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summary

Cylindrical helix and planar spiral antennas produce circularly polarised (CP) radiation
over a wide bandwidth. Unfortunately this circular polarisation is not maintained in off-
axis directions. This research investigates the Spherical Helical Antenna (SHA) which
is essentially a helix which has been tapered to give it a spherical envelope. The SHA is

shown to produce good quality CP over both a wide bandwidth and a wide beamwidth.

Custom FORTRAN code has been written which implements the Method of Moments
(MoM) technique in order to model the antenna. Curved segments are used and these
are shown to substantially reduce the number of segments required to accurately
represent the current distribution and shape of the antenna. The code is carefully

validated against both published results and control software.

Modifications are proposed to the SHA including a novel scheme to define the spacing
between turns, the consideration of non-integer number of turns, truncation, and a novel
balanced feed configuration. Each of these modifications is shown to improve the

performance of the antenna, particularly its polarisation properties.

A multi-objective non-dominated genetic algorithm (GA) is applied to optimise the
performance of the antenna in terms of its axial ratio (AR) in the boresight direction and

its half-power and AR beamwdths.

With the aid of a purpose-milled mould which allowed wires to be shaped to exact

curvatures, a prototype twin-arm SHA has been constructed. Radiation patterns and

axial ratio measurements for this antenna are presented.
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C circumference of SHA

(r,4,6) spherical coordinates comprising radial, azimuth, and zenith components
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Chapter 1 Introduction

1 Introduction

1.1 Purpose of research

The cylindrical helix antenna, first proposed by Kraus '), and the planar spiral

antenna [2-4]

are both well known for producing circularly polarised (CP) radiation over
a wide bandwidth. Such properties are useful for a range of applications, particularly
satellite and other Earth-space communications where radio signals undergo Faraday
rotation as they pass through the ionosphere. One of the limitations to both of these

types of antenna, however, is their inability to produce good CP off-axis B which

results in relatively low usable beamwidths.

This research seeks to provide a solution to this problem by finding an antenna which
radiates good quality CP over both a wide bandwidth and a wide beamwidth. The
antenna presented in this thesis, as a solution to this problem, 1s the Spherical Helical

Antenna. This is essentially a helix which has been tapered to give it a spherical
envelope. The Spherical Helical Antenna (SHA), first proposed by Cardoso and Safaai-

[7-15]

Jazi '), has received only limited coverage in publications so has not been fully

researched. It is the purpose of this thesis to expand on this work. In particular this
research will investigate various modifications to the SHA including a novel scheme to
define the spacing between turns, the consideration of a non-integer number of turns,
truncation, and a novel balanced feed configuration. In addition, a search algorithm will

be applied to optimise the antenna for minimum axial ratio (AR) on boresight, and

maximum AR beamwidth.
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1.2 Review of relevant research

It is important to consider research that has been published on helical and spiral
antennas, and in particular the modifications made to these in the pursuit of improved
performance. Indeed it is also important to look at the limited number of papers on the
SHA. In Chapter 4 a genetic algorithm will be used to optimise the performance of the
antenna. It is necessary therefore to consider optimisation techniques. A review of

papers relevant to these areas follows.

1.2.1 The cylindrical helix antenna

The cylindrical helix, first proposed by Kraus 1l is a broadband antenna capable of
providing a high gain and producing circular polarisation. It has two principle modes of
operation — normal mode and axial mode. In normal mode, the radiation pattern is at a

maximum in the plane which is normal to the axis of the helix. This mode occurs when

the dimensions of the helix are small compared with the wavelength. In axial mode, the
maximum radiation intensity is along the axis of the helix. CP is obtained in the axial

mode when the circumference of the helix is close to a wavelength and the spacing

between turns is around A/4.

The current distribution on the helix is defined by three regions: near the feed end the
current magnitude decays, in the middle region the current takes the form of a travelling

wave, and towards the open end of the helix a standing wave pattern is formed. For

first-order approximations, the current can be considered to follow a travelling wave
pattern over the entire of the helix. Furthermore Krauss found " that the phase velocity
on the helix varies according to the frequency of the wave in such a way that the
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increased-directivity condition is satisfied over a wide bandwidth. This condition
requires that successive turns of the helix have a current distribution which is phase

retarded by the same amount as the electrical separation between the turns. Thus the

directivity in the axial direction is maximised.

