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Abstract

Hilbert’s fourteenth problem asks whether invariant rings under algebraic group
actions are always finitely generated. There are a number of examples that have
been constructed since the mid-20th century which demonstrate that this is not the
case in general. This thesis is concerned with developing our understanding of these
non-finitely generated invariant rings. This goal is ambitious, as by their nature these
rings are difficult to work with and it is hard to build an intuition for what might be
true in general. The difficulty of trying to develop a solid intuition from examples
is exacerbated by the process of “removing symmetries,” which relates some of the
more well-understood invariant rings. A key construction we employ in order to
better understand the structure of these counterexamples to Hilbert’s problem is the
finite generation ideal, consisting of invariants which make the invariant ring finitely
generated after localisation.

We take a number of paths in order to achieve our aim, including computing
the finite generation ideal for existing examples, constructing new counterexamples,
and improving our understanding of both the process of removing symmetries and
the finite generation ideal itself. Specifically, we first compute the finite generation
ideal of a famous counterexample due to Daigle and Freudenburg. Next, we work
on constructing new non-finitely generated invariant rings, focusing primarily on
an example proposed by Maubach. We then investigate this process of removing
symmetries on some new examples. Finally, we study the finite generation ideal in
the setting of monomial algebras, with the intention of passing results obtained to
SAGBI-bases; a form of generating set we employ to compute the finite generation

ideal for invariant rings.
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1

Introduction

At the Paris conference of the International Congress of Mathematicians in 1900,
Hilbert proposed a number of problems. Later in 1902 these were published as a
complete list of 23 problems in the Bulletin of the American Mathematical Society.
The work undertaken to solve these problems has shaped much of the course of
mathematics across the 20th and 21st centuries.

In his fourteenth problem, Hilbert asks:
o Given K a field and L a subfield of K(x,...,z,), the field of rational functions

in n variables over K, is L N K]z, ..., z,] finitely generated?

Nagata answered this question in the negative in [29], finding a counterexample to
this problem in 1959. There is a special case where we have a positive answer: In
1954, Zariski [35] showed that if the transcendence degree of L over K is at most 2,
then L NKlzy,...,x,] is finitely generated over K.

A more specialised version of this problem, which was Hilbert’s motivation for
posing it, focuses on invariant rings: Given a group G acting on K" and a polynomial
ring R in n variables over an algebraically closed field K, we say a polynomial is
G-invariant if f(z) = f(g-x) for all z € K" and g € G. R is then the invariant
ring consisting of all such G-invariant polynomials. This specialised version of the
problem asks:

« Is R® always finitely generated as a K-algebra?

In 1990 Roberts [31] produced another counterexample to Hilbert’s fourteenth
problem as the symbolic blow-up of a power series ring. This was later realised
as the invariant ring of an action of the additive group G, = (K, +) on A7 by

A’Campo-Neuen [1]. Nagata’s counterexample arises as an invariant ring under an
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action of G = G'* x G!° where G,,, = (K, -) is the multiplicative group. As with the
general formulation of Hilbert’s problem, this special case of the problem also has
some cases where it holds true. This includes Hilbert’s finiteness theorem, which
states that if G is reductive, then R® is finitely generated, see Theorem 2.2.2. We

also have the Maurer-Weitzenbo6ck theorem [33], which states:

o If K is a field of characteristic 0, and if G, acts by linear transformations on
A", then R® is finitely generated.

It is unknown whether this theorem generalises to all fields.

Many counterexamples to Hilbert’s fourteenth problem have been found at this
point. In addition to those above, further ones have been constructed by Freudenburg
[17] and Daigle and Freudenburg [4], where they produce invariant rings under G,-
actions which are not finitely generated in dimensions 6 and 5 respectively. Kuroda
[25] generalised Roberts’ counterexample. A family of non-finitely generated invariant
rings are constructed in relation to work on the moduli space My, by Castravet
and Tevelev [3] and Doran, Giansiracusa, and Jensen [7]. Van den Essen, Kuroda,
and Crachiola construct “a ‘factory’ that produces counterexamples to Hilbert’s
fourteenth problem,” [16, § 2].

A consistent theme in all of these counterexamples is that beyond showing that
they are non finitely generated, we understand little of the structure of these rings of
invariants. This is not surprising, as many counterexamples like as Nagata’s and the
examples due to Castravet and Tevelev and Doran, Giansiracusa, and Jensen exist
in high dimensions, and thus are difficult to work with. The examples of Roberts’,
Freudenburg and Daigle and Freudenburg are more tractable. However, these more
well-understood examples are related: Daigle and Freudenburg’s counterexample
can be related to Roberts’ counterexample by a process of “removing symmetries,”
[19, § 7.2]. Furthermore, there is a K-algebra homomorphism from Freudenburg’s
example to Daigle and Freudenburg’s which induces a surjective homomorphism on
the invariant rings [32, §2]. Thus, any intuition we build from working on these
examples may not generalise well to all counterexamples to Hilbert’s fourteenth
problem.

Our goal in this thesis is to further our understanding of counterexamples to
Hilbert’s fourteenth problem and the structure of non-finitely generated algebras in
general. We focus on invariant rings under G,-actions. This is not too much of a

restriction: Winkelmann [34] notes that a geometric restatement of Hilbert’s four-
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teenth problem asks whether the ring of invariant functions is necessarily isomorphic
to the ring of regular functions on some affine variety. When G is non-reductive
Winkelmann showed that a K-algebra occurs as the ring of invariants for some
affine G-variety if and only if it is isomorphic to the algebra of regular functions
on some quasi-affine variety. When the underlying quasi-affine variety is normal,
this algebra corresponds to the invariant ring of a regular G,-action on a normal
quasi-affine variety. Therefore, studying non-finitely generated invariant rings under
G,-actions covers a broad class of counterexamples to Hilbert’s fourteenth problem
which arise as invariant rings. A useful property of working with additive group
actions in characteristic 0 is that these are in one-to-one correspondence with locally
nilpotent derivations [19, § 1], with the invariant ring corresponding to the kernel of
the derivation.

A notable construction to help build our understanding of the underlying structure
of these counterexamples is the finite generation ideal, introduced by Derksen and

Kemper [6]. For a field K, and R a K-domain the finite generation ideal is:
fr = {f € R| Ry is finitely generated over K} U {0}.

Derksen and Kemper showed that {z is a radical ideal, and that if R is a subalgebra
of a finitely generated algebra, then fr is non-zero. Thus g is well placed as an
object of study in order to better understand the structure of these counterexamples.
Dufresne and Kraft [10, § 9] computed the finite generation ideal of Roberts’ coun-
terexample making use of a SAGBI-basis for the invariant ring. SAGBI-bases are
generalisations of Grobner bases to subalgebras; they were developed independently
by both Robbiano and Sweedler [30] and Kapur and Madlener [24].

An alternative approach to understanding of these counterexamples can be taken
by working with separating sets: Suppose V' is an affine variety with coordinate ring
R, and G is a group acting by automorphisms on R. A subset S C RY is a separating
set if for any two points z,y € V and some invariant f € RY with f(z) # f(y),
then there is some g € S with g(z) # g(y). Derksen and Kemper [5, § 2.4], showed
that if V' is an affine variety and G a group acting on its coordinate ring R, then
there is a finite separating set S C R“. Thus, separating sets attempt to understand
non-finitely generated invariant rings by means of finite subsets. Here we wish to
take a more direct approach and as such we do not focus on separating sets in this
thesis. We do however note that separating sets have been studied extensively, see,

for example, [12, 10, 9, 5].
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As stated above, we aim to further our understanding of counterexamples to
Hilbert’s fourteenth problem and the structure of non-finitely generated algebras
in general. There are multiple paths to achieve this aim. To name a few: we
can compute the finite generation ideal for existing known examples, construct
new counterexamples to Hilbert’s fourteenth problem to study, and develop our
understanding of the finite generation ideal in general. Contained within this thesis
is a computation of the finite generation ideal of Daigle and Freudenberg’s example,
study on a potential new counterexample to Hilbert’s fourteenth problem proposed
by Maubach [27] as well as work on methods of computing the finite generation
ideal when restricted to polynomial rings generated by monomials. Additionally,
we provide new approaches to showing that an invariant ring is finitely generated,
and note of a number of interesting examples which help us to develop some new
techniques and ideas.

In Chapter 2 we cover the relevant preliminaries for this thesis. This includes
an introduction to locally nilpotent derivations and some related concepts such as
the plinth ideal, degree functions and gradings. We give some simple but important
examples, such as the Weitzenbock derivation. Then we introduce invariant rings,
provide a proof that additive group actions are in one-to-one correspondence with
locally nilpotent derivations; and show that the invariant ring of an additive group
action equal to the kernel of a locally nilpotent derivation. We mostly follow [19]
in our exposition here. With this in hand, using [5], we then cover the concepts of
Grobner and SAGBI-bases, which play a key role in computing the finite generation
ideal in later chapters. Finally, using [6], we focus on the finite generation ideal and
its properties, before giving a brief description of Roberts’ counterexample and its
finite generation ideal.

Chapter 3 comprises a paper which has been accepted by Communications in
Algebra. As such the content contained within is completely self-contained. This
chapter focuses on Daigle and Freudenburg’s counterexample to Hilbert’s fourteenth
problem and culminates in a computation of its finite generation ideal. We adopt a
strategy similar to Dufresne and Kraft in their work on Roberts’ example in [10, § 9].
In the course of computing the finite generation ideal, we construct a generating set
and show that it is a SAGBI-basis, which is key in allowing us to compute the finite
generation ideal. In addition, we compute plinth variety, nullcone and fixed-point
set for this example.

We cover Maubach’s example in Chapter 4, which was conjectured by Maubach
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to be a counterexample to Hilbert’s fourteenth problem in [27]. Our focus is on
proving this conjecture, which we attempt to do by exploiting the structure of
a subalgebra contained within the example, which is a copy of the Weitzenbock
derivation in 4 variables. Specifically, we make use of a bi-grading on the polynomial
ring which allows us to interpret the derivation as a linear map between the graded
pieces of the ring. We then show that we can locate all elements of the kernel of the
derivation purely by computing the difference between the domain and co-domain of
the linear map. Currently, the proof we present is incomplete, since we are unable to
finish an important induction argument. However, in the course of our development,
we make note of how this example, if not finitely generated, differs from existing
known counterexamples and does not fulfill the conditions of the non-finiteness
criterion shown by Daigle and Freudenburg [4, § 7.2]. Furthermore, our results on
the Weitzenbock derivation allow us to provide a new proof in section 4.2.1 that
Daigle and Freudenburg’s counterexample is not finitely generated. We expect the
techniques in this chapter to generalise in many interesting directions.

Chapter 5 comprises a study of the process of “removing symmetries” from
invariant rings in order to obtain new invariant rings. This is demonstrated in [19,
§ 7.2.3] where Daigle and Freudenburg’s counterexample is obtained from Roberts’
counterexample. It is achieved by introducing an action of G3 and S3, where S3
is the symmetric group on 3 points. A subgroup H C G3, is then taken for which
G := H x S3 and the G,-action of Roberts’ example restricted to the invariant ring
under this action is precisely the G,-action on Daigle and Freudenburg’s example.
Through this formulation it becomes clear that the example with symmetries removed
is non-finitely generated, then so is the example without the symmetries removed.
From work of Castravet and Tevelev and Doran, Giansiracusa, and Jensen in [3]
and [7] respectively, there is a family of invariant rings connected to a moduli space
M, which is known to be not finitely generated for n > 10. We can remove
the symmetries from these invariant rings, and in each case obtain a copy of the
Weitzenbock derivation in n variables, which is finitely generated. Therefore we
show that it is possible to remove symmetries and obtain an invariant ring which is
finitely generated from one which is not. Furthermore, using our work in Chapter 4
on the Weitzenbock derivation we can determine when generalised cases of Daigle
and Freudenburg’s example are non-finitely generated. Kuroda [25], conjectures a
condition to classify when some generalised forms of Roberts’ counterexample are

non-finitely generated. By combining his work with our own, we show we can remove
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symmetries from two generalised forms of Robert’s counterexample, one finitely
generated and the other not, and obtain the same invariant ring.

In Chapter 6, we shift focus away from invariant rings and derivations to instead
study the finite generation ideal directly. Our aim here is to develop a deeper
understanding of the structure of this ideal, as well as methods to compute it. We
study subalgebras R C K|z, ..., z,] which are generated by monomials. As such,
many of our results pass naturally to SAGBI-bases. First we work with n = 2 and
make use of a function we term a ratio function in order to capture all the ways R can
be non-finitely generated, then compute the finite generation ideal in these cases. We
then generalise to n > 3, and show that finitely generated monomial subalgebras can
be connected to polyhedral cones in Q. A monomial corresponds to a point in N”
through its exponents, and multiplication of two monomials becomes vector addition.
We show that R is finitely generated if and only if the semigroup in N generated by
the points corresponding to the monomials in R is contained in a polyhedral cone in
a suitably nice way. This result is already known as a generalisation of Gordan’s
lemma, and can be found in [2, p.53], we provide an alternate elementary proof of
this. With this result in hand, we then return to our study of the finite generation
ideal, which has much added complexity in at least 3 variables as demonstrated in
Example 6.2.4. The connection to polyhedral cones affords us a geometric approach
to understanding the finite generation ideal, and we can generalise our ratio functions
from the n = 2 case as well. However, both approaches have their own issues.
Starting with a semigroup in N" and introducing a point in Z" corresponding to
the localisation of a monomial, it is difficult to deduce that this semigroup is sitting
nicely in a polyhedral cone. Whereas with ratio functions, generalising to n > 2
requires us to construct multiple ratio functions that must work in tandem to capture
the ways R can be non-finitely generated and compute the finite generation ideal.
But it is not clear that this can be done in all cases.

Included in Chapters 4, 5 and 6 is a section which makes note of further points
of study, highlights questions that have arisen in our exploration of these topics and

conjectures some future results.
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Preliminaries

Throughout this thesis K is an algebraically closed field of characteristic 0. However

some of the definitions we provide and results we obtain are true in greater generality.

2.1 LOCALLY NILPOTENT DERIVATIONS

Here we follow [19, § 1] to introduce locally nilpotent derivations and their associated

concepts.

Definition 2.1.1. Let R be a commutative K-domain, a derivation D: R — R is

a linear map satisfying the Liebniz rule, that is, for all a,b € R:
D(ab) = D(a)b+ aD(b).

By D", n > 0 we mean the n-fold composition of D with itself, where D is the
identity map. We say that a derivation is locally nilpotent if for all a € R there is
some n > 0 such that D™(a) = 0.

Definition 2.1.2. With R and D, as above, the kernel of a derivation is R := {x €
R| D(z) = 0}, and the image of a derivation is D(R) :={y € R|y = D(z), v € R}.
The kernel of a derivation R? is a subring of R. The plinth ideal of R is pl(D) :=
RPN D(R)

Proposition 2.1.3. The plinth ideal pl(D) is an ideal of R”.

Proof. Note that for a € R”, b € R, D(ab) = aD(b), so D is an RP-module
endomorphism of R, and both R and D(R) are RP-submodules of R. Therefore,
RP N D(R) is an RP-submodule of RP, an ideal of RP. O

15
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An element s € pl(D) which satisfies D(s) =1 is called a slice of D, while any
element t € pl(D) is called a local slice of D. In the literature, a local slice is also

referred to as a pre-slice.

Definition 2.1.4. A degree function on R is any map deg : R — Z>o U {—00}
such that, for all f, g € R the following conditions hold:

1. deg(f) = —oo if and only if f =0,
2. deg(fg) = deg(f) + deg(g)

3. deg(f + g) < max{deg(f), deg(g)}.
We understand that (—oo) + (—o00) = —oo and (—o0) +n = —oo for all n.

We now introduce some important degree functions, but first we make clear some
notation. Let f € K[z ..., x,], if f is of the form f = 2{*--- 2%, where a; > 0 for
all 4, then we say that f is a monomial. A polynomial then is f = S2F | \; f;, where
each f; is a monomial and each \; € K\ {0}. We refer to \; as the coefficient of the

monomial f; and their combination A, f; is a term of f.

Example 2.1.5. Suppose that R C Kzy,...,z,] is a K-algebra, and D is a locally
nilpotent derivation. Consider the function p : R — Z>, U {—o00} defined as follows:

For a monomial m € R we set
p(m) := max{i € Zsq | D'(m) # 0, D" (m) = 0},
then for a polynomial f € R we define
p(f) :== max{p(m)|m is a monomial of f}.

We set p(0) := —oo. Then p then defines a degree function, and we call p(f) the
p-degree of f.

To see this, we note that for monomials my, ms € R it is clear that p(myms) =
p(my) + p(mse) and p(my + ms) < max{p(m;), p(ms)}. For polynomials f, g € R, it
is clear that p(f + g) < max{p(f), p(9)}. Now, let

R;:={h € R|p(h) = i}.

Suppose p(f) =k, p(g) = [, we can write f = f; + fo and g = ¢1 + g2, where f; € Ry,
g1 € Ry and p(f2) < k,p(g2) < l. Then, as R is a domain, we must have fig; # 0
and p(f1g91) = k + [ as all monomials appearing in f; and g; have p-degree k and
[ respectively. We therefore conclude that p(fg) = k + [ since any combination of

monomials in f, and g or f and g, will have p-degree less than k + (.
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Example 2.1.6. Suppose R is a commutative K-domain and D : R — R is a
locally nilpotent derivation. Then D induces a degree function vp on R, defined for
f € R\ {0} as

vp(f) = min{n € Zso | D""'(f) = 0},

additionally, we set vp(0) = —oo. A similar argument to the one used for p in
Example 2.1.5 can be used to show that vp is also a degree function. These are
similar degree functions, but an important distinction between these two is that given
f € R with D(f) =0, then we must have vp(f) = 0, but p(f) is not necessarily 0.
Furthermore for any f € R, vp(D(f)) = vp(f) — 1, whereas p(D(f)) = p(f) — 1 or

—0Q.

Now suppose R = @,z Ri, is a Z-graded ring, each R; is a K-module, and
R;R; C R;y; for all 1, j € Z. Labelling this grading as w, then we call an element

f € B; an w-homogeneous element of R, and 7 is the w-degree of f.

Definition 2.1.7. Let R be as above and D : R — R a derivation. We say that D
is an w-homogeneous derivation if there is some k € Z such that D(R;) C R;;y for
all 1 € Z. We say that k is the w-degree of D, or simply k = deg(D), when there is

no ambiguity.

For example both vp and p induce a Z-grading on R and under this grading
D(R;) C R;—; for all 4, so D is both vp-homogeneous and p-homogeneous, with
degree —1 in both cases.

Note that if D is w-homogeneous and f € R, then we can write f = >z fi,
where f; € R;, and D(f) = 0 if and only if D(f;) =0 for all 4.

Definition 2.1.8. Given R, a commutative K-domain, a Z-filtration of R is a

collection {R;};cz of subsets of R satisfying the following properties:

1. Each R; is a vector space over K.
2. R; C R; whenever j <.
3. R=Ujez Ri.
4. RiR; C R;yj foralli,j € Z.
Additionally, a Z-filtration is a proper Z-filtration if it also satisfies:
5. Niez Ri = {0}.
6. Given a € R;N RS, and b € R; N ch_l, then ab € R;y; N Rf;j_l,
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where RS is taken to be the complement of R; in R. Any degree function on R
will give rise to a proper Z-filtration. Additionally, we can define filtrations with Z

replaced by any ordered abelian semigroup.

Definition 2.1.9. Suppose R = U,z R; is a proper Z-filtration, we define the
associated graded algebra Gr(R) as follows: The K-additive structure on Gr(R) is
given by

Gr(B) = @ Ry/Rp1,

nez
and for elements a+ R;_; and b+ R;_; belonging to R;/R;_1 and R;/R;_; respectively,
their product is the element of R;;;/R; ;1 defined by

(a + lel)(b -+ ijl) = ab -+ Ri+j71~

Multiplication is then extended to all of Gr(R) by the distributive law. By property
6, Gr(R) is a commutative K-domain. From property 5, given non-zero a € R, the

set {i € Z|a € R;}, has a minimum, which we denote ¢(a). Then we define the map
k: R — Gr(R),

which sends each non-zero a € R to its class in R;/R;_1, where i = 1(a), we also set
k(0) := 0.

If R is already Z-graded, then R admits a filtration relative to which R and
Gr(R) are canonically isomorphic via . In particular, if R = @,c; R;, then a proper
Z-filtration is defined by R; = @;; R;.

Definition 2.1.10. Suppose R = U,;cz R; is a proper Z-filtration and D is a deriva-
tion. We say that D respects the filtration if there is some integer ¢ such that, for all
i €Z, D(R;) C Riyy.

Returning to the degree function p from Example 2.1.5, for locally nilpotent D, it
induces a proper Z-filtration R = U,¢z. , R; which D respects. We have D(R;) C R4
for i > 1 and D(Ry) = 0, where R; :_{f € R|p(f) <i}. Similarly vp also induces
a proper Z-filtration, and in this case Ry = RP. We now move to discuss properties

of certain locally nilpotent derivations:

Definition 2.1.11. Let D be a locally nilpotent derivation on K|xy, ..., z,] given
by:

0 0
D :i=ay— + -+ a,—,
a08x0+ ta oz,

where each a; € K|z, ..., z,]. Now:
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o If each a; is a term, by a slight abuse of notation to remain consistent with the

literature, we say D is a monomial derivation.

o If, for all i > 1 we have that a; € K[zg,...2;_1] and a¢ € K then we say that

D is triangular.

Example 2.1.12. Let R, := Klzg,z1,...,2,] and consider the locally nilpotent
derivation
D, = xoi + -+ xn—lia
0rq oz,
then D, is a triangular monomial locally nilpotent derivation. This derivation is
called the Weitzenbock derivation and is well-known to be finitely-generated via the
Maurer-Weitzenbock theorem [33]. However, the number of generators of RP» grows

quickly with n, and minimal generating sets are only reliably known for n < 7, [12].
In [26], Maubach completed the proof of the following result:

Theorem 2.1.13. Let R := K|xy, 29,23, 24| and suppose that D is a triangular,
monomial locally nilpotent derivation on R, then RP is finitely generated by at most

4 elements.

Maubach’s proof of this result provides an explicit algorithm to compute the

generators of RP, which we make use of.

Example 2.1.14. Let S = K]z, y, z,u] and let A be the Weitzenbock derivation on
S in 4 variables. Using Maubach’s algorithm we obtain that S* = K|z, ~, 6, g] where

v = 2xz — 1,
§ = 32%u — 3zyz + 1,
g = 9r*u® — 18zxyzu + 82°z + 6y°u — 3y? 2>

Suppose R = Klzy,...,z,] and D is a locally nilpotent derivation. Of interest to

us is whether RP is finitely generated. First we make clear some basic notions:

Definition 2.1.15. Let R be a commutative K-domain, a set G C R is a generating

set for R if G generates R as a K-algebra. That is, every r € R can be expressed as

k

T:Z)\ngiga
=1

= geG
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where \; € K and all but finitely many ¢, = 0 for all i. We say R is finitely generated
if R has a finite generating set. R is not finitely generated if no finite generating set

exists.

Definition 2.1.16. We call a generating set G C R minimal if for all g € G we
have G \ {g¢} is not a generating set.

Definition 2.1.17. R C K|z, ..., z,] is said to be generated by monomials if R has
a generating set G with each g € G a monomial. We also call such an R a monomial

subalgebra.

Remark. If R is a finitely generated monomial subalgebra, then R has a finite
monomial generating set. Indeed, if {q1,...,9,} C R is a generating set, and H C R
a monomial generating set, then each g; is a combination of finitely many elements
of H. Taking the finite collection of these finitely many elements we obtain a finite

monomial generating set for R.

Let R be a finitely generated K-algebra, and D a locally nilpotent derivation on
R. Essen [14] provides an algorithm to compute generators for R which completes

in a finite number of steps if R is finitely generated.

2.2 GROUP ACTIONS AND INVARIANT RINGS

Locally nilpotent derivations are very closely related to invariant rings under additive
group actions, and we introduce these here. If R is a K-domain then let V =
Spec (R) denote the corresponding scheme, which is an affine variety when R is
affine. Conversely, given an affine variety V', we denote its coordinate ring by R. We
denote affine k-space by A¥, with coordinate ring the polynomial ring K[z1,. .., x].
Suppose that G is an algebraic group acting by morphisms on an affine variety V/,

then G acts by K-algebra automorphisms on R as
(g- f)(w):=f(g7t-v) forallz €V, f € R.
The invariant ring for this action is

RY:={f€cR|g-f=fforall geG}.
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An element f € RY is called an invariant. The fized point set of the action is defined
as

Ve ={zeV]|g-z=uxforall gc G}

Definition 2.2.1. Let G be an algebraic group acting on two varieties V' and W,
a morphism ¢ : V. — W is called G-equivariant relative to these two actions if
w(g-v)=g- @) forallge Gand v e V.

The invariant ring of a group action is not necessarily finitely generated, though
if G satisfies certain properties then it must be. A group G is reductive if it contains

no nontrivial connected normal unipotent subgroup, we then have [18]:

Theorem 2.2.2. Hilbert’s Finiteness theorem: Suppose K is a field, and G is a
reductive algebraic K-group acting by algebraic automorphisms on an affine K-variety

V', then the ring of invariants RC is finitely generated over K.

Given an affine variety V' and an algebraic group G acting on V', we can define a
quotient V//G. When G is reductive, the ring R is finitely-generated, so we get a
corresponding variety V /G := Spec (RY). When G is not reductive, R may not be
finitely generated. Nevertheless, we may still define V /G := Spec (R%) as an affine
scheme, and the usual universal property still holds in the category of affine schemes,
28, p.3]. We record this in the following definition:

Definition 2.2.3. Given V, an affine variety, and G, an algebraic group acting on

V, there is a morphism induced by the inclusion R% C R:
mv: V = VG := Spec (RY),

we call this the quotient morphism. V /G is the categorical quotient in the category
of affine schemes, satisfying the universal property that every G-invariant morphism

from V' to some affine scheme W factors uniquely through 7y.

Now suppose G = G, = (K, +) is the additive group. It is known that in this case
we have a one-to-one correspondence between algebraic group actions and locally

nilpotent derivations, [19, §1.5]. Let D be a derivation on R, first we note

Proposition 2.2.4. If f € R is nonzero, then fD is a locally nilpotent derivation
if and only if D is locally nilpotent and f € RP.
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Proof. 1t is clear that if D is locally nilpotent and f € R” that fD is also locally
nilpotent. Suppose fD is locally nilpotent, we may assume that D # 0. Recalling the
degree function from Example 2.1.6, set N = v¢p(f) > 0, and suppose g € R\ {0}.
On the one hand, if D"(g) # 0 for some n > 1 then vyp(D™(g)) > 0, and we have

vin(f - D™(9)) = vep (D)D" (9))) = vp(D"H(g)) — 1,

whilst on the other hand we have

vip(f - D"(g9)) = vip(f) +vsp(D"(g9)) = N +vip(D"(9)).

Therefore
vin(D™(g)) = vip(D"}(g)) = —(N +1),

for all n > 1. This implies

vip(D"(9)) = vip(g) — (N + 1),

which is impossible since v¢p cannot take values in the negative integers. Thus, D
must be locally nilpotent. To see that f € RP, note that (fD)(f) € f(R). Suppose
that vp(f) > 1 and let a € R satisfy D(f) = a, then vp(a) > 0 and

vp(f) =1 =wvp(D(f)) = vplaf) =vpla) +vp(f) = vp(f),
which is absurd. So f € R/P; and since R is a domain we must have R'? = RP. [

Furthermore, given a locally nilpotent derivation D on R, we can define an

exponential map exp(D) : R — R as

1
il

exp(D)(f) =D_ 5 D'(f).

i>0
Proposition 2.2.5. 1. exp(D) defines a K-automorphism of R.

2. If [D,E] = DE — ED = 0 for a locally nilpotent derivation E, then D + E is
also locally nilpotent and exp(D + E) = exp(D) o exp(E).

3. The subgroup of K-automorphisms of R generated by locally nilpotent derivations

18 normal.
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Proof. Note that every function D' is additive, hence exp D(f) is additive. Now
suppose that f, g € R are nonzero, with vp(f) =m and vp(g) = n. Then
moq . n o1 ;
>0 (X 5 Di)
=0 —° i=0 J:
1
= . 55D(NHD(9)

1)
0<i+j<m+n vJ:

SN e ) BT

0<i+j<m-+n A+ J

- ¥ ;(Z(i“)zﬁmmg))

o<t<m+n U \itj=t \ J

(exp D)(f) - (exp D)(g)

- Loty

0<t<m+n !
= (exp D)(f9).

