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ABSTRACT

Driven by the ambition and the fundamental need to reconcile quan-
tum theory with general relativity, research in quantum gravity has
grown steadily over the decades, with several candidates attacking
the problem from different angles.

This thesis explores key aspects of the group field theory (GFT)
approach to quantum gravity, a non-perturbative framework centred
around background independence and discreteness which considers
the familiar spacetime of general relativity as emerging from fun-
damental quantum geometric elements. After reviewing motivations
and foundations of GFT, the thesis focusses on new research that
spans three major themes: anisotropic cosmology, semiclassical states,
and relational dynamics.

First, the thesis introduces anisotropic GFT cosmological models,
broadening the current understanding beyond isotropic settings by in-
corporating new anisotropy degrees of freedom from quantum grav-
ity considerations. These results enhance the applicability of GFT to
more complex scenarios, which can lead to a variety of new phe-
nomenological applications.

Next, a comprehensive semiclassical investigation provides a uni-
fied framework of Gaussian states for GFT cosmology, which gener-
alises all previously studied quantum states and properties. Quantum
fluctuations are shown to be under control, ensuring that models de-
rived from GFT exhibit a semiclassical behaviour, crucial for bridging
quantum gravity with large-scale cosmology.

Finally, the thesis addresses a critical conceptual challenge in quan-
tum gravity: relational dynamics as a solution to the problem of time.
By means of quantum clocks, the Page-Wootters formalism (here ap-
plied for the first time in non-perturbative quantum gravity) yields a
covariant formulation of quantum dynamics in GFT. This allows for a
coherent framework that relates to established canonical quantisation
methods, strengthened by a conditional interpretation.

All such findings help address significant questions in GFT by offer-
ing novel phenomenological perspectives for cosmology, an exhaus-
tive semiclassical analysis, and clear insights on the notion of (quan-
tum) covariance. They also suggest many avenues for future research.
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INTRODUCTION

The problem of quantum gravity generically refers to the task of recon-
ciling the geometrical description of general relativity (GR) with the
principles of quantum mechanics - its pinnacle being quantum field
theory (QFT) — which underpins all other fundamental interactions.
While these frameworks describe their respective realm of physical
phenomena to an impressive level of accuracy [1, 8, 150], their under-
lying principles appear to contradict one another [244, 340]. We do
not observe any contradiction in experiments since gravity and quan-
tum field theory operate at different scales; as we explain below, their
effects become comparable at energies that are beyond our technolog-
ical capabilities.

After nearly a century of research," we still lack a complete theory
for phenomena which are both quantum and gravitational: a theory
capable of describing the quantum properties of spacetime geometry
itself at very short distances, depicting the microstructure of space-
time and matter at the fundamental Planck scale. The Planck scale
represents the energy level at which the effects of both quantum me-
chanics and general relativity become equally important, and it is
defined by fundamental constants: the speed of light c, Planck’s con-
stant /1, and the gravitational (or Newton’s) constant G. While it was
Planck [322] who defined the celebrated fundamental units (length,

time and mass)

Ip := \/h—G,
c

/ h

o= P = 1O (1)
C C

N

P e VG-

Bronstein was the one who noticed that they provide the scale for
quantum gravity, imposing fundamental bounds on physical quan-
tities [89, 9o]. In particular, he realised that beyond this scale the

Arguably, research on quantum gravity started in 1930 with the papers by Rosenfeld
[334, 335, followed by the work of Bronstein [89], and by Fierz and Pauli [156, 157]
in the late thirties.

In electronvolts, the
Planck scale is
usually expressed as
mpc® ~ 1012 GeV.
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notion of length loses its meaning and the quantum uncertainty of
spacetime becomes important [198, 344]. Such early investigations in
some way still resonate in modern research programmes, where us-
ing novel strategies and ideas (such as the notions of higher dimen-
sions or fundamental discreteness) the quantum gravity community
still strives to develop a theory valid at scales defined by (1) (see, e.g.,
[76] for a recent overview of achievements and issues in a number of
quantum gravity approaches).

In this chapter we briefly introduce various aspects related to the
problem of quantum gravity, discuss what progress has been made
in some candidate theories, and ultimately motivate the original re-
search results that will be presented in Part II. In a sense, the whole of
Part I delves into the technical details that are only mentioned here,
by properly introducing the group field theory approach to quantum
gravity, its cosmological applications and open questions.

DIFFEOMORPHISMS AND THE PROBLEM OF TIME. One of the
reasons why the quantisation of gravity is particularly challenging
is given by the absence of absolute structures. Indeed, a key con-
cept in general relativity is that of spacetime diffeomorphisms (i.e.,
coordinate transformations), which highlights the lack of an fixed
background geometry, as we will see in Chapter 2. It follows that
the spacetime manifold — central object in Einstein’s GR — does not
have a physical meaning. This idea was already troubling Einstein,
who came up with what is known as “hole argument” when trying
to understand that this was not a problem of his formulation of GR,
rather a feature of gravity [149, 355]. Note that diffeomorphism in-
variance can be obtained artificially by parametrising a theory with ad
hoc coordinates (we will explicitly make use of this strategy in Chap-
ter 6). In this way one can obtain a covariant framework, though it is
always possible to deparametrise the theory to find the original non-
covariant setting. In GR, spacetime is already a space of unphysical
parameters, and one cannot reformulate it in a non-covariant way. In
this sense, diffeomorphism invariance means that space and time are
nothing but coordinates parametrising a covariant theory of geometry.
As we will explain in Chapter 2, what is physical is the equivalence
class of metric fields, where any two of them are called equivalent if
they can be transformed into each other by a diffeomorphism.
Related to this is the fact that general relativity does not possess

a conventional time evolution. Even though the Einstein field equa-
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tions can be recast in Hamiltonian form, we will see in Chapter 2 that
the canonical Hamiltonian of GR takes the form of a pure constraint,
meaning that it generates the orbits of gauge symmetries and hence
implements diffeomorphism invariance. This leads to the problem of
time [233, 257, 340], which in the quantum theory is particularly wor-
rying since one deals with quantum states that appear to be “frozen”.
As we will see, one then needs to use relational strategies to be able
to describe dynamics; in simple terms, this means studying the evo-
lution of some degrees of freedom with respect to the changes in
another degree of freedom of the theory (normally required to be
a monotonic quantity). These themes play an important role in the
present thesis; we will provide a general introduction on background-
independent quantum gravity approaches in Chapter 2 (see [195] for
the link between background independence and diffeomorphism in-
variance), and emphasise in Chapter 3 their relevance for the group
field theory formalism, explicitly expanding on the idea of relational
dynamics. Furthermore, we will present in Chapter 6 new research
results in the context of group field theory that are motivated by the

general covariance of gravity.

QUANTUM GRAVITY CANDIDATES. As we mentioned, standard
approaches to quantisation, which have been effective for the elec-
tromagnetic, weak, and strong forces, fail for gravity; this is due to
Einstein’s theory being perturbatively non-renormalisable [199, 372].
In particular, we will see in Chapter 2 that canonical quantisation as
well as covariant (i.e., path integral) quantisation are not suited for
GR, at least in their standard implementations. As a result, a wide
range of alternative approaches has emerged (see [340] for a detailed
historical discussion on quantum gravity ideas), each possessing dis-
tinct strengths and limitations [76]. Despite the variety of approaches,
a consistent solution to the problem of quantum gravity is still not
available as all frameworks face formal and conceptual issues, and
notably, researchers continue to hold differing views (see [15] for a re-
cent collection of insightful interviews with leading experts in quan-
tum gravity). Here we simply classify the main approaches into two
categories: unified theories and background-independent theories.
Unified approaches, like string theory (and its modern formulation
known as M-theory), attempt to describe all interactions — including
gravity — in terms of more fundamental objects such as strings and
“branes”, existing in higher-dimensional spacetimes [60]. M-theory



In Chapter 2 we will
provide a detailed
overview of the main
approaches that lead
to the general
framework of group

field theory.
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is a framework for an interacting quantum theory that encompasses
five known superstring theories, which are related to each other by
dualities, and links their low energy regime to eleven-dimensional su-
pergravity theories. While it offers an intriguing path towards unifica-
tion, it is only known in certain limits, and its complete formulation
is still under development.

Background-independent approaches — such as loop quantum grav-
ity (LQG) [340, 367] and group field theory (GFT) [160, 295] — focus on
a key feature of GR, namely the lack of a fixed spacetime background
(see [195, 354] for details on background independence). By insisting
on this property at the quantum level, these approaches lead to a
discrete notion of (quantum) geometry, which in turn has promising
cosmological applications (especially in resolving the Big Bang singu-
larity by predicting a bounce scenario, as we emphasise in the follow-
ing). Especially relevant for this thesis will be the GFT framework,
which extends LQG (and other approaches) by providing a QFT-like
formalism in which geometry is made of fundamental quanta. More
precisely, the GFT partition function defines a non-perturbative sum
over simplicial geometries and topologies, which provides a combi-
natorial description of spacetime at the quantum level. As we will de-
scribe below (and expound in detail in Chapter 2 and Chapter 3), this
will allow to interpret spacetime (and cosmology) as emerging from
the collective behaviour of GFT quanta (“particles of geometry”).

PROBING QUANTUM GRAVITY WITH COSMOLOGY.  The difficulty
of experimentally probing quantum gravity effects significantly hin-
ders progress in the field (see [3] for recent developments and ideas).
As mentioned, unlike the other fundamental forces which can be
tested through high-energy particle experiments, the effects of quan-
tum gravity are expected to become significant only at energy scales
of the order of 10! GeV (cf. (1)). These energy levels are far beyond
the reach of current experimental capabilities, making direct observa-
tions of quantum gravity unattainable in our laboratories. In spite of
this, one can still try to bridge the gap between the theoretical facets
of quantum gravity and its phenomenological applications by identi-
fying appropriate regimes where one expects quantum gravity effects
to play a role. In this respect, the field of cosmology presents a unique
and promising arena for testing quantum gravity: the early Universe,
especially near the Big Bang, involves energy scales where quantum
gravity effects are expected to dominate, offering a potential observa-
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tional window into the theory [6, 7, 246, 247]. Moreover, from a the-
oretical point of view, quantum gravity might be able to resolve the
puzzles of cosmology. It could provide motivations for — or alterna-
tives to — the standard inflationary scenario; some examples are given
by bouncing models [38, 88, 377], ekpyrotic and cyclic models [243,
259] or string gas cosmology models [57, 87]. Even more importantly,
quantum gravity is expected to resolve the initial Big Bang singularity
(see, e.g., [95—97, 168, 242] for string cosmology results and [35-37, 46,
78, 305, 306] for discrete and background-independent approaches).
In particular, the singularity avoidance in group field theory cosmol-
ogy (a very robust result, see, e.g., [5, 184, 186, 272, 379]) represents
an important motivation for the work of this thesis; as such, we will
provide a detailed review in Chapter 3.

In general, therefore, (quantum) cosmology has the potential to
shed some light on the problem of quantum gravity. Note that in
order to make contact with observations, which show no quantum
features (such as geometry superpositions or uncertainties), identify-
ing a semiclassical spacetime description is crucial for any quantum
gravity and quantum cosmology model. Indeed, semiclassicality is
an important aspect in traditional quantum cosmology [214, 245, 271]
and in loop quantum cosmology [29, 359] (see also [98, 164, 362, 364]
for kinematical states in the context of full LQG). As we will see, these
considerations should also apply to group field theory, and motivate
the work of Chapter 5, where we present original results regarding

semiclassical states for GFT cosmology.

COSMOLOGY FROM GROUP FIELD THEORY.  As we will thoroughly
explain in Part I, group field theory is a background-independent and
non-perturbative approach to quantum gravity that lies at the inter-
section of several quantum gravity frameworks. It generalises matrix
and tensor models [86, 209, 293] by combining their discrete and com-
binatorial nature with group theoretic degrees of freedom typical of
loop quantum gravity [299, 340]. Importantly, we will show in Chap-
ter 2 that GFT provides a formal way to complete spin foam models
[313] and make sense of a sum over triangulations of spacetime in
terms of a path integral [160, 295]. In its canonical formulation [298],
GFT describes quantum geometry as a many-body system, where
the fundamental components are discrete building blocks of geome-
try akin to the quantum states of LQG. In this setting, as explained
in Chapter 3, one can make use of some simplifying assumptions



In cosmology,
relational dynamics
means asking how
the volume changes
as a function of (or,
relatively to) the
scalar field. See
Appendix A and
Chapter 3 for the
implementation of
these ideas (at the
classical and
quantum level).

INTRODUCTION

(meant to correspond to symmetry reduction) and obtain dynamical
equations which allow to discuss simple phenomenological applica-
tions.

More precisely, while it is not generally easy to recover an effec-
tive continuum interpretation from GFT (or LQG) — which are char-
acterised by discrete geometrical degrees of freedom — one can define
relational dynamics for global observables such as the total (spatial)
volume of a certain geometry, which can then be contrasted with glob-
ally homogeneous cosmological models. In such contexts, the idea of
relational dynamics refers to the evolution of a geometrical observ-
able (e.g., the volume of the Universe) with respect to the values
taken by some other (physical) degree of freedom, such as a mass-
less scalar field. In this picture, and in line with background inde-
pendence, a cosmological spacetime is not a fundamental entity but
emerges from the dynamics of the fundamental GFT degrees of free-
dom [297]. In other words, starting from the microscopic GFT quan-
tum description, one can derive cosmology as the resulting macro-
scopic, coarse-grained theory, namely as “hydrodynamics of quan-
tum gravity” [187, 300, 301]. As we will explicitly show in Chapter 3,
the most striking result in this sector was the recovery of the classi-
cal Friedmann-Lemaitre-Robertson-Walker (FLRW) dynamics with
quantum corrections at high energies that replace the Big Bang sin-
gularity with a “Big Bounce” [305, 306]. From a phenomenological
point of view, this immediately raises the question of whether GFT
can reproduce the dynamics of more involved cosmological models.
Also in light of the results obtained in loop quantum cosmology [39,
83], the next natural arena to explore would be the case of anisotropic
cosmologies (in GR given by the classical Bianchi models as reviewed
in Appendix A); we discuss new results in this direction in Chapter 4.

AIM AND OUTLINE OF THE THESIS. This thesis will mainly ad-
dress three questions in the context of group field theory and its cos-
mological sector, regarding phenomenology, semiclassicality, and re-
lational dynamics. The work presented here extends the field of GFT
in new directions, specifically aiming to: resolve ambiguities, clar-
ify techniques and interpretations, and provide definitive insights,
thereby offering a more coherent and structured understanding of
the complex aspects appearing in the literature. While the study of
Chapter 4 on anisotropic models seeks to extend the number of cos-
mological applications for GFT as a quantum gravity candidate, the
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Gaussian-states analysis of Chapter 5 and the rigorous definition of
quantum relational dynamics of Chapter 6 truly aim to incorporate
various traits of the field into a consistent framework.

This thesis is comprised of three parts. Part I introduces various ap-
proaches to quantum gravity: in Chapter 2 we sketch the traditional
attempts at quantising GR and explain in some detail the main path
integral formalisms that adopt a discrete perspective; this leads to the
definition of group field theory which is then rephrased in its canon-
ical formulation in Chapter 3, where it is also applied to cosmology.
Part II presents the main research results: these are new findings that
generalise and expand the existing literature reviewed in Part I, and
are based on [99-101]. Specifically, in Chapter 4 we define and anal-
yse new models for GFT cosmology that go beyond the state of the art
by introducing the notion of anisotropies, so as to characterise global
anisotropic spacetimes emerging from quantum gravity; we hence ex-
tend the range of phenomenological applications of GFT. In Chapter 5
we tackle another critical issue of GFT cosmological models, that of
semiclassical properties of quantum states. More precisely, we pro-
vide a unified framework that encompasses all previously studied
semiclassical states (in all approaches); this is provided by the rich
family of Gaussian states, for which quantum fluctuations are shown
to be under control. Lastly, in Chapter 6 we clarify a pressing founda-
tional aspect of group field theory, concerning a proper and formal
definition of (quantum) relational dynamics. By applying the Page—
Wootters formalism to non-perturbative quantum gravity for the first
time, with this work we shed some light on the relational evolution
of GFT geometric observables with respect to a “quantum clock” and
obtain a manifestly covariant formulation of quantum dynamics, con-
sistent with a Dirac quantisation. Part II concludes with an overall
summary of the thesis in Chapter 7, which emphasises the main re-
sults and possible new research directions. Finally, Part III contains
two appendices: Appendix A discusses the notion of relational dy-
namics in cosmology and Appendix B shows analytical expressions

and computational tools used for Gaussian-states calculations.






Part1

THE ROAD TO GROUP FIELD THEORY
COSMOLOGY

This part of the thesis provides an introduction to the gen-
eral field of research. In particular, Chapter 2 explores the
motivations behind the group field theory (GFT) approach
to quantum gravity, and culminates with the definition
of its path integral formulation. Chapter 3 introduces the
canonical perspective for group field theories and outlines
the framework of GFT cosmology, detailing the models
used as starting points for the research described in Part II.






APPROACHES TO QUANTUM GRAVITY

In this chapter we review the approaches to quantum gravity that
have led to the formulation of group field theory (GFT), which will be
the underlying framework for the results of this thesis, discussed in
Part II. In particular, we mainly focus on non-perturbative approaches
that aim to incorporate the notions of discreteness and background
independence.

First, we will give a brief (and somewhat historical) summary of
the main ideas behind the canonical quantisation of general relativity
(GR), leading to the so-called geometrodynamics perspective. Then,
we will discuss formulations based on the path integral quantisation,
highlighting difficulties in the continuum and delving into possible
avenues to overcome such limitations in discrete settings. We will see
that the key aspect of these theories is that the perturbative expansion
of their path integral generates a sum over discrete geometries, show-
ing that they can provide well-defined formulations for solving the
problem of quantum gravity. Specifically, we will explore in some de-
tail simplicial quantum gravity theories rooted in Regge calculus, ma-
trix and tensor models, the covariant spin foam approach stemming
from loop quantum gravity, and finally group field theory, which can
be seen as a “larger embedding framework” that encompasses and

generalises the previous ones.

2.1 CANONICAL QUANTUM GRAVITY

The canonical quantisation paradigm is a procedure for quantising
a classical theory while trying to preserve its formal structures. To
perform a canonical quantisation one starts from the Hamiltonian for-
mulation of a classical theory, where the dynamics are described in
terms of Poisson brackets, and promotes the phase space variables to
quantum operators on a Hilbert space. The Poisson brackets between
phase space variables are replaced by the canonical commutation re-
lations as [133]

Lr = gl @

11



12 APPROACHES TO QUANTUM GRAVITY

and the quantum theory is described in terms of a wave function of
the configuration variables (or, in field theories, by a wave functional
of the fields [222]). The dynamics are then described by the quantum
Hamiltonian operator H, which governs the Schrodinger equation.
The canonical quantisation of gravity was firstly developed in [128]
after the preliminary work of [16, 134]. It is based on the Hamiltonian
formulation of GR which shows that it is a fully constrained theory,
meaning that the total Hamiltonian can be expressed as a combina-
tion of constraints. More precisely, by assuming a 3 + 1 foliation of
The 3 + 1 splitting spacetime, the familiar Einstein—Hilbert action’ (using units in which

requires the the speed of light c = 1)
spacetime to be

globally hyperbolic, 1 4
50 that it can be SEH = 167G /d Y -8R, ()
foliated into Cauchy
hypersurfaces. where G is Newton's constant of gravitation, ¢ = det(gy.), guv is the

metric tensor and R denotes the Ricci scalar, can be cast as

_ 1 3 ab _ a7a o
SaDM = e /dt/d x (7T Gay — N°C, NC) , (1)

which is known as Arnowitt—-Deser-Misner (ADM) action. In addition
to the metric tensor of three-dimensional spatial slices g, (the dot in
Gap denotes a derivative with respect to t) and its conjugate momen-
tum 71, there are four Lagrange multipliers: the lapse function N
and the shift vector field N*. They multiply the (spatial-)diffeomorphism
and Hamiltonian constraints, defined as

C, = —2Dyn’,,
_ lenG aw_ Lo a2 _ VI (5)

where g = det(g,;), ®)R is the Ricci scalar of g, D, is the spatial
covariant derivative compatible with q,, and indices are raised and
lowered with q,;,. Varying (4) with respect to the Lagrange multipliers
implies that the constraint equations C; = 0 and C = 0 must be
satisfied for physical configurations. These define what is known as
the (physical) constraint hypersurface in the phase space of GR. As
mentioned, the total Hamiltonian Hgr = ﬁ f d3xN "C, vanishes

for physical configurations, meaning that there are no dynamics with

1 If the spacetime manifold M has a boundary dM, one includes the Gibbons—
Hawking—York (GHY) boundary term Scpy = % fa M d3x Vh K, where h is the
determinant of the induced metric on the boundary and K is the trace of the associ-
ated extrinsic curvature [172, 382].
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respect to the time parameter t. This is what leads to the problem of
time in classical relativity (and quantum gravity) [233, 257, 340].

In essence, while the constraints C; = 0 generate usual diffeomor-
phisms on the three-dimensional spatial “slices”, the Hamiltonian
constraint C = 0 generates evolution of such 3-manifolds so as to
construct solutions (i.e., spacetimes) of the Einstein equations. Such
solutions can be seen as trajectories on the constraint hypersurface
of GR, akin to gauge orbits, since gauge transformations generated
by the constraints (5) preserve the hypersurface. These themes will
be important for the work presented in Chapter 6, where inspired by
GR we will deal with similar types of systems working within the
group field theory approach to quantum gravity.

GEOMETRODYNAMICS. As we have mentioned, the fact that gen-
eral relativity is a totally constrained theory (i.e., Hgr = 0) implies
that if the constraint equations are satisfied, then the Einstein field
equations are satisfied. In other words, the whole dynamical content
of GR is encoded in the constraints (5); hence one needs a canonical
quantisation scheme for fully constrained theories. This is provided
by the approach to quantisation proposed by Dirac, sometimes de-
noted constraint quantisation (or simply Dirac quantisation), where
the physical states of the quantum theory are annihilated by the con-
straints [133, 224]. The strategy for a canonical quantisation of gravity
(as described in the seminal work [128]) would be to find a repre-
sentation of the phase space variables (q,;, ) as operators on a
kinematical Hilbert space Hy;, that satisfy the standard commutation
relations (2). By promoting the constraints (5) to operators C and C*
on Hyin, one would then define the space of physical solutions Hphys

by means of the quantum constraint equations
C"¥[q) =0, (6)
and

C¥[gq) = 0. 7)

This procedure encounters a number of problems and is to be un-
derstood as a formal application of standard quantisation techniques
to GR. Naively, one could work in the Schroédinger representation
with 4, = g4 and Al = —ih&;j acting on the wave functionals

¥[qa5(x)] of the three-metrics. The first issue one encounters is the def-
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inition of an inner product for the kinematical Hilbert space, which
would require explicit knowledge of a measure on the space of met-
rics [194, 196]. Assuming one can impose the spatial-diffeomorphism
constraint (6) and define an intermediate Hilbert space for spatially
diffeomorphic metrics Hgig (ignoring that this would also lack a proper
measure), one would still face the problem of the Hamiltonian con-
straint (7), which should define the space of physical solutions Hphys
and is called Wheeler-DeWitt equation [128]. This is more compli-
cated since, in addition to the absence of a suitable inner product on
Hphys, C requires the definition of products of operators at the same
point (cf. (5)), which are notoriously divergent objects.

This line of research was pursued in simplified scenarios where the
space of metrics (called superspace) is reduced by considering space-
times that are highly symmetric. This leads to the minisuperspace mod-
els of quantum cosmology, where one applies the canonical quantisa-
tion procedure to a symmetry-reduced version of the classical the-
ory (e.g., considering homogeneous and/or isotropic metrics). In this
manner, one can obtain quantum systems for which the Wheeler—
DeWitt equation (7) can be studied explicitly (see, e.g., [179, 215, 244,
248, 380] for reviews on quantum cosmology).

LOOP QUANTUM GRAVITY. The task of canonically quantising GR
was pushed further in the context of loop quantum gravity (LQG) [25,
340, 344]. This framework does not alter either the gravitational the-
ory or the Dirac quantisation scheme, but rather focusses on differ-
ent variables for gravity. In particular, in LQG one uses the so-called
Ashtekar variables [21] to write GR as a theory similar to Yang-Mills
gauge theories. The advantage of such a reformulation is that it sim-
plifies the implementation of Dirac quantisation: one can explicitly
define the kinematical Hilbert space of LQG, which is interpreted as
the space of quantum geometry states (known as spin networks?) sat-
isfying the spatial-diffeomorphism constraint.

Among the key results of LQG lies the fundamental discreteness of
spatial geometry at the Planck scale. Indeed, by showing that geomet-
ric operators (such as area and volume) have discrete spectra [31, 32,
343], LQG describes geometry as a superposition of quantum states
(depicted as graphs) where geometric quantities have minimal excita-
tions proportional to powers of the Planck length (cf. (1)). It is due to

this discreteness that the theory is expected to resolve the problem of

2 We will provide a more detailed exposition of spin network states in Section 2.2.4.
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the classical singularities of GR, e.g., in cosmology [24, 116] and black
holes [84, 287].

While one can impose the spatial-diffeomorphism constraint within
the framework of LQG (leading to a proper definition of H4if), the dy-
namics of the theory are still not fully understood and implementing
the Hamiltonian constraint remains a challenge. More precisely, de-
spite having a well-defined Hamiltonian operator with finite action
on spin networks [360, 361, 367] (Which shows great improvements
with respect to the traditional Hamiltonian constraint of geometrody-
namics), the complete spectrum of the Hamiltonian operator and the
specification of the physical Hilbert space Hypnys are still unknown.
Moreover, the Hamiltonian operator is subject to ambiguities and it is
not unique; one could explore different prescriptions such as different
regularisation schemes or different operator orderings [33].

The difficulties in obtaining the quantum dynamics of canonical
LQG have prompted the formulation of the “master constraint pro-
gramme” [365, 367], which seeks to implement the diffeomorphism
and the scalar constraints simultaneously, and of the spin foam formal-
ism, which offers a (somewhat covariant) path integral quantisation
for loop quantum gravity [312, 313, 344]. We will give a brief overview
of the spin foam formalism in Section 2.2.4, as this represents a natu-
ral arena to understand the foundations of group field theories, which

will be presented in Section 2.3.

2.2 PATH INTEGRAL QUANTISATION

We now turn our attention to covariant methods of quantisation based
on path integrals. In this formulation, firstly introduced by Feynman
[154], one is concerned with transition amplitudes which describe the
probability of having a quantum system in some final state, given its
initial state. In quantum gravity, such an amplitude is expected to be
interpreted as the transition between states of (quantum) geometry.
Rather than starting from classical dynamics as in (2), the connec-
tion of the path integral approach with the classical theory is some-
what subtle: the transition amplitude is calculated by taking an aver-
age over all intermediate states, weighted by the exponential of the
action functional multiplied by the imaginary unit and divided by #.
This is consistent with the classical theory since in the limit # — 0
only classical solutions contribute to the path integral. For instance,

in the simplest textbook example of a quantum particle going from
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an initial position g; at the time #; to a final position g at the time tf,
In the limit h — 0 one takes the weighted average over all possible paths connecting the

the integral is  jnitial and final points as [155]
dominated by the

classical extrema of q(te)=qr i
St
the action and hence <CIfr tf|‘7i/ ti> = / Dq en la(t)] ’ (8)
q(ti)=qi
leads to

configurations that  yhere Dq represents such an integration over all possible trajectories.
satisfy the classical . . . .
, ) The path integral formalism provides a powerful and versatile frame-

equations of motion.
work that extends naturally to quantum field theory (QFT), where in-
stead of summing over all possible trajectories of a particle, one sums
over all possible field configurations. For a scalar field theory, one can

write the general path integral [318]

— /qug%s[éb(x)], )

where D¢ denotes integration over all possible field configurations
and Z is sometimes called partition function. This nomenclature is
used since, applying a Wick rotation and thus working with the Eu-
clidean version of the field theory (i.e., sending iS — —Sg), the expo-
nential in (9) is just like a statistical weight for the fluctuations in ¢,
and Z describes precisely the partition function of statistical mechan-
ics [318].

In the following we will see that, while these ideas are not easy
to implement in the case of gravity, one can tweak the path integral
by considering discrete formulations (and hence discrete geometries)
and obtain well-defined expressions for the partition function. This
will naturally lead to the definition of group field theory at the end
of the chapter, where we will show that a path integral much like (9)
can be interpreted as a sum over “histories of quantum geometries”
and thus provide a well-defined candidate to the problem of quantum
gravity.

2.2.1  From continuous to discrete path integrals

The first prototype of background-independent covariant quantisa-
tion of gravity was formulated by Misner in [285], where a direct
application of path integral techniques to general relativity was used

From now on we use to formally introduce the partition function
conventions in

which h = 1. 7 / D ¢iScrls] (10)
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Here Sgr[g] is the action of general relativity (the Einstein—Hilbert
action (3) plus possible boundary terms, see footnote 1) and the nota-
tion Dg formally represents an integration over all possible spacetime
metrics g. Unfortunately, it is very difficult to make precise sense
of the expression in (10) for a number of reasons. The most impor-
tant issue one encounters in this setting is the definition of the su-
perspace. In particular, the technical difficulty in defining a measure
on an infinite-dimensional space of metrics is worsened by the fact
that one here actually integrates over equivalence classes of metrics,
which are related by diffeomorphisms.

Usually, path integrals are better behaved when defined in their
Euclidean formulation, obtained by means of a Wick rotation from
real to imaginary time. However, even performing a Wick rotation
such that iSgr — —SER, one is faced with the obstacle that the Eu-
clidean action SER is not bounded from below, and therefore it leads
to a divergent path integral [173, 283]. Nonetheless, Euclidean path
integrals for gravity have been adopted in simplified scenarios by
means of semiclassical approximations (where the partition function
is approximated by the exponential of the negative Euclidean action
evaluated at a stationary-phase point), and have led to important de-
velopments such as the recovery of black hole thermodynamics [172],
or the no boundary proposal in quantum cosmology [221, 223].

One last concern is related to the fact that (10) does not implement
a sum over topologies, and changes in topology> are heuristically ex-
pected (or at least conceivable) in a regime where spacetime is subject
to strong quantum fluctuations [115, 175, 356].

Progress in the continuous path integral approach was mainly made

thanks to perturbation theory. Indeed, expressing the metric as

Suv :gyv+hyV/ (11)

where g, is a fixed classical background (for example the Minkowski
flat metric 7,,) and h,, represents small perturbations, one can lin-
earise the action (in particular choosing the de Donder gauge [286])
and obtain a quadratic kinetic term for the dynamical field /,,. The
advantage of this setting is that one can then employ the machinery of
quantum field theories, and in particular use the background metric
Suv to define the Wick rotation. The (low energy) quanta of the gravi-

Topology change is also not allowed by the canonical approach of Section 2.1, since
the ADM formalism fixes a hyperbolic spacetime once and for all. We will return to
this issue in later sections.
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tational field associated to the metric perturbation h,,, are interpreted
as massless particles with spin 2, and are denoted gravitons.

Amongst the results of this paradigm is the modification to the
Newtonian potential caused by quantum corrections [146], which pro-
vides a compelling model-independent quantum gravity prediction.
However, such a perturbative and background-dependent approach
only makes sense as an effective theory for a low energy descrip-
tion [145], and would be inconsistent if taken seriously at all energy
scales. Indeed, we are assuming that the field h;,, can be quantised
on a fixed background as for any other field theory, but the backre-
action of the perturbation will increase as the energy scale increases,
so that it would be contradictory to treat the background as fixed
and unperturbed. More precisely, the perturbative quantisation of
general relativity fails because of non-renormalisable ultraviolet di-
vergences (see, e.g., [199, 372]). These considerations point towards
the idea that one might need to employ non-perturbative techniques,
and that gravitons might not be satisfactory degrees of freedom to
describe quantum gravity at high energies, and in particular at the
Planck scale.

Another approach aiming to quantise gravity in the continuum for-
mulation, in particular going beyond perturbative methods by using
the functional renormalization group, is given by the asymptotic safety
programme [114, 261, 291], initiated by Weinberg [375, 376]. This as-
sumes the existence of a nontrivial fixed point of the renormalisation
group flow, which controls the behaviour of the coupling constants
in the ultraviolet regime and renders physical quantities safe from di-
vergences. However, the asymptotic safety programme also employs
an auxiliary background metric, and restoring background indepen-
dence at the level of physical observables is a challenging task [148].

DISCRETENESS.  Given the difficulties with the continuous path in-
tegral (10), and inspired by one of the core properties of quantum the-
ory, some attention has been dedicated to the development of discrete
formulations of covariant quantum gravity. By replacing the integra-
tion over geometries with a sum over discretisations, possibly adapted
to also encode a sum over topologies, one can hope to avoid ultravi-
olet divergences, and recover general relativity by specifying a way
of taking the continuum limit. There are several approaches that take
these ideas seriously and we devote the rest of the chapter to explain
some of them in detail.
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2.2.2  Regge calculus and the Ponzano—Regge model

An ad hoc discretisation of GR leads to what is known as Regge cal-
culus [326]. We will focus only on simplicial gravity in what follows,
which is based on triangulations of (generically d-dimensional) man-
ifolds with dynamics given by a discretised version of the Euclidean
Einstein-Hilbert action (also simply called Regge action).

Instead of the familiar continuous spacetime manifold, the base
structure in “Regge gravity” is a piece-wise flat manifold to be thought
as a collection of d-dimensional simplices glued together along their
(d — 1)-dimensional boundaries. An example of a triangulation of a
smooth manifold in two dimensions can be seen in Figure 1.

Figure 1: The surface of a sphere can be triangulated with 2-simplices, i.e.,
triangles.

A d-dimensional simplex (d-simplex in short) is an object with d +
1 vertices and d(d + 1)/2 edges connecting them, and its shape is
fully specified by its edge lengths. A simplicial complex is defined as
a set of simplices glued together along their boundaries, and hence
a simplicial manifold is a simplicial complex where the boundary
of the neighbourhood of any vertex is homeomorphic to a (d — 1)-
dimensional sphere* (see [216] for details).

The geometry of a simplex is completely specified by the lengths
of its edges, so that the line element connecting neighbouring sites i
and j is given by

lz‘zj = ’7141/(xi - x]')"(xi - xj>]// (12)

where 7, is the flat metric and xf‘ (with u = 1,...,d) denotes the

u-th coordinate of the i-th lattice site. In order to connect this de-

For example, the right panel of Figure 1 shows a triangulation of a 2-manifold in
terms of 2-simplices, which have 3 edges and 3 vertices each. The neighbourhood of
any such vertex has a boundary that is homeomorphic to a 1-sphere, namely a circle.
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scription with (Euclidean) GR, we also need the notion of curvature
for Regge gravity. Given that the manifold is piece-wise flat, curva-
ture is described by going around loops which are dual to a (d — 2)-
dimensional subspace, also called a hinge /. Indeed, from the dihe-
dral angles 6(s, i) associated with the faces of the simplices s meeting

at a given hinge /1, one can compute the deficit angle

6(h) =2m—) 0(s,h), (13)

sDh

which measures the curvature at /1 (see Figure 2).

Figure 2: [llustration of the deficit angle in two dimensions, where several
flat triangles share a vertex (hinge).

Then, one can show that by discretising the d-dimensional Einstein—
Hilbert action (3) (here in its Euclidean form and with a cosmological

constant A),

1
E _ d —
SEn = 167G /d x/8(R—=2A), (14)
one obtains the Regge action® [216]

1 A
-y (d-2) YV (s)@

Here V(h)@~2) is the volume of a hinge (e.g., an area in four dimen-
sions) and V(s)(@ is the volume of a d-simplex. Importantly, all the
ingredients in (15) are independent of coordinates [326]. By varying
the Regge action Sgegge With respect to the edge lengths, one obtains
the simplicial analogue of Einstein’s field equations. As the triangu-
lation is refined, the Regge geometry transitions to a Riemannian ge-

One can also include the GHY boundary term (cf. footnote 1) in the Regge action as
gac Ly p(h)V(H')4=2), where p(h') = 7 — Yoy 0(s, ) is the extrinsic curvature
angle for the hinges // on the boundary (just like in (13), but with the flat angle of
the half-plane given by ) [138, 326].
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ometry, and Sgegge converges to the Euclidean Einstein-Hilbert action
[108, 109].

At this stage, one can in principle define a path integral from the
action (15), integrating over all discrete metrics (i.e., over all assign-
ments of edge lengths in the bulk) and obtaining what is called “quan-
tum Regge calculus” [333]. However, we will not review this general
approach here. Rather, we now present the first application of Regge
calculus to quantum gravity by reviewing the Ponzano—Regge model
[56, 324]. This represents a simple illustrative example that naturally
relates to quantum Regge calculus and, more importantly, leads to
spin foam models and ultimately to group field theories, as we will

explain in Section 2.2.4 and Section 2.3.

THE PONZANO-REGGE MODEL. The Ponzano-Regge model is a
state-sum model that provides a discrete version of the path integral
for three-dimensional Euclidean quantum gravity [56, 324]. Starting
from a triangulation of a 3-manifold, the model relies on the assump-
tion that lengths are heuristically quantised. Specifically, it assigns a
discrete value j + } to each edge of the triangulation, where the non-
negative half-integer j = 0, %, 1, %, ... is traditionally called spin and
labels irreducible representations of the group SU(2). Then, the ge-
ometry of each 3-simplex (or tetrahedron) is determined by its six
edge lengths, and a weight given by a 6j-symbol® is assigned to each
tetrahedron in a precise way as is illustrated in Figure 3.

il Js

j4

2

{jl j2 13}
Ja J5 e

Figure 3: The spins of a 6j-symbol can be thought as labelling the edges
of a tetrahedron. Indeed, a 6j-symbol vanishes unless the three
spins defining each face satisfy the Clebsch-Gordan conditions
(and heuristically, a tetrahedron is only defined if the sides of the
triangles satisfy triangular inequalities).

6 This is a standard object from SU(2) recoupling theory, constructed as a sum over
products of four Clebsch-Gordan coefficients (or 3j-symbols); see, e.g., [371].
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The partition function is then defined by a sum over the quantum
amplitudes associated with every possible spin on every edge, and
reads [56]

Zeg = ) TT(=1)%2je + ) T {65} 7, (16)
{ie} ¢ T

where the labels e and T stand for edges and tetrahedra respectively,
and } ;1 means we are summing over all the spins associated with
the interior of the manifold. Since the spins j, define a quantisation
of edge lengths in the triangulation, the Ponzano-Regge path inte-
gral (16) has a compelling interpretation in terms of quantum geom-
etry where the probability amplitude of four triangles being glued
together into a tetrahedron is given by the 6j-symbol.

This interpretation is strengthened by the study of the semiclassical
limit, namely by looking at the large spin asymptotic behaviour of a

6j-symbol [331, 349]

o ~ ! cos(
is js Js V127V

6
. T
Z]kek + 4> 7 (17)
k=1

where V is the volume of the tetrahedron and 6 is defined as the
external dihedral angles between the triangles sharing the k-th edge.
The expression 22:1 jkOk is a discretised analogue of a surface integral

of the extrinsic curvature on the boundary of the tetrahedron. In other
(3d)

Regge
(see (15), here without cosmological constant), so that the Ponzano—

words, it is nothing but the Regge action S for the tetrahedron
Regge model (16) provides an application of a variation of quantum
Regge calculus (where lengths are quantised using SU(2) representa-
tions) for discrete general relativity in three dimensions.

While in general the partition function (16) diverges, replacing the
group SU(2) of the Ponzano-Regge model with the quantum group
SU,(2) leads to the Turaev-Viro model [368], which provides a finite
path integral by introducing a nonvanishing cosmological constant.
More precisely, when the deformation parameter g of the Turaev—
Viro model is given by a root of unity, the representation theory of
SU,(2) is truncated to a finite range of spins. Then, the path integral
amplitude is formulated in terms of g-deformed 6;-symbols [263] and
their large spin asymptotics effectively mirror the cosmological con-
stant term in the action. Heuristically, the presence of the cosmologi-
cal constant introduces a physical infrared cut-off [71, 270, 353].
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As we will see, the Ponzano-Regge model (or the regularised Turaev—-
Viro model) can be seen as the first realisation of the spin foam ap-

proach to quantum gravity, that we review in Section 2.2.4.

2.2.3  Matrix and tensor models

Other non-perturbative quantum gravity approaches based on the
principles of discrete path integrals are given by matrix and tensor
models [121, 129, 209]. In a nutshell, these models generate random
discrete geometries as Feynman diagrams of theories where the fun-
damental object is a tensor (of rank 2 and 3 in two and three dimen-
sions respectively), and can directly relate to discrete formulations of
general relativity. We will only review matrix models for simplicity,
and mention important aspects of the more general tensor models.
Before showing an example of a matrix model for two-dimensional
quantum gravity, let us rewrite the Euclidean Einstein—Hilbert action

as

1
B _ 2 _
A 1
= 8B ~ g &)

(18)

where A(X) = [; d?*x,/g is the total area of the 2d manifold ¥ and

x(Z) = & [+ d*x/gR is the Euler characteristic (due to the Gauss—

Bonnet theorem). Importantly, for two-dimensional manifolds the Eu-

ler characteristic is related to the genus as x = 2 — 2g. By discretising We denote with g the
the surface ¥ in terms of equilateral triangles with area a (let us de-  genus of closed and
note such a triangulation with the label A), (18) can be cast as a orientable surfaces.

Regge-like action (cf. (15))

) _ A 1

where the Euler characteristic relates to the number of vertices Vi,
edges Ex and faces Fa of the triangulation A as

XAr=VaA—Exn+Fa. (20)

The discrete analogue of the usual gravitational path integral for the
Regge action (19) reads

d) _ v 1 ek,
ZRegge - ; CAe § ’ (21)
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where Cx denotes the order of the automorphism group which leaves
(2d)

the triangulation invariant. ZRegge

is a discrete Feynman expansion
for 2d quantum gravity where the sum over triangulations A captures
both different geometries and topologies.

Let us now consider a nontrivial matrix model that can reproduce
(21). The fundamental object of the theory is an N x N Hermitian

matrix M, and we start from an action given by

s = N (308 A1)
: (22)
=N <2Miiji + )‘MijMJ'kMki> ’

where A is a coupling constant. In (22), the quadratic term provides
(the inverse of) the propagator and is graphically represented by a
two-stranded line (also called a ribbon, where each strand represents
one index of the matrix). The cubic term describes an interaction
between three matrices, and represents a three-valent vertex, as de-

picted in Figure 4.

EMjkE

Figure 4: Propagator (left) and cubic interaction vertex (right). The blue
dashed lines graphically represent matrix indices and show their
contractions. The black solid lines define matrix elements in the
dual picture, where in particular one can see that the cubic inter-
action generates a triangle.

One can then define the partition function of the model as [129]

ZMM = /dMeiSMM, (23)

whose Feynman diagrams I' are ribbon graphs (i.e., a set of vertices
joined by two-stranded lines). By considering In Zy1ps we obtain the
generating function of connected diagrams only, so that the free en-
ergy of the matrix model will correspond to the partition function of
2d gravity.
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Closed loops in the ribbon graph (dual to vertices of triangles),
propagators (dual to edges) and interactions (dual to triangles) con-
tribute factors of N, N"! and N respectively; then, one has that each
diagram in (23) comes with an overall factor (cf. (20))

NVr—Erth — Nar = N2-20 (24)

where Vr, Er and Fr represent the number of vertices, edges and faces
in the Feynman graph I, and )xr is its Euler characteristic. Then, given
that every interaction vertex also brings a factor of A (cf. (22)), the free
energy can be written as

1

In ZMM = 7/\VrNXr ’ (25)
; Symy
where sym_. is a symmetry factor. Crucially, denoting Zy := ) Sg:r,

where the sum is over graphs with fixed g, one can write the free
energy as an expansion in powers of N where the contributions of
the various genera are neatly separated,

InZym =) N>20Z,. (26)
g
Finally, by recognising I' as the dual graph to the triangulation A
introduced in (19), one may identify A with e wc? and N with e
and observe that
In Zoi = Zigege - (27)
(27) relates the path integral for simplicial gravity with that obtained
from the matrix model with action (22), and makes it clear that Feyn-
man amplitudes are in correspondence with 2d simplicial complexes.
By studying the continuum limit of matrix models, which is called
double scaling limit and is achieved by simultaneously sending N —
oo and setting the coupling constant A to a critical value, one finds
that the free energy provides a sum over all possible 2d simplicial
complexes of all topologies. Intuitively, the large N limit restores the
infinite degrees of freedom of continuous gravity and the tuning of
the coupling A corresponds to a phase transition where the matrix
models describe infinitely refined triangulations.

TENSOR MODELS. Inspired by matrix models for 2d gravity, ten-

sors of rank d > 3 were considered to develop models suitable to
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describe higher-dimensional random geometries and relate them to
simplicial gravity [14, 203]. However, the naive implementation of the
same idea (with tensors graphically represented by (d — 1)-simplices
and with interactions dictating their gluing to form a d-simplex) leads
to some obstacles already for d = 3. In particular, Feynman diagrams
generated by such tensor models can correspond to general topolog-
ical spaces, including manifolds, pseudomanifolds and other more
singular topologies [124, 204]. As a consequence, the partition func-
tion of tensor models cannot be expanded in terms of powers of N
as for matrix models, and there is no way to reorganise the sum in
terms of topological invariants (as in (26)).

To address these issues, coloured tensor models were introduced
[205, 206, 211]. These models include additional combinatorial struc-

tures that ensure Feynman graphs are truly dual to simplicial com-

plexes, excluding pathological configurations. Most importantly, coloured

tensor models allow for a reorganisation of the perturbation series in
terms of a 1/ N-expansion [207, 208, 210].

We will not review tensor models here and we refer to [209] for
a recent overview. It is interesting to note that the shortcomings of
the traditional tensor models gave birth to the group field theory
programme, which started with the renowned Boulatov and Ooguri
models [86, 293]. As we will see at the end of this chapter, GFTs are
essentially tensor models enriched with additional data that encode
metric degrees of freedom.

2.2.4 Spin foam models

With the aim of curing the pathologies of the traditional gravita-
tional partition function (10), but without giving up the core ideas
of a path integral, spin foam models were defined as a background-
independent and non-perturbative framework for discrete quantum
gravity [312, 313, 344] (for recent overviews, see [153, 265]). These
models can relate to (and generalise) some of the approaches re-
viewed in the previous sections, and will serve as a stepping stone
to introduce group field theories in Section 2.3. In short, spin foams
describe spacetime histories and transition amplitudes for quantum
states of geometry as defined in loop quantum gravity [329, 344], and
provide a way of interpreting the Feynman path integral as a sum

over “quantum spacetime geometries” in a precise way.
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SPIN NETWORKS. In loop quantum gravity, spatial geometry at
the Planck scale is defined in terms of quantum operators with dis-
crete spectra representing areas, volumes and other geometrical quan-
tities [31, 32, 343]. Quantum states of spatial geometry, called spin net-
works, are eigenstates of such operators and are defined on graphs
embedded in 3d space where every link is associated with an ele-
ment of the group SU(2). Heuristically, the evolution of those states
then weaves the fabric of the quantum 4d spacetime and defines spin
foams.