1.2.2 Modifications to the helix antenna

Several authors have proposed modifications to the standard cylindrical helix in order to
improve its performance. Wong and King 18] hroposed a quasi-taper helix; a helix
formed by connecting together a number of uniform cylindrical helices of different
diameters. Through experimental results they showed that by using this approach it is
not only possible to increase the bandwidth of the antenna but also to synthesize an
antenna to attain a specified gain-frequency response. To demonstrate the increase in
performance they compared the quasi-taper helix to both a uniform helix and a
continuously tapered helix and obtained a 25% improvement in bandwidth. In addition
to the bandwidth improvements they also showed that tapering the helix can improve its

axial ratio.

Donn ! investigated connecting a fully tapered conical section to the open end of the

cylindrical helix in the search for better on- and off-boresight axial ratio performance.

Significant improvements were shown through experimental results.

Kraft and Monich !'* used MoM to investigate how tapering the ends of a cylindrical
helix affected the axial ratio of the radiated wave. They pointed out that the polarisation

due to the helix is significantly dependent on both @ and ¢, therefore the consideration
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of axial ratio in only certain elevation planes is insufficient. As a consequence they

considered the polarisation properties of the antenna over the entire radiation

hemisphere and utilised a novel contour diagram to show this information

diagrammatically.

1.2.3 The spiral antenna

Spiral antennas are well known for their wide bandwidth and CP properties, and have

frequently been modelled using the Method of Moments 7!, It is usual to
approximate the curved arms as a series of linear segments in order to simplify the

[22]

analysis. It has been shown however “' that many more segments are needed to

approximate the curvature, than are required to approximate the current distribution.
This has led some authors including Champagne 22 and Khamas and Cook 2% to
develop curved segment analyses which they have shown to be significantly faster and

less memory intensive.

Recently Saghi, Khamas, and Cook **! have expanded their curved segment analysis to
model a twin-arm Archimedean spiral conformal to the surface of a cylinder. They

found that this antenna gave a wider beamwidth compared to a planar spiral.

1.2.4 The Spherical Helical Antenna (SHA)

Taking the idea of tapering the cylindrical helix one step further leads to the concept of

a Spherical Helical Antenna (SHA). As the name suggests, this is a helical antenna with

a spherical envelope instead of the usual cylinder. The SHA was first proposed by

Cardoso and Safaai-Jazi ) in 1993 although some earlier work by Mei and Meyer %! in
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1964 touched on a similar idea. Mei and Meyer published analytical solutions for the
radiation patterns due to a spherical antenna with an anisotropic surface. The surface
described conducts only in a spherically-spiral direction, so can be likened to a spherical
helix with an infinite number of turns. Riblet */ also proposed an antenna similar to the

SHA. He showed a spherical antenna with an equiangular spiral slot which had been

plotted onto a plane then projected onto the surface of the sphere.

Cardoso and Safaai-Jazi ! suggested that unlike the cylindrical helix which provides
circular polarisation (CP) only in the direction near to its ax1s, the SHA should produce
good CP over a much wider beamwidth. This would be of huge benefit in many
situations requiring CP where the receiving or transmitting antennas were not at fixed

locations. Satellite communications is one such application where a fixed earth-based
antenna may need to receive signals from satellites anywhere in the sky. A circularly
polarised receiving antenna is beneficial in this case as it allows the reception of signals
which have undergone Faraday rotation from passing through the ionosphere.

®l used the wire antenna code ESP

In their first paper Cardoso and Safaai-Jazi [
(Electromagnetic Surface Patch code) which is based on the Method of Moments, to
model a coaxially-fed 10-turn SHA above a ground plane. Their results showed that
reasonable CP was obtained over a 90° beamwidth — a significant improvement over the
cylindrical helix. The limitation to this was that this CP over a wide beamwidth was
maintained over a relatively narrow bandwidth (about 1.5 %.)

7]

In a second paper Safaai-Jazi and Cardoso ") considered the effect of altering the

number of turns on the spherical helical antenna. They tested antennas with between 3
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and 10 turns and showed that the number of turns is unimportant with regard to the
radiation pattern and directivity. They stated that typical 3dB and 10dB beamwidths are
60° and 110° respectively, but that the polarisation over the beam varied greatly and
was affected by frequency. In general the polarisation is elliptical, but under certain

conditions, CP can be obtained over a wide beamwidth.

