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Abstract  

Recent advances in the development of scattering-type scanning near-field optical 

microscopy (s-SNOM) using terahertz (THz) frequency quantum cascade lasers (QCLs) 

have opened up new opportunities for THz measurements on the micro- and nano-scale. 

In this thesis the further development of THz-s-SNOM using QCLs is reported, as well as 

its application to the investigation of plasmonic effects in a range of systems. 

It is shown how the frequency tuning of a QCL can be measured with high resolution 

using the self-mixing effect, but also exploited for coherent measurement of the 

scattered field in s-SNOM. The THz-s-SNOM is characterised with an optimisation of the 

spatial resolution achieving a value of 29 nm corresponding to ‗Ⱦ3000. Using THz-s-

SNOM, a novel coherent stepped-frequency system is then reported, in which a 

generalised phase-stepped algorithm is employed to measure magnitude and phase data 

with as little as 4 sampling points per imaging pixel. This approach is used to successfully 

image the out-of-plane electric field supported by a THz micro-resonator. 

A theoretical and experimental investigation of the excitation of surface plasmon 

polaritons (SSPs) in topological insulators (TI) is then presented. Experimental 

measurements are presented for unpatterned and patterned thin-film Bi2Se3 samples. A 

Bi2Se3 thin-film sample incorporating a metallic top gate is also investigated and it is 

demonstrated that the s-SNOM approach can successfully probe the TI surface beneath 

the top-gate. By expressing the resulting imaging data in the complex plane, it is seen 

that SPPs can be successfully launched and measured on the TI surface using this 

technique.  

Furthermore, an improved metamaterial waveguide structure supporting spoof surface 

plasmon polaritons (SSPP) has been theoretically and experimentally investigated, 

wherein the out-of-plane electric field associated with SSPPs has been imaged using 

THz-s-SNOM showing a waveguide-to-waveguide SSPP energy transfer. 
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3.13 ɀ Experimental set-up up for far-field frequency stepping LFI measurements.  

 Self-mixing voltage measured as a function of laser driving current, showing one״ 3.14

exemplar interferometric fringe obtained by far-field LFI (blue circles). Also shown is a 

fit to the L״K model (Equation 2.21), in which ɼ  2.91 mV and ה  ςȢψЈȢ״ 

σȢρυ ״ ɉÁɊ -ÁÇÎÉÔÕÄÅ ɼ  and (b) phase ה  values determined by applying the GPSA to 

the data in Figure 3.14, for . ÉÎ ÔÈÅ ÒÁÎÇÅ σ״ςπȢ &ÏÒ ÅÁÃÈ ÖÁÌÕÅ ÏÆ . there exists multiple 

possible subsets of phase sampling points corresponding to differing positions of the . 

points along the fringe, each of which yield a different pair ɼ  and ה  values. Also shown 

ɉÄÏÔÔÅÄ ÌÉÎÅÓɊ ÁÒÅ ÔÈÅ ȬÔÒÕÅȭ ÖÁÌÕÅÓ ÏÆ ÍÁÇÎÉÔÕÄÅ ÁÎÄ ÐÈÁÓÅ ÁÓ ÄÅÔÅÒÍÉÎÅÄ ÆÒÏÍ ÔÈÅ ÆÉÔ 

shown in Figure 3.14. 

Maximum magnitude error Åȟ (a) ״ 3.16 ÍÁØ  calculated from the 

magnitude values ɼ  determined from the GPSA (shown in Figure 3.15) and expressed 

as a percentage error relative to the magnitude ɼ determined from the fit shown in 

Figure 3.14; (b) maximum phase error Åȟ ÍÁØȿה  ȿ calculated from theה

phase values ה  determined from the GPSA (shown in Figure 3.15) and the phase ה 

determined from the fit shown in Figure 3.14. 

3.17 ɀ x- and y-component of the signal acquired by the lock-in for near-field frequency 

sweep using the stepped frequency measurement system.  

Self-mixing voltage obtained from demodulation of the laser voltage at the Î ״ 3.18  3 

harmonic of the tip tapping frequency, measured as a function of laser driving current 

(blue) fitted to which is the L-K model according to Equation 2.21 (red).  

Maximum magnitude error Åȟ (a) ״ 3.19  and (b) maximum phase error Åȟ  

determined from the magnitude and phase values obtained from the GPSA when applied 

to the data shown in Figure 3.18, expressed relative to those determined from the fit 

shown in Figure 3.18. 

σȢςπ ״ &ÉÎÉÔÅ ÅÌÅÍÅÎÔ ÓÉÍÕÌÁÔÉÏÎÓ ÓÈÏ×ÉÎÇ ÔÈÅ ÓÐÁÔÉÁÌ ÖÁÒÉÁÔÉÏÎ ÏÆ ÔÈÅ ɉÁɊ ÍÁÇÎÉÔÕÄÅ ɼ 

(a.u.), (b) phase ה  (rads/ʌ) and (c) real part 2ÅɼÅ  (a.u.) of the out-of-plane field 

ÉÎ ÔÈÅ Ø״Ù ÐÌÁÎÅ ςπ ÎÍ ÁÂÏÖÅ ÔÈÅ $!ȟ ×ÈÅÎ ÉÌÌÕÍÉÎÁÔÅÄ ÕÎÄÅÒ ÏÂÌÉÑÕÅ ÉÎÃÉÄÅÎÃÅ ÁÔ Á 

frequency 3.45 THz. Adapted from [15] . 

 

3.21 Terahertz image of the dipole antenna structure obtained by THz-s-SNOM, in which 

the antenna is obliquely illuminated with p-polarised radiation at a frequency 3.45 THz. 



 
 

The colour scale represents the self-mixing voltage derived from the Î 2 harmonic of 

the laser voltage, measured at a single laser driving current. The signal comprises of 

components capturing both the near-field dipole interaction between tip and sample 

surface, as well as the spatial distribution of the out-of-plane field supported by the 

sample under resonant excitation. 

3.22 ɀ Examples of single pixel 6  data acquired for .  15 data points acquired using 

the stepped frequency system (red) fitted to which is the GPSA (blue). (a) ɼ  0.57 mV 

and ה  -0.51 rad. (b) ɼ  1.2 mV and ה  0.43 rad. (c) ɼ  1 mV and ה  0.51 

rad. (d) ɼ  1.1 mV and ה  0.39 rad. 

ה Magnitude ɼ, phase ״ 3.23  and real part 2ÅɼÅ  of the out-of-plane field 

component associated with the plasmonic dipole mode excited in the DA under resonant 

excitation by THz radiation. Blue circles show measured values, obtained by THz-s-

SNOM and applying the GPSA with (a) . 15 and (b) . 4 measurements per pixel, 

plotted as a function of position along the principal axis of the antenna. Also shown (red 

lines) are the corresponding values derived from FEM simulations shown in Figure 3.20. 

Two-dimensional images showing the (a) real part 2ÅɼÅ ״ 3.24  (a.u.) and (b) 

phase ה  (rads/ʌ) of the out-of-plane field component supported by the DA, obtained by 

THz-s-SNOM and applying the GPSA with  .  4 measurements per pixel. The first and 

last pixels of each row and column correspond to the substrate region of the sample. 

Both images have been generated by concatenating 1D scans taken at different y-

positions on the sample. 

4.1 ɀ Energy-momentum diagram of a typical topological insulator showing the Fermi-

energy level % and the momentum of spin up (blue arrow) and spin down (green arrow) 

electrons. Adapted from [16] .  

4.2 ɀ (a) Diagram of s-SNOM scanning location on a graphene nano-ribbon (GNR) with 

incident radiation (red). (b) Imaging data of a ribbon with fields of the left and right sides 

of the ribbon, including s-SNOM tip location. Adapted from [17] . 

4.3 ɀ Energy-momentum diagrams for Bi2Se2 modelled using a generalised gradient 

approximation (GGA) without (a) and with (b) spin orbit coupling (SOC). It can be seen 

that the presence of SOC provides a band gap of  ͯρ eV at the ɜ K-point. For simplicity, 

% has been assumed to be 0 eV. Adapted from [18] .  

4.4 ɀ Hexagonal Bi2Se3 atomic structure showing the Se1-Be-Se2-Be-Se1 quintuple layer 

(red box). Adapted from [19] .  



 
 

4.5 ɀ Dispersion relation of gold (blue) with free space wave vector (dashed red), 

according to Equation 4.1.  

4.6 - Plasmon propagation length in gold according to Equation 4.2.  

4.7 ɀ Plasmon wavelength in gold according to Equation 4.3.  

4.8 ɀ Normalised plasmon propagation length in gold according to Equation 4.4. 

4.9 ɀ Contribution terms of the permittivity of Bi 2Se3 according to Equation 6, using the 

values from Table 1 in [20] .  

4.10 ɀ Real (red) and imaginary (blue) parts of the permittivity of Bi2Se3 according to 

Equation 4.6.  

4.11 ɀ Sapphire dispersion relation according to Equation 4.7.  

4.12 ɀ (a) Dispersion relation for Bi2Se2 according to Equation 8. (b) Plasmon 

propagation length in Bi2Se3 according to Equation 2. (c) Plasmon wavelength in Bi2Se3 

according to Equation 3. (d) Normalised plasmon propagation length in Bi2Se3 according 

to Equation 4.4.  

4.13 ɀ Real part of the in-plane permittivity (blue) and out-of-plane permittivity 

(orange), according to Equations 4.9 and 4.10 as well as the real (yellow) and imaginary 

(purple) parts of the total permittivity.  

4.14 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of Bi2Se3 from Figure 4.12, determined using 

model 1 (Equation 4.6), with the equivalent plots determined using model 2 (Equations 

4.9 and 4.10). The values plotted in (b) and (d) are the absolute values to maintain 

similar y-axis scaling to Figure 4.12.  

4.15 - The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of Bi2Se3 for a range of ʖ  calculated from 

Equation 4.11, using a range of Î  1 ɀ 6 x1018 cm-3.  

4.16 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of Bi2Se3 for thicknesses of 20 nm (blue), 40 

nm (orange), 60 nm (yellow) and 80 nm (purple), according to Equation 4.8. 

4.17 - The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of Bi2Se3 for a range of Ë calculated from 

Equation 4.13, using a range of Î  1 ɀ 6 x1013 cm-2. 



 
 

4.18 ɀ Photolithography mask used to fabricate ribbon sample (wafer MBE20220536).  

4.19 ɀ Gated Hall-bar Bi2Se3 sample (wafer MBE20220530) microscope image with 

cross-sectional diagram (inset). Adapted from [21] .  

4.20 ɀ Real (blue) and imaginary (red) part of the permittivity of sample MBE210312, 

according to Equation 4.6, using material parameters obtained from fitting the real (blue 

dashed) and imaginary (red dashed) parts of the permittivity acquired via THz-TDS. 

4.21 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of sample MBE210312, according to 

Equation 4.8, using the permittivities of Figure 4.20.  

4.22 ɀ Real (blue) and imaginary (red) part of the permittivity of sample MBE210318, 

according to Equation 4.6, using material parameters obtained from fitting the real (blue 

dashed) and imaginary (red dashed) parts of the permittivity acquired via THz-TDS.  

4.23 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of sample MBE210318, according to 

Equation 4.8, using the permittivities of Figure 4.22.  

4.24 ɀ Real (blue) and imaginary (red) part of the permittivity of sample MBE20220536, 

according to Equation 4.6, using material parameters obtained from fitting the real (blue 

dashed) and imaginary (red dashed) parts of the permittivity acquired via THz-TDS. 

4.25 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of sample (wafer MBE20220536) according 

to Equation 4.8, using the permittivities of Figure 4.24.  

4.26 ɀ Real (blue) and imaginary (red) part of the permittivity of sample MBE20220530, 

according to Equation 4.6, using material parameters obtained from fitting the real (blue 

dashed) and imaginary (red dashed) parts of the permittivity acquired via THz-TDS.  

4.27 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon wavelength 

(c) and normalised plasmon wavelength (d) of gated Hall bar sample (wafer 

MBE20220530) according to Equation 4.8, using the permittivities of Figure 4.26.  

4.28 ɀ Schematic of the scanning area of sample MBE210312. Not to scale.  

4.29 ɀ (a) 3ɱ THz and (b) topology images from a 100 µm x 100 µm THz-s-SNOM 

measurement of sample MBE210312, measured in the scanning location depicted in 

Figure 4.28.  



 
 

4.30 - (a) 3ɱ THz and (b) topology images from a 20 µm x 20 µm THz-s-SNOM 

measurement of sample MBE210312, measured in the scanning location depicted in 

Figure 4.28.  

4.31 ɀ (a,d) Scanning area schematic (not to scale), (b,e) 3ɱ  THz and (c,f) topology 

images from two 85 µm x 85 µm THz-s-SNOM measurement of sample MBE210312 in 

different positions on the sample.  

4.32 ɀ (a) 3ɱ THz and (b) topology images from a 90 µm x 90 µm THz-s-SNOM 

measurement of plain sapphire wafer.  

4.33 - (a,d) Scanning area schematic (not to scale), (b,e) 3ɱ THz images and (c,f) 1ɱ THz 

images of two 90 µm x 90 µm THz-s-SNOM measurement of sample MBE210312 in 

different orientations of the same scanning area. Figures (e) and (f) have been rotated 

900 to demonstrate the angle at which the scan was performed.  

4.34 ɀ (a) Scanning area schematic, (b) AFM image, (c) 3ɱ THz image and (d) averaged 

THz image in the y-direction, of 30 µm wide ribbon on sample MBE20220536.  

4.35 ɀ (a) Scanning area schematic, (b) AFM image, (c) 3ɱ THz image and (d) averaged 

THz image in the y-direction, of 4.25 µm wide ribbon on sample MBE20220536. The 

incident beam was p-polarised denoted by the beam direction Ë and field direction %.  

4.36 ɀ (a) Scanning area schematic, (b) AFM image, (c) 3ɱ THz image and (d) averaged 

THz image in the y-direction, of 4.25 µm wide ribbon on sample MBE20220536. The 

incident beam was s-polarised denoted by the beam direction Ë and field direction %.  

4.37 ɀ Scanning area schematic of gated Hall bar Bi2Se3 sample. Omitted are the Au wires 

which connect to the Au contacts (yellow) and bottom gate (blue) to provide a bias 

across the TI.  

4.38 ɀ (a) 3ɱ THz and (b) topology of the gated Hall bar sample, measured in the 

scanning area shown in Figure 4.37.  

4.39 ɀ (a) Horizontally averaged values from Figure 4.38a and (b) horizontally averaged 

values from Figure 4.38b.  

4.40 ɀ Single interferometric fringe generated by current step between 540 ɀ 582 mA, 

performed in a similar manner to that shown in Chapter 3.  

4.41 ɀ Magnitude (a) and phase (b) extracted using the GPSA of Chapter 3 from a 1D 

coherent measurement scan of the gated Hall bar TI sample with 6  0 V. 



 
 

4.42 ɀ 6  signal of Figure 3.41 plotted in the complex plane with (red) and without 

(blue) the offset # according to Equation 4.13.  

4.43 ɀ Real part of the SPP field (blue) with Equation 4.14 (red) for coherent 

measurements of the gated TI using 6  0 V (a) and 6  2.5 V (b).  

4.44 ɀ SPP wavelength extracted using Equation 4.13 for coherent measurements of the 

gated TI sample using a range of gate voltages 6  -5 ɀ 5 V. 

5.1 ɀ Dispersion relation for fundamental mode of comb-shaped PSP waveguide (a) and 

normalised amplitude of the out-of-plane electric field of a unit cell obtained using FEM 

(b). Geometric parameters of the waveguide with ×  1.07Ä, Á  0.73Ä and È  0.8Ä 

where Ä  7.5 µm (a inset). Adapted from [10] . 

5.2 ɀ ANSYS HFSS wave port simulation environment for PSP waveguide with SSPP 

propagating from port 1 and detected at port 2. Adapted from [10] . 

5.3 ɀ Real part of the out-of-plane electric field % (MV/ m) on the surface of a 208 µm 

long PSP waveguide, captured from the simulation environment of Figure 5.2. Adapted 

from [10] . 

5.4 ɀ (Blue) Averaged % values for each bar of the PSP waveguide extracted from Figure 

5.2. (Red) Equation 5.2 with fitting parameters of %  11 MV/m, Ë  3350 cm-1, ʃ

 1.2 rad and ,  75 µm. Adapted from [10] . 

5.5 ɀ (a) Schematic diagram of grating structure with period ɻ  20 µm, length , ͯ 87 

µm, offset Ç  10 µ and slit length ,  25 µm. (b) Schematic diagram of the 208 µm 

PSP waveguide integrated with the grating of (a). Adapted from [10] . 

5.6 ɀ S-polarised simulation orientation showing direction of incident beam wave vector 

Ë and electric field % with respect to the waveguide structure. Adapted from [22] . 

5.7 ɀ (a) Simulated real part of the out-of-plane field % on the surface of a 208 µm-long 

PSP waveguide excited by an s-polarised 3.45 THz incident beam. Spatially averaged 

values of % per bar for the area Ø  0 ɀ 104 µm (b) and Ø  104 ɀ 208 µm (c), fitted to 

which is Equation 5.2 with fitting parameters %  3 ± 0.18 (arb), Ë  3600 cm-1 and 

,  60 µm. Adapted from [22] . 

5.8 ɀ (a) THz image of a portion of the PSP waveguide obtained by THz-s-SNOM, in which 

the signal is derived from the Î  2 harmonic of 6 . Spatially averaged values of % per 



 
 

bar for the area Ø  0 ɀ 104 µm (b) and Ø  104 ɀ 208 µm (c), fitted to which is Equation 

5.2.  

5.9 ɀ Schematic of the DC structure showing the three regions of interest. The structure 

is designed so that SSPPs are launched at the beginning of WG1 and couple to WG2 

within the interaction region. Adapted from [10] . 

5.10 ɀ (a) Dispersion relation for even (solid) and odd (dashed) SSPP modes on DC 

structures with varying Ç values. (a, inset) Part of the dispersion relations of (a) cropped 

to the Ë values of interest. Real part of the out-of-plane field % of the SSPP even (b) and 

odd (c) modes obtained via FEM simulations of a DC structure with Ç  0.5 µm. Adapted 

from [10] . 

5.11 ɀ Magnitude (upper) and real part of the out-of-plane electric field (lower) on the 

surface of the DC structures obtained via wave port simulations. (a) Ç  0.5 µm, (b) Ç

 0.7 µm, (c) Ç  1 µm, (d) Ç  1.5 µm and (e) Ç  5 µm. Adapted from [10] . 

5.12 ɀ Ring termination designs schematics. (a) Ä  0 µm, (b) Ä  1.5 µm, (c) Ä  2.5 µm, 

(d) Ä  3.5 µm, (e) Ä  4.5 µm and (f) Ä  5.5 µm.  

5.13 ɀ Magnitude of out-of-plane electric field for PSP waveguide with ring terminations 

acquired via free-space excitation simulations. (a) Ä  0 µm, (b) Ä  1.5 µm, (c) Ä  2.5 

µm, (d) Ä  3.5 µm, (e) Ä  4.5 µm and (f) Ä  5.5 µm.  

5.14 ɀ Comparison of the performance of the ring termination designs.  

5.15 ɀ Tapered termination design schematics. (a) È  7.5 µm, Â  8 µm, (b) È  15 µm, 

Â  8 µm, (c) È  7.5 µm, Â  2 µm and (d) È  15 µm, Â  2 µm.  

5.16 ɀ Magnitude of out-of-plane electric field for PSP waveguide with tapered 

terminat ions acquired via free-space excitation simulations. (a) È  7.5 µm, Â  8 µm, 

(b) È  15 µm, Â  8 µm, (c) È  7.5 µm, Â  2 µm and (d) È  15 µm, Â  2 µm. 

5.17 ɀ Comparison of the performance of the tapered termination designs.  

5.18 ɀ Extension termination design schematics. (a) ,  5 µm, (b) ,  10 µm, (c) ,  15 

µm and (d) ,  20 µm.  

5.19 ɀ Magnitude of out-of-plane electric field for PSP waveguide with tapered 

terminations acquired via free-space excitation simulations. (a) ,  5 µm, (b) ,  10 µm, 

(c) ,  15 µm and (d) ,  20 µm. 

5.20 ɀ Comparison of the performance of the extension termination designs. 



 
 

5.21 ɀ Grating termination design schematics. (a) Á  0.5 µm parallel, (b) Á  various 

parallel, (c) Á  0.5 µm perpendicular and (d) Á  various parallel.   

5.22 ɀ Magnitude of out-of-plane electric field for PSP waveguide with grating 

terminations acquired via free-space excitation simulations. (a) Á  0.5 µm parallel, (b) 

Á  various parallel, (c) Á  0.5 µm perpendicular and (d) Á  various parallel.   

5.23 ɀ Comparison of the performance of the grating termination designs. 

5.24 ɀ Comparison of wave port simulations of 208 µm gold and nickel PSP waveguides. 

(a) Real part % of gold waveguide, (b) real part % of nickel waveguide, (c) Figure 5.4 

and (d) (Blue) Averaged % values for each bar of nickel PSP waveguide extracted from 

(b). (Red) Equation 5.2 with fitting parameters of %  1.768 MV/m, Ë  0.13 cm-1, ʃ

 3.05 rad and ,  14 µm.  

5.25 ɀ 3  Parameters of nickel PSP waveguide with length ,  208 µm. 

5.26 ɀ Performance of nickel versions of each termination design with results of 

corresponding gold designs (a) Figure 5.17, (b) Figure 5.20) and (c) Figure 5.23. 

5.27 ɀ Schematic diagram of DC structure with grating and 10 µm nickel extension on 

beginning of WG2. The grating has dimensions Á  20 µm and Ç  10 µm. The IR of 

the DC is considered to begin at bar Î  4 of WG1. The gap between WG1 and WG2 is 

Ç  0.5 µm.  

5.28 ɀ Real part of the out-of-plane electric field of WG1 (a) and WG2 (b) of the DC 

structure obtained via free-space excitation simulations. (c) Averaged field per bars 

(dots) of the waveguide of (a) fitted to using Equation 5.10 (line) with fitting parameters 

%  0.8 mV, Ë  3750 cm-1, Ë  3300 cm-1, ʃ  1.4 rad, ʃ  2 rad, ,  80 µm. (d) 

Averaged field per bars (dots) of the waveguide of (b) fitted to using Equation 5.10 (line) 

with fitting parameters %  1 mV, %  1 mV, Ë  3650 cm-1, Ë  3200 cm-1, ʃ

 1.9 rad, ʃ  1.9 rad, ,  80 µm. 

5.29 ɀ Microscope image of DC structure with nickel terminations.  

5.30 ɀ THz s-SNOM (a) and AFM (b) images (Î  2) of WG1 IR of the DC structure of 

Figure 5.29. 

5.31 ɀ Averaged data per bar (dots) of 5.40a fitted to using Equation 5.12 (solid line) and 

Equation 5.16 (dashed line) with fitting parameters %  0.6 mV, Ë  4100 cm-1, Ë

 3300 cm-1, ʃ  -0.26 rad, ʃ  -0.19 rad, ,  75 µm. 



 
 

5.32 ɀ THz s-SNOM (a) and AFM (b) images (Î  2) of WG2 IR of the DC structure of 

Figure 5.29. 

5.33 ɀ Averaged data per bar (dots) of 5.42a fitted to using Equation 5.13 (solid line) and 

Equation 5.17 (dashed line) with fitting parameters %  0.18 mV, Ë  4400 cm-1, Ë

 3800 cm-1, ʃ  -0.7 rad, ʃ  -1 rad, ,  75 µm. 

6.1 ɀ Phase acquired from modulated stepped-frequency measurement.  
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Table 1 ɀ Drude-Lorentz model (Equation 4.6) parameters extracted from mid-IR 

reflectance measurements of Bi2Se3 at room temperature. Taken from [20] . 

Table 2 ɀ Anisotropic Drude-Lorentz model (Equations 4.9 and 4.10) parameters. Taken 
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Chapter 1  

Introduction  

1.1 Terahertz  

Terahertz (THz) frequency radiation is defined as the range of electromagnetic (EM) 

frequencies between approximately 0.3 ɀ 30 x1012 Hz (or range of wavelengths between 

10 µm ɀ 1 mm) [24] . This range lies between microwaves and infra-red radiation on the 

EM spectrum (Figure 1.1), otherwise kÎÏ×Î ÁÓ ÔÈÅ Ȱ4(Ú 'ÁÐȱ [1] . The significance of the 

Ȱ4(Ú 'ÁÐȱ ÁÒÉÓÅÓ ÆÒÏÍ Á ÈÉÓÔÏÒÉÃ ÌÁÃË ÏÆ ÒÅÌÉÁÂÌÅȟ ÈÉÇÈ-power sources for generating these 

frequencies, as they exist in the range that was beyond the limitations of traditional 

optical and electronic techniques, as well as their generally complex/expensive nature 

and common requirement of cryogenic cooling. 

 

Figure 1.1 ɀ Electromagnetic spectrum showing the region of THz frequencies. Adapted 

from [1] . 

