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Abstract

Two measurements of an observable always yield identical outcomes when imple-
mented in quick succession on a quantum system. In the standard formulation of
non-relativistic quantum theory, this phenomenon is accounted for by the collapse
of the state induced by a non-destructive measurement. In the first part of this
thesis, we investigate the role of the collapse in quantum theory in a systematic
way. We introduce the framework of Alternative-Measurement Theories (AMTs)
defined as no-signalling foils of quantum mechanics sharing with it all standard
postulates, except for the update rule assigning post-measurement states. By em-
bedding quantum mechanics in a set of structurally similar theories, we are able to
identify properties that depend on the collapse and show which of them are unique
to the Liiders projection rule. We show that update rules can affect the ontological
status of quantum states, or not allow for non-local correlations. The operational
equivalence of different experimental strategies to measure product observables is
found to rely on the chosen update rule, as well as the feasibility of protocols such as
local tomography. The comparison with individual AMTs, such as “passive quantum
theory” characterised by measurements which cause no state update, allows us to
identify operational assumptions from which the Liiders rule can be derived. We
show that the repeatability of measurement outcomes is insufficient; a stronger
assumption on degenerate observables proves sufficient, at least for non-composite
systems. In the second part, we focus on support uncertainty relations in spaces
of prime dimensions. Tao derived a state-independent inequality which holds for
the support sizes of a pure qudit state in two bases related by a discrete Fourier
transform. We generalise Tao’s uncertainty relation to complete sets of (d + 1)
mutually unbiased bases in prime-dimensional spaces and investigate the sharpness

of the obtained lower bounds.
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Preface

Quantum mechanics emerged a century ago from the joint effort of many physicists,
driven by the goal to explain certain experimental observations that could not be
justified within the classical framework of physics. To address phenomena such
as the black-body radiation spectrum [68], the photoelectric effect [103, 126] and
the discrete frequencies in the spectrum of hydrogen [11, 155], it was necessary to
challenge long-established concepts about the nature of the Universe. Intuitions such
as the quantization of energy [69, 146] and the wave-like behaviour of particles [53]
provided the conceptual groundwork for the development of Heisenberg, Born, and
Jordan’s matrix mechanics [30, 31, 98], as well as Schrodinger’s wave mechanics [158].
However, it was von Neumann’s subsequent contributions that provided the theory
with a rigorous mathematical foundation. In his book [177], von Neumann outlines
a set of assumptions that, for the most part, make up the “standard” formulation of
quantum theory, as commonly taught in academic curricula.

Despite the experimental success of quantum theory, a fundamental debate
persists regarding its interpretation. There is still no unanimous agreement on
what its mathematical objects represent of the world. For instance, the role of
quantum states is a subject of contention: some assert that states are ontic, objective
attributes of the systems they describe, while others suggest that they merely encode
our epistemic knowledge about them [92].

The conceptual ambiguities within quantum mechanics can partly be attributed to
the abstract nature of its standard postulates. Rather than offering explicit physical
principles, these postulates associate quantum systems with separable Hilbert spaces
and define their dynamical and observable properties in terms of operators acting

on these spaces. Integral to the standard formulation is the projection postulate,
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12 PREFACE

also known as the collapse of the quantum state, state-reduction, or quantum jump.
This postulate introduces a seemingly abrupt and nonlinear update of the state of
a quantum system following a measurement. The so-called measurement problem
refers to the challenge of understanding the mechanism of the collapse (or whether
there is one and when it occurs), which seems to suggest a hard “cut” between
the quantum and classical realms [9]. The ontic and epistemic interpretations of
states offer distinct perspectives on the problem. If the state corresponds to an
objective property of the system, then the collapse must be a physical process,
and the resolution of the measurement problem hinges on comprehending how this
process takes place. Conversely, if the state encodes our knowledge about properties
of that system, then the collapse amounts to an update of our description of the
system, conditioned on the new information gained from the measurement.

The measurement problem is a central subject of research within the field of
quantum foundations, which seeks to clarify the structural properties of quantum
theory and address the conceptual challenges stemming from its non-classical charac-
ter. Notable achievements within this domain include proofs of quantum nonlocality
and contextuality [20, 21, 122]. These results have also found practical application
in the emerging domain of quantum information. Here, the computational power of
quantum theory and its potential for (secret) communication are studied to devise
algorithms and protocols that outperform their classical counterparts.

This thesis presents results from two research projects within the field of quantum
foundations. The following paragraphs will introduce the topics and provide a concise
summary of our contributions. For a more comprehensive understanding of the
motivations and results, readers are directed to the introductions at the beginning
of each part.

In Part I, we investigate the role of the projection postulate in quantum theory.
To do so in a systematic way, we construct foils of quantum theory that retain all the
standard postulates, except for replacing the collapse with alternative state update
rules. The “method” of juxtaposing quantum mechanics with structurally similar
models or embedding it in a set of foil theories has been successfully employed in the
past. Examples include Generalised Probabilistic Theories (GPTs) [16, 91|, ontological
models replicating certain features of quantum theory [167] and modifications of
quantum theory with non-linear time evolutions [26, 84] or with additional types of
measurement devices [3, 118-120]. In a similar way, by comparing quantum theory

to toy models with different post-measurement states, we aim to better understand
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the conceptual and practical consequences of the collapse in the standard postulates
of quantum theory. Furthermore, we look for operational principles that uniquely
isolate the Liiders collapse of quantum mechanics from all feasible alternatives.

Chap. 1 provides an overview and discussion of the standard postulates of quan-
tum theory. In Chap. 2, we explore passive quantum theory (pQT), which postulates
that measurements do not disturb the state of a system. Passive measurements
can be used to implement an individual state determination (ISD) procedure [33]
and were initially introduced in [3] as a hypothetical computational resource. Later,
they also appeared in [120] as stochastic eigenvalue readout devices (SERDs). The
connection between pQT and previous or concurrent independent work on hypo-
thetical measurement devices [3, 118-120] which enable the implementation of an
ISD procedure, is examined. By analysing the properties of pQT, one can explore
how the projection postulate shapes quantum theory. The collapse is shown to be
necessary for the operational equivalence of two different experimental procedures for
measuring observables on composite systems, thereby contributing to the emergence
of correlations between distant systems—and thus leading to nonlocality and allowing
for local tomography. The projection postulate also affects the ontology of quantum
states, as “passive measurements” render the state of a single system observable
[33, 119], which has implications for the interpretation of mixed states and the
computational power of the theory [3, 120].

Chap. 3 generalises the idea of pQT and introduces Alternative-Measurement
Theories (AMTs) through the concept of an update rule. We require update rules
to satisfy two constraints: (non-relativistic) no-signalling and context-independence
(which asserts that the post-measurement state is independent of the outcomes that
are not observed). In contrast to no-signalling, the reason for demanding context-
independence is not based on physical consistency. Instead, it is a property abstracted
from quantum theory, which restricts the possible behaviours of the foil theories.
We show that quantum theory can be isolated within the set of AMTs by imposing
the following two operational assumptions: (i) the outcome probability distribution
of an observable is not affected by a prior measurement of a coarse-graining of the
same observable (this effectively encodes a form of trade-off between the information
gained from measurements and the disturbance applied to states); (i) a measurement
on some subsystem ‘A’ with outcome represented by II, is operationally equivalent to
a measurement on the composite system ‘AB’ with outcome represented by II, ® I

(a property that we call “composition compatibility”). Alternatively, the Liders rule
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can be derived by the combined assumptions of (i) “strong indistinguishability”,
stating that a sequence of measurements performed on one or more subsystems
cannot distinguish between different preparations of the same joint state, and (i7)
“ideality”, according to which a measurement does not change the state of the system
if the outcome is certain.

In Part II, our focus will be on uncertainty relations. Preparational uncertainty
relations describe the impossibility of preparing a quantum system in such a way that
the uncertainties relating to two or more incompatible observables take arbitrarily
small values. Heisenberg’s relation [99] concerning the product of the variances
of position and momentum distributions is a notable example of preparational
uncertainty relation. Others include entropic inequalities [55, 178] and support
inequalities [64, 173]. In support inequalities, the uncertainty of a state with respect
to a basis is quantified by the support size, i.e. the number of non-zero expansion
coefficients of a Hilbert space vector expressed in that orthonormal basis.

Chap. 4 deals with an additive support uncertainty relation introduced by Tao
[173] which holds for the computational and Fourier bases in prime-dimensional
Hilbert spaces. Tao’s uncertainty relation finds applications in quantum foundations
[7, 51, 52] but also in signal processing and recovery [38, 39]. Our work establishes
that this inequality remains valid for any pair of bases selected from the standard
complete set of (d + 1) mutually unbiased (MU) bases existing in a Hilbert space
of prime dimension d. This result allows us to construct a generalised uncertainty
relation that encompasses the supports across all (d + 1) MU bases. The bound we
obtain appears to be sharp for dimension three only. Analytic and numerical results
for prime dimensions up to nineteen suggest that the bound cannot be saturated
in general. For prime dimensions two to seven, we construct sharp bounds on the

support sizes in (d + 1) MU bases and identify some of the states achieving them.



Part 1

Quantum theories with alternative

measurement postulates

15



Introduction

Experimental evidence for the state change of a quantum system induced by mea-
surements has been available since 1925. Using a cloud chamber, Compton and
Simon [44] studied the scattering of “x-ray quanta” by electrons. They discovered
that the angle characterising the path of the recoiling electron and the angle of the
photon scattering direction are strongly correlated. Knowing one of them is suffi-
cient to determine where the particles interacted. According to von Neumann [177],
this experiment implements two subsequent measurements of one single observable,
which outputs the spatial coordinate of the interaction locus. The measurements of
the angles can be carried out in arbitrary temporal order and in quick succession,
leading to identical results. The resulting deterministic repeatability is argued by
von Neumann to be equivalent to assuming the projection postulate: immediately
after measuring an observable with non-degenerate eigenvalues, a quantum system
will reside in the unique eigenstate associated with the observed outcome. This is
in stark contrast to classical mechanics, where measurements reveal pre-existent
properties of the probed systems without affecting their state, given by a point in
phase space.

The incompatibility between the linear, deterministic time evolution of states
and the non-linear, stochastic nature of the collapse induced by measurements is
commonly referred to as the measurement problem. Different interpretations of
quantum theory have been developed to try and resolve or “explain away” the
measurement problem. These include interpretations that do not require objective
“quantum jumps” (e.g. Many Worlds [57]), and others that try to describe them as
manifestations of a fundamental stochastic dynamical law that operates at all times
(e.g. GRW [83]).

16
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The work presented in this part of the thesis does not directly delve into the
interpretational issues surrounding measurements in quantum mechanics. Instead,

we adopt an operational approach to address three main questions:

1. What is the role of the projection postulate within quantum theory? In other
words, what are the conceptual and practical consequences of incorporating

the collapse in the set of postulates?

2. Do alternatives to the projection postulate exist that give rise to self-consistent

physical theories?

3. Are there collapse-dependent properties unique to quantum theory? In other
words, can we identify operational principles that distinguish quantum me-

chanics from alternative theories with different post-measurement states?

To explore these questions, we will construct foils of quantum theory in a precise
way: all standard postulates will remain unchanged, except for Liiders’ projection
postulate, which will be replaced by different rules for state updates.

The idea of constructing foil theories by modifying one or more axioms of
quantum theory has been applied in various contexts. For example, previous studies
have explored quantum-like theories with non-linear dynamical rules [5, 26, 71,
119, 151, 152, 179, 188], in contrast to the linear Schrodinger equation, or with a
different method for calculating outcome probabilities [79, 80, 82, 101]. The resulting
deviations from quantum mechanics have helped to illustrate the extent to which
quantum theory relies on the original postulate. One example is the work of Gisin et
al. [18, 85, 147, 163] who showed that nonlinear variants of Schrodinger’s equation
may enable superluminal communication between distant parties. However, the
fact that Gisin’s argument does not apply to all nonlinear transformations [45, 46,
71, 72, 101, 118-120, 151, 152] sparked further research on the potential inclusion
of nonlinear deterministic dynamics into quantum theory. Recently, Wilson and
Ormrod [182] demonstrated how the linear and unitary deterministic dynamics
of quantum systems can be derived from the assumption of “local applicability”,
provided the other standard postulates of quantum theory are in place.

In the more specific context of modifications to the projection postulate, we ac-
knowledge Kent’s causal quantum theory [116, 117] which posits that the Liiders collapse
is a well-defined physical process that satisfies strict local causality. Namely, only
measurements carried out in the causal past of a quantum system can affect its state.

Notably, the demand for self-consistency in causal quantum theory requires that the
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notion of observable be also adjusted: “sharp” observables cannot be probed, imply-
ing that all measurements are inherently fuzzy and imprecise. Furthermore, Kent’s
hypothetical readout devices [118-120] represent an alternative class of measure-
ments, introduced alongside standard quantum measurements. They are postulated
to reveal (complete or partial) information about the local state of a system without
disturbing its quantum state. The local state is defined to be the density operator
obtained after accounting only for the measurement events which have taken place
in the causal past.

In analogy with causal quantum theory, the foil theories presented in this docu-
ment make distinct predictions from standard quantum mechanics due to a funda-
mental revision of the rule for state updates. However, they serve different purposes.
Causal quantum theory aims to reconcile locality with the observed violation of
Bell’s inequality in a way that can be potentially tested experimentally, and proposes
a specific solution to the measurement problem, involving the collapse as a physical
reality. In contrast, our toy models are not intended as post-quantum theories
but rather function as hypothetical tools to explore the role and uniqueness of the
collapse, as expressed by the three questions outlined earlier.

Conceptually, our approach is inspired by the success of applying a similar
strategy to foundational topics in quantum theory using Generalised Probabilistic
Theories (GPTs) [16, 91]. They contain both quantum and classical mechanics as
special cases, among other hypothetical but structurally similar theories. Features
such as the no-cloning theorem [14, 16], steering [170] or uncertainty relations [141]
can also be derived for these no-signalling foil theories. Interestingly, GPTs may
exhibit correlations stronger than those produced by quantum theory [148], and
constructions other than the traditional tensor product can be used to describe
composite systems [110, 181]. By understanding the specific options realised in
quantum theory, one hopes to explain why nature seems to “prefer” those options
over others.

To address the first of the three questions, we will discuss a toy model called passive
quantum theory (pQT) which assumes that measuring any observable causes no state
update. In this model, non-collapsing measurement devices, as introduced in [3],
replace standard quantum measurements rather than augmenting them. Consequently,
repeated measurements of the same observable yield outcomes according to the same
probability distribution. Although pQT shares many features with standard quantum
theory, it is manifestly different from it. As a foil theory, pQT does not aim to
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reproduce quantum theory, unlike unitary models that try to eliminate the need for
a projection postulate. Passive measurements have far-reaching consequences, both
from a conceptual and an applied point of view. Suspending the collapse highlights
the subtle ways in which the projection postulate shapes quantum theory. In fact,
some concepts of quantum theory turn out to be equivalent as a result of the non-
trivial state update described by the Liiders projection. For instance, “proper” and
“improper” mixtures can be distinguished by non-collapsing measurements [33, 119].
As a consequence, density operators do not always provide a complete description of
the observable properties of a system. Furthermore, there exist distinct experimental
procedures to measure local observables which are equivalent in quantum theory
but lead to different joint outcome probabilities in pQT. In particular, without the
projective state-update after measurements, spatially separated parties may not
register nonlocal correlations, making passive quantum theory a fully local theory.
However, it still cannot be reproduced by a non-contextual hidden variable model.

The passive measurements of pQT represent an alternative to the projection
postulate that results in a self-consistent, no-signalling quantum-like theory [119,
120]. To address the second question and explore what other postulated measurement
behaviours give rise to operationally valid alternatives to quantum theory, we
will formalise the concept of an update rule based on a small set of operational
assumptions. An update rule serves as a map that describes how states transform
following a measurement on any given system. We will use this concept, along
with the remaining postulates of quantum theory, to construct the framework of
Alternative-Measurement Theories (AMTs). Both pQT and quantum theory—despite
not being an ‘alternative’—are examples of AMTs.

To address the third question, we will consider the entire framework of AMTs,
rather than individual toy models. Our investigation aims to determine whether
the properties identified through the comparison with pQT, which rely on the
collapse, are unique to quantum theory (and therefore equivalent to assuming the
standard projection postulate) or more commonly found within AMTs. We will show,
in accordance with results in [37, 50|, that the combination of two assumptions,
namely the (strong) indistinguishability of preparations and ideality, precisely define
quantum theory within the AMT set. A comparable argument cannot be made for
deterministic repeatability alone, as indicated by the differing predictions between
the Liiders rule of quantum theory and von Neumann’s original projection postulate.

However, we will prove that the Liiders rule for single systems can be derived uniquely
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by imposing a trade-off between the information gained from measurements and the
resulting disturbance applied to the systems.

Besides identifying operational principles that can distinguish the quantum
mechanical update rule from all possible alternatives, our approach suggests exploring
toy models capable of faithfully reproducing quantum measurements. We will show
that “linear” AMTs constitute a class of “mutually simulable” theories. That is, any
AMT characterised by an update rule giving rise to linear instruments can reproduce
the experimental predictions of quantum theory, despite being manifestly different
from it.

Part I of the thesis is organised as follows. Chap. 1 provides a brief discussion
on the standard axiomatisation of quantum theory and introduces the concept of
instruments, which will play a key role in the subsequent two chapters. Additionally,
we examine the apparent incompleteness of the standard set of axioms and review
some of the main criticisms that have been raised in the past.

In Chap. 2, we describe passive quantum theory (pQT) and conduct a comprehen-
sive comparison with quantum theory to elucidate the extent to which its properties
rely on the standard measurement postulate. A key distinction between the two
theories is the possibility in pQT to observe the state of an individual system. The
idea of states being observable properties has been explored in the past; therefore, we
begin the chapter by reviewing earlier work on the topic and its connection to pQT.
We corroborate that passive quantum theory provides a consistent no-signalling foil
of quantum theory that is not locally tomographic. However, we find that it is able
to “simulate” standard quantum measurements, provided that some operational
restrictions—such as a finite time delay for the “projection” to occur—are satisfied.
Additionally, we present a deterministic and local hidden variable model which is
compatible with the predictions of pQT, and we review how the modification of the
axiom changes the computational capabilities of the theory.

In Chap. 3, we formalise the concept of an update rule and use it to define
Alternative-Measurement Theories. We examine and justify the basic assumptions
underlying the AMT framework, namely context-independence and non-relativistic no-
signalling, and we motivate why complete positivity is unfit to construct a framework
of theories where the state updates can be nonlinear. Within each AMT, we define
generalised instruments and observables, allowing us to describe how one AMT can
simulate measurements of another AMT. We then show that ideality, completeness

of the density matrix description and information-disturbance trade-offs can serve
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as operational properties from which the quantum mechanical update rule can
be derived. We also discuss how our work aligns with-—and differs from—earlier
works deriving the mathematical description of deterministic transformations of
quantum states [182] or of quantum measurements [76, 132, 168] from a small set
of assumptions. The AMT framework remains largely unexplored, and Chap. 3
concludes by discussing potential avenues for future research. These include the
search for a “nonlinear” AMTs (or proving its non-existence) that can simulate
quantum mechanics, exploration of how local tomography and restrictions on multi-
partite correlations impact the set of toy models, and the generalization of core

concepts to different mathematical structures, such as that of GPTs.
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Quantum theory with collapsing

measurements

The goal of this chapter is to offer a concise overview of the standard postulates of
quantum theory. After presenting their content (Sec. 1.1), we will take a closer look at
the role of measurements (Sec. 1.2). In particular, we will compare the Liiders collapse
with von Neumann’s original projection postulate and we will address the formulation
of the theory in terms of generalised measurements (or POVMs). Channels and
instruments will then be introduced as tools to describe the deterministic and
probabilistic transformations of states, respectively (Sec. 1.3). Moreover, we will
survey some common criticisms of the standard Copenhagen-type framework and
explore efforts to establish alternative axiomatisations (Sec. 1.4). The chapter
will conclude with a section on the role of foil theories in investigating the unique
properties of quantum mechanics (Sec. 1.5).

Throughout this document, we will be using standard concepts such as bounded
operators L € L(H) on a complex, finite-dimensional Hilbert space H, self-adjoint
operators M € L (H), projectors I € P(H), unitaries U € U(H) and density
matrices p € S(H). A list of definitions can be found in Appendix A.1.

1.1 The standard postulates of quantum theory

The mathematical description of a physical system typically starts with specifying the
states it might reside in as well as their time evolution. It is also necessary to indicate
how observable quantities are represented in the theory and how composition of

systems is described. Finally, the theory must be connected with observations made

22
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by measurements so that theoretical predictions can be compared to experimental
data.

The set of postulates presented in this section, often referred to as the standard
formulation of quantum theory in finite dimensions, builds upon von Neumann’s
axiomatisation of 1932 [177]. While the precise number of postulates may differ
across sources [112, 140, 149], they all share the common framework of describing the
theory in terms of complex Hilbert spaces and the associated operators. The first four
axioms establish the mathematical stage, while the last two regulate the probabilistic

occurrence of measurement outcomes and the conditional post-measurement states.

(S) To every physical system there corresponds a complex, separable and finite-
dimensional Hilbert space, H = C¢, and the states correspond to rays [¢)) € H
or, more generally, to density operators p € S(H).

(T) Reversible transformations, including the time evolution of quantum states,

are described by unitary maps of the form p — UpUT, with U € U(H).

(C) The state space of a composite system is obtained from tensoring the Hilbert

spaces describing its constituent parts.

(O) Observable quantities are represented by self-adjoint operators M € L (H).
The eigenvalues m, of M represent the possible outcomes of a measurement of

the corresponding observable.

(P) The probability that a measurement of the observable represented by M returns

the outcome m,, is given by the Born rule

p(m.) = Tr (IL, p) (L1)

where II, € P(H) projects onto the eigenspace of M with eigenvalue m, and p

is the state of the system when the measurement happens.

(ML) If a measurement outputs the outcome m,, then the pre-measurement state
p € S(H) is updated to the normalised post-measurement state according to

the Liiders rule w':

I, pII
Mg L x x
Ky wh (T, p) = —22 2 1.2
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1.2 Quantum measurements

1.2.1 The measurement problem

When viewed as a physical theory describing an objective reality independent of the
observer, quantum mechanics appears to be incomplete in the following sense. A
realist perspective suggests that measurements should be regarded as an “emergent”
phenomenon, resulting from the the chain of interactions between a “measured”
system and the physical constituents making up a “measuring” apparatus. To simply
assume the probabilistic nature of measurements and their influence on states—
Axioms (0), (P) and (M‘Y)—, without providing an explanation of how these features
emerge from more fundamental interactions, is an indication of this incompleteness.
One can argue that the issue of incompleteness does not arise if the formalism is
viewed operationally, i.e. as a mere toolset for obtaining (objective or subjective)
probabilities about future experiments.

The so-called measurement problem captures, at least in part, this enigma. It
refers to the question of how to reconcile the linear time evolution of states with
the observed definiteness of measurement outcomes. According to Axiom (MY), a
measurement causes a superposition of states to collapse to a single definite state.
However, assuming an irreversible collapse merely shifts the problem to how to
reconcile the unitary dynamics of the Schrodinger equation with the seemingly
instantaneous projection occurring during the measurement process.

Numerous attempts have been made to address the measurement problem. They
usually fall into two categories: interpretational attempts, which propose alternative
interpretations of quantum theory without altering its predictions, or modifications of
quantum theory, which suggest changes or additions to the mathematical formalism.
Among the proposed solutions, we acknowledge the Many-Worlds interpretation
[57], which posits that the wave function never collapses, and instead, the observer
and the observed become entangled in a larger system. Other approaches, such as
quantum decoherence [157], argue that interactions between a quantum system and
its environment give the appearance of wave function collapse. Objective collapse
theories [17, 19, 83] suggest modifying quantum mechanics in such a way that it
includes a mechanism for spontaneous wave function collapse. However, opinions
about the proposed solutions remain divided, and the measurement problem continues

to be an active area of research.
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The work presented in this document does not delve into the complexities of
the measurement problem. Instead, our objective is to explore the implications and
distinctive features of the projection postulate. To achieve this, we will construct foil
theories by substituting Axiom (M‘) with (MP) and (M), introduced in Chap. 2 and
3, respectively. Therefore, measurements will continue to be considered a primitive

concept in the toy theories generated through our approach.

1.2.2 Liiders’ and von Neumann’s projection postulates

Modern formalisations of quantum theory generally employ the projection postulate
as presented by Liders in 1950 [128], rather than the version introduced by von Neu-
mann in [177]. Von Neumann’s postulate, in fact, failed to identify post-measurement
states following the measurement of a degenerate observable, i.e. where at least one
eigenvalue has multiplicity greater than one. The original collapse postulate can be

formalised as follows:

(MYN) If a measurement of a non-degenerate observable represented by M outputs
the outcome m,, then the pre-measurement state is updated with the unique

eigenstate of M associated to m,.

In [177], von Neumann describes the outcome degeneracy of quantum measurements
as resulting from classical post-processing of more fundamental non-degenerate
measurements. In other words, according to von Neumann, one does not directly
implement a measurement of a degenerate observable M; instead, a measurement of
a non-degenerate refinement M’ commuting with M is carried out, and the outcomes
are coarse-grained. However, this approach presents a challenge: for any given
degenerate observable, there exist infinitely many possible refinements, leading to
an infinite number of possible post-measurement mixtures. For example, given any
orthonormal basis {|e;)}%_, of H, the observable M’ = % | \j|e;){e;], with A; € R
for all ¢ and \; # \; for i # j, is a refinement of the identity, M = 1.

The lack of an unambiguous assignment of output states in the degenerate case was
the primary reason that led Liiders to introduce his revised postulate. With Axiom
(MY), Liiders preserves the observed repeatability of measurement outcomes while
introducing a trade-off between the information acquired from the measurement
and the irreversible “disturbance” imposed on the system. Liiders justifies this
replacement by considering the special case of a trivial measurement represented by

the identity I, which, according to von Neumann, significantly disturbs the system
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to the extent that it can result in any state, while simultaneously providing no
information about its initial preparation. In contrast, Liiders’ axiom ensures that

measuring I is operationally equivalent to not performing any measurement.

1.2.3 Generalised measurements and POV Ms

Some versions of the standard postulates prefer to adopt the broader notion of

generalised measurements—or generalised observables—to characterise observable

quantities of quantum systems. The ensuing axiom, taken from [140], would then

read

(g0) Observable quantities are represented by collections M = { M, },. of measurement
operators M, € L(H) satisfying the completeness equation 3, MIM, = 1. Each
M, corresponds to a possible outcome of a measurement of M.

The Hermitian operators appearing in (O) form the strict subset of sharp observables

[37]. We will often denote sharp observables by the corresponding set of orthogonal

projectors, rather than by the Hermitian operator.

There exists a close relationship between generalised measurements and Positive
Operator-Valued Measures (POVMs), i.e. collections {E, }, of effects, positive semi-
definite operators E, > O that sum to the identity >, F, = I;. To each generalised
measurement, in fact, there corresponds a unique POVM via the relation £, = MM,
for all x.

For generalised measurements, the Born rule reads

p(z) = Tr (MM, p) , (1.3)
whereas the Liiders rule is written as
v MypM]
pr—r —————. (1.4)
Tr(MiM, p)
If instead POVMs are postulated, then the Born rule is modified accordingly,
p(x) =Tr (Eup) | (1.5)

but no equivalent of Liiders rule can be specified only using the POVM elements.
POVMs are often preferred in scenarios where the post-measurement state is of no
interest.

Naimark’s dilation theorem [138, 144]| shows that any generalised measurement

can be modelled by performing a sharp measurement on an ancilla after it has been
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coupled to the original system by some unitary operator. Therefore, assuming (gO)
is not necessary. Axiom (O) is sufficient to capture the richness of the quantum
mechanical measurement process.

The possibility to define observable quantities in different ways plays a crucial
role in Gleason-type theorems. Gleason’s theorem [86] from 1957 represents an
attempt to derive some of the standard postulates of quantum theory from the
others, along with more intuitive assumptions.! The theorem shows that the state
space of quantum theory (S) and the Born rule for outcome probabilities (P) can be
derived for dimensions d > 2 from Axiom (O) and a simple operational definition of
states in terms of probability assignments. Gleason-type theorems aim to generalise
this result by including qubits. However, all known generalisations rely on stronger
assumptions concerning observables, such as (gO) or other related assumptions that

include specific classes of unsharp observables [34, 41, 76, 186].

1.2.4 Measurements on subsystems

The Liiders postulate (M') introduced in Sec. 1.1 describes the state change of a

single quantum system H 4 as a result of a measurement performed on it,

I, pII,

T (1.6)

wh (I, p) =

We will use subscripts to indicate the system for which the transformation yields the
output state. In the case of a generic single system, we will use the label ‘A’.

Eq. (1.6) does not address, however, what happens to a composite system following

a measurement on one of its constituents. In other words, the map does not describe

the state change of a quantum system as a result of a measurement performed on a

possibly distant, entangled system. Normally, one “extends” wl; to a rule wl for

bipartite systems H4 ® Hp in the following way. Given an initial joint state pap, a

measurement performed on subsystem ‘A’ with outcome represented by I, € P(H.4)

induces a state-update of the form

(I, ® Ip) pap (I, ®1p)
Tr (I, ® I pas)
Naimark’s theorem can be regarded as an example of such effort, allowing (gO) to be replaced

by (O). In a similar spirit, a recent paper by Wilson and Ormrod [182] shows that (T) can be

replaced by an assumption of “local applicability” for deterministic transformations; although it
remains debatable whether “local applicability” is a more intuitive assumption.

pag — whg Iy, pap) = (1.7)
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Similar expressions account for measurements on Hp and, more generally, on any
component of an arbitrary composite system.

In our notation, why : P(Ha) X S(Ha ® Hp) — S(Ha @ Hp) represents the
complete Liiders rule that describes how states in quantum theory update following
measurements on a subsystem. The subscript denotes the composite system for which
the output state is returned, while the constituent on which the measurement is
performed can be inferred from the Hilbert space on which the projector I1, € P(H)
representing the outcome is defined.

The single-system projection of Eq. (1.6) is implied by Eq. (1.7). Let ps =
Trp(pap), then

wh (I, pa) = Trp [whip (e, pa)] - (1.8)

Furthermore, notice the following property of the Liiders rule: for arbitrary

I, € P(H4) and joint states pap, we can write

WE&B (Hwa IOAB) = WE{B (HZB ® ]L pAB) ; (19)

where ‘AB’ on the right-hand side is regarded a single system, since II, ® T €
P(Has ® Hp). In other words, the maps on the left- and right-hand sides of Eq.
(1.9) are not the same: the first is defined on P(H4) X S(Ha ® Hp) and describes a
measurement on subsystem ‘A’, whereas the second acts on P(HAQH ) XS(HAQHp)
and describes a measurement on ‘AB’. Therefore, in quantum theory, a measurement
on subsystem ‘A’ with outcome represented by II, is operationally equivalent to a
measurement on the composite system ‘AB’ with outcome represented by II, ® I.
Both scenarios lead to the same update of the joint state.

Eq. (1.7) provides a natural but not unique way to extend Eq. (1.6) to composite

systems. For example, the mapping

Whas (I, pag) = wh (I, Trp (pag)) ® Tra (pas) (1.10)

assigns different post-measurement states to composite systems while still being

compatible with the Liiders projection for single systems,
wh (I, pa) = Trp [Whp (s, pa)] - (1.11)

We conclude that the standard axioms of quantum theory, in the form presented
in Sec. 1.1 which can be found in [140, 149], are incomplete from an operational
standpoint. To describe quantum mechanical state updates in both single and

composite systems, Axiom (M') needs to be replaced by a more general axiom:
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(Mg) If a measurement on system ‘A’ outputs the outcome x, then the joint pre-
measurement state psp of the composite system ‘AB’ is updated to the nor-

malised joint post-measurement state according to the Liiders rule w':

(I, ® Ig) pap (II, @ 1p)

1.12
Tr (Il, @ I pas) (1.12)

pag — Whg (s, pap) =

By extending the Liiders projection to composite systems, we can more easily for-
mulate certain properties of quantum theory, such as (non-relativistic) no-signalling.
For all pap € S(Ha ® Hp) and all observables? {II,}, on H.,

> p(z) Tra [th (HamOAB)] =Try (paB) (1.13)

describes the fact that un-conditional measurements on subsystem ‘A’ do not alter
the reduced state of (the possibly distant) subsystem ‘B’ A similar equation accounts
for measurements on subsystem ‘B’. Consequently, “local” measurements on quantum

systems cannot be used to send signals to distant parties.

1.3 Quantum operations

In quantum theory, a state will change either due to unitary evolution or to measure-
ments. The overall effect of any sequence composed of deterministic and probabilistic
transformations, possibly executed with the mediation of ancillary systems, can be
modelled by a quantum operation. It is a mapping from the set of density operators
S(H) to the set of sub-normalised states

SH)={pe L(H):p>0,0<Tr(p) <1}. (1.14)

Different realisations of the same state p cannot be distinguished by unitary trans-
formations or quantum measurements. Any operation N, in fact, preserves convex

combinations,
N N
N (ZPz’ﬂi) =Y N (p) (1.15)
i=1 i=1

for all p; € S(H) and 0 <p; <1, ¥, p; = 1. A mapping N satisfying Eq. (1.15) has
a unique linear extension to £(H) and, in fact, operations are usually defined on

this larger space [97].