Hui et al. [® also investigated the SHA using ESP, paying particular attention to its input
impedance characteristics and gain, and how these vary with the number of turns. They
noted that the size of an SHA is determined purely by its radius, and is independent of
the number of turns. Conversely, for a cylindrical helix with a fixed separation between
turns, increasing the number of turns increases its axial length. As a result the effect of
adding turns is very different, and in fact detrimental to the performance of the SHA.
They showed that both the gain and input impedance vary more rapidly the more turns

there are, which results in lower bandwidths of operation being possible.

Hui et al. then proposed a hemispherical helical antenna 191 " The antenna was
positioned above a ground plane and fed from its edge via a coaxial cable. Their
motivation for effectively removing the lower half of a full SHA was mechanical
stability. Through both theoretical and experimental results, and the consideration of 3-,
4-, and 5-turn geometries, they showed that the hemispherical antenna has similar
radiation performance to that of a full spherical helical antenna. They obtained a 3dB
axial ratio bandwidth of 14.6% from a 5-turn antenna, and a 3dB axial ratio beamwidth
of 90° from a 3-turn antenna, although data was only given for a single elevation plane.
It has been shown previously '® that the polarisation of radiation from a cylindrical

helix can vary dramatically with both @ and ¢. This is also true of the SHA and will
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be considered in section 5.2 of this thesis. In a subsequent paper !''! Hui et al.

constructed a 2x2 array from hemispherical helical antennas for INMARSAT-M
satellite reception. They showed that due to the wide beamwidth over which the array

elements produce good CP, their array outperformed others designed for the same

application.

Chan et al. !"¥ proposed a modification to the feed of the hemispherical helical antenna.

They added a linear segment between the edge and centre of the sphere as shown in

Figure 1.1. Chan et al. showed that this improved the axial ratio.

Z

‘
Hemispherical ""

helix .

Grm:?d plane

)

\

L
h
X

-y

Figure 1.1 — Centre-fed hemispherical helical antenna reproduced from Chan et al. 1121

Zhang et al. '"* presented a hemispherical helical antenna with an additional matching
section, tuned for global positioning system (GPS) reception. They addressed the issue

of mechanical instability by proposing that the helix be printed onto the surface of a

hemisphere. For their experimental measurements, they affixed copper tape to a

polystyrene hemisphere.
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Weeratumanoon and Safaai-Jazi 'Y considered the effect of truncating a full SHA by
terminating the wire before it reached the upper pole of the sphere. They showed that
whilst the gain and radiation patterns remained fairly constant, the axial ratio on-axis
could be significantly reduced, resulting in acceptable CP over a wider beamwidth. To
demonstrate the effect this could have on the usable bandwidth of the antenna, they
showed that a 4-turn SHA truncated after 2.75 turns produced an axial ratio of less than
3dB over an 80° beamwidth and over a 10% bandwidth. Ding et al. " also considered
the effect of truncation. They presented computed results for a 7-turn SHA truncated to
3.5 turns, thus forming a hemispherical antenna which rests with its southern pole just
above the ground plane. Note that this is an inverted form of the hemispherical helix

previously proposed by Hui Pl

1.2.5 Antenna optimisation

There are many optimisation techniques which can be used to search a parameter-space
for a set of parameters which produce either the best possible antenna characteristics or
those which meet given criteria. Such methods include the Genetic Algorithm [23'30],
Particle Swarm Optimisation '}, Simulated Annealing B2 'Monte Carlo techniques, hill
climbing, and random or exhaustive searches. Electromagnetic problems often have

solution domains which contain non-differentiable and/or discontinuous regions "]

which can prevent some of the techniques from finding a solution. The GA however 1s

robust 1**! and is able to locate a globally optimum solution irrespective of the

complexity of the solution space. Genetic Algorithms can also handle multi-objective

[34]

problems " without the need for a predefined cost function.
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Successful application of the GA to electromagnetic problems has been reported by

[21,

various authors *"*>**!, In particular, Edwards et al '] optimised a planar printed

spiral with a GA, using curved segments and the Method of Moments. Their chosen

GA " used Pareto ranking and was dual-objective — looking to minimise both the axial

ratio on boresight and the angle of the main beam from the boresight direction.

Altshuler and Linden ! used a GA to create a new design for an antenna rather than
optimising a pre-existing design. The GA’s goal was to produce an antenna which
radiated uniform power over the entire radiation hemisphere. The only constraint was
that the antenna should consist of a number of linear wires connected together in series.
The GA was able to choose the position, orientation, and length of each of the wires,
and used the NEC2 engine to perform simulations. A seven segment “crooked-wire”

genetic antenna which met the design criteria was found using the GA.
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1.3 Computer modelling

Antennas with simple geometries can be modelled analytically by making various

assumptions about their current distributions. The dipole is one such example. Here the
current is assumed to be sinusoidal with nulls at the end points. This has been found to
be a good approximation through experimental measurements. From the current
distribution, further expressions can then be derived to calculate its input impedance and
radiation patterns. The complex geometry of the SHA makes the development of
analytic expressions unfeasible. The current distribution along the wire will take on a

complex form. Thus analytical techniques are not possible.