Despite being first observed in the early 20th century [25] , the THz range had been 

notoriously poorly explored. It was not until 1976 that the first application of THz 

(described at the time at ȰÆÁÒ ÉÎÆÒÁ-ÒÅÄȱɊ ×ÁÓ ÒÅÃÏÒÄÅÄȟ ÂÙ $Ȣ (Ȣ "ÁËÅÒ et al. [26]  in which 

a HCN laser, GaAs detector and LED camera were used to determine the transmittance 

and reflectance of various organic and inorganic materials, when subject to wavelengths 

between 337 ɀ 1020 µm (0.3 ɀ 0.9 THz). This inaugural demonstration of THz imaging 

was the first indication of its potential as a powerful investigative technique.  

Despite this early interest, it would be over a decade later before the academic and 

industrial exploration of this spectral range progressed, thanks to the development of 

affordable, high-power THz sources (Section 1.2). Since then, the unique properties of 

THz radiation and its vast range of applications have been extensively studied [27] . Its 

non-ionising, non-destructive nature and high absorption by water makes it ideal for 

medical imaging, such as cancer screening [6], [28] . Additionally, these properties 
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provide an attractive alternative to x-rays for security applications such as contraband 

detection [29], [30] . As well as H2O, many compounds display both rotational and 

vibrational absorption lines in the THz spectrum, making it suitable for chemical 

identification applications, such as astronomy [31]  and spectroscopy [32] . Furthermore, 

many non-polar materials are transparent to THz, such as most polymers, which make 

them suitable for THz optical components, such as windows, filters, lenses and splitters 

and screening/inspection applications [33] .  

 

1.2 Terahertz sources  

One of the earliest methods of THz generation was through the use of photoconductive 

antennae (PCA), wherein electron-hole pairs are excited via a high-power picosecond 

pump laser, producing transient currents that emit low-power broadband THz radiation 

[34] . For more narrowband emission, required by applications such as gas-spectroscopy 

[35] , devices such as Schottky diode multipliers have been used, in which microwave 

frequencies are up-converted in the THz range [36] . Traditional gas lasers, such as CO2 

and methanol lasers, have been a reliable source of narrowband coherent THz but their 

large size and need for several kW power supplies renders them inconvenient. Other 

THz applications require only continuous-wave (CW) emission, such as imaging 

techniques that are less interested about frequency-domain and time-domain 

information [37] . For these systems, sources such as CW photomixers [38], [39]  and 

Gunn emitters [40]  have been developed. However, these sources typically suffer from 

low power and are limited to the lower end of the THz range.   

More recently, a far more attractive THz source has been developed in the form of a small 

semiconductor device known as a quantum cascade laser (QCL). The QCL concept was 

first proposed in 1971 by Rudolf Kazarinov and Robert Suris [41]  but was not put into 

practice until 1994 by Faist et al [42] , who demonstrated a QCL operating at a 

wavelength of 4.26 µm (ͯ  70 THz) with a peak optical power of ͯ  8.5 mW, and achieved 

lasing in pulsed mode at a device temperature of ͯ  90 K.  

The first use of a QCL in the THz range was seen in 2002 at the Cavendish Laboratory, 

Cambridge, by Köhler et al [43] , which emitted at 4.4 THz with a peak optical power of 

 ͯ2 mW and operated in pulsed mode at 50 K. Since, the optimisation of the QCL over 

the last two decades has enhanced its popularity and preference for THz generation, due 
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to its small size, low threshold current (commonly a few hundred mA), tunability [44] , 

narrowband emission [45]  and high output power (ͯ W) [46] .  

 

1.3 QCL theory 

A laser (Light Amplification by Stimulated Emission of Radiation) generates radiation via 

electron transitions from an upper to a lower energy level. When interacting with a 

photon with the correct energy, an electron occupying an upper level can transition and 

emit another photon with equal wavelength and phase as the incident photon, which is 

called stimulated emission. However, electrons occupying lower levels can absorb and 

be excited by these photons, resulting in no emission. To achieve lasing, the average 

number of electrons in the upper level must be greater than that in the lower, a condition 

referred to as a population inversion.  

For simple interband semiconductor lasers, such as laser diodes, the conduction band Ὁ 

and valence band Ὁ of the material define the upper and lower energy levels. In these 

devices, the emitted photon energy is equal to the band gap Ὁ , which is determined 

ÓÏÌÅÌÙ ÂÙ ÔÈÅ ÓÅÍÉÃÏÎÄÕÃÔÏÒȭÓ ÃÏÍÐÏÓÉÔÉÏÎ ɉ&ÉÇÕÒÅ ρȢςÁɊȢ !Î ÁÌÔÅÒÎÁÔÉÖÅ ÄÅÓÉÇÎ ÉÎÖÏÌÖÅÓ 

using quantum wells to generate a series of energy levels within Ὁ and Ὁ called 

subbands [47] . Since the energy levels associated with the subbands are dependent on 

the width of the quantum wells [48] , the photon emission can be adjusted to energies 

other than Ὁ  (Figure 1.2b). However, given that all electron transitions, regardless of 

the subbands between which they transition, are required to cross from Ὁ and Ὁ, the 

minimum photon energy possible to be emitted is Ὁ . The previously descriÂÅÄ Ȱ4(Ú 

'ÁÐȱ ÁÒÉÓÅÓ ÂÅÃÁÕÓÅ ÔÈÅÒÅ ÁÒÅ ÎÏ ËÎÏ×Î ÓÅÍÉÃÏÎÄÕÃÔÏÒ ÍÁÔÅÒÉÁÌÓ ÔÈÁÔ ÐÏÓÓÅÓÓ Á 

bandgap small enough to achieve THz frequency emission.  

To circumvent this fact, a scheme was developed that relies on intersubband transitions, 

wherein photon emission is the result of electrons transitioning between subbands 

within the conduction band, permitting energies far smaller than Ὁ  (Figure 1.2c).  
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Figure 1.2 ɀ Representation of photoemission mechanisms for three different laser designs. 

(a) Interband design where electron transition occurring between conduction band Ὁ and 

valence band Ὁ with photon energy equal to the band gap Ὁ . (b) Quantum well design 

where electron transition occurs between subbands in Ὁ and subbands in Ὁ, resulting in 

photon energies greater than Ὁ . (c) Intersubband design where electron transition occurs 

between subbands within Ὁ, resulting in photon energies less than Ὁ . Adapted from [2] . 

The QCL is a laser which utilises this technique. A QCL consists of semiconducting 

material (commonly GaAs/AlGaAs) engineered into stacked quantum wells, forming a 

series of identical repeating units. Each unit (Figure 1.3a) comprises an active region 

(the region in which the intersubband transitions take place) and injector/extractor 

regions (non-radiative regions). Both of these regions comprise multiple quantum wells, 

which allows for control of the emission wavelength and energy of injector/extractor 

states [49] . 

Careful engineering of quantum wells can permit the overlapping of neighbouring states 

to form bands of non-discrete energy levels called minibands. Injector minibands allow 

electrons to efficiently tunnel into the upper energy level of an active region, whereas 

extractor minibands allow for efficient tunnelling of electrons out of the lower energy 

level of an active region, when under an applied electric field. An organisation of these 

bands allows the extractor miniband of one active region to form the injector miniband 

of the next, permitting the cascading of electrons through the units of the device, hence 

the name. As seen below, some QCL designs employ the use of minibands within the 

active region, referred to as superlattice QCLs, whilst others comprise no minibands at 

all and instead rely on discrete electron states to form the upper and/or lower lasing 

level and longitudinal-optical (LO) phonon scattering for low level depopulation.  
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Figure 1.3 ɀ Diagram of the QCL working principle. (a) Electrons tunnel through a potential 

barrier from an injector miniband into the upper level of the active region releasing a 

photon with energy Ὤ’, after which they tunnel out into an extractor miniband. (b) The 

process described in (a) for a series of stacked wells when under a bias, showing electrons 

cascading through the device. Adapted from [3].   

Similar to any laser, to achieve lasing a population inversion must be reached within the 

active regions. In a QCL this is ensured by encouraging a depopulation of electrons from 

the lower lasing states. There are several QCL designs which can be used to bring about 

this process, a summary of which can be seen in Figure 1.4.  

Chirped Superlattice (CSL) design: 

A CSL utilises minibands to both improve the photon emission process and depopulate 

the lower energy level (Figure 1.4a). The active regions of a CSL QCL comprise an upper 

and lower miniband, the electron transition between which (the minigap) is radiative. 

Since electrons naturally relax to the lowest state of a miniband, electron transition 

occurs between the bottom of the upper miniband to the top of the lower, from where 

they then relax to the bottom of the lower miniband. This process both reduces the 

average transitioning distance between bands, which ensures a favouring of radiative 

intra -miniband transitions over non-radiative inter -miniband transitions, and 

encourages a depopulation the lower miniband. However, this design is at risk of thermal 

backfilling from injector states to the previous lower band, which occurs due to thermal 

excitation and/or absorption of longitudinal optical (LO) phonons [4]  and 

consequentially limits the device maximum operating temperature.  
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Bound-to-continuum (BTC) design: 

An improvement on the CSL, the BTC design uses a similar depopulation mechanism 

with the inclusion of a thin well placed adjacent to the injection barrier, forming a bound 

defect state within the minigap (Figure 1.4b). This enables a diagonal transition as the 

electron loses energy, resulting in a decrease of non-radiative scattering [4] . 

!ÄÄÉÔÉÏÎÁÌÌÙȟ ÔÈÅ ÉÎÊÅÃÔÉÏÎ ÓÔÁÔÅȭÓ ÃÏÕÐÌÉÎÇ ×ÉÔÈ ÔÈÅ ÕÐÐÅÒ ÓÔÁÔÅ ÉÓ ÓÔÒÏÎÇÅÒ ÔÈÁÎ ÔÈÁÔ ×ÉÔÈ 

the lower miniband, resulting in a more selective injection process. Consequentially, this 

design has an improved resistance to thermal backfilling, higher operating temperature 

and greater optical power [50], [51] .  

Resonant Phonon (RP) design: 

The RP design (Figure 1.4c) removes the use of minibands and instead brings the lower 

lasing level close to the energy of the extractor states and engineers the gap between the 

extractor states and injector states to match the LO-phonon energy for GaAs (ͯ  36 meV). 

This ensures rapid depopulation from the lower lasing level to the extractor and sub-

picosecond scattering from the extractor to the injector states.  

Although the lack of minibands in the RP design does reduce the rate of radiative 

transitions compared to the BTC design, this is compensated for by its commonly shorter 

unit (or module) lengths ὒ , which result in an increase in the gain Ὣ, as Ὣ θ ρȾὒ , 

since the number of units for a given device thickness is greater [52] . Furthermore, the 

high energy required to transport electrons from the injector state to the lower lasing 

level substantially reduces thermal backfilling and improves temperature performance 

[53] . However, the large energies associated with this design require a high bias in order 

to align the extractor/injector states, therefore QCLs that use this design commonly 

possess a greater threshold current density and electrical power required for operation.  

Hybrid/Interlaced:  

The hybrid (or interlaced) design (Figure 1.4d) combines the depopulation mechanics 

of the RP design with the diagonal transition concept of the BTC design [54], [55] , 

ensuring a highly efficient device that benefits from the advantages of both approaches. 

The foremost of these is its low threshold current density, allowing the device to operate 

at higher temperatures and therefore perform better when operated in CW mode, which 

is desirable for applications such as self-mixing (Section 1.5). Because of this, the QCLs 

presented in the following sections (and remainder of this thesis) are based on the 

hybrid/interlaced design, the fabrication process for which can be found in [10] .  
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To minimise THz radiation leakage from the active region into the device substrate, QCLs 

commonly employ waveguides fabricated on the outside of the active region. The two 

designs commonly used are the metal-metal (MM) waveguide and the semi-insulating 

surface plasmon (SI-SP) waveguide [56] . It is understood that the MM design tends 

perform better at higher temperatures but at the cost of poor beam quality. Hence, for 

the QCLs seen in Chapter 2 and after, they employ the SI-SP design.  

Additionally, QCL emission is notoriously multi -frequency, which is undesirable for 

many applications such as THz imaging (Section 1.4). To ensure only single-frequency 

emission, some QCL designs incorporate optical gratings into their waveguides, which 

filter the emission into a single-frequency [57] .  

 

Figure 1.4 ɀ Various THz-QCL active region designs. (a) Chirped Superlattice, (b) Bound-

to-continuum (c) Resonant Phonon, and (d) Hybrid/Interlaced. (Red) Upper energy level 

wave function. (Blue) Lower energy level wave function. (Grey) Minibands. Adapted from 

[4] .  
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1.4 Terahertz imaging using QCLs  

As seen, imaging was the first practical demonstration of THz-based technology, which 

has now become its most widely-used application. Its unique transmittance and offer of 

sub-millimetre imagi ng resolution has given rise to the development of far-field and 

near-field imaging techniques.  

An early example of these techniques used terahertz time domain spectroscopy (THz-

TDS). Under this regime, the transmittance of THz pulses through a target substance is 

acquired by measuring the resulting radiation in the time-domain, from which 

information on the chemical composition of said target can be inferred. This technique 

has been known since the late-1980s [58]  but the first practical images were not 

obtained until 1995 by Hu and Nuss [5] , which was permitted by their optimisation  of 

the technique. This optimisation included: a reduction in acquisition time of each THz 

waveform from minutes down to ͯ  5 ms with a signal-to-noise ratio (SNR) of over 100:1, 

a down-conversion of the waveform into the kHz range, and real-time acquisition 

processing/display of the spectra data via the use of a digital signal processor. By raster 

scanning a sample, with the use of a two-axis motorised stage, a 2D THz image can be 

acquired, an example of which can be seen in Figure 1.5, where the water content of a 

leaf is compared immediately and 48 hours after being cut.  

 

Figure 1.5 ɀ Comparison between THz-TDS images of a freshly cut leaf (left) and the leaf 

48 hours after cutting (right) showing the attenuation of THz due to water content. 

Adapted from [5] . 
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The system described above employed a femtosecond pulsed Ti:sapphire laser-pumped 

PCA THz source, which was down-converted into the kHz range using a 15 cm/s delay 

line.  However, using PCAs in this regime has several drawbacks, the most significant of 

which is the low output power (commonly ͯ  µW) of the optically pumped devices, which 

themselves requires very large and expensive laser systems. Furthermore, PCAs only 

emit broadband radiation which, as previously described, is inadequate for many 

applications.  

To overcome these restrictions in the NIR range, devices such as heterostructure laser 

diodes have been employed. However, similar semiconductor-based sources, used in an 

attempt to solve these issues in the THz range, had posed a great challenge, due to the 

lack of materials with a sufficiently small bandgap for THz generation by intra-band 

electron transitions. It is these limitations that led to the development of the QCL, whose 

compact size and ability to generate high-power, spectrally pure, narrowband THz 

radiation makes it ideal for imaging applications [8].  

For simplicity, early QCL imaging was concerned with incoherent THz detection, 

wherein only the amplitude of the measured THz signal is considered. The most 

rudimentary of these systems, such as that shown in Figure 1.6, involves a single-

frequency THz-QCL, the output of which is focused onto a sample and the transmission 

is collected by an external THz detector. An image of the target is generated by raster-

scanning the sample using a translation stage. These systems have been demonstrated 

for the imaging of biomaterials [6] , electronic components [59]  and a variety of chemical 

compounds [32] . For THz detection in these systems, a common instrument is the 

bolometer [60]ɀ[62] , which has been seen to achieve great sensitivity and a dynamic 

range of ͯ  64 dB, but does require cryogenic-cooling. An alternative method, seen in 

[59] , is the use of a pyroelectric sensor. However, it was considered that detector 

sensitivity and dynamic range could be improved with the use of a more powerful THz 

source, which would allow for the utilisation of a multi-element pyroelectric camera and 

remove the need for sample movement.  
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Figure 1.6 ɀ Schematic diagram of THz imaging system employing a 3.7 THz QCL. Adapted 

from [6] . 

Despite offering greater imaging resolutions (ͯ  250 µm) [6], [61], [63], [64]  compared 

with alternative imaging systems such as THz-TDS, due to the reduced diffraction limited 

beam resolution afforded by higher frequencies, THz-QCLs still fall short of the 

diffr action limit of  ͯ64 µm at 3 THz [65] . This is primarily due to their irregular beam 

profiles, which is a result of a diffraction of the QCL output beam due to the sub-

wavelength geometry of the metal-metal waveguide aperture [66] . To mitigate this, 

alternative techniques such as the semi-insulating waveguide has been used, providing 

superior beam quality and a reduction in beam divergence [43] . However, beam 

diffraction from both the substrate and waveguide ridge result in dual-emission lobes 

[67]ɀ[69] , as well as the emission profile comprising ring-like interference fringes [70], 

[71] . Modern QCLs may overcome these drawbacks by employing hollow dielectric 

waveguides to encourage a substantially Gaussian emission mode [65], [72] . An 

alternative technique is the spatial filtering of the QCL beam, which has been 

demonstrated in a 2.9 THz transmission-mode confocal microscope to achieve a spatial 

resolution of better than 70 µm [61] .  

Coherent imaging, in which both the amplitude and phase of the measured THz signal 

are considered, offers significant advantages over the systems described above. In a 

manner similar to THz-TDS, fully resolving the THz field acquired from measuring a 

sample allows for determination of the complex permittivity of the sample and therefore 

identification of the sample material [73] . Additionally, this regime offers the potential 

of high dynamic range/detection [7], [74]  as well as applications such as depth-resolved 

imaging [75] .  
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A caveat to these advantages is the complexity of the systems required to perform 

coherent imaging. A conventional method involves mixing the THz field with a reference 

signal in order to produce an intermediate frequency suitable for electronic detection. 

Furthermore, the line broadening and frequency drift of a QCL due to thermal and 

electronic noise, the magnitude of which is ͯ ρȾὪ, necessitates the use of frequency 

stabilisation [76], [77] . Methods for achieving this commonly involve an alternative laser 

source, such as that presented in (59), wherein a 2.41 THz C02 laser was used as a local 

oscillator to stabilise a QCL on a Schottky mixer with an offset frequency of 1.05 GHz. 

This system maintained a 20 ɀ 30 KHz QCL linewidth over a scan period of 40 minutes. 

However, a phase drift of  70 was observed, which was attributed to mechanical noise, 

resulting in a lengthening of the optical beam path.  

An alternative method was demonstrated in [7] , in which a 2.5 THz QCL, with an output 

of ͯ  2 mW at a temperature of 20 K, was stabilised using a 780 nm ͯ 100-femtosecond 

laser comb and employed two identical electro-optic detection units (EO1 and EO2) as 

shown in Figure 1.7a, the first to lock the QCL frequency to the laser comb and the second 

to detect the reflected QCL beam. The NIR laser, which operated at a repetition rate of ͯ 

250 MHz, creates a series of beat-notes when mixed with the QCL output. The frequency 

of these notes is compared to an RF reference signal, the error of which is then used to 

control the QCL current through a phase-lock loop, which maintains the QCL frequency 

at  ͯ104 harmonic of the NIR laser repetition rate. A portion of the laser comb is then 

used as a reference signal for coherent sampling of the reflected THz field using EO2. 

This system was used to image the amplitude (Figure 1.7b) and phase (Figure 1.7c) of 

the THz field reflected from a 10 cent Euro coin, from which the reflectivity and surface 

profile of the coin was extracted. The system achieved a spatial resolution of 160 µm and 

a long-period phase stability of  3o/h. In a similar manner to the previous technique, 

this stability is determined by the mechanical limitations of the apparatus. 

It is evident from the examples highlighted here that, although a useful technique, QCL-

based coherent imaging suffers from complex experimental setups required for 

frequency stabilisation and THz detection. These issues have since been addressed with 

the development of a far simpler and more compact optical arrangement based on the 

phenomenon of self-mixing in a THz QCL, an overview of which will be given in the 

following section.  
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Figure 1.7 ɀ (a) Experimental set-up for coherent THz imaging system using a frequency-

locked 2.5 THz QCL. (b) THz power and (c) unwrapped THz phase images of a 10 cent euro 

coin. Individual images first published in [7] . Figure adapted from [8] .  

 

1.5 Self-mixing  

The self-mixing (SM) effect is a well understood phenomenon in semiconductor lasers 

[78]  but has only recently been fully utilised in THz frequency QCLs for sensing and 

imaging applications [79] . The SM effect is afforded by reinjection of part of the emitted 

radiation back into the laser cavity [64]Ȣ 4ÈÉÓ ȬÍÉØÉÎÇȭ ÏÆ ÔÈÅ ÉÎÉÔÉÁÌ ÁÎÄ ÒÅÉÎÊÅÃÔÅÄ ÆÉÅÌÄÓ 

can be observed as a small change in optical power, lasing frequency and, more 

pertinently, device terminal voltage. Since the degree by which all of these values are 

affected depends on the amplitude and phase of the reinjected field, it can be seen that a 

QCL under optical feedback acts, itself, as an interferometric sensor, without need for 

external detection apparatus.  
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This scheme has many benefits over previous interferometric detection methods. The 

redundancy of an external detector makes for a simpler and less bulky optical set-up 

compare to those that employ THz bolometers, as well as far greater detector sensitivity 

compared to room temperature devices such as pyroelectric sensors, due to the inherent 

suppression of background radiation entering the laser cavity [80] .  

The standard theory of optical feedback in lasers, to be presented in Chapter 2, predicts 

a modulation to the self-mixing voltage ὠ  according to Equation 1.1, a derivation of 

which can be found in [2] .  

ὠ ᶿ‐Ὑ  ÃÏÓ
τ“ὒ ’

ὧ
— ρȢρ 

where ‐ is a constant accounting for losses, Ὑ  is the reflectivity of target, ὒ  is the 

external cavity length, ’ is the frequency of the radiation, ὧ is the speed of light and — is 

the phase change on reflection by the target. This phase arises from either the depth of 

the target surface or complex part of the material permittivity. 

The dependence of ὠ  on both ὒ  and ’ enable the generation of interferometric 

fringes by monitoring ὠ  whilst varying either of these two parameters. As such, 

coherent imaging can be achieved via modulation of these two parameters. The latter of 

these parameters will be varied for the application of coherent THz near-field imaging 

presented in Chapter 3.  

Given the aforementioned benefits and convenience of QCL THz sources, as well as the 

experimental simplicity of the SM sensing approach, it is not surprising that substantial 

research efforts have focused on combining these two technologies for THz imaging and 

sensing applications. Most notably, as described by Equation 1.1, the SM detection 

method is inherently sensitive to both amplitude and phase of the reinjected field, which 

enables a break-away from relying on traditional QCL-based imaging approaches , which 

have almost exclusively relied on incoherent thermal detectors [8] . Furthermore, 

coherent laser feedback interferometry (LFI) is significantly sensitive to changes in the 

optical phase in the external cavity. This changes can arise from changes in the cavity 

length, refractive index inside the cavity, on reflection from the target (as described 

above), or a combination of these effects. This sensitivity creates numerous 

opportunities for developing compact LFI systems for depth-resolved imaging [73], [81] , 

displacement/vibration sensing [79], [82]  and gas spectroscopy [83]  at THz frequencies.  

It should also be noted that Equation 1.1 has been expressed in terms of reflecting from 

a target with reflectance Ὑ , such as that seen in Chapter 2. This scheme remains robust 
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for replacing this reflectance with a scattering source, such as the tip of an atomic force 

microscope, which is the case for THz scattering-type scanning near-field optical 

microscopy using a QCL (Section 2.4) on which this thesis is predominantly based.  

 

1.6 THz-s-SNOM 

For far-field THz imaging systems, where the target sampling is done from a distance Ὠ 

that is greater than the wavelength ‗ of light used to do so (Ὠḻ ‗), such as those seen 

in Sections 1.4 and 1.5, the imaging resolution is limited by the Abbe diffraction limit 

[84] . This defines the highest spatial resolution Ὑ for a free-space EM wave as,  

Ὑ πȢφρ
‗

ὔὃ
ρȢς 

 

where ‗ is the wavelength and ὔὃ is the numerical aperture of the system. Therefore, 

for far-field THz imaging systems, the maximum resolution is ͯ ‗Ⱦς (or  ͯ50 µm for a 

system operating at 3 THz).  

For THz imaging applications that benefit from sub-wavelength resolutions, such as 

biomedical imaging  [85], [86] , quantum dot detection [87], [88] , semiconductor 

characterisation [89], [90] , single molecule detection [91]  and imaging of micro-scale 

resonators and metamaterials  [10]  to name a few, near-field techniques are required. In 

contrast to that described above, this regime involves the detection of the imaging 

information at a distance from the target that is less than the incident wavelength Ὠ Ḻ

 ‗.  

One method of achieving this criteria is aperture-type SNOM (a-SNOM), wherein a 

subwavelength-size detector or aperture is introduced into the near-field region of the 

sample [92] . However, the resolution afforded by this is not completely independent of 

the wavelength and therefore acts as a high-pass filter with a cut-off frequency Ὢ given 

by, 

Ὢ  
ρȢψτρὧ

“Ὠ
ρȢσ 

where ὧ is the speed of light and Ὠ is the diameter of the aperture.  
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An aperture with diameter Ὠ  100 µm would, therefore, have a cut-off frequency of Ὢ

 1.76 THz. Of course, one could overcome this limit by reducing the aperture size. 

However, this would drastically reduce the amount of signal available to detect. This 

becomes an issue when considering the position of the detector. Mair et al [93]  

demonstrated that the amplitude of a signal Ὁ transmitted through an aperture with 

diameter Ὠ exponentially decays with distance from the aperture ᾀ as, 

Ὁ  θὩ ϳ ρȢτ 

where ὸ is a wavelength-independent factor with value ὸ ͯ πȢφυ presuming the 

condition ᾀ Ḻ ‗.  

