lines) for a boundary
layer over an adiabatic at plate (Pr = 1:0).
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M=Ma = U=T*?2 in gure 3.2a, show a satisfactory agreement with the experimental
data. Other experimental data at xed R , plotted against U=T and shown in gure
3.2b, show excellent agreement f& ~ 7 and adequate agreement for ~ 10
(T =1 for a perfect gas has been used to conveld given by Graziosi and G. L.
Brown [2002]).

Our velocity and temperature pro les (3.2) (solid lines) and those computed by
van Driest [1952, pp. 40-41] (dashed lines) for a boundary layer over an adiabatic
plate with Pr = 0:75are shown in gure 3.3. Results were generated by modelling the
dynamic viscosity with Sutherland's law = T32(1+ )T + ), where =0:505
as in van Driest [1952]. A good agreement is found for both the velocity (left) and
temperature (right) pro les at all the Mach numbers. Figure 3.4 shows that good
agreement is also obtained between the present solutions and the velocity pro les by
Stewartson [1964, p. 40] for a boundary layer witPr =1 owing over an adiabatic
plate. The dynamic viscosity was computed by using the power law= T%76,

3.1.2 The unsteady disturbance ow

The boundary-layer ow is decomposed as the sum of the base ow and the small-
amplitude perturbation ow,

l .
fuviw, ipg= UViOT — 5 + foiwiws pgeez kY +cic;;  (3.7)
where
( oxk. 172 K 1= )
fe v W, ~ pg= Uo; R—X Vo; Wo; o R—X Po (X ): (3.8)

The streamwise coordinate is scaled by the gust streamwise wavenumkgr 2 =,
e. x=kx=2x =,=0(1), where , is the gust streamwise wavelength.
Following Gulyaev et al. [1989] and Choudhari [1996] and LWG99, the solution
is expanded as a weighted sum of the two-dimensionali©®; v©@; 0; ©@: p©® and
three-dimensionalf u; v; w; ; pg gust signatures. The evolution of the former was
considered by Ricco [2009] for the incompressible case, and is dominant in the outer
part of the boundary layer. The focus is on the three-dimensional velocity components
because they dominate over the two-dimensional components as they exhibit the
disturbance growth in the core of the boundary layer. Expanding the solution in
terms of the three-dimensional gust signatures yields
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fu y Vo, Wo, ; = W+ S ——
0, VO 0, O pOg (|2 |2)1_2
( X z )
ikZ . |k 2]( 1:2\/. W ikZ . | I(X o . (3 9)
IX ’ Z |XR 1 H IX ) z R p 3 .

Their evolution is governed by the compressible linearized unsteady boundary-region
(CLUBR) equations [Ricco and X. Wu, 2007].

The CLUBR equations describe the evolution of the disturbances in the region IlI
of Ricco and X. Wu [2007], which occupies locations where= O (1) and x = O (1)
downstream of the leading edge. The CLUBR equations are the limiting form of
the compressible Navier-Stokes equations where the streamwise diusion and the
streamwise pressure gradient have been neglected. The boundary-layer thickness is
comparable to , and the contribution of the spanwise di usion to the momentum
and energy balances must be taken into account. The wall-normal and spanwise
di usions are quanti ed by the asymptotic parameters

1=2

2 1
— = =0(1); 3.10a
el ® (3.109)
2
z

1=2

Ii =0(1): (3.10b)

Free-stream gusts with equivalent wavenumbers, = , are considered. The initial
and boundary conditions are discussed in Y3.1.4 and the modelling of the porous layer
is presented in ¥3.1.3.1 and Y3.1.3.2. The CLUBR equations are [Ricco and X. Wu,
2007]

oo T0 @ @ TO 1@
Cj——u+ — L= v+ =+ wH
2" & xe T Te’ "
i FTO F°@ F @
TR < 4= =0; (311
T 2xT2 T@&  XT@ (3.11)
00 0 0
Xj i i+ 2T U+F0@+ i l+_T @ _@+
2X z @& X XT 22XT2 @ 2XT @2
FOO FFOO Oq'qZOO 0'qu00 q:OOO FOO
+ v+ + F O _p. (3.11b)
T 2T T T2 2T T @
0 2T £ 00 0 0
Yj TF+ (FT° TF9 cTF U+ T @ .oy C_T B @+
4x2 33X @& 122 12 T @
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¢ @u @u . F° TF O, o @
@ &xe@@ 'Tx x> x el Vthg t
F 27° 21° @ 2 @v, 7% @, c(FFY’,
2X  3XT XT2 @ 3XT @2 3x 6X @ 4x2
FFO TOo? QF 00 900 O oroe © FO@
T — + — = +
4x2 42T 4x2 ax2T 3x2T 2X @&
|
0 Eo00 2
+ CFz +f OTZF @+ i@J, p_@_ 2F% (F) =0; (3.11¢)
(2x) 3(2x)°T @ 2x@ 2X T
Zj ZCOTTou+ T @ 2T @ 2opq, 2 @ 4op 4,
z 2X z 3 @ z 6X @ z 23@ 3 z
+F0@ E+E TO @ _@ 2 OTOF 2Tp:o'
@& 2X T XT? @ 2XT @32 Z 3x z '
(3.11d)
0 E 00@ 0
° u+ 2. T4 v+
Ej u+( 1) Ma T @ TV ,
FTO OF%9* 1 om0 % 27
+ — 1) Ma? + 2 4
T O DM e T Pr
0 0
+F0@ + i ii+ iT_ @+ i_gzo: (3.116)
@ 2X Pr2XT Pr2T? @ Pr2XT @?
Here, the global Gortler number 2.17 is rescaled accordingly [Viaro and Ricco, 2019b]
1=2 3=2
=1 R —7_ 2 G; (3.12)

T r. k3 kR

X

wherer. = r_= , is the scaled wall curvature radius, and® d=dT.

3.1.3 The ow within the pores

In the porous wall designed by Fedorov, Malmuth, et al. [2001], the pressure uc-
tuations at the interface between the wall and the boundary layer excite kinematic
and thermal disturbances in long, thin cylindrical pores. The numerical studies of
R. Zhao, T. Liu, et al. [2018] and R. Zhao, X. X. Zhang, et al. [2020] showed that
the e ects of acoustic scattering between adjacent pores can be neglected when the
Helmholtz numberHe = ! h, =g, < 4:21, whereh, is the depth of the pores and

G=( RT)™ (3.13)
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is the speed of sound in the pores. All the cases considered in the present work
comply with that condition. Hence, the properties of the porous layer can be studied
by considering the ow characteristics of an isolated pore. The propagation of small-
amplitude disturbances in a single dead-end circular pore, with depth), and radius
rp, is derived in this section. The linearized continuity, axial momentum and energy
equations are cast in cylindrical coordinates, and their solution yields an analytical
radial distribution of the velocity and temperature in the form of Bessel functions
[Zwikker and Kosten, 1949; Fedorov, Malmuth, et al., 2001].

In this section, we consider a single pore oriented along the wall-normal direction
y and located underneath the wall [Zwikker and Kosten, 1949; Biot, 1956; Stinson,
1991; Fedorov, Malmuth, et al., 2001]. The depth of the porle, is much larger than
its radius r,, and the propagation of the disturbances is described in a cylindrical
coordinate system. Since the pore is long and thin, and the average velocity is zero
therein, one can assume the radial and azimuthal components of the velocity distur-
bance to be zero. The dynamic viscosity and the thermal conductivity are assumed
constant, as the perturbations of the temperature eld are small in amplitude. The
axial coordinate is scaled withh, and the radial coordinate is scaled wittr,. The
time is scaled by the angular frequency and the pressure is scaled by, h,! 2,
where the density ,, is the density at the boundary-layer interface. The scaled quan-
tities are denoted by the superscript . The pore has an open end ag =0 and is
closed aty = 1.

Sincer =h,  1one can assume the pressure disturbance to propagate as a planar
wave along the pore [Kinsler et al., 2000; Stinson, 1991]. Harmonic disturbances of
the type

p(y;t)=p (y)e" (3.14a)
v (ry:t)=v (r;y)e (3.14b)
(riy;t)y=~ (r;y)e" (3.14c)

are introduced in the continuity equation, the axial momentum and energy equations,
and the perfect gas equation, which take the linearized form

: @
I~ + —=0; 3.15a
@y ( )
: dp 1 @v 1@
@~ 1@
- = 2 - - = o= .
[ i( 1)Hep + Prkz @r + Car (3.15¢)



He’p =~ +~ (3.15d)

whereHe = O(1) and Ky = r, (! = W)1:2 is de ned in (3.24). The solutions that
satisfy no-slip and isothermal boundary conditions at the wall are

. .dp Jo ilzZKVI’ ]
v (riy) "y I (K, (3.16a)
8 h i 9
< Jo (iPr)PK,r =
~(r:y)=( 1)He’p 1 h i : (3.16b)

Jo (iPr)?

where Jg is the Bessel function of the rst kind and order 0.
The cross-sectional averages of the velocity and temperature solutions are

dp h [
hwi(y)= iW 1 B ¥k, ; (3.17a)

n h io
hi(y)=( 1He’p 1 P (iPr)*¥?K, ; (3.17b)

and B is a complex function of a complex variable,

231():1+ .
Jo() Jo( )

whereJ; and J, are the Bessel functions of the rst kind and order 1 and 2, respec-

F()= (3.18)
tively. The pressure disturbance satis es the equation [Stinson, 1991]

d2
sz ey =Q: (3.19)

where € is the propagation constant de ned as
e =i(zZ,Y,)"?; (3.20)

Z, and Y; are the non-dimensional series impedance (dynamic density) and shunt
admittance (dynamic compressibility)
h i

1
Z,= 1 PBi¥K, ; (3.21a)
n h ) io
Y, = He® 1+( 1E (iPr)¥K, (3.21b)
The solution to (3.19) is
h i
py)=ae 0+ ) (3.22)
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where a is an unknown real constant. The velocity and temperature admittances
at the pore inlet (y = 0) is given by the ratios of the velocity and temperature to
pressure

_ i@ _ .
A, (0) = 5 ) iz, tanh( ); | (3.23a)
A (0)= 1 (0) =( 1) He2n1 F h(ipr)valo : (3.23b)
p (0)

The velocity admittance (3.23a) is expressed by means of either the propagation
constant or the characteristic impedanc& = (Z,=Y,)"™. The former is preferable,
since it removes the ambiguity on the choice of the branch of the complex square root
(Fedorov, private communication).

