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Abstract

We investigate the representation of the symmetric group S,, derived from lin-
earizing the action of S,, on the power set, P(X,,), of X,, := {1,...,n}, on the power
set of the power set, PP(X,), of X, and, finally, on the set of all topologies on
X, Top(X,,). Moreover, we prove that the latter two cases give an algebra faithful

representation of the symmetric group S,,.

We decompose the representation of the symmetric group S, on CY, into irre-
ducibles, for some particular invariant subsets, Y, of P(X,) and PP(X,,), in the
case n = 2,3,4. In the general case, we show that for some typical invariant subsets,
Y C PP(X,) the representation on CY is explicitly a tensor product of representa-

tions that already have an explicit decomposition into irreducibles.

We reduce the action of S,, on Top(X,) to an action on the set of reflexive,
transitive relation on X,. We use this presentation to find orbits, O C Top(X,),
such that CO is an algebra faithful representations, and orbits that are in bijection

with orbits of the action of S,, on the set of Young tabloids.
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Chapter 1

Introduction and Overview

1.1 Introduction

In the representation theory of finite groups there are special groups that, beyond
some very general level of theory, have their own special representation theory. And
then there are collections of groups that it is natural to try to study together.! For
example, an important part of the representation theory of the symmetric groups .S,
can be studied taking them together, with n as a variable. Eventually this unification
breaks down. But in principle one can still ask questions about constructions in
symmetric group representation theory that make sense for all n. Before setting out

the problems we consider here, let us start by giving some more standard examples.

Let G be a finite group and CG the corresponding complex group algebra. For
each x € CG there is an orbit under the left action of CG on itself, denoted CGx. For
example putting r = eg := > | geG 9 we have CGeg = Ceq. In other words element
eq induces a 1-dimensional left ideal and hence left module. Of course every group
has a trivial representation, and this module Ce induces the trivial representation.
In general there is a 1-dimensional space of such elements for each 1-dimensional left
ideal. The number of such ideals depends on G but for example for the symmetric

group S, there is exactly one more, corresponding to the alternating representation:

we write £, = > ¢ sgn(g) g.

LA note on references: This introduction aims for a very basic exposition, so for the most part
hopefully references will not be needed until later. The first sentences are already an example of
this. Possible general references on the collection of finite groups themselves would include [Asc04,
CCea85], among very many others; but then informally (and loosely) the general representation
theory could simply be expected to follow the ‘pattern’ of families of the groups themselves.
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Given two symmetric groups S, and S,, we write S, X.5,, for the obvious Young
subgroup of S,,1,,. Note that this induces an image of e, := eg, in CS,,,. Let
us write e,, also for the image, when no ambiguity arises. This abuse of notation is
relatively safe in that e,e,, = nle, in both CS,, and CS,,,,,. We will call an element
x a pre-idempotent if zx = ¢,z for some non-zero ¢, € C. (It follows that (1/c,)x

is idempotent.)

Given z € CS,, and y € CS,, we write x X y for the corresponding element in
CSpim- This gives a safer notation e, X 1 (or even e, X 1,,) for the image of e, in

CSyim. Similarly e; X ey € CSy and so on.

The X notation generalises in the obvious way: given a composition of n: n =
niy + ng + ... + n; we have a subgroup &ﬁzlSm of S,. For example &ézleQ is an
element of CSy. We can ask questions like: can we give closed form expression for

the irreducible content of CSy; &ﬁ.:l ey for all [ together?

Notation aside: Above we expressed n as a composition. But it will be clear
that up to isomorphism the representation CS, X'_, S,, does not depend on the
order of terms in the composition. Thus here compositions have representative
integer partitions — compositions of n such that ny > ny > ... > n;. We will write
A, for the set of integer partitions of n (thus A3 = {3,2+ 1,1+ 1+ 1} and so
on); and write A for the set of all integer partitions. Of course A,, indexes the cycle
structures of elements of S,,; and hence can also be used to index complex irreducible
representations (see later). We can note already that, denoting our partition of n
by A, and setting e, = &ﬁzlem, then CS,e, is sometimes called the Young module
Y\. We have, for example, f;,1CS, X!_, e, = 0 where n is at least [ + 1, simply by
the pigeonhole principle and the identity fyes = 0. Similarly dim(fyCS,e)) =1 —
the key fact for properties of Specht modules (see also later; here X' is transpose A).

For example, let A = (2,1). Then we have
| | | | | | | | | |

+ = |

_|_
_|_

- -
] ]
Figure 1.1: Spanning set in f(5)CSse( ).
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Note that the first two elements in Figurel.l are zero and the final four elements

are nonzero dependent.

For another example of all-n S,, representation theory let us use the category
SET. Consider the set n := {1,2,....n}. The morphism sets of form SET (n,n)
are monoids, and indeed S, is exactly the group of bijections in SET (n,n). This
means in particular that for each m the set SET (n,m) is an S,-set via the category
composition, and the space CSET (n,m) is a complex representation, for every n.
Observe for example that

£,CSET (n,2) = 0 (1.1)

for all n > 3. (A convenient way to represent elements f of SET (n,m) is by
f= f(1)f(2)...f(n),i.e. as words of length n in m such as 11122, 12122 € SET (5, 2)
— see e.g. [Gre80, §2.1]. If m = 2 then at least two of the first three ‘letters’
must be the same, and the f3 property follows.) We can deduce from this that the
irreducible decomposition of the representation CSET (n, 2) contains only irreducible
representations with integer-partition labels containing at most two components
(since these are the representations for which p(f3) = 0). Indeed f,, 1CSET (n, m) =

0 for all n, leading to corresponding decomposition result for all n for every fixed m.

Recall that every function F': .S — T defines an equivalence relation on set S by
s~ g if F(s) = F(s'). For T = m for some m, the ‘shape’ of such an equivalence
relation on finite set S is the composition of |S| giving the list of sizes of classes:
n; = |F~1(i)|. Let us write SET \(S, m) for the subset of SET (S, m) of functions of
shape A (define [A| to be >, A;, so |A| = |S]). From our proof of (1.1) above we see

that these subsets are fixed under the S,, action in case S = n. Formally we have

SET(S,m) = | | SETA(S,m) (1.2)
AeN
(with many of these subsets empty in general, unless |A| = |S|). One can check

that CSET \(n,m) = CS,e,. Note that the irreducible content of the latter outer
product is accessible by relatively straightforward counting rules (entirely straight-

forward in case m = 2; see later).

Much less straightforward is to analyse a further iteration of the SET (—,m)
operation, say, SET (SET (n,2),2), as an S,-set. This time the decomposition as in
(1.2) to SETA(SET (n,2),2) has A a composition of 2" into two parts. Hence it is

10
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given in effect by A; € {0,1,...,2"}. This A\; organises the elements into groupings
according to Pascal’s triangle. Thus for example when n = 3 and A\; = 2 there are
28 elements (the third entry in the 2% row of the triangle). Returning to our word-
representation we have SET(3,2) = {111,112,121,122,211,212,221,222}. Using
this order then for example 21212222 € SET (26)(SET (3,2),2). The Ss action is via
the place-permutations on the labeling words 111,112, and so on. One sees almost
immediately that 21212222 generates a subset of order 6 with no fixed points, thus
a copy of the regular S3-set. More generally the S, action preserves the shape of the
labelling words. And again each such shape p, say, is determined by p; (for 112 we
have p; = 2 and so on). So for given A; we can index subsets by partitions p lying
in {0,1,...,n}*. (The subset of 6 above is part of the (2,1) subset, which altogether
has order 9. The (1,0), (2,0), (1,1), (2,2), (3,1) (3,2) subsets all have order 3 and
(3,0) has order 1, making 28.) But the general structure is quite rich, beyond such

low rank examples.

Now we turn to consider constructions of form P(X) where P is the power-set
function (compare for example with Manes [Man03, Ex.2.12]) and X is an .S,-set.
In fact consider the map © : P(X) — SET (X, 2) given by O(a)(z) =1 if x € a and
= 2 otherwise. The map © : SET(X,2) — P(X) given by # € O(f) < f(z) =1
is inverse to © (see later), so they are isomorphisms. And so we can immediately
apply decomposition results for SET (n,2) and CSET (n,2) — such as those above
— to P(X) and CP(X) in case X = n (an S,-set in the obvious way). What is
less clear is the decomposition of P(X) for more general S,-sets. A very natural
case is to iterate the P function starting with X = n. This gives us a heirarchy
of representation theory questions: to determine the irreducible decomposition of
P4(n) for all n for different values of d. Of particular interest is the case d = 2. One
of our original motivating questions (nominally unrelated to stability properties in
S, representation theory) is to try to find models of low-dimensional topology (i.e.
Euclidean metric topology) in finite set topology. (A second motivating question on
the topology side was to answer, in greater generality, a for-all-n finite set topology
exam question from the Topology course [Mar21] — see later.) And of course the

set of topologies on X, denoted by Top(X), is contained in P?(X).

It is well known that a decomposition of a complex problem is breaking it down
into simple distinct parts. Each part can be represented as subsets of the original

problem to manage and better understand it. Therefore, this hierarchical partition

11
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help us to understand the original problem that we want to solve.

For example, in this work, we study P?(X) under the action of symmetric group,
first by breaking it down into closed subsets. Note that P(X) is a finite set of finite
sets. Thus, there is an integer partition that describes the list of cardinalities of
elements in an element of PP(X). We can decompose such a set of sets accord-
ing to fixing this integer partition. Let us write PyP(X) for the subset of P?*(X)
with this integer partition A (for example {{1},{1,2}} and {{2}, {1,2}} belong in
Pe1)P(X)). The symmetric group action respects this decomposition. (It is the
image under isomorphism © of the g decomposition mentioned above.) So, after
understanding this decomposition, one possible next step is to see if the action de-
composes further. Alternatively, we can pass at this stage to a linear representation
from each component of the decomposition, and attempt to decompose linearly - for

each into irreducible representations.

1.2 Overview of results

Let n € Nand X,, = {1,...,n}, a set of cardinality n. Let P(X,) be the power set
of X,,. The action of the symmetric group S, on X,,, where f.x = f(x), gives an
action of S, on P(X), where f » A = f[A], the image of A under f. This gives a
representation of S,, on CP(X,,), by linearising. In Section 3.2.2 we will show that

this is the same action as discussed in the Introduction.

As shown in the Introduction, if n > 2, the representation of S,, on CP(X,,) does
not contain all irreducible representations of .S,,, and hence the representation is not
algebra faithful. Furthermore, each irreducible representation of the decomposition
of CP(X,) into irreducible arises from Young diagram of depth < 2. In order to

prove this in a different way, we will consider the following partition of P(X,,),

where

Pz(Xn) = {A CX,: ’A| = Z}

Because each P;(X,,) is invariant under the action of symmetric group S, then we

12
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have, as representations of .9,,,

This will enable us to apply the results in [Jam06, Theorem 3.2.10], as we now
explain. Let i € {0,1,...,n}. Let Q™) be the set of young tabloids of shape
(n —1,7). Then

Pi(X,) = Q=5

as Sp-sets (See Proposition 3.2.13). A theorem in James [Jam06, Theorem 3.2.15]
then says that

CPi(X,) =2 S™M @ St g 52D g ... g §0d)

when ¢ <n —i.

A prime motivation for this thesis was to investigate the representation of S, on
PP(X,), the power set of the power set of X,,, and on the set Top(X,,) of topologies

on X,. A main conclusion is that the representations are considerably richer.

Let us look at the action of S, on CPP(X,). A general result is that all ir-
reducible representation of S, occur in CPP(X,,), and hence, we have that the
representation of 5, is algebra faithful. This is done in §4.4. In order to have finer

results, we consider the following partition of PP(X,,),
277.
PP(X,) = | |PiP(X.),
i=0

where all terms are invariant under the action of S,,. Furthermore, we can partition

each P;P(X,) into the subsets, P; [,

3 [l yeees

o] P(Xy), where aq, ..., a; € {0,...,n} satisfy

a; < ag < --- < ay, as defined below

,,,,, o]P(X,) ={A CP(X,) :|A| =1; and, picking any order on the elements of A, so

A={M,,...,M;}, then |Mi| = ayqy, ..., |M;| = asq), for some

permutation f of {1,...,7}}.

13
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We then have, see Equation (4.4):

PP(X,) = | ] Pifaran,...a P(X)

[al ----- ai}e{OJ ----- n}l

Some of the terms in the partition may be empty sets, for instance, Py, 5,0 P(Xn),

if n> 2.

Some sample results that we have are written below, and can be found in Theorem

4.3.24 and Section 4.4 are:

1. Let 0 < a; < as <--- < a; <n, then we have:

min(ai,n—a1) min(az,n—az) min(a;,n—a;)
i~ [ @ S(n_jl’jl)] ® [ @ S(n—jmjz)] QR [ @ S(n—jiyji)]
J1=0 Jj2=0 7:=0

Cpn+1,[0,1,...,n]P(Xn) = CSTLJ

the regular representation of S, and so it is algebra faithful representation of

Sh.

Now, let Top(X,,) be the set of all topologies on X,,. We know that Top(X,) C
PP(X,), and moreover Top(X,,) is invariant under the action of symmetric group S,
(see §5.1). We also have that all irreducible representation of S,, occur in CTop(X,,)
( see §5.2), and as we will see in §5.4.5 in several different ways, and hence the

representation of S, on CTop(X,,) is algebra faithful, (see §5.1.2).

We investigate the partition of Top(X,,) into orbits. Let Rel(X,) be the set of
all relations in X, that are reflexive and transitive. We recall [May03, Proposition

1.16.] that we have a bijection
Rel(X,,) = Top(X,),

which we prove in this thesis preserves the action of S,,; see Proposition 5.3.25. This
allows us to understand diagrammatically the action of S, on the set of topologies

in X,,, and in which orbits the restriction of the action of S, is free. For instance,

14
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the diagram
& ) )

1
is identified with the, reflexive and transititive relation, <, on Xy, where 1 < 1,
2<2,3<3,1<2,1<3,1<4,2<3,2<4. We can see that the action of .S; on
Orbg, (<) is not free, because: e.g let (34) € S;. Then

\ﬁ/ : \@/ : \g/

Whereas the action of Sy of the orbit of the relation <’, on X}, represented below:
()
3
<= <@1\@
1
@)

is free, and in particular C( Orbg,(<’)) is algebra faithful.

Readers may have noticed some resemblance between these diagrams of relations
and Young tabloids. We investigate this relation further in §5.4.6. In particular we
prove that the set of Young tabloids can be embedded in the set of topologies in at

least two ways, using leveled topologies.

15



Chapter 2

Preliminaries

In this chapter, we recall some fundamental concepts and some theoretical basis

that be useful in our research.

2.1 A resumé of elementary linear algebra

Definition 2.1.1. Suppose X is a finite, non-empty set. Then the free C-vector
space over X, denoted C(X), has as underlying set the set of formal linear combi-

nations, of elements of X, so

C(X) := {Z Aoz| Ay € C,for all z € X}

zeX

The addition of elements of C(X), and their multiplication by scalars in C, is defined

below:
1.
(Z )\mx> + (Z amx> = Z()\x + o)z,
rzeX zeX zeX
2.

a <Z )\zx> = (a),)r.

zeX zeX
Clearly X is a basis of C(X). By abuse of language we identify x € X with

16
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> yex 0(y, o) -z € C(X), where

0,y #z.

Definition 2.1.2. Let X and Y be finite sets. Given a map f: X — Y, the
linearisation of f is the unique linear map f#: C(X) — C(Y) such that z — f(z),
on the basis X of C(X) and Y of C(Y'). So

* (Z m) => Aaf(@).

Definition 2.1.3. Suppose X is a finite, non-empty, set. Let f: X — X be a map.
Then the trace of a linear map f#: C(X) — C(X) is defined by :

Tra(f#) = [{z € X|f(z) = 2} .

Here, |S| denotes the cardinality of a finite set S.

2.2 A resumé of group representation theory
We first introduce the symmetric group. Then we show some general concepts about
the representation of group.

Definition 2.2.1. (see for example [Frad7, Definition 2.4] and [Sag13, Section 1.1].)
Let n be a positive integer and X,, := {1,...,n}. The symmetric group, .S, consists

of the set of all bijective functions from X, to itself, with group-law fg = f o g.

Notation 2.2.2. (See for example[Jam06, pp.5].) The elements f of S, is called a

permutation.

The order of the symmetric group is given by |S,| = n!.

17
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We will frequently write an element of S,, as an array of two lines:

Let f € S,,. Then the sign of f will be defined as :

+1if f is even permutation
sgn(f) =
—1if f is odd permutation.

Given a set X, we will also consider the group Sym(X), whose underlying set

is the set of all bijections f: X — X, and with group-law f-g = f o g. Clearly

Sym(X,) = S,.

2.2.1 Generalities about group actions

Definition 2.2.3. (See for example [Fra97, Definition 3.17].) Let X be a set. Con-

sider (G, ) a group, whose identity is denoted e. A (left) group action o of G on X

is a function,

a:Gx X =X

(9.7) =g -

that satisfies the following two axioms:
1. Vg,h € Gandz € X, then g-(h-z)= (gh) - x;
2. Vx € X, then e-x = x.

A set X is equipped with an action of G is said to be a G-set.

Lemma 2.2.4. Let X be a set. Consider Sym(X) is the symmetric group on X.

Then we have an action of Sym(X) on X given by the mapping

a: Sym(X) x X — X

18
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where f -z := f(z).

Proof. We need to prove that « is a group action. This means we need to show the

two axioms in Definition 2.2.3.

1. Let f,g € Sym(X) and y € X. Then

So the axiom (1) holds;

2. Let id € Sym(X) is the identity in Sym(X), y € X. Then:

id.y = id(y)
So the axiom (2) holds.

Therefore, « is a group action. O

Definition 2.2.5. [Lanl2, pp 27.] Let G be a group. Let X and Y be G-sets. A G-
set map, also known as a morphism of G-sets, or as a map preserving the G-actions,

f: X =Y is a function X — Y such that

forallge G,z € X.

Definition 2.2.6. Let G be a group. Let X and Y be G-sets. A G-set map

f: X — Y is said to be isomorphism if it is bijection such that

9-F(x) = f(g.x),

forall g e G,z € X.
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2.2.2 Generalities about group representations

Definition 2.2.7. (See for example [Lanl12, Example in pp 8].) Let V is a finite
dimensional complex vector space. We let GL(V') denote the group of all bijective
linear map 7': V' — V. The group-law is given by the usual composition: T7T" =
ToT'

Definition 2.2.8. (See for example [FH13, Definition 1.1], [CSST10] and [Stel2,
Definition3.1.1] .) Let G be a finite group. A linear representation of G is a pair

(V, p) of a finite -dimensional complex vector space V' and a group homomorphism

p: G — GL(V)

g~ p(g).

This means that:

p(9192) = p(g1)p(g2), for every g1,9. € G.

The dimension or degree of p is, by definition dim¢ (V). If the representation p has

dimension 0, then p is called a zero representation.

Sometimes we call either V' or p is a representation and we often write gv for
p(g)(v).

Example 2.2.9. If V is any vector space, we have a representation of G on V
where p(g) = idy, for all g € G. If V = C, we call this representation the trivial

representation of G.

Example 2.2.10. Let X3 = {1,2,3}. The underlying set of the group S; =
Sym(X3), as defined in (2.2.1), is

S3 = {id, (12),(23), (13), (132), (123)}

Let V = C3. We use the basis {ej, e, e3} of C*. Any linear map 7: C3 — C3

can be represented by 3 x 3 matrix. An example of a representation of S3 in V' is
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given by the group homomorphism

p: S5 — GL(V)

o — (Tz‘j)3x3a

where
1, ifo(j) =i
rij:
0, otherwise.
Explicitly
1 00 010 1 00
plid) =10 1 of. »,A2)=110 0] ~,U23)=]|0 0 1]
001 0 0 1 010
0 01 0 01 010
p((13))=10 1 0 p((132)=11 0 o, ~,(123)=10 0 1
1 00 010 1 00

Note: This representation is called the defining representation.

2.2.3 The linearisation of a group action

Definition 2.2.11. Suppose that G has a (left) group action on a finite set X,
denoted by:

GxX—X

(9,7) = g- .
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The linearised representation of G associated to G-set X, has underlying vector

space C(X), and

g-Zaxx:Zcfx(g-x),

zeX zeX

for all g € G and

Z%HU € C(X).

zeX

Definition 2.2.12. (See for example [Stel2, Definition 4.1.1.].) Let (V,p) and
(W, p') be two linear representation of a finite group G over C. A linear map f: V —
W is called a morphism or intertwiner (homomorphism) between two representation

of G if
fr(g) = pl(g)f, for all g € G.

Lemma 2.2.13. Let X and Y be sets and G has a (left) group action on X and Y .
Suppose f: X =Y is a map preserving action of G as defined in Definition 2.2.5,
Le:

Vee X,ge G, f(g-x)=g(f(z)).

There is an intertwiner

f*:C(X) = C(Y)

Zaxx»—> Zamf(x)

zeX reX

Definition 2.2.14. Let (V,p) and (W, p') be two linear representation of a finite
group G over C. We say they are isomorphic representation if there is a linear

isomorphism ¢: V' — W such that

/

p(g)=¢op(g)og™!
for all g € G.

2.2.4 Subrepresentations of representations

Definition 2.2.15. (See for example [Stel2, Definition 3.1.10].) Let p: G — GL(V)

be a representation of a group G. A subspace W <V is said to be G—invariant if
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one has p(g)(w) € W, for all g € G,w € W.

Definition 2.2.16. (See for example [Stel2, page 16].) Let p: G — GL(V) be a
representation of a group G and W < V be G-invariant subspace. The representa-

tion

g+ p(9)

is called the subrepresentation of p on W.

Definition 2.2.17. (See for example [Stel2] Definition 3.1.15.) A non-zero repre-
sentation p: G — GL(V) of a group G is called irreducible or simple if the only
G—invariant subspaces of V' are {0} and V.

Example 2.2.18. The trivial representation of a group G is irreducible, since it has

no proper non-zero subspace.

Definition 2.2.19. (See for example[Stel2, Definition 3.1.11, pp15.].) Let(V, p) and
(V',p') be two representations of a group G over a field C. The (external) direct
sum of these two representations is the representation (V @V', p@p'), denoted by:

p®p:G—GLVaV),

where

/ /

(P& p)(9)(v,0) = (p(g)(v), p (9)(V)),
for each v € V and v € V.

Definition 2.2.20. (See for example [Stel2, Definition 3.1.21.] ) A representation
of a group G, p: G — GL(V), is called completely reducible or semisimple if it can

be written as the direct sum
VeViol,d---aV,,

where V; are G—invariant subspace and pjy, is irreducible for all ¢ = 1,...,n.

Proposition 2.2.21. (See for example [F'H13, proposition 1.8.]) For any represen-
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tation V' of a finite group G, there is a decomposition
V=aVi®ale®- - &V,

where the V; are distinct 1rreducible representations. The decomposition of V' into a
direct sum of the k factors is unique, as are the V; that occur and their multiplicities

a;, wherei € {1,... k}.

2.2.5 Characters of group representation

Definition 2.2.22. (See for example [FH13, Definition 2.1, pp 13.]) If (V,p) is a
linear representation of a group G, its character xy: G — C is the complex-valued

function on the group defined by

xv(g) = Tra(p(g)),

the trace of p(g): V. — V, on V.

In particular, we have

xv(hgh™) = xv(9),

so that yy is constant on the conjugacy classes of GG, such a function is called a class

function. Note that yy (id) = dim(V).

Example 2.2.23. Let X = {1,2,3} and suppose Ss is the symmetric group. Then

the character the defining representation of S3, shown in Example 2.2.10, denoted
by xa, 1s :
1 00

Xd(id)ZTra< 010 )=3,

Xd(l?):Tra( 100 ):1,
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Proposition 2.2.24. (See for example [FH13, Proposition 2.1].) Let V' be a repre-

sentation of G written as

V=Vie---al

where V7, ..., Vi are irreducible representations. Then

Xv =Xw + -+ Xw

where xv 1is the character of V' and xv, is the character of V;.