Therefore this regime is only viable by bringing the detector into close proximity of the 

sample, which is practically inconvenient. A wide range of detectors, compatible with 

both pulse and CW sources and covering almost all of the THz range, have been 

integrated into the a-SNOM technique to allow for improved sensitivity, spatial 

resolution and phase-sensitive detection [94] . These techniques enable THz imaging, 

such as that shown in Figure 1.8, with a moderate spatial resolution of ͯ 2 ɀ 30 µm, for 

applications such as mapping of fields in THz waveguides, plasmonic and dielectric 

resonators and THz metasurfaces [9], [95].  

 

Figure 1.8 ɀ (a) Interpolated near-field map of gold resonators array measured using the 

ASNOM technique. (b) Waveform showing time delay at which (a) was recorded, 

corresponding to maximum amplitudes. (c) Interpolated near-field map of single gold 

resonator at time corresponding to maximum of the waveform (inset). This system used an 

aperture size of 10 µm, integrated with a PCA detector. Adapted from [9] . 

A truly wavelength-independent near-field imaging technique is scattering-type 

scanning near-field microscopy (s-SNOM), sometimes referred to as apertureless 

(scattering-type) near-field scanning microscopy. This method utilises the AFM 
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principle, wherein a small probe (tip diameter  1 µm) is brought into close proximity 

with a surface that is mounted on a piezo-electric stage which can move with nanometer 

precision. The probe is mounted on a cantilever where it oscillates at close to its resonant 

frequency. By monitoring the vertical height of the probe, the topology of the surface can 

be measured [96] . 

The s-SNOM technique uses an external light source to illuminate the apex of the probe. 

Since the probe comprises a polarisable material (commonly W or Pt/Ir alloy), the 

incident radiation induces a dipole in the probe apex which, in turn, induces a localised 

mirrored dipole in the sample. The coupled dipole scatters radiation into the far-field, 

the efficiency of which is affected by the permittivity of the sample [13], [97] . By 

measuring the scattered field Ὁ, information about the local surface field and, in turn, 

the local dielectric constant, can be deduced. This method has been used with incident 

frequencies ranging from visible light to THz [98] .  

The resolution of this scheme is solely dependent on the probe apex diameter and probe-

sample distance, both of which are substantially sub-wavelength.  

The most common model for describing the probe-sample interaction is the point-dipole 

model [99]ɀ[103] , a visualisation of which can be seen in Figure 1.9. This model makes 

two assumptions:  

1. Only the probe tip causes near-field interaction with the surface and is treated 

as a polarisable sphere with radius Ὑ, permittivity ‐ and polarizability ‌.  

2.  The incident EM field Ὁ that illuminates the probe tip, has a polarisation in 

parallel with the direction on the tip and induces an almost infinitely small dipole 

at the centre of the tip.  

According to the definitions given above, the dipole ὴ induced in the tip by an incident 

EM field, without the presence of a sample, is given by, 

ὴ  ‌Ὁ ρȢυ 

 

where the polarizability of the tip ‌ is given by, 

‌ τ“Ὑ
‐ ρ

‐ ς
ρȢφ 

 

This tip dipole generates a mirrored dipole moment ὴ‍ in the surface with, 
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‍  
‐ ρ

‐ ρ
ρȢχ 

where ‐ is the complex permittivity of the sample.  

This mirrored dipole couples with the tip dipole resulting in a field enhancement which 

increases the tip scattering efficiency [96] .  

Put another way, the near-field interaction between the tip and the sample affects the 

polarizability of the tip, which is now better described as the effective polarizability ‌  

and is given by, 

‌  
‌ρ ‍

ρ
‌‍

ρφ“Ὑ ᾀ

ρȢψ 

where ᾀ is the tip-surface distance.  

 

Figure 1.9 ɀ Schematic diagram of the point-dipole model. Adapted from [10] . 

It can be seen from Equation 1.8 that as ᾀO Њ the effective polarizability is 

approximated to the polarizability of the tip, i.e. ‌  ͯ ‌. As the tip-surface distance 

reduces, ᾀ O  0, the effective polarizability supersedes ‌, conveying a strong a near-field 

interaction between the tip and surface.  
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 It is also known that the field scattered to the far-field is directly proportiona l to the tip 

polarizability Ὁ θ ὥ Ὁ. Since the point-dipole model considers the induced dipole 

to be infinitely small, at large ᾀ, Ὁ O  0 and alternatively at small ᾀ, the enhanced near-

field interaction leads to a strong scattered field Ὁ. It is this dependence of the scattered 

field on the effective polarizability that allows information about the surface permittivity 

to be deduced from measurement of Ὁ. 

Furthermore, the non-linear dependence of the near-field interaction with ᾀ allows for 

the near-field component of Ὁ to be distinguished from unwanted background far-field 

components, such as direct scattering from the probe shaft, through demodulation of Ὁ 

at higher harmonics of the probe oscillation frequency [13], [96], [101] . This background 

suppression technique will be investigated in Chapter 2.  

A problem with the s-SNOM technique is the small Ὁ available for detection, despite the 

enhanced scattering efficiency when coupling the tip and surface. This arises from the 

relation ‌  θὙ  as described by Equation 1.8. Since Ὑ is small (Ὑ  ‗ ), this leads 

to a small effective polarizability and therefore small Ὁ.  One study showed that only 

0.4% of an incident 2 THz wave was scattered from an Ὑ   1 µm probe tip to the far-

field [104] . This demonstrates the requirement for high sensitivity detectors. Therefore, 

an ideal scheme for THz frequency s-SNOM (THz-s-SNOM) is by exploiting self-mixing in 

QCLs. Additionally, s-SNOM also requires fast detection in order to detect up to 

frequencies corresponding to higher harmonics of the tip tapping frequency, which is 

also afforded by the SM scheme.  

The first demonstration of THz-s-SNOM using a SM QCL was in Dean et al [102] , wherein 

a 2.53 THz QCL was incident at an angle of  ͯ500 on a Ὑ  1 µm Pt/Ir tip oscillating at a 

frequency of 90 Hz. This system achieved spatial resolutions of ͯ 1 µm and ͯ  7 µm, 

corresponding to ͯ  ‗Ⱦρππ and ͯ  ‗Ⱦρτ respectively, along orthogonal directions of an 80 

x 60 µm image of a 115 nm thick gold on quartz sample.  

Recently, the high sensitivity of LFI combined with the high out-put power and low 

phase-noise of THz frequency QCLs has been exploited to enable s-SNOM operating at 

frequencies beyond 2 THz. This advancement has created new possibilities for THz 

measurements at the micro- and nano-scale including the mapping of charge carriers in 

semiconductors and nanostructures [105]ɀ[107] , investigation of plasmon and phonon 

polaritons in emerging two-dimensional materials [23], [108], [109] and the 

microscopic investigation of metamatierals and micro- and nano-scale resonators [15], 

[110], [111]   
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1.7 Plasmonics 

The term plasmon is defined as a collective oscillation of electrons on or within a free 

electron gas, for instance within a metal. Surface plasmon (SP) oscillations occur due to 

light-matter interactions on the interface between a conducting material and a dielectric, 

such as gold and air [11] . 

This interaction leads to two important classes of surface plasmon: surface plasmon 

polaritons (SPPs) which are EM modes with subwavelength confinement that propagate 

on the surface of a conducting materials; and localised surface plasmons (LSPs) which 

occur when the particles of the conduction medium are smaller than the incident 

wavelength and therefore accommodate SPs as localised standing waves[112] . Surface 

plasmonics offers a promising bridging between electronic and photonic technologies 

due to its ability to tightly confine light on the surface of a material on a sub-wavelength 

scale, thereby providing strong surface field enhancement. Its many potential 

applications include super-resolution imaging [113] , high-density optical data storage 

[114]  and bio-sensing [115] .  

To characterise the plasmonic response of a material, the frequency dependent 

permittivity ‐‫  is used, where is the frequency of the incident radiation [116] ‫ . This 

can be determined using the Drude model for metals, which is expressed as,  

‐‫  ‐ ρ
‫

‫ Ὥ‎‫
ρȢω 

where ‐  is a high frequency offset, ‎ is the average scattering rate of electrons and ‫  

is the bulk plasma frequency according to, 

‫  
ὲὩ

ά‐
ρȢρπ 

where ὲ is the electron density, Ὡ is the electron charge, ά  is the effective electron mass 

and ‐ is the permittivity in a vacuum.  

The electron-photon interaction at the surface of a conductor can be described by the 

dispersion relation, which described the frequency-dependent SP wave vector Ὧ , 

obtained by solving MaxwellȭÓ ÅÑÕÁÔÉÏÎÓ ÆÏÒ ÔÈÅ 30 ÍÏÄÅ [117] , 

Ὧ  Ὧ
‐‐

‐ ‐
ρȢρρ 
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where, Ὧ is the free-space wave vector which is described by Ὧ  ‫ ὧϳ where ὧ is the 

speed of light, ‐ is the permittivity of the dielectric medium and ‐  is the permittivity  

of the metal given by Equation 1.9.  

Two conditions must be satisfied in order to support SPs: ‐‐ π and ‐ ‐ π. For 

these conditions to be satisfied, the real part of ‐  must be negative, which is satisfied 

for metals below the plasma frequency. The dispersion relation for a SP mode can be 

seen in Figure 1.10 and shows the momentum mismatch which must be overcome to 

achieve coupling between light and the SP mode.  

 

Figure 1.10 ɀ Dispersion curve for a SP mode. The SP mode always has a greater momentum 

ᴐὯ  than the free space wave ᴐὯ for a given frequency hence the momentum mismatch ,‫ 

problem.  Adapted from [11] . 

To overcome this momentum mismatch, several mechanisms have been employed, such 

as prism coupling [118], [119] , scattering from topological defects [120], [121]  and using 

gratings [122]  which is a technique that can be seen in the structures of interest in 

Chapter 5. Alternatively, the momentum mismatch can also be solved by scattering the 

incident field from an s-SNOM probe. This method will be used in Chapters 4 and 5 to 

both launch and image SPs in a variety of materials.  
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Once coupling to the SPP mode has been achieved, the mode will propagate on the 

surface of the conducting material in a manner depicted in Figure 1.11, wherein the 

generation of surface charge carriers creates an electric field Ὁ normal to the surface and 

magnetic field Ὄ transversely parallel to the surface.  

 

Figure 1.11 ɀ SP propagating at the interface between a metal and a dielectric. The electric 

field Ὁ is perpendicular to the surface and the magnetic field Ὄ is transversely parallel. 

Adapted from [11] . 

The electric field decays exponentially with distance from the surface and is described 

as an evanescent field, which prevents power from radiating away from the surface. This 

decay of the electric field away from the surface ‏ is of the order of ‗ςϳ , whereas the 

decay of the field into the surface ‏  ÉÓ ÄÅÔÅÒÍÉÎÅÄ ÂÙ ÔÈÅ ÍÁÔÅÒÉÁÌȭÓ ÓËÉÎ ÄÅÐÔÈȢ 4ÈÅ 

relationship between these values and distance above/below the surface are visualised 

in Figure 1.12.  

The SP mode will gradually attenuate due to absorption by the surface material. The rate 

of attenuation is determined by the imaginary part of the SP wave vector Ὧᴂᴂ. As such, 

the SP propagation length ‏  can be obtain from Equation 1.12.  

‏  
ρ

ςὯ
 
ὧ

‫

‐ ‐

‐ ‐

‐

‐
ρȢρς 

where ‐ᴂ and ‐ᴂᴂ are the real and imaginary parts of the dielectric function of ‐ . 
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It can be seen from Figure 1.10 and Equation 1.12 that Ὧ  increases with whereas ,‫ 

‏  deceases with This leads to a compromise between confinement and propagation .‫ 

of the SP mode [123] .  

SPPs are typically exploited in the optical and UV range of frequencies which are near to 

the ‫  of metals such as gold. However, at lower frequencies, such as THz, these metals 

resemble perfect electric conductors, which results in extremely poor confinement of 

SPPs, such that the EM field propagates as a weekly confined Sommerfield-Zenneck 

surface wave. In Chapter 4 it will be seen how lower carrier density materials, such as 

topological insulators, support more tightly confined SPPs in the THz range. 

Furthermore, it will be seen in Chapter 5 how metals, such as gold, can be organised into 

structures that allow for THz confinement in the form of a spoof-surface plasmon 

polariton (SSPP).  

 

Figure 1.12 ɀ The SP electric field normal to the surface ȿὉȿ decays with distance away 

from the surface ‏ and distance into the surface ‏ . Adapted from [11] .  
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1.8 Thesis overview  

Chapter 2 presents the experimental apparatus for characterisation of THz QCL devices, 

which are an essential component of the experimental work presented in the remainder 

of this thesis. This includes experimental measurements of voltage-current and power-

current characteristics, from which the threshold current density as a function of 

operating temperature is determined, as well as measurements of the lasing spectra. 

Additionally, the frequency tuning coefficient of a QCL device is measured via two 

methods based on self-mixing detection. The self-mixing response of a QCL is further 

analysed, with particular focus on the behaviour of the feedback parameter, linewidth 

enhancement factor and signal amplitude as the driving current is varied. This 

investigation is particularly relevant to an experimental approach for coherent s-SNOM 

presented in Chapter 3. 

Furthermore, Chapter 2 also presents the characterisation of a THz-s-SNOM system 

employing self-mixing in a QCL. This includes a demonstration of background signal 

reduction via demodulating at higher harmonics of the tapping frequency of the AFM 

probe tip, as well as an investigation of the dependence of signal size on demodulation 

harmonic and tip tapping amplitude, both of which have been investigated for both large 

and small tip sizes. Chapter 2 is concluded with an investigation of the THz-s-SNOM 

spatial resolution, which is realised via boundary measurements of a simple gold-on-

silicon structure. The dependency of the resolution on tip size is evaluated, as well as a 

consideration of undesirable tip-edge coupling as a result of the tip profile, an example 

of which is experimentally demonstrated.  

Chapter 3 presents an approach to coherent THz-s-SNOM based on self-mixing in a THz 

QCL. It is shown how the frequency tuning of a THz QCL via laser feedback 

interferometry, in conjunction with a sophisticated data acquisition and control 

program, can be exploited to capture coherent measurements data in the form of 

interferometr ic fringes realised in the self-mixing voltage ὠ . Using this technique, 

coherent near-field imaging with deep sub-wavelength resolution is demonstrated. 

Furthermore, a novel approach for extraction of the magnitude and phase from the 

acquired imaging data is demonstrated using a generalised phase-stepping algorithm 

(GPSA). The applicability of this analytical tool is investigated theoretically in both the 

far-field and near-field for a variety of lasing and sampling conditions, and is shown to 

be accurate for as little as ὔ  4 sampling points per imaging pixel, which drastically 

reduces the image acquisition time compared to previous coherent THz imaging 
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methods. Lastly, the use of this technique in THz-s-SNOM is demonstrated by imaging 

the out-of-plane field supported by a THz micro-resonator.  

Chapter 4 explores the properties of topological insulators (TI) and their ability to 

support SPs in the THz range. This initially involves an overview of TI materials and the 

mechanics behind their unique properties. The plasmonic nature in the THz region of 

several novel patterned and unpatterned bismuth-based TI thin-film samples is 

predicted using a Drude-Lorentz model, the origin of which is also detailed. Using this 

model, the dispersion relation, plasmon propagation length and plasmon wavelength of 

a generic TI is determined, as well as those of the aforementioned samples, using 

material parameters acquired via THz-TDS.  

Furthermore, the experimental samples are imaged using the THz-s-SNOM system 

described in Chapter 2, wherein 2D images acquired from unpatterned and ribbon-

patterned thin-film samples demonstrate the challenges faced when launching and 

measuring SPs using this method. Lastly, the coherent THz-s-SNOM technique of Chapter 

3 is used to investigate a Bi2Se3 thin-film sample incorporating a metallic top gate. It is 

demonstrated that the s-SNOM approach can successfully prope the TI surface beneath 

the top-gate. By expressing the resulting imaging data in the complex plane, it is seen 

that SPPs can be successfully launched and measured on the surface using this technique.  

Chapter 5 presents an investigation into the design, improvement and near-field imaging 

of waveguides designed to support spoof surface plasmon polaritons (SSPPs) at THz 

frequencies. The work presented in this Chapter is a direct continuation of N. Sulollari 

2022 [10]  and opens with a summary of the relevant work therein. A series of additional 

SSPP waveguide end geometries, the goal of which is to impede unwanted coupling of 

incident radiation to the SSPP mode, are exhibited. All designs are subject to simulation 

using the software ANYSY HFSS in which the structures are excited using wave-ports 

and s-polarised free space excitation at 3.45 THz.  

The prospect of using nickel as a waveguide termination design material instead of gold 

is also investigated. Based on these initial simulation results, the most effective geometry 

is chosen and incorporated in the design of an improved SSPP dual-waveguide structure 

designed to demonstrate coupling of SSPPs between spatially separated waveguides, 

which is then simulated in a similar manner. Finally, an experimental sample based on 

this new design is fabricated and measured using the THz-s-SNOM of Chapter 2.  

Chapter 6 concludes the thesis with a short summary of the experimental chapters and 

suggestions for future work.  
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Chapter 2 

THz-s-SNOM based on self-

mixing in a QCL 

 

2.1 Introduction  

The work presented in the remainder of this thesis relies on three main components: the 

QCL, self-mixing detection, and the THz-s-SNOM system. The following Chapter will 

present and discuss the underlying theory of each of these components, and investigate 

their key aspects experimentally. Section 2.2 will describe the measurement 

approach/apparatus for measuring the LIV relationship and emission spectra of a QCL 

before presenting and discussing said characterisation of an exemplar QCL.  

Section 2.3 will explore the frequency tuning of QCLs and will utilise self-mixing 

detection in a QCL to measure the tuning coefficient of an exemplar QCL. An overview of 

the self-mixing theory will be presented based on the Lang-Kobayashi model of a laser 

under optical feedback. A description of the experimental apparatus used to measure the 

tuning coefficient will be given and an analysis of the resulting data will show how the 

tuning coefficient can be realised via two methods. Additionally, Section 2.4 will include 

a detailed investigation of the self-mixing response in a QCL as a result of a change in 

driving current.  

Section 2.5 presents a description and characterisation of the THz-s-SNOM system that 

will be used in the remainder of this thesis. This will include a guide to aligning the 

system, a demonstration of the techniques used to reduce background signal, and an 

optimisation of the system resolution and how it varies with tip size/surface features.  
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2.2 QCL Characterisation 

Before using a QCL in a specific application, it is necessary to fully characterise it in order 

to determine its suitability. This section explains the characterisation procedure. 

Exemplar characterisation data is presented for a QCL that is later used to 

explore/characterise self-mixing detection signals in Section 2.3.This included the light-

current voltage (LIV) characteristics, from which parameters such as the laser threshold 

current density ὐ , maximum operating temperature Ὕ  and peak operating power 

ὖ  were determined. As well the lasing spectra are obtained through Fourier-

transform infra -red spectroscopy (FTIR). These characteristics are of particular 

importance when considering the frequency tuning of a QCL with current (Section 2.2) 

and use of a QCL in systems such as the microscope of Section 2.5.  

2.2.1 Experimental set -up 

A diagram of the experimental set-up used to measure the LIV characteristics of a QCL 

can be seen in Figure 2.1. The QCL was mounted on the cold-finger of a continuous flow 

Helium-cooled cryostat (Janis ST-100), which was mounted on three adjustable stages 

for ease of alignment. Prior to operation, the cryostat was vacuum pumped to a pressure 

of ͯ  1 x 10-6 mbar and cooled to a temperature of 20 ± 0.01 K which was maintained by 

a (Lake Shore 335) temperature controller. The laser was characterised in continuous 

wave (CW) mode, provided by an Arroyo current driver, since it was only to be used 

experimentally in this operating mode.  

The output beam of the laser was collimated and focused, by two identical parabolic 

mirrors (each with Ὢ ͯ 101.6mm), which was detected by a cryogenically cooled Ge 

thermistor bolometer. To measure the absolute power of the QCL, the raw LIV data is 

obtained using the bolometer which is then calibrated using an absolute power meter.  

A mechanical chopper was first used to align the system by modulating the beam at ͯ160 

Hz. Throughout the experiment, the voltage signal from the detector was recovered via 

a DSP lock-in amplifier (LIA) using the frequency of the mechanical chopper Ὢ  as its 

reference. Both the QCL voltage and driving current are both read using an oscilloscope. 

Both the oscilloscope and LIA were connected to a PC and the LIV data was measured 

using a LabVIEW virtual instrument (VI).  
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Figure 2.1 ɀ Experimental set-up for LIV characterisation of the QCL. Adapted from [10] . 

2.2.2 LIV data  

Figure 2.2 displays the current-voltage relationship and the power-current relationship 

of an exemplar QCL, measured using the apparatus of Figure 3. In this case, the device in 

question consisted of a 14 µm thick GaAs/AlGaAs 9-well active region [55]  based on the 

hybrid design described in Chapter 1 Section 1.3, which was processed into a semi-

insulating surface-plasmon ridge waveguide with dimensions of 1.8 mm x 150 µm. To 

achieve lasing on a single longitudinal mode, a 166 µm long finite-site photonic lattice 

was patterned through the top contact layer using focused ion beam milling [124] .  

Each set of measurements was taken over a range of operating temperatures from 20 ɀ 

50 K. Due to the geometry of its quantum wells, the voltage across the device determines 

the alignment of the injector and upper lasing level, and ultimately the device power 

output. For low voltages, electron transport through the active region is inhibited by 

misalignment of the extractor and injector states. As voltage increases, the states begin 

to align allowing electron tunnelling between wells, leading to population of the upper 

lasing levels and generating the emission of photons. Lasing occurs when the optical gain 

exceeds the losses of the device. The QCL driving current at which lasing is achieved, 

represented on Figure 2.2b as where the device output power becomes non-zero, is 

described as the threshold current. Optimum alignment of the lasing states provides the 
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peak optical power ὖ . Further increasing of the voltage results in a secondary 

misalignment of the lasing states, at which the tunnelling efficiency reduces and 

consequentially lowers the power output.  

Figures 2.3 and 2.4 show how ὖ  and ὐ  are affected by temperature. Peak power 

reduction occurs due to thermal backfilling and thermally-activated LO phonon 

emission, according to Equation 2.1 [10] .  

ὖ  ὖ ὖÅØÐ
Ὕ

Ὕ
ςȢρ 

where Ὕ is the QCL operating temperature and ὖ, ὖ and Ὕ are fitting parameters. The 

maximum operating temperature for this laser is defined as the temperature at which 

the output power ὖ drops to zero, which is Ὕ  ͯ 50 K.  

 

 

Figure 2.2 ɀ (a) QCL IV curves for a range of operating temperatures. (b) QCL LI curves 

for a range of operating temperatures. Both measured using the apparatus of Figure 2.1 

and with the QCL in CW mode.  

Figure 2.3 shows the peak optical power of the QCL for different operating temperatures 

taken from Figure 2.2b. Also shown is a fit to Equation 2.1 from which the parameters 

values ὖ  1.6 mW, ὖ  0.23 mW and Ὕ  22.2 K are determined.  
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Figure 2.3 ɀ Peak optical power for various QCL operating temperatures. (Blue) 

Experimental data taken from Figure 2.2b. (Red) Expected trend according to Equation 

2.1.  

Furthermore, a similar mechanism explains the increase in the threshold current density 

ὐ  wi th temperature, displayed in Figure 2.4. Here thermal backfilling means a larger 

current is required to achieve the optical gain needed to overcome the losses. This 

behaviour is also described by a Boltzmann fit in the form of Equation 2.2. In this 

equation the threshold is quoted as a threshold current density, as relating it to the 

ÄÅÖÉÃÅȭÓ ÄÉÍÅÎÓÉÏÎÓ ÁÌÌÏ×Ó ÆÏÒ ÅÁÓÙ ÃÏÍÐÁÒÉÓÏÎ ÂÅÔ×ÅÅÎ 1#,ÓȢ &ÏÒ ÔÈÉÓ ÄÅÖÉÃÅȟ ὐ  has 

been calculated using a QCL cross-sectional area of ὃ  2.7x10-3 cm2.   

ὐ  ὐ ὐÅØÐ
Ὕ

Ὕ
ςȢς 

 

Figure 2.4 shows the fit to Equation 2.2, for which the fitting parameters are, ὐ  212.1 

A/cm 2, ὐ  1.07x10-3 A/cm 2, Ὕ  3.71 K.  

From these evaluations, it can be seen that for a typical operating temperature of a QCL 

in CW mode (20K), a peak power of 0.98mW and threshold current density of ὐ ͯ 210 

A/cm 2 was determined.  
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Figure 2.4 ɀ ὐ  values for various QCL operating temperatures. (Blue) Experimental data, 

calculated from the threshold current vales of Figure 5a. (Red) Expected trend according 

to Equation 2.2.  