2 As mentioned in Sec. 1.2.3, we will often denote sharp observables by the corresponding set of
orthogonal projectors, rather than by the associated Hermitian operator.
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Definition 1. A mapping N on L(H) is a quantum operation if it is
o linear: N(ciLi+caLls) = ¢y N(Ly)+co N (Ly), for all ¢;, ¢y € C, Ly, Ly € L(H);
o completely positive: the map N ®Z on L(H @ H') is positive for all finite

dimensional extensions H’;

o trace non-increasing: Tr]N(L)] < Tr(L) for all L € L(H).

1.3.1 Channels

The set of quantum channels is defined as the strict subset of quantum operations
that are trace-preserving, Tr[N(L)] = Tr(L). They represent the most general
deterministic transformations of quantum states. Throughout the document, we will
denote channels with the letter 7. Stinespring’s dilation theorem [144, 171] asserts
that for any channel 1 there exists a Hilbert space Hg, a (pure) state £ € S(Hg)
and a unitary operator U € U(H @ Hg) such that

n(p)=Trp [Upe U . (1.16)

This means that every channel can be understood as the result of an interaction
between the system and a suitable environment. Furthermore, there are multiple
experimental setups that can give rise to the same channel, as the corresponding

dilation (Hg,U,§) is not unique.

1.3.2 Instruments

Instruments serve as a valuable tool for describing the effect on the state of different

strategies to measure an observable.

Definition 2. Let M = Y .x m.Il, be an observable of H. A M-compatible

quantum instrument is a collection of maps {w, }.cx such that

e For each z € X, w, is a quantum operation;

o Trlw.(p)] = Tr(Il,p) for all p € S(H).

Note that an instrument is usually defined as a mapping from an outcome space
(X, ) to the set of quantum operations [97]. However, since we will only deal with
discrete observables, a compatible instrument is completely determined by the finite

set of operations described in Def. 2.
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If a measurement of M is performed on the quantum state p, the resulting un-
normalized post-measurement state conditioned on the outcome m, is represented
by w.(p). The un-conditional output state is instead given by wx(p) = Y, x wa(p),
where wy defines a quantum channel. If a measurement of N = 3=, -y n,II, is
performed immediately after the measurement of M, the joint sequential probabilities

can be expressed as
p(01 = Mgy, 02 = ny) = Tl”[Hy wx(p)] ) (1‘17)

where 0; and oy denote the random variables corresponding to the first and second
outcomes of the time-ordered sequence, respectively. For each observable M, there
are infinitely many M-compatible quantum instruments that describe different
post-measurement states for the system.

The Liders instrument holds a significant place in quantum theory. For any (not
necessarily normalised) state p and any outcome I, of a sharp measurement, it is

composed of maps of the form
wh(p) =1, pIl, . (1.18)

When convenient, we will use the operator II, as a subscript, rather than the label x,

i.e. wr, (p). The Liiders instrument is related to the Liiders rule for single systems

wh appearing in (Mb)—cf. (1.2)—via

W(p) = Tr (ILp) wt (Tr’gp)) , (1.19)

where we set wt(O) = O, with O being the zero operator. Note that the single-system
Liiders rule wt was only defined on normalised states, thus the need to divide by
the trace of p € S(H). While w' is nonlinear over S(#), the associated instrument
map w' in Eq. (1.18) is obviously linear.

A theorem by Ozawa [97, 142], which follows from Stinespring’s dilation theorem,
justifies thinking of the Liiders instrument as the fundamental description of the
operational effects of quantum measurements, in line with its status of axiom of the

theory. Before stating the result, we need to define the notion of a measurement

model [97].

Definition 3. Let M = {M, }, be a generalised observable on a system associated

with the Hilbert space H. Let Hg be a Hilbert space (associated to an ancillary



32 CHAPTER 1. QUANTUM THEORY WITH COLLAPSING MEASUREMENTS

system), £ € S(Hg) a pure state, U € U(HOHE) and N = Y., ny|n,)(n,| € Ls(HE).
The quadruple M = (Hg, &, U, N) is a measurement model of M if it satisfies the

probability reproducibility condition,
Tr (1 |na)(n.|) U (p@ &) UT| = Tr (MM, p), (1.20)
for all p € S(H) and M, € M.

Ozawa showed that for any quantum instrument {w, }, compatible with some
generalised observable M = {M,},, there exists a measurement model M =
(Hp,& U, N) of M such that

wa(p) = Trp [(1@ [na)(na|) U (p @ &) U (1@ |ny) ()| (1.21a)
= Trg (g ny ) (Up®EUT)] | (1.21D)

Eq. (1.21b) implies that all quantum instruments, whether they describe sharp or
unsharp measurements, can be obtained by carrying out a sharp Liiders measurement
on an ancilla that is suitably coupled with the system. Therefore, not only is it
sufficient to consider sharp observables as fundamental (see Sec. 1.2.3), but also the
Liiders projection (M%) is sufficient to capture the full range of quantum instruments.
A theorem due to Hayashi [94, 97| reinforces this idea, showing that every quantum
instrument compatible with a discrete (generalised) observable M = {M_}, can be
expressed as a post-processing of the state obtained from a Liiders measurement of
the same observable,

Wy =1y 0wk, (1.22)

where {n,}. is a set of outcome-dependent quantum channels.

1.4 Alternative axiomatisations

Quantum mechanics has been remarkably successful in explaining experimental
observations at small scales. However, the standard postulates do not provide a
physical explanation for its empirical success. They associate mathematical objects
with physical quantities without identifying underlying physical principles that would
justify this connection.

Numerous attempts have been made to formulate quantum theory in different

terms. Von Neumann and Birkhoff developed “quantum logic” as a logical foundation
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for quantum theory [28]. Their approach, however, did not eliminate—or justify—
the underlying Hilbert space structure. More recently, researchers have turned
to information-theoretic [42, 49, 91, 133] or operational [129, 131] approaches to
identify fundamental principles that could serve as the basis for quantum theory.
None of these efforts has gained sufficient traction to replace the established Hilbert
space-based formalism as the standard formulation of quantum mechanics.

The separate treatment of space and time in quantum mechanics has also been
the subject of criticism. The Sum-Over-Histories approach [73], which is central
to the interpretation of quantum mechanics known as quantum measure theory [43,
65, 165], is based on concepts such as events and histories that are defined on the
four-dimensional manifold of spacetime. By taking special relativity into account
from the outset, quantum measure theory seeks to reframe quantum theory in the
language of logic, without relying on the Hilbert space setting and its resulting view
of a state as a description of a system in three-dimensional space evolving with
respect to absolute time via Schrodinger’s equation. Despite these efforts, a complete
characterization of quantum theory in measure-theoretical terms has not yet been

achieved.

1.5 Beyond quantum theory

It remains unclear which properties of quantum theory can be deemed genuinely
non-classical, and why Nature appears to exclude “superquantum” features. To
try and investigate the distinctive characteristics of quantum theory, it is useful to
embed it in a larger family of theories that are structurally similar.

The framework of Generalised Probabilistic Theories (GPTs) introduces opera-
tional theories defined by their own sets of states (S), observables (O), and rules
for system composition (C). Properties such as the no-cloning theorem, uncertainty
relations or teleportation were shown to hold for some GPTs as well. Many models,
importantly, exhibit superquantum correlations, e.g. Boxworld [89], and one can
define GPTs that share the same set of correlations with quantum theory [185].

Another approach consists of ontological models which assume that all properties
of a system at any given time are determined by an objective, observer-independent
“ontic state” (encoded in “hidden variables”). Outcome probabilities typically emerge

from the inaccessible nature of the ontic state, in constrast with operational theories
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in which probabilities represent a primitive concept. Thus, the quantum state of
a system corresponds to a probability distribution over the underlying ontic space.
Spekkens’ toy model [167] is a prominent example of a hidden variable theory that
replicates many features that are generally regarded as quantum, including the
complementarity of observables, remote steering, teleportation, superdense coding
and interference phenomena [40, 93]. It does not, however, replicate nonlocal
correlations, contextuality or the computational speedup over classical algorithms
[124]. Spekkens’ theory continues to be a subject of active research.

Constructing foil theories by modifying specific postulates of quantum theory
has been instructive to reveal which features of the theory depend on which of its
underlying assumptions. Examples include modifications of the Born rule (P) [79,
80, 82, 101], substitution of the standard tensor product used in (C) with minimum
or maximum tensor products [15, 110] and restriction of the observables in (O) to
PT-symmetric [23] or normal [154] operators. Other examples involve formulating
quantum theory over different number fields, such as the real numbers [153, 172] or
quaternions [74]. Kent’s causal quantum theory [116, 117] represents an attempt to
modify the projection postulate (M) in a way that rules out any “spooky action
at a distance” while maintaining the same local predictions as standard quantum
theory. Additionally, readout devices [118-120] exemplify types of measurements that
can be consistently added to (or replace) the standard collapse-inducing quantum
measurements. In particular, supplementing standard quantum measurements with
non-collapsing ones has been shown to provide computational and communication
advantages [2—4, 137].

Nonlinear generalisations of Schrodinger’s equation (cf. (T)) have been suggested,
most notably in Weinberg’s work [179] which, according to Gisin [85] and Polchinski
[147], allows for superluminal communication. Gisin argues [18, 163] that, in order
to avoid superluminal signalling, the dynamics of quantum systems must necessarily
be described by completely positive linear maps on density matrices. However,
nonlinear transformations do exist [45, 46, 71, 72, 101, 119, 120, 151, 152] that do

not lead to signalling, suggesting a re-examination of Gisin’s argument.
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A quantum theory with non-collapsing

measurements

In this chapter, we will introduce and explore “passive quantum theory” (pQT), a foil
of non-relativistic quantum theory defined by measurements that do not alter the state
of a measured system (Sec. 2.1). Before describing the modified measurement process
in more detail (Sec. 2.3), we embed pQT in the context of earlier work introducing
hypothetical measurements allowing one to observe the state of an individual system
(Sec. 2.2). Next, we will turn to exploring differences and similarities of pQT
with quantum theory. The comparison aims at highlighting aspects of quantum
theory that depend on the standard projection postulate. Specifically, we investigate
the operational equivalence of two different strategies to measure observables on
composite systems (Sec. 2.3.2), the modified ontology of states (Sec. 2.4), nonlinear
state transformations (Secs. 2.5 and 2.7), locality and contextuality (Secs. 2.8 to

2.10) and the computational power of the foil theory (Sec. 2.11).

2.1 The postulates of passive quantum theory

Passive quantum theory (pQT) is defined by the same set of postulates as quantum

theory (see Sec. 1.1), namely (S), (T), (C), (O) and (P), ezcept for the Liiders rule

(MY). We replace (MY) by the postulate (MP) which defines passive measurements,

denoting pure states in pQT (or p-states) by [1).

(MP) A system resides in the same p-state [)) before and after measuring an observ-
able.

35
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It is sufficient to consider pure states to account for the modified measurement
behaviour. The generalisation to density operators is implied and will be addressed
in Sec. 2.4.

Measurements in pQT provide information about the state of a system in the form
of a single outcome, as they do in quantum theory. They are, however, fundamentally
passive in the sense that the trivial update rule (MP) causes no disturbance to the
system.! With only one type of time evolution, the toy model does not exhibit the
tension between the unitary dynamics of a quantum system and its probabilistic
evolution due to measurements.? Nevertheless, a substantial part of the measurement
problem persists in pQT: Axiom (T) cannot explain the emergence of measurement
outcomes as postulated in (O); it remains unclear when and why a measurement
actually happens.

The foil theory pQT does not represent an interpretation of quantum theory,
as its predictions differ. Proposals of unitary quantum mechanics, such as modal
interpretations [60], Bohm’s theory [29] or the relative-state approach [57], aim to
eliminate the projection postulate but do not change the predictions of quantum
theory.

Replacing (MbY) by (MP) has the striking consequence that p-states become
observable (see Sec. 2.3.1). We will now review earlier contributions where, in one
way or another, both the hypothetical means to observe a quantum state and the

implications thereof are discussed.

2.2 Unconventional measurements: a review

In his 1997 paper [33], Busch imagines the existence of a procedure called individual
state determination (ISD) which allows one to directly observe the state (i.e. the
density operator) of an individual quantum system. Drawing on earlier work on
state discrimination [59, 106, 109, 145], the consequences of an ISD procedure are
explored, highlighting the clashes with standard quantum theory that result.

In quantum theory, it is impossible to reliably discriminate between non-orthogonal

states when a single system is provided, and the state-update rule prevents infor-

!The possibility of non-collapsing measurements was listed by von Neumann [177] as early as
1932 as one of three possible reactions of a physical system to a measurement.

2 Replacing (MY) with (MP) differs from augmenting quantum theory with (MP), which would
lead to yet a different theory with three competing “time evolutions”: (T), (M‘) and (MP).
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mation about a system being gained without affecting its state. In contrast, an
ISD procedure would allow one to unambiguously identify any state in a set of
unknown non-orthogonal pure states. Proper mixtures, resulting from incomplete
knowledge about the preparation of a system, would no longer be fundamental: any
prior uncertainty about the ‘real’ state of an individual system can be eliminated
using an ISD procedure. The possibility to discern between two preparations of
the same mixed state p implies that density operators provide only an incomplete
description of a system [33]. Carrying out an ISD procedure on a subsystem of
an entangled system would reveal the mixed reduced state. Therefore, improper
mixtures, which arise from entanglement with other systems, are observable just
as pure states are [33]. Busch also points out that combining the ISD procedure
with standard collapse-inducing measurements allows distant parties to communicate
superluminally fast.

Throughout, Busch only considers the case of quantum theory augmented by
an ISD procedure. It is instructive to consider an “ISD-only” version of the theory,
in which standard quantum measurements are absent. In such a theory, signalling
between distant parties is not possible, but one can still distinguish between proper
and improper mixtures and discriminate between unknown non-orthogonal states.

The passive measurements of pQT can be used to implement an ISD procedure.
Busch briefly mentions measurements “with no state changes” [33, p. 7] as a possible
method to observe a quantum state, though this is unfeasible in standard quantum
theory. In line with Busch’s argument, passive measurements can be introduced at the
expense of fundamentally changing quantum theory. Consequently, the implications
he describes, e.g. the revised role of mixed states, also apply to pQT—except for
the fact that distant parties cannot use passive measurements to communicate (see
Sec. 2.7). In other words, pQT can be regarded as a “realisation” of the “ISD-only”
version of quantum theory. That being said, the goal of exploring pQT in preparation
for the more general treatment of AMTs differs from the thrust of Busch’s paper,
which is to show how a hypothetical (unspecified) ISD procedure violates accepted
properties of standard, unmodified quantum theory.

Given access to a source of classical randomness, any ISD procedure allows one to
effectively simulate passive measurements, albeit with an inevitable time delay (see
Sec. 2.6). To do so, one first observes the state of an individual system using ISD.
Next, one calculates the associated probability distribution and randomly selects

one outcome based on that distribution. This procedure takes finite time, even if
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done for a second run when the probability distribution is already known. Similarly,
an ISD procedure can be simulated in pQT to arbitrary precision in a finite time
interval since a finite sequence of tomographically complete passive measurements
will reveal the (approximate) state of a system. However, an infinite sequence of
measurements is necessary for ezact state reconstruction (Sec. 2.3.1).

In 2005, Kent showed that nonlinear transformations of quantum states do not
necessarily imply superluminal signalling [119], in contrast to Gisin’s argument [18,
85, 147, 163]. The argument is based on a hypothetical state readout device (SRD),
i.e. a measurement device capable to extract the local state of an individual system
without disturbing it. As outlined in the Introduction, the local state denotes the
reduced state of the subsystem accessible to one party subsequent to all (standard,
collapse-inducing) measurements conducted on it or on any system entangled with it
within its causal past. In essence, a measurement performed on another space-like
separated part of the system updates the quantum state of the accessible subsystem—
as prescribed by the projection postulate—but it does not update the local state
instantly. The update only happens once sufficient time has elapsed for a light-speed
signal to propagate between the systems. Consequently, the quantum state and
the local state of a system may temporarily diverge. Thus, the SRD represents one
way among others [45, 46, 71, 72, 101, 151, 152] to implement a nonlinear time
evolution that is not ruled out by Gisin’s argument. In fact, by letting the known
local state determine which unitary gate to apply, an observer can implement any
locally varying nonlinear transformation on S(H).

Kent’s readout device can be thought of as a specific ISD procedure which reveals
the local state of the measured system rather than its quantum state. Consequently,
quantum theory augmented by an SRD exhibits many of the properties outlined by
Busch in [33], without violating the no-signalling requirement. For example, different
preparations of the same mixed state can be distinguished by invoking the SRD just
once. It also becomes possible to effectively clone an initially unknown quantum
state, without violating the (dynamical) no-cloning theorem—cf. Sec. 2.3.1.

Both an SRD and measurements in pQT do not disturb the measured system, nor
do they enable signalling between distant parties. Nevertheless, it seems appropriate
to consider “SRD-augmented” quantum theory and pQT as distinct theories. In
contrast to pQT, in the “SRD-augmented” quantum theory one can still perform
standard measurement-based protocols such as teleportation or entanglement swap-

ping, or violate Bell’s inequalities—cf. Sec. 2.8 and Sec. 2.11. The motivation to
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define the local state (and the reason it differs from the quantum state) rests on
the possibility to collapse quantum states with standard quantum measurements,
which do not exist in pQT. While not explicitly considered in [119], an “SRD-only”
quantum theory—i.e. a theory where standard quantum measurements are absent
(or never performed) but a readout device is assumed to exist—would represent
another specific example of an “ISD-only” theory, using Busch’s terminology. The
“SRD-only” theory will exhibit the same limitations regarding measurement-based
protocols and correlation strength that we will encounter in pQT. Just as a generic
ISD procedure, a state readout device can effectively simulate passive measurements
(modulo a time delay), and wvice versa.

In 2016, Aaronson et al. introduced non-collapsing (or passive) measurements to
explore their potential computational advantages [3]. Specifically, they considered a
version of quantum theory augmented by non-adaptive non-collapsing measurements.
Here, non-adaptive means that the outcomes of non-collapsing measurements cannot
be used to determine the unitaries applied later in the circuit. The toy model was
shown to enable efficient solutions to the Graph Isomorphism problem (the task of
determining whether two finite graphs are isomorphic) and to offer improvements
over Grover’s algorithm. However, non-adaptive passive measurements do not allow
NP-hard problems to be solved efficiently. This contrasts with other modifications
of quantum theory—such as nonlinear dynamics, postselection, and changes to the
Born rule—which had been shown to extend the power of quantum computation to
NP or beyond [1, 5]. The results in [3] catalysed further research into non-adaptive
non-collapsing measurements [2, 4, 137] while the computational power of adaptive
non-collapsing measurements remains largely unexplored.

Similar conclusions were drawn in 2021 when Kent also introduced non-collapsing
measurements via the so-called stochastic eigenvalue readout device (SERD). SERDs
were presented alongside several other hypothetical devices to explore alternative
methods for obtaining information about quantum states in theories that involve
localised collapse [120]. A single use of the SRD can simulate a SERD or, equivalently,
a passive measurement, except for an unavoidable finite time delay, while repeated
uses of the SERD allow one to reconstruct the local state [120]. In addition,
invoking an infinite-precision SRD once would enable the solutions of NP problems
in polynomial time, while a SERD only provides partial information about the state,
hence will not be as efficient as an SRD—cf. Sec. 2.11. The foil theory considered

by Aaronson et al. in [3] coincides with “SERD-augmented” quantum theory as
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presented in [120], and it differs from passive quantum theory for the same reasons
as the “SRD-augmented” quantum theory. Importantly, “SERD-only” quantum
theory—where standard quantum measurements are absent—is identical to pQT.

Responding to the claim that the measurement postulates of quantum mechanics
are operationally redundant [132], Kent introduced new hypothetical readout devices
in 2023 [118]. A stochastic positive operator readout device (SPOD) is defined, akin
to a SERD but associated with POV Ms instead of PVMs. Generalised measurements
in pQT, discussed in Secs. 2.3.3 and 2.5.4, will correspond to SPODs. In this
paper, Kent also considers the “SERD-only” (and the “SPOD-only”) theory which
is equivalent to pQT, introduced independently® in [75].

In summary, the idea of extracting information about an unknown quantum
state, a key feature of measurements in pQT, has been addressed in a number of
ways dating back to at least 1997. We are aware of three proposals that are based on
unconventional procedures or devices, with different motivations provided. Firstly,
Busch is interested in exploring the consequences of adding hypothetical procedures
that make the state of quantum systems observable [33]. Any such procedure
would—in the absence of further modifications—clash with fundamental properties of
quantum theory, such as the relativistically motivated no-signalling. Secondly, Kent’s
readout devices [118-120] are meant (¢) to illustrate that, upon suitable modifications,
quantum states may evolve nonlinearly without leading to superluminal signalling;
and (47) to show that alternatives to the standard projection postulate are compatible
with quantum theory, thereby refuting the idea that the standard state update rule
could be derived from the other postulates. Thirdly, Aaronson et al. introduced
non-collapsing measurements alongside collapsing measurements to investigate how
acquiring information about the state of the register at key points in the quantum
circuit could enhance the computational power of the theory [3].

Our own motivation for passive quantum theory, where the state update in a
quantum measurement is suppressed, is to identify those properties of quantum theory
which depend on the standard update, and in which way. Such an investigation has
not yet been carried out systematically.

When discussing pQT, we will revisit and expand upon some established properties
of ISD- or SERD-augmented theories, including, for instance, an argument for the

incompleteness of quantum channels as descriptions of p-state transformations

3Ref. [118] was released in July 2023 (during the final stages of editing of the thesis), i.e. after
the pre-print [75] that introduced passive quantum theory in March 2023.
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(Sec. 2.5.1), an examination of the operational constraints on simulating quantum
measurements within pQT (Sec. 2.6), and a critique of the claim in [163] that Gisin’s
argument (as presented in the paper) does not rely on the projection postulate (Sec.
2.7).

In addition, we establish further properties of pQT, such as the equivalence
(under a reasonable assumption) of postulate (MP) for passive measurements with
sequential commutativity (Sec. 2.3), a discussion on the role of complete positivity
in foils such as pQT with nonlinear instruments (Sec. 2.5.3), and the distinction
between direct and indirect classes of p-instruments (Sec. 2.5.4) which does not
exist in standard quantum theory. We also review contextuality in pQT (Sec. 2.9),
and present a deterministic ontological model compatible with pQT, based on the
so-called “Bell model” [125] (Sec. 2.10). We will indicate throughout how our findings

relate to the earlier work on unconventional measurements summarised above.

2.3 Passive measurements

We begin by discussing passive measurements on single systems (Sec. 2.3.1), then
examine the case of composite systems (Sec. 2.3.2). We conclude with a brief section

on generalised measurements in pQT (Sec. 2.3.3).

2.3.1 Single systems

The predictions of standard quantum theory and passive quantum theory actually
agree as long as post-measurement states are not involved. For instance, the ex-
pectation value of an observable M = ", m,Il, can be determined in pQT just
as in quantum mechanics: the eigenvalue m, of the observable M will occur with
probability p(m,), according to Axiom (P), upon measuring it repeatedly on an
ensemble of systems each of which resides in the p-state |¢). Thus, preparational
uncertainty relations [99, 115, 159] hold for the variances of non-commuting observ-
ables in pQT. Similarly, entropic [107, 156] and support [64, 173] inequalities carry
over from standard quantum theory since the Shannon entropy of a p-state and
its support-size (see Sec. 4.1.1) can be evaluated in the same way as for quantum
states. Consequently, Heisenberg’s original plausibility argument——i.e. measuring

the position of an electron will cause an uncertainty of its momentum, due to an
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uncontrollable state change—is invalid, as already noticed by Busch [36]. Prepara-
tional uncertainty relations describe fundamental limitations on the ability to prepare
states and they are not related to irreversible measurement-based disturbances.

However, the expectation value of an observable may be obtained in pQT from a
single copy of a p-state [?), in contrast to the ensemble needed in quantum theory.
Since a (non-destructive) passive measurement of the observable M does not update
a p-state, it is possible to repeat the measurement on one and the same system as
often as is necessary to determine the outcome probabilities p(m,) given by the Born
rule to arbitrary precision. As a result, and in line with the previous work discussed
in Sec. 2.2, the collapse-free theory allows us to reconstruct an unknown p-state
|4} from a single system by simply repeating p-measurements of an informationally
complete set of observables [35, 108, 150]. A fortiori, an experimenter can tell
apart any two distinct non-orthogonal p-states [0) and |@) with certainty, even
when being presented with a single copy only, as already observed in [33, 119].
To discriminate between two p-states, full tomography is, in general, not needed:
repeated measurements of a single observable with different expectation values in
these states would be sufficient.

Successful single-copy state reconstruction means that p-states should be thought
of as observable quantities assigned to individual quantum systems, akin to states of
classical objects. The flip side of the lack of collapse is that an experimenter can no
longer make use of measurements to prepare states. A desired p-state can only be

prepared by suitably evolving some known p-state in time, i.e. dynamically.

The Liiders rule of quantum theory entails deterministic repeatability as observed

in actual experiments.

Definition 4 (Deterministic repeatability (DR)). Consecutive measurements of
the same observable, performed on the same system without intervening unitary

evolution, yield identical outcomes.

Consider a system on which two successive measurements are performed (without
intervening evolution). Let 0; and 05 be the random variables denoting the outcomes
of the first and second measurement, respectively. Deterministic repeatability ensures
that for any observable M € L (H) with set of outcomes {m,}, the conditional

probability p(o, = m,|o1 = m,) of observing outcome m,, after the first measurement
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of M has returned m,, is given by
p(oa = mgloy = my) = 6pmym, for all my,my,, (2.1)

for any initial state of the system with p(o; = m,) # 0.
Clearly, measurements in pQT are not deterministically repeatable. Instead,

repeated p-measurements are consistent with probabilistic repeatability.

Definition 5 (Probabilistic repeatability (PR)). Consecutive measurements of the
same observable, performed on the same system without intervening unitary evolution,

yield identically distributed outcomes.
In other words, the conditional probabilities obey
p(02 = myloy = my) = p(oy =m,) for all m,, m,, (2.2)

and for any p-state.
Passive measurements are also consistent with the requirement of sequential

commutativity.

Definition 6 (Sequential commutativity (SC)). Given any two observables M and
N, the joint sequential probability of observing any pair of outcomes m, and n,, is

independent of the order in which the measurements are carried out.

Mathematically, sequential commutativity holds if
p(o1 = my, 00 =ny) = plo] =ny, 00 =my), (2.3)
hence

p(o1 = my) plog = nylor = my) = plor = ny) p(o2 = mygloy =ny),  (24)

for all m,, n,. For a given Hilbert space, combining the Born rule with sequential
commutativity implies postulate (MP), provided we make the reasonable assump-
tion that later outcomes do not affect the state obtained as a result of an earlier
measurement. This suggests that passive measurements are more closely related
to classical probability theory than quantum measurements. In the context of the
general framework of Alternative-Measurement Theories (AMTs) presented in Chap.
3, Lemma 2.1 shows that sequential commutativity (SC) represents an operational
definition of the update rule of pQT—cf. Def. 9.
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Lemma 2.1. Sequential commutativity (SC) implies passive measurements (MP) if

we assume

(1) the standard postulates for states (S), observables (O) and outcome probabilities
(P);

(77) state-updates do not depend on the outcomes of future measurements; i.e.

if [¥) V2 |¢) +2s ... denotes a sequence of state-updates for the observed
outcomes o1, 02, ..., then ¢(1,01,09,...) = ¢(1, 01).

Proof. Let the system reside in the state 1)) € HM

M where HM = TIMH is the
eigenspace of M with (possibly degenerate) eigenvalue m,. Let N = M, then Eq. (2.4)
implies that p(oy = my|o; = m,) = 0 if v # y. Since 3, p(0y = mylo1 = m,) = 1, it
must follow that p(oy = m,|o; = m,) = 1. Hence, the post-measurement state after
recording outcome m, must still lie in HM | o) =% [pM) € HM. More generally
(and making use of assumption (i7)), if a measurement on a pure state returns an
outcome with probability 1, then the post-measurement state must remain in the
eigenspace of the observable associated with that outcome.

Suppose [1hM) # |1) (this is only meaningful if dimH > 1), hence observing m,
leads to a non-trivial update of the state. Let N be an observable different from M
such that IT)Y = [¢)(¢| for some eigenvalue n,,. Since p(o; = n,) = 1, it follows from
the argument in the previous paragraph that p(os = n,lo; = n,) = 1, hence |¢) 1N
) € Hév (the post-measurement state must coincide with the pre-measurement
state since dimH,)" = 1). Therefore, for the initial state [¢) € H,} C H}', sequential

commutativity ensures that

p(o1 = my) p(og = nylo = my) =p(o1 = ny) p(og = mylor =ny) (2.5a)

= p(og = nyloy =m,) =1 (2.5b)

since p(02 = m;|o1 = n,) = p(oy = m,) = 1. But Eq. (2.5b) implies that (¢|¢2) = 1,
leading to a contradiction. We conclude that [)M) = |1)) when [¢)) € HM. This
property is known as ideality (cf. Sec. 3.4.2).

At this point, we know that if a measurement returns an outcome with probability
1, then the post-measurement state must coincide with the pre-measurement state.
It remains to consider the more general case, wherein the state is not an eigenstate
of the measured observable. Let N now be any observable such that p(o; = n,) # 0
for some n,, and let M be any observable such that p(o; = m,) = 1. From

ideality we have that p(oy = nyloy = m,) = p(o; = n,), hence Eq. (2.4) becomes
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p(o1 = ny) = plor = ny) p(oa = myloy = ny), or p(og = myloy = ny,) = 1. Therefore,
after recording outcome n,,, the state must still lie in H2. This result holds for any
HM that contains |¢), in particular the one-dimensional subspace with projector
M = |¢)(¢]. Since we assume that the state-update induced by 0; = n, cannot
depend on 0s = m,, we exclude the possibility of a ‘conspiracy’ wherein [¢)) is
transformed into a different state, still inside the required H2?. We can thus conclude
that the measurement of such arbitrary observable N must leave the initial state
unchanged, i.e. [¢) N |¢) holds for any |¢) such that p(o; = n,) # 0. ]

The no-cloning theorem [58, 184] expresses the impossibility to produce copies
of unknown, non-orthogonal states dynamically, i.e. through the application of
unitary evolution of a system. The theorem is a consequence of the linearity of the
quantum time evolution (T) of states (S) of composite systems (C). Since the proof
does not involve the measurement postulate, the no-go result also holds in passive
quantum theory. However, in pQT an alternative cloning procedure exists, based on
single-copy state-reconstruction followed by the preparation of a new system in the
observed p-state. More generally, quantum state cloning is an immediate application
of any ISD procedure [33], such as the readout devices introduced in [118-120] which
encompass passive measurements [3]. In quantum theory, the equivalent of this
measurement-based procedure would require an ensemble of identically prepared

systems.

2.3.2 Composite systems

In line with the discussion of Sec. 1.2.4, Axiom (MP) is insufficient to describe
the impact on joint states of measurements carried out on a subsystem. For a
complete characterisation of passive measurements, the more general Axiom (Mg) is

introduced.

(ME) A composite system resides in the same p-state |®) before and after measuring

an observable of one of its subsystems.

For simplicity, we will focus on bipartite systems, i.e. H = H ® Hp. Consider
product observables such as M = A® B. In quantum theory, M can be measured by
a single apparatus Dap that spans both parts of the system in state |®) € Ha ® Hp;
this method will be called the multi-partite scenario. Alternatively, M can be

measured using two mono-partite devices Dy and Dp that measure A € L(Ha)
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and B € L (Hp), respectively, followed by some classical communication. If the
constituents of the system are at different locations, only the method using separate
devices can be implemented.

In the multi-partite scenario, one obtains the eigenvalues mg,, = a,b, of M with
probabilities p(m,,) and the system ends up in the state II2 @ IIF|®) / /p(mnyg,) (for
simplicity, we consider non-degenerate eigenvalues m, ). In the mono-partite scenario,
the experimenters can, by comparing their records, determine the probabilities
p(o1 = a,) and p(os = byloy = a,) (as well as p(o; = b,) and p(oy = az|or = b)),
where o; and oy denote the outcomes of the measurement sequence, which govern

the occurrence of the eigenvalues a, and b,. The identities

p(may) = Tr (11 @ T |2)(®|) (2.6a)

B S @T|PNP| T T
= Tr (I} @ [ ®)(®[) Tr <]1 ® I = 7 o 119 (3] ) (2.6b)
= p(o1 = az) p(o2 = byloy = ay) (2.6¢)

and

p(may) =Tr (11 @ 11 |2)(®|) (2.7a)

5 1@ 115 |0)(¢|Ie 1P
=Tr (T 1) [©)(P]) Tr (H;;‘ Ol (T2 )@ ) (2.7b)
=plo; = by)p(02 = ;|09 = by) (2.7¢)

entail that, in quantum theory, the distribution of the outcomes of M is independent
of the chosen method of implementation. The final state of the composite system

will also coincide,

I I12 (H;“@H\@)): MA@l <H®H5|cp>>
VP02 =bylor = a,) \\fp(or =a,) ) \/p(02 = azlor = b,) \\/p(or = b,)
_Foll)|®) (2.8)
p<mry)

Therefore, the Liiders rule (Mg) ensures the operational equivalence between the
two experimental strategies for measuring product observables in quantum theory.
The measurement axiom (Mf,) breaks the equivalence between the procedures

in pQT. When a passive measurement of M is performed on the p-state |®) by
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the multi-partite device Dyp, the outcome probabilities are identical to those of

quantum theory,
p(may) = (|17 @ I7|T) = (Q[IL] ® I1][P), (2.9)

and the process will not disturb the joint state.