3.1.3.1 Asymptotic analysis of the unsteady disturbance within the pores

The response of the pores is ruled by the frequency parametgiR [Fedorov, Mal-
muth, et al., 2001; Goldstein and Ricco, 2018; Viaro and Ricco, 2019a]. The distur-
bances are not transmitted to the pores at very low frequencies for whikhR = O (1)
or smaller. The boundary-layer disturbances are expected to interact with the porous
wall askyR increases and the magnitude of the spanwise di usion, proportional to

. in (3.10), decreases. It is therefore important to investigate the behaviour of the
porous layer forkyR 1. The terms of the momentum and energy balances in
(3.15) are scaled as in the boundary layer and the parameter

! 1=2 kXR 1=2

Ky=r, = =R
Y P w WTW

1 (3.24)

is introduced, where , and |, are the base- ow density and dynamic viscosity at the
wall. The balance equations reveal a boundary-layer structure [Bender and Orszag,
1999] for the velocity and temperature uctuations, whose values depend on the radial
coordinater = r =r,, while the pressure is only a function of the axial coordinate
y and is the same inside and outside the boundary layer. The outer solutions are
obtained by imposingK, ! = 0, for which the full system (3.15) reduces to the
equation for the pressure ,

37|Z+ He’p=0; (3.25)
which arises from a reduction of a Helmholtz equation. The outer solutions for the
velocity and pressure uctuations are found,

P = Pout (Y) = acosHe(y +1)]; (3.26a)
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dp _

V= oy (Y) = id_y =iasin[He(y + 1)]; (3.26h)
MaZ 2
~= Ko (¥) = k(- L)a———cosHe(y + 1)]; (3.26¢)

wherea s a real constant and. = h,= ,. The pressure and temperature uctuations
are in phase in the outer region. In the proximity of the wall, i.e. where 1 1,
an inner, fast-varying variable

rs=Ky(L r)=0() (3.27)

describes the inner solutions#, (rs;y) and k2~, (rs;y). Upon introduction of the
inner variable, the momentum and energy balance equations take the form

: dpout _ @¥in
iV, + dy - @t (3.28a)
. . Ma?L?2 1 @
~ + 1 R = ——; 328b
i~n +i( ) T Pout = o @z ( )
subject to the boundary conditions
¥ (0;yY) = ~in (0;y) =0; (3.293)
lim v (rs;y) = You (¥) ; (3.29b)
r”![n n (rs; YY) = ~out (¥) : (3.29¢)
The inner solutions are
Yo (0Y) = You (¥) 1 exp Ky (r 1) 5 (3.30a)
w (hY)=~u(y) 1 exp i¥?Pri?K,(r 1) : (3.30b)

The solutions (3.30) represent azimuthal Stokes layers of velocity and temperature
attached to the pore wall. The cross-sectional averages of the axial velocity (3.30a)
and the temperature perturbations (3.30b) over the circular section of a pore are

. exp i¥PK, +i¥K, 1
h‘fln I (y) = Yout (y) 1+2i \;( 2 ’ ;
\

2

(3.31a)

exp iITPPri?K, +i*PPritk, 1

hrin i (¥) = ~out (¥) 41 + 2i T 5.  (3.31b)
\

Figure 3.5 (left) shows that the agreement between the Bessel-function solutions, given
in (3.16), and the asymptotic solution (3.30a) improves as, increases, the lines being
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indistinguishable forK, = 33. For K, 1, the cross-sectional average of the Bessel-
function axial velocity (3.17a) can also be obtained by using the asymptotic expansion
for large arguments of the Bessel function. The leading order terms [Abramowitz and
Stegun, 1970]

2 1=2

In()= — cos m7 Z,m=0;1;2;::: (3.32)

yield ’ 4

_ 2cos i¥?K, 3=4
hin i () = You (¥) .

i'2K, cos (2K, =4) (3.33)

The asymptotic equivalence of the averaged solutions (3.31) and the expansions

(3.33) for large K, is established by recalling the identities * = i and i*? =
2 121 +i) .
L P Py ’
cos il:sz o= EeXp i7Kv 7Kv i' o+
1 P5 P35 i
+ Eexp i7KV 7Kv+i' ; (3.34a)
Py Py

exp i*?K, =exp i7K\, TK" ; (3.34b)

The ambiguity on the argument ofi'™ is removed by imposing a bounded velocity

for K, 1. Therefore,
cos i*?K, 3=4

[ 3.35
cos (F°K, =4) ( )
and the two expressions are the same at leading order
2iexp K, +i%?K, 1 2cos i¥?K, 3=4 2i (3.36)
2 j1=2K 2K =4 172K ., :
| £ S ULl U S
(3.31) (3.33)

The real and imaginary parts of (3.17a), (3.33), and (3.30) are normalized with
respect tov,,; and plotted in gure 3.5 (right). The di erence between the real parts
becomes indiscernible foK, > 4, whereas the imaginary parts match excellently for
K, > 10. The ratio .

heini _ AP
Yout Yout
represents a normalized acoustic admittance, where the normalization factor is the

largeK, limit of A,.

(3.37)
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Figure 3.5: Left: radial distribution of the axial velocity within a pore at a given
depth for K, = 11 (gray for real part and orange for imaginary part) andK, = 33
(black for real part and dark blue for imaginary part). The Bessel-function solutions
(3.164a, solid lines) are compared with the asymptotic solutions (3.30a, dashed lines).
Right: averaged Bessel-function solutions (3.16a, solid lines), averaged asymptotic
solutions (3.30a, dashed curves), and averaged Bessel-function solutions obtained with
the asymptotic form of the Bessel functions for large arguments (3.32, dash-dotted
lines). The real and imaginary parts are plotted in black and blue, respectively.

3.1.3.2 Porous admittance

Following Fedorov, Malmuth, et al. [2001], the wall-normal velocity disturbance and
the temperature disturbance are related to the pressure disturbance as follows,

v( =0)= Ayp( =0); (3.38a)
~( =0)=Ap( =0); (3.38b)

where A, and A are the complex admittances of the porous wall evaluated at the
wall-boundary layer interface ( = 0). The velocity admittance is

i€

A, = T 1 F i¥K, tanh€; (3.39)
where K Mal
1Ky IVIa =
112 H ™K, ; (3.40)
w
8 h L 191,
<1+( 1)E (iPr)¥?K, =
H i¥?K, = , L (3.41)
* 1 I:e(llzsz) ]
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Figure 3.6: Real and imaginary parts oH and G as functions ofK,, given by the
Bessel-function solutions (3.41) and (3.43), respectively.

and I is de ned in (3.18). The porosity  is de ned as the ratio between the surface
area of the pores and the total surface area. By combining (3.39) and (3.40), the
admittance of the velocity is rewritten as

Ay = fk_;iIESG i'’K, tanh ; (3.42)
where
h 15N h I O
Gi¥™K, = 1 P K, 1+( 1)’ (iPr)*?K, : (3.43)

Figures 3.6a and 3.6b show the real and imaginary parts &f and G, respectively.
The thermal admittance (3.23b) reads

kEMaZLZ n h io

A=( 1 T 1 B (iPr)'?K, (3.44)

By introducing the expressions of the boundary-layer disturbances (3.9) and by using
(3.10), one nds

ke 2Ay ke
V( =0z peBp( =02 S Ap( =0); (3.452)
,
( =0)= RA p( =0): (3.45b)

The wall boundary conditions (3.45a) and (3.45b) are rewritten by using\, =
kR * A, andA = kR 1 A in (3.46a) and (3.46b). The velocity admit-
tance A, de ned in (3.42) is O (k¢) and the thermal admittance A (3.44) is O (k2).
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The coe cients in front of the pressure in (3.45a) and (3.45b) areD kPR 17

and O kIR ', respectively. The contribution of A to the temperature uctuations

is thus much weaker than the contribution ofA, to the velocity uctuations and
therefore negligible. However, the porous wall a ects the temperature uctuations
indirectly because of the coupling between the wall-normal momentum equation and
the energy equation. For typical laminar streaks and Gortler vorticek,R = O (1),
A, =0 R?,A =0 R *, and wall porosity has a negligible e ect on both the
velocity and temperature uctuations. As shown in Y3.1.3.1 the pores begin interact-
ing with the disturbance ow when kR 1. Since the pressure and temperature
uctuations are in phase within the pores, the adiabatic boundary condition can be
imposed at the wall in accordance with the homogeneous Neumann boundary condi-
tion at the dead end of the pores.

3.1.4 Initial and outer boundary conditions

The CLUBR equations are subject to wall and free-stream boundary conditions that
synthesize how the boundary layer interacts with the porous wall and the external
disturbance ow. Being parabolic alongx, the CLUBR equations also require initial
conditionsforx 1. The no-slip wall boundary condition is applied to the streamwise
and spanwise disturbance velocities, i.eu = w=0 at =0. At the wall, the wall-
normal velocity and the temperature are related to the pressure because of the wall
porosity, as follows

v( =0)= (Zgl_zp( 0) : (3.46a)
(=0= pop( =0): (3.46b)

where A, and A are the scaled admittances, obtained in Y3.1.3.2. The free-stream
boundary conditions are the same as in Ricco and X. Wu [2007],

fu, g! 0 (3.47a)
@ PR 1=2 . 1=2
—+] J@2x)7° fviw;pg! i y(2x)750
@ ° ’ (3.47D)
dlcr v@012) (e 9)x.
as !'1 ,where™ wand .=Ilim  ( F). The wall-normal wavenumber

y only appears in (3.47) and not in the CLUBR equations because the wall-normal

69



length scale of the free-stream ow is ,, while, within the boundary layer, the char-
acteristic length scale is the boundary-layer thickness.