2.2.3 Spectral data 

Figure 2.5 shows the FTIR experimental set-up used to measure the frequency spectra 

of the QCL. This comprised similar components to Figure 2.2 and was based on a 

Michelson Interferometer with resolution 7.5 GHz. Briefly, a Fourier-transform infra -red 

(FTIR) spectrometer measures the spectrum of an incident radiation beam by splitting 

it into two different beams using a flexible split mirror and adjusting the phase difference 

between the two beams using a moveable mirror. The beams are recombined and the 

interference pattern is captured using an in-built detector. A Fourier -transform of the 

data reveals the emitted power as a function of emission frequency.  
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Figure 2.5 ɀ Experimental set-up for FTIR characterisation of the QCL. Adapted from [10] . 

To perform the spectra measurements of Figure 2.6, the QCL was mounted in the 

apparatus of Figure 2.5 and measured using FTIR over a range of driving currents. The 

QCL was operated in CW mode and maintained at a temperature of 20 ± 0.01 K through 

the experiment using a (Lake Shore 335) temperature controller. 

 

Figure 2.6 ɀ QCL (L1612) spectra for different driving currents measured via FTIR.  

From Figure 2.6 it can be seen that this device lases at a single mode of 3.52 THz. The 

single modality of the QCL is ensured by the addition of top layer photonic lattice 

employing a metallic grating that generates a narrow band-pass filter at the Bragg 

frequency of the lattice, due to the contrast between the refractive index of the etched 

and metallised areas of the waveguide [125] . It is expected that the frequency ’ will tune 

with current but the resolution of the FTIR (7.5 GHz) does not allow this to be measured 

from Figure 2.6. Instead, it will be shown in Section 2.2 how self-mixing can be used to 

measure QCL frequency tuning with a high resolution.  

  

2.3 Frequency tuning of QCLs  

For QCL imaging applications in which both the amplitude and phase of the signal 

require resolving, one approach is to utilise the tuning of QCLs by sweeping the output 

frequency and measuring the change in the QCL voltage due to the self-mixing (SM) 

effect. This can be performed for both near-field and far-field techniques and has been 

observed in [73], [82], [126], [127] . 
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There are several mechanisms that can be used to tune the output frequency of a QCL, 

such as modulation of its operating temperature [128] , tuning due to rear facet 

illumination [129]  and driving current modulation [130], [131] . Notably, tuning through 

ÔÅÍÐÅÒÁÔÕÒÅ ÉÓ ÁÆÆÏÒÄÅÄ ÂÙ ÔÈÅ ÄÅÐÅÎÄÅÎÃÅ ÏÆ ÔÈÅ 1#,ȭÓ ÒÅÆÒÁÃÔÉÖÅ ÉÎÄÅØ ÏÎ ÔÅÍÐÅÒÁÔÕÒÅ 

and responds with a tuning coefficient governed by ὑ Ὕϳ‏’‏  . This temperature 

change is commonly brought about by varying the QCL heat-sink temperature, but can 

also occur by varying the QCL driving current through Joule heating. The speed at which 

the QCL can be thermally tuned is thus limited by the thermal time constant of the 

semiconductor material, which is usually of the order of 100 µs  [132] .  

QCL tuning via modulation of the driving current is faster and widely used in 

spectroscopic techniques such as trace gas detection [133]. This technique is afforded 

by shifting the peak frequency of the intersubband gain within a QCL, by subjecting it to 

a change in the applied voltage, causing a change in the refractive index of the laser 

cavity, which in turn tunes the frequency continuously [134] . This method is therefore 

limited in speed only by the electrical time-ÃÏÎÓÔÁÎÔ ÏÆ ÔÈÅ 1#,ȭÓ ÍÏÄÕÌÁÔÉÏÎ ÒÅÓÐÏÎÓÅ 

[135]  and has been demonstrated for tuning over a range of 4 GHz [136]  and 19 GHz 

[137] .  

The tuning coefficient of a QCL is defined as the change in lasing output frequency as a 

result of a change in the driving current (or temperature depending on the method) 

[138] . The thermal tuning coefficient of QCLs typically varies from ͯ 34 MHz/K to ͯ  100 

MHz/K. However, fast temperature tuning from a change in current is limited to ͯ 5 

MHz/mA. Alternatively, for some QCL designs, current tuning has been demonstrated at 

 ͯ8 MHz/mA [139] , which is degree similar value as the tuning coefficients determined 

in Section 2.3.3. 

In the following Sections, a new approach for measuring frequency tuning with a high 

resolution based on SM is shown. Two implementations of interferometric fringe 

generation via SM are demonstrated, from which the tuning coefficient of the QCL 

characterised in Section 2.2 is determined. The two methods involve applying a 

frequency sweep through a modulation of the QCL driving current and mechanically 

extending the external cavity length.  

2.3.1 Underlying theory of swept -frequency self -mixing  

The response of a QCL under the SM scheme can be expressed using the steady-state 

solution of the model proposed by Lang-Kobayashi [140] . Alternatively, the same result 

can be obtained from the three mirror model [141] , which is visualised in in Figure 2.7. 
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Here a laser cavity of length ὒ  is subject to optical feedback from an external mirror 

which forms an external cavity of length ὒ . Equation 2.3 is arrived at under the 

condition that the change in the compound cavity phase accumulation is zero at the 

cavity resonant frequency and is referred to as the excess phase equation. Equation 2.4 

defines the change in the threshold carrier density ὔ due to optical feedback [12] . 

ς“† ὺ ὺ ὅ ίὭὲς“ὺ† ÁÒÃÔÁÎ‌ π ςȢσ 

ὔ ὔ ‍ÃÏÓς“ὺ† ςȢτ 

Here the subscript π denotes laser parameters in the absence of optical feedback, ’ is the 

lasing frequency, ‌ is the linewidth enhancement factor and ‍ is the coupling rate of 

optical feedback. †  is the round-trip delay, defined as † ςὒ Ⱦὧ, where ὒ  is the 

external cavity length and ὧ is the speed of light. ὅ is a dimensionless parameter which 

encapsulates factors such as the target reflectivity Ὑ , laser facet reflectivity Ὑ  and is 

defined by, 

ὅ  ‐
†

†
ρ ‌

Ὑ

Ὑ
ρ Ὑ ςȢυ 

 

where ‐ is a constant that accounts for various optical losses and † is the laser cavity 

round trip time, defined as † ςὒ Ⱦὧ, where ὒ  is the internal cavity length.  

 

Figure 2.7 ɀ Three mirror model of laser feedback interferometry. Where ὓ , ὓ  and ὓ  

are mirrors, ὲ  is the internal cavity refractive index, ὲ  is the external cavity refractive 

index, Ὑ is the reflectivity of ὓ  and — is the angle of ὓ  with respect to the emission beam. 

Adapted from [12] . 
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The perturbation to carrier density described by Equation 2.4 causes a proportionate 

change to the emitted power and laser terminal voltage. This gives rise to the expression 

for the terminal voltage of a QCL under optical feedback described by Equation 1.4.  

To acquire interferometric fringes, from which the tuning coefficient of the QCL can be 

determined, the QCL terminal voltage can be modulated via a change to the round trip 

phase of the external cavity. This can be generated by a modulation to the driving 

current, which in turn produces a change to the QCL frequency and therefore causes the 

desired phase change. The time-dependent interferometric phase of the SM signal under 

frequency modulation of the laser is given by, 

‰ὸ  
τ“ὒ

ὧ
‎ὸ 

τ“ὒ

ὧ
’ ς“Ὢὸ ‰ ςȢφ 

where ‰ is the initial phase of the SM fringe at ὸ  0, ὧ is the speed of light, ὒ  is the 

external cavity length ‎ is the modulation rate of the system which incorporates the laser 

tuning coefficient ὑ and Ὢ is the carrier frequency of the fringes given by Ὢ  ς‎ὒ ὧϳ 

[2] .  

To modulate the current, a saw-tooth waveform can be applied to the QCL current 

driving (Figure 2.8a) which produces a modulated current (Figure 2.8b). The QCL 

terminal voltage can then be measured (Figure 2.8c) from which can be extracted the 

interferometric fringes by removal of the QCL voltage recorded without any feedback 

(Figure 2.8d).   
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Figure 2.8 ɀ The various waveforms involved in swept-frequency laser feedback 

interferometry. (a) The modulation current supplied by a signal generator. (b) The 

modulated current used to drive the laser. (c) The laser terminal voltage. (d) 

Interferometric fringes resolved by removal of the modulation waveform.   

 

2.3.2 System set-up 

The tuning coefficient of the QCL described in Section 2.2 was determined using two 

methods: a) comparing the positions of consecutive fringes acquired through swept 

frequency laser feedback interferometry, and also b) measuring the phase between sets 

of interferometric fringes due to a change in the external beam path length.  

The experimentation associated with each of these methods was performed using the 

system seen in Figure 2.9. This comprises the QCL, mounted in a continuous flow helium 

cryostat, in a similar fashion to that seen in Section 2.2, the output of which is focused 

onto a reflective target mounted on a motorised translation stage moveable in the z-

direction. The alignment is adjusted so that a portion of the reflected radiation travels 

back along the beam path and is reinjected into the laser cavity. The QCL is driven by an 

Arroyo current driver which is influenced by a signal generator to allow electronic 

modulation of the QCL output.  
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The QCL voltage was measured by a DAQ board and visually displayed via a LabVIEW 

virtual instrument. A modulation of the driving current using a 2 V peak-to-peak 

(resulting in a 400 mA increase from 600mA ɀ 1000) saw-tooth wave with a frequency 

of 1 KHz and offset of ͯ  0.3 V was used and monitored on the oscilloscope. For alignment 

purposes, the SM signal was first modulated with a mechanical chopper and acquired by 

a LIA. 

 

Figure 2.9 ɀ Experimental set-up for self-mixing measurements using a QCL.  

 

2.3.3 LFI measurements  

To perform the self-mixing measurements, several recordings of the QCL terminal 

voltage were acquired by the DAQ board whilst subject to the current modulation 

described above. This was subsequently performed for various external beam path 

lengths, which were varied over a range of 40 µm with a step size of 4 µm.  The initial 

starting path length was ὒ  30 cm. 

Compared to the modulation waveform, the self-mixing signal acquired from these 

ÍÅÁÓÕÒÅÍÅÎÔÓ ÉÓ ÖÅÒÙ ×ÅÁË ɉЂ σ Í6Ɋ ÁÎÄ ÔÈÅÒÅÆÏÒÅ ÒÅÑÕÉÒÅÓ ÁÎ ÅØÔÒÁÃÔÉÏÎ ÐÒÏÃÅÓÓ ÔÏ ÂÅ 

observed. To do this, a non-reflective material was inserted into the optical path to 

negate the self-mixing signal. This blocked signal was measured 1000 times and 
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averaged to obtain an accurate reading of the background modulation waveform. The 

optical path was then unblocked and the swept frequency also averaged over 1000 

measurements. The blocked signal was then subtracted from the averaged unblocked 

signal to reveal the self-mixing fringes, an example of which can be seen in Figure 2.10. 

 

Figure 2.10 ɀ Modulated self-mixing signal measured using the apparatus of Figure 2.9.  

 

 

Figure 2.11 ɀ Example of self-mixing signal embedded in the data of Figure 2.10. Revealed 

when removing the averaged background signal. 

 

The interferometric fringes, such as those of Figure 2.11, can be used to characterise the 

frequency tuning of this QCL with a change in driving current. To evaluate this response, 

the following can be used. It can be seen from Figure 2.11 that the shape of the fringes is 

substantially sinusoidal which therefore suggests that the QCL is under a weak OF 
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(optical feedback) regime (C<<1). It is therefore reasonable to state, from Equation 2.3, 

that 

’ḙ’ ςȢχ 

Therefore, Equation 1.4 from Chapter 1 becomes, 

ὠ  θÃÏÓ
τ“ ’ὒ

ὧ
 ςȢψ 

 

where, ὒ  is the external cavity length and ὧ is the speed of light.  

Since the fringes are assumed to be sinusoidal, at the peak of any fringe ά the following 

must be satisfied, 

τ“’ὒ  

ὧ
ς“ά ςȢω 

 

where ά is an integer and ’  is the laser frequency at the peak of the ά  fringe. By 

analogy, for the next consecutive fringe, this condition can be expressed as, 

  

τ“’ ὒ  

ὧ
ς“ά ρ ςȢρπ 

 

 

Therefore, using equation 2.9 and 2.10, 

’ ’  
ὧ

ςὒ  
ςȢρρ 

 

Given the current tuning coefficient as, 

ὑ  
’ ’

Ὅ Ὅ
ςȢρς 
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it follows that, 

ὑ  
ὧ

ςὒ  Ὅ Ὅ
ςȢρσ 

 

Where Ὅ is the current corresponding to the peak of the ά  fringe. Calculating ὑ for 

each consecutive pair of fringes in Figure 2.11 and averaging these values gives a tuning 

coefficient of  4.09 MHz/mA.  

Alternatively, and as stated above, the tuning coefficient can also be determined by 

measuring the shift in fringe position due to a change in the external optical path length. 

This was obtained by repeating the SM measurement for each position of the reflective 

mirror target, which was moved via the motorised stage, over a range of 40 µm with (-) 

4 µm steps. Figure 2.12 shows two sets of fringes that were measured during this 

experiment, with different positions ὒ  ὒ  ὒ of the mirror, and demonstrates how‏

a change in the optical path length can cause a shift in the fringe position.  

 

Figure 2.12 ɀ SM fringes measured for the initial mirror position ‏ὒ 0 µm (blue) and a 

ὒ‏  4 µm movement of the mirror parallel to the THz beam (orange).  

As show in Figure 13, the fringe sets comprise four distinct peaks. To determine the 

change in current values at which the peaks of each fringe occur, the position of the 

corresponding peaks for each set were compared to that of the fringe set measured 

for ‏ὒ π ‘ά, and averaged to give the mean fringe shift for that set. For example, the 
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average change in current value between peaks of ‏ὒ 4 µm and ‏ὒ  0 µm was 

calculated to be ‏ὍЎ  10.77 mA. In order to calculate the change in frequency 

corresponding to this change in current, the following analysis is applied  

From Equation 2.9 it can be seen that, for a change in both output frequency ‏’ and 

cavity length ‏ὒ, the following is true,  
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However, given that, at the peak of the ά  fringe, 
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Equation 2.15 can be simplified to, 
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By calculating this change in frequency ‏’ for each path length extension ‏ὒ, and plotting 

it against each corresponding value of ‏Ὅ, Figure 2.13 can be obtained, fitted to which is 

Equation 2.20. 

’‏ ὑ‏Ὅ ςȢςπ 

 

Figure 2.13 ɀ Change in frequency ‏Ὢ for each set of interferometric fringes (blue) 

calculated using the above analysis, alongside best fit of relation ‏Ὅ‏Ὢὑ (red).  

From the fit of Figure 2.13, as seen in red, a value of ὑ = 3.29 MHz/mA was obtained. 

This value agrees reasonably well with the value of  4.09 MHz/mA determined by the 

previous method. The discrepancy between the tuning coefficients yielded by these two 

methods can be attributed, at least partly, to the ambiguity in the position of each fringe 

peak, since the fringes are not perfectly sinusoidal or well defined. Additionally, the 

approximation made in Equation 2.17 will add error. Furthermore, it is also assumed 

that the value of ὑ remains constant across the current range, which may not be 

accurate.   

In summary, the characterisation of a QCL has been undertaken as seen here and in 

Section 2.2. The QCL current-voltage and current-power response have been explored, 

which has yielded values for the maximum power and threshold current density and. A 

spectral analysis of the device has demonstrated a single mode of 3.52 THz, at an 

operating temperature of 20 K. Additionally, the self-mixing effect in a QCL has been 

demonstrate using this device, from which the tuning coefficient has been determined.  
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These results provide necessary information about this QCL, which are necessary for 

implementation of it into systems, such as the THz frequency scattering-type scanning 

near-field optical microscopy (THz-s-SNOM) characterised in Section 2.5, for coherent 

imaging applications. The following Section will further investigate self-mixing in a QCL, 

which will include how parameters, such as optical feedback strength ὅ and linewidth 

enhancement factor ‌ [142] vary with current.  

 

2.4 Characterisation of the self -mixing 

response as a function of driving current  

As seen in Section 2.3, the SM effect has been used to determine the tuning coefficient of 

a QCL. In this section, further investigation into the SM effect in a QCL itself will be 

undertaken. This analysis will explore the specific properties of a SM response that are 

expressed in Equations 2.3 ɀ 2.5, such as the feedback parameter ὅ, linewidth 

enhancement factor ‌ and fringe amplitude ‍, for a range of QCL driving currents. These 

behaviour of these parameters is important to understand for applications such as that 

demonstrated in Chapter 3, where the frequency tuning of a QCL under optical feedback 

is used in a coherent imaging system.  

2.4.1 System set-up 

To investigate the effect of driving current on the SM response in a QCL, a series of 

interferometric fringes were generated via mechanical optical path extension, for a 

range of QCL driving current, using the QCL previously characterised. This was 

performed using an optical set-up schematically identical to that used in the tuning 

coefficient measurements of Section 2.3 (Figure 2.9), but omitting electrical modulation 

of the QCL driving current.  

To generate a series of interferometric fringes, the QCL self-mixing voltage ὠ  was 

recorded for each 0.5 µm increment of a 0.2 mm mechanical extension of the initial 

ὒ  300 mm optical beam path. The mechanical chopper frequency was ͯ  100 Hz, 

which was used as the LIA reference frequency, which had a time constant of †  100 

ms.  
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An example of the fringes generated can be seen in Figure 2.14, fitted to which is the 

Lang-Kobayashi (L-K) model for a laser under weak feedback, Equation 2.21. For this 

experiment, the laser driving current was kept constant at 650 mA.  

 

Figure 2.14 ɀ Interferometric fringes generated via mechanical beam path extension 

(blue) with Lang-Kobayashi fit (red). For this set the values of ὅ  0.36, ‌  -1.91 and 

‍  0.25 mV were determined.  

 

2.4.2 Analysis 

To model the SM voltage signal, the equation introduced in Chapter 1 and reiterated in 

Equation 2.21, is fitted to each set of fringes to allow for extraction of each of the 

parameters stated above.  

ὠ  ‍ÃÏÓ
τ“ὒ ’

ὧ
— ςȢςρ 

where ‍ is the amplitude of the SM fringes.   

The QCL frequency under optical feedback ’ is given from the solution to Equation 2.3. 

The method by which the values of ὅ and ‌ are fitted to the set of fringes uses the model 

given in [143] .  The model first requires a preliminary guess for each of the fringe 

parameters, the most influential of which are the feedback parameter ὅ and linewidth 

enhancement factor ‌, which are related through the following expression [12] , as 

described previously by Equation 2.5, 
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ὅ Ὧ ρ ‌ ςȢςς 

 

where the feedback coefficient Ὧ is defined as, 

Ὧ  ‐
†

†

Ὑ

Ὑ
ρ Ὑ ςȢςσ 

 

in which Ὑ  is the reflectivity of the external target, Ὑ is the reflectivity of the emitting 

laser facet, ‐ is the portion of the reflected radiation that couples coherently with the 

laser and accounts for optical losses, †  is the round-trip delay in the external cavity 

which is defined by †  ςὒ ὧϳ (in which ὒ  is the external cavity length and ὧ is 

the speed of light) and † is the round trip time for the laser cavity.  

The linewidth enhancement factor ‌ is a value that relates the change in phase of the 

laser output to a change in its optical gain and was first defined in [144]  as , 

ῳ•  
‌

ς
ῳὫ ςȢςτ 

where • is the laser phase and Ὣ is the optical gain.  

To initially determine a value of Ὧ with which to fit the ὅ and ‌ values for the various 

sets of fringes, the first three fringe sets, obtained using to driving currents of between 

550 ɀ 560 mA, were fitted to using a least-squared fit with Ὧ, ὅ and ‌ being free 

parameters. Once suitable values for all sets were established, the values of Ὧ were 

averaged and a value of Ὧ  0.168 was determined. This value then was used as a 

constant to perform the fits for the subsequent data sets, wherein a least squares fit of 

the fringes was performed with ‌ and ‍ as free parameters. For each set of fringes, a 

value of ὅ was determined from the ‌ values using Equation 2.22.  

To perform the least squares fit of each data set, initial guesses of the fitting parameter ‌, 

close to the true value, had to be given. To produce the fit seen in Figure 2.15, an initial 

value of ‌  -1.85 was chosen. Additionally, the amplitude ‍ and DC offset ὠ were 

assumed to be ‍ ὠ ὠ ςϳ  and ὠ  ὠ ὠ ςϳ .  
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Figure 2.15 ɀ The fringes of Figure 2.14 (blue) with a Lang-Kobayashi fit using initial 

fitting parameters of ‌  -1.85 and Ὧ  0.168 (red). Here Ὅ  650 mA.  

Figure 2.16 shows the ὅ, ‌ and ‍ values for a range of QCL driving currents between 

575-1100 mA, determined using the method described above. Since Ὧ remains constant 

for these measurements and ὅ is determined by using Equation 2.22, ὅ is completely 

dependent on ‌ and generally displays values indicative of weak feedback except for 

small driving currents (  600 mA). The values of ‌ obtained agree well with previous 

studies using THz QCLs [79], [145], [146] . Furthermore, the trend observed between ‍ 

and driving current agrees with previous studies [79] .  Notably, the area in Figure 2.16c 

in which ‍ remains substantially constant, provides an example of ideal QCL operation 

for applications such as swept-frequency interferometry.  

This investigation has explored the nature of this QCL under the SM regime. The device 

could now be used in applications in which this regime is required, such as the s-SNOM 

system of Section 2.5.  
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Figure 2.16 ɀ Self-mixing parameters extracted from ὠ  fringes using the L-K model, 

measured over a range of QCL driving currents. (a) Feedback parameter ὅ, (b) linewidth 

enhancement factor ‌, (c) fringe amplitude ‍.  

 

2.5 Characterisation of THz -s-SNOM 

In later Chapters, THz-s-SNOM is used to investigate plasmonic effects in a range of 

materials. In this Section, the basic operation of THz-s-SNOM is presented and its key 

characteristics are investigated. 

The THz-s-SNOM system presented here (Figure 2.17) and used in the remainder of this 

thesis is based on a commercial s-SNOM/AFM (neaSNOM, neaspec GmbH) and employs 

an external THz QCL emitting at ’ ͯ 3.45 THz. The QCL (L1180) was fabricated by Dr P. 

Rubino and its LIV and spectra characteristics can be found in Section 2.4.3 of [10] . The 

QCL comprised a 14-µm-thick GaAs/AlGaAs nine-well hybrid active region, which was 

processed into a 1.8 mm  150 mm SI-SP ridge waveguide. This heterostructure is 

nominally identical to that presented in Section 2.2, and as such similar operating 

characteristics are expected.  During operation, the QCL was cooled using a continuous-
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flow L-He cryostat to a temperature of 20 ± 0.01 K and maintained using a (Lake Shore 

335) temperature controller. An Arroyo current source was used to drive the laser with 

a DC current of 420 mA during single-frequency use and between a range of 450-650 mA 

during swept-frequency operation, as seen in Chapter 3. During single-frequency 

imaging, the QCL voltage was 6.4 V and the emitted power was  ͯ0.5 mW.  

The QCL emission was focused to the tip of a vertically aligned Rocky Mountain Pt-Ir 

AFM tip at an angle of ͯ  540 to the surface normal. The tip had length ͯ 80 µm and apex 

diameter  ͯ20 nm and was operated in tapping mode at a frequency of    80 kHz. A 

portion of the radiation scattered by the probe was coupled back along the optical path 

and reinjected into the laser cavity, invoking the SM effect. The theory of SM in a QCL 

described in Section 2.3 and 2.4 are based on reflection from a reflective target. For this 

application of SM in a QCL, the theory still applies but the reflective target is replaced by 

a scattering source. This scheme, in turn, causes the reinjected signal to be far weaker, 

which requires the use of amplification of the ὠ  signal by a factor of 5 x 103.  

To identify the ὠ  signal, the QCL terminal voltage was demodulated at harmonics of 

the tapping frequency   and amplified by a factor of 5 103 using an ac-coupled low-

noise voltage amplifier. The ability to isolate the VSM signal by using harmonics of the tip 

tapping frequency is explored in Section 2.5.2.  

 

Figure 2.17 ɀ THz-s-SNOM system schematic in which the QCL output is focused onto the 

tip of the AFM probe, oscillating at frequency  , and a portion of the scattered radiation 

is reinjected into the QCL cavity. The QCL is driven by a laser driver and the QCL terminal 
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voltage is amplified by the low-noise preamplifier (LNP) before being demodulated by the 

lock-in amplifier (LIA) at harmonics of  . The half-wave plate (HWP) is used to adjust the 

polarisation of the THz beam. Adapted from [10] .    

2.5.1 s-SNOM system alignment 

This section will give a brief overview of the s-SNOM alignment process. The s-SNOM 

system described above focuses the THz beam to the area of the tip using an internal 

mirror controllable in x,  y and z directions. Alignment of the THz beam is manually done 

by the user by moving the mirror and monitoring the amplitude and phase of the THz 

signal. This process not only involves alignment of the beam but also a series of checks 

and calibrations that are required before imaging can begin. These are as follows.  

1. Replace the AFM probe tip if needed. 

2. Perform a full frequency sweep of tip tuning spectrum.  

3. Identify the tip resonance frequency    and choose appropriate tip tapping 

frequency   (usually 80 % of the value of   ).  