In contrast, in the mono-partite scenario, the two devices D4 and Dp will each
perform a measurement that does not update the joint state [3, 120]. As a result, they
will both operate on the same p-state |®), regardless of their order of implementation.
The lack of collapse trivialises the conditional probabilities, p(02 = bylo1 = a,) =
p(o1 = b,) = p(by) and p(o2 = azlor = by) = ploy = a,) = p(a,), hence the
measurement outcomes produced by D, and Dp will not be correlated. Therefore,

in pQT, the two-device strategy does not generally constitute a measurement of M,

p(May) #plor = az) p(oz = bylor = az) = plaz) p(by) , (2.10)
p(may) # (o1 = by) p(os = az|or = b,) = p(by) p(as) . (2.11)

The two scenarios remain equivalent only when the initial state is separable, |®) =
|4) ® |d5).

If the two subsystems are spatially separated, there is no way to measure M
without first bringing them together. Thus, passive quantum theory is not locally
tomographic*. In other words, an informationally complete set of observables of the
form A ® B exists, but their expectation values can only be obtained by carrying out
p-measurements using devices D4p spanning both constituents. Observables that
cannot be expressed in the form A ® B can only be implemented by multi-partite

devices, as in standard quantum theory.

2.3.3 Generalised p-measurements

Naimark’s dilation theorem [138, 144] does not involve post-measurement states,
hence it applies to pQT. For any generalised observable M = {M,}, on H, there
exists some unitary operator U € U(H ® Hg) such that, for any p-state [)) € H
and a fixed ancilla p-state |€) € Hpg, we have

U(l9) @ [€) = > M) @ |na) (2.12)

4Note that quantum theory augmented with passive measurements [3] or other readout devices
[118-120] remains locally tomographic, as opposed to quantum theory in which standard quantum
measurements are replaced accordingly.
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where {|n,)}, is an orthonormal basis of Hp. The probability reproducibility
condition—cf. Eq. (1.20) in Sec. 1.3.2—confirms that the outcome distribution of a
sharp ancilla measurement of N = ", n,|n,)(n,| agrees with the predictions of the

Born rule for a measurement of M on ),

Tr[(ﬂ @ i) () (Z My BB |M |n;/><n’;~r)] —(FMILT)  (213)

CC/CEN

Therefore, even in pQT, the measurement model M = (Hg,&,U, N), where £ =
|€)(€], can be regarded as defining a strategy to implement a measurement of M.
However, in contrast with quantum theory, the lack of a state update means that
the protocol leaves the system entangled with the ancilla. To decouple them, the

inverse unitary U' must be applied.

2.4 Proper and improper mixtures

Up to this point, our focus has been on pure states described by rays in Hilbert
space. In quantum theory, probabilistic preparations of pure states give rise to mixed
states. We describe probabilistic preparations mathematically by means of Gemenge
(German for ‘mixture’), i.e. collections {(p1,¥1), (p2,¥2), - -, (Pn,¥n)} where p; >0,
Sipi = 1 and [¢);) € H. For example, the Gemenge G = {(q,v¢1), (1 — q,12)},
describes a system that is prepared in state |¢1) with (classical) probability ¢ or in
state |1)9) with probability (1 — ¢) [37]. Alternatively, it can describe an ensemble
of systems, each residing in either [¢)1) or |ig) with probabilities ¢ and (1 — ¢),
respectively. An element of such ensemble is then completely described by the

density matrix
pg = q 1) (1] + (1 = q) [2) (o], (2.14)

which returns the outcome probabilities and post-measurement states prescribed by
the Born rule (P) and Liiders rule (MY), respectively. Eq. (2.14) denotes a mixed
state if ¢ £ 0, 1.

To any Gemenge there corresponds a unique density operator; however, to each
mixed density operator there exist infinitely many compatible Gemenge. Despite
requiring different experimental set-ups to prepare, in quantum theory these mixtures
are operationally indistinguishable. No quantum measurement (or sequence thereof)

can reveal whether a system was prepared according to G; or Go, if pg, = pg,. This
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follows from the linearity of both the Born rule and the Liiders instrument on the
space of density matrices [97].

Mixed states also arise in quantum theory when an experimenter can access
only part of a composite system. Given an entangled bipartite state pap, the
reduced state of each subsystem obtained with the partial trace, ps = Trg(pap) and
pB = Tra(pagp), will be mixed. Mixed states with this origin are often referred to as
improper, while the term proper—or epistemic—is used for probabilistic Gemenge
of states [13, 48, 174]. The indistinguishability of different realisations of the same
density operator implies that no quantum measurement can determine whether p
refers to a proper or an improper mixture.

In pQT, mixed states play a different role, as mentioned already in Sec. 2.2.
Upon receiving a system prepared according to G = {(q1,%1) , (g2, ¥2) , -, (¢, ¥n) }
an experimenter can choose to perform single-copy reconstruction and identify
the pure p-state |¢;) of the system. Thus, as pointed out already in [33, 119], a
proper mixture represents an incomplete and disposable—hence not fundamental—
description of a p-system, that can be improved by extracting more information
via passive measurements. In principle, any ignorance reflected in the classical
“mixing” probability can be removed, enabling an experimenter to retrieve the correct
Gemenge describing the preparation of an ensemble of p-systems.

However, improper mixtures still play a role in pQT. If an observer has access
only to half of a pair residing in an entangled p-state |U) € Hap, then single-
copy reconstruction on, say, subsystem ‘A’ will identify the improper mixed state
pa = Trp(|U)(U|) associated with it (the local state in the terminology of [119,
120]). Unless the observer gets access to the entire composite system, a mixed state
remains the most accurate description of the subsystem. Improper mixtures can
therefore be “observed” in pQT in the same way as pure p-states. In particular,
single-copy tomography defines a protocol to witness entanglement, as the detection
of “mixedness” guarantees the presence of entanglement with other systems. However,
it is impossible to identify the joint state |¥) uniquely, since many states lead to the

same mixture at ‘A’
Trp (14 ® Us) [U/(T| (Ta @ UL)] = Trp (J8)(]) = pa (215)

for any Ug € U(Hp).
We conclude that, in general, density operators in pQT do not represent a

complete description of the observable properties of a system, as inferred from [33,



50 CHAPTER 2. A QUANTUM THEORY WITH NON-COLLAPSING MEASUREMENTS

119, 120]. A proper mixture represented by p can be distinguished from an improper
mixture described by the same operator. Additionally, passive measurements allow
us to distinguish between different preparations of an ensemble corresponding to
the same proper mixed state. For improper mixtures, however, the density matrix
represents the best possible description of the system, as it does in quantum theory.

Having extended the discussion to density operators, we can define, in analogy
with the Liiders rule w' for single systems of Eq. (1.2), the passive update rule for
single systems, w” : P(H) x S(H) — S(H),

w” (I, p) = p. (2.16)

Notice that, according to both wt and w”, the output state depends (at most) on
the pre-measurement state and the observed outcome. In other words, the post-
measurement state is independent of the context of 11, i.e. the measured observable
(L},
We can use Eq. (2.16) to reformulate Axiom (MP) in a way that resembles more
closely the structure of (Mb).
(MP) If a measurement outputs the outcome z, then the pre-measurement state
p € S(H) is updated to the normalised post-measurement state according to

the passive rule w® as follows:

(1) If p is a pure state, then
p = wh (I, p) = p. (2.17)

(i1) If p is a proper mixture with Gemenge® G = {(p1, p1), ---s (Pn, pn)}, then

n

o= zpp N §p<i1x> W (I p) = S plile)p,  (218)

=1

where p(ilr) = p;p(z|i)/p(x). In terms of Gemenge, § —— G, =
{(p(1]z), p1), --., (p(n|z), pn)}.

As improper mixtures arise from entanglement in composite systems, they do not

feature in Axiom (MP) which pertains to non-composite systems.

5We can express Gemenge in terms of density matrices, rather than state-vectors. This will be
more useful later, as we will also want to consider proper mixtures consisting of improper mixed
states.
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2.5 Channels and instruments in pQT

2.5.1 p-Channels

The proof of Stinespring’s dilation theorem [144, 171] does not involve measurements,
hence the result holds in pQT as well. Consequently, channels—linear, completely
positive, trace-preserving maps on S (H)—provide a representation for deterministic
transformations of p-states. In particular, every channel n can be implemented by
letting the system interact with an environment which is then traced out, and there
exist multiple strategies to execute the same channel.

However, as a result of the different ontology of p-states (cf. Sec. 2.4), it is possible
to distinguish between different experimental procedures giving rise to the same

channel. For example, consider the entangling unitary operator

U()e[0)) = VI=BIB)8[0)+/p/3 (0:1T) © | T) + 0,8) ®12) + 05[7) © [3)).,

(2.19)
which, for p = |¥)(¥| and £ = |0)(0], gives rise to the depolarising channel when
substituted in Eq. (1.16),

Naep(p) = (1 = p)p + p/3(02p0s + oypoy, + 02p02) . (2.20)

In quantum theory, the transformation can be given an alternative yet equivalent
interpretation: the state is left undisturbed with probability (1 — p), or one of
the three operations of bit flip, phase flip or their combination is performed, each
with probability p/3. However, this interpretation does not hold in pQT. If n4ep
is implemented by applying the transformation of Eq. (2.19), then reconstruction
of the resulting p-state via sequential passive measurements will result in a mixed
state. On the other hand, if a classical mixture of the qubit unitaries I, o,, oy, 0.
is implemented, then the same procedure will point to a pure state, revealing
which of the four gates was actually applied. The fact that either the unitary
or the measurement-based view can be consistently upheld is another example of
conflation of concepts within quantum theory which results from the particular form
of Liders rule.

We conclude that, due to the distinguishability between proper and improper
mixtures of p-states, quantum channels 7 do not represent complete descriptions

of the (deterministic) transformations of states in pQT. Information regarding the
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particular method of implementation of a given channel n can in fact be obtained by

performing p-measurements on the system residing in 7(p).

2.5.2 p-Instruments

In Sec. 1.3.2, we discussed how quantum instruments serve as a useful tool for de-
scribing the impact of different experimental strategies to measure a given observable.

Specifically, we explained how the Liiders instrument, derived by combining Axiom
(P) with Axiom (M%),

@@ﬁﬂummm(ﬁ@)zmmm, (221)

can be considered as the fundamental quantum instrument compatible with an
arbitrary observable M. Other M-compatible quantum instruments are derivatives of
it, as indicated by Eq. (1.21b) and Eq. (1.22).

In a similar manner, we can construct the fundamental p-instrument {w?} by
combining Axiom (P) with Axiom (MP). Then, by considering post-processing or the
inclusion of ancillary systems, we can define generalised p-instruments in terms of
{wP}, cf. Sec. 2.5.4. Recalling wP from Eq. (2.16), for an arbitrary sharp observable
with outcomes denoted by = € X, the corresponding fundamental p-instrument

{wPY, consists of maps on S(H) of the form

P P P P
L) =TTt () = Tolig) 222)
Tr(p) Tr(p)
Note that we must set w? (p) = O when Tr(p) = 0, i.e. when p is the zero operator.

P

. (p) represents the un-normalised conditional post-measurement

The operator w
state, while W% (p) = ¥, x WP (p) denotes the un-conditional state. In analogy with
the Liiders instrument, the fundamental p-instrument map w? is 1-homogeneous, i.e.
w? (A\p) = AP (p) for A € [0,1]. This property enables us to account for sequences
of measurements. In fact, wf (wf (]1)(¥])) describes the state at the end of a time-
ordered sequence of passive measurements with outcomes x and y, respectively. The
joint sequential probability is then given by Tr [cug (WP (| ><@|))}

The incompleteness of density operators as descriptions of the observable prop-
erties of p-systems is a consequence of the fact that w? does not define a quantum

operation (except in the trivial cases where I, € {O,1}). In fact, wf cannot be
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implemented in quantum theory as it fails to preserve convex combinations, so that

no linear extension to £(H) exists,
£ (S B @) # St (5)1) 2.23)

Eq. (2.23) encodes the distinguishability between proper and improper mixed
states. Specifically, the left-hand side of Eq. (2.23) describes the absence of distur-
bance on an improper mixture described by p = 3=, p;|¥;) (¥;], whereas the right-hand
side represents the information update resulting from a passive measurement on the
proper mixture described by the Gemenge G = {(p1,v¢1), (p2,¢2), ...}

To illustrate how passive measurements impose a classical update on proper
mixtures, let us consider the example of a single qubit prepared according to
G = {(1/2, |@><@|> : (1/2, |¢)($|)}, hence described by p = (|6><m + |$—><$]) /2.
A passive measurement of o, modeled by the p-instrument {wf,w!'} is performed,
and the outcome “0” (eigenvalue +1) is obtained. Then, the updated normalised

description of the system is given by the proper mixture

= =5 [ 100D + 5l (FED] = 1001+ 5REH . 20

The new operator reflects the fact that, among the two available options, the observed
outcome suggests that it is more likely that the qubit was prepared in the p-state
|0). If this was indeed the case, then the mixture would converge to |[0)(0] in the
limit of infinite repetitions of o, p-measurements. Importantly, for this procedure
to be effective, the initial decomposition G must include the correct pure state. If
the experimenter is unaware whether p denotes a proper or improper mixture and
assigns equal probability to each scenario, she would initially describe the system

with the Gemenge

G = {(1/4,10)(01), (1/4,[F)F]), (1/2,0)} . (2.25)

which is compatible with the same mixed state, pgs = pg = p. Moreover, if the
Gemenge G is also unknown and no specific Gemenge is assigned a higher probability,
she would use an equal mixture of all proper mixtures compatible with p. By applying
the p-instrument maps to individual elements of the sum, the experimenter can then

systematically reconstruct the correct p-state associated with the single system.
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2.5.3 Complete positivity

In quantum theory, instrument maps w5 describing subsystem measurements can
be constructed, unsurprisingly, by combining the Born rule of Axiom (P) with the

generalised Liiders rule wh 5 of Axiom (M%) (cf. Sec. 1.2.4),

Wi (I, pag) = T (1L, T (pa)] whs (Hm T’Ew) (2.26)
= (II; ® Ip) pap (I, ® L) (2.27)
= (W ®T) (pan) - (2.28)

Here, II, € P(H) denotes an arbitrary outcome of subsystem ‘A’.

The requirement of complete positivity of wt ensures that w!i; always returns
valid joint states of H4 ® Hp. The fact that the mapping w: ® Z can be interpreted
as describing the effect on the larger system of a local measurement on H 4 is ensured

by the following consistency condition,

Trp W ® T (pan)] = Wk [Trs (pas)] - (2.29)

which holds for all pap € S(Ha @ Hp).

Complete positivity can be defined for both linear and nonlinear transformations
[6]. However, for nonlinear maps this requirement does not generally encode the
same desired operational properties. As pointed out in [47], complete positivity is
“physically unfitting” for nonlinear dynamics. Taking the example of passive mea-
surements, the fundamental p-instrument map wP—cf. Eq. (2.22)—is not completely
positive, since a completely positive and 1-homogeneous map is necessarily linear [6].
However, this does not imply that it is impossible to consistently “extend” w” to
describe the impact of p-measurements carried out on part of a composite system.
In fact, the generalised Axiom (Mg) introduced in Sec. 2.3.2 serves precisely that
purpose.

In analogy with quantum theory, Axiom (Mg) of pQT defines the generalised

passive update rule w5 which outputs normalised states of composite systems:

Wig (I, pas) = pas - (2.30)
The transformations of Eq. (2.30) is defined for any finite-dimensional extension Hp.
Furthermore, for arbitrary 11, € P(H) and pag, it holds that

WZB (Hxa pAB) = WZB (Hx ® ]L pAB) s (231)
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where ‘AB’ on the right-hand side is regarded a single system, since II, ® T €
S(H4 ® Hp). This property is also valid in standard quantum theory—cf. Eq. (1.9).

The p-instrument maps w? 5, therefore, can be defined as follows,

g (Mo, pas) =Te [, Tep (pag)] whp ( oy 222 (2.32)
Tr(paB)
PAB
=Tr (I, ®1I _ 2.33
( PAB) Tr(pAB) ( )

The interpretation of wf (I, pap) as the un-normalised state of a bipartite system
Ha®Hp after a passive measurement on subsystem H 4 yields outcome I, is ensured
by the same consistency condition used for the Liiders instrument—Eq. (2.29)—and,

more generally, for quantum operations,

Trp [whp (I, pas)| = wh (I, Trs (pan)] | (2.34)

which holds for all joint states pag.
A more detailed discussion on the role of complete positivity in the context of

more general update rules is provided in Sec. 3.2.2 of Chap. 3.

2.5.4 Generalised p-instruments

Having introduced the fundamental p-instrument for both single and composite
systems, we can define generalised p-instruments by accounting for post-processing
of passive measurements and the inclusion of ancillary systems. Although w§
is only defined for sharp measurement outcomes of system Hg, we can extend
it to measurement operators (or, equivalently, to effects) in the following way.
Let M = (Hg, & U, N = {II}'},) be a measurement model compatible with the
generalised observable M = {M, },, we define

why (p) = TI"E{UT [WII:[’®HJIV (Up ®§UT)} U}, (2.35)

where {w']?@) HiV} describes the effect on the composite system of the passive sharp
measurement on the ancilla H g—cf. Eq. (2.31). Then, the collection {w}; }, describes
a passive measurement of M which, as already mentioned in Sec. 2.2, corresponds®
to the action of the SPOD introduced in [118]. In particular, Eq. (2.35) captures

6Technically, a SPOD implements a POVM rather than a generalised measurement, but this
distinction is not significant since the device does not alter the state of the measured system.
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the fact that, in order to bring the system back to its initial state p, the inverse
coupling unitary U must be applied after measuring M via the strategy defined by
M-—cf. Sec. 2.5.1. For example, consider a passive measurement of M = {IIM}
which may indeed be performed using an ancilla. Let p = [¢) (%] and £ = |0)(0],
where [¢) = Y, ¢;|7). We can then set U(|Y) ® |0)) = 3, ¢]7) @ |7) = |T). A
measurement of N = M on the ancilla will yield the same outcome probability
distribution as a measurement of M on [7)). However, the p-measurement on the
ancilla will not alter the joint state, i.e. WE’@HQI (Up ®£UT) = |U)(¥|, hence to
complete the protocol and return the system to its original state, the unitary UT
must be applied.

The generalisation of w® to unsharp measurements allows us to define generalised
p-instruments for single systems. A formal definition of generalised instruments
applying to any theory in the AMT framework will be given in Sec. 3.3.1 of Chap.
3. In the special case of pQT, they can be expressed more simply by a formula

resembling the quantum case, see Eq. (1.22).

Definition 7. Given a generalised observable M = {M, },, an M-compatible gener-

alised p-instrument is any collection {wyy, }, of maps such that
WaL, = Ts © Why, (2.36)

where {wh; }, describes a passive measurement of M and {7, }, is a set of outcome-

dependent channels.

In quantum theory, Ozawa’s theorem [97, 142]—cf. Sec. 1.3.2—demonstrates
that a physical implementation of the channel in Eq. (1.22) is not necessary. There
always exists a measurement model—defining a strategy terminating with an ancilla
measurement—that realises the corresponding quantum instrument. This is not true
in pQT, where there exist p-instruments for which the time-ordered sequence shown
in Eq. (2.36) represents the only way to implement the transformations. For example,
Eq. (2.35) describes a measurement strategy for unsharp M that cannot be realised
without applying a unitary channel after the ancilla measurement. Given that time is
required to physically implement a quantum channel, these strategies inevitably take
longer to execute, and can thus be distinguished from those where post-measurement
channels are not needed. In Sec. 3.3.1 of Chap. 3, this distinction in the experimental
implementation will define the difference between direct and indirect generalised

instruments in arbitrary AMTs. The possibility to realise any instrument “directly”,
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i.e. without the need for further evolution after the measurement, should not be
expected to hold a priori. In quantum theory, this is a consequence of the specific

form of the projection postulate.

2.6 Simulating quantum theory

Measurements on passive quantum systems can be made to look as if they were
performed on a quantum system, modulo a time delay. For non-degenerate Hermitian
operators M, a Liiders measurement of the associated observable returns a post-
measurement state |m,) that is independent of the initial one |¢)) (except that |m,)
must have a non-zero expansion coefficient in [¢))). One can replicate the process in
pQT by performing a passive measurement of the same observable and substituting
|1} for |my). The “replacement” time would be subject to “quantum speed limits”
[54] if the set {|m,)} was unavailable and the experimenter had to generate the
required p-state by unitary evolution. For degenerate Hermitian operators, the

collapsed state depends also on the input state. Single-copy reconstruction of p is

L

- (p). However, if the measured system is, say, half

therefore necessary to determine w
of an entangled pair residing in |U), then the simulation protocol fails, unless the
experimenter has access to the whole composite system. In fact, the improper mixture
pa = Trg(|U)(T|) is insufficient to determine the collapsed product state |m,) @ | ).
The pure p-state |¥) must instead be reconstructed; however, as mentioned in Sec.
2.3.2, this cannot be done with mono-partite measurements. Therefore, other than
the time delay due to p-state replacement and the need for an infinite sequence of
p-measurements, the protocol requires that all entangled systems be at the same
location or be experimentally accessible in some other way. If these restrictions
are satisfied, then the Liiders instrument—hence any quantum instrument—of an
arbitrary observable M can be simulated in pQT.

One class of quantum instruments that can be simulated without resorting to

multiple passive measurements is conditional state preparators.

Definition 8. Given an observable M = { M, }, an M-compatible instrument is called

a conditional state preparator if it is composed of maps of the form
wy (p) = Tr(M;LMx,o) & (2.37)

where &, € S(H).
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They are equivalent to discarding the system and preparing a new one in the
state &, independent of the original. Substituting complete state contractions
nz(p) = & in the formula for generalised p-instruments of Eq. (2.36), in fact, makes
the transformation linear—more specifically, a quantum operation. It is known that
if M is a rank-1 observable, i.e. for any x, MM, = e(x) II, for some projector IL,
and 0 < e(z) < 1, then all M-compatible quantum instruments are of the form of
Eq. (2.37) [97]. Therefore, pQT can simulate any quantum measurement of a rank-1
observable with a single passive device, i.e. without first reconstructing the state. In
contrast, quantum theory cannot simulate the passive measurements of non-trivial

observables featured in pQT.

2.7 No-signalling and linearity

If local measurements do not alter the state of a composite system, then they cannot
be used by two distant parties, say Alice and Bob, to communicate. Given a bipartite
system Hap = Ha ® Hp and any observable A = %", a,Il, on H 4, then

> Tra [whp (e, pan)| = Tra (pas) (2.38)
holds for all pap € S(Hap). Similarly, for any observable B = -, b,I1, on Hp,

> Tep (Wi (. pan)] = Trp (pas) (2.39)

y

Eq. (2.38) and (2.39) establish (quantum) no-signalling (NS) in pQT from Alice to
Bob and from Bob to Alice, respectively. Clearly, the relations hold for arbitrary
p-instruments implemented locally. That is, appending channels of the form 7, ® Zp
to whp (I, pap) in Eq. (2.38), or Z4 @ 1, to Wiy (1L, pap) in Eq. (2.39), preserves
the equalities.

A violation of Eq. (2.38) and (2.39), along with the assumption that measurement
disturbances propagate instantaneously (in some reference frame), amounts to a
violation of the relativistic no-signalling principle, according to which information
cannot travel superluminally. Typically, nonlinear transformations are inconsistent
with relativistic no-signalling, but exceptions indeed exist, such as those implemented
using Kent’s readout devices [118-120] (cf. end of the section). In [85], Gisin showed

that a nonlinear modification of the Schrodinger equation presented by Weinberg
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[179] led to arbitrarily fast communication between observers. Gisin’s argument, later
improved in [163], affirms that, by assuming the Hilbert space setting (S), the Born
rule (P) and that information cannot propagate faster than light, it follows that the
time evolution of quantum states must be described by linear, completely positive
maps. This result depends on the fact that different convex combinations of quantum
states can be used to describe one and the same mixed state. Imagine to remotely
prepare a mixed state in one of two distinct convex combinations (Gemenge) by
performing local measurements on one part of a bipartite system. If quantum states
were to evolve nonlinearly in time, a space-like separated observer could subsequently

distinguish these decompositions, leading to signalling—see Fig.2.1.

{A/’A//}
Alice
PAB
E Bob
Pp(t1) = pi(t1) pp(ta) # pi(ts)

Figure 2.1: Schematic depiction of Gisin’s argument. By choosing to measure A’
or A”, Alice can prepare one of two equivalent decompositions of the same mixed
state, plz(t1) or p’5(t1). If density matrices evolved nonlinearly, Bob could be able to
distinguish between the time-evolved p/z(t2) and p/;(t2), thus revealing whether A’
or A” was chosen. In particular, this mechanism allows superluminal signalling if
Bob’s measurement takes place outside the causal future of Alice’s measurement.

The authors of [163] claim that the argument just given (as Gisin’s argument)
does not rely on the projection postulate. But if this was the case, then it would also
apply to pQT, ruling out any deterministic nonlinear evolution of p-states. However,
in analogy to the argument in [119], an experimenter can effectively implement
nonlinear deterministic transformations by reconstructing the reduced p-state of a
quantum system and applying unitaries based on the result.

The authors justify their claim by stating that the conditional post-measurement

state can be inferred from the Born rule alone, which specifies both the single and
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joint outcome probabilities,

Tr(Il, ® I1, pag)

Tr(Il, ® Lpag)

wh 5 (Me,paB)

=T{l®1l, (2.40)

The issue with their argument lies in the expectation that the outcome probability
distribution of a single measurement on H4 ® Hp (with outcome I1, ® I1,) coincides
with that of two local measurements on H,4 (with outcome II,) and Hp (with

outcome II,), each performed with a separate device. In fact, the use in Eq. (2.40) of
p(o1 = ag, 00 = by) = Tr(Il, @ I, pap) (2.41)

is tantamount to assuming the operational equivalence between the mono- and
multi-partite procedures described in Sec. 2.3.2. The equivalence, however, is not
guaranteed by the Born rule alone, as it relies on the update rule for post-measurement
states. Therefore, as already pointed out by Holman [105], Gisin’s argument is not
independent of the projection postulate. The supposedly instantaneous and nonlocal
collapse, which causes the transition from an improper mixture to a proper mixture,
is essential for the argument to apply.

It should be noted that Gisin’s argument does not rule out all nonlinear time
evolutions [45, 46, 71, 72, 101, 119, 120, 151, 152]. Alternative state-update rules,
rather than alternative time evolutions, may also result in nonlinear transformations
of the joint and reduced states, and possibly enable signalling. We already mentioned
in Sec. 2.2 that the readout devices presented in [118-120] represent an example of
measurement-induced transformations not dismissed by Gisin-type arguments, that
is, consistent with no-signalling. Passive quantum theory, where all measurements

are non-collapsing [3], is one such example.

2.8 Local realism

Bell’s theorem demonstrates that no physical theory of local hidden variables can
reproduce all of the predictions of quantum mechanics [20]. The widely accepted
conclusion is that quantum theory is incompatible with the combined notions of
realism and locality. Realism assumes that measurement outcomes are not created

during the measurement but reveal pre-existing properties possessed by the system
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and independent of whether the measurement is performed. Mathematically, this
is modelled by introducing hidden variables specifying all observable properties of
the system. Locality assumes that outcome probabilities cannot depend on events
happening arbitrarily far away. It is usually regarded as the combination of two
assumptions, (i) parameter independence and (i) outcome independence [111, 160,
176]. Given two space-like separated parties measuring their own systems, the
outcome probability of one measurement is not influenced by the other party’s (7)
choice of measurement or (i) observed outcome. Free choice also features among the
assumptions of Bell’s theorem: it stipulates that the choices of local measurements
are independent of the hidden variables.

In pQT, the restriction of space-like separation means that no correlations
between entangled systems will be observed. Therefore, Bell’s inequalities will not
be violated. More generally, this is true for quantum theory with readout devices
[118-120] replacing standard quantum measurements, albeit not for quantum theory
augmented by them, which remains nonlocal. Furthermore, causal quantum theory
[116, 117] is another example of a local foil obtained by modifying the projection
postulate.

Consider the simplest 2-input 2-output CHSH inequality
[(AB) + (A'B) + (AB'Y — (A'B")| < 2, (2.42)

where one party measures either A ® I or A’ ® I while the other party, with their
own separate device, measures either [ ® B or [ ® B’. Implementing mono-partite

p-measurements leads to factorised joint outcome probabilities,

p(aow by) = p(a:c)p(by) ) (243)

for all bipartite p-states psp. Hence the correlations appearing in (2.42) take the
form
(AB)pqr = > _ azby p (az,b,) = (A1) (I® B), (2.44)
Ty
differing from those predicted by quantum theory,
(AB)qr = (A® B) . (2.45)

Eq. (2.43) implies the existence of a joint probability distribution for all four outcomes,

P (@, @y, by, b2) = p(aw) p(az) p(by) p (VL) (2.46)
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and the marginals return the correct probabilities for each choice of measurements.
The existence of a joint probability distribution entails the constraint of Eq. (2.42),
making the toy model compatible with local realism. A similar argument holds for
any other Bell-type inequality.

Replacing the Liiders collapse with a passive rule deprives the theory of its
nonlocal features, even though all outcome distributions featured in quantum theory
can be observed in pQT too. In fact, a passive measurement of A ® B implemented
with a single device Dyp spanning both constituents will return correlations of the
form (2.45). However, since this procedure requires access to both subsystems, the

obtained violation of Bell’s inequality does not imply a rejection of locality.

2.9 Contextuality

A hidden variable model for pQT can be local but cannot be non-contextual, as
per the theorems by Kochen and Specker [122] and by Bell [21]. A contezt can be
regarded as a collection of observables {A, B, C, ...} that can be jointly measured.
For sharp observables, joint measurability coincides with the commutativity of their
corresponding self-adjoint operators [95, 96]. An observable can belong to more than
one context, e.g. C; = {A, By, By, ...} and Co = {A, By, B}, ...}, but the set union
C1 UCy may not be jointly measurable. A hidden-variable model is non-contextual
(a la Kochen-Specker) if the value assigned by the ontic state (or hidden variable) A

to any observable is independent of the context in which it is measured, e.g.
U)\<A’61) == U)\(A|Cg) == U/\(A) . (247)

For contextuality proofs, it suffices to find a set of observables A, B, C, ... for which
we can show that it is impossible to associate to each operator one of its eigen-
values, v(A) v(B)v(C), ..., such that all functional relationships between mutually
commuting subsets of the observables are also satisfied by the associated values.
These arguments do not require the notion of a post-measurement state, hence they
apply to pQT. They highlight the inherent inconsistency between the assumption of
realism supported by Eq. (2.47) and the requirement that observables correspond
to self-adjoint operators on a Hilbert space. The coexistence of contextuality and
locality in a realist model of pQT can be exemplified using a state-independent

version of the Kochen-Specker theorem provided by Mermin [135]. The star pattern
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1
Oy
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Gmamaw\ayayaw — 0,00y 0,040y
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\ 1 /
Oy
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a5 o3

Figure 2.2: The star-shaped pattern of ten observables on Hg leading to a proof of
the Kochen-Specker theorem. Notice the use of simplified notation, e.g. o} instead
of ol ® I, ® I,. Each straight line defines a context, and each operator belongs to
two contexts.

depicted in Fig. 2.2 shows ten dichotomic observables (with eigenvalues +1) on a
eight-dimensional qudit, Hg, in such a way that any straight line of four operators
defines a context. In particular, each observable belongs to exactly two contexts.
Notice the use of simplified notation, e.g. . instead of ¢ ® I, ® I. Denote the
operators by A;, ¢ =1,...,10 and call C;, j = 1, ..., 5 the products of the operators on
the j-th line. Then C; =1 for all contexts j # 5, where j = 5 denotes the horizontal
line, for which C5 = —I. If we assume the existence of a hidden variable A\ that
assigns all measurement outcomes, then a measurement of C; reveals the product of
the eigenvalues assigned to the four operators in the context. In particular, if we also

assume that the assignment happens non-contextually, then the following must hold,

i w(Az-)r - H ") (2.48)

However, (£)I represents the trivial observable that always returns the outcome
(£)1 regardless of the p-state p € S(Hsg). Hence, vy(I) = +1 and vy (—I) = —1 for
any A. This means that the right-hand side of (2.48) evaluates to —1, leading to a
contradiction. We conclude that, as with quantum theory, pQT cannot be reproduced

by a hidden variable model that assigns values to observables independently of what
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other observables are jointly measured.

In [135], Mermin shows that, by an appropriate change of the assumptions, the
same scenario can be recasted into the inequality-free proof of Bell’s theorem provided
by Greenberg, Horne and Zeilinger [87, 134]. Instead of considering the ten operators
as observables on an eight-dimensional qudit, they should be viewed as pertaining
to measurements performed on three space-like separated qubits. Each context is
then specified by three independent devices that register the value assigned to an
observable of the form o}, i € {1,2,3} and j = {x,y}. Without communication
between parties, no one can know which of the two contexts including their chosen
measurement describes the scenario.