The initial conditions are the same as those in Ricco and X. Wu [2007]. Since they
are not compatible with a non-zero wall-normal velocity at = 0, a short smoothing
region is introduced along the streamwise direction, spanning between two streamwise
coordinates,x; and X, in the vicinity of the leading edge. In this region, the velocity
admittance varies proportionally to [Negi et al., 2015]

8
%0; for x  Xq;
1
S(x) = 3 1+exp 1t © for X, < X< X! (3.48)
"1 for x Xy

wherex = (x X1)=(X2 Xj3), and x; = 0:005 The end point isx, = 0:01, if
exception is made for the analysis at the end of Y3.2.1, where the e ectxaf is
studied. The piecewise function (3.48) can be physically interpreted as a variation of
the wall porosity along the smoothing region. The pores are assumed to be aligned in
equally spaced rows and columns, such variation may be caused by pores of constant
radius r, becoming more and more packed as the distande between the centres of
adjacent pores decreases, or by the gradual increase of the pore radius. In both cases,
the porosity in (3.42) can be written as 1 = R (2S(x)=d?, where the subscriptf
denotes quantities at the downstream end of the smoothing region. If the radius is
kept constant betweenx; and x», the interpore distance isd (x) = d,= S(x). The
porosity at the end of the smoothing region is thus; = R (?=d2. As only regularly-
spaced circular pores are considered, the porosity may attain a maximum theoretical
value of =4 whenR; = d;=2.

The base- ow solutions (3.2) are computed using a second-order accurate block-
elimination algorithm [Cebeci, 2002]. The CLUBR system is solved by a second-
order nite-di erence scheme that is central in and backward inx. The free-stream
boundary conditions (3.47) are applied by a second-order nite-di erence discretiza-
tion scheme. The pressure is computed on a grid staggered along thdirection with
respect to that for the velocity in order to avoid the pressure decoupling phenomenon.

3.2 Results

The e ectiveness of the porous wall depends on its ability to transduce a pressure
disturbance into a wall-normal velocity disturbance, as described by (3.45a). In the
present coatings, the phase velocity of the disturbances is equivalent to the local
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Figure 3.7: Schematic of ow regimes and the e ect of wall porosity, as described by
relation (3.50).

sound speed [Bes et al., 2013]. FoK,, 1, a dimensional analysis of the boundary

condition (3.45a) and the velocity admittance (3.42) yields
" #
k3 *Ma _ 132

— e _ z .
=0 = = o) oo (3.49)

oTI<

wherec,, is de ned in (3.13). As a result, the pores interact with the boundary layer
when
| 322 _is comparable withU, ¢, , (3.50)

A visual representation of relation (3.50) is shown in gure 3.7. The free-stream
velocity, the free-stream kinematic viscosity and the speed of sound in the porous
layer de ne the threshold above which the boundary-layer disturbances are a ected
by the porous layer. For given free-stream conditions, the e ect of the porous layer
is more intense at lowerc,. For a given , and constant free-stream conditions, the
minimum frequency at which a disturbance is a ected scales &, The minimum
wavelength for which a disturbance is attenuated at a given frequency increases as
Tw 2. Both hyperbolas shift away from the origin asc, increases. Relation (3.50)
also shows that the variation of the frequency is more in uential on the performance
of the porous wall than that of the spanwise wavelength.
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Physical parameter Symbol Value Sl unit

Mach number Ma 6 -
Total (stagnation) temperature Ty 400 K
Static pressure [oN 633 Pa
Static temperature T, 49 K
Free-stream velocity U, 841 ms !
Free-stream kinematic viscosity 1 6:3 10 ° m?=s
Unit Reynolds number R=U =, 135 10 m !
Recovery temperature Taw 343 K
Wall temperature T, =0:8T,, 274 K
Pore radius Mo 90 m
Inter-pore distance d 210 m
Pore depth h, 1.5 mm
Porosity f 0:58 -
Velocity admittance A, ( 0:88+1:43i) 10°3 -

Table 3.1: Physical parameters for wind tunnel conditions.

The physical parameters of the present study are listed in table 3.1. These values
are representative of supersonic quiet tunnel conditions, such as those of the Sandia
Hypersonic wind tunnel and the Boeing Mach 6 quiet tunnel [Casper et al., 2009]. The
stagnation temperature 0of400K and the wall-temperature ratio of T, =Ty, = 0:8
(where T, is the adiabatic-wall temperature) are given by Shiplyuk et al. [2004],
Casper et al. [2009], and Schneider [2008a] and Yu et al. [2018].

3.2.1 Laminar streaks

The solution of the CLUBR equations for a at-plate boundary layer is computed for
a wide range of disturbance frequencies and spanwise wavelengths. Two wall-porosity
conditions are considered: a solid plate withy = 0 and a porous plate with ¢ = 0:58.

Our computations reveal that the wall porosity does not a ect the growth of
the laminar streaks for very low frequencies and very short spanwise wavelengths
(kkR = O(1), ;= O(1)). Under these conditions, the spanwise viscous di usion
plays a signi cant role because , is comparable to the boundary-layer thickness ,
which is typically a few millimeters [Laufer and Vrebalovich, 1960; Demetriades, 1985;
Graziosi, 1999; Graziosi and G. L. Brown, 2002]. The spectrum of free-stream dis-
turbances is however wide and encompasses a wide range of spanwise wavelenghts
and frequencies. Then, the response of the boundary layer to free-stream gusts
with spanwise wavelengths that are larger than the boundary-layer thickness, i.e.

,=003mand R =R = 41800Q is investigated. AskR increases and ,

zZ
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(@) ,=0:008 ky=k, = 0:24, (b) , =0:0075 ke=k, = 0:27.

(©) ,=0:007, ky=k, = 0:31 (d) ,=0:007, ky=k, = 0:31

Figure 3.8: E ect of the frequency on the attenuation streamwise velocity ( gures
3.8a, 3.8b, 3.8c) and temperature 3.8d) for, = 0:03m (R =418000 at! =2 =
6730Hz(3.8a),! =2 =7570Hz(3.8b) and! =2 =8600Hz(3.8c-3.8d). The solid

( + =0) and porous (s = 0:58) wall cases are represented with black and red curves,
respectively.
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(@) x2=0:5 (b) xo=1

Figure 3.9: E ect of the length of the adjustment region in the vicinity of the leading
edge on the attenuation of the laminar streaksx; = 0:005is kept constant andx;
is increased to 0.5 (gure 3.9a) and 1 (gure 3.9b). The solid ¢ = 0) and porous
( + =0:58) wall cases are represented by the black and red curves, respectively.

decreases, the e ect of the porous wall becomes relevant. Its response to increasing
the disturbance frequency is reported in gures 3.8a, 3.8b, and 3.8c, which show the
downstream evolution of the peak of the streamwise velocity uctuationgyj,,, , for

, =0:008 0:0075and 0:007, respectively. Under these conditions, the scaled admit-
tanceA, is 8:82 10 #+1:434 10 3i. The growth of the laminar streaks is reduced
by the porous wall up to aboutx = 5. The peak of the temperature uctuations,
shown in gure 3.8d for , = 0:007, is also reduced. The attenuation becomes more
signicant as ! increases and , decreases, meaning that the pores absorb and dis-
sipate the energy of the laminar streaks when the spanwise di usion is small. The
e ectiveness of the porous layer is expected to improve at frequencies higher than
those considered here. However, increasikg beyond 0.3 might lead to a regime
for which the second-order perturbation discussed in Y3.1.2 becomes important. The
growth of the streamwise velocity and temperature uctuations becomes exponen-
tial further downstream, where the receptivity of highly-oblique Tollmien-Schlichting
waves sets in. This regime is studied in Ricco and Fossa [2023b].

The results reported in gure 3.8 were computed by considering the leading-edge

adjustment region given by equation (3.48) and extending betweenx = 0:005 and
X2 =0:01 The same case with, = 0:007and R = 418000is computed for largerx,,
i.e. X,=0.5 (gure 3.9a) and x,=1 (gure 3.9b). The growth of the laminar streaks
is shown in gure 3.9. Extending of the length of the adjustment region results in a
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(a) Streamwise velocity atx = 2. (b) Wall-normal velocity at x = 2.

(c) Temperature at x = 2. (d) Pressure atx = 2.

Figure 3.10: Wall-normal pro les of the streamwise velocity (3.10a), spanwise velocity
(3.10b), temperature (3.10c), and pressure (3.10d) disturbances»at 2 for k,=k, =
0:3, , =0:007, and R =41800Q The solid (¢ = 0) and porous (¢ = 0:58) wall
cases are represented with black and red curves, respectively.
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(a) solid wall (b) porous wall

(c) solid wall (d) porous wall

Figure 3.11: E ect of wall cooling on the streamwise velocity (top) and temperature
(bottom) three-dimensional gust signatures pro les atx = 2 for ky=k, = 0:3, , =
0:007, and R =418000
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delay of the attenuation. Albeit delayed, the damping of the laminar streaks is still
appreciable in the regionx 4.

More insights on the e ect of wall porosity on the laminar streaks for, 1 can
be inferred from the wall-normal pro les of the velocity components, the temperature
R =418000are shown in gure 3.10. The streamwise velocity, the temperature, and
the pressure are markedly reduced by the porous wall. The peaksjof andj j are
decreased and slightly shifted farther from the wall. The wall-normal gradient ¢ is
attenuated by the porous layer. The wall-normal velocity componenij is enhanced
in the proximity of the wall (inset of gure 3.10b), but is mostly una ected at larger
wall-normal locations. The spanwise velocity component (not shown) is unchanged,
which is consistent with the spanwise momentum balance being independentuofv,

andpwhen , 1[Ricco and X. Wu, 2007]. The pressure distribution retains its
shape and is uniformly attenuated when the wall is porous.

The results of gure 3.8 are computed at a xed wall temperature ratiol,,=Taq.w =
0:8. As shown in the schematic of relation (3.50) of gure 3.7, the theory indicates
that a lower wall temperature increases the range &f and , for which the pressure
uctuations are e ectively transduced into wall-normal velocity uctuations. The
wall-normal pro les for the boundary-layer uctuations at Ma = 6, , = 0:007 and
R = 418000 are computed for ve dierent wall temperature ratios T, =Tag.w and
reported in gure 3.11. The graphs in the top row show thguj-pro les over solid
(gure 3.11a) and porous (gure 3.11b) at plates. Wall cooling uniformly reduces
the amplitude of the velocity and temperature uctuations in the solid and porous
cases.