Thus exp D is an algebra homomorphism.

Now for part 2 fix f € R and m > 0 so that D"(f) = E™(f) = 0. Set n = 2m,
since D and E commute

oy - ¥ (1)oEmn -o
1+J=n

as each term of this sum has either « > m or 7 > m. Furthermore, using this same
expansion for (D + E)", the proof that exp(D + E) = exp(D) o exp(FE) now follows
by mimicking the argument used above, proving 2. Additionally, by Proposition
2.2.4, —D is also locally nilpotent, and so by part 2, it follows that

exp(D) o exp(—D) = exp(—D) o exp(D) = exp(0) = I.

Therefore we conclude that exp D is an automorphism, completing the proof of part

1. Now part 3 follows from the observation that for a K-automorphism o we have
a(exp D)o™' = exp(aDa ™),
and aDa~! is again locally nilpotent. O

Suppose V' = Spec (R) is the corresponding affine variety and let Autk(R) be the
set of all K-automorphisms of R. Combining these two propositions, given a locally

nilpotent derivation D, we obtain a group homomorphism

n:(RP,+) — Autg(R), n(f) = exp(fD).
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If D # 0, then 7 is injective. Now restricting n to the subgroup G,, we obtain
the algebraic representation 7 : G, — Autg(R). Geometrically, this means that D
induces the faithful algebraic G,-action exp(tD) on X, t € K.

Now conversely, let u: G, x V' — V be an algebraic G,-action over K. Then g
induces a derivation /(0), where differentiation takes place relative to t € G,. In
this situation, we in fact have D = (exp(tD))’(0) and p = exp(tx'(0)). We have
therefore shown that there is a bijective correspondence between the locally nilpotent
derivations of R and the set of all algebraic G,-actions on V', where D induces the
action exp(tD) and the action p induces the derivation p/(0). Additionally, the

kernel of the derivation coincides with the invariant ring of the corresponding action:
RP = RCa
as D(f) =0 if and only if exp(tD)(f) = f for all t € K.

Example 2.2.6. Consider the Weitzenbock derivation D,, on R, from Example
2.1.12, the corresponding group action on R, is given by
Jj=0+/"

For f € R, we have t - f = exp(tD,,)f.

Now, given an additive group action of G, on V', we can ask if there is some G,,-
action on V' commuting with our G,-action. If so, then G,, acts on V /G, and hence
induces a grading on R®, as well as on R, see for example [19, §10.2]. When V' C A*
is affine, there is some maximal subtorus of the natural k-dimensional torus action
on AF that is G,-equivariant. Since R®* = RP for some locally nilpotent derivation
D, this grading is also induced on R”, with the property that if f € R4, q,) some
graded piece of R, then D(f) € R(,,....q,) also. If we combine this grading with the

degree function p from Example 2.1.5 D then splits into linear maps

D : R(al,...,ak,b) — R(ah...,ak,bfl)-

2.3 GROBNER AND SAGBI-BASES

Here we introduce the concepts of monomial orderings and Grébner/SAGBI bases,

we follow [5, § 1.].
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Definition 2.3.1. Let M C K|xzy,...,z,] be the set of all monomials. A total order

“>7on M is a monomial ordering if it satisfies the following conditions:
1. m>1forallme M\ {1}.
2. Given t,my,mqo € M, if m; > mo, then tmq > tms.
A monomial ordering can also compare terms. Given a monomial ordering, for a

nonzero polynomial f we can uniquely write f = ¢t +r where t € M and ¢ € K\ {0}

and every term of g is smaller than ¢ with respect to “ > 7. We write
LT(f):=ct, LM(f):=t, LC(f):=c,

for the leading term, leading monomial and leading coefficient of f. If f =0, we

consider all three to be 0.

Example 2.3.2. On K[zy,...,z,], the lezicographic monomial ordering, « >, ” is
defined in the following way: We set z{* - -- 2% > ... ab if a; > b; for the smallest
i with a; # b;. For example x{ > 2b for all j, k > 1, and LM (61 + zo23 + 275) = 2.
The (reverse) lexicographic monomial ordering sets z{' - -- 2% > 2% ... 2 if a; > b;
for the largest ¢ with a; # b;. When we opt to use the lexicographic monomial
ordering, we indicate which one we are using by writing either z; < --- < x,, or

Ty > > @,

Now fix a monomial ordering on Kl[zy,...,x,]. For a set S C K[zy,...,x,] of

polynomials, we write

L(S) == (LM(g)|g € 9),
Lay(S) :=K[LM(g)|g € S].

L(S) is the ideal generated by the leading monomials from S, which we call the
leading ideal of S, and Lg,(S) is the subalgebra generated by the leading monomials
from S, which we call the leading algebra of S.

Definition 2.3.3. Let I C Klzy,...,2,]| be an ideal. A finite subset G C [ is called
a Grobner basis of I if L(I) = L(G).

Remark. A Grébner basis of an ideal I generates I as an ideal. If I\ (G) is
nonempty, then we can take f € I\ (G) with minimal leading monomial. Since
L(I) = L(G), there is some g € G with LM (g) = LM(f), and so f —g € I\ (G) has
smaller leading monomial than f, a contradiction. Note also that I = K|z, ..., z,]

if and only if G contains a nonzero constant polynomial.
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We note Hilbert’s basis theorem:

Theorem 2.3.4. Hilbert’s Basis Theorem If R is a Noetherian ring, then R[x] is a

noetherian ring.

By Hilbert’s basis theorem, all ideals in K[z, - - x,] are finitely generated, thus

Grobner bases can always be taken to be finite.

Definition 2.3.5. Let S C Klzy,...,z,] be a subalgebra. A finite subset S C S
is called a Subalgebra Analogue for Grébner Bases of Ideals or SAGBI-basis if
Luy(S) = Lug(S)

Remark. Similarly to a Grobner basis, a SAGBI-basis of a subalgebra S generates
S as an algebra. SAGBI-bases were first constructed by Robbiano and Sweedler in
[30] and Kapur and Madlener in [24] independently.

Contrary to Grobner bases, we do not require that SAGBI-bases be finite. Fur-
thermore, even if S C K|zy,...,x,] is finitely generated then it may not admit a
finite SAGBI-basis. For example, the subalgebra K[z + y, 7y, 1y?] C K[z, y] does not
admit a finite SAGBI-basis for any choice of monomial ordering [30, Example 1.20].

2.4 FINITE GENERATION IDEALS

In this section we define the finite generation ideal, first introduced by Derksen and
Kemper [6, § 2.2], before covering its properties. We then cover some examples

where the finite generation ideal has been computed.

Definition 2.4.1. Let R be a K-domain, the finite generation ideal of R is defined
as
fr:={g € R\ {0} | R, is finitely generated as a K-algebra } U {0}.

Note that if R is finitely generated and f € R\ {0}, then Ry is also finitely
generated. Thus in this case fg = R. Following [6, § 2.2], we show that the finite

generation ideal has the following properties:

Lemma 2.4.2. Let R be a K-domain, then fr is a radical ideal and if R is a

subalgebra of a finitely generated K-domain S, then fr # 0.
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First we note that the radical of an ideal I C R is
V1 :={f € R|f" € R for some n > 0},

an ideal is radical if it is equal to its radical. Additionally we require the following

result, a proof of which can be found in [11, § 14.2]

Lemma 2.4.3. Grothendieck’s Generic Freeness Lemma

Suppose that R is a Noetherian domain and S is a finitely generated R-algebra. If
M is a finitely generated S-module, then there is an element a € R\ {0} such that
M{a™'] is a free Rla™']-module.

Proof. Proof of Lemma 2.4.2 We begin by first showing that fz is a radical ideal.

To do so, we first prove the following:

Claim. If f,g € R\ {0} with (f,g9) = R and Ry and R, finitely generated, then so
is R and R = Ry N R,.

To show this, we write Ry = K[ay,...,a,, f~!] and R, = K[b1, ..., b, g '] with
a;,b; € R. Then 1 = sf 4+ tg with s,t € R. Let 2 € Ry N R,, then

2= fcfn - ;;, nmeN,acKa,. .. a.,fl,beKpb,... b gl
and so
z=z(sf+tg)""" = Zm: (m ;l— n) (sf)itmtn=igm=ipy %ﬂ (m ;{— n) s Fim (g,
i=1 i=m+1
Thus

RCRfﬁRgCK[al,...,ar,bl,...,bl,f,g,s,t] CR,

implying the claim.

Now suppose f, g € fr are non-zero, then

Rf!] = (Rf)97

is finitely generated, as R; is finitely generated, so fg € fg. Now suppose that
f,9 € fr with f,g and f + ¢ all non-zero. We have (f,g9)Rs+, = R4y, and the
algebras (Rfig)r = (Rf)f+g and (Rpigy)g = (Ry) 44 are finitely generated. By the
claim, Ry, is finitely generated, so f 4+ g € fg, hence fg is an ideal. This ideal is

clearly radical since Ry = Ry for every f € R and any positive integer 7.
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To prove that fz # 0 when R is a subalgebra of a finitely generated K-domain .5,
let T' C R be a finitely generated subalgebra with the property that 7" and R have
the same quotient field. By Lemma 2.4.3, there is a nonzero f € T with Sy a free

Ty-module. Let B be a basis of Sy over T}, we can write

r
1= Z U; €5,
=1

with e; € B and u; € Ty for all 7. Since Ry and T have the same quotient field, it
follows that the submodule Ry C Sy is contained in

i=1
This shows that R is contained in a finitely generated Ty-module. Since T} is a

finitely generated algebra, Ry is finitely generated as a Ty-module. It then follows
that Ry is a finitely generated algebra. O

When working with locally nilpotent derivations, we can show more about the

finite generation ideal:

Proposition 2.4.4. Let R be a commutative K-domain, and let D : R — R be a
locally nilpotent derivation, then pl(D) C fg.

To show this, we follow [10, § 5]:

Definition 2.4.5. A G,-variety V is called a trivial G,-bundle if there is a G-
equivariant morphism

V — G,.

Equivalently, there is a G,-equivariant ismorphism
G, xX —V,
where X can be identified with the orbit space V/G,.

In this case the quotient morphism 7 : V' — V/G, admits a section. If V is
affine, then V/G, = Spec (R)®. We now prove Proposition 2.4.4:

Proof. of Proposition 2.4.4 Let d € pl(D) and suppose p € R satisfies D(p) = d,
then D (g) = 1 and so the morphism

p

QIVSHGG’
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is G,-equivariant. To see this, let € Vj, and a € G,, then as

p_ PY_P, .
a d—exp(aD)(d> d+a 1,

we have

o D)= (o )= (2) 0= (0]

where we have used that d € R®. We conclude then that Vj is a trivial G,-bundle,
and V;/G, = Spec (Ry)® and, in particular, R = (R%), is finitely generated. [

We now cover some examples where the finite generation ideal has been computed:

Example 2.4.6. Suppose R = K|z, zy,...,zy",...] C K[z,y] is the graded subal-
gebra generated by monomials of the form zy™ for n > 0. Let M := (x,zy,...) be
the maximal graded ideal of R. We show that fz = vtR = M. Indeed, consider
first R,, then 27! - (zy) = y € R, and we conclude that R, = K[z,y],. Now
K[z,v], is finitely generated and thus vz R C fg. For xy™ with n > 1, note that
(zy™)? = x - 2y** € VR, and we have shown M C v/zR, but since fr C M, we

conclude the result.

Example 2.4.7. Roberts’ Example Let R := K|z, 22, 3, y1, Y2, y3, 2] and consider

the locally nilpotent derivation

n 0 n—1 a
+ xga—yg + (x1x023)" " —

A
0z’

D = Jf’ilaiyl

Th—
? Oys
with corresponding group action:
t- (CLl, asg, as, bl, bg, b3, C) = (CLl, asg, as, bl + t(l?, b2 -+ t(lg, b3 -+ tCLgL, c+ t(alagag)"fl).

The kernel, R” of this derivation is non-finitely generated, and has a generating set
G={bin, ujr]i=12,3,n>0,5,k=1,2,3, j <k}, where

Bin = x;v" + terms of lower v — degree,
. .n n

U2 '= T1Y2 — Lo,
. .n n

U3 = T1Ys — T3,

. .n n
U3 = TolYs — TgY2-
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Kuroda [25] showed that this generating set G forms a SAGBI-basis for R” using the
lexicographic monomial ordering with z; < o < 3 < y1 < Y2 < y3 < 2. Then using
this SAGBI-basis, Dufresne and Kraft [10, § 9] showed that the finite generation

ideal of Roberts’” example is

fR =\ Xy, T2, x3R7

where 3;,, € fg for all 4,n whilst u;;, ¢ fr for all j, k.



3

Daigle and Freudenburg’s counterexample

3.1 PREFACE

The work contained in this chapter arises from my paper ‘The finite generation
ideal for Daigle and Freudenburg’s counterexample to Hilbert’s fourteenth problem’
[22]. As such the results within are entirely self-contained and the chapter has its
own introduction and preliminaries. The material in Chapter 2 may aid the reader
in providing greater depth to the preliminaries appearing in this chapter. This
paper is on arXiv with number 2203.15569, and has been accepted for publication in
Communications in Algebra.

This paper focuses on computing the finite generation ideal of Daigle and Freuden-
burg’s counterexample to Hilbert’s fourteenth problem, showing that it is the radical
of an ideal generated by 3 elements, which each comprise the first element in an
infinite family of generators for the invariant ring. In order to do so, we show that
these 3 infinite families, together with an additional invariant, form a SAGBI-basis

for the invariant ring.

3.2 INTRODUCTION

Let K be a field, and let K[xy, o, ..., x,] be a polynomial ring in n variables over K,
with K(z1, o, ..., z,) its field of fractions and L a subfield of K(z1,xs,...,x,). In
his fourteenth problem, Hilbert asked whether the subalgebra L N K[z, zo,. .., x,]
is finitely generated. In characteristic zero, this has been shown to not always be the

case, with Nagata finding the first counterexample in 1959 [29]. Further examples

31
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have been found, for example by Roberts in 1990, [31]. In 1994, A’Campo-Neuen
showed that Roberts’ example arises as the invariant ring of a G,-action on A7 in
[1], where G, = (K, +) is the additive group. The smallest known counterexample
to Hilbert’s problem which arises as an invariant ring was found by Daigle and
Freudenburg in dimension five, [4]. Daigle and Freudenburg’s example arises as an
invariant ring of the following G,-action on A® in characteristic zero:

1 1 1
a-(a,b,c de)= <a, b+ ad®, c+ ab+ §a2a3, d+ ac+ 5(12() + 6a3a3, e+ aa2> .

The invariant ring of an additive group action is known to correspond to the kernel
of a locally nilpotent derivation, see for example [19, §1.5]. Daigle and Freudenburg’s

Gg-action corresponds to the kernel of the locally nilpotent derivation

0 0 0 0
D=L 42 41 422
o 8s+88t+t8u+x ov’

on the polynomial ring R := K]z, s,t,u,v]. There are many algorithms which have
been developed to aid in computing kernels of locally nilpotent derivations which we
exploit in this paper. Daigle and Freudenburg’s example is also closely related to
Roberts” example in dimension seven, and a counterexample found by Freudenburg
in dimension six, [17]. It is possible to construct Daigle and Freudenburg’s counterex-
ample by “removing symmetries” from Roberts’” example, [19, §7.2] and there is a
K-algebra homomorphism from Freudenburg’s example to Daigle and Freudenburg’s
which induces a surjective homomorphism on the invariant rings, [32, §2].

Castravet and Tevelev [3] provide an infinite family of non-finitely generated K-
algebras, which Doran, Giansiracusa, and Jensen [7] realised as the ring of invariants
of a G,-action on a polynomial ring. Additionally, Kuroda has generalised Robert’s
example in [25]. However, it remains a difficult task to construct counterexamples
as invariant rings from G,-actions; and little is known about the structure of these
invariant rings in general.

In this paper we determine the finite generation ideal of the invariant ring, RP,
defined below. That is, the radical ideal of elements f € R” for which RJ’? is finitely
generated, [6, §2]. Such an ideal can be understood to track how far a ring is from
being finitely generated, with it being the ring itself when R? is finitely generated.
Dufresne and Kraft computed the finite generation ideal for Roberts’ example in
[10, §9] and our computation shows that the finite generation ideal is what would be

expected by “removing symmetries” from Roberts’ example. Preliminaries and some
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early results on Daigle and Freudenburg’s example are covered in Sections 3.3. and
3.4 respectively.

In order to compute the finite generation ideal, we first construct a generating
set for the K-algebra generators of the invariant ring in Section 3.5 with useful
properties. This requires us to construct three infinite families of invariants using a
method similar to van den Essen in [13]. We then show that these families, together
with an additional invariant, generate the invariant ring. In fact, we show that this
generating set forms a SAGBI-basis for R”; that is, a Subalgebra Analogue for a
Grobner Basis of Ideals, Definition 3.5.3. Our calculation of the SAGBI-basis uses
an argument similar to that of Kuroda for Roberts’ example, [25, §3]. SAGBI-bases
were first constructed by Robbiano and Sweedler in [30] and Kapur and Madlener
[24] independently. The properties of a SAGBI-basis and the relations between its
elements are key to our computation of the finite generation ideal in Section 3.6,
which comprises Theorem 3.6.1, our main result. We additionally show that the
leading terms of these three infinite families generate the subalgebra generated by

the leading terms of the finite generation ideal.

3.3 PRELIMINARIES

Throughout the following we fix K to be an algebraically closed field of characteristic
zero. We will begin with a few preliminaries, followed by a discussion of the invariant
ring of a group action. We follow parts of [14], [10] and [19]. Let R be a commutative
K-domain and recall that a derivation D: R — R is locally nilpotent if, for all a € R,
there is some n € N for which D"(a) = 0. We denote the kernel of the derivation
by RP and its image by D(R). Note that R is a subring of R. We call an element
p € R with D(p) € RP and D(p) # 0 a local slice for D. The plinth ideal is defined
as pl(D) := RP N D(R); it is simple to check that pl(D) is an ideal of RP, see for
example [19, p.17].

Definition 3.3.1. Let R be a K-domain, the finite generation ideal of R is defined
as

r:={g € R\ {0}| R, is finitely generated as a K-algebra } U {0}.

Note that if R is finitely generated, then fr = R. If R is a subalgebra of a finitely

generated algebra, then fgr is non-zero; additionally, fr is a radical ideal, [6, §2.2].
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One can hence view the finite generation ideal as a form of measure of how far R is
from being finitely generated by comparing fr to R. Of particular interest to us in
this paper is fgp, where D is a locally nilpotent derivation.

If R =K[Xy,...,X,] we call an element of the form X{*--- X% a monomial
and an element of the form a - X7 --- X% where a € K\ {0} is called a term; a

polynomial is a sum of terms.

Definition 3.3.2. Suppose R = K[X, X5, ..., X,,] and suppose that D = alaixl +
R an% is a derivation on R. We say that D is a monomial derivation if each
a; € K[X1, X, ..., X,,] is a monomial; a derivation is called triangular if a; € K and

each a; € K[X,..., X; 4] for 2 <i <n.

If R is a K-domain then V' = Spec (R) denotes the corresponding scheme, which
is an affine variety when R is affine. We denote affine k-space by A*, with coordinate
ring the polynomial ring K[z1, ..., x;]. Suppose that G is an algebraic group acting

on an affine variety V', then G acts by K-algebra automorphisms on R as
g-f(v):=f(gt-v)forallz €V, f€R.
The invariant ring for this action is
RY:={fcR|g-f=fforall geG}.

An element f € RC is called an invariant. The fized point set of the action is defined

as
Ve ={zeV]|g-z==xforall gc G}

We focus on the case where G = G, = (K, +) is the additive group of the field
K. It is known that in this case we have a one-to-one correspondence between
algebraic group actions and locally nilpotent derivations, [19, §1.5]. Let D be a
locally nilpotent derivation on R, an element a € G, acts on R as

[e.o]

exp(aD)(f) ==

=0

;!aiDi( f).

Note that since D is locally nilpotent, for each f € R the displayed sum has only
finitely many non-zero terms. Conversely a given G,-action p: G, x V' — V induces
a derivation p(0), which can be shown to be locally nilpotent, see for example [19,
§1.5]. Additionally, the invariant ring of the group action is equal to the kernel of
the derivation, that is R% = RP.
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Given an affine variety V and an algebraic group G acting on V', we wish to
define a quotient V//G. When G is reductive, the ring R® is finitely-generated, so
we get a corresponding variety VG := Spec (R%). When G is not reductive, RY
may not be finitely generated. Nevertheless, we may still define V /G := Spec (R%)
as an affine scheme, and the usual universal property still holds in the category of

affine schemes, [28, p.3]. We record this in the following definition:

Definition 3.3.3. Given V, an affine variety, and GG, an algebraic group acting on

V, there is a morphism induced by the inclusion R C R:
vV = V)G := Spec (R),

we call this the quotient morphism. V /G is the categorical quotient in the category
of affine schemes, satisfying the universal property that every G-invariant morphism

from V' to some affine scheme W factors uniquely through 7y .

Given an additive group action of G, on V', we can ask if there is some G,,-action
on V commuting with our G,-action. If so, then G,, acts on V /G, and hence induces
a grading on RCe, as well as on R, see for example [19, §10.2]. When V C A* is
affine, there is some maximal subtorus of the natural k-dimensional torus action on
AF that is G,-equivariant.

If X is a variety with an action of the additive group G,, we say that X is a
trivial G,-bundle if there is a G,-equivariant morphism X — G,. In this case we
can identify X /G, with X/G, and the quotient morphism 7y : X — X/G, admits
a section. If X is affine, then X/G, = Spec (R)%e.

Suppose V' = Spec (R) is an affine K-variety, with G an algebraic group acting
on V. Suppose also that R = @,>¢ R; is a graded ring with Ry = K, and let z
be its homogeneous maximal ideal. This means that V' admits an action of the
multiplicative group G,, = K* with zy € Spec (R) the unique closed orbit. We say
that V' is a fiz-pointed G-variety with fixed point z, if this G,,-action commutes
with the G-action. Note that V//G is also fix-pointed, and we define the nullcone as
Ny =77 (7(29)). Thus, given an additive group action of G, on an affine variety V,
the nullcone can be defined using the induced Z"-grading on R.

Let D be a locally nilpotent derivation on an affine K-domain R, with V =
Spec (R). Suppose x € V is a fixed point under the corresponding G,-action and,
for f € R, let n € N be such that D"(f) # 0 and D"™'(f) = 0. Then we have

() = exp(aD)(f)(x) = F(x) + aD(f)(x) + -+ a" D"(f)(x).

n!
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Letting a vary, we conclude that D'(f)(x) = 0 for all ¢ > 1, and in particular
D(f)(x) = 0. Now suppose that for x € R we have D(f)(z) =0 for all f € R. Then
for fe R

exp(aD)(f) @) = f(x) + aD(f)(x) + - ~a"D"(f)(x) = f(x)

n!

thus z is a fixed point. We have shown that:
VO ={z e V|D(f)(z)=0forall f€ R} ={z e V|f(x)=0forall fc D(R)}.
Consider Py := V(pl(D)), the Plinth variety of V.. We have

Py ={x € V|D(f)(z) =0 for all f€ R with D*(f) = 0},

and hence we have VC C Py. Given a 7% (-grading on R® induced by a (G,,)"-
action, we define RS* := {f € R® |deg(f) # (0,0,...,0)}, the maximal graded

ideal of R®. Our definition of the nullcone may then be rewritten as

Ny ={zeV|f(z)=0forall f e RS}

3.4 DAIGLE AND FREUDENBURG’S COUNTEREXAMPLE

We now construct Daigle and Freudenburg’s counterexample. Let V = A% and let
R := K]z, s,t,u,v] be the polynomial ring over K in 5 variables. We consider the

following locally nilpotent derivation on R

0 0 0 0
Di=ad s s bt gt 1
x88+sat+tau+xav (3.1)

This corresponds to a G,-action on R defined by

1 1 1
exp(aD)-(z,s,t,u,v) = (x,s+azr® t+as+ §a2x3, u—+at+ §oz2s+ 6oz3x3, v+ax?).

The G,-action on A% commutes with the following G,,-action
A (z,8,tu,0) = (A2, N85, A3 8 0%, A2 ), (3.2)

which induces a grading on R with deg(z) = 1, deg(s) =deg(t) =deg(u) = 3 and
deg(v) = 2. In the sequel when we refer to f € R as homogeneous, we mean

homogeneous with respect to this grading. Likewise, for f € R, the degree of f is the
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maximal degree of some term of f with respect to this grading. In our treatment of
this example we will occasionally consider elements ordered by deg, or deg,., which are
defined for f € R as deg,(f) :=max{n| f has a term of the form « - 2"s%*uv?, o €
K\ {0}, a,b,c,d € N} and similarly for v. A polynomial f € R has v-degree n if
deg,(f) = n.

We also make use of the grading induced by the derivation D itself, which we

refer to as the p-grading. 1t is defined first on the monomials in R with
p(m) :={i € Zso | D'(m) # 0, D" (m) = 0}. (3.3)

We then set, for f € R, p(f) := max{p(m)|m is a term of f}. We set p(0) := —o0.
Elements homogeneous with respect to this grading will be called p-homogeneous.
Observe that p(z?) = 0, p(s®) = b, p(t°) = 2¢, p(u?) = 3d and p(v°) = e. Note that
the p-grading is indeed a grading; set

R, = {Z)\ixasbtcudve|)\,~ ceKaeNb+2c+3d+e= n}

Now, for p € R;, ¢ € R; non-zero, their product is non-zero, and all terms in pq are
of the form mn, where m € R;,n € R;. We have
" Yl w i\ .
D" (mn) =>_ ( l >Dl(m)Dlﬂl(n) = ( , >Dz(m)Dj(n) # 0,
1=0 ¢
whilst D™ (mn) = D(D*(m)D?(n)) = D" (m)D?(n) + D'(m)D?**(n) = 0, so we
conclude pg € R;y ;.

Remark. p(223t — s%) = 2 whilst D(223t — s*) = 0, so for p € R, p(p) can differ
from the unique non-negative integer m with D™(p) # 0 but D™ (p) = 0.

Now let S := K]z, s,t,u], and define

o 9 0
A=Dle=?d 162 49
ls =255 55 tia,

Our notions of degree and p-degree restrict to f € S. We observe that A is a
triangular monomial derivation on K[z, s,¢,u|. By a result of Maubach, [26, § 3], we
have that S2 is generated by at most four elements. Through an application of van

den Essen’s algorithm, [14, § 4], using the local slice s € S we find the following four
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generators of SA:

ﬁo =,
o = 223t — 5%, (3.4)
8o = 3250 — 3a3st + §°, .

g = 92%® — 1823 stu + 653u + 823t — 35212
Observe that 33,79, 00 € A(S), since

A(3x3u — st) =223t — 8% =,
ABzsu — 4%t + s*t) = 32%u — 3a3st + s° = dp.

We can compute the plinth variety, the fixed-point set and the nullcone for Daigle
and Freudenburg’s counterexample:
Lemma 3.4.1. 1. (A%)% = Vs(x,s,1).

2. PA5 = VAS(Z‘, 8).

3. NAE’: == VA5(JI7 S).

Proof. 1. As shown above, we have
Ga
(4°) ™ ={p € A’ | D(f)(p) = 0 for all f € R}.

Suppose p = (p1, P2, P3, D1, P5) € (A5)Ga and f € R, then

= pi’gi(p) +P288J;(P) + pggi(p) +p?g£(p)-

Clearly if p = (0,0,0, p4, ps), then D(f)(p) = 0 for all f € R. Conversely suppose
at least one of py, py or ps # 0, then one of D(s)(p), D(t)(p), D(u)(p) is non-zero, so
(A%)®* = Vus(x, 5,t) as claimed.

D(f)(p)

2. By our observations above we have 63, Y0, 00 € pI(D), so
Vs (537707 60) = VA5(I, S) C Pas.

Let f € pl(D), we will show that f € Vus(z, s). Suppose that f is homogeneous, we
induce on the degree, n, induced by the G,,-action introduced in equation 3.2. Note

that there are no elements of degree 0 or 1 in the plinth ideal. The only elements
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in the plinth ideal of degree 2 or 3 are the monomials 2 and x®. Now suppose

f € pl(D) has degree n > 3 and that f = xp; + sps + g, where py, py € K|z, s, ¢, u, v]

0 o0 0

50 5u> 50 all commute with

and g € K]t, u,v|. Observe that the partial derivatives

the derivation D, and so for any p € R, we have

0= 200 =D (50) = 300 =D (5 0) = 2PN =D 5-0)).