Instead of assuming non-contextuality for all observables, we only do so when
it can be justified by locality. In other words, we impose Eq. (2.47) only to the six
observables of the form a , for which a dependency on the context implies a nonlocal
influence. Dropping non-contextuality for the product-observables in the horizontal
line breaks the chain of relations that leads to the contradiction. However, in quantum
theory the argument can be restored by making it state-dependent. Suppose the
three qubits reside in a GHZ state, i.e. an eigenstate of the four commuting product-
operators. Then the values assigned to the product-observables cannot differ from
one context to the other, vx(0j 03,02 |C;) = va(0j,03,02|C;r). If the three parties
were to share notes after performing their measurements, they would always find that
the products of their three outcomes equal the eigenvalue corresponding to the GHZ
state. This is a consequence of the fact that local measurements of o; 1, 0 and 0'j .

followed by classical communication, are, as a whole, equivalent to a measurement of
ajll 0]22 o3.. Therefore, by restricting to such states, we can derive Eq. (2.48) using only
the assumption of locality. Then, the contradiction demonstrates the incompatibility
of quantum theory with local realism without the use of inequalities.

In pQT, the use of GHZ states ensures that the values assigned to the product-
observables are independent of the context. However, in contrast with standard
quantum theory, the use of three devices, each registering one outcome, followed
by classical communication between the parties, cannot be interpreted as a passive

2

measurement of 0]10] 20j .- This means that, in general,

ux(oj, ) ua(os,) va(a2,) # va(oj,05,03,) - (2.49)

As a result, the chain of relations leading to the contradiction breaks, invalidating

the locality-based argument and in agreement with our earlier discussion of Sec. 2.8.
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To observe the correlations, the whole context must be measured jointly by a single
device, which is only possible when the subsystems are brought together in the same

place. Our conclusions are summarised in the following remark.

Remark. In pQT, the assignment of observable quantities by the hidden variable A
must be context-dependent if the operators composing the context are measured
jointly by a single device. However, when the context is specified by multiple devices,

the predictions of pQT are consistent with a non-contextual assignment.

2.10 An ontological model for pQT

We propose an explicit local and contextual ontological model that is consistent with
the predictions of passive quantum theory. It is based on the so-called “Bell model”
[125], generalising the method to explain qubit measurements deterministically [21].
In this section, we use the term “local” in a relativistic sense, meaning that changes
of the ontic state of a system that is spread across multiple regions do not occur
superluminally. Another model for pQT, which is local but not deterministic, can
be obtained by identifying the ontic state of a system with its local state, along the
lines described in [116].

We employ a slightly different notion of an ontological model compared to that
in, say, [125], which includes only (generalised versions of) the first four items from

the list below. In the present context, an ontological model consists of:

« a measurable space (A, ) called the ontic space, where A is the set of ontic

states and X a o-algebra on A;
« a probability measure u¥ over (A, Y) for each p-state ¢ € Hy;
o the probability Pr(z|\, D) that a measurement performed with device D on

one or more constituents of a system described by the ontic state A € A returns

the outcome x;

« a probability measure T'(U, \) on (A, ) describing the update of the ontic state
following the implementation of a unitary gate U on one or more constituents
of a system described by A € A;

e a probability measure W (z, A\, D) on (A, X) describing the (possibly outcome-

dependent) update of the ontic state following a measurement with device
D.
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The ontic space. Consider a d-dimensional p-system, where d = p{'p5% ... is the

unique prime factorisation of d. Let

Pd: (Pbpl»---aanP%---a---) (250)
—_——

ny times no times

be the finite tuple of prime numbers appearing in the decomposition, including

repetitions. Denoting the elements of P; with s;, i =1, ..., |P,|, we can write
| Pyl
Ho=QQHs, . (2.51)
i=1

The ontic space of the system is assumed to be
A=Ay x Ay where Ap =P (M) ", Ay =0, 1)1l (2.52)

where P (H,) is the set of rays in ‘Hy and | Py is the cardinality of P;. An equivalent
and useful factorisation is

| Pal
A= X (A} x Aj)  where AJ"=P(Hy), AJ =10,1]. (2.53)

i=1

Then, the ontic state of a single d-dimensional p-system takes the form
A= (5528, (7 A8, (0™ 057™) (2.54)
or, equivalently, A = (A1, Ay) where
A=A Y e A d = (8RN e Ay (2.55)

In other words, a two-variable ontic state (A", A\5') is assigned to each subsystem
(or degree of freedom) and the ontic state of the entire system is the Cartesian
product of the ontic states of all subsystems. The variable A\]' can be regarded as
subsystem s;’s own description of the composite system it is a part of, whereas A5’ is
s;’s “hidden” variable that is inaccessible to observers. Anticipating what will be
discussed in a later paragraph, the reason we assign to each subsystem their own
description of the composite system is to model the time evolution of states, i.e. the
mapping 71" of the ontological model, in a local way, in the sense that implementing
a unitary gate on a subsystem does not superluminally update the ontic state of a
distant subsystem. Call 37* and X3’ the Borel o-algebras of Aj* and AJ', respectively.
Then ¥ = ¥; ® Xy, where Xy = ®|Aid1‘ Y1 and Xy = ®|Aidl‘ 335, is the o-algebra of A,

K2 K2
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generated by elements of the form Q = Q; x Qq, Oy € ¥y, Q9 € 3y [125]. The tuple
(A,Y) defines a measurable space.

The p-state ¢ € Hy is represented by the product measure
p(Q) = /A2 1 () diy (Vo) (2.56)
where ,uf is a probability measure on A; and
Oy, = {1 € A1] (A, \g) € Q}. (2.57)

Suppose a procedure involving the entire system—i.e. a global unitary—prepares
the p-state 1. At the end of it, all constituents will share the same description of
the joint state, \; = (¢,%,...). This can be achieved by setting

| Pal

wf () = [To( —v) . (2.58)

The “hidden” variable Ay, on the other hand, is uniformly distributed, i.e. ;ﬂé’ = o
is the uniform measure on A,. The underlying mechanism producing \o—whether
intrinsically probabilistic or deterministic—is irrelevant to our analysis. What
matters is that the model is realist, i.e. all observable properties of the system are
uniquely determined by (Aj, A2) which take on definite values at any point in time

and regardless of the measurements we may or may not perform.

The measurement process. The behaviour of p-measurements (and sequences
thereof) is modelled as follows. For the moment, we will assume that all subsystems
agree in their description of the composite system they belong to, i.e. Aj" = v for
all 7. Let Dy ) denote a device implementing a measurement on the first r < |Fy|
subsystems in (2.51) of the observable represented by {II,}Y . I, € P (Q/_, H,)
with N < dim (®;_, Hs,). We can consider this scenario without loss of generality,
since any device acts like D(y,y for a suitable ordering of the elements of (2.50). A
global measurement, with the entire system as input, is one where r = | P,]|.
Consider the unit r-cube [0, 1]". The device D(y,y splits the hypercube into exactly
N non-overlapping regions {R,}_,, each corresponding to a possible measurement

outcome z. Each region has volume
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where p(;,) is the reduced state of the first r subsystems,

pary = Trg, jor (W) (W) - (2.60)

Notice that the locally available entries of Aq, A§“> = (A1, ..., A]") are sufficient
to determine p(;,). The arrangement of the regions in the unit r-cube and their
shape do not matter and can be assumed to be determined by the device. The
result of the measurement will then be the value = labelling the region where the
point AS’” = (A3, ..., Ay") € [0,1]" resides. In other words, the function Pr of our

ontological model is defined by the formula

1 if )" e R,
Pr (z[AM, A8, Dy ) = ? . (2.61)

0 otherwise

Compliance with the Born rule is ensured by Eq. (2.59). The measurement also

leads to an update of the ontic state which is outcome-independent,

A= AT e {l, .., |P} (2.62a)
, X§7 1 <r

Ay (2.62b)
Ay A>T

where each ng is drawn uniformly from the unit interval [0, 1]. Formally, Eqs. (2.62)
characterise the update map W of our ontological model. In other words, the
measurement does not affect the description of the composite p-state associated to
any subsystem, A\; — A, and does not update the hidden variables corresponding to
the subsystems that did not interact with the device.” Assuming uniform measure for
X§7 ensures that repetitions of the same measurement will agree with the probabilistic
repeatability of pQT. Single-copy state reconstruction will return the reduced state
p(1,r), as expected.

To update the hidden variables A5’ of all the subsystems, a device must necessarily
act on the entire system, r = | P,|. Furthermore, for any r; < |P;|, a measurement by
D1,y of {IL,} is operationally indistinguishable from a measurement of {II, ® I,,,}
performed by D(; .,y on ry > ry subsystems, where m = [],, .;<,, si- This follows

from the use of the Born rule in (2.59) which ensures that the two procedures return

"Notice that the mechanism can be made consistent with quantum measurements if one sets

ATt I, @ TAT/+/p(2) for all 4.
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the same outcome statistics for any initial p-state 1 € H,. Nevertheless, the two
measurements are not identical at the ontic level, as the number of hidden variables
updated by the two devices is different, r; for D; and ry for Dy. However, such

discrepancy cannot be observed.

Contextuality and locality. The model complies with the contextual behaviour
of pQT. Consider the following example in d = 3, hence |P3;| = 1, with the two
qutrit observables C; = {I1,,I1;,II.} and C; = {II,,11,,II,}. The sets define two
different contexts for the operator II,. Let the system reside in A = (A1, Ay) with )\
not an eigenvector of any of the five projectors above. Then, contextual behaviour
can arise from the different ways C; and Cy can split the unit hypercube (here the
unit interval). Fig. 2.3 shows an example where v, (II|C;) = 1 but v, (I1,|C2) = 0.
Notice that there will be values of Ay for which v, (I1;|Cy) = v (I1|C3) and these will
generally depend on how the regions are arranged—in Fig. 2.3 the order follows the

appearance of the operators in the sets.

p—
.

0 A2 1

Figure 2.3: An example of how the unit interval can be split according to the elements
of C; = {I1,, 11, I1.} (above) and Cy = {I1,,II;,I1,} (below), given the ontic state
(A1, Ag). The shaded areas highlight the values of Ay for which vy (I1,|Cy) # va(I1,|Cs).

The machinery behind a measurement relies exclusively on the properties of the
single device implementing it and on the ontic states of the measured subsystems.
As a result, no contextual behaviour will arise whenever the context is defined by
multiple devices, in accordance with the results of Sec. 2.9. In particular, if we
assume that the un-measured subsystems are at space-like separation, then the use of
locally available information, along with the restriction to only disturb local hidden
variables, ensure that measurements in the model are an inherently local process.
The model is also compatible with the assumption that measurement settings are

independent of \.
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Lack of correlations. The following example aims to clarify how the model works
for mono- and multi-partite measurements on a pair of qubits. Let d = 4, hence
P, = {2,2} and consider two qubit observables A = {II¢', 11!} and B = {II¥ 117},
along with the two-qubit observable M5 = {1l @ IF, I} @ 1 I @ 118 TI @ T1P ).
A passive measurement of Myp can only be realised with a single measurement
device. Let A = (A1, \2) be the ontic state with A{! = A2 = a[|0,40p) + B|1415) where
a, f # 0. Fig. 2.4(a) illustrates one way to arrange the two non-zero volume regions
in the unit square, along with the measurement outcome. If A and B are instead
measured with two separate devices acting on subsystem s4 and spg, respectively,
then Fig. 2.4(b) illustrates how the modulo-2 sum of the outcomes can happen to be

1, in agreement with the predictions of pQT.

L ROB 1 RlB | S
0 BV
o7 R
| o 0 SV 1
(@) % L)

Figure 2.4: (a). Example of a measurement of M,p with outcome ‘00’ on the
ontic state (A, \5), (AB,\D)), where \i = «|0408) + B|14l5). (b). Example
of two distinct p-measurements of A and B performed on (A, \3}) and (\B \D),
respectively, for which v)(A) 4+ vy(B) =1 (mod 2).

Unitary evolution. So far, we have assumed that \; is always composed of | P
copies of the prepared p-state 1. The reason for assigning one vector A} € P(H,)
to each subsystem lies in the need to model unitary evolution in a local way, as
done for measurements. In fact, had we set A; = P(H,), then a unitary on, say, Hs,
alone, Us,, would change the p-state of the entire system to Us,1). A measurement
on a space-like separated subsystem, say H,, would then use the updated U, in

Eq. (2.60) to calculate the volumes via Eq. (2.59). This would effectively amount
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to a nonlocal influence between the two subsystems as a result of the 1-ontology
of the model: if the p-state is part of the ontic state, then any change of it can
potentially establish an instantaneous interaction between systems. Assigning to
each subsystem their own description of the composite system, A}, is a way to avoid
such non-classical behaviour. By doing so, we can establish the mapping 7" within
our ontological model, whereby a local unitary on H,, only updates A}?, leaving
unchanged the other entries of Ay, at least until enough time has passed for a signal to
reach the corresponding subsystems. Therefore, in the case of space-like separation,
a device measuring on H, will still compute the volumes using A\j* = 1. The correct
statistics will be obtained because applying U, does not affect the reduced state
of s1. We have thus introduced a mechanism resembling Kent’s local-state update®
[119], which accounts for modifications of A" due to unitary gates applied in the
causal past of s;. This way, by the time s; and s, are brought to the same location,
their corresponding entries in A; will be identical, bringing us back to the previously
examined scenario. In addition, applying a joint unitary Us,s, on s; and s, will
cause a new update of the locally available variables, A\]' = \J* = Uy, 5, Us, 1, which
will in turn extend to the remaining entries of A\; without resorting to superluminal
influences.

Taking into account unitary evolution, we provide a slight modification of the
formula for reduced states. Since, in order to perform a passive measurement on
®!_, Hs,, the r systems must not be space-like separated’, we conclude that at the
time of the measurement, Aﬁl*) = (A1', ..., A7") will be composed of equal entries,

hence

Py = Trs, jor (|AT)(AT]) forany i <r. (2.63)

Eq. (2.60) constitutes a special case where no unitary gate is applied on any subsys-

tem in the causal past of the measurement event.

The model is y-ontic but not y-complete, as the ontic state includes the quantum

state as well as other variables [125]. Nevertheless, it may be the case that the

8Notice that, while we use it to model unitary evolution of the local ontic states, the original
purpose of Kent’s mechanism was to propagate measurement-induced disturbances.

9Tt is known that, in quantum theory, measurements of nonlocal observables can in principle
be performed on spatially separated systems via local operations and classical communication.
However, existing implementations [88, 175] rely on quantum state teleportation, which necessitates
the collapse of the state of the composite system as a result of local measurements. Consequently,
these protocols cannot be implemented in pQT.
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“true” p-state of the system does not appear in the entries of A\; for some time. It
should be mentioned that we have only focused on pure states of the composite
system. To account for entanglement with additional systems, one could further
assume that the mechanism for updating A\; can replace each entry with vectors from
higher-dimensional Hilbert spaces, effectively allowing the ontic space A to change
with time.

The model raises several unanswered question, such as how each degree of freedom
can carry such large amount of information, how the update mechanism a la Kent
can work, how the device arranges regions in the hypercube, and how the hidden
variables are generated. However, what we can conclude is that suspending the

collapse enables a fully classical explanation of all the predictions of the theory.

2.11 Quantum information with p-measurements

The state update induced by quantum measurements is essential for many protocols
in quantum information. Teleportation [25] and entanglement swapping [143], for
example, rely on system-wide state changes as a result of local measurements. Thus,
they will no longer work in pQT. The impossibility to “steer” the state of a distant
subsystem means that quantum key distribution protocols based on entangled states
[70] are also ruled out. At the same time, single-copy reconstruction would allow
for perfect eavesdropping on p-states, i.e. without leaving a trace. The security of
protocols like BB84 [24] would therefore be compromised.

Both adding collapse-free measurements to standard quantum theory and re-
placing collapsing measurements by them will modify its computational power, as
shown in [3, 120]. In the following paragraphs, we review some key implications,
with further details available in these papers.

“Quantum parallelism” may be exploited in full since the p-state encoding
the result of a quantum computation is observable, at least in principle [3]. The
algorithms by Deutsch and Jozsa [56], Grover [90] and Simon [164], for example,
involve “oracles” which “evaluate” a function f(x) by means of a unitary operator,
viz. Uy : |z,0) — |z, f(x)). Letting the linear operator Uy act on the symmetric
superposition |s) = 272 3°2" |z,0), the output state carries information about
the function f(z) for all its values. A projective quantum measurement on the

final state Uy|s) will, however, reveal at most one value of f(x), necessitating for
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further calls of the oracle. As mentioned in Sec. 2.2, a single implementation of an
infinite-precision local-state readout device (SRD) can reveal all the values of f(x)
[119, 120], making it possible to solve NP problems in polynomial time [5]. In pQT,
however, passive measurements only provide partial information about the state
of a system. Nevertheless, all values f(x) can be extracted from the final p-state
Us|'s) with at least 2" measurements. Hence, only a single call to the oracle is
necessary within pQT which represents a substantial reduction in computational
cost, but a large increase in measurement complezity. The improvement does not
violate arguments of optimality such that for Grover’s algorithm [189]: by restricting
to a single p-measurement, it is still impossible to produce a more reliable solution
using fewer oracle calls (e.g. O(v/27) for Grover’s search algorithm).

In quantum algorithm complexity, the cost of a single measurement is generally
ignored due to the collapse making measurement sequences irrelevant. However,
for p-algorithms it is essential to estimate the resource cost of each measurement
to determine their feasibility [3]. The advantages provided by p-measurements are
more evident when the structure of the specific problem is leveraged. For instance,
without requiring additional measurements beyond the ones outlined in Simon’s
algorithm, in pQT a single implementation of Simon’s routine is sufficient. This
amounts to a linear improvement in terms of query complexity with no increase in
measurement complexity. Similarly, with even a single additional p-measurement at
the end of Shor’s factorisation algorithm [161], one eliminates the need for continued
fractions. This step is required in standard quantum theory to extract powers of
prime factors from the only available measurement outcome.

Although shared entanglement has no use for communication in pQT, a single
p-qubit can potentially carry an unlimited amount of information [3]. In fact, an
arbitrary n-bit message m = byby...b,, b; € {0, 1}, can be encoded in, say, the (real)
amplitude of its p-state, such as a = 37, b;27% in «|0) + Be|T). After the system
is transmitted to a receiver, it can in principle be decoded using a sequence of

p-measurements.

2.12 Summary and discussion

We have reviewed a collapse-free foil theory of quantum mechanics by assuming

that measurements do not cause states to update, cf. Sec. 2.1. Such “passive”
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measurements were first introduced in [3] and correspond to a class of hypothetical
devices presented in [120]. The predictions of this model, pQT, agree with those of
quantum theory as long as its post-measurement states are discarded systematically.
Any non-quantum feature of pQT can be traced back to states not collapsing when
measuring generic observables. Being manifestly different from quantum theory, the
model represents a tool to study the role of the collapse rather than suggesting an
alternative interpretation aiming to circumvent the projection postulate.

The possibility of single-copy state reconstruction turns p-states into observ-
able quantities [33, 119], albeit only by virtue of infinitely long sequences of p-
measurements, cf. Sec. 2.2, Sec. 2.3.1. As any time-evolved state can in principle
be accessed directly in pQT, the cost and computational power of known quantum
algorithms must be evaluated anew [3], cf. Sec. 2.11. Assuming that the measured
state has been reconstructed—a procedure that, for entangled states, requires access
to all subsystems—pQT can simulate quantum theory including the collapse if one
accepts a time delay in state updates, cf. Sec. 2.6. In contrast, quantum theory
cannot simulate pQT.

In standard quantum theory, projective measurements can be used to prepare
specific states. In pQT, a desired state can only be prepared dynamically, i.e. by
suitably evolving a known state in time.

The comparison with pQT shows that some concepts of quantum theory are
equivalent because of the non-trivial state update described by the standard projection
postulate. As is well-known, proper and improper mixtures of quantum states are
indistinguishable. This is no longer true in pQT where passive measurements can be
used to reveal each of the individual states forming a proper mixture, cf. Sec. 2.4.
This, in turn, affects the valid interpretations for the physical realisation of quantum
channels, cf. Sec. 2.5.1. Similarly, in quantum theory the observable A ® B can be
measured by either a single global device or by two local devices implementing A
and B separately, if supplemented by classical communication. In pQT, these two
scenarios lead to entirely different outcome statistics, cf. Sec. 2.3.2. A consequence of
the distinguishability between these two operational procedures is the impossibility
to perform local tomography. Furthermore, Bell’s inequalities can no longer be
violated in the usual setting, cf. Sec. 2.8, meaning that the predictions of pQT are
consistent with local realism. However, since the model shares the same state and
observable spaces of quantum theory, it necessarily exhibits contextual behavior,

cf. Sec. 2.9. In Sec. 2.10, we presented a fully-fledged deterministic hidden variable
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model for pQT consistent with both relativistic locality and contextuality.

It is not difficult to see that passive measurements represent just one specific case
of possible alternative state-update rules leading to quantum-like theories. However,
if consistent modifications of the projection postulate exist, an intriguing question
arises: can we identify a physical principle which singles out the quantum mechanical

update rule among these alternatives?



3

Quantum theories with alternative

measurements

3.1 The AMT framework

3.1.1 Construction

The analysis of pQT given in Chap. 2 shows that modifications of the projection
postulate can give rise to consistent quantum-like theories. Comparing them with
quantum mechanics allows us to identify the subtle ways in which the projection pos-
tulate shapes quantum theory. The ontology of quantum states, the incompatibility
with “local realism” and the operational equivalence between different procedures
for measuring local observables were all shown to depend on the specific form of the
standard update rule wt. Other features of the theory, such as contextuality and
preparational uncertainty relations, are independent of it.

Passive measurements offer an alternative to the collapse, but they are not the
only option. In this chapter, we will define a wide variety of Alternative-Measurement
Theories (AMTs), which are identical to quantum mechanics except for the assigned
post-measurement states. The AMT framework allows us to explore questions that
go beyond the scope of Chap. 2. For example, we can search for principles that single
out the quantum mechanical update rule amongst other operationally meaningful
alternatives. Our approach also suggests looking for toy models that successfully
simulate quantum measurements, despite being manifestly different from quantum
mechanics.

To define AMTs, we introduce the concept of an update rule w” which characterises

76
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the transformation of states resulting from a measurement performed on a system
(or a subsystem)!. Recall that all other axioms of quantum theory will remain
unchanged—cf. Sec. 1.1. We begin by considering measurements on a single system,
generically labeled with ‘A’ in a serif font, as done throughout Chap. 1 and 2.
Abstracting from standard and passive quantum theories—i.e. from (M%) and (MP),
respectively—we require that every pair of a pre-measurement state of the system and
a sharp measurement outcome (associated with a projector) uniquely determines a
post-measurement state, i.e. w is a mapping from P(H4) x S(Ha) to S(H4). From
an abstract point of view, we assume two properties: (R1) completeness, stating that
every measurement that might be performed must specify a valid post-measurement
state of the system; and (R2) contezt-independence, according to which the post-
measurement state does not depend on the context of II,, i.e. it may have been
measured along with any other commuting set of projectors.

We formalise these features in the alternative postulate (M*).

(MA) If a measurement outputs the outcome x, then a pre-measurement state p is

updated to the normalised post-measurement state as follows:

(1) If p is a pure state, then
p = Wi (1L, p). (3.1)

(73) If p is a proper mixture with Gemenge G = {(p1, 1), .-, (Pn, Pn)}, then

n n
P = leipi — z;p(ﬂfﬂ) fo (L, pi) (3.2)
1= 1=
where p(i|z) = p; p(z[i)/p(z).

As improper mixtures arise from measurements on entangled states of composite
systems, they do not feature in (M?), as will be explained in the following paragraphs.
To simplify the notation in the single-system case, we define w2 (-) = w4 (Il,, ) as
the mapping from S(H4) to itself representing the assignment of states conditioned

on observing outcome .
Having defined the effect of measurements on single systems, we now need to
describe their action on composite systems, since a system entering a measurement
device may be entangled with other systems. In other words, an update rule must

also account for the effect on the states of composite systems when measurements

'We will utilise the sans-serif superscript A to denote a generic AMT.
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are carried out only on some subsystems. We realise that, in analogy with quantum
theory and pQT (cf. Sec. 2.3.2), Axiom (M*) is operationally incomplete and a
generalised postulate (M4) must be introduced. To do so, we need to define what

constitutes a valid update rule in the AMT framework.

Definition 9 (AMT update rule). Let H4 and Hp be finite-dimensional Hilbert

spaces. An update rule w” is a family of functions {w’iz}ap (one for each dimension

of Ha and Hp) satisfying (R1) completeness, (R2) context-independence—i.e. whp :

P(Ha) X S(Ha®@Hp) = S(Ha ® Hp)—and two additional conditions:

(R3) Self-consistency: let Hp = Hp @ Hpr (hence wig = wig ), then for all
Hpr, pappr € S(Ha® Hp @ Hpr) and I, € P(H,), subsystem update rules

must satisfy the relation
Trpn (Whp g (I, paprsr)| = Whp (I, Trpe (papsn) ;. (33)

(R4) (Quantum) No-signalling: for all pap € S(Ha ® Hp) and all observables {II,}
on H 4,
> (@) Tea [Why (I, pan)| = Tra (pas) ; (3.4)

Given these conditions, we can interpret wiz (IL,, pap) as the normalised state
of the composite system ‘AB’, initially residing in psp, after a measurement has
been performed on subsystem ‘A’ resulting in outcome x. The subscript of w”
indicates the (possibly composite) system for which the output state is returned,
while the subsystem on which the measurement is performed can be inferred from the
Hilbert space on which the projector Il is defined. Def. 9 considers measurements on
subsystem ‘A’, but update rules are of course assumed to account for measurements
on any constituent, e.g. I, € P(Hp).

In line with our previous discussion on single systems, we require post-measurement
joint states to be (R1) always well-defined and (R2) uniquely determined by the
observed local outcome II, and the pre-measurement state psp. In addition, condi-
tion (R3) ensures that the assignment of states is unambiguous. In particular, for
any outcome II, registered by a device acting on ‘A’, the output state assigned to
the composite system ‘AB” can also be obtained from the output state assigned to
the larger composite system ‘AB'B”". The assignment of post-measurement states
is required to be independent of the observer’s choice of how to partition the inac-

cessible part of the system. Condition (R4), on the other hand, assures that local
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measurements, in the sense of measurements on distant subsystems, cannot be used
to transmit information—cf. Sec. 1.2.4.
The single-system mapping of Eq. (3.1) is now obtained as a special case. Let

pa =Trp(pap), using (R3) we set

wh (I, pa) = Trp {WQB (H&?JPAB)} : (3.5)

Eq. (3.5) describes the update of the state of ‘A’ when initially entangled to ‘B’
Therefore, it specifies how improper mixtures update following measurements.

An AMT is defined by replacing the Liiders rule wt with an update rule satisfying
Def. 9.

(Mg) If a measurement on system ‘A’ outputs the outcome x, then the joint pre-
measurement state pap of the composite system ‘AB’ is updated to the nor-
malised joint post-measurement state according to the update rule w” as

follows:

(1) If pap is a pure or improper mixed state, then
PAB S WﬁB(Hxv PAB); (3.6)

(it) If pap is a proper mixture with Gemenge G = {(p1, p5); -, (Pn, Pi5) }
then

pan = pipap ~ Y p(ile) whp (T, plas) (3.7)

i=1 i=1

where p(i[z) = p; p(z|i)/p(z).
By considering proper and improper mixtures separately, we allow the AMT frame-
work to include model theories such as pQT where sequential measurements can be

used to distinguish between the two classes.

Definition 10. An Alternative-Measurement Theory (AMT) is a theory defined
by the quantum postulates—cf. Sec. 1.1—for states (S), time evolution (T), system
composition (C), observables (O), probabilistic outcome production (P) and Axiom

(M3) assigning post-measurement states.

Both quantum theory and pQT are examples of AMTs. Quantum theory is

characterised by the Liiders rule,

(1L ® 1) pap (IL, ® )
Tr (H:v ® ]I/)AB)

Whp (I, pan) = (3.8)
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whereas passive quantum theory, i.e. quantum theory with non-collapsing measure-
ments [3] (or SERDs [120]) replacing standard measurements, is characterised by

the passive update rule,
Wip (I, pap) = pas - (3.9)
We note that the other types of readout devices explored in [118-120] do not, at least

in an obvious way, provide alternative update rules as defined in Def. 9. Update
rules, in the context of Def. 9, refer to assignments of post-measurement states
for measurements of quantum observables, which are represented by self-adjoint
operators. Devices such as SRDs or VNEMs fall outside our framework as they
yield the local state of a system or its von Neumann entropy, respectively [118]
(although it may be conceivable to simulate such devices within valid AMTs, e.g.
pQT). Nonetheless, implementing (possibly local-state-dependent, thus nonlinear)
evolution rules after the action of a SERD—mentioned explicitly in [118, 120]—
indeed provides different update rules, hence AMTs. Our framework, however, is not
confined to these examples: it also encompasses update rules capable of modifying
(as in standard quantum theory) the state of arbitrarily distant entangled systems,
something that cannot be achieved by applying unitaries based on the observed local
state of a system. In particular, anticipating the discussion of Sec. 3.3.2, the AMTs
obtained by assuming post-processing of SERDs constitute subtheories of pQT.

By combining Axioms (M%) and (P) we can construct instrument maps wip :
P(Ha) x S(Ha @ Hp) — S(Ha @ Hp), which allow us to jointly describe both the
obtained outcome and the post-measurement state. In the following sections, we
will often work with w” and sub-normalised states rather than directly with update

rules w” and normalised states. Let us define

Ap (M, pag) = Tr L,Teg (pan)] why (T, 22— (3.10)
Tr(pan)

then w5 (I, pap) denotes the un-normalised post-measurement state of ‘AB’ con-
ditioned on observing outcome x on system ‘A’. As with standard instrument maps,

the trace of w5 (I, pap) returns the probability of observing ,

Tr [why (I, pap)| = Tr (ILTrp (pap)) = Tr (1L @ T pap) - (3.11)

We can concatenate instrument maps meaningfully. Given any initial joint state
pap (not necessarily normalised), the operator w’p (Hy, whp (I, pAB)) describes

the joint state at the end of a time-ordered sequence of two measurements with



3.1. THE AMT FRAMEWORK 81

outcomes 11, and II,, respectively. Note that the measurements do not have to be
performed on the same subsystem. This property is ensured by the requirement that
whp be 1-homogeneous over S(Ha ® Hp): for all I, € P(Ha), pap € S(Ha ® Hp)
and A € [0, 1],

s (M Apan) = Ay (T, pap) (3.12)

For proper mixtures, the conditional un-normalised post-measurement state is

obtained by applying w’ 5 to each element of the sum,

PAB = ZpiPixB S Zpi WQB (Hafa PZB) . (3.13)

i=1 i=1
3.1.2 Assumptions

To recap, the AMT framework rests on four assumptions:

(R1) Completeness: Every system must be assigned a post-measurement state as a

result of any measurement that may be performed on some of its components.

(R2) Context-independence: The initial state of the system and the observed outcome

uniquely determine the post-measurement state.

(R3) Self-consistency: The assignment of post-measurement states does not depend
on whether or not the probed system is regarded as part of a larger composite

system.

(R4) (Quantum) No-signalling: Measurements on separated subsystems do not

provide a signalling mechanism.

Assumptions (R1) and (R3) ensure that the behaviour of a system is coherent under
measurements. In contrast, (R2) and (R4) encode operational principles that will
restrict the set of mathematically-consistent measurement behaviours in a non-trivial
way.

In Sec. 3.2, we will continue our discussion on the definition of update rules. In
particular, we will examine how different AMTs can share the same measurement
behaviour for single systems and we will explore the limitations of “complete positivity”
in constructing the AMT framework. Then, in Sec. 3.2.4 and 3.2.5, we will analyse
more closely assumptions (R2) and (R4) by providing examples of measurement
behaviours that are ruled out exclusively by either context-independence or no-

signalling.
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3.2 The role of update rules

3.2.1 Multiple extensions to composite systems

As discussed in Sec. 1.2.4, Axiom (M%) fails to describe how a measurement on one
component affects entangled systems in quantum theory. Axiom (M) was therefore
introduced to describe any measurement scenario in the theory. However, Axiom
(M) is not implied uniquely from Axiom (M").

More generally, different update rules may be compatible with the same behaviour
observed for single systems. Therefore, operational conditions on the behaviour of
single systems are usually insufficient to isolate a specific update rule w” from the
rest.

For example, it is easy to verify that

Wip (I, pap) = wi (I, Trg (pag)) ® Tra (pan) (3.14)

defines a valid update rule compatible with any single-system rule w4 obeying (R1)
completeness and (R2) context-independence. In fact, since the reduced state of
subsystem ‘B’ is not affected, the map in Eq. (3.14) satisfies (R3) self-consistency
and (R4) no-signalling.

Substituting wh—cf. Eq. (1.6)—into Eq. (3.14) leads to an alternative update
rule, wh, still compatible with the standard collapse, cf. Eq. (1.10). Therefore, there
are at least two AMTs featuring the Liiders projection for single systems: standard
quantum theory, identified by w', and correlation-free quantum theory, identified

L. The predictions of the two models agree for single-system measurements,

by w
but differ when entangled systems are measured independently. In particular, the
behaviour described by Eq. (3.14) is equivalent to cloning the reduced state Trg (pap)
and performing a measurement on the copy while the original is discarded?. As
in pQT, correlations between distant entangled systems cannot be observed but,
in contrast to pQT, they cannot even be retrieved by subsequent multi-partite

measurements.