In the solid-wall case, wall cooling causes the peak of the wall-normal pro les to
shift farther from the wall, the wall-shear stress is attenuated, and the temperature
uctuations are reduced more than the velocity uctuations, with the exception of
the near-wall region where they slightly increase. The e ect of wall cooling is more
intense on the temperature uctuations than on the velocity uctuations when the
wall-temperature ratio is reduced from 0.8 to 0.4. When the wall is porous, an
in ection point appears close to the wall forT,=T,q.w = 0:4, and a second shorter
peak in the velocity distribution arises in the near-wall region betweeil,=Tagw =
0:3 and Ty, =Taqw = 0:2. Although the amplitude of the main velocity peak in the
porous case is reduced by wall cooling, the wall-shear stress increases and the intensity
of the secondary temperature peak, located at the wall, exceeds that of the main
temperature peak.
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3.2.2 Tollmien-Schlichting waves

For low , values, the initial algebraic growth of the compressible laminar streaks is
followed downstream by the exponential growth of highly-oblique Tollmien-Schlichting
(TS) waves, a receptivity mechanism rst discovered by Ricco and X. Wu [2007]. Nu-
merical evidence of this receptivity mechanism is shown in gure 3.8 for > 6,
where the exponential growth occurs. Although the amplitude of the laminar streaks
is attenuated, the porous wall enhances the initial amplitude of the TS waves, as
also schematically illustrated in gure 3.7. The present numerical result con rms the
experimental ndings of Shiplyuk et al. [2004] and Lukashevich et al. [2018]. The the-
oretical results of Michael and Stephen [2012] also reported a larger TS-wave growth
rate, although the receptivity was not included in their analysis.

The onset of the oblique TS waves is caused by the receptivity mechanism de-
scribed by Ricco and X. Wu [2007]. Unsteady free-stream perturbations excite quasi
three-dimensional Lam-Rott boundary-layer eigensolutions [Lam and Rott, 1960],
which develop downstream together with the laminar streaks. Goldstein [1983] rst
discovered that these low-amplitude decaying eigensolutions, believed until then to be
innocuous for the ow instability, can turn into exponentially growing TS waves. For
relatively high-frequency acoustic oscillations, Goldstein [1983] proved that the wave-
length shortening of these eigensolutions indeed causes the generation of a stream-
wise pressure gradient that is responsible for the instability. Ricco and X. Wu [2007]
instead showed that, in the low-frequency regime proper of the laminar streaks, a
spanwise pressure gradient is induced. This pressure gradient interferes with the vis-
cous ow by engendering a spanwise velocity component. As this component reaches
the order of magnitude of the streamwise and wall-normal velocity ones, a triple-
deck interacting regime sets in and a spatially-growing oblique TS wave is triggered.
This receptivity mechanism is similar to the leading-edge adjustment discovered by
Goldstein [1983] in that the Lam-Rott eigensolution is central for the boundary-layer
dynamics. Yet, it is di erent because the spanwise pressure gradient is responsible
for triggering the instability, while the streamwise pressure gradient is negligible. In
the case of a porous wall, the wall-normal velocity near the wall is not only altered
through continuity by the spanwise velocity generated by the induced spanwise pres-
sure gradient, but also by the wall pressure via the admittance relationship (3.46a).

The triple-deck theory has the advantage of revealing the physical mechanism
responsible for engendering the rst-mode growth, while this result is not achieved
by performing nite-Reynolds-number stability analysis or by solving the complete
Navier-Stokes equations. The triple-deck analysis predicts the growth rate and the
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Figure 3.12: Schematic of the triple-deck interactive regime.
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wavenumber of the TS instability in the solid and the porous cases, while the CLUBR
solutions also give the onset of the instability.

The triple-deck analysis of Ricco and X. Wu [2007] was modi ed to investigate
how a porous surface alters the dynamics of exponentially growing unstable waves
[Ricco and Fossa, 2023b]. Analogously to Ricco and X. Wu [2007], an asymptotic
eigensolution of the CLUBR equations is sought in the limits, landx 1
The relevant class of eigensolutions is the one discovered by Lam and Rott [1960]
(refer also to Ackerberg and Phillips [1972]). These eigensolutions are proportional
to exp( "x32), where " is an unknown complex eigenvalue [Ackerberg and Phillips,
1972; Goldstein, 1983]. The eigensolutions are governed by the boundary-layer equa-
tions and the pressure disturbances need not be solved [LWG99]. The boundary layer
splits up into two decks: a main deck and a thin near-wall lower-deck. A triple-deck
interactive regime ensues because the wall-normal displacement induced downstream
by the perturbation generates an unsteady pressure (see Y5.2 in Ricco and X. Wu
[2007] for details). This interactive regimes occurs where

x=0 ,': (3.51)

The decaying Lam-Rott perturbation evolves into a spatially growing, highly oblique
TS wave at the locations speci ed by (3.51) whetk, = O(R ™), or , = OR %)

for (3.10b). As the induced pressure disturbance now plays an active role, the porosity
of the wall a ects the ow eld. The streamwise coordinate

Xi= ,X= O() (3.52)

can be introduced because of (3.51) and 1. An interactive triple-deck structure
emerges, consisting of a lower deck= O( %zz), a main deck = O(1), and an upper
deck = O( ;™). An exponentially-growing solution is assumed for each deck

fu,v;w;p;7g,p =

CWa(X1; ). pa(X1) |

= WXy ivalXe; )i — i e » o 1(Xy; ) E+ i (3.53a)
z z
geeme—ry = oy ValXa ) . PalXa). .
fUV;W, 0 gyp = WilXy; )i — WXy ); =5 1(Xy; ) E+::: (3.53b)
vi(Xy; X
fU,V;W; P, gyp = Un(Xq; y; b ) = ) wi(xa );p1(5=21):0 E+:n (3530
z z

where the growth factor

. Z
[

1=2

z

X

E =exp

1(X)dx (3.54)
0
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is de ned on the complex eigenvalue ; (x). A dispersion relation for ;(X;) is ob-
tained by matching the main deck solution (3.53b) to the lower (3.53a) and upper
deck solutions (3.53c)
Z - . =3 n-
: w0 (FR0)TAIY o)

X1 Ai( )d
(i) A 2 i Tw iR, FRO)  (2x,)2T

=0; (3.55)

where _
(2ix,Ty) ™

U P B
For the derivation of (3.55) the reader is referred to Ricco and Foss [2023b]. The
admittance &, in (3.55) is absent in the dispersion relation as; ! 0,s0 A o)! 0
asx; ! 0. Equation (3.55) reduces to the dispersion relation found by Ricco and
X. Wu [2007] for a solid wall when&, = 0. The Airy function and its derivative are
computed by an in-house code, based on the method of Gil et al. [2002]. The growth
rate and the wavenumber are given by Im( ;)= 72 and Rq )= 2 respectively,
and are also found numerically from the CLUBR equations as R& =) and Im(U,=U)
(where the subscriptx indicates the derivative).

The solutions have been rst computed forA, = O(1) and Ma=2, 3, and 4 on
an adiabatic wall. The free-stream disturbances are assumed to be the same in all
cases and a porous wall of xedR , ; and H is considered. The Mach number
and Reynolds number vary together as the free-stream velocity; increases. The
wavenumber and growth rate of the CLUBR solutions and the triple-deck solutions
are compared in gure 3.13 for , = 0:0005at Ma = 2, 3 and 4. The growth rate,
which is mildly negative upstream, suddenly increases as the TS waves are triggered,
while the wavenumber settles to an almost constant value. The agreement between the
CLUBR solutions (solid lines) and the triple-deck solutions (dashed lines) improves as
the Mach number increases. The porous wall enhances the TS-wave growth rate and
shifts the onset of the instability upstream, while the wavenumber is una ected. The
impact of the porous wall, however, diminishes as the Reynolds and Mach numbers
increase with the free-stream velocity. For the ow conditions studied in gure 3.13,
no e ect of the porous wall is found atMa = 6.

The case investigated in Y3.2.1 is also studieM#& = 6, , = 0:007, T, =
0:8Taw = 5:62 A, = 1800 + 29:26 i). As per de nition (3.52), the onset of
the TS waves shifts upstream over both the porous and the solid surfaces when
increases slightly. The boundary-region and the triple-deck results, shown in gure
3.14, still show a satisfactory agreement for a relatively larger, and x > 14. The

(3.56)
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Figure 3.13: Onset of the oblique TS waves far downstream foy = 0:00050n solid
(black) and porous (red) walls. The solid lines indicate the boundary-region solutions
and the dashed lines denote the triple-deck solutions. The three free-stream conditions
at di erent Mach numbers are simulated by varying the free-stream velocityJ; on
adiabatic wall conditions.
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Figure 3.14: Onset of the oblique TS waves for, = 0:007on solid (black) and porous
(red) walls. The solid lines indicate the boundary-region solutions and the dashed
lines the triple-deck solutions. The results are computed for the ow conditions
discussed in Y3.2.IMa =6, T, =5:62and , = 0:007.

porous wall has an intense e ect on the growth rate before the exponential growth of
the TS waves sets in. Once the TS-wave growth is established, the e ect of porosity
is mild.

3.2.3 E ect of wall curvature at moderate Grtler number

The combined e ect of wall porosity and wall curvature is considered. As proved
by Hall [1983], in the limit of large Reynolds number and large curvature radius,
the curvature does not a ect the base ow and the centrifugal e ects are distilled in
two terms in the wall-normal momentum equation (3.11c) that are proportional to
8. The evolution of the boundary-layer perturbations was computed for, = 0:007,

R = 418000 Ma = 6 and two di erent Gortler numbers, ® = 2:41 and @ = 12,
which correspond tor. = 100 and r, = 20, respectively. Under these conditions,
the e ect of curvature enhances the growth of the velocity disturbances compared
to the at-plate case. Since bothMa and kR are relatively high, the onset of
exponentially-growing Gortler vortices was not observed [Viaro and Ricco, 2019b].
The downstream growth ofjujmax IS shown in gures 3.15a and 3.15b. The at-plate
(@ = 0) results are plotted in light colors for comparison. The uctuations on the
concave plate are enhanced downstream wf= 3 (8 = 2:41) and x = 2 (8 = 12)
with respect to those on the at plate. The porous wall reduces the amplitude of the
velocity disturbances with the centrifugal e ects during their initial evolution, up to

83



(a) §=2:41 (b)y 8=12.

(c) @=2:41 (d) @=12.