More precisely, considering a closed graph I' made of nodes con-
nected by links, spin network states provide a basis for the Hilbert
space of quantum geometry on that graph, Hr. This, equipped with
the SU(2) Haar measure dppaar, is the space of square-integrable
wavefunctions that are invariant under SU(2) transformation at each
node on the graph.” Then, spin network states |T,jj,1,) are labelled
by a spin j; for every link / and an intertwiner 1, for every node n of
the graph I', as explained below.

Just as in the quantum theory of angular momentum, the spin j
refers to the irreducible representations of SU(2) and the dimension
of the associated Hilbert space H; is

dj=2j+1. (28)

Denoting the generators of the su(2) Lie algebra as T: (1, J2, J3), one
can use the familiar basis of H; which diagonalises both the Casimir
J? and the third generator [3,

Jljm) = (i +1)lj,m),

. , (29)
Jalj,m) = mlj,m),

where the magnetic index m € [—j, j]. An intertwiner 1, is an invariant
tensor of SU(2), which can be understood as a map from the tensor
product of all the spins living on the links attached to 7 to the trivial
representation. In general, the Hilbert space of an N-valent node (i.e.,
attached to N links with spins ji, ..., jn) is defined as

Hy :=Inv [H; @--- @ Hj, ], (30)

Since an element of SU(2) represents the transport between the nodes of the graph
(which are interpreted as space points), the invariance under SU(2) transformations
at the nodes represents the gauge invariance of the states under local change of
reference frame at each point of space.
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namely, as the subspace of the tensor product H; ® --- ® H;, that
is invariant under SU(2) transformations. Intertwiners are elements
of the space (30). Basic examples are given by the case of the trivial
bivalent intertwiner between two spins j; and j», which only exists
if the two spins are equal; and by the unique trivalent intertwiner
between three spins /253, which exists if and only if the spins satisfy

=72l <j3s < (1 +7j2), (31)

and is given by the 3j-symbol

g = (0B GO (32)
m my m a1 i
where Cﬁn; 7237”2 = (j1, my; jo, mz|j3, —m3) are Clebsch-Gordan coeffi-

cients [371]. For nodes with higher valency, the intertwiner space
grows in dimension (and elements of H 3 are usually indexed with
an extra label x). Note that N-intertwiners in (30) are interpreted as
quantum N-simplices (e.g., states living on the space H4 can be un-
derstood as quantum tetrahedra, as firstly pointed out in [43, 51]).
Equipped with these ingredients, and thanks to the Peter-Weyl

theorem,®

a spin network wavefunction on a graph I' can then be
seen schematically as tensor products of representation matrices con-

tracted with intertwiners

Pl ({g1}) = Q1 Q@D (g)), (33)
n 1

where DU!)(g;) is the Wigner D-matrix representing the group ele-
ment ¢; € SU(2) in the spin j; along the link 1.9 As mentioned, the
geometrical interpretation of spin networks in loop quantum gravity
comes from the quantisation of geometric observables: intertwiners

represent excitations of the spatial volume that are “glued together”
by the spins, which in turn are related to the quanta of area of the

The Peter-Weyl theorem states that a basis on the space L?(SU(2), dyiHaar) is given
by the matrix elements of the unitary irreducible representations of SU(2), known
as Wigner D-matrices [319].

Explicitly, using the basis |j,m) as in (29), one writes the matrix elements as

D\ () = (j,mlglj,n).
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faces between neighbouring “chunks” of volume. More precisely, the
spin jj is related to the area of the surface dual to the link / as

A =I\iiGi+1), (34)

where [y is a fundamental length scale parameter related to the Planck
length (cf. (1)). Similarly, the volume operator is well-defined and its
eigenvalues can be found [32, 125, 342], but it is not as easy to diago-
nalise [68, 69, 94] (we will give more details on the volume operator
in Chapter 4, see in particular Section 4.2.1).

Finally, also in light of the interpretation of intertwiners as quan-
tised convex polyhedra [67, 163, 262], spin networks provide a com-
pelling description for quantised discrete 3d geometries.

sPIN FOAMS. The evolution of spin networks is described in terms
of spin foams. As exemplified in Figure 5 for the three-dimensional
case, the nodes and links of a graph evolve along spin foam edges
(akin to worldlines) and spin foam faces (akin to worldsheets) re-
spectively, carrying intertwiner and spin labels. Spin foam edges and
faces can meet at spin foam vertices where the graph changes; these
vertices are interpreted as events where the geometry changes, and
thus as spacetime points.

\ Triangulation Dual graph

" tetrahedron vertex
Spin 1oam
B ertex triangle edge
segment face

J1

:\

Figure 5: A 2-complex with one vertex in three dimensions and the corre-
sponding spin foam terminology. The figure represents the transi-
tion between 24 boundary graphs, showing the skeleton dual to

the triangulation of 3d spacetime in the bulk. As we will see with
the Ponzano-Regge model, the red vertex is dual to a tetrahedron.

14
Js
J2
J3
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Intuitively, a spin foam vertex plays the role that an interaction
vertex plays in traditional field theories [42, 47, 48]. As we will see
in more detail in Section 2.3, one can actually show that spin foams
can be understood as Feynman diagrams of quantum field theories
known as group field theories [86, 123, 160, 330]. The key point to
stress here is that spin foams describe transition amplitudes associ-
ated with spin network histories. Formally, working with the group
SU(2), one defines the so-called local spin foam model by:

1. a 2-complex C, i.e., a set of faces f, edges e and vertices v;
2. a set of representation labels j; associated with the faces f € C;

3. a set of intertwiners 7, associated with the edges e € C.

Then, a spin foam model is defined as a sum over j; and 1, of transi-
tion amplitudes

Agp[C] = I;IAf(]f) H»Ae (ijer le) H Av(jfavr Le>v), (35)

that are factorised in terms of face, edge and vertex amplitudes. The
face and edge amplitudes .Af and A, can be considered as the ana-
logue of the path integral measure, defining the weights of spins and
intertwiners. For the models of interest, the face amplitude is usu-
ally chosen to be Af(js) = dj; = 2jr + 1. On the other hand, the
vertex amplitude A, contains the nontrivial dynamical information
that encodes the evolution of spin networks (we will derive an ex-
plicit example later). While we use SU(2) here, so as to connect spin
foams with spin networks of canonical loop quantum gravity, the spin
foam paradigm can be applied to (semi-simple) Lie groups and finite
groups [137]. For example, the more general Barrett-Crane (BC) and
Engle-Pereira—Rovelli-Livine (EPRL) models can be based on SO(4)
or SL(2,C) (for the Euclidean and Lorentzian version of the theory,
respectively). To embed spin networks in SL(2,C)-based spin foam
models, one requires a special map between SU(2) spins and SL(2,C)
representations [132, 147, 344]).

Somewhat as in a traditional path integral, one computes a transi-
tion amplitude for a given boundary state (in terms of spin networks
with fixed spins and intertwiners), by summing over all possible spin
and intertwiner labels in the bulk. Note, however, that while sum-
ming over all labelling of the 2-complex C encodes a sum over mul-
tiple geometries, it does not mean one is considering all possible ge-
ometries since C is fixed. Indeed, an expansion that more faithfully
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resembles a gravitational discrete path integral (similar in spirit to

(10)) is given by

Zsp =) w[C] ) Ask[C], (36)
C jf,lg

where w[C] is a weight factor depending on the 2-complex. As we
will see, (36) is exactly the type of expansion that one finds in the
group field theory formalism. We stress that the spin foam paradigm
usually tries to explicitly calculate a single contribution in the sum
over 2-complexes in (36); in other words, it mostly focusses on a fixed

triangulation.

THE PONZANO-REGGE MODEL AGAIN. Before mentioning aspects
of the more general 4d spin foam models, we highlight here the con-
nection between spin foams and the Ponzano-Regge model for 34
Euclidean quantum gravity introduced earlier in Section 2.2.2. To this

' namely a

aim, we will first cast general relativity as a BF theory,
topological field theory which has no local degrees of freedom. Hence,
we will derive a spin foam model by requiring topological invariance
of the BF path integral, so that that the spin foam will not depend
on the local details of the simplicial complex but only on its global
topology and boundary. The paradigmatic case of 3d Euclidean GR
enables to derive the vertex amplitude A, of (35) explicitly, which
will turn out to match with the one of the state-sum model proposed
by Ponzano and Regge [324].

The BF theory for 3d gravity (here using the group SU(2) for the
Euclidean version, but see [159] for the Lorentzian version based on
SU(1,1)) requires the introduction of Cartan fields. These are su(2)-
valued 1-forms known as the triad e = ¢?], and the connection w =
w”],, with J, denoting the usual basis of the algebra su(2) such that
Uas Jn] = ie?e].. Importantly, the metric is easily reconstructed from
the triad as

Sw = ﬂdbeze]ljl (37)

where the internal indices 4, b, . .. are raised and lowered with the flat
metric #,; = J,p (i-e., the Killing form of the Lie algebra su(2)). Then,

Even if general relativity is precisely a BF theory only in three dimensions, the Ple-
banski formulation [323] of 4d gravity can be written as a BF theory subject to con-
straints [312, 313]. In practice, all spin foam amplitudes are generally derived by the
quantisation of BF theories [42, 104]; we will give an example later.

31
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one can show that Euclidean GR in three dimensions (with A = 0 for

simplicity) can be described by means of the action'"

SSI? e, w] = / e’ NFjw] = / tr(e A Flw]), (38)

where F = dw + w A w is the curvature 2-form of the connection w.
Varying (38) with respect to the fields yields the equations of motion

Flw] =0,
deye=de+wAne=0,

(39)

where d,, denotes the exterior covariant derivative and de is the def-
inition of the torsion 2-form. Together, (39) are nothing but Einstein’s
field equations in vacuum, respectively indicating that the connection
is flat and that it is the unique torsion-free connection associated with
the triad e. In particular, the first equation in (39) is the analogue of
R = 0, where R is the Ricci scalar familiar from GR. In a sense, the
triad field plays the role of a Lagrange multiplier enforcing the van-
ishing of the curvature. Then, as anticipated, the theory described by
(38) is topological in the sense that are no local degrees of freedom.

In the spin foam framework one considers the formal path integral
of the BF theory (38),

Zpr = /Daﬂ)eeifmp[“’] = /Dw&(F[aJ]), (40)

and makes it well-defined by performing a discretisation on a 2-
complex. More precisely, one now introduces a simplicial triangula-
tion A of the manifold and its dual 2-complex C. Then, one discretises
the Cartan fields e and w following lattice gauge theory approaches
[327]. Crucially, because the theory is topological, discretisation does
not imply any loss of information so that the discrete version of the
path integral will yield an exact quantisation of the theory. Indeed,
topological invariance is what guarantees that the resulting spin foam
amplitude is independent of the triangulation A (in other words, the
triangulated version of the theory has the same number of degrees of
freedom of the full field theory).

The 1-form w gets discretised in terms of SU(2) elements g, as-
sociated to the edges e of C. Then, curvature is represented as the
transport along a closed loop going around the spin foam faces f,

In the d-dimensional case, the triad is replaced by a (d — 2)-form usually denoted B,
so that the action (38) manifestly shows the origin of the name “BF theory”.
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Us = [lecar §e- Using this, the discretised version of (40) takes the
form [340]

zggeie] = [ Tag [Toup), )

ecC fec

and describes a theory of flat (discrete) connections, reminiscent of
the lattice gauge theory formulation of path integrals [327]. In order
to finally obtain spin foam amplitudes, one can now make use of
the Peter-Weyl theorem to expand the Dirac /-distribution over the

group manifold appearing in (41) as
5(g) =Y d;tr DY (g), (42)
j

where d; is given in (28), the sum is over the unitary irreducible rep-
resentations of SU(2), and DV)(g) denotes Wigner D-matrices (cf.
(33)). Since every spin foam edge is shared by three faces (cf. Fig-
ure 5), by using (42) in (41) one obtains integrals of three Wigner
D-matrices, which are nothing but projectors onto the invariant sub-
space of the tensor product of three irreducible representations, H3 =
Inv [Hh QHj,® Hjs]‘ As this is the space of intertwiners (cf. (30)),
one can write such integrals as

| 48Dlhin,(€)Dliens (8) Dltans(9) = 9122 (4177 43)

where |112/3) represents the (unique) three-valent intertwiner state
in H3 (i.e., the 3j-symbol (32))."* Finally, since four edges meet at the
vertex v, one ends up with the contraction of four 3j-symbols yielding
precisely the definition of a 6j-symbol [371], so that (41) becomes

Zigele] = L1, TTH6rke (45)
Jf v

This is exactly the partition function of the Ponzano-Regge model
introduced in Section 2.2.2 (cf. (16)). The partition function (45) pro-
vides the first (and simplest) spin foam model in that it can be seen
as a special case of (35), where A, = {6/}, (and there is only one

intertwiner available).

Note that in general one has

N oL
[asTID% (g) = DIy, 4
i=1 K

where the intertwiner basis on Hy for N > 4 is labelled by the index «.

33

Figure 5 illustrates
precisely this 3d
model, where the
6;-symbol represents
the tetrahedron
(dual to the vertex),
obtained by gluing
four triangles (dual
to the edges).
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Spin foams in four dimensions

The Ponzano-Regge (toy) model served as an illustrative example for
the development of four-dimensional spin foam models. The most
promising spin foam candidates for 4d quantum gravity (famously
the BC model [53] and the EPRL model [151]) are derived in a similar
way, starting from the Plebaniski formulation of four-dimensional GR.
The important difference with the 3d case is that the Plebanski action
is here made of two contributions: a BF term (based on SO(4) for
the Euclidean theory and SL(2,C) for the Lorentzian theory) plus a
“potential” for the B field, which crucially leads to local fluctuations
of the curvature so that the theory is not topological (i.e., it allows to
recover GR) [252].

For concreteness, let us consider the Euclidean Barrett-Crane model.
We start from the Plebariski action

1
S[B,w,‘u] = / <BU /\F]][w] — EVI]KLBKL VAN BU) , (46)

where the field B and the connection w are respectively a s0(4)-valued
2-form and 1-form, F[w] is the curvature 2-form of w, and the La-

grange multipliers pjjx; obey the symmetries e!/KE

UKL = MKLI] = —MjIkL = —Hijik- Varying with respect to these
forces the B field to be’3

KIJKL = 0 and

I
B =l K net, (47)

where the tetrad e! field, typical of the Cartan formulation, gener-
alises the triad ¢” of the previous section. Specifically, thanks to the
relation g, = 7 11311431{ (cf. (37)), the form of B in (47) allows to obtain
precisely the (Palatini) action of GR from BF theory. In other words,
while the B A F part of the action (46) is equivalent to the 3d case (cf.
(39)), the potential reintroduces local (propagating) degrees of free-
dom into the theory by constraining B to be of the form (47) (the
potential is said to impose simplicity constraints).

Following the strategy adopted with the Ponzano-Regge model,
one first quantises the BF part of the Plebariski action, hence defining
a spin foam path integral for a 4d BF theory, and then imposes the
simplicity constraints coming from the potential term at the quantum

Strictly speaking, the SO(4) Plebariski model consists of four different sectors (see
[122] and references therein for details). For simplicity we focus here on the sector
that allows to recover tetrad gravity, where B takes the form (47).
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level. The quantisation of the BF term leads to a higher-dimensional
analogue of (45): a topological (discrete) model on a 2-complex, which
is now dressed with SO(4) representations (we use boldface symbols
j to distinguish from the SU(2) case). Being in four dimensions, this
is interpreted as the gluing of five tetrahedra (here dual to spin foam
edges) into a 4-simplex (here dual to the spin foam vertex). The parti-

tion function takes the form [122, 312, 313, 340]"* We do not specify
the face amplitude
4d .
Z](3F)[C] = ZHAf H{15J}v, (48) Ay for now, and
ipte f v focus on the vertex
amplitude.

where {15} is a 15j-symbol [371], which generalises a 6j-symbol by
reproducing the structure of a 4-simplex. More precisely, just like {6/}
is defined as the contraction of four 3j-symbols (heuristically repre-
senting a tetrahedron as the gluing of four triangles, cf. Figure 3), a
15j-symbol is defined as the trace of the product of five “4-valent in-
tertwiners” (elements of H4, see (30)). In four dimensions, a 4-simplex
is dual to a spin foam vertex which bounds ten faces (equipped with
representations j, . ..,jig) and five intertwiners on the edges, which
can be labelled with representations of internal virtual links 1y, ..., 5.
The vertex amplitude in (48) is then a function of fifteen representa-
tion labels, graphically represented in Figure 6 (where we stick to the
traditional notation for SU(2) representations, which is how all the

Wigner nj-symbols were originally defined [371]). Another reason for
adopting the usual
L spin notation
. . (jl,...,jlo) in
J5 )1 Figure 6 will becone

clear shortly, since

Triangulation Dual graph

in the Barrett—Crane

4-simplex vertex model the spin foam
faces are indeed

labelled with SU(2)
representations.

tetrahedron edge

triangle face

Figure 6: The pentagon diagram illustrates the skeleton of a 4-simplex, the
simplest spin foam vertex in four dimensions. The five corners and
the ten lines represent respectively the spin foam edges and faces
(with such edges in their boundary) meeting at the vertex.

14 As it is, the state-sum (48) is generically divergent (just as the Ponzano—-Regge model
stemming from 3d BF theory); a regularised version defined in terms of the quantum
group SU,(2) x SU,(2) was introduced in [118, 119].
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THE BARRETT-CRANE SPIN FOAM MODEL. As in three dimen-
sions, the model (48) stemming from a 4d BF theory is topologically
invariant, the spin foam path integral is discretisation-independent
and does not correspond to GR (where a choice of discretisation
would reduce the number of degrees of freedom) [122, 312, 313, 340].
Indeed, the next step in the strategy laid out above is to obtain gravity
by means of the simplicity constraints (cf. (46) and (47)). Imposing the
quantum analogue of the simplicity constraints is what defines the BC
model for quantum gravity. It turns out that this amounts to a restric-
tion to a particular set of representations j of SO(4) ~ SU(2) x SU(2),
generically labelled by two spins (j;, j—), where the spins of the two
factors are equal, j; = j— = j."> This leads to the so-called simple (or
balanced) representations (j, j) which are labelled by a single spin
j. Restricting the sum over representation in (48) to simple represen-
tations leads to the state-sum models first proposed by Barrett and
Crane [53]. More precisely, to make the state-sum model indepen-
dent of the labels 1y, ...,15 associated with the spin foam edges (the
corners of Figure 6), one includes a sum over such labels and con-
sider special intertwiners (often called BC intertwiners [52, 328]) such
that the vertex amplitude becomes a 10j-symbol. As the name sug-
gest, {10/} is a function that only depends on the ten representations
of the spin foam faces of a 4-simplex (the lines of Figure 6). The BC

partition function then reads

Zec[Cl = Y TTAfTTATT{10/}, (49)

jfie f

where we left Ar and A, generic. Different versions of the BC model
[312, 313] can prescribe different choices of the face and edge ampli-
tudes As and A,. For instance, given that the simple representations
are given by (j, j) where j is an SU(2) spin, the choice Ay = (2j +1)?
is often considered. There is also a variant of the BC model which

takes

_dim (Inv[H;, @ --- @ H;,])
o dim(%h@'“@}[h) ,

(50)

where Inv[H; ® --- ® H;,| is the intertwiner space (30), instead of
A, =1 as in (48). This particular choice of edge amplitude naturally

To see this, one first notices that (47) implies the vanishing of the so-called pseudo-
scalar Casimir, €7 ]KLBU BKL = 0. In the spin representation (j, j_), this becomes
j+(j+ +1) —j—(j— + 1) which vanishes for j. = j_ [312, 313, 340].
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emerges in the group field theory formalism, see [312, 313, 340] for
more details.

While we focussed on the Euclidean Barrett-Crane model because
it is one of the most extensively studied spin foam models for 44
quantum gravity, the above construction can be generalised to the
case of the Lorentzian theory, where the base group is chosen to be
SL(2,C) [53, 312, 313, 317] (see also [49, 234, 235, 238] for more recent
developments on the BC model). Moreover, the same strategy can be
applied to the EPRL model [151, 152], which was introduced to over-
come some limitations of the BC model (see, e.g., [12, 131, 162, 267])
and has thus attracted particular interest in recent years. We will not
review the details of these aspects here as they will not be important
for the group field theory models used in this thesis (especially for
the original work presented in Part II).

Regarding the semiclassical regime of spin foams, it is important to
mention that studies on the large spin structure of vertex amplitudes
show that the Regge action for (discrete) general relativity is recov-
ered asymptotically (somewhat as for the Ponzano—-Regge model (17))
[54, 55]. More recent developments have focused on effective spin
foam models [19, 20, 139] investigating the field theory content of
the semiclassical limit, on the saddle point analysis of the Lorentzian
path integral [219], and on the case of more refined triangulations
(corresponding to large spins and many vertices) [18, 143, 217].

To conclude, we simply stress that 4d spin foam models based on
the Plebariski formulation of GR can constrain the space of histories
of the BF theory path integral to that of gravity (specifically, by im-
plementing a suitable restriction on representation labels). Therefore,
especially in light of the recent studies on their semiclassical limit
mentioned above, spin foams provide a promising arena for 4d quan-
tum gravity as they effectively realise a path integral over discretised
metrics for general relativity.

2.3 GROUP FIELD THEORIES

With group field theories (GFTs) we refer to a class of quantum field
theories defined by fields that live on group manifolds (e.g., the lo-
cal gauge group of gravity), and that aim to describe spacetime in a
combinatorial and algebraic way.

As mentioned in Section 2.2.3, GFTs were firstly developed to gen-

eralise matrix models to dimensions d > 2 by resolving the issues en-
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countered in traditional definitions of tensor models [86, 293]. It was
then realised that GFTs naturally emerge also in the context of spin
foam models for quantum gravity, specifically as a tool to overcome
the limitations of working with fixed spacetime triangulations [123,
160, 330]. Indeed, the perturbative expansion of a GFT path integral is
labelled by Feynman diagrams which are dual to cellular complexes,
as we will clarify in the following. As a result, GFTs bring together
elements of matrix and tensor models, such as the combinatorial de-
tails of Feynman graphs, with the group theoretic data of spin foams,
which encode geometric information corresponding to the elemen-
tary variables of LQG [340, 367]. As mentioned in Section 2.2.4, we
will see that GFTs can provide exactly the sum over 2-complexes we
have seen in (36), which is interpreted as a discrete definition of the
covariant path integral for 4d quantum gravity. It is in this sense that
GFTs can be seen as a formal completion of spin foam models [330,
344], providing a manifestly background-independent field theoretic
framework for quantum gravity.

After briefly reviewing the classical theory and the connection to
spin foams in Section 2.3.1 and Section 2.3.2, we will describe a more
recent perspective which relies on a canonical quantisation of GFT in
the next chapter. This connects in spirit with ideas from Section 2.1,

and will be the framework mostly adopted in the rest of the thesis.

2.3.1 Classical theory

A classical GFT is the theory of a scalar field ¢ defined on d copies of
a Lie group G as

¢:G' 5 K,

(51)
g1 @(g1) = ¢(81,---,84),

where K can be R or C and g7 is a shorthand notation for all the
group elements. Here we focus on theories that mimic the simplicial
construction of the spin foam models of Section 2.2.4; thus, we con-
sider GFTs that reproduce the combinatorics of a d-simplex by gluing
(d — 1)-simplices, just like in tensor models. Note that in general one
can go beyond the choice of simplicial gravity in spin foams [237] and
equivalently in GFTs [304] by considering models compatible with
the canonical theory of LQG, where graphs have nodes of arbitrary
valency (and hence represent general polyhedra, not just simplices).
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In the specific case of GFTs applied to four-dimensional simplicial
quantum gravity, d = 4 and one usually takes G to be the local gauge
group of general relativity: G is typically SO(3,1) or SL(2,C) in the
Lorentzian case, SO(4) or Spin(4) in the Euclidean case, or their ro-
tation subgroup SU(2) which is the gauge group of loop gravity (i.e.,
the Ashtekar-Barbero formulation of classical general relativity [50]).
To implement a notion of discrete gauge invariance in the resulting
simplicial gravity description, one usually requires invariance of the

field under the right diagonal group action,

o(g1) = @(g1,---,81) = e(g1h, ..., g4h), VheG. (52)

This invariance is a way to ensure that the parallel transports gr only
encode gauge invariant data. Heuristically, interpreting ¢(g;) as a
(d — 1)-simplex, the group elements are associated with its d bound-
ary “faces” (of dimension d — 2), and define a connection whose cur-
vature is concentrated on the (d — 2)-simplices as in Regge calculus.
A GFT is then specified by an action, which has the general form

Sle. 9l = [ d'g ' p(eK(gigNe(eh + Ve o, (53)

where for a real field ¢ = ¢. Here [ d?g stands for an integration
over d copies of the group (i.e., over all the group elements g;), using
the Haar measure normalised to unity (we will only be interested in
compact groups in this thesis).’® The action is therefore split into a
quadratic part and an interaction part V[¢, §], which is in general a
non-linear potential term. From the action (53) one can write down

the classical equations of motion

sslegl _

] (54)

5S[e,
So(g1
[((P — 0.

\_/"el \_/‘S|

then, specific choices for K and V in S[¢, ¢| will yield different GFTs
and hence different classical equations. Following tensor models, one

could choose the simplest quadratic kernel, i.e., the identity kernel'”
K(g1,8}) = 1(g1,4}), so that the trivial kinetic term ~ [ d?g ¢(g1)¢(g1)

The Haar measure can also be defined for locally compact groups such as SL(2,C).
However, extra care is required since, while both left and right invariant, and unique
up to scaling, the measure is not finite (see [346] for details); GFT models based on a
non-compact group then need to be regularised in some way, as discussed in [183].
With identity kernel we mean I(g;, ;) such that [ d%¢I(g;,¢})f(g)) = f(g1)-
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One can
equivalently require
invariance under the
left action; this
choice is purely
conventional.
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Here, d20 g stands
for an integration
over5-4 =20
group elements

(recall that gy is a

shorthand notation

for g1, ..

-84 (52)).
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ensures an identification of the group elements associated to the bound-
ary (d — 2)-simplices. However, GFT renormalisation studies [63, 64,
103] suggest that radiative corrections generate a Laplacian term which
should be included in K(g7,g7) as

K(g1,87) = (m*+ M?A)I(81,87), (55)

where m? and M? are coupling constants and the Laplace-Beltrami
operator A on G is given by

d
A=Y A, . (56)
I=1

The interaction term V[g, ] in (53) is responsible for gluing the
(d — 1)-simplices described by the field ¢ to form a d-simplex, just
as in tensor models. This means that an appropriate interaction term
consists of products of fields that are paired according to a pattern
which encodes the combinatorics of a d-simplex. For example, the
potential of the prototype GFT for quantum gravity,'® which deals
with a real field ¢ in four dimensions (i.e, I =1,...,4), reads

V[]:A/dzov1 5\ T a
ol =5 | 4 V(L g [T o(8h), (57)

a=1

where A is a coupling constant and V(g},...,¢7) is a product of ten
Dirac delta distributions on the group, imposing appropriate match-
ing between group elements appearing as arguments of the fields
@(g}), in order to encode the pattern of gluings needed to form a 4-
simplex out of five tetrahedra. Such an interaction should allow the
structure of four-dimensional spacetime to emerge from the dynam-
ics of the theory, as we will explicitly see in Section 2.3.2.

Except for where clearly stated, we will mostly focus on GFTs for
simplicial gravity in four dimensions, and we will fix Gl = SU(2)4
(this will be the main setup in Part II where the original results are
presented). Then, the geometrical interpretation of GFT obtained by
associating a 3-simplex (i.e., a tetrahedron) with the field ¢(gr), is cor-
roborated by the spin networks of canonical LQG (see Section 2.2.4).
Indeed, in a dual picture, one can think equivalently of ¢(g;) as an

abstract node with four links labelled by SU(2) arguments, which is

The first four-dimensional GFT was given by Ooguri in [293]; as we will show in
Section 2.3.2 this corresponds to the BF theory (48), and can be used to define the
proper GFT analogue of the Barrett-Crane spin foam model of Section 2.2.4.
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equivalent to the way in which four-valent spin network nodes repre-
sent geometric tetrahedra in LQG. This is clarified by the Peter—Weyl
theorem, which allows to deal with spin labels rather than group ar-

guments (see Figure 7).

Figure 7: An excitation of the field ¢ can be interpreted as an open spin
network vertex or a tetrahedron. This interpretation will play a
central role in the canonical framework of Chapter 3.

PETER—-WEYL DECOMPOSITION. As mentioned in Section 2.2.4,
the group SU(2) is compact and its irreducible unitary representa-
tions are finite-dimensional (cf. (28)) and labelled by half-integers
j called spins. Then, it follows from the Peter-Weyl theorem' that
¢(gr) can be expanded in field modes for a suitable choice of basis
elements on L?(SU(2), dpiHaar) as [319]

p(g1) = ;qvaf(gz) ,
(58)

. 4 .
Dy(gr) = Y i T v/2ja + 1DY, (4) -
np a=1

Here ¢ are complex functions (possibly subject to reality conditions*?)

and the compact notation for the modes

:l:] = (j[l j:mll K) (59)

encodes representation (or spin) labels j; € INg/2, magnetic indices

my,n; € [—jr,ji] and intertwiner labels x. In the convolution Dj(g;),
ﬂfl’K € Hy (cf. (30)) are intertwiners for the spins j; (appearing in (58)

because of property (52) and (44)), and D% (g) are Wigner D-matrices

for the irreducible unitary representations of SU(2). One can picture

Recall that the Peter-Weyl theorem provides an orthonormal basis for
L?(SU(2), dpitaar), specifically given by the Wigner D-matrices (cf. footnote 8).
If the field is real, the complex Peter—Weyl coefficients satisfy the reality condition

[186, 293] (P] = (—1)Zl(j1_"ll>q)_]_
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The mode expansion
(58) is the analogue
of the Fourier
decomposition for
standard field
theories, and the
“spin representation”
can be interpreted as
the momentum
space for GFTs.
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the four spins j; (and their corresponding magnetic indices) as living
on the links emerging from the four-valent node, while 1 lives on the
node itself (cf. Figure 7).

The mode decomposition (58) shifts the focus from group variables
to the more convenient spin labels, so that for example by denoting
K;p = [d%¢ d?¢’ Dj(gr)K(g1,8})Dy(g}), the GFT action (53) can be

written in a compact way as

Sle, ¢l = )_¢1Kjpor + Vig 4. (60)

]I
For later convenience, we note that one can insert the expression (55)
for K(g1,87) in K and explicitly find (restricting to the free part of

the action for simplicity)

d
Streel@, @) = Y_ 91Kj95 = )_ @y (mz - MY i+ 1)) ¢y, (61)
J J 1=1

where we used the orthonormality of the basis elements in (58), namely
[d% Dj(g1)Dj(g1) = 1, and the fact that the SU(2) Laplace-Beltrami
operator acts as a Casimir on Wigner matrices, AgDS,{ZZ (g) = —j(j+
1)D,(1{21 (£)- The equations of motion obtained from the free action (61),

Kjp; = K;¢; = 0 (cf. (54)), will be useful in later chapters.

2.3.2  Path integral quantisation

Traditionally, the quantum dynamics for group field theories are de-
fined by means of their partition function Zgpr. Considering a general
interaction term as V = ) A;V; for some coupling constants A;, one
can write the path integral for GFT as

1n;(T)
_ A
ZGFT = /quDq‘) e Slogl — ZL (62)

= sym()
where in the case of a real-valued field (usually adopted to match
with spin foam models) one drops the integration over ¢. Here, I'
denotes Feynman diagrams, n;(T') is the number of vertices of the
interaction type i, Ar is the Feynman amplitude associated to I' and
the factor sym(T') is the order of the symmetry group that leaves the
graph I' invariant.

The path integral for GFT (62) is conventionally defined in the lit-
erature (see, e.g., [295, 296]) as mimicking the statistical structure of
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matrix models (cf. (23)); however, one could also use iS[¢, | at the
exponent to define a proper quantum theory which is about transi-
tion amplitudes (and not mere probabilities). This choice is not ex-
pected to alter the formal perturbative expansion in a significant way
(the amplitudes Ar would be unchanged), and aligns better with the
canonical framework we introduce in Chapter 3. In this respect, note
that the dichotomy between —S[¢, $| and iS[¢, ¢| has little to do with
an actual Wick rotation as there is no background time in this formal-
ism, and the Lorentzian quantum gravity theory stemming out of
GFT is obtained via the choice of the underlying group (e.g., SL(2,C)
rather than SO(4), as mentioned in previous sections).

GFTS AND SPIN FOAMS. Remarkably, the sum (62) is over graphs
that for suitable choices of V can be seen as discrete “histories of ge-
ometry”, and whose Feynman amplitudes Ar are in correspondence
with spin foam amplitudes defined in (35) [123, 330]. In this sense,
the Feynman amplitudes of a group field theory can be associated
with a discrete quantum gravity path integral, and the expansion (62)
generates a sum over 2-complexes (or discrete spacetime histories),
weighted by the couplings A; of the interaction terms. The equiva-
lence between spin foam models and GFTs goes both ways. On the
one hand, each Feynman graph of a group field theory is given by
a spin foam, namely a 2-complex with faces dressed by representa-
tion labels (see Section 2.2.4). On the other hand, any local spin foam
model (35) can be obtained from a GFT expansion [160, 330]. This im-
plies that the GFT approach can be seen as a “larger framework” in
which spin foam models are embedded, since a field theory contains
more information and structure than its perturbative expansion [295].

It is important to note that (62) implicitly involves multiple types
of (informal) summation. We are summing over geometric data (i.e.,
group elements or representations, just like in spin foams) as well
as over different Feynman graphs; in this sense, GFT automatically
realises the sum we anticipated in (36). Crucially, we are not only
summing over all triangulations for a given topology, but also over
all topologies. This is guaranteed as any simplicial complex of arbi-
trary topology can be obtained by an appropriate (local) gluing of
fundamental simplicial building blocks. In this sense, GFT provides a
fully background-independent theory of (spacetime) geometry, gener-
alising and unifying the ideas of all the models described in previous

sections.
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OOGURI MODEL.  As a first instructive example, let us consider the
case of a 4d BF theory and its corresponding GFT formulation, firstly
introduced by Ooguri [293].?" To link with the BC model, we here
consider a variation of the Ooguri model where the real-valued field
@ (51) is defined over the group manifold SO(4)* instead of SU(2)%.
Choosing the trivial kinetic term, the action (53) for the Ooguri model

is given by

1
Slo] = 5 / d*s ¢*(81,82,83,84) + Vg, (63)

where the interaction term V[¢] pairs the arguments of five copies of

the field in such a way as to form a 4-simplex, namely

A
Vigl = 5 [d4°8 0lg1, 8285, 8)9(80 85/ 86:87) X 6

(p(g7, gs,gs,89)4?(89,ge,gzzglo)ﬁl’(glo,gs,gs,gl) .

This is an explicit expression for the potential in (57). Such a fifth-
order interaction term has indeed the structure of a 4-simplex: if we
represent each of the five field in the product as four strands (cor-
responding to g1,...,84) and connect strands corresponding to the
same group elements, we obtain Figure 8. This generalises the matrix
model scenario depicted in Figure 4, where the propagator and the
interaction vertex are visualised with multi-stranded lines (for sim-
plicity we are only representing the ribbon graph and not the dual
picture).

As anticipated in (62), since each of the four strands carries a repre-
sentation of the group in momentum space (cf. (58)), the field theory
defined by (63) is such that the Feynman expansion of the partition

function is given by

Zooguri = / Dy el ZZ y L1 dimGs) [T{15i}0, (65)

sym(I ifde fET veT

meaning that for every given 2-complex I', the Feynman sum over
momenta is precisely the spin foam model (48) defined on that 2-
complex.

While the Ooguri mode clearly shows the relation between GFTs
and spin foams, it still describes a topological BF theory, which can-

An even simpler model, called Boulatov model, considers a 3d BF theory. In [86],
Boulatov points out for the first time the duality between spin foams and “quantum
field theory on groups”, later dubbed GFTs. Specifically, the Boulatov model clearly
recasts the 3d Ponzano-Regge model (see previous sections) as a GFT over SU(2)3.
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Figure 8: Left: the kinetic term dictates how a 3-simplex (tetrahedron) prop-
agates and is represented by a collection of four strands. Right:
Graph of five vertices, representing the skeleton of a 4-simplex as
gluing of five tetrahedra (shared strands correspond to matching
group arguments).

not correspond to a quantisation of general relativity. As explained
in Section 2.2.4, one needs to reintroduce local degrees of freedom by
implementing the simplicity constraints, which reduce the topologi-
cal theory to gravity.

BARRETT-CRANE MODEL IN GFT.  In the BC spin foam model, the
simplicity constraints are imposed by restricting the state-sum corre-
sponding to the 4d BF theory to simple representations of SO(4). The
analogue of this restriction can be formulated in the GFT language
by considering the quotient group SO(4)/S0(3), as explained below.
Let us first consider the subgroup SO(3) of SO(4) and use the fact
that a field (g) in SO(4) is invariant under the action of SO(3),

(g) =y(gh), VYheSO(3), (66)

if and only if its mode expansion (cf. (58)) contains only simple irre-
ducible representations [123, 340]. Then, adopting the compact nota-
tion for the (real-valued) field ¢(ga, b, §c/Sd) = Pabed, We consider a
GFT based on SO(4)* without requiring the property (52) and with
action [123]

1 A
Sle] = 5 / d*g PePy1234 PoPyrioss + 5 / d¥¢ Vie], (67)
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where

V]| = PPy@1234 Py Py@ase7 PyPrp73se PoPyosa10 PPy ¢ioss1 - (68)

The projectors P, and P in (67) and (68) are defined as

Pup(g1) := /50(3) d*ho(gihy), (69)
and
Peg(g1) = /5 o) dg ¢(g18) - (70)

While P;, projects from the group SO(4) to the quotient space given by
S0O(4)/S0O(3) (thus imposing the wanted constraints on the represen-
tations in momentum space thanks to the property (66)), P, ensures
that gauge invariance is maintained. Note that if P, is removed one
obtains the action (63) of the Ooguri model, with the field satisfying
(52) thanks to P,.

As mentioned in Section 2.2.4, different variations of the BC model
exist; in GFT, they can be constructed by inserting the projectors (69)
and (70) in different combinations in the action [315, 340]. Their Feyn-

man expansion has the general structure

An(T)

Zer =Y. Y TTATTATT{10/}0, (71)

r sym(T) jre fer  eel  ovel

again showing that starting from a field theory over groups one can
obtain a sum over 2-complexes of Feynman amplitudes correspond-
ing to the spin foam models (49). Ay turns out to be exactly (2j + 1)2
using the projectors P; and Py as in (67) and (68), while the variant
with A, given in (50) is obtained by inserting only P, in the kinetic
term and keeping the potential as in (68). Importantly, this variation
of the BC model has finite Feynman amplitudes [311, 316].

Let us summarise the key points of the models presented here and
their importance in the context of 44 quantum gravity. The sum over
Feynman graphs of the Ooguri model (65), corresponding to the topo-
logical BF theory in four dimensions, is trivial and unnecessary. This
is because of triangulation invariance (implying all terms in the sum
are equal), and because all the degrees of freedom of a topological the-
ory are already captured by a single triangulation. On the other hand,
in the case of BC models (49), fixing a 2-complex reduces the number
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of degrees of freedom of the theory. Thus, a sum over 2-complexes
(71), where each term contributes in a different way, is necessary to
obtain a quantum theory of gravity that is related to general relativ-
ity. It is in this sense that the expansion of the GFT partition func-
tion provides a completion of the spin foam programme for quantum
gravity models, since there is no need to fix a triangulation (or its
dual 2-complex) and there is no cut-off on the number of degrees of
freedom.

From a computational point of view, GFT models for a full theory
of quantum gravity still remain formal as it is not clear how to practi-
cally calculate expansions like (62). In fact, it is already very difficult
to compute the individual transition amplitudes Ar between quan-
tum geometries on a fixed 2-complex (this is done numerically, and
optimising codes performing such evaluations is a current focus of
research [13, 17, 142-144, 200, 218]). For this reason, using to good
advantage the versatility of the field theoretic framework provided
by GFTs, a lot of recent work has focused on a canonical quantisation
of group field theories, which we introduce in Chapter 3.

Finally, let us stress again that the correspondence between spin
foams and GFTs is a generic feature. Any local spin foam model of the
form (35) can be interpreted as a Feynman graph of a group field the-
ory [160, 330]. This includes the Lorentzian analogues of the models
discussed above [53, 234], as well as the more involved EPRL model

[65, 251].
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CANONICAL FORMULATION OF GROUP FIELD
THEORY AND COSMOLOGY

This chapter presents the main formalism underlying the research re-
sults of Part II: a canonical framework for GFT and its cosmological
sector. As we discussed at the end of Chapter 2, the traditional way of
thinking of quantum GFT is through the path integral as given in (62)
and its expansion into Feynman graphs and amplitudes. This path
integral directly connects to the covariant (spin foam) setting of LQG,
and it generalises simplicial quantum gravity approaches such as ma-
trix and tensor models and Regge-like gravity. More recently however,
a lot of work has focused on the canonical quantisation of GFT, with
the main goals of connecting to the canonical setting for LQG and -
most importantly for us here — extracting effective cosmological dy-
namics (which are more easily defined in a canonical setting). As we
will see, this shift in perspective allows to use “second quantisation”
techniques that reinterpret the graph nodes of LQG as quanta of an
underlying QFT of quantum gravity. This picture makes it possible to
extract relatively simple dynamical equations, which can then be ap-
plied to symmetry-reduced settings to describe effective cosmology
from a full quantum gravity perspective.

After reviewing how to couple matter degrees of freedom to serve
as relational frames in GFT (a strategy that is fairly common in background-
independent approaches to quantum gravity), we give an overview of
the two main frameworks that have been established in the GFT lit-
erature, based on an algebraic quantisation and on a deparametrised
quantisation. We will first explain how to extract dynamics from these
approaches, and then discuss the emergence of effective cosmolog-
ical equations in some detail. In particular, we will show how one
can obtain a relational Friedmann-like equation from GFT, emphasis-
ing that this reproduces the correct dynamics of a flat Friedmann—
Lamaitre-Robertson—-Walker (FLRW) Universe in a suitable semiclas-
sical regime, while resolving the Big Bang singularity thanks to purely

quantum corrections.
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3.1 COUPLING TO MATTER

Canonical quantisation techniques were initially applied to GFT [298,
299] without considering any matter coupling. These ideas were im-
mediately adopted in simplified settings (corresponding to the cos-
mological sector of GFT) with the goal of obtaining effective dynam-
ical equations for global observables [183, 187]. Using tools typically
belonging to “second quantised frameworks” (e.g., condensate-like
states in a Fock space formulation of GFT, as we will describe later),
the idea was to contrast the effective dynamics of observables such as
the total (spatial) volume of a given geometry with globally homoge-
neous cosmological (vacuum) models of GR."

A breakthrough in this line of research came thanks to the insight
of relational dynamics, when it was realised that one could couple
matter degrees of freedom to GFT and use them as relational frames
(specifically clocks). In particular, by coupling a massless scalar field
to serve as internal time, a relational volume observable (correspond-
ing to the volume of space for a given value of the scalar field) was
shown to satisfy the Friedmann dynamics of general relativity at low
energies while also replacing the classical Big Bang singularity by a
bounce [305, 306]. As we will explicitly see in Section 3.3, this is a very
robust result of GFT, and similar findings have been obtained using
different methods and from different starting points [5, 184, 186, 272,
3791

In approaches to quantum gravity where the continuum manifold
is replaced by discrete structures (such as simplices and simplicial
complexes), coupling to matter is usually achieved by enriching the
nodes of the underlying graph (or their dual spatial building blocks,
cf. Figure 7) with a label for the matter degrees of freedom. Then,
one interprets the matter degrees of freedom as taking the values
specified by such labels in the corresponding (discrete analogues of)
space points. The idea of using matter fields as a reference frame
was already adopted in other quantum gravity frameworks (see, e.g.,
[140, 189, 191, 231] for LQG references and [44, 167, 174, 278] for other
approaches), and ultimately stems from models in classical GR and
canonical quantum gravity [127], famously the Brown-Kuchat dust

Whether one can perform a canonical quantisation for pure gravity in GFT (i.e., with-
out any coupling to matter) still remains an open question. We will return to these
aspects in Chapter 4, where we introduce a new effective observable (corresponding
to a cosmological anisotropy parameter) that might allow for GFT models that do
not require extra matter fields to be used as relational clocks.
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model of [91]. In the case of cosmological settings, it is common to
add a massless scalar field to be used as relational time; in GFT, this
is achieved by simply adding an extra argument to the field ¢, as we
detail below.

MASSLESS SCALAR FIELD AS RELATIONAL CLOCK. In this thesis
we will focus on the simple scenario where the matter content is only
given by a massless scalar field. A group field ¢ coupled to a massless

scalar field x is defined by generalising (51) as”

¢: G'xR—K,

(72)
o(gnx) =9(gih,x), VhegG,

where ¢ can be complex-valued or real-valued by choosing K = C
or K = R respectively, and the second line in (72) imposes the usual
gauge invariance as in (52). Everything we defined in Section 2.3.1
is generalised here in a straightforward manner to accommodate the
scalar field x in the domain of the group field ¢. Importantly, the
action (53) becomes

Sl ¢] = / dg dg’ dx ¢(g1, X)K(gr, 80981 X) + Vie, ], (73)

with a potential that generalise (57) as

5
Vig.9l = 5 /dzog dx V(st, 8D [T o8t x

a=1

5 (74)
5| /dzog dx V(gi, - 8] }_[1 (81, X
for a complex ¢.