A traditional method of antenna design is through construction. Up until the mid-1980s
it was common for antenna engineers to construct large numbers of test antennas of

varying shapes and sizes, then to characterise them through time-consuming
measurements. Over the last two decades available computing power has increased

dramatically and has led to the realisation of a third method of antenna design —

numerical methods. Although measurements remain an important part of antenna
design, it is significantly more efficient to conduct the majority of the design work using

computer simulations and use measurements to validate this work.

There are several numerical techniques for modelling antennas computationally

including Finite Difference Time Domain (FDTD), Finite Element, and the Method of

Moments (MoM). The latter of these is well suited for modelling wire antennas and has

been selected for this research. It will be discussed in further detail in Chapter 2.
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Method of Moments software is available both commercially (e.g. ESP *!) and in the
public domain (e.g. NEC ")), Although NEC will be used to provide some validation,
given in Chapter 3, the author has written custom FORTRAN code to model the SHA
for this research. Custom software has the advantage that it allows full control over the
model and its analysis. It also gives a better insight into the operation of the model
which in turn allows for better interpretation of the results. In particular it has allowed
the use of curved segments instead of the more usual choice of linear segments. This
reduces the number of segments needed to accurately represent the curve, thus saving
memory whilst increasing computational accuracy. Throughout this thesis the code will

be referred to as SHA-MoM (Spherical Helical Antenna — Method of Moments.)
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1.4 SHA geometry

Within the family of SHA antennas, there is scope for various different shapes of

antenna, created by altering some of the various parameters avatlable. These parameters

will be discussed below.

Number of turns: Perhaps the most fundamental of all the parameters, the number of
turns will play a critical part in defining the characteristics of the antenna. Suitable
values might range from a single turn to many tens or hundreds of turns, and are not

restricted to integers.

Radius of sphere: This sets the size of the imaginary sphere, around which the wire 1s

wound. This dimension will be crucial in determining the frequency of operation of the

antenna.

Spacing between turns: When considering a cylindrical helix, it 1s usual although not
essential to maintain a constant separation between adjacent turns. Because of the
additional dimension incorporated by the SHA there are various ways in which a
constant separation can be defined. Two such methods will be used in this thesis and

will be referred to as Constant Vertical Separation (CVS) and Constant Circumf{erential

Separation (CCS). These are shown in Figures 1.2 and 1.3. The CVS geometry has

16-15] 'and is defined such that each turn is

been used in all the papers on the SHA to date
of the same height. A CVS-type SHA projected onto a cylinder would form a typical

cylindrical helix with constant spacing. On a sphere, however, this definition leads to

an uneven distribution of turns over the surface, which is clearly evident when viewing
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the antenna from the top or bottom (Figure 1.3a). The CCS method, proposed in this
thesis, ensures a constant circumferential separation between adjacent turns. This
means that the distance from one turn to the next, measured along the surface of the
sphere remains constant and leads to more even spacing over the surface of the sphere.
Figures 1.2 — 1.3 show the two methods of spacing being applied to a 10-turn SHA.

The diagrams show views from the side and top of the antenna.

(a) Constant Vertical Separation (CVS) (b) Constant Circumferential Separation (CCS)

Figure 1.2 — SHA viewed from the side

(a) Constant Vertical Separation (CVS) (b) Constant Circumferential Separation (CCS)

Figure 1.3 — SHA viewed from above (for clarity, only the upper hemisphere is shown)
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Truncation: Instead of requiring the wire to start at the southern pole of the sphere,

and extend up to the northern pole, the wire could be truncated. In this way a

hemispherical SHA could be formed.

The Twin-arm balanced feed: A further variation to the antenna is to feed it from its
centre via a dipole which extends to two spherical helical arms, one for the upper

hemisphere, and one for the lower, as seen in Figure 1.4.

Figure 1.4 — Centre-fed Spherical Helical Antenna
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1.4.1 Mathematical description

A mathematical description of both CVS and CCS geometries will be essential to model

the antenna. These are given below in terms of spherical coordinates.