Figure 3.15: E ect of the porous wall on a boundary Iaye@ = 0() for ,=0:007,
R =418000and Ma = 6. The black and red curves refer to the solid and porous
cases, respectively. The curves for the at-plate cas® = 0 are drawn in light colors.
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about x = 4. Flows with higher Gortler numbers were not investigated as values of
r. < 20 might invalidate the hypothesisr,

The growth rate ofjuj is shown in gures 3.15c and 3.15d. Although the amplitude
of juj.c IS reduced up tox = 4, the porous wall enhances its growth downstream
of x =2 up to x = 10 and attenuates it further downstream. Additional research is
necessary to evince the e ect of nonlinearity at these downstream locations because
the magnitude of the uctuations may be too large for the nonlinear interactions to
be considered negligible.

85



Chapter 4

Compressible boundary layers over
Isotropic porous walls

This chapter examines boundary layers over highly permeable porous surfaces, where
increased porosity and permeability modify the laminar base ow, allowing uid to
penetrate the substrate.

The rst objective of this chapter is to extend the solutions of Tsiberkin [2018a]
and Tsiberkin [2018b] to high-speed boundary layers. A self-similar solution is sought,
and for the rst time, the governing equations for the laminar base ow are derived
using volume averaging. This formulation incorporates nonlinear drag, compressibil-
ity, and heat conduction. The second objective is to derive and solve the equations
governing the evolution of compressible laminar streaks and Gortler vortices over the
substrate using the volume-averaging technique [Bear and Bachmat, 1990; Whitaker,
1993].

The mathematical framework for the compressible laminar base ow, the linearized
disturbance ow, and the numerical solution technique are presented in Y4.1. The
results of the base ow computations are discussed in Y4.2, followed by an analysis of
the linearized disturbance ow in Y4.1.2. Einstein summation convention is assumed
throughout this chapter.

4.1 Governing equations

The focus is on a two-dimensional, steady air ow over the top at surface of an
isotropic and uniform porous substrate. The substrate lies above a solid impermeable
surface and is saturated with air. The governing equations for the uid phase are
derived by volume averaging the compressible Navier-Stokes equations [Whitaker,
1969; Bachmat and Bear, 1986; Bear and Bachmat, 1990; Whitaker, 1998; Sorek
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Figure 4.1: Schematic of the microscopic structure of the porous substrate. On the
left side, a cubic REV (green) of volume = 8(d,+ d; )3 is placed within an array of
uniformly-spaced solid grains (blue cubes) of sizg and inter-grain distanced;. On
the right, the volume of uid enclosed by the REV is shown (green). The uid and
solid volume fractions, ; and ¢, are also drawn along with the uid-solid interface
surface(@ ¢s) and the portion of the external surface of the REV occupied by the

uid (@) .

et al., 2005]. The averagednacroscopic uid quantities result from an upscaling
process as thamicroscopic quantities are smoothed by applying a spatial Iterm
over a representative elementary volume (REV) that encloses portions of the uid
domain and the solid matrix. When the top-hat Iter m = 1= 4 [m 3] [Quintard
and Whitaker, 1994; Breugem and Boersma, 2005] is used (wherg is the total
volume of the I§EV) the intrinsic volume average of the uid phase within the REV

ishi, =1= 0[]d . All dimensional quantities are denoted by the superscript
. The ratio of the uid volume to the total volume of the REV de nes the volume
porosity ¢ = (= ,. The surface porosity is the ratio g« = (@ ) =@ o) , where

(@) is the portion of the external surface of the REV wetted by the uid phase
and (@ o) is the total external surface of the REV. A porous substrate with the
ordered microstructure shown in gure 4.1 is consider and a cellular Iter, which
results from the double convolution of the top-hat Iter [Quintard and Whitaker,
1994; Breugem and Boersma, 2005; Breugem, Boersma, and Uittenbogaard, 2006],
is employed. The averaged macroscopic quantities are de ned at the centroid of the
REV and vary continuously across an interface of nite thickness at the top boundary

of the substrate. To simplify the notation, the normalized lterm = m , and the
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ratio  =(@+s) = o [m ! areintroduced, wherd@ ts) is the uid-solid interface
surface within the REV [Bachmat and Bear, 1986]. The averaging operators read

1Z

H]if:—o m[]d (4.18)
1Zo

HInjigrs s = o (@) m[]Ind(@ ); (4.1b)

and the quantities are decomposed as the sum of their volume-averaged and uctu-
ating parts, []= HJi; + [, with Hfjis = 0 [Gray, 1975]. The ow is described in a
Cartesian frame of reference, where andy de ne the streamwise and wall-normal
coordinates, respectively. The intrinsic average of the gradient (or the divergence) of
a tensorGy, of dimension three or lower [Bear and Bachmat, 1990, eq. 2.3.29] takes
the form

Z
@G @
, ok ey Gkt MGd@) (42
fs
wheren; are the versors normal to the uid-solid interface, and = i for the gradient
( =) for the divergence). The pressur@ , the density , the temperatureT ,

and the velocity componentsu, are also introduced. Provided that@p :@?@ =0
within the REV, the average of the pressure gradient can be expanded as [Bear and
Bachmat, 1990, eq. 2.3.48]

[
@ = fTij % + m Ei @
@?( f @?( @ 1s @?(
whereT; is the non-dimensional tortuosity tensor, whichi§ @= ) j in an isotropic
medium [Bachmat and Bear, 1986; Bear and Bachmat, 1990].

nd(@ ); (4.3)

f

4.1.1 Laminar base ow

The base- ow equations are derived in cartesian coordinates in this section. Consider
the steady, two-dimensional form of the equations for mass conservation and balance
for the streamwise and wall-normal momentum, and the enthalpy. The solid matrix
is assumed to be in nitely rigid. The divergence operator (4.2) is applied to the
steady, two-dimensional mass conservation equation. By neglecting the mechanical-
dispersion termshe & i, and assuming zero-mass transport across the impermeable
uid-solid interfaces within the REV, one nds [Bear and Bachmat, 1990]

@—C?( thip u o =0; (4.4)
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where the volume porosity is, in general, a smooth function of andy . The mo-
mentum balance takes the form

@ui,  _@vi,_ @ @

ihi. u = (4.5)

Tj —— i o s
Tex T ex T e, Mex !

The solid and uid phase velocities are zero at the solid- uid interface and the diver-
gence of the shear stresseg expands as [Bear and Bachmat, 1990, eq. 2.6.32]

2 0 " 13
9 9y, if@@f @ N g,
@x , @x Q@x @x
2 - 3
+Q4h if—@ f klf 5+ @J+@ fs
@x @ @x @x g

h i, @ thiis @
f @x @x

where s the second coe cient of viscosity and the last term is obtained by employ-
ing the identity @ =@x= h n;ji 5¢; - The surface integrals on the right-hand side
of equations (4.5) and (4.6) are often modeled using a permeability tensor [Bachmat
and Bear, 1986; Whitaker, 1986] and a Forchheimer tensor [Whitaker, 1996]. The lat-
ter is a nonlinear correction to Darcy's law which arises at large microscopic Reynolds
numbers [Whitaker, 1996; Breugem and Boersma, 2005]. While the departure from
the linear Darcian regime is very well known and has been widely reported in numeri-
cal and laboratory experiments, the mathematical modelling and the physical nature
of the Forchheimer correction are a matter of current research. Nonlinear corrections
with cubic, quadratic and power-law dependence on the velocity have been reported
for di erent ranges of the microscopic Reynolds numbers on pre-transitional uid
ows inside porous media [Lasseux and Valces-Parada, 2017; Khalifa et al., 2020].
The surface integral is modeled as the sum of a linear and a quadratic drag [Barere
et al., 1992; Whitaker, 1996; Breugem, Boersma, and Uittenbogaard, 2006]

(4.6)

@ @y @y

— : 1
B ——Nj + ot =o N ts= h i § K u o+

| @x @x @x o g
[ Cr hu, i U 4.7)

where the inverse of the permeability tensoK;; and the Forchheimer tensorc,
have been introduced. The latter are often modeled using the Kozeny-Carman and
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Ergun relations [Whitaker, 1996; Breugem, Boersma, and Uittenbogaard, 2006], that
isK; = ?=(1  )*(d=A) j andcey = =1 ¢)(dy=B) iy, where the grain
sized, = dy(x ;Y ;dy) is assumed to be a smooth function of , y and the reference
value dy. A and B are empirical coe cients [Whitaker, 1996]. Similar forms of the
Kozeny-Carman relation of the typeK = C =1 ¢)", whereC is a dimensional
parameter andm and n are positive real constants, have also been used [Costa, 2006].
The Forchheimer coe cient ¢, is sometimes modeled as an exponential function of
K [Innocentini, Sepulveda, et al., 2006; Wedin and Cherubini, 2016]. Although the
closure model (4.7) may no longer hold in the compressible regime, where the seepage
velocity can be as high ad4® ms ! for high porosity [Mironov et al., 2015], because
of the lack of experimental data, the equation (4.7) is used with the incompressible
valuesA = 180 and B = 100. Applying the operators (4.2) to the static enthalpy
balance yields

2@ i 32 2@ i 32
1 h i il h i I
fhif ujf@h@lf= If4 f@ f5+ If4 f@kf
£ f £ f £
h i, @ thyip @ ¢y, @ .o @i
Tk : (4
+ f @}( @x + @?( ¢ Ry Tk @x , (4.8)

where k is the thermal conductivity. It is assumed that the temperature gradi-
ent at the solid- uid interface is negligible and the uid and solid phases are in
thermal equilibrium hT i, = hI i, [Bear and Bachmat, 1990, eq. 2.6.121]. Both
approximations are fairly adequate for large s and steady conditions [Nield and
Kuznetsov, 2003]. The perfect gas equation becomgsi; = h i, R hI i, where
R =287:05Jkg 'K !is the specic gas constant of air.