4. Load the sample and position it substantially underneath the tip using the 

piezoelectric stage.  

5. Bring the tip into contact with the sample surface. 

6. Adjust the focussing mirror alignment until a suitable signal amplitude and 

stable phase has been achieved.  

Once all steps have been completed, the system is ready to perform imaging. Examples 

of THz images using the s-SNOM system are presented later in this Chapter and in the 

remainder of this thesis. 

2.5.2 Approach curves as a function of demodulation harmonic  

One problem with the THz-s-SNOM method is the low signal to noise ratio (SNR) as a 

result of poor scattering efficiency of the probe tip at THz frequency. This arises from 

the fact that the QCL output wavelength is ͯ 104 times smaller than the tip diameter. 

This renders the desired THz signal indistinguishable from unwanted background signal 

arising from reflections from the tip shaft and surrounding areas. To combat this, the tip 

is kept sinusoidally oscillating above the target surface (tapping mode) at a frequency,   

ɉÃÌÏÓÅ ÔÏ ÂÕÔ ÎÏÔ ÁÔ ÔÈÅ ÔÉÐȭÓ ÎÁÔÕÒÁÌ ÒÅÓÏÎÁÎÔ ÆÒÅÑÕÅÎÃÙɊ ×ÉÔÈ ×ÈÉÃÈ Á ÌÏÃË-in amplifier 

(LIA) can extract the desired signal [147] . Additionally, demodulating the signal at high 

harmonics of   ὲ ς can help distinguish the signal arising from the near-field 
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interaction between the probe tip and sample from the background signal arising from 

unwanted reflections or scattering from the shaft of the tip. To understand the effect of 

tip tapping amplitude and harmonic demodulation ὲ on background noise suppression, 

the following characterisations were performed.  

A series of measurements known as an ȬÁÐÐÒÏÁÃÈ ÃÕÒÖÅȭ ×ÅÒÅ ÐÅÒÆÏÒÍÅÄ to demonstrate 

how demodulating the SM signal at different harmonics of the tip tapping frequency and 

using different tapping amplitudes, affects signal purity. This procedure involves a 

monitoring of ὠ  whilst the probe is brought in close contact with the surface, over a 

distance of several hundred nm in the z-direction, using a high-precision piezo stage,  

until reaching a predetermined height Ὤ, thus acquiring a description of the vertical 

dependence of the scattered near-field signal [101] . The value of Ὤ is usually chosen to 

be the closest distance to the sample surface in which the tip is allowed to operate at a 

specific tapping amplitude ὃ. Since ὃ is defined as the peak-to-peak oscillation distance 

of the tip, the minimum Ὤ value for a tip oscillating at amplitude ὃ is therefore  (Figure 

2.18). The value ᾀ is defined as the distance between the position of the tip at the 

maximum of its oscillation amplitude in the ɀz-direction and the surface. Since the tip 

ÎÅÖÅÒ ÁÃÔÕÁÌÌÙ ȬÔÏÕÃÈÅÓȭ ÔÈÅ ÓÕÒÆÁÃe, the ᾀ  0 nm position present in Figures 2.19 and 

2.20 are defined as the position at which the tapping amplitude ὃ decreases by 2 % due 

to the presence of the surface.  

 

Figure 2.18 ɀ Diagram of oscillating s-SNOM probe tip where A is the peak-to-peak 

oscillating amplitude of the tip and h is . For approach curve measurements, the tip begins 

at a predetermined height above the surface and is brought into close contact with it along 

the z-direction until ᾀ  0 nm. Exaggerated scale.  
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To determine the effect of signal demodulation, approach curves for ὃ  400 nm were 

measured for a range of harmonics of the demodulation frequency from ὲ ρ  to ὲ

υ  using a small tip with diameter Ὠ ͯ 20 nm (Figure 2.19) and large tip with diameter 

Ὠ ͯ 1 µm (Figure 2.20). The ὲ  1  data has been omitted from Figure 2.19 due to 

scaling.  

  

Figure 2.19 ɀ Approach curves for various demodulations of the tip tapping frequency 

  ͯ 80 KHz. Tip tapping amplitude ὃ  400 nm and tip size ͯ 20 nm. 

 

Figure 2.20 ɀ Approach curves for various demodulations of the tip tapping frequency 

  ͯ 80 KHz. Tip tapping amplitude ὃ  400 nm and Ὤ  200 nm and tip size ͯ 500 µm. 

It is demonstrated in both Figures 2.19 and 2.20 that the signal amplitude is heavily 

dependent on ᾀ. It can be seen for all cases that the signal amplitude decreases with 

increasing ᾀ, in agreement with the dipole model of the s-SNOM tip/sample interaction 

presented in Chapter 1 Section 1.6. Additionally, it can be seen that, for large ᾀ, the signal 
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amplitude plateaus. This is due to a constant background signal arising from radiation 

scattering directly from the probe tip edge and shaft.  

It can also be seen from both Figures that at higher harmonics ὲ at which the signal is 

demodulated, the signal amplitude decreases. This applied to both the near-field 

interaction and the background signal. In addition, the approach curves for higher ὲ 

show a sharper drop off with increasing ᾀ. This arises from the  dependence in the 

effective polarizability of the coupled tip-sample system [13] . This dependence has 

previously been theorised for small (0.5a) and large (5a) tip tapping amplitudes, where 

ȬÁȭ ÉÓ ÔÈÅ ÒÁÄÉÕÓ ÏÆ ÔÈÅ ÔÉÐ ×Èen modelled as a polarisable sphere (Figure 2.21). 

Furthermore, it can be observed that for each value of ὲ the approach curves using the 

large tip exhibit a consistently larger signal than those using the small tip. This is also in 

agreement with the point-dipole model, which predicts stronger scattering for larger 

tips. Another tip size-dependent observation is the sharper drop-off in signal amplitude 

of the approach curves for the smaller tip, which is in agreement with [147] , which states 

that the signal amplitude drop-off occurs on a length scale that approximately 

corresponds to the tip radius.   

2.5.3 Approach curves as a function of tapping amplitude  

To mitigate the loss of signal amplitude when demodulating beyond the fundamental 

harmonic, larger tip tapping amplitudes are commonly used. Figures 2.22 and 2.23 

depicts the approach curves obtained using the THz-s-SNOM system described above, 

for a range of tip tapping amplitudes, demodulated at the ὲ  2 harmonic of the tapping 

frequency (  ͯ 80 KHz) using a small and large tip respectively.  

As seen in Figures 2.19 and 2.20, it is further demonstrated in Figures 2.22 and 2.23 that 

the signal amplitudes drops-off as ᾀ increases, in agreement with the dipole model, and 

plateaus beyond a certain value. Furthermore, it can also be observed from both Figures 

that a larger tapping amplitude results in a larger signal, and also the background signal, 

present in each measurement, persists for longer for larger tapping amplitudes. This 

effect is more prominent in Figure 2.23. Additionally, in concurrence with the point-

dipole model and the results of Section 2.5.2, the larger scattering efficiency provided by 

the larger tip produces a greater signal amplitude.  
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Figure 2.21 ɀ Fourier components of a tip-sample scattering cross-section with minimum 

tip-sample distance for larger (5a) and small (0.5a) tip oscillation amplitude, where the 

distance Z measured with respect to the tip radius a. Adapted from [13] . 

From the results presented in this Section and in Section 2.5.1, it can be concluded that 

several factors are to be taken into consideration to optimise the s-SNOM imaging 

criteria. It can be seen that demodulating the ὠ  signal at higher harmonics of the tip 

tapping frequency allows for better discrimination against background signals, but also 

reduces the overall signal amplitude. The signal amplitude can be preserved by using a 

larger tip tapping amplitude and/or larger tip size but both of these increase the amount 

of background signal. Furthermore, it is also known and will be demonstrated in Section 

2.5.3, that optical contrast and image resolution both decreases for larger tip tapping 

amplitudes [147] , as well as larger tip size.  
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Figure 2.22 ɀ Approach curves for various tip tapping amplitudes, demodulated at the 

ὲ  2 harmonic of the tip tapping frequency   ͯ 80 KHz, using a small tip ͯ 20 nm.  

 

Figure 2.23 ɀ Approach curves for various tip tapping amplitudes, demodulated at the 

ὲ  2 harmonic of the tip tapping frequency   ͯ 80 KHz, using a large tip ͯ 500 µm.  

These conclusions suggest that a compromise between tip size, tapping amplitude and 

the harmonic at which the signal is demodulated must be made in order to achieve an 

optimum s-SNOM imaging criterion.  

2.5.4 s-SNOM resolution  

To evaluate the spatial resolution of the THz-s-SNOM system, several two-dimensional 

single-frequency images were taken of a resolution target. The target consisted of a 

simple 50 nm thick gold pattern on a silicon substrate, manufactured via electron-beam 

lithography (EBL). The microscope resolution was determined from imaging one of the 

gold/silicon boundaries of the pattern.  
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To obtain a single-frequency THz image, the QCL output beam is focused onto the 

oscillating tip apex, which is brought into close confinement to the sample surface. There, 

the interaction between the tip and surface causes a near-field enhancement of the 

scattering cross-section that is influenced by the local permittivity of the sample, as 

described in Chapter 1 Section 1.6. By scanning the sample under the probe over a 2D 

area of a sample and measuring this near-field enhancement, through lock-in detection 

of the QCL VSM signal, one can obtain an image in which the signal contrast relates to the 

sample material composition.  

An example of a THz-s-SNOM image taken of a gold/silicon boundary can be seen in 

Figure 2.24a, from which the resolution analysis of Figure 2.25 was derived. This image 

was measured using a the same  QCL used earlier in Section 2.5, which was operated in 

CW mode and cooled to a temperature of 20 ± 0.01 K using a L-He continuous flow 

cryostat, which was maintained by a (Lake Shore 335) temperature controller. The p-

polarised output of the QCL was obliquely incident on the 20 nm probe tip apex at an 

angle of ͯ  540. The probe was operated in ÔÁÐÐÉÎÇ ÍÏÄÅ ÁÔ Á ÆÒÅÑÕÅÎÃÙ ÏÆ ɱ ͯ 80 KHz 

and peak-to-peak amplitude of 94 nm. The QCL ὠ  signal was amplified by a factor of 

ὃ  5x103 by a pre-amp before being demodulated at 3 . Figure 2.24 shows a 5 x 1 µm 

THz and AFM image comprising 120 x 30 pixels captured with the s-SNOM with an 

integration time of 150 ms per pixel. 

 

Figure 2.24 ɀ THz-s-SNOM image of a gold/silicon boundary. (a) THz image. (b) AFM 

image.  

As stated previously the most commonly used model to describe the tip/sample 

interaction is the point-dipole model [99], [148] . This model allows for an accurate 
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description of the tip/sample interaction but is poor at reproducing features that can 

appear at the edges of material boundaries, such as those used in the resolution 

measurements presented here [149] . To better understand the near-field response at a 

material boundary, the tip geometry must be taken into consideration. Figure 2.25 

illustrates the optical interaction between an illuminated s-SNOM tip and 

metal/dielectric edge for different tip positions. It can be seen that, as well as the 

expected, strong near-field response between the tip apex and the surface, position (b) 

results in coupling of the tip shaft with the sample edge and position (c) results in a 

displacement of the tip from the surface, leading to a reduction in coupling strength. This 

behaviour gives rise to the anomalous features in the optical response of the boundary, 

as seen in Figure 2.25. There are also other effects that can spuriously affect the s-SNOM 

signal near material boundaries. For example, the thickness of the material at its 

boundary can vary due to imperfections in the sample fabrication process, which could 

lead to these boundary features. Additionally, a reduction in ὠ  signal amplitude at the 

ÂÏÕÎÄÁÒÙ ÏÆ Á ÓÁÍÐÌÅ ÃÁÎ ÂÅ ÃÁÕÓÅÄ ÂÙ Á ÓÃÒÅÅÎÉÎÇ ÏÆ ÔÈÅ ÔÉÐȭÓ ÎÅÁÒ ÆÉÅÌÄÓ ÂÙ ÔÈÅ ÍÅÔÁÌ 

sample, as have been demonstrated in [150] . 

 

Figure 2.25 ɀ Edge imaging using a s-SNOM showing various tip positions (a)-(d) with 

respect to a dielectric edge (xtip). (e) line profile of s-SNOM signal demodulated at the 2nd 

harmonic (A2). (a) signal arising from a coupling solely with the substrate. (b) enhanced 

signal arising from a coupling between the tip apex and the substrate and the tip shaft 

and the edge. (c) signal reduction as the tip is displaced from the substrate resulting in a 

lower effective polarizability. (d) Coupling between the tip and the edge material surface. 

Adapted from [14] .  
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An example of these edge features can be seen in Figure 2.26, which shows the ὠ  signal 

averaged in the y-direction for a 5 x 1 µm THz-s-SNOM image of a Au/Si boundary. In 

this case, the image comprised 120 x 30 pixels and was demodulated at the ὲ  3 

harmonic of the tip tapping frequency, and the amplitude of which was 154 nm.  

 

Figure 2.26 ɀ THz-s-SNOM image average in the y-direction showing surface features as a 

result of tip-edge interaction.  

The effects described here depend strongly on the tip geometry, material thickness/ 

topography and sharpness/shape of the edge regions, which can be affected by the 

fabrication process. Therefore, to some extent, these features can be mitigated by careful 

selection of the sample area, as well as choice of tip. These effects have been taken into 

consideration for the following resolution analysis.  

To determine the imaging resolution achieved in the image shown in Figure 2.24, the ὠ  

signal was averaged in the y-direction and an edge response function (ERF) described 

by Equation 2.25 was fitted.  

Ὢὼ  
Ὅ

ς
ὃ ὩὶςÌÏÇς

ὼ ὼ
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where Ὅ, ὃ, ὼ and ύ are fitting parameters associated with various dimensions of the 

curve, and Ὡὶὼ is an error function described by, 

Ὡὶὼ  
ς
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Figure 2.27 ɀ Edge response function applied to the THz-s-SNOM image of Figure 2.24 

averaged in the Y-direction. Blue ɀ measured data, red ɀ ERF fit, dotted black ɀ positons 

of the 20% (black) and 80% (pink) criteria points from which a resolution of 50 nm was 

determined.  

The criteria by which the resolution of the image is calculated is defined by the distance 

between the 20 % and 80 % height values of the fitted curve, as depicted in Figure 2.27. 

Using this criteria, a resolution of ͯ  50 nm was determined. 

It was explained in Section 2.5.2 that signal amplitude but also the background signal 

both increase for larger tip tapping amplitudes. To investigate the effect of tip tapping 

amplitude on imaging resolution, the analysis above was repeated for a range of tapping 

amplitudes between 25 ɀ 125 nm. Figure 2.28 displays the resolutions obtained through 

ERF analysis of THz images of the same Au/Si boundary acquired using this range of 

tapping amplitudes. From Figure 2.28, it can be seen that the s-SNOM resolution is 

heavily dependent on tip tapping amplitude, which agrees with observations reported 

in the literature [147], [151] . This dependence is explained in [151]  by imagining a non-

vertically oscillating tip measuring the near-field, non-demodulated signal from a gold 

disk on a silicon surface, from a fixed height. Were the tip to increase its height above the 

surface, the spatial resolution would worsen and, thus, the FWHM of the disk would 

increase. Demodulation of the scattered signal from an oscillating tip can be thought of 

as a weighted average of images of the disk taken at different heights. Smaller oscillation 

amplitudes correspond to averaging over lower tip positions and therefore smaller 

FWHMs. 
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Furthermore, it can be seen that by using a small enough amplitude (ὃ ͯ 25 nm), a 

resolution of 29 nm can be achieved. This corresponds to a sub-wavelength resolution 

of ‗Ⱦ3000, which is the highest reported to date for a THz-s-SNOM using a THz QCL. 

 

Figure 2.28 ɀ THz-s-SNOM spatial resolution with tapping amplitude using a small tip (ͯ 

20 nm) apex diameter.  

As discussed in Section 2.5.3, it can be advantageous to use a large tip to perform s-SNOM 

measurements, as it can be used to increase the signal amplitude. It is also understood 

that imaging resolution is dependent on the size of the tip apex [152] . This was 

investigated by repeating the above analysis using a tip with a larger apex diameter. 

Figure 2.29 displays the spatial resolutions, calculated using the same ERF analysis as 

that shown in Figure 2.27, for images taken over a 50 ɀ 150 nm range of tapping 

amplitudes using a 500 µm tip. Here the same trend as shown in Figure 2.28 is observed, 

although as expected the use of a larger tip yielded far larger spatial resolutions for each 

of the tapping amplitudes in the range previously used. 

 

Figure 2.29 ɀ THz-s-SNOM spatial resolution with tapping amplitude using a large tip ( ͯ

1 µm) apex diameter.  
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2.6 Summary 

This chapter has communicated an introduction into THz QCLs and has described the 

measurement approach/apparatus for measuring the LIV relationship and emission 

spectra of a QCL. Both the spectral behaviour and the LIV characteristics obtained from 

an exemplar QCL were presented (Section 2.2), from which parameters such as the laser 

threshold current density ὐ , maximum operating temperature Ὕ  and peak 

operating power ὖ  were determined.  

The theory and experimental realisation of operating a QCL under optical feedback has 

also been presented (Section 2.3 and 2.4), including two implementations of 

interferometric fringe generation via SM. The two methods involve applying a frequency 

sweep through a modulation of the QCL driving current and mechanically extending the 

external cavity length. Therein a new approach for measuring frequency tuning with a 

high resolution based on SM was demonstrated, from which the tuning coefficient of the 

QCL characterised in Section 2.2 was determined (Section 2.3). These analyses yielded a 

tuning coefficient in the range of -3.29 ɀ -4.09 MH/mA for the QCL operated in CW mode 

and at 20 ± 0.01 K.  

Experimentally obtained interferometric fringes, generated via mechanical extension of 

the optical beam path, have been evaluated using the Lang-Kobayashi model, to extract 

SM parameters such as the feedback parameter ὅ, linewidth enhancement factor ‌ and 

interferometric fringe amplitude ‍. By performing this analysis for various driving 

currents of the QCL, the current-dependence of these parameters has been explored 

(Section 2.4). Knowledge of this behaviour is important for applications such as that 

demonstrated in Chapter 3, where the frequency tuning of a QCL under optical feedback 

is used in a coherent imaging system.  

The characterisation of a THz frequency, scattering-type scanning near-field optical 

microscope has also been undertaken (Section 2.5). This has included a demonstration 

of background signal reduction through demodulating at harmonics of the tip tapping 

frequency beyond the fundamental, wherein approach curves using small and large 

diameter tips have further revealed the effects of both harmonic demodulation, tip 

tapping amplitude and tip size on the ὠ  signal and background signal amplitude. 

Additionally, the spatial resolution of the microscope has been determined via boundary 

measurements of a simple gold-on-silicon structure, which have demonstrated that a 

ÒÅÓÏÌÕÔÉÏÎ ÏÆ ςω ÎÍ ÈÁÓ ÂÅÅÎ ÁÃÈÉÅÖÅÄȢ 4ÈÉÓ ÖÁÌÕÅȭÓ ÄÅÐÅÎÄÅÎÃÙ ÏÎ ÔÉÐ-size has been 
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further evaluated, as well as a discussion of unwanted image features as a result of tip-

edge coupling, an example of which has been experimentally captured.   

Following these characterisations, this QCL THz-s-SNOM can now be used to investigate 

the optical properties of microstructures such as topological insulators (Chapter 4) and 

THz waveguides (Chapter 5).  
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Chapter 3  

Coherent stepped -frequency 

THz-s-SNOM 
 

3.1 Introduction  

In this Chapter, a novel stepped-frequency system will be fully explored including 

descriptions of how coherent measurements can be performed using a THz-s-SNOM by 

exploiting the frequency tuning of a QCL, as seen in Section 2.3, enabling both the 

magnitude and phase of the scattered field to be resolved. Furthermore, the hardware to 

enable, and LabVIEW control VI to manage, the image acquisition is described. This 

system is in contrast to previous coherent measurement techniques, such as that 

presented in [15] , as the primary improvement is that only a single scan of a sample is 

needed to obtain coherent imaging data. Section 3.2 presents a characterisation of the 

measurement system including an investigation into the optimal operation speed, the 

system resolution and methodology used to perform image data acquisition.  

The use of this system is demonstrated, in conjunction with a generalised phase-

stepping algorithm (GPSA), to coherently measure in the far-field (Section 3.4) and near-

field, specifically the out-of-plane field supported by a dipole resonator structure in 1 

and 2 dimensions using only a small number of sampling points, the published results of 

which can be seen in Section 3.5. A characterisation of the GPSA is also included in 

Section 3.3, with regards to the errors associated with the extraction of magnitude and 

phase information, from interferometric fringes generated via LFI, for a variety of 

measurement criteria and combinations thereof.  
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3.2 System/approach overview  

To perform coherent THz measurements, a stepped frequency system employing a 3.45 

THz QCL and the THz-s-SNOM system described in Chapter 2 was developed. To extract 

magnitude and phase information of the scattered THz signal, and thereby characterise 

the optical response of a target in the THz region, interferometric fringes are generated 

via laser feedback interferometry (LFI).    

As described in Chapter 2 Section 2.3, the generation of interferometric fringes can be 

achieved by either mechanical extension of the beam path or modulation of the laser 

emission frequency. The method described here, which uses the latter, exploits the 

frequency tuning of a QCL with driving current to subject a target to a range (sweep) of 

emission frequencies afforded by a sequential stepping of the laser driving current, the 

resulting fringes of which can then be realised in the self-mixing voltage ὠ , as seen in 

Figure 3.1. It was seen in Chapter 2 Section 2.3 that a modulation to the laser frequency 

can be performed in a continuous manner with the use of a saw-tooth current 

modulation (swept-frequency). However, due to the need to demodulate ὠ  at the tip 

tapping frequency  , the s-SNOM approach requires a sequential stepping of the lasing 

frequency instead.     

Briefly, the coherent imaging system comprises a THz-s-SNOM based on a commercial s-

SNOM/AFM platform (neaSNOM, neaspec GmbH) employing a 3.45 THz QCL driven by 

an Arroyo current driver, a low-noise preamplifier, a Zurich Instruments HF2LI 50 MHz 

lock-in amplifier and a LabVIEW control VI. To ensure a low value of the feedback 

parameter ὅ (described further in Section 3.2.1), and therefore encourage the 

generation of sinusoidal fringes (necessary for applying a fitting model), a non-reflective 

attenuating material is placed in the laser beam path at the cost of the ὠ  signal 

magnitude. For the THz-s-SNOM measurements described further in this chapter, the 

QCL was cooled using a continuous-flow L-He cryostat that was maintained at a heat sink 

temperature of 20 ± 0.01 K. The average emission power was ͯ 1 mW, and illuminated 

a vertically aligned Rocky Mountain Pt-Ir s-SNOM tip with a minimum diameter of ͯ  20 

nm and length of ͯ  80 µm, at an angle of ͯ  540 relative to the surface normal. The 

incident radiation was p-polarised, so that there was an in-plane and out-of-plane 

component of the incident field parallel to the tip shaft. 

As was the case in Chapter 2, the self-mixing signal is derived from the QCL terminal 

voltage. Since the scattered field from the tip is very small in s-SNOM, it is necessary to 
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amplify ὠ using a pre-amplifier. Typically, the gain used here and throughout is  ͯ5 x 

103.  

To lock to the ὠ  signal, the AFM tip of the s-SNOM is modulated at a frequency   ͯ 60 

ɀ 80 KHz, harmonics of which are used as the reference frequency for the lock-in. 

Whereas, previously described in Chapter 2 Section 2.5, the lock-in used to extract ὠ  

was internal to the neaspec system, in this Chapter it is necessary to use an external lock-

in (mentioned above) to allow control over the recording and saving of the ὠ  as the 

current is stepped.  

 As described in Section 2.5, whilst suppression of background signals improves at 

higher harmonics of  , the signal amplitude becomes weaker. It is therefore important 

to select an appropriate demodulation frequency that provides a good compromise 

between both of these effects, especially when the amplitude has been artificially 

reduced by the attenuating material. In these experiments, the ὠ  values are commonly 

measured at a reference frequency of either 2ɱ or 3ɱȢ  

To perform a stepped-frequency measurement at a single position of a target (single 

pixel), the laser current driver is set to a predetermined starting value Ὅ . There is set 

delay time Ὕ commonly  ͯ10 ms, to allow for temperature stabilisation of the QCL. 

Following that there is a secondary delay Ὕ which is usually set to be a multiple of the 

lock-in time constant Ὕ  and therefore determines the number of Ὕ  that are waited 

before each ὠ  value acquisition, to allow for the lock-ÉÎ ÓÉÇÎÁÌ ÔÏ ȬÓÅÔÔÌÅȭ Ïn the correct 

value following each change in current. After these delays, a single value of the QCL 

terminal voltage is then acquired from the lock-in amplifier and stored in a 1D array. 

Ὅ  is then increased by a predetermined increment ‏Ὅ, following which is the delays 

and further ὠ  signal acquisition. This is repeated until the driving current reaches Ὅ , 

at which time the final ὠ  value is recorded and the current driver is returned to Ὅ .  