2Note that the ‘correlation-free’ theory cannot be obtained by instead changing the state
space to exclude entanglement. Such a modification would, in fact, also affect the behaviour of
measurements performed on the entire composite system, which one does not obtain by replacing
the standard update rule with w'.
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3.2.2 The limitations of complete positivity

A map N defined on the space of bounded operators £(H4) is said to be completely
positive if, for any finite-dimensional space Hp with m = dim (H ), and all positive
operators 0 € L(Ha ® Hp), where 0 = 3,4 cija|1) (| @ k) (| = Xp or @ |k) (], we
have

o = i N (o) @ k)] > O. (3.15)

k=1
This definition, taken from [6], was introduced to apply to linear as well as nonlinear
maps. If AV is linear, then o/ = (N ® Z) (0).

Quantum mechanics is an example of an AMT in which instrument maps associ-

ated with a measurement on subsystem ‘A’ with outcome II, obey the relation

whp (e, pan) = (Wﬁ ®IB> (paB) (3.16)

where wA () = wi(Il,, -) is the single-partite map acting on S(#4) conditioned on
II,. Assuming w” has a unique linear extension to £L(H4), the complete positivity
of w is a necessary and sufficient condition for Eq. (3.16) to define a valid update
rule w” via the relation given in Eq. (3.10). In fact, if w? is completely positive,
then it is a quantum operation, hence w4y is both (R3) self-consistent and (R4)
no-signalling—if this was not the case, quantum theory would violate at least one
of these two requirements. Conversely, if w” is not completely positive, then w’p
does not map onto S(H, ® Hp), hence Eq. (3.16) does not always represent a valid
state of the composite system. Therefore, complete positivity represents a way to
consistently “extend” single-system linear maps w4 to composite systems. In other
words, it provides a way to define (M%) from (M*) in the case of single-system rules
w4 that give rise to linear instruments.

We could have defined arbitrary update rules constructively using complete
positivity of the single-system mappings w’, rather than in terms of the conditions
(R1)-(R4) of Def. 9. Clearly, a more restricted framework of theories would have
resulted. This is an immediate consequence of Eq. (3.14) which provides an update
rule consistent with Def. 9 regardless of whether w’ is completely positive or not—a
feature that distinguishes our approach from others, such as [162], where complete
positivity of transformations is assumed from the outset. Nevertheless, can Eq. (3.15)
serve as an effective means to extend any single system behaviour into a fully fledged

update rule?
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It turns out that this is not possible, as complete positivity defined by Eq.
(3.15) is “physically unfit” for nonlinear dynamics. The authors of [47] observed
that a nonlinear version of N/ generally maps different decompositions of the same
state pap to different operators. In the AMT framework, this translates into an
ambiguous—hence unphysical-—assignment of joint post-measurement states. Let
us illustrate this feature using passive measurements. Firstly, notice that complete
positivity, as defined in [6], requires the map to be defined on the space of bounded
operators, whereas the single-system rule wf and its corresponding p-instrument
map wh are defined on S(H4) and S(H.), respectively. Therefore, one needs to
modify their definitions so that they also apply to non-Hermitian operators, i.e.
wh (I, L) = Tr (I,L) L, where L € £(H4). Now suppose we have a qubit pair in
the state |W4p) = ¢|00) + ¢1|11) € Ha ® Hp, and we perform a computational
basis measurement on subsystem ‘A’ with outcome Il = |0)(0|. By choosing two
different bases, say {|0),|1)} and {|+),|—)}, for Hp, we can express the operator

pag = |Vap){¥4p| in two different ways:

pap= Y, on@adglk)(il= > Gy®kl/2 (3.17)
k,lG{O,l} /;‘,ZE{‘F,—}

where we have set o = |k)(l|, 757 = |¢7)(¢j] and |p+) = ¢o|0) £ ¢1]1). Applying the

transformation defined in Eq. (3.15) to these decompositions leads to two different

outputs:
> wi (Mo, o) @ e [k) (1] = |eo|*]00){00] (3.18)
k,le{0,1}
> wi (o, o) @ [k){I1/2 = [eof*pas - (3.19)
kJle{+,~}

Both are valid states of H4 ® Hp, hence the argument against complete positivity
applies regardless of whether Eq. (3.15) holds in all cases. In particular, the output
given in Eq. (3.18) is inconsistent with the action of wfj on the reduced state of
qubit ‘A’ Wi (Ily, pa) = |co|?pa. Using a third basis for Hp would likely result in yet
another final state.

This suggests that complete positivity is not a sensible criterion to construct
instrument maps for composite systems given arbitrary instrument maps for single
systems. The requirement does not entail for nonlinear maps the same desirable

operational properties that it does for linear maps.
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3.2.3 Composition compatibility

In quantum theory, a measurement with outcome II, performed by a device Dy
on subsystem H 4 affects the joint state in the same way as a measurement with
outcome II, ® Iz performed by a global device D4p on the entire system H 4 ® Hp.
Formally, this property reads

whp (e, pas) = whp (I, @ Is, pag) (3.20)

where on the right-hand side ‘AB’ is regarded as a single system, since II, ® I €
P(Ha ® Hp). In other words, the two expressions in Eq. (3.20) are different: that
on the left-hand side is defined on P(Ha) X S(Ha ® Hp), while the other on
P(Has @ Hp) x S(Ha @ Hp). Let us define this operational feature for arbitrary
AMTs.

Definition 11 (Composition Compatibility (CC)). An update rule w” satisfies
composition compatibility (CC) if, for every H, Hp, joint state pap € S(Ha ® Hp)
and local outcome I, € P(H.4),

Wig (I, pap) = Whp (IL @ Ip, pag) - (3.21)

Again, although Eq. (3.21) specifies measurements on ‘A’ only, the property is
assumed to hold for measurements on any component.

In analogy with complete positivity, composition compatibility can be used to
define an update rule w” given only the behaviour for single systems, w. However,
in contrast with complete positivity, (CC) can be also used for maps w’ giving rise to
nonlinear instruments. Passive quantum theory is one such example, in line with Eq.
(2.31). Furthermore, composition compatibility singles out quantum theory within
the set of AMTs consistent with the Liiders projection for single systems w4—cf.
Sec. 3.2.1.

However, this strategy of constructing update rules does not work in general. For

instance, consider the mapping

mix ]I
W™ (1L, p) = i (3.22)

where d4 = dim(H,4), which completely depolarises any measured state. If the

outcome represented by |0) (0| ® I is observed from a measurement by a global device
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Dup on a 4-dimensional qudit (labelled ‘AB’) in the product state |00), then the
post-measurement state would be

I

wig ([0)(0] @ I, [00)(00]) = - (3.23)

If we imposed composition compatibility, then Eq. (3.23) would also describe the
joint state of two (possibly distant) qubits after a measurement on ‘H 4 performed
with a local device D 4. Consequently, the reduced state of qubit ‘B’ would transition
from a pure state to the maximally mixed state. Clearly, such transformation would

enable signalling between the parties, thus violating (R4).

3.2.4 Context-dependence: von Neumann’s postulate

The assumption (R2) of context-independence ensures that all identical experimental
runs (i.e. the same state p is measured and the same outcome II, is observed) lead
to the same post-measurement state. Conceptually, it resembles the standard idea of
non-contextuality in quantum foundations [166] which stipulates that the context—
i.e. any information distinguishing two operationally equivalent processes—does
not result in any difference at the ontic level. Similarly, here we choose to assume
that the post-measurement state must not depend on any information beyond the
observed outcome and the input state. Specifically, the state assignment cannot
depend on “hidden” variables with probability distributions which vary from one
experimental run to the next.

Many possible measurement behaviours are dismissed by this constraint. For
example, consider a map acting non-trivially whenever 11, is obtained from a mea-
surement of the observable M but behaving passively when it is obtained from a
measurement of a different observable N. The output would then depend on the
experimenter’s choice of observable, hence the map does not define a valid update
rule®. Our assumption does not exclude the possibility that w” may act trivially
whenever the outcome II,, is observed and non-trivially whenever some other outcome

11, # 11, is registered. Single-system maps of the form

wh (I, p, A) = (3.24)

30f course, one might choose to define update rules differently to include such possibility.
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however, are ruled out by context-independence. In this case, the parameter A might
represent some environmental variable, noise internal to the device, or a switch that
flips between different update rules.

However, if instead we assumed that the probability that the hidden variable A
takes on a specific value is the same across all experimental runs, i.e. p (A = 0) = ¢,
then it is possible to define an update rule that accounts for such probabilistic

behavior. For single systems, this would be

wh (I, p) = g po + (1 — q) pr. (3.25)

In contrast with Eq. (3.24), here the post-measurement state is a proper mixture
and identical in all runs. One might still consider the “real” post-measurement state
to be either py or p; based on the value of some hidden A\, however the distribution
of X\ is independent of the “context” of the particular experiment. Specifically, Eq.
(3.25) might depict a scenario where, with probability ¢ (equal for all measurements),
the state is projected to the subspace H, (i.e. a standard quantum measurement
device is implemented), while with probability 1 — p it does not change (i.e. a SERD
or passive measurement device is implemented). In other words, the assumption
of context-independence does not rule out all possible versions of quantum theory
augmented by readout devices [120].

The projection postulate introduced by von Neumann is a notable example for
which a similar argument can be made. As discussed in Sec. 1.2.2, according to von
Neumann [177], outcome degeneracy of quantum measurements results from classical
post-processing of non-degenerate measurements. That is, one does not directly
implement a measurement of a degenerate observable M, but a measurement of a
non-degenerate refinement M’ commuting with M is carried out, and the outcomes
are coarse-grained. Given a degenerate observable, there exist, however, infinitely
many refinements. For example, both qutrit observables {|0)(0|, |1)(1], |2)(2|} and
{I4){(+],|=){—1,]2)(2|} are valid refinements of the degenerate observable {I —
12)(2],2)(2|}. As a result, the post-measurement state will not only depend on p
and II, but also on the chosen orthonormal basis B, = {|x,>}}§§“1’ of H, =1I,H,

1
p(x)

where p(x) = Tr(Il,p) and p(x;) = Tr(|z;)(xi|p). Therefore, von Neumann’s

wi' (I, p, B) = > (@) wi (i) (il p) (3.26)

postulate—which, as Liiders postulate, only focuses on the state-updates of the
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measured system—does not give rise to a valid update rule, unless the probability
of using any given basis B, is fixed for each experiment resulting in the outcome
II,. Notice that the corresponding instrument map wY is linear and completely
positive, hence Eq. (3.16) allows to extend the rule to composite systems in a way
that satisfies no-signalling. We can thus conclude that “context-independence” (R2)

is the only assumption responsible for ruling out von Neumann’s update rule.

3.2.5 Signalling: partial repeatablity

An example of measurement behavior that is ruled out by the quantum no-signalling
condition was already provided in Eqs. (3.22)-(3.23). Assuming that measurement
disturbances propagate instantaneously, such toy models would enable superluminal
signalling between parties, thus also violating the relativistic no-signalling principle.
In other words, the possibility to construct toy models via our approach that violate
(R4) (cf. (3.4)) indicates that the Hilbert space structure of quantum theory on its
own does not guarantee compatibility with special relativity. In this section, we
investigate other toy models that violate the quantum no-signalling condition.

Let us examine the following measurement behaviours that can be considered to
“lie between” the standard collapse of quantum theory and the passive rule of pQT.
Given \ € [0, 1], we introduce a one-parameter family of mappings w} for a single
system ‘A’ Let IT, € P(Ha) and p € S(Ha), define

Gy (1L,) p Gy (11,,)

w (I, p) = G (L) ) (3.27)
where
Gy (IL,) = (1 — M) I, + AI (3.28)
and
GY? (1) = (1= V) T, + VAT (3.29)

is its unique positive square root. The Liiders rule wy and the passive rule wf} for
single systems are recovered by setting A = 0 and \ = 1, respectively. In other words,
the family {w}} smoothly interpolates between quantum theory and pQT.

The induced instrument maps w;\b

Gy?(IL,) pGY? (1L,)
TI(GA (Hz) p) ’

wi (T, p) = Tr(IL,p) (3.30)
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are nonlinear in the state p for A # 0. Therefore, as pQT, these new models do not
preserve the indistinguishability of different preparations of the same mixed state.

Consider the vector state [¢)) = %7 ¢;|i) € H4 and a measurement outcome
Iy = Yex |1)(i] for X C{0,...,d — 1}. The output state is then

wii (I, [¥)(¥]) = |[x) (¥x] (3.31)

where

[x) = ]1[ (ch|j>+\/XZci\i>) : (3.32)

jex i¢ X

with N being the normalisation factor. Therefore, the parameter A, fixed for all
measurements in the corresponding toy model, determines how likely a second
measurement, performed immediately after the first one, will yield the same outcome
as the first. The closer A is to 0, the higher the boost in moduli of the amplitudes
corresponding to the “observed” components of the superposition. We call this

phenomenon partial repeatability.

Definition 12 (Partial repeatability (PA)). For any outcome z of a measurement
repeated on the same system without intervening unitary evolution, the probability
of observing x for the second time is higher than the probability to observe it for
the first time,

p(og =zxloy =1x)>plo =1x), (3.33)

where 01 (02) is the variable corresponding to the outcome of the first (second)

measurement.

The transformations of Eq. (3.27) satisfy partial repeatability, except when A = 1.
In fact, partial repeatability does not include the probabilistic repeatability (PR)
known from pQT, where p(o; = x|0o; = ) = p(01 = x), cf. Sec. 2.3.1. Furthermore,
Eq. (3.32) shows that the disturbance to the state does not affect the relative phases,
and that the ratio between post- and pre-measurement amplitudes is the same even
for “unobserved” components, i.e. where i ¢ X.

In order to extend the update rule to composite systems, we assume composition
compatibility (CC), following the example of quantum theory and pQT, see Sec.

3.2.3. That is, subsystem measurements induce joint state updates according to

W,)L\XB (I, paB) = W,)L\XB (Hx ® g, paB) - (3.34)
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Partial repeatability: A =0.5

Outcome '1l' observed QOutcome '2' observed
1.0
I Before mmt
. After mmt
0.8 1 0.8 1
0.6 1 0.6 1
)
o
[1+]
e
€ 0.4 0.4
0.2 1 0.2 1
0.0 - 0.0 -

Figure 3.1: Example of partial repeatability resulting from the single-system trans-
formation w}. Taking A = 0.5 and the initial qutrit state 1) = 1/0.3|0) + +/0.5[1) +
v/0.2]2), the plots show the outcome probabilities before and immediately after a
measurement in the computational basis, where outcome ‘1’ (left) or ‘2’ (right) is
observed.

To show that Eq. (3.34) is self-consistent (R3), notice that
G (L ® 1) = GY? (IL,) © I, (3.35)

hence, as expected,

Gi\/z (Hx) X ]IB’B” PAB'B" Gi\/z (Ha:) ® ]IB/B//
Tr (G)\ (Hz & ]IB’B”) PAB’B")

TI‘B// |:W1)%B/B” (H:D7 PAB’B”)} = TI‘B//

(3.36)

_ GY* (IL) ® Iy Trpo (pappr) Gy (IL,) ® Ly
Tr (G)\ (Hx & ]IB/) Trgn (pAB’B”))

=Wig (s, Trpn (papisr)) - (3.38)

(3.37)

However, Eq. (3.34) does not define a valid update rule for A ¢ {0, 1} because it
violates quantum no-signalling (R4). Let Alice and Bob share a pair of qubits in the

entangled state
[0) = a|00) +€“B|11), «,B R, (3.39)
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and consider a computational basis measurement performed by Alice. Then

P04) Wig (o, [9) (W]) + p(La) wip (T, [9)(0]) = @ [o.) (Yo, ] + 52 [, (¥4l

(3.40)
where 32 = 1 — o?. The normalised post-measurement states are
o) = a|00) + e/ AB[11) ) = VAal00) + e?B|11) (3.41)
W T R W T T A |

Alice can signal to Bob since
p(04) Tra (Wi (To, [)(])] +p(La) Tra [whp (T, [0) ()] =
B 044 /\04262 /\a262 64
n <a2 + \32 + Aa? +62> 0)(0] + <a2 + \32 * Aa? + B2> RIS
# a?10)(0] + B2[1)(1] = Tra (J)(¥]) (3.42)

for all 0 < A < 1 and provided o? ¢ {0,1/2,1}. The probability that Bob will

observe the outcome “0” depends on whether or not Alice performs her measurement:

p(0g/no A mmt) = o? (3.43)
&4 N )\a/2ﬁ2
a2 _’_/\62 a2 +/82

The two probabilities match when qubits are not entangled or, surprisingly, when they

p(0p|A mmt) = (3.44)

are maximally entangled. Consequently, by sharing an ensemble of (not maximally)
entangled systems, Alice and Bob can violate Bell’s inequalities up to the algebraic
maximum.

Despite the failure of w* of Eq. (3.34) to define an update rule, it is indeed
possible to construct valid AMTs featuring partial measurements. Eq. (3.14), for
instance, provides a valid extension W} 5 of w} to composite systems. Alternatively,
we can interpolate between wt and wP in the following way. Let p € (0,1) and

IT, € P(Ha), and consider the one-parameter family of update rules defined by

whp (I, pag) = (1 — p)whp (I, pap) + pwis (I, pas) - (3.45)

The transformations of Eq. (3.45) satisfy partial repeatability. Unlike the previous
family of transformations, here the higher probability of re-observing x comes from
the non-zero chance—equal for all measurements—of the state collapsing via the
Liiders rule. Eq. (3.45) does not lead to signalling since it is the convex combination

of no-signalling update rules.
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3.3 Generalised instruments and AMT simulation

3.3.1 Generalised instruments and observables

In any AMT, measuring an observable M = 3", .y m, 1} defined on a system leads
to a post-measurement state as prescribed by the update rule. However, there
exist alternative strategies to measure the same observable. For instance, a device
that implements a measurement of N = UMUT can be used, provided the system
first undergoes the unitary evolution p — U pUT. Though a different experimental
set-up is required, the outcome statistics will agree with the Born rule for M,
p(r) =Tr (Hy p). Another strategy is to couple the system with an ancilla, which is
then suitably measured. Furthermore, adding a channel at the end of any of these
strategies will define yet a different scheme for measuring M. This holds true for all
AMTs because channels can be defined in terms of axioms which do not involve the
update rule.

Although every measurement is ultimately modeled by the update rule of the
theory, different schemes for measuring M will generally result in different post-
measurement states of the original system. We account for this flexibility by defining
generalised M -compatible instruments for any model theory in the framework. This
will also allow us to include unsharp measurements in our formalism—Sec. 1.2.3.

It follows from Naimark’s dilation theorem [144, 171] that we can interpret a
measurement model M = (Hg,&,U, N), where Hg denotes an ancillary system, as
describing one way to implement a measurement of M = { M, },cx on Hg. For this
to hold, letting N = {II¥},cx, the probability reproducibility condition—cf. Eq.
(1.20)—must be satisfied,

Tr[(Te ) Up® (UT| = Tr(MIM, p). (3.46)

In the language of AMTs, given a theory characterised by the update rule wA—with
associated fundamental instrument map w” given by Eq. (3.10)—, the strategy

described by M induces the following transformation of system Hg,
wm (Ma, p) = Trp [whs (I, Up2 UT)] . (3.47)

Therefore, with Eq. (3.47) we can describe the impact of unsharp measurements,
despite the fact that the update rule w” and the fundamental instrument map w?

are only defined for projectors.
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However, Eq. (3.47) only covers a subset of possible strategies for measuring M.
Instead of operating on the ancilla, a sharp measurement could in principle be carried
out on Hg directly or on the whole composite system Hg ® Hgr. We want to be able
to account for these options in order to include, for example, the ancilla-free strategy
mentioned at the beginning of the section, where the unitary gate in M would have
the form U ® [g. In addition, we also would like to include cases of AMTs that are
not “compositionally compatible” (CC), i.e. where measuring {II,} on Hpg is not
equivalent to measuring {Is ® I} on Hs ® Hg. To achieve this level of generality,
we will work with a generalised notion of measurement model M = (Hg, &, U, N), in
which N can refer to a (sharp) observable defined on any subspace Hz C Hs ® Hp.
The reproducibility condition (3.46) can then be written in the following way,

Tr [whp (1, U p@ UY)| = Tr(MiM,p) , (3.48)

where IIY € P(H;), while Eq. (3.47) continues to hold.

We now define, for any theory in the framework, the M-compatible generalised
instruments describing all possible single-apparatus strategies implementing a mea-
surement of M and their effect on the system. In essence, these strategies follow the
simple paradigm of first executing an M-compatible measurement model M and
then applying an outcome-dependent channel to the composite system. In particular,
the channels are assumed to be implemented dynamically, i.e. via unitary evolution
involving additional ancillary systems. The alternative way to implement channels
via unconditional measurements (see discussion in Sec. 2.5.1) is ruled out by the

restriction to a single apparatus.

Definition 13. The collection of maps {was, }. is an M-compatible generalised

instrument realisable in the AMT with update rule w” if
i, (p) = w (Ma, p) = Trg [ngp o why (I, U p@ £ UY)) (3.49)

where M = (Hg, &, U, N = {II) € P(H3)}) is an M-compatible measurement model
and {n%z}. is a collection of channels on S(H ® Hp).

For a given AMT, the fundamental instrument {w"}, for a sharp observable M
is recovered by setting né; = Zsp, U = Igp and letting N = M be an observable of
Hs. In the special case of quantum theory, the generalised instruments compatible

with M coincide with its quantum instruments defined in Def. 2.
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A theorem by Ozawa [142]—already mentioned in Sec. 1.3.2—shows that for
every M-compatible quantum instrument {wyy, }., there exists a measurement model
M such that, for all states p, wyr, (p) = wa (M, p). In other words, all quantum
instruments can be realised without physically implementing channels 7§, after the
measurement on the ancilla. This property, however, does not hold for arbitrary
AMTs. In pQT, for instance, as discussed in Sec. 2.5.4, there exists p-instruments
that cannot be realised without applying some channels after the measurement.
An example of such “indirect” p-instrument is provided by the map w (M,, p) =
Tr(M,p)p/Tr(p) for some non-trivial unsharp M (i.e. the M, are not all multiples of
the identity). Despite being identical to the fundamental p-instrument w? (which
however is only defined for sharp observables), the transformation requires that a
unitary gate is applied after the ancilla measurement. In fact, any M-compatible
measurement model M generates entanglement between the system and the ancilla,
which is not broken by a passive measurement of the observable N. Hence, to bring
the system back to its initial state p, the de-coupling unitary U must be applied to
the composite Hs @ Hg.

We thus identify two classes of generalised instruments. On one hand, direct
instruments describe ways of measuring M that do not require the implementation of
channels n¢y. On the other hand, indirect instruments describe those strategies where

channels, hence the time delay needed for their implementation, are unavoidable.

Definition 14. The M-compatible generalised instrument {wyy, }., realisable in
the AMT with update rule w”, is said to be direct if there exists an M-compatible
measurement model M such that wyy, (p) = waq (My, p) forall p € S(Hg). Otherwise,

it is said to be indirect.

3.3.2 Subtheories

In Sec. 2.6, we discussed the possibility to simulate quantum theory with passive
measurements. We now generalise the idea to arbitrary AMTs with different update
rules. Specifically, if AMT(S) can reproduce the update rule of AMT(«), we say
that AMT(«) is a subtheory of AMT(f).

Definition 15. AMT(«), with update rule w®, is a subtheory of AMT(3), with
update rule w?, if, for any H 4, Hp and any sharp measurement M = {II,}, on H,,

there exists an M-compatible measurement model My, = (H¢e, &, Uca, N) — with
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N = {11}, a sharp observable of H; C Hc ® Ha — and a collection of channels
{n&s}e on S(He ® Ha) such that

wip (s, pap) = Tre [(773/& ©Lp) 0 wiap (Hivv (Uca ®1p) (€ @ pas) (U(TJA ® HB))}
(3.50)
for all joint states pap € S(Ha ®@ Hp).

A diagrammatic illustration of the condition of Eq. (3.50), which is articulated in
terms of fundamental instrument maps rather than the corresponding update rules,
is depicted in Fig. 3.2. In short, we require that the impact on the joint state of any
sharp subsystem measurement predicted by AMT(«) can be simulated in AMT(/5)
by a procedure that involves a measurement of the same subsystem, and possibly an
ancilla. In particular, we impose the restriction that the simulation protocol cannot
involve subsystem H g, which is not directly measured in the “target” procedure of
AMT(«). This guarantees the exclusion of simulation strategies that require the
experimenter to have access to both systems H 4 and Hp, even in cases where these

systems are space-like separated.

AMT () AMT(B)
D I
x
C — — " A —
« \( B . U,
A A B Unm : A :
— ] ,\\77#‘
B
B

Figure 3.2: Circuit diagrammatic representation of Eq. (3.50). The operator Uy, =
Uc 4 denotes the unitary included in the M-compatible measurement model M,
whereas U,, which acts on Hcy and an additional ancilla Hp (initialised in some
state p), realises the outcome-dependent channel ng ,—i.e. (Hp, U, &p) is a dilation
of n¢ 4. We use dashed lines around the meter to indicate that the measurement
may be performed only on part of the system(s) of interest, here Hz C He @ Ha.

A direct consequence of Eq. (3.50) is that, for any generalised observable M, all
M-compatible generalised instruments realisable in AMT(«) are also realisable in
AMT(5). This is illustrated schematically in Fig. 3.3. Therefore, if (3.50) holds,
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then AMT(f) can successfully simulate any measurement process that appears in
AMT(a). The simulability relation defined by the notion of a subtheory does not
define a partial order within the set of AMTs. In fact, in Sec. 3.4.1, we will explore
a subset of different AMTs that are mutually simulable.

AMT () AMT(B)
B
B
D i
A — C T . 0T
| @ : 3
Um A ‘ gk
| : U] _ U/M | /7/\ !
C I \\ amm [ A A 1 B ] | B
-—- Unm ‘ |
i B e I = N S R S
b L
B
Her =He @ Her A — T -
HD// = HD & %D/ UX/!” : A :L
Ul = Uy (Ier @ Upg) o — | "L
Ug/:/ — (]ID’ (024 ]IC/ & Um)(Uq/; ® ]ID) D" 7

Figure 3.3: Pictorial proof that Eq. (3.50) implies that AMT(5) can simulate all
instruments realisable in AMT(«). For any generalised observable M of H 4, any
M-compatible generalised instrument in AMT(«) can be realised by a circuit like the
one on the left, cf. (3.49). The horizontal equivalence is ensured by Eq. (3.50), while
the vertical equivalence follows by suitable relabeling of systems and operators.

When simulation was addressed in Sec. 2.6 in the specific case of pQT, it was
argued that all quantum measurements can be simulated, at least in principle, with
passive measurements. However, the protocol described required both an infinite
sequence of passive measurements and access to entangled subsystems. According
to the more restrictive definition in terms of Eq. (3.50), it is clear that standard
quantum theory is not a subtheory of passive quantum theory, and vice versa. In
fact, no passive measurement can induce the collapse of a distant entangled system,
and at the same time no non-trivial quantum measurement leaves the joint state

unaltered.
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3.4 Properties of AMTs

Having introduced the AMT framework and illustrated it by providing examples
of acceptable and excluded measurement behaviors, our attention now turns to
exploring the properties of the theories allowed within the framework. The objective
of the upcoming sections is to characterise physically reasonable update rules which
respect additional operationally-inspired properties. Ultimately, we will search for
features that distinguish standard quantum theory from all other AMTs. Table 3.1
in Sec. 3.5 summarises the main update rules discussed in this chapter along with

some of their features.

3.4.1 Preparation indistinguishability

In all AMTs, a single measurement cannot distinguish between different preparations
of the same density matrix. By performing one measurement on each element
of an infinite ensemble described by the mixed state p, an experimenter cannot
decide whether the ensemble was prepared according to Gemenge G; or Go, where
PG, = pg, = p. This follows from the linearity of the Born rule over S(H).

Suppose Gi = {(1/2,10)),(1/2,[1))} and G> = {(1/2,|+)),(1/2,|-))}, hence
pg = pg, = 1/2 € S(Hz). In quantum theory, the two preparations are indistin-
guishable even if the experimenter is allowed to perform a sequence of measurements
on each element of the ensemble. However, this equivalence does not hold in all
AMTs. In pQT, for example, two measurements in the computational basis are
sufficient to discriminate between the two scenarios. If successive measurements on
the same system always yield identical outcomes, i.e. p(o1 = x1,00 = T3) = 0z,,/2,
then the ensemble was prepared according to G;; otherwise, Gy was employed. The
distinguishability, as discussed in Sec. 2.5.2, is a consequence of the nonlinearity of
the fundamental p-instrument map w® over S(H).

We now formalise the idea of “preparation indistinguishability” for sequential
measurements. In analogy with the extension (M%) of Axiom (M*), we will start
by considering non-composite systems only (Def. 16) and then provide a stronger

definition that accounts for subsystem measurements (Def. 17).

Definition 16 (Weak Indistinguishability (WI)). Physically different preparations of
one and the same state of a composite system cannot be distinguished by a sequence

of measurements performed on it as a whole.
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Given an arbitrary AMT, this property is guaranteed by the convex-linearity
over S(H.,) of the single-system instrument map w’} induced by the defining update
rule wA. That is, (WI) holds if and only if

Wh (T, Ao+ (1 = N) o) = A (T, p) + (1 — N) o (1L, ) (3.51)

for all II, € P(Ha), p, 0 € S(Ha) and X € [0,1]. Convex-linearity over density
matrices implies the existence of a unique linear extension over the larger space of
bounded operators L(H ) [97]. For simplicity, we will speak of “linearity” rather
than “convex-linearity” and denote the extension to £(H4) with the same symbol
as the map originally defined on S(H4), namely w4.

As shown in Sec. 3.2.1, it is possible to devise update rules such that w’ is linear
over S(H4) but w5 is nonlinear over the larger, composite system S(H 4 ® Hp).
In this case, even though the AMT satisfies (WI), different preparations of the
same joint state may be distinguished by exploiting the composite nature of the
system. As an example, we consider the update rule w" defined by Eq. (3.14), that
is compatible with the Liiders projection for single systems w!;. The corresponding
instrument map for composite systems @Y is nonlinear over density matrices.
To see this, suppose that the two-qubit state psp has been prepared either via
Gy = {(1/2,|9)),(1/2,]¥~))} or via Gy = {(1/2,]00)),(1/2,|11))}*. In such an
AMT, measurements in the computational basis of each qubit can reveal which
Gemenge was employed. In fact, if the outcomes obtained from the two mono-partite
measurements are not identical, then the qubits must have been prepared according
to G, see Sec. 3.2.1. Therefore, measurement outcomes from different constituents
may be used to gain knowledge about the preparation of the composite system. This
possibility neither implies a violation of quantum no-signalling nor can it be achieved
with measurements performed on only one constituent.

In order to exclude such a scenario, we define the following stronger notion of

preparation indistinguishability.

Definition 17 (Strong Indistinguishability (SI)). Physically different preparations of
one and the same state of a composite system cannot be distinguished by a sequence

of measurements performed on it as a whole or on its constituents.

Since a linear map w’p cannot induce a nonlinear map w’, the condition is
equivalent to the convex-linearity over density matrices of the instrument map for

4Here, |T*) = (]00) + |11))/V/2.
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composite systems induced by the defining update rule w”. That is, (SI) holds if
and only if

WﬁB (g, Apap + (1 = AN)oap) =
= Awhp (s, pas) + (1 = N whp (I, 045) (3.52)

for all Hp, I, € P(Ha), pap, 0ap € S(Ha ® Hp) and X € [0,1]. In other words,
the map w’ 5 is linear over £(Ha ® Hp).

If the map w’ is linear, then all generalised instruments—cf. Eq. (3.49)—of the
corresponding theory will be linear. The converse is also true, hence linearity of all

generalised instruments is equivalent to “strong indistinguishability”.

Lemma 3.1. An update rule w” is (SI) if and only if, for any generalised observable
M on Ha, all M-compatible generalised instruments realisable in the corresponding

AMT are composed of linear maps over S(Hy).

Proof. See Appendix A.2. m

We will now show that assuming (SI) is equivalent to fixing a particular extension
of instrument maps to composite systems. The proof of this result (cf. Theorem 3.1

below) relies on the following lemma.

Lemma 3.2. Let M, N : L(HA®@Hp) — L(Ha®Hp) be linear mappings satisfying
M(pa® pp) = N(pa ® pg) for all pa € S(Ha) and pp € S(Hp). Then M = N.

Proof. See Appendix A.2. n

Theorem 3.1. An update rule w” is (SI) if and only if the corresponding instrument
maps—defined by Eq. (3.10)—have the form

Wy (M, pag) = (W) ©Zs) (pas) - (3.53)
where wA(+) = WA(Il,, ).