Hence %{, %, % € RP since f € RP. But note that these partial derivatives all
have degree n — 3, hence by induction we have that there are hy, ho, h3, hy, hs, hg €
K[z, s, t, u,v] with

0 0 0

8{ = ZL‘hl —I— Shg, a:l}: = Ih3 —f- Sh4, aij = I’h5 + Shﬁ. (35)
However
or _ op, O 99 Of _ Opr, Opy 09 Of _ Op, Oy, Og

ot 7 ot ot  ot’ ou " Ou ou  Ou’ ov 7 Ov ov  Ov

where %, g—g, % € K[t, u, v], hence these partial derivatives of g must all be zero by

equation 3.5. Since we have assumed f is homogeneous, this implies that g = 0.

3. Recall that the nullcone is given by
Tt (15(0) = Nio = {v € A% | f(v) = 0 for all f € RS}

Suppose v = (v1, Vg, V3, Vg, V5) € Nys, then for By, 7o € RE“, we have fy(v) = v =0,
Yo(v) = 2(0)3v3 — v2 = 0, so v = (0,0, vs,v4,v5) and Nys C Vys(x, s). Now suppose
that v € Vys(z, ), and let f € RS, the above calculation for the plinth variety
shows that RY* C (z,s)K[z,s,t,u,v]. Therefore we can write f = zhy + shy
with hy, he € K[z, s,t,u,v] and so f(v) = 0, implying v € Ns and hence that
NAS :VAs(QZ,S). ]

3.5 A SAGBI-BASIS FOR DAIGLE AND FREUDENBURG’S
COUNTEREXAMPLE

3.5.1 CONSTRUCTING THREE INFINITE FAMILIES OF INVARIANTS

We first show that RP is not finitely generated, to do this we show that R” has three

infinite families of homogeneous invariants. We call the members of these families
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Bi,v: and 9; respectively, with ¢ € N corresponding to the v-degree of the invariant.
Recall that S2 is generated /3y, Yo, 6 and g, defined in equation 3.4. We construct the
Bi,7vi and &; so that 3; := Byv’ + terms of lower v-degree, and similarly for ~; and 6;.
For i = 1 we must find, for example, some f € R so that D(Byv+ f) = 2>+ D(f) = 0.
This is a simple task for 31,7 and &, since x23y, %7y, 220y € pl(D), giving:

/81 =TV — S,
11 = (223t — $?)v + 2?st — 325y,

61 = (3% — 3x3st + s%)v — 3xdsu + 4x°t* — 22s%t.

In general these invariants are difficult to construct, but we show that such invariants

exist. Once this is accomplished, we construct a SAGBI-basis for R”.

Definition 3.5.1. Let M be the set of all monomials in K[z, zo,...,z,], A mono-

mial ordering is a total order “ > 7 on M which satisfies the following conditions:
e m>1forallme M\ {1},
e my > Moy implies by > bmy for all b, mq, my € M.
We write z; >> x; if z; > zf for all a € Z5. Given a non-zero polynomial
f € Klxy, 2z, ..., x,], we can write f uniquely as f = ¢m + g, where m € M,
c € K\ {0} and every monomial appearing as part of a term in g is smaller than m

with respect to our ordering. We call em the leading term of f, and write LT(f) = cm.
Additionally, m is the leading monomial of f, denoted LM(f).

We now define a Grobner basis, we use [5, p. 10].

Definition 3.5.2. Fix a monomial ordering on K|[xy, zs, ..., x,] and let

S C K[z, za,...,x,] be a set of polynomials. We write
L(S) :== (LM(f) | f € 5),

for the ideal generated by the leading monomials from .S, called the leading ideal of
S. Now let I C K[z, 2a,...,x,] be an ideal, then a finite subset G C I is called a
Grobner basis for [ if L(I) =L(G).

It is well-known that a Grobner basis of an ideal generates the ideal. An analogous

concept for subalgebras also exists, called a SAGBI-basis

Definition 3.5.3. A Subalgebra Analogue for Grobner Bases of Ideals or “SAGBI-

basis” is defined as follows: Let “>" be a monomial ordering on the polynomial
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ring K(zy, 29, ..., x,]. For a subalgebra A C Klxy,z,. .., z,], we write Ly, (A) for
the algebra generated by all leading monomials of non-zero elements in A. A subset

S C A is called a SAGBI-basis of A if L, (S) = Lag(A).

Note also that a SAGBI-basis S of a subalgebra A also generates A as an algebra
as in the case of a Grobner basis.

In the sequel we use the lexicographic monomial ordering on R = Kz, s, t, u, v],
which is defined so that 2°s¢2t®ucv® > pf1sl2tf3u/105 if e; > f; for the largest i for
which we have e; # f;. For example tv > v since both monomials have v exponent 1,
u-exponent 0 but tv has ¢t exponent 1 whilst v has ¢ exponent 0. We also use the

lexicographic monomial ordering on S = K|z, s, t, u] with z < s <t < u.

Definition 3.5.4. Let S ={f1,..., fm} C K[z1,...,x,] be a finite set of polynomi-

als.

1. A polynomial p € K[z, ..., z,] is said to be in normal form with respect to S

if no term of p is divisible by the leading monomial of any f € S.

2. If p,p € K[zq,...,x,], pis said to be a normal form of p with respect to S if
p is in normal form with respect to S and there are hy, ..., h,, € Klzy,..., x,]
with .

p—p=>_ hifi and LM(h;f;) <LM(p) for all i.
i=1

We now state the image membership algorithm, see van den Essen [15, §1.4].

Lemma 3.5.5 (Image membership algorithm). Let S = K[zy,...,x,] be a finitely
generated K-algebra, and D a non-zero locally nilpotent derivation on S. Fix a € S,
and let m be the unique non-negative integer satisfying D™(a) # 0, D™ (a) = 0.
Let p be a local slice of D, with d := D(p) and s = p/d € S[d~']. Suppose
SP =Klf1,..., fil, put - o

V= (E m iﬂDz(a)S’H,

=0

and set ¢ := d™ V. Define the ideal J,, in K[X,Y]:= K[zy,..., %0, y1,...y] as:

Jm = (yl _fla"‘7yl _fl7dm+1>’

and choose on K[X,Y| a monomial ordering so that x; >> y; for alli,j. Let G be a
Grébner basis of J,. Let § be the normal form of q with respect to G. Then a € D(S)
if and only if § € K[Y]. Furthermore, if ¢ € K[Y], then b:= (¢ — ¢(f;))/d™ € S



42 CHAPTER 3. DAIGLE AND FREUDENBURG’S COUNTEREXAMPLE

satisfies D(b) = a. The polynomial G(f;) is defined by replacing each y; appearing in

Now we show the existence of the (;,v; and 9;:

Proposition 3.5.6. For each n € N, there are invariants B,,Vn, 0, € RP with

leading terms Bov™, yov™ and dyv™.

A proof of Proposition 3.5.6 has been given by Tanimoto in [32, §2], making use
of the relation between Daigle and Freudenburg’s counterexample and Freudenburg’s

counterexample. Here we provide a direct proof.

Proof. We induce on the degree of v. Note that [y, v and dy have already been
defined. For the sake of brevity we use n; to denote either f3;,v; or §; whenever it is

unnecessary to differentiate between them. Now suppose that for all i < n, we have
defined

i) i i) i i i ’ - '
m=evi el b el = e +<i_1>e(()1)v )

where el = (;)eéi_j) and 0 < j <7 < n. Note also that D(e((f)) = A(e((f)) =

J

—g2ell) = g2 G)eg_l), since D(n;) = 0. Now we define

= o (et = (M e (M o)

We calculate D(f,!,,), using that D(n;) = 0 for all i < n and i("“) =(n+ 1)(1.’;”1):

i

DUz = (0 (e = (" e e o ()

— (0Dl 4 1 () Dl

n+1

+ (=1)"(n+1)D(v)nev"™ + - - - + (_1>2n< !

)otom,
=t (o) (7 (et o (o) )
~ (n+ D)~ 1),

We now show that (n + 1)D(v)(n, — f77) has v degree 0. To do so we calculate

the coefficient of v-degree n — j in this expression above for 0 < j < n. Note that
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the first j terms (—1)""!(nev™ + -+ - + (—1)j_1(jf1)77j,1v”_j+1) appearing in f all
have higher v-degree and so we may disregard them in our calculations. Examining
the term (—1)"+*= 1( )nkv” k for k > j we find

(_1)n+k71 (Z) nkvnfk _ (_1)n+k71 (Z) (elgk)vk R e(()k)) vnfk’

so the coefficient of v-degree n — j for (—1)"+k= 1( )nkv ks

Qe () Je (e

Summing these coefficients, we obtain

S ()3 = ) () o

since .
Z(—l)t<n> =0 forn>1
t=0 t

It remains to calculate the term of v-degree 0 in (n + 1)D(v)(n, — f), but this is

simply (n + 1)z2e{™, and so we have shown

D(fly) = (n+ 1)D@) (0, — fI) = (n + 1)a2e§”.

Therefore, if we can show z2e"” € A(S) then we may define ¢ (1) .= —(n+1)h,
where D(h) = A(h) = a:26(() and set Nyqq = fryq + e[()n+1). To achieve this, we use
a method similar to van den Essen in [13] by considering the construction of the
element &' in the image membership algorithm. In the notation of Lemma 3.5.5, we

choose our local slice to be p = s € S so that d = A(s) = 2* and then

) g (e

=O

Note that z"*10' € S and A(z"1V) = 273, Our aim is to show that there

is some h € S2 such that b := (2" — )/:1:’”rl E S, so that A(b) = z%e{"”. To

achieve this, we must now treat the bén), o ) and d separately due to their differing

degrees and p-degrees, though the arguments are very similar. We show only the

n)

case for cé In this case f,/,; is homogeneous of degree 2n + 8, and hence 2" ¥/
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is homogeneous of degree 3n + 9. We now define S(, ) to be the K-vector space

spanned by monomials of degree a and p-degree k, that is
Sak) = {Z Aim; € ST € K, deg(m;) = a, p(m;) = k} :
Note that 2"t € Si3n49,41) and
Bo=x € S10), s €531), t €S32), ue€SH3), Y € 62, 00 € So3), 9E€ St
Additionally, note that if f € S 1), g € Swyy, then fg € Saipr+1). Define

M = {f € Santon+1) |deg, D(f) > n+ 1},
N := 84N SBnront1)s

so 2" € M. Finally, we define 7 : S — S, where 7(f) removes all terms of f of
x-degree greater than or equal to n + 1. We show that 7(N) = m(M).

Let f € N, note that z"™s"™ € M and m(2*"*8s"t!) = 0. If we set q :=
2 8sn 4 f then D(q) = D(x*" 85" ) so ¢ € M, and 7(q) = m(z®"Bs" T 4 f) =
7(f), giving us that 7(N) C 7w(M).

For h € M, write

h = Za&wd:v“sbtcud, where a+3(b+c+d)=3n+9, b+2c+3d=n+1,
then we find
D(h) = (baapea+ (c+ Daarspoeria+ (d+ 1)Qarsp1e1,4+1) 2" " 0.
The condition that deg,D(h) = a+ 3 > n + 1 gives us that

(bagpea+ (¢ 4+ Dagrsp—2.et1,d + (d+ 1)atsp—1,c-1,4+1) =0, (3.6)

whenever a +3 < n+ 1. Now, if a+3 <n+ 1 using that a + 3(b+c+d) =3n+9
and b+ 2c¢ + 3d = n + 1 we find that 20 + ¢ > n 4+ 10 meaning that we require
b > 0. Suppose that n = 3k, equation 3.6 can be applied iteratively to show that any
Qypqr can be expressed as a linear combination of asgy1pcq Where [ < 3k 41 and
3(b+c+d) = 6k+9. Similarly for n = 3k+1 and n = 3k+2 these can be expressed as
a linear combination of a2 cq and a4 3p c.q respectively, with 3(b+c+d) = 6k+12
and 3(b + ¢ + d) = 6k + 15 respectively also. Therefore the dimension of (M)
for say n = 3k is at most the number of solutions to 3(b+ ¢ + d) = 6k + 15 and
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b+ 2c + 3d = 3k + 1. Computing this dimension for each of these cases we find that
these again split into sub-cases depending on n mod 6. For n =6k 41, 0 < i <5,
the number of solutions is k + 1, hence dim (7(M)) < k + 1.

Now for N, we know that S® = K[S3y, 70,0, g], so N is generated by 33+v3059%
where a + 6b + 9¢ + 12d = 3n + 9, as elements of N are homogeneous of degree
3n+9 and p-degree 2b+ 3¢ + 6d = n + 1. Counting the number of solutions to these
equations we find again that these split mod 6, with (k + 1)(k + 2) solutions for
n=06k+1i,i€{0,1,2,4} and 1(k + 2)(k + 3) solutions for n = 6k + 3, 6k + 5.

Consider the case n = 6k, the general solution for these equations is (a,b,c,d) =
(6y,3k — 32,1+ 22 — 2y,y) with 0 < y < 2 < k integers. But, since 7§ + 62 = 2%,

we obtain, for example, that 7g*8y + 75" 353

= 2593736,g. Using this relation we
find that all solutions with y # 0 can be written as a linear combination of solutions
with y = 0, thus reducing the number of solutions to k£ 4+ 1. The same argument for
other values of n mod 6 reduces the number of solutions to k + 1 for n = 6k + 1,
i€{0,1,2,4} and k + 2 for n = 6k + 3,6k + 5. Returning to n = 6k, we show that

m(N) has dimension k + 1. Let
n, = (22%t — §%)* (3% — 32%st + )P 0 < p <k,
and consider

(—1)P7(np) [i—0mes/s = T (86k76p(x68 + 83)1+2p)

(9 . :
= (Z ( Zp> $6286k+3—21) ‘
1=0

Now since n + 1 = 6k + 1, m removes all monomial terms of z-degree > 6k + 1, we
therefore find

min(2p,k) 2]) ‘ .
(_ 1)p7r(np) |t:0,u:s/3 = Z ( ) ) x6186k+3721.
i=0 ¢

So the linear independence of the m(n,) follows once we show that

det <<2p>> # 0.
v) ) o<ip<k

But this is a special case of Corollary 2 of Gessel and Viennot’s article [20, p.301],
with a; = 2¢ and b; =i for + = 0,1,..., k. The cases for n = 6k + 1,6k + 2,6k + 4

follow similarly. In the case of n = 6k 4 5, we let

n, = (203 — s2)3 A (30y — 3a8st + s4*, 0<p<k+1,
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again we consider

(=1)P7(np)lt=ou=sss = (86k+8_6p(m6s + 33)2p)

(9 . .
=7 (Z ( Zp> $6186k+821) .
i=0

Now n 4+ 1 = 6k + 6, and hence 7 removes all monomial terms of x-degree > 6k + 6,
SO
min(2p,k) 2p . '
(—1)p7r(np)|t:0,u=s/3 = Z ( : >$6z86k+8—21‘
i=0 v
Considering only the first £ + 1 terms, as above, we find these 7(n,) are lin-
early independent by Gessel and Viennot’s result. Using that 7(N) C 7(M),
and dim(7(M)) < k + 1, we conclude that 7(N) = 7(M). O

Remark. Note that the choice of the e(()n) s not unique in general. However, given
say b(()") and some l;(()n), we must have D(bé") — Bg”)) = 0. As both are chosen to
be homogeneous with respect to our gradings, they must differ by an element of
SAN Stan+1m)- This vector space is non-empty precisely when n = 6k, with basis xgk
in this case. Since b(()o) = x, we observe that the b((]n) are unique for n < 5. For c(()n)

and d[()n), we find that these are unique for n < 3 and n < 2 respectively.

3.5.2 A GENERATING SET FOR RP

Lemma 3.5.7. The set of invariants

S = {g7ﬁn7’7na5n| nc N}7

generates RP.

Proof. We prove this by induction on n, the degree of v. Namely we show that the

set
Sn = {g7ﬁm77m75m| m < TL},

generates A, = {f € RP|deg,(f) < n}.

When n = 0, we are considering the elements of v-degree 0, but these are the
invariants in K[z, s,t,u] = S where D|s = A, and we know S? is generated by
Bos Y0, 00 and g, which is just Sg. Now suppose that Ay is generated by Sy for all

k <n—1,and let f € RP be an invariant whose terms have v-degree at most n.
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Without loss of generality we may assume that f is homogeneous with respect to

our G,,-grading and that
f = anvn + an—lvn_l + -+ ap,
with a; € K[z, s,t,u] for all i, and a, # 0. Now D(f) = 0, meaning that

D(f) = D(anv"™ + an1v" "' + -+ + a)
= D(a,)v" + nz?a, vt + D(ap_1v" 4 -+ +ag) = 0.

Now comparing v-degrees, we see that we must have D(a,) = 0, but a,, € K[z, s,t, u]

and so a, € S® which is generated by g, 8,70 and &y. So we may write

an = Bopr + Yop2 + dops + Agh,

for some p1, pa, p3 € K[Bo, 70,0, 9], A € K and k > 0. But if we define

G = Bnpl + P2 + 5np37

then D(G) = 0 and G is generated by S, as 5y, Vn, 0n € S, and py, pa, p3 € Sp C Sy.
We also have D(G — f) = 0, where

G—f=M"V"+bp 0" 4+

We show that no such invariant can exist unless A = 0, in which case each term
of G — f has v-degree at most n — 1 and therefore must be generated by S,,_1 by
induction. We can then conclude that f is generated by S, proving the result.

If A # 0 then we can take A = 1 by re-scaling and our task reduces to showing

that there is no invariant of the form
h = g"v" 4 by 0" 4 - by,
To do this we consider

D(h) =D(g"w™ + (nz*g* + D(b,_1))o" ' + (n — 1)a?b,_j0" 2
+ D(bp_gv" 24+ + by).
Considering the terms of v-degree n — 1 we see that, to have D(h) = 0, we require

that D(b,_1) = A(b,_1) = —na?g*. In other words, we require that —na?g* € A(S).
We show that this is not the case for all & € N by use of Lemma 3.5.5, the
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image membership algorithm. By choosing our local slice to be p = s € R, with

d = A(s) = 23, we compute the Grobner basis of the ideal

J = (yl — Bo, y2 — Y0, Y3 — o, Ya — g, 303)7

with the lexicographic monomial ordering chosen so that u >t > s>z >y, > y3 >
Yo > y1. Using computational software such as Maple, we are able to find that our

Grobner basis is then
G = (3, ys+v3, =1, SY2+Ys, SYs—Ya, > +Ya, 6ysu—3yst® —yss, 6ysu+3yat® —d).

Now, since A(z%g) = 0, we find that b = x7'g"s and hence in the notation of
Lemma 3.5.5 we have ¢ = 2%¢*s. The normal form of ¢ with respect to this
basis is § = y2y¥s ¢ K[y1, ¥, y3, 4], therefore by the image membership algorithm,
12g* ¢ A(S) for all k € N. O

3.5.3 COMPUTING A SAGBI-BASIS

Now we will show that the set S forms a SAGBI-basis for our invariant ring R%. We
follow a method similar to that used in [25, § 3], where a SAGBI-basis for Roberts’
counterexample is computed. We recall from Definition 3.5.3 that for a subalgebra
R, a SAGBI-basis of R is a subset S C R which satisfies Lyy(R) = Ly (S), where
Laig(R) denotes the algebra generated by the leading monomials of the elements in

R. Note that for our chosen & we have
Lay(S) = K[zv", 2°t0", 2%uv™, 2% | n € N].

We set

b, = zv", ¢, = 22%0", d, = 3z%uv”, e := 9a%u>.

Also note that, as remarked above, since the e(()”) can be determined uniquely for
n < 2, for the invariants 3, v,, 0, we can write the terms of v-degree n,n — 1 and
n — 2. Namely, we have:

Bp = xv" —nsv" L +n(n — 1)x*t" 2 + Lo.t,

Yo = (223 — $2)v™ — n(—3z°u + 22st)v" ' + n(n — 1)(3zsu — 221?)v" 2 + Lo,

8, = (3x%u — 33t + s*)v" — n(3x°su + 42°t? — 2?5t )" !

—n(n —1)(3x7tu — 3z*s*u + xtst?) + l.o.t,
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where [.0.t. refers to terms of lower v-degree. Recall from the proof of Lemma 3.5.7:
Sy = 1{6i,7%,0i,9]0 <i < N}.
Let By be the subalgebra of R” generated by Sy for all N > 0.

Lemma 3.5.8. For all N > 0 the subalgebra Lyy(By) C R is generated by L, (Sn),
hence Sy is a SAGBI-basis of By for all N € N. As RP = Uy By, S is a SAGBI-

basis for RP.

Proof. Lag(Sny) = K[b;, ¢i,di,e| 0 < i < N|. The relations between the b;, ¢; and d;

are generated by

bncm — bn/Cm/ == O, bnbm - bn/bm/ == 0,
Cndm - Cn’dm/ = 07 CnCm — Cp/Cryy = 07

bndy, — bpydyy =0, dnd,, —dyd, =0,

where n,m,n’,m’ € N satisfy n +m = n’ +m’ < N. We also have the relations

involving e
6

dydy — € I b, = 0,

i=1
with n + m = Z?:l m; < N. The relations between the b;,c;,d; and e all arise
by noting that in any relation the terms must have equal v,t and u-degree and so
there must be an equal number of b;, ¢; and d; terms on either side in any relation
involving just these three families. The relations involving e arise from comparing x
and u-degree.

We now show that when substituting in the polynomials 3;,~;,d; and g, in the
relations above, the leading term of the result lies in Ly (Sxn). By considering the

first two terms of the (; and 7; and noting that m —m’ = n’ — n, we see that

LT(BnYm — B )
= LT((Z'U" —nsv"™ (223 — s*)v™ — m(—32°u + x*st)v™ )
— (2™ —n/sv™ Y (223 — )™ — m! (—3z°u + .’1728t)1}ml_1))
=LT ((2(71, —n)z’st — (' —n)s® + (m —m)a’st — 3(m — m’)xﬁu)anfm_l)
=LT ((m —m')(32%u — 3a3st 4 57 + 33)v”+m_1) .
So LT(BnYm — BuYm) = —3(m — m/)zSuv™™™ 1 = (m’ — m)dpim—1 € Lay(Sn),

in fact we have shown that the coefficient of v-degree n + m — 1 is precisely dy. Next
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we have

LT (Bobrs — BurSo)
- LT((M)” —nsv" N ((32%su — 3x3st + §°)u™ — m(z’su 4 42t — 225%™ )
— (zv"™ — n/sv™ ) ((32%u — 32 st + 7)™
—m/(2°su + 42°t* — x232t)vm'—1)>
= LT ((4<m —m)a®t* + (3n = 30"+ m' —m)a’s’t — (n' — n)s4)v"+m_1>
= LT (((m — m')(42°8 + 2®s°t — s*))um ).

Therefore LT(B3,0m — Bu0p) = 4(m — m') 252" ™1 = (m — m/)cocpym—1, and the

coefficient of v-degree n +m — 1 is precisely 73. By the same method, we find that
LT (Y0 — YorOmr) = (0’ — ) u®v™ 1 = (n/ — n)ebgbppm-1,

and the coefficient of v-degree n +m — 1 is precisely (n’ —n)S3g. Similarly we have
6
LT(6,0m — g H Bm,) = =82 0" = —cle,,
i=1

and the coefficient of v-degree n is precisely —v3. Note that this arises from the
relation 75 + 62 = 2%9. Now we require the first three terms of the 3;, v; and §; to
compute the remaining relations, as the terms of v-degree m +mn and m +n — 1 are
both zero. We find:

LT(Bnﬁm - 5n’6m’>
= LT((CL’U2 —nsv + n(n — 1)z°t) (xv* — msv + m(m — 1)2°t)
— (2v? — n'sv +n'(n — 1)z*tv) (zv® — m'sv +m/(m' — 1):v2t)vn+m_4)
=LT (((nm —n'm’)s* + (n(n — 1) +m(m — 1))9535215)1)”“”’2)

=LT (—(nm —n'm’)(22%t — 32)v”+m_2) : (3.7)

using that n? +m? — n2 — m? = —2(nm — n'm/), thus LT(B,.0m — BuBm) =

—(nm — n/m’)2x3tv" ™ 2 = —(nm — n'm’)c, 1 m_2 and the coefficient of v-degree
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n 4+ m — 2 is precisely —(nm — n'm’)yo.

LT (Yn¥m — o Yo'
= LT<(nm(x2$t —32%u)? — (n? —n+m? —m)) (223 — s)(3x*su — 22*t?)
—n'm/(z%st — 3z°u)?
+ (n? —n' +m”? —m)(22°t — s*)(3x su — 2x4t2))v"+m_2>
= LT(((nm —n'm/)(92'%? — 62" stu + x*s*t?)
+ (n* +m? —n* —m™?) (62" stu — 3z*su — 4271* + 2$452t2))vn+m_2)
=LT ((nm — n'm/)z* (925u? — 1823 stu + 653u + 833 — 352t2))v"+m’2) .
(3.8)
So LT (Y Yim — Y Ymr) = (nm —n/m/)92 04?0 ™™=2 = (nm — n'm’)eb3b, 1 m_o and we

have shown that the coefficient of v-degree n 4+ m — 2 of this expression is precisely

(nm — n'm’)Btg. Now finally we have

LT(0n0.m — 0y 0pmr)

= LT((nm — n'm")z* (223t — s*)(92%u* — 1823 stu + 65°u + 82°t° — 35*t?))v"T"2).
(3.9)

We conclude:
LT(6,00m — 0 6p) = (nm — n'm/) 92 3tuv™ ™2 = (nm — n'm)bicoebn ym_2,

and we have shown that the coefficient of v-degree n + m — 2 of this expression is
precisely (nm —n'm’)33709.

Since Sy generates By, and any combination of elements in Sy yields an element
whose leading term lies in Ly,(Sy), we conclude that Sy is a SAGBI-basis for
By. O

3.6 THE FINITE GENERATION IDEAL

We maintain our notation for By and Sy introduced in the previous section. Our

aim in this section will be to prove the following:
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Theorem 3.6.1. The finite generation ideal, fgp, is the radical of the ideal of

RP generated by Bo,vo and So; that is, fro = \/(Bo, Y0, 00)RP. Additionally, G =
{Bi, Vi, 0: |i > 0} C fro satisfies L(G) C L(fgp).

To prove the theorem, we first prove the following lemma and proposition,
analogues of results proven in Dufresne and Kraft’s paper [10, p.21] in order to
compute the finite generation ideal of Roberts’ example. For subalgebras S; C Sy C
R, we define the conductor as [Sy: Sa] := {s € Sy |sSs C S1}.

Lemma 3.6.2. Fix an integer N € N:
1. If f € RP and deg,(f) < N, then f € By.

2. (60770760)BN+1 C BN
5. [Bn: Bn+1] N By = (o, 0, d0) Bo-

Proof. If deg,(f) = 0, then D(f) = A(f) = 0 so f € S® which is generated by
Bo, V0,00 and g. But By = K[Sy] where Sy = {50, 70,0, 9}, so f € By. Suppose
that this result holds for all f € RP with deg,(f) < k. Now suppose that f € R”
and deg,(f) = k+ 1, then LT(f) is a monomial in L, (S) of v-degree k + 1, and
hence there is some f € Byyy with LT(f) = LT(f). But deg,(f — f) < k+1, so
f — f € By, C By by induction. Hence

f:f+(f_f)€Bk+1-

This proves part 1.
For part 2, let ny € {Bo, Y0, } and consider nyBy,1. Since g, f;,7;,d; € By for
0 <i < N we need only show that 798n+1, M0 YN+1,M00n+1 € By. Let LT (o) = ep.

Now
LT(nofn+1) = eobny1 = erby, deg,(nofSnt1 — mPBn)

<N,
LT (noyn+1) = €ocnt1 = e1cn,  deg,(noyn+1 — myn) < N,
LT(nodn+1) = eodni1 = erdn, deg,(nodn+1 —mdn) < N.

Applying part 1 of this lemma in each case gives us that:

NoBn+1 = mPn + (MoBn+1 — MmPN) € B,
NoYN+1 = ThYN + (Mo Yn+1 — hYn) € B,
NoOn+1 = MON + (Modn+1 — mon) € By.

