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Abstract

Both the Greenland and Antarctic ice sheets are experiencing increased levels of melt, con-

tributing to potentially devastating sea level rise. Therefore, quantifying future changes to

the contemporary ice sheets is imperative to understand and mitigate the risks associated

with their demise. Uncertainty within projections of ice sheets under di�erent climate sce-

narios is large. Palaeo-ice sheets left behind a wealth of information on past ice extents,

timing and 
ow directions. By looking to the past and using data to validate and constrain

numerical model simulations, numerical models of present-day ice sheets can be improved,

and the uncertainty within projections of ice mass loss and sea level rise can be reduced.

Here, I focus on and simulate the last Scandinavian Ice Sheet between 40 and 5 thou-

sand years ago, as well as the surrounding ice sheets over Eurasia, to �nd a model input

parameter space that is optimised to �t the available 
ow geometry. In this thesis, I present

a new Bayesian framework that takes an initial perturbed parameter ensemble for the last

Eurasian Ice Sheet Complex, compares it to past observed 
ow directions and identi�es an

updated parameter sampling routine on a reduced parameter space so as to improve the

overall model-data match of future ensembles. To quantitatively compare and score ob-

served 
ow geometry from glacial landforms to model simulations in a statistically rigorous

way, a new model-data comparison tool is presented: the Likelihood of Accordant Lineations

Analysis (LALA) tool. This work could be used further to develop a robust simulation of

the Scandinavian Ice Sheet, as well as other palaeo-ice sheets, optimised to 
ow geometry

and to simulate data-driven spin-ups for use in ice sheet projections.

xv



xvi ABSTRACT



Acknowledgements

My �rst thanks is to my supervisor, Jeremy Ely. Thank you for meeting me when I became

convinced objects can’t move and helping me add 
u� to my ‘concise’ writing style. I will

always be grateful for your support when I decided to take on the world in the middle of

my PhD and for agreeing to take on a Maths student in the �rst place.

I would also like to thank my supervisor and PI, Chris Clark, for the ‘big picture’

meetings and for introducing me to the world of lamb farming. I will always remember my

�rst lamb, Percy, and will never forget the peanut pasta in Greenland. You still owe me a

new toothbrush.

Thank you to all my PalGlac pals: Frances for teaching me how to make pretty maps,

Ben for the Peak District �eldwork chaos and Helen for teaching me how to swim and

introducing me to the world of spas in Budapest. To Bryony, thank you for taking me for

co�ee and hosting cosy craft nights. Thank you to my mum, dad, and Emma for supporting

me in my journey as a perpetual student and for always being at the end of the phone when

I need you.

Tess, you have quickly become my best friend, and I have loved having you as my dance

partner, housemate, and conference buddy. I look forward to getting our nails done together

for many more years to come.

Finally, to Alex. Thank you for being there for me in the hard times and pushing me

when you knew I needed it. You always believed in me more than I believed in myself.

xvii



xviii ACKNOWLEDGEMENTS



Chapter 1

Introduction

1.1 Ice sheets

An ice sheet is de�ned as a su�ciently large mass of ice built up by snowfall and hosted

on a landmass or grounded in shallow sea and is typically de�ned as larger than 50;000

km2 (on Climate Change , IPCC). Ice sheets grow and retreat over timescales of decades to

millenia. Historically, there have been periods with colder climates, known as glacial periods,

followed by interglacial periods that are comparatively warmer. Ice sheets are more prevalent

in the glacial periods, and globally, the interglacial periods tend to have signi�cantly less

ice mass but not necessarily none. Glacial periods occurred regularly every 41;000 years

until about 1:4 Ma (million years ago), where this periodicity lengthened to 100;000 years

(Lisiecki and Raymo, 2007). These glacial-interglacial cycles are caused by three main states

of the Earth’s orbit: eccentricity, which is how elliptical the Earth’s orbit is; obliquity, which

is how tilted the Earth’s axis is; and precession, which is the direction of the Earth’s tilt

(Benn and Evans, 2014a). In combination, these three factors cause major changes in the

amount of solar radiation that reaches the Earth, leading to colder climates when the solar

radiation is low and warmer climates when it is high. In the current interglacial period,

known as the Holocene, trends of temperature increases are consistently being recorded and

are broadly attributed to the greenhouse e�ect brought on by anthropogenically related

increases in carbon emissions (P�ortner et al., 2022).

Whilst the Earth is experiencing an interglacial period, there are still two modern ice

sheets: the Greenland Ice Sheet and the Antarctic Ice Sheet. The Greenland Ice Sheet

covers approximately 80% of the island it sits on and contains 7:4 m of sea level equivalent

1
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(Morlighem et al., 2017). It is predominantly terrestrial, meaning the ice terminates on land.

The other contemporary ice sheet, the Antarctic Ice Sheet, covers 98% of the land beneath

and, unlike the Greenland Ice Sheet, is marine-based, as the majority of its perimeter

terminates in the ocean. The Antarctic Ice Sheet contains 61% of the Earth’s freshwater

and would raise the average sea level by around 58 m if it were to fully melt (Morlighem et al.,

2020). Clearly, due to the amount of fresh water and potential to signi�cantly increase sea

level, the future of these ice sheets is imperative to understand. Anthropogenically induced

climate change is speeding up the melting of these ice sheets and is expected to continue with

increasing intensity if carbon emissions are not reduced (P�ortner et al., 2022). Rising sea

levels would cause increased 
ooding in coastal areas worldwide, destroying infrastructure

and natural habitats (P�ortner et al., 2022). Predicting the future behaviour of the current

ice sheets, based on various emissions scenarios, is vital to prepare for and reduce the impacts

of increased melting.

During the last glacial period (approximately 115 ka to 11:7 ka, where 1 ka represents a

thousand years before 1950), there were expansive ice sheets over North America, Europe,

Greenland and Antarctica, as shown in Figure 1.1 (Batchelor et al., 2019). In the Northern

Hemisphere, ice sheets reached their maximums approximately between 26 and 19 ka (Clark,

P., et al., 2009). These ice sheets that existed in the past are known as palaeo-ice sheets.

Having already deglaciated, the evidence left behind by these palaeo-ice sheets may help

us understand how ice sheets retreat. Whilst the observational record of contemporary

ice sheets is only decadal in length, palaeo-ice sheets provide centennial to millennial scale

records of ice sheet behaviour. Learning about past ice sheet behaviour and being able to

validate that understanding increases the �delity and con�dence in predictions made about

future ice sheets under the e�ects of climate projections.

1.2 Observational record of palaeo-ice sheets

Palaeo-ice sheets leave behind a rich observational record, giving insights into their past be-

haviour. This record can be broadly grouped into three types: geomorphology (landforms),

sediments and relative sea level indicators. In this thesis, I will focus on the former two,

as relative sea level indicators have been more commonly used in the past (Patton et al.,

2017; Tarasov et al., 2012) and as the geomorphology and sediments provide an immedi-

ate and direct comparison model-data comparison compared to the relative sea level e�ects

take several thousand years to appear. The evidence left behind by palaeo-ice sheets helps

scientists reconstruct di�erent aspects of the history of these ice sheets. It also provides a

method to validate numerical ice sheet models to check their e�cacy.
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Figure 1.1: Estimated extents of Northern Hemisphere palaeo-ice sheets at the last glacial

maximum, approximately 20;000 years ago (taken from Batchelor et al. (2019)).

A landform is an identi�able and discrete feature of the terrain and can be formed

in many di�erent ways, including by an ice sheet. Of the landforms left behind by ice

sheets, subglacial bedforms, such as drumlins, ribs and mega-scale glacial lineations, are

perhaps the most indicative of past ice conditions. The genesis of drumlins is highly debated

(e.g. Boulton, 1987; Clark, 2010; Fowler, 2000; Hindmarsh, 1998; Shaw, 1983; Smalley,

1981; Smalley and Unwin, 1968), but regardless of their formation, their alignment with

former ice 
ow direction allows us to infer past ice 
ow directions. Such glacial lineations

can be grouped together, in 
owsets, if they are spatially and directionally similar, and

assumed to have formed in the same event (Clark, 1997; Hughes et al., 2014). Relative

timings of lineation formation can sometimes be inferred dependent on whether or not

they are found to be superimposed (knows as cross-cutting) on one another at speci�c

locations (Clark, C.D., et al., 2009). Cross-cuttings occur if one set of lineations form

on top of another and from this, the relative age order of the 
owset formation can be

determined. By understanding cross-cutting relationships, the 
ow evolution of an ice sheet

can be deciphered. Unfortunately, due to the techniques available for assessing absolute

ages, subglacial bedforms cannot be dated, as they were formed beneath an ice sheet, where

life cannot be sustained, and light and exposure to cosmic rays required for the current

dating techniques is not available.

