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Abstract

Understanding dynamic track stiffness is crucial for addressing railway dynamics
issues such as groundborne noise, track dynamics, and rolling noise. This
parameter is often analysed through its inverse, receptance, which is the ratio of the
structure® deformations to a unit force. Studies on receptance offers valuable
information for assessing the tracks mechanical behaviour, developing control

strategies, and optimisingthe design of new systems.

Despite its importance, most comprehensive studies on railway track components
typically employ analytical approaches. While these methods simplify modelling,
they often lack the complexity needed to accurately capture the strture & response
and cannot fully replicate 3D wave propagation effects. Although numerical
approaches provides more flexibility, they are computationally intensive.
Alternatively, periodic strategies, offer a promising solution by reducing
computational effort while accurately modelling the structure® behaviour. Thus,
this research employs a periodic strategy to develop a computational tool for
calculating the dynamic performance of ballasted railway track structures.

First, several modelling strategies fo the track® behaviour study are review and
compared based on their ability to simulate different railway engineering problems.
This comparison allowed for the selection of a periodiformulation, which can be
coupledwith perfectly matched layersto replicate wave propagation effecs. Using
this periodic approach, the model is refined for receptance applications by
considering the effects of two common modelling assumptions: beawn-elastic
foundation and symmetry. The findingsindicate that neglecting wave propagation
in subgrade-earthwork layers results in errors of approximately y mbP o 1Tt
frequencies below¢ 1 ¢t Uand aroundo Tt thetween¢ mmt T T (1 UAdditionally,
assuming symmetry along the track centreline overlooks certain track bending
modes, leading to errors of about, T RIp to p Tt W TWJThis new model facilitates a
parametric study on ballasted track components, providing insights into their
typical frequency ranges and enabling the formulation of new empirical equations.

Vi
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Chapter 1
Introduction

1.1 Background and Motivation

The dynamic characteristics © a railway track play an important role in its
interaction with rolling stock and are closely connected to short term and long term
behaviour (settlement)[1,2]. Thus, dynamic stiffness is key parameter reflecting the
entire system® quality and performance, which depends on its componeat
individual and collective behaviour. Track stiffness can be divided into two
categories: static and dynamic. In both cases, it is expressed as the ratio between the
applied force and the correspondiig deformation of the structure[3z5]. However,
the force and its resulting deflection are static in the former instace, whereas
dynamic and frequencydependent in the second case. Although both are relevant
for track design and maintenance, dynamic stiffness is a key parameter for
understanding railway dynamics issues. These include grourdorne noise and
vibration at low-frequencies, track dynamics problems at midrequencies, and
rolling noise issues at highfrequency rangeg6,7] z seeFigure 1-1.

Dynamic stiffness is commonly studied via its inverséfeceptancei(also referred to
as ©omplianced @ynamic flexibilityd or @brce-displacement transfer functiory.
Receptance analysis enables the characterisation of railway systems and their
components in terms of frequencies influencing the track behaviour. These
frequencies are typicaly referred to as frequencies of resonance and are associated
to a Godedof the structural vibration. Receptance can be used to identify various
structural properties such as stiffness, damping and potentially component
dimensions, as well as changes irhése parameters and their overall relationship
with the global system behaviour. This information has the potential to be used for
assessing the mechanical behaviour of the track structure, define control strategies
for several railway issues, and optimis&lesign of new systems.
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Receptance studies have proposed analytical, sewmnalytical and numerical
approaches to assess the track structure and its components. Perhaps the most
comprehensive sensitivity studies on railway track componentSbehaviour have
been conducted using analytical methods, such @&eam on Elastic Foundation
(BOEF) formulations. These studies have examined the effect of the excitation
position, number of layers, element formulations (beam and damping models),
material properties, and support effec{8z11]. This range of analysis is pasble due

to the simplified modelling approach, which characterises the track system
components as beams, a series of elastic elements, and lumped masses. These
studies have shown that analytical methods require a certain degree of complexity
in their simulation, including a minimum of two layers and discrete supports, in
order to be able to capture the main vibration mode$9] .

Analytical approaches are unable to fully capture 3D wave propagation effects
because they are limited in the structural elements they can be formed from.
Therefore, they are well suited to cases where the assumen of a rigid foundation

is applicable (e.gdirectly-fixed railway track in a tunnel) or noise modelling where
vibration is confined within the upper track structure. In an attempt to approximate
3D ground wave propagation[12] implemented flexibility matrices in the track sub
structure, defined in the frequency-domain, thus enabling subgrde simulation.
Different track support models resting on homogeneous and layeredomogenous
mediums were compared with simpler analytical models. Results demonstrated the
importance of modelling the ground at frequencies belowt Tt U yielding a
receptanceresult that the viscoelastic foundation of the analytical model could not
replicate.

Nevertheless, receptance analyses conducted via analytical or seamalytical
strategies rely on several important approximations of the railway system. For
instance, ralpad complex geometries are usually simplified into viscoelastic point
supports z elements described using minimal material parameters (i.e. stiffness and
damping only, in absence of geometrical dimensions); track layers are often
combined with equivalent parameters used instead; supporting ground is often
simulated via springsin-series assumptions; among other track componens
behaviour ignored during simulation that affects the overall dynamic response.

Beam on Elastic Foundation(BOEF) approaches arewidely employed when
studying railway track dynamics. Most commonly they assume the track response
can be approximated using a singkayer continuous beam supported by springsn-
series (representing the rails and the underlying track layers, respectivg), thus,
offering a straightforward and computationally efficient approach.
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25 Background and Motivation

The underlying formulation can be extended to incorporate discrete sleeper effect
and additional track components. The former is achieved by assuming the support
arrangement is caistant in the train passage direction, i.e. the fundamental
continuous BOEF formulation includes a certain degree of periodicity. In the second
case, additional excitation mechanisms are included within the BOEF model through
lumped masses and elastic lays. Despite these, it is difficult to accurately capture
3D wave propagation within the track, which is crucial for simulating receptance.

To address this, numerical approaches such as theinite Element (FE) and
boundary element (BE) methods have also beeused to compute receptance.
Numerical techniques can be solved in both frequency arine-domain [13]. In the
former, receptance is computed by enforcing Fourier transformations during the
formulation of the algorithms. Approaches in this domain are widely employed in
simulations since they provide a straightforward algebraic formulation. In contrast,
time-domain methodologies are solved via iterative integration schemefl4,15].
Following the latter methodology,[16] conducted an extensive investigation of the
dynamic behaviour of the track, assessing the suppbeffect, material properties,
and the location of excitation and observation points on different track types, and
comparing the results against field tests. This numerical timedomain model was
then combined with sensitivity studies on ballasted tracks talerive equations of the
resonant frequencies in[17]. Similarly, [18] used a 3D FEM solved in théme-
domain to compare two different railpad elements: viscoelastic and solid. However,
as the frequency range of interest started at 1t ¢t Uthe soil behaviour was not
included in the simulation. This sensitivity analysis on railpads was extended in
[19], including parameters such as the toe load, temperature effect, aging conditions,
and railpad type. Additionally, [20] studied the wheelrail impact problem in the
time-domain by comparing two wheeltrack interaction models, the beam and
continuum FE. The former used a discretised Timoshenko beam in the rail and
sleeper formulation, whereas the latter employed 3D solid elementlthough both
cases simulated railpad and ballast via spring elements, the rail is supported at a
single point in the beam model and over an area in the solid model. Overall, findings
indicated that solid elements can approximate receptance more accurately than the
beam model. The frequency range was broader in this case, ranging frgmmnto

o 1 I( Ttand the subgrade was not included in the formulation.

Although numerical methods potentially provide more fexibility to model the true
geometry of a railway track compared to analytical and seranalytical methods,
they are computationally demanding. In order to reduce the computational effort
while still delivering accurate approximations of the structure® behaviour, periodic
strategies are a promising solution. These approaches take advantage of the periodic
or repetitive characteristics of the system, thus reducing the domain under
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consideration and, in turn, reducing the computational resources and increasy the

computational efficiency.

1.2 Aim and Objectives

This research aims to develop a computational tool to calculate the dynamic

performance of ballasted periodic railway track structures.

For the fulfilment of the project aim, the following objectives a@ proposed:

1. Conduct a review of literature of the different railway modelling strategies
for continuous and periodicBeamson Elastic Foundations.

Develop a 3D periodic numerical model of railway track structures subjected

to static, quaststatic and dynanic excitations.

1.3 Novelty of the Research

Optimise the new 3D periodic numerical approach for receptance calculation.

Analyse the receptance characteristics of highpeed ballasted tracks.

The original contributions of this work can be summarised infable 1-1.

Current state of the art

Research project advancement

Objective 1: Existing BOEF review papers
include general and brief information,
typically evaluating only one track
modelling and analysis strategy.

Furthermore, current periodic strategies
have not been properly reviewed.
Assessment is usually focused on on
periodic strategy and other methods are
briefly evaluated.

Review will be performed from the
simplest BOEF formulation to more
complex models andanalysis strategies.

Although the review will consider brief
information for each revised strategy, it
will include several current techniques that
will be compared through simple BOEF
models.

Additionally, a periodic modelling revision
will be performed. It will include an
evaluation between methods.

Finally, a critical assessment of the
modelling methods for BOEF and periodic
formulations will be provided depending
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Novelty of the Research

Objective 2: Typically, railway track
analyses assume an invariant domain in i
given direction, i.e., a periodic behaviour
However, this feature is often ignored,
leading to longer simulations.

Generally, studying the entire track is
computationally inefficient, as it requires
analysing a large number of elements. Tt
mitigate high computational demands,
numerical models often limit the track
structure to a small Section reducing the
number of elements at the cost of accuracy

While the periodic approach has beer
studied before, it remains a relatively new
technique. Current 3D periodic modelling
has primarily focused on examining the
dynamic behaviour of the tracksoall
structure and its validation through
measured data and other strategies
without further assessment

Among the variows periodic approaches,
the 2.5D Finite Element (FE) method has
been widely used for railway track
simulations [21z25]. This technique
simplifies the structure into a 2D slice and
then recovers the full 3D response using
Fourier transformations. While this offers
computational benefits, the 2.5D method
only meshes the crossSection of the
structure and assumes homogeneou:
behaviour along its length, failing to
capture discrete rail support effects.

An alternative to the 2.5D approach is the
3D FE wave propagation technique, whict
can simulate discrete support behaviour
[26728]. This method discretises the
structure into a 3D slice and uses Floque
transformations solved through Eigenvalue
(modal) analysis. Although this approach
allows for flexible geometry, it requires
extracting Eigenmodes and implementing
additional strategies to optimise the

on depending on their ability to simulate
different railway engineering problems.

This conmprehensive review of
methodologies and the study of various
railway effects allowed for the selection of
a periodic formulation suitable for studying
standstill receptance applications for
discrete ballasted railway tracks.

The periodic nature of ballasted tracks will
be utilised to construct and analyse a 3L
numerical model, reducing the study
domain to a sirgle slice, also known as unit
or reference cell, for computational
efficiency.

For this purpose, the Direct Periodic
Method (DPM) will be employed. The DPNM
is a highly efficient techniqgue able to
retrieve the total structure response viaa
direct inversion and the application of
Floguet® theorem.

Additionally, the DPM will be combined
with 3D Finite Element (FE) and Perfectly
Matched Layer (PML) techniques (3D DPM
FE-PML). This combination allows for the
inclusion of complex geometries, additional
track componentsdmechanical behaviour,
and wave propagation effects.

Also, as the wave propagation effect withir
the ground will be simulated via PML, the
simulation is further optimise since
responses very far away from the track are
not considered and only amall soil domain
is required in the simulation.
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solution process, which is computationally
demanding.

Objective 3: Receptance calculation
models presented in the literature often
make assumptions regarding the track to
improve computational efficiency. One
common assumption is the track support
can be malelled as a rigid boundary
condition rather than a flexible condition
representative  of  the underlying
earthworks. Another is that symmetry can
be assumed along the track centreline
meaning both rails are excited rather than
one, which is unlikely to be he case when
field testing.

Objective  4: Perhaps the most
comprehensive sensitivity studies on
railway track componentsobehaviour have
been conducted using analytical methods
such as BOEF. These formulations rely o
simplified modelling approaches that must
incorporate a certain level of complexity to
capture the main vibration modes [9].
However, analytical approaches are limited
in their ability to fully capture 3D wave
propagation effects due to restrictions in
the structural elements they can model.

Although some periodic approaches have
studied receptan® issuesz e.g.[21,29],
these approaches are relatively new and nc
comprehensive  analysis have beer
performed using these techniques.

The 3D DPMFEPML will be refined to
study track bed support and symmetry
conditions, thereby closely approximating
real railway infrastructure and receptance
testing conditions. This refinement will
enable a new numerical apprach
specifically designed for receptance
calculation on ballasted tracks.

In the case of support conditions, both
track resting on a semiinfinite ground and
on a rigid support will be compared.
Alternatively, when studying symmetric
conditions, receptancewill be compared
for fully-symmetric and asymmetric
loading conditions.

Note that although only receptance will be
analysed the selected periodic formulation
can be expanded to replicate various
effects, such as moving quastatic and
dynamic contributions, farfield effects,
long term deformations, etc.

A sersitivity study on the most common
high-speed railway ballasted track
components will be performed. For this, the
refined 3D DPMFE-PML model tailored to
receptance of ballasted tracks will be
employed.

Then, wusing this information, new
knowledge regardingthe typical frequency
ranges associated to each track componer
and new empirical equations, will be
obtained.

Table 1-1. Novelty of the research

1.4 Outline of the Thesis

The thesis can be divided into fouSectiors: (1) theory, (2) methodology, (3) main
model, and (4) simulations and assessment. The firsgection introduces the
research context, outlining its motivation, objectives, and relevant literature.
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29 Outline of the Thesis

Section?2 details the selected approach, th®irect Periodic Method (DPM), and its
validation. Using the presented methodologySection3 presents a new numerical
model designed to receptance applications. FinallySection 4 describes the
simulations conducted with the previous model, assessing the ressltand
presenting novel insights concerning receptance application&igure 1-2 shows the
visual outline of the thesis structure.

Chapter 1 provides a brief introduction to the problems faced in simulating railway
infrastructure and the motivations for this work. It then describes the main research
aim, objectives, and contributions, followed by the outline of the thesis.

Chapter 2 presents a technical review of various BOEF approaches and their
application to railway engineering problems. It discusses solutions and
practicalities of different BOEF approaches focusing on track, tragkound, and
train-track dynamic behaviour. The, using BOEF models, benchmark solutions for
two common railway engineering problems: railway track dynamics and railway
ground-borne vibration. Finally, this Chapter outlines the challenges associated with
BOEF approaches and how they can be overcome wperiodic and FEM techniques.

Chapter 3 introduces the framework of periodic approaches. It reviews the
literature on various solutions for periodic track structures, including
considerations for semiperiodic structures. Additional examples of applications for
two common railway problems are presented. The challenges associated with the
fundamental periodic approach are thenintroduced. Finally, the studied periodic
approaches are compared against the analytitaand semtanalytical techniques
introduced in Chapter 2 and the solution techniques are classified and ranked
according to their suitability for the study of railway engineering problems.

Chapter 4 describes the development of a tracliground model based on the Direct
Periodic Method (DPM), a computationally efficient approach that takes advantage
of the periodic nature of the railway structure. The proposed model irggrates 3D
Finite Element (FE) and Perfectly Matched Layer (PML) techniques (i.e. 3D-PHL-
DPM), thus allowing considering complex geometries, mechanical behaviours of
additional track components, and wave propagation.

Chapter5OA1 EAAOAO OEA 11T AAIT 80 AAPAAEI EOQU
under various excitation conditions and the propagation effects of waves within the
subgrade component. For this purpose, four numerical verifications are preserde
track model under nonmoving excitations, under moving excitations, moving
dynamic and multiple-axle contributions, and the effect of ground vibrations.
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Chapter 6 introduces the theory of receptance, an important quantity that affects
the track® dynamic response under moving trains and noise and vibration
characteristics. Then, the model presented i€hapter 4is refined by incorporating
common track modelling assumptions: track bed support, and symmetry conditions.
Thus introducing a new numerical approach tailored to receptance calculation on
ballasted tracks. The refind model is described by a stiff track supported by well
compacted earthworks, representing the characteristics of a modern higépeed
track.

Chapter 7 employs the refined model proposed irChapter 6to perform a sensitivity
study on the most common ballasted track components. These include the effects of
rail Sectiors, railpad stiffness, sleeper material,Under-Sleeper Pagd (USP)
application, ballast stiffness and thtkness, embankment simulation, and subgrade
stiffness. Multiple permutations considered for this comprehensive analysis are
compared against the base case described by stiff track properties typical of modern
high-speed track structures. Finally, new knowddge is presented regarding the
typical frequency ranges and stiffness ratios associated with each track component.