As mentioned, the scalar field x takes values on the nodes of the
underlying four-dimensional discrete structure. Then, just like in stan-
dard QFT, it is natural to assume that the potential V[¢, ¢] describes
a local interaction in x (unlike in the geometric SU(2) degrees of free-
dom) by gluing five tetrahedra associated with the same scalar field
label, so that there is a single value of x associated with any 4-simplex.
On the other hand, the “gradients” of the scalar field are associated
with the shared boundaries of neighbouring 4-simplices on the lat-
tice. This means that the scalar field x “propagates” along the links

One easily extends the formalism to multiple scalar fields by adding more arguments
to the group field [185]. For instance, to couple four scalar fields one can define
Q: G? x R* — K to obtain relational coordinates for time and space [177].
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between adjacent building blocks of geometry, and gradients of the
scalar field must then be encoded in the GFT kinetic term K(g1, g}).
With this interpretation in mind, the GFT action is assumed to re-
spect the symmetries of the Lagrangian density associated to a non-
interacting, minimally coupled massless scalar field on a background

with metric g,
L _ ! " 9,x0
scalar = 5/ ~8 8" XX, (75)
namely shift and sign reversal symmetries,

X—X+tc,
X =X,

(76)

with ¢ € R. It immediately follows that K(g;,¢}) and V(g},...,g7)
(together with its complex conjugate V(g},...,¢7)) cannot explicitly
depend on the field values y, as this would break the shift symmetry.
However, given that the scalar field changes across neighbouring 4-
simplices, one should generically consider K(g;, ;) as a differential
operator in x, without derivatives of odd powers (so as to respect
the sign reversal symmetry) [260, 305, 306]. The simplest choice is

therefore to assume the minimal form

K(gr,81) = K9 (g1, 81) + K (31,8192, (77)

which is commonly adopted in the literature, both when studying cos-
mological models (see, e.g., [186, 379]) and phase transitions in GFT
[275, 276]. The form (77) mirrors the structure of the kinetic term (55),
with a constant “mass term” suggested by the relation to spin foams
[330] and a Laplacian term, but here with respect to x.> Indeed, as
seen in Section 2.3.1, quantum corrections coming from renormalisa-
tion [63] can dictate the specific forms of K© and K®, which must
include a Laplacian term in the group arguments. Then, for GFT mod-
els coupled to a matter scalar field, one is led to consider a symmet-

rical expression which consistently contains second derivatives with

Within a broader class of (non-local) models one can in principle have higher deriva-
tives with respect to x [260, 305, 306] and choose K(g7, g}) of the following form

0 aZn
K(s1,80) = ¥ K® (31,805 5 -
n=0 X

In this perspective, (77) would be seen as an approximation in which the field ¢ is
assumed to vary slowly and the contribution of the higher-derivative terms is small,

ie., K2 /KO < K@ /KO for n > 1.
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respect to all arguments. For concreteness, one usually generalises
(55) by taking K(gy, g}) of the form (see, e.g., [176, 183, 275, 276])

d
K(gllgll) = (mz_a)Z(+M22Ag1> I(glrgll)r (78)
I=1

which clearly corresponds to K (g, g}) = (m? + M2 Y1 Ag,) (g1, 8))
and K% (g1, 87) = —I(g1,8}) in (77)-

An important point to stress here is that by coupling to a massless
scalar field we obtained a GFT action that has the same form of a
traditional field theory (with base manifold SU(2)* x R instead of
the familiar R* of spacetime), where x now plays the role of the stan-
dard time coordinate. This will allow to define relational observables
which evolve with respect to the values of the relational clock time y.

SPIN REPRESENTATION. As explained in Section 2.3.1, for com-
pact groups one can obtain a mode expansion of the field ¢ thanks
to the Peter-Weyl theorem. Using the field defined in (72) yields the
same expression as in (58), with the difference that now the mode
functions ¢;(x) depend on the matter field. Fixing G? = SU(2)*%, the
interpretation of the field ¢;(x) as a four-valent spin network node
remains as in Figure 77, but the corresponding tetrahedron is enriched
with an extra label representing the matter field x which “sits” on the
node (representing the discrete analogue of a space point).

As emphasised in Section 2.3.1, the Peter-Weyl decomposition al-
lows us to get rid of group elements and simplify some expressions
by means of the spin representation provided by (58). In particular,

for future convenience, we note that (77) can be written as*
0 2
K =K + K782, (79)
and the specific form (78) becomes

Ky =m* -0y —M*Y ji(ji+1). (80)
I

These expressions are nothing but generalisations of the kinetic terms
appearing in (61) to the case in which a scalar field is coupled to GFT,

and will play a crucial role in later sections.

The kinetic term K(gy, g7) is in general proportional to the identity kernel I(gr, g7),
even if one does not select the specific form of K(%) (g7, ¢) and K(?) (g7, ¢}) as in (78).
Then, as mentioned around (60) and (61), one can use the property in footnote 17
and the fact that [ d?g Dj(g;)D;(g1) = 1 to write (79) (and hence (80)).
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To be rigorous, such
a quantisation
would represent the
counterpart of a

GFT path integral
defined with iS at
the exponent, see
remarks below (62).

This formulation led
to the suggestive
statement: “GFTs
are QFT5 of
spacetime, not on
spacetime” [295].

CANONICAL FORMULATION OF GFT AND EFFECTIVE COSMOLOGY

3.2 CANONICAL QUANTISATION OF GROUP FIELD THEORIES

We now turn to the task of defining a canonical quantisation scheme
for GFT, which can be seen as a complementary formulation to that of
path integrals (cf. Section 2.3.2), just like for traditional field theories.
As mentioned, this Hilbert space quantisation of GFT is motivated by
similarities with the canonical setting of LQG and, more practically,
is used to extract effective cosmological dynamics [183, 187].

Two main approaches to canonical quantisation have been estab-
lished in the GFT literature: one based on a kinematical Fock space
of nondynamical spin network-like states on which dynamical equa-
tions are imposed in a suitable (usually mean-field) approximation
[298, 299], and one where a time variable is selected before quantisa-
tion and used to directly obtain a physical Fock space and a physi-
cal (relational) Hamiltonian [186, 379].> We denote these quantisation
schemes algebraic approach and deparametrised approach, respectively,
and we devote the rest of this section to delve into their details. Then,
we will describe in Section 3.3 how they lead to similar effective cos-
mological dynamics, setting the stage for Part II, where we present
our main results.

3.2.1  Algebraic approach

Guided by the analogy between GFT and the spin network states of
LQG (cf. Figure 7), one can construct a “second quantised framework”
for group field theories that is based on a Fock space, just as for non-
relativistic field theories. This was firstly proposed in [298, 299], and
leads to reinterpreting spin network vertices as GFT quanta, which
are created and annihilated by operators and suggest a Hilbert space
formulation of GFT. This approach is dubbed “algebraic” because
it is based on the construction of a kinematical Hilbert space of ab-
stract states, among which physical states are selected by demanding
a posteriori that they satisfy a constraint coming from the underlying
theory.

The algebraic approach requires a complex-valued group field (72),
with domain given by SU(2)* x RR. Starting from the Peter-Weyl de-

While in GFT there is no Hamiltonian constraint associated with diffeomorphisms
in time (but see Chapter 6 for a novel proposal related to this), these two approaches
share some similarities with the LQG strategies of either imposing dynamical equa-
tions on an abstract Hilbert space [9—11, 120, 188], or directly defining a physical
Hilbert space by choosing a matter (usually “dust”) clock [140, 189, 191, 231].
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composition (58) and its complex conjugate, one defines the quantum
theory by promoting the field modes to operators @;(x) and ¢} (x)
and postulating their commutation relations according to bosonic
statistics,

0100, 9} ()| = dpotx = ). (81)

One can then construct an abstract (unphysical) Fock space in the
usual way, starting from a vacuum |@) (interpreted as “no geometry”
state) satisfying

$1(x)|2) =0, (82)

for all | and x. The Fock space contains fundamental quanta (picto-
rially “atoms of space" [300]) created and annihilated by field oper-
ators, which are interpreted as equivalent to LQG (four-valent) spin
network vertices. In particular, the one-quantum Hilbert space has

states defined as excitations over the Fock vacuum

\%& — 110 = ¢0[2), (83)

representing (open) spin network vertices decorated with four Peter—
Weyl labels (or group elements) and a scalar ). From the one-quantum
Hilbert space H;' = L?(SU(2)*/SU(2) x R),° one can construct the
GFT Fock space as

0 N
F= @om (@) @
N=0 i=1

where sym denotes symmetrisation, accounting for the choice of bosonic

statistics of the field operators. One can also construct more compli-
cated spin network states from (not uniquely defined) many-particle
states; and hence, these Fock states can be related to kinematical states
in loop quantum gravity [298, 299].

Let us stress that as in the kinematical Hilbert space of LQG, there
is no notion of dynamics so far: this will only be implemented later by
means of constraints, typically thanks to some approximations (e.g.,
in a mean-field regime [183, 187, 305], similarly to what happens in
condensed matter physics). Indeed, the operators ¢;(x) and ¢} (x)

Forgetting about the IR factor encoding the x label, we point out that
L2(sU(2)*/su(2)) = Inv [®% ’H]-,] is precisely the space of quantum tetrahedra
(30), where the quotient is due to property (52).
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are not thought of as evolving in time, but as separate independent
operators for each value of x; furthermore, the states (83) should be
interpreted as unphysical quantum tetrahedra (or spin network-like
states), on which dynamical equations are yet to be imposed.

In this “second quantised” setup, one usually defines general one-

body operators on the kinematical Hilbert space
O(x) =20 ¢1()9s(x) (85)
J

where O/ is the matrix element of the desired “first quantised” opera-
tor (usually imported from LQG) evaluated on a single spin network

node. For example, the number operator is given by
NG = 191090, (86)
J

and describes the number of “particles of geometry” (cf. (83)) relation-
ally, in the sense that it is given as a function of the matter field x
associated to the creation and annihilation operators. Again: at this
kinematical level, x dependence does not represent time evolution
yet (and the various N(x) defined for different x are independent).
Another important relational operator that encodes geometric infor-
mation is the GFT volume operator,

V(x) = ;vmﬁ}(x)@f(x), (87)

where the v;’s correspond to the volumes of quanta created by q)}r( X)-
These volume values can be formally obtained from a geometrical
quantisation of tetrahedra in terms of SU(2) recoupling theory [43,
51, 67], and have been thoroughly described in the LQG literature
(see, e.g., [32, 125, 342] and [68, 69] for more recent methods).” The
operator (87) heuristically describes a global notion of spatial volume
seen as the sum of many discrete building blocks carrying their own
(quantum) volume.

While the relational operators (86) and (87) describe the number
and the volume at given values of the matter field x, one can define

the total number operator as

N=Y [argi0o, (88)

7 In Chapter 4 we will provide more details on the spectrum and eigenstates of the
LQG volume operator, reviewing how it acts on four-valent spin network nodes.
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and similarly the total volume operatoras V =Y, [ dx v, P10 r(x)-
Albeit y-independent (and hence not relational in the sense explained
above), these “fully integrated” operators are not distributional in na-
ture as opposed to (86) and (87). Indeed, while expectation values of
(86) and (87) in mean-field coherent states appear well-behaved (and
provide excellent agreement with usual cosmology [305, 306], as we
will review in Section 3.3), their distributional nature becomes clear
when studying higher powers as divergences appear in the computa-
tion of several physically relevant quantities [40, 41].° In light of these
issues, operators of the form (88) play an important role in a novel
strategy adopted within the algebraic approach, where relational dy-
namics is introduced by considering the special class of coherent peaked
states [272, 273]. Such states provide a proposal for dealing with di-
vergences and define relational dynamics in an alternative way, as we
review at the end of Section 3.3.1.

Moreover, one can define the scalar field operator [272, 305, 306]
£=1 [ drxolo o0, (59)
and its momentum operator,
1= =iy [ dr (9}0ai(0) - (90)
These satisfy
[X, fl] =iN, (91)

with N given in (88), meaning that they are not canonically conjugate.
One can indeed make the observation that both operators are “ex-
tensive” whereas one would expect one intensive and one extensive
quantity to form a canonical pair (see [181] for a related discussion).
As we will see, these considerations (and in particular the commuta-
tor (91)) will lead to an intensive effective definition of the scalar field
operator in the framework of coherent peaked states [272, 273].

DYNAMICS.  Since GFTs are defined through an action functional
(cf. (73)), second quantisation tools of quantum many-body systems
suggest that the quantum dynamics be governed by operator equa-
tions obtained from the classical theory. Given the absence of a Hamil-

8 We will return to these points in Chapter 5, where we will see that for less simple
states even the expectation values of N(x) and V(x) are divergent [100].
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As we will see, for a
simple choice of
action one can find
exact solutions to
this constraint
equation [100] (see
also [183] for an
exact solution of an
interacting theory).

CANONICAL FORMULATION OF GFT AND EFFECTIVE COSMOLOGY

tonian formulation for GFT, one here directly promotes the Euler—
Lagrange equations (54) to operators and views them as quantum
constraints. Then, the equations of motion are implemented at the
quantum level by requiring that physical states |¥) satisfy [183, 187,

305, 306]

P00 21 - ©)
5¢7(x)

and a second equation obtained from the variation with respect to
@7(x). Formally, one should define physical states as annihilated by
both such constraints; however, since these are Hermitian conjugates,
they are in general expected to be second-class constraints with no
joint solution. In other words, the constraint in (92) and its Hermitian
conjugate do not commute, and hence there is generically no com-
mon state that is annihilated by both. We point out that this issue
is essentially ignored in the literature and physical states are usually
defined as those who satisfy (92); we will do the same here, noting
that this concern goes away in most applications where one considers
expectation values, as explained below.?

(92) looks similar to the type of equation used in a Dirac quanti-
sation of constrained systems. However, unlike in a Dirac quantisa-
tion, one here assumes that physical states are elements of the origi-
nal Hilbert space.’® This assumption is strictly speaking inconsistent
since such states have infinite norm in the original inner product. This
type of divergence is different from the one rising due to distribu-
tional operators encountered earlier; we postpone a proper account
of such technical issues to Chapter 5, where we will provide all the
details and extend the discussion beyond the literature. Note that in
a theory with constraints such as (92), not every Hermitian operator
automatically classifies as an observable; indeed, observables should
preserve the physical state space. However, as we will see, these con-
cerns are not taken into account when discussing cosmological mod-
els where operators such as the volume (87) or the matter scalar field
(89) are simply assumed to be observables. We will construct a new
way of imposing dynamics for constrained GFT models in Chapter 6,

Moreover, in a system with second-class constraints, say ¢ and ¢ét, one could tweak
the quantlsatlon scheme and define physical states as those annihilated by the com-
bination ¢'¢[¥) = 0. In our case, this would correspond to imposing the modulus
squared of the quantum equation of motion.

10 For a more standard Dirac quantisation of (free) GFT that uses group averaging to

define a physical Hilbert space, see [178].
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where one can explicitly show that observables commute with the
constraints of the theory.

Interestingly, working in a perturbative regime, one can bridge the
operator formalism of this chapter with the path integral formulation
of Section 2.3.2. In a path integral framework, the quantum dynamics
can be given in terms of the Schwinger-Dyson equations for correla-

tion functions [182, 183],

0= /D(pD(p(f(P (0 eslor)) = <5O o)

3S[e, 9l
3 > , (93)

op
where O = OJg, ¢] is any polynomial functional of the field and
its complex conjugate (a similar equation is obtained by taking func-
tional derivatives with respect to @). These are a formal way of en-
coding the quantum dynamics as they give an infinite number of
relations, obtained by specifying O [289]. Since states that are solu-
tions of the quantum theory must satisfy (93), the Schwinger—Dyson
equations can be seen as an alternative way (other than (92)) of iden-
tifying physical states among the kinematical ones. In practice, one
truncates this infinite tower of equations by considering a few very
simple choices for O, the most common being the identity. Indeed
setting O = 1 in (93) amounts to requiring that the operator version
of the Euler-Lagrange equations hold on average,

A At
<qf‘55[¢fﬁ T>:O,

59 (94)
which can be seen as an approximation (i.e., a weaker version) of

(92)."" As we will see, (94) allows to easily extract effective dynamical
equations (in particular for cosmological settings), usually achieved
thanks to suitable coherent states.

Let us stress that compared to requiring some expectation value to
vanish, (92) provides a stronger condition for defining exactly physical
states. We shall see in Chapter 5 that to be a solution of the constraint
(92) (and hence physical) a generic state |¥) must satisfy strict con-
ditions. We will refer to the states that satisfy one of the Schwinger—
Dyson equations (93) (in particular the simplest one given by (94)) as
approximately physical states.

Since (94) only requires expectation values to vanish, one can generically impose also
the second equation with the Hermitian conjugate operator (i.e., where the derivative
is taken with respect to ¢;(x)), even if the constraints do not commute.
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operator ordering).
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To give explicit examples that will be relevant for later applications,
let us consider the GFT action (in the spin representation) with kinetic
term (79). The first Schwinger-Dyson equation (94) then reads

Nl

In the case of weak interactions, such a non-linear equation can be

. oV, ¢t

597 (x)

‘Y> =0. (95)

dealt with by using mean-field theory techniques, typical of Bose-Einstein
condensates. More precisely, one proceeds by approximating the op-
erators by classical fields,

S
I

] e (X)L+95(x), (©6)
1) =) 1+6¢7(x),

where I is the identity operator, and one assumes that the expecta-

;)

tion values of the fluctuations 6¢;()x) and ¢ gb}L( X) over the mean field
are small. After normal ordering, in such an approximation (95) re-
duces to the classical field equation (and corresponds to the GFT ana-
logue of the Gross—Pitaevskii equation of condensed matter physics
[320]). With the aim of extracting semiclassical dynamics (as we will
see in Section 3.3 for the cosmological case), one usually justifies the
mean-field approximation in a precise sense by adopting Fock co-
herent states, which effectively allow to replace the operators with
their classical counterpart. Moreover, since the Gross—Pitaevskii ap-
proximation requires the interaction V[, $'] to be subdominant, one
often neglects the potential and ends up with a simple equation of

the form

(0% — w)(¥l9r (X)) =0, (97)

where we defined the coupling

w? = —K\" /K. (98)
As we will see in Section 3.3, (97) will provide the setup for obtaining
effective cosmological dynamics. In general, the task in this approach
is to find equations for the functions defining [¥), namely conditions
that ensure the states are (either exact or approximate) solutions of
the quantum dynamics. Thanks to the use of coherent (condensate-
like) states typical of matter physics, the approximations sketched

here will be associated with the interpretation that quantum cosmol-
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ogy emerges as “hydrodynamics of quantum gravity” [187, 300] (see
also [301] for recent developments of such ideas).

To conclude this section, we note that for the specific choice of
kinetic term given by (80) (see also (78)), the coupling (98) can be
given explicitly as

wy = —\/mZ—MZZ]'I(]'IJrl)f (99)
I

where the argument of the root must be positive in order to have a
real coupling. This will be important for the anisotropic cosmological
model studied in Chapter 4. It is worth pointing out that amongst all
modes that contribute to the number and volume operator defined
in (86) and (87), we will see that the dominant contribution is asymp-
totically given by the modes | for which |wj| takes a maximum, as
proven in [176] for generic initial conditions. As can be seen from (99),
these are the modes of lowest spins j;. This is the reason why cosmo-
logical dynamics can be extracted from GFT by restricting to a single
mode, as we will explain in Section 3.3.

3.2.2  Deparametrised approach

Given a classical GFT action, a canonical quantisation can be obtained
by choosing a degree of freedom to parametrise the others before quan-
tisation; here, the obvious candidate is the matter clock x. In contrast
to the algebraic approach, this “deparametrised” framework allows
to write down a relational Hamiltonian, and hence perform a stan-
dard canonical quantisation (using the map (2) starting from a classi-
cal phase space structure). This approach was first developed in [186,
379], based on a real-valued GFT field whose Peter—-Weyl modes sat-
isfy ¢;(x) = (—=1)ZiUi=m)g_;(x), with —] denoting sign reversal of
magnetic indices (cf. footnote 20 and (59)).

Working in the spin representation and with a conventional 1/2

factor as customary for real fields, the action (73) can be written as
1 0 2
Slgl =5 [ A To-10 (K + K72%) 9100 + Viel, (ro0)

2)

where we used the kinetic term (79). Note that K}O) and K} can in

general be positive or negative. Without loss of generality, we take
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the kinetic term to be symmetric under | <+ —J, i.e,, K}O) = K@ ]) and

K;z) = K(f]) in the following. After integration by parts, one has

Slgl =5 | 295 (K 9-10091(0) = K35 0—1 (02291 () ) + VIg],

(101)

which is now just a function of field modes and their “time” deriva-
tives, so that the Legendre transform to a relational Hamiltonian is
straightforward. Indeed, one now introduces the conjugate momen-
tum 71;(x) to the group field ¢;(x) as

710 = —KPaye_5(x), (102)

and then performs the Legendre transform of the Lagrangian with
respect to x, which gives a relational Hamiltonian

1 -
T ; W + K91 (0)9-1(x) | ~ Vlgl. (103)

J

The GFT Hamiltonian (103) determines the dynamics of any observ-
able O through Poisson brackets dO/dx = {O,H}, and indeed x
appears on the same footing as a background time parameter.

QUANTUM THEORY.  Only at this stage, the group field and its mo-
mentum are promoted to operators with the canonical equal-time com-

mutation relation

[@1(x), Ay (x)] = idyp . (104)

The key difference with the previous approach is that these opera-
tors already satisfy dynamical equations, implemented through the
Heisenberg equations of motion

i— = [@, H] , (105)

where O is any operator and H is the quantum version of (103). This
has a cost: we needed to specify our time variable once and for all
from the very beginning to define the conjugate momentum of the
field and the relational Hamiltonian.
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One can now define creation and annihilation operators ﬁ}L and 4
as in any bosonic field theory (denoting ¢; = ¢;(0) and 7; = 7;(0))

N 1 s
by = = Q@ +iety),
L (106)
At . . A
a; = e o_y—1imty),
] 20}( 19y ¢y —ifty)
with Q) = ‘K}O)K§2)‘ and ¢; = (—1)ZiUi=™)_ By construction these

operators satisfy their own commutation relations,

{ﬁ], ﬁH = ojp . (107)
Such ladder operators should not be confused with ¢;(x) and (P}r (x)
of Section 3.2.1 (see in particular (81)). Indeed, using @; and ﬁ}r, one
can construct a Fock space that is different from that introduced in the
algebraic approach (84) since the states here are already interpreted as
physical states, not subject to any constraints. Specifically, one again
starts from a ground state |0) (interpreted as “no geometry state”)
such that

a50) =0, (108)
for all | values, and excitations created by the ladder operators are
interpreted as quanta of geometry. A one-particle state |1) = ﬁ}]O)
represents a quantum tetrahedron (or four-valent node) with group-
theoretic information J. The interpretation of quanta of geometry is
on par with that of (83), but with the important difference that here
the states are already physical.

The deparametrised approach allows to straightforwardly define

relational observables analogous to (85). Indeed, working in the Heisen-

berg picture (cf. (105)), the y-evolution of any operator O is given by

O(x) =U"(x) 0(0) U(x), (109)
where
Uy = e~ iHx (110)

is the evolution operator and H is the Hamiltonian appearing in (105)

(we will analyse the Hamiltonian in terms of ladder operators below).
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To be rigorous,
ay(x)==U%;U and
a1 () =0t
should carry a label
“H” (for Heisenberg),
so as to distinguish
them from the
x-independent
ladder operators
defining the Fock
space; we omit this
label for simplicity.
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In particular, a time-dependent number operator is defined as

N(x) = ;ﬁ}(x)ﬁf(x); (111)

similarly, the volume operator reads
V(x) = Lo (0 (x) - (112)
J

One could also simply define N(0) := ¥, ajay and V(0) := ¥y vjdlay
and use (109); we write the equivalent expressions (111) and (112) to
make the resemblance to (86) and (87) more explicit.

While this quantisation is straightforward to obtain and interpret
and the connection to the classical theory is clear throughout, one
might raise the concern that x appears only as a “classical” parame-
ter with no quantum operators or fluctuations associated to it. This is
a common concern with deparametrised approaches, as the expected
covariance of the GFT formalism — the freedom to choose an arbitrary
time parameter to express dynamics — might be broken by making a
classical clock choice before quantisation (see, e.g., the general crit-
icism of “tempus ante quantum” in [233, 257] and a more specific
discussion for GFT in [272]). As we will see, the work presented in
Chapter 6 resolves these concerns by embedding the deparametrised
approach into a more covariant setting which allows for an arbitrary

choice of evolution parameter.

RELATIONAL HAMILTONIAN. The quantum operator correspond-

ing to the Hamiltonian (103),

LR K9, 00-1(0 | = Viel, (13)

is comprised of a sum-over-mode part (corresponding to the Hamil-
tonian of a free GFT) and an interaction potential. In this section we
leave the potential V[¢| generic, and we focus on the form that the
first part in (113) can take in terms of the ladder operators (106) de-
pending on the kinetic term K; (cf. (79)) of the GFT action. In par-
ticular, we now show that it can be written as a sum of single-mode
contributions.

We begin by noting that the first part in (113) is the sum of two-
mode Hamiltonians, since every contribution to the sum depends on
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the modes ] and —]J. In other words, even in the free theory, the Peter—  This section provides

Weyl modes are a priori pairwise coupled such that the dynamics a somewhat novel
extension of the

of the mode | is coupled with that of the mode —]. Since the term : ]
literature as it deals

within brackets in (113) is symmetric with respect to exchanging | with aspects

and —] (recall that K; = K_; by assumption), the sum receives the regarding the

same contribution twice.'? One thus obtains an overall factor of 2, so Hamiltonian that

. . . were never clarified
that we are interested in summing over two-mode components of the f

(see [101]).

form
A 7y (x) -5 (x) 0) n /n A
0 =~ = K90 0-1(0) (114)
Kj
Excluding the rather fine-tuned modes for which K}O) = 0, the con-

tributions (114) can be of two different types, depending on the signs
of K}O) and K§2). The modes for which these have the same sign (we
denote this case with a single dash ') contribute with a two-mode
Hamiltonian HE -1 that automatically decouples the mode | from
—J when working in the ladder operator basis. Indeed, by inverting

(106) one can use

€]ﬁi] +ﬁ]) ,

. 1
b=

 m. (115)
= 1\/? (a] - 61617]) ’
to write the two-mode Hamiltonian (114) as
H, :ew<ﬁ+ﬁ +1>+ew(ﬁtﬁ+l)
.- JCT\ %™ 5 J&] I Y (116)

where (cf. (98))

wj = —sgn (K}O)) \/ ‘K}O)/K§2)| . (117)

A

That is, HE -1 decouples into the sum of two single-mode harmonic
oscillator (HO) Hamiltonians, which have well-known properties (eigen-

value problem, spectral decomposition, et cetera).

The only exception is the case where | = —], i.e., a mode with vanishing magnetic
indices. This special case automatically contributes with a single-mode Hamiltonian
so it does not need to be considered in the following discussion.
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On the other hand, the modes for which K}O) and K}ZJ have opposite
signs (we denote this case with a double dash ”) contribute with a
two-mode Hamiltonian H E’] o that takes the form

AYy ) = wy (afat + a2 ) (118)

where wj is given in (117). While this is still a two-mode operator
coupling | and —] (specifically, it is related to a two-mode squeezing
operator), it is possible to diagonalise it as follows. First, we introduce
the vector notation a’ = (4;,4_;) and (a")T = (ﬁ}‘,ﬁt]) which allows
to rewrite (118) as

" 1

Ay = 50 (@) @) + @7 (a) (119)

where here and in the following o; refers to the i-th Pauli matrix.

Then, we perform a change of basis, a — Ua, by means of a unitary

transformation
i (1 0
U=e's72 . (120)
0 —i
Finally, thanks to the property ¢! oy e 1% = 03, one can easily

check that UTqyU = I.» so that I:IE/] _j) can be written in the di-

agonal form

~ 1 1
" _ AT\2 | A2 A N2 a2
H(],—]) - Ew] ((Cl]) + a]) + Ew] ((11_]) + a_])

— BSQ 4, iSQ
—H] +H_ 7

(121)

namely as the sum of two single-mode squeezing (SQ) Hamiltonians.

To summarise, all types of two-mode contributions HEL* N and
HE/L—]) can be brought into a diagonal form ((116) and (121)); ie.,
the Hamiltonians H (J—j) in (114) decouple into a sum of single-mode
Hamiltonians for all modes. For the reasons shown above, it is con-
venient to define JHO as the set of J such that K;O) and K}z) have the

same sign and J°Q as the set of ] such that K;O) and K;z) have oppo-
site signs. Then, it follows that the total GFT Hamiltonian (113) can
be cast as

H=) A Vg, (122)
7
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where, depending on the set ] belongs to, H; takes one of the two

forms
6]6()] (ﬁ}ﬁ] + %) ’ ] S JHO

Yoy (@)2+a2)

A

Hj = (123)

J e 3Q.

As we will see in Section 3.3, the case of a squeezing Hamiltonian
is particularly relevant for applications to cosmology, where the po-
tential V[¢] is usually neglected. In the case of a free GFT, the Hamil-
tonian for modes | € 352 does not leave the Fock vacuum invariant
as squeezing leads to an exponentially growing number of particles
under evolution in x [5, 186, 379]. Since the volume operator (112)
is closely related to the particle number, this provides a compelling
picture for an expanding cosmological geometry arising from such
an instability of the ground state, realising a type of “geometrogene-
sis” (the term was coined in [249] and then used in the GFT literature
[183, 294, 297]). On the other hand, the particle number for modes
J € 35O is conserved under x evolution, and this is interpreted as a
volume that remains constant in time. Such stable modes quickly be-
come insignificant compared to the unstable ones, which is why they
ar usually ignored. Indeed, one can show that the modes associated
with a squeezing Hamiltonian always dominate asymptotically [176].
In the next section we will explicitly see that the volume for a single
mode | € J°Q satisfies the correct effective Friedmann equation for
any state in the theory [184]. This is in contrast with the way dynam-
ics are encoded in the algebraic approach, since one there needs to
use specific states that satisty, e.g., (92) or (94) (and we will see that
only coherent states seem to provide a viable option).*3

We remark that specialising to the kinetic term given by (80) the

coupling (117) takes the form w; = —/m2 — M2y ; j;(ji + 1), just like
in the algebraic approach (cf. (99)). In the deparametrised approach,
|wy| plays the role of the rate of squeezing (often called squeezing pa-
rameter), which will in turn correspond to cosmological expansion;
as mentioned, this is dominated by modes in which |wj| takes a max-

imum, namely those with the lowest spins j;.

As we have seen in Section 3.2.1, the Fock space of the algebraic approach (84) is not
physical, and it is natural to require states to satisfy some constraints. However, we
will see that essentially no solutions to (92) or (94) are known beyond the simplest
Fock coherent states, so that the physical state space is very limited.
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In the literature one
generally works
with the two-mode
Hamiltonian (118)
adopting the “old
basis” (prior to the
transformation
(120)). In this basis,
particles of geometry
are created in pairs
with opposite values
for the magnetic
indices [186].
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By contrast, note
that very little has
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context of black
holes from a GFT
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purely kinematical
[303, 307]. We will
comment on new
possibilities later on.
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3.3 EXTRACTING COSMOLOGICAL DYNAMICS

A major challenge for discrete approaches to quantum gravity is the
derivation of an effective (emergent) continuum description which
can be compared with classical GR or more general gravitational the-
ories. The challenge arises on many levels, for instance in recover-
ing the usual notions of a spacetime manifold from combinatorial
structures [85]; recovering an effective description in terms of coor-
dinates and restoring the continuum notion of diffeomorphisms or
coordinate changes [136]; and understanding the intricate interplay
between a continuum and semiclassical limit. Deriving such a de-
scription, however, is crucial for understanding the phenomenology
of such quantum gravity theories and ensuring their compatibility
with observation given that, e.g., new fifth-force degrees of freedom
at low energies would have to be compatible with tight experimental
bounds [4]. A common approach in this situation is to restrict to sce-
narios of high symmetry, in particular spatially homogeneous cosmol-
ogy or spherically symmetric black holes. While by assumption they
no longer include all degrees of freedom, symmetry-reduced models
would be expected to capture at least some phenomena of the un-
derlying theory (as they do in classical general relativity), while also
connecting directly to phenomenology given the obvious relevance
of cosmological and black hole spacetimes. An example is given by
LQG, whose cosmological sector has been studied in loop quantum
cosmology [37, 46, 78], and which allows to include discretisation ef-
fects in a number of effective black hole models [82, 166, 230, 240].

In this section we review the effective cosmological models that
have been constructed in the GFT approach to quantum gravity, specif-
ically working with the canonical quantisation schemes reviewed in
Section 3.2. We will see that, mainly thanks to coupling the massless
scalar field to be used as relational clock (cf. Section 3.1), GFT cos-
mology models can recover the dynamics of a flat FLRW Universe
and include quantum corrections that allow to resolve the Big Bang
singularity, replacing it with a bounce [5, 184, 186, 272, 305, 306, 379].
Interestingly, these results hold regardless of the approach followed,
and thus provide strong insights regarding early cosmology from a

quantum gravity perspective.

ASSUMPTIONS. In order to link GFT with cosmology, some sim-

plifying assumptions are needed. First of all, the cosmological sector
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of GFTs often deals with regimes in which interactions can be ne-
glected, so we will only consider the kinetic term of the action (i.e.,
the free theory). Since neglecting interactions between spin-network
nodes (or correlations between the GFT quanta) can be thought as de-
scribing GFT configurations of high symmetry, this approximation is
often interpreted as corresponding to macroscopic homogeneous space-
times [183, 379]. Let us note that, because the theory describes a grow-
ing particle number, such an approximation can only hold for a finite
amount of time before the number of quanta is too large and interac-
tions become important [305, 306].

Moreover, we now focus on a single Peter-Weyl mode (cf. (58)).
Indeed, it turns out that considering only a single | (somewhat repre-
senting excitations of the same “type”) is enough to obtain the correct
cosmological dynamics of a flat FLRW Universe [305, 306]. Other than
by computational simplicity, this restriction is motivated by the fact
that one mode quickly dominates dynamically (see discussion below
(99) and (123)) so that this approximation becomes better and better
with time. There is evidently a certain clash with the first approxi-
mation of negligible interactions, which gets worse over time, mean-
ing that we expect GFT cosmological models to be valid in an inter-
mediate regime sometimes called “mesoscopic”.’* The single-mode
approximation means that a cosmological spacetime expands or con-
tracts by modifications to the combinatorial structure of the spin net-
work (i.e., by changing number of the GFT quanta), rather than by
changing the spin labels on the network (i.e., transitioning between
GFT quanta of different spin representations). Furthermore, one can
use the insights gained from loop quantum cosmology, where all the
spins are usually fixed to only one value [37, 46, 78], to motivate this
single-mode restriction in GFT. Such assumptions behind loop quan-
tum cosmology models are often motivated by a suggestion that cos-
mological expansion or contraction is indeed realised by a changing
graph structure in full LQG [39, 83].

Finally, one then also needs to specify quantum states to calcu-
late expectation values of the operators of interest (in particular, the
volume operator). While neglecting interactions and restricting to a
single mode are assumptions that apply to both the algebraic and
the deparametrised quantisations described in Section 3.2, the choice
of states plays a different role depending on the approach. Specifi-

In [305], such a regime is defined in analogy with condensed matter physics, where
the number of GFT quanta is large enough to admit a global geometric interpretation
but small enough to consider the GFT system as a “dilute non-interacting gas”.
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An effective
restriction to a
single mode would
essentially emerge
dynamically in any
case, as shown in
[176].
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cally, since the notion of dynamics in the algebraic approach is im-
plemented through the states, they represent a crucial ingredient for
obtaining effective cosmology (as there is no Heisenberg picture). As
we have described, one here needs (exactly or approximately) phys-
ical states that satisfy some constraint equations (cf. (92) and (94)),
which however seem to be only solved by the quite specific class
of coherent states;’> while we will use coherent states in the follow-
ing, we note that this represents quite an important restriction of the
full physical state space. On the other hand, in the deparametrised
approach dynamics are defined in the Heisenberg picture by (105)
regardless of the choice of states. One can then discuss relational dy-
namics of operators (such as the volume (112)) thanks to (109), even
before computing expectation values. In both approaches, one usu-
ally considers coherent states to implement a notion of semiclassi-
cality similar to what is often done in quantum cosmology. This is
because in a macroscopic Universe quantum fluctuations over expec-
tation values should be small, as discussed in [273] and [184], where
different choices of coherent states are examined with respect to this
criterion. We will expand on the choice of states in Chapter 5, where
we generalise previous results on semiclassicality to a broader family
of states.

3.3.1 Algebraic GFT cosmology

As explained at the end of Section 3.2.1, one needs to specify a set of
quantum states to extract dynamics in the algebraic quantisation of
GFT. The prototypical state adopted in this formalism is given by a
field coherent (or “condensate”) state [183, 305]

0) = Neexp ( [ dxene' ) 10), (124)
with
1 2
No=exp (—5 [ dnlo)?) - (125)
The key property of such states,

P(X)le) = (X)), (126)

We will explain this in more detail in Chapter 5, where we explicitly check the
conditions necessary for states to be physical in the algebraic approach.
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allows replacing (after normal ordering) all field operators by the
collective variable () (sometimes called condensate wavefunction),
which explicitly depends on x. Indeed, the coherent state (124) imple-
ments the idea of mean-field approximation discussed around (96),
and the quantum equation of motion essentially reduces to the classi-
cal GFT equation of motion.

While often described as an approximate solution in the literature
(even for GFT models based on the free theory), we stress that states
of the form (124) can solve (92) exactly. Indeed, due to the property
(126), |o) is a physical state provided that the function () satisfies
the classical free GFT equation of motion (cf. (97))

(03 —w?) o(x) = 0. (127)

Note that for any ¢ solving (127) one has NV, = 0in (125), meaning the
state is non-normalisable. One way of regularising the state |o) is by
introducing an ad hoc cutoff in x, which would represent an arbitrarily
large (but finite) range of validity for the resulting effective relational
dynamics.'® Explicitly, the solution to (127) [176],

o(x) = Ae“* + Be X, (128)

where A and B are constants (which generically depend on the mode
J), dictates how dynamics are implemented in the algebraic approach,
as geometrical quantities inherit x dependence through o(x). One
can indeed derive effective dynamics for expectation values of the
operators of interest, such as N () and in particular V()), basically
ignoring fluctuations. Starting from generic “second quantised” op-
erators (85), and recalling that we are restricting to a single |, one
calculates expectation values as

At

(O}, = 0T _ op5 . (120)

For the specific definitions (86) and (87) of the number and volume

operators, one finds

(N(x))o = le(x)?, (130)

One might argue that this does not represent an issue as the free-theory approxi-
mation breaks down at some ) (when the interactions become important), so one
should not trust the model for too large x anyway.
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Since all quanta are
characterised by a
single quantum
state and
wavefunction, it has
been conjectured
that these states
correspond (when
coarse-grained) to
homogeneous
cosmological
spacetimes [183].
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and

V(X))o =vlo(x)* (131)

These expectation values can now be evaluated for a solution of the
free theory (127). In particular, substituting the solution (128) into

(131), one finds the volume
(V(x))e = v[Scosh(2wy) + Dsinh(2wy) + 2Re(AB)] , (132)

where S = |A|?> + |B]?> and D = |AJ]?> — |B|?. Crucially, this form
for the volume corresponds to a cosmological solution that satisfies
Friedmann-like dynamics while also containing a cosmological bounce.'”

To make this explicit, one can introduce the conserved quantities [176,

305, 306]

E = —4Re(AB),

Q = 2Im(AB), (133)

respectively associated with x translations and with the U(1) symme-
try of the complex GFT. With these, one finds that (132) satisfies an

effective Friedmann equation

A

1 d0@e _ .2 E  0PQ )
<<‘7(X>>g dx )‘4“’ <”<V<x>>a (V(X)>%>'(34)

While the interpretation of E (sometimes called the “GFT energy”)

was never clarified, in [305] it was proposed that wQ plays the role
of conjugate momentum to the scalar field, so that by defining an

effective energy density

B wZQZ
Petf = 2<V(X)>%— s (135)

and a critical energy density p. = w?/(20?), one can rewrite (134) in

The term a form similar to loop quantum cosmology [359]
proportional to the

GFT energy E is <<V(1 d<V(7c)>a>2 _4? < _vE peff) :

‘ 1+ —
absent in loop X)e dx V(X))o  Pc

(136)

quantum cosmology
(see Appendix A).

17 Even though the original work [305] was based on equilateral tetrahedra which were
supposed to encode isotropy (meaning the spins jj in | were assumed to be equal, cf.
(59) and Figure 7), one can retain four different spins j; for the faces of the building
blocks; the key ingredient for this result lies in the single-mode restriction alone.
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In (136), pc would represent a universal upper bound for the density
pPefr, Which allows a bounce at a minimum nonsingular volume, just
like in loop quantum cosmology. However, it is not clear why the U(1)
“charge” Q should be interpreted as the conjugate momentum of the
matter field y, as it would make more sense to associate this role to E
(which is the conserved quantity associated with x translations; see,
e.g., [185] for more on this).

The large volume limit of (134) needs to be consistent with the clas-
sical Friedmann equation (V'/V)? = 127G, which is easily found in
classical GR by adopting a scalar field as a clock (we review its deriva-
tion in Appendix A, see in particular (405)). In this case, large vol-
umes (or low energy densities) are obtained when |x| is big enough
so that we are away from the bounce. Hence, agreement with the clas-
sical theory requires the identification between the GFT coupling and
Newton’s constant as

w? =3nG. (137)

This identification should be seen as the “emergence" of Newton’s
constant from more fundamental GFT parameters. We emphasise that
while the first term in (134) recovers the (relational) Friedmann equa-

tion of GR, the two subleading contributions are seen as GFT (i.e.,
2

quantum gravity) corrections to classical cosmology, with the 1/(V(x))2

term crucially being responsible for the generic resolution of the Big
Bang singularity. Furthermore, we remark that in order to obtain (134)
we had to specifically use the state (124), as indicated by the index
of (V(x))s. In contrast, the effective Friedmann equation of the de-
parametrised approach holds in any state as we will see in the next
section.

Finally, as we mentioned when defining the relational operator (87),
note that even if the volume itself does not show any infinities, one
can use the property

(@' ()99 (e(x)) = 8(0)(@"(X)9(X)) + (9" (X))*P* (X)), (138)

which follows from the commutator (81), to show that volume fluctu-

ations diverge as

(AV2  5(0)
W e’ (139)
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Note that by
identifying the GFT
coupling with
Newton's constant

one has pc ~ Ppianck
as v ~ I3 (cf. (1)).
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The Gaussian plays
the role of a
“peaking function”
and allows to
discuss states that
are peaked at the
relational time x.

In a sense, the states
(140) can be
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describing some kind
of discrete
counterpart of
“leaves of a foliation”
with respect to the
massless scalar field.
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where (AV)2 = (V?), — (V)2. If one removes the distribution 5§(0)
by means of some regularisation procedure (e.g., replacing the Dirac
delta in (81) with a Kronecker delta by considering smeared observ-
ables [40, 41, 250], or imposing the dynamics in a different way by
working with the peaked coherent states of [272]), (139) gets automat-
ically smaller and smaller over time as () grows exponentially (cf.
(128)). In this sense, one might then argue that these coherent states
are semiclassical. In Chapter 5 we explore other states and study their

semiclassicality.

COHERENT PEAKED STATES. As we mentioned in Section 3.2.1,
one way of dealing with the issues of divergences (such as (139)) aris-
ing due to the distributional nature of relational operators is given by
the coherent peaked states proposal [272]. This falls within the alge-
braic approach to GFT cosmology and focusses on specific types of
states, defined as coherent states (cf. (124))

oei0 ) = Nocexp ([ dxee09'0)) 10) (140)

where NV, is as in (125) with the difference that the mean field

(x-x0)
Oc¢ (X; X0, 7'[0) =e x zzo 31710(?(*)(0)5-()() (141)

is given by the product of a Gaussian and a function () (dubbed
“reduced” wavefunction). The state carries various labels: € is the stan-
dard deviation of the Gaussian, g is a parameter needed to make
sure quantum fluctuations are small [273], and crucially, xo repre-
sents the value of the relational time at which the states are peaked.
Requiring the Gaussian to be sharply peaked allows to interpret the
internal clocks of the GFT quanta as ”synchronised”.18 In other words,
one can effectively interpret the expectation value of an operator on
a coherent peaked state characterised by xo as if it were computed
at a relational time (i.e., on a slice labelled by) xo. As a possible criti-
cism, note that (140) is actually a one-parameter family of states with
respect to )o, which seems to play the role of an ad hoc external (back-

ground) time label, like in non-relativistic quantum mechanics.

On a technical level, some assumptions are needed for the states to behave well.
Importantly: the standard deviation of the Gaussian is required to satisfy € <« 1, and
one also imposes the condition €73 >> 1 so that quantum fluctuations are assured to
be small. We refer to [272, 273] for the details and the approximations employed.
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The wavefunction (141), required to satisfy certain equations as
sketched below, is assumed to make the coherent peaked state nor-
malisable in the Fock space inner product (since, naively, the inte-
gral in (125) can be rendered convergent by the peaking function of
(141), in particular for small €). To be more precise, since it is not
clear whether (140) satisfies any constraint discussed in Section 3.2.1
(namely, the strong imposition (92) or even the approximate require-
ment (94)) for the commonly used kinetic term (79), a critical assump-
tion of this formalism is that the action contains a kinetic term that

can be expanded as

K(Zn) o

n=0

In [272], this is justified by recalling that the kinetic term with (in prin-
ciple infinite) even derivatives mentioned in footnote 3 admits a repre-
sentation in terms of smooth functions. This is a weighty assumption
which in particular means one is not able to specify an explicit GFT
model. By means of some approximations on (142) (see [272]), one
here simply considers the “instantaneous” averaged Euler-Lagrange
equations (94),

35(¢, ¢']

5¢*(xo)

<t7e; X0, 700 Te; X0, 7T0> =0, (143)
where the coherent peaked state (140) is labelled by the same param-
eter o appearing in the argument of the functional derivative. Then,
the difference with a standard coherent state (124) is that the small
parameter € < 1 in (141) allows to adopt a generic (reduced) wave-
function (), which does not need to be slowly varying in x (cf.
footnote 3).

With all such assumptions, one can obtain an effective equation of
motion for &(x) (viewed as approximations to the full equations of
motion) which crucially has the same functional form of (127), but
with generalised definitions of w?, E and Q (cf. (133)). In particular,
such quantities now depend on the coherent peaked states parame-
ters € and 71y (their explicit form is not important for our purposes,
see [272, 273]). This is how this formalism reproduces the main results

shown earlier, curing its (distributional) divergences.” To see it ex-

While the infinities related to distributional operators are dealt with in this approach
(see [273] for the explicit computation of all the fluctuations, including in the clock
field %), the divergences in (the norm of) the states are bypassed altogether as the
coherent peaked state is defined “by hand” to be normalisable (cf. (141) and (125)).
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plicitly, we recall that this approach makes use of “totally integrated”
operators instead of the x-dependent ones (which are distributional).
Indeed, using the number operator as an example, computing the ex-
pectation value of (88) one finds a function of the parameter x( used

in the definition of the state (140),

(R = [ A loe 0 m0) P = 0 x0) P, (144)

which is reminiscent of (130) but here with the state parameter o
playing the role of relational time. Furthermore, given that the expec-
tation value of the scalar field operator (89) in a coherent peaked state
is (X)oomon0 = X0{N)o. z0.10, ON€ now defines an intensive (effective)

clock operator by

A

X

T (145)
(N, mo,x0

X =
which is such that [, 1] = i (see (91) and discussion thereafter). Then,
in the given approximations, one has (X)o.z =~ Xo, and xo can
indeed be seen as the expectation value of the clock { (which is why
this approach classifies as a “tempus post quantum” formalism [272]).