Proof. In order for Eq. (3.53) to (i) be well-defined and (i7) assign post-measurement
states unambiguously, w} must be (i) linear over £(H.) and (ii) completely positive.
But if w’ is linear over £(H.4), then the map wp is linear over £L(Ha ® Hp). Hence,

an update rule w” for which Eq. (3.53) holds is necessarily (SI).
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To show the converse, namely that (SI) implies Eq. (3.53), consider an arbitrary
pure product state py ® py = |V) (Y| @ |¢p)(¢] € S(Ha @ Hp). Given any update rule

wA, the requirement of no-signalling (R4) implies that
Tra [whp (e py ® pg)| = po (3.54)
whereas from self-consistency (R3) we have that
Trp [wh (T, pu @ po)| = w2 (py) - (3.55)
The post-measurement state of the joint system must therefore be given by
Wip ey py @ po) = Wy (py) @ py. (3.56)

Consider now an arbitrary product state py ® pp = >2;; Pigipy @ pgg, where 0 <
Pirq; < 1,2,pi=2;q =1and Pl MB are pure states. If w” is (SI), it follows from
the linearity of wfpy over joint states and Eq. (3.56) that

whp (I, pa ® pp) = Zpqu' wWhp (Hx, P ® p]B) (3.57)
ij

=Y ma; b () © o (3.58)
ij

=Y pig;wh © (s @ pi) (3.59)
ij

=w; ® L (pa® pp) , (3.60)

where we used the definition N ® Z (Lo ® Lg) =N (La) ® Lp for any Ly € L(HA)
and L € L(Hp). Hence, for any fixed outcome I, € P(H,4), the two linear
mappings M(-) = wiz (Il,,-) and N(-) = w2 @ Z(-) defined on L(H. ® Hp) agree
on all product operators p4 ® pg. Lemma 3.2 applies: the two maps must be equal.

Therefore,
A _( A
wip Uz, paB) = (wx ®IB) (paB) (3.61)
holds for any IT, € P(H ) and joint state pap € S(Ha ® Hp). O

We have shown that assuming “strong indistinguishability” implies that (i)
the single-system instrument map w% is linear and completely positive and (i4)
the composite-system instrument map w4y is given by the well-defined relation
(3.53). In other words, the assumption singles out quantum instruments. Since

the Liders instrument is not the only quantum instrument compatible with an
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arbitrary sharp observable M, it follows that the set of (SI) AMTs includes standard
quantum theory, though not exclusively. Adding an outcome-dependent channel to
the Liuders rule, in fact, defines a different (SI) update rule. Nevertheless, from the
theorems by Ozawa [142] and Hayashi [94, 97], mentioned in Sec. 1.3.2, it follows
that quantum theory can simulate any (SI) AMT.

Corollary 3.1. Every (SI) AMT is a subtheory of standard quantum theory.

Mono- and multi-partite procedures

Another consequence of assuming strong indistinguishability is the equivalence
between mono- and multi-partite procedures for measuring observables of the form
A ® B, which we encountered in Sec. 2.3.2.

Definition 18 (FEquivalence of mono- and multi-partite procedures (MM)). The
outcome probabilities {p(x,y)}s, from a measurement of {II, ® I, },, using a global
device Dyp on H 4 ® Hp coincide with the joint probabilities from measurements of

{IL,}» on H4 and {II,}, on Hp performed by local devices D4 and Dp, respectively.

Note that classical communication between the parties is required to obtain the
joint probabilities when performing mono-partite measurements. Given an arbitrary

AMT with update rule w”, the requirement for (MM) can be expressed as
(L, @ 11, pas) = Te[(1 9 TL) ey (T, pa5)]. (3.62)

holding for all psap and local outcomes II, € P(H,) and II, € P(Hp). For the

reverse order of the local measurements, we have
Te(Il, ® 11, pap) = Tr[(IL @ 1) why (11, pas)] - (3.63)

Notice that the identities (3.62) and (3.63) only require agreement of the outcome

probabilities and not necessarily of the output state of the composite system.

Lemma 3.3. If the update rule w” is (Sl), then the corresponding AMT satisfies
(MM).

Proof. Tf the update rule is (Sl), then the instrument map for single systems w? is
linear and completely positive. Therefore, it has an operator-sum (Kraus) represen-
tation w? (I, L) = 3, K, L K, where L € L(Ha) and ¥, K] K, = 1L, [97]. Then
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we can write

{18 1) (A L) ©2) ()] = T[S A8 1) (K 01 pan (K] 01)

L r

(3.64)

=Tr -Z (KK, 1) (Io11,) pAB] (3.65)

L T

= Tr(II, ® II, pag) (3.66)
since the operators K, ® I and I ® II, commute for all values of r and y. O]

Closure under sequential composition

Another way to ensure linearity of all instrument maps is by assuming the following

principle, which, to the best of our knowledge, was first introduced in [76].

Definition 19 (Closure under sequential composition (CS)). For any sequence of
generalised measurements performed on a system, there exists a single generalised

measurement that is equivalent to it.

In other words, given an arbitrary sequence of measurements, it is possible to
identify a single (generalised) measurement such that the outcome probabilities
obtained from performing it on each element of an infinite ensemble coincide with
the joint probabilities observed from performing the sequence of measurements on
each element. The equivalence must hold for any state p.

The equivalence between (CS) and (SI) can be understood as follows: if we require
sequences of measurements to have the same mathematical representation as single
measurements, then preparations that cannot be distinguished based on the outcome
statistics of single measurements also cannot be distinguished based on the statistics
of many measurements.

In the language of our framework, an AMT is “sequentially closed” (CS) if,
for any pair of generalised observables F = {F;} and G = {G;} of H4 and any
F-compatible instrument {wp,} realisable in the AMT, there exists a generalised
observable H = {H;;} such that

Tr(HiTj H;; p) =Tr {G; G, wr, (p)} , (3.67)

for any state p € S (Ha). The generalisation to longer sequences follows by induction.
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Lemma 3.4. An update rule w” is (CS) if and only if it is (S).

Proof. Suppose w” is (CS). Let p = pp1+qpy with p; # py and non-negative numbers
p,q with p + ¢ = 1. By linearity of the trace, we write

Te[H]; Hij (pp1 + ap2)| = pTe(Hf Hyj 1) + o Te(H; Hij ps) - (3.68)
Using (3.67) leads to

Tr [G;r Gjwr, (ppr + qu)] =pTr [G; Gjwp, (pl)} +qTr [G; Gjwr, (pg)} (3.69)
=Tr [GI G, (pwr, (p1) + quwr, (p2))] - (3.70)

According to Assumption (CS), Eq. (3.69) must hold for any G = {G,}. But since two
quantum states that assign the same probabilities to all outcomes of all measurements

are necessarily equal, it follows that

wr, (pp1 + qp2) = pwr, (p1) + qwr, (p2) (3.71)

Therefore, for any generalised measurement F = {F;}, all F-compatible generalised
instruments realisable in the AMT are composed of linear maps. According to
Lemma 3.1, this implies that the update rule w” satisfies (SI).

To show that (SI) implies (CS), let {wr,} be any F-compatible generalised instru-
ment in the AMT. Using Lemma 3.1 again, we have that wp, is linear for every i.
We can thus define the dual map wj. : £L(H) — L(H) in the following way (see [97]),

Tr[w}, (A) B| = Tr[Awp, (B)] VA B € L(H). (3.72)

Since wg = Y_; wp, s trace-preserving, wg is unital, wi (I) = 1. Let G; = G} G denote
the POVM elements of G = {G}}, then H;; = w}, (G;) defines a POVM,

Dowi (G) =D wi (G)) =wi (3-Gy) =1 (3.73)

——
I

where the second step follows from the linearity of wg. Hence, for arbitrary F and G,
there exists a generalised observable H = {H,;} with POVM elements H;; = HZ-TjHij
such that

Tr [G; wr, (p)] = Tr[Hi; p] (3.74)

for all states p € S(H). We conclude that w? satisfies (CS). O
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Closure under sequential composition—cf. Def. 19—was introduced in 2017 by
Flatt et al. in [76] to extend the Gleason-Busch theorem [34] to sequential measure-
ments. The authors justify this principle by an assumption of non-contextuality at
the level of the description of measurements.

In 2019, Masanes et al. adopt (CS) and argue that quantum instruments represent
the only consistent measurement-induced transformations of states [132]. However,
a recent objection by Stacey [168] maintained that linearity was assumed in their
argument, rather than derived (the paper [132] was also critically reviewed in [118],
where objections were raised using readout devices). In their response [81] to [168], the
authors clarified how (CS) encapsulates their operational definition of a measurement

as

“any experiment that takes a quantum system [...] as its input and

generates one of several possible outcomes” ([81], p. 3).

With this definition, the process involving the implementation of a sequence of
devices is considered a single measurement in its own right. Therefore, it must be
represented by the same type of mathematical objects, which they assume to be
POVMs.

In contrast to both [132] and [76], the AMT framework employs a different notion
of measurement, based on the standard axiomatization of quantum theory. We

regard a measurement as

any experiment that returns the value of one of the observable quantities

of a system.

In particular, according to Axiom (O), the observable quantities are represented
by self-adjoint operators. Rather than using sharp observables instead of POV Ms,
the key difference from the definition adopted in [132] is the specification of what
measurement outcomes represent, namely values of observables, which have a precise
mathematical representation. Now, a sequence of measurements might not, as
a whole, return the value of one of the observables of the system, so the entire
process does not generally constitute a measurement in its own right. Therefore,
measurement sequences are conceptually distinct from the single measurements that
compose them, and do not need to be described by the same mathematical objects.
Although the lack of specification in the definition employed in [132] might suggest
that it is weaker, it is really the AMT definition that provides greater generality.

The AMT framework, in fact, includes model theories that are inconsistent with the
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definition in [132], e.g. pQT where the sequential measurements of two observables
cannot be described as a measurement of a single observable, as well as theories that
are consistent with it, i.e. (SI) AMTs.

Mutual simulability

The principle of strong indistinguishability significantly limits the range of feasible
measurement behaviours. Corollary 3.1 asserts that any AMT that conforms to this
restriction can be simulated by quantum theory. Likewise, every (SI) AMT has the
ability to replicate the standard collapse.

Theorem 3.2. Standard quantum theory is a subtheory of every (SI) AMT.

Proof. Consider the Liiders instrument {wf }, of a sharp observable {II,}, on

Ha. Ozawa’s theorem (cf. Sec. 1.3.2) applies: there exists a measurement model

M = (Hc, &, Uca, N = {I1},) with 1Y € P(H¢) such that
Wi, (pa) = Tre [(Hiv ®]IA) Uca (£ ® pa) U(T;A} (3.75)

for all ps € S(H4). Recall that ¢ is the initial state of the ancilla He, Ucy is
the coupling unitary and N is the sharp ancilla observable. We can use the same
measurement model M for a measurement on a subsystem. Let pap € S(Ha ® Hp),
then

W!%B (Iy, paB) = (WET ®IB) (paB) (3.76)

=Tre (Y @ Iy @ 15) ocas) (3.77)

where ocap = (Uca ®@1p) (E® pap) (U(T;A ®1p). We can rewrite this equation in the

following way,
whp (I, pag) =Tre {(Hiv ®I4® HB) OCAB (Hiv ®I4® HB)} (3.78)
=Trc Kw%gcv ®IAB) (UCAB)} : (3.79)

Since appending channels to the ancilla ‘H¢o does not alter the reduced state of

Ha @ Hp (violation of this would amount to signalling), we have that

wip (M, pap) = TTC{ [(Ur © whg) ® IAB} (0caB) } (3.80)

for any channel 7, on S(H¢). Hayashi’s theorem (cf. Sec. 1.3.2) asserts that, given

any generalised observable M = {M,},, every M-compatible quantum instrument
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{war, }+ is composed of maps of the form wy,, =7, o w]LWZ, where {7, }, is some set
of outcome-dependent channels. We know from Theorem 3.1 that the fundamental
instrument of any (SI) AMT, {wl(il)}z, is a quantum instrument. Therefore, it follows
from Eq. (3.80) that in any (SI) AMT we can write

whpg (U, pan) = Tre [(wl%) ®IAB> (UC’AB)} ) (3.81)

which holds for all joint states pap. We use Eq. (3.53) to rewrite the expression in

the form of Eq. (3.50) appearing in the definition of a subtheory:

Whip (e, pap) = Tre [wodp (I, (Uea ®1p) (€® pap) (Ula®15))] . (3.82)
Therefore, quantum theory is a subtheory of any (SI) AMT. O

In particular, since no non-trivial channel follows the measurement on H¢, Eq.
(3.82) shows that the Liiders instrument is a direct generalised instrument in all
models that obey (SI)—cf. Def. 14. Combining Corollary 3.1 and Theorem 3.2,
we can conclude that all AMTs with update rules w®) which give rise to linear

fundamental instruments are mutually simulable.
Corollary 3.2. Fvery (SI) AMT is a subtheory of every other (SI) AMT.

Corollary 3.2 suggests that the Liiders’ rule w’ is not the only update rule that
is able to model the experimental results predicted by quantum mechanics. Any
(S) update rule can replicate the standard quantum collapse by suitably measuring
an ancilla after having coupled it with the original system. For example, consider
the (SI) AMT with linear fundamental instrument map W% = wT* ® Zp, where
W, p) = Tr(Il,p)14/d4. In other words, the update rule for non-composite
systems wi™ simply replaces the pre-measurement state with the maximally mixed
state (see Def. 3.22). Clearly, w™ and wl; assign different post-measurement states to
the system interacting with the device. However, despite the fundamental difference
in measurement behaviour, in such AMT it is possible to induce the standard collapse
of the state by following the measurement strategy outlined in Eq. 3.82, in which
the device interacts with an ancilla. Repeating the same procedure with a new
ancilla, immediately after the first measurement, will yield identical outcomes, in
line with the deterministic repeatability of quantum mechanics—see Sec. 3.4.3. In
general, since AMTs differ exclusively by their update rules, it follows that (SI)

AMTs can capture all features of quantum theory, such as deterministic repeatability,
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nonlocal correlations, measurement-based protocols and algorithms. Therefore, the
choice to use the Liiders rule or any other (SI) rule is a matter of convention and
convenience. Considering the fact that our formalism has the simple goal of modelling
the operational effects of measurements, there is no a priori reason to prefer one (SI)
update rule over another.

The results of this section also allow us to conclude that neither is pQT a
subtheory of (SI) AMTs, nor do any of them feature as subtheories of pQT. This
is due to the fact that passive measurements cannot disturb the states of distant

entangled systems.

3.4.2 Ideality

In order to distinguish quantum theory from all other (SI) AMTs, an additional
condition must be imposed. It was shown in [37, 50] that the Liiders instrument is

the only ideal quantum instrument for sharp observables.

Definition 20 (Ideality (ID)). A measurement does not change the state of the

system if the outcome is certain.

Just as for preparation indistinguishability, we can distinguish a weaker and a
stronger notion of ideality. “Weak ideality” is defined for non-composite systems

only. Given an update rule w4, weak ideality amounts to the condition
Ti(llp) =1 = wi(Il,p)=p. (3.83)

In contrast, “strong ideality” applies to the joint state of the composite system,
thus preserving correlations with any entangled subsystem that was not measured.

Mathematically, strong ideality is equivalent to the condition
Tr(IL, @ Ipap) =1 = Wiz (I, pan) = pas. (3.84)

For (SI) theories, the two notions are equivalent, since the update rule on the joint
system can be expressed in terms of the single-system rule, according to Eq. (3.53)
(Theorem 3.1). However, the equivalence does not hold in general, as demonstrated

by the AMT defined by w-—cf. Sec. 3.2.1—which only satisfies weak ideality.

We now provide a different proof of a fundamental theorem shown in [37, 50].

Theorem 3.3. If an update rule has the properties (SI) and (ID), it must be equal

to the Liiders rule w'.
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Proof. Let {]i),i = 0,...,d — 1} be some orthonormal basis of H,. Consider the
outcome represented by the projector IIx = Y ,cx |i)(i| where X C {0,...,d — 1}.
Assuming that the update rule w” is (ID) implies that w (|¢){(¥|) = |[¢){¥| for
all [¢) € Hx = IIxHy. Additionally, all update rules must satisfy the follow-
ing: wh (|¢){¢]) = O for all |¢) € Hx, where Hx = (I — [Ix)H4. For example,
wi (17)(J]) = O for all j ¢ X. But since we assume (SI), the map w¥ is linear over
L(H4) and completely positive, with Kraus representation w4 (L) = ¥, K, L K],
where L € L(Hg). It follows that w% (|7)(J]) = =, K.|j)(J| K = O, hence
K,|j) = 0 for all r and all j ¢ X. This implies that K,|¢) = 0 for all r and
all [6) = Sygx cli) € Hi-
Let |€) be an arbitrary state of H,4, which can decomposed as follows,

1€) = Tx[€) + (1o — TIx) [§) = [¥) + |9) . (3.85)
=) =I¢)

Then, due to the linearity of w%, we can write

wh ([E)(E]) = ([0)(0]) + Wy ([9)(]) + i (1) (]) + wi (|6)(e]) (3.86)
=[O} (] + 3K ) (o KT+ D" Ko o) (WK + > K [o) (9| KT (3.87)
=) (¥l (3.88)

Hence, wh (|€)(&]) = x| (ETx = Wk (|€)(€]) for any |€) € Hg. The exten-
sion to composite systems whp is fixed by Theorem 3.1. Having isolated the
Liiders instrument map w', the corresponding Liiders rule w- follows from Eq.
(3.10). O

A schematic summary of the assumptions involved in the derivation of w" within
the AMT framework is shown in Fig. 3.4.

Notice that ideality alone is not sufficient to imply the standard quantum update
rule wh, as there exist ideal “nonlinear” AMTs such as pQT. Other cases can be
envisaged: let w4 be any valid update rule for single systems (not necessarily ideal),
then

wi” (I, p) = Tr(Iep) wh (I, p) + [1 = Tr(Iep)] wh (I, p) - (3.89)

defines another single-system rule that complies with the weaker notion of ideality.



3.4. PROPERTIES OF AMTSs 109

unitary QT update rules assumptions
C . Y /™ ——— -
@] [m] @] @] @] ~s)| |
| i g
" whs ] ||
@) |
WilB E

— D

WaB J

Figure 3.4: Schematic depiction of the arguments of Secs. 3.4.1 and 3.4.2 to derive the
Luders rule in the context of the AMT framework. Refer to Sec. 1.1 for the standard
postulates of unitary quantum theory, and recall that (NS) = “no-signalling” ((R4)
in Sec. 3.1.1), (Cl) = “context-independence” ((R2) in Sec. 3.1.1), (SI) = “strong
indistinguishability” and (ID) = “ideality”. The Liiders rule is uniquely implied by
the assumptions in bold. Notably, while (NS) is required to define generic update
rules, it does not feature in the derivation culminating with Theorem 3.3. In fact,
quantum no-signalling is ensured by the requirement of (SI).

3.4.3 Deterministic repeatability

The original projection postulate was introduced by von Neumann to model the
deterministic repeatability observed in the scattering experiment carried out by

Compton and Simon [44]. We provide the definition once again.

Definition 4 (Deterministic repeatability (DR)). Consecutive measurements of
the same observable, performed on the same system without intervening unitary

evolution, yield identical outcomes.

In order to satisfy deterministic repeatability (DR), the post-measurement state

of the probed system must have full support in the linear subspace H, = II,H of H
for any outcome II,,

M, w4 (L, p) T, = wA (IL,, p) . (3.90)
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For non-degenerate outcomes, where II, = |z)(z|, the only option is to have

wi (I, p) = [} (z] = wj (TL, p) - (3.91)

However, for degenerate outcomes, infinitely many quantum states have full support
in H,. We present three examples of non-Liiders deterministically repeatable update

rules for non-composite systems:

(i) following the discussion of Sec. 3.2.4, von Neumann’s projection w' does not
define an update rule because it violates context-independence (R3). However,
by fixing an orthonormal basis B, = {|z;)} ") for each subspace H,, we
obtain a valid update rule W)\ which satisfies (DR),

1

wy (I, p) = (@)

> p(wi) wh (i) (xil. p) | (3.92)

where p(x) = Tr(IL,p) and p(rs) = Tr(|2) (z1]p).
(74) the map '
wii (I, p) = Te(IL,) Z |3) (] (3.93)

reduces to Eq. (3.91) when II, is rank-1 but, in case of outcome degeneracy,
collapses any initial state to an equal superposition of the elements of a preferred

basis B, of H.,.

(7i1) another option is to update p to the maximal mixed state I, /d, of H,, which

does not require the specification of any basis for the subspace.

Notably, all proposed examples define linear instruments for non-composite systems.
Nevertheless, we can conclude that deterministic repeatability (DR), even when
supported by strong indistinguishability (Sl), is insufficient to isolate quantum theory
within the broad framework of AMTs. In [100], the authors show that the Liiders rule
for single systems can be derived via an information-theoretic approach by imposing,
alongside (DR), that the post-measurement state minimises the relative information
with respect to the pre-measurement state p. In other words, they prove that
wh (T1,, p) is the least distinguishable state from p among those compatible with the
repeatability of measurement outcomes. A similar result, framed in terms of trace

distances, already appeared in [102].
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3.4.4 Information-disturbance trade-off

As discussed in Sec. 1.2.2, Liiders presents two main objections to von Neumann’s
projection postulate [128]. Firstly, he argues that the post-measurement state should

depend only on the outcome and the initial state. Secondly, he suggests that

“the measurement of a highly degenerate quantity permits only relatively
weak assertions regarding the considered ensemble. For that reason, the
resulting change in state should likewise be small” (Eng. trans. [127] of
[128], p. 665).

In the limit of the trivial observable {I, O}, a measurement reveals no information
about the original state and it should have no effect on it. This idea of a trade-off
between applied disturbance and acquired information is encoded in the following

principle.

Definition 21 (Information-disturbance trade-off (TO)). The outcome probability
distribution of an observable M is not affected by a prior measurement of a coarse-

graining of M.

Consider an infinite ensemble prepared in an arbitrary quantum state, and
examine the following two scenarios: (i) a measurement of M is performed on each
element of the ensemble; (i) a measurement of a coarse-graining of M followed by a
measurement of M are performed on each element of the ensemble. Condition (TO)
stipulates that the outcome probabilities {p(z)} observed from the measurements
of M in scenarios (i) and (i7) must be identical. In other words, for all quantum
states and outcomes II, and II, such that IL,II, = II,II, = II,, the relation
p(o1 = y)p(oa = x|oy = y) = p(x) should hold (where 0; and oo denote the first
and second outcomes of two consecutive measurements, respectively). In terms of

single-system update rules, the condition can be expressed as
Tr (1, p) T [Tw (1T, p)| = Tr (TLap) | (3.94)
or, in terms of the associated instrument maps, as
Tr 11, wh (I1,, p)| = Te(Iup). (3.95)

Here, = denotes the outcome of the M measurement, while y denotes the outcome

of the coarse-graining. If II, # II,, then H, C H,, meaning that y provides less
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information about the original state than x. As a result, the disturbance applied to
the state cannot be arbitrarily strong but must preserve coherence in the subspace
H,, in the sense that p(o2 = z|o; = y) = const. x p(x) for all II, € P(H,). In the
limiting case of II, = I, one obtains w4 (I, p) = p, in agreement with Liiders’ remark.

The trade-off implies both deterministic repeatability and the weak version of

ideality.

Lemma 3.5. If an update rule for non-composite systems w4 is (TO), then it is
(DR).

Proof. Consider an arbitrary projector II, and a system residing in some state
p € S(Ha) such that Tr(II,p) # 0. Letting II, = II, in Eq. (3.94) leads to

Tr [T, wh (I, p)| = 1. (3.96)

This implies that the post-measurement state w/ (I, p) has full support in the
subspace H, = II,H4, i.e.

I, Wél (I, p) 11, = Wﬁ (I, p) (3.97)
which is the defining condition of (DR)—cf. Eq. (3.90). O

Lemma 3.6. If an update rule for single systems w% is (TO), then it is weakly (ID).

Proof. We need to show that Eq. (3.94) implies condition (3.83). From Lemma 3.5,
we know that w’ (I1,, p) has full support H,. Let the initial state p also have full
support in H,, i.e. Tr(Il,p) = 1, and consider an informationally complete set of
observables on H,. If w} (I, p) # p, then for at least one of the outcomes of an
observable in the set, say I, € P(H,), we have Tr {waﬁ (Hy,p)} # Tr(Il,p), in
contradiction with (TO). Therefore, the transformation must not disturb the states
of measured systems when the outcome is certain, i.e. it satisfies the weaker notion
of ideality. O

The following theorem demonstrates the uniqueness of Axiom (M') in relation to
(TO), a result briefly discussed in [22], albeit without investigating its validity for

composite systems.

Theorem 3.4. The Liiders rule for single systems wY is the only one consistent

with (TO).
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Proof. Substituting wh in (3.94) leads to
Tr(I1,1L,pI1,) = Tr(1L, p), (3.98)

which holds for all p and II, II, = II, II, = II,. Hence the Liiders projection for
single systems satisfies (TO).

To show the converse, suppose w” is (TO) but w/} # wl. Then, there must exist
some II, € P(H,) and p € S(H ) such that w’ (I, p) # wh (IL,, p). Since both
rules are (TO), hence (DR), it holds that w’ (11, p) ,w!zl (I, p) € Hy. We employ
the same argument used in the proof of Lemma 3.6. Consider a set of observables
of ‘H, which allow to reconstruct any quantum state of H, tomographically. As
w4 (I, p) and wh (I1,,, p) are different states, they must yield different predictions
for at least one outcome II, € P(H,) in the set,

Tr 11, wh (11, p)| # Tr[IL wh (1, p)] - (3.99)

Substituting wh (1L, p) = 11, p [T, /Tr(I1, p) and using the fact that IT,IT, = IT, 1T, =
I, we obtain
Tr (11,p) Tr 11, wh (11, p)| # Tr(ILp) , (3.100)

which represents a contradiction with our assumption of (TO). We thus conclude

that wh = wh. ]

Therefore, the trade-off principle (TO) captures the distinctive behaviour of
quantum measurements for single systems. To recover the full quantum mechanical
update rule wt, however, one must add another assumption that pertains to composite
systems, such as “composition compatibility” (CC) or “strong indistinguishability”
(S). Fig. 3.5 presents a scheme of the assumptions featured in this alternative

derivation of the Liiders rule.

3.5 Summary and future work

In this chapter, we have introduced the framework of Alternative-Measurement
Theories and initial findings that show the type of questions it raises. The AMT
framework is motivated by the methodology of research conducted in Generalised

Probabilistic Theories (GPTs) and ontological models such as Spekken’s toy theory.
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Figure 3.5: Schematic depiction of the alternative argument of Sec. 3.4.4 to derive
the Liiders rule in the context of the AMT framework. As in Fig. 3.4, “no-signalling’
is not used in the derivation but is implied by the requirement of “composition
compatibility” (CC). As mentioned in the text, the derivation also works with (SI)
replacing (CC).

’

AMTs share the Hilbert space structure with quantum mechanics but are char-
acterized by different rules governing the assignment of post-measurement states.
The main aims of this framework are (i) to examine the possible alternatives to
the Liiders projection that give rise to self-consistent physical theories, and (ii) to
explore which features distinguish it from the rest. Our motivations align well with
work by Wilson and Ormrod [182], who identify an operational principle that, when
supported with the remaining axioms of quantum theory, allows them to derive
the unitary deterministic transformations of quantum states, Axiom (T). A more
detailed comparison between our work and [182] can be found in Sec. A.3 of Appendix
A.

The AMT framework is built on the concept of an update rule, see Sec. 3.1.1,
which assigns post-measurement states to systems conditioned on the outcomes
observed. In particular, to define update rules we do not assume the linearity
of the corresponding instrument maps—cf. Sec. 3.1.2. Nonlinear instruments can
therefore arise in our framework, which enables us to reconsider the operational role
of complete positivity, see Sec. 3.2.1. A summary of the main update rules discussed

in this chapter and their operational properties can be found in Table 3.1.
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The operational assumptions of “context-independence” and (quantum) “no-
signalling” are discussed in Sec. 3.2.4 and 3.2.5, respectively, where we present
examples of measurement behaviours ruled out by these requirements. In Sec. 3.3.1,
we illustrate how to account for unsharp observables in any AMT and we define
generalised instruments describing the impact on states of different experimental
strategies to measure the same observables. Generalised instruments are then used
in Sec. 3.3.2 to define subtheories, i.e. AMTs that can be faithfully simulated by
another AMT.

The linearity over the space of density operators of all instrument maps encodes
the impossibility to distinguish between different realisations of the same mixed
states. In Sec. 3.4.1, we present different ways to characterise the set of update
rules giving rise to linear instruments. Our discussion on linearity connects with a
recent debate [81, 168] on the derivation of quantum instruments in [76, 132]. We
examine how the two sides of the argument employ different operational definitions
of a measurement. Then, we show that the set of AMTs with linear instruments,
which includes but is not limited to quantum mechanics, is mutually simulable.
In fact, any update rule in the set can simulate the deterministic repeatability of
quantum measurements by introducing an ancillary system on which to perform
measurements.

To uniquely recover the textbook version of the collapse, linearity needs to
be supplemented by other assumptions such as ideality—cf. Sec. 3.4.2. We also
find, in Sec. 3.4.3, that repeatability alone does not single out the Liiders rule, as
shown by suitable modifications of von Neumann’s original postulate. However,
the trade-off between the disturbance applied by measurements and information
gained—see Assumption (TO)—represents a unique property of the Liiders rule for
single systems, Sec. 3.4.4. The argument does not extend to composite systems;
additional requirements seem necessary to fully describe measurements in quantum
theory.

Looking ahead, we intend to continue searching for operational statements that
are equivalent to the projection postulate. An important step would be to characterise
all update rules compatible with the standard projection for single systems. Presently,
only two examples are known, namely wt and wt—cf. Sec. 3.2.1. Other examples
may help us to better understand the structure of the quantum mechanical update
rule and their relationship to the assumptions underlying the AMT framework.

Another direction is to explore whether “nonlinear” AMTs can exist that have
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quantum theory as a subtheory, or to prove the impossibility to do so. We also do
not know whether or not there exist AMTs that exhibit super-quantum correlations
without violating non-relativistic no-signalling. We also propose to investigate the
effect of imposing local tomography on the set of toy models. The consequences of
using different update rules on the computational capabilities of the theory will also
need to be examined, in analogy with the case of pQT of Chap. 2.

Furthermore, it is worth investigating the potential for generalising the AMT
framework beyond the Hilbert space structure. One may consider using our definition
of update rule as a template to construct more general operational theories. This
would then allow to explore the operational role of sequential measurements if
different states, observables and rules for the composition of systems and for outcome

probabilities are postulated.
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Introduction

No quantum particle can reside in a state with both its position and momentum
distributions being localised arbitrarily well. For these incompatible observables,
Heisenberg’s uncertainty relation [99, 115] establishes a finite lower bound for the
product of their variances. This result relies on a fundamental property of Fourier
theory: a real (or complex) function with finite support on the real line has a Fourier
transform which must be non-zero almost everywhere [77]. It is, however, difficult to
quantify the support of functions on unbounded intervals. Using variances instead
of the supports of probability distributions circumvents this difficulty.

The situation is different for quantum systems with finite-dimensional Hilbert
spaces since the support (size) of a pure state—defined as the number of non-zero
components in a given orthonormal basis—is always finite. A computational basis
state in C%, say, has support equal to one, and the support of its (discrete) Fourier
transform equals d since all basis states contribute. Thus, the product of the support
sizes equals d which turns out to be its smallest possible value [64].

The underlying product inequality has been generalised in a number of directions
[136, 180]. Tao derived an additive inequality [173] which is valid in spaces C? of
prime dimensions d = p: the sum of the supports of a state and its discrete Fourier
transform is bounded from below by the value (p 4+ 1). This bound is sharp since a
computational basis state and its Fourier transform saturate it.

Support inequalities and their generalisations have found applications in signal
processing [38, 39], for example, and they can be used to identify non-classical
quantum states [52] for which the Kirkwood-Dirac quasiprobability distribution [61,
121] is not a probability distribution. Such states provide an advantage in quantum

metrology [8] and play a role in weak measurements [7, 66, 104] and contextuality
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[123].

Using the support size of a quantum state as a measure of uncertainty has an
unexpected—and previously unnoticed—operational advantage. Quantum supports
take a finite set of integer values only, in stark contrast to other measures. Variances
of observables in a given state or its von Neumann entropy take real numbers as
values which demands many measurements to determine experimentally. However, a
finite number of measurements may already suffice to determine the exact support
size of a quantum state. This situation occurs whenever the state at hand has (i)
“full” support in the basis considered and (ii) each outcome has been registered
at least once. Conformity with a given support inequality may be verified by a
finite number of measurements as small as the bound itself. This property depends,
of course, on the assumption that the measuring device never registers incorrect
outcomes; limited detection efficiency does not invalidate the argument, however.

Variance-based uncertainty relations also exist for more than two observables
associated with multiple orthonormal bases [62, 63, 113, 114]: position and mo-
mentum may be supplemented by a third continuous variable which is canonical
to each of them. The eigenbases of these three observables are mutually unbiased
and related by fractional Fourier transforms. The product of their variances satisfies
a triple uncertainty relation [113]. Importantly, the best known lower bound of
this inequality does mot follow from the pair uncertainty relations but must be
determined independently. No quantum state exists that satisfies all three pair
uncertainty relations simultaneously. In a similar vein, entropic uncertainty relations
capture the incompatibility of up to (d+ 1) observables in finite-dimensional systems,
linked to a complete set of mutually unbiased bases known to exist in prime-power
dimension [10, 107, 156].