Chapter 8 employs the sensitivity study information from Chapter 7to formulate
new empirical equations tailored for receptance applications. For this, a threstep
procedure is developed, which involves(1) defining initial relationships using
power regression methods,(2) identifying the crucial parameters influencing the
response, and(3) formulating the final empirical equations through optimization
techniques. Finally, equation results are compared with those obtained via
sensitivity analysis.

Chapter 9 summarises the results of this thesis and provides recommendations for
future work.
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Chapter 2
Railway Track Modelling

2.1 Introduction

The behaviour of railway tracks is commonly studied usingBeam on Elastic
Foundation (BOEF) theory. Initially proposed by Winkler{30], the general approach
typically uses beams to snulate the response of railway rails, supported by spring
and dashpot elements that represent the combined effect of the various track
components and the ground The simplicity of the BOEF approach provides a
straightforward and efficient computational framework for understanding railway
track behaviour.

Thus, thisChapterpresents a technical review of a wide variety of BOEF approaches
and their application to railway engineering problems. FirstSection2.2 explores a
range of BOEF modelling strategies. Nex&ection 2.3 discuss solutions and
practicalities of different BOEF approaches with a focus on track, tragkound, and
train-track dynamic behaviour. Then, usig BOEF modelsSection 2.4 presents
benchmark solutions for two common railway engineering problems: railway track
dynamics and railway groundborne vibration. Finally, Section 2.5 outlines the
challenges associated to BOEF approaches, ar®kction 2.6 highlights the
conclusions for thisChapter.
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2.2 BOEFModelling Strategies

2.2.1 Track Models

2.2.1.1 Track Types

BOEF theory allows for the modelling of a range of track types, including ballasted
and slab. A typical singldayer BOEF model uses a beam to simulate the rail, and a
single layer of springs and dashpots to represent the track suppoif9,31,32].
However, additional degrees of freedom can also be simulated by adjusgithe rail
support conditions. For instance, a twdayer model can be used to simulate
ballasted track sleepers, via lumped continuous or discrete massef8,9].
Alternatively, a second beam element, similar to the rail, can be used to simulate a
slab track (e.g. concrete or asphalt), by taking its bending stiffness into account
when calculatingtrack response[33z36].

2.2.1.2 Track Structure

The traditional Winkler formulation [30] employed in the singlelayer BOEF track
model simulates the rail as a continuous beam and the tragdubstructure as an
elastic foundation, with the latter represented via evenly distributed linear springs
[37]. Typically, this elastic foundation is homogeneous and accounts for multiple
components via a combinabn of their properties, calculated using a®prings-in-
seriesdapproach. For instance, the stiffness foundation can be employed to model
the effect of the different track components: railpad, sleepers, ballast, sdtallast
and soil [31,38z41]. Eq. (2-1) shows the track system stiffnessQ obtained by
combining the stiffness of the railpadQ and the track bedQ , using the springs

in-series approach[34,37,42,43].

L S
a2 o o (2-1)

This assumption is limiting because multiple components are approximated using a
single layer. Therefore, to account for moreomplex track behaviour, the BOEF can
be extended to have an increased number of layexsseeFigure 2-1.

A second track layerz e.g.Figure 2-1(b), allows the model to mae accurately
simulate railpads, sleepers and ballagi8,34,44,45]. In this, the railpads and ballast
are commonly represented as elastic or viscoelastic massless components (i.e.
springs or springsdashpots elements, respectively). Additional flexibility can
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further be achieved using a thredayer model z see Figure 2-1(c), in which the
ballast behaviour is modelled as a mass element with dashpots and springs
accounting for the damped elastic behaviour of the ballast and the subgra{4¥6z
48].

Replacing the traditional EulerBernoulli beam formulation with a Timoshenko
beam[49] allows for the capture of shear deformation and rotational ingia effects,
which are important at higher frequencies[10,50,51].

Regardless of the number of layers or beam formulation employed, it shld be
noted that models with homogenous or continuous support conditions struggle to
simulate the discrete nature of the rail supportg7,9,12,52]. This discrete behaviour
is also important when modelling track structures resting on both rigid and soft
foundations at high frequencies.

Shortcomings of continuously supported models include difficulties in providing
accurate results near the secalled Qinned-pinnedresonance frequency. This is
important because the magnitude of response around this frequency decreases as
the vehicle speed increasefs3], thus requiring the simulation of the discrete effect
of the sleepers[8,45] z seeFigure 2-2. Nevertheless, when studying the dynamic
effect of railway track at lower frequencies, both models provide similar predictions,
regardless of the vehicle speed. In general, continuous support models can
effectively predict the trackresponse at frequencies below v Tt ¢t (J9].

2.2.2 Foundation Models

Considering a purely elastic Winkler formulation [30] to represent the track
support, this model smulates the foundation properties through a series of
independent and closely spaced linear springs. It also assumes thia¢ reaction at a
point on the foundation is proportional to the deflection at that point only[54756].
Eq. (2-2) describes the loaddeflection relationship for a Winkler foundation:

naw  Qoat (2-2)

where 1] is the pressure,Qis the foundation coefficient (i.e. the spring stiffness),
and ¢ is the deflection. Although it is capable of modelling the foundation behaviour,
the Winkler approach is unable to represent the continuous nature of a railway
track. Thisis due to the linear oneparameter assumption involved in its formulation
(only considering stiffness in the pressuredeflection relation) [38,56z58]. Figure
2-3(a) shows the localised defledbn due to an external load applied on a Winkler
foundation z note how the model fails to describe a continuous response.
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Figure 2-1. Continuously supported Figure 2-2. Discretely supported railway
railway track models: (a) Singlelayer track models: (a) Singlelayer model,
model, (b) Two-layer model, and (b) Two-layer model, (c) Threelayer
(c) Three-layer model model, and (d) Threelayer model with

horizontal damped elastic layer

Alternatively, interaction between the linear elastic springs can be simulated
through a stretched elastic membrane. This upgraded version of the Winkler model
is known as the FilonenkeBorodich foundation [59]. Thus, accountingfor the
additional parameter in the model described inEq. (2-2), the loaddeflection
relation is [55,56,59]:

h e Qe MG ot (2:3)

where “Yis the constant tension force of the membrane and — —is a

differential operator defined in wand « alsoknown as the Laplace operatarFigure
2-3(b) shows the coupling effect introduced by the inclusion of the membrane. This
effect between the linear springs can also be achieved through the foundation model
proposed by Hetényi[38]. This model considers foundation interaction through an
elastic plate of flexural rigidity O [38,56758], as shown inFigure 2-3(c). The force
deflection relationship is therefore defined by:
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0ot Qoan  Oenso G (2-4)

where 1 1 is the bi-harmonic or bi-Laplacian operatorh [60,61]. The Pasternak
foundation [62] assumes that the interaction of the linear spring is obtained through
a shear layer of unit thicknes$37,55,56] z seeFigure 2-3(d). Through the inclusion
of this layer in the Winkler foundation modelz Eq. (2-2), the Pasternak approach
allows for both the representation of the compressibility and the shear stiffness of
the foundation [57]. Therefore, assuming a homogenous and isotropic foundation,
the force-deflection relationship includes the shear deformation effectO

haf  Qodd 06 i (2:5)

Additionally, a third parameter can be included to expand the Pasternak
formulation, incorporating an additional layer of elastic springs (Kerr[56,63]).
Thus, the coupling of both layers is achieved through the shear layer placed in the
middle of the model.Eq. (2-6) gives the differentid equation of motion:

Q.0
P h 7t Qo "@%0 (2-6)

where 'Q and"Q are the spring constants for the first and second layer, respectively
Z seeFigure 2-3(e). In general, this foundation allows for more modelling flexibility
due to the third parameter (i.e. the additional layer) in its formulation[55,57,58].
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Figure 2-3. Mechanical foundation models: (a) Winkler foundatiori30],
(b) Filonenko-Borodich foundation [59], (c) Hetényi foundation[38],
(d) Pasternak foundation[62], and (e) Kerr foundation[56,63]
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Overall, improvement of the singleparameter foundation model proposed by
Winkler, in which only the stiffness foundationQis considered, is achieved by
including various foundation parameters into its equation of motiorg seeEq.(2-2),
thus allowing for different effects to be simulated. For instance, the twaand three-
parameter modek allow for continuity of the elastic foundation through simulation
of the additional material behaviours, such as tensiofY(Filonenko-Borodich [59]),
flexural rigidity ‘O (Hetényi[38]), and shear deformation"Q(Pasternak[62] and Kerr
[56,63]).

Further improvement of the previous foundation models can be obtained through
the inclusion of damping behaviour. To do so, the formulation is extended to include
a viscoelasticfoundation, by placing viscous elements (i.e. dashpots) in a variety of
arrangements [55,56], which allow for damping of the model resposge. Figure
2-4(a) shows the parallel arrangement of elastic and viscous elements, known as the
Kelvin-Voight model. Figure 2-4(b) depicts the Maxwell model, in which the
elements are placed in series. Further, different combinations of both parallel and
series arrangements are shown irFigure 2-4(c)-(d). These are known as Zener,
Poynting-Thomson type 1 and PoyntingThomson type 2, espectively[55z257,64].

The effect of track subgrade can also be combined with the above approacip@sz

68]. For example, the foundation can be simuked as an elastic and continuum
medium with infinite dimensions. The equations of motion in the different
directions &y wand & of the halfspace are defined a§31,55,69,70]:

'OL;Q“OCé O ”LJZHTz Igfo
: (2-7)
'O Tiﬁ nes T_
Tw Tw

where 6 and "O are the displacement andforce per volume in the axis w,
respectively._and "Oare the Lamé constantsy is the volumetric strain,and” is the
density of the material. Furthermore,Eq. (2-7) gives the equations of motion of the
system in the three axisw Qw wand @ Q.

(a) (b) (c) (d) (e)

Figure 2-4. Spring-dashpot arrangement: (a) KelvigVoight model, (b) Maxwell model,
(c) Zener model, (d) PoyntingThomson model type 1, ad (e) Poynting Thomson type 2
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Half-space foundation models are useful for simulating wave propagation in the
supporting soil, which the previous models cannot accurately describe solely using
springs. This wave propagation is important to consider when maelling ground
vibration problems, and when train speeds are high relative to the tracground
Gritical velocity§71774]. When analysing such problems it is important to simulate
the effect of soil layering [66,68,71,75]. For example,Figure 2-5(a) shows a
homogenous halfspace with boundaries extending to infinity (ie. b ®
Hh b ® HT & H), while Figure 2-5(b) shows a three layered soil with
the lowest layer extending to infinity.

e
*‘\\\H z X M
\\ —_— /
\\ - e -
(a) (b)

Figure 2-5. Continuous foundation model: (a) hmogeneous haklspace model, and
(b) Multi -layer half-space

2.2.3 Vehicle Models

Train excitation is a combination of both quasstatic and dynamic loading. Quasi
static loading is due to the selveight of the rolling stock and acts as a load sliding
on the rail surface. Therefore the deflection bowl shape is identical in shape and
magnitude regardless of position along an infinite railAt speeds below thecritical
velocity, the deflection response is relatively uniform and symmetrical, and wave
propagation does not occurz see Figure 2-6(a). However, above this speed
perturbations are generated in the wake of the load71,72,74,76], which can be
magnified significantly due to superposition if multiple axles are considerefB5,77]

z as seen in the trailing oscillations behind the load& 1Q in Figure 2-6(b). Note
that the maximum deflections at the time instanto, are relatedto the position @ of
the & axleand the speed) z i.e. the speeespacetime relationship is enforced:0

w70.

In contrast, dynamic loading is due to thénteraction of rolling -stock with the track
[78,79]. On a perfectly smooth track with uniform support, a vehici® suspension
and mass are not excited and the train glides across the track, thus inducing a track
response identical to the quasstatic case. However, in reality, irregularities (e.g. rail
unevenness) excite the vehicle system, resulting in dynamic excitation, which is
amplified with increasing train speed[80]. These dynamic traintrack interactions
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effects result in increased dynamic contact forceqg81,82], increased noise
generation[10], and vibration amplification in both the track and ground82] .
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Figure 2-6. Track response due to quasstatic excitation: (a) below the critical speed, and
(b) above the critical speed

Considering the differing characteristics of quasistatic and dynamic excitation, if
the system is considered linear elastic, each excitation mechanism can be modelled
separately and then added to obtain the combined respongé&8,83]. This is shown

in Figure 2-7 considering a sprung masf ¢ 1 1Eo®n a BOEF. Notice that when
the track unevenness is high, the dynamic component of the excitation becomes
increasingly dominant.
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Figure 2-7. Track response due to quasstatic and dynamic excitation for:
(a) low unevenness, and (b) high unevenness
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2.2.3.1 Moving Points

Perhaps the simplest representation of track loading is achieved assuming a
stationary (b 1) and constant load'0[13,31], seeFigure 2-8.

s
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Figure 2-8. Track subjected to a moving point load

Inclusion of a Dirac Delta functiori O allows for the representation of an impulse
or transient force. With this function, an excitation is defined only at a specific
position (&) or instance of time @). Eq. (2-8) depicts the stationaryimpulse force,
equal tod atw mando6 T, and equal to zero elsewhereThis definition can be
extended to a moving load as described 4$3,9,31,84,85], and the impulse force is
defined using a moving frame of reference& 0 pwhich relates the space and time
through the velocity 0. Eq. (2-9) presents the moving impulse excitation equal t®
at@w UL pand equal to zero elsewhere.

O 01w O (2-8)
O 0] ®w 0O (2-9)

where] @ and] 0 are the impulse functions in space and time, respectively, while
1 ® U ois the moving impulse function. The harmonic osciiting nature of the
force can be considered by including the complex exponential functid? in Egs.
(2-8)-(2-9) [9,36,86]. In this way, the load is no longer constant (in amplitude) and
the oscillatory nature of the unsprung/sprung train can be approximated.Egs.
(2-10) and(2-11) show the nonmoving and the moving oscillating load with driving
oscillating frequency” , respectively[31,84,86,87].

0 0Q (2-10)
O 0Q 7 ® 0O (2-11)

Combining multiple Dirac Delta functions allows for the simulation of more complex
effects sut as wheelrail irregularities [79,88,89] and discrete supports[90z93].
These effects are simulated via the summation of the reaction forces, resulting from
a single axle load, at each sleeper, evenly spaced by a distanc® ¢ (Z as shown

in Eq. (2-12) where Qis the sleeper spacing.
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O 01w &0Q (2-12)

Note that Eq. (2-12) considers a repetitive arrangement of sleeper via the constant
spacingQ which can be defined as a periodic length.

Considering a linear system, the response due to multiple axle loads can be achieved
through superposition, i.e. either by summing each loading or their single response,
according their location in the structure (Figure 2-6).

Despite allowing for an oscillating and moving representation of the excitation
source, poirt load and quasistatic models cannot describe the aspects of the loading
induced by train dynamics. Nevertheless, these type of loads enable characterisation
and understanding of structural behaviour, and provide the framework to solve
more complex problans such as traintrack interaction.

2.2.3.2 Multi -Body Systems

Vehicle behaviour can alternatively be simulated using muHlbody dynamics.
Flexible and rigid body assumptions can be combined with BOEF approaches,
however, perhaps the most common is the assumptionof rigidity. Models typically
consist of:

1 Masses to describe the wheelsets, bogie frames, and car body

1 Viscoelastic elements (i.e. springs and dampers/dashpots) to model the
primary and secondary suspension, and the contact between the wheel and
rail.

Onesimple multi-body system is that of a single degreef-freedom system[94,95].
In this model, 1/4 of a moving train with four axles and two bog frames is
considered through a moving mas® (wheelset with vertical displacemento )
connected to the rail (i.e. the contact point) through a Hertzian spring , with
vertical displacemento at its basez seeFigure 2-9(a).

An additional degreeof-freedom (vertical displacementé ) can be accounted
through a moving mass representing the bogi§¢96z99], as indicated inFigure
2-9(b). Note that since only a quarter of the vehicle is modelled, the system includes
a single axle and halfof a bogie, and both moving masses are connected via a
viscoelastic element™Q- (primary suspension). A quarter of the car body is
included in the form of a static force).

Further degreesof-freedom can be included in the system by adding more
components of the train and including the pitch rotations of the rigid masses. For
instance, half of a moving train with two moving wheelsets and a moving bogie
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yields a four-degree-of freedom system[21,100], whereas a fivedegree-of-freedom
model is achieved with the inclusion of half of the moving car body.01,102] 7 see
Figure 2-9(c) and (d), respectively.