Finally, one can define an ad hoc Hermitian operator represent-
ing an effective Hamiltonian that by construction describes evolution
with respect to the parameter xo, and check that in the states (140)

and with the mentioned approximations [272]

<H>¢7e,ﬂo,)(0 = <ﬁ>0e,ﬂ0,X0 ’ (146)

where ITis given in (90). This allows to obtain an effective Heisenberg-
like equation for fully integrated operators O such as the number (88)

(or the volume),*°

d A A A
TXO <O>Ue,7fo,)(o =i([H, O]>(7€r7TO/XO ’ (147)

providing an alternative notion of relational dynamics in the alge-
braic approach, imposed via peaked coherent states. In this picture,
dynamical equations emerge on the kinematical Hilbert space from

considering the evolution of expectation values relative to the clock

Some subtleties arise regarding the fact that the expectation value of the effective
Hamiltonian depends on ) (specifically as (H)o. 7y, = 70|&(x0)|?); these strange
effects seem to be due to the granularity of geometry in GFT. See [272] for a discus-
sion on these issues, their possible meaning and resolution.
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expectation value (X)o.,x,x,, choosing rather specific states so that a
simple relation between these expectation values can be derived.
Note that, as already mentioned in Section 3.2.1, the fact that the
algebraic approach relies on constraints (cf. (92)) implies that observ-
ables should be identified as those operators which preserve the phys-
ical state space (and not just any Hermitian operators). This concern
applies to the algebraic approach in general, regardless of the approx-
imations used or the choice of coherent peaked states (140); however,
it can be seen as more pressing here as the operators are central in
defining relational dynamics. Indeed, it is not clear whether, for in-
stance, the operator § in (145) (Whose expectation value plays the
role of relational time variable) preserves the physical state space.
Regarding cosmological dynamics, it clearly follows that just like
(144) one can write down the volume operator expectation value as

(V)awmano =0 [ dx ot xo,70) P = ol xo)l?, (148)

which represents the “coherent peaked states counterpart” of (131).
As anticipated, (148) leads to effective cosmological dynamics that
have the same functional form of (134), where now evolution is de-
scribed in terms of the parameter xo and the coefficients in the Fried-
mann equation depend on the labels defining the state (140) (i.e., w?
as well as E and Q depend on 7p and ¢, see [272]).

Ultimately, the coherent peaked states formalism provides a novel
version of the algebraic approach which is not subject to the diver-
gences typical of distributional operators (see discussion around (86)
and (87)). It relies on different ways of approximating the full quan-
tum dynamics and leads to the same results, supporting the robust-
ness of the GFT cosmology approach overall. While providing signif-
icant insights on the possible quantum nature of the relational clock
itself (which was treated as a classical time in previous studies), the
proposal does not refer to a classical Hamiltonian notion of dynamics
or to classical relational observables as in usual Dirac quantisation,
and it is unclear whether constraints such as (92) or (94) play a fun-
damental role. We will return to these important points in Chapter 6,
where we define a new way to impose dynamics in GFT inspired by
the quantum time operator X, but keeping in line with a traditional
Dirac quantisation (and hence reducing from a kinematical to a phys-
ical Hilbert space by means of quantum constraints).
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3.3.2 Deparametrised GFT cosmology

The idea of deparametrisation was introduced in GFT cosmology in
[5] (see also [250] for related ideas) where an effective Friedmann
equation similar to (134) was recovered in a simple toy model with
a squeezing Hamiltonian generating evolution with respect to a pre-
ferred matter clock, without requiring a mean-field approximation.
The same strategy was then adopted in full GFT in the Hamiltonian
formalism of [186, 379], which we reviewed in Section 3.2.2. Initially,
coherent states were used to obtain approximate solutions for expec-
tation values of operators of interest, but this limitation was overcome
in [184] where the dynamics were solved for operators in the Heisen-
berg picture, without requiring a specific state (cf. (109)). States still
need to be chosen to compare expectation values with previous re-
sults; effective Friedmann equations could be found for many types
of coherent states,”* e.g., based on the su(1,1) algebra generated by
the volume and Hamiltonian operators [59], which we explain below.
Neglecting V[¢] in the Hamiltonian (122) (see also (123) and dis-
cussion thereafter), the restriction to a single Peter-Weyl label for a
free GFT practically means focusing on a Hamiltonian that describes
single-mode squeezing. It is worth noting that even without the ex-
plicit reduction to single-mode contributions seen in Section 3.2.2,
one could easily obtain a single-mode squeezing Hamiltonian starting
from (118) by choosing “symmetric” initial conditions 4;(0) = 4_;(0),
which are shown to be preserved under time evolution [186, 379].>*
As in the algebraic approach section, we simplify the notation by
dropping the index | in our single-mode expressions. Hence, we now
deal with a quantum system described by bosonic operators d(x) and
a*(x) with [a(x),a%(x)] = 1 (cf. (107)). The main operators of interest
for cosmological purposes are the squeezing Hamiltonian in (123), the

number (111) and the volume (112), which reduce to

21 We will come back to the notion of semiclassical states for GFT cosmology in Chap-
ter 5, where we expand the existing results to the general family of Gaussian states.

22 More directly, one could also consider a | with vanishing magnetic indices m; = 0
(so that ] = —]J); this is a somewhat mild assumption as no geometrical observable
depends on the values of the magnetic indices.
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where again v represents the volume of a GFT quantum. As men-
tioned, the operators (149) generate the Lie algebra su(1, 1) extended
by a central element [59, 184]. The algebra is closed by adding

C=i- <(ﬁ+)2 - ﬁz) , (150)

which would be related to the “Thiemann complexifier” in some anal-
ogous LQG models [62]. Here (150) does not have a direct physi-
cal interpretation, but determines whether the resulting cosmology
has a time-reversal symmetry. The su(1,1) algebra of these opera-
tors follows from their composition in terms of ladder operators:
one traditionally defines the three possible quadratic combinations
Ko = I(@a*a+aa"), Ky = 3(a")? and K- = 34%, which satisfy the

su(1,1) algebra

5)
o
L
I
H_
o
H,

R (151)

(152)

and the algebra closes as

iwC,

<
T
Il
N

[C,V] =2i—H, (153)

g

A A . v A
€ H] =2iw (5 +7),

where we see the central element (identity operator) appearing in the

third relation. We point out that the structure (153) (together with a

cosmological interpretation) is generically found in other realisations

of su(1,1) quantum cosmology [59, 79, 80], for example in loop quan-

tum cosmology (where this algebra commonly appears [73—75, 266]).
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Note that (154)
bears a strong
(functional)
similarity with the
algebraic approach
expression (132),
though the former is
an operator equation
and the latter an
expectation value.

CANONICAL FORMULATION OF GFT AND EFFECTIVE COSMOLOGY

We can now turn to the dynamics of such operators. H determines
the evolution of any other operator O via the Heisenberg equation
(105). From this, one can obtain the solutions [184]

V(x) = 5 + (7 +3) cosh(2wy) + Csinh (2wy), (154)

o

(x) = Ccosh(2wy) + (V + g) sinh(2wy), (155)

where V = V(0) and C = €(0). We can now see that, while V repre-
sents the volume at x = 0, the presence of C determines whether the
volume evolution (154) has a symmetry under xy — —x (i.e., whether
one has different pre- and post-bounce scenarios in the cosmological
dynamics we derive below). Since we are working in the Heisenberg
picture, the solutions (154) and (155) do not refer to any choice of
quantum state; in fact, (154) is all one needs to obtain an effective
Friedmann equation. Denoting by (O(x)) the expectation values in

any state, one finds

A

L AW\, o 1 )
<<V(x)> dx )‘4“’ (”<V<x>> <V<x>>2z°>'(56)

where Zy = (V)2 +0(V) — (C)? essentially represents initial condi-

tions (it is fully specified by the operators (154) and (155) at x = 0).
(156) describes the same result obtained in the algebraic approach (cf.
(134)), with only minor differences. To reiterate the main points: while
for large volumes (or late times x — £0o0) (156) is consistent with the
classical Friedmann provided we identify the GFT coupling with G

as in (137), the GFT quantum correction 1/ <V(X)>2

is responsible for
the generic resolution of the Big Bang singularity, which is replaced
with a cosmological bounce through a minimal nonsingular volume.
Although the differences between (156) and (134) are minor, it is
worth spelling out the analogies with the quantities E and Q appear-
ing in (134) and defined in (133). First, it is immediate to see that the
analogue of the “GFT energy” is automatically fixed to be 1 in the
deparametrised approach. Moreover, by defining here again a critical
energy density p. = w?/(2v?) and rewriting the last term inside the
brackets of (156) in the suggestive form —pe¢/pc, one finds a more ap-
propriate interpretation in terms of the relational Hamiltonian (149)
as conjugate momentum to the matter field. To be more precise, while
the role of the conjugate momentum to x was somehow played by the

quantity wQ in the algebraic approach (Q being the U(1) charge asso-
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ciated with the complex GFT, see (133) and (135)), one here has that
effective energy density p.ss takes the form [184]

1 ~

Peff = Px(X) + 2 Iy, (157)

V(x))?

A, A

where Zy = w? ((N)? + (N) — (a*)?(2)?) again refers to initial condi-
tions.>> Crucially, the matter energy density p,(x) is now defined by
identifying the Hamiltonian H = (H) (cf. (149)) with the conjugate

momentum of x, namely

ox(X) = 557 g (158)

as one would expect (see (135) for comparison). Explicitly, using (157)

and (158) one can rewrite (156) just like (136) as

<<V<1x>>d<z§?)>) -t (1 el b))

namely with a loop quantum cosmology-like term (cf. Appendix A).

2

To conclude, we also point out that (156) holds regardless of whether
the quantum state one uses to compute expectation values is a pure
or mixed state. All that is needed to obtain (156) is a (linear) opera-
tion mapping operators to their expectation values, and the density
matrix expression (V(x)) = tr (6 V(x)) is as good as the pure-state
evaluation (V(x)) = (¢|V(x)|y). This point was not stressed in [184]
where (156) was obtained, and will allow us to investigate semiclas-
sical properties of mixed (in particular thermal) states in Chapter 5.
Finally, while true for any quantum state, we emphasise that (156) is
a relation between expectation values only, and does not take into ac-
count fluctuations (which, if large, may be problematic for a semiclas-
sical interpretation). To claim that the effective Friedmann equation is
a good description of the dynamics of cosmological observables, one
needs to adopt quantum states that show some semiclassical features,

another point that we address in Chapter 5.

The additional contributions to pg encoded in Zg also scale as 1/(V(x))?, so they
effectively simply shift the scalar field momentum compared to its classical value H.
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Part II

PHENOMENOLOGY, QUANTUM STATES,
RELATIONALISM

This part describes the research results of the thesis. These
represent innovative developments and advancements of
the general framework introduced in Part I, contributing
significantly to the field of GFT and going beyond the ex-
isting state of the art along three distinct directions. Specif-
ically, Chapter 4 extends the phenomenological results on
GFT cosmology of Section 3.3 to anisotropic settings. Chap-
ter 5 investigates semiclassical properties of quantum states,
analysing the general class of Gaussian states for the cos-
mological models of interest. Finally, Chapter 6 develops
a new rigorous way of defining relational dynamics for
canonical group field theories (working with the free the-
ory but not necessarily specialising to the cosmological
sector), providing crucial insights on the notion of covari-

ance and the problem of time in quantum gravity.






TOWARDS ANISOTROPIC COSMOLOGY

This chapter introduces anisotropic models for cosmology in group
field theory. It is based on [99], and with the exception of a portion
of Section 4.2.1 (wWhere we review some quantum geometry notions
imported form loop quantum gravity), it constitutes original research.

We have seen in Chapter 3 that the canonical formulation of group
field theory provides a natural arena for studying effective cosmologi-
cal models from a quantum gravity perspective. Indeed, in Section 3.3
we showed that the GFT cosmology literature is rich of ways to derive
effective cosmological dynamics; more specifically, using a restriction
to a single mode, one finds that a flat isotropic cosmology effectively
emerges from GFT in a number of ways. An effective Friedmann equa-
tion that reproduces general relativity at late times and deviates from
classical gravity at early times (with a quantum bounce replacing the
initial singularity) is obtained following both the algebraic approach
of Section 3.3.1 (which is how the GFT cosmology programme be-
gan) and adopting a deparametrised point of view as described in
Section 3.3.2. Such dynamical equations are also similar to the effec-
tive dynamics of loop quantum cosmology, and describe an effective
repulsive behaviour at high energies in a similar fashion.

While important for the phenomenology of GFT and for connecting
to approaches such as loop quantum cosmology, these results have so
far been restricted to the case of a flat homogeneous, isotropic Uni-
verse." Some studies have included anisotropies perturbatively [105,
321] showing that they decay leading to isotropisation, but until re-
cently there was no characterisation of, e.g., an anisotropic Bianchi
cosmology.

In [99] we took the first steps towards the study of anisotropic cos-
mologies in group field theory; we devote this chapter to explaining
those results, focussing on the simplest possible case of Bianchi I cos-
mology with local rotational symmetry so that two out of the three
directional scale factors are taken to be equal. There are at least two,
initially quite separate, challenges involved in this extension of past

work. The first is to find a characterisation of anisotropies in group

Inhomogeneities can be included perturbatively as in [170, 274], and match physical
expectations at least in a long-wavelength limit.
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field theory, i.e., to define an observable that can distinguish isotropic
and anisotropic geometries and quantify the amount of anisotropy.
Here the key idea we use is the Misner parametrisation of Bianchi
models (see, e.g., [81]; a review is also provided in Appendix A) in
terms of a volume degree of freedom and two relative anisotropy
variables, the Misner variables B.+. In a classical Bianchi I model B+
behave as free, massless scalar fields in a flat FLRW geometry,” which
have already been studied in GFT. On the other hand, the discreteness
of geometry in GFT means that we cannot simply take over a contin-
uum definition of anisotropy, so the construction of an analogue B+
variable requires careful thought. The second challenge is to under-
stand which simplifying approximations used in past work (see Sec-
tion 3.3) need to be relaxed in order to allow for anisotropies in the
effective description. For instance, while the work of [305, 306] only
used “isotropic” states interpreted as describing simplicial building
blocks for which all faces have equal area, it is known (see, e.g., [184])
that this microscopic restriction to isotropy is neither necessary nor
sufficient to obtain the correct (flat FLRW) Friedmann dynamics: the
more relevant assumption is to restrict to a single field mode in the
Peter-Weyl expansion in representation data. Hence, in order to de-
scribe anisotropic geometries, multiple Peter-Weyl modes must be
taken into account, but it is not clear how many (and which) modes
are needed to capture physical anisotropies.

In this work we show how to tackle the first challenge; we define a
B+ analogue with a clear geometric interpretation, quantum ambigu-
ities that disappear for large quanta, and correct physical properties —
constant velocity and hence linear evolution — at least for a certain cos-
mological period of time, before the isotropisation observed in [105,
321] sets in and the anisotropy disappears. The second challenge is
partially addressed, given that the 4+ dynamics partially match ex-
pectations from classical relativity, but the observed isotropisation
does not correspond to a classically expected behaviour and, more
importantly, anisotropies do not backreact on the effective Friedmann
equation as expected. This suggests that while our constructions will
be useful for future work, our model needs further refinement to re-

produce the correct physics of a classical Bianchi Universe.

This property makes the Misner parametrisation particularly natural in classical GR.
For comparison we should mention that in loop quantum cosmology the situation is
different, as one quantises an LQG-corrected Hamiltonian constraint and the partic-
ular type of corrections makes Misner variables less convenient [39, 83].
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We point out that any monotonically evolving quantity in a cos-
mological model can be used as a relational time: all other dynami-
cal variables can be written, at least in principle, as functions of this
“clock”. In a vacuum Bianchi I model, the anisotropy variables S+
have this property and hence, in contrast to what is often done in
quantum cosmology and in particular in GFT, no coupling to mat-
ter would be needed to be able to express the dynamics in relational
terms. The fact that we define a new quantity with monotonic evolu-
tion in GFT cosmological models hence raises the possibility of defin-
ing relational evolution in GFT without adding matter fields, which
might help in understanding the problem of time [233, 257, 340], or
possible dependence of dynamics on the choice of clock, in GFT (see
[185] for some work on this issue in models with multiple possible
clocks). We will return to this question in Chapter 6, where we de-
velop the technical tools to potentially change relational clocks in the
quantum cosmological models stemming out of GFT.

ANISOTROPIES IN GROUP FIELD THEORY. Classically, incorporat-
ing anisotropy means going from the FLRW Universe to the more
general class of Bianchi models. We here aim to define a GFT model
that can generalise the results presented in Section 3.3 at least to the
simplest anisotropic cosmology (Bianchi I). To do this, we need to
consider two new aspects: understanding how anisotropies modify
the effective Friedmann equation, and understanding the dynamics
of the anisotropies themselves.

As we will explain in the rest of the chapter, an anisotropic GFT
model naively requires quanta of geometry which are non-equilateral
tetrahedra. Moreover, in order to obtain a nontrivial time evolution
for the anisotropies we will need to lift the single-mode restriction
adopted in Section 3.3. Heuristically, this is because if the shape of
non-equilateral tetrahedra is fixed there is no room for a dynamical
notion of anisotropy. Multiple modes are required, so that the relative
contributions of different shapes can change and a macroscopically
“average” anisotropy can become dynamical.

Some preliminary work on anisotropic GFT cosmology was done
in [105] where anisotropies were seen as perturbations. Furthermore,
an anisotropic trirectangular tetrahedron was used as building block
in [321] where a notion of “dynamical isotropisation” was found, but
without details on the evolution of a (global) anisotropy parameter.
This will be one of the main novelties in our work: we define a
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measure for anisotropies given by a parameter (corresponding to a
Misner-like variable B+ in classical cosmology) emerging from funda-

mental quantum gravity arguments.

OUTLINE OF THE CHAPTER. In Section 4.1 and Section 4.2 we set
up the new model motivating the introduction of effective f+ vari-
ables used to characterise anisotropies in GFT. After discussing ini-
tial conditions in Section 4.3, we propose scenarios based on a few
Peter—Weyl modes in Section 4.4 and study the effective dynamics of
the anisotropies and the spatial volume, comparing both with the dy-
namics of general relativity. In order to compute all quantities for the
new model, we will need to review some aspects regarding the clas-
sical and quantum geometry of tetrahedra as used in LQG and GFT.
This is done in Section 4.2.1, and represents the only review part of
the chapter. We also propose a simplified “toy model” in Section 4.5,
where some of our main results, in particular the linear growth in
anisotropy which matches classical expectations, can be derived ana-
lytically rather than numerically. We conclude with a discussion on
the possibility of including more Peter-Weyl modes and a brief sum-

mary of the main results in Section 4.6 and Section 4.7.

4.1 THE NEW ANISOTROPIC GFT MODEL

In order to study anisotropic cosmologies in GFT, we need to define
a notion of “anisotropy variables”, analogous to the Misner variables
B+. We will study the (relational) dynamics of these variables and ob-
serve how they affect the effective Friedmann equation for the volume
V(x) (cf. Chapter 3). We will compare these effective dynamical equa-
tions with those of Bianchi models (see Appendix A for the details), in
particular with the simplest Bianchi I cosmology which would be the
natural extension of the spatially flat FLRW Universe previously stud-
ied in GFT. As in the isotropic case reviewed in Section 3.3, we will
follow both the algebraic and deparametrised approaches; we still
work in the free theory and we consider the kinetic term Kj given
in (80) so that the GFT coupling w; will be explicitly given by (99).
We will once again see that the two approaches give slightly different
behaviours close to the bounce, but basically match otherwise.

We will study two different observables, representing the degrees
of freedom of a classical Bianchi I cosmology. The volume is defined
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as in Chapter 3; in particular, we will be interested in the expectation
value

V(x) = Z]:U]NJ(X) , (160)
of the operators (87) or (112), depending on the approach followed (cf.
Section 3.3.1 and Section 3.3.2). We use the notation for the quantities
of interest without a hat to represent (coherent state) expectation val-
ues of the operators defined in Chapter 3; e.g., Nj(x) = (Nj(x)) is the
expectation value of the particle number in the mode ] (where Nj(x)
is either gb}L(X)(ﬁ] (x) or ﬁ}r( X)a;(x))- Moreover, we introduce the new
“average anisotropy parameters” B+ (x), defined as

Bilx) = N(lx) LHN (), (161)

where ﬁ]i represents a mode-dependent “local anisotropy” measure
associated to the GFT quanta in the mode |, analogous to how v; in
(160) is the quantum volume of the GFT building blocks. The defini-
tion of the functions ﬁli constitutes a substantial part of the work for
the new anisotropic GFT models; we will provide all the details on
these in later sections.

Notice that the expression for S (x) is different from the usual
structure of operators in GFT (cf. (85)). We think of anisotropies as
determined by the shape of our geometric building blocks; these vari-
ables should be “intensive” and not simply grow with the number
of quanta, therefore we divide by the total number N(x) = ¥; Nj(x)
(see, e.g., [180] for a similar concern related to a possible scalar mat-
ter quantum operator). f+ () is not an expectation value, and we do
not propose any definition of operators Ei representing anisotropy;
the overall 1/N()) could not arise from taking an expectation value.
Instead, the definition (161) introduces a semiclassical and effective
notion of anisotropy only.

MULTIPLE PETER-WEYL MODES. In contrast to the single-mode

assumption for isotropic GFT cosmology of Section 3.3, our anisotropic

setup requires including multiple Peter-Weyl modes. Indeed, for only
a single | in (161), B+ (x) would clearly be constant, which is con-
sistent with the idea that we would not incorporate any dynamical
“shape” degrees of freedom. Moreover, we already know that the vol-

ume emerging from a single mode would give rise to an effective
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Friedmann equation of the form of (134) or (156), which corresponds
to an isotropic Universe. These two statements agree with the clas-
sical observation that the Bianchi I relational dynamics (426) do not
differ from FLRW (405) if the anisotropy parameters are constant, as
they only appear through derivatives (see Appendix A). Another way
of seeing this is to observe that a Bianchi I metric for which the Mis-
ner variables are constant can be brought to FLRW form by rescaling
coordinates. Hence, to make 4 () dynamical one needs to allow for
contributions coming from multiple shapes, i.e., modes with different
values for ﬁli
In order to compute the sum for the volume (160) and the anisotropies

(161), we need to specify the single-mode expectation values Nj(x),
and the coefficients v; and ,BQE The volume eigenvalues v, as men-
tioned when defining the operators (87) and (112), are imported from
LQG; a procedure to (numerically’) compute them is well-known
[68, 69], and will be briefly recalled in Section 4.2.1. The expectation
values Nj(x) were discussed in Chapter 3: since for a single mode
V(x) = v;Nj(x), we already have the explicit expressions for the two
approaches in (132) and (154). The definitions of ,B] , on the other
hand, deserve some further elucidation, which we provide below.

4.2 DEFINING ﬁ{t THE TRISOHEDRAL TETRAHEDRON

Unlike for quantities such as areas and volumes, there is no funda-
mental operator in LQG corresponding to Misner variables p... Our
task is therefore to give a proposal for ﬁ]i as functions of such more
fundamental geometrical quantities, defined at the level of each tetra-
hedron. Areas and volume, in turn, are determined by the spins j;
and intertwiner 1, as depicted in Figure 7 and mentioned in the spin
network overview of Section 2.2.4 (we will provide a more detailed
exposition in Section 4.2.1). We think of the fundamental tetrahedra
as embedded into a manifold with Bianchi I metric, and reconstruct
parts of that metric from geometric quantities of a tetrahedron, as
originally proposed for GFT in [183]. There is clearly some ambi-
guity in any such procedure, given that the required embedding is
not part of the GFT formalism but additional input. Our proposal
is a relatively direct extension of previous work in GFT cosmology:

Given that these eigenvalues can only be computed numerically there is little or no
hope to be able to solve the sums (161) in a closed form. We will have to truncate
them and make some suitable choices for the modes.
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we follow the idea [305, 306] that equal spins for a four-valent node
(e, j1 = (j,j, ], ])) capture a discrete notion of isotropy; hence such
a configuration should correspond to B+ = 0. Departures from this
microscopic notion of isotropy are, in a sense, assumed to add up
coherently to a macroscopic definition of anisotropy.

For any excitation associated to | (cf. (59)), the spins j; determine
the areas of faces of a tetrahedron (see Figure 7); more precisely, the
eigenvalues of the area operator A; associated to the I-th face of a
quantum tetrahedron are given by formula (34), i.e., 121/ji(ji +1).
However, these areas are not sufficient to determine the shape of a
tetrahedron; there is a two-sphere’s worth of different tetrahedra with
given face areas [69], so additional assumptions are needed to iden-
tify a given quantum state with a configuration of a classical tetrahe-
dron. The idea of [305, 306] is that for equal spins we should choose
a regqular tetrahedron, whose edges are all of equal length. To jus-
tify this assumption one fixes the intertwiner (implicitly appearing in
the multi-index J, cf. (59)) to maximise the volume eigenvalue, as this
would represent a situation which goes as close as possible to the clas-
sical picture. More generally, we decide to focus on orthocentric [169]
simplices (discussed in some detail in Section 4.2.1). Importantly, or-
thocentric tetrahedra maximise the volume for given face areas, and
the regular tetrahedron is a particular example of orthocentric tetra-
hedra. This motivates us to always choose the largest allowed volume
eigenvalue for given face areas, and hence spins j;; we will then inter-
pret our states as orthocentric tetrahedra. For a few specific shapes,
we explicitly show in Section 4.2.1 that the largest volume eigenvalue
for a given mode is indeed the closest one to the classical volume of
an orthocentric tetrahedron for the same face areas. In this sense, a
choice for the intertwiner is dictated by the comparison that we make
between GFT models and classical geometry.

The sum over | = (j;, my,x) in (160) and (161) then reduces to
spins j; and magnetic indices m; only, since for each choice of spins
the intertwiner 1* (cf. (58)) is already fixed in all the sums from now

on. Symbolically, we are left with

L=Y))., = L), (162)
] jI m; K jI my
since we always use the largest volume eigenvalues in such sums.

Note that we still need to make sure that each combination of j; in-
cluded in the sum allows for a nonvanishing intertwiner.
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A very minimal requirement for our definition of ,B]i (now implic-
itly associated to the intertwiner fixed by the jj) is that it should van-
ish for jr = (j,j,j,j), but be nonzero if at least one of the four spins
differs from the others. The simplest “non-isotropic” (but still ortho-
centric) building block one can think of is a tetrahedron we will refer
to as trisohedral. As one can see in Figure 9, this too is a quite partic-
ular shape, with three isosceles triangles (called “sides” with area A)

and an equilateral one (called “base” of the tetrahedron, with area B).

Figure 9: The trisohedral tetrahedron has two types of areas, edges, or di-
hedral angles (between sides and between a side and the base), et
cetera. It generalises the regular tetrahedron, still remaining rather
specific. We propose to associate a notion of anisotropy to such a
non-equilateral shape.

Following the analogy from before, we then make the assumption

that such a tetrahedron is represented by modes of the form

jl = (jﬂ/jll/ jﬂ/jb) 7 (163)

where the spin j, is associated with the area of the sides and jj,
with the base (cf. (34)). Again, this assumption is partially justified
by choosing an intertwiner that maximises the volume eigenvalue. It
should be clear, however, that for given face areas this volume eigen-
value will not exactly match the classical volume of a trisohedral tetra-
hedron. We again refer to [69] and Section 4.2.1 for more discussion
of this in the context of LQG.

In order to specify the numbers p, = ,Bg];”’j”’j”’jb) = ﬁ’i’jb, we now
think of the trisohedral tetrahedron of Figure 9 as embedded in a
locally rotationally symmetric (LRS) Bianchi I spatial slice. This is a
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Bianchi I geometry with only one preferred direction in which the
expansion (or contraction) differs from the other two directions. The
(spatial) line element follows from (418) and (419),

dI* = af(dx® + dy?) + a3dz?

6
= V2/3e2P+ (du? + dy?) + V2/3e 4P+d22, (164)

Because of the symmetry of our building block, the model only needs
two different scale factors, so we have set 5 = 0. Now consider a
tetrahedron embedded in such a space, with one of its triangles lying
on the x — y plane. The tetrahedron is chosen such that it would be
regular with respect to the background “fiducial” coordinates x, y and
z; but its physical geometry depends on the dynamical variables.* In
particular, the areas of the equilateral base and the isosceles sides are

6
B= 3‘2/§e2ﬁ+V2/3,

6
A= \erlh /1 + 8e—0B+V2/3,

(165)

We identify B and A with the area eigenvalues associated to the spins
jp and j, (see Figure 9). We then see that a configuration in which
B and A are different would be interpreted as anisotropy (B+ # 0)
whereas B = A corresponds to B = 0, as anticipated.

Inverting either one of equations (165), one can express the anisotropy
parameter as a function of face areas and volume, and define this to
be the “anisotropy” associated to the tetrahedron. In the quantum
theory, A, B and V are represented as eigenvalues determined by the
spins (the volume eigenvalue also depends on the intertwiner, but we
have fixed this as discussed above). This then leads us to possible pro-
posals for how to define ,B]fr’jb in (161). In order to compute these, we

now review the geometrical notions needed for explicit calculations.

4.2.1  Classical and quantum geometry of tetrahedra

In this section we give a brief overview of important aspects regard-
ing the geometry of tetrahedra, in particular recalling quantum prop-
erties coming from SU(2) recoupling theory and adopted in loop

quantum gravity. After a review part mainly focussing on the LQG

We fix the edge length I = 1/2v/3 such that the physical volume of the tetrahedron
is equal to V in (164).
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volume eigenvalues, we conclude this section with the definition of
our new “local anisotropy parameters” ,B]j] *; these will then allow us
to continue the analysis of our anisotropic GFT model in later sec-
tions, where we will be studying its relational dynamics.

In general, the shape of a tetrahedron requires the knowledge of
six quantities to be determined unambiguously; if only the areas of
the four faces are known the space of possible configurations forms
a two-sphere [69]. However, there is a unique orthocentric tetrahedron
for given face areas, which is the one of maximal volume [169]. A
tetrahedron is orthocentric if and only if all three pairs of opposite

edges are perpendicular, or equivalently
Atel=ei+ei=etteZ, (166)

where ey, ..., e¢ are the six edge lengths (such that e; is opposite to ey,
and so on). For such 3-simplices, an analogue of Heron’s formula

16A%> = (a+b+c)(a—b+c)a+b—c)(—a+b+c), (167)

which gives the area A of a triangle given its sides (a, b and c), can
be derived. In the cases of interest for this chapter one finds that face
areas A or (A, B) and the volume V are related by

5 8

Vi = _—_A°
T g 7

27;@ (168)
Vi = ——=B(9A%> - B?),

27\/3

for the regular and the trisohedral tetrahedron of Figure 9, respec-
tively. In the quantum theory, we take the analogue of an orthocentric
tetrahedron to be the SU(2) intertwiner with largest volume eigen-
value; we explain the concept of LQG volume eigenvalues in what
follows.

LQG VOLUME EIGENVALUES.  Following the terminology introduced
in Chapter 2, we focus on a single four-valent node, with spins la-
belling its links denoted by j; = (ji,j2, j3,ja) (see Figure 7). To each
representation j;, with I = 1,...,4, we associate a (2j; 4 1)-dimensional
vector space H;, that carries the action of the SU(2) generators Tr
(see (28) and discussion thereafter). The Hilbert space of the quan-
tum tetrahedron then reads Hy = Inv [Hj, ® ... ® H;,], and objects
that live in this space are called intertwiners (cf. (30)). A nonvan-
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ishing intertwiner can only exist if the j; sum to an integer. We in-
troduce a basis labelled by x in the recoupling channel H; ® H,,,
where the index x ranges between ki, = max {|j1 — j2|, |j3 — ja|} and
Kmax = min{j1 + jo,j3 + ja} in integer steps. The Hilbert space H4 is
d-dimensional with d = kmax — Kmin + 1. States on this space can be
understood as describing quantum tetrahedra, as firstly pointed out
in [43, 51].

We refer to the literature (see, e.g., [125]) for the full derivations

of the geometrical eigenvalues in the context of LQG. Here we only

recall that the area operator takes the form A= l(z) \/ﬁ , where [y is a
fundamental quantum gravity length scale (usually taken to depend
on the Barbero-Immirzi parameter of LQG [50, 232]). States in H4 are
eigenstates of the operator A;, which measures the area of the I-th
face of the quantum tetrahedron, with eigenvalues 13+/j;(j; + 1) (cf.
(34)). Moreover, the volume operator introduced for a tetrahedron in
LQG reads [32, 342]

_ —
V:713 MR (169)

We can focus on the radicand in (169). Without showing all the details
of the calculation (which can be found in [69, 94]), one defines the
operator QO=T- (Jo x J3) with matrix element Q, . := <K\Q\K/ ),
where x and «’ label intertwiner states as explained above. One can
then show that nonvanishing matrix elements are obtained only if x

and «’ differ by 1. Thus one can denote a, = iQy «_1, so that

0 iaq 0
—im 0 ia,
Q= (170)

0 —iammy O

is a d x d matrix. With the above conventions, the matrix elements are
found to be [92, 93]

1+ pte+D)(—i+p+0)0 —j2+1)(i +j2—x+1)
4 V2K +1

Ax

X

V2K —1
(171)

Vit+ia+x+D)(—j3+ja+x)(ja—ja+x)(jz+ja—x+1)
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To obtain a compact expression, (171) can be cast in terms of Heron’s
formula (167) as

4 1 1
aKzil <]1+ ,]z+ ) <13+ ,]4+ > (172)

4K2 _

Hence, for given spins j; computing the spectrum of the volume
operator amounts to finding the d eigenvalues of (170) (let us denote

them q}‘l) and then computing, according to (169),

V25
v, = 3o\ /4] - (173)

Note that if j; = (j,f,/,j) the matrix elements (172) simplify to

4 _ (2jr+x)? -t (172)
. 4/m2—1 74

while for j; = (ju, ja, ja, jb) (as in (163)) they read

s _ V (2jar + 1)2 — 1t
) 442 —1
X \/(jb_jﬂ+K)(jﬂ+jb_K+1)(ja_jb+K)(ja+jb+K+1)-
(175)

These matrix elements can be used to find the maximal volume eigen-

max

J
lar and trlsohedral tetrahedra respectively; see Table 1 for examples.

values 07" and }"5¥ for the quantum shapes corresponding to regu-

For large spins, these volume eigenvalues show semiclassical be-
haviour (see, e.g., [67, 69, 94]), and so the “eigenvalue-counterparts”
(using (34)) of equations (168),

(021

ZZ

27\f[ i+,
(0722 /16 ~ Mm[gja(ja+1)_jb(jb+1)] /

become more accurate as the spins grow. Here v™® means that we fix

(176)

the intertwiner label x so as to obtain the largest volume eigenvalue.
In Figure 10 and Figure 11 we show the possible volume eigen-
values v] and v] n in units of lg’ (dots), compared with the maximal
classically allowed volume (curve and surface) for the same face areas
(given by 12,/j(j + 1)). We also show how the relative difference be-

tween this classical volume (for orthocentric tetrahedra) and the high-
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est LQG volume eigenvalue decreases as the spins increase. Figure 10

focuses on the case of equal areas j, = j;, whereas Figure 11 shows

various other combinations of j, and j,. Notice that both the classical

and quantum volume of a tetrahedron are no longer well-defined for

jb > 3jz. In the quantum theory, this constraint comes about because

the dimension d of the Hilbert space H4 needs to be positive. The

right panel of Figure 11 shows, as an illustrative example, the relative

distances between the maximum eigenvalues and the surface along

the plane j, = 2j;, but the qualitative behaviour is similar for other

ratios.

Villp®
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Relative
Discrepancy

0.10f
0.081
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0.04f

®e
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e
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10 15 20 25 5 10 1 20 25 )

Figure 10: Left: comparison between LQG volume eigenvalues v}‘/ I3 (every

dot for a given j corresponds to a different x) and the classical vol-
ume of an equilateral tetrahedron as function of the area (curve).
Right: relative difference between the classical volume and largest
LQG eigenvalue. After two initial anomalies the mismatch de-
creases indefinitely: it becomes reasonably small (~ 1%) when
j ~ 40, and goes down to ~ 0.1% when j ~ 350.
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Figure 11: Left: comparison between some of the LQG volume eigenvalues

v}‘m i / lS’ (dots) and the classical volume of a trisohedral tetrahe-
dron (transparent surface) as function of the two areas. We plot
eigenvalues along specific planes for which j, = jj, (blue), j» = 2j}
(orange), ja = 5jy (green), 2ja = jy (red) and 3, = jy (grey). The
latter gives vanishing eigenvalues only and represents the limit-
ing case as there are no tetrahedra (no nonzero intertwiners) for
3ja < jp. Right: relative discrepancy along the plane j, = 2jj,.
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ANISOTROPIES. We now finally turn to the question of how to de-
fine a notion of anisotropy at the level of quantum geometry, in terms
of a function ,BL = ﬁi’l’j” for our trisohedral building blocks. While
such a definition is not unique, we will identify the best candidate to
play such a role.

Starting from (165), there are three ways to classically define the
anisotropy of a tetrahedron in terms of two other geometric quanti-
ties: by inverting any one of (165) or combining them, one can obtain
classical expressions such as B4 (V, B), B+(V,A) or B4 (A, B). Once
we pick a favoured definition, the strategy is to replace classical ex-
pressions by LQG eigenvalues to obtain an effective (discrete) notion
of anisotropy as a function of the spins associated to the faces of a
tetrahedron.

For instance, inverting the first equation in (165), one can readily
obtain

1 2 B
B+(V,B) = 5 log <3\6@v2/3> , (177)

and replace the classical area B with 151/j,(j, + 1) and the classical

volume with the maximal eigenvalue vj"5* to get

pi = 110g< : lgvjb(j””) - (178)

6 max\2/3
2 3V/3 (U]'a/]'b)

Notice that by definition ﬁ]_i] * > 0 when j, < jj, (naively, for volumes
smaller than the equilateral ones). (178) could be used as a definition,
but we can identify a number of issues. First, it cannot be written
more explicitly, since the volume eigenvalue iy is only obtained
numerically, as outlined above. Moreover, (178) is not well-defined
when the volume is exactly zero, and it is nonvanishing when j, = jj.
The same arguments would apply if we defined the anisotropy
starting from the second relation in (165). In this case we would obtain
an even more cumbersome expression f., (V, A), which could then be
turned into a ﬁ]j’jl’ as a function of j,, j, and volume eigenvalues v} ;.
A third definition is obtained by taking the ratio of equations (165).
The advantage of this choice is that one can get rid of the volume:

A 1
33V 14 8e=6h+ . (179)

B
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We can now rearrange to obtain a simpler definition of the anisotropy
parameter as a function of A and B, which straightforwardly turn
into the spins j, and j;. Indeed, starting from

2_ g2
B+(A,B) = —%In <9ASBzB> , (180)

our candidate reads

o 1 %a(ja+1) —ju(jo+1)
Jarddb .__
piti=—ghn ( 8jp(jp +1) ' (181)

This definition again (conventionally) gives a negative value for j, >
j», and crucially it also gives ,B];”F’jb = 0 for “isotropic” configurations,
as we would like to demand. Moreover, it is always finite and well-
defined regardless of the volume eigenvalue associated to the same
pair (ja jp)-

Table 1 shows the maximum volume eigenvalues (cf. (173)), ex-

pressed in units of | 3 and the corresponding (dimensionless) anisotropies

(181) for given spins ji = (ja,ja,jasj»)- Even though we may use
larger spins in some of our calculations, we only give values up to
Jo=Jp=7/2.

joo v | PR BYY jooo gy | OPR B
1/2 1/2 | 0.310 0 5/2 1/2 | 0.931 -0.427
1/2 3/2 0 0.384 5/2 3/2| 1.560 -0.153
1 1 | 0.620 0 5/2 5/2 | 1.910 0

1 2 | 0.620 0.231 5/2 7/2| 2.086 0.116

1 3 0 0.462 3 1 | 1.520 -0.315
3/2 1/2 | 0.620 -0.284 3 2 | 2.086 -0.126
3/2 3/2/0993 o 3 3 | 2444 O
3/2 5/2 | 1.075 o0.172 7/2 1/2 | 1.241 -0.526
3/2 7/2 (0931 0.324 7/2 3/2 | 2111 -0.254
2 1 | 1.075 -0.196 7/2 5/2 | 2653 -0.107
2 2 | 1.425 0 7/2 7/2 | 3.022 0

2 3 | 1.560 0.138

Table 1: Maximal volume eigenvalues and anisotropy parameters for a range
of spins.

Even though we consider the definition (181) to be well-motivated
for GFT cosmology, the ambiguity we have highlighted here intro-

duces, at least in principle, an additional uncertainty into the cosmo-

99



100

TOWARDS ANISOTROPIC COSMOLOGY

logical interpretation of GFT models. To quantify this uncertainty we
can compare the various definitions we have discussed. To do this
we plot in Figure 12 two-dimensional slices of the anisotropy depen-
dence on the spins j, and jy, first for constant j, = 1 and along the

plane j, = 2jj.

Bl Bjnio
> 4 6 8 10 12 14 Jp=1/2 2 4 6 8 10 12 14
-0.05
—02t e B.(V,B)
L] -0.10
-04 . B.(AB)
[ ] L ]
~06 ., -0.15 B.(V.A)
L] . .
e . -0.20 .
-0.8 ’o.. ..“Onnn...
10 -0.25
-0.30
-1.2

Figure 12: Left: For constant j,, we see that the discrepancy between the
three ﬁ]j] ’ definitions is larger away from j, = j,. Right: Choosing
ja = 2j, shows how the three definitions agree more and more for
increasing spin.

To summarise, we have compared different definitions for ,B];‘;’jh de-
rived from (165), with the aim to obtain an effective local anisotropy
associated to the mode (163) of the quantum tetrahedron of Figure 9.
These definitions do not agree in general: this is because we fixed the
volume of the tetrahedron to match with the quantity V in the met-
ric assuming that we have an orthocentric tetrahedron, and there is
no quantum eigenvalue satisfying exactly the same relations between
volume and area(s. Only one definition is simple and satisfies our de-
Jodofid)

sired property B = 0; this is given by (181). If we assume j > %,

the expression for ﬁﬁ] *in (181) is always finite and well-defined, re-
gardless of the volume eigenvalue for the given mode (as opposed to
the other definitions) which may vanish for some spin configurations.
For instance, v(y1,13) = 0.

With this definition, we are finally in a position to evaluate (161).

We now focus on the initial conditions needed for tackling the sums.

4.3 INITIAL CONDITIONS

Independently of the approach one follows, the kinetic term (80) is
characterised by the coupling (99), which for a mode specified by
(163) reads

wf = m? = M2 (3a(a +1) +jsljs + 1)) . (182)

Ja=2Jp



4.3 INITIAL CONDITIONS

Since we would like to include a number of Peter-Weyl modes in
(161) for which w% > 0, the coupling M needs to be small relative to
the “mass” m. For any given ratio M /m there will be maximum spins
after which (182) becomes negative; for instance, choosing M/m = 0.1
means that 3/, (jz +1) + ji (jy +1) < 100 for wj > 0. In the numerical
analysis below, we will assume M /m = 0.1.

Given that we are not interested in the bounce or the connection
between the contracting and expanding phases, we will be looking
at x-symmetric solutions, for which the minimum of the volume is
at x = 0. Thus, in the general expressions of Section 3.3, we set
Aj = Bj =: aj in the algebraic approach (specifically in (128) and
(132)) and C](O) = 0 in the deparametrised formulation (cf. (154)).
The expectation values for single-mode number operators then be-
come

N8 (x) = loy(x)?

X , (183)
= 2|a;|” (14 cosh(2wyx)) = 4|aj|” cosh” (wyx) ,

for the algebraic scheme with a mean-field approximation, and

NP0 = 5 + (NP0 + 5 ) coshlzanm), (159

2
for the deparametrised approach. In (183), «; is related to the num-
ber of quanta at y = 0 as N?lg (0) = 4]a;|%. In the deparametrised
approach, we then fix N]Clep (0) = 4|aj|? so that the initial conditions
are the same for both methods.

We then need to fix the range of the sums in (162). We are inter-
ested in modes of the form (163), specified by two spins j, and jj. In
principle, the sums over j, and j, run from % to co; but in practice,
they have to be truncated because the eigenvalues are only computed
numerically. Furthermore, not all combinations are allowed by SU(2)
recoupling theory, as not all of them allow for a nonvanishing inter-
twiner. Moreover, modes corresponding to zero volume are not re-
ally physically interesting and would not allow for a useful notion of
anisotropy. In principle, all these considerations are to be taken into
account. We will simplify these issues greatly by only keeping a few
modes.

We also need to sum over magnetic indices mj (cf. (162)). None of
the geometric observables we are considering depend on mj, so the
mp index corresponds to a degeneracy factor for physically indistin-

guishable modes. Given this, we will assume that the initial condition
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parameters Nj(0) = N, ,,,(0) = N;;(0) do not depend on m (i.e., the
coefficients aj = a;, ,,, = &;, in (183) and (184) only depend on the
spins). The sums over m; then just return additional multiplicative
factors,

YYo= ) (2 +1)°(2h+1). (185)
J1

Ma Ma Ma My (fo,fp)

We then still need to truncate these sums to a few chosen values for
ja and j,. One motivation for keeping only a small number of modes
(but more than one) is the increasing arbitrariness coming from the
need to specify initial conditions for each additional mode. This ques-
tion of dependence on initial conditions generally affects cosmologi-
cal models derived from fundamental quantum gravity, which tend
to depend on some specific choice of (class of) initial states (see, e.g.,
[9-11, 120] for models from LQG).

There is then a choice of which modes to include, in particular
whether j, and j, should be large or small. Here two main factors
may come into play. At the kinematical level, the quantum properties
of tetrahedra show semiclassical geometrical features for large spins
[67, 69, 94]; large spins allow for more possible discrete (quantum)
states, so that classical concepts such as orthocentric tetrahedra can
be approximated closely. Indeed, the largest volume eigenvalues we
choose are always smaller than the volume of the corresponding or-
thocentric tetrahedron, but the relative difference decreases as the
spins grow (we have seen this feature in Section 4.2.1 for two specific
examples). This would suggest keeping modes associated to large val-
ues of (jg, jp), since the geometric picture of orthocentric tetrahedra
would be closer to the volume eigenvalues used.