The uid ow is uniform away from the substrate because the streamwise pressure
gradient is null. A thin boundary layer forms above the uid-porous interface. The
velocity components, the density, the temperature, and the transport coe cients are
normalized by their free-stream values, denoted by the subscript. The macroscopic
pressurelp i, is scaled by , U,;?, whereU, is the free-stream velocity. The free-
stream Reynolds number iRe = ; U, L =, 1, where , is the free-stream
dynamic viscosity andL is a characteristic large streamwise length. The Darcy
number, based on the characteristic grain sizéy, is Da = dg?):L 2 1 and the
free-stream Mach number iMa = U, =¢ = O(1), wherec, = ( R T, )¥?is the
speed of sound in the free stream, and= 1:4 the heat capacity ratio. The dynamic
viscosity is modeled by Sutherland's law. The parabolic character of the solution
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Figure 4.2: Schematic of the self-similar ow. A boundary layer (blue) of thickness,
evolves over an isotropic porous substrate (green) of streamwise-increasing thickness
ps- The gure is not to scale.

obtained by Vafai and Kim [1990] resulted from the concurrent contribution of the
Brinkman, Forchheimer, and advective terms, all of which need to be retained while
performing a rigorous asymptotic analysis. The Forchheimer term cannot satisfy the
boundary-layer approximation when scaled by a factor; U, =d,, 1 [Tsiberkin,
2018b]. The Darcy and Forchheimer terms are a parameterization of the surface
integrals in (4.7) and appropriate scaling must be applied to the integrating functions
themselves. The characteristic length of the REV ,, ' scales agdy, the velocity
scales adJ; [Barere et al., 1992; Harter et al., 2023] and the microscopic pressure
uctuations p scale as ; U; =d, [Whitaker, 1996].

41.1.1 Porous-free uid interface

A schematic of the self-similar, coupled porous substrate-boundary layer ow is shown
in gure 4.2. As in classic boundary-layer theory [Stewartson, 1964; van Dyke, 1975],
the ow properties are expected to vary in a region of thicknes® Re ¥ near the
top surface of the substrate. From this point onwards, the averaging operatohsi,
are omitted for clarity, with no risk of ambiguity regarding volume averaging. The
limiting form of equations (4.4), (4.5), and (4.8) forRe landDa 1is parabolic
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in x and reads [van Dyke, 1975]
@ U N @ ¢V

f_UQU+ Veu_ @ d:v) _f2 u., (b U (4.90)
T @ T @ @ @y b2 K K=2T '

2
fUQT_'_ fV@T_ . @( fU) @ @T . (49C)

Tex Tey @ ey ®Pey’
where the streamwise pressure gradient is omitted and the perfect gas equation is
T =1. A similarity solution is retrieved if b= = b: ( ) is assumed to be a function
of dy = dgo. When the low-speed, incompressible closure model (4.7) is considered,
this choice is equivalent to a local-similarity assumption. Herl§ = 3=(1  {)%A] =
O(1), be = A'?ReDa=(BDa'? ) = 0O(1), b = ReDa(d,=d,)? = O(1) [Tsi-
berkin, 2016], A = O(1) and B = O(Da *?). The Prandtl number of air is
Pr=c, ; =k, =0:71andk(T)= (T) [Stewartson, 1964]. A no-slip, no-penetration
condition is imposed at the bottom solid wall of the substrate. The boundary condi-
tions read

U(x;0)=0; uix1)=1,

. @T, .. (4.10)
T(x;0)=T, or @y(x,O) 0; T(x;1)=1;

Figure 4.3: Comparison of the model equations of Breugem and Boersma [2005]
(dashed curves) and Negi et al. [2015] (dash dot curves) (4.12) with the results ob-
tained by computing the convolution integral of the cellular lter across the porous-
free uid interfacial layer of thickness ;, (4.11) (solid curves) forQ = 0:37 (green),

Q = 0:5 (red), and Q = 0:53 (blue). Green, red, and blue solid grains of size
dy = it Q=1+ Q) are drawn at the bottom side of the interface for comparison.
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where the subscriptw denotes the bottom solid wall. The top surface of the porous
substrate is at and located at a heighty,,,. The thickness of the interface isiy; =
O(Da'™) [Goharzadeh et al., 2005] and therefore comparable to that of the boundary
layer as = = O(Re'™Da'™) = O(1). The volume and surface porosity vary
smoothly across the interface. Their uniform values below the interface arg, =

1 Q%and( @i)p =1 Q7 respectively, whereQ = d,=(d; + d;). Here, d; =

d (x ;y ;d:,), whered;, is a characteristic constant. The interfacial thickness is
it = dy(1+ Q)=Q. The distribution of ; and g is obtained analytically by
sweeping the averaging operator (4.1) across the interfacial region [Breugem, 2005].
Repeating this procedure for arbitraryd, and d; yields the analytical piecewise-
polynomial curve shown in gure 4.3 (solid curves)

@ff Y 1o L 0; (4.11a)
int int
Z 4 4
g % Y
@ff y— =1 Q 5 d+df+y dy
int di + d, dg d
2
y Q y
=1 =(@1+Q)? - for Z_<0; (4.11b)
int 1+Q int
Z dy d; y
@ff y— =1 Q 5 d+df+y dy
int di + d, d 2dg y
1 1+Qy 1 y Q
=1+ 0% Z+ 2 for 2 < : (4.11c
R A 1+Q o 1+Q 1O
"Z 2d, 2d; vy
9 f
@ff y_ =1 LZ dg+df+y dy+
int di + d, dg d "
di 2dy y Z0
+ dg+ di +y dy + d +d;, y dy =
0 " dg d y
2 1 2 2#
+
—1+0 1*Q) Q)+(1+Q)zy 1+Q° y
int 2 int
y 1
for 1 —< : (4.11d
v 1eq WU
@ff Yoo Q? for 1< 1; (4.11e)
int int



Breugem and Boersma [2005] approximated (4.11) with a fth-order polynomial. In-
stead, an interpolating exponential function is used in this work [Negi et al., 2015]

i(® o _ ern® (e _ 1+exp c, C !

1 % 1 ( e)p g g+l

whereg=(y Vi) = int» C =0:75 As shown in gure 4.3, the agreement between
the analytical piecewise curve and the exponential model (4.12) is excellent at the
centre of the interface.

(4.12)

4.1.1.2 Self-similar solution

As discussed in Y1.3.3, the parabolic nature of the di erential system (4.9) implies
that the solution depends on the initial (upstream) ow conditions when the gov-
erning equations are non-similar. One possible assumption is that the upstream ow
corresponds to a compressible Blasius boundary layer over an impermeable surface,
with the wall gradually becoming porous over a nite streamwise region. However,
even in this scenario, the emergence of an evolving in ection point in the velocity
pro le could trigger an inviscid instability, which cannot be captured if streamwise
di usion is neglected. This task is beyond the scope of the present work. Hence, a
similarity solution of the di erential system (4.9) i%sought in this section.

First, the Dorodnitsyn-Howarth variable y = 3’ (x; y)dy [Stewartson, 1964] is
introduced. A streamfunction (X;y) is de ned so that the continuity equation (4.9a)
is satised u = '@ =@ v = (T=;)@ =@x Following a standard procedure
in the derivation of the self-similar boundary layer equations (see appendix B for
details) a decomposition of andy is sought in the form (x;y) = ( X )*F (x; )
andy = ( X )b , Where , a, and bare real constants. Inspection of (4.10) shows that
T cannot be a function ofx in homoenthalpic ows and that no similarity solution
is possible if an inhomogeneous Neumann condition for the temperature is imposed
at the solid wall underneath the substrate. Since the top of the substrate is at,
the wall-normal porosity distribution (4.12) is a function of alone when both iy
and ,s are O x? . Following [Tsiberkin, 2016; Tsiberkin, 2018a; Tsiberkin, 2018b],
the grain size and the inter-grain distance are assumed to be smooth functionsxpf
dy = dyo(x )%, andb, = ,(x )°, where

U, d 2
170 - o) (4.13)
1 L

2 —
D= ReDa

is the control parameter de ned by Tsiberkin [2018a]. The parameter distills the e ect
of the linear Darcy drag for given free-stream conditions and grain size. A similarity
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solution exists fora= b=1=2,c=1 and = 2. Equations (4.9b) and (4.9c) then
reduce to a system of coupled ordinary di erential equations

0 Fo © 1 2 1
SFP+F —  CoT ¢ 1) 2f) FO Ce=—'(F)*=0; (4.14a)
f f f
! T e, O Ma? (F%° = 0; (4.14b)
pr 7T P T e '

where the primes denote di erentiation with respect to , Cp = A= g and Cg =
A=(BDa'™?) = O (1). More details on the derivation of (4.14a) are found in appendix
B. For the rst time, a self-similar form of the governing equations has been derived
for compressible ow over a porous substrate with streamwise-increasing permeability,
using a closure model with a constant Forchheimer coe cient. Equations (4.14)
reduce to the compressible Blasius solution [Stewartson, 1964] above the interface,
where ¢; @t =1. The velocity components are
FO
_f,
V()= W( TF+ TF9Y; (4.15b)
R . . . :
and =T ! o T()d . The non-dimensional thickness of the uid boundary layer,
the uid-porous interface, and the porous substrate ar®(x*Re *?), O(x**?Da'™?),
and O(x'™2Re '), respectively. The interfacial continuity of the surface-averaged
tangential velocity ¢u derived by Ochoa-Tapia and Whitaker [1995a] is recovered
from (4.15a) for small , ( i =ch 1)

U()= (4.153)

4.1.1.3 Numerical method

The system (4.14) is solved by means of a second-order accurate block-elimination
algorithm where nonlinearity is treated with the Newton-Raphson method [Cebeci,
2002]. The interfacial thickness in the -space,

( y)int __p1+Q.

Tav Tav Q ,

depends on the average temperature of the interfacial regidn, and is determined
iteratively. The values of ( Y)int, Tav @and ()i are tabulated in table 4.3. The
residuals are kept belowl0 2 for all the computations to ensure convergence.

( Jim =

(4.16)
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4.1.2 Linearised disturbance ow

In this section, the method of volume averaging is applied to the Navier-Stokes equa-
tions in the curvilinear coordinate system of a concave wall, as detailed in appendix
A. As in chapter 2 and 3, the ow is decomposed into a two-dimensional, steady
component and a small-amplitude, three-dimensional, unsteady perturbation. The
equations governing the porous-boundary-layer base ow in Cartesian coordinates
are recovered, and the boundary-region equations describing the evolution of laminar
streaks and Cortler vortices over an isotropic porous substrate with high porosity
and permeability are derived in the high-Reynolds-number limit, assuming a large
curvature radiusr, = O(Re?).