Finally, an entire train can be modelled using larger mukbody systems[46,1037
105]. The model shown irFigure 2-9(e) considers four wheelsets{) ) connected
via the primary suspension(’Q,&) to two bogie frames(0 ), which at the same time
are connected to a complete car bodi) ) through a secondary susperisn ('Q,®).
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Figure 2-9. Train multi-body system: (a) onedegreeof-freedom model,
(b) two -degree-of-freedom model, (c) fourdegree-of-freedom model,
(d) five-degreeof-freedom model, and (e) terdegree-of-freedom model
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The selection of the model should depend upon the purpose of the simulation
[44,106]. For instance, a four-degreeof-freedom system (without secondary
suspension and car body) is typically sufficientd study railway-traffic induced
vibrations at frequencies aboves ( 107]. On the other hand, studies have shown
that at frequencies higher thana few Hertz, the trair® primary and secondary
suspension isolate the bogie and the vehicle body from the wheelset, allowing the
vehicle model to be limited to only its unsprung mass component (i.e. the wheelset)
[9]. Thus, for some applications, reduced degre#-freedom vehicle models, with
fewer elements, can give similar results withreduced computational effort.
However, it should be noted that this depends upon vehicle characteristics. For
example, the stiff suspension commonly found on freight vehicles means that this
type of rolling stock may need to be simulated using a larger mber of degreesof-
freedom in comparison to passenger vehicles.

It should also be noted that the strategies described in thiSectionmake use of rigid
body models (i.e. negligible deformations of elements). However, flexiblgody
systems (i.e. deformableslements) can also be implemented in vehicle simulations,
particularly when interested in vehicle dynamics rather than track dynamic$108z
110].

2.3 Solution Methods

2.3.1 Equations of Motion

A Euler-Bernoulli beam resting on Winkler springs and subject to an external
dynamic force”Oafd can be described by the following equation of motion in the
spacetime-domain ofp [31,40,111]:

~

[ON@ a6 Qo O
T 6 6., T o o (2-13)
e T 7o
and whereO"Oand & are the flexural bending and the masper unit length of the
rail O respectively.Q is the stiffness of the foundatiorper unit length & and F is
the force per unit length The corresponding partial derivatives of the rail deflecon
6 oD with respect to spacemand time dare depicted byé and 6 , respectively.
Figure 2-10 shows a diagram of the system used to formulatéq. (2-13) for a single-
layer continuously supported model (bending component excluded for brevity).

Eqg.(2-13) is formulated from DAlembert® principle [31,37,40], andevery term on
the left-hand side represents a force whose sum equals the external dynamic force
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at the right-hand side, i.e. the system is in equilibrium. In general, reading from the
left, the first two terms correspond to the bean® flexural bending (internal forces)
and mass (Newtor® law) contribution, while the third term is the force exerted by
the linear spring describing the elastic foundation. Following this, the damping
effect of the foundation is included using linear dashpot elements. The coritition

of the new elements to the system is similar to that provided by the springs,
however, is proportional to the velocityo :

~ ~

[ON@) a6 wo Qo ©O
16 G (2-14)
T o

where @ is the damping of the foundationEgs. (2-13) and (2-14) depict a simple
railway -track model with a continuously supported singlelayer. The simplicity of
these models restricts the study of additional degreesf-freedom in the track, which
can be considered through the incorporation of more layers in the foundation model
[10,34,51]. For instance, the second layer laws for the representation of the
railpad, sleepers, and ballast elementsHjgure 2-1), and the computation of the
response at the sleeper leveb :

0 O

0
6 &6 m (2-15)

0O® a6 Qo6 6 o
a6 Qo6 o No ® o
where Q ; and @ f are the stiffnessper unit length and dampingper unit length,
of the railpad ® fand the ballast@ respectively; andd is the mass of the sleeper
®b Figure 2-11 shows the Section employed to formulate the set of dynamic
eguations of motionz seeEg. (2-15), for a two-layer model continuously supported.

The previously described models follow EuleiBernoulli theory, which neglects

shear and rotational effects, wHe assuming the bear® planeSectionremains plane

and normal to its longitudinal axis, making them suitable in the study of thinner or
larger length-to-thickness ratio beam elements.

Alternatively, Timoshenko® theory [49] is used when considering shear
deformation and rotational inertial contributions, assuming that the planesection
remains plane but no longer normal to the beam axis, which makesappropriate to
study thicker beam elementg410,49,50]. Eq.(2-15) describes the dynamic equations
of motion for a Timoshenko beam resting on Winkler springs, using a system
analogous toEq. (2-13):

00 I % O Q6 ao O

00l % 6 O o " Dho T 516

T %o fO . T %o GO . T %o Gio (2-16)
%0 —‘I’%o ——— 00 T
T w Tw To
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where %o is the bending rotation,0 is the crosssectional area,” is the density,&
is the massper unit length, O is the Youngs modulus,’O is the shear modulus, and
Il is the shear coefficient.
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Figure 2-10. Continuous singlelayer model: (a) discreteSection and
(b) free-body-diagram
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Figure 2-11. Continuous two-layer model (bending component excluded for brevity):
(a) discrete Section and (b) freebody-diagram

2.3.2 Damping Formulations

Damping is the process via which a strucne® energy z kinetic and strain, is
dissipated. Its inclusion in the dynamic modelling of the system allows for the
representation of the decay of structural vibration[112].

Among the various damping mechanisms, the two most commonly used for BOEF
applications are viscous and structural/hysteretic. The first case is used for time
and frequencydomain analysis. In contrast, structural damping is constant at all
frequencies and is thus restricted to frequencydomain simulations due to the
causality problems it causes in the timedomain [10,51]. Although both types of
damping can yield similar results in structures with strong natural frequencies,
viscous damping is often preferred when describing railpad behavioum time-
domain simulations, which is highly damped in comparison to the other track
elements. In contrast, hysteretic damping can give a better approximation within a
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limited frequency range, which makes it commonly used for soil modellind.0], and
suitable for railpad modelling in thefrequency-domain.

2.3.2.1 Viscous Damping

Viscous damping models represent a linear dissipative behaviour using massless
dashpot eements, with a constant viscous damping coefficieny which produces a
force "O proportional to velocity 0 in the time-domain [51,112]:

Do o (2-17)

Viscous damping can be employed infrequency-domain problems after
transforming Eq. (2-17) from the time- to frequency-domain:

O Q60 (2-18)

where "O and ¢ are the damping force and the deflection ifrequency-domaini ,
respectively. Often, a complex stiffnes¥3 | "0 Q) ds used to describe the
dynamic stiffness behavior of the system, which is a combination of the real stiffness
"Qand the imaginary dampingQ : &

01 01 B Qod (2-19)

where "O7 is the force provided by the linear spring, with stiffnessQ

The proportional damping proposed by Rayleiglil13] is a particular case of viscous
damping typically employed when performing a modal analysis of classically
damped systems. This model assumes the damping is a linear combination of the
mass U and/or stiffness 0 [112,114]:

-1 R — (2-20)

where| and| are real coefftients related to the mass and damping, respectively;
— and] are the damping ratio and the frequency of the mode. Moreover, when

| Tand| Tithe system is said to have stiffnesproportional damping. On the
contrary, when| mand| T, the damping is massgproportional.

For structures described by loworder modes or with a low number of degreesof-
freedom, the lowest natural modes are able to represent the vibration modes of the
total system and ensure reliable Rayiegh parameters| and| . However, for
complex systems (with larger number of degreesf-freedom) whose dynamic
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behavior is controlled by a large number of modes, determination of these
parameters represents a challenggl12,115].

A generalised form of Rayleigh damping is achieved by including specific damping
ratios for more than two modes; thus allowing the simulation of a particular
damping value over a frequency ranggq112,116,117]. This model, known as
Caughey damping, is described by:

(2-21)

where U is the studied number of modes and are the coefficients related to the
damping ratios— .

2.3.2.2 Structural/Hysteretic Damping

Structural damping (aka hysteretic or rateindependent linear damgng) assumes
that a structure® energy dissipation is almost independent of frequency, and is

caused by cyclic internal deformation and restoration to its original shape. A
dashpot element defining structural damping is described bj112]:

. @

&) - (2-22)
where Qis the damping coefficient proportional to the damping loss factor and
stiffness 'Q and is inversely proportional to frequency . Thus, according toEq.
(2-22), the damping effect can be considered in the form of a complex stiffn€€s

by means of- and "Q[10,51,114]:
TG Qp QhLop (2-23)

In frequency-domain analysis, a system with hysteretic damping is compatible with
the causality principle, i.e. its response due to an external force does not occur
before the application of the force. However, intime-domain analysis, an
undesirable characteristic of hysteretic damping is that it typically violates this
principle, meaning the force anticipates the system response. In such a case the
model is referred to as noncausal[118,119], and to avoid this, hysteretic damping

is usually confined to frequencydomain solutions. The inclusion of a signum
function in frequency,O C1l  [120] can help correct the mathematical formulation

as shown inEq. (2-24).
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-h&N O m
T Qp "QOci hoci /Al O m (2-24)
-hAEN O m
Note that when considering nommoving fore contributions, symmetry of the
response is often exploited(in the transformed domain z see Section2.3.3.2.3.
Thus, onlyd  mvalues are considered and  1tare disregarded.Alternatively,
moving contributions struggle exploiting the symmetry assumption, thusegative
frequencies areof major importancein the responsecomputation of the structure.

Alternative approaches have also been developed to reduce neausal behaviour,
or enforce causality in the damping formulation. For instance, in the first case,
iteration procedures involving Hilbert transformations can be performed121,122].
For the latter, both the real and imaginary components iftqg. (2-24) are modified
and an arbitrary constant- is introduced [118], as shown inEq. (2-25):

TG Qp S ﬂ_— "QOQ}_— (2-25)

2.3.3 Track Dynamics

A variety of modelling strategies have been proposed to compute railway track
dynamic behaviour. These include empirical, analytical, numerical, and semi
analytical strategies. Regarding empirical, these approaches are based upon past
experience and often estricted to specific conditions such as certainrain speed
ranges or ground conditions[17,123]. For analytical strategies, models are created
based upon idealised track conditions, thus allowing closetbrm solutions to be
derived. Often, these methods are based upon BOEF models, in which the rail rests
on either continuous or discrete supports. However, when dealing with complex
track problems such as the spatial variation of geometry and material properties,
analytical solutions are not always practical to obtain. Instead, these limitations can
be overcome by using numericlbor semi-numerical strategies. However, despite the
benefits of increased accuracy and flexibility, numerical approaches require
additional computational expense. A selection of the more commonly used
approaches is now discussed.

2.3.3.1 Multi -Purpose Solution Approaches

2.3.3.1.1 Finite Element Method

The Finite Element Method (FEM), is a numerical technique that calculates
structural response by subdividing the domain (i.e. the overall structure) into
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several subdomains or Finite Elements, interconnected at their nodal pints, and
selecting appropriate functions to describe their physical behaviour. Each nodal
point is defined by a number of nodal or generalised displacements which provide
the degreesof-freedom (DOF) of the problem. This allows the governing partial
differential equations of motion to be reformulated in terms of the&d number of
DOFs present in the overall structurg112,114,124].

The FEM allows the formulation and solution of a structural system in either the
time or frequency-domain, the latter defined after performing domain
transformation of the former. Eqgs.(2-26) and (2-27) depict the time- and frequency:
domain dynamic equations of motion in matrix format respectively:

0 00 0 00 U 60 00 (2-26)
17 0 07 QO 07 L 0] O] (2-27)

where 0 , 0 and U arethe 0 0 mass, damping and stiffness mtrices of the
track structure, respectively; 6, 6, 6 and O are the U p vectors of
acceleration, velocity, displacement and force in théime-domain ¢; while 6 and
"0 are the vectors of displacement and force in thdrequency-domain 7 .
Furthermore, when formulated in the frequencydomain, Eq. (2-27) can be
expressed in terms of the dynamic stiffness matrix, which relates the displacement
force vectors at a particular frequency valug¢l25]:

b QYO T b O] Ol

o o aé 1 b (2-28)

Onedimensional FE track modelsmake use of two node (i.e. line) beam elements
lying on elastic springs, representing theail and the support, respectively.Figure
2-12(a) shows a 1D FE track structure witiodes and elementength & resting on

a layer of continuous springs, and the corresponding DOBsand e .

Further flexibility is achieved via two-dimensional Finite Elementmodels. 2D FEM
allows for the representation of 2D solids and deflection in the plane of study. Thus,
additional nodal points (e.g. 4 nodes for rectangular elements) and their
corresponding DOFs can & includedz see for instance[1267129]. Figure 2-12(b)
illustrates a 2D BOEH-E model which employs &ode quadrilateral elements of
length & resting on springs.

By neglecting the stress or strain in the oubf-plane direction, 2D methods attempt
to approximate the resuts achieved using fully 3D models. If considering a plane
stress assumption, then ifplane stresses @ wdirection) are allowed and outof-
plane stresses § direction) or @rough thickness shear stresseBare disregarded,
making the assumption suitabé for thinner structures z see for instance[130].
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Alternatively, if considering plane strain, this assumes nerero in-plane, and zero
out-of-plane strains. It allows for stresses in theé direction to be simulated, which
makes it appropriate for studying thicker bodies (e.g[131z133]).

Alternatively, 3D FE models are capable of a closer geometrical representation of an
actual track structurez see for instancg27,127,134z136]. This allows for modelling

of 3D solids, including complex railhead geometries if desirefl37z7141]. Figure
2-12(c) shows a 3D FE model approximating theail as a cuboidal shape, using 20
node quadratic elements of lengthix , resting on springs.
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Figure 2-12. Finite EIementmodeIs. (a) 1D, (b) 2D, and (c) 3D

2.3.3.1.1.1 Numerical Integration

Time-domain approachesare most commonly employed when aspects of the
domain are nonlinear [85]. In general, timedomain solutions employ numerical
integration methodologies to solve the governing differential equation of motion of
the track structure defined inEq. (2-26). In this formulation, numerical integration
requires time discretisation in the form of a time step or increment, leading to
the computation at a specific time intervab and its consecutive intervalo 0
30[112].

The integration procedure can be categorised as either explicit or implicitThe
former computes the response at tim& depending only on the known response
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at the previous timeo (i.e. atd , the solution is independent oo ). In contrast,
implicit procedures involve values at both timesd and 6 , which results in the
formulation of an additional system of equations, usually in matrix format, that must
be inverted in order to compute the response ab [66]. Further distinction
between numerical integration schemes can be made depending on the system to be
solved. Thus, when solving the equatioef motion (2-26) with no changes in its
form, the numerical integration is said to be @irectd dndirectd integration
procedures require the reformulation of Eq. (2-26) into an equivalent time-space
system which is instead solved66,142].

Direct integration procedures often employ the finite difference method124]. The
Newmark method and the central difference method, are examples direct-implicit
and direct-explicit integration methods, respectively. In contrast, thexplicit Runge
Kutta and the implicit CrankNicolson, are common indirect integration procedures
[66,112,124].

2.3.3.2 Solution Methods for Continuous Track Structures

2.3.3.2.1 Time -Space-Domain Approaches

2.3.3.2.1.1 Analytical Time -Space Solution

An analytical, timespace, gngle-layered, BOEF model is perhaps the most
commonly used simulation approach in the railway industry. The computation
involves the solution of a homogenous differential equation of motion in which the
rail rests on a continuous elastic support, definedypa track modulus or stiffnessQ

[126,143]:
[ON@ Q6 T (2-29)

Note that althoughEqg. (2-29) is similar to Eq. (2-14), the former ignores dynamic
effects (i.e. inertial components) and computes the response for the homogenous
part of the differential equation (i.e. for a foce,"O ). Solution ofEq. (2-29) can be
obtained through analytical formulations[45,126,143,144] and expressed in terms
of space and time via the speeespacetime relationship, 0 oo, as shown inEq.
(2-30) and Eq. (2-31) z see[13], respectively:

- o
o 6O Q° *ATs09 OBl
po00ca " =50
6 b —2 0t SATiG 0 OB U8 (2-31)
yoa
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'rQ ¥

100

p
= (2-32)

where 6 6D is the rail deflection at track position@and time ¢, due to a quasi
static force"Q and] is the inverse of the characteristic length) , a parameter that
measures the extension of the deflection bowl of the rail.

2.3.3.2.2 Frequency -Wavenumber -Domain Approaches

Frequency-domain based approaches are typically employed for the stiy of linear
structures. When computing a railway structuré response in terms of frequency,
the time-domain differential equations are simplified to an algebraic problem, thus
making them more straightforward to solve.

2.3.3.2.2.1 Fourier Transform Method

The Fourier transform method allows for a domain conversion through integrals or
sums of sinusoidal waves, before converting into théime-domain. The most
common Fourier transformations and corresponding inverse Fourier
transformations used for railway problems areshown in Egs. (2-33)-(2-36):

. oh . QAo (2-33)
o P N .

- o - QA (2-34)

. 1h . ah QAo (2-35)
« P S

. ah - .h QA (2-36)

where the wavenumberf and the angular frequency are the Fourier images of
space ® and time O, respectively; ¢l represents the Fourier transform of
function _ oD or the inverse Fourier transformation of function. 1 h ;& is
the inverse Fourier transformation of function _ ¢h and 1 h  the Fourier
transform of function _ oh

Fourier transform methods are widely employed for the solution of continuously
supported tracks (see, for instancd84,90,92,145]). Through this approach, firstly
the original partial differential equation in spacetime-domain «® z Eq.(2-37), is
analytically transformed into an algebraic equation system in the wavenumber
frequency-domainf h 7z Eq.(2-38):
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L1 o6 do T 6 o .10 ad .
O0C—— "o - ® - Q6 oo
Tw 5 1o T o (2-37)
Ot

0Q 61h 1 "661Th Moorh Qo 1h

o h (2-38)

where O,Q” ando are the Young® modulus, the second moment of inertia, the
density and the crosssectional area of the rail 03, respectively;Q and@® are the
stiffness per unit length and damping factor of the railpad (subscript ®nd,
respectively; 6 ofo and "Oafd represent the displacement and force in the spaee
time-domain ofd, and displacementd fh and force 'Of A  are the
corresponding Fourier transformations in wavenumberfrequency-domain | h
After the track response is computed in thdrequency-domain, an inverse Fourier

transform is used in orde to transform the results back into the desired domain.