Definition 2.2.25. (See for example[FH13, pp. 14.] ) The character table of a
group (G is a square matrix whose rows are labelled by the irreducible representations
of GG, and columns by the conjugacy classes in (G, where the entry in row and column

is the character of the representation p on the conjugacy class .

2.3 Algebra-faithful and group-faithful represen-
tations: generalities

Definition 2.3.1. (See for example [EH18, Section 1.1.2 ].) Let G be a finite group.
The group algebra CG is C-algebra whose underlying vector space is the free vector

space CG on the underlying set of G,

CGz{Zagg where ‘v’gEG,agEC}

geG

Multiplication: let

Z agg and Z Anh

geG hedG

be two elements of CG. Then we have

(D)D) =Y aghil(gh)

geq heG gheq
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The next proposition shows that a representation of a group is essentially the

same as a representation of the corresponding group algebra.

Proposition 2.3.2. (See for ezample [EH18, Proposition 2.41.].) A representation
p: G — GL(V) of a group G on'V, gives rise to an algebra representation p: CG —
End(V'), the algebra of linear maps V- — V', given by

D g > ag(g).

geG geG

Definition 2.3.3. (See for example [Lan12, ChapterXVIII, §1].) Let p: G — GL(V)
be a representation of a group G, in a vector space V. Then p is called a group-

faithful representation of G if p is injective, i.e.
97 h = plg) # p(h).

Example 2.3.4. Let Sy = {id, (12)} be the symmetric group of order 2. Suppose

that the representation of symmetric group S, on R? is given by the map
p: Sy x R? = R?
where, for all (x,y) € R?, we have

plid)(z,y) = (z,y)
p((12))(z,y) = (y,z).
So, p(id) # p((12)). Thus, p is a group faithful.

Definition 2.3.5. A representation p: G — GL(V) of a group G is called algebra
faithful if the algebra map p: CG — End(V) is injective.

So p: G — GL(V) is algebra faithful if, and only if,

nggyéZAhh;»p(ZAgg) ¢p<ZAhh>.

gelG heG geG heG

Lemma 2.3.6. If a representation p of a group G is algebra faithful then p is group
faithful.
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Proof. Let p: G — GL(V) be a group representation. Suppose that p: CG —
End(V) is an algebra-faithful representation. This means p is injective. We want to

prove p is injective. Let g # h, where g,h € G. We know that if

Y Ag# D> b,

gea hed
then
(D Aeg) # (D ).
gea hed
If g # h, then g # h also as elements of CG. So, p(g) # p(h). Therefore, p(g) #
p(h). O

Caveat: It may happen that a representation is group-faithful without it being

algebra faithful.

Example 2.3.7. Let Sy = {id, (12)} be the symmetric group of order 2. Suppose
that V = {(z,y) € R?* : x + y = 0}. A representation of symmetric group Sy on V
is given by the map

pISQXV—>V,

(g,v) = g.v

where for all (z,y) € V, we have

p(id)(z,y) = (z,y)
p((12))(z,y) = (y, z).

It is clear that p is group faithful. We now want to show that p is not algebra
faithful. Consider the algebra map

p: CSy — End(V)

Z Qgg — Z agp(9)-

g€eS2 geES2

Let id + (12) € CS; and 0 € CS,. We do this by nothing that:

id+ (12) # 0
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but
p((id+ (12)) = 5(0)

Let us start for all (z,y) € R?, we have

(id + (12))(z,y) = id(x,y) + (12)(z,y)
= (z,y) + (y,2)
=(x+y,y+x)
=(0,0)

and

0.(z,y) = (0,0).

Lemma 2.3.8. Let G be a group.

1. Suppose that V' and W are isomorphic representations of G. If V is group
faithful (resp. algebra faithful), then W is group faithful (resp. algebra faith-
ful).

2. Suppose that W is a subrepresentation of V.. If W is group faithful (resp.
algebra faithful), then V is group faithful (resp. algebra faithful).

Proof. 1. Let p: G — GL(V) be a faithful group representation and p': G —
GL(W) be two group representations. Since V' and W are isomorphic rep-

resentation of GG, then there is an isomorphism map ¢: V' — W such that
pg)=doplg)oe.

We need to prove that p’ is group faithful. This means we need to show that
for all g1, g, € G, if g1 # go, then p'(91) # p (g2). By assumptions that p is

faithful, then p(g;) # p(g2). This implies that ¢pop(g1)od™ # pop(ge) o™t
Hence, p (1) # p (g2). Therefore, p' is faithful.

It is a similar with regarding to faithful algebra.

2. Let pjw: G — GL(W) be a subrepresentation of p: G — GL(V'). This means
for g € G,w € W we have pyw(g)(w) = p(g)(w). Suppose that W is a group
faithful. We need to prove that V is also group faithful.
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Assume that g; # g2, where g1,92 € G. Since W is group faithful, then
pw(g1) # pw(gz2). Hence, p(g1) # p(g2). Therefore, V' is group faithful.

It is a similar with regarding to faithful algebra.

]

Now, consider the left action of G on itself, by left multiplication: g.x = gz. The

linearised representation of G associated to G-set GG, has underlying vector space

C(G). Moreover:
g~ZJxx = Zom(g~x),

zelG zeqG
for all g € G and ) ., 0,0 € C(G). This gives exactly the regular representation
of G, below:

Definition 2.3.9. (See for example [ST16, Definition 4.4.1].) The left-regular rep-
resentation of GG is defined as being the representation of G on CG, seen as a vector

space, obtained from the left-action of G on G by left multiplication.

Using another notation, the left-regular representation of GG is the homomorphism

L: G — GL(CG), where g — L, defined as

L, Z aph = Z an(g.h),

heG heG

for g, h € G. Notice that on a basis element h € G, we have L,h = gh. Noting that

this representation has the well-known decomposition

D;lim(Dﬂ DD D;lzm(Ds)

where { Dy, ..., D} is a complete set of pairwise non-isomorphic irreducible CG—modules.

Lemma 2.3.10. The left-reqular representation of G is algebra faithful.

Proof. Let
L: G — GL(CG)

be the left regular representation of the group G. We need to prove that L is algebra
faithful by showing that the algebra map L:CG — End(CQG) is injective. In other
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words, we need to show that if

D NG E D g9,

geG geG

then

H(Xona) # (X a)

gelG geG

Now, suppose h € G and

> NG E D g9,

geG geG

then we have

L3 29) () = 3" A(h)

geG geG

and

LD a9 (h) = 3" pglgh).

geG geG

Take h = idg. Since

> NG # D g9,

geG geG

then this means there is at least one of elements of group ¢ such that:

Ag 7 Hg-

Therefore,

(S00) #£( S

geG geq

2.4 A resumé of the representation theory of sym-

metric group 5,

Recall we considered the symmetric group and its actions in Definition 2.2.1 and

Lemma 2.2.4.

We introduce some the representation theory of symmetric group 5, concepts and
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some examples. In addition, we recall the construction of all isomorphism classes
of irreducible representation of the symmetric group S,,, which we realise as Specht

modules.

2.4.1 Young Diagrams and Young Tableaux

Definition 2.4.1. (See for example [Jam06, Definition 2.2 | and [Ful97, pp.1].) A
partition of a positive integer n is given by an integer m € {1,2,...,n} and an

m-tuple of positive integers, (A1, Aa, ..., Ay), such that:
AL 2 A 2 2 Ay,

and

AL+ A+ Ay =0,

We write A - n to denote that A is a partition of n. The set of partitions of n is

denoted by P,.
Example 2.4.2. The number 3 has three partitions, namely (3), (2,1), (1,1, 1).

Definition 2.4.3. (See for example[FH13, pp.45] and [Stel2, Definition 10.1.4].)
A Young diagram, D, is a finite collection of square boxes arranged in left-justified
rows, with the row sizes weakly decreasing. The Young diagram associated to the
partition A = (A1, Ay, ..., \p) is the one that has m rows, and )\; boxes on the 7t}

row, fort=1,...,m.

Example 2.4.4. The Young diagrams corresponding to the partitions of 3, namely

(3), (2,1), (1,1,1), are:

(3)

(2.1) (1,1,1)

Definition 2.4.5. (See for example [FH13, pp.45] and [Jam06, Definiton 3.6].) A
Young tableau, t, is a Young diagram D, with n boxes, in which the n boxes have
been filled with the numbers 1, ..., n, with each number used exactly once. We say
that the Young tableau ¢ has the shape D. The set of Young tableax with shape D
is denoted by T(D).

31



CHAPTER 2. PRELIMINARIES

Example 2.4.6. These are all the tableaux corresponding to the partition (2, 1), of

n=3:

112 113 213 211 311 312
3 2 1 3 2

Given a Young diagram D, with n boxes, clearly has n! Young tableaux with shape

D.

Definition 2.4.7. (See for example [Ful97, pp.2].) A standard Young tableau is a

Young tableaux whose entries are increasing across each row and each column.

Example 2.4.8. The only standard tableaux with shape the Young diagram given
by the partition (2, 1), of 3, are:

2 113
and
3 2

Definition 2.4.9. A canonical Young tableau is the standard Young tableau that
fills boxes of the given Young diagram with positive integers 1,2,...,n in a lexico-

graphical ordered way.

E.g.

O | | =

2.4.2 An action of 5, on the set of Young tableaux

Lemma 2.4.10. (See for example [Jam06, pp.9] and [Ful97, pp. 83-84].) Let n be
a positive integer. Let D be a Young diagram with n boxes. Let T (D) be the set of
Young tableaur with shape D. We have an action, of S, on T (D), denoted

Su x T(D) — T(D)
(f,t) = fit,

such that:

If f €S, andt € T(D), then if a certain box of t is filled in by i then
the corresponding box of f.t is filled in by f(i).
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Example 2.4.11. Let id, (12),(123) € S3 and

113
t = .
2
Then the action of S3 on t is such that:
. 113 113
id. =
2 2
113 213
12). =
(12) 5 !
113 211
(123). 1 =

Definition 2.4.12. (See for example [Sagl3, Definition 2.1.2].) Let A = (A1, Ag, ..., Ap).
Then the corresponding Young subgroup of .S, is

These subgroups are named in honor of the Reverend Alfred Young who was among

the first to construct the irreducible representation of S, [You28] and [You29].

Example 2.4.13.

5(3,2,2,1) = 5{1,2,3} X 5{4,5} X S{G,?} X S{s}
gSgXSQXSQXSl.

We have that Sy, x,
pp-54].

Ay and Sy, X Sy, x -+ x Sy, are isomorphic as groups [Sagl3,

yoor

Definition 2.4.14. (See for example [Sagl3, Definition 2.3.1].) Let A € P,, and let
t be Young tableau of A has rows Ry, Ry, ..., R; and columns C7,Cs, ..., Cy. The

row stabilizer of ¢ is

Rt:SRlstgx"'XSRl-
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The column stabilizer of t is
Ct:SCl XSC’Z Xoee XSCk.

Noting that R, and C; are subgroups of S,,. The labels in the i** row of ¢ define a
subset R; of {1,2,3,...,n} and the labels in the i*" column of ¢ define a subset C; of
{1,2,3,...,n}.

Given a set X, non-empty, then a partition Q of X is a set of non-empty, pairwise
disjoint subsets of X, whose union is X. (This must not be confused with the notion

of a partition of an integer.)

Given a partition Q of X we put:

Sq ={f € Sym(X) [VA € Q, f(A) = A}.

So, we will use Sq instead of Sg, X Sg, X -+ X Sk, and S¢, X Sg, X -+ X 5S¢, as

shown in the example below 2.4.15.

Now, we will explain the condition for permutation o € S,, how to preserve every

row or column as follows:

The labels in the 7" column of ¢ define a subset C; of {1,2,3,...,n}. A permuta-

tion o € S,, belongs to C} if, and only if:

O'(CZ) = CZ',
for each i € {1,...,m}. Similarly, for the row stabiliser.
12
Example 2.4.15. Let A = (2,1) and t = 3 . Then we have:

Ry = S(1,2y) X Sy = S(1,23,43h)
= {id, (12)}
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and

Cy = Susp X Sizh = Squshe
= {id, (13)}.

2.4.3 Young Tabloids and Specht module

Recall that the action of S,, on the set X,, = {1,2,...,n}, where f.x = f(z). By
linearising, this gives the defining representation of \S,, denoted by C(X,,). The latter

representation is not irreducible.

In this section, we will recall the construction of other representations of 5,
which are irreducible. This is done by using certain equivalence classes of tableaux,

that are called tabloids.

Definition 2.4.16. (See for example [Sagl3, Definition 2.1.4].) Two tableaux ¢; and
ty are row equivalent, t; ~ t, , if corresponding rows of the two tableaux contain

the same elements.

Definition 2.4.17. (See for example [Jam06, Definition 3.9.].) A Young tabloid is

an equivalence class of Young tableaux under the row equivalent relation ~.

We write [t], the equivalence class of ¢, as ¢ without vertical lines between rows,

as shown in the example below.

Example 2.4.18. Consider A = (2,1) € P; and t as defined in Example 2.4.15
Then a Young tabloid will be

1 2 112121
== :{3’3}

Notation 2.4.19. Suppose A Fn. We let

e O denote the set of \ — tabloids.
e M? denote the free vector space on £*, so a basis of M is the set of A-tabloids.

Let n be a positive integer. Let A € P,. For ¢ € S, and [t] € Q% there is the
action of S,, on [t] as putting :

o.[t] ;= [o.t]. (2.1)

The next lemma shows that this operation is well-defined, in other words it is inde-
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pendent of the chosen equivalence class representative.

Lemma 2.4.20. (See for example[Jam06, pp. 15.].) Let X € P,, let t; and ty be
A—tableauz, o € S,. If [t1] = [ta] then [0.t1] = [0.t2].

As a consequence we have a representation of S, on M?, see Definition 2.2.11.

[Jam06, p.p 13.]

Proposition 2.4.21. (See for example [Jam06] 4.2.) Suppose A = (A1, Ag, ..., Am),
we have

_ N n!
dim (M?) = SN

Definition 2.4.22. (See for example [Jam06, Definition 4.3].) Let A € P,, and let

t be a A-tableau with column stabilizer C,. Set
ky = Z sgn(o)o € C(S,)
oeCt

and define

e = ky.[t]
= Z sgn(o)[o.t] € M.

oeCy

So, e; is called a A—polytabloid. If ¢ is a standard tableau, then e; is called a
standard A— polytabloid.

Example 2.4.23. Let A = (2,1) - 3 and ¢ as given in Example 2.4.15. Then the
column stabilizer will be C; = {id, (13)} and A—polytabloid will be

2

2

1 3
€t =
3 1

Lemma 2.4.24. (See for ezample [Jam006, pp.14].) Let t be a A-tableau and o € S,
be a permutation. Then

0.6t = €5t

Proof. Tt can be found in [Sagl3, Lemma2.2.3, pp.61] ]
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Definition 2.4.25. (See for example [Jam06, Definition4.3] and [Sagl3, Definition
2.3.4].) The Specht module S* for the partition X is the submodule of M?* spanned
by A polytabloids, e;, where t is A-tableaux

Theorem 2.4.26. (See for example [FH13, Lemma 4.25] .)
1. Given A n, S* is an irreducible representation of Sy,
2. If X\ # N, then the irreducible representations S*and S* are not isomorphic.

3. Given any representation, irreducible, of S, there exists a unique \ such that

the wrreducible representation is isomorphic to Specht module corresponding to

A

In particular, the Specht modules S* over C, are a complete list of irreducibl repre-

sentations of symmetric group S, over C, up to isomorphism.

Lemma 2.4.27. (See for example [Jam06] Example 14.4) Let n,m be positive in-

tegers with n —m > m and A = (n —m, m). Then

dim S—mm) — ") Z "
m m—1

2.4.4 Young symmetrizers

In this subsection we follow for example[MG18]. Let n be a positive integer. Let us
recall A = (A1,..., \y) € Py, be a partition of n and D be the corresponding Young
diagram. let ¢t be a tableau has the shape D. From Definition 2.4.14 we have two

subgroups of the symmetric group, the column and row stabilisers, Cy, and R;.

Note that C; and R; depend not only on the diagram D, supporting ¢, but
explicitly in the labels in ¢t. If ¢t ~ ¢’ then Cy; = Cy, but we do not necessarily have
Rt = Rt/.

Notation 2.4.28. Given a partition, we put C) := C; and R) := R; where t is the

canonical Young tableaux has the shape D, associated to A.

Let A be a partition of n. Now refer to [FH13, Eq (4.1) and (4.2) in pp 46], we
define two elements in the group algebra CS,, corresponding to an arbitrary A-Young

tableau ¢, namely:

A=) gecCs,

gER:
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and

B, = Z sgn(g)g € CS,,.

geCl

Define the Young symmetriser, associated to t, as follows :

Nt - At-Bt € CSTL

Example 2.4.29. Let A = (2,1) and t = . Consider R; and C; as defined in

Example 2.4.15. Then

A= > geCS
9€S5141,2},{3}}
and
B,= Y sgn(h)heCS;.

heS(q1,8y {21}

Now we have the Young symmetrizer as follows:

Nt:At.BtECS?,

= Z g. Z sgn(h)h

9€51 123,431y PES{113y 123
= (id + (12))(id — (13))
=1d + (12) — (13) — (132).

Proposition 2.4.30. (See for example [FH13, Theorem 4.3] and [JKS81, Theorem
3.1.10, Theorem 2.3.21].) Lett be a Young tableau, with support D, a Young diagram

corresponding to a partition (M1,..., \m) of n, a positive integer.

Then, Ny is an preidempotent, more precisely:

2
Nt = OétNt,
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where

n!

t:—

dim(S?)

We denoted Jo\f—: by E; that is idempotent associated to Young tableau t.
Proof. See e.g. [FH13, Theorem 4.3, on pp 46]. O
Let we have a representation of group algebra CG' as defined in Proposition 2.3.2.

So we get the following theorem :

Theorem 2.4.31. (See for example[FH13, Theorem 4.3] and [JK81].) Let, \ be
partition of n and let t be a tableauz supported on A. Let CS,, be, as before the group
algebra, of S,, and Ny € CS,, be Young symmetrizer.

1. The image of Ny, under left-multiplication by CS,,, namely:
V.= {mNt | m e (CSn}

s an irreducible representation of S,.

2. Moreover, V* is isomorphic to S* defined in 2.4.25

Proof. The first bit is in [FH13, Theorem 4.3]. The second bit follows by [JK8I,
3.1.10 Theorem and 7.14 Lemmal] O

The previous theorem hence gives an alternative construction of the Specht mod-

ules.

Definition 2.4.32. Let £, and E, two idempotents associated to Young tableau ¢

and ¢’ respectively. They are called orthogonal if their product is zero.

Definition 2.4.33. (See for example [Coh75] .) Let CG be semisimple. An idempo-

tent is a primitive if it cannot be written as a sum of nonzero orthogonal idempotents.

Theorem 2.4.34. (See for example [CR81, Proposition 9.14,(iii)].) If we have a
primitive idempotent E in a semisimple algebra, its image p(E) in one irreducible p

has trace one and the image is zero in all other irreducible.
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Theorem 2.4.35. Let n be a positive integer. Let X\ = n be a partition of n. Let
t be a canonical Young tableau, with support D, a Young diagram corresponding to
a partition \. Let (V,p) be any finite dimensional representation of S,. Then the
number of times that S appears in the decomposition of V in irreducibles is the

trace of the map

L.V —YV

v— Epv,

where E; is defined in 2.4.30.

Proof. Let

V= @m#S*‘

pkn
be the decomposition of V' into a direct sum of irreducible representation of S,
where S* is the irreducible representation corresponding partition u as defined in
2.4.26 and m, is a multiplicity of S* on V. We need to prove that the trace of L,
denoted by Tra(L), is equal m,,.

Since CS, E;.V is a left module of the group algebra CS,,, then

CS.E,.V = Pm,CS,E;S"

I

is an isomorphism of modules and
E.V = E,m,s"
o
= @ mMEtS“
“w

is an isomorphism of vector spaces. Since the trace of E; on S* from 2.4.34 is equal

1 if 4 = X and 0 otherwise (E; is primitive by the property of fy,CS, e, noted in the
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Introduction — see e.g. [Mar08]),therefore,

Tra(L) = Zék,#m#
m

:m)\

2.4.5 Young’s Rule
Let A\ be a partition of n, a positive integer.

Definition 2.4.36. ([Sagl3], Definition 2.9.1) A generalized Young tableau of shape
A, is an array t obtained by replacing the nodes of A with positive integers, repetitions
allowed. The type or content of T' is the composition p = (u1, pio, - - . , fin), Where ;

equals the number of 7's in ¢. Let

Ty, = {t : t has shape A and content u}

For example

is an element of T(3’2)(2’0’271).

Definition 2.4.37. ([Sagl3], Definition 9.2.5) A generalized tableau is semistandard
if its rows weakly increase and its columns strictly increase. We let 7y denote the

set of semistandard A-tableaux of type pu.

For example,

11114 T
c .
5 14 (3,2)(2,1,0,2)
is semistandard, however
111 T
S .
514 (3,2)(2,1,0,2)

is not semistandard.
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Definition 2.4.38. ( [Sagl3], Definition 2.11.1) The Kostka numbers are

Ko = 1Tl

Theorem 2.4.39. [Sag13, Theorem 2.11.5.]. (Young’s Rule )The multiplicity of

S* in M* is equal to the number of semistandard tableaus of shape N and content

W, i.e.,

M*" = @,\Ky,5™.
Example 2.4.40. ([Jam06, Example 14.2.] ) Let n =7 and pu = (3,2,2) . Then

M(3,2,2) ~ S(?) D 2s(6,1) D 35(5,2) D 25(4,3) ey 5(5,1,1) o 25(4,2,1) ey 5(3,3,1) D S(3,2,2)

Example 2.4.41. Let n =5 and p = (2,2,1) . Then

M(2,2,1) ~~ 8(5) D 28(4,1) D 5(3,2) D 8(2,2,1)

Example 2.4.42. Let m > 1 and p = (m, 1). Then we have

M(m,l) ~ S(m—H) ® S(m,l)

Example 2.4.43. Let m > n and p = (m,n). Then we have

M(m,n) ~ S(ern) D S(m+n71,1) D S(m+nf2,2) DB S(m,n)

2.5 Warm up: the decomposition of the action of

S, on C(X,) with |X,,| =n into irreducibles

Let n € N and X,, := {1,...,n}. As a preparation for similar calculations that
we will do later, let us use the result in Theorem 2.4.35 to prove the following well

known result.

Proposition 2.5.1. Let n be a positive integer and put X,, = {1,2,...,n}. Let
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V = C(X,), and consider the representation p of S, on V derived from linearising
the action, as given in (2.2.4), of S, on X, such that f.a = f(a), if f € S, and
a € X,.

Consider

v~
n

The Specht module S™ occurs exactly once in the decompositions of p into irre-

ducibles.

Note that S™ is the 1-dimensional trivial module.

Proof. Let

t=|112|3|...|n

be the canonical Young tableau, supported in the Young diagram given by the
partition (n) F n.

Then:

E, _dlm Z Z sen(h

geR: heCy

:%decsn.

gESn

Now we want to compute the trace of the linear map

L.V —YV

vi— Ev

and prove it is equal 1.

We use the fact that if f, f': V' — V are linear maps, and a,a’ € C then Tra(af+
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d'f") =aTra(f) + o Tra(f"). We have:

Tra(L) — Tra(p(Et))
= Tra(% > p(a))

" gESn

= % Z Tra(p(g)).

T geS,

So we need now to compute the value of Tra(p(g)). We do it as follows:

Given g € S, then, by using proposition 2.1.3

Tra(p(g)) ={z € X,|g.x = z}|

Thus we have the following:

Tra(L) = % Z Tra(p(g))

’ gESh

1
== > Hr e Xalgw =}

" gESn

by using Burnside’s Lemma (see for example [Stel2], Chapter7, Corollary 7,2,9).