Sediment is transported under (subglacially), within (englacially) and on the surface

(supraglacially) of an ice sheet. When the location of the ice sheet margin is sustained, the
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transported sediment can be released to form a ridge called a moraine, making a landform

record of the margin position. Moraines can also be formed by the ice mass pushing loose

sediment together during an advance and leaving the ridge as the ice retreats. There are

several distinct types of moraines that form at di�erent areas of an ice sheet (Benn and

Evans, 2014b; Bennett and Glasser, 2011). Terminal moraines, in particular, are formed at

the front of an ice sheet at the maximum extent of the ice (Barr and Lovell, 2014). Any

moraines formed at the front of an ice margin but behind the terminal moraine are termed

recessional moraines. Hence, due to how the ridges form, moraines indicate where a former

ice margin was, the extent at the time of moraine formation and the shape of an ice sheet’s

recession. As terminal and recessional moraines were formed in front of an ice sheet, there

is the possibility of dating them and retrieving an absolute formation date.

Moraines and lineations are examples of landforms created by ice sheets that give speci�c

information about the movements of a former ice sheet, namely the extent and 
ow direction.

Previously, landforms were recorded in �eld surveys with researchers working on an area

of interest. More commonly now, satellite imagery is used, allowing for remote mapping

of these features. The mapping tends to be done systematically and extensively, to cover

the whole area of interest. Butcher et al. (in prep) has developed a new method to map

large areas systematically, without the need to map every single feature. Figure 1.2 shows

the 
ow directions captured from this mapping (Boyes et al., 2023; Butcher et al., in prep),

that will be described further in Chapter 4. Once these di�erent observations have been

collated for a speci�c area, whether that be on a whole ice sheet scale or more locally, the

relative movements of the ice sheet can be determined (Andrews, 1982; Chandler et al.,

2018; Stokes et al., 2015). This can involve �lling in any gaps, working out relative timings

and combining multiple forms of evidence to make inferences.

Although the geomorphological record is useful for describing past ice sheet behaviour

and providing relative ages, for example, cross-cutting relations, they do not provide absolute

ages for the timings of said behaviours. Samples taken from features of the observational

record can be dated, and utilised to infer when it formed. There are various techniques

for absolute geochronological dating, including: radiocarbon dating, Optically Stimulated

Luminescence (OSL) and Cosmogenic Nuclide (CN) dating.

Carbon is an abundant element in the atmosphere and has both stable and non-stable

isotopes: atoms of the same element and same number of protons, but with di�ering numbers

of neutrons and hence varying atomic weights. Carbon-14 is a non-stable, radioactive isotope

that combines with oxygen in the atmosphere and then transfers to living organisms. The

amount of carbon-14 contained in an organism is �xed during its life and then begins to

decay after death at a steady rate (Libby, 1954). By calculating the amount of this isotope
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Figure 1.2: Locations and inferred directions of lineation product, taken from Butcher et al.

(in prep).
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remaining in an organic sample, the carbon-14 age can be found, representing the time

since the organism died. The carbon-14 age must then be calibrated to give an equivalent

calendar age. As the ratio of carbon-14 and carbon-12 has varied over time this calibration

is not trivial. Projects such as IntCal (Reimer et al., 2020) for the Northern Hemisphere,

take absolute dates which are independent from the radiocarbon samples and work out how

the raw carbon-14 age relates to a useable calendar date. For dating relevant in a glacial

context, samples are collected from near moraines, for example. The calculated date is then

assumed to be an ice-free time as living organisms are unable to survive beneath the ice

sheet. Radiocarbon dating can date organics as old as 55 ka, and so is appropriate for

timings needed from the last glacial maximum (LGM) onwards.

OSL dating exploits the natural radioactivity of sediments and how this a�ects minerals

such as quartz (Preusser et al., 2009) and feldspar (Krbetschek et al., 1996). When sediment

is buried, luminescence begins to grow as the electrons in the minerals become excited due

to the exposure to radiation (Duller, 2008). Due to the natural radiation, these electrons

then get trapped within imperfections in the crystal lattice (Preusser et al., 2008). The

longer the sample is buried, the higher the number of trapped electrons. By calculating

the equivalent dose, which is the amount of radiation the sample has been exposed to, and

dividing by the dose rate, which is location dependent and is the amount of radiation per

thousand years the sample would have been exposed to, gives the sample age (Duller, 2008).

The samples for OSL must be carefully obtained and not exposed to sunlight as this resets

the signal through a process called bleaching and the age is lost. This also means that

it is assumed the sample was buried at the time of interest and not re-exposed since. To

calculate the number of trapped electrons in a sample, and hence the equivalent dose, a

light source is applied, giving the electrons enough energy to escape as photons and this can

be measured. This style of dating is used in glacial environments (Fuchs and Owen, 2008)

at sites with known past ice margins where glacial sediment would have been deposited,

such as pro-glacial lakes (e.g. Luethgens et al., 2011). Compared to radiocarbon dating, this

method can date much older samples, up to around 100 ka.

Cosmic rays are charged, high-energy particles that are constantly entering the Earth’s

atmosphere. Upon doing so, when these particles hit exposed rock, a spallation reaction

occurs which splits nuclei of speci�c elements and cosmogenic nuclides are formed. The

resulting isotopes of di�erent elements can be counted, and the ratio of one isotope to

another can be used to calculate the amount of cosmogenic nuclides and hence an exposure

age. There are many isotopes created in this process, each with di�erent half-lives. Utilising

this property allows relatively old and young ages to be dated with increased accuracy, up

to 10 million years old. This method is known as Cosmogenic Nuclide dating. Relevant to



1.3. ICE SHEET MODELLING 7

glaciation ages, boulders from moraines and erratics can be dated, assuming they have been

exposed since deposition (Small et al., 2017).

Experts often use all the available lines of evidence combined with their expert interpre-

tation to reconstruct the former 
ow conditions and margin positions of a palaeo-ice sheet

through time (e.g. Batchelor et al., 2019; Clark et al., 2022, 2012; Hughes et al., 2014).

When absolute ages are collected, reconstructions of ice sheets can include timings at which

they reached certain extents. Considering the subglacial landform record alone can provide

relative chronologies, but lacks these absolute timings.

Whilst empirical reconstructions are informative to what the ice previously looked like,

reconstructions achieved in this way lack a physics basis. This means that certain variables

such as ice velocity and thickness, are missing and cannot be reconstructed using the ob-

served data. In contrast, numerical ice sheet models are based on approximations of the ice

physics and can be used to reconstruct past ice sheets.

1.3 Ice sheet modelling

Numerical modelling enables us to examine how di�erent processes a�ect ice sheets and

predict how they might behave in the future. Both contemporary and palaeo-ice sheets

are important to model. Modelling contemporary ice sheets gives insights into how the

Greenland and Antarctic ice sheets may respond to various climate projections by modelling

into the future. By modelling palaeo-ice sheets, the plethora of data left behind by the past

ice mass can be used to validate the model outputs and explore parameterisations and model

set-ups that give realistic outputs based on the evidence.

Modelling of ice sheets is conducted for two purposes: prognostic and diagnostic. Prog-

nostic modelling is used to predict the future of the current ice sheets (e.g. Davies et al.,

2014; Goelzer et al., 2013, 2020), or to hindcast palaeo-ice sheets (e.g. Patton et al., 2017,

2016; Pollard et al., 2016). Prognostic modelling of the contemporary ice sheets is used to

predict how they may react and change according to future climate scenarios (e.g. Davies

et al., 2014; Goelzer et al., 2020; Payne et al., 2004). Diagnostic modelling, on the other

hand, is used to learn about speci�c physical processes occurring within the ice sheet (e.g.

Pollard et al., 2015; Tulaczyk et al., 2000).

Prognostic and diagnostic modelling of palaeo-ice sheets has the advantage of being vali-

dated against the observational record, which does not exist in full for the contemporary ice

sheets. The record for the contemporary ice sheets relies on satellite imagery and �eldwork

and is only decadal, whereas the palaeo-record consists of landforms and geochronological

data which span centuries to many millennia.
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To use numerical ice sheet models, a certain number of unknown parameters and bound-

ary conditions must be �rst inputted by the user. For example, information containing

topography or geothermal heat 
ux may be required. Other values, such as the exponent

in the ice 
ow law, must be chosen as the precise values for di�erent modelling scenarios

are unknown. Estimated ranges for the input parameters are decided upon based on ex-

pert knowledge and by �ndings of other studies. The required parameters hold a speci�c

uncertainty as the true value is unknown. The climate parameters have an especially high

uncertainty due to the di�culty of replicating and estimating. These uncertainties need to

be reduced as much as possible to improve predictive accuracy. Learning which parameters

can cause the highest variation in model output is typically done using a sensitivity analysis,

highlighting which parameters are more or less important to changing the model output,

thus informing the user as to which parameters are the most important to target to reduce

uncertainty. Conversely, the parameters that a�ect the variation in output the least can

be discarded, reducing the parameter space considerably and speeding up model computa-

tional time. Methods to identify the most and least important parameters are discussed in

Chapter 4.