On the other hand, we know that for the type of GFT dynamics
considered here (namely based on the free theory with kinetic term
(80)), the lowest spins will dominate the sum eventually [176], and
larger spins give less important contributions to the dynamics at late
times (see comments below (99) and at the end of Section 3.2.2). This
is why in previous work the sum was often trivialised to only the
smallest spins, or to a few values. This truncation is analogous to
loop quantum cosmology where the spins are usually all fixed to be
j = 1 (but see [61] for an attempt at generalisation). Therefore, even
though using large spins might make sense kinematically, when we
include the dynamics we see that larger spins will quickly become
insignificant for the evolution of the cosmological model. Finally, on
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general grounds one would expect that, for any fundamentally dis-
crete (simplicial) approach to quantum gravity, a useful continuum
limit is obtained for large simplicial complexes made of little sim-
plices, rather than by magnified semiclassical building blocks.> Thus,
we will only consider a few relatively small spins.

We now need to specify initial conditions given by the initial num-
ber of quanta Nj (0) = N;,; (0), which we then use for both the al-
gebraic and deparametrised approaches. These initial conditions are
of course in general arbitrary, but for concreteness we assume they
follow a Gaussian distribution

N, (0) = N exp <_(]“ _]“);_ Ui _”’>2> : (186)
where we set N; ; = 0 for modes with vanishing volume. For contin-
uous parameters, such distributions allow for analytical integrations,
as we will show in a toy model in Section 4.5. Here the spins are
discrete, so we are considering a “discrete Gaussian distribution”, as-
suming that the initial configuration is dominated by values around
(ja, jb)- By setting these away from j, = j, = 3, we will see some initial
(anisotropic) contribution coming from larger spins, before the low-
est ones take over dynamically. Moreover, given that we effectively
set to zero all terms after an arbitrary spin, it is reasonable to choose
initial quanta having occupancy numbers that gradually go to zero, as
modes approach the last one. This motivates using a Gaussian also in
the discrete case. The initial conditions (186) are then determined by
the peaks (j,, J»), standard deviation ¢ and normalisation factor .

4.4 THREE MODES WITH FIXED BASE

We now focus on a simple model in which we assume the spin as-
sociated to the base of the tetrahedron to be fixed to its minimum
value j, = 3. We keep three modes associated to the lowest (allowed)
spin values for the sides of the tetrahedron, j, = {%, %, %} This is a
simple generalisation of the single-mode case reviewed in Section 3.3,
since we consider two modes which encode anisotropy (as defined in
Section 4.2) and one associated with equilateral tetrahedra (see Fig-

ure 13).

This resonates with the analysis of the semiclassical regime of spin foams mentioned
at the end of Section 2.2.4, where recent work aims to include more refined triangu-
lations (i.e., more vertices) other than studying large spin asymptotics [18, 143, 217].
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NI
NG

o =3 Ja = Ja =

Figure 13: Three modes represent tetrahedra with the same base j, = + and
three different area values for the sides. Note that the first mode
corresponds to the regular tetrahedron.

Denoting the eigenvalues v; = v;, ; and the parameters ,B{r = ]j] ’
and noticing that (2j, + 1) = 2 in this case, we truncate (160) and

(161) after the first three contributions obtaining

Vix)=2 (230%%1\@%(){) +4%03 1 N3 1 (x) +6° Ug,%Ng,%(X)) , (187)
and
2 3 %3 333 3033
B+ = o \2 11(X) +47 BNy 1 (x) +67BL2Ns 1 (X) |

(188)

where N(x) = 22]5“/:21/2(2]'” + 1)3ij%(x). Since ,B%% = 0, the first
term in (188) is zero. The other values of v;, ; and ]j’j" can be found
in Table 1.

Our initial condition function (186) now only depends on j,. We
fix the peak to be at j, = % ; 0 is chosen to be around 1 so that the
initial distribution is peaked at j, = 3 but also includes some quanta
in the other modes. NV is fixed by the requirement that the initial
state should be reasonably semiclassical; given that we only focus on
expectation values of operators, quantum fluctuations should not be
too large (see [184] for a detailed analysis of relative fluctuations).
As these fluctuations decrease with N > 1 (this is a generally ex-
pected behaviour also found, e.g., in [273]), we demand that initially
all modes have an expected particle number of at least 25. Figure 14
shows different ¢ choices according to these criteria.

In Figure 15, we plot the effective Friedmann equation [V'(x)/V (x)]?
and the anisotropy evolution B (x) stemming from (187) and (188).
We compare the effective Friedmann equation with the classical (re-
lational) Bianchi dynamics reviewed in Appendix A (namely, solu-
tions of (426) and (431)), where we set f_ = 0 because of the local
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Figure 14: Initial conditions N ! (0) for different standard deviations, o =

%, 1, % N is chosen such that the number of quanta at y = 0 for

the first and third mode is 25.

rotational symmetry of our GFT model. While the Bianchi I model
is a natural comparison, we also compare with Bianchi II as this is
a less simple classical anisotropic cosmology, which deviates from
Bianchi I only at late times (which is what the GFT description of the
anisotropy does too, albeit in a different way). The other free parame-
ters of the classical plots are fixed as follows: Newton’s constant G is
determined by demanding that at late times we follow the isotropic
solution [V'(x)/V(x)]* = 127G; the slope dB. /dx is obtained from
a linear fit of the initial part of the GFT anisotropy dynamics.

V(x)®
V(0? Y |
' ~ 80 100°
4.0p ~0.05f
-0.10F
o -0.15F
-0.20F
3.0
_0250 — — Bianhil
— — FLRW/Bianchi | 0.25 ianchi
————— Bianchi |l
254 === Bianchi Il -0.30F ianchi
- GFT model
GFT model —0.35#
20 ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100

Figure 15: Effective Friedmann equation [V'(x)/V(x)]?> and evolution of
anisotropy B+ (x). GFT couplings are set to m = 1, M = 0.1, while
the Gaussian parameters are fixed as in Figure 14 with o = 1. Dif-
ferent parameter choices do not change the qualitative behaviour
of these plots.

The value of p, could, in principle, be fixed from the fundamen-
tal GFT model by using the quantity playing the role of a conjugate
momentum of the scalar x. In the algebraic approach one identifies

Px = ZWIQI/ (189)
]

as discussed below (134) (with Q; = 2Im(A;Bj) given in (133) but
here generalising the expressions to the case of multiple Peter-Weyl

Note that we will
not discuss in detail
how the the
geometry of the GFT
modes (163) relates
to the Bianchi II
metric; we only
show in Figure 15 a
qualitative contrast
with the Bianchi I
model for broader
comparison.
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modes). For our states with A; = By, the quantities Q; are actually
zero, but one could introduce an arbitrary phase into A or Bj to ob-
tain a nonvanishing p,. In the deparametrised formulation, the con-

jugate momentum of x is given by the (relational) Hamiltonian

P = LH). (190)
as explained below (157) (again here for multiple modes); (190) could
then also be evaluated using coherent states. In either case, these ex-
pressions yield a relatively small p, and the Bianchi II curve in the
plots would deviate from the linear Bianchi I behaviour very quickly,
which is not what we see in the GFT model. In an attempt at obtain-
ing a better fit, in Figure 15 we fix p, by assuming that the non-linear
behaviour of Bianchi II appears roughly when the function B (x) in
GFT ceases to be linear.

Notice that the constant dashed red curve in the left panel rep-
resents Bianchi I but is indistinguishable from the asymptotic FLRW
limit because the classical anisotropy backreaction (cf. (426)) would be
very small: it scales as (df; /dx)? ~ 4 x 107° if we take dfB. /dy as
the slope of the initially linear part of the GFT expression for B ().

Figure 15 shows the dynamical “isotropisation” already mentioned
in the literature [321]. As discussed below (99) and (123) for the two
approaches of (3.3), this late-time limit is inevitable given that, for
a model involving multiple Peter-Weyl modes, the mode with the
largest value that w; can take will end up dominating the dynamics
[176]. In our case this is achieved by the smallest spins j, = j, = % ;
this mode dominates at some point and will then dominate indefi-
nitely (see Figure 16). When this happens, the effective Friedmann
equation reaches a constant plateau (described by the first term in
(187)) while the anisotropy gradually converges to zero (the crossed-
out term in (188) now dominates the average). The constant value
taken by (V’/V)? in this asymptotic limit is then the one we would
have obtained for a single-mode model corresponding to the FLRW
Universe. In the left panel of Figure 15 we label this constant value
as “FLRW /Bianchi I” since, as we explained, the difference between
FLRW and Bianchi I is too small to be noticeable in the plot.

The period before the asymptotic isotropisation (but after the bounce)
can be compared with the classical Bianchi I model. In the left panel
of Figure 15 we see that the GFT curve does not show a constant
[V'(x)/V(x)]? (with value higher than the asymptotic FLRW value),
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Figure 16: As time elapses, the peak moves towards the smallest spin until
the mode with j; = j, = % dominates forever. Soon after x ~ 40
the anisotropic contributions will become insignificant.

as the classical dynamics (426) would suggest. Instead, the green line
shows the transition between different modes, which will eventually
stop when the last mode takes over and dominates. This behaviour
can be made more or less evident by changing the standard deviation
o in (186). We will see an example with a manifest transition between
modes later on.

In the right panel of Figure 15 we see that B(x), on the other hand,
shows a much better agreement with classical (relational) cosmology.
The anisotropy is approximately linear for a reasonably long time
after the bounce, as would be expected from general relativity. Be-
cause of the tendency to isotropise, this agreement will obviously
stop at some point as the anisotropy will approach zero; but before
that point, B(x) compares well with a classical Bianchi I model. It
is worth reiterating here that in this construction we are ignoring
GFT interactions (cf. Section 3.3), which become important when x
becomes sufficiently large.® Hence these plots are not to be trusted
for too late times, when the weak-coupling assumption breaks down.
In particular, we might never reach isotropisation but simply remain
in a phase where B()x) is approximatively linear, before interactions
take over and change the picture completely.

Regardless of when B (x) ceases to be linear, it is always mono-
tonic; so in principle, as in classical cosmology, it could be used
as a relational clock for GFT cosmology instead of the ad hoc intro-
duced scalar field x. Adding matter arbitrarily is often seen as an in-
escapable necessity plaguing any cosmological model coming from a
background-independent quantum gravity theory, given the absence
of (time) coordinates. In contrast, this model contains a gravitational
degree of freedom which could potentially be used as relational time,
and perhaps help addressing issues such as the problem of time or

6 When the total particle number is large, one expects correlations between the GFT
quanta to be non-negligible. N(x) grows quickly; with our choice of parameters,
N(5) ~ 107, N(25) ~ 10%* and N(50) ~ 10%.
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clock dependence in quantum cosmology (for more on this see, e.g.,
[272] and Chapter 6).

APPROACH INDEPENDENCE. So far, we have completely glossed
over the question whether the time evolution of the particle number
in each mode follows (183) in the algebraic approach, or (184) in the
deparametrised approach. It turns out that, as one might have ex-
pected, the two approaches give identical results after a very short

initial phase directly after the bounce, see Figure 17.

V'(x)?
V(x)? B.(x) ‘
a0 [ -0.32} !
250/ -0.33}
20/
150 1 -0.34}
1.0F ——— Algebraic
05k =035 oo L Deparametrised
1 2 3 4 5 X

Figure 17: Effective Friedmann equation and anisotropy dynamics at high
energies directly after the bounce, for both approaches and with
the same parameters (fixed as in Figure 15).

The discrepancy between the two approaches can be traced back
to the different effective Friedmann equations for a single mode, as
discussed in Section 3.3 (see (134) and (156)). After the 1/V (x)? con-
tribution dominates (giving rise to the bounce), but before the con-
stant term of the Friedmann equation takes over, there is a difference
in the 1/V(x) term which in the algebraic approach depends on the
arbitrary “GFT energy” E; of (133) (which happens to be negative for
(186) and our choice of parameters), whereas in the deparametrised
approach it is fixed and positive. The plot for B (x) also shows a
minor difference between the two approaches. Changing initial con-
ditions changes the details of these differences, but the underlying
features are always the same; and given that we are interested in
comparing later times (larger volumes) with classical models, these
differences do not play a role in our analysis. Already for these small

values of x we observe an almost-constant [V’(x)/V(x)]? and quasi-

linear B (x).
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4.5 MEAN-FIELD CONTINUOUS TOY MODEL

As discussed, the general expressions (160) and (161) must be eval-
uated numerically, even in simple cases such as the model of Sec-
tion 4.4. In order to obtain some analytical result, one can consider
toy models which allow explicit solution due to some simplifying
assumptions. The model presented in this section uses the solutions
in the mean-field approximation of the algebraic approach (183), but
drops the assumption of discrete spins jj.

Recall that the classical relations (165) relate the two types of area
(for the base B and the sides A of the trisohedral tetrahedron) with

the volume and the anisotropy parameter,

B=B(V,f.),

A= A(V,B). ooy

Hence, at the classical level, the pair (V, B4) is in one-to-one corre-
spondence with the face areas (A, B); it would be easier to take these
variables as the basic characterisation of a tetrahedron, expressing A
and B as functions of them. We will do this here, and forget about the
fact that in LQG (and GFT) the fundamental variables are discrete
areas.

If we focus on V and B, we can make another simplifying assump-
tion: we assume that the volume per tetrahedron is simply fixed to
be V = Vp, and that only B varies continuously. We follow the pic-
ture coming from single-mode truncations of GFT that the evolution
of the total volume comes only from adding or removing building
blocks, rather than changing their “size”; but we still have a range
of different “shapes”. This avoids the previously inevitable mixing of
effects coming from modes with both different volume eigenvalues
and different values of B.

We want to work with the same GFT kinetic term, i.e., the same
expression (182) for the effective couplings for each mode. But given
that we no longer have discrete spins, we need to rewrite this ex-
pression using V and B.. We will do this by using the LQG relation
A2 = 15j1(j1 + 1) for area eigenvalues (cf. (34)) and the classical rela-
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tions (165). We can then write down a relation between the discrete
and toy models for modes of the form (163),

3A% + B2
Is

4/3
_ (3Vlo4) <e4/3+ +2€725+) ‘
0

Bjalja +1) + (o +1) =
(192)

The symbol = means that we are equating quantum eigenvalues with
classical quantities using the LQG interpretation given to the spins.
This relation is then substituted into the time-dependent expression
of the average particle number (183), with initial conditions fixed by
a suitable choice of a; which we again take to be a Gaussian, ag, =
exp{—(B+ — B+)?/(2¢%)}. Given that we do not have discrete modes,
we do not have to worry about a specific normalisation factor. This is
now a continuous normal distribution, the analogue of (186).

The “toy model counterparts” of (160) and (161) then read

V() = Vo [ dp+ad, cosh®(wp.x), (193)
and
B+(x) = V‘(/;)C) /d[3+ [Lrocfg+ coshz(wmx), (194)

where we defined the continuous analogue of (182) (via (192)),
3V \*° _
w%h = m? — M? <13> (e4ﬁ+ + 2e 25*) . (195)

Numerical evaluation of [V'(x)/V(x)]*> and B4 (x) shows qualita-
tively similar behaviour to the plots in Figure 15 derived in the pre-
vious three-mode model; see Figure 18 for an example. Again we see
an asymptotic “isotropisation” leading to the effective FLRW limit at
late times, and an approximately linear evolution for the parameter
B+. We can now also strengthen these results by analytical approxi-
mations.

In order to find analytical solutions to the integrals (193) and (194)
we assume small anisotropy, i.e., a Gaussian distribution with 8} < 1.
This justifies approximating the cosh function under the integral up
to second order in S,

» M2(3Vy/13)*/3 sinh (2wox)

coshz(wﬁ+)() ~ cosh?(wox) — 682 0 X, (196)
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Figure 18: The effective Friedmann equation (V’/V)? quickly becomes con-
stant in the analytical approximation and grows slowly in the
numerics, but always gives values lower than the isotropic FLRW
case (orange line). The right panel shows that the anisotropy is
well approximated by the linear behaviour seen in general rela-
tivity. The late-time limit shows isotropisation: (V//V)? tends to
the orange constant and S () goes to zero. Here we fixed m =1,
M=01,Vy/I3 =1, B+ = —0.1616 and ¢ = 0.15.

where wy = \/ m2 — 3M2(3V,/13)%/3. This approximation leads to in-
tegrals over B that can be done immediately, and relatively simple

expressions such as

3M2(3Vo/I3)*3(2B + 02) x sinh(2wpy)

Vix) = vVaVyo (coshz(wox) — -~

(197)

To simplify these further we then use the fact that M/m is small (see
discussion below (182)) and expand B4 (x) and [V’ ()()/V()()]2 up to
second order in M/m. This yields a simple analytical expression for

the anisotropy,

) |

The tanh function
quickly approaches 1

—  12M2(3V, /13 4/370'2 as x elapses.
P+(X) = B+ — ( m") PA2 tanh(my) (198)
and the effective Friedmann equation
/ 2
<V (X)> ~ 4m? tanh® (my)
2 (199)

— 6M2(3Vp/13)4/3 (4572 +20% + 1) F(my),

where F(my) = sech?(my) (2my + sinh(2my)) tanh(my). We can see
that the anisotropy (198) is essentially a linear function of x very soon
after the bounce, with a slope dependent on parameters of our Gaus-



112

TOWARDS ANISOTROPIC COSMOLOGY

— —
sian such as .+ and ¢. Moreover, noticing that F (my) m—>oo 2, we also

obtain a constant late-time limit for the effective Friedmann equation,

/ 2
(“//&C))) T2 4w anP 3o/ ) (4B + 207 +1) ] . (200)
By comparing with exact numerical results we can see that these ap-
proximations cannot be trusted for too large yx, see Figure 18.

In the limit in which we “switch off” anisotropic contributions,
B+ — 0and ¢ — 0, (198) vanishes and in (200) we have (V'/V)? —
4m* — 12M?(3Vp /13)*3 = 4wy, which is nothing but the orange line
in Figure 18. In (192) this corresponds to 4j(j + 1) = 3(3V,/13)%/3
when the spins are all equal.

As a final comment, recall that in the classical Bianchi I model
the Friedmann equation gets a constant contribution (dg; /dx)? com-
pared to the FLRW Universe (see Appendix A). We can ask whether
the terms in (200) that depend on B and ¢ are related to the deriva-
tive of (198). But we see that

<df5+ )2 oo 144M4(3Vy/13)8/3B "ot

dx m? (201)

£ —%MZ (3Vo/13)*? (4/372 +2(72) .

As already noticed in the full GFT model of the previous section,
contrary to what happens in general relativity, in our toy model the
presence of anisotropy decreases (V’/V)2. The two quantities we are
comparing also are of different orders of magnitude, in particular
different powers of the small ratio M /m.

Overall, our toy model could reproduce the main qualitative fea-
tures seen in the full GFT analysis, in particular a nearly linear growth
in the anisotropy for a range of x and a negative contribution to the

effective Friedmann equation.

46 INCLUDING MORE MODES INTO GFT MODELS

We now return to the discrete setting of full GFT, presenting results
for models that go beyond the simple case described in Section 4.4.
The easiest extension of what we showed before is to include more
than three modes, but keep the assumption of a fixed base area (i.e.,
j» = 1). This means we add shapes to Figure 13 for greater j, which
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are increasingly more stretched (“anisotropic”). We find that such an
extension gives results that are not qualitatively different from the
previous case, regardless of how many modes of this form we add. In
Figure 19 we show the case of five modes, letting j, range between 3

9
and 3

V' (x)?
V(x)?
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3.0r
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Figure 19: The main features encountered in Figure 15 are reproduced in
this model: [V'(x)/ V()()]2 shows shifts between modes before
reaching the plateau for j, = j, = 1, and B (x) can be approx-

imated by a linear function for some time before going to zero.
Initial conditions and parameter choices are shown in Figure 2o0.

Since j, = % for all modes, we can see from (181) that the values of
B+ for the modes we consider all have the same sign, and are increas-
ingly more negative as j, grows. This is why B (x) does not lose
its monotonicity property in Figure 19. From the geometrical point
of view, the shapes we are adding are progressively more stretched
along one axis so that their local anisotropy never flips the direction

in which it changes.

Nj,1/2(0)
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Figure 20: Initial conditions (defined as in (186)) for five and for eleven
modes. As in Figure 14, N is such that the number of quanta is 25
in the modes which are the farthest from the peak. Left: j, = %,
ja € {%,...,%}, Ja = g and ¢ = 1. Right: (ja, jp) € {%,...,%},
ja =j» = 3 and ¢ = }. Combinations of spins with zero volume
are not included.



114

TOWARDS ANISOTROPIC COSMOLOGY

A more important generalisation of our model can be obtained by
relaxing the assumption that jj, is fixed to 1. If j, can vary, the first mi-
nor novelty comes from the fact that we now have some combinations
of spins which need to be removed; these are spin configurations for
which volume eigenvalues are zero. For instance, when j, = 3j, the
volume eigenvalue vanishes (see Table 1 and Section 4.2.1), as one
might expect from classical arguments (the tetrahedron of Figure 9
flattens into a plane when B = 3A, and areas (34) scale linearly in
j for large j). A second key novelty comes from the fact that not all
the jj’jb parameters have the same sign: in the dynamical evolution,
we now no longer obtain a strictly monotonically increasing sequence
of ﬁ]i’jb values associated to the modes dominating at different times.
Hence, we generically find a non-monotonic 4 (). We show in Fig-
ure 21 an example with eleven generic modes, defined by letting both
spins vary in the range {%, ceey %} and excluding the ones not allowed
by SU(2) recoupling theory. See right panel of Figure 20 for a depic-
tion of the initial number of quanta in the allowed modes. One could
change initial conditions such that S () is monotonic even with vari-
able base spin jj,, by choosing ad hoc modes such that the succession
of dominant ﬁ]j] * values goes to zero monotonically.

vx?
Vo B.00)
4.0r 0.02f
3.8F
0.01F
3.6r
0.00 - - - X
345 50 100 150 200
3.2 -0.01}
3.0 ‘ ‘ ‘ e
0 50 100 150 200

Figure 21: Shifts between modes in [V'(x)/V( )()]2 are accentuated thanks
to a smaller standard deviation in (186), o = % Anisotropy can
decrease because these modes have a non-monotonic sequence of

dominant ‘B]_‘;’]’” values as x elapses. Initial conditions and param-
eter choices are shown in Figure 20.

While any number of modes can be included without any compu-
tational obstacle, we do not report additional details on these many-
mode scenarios because they are characterised by a larger arbitrari-
ness encoded in further initial conditions, without introducing im-
portant novelties.
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4.7 CONCLUSION AND OUTLOOK

The work described in this chapter represents a first attempt at char-
acterising homogeneous but anisotropic (Bianchi) cosmologies within
the framework of group field theory, focusing on the simplest Bianchi
I model with an additional local rotational symmetry. Previous work
in GFT cosmology has dealt with anisotropies perturbatively, demon-
strating a decay process leading to isotropisation, but lacked a precise
measure to quantify anisotropy. In this chapter we have proposed
such a measure of anisotropy and studied its dynamics in simplified
models.

Inspired by Misner’s parametrisation of Bianchi models, we intro-
duced GFT analogues of the anisotropy parameters B, which be-
have like free massless scalar fields on a flat FLRW background. We
defined anisotropy in terms of expectation values of GFT operators,
assigning a microscopic value of anisotropy at the level of each Peter—
Weyl mode, and dividing by the total number of GFT quanta to create

an “intensive” average quantity.

Having discussed various options for the effective notion of anisotropy

at the local (quantum geometry) scale, and defined one which sat-
isfies the demand that a tetrahedron with equal face areas is con-
sidered isotropic, we then showed the dynamics of the expectation
value of the total volume and of the newly introduced anisotropy
observable. Results indicate partial agreement with general relativ-
ity: while the volume dynamics differ from classical expectations, the
anisotropy shows the expected linear evolution before isotropisation.
We explored multiple scenarios, focussing in particular on a model
with three Peter-Weyl modes. An analytical toy model, assuming
anisotropy is a continuous parameter and fixing the volume per tetra-
hedron, could reproduce analytically the main features of the discrete
models.

Future research directions stemming out of this work will be thor-
oughly described in Chapter 7. We only emphasise here that this
work allows for further cosmological investigations and also entirely
new lines of research. The first include: studying GFT interactions for
Bianchi models, analysing the effects of anisotropy on the cosmologi-
cal bounce (given that anisotropies can disrupt bounce scenarios [88]),
and comparing GFT results with Bianchi models in loop quantum
cosmology (in particular investigating whether the GFT anisotropic

bounce corresponds to a Kasner transition [72, 378]). Moreover, novel
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research directions could also include the possibility of studying black
hole dynamics in GFT (leveraging on the fact that the interior of a
Schwarzschild black hole can be described by the anisotropic Kantowski-
Sachs metric [239], which is very similar to Bianchi spacetimes), and
exploring the use of anisotropy as a relational clock without coupling

to an external scalar field (as we will stress in Chapter 6).

In the next chapter, we shift our focus to an equally important
aspect of the GFT cosmology paradigm of Chapter 3: the quantum
states used in the effective dynamical equations of the models of in-
terest, and their semiclassical properties. Indeed, most of the litera-
ture (including the anisotropic models of this chapter) only considers
(Fock) coherent states; we will introduce and investigate the general
family of Gaussian states in Chapter 5.



[=

GENERALISED GAUSSIAN STATES FOR su(1,1)
QUANTUM COSMOLOGY

This chapter defines and analyses Gaussian states for quantum cos-
mologies based on the su(1, 1) algebra, mainly focussing on the group
field theory framework." It is based on [100] and constitutes original
research.

In any quantum theory based on a canonical formulation, one of-
ten requires semiclassical states to describe macroscopic phenomena.
A prime example, closely related to what we will discuss in the fol-
lowing, is the description of a macroscopic electromagnetic field in
terms of coherent or squeezed states in quantum optics. In general,
an important question is whether coherence or semiclassical proper-
ties of an initially chosen state will be preserved under time evolution.
This is famously the case for the harmonic oscillator (or free quantum
tields) but not for more general interacting quantum systems.

In quantum gravity and quantum cosmology, identifying a semi-
classical spacetime description is a rather crucial requirement, both
conceptually and for making the link to the low-energy world in
which we do not observe spacetime superpositions. In traditional
Wheeler-DeWitt quantum cosmology, semiclassical spacetime was of-
ten identified in a WKB (Wentzel-Kramers—Brillouin) regime in which
the wavefunction is assumed to be highly oscillating. This approxima-
tion is at the heart of applications to cosmological perturbation theory,
in which the curved spacetime quantum field theory setting of infla-
tionary cosmology emerges from the semiclassical limit of quantum
cosmology (see, e.g., [214, 245, 271]). The notion of semiclassicality ap-
plied here is different from that of using coherent states or wavepack-
ets; a WKB state is (by assumption) not localised in configuration
space, but rather describes an entire family of classical trajectories
“all at once”.

Loop quantum gravity offers its own proposals for the semiclassi-
cal limit. In the canonical formulation of LQG, one works with quan-
tum states living on superpositions of graphs (see the spin network

As we will explain, our results only rely on the su(1,1) algebra generated by the op-
erators of interest ((152) in GFT), and hence apply to more general models provided
that one can give a cosmological interpretation to some of the generators.
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paragraph in Section 2.2.4). A class of coherent states for LQG, which
has found many applications in the literature, was proposed in [362,
364], whereas more recent proposals include [98, 164]. These states re-
alise the traditional properties of coherent states, peakedness around
a given classical configuration with small uncertainties. In general,
given the rather complicated dynamics of full LQG (see comments
at the end of Section 2.1), it is not clear whether these semiclassical
properties would be preserved dynamically.

As we have seen in Chapter 3, the canonical framework of group
field theory is closely related to the canonical formalism for LQG;
Fock space quantisations of GFT (in both the algebraic and the de-
parametrised approaches) lead to state spaces that can be interpreted
in terms of spin-network states of LQG (cf. Section 3.2). One may ask
what kind of GFT quantum states could be used for a semiclassical,
macroscopic limit of the theory, relevant in particular in the applica-
tion to cosmology. As reviewed in Section 3.3, a particularly influen-
tial idea has been to use analogies with condensed matter physics and
think of a “condensate” of quanta of geometry, or LQG spin-network
vertices [183, 187, 294, 300]. Such a condensate can be characterised
in a mean-field approximation, or equivalently using a Fock coherent
state built on the fundamental field operators or the annihilation and
creation operators of the theory. Many cosmological applications of
GFT have focused exclusively on such coherent states in extracting a
semiclassical limit, as reviewed in Section 3.3.

In [100] we broadened this perspective, and discussed a class of
semiclassical states that go beyond the simplest choice of Fock co-
herent states. In particular, we could write down the most general
Gaussian state associated with a single GFT (Peter-Weyl) field mode,
and also discuss mixed states following the work of [40, 41, 250] on
thermal states in GFT. This chapter provides an expositions of the re-
sults we found in [100]: our work builds on the work of [184], which
had already discussed some more general types of coherent states
built on the su(1,1) algebra of observables most relevant for cosmol-
ogy in the deparametrised approach (see Section 3.3.2), and extends

all such results substantially, as explained below.

SEMICLASSICALITY CRITERIA.  When discussing the relative mer-
its of possible choices of semiclassical states, we need to be clear about
what properties we require for a state to be considered semiclassical.
Here we follow to a large extent the criteria set out in the context of
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GFT in [184] and [273]; our main requirement for semiclassicality is
that the relative uncertainty in the volume, (AV)/(V), can be made
arbitrarily small, in particular at late times (large volumes) after dy-
namical evolution. This criterion is similar to what is often required
for a semiclassical limit in loop quantum cosmology [29, 359]. In the
deparametrised approach, we also require a small relative uncertainty
in the Hamiltonian (associated with the matter coupled to gravity in
GFT, see Section 3.2.2 and Section 3.3.2), which is time-independent.
In contrast, one could also require that a semiclassical state saturate
the lower bound on uncertainties implied by the uncertainty princi-
ple, in its stronger Robertson-Schrédinger form. We will argue that
this second requirement seems less relevant physically, since the right-
hand side of the uncertainty principle is in general state-dependent,
and one can end up with an equality for which both sides are large.
For the context of GFT and the most relevant cosmological observ-
ables, energy and volume, we will find a conflict between the two
requirements: states with small relative uncertainties do not saturate
the Robertson-Schrodinger inequality, while those that saturate the
inequality do not have small relative uncertainties. This discrepancy
was observed for squeezed states in [184]; again we generalise this
discussion to general Gaussian states.

We will show that while general Gaussian states can be constructed
using displacement, squeezing and thermality, semiclassical proper-
ties are mostly determined by the magnitude of displacement: squeezed
or thermal states alone are not semiclassical in the sense we require,
and hence do not lead to a good interpretation in terms of emergent
cosmology. These results can be seen as justifying to an extent the
emphasis on Fock coherent states in the GFT literature. While most
of our analysis uses the deparametrised approach of Section 3.2.2
and Section 3.3.2, we also discuss generalised Gaussian states in the
more commonly used algebraic approach of Section 3.2.1 and Sec-
tion 3.3.1. In that setting, we find that generalisations of simple coher-
ent states are difficult to construct, and only very simple versions of
squeezing and thermality can be straightforwardly defined. We also
encounter a number of technical issues related to divergences in the
definition of states and observables. Ignoring these as much as possi-
ble, the general qualitative statements agree with those found in the
deparametrised approach.
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su(1,1) QUANTUM cosMOLOGY.  While we are mostly interested
in GFT models, our results are much more generally applicable to
any su(1,1) cosmological scenario. Recall that the su(1,1) Lie alge-
bra naturally emerges in the deparametrised approach to GFT cos-
mology (see in particular (151)—(153)); however, this is not the only
scenario with this feature. Indeed, as pointed out in [59], isotropic
models of loop quantum cosmology and (bosonic) GFT cosmology
can be seen as different realisations of the same underlying structure
(sometimes called “harmonic cosmology” [79, 80]). The su(1,1) Lie
algebra was then also investigated in detail in the context of loop
cosmology in [266], where it was realised that dynamics could be
implemented as SU(1,1) transformations, and it was later associated
with the “Complexifier-Volume-Hamiltonian (CVH) algebra” in [62]

(see also [73—75] for more recent work).

OUTLINE OF THE CHAPTER. In Section 5.1 we discuss different
definitions of semiclassicality, and study the examples of coherent
and squeezed states explicitly in Section 5.1.1 and Section 5.1.2. This
analysis is then extended to general Gaussian states in Section 5.2. All
We have seen that such investigations deal with the deparametrised approach to GFT

states play avery  cosmology (cf. Section 3.3.2), where no technical or conceptual ob-
different role in the

stacle is encountered. Given that the algebraic approach to canonical
two approaches

described in quantisation is used in most of the GFT literature (cf. Section 3.3.1), in

Chapter 3; thisis ~ Section 5.3 we discuss our efforts at obtaining similar types of states

why we present their in that approach. Specifically, we write down generalised Gaussian

respective results (condensate-like) states in Section 5.3.1, and study technical issues of

separately here. . . . . .
condensates in Section 5.3.2 and Section 5.3.3. Section 5.4 summarises
the main results. Some of the explicit analytics and computational

techniques for this chapter are given in Appendix B.

5.1 SEMICLASSICAL PROPERTIES AND CANDIDATE STATES

Recall that in the  While true for any quantum state, the effective Friedmann equation
general setup of — (156), found in the deparametrised approach to GFT cosmology (as
(isotropic) GFT

described in Section 3.3.2), is a relation between expectation values
cosmology we deal

only. To claim that (156) is a good description of the dynamics of

with a single
Peter-Weyl mode; ~ cosmological observables, one needs to adopt quantum states that

this assumption is show some semiclassical features, such as coherent states. More gen-

used throughout. erally, one needs to specify criteria for any candidate state for cos-

mology to be considered as semiclassical. Here we focus on two
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criteria that are commonly used: the study of relative uncertainties
and the Robertson-Schrodinger uncertainty principle. We define vari-
ances and covariances for any operators A and B as

(AA)? = (A2) ~ (AP, (202)
A(AB) = 2 ({4, B)) — (A)(B), (203)

where {:, -} is the anticommutator.

Our first criterion for semiclassicality would be to require that rel-
ative uncertainties (AA)%/(A)? be small at least in a large-volume
or late-time regime where the classical theory is expected to emerge;
here A could be either the Hamiltonian H or volume V of the de-
parametrised, single-mode theory of Section 3.3.2. One can also check
what happens to the operator C defined in (150), even though its inter-
pretation is less transparent, hence it is unclear whether this operator
would need to be semiclassical.

There is another characterisation of semiclassical states that makes
use of the quantities (202) and (203), namely the saturation of the
Robertson-Schrodinger (RS) uncertainty principle [332, 348]. For the
GFT operators (149) and (150), the uncertainty principle reads

(BV(ARY > [A(VA)P + *(C)2. (204)

For basic examples in standard quantum mechanics an inequality of
this type is saturated (i.e., it becomes an equality) for canonically
conjugate pairs when using coherent (or more generally Gaussian)
states; but in general it is not guaranteed that there are states for
which (204) can be minimised. As the volume evolves in time, the RS
uncertainty principle (204) is a statement for each .

In the context of GFT cosmology or quantum cosmology in general,
demanding small relative uncertainties seems physically more rele-
vant than minimising uncertainties by demanding equality in (204);
nothing in (204) requires both sides to be small in any sense, whereas
the Universe appears to be sharp to observations, without quantum
effects on large scales. Hence, we would say that a good candidate
state for GFT cosmology models primarily needs to show small rela-
tive uncertainties. As we will see shortly, (Fock) coherent states have
this property; we will also define more general states that are semi-
classical in this sense.
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Here and in the rest
of this chapter we
adopt a somewhat

unusual notation fy

instead of f(a) for
trigonometric and
hyperbolic functions;
this is to save space
in lengthy
expressions below.

(207) and (208) are
crucial in order to
explicitly obtain
relatively simple
expressions for all
the states discussed
in this chapter, see
Appendix B for
details.
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From (154) we can derive the x-dependent form of the volume vari-
ance as well as that of the covariance between the volume and the

Hamiltonian,
(AVy)? = (AV)*coshj,,, +(AC)?sinhj,,, +A(VC) sinhyyy,  (205)
A(VyH) = A(VH) coshyy +A(CH) sinhy,y (206)

where from now on we use subscripts to indicate time-dependent
operators 0, = o(x); operators with no subscript refer to initial
conditions (i.e., to x = 0). We can then immediately derive the large-
volume limit of relative uncertainties by taking x — oo in these
expressions: (AH)?/(H)? does not evolve in time, but for the relative
volume fluctuations we find using (205) and (154)

N

(AVy)? yoteo  (AV)2 4 (AC)2+£2A(VC) ,
0 (M +2+(0) o7

To verify the RS uncertainty principle, we would also need the limit

A2 5 (G2 xoie (A(VA)£ACA))® | o?
TOA? AR (3 (AP
(208)

All these quantities are determined by the initial conditions only. No-
tice that the late-time limit y — +oco in general differs from the limit
X — —oo (as indicated by the + notation) so that the asymmetry
described by the quantity C (cf. (150)) is manifest here.

One might also be interested in the evolution of these quantities
beyond the strict infinite-volume limit y — $co. We will show some
examples for general evolution of the RS inequality (204) and the
relative uncertainties of the volume operator. For analytical results,

we derive expansions in powers of the inverse volume as

(AV,)? v v?
= =A+ B— +C,\7+, (209)
(Vx)? (Vi) (V)?

where A, B, C, ...

sion captures very well the full evolution as soon as we are in the

are functions of initial conditions. Such an expan-

macroscopic regime (V) > .
We shall see that the saturation of (204) does not necessarily indi-
cate that the states under question have small relative fluctuations;

conversely, states such as the simplest Fock coherent states, which
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are semiclassical by looking at relative fluctuations, fail to minimise
(204). In Section 5.1.1 and Section 5.1.2 we briefly review quantum
states that have been investigated in the context of GFT cosmology,
expanding the literature by explicitly checking whether the RS uncer-
tainty principle is minimised and obtaining the exact dynamics of the
relative uncertainties for the volume in closed form. These properties
will serve as comparison for the new family of states presented in
Section 5.2.

5.1.1  Coherent states

The most commonly used states in the GFT cosmology literature
are Fock coherent states as we explained in Section 3.3 (these were
introduced already in [183] and used in different ways in the de-
parametrised formalism [186, 379] and the algebraic approach [272,
305, 306]). As is customary in bosonic theories, coherent states can be

defined via the action of the displacement operator D(a) on the Fock

vacuum as
) = D()[0), (210)
with
Da) =¢84  yeC. (211)

These have the key property that, at x = 0, 4(0)|a) = ala). Ap-
pendix B contains a table with all the quantities of interest computed
with the state (210) (see in particular Section B.1 and Table 2).

One can easily check that the RS uncertainty principle (204) for V
and H is not saturated by coherent states. For instance (using Table 2
in appendix Appendix B), we see that at x = 0 (204) reads

v?w?

2

|a|? + *w?|al* > *w?lalt. (212)

This feature occurs because (149) and (150) are su(1,1) compositions
of the bosonic ladder operators, whereas the Fock coherent state is
coherent with respect to 4 and 4'. One can in fact show that (204) is
never saturated by coherent states. We refer to Appendix B where we
report explicitly the analytical expressions representing the general

case of (204); such a minimisation does not happen at any time and
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in particular not as x — 400, where the system is meant to become
semiclassical.

As one might expect, this does not really spoil the semiclassical
nature of coherent states in the sense of relative uncertainties. De-
composing « into modulus and argument as & = |a| exp(i?), one can
see that the relative uncertainties at x = 0 (again, see Appendix B),

5 (213)

can be made arbitrarily small by choosing appropriate |«| and avoid-
ing parameters for which ¢ is a multiple of 7 (or of the form 7 + k7%
with k € Z, if we are only interested in small (AH)2/(H)2). Away
from x = 0, from (154) and (205) one finds the relative volume relative

uncertainty

(AVE  (4|a]? + 1) coshyey +4|a|? singg sinhy,,, —1
(V)2 ((2|af2 + 1) coshouy +2|a|? singg sinhyey, —1)

5. (214)

By choosing |«| to be large, this can be made arbitrarily small at all
times: consider the asymptotic behaviour of (214) for large |«/,

(AVX)% ~ 1 sinyy Sinh4w)( + C05h4w)( (215)
(V)& |a|? (singg sinhy,,y + coshay )2’

and notice that 1/|a|*> multiplies a bounded function in x. For late
times, we recover the results of [184]
(AVY)ZE  yoteo 2(1 4 4]af?(1 =+ sings)

A

(V)& 7 (1+2]a|2(1 £ singg))

2 =: Ac. (216)

Again, this becomes arbitrarily small for large || and avoiding the
values ¢ = § + k7.

We can also expand (214) in inverse volume powers, finding

(AVX)% _ v i 1 21
)2 = Ac <1+<Vx>> +CC<VX>2+O<<AX>4> , (217)
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with

Coe || £ 2|a|*(sings £1) (a|?(cosgg +1) + 3) (218)
(2]a|2(singg +1) + 1)

We see that the 1/(V(x)) correction is such that Bc = Ac in (209),
which is similar to the terms in the Friedmann equation (156). Higher
contributions can be found, but they only minimally improve the ex-
pansion, whose key behaviour is already captured at the 1/(V(x))?
order.

5.1.2  Squeezed states

Mimicking standard quantum mechanics notation, squeezed states
can be defined via the action of the squeezing operator S(z) on the
Fock vacuum as

|z) = 5(2)[0), (219)

with
S(z) = o2 (a7 —20%) , zeC. (220)

We decompose z as z = re'¥, where r and ¢ are real parameters.

These squeezed states can be seen as part of the Perelomov-Gilmore
class of coherent states [192, 310] associated with SU(1,1); this is how
they were introduced for GFT in [184]. As described in [184], the vol-
ume operator (149) is bounded from below only in the su(1,1) rep-
resentations of the positive ascending series; when one restricts to
the cases of interest for GFT,? the Perelomov—Gilmore coherent states
coincide exactly with the squeezed states that we define in (219).

Contrary to coherent states, one can readily find that squeezed
states do saturate the RS uncertainty principle (204) for the operators
V and H. Using again Table 3 in Appendix B, at y = 0 one explicitly
has

W’ 12
6 sinh, (2 sinh, cosyy + coshy, +3)
2,2 2,2 (221)
vw 2 g2 (UWT Lo L0
= g 8y sinhy, +T sinj, sinhy, .

The representations of the positive discrete series are labelled by a real parameter k
called Bargmann index. Using the bosonic realisation of su(1,1) (151) and including
the Fock vacuum among the eigenstates of the volume operator, one is led to choose
k = 1/4, for which all the results of [184] coincide with the ones described here.
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This minimisation happens because we are interested in uncertainties

An analogous result of the GFT operators (149) and (150), which form the su(1, 1) structure
for SU(1,1) that squeezed states are built on (see Section 3.3.2). Turning on time
coherent states in

dependence, we find that the uncertainty principle is indeed an exact
loop quantum

cosmology is equality throughout the whole evolution for the state in (219). Again
reported in [266].  we refer to Appendix B for the analytical expressions at generic times;
there we show that the RS uncertainty principle is minimised for all

values of x and in particular in the late-time limit y — =oo.
The minimisation of the RS principle does not necessarily mean
that relative uncertainties of cosmological observables are small, and

indeed we find at x = 0 (see Table 3 in Appendix B)

AV)2
( ~ )5 :2coth$,
(V)
AH)2
( 0 >)%S =242 secﬁ, csch3, (222)
AC)2
(<C>)ZS =242 CSClZp csch3, .
S

All these quantities are bounded from below by 2. One can still check
whether the situation improves with time evolution; a minimal re-
quirement for semiclassicality is that relative uncertainties are only
small at large volume. Using (154) and (205) one can readily write

down the exact time evolution of the relative uncertainties as

(AVX)é 5 Sil’llp sinh2r Sil’lhzw)C —+ COSth COShZaJX +1
(V)3 siny sinhy, sinhye,y 4 coshy, coshyey —1

v
=2 <1 + <Vx>> . (223)

Hence, the lower bound of 2 for the relative uncertainty holds at all

times; a uniform large-volume limit of 2 was already found in [184].

DIPOLE STATES. As a final remark on squeezed states, we point

out that a “dipole condensate” state defined as

@ —ew (jE) 10, geC, (224)

is nothing else but a non-normalised squeezed state. States similar to

(224) were introduced as possible condensate-like states in the early
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stages of GFT cosmology [183] (we will return to a discussion of these
states in the algebraic approach in Section 5.3). Given the norm

1
€l) = ——=—=5- (225)
V1=Ig)?
we should assume || < 1 in order to obtain a normalisable state.
To see that (224) is a squeezed state, we write the squeezing opera-

tor $(z) in “normal form” [158]

S(z) =exp <2‘Zz|tanh |z[(51+)2> exp (—lncosh |z| <ﬁ+ﬁ + ;))

5 (226)
X exp (—2|Z’tanh\z| ﬁ2> ,

so that one can write a squeezed state as

1 z
———exp | = tanh |z|(a" 2) 0). 22
T O (o @R ) 10 e
(227) shows that a dipole state (224) is a (rescaled) squeezed state
(219), |&) = +/cosh|z||z), where the dipole parameter ¢ and the

squeezing parameter z are related by

|z) = 5(2)[0) =

_z
2]

¢ tanh |z| . (228)
Since they are just squeezed states, dipole condensates have no chance
of being semiclassical according to the criterion of small relative un-

certainties (cf. (222) and (223)).

5.2 THE GENERAL FAMILY OF GAUSSIAN STATES

Gaussian states can be defined in several equivalent ways. Tradition-
ally, they are presented in quantum mechanics textbooks as states
whose characteristic functions and quasi-probability distributions (also
known as Wigner functions) are Gaussian functions. Equivalently, es-
pecially in the quantum optics and quantum information literature,
Gaussian states are often described as states which are fully deter-
mined by the first and second canonical moments only [351]. Other
characterisations are possible, both physical (as minimum uncertainty
states) and mathematical (see [212] for connections to complex struc-

tures and symplectic forms).
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We will focus on an equivalent but more operational definition of
Gaussian states, given as Gibbs states of generic second-order Hamil-
tonians of bosonic fields [351]. Specifically, they can be defined as
arising from the action of the displacement operator (211) and squeez-
ing operator (220) on a thermal state [107, 277] (see Appendix B, and
specifically Section B.2),

pc(a,z,B) := D(a)8(z) pp $'(z) D' (), (229)

In this chapter, the  where, denoting the usual Fock states by |n) = (n!)~1/2(a")"|0),
symbol B always
refers to thermal e P
A _ o, _ﬁn
effects and should Pp = tr(e*ﬁ’mﬁ) =(1-e ﬁ) Ze [n)(n|. (230)
n
not be confused with
the anisotropies of B > () is a free parameter, the analogue of the inverse temperature in
Chapter 4. .
the usual canonical ensemble.

A key property of Gaussian states is that (in the Schrodinger pic-
ture) they retain their Gaussian nature under time evolution; U pg U*
is also a Gaussian state if U is the unitary time evolution opera-
tor.? This property motivates studies of “Gaussian quantum mechan-
ics”, in which one restricts to Gaussian-preserving measurements and
transformations and where quadratic Hamiltonians are fundamental
[292, 374]. In this setting one avoids the difficulties that come with
higher-order dynamics.