2.3.3.2.2.2 Filon Quadrature Method

The Filon quadrature [146], is a numerical method that allows for the domain
transformation of a function by limiting the number of points in the integration.
Thus, instead of solving for an infinite sampling, as required by Fourier, Filon
qguadrature makes use of a finite ascending samplingwhich does not need to be
evenly spaced. The method can evaluate highly oscillatory gdrals whose
integrands are smooth and noroscillatory functions "O,, multiplying a oscillatory
function traditionally involving trigonometric functions [147,148]. Different
representations have been developed for the domain transformation of a function
through this procedure, for instance, Eqs. (2-39)-(2-41) describe the Filon
quadrature of Fourier cosine, Fourier sine and Fourier integral, respectiveljl48z
151]:

AT A

Qi ‘0, AT 00 A, (2-39)
Al A L .
"Qi "0, OE,JIiA (2-40)
‘ AT A )
Qi 0, QA (2-41)

where "Qi is the Filon quadrature or transformed function computed at sampling
point i, "Ois the continuous function to transform in the interval , h, of the
sampling ,,. Thus, for a transfomation from wavenumber- to spacedomain, it is
noticeable that™Qi corresponds to the integral inEq. (2-36) at a particular point
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@ 1. This allows for the computation of the correspoding transformed function
_ 1 ati through [149]:

L0 =0 (2-42)

2.3.3.2.2.3 Contour Integration Method

The contour integration is an analytical method that solves an integral around a
contour or closed path in the complex planeThe integration around this contour
can be split into an integral along the real axis from YO Hto YO H(i.e.a
straight path), plus the integration of a semicircle® “Bconnecting the two ends of
the previous path[31,152,153]. Furthermore, the contour domain encloses special
points, known as poles, whose properties allow for the computation of the closed
domain integral, which can be solved through residue theorei0,92,152,153]. Eq.

(2-43) depicts the contour integration of function "O, evaluated through the
summation of its residues2 A0, at the (oles,, .

‘0, A 1 EI O, A "0, A,

(0]

AT A (2-43)
¢“Q 2A0, s

For instance, transforming the rail responseé T h in Eq. (2-38) from
wavenumber-frequency-domain z as shown in Eq. (2-44), to spacefrequency-
domain through the inverse Fourier transformation inEq. (2-45), it is possible to
realise that"O,, Of

6 1h oG9 1 "5 a5 @ (2-44)

G (2-45)
"0, Of 061 0Q

Furthermore, the points at which function "Obecomes singular (i.e. no longer

analytical), are the poles. For this particular example, the poles corresponds to the
four wavenumber rootst

17 70 MQw Q
00

o

(2-46)

fsheR <A

o
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Thus, dropping] for convenience and considering a unit forceOf h p, the
residues of function”Of  and the transformed responsed Ghi can be defined

[10,92,153]:

2 A0t =2 ~
° oof f r 1 1 1 1 7
0 (2-47)
100
Al A,
G L ooa o =
O C“ _[-O "Q (2'48)

where the sign inEq. (2-48) depends upon the chosen contour, tich in turn is
based on the poledposition in the complex plang]10,31,92,153] 7 seeFigure 2-13.
Thus, poles in the first and second quadrant are enclosed in the upper antockwise
semicircle, giving a positive sign irEq. (2-48) and corresponding to positions ato

1. Alternatively, poles in the third and fourth quadrant in the lower clockwise
domain result in a negative sign irEq. (2-48), corresponding tow 1. However, for
the case where the poles are purely real, the contour must be rearranged to include
or exclude the points lying on the real axis.
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Figure 2-13. Upper and lower contour integration pathqd153]

2.3.3.2.2.4 Boundary Value Method

The boundary value method is anm@alytical solution approach which computes the
global track response by utilising symmetry in the moving direction, and making
assumptions about the characteristics of wave energy. The method computes an
infinite and constant track response, by treating tk external load as part of the
boundary conditions instead of part of the equations of motion, thus only
considering the homogeneous part of the ordinary differential equation153].
Therefore, by solving the homogeneous part of the equation of motion, and
assuming harmonic excitation, thetrack deflection can be computed usingeq.
(2-49) [10,111,153]:
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AT A

6 of 080 Q@ (2-49)

where 6 i) s the rail displacement in he spacefrequency-domain, O is the
eigenvector correspondingto the decaying eigenvalues_ p (i.e. the decaying
solutions); 0 is the amplitude of the wave components (arbitrary constants in the
homogeneous equation[66]), andf is the wavenumber root. Furthermore, the
response can be assumed to be symmetrical around the loading point, making it
possible to take advantage of track symmetry. Therefore, only half of the track
response requires computation.

Next, insertion of EqQ. (2-49) in the homogeneous differential equation provides the
characteristic polynomial, which must be solved to obtain the deflection. However,
since symmetry is enforced, the problem is considerably simplified, and only half of
the coefficients are taken into account in the formulation. Therefore, only the
wavenumbers associated with the studied portion of the structurer{ght-hand side:
@ T or left-hand side:w ) are accounted for in the solutiong10,153].

For an infinite and constant track, only decaying/propagating wave components
must be considered. This is because waves that increase in magnitude as they
propagate cannot exist and so are ignored. Thus, far 1, thef roots which lie in

the first and the second quarterz seeFigure 2-14(a), excluding the positive real
axis, are included in the responsgl53], i.e. decaying waves propagating to the right
side.Whereas atw 11, thef roots which lie in the third and fourth quarter z see
Figure 2-14(b), excluding the negative real axis, must be considered in the response
computation [153], i.e. increasing waves propagating to the leftide. Finally, the
solution is calculated by enfocing the boundary conditions ato  1t(i.e. at the point

of load application).

Im(p) Im(f)
-Re () « »Re(f) -Re(f) »Re(f)
A\ 4 v
-Im(f) -Im(p)
(a) (b)

Figure 2-14. Wavenumber solutions[153]: (a) first and second quarter solutions
(for @ ), and (b) third and fourth quarter solutions (for @ 1)
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Note that the onsidered roots are obtained for an infiniteinfinite problem, which

is solved by subdividing the domain into two suksystems: infinite-finite (w 1) and
finite -infinite (w ) problem. Thus, only half of the roots are used in each case.
However, when conglering a finite-finite problem, all roots must be employed as
the waves decay and propagate to the rigkdide, but then they are reflected back
and increase to the leftside. For this type of problem, please refer to senperiodic
structures in Section 33.

2.3.4 Track -Ground Coupling

Track-ground coupling is required to represent the dynamic interaction between
the railway track and the soil system. This can be achieved using different
approaches which allow the track and the soil to be coupled through compatiity
conditions at their interface.

Although BOEF models allow for a soil representation via sprindampers, they
cannot accurately describe wave propagation effects. This is-part because these
elements are typically defined using minimal parametersyhich are assumed to be
constant in space and time, and yet describe multiple supporting components,
including railpads, sleepers, ballast and sog seeEq. (2-1).

Compared to the continuous singldayered BOEF mdels, the discrete
representation of foundation components provides a better approximation of the
ground-track response. For instance, the time&lomain discrete lumped parameter
models shown inFigure 2-2(d) [1547z156], account for the mass participating in the
ground vibration and provide a better representation of the trackground
interaction and the nearby ground response[154]. Despite these advantages,
computation of the discrete foundation parameters requires either additional soil
measurements or numerical simulations[157] z the latter often performed in
frequency-domain and then fitted into the time-domain interaction model
[154,156].

In order to introduce a better approximation of the soil response (i.e. variable spring
foundation properties) in BOEF models, thérequency-domain can be used, where
the soil response is obtained via Fourier or Hankel transformations, and Gre@n
formulations. Although the sol response can be obtained at different locations, only
results at its surface below the track are needed when coupled to the BOEF track.
This is because, at this location, the soil surface and the lowermost components of
the track are in contact. The vaous analytical and semianalytical methods used to
study layered ground behaviour in thefrequency-domain, include the HaskeH
Thomson method [158,159], the direct stiffness method[160z162], the domain
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transformation (DT) approach proposed by Shend68,70], and the thin layered
method (TLM) [163,164].

Regarding HaskelThomson, the displacements and stresses of one side of each saoill
layer are related to the other side via a transfer matrix built upon shape functions
computed from Navier® equations. In contrast, theDirect Stiffness Matrix method
rearranges the previous transfer matrix into a stiffness matrix system that relates
displacements and stresses between each layer. Alternatively, Shéngnethod
computes the 3D soil lehaviour by relating each layer response via a global
flexibility matrix (i.e. the inverse of the soil stiffness) which couples displacements
and stresses of each element. The use of a flexibility matrix allows for the
improvement in the computational efficiency by limiting the mathematical order of
the problem, reducing numerical difficulties, exploiting symmetry relationships, and
providing an explicit analytical formulation of the problem. However, numerical
difficulties may arise when studying certain &yer thicknesseq68,70].

This problem is avoided in the TLM method by discretising the layered soil domain
with respect to the smallest relevant wavelengti75,165] z seeFigure 2-15. The
TLM computes the 3D soil response by combining its analytical formulation (in the
two horizontal soil directions) with numerical techniques in the vertical soil
direction [75,163]. Despite obtaining the soil response by relating the displacements
to the stresses at both sides of theame layer (akin to the direct stiffness method),
the stiffness matrices in the TLM are built upon FE approaches.

Thin Layer 1
Thin Layer 2
Thin Layer 3

Thin Layer n

Half-space or
Bedrock

Figure 2-15. Track coupled with multi-layer soil model

Regardless of the solution approachgnce the soil response is obtained, seitack
coupling can be achieved via Gre@nformulations that transform the soil® response
into an equivalent soil stifnes™Q 1 A or soil flexibility "Of A , which can be

included in the BOEF model as its foundation paramet¢r2,75,166]:
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where 6 is the Greer® function related to the deflection of the soil surfacew T

in the wavenumberfrequency-domain I B h , and® is the scaling factor for
the coupling between the track and the soil which degnds upon the track type, the
track width 6, and the tracksoil compatibility conditions (compatibility of
displacements at the centre point for ballasted tracks and compatibility of the
average displacements for slab trackf8,167z7169]).

2.3.5 Train -Track Interaction

When studying train-track interaction, a system comprising a train, a track, and a
wheel-track contact model are used, such as that shown Figure 2-16. The train
and the track models depict the dynamic behaviour of the overall sysmin. The
contact model represents the interaction between the wheel and the rail, and
accounts for discrete irregularities (e.g. roughness) affecting these systerfits7r0z
172].
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Figure 2-16. Train-Track interaction model[173,174]
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2.3.5.1 Time -Domain Interaction Approaches

Time-domain approaches are often employed when analysing the nelmear
aspects of wheelrail contact. To determine the traintrack interaction response, the
dynamic equations of motion of both the train and the track are combined into an
ordinary differential equation of the overall system[174z177]. To solve the
interaction problem, compatibility of forces at the wheelrail boundary is enforced.
This procedure is performed through contact theory, which allows for the
computation of the interaction forcesO 0 .

Alternatively, the train-track system of equations can be solved as two coupled
systems. In this case, iterative methods are employed to compute the response of
the train and the track separately. To do so, compatibility conditions (i.e. contiity

of displacements and equilibrium of forces) at the wheetail interface are enforced

to couple both systems. Next, the total response is computed by convergence of train
and track systems at the contact poinf27,82,178,179].

Regardless of the employed approach, the response computation often involves
traditional time -stepping integration procedures such as Newmarkl57], Runge
Kutta or Wilson® method [9,27,174,180] Additionally, some authors have
developed different methods to reduce the duratin and improve the computational
effort of these methods. For instance, the modified Newmark method proposed by
Zhai [173,174]; the algorithm developed by Sadeghi et a[176,181,182] which
combines the NewtoryRaphon iterative procedure with the Newmark integration
method; and approaches which use precise integration methods (PIND)75,183].

2.3.5.2 Frequency -Domain | nteraction Approaches

Frequencydomain approaches only allow for the analysis of structures whose
behaviour can be approximated as linedil07,184z186]. Computation of traintrack
interaction requires the transformation of the time-domain ordinary differential
eqguation of the system into a frequencydomain algebraic one:

o 1 0 Qo 67 "O] (2-51)

where 0 , 6 and U describe the mass, damping and stiffness matrices,
respectively. 017 and O define the vector of displacements iad forces as
functions of the angular frequency . In general, the frequencydomain equation of
motion can be derived by either applying the Fourier transformation or by assuming
the following harmonic solution [8,170]:

00 01 Q (2-52)
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In a similar manner to time-domain approaches, both the train and the track systems
are coupled at the contact interaction points through comatibility conditions.
Furthermore, since the solution is obtained in the frequencgomain, this involves
the computation of receptance functions which describe the dynamics of the overall
system composed by the train, the track and the contact mod€][&3,83].

2.3.5.3 Wheel-Rail Contact Interaction

2.3.5.3.1 Linear vs Non-Linear Contact

A Hertzian contact spring can be modelled between each wheelset and rail to couple
the train and the track systems, and account fahe wheelrail contact interaction
[180,187] z seeFigure 2-17. However, the contact model depends on the traitrack
sysem behaviour. Thus, for a nodinear system (i.e. timedomain problem),
Hertzian non-linear elastic contact theory can be employed to define the wheé&hil
contact force0 in the time-domain [46,180,188,189]:

L 0 :DC)TF] 16 Tt
o (2-53)

mth Tt
10 60 60 10 (2-54)

where 6 is the Hertzian constant, an@l 0 is the material deformation or contact
deflection which relates the elative displacement between the wheeld 0 and the
rail 6 o with the roughnessi 0, as described in equation&qs.(2-53) and (2-54).

Wheelset ——

Contact Spring Kz

Rail
Ur

Figure 2-17. WheelRail contact model[180]

Alternatively, when dealing with linear systems, (e.g. frequenegomain solutions)
this Hertzian non-linear contact spring must be linearised. Firstly, assuming that the
wheelset and the rails are always in contact, it is posdid to define the dynamic
displacement of the wheelsetd 71 [170,188,190,191], as shown inEg. (2-55):

1

0 ] 0 ] ] o (2-55)
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where 6 7 andi ] are the displacements at the rail level and at the wheehil
contact point (roughness),0 1 is the contact loading, andd s the linear Hertzian
spring. Next, by invertingEg. (2-55), the contact force in the frequencydomain is
defined as

0 -
1 I (2-56)
1 P
5 (2-57)
where i 1 is the roughness excitationand| 71 ,| 1 and| 1 define the

receptance of the wheel, the rail, andeceptance at the contact spring, respectively.
Linearization of the contact force can be defined assuming small variations in the
length of the contact spring[13,79,192]:

0 0 AD (2-58)
A v A (2-59)

where U is the nominal preload, andAD is the varying contact force which relates
the Hertzian linear spring U and the variation of the contact deflectionA , as
depicted by Eq. (2-59). Figure 2-18 presents the non-linear contact
force/deflection relationship with i ts linear approximation.

100

— Non-linear model
Linear model
80 F |---o--- Intersection point (§d,F%)

60 +

Load [P]

40 F
Py

20 -

0 20 40 60 80 100
ad X
Deflection [d]

Figure 2-18. Linear vs Nonlinear wheel-rail contact models[192]

In general, the previous contact models follow Hertzian contact theory, which is
formulated using the theoryof elastic halfspace bodies. Therefore, it assumes that
the bodies under contact are infinitely large halspaces with perfectly linear elastic

behaviour, perfectly smooth surfaces, no friction at the contact point, and can be
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defined through quadratic (parabolic) functions in the contact poinfs vicinity
[172,193,194]. These assumptions do not fully describe the real behaviour of wheel
rail bodies in contact. Thusto allow for a closer representation of the wheetall
contact behaviour, nonHertzian theory can be employed194z197]. Perhaps the
most commonly used formulation is that developed by Kalke[195], in which a
potential contact area is arbitrarily defined and discretised into several rectangular
elements of constant magnitudes (i.e.aflections and displacements).

2.3.5.4 Irregularities

2.3.5.4.1 Track Irregularities

There are a variety of types of rail irregularities/unevenness, including longitudinal,
lateral, crosslevel, and gauge. These irregularities can be simulated in
computational models usingdata collected directly from trackrecording vehicles
(TRV) [1987200], or synthetically generated using stochastic methods (e.g. Power
Spectral Density (PSD))[13,199,201,202]. BOEF models are frequently used to
investigate vertical response (i.e. rather than lateral), and therefore longitudinal
irregularities are most commonly studied[95,203z205].