Models use de�ned parameter values to solve the di�erential equations that determine

the physics of the ice sheet, discussed in Chapter 2. Ice 
ow can be modelled using the Stokes

equations, encapsulated in so-called full Stokes models. Due to computational limitations,

some simpli�cations need to be made when solving the physics behind an evolving ice sheet

(Maha�y, 1976) and di�erent levels of complexity of ice sheet models, shown in Figure

1.3, are available for di�ering contexts. The full Stokes model is the most complex and

representative of all processes. This model is useful for simulating small areas and time

frames but requires too much computational time and power to use in most cases. For

example, modelling a small glacier over a short period of time can be feasible using a high

level of sophistication, whereas modelling a whole ice sheet glaciation on a continent-wide

scale would need a more basic approach. Hence, a variety of di�erent models are needed

for these various applications. The simplest models are reliant on the small depth-to-width

ratio that is reasonable to assume for most ice masses and hence this approximation is

called a shallow approximation. Two of the simplest ice 
ow models using the shallow

approximation are the Shallow Ice Approximation (SIA) (Hutter, 1982) and the Shallow

Shelf Approximations (SSA) (Weis et al., 1999). These only model the ice sheet or ice

shelf 
ow, respectively. Many studies have used an SIA model to simulate ice 
ow (e.g.

Greve, 1997; Ritz et al., 1996; Rutt et al., 2009), but studies using an SSA model alone are

uncommon (e.g. MacAyeal et al., 1996).

Coupling the two shallow approximations gives a hybrid model. Together, the SIA and
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Simulate evolution
through time

Focus on a 
particular process

Figure 1.3: Hierarchy of numerical ice sheet models and adaptations that can be made,

taken from Davies (2020).
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SSA can better approximate ice 
ow at the grounding line. The SIA is applied to grounded

ice with minimal sliding, whereas the SSA is applied to the 
oating shelves. A combination

of both is applied around the grounding line, where ice 
ow velocity increases. An example

of a hybrid model is the Parallel Ice Sheet Model (PISM). PISM is a popular, open-source ice

sheet model that can be used for continental ice sheets over long periods of time (e.g. Bochow

et al., 2023; Hill et al., 2022; Reese et al., 2023). The �rst papers using this model were

published in 2007 (Bueler, Brown and Lingle, 2007), and there have been over 200 papers

published since (the PISM authors, n.d.) (as of March 2024). PISM solves the shallow stress

balance approximations, valid for small depth-to-width ratios, to calculate the updated ice

dynamics as time progresses. The SIA is applied to grounded ice with minimal sliding,

whereas the SSA is applied to the 
oating shelves. This model uses an adaptive time step

method, meaning the stress balance equations are solved when a set of stability conditions

are reached. The adaptive time steps reduce any unnecessary calculations and thus speed

up the simulation. A combination of these factors makes PISM a good model for palaeo-ice

sheets as it provides an appropriate level of detail as well as can complete simulations within

computational power and time restrictions over large domains and timescales. PISM is the

model chosen for this thesis, and its underpinning physics are described in detail in Chapter

2.

Higher-order models are one step up in complexity from hybrid models and contain

extra stress terms and therefore require more computational time and power (Blatter, 1995;

Pattyn, 2003). Work has been done to improve the computation of these models (e.g.

Blatter, 1995; Colinge and Blatter, 1998; Larour et al., 2012a; Pattyn, 2003), as numerical

stability has been historically hard to reach (e.g. van der Veen, 1989; van Der Veen and

Whillans, 1989). As computational power increases, the use of higher-order models has

increased, and open-source models are now available such as the Ice Sheet System Model

(Larour et al., 2012a).

The most complex models solve the Stokes equations, outlined in Chapter 2, which are

the most comprehensive representation of an ice mass and, because of this, are the most

computationally expensive models. An example of these so-called full Stokes models is the

Elmer/Ice model (Gagliardini, 2022). Elmer/Ice produces a highly detailed output but is

only feasible to run on short timescales and small areas.

Ice sheet modelling has a long history, with work starting in the 1950s. The �rst studies,

in both the 1950s and 1960s, constructed the basis for the physics of numerical modelling

of ice 
ow. Glen (1955) undertook laboratory experiments to discover a proportional re-

lationship between ice 
ow and stress leading to the formulation of Glen’s 
ow law. Nye

(1952) gave simpli�ed ways to look at ice 
ow over bedrock, Weertman (1957) looked at how
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obstacles restrict sliding, and Lliboutry (1968) found equations for friction at the base of the

ice mass. The �rst attempts of numerical modelling began in the late 1960s (e.g. Campbell

and Rasmussen, 1969; Maha�y, 1976; Rasmussen and Campbell, 1973). Since then, numer-

ical models have undergone a huge shift in complexity due to improved understanding and

increased computational capacity. In the early stages, two-dimensional models were cre-

ated, mainly focussing on ice sheet extent, with perfectly plastic ice assumed and a steady

state (e.g. Budd and Jenssen, 1975; Reeh, 1984). Maha�y (1976) created one of the �rst

three-dimensional ice sheet models that modelled ice 
ow and was an early example of an

SIA model, based on simpli�cations derived in previous decades (e.g. Glen, 1955; Lliboutry,

1968; Nye, 1952; Weertman, 1957).

Models originally were basic and quite limited in their applications. By the late 80s,

early 90s, the e�ect of ice temperature on ice 
ow was incorporated into numerical models

with thermomechanical coupling as well as time dependence (e.g. Hindmarsh et al., 1989;

Huybrechts, 1990). Limitations in computing power restricted the model resolutions (e.g.

Budd and Jenssen, 1989; Huybrechts and Oerlemans, 1988). The increase in the number

of models available led to the need to test their reliability and repeatability. The accuracy

of these models was assessed in a series of model intercomparison projects. These projects

provided a benchmark for modellers to validate their code and compare their models in a

standardised way. The �rst inter-model comparison compared the success of �ve ice shelf

models (MacAyeal et al., 1996). Subsequently, model intercomparison projects became an

important tool to enable careful comparison between models. In its �rst phase, the European

Ice Sheet Modelling INiTiative (EISMINT) looked at SIA models and experimented with

�xed and moving ice sheet margins (Huybrechts and Payne, 1996). The second iteration of

EISMINT used similar experiments to the �rst to investigate the e�ects of thermomechan-

ical coupling (Payne et al., 2000). The Ice Sheet Model Intercomparison Project (ISMIP)

followed on from EISMINT. It focussed on four key topics: higher-order models (Pattyn

et al., 2008), Heinrich events (Calov et al., 2010), marine ice sheet models (Pattyn et al.,

2012) and ice dynamics response to warming for contemporary ice sheet models (Seroussi

et al., 2020).

By the 2000s, computational capabilities had signi�cantly improved, which led to the

emergence of open-source ice sheet models complete with documentation and user support

(e.g. Bueler and Brown, 2009; Larour et al., 2012a). With the addition of support and easy

access to ready-made ice sheet models, more researchers have the opportunity to complete

modelling studies without the need to create a model from scratch each time. As knowledge

and computer power have improved more recently, numerical modelling began to account for

processes that have not previously been included (e.g. DeConto and Pollard, 2016) as well as
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new parameterisations (e.g. Lazeroms et al., 2018). Varying resolutions across the domain

have been investigated to increase details in areas of interest, for example, the grounding

line, but keeping the computational cost low by using a coarse resolution elsewhere (e.g.

Cornford et al., 2013).

Ice sheet models require many unknown parameter inputs before simulations can be

completed. As the exact values are not known, ranges for each parameter are tested. To

explore the parameter space, perturbed parameter ensembles are used, where each parameter

is changed to a di�erent value within the set range for a set number of simulations. Once

the ensemble is completed, the simulations that best match the available data should be

identi�ed. For ice sheet modellers, empirical reconstructions are a powerful resource that can

be used to validate simulations. Visual comparisons between simulations and reconstructions

are commonplace; however, quantitative comparisons are currently limited. In Chapter

3, I present a tool that quantitatively compares model simulations to the observed 
ow

directions.

1.4 Eurasian Ice Sheet Complex

The EISC was made up of three separate ice sheets, which joined and separated throughout

the last glacial (Hughes et al., 2016), shown in Figure 1.4. They were the British-Irish Ice

Sheet (BIIS), the Scandinavian Ice Sheet (SIS) and the Svalbard-Barents-Kara Ice Sheet

(SBKIS), all of which reached their maximum extents independently (Patton et al., 2016).

The combined ice mass reached 5:5 Mkm2 at its maximum (Hughes et al., 2016) and was

thought to contain 20 m sea level equivalent of water (Patton et al., 2017). The EISC

is the ice sheet complex focussed on in this thesis, with the most attention paid to the

Scandinavian component and mainly over its core area due to the large amount of physical

evidence constraining its last glaciation. With this evidence, the success of model simulations

can be assessed and used to improve the model-data �t.

The oxygen isotope ratio measures the 
uctuations between amounts of oxygen-18 com-

pared to oxygen-16. These 
uctuations are stored in deep ocean cores and can be assessed

by laboratory analyses. The ratio is linked to changes in climate and the glacial/interglacial

periods (Raymo et al., 2018; Shackleton, 1973). Based on this, as well as observations and

numerical modelling e�orts, it is thought that there have been ice sheets growing and melt-

ing over Europe consistently in glacial periods (Batchelor et al., 2019). The Eurasian Ice

Sheet Complex (EISC) reached two maxima over the last glacial cycle. One was in Marine

Isotope Stage (MIS) 4 and one after this in MIS2. The last glacial maximum, occurring

at MIS2 is the focus of this thesis, so the timescale modelled in this thesis is restricted to
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Figure 1.4: Outline of the maximum extent of the Eurasian Ice Sheet Complex (EISC) as

determined in Hughes et al. (2016).
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between 40 ka and 5 ka, encompassing ice sheet 
uctuations in MIS2. Also, only simulat-

ing from 40 to 5 ka allows for a modelling study with a reasonable resolution and a more

complex model than could be used otherwise.