Of course, the family of pure Gaussian states is a subset of (229)

obtained in the vanishing “temperature” limit,

A

pc — D(2)5(2)0){0/$"(z) D' (a) =: |a, ) (, 2] . (231)

These states are the well-known displaced squeezed states, which re-
late nicely to the simpler states discussed in Section 5.1.

The general class of states (229) can straightforwardly be imported
in the deparametrised GFT framework (and analogue su(1,1) cos-
mologies) since, as detailed in Section 3.3.2, we deal with a bosonic
system governed by a second-order Hamiltonian (149). The state (229)
can in fact also be understood along the lines of [40, 41, 250], where
GFT states are defined as statistical equilibrium states of exponen-
tial form e~© for some operator O. The parameter f in (230) is to

3 For a quadratic Hamiltonian the evolution operator can always be decomposed as
U = eé7S(z) D () R(¢) where R(¢) = exp(ip a*a) is the rotation operator and exp (i)
a phase factor [268, 269, 350]. While a rotation operator can in principle enter the
definition of Gaussian states (229), it does not affect any result (see Section B.2 for
details).
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be taken formally (for instance as the periodicity in the 1-parameter
flow of a Kubo-Martin-Schwinger state or as a Lagrange multiplier
[40, 41, 250]), and does not necessarily relate to a physical notion of
temperature. Effectively, given that N = 4'@ represents the number
of quanta, B in (230) could be seen more akin to a chemical potential
of a grandcanonical ensemble.

Equipped with the new and generalised family of states (229), we
can now turn to the calculation of quantities of interest for harmonic
cosmology; Section B.2 outlines helpful tools for using (229) to obtain
the following results. First, we compute the expectation value of the
three main operators for our models, given in (149) and (150). One
finds

(Vig="0 (|zx|2 + N coshy, +sinh$) ,
(H)g

(Cla

w .
) (2|a|? cosps +(2Ng + 1) sinhy, cosy) , (232)

% (2|a|? singg 4 (2Ng + 1) sinhy, siny) ,
where we denote the thermal expectation value (computed with (230))

of the number operator as

1

N,B = <N>thermul =tr (pﬁ ﬁ+ﬁ) = b1 (233)

By means of (233), the reduction to pure states (8 — o0) is achieved
by setting Ng = 0. Next, we evaluate variances (202) and covariances
(203). Incorporating the displacement and squeezing phases into a
shorthand F. = cosyg cosy + sinyg siny and noticing that 2Ng +1 =

cothﬁ /2, one finds

2
(AV)E = UZ |:4’“|2C0thé (coshy, +F sinhy, ) + coth coshy, —1} ,
2 2
o @ 2 .
(AH)g = 5 [8]04 coth (coshy, + F_ sinhy,)
2
+ coth? (1 + 2sinh3, cosyy + COSh4r> + 2} ,
2
ao 2 .
(AC)g = 5 8|a|? coth (coshy, —F_ sinhy,)
2

+ cothzé (1 + 2 coshy, sinlzp + COSZ¢> + 2] ,
2
(234)
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and
~ oA ow 2 .
A(VH)g = —— [4\04] coth (sinhy, cosy + coshy, cosyg)
2
+ COchg sinhy, Cosl;,} ,
2
AVC)g = UZ [4|oc]2 cothy (sinhy, siny 4 coshy, singg)
’ (235)
+ Coth% sinhy, siny } ,
2
AHC)g = — ow {4|zx |2 coth s sinhy, (singg cosy + coszs sing)
2

+ COchE sinh3, sinzw] .
2

The quantities in (232), (234) and (235) combine in a nontrivial way
coherent, squeezed and thermal contributions; they generalise the ex-
pressions for simple states reported Section B.1, being now (at the
same time) functions of a = |aei?, z = re'¥ and B.

Expectation values, variances and covariances are all the ingredi-
ents one needs to analyse the semiclassical criteria discussed in Sec-
tion 5.1. For instance, using the first two expressions in (234), the first
in (235) and the last in (232), it is straightforward (albeit tedious) to
see that the Robertson-Schrddinger uncertainty principle (204) is not
minimised by Gaussian states at x = 0. One can in fact prove that
the inequality is never saturated for any ), much like with coherent
states. As expected, the inequality becomes an identity only when
a = Ng = 0, which is the case of a pure squeezed state (221). Details
on the Robertson-Schrodinger principle for Gaussian states are given
in Appendix B.

More importantly, we now show that Gaussian states can be chosen
to have small quantum fluctuations. Even with such a large parameter
space (spanned by «, z and ), one can notice from (234) and (232) that
it is always possible to manipulate the displacement parameter « to
make relative uncertainties arbitrarily small at x = 0. While squeezed
and thermal states alone do not allow for such a feature, squeezing
and thermal effects can lead to semiclassical Gaussian states as long

as one uses a large enough displacement. To make this more explicit,
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we can expand the fluctuations stemming out of (234) and (232) for
large |a|, obtaining

(AV)E

1 .
<V)2 ~ Wcothg(coshy +F. sinhy, ), (236)
G
(A )é th( hy, +F_ sinhy,), (237)
() " TaPeosg, 8T TS ¥
(AC)E th; (coshy, —F_ sinhy,) (238)
(@ " Tasing, s T ’

These expressions still refer to x = 0, so they generalise (213) and
(222). We now discuss the dynamics of quantum fluctuations, fo-
cussing on the volume operator.

Recall from Section 3.3.2 that the single-mode GFI Hamiltonian
(149) makes the evolution operator U(x) = e iHX g squeezing oper-
ator (with purely imaginary squeezing parameter). Relations allow-
ing a reordering of displacement and squeezing operators, or the
composition of two squeezing operators into one, are well known
(see appendix Section B.2), and it might be tempting to work in the
Schrodinger picture and to define

A A N

pcla,z, B x) = U(x)D(a)8(z2) pp §' (2) D' (@)U (%), (239)

as a time-dependent Gaussian state. However, one finds that using
properties such as (433) and (434) on (239) leads to very complicated
calculations, due to the mixing of parameters. We thus keep working
in the Heisenberg picture, in which the explicit dynamical equations
(154), (205) and (206) allow us to obtain the x-evolution of all the
quantities of interest. For example, the x-dependent expression of the
volume expectation value reads

. v . .
(Vy)g = > [2]a|2(cosh2w)( + sinhyyy singg) — 1

(240)
+ cothy (sinhy,y sinhy, siny 4 coshaey COShzr)} .
2

While it is not useful to show all the other x-dependent counterparts
of (232), (234) and (235) in full, one can compute them in the same
fashion (also using (155) for quantities containing C). Crucially, we
find that Gaussian states can be chosen to make the volume relative
uncertainties, (AVy)2/(Vy)2, arbitrarily small at all times. We can
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analytically show this again by considering the asymptotic behaviour
of the evolving volume fluctuations for large |a|, finding

(AV)Z  cothg)n )
<VX>%§ ‘[X |2 (Sin219 SinthX + COSth)C)z

, (241)

with

© = sinhy, (sinyy + sinhy, siny ) + coshyey (sinhy, singg sing +-1) (242)
242

+ sinhy, cosyg cosy .

Again avoiding the problematic values ¢ = T + k7 with k € Z,
this is the product of a bounded function (in x) and a factor 1/|a/|?,
which can hence be made arbitrarily small at all times. (241) exhibits
similar features to the coherent-states case and generalises (215) to
Gaussian states by also keeping squeezing and thermal contributions.
The dynamics hence do not spoil the semiclassical behaviour of suit-
ably chosen Gaussian states. To give some graphical intuition, we also
plot in Figure 22 a few instances illustrating some interplay between
the various state parameters, in particular exemplifying that |a| can
make (AVy)2/ (V)2 as small as desired at all times. Compared to
the choice of |«|, the other parameters seem to have relatively minor
impact on the relative uncertainty.

@V, (av,y

(%Y
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Figure 22: Volume relative uncertainties with Gaussian states for some state
parameters.

Finally, we can explicitly find the asymptotic behaviour represented
by the plateaus in Figure 22,

(AV(x)E xoEe 5 8|a|*(singg 4-1)?

<V(X) )& [2|a|?(singg £1) + cothg,, (coshy, + sinhy, siny)| 2
(243)
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which generalises (216) and shares the same properties. In particular,
denoting Ag the right-hand side of (243), we can approximate it for
large |«| and see that it can be made arbitrarily small:

Ao ~ . (244)

2 cothg /2(coshy, £ sinhy, siny)
2 (1 £ singy)

3

We can also expand (AVy)2/(Vy)2 in inverse volume powers as per
(209), finding

A v v’ L
A <+<v>) HoeE e (w) S

where, using h. = coth; (coshy, £ sinhy, siny) to encapsulate squeez-
2

el

ing and thermal contributions,

]’li (4|a]2(sin219 :|:1) + hi)
8

2|a|?(singg F1) F h+
hy + 2]a|?(singg +1)
8|a|* cosyg coty (e — hz) + coty (he — he ) F 4
20y (hy + Ala|?(singg £1))
- 2|a|? (hy + h— + 2|a|? cos3y £ singg(hs — hy)) +h_hy —4
(hs + 2|a|2(singg +1))°

Cg = (246)

Interestingly, here again Bg = Ag, as with all the other states. One
can check that Cg reduces to (218) for r = 0 and p — oo (since h+ — 1)
and vanishes for « = 0 and B — o (cf. (223)).

To summarise, we have seen that the general family of Gaussian
states contains states with small relative uncertainties and can thus
be regarded as semiclassical. This property is realised for the volume,
the Hamiltonian and the C operator in the context of GFT cosmology
in the deparametrised approach, and it holds at all times (crucially
at late times, where quantum fluctuations are actually expected to
be small). Because all harmonic cosmologies [59, 79, 80] rely on the
same underlying Lie algebra, these results actually hold for any gen-
eral su(1,1) (or CVH) quantum cosmological scenario. As for coher-
ent states, Gaussian states do not saturate the Robertson-Schrodinger
uncertainty principle, showing again that it is not clear whether such
a criterion should be invoked to classify states as semiclassical.
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5.3 ALGEBRAIC APPROACH AND SEMICLASSICAL STATES

In this section we explore the role and behaviour of semiclassical

states in the original formalism of the GFT cosmology programme,

namely the algebraic approach reviewed in Section 3.2.1 and applied

to cosmology in Section 3.3.1. In particular, we investigate whether

We continue to generalised Gaussian states can exist, and we highlight differences
adopt the  with the deparametrised approach adopted in previous sections.

single-mode

o ) We have seen in Section 3.2.1 that the algebraic formalism for group
restriction as with

previous sections. field theory shares some similarities with a Dirac quantisation. It is
based on the construction of a kinematical Hilbert space of abstract
states, among which physical states are selected by demanding that
they satisfy a constraint coming from the underlying theory. In this
picture, states in the GFT kinematical Fock space (84) would be un-
physical quantum tetrahedra (or spin network-like states, see (83)),
on which dynamics are imposed a posteriori. As we have pointed out,
since physical states live on the original Hilbert space, one finds that
they have infinite norm (see, e.g., (124), (125) and (128)). Moreover,
working in a “timeless” setting, one defines kinematical operators as
relational observables (e.g., the volume as a function of the scalar field
X), which may also contain infinities. We will encounter divergences
at many points in this chapter, so that our expressions need to be
treated as formal and subject to some regularisation procedure (some
ideas for dealing with these infinities include the coherent peaked
states seen at the end of Section 3.3.1 [272] and the work on smeared
observables of [40, 41, 250]). We are mainly interested in a general
conceptual comparison with the analysis on Gaussian states of Sec-
tion 5.2; regardless of divergences one can check whether Gaussian-
like states can be defined in this formalism, in the sense of at least

approximately physical states (see discussion around (93) and (94)).

COHERENT CONDENSATE STATES.  The only class of states which

has been successfully used to extract cosmological dynamics in the

The specific proposal algebraic approach is given by field coherent states
given by the
coherent peaked o) = 15(0') @), (247)
states of [272] is
part of this class of with

states (cf. (140)).

Do) = exp ([ dx [0 00 ~ 790 ) (248)
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which we define here in analogy with (210) and (211) using a displacement-
like operator. Due to the Baker—-Campbell-Hausdorff formula, (247)
is equivalent to a single-particle condensate state of the type usu-
ally adopted in the literature, namely (124) (which explicitly shows
a divergent norm, see comments below (127)). We have seen in Sec-
tion 3.3.1 that states of the form (247) can solve (92) exactly provided
that the displacement parameter o () satisfies the classical free GFT
equation of motion (127), namely (8?C — wz) o(x) = 0. The solution
to this equation determines the dynamics of the algebraic approach
since the volume depends on x via () (cf. (131)). In particular, one
can obtain the volume expectation value (V(x)), given in (131) and
show that it satisfies the Friedmann-like equation given in (134). Fi-
nally, let us recall that the states (247) are considered semiclassical in
the sense that volume fluctuations, once regularised, decrease auto-
matically over time as () grows exponentially (cf. (139)).

5.3.1 Gaussian-like states

Because the effective Friedmann equation (134) seems to rely on co-
herent states, as indicated by the index of (V(x))o, it is natural to ask
whether one can use more general states — such as Gaussian states —
to obtain a similar result. Given how dynamics are implemented in
the algebraic approach, we shall see that it is not clear whether Gaus-
sian states are a useful option for this framework. In order to define
generalised Gaussian states we resort to the thermofield formalism
since a well-defined procedure in terms of thermal-like density ma-
trices is not directly available in the algebraic approach to GFT. The
thermofield dynamics were developed in the context of GFT in [40,
41, 250] for thermal coherent states; this naturally extends to the case
of Gaussian states following the strategy of Appendix B (see in par-
ticular Section B.2), with suitably generalised definitions. Explicitly,
in analogy with (450), a Gaussian-like state in the algebraic approach
can be defined as*

|0, B) == D(0)S(0)1Dp), (249)

Just like (247), the state (249) has a divergent norm. Again, one could impose a
cutoff in the x integrations, but in this case the divergences are even more severe. In
Section 5.3.2 we provide more details on condensate states and their norms.
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where we introduce a squeezing-like operator (cf. (220))

A 1 . SN A
80 =exp (3 [ ax (0@ 002 - TPw] ), @0
and the algebraic counterpart of the thermal vacuum (444),

@p) = T(65)|2,2),

R . s (251)
7(65) = exp [ dreso [0 03 (0 - 9090 )
The general construction of Section B.2 applies here: the state |@,?)
is a product vacuum for the doublet kinematical Hilbert space (cf.
(82)), the tilde operators ¢(x) and @t (x) satisfy the algebra in (81)
(e, [¢(x), ¢ (X)] = 6(x — x')) while commuting with non-tilde
operators, et cetera. In particular, one can make use of the relation
sinhz(Gﬁ(X)) = (eP) — 1)1 (cf. (449)) to express results in terms of
the statistical parameter ().

Such a Gaussian-like state is not physical as it does not solve the
constraint (92). More precisely, focussing on the case of a pure Gaus-

sian state for simplicity,

l0,0) = D(0)S(0)|2), (252)

(92) leads to the condition

@ - @) (700 + £ anh(2GoD) (9400~ 7)) ) =0, (253)
Xl

which cannot generically be solved for the displacement and squeez-
ing functions () and {(x). Including thermal contributions only
results in a more complicated equation with no interesting novelties,
as T (0p) is essentially a generalised squeezing operator just like S({).
While setting ¢ = 0 in (253) returns the classical equation of motion
for o(x) (which makes the coherent-like state (247) physical), notice
that setting o = 0 shows that a purely squeezed-like state

10) S(C)](Z)) (254)

is also unphysical as

@~ ) (X k(20 9" (1)) =0 (255)

cannot yield a solution for the squeezing function {(x).
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The usual strategy in this situation is to shift the attention towards
averages, and require that the state be only approximately physical.
We can use the general Gaussian states (249) in (93), e.g. with O =1,
to determine the form of our state parameters as functions of x. One
finds that the first Schwinger-Dyson equation does not provide a
condition for the squeezing and thermal functions:

5S¢, ¢t 2
<£W¢]>g . (0% — @?) (9(X))o,z.p

= (07 —w?) o(x) = 0.

(256)

As essentially observed in [40, 41, 250] for thermal coherent states, we
can only determine the x-dependence for the displacement parameter
o(x), which in particular is the same as in the (pure) coherent-states
scenario. This is due to the fact that squeezed states |{), and thus
also squeezed thermal states |, B), have a vanishing field expectation
value (C, B|¢(x)|C, B) = 0. As a consequence, one cannot use (256) to
extract dynamical information for ¢ and B.

Since going to Schwinger—Dyson equations of higher order is rather
complicated (see Section 5.3.2 for an attempt with dipole states and
squeezed-like states), we can follow the idea of [40, 41, 250] and as-
sume that the parameters ¢ and p are constant. While the dynamics
is still governed by the same function (), this simple generalisa-
tion does affect observable averages (such as the volume), and hence
the resulting Friedmann equation, with new static contributions of
squeezing and thermal nature. From the volume expectation value
computed with (249),

5(0)
ef—1

(V(X))e.z6 = o[lr(0) P +5(0) sinb?(1Z]) + -5~ cosh(2[2])], (257)

one finds the following effective Friedmann equation:

( 1 d<‘7(x)>a,é,ﬁ)2
VD)erp
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Of course, (257)
reduces to (131)
when squeezing and
thermal
contributions are
switched off ( =0
and B — o).
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where E and Q are given in (133) and the squeezing and thermal

contributions are encoded in

€ = 6(0)[1 — coth(B/2) cosh(2[¢])] ,

) 1 (259)

As mentioned, we formally keep the Dirac delta distributions in these
expressions assuming one can get rid of them by using, e.g., a smear-
ing procedure [40, 41, 250]. Notice that such divergences affect the
thermal and squeezing contributions already at the level of the vol-
ume expectation value (257) (contrary to the coherent-state case where
they only appear at the level of fluctuations, see (139)).

Of course, when { = 0 and B — oo, the generalised Friedmann
equation (258) reduces to (134) since £ = Q = 0. Similarly, one can
check that the result of [40, 41, 250] with a “static thermal cloud”
emerges by setting ¢ = 0. We remark however that both (258) and the
modified Friedmann-like equation of [40, 41, 250] represent only a
somewhat weak generalisation of (134) as the new contributions are
assumed to be x-independent; this is an arbitrary assumption that
was made because the model is not predictive for ¢ and B (cf. (256)).

Along the same lines, one can also find new constant contributions
to the volume fluctuations for general Gaussian-like states. Since all
the x-dependence is encoded in the displacement parameter o(y),
one can proceed to remove the divergences of the usual kind and
find again that relative uncertainties are automatically tamed under
time evolution. To give a concrete but concise example, the pure®
Gaussian-like states |o, {) defined in (252) yield the following relative

uncertainties
~no _
(A‘;/ZU,C _ IO E . (260)
Whoe 20g) (Io(o) P +6(0) sinb?(12)))
with
= = 2[Zlo(x) P cosh(2l¢]) +sinh(2¢)) (00T +o (1)

+6(0)|¢|sinh*(2/Z]) -

Since () grows exponentially, one easily finds that at late times
(260) reduces to an analogue of (236) (in this case with B — o). Of

One can write down an expression including B, but it is not insightful to show this
in full since thermal contributions are of squeezing type (see thermofield formalism
in Section B.2) and assumed to be constant.
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course, in the limit { — 0 one recovers (139). Notice that when o =0
one is left with an expression which incidentally has no divergences,

namely

(AAV)%
(V)2

= 2coth?(|¢]), (262)

just as in (222). We show a similar feature for dipole states (expected

to be a type of squeezed state) in Section 5.3.2.

5.3.2 A closer look at condensates: the dipole states

In this section we provide more details on the (condensate) states that
have been proposed in the algebraic approach to GFT [183, 187, 294,
300], and study their properties in relation to the questions addressed
in this chapter.

As mentioned in Section 3.3.1, the single-particle condensate state
ubiquitously adopted in the literature |0) (cf. (124) or equivalently
(247)), with o () solving the classical equations of motion (127), is an
exact solution of the constraint (7) for a free GFT. After some regular-
isation (e.g., a cut-off in x) is adopted to make the state well-defined,
this yields compelling cosmological effective dynamics (134) as well
as volume uncertainties (139) which are well-behaved if one considers
smeared observables.

Next to |o), two-particle (or dipole) condensate states

) = Neewp (5 [ axE004 009" 0 ) 10), (263)

with
N = exp (— ¥ 400 | dx\é‘(x)!”‘) , (264
o1 4k

were also initially proposed for GFT cosmology [183], even though
they were never used to obtain relational dynamics. Here we return
to these states because of the connection with squeezed states (see
Section 5.1.2, and in particular (228)), which makes them part of the
Gaussian states family. Indeed, assuming one can make such two-
particle states well-defined, dipoles |&) (263) and squeezed-like states
|C) (254) correspond to the same type of states and share the same

properties.
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An important difference between the normalisation factor Nz in
(264) and the one given in [183] is the appearance of a Dirac delta
function 6(0) due to the commutator (81), which does not appear for
models without a matter scalar field. A cut-off in x, while required
to make sense of the integrals in ./\/'g, is not enough to make the state
well-defined; some other regularisation would be needed to deal with
the 4(0). As in Section 5.1.2, we will proceed to study properties of
dipole states assuming that a way of regularising (263) is found (and
hence leaving formal §(0) factors in our expressions). We shall see
that, even assuming they exist, dipole states are not viable candidates
as semiclassical states for the class of GFT models discussed in this
paper, for a number of reasons.

Formally keeping divergences in all our expressions below, one
can “blindly” follow the usual strategy to derive a cosmological sce-
nario by focussing on the volume operator. Computing its expectation

These computations value with respect to (263), one finds

generalise the

(€9 o))

coherent-state ones

of the literature, <V<X)>§ =0 <§|C>
described in |‘;{(X) |2 (265)
Section 3.3.1 (see, = Z7‘5(0)72 4
1—15(x)]

e.g., (129)).
where again the commutator (81) gives rise to a §(0). Since the expec-
tation value (265) is positive by construction, one concludes that the

dipole function must satisfy the condition

c(0)l <1, (266)

similarly to what we observed in Section 5.1.2. Next, we shall find that
for any ¢(x), quantum fluctuations of these states are never small. To

see this, one first computes the volume variance (using the property
(138)) as

(AV () = 22 [3(0) (9" (0)9(0)z + (97 ()27 () — (8" (09 ()]

_ 21E(x)|?
= PO e —17

so that the relative uncertainty reads

= i (268)
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Even though the 6(0) distributions fortuitously cancel (as already
seen in (262)), such fluctuations can never be made small because
of the condition (266). This means that dipole states never become
semiclassical according to our main criteria.

One can now still turn to the task of finding the form of () using
dynamical equations, but as anticipated for squeezed-like states in
Section 5.3.2 (see in particular (255) and discussion thereafter), this
does not seem to be possible. First of all, the dipole state (263) is
not exactly physical since it does not solve the constraint (92). To be
precise, using the property §(x)|&) = E(x)#" (x)|Z), from (62) one

can obtain the condition

(@2 - w?) (2009 (0) =0, (260)

which cannot yield a solution for the dipole function ¢()x). (269) is
the analogue of (255) translated into the notation of dipole states via
(228).

One could then try to find () as an approximate solution from ex-
pectation values of the type (93). As already assessed in Section 5.3.2
for more general states (cf. (256)), the first Schwinger-Dyson equa-
tion does not help in this respect since dipoles have vanishing field
expectation value. Climbing the tower of Schwinger-Dyson equations
would entail setting, e.g., O = ¢ in (93), which gives

(ayzc —@?) (€lo(xNe(x)Ig) = 0. (270)

Calculating explicitly the correlation function (&|¢(x")9(x)|&) yields

2 _ 2 Nt RR v olHCols
@~ ) (o0 i)

- @) (-0 o

where in the last step we used the relation 6(x — x') f(x, x') = d(x —

(271)

X)f(x). To show the connection with squeezed-like states one last
time, one can write the same Schwinger-Dyson equation using the
state |¢) = S({)|@) defined in (254) with (250), finding

@ - ) (o0 - 1) 35 sinn(2120)) ) = 0. (272

Unfortunately, it seems that no nontrivial solution to either (271) or

(272) exists. Schwinger-Dyson equations of higher order would be
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even harder to solve. In short, two-particle states such as squeezed-
like states (254) or dipoles (263) do not seem to be suitable candidate
states for the GFT models under investigation. Specifically, while they
are clearly not semiclassical (cf. (268)), it is also not clear whether one
can tackle the problem of finding a condition for the function &(x) so
to extract dynamics (in the same way that solving (127) gave rise to
o(x) in (128) which led to (134)), in any meaningful way.

These observations are in conflict with some results of [183], where
a detailed account on dipole states can be found. In particular, in the
specific case of a GFT coupled to a matter scalar field ), the condition
on the dipole function is not given by the classical GFT equation of

motion (97),

(0 —w?) E(x) =0, (273)

as was claimed in [183]. Interestingly, plugging the solution of (273)
(ie., ¢(x) = ae“X + Be~“X) into the volume expectation value (265)
one finds new effective cosmological dynamics, where the volume

diverges as (V(x))s ~ (x — x0) "
In particular, assuming a« and p are small (so to satisfy (266)) and real

in a finite relational time x = xo.°

for simplicity, one has the effective Friedmann equation

where C; = 1 —-12af, C; = 4ap, C3 = 2 —12af and Cy = 1 — 4ap.
Note that the last two terms in (274) effectively behave like matter com-
ponents with equations of state typical of “dust” and “dark energy”,
respectively. To see this explicitly, we recall that in classical cosmol-
ogy the relational Friedmann equation for the volume as a function

of x takes the form [184, 302]

1 dv(y) ) 2 o
- = AV w;+1 , (275)
where A; are constants and 7 labels the different types of perfect fluids
(with equations of state p; = w;p;) in the Universe. Comparing (274)
and (275) one can readily find the “effective equation of state param-

v(1—4ap)~1/2

6 If (a, B) € R, one finds (V(x))s ~ o)

wyo = In ( 1+,/21a—4a/5> '

, with time of divergence given by
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eters” w3 = 0 and wy = —1. Note that a term ~ 1/ (V(X)%, usually
characterising effective Friedmann equations coming from GFT, is ab-
sent in the “dipole cosmological dynamics” (274). While this path
might have some interesting implications from a phenomenological
point of view, it is not clear why one should assume (273) to begin
with.

5.3.3 Physicality conditions

To shed some light on the more general question of finding physical
states, we conclude by deriving the general solution to the constraint
(92), here

(8)2( —w?) p(x)|®) = 0. (276)

Any element |®) of the Fock space (84) can be written as

©) = Y- [t fulras 20090 (1) - 8T (00)ID), @77)
n=0

where the functions f, are totally symmetric under exchange of their
arguments. Substituting this form into (276) and using the commuta-
tor (81), it follows that we would need
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) ”/dX1---anf1 (02 — @) fuldo X1+ Xn=1) @ (x1) - - 9T (Xu-1)|@) =0,
n=0

(278)

which is true if and only if
/d)a e dxtn1 (93 = @) fut X1 X)) -+ 9T (Xn1) = 0
(279)

for all values of n. If such equations are satisfied by some f,, then
the state |®) is physical. For example, forgetting about normalisation,
the coherent state (124) corresponds to (277) with

Falt o) = 10 3) -0 ) (280)

The conditions (279) for the first few n’s read

In (281) we are
explicitly showing
n=123.
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(3 —w?)o(x) =0,
/ dx10(x1) ¢'(x1) (83 — w?)e(x) =0,

~t ~t 2 2 (281)
[ @ da oo () 9 (19" (12) (@ - w?)e) =0,

Clearly all these conditions are met if () satisfies (127). Note that
the constants 1/n! in (280) do not play a role in obtaining (281), so
(280) can straightforwardly be generalised to f,(x1,. .., Xn) = cn0(X1) - -
where ¢, are generic coefficients. In other words, one can define a

slightly more general class of exact physical states,

k) =F ([ axet0s' o) le), (282)

where F can be any function that can be expressed in a power se-
ries, generalising the previously used exponential (cf. (124)). However,
all these (physical) states are non—normalisable regardless of F; even
the simple one-particle state | 4 ) = [dxc(x)¢'(x)|D), for example,
would require a cut-off as (4 |4 ) = [ d)(|0* )|2. The only regular
physical state (without any cut-off) seems to be the Fock vacuum.

As a last example, we can use the general expressions (279) to con-
firm that the two-particle condensate state (263) cannot be a physical
state. Again forgetting about the normalisation, (277) reduces to a

dipole state by choosing f,,(x1,...,xn) = 0 for n =2m + 1 and

(X1 — Xmt1) - 0(Xm — X2m)G (Xm+1) - - - C(Xam)
(283)

fn()(l/---/?(n) = ZTm'

for n = 2m, where m € IN. The state would be physical if the condi-

Excluding the trivial tions (279) are satisfied. However, the first few read
(odd) ones, in (284)

ety o @ - (209 (0) =0,
[ @ 260) (8" 002 @2 — ) (2006 (0) =0,

[ ddie ea)e(e) (0 () P67 () P32 - @) (20067 (0) =0,

which reduce to the condition (269).
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In conclusion, it seems that only states built from iterations of the
same single creation operator [ dx o (x)¢'(x), generically given by
(282) and in particular including the coherent state (124) (or equiva-
lently (247)), are exact solutions of (276), and hence physical states.
To the best of our knowledge, no other (nontrivial) state can be found
such that the infinitely many conditions (279) are satisfied.

5.4 CONCLUSION AND OUTLOOK

In this chapter we constructed the wide class of (mixed) Gaussian
states in the context of group field theory and su(1,1) quantum cos-
mological models, and we analysed relevant properties for such states
to be semiclassical and lead to a macroscopic cosmology. Drawing
inspiration from quantum optics and quantum information theory,
we defined Gaussian states in their most general form by applying
displacement and squeezing operators to a thermal state. In a dis-
crete setting such as GFT, the notion of particle number allows one
to think of a statistical ensemble where adding or removing quanta
might come with some intrinsic cost in “energy” (usually the chemi-
cal potential in thermodynamics). In this sense, the “thermal” effects
appearing in our results are not inherently related to some physical
temperature like the one adopted in standard cosmology, but a grand-
canonical interpretation might be more meaningful.

Our work extends prior research in GFT cosmology, which mainly
focused on coherent states, to the more general family of semiclassi-
cal states, in the context of a free GFT and a single field mode. The
general family includes pure coherent and squeezed states as special
cases, as well as thermal (or generally mixed) states. In the context
of the deparametrised approach to canonical quantisation of GFT, we
provide explicit analytical results for quantum fluctuations at all re-
lational times. We find that while Gaussian states generally do not
saturate the Robertson-Schrédinger inequality, their fluctuations can
be minimised, especially at late times (where classical behaviour is
expected to emerge). This result is mainly governed by the displace-
ment parameter, which can be adjusted to include nonvanishing ther-
mal and squeezing contributions. All such results rely on the algebra
generated by the volume, the Hamiltonian and the C operator. For
this reason, our findings apply to any general quantum system based
on the su(1,1) algebra, such as loop quantum cosmology.
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Additionally, we investigated Gaussian-like states within the alge-
braic approach to GFT cosmology and found that, although we can
define generalised Gaussian states assuming some regularisation is
performed, no such states appear to be physical (even approximately),
except for the pure coherent states considered in prior studies. In light
of these findings, we analysed a simplified scenario where squeez-
ing and thermality are time-independent, deriving an effective Fried-
mann equation that extends previous results, and observed that vol-
ume fluctuations decrease over time. We also found a class of physi-
cal states that are more general than coherent states, but these are not
Gaussian states and are (in general) not semiclassical.

As we will emphasise in Chapter 7, future research could explore
the connections between entanglement, entropy, and geometry in GFT
(which has seen recent attention for example in LQG [58, 70, 264]),
and extend our work to multi-mode Gaussian states, which may re-
veal new features for GFT cosmology that are not captured by the
single-mode approach used here.

We stress that the algebraic approach and the deparametrised set-
ting described in Chapter 3 were always considered to be two sides of
the same underlying scenario, simply adopting different perspectives
(more precisely, different quantisation strategies). After all, they were
always found to give very similar results in all applications to cos-
mology (including the work on anisotropies of Chapter 4). The new
discrepancies encountered here, specifically related to the implemen-
tation of dynamics and the discussion on quantum states, motivated
the work of the next chapter. In Chapter 6, we will clarify some as-
pects of relational quantum dynamics for canonical GFT by means of
a rigorous Dirac quantisation (cf. Chapter 2) and the Page—Wootters
formalism.



RELATIONAL QUANTUM DYNAMICS AND
PAGE-WOOTTERS FORMALISM

This chapter introduces a novel and rigorous definition of relational
quantum dynamics for group field theory by means of well-established
quantisation methods. With the exception of minor review sections
(where we briefly recall necessary notions regarding, e.g., Dirac ob-
servables and the Page-Wootters formalism) it constitutes original
research, and it is based on [101].

We have seen in Part I that a central theme in many approaches
to quantum gravity is that of background independence. This prin-
ciple stems directly from general relativity where the geometry of
spacetime is not taken as a background structure for a given system,
but rather is understood as a dynamical part of it. In particular, the
absence of a background time poses a challenge for the definition of
dynamics, which leads to the “problem of time” of classical and quan-
tum gravity [233, 257]. More precisely, as we mentioned in Section 2.1,
the canonical Hamiltonian of general relativity vanishes on shell and
gravitational observables, required to have vanishing Poisson brack-
ets with the constraints, appear to be “frozen” in coordinate time [16,
133, 224]. The most common proposal to bypass this problem is to
adopt a relational strategy, where one picks a degree of freedom of
the system to serve as internal time relative to which the remaining
degrees of freedom evolve. For example, in the case of cosmological
settings, the proposal is usually to add matter (commonly a massless
scalar field) to describe the relational dynamics of the gravitational
degrees of freedom.

As we will exemplify in this chapter, one can classically define rela-
tional Dirac observables of constrained systems following the general
theory of [135, 190, 358] (see also [336—339] for earlier work and [197]
for a recent extension of the concept of relational observables), which
allows to deal with the freedom of choosing different clocks by means
of “complete observables”. These implement precisely the idea of en-
coding dynamics as a relation between phase space functions, with-
out referring to any external structure (in particular any background
time). The quantum theory for constrained systems can be obtained
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In the case of
gravity, the
constraints are
associated with the
notion of covariance,
see Section 2.1.
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following the Dirac quantisation programme [133, 224, 282], which
has the advantage of preserving the structures of the classical theory
such as constraints. The Dirac programme provides a clear notion
of relational observables for the quantum theory and importantly, be-
cause all the degrees of freedom are treated on the same footing, does
not require any gauge-fixing or choice of time parameter before quan-
tisation. This aspect is clarified in particular in the recent work of [227,
228] (see also [106] for a study on periodic clocks), where the Dirac
quantisation programme is denoted “clock-neutral” as it describes
physics before choosing a (temporal) reference frame.

As explained in Section 2.3 and Chapter 3, GFT adheres to the
paradigm of background independence, and describes spacetime as
emerging from the collective behaviour of (possibly pre-geometric)
quantum gravity degrees of freedom [160, 296]. While GFT is closely
related to the covariant spin foam formulation of LQG and to ten-
sor models (cf. Chapter 2), we showed that the canonical framework
of Chapter 3 provides an excellent arena to explore cosmological ap-
plications (cf. Section 3.3). This is similar, in spirit, to the situation
in canonical LQG (which inspired a Hilbert space quantisation for
GFT in the first place [298]) and its cosmological sector loop quan-
tum cosmology, as both settings offer relatively easy access to dynam-
ical equations which can be related to the equations of cosmology.
However, while LQG and loop quantum cosmology follow a more
standard quantisation strategy (a la Dirac'), GFT is subject to quite
unique dilemmas which are circumspectly addressed following the
two approaches described in Section 3.2 and Section 3.3.

DISTINCTIVE COMPLICATIONS FOR GFT.  The somewhat peculiar
challenge for the GFT framework is that one cannot directly apply the
standard methods of canonical quantisation due to the absence of a
Hamiltonian formulation of the theory. Since there is no background
time and no immediate definition of a phase space structure at the
classical level (cf. Section 2.3.1), the Hilbert space formalism of the
algebraic approach to GFT is not derived from a canonical quantisa-
tion of a classical theory; rather, it is introduced via the kinematical
structures of a Fock space, constructed along the lines of many-body

quantum physics (cf. Section 3.2.1). As we have seen, this is a canon-

While the full Dirac quantisation programme for LQG faces significant technical
challenges (see the end of Section 2.1), notable progress has been made in the context
of loop quantum cosmology [37] where, due to symmetry reduction, there is only
one constraint associated with the freedom to choose the time parameter.
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ical formulation where the equations of motion are imposed at the
quantum level as constraints (cf. (92)), so as to reduce from the pos-
tulated kinematical Hilbert space to a physical Hilbert space. As il-
lustrated in Section 3.2.2, another way to define dynamics in GFT
is to follow a deparametrised approach: this amounts to selecting a
time parameter for the classical theory which allows to write down
a relational Hamiltonian (cf. (103)), and hence perform a standard
canonical quantisation. Deparametrisation, however, is subject to the
general concerns and criticisms of “tempus ante quantum” frame-
works [233, 257], as it is not clear whether the choice of a classical
time label before quantisation breaks clock-covariance [272]. While
both of these frameworks yield similar dynamics in the restriction to
homogeneous cosmology (cf. Section 3.3 and Chapter 4), one would
ideally like to leverage their complementary strengths by perform-
ing a genuine canonical quantisation of a classical theory in terms of
constraints, without singling out an arbitrary time parameter at the
classical level.

In this chapter we address these challenges by defining relational
dynamics in GFT, in particular for models where a scalar field is used
as relational clock, in a way that connects with the known methods
for quantisation (such as the Dirac programme mentioned above and
the Page—Wootters formalism, as explained below). We will only be in-
terested in the free theory, where interactions are ignored. Follow-
ing the parametrisation strategy adopted in quantum mechanics [133,
224] and quantum field theories [255, 256, 370], we reformulate GFT
cosmology models as constrained systems where the constraint is as-
sociated with the notion of time reparametrisation invariance. This
allows us to implement the programme of Dirac quantisation along
the lines of other systems that are well understood (e.g., loop quan-
tum cosmology), and to connect with the “trinity of relational quan-
tum dynamics” of [227, 228]. Already for the classical theory, we can
define relational Dirac observables for GFT in a precise way as those
that Poisson-commute with the constraint [135, 190, 358]. Quantising
the parametrised GFT a la Dirac, namely reducing from a kinemati-
cal Hilbert space to a physical space via group averaging techniques,
makes clock covariance transparent for the GFT cosmological models
of interest. In particular, we define the relational Dirac observable as-
sociated with the GFT number operator (the main observable for cos-
mology), and interpret its quantum dynamics by means of the Page—
Wootters formalism [309, 381]. More precisely, thanks to the equiva-

While the coherent
peaked states
formulation can be
seen as a “tempus
post quantum”
framework (cf.
(145)), the algebraic
approach still does
not refer to a
Hamiltonian theory
or to relational
observables as in
usual Dirac
quantisation.
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lence established in [227, 228], we describe the expectation value of
the GFT number operator as conditional on the reading of the (quan-
tum) clock associated with the matter scalar field. This is the first ap-
plication of the Page-Wootters formalism in non-perturbative quan-
tum gravity (a recent application to a perturbative quantum gravity
setting was given in [126]), and enables us to discuss GFT cosmology
in a “tempus post quantum” framework [233, 257, 272]. Remarkably,
the relational dynamics turn out to match with the ones obtained in
the deparametrised setting (where the clock is selected prior to quan-
tisation), proving that deparametrisation in GFT cosmology is fully
covariant. By defining a new variant of the Page-Wootters formalism
for the case of multiple quantum clocks, we also generalise the setup
to a situation with multiple Hamiltonian constraints (associated to an
independent gauge invariance for each field mode), which realises
the idea of “multi-fingered time evolution” [253, 254].

Ultimately, in this chapter we establish a framework that consis-
tently describes the relational evolution of GFT geometric observables
with respect to a “quantum time”, here identified with the matter
scalar field. Crucially, this is given by a canonical quantisation that
does not require to single out the clock classically, and where dynam-
ics are implemented by a Hamiltonian constraint (somewhat similar
to the situation in general relativity). We thus ameliorate and some-
what clarify the situation as presented in the literature (so far in terms
of the algebraic and deparametrised approaches of Section 3.2.1 and
Section 3.2.2) by obtaining a manifestly covariant formulation of GFT
relational quantum dynamics. This in particular is equipped with the
conditional interpretation of the Page-Wootters formalism, and hence

provides robust insights on relational dynamics for quantum gravity.

OUTLINE OF THE CHAPTER.  We start in Section 6.1 by parametris-
ing a simple GFT model, which relies on a single field mode, and we
discuss the notion of classical Dirac observables. We then quantise the
theory in Section 6.2, clearly distinguishing between kinematical as-
pects and relational quantum dynamics, obtained equivalently with
the Dirac and the Page-Wootters formalisms. The construction is gen-
eralised to the case of multiple field modes in Section 6.3, where we
showcase two scenarios: one where all the modes evolve with respect
to one clock, and one where they evolve with respect to separate
“single-mode times”, respectively in Section 6.3.1 and Section 6.3.2.

We provide a summary of the results in Section 6.4.
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6.1 PARAMETRISATION OF CLASSICAL GROUP FIELD THEORY

Working with a group field ¢ : SU(2)* x R — R, we consider a free
GFT defined by an action with kinetic term (79). We then start from
the action (100) neglecting the interactions, which after integration by
parts yields (101), reported here (without V[¢]) for convenience:

Solo) = 5 [ dx X (K”9-1009100 — KParg (002291 (0))
J
(285)

We now apply the general idea of deparametrisation (see, e.g., [133,
224]) as explained in the following. To start with a simple case, we re-
strict the formalism to a single field mode | with vanishing magnetic
indices,” and we postpone the discussion of a quantum theory with
multiple field modes to Section 6.3. The action then reads

1
Solgl = 580 (K”) [ax [[K” |} + K7 |@xep)?] . (86)

where we chose a mode for which K§O) and K}Z) have opposite sign,
meaning the dynamics for this mode are governed by a Hamiltonian
of the form (cf. (103))

1 7,2
Hy(¢y, my) = 5 sgn (K}‘”) ‘K(]Q)‘ - \K§O)|€D§ : (287)
]

Because we deal with this (specific) mode only, we drop the label |
in the following discussion. Since the global sign of (287) is irrele-
vant,? from now on we choose K& < 0 and K(© > 0 without loss of
generality.

Following the standard parametrisation strategy [133, 224], we now
introduce an arbitrary parameter T to describe ¢(x) by means of two
functions ¢(7) and x(7), so that the group field and the matter field
are treated parametrically on the same footing. In this manner we

obtain a new action

_ 1 0) 2 (99)?
S[e, x] = Z/dr [\KO |p*(0-x) + |K?| oy |- (288)

Recall that a mode (59) with m; = 0 satisfies | = —]J.
This becomes transparent by explicitly solving the eigenvalue problem for (the quan-
tum version of) the Hamiltonian (287), as we do in Section 6.2.
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Just like in

Chapter 3, in the
following we always
refer to GFT models
coupled to the
matter scalar field x
(cf. Section 3.1).

In the quantum
theory, expressing
the Hamiltonian
(287) in the ladder
operator basis, one
finds the squeezing
Hamiltonian in
(123), as explained
in Section 3.2.2.
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(cf. Section 2.1).
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symbol C should not
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constraint (5) of GR.
The same reasoning
applies to the
multiplier N.
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The Hamiltonian theory derived from the parametrised action (288)
has an extended phase space spanned by coordinates (¢, x) and con-
jugate momenta (774, py) defined as usual,

oL
3(9-
(0r¢) ) (280)

oL 1 1, o1 (9:00)
pX = a(aTX> = E’K(O)|¢2 _ 7‘1((2)’ .

Tty = — k@22

It is easy to check that the Hamiltonian associated to the new action
(288) vanishes. Indeed, the momenta (289) form a constraint

C=px+H(pmy) =0, (290)

where H(¢, y) is given in (287). (290) defines a constraint hypersur-
face in the extended phase space and generates trajectories on such
surface according to

dcf = {f,NC}, (291)

for any phase space function f, where N is a Lagrange multiplier
defining the particular parametrisation of these trajectories. From

(291) one can find the equations of motion
Tty

|K®)

d-x ={x,NC} =N,

orp ={p,NC} =N

4

(292)

while d:71, = d;py = 0. Of course, combining the equations (292) one
finds the definition of 77, in (289). The second equation in (292) shows
that N gives the rate of change of x with respect to the label 7, and
we call it lapse function for this reason (borrowing the nomenclature
from general relativity, see Section 2.1). Using (289), (290) and (292)
one can formulate the same dynamics starting from the action

S[QO,X, TCps Pxr N] = /dT (ﬂ(paﬂo + pxar?( - NC) , (293)

which explicitly shows that NC plays the role of the Hamiltonian
(sometimes called super-Hamiltonian), and indeed yields the same
equations of motion (292). Note that such a parametrised theory de-
scribes the same physics of the initial action So[¢] (cf. (286)); while
(293) contains one extra canonical pair (X, py), it also implies the con-
straint (290) (obtained by varying with respect to N). Since (290) is
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a first-class constraint, it eliminates two degrees of freedom so that
the two actions describe the same number of independent degrees
of freedom. We have now introduced a form of “general covariance”,
as (293) is invariant under T-reparametrisation. This symmetry is re-
flected in the fact that N can be an arbitrary function, playing the role
of a gauge field.

CLASSICAL DIRAC OBSERVABLES. The action (293) is comprised
of two parts: one related to geometry described by the group field ¢,
and one for the matter scalar field x. Since we will want to use the
scalar field x as internal dynamical clock to describe the GFT system
(which corresponds to the choice of the lapse N = 1), we briefly
review here the notions of classical relational dynamics and Dirac
observables. Following [135, 190, 358], we begin by noticing that (291)
defines a flow a/ with parameter T that transforms a phase space

function f as

foablf) = X A Ch, (294

n=0
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where {f,C}, denotes the iterated Poisson bracket defined as { f,C },, 1 :=

{{f,C},C}, with {f,C}o = f. Given that the action (293) is invariant
under T-reparametrisation, the evolution with respect to the flow pa-
rameter T is not physical as it is a gauge transformation on the con-
straint hypersurface defined by (290). Physical observables (known
as Dirac observables) are defined as functions of canonical variables
F(@, g, X, px) that are invariant under T evolution. Then, they satisfy

{F,C} =0, (295)

where ~ represents a “weak equality”, meaning the equality holds
on the constraint hypersurface. In other words, functions F satisfying
(295) are constant along the trajectories (within the constraint hyper-
surface) generated by the constraint (290).