At the beginning of each experiment, to determine appropriate of Ὅ  and Ὅ , a 

preliminary single-pixel set of stepped-frequency interferometric fringes is acquired 

over a current range of approximately 200mA (Figure 3.1). From this set, the current 

values corresponding to the consecutive peaks of a suitable fringe are chosen as Ὅ  

and Ὅ .  
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Figure 3.1 ɀ A set of THz self-mixing interferometric fringes generated via a swept-

frequency measurement with a current sweep of 200mA. This measurement was performed 

using the THz-s-SNOM system in conjunction with the hardware and control system 

described in this Chapter. Additionally show is a bounded area corresponding to a single 

fringe with example Ὅ  and Ὅ  values. The lock-in reference signal for this 

measurement was demodulated at 3 .  

From these values, the current step ‏Ὅ can be determined from,  ‏Ὅ  where ὔ 

is the number of sampling points per pixel, the significance of which will be further 

investigated in Section 3.3.1   

To perform a series of stepped-frequency measurements over a 1D line on a target, the 

coordinates of the first pixel to be measured are determined as well as the distance over 

which the measurement will be made. The acquisition of ὠ  at each of the pixels is 

controlled by the LabVIEW VI which monitors the line and pixel clocks of the s-SNOM. 

These clocks measure the movement of the AFM tip along the x-axis (pixel clock) and y-

axis (line clock) of the sample. Prior to initiating the movement of the s-SNOM tip to the 

first pixel, the LabVIEW VI is run to anticipate the triggering of the pixel clock at the said 

pixel, followed by acquisition of the ὔ ὠ  values. Figure 3.2 depicts the process by which 

the system performs a 1D measurement. To perform a 2D scan, this 1D process is 

repeated for every triggering of the line clock. 
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Figure 3.2 ɀ A flow chart depicting the process by which the THz-s-SNOM system captures 

a 1D stepped-frequency image. This diagram specifically pertains to the operation of the 

LabVIEW virtual instrument that is used to control the measurement apparatus.   

3.2.1 LabVIEW and hardware  

The LabVIEW control VI comprises several sub VIs (Figure 3.3), each of which 

sequentially perform the tasks described in Figure 3.2. Among them includes: 

initialisation and addressing of the data acquisition system hardware; monitoring of the 

line and pixel clocks; triggering the synchronisation of stepping the QCL current 

controlled by an Arroyo current driver; ὠ  data recording via a Zurich Instruments fast-

detection lock-in amplifier; saving of ὠ  values; and deactivation of the program.  

3.2.2 Data acquisition program speed  

To characterise the limitations of the acquisition rate of the data acquisition system, a 

simple 10 x 10 pixel single-frequency image of a simple gold-on-silicon structure was 

taken using THz-s-SNOM, whilst the LabVIEW data acquisition VI recorded one ὠ  value 

per pixel. Following the measurement, the number of pixels that the program failed to 

acquire were counted.  

For the system to capture all ὔ of the ὠ  values per pixel, the scanning time Ὕ , 

defined as the time period over which the s-SNOM AFM tip remains on each pixel, must 

be greater than the total time that it takes the acquisition program to acquire each ὠ  

value, format the data and save it to a 1-dimensional array. If Ὕ  is too small, then the 

program will still be measuring the ὔ ὠ  data point when the next pixel clock occurs, 

and will therefore miss the next pixel clock value and subsequently the next pixel of data. 

In this sense, the results present in Figure 3.4 are characterising the fastest speed at 

which the programme can acquire data.  
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Figure 3.3 ɀ LabVIEW virtual instrument block diagram for control of the data acquisition 

system. 
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This was repeated for a series of images using a range of scanning times Ὕ  50 ɀ 300 

ms. For each scan, the delay Ὕ  2Ὕ , where Ὕ  was set to 50 ms. Figure 3.4 shows how 

the ability of the acquisition program to capture more of the image changes with the 

scanning time of the s-SNOM.  

 

Figure 3.4 ɀ Number of unrecorded pixels vs microscope integration time for an image 

captured with a THz-s-SNOM using the data acquisition system. The image in question was 

a 10x10 pixel scan of a 15x2um gold-on-silicon structure. The lock-in reference signal for 

these measurements was demodulated at 3 . 

For a standard single-frequency image, the s-SNOM is operated in AFM mode. This type 

of scan causes the s-SNOM to only measure in one direction along the sample, and then 

return along the same path to the beginning of a row before measuring the next. 

However, the pixel clock remains counting during the return journey of the tip, and 

therefore still triggers the recording of ὠ  values by the acquisition program. For a 10 

x 10 pixel scan there are therefore 200 pixels available for the program to capture. The 

pixels recorded during the return journey of the tip would usually be omitted from 

images, however, they were included here for convenience.   

It is evident by Figure 3.4 that the ability of the acquisition program to capture more of 

the image data initially improves with increasing scanning time, but plateaus at 

approximately 125 ms. This value can therefore be described as the fastest acquisition 

time at which the program can be run, under these sampling conditions, that maximises 

efficiency whilst not being unnecessarily slow. This is an important factor to consider 

when performing multi -frequency imaging, as described in Section 3.3.  

It can be seen from Figure 3.4 that even when Ὕ  is large enough to give ample time 

for the acquisition program to capture the data of each pixel, it still fails to acquire ͯ 20 
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pixels. This is due to an absence of the pixel clock for the last pixel of each row and, 

therefore, results in the last pixel of each row being omitted from the image. Were the 

program to be improved upon, this feature is something that could be considered.  

3.2.3 Data acquisition program resolution  

To further assess the timing variables of the data acquisition program, the relationship 

between the lock-in time constant Ὕ  and delay Ὕ is investigated. To do this, the 

resolution of the imaging system was evaluated for a range of different values of Ὕ 

according to Ὕ ὲὝ , where ὲ  0.5 ɀ 3 and Ὕ  was kept at a constant value of 100 ms. 

For these measurements, the s-SNOM scanning time was maintained a Ὕ  Ὕ.  

The resolution of the system was determined in a manner similar to that seen in Chapter 

2 Section 2.5. A high resolution image of a Au/Si boundary was acquired by the s-SNOM, 

with dimensions 100 nm x 400 nm and a pixel size of 10 nm, whilst the acquisition 

program recorded one ὠ  value per pixel. As explained in Chapter 2 Section 2.5, the 

resolution of a THz-s-SNOM image is dependent on the size of the AFM tip and the 

magnitude at which it is tapped during a scan. Therefore, to achieve a high resolution 

with this system, each measurement was performed using a small AFM tip with radius 

20 nm, which was operated at a tapping amplitude of 200 nm. The collected data was 

processed into a 2D field-map, an example of which is shown in Figure 3.5. An edge 

response function, described by Equation 2.25, was then calculated as shown in Figure 

3.6. As described previously, using this model the resolution is determined by the 

distance between the 20% and 80% height positions on the width of the boundary 

region. Figure 3.7 plots these values for images taken over a range of Ὕ values. This 

analysis was performed for a series of images of the same Au/Si boundary, for each value 

of Ὕ.  

 

Figure 3.5 ɀ Single frequency THz-s-SNOM image of a Au/Si boundary captured using the 

data acquisition system described above. The colour bar represents the magnitude of the 

ὠ  (mV). This image was captured with a microscope integration time of 300ms and the 

ὠ  signal was demodulated at the third harmonic of the tapping frequency.  
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Figure 3.6 ɀ ERF according to Equation 2.25 (red) fitted to a plot of the normalised ὠ  

signal of Figure 3.5 averaged in the y-direction (blue). The width of the curve is highlighted 

(black dashed) on which is the 20% (black) and 80% (pink) width markers.    

 

 

Figure 3.7 ɀ s-SNOM resolution for various values of Ὕ. Each data point has been extracted 

from the ERF edge response function analysis, an example of which can be seen in Figure 

3.6.  

It can be seen that the resolution achieved by the acquisition program for an s-SNOM 

integration time of 50ms (n=1) is counter-intuitively high compare to that achieved for 

longer integration times. This result is believed to be an irregularity as the results of that 

seen in Figure 3.4 suggest that when operated at an integration time of 50 ms the 

acquisition program fails to capture most of the image. It is therefore assumed that the 
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results of the edge response function when applied to such a poor quality image are 

unreliable.  

By omitting this anomaly, it can be seen that the resolution of the system improves as Ὕ 

becomes larger with respect to Ὕ . This is because, if Ὕ is too short, then the lock-in does 

not have enough time to settle of a new ὠ  value. In this case, the signal value at the 

current pixel will be affected by the signal value at the previous pixel, which manifests 

as a degradation of resolution.  

From the analyses presented in Section 3.2.2 and 3.2.3, it can be concluded that a 

compromise is to be made between the values of Ὕ , Ὕ  and Ὕ. Ὕ  must be 

adequately long, for a given value of Ὕ, to allow for the acquisition of the ὠ  data from 

each pixel and Ὕ must be sufficiently greater than Ὕ  ÔÏ ÅÎÓÕÒÅ ÔÈÁÔ ÔÈÅÒÅ ÉÓ ÎÏ ȬÂÌÕÒÒÉÎÇȭ 

of the data between pixels. However, these values must be small enough so to not result 

in an unnecessarily long total measurement time, which becomes an important factor to 

consider for greater ὔ values taken over a large pixel area, as shown in Section 3.5.  

To this end, the measurements presented in the remainder of this Chapter use values of 

Ὕ  2Ὕ , where Ὕ  is usually set to be 200 ms and Ὕ  is adjusted depending on the ὔ 

value.  

 

3.3 Stepped-frequency imaging using a 

generalised phase -stepping algorithm  

One limitation of LFI in both far- and near-field implementations stems from the need to 

acquire full interferometric signals for reliable extraction of amplitude and phase 

information from a target. This is most commonly achieved by mechanical extension of 

the optical beam path [75], [153] , which results in slow data acquisition. Alternatively, 

interferometric fringes can be acquired by fast electronic modulation of the laser 

emission frequency [73], [126] . However, modulation rates may then be restricted by 

the available sampling and signal processing bandwidth [154] . These issues are 

compounded further by the challenge of detecting a typically small SM voltage 

perturbation superimposed on a large quiescent signal, which demands long integration 

times to achieve high signal-to-noise ratios. This is particularly applicable in THz-s-

SNOM in which the scattering efficiently of the nanometric probe scales approximately 

as ͯ  ʇ-4 and is therefore extremely low at THz frequencies. One means to address these 
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challenges that has been implemented for phase-shifting interferometry at visible and 

near-infrared wavelengths [155] , enabling applications including digital holography 

[156], [157]  and optical coherence tomography [158], [159] , is through reduced optical 

sampling of the interferometric signals. However the adoption of this approach in LFI is 

non-trivial owing to the non-sinusoidal nature of the interferometric signals, which are 

dependent on the strength of optical feedback as well as operating parameters of the 

laser.  

This section refers to work undertaken to produce an improved method of coherent 

sensing through the use of a generalised phase-stepping algorithm (GPSA) to extract 

magnitude and phase data from interferometric fringes acquired by laser feedback 

interferometry (LFI).  

The following will include a characterisation of the GPSA using simulated data and its 

applicability under different levels of optical feedback, lasing parameters and sampling 

conditions. Additionally, the stepped-frequency interferometric fringe generation 

system, based on that discussed in Section 3.2, will be demonstrated in the far-field and 

near-field regime.  Its use in conjunction with the GPSA will be shown to enable coherent 

imaging of the out-of-plane field supported by an individual micro-resonator at THz 

frequencies, in 1 and 2 dimensions. Furthermore, it will be demonstrated how fully 

coherent sensing can be reliably achieved with as little as 4 sampling points per imaging 

pixel, opening up opportunities for fast coherent sensing not only at THz frequencies but 

across the visible and infra-red spectrum. 

3.3.1 Characterisation of the GPSA  

In reiteration of Chapter 2 Section 2.3, a modification to the laser carrier population that 

is responsible for the ὠ  signal in a QCL under optical feedback also induces a 

perturbation to the laser frequency ’.  This effect is encapsulated through the 

transcendental excess phase equation (Equation 2.3), which relates the round-trip phase 

under feedback ‰  to the phase calculated for the unperturbed frequency of the solitary 

laser ’.  

‰ȟ
τ“ὒ ’

ὧ
σȢρ 

As a result the shape and form of the interferometric fringes described by Equation 2.21 

are inherently dependent on the strength of optical feedback, quantified by the feedback 

parameter ὅ, as well as the linewidth enhancement factor of the laser ‌. Nevertheless, in 

the limit of weak feedback (ὅ 1) the perturbed laser frequency is approximately equal 
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to that of the solitary laser, ’ ’, such that ‰ ‰ȟ. In this case the SM voltage signal 

closely follows a cosinusoidal dependence on ‰ȟ as, 

ὠ ‍ÃÏÓ‰ȟ ‰ σȢς 

in which ‰ represents the phase response of the target. Crucially, under these conditions, 

the interferometric fringes encoded within the SM voltage can be reduced to a close 

approximation by a series of discrete voltage measurements ὠ ȟ, where Ὥ πO ὔ

ρ, taken at ὔ 3 arbitrary but known phase points ‰ȟ ‰ equally spaced over a 

single interferometric fringe. Estimates of the true magnitude ‍ and phase ‰ may then 

be extracted from the ὔ voltage measurements by applying a generalised phase-

stepping algorithm (GPSA) based on a least-squares regression. This algorithm has been 

adopted previously for phase-shifting interferometry at visible/infrared wavelengths 

[155] .  

The GPSA models the self-mixing voltage signal as a series of ὔ discrete voltages 6 ȟ 

measured at phase points ‰, where Ὥ πȟρȣὔ ρ, according to, 

6 ȟ ὥ ‍ÃÏÓ‰ ‰  ὥ  ὥÃÏÓ‰  ὥÓÉÎ‰ σȢσ 

in which ὥ is a constant voltage offset, ὥ ‍ ÃÏÓ‰ , and ὥ ‍ ÓÉÎ‰ . 

To solve for ὥ, ὥ and ὥ according to the least-squares method we use the matrix 

equation 

═ ░ꜚ╪ ╫ ░ꜚ σȢτ 

 

where,  

═ ░ꜚ  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

ὔ ÃÏÓ‰ ÓÉÎ‰

ÃÏÓ‰ ÃÏÓ‰ ÃÏÓ‰ÓÉÎ‰

ÓÉÎ‰ ÃÏÓ‰ÓÉÎ‰ ÓÉÎ‰
Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

σȢυ 
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ὥ
ὥ

σȢφ 
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and, 

╫ ░ꜚ  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

ὠ ȟ

ὠ ȟÃÏÓ‰

ὠ ȟÓÉÎ‰
Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

σȢχ 

If ═ is not ill-conditioned, then we obtain, 

╪  ═ ░ꜚ╫ ░ꜚ σȢψ 

The magnitude ‍  and phase ‰  of the ὠ  signal can then be obtained from the 

relations  

‍  ὥ ὥ σȢω 

 

and, 

‰  ÔÁÎ
ὥ

ὥ
σȢρπ 

As will be shown, the accuracy of ‍  and ‰  extracted through this approach depends 

not only on the chosen value of ὔ but also the phase response of the target itself, as well 

as the feedback parameter ὅ and linewidth enhancement factor ‌, both of which 

influence the shape of the interferometric fringes encoded in the laser voltage. 

Figure 3.8a illustrates the percentage error in the fringe magnitude extracted using the 

GPSA, according to Equation 3.11, in the limit ὔᴼЊ when applied to a numerically 

synthesised SM voltage signal described by Equation 2.8, for varying combinations of ὅ 

and ‌.  

Ὡ
‍ ‍

‍
ρππ σȢρρ 

 

Figure 3.8b similarly shows the absolute error in determination of the target phase, 

Ὡ ‰ ‰ σȢρς 
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To generate the data in Figures 3.8, a ὠ  signal was synthesised for a particular 

combination of ὅ and ‌ with a magnitude and phase chosen to be ‍  1 mV and ‰  0 

rad using Equation 1.4. This is done for a large N (ͯ 100,000) phase points equally 

spaced over 1 fringe as ‰ ς“ . The matrices ὃ‰  and ὦ‰  are then calculated 

from Equations 3.5 and 3.7 respectively, following which, the vector ὥ is determined 

from Equation 3.8. Using ὥ, the values ‍  and ‰  are calculated from Equations 3.9 and 

3.10 respectively and finally the errors Ὡ and Ὡ can be obtained from Equations 3.11 

and 3.12. This process was repeated for combinations of ὅ and ‌ for ranges ὅ  0 ɀ 1 

and ‌  -2 ɀ 2, as show in Figure 3.8.  

In this limit of large ὔ both Ὡ and Ὡ depend solely on the parameters ὅ and ‌; these 

error values represent the fundamental limits of the GPSA approach imposed by the 

deviation of ὠ  from a purely cosinusoidal function. As expected, for extremely weak 

feedback (ὅ 0.1), for which ὠ  closely approximates a cosinusoidal dependence 

on ‰ȟ, the errors are small with Ὡ  0.4% and Ὡ  0.08°. Even with ὅ 0.5, which is 

typical for many LFI systems employing THz QCLs, Ὡ remains below 10% and Ὡ below 

2° according to Figure 3.8, which may be considered acceptable for many applications. 

Indeed, the phase noise associated with frequency instability due to thermal drift of the 

laser source can often exceed this value[75], [126] . For stronger feedback with 0.5

ὅ 1, however, the GPSA performs poorly with Ὡ exceeding 30% in cases although with 

Ὡ still remaining below 9°. 

A major benefit of this approach for determining magnitude and phase parameters in 

LFI is that, under weak levels of feedback, the GPSA remains robust even for small values 

of ὔ. Outside the limit of large ὔ, however, the magnitude  and phase errors are also 

dependent on the phase response of the target ‰. Equivalently this dependence can be 

viewed as originating from the choice of phase points ‰ (and hence the choice of 

‰ȟ  ‰ ) at which the ὠ  signal is sampled, which becomes more critical as the 

signal departs further from a cosinusoidal dependence on ‰ȟ. This effect is illustrated 

in Figure 3.9, which shows an exemplar synthesised ὠ  signal along with three possible 

sets of ‰, each with differing values of ‰ , for the case ὔ  4. Also shown are the 

corresponding functions ὠ ȟ ‍ ÃÏÓ‰ȟ ‰  determined by applying the GPSA 

approach described above to each of these sets, revealing the variation in the extracted 

values of ‍  and ‰ . 
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Figure 3.8 ɀ (a) Percentage error in the extracted amplitude and (b) absolute error in the 

extracted phase of LFI fringes, extracted using the GDRA in the limit ὔᴼЊ, shown as a 

function of feedback parameter ὅ and linewidth enhancement factor of the laser ‌. 

 

This variation in ‍  and ‰  is further illustrated in Figures 3.10a and 3.10b, which show 

typical examples of how the error values Ὡ and Ὡ vary with the phase response of the 

target ‰, for the case in which ‰ is arbitrarily fixed with ‰ ς“ά. Both ‍  and ‰  

(and hence Ὡ and Ὡ) are seen to vary with a periodicity ς“ὔϳ  and with a magnitude 

that decreases significantly with increasing ὔ. The former of these observations is 

particularly relevant to the typical experimental situation in which the value of ‰ (and 

therefore ‰ȟ  ‰ ) is not known. To capture this effect quantitatively, the maximum 

magnitude error (Equation 3.13), and maximum phase error (Equation 3.14) that can be 

attained within the range ‰ πO ς“ respectively, are defined as, 
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Ὡȟ ÍÁØȿὩȿ σȢρσ 

Ὡȟ ÍÁØὩ σȢρτ 

 

In the case for Figure 3.10, Ὡȟ  is determined to be 6.6 % (shown by the dotted line) 

and Ὡȟ  is determined to be 1.70 for ὔ  4. With a larger value of ὔ  8, these values 

decrease to Ὡȟ  = 3.38 % and Ὡȟ  0.0110.  

Figure 3.11a shows how the value of Ὡȟ  varies with the number of measurement 

points ὔ, for different levels of feedback and assuming ‌ 0. The variation of Ὡȟ  is 

similarly shown in Figure 3.11b. As expected, in the limit of large ὔ the values of Ὡȟ  

and Ὡȟ  tend towards those reported in Figures 3.8a and 3.8b. Crucially, however, it 

can be seen that for extremely weak feedback (ὅ  0.1) small maximum error values are 

achieved for all values of ὔ 3; in the case ὅ  0.1, ὩȢ  remains less than 1% and 

Ὡȟ  below 1° even down to ὔ 4. Moreover, Ὡȟ  remains below 1° for all ὅ  1 

with ὔ 8. 

 

Figure 3.9 ɀ Synthesised LFI signal with ὅ  0.5, ‌  0.5, amplitude ‍ 1 and phase ‰ 0 

(black dashed line) along with the SM voltages ὠ ȟ sampled in three exemplar sets of ὔ

τ equally spaced phase points ‰ȟ ‰ (with Ὥ πO σ with ‰ ς“ά π (blue 

circles), ς“ά “φϳ  (red circles) and ς“ά “σϳ  (green circles). Also shown (coloured 

solid lines) are the corresponding functions ὠ ȟ ‍ ὧέί‰ȟ ‰  plotted using the 

values of ‍  and ‰  determined from the GDRA applied to each set of ‰. 

 



77 
 

 

 

Figure 3.10 ɀ (a) Variation of the amplitude error as a function of the phase response of the 

target, ‰, for exemplar cases in which ὔ τ (top panel) and ὔ ψ (bottom panel). The 

corresponding maximum amplitude errors are Ὡȟ  6.6% and 3.38%, respectively, as 

shown by the horizontal dashed lines. (b) Variation of the phase error for the same ὔ as 

(a). The corresponding maximum phase errors are Ὡȟ   1.7° and 0.011°, respectively, 

as shown by the horizontal dashed lines. 
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Figure 3.11 ɀ (a) Variation of the maximum amplitude error with the number of 

measurement points ὔ, for feedback parameters ὅ 0.01 (black circles), ὅ 0.1 (blue 

circles), ὅ 0.3 (red circles) and ὅ 1 (green circles). (b) Variation of the maximum phase 

error for the same values of ὅ. The solid lines are intended only to aid visualisation. 

Although small values of ‌ in the range ͯ  πȢρ ÔÏ  ͯ0.5 are typical for THz QCLs based״ 

on a bound-to-continuum active region design [64], [145] , significantly larger values 

have been reported [153], [160], [161]  for active regions with phonon-assisted electron 

injection such as that employed in this work. Such values of ‌ are known to impose 

notable asymmetry on the interferometric fringes observed in LFI, which in turn results 

in larger values of Ὡȟ , particularly under stronger feedback. This behaviour is 

illustrated in Figure 3.12b for the exemplar case ὅ 0.3. As can be seen, even with an 
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extreme value of ‌ 2, the maximum phase error remains within  ͯ1° of that reported 

in Figure 3.11b for all feedback levels ὅ  0.3. At the same time the value of Ὡȟ  is 

found to decrease as the magnitude of ‌ increases, as shown in Figure 3.12a. 

 

 

Figure 3.12 ɀ (a) Variation of the maximum amplitude error with the number of 

measurement points ὔ for ‌ 0 (red circles), ‌ 1 (blue circles), ‌ 2 (black circles). 

(b) Variation of the maximum phase error for the same values of ‌. All results are shown 

for the exemplar case when ὅ 0.3. The solid lines are intended only to aid visualisation. 

/ÖÅÒÁÌÌ ÔÈÅ ÒÅÓÕÌÔÓ ÐÒÅÓÅÎÔÅÄ ÉÎ &ÉÇÕÒÅÓ σȢψ ״ σȢρς ÃÏÎÆÉÒÍ ÔÈÁÔ ÔÈÅ GPSA is well suited 

for reliably extracting both magnitude and phase parameters from typical ὠ  signals 

acquired over a range of feedback levels and linewidth enhancement factors. Moreover, 

this approach remains robust even in the limit of small ὔ. Notably this is particularly 

true in the case of extremely weak feedback, as may typically be encountered in THz-s-
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SNOM where the scattering efficiency of the tip is extremely low. In such cases, where 

commonly ὅ  0.1 [153], [161], [162] , the analysis presented predicts that magnitude  

and phase errors far smaller than 1% and 1°, respectively, may be attainable with ὔ 4 

(see Figures 3.11 and 3.12). 

 

3.4 Far-field LFI using a GPSA 

The applicability of the use of the GPSA for determination of magnitude and phase 

parameters in LFI was investigated initially using a far-field optical feedback system 

(Figure 3.13) employing the QCL characterised in Chapter 2 Section 2.2. The 3.52 THz 

QCL device was based on a 10-µm-thick bound-to-continuum active region 

incorporating a phonon extraction/injection stage. The device was processed into a 

semi-insulating surface-plasmon ridge waveguide with dimensions 1.8 mm x 155 µm. A 

grating with periodicity Ώ = 11.8 µm was defined in the 150-nm-thick Au layer on top of 

the ridge, consisting of  ͯ  1.8-ʈÍ-wide regions with no metal and from which the 50-

nm-thick n+ layer was removed to ensure that the surface plasma cannot be supported.  

 

Figure 3.13 ɀ Experimental set-up up for far-field frequency stepping LFI measurements.  

 

The QCL was cooled in a continuous-flow helium cryostat and was maintained at a heat 

sink temperature of 20 K. Radiation from the QCL was collimated and focused using two 
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identical F/2 parabolic mirrors onto a plane mirrored target. The beam was reflected 

back along the same optical path and reinjected into the laser cavity, forming an external 

cavity of length ὒ  47 cm.  