So, Tra(L) is the number of orbits of the action S,, on X,,. The value of X,,/S,

is equal to 1, because, given any z € X,,:

Orbg, (z) = {f(2)[f € Sn}
= X,,

because given any z,y € X,,, there exists a bijecton f: X,, — X, such that f(x) =
Y. O

Notation 2.5.2. ¢: S,_1 — S, is the inclusion homomorphism that means:

Let f € S,_1s0 f: X;,-1 — X,,_1 is a bijection. Then ¢(f) € 5, is

44



CHAPTER 2. PRELIMINARIES

the bijection ¢(f): X,, — X,,, such that:

Proposition 2.5.3. Let n be a positive integer and X,, = {1,2,...,n}. Let V =
C(X,), and consider the representation p of S, on V derived from the action of S,
on X,, such that f.a = f(a), if f €S, and a € X,,.

Consider

(n—1,n) =

n—1

The Specht module ST~V occurs exactly once in the decompositions of p into irre-

ducibles.

In the following proof, we will denote each element of X, as [a], where a €

{1,...,n}.

Proof. Let

t =

n

be the canonical Young tableau, supported in the Young diagram given by the

partition (n — 1,1) F n. Then:

: (n—1,1)
E, = dim (5™7%7) Z g Z sgn(h)h

n!
geR: heC:

-1
N ' Z t(g).(id — (1n)), by Lemma 2.4.27,
n!

gESn—_1

where, ¢(g) defined as in Notation 2.5.2.
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Now we want to compute the trace of linear map

L:V—V

v— F; v,

and prove it is equal 1.

Let us chose the basis X, of V. Let us determine the value of

(E:KQW—OMOM]

gESn—_1
N -~ 7

K

for a € X,,. We consider several different cases.

e Suppose [a] € {2,...,n — 1}, then K.[a] = 0, because

(id = (1 n)).[a] = id.[a] — (1n).]a]

= la] — [a]
= 0.

e Suppose a = [1]. Then

and

Yo =)= > g - > dg)n]

gE€Sn—1 gESn 1 gESH_1

= A — B.
We compute each term separately, noting that we just need to find out the
coefficient of the basis element [1], for it is only contribution for Tra(L).

— The coefficient of [1] in A is the number of permutations in S,,_; that fix

1. These are exactly (n — 2)! of them.

— Now, if g € S,_1, then ¢(g).[n] # [1]. Thus, the coefficient of [1], in B, is

Zero.
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e Suppose a = [n], then

(id — (1 ). [n] = [n] - [1]

and

Y ol =1 =Y ug)nl - > gy

gESn—1 geESh—_1 gESH_1

= A — B.
We compute each term separately, noting that we just need to find out the

coefficient of the basis element [n], for it is only contribution for Tra(L).

— If g € S,_1, then «(g).[n] = [n]. So A =|S,_1|.[n]. Thus the coefficient
of [n] is (n — 1)!.

— If g € S,,—1, then ¢(g).[1] # [n]. Thus, the coefficient of [n] is zero.

So we have the following table to show the contributions for the trace of L:

Therefore, we have the following :
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rra(t) = "= (0= 20+ 0 - 1))
— n; 1<<n_2)l(1+n_ 1))
n— 1(

]

Proposition 2.5.4. (See for example [Jam06, Example5.1, pp.18].) Let n be a
positive integer and X,, = {1,2,...,n}. Let V = C(X,,), and consider the represen-
tation p of S, on V derived from the action of S, on X,,, such that f.a = f(a), if
fes, anda € X,. Then

Vgt g gLl

Proof. Since V' is semisimple, then the decomposition of V' into irreducible represen-
tation is unique form Proposition2.2.21. We know from Propositions 2.5.1 and 2.5.3
that both S and S™~11) appear exactly once in the decomposition into irreducible
representation. Therefore, there is no space for more irreducible representation to

appear. Let us now check the dimensions of them. So,
dim(V) =n
and

dim (S(n) D S(nfl,n)) =dim (S(n)) + dim (S(n71,1))
=l14+n-1

=n.
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Chapter 3

Group G actions on power sets of

(7-sets

3.1 Notation for subsets P;(5) of power sets

Definition 3.1.1. Let S be a set. The power set, P(S), of S is the set of all subsets

of S, in other words

P(S):={A: AC S}
Remark 3.1.2. Let S be a finite set. The number of subsets of S is |P(S)| = 2°I.
Example 3.1.3. Recall X,, ={1,2,...,n}. Then

P(Xo) = {0}

P(X1) = {0, {1}}
P(X2) =10, {1},{2}, {1.2}}.
Notice the similarity of this sequence with Pascal’s triangle.

Notation 3.1.4. Let S be a finite set. Given a non-negative integer i, we will use

the following notation

Pi(S):={ACS:|A =i} CP(S).
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Observe that s

P(S) = |_|7D,-(S). (3.1)

Where the notation,
X

X - |—| Ai;
i=1

means that
|X|

X = U Ai?
i=1
and that given ¢, j, with i # j, then 4, N A; = 0.
Remark 3.1.5. The number of subsets of S with cardinality i is | P;(S) |= (%)

Example 3.1.6. Let S = X5 = {1,2}. Then we have

Po(Xz) = {@}
Pi(X2) = {{1},{2}}
Pa(Xa) = {{1,2}}
Note that for any set S we have
Po(S) = {0} (3.2)

So Py(S) is never empty. And for each set S there is another set whose elements are
the singleton sets each containing one element of S. This is P;(S). This is empty if

S is empty.

Let S be a set and let f: S — S be a function. For A C S we will use the

notation

fIA1 = {f(a) : ac A}, (3.3)
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3.2 Group actions on power sets of (G-sets

Lemma 3.2.1. Let G be a group and S be a G-set, as defined in 2.2.3 above, with

action denoted:

a:GxS—= S

(9,8) — g.s
(I) We have an action of G on P(S), given by the mapping
»: G xP(S) = P(S5)
defined as:
If g € G, thengiven A C S, then g » A = {g.ala € A}.
(II) For any g € G, then |gw» A| = |A].

Proof. (I) We need to prove that » is a group action. So, we will show the two

axioms in Definition 2.2.3.

1. Let g,h € G and A C S. Then

g» (h» A)=gw» {hala € A}
={g.(h.a) : a € A}
={(gh).a:a € A}
= (gh) » A.

So the axiom (1) holds;

2. Let Idg is the identity in G, A C S. Then

Idg» A= {[dg.a|& € A}
={a:a€ A}
= A.

So the axiom (2) holds.
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Therefore, » is a group action.

(IT) Given that we have an action, fixing g € GG, the map S — S sending s to g.s is

a bijection. O

Example 3.2.2. Let X,, = {1,...,n}. We have an action of S, on X,,, where
fx = f(z). Applying the previous result this gives an action of S, on P(X,).
Explicitly:

»: S, X P(X,) — P(X,),

where if (f: X,, = X,,) € Sy, then given A C X, :

foA={fa|lac A}
={f(a) | a € A}
= f1A].

In the next lemma, we restrict the group action on P(S) and the group action

closes on P;(.S).

Lemma 3.2.3. Let G be a group and S be a G-set, as defined in 2.2.3 above, with

a:GxS—= S

(9,5) > g.s

Suppose P;(S) is the set of subsets with cardinality i as defined in 3.1.4. We have
an action of G on P;(S), given by the mapping

defined as:

If g € G, thengiven A € P;(S): gw» A={g.ala € A}.

Proof. The result follows from Lemma 3.2.1(II). ]

In particular, we have an action of S,, on P;(X) where f » A = f[A].
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3.2.1 Warm up: the decomposition of the action of S, on
C(Py(X,)) and C(P(X,,)) into irreducibles
In this subsection, we let n € N and X, = {1,...,n}.

Lemma 3.2.4. Let i € {0,...,n}. Consider the action », of S, on Pi(X,) as
defined in 3.2.3. Let p; be the linearised representation of S, on CP;(X,,). Consider

(n) =

The Specht module S™ occurs exactly once in the decompositions of p; into irre-

ducibles.

Proof. Let

t=|1[213]|...|n

be the canonical Young tableau, supported in the Young diagram given by the

partition (n) F n. Then:

dim S™
Ey = ol Z 9 Z sgn(h)h

geR: heC:

:%decsn.

" gESn

Using again theorem, 2.4.35 we want to compute the trace of linear map

v— E;p v,

and prove it is equal to 1.

By using the fact that if f, f: V — V are linear maps, and a,a’ € C then
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Tra(af + d'f') = aTra(f) + o’ Tra(f’), we have

Tra(F) = Tra(pi(E))

= Tl“a(% > pz-(g))

T geSs,

1

=D Ta(pi(g).
" gESn

We need now to compute the value of Tra(pi(g)). We do it as follows, using again

Proposition 2.1.3:

Given g € S, then :

Tra(pi(g)) =|{A € Pi(X,)) | g» A = A}]
= | Pi(Xn)?l.

Here recall P;(X,,)? is the set of the elements of P;(X,,) that are fixed by g.

Thus we have the following :

Tra(F) = % Z Tra(pi(g))

gESH

= |P;(X,)/S.| by using Burnside’s Lemma.

So, Tra(F') is the number of orbits of the action S, on P;(X,). The value of
P;(X,) is therefore equal to 1, because, given any A € P;(X,,)

Orbg, (A) ={f» A|f € S,}

because any pair A, B € P;(X,), there exists a bijecton f: X,, — X, such that
flA] = B. O

Proposition 3.2.5. Let n > 1. Suppose that
Po(X,) ={AC X, :|A| =0}.
Let V.= CPy(X,), and consider the representation p of S, on V derived from the
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action of S, on Po(X,), such that: f » A = f[A] as defined in lemma 3.2.3 , if
fes, and A € Py(X,). Then:
Vst

Proposition 3.2.6. Consider the action », of S, on P1(X,) as defined in 3.2.5.
Let py be the linearised representation of S, on CPy(X,,). Consider

(n—1,n) =

~\~
n—

1

The Specht module S™ 11D occurs exactly once in the decompositions of p; into

irreducibles and n > 2.

Proof. Let

t =

n

be the canonical young tableau, supported in the Young diagram given by the par-

tition (n — 1,1) - n. Then:

dim (S=1Y)
E, = T Z g Z sgn(h)h
geR: heCy
n—1

- Z t(g).(id — (1n)).

geSnfl

where, ¢(g) defined as in Notation 2.5.2.

Now we want to compute the trace of linear map

v— F; v,

and prove it is equal 1.
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Let us chose the basis P;(X,,) of CP;(X,,). Let us determine the value of

( > L(g).(id—(ln))) > v

gESn—l

N J/

-~
K

for v € P1(X,). We consider several different cases.

e Suppose v = {a},1 < a < n, then K » v = 0, because

(id— (1 n)) »v=1id» {a} — (1n).{a}

= {a} — {a}
=0.

e Suppose v = {1}. Then

(id — (1 n)) » {1} = {1} — {n}

and

YooUgr {—{nh)= > w1} = D g {n}

gESn—l gesn—l gesn—l

= A — B.
We compute each term separately, noting that we just need to find out the

coefficient of the basis element [1], for it is only contribution for Tra(L).

— The coefficient of {1} in A is the number of permutations in S,,_; that

fix {1}. These are exactly (n — 2)! of them.

— Now, if g € S,,_1, then «(g) » {n} # {1}. Thus, the coefficient of {1}, in

B, is zero.

e Suppose v = {n}, then

(id — (1 n)) » {n} = {n} — {1}

and
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Yooy » {ny—{1H)= > ugwin} = D g > {1}

gESn—1 geESH—_1 gESH—_1

= A — B.
We compute each term separately, noting that we just need to find out the

coefficient of the basis element {n}, for it is only contribution for Tra(L).

—If g € S,_1, then ¢(g) » {n} = {n}. So, A = |S,_1].{n}. Thus the
coefficient of {n} is (n — 1)\

— If g € S,,—1, then «(g) » {1} # {n}. Thus, the coefficient of {n} is zero.

Thus, we have the following table to show the contributions for the trace of L:

{a}, l1<a<n 0
{1} (n —2)!
{n} (n—1)!

Therefore we have the following :

Tra(L) =
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Proposition 3.2.7. The map

h: X, — Pi(Xn)

x— {z}

18 bijective and it preserves the action of symmetric group, S,.

Proof. Tt is obvious that h is bijective. We need to show that if f € S,,, we have

h(f.xz) = f» h(z)

Let us start:

h(f.x) = h(f(z))
={f(z)}.

Now,
o (h(z)) = f»{z}
={fx:xe{x}}
= {f(2)}
Therefore, h preserves the action of S,,. O

Recall that f# is defined in Lemma 2.2.13

Proposition 3.2.8. The map
h#: C(X,) — CP(X,)

s an isomorphism of representations of S,,.

Proof. From Proposition 3.2.7, we have a bijective map preserves the action of S,
from X, to Pi1(X,). It gives an isomorphic representation of S,, that means that

C(X,) = CPy(X.). O
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Proposition 3.2.9. Let n > 2. Suppose that
Pi(X,) ={ACX,:|Al =1}

Let V. = CP1(X,), and consider the representation p of S, on V' derived from the
action of S, on P1(X,), such that: f » A = f[A] as defined in lemma 3.2.3 , if
f €S, and A € Py(X,). Then:

Vgt g gLl

Proof. We note that C(X,,) is isomorphic representation of S, to CP; (X,,) by Propo-
sition 3.2.8. Also, from proposition 2.5.4, we have C(X,,) = S™ @ S™=11_ There-
fore,

CPi(X,,) = S @ sr—1Y

We will use these type of techniques a lot in this thesis.

3.2.2 The decomposition of the action of S, on CP;(X,,) into

irreducibles, where 0 <1 < n.

In the previous subsection we gave elementary proofs of the decomposition of the
linearisation of the action of S,, in P;(X,,) into irreducibles, for i = 0,1. We now
deal with the general i case, by using a classical result appearing e.g. in [Jam06]

and [Will4].
Let n € Nand X,, = {1,...,n}. Let i € {0,...,n}, with i <n/2.

Recall that Q%9 from 2.4.19 is the set of young tabloid of shape (n —4,4). This
has an action of S, defined in (2.1). We recall that M®™~%9 is the free vector space

on Q™) so it has linearised representation of S, as in 2.4.3.

Theorem 3.2.10. ( [Jam06, Example 17.17, pp 71 |.) Leti € {0,...,n}, with

i <n/2. The representation M™% of S, decomposes as below, into irreducibles:

M=ii) 2 g0 @y Gn—11) gy §(=22) | gy Gln—ivi)
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Note that the computation in this theorem follows the Young Rule in Theorem

2.4.39.
Recall that
Pi(Xn) ={AC X, :|Al =i} CP(X,).
We will now show the decomposition of the representation of the action of S,, on
CPi(X,). Let us first to define two maps as follows:

Definition 3.2.11. Define the map
a: Pi(X,) — Qi)
such that given {zi,...,2;} € Piy(X,), then a({xy,...,z;}) is the unique Young

tabloid of shape (n — 4,4) which contains x1,...,z; in the second row.

Definition 3.2.12. let Q"% be the set of Young tabloids of shape (n—i, 7). Define
a map

v Q) Pi(X,)

such that given [t] € Q%) then v([t]) is the subset of X,, of cardinality ¢ whose

elements are the labels of the second row of [t].

Proposition 3.2.13. The maps
a: Py(X,) — Qo)

and

v: Q) Pi(X,)
are mutually inverse to each other and preserving the action of S,,.

Proof. Firstly, we need to prove that v: Q™=%) — P;(X,) which is defined in
3.2.12 is the inverse of the map a: P;(X,,) — Q%9 that is defined in 3.2.11 and «

preserves the action of S,,.

1. We want to show that

aoy = Ildom-i.

Let [t] € QM™~%) be an unique young tabloid of shape (n —i,7) which contains
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Z1,...,2; in the second row.

We now need to show that a(v([t])) = [t]. By definition 3.2.12 we have:

() = {1, 22 2}

Since ([t]) = {z1,22...,2;} € P;y(X,), then from Definition 3.2.11 we have
a(v([t]) = a{xy, 2. ..,2;}) is the unique young tabloid of shape (n — i,1)
which contains x1,...,z; in the second row. Thus, a(v([t])) = [t]. Therefore,

v is the inverse of «.

2. We need to show that if f € S, and {x1,...,2;} € P;(X,,), then

alf» {xy,...,z;}) = f(a({z1,...,2;}). Let us start:

L.HS =a(fw» {z1,...,2;:})
= a({f(xl)77f(xl)})

This means a({ f(z1), ..., f(x;)}) is the unique young tabloid of shape (n—i, 1)

which contains f(z1),..., f(z;) in the second row from definition 3.2.11.

R.H.S = f.(a({xy,...,x;}), by definition 3.2.11 we have that a({x1,...,z;}) is
the unique young tabloid of shape (n—1,7) which contains z1, ..., z; in the sec-
ond row. Then when we act f on young tabloid, we have that f.(a({z1,...,2;})
is the unique young tabloid of shape (n — ¢,7) which contains f(x1),..., f(z;)

in the second row. Therefore, o preserves the action of .9,,.

Secondly, we need to prove that a: P;(X,,) — Q%) which is defined in Defi-
nition 3.2.11 is the inverse of the map ~v: QM%) — P;(X,,) that is defined in 3.2.12.

Also, we need to show that 7 is preserving the action of S,,.

We will show that
Yoo = Idpi(Xn).

Let A= {zy,...,2;} € P;(X,). Then by definition 3.2.11 a(A) is the unique young

tabloid of shape (n — 7,4) which contains z1,...,x; in the second row. Hence, by
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using definition 3.2.12

Y(a(A) =A{z1,...,2;}

Thus, « is the inverse of 7.

Recall that f# is defined in Lemma 2.2.13:

Proposition 3.2.14. The map
ot CPi(X,) — CQr=4)
s an isomorphism representation of S,,.

Proof. Since there is a bijection preserving the action of S,, by Proposition 3.2.13,

then we gives an isomorphism of representation of .S,, that is

CP;(X,) = CQ=i9),

This means we have :

Theorem 3.2.15. Let X, = {1,2,...,n} and i € {0,1,2,....,n}. Then when i <
n—1,

CPi(X,) = 8™ @ SO=LD) g g(n=22) ... gy Gln=isi),

Proof. We know that CP;(X,,) = CQ™~%) from the previous proposition 3.2.14 and

therefore from James’s Theorem 3.2.10 we get the required. O

Recall that if f: X — X is a bijection, and A C X, then f(X \ A) = X \ f(A).

Proposition 3.2.16. Let n be non-negative integer. Let i € {0,...,n}. Then the
bijection

Pi(X,) L Poi(Xn),
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such that
A A,

where A = X, \ A, preserves the action of S,. So we have an isomorphism of

representations of S, if i >n —i. Le.
CPi(X,) = CP,—i(X,).

Proof. 1t is clear that ¢ is bijective. We first need to show that if f € S, then we
have g(f » A) = f » g(A). Let us start

LHS=g(f» A

= g(f[A])
=X\ f[4]
= f[Xa\ 4]
= f[A]

R.H.S=fw»g(A)
—fr A
= J14]
Hence, ¢ is preserving the action of S, and therefore it gives an isomorphism of
representation of .S,,. O

So we can apply the previous result, which gives.

Lemma 3.2.17. Let X, = {1,2,...,n} andi € {0,1,2,...,n}. Then wheni > n—i,

CP’L(Xn> ~ S(n) D S(nfl,l) D S(n72,2) e D S(z,nfz)

Hence, combining with Theorem 3.2.15 we have:

Lemma 3.2.18. For alli € {0,...,n}, we have:

min(i,n—1)

@ S(n—a,a) )

a=

I

CPi(X,)
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Corollary 3.2.18.1. The decomposition of the action of S, on CP;(X,,) into irre-
ducibles has only tableaux with two rows. That is, the irreducibles are indexed by

Specht modules labelled by partitions with at most two rows.
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Chapter 4

The irreducible content of the

representation of 5,, on some

invariant subsets of P,;P(X),)

4.1 The action of G on P(P(S5)), where S is a G-set

In this section , we describe some notations we will use them later.

4.1.1 Notation for subsets P;P(S) of PP(S)

Notation 4.1.1. For S a set, we use the notation PP(S) = P(P(S)) for the power

set of the power set of S. In other words,

PP(S) = {A: AC P(S)}.

Remark 4.1.2. The number of subsets of P(S) is [PP(S)| = 22",

Example 4.1.3. Let X, = {1,2}. We know

P(Xo)={0, {1}, {2}, {1,2}}.
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Therefore,

PP(X>) ={0,
{03, ({133, {24, {{1,2}},
{0, {13340, 423 3,40, {1, 233, {13 {23 {40 {1 23 {425, {1, 23,
{0,411, 4233, 40, {13, {1, 23}, {0, {2}, {1, 2}}, {{1}, {2}, {1, 2}},
{0.{1}.{2}, {1,2}} }.

Notation 4.1.4. Let S be a set. Let ¢ be a non-negative integer. We let P;P(S)
be the set:
PP(S):={ACP(S):|Al =i} CPP(S).

Observe that
2lS|

= |_|7Dﬂ>(5). (4.1)
For example let X, = {1,2}. Then we have:
o PoP(X2) = {0}.
o PIP(Xs) = {0}, {13} {{2}}, {1, 23}
o PoP(Xs) = ({0, {133, {0, {23}, {0, {1, 233, {{13, {233, ({13, {1, 23}, {2}, {1, 2}
o PsP(Xo) = {0, {1}, {23}, {0, {1}, {1, 2}}. {0, {2}, {1, 23}, {{1}, {2}, {1, 2} }}.

o PiP(Xo) = {{0, {1}, {2}, {1,2}}}

Therefore, we have  PP(Xy) = PyP(Xz) U PiP(Xz) U PyP(X2) U PsP(X3) U
PyP(Xs).

For {1,2,3} we have for example
PoP({1,2,3}) = {0, {1}}, {0, {23}, {0, {3}}, {0, {1,2}}, {0, {1, 3}},{0,{2,3}}, {0,{1,2,3}},

{0 205 0 31 {081 (23 (0 A 233, ({2341, 233, {3}, {1, 2} ),
{0 AL 3 {20 AL 301 {080 {1, 33, ({1, {2,331, {23, {2,311, {{8), {2, 33}, -
{1h 412,30}, - 125 {131 {({1,23,{2, 33, {{1, 35, {2, 33}, - {{2,3},{1,2, 3} } ).

(4.2)
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It will be clear from this example that these S,-invariant subsets themselves have

invariant subsets. In §4.3 we determine these.

4.1.2 Notation for group actions on the power set of the

power sets of a GG-set

Lemma 4.1.5. Let GG be a group and S be a G-set, as defined in 2.2.3 above, denoted

a:GxS—= S

(9,5) ¥ g.s

(I) We have an action of G on PP(S), given by the mapping
>: G x PP(S) = PP(S)
defined as:

g>A={gw»alac A}

where g € G, {a:a € A} := A € PP(S) and where » is defined in 3.2.1.

(II) For any g € Gand A € PP(S), we have |g > A| = |A|.

Proof. (I) We need to prove that > is a group action. This means we need to show

the two axioms in Definition 2.2.3.

1. Let f,g € G and A € PP(S). Then

g (fA)={g» (f»a):ac A}
={(gf)» a:a€ A}, by Lemma 3.2.1

=(go f)>(A).

So the axiom (1) holds;
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2. Let I the identity of G, A € PP(S). Then

I A={Iwa:ac A}
={a:a € A}, by Lemma 3.2.1
= A.

So the axiom (2) holds.

Therefore, > is a group action.

(IT) Given that we have an action, fixing g € GG, the map S — S sending s to

g.s is a bijection.