Singular rail irregularities include joints, switches and crossings, and although they
form part of the longitudinal profile, they generate isolated ad much higher impact
forces compared to standard rail unevennesg206]. Therefore these require
additional modelling consideration, typically using timedomain models to simulate
the non-linear, high frequency, wheelrail contact [79,156,207,208].

2.3.5.4.2 Wheel Irregularities

Wheel defects lead to increased noise, vibration, impacbrces and passenger
discomfort. These defects are known as owdf-roundness (OOR) irregularities, and
include: eccentricity of the wheel, discrete defects (wheel radius deviation), wheel
corrugation and wheelflats [97,209z211]. In general, wheelkail contact can be
approximated as linear for small @R values, and thus modelled as an equivalent
rail unevenness. However, larger levels of OOR (e.g. whélats) generate rapid
changes in force as the wheel spins, meaning their simulation requires the use of
non-linear contact models[188,189].
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2.4 Example Application of Solution Methods

BOEF models can be used to study a wide range of railway engineering problems.
This Secton addresses two common applications, solving them using a selection of
the methods discussed previously:

1. Track-ground dynamics- the effect of train speed on track deflection is
analysed. Ballast and slab track models are considered.

2. Groundborne vibration z the effect of ballast and slab tracks on ground
borne vibration is considered. Track receptance and fre&eld transfer
functions are analysed.

Table 2-1 summarises the solution methods used for each applicain and the
results shown.

No.  Application Results Solution Methods
1 Track Track deflection Thin-layer method
Dynamics Ground surface contour
Dynamic amplification
2 Ground-Borne  Track receptance Domain transformation
Vibration Ground transfer method

Free-field transfer function

Table 2-1. Results and solution methods used in each application

2.4.1 Application no. 1: Track -Ground Dynamics

The response of the ballasted track model deloped in AlvesCosta[167,169] is
compared to the response of a slab track mod¢r5,169] z see Appendix A Both
track models are subject to a constanioving force™O p v E. (i.e. zero riding
frequency,”® m( §l Regarding the soil, a layered ground resting on a hapace is
coupled to the track through compatibility conditions (i.e. equilibrium of forces and
continuity of displacements). Table 2-2 and Table 2-3 present the track
components and soil properties employed, respectivelyNote that the material and
geometrical values employed in both application described in this Chapter, are
based on examples depicted by10,51,75,170,212] in the case of the track and
[68,70,75,170]in the soil.
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Component Parameter Units Value
(One) Rail 00  Bending moment - 6.38

a Mass per unit length Ed 60.23
Railpad Q Stiffness per unit length (| 350
- Damping loss factor (hysteretic) 0.15
® Damping (viscous) . @ 3.84E+04
(Half) Sleeper @ Mass per unit length of rail Ed 245
Ballast 752 Stiffness per unit length - .’71 180
@ Damping (viscous) . @ 2.34E+05
O Height P 0.35
0 Young$ modulus -0A 140
§ Density =] 1700
0 Compression wave speed | 7O 3.33E+02
6 Track width i 2.5
a Mass per unit length of rail Ed 1695.80
Slab 0 Length i 2.5
O Thickness P 0.25
0 Youngs modulus "0 A 30
" Density Ed 2500
o] Mass per unit length Ed 1250
0 Inertia i 3.26E03
'O 'O Bending stiffness - 97.7
Table 2-2. Continuous track components
Layer Depth Younge Po_lssoncs Density Loss factor
modulus ratio
i r E"EH h z 1 H 2
1 2 60 0.35 1500 0.06
Half-space Hb 200 0.35 1800 0.06

Table 2-3. Soil paramders

An appropriate model discretisation is required to obtain accurate spacgme

results. In the case of the wavenumber samplirig, typically, this is defined via the

wavelength_ by [213,214]:

C
TiAg —
= EI

(2-60)

where T | 44S the maximum wavenumber and_; giis the shortest wavelength
defined as_j g7 Wi, with & being the node spacing see[213]. For this particular
case, it is assumed that; 1 1@ , thus resulting inf | 4 p TO A A JRegarding
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wavenumber increment, a total of 2049 values were considered enough to capture
the response of the structure Eq. (2-61) shows the total symmetric wavemumber
sampling employed in the following simulations:

I TiAGi AP AT 4g (2-61)

Dynamic amplification curves for both the ballast and slab tracks resting on layered
soil, excited bya moving constant forcéOare presented inFigure 2-19. It is shown
that the ballasted track gives a lower critical speed compared to the slab case,
p o b¥Oand p x b TQrespectively. This is due to theadditional bending stiffness
provided by slab track, which also results in reduced rail deflections compared to
the ballasted track case. This effect is also evident in the rail deflections shown in
Figure 2-20, in which the track response is computed ap 1t m&nd v 1T Pof the
critical speed for both track types.Note that the maximum deflection occurs ab

1 Q corresponding to the observation point and the location of the force. Around this
instant of time, there are trailing oscillations behind the load (i.e0 Q.

Surface contours of the layered soils below the track are shown Figure 2-21 and
Figure 2-22, for the ballasted and slab track, respectively. In each case, results are
presented for two different speeds: (a 1 land (b) p 1T TtdF the critical value. It is
evident that the higher speed results in a larger deflection. The contour shapes are
also different, with the higher speed exhibiting conical shaped waves and trailing
oscillations, which are absent at the lower speed 69,212].
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Figure 2-19. DAF of ballasted and slakracks resting on layered soil due to a moving
constant force’O p v E&.
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Figure 2-20. Track response on layered soil at 100% and 50% of the critical speed:
(a) ballasted track, and (b) slab track
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Figure 2-21. Ground cotour due to ballasted track, resting on layered soil at:
(a) 50% of the critical speed, and (b) 100% of the critical speed
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Figure 2-22. Ground contour due to slab track resting on layered soil at:
(a) 50% of the critical speed, and (b) 100% of the critical speed
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2.4.2 Application no. 2: Ground -Borne Vibration

Train-induced ground vibrations have two excitation components: quasstatic and
dynamic. Although the former plays an important role at lower frequencies the
near-field, the dynamic excitation, resulting from traintrack interaction, is a key
contributor to ground vibration levels [215,216]. Thus, to study grouneborne
vibration dynamics, a sprung mass moving on a track with a rough rail is considered.
The sprung mass has) ¢ T TEoCand a Hertzian contact stiffness of

p wt-1 T .Ilt moves with a constant speed on anneven track profile of class 5,
defined according to the Federal Railroad Administration (FRAR17]. The ballasted
track model and layered soil properties from application no. 1 arereused.
Alternatively, the soilresponse is computed through the flexibility method proposed
by Sheng and coupled to the track as described ky. (2-50) [68,70]. Once both the
dynamic and quasistatic excitations are obtained, the fredield vibration of the
ground is computed at different points from the centreline of the track. Note that
some problems (e.g. wear) justify the need for no#lertzian contact models,
however for most of the BOEF applications discussed in this study, the pragnming
effort, additional input parameters, and computational resources required to
implement such an approach outweigh the limited improvement in accuracy.

Component Parameter Units Value
Slab 0 Thickness I 0.35
a Mass per unit length Ed 2188
0 Inertia i 8.93E03
'O 'O Bending stiffness - 268

Table 2-4. Additional track parameters

Layer Depth Younge Po_lssoncs Density Loss factor
modulus ratio
i r E"EH h z i H t
Half-space H 75 0.35 1800 0.06

Table 2-5. Soil parameters

For the computation of the irregularity profile, the following equations in the
wavenumber-domain are employed:

i HU <Yt M Q (2-62)
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v 0" 1 " (2-63)

in which Ois the unevenness function in the wavenumbedomain’ , Ais the axle
position (here assumed to béA 11l ), ¥ is the resolution retained for the spatial
frequency,—s thephase angle taken as a random variable with uniform distribution
in the rangeTtto ¢“ . 3is the Power Spectral Density (PSD) function defined by the
FRA,” and” are the break spatial frequencies, an@ is the roughness constant
[13]. Refer toSection4.2.1.4.1for more information regarding the definition of the
track irregularities .

Figure 2-23 shows the onethird octave band farfield velocity due tothe ballasted
track resting on a layered soil and excited by a single load movirag v Tt of the
critical speed, i.eb p o bTO v b @ Y FQ Often, the frequency of interest for
the perception of the groundborne vibration lies within the range™® p ym( U
Zsee[218z7220]. However, since frequencies close to this limit might also contribute
to the response, the it is extended to™® ™ p v 1€ Urange similar to the
used in[78,83]), corresponding to a wavelengthrangeof 18 v p o b .Figure
2-23(a) compares the dynamic, the quasstatic and the total surface response at
¢ 1t from the track axle (i.e.co mi o i fx p U ). It can be seen that at
lower frequency ranges, the qasi-static contribution is large compared to the
dynamic case. However, at higher frequencies, the quastiatic response decreases
while the dynamic response increases. Overall, the maximum amplitude of the
velocity occurs in higher frequencies and is domiated by thedynamic response, a
result consistent with the findings of[78]. Alternatively, Figure 2-23(b) compares
the total response at different positions from the track centrelinevi ,p 1 and
p U . It can be seen that the closer to the track, the larger the mense. Again,
results show that the maximum velocity occurs in the higher frequency range.

To further study soil and track type effects, the track receptance and the track
ground transfer function are computed.To do so, the ballasted track properties
presented in Table 2-2 are again used, however the twdayered ballasted track
model proposed by Sheng68,70] is instead studiedz seeAppendix A For the slab
track, the same model is employed, however with thickness as shown Trable 2-4.
The layered soil properties are shown ifmmable 2-3, and the homogenous hal§pace
ones shown inTable 2-5.
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Figure 2-23. Farfield response due to ballasted track model resting on layered sqil50%
of the critical speed: (a) 15m from the track axis; and (b)fd, 10m and 15m from the track
axis

Figure 2-24 present the absolutedeflection of (a) the ground and (b) track to a unit
harmonic force applied on the rail, i.e. the transfer function of the ground and the
track receptance, respectivelyIn the first case,Figure 2-24(a), deflections are
measured on the ground surface below the force applicatio® location (same
transversal and longitudinal point, but different vertical cmrdinate), i.e. the
response is a transfer function. Alternatively, inFigure 2-24(b), results are
computed at the same point where the force is applied, i.e. the response is a track
receptance.

Notice that for al track types resting on the layered solil, the first cubn-frequency
occurs in the rangep Y ¢ 1€ z and yields the maximum response of the seitack
system. Alternatively, the ground and track response corresponding to the
homogenous halfspace is constant around these frequencies, and its magnitude is
lower than the layered case. However, ab@the cuton-frequency, the response of
both soil cases reducesln both cases, the maximum deflection at approximately
¢ 1t Worresponds to the amplification effect of the subgrad® response, occurring
at the subgrades resonance frequency.

Overall, Figure 2-24 shows the effect of soil layering, and the potential
discrepancies introduced when approximating a layered soil as homogenous.
Furthermore, regardless of soil properties, the largest rail deflection is obtaed for
ballasted tracks rather than slab.

Figure 2-25 andFigure 2-26 show the ground surface response due to the ballasted
track model at its corresponding cuton-frequency (¢ ¢ Y for both homogenous
half-space and layered soil cases, respectively. In both cases, the absolute response
drops quickly beyond the edges of the track, particularly along the perpendicular
axis. However, the layered soil gives larger deflections than the homogenous half
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space. In addition, the real components in both soil cases show an oscillating
behaviour, again larger for the layered soils compared to the homogenous half
spaces.
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Figure 2-24. Response due to track resting on homogenous hapace and layered soil:
(a) ground deflection, and (b) track deflection

Although the layered effect is crucial for accurately representing the supparig soil,

it is not included in this thesiss analysis performed in the following Chapterg see
Chapter 6and Chapter 7. This decision is due to the increased programing effort,

additional input parameters, the large number of permutations required in the
analysis, and computational resources required to model the layered effect.
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Figure 2-25. Homogenous haKspace sd responsez ballasted track model:
(a) absolute response, and (b) real response
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Figure 2-26. Layered soil response ballasted track model: (a) absolute response, and

(b) real response

2.5 Challenges associated to BOEF Approaches

Beam on Elastic Foundation (BOEF) approaches are widely employed when
studying railway track dynamics. Most commonly they assume the track response

can be approximated using a singkayer continuous beam supported by continuous

springs-in-series (representing the rails and the underlying track layers,

respectively), thus, offering a straightforward and computationally efficient
approach. While the fundamental BOEF formulation can be extended to incorporate
additional track components such as lumped masses and elastic layers, addressing

the discrete support effect and accurately replicating 3D wave propagation within

the track demands supplementary methodologies. These factors are particularly
critical for railway analysis at both hicher and lower frequency ranges.

To overcome this, the track requires incorporation of a certain degree of periodicity

and/or 3D simulations to faithfully capturing the discrete support effect and
geometry of each track component. The challenges associateidh the basic BOEF
formulation and how they are overcome using periodic and/or 3D modelling are:

1 Rail support conditions.The fundamental BOEF formulation employs
continuous support conditions to represent railpads and sleepers, both track
components exhbiting discrete behaviour. Although acceptable for
replicating some track effects, continuous supports cannot capture higher
frequency results accurately (e.g. pipin frequency). To address this
limitation and simulate the discrete support effect, periodec conditions can
be integrated into BOEF formulations. In this, periodicity is accounted for via
the support arrangement, which repeatse times along the train passage
direction with a constant spacingQz see for instanceEq. (2-12). Despite the
improvement in the support definition, BOEF often defines railpad
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Conclusions

components via springs and dampers[156,221]. These elements are
described by minimal parameters (stiffness and damping only), ignoring the
actual dimensions of the components and assuming small and rigid point
supports spaced by lengtiQ(in the case of discrete supportsy seeFigure
2-27(a). Instead, FEM employs elements defined by several material
(stiffness, damping, Poisso®, density, etc.) and geometrical parameters
(length, height, width), thus providing a more realistic representation of the
railway system& behaviour[222] z as shown inFigure 2-27(b). In this, a
ballasted track is simulated via solidFinite Elements, which allows for actual
railpad dimensions with effective support spacing (from end to endfQ
differing from the support spacing (from mid- to mid-point) ‘.

Track componentsBOEF can consider various track components via muiti
layer models. However, it typically combines several layers (e.galbkast and
sub-ballast) into equivalent parameters and disregards some of their
mechanical behaviour and real dimensiong Figure 2-27(a) shows lower
track components combined into the single layefundationd In contrast,
FEM complexity facilitates several track componentsnechanical behaviour
representation [14,136] z as illustrated in Figure 2-27(b), in which ballast
and subballast layers are simulated separately.

Subgrade conditionsBOEF employs springsn-series elements to simulate
the soil behaviour, thus, it is unable to reproduce the wave propagation
within the soil and leads to an inaccurate dynamic traciground responsez
see Figure 2-27(a). Alternatively, FEM allows for a more accurate
mechanical representation of the supporting soil, considering their actual
material properties, a closer geometrical domain, and its wave propagation
effect[15,212] z seeFigure 2-27(c).

2.6 Conclusions

This Chapter presents a stateof-the-art technical review of Beam on Elastic
Foundation theory. It is shown that at a basic level, the use of a single continuous
beam resting on a springsn-series support is straightforward to implement and
computationally efficient. Various BOEF modelling strategies and solution methods
employed for the computation of track behaviour are reviewed.

Additional complexity is integrated into the fundamental BOEF formulation to
accommodate discrete supports and multlayered characteristics. Wile offering
greater flexibility and potentially increased accuracy compared to continuous and
single-layer models, these BOEF formulations have various limitations. For instance,
a degree of periodicity must be introduced to address the discrete effect the track
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Z seeEq. (2-12). In addition, simplifications in the support representation using
springs, dashpots, and masses (all basic or primary elements) cannot accurately
replicate their intricate geometries and mechanical behaviour. Similarly, mult
layered models also employ primary elements to integrate additional excitation
mechanisms to simulate both track types and often combine different track
components into equivalent layers, thus constraining the traclpproximation.
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Figure 2-27. Track simulation comparison: (a) track on rigid supportz BOEF model,
(b) track on rigid support z FE model, and (c) track on flexible supporz wave propagation
effect (meshomitted for visibility)

Considerations for extending BOEF approaches to approximate tratrack and
track-ground interactions are also discussed. Different vehicle and ground models
were introduced in both casesand the solution method involved couplinghem with
the track. It is observed that the springsin-series layer in the basic BOEF, intended
to mimic soil behaviour, fails to simulate wave propagation effects and requires
additional and more complex methodologies for this purpose.