4
X
~-7N <@g <nN -tN <9 <aN
- T

0 = cos™ ? = — — 2

aN 2 2N
r=a r=

Constant Vertical Separation (CVS) Constant Circumferential Separation (CCS)

Here N is the number of turns, and a 1is the radius of the sphere. Appendix A gives a

complete mathematical description of both types of antennas, and develops the various

expressions required to model the geometries with the Method of Moments.
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1.5 Novel contributions

The Spherical Helical Antenna has received only limited coverage in publications, thus

many of the results presented in this thesis have not been seen before. It is the first time
that non-integer numbers of turns have been considered. It is also the first time the

antenna has been optimised using a search algorithm.

In each of the limited number of papers published on the SHA the shape of the helix has
been defined such that it has constant spacing when projected onto the vertical axis.
This thesis will present a novel alternative to this shape which instead provides a

constant circumferential spacing (CCS).

In order to apply the Method of Moments efficiently to the SHA antenna, an equation
has been derived for calculating the impedance matrix elements between arbitrarily

curved segments. Such an equation, which is rigorous for both half- and full- pulses,

has not been seen in the literature. The use of curved segments to exactly represent the
path of the wire, as opposed to approximating the curve with a number of linear
segments, is also unusual. At the time the code was written, no other author had applied

a curved segmentation technique to a non-planar geometry.

A major novelty of this research is the modelling of a Spherical Helical Antenna, fed

from its mid-point via twin arms and a balanced feed. Such a geometry has not

appeared in the literature.
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To construct a prototype antenna, a method was sought that would allow an exact
curvature to be obtained. Previous authors have reported using ping-pong balls "1,

19 and foam "' to help construct SHA geometries but have not discussed

polystyrene
methods of ensuring the curvature produced matched that of the models. In this thesis,
such a method is described. It involves cutting a groove in a spherical-shaped “mould”

using a CNC milling machine. The wire 1s then wrapped around the mould to obtain the

exact curvature required. The mould 1s then removed before the antenna is tested.

1-17



Chapter 1 Introduction

1.6 Overview of thesis

The next chapter presents the Method of Moments and other theory on which this
research has been based. An Electric Field Integral Equation (EFIE) is developed which
allows the modelling of arbitrarily curved segments without the need to approximate the

helix with linear segments.

Chapter 3 gives details of the author's MoM code, SHA-MoM, which has been used to
model the Spherical Helical Antenna. It then goes on to validate the code against both

published results and data obtained using NEC. Good agreement is shown. The

number of segments required for accurate representation of the current distribution
along the wire 1s also considered, and curved segments are shown to be substantially

more efficient than linear segments.

Chapter 4 presents results from the SHA-MoM code, and discusses the characteristics of
the SHA, in particular its polarisation properties. Several modifications to the geometry
are proposed including a novel scheme to define the spacing between turns, the

consideration of a non-integer number of turns, truncation, and a novel balanced feed

configuration.

Chapter 5 presents details of the GA which has been used to optimise the antenna, and

describes why this GA was chosen. Results from several runs of the GA are shown.

Also included is a discussion of how the objectives of the optimisation were chosen.
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Chapter 6 describes how a prototype SHA was constructed with the aid of a purpose-
milled mould which allowed wires to be shaped to exact curvatures. The design of a
printed balun suitable for feeding the antenna is also covered. Radiation patterns and

axial ratio measurements taken in an anechoic chamber are then presented.

Finally, chapter 7 summarises the research and provides some general conclusions.

Recommendations for further work are also given.
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2 Method of Moments

2.1 Introduction

The Method of Moments technique Misa powerful tool which can be used to model
many types of antennas, including dipoles, helices, arrays, and printed antennas 2]
including those with arbitrary configurations ). It works by breaking down an antenna
problem into a set of sitmultaneous equations which can be solved using matrix

techniques. The solution obtained gives the current distribution on the antenna, which
in turn can be used to calculate radiation patterns, input impedance, and various other
properties which are of use to engineers. The method is limited only by the computing
power available to solve the simultaneous equations. In thin-wire antennas, such as the
dipole, it is usual to assume that the current exists only on the wire surface and is axially
directed. The field boundary conditions are then satisfied along the axis of the wire.
This is known as the thin-wire or reduced kernel approximation, and has been used

frequently >,

2.2 Applying the Method of Moments

The first step in applying the Method of Moments to an antenna problem is to derive an
appropriate Electric Field Integral Equation (EFIE) or Magnetic Field Integral Equation