]

Example 4.1.6. Let X,, = {1,2,...,n}. We have an action of S,, on X, where
f.a = f(a) Applying the previous result this given an action of S, on PP(X,).
Explicitly :

>: S, x PP(X,) = PP(X,)

defined as

foA={fwa:ac A} ={fla] :a € A},

where f: X,, — X,, € S,and A € PP(X,,), noting A ={a:a € A}.

Lemma 4.1.7. Let G be a group and S be a G-set, as defined in 2.2.3 above, with

a:Gx S =S

(9,8) — g.s

Suppose P;P(S) is the set of subsets of subsets with cardinality i as defined in 4.1.4.
We have an action of G on P;P(S), given by the mapping

>: G x P;P(S) = PiP(S)
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defined as:
If g € G, then given A € P;P(S) :g> A= {gw» ala € A}.

Proof. The result follows from Lemma 4.1.5 (II). O

In particular, we have an action of S,, on P;P(X) where f>A={f»a:a € A}

4.2 The decomposition of the representation of 5,

on CP;/P(X,) into irreducible for 2 <n < 4.

The tables 4.1, 4.2, and 4.3 , below, show the decomposition of the representation
of S, on CP;/P({1,2,3,...,n}) into irreducible for 2 < n < 4. The full calculation
were done by using GAP, Python, and the character table for Specht module of S,
(see[Gib21]) and the code can be found in the Appendix A.

The method that we used to decompose the representation of the ac-

tion of S,, on CP;P(X,) into irreducible has many steps as follows:

1. Using GAP to calculate the points which are moved by a permutation in the
action of S,, on CP;P(X,,) that can be found in 2.4.3.

For example, Let n = 2 and ¢ = 2. Then ,by using GAP, we have the number
of the points are moved by permutations id,(12) € Sy in the action of Sy on

CPyP(X2) which are 0 and 4 respectively.

2. Calculating the number of fixed points by the following equation:

2n
( , ) — the number of the points are moved that be calculated in Step 1.
i

For example, we need to calculate the number of fixed points by permutation

id and (12) in the action of Sy on CP,P(X5), so we have

(-
(-
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respectively.

3. Constructing the system of equations as a matrix where the rows correspond
to cycle types and the column correspond to irreducible characters for the
Specht module S* can be founded in [Gib21] and the last column will be the

number of fixed points that are calculated in Step 2.

For example, we use the character table of S5 and the number of fixed points
to construct the matrix where the rows correspond to cycle types ( the first
row correspond to ¢d and the second row (12) ) and the column correspond to
irreducible characters for the Specht module S* (the first column correspond
to irreducible character for S®, the second column correspond to irreducible
character for S1*)) and the last column will be the number of fixed points that

be got in step 2). The matrix is :

4. Using proposition 2.2.24 and Python to solve this system that can be found

4

Therefore, the representation of the action of group Sy on CP,P(X;) has 4

the code in A.2 and we get

copies of trivial representation S? and two copies of S0 Te.

CP,P(X,) = 45 g 250D

We will see later how this can be obtained by using more general techniques in

the next sections.
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Table 4.1: The decomposition of the representation of Sy in CP;P(X5) into

irreducibles.
[ crpen) | Seeet Moae s ]
CPyP(X3) S
CP,P(Xy) 35 s
CP,P(X>) 4532 2801
CPsP(Xs) 352 gLy
CPsP(X>) S

Table 4.2: The decomposition of the representation of Sz in CP;P(X3) into

irreducibles.
CPyP(X5 S®)
CPiP(X3 486) 281
CP,yP (X5 95®) 951 g0y
CPsP(X5 1653 18821 451)°

(X3)
(X3)
(X3)
(X3)
CP,P(Xs) 205®) 22521 6501)°
(X3)
(X3)
(X3)
(X3)

CPsP(X; 165®) 18521 45(1)°
CPsP(Xs 95®) 9521 gy’
CP/P(X5 48G) 251
CPsP (X3 SG)
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Table 4.3: The decomposition of the representation of Sy in CP;P(X4) into

irreducibles.
CPyP(X4) S@
CP,P(Xy4) 554 356G §(22)
CP,P(X,) 175@W 21861 11832 8511
CPsP(X,) 5254 88531 51522 4552 1,1),75MW"
CPsP(Xy) 136S™, 267531159522 175511 405D
CPsP(X,) 2845™ 616531 377522 455511 1175M*
CPsP(X,) 4775 1105963 689522 8685211 234,51
CP;P(Xy) 6555, 1561531, 9795(22) 12645311 35251
CPsP(X,) 7305™, 175053, 1098512 1430511 4045M)*
CPyP(X4) 6555, 1561531, 9795(22) 12645211 352501
CP1P(X,) 4775 1105531, 6895(22) 8685211 234501
CPLP(X,) 2845™ 616531 377522 4555211 1175MW"
CP1oP(Xy) 1365W, 26756 159822 175521 405M)"
CP1sP(Xy) 525 885G 515022 4552 1 1), 75W*
CP1P(Xy) 175® 21530 11522 65211
CP1sP(Xy) 554 356G §(22)
CP16P(Xy) S@

We have seen from the previuos tables there is a duality as follows: Let ¢ €

{0,1,...,n}. Suppose that X,, = {1,...,n}. Then the bijection

such that

where M = P(X,,) \ M preserves the action of S,. So we have an isomorphism of

representations of S,. l.e.

PP(X,) L Pon_P(X,0),

M

CPP(X,) = CPan_;/P(X,).
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4.3 Some subsets P, ,, .1 P(X,) of P/P(X,)

Let us now prepare to explain the low-rank decomposition tables 4.1, 4.2, 4.3 using
explicit calculations; and to go to the general case. A crucial step is a decomposition

of P;P(X,,) into subsets closed under the action of .S,,.

Recall that an integer partition is a multiset of natural numbers, usually written
in non-increasing order. Example (7,3,3). The set A’ of ‘special’ integer partitions
is two disjoint copies of the set A of integer partitions, with elements of the second
copy distinguished by ending in 0, thus (7, 3,3,0) and so on. That is, special integer
partitions are multisets of natural numbers allowing also 0, but the multiplicity of

0 is at most 1.

(4.3.1) The ‘shape’ of A € PP(X,,) is the multiset of orders of its elements as sets,
denoted sh(A). Example sh({0,{1},{2},{1,2}}) = (2,1,1,0). Observe that for
A € P/P(X,) then sh(A) is given by a sequence of length i (ending with at most

one 0).

Observe that a function f : S — T on a set S induces a partition of the set into
the inverse images of elements of the codomain 7. Thus in particular PP(X,,) is
partitioned by sh : PP(X,) — A’; as is P;P(X,,) for each i. Let us write PP (X,,)
for the A € A’ part of this partition. That is, we have

PP(X,) = | | PP(X,) (4.3)

AEA!
(Note that for fixed n most of these parts are empty, so the union is finite.)

Note from 3.2.1 that P(X,,) and hence PP(X,,) (and so on) inherit the property
of S,-set from X,,. Note also from 3.2.1 that each P,P(X,,) is a sub S,-set. Thus
(4.3) is an Sy,-set decomposition of PP(X,,). Thus we would solve the problem of

determining the irreducible decomposition of PP(X,,) if we solve the corresponding

problem for each PyP(X,).

Definition 4.3.2. Let n € N and X,, = {1,...,n}. Given ¢ € {0,...,n}, and

ai,...,a; €{0,...,n} such that a; < ay < --- < a4, define

IN
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o]P(X,) ={A CP(X,) :|A| =1; and, picking any order on the elements of A, so

-----

A={M,,..., M}, then |Mi| = asqy, ..., |M;| = asq), for some

permutation f of {1,...,7}}.

We will usually write the subsets {M, ..., M;} of P(X,), with cardinality i,
choosing an order so that |M;| < |Ms| < --- < |M;]|, so usually f will not be needed.

For the case ¢ = 0, we have:
Po, P (Xn) = {0}

Here [—] is the empty sequence.

Example 4.3.3. Let X, = {1,2}, we have when i =0, 1:

Therefore, we can see that

Plp(Xg) = 7317[0]73()(2) L 7717[1]73()(2) L 'PL[Q}P(XQ).

Example 4.3.4. Let X, = {1,2}. For case i = 2, we have:

PaoP(X2) = {{0,{1}}, {0, {2} }}.

Pa o2 P(X2) = {{0,{1,2}}}.

PouP(Xz) = {{{1}, {2}}}-

PopaP(X) = {1}, {1,2}}, {{2}, {1, 2}}}.

Therefore,

PQP(XQ) = PQ’[O’l]P(XQ) L PQ,[Q,Q]P(XQ) L 7)2,[1,1]73()(2) L 7)2,[172]73()(2).
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Example 4.3.5. Let Xy = {1,2} and i = 3, we get:

733,[0,1,1]73()(2) = {{@, {1}, {2}}}
7337[0,1,2]7)()(2> = {{Q)a {1}7 {17 2}}7 {07 {2}7 {17 2}}}
,P37[1»172]’P(X2> = {{{1}, {2}, {1, 2}}}.

Therefore,

PsP(Xz) = Ps0,1,P(X2) U Psj01,9P(Xs2) U Psp1,9P(Xo).

Example 4.3.6. Let X, = {1,2}. Then we have:

7347[0,1,1,2}7D(-X2) - {{@, {1}7 {2}7 {17 2}}}

Therefore,

PyP(X2) = Pujo1,1,2P(X2).
From all the above examples we also conclude that :

PP(XQ) — PlP(XQ) LJ PQP(XQ) LJ ,P37>(X2) LJ 7)47D(X2)

Proposition 4.3.7. In general we have

PP(X,) = | | Pifaras....a P(Xn) (4.4)

[a1,ail €40, 1,...in}

Proof. The disjoint union is clear from above Equation (4.3). We stop at n for the

size of entries {0, 1,...,n}" because the subset of X,, has at most n elements. [

.....

yenny seens Qg

Proof. The result follows from Lemma 4.1.5(II). O

Note that P; q, as,....a;) P(Xr) is the empty set if more the one of the a; is zero. Also,

.....

similarly, if more than n of the a; is 1, then P; (4, 45,0 P(Xn) = 0. More generally,
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in order that

Pi,[al,ag ..... ai]P(Xn> 7é ®7

then if k € {0,...,n},

‘{{j € {0,...,i}a; =k}‘ < (Z)

4.3.1 The irreducible content of the action of S,, on CP; [,/ P(X,,)
and on CP, 4, .,)P(X,), when 2 <n < 5. (tables)

In this subsection, we will show the computation of the irreducible content of the
action of S, on CPy ;P (X,), on CP;y 4,)P(X,) and on CPy 4, 4, P(Xy), when 2 <
n < 5in Tables 4.4, 4.5, 4.6 and 4.7. We use the same method which in Section 4.2.

Note that the decomposition of CPyjP(X,) is given by
CPoP(X,) = 8™,

for all n so we start with ¢ = 1 in Table 4.4.

Table 4.4: The calculations of the irreducible content of the action of S,, on
CP1ja)P(Xy), when n = 2,3,4,5.

CP1P(X>) 5@
CPyuP(X2) 5@ 507
CPy P (X2) S@
CPy o P(X3) S©
CPL[”P(X?)) 5(3), 5(2’1)
CPL[Q}P(X?,) 5(3), 5(2’1)
CPy 5P (Xs) S®
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I
CPuoyP(X4) S®
CPr P (Xa) S, e
CPLyP(X)) S 561 g2
CPy 3P (X4) SW, 56
CPLwP(Xy) S
I
CPriP(Xs5) S©®
CPLyP(X5) S6), gl
CPy i P(Xs) S6), g1 g2
CPLyP(Xs) S6) g1 g2
CPLwP(X5) S6), gt
CPrisP(Xs5) S©)

Table 4.5: The calculations of the irreducible content of the action of S,, on
Pa 1,05 P(Xy), when n = 2,3,4,5 and 1 < as.

C'PQ,[LQ]P(XQ) 5(2)7 §(L1)
(CPQ,[LQ]P(X;;) 25(3)’ 351(271)7 S(IS)
CP21,3P(X3) SB) g2
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| cruwpiy | sans |
CPa19P(X4) 254 4861 96(22) 96(21%)
CPa15P(Xs) 25% 359G 522 §(2.1%)
CPyaP(Xy) S@W g1
| wrs | spwomess |
CPy 1.9 P(Xs5) 250) 4541 356:2) 95G.1%) §(2%1)
CPyp5P(Xs5) 280) 4541 35(:2) 905317 §2%1)
CPay g P(X5) 256) 35(41) §(32) §(3.1%)
CPyp15P(Xs5) S6) g1
ETEE T
CPy1.9P(Xe) 250) 4531 35(42) 96(3) §G3.21) §(3,1%)
CPy1.5P(Xe) 250) 456D 45(42) 96@33) 95(3:21) 94(3.1%)
CPyp14P(Xs) 250) 4531 35(42) 909(3:3) GB.21) §(3.1%)
CPy 15 P(Xs) 25(6) 356:1) §(42) §(33)
CPs,1,6P(Xe) S g6
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Table 4.6: The calculations of the irreducible content of the action of S,, on
Pa2,a5P(Xy), when n = 2,3,4,5 and 2 < as.

CP2,[2,3]77(X3) 5(3)7 ISER)

CPy2,5P(Xy) 25 4531 95(22) g(212)
CPaj2,4P(Xy) S, 561 g22)

CPa 2,3 P(X5) 3906) 541 69632 46311 36(%1) §(2.1%)
CPoaP(Xs) 25(), 4501, 356:2) 2§17 g(%1)
CPy2,5P(X5) §6) g1 §32)

Table 4.7: The calculations of the irreducible content of the action of \S,, on
P3j3,00) P(Xy), when n = 2,3,4,5 and 3 < a.

CP2,[3,4]73(X4) 5(4)7 §(3.1)

CP2 (3 4},P(X5) 25(5), 45’(4,1)7 35«(3,2)’ 25(3712)’ 5(2271)
CPsj35P(X5) S6) g1 §32)

C,PQ,[475]P(X5) 5(5)7 5(4,1)

4.3.2 General computation of the decomposition of CP; ,P(X,)

into irreducibles.

In this subsection, we will see how the calculations in Table 4.4 can be explained in

theoretical manner.
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Let n be a positive integer, and a; € {0,...,n}. Recall that

PriagP(Xn) ={ACP(X,) : |A| =1, and A = {M}, with [M]| = a,}.

Lemma 4.3.9. There is a bijective map

F((CZ)): ,Plv[al]P(Xn) - Pa1 (Xn)
{M} = M,

preserving the action of S,,.

Proof. Tt is clear F ((;?) is bijective. We need to show F| ((:1)) preserves the action of S,,.

Let f € S,,. Then

FD\(f > {M}) = F) {f » M}
=fr M

= o F ({0},

Recall that f# is defined in Lemma 2.2.13.

Lemma 4.3.10. The map

(F)# 2 CPy ) P(X,) = CPa, (X,)

(a1

1s an isomorphism of representations of .S,,.

Proof. By lemma 4.3.9, there is a bijective map Py [,,)P(X,) — Py, (X,) preserving

the action of S,,. Then, from lemma 2.2.13 we get :

Cpl,[al]P(Xn) = CPU«I (Xn)
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Lemma 4.3.11. Let n be a positive integer and a; € {0,...,n}. Then we have:

min(ai,n—a1)

@ §(n—i.j)

=0

I

C(Pl,[al]P(Xn))

Proof. We have. CP; o,)P(X,) = CP,, (X,) from Lemma 4.3.10. Applying Lemma
3.2.18, then we have

min(ai,n—ai)

GB §(n—i.j)

Jj=0

I

C(Prja)P(Xn))

So, this lemma explained the calculation we have shown in the tables 4.4.

Lemma 4.3.12. Consider the action >, of S, on P1P(X,) as defined in Lemma
4.1.6. Then:
CP/P(X,) = CP(X,).

Proof. Obviously, there is a bijective map

PiP(X,) & P(X,)
{M} — M.

Also, it is preserving the action of \S,, because

F(feA{M}) = F({f » M}
=fw» M,

for all f € S,,. Therefore, CPyP(X,,) is isomorphism to CP(X,,). O

Corollary 4.3.12.1. Fach irreducible component of the representation of S, on
CP1P(X,) is isomorphic to a Spech module indexed by a partition with at most two

rows.
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4.3.3 Towards the computation of the irreducible content

of CPs 4, 4, P(Xy), with 0 < a; <az <n

In this subsection, we will see how the calculations in Tables 4.5, 4.6, 4.7 can be

explained in theoretical manner.

Proposition 4.3.13. Let V and W be representation of a group G over C. Then
V @ W is a representation of G by

g(v®w) = gv @ gw.

Proof. We want to show that:

9(g' (v @w)) = (99') (v @ w)

where g,¢g" € G. Let us start:

9(g'(v @ w)) = g(g'v ® g'w)
= (9(g'v) ® g(g'w))
( 99" v ® (g9") ) since V and W are representation of G.

= (99") (v ® w)

[]

Lemma 4.3.14. Let a group G acts on a set X and acts on a set’ Y. Then we have

a ‘product’ action of G on X XY as follows:

GX(XXxY)&S X XY

(9, (z,y)) = g.(z,y)

where
9-(z,y) = (9.2,9.Y).

And then, as representation of G we have :

C(X xY)2C(X)®C(Y).
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where ® s defined in Proposition 4.5.13.

Proof. We need to prove that « is group action as follows:

1. Let g,h € G and (z,y) € X x Y. Then:

g.(h(z,y)) = g.((h :vhy))
(h.x), (g.(h.x))
gh(x )

= (gh)(z, )

g
= (9
= ((

2. Let g € G and idg is the identity. Then

idg.(z,y) =(idg.x,idg.y)
=(z,y).
[

The same idea allows us to make a representation of a group algebra from any

two representations.

Lemma 4.3.15. Let n be a positive integer. Let ay,as be integers with 0 < a; <

as <n. Recall
7)2,[a1,a2]7)(Xn) - {A g P(Xn) ‘ |A‘ = 2, and A = {M17 MQ}, ’Ml‘ = aq a,nd |M2‘ — CLQ}.
There is a bijective map

2Py a1, GQ]P( n) = Pa (X)) X Pay (X)
{M1,M2} — (MLMQ),

(al az)

preserving the action of S, (taking our action to the product action).

Proof. 1t is obvious that F((Z),@) is bijective. We need to show F&)ﬂﬂ preserves the
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action of .S,,.

y(f > A{My, Ma}) = (11 a2)({f > My, f > My})
= (f» My, fr» M)
= f» (M, M,)

=fr» F”) J({My, MyY).

al a2

a1 a2)

Recall that f# is defined in Lemma 2.2.13:

Lemma 4.3.16. The map

(F(")

(a1,a2)>#: CP2,[G1,G2}P(XH) - C(Pm (Xn) X Pa, (Xn>>

s an isomorphism of representations of S,,.

Proof. Let the symmetric group S, acts on P, (X,) and on P,,(X,,). Then from

Lemma 4.3.14 we have an action of S,, on P,, (X)) X Py, (X,,) as:
> (M, Ms) = (g » My, g » M).

where g € S,,, My € Py, (X,,) and My € P, (X,,).

Since there is a bijective map

F o Pofaran P(X0) = Pay (X)) X Pay(X,,)
{My, My} — (M, M)

preserving the action of S,, from Lemma 4.3.15, then we obtain that

(F(")

(a1,a2)

)#: CPafar.a)P(Xn) = C(Pay (X1) X Py (X))

is an isomorphism of representations of .S,,. O

Theorem 4.3.17. Let n be a positive integer. Suppose 0 < a; < ay < n. Then we
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have:
min(ai,n—ai,) min(az,n—as)
C(Pafar,a0)P(X0)) = | @ S=id| g | @ §n=hib)]
3=0 k=0
And so:
min(a1,n—a1)  min(az,n—a2)
C(,sz[al,aﬂlp(Xn)) = S("*jd') ® S(nfk,k)
Jj=0 k=0

Proof. From Lemma 4.3.16, we have an isomorphism of representation

CP?,[a1,a2]P(Xn> = C(Pal(Xn> X Paz (Xn))

Since the symmetric group S, acts on P, (X,) and on P,,(X,), then, from
Lemma 4.3.14, we have an action of .S,, on Py, (X,,) X P, (X,,) as:

g » (M, My) = (g » My, g » M),

where g € S,,, My € P,,(X,) and My € P,,(X,,). Then, as representation of S,,, we

have:
C(Poy (X)) X Pay(X)) = CP,, (X)) @ CPu (X,0).
Thus, we get the following;
CPyjar.anP(Xn) = CP,, (X)) @ CP, (X,,)

Applying Lemma 3.2.18, we have
min(ai,n—ai,) min(az,n—az)
CPofay an)P (X)) 2 | GB S(n—m)] ® | S(n—k,k)]'

§=0

k=0

The final identity follows from the fact that the tensor product is distributive with

respect to direct sums. O

This theorem explained the calculation we have done in tables above in 4.5, 4.6

and 4.7.

The general problem of computing tensor products of irreducible representations
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has been studied by many authors, but it is hard. A considerable amount of research
has been done specifically on products of representations with two-row labels (as
above), and here things are a bit easier than the general case. See for example
[Ros00] and the references cited there. We will look at applying such methods in
future work (and also look at applying our construction to address this classical
problem). But for now, in this thesis, we restrict to considering some low-rank

examples, as follows.

In the following examples, we are using GAP to compute the tensor product of

specht modules of symmetric group and the code can be found in Appendix A.3.

Example 4.3.18. Let Xy, = {1,2} and S, be the symmetric group. Then the
decomposition of the action of Sy on CPy 4, 4,/ P(X2) into irreducibles will be as

follows:

as expected since S® is the trivial (one dimensional) representation.