Whilst landform mapping has been carried out in various regions across the domain of

the last EISC (e.g. Boulton et al., 2001; Bowen et al., 2002; Dongelmans, 1996; Gl�uckert,

1974; Greenwood et al., 2016; Punkari, 1997), the approaches and outputs vary, and so

model-data comparison becomes di�cult. The PALGLAC project, which has funded the

research for thesis, sought to reconstruct the SIS and so mapped the area in a systematic

and consistent way. The data produced can therefore be used con�dently to validate model

simulations without having issues with inconsistent/missing data.

Previous modelling e�orts have been performed on the EISC, using di�erent levels of

model complexity and with di�erent project aims. A summary of the previous modelling

studies is given in Table 1.1. The majority of past projects have a prognostic focus (Arnold

and Sharp, 2002; Clason et al., 2014; Payne and Baldwin, 1999), using a model to test

hypotheses of landform genesis or investigating the e�ect of processes that may impact the

contemporary ice sheets. Prognostic modelling using the EISC or parts of the EISC has the

advantage of being able to substantiate hypotheses with a wealth of evidence that is not

available for the contemporary ice sheets.

The studies that use diagnostic modelling either model a part of the EISC (Clason

et al., 2016; Fastook and Holmlund, 1994; N�aslund et al., 2003), or model the whole area

but the build-up and retreat separately (Boulton et al., 2003; Patton et al., 2017, 2016).

Studies that restrict the domain to the SIS vary greatly in modelled timescales. N�aslund

et al. (2003) models the last 120 ka whilst Fastook and Holmlund (1994) looks speci�cally

at the Younger Dryas. With such vastly di�erent timescales come di�erent goals. For

example, N�aslund et al. (2003) had to use a coarse model grid of 70 � 100 km2 which is

more computationally e�cient but would not be able to capture complexities in regional

areas. This approach produces an overview of the glaciation without the �ne detail. Fastook

and Holmlund (1994) used a higher resolution of 50� 10 km2 which was possible due to the

shorter timescale considered.

As the EISC covers such a large domain, simple models tend to be the preference for

work on the area (Clason et al., 2014; Forsstr�om and Greve, 2004; Payne and Baldwin, 1999;

Siegert and Dowdeswell, 2004). However, some work has been done with a more complex

ice sheet model in Patton et al. (2016) and Patton et al. (2017). Patton et al. (2016) set out

to model the growth of the EISC from 37 to 19 ka using a Blatter-Pattyn model (Blatter,

1995; Pattyn, 2003). Blatter-Pattyn models more closely represent the Stokes equations than

either SIA or SSA, but are still relatively computationally e�cient. The use of this model



1.4. EURASIAN ICE SHEET COMPLEX 15

Table 1.1: Summary of previous modelling attempts of the whole EISC or solely the SIS.

Reference Model type Purpose Notes

Fastook and
Holmlund

(1994)

Finite-element Diagnostic Modelled the SIS around the Younger Dryas
(approximately 12:9 ka to 11:7 ka), �nding that the

Baltic ice stream was important to match the
model to the evidence. Achieved by changing the

basal conditions.

Payne and
Baldwin (1999)

Thermomechanically
coupled 3D model

Prognostic Explaining certain formation of observed landforms.
The simple model set-up was used as the aim was

to test a hypothesis and not to accurately replicate
the ice sheet.

Arnold and
Sharp (2002)

2D, time-dependent
with hard-bed basal

hydrology

Prognostic Aims to replicate complex patterns of past 
ow
directions not normally captured by modelling.

N�aslund et al.
(2003)

From Fastook and
Chapman (1989)

Diagnostic Modelled the SIS over the Weichselian glaciation
(approximately 120 ka to present). Rose diagrams
were used to compare modelled and observed 
ow

directions.

Boulton et al.
(2003)

Thermomechanically
coupled 3D model

Diagnostic Simulated the last glacial cycle (from 120 ka) and
focussed on the formation and e�ect of ice

streaming.

Forsstr�om and
Greve (2004)

SICOPOLIS from
Greve (1997)

Diagnostic Early sensitivity analysis, making one change per
simulation and comparing output to a default

simulation.

Siegert and
Dowdeswell

(2004)

SIA coupled with a
basal sediment

deformation model

Diagnostic The climate input was changed until the modelled
LGM extent matches the geological evidence.

Clason et al.
(2014)

SICOPOLIS Prognostic Uses the SIS as a proxy to the Greenland ice sheet
to test the impacts of the surface meltwater e�ect.

Patton et al.
(2016)

Blatter-Pattyn
model

Diagnostic Models the build-up of the last EISC and
qualitatively compares the output to the data.

Patton et al.
(2017)

Blatter-Pattyn
model

Diagnostic Models the deglaciation of the last EISC, starting
from the LGM modelled in Patton et al. (2016).

Gudlaugsson
et al. (2017)

SICOPOLIS Prognostic Investigates model sensitivity of the last EISC to
the subglacial hydrology.

�Akesson et al.
(2018)

ISSM Diagnostic Regional model with high-resolution (1 km) grid on
the grounding line and coarser resolution elsewhere
(10 km). Finds a warming ocean input triggers the
retreat of the grounding line in several fjords but

cannot be attributed to the full retreat.
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allowed Patton et al. (2016) to simulate the EISC over a long time with a 10 km resolution.

Model simulations were performed with di�erent parameter values, and a simulation that

was deemed optimal based on empirical evidence was chosen. This optimal model was then

used in Patton et al. (2017) with updated parameter values and continued to simulate the

deglaciation of the ice sheet, from 23 to 8 ka. This simulation was validated against a range

of observations, e.g. lineations, geochronological data and relative sea level metrics. In

my study, I will attempt to model the whole glaciation, keeping the parameters constant

between the glaciation and deglaciation (di�ering from the approach of Patton et al. (2016)

and Patton et al. (2017)), hoping to �nd an optimal parameter set.

A couple of the studies (Clason et al., 2014; Forsstr�om and Greve, 2004) use the SImula-

tion COde for POLythermal Ice Sheets (SICOPOLIS) model (Greve, 1997), which is a simple

SIA implementation of ice 
ow. Using this model will take a shorter amount of time and

less computer power but with less detail. Getting the balance of detail and computational

e�ciency is important and depends on the research question being considered.

One thing all of these studies (outlined in Table 1.1) have in common is that the analysis

is mostly qualitative when comparing the simulations to the observational record, visually

comparing the model to the data. Some studies perform a more quantitative comparison,

using the currently published tools (e.g. the Automated Flow Direction Analysis (AFDA)

tool) (e.g. Patton et al., 2017, 2016).

In this thesis, the full build-up and deglaciation will be modelled without changing pa-

rameters at the LGM, as was the case in Patton et al. (2017). Model-data comparisons

will take a quantitative approach with statistical backing (see below), which is so far under-

utilised in ice sheet modelling (Chapter 3).

1.5 Bayesian inference

Statistics is broadly split into two ways of thinking, frequentist and Bayesian, both of which

can be useful in di�erent situations (e.g. Fornacon-Wood et al., 2022). Frequentist statistics

keep parameters at �xed values; probabilities are seen as frequencies. In contrast, Bayesian

statistics considers parameters to be their own random variables; they are not �xed and are

subjective (O’Hagan, 2008). Frequentist statistics also assumes that the data is repeatable,

whereas Bayesian sees data as �xed. Bayesian inferences provide a distribution for the

parameters, i.e. how likely each probability is. For example, consider a die unknown to

be fair or not, where in this context a fair dice would mean rolling any number has equal

probability. A frequentist statistician would assign the probability of rolling a 6, say, as the

frequency of a 6 appearing as the die is rolled a lot of times. A Bayesian statistician could
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start by assigning a 
at probability distribution to the rolling of a 6, so that rolling a 6 is

thought to be any probability. As the die was rolled, this data would be incorporated into

the probability distribution and continuously updated as more data becomes available.

The root of Bayesian statistics is Bayes’ Theorem, where for two events E and F ,

P (EjF ) =
P (F jE)P (E)

P (F )
: (1.1)

Bayes’ theorem describes how conditional probabilities are related, which proves useful

when deriving conditional distributions used in Bayesian statistics. When approaching a

problem where Bayesian inference will be used, with data X and parameter vector �, �rst,

a prior distribution is set. A prior distribution, p(�), considers any knowledge or beliefs the

statistician may have before any data is observed. If no prior information is available, an

uninformative prior can be chosen instead. Once the data has been collected, the likelihood

of the data given certain parameters, p(Xj�), can be calculated. The aim of Bayesian

inference is to �nd the posterior distribution, p(�jX), which calculates the distribution of

the parameters given the observed data. Using Bayes’ Theorem (Equation 1.1), the posterior

distribution can be derived as

p(�jX) =
p(Xj�) p(�)

p(X)

/ p(Xj�) p(�) (1.2)

where proportionality can be used as p(X) =
R
p(�) p(Xj�) d� has no dependence on the

parameter vector �.