Overall, the majoity of BOEF limitations outlined in thisChaptercan be addressed
through FEM. This approach can incorporate complex geometries and additional
mechanical properties into the representation of track and ground behaviour.
Despite offering strong modelling féxibility, FEM demands computationally
intensive simulations, especially when analysing larger structures. To overcome
this, approaches exploiting the periodic nature of track structures offer a promising
alternative. These methods have the potential to uce the computational effort
while preserving accuracy.
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Chapter 3
Periodic Approaches for Railway
Track Smulation

3.1 Introduction

Railway engineering problems have been studied via analytical, semmnalytical and
numerical approaches. Some methods, such Beam onElastic Foundation(BOEF)
formulations, struggle to fully capture 3D wave propagation effects. Attempting to
address this limitation, semtanalytical approaches can incorporate a more accurate
representation of the ground. However, analytical and seranalytical strategies
rely on simplified approximations of the railway system components. To address
this, Finite Element (FE) methods have been implemented. Although numerical
methods potentially provide more flexibility to model the true geometry of a railwg
track compared to analytical and semanalytical methods, they are computationally
demanding. To reduce the computational effort while still delivering accurate
approximations of the structure® behaviour, periodic strategies are a promising
solution.

This Chapterintroduces the framework of periodic approaches. FirstlySection3.2
describes various solutions for periodic track structures, including considerations
for semi-periodic structures. Following this, Section 3.4 presents examples of
applications for two common railway problems using periodic approachesSection
3.5 outlines the challenges associated with the fundaental periodic approach.
Then, in Section 3.6, the studied periodic approaches are compared against the
analytical and semianalytical techniques introduced inChapter 2, and the solution
techniques are classified and ranked according to their suitability for the study of
railway engineering problems. Finally, conclusions are highlighted iSection3.7.
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3.2 Solutions for Period ic Track Sructures

Periodicity implies the presence of repetitive features, such ageometrical or
material properties. Periodic structures can be found in both ballast and slab tracks,
for which repetitive parameters (such as material properties and trak dimensions)
are present in the train passage direction. In ballasted tracks, periodicity arises from
the repeated pattern provided by the sleeper§223,224] as shown inFigure 3-1(a).
Similarly, slab tracks have a periodic nature due to either the discrete raseats
[225,226], or repeating slab units[36,98,227,228]. Figure 3-1(b) and (c) show
examples of 3D FE meshes of slab track periodicity in terms of raéats and slab
panels respectively.

Periodicity in the track can be studied using a fulhperiodic or semiperiodic
approach.In the former, the entire and infinitely extending track is assumed to have
invariant material and geometric properties. In contrast, the periodicity of semi
periodic structures is restricted to specific sections that are discretised according to
their parameters (i.e. discrete patterns or discrete periodicity) which are later
combined through compatibility conditions. Figure 3-2(a) shows a fullyperiodic,
m, BOEF model with restricted domainsnof length’'Q while Figure 3-2(b) presents
a semiperiodic BOEF model comprised of four periodic domains or sectiorn(sn ,
m ,m andm ) coupled to each otler.

To study longer structures (e.g. infinitely long tracks) and still provide accurate
results with minimal computational effort, the periodic nature of the track(i.e.
invariant geometrical and material properties)is exploited during modelling and
analysis. With this method, the response of the complete periodic domam(i.e. the
total invariant structure), is obtained by restricting the study domain to only a
portion m of the structure (also known as the restricted, generic, or unit cell, as
shown in Figure 3-2), which is later used to retrieve the total response via
compatibility conditions at the boundaries ofrm}

3.2.1 Discrete Supports

Despite often being used to provide an approximation of discrete track response,
continuously supported track models are unable to fully capturethe discrete
character of such structures. This discrete behaviour is generated for example by
the sleepers (parametric excitation), which are periodically spaced and give rise to
a change in dynamic stiffness, which includes th&inned-pinnedd resonance
frequency|[8,10,45,51].
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Figure 3-1. Overview of 3D periodic and restricted domains:
(a) ballasted trackz periodicity due to sleeper placement, (b) slab track periodicity due

to rail-seats, and (c) slab track periodicity due to the discontinuous slabs
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3.2.1.1 Point Source Method

In the analytical point-source method described byHeckl[229], the discrete nature
of railway track supports is modelled in the form of reaction forces, which are
proportional to the displacements generated at the support points. Heckl assumes
the track is subject to an external stationary grtical point-force modelled as a free
(i.e. infinitely long) Timoshenko beam discretely supported by a springnassspring
element representing the railpad, the sleeper, and the ballast, as shownHkigure
3-3.
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Figure 3-2. BOEF model with: (a) fullyperiodic domain, and (b) four semiperiodic
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Figure 3-3. Discretely supported track model[229]

The track response is computed using superposition, considering dothe effect of
the wheel force and the point force at the structur@& multiple discrete supports.
Based on thisthe receptance responseé aft at any point@of the beam due to a
unit point force 'O p applied atw , is first determined by[10,229]:

adw 6Q ¢ f o § ® (3-1)
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0 i 2 i © hT i Ps 25 1o
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where 6 and 6 are the amplitude of the propagating bending wave, and the peak
value of the bending wave in the neafield respectively; the wavenumber§ and

I correspond to the solution close to the positive real and negativienaginary axes
respectivelyz seeEq. (3-2). Constantd ,0 and0 relate the various Timoshenko
beam parameters, whered is the crosssectional area,” is the density,& is the
rail mass,O is the Youngs modulus,”O is the shear modulus, and is the shear
coefficient.

Note that Timoshenkds theory [49] 7 see Setion 2.3.1, includes the shear
deformation and rotational inertial contribution in its formulation. Thus, the model

presented in Figure 3-3 accounts for both vertical deflections and rotations.
However, since the response is obtainedvia free wave solutions in the frequency
domain, the solution is expressed in terms of complex amplitudes artle various

Timoshenko parameters, as shown ifq. (3-2). For more information, pleaseefer

to [10].

To compute the response of a discretely supported periodic track, consider an
infinitely long Timoshenko beam withe equally spaced supports at positionso

¢ QFurthermore, at positionswfar from the excitation point @ (i.e.wl ®), the
response is negligible so can be ignored; thus, it is only required to consider a large,
but not infinite, number of supports: £ 0B h) . In general, the method assumes
that each support exerts a point forcéO Oo0w ateachw in the beam, where
Ois the dynamic stiffness of the support. Next, using the superposition principle, the
track response 6 w can be defined10,51,229]:

6w 'O aw " aw (3-3)

where both receptance values$ g @ and| o @ are computed from
Eqg. (3-2). Notice that the left term inEq. (3-3) corresponds to the response due to
the external wheel force'O "0, in which the positionw is in the rangemn

@ 0. The right hand term refers to the response due to the point force®©® O,
arising from the supports at positionsw @ . For the track model depicted in
Figure 3-3, the dynamic stiffnesd0 of the support includes the effect of the railpad,
sleeper and the ballast, such thgtL0,230,231]:
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o a1 Q 10
P o 0 (3-4)

where & is the mass of the sleeper, an®) and Q refer to the stiffness of the
railpad and ballast, respectively Note that Eq. (3-4) refers to a discrete support,
thus,I isgivenin E&dE jin . T.NextEq.(3-3)is evaluated at a particular
support at positionw @ zresulting in Eq. (3-5), which allows the formulation of
Eq.(3-6), that can be inverted to obtain the responsé w [10,229]:

6m & g of 0O 66| @ (3-5)

O O ohw o6 O] o (3-6)

In Eqg. (3-6), both the identity matrix ‘Oand the receptance matrix at all support
points | & o have size ¢c0 p ¢O0 p, both the vector of transfer
receptance for pointd | ® ho and the vector of displacementsd & , have
size 0 p p.Onced w is obtained throughEq. (3-6), this is inserted inEq.
(3-3) and the dsplacement of the trackd @ at a general point is computed10,51].

When a unit force is considered© p), EqQ. (3-5) describes the point receptance
of the discrete ystem in the frequencydomain, i.e.6 ® | 1 . This allows
for the definition of the decay rate of vibrationY, a parameter which describes the
noise radiated from the track structure[230,232,233]:

v T DWW TS
B'"%&)d s Yo (37)

in which the mobility function, defined by ® | 1 1 , iscomputed at different
measurement pointsw , including the first point in the grid @ T1and the last or
maximum measurement pointey 4 zandYa is the distance between the migboints
of the intervals of the grid.

3.2.1.2 Dirac Comb Approach

The Dirac Comb approach, is an analytical method that describéise discrete
support effect through aDirac Delta function] w €& Qin which the response is
non-zero at the support positionw € QThus, considering an infinitely long track
structure with € support points, its solution requires the inclusion of all the supports
by means of aDirac Comb functiont. w [90z93], as shown inEq. (3-8):
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) 1 ®w €7Q (3-8)

Combining Eq. (3-8) with the differential equation of motion for a EulerBernoulli
beam subject to a loadOdfd :

€ uT é(‘*j:’b , T édj:’b \ ~ v Y i T é(‘ki:’b
O0——k—— a4 ——— L w Qo6dd -
T 1o ro (3-9)
"Oafd

The first two terms in Eq. (3-9) are related to the continuous rail, whereO "‘Oand
a are the flexural bending and mass of the rail, respectively. On the contrary, the
terms in brackets ofEq. (3-9), correspond to thediscrete supports with the stiffness
'Q and damping @ . Eq. (3-9) in the spacetime-domain oo is analytically
transformed, through the inverse Fourier, into the wavenumbeifrequency-domain

Ih
0@ 61h 1 & oth UG Q 6¢@ Q
(3-10)
nOT ﬁ
Since the supportst are equally spaced by lengtfQ the strudure is periodic with

period ‘Q This allowsthe track response6 ¢ @ in Eq. (3-10) to be rewritten
according to Floquets theorem[36,86,92,93]:

oOw ¢Q 6ahh Q (3-11)

Where "Qs a complex coefficient of propagation. Thus, wittb 1, Eq.(3-11) can be
combined with Eq. (3-10), yielding:
00 6fh 1 a4 o6fh

Q96 Q 61 a0 o (3-12)
It should be noted that solutions computed throughEq. (3-11) are valid for the
entire structure [92]. This allows the problem to be simplified, requiring only the
computation of 6 @ T1H in Eq.(3-11) to retrieve the response anywhere in the
domain.
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3.2.1.3 Time -Domain Green & Function Approach

A common BOEF modelling strategy is to compute the Gragriunction for a BOEF
system in the frequency-wavenumber-domain and combine it directly with a
frequency-wavenumber defined load[84,92]. However, if nonlinear train-track

interaction is of interest, a spacdime-domain Greengapproach for the track can be
useful, because then the traifirack interaction is not restricted to being a linear
system. To achieve this, in the sendnalytical Greer® function approach
[81,82,179], the frequencywavenumber Greer® function is transformed into the

spacetime-domain, before combining with a load defined in terms of time.

The spacefrequency-domain Greer® function can be computed either in a fixef81]

or moving reference frame[82,179]. In the former, the load speed is disregarded
and the Greei® function is stationary, i.e. the track receptance is computed.
Alternatively, in the latter case, the speed is directly accounted for inside the Gragn
function formulation. Considering a moving reference frame, the Gre@function O
for a track resting on¢ discretely supported sleepers equally spaced by a lengthz
seeFigure 3-3, can be defined in the spactequency-domain through Eq. (3-13)
[63,179]:

"Owhdy @ 0B Ol Q 7 (3-13)

Where "Ois the track response at the observation pointo @ U 0 w, due to a
unitimpulse applied at, o @ 0 OThe initial position of the force isto  @(at 0
nQ, where wis the space coordinate measured from the load position, andis the
angular frequency. OnceOis determined, an inverse Fourier transformation is
employed z seeEq. (2-34), to obtain the ime-domain moving Green function, as a
function of time t:

Oohoht  — Owhloh Q A (3-14)
where the moving Greei® function"Ocan be interpreted as the track response
computed at the observationpointo @ 0T 0 w UT @ 0O watthe
time instant T, due to a unit impulse force ato 0t 0 att mz see[179].
Finally, the total track response is computed through a Duham®lor convolution
integral [112,234,235] which combines both the response due to a unit impulse (i.e.
the Greer function) and the external force 82,179]:
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6 clfp —  Ocld VB O Q A
- . (3-15)
‘Ocd#d 0 1Ot At

where "O and "Care the external force in the frequency and tima&lomain,
respectively; andd is the rail deflection in the s@cetime-domain.

Overall, the integral inEq. (3-15) allows for the computation of the track response
in the time-domain and gives the framework for the study of complex problems, e.g.
the train-track interaction dynamics via iterative time-stepping integration
procedures 7 see for instance[81,82,179], for which "Omust be computed at
different track and loading positions.

Note that this project® focus is on methodologies solved in the transformed domain,
specifically the wavenumberfrequency-domain. Therefore, excluding the time
domain Greer® function approachdescribed in this section, several timelomain
methods using modal superposition techniques are not covered in this review.

3.2.2 2.5D Method

The 2.5D Finite Element, also known as the wavenumber FE, is a periodic approach
widely applied for railway track simulations [21z25,184]. This method requires
simplifying the structure into a 2D slice. Then, by assuming this slice repeats along
the longitudinal or train passage directiona a fully 3D response is recovered via
Fourier transformations. Thus, the method fails to capture discreteail support
effects.Figure 3-4 shows the 3D continuous periodic domairmand its 2D slice or
restricted domain memployed in the 2.5D FEM simulation.

The 2.5D FEM considers the 3D linealastic FE structure isperiodic alonga Then,
by performing a double transformationz seeEgs. (2-33) and (2-35), the equation of
motion can be defined in wavenumbeifrequency-domain as describedn Eq.(3-16)

0 of R Of h (3-16)
(@) 0 Qo 0 (3-17)

where O is the Dynamic Stiffness Matrix (DSMz see Eq. (3-17). Note that the
vertical and transversal space coordinatesg ¢, (dropped for visibility) are
employed for the definition of the 2D slice mesh, tlis, they are not transformed to
the corresponding wavenumberdomain.
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Figure 3-4.2.5DPeriodic and restricted domain in the longitudinal direction

Using classical FE definitions, the stiffness and mass magés can be defined byegs.
(3-18) and (3-19), respectively[23]:

0 6 f 061 A (3-18)
0 1 0 " 0 Ak (3-19)

in which o 0 0 isthe matrix of partial derivatives 0 z seeEg.(3-20), ofthe
shape functions 0 , and” is the material density.
n T m Tt o m Tt a
0 0fF mtjitao m N Tjita = (3-20)
m o Tita mo Tt o

Snce only the longitudinal space coordinate is transformed to wavenumbelEq.
(3-18) can be decomposed intdq. (3-21):

0 T b o f O T U (3-21)

Eq. (3-16) can be inverted to obtain displacement® 1 h in the wavenumber
frequency-domain. Finally, results can berinsformed back to spaceime results via
Inverse Fourier transformations z see Egs. (2-34) and (2-36). Note that despite
providing computational benefits, the 2.5D only meses the crosssection of the
structure, i.e. a 2D mesh. Thus, the methods assumes a homogeneous behaviour in
its longitudinal direction, which restricts the definition of discrete support
conditions.
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3.2.3 Transfer Matrix Method

The dynamic behaviour of repetiive track structures can be studied by taking
advantage of their periodic features and their characteristics of wave propagation
[125,2367238]. The Transfer Matrix Method (TMM), also know as the Repeating
Unit-Method [228], is an analytical method that makes use of a constant of
propagation _, to relate the displacements and forces at the boundaries of the same
unit and periodic element, or cell, whose crossectional properties are considered
to be uniform in a particular direction:
0 6 h O O (3-22)

where 6 " and"O" are the vectors of displacements and forces, respectively, at the
rightzhand 'Y (or front face) and lefthand 0 (or back face) boundaryz seeFigure
3-5. Bearing in mind Eq. (3-22), the response in each periodic element can be
computed by employing the Transfer matrix”Y to relate vectors 6 and O

according their postion in the cell (i.e. right and left-hand side).