The main goal of this chapter is to extend Tao’s additive support uncertainty
relation to the case of more than two bases, inspired by the triple uncertainty relation
for continuous variables. The focus will be on prime-dimensional spaces where (p+1)
mutually unbiased bases exist, known as complete sets. The support sizes of a state
in any pair of mutually unbiased bases from such a set are expected to satisfy Tao’s
bound but they might not saturate all pair bounds simultaneously.

Chap. 4 is structured as follows. Sec. 4.1 sets up notation by briefly describing
known product and sum inequalities for the support of a vector, and the properties
of complete sets of mutually unbiased bases are summarised. In Sec. 4.2, Tao’s

additive uncertainty relation for the support of quantum states is shown to hold for
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any pair of mutually unbiased bases in a complete set, and the generalised additive
support inequality involving all (p 4+ 1) mutually unbiased bases is established as a
direct consequence. According to Sec. 4.3, the bounds provided by the generalised
support inequality cannot be saturated for prime dimensions 2 < d < 19, except
d = 3. Higher achievable bounds are derived in Sec. 4.4 for prime numbers up to
d = 7. In Sec. 4.5, we summarise and discuss the results obtained. The proofs of

some lemmata are relegated to Appendix B.1.



4

Support inequalities for complete sets of

mutually unbiased bases

4.1 Preliminaries

4.1.1 The support size of a quantum state

The support (size) of a Hilbert-space vector v € H, is given by the number
of its non-zero expansion coefficients ¢, = (v|¢)) in an orthonormal basis B =
{lv),v=0,1,...,d—1},

|supp(¢, B)| = #(¢, #0,v=0...d—1) € {0... d} . (4.1)

The only vector with vanishing support is the zero vector. Due to normalisation,
the support of a quantum state must be at least one, and the maximum is achieved
whenever the state 1 is a linear combination of all d basis states. The support size
of a state clearly depends on the chosen basis.

Thinking of the support size as the (improper) L'-“norm”—given ¢ = (1, ... ,%y),
it is defined as ||¢||o = |{¢ : ¢; # 0}|—we will use the notation

[supp(¥, B)| = (|4l - (4.2)

The set of expansion coefficients {,,v = 0...d — 1} has three obvious support-
conserving symmetries. The support size is invariant (i) under rephasing each

expansion coefficient separately,

lV|ls = |RY||5, R = diag(e'™, €™, ..., em-1) (4.3)
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with real numbers 7,,v = 0,..., d — 1; (i7) under permuting the components of any

state among themselves

1¥lls = 1PYlls, P €S, (4.4)

where Sy is the permutation group acting on sets of d elements; and (7i7) under the

complex conjugation of some (or all) of its components,

[olls = I1KY]s, K= 11 K, (4.5)

some v€{0...d—1}

where each operator K,,v =0,..., d— 1, maps one expansion coefficient of the state

*
v

1 in the basis B to its complex conjugate, K,1, = 1, and does not change the
others. In the basis B, the permutations P are represented by a matrix of order
d containing exactly one unit entry in each row and column; hence the unitary
invariances of rephasing and permuting coefficients are conveniently combined into
monomial matrices M = RP. The third invariance described by the operators K,

will play no role.

4.1.2 Support inequalities for a Fourier pair of bases

Given two distinct orthonormal bases B and B’ of H4, one may ask to which extent a
state can be “localised” in both of them. Clearly, the product of its support sizes in
B and B’ may take values between one and d?. If the bases are related by B’ = F,

where F is the discrete Fourier transform with matrix elements (in the B-basis)

1 o
Foy = —=e 2m/d o/ e{0...d—1} (4.6)
VU \/E Y )

then the product of the support sizes of a state 1) and its Fourier transform @E =ty
is bounded from below [64],

[lls ¢l = d, (4.7)

where we use the fact that the support size of the Fourier transformed state @Z in the

basis B is equal to the support size of the state ¢ in the basis B, i.e.

1915 = 1F |5 = [[4]ls - (4.8)

The inequality (4.7) represents a finite-dimensional analogue of Heisenberg’s un-

certainty relation for position and momentum observables of a quantum particle:
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quantum states localised in position, say, necessarily come with a broad variance in
momentum, the Fourier-transformed position observable.
For spaces Hy with prime dimensions d, an additive inequality for the supports

of a quantum state in a pair of Fourier-related bases is known [173],
[lls + 1¥llsr > d + 1, (4.9)

which is stronger than the multiplicative relation (4.7), as follows from the inequality
d+1—x >d/z, for x € [1,d]. In the terminology of [52], any two bases B and B’ are
said to be completely incompatible if and only if the support sizes of the expansion
coefficients of any (non-zero) vector ¢ € H, satisfy this bound.

The inequality (4.9) is a special case of a theorem valid for finite additive abelian
groups G with only trivial subgroups, a condition which implies that the cardinality
|G| must be a prime number [173]. Consider a complex-valued function f: G — C
and its transform f : G — C, defined by

b Z f)e(v,v'), (4.10)

\/@ veG

where e(v,v') is a “bi-character” of G satisfying e(v; 4 vy,v") = e(vy,v")e(ve, v') and

f') =

an analogous relation for its second argument. In the particular case of e(v,v') =

—2mivv’ /d

e , one obtains an inequality for the supports of f and f = Ftf.

Theorem 4.1 (Tao’s theorem). If f : G — C is a non-zero function and the
cardinality |G| of the group G is prime, then

lsupp(f)| + [supp(f)| > |G| + 1. (4.11)

Upon identifying f (v) with (v]th) and f(v') with (v/[¢)), respectively, we obtain
the inequality (4.9) relative to the bases B and B’ introduced via F' in Eq. (4.6).

The main ingredient of Tao’s proof is a fundamental property of the Fourier
matrix in prime dimensions [78, 169, 173] which dates back to the 1920s: all its

square submatrices are invertible.

Theorem 4.2 (Chebotarév’s theorem). If d is prime, then all minors of the Fourier

matriz F' in Eq. (4.6) are non-zero.

The inequalities (4.7) and (4.9) involve a pair of mutually unbiased bases of H,,

namely the computational basis B and its Fourier transform. We will now introduce
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larger sets of mutually unbiased bases to formulate more general support inequalities.
Not surprisingly, Chebotarév’s theorem must be generalised to other matrices which

emerge when establishing bounds on support sizes of quantum states in multiple
bases (cf. Sec. 4.2.1).

4.1.3 Mutually unbiased bases in prime dimensions

Two orthonormal bases of the space Hy = C? are said to be mutually unbiased (MU)
if the inner products between any two states (not of the same basis) have modulus
1/ V/d. Then, to know the outcome of a projective measurement performed in one
basis implies complete uncertainty about the outcome of a subsequent projective
measurement performed in the other.

When d is a power of a prime number p, i.e. d = p", sets of (d + 1) mutually
unbiased bases have been constructed [12, 67, 108, 183]. Such complete sets are
both mazimal—in the sense that no additional MU basis can be added to it—and
tomographically complete: the probability distributions of outcomes in the (d + 1)
bases uniquely encode an unknown quantum state. It is an open problem whether
complete sets of MU bases exist in composite dimensions, d # p".

For d = 2, the eigenstates of the Pauli operators Z5, Xy and X7 = —iY5 form
a complete set which has a simple structure. Representing the computational basis
By by the identity matrix Hy = I(2x2), the following two (2 x 2) complex Hadamard
matrices—i.e. (n X n) unitary matrices with all entries of modulus 1/,/n—encode

the bases which are MU to By,

1 (1 1 10
H1:F:[ ], Hy, = DF WhereD:{O

A (4.12)

i

If d is an odd prime, the eigenstates of the (d + 1) generalised Pauli operators
Za, Xa, XaZg, X732, ..., X423, represent a maximal set of MU bases. The phase
and shift operators Z; and X are defined as follows: Z4|z) = w”|z) and X,4|z) =
|z +1 (mod d)), where the states {|z) = [¢2),z =0...d — 1} form the computational
basis By and w = ¢%™/4 is a d-th root of the number 1 [67]. The k-th state of the j-th
basis (following the given order, where j =0: Z4,j =1: Xg,...,j =d: XqZ9 1) is
given by

1d1

PAR Z “hr, G020y e {1dy, ke {0.d—1}.  (4.13)
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For each value of j, the equimodular expansion coefficients

: 1 a2
[Hj]xk:<x|¢;>:ﬁw—%<ﬂ—l>w, jef{l.dy, z,k€{0...d—1}, (4.14)

define a complex-valued Hadamard matriz. These are unitary matrices since their
columns are given by the components (in the computational basis By) of d orthogonal
vectors. When combined with the computational basis By, the states given in Eq.
(4.13) form a complete set of MU bases for Hilbert spaces of prime dimensions, which
we will refer to as the standard set. In this chapter, all MU bases will be taken from
the standard set.

The Hadamard matrix H; in (4.14) coincides with the discrete Fourier matrix F
given in Eq. (4.6). The remaining Hadamard matrices H; map the computational
basis By of Hq to other orthonormal bases denoted by B;. Adopting an active view
of these transformations, the state v is mapped to the state H]T 1. The relation
between the supports of the state 1 in By and the j-th MU basis B; reads,

1H o = 1l 1; (4.15)

abbreviating the notation introduced in (4.8), i.e. ||[¢||5, = ||¥;, j € {0...d}.
The columns of the d Hadamard matrices H; in (4.14) are related in a simple

way to each other, namely by
o1y = DI'BResy,  je{l..d}, ke {0..d—1}, (4.16)

with two diagonal (d x d) matrices B and D; in other words, all states of the complete
set of MU bases can be generated easily from any given state such as |¢p)—except
for the states of the computational basis By. Within each Hadamard matrix, the

matrix B cyclically shifts a given column to the right,

91, k=0,...,d—2,

4.17
8y,  k=d-1; 4

Bl¢l) =

its entries are given by the components of the second column of the Fourier matrix
F= H17
B = diag (1,w*1, . ,w*<d*1>) : (4.18)

except for the factor v/d.
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The matrix D is given by the components of the first column of the second

Hadamard matrix Hs, i.e.
D = diag (1,aﬂ,...,uﬂd—lf) , (4.19)

cyclically mapping a state of the j-th MU basis to the corresponding one of the MU
basis with label (5 + 1),
IS T
, , J=1,...,d—1,
piefy = {1 (4.20
|¢k> ) J= d.

In terms of Hadamard matrices, this property reads

Hiy, 7=1,...,d—-1,
pH, ="t (4.21)
Hl ) ] =d.
Writing H; = D’"'H; = D’7'F, Chebotarév’s theorem is seen to imply that
the minors of all Hadamard matrices H;, j = 1...d, are non-zero: the ranks of the
minors of I’ do not change upon multiplying their rows with non-zero scalars. In

view of Eq. (4.12), this generalisation is also valid for the case of d = 2.

4.2 Support inequalities...

How well can one localise quantum states simultaneously in (d + 1) MU bases? To
answer this question, we need to minimise the support sizes of a state relative to the
complete set. In a first step, we now show that the support sizes of a quantum state
relative to any pair of standard MU bases also satisfy Tao’s bound (4.9). Second,
by combining the resulting pair inequalities, we establish a state-independent lower
bound.

4.2.1 ...for arbitrary pairs of MU bases

Tao’s result establishes—for a space of prime dimension d supporting a cyclic abelian
group—a sharp inequality for the support sizes of a quantum state and its Fourier
transform. Most pairs of the MU bases introduced in Eq. (4.13) are, however, not
related by a Fourier transform. Nevertheless, Tao’s bound also holds for the supports
of the images of any quantum state generated by two Hadamard matrices as we will

show now.
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Theorem 4.3. Given any pair of distinct standard MU bases associated with matrices
H; and Hy, j,k € {0... d}, the support sizes of a quantum state ) € H, satisfy
the state-independent sharp bound,

[0/l + ¢l = d+1, (4.22)

where d is any prime number.

It is important to realise that Theorem 4.3 does not cover arbitrary pairs of
MU bases in prime dimensions but only those defined in Eq. (4.14). Nevertheless,
all pairs of MU bases in dimensions d = 2,3 and 5 are found to be completely
incompatible since in these dimensions all Hadamard matrices are equivalent to
the Fourier matrix. Already for the next prime, d = 7, other types of Hadamard

matrices exist [32].

Proof. The case of dimension d = 2 is straightforward. If a state [¢)) € Hy has
support one in one MU basis, it must have support two in both other bases, due
to being MU to their members. Thus, the sum of the supports of any state in two
bases must be at least three.
For odd primes d,we will consider two cases separately: either (i) one of the bases
in Eq. (4.22) is the computational basis, so that j = 0, say, or (ii) neither of them.
(i) Defining the vector ¢ = D%, we obtain

[llo+ 141l = 1¢llo+ 1 Hie o = [ llo+IIETD* 4o = [|ID**Sllo+ [ Fi¢llo, (4.23)

recalling that Hy = D*"'F holds according to Eq. (4.21). Since D is a diagonal

unitary hence a support-conserving unitary matrix (cf. (4.3)), we obtain
[llo + 111k = lléllo + | FTllo > d + 1, (4.24)

where Tao’s theorem was used in the last step.
(77) Now consider the case where the non-zero labels j and k differ from each

other. Defining the vector ¢ = H ]T 1, the sum of the support sizes can be written as

11l + 10l = 1H o + [ Hiwllo = 1o llo + I HLH;llo - (4.25)

The product H ,zH ; of two distinct Hadamard matrices is, in fact, always equal to

another Hadamard matrix H;, t # 0, up to a monomial matrix M (7, k); this result
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is the content of Lemma 4.1 stated directly after the proof. As the matrix M (j, k) is
support-conserving (cf. Egs. (4.3) and (4.4)) for all states of the space H,4, we find

I6llo + 1M (G, k) Hidllo = llollo + | HGllo = d + 1, (4.26)
where (4.24) of Part (i) has been used in the final step. O

The proof just relies on dissolving products of the Hadamard matrices H; which
encode a complete set of MU bases. Clearly, products of the form H, ,ZH i, J # k, are
Hadamard matrices since their matrix elements, being overlaps of MU vectors, have
modulus 1/+/d,

[HIH;],, = (0F|6h) - (4.27)
When d = 2, one finds explicitly that HIHg = ]\4[—!;r and H2TH1 = M'H;r, with
monomial matrices M and M’. In other words, the phases of the matrix elements
(4.27) coincide with those of the adjoint of another transition matrix after permuting

and rephasing its rows. This property actually holds for any prime dimension.
Lemma 4.1. Let d be an odd prime and j, k € {1... d} with j # k. Then
H H; = M(j, k) H] (4.28)

for a monomial matriz M(j, k) if and only ift = 1+ x € {1,...,d} where the integer
X satisfies 4(j — k) x =1 mod d.

Proof. See Appendix B.1. n

Furthermore, Lemma 4.1 allows us to generalise Chebotarév’s theorem (Theorem

4.2) to the product matrices H ,iH ;, for distinct indices j and k.

Corollary 4.1. If d is prime, then all minors of the Hadamard matrices HIIHJ-,
J,k€{0...d} and j # k, are non-zero.

Proof. Let d be an odd prime. Any H;, t € {1...d}, has only non-zero minors, as
was mentioned after Eq. (4.21), as do the adjoints H;r . Therefore, the claim holds if
one of the labels j, k, is zero. For both j, k£ # 0, Lemma 4.1 applies. Since rephasing
and permuting the rows of a matrix do not change the rank of any submatrix, we
can conclude that the matrices H IZH i, J,k # 0 and j # k also have non-zero minors
only.

In dimension d = 2, the result follows from inspecting the products Hi Hy = M HJ
and HiH, = M'HJ. O
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According to Corollary 4.1 the vectors formed by the columns (or rows) of all
square submatrices of the Hadamard matrices H ,ZH j, J # k, are linearly independent.
What is more, any set of d (or fewer) vectors taken from any two MU bases are

linearly independent.

Corollary 4.2. Given a complete standard set of MU bases in the space Hq of
prime dimension d, any set of d (or fewer) vectors taken from any two MU bases

are linearly independent.

Proof. See Appendix B.1. m

Theorem 4.3 also demonstrates that all pairs of MU bases taken from the complete
standard set in prime dimension are completely incompatible, in the sense of Sec.
4.1.2. This statement is stronger than the results of [52, 173] since the bases we

consider are not necessarily related by the Fourier matrix F'.

4.2.2 ...for complete sets of (d + 1) MU bases

Let us denote the sum of the numbers of non-zero expansion coefficients of a state

1 € Hg in a complete standard set of MU bases by

S(d) = [[¢llo + ¢l + -+ [[¢la- (4.29)

Then, the inequalities (4.22) imply that the overall support size S(d) cannot fall

below a certain threshold.

Theorem 4.4. For any prime d, the overall support S(d) of a quantum state |p) € Hq

in a complete standard set of MU bases satisfies the additive state-independent bound

S(d) > 2T =gy, (4.30)

Proof. Write down (d+1) copies of the support inequality (4.22) with indices (7, j+1),
 =0,...d—1, and (d,0), respectively. Adding them up, the right-hand-sides of
(4.22) give (d + 1)%. Since each term ||¢||; = ||HJT¢HO, j=0,...,d, occurs twice in
the sum, we divide by two and obtain the inequality (4.30). O

An alternative proof treats all pair supports equally: write down (4.22) for all
d(d + 1) distinct pairs of indices (7, k) and consider the sum of the supports. After

removing common factors, the bound (4.30) on §(d) follows.
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Support inequalities other than Eqs. (4.22) and (4.30) exist. They may involve
any number between two and (d 4+ 1) MU bases. For example, picking the first three
MU bases and combining the associated pair inequalities from (4.22) leads to the
additive “triple support inequality”,

3
2

Clearly, this inequality cannot be saturated for dimension d = 2 because the overall

S(d;3) = [¢llo + I1F™llo + [ H3vllo = S(d+1). (4.31)

support S(2) of a state is always an integer number. Taking only two possible
values, the smallest achievable value of the triple support size §(2;3) = S(2) equals
T(2) = 5; here and in the following, achievable—or sharp—bounds of S(d) are
denoted by Ty(d).

The lower bound on the triple uncertainty relation for continuous variables [113],
derived similarly by combining pair uncertainty relations, can also not be reached.
Theorem 4.4 is not constructive, hence it is not obvious whether the case of d = 2
represents an exception or whether the inequalities (4.30) are never sharp. In the next
section we will first derive some general results about multiple-support inequalities,

followed by a closer look at dimensions 3 < d < 19.

4.3 Saturating support inequalities for MU bases

To saturate the bound of the inequality (4.30) means to identify states that minimise
all support pair relations simultaneously. We present a number of rigorous results
for prime dimensions d < 7. Numerical methods are then used to determine whether

the generalised inequality can be saturated for dimensions up to d = 19.

4.3.1 Constraints on saturating states

Our first general result is a necessary and sufficient condition that the support

inequality (4.30) involving a complete set of (d + 1) MU bases be saturated.

Theorem 4.5 (Equal support sizes). The additive support inequality for a complete
standard set of MU bases (4.30) is saturated by a state ) € Hy if and only if it has
the same support in all (d+ 1) MU bases, i.e.

d+1

ol = ——»  je{0.d}, (4.32)

where d is an odd prime.
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Proof. Substituting the values (4.32) into (4.30) directly produces the lower bound.
For the converse, we show that the supports must have the values given in (4.32)
if equality holds in Eq. (4.30). Noting that the support of any state ¢ € Hy ranges

from 1 to d, i.e.

W!Io—ﬂiA, Ae{o,l,...,;(d—l)}, (4.33)
we will proceed by exhausting all its values in the computational basis By. It turns
out that the the minimum in (4.30) cannot be reached if the support is either (7)
smaller or (i7) larger than (d + 1)/2, leaving (éi7) the values in (4.32) as the only
option.

(0) If [[llo = (d+ 1) /2—A, A > 0, then (4.22) implies that [|¢|; > (d+ 1) /2+A,
j={1...d}. Hence, the sum of the supports in all (d + 1) MU bases equals

0=3 ol > TH - asa(T 4 a)
=0 2 2 (4.34)
z(dzl) +(d—1)A>(d+21) .

Therefore, the inequality cannot be saturated by a state which has support smaller
than (d 4 1) /2 in the basis By.

(77) Assume that |[¢|lo = (d+ 1) /24+ A, A > 0. Clearly, the lower bound of the
sum in Eq. (4.30) can only be reached if the support of the state 1 is smaller than
(d+1) < (d+1)/2, 75 € {1...d}, say.
Repeating the argument from (7) relative to the MU basis B;« instead of By implies

that the inequality (4.30) cannot be saturated.

(ii7) If ||¢]|o = (d + 1) /2 then (4.22) implies that ||¢||; > (d+ 1) /2,7 ={1... d}.
However, given these bounds, the minimum of S(d) in (4.30) can be achieved only if
the support of the state ¢ € H, takes the value (d + 1) /2 in all other MU bases as
well. ]

The second general result states that a specific d-th root of unity can appear
at most twice in the columns of the Hadamard matrices H;, j = 2...d, given in
(4.14). The proof of another necessary—but not sufficient—condition for saturating

the generalised inequality (4.30) will rely on this limit of the occurrences of roots.

Lemma 4.2 (Frequency of roots). Let d be prime and consider the states |¢.),
J=2,....d,in Eq. (4.13) forming the bases B; which are MU to both the identity
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and the Fourier matriz. Any d-th root w™, n € {0...d}, figures at most twice among
the numbers \/d(z|¢l), z € {0... d —1}.

Proof. We need to determine the number of solutions of the equation w = *+0 —Da? —
w™ which becomes (j — 1) 2> — kx —n mod d = 0 upon taking the logarithm and
rearranging. Since j # 1, the equation is quadratic for each n and there can be at
most two integer solutions for the unknown z. The extension to the special case of
d = 2 is trivial. O

According to Theorem 4.5, a state saturating (4.30) must have (d—1)/2 vanishing
expansion coefficients in each MU basis of the standard set, in any odd prime
dimension. A third general result is that there are constraints on the distributions
of these zeroes when expanded in the MU bases of a complete set.

To spell out these constraints, let us introduce the zero distributions Z7 of a state
1 € Hq which list the indices of the vanishing expansion coefficients in the (d + 1)

bases of the complete set,

Z={re{0...d=1}:(gll¢) =0}, j=0,....d. (4.35)

Using the relation (¢7|y) = (¢%|H]|¢)), one can also think of 27 as the set of
vanishing coefficients of the state H j |1)) in the computational basis.

Two zero distributions of vectors in the same Hilbert space are said to be
compatible, Z ~ Z' if they are equal up to a cyclic shift. In other words, two
compatible distributions Z = {k1, ko, ..., K5} and Z' = {K], k), ..., K5} must have the
same number § of elements and the mapping x; — k; + ¢ mod d for some fixed
integer © must be a bijection from Z to Z’. Compatibility of zero distributions is an
equivalence relation between classes of d elements.

The extension of Chebotarév’s Theorem shown in Sec. 4.2.1 and Lemma 4.2 imply
a constraint on zero distributions for all prime dimensions d > 3. This property will
be used in Sec. 4.3.3 to prove that the support inequality (4.30) cannot be saturated

in dimensions d =5 and d = 7.

Theorem 4.6. Let d > 3 be prime and v € Hq be a state with (d —1)/2 expansion
coefficients vanishing in the computational basis and in two more standard MU bases,

1.e.
d+1 ) )
1llo =11l = 19l = ——> 71 >52#0. (4.36)
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Then the zero distributions associated with the vectors H ]T-l |Y) and H JTQ |v), respectively,
are incompatible.

Proof. Since the state ¢ has d_ = (d — 1)/2 vanishing components in three bases
with labels j = 0, 1, 7o, it satisfies 3d_ conditions,

<¢gg|¢>:<¢gg|¢>::07 ZO:{I{?,HQ,...,H?L},
< ﬁ‘@ = < %’W =...=0, Zh = {K}ia’i;;'”?’icll_} ) (437)
< f§|¢>:< fj§|¢>::07 ZjZZ{H?aﬁga'”’H?l,}'

We proceed by contradiction. To assume that the zero distributions 27t and Z72
are compatible means that they are related by a cyclic shift by some integer p €

{0...d — 1}. In particular, we can arrange the elements in the two sets such that
ki =k, +pu modd  forall ie{l...d_}. (4.38)

Then, according to Eq. (4.16), the corresponding states must be related by powers
of the matrices D and B,

673) = D7 B o) = DB DI B o) = DR B ) (439

where we have used the fact that D and B commute. Defining Vi = D777 B#, the

third set of conditions in (4.37) turns into
($210) = (¢4 V) =0 forall ie{l...d_}. (4.40)

Since V), is diagonal in the computational basis, we have

(@) = (Vi) =0 forall ie{l...d}, (4.41)
which means that Z° and 27 are zero distributions for the pair of vectors ¢ and V1.
In other words, these two states are both orthogonal to the same set of 2d_ = (d — 1)
vectors

{¢29,...,¢23 ST } (4.42)

stemming from the computational basis By and the basis Bj,. According to Corollary
4.2, this is a set of (d — 1) linearly independent vectors so that only one unique ray
in Hq can exist that is orthogonal to all of them. Therefore, the vectors 1 and V4

must be collinear, i.e. V,3 = A\ for some non-zero scalar A € C.



4.3. SATURATING SUPPORT INEQUALITIES FOR MU BASES 135

Since V,, = D?*"72B~# is diagonal in By, the computational basis states are
eigenvectors of V,. By assumption, the state ¢ has d; = (d+ 1) /2 non-zero
coefficients in this basis. Thus, the state 1) will be an eigenvector of the unitary
V,, only if A is an eigenvalue with multiplicity of d. (at least). However, this is
impossible for prime dimensions d > 3: the non-zero matrix elements on the diagonal
of V,, coincide with the components of the vector\/c_l|gz5j_1,: 2t1y in the computational
basis but for j; > js # 0 (mod d) no more than two of the components may coincide
according to Lemma 4.2. Thus, at most two of the eigenvalues of V,, can coincide.
No contradiction arises for dimension d = 3 where ¥ has exactly two non-vanishing

coefficients in the computational basis. O

4.3.2 Dimension d =3

To prove that the bound (4.30) can be achieved in the space Hsz, we exhibit the

states which minimise the support inequality.

Theorem 4.7. The state ¥ saturates the generalised support inequality (4.30) in

dimension d = 3 if and only if it is one of the following nine (non-normalised) qutrit

states,
1 0
—wm |, 0 ) 1 , m € {0,1,2} , (4.43)
0 —wm —w™

with w = e*™/3 being a third root of unity.

Proof. Theorem 4.5 implies that a state ¢ saturates Eq. (4.30) with respect to a
complete standard set of MU bases if and only if it has support two in each of them,
Le. ||v]; = ||H}1p||0 =2,j=0...3. First, we assume that the third component of
a candidate state vanishes in the computational basis, i.e. ¢ = (a, b, 0>T, with
non-zero complex numbers a and b. Applying the matrices H ]T ,J=1,2,3, to it, we

find four vectors,

a a+b a+ w?b a + wb
b |, a+wb |, a+b Joa+w?h | (4.44)
0 a + w?b a+ wb a+b

The components of the last three vectors agree, except for permutations. Hence,

support size two can occur in three different ways: one component of each vector
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vanishes if
b=—-w"a, m € {0,1,2} , (4.45)

holds for some value of m. After removing an irrelevant phase, we obtain the
first three vectors given in Eq. (4.43). Second, repeating this argument for initial
vectors of the form ¢ = (a, 0, b)T and ¢ = (O, a, b)T, respectively, leads to the
remaining six vectors in (4.43).

Having exhausted all three-component vectors in the computational basis with
support two, we have shown that the nine vectors in (4.43) are the only states

saturating the support inequality (4.30) for d = 3. ]

4.3.3 Dimensions d=5and d=7

We will show that it is impossible to reach the lower bound of the support inequality
(4.30) in dimensions d = 5 and d = 7. The proof relies on a property of the zero
distributions of the vectors ij, j =0...d, which were introduced in Sec. 4.3.1.

Theorem 4.8. The additive support uncertainty relation (4.30) cannot be saturated

i dimensions d =5 and d = 7.

Proof. Let Z% be the set of the zero distributions with n zeroes among the computational-
basis coefficients of qudit states in the Hilbert space Hy. These distributions are
determined by choosing n out of d indices; hence, there are |Z¢| = (z) such sets.
Recalling that compatible sets of zero distributions form equivalence classes, ob-
tained from rigidly shifting a given one, only |Z¢/ ~ | = (Z) /d incompatible zero
distributions exist.

According to Theorem 4.5, a state |¢)) € H, saturating (4.30) for d > 3, must
have n = (d — 1)/2 zeroes in each basis. In addition, a saturating state requires
the existence of at least d incompatible zero distributions as Theorem 4.6 does not
allow compatible zero distributions for more than two bases. In other words, the
inequality ’ngq) /9 / ~ | > d must hold. Clearly, this does not happen for d = 5 and
d=Tsince |Z3/ ~|=2<b5and |Z]/ ~ | =5 < 7, respectively. When d > 11,
however, the inequality is satisfied, with |Z3!/ ~ | = 42 > 11, for example. O

4.3.4 Numerical results for 5 <d <19

For prime numbers d greater than seven, more than d incompatible zero distributions

exist which removes the bottleneck we exploited to prove Theorem 4.8. In the
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absence of an analytic handle on the problem, we will use numerical means to check
whether the bound imposed by (4.30) can be reached for dimensions larger than
d=T.

A saturating state necessarily has (d —1)/2 zeroes in each MU basis. Thus, if one
picks two distinct MU bases with labels ji, jo € {0... d}, say, with corresponding
zero distributions Z7! and Z72, the state will have vanishing scalar products with
a total of (d — 1) states which—in view of Corollary 4.2—are known to be linearly
independent. Consequently, there is a unique ray ¥+ € Hy associated with any
two zero distributions of the type considered. If the support size of the states ¥+
generated in this way (i.e. for all possible choices of initial zero distributions Z7t
and Z72) is always larger than (d + 1)/2 in some third MU basis, then the support
inequality (4.30) cannot be saturated: if no state with support size (d+1)/2 in three
MU bases exists, then no state with support size (d + 1)/2 in (d + 1) MU bases will
exist. Since only a finite number of zero distributions needs to be checked for a given
dimension d, this approach actually represents an algorithm to check whether the
lower bound can be reached.

Running the program for prime numbers with 5 < d < 19 means to check an
exponentially increasing number of cases. On a standard PC, the program ran
about a second for d = 5 and d = 7 while it took about a week for d = 17. No
state has been found which would display (d — 1)/2 zeroes in three MU bases. For
dimensions d = 5 and d = 7, this result is stronger than that of Sec. 4.3.3 since the
non-existence of a state with two and three zeroes, respectively, is sufficient to derive
Theorem 4.8, but not vice versa. Due to the exponential increase in the number of

zero distributions, dimensions larger than d = 19 were out of of reach.

4.3.5 Dimensions d > 19

To satisfy the additive support inequality (4.30) relative to (d + 1) MU bases, a
state needs to satisfy more than one pair relation (4.22) simultaneously which seems
unlikely. It is all the more surprising that for dimension d = 3 the bound 7'(3) = 8
is actually sharp, i.e. T5(3) = T'(3). Our results for prime dimensions up to d = 19
suggest that this case is exceptional.

We conjecture that the generalised uncertainty relation (4.30) in prime dimensions
can only be saturated when d = 3. Here is a plausibility argument to support this

view. Assume that a saturating state ¢ € H, exists for some prime dimension d > 3.
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According to Theorem 4.5, the state must be orthogonal to exactly (d — 1) /2 vectors
from each of the (d + 1) MU bases. Corollary 4.2 implies that orthogonality with
respect to just two such sets—i.e. (d — 1) vectors—already determines a unique
state. Therefore, the remaining (d — 1)* /2 vectors (one set of (d — 1)/2 vectors is
associated with each of the (d — 1) MU bases not yet considered) must all lie in
the same (d — 1)-dimensional subspace orthogonal to the state ). This is known to

happen for d = 3 but seems hard to satisfy for larger dimensions.

4.4 Sharp lower bounds

According to the results presented in Sec. 4.3, no states exist which would saturate
the lower bounds (4.30) for the support sizes in dimensions up to d = 19, with the

exception of d = 3. The focus of this section will be on identifying achievable bounds.

4.4.1 Dimension d =3

Theorem 4.7 in Sec. 4.3.2 displays the states which achieve the lower bound (4.30) in
dimension d = 3. In other words, the bound for the overall support of qutrit states
1 is sharp, §(3) > 8, where S (d) = Z;'l:() |Y]|; for ¢ € Ha.

4.4.2 Dimension d =5

Theorem 4.8 shows that, for any state 1) € Hs, the overall support of the states H ; W,
j =1{0...d}, must satisfy S(5) > 18. In this section, we will prove a sharp lower
bound, namely S(5) > 22 = T,(5).

To begin, we generalise Lemma 4.2 which will be necessary for the proof of

Lemma 4.4.

Lemma 4.3. Let d be an odd prime and w = e’a . Consider two states 61L), 012 €
Hq taken from different standard MU bases, ji,j2 # 0, and let {|x)} be the com-
putational basis. Then there can be at most two values of x € {0...d — 1} such
that

(wlon) = w"(zloi;) (4.46)
for the same value of n € {0...d — 1}. If two different states are taken from the same

basis, j1 = Ja, then the equation has exactly one solution for each value of n.
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Proof. See Appendix B.1. m

Now consider a state with two vanishing expansion coefficients in both the
computational basis and a second basis of the complete set. It turns out that such a
state can have only non-zero coefficients in the remaining four bases, resulting in a

total support size of 26.