Bayesian statistics provides 
exibility: the probability distributions can be easily up-

dated as more or new data becomes available and allows inference even with data that

cannot be repeated. Therefore, this type of inference is good for this context, as new data

is regularly published and data, such as individual landforms, are not repeatable, so the lo-

cation and orientation cannot be reobserved in the same way as a dice can be reobserved if

rerolled. Thus far, Bayesian approaches have rarely been combined with ice sheet modelling,

although they have started to become more common (e.g. Edwards et al., 2021; Pollard et al.,

2016). In other �elds, however, it is commonplace to see. Engineering, medicine and com-

puter science have been using Bayesian statistics in studies since the 1960s (e.g. Borko and

Bernick, 1964; Florentin, 1962; Talbot and Harrison Jr, 1966).

Bayesian inference is a useful tool and the underpinning of several Chapters in this thesis

(Chapters 3, 4 and 5). Ice sheet modelling often has a high-dimensional parameter space
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where the e�ect of each parameter, and how the parameters may a�ect the model output

in combination is largely unknown and needs to be explored. If certain parameters do not

largely a�ect the model output, they could be discarded to reduce the dimensionality of the

parameter input space (Chapter 4). Model surrogates, such as emulators, can �ll in gaps

by predicting the model output given a speci�ed parameter input (Chapter 5).

1.6 Aims and objectives

1.6.1 Aim of thesis:

Combine ice sheet modelling with Bayesian inference to simulate the 
ow of the last Scan-

dinavian Ice Sheet.

1.6.2 Objectives:

1. Create a statistically rigorous model-data comparison tool to compare model-simulated

and inferred past ice 
ow direction.

2. Run a perturbed ensemble of simulations of the Eurasian Ice Sheet complex using the

Parallel Ice Sheet Model.

3. Complete a sensitivity analysis to determine which model input parameters are the

most important for in
uencing ice 
ow directions judged against empirical observations

of 
ow. Explore and determine which parameters can be discarded to reduce the

dimensionality of the parameter space.

4. Use a Gaussian process emulator to optimise the parameter sampling design and iden-

tify model simulations that best explain the documented 
ow geometries.

5. Run new simulations to �nd an optimal model to �t the collated data on ice 
ow.

1.7 Thesis structure and relation to published work

The �eld of palaeo-glaciology su�ers from a lack of statistical rigour and could better use

Bayesian inference methods. This thesis seeks to address this gap by outlining a work
ow

that can optimise the parameter space according to a model-data match. Here, the aim is

to improve the 
ow geometry model match over the Eurasian Ice Sheet complex, but the

methods outlined could also be applied to other domains and other types of evidence left
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behind by palaeo-ice sheets. Chapter 2 starts by describing the equations used to model

ice 
ow and how PISM makes simpli�cations so that simulations over long timescales and

large domains are computationally feasible. The design of the initial perturbed parameter

ensemble is described. Then, Chapter 3 outlines a new model-data comparison tool, the

Likelihood of Accordant Lineations Analysis (LALA) tool, for past and modelled 
ow direc-

tions. This work is published in Archer et al. (2023) and uses data from Ely et al. (2024).

The results of the initial ensemble are presented in Chapter 4, and then the scores of the

simulations using LALA are calculated. The sensitivity of the model input parameters to

various outputs is then investigated. Chapter 5 builds a Gaussian process emulator and

uses a history matching process to �nd input parameter sets that score highly using LALA,

without testing all parameter combinations within PISM. Chapter 6 outlines a perturbed

parameter ensemble calibrated to the 
ow geometry with an updated parameter sampling

routine, compares the two ensemble results and discusses the implications of this work.

Finally, Chapter 7 summarises and concludes the thesis.
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Chapter 2

Experimental design and setup
of the Parallel Ice Sheet Model
and initial testing

2.1 Introduction

As the climate continues to warm, the need to understand how ice sheets react to this

anthropogenically caused warming becomes imperative (P�ortner et al., 2022). Numerical

ice sheet models can be used to predict future ice sheet behaviour based on di�erent climate

scenarios (e.g. DeConto and Pollard, 2016; Kopp et al., 2017). However, the uncertainty in

predictive models is large (Bamber et al., 2019), and it is di�cult to verify the results. One

method for reducing this uncertainty is to validate models by simulating palaeo-ice sheets.

Palaeo-ice sheets have left behind a geological record of past ice dynamics (Stokes et al.,

2015). This means that when modelling past ice sheets, the model results can be compared

to the observed data to assess the success of the model. In this thesis, the focus is to look at

modelling palaeo-ice sheets in order to learn more about the important mechanisms driving

di�erent parts of past ice masses (Chapter 1). This in turn could help improve the predictive

capabilities of forward modelling. Throughout this thesis, I have used a numerical ice sheet

model, the Parallel Ice Sheet Model (PISM) (Bueler and Brown, 2009; Winkelmann et al.,

2011) to produce simulations of the last Eurasian Ice Sheet Complex (EISC) across the

last 40 ka. Numerical models take a range of approximations of ice 
ow. The approach in

PISM is that of a hybrid model, combining shallow-shelf and shallow-ice approximations, the

details of which are described in Section 2.2. Numerical models require certain boundary

21
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conditions and parameter inputs to solve the underlying ice 
ow equations. Often, the

exact values of these parameters are unknown, and a range of values need to be sampled.

An ensemble of model simulations is used in this thesis to explore the parameter space, by

perturbing the parameter values for each ensemble member.

In this chapter, I start by deriving the underlying physics used within PISM to simulate

ice 
ow (Section 2.2). Then, I describe the input parameters and boundary conditions this

thesis explores (Section 2.3). I report results from the initial ensemble experiment, which

were qualitatively checked against observations to ensure the model was working e�ectively

(Section 2.4). This led to the development of a parameterization for the precipitation to

account for continentality, described in Section 2.4.2. Finally, Section 2.5 describes the

perturbed ensemble design methods used in this project and outlines how many simulations

will be run in each chapter. The list of parameters and ranges that will be explored for each

is also summarised in this section.

2.2 Ice flow physics in PISM

Flow of an ice mass is described by the Stokes equations, which are derived from the Navier-

Stokes equations. First, we de�ne u = (u; v; w)T to be the velocity vector, where u, v

represent the horizontal velocities and w represents the vertical velocity, � is the density of

ice, g is the acceleration due to gravity, p is pressure and � is viscosity. The Navier-Stokes

equations for mass and momentum for Newtonian 
uids are

r � u = 0; �
Du

Dt
= �g �rp+ �r2u; (2.1)

respectively.

For ice sheets, we can estimate the likely orders of magnitudes for the terms in Equation

2.1. Calculating the Reynolds number, which is the ratio of inertial to viscous forces,

indicates whether the 
ow of a 
uid is turbulent or laminar, i.e. moving in layers. In this

case, the Reynolds number is very small, suggesting ice 
ows in a laminar manner, and so

the Navier-Stokes equations can be simpli�ed by removing the terms relevant to inertial

stresses. From this, the Stokes equations (Stokes, 1843) can be derived and are given as

r � u = 0; 0 = �g �rp+r � � : (2.2)

where � is the deviatoric stress tensor which de�nes the amount of deformation in each

direction.

Solving the underlying physics of how ice and ice sheets 
ow is extremely complex and
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requires a lot of computer power and time. There are ice sheet models which solve all of

the Stokes equations (e.g. Gagliardini, 2022). However, due to their computational expense,

these ‘Full-Stokes’ models can only be implemented for short time scales or small glaciers.

Several approximations can be made to simplify the Stokes system, meaning larger areas

and time scales can feasibly be modelled numerically.

The main approximation relies on an ice mass’s relatively small depth-width ratio. The

model approximations following this concept are called shallow approximations for this

reason. First, a shallow-ice approximation (SIA) can calculate the velocity of grounded

ice. In particular, an SIA model works well in areas where basal sliding is at a minimum.

The second shallow approximation is a shallow-shelf approximation (SSA), which is used in

areas where side stresses are more of a focus. This approximation is especially important in

fast-
owing areas like ice streams, and for ice shelves where the ice is not grounded and the

SIA is ill-posed. PISM combines these two shallow approximations to e�ectively calculate

the velocities across di�erent portions of an ice sheet, which the approximations on their

own would be unable to do. This combination is why PISM is often referred to as a hybrid

model.