Matrix “Yis computed from the Dynamic Stiffness Matrix (DSM)O . The latteris
based on the discrete dynamic equation of a cell obtained fromFnite Element
model at a frequency z seeEq.(2-28), however, only relating the boundaries (i.e.
external or active nodes) of the unit elemenf125,236,239]:

O o0 Qo 1 O (3-23)

0

O O 0 o o ¢
o b 0 (3-24)

“O (')
where O o ORY represents a submatrix of the partitioned matrix ‘O . Next,

“Y can be obtainedthrough matrix manipulation and enforcement of compatibility
conditions at the boundarieg[125,240]:

oy 0 vy 0 vy
. .
y 0 O (o) (3-25)
0O 000 ©00O0

and where 3 and 3 define the state vectors (i.e. vectors containing
displacements and forces) at the rightand left-hand sides, respectively. Combining
Eq. (3-25) and Eq. (3-22), and expressing the new relation in terms of the unit cell
number £, it is possible to state the following eigenvalue problem:

Y YUY Y Y (3-26)
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Figure 3-5. Displacements and forces on multiple unit elements, wherieis the node
number [27]

In order to solve the eigenvalue problem inEq. (3-26), its eigenvectors Y and
eigenvalues_ are determined by solving the equivalent problem:

v Y vy Y _0Y - (3-27)

where "Ois the identity matrix, and 1t is the vector of zeros. Solution oEq. (3-27)
implies that Y must have nonzero values. Thus, 4 1) should be zero and

the problem can be easily solved by computing its determinant:
AAY _O0O m (3-28)

Note that Eq. (3-28)omits the term 3 in its solution, implying a free vibration
response that considers the structur& stiffness, damping and mass (via4 ).
Consideringthat “Yis ac’®; s ¢'Q; matrix (®; Reing the tatal number of degrees
of-freedom), Eq. (3-28) will result in ¢'Q; gigenvalues¢’®; 4 p eigenvectors as
shown in:

R, (3-29)
Y “Yi ROYR BRYq o, (3-30)
Note that_ are complex values. Nex&(. (3-26) can be rewritten as:

Yorno YR 2 7Y (3-31)
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Following this methodology, it is assumed that the state vectors propagate along the
structure without amplitude and phase changs. Thus, the wave propagation
(atterndis obtained using the eigenvalues and eigenvectors "Y of the Transfer
matrix “Y. In other words, the response vector can be determined by combining, via
a scalar multiplication, each eigenvectorand its associated eigenvalue with a
constant 6z a process known as the linear combination of eigenvectorR241].
However, only those values corresponding to decaying solutions (i.8.S p) are
used to compute the response throughout the entire structure. This is described
mathematically as:

Y 0_ "Yq (3-32)

where _ and Yy are the eigenvalues and eigenvectors corresponding to the
decaying solutions, respectivelyd represents the constant factors of propagation
determined through the boundary conditions, and®; js the number of degreesof-
freedom at each boundary. Since the unit element is the same along the entire
structure, its eigenvalues and eigenvectors doat change. Further, waves propagate
along the structure unchanged, except for amplitude and phase, which are given by

the 0 coefficients. Thusthe only values that must be updated irfEq. (3-32) are the
coefficients 6 .

"Y relates the state vectors at one point in &tructural chaind(i.e. overall structure
made of several periodic elements) to those at another point. Also, this matrix is
computed for each part of the structure until boundary conditions caibe enforced,
so that one cell can be related to anothd238]. Based on thisdhainanalogy, "Y has
also been employed in alternative implementations such as th&yer transfer
matrix 6to study track-soil interaction, for which soil is considered to be composed
of several layers, all of them related via the transfer matrix'Y [66,70,242,243].

3.2.4 Floquet method

The Floquet transform [244], is an analytical method which exploits a track
structure® periodic nature by studying a subdomain only[26,2457247]. The
method definesmas a threedimensional periodic domain in the Cartesian reference
system:QRQ HQ, as shown irFigure 3-2. This domain is formed from the repetition
of m, which is the unit, generic or refereae element defined byn @M ng  'QU¢

[A}00) ‘OFc , with the position vector of any point in m given by @
QW 4Q [26,226,246,248]
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Qis the length period (i.e. length ofnin Q) and mis invariant in any translation at
position ¢ ‘@, where¢ is an integer defining the number of the generic element.
Thus, the function™Qin m “ TOH TQ is defined as the Floquet transform of any
function "Qin m, as shown inEq. (3-33) [226,248,249]:

QM ° QO £ @ Q (3-33)

where the wavenumber ofmis defined by *~  “ ¥OH 7Q, and the position vector
inmis & Q «Q 0 ,with o & & Q@w «hdW & Furthermore, the
function "Q&f © defined on m is periodic of the first and the second kind
[225,245,249]:

{1 Periodicity of the first kind with respect tof * and with a period ¢* 7Q as
shown in Eq. (3-34).

{1 Periodicity of the second kind indwith a period Qin in space, as described
in EQ. (3-35).

QM = Qi C (3-34)
FOTATIN @ /o] (TR o N o T B (3-35)

Moreover, for any location inm @ @ &£0QQ , function"Qcan be recovered from
“through the Inverse Floquet transform[226,247,249]:

Q 7 g -
MO O £ Q — QM Q A - (3-36)

q 7

In general, the Floquet approacly Eq. (3-35), computes the respose throughout a
restricted domain m. Then, mce the dynamic formulation is solved and the track
response is obtained formin the wavenumberfrequency-domain, the solution at
the other points in the structure (i.e. outside the restricted domain) is reieved
through the inverse Floquet transformation inEg. (3-36), which transforms from
the wavenumber to the spatial longitudinal coordinate w Despite being
computationally efficient, it is challenging to use theé~loquet method to consider
variations in the periodic longitudinal direction w[27] as discussed in the next
section. Thisis because othe restricted domain mand the periodicity conditions in
Egs.(3-34) and (3-35) used for the definition of its formulation.
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3.2.5 Direct Periodic Method

The Direct Periodic Method DPM, employs the Floquét theorem introduced in
Section3.2.4, to reduce and solve the periodic problerf226,244,248,249]. The DPM
computes the response of the total periodic domaim by studying a discretized
domain mknown as reference or unit cele 1t For this, the equations of motion of
the reference cellare first defined in the spacedomain and then modified via the
enforcement of periodic conditions applied at the bordersbe 11, as shown inEq.
(3-37):

6 o A h o6 o m A Q (3-37)
where 6 " are the displa@ments at the rightzhand Y (or front face) and lefthand
0 (or back face) boundary of the reference cef  mwith periodic length Q Once
periodic conditions have been applied and reference cell displacements are
computed via inversion of the modifiedsystem of equations of motion, Floquet
theory is exploited to obtain the response at both sides &f T Eq. (3-38) shows
the displacement of cele 1T

6 ¢h h o dih Q (3-38)

Once obtainedo , thef domain response for alle cells, it can betransformed
back to spacedomain wthrough the Fourier transform depicted inEg. (3-39):
L P L : .
6 ah o 6 adih h Q A (3-39)
where 6 is the displacement of the total domain in the spaefrequency-
domain ofi , & described by the hat notation®d Note that although defined for
non-moving excitations, the DPM can easily incorporate moving contributions by
considering thatthe angular frequencyis related to speed] " Y 0, inwhich
" is the driving oscillating frequency.

Overall, the DPM proves to be a straightforward periodic solution that only requires:
(1) modification of the equations of motion of the reference cell via periodic
conditions, (2) computation of the reference cell response via inversiownf the
modified system, and (3) enforcement of periodic conditions as a function of tlie
Tiresponse to obtain the response & Tt
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3.3 Solutions for Semi-Periodic Sructures

Fully periodic methods exploit a structure® repetitive character and compute the
global response by studying only a restricted domain rather than the entire track. A
shortcoming of this is that only freewave propagation problems can be studied, i.e.
no changes in the periodic track parameters (in the direction of train passage). This
makes it challenging for modelling cases such as transition zones. To overcome this
drawback and allow for the inclusion of varying track properties, semperiodic
solutions can be used.

3.3.1.1 Multi -Coupled Periodic Method

Similar to the TMM, the MultiCoupled Periodic Method (MCM) is an analytical
method based upon a wave propagation approach. €method analyses the free
wave propagation due to a force applied on a unit element, to retrieve the response
throughout the entire track structure, via the solution of an eigenvalue problem and
an enforcement of boundary conditions.

To obtain the respon& of a periodic structure, the MCM expresses the constant of
propagation in exponential format (i.e._ 'Q and exploits the Dynamic Stiffness
Matrix ‘O rather than the Transfer Matrix “Y [250z253]. Eq. (3-40) depicts the
displacement o h and force "O" vector relationship at the right-hand Y and left-
hand 0 boundary ofthe same unit element :
0 0 Q o
"0 0 Q O (3-40)

Next, the combination ofEq. (3-23) and Eqg. (3-40) define the generalised linear
eigenvalue problem inEqg. (3-41), which is employed to compute the eigenvalues
and eigenvectors —:

O O he O O fh_— 2 FA_ 0 (3-41)

T O Om 0

where Tt is the null or zero vector;and O o ORY are submatrices of O .
Note that Eq. (3-41) is solved in a similar manner to Eq(3-28) in Section3.2.3 In
general, the eigenvalues are used to retrieve the constants of propagation

I 1_G whereas the eigenvectors provide the generalised displacements or
shapes.

The eigenvalue problem inEq. (3-41) has a dimension of¢’®; {'®; gegreesof-
freedom per node), which give'@; gigenvalues and¢’®; 4 p eigenvectors. This
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solution occurs in pairs, and®; waves propagate symmetrically in each direction.
Waves prgagating to the righthand side of the symmetric structure, i.e. positive
travelling waves, have negative real or purely imaginary constants of propagations
( “s2 A ™ 2 A ). Alternatively, waves propagating to the lefthand side,
l.e. negative-travelling waves, have positive real or purely positive imaginary
constants of propagation(* “s2A mw2A nh I m)[252].

Furthermore, each* is related to a generalised vector of displacements— and a
generalised vector of forces%o. Thus, ly exploiting the symmetric character of the
problem, one can differentiate the multiple components of the problem according to
the direction of propagation of the wave and then, througtegs. (3-40)-(3-41),
compute % and % for each degreeof-freedom Q pfB hQ . Finally,
reapplying Eq. (3-40), the total response at nodei is computed according the
direction of propagation of the wave, such that:

AT A

0 Q — 7 O O

AT A (3-42)

O Q % T 0O
where O and O are 'Q; 4 @7 inatrices containing the generalised
displacements — , the generalised forces%. , and the exponential termsQ
respectively. Furthermore,the vector contains the generalised coordinates
which are obtainedby enforcing the initial boundary conditions ati 1. Once the
response is obtained at T, is used to retrieve the response at the remaining
nodes i  TI.

Eq.(3-42) is similar to that defined by the TMMn Eq.(3-32) because both equations
add only the wave component contributions associated with their response. Thus,
the first step is to decompose the wave and select those components acting on the
structure. Thenext step is to use these components to compute the result. Since only
waves decaying/propagating away from the source occur in infinitely extending
structures, the problem can be analysed by exploiting symmetry and bounding the
track at one side only. Thg, a semiinfinite structure can be composed from 2
distinct sub-structures [252]:

1 A finite-infinite structure, which is bounded at its leftside boundary and
infinitely extending to its right. Thus, only positivetravelling waves occur.

1 An infinite-finite structure, which is bounded at its rightside boundary and
infinitely extending to its left. Thus, only negativetravelling waves occur.

91



Periodic Approaches for Railway Track Simulation 92

Egs. (3-32) and (3-42) assume periodicity or no change in the unit element
properties, meaning waves do not reflect back to the source. However, this reflective
nature can be includedby considering that the track is bounded at both of its
boundaries, i.e. a finitefinite structure. Therefore, dl waves must be accounted for
in the response[27,252]:

0 0 O O ATA O ©
- O Al & o (3-43)
where O s the total number of nodes, which coincide with the total number of
elements (the first node is zero)Results are first determined at both boundarie$
mandi  Q1,awhich provide the values required to compute that are then
inserted into Eq. (3-43) to determine the response at the remaining nodes$
P8 fiai 4 p.
Considering Egs. (3-42) and (3-43) describe the responses for seminfinite and
finite -finite structures, a track with varying properties (i.e. nonperiodic domain
with changes in material parameters, geometry, etc.) can be analysed by discretising
the total structure into different sections with periodic domains. Thus, periodicity is
enforced at discrete sections, which are later coupled to each other and analysed as
a global structure which is semiperiodic. Figure 3-6 shows a semiperiodic
structure of four sections or periodic domains. The solution of the global/assembled
dynamic system of equations for a serperiodic structure is [27,252,254]:

1011 Qi (3-44)

where 0 s the global stiffness matrix, 6 is the global displacement vector,
and 'O is the assembled or global force vector, all of wth relate the multiple

sections of the track.In general, by solvingEq. (3-44) through the application of
boundary conditions, the responses at the boundaries of each section are obtained.
Next, is computed for each section, and responses of the remaining nodes are
retrieved.
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Figure 3-6. Coupled system with bounded nodes B, 0 and C; and free nodes A and D
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3.4 Example Application of Solution Methods

Periodic approaches can be used to study a wide range of railway engineering
problems. Following the example applications presented iBection2.4, this Section
uses a variety of the methods discussed previously in thiShgter to address two
common applications:

1. Airborne noise generatiory the noise resulting from wheelrail contact is
analysed, considering both continuous and discrete track support conditions.
Track receptance and decay rates are computed.

2. Track-ground dynamics - the effect of train speed on track deflection is
analysed. Ballast and slab track models are considered.

Table 3-1 summarises the solution methods used for each application and the
results shown.

No. Application Results Solution Methods
1 Noise Receptance 1. Analytical Continuous

Noise decay rate 2. Discrete point source method
2 Track Dynamics Track deflection 1. Fourier analytical continuous

2. Dirac comb method

Table 3-1. Results and solution methods used in each application

3.4.1 Application no. 1: Noise

Point receptance and track decay rates are computed using the combination of the
fundamental BOEF formulation and the discrete point saae periodic method. The
results are then compared against the basic continuous BOEF formulation. The
effect of varying layers, beam definition, and damping models are also studied.
Table 3-2 presents the various tack parameters employed for this application. For
this, material and geometricalvalues were taken based on examples depicted by
[10,51,75,170212].

Note that for the l-layered model, equivalent properties are required. For the
computation of the equivalent support stiffnessQ, Eq. (3-4) is modified, as shown
in Eq. (3-45):

- a1 Q M0

Q - i
a1 Q (3-45)
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where]  corresponds to the second cubn frequency of the 2layered BOEF model.
Q ; is the stiffness perunit length of the railpad @&and ballast®d andd is the
mass perunit length of the sleeper®8 For comparison purposes, discrete support
values will be denoted using a prime symbol& Thus,in the case ofdiscrete
supports, thediscrete railpad stiffness™Q is obtained by multiplying the continuous
railpad stiffness’Q by the sleeper spacind? i.e.Q  "Q 'Q Similarly, the discrete
mass of the sleepeti can be defin@ by & a Q
Once'Q is obtained, the equivalent viscous damping coefficiert can becomputed
via Eq.(2-22), as recalled irEq. (3-46):

- Q-

(L)_

: (3-46)

in which — is the hysteretic or damping loss factor of the equivalent support of the
1-layered model.

Component Parameter Units Value
(One) Rail 00 Bendingmoment - 6.38

” 'O Rotational inertia EC¢ 0.24

"O0  Shear stiffness - 591

a Mass per unit length Ed 60.23

I Shear parameter 0.4
Railpad Q Stiffness per unit length S | 350

- Damping loss factor (hysteretic) 0.15

® Damping (viscous) . @ 1.92E+04
(Half) Sleeper @ Mass per unit length of rail Ed 245

Q Sleeper spacing [ 0.6
Ballast o] Stiffness per unit length (| 180

- Damping loss factor (hysteretic) 1

&) Damping (viscous) . @ 2.34E+05
Other o) Stiffness per unit length S | 450
(1 layer model) - Damping loss factor (hysteretic) ) 0.2

@ Damping (viscous) el 3.29E+04

Table 3-2. Noise application parameters

In the case of continuous singleand two-layered Euler-Bernoulli BOEF models, the

point receptance | 1

wavenumber-frequency-domain | h

is computed from the equation of motion m the

in  Eq.

mathematically in Eq. (3-47) [10]:

94
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p Q
|1 00 (3-47)

where T , computed through Eq. (2-46), is the complex wavenumber root with
positive real and negative imaginary component, i.e. T s2 A m) | .

Alternatively, for the Timoshenko beam formulation, a new set of equations of
motion in wavenumber-frequency-domain must be defined to compute its point
receptance.Eq. (3-48) shows the dynamic equation of motion dr a Timoshenko
beam derived after transforming the set of equations of motion in spaegme-
domain z seeEq. (2-16). Eq. (3-49) describes its receptance, ané&q. (3-50) defines
the corresponding wavenumber root§ and constantso.

r 611 0671 m (3-48)
" f 0
RS ,‘
«gopC ' T 0 (3-49)
) i
pP. P . . 00 i N ¢ I
i EO E 0 TO0 ho 00 00 h
A I S I -5 e (3-50)
(0] —= — h o — 0 P —=
Oo |l (ONO) [ONO) Oo |l

where constantso , 6 and 0 relate the various Timoshenko beam and track
support parameters, is the new set of wavenumber roots defined after inversion
of Eq.(3-48),0 is the crosssectional area,” is the density,& is the rail mass,O
is the Youngs modulus,"O is the shear modulus|l is the shear coefficient, and(3 is
the viscous orhysteretic complex stiffness of the support (sedeq. (2-19) and Eqg.
(2-23), respectively). Instead, for discrete BOEF models,] is defined by Eqg.
(3-1).