This proves part 2.
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Finally for part 3, note that if f € [Bx: Bn11]N By, then fBni1, fyn+1, fOni1 €
Bpy. Therefore all three of LT(f)zo¥ Tt LT(f)22%t0™ ! and LT(f)3z%u are elements
of Lay(By) which must each have at least two factors of the form b;, ¢;, d; for some
0 <i < N. Now LT(f), as a monomial in Lg,,(Sy) must therefore contain a factor
bo, co or dy, call this eg. Then LT(f) = eoLT(f) for some f € By, giving f —eof < f
and our result follows by induction since we have shown [y, Yo, 0o € [Bn, Byy1] in
part 2. ]

Proposition 3.6.3. Let f € RP be a homogeneous invariant with f # g for any
k € N. Then f € \/(Bo, Y0, 00)RP, and hence B;, i, 0; € v/(Bo, Y0, 00)RP for alli € N.
Furthermore, 4/ (B0, 70, 00) R is generated by {Bi, Vi, 6i fien, with RD/ (8o, 70, do) RP

a polynomial ring in one variable.

To prove this result, we begin by first showing that g & /(5o Y0, o) RP. Suppose
that

gk = Bop1 + Yop2 + dops,

for some k € N. We have deg(g*) = 12k and p(g*) = 6k. Now we may suppose that
p1 € RP is homogeneous, with degree 12k — 1 and p-degree 6k; but there is simply
no invariant in R” which has both this corresponding degree and p-degree. This
same argument holds for the degrees and p-degrees of both p, and p3. Therefore
(8o, Y0, 00)RP as claimed.

We focus now on showing that f;,7; and d; € /(Bo, Y0, 00)RP. Since doing so for
B; requires showing that 7; € +/(5o, V0, 00) RP we start with ;. We use the equation
3.8 from Lemma 3.5.8 to examine the expression 7;7y; — vi7;.. The v-degree 0 part
of this expression is c(()i)c(()j ) c((f/)c(()j ) Our goal will be to construct an invariant, &,
which has the same v-degree 0 terms. In doing so we observe that v;v; — vy — &
is an invariant with no v-degree 0 terms, therefore ~,v; — vy — & = vp and
D(vp) = 2%+ vD(u) = 0. Comparing the v-degree 0 terms of this expression, we
find that p has no terms of v-degree 0, and hence v;v; — vy — £ has no terms of
v-degree 1. Continuing in this way, we see that we must conclude ~;y; — vy = €.
If we can show that & € (SBo,70,00)RP for all 7,5, then we have in particular
(73)? = Y072 + € € (Bos0,00)RP, giving v, € v (Bo, 70, 60) RP as required. In the
following, we let C be the vector space whose basis is given by finite combinations of
bo ,co ,do and g. Recall bo ,co ,d are the v-degree 0 components of 3;,~; and §;

respectively.
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Lemma 3.6.4. Fizn € N, wzth n > 2, then el — ) = —)\Zi,x?’gb(()”_z)
r(n,i,i), where r(n,i,i') = b ‘hy + C(O)h + d(()o)hg, h; € C fori = 1,2,3, and
A== =745, j=n—1i,j/=n—1.

Proof. We prove this result by induction. First, for n = 2 we have
2
0(0)682) - (C(()l)> = 1227 stu — 62°s%u — 82"t + 4a*s*? — 92'0u? + 627 stu — ' 5%t
= —92'%? + 182" stu — 62" s3u — 8x"t> 4 3z s*t?
=2'g.

We also note that, as can be seen from equation 3.8, the coefficient of v-degree n — 2
in the expression v;v; — viy; 18 precisely A7, Bag.

Now, suppose that the result holds for all pairs ¢, j with ¢ + j = n, we consider

D(c((fﬂ)cgj) _ C((]i’—l—l)céj’))
= -2 ((Z + 1)06)0((3) +]C(Z+1) U=1) — (' + 1)661")683') j c((f +1)Céj’—1))
= —z? ((z +1) (C(()i)c(()ﬂ _ c(()i’)c(()j’)) . i)q()i’)c(()j’)

) -

i+1 1
+j((+)(()J )

i = J)eo
= (6 1) () — ) 5 (G — eIy
— (i —1) (cé )c(()] ) c(()iurl)céj/_l)) >
= —g? ((z +1) ()\" g+ r(n,i,i ))
—I—j(/\lHZH:cgb +fr(n z+1z+1))
—(i’—i)()\uﬂxgb 4 r(n, 7, z+1))>
= —a (55395(()”2) ((2 + DAL 4 N o — (= i))\?',i'ﬂ) + (i + Dr(n,i,7)

dgrngi+ 1+ 1) = (@ = (7 + 1))

“’“)cgj’—”)

- _“"62((” — DA 2®gbg ™ A (i Dr(n,i, ) + r(ni 4+ 1,4 + 1)
— (= i)r(n, @i + 1)).

If either i = n or i = n we instead obtain either (i' + 1)r(n,n,i) + j'r(n,n,i + 1)
r (i + )r(n,i,n) + jr(n,i + 1,n) in place of the other r(n,a,b). For all n > 2,
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and all a,b we claim that there is some R(n + 1,a,b) = béO)Hl + C[()O)HQ + ng)Hg;,

H; € C for i = 1,2,3 with D(R(n + 1,a,b)) = —2?r(n,a,b). Let Cy C C be

the vector space whose basis is given by finite combinations e(()al) x ~e(()a’“)

¥ L a; = N and each e appearing is one of b, ¢ or d, not necessarily all the same.

, where

Consider a term of r(n, a, b), by which we mean an element of the form Aelh, with
AeK, h=el™...el™ gl e Cy. Note that the expression ¢ Vel — ol Dl g
homogeneous of degree 2n + 14 and p-degree n + 5, so h # 0 for n > 2. Additionally
h # g' since this would give the degree of r(n,a,b) as deg(eo )+ 121, and p- degree
p(eg () ) 4+ 61 which cannot be 2n + 14 and n + 5 respectlvely for any choice of eo .
We write h = g'h’, where b/ € Cy for some N. Since A(eo ) = —:UQNe(()N_l) we can

consider A as a linear map
A CN+1 — .%'QCN.

We now show that A is surjective, in which case we can find H € Cy; such that
D(H) = —2?h, and D()\e(()o)H) = —A22e{"’h. Repeating this process for all terms
of r(n,a,b) then gives us R(n + 1,a,b). To show A is surjective it is sufficient to
show that for all f = 22e{™ ... e{™) € 22Cy, we have f € A(Cn.1). We describe
the process of constructing an element F' with A(F) = f.

Firstly we let

L@+ ()
F = - 1 . k
! aq -+ 16 60 ’

then A(F}) = f+ Gy, where all terms of Gy are of the form —z2Ae{™ ! . {2 ... c{0¥)
with A € K, ZfZQ b, =N —a; — 1. Now set

F2 :Fl‘i_zfie (a1+2) (()b2)~"€(()bk)‘

Note that A (e a1+2) e(()bQ) : eéb’“)) contains precisely one term of the form eéalﬂ)
e ... e The remaining terms are of the form el - el ... el where
ZfZQ ¢; = N —a; — 2. Since this is the case we can choose k appearing in F5 so that
A(F;) contains no terms of the form el et e Continuing in this way we
find

D(Fy—qy—1) = f +wef™ D eV )
where w € K. Finally we define Fy_,, := Fn_q,-1 + —eéalJr k) 660) e e(()o) and

observe that D(Fy_,,) = f as required.
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Having constructed R(n + 1,a,b) for all n,a and b we note that

D(df*”céj) - Céi/+1)céj/) B )\?fl{iurl%?’gbén_l) i+ DR+ 1,i,7)

—jR(n+1,i+1,i'+1)+(i’—i)R(n+1,z”,i’+1)) 0.

Therefore this expression is an invariant of degree 2n + 14 and p-degree n + 5. If we

consider all homogeneous invariants with such degree and p-degree we find:

n SAN S(2n+14,n+5)

6! 0

60+ 1| {\zg" | ) e K}

6l+2|0

60 + 3 | {\x2(22%t — s?) gt |\ € K}

60 + 4 | {\z(32%u — 3z3st + s%)g! T |\ € K}
60 + 5| {\(22%t — s?)2¢* | XN € K}

Note that all of these elements are of the form b(()o)hl + C(()O)hQ + d((]o)h;;, with h; € C

for all 7. Thus we can write

e Ve — e el = X g — (i 4+ DR+ 1,0,1)

—JjRn+1,i+1,i+1)— (' —i)R(n+ 1,74 + 1) = up,
with p € Kand p € S2 N S(ont+14,n+5)- By setting
r(n+1,0,4) =ML 22l = i+ DR+ 1,i,7)
—jRn+1,i+ 1,7 +1) = (' —)R(n+ 1,7, + 1) — up,

then r(n 4+ 1,4,4') is of the form b(()o)hl + C(()O)hQ + d(()o)hg, h; € C fori=1,2,3 and we

obtain the required result. O

Now using this proof we consider the following expression

(1)* = Y20 — Aan’gB2n—2 — T(2n,m, 2n),
where T'(n,a,b) € RP is defined by replacing every eék) in r(n,a,b) by the corre-

)

sponding 7, € RP which has e(()k as its v-degree zero term. From this and the

observation made above we see that

()% = Y2nY0 + A2o,2°gBon—2 + T(2n,n,2n) € (Bo, 70, 00) R”.

We now prove a similar result for d,,.
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Lemma 3.6.5. Fizn € N, with n > 2, then ddy’ — d{"dy" = APy (223t —
2)ga(n72) +7r(n,i,i"), where r(n,i,i') = b((]o)hl +c(()0)h2+d(()0)h3, h; € C fori=1,2,3,
and A}y = —(ij —i'j'), j=n—1i,j =n—1i.

Proof. Firstly for n = 2, we have
déo)dé (d(1)> ot (223t — s%)g.
Now suppose that the formula holds for all pairs ¢« + j = n, we have
D (ddg) — df ag")
— ((n — DAL 22 (223 — %) gal ™ + (i V)r(n, i, 1)
(i Li 1) — (= d)r(n, 4+ 1)).

If either i = n or i’ = n we instead obtain either (' + 1)r(n,n,i') + j'r(n,n,7 + 1)
or (i+ 1)r(n,i,n) + jr(n,i+ 1,n) in place of the other r(n,a,b). As before we show
that there is some R(n + 1,a,b) with D(R(n + 1,a,b)) = r(n,a,b) for all a,b < n.
Let Ae’h be a term of r(n,a,b), A € K, h € I and e € {b,c,d}. Note that the

z+1)d 7) d i +1)d(() 3"

expression d is homogeneous of degree 2n + 20 and p-degree

n+7,s0h#0forn >2 Nowh # g* for some k € N since deg(e((]o)) + 12k and

pley”)
can write h = fo B for some f € {b,c,d},l € N and proceed as described in the

+ 6k cannot be 2n 4 20 and n + 7 for any choice of 60 or k. Therefore we

proof of Lemma 3.6.4. Now since
D(d GHAP —d§VdG) - aerL e 2a%t — 2 ghS Y — (i 4+ DR(n + 1,4,4)
—JRn+1,i+1,i+1)+ (' —i)R(n+ 1, + 1)) =0,

this expression is then an invariant of degree 2n + 20 and p-degree n+ 7. Considering

all such elements we find:

n SA N S(2n+207n+7)

6l 0

60+ 1 | {\z*(22%t — s?)g! T |\ e K}

60 + 2 | {\23(325u — 3a3st + s3) g | X € K}

60 + 3 | {22223t — s?)2¢g"T |\ € K}

60 + 4 | { z(22%t — s?)(325u — 3x3st + s3) g |\ € K}

60+ 5 | {223t — s?)3g"T! + p(3a25u — 323st + s3)2¢!T1 |\ u € K}
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Note that all such elements are of the form béo)hl + Céo)hg + déo)hg, h; € C. If we let

dy ™V dy) — i VA L 2B (2% — s2)gbS Y — (i + DR(n + 1,4,7)
—JRn+1,i+ 1,7 +1)+ (@' —i)R(n+ 1,77+ 1) = up,

with p € K and p € S2 N S(2n+14,n+5), by setting

r(n41,4,4) = A 27 (22% — s g™ — (i + D)R(n+ 1,4,

then r(n + 1,4,4) is of the form b(()o)hl + C(()O)hg + déo)hg, h;i € C fori=1,2,3, and

we obtain the required result. O

Now as before by using this proof we consider the following expression

(5”)2 — Oonly — A2 x3(2x3t — sz)gﬁgn_g —T(2n,n,2n),

n,2n
where T'(n,a,b) € RP is defined by replacing every e(()k) in r(n,a,b) by the corre-

sponding 7, € R which has e(()k) as its v-degree zero term. From this we see that

the expression above has no v-degree 0 terms, and therefore the whole expression

must be zero. Thus we have that (6,)? € (80,7, %) R”. Now all that remains is to
show that f3,, € 1/ (5o, Y0, 00) RP. Firstly, we proceed as we have before for v, and d,,:

Lemma 3.6.6. Fizn € N, withn > 2, then b((]i)b(()j) - b((fl)b(()j/) = )\f’i/c(()kd) +7r(n,i,1),
where

AN A () (0) (0) , - N (54 _ g4t
r(n,i,4") = by hi +cy hy +dy hs, hy € C fori=1,2,3, and N}, = —(ij —1'j'),

j=n—1,j =n-—17.
Proof. Firstly note that for n = 2
() — B0 = 2 — 20t = .
Now assuming that the result holds for all pairs 7 + j = n, we compute
D (I — V)
_ —x2<(n DN D 4 (i (0, 7)

+jr(n i+ 1,8 +1) — (i — i)r(n, i',7 + 1)).
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If either i = n or i’ = n we instead obtain either (' + 1)r(n,n,i') + j'r(n,n,7 + 1)
or (i + 1)r(n,i,n) + jr(n,i+ 1,n) in place of the other r(n, a,b). As before we show
that there is some R(n + 1,a,b) with D(R(n + 1,a,b)) = r(n,a,b) for all a,b < n.
Let )\eéo)h be a term of r(n,a,b), A € K, h € I and e € {b,¢,d}. Note that the

b((fﬂ)b(()j ) _ bglﬂ)bgj D is homogeneous of degree 2n + 3 and p-degree n + 1.

expression
Therefore h # 0 for n > 2, and h # ¢* for some k € N as deg(eéo)) + 12k and
p(e(()o)) + 6k cannot be 2n + 3 and n + 1 for any choice of e(()o) or k. Therefore we can
write h = fél)h’ for some f € {b,c,d} and [ € N, we can then proceed as described

in the proof of Lemma 3.6.4. Now since
D(B™8 — b 0N = Nl = G+ DR+ 1,4,7)
R +1,i+1,d + 1)+ (@ —)R(n+1,i,7 + 1)) —0,

this expression is then an invariant of degree 2n + 3 and p-degree n + 1. Considering

all such elements we find:

n SAN S(on+3n+1)

6l 0

60+ 1| {\22% — s¥)g' |\ € K}
604+210

6l+3|0

6/+410

60+ 5 | {\z?g""t |\ € K}

Note that all such elements are of the form b(()o)hl + c(()o)hQ + d(()o)hg, h; € C, and so if

we let

by b — b5 b A et = (i DR+ 1,6, 7)
—jRn+1,i+ 1,7 +1)+ (@ —i)Rn+1,7,i +1) = up,

with € Kand p € S2 N S(on+14,n+5)- By setting

r(n+1,6,7) == Ao ™ = (i 4+ DR+ 1,4,7)
—JRn+1,i+ 1,/ +1)— (' —i)R(n+ 1,7, + 1) — up,

then r(n + 1,4,4) is of the form b(()o)hl + c(()o)hQ + d(()o)hg, h; € C for i =1,2,3, and

we obtain the required result. O
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Now as before by using this proof we consider the following expression

(67’1)2 - 6271/60 - )\377277,7271—2 - T(2TL, n, 2”),

where T'(n, a,b) € R is defined by replacing every e(()k) by the corresponding 7, € RP
which has egk) as its v-degree zero term. From this we see that the expression above
has its v-degree 0 term as 0, and therefore the whole expression must be zero, as
the expression is an invariant, and there is no invariant which is divisible by v. This
means we have

(671}2 = Banfo + /\?:,12”'7271_2 +T(2n,n,2n),

with both Bs,00, T'(2n,n,2n) € (Bo,Y0,00)R”. We then square our expression to

obtain
(571)4 = ()‘317,1271)2(7271—2)2 + b,

where p € (89,7, %) RP. Using our relations for the 7; calculated in Lemma 3.6.4

we then have

(Bn)" = ()\3:’12”)2 ((7271—2)2 - 727{70) +p+ (/\3:271)27%70-

Each term on the right-hand side is in (g, 70, d9)R” and hence we have (3,)* €
(Bo, Y0, 00)RP. This concludes our proof of Proposition 3.6.3 and we are finally able
to prove Theorem 3.6.1.

Proof of Theorem 3.0.1. First we remark that [y, 70,00 € fzrp since pl(D) C fgo.
Indeed, given d € pl(D), with d = D(p) we have D(5) = 1 and the morphism

p

d:AS—HG&a

is G4-equivariant. To see this, let z € Aj, and a € G, then as a- & = exp(aD) (§> =

E+4 a1 we have

o = ()= () rvamo (2) ).

Hence the affine open set A3 is a trivial G,-bundle, and A3/G, = Spec(K|z, s, t, u, v]$*).
Thus K[z, s,t,u,v]5* = (K[z, s,t,u,v]%), is finitely generated.

Additionally, since fzp is a radical ideal by [6, §2.2], we have /(5o, Y0, 00) RP C
frp. Now suppose that f € fzp. Note that RP = By + (8., %, 0n)nen R, so

we may assume that f € By. Since (RP); is finitely generated, we therefore
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have that (R”); = (By); for some N € N. Hence there is some k > 0 satisfy-
ing f*Bns1, [ st [FOni1 € By and f* € [By: Byi1] N By = (Bo,70,00)Bo C
(Bo, Y0, 60) RP by Lemma 3.6.2. Thus fzo = +/(Bo, Y0, d0) RP, completing the proof of
the first statement of Theorem 3.6.1.

It remains to show that L(G) C L(fzp). By Proposition 3.6.3 we know that
G = {0:,7:,0:|i > 0} generates the finite generation ideal. Note that the leading
monomials of these generators are the b, ¢, and d,,, n € N described in the proof of
Lemma 3.5.8. We have shown that applying the relations of these monomials to the
corresponding generators yields an element with a leading monomial lying in L(G).
Additionally, we have shown that applying the relations between the generators
corresponding to these leading monomials and e, the leading monomial of g, yields
an element with leading monomial lying in L(G). Any element in L(fzp) is obtained
as the leading monomial of some combination of elements in fzp and elements in
RP | which is generated by G U {g}. Since all such combinations yield an element
whose leading monomial lies in L(G), we conclude that L(G) C L(fzp). O



4

Maubach’s Conjecture

The goal of this chapter is to study an example of a locally nilpotent derivation
on a commutative K-domain constructed by Maubach and conjectured to be non-
finitely generated and thus a counterexample to Hilbert’s fourteenth problem. Our
aim, which we do not quite achieve, is to show this example is indeed non-finitely
generated. In the course of doing so we demonstrate how this example differs from
existing counterexamples, which prevents us from simply using the same methods
applied in those cases in order to show that it is not finitely generated. Furthermore,
we show how our approach here can be applied to other examples to show whether
or not they are finitely generated.

To try to accomplish this goal we build upon methods we developed in Chapter
3, namely use of a bi-degree in order to write the derivation as a series of linear maps
between vector spaces consisting of all bi-homogeneous elements of a given degree.
We then try to show that these linear maps are surjective whenever the dimension
of the domain is at least as large as the dimension of the codomain and injective
whenever the dimension of the codomain is at least as large as the dimension of the
domain. We then show that if this is the case, then there is an infinite sequence of
invariants which cannot be generated by any finite set of invariants which would
then allow us to conclude that this example must be a counterexample to Hilbert’s

fourteenth problem.

62
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4.1 MAUBACH’S EXAMPLE

As in previous chapters we suppose that K is an algebraically closed field of charac-
teristic zero. Set R = K[z, vy, z, u, w] and consider the locally nilpotent derivation
2 8

0 0 0

Our main goal in this chapter is to try to prove the following, conjectured by Maubach
in [27, §5]:

Conjecture 4.1.1. RP is not finitely generated.

We provide an almost complete proof of this result, with the completion of the
proof of Conjecture 4.1.6 being the only remaining hurdle.

This example bears a striking similarity to Daigle and Freudenburg’s counterex-
ample, with the exception of the first and final term of the derivation. As with all

locally nilpotent derivations, there is a corresponding G,-action on R defined by

eXp(OéD) ’ (l‘, Y, 2z, U, U})

L, L, 1 4
:(x7y+afcvz+ay+2@$,u+az+2ay—|—6aa:,

1 1
w+ au® + o’zu + §a3(yu + 2%) + Eo/l(xu + 3yz)

1 5 2 ]' 6 1 2)
— 4 3 — — .
+60a (4rz + y)—|—36a xy—|—252x

Note that the derivation D commutes with the following G,,-action:
A (z,s,t,u,0) = (A2, Ay, A2, A u, A w). (4.2)

This action yields a grading x on R with k(z) = k(y) = k(2) = k(u) = 1 and
k(w) = 2. The p-grading induced by the derivation yields

For f € R, the bi-degree of f is deg(f) := (a,b), where a = k(f) and b = p(f).
We write R = {f € R, | deg(f) = (a,b), f is bi-homogeneous} U {0}. Note that
R.p) is a vector space over K with basis given by the monomials of degree (a,b),
we set r,p 1= dim (R(mb)). Note that if f € R then D(f) € R(ap-1) S0 we can

realize our derivation D as a collection of linear maps D : Ry p) — R(ap-1)-
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Consider S := K[z, y, z,u] and
0 0 0
A:=Dlg=x— — —.
s x@y +y82 + “Bu
The notions of degree defined above restrict to S and so we may define S, in the
obvious way, and we let s, := dim (S(mb)). As with D we can realize A as a collection
of linear maps A : S(,p) — S(ap—1)- We note that A is the Weitzenbéck derivation,

and from Example 2.1.14 we know S* is finitely generated, with generators
‘1'7
v = 2xz — 1,
(4.3)
§ = 32%u — 3zyz + 1,
g := 92%u* — 18zyzu + 6y°u + S8xz* — 3y?22.

We note that
deg(z) = (1,0), deg(7) =(2,2), deg(d)=(3,3), deg(g)=(4,6).  (4.4)
Additionally, there is a relation between these generators:
7+ 6% = 2?g. (4.5)
For f € R(q) we define the map
my : Riap)y = Ratebrd)s

where m¢(g) := fg for all g € R(4p). This map is clearly injective as R is a domain,
similarly so when replacing R with S.

Note that for a monomial m = 27y 23 u/*w’ € R,y the j; must satisfy:

Ji1+J2+J3+Jja+2j5 =a,
Jo +2J3+ 354+ Tjs =0,

and hence 7, is the number of non-negative integer solutions to these equations.
Observe that for a,b € N and i < a/2,b/7 there is an injection m, : S(a—2ib—7i)
Rqp), the image consisting of all polynomials in R, which have w-degree precisely
1. Thus, for @ # j, My (S(a,zi,b,m) N Meyyi (S(Q,Qj,bqj)) = 0 and we can write

min(a/2,b/7)
Rapy= P my (S(a—Qi,b—7i)) :

1=0

SO
min(a/2,b/7)

Tab = Z Sa—2i,b—Ti-
=0
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4.1.1 THE STRUCTURE OF S(43)

Observe that for a monomial m = x/1y2273y/4 € S, deg(m) = (j1 + jo + J3 + Ja, jo +

273 + 374), in particular we have
J2 + 23+ 3j4 < 3(J1 + J2 + Js + Ja).

Hence S, ) = 0 whenever b > 3a. Fixing a, we compute s, for all k. Recall that
the monomials of bi-degree (a, k) form a basis for S, ), and so s, is the number
of these monomials. Observe that if a monomial m € S has bi-degree (c, k) with
¢ < a, then % “m is a monomial of bi-degree (a, k). Thus, to count the number of
monomials in S, ) we can count all monomials m = y’?27*u?* of bi-degree (c, b) with
0 < ¢ < a and then add them together. We write 7,4 to represent the sub-vector
space of S(a) spanned by the monomials of bi-degree (a,b) and j; = 0, that is:

T(a,b) = {Z /\mm € S(a,b) | deg(m) = (aa b)7 degm(m> = 0} : (46)

Note that when b > 0: .
Sap) = @mxk* (T(i,b)> :

we write ¢, = dim (T (a,b))- Naturally we obtain for b > 0:

Sak = D tip- (4.7)
i=0

We note that s,o = 1 for all a € N, as S, ) is spanned by the monomial z¢.

Consider T{, ), it consists of monomials m = y?z5u/* with

Jot+J3+Jja=a,
Jo +2j3+ 354 = k.

Rearranging, we obtain j3 4+ 274 = k — a and 2j5 + j3 = 3a — k allowing us to observe

that ¢, = 0 unless @ < k < 3a. Additionally we have a general solution to these

<3a_k—l,2l,k_a—l>,
2

equations

2
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where we require 0 < [ < min (%, 3‘12’ k) We observe then that

’f—a+2J 0 < k<2

i 2

Lok = ?>a—2k:—|—2J 2a < k < 3a (4.8)
0 otherwise

Note that this equation shows that t, = 44— for 0 < & < 2a. Indeed, there is a
bijection ¢ : T k) — T(a4a—k) Where (y"22u') = y'z2u",
We give ¢, for 1 <a <5, 0 <k <15 below.

01 1100000O0O0OOOO0OO0O®O0
00112110000O0O0O0O0O0
00011222 110000°O00O0
000011223221 1000
0o000O011223332211
Sqk for 1 <a <5and 0 <k <15 is then:
1111000O0O0O0O0OO0OO0OO0OO0@O
112221 1000000000
11233332110000°00
1123445 443211000
11234566 6 65 43211
Proposition 4.1.2. 1. Sqp = Sa,3a—b-

2. For 0 < b <3a/2, we have sqp > Sqp-1-

3. For 3a/2 < b < 3a, we have Sqp < Sqp-1-

Proof. For part 1, we consider ¢ : S — S defined on monomials by ¢(x"1y2z8u%) =
z'yz2u" . Note that ¢* = 1g, the identity on S. Now if zy"?2"u™ € Sy, we
have that

i1+i2+i3+i4:a,

ig + 2i3 + 314 = b.
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Observe that deg(z*y®z2u™) = (a, i3 + 2is + 371), and
Z3+222—|—321 :3(21 +22—|—23—|—Z4) — (22—|—223—|—3Z4) = 3a—b,

hence z'y® 22y € S(a,3a—b). Therefore ¢ defines a bijection between S, and
S(a,3a—b), Proving 1.

For parts 2 and 3 we induct on a, observing that these results hold for a = 1
and 2, as shown in the matrix above. Now suppose these results hold for a < n and

consider

Snt1b = Snt1,p—1 = Snp T tnt1p — Snp—1 + tnt1,p—1-

Focusing first on part 2, by equation 4.8 we have that when 0 < b < 3n/2, t,,, > t, -1,
and s, > Spp—1 by induction also and hence the result holds for 0 < b < 3n/2.
Now suppose that 3n/2 < b < 3(n + 1)/2, then by induction s, < s,;,-1 and
tnt1p = tht1p—1. We show that either:
1. Snp = Snp—1,
2. Spp=5np—1 —Land t,11p =tpy1p-1 + 1,
which yields the result in each case. Note b is one of (3n + 1)/2,(3n + 2)/2 or
3(n +1)/2. Suppose first that b = (3n 4+ 1)/2 in this case we have by part 1 that

since
3n—Bn+1)/2=0Bn-1)/2=0-1,

we find immediately that s, = s, 5—1 and the result holds.

Now when b = (3n + 2)/2, part 1 gives that s, = S,4-2, but now
Snp—2 = Sn—1p-2 +tnp-2, Snp-1= Sn—1p-1F tnp1,

and s,,_1 -2 > S,—1,—1 by induction. From equation 4.8 we note that ¢, 1 —t, -2 =
Oor 1. If either s,,—1p—92 > sp—1p—1 0T tpp—1—tnp—2 = 0, then s, ,_9 > s, 5,1 and hence
Snp—2 = Spp—1 and we are done. Otherwise, ¢, -1 —t,p—2 = 1 and s, +1 = 5,51,
however in this case from equation 4.8 we see that we must have ¢, 1 = tp115-1+1,
and hence s,41p = Sp11,5-1 as required.