Interferometric data was acquired via the laser terminal voltage using an all-electronic 

method of LFI that exploits the tunability of the QCL emission frequency with current 

[124] . In this approach, the QCL frequency is tuned by a sequential stepping of the QCL 

driving current over ὔ equally spaced values in a manner similar to that described in 

Section 3.2.  

Specifically, in the case of arbitrary ὔ, the interferometric signal is obtained from a series 

of discrete voltage samples ὠ ȟ, where Ὥ πO ὔ ρ, taken at ὔ  3 phase points 

‰ȟ  ‰ equally spaced over a single interferometric fringe. In our case this is achieved 

through control of the emission frequency of the solitary (unperturbed) QCL, which 

depends on the laser drive current Ὅ according to the relationship, 

’ ’ ‎Ὅ Ὅ σȢρυ 

×ÈÅÒÅ ɾ ÉÓ ÔÈÅ ÃÕÒÒÅÎÔ ÔÕÎÉÎÇ coefficient and ’ is the emission frequency of the solitary 

laser at a drive current Ὅ . It follows from Equations 2.4 and 3.15 that equally spaced 

phase points are generated for a series of driving currents given by, 

Ὅ
Ὥ

ὔ

ς“

‎†
Ὅ σȢρφ 

 

In Chapter 2 Section 2.3.1, continuous tuning of the laser frequency was presented in the 

swept-frequency approach, described by Equation 2.6. Here, Equations 3.15 and 3.16 are 

analogous to that approach but use discrete frequency tuning instead of continuous. In 

our experiment Ὅ  is chosen such that ’   , where ά is an integer, and ὠ  

thereby attains a maximum value for Ὥ  0 when the phase response of the target ‰  0.  

To generate one interferometric fringe for the experimental arrangement described 

above, the QCL driving current was stepped within the range Ὅ  788 mA to Ὅ

 826 mA. Throughout its operation over this range, the QCL maintained lasing on a single 

longitudinal mode which was tuned by ͯ  319 MHz. At each driving current the QCL 

terminal voltage ὠ ȟ was recorded via lock-in detection afforded by mechanically 

modulating the THz beam in the external cavity at a frequency Ὢ  ͯ  100 Hz. The level 
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of optical feedback was controlled using attenuators placed in the beam in the external 

cavity. 

Figure 3.14 shows an exemplar single fringe acquired with ὔ  94 measurement points, 

measured at current values defined by Equation 3.16. Also shown is a fit to the L״K 

model (Equation 2.21) from which the feedback parameter ὅ  0.24 and linewidth 

enhancement factor ‌  1.9 are determined. This fit also yields a magnitude ‍  2.91 

mV and phase ‰  ςȢψȟ ×ÈÉÃÈ ÁÒÅ ÒÅÇÁÒÄÅÄ ÁÓ ÅÓÔÉÍÁÔÅÓ ÏÆ ÔÈÅ ÔÒÕÅ ÖÁlues to which the״ 

results of the GPSA analysis can be compared. 

 

 

Figure 3.14 Self-mixing voltage measured as a function of laser driving current, showing 

one exemplar interferometric fringe obtained by far-field LFI (blue circles). Also shown is a 

fit t o the L K model (Equation 2.21), in which ‍  2.91 mV and ‰  φȢόЌȢ 

 

Using the data presented in Figure 3.14, multiple sets of discrete ὠ  measurements,  

ὠ ȟ with Ὥ πO ὔ ρ, each with progressively reducing value of ὔ, can be 

extracted. Similarly to the situation depicted in Figure 3.9, within each set there 

furthermore exists multiple possible subsets of the ὔ phase sampling points ‰, each 

with differing values of ‰  i.e. with differing positions of the ὔ points along the fringe. 

It should be noted these subsets are conceptionally equivalent to sets of measurements 

acquired with a fixed value ‰  but varying values of  ‰  ‰  which may arise due to 

variation in the phase response of the target ‰. These subsets thereby reproduce the 

typical experimental situation in which ‰ is not known in advance.  
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To reiterate the process by which the magnitude ‍  and phase ‰  values were 

determined, the ὠ  values were extracted from the data set at equally spaced phase 

points ‰ ς“ ‰ . The matrices ὃ‰  and ὦ‰  are then calculated from 

Equations 3.5 and 3.7 respectively, following which, the vector ὥ is determined from 

Equation 3.8. Using ὥ, the values ‍  and ‰  are calculated from Equations 3.9 and 3.10. 

This was repeated for each value of ‰ , the number of which will depend on the ὔ used. 

This process was then completed for each value ὔ in the range 3 to 20, to produce the 

results of Figure 3.15. AlÓÏ ÈÉÇÈÌÉÇÈÔÅÄ ÁÒÅ ×ÈÁÔ ÁÒÅ ÒÅÇÁÒÄÅÄ ÁÓ ÔÈÅ ȬÔÒÕÅȭ ÖÁÌÕÅÓ ÏÆ ÔÈÅ 

magnitude and phase, ‍ and ‰ ÒÅÓÐÅÃÔÉÖÅÌÙȟ ÁÓ ÄÅÔÅÒÍÉÎÅÄ ÆÒÏÍ ÔÈÅ ÆÉÔ ÔÏ ÔÈÅ ,״+ ÍÏÄÅÌ 

shown in Figure 3.14. 

 

As can be seen, and in agreement with the analysis presented in Figures 3.9 and 3.10, 

each subset of measurements ὠ ȟ yield different values of magnitude ‍  and phase ‰ , 

the range of which varies with ὔ. Furthermore, as ὔ increases this range converges on 

values close to the true values ‍ and ‰.  

Also evident in Figure 3.15 and as elucidated by Figure 3.8, is that the values determined 

from the GPSA in the limit of large ὔ deviate slightly from ‍ and ‰ due to the non-

cosinusoidal nature of the fringes. This behaviour is summarised in Figure 3.16 which 

display the maximum magnitude error and maximum phase error, respectively, for 

given values of ὔ. Here Ὡȟ  and Ὡȟ  have been estimated from the range of values 

‍  and ‰  shown in Figure 3.15, and can be used as an indication of the accuracy of the 

GPSA when applied to the experimental LFI signals. For large ὔ 15 these errors found 

experimentally converge on values of Ὡȟ  5% and Ὡȟ  1.6° , which are 

slightly larger than the values Ὡȟ  1 % and Ὡȟ  πȢτЈ predicted for״ 

synthesised LFI signals with the same ὅ and ‌ (see Figure 3.8). This discrepancy can be 

explained due to the presence of voltage and frequency noise in the experimental LFI 

signals, which arise primarily from laser driver current noise and thermal instability of 

the QCL. Nevertheless, as can be seen, even with ὔ  4 the experimental errors remain 

low (Ὡȟ  12% and Ὡȟ  50), which may be considered suitable for many 

experimental situations. Ultimately the choice of ὔ adopted experimentally will be a 

compromise between the required accuracy and data acquisition time.  
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&ÉÇÕÒÅ χȢυω  ɉÁɊ -ÁÇÎÉÔÕÄÅ ‍  and (b) phase ‰  values determined by applying the GPSA 

to the data in Figure 3.14, for ὔ ÉÎ ÔÈÅ ÒÁÎÇÅ χ φτȢ &ÏÒ ÅÁÃh value of ὔ there exists multiple 

possible subsets of phase sampling points corresponding to differing positions of the ὔ 

points along the fringe, each of which yield a different pair ‍  and ‰  values. Also shown 

ɉÄÏÔÔÅÄ ÌÉÎÅÓɊ ÁÒÅ ÔÈÅ ȬÔÒÕÅȭ values of magnitude and phase as determined from the fit 

shown in Figure 3.14. 
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Figure 3.16  (a) Maximum magnitude error Ὡȟ άὥὼ  calculated from the 

magnitude values ‍  determined from the GPSA (shown in Figure 3.15) and expressed as 

a percentage error relative to the magnitude ‍ determined from the fit shown in Figure 

3.14; (b) maximum phase error Ὡȟ άὥὼȿ‰ ‰ȿ calculated from the phase values 

‰  determined from the GPSA (shown in Figure 3.15) and the phase ‰ determined from 

the fit shown in Figure 3.14. 
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3.5 Near-field LFI using a GPSA  

 

3.5.1 Characterisation of the GPSA for s-SNOM  

 

The 3.45 THz QCL device used for THz-s-SNOM consisted of a 14-ʈÍ-thick GaAs/AlGaAs 

9-well active region based on LO-phonon-assisted interminiband transitions, which was 

processed into a semi-insulating surface-plasmon ridge waveguide with dimensions of 

ρȢψ ÍÍ ϼ ρυπ ʈÍȢ 4Ï ÁÃÈÉÅÖÅ ÌÁÓÉÎÇ ÏÎ Á ÓÉÎÇÌÅ ÌÏÎÇÉÔÕÄÉÎÁÌ ÍÏÄÅ Á ρφφ-µm-long finite-

site photonic lattice was patterned through the top contact layers using focused-ion 

beam milling [124] . The lattice period was 13.2 µm with a 70% mark-space ratio and a 

central 8-ʈÍ-wide phase defect. 

The system used for coherent s-SNOM is as described in Chapter 2 Section 2.5. Briefly, 

p-polarised radiation from the QCL was focused to the vertically aligned tip of the s-

SNOM system at an angle of ͯ  540 relative to the surface normal and the length of the 

external cavity formed between the tip and the QCL facet was ὒ  60 cm. The self-

mixing signal, arising from the field scattered from the s-SNOM tip and reinjected to the 

laser cavity, was derived from the QCL terminal voltage which was demodulated at ὲ

 ρ״υ ÈÁÒÍÏÎÉÃÓ ÏÆ ÔÈÅ ÔÉÐ ÔÁÐÐÉÎÇ ÆÒÅÑÕÅÎÃÙ ɉ  ͯ 80 kHz) after 5 x 103 amplification 

using an AC-coupled low-noise voltage amplifier. 

In order to resolve both the magnitude ‍  and phase ‰  of the field scattered from the 

s-SNOM probe an interferometric fringe can be generated at the chosen sampling 

position by stepping the laser driving current according to Equation 3.16, with ὠ ȟ 

being recorded at each current. Prior to each stepped frequency measurement, a single 

set of interferometric fringes is generated by the imaging system to determine 

appropriate Ὅ  and Ὅ  values over which to perform the frequency step. This 

measurement is usually performed following successful alignment of the s-SNOM system 

and with the probe tip positioned on a sample that provides a relatively high ὠ  

amplitude.  An example of this can be seen in Figure 3.17, wherein a 450 mA ɀ 650 mA 

current step was performed with ‏Ὅ 0.5 mA increments. The sample measured by the 

s-SNOM system to obtain the fringes displayed in Figure 3.17 was a simple gold-on-

silicon structure. 
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Figure 3.17 ɀ x- and y-component of the signal acquired by the lock-in for near-field 

frequency sweep using the stepped frequency measurement system.  

Before acquiring imaging data, it is important that the phase of the lock-in is nulled, in 

order for ὠ  to be recovered from the x-component of the lock-in signal. It can be seen 

from Figure 3.17 that the y-component of the signal has been successfully nulled and the 

fringes can be resolved solely from the x-component data.    

To characterise the GPSA for near-field data acquisition, an exemplar single-fringe 

acquired via the stepped frequency technique described above was captured using 87 

measurement points and is displayed in Figure 3.18, for which Ὅ  555 mA and 

Ὅ  600 mA Also show is a fit to the L-K model (Equation 2.21) from which the 

parameters ὅ  0.13 and ‌  0.95, ‍  0.76 mV and ‰  0.26 rad.  

 

Following the same procedure as described previously the data in Figure 3.18 can be 

used to estimate the maximum magnitude error and maximum phase error when 

applying the GPSA to these experimental s-SNOM signals. Figure 3.19 shows the results 

of this analysis for values of 3 ὔ  20. The errors associated with both of these 

quantities follow similar trends to those observed in the case of far-field LFI signals 

(Figure 3.16), with Ὡȟ  and Ὡȟ  converging on values <1% and <10, respectively, 

for large ὔ  16. However, despite the smaller value of ὅ in the near-field case, larger 

errors are generally observed compared to those reported for the far-field case. This is 

primarily due to the significantly lower signal-to-noise ratio common to THz-s-SNOM 

measurements, which arises from the weak scattering efficiency of the tip as well as 

signal demodulation at higher harmonics of the tip modulation frequency. Nevertheless, 

even for small ὔ  4, moderate error values Ὡȟ  ͯ 9% and Ὡȟ  ͯ 8° are attained, 
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which are sufficiently low to enable reliable magnitude and phase extraction of near-

field LFI signals using the GPSA. 

 

 

Figure 3.18  Self-mixing voltage obtained from demodulation of the laser voltage at the 

ὲ  3 harmonic of the tip tapping frequency, measured as a function of laser driving 

current (blue) fitted to which is the L-K model according to Equation 2.21 (red).  

3.5.2 Near-field imaging using the GPSA  

To demonstrate coherent near-field imaging using LFI in conjunction with the GPSA, a 

target consisting of a simple dipole antenna (DA) resonant structure was chosen. The 

primary difference between this sample and the sample that was measured in the 

Chapter 2 Section 2.5, is that this structure has a resonance at the frequency of the QCL 

used. This allows the out-of-plane surface field to be mapped, which can be seen in the 

simulations results of Figure 3.20 and experimental image of Figure 3.21. This structure 

cÏÍÐÒÉÓÅÄ Á ρυ ʈÍ  2 µm gold-on-silicon antenna engineered to support a plasmonic 

resonance at the frequency 3.45 THz. Figure 3.20a shows a spatial map of the out-of-

plane field Ὁ measured 20 nm above the sample surface, obtained from finite-element 

method (FEM) simulations of the DA structure when illuminated obliquely by a p-

polarized excitation beam with an in-plane field component oriented along the long axis 

of the antenna. Also shown in Figures 3.21b and c are the corresponding magnitude and 

phase of the field. The field is strongly enhanced ÁÔ ÂÏÔÈ ÅÎÄÓ ÏÆ ÔÈÅ ÓÔÒÕÃÔÕÒÅȟ ×ÉÔÈ Á ʌ 

radian phase difference between the two ends, which is characteristic of a dipolar 

plasmonic mode being excited in the structure. These simulations were performed by Dr 

Nikollao Sulollari and have been adapted from [15] . 
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Figure 3.19  (a) Maximum magnitude error Ὡȟ  and (b) maximum phase error Ὡȟ  

determined from the magnitude and phase values obtained from the GPSA when applied to 

the data shown in Figure 3.18, expressed relative to those determined from the fit shown in 

Figure 3.18. 

 

&ÉÇÕÒÅ χȢφτ  &ÉÎÉÔÅ ÅÌÅÍÅÎÔ ÓÉÍÕÌÁÔÉÏÎÓ ÓÈÏ×ÉÎÇ ÔÈÅ ÓÐÁÔÉÁÌ ÖÁÒÉÁÔÉÏÎ ÏÆ ÔÈÅ ɉÁɊ ÍÁÇÎÉÔÕÄÅ 

‍ (a.u.), (b) phase ‰  (rads/“) and (c) real part ὙὩ‍Ὡ  (a.u.) of the out-of-plane field 

ÉÎ ÔÈÅ Ø Ù ÐÌÁÎe 20 nm above the DA, when illuminated under oblique incidence at a 

frequency 3.45 THz. Adapted from [15] . 



90 
 

 

The dipole antenna resonator structure was fabricated using standard electron-beam 

lithography on a high resistivity ( ρππππ  cm) undoped silicon substrate with a 

thickness 525 ± 25 µm. The thickness of the Ti/Au resonator was ͯ 2 nm/  ͯ100 nm, an 

array of which were patterned across a 2 x 2 mm2 region of the substrate with a 

periodicity of 13 µm. 

 

Initially, single-frequency THz-s-SNOM images of the DA were acquired with a step size 

of 200 nm, a tip tapping amplitude of ͯ  75 nm and an integration time of 200 ms. An 

exemplar image can be seen in Figure 3.21 which shows the dipole resonance across the 

length of the DA, superimposed on which is a constant signal due to the dipole 

interaction between the tip and the surface. This is described by Equations 3.17 and 3.18 

below, where it is explained how this constant can be subtracted from the image in order 

to better observe the signal corresponding to the out-of-plane field supported by the 

structure under resonance.    

 

Figure 3.21 Terahertz image of the dipole antenna structure obtained by THz-s-SNOM, in 

which the antenna is obliquely illuminated with p-polarised radiation at a frequency 3.45 

THz. The colour scale represents the self-mixing voltage derived from the ὲ 2 harmonic 

of the laser voltage, measured at a single laser driving current. The signal comprises of 

components capturing both the near-field dipole interaction between tip and sample 

surface, as well as the spatial distribution of the out-of-plane field supported by the sample 

under resonant excitation. 

To demonstrate coherent near-field imaging, a set of interferometric fringes with chosen 

ὔ were acquired at each pixel during a single raster-scan of the sample. By applying the 

GPSA to the interferometric data obtained at each pixel, one- or two-dimensional maps 

of both magnitude ‍  and phase ‰  of the scattered field were thereby obtained.  

 

One-dimensional coherent measurements of the DA were performed initially by 

scanning the structure parallel to its principal-axis, wherein at each pixel a set of ὔ   

15 data points were acquired spanning one interferometric fringe. To perform these 
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measurements, the THz-s-SNOM and data acquisition system, characterised previously 

in this chapter, was used. Each 1D scan comprised the imaging of 40 pixels, with each 

measured over a current sweep of 45 mA. For ὔ   15, therefore, the required current 

increment was ‏Ὅ 3 mA.  

 

As previously established, the speed at which the s-SNOM can be efficiently run in 

conjunction with the data acquisition system equates to an acquisition time of > 125 ms 

per data point. It is also known that due to instrument limitations, the maximum 

scanning time allowed by the s-SNOM software is 10 s. Since the scanning time is defined 

as the period over which the microscope AFM tip remains on one pixel, and for this 

imaging technique the system is required to record 15 data points per pixel, the lock-in 

time constant Ὕ , must be chosen to allow for accurate data acquisition without 

exceeding the maximum scanning time permitted by the microscope. Furthermore, the 

time over which a pixel measurement is performed is ultimately determined by the delay 

Ὕ between each stepping of the QCL current, which is controlled by the LabVIEW 

program and chosen to be long enough to allow for stabilisation of the QCL emission 

frequency and reliable recording of the lock-in values. With that understood, a lock-in 

time constant of Ὕ  200 ms, stepping delay of Ὕ  400 ms and microscope scanning 

time of Ὕ  8 s was chosen. This enabled the system to coherently measure each pixel 

within the period of 6 s, with the remaining 2 s giving the AFM tip enough time to move 

to the subsequent pixel and return the driving current to Ὅ . This method culminated 

in a 20 um coherent 1D scan with resolution  500 nm per pixel (Figure 3.23a) being 

performed in under 5.5 minutes. 

 

Four examples of the ὠ  imaging data acquired from single pixels within a 1D scan of 

40 pixels across the length of the DA, acquired experimentally using the measurement 

parameters described above, are presented in Figure 3.22. The ὔ  15 data points for 

each pixel, corresponding to one fringe, are fitted to using the GPSA, from which the 

fringe magnitude ‍  and phase ‰  have been acquired. For each pixel, the current was 

stepped in increments of ‏Ὅ 3 mA between Ὅ  550 mA and Ὅ   592 mA.  
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Figure 3.22 ɀ Examples of single pixel ὠ  data acquired for ὔ  15 data points acquired 

using the stepped frequency system (red) fitted to which is the GPSA (blue). (a) ‍  0.57 

mV and ‰  -0.51 rad. (b) ‍  1.2 mV and ‰  0.43 rad. (c) ‍  1 mV and ‰

 0.51 rad. (d) ‍  1.1 mV and ‰  0.39 rad. 

 

It has been shown previously [15]  that the self-mixing voltage signal in THz-s-SNOM 

comprises two signal components according to Equation 3.17. The first of these is 

principally excited by p-polarised components of the incident THz field and captures 

information about the local permittivity of the sample. In contrast the second component 

is insensitive to the bulk material properties but captures the spatial distribution of both 

the magnitude ‍ and phase ‰  of the out-of-plane field Ὁ supported by the sample due 

to resonant excitation by in-plane components of the incident field. By exploiting its 

spatial symmetry the former of these can be removed from the total measured signal, 

thereby isolating the complex amplitude ‍Ὡ  associated with the out-of-plane field 

for each pixel.  

 

The ὠ  signal recorded at each position on the sample is given in complex notation by 

[15] , 

ὠ ‍Ὡ  ‍Ὡ  ‍Ὡ Ὡ σȢρχ 

                                                                                                                                           

from which it follows that  

‍Ὡ  ‍Ὡ  ‍Ὡ σȢρψ 
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Here ‍ and ‰ are the magnitude and phase, respectively, of the signal contribution 

arising from the near-field dipole interaction between illuminated tip and sample 

surface. The parameters ‍ and ‰  are directly related to the magnitude and phase of the 

out-of-plane field component, Ὁ, associated with resonant modes supported by the 

sample. The field distribution associated with the plasmonic dipole mode excited in the 

DA exhibits equal magnitude but opposite phase in opposite halves of the structure (i.e. 

‍Ὡ  is spatially asymmetric) and will therefore spatially average to zero. As such the 

spatially constant term ‍Ὡ  can be readily estimated from the spatial average of the 

signal recorded across all gold regions of the sample. Using Equation 3.18 this value can 

then be subtracted from the measured signal ‍Ὡ  to isolate the magnitude ‍ and 

phase ‰  for each pixel. 

Figure 3.23a shows the magnitude, phase and real part of the complex amplitude ίὩ  

obtained using the procedure described above. To generate this phase data, it was first 

necessary to apply a phase unwrapping process to the values of ‰  extracted from the 

GPSA along the x-direction. To experimentally confirm the limits of the GPSA, the 1st, 5th, 

9th and 13th ὠ  values of each pixel were also extracted to form a new ὔ  4 data set to 

which the GPSA was applied. The results from this equivalent scan with ὔ  4 are shown 

in Figure 3.23b.  

Also plotted in these Figures are the corresponding values of the out-of-plane electric 

field component Ὁ associated with the plasmonic mode calculated from FEM 

simulations (Figure 3.20). In calculating the simulated phase it is necessary to also 

account for the phase retardation arising from the oblique illumination geometry, which 

causes the phase of the excitation field to vary as the spatially-structured sample is 

scanned within the beam. In our experimental geometry this phase retardation Ў‰ is 

described by  

 

ɝ‰
ς“

‗
ὼÓÉÎ— σȢρω 

 

where ὼ is the coordinate along the principal axis of the DA, —  is the incident angle of the 

THz beam and ‗ is its wavelength. The varying of this positional-dependent phase also 

contributes to the image contrast seen in Figure 3.21. 

It can be seen that the experimental measurements show good agreement with 

theoretical expectations and furthermore there is little to no discrepancy between the  



94 
 

 

 

Figure 3.23  Magnitude ‍, phase ‰  and real part ὙὩ‍Ὡ  of the out-of-plane field 

component associated with the plasmonic dipole mode excited in the DA under resonant 

excitation by THz radiation. Blue circles show measured values, obtained by THz-s-SNOM 

and applying the GPSA with (a) ὔ 15 and (b) ὔ 4 measurements per pixel, plotted as a 

function of position along the principal axis of the antenna. Also shown (red lines) are the 

corresponding values derived from FEM simulations shown in Figure 3.20. 

ὔ 15 and ὔ  4 scans. It can therefore be concluded that ὔ  4 phase measurement 

points is sufficient for this technique to capture magnitude and phase of the out-of-plane 

field.  
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By repeating this measurement procedure across several adjacent rows of pixels, a two-

dimensional coherent image of the DA was also acquired as shown in Figure 3.24, for the 

case of ὔ  4. To perform these measurements a lock-in time constant of Ὕ  200 ms, 

stepping delay of Ὕ  400 ms and microscope scanning time of Ὕ  8 s was used. 

Each pixel was, therefore, measured within a 6 s period. Each 20 µm scan across the 

length of the DA comprised 40 pixels, therefore giving a pixel resolution of 500 nm. The 

current was stepped over a range Ὅ  550 mA and Ὅ   592 mA with increments 

of ‏Ὅ 10.5 mA. The total imaging time for this coherent two-dimensional image was 33 

minutes.  

 

 

Figure 3.24  Two-dimensional images showing the (a) real part ὙὩ‍Ὡ  (a.u.) and 

(b) phase ‰  (rads/“) of the out-of-plane field component supported by the DA, obtained 

by THz-s-SNOM and applying the GPSA with  ὔ  4 measurements per pixel. The first and 

last pixels of each row and column correspond to the substrate region of the sample. Both 

images have been generated by concatenating 1D scans taken at different y-positions on 

the sample. 
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As can be seen, these images reveal a clear signal contrast between opposite ends of the 

DA, which is characteristic of the dipolar plasmonic resonance excited in the structure 

and in excellent agreement with the simulations shown in Figure 3.20. 