Figure 3-7 shows (a) the receptance and (b) mobilitycurves for multiple BOEF
models with hysteretic damping. It is seen thatn increased number of degreesf-
freedom better reveal the resonance modes of the structure. This is particularly
evidenced in the single layered model, in which only the resonancé the rail mass
on the support can be captured. This behaviour occurs ato (0 lnd coincides with
the second cuton frequency relating the rail mass and the stiffness of the
foundation. On the contrary, both the continuous and discontinuous -Byered
models are able to capture the resonance of the rail and sleeper on the ballast (at
p ¢ € Uthe first cut-on-frequency) and the antiresonance of the sleepers on the
ballast and railpads (at¢ o ¢ Y
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Regarding the beam theoryFigure 3-7(a) shows that although the receptance is
similar for both the Timoshenko (T) and EulefBernoulli (EB) beams at low
frequencies, divergence occurs at frequencies higher thano @ Ui.e. above the rail
resonance. It is evident that conhuous models are unable to simulate the discrete
behaviour of the track support. This results in inaccurate results at higher
frequencies and the inability to simulate the pinneebinned resonance. Instead, this
behaviour is better simulated usng two-layered discrete models, which are able to
capture the first- and secondorder pinned-pinned resonance frequencies at around
p p T(Ttand ¢ Y T( TiJrespectively. Note that when the force is applied at migpan,
there are upward peaks corresponding to resonancedquencies. However, when
the impulse is applied above the sleeper, these frequencies are argsonances, and
the peaks are downwardSimilar results are shown in the mobility curves irFigure
3-7(b).

The decay rae of vibration ¥ along the track is highly influenced by the damping of
its supporting components (e.g. railpads and ballast]10]. This allows for the

determination of the noise radiated from the track, which increases with larger
vibrations. For the discretely supported Timoshenko BOEF modeY,is defined by

Eq. (3-7). Instead, for continuously supported EuleBernoulli and Timoshenko

BOEF modelsY is described by[10,232]:

o

Y c¢mnical U Yol (3-51)

Decay rate curves forhysteretic and viscous damping models are prgented in
Figure 3-8. Again, the effect of the degrees of freedom is evident, particularly at
lower frequencies. For the Hlayered BOEF modeg seeFigure 3-8(a), damping has

a negligible effect below the second cubn frequency. However, for the dayered
models, a slight dip occurs above the first cebn-frequency corresponding to the
effect of the rail and sleeper on the ballast.

After the pronounced peak, abova o (0 Uthe damping effect is significant and
decay rates decrease rapidly with frequency. In addition, above this frequency, the
response due to discrete models clearly diverges from that of the continuous
models, again showing the limiations of the latter as tley are unable to capture the
pinned-pinned frequencies at aroundp p T( kand¢ Y n( U

Although similar results are obtained at lower frequencies for EuleBernoulli and
Timoshenko beams, at higher frequencies the differences between models becomes
more pronounced, as shown irFigure 3-8(a).

Figure 3-8(b) presents the effect of different damping implementations on both
continuous and discrete twalayered tracks. Viscous damimg parameters were
selected so that the cubn-frequencies coincide with the response provided by the
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corresponding hysteretic models. Results show that, as expected, there is no
significant change at frequencies below the second con-frequencies. Howeer,
above this frequency, viscous damping models result in lower decay rates than the
hysteretic cases. This is because viscous damping parametérgary with frequency

whereashysteretic models parameters (loss factor)- are constant.

(a)

2-layered continuous (T

—————————— 2-layered discrete above sleeper (T)
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Figure 3-7. BOEF models with hysteretic damping, EuleBernoulli (EB) and
Timoshenko (T) beam theory: (a) Receptance, and (b) Mobility
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3.4.2 Application no. 2: Track Dynamics

To study track dynamics for discrete and continuouproblems, the response due to
a moving point load on the rail is analysed. Singlayer continuous and discrete
BOEF models are employed see Sectior2.2.2 In both models, railpad damping is
simulated using a V¥scous approachy seeEq. (2-19). Analytical formulations in the
frequency-domain with Fourier transformations in Egs. (2-33) to (2-36) are
employed in both simulations. For the discrete response, the Dirac comb approach
IS usedz seeEg. (3-8). Table 3-2 shows the track parameters employed for the
single layer BOEF simulation, which includes the rail and the railpad (note that
symmetry is not exploited so track parameters must be doubled).

@
—_— 101 b ITTITTE So== L_ ,_,/"/!r.»-Tk—h)"‘\ H E|
Bl — \ i
% \\
3
= 100} I
<l I
< . i
~ ——— 1-layered continuous (EB) T
2l S 2-layered continuous (EB) S
g 107k 2-layered continuous (T) e “‘\\\ 3
A 2-layered discrete (T) Tel ™
———————— 1st cut-on-frequency fo, h
~-2nd cut-on-frequency fe,,
[ o Se——
102 108
Frequency [Hz|
®
10t EC __'T"TT'_'::_‘«E.; //\\ 1 E
= B R 3 | -
B : h E
/M E R (A 1
= | N i L]
3 : AN '
= 100k 5 o -
2 5 Ny kI
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102 ——e — ———
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Frequency [Hz]

Figure 3-8.Decay rates: (a) 1 and 2ayered continuous and discre¢ models with
hysteretic damping, (b) discrete twelayered models with hysteretic and viscous damping
models
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Figure 3-9 presents the discrete and continuous track response a  mi due to a
load™O p v & .moving att T1E [7Ewith two different riding frequencies @ 1t( U
and"® v 1t Ult can be seen that in all cases the maximum deflection occurs near
these frequencies. The results highlight the limitations of the cdimuous model
which, despite giving similar results close téck, is unable to capture the rail
deflection at certain frequencieg this result is consistent with the findings of[255].

Discrete (fl) --------- Continuous (f;) ———— fi
— 100 Discrete (f_g) ————————— Continuous (J‘Tz) fo
=
i L
,:__}\ / \ y N
Il ) “ -
= L=< \‘.‘ | B - ."ﬁ [ \ }\ /_\\ I~ \
g -7-7\ ,1— By I‘F/j—\ / ""‘.‘ ‘."‘ ‘|n‘ I‘ N\ / ".\ ."/; T+ /_;_'
-45 \ A |‘ ;l .‘I"w f :I I‘I\ |‘I ‘ ‘ i | I‘I M ‘I‘I‘ ‘I\ ‘f ' \
é "‘.‘ ’ 'wl" 1A ' ( ( I‘{_\I‘I If fl
as | '
o] I
-50 0 50 100

Frequency [Hz|
Figure 3-9. Continuous vs discrete track response due to a moving load

3.5 Challenges Associated to Periodic Approaches

At a fundamental level, periodic approaches exploit the repetitive nature of railway
track structures, allowing for a reduction of the study domain to a single slice and
enhancing computational efficiency. These characteristics make periodic
approaches valuable as supplementary techniques, facilitating the optimization of
traditional methods such as BOEF and FEM. When coupled with BOEF formulations,
periodic techniques enable the inclusion of discrete support conditions and reduce
the analysis doman. Similarly, when integrated with FEM, periodic approaches
simplify complex geometrical domains into a slice, offering highly accurate and
computationally efficient simulations. Despite these advantages, periodic
approaches also present several challengeassociated with their basic formulation:

1 Constant behaviourThe fundamental periodic approach assumes repetitive
track behaviour. Thus, their geometrical and material parameters are always
constant. This definition confines the study domain to a constarstructure
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unable to replicate nonlinear conditions and changes in other track
parameters, i.e. the structure is fullyperiodic. Although variable conditions

(e.g. transition zones) cannot be simulated with the fundamental periodic
approach, additional ©onsiderations in its formulation may address these
limitations z seeSection3.3.

1 Numerical considerationsTypical periodic formulations are based on modal
decomposition methods, i.e., they require solving Eigealue problems and
extracting the corresponding Eigen modes. When considering several
degrees of freedom, this process may lead to an-dbnditioning problem
[236], and requires additional strategies to optimise it, such as a model
reduction [254].

1 Force conditions.Although they can replicate stationary forces, Periodic
approaches struggle to simulate moving contributions. To include the tier,
the fundamental periodic approach is often coupled with superposition
methods. This adds complexity to the simulation as these methods are
usually defined in the timez see[27], different to the frequencydomain
employed in the Periodic formulation.

3.6 ldentifying Suitable Solution Approaches

When choosing a solution technique, careful consideration should be made
depending upon the problem requirements. Some considerations include:

1. Problem type.For example, modelling noise generation for a tramway
requires a different strategy to dynamic track amplification for a highspeed
line. This is because noise problems require thstudy of a higher/wider
range of frequencies compared to problems such as grousimbrne vibration.
Further, it should be considered whether the problem requires a stationary
force, or a moving load.

2. Track type Is the track ballasted or norballasted, doegshe problem require
the simulation of pinned-pinned resonances, and should nofinearity be
simulated.

3. Coupling Will the BOEF model need coupling to a mubiody vehicle model
and/or foundation model. Discretely supported and periodic approaches
require additional consideration when performing such coupling, compared
to continuously supported approaches.

4. Computational effort.Does the model require execution many times (e.g. for
a sensitivity analysis, or for quantifying uncertainty), meaning
computational effort per simulation should be minimised. Continuously
supported tracks in the frequencydomain can take advantage of the speed
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wavenumber-frequency relationship thus requiring only wavenumber
sampling in the response computation. Further, for noise gemation,
response symmetry in the wavenumberfrequency-domain means
mirroring can often be used for to greatly reduce the number of
computations required.

Table 3-3 compares the different solution approaches that &ve been detailed in the
previous and present Chapter, with each method scored from 1 (poor) to 4
(excellent) stars (). Scoring is performed against the ability of the approach to
model track dynamics problems (e.g. receptance and dynamic amplificatignand
noise generation problems.

Regarding track dyamics problems, most frequencsdomain approaches,
regardless of whether they consider a continuously or discretely supported track,
are attractive and computationally efficient. However, although methodsuch as the
boundary value, point source, and periodic are well suited for computing the
response due to noAmoving sources, they require additional considerations when
modelling moving loads (e.g. convolution integrals). Alternatively, the commonly
used analytical time-space method is restricted to the use of a simplified track
support (e.g. typically a spring with constant stiffness). Finally, the FEM is capable
of studying complex track geometries, however requires larger domains, potentially
leading to computationally demanding simulations.

Regarding noise generation, discretely supported methods score highest, due to
their efficiency and ability to capture pinedpined resonances. Alternatively,
periodic methods are computationally efficient due to theirsimplified domains,
however enforce restrictions on domain complexity. Although their repetitive
nature is unable to simulate complex track geometries and the pinegined
resonance, improvement in the response can be achieved by combining with FE
methods. FEM models by themselves can also capture the pingihed resonance,
however due to the wide frequency range needed to study noise problems, their
computational expense is high. Alternatively, continuously supported models in
both frequency- and time-domains score lowly due to their inability to capture the
pined-pined resonance.
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Computation approach

Track
dynamics

Noise
generation

Comments

Continuously supported

Time-domain
Analytical time-space

Continuously supported-

Frequency-domain
Fourier

Filon quadrature
Contour integration
Boundary value®

FEM

Discrete support
Point source”
Dirac comb
Greers function

2.5D

Periodic-Eigenvalues”
Floquet

Transfer matrix

Multi -coupled periodic

Direct Periodic

*k%k

*kk%k

*kk%k

*k%k

*%*

*k%

**

*kkk

*kkk

*kk%k

**

*%*

*%*

*kk%k

*%*

*k%

*k%

*k%k

*k%

*kk

*kkk

*kkk

*kkk

*%*

*k%k

*kk

*kk

*kk%k

Simplified modelling of
track support. Unable to
capture pinned-pinned
resonance

Track support can be
simulated with moderate
accuracy. Unable to capture
the pinned-pinned
resonance.

Large domains resulting in
computational demanding
simulations. Flexibility in
geometry and material
properties.

Can capture pinnedpinned
resonance. Alditional
consideration required to
couple to a detailed track
support.

Track supports are
simulated with moderate
accuracy. Unable to capture
the pinned-pinned
resonance as they cannot
replicate the discrete
support conditions.

Can account for semi
periodic conditions.
Eigenvalue problems may
lead to ill-conditioning
issues. Track supports can
be simulated with high
accuracy.

Can account for semi
periodic conditions.
Straightforward solution.
Track supports can be
simulated with high
accuracy.

AMoving loads require additional consideration
Table 3-3. Comparison of reviewed solution approaches
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3.7 Conclusions

This Chapter presents a technical review of Periodic approaches. First, it presents
the generalities associated with its formulation and how it can bentroduced to
railway track structures. Next, various solution approaches for fully periodic
structures are introduced, ranging from the simplest BOEF periodic formulations
with discrete support conditions, to more complex periodic approaches that can be
coupled with FEM. Solutions for semperiodic approaches are then introduced.
These approaches allow changes in track geometry and material parameters to be
considered, thus allowing for the analysis of more complex structures such as
transition zones.

This Chapter complements the example applications presented ihapter 2 and
studies two common railway engineering problems via traditional continuous BOEF
and discrete periodic approaches. Results demonstratée limitation of continuous
simulations when capturing the accurate track response at certain frequencies.

Challenges associated to periodic approaches are highlighted. Overall, it is shown
that the fundamental periodic formulation presents several limitatons, including:
(1) confinement to fully-periodic structures, (2) potential numerical issues due to
the size of the problem, and (3) restriction to noAmoving excitations.

Finally, the various solution approaches presented in this and previouUShapterare
compared and ranked depending on their ability to simulate two common railway
engineering problems. It is seen that the Direct Periodic is a straightforward
solution that can consider both moving and normoving excitations, simulate the
track support with high accuracy, and potentially account for serperiodic
conditions.
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Chapter 4
Development of a Periodic Track
Model

4.1 Introduction

This Chapter describes the development of a traeffround model based on the
Direct Periodic Method (DPM). This computationally effient approach exploits the
inherent periodic behaviour of railway tracks to study large structural domains (e.g.
infinitely extending tracks) via a single slice. The method is combined with 3D FE
and PML techniques (3D DPNFE-PML), thus allowing the incluson of complex
geometries, additional track component8 mechanical behaviour, and wave
propagation effects.

Section 4.2 outlines the Direct Periodic Method including: (1) a stepby-step
solution process for catulating the total railway track using FE methods, and (2) its
combination with perfectly matching layer techniques for the soil behaviour
representation. Finally, some conclusions are provided iSection4.3.

4.2 Model Overview

The Direct Periodic Method(DPM) proposed by[256], is a technique that exploits

the repetitive or invariant nature of railway structures to study large domains (e.g.

infinitely extendin g tracks). In railway systems, periodicity is found by considering
both material and geometrical properties repeat themselves at a regular interval,
known as the periodic lengthCx seeFigure 3-1.

Since the propeties repeat themselves every lengti) only a portion mof the total
structure mis required in the simulation. Then, the total response of the latter is
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retrieved by enforcing compatibility conditions at the boundaries of the former. This
restricted domain is often known as the generic or unit cell, and it is assumed to be
infinitely repeated, forming the entire structure or total domain [11]. Due to the
simplification in the study domain, the periodc approach allows for computing
accurate results with minimal computational effort and shorter simulation times
compared to fully 3D modelling techniques. Procedure for calculating the total track
response via theDirect Periodic Methodcomprises three sepsz Figure 4-1:

(a) Computation of the reference cell response in the wavenumbdrequency-
domain z seeFigure 4-1(a). Firstly, the system of equations of motion of the
restricted domain is defined in the wavenumber and frequencgomain.
Then, periodic boundary conditions at the restricted domai back and front
face are enforced, modifying the equilibrium equations and allowing for its
response computation.

(b) Response of all ells in the wavenumberfrequency-domain z see Figure
4-1(b). Once the reference cell response is obtained, periodic conditions are
again imposed, and the response of the remaining cells in the wavenumber
frequency-domain is computed.

(c) Total structure response in the spacdrequency-domain z seeFigure 4-1(c).
Fourier transformation is used to transform the total structure response in
the wavenumberdomain back to space.

4.2.1 Solution Process

The DPM method allows for the computation of the entire periodic structurenby

simply studying the behaviour of a discretised domain, i.e. the reference cell
responsed . Next, via enforcement of a periodic conditiog defined by Floquet

theory [226,244,248,249], the total domain responseat all cellsé is obtained, as
shown in Eq. (3-38):

6 ofufti A o il h Q (4-1)

Where i  ohuhd and i¢ ofuhd are the space vectors definingm) and m,
respectively. Similarly, 6 and 0 are the displacements of the totah) and
discretised m domain, respectively. The tilde notation®8in ¢ , is employed to
represent the wavenumbekfrequency-domain I h , and the number of the cell is
definedby ¢, beingé  1the referencecell, andé¢  1tthe remaining structure; and
Q is the thickness of the reference cell in the periodic directiory w axis or
longitudinal direction. Since periodicity is assumed only in the longitudinal
direction, the wavenumber response is presented solglaround this direction and
@ @ Similarly, the vectors corresponding to the vertical and transversal
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coordinates remain constant, i.e0 @@ ¢gand their corresponding wavenumber
response] andf ,are not considered inEg. (3-38).

Figure 4-1. Direct Periodic Methodoverview: (a) reference cell response in wavenumber
frequency-domain, (b) all cell€response in wavenumbeifrequency-domain, and
(c) total response in spacdrequency-domain

106








































































































































































































































































































































