4.1.2.1 Continuity equation

Each term of the continuity equation (A.12) is multiplied by the Lane coe cient
hy=1 'y =r, (A.10)

@ @ @ @ _ @u v @v, k6K @w
h]_@"'u @("‘hlv @—y+h1W @—Z— @( E"‘ h]_ @—y+ @ ; (417)
or
@ a@v) a@w) @ u) @h_ .
h, at + @y + @z + @x + v @_y =0: (4.18)
The volume averaging operators (4.2) are applied to (4.18)
" #

Q@ a v) a w)
hlf@f"'f @y f+f @z

Q u) . @b _
a@x f+ ¢h Vlf@—y—O. (4.19)

+

+

The Lane coecient h; 1 in the asymptotic limit r. = O(Re?) 1. Asin Y4.1.1,
the density, velocity, and the spatial lengths are normalized with respect to, , U, ,

and . The time is normalized with respect to =U, . The ratio r_= 1, and
the last term on the left-hand side is negligible. [33] Moreover, singe= = O(1),
the rst Lame coe cient h; and its derivative are constant in the limit of largeRe
9
hy =1 rlc 1; 2 (4.20a)
@: 1 fo Re? 3 for Re 1, (4.200)
@y ¢ ’
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Neglecting the mechanical-dispersion termise & i, [Bear and Bachmat, 1990] yields

@hi @ o
@tf+@( ¢hi hyi, =0: (4.21)

f

The averaging operators are omitted for clarity and all the variables are assumed to
be volume-averaged quantities. The decomposition (2.2) is introduced

ot ad U (ur Rl 2LV e (v s

+@@z( ¢ W)=0; (4.22)

and the leading-order balance of the laminar base ow (4.9a) is recovered. Substi-

tuting (2.14) in (4.22) yields the continuity equation for the linearised disturbance
ow

(J0 P, @ @ 7 T @,
T 2% ‘e 2@ T T T@
FT° F'@ _ F @
+ W+ —iF W ?@ +ﬁ@:0: (423)

Equation (4.23) reduces to (2.9) in Viaro and Ricco [2019a] in the free- uid region

above the plate wherey 1and ?=0.

4.1.2.2 Momentum balance equation

Applying the volume-averaging operators (4.1) to (A.16) and adding (4.19) multiplied
by hu i yields

@ _ , @ . . . @ . :
fhi@[h”hjlf +hl@ thoi hui huig +h§@—hlfhllchlf +
@ . . . . . . @h
+h§f@—z h i,fwi,hui, +hy¢h Ichlfhllf@—y:

ik
e, &, 1@p
= h? n X“k+h1@x ; (4.24)

f

where all the terms have been multiplied byh; one more time. The right-hand side
expands as

2 g* 1@p —
it hy Xj;k-l-hl@x f_
@, . @ihuiy) @ . @ huiy)
"o " ax ax Mgy M ey ay
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+@_z h.h uﬁ + @l:nx+ h, @—:(/ny+ hy @—\)I(vnZ o ot
+—@hif i@fmif)+@fh/if)+fmif@ﬁl+@fW) +
@x h, @x @y hy @y @z
h i i@fmif)+@fmif)+fh’if@h+@fw) @f+
f hy  @x @y h; @y @z @x
@ i @p , @p _ @p .
efthy @x hy X @X @2; @Z o s (4.25)
The left-hand side is normalized with respect to, , U; and

, the volume-
averaging operators (4.1a) are omitted and only the interphase-surface average oper

ators (4.1b) are retained for clarity
1 Ul2

2 @t(u)+ hl@@x( fuu)+ hi@}vuh

@ @h g* :
+h? @(WU)+ hlfuv6y = h? Ty ik x (4.26)

The viscous terms on the right-hand side are normalized with respect tq , U,
and ;:

h2 @ _ _ 1Y @ @i +
1f hl xj;k . 2 @X @X
@, @ , ,@ @:u @  @h
+h1@yh1 ey Me: @z Mey'ey"
L @ @iy _(2 V)@lﬂ @:v)@h Q@ ru)@h u @h °’
@Xx @x @y

@x @y @y @y h, @y
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+h; hl@_z+ @ n; ore fs @1 @ +
@p @p @p )
h, @—nx + @ny + @—an o s (4.27)

The Darcy-Forchheimer integral is modeled as in Breugem, Boersma, and Uittenbo-
gaard [2006] (see also Whitaker [1996])

2 @)l:nx+ hy hlg;+ g;’ u gl)ﬂ/ ny +
+ h h1%;+ %\/ n, ¢+
h, x %(’mﬁ %)ny+ %nz o ts = fZK—u ?Ki u? (4.28)
As in Y4.1.1, the permeability isK = 3=(1 f)z(dgzzA) and the Forchheimer

coecientis ¢ = (=1 t)(dgo=B), where the grain sized, = dy(x ;y ;dy) Is
assumed to be a smooth function of , y and the reference valuel,. Again, A and
B are empirical coe cients [Whitaker, 1996]. Then

> U 2 C¢ 2 _ 1 Uy dy ? A1 f)2
"« otk YT gz o9, T3 YT
g0 o] f
2
AL B XGNP
dgg d, 3 1 B

The grain diameter depends orx asd,=d,, = (2x =L )1=2, the porous control

parameter is g = , U d95=( ; L ). The boundary-region balance based on the

expansion (2.14) yields the streamwise-momentum balance

@ @ @ @ _
f@{u)"'@)gfuu)"'@)vau +@§fWU)—
_1e@e aw  1e arv |
Re@y @y Re@z @z 4
17 @ ) AL ),
2z AT g (430)

Again, the asymptotic expansion (2.2) and the boundary-region scaling (2.14) are
introduced in (4.30). The terms on the left-hand side expand as

f@@t( u+ %y + @@JU(fU+ U+ %0+ @@X( s Uu)+

99



P2V v o O u)
+U@@z( £ W)+ U@@z( £ w): (4.31)

By introducing the mass conservation equation (4.22), the left-hand side of (4.30)
expands as

@ ngU"' (fu+ f%U%l;"‘ @@X(fUU)"‘

f @t+ @x
U U
+ ¢ V %y"‘ ( §f V+ f%\a %y"‘ @@X( f V U), (432)

while the rst term on the right-hand side of (4.30) expands as

1@ @ 1@ @ @ _
re@y @ 'Y TRe@y @7 @ "' YT
1@ @ @5 @ & @ @ @ @Uu
= —— —(fU)+ —uo+ —+ —~—U+ —~i— ; (433
re@y @' @ '@y etey et ey "
and the second term on the right-hand side of (4.30) expands as
1@ @ _ @ d @ _ @ur
re@z @'Y @z o @f'V" Y TR @r 3
The terms of the Darcy-Forchheimer integral expand as
X &
1 @ 1) 2,2 _
o 2 Re | Au (1 ¢)Cf ju” =
1 ’C d C
- B2 e @ 0F(+ % U2 -
@ )P A d
= , 2X§ U+ v+ d_I_—U +

C
1 f)i U2+ 2Uu+ %U ; (4.35)

whereCp = A= 2 and Cr = A=(B Da'™). Again, the leading-order streamwise
momentum balance is recovered either as (4.9b) or, upon substitution of the velocity
components (4.15), in the self-similar form (4.14a). Finally, expanding as in (2.2) and
substituting (2.14) yields the streamwise momentum balance equation

Foe P 1 )°Co

. f c 2
— + + —_ +
F 2R f 2T ke T f ZX‘T
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The same procedure applied to (A.20) yields the wall-normal momentum balance
equation for the linearised disturbances

TF (TR (% 2TF™ P TF® TF _ 2GF°

+
4%2 ¢ 4R2 4%2 (2%)1=2
#
. C L S S . ? e L e °
12¢2 3% (32 R @ 12¢2 12¢2
_fOL @ fc @ iF + i + _fo i CFO F_TO
(62 @ 1 @2 " S 2%, 2 20T
Fo 29 ° . (@1 1)?Co 0@
+ + + +
- T (KT : T v+F
F 27 ? @ 2¢ @ 0+ pooro ? ?
2 AT . (KT @ R*T @ 3R (30 6®
(@ c FF°° F F ° 1T¥? G (F9,
6R @ 42 f 42 f f 42T (2%)1:2 fT
TE© S FC @ ) (9 F
— < +=_1C oT2F + . OT2F0 T
32T S 402 2 P c 3 B2
0 org 400 T Q00
+_f2 @ + ¢ @+ ﬂ@: : (4.37)
2 62T 2% @ 3%2T M2 @ 2@

Note that the curvature (Gortler) term is not present in the leading-order balance of
the base ow, which reduces ta@P=@y0 sinceRe**r, 1 [Hall, 1983]. The same
procedure applied to (A.24) yields the spanwise momentum balance equation for the
linearised disturbances

0 0 T 2 0
kzzf COTT+k22f c u+szT @ sz CT @4_ kzzf_+
2% 6%, 3 @ R @ 3
k2 i 0 0 4 1 2
+k§fOTOV+%%+ iF ﬁ +§k§fT+( ff)CDT W
0
L g0 F o Q@ ¢ @w, K2 T okETp=0: (439

@ 2% XX @ XT @2 7 3

Equations (4.36) (4.38) reduce to (2.10) (2.12) above the porous-free uid interface
where ¢ e land ?= %, =0.
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4.1.2.3 Static enthalpy balance

The static enthalpy balance (A.34) is multiplied byh; and summed to the continuity
equation (A.12) multiplied by h;c,. The result is multiplied by h; once more and the
resulting terms on the left-hand side are

@ T) @ vT), @ wT) @uT) .
ic; @ = @y = @z the Tax

The volume averaging operators (4.1a) are then applied and the dispersive uxes are
neglected [Bear and Bachmat, 1990]. The transport term on the left-hand side then
takes the form

(4.39)

hicpf@@[ h i AT i; +h10p@—C@X fhichuighl i, +
+hicp@_C@y fh i hvig hT i +hiCp@—C®Z th ichwighl i, @ (4.40)

The heat conduction term expands as Bear and Bachmat [1990, eq. 2.6.121]

@ . @ﬂ-if 2 @ . @Tif
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@X @ff f @X l@y @ff f @y
@h . @ i , @ . @nr i
+ h—— i, —— + h{— Ki, —— ; (441
1@y @ff f @y 1@2 @ff f @Z ( )
and the dissipation term (A.33) expands as
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T @y PP @x @y
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+ +2h : (4.42
f @z Yy @y @z (4.42)
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All the terms are normalized with respect to the reference quantities in the free

stream andh; 1 for larger.. The boundary-region balance based on the expansion

(2.14) reads

@ @ @ @ _
f@t(T)"'@X(UT)"'@);E/T)"'@Z(WT)— )
S opMe @t eyt
B Re f @y f @z
11 @ Al @ @7 . (4.43)

"Prre @y °" @y @z °" @:
Upon introducing the continuity equation (4.22) and the expansion (2.2), the terms
on the left-hand side of (4.43) expand as

Q@ Q@ @ @ _
f@t('l')+ @X(UTH @}VTH @Z(WT)—

= 20U D ue %y
+@@ fV~)+ %-;( ¢ v+ f%\b: (444)

The terms of the dissipation function on the right-hand side of (4.43) expand as

( )
Mal @) t@w t M @) ?