(MFIE). MFIEs are more suited to closed form geometries, whereas EFIEs work best

with open form geometries '), It is simplest to model a wire antenna as a hollow tube of

current with no ends, so an EFIE is sought. This is derived from Maxwell’s equations,
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after which the boundary conditions of a specific geometry are imposed. The antenna is
then broken up into a number of segments and the current distribution along the antenna
approximated by a series of overlapping pulses. The mathematical description of the

shape of these pulses is known as the basis function. Each of the current pulses gives

rise to an impressed electric field everywhere on the antenna. By considering only the

field from a particular current pulse (known as the source) and integrating this field over
a particular segment (known as the observation segment) a value for the mutual
impedance between the segments or pulses is found *). This can then be calculated for
every pair of segments, and the values built up into a two-dimensional matrix known as
the impedance (Z) matrix. When integrating over a particular observation segment, a

weighting function, known as the testing function, is applied. If the basis and testing
functions are identical, then it is known as the Galerkin method ). Throughout this
thesis, piecewise sinusoidal functions have been used for both the basis and testing

functions.

2.3 Source models

Two source models exist: delta-gap ! and the magnetic frill generator "%, The delta-

gap model assumes that an excitation voltage is placed across a narrow gap between two
connected segments. This voltage gives rise to an impressed electric field which exists
only in the gap. The magnetic frill generator models a coaxial feed terminated with an
aperture in an infinite ground plane. An annular region of circumferential current is

then assumed to exist over this aperture and the fields due to this are calculated on the

surface of the wire. Because the delta-gap model assumes a source which cannot
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physically exist, it is less accurate than the magnetic frill generator, but due to its
simplicity it is more widely used. The magnetic frill generator model leads to a more
accurate solution, particularly when comparing with results obtained experimentally.
This 1s however at the expense of being much more computationally extensive to

obtain ",

2.4 Curved segments

The number of segments into which an antenna geometry is split is important in
determining the computing resources needed, and the time taken to generate a solution;
the larger the number of segments, the more memory is needed and the longer the
solution takes. When dealing with non-linear geometries, the number of linear
segments needed to approximate a curve can often exceed the number of segments
needed to approximate the current distribution. This leads to inefficiencies in the model
and are best avoided. Curved segments have been proposed !4l which alleviate this
problem by defining segments which accurately follow the curve of the antenna. The

drawback to this is an increased complexity in the impedance matrix calculations. Due

to the desire to analyse Spherical Helix Antennas which may have a large number of

turns, curved segments have been used throughout this thesis.
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2.5 Derivation of impedance matrix equation

In order to model the Spherical Helix Antenna an EFIE is required which is suitable for
curved segments. Such an equation can be derived as set out here. The first part of this
development is based on the standard treatment of Maxwell’s equations. Similar
workings can be seen in [9]. Figure 2.1 shows the geometry and variables which will be

used in the derivation. R defines the distance between the source and observation points

while 2’ and £ describe unit vectors tangential to the wire at these points.

Observation point described
by position vector r

Observation segment — ¢

A

4 \
Source point descn Source segment

by position vector r’

Figure 2.1 — Geometry and variables used in impedance matrix equation

We begin by defining:-
H=VxA (1)
VO =-E - jouA (2)

and obtain the Lorentz gauge condition:-

V-A=—-joed (3)
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Recall Maxwell’s 2™ equation:-
VxH=joD+J.,
which, using D =€E and (1) gives:-

VxVXxA=j0eE+J

Substituting (2), then using the vector identity VxVx A = V(V : A)-— VA
VxVxA= jo)a(-j(opA—V(D)+J
V(V-A)-V’A = 0’epA — joe VD +J
VIA=V(V A+ joc®)-w’epA -J

Using (3), then defining B? = o’ep gives the vector wave equation:-
VA+B’A=-]

Its solution in free space (¢ = €,, 4 —> H,) for our current tube 1s:-

A = [[IGR)s

-iBR
where G(R)= ¢ and R = «\/(z—z")2 +(|:>—p")2 +a’

4nR

A= [, )O®)s "

From (2) and (3) :-

E, =—jcou0A-V( _1 V-AJ
—J0g,

1

Eg = —jop,A - j—V(V-A)
WE,
E,=—2 [B’A+V(V-A)]
WE,
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If PEC, then ix(Eg +E,)=0

nxE, =-nxE,

" E. =fix—d_|p? .
nxE, —nxmgo [B<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>