Finally, when b = 3(n + 1)/2 we have s, = Spp—3 and s, 51 = Spp—2. But now
since

Snp—-3 = Sn—1-3 T+ tnp-3, Snp-2 = Sp—1p-2 F tnp2,

and by induction s,_14-3 > S,—15—2 We find that if either s,,_1,-3 > s,_14-2 Or

tnp—2 = tnp—3, We have s, 51 = Spp—2 = Spp—3 = Spp and we are done. So suppose
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tnp—2 =tnp—3+1and s,_1p-3 = Sp_1p—2, hence s, ,_2 = 5,3 + 1. But in this case
we again see from equation 4.8 that we must have t,,11, = t,41-1 + 1, and hence
Sn4+1,b = Sn+1,b—1-

For part 3, if 3(n+1)/2 < b < 3(n+ 1), then since we have shown 5,41 3mm+1)-5 <

Sp+1,3(n+1)—b+1 We immediately find that s,415 < 5,411 using part 1. O

Proposition 4.1.3. For all a,b € N we have:
1. If s4p > Sap—1, then A is surjective.

2. If sqp < Sap—1, then A is injective.

Proof. Recall that the kernel of A is known to be finitely generated by the four
elements x,7,d and g given in equation 4.3. These elements are bi-homogeneous,
and have bi-degrees (1,0),(2,2), (3,3) and (4,6) respectively. We also recall the
relation 4.5 between these generators, namely 72 + 6% = 22g. Up to an accounting
for this relation, the dimension of the kernel of D : S, ) — S(4—1) Will correspond
to the number of ways these generators can be combined so they have bi-degree
(a,b). Specifically, if f = 2%1y®2§%g% € S* and a; > 2,a4 > 1 we can write f as

f — xa1—27a2+36agga4—1 + xa1—27a25a3+29a4—17

so we need only count the number of ways these generators can be combined to
have bi-degree (a,b) with a4 kept minimal. In Proposition 4.1.2 we showed that
whenever 1 < b < 3a/2 we have s, > 5,51 and whenever 3a/2 < b < 3a we have

Sab = Sapt+1- Using 4.4, an element f = x*17*2§% g™ € S(%’b) has
deg(f) = (a1 + 2as + 3as + 4ay, 2a5 + 3as + 6ay). (4.9)

Note that 5 5
b= 2a3 + 3az + 6ay < §(a1+2a2—|—3a3+4a4) = ?a7

and so whenever 3a/2 < b < 3a A : Sy — Sgp—1) has no kernel and so is
injective.

To show the map is surjective whenever s, > 54,1, we compute s, — Sgp—1
and show that this is equal to the dimension of the kernel of A : S, 3y — Siap—1).-
To compute sq3 — S,p-1 We return to our construction of S, from (), namely
that

S(a,b) = émza—i (T(z‘,b)) .
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Note that
A(Tap) C Tiap—1) ® Ma(Tia-1p))-

Projection on to the second component is surjective: given a monomial z%y’z°u? €

Mg (T(a—1,p)) its image in Tqp—1) © My(T(a—1p)) is:

1
A(b " 1xa—1yb+1zcud>

C a1 b+2_c—1,d d a1 bl et d-1 a,b.c d)
= T 27U+ ——x A T A Ve Tl I8
<b+1 Y b+ 1 Y Y

hence t,, > t,—1—1 for all a,b. Using equation 4.8, we find that:

1 2n<m <3n
tn,m - tn—l,m—l =
0 otherwise

We note that 2n < m < 3n is equivalent to m/3 < n < m/2 and thus,

a

Sap — Sap—1 = Z(ti,b —tip-1)
i=0

= Z(ti,b —ticip—1) +top — tap-1
i=1

Bl

where we have used that since 0 < b < 3a/2, t,,-1 = max (0, VHS*HJ) by equation

4.8. In fact this formula holds in more generality, since

b—a+1| |3a—b+1
2 N 2 ’
this formula holds for all 0 < b < 3a. Note however that from Proposition 4.1.2

we have Sa,b — Sab-1 = _(Sa,3a—b+1 - Sa,?)a—b) and not _(Sa,Sa—b - Sa,3a—b—1)' Now

we compute the dimension of the kernel. As remarked previously S2 is generated
by z,7,d and g, elements of the kernel with degree (a,b) of the form z%~2§3 g%

satisfy equation 4.9. Suppose that b is even, then a solution to these equations is

b
)9
then both (ay + 2,9 — 3, a3, a4 + 1) and (ay, as — 3, a3 + 2, ) are also. Hence, a

given by (a — b, 2,0,0). Note that if (aq, ag, as, ay) is a solution to these equations;

general solution to these equations is

b
(a—b+2y,2—3x—3y,2x,y>.
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The dimension of the kernel will be the number of the positive integer solutions to
these equations, hence we require a — b + 2y > 0, g —3r—3y>0,xr>0and y > 0.
Additionally, since 22g = §% + > the solution (ay, as, a3, ay) is a linear combination
of (aq — 2,9 — 3, 3,4 — 1) and (o — 2, a9, a3 — 2,4 — 1) hence we need only

count the solutions where «; is minimal. The number of solutions is then

o) 7m0 557)

Now suppose that b is odd, a solution to these equations is (a — b, %, 1,0) and the

general solution is given by
b—3
a—b+2y,7—3x—3y,1+2x,y .
The number of solutions in this case then is

e R Ul

Now we show that in all cases the number of these solutions corresponds exactly to

Sab — Sap—1- First, observe that P"Tﬂ = VHITHJ and a quick computation shows

that
b b even
5 Vi
bl_(ol 2]
2 3] -
_J b odd
6
thus completing the proof. O

Now we would like to prove a version of this result for R, ), as doing so would
allow us to determine the dimension of R@,b) simply by computing 7., — 74p—1.

Before we do so we first prove the following:
Proposition 4.1.4. Suppose 0 < b < 37“, then the map

D% S(asa—t) — S(ap)s
is a bijection.

Proof. By Proposition 4.1.2 we have that s,;, = S434—5. In order to prove this
proposition we first observe that if f € S@k), then f € D3=2¢(S). To start, observe
that
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1. D*(u) = D*(z) = D(y) = z, with u € S(1 3,
2. D*(3yu — 22%) = D(3zu — yz) = 2zz — y* = v, with 7 := 3yu — 22% € S,
3. D¥(=3azu?+3yzu—32°) = D*(=3wzu+3y*u—yz?) = D(Buyu—4wz> +y°z) =
32%u — 3zyz + 8, with 6 := —3zu? + 3yzu — 32° € S(z).
Since x, 6,7 and ¢ generate S, we can assume without loss of generality that f is
of the form
f= a2t g,

where 11 + 2iy + 3i3 + 414 = a, 2iy + 3ig + 614 = k and A € K*. We then define

= g,
and note that D3 2*(f) = u)\f, where u € K*, hence f € D3272%(S).
Now, suppose there are linearly independent invariants fi, ..., f, € S2, of the
form
fi=ahyot g,
where deg(f;) = (a,k;) and k; < b for all . Then D3 *i=b(f;) € Si, ) \ {0} for all 4.
These must be linearly independent since otherwise we would have without loss of

generality

D3a—k1—b(?1) = zn: )\Z'DSa_ki_b<?i)‘

=2

Hence

fi = DR (F,) = Y ADM(E),
=2

and since D(f;) = 0 we must have for the nonzero ); that D3=2%1(f,) = f;. But
then we have a contradiction since the f; are assumed to be linearly independent.
Recall from Proposition 4.1.2, we have for 0 < b < 3a/2 that s, > Sup-1,

therefore we must have ,
A
Sa,b = Z Sav'”
i=0

where s2; > 0 for all 4. Thus, there are s, invariants {f1,..., fs,,} C S which are
of the form f; = 2"4"% g, which together generate Sg ) for all 0 < k < b and the
set

{D3“—P<fi>—b € Sapli=1,..., sa,b} :

forms a basis for S(,;), consisting entirely of elements in D3=2(8), proving the
result. O
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Remark. The basis constructed in the proof above makes it very clear when an

element is in the image. For f € Si,p), we can write
f =30 D" (gt gt )
i=1

then f € D™k (Q)\ pmini(ki)+1(S)  However this choice of basis does not respect

multiplication very well, for example

1
D) -u=yu = (D*(u’) +7) € Se.

Proposition 4.1.5. Suppose R is a K-domain, and 6 a locally nilpotent derivation
on R. Suppose that o, 3 € R satisfy 6" *(a) # 0, *(a) = 0 and 8 € §**1(R) then
we have aff € D(R).

Proof. Suppose that i, ..., By € R satisfy §(5;) = S;—1, and 6(f1) = 8. Then
0 (aBy = 6(a)Ba+ 0%(a)Bs + -+ + (=1) 10" (@) B) = B,

as required. O

Having 8 € §*(R) is not a necessary condition to have a8 € §(R), for example
zu =D (%uQ) but z ¢ D*(S) and u ¢ D3(S). To obtain a version of Proposition
4.1.3 for R a better understanding of when a5 € D(S) is required. As a special case,
it is clear that when o = u%175925"3 g ¢ D(S) and B = ubn 725" gbu ¢ D(S),
then their product, a5 ¢ D(S). However, it is not true in general that if a, § ¢ D(S)
then a8 ¢ D(S). For example, if « =7 — 9D?(u?)), 8 =0 ¢ D(9),

1

af = 8?D(u“f) —5D*(u®0) = D (1??1w2 - 5D(u25)> € D(9).

As remarked previously, we would like to have a version of Proposition 4.1.3 for R,
however the proof we have of this result is incomplete. Thus instead we state the
result as a conjecture, provide an incomplete proof and outline the remaining steps

required to complete it
Conjecture 4.1.6. For all a,b € N we have:
1. If rop > 7qp—1, then D is surjective.

2. If rop < rap1, then D is injective.
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We begin our incomplete proof as follows: First, recall that

b/7
R(a,b) = @ mwi<5(a—2i,b—7i)>7
i=0

and note that we can restrict D to the map

n n
D Py = D i (S(a-2ip-70)) — Plop-1) = P m (S(a—Qi,b—l—n')) ;
i=0 i=0
We write P(Z’f) to mean the kernel of D restricted to P, . Additionally, we let
Pyyp = dim (P(Z,b)> and, by slight abuse of notation, we write pZ:If) ‘= Dap — Pap-1
and refer to this as the difference of Py For added convenience, we shall do the
same for sf:b and rgb. We prove the result by induction on n, showing that D is
surjective whenever py , > py,, ; and injective whenever py, < p;, ;. We note that

this result is equivalent to showing
dim (P(Zf)) = max{0, pi ,

By Proposition 4.1.3 and the observation that P&b) = S(a,p) We note this result holds
when n = 0. Suppose the result holds for all £ < n — 1, and suppose first that
p’(:bl)’D > 1. Note that

Ploy = Pioz) @ mur (Sa-zmo-rm)

Observe that b < 3a/2, implies that b — 7 < 3(a — 2)/2 , hence if s, > 5451 We
must have s,_gp-7 > Sq_25-5. Since p?afbl)’D > 1, and P(’;;ﬁ = @I My (S(afZi,bfﬁ))
we must have s, 2542 p-7n17 > Sa—2n+2b—7n+6 and hence s, oy p—7n > Sa—2nb—7n—1-

Let g1,..., 9k € S(a—2np—7n) generate S(%f2n,b77n)' Consider gu?w™ ! € P@;{l),
since D P(’fl_b; — P(’;El_l) is surjective by induction, there is some h; € P(’Z_b;
with D(h;) = gu*w"!. Therefore, D(g;w™ — h;) = 0 for all ¢ = 1,...,k, where
giw" — h; € P, ;). Now any invariant 3 € P(’;’f) with deg, () = n can be written as
B = Bow" + fpaw" ' 4+ + fy and

D(B) = D(By)w" + (nu?B, + D(Bu1))w" " + -+ + 4By + D(fBp) = 0.

Therefore 3, € S(a—onp-m) has D(B,) = 0. Since the g; generate Sg_%’b_m),
invariants of w-degree n in Fj , are the K-linear span of the g;w" — h;, so we
conclude in this case

dim (P(Z’f

)) A n—1,D

_ —_— n7D
- Sa—?n,b—?n + pa,b - pa,b )
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as required.

nlD

Now suppose that Pl < 0, which implies sa » < 0. We note that for there to

be some invariant f € P(a’b) it is necessary that to have p?a_12€_7) > 0. Indeed, if
= frw" + faw™” ot o€ Pzg

then by re-scaling the coefficients we can construct

—1
fl = fnwnil + i

fnflwn72 + -+ fl PZ 125 7)

If pZ:Qlf_ 7 < 0 then

n,D _  n—1,D A
max(()?pa,b = Do 2,b— 7+Sab) 07

satisfying the conditions of the result. Now, given some g = g,_qw™ ' +---+ gy €
P@:é’f_ﬂ, we construct
w" + (_1)n72 wn—2 Lo dgw € pn

-1 T Gn—1 Yo (a.b)?
where D(h) = gou® € S(ap-1). If gou* € D(S(ap)) with D(r) = gou® then D(h—r) = 0
and we say that the invariant ¢ lifts to an invariant in P&b).

Thus, in order to conclude the result we must show that if P(Z_—lif—?) is generated
by fi,..., fr and sf, » =1 <0 then precisely k + [ linearly independent combinations

of these invariants lift to invariants in P( b)- It is clear that at least k + [ invariants

lift to invariants in P(Z’f) so it remains to show that at most k -+ [ invariants can lift.

This concludes the portion of the proof that has been completed. At this point
we outline the remaining steps intended to complete the proof. First, suppose
that ri,..., 7 € S(a—24-7) are the w-degree 0 terms of fi,..., fi respectively. By
Prop051t10n 4.1.5, if the r; € D7(S(4—2)) for all i, then r;u? € D(S(4p) for all i. We
claim that in this case [ = 0, meaning A : S5 — S(ap—1) is surjective.

With this in hand, we suppose that the r; € D%(S(,y)) for all ¢ and r1,...,r, ¢
D7(S(qp)) whilst the remaining r; are. Let s; € S(a_24-1) satisfy D(s;) = r;, the
invariants fi,..., f, lift if and only if 2%s; € S(4p). Note that we have a commutative
diagram:

Sta—a2p) —2— Sta_2p-1)

me | [

Stat) —— S(a)
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and so if ¢; € S, p) satisfies D(¢;) = 2%s;, we must have 2 { ¢; for i = 1,...,p. Now
by construction

A A A
Sa,b - 8a72,b + ta,b + tafl,b7

and using 4.8 we find

1 a—1<b<2q—2
toy +la,=9-1 2a+1<3a+1

0 otherwise

Furthermore,
D Tiapy @ ma(Tta1)) — Ttap—1) ® Ma(Tia—1-1)) © Ma2(T(a—2-1))-

Combining this with the above observations, we obtain that there is at most one
combination of monomials in T4 5) @ Mg (T(a—1,)) Which is divisible by 2%, occurring
precisely when sffzyb = [ — 1. Therefore, either we have s,_2,-1 = [, in which case
p = —l and only r_;44,..., 7y lift, yielding k£ + [ invariants. Or, s,_9p1 =1 — 1,
p = —l+ 1 and only one combination of the ry, ... ,r_; . lift, as well as r_; o, . .., 1,
yielding k + [ invariants once again.

The proof is then completed by performing a similar argument when supposing
that all the r; € Dk(S(a,Zb,Hk)) for k=5,...,0, albeit with added complexity as

we cannot obtain a commutative diagram like we have for the k£ = 6 case.

4.2 INTEGRAL SEQUENCES

Let A C K[x1,...2,_1], and let d be a locally nilpotent derivation on A with A¢
finitely generated. Set B = A[x,] and extend d to B by setting d(x,) := h € A\d(A).
We have shown in Chapter 3 that the existence of a sequence (g;)¥_, C A with the
property that D(g;) = hg;—1 and D(go) = 0 is equivalent to the existence of an
invariant

g=gort + -+ gr17, + g1 € B,

Definition 4.2.1. We call such a sequence an integral sequence of length k, and go

the base of the sequence.
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Daigle and Freudenburg define a similar notion in [4], which we now note to
explain how ours differs: Suppose that A = ®;cnA; is an N-graded K-domain and
d: A — Ais a homogeneous locally nilpotent derivation. A sequence {a,}>2; of
nonzero homogeneous elements of AP with the property that there is some integer

p > 0, called the period, for which
Apip = Gy, forallm > 1,

shall be called a kernel sequence. A sequence {b,}°, where each term is nonzero

and homogeneous and satisfies
d(bn) = anbnfla

for all n > 0 is called an integral sequence of (A,d) belonging to {a,}> ;.

Comparing their definition to ours, we only allow for a ‘kernel sequence’ of period
1, with this being just h. However we only require that h ¢ d(A), as opposed
to having h € A? as well. Thus, referring to h as a ‘kernel sequence’ would be
disingenuous.

We call an infinite sequence (g;);eny With D(go) = 0 and D(g;) = hg;—1 an (infinite)
integral sequence. The existence of an integral sequence makes it possible to construct
invariants in B of arbitrary z,-degree k with leading term goz*. Now, suppose that
there is a Z%,-grading on B which commutes with the derivation d. If we consider
this grading together with the p-grading we divide B into vector spaces B(q,,... )

where d restricts to a linear map
d: B(alzmvak,b) — B(alv--wak:b_l)’

where a; € Z>( for all 4, b > 1. Suppose that h has degree (cy, ..., ¢k, t), then if we
have an integral sequence (g;)ieny C A, where gy € A¢ has degree (p1, ..., pr, q), then
each g; must have degree (py + icy, ..., pr + ick, ¢+ i(t + 1)). If the linear maps

d: A(pl'f'icl7---7Pk+icka+i(t+1)) A(pl+i61,---,pk+i0k7q+i(t+1)—1) )

are surjective for all i > 0, then the existence of the integral sequence (g;);en is
guaranteed, and so B is not finitely generated. Using Proposition 4.1.3, we can
obtain a new proof that Daigle and Freudenburg’s example is not finitely generated

using this method:



4.2. INTEGRAL SEQUENCES 77

4.2.1 DAIGLE AND FREUDENBURG’S EXAMPLE

In order to not conflict with the notation of this chapter we shall set A = K|z, s, ¢, u]
and let d be the locally nilpotent derivation
0 0 0
d .= x?’% + sa +t%.

We set B = A[v], and extend d to B by setting d(v) = 2%. As observed in chapter
3, A% is finitely generated by By = z,v = 22°t — 52,0y = 3x°u — 3xst + s° and
g = 925u? — 1823stu + 823t + 653u — 35*t%. Recall there is a grading arising from
a Gy,-action on B which yields deg(xz) = 1,deg(s) = deg(t) = deg(u) = 3 and
deg(v) = 2. The p-grading on B gives p(z) = 0, p(s) = p(v) = 1, p(t) = 2, p(u) = 3
allowing us to divide A and B in to vector spaces A ) and B(.p), a,b > 0.

Now S(a,) is in bijection with and A(zqp), A(3a+1,6) and Azat2) by identifying the
monomial z%1y?2z8u with 234 52ty g3atlgizgisyit and 31252434 respectively.
Thus using Propositions 4.1.2 and 4.1.3 we immediately obtain
Lemma 4.2.2. 1. A@Batip) @5 in bijection with Azeqiza—v) fori=0,1,2.

2. If0 < b <2 dim(Aperip) = dim(Agarip-1)) and D : Agagip) — A@atips—1)

is surjective for i =0,1,2.

3. [f 3?& S b S 3CL, dim(A(3a+i7b)) S dim(A(?)a—f—i,b—l)) and D A(3a+z‘,b) —

A(3atip—1) s injective for 1 =0,1,2.

Now, to construct an integral sequence (g;)ieny with go = z and d(g;) = x2g;_ we
must have 2%g; € A(2(3i+1)+1,) and using Lemma 4.2.2 we can guarantee 1g; € d(A)
provided

3
9 =

3 {2(i+1)+1J -

Now if ¢ = 3k, then we have

3| 2Bk+1)+1
{ 2 J _ 6k + 3 > 3,
2 2 =
and similarly if ¢ = 3k + 1 we have
3| 2Bk+2)+1
[ : | _ 6k2+3 _—

and finally if ¢+ = 3k 4 2 we have

2(3k+3)+1
3 L !

5 J:?>/’<:—|-323/€—|—2.
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Therefore Lemma 4.2.2 is sufficient to show the existence of such an integral sequence,
and consequently the existence of the infinite family of invariants we called (5;)i>o
in chapter 3. It is a simple matter to repeat this check for the invariants 23t — 52
and 3z%u — 3x3st + s and obtain the other two infinite families (7;);>0 and (6;);>o-
Showing that no integral sequence can be constructed using any power of g then

completes the construction of a generating set for B.

4.2.2 'THE NON-FINITENESS CRITERION

We note and provide the proof for the non-finiteness criterion shown by Daigle
and Freudenburg, originating first as Lemma 2.1 in [4], we use the proof from [19,
pp.165-166]:

Lemma 4.2.3. Let R = ®;enR; be a graded K-domain with Ry = K and § a locally
nilpotent homogeneous K-derivation on R. Given homogeneous o € R® which is not
in the image of 6, let § be the extension of § to R[T| defined by 6(T) = a, where T
is a variable over R. Suppose 3, is a sequence of non-zero elements of R[T]g having
leading T-coefficients b, € R. If deg(b,) is bounded, but degy(5,) is not bounded,

R[T)? is not finitely generated over K.

Proof. Let M|T] be the extension to R[T] of the maximal ideal M = @;~oR; of R.
Recall from Definition 2.1.7 that the degree of a locally nilpotent derivation ¢ is d,
where §(R;) C R4 for all i > 0. Setting m = dega — degd, and for every integer
n, define R[T), = S;en RuemiT?. Then @,z K|[T), is a Z-grading of K[T], and 0 is
homogeneous.

If ¢ € kerd is homogeneous, then ¢ = 3" o, 7% for homogeneous ¢; € R. Since
0 = 0, it follows from the product rule that §(p;_1) = —ia; for i > 0. Thus, ¢; ¢ K*
for i > 0, since otherwise a = d(—i Yp; ;1) € 6(R). So if i > 0, then ¢; € M,
since each ¢; is homogeneous. Since also ¢y € K+ M, we conclude ¢ € K+ M|[T].

Now for a general element 1 € ker §, write 1) = 3" ),,, where 1, € K[T)],,. Since
¢ is homogeneous, we conclude each v, € kerd as well, meaning ker § C K + M|[T].

Finally, suppose {3,} C K[f1,..., fn] for f; € kerd. Then f; € K+ M|[T] for each
i, and so we can assume without loss of generality that each f; € M[T]. This implies
that any monomial expression f;, fi, - -+ fi. € M*[T]. Note that every R-coefficient
of an element of M?*[T| has degree at least s. Since degb, is bounded, there is a
finite set F' of monomial expressions f;, fi, - - - fi. such that {#} C (F'), the K-linear
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span of F'. However, the T-degrees in (F') are bounded, whereas the T-degrees for
the sequence 3, are unbounded, a contradiction. Therefore, the sequence f3, is not

contained in any finitely generated subset of ker 6. O]

Remark. Note that the above proof still holds when « is simply taken to not be in

the image of 9, as it makes no use of a being an invariant.

Returning to Maubach’s example, the existence of an invariant of w-degree n
is equivalent to an integral sequence of length n, (a;)f, C S where D(ay) = 0 and
D(a;) = u*a;—1. Therefore, if ag € S(up), then a; € S(ai2ipiriy. Now if ¢ > 3a — b
then we have b+ 7i > 3a + 61 = 3(a + 2i) and so S(a+2ip+7) = {0}. Therefore ag
can only have an integral sequence of length at most 3a — b and so there cannot
be any infinite integral sequences in S. Consequently, if it is shown that R is not
finitely generated, it shows that the non-finiteness criterion is only sufficient and not

necessary when we have a € R\ D(R).

4.3 COMPLETING THE PROOF OF CONJECTURE 4.1.1

In this section we complete the proof of Conjecture 4.1.1, assuming Conjecture 4.1.6.
In order to do so, we show that for each z¥ € S, there is an integral sequence of
maximal length I(k), and hence an invariant of the form f;, = 2*w!® + l.o.t with
(k) growing sufficiently quickly so that each [ is not generated by the previous [3;
1 < k. We then show that there cannot be any finite set of invariants which generate
all 3 and therefore must conclude that R is not finitely generated.

In order to do this, we first make some observations

Proposition 4.3.1. Suppose that 4, > 7441, let | be chosen so that

!
Riap) = P my (S(afZi,bfﬂ)) :
i=0
then there is an invariant f in Ry with deg, (f) = I.

Proof. As observed in the proof of Proposition 4.1.6, we have that

D _ A
Loray = 22 Saaip—7io

2. If b < 3a/2, then b —7i < 3(a — 2i)/2 for all i > 1.
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Since 7“517 > 0, we must therefore have that SaA—217b—7l =k > 0. Now consider

. pl— -1
D . P((I,I}) —> P(a,b—l)’

suppose pl(;}j’)D = [, then 7"@71)) =k+ (. If [ >0, then we must have k invariants with
w-degree [, and if [ < 0 we must have k 4 [ > 0 invariants with w-degree [. In either

case we have an invariant with w-degree [, completing the proof. O]

With this in hand, we conclude:

Proposition 4.3.2. Suppose f € Sy where b < 6 and A(f) = 0. Then for any

k € N with wak,bwk > sﬁb, there is an invariant in R with leading term fw".

Having made these observations it is now clear that the maximal length [(k) of
an integral sequence with base x* is the largest integer such that rl?+2l(k),7l(k) > 0.

Since we have that "
A
TkD—&-Ql(k),?l(k) = Z Sk—+2i,7i>
i=0
and we recall from the proof of Proposition 4.1.3 that for all 0 < b < 3a:

[y oo

Thus finding [(k) becomes a computational task:

W) (17 7i 5i—k+1
7’1?+21(k),7z(k) = Z ({QJ - {3] + 1 — max (07 {2 J)) )
1=0

Note that when 0 < 77 < k + 2¢ — 1, or equivalently ¢ < %, then tj49;7i-1 = 0.

Additionally, in order to have r7?+2l(k)77l(k) < 0, we certainly require that 7I1(k) >

?’(k%%(k)), or equivalently, I(k) > %. This allows us to rewrite the sum as follows:

L5 - .
7"1?+2l(k),71(k) = ; (V;J - Viﬂ + 1)
") i i i
e B (R

Due to the presence of the floor and ceiling functions this sum is difficult to compute
directly without taking a considerable number of cases. Instead, we shall find both

an upper and lower bound for /(k) and show that any value lying between these
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ranges will satisfy the required conditions to show that R is non-finitely generated.
First we obtain an lower bound. To do so we will minimise each element taken in

the sum. Note that

{%J_Vﬂ 1272—1_714—2_’_1:7@—1’
2 3 2 3 6

while

V@J Vﬂ - 51—k +1 >7z’—1_5i—k+1_3k—81’—4
2 3 2 - 6 2 B 6 '

Additionally the sum is made minimal when {%J = %, leaving us with

72 Lk) 3. 8z 4
Tch+21(k),7l(k) Z Z
1=0 =k
5
_ k(7k —45) (11K — 201(k) — 20)(k — 5l(k) — 5)
N 300 150 ‘

Setting this expression equal to 0 we obtain that [(k) is the largest integer satisfying

3k -8 n 105k% — 360k
8 40 ’

and since we require (k) > % for all k, we take the positive root. As we are searching

for a lower bound we can simply use

3k —8 N 105k — 360k
8 40

To find an upper bound with the properties we will need to finish the proof we have

to be more precise. Note that we can rearrange this sum as

k) 7 7i1 ) Lk) 5i— k41
S T IS |
]

i=0 =0 i=| kL 1
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Labelling each of these sums in order as (a), (b), (¢) and (d), we find that
(a) = ; (7 V(k); 2J2 { 2J +7{ J2+13 V(k);lJ +20),
=20 o e
) —

+21V(zc)3 J“ﬂ(k J Vk>3_1J+26)’

(=[5 (L[5 ) )
el (e o)) (2 (o0 557 ) )
eala (004 |55 2) (s (w4 [57]) )
(e o) J((w [5)))

Note that (a) is maximal when [(k) =0 mod 2, and the expression simplifies to

DN | —

N | =

L(k)(Tl(k) + 6),

|

(a) <

similarly (b) is maximal when [(k) =2 mod 3, and the expression simplifies to

() < —510) + D) +2),

Finally, we maximise (d) by supposing £k =1 mod 5 and minimising each term, we
obtain that

(d) < — —(—k+5p—9)(— k+5p—|—1)—;( k+5p+1)

9
— —(=k+5p—9)(— k+5p—|—1)—2—0( k+5p+1).