One can now use the strategy of “evolving constants of motion”
[336—339] to define relational Dirac observables, which evolve with re-
spect to another chosen observable along the flow generated by C.
These are also known as “complete” observables Fy, (xo), and corre-
spond to the value a partial observable f takes on C when another

partial observable yx takes the value x(. The second partial observable
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X is thought as a dynamical “clock” degree of freedom, chosen to
parametrise the flow in place of the unphysical parameter 7. In short,
one can construct a complete observable satisfying (295) as [135, 190,
227, 228, 358]

Fralxo) ~ Zm_ { {X,CC}}n' (296)

While (296) holds for (finite-dimensional) systems with a generic Hamil-
tonian constraint [135, 190, 358], our scenario belongs to the specific
class of systems thoroughly analysed in [227, 228]; a simplification
arises because of the partition of the classical constraint (290) into a x

component and a ¢ component
C=Hy+H,=0, (297)

where the so-called clock Hamiltonian is Hy, = p, and the GFT Hamil-
tonian H,, is given in (287). Thanks to the crucial fact that the clock

Hamiltonian is canonically conjugate to yx,

Hyy ={xpx} =1, (298)

a relational Dirac observable associated to a function f, of the GFT
phase space (i.e., a function of ¢ and 77,) takes the simple form (using
(297) and (298) in (296)) [135, 190, 227, 228, 358]

(e ]

Fr, x(X0) Z {f(p/ Hy}u. (299)

In the context of our group field theory (cf. (293)), the observables
Ff, x(Xo) are then interpreted as geometrical quantities (at this stage
still described by classical phase space functions of GFT degrees of
freedom) that evolve relationally with respect to the values that the
matter scalar field takes. For instance, upon quantisation, this setting
will be able to describe the evolution of the GFT number (or volume)
operator as a function of the scalar field. In fact, the partition into
a matter clock sector and a geometry sector will be exploited in the
quantum theory to express the dynamics in the general framework of
[227, 228]; this will allow to relate the parametrised theory introduced
here to existing approaches to canonical quantisation of GFT.
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6.2 QUANTUM THEORY FOR SINGLE MODE
6.2.1 Kinematics

We now quantise the theory described by S[g¢, x] in (293), promoting
the canonical coordinates and momenta to operators with the com-

mutation relations

(9, 7]
[X/ ﬁx]

N

i 7
(300)

i,

all the others being zero. Kinematically, the Hilbert space of such a
quantum theory is the tensor product of two Hilbert spaces: one for
the matter sector associated with the scalar field x and one for the

geometry sector associated with the group field ¢, namely
Hkin = HX ® H(p . (301)

Both H, and H, are spaces of square-integrable functions over the
real line, so that Hy, = L?(R?).

GEOMETRY SECTOR. The Hamiltonian for the (single-mode) GFT
system living on the geometry sector is given by promoting (287) to
an operator on H,, as

Jai :15 n(K(O)) Lé_‘K(O) 52 (302)
' 2 & \K(Z)\ ¢ ’ 3

which resembles the Hamiltonian of a quantum particle with an in-
verted harmonic potential. The Schrodinger problem for the Hamil-
tonian (302) can be solved explicitly [112, 113]. Specifically, given the
shape of the potential and by virtue of general properties for the
one-dimensional Schrodinger equation (see, e.g., [258]), the energy

spectrum is continuous, ¢(H,) = (—o0, ), and doubly-degenerate

Hylyk) = Elph), Ec€R. (303)

As mentioned below (287), note that the global sign factor sgn(K(O))
in (302) is irrelevant since switching sign amounts to a relabelling

of the eigenvalue E € (—o00,c0). Thus we can set sgn(K(®) = 1 for

155
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simplicity and without loss of generality in what follows. In terms of
wavefunctions, we then want to solve H,¢f () = E ¢f (¢), that is

d2
325 (@) + ([KOK g2 12K E) g () =0, oy

To that end, we introduce the variable

¢ =21/ [KOK®] ¢ (305)

so that (304) becomes

& LY e =0 6
digzl/’j[(g)‘F <V+2—4) pi(0) =0, (306)
with
K(2) 1
VvV =-—1 ‘l<(0) —E (307)

(306) is called Weber equation and has known solutions in terms of
special functions known as parabolic cylinder functions [2, 201], de-
noted D, ({). Specifically, the two independent solutions are given
by ¢E(0) = NiDy(Q) and ¢E(0) = N_D_,_1(i{), where N} are
normalisation constants and ¢ and v are given in (305) and (307). In-
terestingly, when v is a non-negative integer 1, a parabolic cylinder
function simplifies to D, () = 27"/2e~¢*/4H,({/+/2), where H,, is a
Hermite polynomial (which notably solves the differential equation
representing the eigenvalue problem for the standard harmonic oscil-
lator).

The first important property that we will need when discussing
relational quantum dynamics in Section 6.2.2 is the orthonormality
of the eigenstates |} ) (switching to the bra-ket notation), which for
suitable NV reads [112, 113]

(WEIYEY = 6,6 (E — E'), (308)

where m and 7 label the degeneracy (+ or —) and the Kronecker delta
Omn indicates that “4- states” and “— states” are orthogonal. (308) is
sometimes called generalised orthonormality because of the distribu-
tional nature of the Dirac delta (one can rigorously deal with distribu-
tions by considering rigged Hilbert spaces; see, e.g., [45]). Moreover,
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one can decompose the Hamiltonian (302) and obtain a spectral reso-

lution in the following form [112, 113]

Ay = [dEE[95) W1+ [dEE9E) ("]

(309)
= [ dEE [yE)(wEl,

where we introduced the notation [, := Y. [ to take into account the
double degeneracy of the spectrum. Note that while a Schrodinger
equation for GFT with the Hamiltonian (302) was introduced in [186,
379], there was no discussion of exact solutions (even for a single field
mode).

Similarly to the deparametrised approach described in Section 3.2.2,
one can now change basis and introduce ladder operators @ and &'
(which are defined just like in (106) in terms of the parameters ap-
pearing in (302)). These are to be considered kinematical operators at
this stage: the dynamics of our (parametrised) theory are only de-
fined when the quantum version of the constraint (297) is used, as we
will do in the next section. In other words, one can build a kinematical
Fock space starting from the Fock vacuum |0) defined by d|0) = 0,
and building n-particle states in the usual way; for example, the one-
particle state reads |1) = a'|0). Moreover, one can discuss kinematical

operators built from & and @, such as the number operator
Nt=a'a, (310)

and the volume operator ¥ = v1. We use a new notation for these
kinematical operators to emphasise that these are a priori different

operators than the ones introduced in the deparametrised approach.

MATTER SECTOR. As already discussed at the classical level, we
will want to use the matter field as relational clock. The quantum
theory living on #, is isomorphic to the Hilbert space of a particle
on a line, so we have the following properties for the § operator

xlx) = xlx),
/ / (311)
xlx') =o(x —x),
and similarly for its conjugate momentum
Pxlpx) = pxlpx)
(312)

(pxlpy) = 6(px — P%)
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We stress that this is
different from the
deparametrised
formalism of
Section 3.2.2, which
deals with physical
states (cf. discussion
around (108)).
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where we choose conventions with (p,|x) = \/%e_ipx?(. It follows
that one can write the identity on H, as

L= [ddn (= [ dpalp (pal. (13)

and the spectral decomposition of X and p, as

X = /dx x [x) x|, (314)
ﬁx =Py = /de Px |px) (pxl- (315)

Notice that interpreting p, as the (quantum) clock Hamiltonian (cf.
(297) and (298)) implies that the operator x in (314) will be interpreted
as time operator.* The clock states correspond to eigenstates |x) of the
time operator X. Such states “evolve” under the action of the group
generated by p, as

Uy (a)[x) = X' +a), (316)
where
Uy () = e Px%, x€R. (317)

6.2.2 Relational dynamics

One now makes use of the quantum version of the classical constraint
(290), C, to identify physical states among the kinematical ones. This
is the first step of the Dirac quantisation procedure, which allows to
discuss the notion of relational Dirac observables in a precise sense
(via the quantum analogue of (295) and (299)). At the same time, the
tensor product structure of (301) suggests that the Page—Wootters for-
malism (recalled below) could also be used to implement the notion
of relational dynamics. For this reason, we explicitly write the quan-

tum constraint as

A A

C=px+Hy
Pr®Iy+ 1, ® H,y,

(318)

where I, and I are the identity operators on H, and H, respectively.

It was shown in [227, 228] that with a constraint of the form (318),

More formally, one can define the time operator £ as the first moment operator (314)
of the “time observable” Ey := |x) (x|, in turn defined via the most general notion
of quantum observable as a positive operator-valued measure (POVM) [227, 228].
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the Dirac algorithm for a constraint quantisation (for instance imple-
mented using group averaging techniques) and the Page-Wootters
formalism yield equivalent relational dynamics, as we will exemplify
with our GFT model.

From now on, both operators and states will occasionally have a
subscript x or ¢, to clarify (when necessary) in which sector of (301)

they act or live.

DIRAC QUANTISATION. A generic state in the kinematical Hilbert

space (301), |¥xin) € Hiin, can be written as

|Yiin) = /idE/dPxTi(PXrE) Py)x @ |¢’i>qv~ (319)

Following the Dirac programme for quantising constrained systems,
one defines physical states by demanding that they are annihilated
by the constraint (318),

C|¥phys) = 0. (320)

As is well known [367], such physical states are not normalisable in
Hiin; one needs to introduce a new inner product since (¥ phys| ¥ phys) kin
diverges, where (-|-)yin is the inner product on (301). One way of do-
ing this is by “projecting” a kinematical state onto a physical one by

means of group averaging [279, 280, 367],
5(C) = 1 /dzx einC (321)
2 ’
as [¥phys) = 6(C)[¥uin), and then defining a physical inner product

<‘thys"¥phys>phys = <‘Pkin|5(é) |Tkin>kin . (322)

Starting from (319) and using properties (303), (308) and (312), one
explicitly finds

[¥pnys) = [ AE¥s(=EE) |~ E)y @ [¥E),, (23)
and

<1thys|Tphys>phys = /:t dE |Ti(_EI E)|2' (324)
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similar to the
situation in general
relativity (cf. (7)).
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This norm defines Hppys as the space of solutions to (320). Physical
states do not change under the flow of the total Hamiltonian C,

HX?(“)|Tphys> = |1Pphys> ’ (325)
with
Uyp(a) := e iC = giapy @ giaHy x€R, (326)

and are sometimes called “timeless” or “frozen”. More recently [227,
228], they have been denoted “clock-neutral” as they describe physics
before choosing a temporal reference system. (325) is what gives rise
to the problem of time [233, 257], which can be tackled by defining
the quantum counterpart of Dirac relational observables (cf. (295) and
(299)). Indeed, one can now choose the temporal reference system
(namely, the clock) associated with the Hilbert space H, with proper-
ties (311)—(316), and find the quantised version of (299) as [227, 228]

Fr, x(x0) = /dx\x x!®Z (X = x0) "[fo H } (327)

where the commutator [fq,, Hyly = chp,Hq)]n—er(p] and [ﬁp, Hylo :=
ﬂD. Thanks to the Baker-Campbell-Hausdorff formula, (327) can be
equivalently recast as

Frobx0) = 5 [ dx 1) el U — x0)fp 0 x — 0

(328)
:E/mww>mmmwmw®f

where U, () = e~ iHon, Uy, () is given in (326), and in the last line
we changed integration variable, x — a + xo. Crucially, quantum
relational observables defined using the prescription (327) commute
with the constraint operator (f,

[Frox(x0),€] =0, (329)

and are thus called (quantum) Dirac observables.>

Since our clock Hamiltonian is simply H, = py, the commutator in (329) vanishes
strongly (i.e., algebraically). In [227, 228] it is shown that for more complicated clock
Hamiltonians one can still prove that a Dirac observable associated to a physical
phase space function weakly commutes with the constraint C, namely when applied
to physical states.
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The prototype Dirac observable for our GFT model is the number
operator fq, = M (cf. (310)); thus, we will be specifically interested in
the observable

A

Kip(x0) = o [ daligg @) (o) (vl @) Wlyf@),  (330)

where the subscript D refers to the fact that this is a Dirac observable
on the total Hilbert space. As opposed to the kinematical counterpart
1, the operator N p(x0) evolves as the parameter xo runs (taking the
values the time operator X can take), meaning that (330) truly defines
relational quantum dynamics on Hphys for the GFT number operator.
In particular, even if physical states do not transform under the action
of the Hamiltonian constraint C, we will evaluate the relational Dirac
observable (330) using the physical inner product (322) so as to obtain
an expectation value for the number operator which indeed changes
with respect to the matter scalar field.

PAGE-WOOTTERS FORMALISM. The framework introduced by Page
and Wootters [309, 381] provides another way to define relational dy-
namics for systems subject to a quantum constraint of the form (318).
Specifically, starting again with a kinematical Hilbert space (301) that
is split into clock and system (our matter scalar field x and single-
mode GFT model, respectively), one selects physical states using the
constraint equation (320). The apparent difference with the previous
description arises when choosing an inner product on Hppys to com-
pletely specify the space of solutions of (320).

The conceptual idea behind the Page-Wootters formalism is to in-
terpret quantum theory with conditional probabilities. More precisely,
one defines the state of a system at a given instant of (relational) time
as a solution to the constraint equation conditioned on a subsystem of
the theory to be in a state corresponding to that time. Following this
idea, we define the state of our single-mode GFT system at a given
time, say xo, as a solution to the constraint (320) conditioned on the
clock being in the state |xo),

[$000))p = (00l @ T ) [Fpnys) (331)

It follows that a physical state can be expressed as a “history state”,

namely

[Fpnys) = [ Ao [xohx @ [$060) (32)
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The number operator
is directly related to
the volume operator
usually adopted in
GFT cosmology, as
seen in Chapter 3.

Figure 23 provides a
pictorial
representation of the
physical (history)
state (332) and the
conditioning (331).
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since I, ® I, = [ dxolxo) (xo| ® I,. Indeed, the state (332) encodes
information about the whole timeline. The usual formulation of quan-
tum mechanics for the conditioned states can be recovered in terms
of a Schrodinger equation in the clock time X [309, 381],

d .
idimwj(XO»(P = Hyl¥(x0)) g, (333)

which is easily found from the constraint equation by “condition-
ing” as (X (xo] ® ]I(p>CA [¥phys) = 0. Moreover, one introduces what
is known as the Page—Wootters inner product [227, 228, 352]

<1thys|Tphys>PW = <Tphys| (|X0> <XO| ® 1[40) |1Pphys>kin ’ (334)

which is consistent with the usual inner product on H,, at all times

since, using (311),

(¥ phys|¥phys) pw = (/ dx’ (x| ®¢<1P(XI)|> (’X0>X7(<X0| ®pr>

X (/ dx %)y ® W)(X»(p) (335)
= (@ (x0)[¥(X0)) g,

where (¥ (Xx0)|¥(x0))¢ = (¥ (0)|9(0)), is independent of xo thanks
to (333) and the fact that H¢ is self-adjoint (cf. (302)).

In what follows we will provide an application of the equivalence
shown in [227, 228] between the relational dynamics defined using a
Dirac quantisation and using the Page-Wootters formalism, mainly
focussing on the number operator of our GFT model. To begin with,
it is easy to check explicitly that

(¥physl Fpnys)ow = [ dE [¥2(~E, E)? (336)

is the same as (324). Note that in the following calculations we use
the generic expressions for the physical inner product (322) and the

Page-Wootters inner product (334) instead of their explicit form (336)
(or (324)).
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NUMBER DYNAMICS. We can now turn to the calculation of the
expectation value of the Dirac observable associated to the number

operator (330), using the physical inner product. First, we find

. i ) A
Nb (X0)[¥phys) = 5 /dtx Uy () (130) (0] © T) [Fpys)
1 g A a
o /d"‘ (L () x0) (X0l © Up(a) Tt ¥ pys) (337)

= 5(é> (’XOMXO‘ ® gﬁ) ’Tphy5> ’

where we used H;¢(X)|‘thys> = [¥phys) (cf. (325)) and the defini-
tions (326) and (321). Then, we calculate the expectation value in the
physical inner product (322) as

Np (XO) = <Tphys‘ND <X0> ‘Tphys>phys
= (Fphys|(C) (1x0) (X0l © T) [¥phys) phys
= (Funl6(C) (Ix0) (xo| ® M) 6(C)[¥Fiin) kin (338)
= <Tphys| (’X0><X0| ® sj't) |"thys>kin
= <Tphys|sjt|Tphys>PW .
Of course, using the definition of conditioned states (331), it is easy to
show that (338) gives back the result of the deparametrised approach
of Section 3.2.2:

ND(XO) = <1'thys| (’XO><XO| ®§j’t) “thys>kin
= o(P(x0) 19U (x0))g
= (9 Uy (x0) 1 Uy(x0) [$)g,

(339)

where [¢), = |¢(0)), and we switched from the Schrodinger picture
to the Heisenberg picture in the last equality. Indeed, (339) shows
that the expectation value of the relational Dirac observable N p(X0),
computed with the physical inner product on H,pys, is equivalent to
the expectation value of what was denoted N(x) = Ut(x)ataU(x)
in the deparametrised quantum theory (cf. (111) and (109), here for
a single mode). Of course, the same holds true for the volume op-
erator (and any other one built from ladder operators), so that all
the GFT results and applications to cosmology are recovered in our
parametrised theory.

The equivalence established in (339) strengthens the deparametrised
approach described in Section 3.2.2 and Section 3.3.2, since the Dirac
observable Np(xo) in (330) is defined relationally with respect to the
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In particular, it is
straightforward to
obtain the relational
quantum dynamics
of Dirac observables
for the volume and
the C operators of
Section 3.3.2, i.e.,

(154) and (155).
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eigenvalues of a time operator {, in contrast with the deparametrised
theory where the clock label is chosen before quantisation. In this
sense, the construction of Section 6.2 belongs to the “tempus post
quantum” type of relational dynamics discussed in [233].

Moreover, (338) shows that Np (o) is also equal to the Page-Wootters
expectation values of the corresponding kinematical operator 91, which
allows to reinterpret GFT observables as conditional on the clock. In
particular, this suggests a canonical picture characterised by a split-
ting between quantum geometry and a constant-time “slice” on the
history state (332), where the internal time takes a fixed value x (see
left panel of Figure 23). This construction is similar in spirit to the
3 + 1 splitting of canonical GR, where one describes evolution as a se-
quence of constant time hypersurfaces. While the physical state (332)
of Page and Wootters is a superposition of all clock states and all GFT
states, it allows to answer the relevant questions of what happens at
any specific value of relational time. In other words, this approach
justifies the interpretation of the GFT quanta as being associated to
the same clock reading since the conditioned state (331), by definition,

involves a projection onto the X slice (see right panel of Figure 23).

|\yphys >

L LT~

N

Figure 23: Left: the three-dimensional shape represents the history state
|¥phys) given in (332), where the Hilbert space of the clock is visu-
alised horizontally. The quantum geometry (GFT) state |¢(x0))¢
at the time Y is obtained by conditioning |¥pnys) on the clock be-
ing in the state |xo) (cf. (331)) and is pictorially represented by a
two-dimensional slice. Right: the tetrahedra counted by the num-
ber expectation value Np(xo) in (339) can be thought as labelled
by the same value of the scalar field.
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In this section we show that our construction can be extended to any
number of Peter-Weyl modes. While in principle a GFT contains an
infinite number of modes | (see (58)), we will consider a truncation
to a finite (but arbitrary) number of modes. Such a truncation could
be elegantly implemented using the quantum group SU,(2),° where
the deformation parameter g is related to a nonvanishing cosmologi-
cal constant (see, e.g., [71, 161, 270, 353]), which leads to a maximum
irreducible representation and hence a maximum value for the multi-
index J. Similar ideas on g-deformation were recently applied in the
context of three-dimensional group field theories in [193], and pro-
vide a way to implement a cut-off value Jmax in the Peter-Weyl de-
composition (58). We assume such a cut-off in the following sections.

6.3.1 Single reparametrisation symmetry

Without making any assumptions on magnetic indices and on the rel-
ative sign of K}O) and K}Z) for the various modes, we start the analysis
with the generic action given in (285). As a first generalisation of the
procedure described in Section 6.1, we proceed here by introducing
a parameter T for the theory with multiple field modes. Then, all the
¢7(7)’s as well as x(7) depend on 7, and by means of the chain rule
one obtains the action

1 0:¢_1)(0¢
sl = 3 4 2 (K9 rioen) — kP L) g0

All the key points discussed for the single-mode scenario also apply
here. In particular, while we have enlarged the phase space, the theory

is now subject to a Hamiltonian constraint (cf. (290))
C=Hy +py=0, (341)

where, rewriting (103) (without interactions) here for convenience,

Hg =y | PTI 600 e s00 | G

(2)
J K]

This is akin to how the Turaev-Viro model is obtained as a regularised Ponzano-
Regge model (cf. Section 2.2.2), and similarly for the four-dimensional Barrett-Crane
model (see footnote 14).
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with momenta given by

dr@_
=K gfx’, (343)
1 0 2) 0z 1) (9 ¢))
PXZZZ]:(KP(P]‘P]JFK})W : (344)

The equations of motion for every group field mode, d-¢; = —Nm_;/ K}z),
and for the matter field, d;x = N, can be obtained as in (292). They

also follow from the action (in Hamiltonian form)

S = /dr (Zmaf(p]-l—pxarx—NC) / (345)
]

which generalises (293) for multiple modes.

Finally, in complete analogy with Section 6.1, one can adopt the
strategy of relational Dirac observables and define quantities satisfy-
ing {F,C} ~0as

)n

Fr,x (x0) ~ ;) (XO;!X{f(p/ HzoOt}n , (346)

where pr"t is given in (342) and f,, is now a function of multiple GFT
modes. The complete observable Fy, ,(xo) associates values of f, to
the specific relational time x = xo (see Section 6.1).

The quantum theory corresponding to the above construction is

obtained in the usual manner by means of the commutators

(@5, tp] =ioyy,

N (347)
X, Px] =1,
where the kinematical Hilbert space can be written as
Hian = Hy © Hy", (348)
with
Hy' = (%) Hy,, (349)

namely as a tensor product of a matter clock sector H, (just as in
(301)) and the total GFT Hilbert space given by the tensor product of

single-mode Hilbert spaces H,, for the various modes.
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Even though the Hamiltonian I:I:‘po" (obtained by quantising (342), cf.
(113)) couples modes in pairs (] is coupled to —J), we showed in Sec-
tion 3.2.2 that it can be written as the sum over modes of single-mode
contributions (see discussion around (122)). As we have seen, one can

distinguish between two cases based on the relative signs of K}O) and

K}z), which lead to the harmonic oscillator (HO) and squeezing (SQ)
Hamiltonians in (123); indeed, the total Hamiltonian for a free GFT

can be written as Recall that 31O is
the set of ] such that
I:I;,Ot _ Z I:I] + Z H]; (350) K;O) and K}z) have
JegHo JEFR the same sign and
35Q is the set of |
we refer to the explanation around (122) and (123) for all the details.  such that K}O) and

In (350) we are suppressing the explicit mentioning of the identity ng) have opposite
operators acting on all the other factors of Hg’t ; i.e., a tensor product signs.
with ®j,s I, is understood for every single-mode Hamiltonian Hj.
Both types of single-mode Hamiltonians in (350) (cf. (123)) admit a
spectral decomposition.” Specifically, one can make use of (309) and
the standard properties of harmonic oscillator-like Hamiltonians to

obtain a total spectral decomposition for I:prOt of the form

= Ay = T (el 1) G5)
] ] \’E

where the sum-integral notation introduced in [227, 228] is used to
take into account all modes in a compact way (it represents a sum for
modes | € JHO and an integral | , for modes | € 3%9). Accordingly,
the notation |f7) refers to harmonic oscillator number eigenstates as-
sociated with discrete energy eigenvalues E; for | € 3108 and squeez-
ing Hamiltonian eigenstates |¢i’ ) introduced in Section 6.2.1, with
continuous label Ej, for | € 35Q.

Since every H; in the total Hamiltonian only acts on the correspond-
ing Hy, (namely the factor of (348) with the same ]), one can easily
show that

H;Ot <® ’¢E’>> = Etot (@ |1/JE’>> , (352)
]

J

7 While the harmonic oscillator case is solved in any quantum mechanics textbook,
the case with Kgo) and K§2> having opposite signs is explicitly given in Section 6.2.1
using the (@, 7t) basis, see (302) and discussion thereafter.

8 Specifically, E; = ejw; <n + %) for J € 3HO, with n € Ny (cf. (123)).
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where @ [¢7) € HY' and Eior := Y Ej. Then, one can use the quan-
tum constraint, C = Py ® ]ItOt + I, ® Hior with IItOt = @1, to for-
mally define a group averaging operation J(C) (see (321)) to obtain
physical states. As in the single-mode scenario, one starts with a kine-

matical state

I‘Ykm>=3]fl}/dpx (PxAET}) Ipx) @ <®!¢E’ ) (353)

where Y (py, {E;}) depends on discrete E; variables for all | € JHO

and on continuous E; variables for all | € 352, which are respectively

all summed and integrated over with the notation i{ . Then, a phys-
Ey

ical state [¥ppys) =0 (C)[¥yin) reads

[¥pnys) = i{EI}‘Y(—Etot/{EI} — Etot) ® (@WJE’ ) . (354)

By suitably generalising the construction for multiple field modes,
the Page-Wootters formalism described in Section 6.2 can be applied
here. In particular, one can define the conditioned state |¢(X0)) g €

Hg’t as

[$000)) g = (0] STEY) [Fpnys) (355)

and check that both the Page-Wootters inner product (defined as in
(334) with I, replaced by ]If,j’t) and the physical inner product (322)
evaluate to

2
<Tphys|1thys>PW = <Tphys|1thys>phys = %E }‘\Fi (_Etot/ {E]}) ‘ :
J
(356)
Since the procedure is the same as in the single-mode case, we

can readily show the main results as follows. First, one defines the
quantum version of (346) for the total number operator®

Tt = ; [a}a] ® (X II(,),,)] , (357)
J'#]

We are here being extra careful with notation for the sake of precision, for example
mentioning the identity operators explicitly in (357).



63 EXTENSION TO MULTIPLE FIELD MODES

generalising (330) as
ot (x0) 1= — )
NS / ds [ U1 Q]g) )]
(52600 (@05,0)]

(358)
x ([x0) (x0] @ Tot)

In (358), the tensor product of operators

® (@ Uy, (S)) =P ® <® e sH ) (359)
] ]

leaves the physical state (354) invariant (cf. (325) and (326)).
Finally, exactly as in (338) and (339), one shows that

Ng)t(XO) = <‘thys|N}DOt(X0)|Tphys>phys
- <1thys’§zt0t“thys>PW (360)
= g (P(X0) “ﬁtot“/J(XO»(pmt ’

where we used the conditioned state of the Page—Wootters formalism
(355) in the last equality. Recalling that the conditioned state satisfies
a Schrodinger equation with respect to xo (cf. (333)), we recover the
results from the deparametrised approach for a GFT with multiple

modes since, working in the Heisenberg picture, (360) is

NE (x0) = g (¥ [@ Uq,] X0 }sﬁtot[@ Ucp; (XO)} ) o

e (361)
= Prot IIJ| Zuga] XO a]a] uq)J(XO) W)>q)tot/
]

namely the expectation value of (111) (cf. also (109)). Again note that
a tensor product with @y ;I is understood in the last line of (361).

In summary, this section simply shows that one can properly in-
troduce both a Dirac quantisation and the Page-Wootters formal-
ism for a parametrised GFT with any number of Peter—Weyl modes,
and obtain a generalisation of all the results of Section 6.1 and Sec-

tion 6.2. From a conceptual point of view, everything is analogous to
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the single-mode case: the quantum theory obtained from our parametrised

GFT is still characterised by a Hilbert space split into clock and geom-
etry (cf. (348)). By carefully adapting the formalism to accommodate
multiple GFT modes, one finds a clear notion of physical relational ob-

servables representing quantum geometrical quantities (for instance,



170

RELATIONAL QUANTUM DYNAMICS AND PAGE-—-WOOTTERS FORMALISM

the total number of GFT quanta in the various modes (361)) for every
value of relational time.

While we have assumed a maximum value for the Peter—-Weyl label
Jmax in the above scenario, one might be able to remove the cut-off and
consider the full GFT using the theory of infinite tensor products firstly
developed in [290] and implemented in the context of loop quantum
gravity in [347, 363]. In particular, extra care would be needed to
make sure the inner product (356), which in principle can contain
infinite sums and integrals, converges. Such questions require func-
tional analysis techniques that are beyond the scope of the present

work, and we leave them for future research.

6.3.2  Many reparametrisation symmetries and multi-fingered time

Here we go beyond the simple generalisation of Section 6.3.1, look-
ing into the possibility of having different clocks for different GFT
modes. In the quantum theory of Section 6.2, which focuses on a sin-
gle (group field) mode, the Hilbert space (301) seems to have an “arti-
ficial” symmetry as it splits into two equal pieces, one for the matter
clock and one for the GFT mode. This is not the case for the theory of
Section 6.3.1, where we consider multiple modes on the GFT sector,
but we still make use of one single clock (cf. (348)). In this section
we restore such a symmetry so that we have a clock Hilbert space
that is “as big” as the GFT Hilbert space. In other words, we study
the case where every GFT mode | has its own relational time, which
realises what is known as multi-fingered time evolution [253, 254], as
we explain below. This relates to some of the ideas of [272] where the
various GFT quanta are associated with different “single-quantum
times”; however, in that scenario one encounters the problem of syn-
chronisation since it is not clear how to find a unique time variable to
describe the whole many-body system (see also the earlier work [250]
for a classical picture). Here, we will show that by working with field
modes — and “single-mode times” — rather than particles, one can still
obtain well-defined Dirac observables and therefore pose meaningful
relational dynamical questions.

In order to discuss “multiple times” and hence generalise the single
reparametrisation invariance of Section 6.3.1, we employ the follow-
ing trick. First, we need to rewrite the action (285) as a sum over
single-] contributions, So[¢] = [ dx ¥, £); namely, we separate the
theory into uncoupled modes already from classical considerations
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in the Lagrangian formalism. In short, one can use the following clas-
sical field redefinitions that combine the | and —] modes (somewhat
as in (120)),

(362)

together with the corresponding “velocities” 0, ¢; and d,§_j, to show
that the summands of the Lagrangian in (285) can be written in the
following form

1 0~ =~ 2)q - N 1/ 2
5 <K§ 51 - K} )9x€0—13x§01) = 1<K§ )4’% - K} (9 9y)?

+ K92 — K7 (3x¢—1)2)
1
=t 5 (L + L) (363)

Just as with the Hamiltonians (see discussion above (114)), the La-
grangians L; and £_; provide the same contribution to the sum };
so that one can write the action (285) as

1
Solgl =5 [ L (K93 = K7 0r0)?)

(364)
J
Next, we move the integral sign under the summation sign in (364)
and rename dummy integration variables such that, for every element
in the sum over J, x gets labelled with an index as x;. This allows to

write the action equivalently as
1 0 2 2
Sol¢] = 5 Z/dm (K" x) = K2 @i (x)®) - (65)
J

Then, one can apply the parametrisation strategy adopted in previ-
ous sections, but here for every mode |. In other words, one can
parametrise the theory multiple times (adding a symmetry for ev-
ery J) by introducing a set of parameters 7;. Just as in Section 6.1,

171

The same
decomposition was
already reached in a
different way in
[185].
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this process essentially doubles the phase space and one can write

the parametrised action as

1 (0 97)
Sle.x) = 5 ¥ [ dy (K}%%(anxf) -k
/ " (366)

1 (0) » o2 (09y)?
-1 dT;(KI i) ~ KPS

The first line of (366) explicitly shows multiple reparametrisation in-
variances (one for every mode) and in the second line we renamed
the dummy integration variables 7; to 7, so that we could write the
action as a single integral. Note that while in the action (340) the same
x contributes to all the terms in the sum, in (366) we have a different
X7 for every J. With the usual steps, one can easily derive the Hamil-
tonian theory from (366). The conjugate momenta to ¢; and x; are
defined for every mode | as

! (367)
_ L (02 g2 )’ ’
Po =2 (TR @)

Moreover, the theory is subject to a set of independent first-class con-
straints (one for every mode),

C;=Hj+py =0, (368)
with
1) | o o
Hy=-> "5 1tK P7(x) | - (369)
K;

While the constraint (341) was associated with a single lapse function,
one here has a mode-dependent lapse Nj for every constraint (368).
Indeed, just like with (293) and (345), it is easy to see that this theory

can be obtained from an action

S= /dT Y (7170 @) + py,0cx) — NiCj) (370)
]
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which explicitly shows that the total super-Hamiltonian is given by
Y_; NjC;. Since the modes are independent, one obtains the equations

of motion
T
drp; = {pr, LINICy} = —NIKTi)f
] (371)

OrX] = {X]/Z]N]C]} =Ny,

clearly showing that the lapses Nj describe the rate of change of the
various x; (which will be used as clocks) with respect to 7.
Following [135, 190, 358, 366], one can generalise the notion of rela-
tional Dirac observables to systems with multiple constraints. In par-
ticular, the scenario discussed here is easily tractable since the con-
straints form an Abelian algebra,’® {C;,Cy} = 0. Because a gauge
orbit is multi-dimensional, one needs to introduce as many dynami-
cal clocks as there are constraints. Then, similarly to the single-clock
case, a complete observable can be defined as a relation between a
phase space function f, (of the ¢ degrees of freedom only) and a
set of independent clocks x;. In short, the relational Dirac observable

(generalising (299) and (346)) defined as [135, 190, 358, 366]

ot (WD) = X y{ s Dot}

n=0

(372)

aj—(x]—x7)

is invariant under the flows generated by the constraints (368). Essen-
tially, Fr oy ({ 7(?}) gives the value of f, when the dynamical clocks
X7 take the values )(? for all |’s (the curly brackets in (372) are meant to
emphasise that we deal with a set of clocks and not with the J-th clock
only). The linear combination of the single-mode GFT Hamiltonians
Y.j ayHj can be used to define a physical Hamiltonian*" which gener-
ates evolution for the complete observables (372). Indeed, since one
can show that ax?FfW{X}}({X(}}) = {quw{xl}({)(?}),H]}, the quantity
Y.yaHj is the generator of multi-fingered time evolution; it evolves
observables along the various arbitrary parameters a; (related to the
lapse functions in (371)) associated with the clocks x; (see [135, 190,
358, 366] for details).

Not many physical systems exhibit this property. An example with multiple con-
straints forming an Abelian algebra can be found in [102, 166], where loop quantum
gravity techniques are applied to spherically symmetric settings.

Note that incorporating the J-dependent flow parameters into the definition of the
Hamiltonian is equivalent to a rescaling of T such that the initial and final configu-
rations are separated by a time interval of length unity.
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All the properties of the quantum theory corresponding to the ac-
tion (370) easily follow by suitably generalising the constructions of
previous sections. The canonical operators now satisfy

[, 7ty] =16y,

. , (373)
[XI[ Px,/} =idy,
and the kinematical Hilbert space is defined as
Hiin = HO @ HO = (® Hy) © (@ Hy,)
J
(374)

- Qj{) (P @ Hy)) s

where in the last equality we rearranged the single-mode Hilbert
spaces to show that this theory can be seen as a tensor product over
modes of the theory studied in Section 6.2. While we already dealt
with a theory on H* with multiple GFT modes in Section 6.3.1, it
also follows from the structure in (374) that all the kinematical con-
siderations for the “matter sector” (cf. (311)—(317)) described in Sec-
tion 6.2 apply here. Thus, all single-mode quantities described there
will simply obtain a | label here (for both the ¢ and x sectors).

In order to follow Dirac’s quantisation programme, we write down

the quantum constraints (corresponding to (368)) on the Hilbert space
(374) as

Cr=1y® (QRI,) Ty + T ® Ay @ (Q 1y, , (375)
J'#] I'#]

where the various identity operators clarify that each C; acts non-
trivially only on the respective J-th piece of H{" and H{* in (374). A
physical state is annihilated by all the constraints separately,

Cr|¥phys) = 0 V], (376)

and is defined via group averaging as [¥Yphys) := [1; 6 (C))[Yxin), Where
a generic state |¥y;,) on (374) reads

) =¥, [Tav ¥ (tpa ) AED) [@ (Ipw) @ 19™)] - 677
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Here we adopt the notation of Section 6.3.1 (see in particular (353)),
and [[]; dp,, means we integrate over the scalar field momenta for
all modes. One obtains the physical states

o) =, FEELEN[@ (I-Eelv™)]. 679

]

which naturally generalises all the findings of previous sections (cf.
(323) and (354)). Aiming to discuss again the equivalence between
the physical inner product with multiple constraints (denoted with
an M), which we define as

<\thys |Tphys>%ys = <‘Fkin| H 5(61) ’Tkin>kin ’ (379)
J

and the Page-Wootters inner product, one needs to extend the Page—
Wootters construction to the case of multiple clocks. In short, by in-
troducing the “multi-conditioned” state in Hg’t

A = {(@o&}\) DL [Fpnys) (380)

which generalises (331) by “projecting” all clocks to the values )(0 =
one is lead to the following definition of the multi-fingered (M) time

Page-Wootters inner product
<\ijhys’quhys>%’/[w :_ phys‘ [( ® ’X] ) ® ]ItOt] ‘Tphys>k1n (381)
Then, as expected from the results for a single clock of [227, 228],

<‘thys,‘Pphy5>Ir\>/{1ys = <Tphys\Tphys>IMW = %E }\‘F({—El}/ {EI})|2-
]

(382)

We point out that the steps presented here represent the first explicit
construction of the Page-Wootters formalism extended to the case
of multiple (but finitely many) clocks, which corresponds to a Dirac
quantisation with multiple Hamiltonian constraints. We note how-

Note that a physical state can be written as
[Fprys) = (é}@/ axfIxf)) @ lp({af ),

so that it encodes information about all the timelines in their entirety; we call it “state
of histories”, generalising (332).
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ever that this could be seen as a special case of [226], where the
Page-Wootters formalism is formally applied to field theories. As
mentioned above, the limiting case of infinitely many modes (and
thus clocks) could be related to infinite tensor product techniques,
and indeed be dealt with wave-functional treatments for quantum
field theories (which are employed in [226]).

We now proceed to the formal quantisation of the classical observ-
able (372),

aj—(xj—x9)
(383)

Fry oy () 1= /2 Hipil)] @ ;![ffl”;a]ﬁﬁ”]]n

which represents a natural generalisation of the quantity (327) intro-
duced in [227, 228]. In this sense, (383) extends the discussion of Dirac
observables (and their connection to the Page-Wootters formalism) to
the multi-fingered time scenario, which we now apply to our GFT set-
ting.

From the physical Hamiltonian }; a ]H¢] one can define the multi-
fingered evolution operator ; Uy, (a)) = e Dty on He', where
the factors l:lq,](oq) = ¢ WM generalise the evolution operators of
previous sections (cf. (328)) by evolving along the mode-dependent
time parameter «;. Then, specialising the expression (383) to the GFT
number operator with ﬁp = Mot (as in Section 6.3.1, cf. (357)), one

can define
RS ({x9}) = /dX]Ix] )oul) | (384)
®[<®u¢] b~ ) 1)
B /Hdﬂc] 0 ({a}) [(®\x, ) et }(u“’t) (o),
where Ut"t({a]}) ( Uy, (a7) ® U¢,(a])) is the generalisation of

(326), we used the properties of the clock states introduced in Sec-
tion 6.2 (which now apply to all the clocks x;), and we changed in-
tegration variables x; — aj + X(]) in the last line. We emphasise that
Ng’t({)((])}) is different from (358) as it depends on multiple clocks
and thus it represents a multi-fingered time version of the number
operator. Recall that the subscript D means that (384) defines a true
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Dirac observable, which strongly commutes with all the constraints,
namely

[NE({xI1),¢] =0 V7. (385)

Finally, by means of the property (generalising (337))

NE EXTH ¥ phys) 1_[5 CHI(Q XN XTN) @ Ttiot] [Fphys) » (386)
]

one can use the inner products (379) and (381), as well as the state
(380), to show that

< phys| tOt({X(])})|Tphys>gflys = <1Pphyslsjtt0t“¥phys>%’dw
somt< ({?c]})|’3Ttot!¢’({)c]})>(ptot
QDtot ll]| ZUGDI X] ﬁ}a] uq’] (X]) ‘¢>I(>7/{ot’

(387)

where [¢)5 = [¥(0,...,0))}  and we suppressed again the trivial
factors @y 4; Ly, As expected, the last line in (387) shows that every
GFT mode in the total number operator evolves according to its own
relational time parameter.

At this point we want to stress that since in a free GFT the various
] modes are decoupled, a multi-fingered setting still allows to have
well-defined Dirac observables, both classically and at the quantum
level (in the sense that they commute with the constraints (385)). In
other words, synchronisation between the different J-times is not re-
ally an issue here: while one can indeed reduce to the synchronised
case of Section 6.3.1 by gauge-fixing all the x; to be the same x (us-
ing the freedom coming from all the reparametrisation symmetries),
this is not necessary in order to answer physically meaningful ques-
tions. Indeed, one can study the dynamics of the various modes of
the number operator by means of mode-dependent clocks, and still
be able to compute the total number operator combining all the in-
formation (i.e., summing all the separate contributions together). In a
sense, it does not matter whether one uses a unique time or a differ-
ent time for every mode (even with an infinite number of modes), as
they are independent.
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On this note, we also emphasise that the synchronisation problem"3
mentioned in the literature [272] relies on having different clocks
for different GFT quanta, rather than field modes. Specifically, the
issue arises because the number of particles is not conserved under
time evolution (indeed, this is how the GFT cosmology framework ex-
plains the expansion of the Universe, cf. Section 3.3). Even in standard
quantum field theory the number of particles is not a well-defined
quantity, and the Fourier mode decomposition (here given by the
Peter—-Weyl decomposition (58)) represents the most natural way of
reducing the theory to quantum-mechanical systems. Of course, one
then interprets field excitations as particles so that the single-mode
times of (387) describe the evolution of GFT quanta associated with
the same | (naively, building blocks of quantum geometry with the
same “shape”, cf. Figure 7).

Finally, since adding reparametrisation symmetries does not change
the physical content of the theory, we note that one could have inves-
tigated equivalent questions directly in the deparametrised setting of
Section 3.2.2. While there one usually studies observables where ev-
ery mode is associated with the same time label (cf. (111) and (109)),
(387) suggests that one could have defined an observable as a sum of

single-mode contributions at different times,
Owl{xs}) = e 0y(0) e, (388)
J

where every Peter-Weyl mode is associated with a different reading
of the same clock. In the free theory, this is a well-defined observ-
able for the deparametrised approach that was never investigated
because of its somewhat unusual interpretation (where the modes
are observed at different times), which in Section 6.3.2 is revisited in
terms of multi-fingered time evolution. When O = N, the expecta-
tion value of (388) is nothing but (387); in this sense, the articulated
construction of Section 6.3.2 shows again the equivalence between

deparametrisation and “post-quantum time” dynamics.

6.4 DISCUSSION AND OUTLOOK

The main result of this chapter is the construction and quantisation of

parametrised group field theory models for quantum gravity coupled

13 The coherent peaked states of the algebraic approach try to address this question

“by hand”, see discussion below (140).
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to a massless scalar field (to be used as a clock), and a proper defi-
nition of the corresponding relational quantum dynamics. By virtue
of the equivalence between the quantum dynamics defined by rela-
tional Dirac observables and the Page-Wootters formalism [227, 228],
we showed that using the quantum degree of freedom associated to
the scalar field as dynamical clock yields the same results as choos-
ing the scalar field as background time variable at the classical level
(i.e., following the deparametrised approach of Section 3.2.2). In other
words, our “tempus post quantum” theory proves that choosing a
clock (here specifically the scalar field x) and quantising are proce-
dures that commute for free GFT models.

We first analysed a simple scenario restricted to a single field mode
and examined the evolution of number operator relative to the scalar
field; we used the strategy of “evolving constants of motion” at the

classical level, and defined the quantum relational dynamics follow-
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ing both Dirac’s method for constraint quantisation and the Page—Wootters

formalism. This marks the first application of the Page-Wootters for-
malism to a non-perturbative quantum gravity theory, and provides
a coherent GFT framework describing the evolution of (the expecta-
tion values of) the geometrical quantities of interest conditional on a
quantum time operator reading a certain value.

We then generalised the construction to the more complicated case
of free GFT models with an arbitrary (but finite) number of field
modes. We distinguished between two scenarios: one where the sys-
tem exhibits a single reparametrisation invariance (just like in the
single-mode case) and one with many such invariances. While the
first setting straightforwardly extends all the previously mentioned
results, the case of many reparametrisation symmetries required a
novel extension of the Page-Wootters formalism to the case of multi-
ple quantum clocks.

We note in passing that since our construction is built upon a well-
defined physical inner product in the quantum theory, no divergences
arise as in formalisms that aim to describe relational dynamics at the
kinematical level (cf. Section 3.2.1).

As we will stress in Chapter 7, this work opens up the possibility
of investigating clock changes and obtaining a quantum notion of co-
variance [171, 225, 229, 369] in group field theory models. Given that
the GFT literature relies to a great extent on a single massless scalar
field, one can now explore other clock candidates with a proper treat-
ment at the quantum level (e.g., building on the work of [185] for
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models with multiple scalar fields). Additionally, the tools developed
here allow to explore what happens if one uses a degree of freedom
on the geometry sector (e.g., a GFT mode) as a clock to describe re-
lational dynamics of the matter scalar field. All such investigations
would provide a stronger handle on general covariance questions in
a quantum gravity framework such as GFT; questions that might be
of interest for the communities of quantum information and founda-

tions of quantum mechanics, other than quantum gravity.
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This chapter summarises the thesis and outlines potential future re-
search directions that can stem from the results discussed herein.