Example 4.3.19. Let X3 = {1,2,3} and S3 be the symmetric group. Then we have

the following decomposition of the action of S5 on CPs 4, 4,)P(X3) into irreducible :

e When a; = 1 and ay = 2, we have:

min(1,2) min(2,1)
sz,[Lg]'P(Xg) =~ [ @ S(Tb—j7j)] ® [ @ S(n_k’k)]
3=0 k=0

~ (5(3) ® 5(271)) ® (3(3) ® 5(271)>
~ (5(3) ® 5(3)) D (5(3) ® 5(271)) D (S(Zl) ® 5(3)) D (5(2,1) ® 5(271))
~ 9B) gy 921 g 921 g §B) gy 521 gy g(1%)
~9603) g 352D g g%

Hence all irreducible representation of S3 occur in CPs ;5P (X3), and hence

in CPP(X3).

e When a; = 1 and ay, = 3, we have:
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min(1,2) mm(3 0)
CPpaP(X) = [ D s" el P s
7=0 k=0

as expected since S is the trivial (one dimensional) representation.

e When a; = 2 and ay, = 3, we have:

min(2,1) mzn(S 0)
j=0 k=0

Example 4.3.20. Let X, = {1,2,3,4} and Sy is the symmetric group. We need to
calculate the irreducible of the action of Sy on CPy 4, 4, P(X4) as the flowing:

e When a; = 1 and ay, = 2, we have:

min(1,3) min(2,2)
CPopaP(Xa) = @ §=32)] @ Snhok)]
’E(SM)@S(?‘J)@(S @53,1 EBSZ,Q))
>~ (SW @ SW) @ (SW e s®Y) @ (SW @ §®Y) @ (S®D @ SW)@
~ S0 g SGD g 52D g 5B ¢ W g §BY g 5@ g SBY g SEg
§(2.1%)

>~ 25W g 456D g 2522 g §@17),

e When a; = 1 and ay = 3, we have:
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min(1,3) min(3,1)
CPopaP(Xy) = @ §=39)] @ SnHk)]
g(s(@@s(&l)@(s EBS?),l)
~ (g (4) (4) (3,1) (3.1) (4) (3,1) (3,1)
(SW @ SW) @ (SW @ §ED) g (SGY © W) g (SGV g SGD)
~ 9@ g 5B g 9B 5 9@ g g3 g §(22) g §(21%)
= 25 @ 35GD @ S @ SE1Y,

e When a; = 1 and ay, = 4, we have:

min(1,3) min(4,0)
CPap 4]73(X4) =3 S(”_“)] ® | @ g(n kk)]
J=0 k=0

e When a; = 2 and ay = 3, we have:

min(2,2) min(3,1)
CPQ}[QB]P(XZL) = @ S(n*j:j)] ® [ @ S(nfk,k)]
J=0 k=0

o~ (5(4) @ SGY g 5(2,2)) ® (5(4) fan 5(371))

o (5(4) ® 5(4)) s (5(4) ® 5(311)) s (S(3>1) ® 5(4)) st (3(371) ® 5(311))@
(5(272) ® 5(4)) D (5(2,2) ® 5(3,1)>

~ 50 @ SBY g 5B g SW g 5B g S22 g 1) ¢ S22 g DG
§(2.1%)

> 25 @ 456D g 252 g 51,

e When a; = 2 and ay, = 4, we have:

min(2,2) min(4,0)
CPypqP(Xy) = | @ S(n—jvj)] ® | @ S(”_k’k)}
3=0 k=0

o~ (5(4) @ SG g 5(272)) ® SW
o~ (5(4) ® 5(4)) D (5(3,1) ® 5(4)) D (5(2’2) ® 5(4))
>~ @ g 9B ¢ §(22)
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e When a; = 3 and ay, = 4, we have:

min(3,1 min(4,0
CP27[374]73(X4) = [ é )S(n—j,j)] ® [ é )S(n_k’k)]
J=0 k=0
= (S We sty s
= (sWesY) e (s® e sY)
>~ §W @ B3,