Taking these terms together and solving for I(k) we find that [(k) is the largest

integer satisfying

3k 3 /I20k% 1+ 1500k + 4705
(k) < 28— 2
k) <5167 80 ’
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and since we seek an upper bound we can use

3k 3 /420k? + 1500k + 4705
zmzf—f+v .
s 16 80

Now in order to show that R” is non-finitely generated we shall first show that the
corresponding invariants 8, = zFw!® 4 l.o.t € RP cannot be generated by a finite
subset of these invariants before continuing to show that these invariants cannot be

generated by any finite set of invariants. In order to do so we consider the function
A R—Q,

defined for monomials m € R,y as

B b
Ca+b

A(m) :
we then extend this definition to all of R by setting
A(f) := max{A(m)|m is a term of f}.

We note that the function A has the following properties:
1. For f € R and ¢ € K*, A(cf) = A(f),

2. If f.g € R with A(f) < A(g), then A(f) < A(fg) < A(g).

This function is an example of what we call a ratio function, and we explore the
properties of such functions in Chapter 6.
Now our invariants (8, € R(gxyok),7(k)) and hence using our upper and lower

bounds

105k — 560 + 7+/105k? — 360k < A\B) < 210k — 105 + 7+/420k2 + 1500k + 4705
175k — 720 + 9v/105k2 — 360k — "= 350k — 135 + 9v/420k2 4 1500k + 4705

Note that both the upper and lower bounds tend to the limit

105 + 74/105
175 + 94/105°

from below for £ > 4. We note that this is sufficient since we can compute directly
that [(1) = 1(2) =0, I(3) = 1 and I(4) = 2 which then gives us that A\(81) = A(52) =0,
whilst A(83) = 15, MBs) = 23 and both of these are below the limit, meaning the
sequence A(fy) tends to the limit from below also. Hence (A(5x))%2, and consequently

(sup;< (A(Br))2Zy tend towards the same limit. Now by property 2 of the function A,
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each (3; appearing in the sequence (sup;<;(A(8x))32, cannot be generated by the f;
with i < j. Since (sup;<,(A(Br))i2, defines an infinite strictly increasing sequence,
we must conclude that no finite subset of the 8, can generate all 3.

To show that RP is not finitely generated we need to show that there is no finite
set of invariants {fi,..., fy} C RP which can generate all §;. If there were such a

set, we can assume each f; € R4, p,). Now we must have
t
_ 11 iIN
ﬁkfz)\zfl TTUUN
i=1

and at least one of these terms has w-degree [(k). But, since the leading term of [
is 2%, all f; appearing in these terms must have leading term z%w, for some a; < k
and b; < [(k). Thus, we have a contradiction since then we must have A(f;) < A(5,)
and there are infinitely many fy with A\(Gx) > A(f;) for all 4.

44 FURTHER RESEARCH

Our work in this chapter to show that Maubach’s example is non-finitely generated
relies upon results which we would like to generalise. First, we recall Proposition
4.1.3, which demonstrated that the Weitzenbock derivation in 4 variables on S
satisfies

dim (S(%,b)> = max{Sqp — Sap-1,0}.

Meaning A : S(,p) — S(ap—1) i surjective whenever the dimension of the domain is
at least as large of the dimension as the codomain and is injective whenever that
inequality is reversed. In general, suppose R = K[x;....,z,] is a polynomial ring
and D a locally nilpotent derivation on R. Suppose there is a maximal k-dimensional
action of the torus (G,)* on R which commuting with D and yielding a Z& -grading

on R. Combining this with the p-grading we divide D into a series of linear maps
D : R(al,...,ak,b) — R(ah...,ak,bfl)-

Definition 4.4.1. With R and D as above, we say that they satisfy (1), if for all

a;, b we have

dim (R31,~~~:akab)> = max {dim(R(ah_,_ﬁmb)) — dim(Ra,,....a5,5-1)) O} : (1)
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Recalling Example 2.1.12, we let R,, = K|xy,...,z,] and

0 0
Dy = B+ + Tn1 5
x08x1+ T lﬁxn

the Weitzenbock derivation in n variables. There is a G,,-action commuting with
D,, given by
A (o, .oy xn) = (Axg, ..., ATy),

and this yields a grading on R,, with deg(x;) =1 for all i. This is a maximal torus
action on R,, which we can combine with our p-grading, where p(z;) = i, and divide
R,, into vector spaces R, (45 spanned by the monomials of degree a and p-degree b.

Now, similar to the Weitzenbock derivation in 4 variables, we have a bijection

@ Rn,(a,b) — Rn,(a,nafb)a

where p(zg° - - 2%) = g™ - - - 2%, By a similar argument to Proposition 4.1.2; we

believe it is possible to show:

Conjecture 4.4.2. 1. For 0 <b < %, we have dim(R,, (4)) > dim(R,, (qp-1))-

2. For "t < b < na, we have dim(R,, (45)) < dim(R,, (44-1))-
Using this, we could then show:
Conjecture 4.4.3. R,, and D,, have property (7).

In our proof that S = R3 and A satisfies (1) in Proposition 4.1.3, we use a
generating set for S® and compute the dimension of the kernel S(Aa’b) as well as
Sab — Sap—1 for all a,b, showing that these coincide. For general n we can take
a similar approach, though the combinatorics become increasingly complex. The
main difficulty posed in generalising our result is constructing a generating set for
general RP" and accounting for their relations in computing the dimension of the
kernel sz tapy- In [8, § 3], Drensky and Gupta construct a generating set for RDPn
in K[z, ...,2y][zg"] which could potentially be converted to a generating set in

K[z, ..., x,]. Recalling Proposition 4.1.4, we claim a generalisation exists:

Conjecture 4.4.4. Suppose 0 < b < =, then
(Dn)na_% : Rn,(a,nafb) — Rn,(a,b)a

is a bijection.
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With Conjecture 4.4.3 in mind, we are lead to the question:
Question 4.4.5. Which locally nilpotent derivations D on Klxy, ..., z,| satisfy (1)?

We believe that all triangular monomial derivations should satisfy (1); it would
be interesting to investigate whether this is an equivalence.

Conjecture 4.1.6 is the only remaining piece needed to show in order to prove
that Maubach’s example is non-finitely generated, which states that Maubach’s
example satisfies property (f). With this attained, we then show in Section 4.3
that a sequence of invariants exist which cannot be finitely generated in order to
conclude that Maubach’s example is not finitely generated. To do so, we computed
7’5,1; = T'qp—Tap—1 for certain values of a and b in order to determine how far invariants
of the form z* lifted to invariants of the form z*w!®*) 4 terms of lower w-degree. We
can repeat this step for any invariant f € S® to determine how far it could possibly
lift in order to try an obtain a generating set for the whole of R. Note however, that
if we are given say fi, fo € S(Aa—lb—?) and only one lifts to an invariant in R@jb), it is
not immediately clear how to determine which of these invariants lift. Any efforts to
construct a generating set for R” must accommodate for this.

Generalising this, we can ask the question:

Question 4.4.6. Suppose R and D satisfy (1), can we use this to construct an

algorithm to compute a generating set for RP ?

There are already algorithms to compute a generating set of R” which complete
in a finite number of steps if R? is finitely generated. This includes van den Essen’s
algorithm [14, § 4], which relies on the computation of a Grobner basis. Use of
a Grobner basis greatly impacts computational speed as opposed to determining
dimensions of vector spaces, as an algorithm using (1) would rely upon instead.
However, as remarked above we would not find the generators explicitly, instead
merely their degrees. One could also work with invariant rings of the form R = S[v],
where SPIs is finitely generated, and D(v) € S, in order to determine which invariants
lift in v-degree.

To demonstrate the approach one might take, we return to S* = K[z, 7, d, g].
We know that S and A satisfy property () and so we can attempt to construct a
generating set for S2 using only sﬁb. Firstly we have 31A,0 = 1, so there is an invariant
r1 € S(,0)- Additionally s,ﬁo =1 for all k¥ and we know that 7’{“ € S(a0) forall & > 1,

so there are no more generators to find here. Continuing by in this way, we next find
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an invariant ry € S(Am) and we have r’fm € S(24k,2), which constitutes all invariants
with p-degree 2. Following this, we find r3 € S(AS’S) and this is the only new invariant
required for p-degree 3. We finally obtain r, € S@G), and since r3, 73, riry € S(%’ﬁ)
but 36%6 = 2, this indicates the existence of a relation between these three invariants.
What is tricky here is determining that {ry,ro, 73,74} is a generating set for S*. It
can be done combinatorially by an approach similar to the proof of Proposition 4.1.3,
though in general we would prefer not to make a combinatorial check as each new

element is added to our generating set.



5)

Symmetries of Invariant rings

First, recall Roberts’ example from Section 2.4, set B := K|z, x9, 23, Y1, Y2, U3, 2]

with locally nilpotent derivation

Op = x“i + xh— —l—x”i + (1207 )”_lg
" oy 2 0ys * Oys e 0z’

where n > 3. As shown in [19, § 7.2.3], Daigle and Freudenburg’s counterexample
can be obtained from Roberts’ counterexample by a process of ‘removing symmetries’
as follows:

Consider the action of G, on K[z, T2, T3, Y1, Y2, Y3, 2] defined as

(>\7 2 V) ’ ('Tla L2, 23, Y1, Y2, Y3, Z) = ()\xlu uxa, VI3, )‘nyb Nny% an/3, )\nil,ulnianilz) :

This action commutes with 0,,. Furthermore, there is an action of the symmetric

group S3 on B generated by

0 = (21,22, 73) (Y1, Y2, y3)(2), T = (x1,22)(x3) (Y1, ¥2)(y3)(2). (5.1)

This action also commutes with 9,. Sz also acts on G2, via conjugation, with
T\ p, V)T = (, A\, v) and o(A, p, v)o~t = (v, A\, ). Therefore, we obtain an action
of G2, x S3 on B. Now consider the subgroup H < G3 defined by Auv = 1, which
is a 2-dimensional torus. The group G := H x S3 acts on B also and the invariant

ring of H is generated by the monomials

K[xl, T2, T3,Y1,Y2, Y3, Z]H

n_.n n_.n n_.n n n n
K[IL’1$25L’3> T1T9Y3, T1X3Y2, LoX3lY1, Ty Y2Y3, LoY1Y3, L3Y1Y2, Y1Y2Y3, Z]

88
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If we let
T = X1x2x3, S= 3 (xtahys + xiziys + xgxgyl) ,
1 n n n 1
t=g¢ (2Y2us + T3 Ys + Tyyye), U= GYiveys v =2,

then, since H is normal in G, the invariant ring of the G-action is
B¢ = (B*)% = K|z, s,t,u, ],

Since G commutes with the action of 0, 0, restricts to a locally nilpotent derivation
of BY, with

When n = 3, this corresponds precisely to Daigle and Freudenburg’s counterexample,

allowing us to prove, [19, p. 168]:
Theorem 5.0.1. The kernel of 03 is not finitely generated.

Proof. As 03 is manifestly the same derivation as that introduced in Daigle and
Freudenburg’s counterexample, we can immediately conclude that B&*®« = (B%)Ca
is not finitely generated. Now suppose that B® were finitely generated, then
the reductive group G acts on the variety Spec(B®<). By Hilbert’s Finiteness
Theorem 2.2.2, the invariant ring (B®)% = B%*% would be finitely generated, a

contradiction. O

The focus of this chapter will be on this process of ‘removing symmetries. This
process guarantees that when the subalgebra with the symmetries removed is non-
finitely generated the subalgebra with the symmetries is also non-finitely generated.
We demonstrate by means of a counterexample that the reverse is not guaranteed.
Furthermore, we use this method and our observations on integral sequences to apply

this method to generalised forms of Roberts’ counterexample.

5.1 THE INVARIANT RING CONNECTED TO M,

Recall from our introduction that there is a family of non finitely generated invariant

rings under a G,-action constructed by Doran, Giansiracusa, and Jensen [7] arising
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from a study of a moduli space called M ,,. In [3], Castravet and Tevelev show that
an is not a so-called ‘Mori-Dream’ space for n > 134 while it is one for n < 6.
This result is then improved in [21], and then again in [23], where it is shown that it
is not a ‘Mori-Dream’ space for n > 10.

To construct the above rings as invariant rings, we let
R:=K[y, .. ,Yn-v,xr | I C{1,...,n—1}, 1 < |I| <n—4].
The additive group G, then admits an action for n > 6 defined by

xTr = Iy, yi|—>yi—|—tHx1, t € G,.
iel
M, is then not a ‘Mori-Dream’ space precisely when this invariant ring is non-finitely
generated.

Now, the G,-action on R corresponds to the locally nilpotent derivation
S (110) 2
D= < [L’[) s
i=1 \iel DY
As notation we will write J; := [[;c; x1, so that D(y;) = J;, let T'={1,...,n — 1}
and fix the notation I C T'. Then for all a # b, there are invariants

bea — Jalb,
In fact, letting Jop := [laerpgr 1 we have invariants
Jb,aya - Ja,byb~

Similar to Roberts’ example, this example has a number of symmetries we can
remove. There is a maximal torus action commuting with D which we construct as
follows: Let

1<|I|<n—4

The (G,,)¥-action on R given by

Tr > Arrr, Y b (H AI) Y,

i€l
commutes with D. Furthermore, there is an action of S,,_; on R which commutes
with D also. For o € S,,_1, we let

Tr b= To(n),  Yi V2 Yoli)-
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Additionally, S,,_; acts on (G,,)¥ by conjugation, with cA;o~! = Ao(1)- Now consider
the subgroup H < (G,,)¥ defined by

1 MN'=1

1<|1|<n—4

Now H is a (K — 1)-dimensional torus, and we have an action of G := H x S, on

R. The invariant ring of H is generated by monomials, with

n—1 n—1
RH:K[H J<HJ> ( 1 yj) T
i=1 i€A JET\A i=1

ACT, o€ S,

Since H is normal in G, the invariant ring of the G-action on R is:

RG — (RH)Sn71
n—1 n—1
K|, T (Hyl)(n Jj),...,Hyikzl,...n—Q}.
i=1 ACT,[Al=k \i€A JET\A i=1

Now let X := H?;ll Ji,and forve=1,...,n—1 let

el s () (1)

ACT, |Al=i \i€A JET\A

Therefore we have

R = (R 1 = K[Xy,..., X, 1].

Since D commutes with the action of GG, D restricts to a locally nilpotent derivation
on RY. We find that D(Xy) =0, and D(X;) = X;_; fori=1,...,n — 1 and so on

R%. D becomes
D =X i +--- 4+ X 0
— 70X, "POX, 1
Note that D is linear, so (R%)P is finitely generated, however for n > 10, RP is not

finitely generated.

5.2 KURODA’S CONJECTURE

In [25], Kuroda considers generalisations of the locally nilpotent derivation which

defines Roberts’ counterexample. Namely, for vectors

a= (a17a27a3)7 b = (b17b27b3)7 Cc= (01762703)7 d = (d17d27d3) € ZéOa
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Kuroda sets

0 0 0
l{l xgzxgs + xtlll mgzx? + x(lil mgb xgs —_
Y2 Y3 0z

We examine the cases of this generalisation where we can remove symmetries from this

0
D = aPay® — + o
b Iy

example to obtain a locally nilpotent derivation similar to Daigle and Freudenburg’s
example. Note first that the action of S5 on B = K|xy, 22, 23, y1, Y2, y3, 2] defined in

equation 5.1 commutes with this derivation. Suppose a, b, ¢ and d satisfy the relation
k(a+b+c) =ld = kle, (5.2)
where k,l € Z>o and e = (e, €3, e3) € Z%,. Now consider the G -action on B

(/\mua V) : ($1>$27$3,y17927?/3a 2) =

ba b3 ca,,c3

(Axy, g, vy, N 20y AP pb2uP ey XN 2y yg N pd2 9 ).

This action commutes with D and Sj also acts on G3, via conjugation, similar to
Roberts’ original counterexample. Let H < G3 be the subgroup of G2, defined by
A1 u?v® = 1. The group G := H x S35 acts on B also, and the invariant ring of H
is given by

BH — K[x?x?x?, xilz1+b1wg2+b2xg3+b3y3’ (E‘fl+clx32+02$g3+c3y2,

bi+ci1 ,.ba+c2,.b3+c3 ai ,.a2 .03 b1,.b2,.b3 €1 ,.C2 ,.C3
xy Ty T3 Y1, Ty Xy T3 Y2Y3, L1 Ty T3 Y1Y3, L1 Ty T3 Y1Y2, Z]

Now let
T = 27T,
1
y = 3 ($¢111+b1mc2zz+b2xg3+b3y3 + xtlz1+01xc2bz+czx§3+cay2 + .Tlil+cll’gz+c2l'23+c3y1) ’
_ 1 a1 ,.a2 ,.a3 b1,.b2,.b3 €1 ,.C2 ,.C3
Z = 6 T Ty T3 YolYyz + Xy Ty T3 Y1Y3 + T Ty T3°Y1Y2 )
1
u = = (y192y3) ,
6
V= Yg.

As H is normal in GG, the invariant ring of the G-action is
B¢ = (B")% = K[z, y, 2, u, v].

Since D commutes with the action of GG, D restricts to a locally nilpotent derivation
on B¢, with
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Using our observations made in Section 4.2, we can find conditions on &k and [
which guarantee that (B%)”, and hence B?, is non-finitely generated. Consider the
subalgebra A = K[z,y, z,u] C BY and the locally nilpotent derivation A := D|4.
Note that A is a triangular monomial derivation, and hence by Theorem 2.1.13 A2

is finitely generated, with generators
x, 22'z—y?  32%u—32lyz 4+, 9x%u? — 18x'yzu + 82'2 + 6yPu — 3y 22

Now if k > [, then D(v — yz*~!) = 0 € (BY)P, and (B%)? is finitely generated.
Thus, in order for (B%)? to not be finitely generated, we certainly require that k < (.

There is a G,,-action on BY commuting with D given by

a-(z,y,2,u,0) = (azx, a'y, o'z, olu, a*v),

which yields a grading on B¢ with
deg(z) =1, deg(y) =1, deg(z) =1, deg(u)=1, deg(v)=~k.

This, together with the p-grading, allows us to divide BY and A into vector spaces
B(C;,b) and A, respectively, which are spanned by monomials with degree a and
p-degree b. Recalling S(, ), from Chapter 4, we note that for i = 0,...,1 —1 there is

a bijection

¢ 2 Stap) — Alatip)

:Btl ytg Ztg ut4 Iltl +lyt2 Zt3 ut4 )

Exactly as in Lemma 4.2.2, using Propositions 4.1.2 and 4.1.3, we can show:

Lemma 5.2.1. 1. A@atip) 18 in bijection with Aqatiza—p) fori=0,...,1—1.

2. If 0 < b < 3¢ dim(Aparip) > dim(Agarip-1)) and A Agarip) — Agativ-1)

is surjective for i =0,...,1 — 1.
8. If 3¢ < b < 3a, dim(Agasip) < dim(Agatip-1)) and A Agasrin) — Agasipv-1)
is injective for i =10,...,1 — 1.

Now to show that (B%)” is not finitely generated, using the non-finiteness
criterion, it is sufficient to show the existence of an integral sequence (f;);>0 C A. We
find conditions for such a sequence to exist with fo = 2!=%, and D(f;) = 2*f;_1. Note
that ¥ f; € A(i4ir and by Lemma 5.2.1 we can guarantee x*f; € D(A) provided

I+ik
N

- "
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for all # > 0. Note that
3 {#J y 3 (H—ikl—l—l)

2 2 ’

giving us

3 (k1

(%) > i,

2

and rearranging we obtain

> 2li — 3

- 3

Now the right hand side tends to %l from below as ¢ tends to infinity, so we are

guaranteed an integral sequence provided

21
—<k<l
3 = <

Thus we have shown:

Proposition 5.2.2. Let S = K|z, y, z,u,v] and let D be the locally nilpotent deriva-
ton o o 9,0
D:=zl= — — b

* oy +y82 +Z@u e ov’

then 1 %l <k <, SP is not finitely generated.

Now returning to Kuroda’s work in [25], we set £, 5 = (oy — B1, ag — B2, a3, —33),
where «, 8 € {a,b,c,d}. Now let tgﬁ be the i'th entry of ¢, 5 and define
ta

tha
o = 1 §p = ] §e =

min{ta,b’ té,c} ’ min{tb,a? tz,c} ’

t3
c,d
min{ti,bv tg,a} ’

For example, in Roberts’ derivation we have &, = % = % As Theorem 1.4
in [25], Kuroda shows that if

ot &+E <1,

and each tgﬂ > 0 for all i and «, 8 distinct, then BP is not finitely generated.

Furthermore, Kuroda also conjectures in [25], that if

§g+§b+€g>1>

with each t}, ; > 0 for all i and «, 3 distinct, then B” is finitely generated.
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If this conjecture is true, then it is possible to remove symmetries from both a
non-finitely generated invariant ring, as well as a finitely generated one and obtain

the same invariant ring. Consider
a= (77 L 1)7 b= (17 7, 1)7 c= (17 L, 7)7 d= (57 5, 5)7

note that these vectors satisfy equation 5.2 with £ = 5 and [ = 9, and thus when

removing symmetries we obtain an invariant ring (B)? C K[z, y, 2, u, v] with

0 0 0 0
D :=a2"— — — b
v dy +y82 +28u T ov’
Now &, =& =&, = %, 50 & + & + & < 1 and hence BP is not finitely generated.

Now suppose instead that
a=1(9,0,0), b=(0,9,0), ¢=1(0,0,9), d=(505,5).

These vectors also satisfy equation 5.2 with £k = 5 and [ = 9, thus when removing
symmetries we obtain the same invariant ring as above. Now {, = & = & = g,
s0 &g +& + & = % > 1. Thus, if Kuroda’s conjecture holds, then BP is finitely
generated and hence (B%)P is finitely generated also. With this we are able to remove
symmetries from both a finitely generated and non-finitely generated invariant ring

and obtain the same invariant ring.

5.3 FURTHER RESEARCH

Our approach in this chapter is somewhat ad hoc, taking the procedure performed in
(19, § 7.2] and applying it to different invariant rings. A natural continuation to this
work would be to develop a more systematic approach to this process of “removing

7

symmetries.” To speculate on what this would entail, suppose we have a locally
nilpotent derivation D on R = K[z, ..., x,], and there is a maximal G* -action on R
commuting with D. We propose that the process of “removing symmetries” should

be as follows:
1. Find an action of S;, the symmetric group on [ points, on R which commutes

with D for some [ and acts on G*, by conjugation.

2. Find some (k — 1)-dimensional subtorus of G* given by [JF_; A = 1 for some
a;. This yields an action of G := H x .S; on R.
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3. On the invariant ring R“, D restricts to a locally nilpotent derivation on R

and the maximal G!,-action commuting with D has t = 1.

Essentially, this process would construct a polynomial ring S C R on which there
is only a G,,-action commuting with D. Work needs to be done to show when this
might be possible. It is also worth considering what purpose this process might serve.
Firstly, we reduce the number of variables we are working with, making things more
tractable. Additionally, working with just one grading makes it simpler to work with
S using our approach from Chapter 4, especially if S satisfies (1). We are left with

some interesting questions:

Question 5.3.1. Suppose RP is not finitely generated, but by “removing symmetries”

we obtain a finitely generated ST, what does this tell us about the structure of RP ?

Question 5.3.2. Suppose that we have Ry and Ry with locally nilpotent derivations
Dy and Dy respectively, and that by “removing symmetries” we obtain S, with
Di|s = Dsl|s. What does this tell us about the relation between Ry and Ry ?

We already have an examples from this chapter which satisfy both questions,
assuming Kuroda’s conjecture for the second question. Thus, a further examination

of these examples would be a good starting point to answer these questions.



6

Monomial Subalgebras

In Chapter 3 we computed a generating set for Daigle and Freudenburg’s counterex-
ample, showed that this generating set was a SAGBI basis and then used this to
compute the finite generation ideal. Additionally we found that the finite generation
ideal contained all but one element and was the radical of a finitely generated ideal.
From this work there are questions which naturally arise about the finite generation
ideal, such as:

o Are there methods computing the finite generation ideal which do not rely
upon a SAGBI-basis?

o Is the finite generation ideal always the radical of a finitely generated ideal?

« Can we construct a non-finitely generated subalgebra S with fg finitely gener-
ated?
In order to approach these questions from the most general perspective, we do
not wish to focus just on invariant rings. However, to tackle arbitrary subalgebras
of polynomial rings would be a step too far at this stage, so we first focus on
subalgebras which have generating sets consisting of monomials. The results we
prove on monomials are then easily generalised to SAGBI-bases, though with some
limitations.
In this chapter we focus on answering the following questions:
1. Suppose R C Klzy,...,x,] is generated by monomials. Under what conditions

can we conclude that R is finitely generated?
2. With R as above and non-finitely generated, what is fz?

3. Suppose R C K[z1,...,x,] be a subalgebra, with SAGBI-basis G. Under what
conditions can we conclude that R has a finite SAGBI-basis?

97
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4. With R as above not finitely generated, what is fz?

5. Is the finite generation ideal always the radical of a finitely generated ideal?

For convenience of notation in this chapter we assume 0 € N.

6.1 MONOMIAL ALGEBRAS

We recall Definitions 2.1.15, 2.1.17 and 2.1.16 from Chapter 2:

For a commutative K-domain R, a set G C R is a generating set for R if G
generates R as a K-domain. We say R is finitely generated if R has a finite generating
set and R is not finitely generated if no finite generating set exists. A generating
set G C R minimal if for all g € G we have that G\ {g} is not a generating set.
A subalgebra R C K[zy,...,x,] is said to be generated by monomials if R has a
generating set G with each g € G a monomial. We also call such an R a monomial
subalgebra. As previously remarked, a finitely generated monomial subalgebra has a

finite monomial generating set.

6.1.1 TwO VARIABLES

To tackle the questions posed at the start of the chapter, we first consider the problem
in a much simplified situation. Let R C K]z, y] be a subalgebra of K[z, y] with the

following properties:

e R is generated by monomials;

e € R.

We define a function A : K[z,y] — Q first on monomials by A\(z%°) := a%b and
then for f € Kz, y], we set A(f) = max{A(m)|m is a term of f}. Observe that the

function A has the following properties:
L Aef) = A(f) for all f € K[z,y], c € K\ {0}.

2. For f,g € K[z, y] with A(f) < A(g), then A(f) < A(fg) < A(g), with equality
if and only if A(f) = A(g).

3. A monomial m € K[z,y| can be uniquely recovered given any two of A\(m),

deg,(m) and deg,(m). For example, if A(m) = a and deg,(m) = k then

_ b—ba
= ==.

deg,(m)
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Properties 1 and 3 are clear, and a simple calculation shows that A\ satisfies property
2 also. For any subalgebra, S C K|z, y|, we denote the restriction of A to S as simply
A

Definition 6.1.1. If X : K[z, y] — Q is a function satisfying the above properties,
then we say it is a ratio function. For f € K|z, y] we call A(f) the ratio of f.

For the remainder of this section we shall set \(x%°) := a%b as above. For the

subalgebra R, we define a sequence (\g),.y C Q as follows: For each k > 0, let
M i= max{\(z%") | 2%y’ € R,i < k}.
Note that this sequence is non-decreasing.

Proposition 6.1.2. Suppose that S C Klz,y| is a subalgebra, and (A)gen is the
sequence as above but defined on S, then, if (Ap)gen has an infinite strictly increasing

subsequence, S is not finitely generated.

Proof. Let (A,)ien be a strictly increasing subsequence of (A;). Suppose G =
{91, 92,--.,9,} C S is a generating set for S, and that the g; have y-degree at most
N > 0. Now choose t € N so that k, > N. By property 2 of A\, the polynomial
f € S which has A(f) = A\, cannot be expressed as a combination of the g;, a

contradiction. O

We now aim to show:

Lemma 6.1.3. R is not finitely generated if and only if (Ai),ey has an infinite

strictly increasing subsequence (g, );cy-
Before we show this, we first prove the following useful result:

Proposition 6.1.4. Let S C K[z, y] be a monomial subalgebra, fiz some o € Q and
set
Se = K{{f € S| A(m) = «, for all terms m of f}}

Then S, is finitely generated.

Proof. Note that since S is a monomial subalgebra, then so is S,. Suppose that
G C S, is a minimal monomial generating set, label the elements of G as g;, i € N

and assume that they are ordered by their y-degree, so that g; has y-degree b;, and
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if ¢+ > j, then b; > b;. Now we consider the b; € N. Note that for any subset M C N
there is a finite subset M’ C M such that ged(M) = ged(M’). Thus, there is a finite
subset G’ of G satisfying

ged ({b;]g; € G'}) = ged ({bi, [ b € G}).

Write G’ = {hy,...,h,} so that each generator h; has y-degree ¢;. We claim that
K[G'] contains all but finitely many of the elements of G and hence, since G is
minimal, G itself is finite.