Summary

In this thesis we presented the group field theory approach to the
problem of quantum gravity and studied consequences in regards of
its phenomenological applications in cosmology and its theoretical
foundations. After introducing and motivating the field of research
and the main techniques adopted in the literature, we focussed on
three independent research directions: the definition of new anisotropic
models for GFT cosmology, the analysis of semiclassical properties
for general Gaussian-like quantum states, and the investigation of
the formal tools underlying the idea of quantum relational dynamics.
More in detail, we first introduced the problem of quantum grav-
ity in Chapter 1, emphasising that despite progress in several ap-
proaches, no comprehensive theory can describe the physics of the
Planck scale in a consistent and satisfactory way. We stressed the com-
plications caused by the problem of time, especially for background-
independent approaches, and the importance of relational dynamics.
We focussed in particular on the group field theory (GFT) approach,
which describes spacetime as emerging from fundamental quanta
and has promising applications in cosmology, especially in resolv-
ing the Big Bang singularity through a “Big Bounce” scenario. Since
cosmology offers a potential testing ground for quantum gravity, par-
ticularly in early Universe contexts where quantum effects may have
played a crucial role, we emphasised that the GFT framework can of-
fer insights into fundamental questions about the structure of space-
time at the Planck scale and the nature of quantum gravity in general.
We then delved into the technical details in Chapter 2: here we
briefly presented the obstacles encountered when applying the canon-
ical and path integral quantisation strategies to general relativity, and
hence we moved onto discrete perspectives. We then followed a some-
what historical route describing discrete path integral approaches to
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quantum gravity, starting from Regge calculus and illustrating the
details of the Ponzano-Regge model, matrix models and spin foam
models (often considered a covariant formulation of loop quantum
gravity). These approaches set the incentive for the definition of the
general framework of group field theory; indeed, we concluded the
chapter by emphasising that GFT relates to (and generalises) the pre-
viously studied approaches, and focussed on its path integral quan-
tisation. In particular, given that the Feynman graphs of some GFTs
can be seen as simplicial complexes that are dual to a discretisation of
spacetime, we motivated the GFT framework by showing that it can
formally yield a discrete version of the path integral for 4d quantum
gravity.

In Chapter 3 we switched gears and discussed the formalism un-
derlying the research results of the thesis: the canonical formula-
tion of GFT and the methods to effectively extract cosmology from
such a quantum gravity candidate. This reformulation permits to use
second-quantisation tools that connect with the canonical LQG frame-
work, and allows to apply techniques typical of bosonic systems to
quantum geometry (i.e., where ladder operators create and annihi-
late GFT quanta). Crucially, after having described the importance of
matter coupling (specifically where a scalar field is used as relational
clock), we highlighted that one can follow two distinct methods to
obtain a canonical quantisation of GFT. These implement the notion
of dynamics in different ways: the algebraic approach uses kinemati-
cal structures and imposes dynamical equations as constraints, and
the deparametrised approach selects a time variable classically and di-
rectly obtains a physical Fock space in the quantum theory. Despite
their disparate strategies, we showed that they lead to very similar
effective dynamics when applied to cosmology, in particular yielding
a bouncing FLRW model that resolves the Big Bang singularity by
means of quantum corrections.

We then devoted the second part of the thesis to the exposition
of our original research results. In Chapter 4, we tackled the ques-
tion of describing anisotropic cosmologies in group field theory for
the first time, focusing on the simplest case given by a locally ro-
tationally symmetric (LRS) Bianchi I model. Since anisotropies in
GFT were only considered (and shown to decay) perturbatively in
previous work, our investigation breaks new ground by providing a
precise definition of anisotropy that can discern between isotropic
and anisotropic effective cosmologies (and quantify the degree of
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anisotropy). In essence, we defined a GFT-analogue of the classical
Misner variables B+ of GR, and studied their dynamics within the
framework of GFT cosmology. After motivating the definition of a
mode-dependent quantity capable of assigning “microscopic values

of anisotropy” to the GFT quanta (in particular, ensuring that a build-

ing block of geometry with equal face areas can be considered isotropic),

we constructed a global anisotropy observable by summing over the
Peter—-Weyl modes of the underlying GFT, multiplying by the number
operator for that mode, and dividing by the total number of quanta
to obtain an “intensive” measure. While our models partially agree
with general relativity in terms of anisotropy evolution, they fail to
reproduce the expected faster (compared to the isotropic case) ex-
pansion rate of the volume. Our findings suggest that interactions
or different kinetic terms might be necessary to fully match classical
behaviour, but show that the anisotropy observable follows the ex-
pected behaviour for a certain period after the bounce. Importantly,
we could analytically confirm the linear behaviour of anisotropy in
the context of a toy model with the help of some approximations.
Chapter 5 was devoted to a thorough analysis of Gaussian states
in group field theory (and more generally su(1,1)-based) quantum
cosmology, focussing in particular on two main semiclassical proper-
ties: the behaviour of relative uncertainties for the quantities of inter-
est and the Robertson-Schrodinger uncertainty principle. Although
in quantum optics and quantum information theory Gaussian states
are naturally associated with a statistical interpretation, we examined
them from a formal mathematical point of view in GFT; this is be-
cause it is not easy to give a precise physical meaning to statistical
parameters for a background-independent quantum gravity theory,
where spacetime is only seen as emergent. In the deparametrised ap-
proach to GFT, we showed analytically that the fluctuations of energy
and volume can be made arbitrarily small, even though Gaussian
states do not saturate the Robertson-Schrodinger inequality (which
we argued to be a less relevant criterion). While we could also de-
fine generalised Gaussian states in the algebraic approach, where ad-
ditional dynamical equations (constraints) are imposed on physical
states, we found that only pure coherent states can be considered
physical. In this context we analysed a simplified scenario with con-
stant squeezing and thermal effects, finding a new effective Fried-
mann equation and decreasing volume fluctuations. Our construc-
tions and results include all previous findings as subcases, and thus
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provide an exhaustive and complete framework for semiclassical states
in GFT (working with a single-mode free theory).

Motivated by the dissonance between the algebraic approach and
the deparametrised setting (hinted at in their basic formulations al-
ready in Chapter 3, but ultimately rendered manifest in the study
of Chapter 5), in Chapter 6 we looked into the formalities behind
the concept of quantum relational dynamics. Drawing inspiration
from the “tempus post quantum” idea embraced by the peaked co-
herent states of [272], but aiming to implement a proper quantisa-
tion based on constraints, we constructed parametrised GFT mod-
els and quantised them following the Dirac programme as well as
the Page-Wootters formalism. Already for a free parametrised GFT
with a single field mode, we showed that using the scalar field as
a dynamical clock in the quantum theory reproduces results from
the deparametrised approach (specifically, regarding the relational
evolution of the number operator). While the equivalence between
Dirac quantisation and the Page-Wootters formalism was established
in [228], the work of this chapter constitutes its first application to a
non-perturbative quantum gravity setting; importantly, this enriches
the notion of GFT dynamics with the conditional interpretation of the
Page-Wootters formalism. In essence, these results resolve previous
concerns about the loss of covariance due to classical deparametri-
sation, and provide a consistent description of the relational evo-
lution of GFT geometric observables with respect to a “quantum
time”. We also generalised the construction to theories with multiple
field modes: we were able to relate our findings to the idea of multi-
fingered time evolution by extending the Page-Wootters formalism
to handle multiple quantum clocks. This was done considering sep-
arate “mode times” for each Peter-Weyl mode rather than “particle
times”, so as to automatically avoid issues related to synchronisation
between the GFT quanta.

Outlook

We now mention possible developments that may arise from the work
presented in this thesis. While the general research programme of
group field theory offers a vast range of unexplored directions — both
in foundational aspects and in technical advancements (see, e.g., [288]
for a recent philosophical take on GFT and [301] for a proposal sug-

gesting connections between quantum gravity, quantum fluids and
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cosmology) — we limit ourselves to mentioning only those aspects
that are directly related to the results of this thesis.

GAUSSIAN STATES.  First, we point out that the work on Gaussian
states provides the technical framework to explore questions typi-
cal of statistical mechanics (and statistical field theories), and hence
opens up the possibility of connecting ideas such as that of entangle-
ment entropy to quantum geometry. These concepts have seen atten-
tion for example in LQG [58, 70, 264]; thus, a natural direction for
future work is to investigate similar questions in the context of GFT.
In particular, in order to discuss entanglement, one could generalise
the construction of Chapter 5 to multiple modes, specifically to more
general squeezed states like those used in areas such as quantum op-
tics [373] or cosmology [202]. One could explore whether our results
hold for two-mode (or generically multi-mode) Gaussian states, at
least in the deparametrised approach where such states can be easily
defined. This extension may add new features to GFT cosmological
scenarios which are not captured by our single-mode construction.
Ultimately, these ideas align with the broad picture of investigating
the (possibly holographic) behaviour of quantum geometry and the
emergence of spacetime from more fundamental notions [110], such

as the entanglement between GFT quanta.

ANISOTROPIES. The work on anisotropies conducted in Chapter 4

offers a broad spectrum of potential directions for future research. To

begin with, one could ask whether the effective dynamics of anisotropies

change if GFT interactions are taken into account. This would compli-
cate the resulting calculations further, beyond the need for multiple
Peter-Weyl modes (see, e.g., [184] for an already quite involved nu-
merical study of a single mode with interactions).

A different direction would be to analyse the detailed effects of
anisotropy on the bounce phase. In Chapter 4 we focused on a post-
bounce regime because we aimed to compare with classical relativ-
ity, but in general one might ask whether the bounce itself could be
spoiled (or in general modified) by anisotropies, as is often a main
worry in bounce scenarios in which anisotropies dominate asymptot-
ically on approach to the singularity [88]. In our model, we have a
massless scalar field as matter, which would classically prevent the
domination of anisotropies. We saw that anisotropies are present at
early times and disappear at late times, but singularity avoidance
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does not seem affected by the inclusion of anisotropies. The details of
the bounce may still be altered by their presence. Another line of in-
vestigation, closely related to the previous one, would be to compare
the exact details of the cosmological bounce with the similar singu-
larity resolution of loop quantum cosmology. In the Bianchi I context,
this would mean to investigate whether the anisotropic nature of the
model has the same influence (if any) on the bounce in loop quantum
cosmology [39, 83] and in our work. Furthermore, a comparison with
loop quantum cosmology [72, 378] suggests the potential to investi-
gate whether the GFT anisotropic bounce corresponds to a Kasner
transition.

A specific restriction of the work of Chapter 4 was that we were
studying the GFT analogue of a Bianchi I Universe with an additional
rotational symmetry, so that there is only one § variable rather than
two. To lift this restriction, one could consider more general types of
tetrahedra rather than trisohedral ones, discuss different proposals
for B+ variables in this more general context, and study their dynam-
ics along the lines we have discussed. Inspired by our work, some
advancements in this direction have already been proposed in [308].

Given the monotonic evolution of the new anisotropy observable
B+ in GFT, another significant line of research would be to try to use
such a gravitational degree of freedom as relational clock. This would
be similar to what happens at the classical level, where in a (LRS)
Bianchi I Universe without matter the classical Friedmann equation

can be written as’

1 dv\?
(vas.) =+ o

so that B can be a relational clock with no need for a separate mat-
ter field. One might hope to incorporate this idea into GFT, and de-
scribe relational evolution without coupling to the somewhat arbi-
trary massless scalar field. Such a relational formalism would appear
to require using an expectation value as a clock parameter, perhaps
along the lines suggested in [272] (via peaked coherent states) or us-
ing the novel framework we developed in Chapter 6.

Finally, we highlight one last idea stemming out of the work in
Chapter 4 that can potentially say something about the dynamics
of black holes, thus pushing the canonical quantisation of GFT in

Following analogous steps to those in Appendix A, one can choose B4 to be the
clock by fixing the lapse appropriately (imposing B+ = 1, cf. (422)) and using the
vanishing of (421); with p_ = p, = 0 this implies pﬁ_ =9V? p%,, and yields (389).
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genuinely new phenomenological directions. Specifically, one could
leverage the fact that the interior of a (Schwarzschild) black hole
can be described by the class of metrics known as Kantowski-Sachs
(KS) [239], which are not so different from Bianchi models (an im-
portant difference being that the spatial topology of KS spacetimes
is fixed to be R x Sz). At the classical level, using the KS metric
ds? = —N2d#? 4+ V2/3e=4Bdr2 4+ V2/3e2Pd02, with dO? the metric on
the 2-sphere, one shows that the Hamiltonian constraint in the action
S = [dt(pvV + ppB+ pxx — NC) (cf. (391)) can be written as

2 2 1/3
2nGP p %4 _
C= —67IGVP%/ + TV‘B + ﬁ — %6 2B . (390)

This is very similar to the Hamiltonian constraint of a (generally
curved) Bianchi model, such as the Bianchi II model reviewed in Ap-
pendix A (see in particular (428); the difference only lies in the last
term of (390), which is due to curvature). The effective strategy em-
ployed in Chapter 4 may then allow to obtain the first dynamical GFT
model for black holes. Indeed, the only existing work is kinematical
[303, 307], and does not tell us anything about solutions of some dy-
namical equations, nor it predicts avoidance of the classical singular-
ity. While nonsingular scenarios for black holes were explored in LQG
from different perspectives, e.g. using loop quantum cosmology tech-
niques [26], applying the “improved dynamics” scheme [165] or in
spin foam models [66, 220, 281], these results still describe a plethora
of different outcomes without a unique, clear physical description. A
bounce-like scenario (similar to the one described in Chapter 4) is
expected in GFT too, and could align with the results of LQG: the
bounce could be seen as a transition from a black hole to a white hole

(as in, e.g., [213]) or as a black hole generating a shock wave [230].

PAGE-WOOTTERS FORMALISM AND RELATIONAL DYNAMICS. To
conclude, we want to stress the importance of the technical (and con-
ceptual) results of Chapter 6, and their consequences.

A major repercussion of our work has to do with the general line
of research on the notion of changing temporal reference frames [171,
225, 229, 369]. In light of the results of [227, 228], our work paves
the way for exploring clock changes and achieving a quantum notion
of covariance for group field theory. Specifically, it allows to go be-
yond the massless scalar field (ubiquitously used as relational time
in the literature) by considering other clock candidates with a proper
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quantum treatment given by the Page-Wootters formalism. For in-
stance, building on the models with multiple scalar fields discussed
in [185], one could take advantage of the “clock-neutral” picture to
explicitly show the equivalence between quantum dynamics with dif-
ferent choices of clocks in GFT. The methods of Chapter 6 also allow
for the investigation of using geometric degrees of freedom — such as
a GFT mode — as clocks to describe the relational dynamics of mat-
ter fields. In a sense, this reflects the situation in classical cosmology
where for example the volume of an expanding Universe is expected
to be a good clock. Potentially, these tools could be applied to other
geometrical observables in GFT which may be considered as dynam-
ical clocks (e.g., the anisotropy degree of freedom we developed in
Chapter 4). These lines of research would contribute to a deeper un-
derstanding of the notion of general covariance in the GFT approach
to quantum gravity, and can potentially spark discussions with other
research programmes, such as quantum information [325] and foun-
dation of quantum mechanics (see [126] for a recent result with im-
plications for bridging the quantum gravity and quantum reference
frame communities).

Finally, another natural line of research would be to extend the
results of Chapter 6 to the case with infinite field modes, which re-
quires functional analysis tools for the Page-Wootters formalism in
the context of field theories [226], and might be related to infinite
tensor product techniques [290, 347, 363].
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RELATIONAL DYNAMICS IN COSMOLOGY

In this appendix we give a brief overview on how to obtain a rela-
tional description of cosmological models in general relativity, and we
mention similar relevant aspects in the context of effective loop quan-
tum cosmology. Such a relational formulation of classical dynamics,
in particular where a free massless scalar field x is used as clock, is
needed if one wants to compare the GFT results of Section 3.3 with
GR (and loop quantum cosmology). Indeed, while the background in-
dependence of GFT forced us to consider relational cosmological dy-
namics, in GR one has the freedom to choose to work with different
clocks (e.g., one can easily switch from the standard time coordinate
t to the relational clock yx). This is essentially due to the Hamiltonian
constraint (see Section 2.1) and more specifically, to the choice of the
lapse function in the action (4), as we explain below.

We will first obtain a relational formulation of the dynamics of a
(classical) Friedmann-Lamaitre-Robertson—-Walker (FLRW) Universe,
which essentially represents the GR equivalent of the relational Fried-
mann equations (134) and (156) found in GFT. Such classical dynam-
ics were mentioned in Section 3.3 and implicitly used to make the
identification between the GFT coupling w and Newton’s constant G
in (137). Then, we will give a summary of the related results obtained
in what is called “effective loop quantum cosmology”, which studies
the evolution of the expectation values of the volume observable of
loop quantum cosmology in semiclassical states. We will only focus
on a flat isotropic scenario and describe the loop quantum cosmology
effective Friedmann equation, which can also be compared with the
GFT results (134) and (156). Finally, we will extend the discussion to
the case of (classical) anisotropic cosmologies, specifically Bianchi I
and Bianchi II models, which are important for a comparison with
the results of Chapter 4. A relational Friedmann-like equation can
indeed be written for these models, which additionally describe the
dynamics of the anisotropies themselves with respect to the scalar
field x.

As seen in Section 2.1, the Hamiltonian formulation of general rela-
tivity is described by means of the ADM action (4). In this thesis, the
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models of interest deal with gravity coupled to a free massless scalar
field x (which will serve as relational clock) with conjugate momen-
tum p,.. Moreover, we are only interested in homogeneous (but possi-
bly anisotropic) settings, therefore we do not have an energy gradient

term for x, and we can set N* = 0 in (4). The action then reads

S = / dt / d3x (n“bqab + pxX — NC) , (391)

where a dot denotes a t derivative, and the constraint C for the total
system has a gravitational part C and a matter part (denoted Cy),

C=C+C,=0. (392)
The gravitational part C appearing in (392) is given in (5) and we

rewrite it here for convenience

_ lenG w_loa2)_ Vi@
C= 77 <7l,1b7( 2(7ra)> e R, (393)

while the matter part reads’

_ PR

Cr =57

If all fields are assumed to be spatially homogeneous, the integral

(394)

over space [ d3x in (391) just gives a constant, which we can set to
unity. This does not play any physical role in homogeneous settings.

A.1 FLRW AND LOOP QUANTUM COSMOLOGY

We now specialise the above framework to a spatially flat, homoge-
neous and isotropic FLRW (classical) Universe. Given the metric

ds? = —N(t)2dt? + a(t)? (dx® + dy? + dz?) , (395)

the action (391) is simply expressed in terms of the scale factor 4 and

its conjugate momentum p,, as

S = /dt (patt 4+ pxx — NC) , (396)

To see this explicitly, one simply starts from the scalar field Lagrangian L, = %% X2

(cf. (75)) and switches to the Hamiltonian formulation by means of the momentum

Py = ﬁ)’( and the Legendre transform p, X — Ly = NCy with C, given in (394).
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with Hamiltonian [81]

27G Np2  Np?
NC=-=3 f“+2a3":0. (397)

As it is well known, the dynamics corresponding to the vanishing of
the Hamiltonian (397) are encoded in the Friedmann equation, which

is usually written as

. 2
S S 8nG

where H denotes the Hubble parameter, and the energy density of
the scalar field y is

pz
oy = 27"6 (399)

Given the importance of the volume observable in GFT models for
cosmology, we now work with the volume variable V = 4> (and its
conjugate momentum py) instead of the scale factor, as this will facil-
itate the comparison with the dynamics obtained in Section 3.3. Writ-
ing the symplectic part of the Lagrangian in (396) in the new variables
as va implies a relation between the momenta (namely, p, = 3a? pv)
that leads to the Hamiltonian (cf. (397))

Npx _

NC = —6nGNVp} + Sy =0 (400)

We can finally make use of the freedom associated with such a con-
straint to pick the scalar field x as relational time variable. Recall that
X can act as clock because it is monotonic, since p, is a constant of

motion as py = {py, NC} = 0. Indeed, the equation of motion for y,

N
X ={x,NC} = %, (401)

can be arranged so as to relate the evolution in t with the rate of
change in x by the lapse function as

Ndt = de. (402)
Px

Then, the equation of motion for the volume,

V ={V,NC} = —12nGNVpy, (403)
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can be reformulated using x as clock thanks to the relation (402):
substituting this in (403) one can express py as

pv = 127G Wa . (404)

Finally, plugging (404) in the vanishing of the Hamiltonian constraint
(400), one finds the relational Friedmann equation

1dV)*_ 4G (405)
3vdy) ~ 3’ 405

which describes the dynamics of the volume with respect to the val-
ues of the scalar field x. The large-volume limit of the isotropic GFT
models reviewed in Section 3.3 is compared to (405), which in partic-
ular suggests the identification (137).

Note that (405) can be equivalently obtained following different
strategies. For instance, one could rearrange the constraint (400) for

px = V127G Vpy, (406)

and directly evaluate the Poisson brackets
dv
ax ={V,py} =£V121GV. (407)

Essentially, (407) represents the evolution of V as dictated by the rela-
tional Hamiltonian p, that is conjugate to the chosen time variable .
Clearly, squaring both sides of (407) yields (405). Yet another way to
derive the relational Friedmann equation is given by explicitly mak-
ing use of the lapse function: by setting X = 1 in (401) (which means
picking x as time), one finds the lapse

1%

N=—.
Px

(408)

Given that the Hubble parameter in the volume variable reads

N SN2
a v
H=(—) =5+
(aN) <3VN> ’ (409)
one can directly substitute (408) in the traditional Friedmann equa-
tion (398) to immediately find (405). We will also use the lapse (408)

to describe dynamics with respect to x in the case of loop quantum
cosmology.
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EFFECTIVE LOOP QUANTUM COSMOLOGY.  Loop quantum cosmol-
ogy uses the quantisation techniques of loop quantum gravity for
models that are reduced by symmetry arguments at the classical level
(i.e., one considers cosmological settings before quantisation). In par-
ticular, in this framework one can obtain a well-defined quantum the-
ory for an isotropic FLRW Universe (coupled with a scalar field y)
which resolves the Big Bang singularity replacing it with a quantum
bounce [28, 36, 77].

An important aspect in quantum cosmology is the peakedness of
semiclassical states around classical solutions; this property is shown
to be preserved during evolution in loop quantum cosmology, in par-
ticular for the volume observable we are interested in [345]. In such
semiclassical states, the main features of the dynamics (in particular
the bounce) are captured by the evolution of the expectation values
of total volume and the momentum of the scalar field p,. Indeed, one
can show that the so called effective approach to loop quantum cosmol-
ogy provides semiclassical dynamics that are in excellent agreement
with the quantum dynamics for sharply peaked states [35, 36, 130].
This is interpreted as an effective, semiclassical description of space-
time that incorporates quantum effects from loop quantum gravity,
essentially due to a discretisation (sometimes called “polymerisation”
[117]) of the Hamiltonian constraint, as explained below.

The first step in this scheme is to adopt a new variable representing
the conjugate momentum of the volume V. Specifically, one usually
defines the variable b as proportional to the Hubble parameter

b =kH = —4nGkpy (410)

where k is a numerical constant (usually identified with the Barbero—
Immirzi parameter of LQG [50, 232]) and H is given in (409) (the
last equality in (410) follows from (403)). Clearly, one can use the
pair (b, V) with Poisson brackets {b,V} = 47Gk to describe the
same FLRW classical dynamics discussed above, simply expressing

the Hamiltonian constraint (400) as

3NV Np3

NC=-gce v

=0. (411)
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In LQG, gravity is
seen as a theory of a
SU(2) connection
(cf. Section 2.1). The
holonomy of such a
(generically curved)
connection describes
the extent to which
parallel transport
around closed loops
fails to preserve the
geometrical data.

RELATIONAL DYNAMICS IN COSMOLOGY

The “quantum effects” of the effective approach to loop quantum
cosmology are incorporated in a semiclassical manner by means of

the replacement

R sin(Ab) ’ (412)
A

where A is some length parameter (proportional to the Planck length
(cf. (1))). (412) essentially represents a discretisation (or polymerisa-
tion) choice: this idea is imported from the full theory of LQG, where
operators can only be defined for matrix elements of holonomies and
not for the connection itself [34, 341]. As we will see, the cosmological
dynamics resulting from the choice (412) modify the classical scenario
with quantum gravity (holonomy) corrections [27]. Importantly, such
holonomy modifications are responsible for a cosmological bounce in
isotropic models: from (412) and (411) one simply obtains an effective
Hamiltonian constraint

N pi
PAVA

(ef) 3NV sin?(Ab)
LQC — _87TGk2 A2

NC (413)

which can now be used to define effective dynamics. In particular, the

equation of motion for the volume (cf. (403)) gets modified as

- off 3NV
V= {V,NCiod} = =3

sin(Ab) cos(Ab) . (414)
This, together with the vanishing of the Hamiltonian constraint (413),
readily leads to a modified version of the classical Friedmann equa-
tion (398) which reads [359]

8tG 1Y
H? = TPX ( - P)cc> , (415)
with H? and p, given in (409) and (399), and where
3
Pe = grcien (416)

represents a maximum value for the energy density. The quantum
gravity correction thus appears as a —p}c / pc modification to the clas-
sical Friedmann equation, meaning that the volume of the Universe

bounces when the energy density approaches p. ~ Pplanck-”

The precise value p. = 0.41ppjanck is found in LQG by fixing the length scale kA
(related to what was earlier called Iy) so that the leading term in black hole entropy
calculations matches the Bekenstein-Hawking formula [22, 23, 141, 284, 314]. This
can also be seen as a free parameter for comparison with observations [25, 30].
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Just like for the GR case, the loop quantum cosmology effective
Friedmann equation (415) can be written in relational terms using x
as clock variable. As we have seen above, it is enough to choose the
lapse given in (408); substituting this into (415) (and also recalling

(399)) quickly yields

1 dV\? 4nG 0
— ) = 152X
<3V dx> 3 ( pc> 7
This is the type of equation that also emerges in GFT cosmology, al-
beit with minor differences and from completely different starting
points. We refer the reader to Section 3.3 for all the details, where in

particular we compare the GFT effective Friedmann equations (136)
and (159) with the relational dynamics of GR (cf. (405)) and effective

LQC (417).
A.2 BIANCHII AND II

We now move our attention to a classical Bianchi I cosmology, with

metric
ds? = —N(t)?df* + aq (t)?dx® + ap(t)*dy* + a3(t)*dz*.  (418)

This generalises the flat FLRW metric (395) to the case with separate
scale factor a;(t) in each Cartesian direction i = 1, 2, 3. We introduce
the Misner parametrisation (see, e.g., [81]) with a volume variable
V = ayaza3,

4y = V3PtV
a; = V13— V3P , (419)

a3 = V3 %+

The variables B represent anisotropy parameters and have their own
momenta p+. Using this parametrisation, equations (391) and (392)
become

§= /dt (pvV +ps+Bs +p-B-+pxx — NC), (420)
where

271G Np2. N 271G Np? n Np}

NC = —6nGNVp? + TR, 3 v v

=0. (421)
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Just like for the
momentum py of
the field x, note that
also the momenta of
the anisotropies B+
are conserved, i.e.,
p+ =0.
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Notice the similarity between the anisotropy variables and the scalar
field x. Their contribution to the Hamiltonian is basically the same,
expect for numerical factors; at least classically, a Bianchi I Universe is
not different from an FLRW Universe with free massless scalar fields.
Even though we still make use of a matter clock in Chapter 4, this
equivalence suggests that the anisotropy variables B4 could play the
role of a clock in GFT cosmological (anisotropic) models.

As before, we now use x as a clock and we extract relational dy-
namics from the equations of motion as follows. Other than the equa-
tions of motion for the volume and the scalar field (which are also
here given by (401) and (403)), we also have the dynamics for the
anisotropies

471G Np=

B+ ={B+, NC} = 3 vy (422)

One can then use V and x to obtain py as in (404), which can be
substituted into the vanishing of (421), to get

< 1 dv>2_ <4nc>2pi+p2 4nG

3Vdy 3 P T3 (423)

This relational (generalised) Friedmann equation reduces to (405) in
the isotropic case. We point out that the new anisotropic contribution
is (also) constant in x as the momenta p+ and p, are constants of
motion.

Moreover, we now have anisotropy degrees of freedom, whose re-
lational dynamics are obtained in a similar fashion. We use (422) (to-

gether with x) to write the momenta

_ 3px dB+
P+ = 176 dy (424)

Importantly, since p+ are constants of motion, we see that the anisotropies
are linear in ). Substituting the momenta (424) into the Hamiltonian

constraint (421), we obtain

dBx\* _ (4nG\? (9V?p}, pR\ 4nG (425)
dx 3 P2 p2 3

Albeit tedious one can also check from the right-hand side of (425)

that df+/dy is constant (specifically, one shows that other than p,
and p+, also the product Vpy is conserved).
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Conveniently, some algebraic manipulations show that (423) and
(425) can also be combined into the relational equation

1.dv\* [dB.\> [dB_\* 4nG
(ra) = (&) (%) + 5 420
This form has the advantage that it only relies on derivatives with
respect to x rather than canonical momenta. This equation is used as

a classical comparison for the anisotropic GFT cosmological model of
Chapter 4 in the large volume limit.

A MODEL WITH CURVATURE.  For the sake of completeness, we ex-
tend the above formalism to the Bianchi II case to see how curvature
affects relational (classical) dynamics. We follow the same strategy as
before, but we now also have the Bianchi II curvature term appearing
in (392), which reads [81]

B)R — _%V*2/3e4(ﬁ++\@ﬁ’) . (427)

The Hamiltonian constraint (392) then takes the form

2nGpt  2nGp*: V13 P
C:—67TGVP%/+T7++T7 R@“‘&rﬁ_ﬁﬁf)‘i‘ﬁzo.

(428)

Without repeating all the steps seen in the Bianchi I case, we recall
that the strategy is to use the equations of motion to obtain the mo-
menta py and p+. Plugging them into C = 0 one obtains

<1dv>2 _ <4”G)2 P ha pe 4G V4/§ eHP+V3h-) | (429)
3V dx 3 2 3 12py
and
(dﬁi>2 _ <4nc)2 (9V22p2V - ;%) _4nG V4/z’e4(/3++\/§/3,)_
dx 3 Px Px 3 12py
(430)

These are nothing but extensions of (423) and (425). Finally, putting
everything together one can write a Bianchi II generalisation of the

(relational) Friedmann equation,

2 2 2 4/3
Ldiv — % _|_ dﬁ_ + 47TG + V 64(,B++\/§,B*) (431)
3V dy dy dy 3 12p2 ’
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Note that constant
anisotropies yield
the same relational
dynamics of a
FLRW Universe
(405). This is
consistent with the
fact that constant
anisotropies can
directly be removed
from the metric by
simply rescaling
coordinates.
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which reduces to (426) when the last term (which comes from (®JR) is
zero. Notice that in an expanding Universe this term becomes dom-
inant at later times: the dynamics are initially close to Bianchi I and
deviate only when the exponential expansion of the volume takes
over. Because of this, and given that the Bianchi II scenario is the sim-
plest Bianchi model involving spatial curvature, we also compare our
anisotropic GFT cosmology to these equations in Chapter 4.



COMPUTATIONS WITH GAUSSIAN STATES

In this appendix we provide all the details needed to achieve some
of the main results of Chapter 5. Specifically, in Section B.1 we fo-
cus on the Robertson-Schrodinger uncertainty principle (cf. (204)) as
a possible criterion for defining semiclassical states, and we prove
some claims of Section 5.1 and Section 5.2 showing all the analyti-
cal expressions. Then, we briefly review the thermofield formalism in
Section B.2, a computational tool that is used for most of the results of
Chapter 5. While Section B.1 contains details for the results of Chap-
ter 5 that focus on the deparametrised approach to GFT cosmology,
Section B.2 introduces a framework that is used in both approaches
(in a straightforward manned for the deparametrised approach, and
with suitable generalisations described in Section 5.3 for the algebraic
approach).

B.1 ROBERTSON—SCHRODINGER UNCERTAINTY PRINCIPLE

In this section we analyse in detail the Robertson-Schrodinger (RS)
inequality (204) for all states described in Section 5.1 and Section 5.2.
To begin with, we report in Table 2 and Table 3 the expectation val-
ues, variances and covariances for the operators of interest at y = 0,
using coherent states (210) and squeezed states (219). Moreover, us-
ing the analytical expressions for the time evolution of variances and
covariances (cf. (205) and (206)), we explicitly compute the dynamical
behaviour of the left-hand side and right-hand side of the RS inequal-
ity (204). For coherent states we find

v?w?

(AV (A = T (ala +1)

X [4‘“|2(Sinh4w)( singg + coshyy ) 4+ coshaye _1] ,

A A A "W
(AA)E +w(C2 = = [4la]* coshd,,y cos},

: . . 2
+ (2]ac|2(cosh2wx singg + Sinpwy ) + sinhawy ) } ,
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Chapter 5, the
subscript of
trigonometric and
hyperbolic functions
denotes their
arguments in some
lengthy equations.
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Coherent states evaluation

(V) vlaf?

(A) —4 (% 4+ a?) = —w|a|?cos(29)
(C) iy (a* — a?) = v|a|?sin(29)
(AV)? v?[af?

(AH)? < (1+2]af?)

(AC)? 2 (1+2[a]?)

A(VH) —% (32 + a?) = —vw|a|* cos(28)
A(VE) iZ (a2 — a?) = v?|al?sin(29)
A(HC) 0

Table 2: Useful quantities computed with coherent states [a) (cf. (210)),
where the displacement parameter is decomposed as « = |a|e!?.

which can only be equal if vw|a|? coshy,, = 0. Since we exclude the
trivial cases with vanishing GFT parameters and with & = 0 (which
would reduce a coherent state |a) to the vacuum |0)), there is no
X for which the Robertson-Schrodinger relation is saturated. Con-
versely, for squeezed states we find that the uncertainty principle is
minimised at all times:

(AVOZ(AR)E = (A(VH))E + w?(Cy)d
2
_ Yw . .
=g [smhzwc (smh‘zl, sm%w +4 cosh§r>
+ CoshZQ,X <4 sinh3, sini + sinh3, cos@)

1
+ 1 sinhyy siny (8 sinh%, coshy, cosyy +6 sinhy, + sinhgr) } .

In other words, x-evolution does not change the statement of whether
the RS uncertainty principle is saturated. Figure 24 shows this feature
for some state parameters.

Other than studying generic intermediate times, we can in particu-

lar also evaluate the large-volume limits (207) and (208), which pro-
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Squeezed states evaluation

V) vsinh?(r)

(H) —% sinh(2r) cos(y)

(€) 3 sinh(2r) sin(¢)

(AV)? 2 sinh?(2r)

(AH)? o (3 + cosh(4r) + 2 cos(2y) sinh2(2r)>
(AC)? 2 (3 + cosh(4r) — 2 cos(29) sinh2(2r))
A(VH) — ¢’ cos(¢p) sinh (4r)

A(VE) 2 sin() sinh(4r)

A(AC) — % gin(2¢p) sinh?(2r)

Table 3: Useful quantities computed with squeezed states |z) (cf. (219)),
where the squeezing parameter is decomposed as z = re'¥.

vide simpler expressions. Using the quantities in Table 2 and Table 3,

we find

(AV)Z (AH)Z xkeo (2|oc|2—i—1)[1 + 4|a|? (1 = singg)]
(V)2 (H)Z |ac|* cos3, (1 + 2|a|?(1 £ sings))?

(
(AR | o (CJR  xose 1+ 4laf (2laP +1) (1 +sing)
V@2~ LBz af*cos3, (1 + 2Ja (1 % singy))?”

AV (AA)E yoteo
(AVy)s (AH)3 Xox 4+4csch%,secﬁ,

(Vo3 (H)3
AV, H))3 Cy)3 0
(A( f A))ZS + w? < ZXSA 5 AN 4—|—4csch%rsec§,,
PO2EE ¢ (V3B

showing confirmation of the above statements for both classes of
states.

In a similar fashion, one can also deal with the more general Gaus-
sian states (229). As with coherent states, one finds that Gaussian
states do not minimise the RS principle at any x. For x = 0 one can
quickly read off from the results in Section 5.2 (cf. (232), (234) and
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Figure 24: Left-hand side (LHS) and right-hand side (RHS) of the RS in-
equality (204) for coherent (¢ = 1) and squeezed (z = 1) states,
setting v = 1. The first two panels show that coherent states do
not saturate the inequality at early or late times; the last panel
shows that squeezed states saturate (204) at all times.

(235)) that the right-hand side and the left-hand side of the inequality
(204) do not match, as

v’ w?

(A8 =

(4|(x]28(cosh27 +F, sinhy, ) + B2 coshy, —1)

X {8|rx|28 (coshy, +F_ sinhy, ) + B2 (2 sinh%, cospy + coshy, +1> + 2} ,

and

v w?

16
+ B2 (4]a |?(coshy, cosyg + sinhy, cosy) + Bsinhy, cos¢)2 ] ,

(A(VA))Z + w*(C)E = {4 (2]a|? singg +B sinhy, sinl,,)2

where B = cothg/, and Fi = cosypcosy + sinyg sing. As with any
other states, one can also use the time-dependent expressions (205)
and (206) to compute the behaviour of the uncertainty principle un-
der time evolution. Even though such results can be calculated ana-
lytically, we do not report the (lengthy) Gaussian state expressions
because they are not insightful; we refer the reader to Figure 25 in-
stead. On the other hand, we show explicitly that the inequality is
not saturated for y — 4. Using again the convenient large-volume
limit (207), one can compute the product of the (late-time) volume
and Hamiltonian relative uncertainties

(AVE xoEe 8|a|*(sings 1)

(V)& D, ’
AH)? 1
(<ﬂ))GG = 5D, [86[04|2(cosh2r +F_ sinhy,)

+B? (2 sinh%r cosyy + coshy, +1> + 2} ,



B.2 GAUSSIAN STATES AND THERMOFIELD FORMALISM 205

where for convenience we defined

Dy = [2|a|*(sings 1) + B(sinhy, sinyg & coshy,)] ? ,
D, = (2|a|* cosys +Bsinhy, cos¢)2

Comparing the product of (AVy)2/(Vy)2 and (AH)Z /(H)Z with (208),
which here reads

N

(A(VXH))Z wz <Cx>é Xli)m Bz
(VOg(A)E (V)2 (H)Z DD,

{ [B (sinh4r cosy =+ sinh3, sinzw)

4

2
+ 4|a|* (sinhy, (cosy = sinpg. ) + coshy, COSzlg)] } +o.
2

one can see that the saturation of the RS relation does not occur at
late times. Since the complexity of Gaussian states makes these ex-
pressions somewhat intransparent, we report in Figure 25 a graphical

demonstration of the exact time evolution for some state parameters.

8x10'7® lal | 5
o 0
6x10'7® r 0.1
w T
4x10'7® Ng 1
2x10'"® — LHS
—_ RHS
. . [0}
0.2 04 X 990 992 994 996 998 1000

Figure 25: Left-hand side (LHS) and right-hand side (RHS) of the RS prin-
ciple (204) for Gaussian states, setting v = 1. The inequality is
not saturated at early or late times regardless of the choice of
parameters.

B.2 GAUSSIAN STATES AND THERMOFIELD FORMALISM

In this appendix we present the features of Gaussian states that lead
to the definition (229), as well as the tools used to obtain all the results
of Section 5.2 (and generalised in Section 5.3). We start by means of a
pivotal result, originally investigated in [268, 269, 350] (see also [212,
351] for modern perspectives), which states that when dealing with
second-order bosonic Hamiltonians, the most general Gaussian state
can always be expressed as three types of unitary operators acting
on the thermal state pg (230) (or on the Fock vacuum |0) for pure
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Gaussian states). These so-called “fundamental Gaussian unitaries”
are the squeezing, displacement and rotation operators

S‘(Z) _ e%(zﬁ*z—zﬁz)

7

+

D(a) = "~ (432)
R(g) = "7,
where (z,a) € C, z = re'¥ and (r,¢,¢) € R.

To prove that a general Gaussian state can be taken to be of the

form (229), one can first notice that the operators in (432) satisfy

=
3
o>
—
QK
N
SN—
I
x
Nl—=
-
g
2
2
2
N
5
&l
o
~~
=
B
+
=
N
SN—
:

(433)

where, defining f, = tanh(r,) exp(ig,;), ¢ and z3 are determined by

6147 — 1+t1§ tl";tl
[1+t1£;] 1+tty
different types “compose in a closed way”, namely

and t3 =

. Moreover, one finds that operators of

S'(z)D(a)S(z) = D(acosh(r) — &e'¥ sinh(r)), (434)
R(¢p) = 5(e72), (435)
R(¢) = D(e™a). (436)

Since the state parameters are arbitrary, properties (433)-(436) show
that one can produce a Gaussian state by acting on gg with any num-
ber of the operators in (432), in any order. Finally, we can see that it
is no loss of generality to define Gaussian states without using the
rotation operator. Using (435) and (436), starting from an arbitrary
definition of Gaussian states we could move the rotation operator un-
til it acts on pg (or on [0) in the case of zero temperature). These
operations only change the free parameters z and «, which were ar-
bitrary to being with, by a phase. But R(¢) leaves both pg and |0)
invariant, and hence has no effect whatsoever.

Central to the computation of expectation values with (both pure
and mixed) Gaussian states is the action of the displacement operator
and squeezing operator on 4 and 4':

$%(2)aS(z) = cosh(r)a + ¢ sinh(r)a*,
. (437)
a

S(z) = cosh(r)a" +e ¥ sinh(r)a,
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and

DY (x)aD(a) = 4 +a,
. (438)
a

DY (a)a*D(a) = 4" +

p=J]

From these one can see that, for any function f of the ladder op-
erators, expressions of the form $*(z)D*(a)f(a,a")D(x)S(z) are in
general simpler than D («)$%(z) f(a,4%)S(z) D(a). This is why, for in-
stance, displaced squeezed states |«,z) = D(ax)5(z)|0) are usually
adopted as pure Gaussian states instead of squeezed coherent states
|z,&) = $(z)D(a)|0) (the same applies to our general definition (229));
the property (434) effectively allows us to choose the most convenient
ordering.

While by use of (437) and (438) one can obtain all the expressions
of Section 5.2 using the density matrix g (229) and the standard tech-
niques for calculating traces, we outline here the thermofield formalism
as a very useful tool to extract the same results (in particular if one
wishes to use a computational software, such as Mathematica). This
also allows us to link the present paper with the work of [40, 41, 250],
where such a formalism was adopted to introduce thermal effects in
GFT.

Thermofield dynamics were introduced in [357] (see [241] for a re-

cent detailed treatment) as a formalism to link ensemble averages of

statistical mechanics to expectation values computed with a temperature-

dependent vacuum state, dubbed thermal vacuum and denoted |0g). In
a nutshell, such a framework establishes a correspondence between a
density matrix, which in our case is of thermal type pg (230), and the

pure vector state |0g), such that

In [357] it is shown that one can define a thermal vacuum satisfying
(439) only by enlarging the conventional Fock space. Specifically, one
needs to double it by adding a fictitious system (denoted with a tilde)
identical to the one under investigation. For simple theories such as
our single-mode GFT cosmological models, this means introducing a
new pair of bosonic ladder operators (4, 4*) and constructing a second

Fock space from a “tilde vacuum” |0) in the standard way, with

[a ﬁ*] =1, (440)

207



208

COMPUTATIONS WITH GAUSSIAN STATES

and
al0) = 0. (441)

The tilde operators commute with the non-tilde operators as they live
in distinct spaces. The next step in the thermofield formalism is to
define a “product vacuum” in the doublet Hilbert space as a zero-
temperature ground state,

10,0) := 0) ® |0), (442)

such that 4|0,0) = 4|0,0) = 0, from which one can construct product

states in the usual manner,

(af)n(af)m B

NN 0,0). (443)

Finally, the correspondence with thermal states is established by intro-

|, 1) =

ducing temperature through a Bogoliubov transformation that mixes

the real and fictitious systems:

10p) = T(85)10,0), (444)
with

T(0p) = @7 1), (445)

The so-called thermalising operator T(Gﬁ) is a two-mode squeezing op-
erator and the real parameter 63 encodes temperature in a way that
will enable us to verify (439). One can easily check that the trans-
formed, now temperature-dependent, ladder operators

>
x>

T%(65) = cosh(6p)a — sinh(6g)a", 6)
R . 44
T+(95) = cosh(fg)a — sinh(%)ﬁfr ,

T(6p)
T(6p)

[
[

p
p
indeed annihilate the state (444)

ag|0p) = ap|0g) =0. (447)

The operators (446) and their adjoints still satisfy the bosonic algebra
because Bogoliubov transformations are canonical. Therefore, one can
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construct a Fock space with respect to the p-dependent operators,
where general states read

. N e
|n,1m; B) = T(0p)|n, 1) = W!%- (448)
The association of the thermal vacuum |0g) with a density matrix
pp as given in (230) is obtained by determining 64 as a function of B.
This is done by imposing the condition (439) for the number operator
so that, thanks to (233), one has

Lo (A ata) o iataln.y — o 2
il (pﬁa a) = (0gla"a|0g) = sinh(6p)°, (449)

where the right-hand side is computed using the thermal vacuum
(444). The fictitious system is understood as unphysical and is only
introduced as a useful tool. We are not interested in expectation val-
ues of tilde operators; this helps to define a simple thermofield coun-
terpart of Gaussian states.

Starting from the thermal vacuum [0g), we can construct states by
analogy with (210) and (219) and hence use displacement and squeez-
ing operators to define general Gaussian states in the thermofield for-
malism. Indeed, we can generalise the GFT coherent thermal states of
[40, 41, 250], defining the thermofield analogue of g (cf. (229)) as

|z, B) = D(a)$(2)T(65)|0,0) = D(a)$(2)[0g) , (450)

which clearly reduces to a pure Gaussian state when § — oo (or equiv-
alently 65 — 0). Since the thermalising operator (444) is of squeezing
type, the order in which the operators appear in (450) is in princi-
ple arbitrary (see discussion below (433)) and is chosen for conve-
nience. There is however a subtlety: while D(a) and 5(z) only act on
the non-tilde sector, T(Gﬁ) is a two-mode operator which mixes the
physical and fictitious parts. Thus, choosing T(6g) to be to the left
of D(a) and/or $(z) requires the introduction of f?(&) and/or § (2),
with & = & and Z = Z (see [241] for details).

On the other hand, if the mixing between the physical and the
fictitious sectors happens first (i.e., T(6p) is to the right of every other
operator as in (450)), one is free to displace and squeeze only the

non-tilde component of the state. Of course, one can also include the

One can for example use the state T(G,;)D(a)D(&)S(z)§(Z)|O, 0) or any other alter-
native definition achieved by changing the operator ordering; they will all be related

to [¥g; B) in (450) via (434).
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tilde operators f)(/i) and $ (2) acting from the left in (450) (as done
in [40, 41, 250] for coherent states), but this is not necessary; it would
only be relevant if one were interested in the expectation values of
tilde operators. In short, the state (450) is the simplest thermofield
analogue of the Gaussian density matrix (229).

The explicit computational convenience of the thermofield formal-
ism comes from the following transformation rules of our GFT ladder
operators

T*(0p)aT(05) = cosh(6p)a + sinh(6p)d",

)
R . . (451)
T"(85)a" T (0p) = cosh(fg)a" +sinh(6p)a,

which were tacitly used to compute the right-hand side of (449). The
transformations (451), together with (437) and (438), allow us to for-
get entirely about Gaussian density matrices and taking traces. This
makes calculations very mechanical: one first simply computes ex-
pectation values with (450) exactly as if using pure states; then, one
makes use of the identification (449) to map the thermofield results
to the standard (B-dependent) results of the density matrix approach.

While in the above we focused on techniques used for the de-
parametrised approach to GFT cosmology (i.e., for the results in Sec-
tion 5.2), suitably generalised definitions and expressions can easily
be applied to the algebraic approach; the details can directly be found
in Section 5.3.
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