4.3.4 Towards the computation of the irreducible content

of CP;juy.a....0)P(Xn)-

In this subsection, we show that the linearisation of the representation of .S,, on
CPi ai]P(Xn), when 0 < a7 < ay--- < a; < n reduces to a tensor product of

~~~~~

representations.

Lemma 4.3.21. Letn € N and X,, = {1,...,n}. Leti e {1,...,n} and 0 < a; <
as < --- < a; <n. We have a bijection

-----

{ﬂﬂr.vﬂﬂy%{X;\AAV.WX%\A@}

-----

preserving the action of S,.

Proof. 1t is clear that T is bijective. Now, we need to show that T preserves the

action of S,,. For all f € §,, we get:

> (T({Mi, ..., M;})) = f> ({Xn\ Mi,..., X, \ M;})
= {fIXu \ Mi], ..., fI X0 \ Mi]}
={Xa \ f[M], ... X\ fMi]}
=T({f[M],..., f[M]})
=T(f>{M,...,M}).

Where we used the fact that if f: X — Y is a bijective, and A C X, then f(X\A) =
Y\ f(A). O

Proposition 4.3.22. Leti € {1,...,n} and 0 < a; < ay < -+ < a; < n. There is
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a bijective map

G o Pifonesad POG) = (Pay (X0) X - % Py (X))
{MDMZ: 7Mz} = (M17M27 7M2):
preserving the action of S,,. O

Proof. Clearly, F, ((anl)___ ap) 18 bijective. We need to show the action of .S,, is preserved.

F((:l) ,,,,, ai)(f > ({My, My, ..., M;})) = F((:l) ,,,,, ai)<{f > My, f o My,...,fw» M})

:<f>M17f>M27"'7f>Mi)
:f>(M1,M2,...,MZ‘)

Recall that f# is defined in Lemma 2.2.13:

Proposition 4.3.23. Leti € {1,...,n} and 0 < ay < ay < --- < a; <n. The map

1s the isomorphic representation of S,,. O

Proof. From the previous proposition 4.3.22, there is a bijective map preserving the

a]P(X5) to (Pa, (X5) x -+ X Py, (Xy)). Therefore,

action of S, from P; |4,

.....

.....

O

Theorem 4.3.24. Let n be a positive integer. Leti € {1,...,n} and 0 < ay < ay <

co- < a; < n. We have the following decomposition of the representation of S, on

Cpi,[al ..... az]P(Xn>
min(ai,n—ay) o min(az,n—az) o min(a;,n—a;) o
PrraP) = @) SCnie] @ Steia ol ) S0
J1=0 j2=0 4i=0
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Proof. By Proposition 4.3.23, we have an isomorphism of representation of .S,

-----

ai},P<Xn) = C(Pa, (Xn) X -+ X Py, (X))

Let S, acts on Py, (X)), Pay(Xn)s -y Pa;(Xn). Then by Lemma 4.3.14 we have
an action of .S, on Py, (X)) X Py (Xy) -+ - X Py, (X)) as:

>(Ml,...jMi):(g>M1,9>M2,...,g>Mi),

where g € Sy, My € Py, (X)), My € Poy(Xy) ... and M; € P, (X,,).

Then, as representation of S,,, we have:
C(Puy (Xpn) X C(Puy(Xp) X -+ X Py (Xy)) = CP (X)) @ C(Puy(Xp) @ -+ @ CP, (X))
Thus, we get the following:
CPijar,az,.ai) P(Xn) = CPy,y (X)) @ CPy(Xy) @ ... CPy, (X,)

Applying Lemma 3.2.18, we have:

min(ai,n—ay) min(az,n—az) min(a;,n—a;)
CPijar,..ad P(Xn) = | @ Sn=iLi] @ | @ Sn-iidl @ ... @ @ S(n=jisgi)]
Jj1=0 Jj2=0 7:=0
[l

In the next examples, we are using GAP to compute the tensor product of Specht

modules of symmetric group and the code can be found in Appendix A.3.

Example 4.3.25. Let X3 = {1,2,3} and S3 is the symmetric group. The decom-
position of the action of S5 on CPy g1,2,3P(X3) into irreducibles will be

min(0,3) min(1,2) mzn(2 1) mzn(3 0)
CPujp129P(X3) 2| @ §B— Jl]l ® [ @ 3]2)2 @ §B— J3J3 @ g6 J4J4)
Jj1=0 J2=0 Jja=0 Jja=0

~ 50 @ (S® @ s2)) @ (S® @ 5S&Y) @ 5B,
~ 250 @ 35D g 50
Hence, all irreducible representation of S3 occur in CPjg1,23P(X4), and hence in

CPP(Xs).
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Example 4.3.26. Let X, = {1,2,3,4} and Sy is the symmetric group. The decom-
position of the action of Sy on CPy g 234P(X4) into irreducibles will be

min(0,4) min(2,2) mzn(3 1) min(4,0)
(C'P47[0,273y4]73(X4) ~ | §d=71.1) EB Ga—ja, J2 @ G4 33) @ gl4—is M)
71=0 J2=0 Jja=0 ja=0

~ g (S(4) ® SGY g 5(2,2)) ® (5(4) D 5(3,1)) ® SW
~ 9 g 29B1) @ §(22) g §(2.17)

Proposition 4.3.27. Let it € {1,....,n} and 0 < a; < as < -+ < a; < n. The

dimension of CP;q, ... 0P (Xy) is given by:

.....

min(ai,n—ay) min(a;,n—a;)
dmCPfo,,.a)P(X,) = Y dimST7 s N dim S0
J1=0 7:=0

Example 4.3.28. Let X3 = {1,2,3}. Let i={0,1,234} and 0 < 1 < 2 < 3 < 4.
Then the dimension of CPy o125 P(Xs) is given by :

min(0,3) min(1,2)
dim CPyjo125P(Xs) := > dim SET 5 3~ dim 567292 x
Jj1=0 72=0
min(1,2) min(0,3)
Z dim S§“—7s:3) Z dim §4—74J)
J3=0 Jja=0

Therefore, by using Lemma 2.4.27 we get:

dim CPyjo123P(X3) :=dim S® x (dim $® + dim S*Y) x (dim S® + dim S®V) x dim S
=9.

4.4 The representation of S, on CPP(X,) is alge-
bra faithful

Fix an integer n > 2, and as usual set that X, = {1,2,...,n}, so

(X)"=X, x -+ xX,.
N—————

n times
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Let:

X, = {(ar,a9,...,a,) € (X,)" |Vi,j:i#j = a; #a;} C X,

Then S,, acts on X,, as follows:
f-(ah ag, . .. ,Cln) = (f(al)a f(a2), ce f(%))'

Below we let U(S,,) = {f: X,, = X, | f is a bijection} be the underlying set of
the group S,. So we have an action of S,, on U(S,,), defined by f.g = fog. The
left-regular representation of S, is therefore obtained as CU(S,,) = CS,,.

Lemma 4.4.1. We have a bijection g: X,, — U(S,), preserving the action of S,.

Proof. Define a map

g: X, = U(Syp)
1 2 ... n
(a1, a9, ... a,) —
a as ... Qap

Clearly, ¢ is a bijection. And then, note that, given (ai,as,...,a,) € X,, and
f €S, then:
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and

g(f.(al,ag, . ,an)) = g.(f(al),f(ag),...f(an))

flar) flaz) ... flan)

Proposition 4.4.2. We have that

as representations of S,,.

Proof. Since there is a bijective map ¢g: X,, — U(S,) preserving the action of S,

from above lemma 4.4.1, then

as representations of .5,,. O
Proposition 4.4.3. CX,, is algebra faithful representation.

Proof. Since CU(S,) is the left regular representation, then from Lemma 2.3.10 we
have CU(S,,) is algebra faithful. By Proposition 4.4.2 we have that CU(S,,) and
CX,, are isomorphic representation of .S,,, then we use lemma 2.3.8 to get that CX,,

is algebra faithful. O

Lemma 4.4.4. We have an injective map, preserving the action of S, defined as:

§: X, = PP(X,)
(ala s 7a/n> — {(Da {a1}7 {a17a2}7 {a17a27a'3}7 s 7Xn}

Moreover, § takes values in Pyi1j01.2,..nP(Xn) € PP(X,), which recall is invariant
under the action of S, on PP(X,).
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Proof. 1t is clear that § is an injective. We now need to show that it preservs the

action of .5,,.

Let f € S, and (ay,as,...,a,) € X,. we need to show that

S(f(ar,ag,...,a,)) = f>F((ar,aq,...,a,)).

Let us start as follows:

S(f.(al,aQ, . ,an)) :§<(f(a1),f(a2), . f(an))>
={0,{f(a1)},{f(ar), flaz)}, ..., {f(ar), f(az), ..., flan)}}

and

fe3((ar,az,...,0,)) =f > {0,{a1}, {a1, a2}, ... . {a1,a2...,a,}}
={fo 0, f»{a}, fo{a,al,....f»{a,a...,a,}}
=10, {f(a)}, {f(ar), faz)}, ..., {f(ar), ..., flan)}}

Therefore,

S(f-(ay,a9,...,a,)) = f>F((ar,as,...,a,)).

Proposition 4.4.5. CX,, is isomorphic to subrepresentation of CPP(X,,).

Proof. Consider the map
v: X, = §(X,) CPP(X,)

defined in Lemma 4.4.4. We already know that ¢ preserves the action of S,,.

Since § is injective, from previous lemma 4.4.4, then §(X,,) is a subrepresentation
of PP(X,) and §(X,) = X,. Hence, ¢ is bijective and CX,, is isomorphic to
subrepresentation of CPP(X,,).

Corollary 4.4.5.1. Fvery irreducible representation is a subrepresentation of CPP(X,,).

O
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Theorem 4.4.6. Let X, = {1,2,...,n}. Then CPP(X,) is algebra faithful repre-

sentation.

Proof. Since CX, is isomorphism to subrepresentation of CPP(X,,) from the pre-
vious Proposition 4.4.5 and it is algebra faithful from Proposition 4.4.3, then by
lemma 2.3.8 we have that CPP(X,,) is algebra faithful representation as well. [
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Chapter 5

The action of S;, on the set of

topologies on X,

Let X be a set. Noting that any topology on a set X is an element of PP(X), we
will study the induced action of Sym(X) on the set of topologies on X, which we
will prove is invariant under the action of Sym(X) on PP(X). Let us recall the

definition of topology as follows:

Definition 5.0.1. (See for example [Mun75, Section 12] .) Let X be a non-empty
set. A set 7 of subsets of X is said to be a topology on X if:

1. X and the empty set () belong to 7;
2. The union of any (finite or infinite) collection of set in 7 belongs to T;
3. The intersection of any two finite sets in 7 belongs to 7.

The pair (X, 7) is called a topological space.

Example 5.0.2. (See for example [Mun75, Section 12, Example 2].) If X is non-
empty set, the set of all subsets of X is a topology on X; it is called the discrete
topology. The set consisting of X and ) only is also a topology on X; we call it the

indiscrete topology,
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5.1 Explanation of the action of Sym(X) on the set

of topologies on X

We have an action of S,, on PPX,, in section 4.1. More generally, we have an action

of Sym(X) on PPX, for any set X, possibly infinite. So, in this section we prove

that this action is such that f > 7 is a topology on X if f € Sym(X) and 7 is a

topology on X. We denote the set of all topologies on X by Top(X). Let us start

by recalling some elementary lemmas.

Lemma 5.1.1. Let X be a set. Consider f: X — X 1is injective and A, B C X,

then:
f(ANB) = f(A)N f(B)

Lemma 5.1.2. Let X be a set. Consider f: X — X is a map and A, B C X, then:

f(AUB) = f(A)U f(B)

Lemma 5.1.3. Let X be a set. Let f: X — X € Sym(X) and M € PP(X).

feJa= | B

AeM BefoM

and

f» (A= ) B

AeM Bef>M

Proof. We need to show that

A= | B

AeM BefoM

Let us to prove that in two steps:

Step 1: We need to show that

A= {J» A4

AeM AeM

Then:

Firstly, Suppose y € f » (U ey A Then there exists an x € (J,.,, A such that
f(x) = y. Since x € (Jyuep A, then there exists B € M such that x € B. So,
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since y € f » (Jyep A, then there exists B € M and « € B such that f(z) = y.
This means if x € |, A, then there exists B € M such that y € f(B). Hence,
Y € Uuen [ » A. Therefore,

e JAc Ju» A (5.1)

AeM AeM

Secondly, Suppose y € (U 4c,,(f » A). Then there exists B € M such that y € f(B).

Since, B C ey As then f(B) € f(UuenrA)- So, y € f(Uuen 4)- Hence,
y € f» Uyen A Therefore,

UuracreJAa (5.2)

AeM AeM

So, from (1) and (2), we have:

fUJa=UJur»a (+)

AeM AeM

Step 2 : We need to show that:

Uugr»a=J B

AeM BefoM

Firstly, suppose y € (J e (f » A). Then there exists C' € M such that y € f » C.
Since f » C € f > M, then y € Upc ;. B- Therefore,

Uur»ac |J B (5.3)

AeM BefoM

Secondly, suppose

Then there exists A € M such that f » A € f> M. So, y € f » A. Hence,
Y € Uuer (f » A). Therefore,

U BcUUu»a (5.4)

BefoM AeM
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So, from (3) , (4), we have:

Uug»a= J B (%)

AeM BefoM

Therefore, from (%) and (*%), we have :

felJa= | B

AeM BefoM

Now, we want to prove that

f» (A= () B

AeM BefoM

Let us to prove that in two steps:

Step 1: We need to show that

fe (A=) (f»A4

AeM AeM

Firstly, suppose y € f » [4cs A There there exists an x € (), A such that
f(z) =y. Since x € () A, then for each A € M we have r € A.

So, given a y € f » (4o, A, there exists z such that € A for all A € M and
also y = f(z). Soy € f(A), forall Ae M. Soy € ()40 (f » A). Therefore,

feYAC ((f» A (5.5)

AeM AeM

Secondly, Suppose y € (4cp(f » A). Then for each A € M, we have y € f(A).
Since A € M, then thre exists a,, € A such that f(a,) = y. Since f is injective,

then the elements a,, are all the samelet us call a = a,,. Thus, a € (), A So,
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y € f(Nacy A)- Hence, y € f » (40 A- Therefore,

NrAHcir () A (5.6)
From (5) and (6), we have :
e (A= (>4 (#)

Step 2 : We need to show that:

((f»4)= () B

AeM BefoM

Firstly, let y € (V4eu (f » A). Then for each C' € M we have y € f » C. We want
to prove that if B € f>M then y € B. Solet B € fi M then there existsa A € M
such that B = f(A).

Since f » C € f1> M. Hence, y € ﬂB€f|>M B. Therefore,

N»4c () B (5.7)

AeM BefoM

Secondly, let

Then for each A € M such that f » A € f> M. So, y € f » A. Hence,
Y € Nuen (f » A). Therefore,

(N BS((f»4) (5.8)
BefoM AeM
From (7), (8) we have:
((f»4= () B (# #)
AeM BefoM
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Therefore, from (#) and (##) we have:

f» (1A= () B

AeM BefoM

]

Proposition 5.1.4. Let X be a set and recall that PPX s the power of the power
set of X. Then the set of all topologies on X, Top(X) C PPX, is closed under the
action > of Sym(X) on PPX.

Proof. Let X be aset and f: X — X € Sym(X). Fix 7 € Top(X). Note that
for={fwd:der}

Then we need to prove that f > 7 € Top(X).
Now, we need to show the three axioms in Definition 5.0.1.

1. We need to show that X € f> 7, and@ € f > 7. By definition

fo X =[fX]={f(x):ze X}

Since f € Sym(X), then f » X = X.

Now since X € 7, then:

Xe{fwd:der}.
Hence, X € fp> 7.

Similarly, by definition
fr»o=flo=0.

Since f € Sym(X), then f » & = &.
Now since @ € 7, then:

ge{fwd:der}.
Thus, @ € f> 7.

2. We need to show closure under finite intersection. Let m,n € f > 7. Then
there exist

A, B € 1 such that m = f[A] and n = f[B].
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So, we need to show that : mnNn € f>7. Now,

mNn = fl[A]N f[B]
= f[ANnB].

because f is injective.
Therefore,

mnNn e f>T.

3. We need to show closure of f 7 under arbitrary union. Consider M C f > 7

(M is a family of open sets). Then
M={fw» A: Aec N},whereN C .

Now, we need to show that

UmEfDT

meM

From Lemma 5.1.3, we have the following:

U m=r»J4

meMCfrr Aer

So, Since A € 7, then |JA € 7. Hence,

frJAcerer

Aer

Therefore,

U me f>r

meMC f>T

So, Top(X) is closed under Sym(X) action.

Example 5.1.5. Let X = Xy = {1,2}, so Sym(X) = S, = {id, (12)}. Then
TOP(XZ) = {{X27 @}7 {X27 9, {1}}7 {X27 9, {2}}7 {X27 9, {1}7 {2}}}

103



CHAPTER 5. THE ACTION OF Sy ON THE SET OF TOPOLOGIES ON Xy

The action of S, on Top(X5) takes the form:
id > {X,, 0} = {X5, 2}
id > { X, 2, {1}} = {Xs,2,{1}}
id > { X2, 2,{2}} ={Xs,2,{2}}
id > {Xs,2,{1},{2}} = {X5, 2, {1}, {2}}
(12) > {X,, 0} = {X,, o}
(12) > {X5, 2, {1}} = {X5,2,{2}}
(12) > {X5, 2, {2}} = {X5, 2, {1}}

(12) > {X27 a, {1}7 {2}} = {X27 a, {1}7 {2}}

5.1.1 Some special subsets of Top(X,)

Definition 5.1.6. Let n € N and X,, = {1,...,n}. Given ¢ € {0,...,n}, and
0<a;<ay < ---<a; <n, define :

P e P(X0) = Top(Xp) NP fay 0y P(Xin)
Observe that by applying the previous result 4.3.7:
_ top
Top(X,) =[] PP

[a1,..-,a;]€{0,1,....n}*

Lemma 5.1.7. Let n € N and X,, = {1,...,n}. Given i € {0,...,n}, and 0 <

ar<a< ---<aq; <n. P , ) 18 tnvariant under the action of \S,,.
<a, < <a < Pf‘ffl o P(X t under the act S

,,,,,,

Proof. From Propositions 4.3.8 and 5.1.4, we note that both terms in the intersection
P(X,) is

also invariant under the action of S,,. O

in Definition 5.1.6 are invariant under the action of .S, so then P:‘Eg N

In the following example, we took advantage of the list of finite topologies on this
wikipedia page [Wik24], see https://en.wikipedia.org/wiki/Finite_topological_

space.
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Example 5.1.8. Let X3 = {1,2,3} and Top(X3) be the set of all topologies on X.
Then we have 29 topologies on X3 that naturally grouped together as follows:

. ;O[’(’) 3]73 (X3) = {{(Z) X3}}. This gives one topology.

77;)[%713]73 X3) = {{0,{a}, X5} | a € {1,2,3}}. This gives three topologies.

o 73;0[’(’]’273]7?()(3) = {{0,{a,b},X3|a#0b and a,be {1,2,3}}. This gives three
topologies.
. a#bb+#ca#c,
d P4?[1(O),17273]7D(X3) = {®7 {CL}, {CL, b}v X3}7 {@7 {CL}, {b7 C}, X3}
a,b,c € {1,2,3}

This gives nine topologies.

¢

a#bb#c,a#b

Pyloa125P(Xs) = S {0, {a}, {b}, {a,b}, X5} and

a,b,ce{1,2,3}

\

This gives three topologies.

¢

a#bb#c,a#b

o P 100gP(Xs) =< {0, {a}, {a,0} {a, ¢}, X3} and
a,b,c e {1,2,3}
This gives three topologies.
a#bb#c,a#c

* Péj%,171,272,3],P(X3) = {@, {a’}7 {b}7 {av b}a {b7 C}7 X3}
and a,b,c € {1,2,3}.

This gives six topologies.

. P;i%717171727272’3}77()(3) = P(X3), this gives one topology.

Therefore, we the following partition of the set of all topologies in Xj:

Top(X3) =P, 5P (Xa) UPTH | o P(Xs) UPST 55 P(Xs) UPT 1 55 P(Xs)
to to to to
U 735 [%,1,1,2,3]73( ) L Ps [%,1,2,2,3}73( ) U P6 [%,1,1,2,2,3}73()(3) L P 1(7) 1,1,1,2,2 2,3]P(X3)'

777777
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We will late on show a finer partition of Top(X3).

5.1.2 The action of S, on CTop(X,,) is algebra faithful.

In this section, we will let X,, = {1,...,n} and Top(X,,) C PP(X,) be the set of all
topologies on X. Also, recall that the free vector space over the set of all topologies
on X, is denoted by CTop(X,). We will consider it with the representation of S,
obtained by linearising the action on Top(X,,).

Proposition 5.1.9. Recall that from Section 4.4
Xn = {(a17a27 cee 70’”) S (Xn>n | VZ,] T 7£J = a; 7é aj}'
Then CX,, is isomorphic to a subrepresentation of CTop(X,,).

Proof. Recall the injective map

§: X, = PP(X,)
(ah s Jan) = {@7 {a1}7 {a17a2}7 {a17a27a3}7 s 7Xn}

that was defined as in Lemma 4.4.4. Then clearly §(%,,) C Top(X,), which is invari-
ant under the action of S,,. This means given (ay,...,a,) € X,, then S((al, . ,an))

is actually a topology. Thus, CX, is isomorphic to subrepresentation of CTop(X,,).
]

Theorem 5.1.10. The action of S,on CTop(X,,) is algebra faithful.

Proof. By Proposition 4.4.3 and Proposition 5.1.9, we have that CX, is algebra
faithful representation that is isomorphic to subrepresentation of CTop(X,,). Then

from lemma 2.3.8 we obtain that CTop(X,,) is algebra faithful. O

The proof of the theorem encodes a more general technique that we now explain.
Theorem 5.1.11. Suppose that S, acts on'Y, a set, so that:

e action 1s transitive, namely, we have only one orbit, equivalently Vy € Y :

Orbg, (y) =Y,

e action s free, namely all stabiliser subgroups are trivial.
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Then:

1. Gwen any y € Y we have a bijection,

F,: 5, =Y

9g—=9Y,

that preserves the action of S,, where S, acts on itself by left multiplication.

2. We have an isomorphism Fy#: CS,, = CY. So CY is algebra faithful.

Proof. 1. e We need first to prove that F, is a bijective as follows:

(a) Injective: Let F,(¢g1) = F}(g2). we need to show that g; = g». Since
Fy(91) = Fy(g2), then g1.y = g2.y.

Since the action is free, then the only element that fixes y will be the

identity idg. This means g; *g, = idg and this implies g; = gs.

(b) Surjective: We need to show for every z € Y, there is g € S,, such
that F,(g) = z. Since the action is transitive, for any z € Y, there

exists g € S, such that z = g.x = F,(9g).

e We need to show that f.(F,(g)) = F,(fg).

f(Fy(9)) = f.(Fy(9))
= f.(9.y)
= (f9)(y)
=F,(f9)-

2. From partl, CS, = CY, as representations of S,,. Since CS,, is the regular
representation which is algebra faithful, then from Lemma 2.3.8, we have CY

is algebra faithful.
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Clearly

73:31,[01 n]P {{@ {al} {a17@2} Xn} | i,J:a; # aj}
=Orbg, ({0,{a1},{a1,as},..., X })

(5.9)

The action of S, on Pi(fl 0,1, n]P( X,) is transitive and free because the only per-

mutation that fix any element A € Pt(fl 0.1, P(Xn) is the identity permutation.

From previous Theorem 5.1.11, we have that CPZ?17[0717”.7TL]73(X”) is algebra faithful.

We observe that any time we find an orbit of the action of S,, on Top(X,,) that is
free then we found one more algebra faithful subrepresentation of .S,, on CTop(X,,).
We will do this in subsection 5.4 by using the idea of passing to the action on the

set of relations.

5.2 The irreducible content of the action of 5,
on the free vector space over the set of all
topologies on X,, when 2 <n </4.

In this section, we calculate the irreducible content of the action of S,, on the free
vector space over the set of all topologies on X,, when 2 < n < 4 by using the same
method in Section 4.2. Recall the set of all topologies on X, denoted by Top(X,,) and
by P!PP(X,). The latter notation is because as mentioned before any topology is
an element of the power set of power set of X,,, and moreover the action we consider

on Top(X,,) and by PPP(X,) is the restriction of that action.

5.2.1 Computation the decomposition of the action of S5 on
CTop(X>)

Let Xy = {1,2} and Top(X3) be the set of all topologies on X5 which is:

Topx, = {{@,{1,2}}, {2, {1}, {1.2}} {2, {2}, {1.2}}, {@, {1}, {2}. {1, 2}} }.

Then we observe that

Top(X2) = Py o P(Xa) UPH 1 o P(Xo) UPT 1 5 P(Xa)
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Now, by using the same method in Section 4.2 ( using GAP and Python) to decom-
pose the action of symmetric group S,, on CPtOp P(Xg) into irreducible, where

0<a; <---<a; <2and 2 <i <4, we have the following:

CP;ng]P(XQ) ~ §(2)
cpgf[g7172]P(X2) ~ 62 g g(1%)
(Cpto[l()) 1,1 2]7)(X2> =~ 5B

Therefore, the irreducible content of the action of Sy on the free vector space over
CTop(X>) is
CTop(X,) = 35® ¢ §0°),

5.2.2 Computation the decomposition of the action of S5 on

CTOp(Xg)

Let X3 = {1,2,3} and Top(X3) be the set of all topologies on X3 that has 29 distinct

topologies as be shown in Example 5.1.8.

We implement the same technique in Section 4.2 to decompose the action of

symmetric group Sz on (CPtOp aV]P(Xg) into irreducible, where 0 < a; < --- <

,,,,,,

a; < 3 and 2 <i < 8, so we get the following (using GAP and Python):

CPy o5 P(Xs) = S

CP;O[%’L:;]P X3 =~ S(S) ® 8(2,1)

to
(CP Z()) 1,2 S]P
to.
CP [%,1,1,2,3]7)
to
(CP [1871727273]73 X3

by b4y

7777777

We notice that all irreducible representation of S occurs in (CPW(’) 12 3]73(X3) and

in Cpéo[z()),l,l,2,2,3]P(X3) and hence in CTopy, .

As a result, we have the irreducible content of the action of S3 on the free vector
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space over the set of all topologies on X3 as:
CTop(Xs) £ 95 @ 953 g 251

We shall see later on a more conceptual way to obtain this.

5.2.3 Computation the decomposition of the action of S; on

CTop(X4)

In the following example, we took advantage of the list of finite topologies on this
wikipedia page [Wik24], see https://en.wikipedia.org/wiki/Finite_topological_

space.

Let Xy = {1,2,3,4} and Top(Xy) be the set of all topologies on X,. Then we

have 355 different topologies on X, that are combined as follows:
Let a,b,c,d € {1,2,3,4}, where all the elements a, b, ¢, d are distinct. Then:
. 73;?[76’4]73()(4) = {0, X4}, this gives one topology.
o 77;?[’87174]73(X4) = {{@, {a},X4}}. This gives four topologies.
o 73;’0[’(’),2 g P(Xy) = {{@, {a,b}, X4}}. This gives six topologies.
{

. 73;?[’873 4 0,{a,b,c}, X4}}. This gives four topologies.

o Pii%m 4 {0, {a}, {a,0b}, X4}}.This gives twelve topologies.

top
¢ 734,[0,1,3 4]

to
i 734,[28,2,2 4]7) (X4)

{
{{@, {a},{a,b,c}, X4}}. This gives twelve topologies.
{{(7), {a,b}, {c, d}, X4}}.This gives three topologies.

o PZ)[I()),Z?) 4]73 (X4) = {0,{a,b},{a,b, c},X4}}. This gives twelve topologies.

to;
* P; [{)) 11 2,4]73 (Xq) =

PRkt ]

{{(Z), {a}, {0}, {a, b}X4}}. This gives six topologies.
° 7D;?[I()),2,3,3,4]7D (X4) {

gies.

{0, {a,b},{a,b,c},{a,b, d},X4}}. This gives six topolo-
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Py 2 PO = {00 {a), {0} {a.b.ch. X3 } U {{0. {a}. {a.0) {o.c.d}. Xa} }
0{{0.{a}, 1o, e} {a,b e} X .

This gives forty-eight topologies.

Pé?£71,1,2,3,4]P(X4) = {{@, {a}7 {b}7 {a’ b}> {CL, b7 d}7 X4}}
{10, {a}. (0. {a.b}. fa.bi e}, X}

This gives twenty-four topologies.

Pé,o[%,1,2,2,3,4]73(X4) = {{(Z), {a},{a, b}, {c,d},{a,c,d}, X4}}
U {{@, {a}, {a, b}, {a, ¢}, {a,b, c},X4}}.

This gives twenty-four topologies.

Péi%,1,2,3,3,4]77(X4) = {{@, {a},{b,c},{a,b,c},{b,c,d}, X4}}
{40, {a}. {a,b}, {a,b, e} {a,b,d}, X} |

This gives twenty-four topologies.

) 73;’0[%,171,272’3’4]77()(4) = {{(Z), {a},{b},{a,b},{a,c},{a,b,c}, X4}}. This gives twenty-

four topologies.

o« PP nasyPX)) = {{@, {a}, {a,b}, {a,c}, {a,b, ¢}, {a,b,d}, X4}}. This gives

twenty-four topologies.

o« P asayP(X1) = {{@,{a},{b},{a, b}, {a,b, ¢}, {a,b, d},X4}}. This gives

six topologies.
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Pl 2oanaPX0) = {0, {a}, {0}, {0, b} {a.c}. {a, b} {a.b.d), Xa) |
{00, {0} {c}, {a. ). {b.d}. {a,b,d} b .0}, X0} |
{ j

U

U

{0,{a},{c}, {a,b},{a, c}, {a, b, c}, {a, b, d}, Xa}

This gives fifty-four topologies.

Pih 122050 PX0) ={ 0. {a}, (b}, {a, b}, {a,d}, {b,e} {a,b.c}, {a, b,d}, X} |.

This gives twelve topologies.

Péf)[z()),l,l,l,Q,Q,Q,?)A]P(X4> :{{Q)a {(1,}, {CL, b}u {CL, b}a {(l, C}a {CL, d}7 {CL, b7 C}, {CL, ) d}7 {CL, b7 d}X4}}

This gives four topologies.

Péi%,1,2,272,373,374]73(X4) :{{®> {a}v {b}a {C}v {a’ b}v {a’ C}v {b’ C}’ {CL, b, C}v X4}}

This gives four topologies.

PioanazsansyPX0) ={{0,{a} {} {a.b}. {a. ¢} {a.d} {a,b.c}. {a,b,d}. {a,c.d} X} }

this gives twelve topologies.

7315817)[0,1,1,1,272,2,3,3,4],P(‘X‘l) :{{@, {a}7 {b}v {0}7 {av b}7 {CL, C}a {ba C}w {aa b7 C}, {a, b, d}> X4}}
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This gives twelve topologies.

Pfg{)[OJ,L1,272,27273,373,4]P(X4) :{{wa {CL}, {b}a {C}7 {CL, b}7 {(Z, C}7 {bv 6}7 {CL, d}a {CL, ba C}v {(I, b: d}v
{a,c.d}, X} ).

This gives twelve topologies.
t .
° 731(6’17”[0’1,171’172’272’272’2’373’373’4]P(X4) = P(Xy), this gives one topology.

Then we are observing that:

Topy, =Py70 4 P(Xa) UPST 1 g P(Xa) UPLT 5 4 P(Xa) UPH 5 P(Xs)
UPﬁ‘)[%124P(X4) '—'7720[%13473( 1) ‘—'Pto[j(o)2247)< 1) ‘—'Pto[j(o)2347)<x4)