2.2.1 Mass continuity

One important concept that PISM uses is that mass must be conserved. In this case, the

stronger condition of the mass having a continuous 
ow must be upheld and so a mass

continuity equation can be derived. Bueler and Brown (2009) gives the kinematic equations

at the surface and the base of an ice sheet; in other words, how the surface and base of each

ice column change over time. We de�ne x = (x; y; z)T to be the direction vector, where x,

y are the horizontal directions and z is the vertical direction. Let h represent the surface

elevation and b represent the bed elevation. Let M be the accumulation and S be the basal

melt rate. Then,

@h

@t
= M + wh �

0@uh
vh

1A � rh;
@b

@t
= S + wb �

0@ub
vb

1A � rb:
(2.3)

We de�ne the ice thickness to be H = h � b. Then, to calculate how the ice thickness

changes over time, we use
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@H

@t
=
@h

@t
� @b

@t
: (2.4)

Substituting in Equations 2.3 into Equation 2.4 gives

@H

@t
= (M � S) + (wh � wb)�

0@0@uh
vh

1A � rh+

0@ub
vb

1A � rb
1A : (2.5)

To simplify the equation further, we use the incompressibility property of ice. This

property ensures that the density of the ice is kept constant. Incompressibility can be

written succinctly as r � u = @u
@x + @v

@y + @w
@z = 0. By integrating this condition vertically, we

get

Z h

b

@w

@z
dz = �

Z h

b

�
@u

@x
+
@v

@y

�
dz

wh � wb = �

 
@

@x

Z h

b

u dz � uh
@h

@x
+ ub

@h

@x
+

@

@y

Z h

b

v dz � vh
@h

@y
+ vb

@h

@y

!

wh � wb = �

0@ @

@x
(H�u) +

@

@y
(H�v)�

0@uh
vh

1A � rh+

0@ub
vb

1A � rb
1A :

This can then be simpli�ed by settingH�u to be the horizontal ice 
ux,Q and

0@u�
v�

1A = u�,

leaving us with the equation

wh � wb = �r �Q+ uh � rh� ub � rb: (2.6)

Substituting the above (Equation 2.6) into Equation 2.5 gives

@H

@t
= M � S �r �Q: (2.7)

In PISM, this is how the ice thickness is calculated numerically over the spatial domain

at each time point.

2.2.2 Energy conservation

There are three sources of energy transfer arising from ice 
ow which for the purposes of

PISM can be combined into a single equation de�ning the conservation of energy; advec-

tion, conduction and the heat transferred through strain. Advection is the transfer of heat
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Figure 2.1: Depiction of a grid box in an ice column and the advection 
ux that occurs in

the x direction.

caused by the ice moving and conduction is the transfer of heat caused by atoms vibrat-

ing and colliding with other atoms, passing on heat. Firstly, the values for the advection

and conduction in the x direction, with the y and z directions calculated using the same

procedure, will be derived. The advection 
ux through one column of ice is

Advectionx = �c p

�
uT � (uT +

@
@x

uT dx)
�

(2.8)

= � �c p
@

@x
uT dx; (2.9)

where cp is the speci�c heat capacity of ice andT is the ice temperature. An illustration of

this 
ux for one ice column in the x direction is shown in Figure 2.1.

For the 
ux of the conductivity,

Conductionx = k
@T
@x

dx; (2.10)

where k is the conductivity of the ice. We de�ne FD x , FD y , FD z and � x , � y , � z be the

total 
ux de�cit and the heat transferred by strain in each direction x, y, z respectively.

Then
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FD x = � �c p
@

@x
uT dx + k

@T
@x

dx + � x dx: (2.11)

Combining the 
ux de�cits in each direction, the conservation of energy in one column

of ice, can be derived

@
@t

(�c pT dx dy dz) = FD x dy dz + FD y dx dz + FD z dx dy

@T
@t

�c p = FD x + FD y + FD z

@
@t

(�c pT dx dy dz) = � �c p

�
@

@x
uT dx +

@
@y

vT dy +
@
@z

wT dz
�

+
�

@2T
@x2

dx +
@2T
@y2

dy +
@2T
@z2

dz
�

+ � ;

where � = � x + � y + � z . Simplifying further,

@
@t

(�c pT dx dy dz) = � �c p(u � r T) + kr 2T + � : (2.12)

In PISM, Equation 2.12 is simpli�ed again omitting the second order partial deriva-

tives in the conduction term in the x and y directions due to the shallow approximation.

Also, the calculation for � is simpli�ed compared to a Full Stokes model using the same

approximation. Hence, in PISM, the equation accounting for the conservation of energy is

@T
@t

�c p = � �c p(u � r T) + k
@2T
@z2

+ � : (2.13)

2.2.3 Basal melt

The standard melting point for ice is de�ned to be 273:15 K in PISM. However, when ice is

under pressure, the melting point is altered. The more pressure applied, the freezing point

lowers, and therefore the ice melts more easily. In PISM, the pressure melting point is a

linearly decreasing function subtracting ice thickness multiplied by a parameter representing

the dependence of melting point due to depth away from the normal melting point. At the

base of the ice, the pressure melting point is especially important. Combined with the

original ice temperature and the thickness of the ice sheet, there may be basal melting, or

freeze-on in the opposite scenario. The ice melted at the base of the ice sheet is stored in
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the till. The basal melt rate, S, is described in PISM as

S� t =
cp

L

Z b+100

b
( ~T(t + � t) � T � )

�
0:2

b+ 100 � z
100

�
dz; (2.14)

wheret is time, L is the latent heat of fusion for ice, ~T(t+� t) is the predicted ice temperature

for a small time step � t and T � is the pressure melting temperature for ice. The pressure-

adjusted temperature is calculated at each point in an ice column,z. The equation for T �

is

T � = T0 � 8:66� 10� 4(h � z); (2.15)

where T0 is the melting temperature for ice and 8:66 � 10� 4 K m � 1 represents how the

melting point of ice depends on depth (Bueler and Brown, 2009).

Once the basal melt rate has been calculated, the amount of meltwater stored in the

substrate beneath the ice sheet can be found. PISM records this amount of stored water as

a representative thickness,W . Over time, this changes as follows

@W
@t

= S + K melt

�
@2W
@x21

+
@2W
@x22

�
: (2.16)

Adding the right-hand term accounts for the di�usion of some of the meltwater from

other columns of ice. The parameterK melt is half of the square of the di�usion distance for

the meltwater thickness, given to be 20 km, divided by the di�usion time for the meltwater

distance, given to be 1000 years, and so has the value

K melt =
1
2

�
20

1000

� 2

= 0 :0002:

Equivalently, Equation 2.16 means the meltwater thickness is given by the basal melt

rate with added di�usion, modelled with a Normal distribution, with mean 20 and variance

10002. The model then adjusts the temperature of the ice columns to be no higher than the

pressure melting point.

2.2.4 SIA stress balance

As there is a small depth to width ratio with continental ice sheets, as is being studied here,

the Stokes equations (Stokes, 1843) can be simpli�ed to a shallow approximation. In the

interior of an ice sheet, where the ice is grounded, the ice is very slow moving as there is

little to no basal slip. For these parts of the ice sheet, the SIA stress balance is used to

calculate the 
ow.
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The SIA stress balance is given by the equation from Bueler and Brown (2009)

�
@u1
@z

;
@u2
@z

�
= � 2(�g )n SIA A(T � )(h � z)n SIA jr hjn SIA � 1r h; (2.17)

wherenSIA is the 
ow exponent for the SIA stress balance andA(T � ) is the ice softness de-

pending on the pressure-adjusted temperature of ice. The horizontal velocity �eld, (u1; u2),

given by the SIA model can be obtained by integrating the above equation vertically, giving

(u1; u2) = � 2(�g )n SIA jr hjn SIA � 1r h
Z z

b
A(T � )(h � � ) d�: (2.18)

In the version of PISM used in this study, the enhancement factor,ESIA , is incorporated

into Equation 2.18 as well (Winkelmann et al., 2011).

2.2.5 SSA stress balance

When ice begins to 
oat, becoming ice shelves, an SSA stress balance is required as the

assumptions used for the SIA are no longer valid, as drag occurs at the sides rather than

at the bottom as in the previous section. The SSA stress balance is de�ned by the pair of

equations

@
@x

�
2��H

�
2

@�1
@x

+
@�2
@y

��
+

@
@y

�
��H

�
@�1
@y

+
@�2
@x

��
+ � b;1 = �gH

@h
@x

(2.19)

@
@x

�
��H

�
@�1
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which are solved for the SSA horizontal velocity �eld (v1; v2), using the vertically averaged

viscosity, �� ,

�� =
�B
2

(ESSA ) � 1
n SSA

�
1
2

_� ij _� ij +
1
2

_� 2
ii

� 1 � n SSA
2n SSA

: (2.21)

Here, �B is the vertically averaged ice hardness,� b;i is the basal shear stress,nSSA is the


ow law exponent for the SSA stress balance and _� is the strain rate tensor. The parameter

ESSA is the enhancement factor for the SSA model. The enhancement factors, both for

the SIA and the SSA, are included to encapsulate the anisotropic property of ice, whereby

the properties of ice are directionally dependent. Solving the above equations is much more

computationally expensive than the SIA counterpart.
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Figure 2.2: Locations where the two stress balances, shallow-ice and shallow-shelf approx-

imation (SIA and SSA respectively), are used on their own or in combination. The red

indicates the SSA component, and the blue the SIA component. Taken from Winkelmann

et al. (2011).