We first aim to find some lower bound b € N so that if g € G has y-degree e > b,
then g € K[G']. Let d denote the greatest common divisor of the ¢; so that there are
t1,...,t, € Z satisfying

ter 4 -+ tpen = d.

We can assume, up to relabelling, that ¢1,...,¢, <0 and ¢,/41,...,%, > 0 for some

n’ < n. Then, since d | ¢; for all i, we can write ¢; + -+ - + ¢,y = ld so that
g+t e =Uter + - F tae).
Rearranging, we obtain
(1 =1Ity)er + (1 —ltg)ea+ -+ (L= lty)ew = lpiaCppr + -+ - + ey, (6.1)

We also have d|e so we can write e = €'d and ¢ = kl + r for some r < [. Thus,
e=(kl+7)d=k(ci + -+ cn)+ rd and hence, using equation 6.1:

e = (kl+r)tic; + -+ (kl + )ty + (Kl 4+ 1)ty icwsr + -+ (KL 4 7))t
=(k+rty)er+ -+ (E+rty)en + rtyiicwir + ... Ttcp.

Now, rt; > 0 for i > n' + 1 and k + rt; > k + lt; for i« < n’ where [,t; are fixed.
Hence by choosing e, and hence k, sufficiently large we can guarantee k 4 rt; > 0
for all « < n’. Now, when this occurs, as the h; all have the same ratio, and as

k+rt
AR AR 1 41+ h;, has y-degree e we conclude

k+rt,
g =Ry R b

n

Thus we can choose our lower bound b € N to be any integer which guarantees
k+rt; > 0 for all i < n’. The remaining generators in G must have their y-degree
bounded, and since for a given y-degree there is only one monomial with ratio «,

there must only be finitely many generators in G\ G'. O
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We can now prove Lemma 6.1.3:

Proof of Lemma 6.1.3. Proposition 6.1.2 shows that if (Ax)ren has a strictly increas-
ing subsequence, then R is not finitely generated. We will now prove the converse
by showing that if there is some N € N for which \; = Ay = a for all £ > N, then
R is finitely generated.

Let H C R be a minimal monomial generating set for R. By Proposition 6.1.4,
there are only finitely many g € H with A(¢g) = «, it remains to show that there
are only finitely many ¢ € H with A\(g) < a. Suppose G = {¢1,...,9,} C H
generates all elements in R with ratio a. Suppose the g; are ordered by y-degree
with g; = 2%y, Observe that, since x € R, a minimal generating set for R will
not contain any two generators with the same y-degree. Suppose that the greatest
common divisor of the b; is d and the greatest common divisor of the a; is . As
shown in the proof of Proposition 6.1.4, there is some constant constant N € N, such
that for all kd > N, (2°y?)* can be expressed as a combination of the g; € G. There
are clearly finitely many elements in H with y-degree at most N. For any generator
[ = 2% € H with \(f) < a and deg,(f) > N we must have Id < ¢ < (I + 1)d
for some Id > N Write ¢ = ld 4+ r and e = 1§ + s; given any g = z(H+0iy+0d

fg _ ‘,B(2l+t)6+sy(2l+t)d+r.

which have y-degree at least 21 and congruent to r mod (d).

Therefore f together with GG generates all elements in R

We can repeat this argument for each r = 1,...d — 1 to obtain a finite generating
set for all elements of R with y-degree above a finite bound and conclude that H
must be finite. O]

Lemma 6.1.5. Suppose that R C K|z, y] satisfies the properties described above,
if R is not finitely generated then fr = {f € R| Ry is f.9.} = V&R, and this is a

mazimal ideal of R.

Proof. Identifying K[y] C K[z, y] C K[z, y|., note that R, NK]y] is finitely generated,
being a subalgebra of K[y|. Since fg is a radical ideal, it is sufficient to show that
VxR is a maximal ideal of R. To do so, we show that all generators of R lie in this
radical. Now consider g = 2%y® € R, where b # 0, note that A\(g) = a%b Since R is
not finitely generated by Lemma 6.1.3, the sequence (\x) has a strictly increasing
subsequence. In particular there is some h = x°y¢ € R, d # 0 which has A\(h) > A(g).

Now if we consider A’ and ¢¢, we see that both have the same y-degree, but since
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A(R®) = M(h) > A(g) = Mg?), we can write g? = z'h® for some i > 0. In other words,

g* € xR and hence g € VxR, proving the result. O
Example 6.1.6. The subalgebra R := K[z, xy, zy?, . ..,] discussed in Example 2.4.6

is non-finitely generated by Lemma 6.1.3. We have A(zy™) = n/(n + 1), which yields
a strictly increasing sequence. We have also shown in Example 2.4.6 that fr = VaR

and this is the maximal graded ideal of S
Example 6.1.7. Consider R := K[z, 2%y, 25y% 279>, ..., 2" Ty" ...]. We have

Az lyn) = sn7 Which tends to % from below as n tends to infinity. Hence R is

non-finitely generated. Recalling the non-finiteness criterion 4.2.3, if we let S = K|x]
so that R = S[y]. By writing 3, = 2*"™!y" deg,(8,) is unbounded whilst R is

non-finitely generated. This example does not arise as an invariant ring under a

Gg-action and so does not fit the conditions of the non-finiteness criterion. It does
however demonstrate how there could exist non-finitely generatied invariant rings

which do not satisfy the non-finiteness criterion.

We can relax some of the conditions on R in order to obtain similar results. Now

suppose that R C K[z, y] has the following properties:

1. R is generated by monomials,

2. 2" € R for some r > 0.

Lemma 6.1.8. With the conditions above, R is finitely generated if and only if

(A& )ken s eventually constant.

Proof. Again, if a strictly increasing subsequence exists, then R is not finitely
generated by Proposition 6.1.2.

Suppose that the sequence is eventually constant with maximal ratio «, and that
H C R is a minimal monomial generating set. Note that for a given y-degree there
can be at most r generators with that y-degree. Let G = {¢1,...,9,} C H be a
minimal monomial generating set for all elements in R of ratio «, which is finite by
Proposition 6.1.4. Order the elements of G by y-degree with g; = x%y%. Suppose
that the greatest common divisor of the b; is d and the greatest common divisor of
the a; is 0. Choose N € N suitably large so that for all kd > N, there is an element
of R with ratio «, £ > 0. Similar to the proof of Lemma 6.1.3, we will show that, in
addition to G and z", at most r monomials of the form x¢y*?** for each 0 < s < d

are required to generate all but finitely many elements of R.
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Similar to Lemma 6.1.3, for a generator f = x°y® € H with ¢ > N there will be
two elements p = 27%y/? and g = xU+199 0+ generated by G with jd < ¢ < (j+1)d.
Write ¢ = jd + s, 0 < s < d. Note that together with x", f generates all elements
with y-degree ¢ and z-degree e + Ir, [ > 0. As f is a generator, and H is minimal,

we have 2~ "y¢ ¢ R whenever e — Ir > 0. Now, for
g= x(kJrh)zSy(k‘Jrh)d, k > N/d, he N,

we have
fg _ w(k+h)6+ey(k+j+h)d+s'

So fUG Ua" generates elements ¢ with deg,(t) = kd + s, where k > (N + j) and
0 < s < d. By repeating this process, we observe that at most r generators with
y-degree congruent to s modulo d are required to generate all elements with y-degree
congruent to s modulo d and sufficiently large. Repeating this process then for each
s modulo d, it is clear that we need at most rd generators to generate all elements
of R with sufficiently large y-degree. Since the remaining elements in R will have
bounded y-degree, we would require only finitely many more generators to generate
all of R. O

Lemma 6.1.9. With R as above, let K[z*,... 2] = R N K[z|, and let G C R
be a monomial generating set for R. Then, if R is not finitely generated fp =

\/(:cal, o, 2R and G C fg.

Proof. First we show that each 2% € fg. Consider R, we note that if R,e; NK|x, y]
is finitely generated then so is R,a. Let g € G with deg,(g) > 1, then g = r*y® and

a;a,,a; 3

gu_ amy
(xai)a T

aq

= y‘“'B € RNnK|zx,yl,

and hence on R,e; N K]z, y], As;3 = 1, meaning the sequence (A;)gen on Ry NK]z, y]
is eventually constant, and so Ry«; N K|z, y] is finitely generated by Lemma 6.1.8.

Thus (/(z%,...,2%) C fg and if we show g € \/(z™,...,2%) for all g € G then we
obtain the desired result. Clearly, for g € G, if deg,(g9) = 0, then g € \/(z, ... z%),
so suppose g = z%y” with 8 > 1. Now A(g) < \s, and since (\;)zen has a strictly

increasing subsequence there is some h = 27y° with A(h) = A\s > A\s > A(g). Now
g5a1 — ga(@d—yB)paif (z%,...,2°)R,

where (ad —v3) > 0 since A\(g°) < A\(hP). O
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With this in hand, we can in fact relax the statement of Lemma 6.1.3 fur-
ther. Suppose now that R C K[z, y| is simply just generated by monomials. We
define a ratio function p : Klz,y] — Q as u(z%®) = -4 and extend to poly-
nomials in the same way as for \. We also define the sequence (py)reny with
wr, := max{u(z'y?) | 2'y® € R,i < k}. Note that the results of Propositions 6.1.2 and
6.1.4 hold when replacing A\ with 1 by swapping = and y.

If there is no monomial 2%° € R with a < k, then we set j;; = 0, and similarly we
set A\, = 0 if there is no monomial with b < k. Additionally note that for monomials
m we have A(m) = 1 — u(m), hence A(m) > A(m/) if and only if pu(m) < p(m'), with

A(m) = A(m/) if and only if p(m) = pu(m') .

Theorem 6.1.10. R is finitely generated if and only if both sequences (A)gen,

(x)ren are eventually constant.

Proof. Suppose, without loss of generality, that (Ag)reny has a strictly increasing
subsequence. By Proposition 6.1.2, R is not finitely generated.
Now suppose that for some N € N we have A\, = Ay and pp = py for all £ > N.

Let H C R be a minimal monomial generating set. Using Proposition 6.1.4, let
G1={gl,...,gn}CH, ng{hl,...,hm}CH,

where G generates all f € R with A\(f) = Ay, and G, generates all f € R with
u(f) = pn. Let g; = 2%y” and h; = x¢ydi set

Let g = xPy", h* = x°y". Choose M € N sufficiently large so that for all kr > M
and le > M, we have (¢g*)*, (h*)! € R.

We can associate any monomial z%¢” to the point (a, 3) € N?. The monomials
with ratios Ay or uy can then be understood to be the points in N? lying on the lines
in Q? with equations y = "x, y = § respectively. The points in N2 corresponding
to the monomials in R are therefore contained in a cone cut out by these ratios.
Multiplying two monomials corresponds to addition of vectors in N2, thus the points
corresponding to the monomials generated by GG; UGy lie in the semigroup generated
by the points {(a1,b1), ... (an,b,), (c1,d1), -, (Co, dm)} C N2,

Note that GG; U G5 generates three families of points:
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o (¢°)*, k > M/d, corresponding to {(kp,kr) € |k > M/r}.
o (W)}, 1> M/e, corresponding to {(le,lv) |l > M/e}.

o (g)k(h9), k > M/r,1 > M/e, corresponding to {(kp + le,kr + lv) |k >
M/r, 1> M/e}.

The third family of points gives rise to a family of parallelograms Py, k > M /r, 1 >
M /e with vertices

(kp+le, kr + ), (k+1)p+le, (k+ 1)r + lv),
(kp+({+Dekr+({+1)v),(k+1p+ I+ 1, (E+1D)r+ (I +1)v).

11 fPoo

1 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Note that within each parallelogram there are finitely many integer points, and this

number is the same for each parallelogram; call it A.

Claim. There is some L € N and some finite set G' C H such that G; UGy UG’

generates all monomials in R lying in all parallelograms P,y with k,1 > L

To prove the claim, first consider some m = x¢y/ € R with e,> M/r, f > M/,
so m is one of the A points lying within some parallelogram P say. If all such
m are generated by G7 U G4, we are done, otherwise there are at most finitely
many generators py,...ps € H such that G := {p1,...,ps} UG1 U G, generates m.
Now by construction, since m lies within Py, (¢%)"(h*)'m lies within Py 4 for
k> M/r,1 > M]/e. Thus, for ¢ € R a monomial corresponding to a point lying
within some parallelogram P, for a,b sufficiently large, there are at most A —1

possibilities for this point corresponding to ¢ to not be generated by G; U G U G3.
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Therefore, continuing this process and setting G’ = Gz U -+ - U G 4,2 we obtain the
desired result for some suitably large L € N, thus proving the claim.
Now, given the claim, the point (Lp + Le, Lr + Lv) € N? divides the cone into 4
parts by the lines
y:rx—FL(v—r'O), yzvx—l—L(r—UP),
p € € €
and G U G2 U G’ generates all monomials corresponding to points (a,b) with

bzva+L<r—w>, azpb+L<p—U7").
€ € r €

There are are only finitely many possible points in the region bounded by

UGSbSUG—FL(T—w), ’ObgagprrL(p—%),
€ € € r r r

and hence only finitely many more monomials are required to generate all mono-
mials corresponding to the points in this region. What remains are monomials

corresponding to points satisfying either

bz”a+L<r—“p>, pbgagme(p—“), (6.2)
€ € T T T
or
azpb+L<p—%), Uagbgva%—L(r—Up). (6.3)
T T € € €

Note that for a monomial corresponding to a point in case 6.2, for a given y-degree,
there are at most L (,0 — %) monomials in R in this region. Similarly in case 6.3,
for a given x-degree there are at most L (r — %) monomials in R in this region. To
show that only finitely many elements of H are needed to generate all monomials
in these regions we can proceed similarly to Lemma 6.1.8. Given some monomial
m = x°y/ € R in the region 6.2, write f =lr +s5,0<s<r, and e = lp+2s+1t,
0<t<L (,0 — %) Then (g*)*m, for k > M generates monomials corresponding to
points (u,v) with u = (I +k)p+ £s +t, and v = s mod r for v sufficiently large.
This can be done for all possible ¢ and s, and since only finitely many elements of H
are required to generate each m, we see that finitely many monomials are needed to
generate every monomial in this region. The proof for region 6.3 follows exactly the
same argument with the x and y-degrees swapped.

O

With this in hand we can now show:
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Theorem 6.1.11. Suppose R C K|z, y] is a non-finitely generated monomial sub-
algebra, and let G C R be a monomial generating set. Then G C fr and fgr is the
radical of a finitely generated ideal.

Proof. Note that if R C K|xz,y] is a non-finitely generated monomial subalgebra

then we have either:

1. Precisely one of the sequences (A, )nen, (fn)nen has an infinite strictly increasing

subsequence and the other is eventually constant.

2. Both sequences have an infinite strictly increasing subsequence

In case 1 suppose without loss of generality that (u,)ren is eventually constant

”7( 0,d

with maximal ratio , and let G = {(2%y®)™,. z°y®)m} be a generating set for

all elements which have this maximal ratio k. We will show that fp = VGR =

\/(2°y?)* R and that fg is a maximal ideal of R.

Given an element 2% € R, since (\,)ren has an infinite strictly increasing

subsequence there is some element z%y° with A(z%°) < A(z*y?), thus

Ba—ab __ (xayﬁ)a

Yy (zayb)e € Ryay N K[z, y].
Now, if u(z%®) < &, then
6,,d\arb
xbal(s_aald = E‘;agbi;‘ld € Ra:ﬂyb m K[m7 y]

Alternatively, we have p(z%°) = u(2°y?) and this remains the maximal ratio for
on R,ap NK[z,y]. In either case, R,.,» NK[z,y] has both (A, )new, (fn)nen eventually

constant, meaning R,.,» is finitely generated. Thus, fr is a maximal ideal.

Y
Furthermore, if 2%9® € R has u(2%y®) = &, then 2% = (2%y?)* for some k and

hence (z%°)" = (2°y4)“* € (2°y4) R, otherwise pu(x%®) < k. Let 2%y°® € R satisfy
Mz*y?) > A(x%?P), then we have:

(l,ayb>6 — xaﬂfba<xayﬂ>b’ (x(zyb>ai6 — ybaiéfaaid(xtsyd)aia’
where both af — ba, ba;6 — aa;d > 0. Thus

(xayb)ﬂa(baiJ—aaid)—l—aicsﬂ(aﬂ—ba) _ (xayﬂ>aﬂ(bai6—aaid)(xzsyd)ai(aﬂ—ba) c (.T(Syd)aiR,

showing that fr = \/(z°y?)* R.
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In case 2 let G C R be a generating set, suppose that A\, # 0 but \y_; = 0
and p; # 0, but p;_, = 0. Let zPy*, 2'y? € R be the corresponding elements with
/\(xpyk) = M\, u(2'y?) = ;. Note that we must have ¢ > k and p > [ and hence
e = pu(zPy*) > ﬁ = p(xly9). Let 2%y® € R then, since both (A, )nen, (fin)nen have
infinite strictly increasing subsequences, there are zy¢, 2°y/ € R with \(ay?) >
AMzy?) and p(zey”’) > p(x%y®). Hence we must have

¢ d\a ¢ b
ad—be = ( Y ) l,eb—fa = ( y )f € Rxayb HK[I&?J],

(zayb)e’ (zay?)

therefore R a,» N K[z, y], has both (A)ken, (1r)ren eventually constant, so Rya,p is
finitely generated and we must have G C fg.

We now show that fp = \/(zPy*, 2ly?) R. Note that if \(z%°) = \(2Py*) then
we must have 2%’ € \/zPy*R, and similarly if u(z%®) = u(z'y?) we must have

2yt € \/2'yiR. In either case, x%° € \/(xPyk, aly?)R. Since p(zPy*) > u(zly?),

there are then three remaining cases for z%y°:
L A@oy) > APyt and p(aty?) > p(a'y),
2. Ma"y") < MaPy®) and p(2®y’) > p(a'y?),
3. M@%’) > AaPy¥) and p(z?y") < p(a'y?),
)

k

In case 1 we have A\(z%®) < A(zPy*) and u(z%y®) < p(a'y?), since then

(@) = PR @), (ah) = 2t (aly?),
where both pb — ka,aq — b > 0. Using this, we find
(:L,ayb)pk’(aq 1b)+qp(pb—ka) __ (xlyq)ak(aq—lb) (xpyk)pb(aq—lb) c (l‘pyk,l’lyq)R.

Now in case 2, since (u,)nen has an infinite strictly increasing subsequence, there
is some r°y? € R with u(zy?) > u(x%y®). Repeating the above calculation for
case 1 replacing 2Py* with 2°y? we can show z%® € \/2!y4R and similarly for case

3 we find that 2%’ € y/zPy*R. Thus, having dealt with all cases, we conclude

that fp = \/(2Py*, xly?) R, the radical of a finitely generated ideal, completing the
proof. O]

Example 6.1.12. Let o, 5 € R and let R := K Haz“yb la< §< 5” That is, R

is generated by all monomials corresponding to points in N? bounded by the lines
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y = Bx and y = ax as shown in the following figure:

7 ° ° ° e
6 ® ® ® °
5 3 /e ° °
4 ° °
3 13 @
2 °®
1 ®
Z2 I 2 3 4 5 6 7 8 9 10 11 12 13
1]

For z%y® € R, we must have

Q@ b 6]
— < Az"y’) = < —
1+« (@) a+b " 1+p3
1 < u(ay?) a < 1
— x = .
115 MY T S 11 a
If we consider (Ay)ken, this defines a sequence which converges to % from below
while (ug)ren converges to ﬁ from below also. Thus both (A;)ren and (pg)ken

have infinite strictly increasing sequences and R is non finitely generated.

If welet R :=K Ha:“yb la < $ < BH and require § = g € Q, then 2Py? € R
has maximal A(a?y?) = 1 = % but = is not attained, hence R is not finitely
generated.

Finally, if R :=K [{x“yb la< ¢ < BH with «, § € Q, then both maximal A and
1 are attained and R is finitely generated.

Definition 6.1.13. Let “ < ” be a monomial ordering on K[z, y|, we say that a

function A< : K[z, y] — Q is an ordered ratio function if:
1. For f € K[z,y] A<(f) = A<(m) where m is the leading monomial of f.
2. For all f € K[z,y], i > 1, A<(f) = A<(f9).
3. For f,g € K[z,y] with A<(f) < A<(g), then A<(f) < A<(fg) < A<(9).
4. A monomial m € K can be uniquely recovered given any two of A<(m), deg,(m)
and degy(m).

Lemma 6.1.14. Let “ < 7 be a monomial ordering, \<(z%y) := a%b and p(x%y’) =

o4 ordered ratio functions and R C K[z,y| a subalgebra. Let (A} )ren, (113 )ren be
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sequences defined by Ay := max{\<(f)|deg,(f) <k}, := max{u<(f)|deg,(f) <
k}. Then R has a finite SAGBI-basis if and only if both sequences are eventually

constant.

Proof. Consider Lg,(R), the algebra generated by the leading monomials of R. The
ratio functions A, p are well-defined on this algebra, and since for f € R, A<(f) =
A<(m) and p<(f) = p=(m) where m € L, (R), the sequences (Ag)ken, (145 )ken are
the same on Ly, (R). Thus by Theorem 6.1.10, Ly,(R) is finitely generated if and
only if these sequences are eventually constant. Additionally, given a generating
set for Ly,(R), the corresponding elements in R with these leading terms form a
SAGBI-basis for R, which is finite if and only if the generating set for L,,(R) is
finite, hence the result. O

6.1.2 THREE OR MORE VARIABLES

Throughout this subsection, we suppose that R C K[zy, ..., x,], n > 3 is a monomial
subalgebra, unless stated otherwise. In order to obtain conditions on R which classify
when it is finitely generated we provide a geometrical interpretation of our results
obtained thus far. As noted previously, monomials xi" - - - 2% € K[xy,...,z,] can
be associated to vectors (ay,...,a,) € N* C Q". Multiplication of two monomials
corresponds to addition of their corresponding exponent vectors. Thus, the set of
vectors corresponding to all monomials in a subalgebra of K[xy,...,z,] have the

structure of a semigroup S in N under addition.

Definition 6.1.15. A semigroup S is affine if it is finitely generated and isomorphic
to a subsemigroup of Z? for some d > 0. By finitely generated, we mean that there
are si,...,s, € 9 such that for all s € S there are a; € N such that:

S =a181 + as8s + ... UmSm-

R is then finitely generated as a subalgebra if and only if the corresponding
semigroup S is affine. Ratio functions also have a geometric interpretation. In two
variables, the set of monomials which have a fixed ratio A € Q lie on lines in Q2.
These functions can also be considered as functions from N2\ {(0,0)} to Q. The
existence of a maximal ratio corresponds to a line which bounds all points in the
semigroup. For example, given the ratio function A(x%°) = \((a, b)) := b/(a + b), if

An is the maximal ratio, then for all s = (s1, s2) € S we must have sy /(s1+352) < A,
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or equivalently Ays;+ (Ax —1)sy > 0. When S is bounded by two lines it is contained

within a polyhedral cone:

Definition 6.1.16. [2, p. 10] A polyhedral cone C C Q" is the intersection of a finite
number of half-spaces which have 0 on their boundary. Equivalently, a polyhedral
cone is the non-negative span of a finite number of vectors vy, ..., v, € C, meaning
for all v € C' .
v = Zx\ivi, NeEQ N >0
i=1

A vector v € C is extremal if whenever we have v; = u; + w;, with u;, w; € C, we

must have u; = o;v;, w; = Biv;, oy, B € Q.

Theorem 6.1.17. (2, p. 11] A polyhedral cone C' is the non-negative span of a finite

number of extremal vectors.

Definition 6.1.18. Given a polyhedral cone C', a set of extremal vectors for C' is
a collection of vectors {vy,...,v,,} C C whose non-negative linear span is all of C'.
Given an extremal vector v, the corresponding ray R, := {\v € Q" |\ € Q} is called

an extremal ray.

Definition 6.1.19. A polytope P € Q" is the convex hull of a finite set of vectors
v, ..., 0, € Q" that is

P .= {Zaz‘vi: | > a;i=1,0<a; <1 for all z}
i=1 i=1

A vector v € P is a vertex of P if it cannot be expressed as a convex combination of

vectors in P. That is, if there are w; € P such that

k
V=Y aw,
i—1
where Zf’zl a; =1 and 0 < a; <1 for all 7, then £ = 1 and w; = v. Clearly the
vertices of P are some subset of {vy,..., v}

The result of Theorem 6.1.10 can therefore be restated for .S in the following way:

Corollary 6.1.20. Let S C N2 be a semigroup. Then, S is affine if and only if S is
contained in a polyhedral cone, with half spaces defined by mazximal ratios Ay, iy € Q,

and there are extremal vectors s,t € S with X\(s) = Ay and p(t) = pn-.
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In this section, we prove an analogue to this result for dimension n > 3:

Theorem 6.1.21. A monomial subalgebra R C K[z, ..., x,] is finitely generated if
and only if its corresponding semigroup S C N™ C Q" is contained in a polyhedral
cone C' C Q™ with a set of extremal vectors vy, ..., v, where for each i, there is some
wi € Q with pv; € 5.

This Theorem, together with the subsequent Corollary 6.1.25 we make upon
completion of its proof, has been shown in [2, p. 53] using Hilbert’s basis theorem.
We provide an elementary proof.

Note that any subsemigroup of N" is trivially contained in a polyhedral cone.
Indeed, the cone defined by the half spaces H; := {(a1,...,a,) € Q"|a; > 0}
will contain all points in N” and hence all possible subsemigroups of N”. When
a semigroup S satisfies the conditions of Theorem 6.1.21 we say that it has an
associated polyhedral cone. In order to prove this we first obtain some preliminary

results:

Proposition 6.1.22. Suppose S C N" is a semigroup, v € S and R := {\v €
Q™| A > 0} s the ray passing through v. Then the subsemigroup T := SN R is

affine.

Proof. Let v = (ay,...,a,) € S C N" there is some A € Q such that Av € N" and
|v| is minimal. We claim that R N N* = {k(\v) |k € N}. Indeed if w € R has
lw| = qlv| 4 |u|, where u = w — qv and |u| < |v| we must have u = 0 since v was
chosen minimally. Thus, RN N" = N and hence T is isomorphic to a subsemigroup
of N, hence is affine. O

This following lemma is known as Gordan’s lemma, see [2, p.52].

Lemma 6.1.23. Let C C Q" be a polyhedral cone, and let S =N"NC, then S is
affine.

Proof. Suppose vy, ... v, € C C Q" are a set of extremal vectors for C. We may
assume, since we can rescale the vectors, that v; € N” for all . Now Let v € CNN",
then there are A\; > 0 such that

m
V= Z AiUi,
=1
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since the \; € Q we can rewrite this sum as

m
v = Z a;V; + bﬂ)i,
i=1
where b, € N and 0 < a; < 1. Note that since the v; € N" we must have > ", bv; €

N™ and hence

m
Z a;v; € N"™.
=1

Consider the set .
A= {ZaiviENn|0§ai< 1},

=1

we note that A consists of all points within the polytope which is the convex hull of
{0,01, . Uy U1+ V2y o, U1 + Uy o, U1+ U

Clearly, we must have that |A| < oo and hence the set AU {v;...,v,,} generates S
over N. [l

Lemma 6.1.24. Let C C Q" be a polyhedral cone, and vy, . .., v, be a set of extremal
vectors of C'. Let S C N" N C' be a semigroup, with the property that for each i, there
is some \; € Q such that \jv; € S, then S is affine.

Proof. To prove this result, we generalise the proof of Theorem 6.1.10 to n variables.
We induct on n, with the aim to show that there is a generating set G = G; U G,
for S with the property that each g € G lies on an extremal ray of C', and for each
s € S we have s = f + g, where g € G5 and f lies in the semigroup generated by G.
For n =1 this result is trivial and for n = 2 this is the content of Theorem 6.1.10.
Now, let R; be the extremal ray corresponding to each v;. By Proposition 6.1.22
each subsemigroup R; N.S is affine and all elements in R; NS are of the form kw; for
some w; € RNAN" and k > 0. Suppose the generators of R; NS are kiw;,... k;iwi,
ki € N. Let d; = ged(k{,...,k?). Let U C S be the subsemigroup generated by
Gy = {Kklw, ... k;lwl li=1,...m}.

Now let T' C C be the semigroup with generators d;w;, ¢ = 1,...m, note that T’
is not necessarily a subsemigroup of S. For a € T we define the polytope ), which

is the convex hull of the vectors

{a,a+d1w1,...a—i—dnwn,...,a—i—Zdiwi}.