Lemma 4.4. If the support of a state 1b € Hs equals three in both the computational
basis and another standard MU basis with label j # 0, i.e. ||¢||o = [|¢]|; = 3, then its

support size in each of the remaining four bases equals five, ||¢||; =5, with j' # 0, j.
Proof. The proof, given in Appendix B.1, uses Corollary 4.1 and Lemma 4.3. n

This result allows us to determine a sharp bound 7(5) for the support size S(5).

Theorem 4.9. Given a state yp € Hs, the sharp bound on its overall support size
S(5) in a complete standard set of MU bases is given by Ts(5) = 22.

Proof. To construct the bound, we go through all possible values of the support size
of the state ¢ in the computational basis, i.e. ||¢|lo € {1... 5}.

For [[1]|o = 1, the pair inequalities (4.22) imply that the state ¢» must have full
support in all other five MU bases, i.e. ||¢||;20 = 5. Hence, the overall support of a
computational basis state is given by S(5) = 26.

For ||¢]lo = 2, the pair inequalities (4.22) imply that the state ¢) can have at
most one zero in each of the other five MU bases, i.e. ||1]| ;20 = 4. Hence, the overall
support of ¢ is given by S(5) = 22. All 300 states of the form

|¢):\}§<|¢il>—w”|¢i2>>, j€{05}, kl,kQ,TLE{O...4}, kl%kg.
(4.47)

achieve this bound. More generally, for primes d > 3, there are
(d+1)d 2 :1(d2—1)d2 (4.48)
d 2 '

such states as j takes (d + 1) values, n takes d values and there are (3) different
pairs of k; and ks. The three-dimensional case is an exception, as demonstrated by
Theorem 4.7.

For ||¢|lo = 3, the pair inequalities (4.22) rule out a support size lower than three

in any basis from the set. We apply Lemma 4.4: the support size of ¢ can equal
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three in only one other MU basis while the state must have full support in the others,
leading to S(5) = 26. It is also possible to have ||¢)|; = 4 in all bases but the first
one, i.e. for j # 0. In this case seven expansion coefficients would vanish over the
complete set, resulting in an overall support size of S(5) = 23. This bound is larger
than the one already obtained for the case of ||¢||p = 2.

If [[¢/]|o = 4 and all other support sizes are also equal to four, the resulting overall
support of §(5) = 24 is again larger that the previous bound of S(5) = 22 obtained
for ||1]]o = 2. To improve on the value of S(5) = 24, at least one of the other norms
must fall below four, i.e. 1 < ||¢

sends us back to one of the cases already discussed: we formally map j7* — 0 and

j+ < 3 for some j* # 0. This assumption, however,

repeat the arguments given for 1 < |[1]|p < 3.

Similarly, full support in all six MU bases cannot beat any of the bounds given so
far. Tmproving on the value of S(5) = 30 is only possible by decreasing some of the
support sizes, so that we will end up in one of the previously discussed cases. Having
considered all support sizes of a state in a basis, we have exhausted all possibilities
and conclude that the bound on the overall support of a state ¥ € Hjs in six MU
bases is indeed given by Ty(5) = 22. O

4.4.3 Dimension d =7

Our aim is to identify states which minimise the overall support S(7) = X7_ [|¢]|;.
To determine the sharp bound for d = 7, we will proceed as in the previous section.
However, since no equivalent to Lemma 4.4 is known, we will partly rely on numerical
results.

For ||¢||o = 1, the pair inequalities (4.22) imply that the state 1) must have full
support in all other seven MU bases, ||1)|| ;0 = 7. Hence, the overall support of v is
given by S(7) = 50.

For ||¥]lo = 2, the pair inequalities (4.22) imply that the state ¢) can have at
most one zero in each of the other seven MU bases, i.e. |||/ ;z0 = 6. Hence, the

overall support of ¢ is given by §(7) = 44, achieved by states of the form

) = 55 (o) —w"loh)). GEl0-Th Bukne {0 6h kA
(4.49)
According to Eq. (4.48), there are 1176 such states.
For [[1]lo = 3, the smallest possible value of §(7) compatible with the pair

inequalities is S(7) = 38, as the states in the other bases must have support size at
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least five each, i.e. ||1)||j20 = 5. However, no state achieving this bound has been
found (numerically). The computations show that a state with support sizes three
and five in two MU bases must have full support in the remaining six MU bases so
that S(7) = 50. Assuming support size six in all but the first MU basis, the overall
support would be §(7) = 45 which is higher than the bound of §(7) = 44 achievable
for [[¢[lo =2 .

Given a support size of four in the first MU basis, ||¢|l¢ = 4, not all other
support sizes can be equal to four according to Theorem 4.8. One case corresponds
a state having support size four in the first and one other MU basis. It is possible to
(numerically) construct states for which the remaining six supports sizes must be equal
to six, leading to S(7) = 44. We neither know analytic expressions for these states
nor their total number. The other scenario compatible with ||7|lo = 4 corresponds
to the remaining seven support sizes each equalling five, i.e. ||¢)| ;20 = 5, leading
to §(7) = 39. However, this case cannot be realised: our numerical investigations
show that any set composed of three vectors from By and two vectors from each
Bjo spans the full space.

Assume now that ||¢||o = 5 and that the support of ¢ in the other MU bases is

j+ < b for some j* # 0 since—upon

also at least five (we exclude all cases with ||
relabeling the MU bases—they have effectively already been considered). An overall
support of S(7) = 40 results, below the previously obtained value of S(7) = 44 for
I |lo = 2. Numerically searching for states achieving this bound, we find that pairs
of states with support size five in two MU bases exist but no triples, ruling out the
value §(7) = 40. Assuming support size five in two bases and at least six in the
remaining six MU bases leads to a higher support size, S(7) = 46.

Starting out with a support size of ||¢|lo > 5, no smaller lower bound will exist if
all other support sizes take a value of at least six as S(7) > 48 follows immediately. If
not all support sizes take a value of at least six we are being sent back to a previously
discussed case. Thus, we have established the sharp bound of 75(7) = 44 on the
overall support of seven-component vectors in eight MU bases, partly relying on

numerics.
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4.5 Summary and conclusions

Tao’s uncertainty relation provides a lower bound on the sum of the support sizes of
a state ¢ € H, in the standard basis and its Fourier transform, for prime dimensions
d. By generalising the bound to arbitrary pairs of mutually unbiased bases (cf.
Theorem 4.3), we show in Theorem 4.4 that the sum of the support sizes of a state ¢
in a complete standard set of (d + 1) MU bases cannot fall below T'(d) = (d + 1)?/2.
The bound is found to be sharp for d = 3, and proofs were given that it cannot be
saturated for dimensions d = 2, 5 and 7. Numerical results indicate that no states
exist which achieve the bound for prime numbers up to d < 19. Table 4.1 summarises

these results. We conjecture that the inequality is saturated in dimension d = 3 only.

| d | 2 |35 ] 7 [ 11 ]13]17 [ 19 ]
T(d) 9/2 8 [18] 32 [ 72 [ 98 [ 162 | 200
T(d) achievable? | x | v | x | Xx [ (x)|(x)](x)]|(x)
T.(d) 508 2@ 7 7717

Table 4.1: Lower and sharp bounds T'(d) and Ts(d), respectively, on the support
sizes of states ¢ € Hy when expanded in the complete standard set of (d + 1) MU
bases, for small prime dimensions (numerical results in parentheses).

Tao’s pair support inequality has been used to identify KD-nonclassical states,
i.e. states for which the Kirkwood-Dirac quasiprobability distribution has negative
or complex contributions [52]. Given two orthonormal bases of a finite-dimensional
space Hg,d € N, with no common elements, a state v is found to be KD-nonclassical
if the sum of its support sizes in these bases is greater than (d 4+ 1). KD-classicality
is readily generalised to complete sets of MU bases instead of pairs only. In this
context, the results of Sec. 4.3 mean that no states exist which are KD-classical with
respect to the standard set of (d + 1) MU bases in small prime dimensions. When
d = 3, the claim follows by directly computing the complex KD distributions of the
nine minimal uncertainty states of Eq. (4.43).

The uncertainty of quantum states involving more than two MU bases has been
studied before. Building on a result for a pair of mutually unbiased observables
[130], entropic uncertainty relations have been found which involve (d + 1) MU bases
[107, 156]. Similarly, Heisenberg’s uncertainty relation for continuous variables has a
counterpart based on three observables satisfying the canonical commutation relation

pairwise [113]. Often, the generalisations are straightforward but the resulting
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inequalities tend not to be achievable. Sharp bounds and the minimising states are
usually difficult to find (see e.g. [114, 187] and the review [178]). In this respect, the
additive inequality proposed here is no exception.

Support uncertainty relations for multiple MU bases have many interesting
features. As for the pair inequalities, a finite number of measurements can be
sufficient to confirm that a quantum state satisfies a specific bound. The minimum
number of required measurements is simply given by the value of the relevant bound,
be it sharp or not: it is sufficient that 7'(d) different outcomes be registered when
measurements in the MU bases are performed on the state v. This property also
ensures that KD-nonclassicality may sometimes be detected with a finite number of
measurements.

Furthermore, the lower bounds of support inequalities neither depend on the
state considered nor on the value of Planck’s constant. The absence of h as a
parameter suggests that no support inequalities for continuous variables will emerge
in the limit of systems with ever larger dimensions d. The maximal support size
of a quantum state grows without bound and, therefore, does not approach a well-
defined quantitative measure for uncertainty. Finally, we would like to point out
that determining bounds on support sizes is experimentally difficult since they are
basis-dependent quantities.

Establishing sharp bounds for dimensions d > 11 remains an open question
which will require new insights since numerical approaches become unfeasible with
increasing dimensions. Other directions of future work will be to study support
uncertainty relations for smaller sets of MU bases such as triples, for example.
The simplification stems from the considerably smaller number of parameters in
comparison to complete MU sets. Preliminary analytical and numerical results for
small prime dimensions 3 < d < 19 suggest that no state can saturate the bound
T'(d; 3) on the triple uncertainty relation (4.31) for d # 3.
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Appendix to Part I

A.1 Definitions of operator sets

In the following list, let H be a complex, finite-dimensional Hilbert space.
— Bounded operators: L(H) : {L:H —H:Llctp+¢)=cL(y))+ L(p) YV, ¢ €
H,ceC; It>0:||Ly]| <t|l| Vv € H};
— Self-adjoint operators (Hermitian): Ly(H)={M € L(H): MT = M};
— Projectors: P(H) = {Il € L,(H) : II*> = I1};
— Unitary operators: U(H) = {U € L(H): UTU =UU' =1},
— Density operators (normalised): S(H) ={p € Ls(H):p > O, Tr(p) = 1}.

A.2 Proofs of Lemmata 3.1 and 3.2

Lemma 3.1. An update rule w is (SI) if and only if, for any generalised observable
M on Ha, all M-compatible generalised instruments realisable in the corresponding

AMT are composed of linear maps over S(H.y).

Proof. Tt follows from Eq. (3.49) that, if the update rule w” is (SI), hence the map
whp is linear over S(H4 ® Hp), then all generalised instruments are composed
of linear maps over S(H,). It remains to show that any AMT that is not (SI)
will necessarily feature some nonlinear instruments. This is trivial whenever w? is
nonlinear. Suppose now w” is (WI) but not (SI), i.e. w’ is linear but w5 is not.

There will exist at least two (normalised) joint states, pap and oap, and a local

144
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outcome II, of some observable N = {Il, }, of H 4, such that

whp (e, A\pag + (1 = X) oap) #
Awhp (o, pag) + (1= A) whp (e, 04p) (A1)

for some 0 < A < 1. Tracing out subsystem ‘B’ on both sides must lead to an
equality, since we are assuming (WI). However, for any pair of different joint states
with same reduced state for a subsystem (here: the left- and right-hand sides of
Eq. (A.1)), there exists a channel mapping them to other joint states with different
reduced states’. Denoting this (possibly outcome-dependent) channel by 795, we

have that, for this specific value of A and pair of states (pag,oap),

Trp {77,3513 owhp (M, Apap + (1= X) UAB)] #
ATrp 1 0 whp (e, pan)| + (1= A) Trp [nhp 0 whp (I, 0a8)] - (A2)

Note that we do not require Eq. (A.2) to hold for arbitrary mixtures of arbitrary
states.

In the remaining steps of the proof, we will show that Eq. (A.2) implies the
existence of a nonlinear generalised instrument. Let Hr = Hp ® Hp denote a
composite system, initialised in state £ = |0)(0| ® £p/, and let U € U(Ha @ Hp) be
the unitary inducing the following channel on S(H ® Hp),

nu (¢ap) = Tr(|00){00|¢an) pas + Tr (Tap — [00){00]) an) oAB- (A.3)

In other words, (Hp,U,{p) defines a dilation of the channel ny, i.e. ny(pap) =
Trp (U pap @ g UT). Setting pa = [0)(0] and o4 = |1)(1], it follows that

nu (pa @ 10)(0]) = pap, nu(ca®|0){0]) =0ap, (A4)

and that
no ([Apa+ (1 = A) oa] @ [0){0]) = Apap + (1 = A) 045 (A.5)
For any ¢1, ps € S(Ha ® Hp) such that o1 # @9 but Tre(p1) = Trp(es), there must exists

some I, € P(H4 ® Hp) such that p(y|e1) = Tr(Il 1) # Tr(Il,92) = p(y|e2). Then, fixing some

states £1,82 € S(Ha ® Hp) with Trp(§1) # Trp(£2), the channel n(p) = p(yle)é1 + (1 = p(yle))éa
is such that Trg[n(p1)] # Tre[n(ps2)]. The channel can be implemented unitarily on a larger space

Ha®Hp @ Hce, where He is an ancilla.
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Therefore, using the property of self-consistency (R3) of update rules (cf. Def. 9), we

can write
whi (W, pap) =whp (e, nu (pa ©10)(0])) (A.6)
=whp (11, Trp (U pa @ [0)(0] @ €5 UT)) (A7)
=Trp [Whpp (T, U pa @ |0)(0] @ &5 UT)] - (A.8)

Similar expressions can be written for o4 and the mixture Apag + (1 — X) oap.
Substituting these expressions in Eq. (A.2), and recalling that £ = |0)(0] ® £p/, leads

to the following relation,

Tep{nhp o Trp [whpp (I, U (Apa+ (1= N oa) @ €UT)| } #
ATep{n%p o Trp [whpp (I, Upa @ §UT)| }+
(1= N {nip o Trp [whpp (M, Uoa U]} (A9)

Since the channel 1% does not act on ‘B”’, we can take the partial trace over ‘B”

outside the curly bracket,

Trpp [77,3513 ® Ip o Wipw (Hx, UMpa+(1—=X)oa) ®£UT>} #
ATrpp [nle ®Ip o whpm (Hx, Upa ®§UT)} +
(1= N Trpp [0 ® I 0 whpp (e, Uoa @ SUT)| . (A10)

Recalling that Hg = Hp ® Hp/, and relabeling ‘A’ with ‘S’, we recast Eq. (A.10) in
the notation of Eq. (3.49),

Trp [ngp o wie (e, U (Aps + (1= A) os) @ £UT)| #
ATrp i o whp (T, U ps @ EUT)| +
(1 =X Trg {U?E o Whp (Hx, Uog ®§UT)} , (A1)
where we set &y = nég ® . Applying Eq. (3.49) to both sides leads to

wa, (Aps + (1= X)og) # Awar, (ps) + (1 — N wa, (0s) - (A.12)

Therefore, for any (WI) update rule, there exists some generalised observable M =
{M,}, on Hgs—with measurement model M = (Hg, &, U, N = {1, € P(Hgs)}s)—
such that an M-compatible generalised instrument, {wyy, }., is not composed of linear
maps over S (Hs). Specifically, wy;, does not preserve arbitrary convex combinations
of ps =10)(0| and og = |1)(1|. It follows that the requirement of (SI) implies the

linearity of all generalised instruments in the corresponding AMT. O
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Lemma 3.2. Let M, N : L(HA®@Hp) — L(Ha®Hp) be linear mappings satisfying
M(pa® pp) = N(pa ® pg) for all pa € S(Ha) and pp € S(Hp). Then M = N.

Proof. Let X and Y be arbitrary elements of £L(H 4) and L£(Hp), respectively. They

can be expressed as a complex linear combination of self-adjoint operators,

X =H +iK, H K € Ly (Ha), (A.13)
Y =W +iZ, W,Z € L Hp). (A.14)
Moreover,
H:H+—H_, H+,H_ ZO, <A15)
K:K+—K_, K+7K_ ZO, (A]_G)
W:W+—W_, W+,W_ Z O, (Al?)
=7, —7Z_, Zo, 4 >0. (A.18)
This allows us to express X as follows,
H, H_
X =Tr(H —Tr(H_
) gy T )
——— ———
Pir P
. K, . K_
Tr (K —1'Tr (K_ Al
+Z r( +)Tr(K+> t r( )TY(K,)7 ( 9)
——— ———
ol Pr

where p} € S(H,4) for i € {H,K} and j € {+, —}. To avoid issues of ill-definedness,
we set pj; = p, if H, = O, where p, € S(H.4) is arbitrary, with analogous conditions

for the other states. A similar expression for Y can be written,
Y = Te (W) piy — Te (W) piy + 0T (Z4) pf — iTx (Z-) p (A.20)

where pI'" € S(Hp) for m € {W,Z} and n € {+,—}. Therefore, X ® Y can be

expressed as a linear combination (over C) of product density matrices,
XQY =73 dnpl@pp. (A.21)
ymn

From the linearity of M and N, and the condition that M (p! ® p7) = N(p} ® p™) for
all 4, j, m, n, it follows that M(X®Y) = N(X®Y) for arbitrary X®@Y € L(HAQHp).
The two maps are therefore equal, M = N. O



148 APPENDIX A. APPENDIX TO PART I

A.3 Comparison with the work of Wilson and Ormrod

In a recent pre-print [182], Wilson and Ormrod adopt a similar approach to the one
presented in this chapter, contributing to showcasing the types of arguments and
results that can be achieved. Their objective is to identify an operational principle
that allows for the unique recovery of the unitary, deterministic transformations of
quantum states—i.e. Axiom (T)—while retaining all other standard postulates of
quantum theory, including the Liiders projection for single systems, Axiom (M%).

The authors show that imposing unitary dynamics of quantum states is equivalent
to assuming the “local applicability” of deterministic transformations. Roughly
speaking, this refers to the possibility of applying a transformation to a system
without having it act on a (possibly far away) environment. In particular, the
transformation is independent of any measurement performed on the environment.
Interestingly, we observe that their definition of local applicability and our definition
of update rule, cf. Def. 9, overlap in certain aspects. Both concepts are defined in
terms of a number of basic operational conditions, none of which depend on any prior
notion of linearity. Specifically, a condition of self-consistency (R3) also appears in
the definition of local applicability, and neither update rules nor locally applicable
transformations allow for violations of quantum no-signalling (R4).

In line with with our discussion in Sec. 3.2.1, the authors of [182] notice that,
in order to “extend” the action of a transformation to the larger state space of
a composite system without assuming linearity, families of functions need to be
introduced. In the case of AMTs, fixing H 4, these are the collections {w/z} defined
for any finite-dimensional extension H g, describing the effect of a measurement of
‘A’ on any composite system that includes it. Similarly, families of functions {Lx},
defined for any finite-dimensional extension Hx, are used to define locally applicable
transformations.

The authors of [182] also introduce the concept of a state-measurement theory,
i.e. a “bare” operational theory without notion of system composition and time
evolution. In particular, their definition includes a measurement-induced state update
mapping u4. This map resembles the single-system update rule w’ featured in this
document for the authors assume, albeit only implicitly, context-independence (R2).
However, they impose an additional condition on “null measurements”, stating that
when the observed outcome provides no information about the pre-measurement

state, then the measurement cannot disturb the system. This requirement does
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not appear in our Def. 9 of update rules. In fact, measurements in AMTs may
disturb the state of a system regardless of the amount of information revealed. In
other words, in constructing the AMT framework, we do not assume a priori that
measuring a “trivial” observable is operationally equivalent to nmot measuring any
observable. While the former might require the implementation of a physical device
or involve post-processing, the latter, being the absence of measurement, is not
formally captured by an update rule. If no measurement takes place, the update rule
wA is simply not applied. In Sec. 3.4.4, we showed that the information-disturbance
trade-off (TO), which implies the described behaviour for null measurements, is a
rather strong condition, able to uniquely identify the Liiders projection for single
systems.

Considering these observations, we notice that a more general definition of a
spatial state-measurement theory (i.e. a state-measurement theory with a notion of
composite system) than the one presented in [182] can be provided by replacing the
partial function u, with a suitable generalisation of our notion of an update rule w”
that does not refer to specific axioms of quantum theory.

Gisin’s argument is also reviewed by the authors of [182]. They emphasise the
need of additional assumptions to those of the original argument [84] in order to
isolate the Schrodinger equation within the possible convex-linear, deterministic time
evolutions compatible with the no-superluminal-signalling principle. In our work, as
discussed in Sec. 2.7, we address a different aspect of Gisin’s argument. Specifically,
we show that, contrary to the claims made in [163], the argument indeed relies on the
projection postulate. Furthermore, in line with numerous examples appeared in the
literature [45, 46, 71, 72, 101, 118-120, 151, 152], all nonlinear instruments featured
in the AMT framework represent instances of nonlinear dynamical transformations
that do not lead to signalling. Therefore, they are not dismissed by Gisin-type

arguments.
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B.1 Proofs of Lemmata 4.1, 4.3, 4.4 and Corollary 4.2

We present proofs of Lemma 4.1, Corollary 4.2 and Lemmata 4.3 and 4.4, in this

order.

Lemma 4.1. Let d be an odd prime and j, k € {1... d} with j # k. Then

HH; = M(j,k)H] (4.28)
for a monomial matriz M(j, k) if and only if t = 1+ x € {1,...,d} where the integer
X satisfies 4(j — k) x =1 mod d.
Proof. Using Egs. (4.14), we calculate the matrix elements of the product H. ,iH s

with j, k # 0 and j # k,

— (SH) = =Gl — kO — £, (B.1)

|HLH;| 7

124

with the generalised Gauss sum [27]

1 d—1

Ga(j,0) = 7 ;}wﬂ'w%. (B.2)

Using 1 = w(= "X~ x ip (B.1) and letting x be an integer satisfying 4 (j — k) x =

1 mod d, we obtain a standard Gauss sum G4 (j — k,0) with known closed form.

150
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Explicitly, for j # k, we obtain
Galj —k, 0 — Y = (—01? w k)x2+(6— ), (- 2)2x
i | f Y

(-2

=w \/_Zw

)[z+2G—R (-]

— - =0)%x 2 : Gk | _ O X (i — k.0
=W W =W s

— (= (J ; k) £, (B.3)

where a denotes the multiplicative inverse of a, aa = 1 mod d, while (%) denotes
the Jacobi symbol of the integers a and b, and
1 ifd=1 mod4,
€4 = (B.4)
1 ifd=3 mod4.
The sum G4 (j — k,¢ — ¢') in (B.3) reduces to a phase factor as it should since the
components of the matrix H ,ZH ; are given by the overlap of states stemming from
different MU bases.
Combining (B.1) and (4.14), we now determine the elements of the matrix
V= H,ZH]-Ht for arbitrary t # 0:

a-1 ; / 1 -1 _ptpn _1\p12
Vi = S {GHIE100) = 5 3 Gulj = kot = ) O HD (B 5)
=0 =0

We can simplify this expression by substituting (B.3) into it, to find

]. // 7/// _ 11
Vu,:d< >€dzw€£ 20" (t—1)0""2

=0 (B.6)

. d—1
_ 1 J— k Edw—€2x Z w(t—l—x)ﬁ”2+(2fx—€’)é” ]
d\ d P

Letting t = 1 + y, we obtain sums over all d-th roots of one which vanish unless the

exponents of w vanish,

d—1 : r_
Z G0 _ d if /=20y modd, B.7)
01=0 0 otherwise.

Thus, for this value of £, the matrix elements of V' take the form

k) e 0w it ¢ =20y mod d,
Vi = <d)

0 otherwise,

(B.8)
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so that the only non-zero elements of the matrix V" are those with indices (¢,2¢x mod d).
Each row ¢ has exactly one non-zero entry and the map ¢ — 2¢x mod d constitutes
a permutation of the elements of {0... d — 1} since d is a prime number and 2y # 0
mod d. (Assume this was not the case, i.e. 2yz mod d = 2xy mod d for some
z,y€{0...d—1}, z #y. Then 2x (z — y) = nd for some integer n which is never
the case whenever d is prime and x # 0 mod d.) As a consequence, each column will
also display exactly one non-zero entry.

Therefore, the product V' of three Hadamard matrices is equal to a monomial
matrix M (j, k) ift =1+ x, i.e.

We complete the proof by showing that the matrix V = H ,];H ;H, is not monomial
for any other value of t. For t # 1 + y, the sum on the right-hand side of (B.6)

represents another generalised Gauss sum so that

1 (j—k 2 ,
Vip = 7 <]d> cqw XGy(t —1—x, 20x = 1) (B.10)

with Gg(t —1—x,20x —0') = \/Zl((bé&xww. We can now substitute the expression
(B.3) and obtain

1 — 1 o

where Y € {1... d} is an integer satisfying 4 (t — 1 — x) X =1 mod d. Hence, the

matrix elements Vyy are all non-zero confirming that the matrix V' is not monomial
unless t = 1+ .

An alternative, shorter proof of Lemma 4.1 can be given by representing the
Hadamard matrices H; as 2 x 2 matrices in SL(2,Z/dZ) (cf. [139]). O

Corollary 4.2. Given a complete standard set of MU bases in the space Hy of
prime dimension d, any set of d (or fewer) vectors taken from any two MU bases

are linearly independent.

Proof. Construct a matrix M of order d x (dy + ds) from any (d; + d2) < d column
vectors—expressed in the computational basis—from the two MU bases B;, and B;,.
Then left-multiply M by H ]Tl. Since (x|H ]Tl |¢1) = (x|k), the first d; columns will be

elements of the computational basis, while the remaining ds columns will be taken
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from H ;1 Hj, since (z|H JTI |972) = (x|H ]Tl Hj,|k). By swapping rows appropriately via
a permutation operator P which does not change linear independence of column
vectors, the top left square can be mapped to the d;-dimensional identity. For

example, if we consider d = 5 and d; = dy = 2, we obtain a 5 X 4 matrix,

1 0% x
0 1]=% =
PHIM=|0 0% « |, (B.12)
0 Ofx*x =
0 0] =% =

where the asterisks refer to the elements of H }1 Hj,.

The (dy + dy) < d vectors are linearly dependent only if M does not have full rank,
i.e. rank (M) < dy+d,. Since PH, is unitary, it follows that rank (PH] M) < dy+dj.
Given the form of the matrix (B.12), the bottom-right part of PH JTIM must contain
a (dg X dy) submatrix with vanishing determinant. However, this is prohibited by
Corollary 4.1 which ensures for all prime numbers d that H ; . Hj, has non-vanishing
minors if j; # js. Thus, all (d; + d2) column vectors of M must be linearly

independent. O

Lemma 4.3. Let d be an odd prime and w = e"¢ . Consider two states | ), o) €
Hq taken from different standard MU bases, j1,j2 # 0, and let {|x)} be the com-
putational basis. Then there can be at most two values of x € {0...d — 1} such
that

(wlof) = w"(elo2) (4.46)
for the same value of n € {0...d — 1}. If two different states are taken from the same

basis, j1 = ja, then the equation has exactly one solution for each value of n.

Proof. By substituting (4.13) into (4.46) and taking the logarithm, one obtains
ax® 4+ bx —n = 0 mod d where a = j; — j, and b = ky — k;. This quadratic equation
can have no more than two integer solutions. Thus, at most two components of the
states ]¢{€11> and |¢{€22) can be identical in the computational basis, up to multiplication
by w™. If j; = jo, then a = 0 and the equation is linear with a single solution for

each value of n. O

Lemma 4.4. If the support of a state v € Hs equals three in both the computational
basis and another standard MU basis with label j # 0, i.e. ||1||o = ||¥]|; = 3, then its
support size in each of the remaining four bases equals five, ||| =5, with ' # 0, j.
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Proof. Four scalar products with the state ¢ vanish,

(@1l) = (yilv) = (@1, [¥) = (], 1¥) =0, (B.13)

two for each of the bases. Hence, the zero distributions of the states ¢ and H JT W, are
given by Z° = {xy,y1} and Z7 = {x,, s} respectively, with four integer numbers
x1,...,y2 € {0...4}. Now suppose that there is a third MU basis B;, different from
both By and Bj, in which the state ¢ does not have full support. In other words,
there is at least one vanishing scalar product, (¢7 |1)) = 0, say, where z3 € {0...4}.
Expressing the components of the five vectors |z1), |y1), |¢1,), |¢7,), |¢L,) with
respect to the computational basis and arranging them into a 5 x 5 matrix, we find,

after permuting the rows and rephasing the last three vectors,

\/3 0 * ok %
) 0 V5 % % x
M=— 0 0 1 1 1 , a,...,fe€{0...4}. (B.14)
V5
0 0 w* w¢ w
0 0 wb wt Wl

Being elements of the Hadamard matrices H; and Hj, the entries of the last three
columns are powers of w, a fifth root of one. Corollary 4.2 ensures the linear
independence of the first four vectors.

If the determinant of M does not vanish, det M = 0, then the five column vectors
forming it are linearly independent, thus spanning Hs. However, the only state being
orthogonal to all of Hj is ¢ = 0 which does not represent a quantum state. Thus,
for an acceptable state ¢ producing the given five vanishing expansion coefficients,
the five vectors involved must be linearly dependent, i.e. det M = 0. Consequently,

the determinant of the bottom right 3 x 3 matrix of M must vanish,

1 1 1
A=det | w' w® w® | =w 4w 4wt @t ettt =0, (B.15)
w

bwd wf

Each of the six terms in this expression is a power of a fifth root w of unity, hence
non-zero. It is well known that the set {w"|n =0, ..., 3} is linearly independent over
the rational numbers Q. As a consequence, every non-zero complex number that
is expressible as a linear combination (over Q) of these roots of unity has a unique

expression. Since w? = —1 —w —w? — w3, it must follow that the only decomposition
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of zero over Q in terms of fifth roots of 11is 0 = ¢ (1 + w + w? + w® + w?), with some
rational number ¢ € Q. In other words, for the sum to vanish all five roots must be
multiplied to the same rational coefficient.

We distinguish two cases: either g # 0 or ¢ = 0. Since (B.15) involves six terms
with coefficients +1, we conclude that the case of ¢ # 0 cannot be realised: it is
impossible to get all five roots to appear with the same non-zero coefficient. For
example, let (a +d) = (e +b) mod 5, then Eq. (B.15) reduces to

A = 20T ot ot etd g ats (B.16)

Since all roots must appear, the exponents in (B.16) are all different. However, the
coefficients are not equal throughout and the sum cannot vanish. A similar argument
holds for any other equality between exponents.

The case of ¢ = 0 must therefore apply: the determinant A vanishes if and only
if the six terms in Eq. (B.15) cancel each other in pairs, i.e. the the powers of w must
occur an even number of times, and with an equal number of positive and negative
coefficients. Hence, the first term in (B.15) is necessarily paired up with one of the
powers with a negative coefficient leading. Three cases arise which we will consider
separately.

(1) For the first and the fourth term to cancel, we must have (a 4+ d) = (¢ + b)
mod 5, or

(a—b)=(c—d) mod5, (B.17)

relating the expansion coefficients of two vectors of the same basis, namely |¢7,) and
|¢7,). Consequently, the third and fourth column vectors in the matrix M in (B.14)
have (at least) two equal entries in identical positions, up to an irrelevant common
phase factor. This would result in a vanishing 2 x 2 submatrix of H; contradicting
Corollary 4.1 (and Lemma 4.3). Thus the determinant A cannot vanish in this case.
(#7) For the first and the fifth term to cancel, we must have (a + d) = (e + d)

mod 5, or
a=e mod?5, (B.18)

relating the expansion coefficients of two vectors of different bases, namely |¢7 ) and
|gb;,/3> Corollary 4.1 does not apply to this case. We do know, however, that the
fourth term in the sum (B.15) must pair up with either the second or the third term
of the sum in (B.15). In the first case, we find (¢ +b) = (e +b) mod 5 ,or

c=e modbH. (B.19)
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Given the constraint (B.18), we we obtain the identity
a=c mod?5, (B.20)

again relating the expansion coefficients of two vectors of the same basis, namely
|¢7,,) and [¢] ). As in the Case (i), a contradiction to Corollary 4.1 arises.

In the second case, we pair up terms three and four of the sum (B.15), leading to
the identity (¢ 4+ b) = (¢ + f) mod 5, or

b=f modb5. (B.21)

Together with Eq. (B.18), it follows that the last three elements of the third and
and fifth columns of M are identical. However, according to Lemma 4.3, two vectors
stemming from two different bases MU to the computational basis can have at most
two identical components.
(77i): Assuming that the first and the sixth term of the sum (B.15) cancel again
leads to a contradiction along the lines of the argument considered in Case (ii).
Thus, we are forced to conclude that the determinant A cannot not vanish for

any j' # 0,7 and any x3, which implies that the state 1) must have full support. [
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