8 73;0[](?),1,1,2,4]73()(4) 8 Péo[%,2,3,3,4}7)(X4) U Pto%,1,2,3,4]P(X4)
U Péo[z()),l,l,Q,SA}P(X‘l) U Pto%,1,2,3,3,4}73(X4) U Pto%,1,272,3,4]7)(X4)
U P;i%,1,1,2,2,3,4]7)(X4> U P;i%,1,2,2,3,3,4]7D(X4) U Pto%,1,1,2,3,3,4}P<X4)
U Péo[%,l,l,z,2,3,3,4}7)(x4)
U 73;0[18,1,1,2,2,2,3,3,4]73( 4) U Pé()[g,l,l,l,2,2,2,3,4]73( a) U P;O[Ig),1,2,2,2,3,3,3,4]P(X4)
U Pfgpo,1,1,2,2,2,3,373,4]P(X4> U Pfgﬁo,1,1,1,2,2,2,3,3,4]P(X4)

,2,2,2.2.3.33, 4]P(X4)

top
N Plﬁ,[0,1,1,1,1,2,2,2,2,2,2,3,3,3,3,4}P<X4) .

Now, we utilize the same method in Section 4.2 (using GAP and Python) to show
the irreducible content of the action of S; on the free vector space over the set of all

topologies on X, as follows:
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I

S@W g 286D g §(22) gy 5(21%)
25@ g 353D gy §22) gy 5217

CP 1 24P (Xa
to

C734,[1(0),1,3 4] P
to

CP4,[](3),2,2 4] P

(X4)
(X4)
(X4)
CP% 550 P(Xa) = SW @250 ¢ 522 g g1
(Xa)
/P (Xa)
(X4)

12

Xy
X,) 2 S®W g st2)

(Cptoz(z) » 274]73 X,) = S (4) ® S(3,1) @ 5(2,2)

X,) = SWg 56l g 522

1459y,

I

@P“)g 1234 P(Xa) 235W @ 756 @ 453 g 55219 g 519

y L)y

[t Rk ikl
YLy L&y

yhyeydy

top
CP77[0,171,27273,4]P

top
CPrionz2asaP
CP7 [0,1,1,2,3,3,4]P

S@W @ 356D g 9522 g 39(21%) g (1Y)
X,) = SW g 356D g 2922 g 3521 g g1
S g sGY ¢ 522

AAAA/_\/_\
S
R T N N N

Cpéf)[%,l,l,zg,g,g,qp X,) = 35W @ 756D @ 5522 g 65217 gy 950
CPto[]g,1,1,2,2,2,3,3,4]7) Xq) = © 253D g 522 g 5(21%)
CP;O[I()),LI,LZ,ZQ,?,A]P Xy) = @ SGY
Cpto[z()),l,2,2,273,3,3,4]73 Xy) = @SB

to
Cp1op[o,1,1,2,2,2,3,3,3,4]P
@2531 @522 695212
@25(31) EB522 @5212)

(cpw [0,1,1,1,2,2,2,3,3,4]73

S
S
S

~ g4 692531 @5(22 @5212
S
(:73131,)[0,1,1,1,2,2,2,2,3,3,3,4]73 s«
S@

top
(CPH)’,[0,17171,1,272,27272,27?»3,3,&4]73

Consequently, we have the decomposition of the action of symmetric group S; on
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CTop(X4) into irreducible as:

CTop(X,) = 335W @ 5454 @ 32522 @ 30531 @ 6519,

5.3 Topologies on finite sets and reflexive and tran-
sitive relations

We start by recalling some well-known facts about bases of topological spaces.

5.3.1 Basis of topology

Definition 5.3.1. (See for example [Mun75, Section 13].) Let X be a set and
B CP(X). Then S is said to be a basis in X if the following holds:

1. for each x € X, there is at least one B € 3 containing x;

2. Let By, By € 8. If x € X belongs to the intersection of B; and By, then there
is a Bs € 3, containing x, such that Bs C By N Bs.

To the elements of 8 we call basis elements.

Example 5.3.2. Let X be a set. The set {{z}: 2 € X} is a basis in X.
Example 5.3.3. Let X be a set. The set § = {X} is a basis in X.
Example 5.3.4. If 7 is a topology on a set X, then it is a basis in X.

Lemma 5.3.5. (See for example [Mun75, Section 13].) Let X be a set. Suppose
that B is a basis in X and P(X) is the power set of X. Then:

73:={A€eP(X)|Vee A IBep:x € BCA}

s a topology on X.

Example 5.3.6. Let X = {1,2,3} and 5 = {{1},{2},{3},{1,2}} be a basis in X.
Then:

T8 = {®7 {1}7 {17 2}7 {173}7X}

The basis elements in 3 are always opens sets in 7.
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The three different bases in the above examples generate the discrete topology,

indiscrete topology and the topology 7 itself respectively.

Definition 5.3.7. [Mun75, Section 13]Let X be a set. Let 8 be a basis in X. To
75 we call the topology generated by . We may also say that 3 generates 7.

Lemma 5.3.8. (See for example [Mun75, Lemma 13.1].) Let X be a set and B is
a basis for a topology T on X. Then 73 is the set of all subsets of X that can be

written as the union (arbitrary union) of elements of 5.

Different bases in X may generate the same topology. In the case when X is
finite, however, there is a ‘canonical’ basis for any topology on X. We now follow

Mays’ note [May03]

Definition 5.3.9. (See for example [May03].) Let (X, 7) be a finite topological
space. For x € X, consider U] to be the intersection of the open sets that contain x.
(Note that this is a finite intersection since we are working with a finite topological

space, so UI is open.) Also put:

Min(7) :={U; : x € X}.

Lemma 5.3.10. (See for example [May03, Lemma 1.13].) Continuing the previous

definition, we have:
1. Min(7) is a basis in X.

2. The topology generated by Min(T) is T, itself; so

T™in(r) = T-

Proof. 1. We need to prove that Min(7) is a basis as follows:

(a) For all z € X. It is clear from Definition 5.3.9 that picking U] € Min(7),
then z € U]. Hence, there is U = U such that z € U.

(b) Let U7,V] € Min(7) and let z € U] NV]. Since U] and V] are open
sets containing z, then W] C U7 N V). Now note that z € W] and
W € Min(7).

2. We need to prove that Tyin(-) = 7 as the following:
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(a) Firstly, we want to show if U € 7, then U € Tyjin(r). We need to prove
given = € U, there exists U] € Min(7) such that x € U] C U.

Now, let x € U. Then x € U] C U because U] is the intersection of all

open set containing x and x € U. Therefore, U € Tyin (1)

(b) Secondly, we need to show if U is open in Tysin(r), then U is open in

7. Let U € Tagin(r). Then there exists an indexed family {U] }ic; with

U7 € Min(7) and U = | J,; U] which is open in 7 since each U], is open

in 7.
0

Notation 5.3.11. Let X be a set. We denoted the set of all bases in X by B(X).

Note B(X) C PP(X).

Lemma 5.3.12. The action of Sym(X) on PP(X) restricts to an action of Sym(X)

on B(X).

Proof. Suppose f € Sym(X) and f € B(X). Define

>: Sym(X) x B(X) = B(X)

as:

JeB={f»b:beB}={/:bep).

We need to prove that if 5 € B(X) and f € Sym(X), then f > 5 € B(X).

1. Firstly, we need to prove for all x € X, there is B € f > # such that x € B.
Since 3 € B(X), then there exists a B € 8 such that f~'(z) € B'. Thus, we
have z € f[B'] with f[B'] € f > 3.

2. Given By, By € f 1>, for all x € B; N By, we need to prove there exist
Bs GfbﬁsuchthatxengBlﬂBz.

!

Since x € By N By with By = f(B)) and By = f(B,), where B}, B, € 3, then
f~Y(x) € B; N B,. So, there exists By € 3 such that f~!(x) € B; C B; N B,.
Since, f is bijection, then o € f[B;] C f[B;] N f[B,]. Therefore, there exist
F1B;] € f 1 6 such that = € f(B}] € f[B}]n f1B)]
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]

Lemma 5.3.13. Consider 75 is the topology generated by a basis 3 and f € Sym(X).

Then we have:

f|>7'5:7'f|>g

Proof. 1. Firstly, we need to prove that if A € f > 73, then A € 7423,
Let A € f > 75. Then for some B € 73, we can put: A = f > B. Since
B € 73, then from Lemma 5.3.8, we get B = |J,.; B;, where B; € . Thus,

A= fr (Ue; Bi)- Since f € Sym(X), then

el

feUs) =B,

el iel

Since B; € 8, then fvo B; € fr 3. So, A= J,.,(f > B;) with fvB; € fv 3.
Therefore, A € Ty5p.

2. Now, we need to prove that if A € Tp.g, then A € f > 75.

Let A € Tfo8- Then

A==,
el
where U; € (5. So,
A=fe(Ju).
el
But
) € .
el

Therefore, A € f > 75.

]

Lemma 5.3.14. Let (X, 1) be topological space. Let Min(T) be defined as in Defi-
nition 5.3.9. Let f € Sym(X). Then we have:

f > Min(7) = Min(f > 7).
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Proof. By definition

Min(1) ={U] : v € X}

:{ﬂV:xeX}.

Ver
zeV
Then:
feMin(r) = fe{ (| V:izex}
&V
:{f[ﬂV]:a:EX}
Ver
eV
= { ﬂ flV]:x e X}, since f is bijective.
v
and
Min(f > 1) = ﬂ U yGX}
Uefor
yeU
:{ ﬂ f[V]:yEX}
y‘effe[(/}
= { ﬂ flV]:xe€ X}, since f is bijective
<
Therefore,

[]

Lemma 5.3.15. Let X be a finite set. Let B(X) C PP(X) be the set of all bases

in X and Top(X) be the set of all topologies on X. Then there are:

1. A surjective map

£: B(X) — Top(X)

BV—)TQ

that, moreover, preserves the action of Sym(X).
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2. An injective map

M: Top(X) — B(X)
7 — Min(7).

that, moreover, preserves the action of Sym(X).

Proof.

1. (a) We need to prove that £ is surjective. so we need to show is that

it 7 in Topy, there is a basis 3 such that 7 = 75. This clear from Lemma

5.3.10.

We need to show that

f>L(B) = £(f>p)

Let us start

f>£(8) = fr 7

= Tfop from Lemma 5.3.13

= £(f>P)

We need to prove that 9 is injective. We need to show that
AT = M(1) £ M(7T).

We show the proof by using contradiction. Suppose 9(7) = (7). This
means Min(7) = Min(7'). However, we know if two topologies generated
by the same basis that means the two topologies are equal. Thus, 7 = 7 .

This is contradiction with our assumption. Therefore, 9(7) # IM(7).

3. We want to show that

fo M) =Mm(f > 7).
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Let us proceed as follows:

f>M(r) = f > Min(r)
= Min(f > 7) from Lemma 5.3.14
=M(f> 7).

5.3.2 Finite topologies and relations

Recall that a relation (or binary relation) on a set X is a subset of X x X.

(See[Hal60].)

A binary relation < on a set X is reflexive if each element of X relates to itself:
ie. Vo € X : oz < z. Also, a relation <, is called a transitive if given z < y and

y < z, then = < z. (See [Hal60].)
We now go back to the case when all sets are finite.

Lemma 5.3.16 ((See for example [May03, Lemma 1.13.].)). Let X be a finite set

with a reflexive and transitive relation <. The set of all sets of the form:
BF = {y:y <a},

where x € X, is a basis in X (in the sense of (5.3.1)), denoted, B<.

Proof. We show B< is a basis as follows:

1. Let z € X. Since < is reflexive, then it is clear that
v€Bs={y:y<a}e€ B

because x < x. Therefore, the 1st condition of basis holds.

2. Let x1,29 € X. Let x € B§1 N B§2 we want to prove there exist x3 € X such
that = € Bx§ C B: N B:,. Define z3 = . We already know that « € B,

Claim. B C B N Bs,.

Proof. We want to prove if z € BS, then z € BS and z € BS. Let z € BS.
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Then z < . Moreover, # < 21 and < x, because x € B and = € B5,. By
transitivity, we have z < x; and z < x5. Therefore, z € B§1 N Bw%. So, this

proves the second condition of basis. O

]

Definition 5.3.17. If X is a set and < is a reflexive and transitive relation, in X,
we put

T< = Th.
Lemma 5.3.18. Let 7 be a topology on X, finite. If x,y € X then:
relU, < U, CU,.

Proof. We prove each implication separately.

< Suppose Uy C U;. We want to prove z € U]. Let € U;. Hence, it is clear
z e Uy.

= Suppose x € Uy, we want to prove that U; C Uy. Since Uy is open and Uy is

the smallest open set containing z, then Uy C Uj.

O

Lemma 5.3.19. Let X be a finite set, with a topology 7. We have a reflexive

transitive relation, on X, where x <.y, if, and only if, x € Uy.

Proof. We need to prove that <, is reflexive and transitive relation as follows:
o Reflexivity: It is clear that x <, z, since z € U].

e Transitivity: Let » <; y and y <; 2. This means z € U; and y € U]. So,
T e UyT C U]. Therefore, x <, y.

So, as in [May03, Proposition 1.16], we have a function

F : Top(X) — Rel(X)

T = <.
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Also put:

F : Rel(X) — Top(X)

S —> T<.

Our aim is to prove that they are mutually inverse, and that both preserve the

action of Sym(X).

Lemma 5.3.20. Let 7 € Top(X). Then, ify € X, U] = By

Proof.

zeU, < z<,y by Lemma 5.3.19

— zeB; ={m:m <, y}.

O

Lemma 5.3.21. Let X be a finite set. Let < be a reflexive and transitive relation

in X. Then
1. x <y happens if, and only if, BS C Byg;
2. Givenr € X. B =U;".

3. BS = MiH<T§>.

Proof. 1. We prove each implication separately.

< Suppose By C By. We want to prove x < y. Since z € By, then z € B
Therefore, x < y.

= Suppose z < y, we want to prove that BS C Byg. Let 2 € BS. Then

z < x. Since, z < y, then by transitivity z <y. Thus, z € Byﬁ.
2. Given x € X.

e We want to prove that BS C U,~. Since x € U,~ and U;~ is open in
T<, there exists a basis element 2 € BS C U,;~. So, x < z. Hence, by

transitivity we have BS C BS. Therefore, BS C U, ~.

e We need to prove that U;= C Bs. We know x € U;~. Since {B5 : y € X}

. . . . T. .
is a basis for 7<, then B is open in 7<. We know U, is smallest open
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set in 7< containing x. Therefore, U;~ C BZ.
3. It is clear that Min(7<) = B< from the previous statement (2).

]

Theorem 5.3.22 ([May03], Proposition 1.16). Let (X,7) be a finite topological
space. Let Rel(X) be the set of transitive, reflexive relations on X and Top(X) is
the set of finite topologies spaces.

The functions
F': Top(X) — Rel(X)
and
F: Rel(X) — Top(X)
are mutually inverse to each other. I.e. F o F = idRel(x) and FoF = 1dTop(x) -
Proof. 1. We need to prove F o F = idrel(x) l.e. <=<(ro)-

<.y < zeU;~ byLemma 5.3.19
& x € ByS by Lemma 5.3.21 part 2
— re{z:2<y}

— <y

2. We need to prove F o F = idtop(x). I.e. 7= T(< ). It is suffices to prove that
Min(7) = Min(7<, ).
So, it is suffices to show that

Ve e X : U~ =U]
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Let us start as follows:

U,*” = BS" by Lemma 5.3.21 part 2
= U, by Lemma 5.3.20.
[

We now discuss the action of Sym(X') on the set of transitive reflexive relations

on X.

Proposition 5.3.23. Let Rel(X) be the set of transitive, reflexive relations on X.
Let <€ Rel(X). Then we have an action of Sym(X) on Rel(X), denoted by f> (<),
defined as:

rf(Qy = @) <)
Proof. e Claim 1: f(<) is reflexive.
Proof. 1t is clear. m
e Claim 2: f(<) is transitive.

Proof. Let x f(<)y and y f(<) z. Then

v f(S)yand y f(<)z = [

e Claim 3 :

Proof.
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RH.S =xf(9(<))y

Therefore, L.H.S. =R.H.S. O

Lemma 5.3.24. Let f € Sym(X). Then

T\ __ f(r)

Proof.

FUD =14

TEA
AeT

= (] £
f(z)ef(A)

fF(A)ef(T)

)
= Uy

Proposition 5.3.25. The bijections
F: Top(X) — Rel(X)
and
F: Rel(X) — Top(X)
preserve the action of symmetric group S,,.
Proof. Vf € S,, T € Top(X). Then we need to prove that

F(for1)=f> F(1).
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This means we need to show that

r<pry = vf(<)y.
Let us start

r<yny & T € ny(T) by Lemma 5.3.19
<= z € f(U]) by Lemma 5.3.24

<~ iEf(ST)y

O

Theorem 5.3.26. Let X be a finite set. There is a bijection between the set of re-
flexive and transitive relations, <, on X and the set of all topologies in X . Moreover,

the bijection preserves the action of Sym(zx).
The first statement is in [May03, Proposition 1.16].

Proof. The first statement from Theorem 5.3.22, and the second statement from

Proposition 5.3.25. O

5.4 One more partition of set Top(X,) via Rel(X,)

We now go back to considering X = X,,, where n is a positive integer. So Sym(X) =

S

Recall that there is a bijection Top(X,) — Rel(X,,) preserving the action of S,
from Theorem 5.3.26. Then the the S,-sets Top(X,,) and Rel(X,,) are isomorphic .
Therefore, as representations of S,,, we have CRel(X,,) = CTop(X,,).

Now, we have

Rel(X,)= || O,

OcRel(Xn)/Sn

a partition of a set into orbits. So, as representation of S,,, we obtain

CRel(X,)= @ co.

OGRE'(Xn)/Sn
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Also, we have

Top(X,,) = || P o P(Xn)

(a1, €40,1,.im}

where each P} ai]P(X") is invariant under the action of S,,. However they may

contain more than one orbit. So, the partition

Rl(X,)= || o,

O€Rel(X)/Sn

of Rel(X,,), is in theory finer that the partition of Top(X,,) is as below

Top(X,) = | | Pl oy P(X).

i,la1,...,a

la1,...,a]
So we have

top
Oepi, lag,..., a;)

5.4.1 The full decomposition of Top(X3) into orbits

Now, we repeat the procedure that used in example 5.1.8, using this finer decompo-

sition of Top(X3).

1. We have:
7Dzi?[]fm,za]7D(X3) = Orbg, (<) U Orbg, (<),

here we have two types of topologies, arising from two orbits of the action of

S3 on Top(X3). The relations < and <’ are :

As the diagram indicates, this is the reflexive and transitive relation such that:

1<1,2<2,3<3,1<2,2<3,1<3.

And
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)
1
<=
2. .3
O~ 0O

As shown in the diagram, this is the relation (reflexive and transitive) such

that: 1<'1,2<'2,3<'3,1<'3,2<3,3<"2.

Let us see why this is the case. Suppose we have a topology in Pig[% 12 3]73()(3),
then

(a) we have one set of cardinality 1, say {a}, for some a € {1, 2, 3}.

(b) We have one set with cardinality 2. There are two possible cases now, for

the set of cardinality two.

i. {a,b} and the topology will then have the form {0, {a}, {a, b}, {a,b, ¢},
where a,b, ¢ € {1,2,3} are all different.

ii. {b,c} and the topology then has the form {0, {a}, {b,c},{a,b,c}},
again for different a, b, c € {1, 2, 3}.

So, we have

Pzi?[I()),LQ,?;]P(X?)) = OrbSa ({®> {1}7 {17 2}7 {17 2, 3}})|—| OrbS3({®> {1}7 {27 3}7 {17 2, 3}})7

Therefore, we have an isomorphism of Ss-sets

)
1-
PZ)[I()),LQ,:;]P(X?)) = Orbg, / \
N
@)

3.
@)
ﬂ
1-
U Orb53
-
O~ 0O
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So we can see that the partition of Top(X,,) using the orbits on relations is
finer in comparison with the one that merely use the number of subsets, and

their cardinalities.

From now on, we will keep on describing a transitive and reflexive
relation by a diagram. However we will omit the loops, even

though we will always be describing reflexive relations.

2. We have :
73(ts(,)[](o) 1,1,2,2 3]77(X3) =~ Orbg, (<),

77777

where
1.

=\

2. 3.

As the diagram illustrates, this is the relation (reflexive and transitive ) such

that: 1<1,2<2,3<3,1<3.

Let us see why this is the case. Assume we have a topology in Péo[% 1129 3}P(X3),

then

(a) We have two singletons sets, let them be {a} and {b} with a # b, where
a,be {1,2,3}.

(b) We have two sets of cardinality 2 in the topology. One must be {a,b}
The other subset of cardinality 2 must be either {a,c} or {b,c}, where

a,b,c € {1,2,3} are all different, because we have only 3 elements in Xj.

So, the topology will have the form {0, {a}, {b}, {a, b}, {b, c}, X3} and we get:

Pét)[l()),171,272,3]7)(X3) = Orbg, ({(2)7 {1}, {2}, {1,2},{2, 3}, XS})

Therefore, we have an isomorphism of S3-sets

Pé,o[zt)),l,lz,z,z]P(X?)) = Orbg,

Now, we complete showing the partition of Top(X3) in orbits of S3. So we

have the following:
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3. We have:
Pyt 5 P(Xs) = Orbg, (<),

where the relation < is as below:

2@,
~_ 7

This relation gives the indiscrete topology and the action of S5 is the trivial

representation on this relation and on the topology.

4. We have:
Py 1,5 P (Xs) = Orbs, (<),

where the relation < is as below:

5. We have :
P?f,o[;?),Q,?,],P(X?)) = OrbS3<§>7

where the relation < is as below:
20— 3.

6. We have:
P;?[I(?),1,1,2,3]P(X3) =~ Orbg, (<),

where the relation < is as below:
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7. We have:
P;?[I(JJ,LQ,Q,S]P(XS) >~ Orbg, (<),

where the relation < is as below:

2./1'\3-

8. We have:
Pé?[zé,l,l,l,272,2,3]7)(X3) =~ Orbg, (<),

where the relation < is as below:

2. 3.

Here x < y, if, and only if, x = y. This relation gives the discrete topology
and the action of S3 is the trivial representation on this relation and on the

topology.

We have found the number of relations in the table in [May, pp.10].

5.4.2 Summary: the full decomposition of Rel(X3) into S;-

orbits

In this subsection, we will use Theorem 5.1.11. Any time we have an orbit O of S,
on Rel(X,,) that is free (i.e. all stabilisers are trivial) then CO is isomorphic to the
regular representation of .S,,, and hence CQO is in particular algebra faithful. The
formulation of the action of S,, on Topy, in terms of the action on Rel(X,) makes it

quite transparent to identify when an orbit is free. We now illustrate this for n = 3.

Summarising the previous subsection §5.4.1, Rel(X3) is partitioned into the or-
bits of the relations below, and we have shown which of them are free, and their

cardinality:

1. <= / \ . Free orbit. | Orbg,(<)| = 6.
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1-
2. <= \ . Free orbit. | Orbg,(<)| = 6.
2 3
1-
3. <= . Non-free orbit. | Orbg,(<)| = 1.
2 3
1-
4. <= . Non-free orbit. |Orbg,(<)| = 3.
20 —3
~_ -
1-
5. <= f/\ (Q . Non-free orbit. |Orbg,(<)| = 1.
2.0 3
~_ -
1.
6. <= / \ . Non-free orbit. | Orbg,(<)| = 3.
2. —3
~_
1-
7. <= f/\ \ Non-free orbit. | Orbg,(<)| = 3.
20 —3
1-
8. <= \ . Non-free orbit.| Orbg, (<)| = 3.
2. ————>3
1
9. <= . Non-free orbit. |Orbg,(<)| = 3.
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5.4.3 The full decomposition of Top(X,) into orbits

In this subsection, we repeat the way that used in §5.2.3, using this finer decompo-

sition of Top(Xy).

1. We have:
Pyl P(X1) = Orbg, (<),

where the relation < is as below:

As the diagram illustrates, this is the relation (reflexive and transitive ) such
that: 1 <1,2<2/3<3,4<4,1<21<3,1<4,2<3,2<4,3<4,
2<1,3<1,4<1,3<2,3<4,4<2,4< 3. This relation gives the
indiscrete topology and the action of Sy is the trivial representation on this

relation and on the topology.

2. We have:
P?i,o[l(]),l,él]lp(X‘l) = OrbS4<§)7

where the relation < is as below:

3. We have:
P§?£,2,4]P(X4) = Orbg, (<),
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where the relation < is as below:

4. We have:
73;?[1673’4]73(X4) = Orbg, (<),

where the relation < is as below:

5. We have:
PZ’[%LM}P(X@ = Orbg, (<),

where the relation < is as below:

6. We have:
Pﬁ%,l,?;A]P(XAL) = Orbg, (<) U Orbg, (<),

where the relation < is as below:
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and
1.
<'=
2. @ 4.
7. We have:

772’[%7272’4}77()(4) = Orbg, (<),

where the relation < is as below:

8. We have:
Pr[%,z,g,qu(XD >~ QOrbg, (<),

where the relation < is as below:

9. We have:
P;?[z(; 1,1,2 4]P(X4) = Orbg, (<),

1Ly 4y

where the relation < as below:
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10. We have:
P 554 P(X1) = Orbg, (<),

where the relation < as below:

11. We have:
P;i€,1,2,3,4]P(X4) = Ol"bg4(§) L Orb54)(§') L Orb54)(§”),

Where

and

12. We have:
Péi%,1,1,2,3,4}7)(x4) 2 Orbg, (<) U Orbg,) (<),
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where the relation < as below:

/)

and
1.
<'= \ )
9. 3 .
\/
13. We have:

Péf)[%,l,2,2,3,4}7)<X4) = Orb54(§> U Orb54<§/)>

where the relation < as below:

\_/

IN
I

and
1.
<= / \ '
2. .3 4.
\—/
14. We have:
Pé?[%,l,2,3,3,4}7D<X4) = Orbg, (<) U Orbg, (<),

where the relation < as below:

2. @4- |
~

IN
I
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and
1.
<,: y
15. We have

P;j%,1,1,2,2,3,4]7)(X4) = Orb(<).

where the relation < as below:

<= 1- 9.

16. we have

CP;Z%,1,2,2,3,3,4]P(X4) =~ Orbg, (<),
where the relation < as below:

<= li— 9.

17. We have
CP§?[€),1,1,2,3,3,4}7)(X4) =~ Orbg, (<),

where the relation < as below:

18. We have:

Palo 4 P(X4) = Orbg, (<) U Orbg, (<) U Orbg, (<").

8,00,1,1,2,2,3,3,

139



CHAPTER 5. THE ACTION OF Sy ON THE SET OF TOPOLOGIES ON Xy

Where
= " /\
SIZ 1 /_\
2- 3.y
and
S// 1
RN
2 3.y
19. We have:

Cpéi%,1,1,2,2,2,3,3,4]P(X4) = Orbg, (<),
where the relation < as below:

<= L.

20. We have:
Cpéig,l,l,1,2,2,2,3,4]P(X4) =~ Orbg, (<),

where the relation < as below:

_ ~_]

21. We have:
Cpé?[g,l,2,2,2,3,3,3,4]73(X4) =~ Orbg, (<),
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where the relation < as below:

|
W

22. We have:
Cpigf)[o,1,1,2,2,2,3,3,3,4]P<X4) = Orbg, (<),

where the relation < as below:

23. We have:
to. ~
Cploﬁo,1,1,1,2,2,2,3,3,4}P<X4) = Orbg, (<),

where the relation < as below:

<= 1.

24. We have:

Cpf;ﬁo,l,l 1,2,2,2,2,3,3,3,4]73()(4) = Orbg, (<),

)

where the relation < as below:
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25. We have:

t
731(6)1,7[0,1,1,1,1,2,2,2,2,2,2,3,3,3,3,4]73(X4) = Orbg, (<),

where the relation < as below:

Here x < y, if, and only if, x = y. This relation gives the discrete topology and the

action of Sy is the trivial representation on this relation and on the topology.

5.4.4 Summary: the full decomposition of Rel(X,) into S;-
orbits
In this subsection, we summarise the previous subsection §5.4.3. Set Rel(X}) is par-

titioned into the orbits of the relations below, and we should which orbits are free

(and hence give algebra faithful representations of S,,), and the cardinality of each

orbit.
1-
1. <= / \ . Free orbit. |Orbg, (<)| = 24.
1 2
2. <= / \ / . Free orbit. |Orbg,(<)| = 24.
3———4

3. <= / \ . Free orbit. |Orbg,(<)| = 24.
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1-
4. <= <\ . Free orbit. |Orbg,(<)| = 24.

2 3 4.

\_/

1.
5. <= <\ . Free orbit. |Orbg, (<)| = 24.

2 3 —4

So, all above relations have free orbit and therefore they give algebra faithful
representations, moreover isomorphic to CS;. Note that CS, =2 S® ¢ 385G ¢

1. <= 1. 2 3 4.. Non free orbit. | Orbg,(<)| = 1.

1-
2. <= A . Non free orbit. | Orbg, (<)| =4 .

2. 3. 4.

~_
1.
3. <= }//7 \ Non free orbit. |Orbg,(<)| = 6.
~ =

1.
4, <= 7 @ Non free orbit. | Orbg,(<)| = 4.
~
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1-
5. <= / <\ . Non free orbit. | Orbg,(<)| = 12.

2 3 4.

\_y

1-
6. <= / <\ . Non free orbit. | Orbg, (<)| = 12.

2 3 4.

7. <= Non free orbit. | Orbg,(<)| = 4.

8. <= . Non free orbit. | Orbg, (<)| = 4.

1-
9. <= ﬁ <\ . Non free orbit. | Orbg,(<)| = 12.
2 3 4.
10. <= /1. <\ Non free orbit. | Orbg,(<)| = 12.

N 4.
\—/
1-
11. <= \ . Non free orbit. | Orbg,(<)| = 12.
2. 3. 4.

\7

1-
12. <= ;// <\ . Non free orbit. | Orbg,(<)| = 12

9 3 A

\_/
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13.

14.

15.

16.

17.

18.

19.

1- /\\ Non free orbit. | Orbg,(<)| = 12.

2 3 4.

~_ -

. Non free orbit

. | Orbg, (<)] = 12.

. Non free orbit

. | Orbg, ()| = 12.

<= . Non free orbit. | Orbg, (<)| = 12.
1-