2.2.6 Combined stress balance

At each time step and in every grid cell, both the SIA and SSA are calculated. Then,

in PISM, the overall stress balance combines the SIA and SSA stress balances by simply

adding them together. The di�erent areas of an ice sheet can broadly be categorised into

three areas. There is grounded ice, which for the EISC is the majority of the ice. Grounded

ice near the interior of the ice sheet has negligible basal sliding, and as such, the SSA stress

balance is also negligible. When sliding becomes more signi�cant and ice velocity increases,

ice streams form. Ice streams are where the importance of the SIA stress balance starts

to decrease and the SSA stress balance becomes more signi�cant. For marine-terminating

areas of the ice sheet, there is the possibility for ice shelves to form. At the point the ice

starts to 
oat, the SSA stress is used as there is no basal drag and thus, the SIA stress

no longer captures the relevant processes. The locations where the two stress balances are

most important are shown in Figure 2.2.

2.2.7 Basal mechanics

The fast-moving sections of ice sheets achieve high velocities through basal sliding. Because

of this, geology plays an important role regarding how much friction the ice sheet's base must

overcome to slide, which in turn a�ects the ice surface elevation and thickness. The sliding

law used in this study to calculate the basal shear stress,� b, is a power law, dependent on

a velocity threshold value, uthreshold , and an exponent,q, as follows.
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� b = � � c
u

uq
threshold ju j1� q ; (2.22)

where u = ( u1 + v1; u2 + v2) and � c is the yield stress. For the yield stress, a map of

values was input into PISM with the domain area categorised. The map, from Pollard

et al. (2023) outlines the sections of varying surface characteristics, obtained using satellite

imagery, sediment thickness maps and geological mapping, and is shown in Figure 2.3. Five

categories were identi�ed: o�shore sediment, thick sediment, thin sediment, bedrock and

areas where ice streams could form. These �ve values, as well as the exponentq described

in Equation 2.22, were also perturbed in the ensemble.

2.3 Input parameters and boundary conditions

In order to solve the ice 
ow equations given in Section 2.2 and simulate the growth and

retreat of an ice sheet, input values must be chosen, and initial model design choices need to

be determined. For the initial model simulations (outlined later in Section 2.5), a horizontal

model resolution of 16 km was used with a view to performing higher resolution simulations

when the parameter space has been narrowed down. Vertically, the resolution is spaced

quadratically, providing a higher resolution output at the base of the ice (on the order of

10s of metres) compared to further up the ice column (in the order of 100s of metres), where

changes to the basal temperature are less important. These resolutions give a good amount

of detail for their purpose whilst still completing simulations in a reasonable time. The

model simulations are run from 40 ka to 5 ka, giving a complete glaciation and subsequent

deglaciation. Spatial outputs, such as ice velocity and thickness per grid cell, are produced

every 100 years, and one-dimensional outputs, such as total ice volume across the whole

area, are produced every 10 years. Often, only one of either the advance or retreat of an

ice sheet is simulated (e.g. Gandy et al., 2021; Patton et al., 2017, 2016), so this study

aimed to see if both could be modelled successfully in one simulation. The input datasets

for boundary conditions and parameter ranges for speci�c processes are described in the

following sections.

2.3.1 Climate forcing

Climate input is one of the most important and most uncertain boundary conditions when

modelling palaeo-ice sheets (Stokes et al., 2015). Climatic conditions determine the mass-

balance of the ice sheet (Section 2.3.2), and thus govern its size and extent. To calculate

mass balance, precipitation levels as well as air temperature both need to be considered.
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Figure 2.3: Categorisations of land types for assigning basal shear stress, across the model

domain, data from Pollard et al. (2023). The default values used for the basal shear stresses

and the ranges which are perturbed in the ensemble are given in Table 2.2. Modern country

outlines are shown in grey.
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The Palaeo-climate Modelling Intercomparison Project Phase 3 (PMIP3) created snapshot

climate datasets using various orbital con�gurations and concentrations of greenhouse gases

for both temperature and precipitation (Braconnot et al., 2012). From this, monthly snap-

shots are derived, showing the two metrics at the LGM, taken to be 21 ka in PMIP3, and

at 1850 AD, which is preindustrial (PI) or the time before anthropogenic carbon emissions

were produced. There are nine di�erent simulations available for the LGM alone. To en-

capsulate each of these simulations in our ensemble, a weighted average could be used for

both temperature and precipitation inputs at the PI and LGM snapshots. Using a weighted

average input would require 36 weighting parameters to account for the nine di�erent mod-

els at two snapshots and for each of the precipitation and temperature inputs. This adds a

huge amount of extra model simulations to �ll the parameter space adequately.

Two methods were used to sample the modelled climates from PMIP3 e�ciently. First,

we consulted Niu et al. (2019), who simulated the ice cover at 21 ka for the Northern Hemi-

sphere, which is approximately the LGM for the EISC, and considered output from nine

of the PMIP3 models. Figure 2.4, taken from Niu et al. (2019), shows these results. From

this output, it can be seen that some of the climate models make either far too much or far

too little ice cover over Europe. The climate models that create unrealistic amounts of ice

cover are ignored for this study. The models kept for this study are COSMOS-ASO (Budich

et al., 2010; Raddatz et al., 2007; Roeckner et al., 2003, 2004; Valcke et al., 2006; Wetzel

et al., 2004), IPSL-CM5A-LR (Kageyama et al., 2013a,b), MIROC-ESM (Ohgaito et al.,

2013; Sueyoshi et al., 2013) and MPI-ESM-P (Giorgetta et al., 2013; Jungclaus et al., 2013;

Man et al., 2014) from the Freie Universitaet Berlin, Institute for Meteorology, the Institut

Pierre-Simon Laplace, the Japan Agency for Marine-Earth Science and Technology, Atmo-

sphere and Ocean Research Institute (The University of Tokyo) and National Institute for

Environmental Studies, and the Max-Planck-Institut f•ur Meteorologie, respectively. Only

considering these four simulations reduces the initial number of weighting parameters from

36 down to 16.

The second approach to further reduce the dimensionality within the climate input, was

to perform a Principal Component Analysis (PCA). This considered the spatial variation of

temperature and precipitation between the four model outputs considered. PCA reduces the

input parameter space whilst still containing a large percentage of the variation between the

model simulations. A PCA projects the original datasets into a new coordinate system, so

each component is independent. These components are ordered by the amount of variance

each contains. Depending on the proportion of variance required, some of the components

may be found to contribute very little and can be discarded without losing too much of the

total information contained by the original data.
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Figure 2.4: Adapted from Niu et al. (2019), showing modelled ice thickness in the North-

ern Hemisphere at 21 ka driven by nine di�erent climate models. The COSMOS-ASO,

ISPL-CM5A-LR, MIROC-ESM and MPI-ESM-P climate models, circled in green, produce

a reasonable level of ice cover over Europe at this time, so these four are kept and the

remaining PMIP3 simulations are discarded for this study.
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A weighted average of the climate models is required, represented by

a1M 1 + a2M 2 + a3M 3 + a4M 4

where eachai is the weighting of the model,M i , for i 2 f 1; : : : ; 4g. After the PCA is carried

out, a model of the form

� 1P1 + � � � + � k Pk

will be used where thePi are the principal components and the� i are the new weightings,

with i 2 f 1; : : : ; kg where k < 4 is the number of principal components needed to retain an

appropriate proportion of the variance. This technique has been shown to work similarly in

Turner (2020).

Four PCAs were performed for both the precipitation and temperature data at both the

LGM and PI times. The outcome of the PCAs was that only seven principal components

are needed to retain around 73% of the total variance, outlined in Table 2.1. Without the

PCA, 16 weighting parameters would have to be included in the parameter study, four for

each snapshot and type of data. More parameters require more model simulations to explore

the unknown parameter space properly, thus the PCA approach appears to be a promising

method for reducing computational costs.

Whilst the PMIP3 simulations are a useful starting point, they only provide a monthly

snapshot for the LGM and PI periods, whereas the model simulations need a climate input

for every year between these snapshots as well. To interpolate between these values, a

glacial index approach was implemented. This approach utilises an ice core, speci�cally

GRIP (Anderson and Leng, 2004), which indicates the ratio (� 18O) of Oxygen-18 (18O) to

Oxygen-16 (16O) isotopes over time. An ice core contains trapped bubbles of air, frozen at

di�erent points in time. The air bubbles provide a record of � 18O throughout time and can

be used as a climate proxy. The GRIP core was used as it is the nearest available record

to the study area over the time period in question (Figure 2.5). At each point in time, the

Table 2.1: Summary of climate principal components and the variance they capture, per-

turbed in the initial experiments.