C D%’ oy e e @y
Ma® @ V@ s, d 1 @y ?’
+( 1) Re 2 ey @y ST f @y © (4.45)

and the heat conduction terms expand as

11 @ er ., e @t

PrRe @y @ff @y @z @ff @z
1 @ @ d @T 11 @ e .
“Prre@y °" @y ©"dT @y  Prre@z " @z 40

Again, the static-enthalpy balance equation of the laminar base ow is recovered
at leading order in the forms (4.9c) or (4.14b). Finally, substituting (2.14) yields the
static enthalpy balance equation for the linearised disturbances

; CTO ) ]9 F 00 ) = 00@ TO
+ 1)Ma2-— DMa2—— = +  —v+
x tO DM o u (0 DMt gV
) FTO LG et °TO 0 @ff
+  0iF ¢+ = 1) Ma? + K2T +
o7 ) 20T 2%Pr T Pr ?
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Equation (4.47) reduces to (2.13) in Viaro and Ricco [2019a] above the porous-free
uid interface where e land ?= %, =0.

4.1.3 Upstream boundary-layer solution

The initial conditions are derived by following the procedure outlined in Leib et al.
[1999] and Viaro and Ricco [2019a] (see appendix C). The velocity, temperature and
pressure disturbances expand as (C.46) f&r 1

N h i
q& )= (2™ 20Un () Va () Wa( ) (2R) 2P, () 2XT, () : (4.48)

n=0
The linearised boundary-region equations (4.23), (4.36) (4.38) and (4.47) reduce to
a series of coupled linear ordinary di erential equations in. For the rst two terms
of the series the continuity equation is

O@)j 2; Q2+ - T Up 1 US+ RAN Vo + — V&
T T T2 T
FTO 2FO F
+ fWQ ? + ? TO + ?TO = O, (449a)
= ¢ 10 PoofTO f
O &' 3¢ P+ 'If U ¢ U2+ T Tz Vi + ?Vlo"‘
FTO 3FO F
+ W Tz + 3? T, + ?Tl =0: (4.49b)
The equations for the streamwise momentum balance are
S R (S & o
O(l)J 2FO f c _f T + f CDT +2 f CFFO U0+
0 o O o O o0 O
F F F F
F+ —+ 1 v Ly L v+ — — +
T T o T o T 0 W T T
1 ) 1 F92 OF 00
+ zf) Co ¥° ——'c (T(b To —Tg=0; (4502)
f f
Foo P a ) TP
O ®™ 3F° - = + f CoT +2 f CeF° Ui+



0 0 00 00 00 O
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+%cD FO szF(Tc) To  ——T/=0: (4.50b)
f f
The equations for the wall-normal momentum balance are
o (1jPl=0; (4.51a)
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The equations for the spanwise momentum balance are
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The equations for the static enthalpy balance are

. 92 F 00 ,2F 00 TO
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The wall-normal momentum balance is absent at leading order, and ti@¥1)-equations
are e ectively the unsteady, compressible boundary-layer equations of Ricco and X.
Wu [2007] above the interface. The two systems are solved subject to the wall and
outer boundary conditions outlined in YC.3 using a standard block elimination algo-
rithm.

4.2 Results

The results presented in this section were obtained using physical parameters repre-
sentative of real supersonic and hypersonic wind-tunnel conditions, as listed in tables
4.1 and 4.2. The corresponding numerical parameters, such as the fac@y the
interfacial thicknessey y)ix and( )int, and the surface temperaturel,,, are pro-
vided in table 4.3 for reference. The results for the laminar base ow are discussed
in Y4.2.1, while a brief discussion on the upstream initial conditions of the linearised
disturbance ow is provided in Y4.2.2.

4.2.1 Laminar base ow

The ow is studied for di erent values of the free-stream Mach number, the static
pressure and temperature, the reference grain sidg, and the volume porosity below
the interface ¢,. The combination of these physical parameters determines, Cp,
Cr and ( @f)p. The values relevant to the investigated cases are listed in table 4.2.
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Table 4.1: Wind tunnel measurements of compressible boundary layers over imperme-
able at plates. Data retrieved from Graziosi and G. L. Brown [2002, GB02], Maslov,
Shiplyuk, et al. [2001, M0O1], Running et al. [2023, R23].

Ref. ~ Ma  p,[kPa] T,[K] p, [kPa] T, [K] To=Taqw oo [MM]'

GB02 2:98 31 290 (87 104 1 [18; 3:3]
MOl 592 1080 300 4 49 1 [18; 2:2]
R23 61 [4903044] 473 53 [54255781] n.a. n.a.

IMeasured betweernx = 89 mm and x = 305 mm (GB02) and at x = 96 mm (M01).

Figure 4.4: First (left plot) and second (right plot) derivative of F as a function of

for an incompressible ow Ma = 0:01). The black and red curves show cases Al and
A2, respectively, for ¢, = 0:85(solid) and ¢, = 0:95 (dashed). The Blasius solution
over a non-permeable wall is plotted in blue for comparison. The top boundary of
the interfacial region is located at iy (blue line), while the bottom one is marked by
the horizontal lines for each case.
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Figure 4.5: First (top left) and second derivative (top right) of F as a function of
for a supersonic ow atMa = 3. The static temperature T and the local Mach

number M are shown in the bottom-left and bottom-right plots, respectively. The

black and red curves show cases Bl and B2, respectively, fgy = 0:85 (solid) and

tp = 0:95 (dashed). The Blasius solution over a non-permeable wall is plotted in

blue for comparison. The top boundary of the interfacial region is located af

(blue line), while the bottom one is marked by the horizontal lines for each case.

For every case, the letter (A, B or C) de nes a set of free-stream conditions, while
the number (1 or 2) de nesdy,. The dimensional thickness okthe Blasius boundary
layer at x = L is g9 = Pog( ;L =U, )" Herebyy = 272" *T( )d increases
with Ma and is a function of , Pr, and the temperature boundary condition at the
bottom solid wall. The values of 4, estimated in table 4.2, are in good agreement
with wind tunnel measurements (refer to table 4.1). The stagnation pressure [is,
the stagnation temperature isT , the dimensional wall temperature isT,, and the
adiabatic recovery temperature of the Blasius solution i$,,,, .
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Figure 4.6: First (top left) and second derivative (top right) of F as a function of
for a supersonic ow atMa = 6. The static temperature T and the local Mach

number M are shown in the bottom-left and bottom-right plots, respectively. The

black and red curves show cases C1 and C2, respectively, fgr = 0:85 (solid) and

tp = 0:95 (dashed). The Blasius solution over a non-permeable wall is plotted in

blue for comparison. The top boundary of the interfacial region is located af

(blue line), while the bottom one is marked by the horizontal lines for each case.

Results for an incompressible, isothermall§, = 1) boundary layer at Ma = 0:01
(cases Al and A2) are shown in gure 4.4. The rst and second derivative of the
streamfunction F are plotted as functions of for two di erent values of the volume
porosity ¢, and characteristic grain sized,, ( p). The top of the free uid-porous
interfacial region described in gure 4.3 is located at = , (thin horizontal blue
line in gure 4.4), and its lower boundary is denoted by a thin horizontal black or
red line for each case. The Blasius solution for a at-plate boundary layer is also
drawn for comparison (blue curve), its solid wall being located at the top of the
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interfacial region [Breugem and Boersma, 2005], where = 1 and the Darcy and
Forchheimer terms become zero. The slip velocity, obtained by evaluating (4.15a) at
the interface, increases with¢, and dy, in qualitative agreement with the results of
Tsiberkin [2018a] and Tsiberkin [2018b], which showed increasing interfacial velocity
for increasing values of the control parameterg without the Forchheimer correction.
The incompressible intrinsic shear stresses= (F® F° 2= ;)= ; [Breugem, Boersma,
and Uittenbogaard, 2005, equations 116-117] are mostly in uenced By°and grow
to a peak located at the interface in all cases. Both°and F ®undergo a rapid decay
across the interface and within the porous region.

The results of the supersonic cases are shown in gure 4.5 and 4.6. Adiabatic
boundary conditions were imposed at the solid wall below the substrate. The pro les
for F%and F®are shown along with the temperaturel (bottom left) and the local
Mach numberM = u =( R T )¥ = MaF%( ; T*?) (bottom right). The slip veloc-
ity increases andF ®decreases with increasindy, and ¢, for constant free-stream
conditions. Moreover, the temperaturel does not recover the adiabatic value of the
compressible Blasius solution and it reduces sharply at the interface when a porous
substrate is introduced. The reduction becomes more marked with increasingand

tp- The peak ofF ®is not sensitive to the geometry of the substrate. The in uence
of the porous substrate on the velocity pro les extends far from the interface, where
F%is reduced. As theF° pro le shifts towards the interface and the magnitude of
T decreases, the local Mach numbé¥ increases across the boundary layer (refer to
the bottom right plots of gures 4.5 and 4.6). The insets in the bottom-right plot of
gures 4.5 and 4.6 show thatM is always well below unity near the bottom boundary
of the interfacial region where the top solid cubes are located. This nding rules out
the presence of shock waves and choking.

Figure 4.7 shows that the Darcy term and Forchheimer term in the momentum
equation (4.14a) reach a comparable magnitude for all valuesif, ,and ,. The
Forchheimer correction is considerably lower than the Darcy drag for low, (low dy)
and ¢, but increases and becomes slightly larger as eitheg or ¢, increase. This
behavior is reported for all Mach numbers as shown in the right plot of gure 4.7,
in which the free-stream conditions are xed and the grain size and the porosity are
gradually increased. Because the coe cienCr is assumed to be a function of,,
instead ofdj, this result suggests that the local similarity assumption holds better at
moderate , and | [Tsiberkin, 2018b] for all Mach numbers.

The dimensional pro les of the streamwise velocity and the static temperature
T are computed at a distancex = L from the leading edge and are plotted in
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