=1
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Note that these polytopes cover the cone, meaning that for all ¢ € C', and hence all

s € S there is some polytope ), which contains c. We set

A= {Zaldlwl < Nn’O S a; S 1},
=1
as in the proof of Lemma 6.1.23 we remark that |A| < co. Note that since the v,

and hence the d;w;, generate C', given any g € S we can write g as
g="> qdw; + ridyw;, ¢ € N,0 <r; <1,

where 7 := """ |, rid;w; € A. We call v a root vector of g. Note that all g € S have
at least one root vector. We claim that only finitely many generators are required to
generate all points contained in polytopes of the form @, ,, where v € T and u € T
are fixed vectors to be determined.

Since each of the subsemigroups R; N .S are isomorphic to a subsemigroup of N,
there is some M € N such that (M + k)d;w; € S for all k > 0. If g € S is contained
in some polytope @), say, set ¢, = w+p, where p = >, Md;w;. Now g+ U contains
a point in every polytope of the form Q. ., where v € T'. Write g = w + r, where r
is a root vector of g. If f € g+ U, and lies in the polytope Q(44p)+v, then we must
have f = w + p + v + r, where w, p,v € T. Therefore all such f have r as a root
vector. Now for each possible root vector r, of which there are a finite number since
|A| < 00, we can look for some g, € S which has said root vector. If g, exists, then
by the argument above there is some vector ¢, for which all f € S which have r as a
root vector and are contained in polytopes of the form Q.,.,, v € T, are generated
by g, + U. Otherwise there are no f € S with r as a root vector and we set ¢, = 0.

If we set

U= Zcr,

reA

then we require at most |A| + >, k;l generators to generate all points contained in
polytopes of the form @,.,, where v € T', as required. In fact more so is true, since
the polytopes cover the cone, given any w € T lying in u + C, the cone shifted by u,
no additional generators are required to generate all points in @,,.

Let Hy,...H; C Q" denote the hyperplanes corresponding to the half spaces
which define the cone C. To complete the proof we show that there are vectors pj =
0,D%, -, Ppys----00 = 0,94, ..., pl, € Q" such that each point s € S\ (SN (u+ C))

is contained in H; + p§~ for some ¢, 7. With this in hand, we claim that by induction,
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only finitely many generators are required to generate all of S N H; + p; We start
by showing that (C'\ (u+ C')) N N" can be covered by finitely many hyperplanes.

For each H;, we can describe H; as
H; = {(P17P2 oy Dn) € Qlaipy +abpy + -+ alp, = 0}7

where a} € Q for all i,j. Suppose that a} = I;—%, where if p} = 0 we set ¢; = 1, let
J

qi :=lemy(q}). Note that for p = (p1,...,pn) € N*, we must have

i i i S
apr + agpe + -+ appn = —,
K3
where s € Z. Suppose for v = (uy, ..., u,) we have that
i i Si
auy + -+ au, = —,

Now, if s; > 0, for each 1 < j < s; we take pé« = (t1,...,t,) € Q" to be a vector
satisfying '

@ttt ait, =L,
and set r; = s; If s; < 0, we do the same for each s; < 7 < —1 and set r; = —s;. Now
given some v € (C'\ (u+ C)) NN" it must lie between some H; and H; 4+ u and hence
lies in H; + p}, for some j, thus (C'\ (u + C)) N N" can be covered by finitely many
hyperplanes. Additionally, since given any b € H; + p} we have H; + p’: = H; + b, we
can assume that pé- € Z". Furthermore, if pé- = (t1,...,t,) we can choose pz- so that
t; <0 for all 7, so that whenever we have b = c +p; € H; + p; N C, it follows that
ce H,NnC.

Now for each 7 suppose that Ajvj,... A v} € {M\vy,..., Anvp} C SNC are the
extremal vectors contained in H; N C'. By induction the subsemigroup S N H; lying
in the polyhedral cone H; N C is finitely generated with generating set G = G U GY.
To show that S is finitely generated, the only remaining task is to show that finitely
many elements are required generate all vectors in (H; + p;) N.S for all 7, 5. Note that
for pi # 0, (H; +p}) N S is not a semigroup. Given a € H;NS and b € (H; +p}) N S,
we must have a + b € (H; + p;) N S. We claim that there is a finite subset
G C (H; + p;) N S with the property that each b € (H; + p;) N S can be written
as b = a + g, where g € GG and a lies in the semigroup generated by G. It is clear
that a subset with this property exists, though may not necessarily be finite. Let
G C (H; 4+ p%) NS be such a set which is minimal and let g € G. We can write
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g=4q+ pé, where ¢’ € (H; N C) NN". Consider the semigroup U C (H; N C)NN"
generated by Gi and G' :== {¢'|¢ = g — p,g € G}, by induction we must have
that U is finitely generated and hence G’ is finite as it was chosen to be minimal.
Thus we conclude that finitely many generators are required to generate all points

in (H; +p;) NS for all 4,5, completing the proof. O
Now we complete the proof of the theorem:

Proof of Theorem 6.1.21. Suppose that there is no polyhedral cone C' C Q™ with
extremal vectors vy, ..., v, containing S with u;v; € S for some p; € Q. Consider

any finite subset U := {uy,...,ux} C S, these generate a polyhedral cone

k
Cy = {Z)\kuk eQ" |\ € Q>0} ;

i=1
where some subset of the vectors of U are the extremal vectors of Cyy. Since S cannot

be contained within Cy;, we must therefore conclude that there is some p € S which

is not a combination on the u; and so no finite subset of S can generate S. [

Note that this theorem has an immediate generalisation, our proof uses that we
are only able to take non-negative linear combinations of our points, but not that
the points themselves have non-negative entries. Thus we obtain the following result

for Laurent polynomials:

Corollary 6.1.25. Suppose R C Klxy,...,x,, 27", ..., 1, is generated by mono-
mials. Then R is finitely generated if and only if its corresponding semigroup
S CZ™ C Q" is contained in a polyhedral cone C' C Q™ with a set of extremal vectors

vy, ..., Uy where for each i, there is some u; € Q with p;v; € S.

Remark. Suppose that there are monomials myq, ... my € R corresponding to points
ai,...,a, € Z"™ with the property that for all ¢ € Q™ we have

k
q= Z i@,
i=1

where \; € Q¢ for all i. Then the proof of Theorem 6.1.21 can still be used, but
here the polyhedral cone generated by the vectors aq, ..., a, € Z"™ is all of Q™.

As a second generalisation, note that Theorem 6.1.21 passes immediately to
SAGBI bases.
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Corollary 6.1.26. Suppose R C Klzy,...,x,] is a subalgebra and that “ < 7 is
a monomial ordering on R. Then R has a finite SAGBI-basis if and only if the
semigroup corresponding to the leading algebra Ly,(R) has an associated polyhedral

cone.

Now with Theorem 6.1.21 in hand, we dedicate the rest of this chapter to studying

the finite generation ideal of non-finitely generated monomial subalgebras.

6.2 FINITE GENERATION IDEALS

Suppose R C K[z1,...,x,] is a non-finitely generated monomial subalgebra. Corol-
lary 6.1.25 re-contextualises our approach to determining whether a given monomial
m = xi*--- 2% € R lies in fg. When determining whether R,, is finitely gener-
ated, we can take a geometric approach. m~! € R,, will correspond to the point
(—aq,...,—ay,) and using Corollary 6.1.25 we can determine whether R,, is finitely
generated by determining whether the corresponding semigroup S, together with

the negative ray
R_,, ={k(-ay,...,—a,) € Z" |k > 1} C Q",

has an associated polyhedral cone. To demonstrate this, we return to Example 2.4.6
with R = K[z, zy, 7y?, ..., ].

51 e
4+ °
3+ °
21

1+ °

If we examine R,,, the vectors corresponding to x, zy* and (zy)~!, namely (1,0), (1,2)

TY )
and (—1, —1), generate a polyhedral cone which is all of Q?, and hence R,, is finitely
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generated. Indeed, the same is true for all xy", n > 1 using the vectors corresponding
to z, zy™* and (xy™)~!. When considering R, however, the polyhedral cone which

is associated to the semigroup corresponding to R, is the half space:
H = {(a,0) € Q*[b > 0},

Note in this case the extremal vectors, (1,0) and (—1,0) do not generate the cone
and we require at least one other vector, such as (1, 1) to do so.

This example demonstrates a useful means of determining whether certain mono-
mials are contained in the finite generation ideal. Suppose R C Klzy,...,z,] a
non-finitely generated subalgebra, and S C R is a finitely generated subalgebra of R.
Suppose that the associated polyhedral cone of S is n-dimensional, meaning that
the extremal points generating the cone generate Q™ as a vector space over Q. Now
suppose we localise by a monomial corresponding to a point contained in the interior
of the cone, meaning not lying on any of the cone’s faces. The localised vector,
together with all of the extremal points generating the cone, will generate all of Q™
as a polyhedral cone. Hence, these monomials must lie in the finite generation ideal.

It remains unclear whether monomials which correspond to points lying on one of
faces of the polyhedral cone associated to S, the semigroup corresponding to R, lie in
the finite generation ideal also. To approach a solution, it quickly becomes necessary
to understand the ways in which a subalgebra can fail to satisfy the conditions of
Theorem 6.1.21. To do this, as in the two dimensional case we shall make use of

ratio functions, which generalise as follows:

Definition 6.2.1. A function A : K[xy,...,z,,y] — Q is a ratio function if it

satisfies following properties:
1. For f € K[zy,...,2,,y], A(f) = max{A(m)|m is a term of f}.
2. Mef) = A(f) for all f e Kxy,...,x,y], c€ K\ {0}
3. Given f,g € K[xy,...,x,,y] with A(f) < A(g), then A(f) < A(fg) < A(g) with
equality if and only if A(f) = A(g)
4. A monomial m can be uniquely recovered given any n of A(m), deg,, (m),
deg,,(m),...,deg, (m).
As an extension to property 4, given ratio functions Ay, ..., \x : K[zq,..., 2, — Q

we say these functions are compatible if any monomial m € Klzy,...,z,] can be

uniquely recovered given any n of Ay(m), ..., \p(m),deg,, (m),...deg, (m).
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Example 6.2.2. Let {iy,...it} C {1,...,n,} where 1 < k <n, and consider the
function A : K[z, ..., z,] — Q defined first on monomials as:

Piq Gy +...Piy Ay

A (8- gt = g Gt

a;; not all 0,

0 otherwise.

Where the p;; € N, ¢;; € N\ {0} satisfy:
L o< <1,
2. If py, ;é 0, then ged(py;, q;;) = 1.
3. There is some s,t € {1,...,k} with ZZ%: + %Z'
4. If p;, = 0 then ¢;, = 1.
We can extend A to f € K[xzy,...,x,] by setting

A(f) = max{A(m)|m is a term of f}.

Then A defines a ratio function on K[zy, ..., x,]: Clearly A satisfies properties 1 and

2, and if
pilail +4+ .. pzkalk

Qi @iy + -+ Q5,04

= a’
rearranging we have

(gi, = pir)aiy + -+ (agy, — pi)ai, = 0.

Since there is some s,t with Z# =+ Z# we must have (ag;; — p;;) # 0 for all j, and so
is iy

a fixed ratio defines a hyperplane, and A satisfies property 4. Suppose monomials
b b satisfy A(m) = E < A(n) =%, then

m=z{" -zl and n =2z n

v

ptr p_ qr—ps 0
q ?

q+s q(q+s)
since gr — ps > 0 and we also have

r_ptr_ar—ps
s qts s(gts)

We then conclude that

r r
pr S)\(n):77
qg+s S

A(m) =

RS

< A(mn) =

with equality precisely when p = r,q = s. For general f, g € R where A(f) = \(m),

A(g) = A(n), for monomials m,n appearing in f and g respectively, it is clear that
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A(fg) = A(mn) and so the property remains satisfied. We call this kind of ratio
function a linear ratio function.

As in the 2 dimensional case, we can define an increasing sequence (\g)reny With

A, = max{A(f) |p;, degxil (f) 4+ +Dpi deg:cik (f) < k}.

If (Ak)ren has an infinite strictly increasing subsequence, then R is non-finitely
generated, we call this the associated sequence of \.

When this sequence is eventually constant, then geometrically these ratio functions
can be used to define a half-space with 0 on the boundary containing all monomials
in R, where the maximal ratio defines the hyperplane boundary. Suppose a € Q is

the maximal ratio, then for a monomial z7* --- 2% € R we must have
(agqi, — piy)ai, + -+ (agqy, — pi)ay, > 0.

Additionally, given a half-space with 0 on the boundary containing R, we can define
a ratio function corresponding to it. Indeed, consider the half-space defined, for
q=1(q1,.--,q,) € Q" by

T'iq Ti,

Sy e 2, 20,

i1 i

we have:
i i Sip,

where each :ﬂ # 0. By setting a =
j
a(rilsiQ C S Qi Tt T Th iyt Sig 5 Sig iy T T Siy t Siy, (Sik + 1)Qik)
Rearranging, we obtain:

Tip iy,

<
TiySig ** SipQiy T 00 T Vi Siy t Siy 586, Qg y T TigSig Sik—l(sik + 1)Qik

Thus, defining a ratio function p on the monomials with

plaf ) =
rikaik

TiySig =+ Sip @iyt + Vi Siy =+ Siy S0, Qiy_y + T3y Sy Sik—1(sik - 1)aik 7
the half-space is then defined by the maximal ratio a.
Example 6.2.3. Ratio functions need not be linear. Indeed, consider A : K[z, y] —
Q defined on monomials by:

_ p1a® + paab + psb?

Maz%yP) = ,
(="y") q1a?% + quab + qzb?
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where the p;, ¢; satisfy the conditions from Example 6.2.2. Additionally suppose that

PL < P2 < B
@ — g2 — g3’
all monomials in f. Then A defines a ratio function on K|z, y|. To see this, we note

and extend A to polynomials by taking the maximum value among

that it is clear that \ satisfies properties 1 and 2. For property 3, suppose that
Az2yb) < Macy?), first we observe that

Azy?) — Ma“y")
—(ad — be) ((p1g2 — paqr)ac + (prgs — psqr)(ad + be) + (pags — P3gz)bd)

_ > 0.
(qra® + geab + q3b*)(q1¢? + qocd + q3d?) -

Since p;q; — p;q; < 0 for all ¢ < j and a,b,c,d > 0, we conclude that ad — bc > 0.

Now by rearranging, we can obtain

)\(xa+cyb+d)

(p1a® + paab + psb®) + (p1c® + pacd + psd®) + (2prac + pa(ad + be) + 2psbd)
(qra? + qeab + @3b?) + (1 + qoed + q3d?) + (2qrac + go(ad + be) + 2q3bd)

Claim. Given & < %2 < 9 e have
by = by — b3’

@<a1+a2+a3 az
by = by +by+by — bg.

To see this we simply have

aq -+ a9 + as _ ﬂ _ (&le — albg) + ((Igbl — albg) >0

by +bs+bs by by (b1 + by + b3) -
since a;b; — a;b; > for ¢ > j. The other inequality is similar. Now, given the claim,
it is sufficient to show:

o= p1a* 4 paab + psb?
q1a? + qoab + q3b?

_ 2p1ac + pa(ad + be) + 2psbd _ p1E® + pacd + pad?

= < v = .
S qrac + qz(ad + be) + 2qsbd  — K q1¢% + gocd + qzd?

For the first inequality, we have

B—a= —(ad = be) ((prg2 — p2q1)a® + (p1gs — p3q1)2ab + (pags — p3g2)b?) >0

(2q1ac + gz (ad + be) + 2q3bd) (q1a? + gaab + q3b?) -

using ad — bc > 0, p;q; — pjq; < 0 for i < j and a,b,c,d > 0. The second inequality
is similar. Thus, \ satisfies property 3, leaving just property 4. This final property

is satisfied, since for a fixed ratio a € Q, we have

p1a® + paab + psb®
q1a?% + qoab + qzb?

9
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and rearranging we obtain
(aqy — p1)a® + (aga — pa)ab + (agz — p3)b* = 0.

Note that we must have % < a < B and hence (agy —p1) > 0 and (agz — p3) < 0.

b3
q3
Solving this, we obtain

. —lag = p)bE/((ag — p)? — dag — ) (ags — ps)) b
a 2(aq) — p1) ’

where (ags — p2)? — 4(aqi — p1)(ags — p3) > 0 by our observations. This equation

can only have one solution with a,b > 0. This is because (ag, — p2)* — 4(aq —
p1)(ags — p3) > (agy — pa), hence the numerator changes sign when changing the +

to —. We therefore conclude that A\ defines a ratio function.

Remark. We expect this form of ratio function to generalise to larger variables,
and higher degrees of homogeneous polynomials in the numerator and denominator,
under some restrictions similar to our requirement that % < z—; < 5—;. However, the
combinatorics required to show properties 3 and 4 hold grow in complezity.

In two variables, we have shown that by looking at the associated sequences of
only two fixed linear ratio functions, we can determine whether any given subalgebra
R C K|z, y] is finitely generated. When working with 3 or more variables, this is no
longer the case. In fact, it is not possible to fix any finite number of ratio functions
in order to determine whether any given subalgebra R C Klzy,...,z,] is finitely
generated for n > 3. Geometrically this makes sense as in 2-dimensions a polyhedral
cone can have only 2 faces, whereas in 3 or more dimensions a polyhedral cone
can have any arbitrary number of faces. In order to obtain results on the finite
generation ideal in n > 3 variables with an approach similar to that of Theorem
6.1.11, we would require at least n — 1 compatible ratio functions. In the proof of
Theorem 6.1.11, when localising by a monomial, it is key that there are monomials
with larger ratio than that monomial in order to show some power of x or y is in the
localisation. With an increased number of variables, we would need an increased
number of monomials, and hence ratio functions which yield monomials with larger
ratios.

The following example is useful in demonstrating the added complexities that
come with determining the finite generation ideal when working with 3 or more
variables. Additionally, it provides a negative answer to the question of whether the

finite generation ideal is always the radical of a finitely generated ideal.
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Example 6.2.4. Consider the subalgebra

%n(n—&—l)

R::K{x,y,xyz,xgyf,...,a: yz" ...

Note that R, = K[z, y,y ", zz] and so y € fz. Let g, := 22" Dy2" and consider
Ry, if m > n then
x%m(erl)yzm m

= = Zi:n li
gm/gn x%"("ﬂ)yz" T 17y

m—n

We can consider just these elements as well as z as generators of a subalgebra
of K[z, z]; with the ratio function \(x%z%) := a+b,
/\(le —ni1lpm) = —_momwhich is strictly decreasing as m increases. There-

m— n—"_Z’L n+1
fore the sequence \; is eventually constant and by Lemma 6.1.3 the subalgebra

the generators then have ratio

generated by these elements is finitely generated. Since there are only finitely many
generators in R with z-degree less than n we conclude that R, is finitely generated
and hence g,, € fg.

Suppose that Ry is finitely generated, where f € K[z] and let G = {f1,..., fu}
be a generating set. Note that if h € Ry and deg,(h) = a and deg,(h) = b, then
deg,(hf') = a and deg.(hf*) = b for all t € Z. Let N := max;(deg.(f;)) and let

m > N, since G generates Ry we must have g,, = >°; A; fi (I f,‘j%. However, no term
of this expression can have z-degree m and y-degree 1 since all f; with deg,(f;) > 1
must also have deg,(f;) > 1. To obtain a term with z-degree m we require the
product of at least 2 f; with non-zero z-degree hence producing a term with y-degree
at least 2. We therefore conclude that that Ry is not finitely generated and hence
fr=(y,zyz,...).

We will now show that for all n > 1, (g,,)* & J, := (21, 72,91, .-, Gn,...). Note
(gn)* = x%”k(”“)ykz”k where k > 1. Since R is generated by monomials it is
sufficient to show that (g,)¥ cannot be written as g;, - - - g;,p, where p = %" for
some a,b > 0 and at least one of the 7; # n. We require then that g;, - - - g;, has
x-degree at most %nk(n + 1), y-degree at most k and z-degree at most nk. Therefore

we must have [ < k and
!

D5t

Jj=1

where Zj 11; = nk. Note that

i;(i;+1) < nk:(n+ 1),

[\JM—t

L1

!
25 (i; +1) = (nk+21232)7
=
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and so we require
!
IR Z n

Order the ¢ sothatij:”T+d for1<]<t where d; > 0 and i; = % — ¢;

l
for t < j < 1 where ¢; > 0. Note that (% + d;)* = ( b’ —I—and

L+ d2 whilst
(nTk —¢)? = (nll;)2 _ 2nkcj + 02 Now

l 21.2
. n°k nk
E Zj: l QT(dl +dt—Ct+1—...Cl)+d%+...d§+03+1+...cl2

=1

Observe that

k k k k
(o (o) (o) ()

hence E] 1dj = Z] —i+1¢- Thus

Zz'j: l +4di+ .. A+t

which is strictly larger than n?k whenever [ < k or the d; and ¢; are not all 0.

Therefore, we conclude that (g,)* ¢ J, for all k > 1 and g, ¢ \/J,, for all n.
Suppose fr = VI, where I = (f1,..., fm), then for all n € N there is a n; so that

(gn)™ € I. We can therefore write each ¢/'* as

"’“—ZAJ‘H "

where \; € K\ {0},a% > 0 for all i,j. Consider the map ¢ : R — R/J,, = K][gs],
since (g,)* & J, for all k > 1 we have that

g = (g:m:qs(ZAiffﬁ- ) ST

where ?j € K|g,]. We therefore must conclude that for all n, there is some j such
that f; contains a term of the form Agl,, I # 0, A € K\ {0}. Since there are infinitely
many such g,, we conclude that there must be a polynomial f; with infinitely many
terms, a contradiction.

Consider the semigroup S C Q? corresponding to this example, it is generated

by the set
1
G .= {(1,0,0), (0,1,0), <n(n;) 1,n> o ln> 1}.
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The points corresponding to the g, all lie on the curve:

C .= {(a,b,c)€Q3 bzl,a:C(C;l)}.

Another property of this example is that it shows that we cannot construct multiple

compatible ratio functions whose associated sequences have strictly increasing subse-
quences if we require all them to be linear. Indeed, consider the linear ratio function
A K[z, ..., 2,] — Q defined by
< oneof bc#0
)\(iL'abec) — ) btc 7& ,
0 otherwise,

note that A(z) = A(y) = 0 and A(g,) = ;%5. Hence the associated sequence
(A& )ken has an infinite strictly increasing subsequence. There is no other compatible
linear ratio function whose associated sequence has a strictly increasing subsequence.
Suppose p : K[z, y, z] — Q were such a function, then to have p compatible to A,
1 must take one of the following forms:

p1a+pabipsc
qra+q2b+qsc’

pratpab - one of a,b # 0,

qra+q2b
b .
pu(zy’z%) =< 10 otherwise,
piatpsc
atec one of a,c # 0,
0 otherwise.

If 1+ were not one of these forms, a monomial m could not be uniquely recovered
from some fixed value of A, and deg,(m) or deg,(m), as it would not be possible
to recover deg,(m). Furthermore since x,y € R, we require f]’—g > % for ¢ = 1,2 since
otherwise u(x) or p(y) would be the maximal value of (ug)ren, thus ruling out the

second form u could take. Now
( n(n+1) n) n (W) + p2 + psn
BT yz _q<M)++n’
1 3 q2 — g3

converges to % as n tends to infinity, and would still do so if we precluded *Z—j.

Hence for any choice of p;,q; under these conditions, there is some N € N with
Agn) > AMgnx) for all £ > 0 and so the associated sequence (i )ren is eventually

constant.
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6.3 FURTHER RESEARCH

This chapter has prompted a number of questions and possible areas for further
study. Our main goal in this chapter has been to develop our understanding of
the finite generation ideal, with the hopes of applying this to invariant rings. The
method we employ to compute the finite generation ideal relies upon construction
of a SAGBI-basis and the results in this chapter on monomial generating sets pass
easily to SAGBI-bases. From our work in 2 variables with monomials, a natural

question to ask would be

Question 6.3.1. Suppose R C K[z, y|, has a non-finite SAGBI-basis, what can we

say about fr ¢

Notably, there are finitely generated polynomial rings without finite SAGBI-bases,
such as K[z + y, zy, zy?], and any result would have to account for this. Similarly,
once we obtain a further understanding of the finite generation ideal for monomials
in at least 3 variables, we would then try to pass to SAGBI-bases as well.

Returning to ratio functions, there is still much development to be done to use
these on algebras in 3 or more variables. We would like to obtain a result for n > 3

variables similar to Theorem 6.1.11, which leads us to the question:

Question 6.3.2. Suppose R C Klxy,...,x,| is a non-finitely generated subalgebra,

n—1

are there n — 1 compatible ratio functions \', ..., \ whose associated sequences

(Ai)keN have infinite strictly increasing subsequences?

In Example 6.2.4, we showed that we could not construct multiple compatible
linear ratio functions whose associated sequences had strictly increasing subsequences.

We do, however, believe it is possible to show:

Conjecture 6.3.3. Suppose R C Klzy,...,x,| is a non-finitely generated monomial
subalgebra, then there is some linear ratio function X\ : K[zy,..., x,] — Q whose

associated sequence (A\g)ken has an infinite strictly increasing subsequence.

Taking inspiration from Example 6.2.4, there is a simple way of constructing a
number of non-finitely generated monomial subalgebras. Indeed, take any infinite
subset A C N” and consider

R=Kz{' .. a0 zpi1| (a1, ... an) € A CKlzy, ..., Tpta),
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this subalgebra is non-finitely generated for any such A. We can, for example, take
A to be the the set of non-negative integer points on a curve or surface. For example,
we could take R = K [x‘fxgxg la,be N}, which is not finitely generated. Comparing
this to Example 6.2.4, which relies on just one infinite sequence of invariants to be
non-finitely generated, this example has an infinite number of infinite sequences. We
propose that a new notion should be introduced to differentiate between these two
types of non-finitely generated algebras, introducing some idea of dimension. The
finite generation ideal is inadequate for this purpose, a simple computation shows
that fz is maximal for the above example.

There are still more questions we have about the possible structure of the finite
generation ideal. It is simple to construct a subalgebra with arbitrarily many genera-
tors not in the finite generation ideal, for example K[z, x179, 2319, ..., 23,...,TN]

has x; ¢ fg for i > 3. But we can also ask:

Question 6.3.4. Can we construct a non-finitely generated monomial subalgebra
R C Klxy,...,x,] with fg finitely generated?

Finally, while obtaining a greater understanding of non-finitely generated mono-
mial algebras is useful, we are really interested in invariant rings. As we have
constructed many novel monomial algebras which break our expectations, we would
like to demonstrate invariant rings, if they exist, which do the same. For example,
as seen in Example 6.1.7, it is simple to demonstrate a monomial algebra which does
not satisfy the non-finiteness criterion. Without completing the proof of Conjecture
4.1.6, we do not have an example of an invariant ring which does the same. Similarly
in Example 6.2.4, we have a monomial algebra whose finite generation ideal is not the
radical of a finitely generated ideal, we would like to know if it possible to construct

an invariant ring with this property.
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Concluding remarks

The stated goal of this thesis is to deepen our understanding of non-finitely gen-
erated invariant rings, which notably are counterexamples to Hilbert’s fourteenth
problem. To achieve this, we honed in on the finite generation ideal. Our main
result from Chapter 3 is that the finite generation ideal of Daigle and Freudenburg’s
counterexample is fr = 1/(Bo, Y0, o) R, which is the radical of a finitely generated
ideal containing all but finitely many generators of R”. Coupled with Dufresne
and Kraft’s similar results on Roberts’ example in [10], this prompts us to question
whether all finite generation ideals arising from invariant rings shared these properties.
However, as demonstrated in Chapter 5, these examples are heavily related and may
not be indicative of general invariant rings. In Chapter 4, we worked on constructing
a new, unrelated example to test these questions on, and applied methods which
show promise in being generalised to compute generating sets for more new examples.
And in Chapter 6 we asked if these observed properties of the finite generation ideal
hold in greater generality, using monomial algebras to do so as they are far easier to
work with.

There are two significant obstacles to obtaining more general results on the
structure of non-finitely generated invariant rings; firstly, the task of computing a
generating set which is a SAGBI-basis; secondly, using this SAGBI-basis to compute
the finite generation ideal. Our approach in Chapters 4 and 6 can be seen as attempts
to mitigate these issues. By focusing on the p-grading in Chapter 4, which relies on
the maximum value of p from amongst the monomials appearing in a polynomial,
we bake in a way of building a generating set that can be made a SAGBI-basis
relatively easily. Our focus in Chapter 6 on monomial subalgebras, with the goal

of passing these results to SAGBI-bases builds our understanding of computing the

128



129

finite generation ideal using a SAGBI-basis. There are myriad questions left to
answer along the way, but it is our hope that this thesis helps to lay the foundation

for overcoming these obstacles.
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