<= \ . Non free orbit. | Orbg, (<)| = 12.
0. 0 U3 4.
\_/
1-
<= / \ . Non free orbit. | Orbg, (<)| = 12.
<= . Non free orbit

. |OI‘bS4(§)| =12
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20. <= 1~<_\ . Non free orbit. |Orbg,(<)| = 12.

20 —3 4
1-
21. <= 2 3 /\4 . Non free orbit. | Orbg,(<)| = 6.

1.
22, <= \ . Non free orbit. | Orbg, (<)| = 12.
2- 3 4.
23. <= 1. \\2j 3 . Non free orbit. | Orbg, (<)| = 4.
4.
24. <= 1. ——2 . Non free orbit. | Orbg, (<)| = 4.
3- 4.
25. <= 1. <>4- . Non free orbit. | Orbg, (<)| = 12.
2 3
26. <= 1 . Non free orbit. | Orbg,(<)| = 12.
2. 3 — 4.
1.
27. <= . Non free orbit. | Orbg,(<)| = 12.
2 3 —4
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28. <= . Non free orbit. | Orbg,(<)| = 1.

5.4.5 Some free orbits for the general n case

Proposition 5.4.1. Let X,, = {1,2,...,n}. Consider the reflexive and transitive

relation sketched below

<= 1 2- 3 4. D ... n—2—n-1-—n

Here the remaining arrows are either loops on an object, or a composition of arrows,
in order to ensure transitivity. So, x,y € {1,...,n}, © <y has the usual meaning,
in Z. The action of S,, on Orbg, (<) is free and therefore it gives an algebra faithful

representation of S,,.

Proof. Since
Orbg, (<) = Pr [0,1,2,...,n]P(Xn>’

n+1,

then from (5.9) we have C Orbg, (<) is algebra faithful representation of S,,. It can

also be seen, by inspection, that Stabg, (<) is trivial. So its orbit is free. [
It is very easy to find more transitive and reflexive relations on X,, whose orbit
is free as follows:

Proposition 5.4.2. Let X,, = {1,2,...,n}. Consider the reflexive and transitive
relation sketched below (in all cases, the remaining arrows are either loops on an

object, or a composition of arrows, in order to ensure transitivity):

e Forn >4, we have

<= 1 2- 3- 4. Do n—3—n—2-—n-—1-

n.

So, v,y € {1,...,n — 1}, © <y has the usual meaning, in Z. We also have
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n<n-—1andn <n.

e For all n, we have

<= 1 2- 3 4. S E n—2—n-—1

So, v,y € {1,...,n— 1}, © < y has the usual meaning, in Z. We also have

n <n.

e Forn >4, we have
1.
n-
So, v,y € {1,...,n— 1}, © < y has the usual meaning, in Z. We also have
1<n andn <n.

<=

e forn > 6, we have

<= 1 2 3 4. S5 ...

3 3
| —=3S—— |
= to

So, z,y € {1,...,n — 2}, x < y has the usual meaning, in Z. we also have

n—1<nandn<n-—2.

The action of S,, on the the orbits Orbg, (<) is free and therefore, linearising,

it gives an algebra faithful representation of S,.

Proof. Since the action of S,, on Orbg, (<) is transitive and free because we have
only one orbit and all stabilisers are trivial, then it is isomorphic representation to

CS,, from Theorem 5.1.11. Hence, it is algebra faithful representation of S,,. O
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5.4.6 Levelled topologies and Young tabloids

Definition 5.4.3. Let X be a non-empty set and let k € N. A levelled and unrelated

reflexive transitive relation, with k levels, is one defined by:

1. Subsets A1, As, ... Ay of X, that are non-empty and pairwise disjoint, and such

2. z2<ye (r=vy)or(xeA and y € Aj, with i < j), where < is usual sign in

integer numbers.

We put <=<(k.4,,..,4,)- The shape of such a relation is the pair (k : |A|, |As|, ..., |Ak])

.....

Note: If

S (kAL A) TS (KA AL)
then k =k, and Ay = A}, Ay = A, ..., Ay = Aj.

Lemma 5.4.4. A relation defined as in Definition 5.4.3 indeed is a transitive and

reflexive relation.

Proof. We need to prove that a relation as in Definition 5.4.3 is indeed, reflexive

and transitive.
1. Reflexive: we want to show z < z.

Since for any x € X we have x = x, then by definition 5.4.3 we have clearly

that x < z.
2. Transitive: we need to show that if x <y and y < z, then z < z.
Suppose that z < y and y < z. Then by definition 5.4.3 we have the following:
(a) (z=y)or (x € A;and y € A;, with i < j)
(b) (y=2z2)or (y€ A and z € A, with j <)

Now, we need to show that x < z. This means we need to prove (z = z)
or (x € A; and z € A, with i < [). We have some cases to prove that

z < z as follows:

Case 1: Suppose that © = y and y = 2. Then we have x = z. Thus,

Tz < z.
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Case 2: Suppose that z = y and y € A; and z € A;, with j < {. Then

it is clear that x € A;. Therefore, we have z < z.

Case 3: Suppose that y = z and z € A; and y € A;, with ¢ < 5. Then

it is clear that z € A;. Therefore, we have x < z.

Case 4: Suppose that x € A;, y € A; and z € Aj, with i < j and j < L.
Since we have © € A; and z € A; with ¢ < j and j < [, then ¢ < [ from

transitive inequality (in Z). Therefore, z < z.

]

Example 5.4.5. Let X = {1,2,3,4}. Put £ = 1 and A; = {1,2,3,4}. Then the
corresponding levelled and unrelated reflexive transitive relation will be the one, <,

defined by the diagram:

() () () )
<= le e 3e 4o

Therefore z < y if, and only if x = 5. Also, we notice that F/(<) = 7< is the discrete
topology on Xj; see Section 5.3.2.

Example 5.4.6. Let X = {1,2,3,4}. Put k£ =2 and let A; = {1,2}, A, = {3,4}.
Then the corresponding levelled and unrelated reflexive transitive relation will be

defined by the diagram:

_ 3{ 7<4To

le Qe

Therefore, given any © € A; and y € Ay, < y. The topology, F(<) has basis
{1}, {2},{1,2,3},{1,2,4}} and explicitly

F(L) =7« ={0,{1},{2},{1,2},{1,2,3},{1,2,4}, X }.

Definition 5.4.7. Let X be a non-empty set and let £ € N. A levelled and fully

related reflexive transitive relation, with k levels, is one defined by:
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1. Subsets A, ..., A of X, that are pairwise disjoint and A; U---U A = X.
2. © <y & (there exists ¢ € {1,2,...,k} such that x,y € A;) or (x € A; and
y € A;, with i < j), where < is usual sign in integer numbers.
Proof. We need to prove that a levelled and related reflexive and transitive relation
is, indeed, reflexive and transitive.

1. Reflexive: we want to show x < z.

Since for any x € X we have x € A;, then by definition 5.4.7 we have clearly
that x < z.

2. Transitive: we need to show that if z <y and y < z, then z < 2.

Now, we need to show that z < z. This means ( z,z € A;) or (x € A; and

z € Aj, with i < [.) We have some cases to prove that < z as follows:

Case 1: Suppose that z,y € A; and y, 2z € A;. Then we have =,z € A;. Thus,

r < z.

Case 2: Suppose that z,y € A; and y € A;, 2z € A; with ¢ <[ . Then we have

r € A; and z € A, with ¢ < [. Therefore, we have = < z.

Case 3: Suppose that v € A;, y € A; and z € A;, with ¢ < j and j < [. Then
we obtain that x € A; and z € A;, with ¢ < [. Thus, we have z < z.

]

Example 5.4.8. Let X = {1,2,3,4}. Put k = 1. Let A; = {1,2,3,4}. Then the
corresponding levelled and fully related reflexive transitive relation will be defined

by the diagram:

Thus, given any z,y € A;, * < y. Also, we notice F(<) = 7< is the indiscrete
topology on Xj; see Section 5.3.2.
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Example 5.4.9. Let X = {1,2,3,4}. Put k = 2. Let 4; = {1,2}, Ay, = {3,4}.
Then the corresponding levelled and fully related reflexive transitive relation is de-

fined by the diagram:
<= 30%40
le /_\—> 20
Therefore:
1. Given any x,y € Ay, v < y;
2. Given any x,y € Ay, v < y;
3. Given any x € Ay and y € Ay, © < .

The topology has basis {{1,2},{3,4}} and expliclty

F(L) =7« =1{0,{1,2},{3,4}, X}.

Example 5.4.10. Let X3 = {1,2,3} and k = 2 with A; = {1}, Ay = {2,3}. Then
we have the corresponding levelled and unrelated reflexive transitive relation, which

can be visualised by the diagram:

Qe e

N S

le

Now, let f € S3, then the action of S3 on < is defined by diagram

f(2)e f(3)e

~

f(1)e

We notice that the action S3 on a such a relation returns a relation with the same

shape.

Lemma 5.4.11. Consider X,, = {1,2,...,n}, k € N. Let Ay,..., Ay be subsets of
X, that are non-empty and pairwise disjoint, and such that Ay U---U A, = X,,.
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Then:

o If f€S,, then

e The orbit of <(k:Ay
|A1|7"'7|Ak|) :

.....

Proof. e 1. Since f: X,, — X,, is a bijection, then subsets f(A;), f(A42),..., f(Ak)

of X,,, that are pairwise disjoint because from Lemma 5.1.1
fA)N f(A2) NN f(Ag) = f(AiN AN NAy) =10
and we have by Lemma 5.1.2.

fA DU f(A)U---U f(Ar) = F(AAU AU - U Ag) = X,

2. We need to show that

T f(Smanaa)) YT S(epA,.f(4n) Y

Let us denote the relations f(<k:a,,. a,)) and <gepear),. fan) a8 <, <

respectively.
We prove each implication separately.

(a) = : Since

vf(L)y e f1(x) < f'(y), by proposition 5.3.23
& (fH2) =) or (fH(z) €A and ' (y) € Aji <)

Now, if we are applying f, then we have:
(x=y) or (z€f(A) and ye f(4), i<j)=z<y
(b) <: Since from definition 5.4.3
< ye(r=y) or (r€f(A) and ye f(4;) with i<j)
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If z =y, then we get f~'(z) = f~!(y). Thus, f~*(z) < f~(y) and
hence = < y.

If z € f(A;) and y € f(A;) with i < j, then there is #' € A; and
y € Aj such that f(z') =z and f(y) = y.

Now, apply f~!, we have: f~'(z) = 2" € A; and f~(y) =y € A,
with i < j. Hence, f~}(z) < f~!(y) and therefore we have z < y.

(k : |A1|’ |A2|7 B |Ak’)

Then we have pairwise disjoint subsets A, A,,... A, of X,, such that A, U
AQU"'UAk:Xn-

/

<
Suppose S AL A A

be another reflexive and transitive relations with shape
(k : ’A1|7 ’A2’7 R ’Ak’)

So in particular k£ = k’.

Then we have pairwise disjoint subsets Aj, A, . .. A;c, of X,, such that
AjUAU-- U4, =X,

and

| Ar| = [A1], [Aa] = [AY], ... [Ak] = [A}].

Now, we need to show that the orbit of <(;.4, . 4,) contains this relation

.....

. Choose bijections:

/
AV

<
—(K:A AL A;,)

912A1—>A/1
922A2—>A/2

gk - Ak — A;C/
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Define a map:

g: X, = X,,

where

g1(x),x € Ay

g2(x),z € A

\gk(a:),x € A

So,g l>S(kiz‘h ~~~~~ Ak):</ (AlLLAL

.....

]

Proposition 5.4.12. Suppose that <(i.4, A,,....4,) s a levelled and unrelated reflezive
transitive relation on X,,. Suppose (to simplify) that |Ay| > |Ag| > -+ > |Ax|. Let
D be the corresponding young diagram of shape p = (|A1],|Asl, ..., |Ak|). We have

a bijection preserving the action of S,

Orbg, (L(k:a,,45,....4,)) — { Young tabloids with shape D}

.....

S(kz:Bth ,,,,, Bk)'—> e e e

where the boxes in the first row have been filled with the elements of By, the boxes

in the second row have been filled with the elements of Bs, and so on.

Lemma 5.4.13. Suppose that <(i.a, 4,,..4,) 15 a levelled and unrelated reflexive

.....

transitive relation on X,,. Let u = (|A1|,|Az|, ..., |Ak|) and M* be defined in 2.4.3.
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Then we have:

COrbs, (K(k:ay,49,...,44)) = M"

as representation of S,.
Proof. 1t is clear from proposition 5.4.12. O]

Example 5.4.14. Let X4 = {1,2,3,4} and S; the symmetric group. Suppose that
< as defined in Example 5.4.8. Then we have a bijection

Orbg, (£a:q1,2,343)) — {Young tabloids with shape(4)},

where all sets have cardinality 1, which is given by:

le Qe e 4o <+ 1 2 3 4

Example 5.4.15. Let Xy = {1,2,3,4}. Suppose that <=<(1.(1,234}) as defined in

Example 5.4.5. Then we have a bijective map
Orbg, (£a:1,2,34})) — {Young tabloids with shape(4)}

is given by:

>y O O Oy

le Qe e de > 1 2 3 4

Then the decomposition of the action of Sy on Orbg, (<) into irreducibles will be

We notice that the previous examples have different topologies, while the action
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of S, on both topologies is trivial.

Example 5.4.16. Let X5 = {1,2,3,4,5,6,7,8} and k = 3 with A; = {6,7,8}, Ay =
{3,4,5} and A3 = {1,2}. The corresponding, levelled and unrelated, reflexive and

transitive relation is defined by diagram

Then we have a bijective map
Orbg, (<(3:4,,45,45)) < {Young tabloids of shape(3,3,2)}

given by:

ol L)

Therefore, we have the representation of the action of S, as follows:

C Orbg, (< (3.4, 4y.45)) = M 332

Then by using Young rules we have the decomposition of the action of Sg into
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irreducible :

M(3,3,2) o~ S(8) D 25(7,1) D 35(6,2) D 25(5,3) ey S(4,3,3) ey 5(3,3,2)
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Appendix A

GAP4 and Python code

A.1 GAP Code (1)

In this section, we show GAP Code that we use to calculate how many points are

moved by a permutation in the action of S, on P;P(x,), i € {1,2,...,n} , n=234:

gap> S:=[1..2];

(1,2 ]

gap> T:=Combinations ( Combinations(S) ,1);;
gap> G:=SymmetricGroup (2);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g" phi;;

gap> NrMovedPoints(h);

2

gap> T:=Combinations (Combinations(S) ,2);;
gap> G:=SymmetricGroup (2);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g" phi;;
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gap> NrMovedPoints(h);

4

gap> T:=Combinations ( Combinations(S) ,3);;
gap> G:=SymmetricGroup (2);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;

gap> NrMovedPoints(h);

2

gap> T:=Combinations ( Combinations(S) ,4);;
gap> G:=SymmetricGroup (2);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;;

gap> NrMovedPoints (h);

0

gap > S:=[1..3];
[1 .. 3 ]
gap > T:=Combinations(Combinations(S) ,1);;
gap > G:=SymmetricGroup (3);;
gap > phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>
gap > g:=(1,2);
(1,2)
gap> h:=g {phi};;
gap> NrMovedPoints(h);
4
\item gap >g:=(1,2,3);;
(1,2,3)
gap> h:=$$g " {phi };;

160



APPENDIX A. GAP4 AND PYTHON CODE

gap> NrMovedPoints(h);
6

gap> T:=Combinations(Combinations(S) ,2);;
gap> G:=SymmetricGroup (3);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;;

gap> NrMovedPoints(h);

20

gap> g:=(1,2,3);

(1,2,3)

gap> h:=g phi;;

gap> NrMovedPoints(h);

27

gap> T:=Combinations ( Combinations(S) ,3);;
gap> G:=SymmetricGroup (3);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;;

gap> NrMovedPoints(h);

44

gap> g:=(1,2,3);

(1,2,3)

gap> h:=g phi;;

gap> NrMovedPoints(h);

54

gap> T:=Combinations ( Combinations(S) ,4);;
gap> G:=SymmetricGroup (3);;
gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
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<action homomorphism>
gap> g:=(1,2);

(1,2)

gap> h:=g " phi;;

gap> NrMovedPoints(h);
56

gap> g:=(1,2,3);
(1,2,3)

gap> h:=g " phi;;

gap> NrMovedPoints(h);
66

gap> T:=Combinations ( Combinations(S) ,5);;
gap> G:=SymmetricGroup (3);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;;

gap> NrMovedPoints(h);

44

gap> g:=(1,2,3);

(1,2,3)

gap> h:=g"phi;;

gap> NrMovedPoints(h);

54

gap> T:=Combinations(Combinations(S),6);;
gap> G:=SymmetricGroup (3);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets);
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;;

gap> NrMovedPoints(h);

20
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gap> g:=(1,2,3);
(1,2,3)

gap> h:=g"phi;;

gap> NrMovedPoints (h);
27

gap > T:=Combinations(Combinations(S) ,7);;
gap > G:=SymmetricGroup (3);;
gap > phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>
gap > g:=(1,2);
(1,2)
gap> h:=g {phi };;
gap> NrMovedPoints(h);
4
\item gap >g:=(1,2,3);;
(1,2,3)
gap> h:=g"{phi };;
gap> NrMovedPoints(h);
6

gap> S:=[1..4];
[ 1 .. 4 ]
gap> T:=Combinations(Combinations(S) ,1);;
gap> G:=SymmetricGroup (4);;
gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>
gap> g:=(1,2);
(1.2)
gap> h:=g’ phi;;
gap> NrMovedPoints(h);

8
gap> g::(l ’2>(374);
(1,2)(3,4)

gap> h:=g phi;;
gap> NrMovedPoints(h);
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12

gap> g:=(1,2,3);
(1,2,3)

gap> h:=g phi;;

gap> NrMovedPoints(h);
12

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g phi;

gap> NrMovedPoints(h);
14

gap> T:=Combinations(Combinations(S),2);;
gap> G:=SymmetricGroup (4);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1.2)

gap> h:=g" phi;;

gap> NrMovedPoints (h);

88
gap> g:=(1,2)(3,4);
(1,2)(3,4)

gap> h:=g" phi;;

gap> NrMovedPoints(h);
108

gap> g:=(1,2,3);
(1,2,3)

gap> h:=g” phi;;

gap> NrMovedPoints(h);
114

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g " phi;;
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gap> NrMovedPoints(h);
118

gap> S:=[1..4];

[ 1 .. 4 ]

gap> T:=Combinations ( Combinations(S) ,3);;

gap> G:=SymmetricGroup (4);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g’ phi;;

gap> NrMovedPoints(h);

472
gap> g:=(1,2)(3,4);
(1,2)(3,4)

gap> h:=g phi;;

gap> NrMovedPoints(h);
532

gap> g:=(1,2,3);
(1,2,3)

gap> h:=g phi;;

gap> NrMovedPoints (h);
552

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g phi;;

gap> NrMovedPoints(h);
558

gap> T:=Combinations(Combinations(S) ,4);;
gap> G:=SymmetricGroup (4);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)
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gap> h:=g phi;

gap> NrMovedPoints (h);
1632

gap> g:=(1,2)(3,4);
(1,2)(3,4)

gap> h:=g’ phi;;

gap> NrMovedPoints(h);

1768
gap> g:=(1,2,3);
(1,2,3)

gap> h:=g"phi;;

gap> NrMovedPoints(h);
1803

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g phi;;

gap> NrMovedPoints(h);
1816

gap> T:=Combinations(Combinations(S) ,5);;
gap> G:=SymmetricGroup (4);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;

gap> NrMovedPoints(h);

4040

gap>  g:=(1,2)(3,4);

(1,2)(3.4)

gap> h:=g phi;;

gap> NrMovedPoints (h);

4284

gap> g:=(1,2,3);

(1,2,3)
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gap> h:=g phi;

gap> NrMovedPoints (h);
4344

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g phi;;

gap> NrMovedPoints(h);
4362

gap> T:=Combinations(Combinations(S),6);;
gap> G:=SymmetricGroup (4);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g phi;;

gap> NrMovedPoints (h);

7528
gap> g::(l a2)(3?4);
(1,2)(3,4)

gap> h:=g " phi;;
gap> NrMovedPoints(h);

7892
gap> g:=(1,2,3);
(1,2,3)

gap> h:=g " phi;;

gap> NrMovedPoints(h);
7986

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g" phi;;

gap> NrMovedPoints(h);
8002

gap> T:=Combinations ( Combinations(S) ,7);;
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gap> G:=SymmetricGroup (4);;
gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>
gap> g:=(1,2);

(1,2)

gap> h:=g " phi;;

gap> NrMovedPoints(h);
10840

gap> g:=(1,2)(3,4);
(1,2)(3 ,4)

gap> h:=g" phi;;

gap> NrMovedPoints(h);
11300

gap> g:=(1,2,3);
(1,2,3)

gap> h:=g" phi;;

gap> NrMovedPoints (h);
11412

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g’ phi;;

gap> NrMovedPoints(h);
11434

gap> T:=Combinations(Combinations(S),8);;
gap> G:=SymmetricGroup (4);;

gap> phi:=ActionHomomorphism (G, T, OnSetsSets );
<action homomorphism>

gap> g:=(1,2);

(1,2)

gap> h:=g" phi;;

gap> NrMovedPoints(h);

12224
gap> g:=(1,2)(3,4);
(1,2)(3,4)
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gap> h:=g" phi;;

gap> NrMovedPoints (h);
12720

gap> g:=(1,2,3);
(1,2,3)

gap> h:=g’ phi;;

gap> NrMovedPoints(h);
12834

gap> g:=(1,2,3,4);
(1,2,3,4)

gap> h:=g"phi;;

gap> NrMovedPoints(h);
12864

A.2 Python Code

In this section, we show Python code that we use to solve some equations by using

the character table of specht module of S,, to find the multiplicity of irreducible
representation of action S, on P;P(z,), i € {1,2,...,n},2 < n < 4. At n= 3, we

have :

e import numpy

import scipy.linalg

m = numpy. matrix (|

[1, 2,1 ],
(1, 0, —1],
[1, —1, 1]
])
res = numpy.matrix ([[8], [4], [2]])

print (numpy.linalg.solve(m, res))

[[ 4]

169



APPENDIX A. GAP4 AND PYTHON CODE

[—0.]]

e import numpy

import scipy.linalg

m = numpy. matrix (|

(1, 2, 1 ],
(1, 0, 1],
(1, —1, 1]

e import numpy

import scipy.linalg

m = numpy. matrix (|

(1, 2, 1],
(1, 0, —1],
(1, —1, 1]

1)

res = numpy.matrix ([[56], [12], [2]])

print (numpy.linalg.solve(m, res))
[[16.]
[18.]
[ 4.]]

e import numpy
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import scipy.linalg

m = numpy. matrix (|

1, 2, 1],
(1, 0, —1],
(1, —1, 1]

1)

res = numpy.matrix ([[70], [14], [4]])

print (numpy.linalg.solve(m, res))
[[20.]
[22.]

[ 6.]]
At n=4, we have:

e import numpy

import scipy.linalg

m = numpy. matrix (|

[1, 3, 2,3, 1],

(1, 1, 0, —1, —1],
(1, -1, 2, -1, 1],
[1, 0, —1, 0, 1],
(1, —1, 0, 1, —1]

1

res = numpy.matrix ([[16],[8],[4],[4],[2]])

print (numpy.linalg.solve(m, res))
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° import numpy

import scipy.linalg

m = numpy. matrix (|

[1, 3,2, 3, 1],

(1, 1, 0, —1, —1],
(1, -1, 2, —1, 1],
(1, 0, —1, 0, 1],
(1, —1, 0, 1, —1]

p)

res = numpy.matrix ([[120],[32],[12],[6],[2]])

print (numpy.linalg.solve(m, res))

e import numpy

import scipy.linalg

m = numpy. matrix (|

]‘7 37 27 37 1]7

[

(1, 1, 0, —1, —1],
(1, -1, 2, —1, 1],
(1, 0, —1, 0, 1],
(1, —1, 0, 1, —1]

1

res = numpy.matrix ([[1820],[188],[52],[17],[4]])

print (numpy.linalg.solve(m, res))

[[52.]
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(88.]
[51.]
[45.]
[ 7.1]

e import numpy

import scipy.linalg

m = numpy. matrix (|

1,3, 2,3, 1],

[

(1, 1, 0, —1, —1],
(1, -1, 2, -1, 1],
(1, 0, —1, 0, 1],
(1, —1, 0, 1, —1]

1)

res = numpy. matrix ([[1820] ,[188],[52],[17],[4]])

print (numpy.linalg.solve(m, res))
[[136.

(
]
267.]
]
]

e import numpy

import scipy.linalg

m = numpy. matrix (|

(1, 3, 2, 3, 1],
(1, 1, 0, —1, —1],
(1, -1, 2, -1, 1],
[1, 0, —1, 0, 1],
(1, —1, 0, 1, —1]
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res = numpy.matrix ([[4368],[328],[84],[24],[6]])
print (numpy.linalg.solve(m, res))
[[284.]
616.]
]
]

e import numpy

import scipy.linalg

m = numpy. matrix (|

1,3, 2,3, 1],

[

(1, 1, 0, —1, —1],
1, -1, 2, —1, 1],
(1, 0, —1, 0, 1],
(1, -1, 0, 1, —1]

1)

res = numpy.matrix ([[8008],[480],[116],[22],[6]])

print (numpy.linalg.solve(m, res))
e import numpy

import scipy.linalg

m = numpy. matrix (|

[1, 3, 2, 3, 1],

(1, 1, 0, —1, —1],
(1, -1, 2, —1, 1],
[1, 0, —1, 0, 1],
(1, —1, 0, 1, —1]

p)

res = numpy.matrix ([[11440],[600],[140],[28],[6]])
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print (numpy.linalg.solve(m, res))

e import numpy

import scipy.linalg

m = numpy. matrix (|

[1, 3, 2,3, 1],

(1, 1, 0, —1, —1],
1, -1, 2, —1, 1],
[1, 0, —1, 0, 1],
(1, —1, 0, 1, —1]

y)

res = numpy.matrix ([[12870],[646],[150],[36],[6]])

print (numpy.linalg.solve(m, res))
([ 730.]
[1750.]
(1098.]
(1430.]
[ 404.]]

A.3 GAP Code(2)

In this section, we show the Gap code that we use to compute the tensor product

of specht modules of symmetric group

gap> c:=CharacterTable (” symmetric” ,3);
CharacterTable( ”Sym(3)” )
gap> irr:=Irr(c);
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[ Character ( CharacterTable( "Sym(3)” ), [ 1,
Character ( CharacterTable( ”"Sym(3)” ), [ 2, 0,
Character ( CharacterTable( ”"Sym(3)” ), [ 1, 1,
gap> CharacterParameters(c);

I e e e A
gap> ten:=Tensored ([irr [2]],[irr [2]])[1];

2

Character ( CharacterTable( ”"Sym(3)” ), [ 4, 0,
gap> SolutionMat (irr , ten)

[ 1, 1, 1 ]

I

gap> c:=CharacterTable (” symmetric” ,4);
CharacterTable (”Sym(4)” )
gap> irr:=Irr(c);

| Character( CharacterTable( ”"Sym(4)” ), [ 1, -1, 1, 1, —1 ]
Character ( CharacterTable( ”"Sym(4)” ), [ 3, —1, —1, 0, 1 |
Character ( CharacterTable( ”"Sym(4)” ), [ 2, 0, 2, —1, 0 | )
Character ( CharacterTable( ”"Sym(4)” ), [ 3, 1, —1, 0, —1 |
Character ( CharacterTable( ”"Sym(4)” ), [ 1, 1, 1, 1, 1 ] )
gap> CharacterParameters(c);

L (11 1 T, [ 2 1 U] ] [, ]2, 2]
[ 14T ] ]

gap> ten:=Tensored ([irr [4]] ,[irr [5]])[1];

Character ( CharacterTable( ”"Sym(4)” ), [ 3, 1, —1, 0, —1 |
gap> SolutionMat (irr ,ten);

[0, 0,0, 1,0 ]

gap> ten:=Tensored ([irr [3]] ,[irr [4]])[1];

Character ( CharacterTable( ”Sym(4)” ), [ 6, 0, —2, 0, 0 ] )
gap> SolutionMat (irr ,ten );

[0, 1,0, 1,0 ]

gap> ten:=Tensored ([irr [4]] ,[irr [4]])[1];

Character ( CharacterTable( ”"Sym(4)” ), [ 9, 1, 1, 0, 1 | )

gap> SolutionMat (irr ,ten);
[0, 1, 1, 1, 1 ]
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gap> c:=CharacterTable(” symmetric” ,6);
CharacterTable( ”Sym(6)” )
gap> irr:=Irr(c);
[ Character( CharacterTable( "Sym(6)” ),
(1, 1,1, 1,1, ~1, 1, ~1, 1, 1, -1 ),
CharacterTable( ”Sym(6)” )
1, 2,0, -1, -1, ~1, 0, 1] ),
Character ( CharacterTable( ”"Sym(6)” )

Character (
1
( ,
[9, -3, 1, =3, 0, 0,0, 1, 1, -1, 0] ),
(
1
(

[ 57 737

Y

CharacterTable ( "Sym(6)” )
R 3, *1, *1, 2, 17 717 07 0 ] )7
CharacterTable( ”"Sym(6)” )

Character
5, 1
Character 6
[ 10, —2, —2, 2, 1, 1, 1, 0, 0, 0
Character ( CharacterTable( ”"Sym(6)” ),
[ 16, 0, 0, 0, —2, 0, —2, 0, 0, 1

6

Character ( CharacterTable( ”"Sym(6)” ),

[ 5,1, 1, -3, ~1, 1,2, -1, 1,0, 0] ),
Character ( CharacterTable( ”"Sym(6)” ),

[ 10, 2, 2, 2,1, 1,1, 0,0, 0, 1]),
Character ( CharacterTable( ”"Sym(6)” ),
(9,3, 1,3,0,0,0, 1,1, 1,0] ),
Character ( CharacterTable( ”"Sym(6)” ),

[ 5,3, 1, 1,2,0, 1,1, 1,0, 1]),
Character( CharacterTable( ”"Sym(6)” ),
(1,1, 1, 1,1, 1,1, 1,1, 1,1]) ]

gap> CharacterParameters(c);
I I T R T A
(102,20, 0 )] [0 ]

1
141 D L4 2] ], [0
1

gap> ten:=Tensored ([irr [11]],[irr [11]])[1];
Character ( CharacterTable( ”"Sym(6)” ),
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(1,1, 1,1, 1,1, 1,1, 1,1, 1] )
gap> SolutionMat (irr ,ten);

[0, 0,0,0,0,0,0,0,0,0,1]

gap> ten:=Tensored ([irr [10]],[irr [10]])[1];
Character ( CharacterTable( ”"Sym(6)” ),

[ 25,9, 1, 1, 4,0, 1,1, 1,0, 1])
gap> SolutionMat (irr ,ten);

[ 0, 0, 0, 0,0,0,0, 1,1, 1, 1]

gap> ten:=Tensored ([irr [9]] ,[irr [10]])[1];
Character ( CharacterTable( ”"Sym(6)” ),

[ 45, 9, 1, 3,0, 0, 0, -1, 1,0, 0
gap> SolutionMat (irr ,ten);

[ 0,0,0,0,0,1, 1,1, 1, 1,0 ]

)
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