Climate input Number of Principal
Components

Percentage of Variance
Captured (%)

LGM Precipitation 2 78
PI Precipitation 2 78

LGM Temperature 2 84
PI Temperature 1 51
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glacial index, I (t), is calculated using the following equation

I (t) =
� 18O(t) � � 18OP I

� 18OLGM � � 18OP I
; (2.23)

for t 2 [40; 5] ka. The index is then used to adjust the temperature and precipitation rates

for the time steps of interest each month to account for seasonal climate variation. Let

Tmon (t; x; y ) and Pmon (t; x; y ) represent the monthly temperature and precipitation rates at

each time, t, and location, x, y. Then, using equations from Niu et al. (2019)

Tmon (t; x; y ) = Tmon (P I; x; y ) +
Tmon (LGM; x; y ) � Tmon (P I; x; y )

I LGM � I P I
I (t) (2.24)

and

Pmon (t; x; y )

= max
�

P �
mon (P I; x; y ) +

Pmon (LGM; x; y ) � P �
mon (P I; x; y )

I LGM � I P I
I (t); 0

�
; (2.25)

where

P �
mon (P I; x; y ) = Pmon (P I; x; y )e�h ( t;x;y )

which undoes the elevation correction at present day, described below.

In general, precipitation levels are reduced as elevation increases. PISM corrects for this

using a decay rate parameter,� , to adjust the precipitation based on the surface elevation,

h. The corrected monthly precipitation levels, P cor
mon (t; x; y ), are given as

P cor
mon (t; x; y ) = Pmon (t; x; y )e� �h ( t;x;y ) :

Similarly, we use a lapse rate
 T to adjust the temperature given a certain elevation

(Hinck et al., 2022). This reduces the calculated temperature by a linear factor of the

change in elevation, where the factor is the lapse rate. The glacial index calculations are

performed automatically in an extended version of PISM created and documented in Hinck

et al. (2022).
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Figure 2.5: Glacial index I (t) from the GRIP core over the time frame used within this

study. The times at which there are PMIP3 simulations are marked on in blue, at 21 ka

and 1850 AD.

2.3.2 Positive-degree day model

An ice sheet's size is primarily determined by the surface mass balance. The surface mass

balance of an ice sheet describes the amount of ice being added, or accumulated, compared

to the amount of ice being lost, or ablated. Surface accumulation occurs when precipitation

falls as snow or when water freezes onto the ice sheet. Surface ablation occurs through

melting and then the surface meltwater can either runo� or can refreeze back onto the ice

mass. To calculate the surface mass balance, the snowfall as well as the melt need to be

calculated. For this study, a positive-degree day (PDD) model is used for this purpose.

The precipitation input has already been de�ned using the PMIP3 simulations as de-

scribed in Section 2.3.1. However, the mass balance, the di�erence between accumulation

and ablation, also needs to be determined. For times when the prescribed temperature is

over 2°C, any precipitation falls as rain, and at times where the temperature is below 0°C,

precipitation falls as snow. Between these temperatures, a linear relationship is used to

determine the amounts of each precipitation. For example, if the temperature is 1°C, half

the precipitation will fall as snow, and the other half will fall as rain. To account for daily

variability, a small addition to the temperature is included based on the standard deviation

of the temperature input. A Normal distribution with this standard deviation is sampled,

and this value is used as the added temperature variability.

The original PDD model was formulated by Reeh (1991). This yields a double integral,

integrating over both temperature and time. When this PDD model was �rst implemented

into ice sheet models, it was assumed that it had to be solved numerically. This added
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a large computational expense to running simulations. Calov and Greve (2005) proved

that the temperature integral could, in fact, be solved analytically and therefore only the

remaining time integral needed to be solved numerically. This sped up the computation of

the PDD model signi�cantly, estimated at a 90% increase in e�ciency (Calov and Greve,

2005). The formulation used in PISM comes directly from Calov and Greve (2005) and is

written as

PDD =
Z A

0

�
p

2�
exp

�
� T2

ac

2� 2

�
+

Tac

2
erfc

�
� Tac

�
p

2

�
dt; (2.26)

where � is the standard deviation of temperature, Tac represents the seasonal temperature

changes over a year, andA is the time period to evaluate the PDD model over. The �nal

term includes a complementary error function that Calov and Greve (2005) de�ne to be

erfc =
2

p
�

Z 1

0
e� x 0

dx0:

Every week in the model simulation, the total snow accumulation and the number of

days with temperatures over freezing are summed, called the positive-degree days. Once

these values have been obtained, the new snow depth can be calculated

SnowDeptht +1 = SnowDepth t + Accumulation :

From these values, the snow melt and ice melt can be calculated using two parameters,

Fs and Fi respectively, that are varied in the ensemble that de�ne how much melt occurs

per PDD

SnowMeltmax := PDD � Fs:

If the maximum snow melt is less than the current snow depth, then the calculated melt

of snow is removed and none of the below ice is melted. If the maximum snow melt is more

than the current snow depth, all the snow is melted and the ice melt is computed as follows

IceMelt :=
�

PDD �
SnowMeltmax

Fs

�
Fi :

PISM also allows for a speci�ed proportion of the melted ice and snow, kept at a constant

60% for all simulations (Ritz, 1997), to refreeze rather than all running o�. Through this

process the runo� and the surface mass balance are both updated within the simulation.

The runo� is the total snow and ice melt with the refreeze subtracted and the surface mass

balance is simply the di�erence between the accumulation and the runo�.
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2.3.3 Grid de�nition and initial conditions

There are several input �les provided to PISM to start the simulation. These inputs are often

of varying resolutions and are also sometimes incomplete. Before any transient calculations

are performed, PISM bootstraps the input �les, ensuring all are at the correct resolution

as well as interpolating for any missing variables. To specify the resolution that we want

the output to be calculated at, there are several parameters that have to be de�ned. These

will stay the same for each member in an ensemble, but the resolution will change between

experiments.

We can isolate the domain we wish to simulate, but this needs converting into a grid

compatible with a computer model. To do this we de�ne a grid that represents the domain

with di�erent dimensions depending on the level of detail needed, an example of this is

shown in Figure 2.6. The model grid requires four directions to be speci�ed,x and y

giving the horizontal dimensions, and z and bz representing the vertical directions, from

the bed upwards and the bed downwards, respectively. Both dimensions are in metres

in each direction (de�ned as L x , L y , L z and L bz), as well as the number of grid cells

(de�ned as M x , M y , M z and M bz) to determine the model resolution. Figure 2.7 shows the

domain considered for this project. The domain is speci�ed with L x as 3696 km, andL y

as 5600 km. The corresponding number of grid cells are 231 forM x , and 350 grid points

for M y . These values were chosen for the initial simulations to have a 16 km horizontal

resolution. Vertically, we create 51 quadratically spaced layers above the bed,M z , of which

the maximum ice thickness cannot exceed 10000 m,L z . Below the bed, 11 equally spaced

layers, M bz, span 2000 m,L bz.

The model simulations all start at 40 ka, which is thought to be a relatively ice-free

time over Europe. However, there is evidence that there was a small ice mass across the

Scandinavian Mountains in Norway around this time (e.g. Lambeck et al., 2010), so this

is included in the initial PISM inputs to account for this. The initial ice thickness of this

Norwegian ice mass is taken from a perfectly-plastic ice sheet model (Gowan et al., 2016)

conducted by Ely et al. (2024) and Bradley et al. (2023).

2.3.4 Topography and glacio isostatic bed depression

Ice 
ow is also dependent upon basal topography. Basal topography for this study was

taken from GEBCO Bathymetric Compilation Group (2019). The dataset was gridded to

a horizontal resolution of 1 km, but this resolution was regridded to match the resolution

of di�erent model experiments throughout this thesis to increase computational e�ciency.

The model domain spans 46°N to 90°N and � 15°E to 110°E , outlined in Figure 2.7.
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Figure 2.6: An example model grid scheme that can be used within PISM. In this example,

M x = 3, M y = 2 and M z = M bz = 1. The values for L z and L bz are given in metres and

set the vertical resolution. The base of the ice is identi�ed by the thick black line.

As an ice sheet increases in size, the mass causes the bed to depress and the local sea

level to rise. Conversely, if the ice sheet then shrinks, the ground experiences uplift, and the

local sea level will fall. A bed deformation model is included within PISM to account for

these e�ects. The Lingle-Clark bed deformation model, described in Lingle and Clark (1985),

considers two layers below the bed, the lithosphere and the upper mantle and calculates how

ice of a certain mass deforms the bed. The model uses the 
exural rigidity or force needed

to bend the lithosphere and the viscosity and density of the upper mantle. Classically, a

simpler model is used, one that does not take into account the viscosity of the asthenosphere,

however the Lingle-Clark model does not decrease computational e�ciency (Bueler, Lingle

and Brown, 2007) as a fast Fourier transform can be used for quick computation.

Ice sheets around the globe have two e�ects on the sea level around our modelled ice

sheet. First, the overall sea level is a�ected by the total size of all ice sheets. The bigger the

total mass of ice sheets, the less water in the oceans and therefore, the worldwide sea level

is lower. When the ice sheets are smaller, the opposite is true. Secondly, other ice sheets

(e.g. Antarctica and the Laurentide ice sheets) create a gravitational attraction around the

ice, pulling water towards them. As PISM is not run on a global scale, these e�ects are not

included. To account for these processes, model data from Bradley et al. (2023) is used with

the EISC removed from the model to include these sea level changes.
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Figure 2.7: Domain considered for model experiments.