 

3.6 Summary  

In this chapter, it has been demonstrated how coherent THz imaging can be achieved by 

exploiting the frequency tuning of a THz QCL via laser feedback interferometry. The s-

SNOM and laser control system used to perform these measurements has been fully 

divulged including specifics of the LabVIEW virtual instrument that: monitors the line 

and pixel clocks of the s-SNOM, triggers the data acquisition of a ὠ  signal via a fast-

detection lock-in amplifier and saves said data to an array for post processing. To 

characterise this scheme, the system data acquisition speed and resolution were 

investigated by performing several single-frequency measurements of simple gold 

structures, to determine the optimum microscope scanning time Ὕ , lock-in time 

constant Ὕ  and data acquisition delay Ὕin order to operate the stepped frequency 

system efficiently.  

It has also been demonstrated how magnitude and phase information can be extracted 

from interferometric fringes, acquired by LFI, through the use of a generalised phase-

stepping algorithm. The applicability of this approach has been investigated 

theoretically for different levels of optical feedback, different laser parameters, and for 

different sampling conditions. An analysis of this approach has revealed how its accuracy 

reduces for decreasing sampling points ὔ, as well as increasing feedback strength due to 

the associated asymmetry induced in LFI signals. It has been determined that both 

magnitude and phase values can be measured with sufficient accuracy over a wide range 

of weak feedback levels and linewidth enhancement factors typical to common 

experimental situations, even down to ὔ 4.   

This approach based on the GPSA has been validated experimentally, initially through 

the analysis of VSM signals measured from a THz-frequency QCL in a far-field LFI 

geometry. It has thereby been demonstrated that for an exemplar value of feedback 

parameter ὅ  0.24, the magnitude and phase can be determined experimentally with 

an inaccuracy of only < 12% and < 50, respectively, with only ὔ  4 measurement points, 

but decreasing to < 5% and < 20 for larger ὔ.  
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Using this technique, successful deeply sub-wavelength-resolution coherent imaging of 

the out-of-plane field supported by a THz micro-resonator under resonant excitation has 

been demonstrated.  A comparison between images acquired using different ὔ confirms 

that ὔ  4 measurements per pixel is sufficient to extract magnitude and phase 

information, with little impact on the image quality. 
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Chapter 4  

Terahertz microscopy of 

topological insu lators  

4.1 Introduction  

Topological insulators (TI) are a relatively new classification of materials that are 

characterised by Dirac-like edge states (in 2D) or surface states (in 3D) that arise due to 

a unique property of the bulk wave function [163] . These states occur due to spin-orbit 

interactions akin to the spin Hall effect [164]  which leads to chiral surface spin currents, 

in which electrons with spin Ὓ   propagate on the edge (or surface) of a material in 

one direction and those with Ὓ   propagate in the opposite direction [16] . These 

states are protected from backscattering into the valence band by time-reversal 

symmetry, in that the geometry of the band structure of the material, at the interface 

with a dielectric, is such that backscattering would require a ±1 change of spin, as can be 

visualised in Figure 4.1.  

 

Figure 4.1 ɀ Energy-momentum diagram of a typical topological insulator showing the 

Fermi-energy level Ὁ and the momentum of spin up (blue arrow) and spin down (green 

arrow) electrons. Adapted from [16] .  
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A caveat of observing these surface states is that, usually, the Fermi-level Ὁ intersects 

the conduction/valence bands thus giving rise to a finite conductivity in the bulk, which 

subverts the topological nature of the material and must be rectified by a tuning of Ὁ 

[165] . This has commonly been achieved by doping [166]ɀ[169] , TI layering [170], [171]  

or with the inclusion of a gate [172]ɀ[175] , an example of which will be considered in 

Section 4.3 and onwards. Solving this issue results in a material that comprises a bulk 

possessing the qualities of a traditional insulator but an edge (or surface) that allows for 

charge carrier conduction similar to that of a metal.  

As well as being of purely academic interest, it has been proposed that these materials 

have many applications, such as spintronics [176]  and topological quantum information 

processing [16] . 

Due to these unique properties, it had been theorised that TIs could support collective 

oscillations on their surface, such as surface plasmon polaritons [20], [177]  and phonon 

polaritons [178]  that would provide great potential for light-matter confinement. The 

following review will demonstrate these phenomena in various TI materials. 

4.1.1 Graphene 

One of the first 2D materials predicted to exhibit TI-like properties is graphene [179]  

following the discovery of materials that display finite spin-Hall conductivity [180] . This 

property of graphene was, however, unobservable due to the small spin-orbit  coupling 

of carbon. It was not until the engineering of doped graphene that quantum spin-Hall 

(QSH) states were experimentally confirmed [181] , which was facilitated by the progress 

made in fabrication of thin-film graphene [182] . Since this confirmation, graphene has 

been the subject of many investigations into both collective optical and acoustic 

oscillations, most notably massless Dirac plasmons which are a product of Dirac states 

[109], [183]ɀ[185] .  

In the THz range, graphene provides potential for the prospect for novel optical THz 

devices, such as sensors [186] , diodes [187]  and modulators [188] , to name a few, due 

its high charge carrier mobility, low energy consumption and scalability [108], [189] . 

Additionally, the material can be gated, allowing the material to be used in applications 

wherein its plasmonic properties can be electronically tuned.  

Naturally, the plasmonic nature of graphene has been extensively investigated in the THz 

and near-IR range [190]ɀ[196] . Using the s-SNOM technique (as discussed previously), 

plasmonic resonances have been excited and launched in both unpatterned [197]  and 
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patterned [17]  graphene (Figure 4.2), the first examples of which can be seen in [198]  

and [199] .  

 

Figure 4.2 ɀ (a) Diagram of s-SNOM scanning location on a graphene nano-ribbon (GNR) 

with incident radiation (red). (b) Imaging data of a ribbon with fields of the left and right 

sides of the ribbon, including s-SNOM tip location. Adapted from [17] . 

 

4.1.2 3D topological insulators  

Since the discovery of three dimensional TIs, first realised in Bi0.9Sb0.1 alloy, using angle 

resolved photoemission spectroscopy (ARPES) [200] , bismuth-based compounds have 

emerged as the primary subject of study of topological surface states [201] .  

 

Figure 4.3 ɀ Energy-momentum diagrams for Bi2Se2 modelled using a generalised gradient 

approximation (GGA) without (a) and with (b) spin orbit coupling (SOC). It can be seen that 

the presence of SOC provides a band gap of  ͯρ eV at the ῲ K-point. For simplicity, Ὁ has 

been assumed to be 0 eV. Adapted from [18] .  
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Bismuth (and to a lesser extent antimony) displays strong spin-orbit coupling, owing to 

the large size and charge of its nuclei [202] , and therefore possesses a band structure 

which resembles a TI (Figure 4.3). 

It was discovered that crystalline compounds such as Bi2Se3, Bi2Te3 and Sb2Te3 have 

surface states consistent with TIs. In particular, Bi2Se3 possesses a non-trivial band gap 

(  ͯ 0.3 eV), making it an ideal subject for the study of 3D TIs [201] . Early X-ray 

diffraction analysis of Bi2Se3, and other bismuth based compounds [203] , showed that it 

has a z-direction hexagonal layered structure, comprising quintuple layers of Bi and Se 

in a Se1-Be-Se2-Be-Se1 order (Figure 4.4).  

 

Figure 4.4 ɀ Hexagonal Bi2Se3 atomic structure showing the Se1-Be-Se2-Be-Se1 quintuple 

layer (red box). Adapted from [19] .  

Naturally, 3D TIs are predicted to have applications which may benefit from the 

exploitation of collective charge-carrier oscillations, such as that seen in graphene 

(Section 4.1.1). Though plasmonic effects are predicted to be visible at room 

temperature for these materials, their dispersion relation is such that they cannot be 

directly excited by EM radiation, when using common probe frequencies such as IR and 

THz, due to a momentum mismatch similar to that described in Chapter 5. To overcome 

this, a patterned resonant structure, such as a grating, is commonly used [204] , a 

technique that was utilised in the same way to observe confined plasmons on ribbons of 

Bi2Se3 in the far-field for the first time in the THz range [205] and later in rings of Bi2Se3, 

which offer a greater plasmonic spectrum [177] .  
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However, the far-field probing of plasmons has been open to interpretation and 

controversy, owing not least to the further complication of THz bulk phonon polaritons 

in Bi2Se3, which hinders the observation of plasmons [206] , as well as Fano interference 

[207] , which is caused by the far-field signal being a superposition of the field scattered 

from the surface and the incident field transmitted through the sample. In addition, far-

field techniques do not permit direct mapping of the localised fields associated with SPs, 

and so, recently, near-field techniques, such as THz-s-SNOM of Chapters 2 and 3 have 

been employed to observe such [23], [208]ɀ[210] .  

4.1.3 Chapter overview  

In this chapter, an investigation of plasmonic effects in various TI samples will be 

undertaken. This will entail a theoretical description of a generic TI material according 

to past models, which are used to calculate the dispersion relation of SPs and key 

parameters such as their propagation length in the THz range. The models then allow for 

investigation into how these parameters are affected by the material properties.  

Using these models, a similar theoretical analysis of several bulk, ribbon and electrically 

gated thin-film bismuth-based TI samples will be undertaken to predict their optical 

response in the THz range (Section 4.2), with material parameters determined via THz-

TDS. Furthermore, these samples will be examined using THz-s-SNOM (Section 4.4-4.6), 

which will include both incoherent and coherent imaging, based on the system of 

Chapter 3.  

 

4.2 Simulation of topological insulators  

4.2.1 Plasmonic behaviour of a conventional m aterial  

To define the relationship between the frequency and wave vector Ὧ of SPs supported ‫ 

by the boundary between two materials, the dispersion relation is used. As will be seen 

in Chapter 3, for a conventional metal, the dispersion relation can be determined from 

the following, a derivation of which can be found in [211] . 

Ὧ  
‫

ὧ

‐‐

‐ ‐
τȢρ 

where ‐  is the permittivity of the metal, ‐is the permittivity of the dielectric surface 

and ὧ is the speed of light.  
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The frequency dependent permittivity of a conventional metal can be determined using 

the Drude model, which will be shown for the case of TIs in Section 4.2.2. The dielectric 

medium is assumed to be air, therefore, ‐  1. Figure 4.5 shows the real Ὧ ‫  part of 

the dispersion relation along with the free space wave vector Ὧ.  

 

 

Figure 4.5 ɀ Dispersion relation of gold (blue) with free space wave vector (dashed red), 

according to Equation 4.1.  

It can be seen that at THz frequencies (ͯ 100 cm-1), the wave vector closely matches that 

of the free space and therefore surface confinement is poor.  

Furthermore, as the plasmon propagates on the surface of the material it will attenuate 

due to losses arising from absorption. This is captured within the imaginary part of the 

wavevector, Ὧ ‫ , allowing  the surface plasmon propagation length ὒ can be 

determined [211]  as, 

ὒ  ρςὯ τȢς 

where ὒ is defined as the distance after which the plasmon intensity drops to ρὩ of its 

initial value and can be seen in Figure 4.6. 
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Figure 4.6 - Plasmon propagation length in gold according to Equation 4.2.  

Additionally, the expected plasmon wavelength ‗  can be determined from the real part 

of Ὧ‫ , given by Equation 4.3, as seen in Figure 4.7. 

‗  
ς“

Ὧ ‫
 τȢσ 

 

 

 

Figure 4.7 ɀ Plasmon wavelength in gold according to Equation 4.3.  

Therefore, the normalised plasmon propagation length ὒ  (the number of 

wavelength cycles travelled before decaying) can be determined from, 

ὒ   
ὒ

‗
τȢτ 
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Figure 4.8 ɀ Normalised plasmon propagation length in gold according to Equation 4.4. 

 

To summarised, it can be seen from Figure 4.5 that in the THz range, Ὧ  ḙ Ὧ (i.e. 

‗  ḙ ‗ where ‗ is the wavelength of the free-space beam). This indicates that the SP 

is very poorly confined on the surface of the metal. In effect, the field extends a long 

distance about the metal, with little to no penetration into its surface. This results in 

minimal absorption and so the propagation length distance is very large at these 

frequencies.  

The parameters defined and presented in this Section will be used later to characterise 

the properties of SPs supported by TI samples. 

4.2.2 Plasmonic behaviour of Bi 2Se3 

The dispersion relation ‫Ὧ for collective modes of a massless Dirac plasma, such as 

that present in Bi2Se3 had previously been understood to take the form ‫ὯᶿЍὯ where 

is the incident frequency and Ὧ is the wave vector [184] ‫ . However, this was revised to 

include interaction contributions from both top and bottom surfaces of the TI and the 

bulk as well as taking film thickness into account, which leads to the relation of Equation 

4.5 [212] , 

‫  
ὃὯ

‐ ‐ ὨὯ‐
τȢυ 

where ‐ and ‐ are the dielectric functions of the medium at the top and bottom of the 

TI respectively, ‐  is the dielectric function of the TI, Ὠ is the TI thickness and ὃ is a 

constant that incorporates the Fermi velocity ὺ and Fermi wave vector Ὧ. 
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However, this model did not satisfy experimental data but was further reconciled in [20]  

by expressing both ‐  and ‐ in terms of This was performed using the Drude-Lorentz .‫ 

model (Equation 4.6), which, as well as the Drude-plasma contribution, takes into 

account several Lorentz oscillator terms that account for phonon contributions to the 

permittivity,  

‐  ‐  
‫

‫ Ὥ‫‎

‫

‫ ‫ Ὥ‫‎
τȢφ 

where ‐  is the dielectric function as ,‫ᴼЊ ‫ is the Drude plasma frequency, ‎ is the 

Drude scattering frequency, ‫ , ‫  and ‎ are the central frequency, amplitude and 

scattering frequency of mode Ὦ respectively.  

To determine these parameters for a thin film sample of Bi2Se3, values of ‫  908.66 

cm-1, ‎  7.43 cm-1 and the parameters listed in Table 1 were used.  

  

j ⱷ , cm-1 ⱷ▬, cm-1 ♬, cm-1 

1 63.03 675.9 7.43 

2 126.94 100 17.5 

3 2029.5 11249 3920.5 

 

Table 1 ɀ Drude-Lorentz model (Equation 4.6) parameters extracted from mid-IR 

reflectance measurements of Bi2Se3 at room temperature. Taken from [20] . 

Figure 4.8 summarises the relative contributions from each term in the Drude-Lorentz 

model of the bulk dielectric function of Bi2Se3 according to Equation 4.6 It can be seen 

that ‐ is mostly influenced by the Drude term and first Lorentzian oscillator.   

The total real ‐ᴂ and imaginary ‐ᴂᴂ parts of the permittivity according to this model are 

displayed in Figure 4.10, in which it can be seen that the permittivity is dominated by 

the phonon mode at .cm-1 63 ͯ ‫ 
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Figure 4.9 ɀ Contribution terms of the permittivity of Bi2Se3 according to Equation 6, using 

the values from Table 1 in [20] .  

 

Figure 4.10 ɀ Real (red) and imaginary (blue) parts of the permittivity of Bi2Se3 according 

to Equation 4.6.  

As stated, to accurately express the dispersion relation of surface plasmons in TI 

samples, the dielectric function of the TI substrate ‐ must be considered. For bismuth-

based TIs, sapphire (Al203) is commonly used a growth substrate [213]ɀ[215] . To 

determine ‐ ‫ , the following expression was used. 

‐  ὲ ὲ ρ ‗‫ Ὥ‎ὲ ρ ‗‫ τȢχ  

Where, ὲ is the refractive index, ‗ is the incident wavelength and ‎ is a damping 

constant  

Using experimentally determined values of ὲ  3.2, ‗  20.4 x 104 cm-1 and ‎  0.036 

[216] , ‐ were obtained, the real and imaginary parts of which can be seen in Figure 4.11. 
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Figure 4.11 ɀ Sapphire dispersion relation according to Equation 4.7.  

 

By combining the above, an expression for the wave vector Ὧ‫  of surface plasmons 

Bi2Se3 can now be determined. Inverting Equation 5 yields, 

Ὧ‫  
ὃ ‫ ‐ ‐

ρ ὃ ‐‫Ὠ
τȢψ 

Where, ὃ ḳ  

By substituting in the appropriate expressions for ‐  (from Equation 4.6), ‐ (from 

Equation 4.7) and assuming ‐ ρ since the top medium is assumed to be air, the wave 

vector Ὧ‫ Ὧ‫ ὭὯ‫  can be obtained. The real part of Ὧ‫  then  yields the 

dispersion relation ‫Ὧ  and plasmon wavelength ‗  according to Equation 4.3, the 

results of which are shown in Figures 4.12a and c. Also, the imaginary part of Ὧ‫  yields 

the plasmon propagation length from Equation 4.2 , as shown in Figure 4.12b. For these 

calculations, the following values, from [20] , have been used: Ὤ  6.63x10-34 Js, ὺ

 6x105 ms-1, Ὧ  1.52x109 m-1, Ὡ  1.6x10-19 C and Ὠ  27.4x10-9 m.  
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Figure 4.12 ɀ (a) Dispersion relation for Bi2Se2 according to Equation 8. (b) Plasmon 

propagation length in Bi2Se3 according to Equation 2. (c) Plasmon wavelength in Bi2Se3 

according to Equation 3. (d) Normalised plasmon propagation length in Bi2Se3 according 

to Equation 4.  

The frequency with which the samples described in Section 4.3 will be probed is 3.45 

THz (cm-1) at which a wave vector of Ὧͯ 114 ͯ ‫  1.1x104 cm-1, plasmon propagation 

length ὒ ͯ 8.3 µm, plasmon wavelength ‗ ͯ 5.8 µm and therefore normalised 

propagation length of ὒ  ͯ 1.4, would be expected according to Figure 4.12, 

assuming comparable material parameters. An exploration of how these values vary 

according to different material and sample parameters will be presented in Section 4.2.4. 

4.2.3 Plasmonic behaviour of Bi 2Se3 accounting for anisotropy  

A recent alternative model of the bulk dielectric properties of Bi2Se3 can be found in [23] . 

Due to the large anisotropy of Bi2Se3 crystals, this model defines the permittivity 

differently for in -plane directions ‐ and out-of-plane directions ‐ȾȾ. Each of these 

components is described by two Lorentz oscillators ‌ and ‍, while ‐  incorporates the 

electronic contribution in the frequency range .‫  

These permittivity components take the form of the above Drude-Lorentz model 

(Equation 4.6) and are expressed as such, 

‐  ‐
ί

‫ ‫ Ὥ‫‎

ί

‫ ‫ Ὥ‫‎
 τȢω 
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‐ȾȾ  ‐ȾȾ
ίȾȾ

‫ȾȾ ‫ Ὥ‫‎ȾȾ

ίȾȾ

‫ȾȾ ‫ Ὥ‫‎ȾȾ

τȢρπ 

Where ί , ί , ίȾȾ  and ίȾȾ  are the amplitude of the ‌ and ‍ modes in the in-plane and 

out-of-plane directions respectively, ‫ , ‫ , ‫ȾȾ  and ‫ȾȾ  are the central frequencies 

of the ‌ and ‍ modes in the in-plane and out-of-plane directions respectively, ‎ , ‎ , 

‎ȾȾ  and ‎ȾȾ  are the scattering frequencies of the ‌ and ‍ phonon modes in the in-plane 

and out-of-plane directions respectively and is the frequency range over which the ‫ 

sample is measured. It should be noted that in the original text, the equation from which 

Equations 4.9 and 4.10 have been adapted contains several typographical errors.  

 Ⱡ  ▼♪, cm-1 ▼♫, cm-1 ⱷ♪, cm-1 ⱷ♫, cm-1 ♬♪, cm-1 ♬♫, cm-1 

 29 704 55 64 125 3.5 3.5 

ȾȾ 17.4 283 156 135 156 3.5 3.5 

 

Table 2 ɀ Anisotropic Drude-Lorentz model (Equations 4.9 and 4.10) parameters. Taken 

from the supplementary material of [23] . 

Using the values of Table 2, the real and imaginary parts of the total dielectric function 

can be determined from Equations 4.9 and 4.10. Figure 4.13 displays the real parts of ‐ 

and ‐ȾȾ as well as the real and imaginary part of the total permittivity ‐ , defined 

as ‐  ‐ ‐ȾȾ. 

 

Figure 4.13 ɀ Real part of the in-plane permittivity (blue) and out-of-plane permittivity 

(orange), according to Equations 4.9 and 4.10 as well as the real (yellow) and imaginary 

(purple) parts of the total permittivity.  
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Combining these terms in the expression of Equation 4.8, the plasmonic nature of Bi2Se3 

can be determined according to this anisotropic model (2). A comparison to the results 

of the previous isotropic model (1) can be seen in Figure 4.14.  

 

Figure 4.14 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon 

wavelength (c) and normalised plasmon wavelength (d) of Bi2Se3 from Figure 4.12, 

determined using model 1 (Equation 4.6), with the equivalent plots determined using 

model 2 (Equations 4.9 and 4.10). The values plotted in (b) and (d) are the absolute values 

to maintain similar y-axis scaling to Figure 4.12.  

Overall it can be seen from Figure 4.14 that there is little discrepancy between the results 

yielded from both models. Therefore, for simplicity, the following sections will adopt 

model 1 in calculation of permittivities.  

4.2.4 Varying ⱷ╓ 

This Section and the following Sections 4.2.5 and 4.2.6 will explore the effect of changing 

certain material properties on the plasmonic characteristics of Bi2Se3, determined by the 

model described in Section 4.2.2. 

Perhaps the most significant of these properties, in regards to the confinement of SPPs, 

is the Drude frequency ‫  appearing in Equation 4.6. It is notable that  ‫  represents 

the contribution from free electrons in the bulk material, and is heavily dependent on 

the bulk charge carrier density  ὲ . In [20]  it is argued that it is important to fully 

consider the bulk Drude term for the following reasons: 1) Bi2Se3 has a relatively narrow 

band gap; 2) the Fermi level lies in the bulk conduction band, and 3) intrinsic bulk defects 

increase the free carrier concentration. Here we calculate the Drude frequency according 

to the relation [217] , 



112 
 

‫  
τ“ὲ Ὡ

ά
τȢρρ 

where Ὡ and ά  are the charge and effective mass of the conducting electrons, which 

for Bi2Se3 is ά  0.15ά  according to [23] .  

The bulk carrier density of TIs is determined predominantly by the doping materials but 

can be affected post-fabrication by applying an external voltage across the device via an 

integrated gate structure. Typical values of ὲ  for thin -film samples of Bi2Se3 are in 

the range from 1 ɀ 6 x 1018 cm-3 [23], [172] . Adjusting this value shows how the ‫  

contribution term is affected. By determining the values of ‐  for this range of Drude 

frequencies, using Equations 4.6, and calculating the corresponding range of wave 

vectors from Equation 4.8, the dependence of the key plasmonic characteristics of Bi2Se3 

on ὲ  can be seen. Figure 4.15 shows the SP dispersion relation, plasmon propagation 

length, plasmon wavelength and normalised propagation length for ὲ  values in the 

range 1 ɀ 6 x 1018 cm-3.  

 

Figure 4.15 - The dispersion relation (a), plasmon propagation length (b), plasmon 

wavelength (c) and normalised plasmon wavelength (d) of Bi2Se3 for a range of ‫  

calculated from Equation 4.11, using a range of ὲ  1 ɀ 6 x1018 cm-3.  

To summaries these results, it can be seen from Figure 4.15a and b that as ὲ  

increases, the dispersion relation tends to lower values of Ὧ and the plasmon 

propagation length increases (and therefore so does the normalised propagation 

length). This is expected, as increasing ὲ  causes the material to behave more like a 

conventional metal, and therefore these results should more resemble those of Section 

4.2.1. From Figure 4.15c it can be seen that the plasmon wavelength changes little within 
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the range of interest (cm-1), but overall the change in the dispersion relation 100 ͯ ‫ 

suggests poorer confinement at higher values of ὲ . This highlights the need for small 

ὲ  in experimental samples.    

4.2.5 Varying ▀ 

As seen from Equation 4.8, the wave vector is dependent on the TI film thickness Ὠ. This 

dependence was explained in Stauber et al [212] . For sample thicknesses larger than six 

quintuple layers (Ὠ  6 nm) the surface wave functions on the top and bottom of the 

sample couple only electrostatically and so for thick samples and large wave vectors 

ὨὯ ḻ 1, this coupling can be neglected. However, for thin samples ὨὯ ρ, significant 

coupling can occur leading to the emergence of optical and acoustic modes and 

modification of the dispersion . For TIs this was first discussed in [183]  and [218] . The 

model presented by Equations 4.5 and 4.6 attempts to account for these effects, and so 

it was used to evaluate the dispersion relation within the thin sample regime, from which 

the plasmon properties were obtained. These properties were evaluated in the range 20 

nm Ὠ  80 nm (Figure 4.16).  

 

Figure 4.16 ɀ The dispersion relation (a), plasmon propagation length (b), plasmon 

wavelength (c) and normalised plasmon wavelength (d) of Bi2Se3 for thicknesses of 20 nm 

(blue), 40 nm (orange), 60 nm (yellow) and 80 nm (purple), according to Equation 4.8.  

The results present in Figure 4.16a and b indicate that stronger confinement is achieved 

for thinner samples, as the dispersion relation move towards larger values of Ὧ (i.e. away 

from the free-space dispersion) and ‗ reduces. In addition, Figure 4.16b shows that ὒ 

becomes larger for smaller values of Ὠ  






































































































































