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Abstract  

Understanding dynamic track stiffness is crucial for addressing railway dynamics 

issues such as ground-borne noise, track dynamics, and rolling noise. This 

parameter is often analysed through its inverse, receptance, which is the ratio of the 

structureȭs deformations to a unit force. Studies on receptance offers valuable 

information for assessing the trackȭs mechanical behaviour, developing control 

strategies, and optimising the design of new systems. 

Despite its importance, most comprehensive studies on railway track components 

typically employ analytical approaches. While these methods simplify modelling, 

they often lack the complexity needed to accurately capture the structureȭs response 

and cannot fully replicate 3D wave propagation effects. Although numerical 

approaches provides more flexibility, they are computationally intensive. 

Alternatively, periodic strategies, offer a promising solution by reducing 

computational effort while accurately modelling the structureȭs behaviour. Thus, 

this research employs a periodic strategy to develop a computational tool for 

calculating the dynamic performance of ballasted railway track structures. 

First, several modelling strategies for the trackȭs behaviour study are review and 

compared based on their ability to simulate different railway engineering problems. 

This comparison allowed for the selection of a periodic formulation, which can be 

coupled with perfectly matched layers to replicate wave propagation effects. Using 

this periodic approach, the model is refined for receptance applications by 

considering the effects of two common modelling assumptions: beam-on-elastic 

foundation and symmetry. The findings indicate that neglecting wave propagation 

in subgrade-earthwork layers results in errors of approximately ψπϷ  σππϷ at 

frequencies below ςππ (Ú, and around σπϷ between ςππ  ττπ (Ú. Additionally , 

assuming symmetry along the track centreline overlooks certain track bending 

modes, leading to errors of about ςπϷ up to ρπππ (Ú. This new model facilitates a 

parametric study on ballasted track components, providing insights into their 

typical frequency ranges and enabling the formulation of new empirical equations. 
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Chapter 1  

Introduction  

1.1 Background and Motivation  

The dynamic characteristics of a railway track play an important role in its 

interaction with rolling stock and are closely connected to short term and long term 

behaviour (settlement) [1,2]. Thus, dynamic stiffness is key parameter reflecting the 

entire systemȭs quality and performance, which depends on its componentȭs 

individual and collective behaviour. Track stiffness can be divided into two 

categories: static and dynamic. In both cases, it is expressed as the ratio between the 

applied force and the corresponding deformation of the structure [3ɀ5]. However, 

the force and its resulting deflection are static in the former instance, whereas 

dynamic and frequency-dependent in the second case. Although both are relevant 

for track design and maintenance, dynamic stiffness is a key parameter for 

understanding railway dynamics issues. These include ground-borne noise and 

vibration at low-frequencies, track dynamics problems at mid-frequencies, and 

rolling noise issues at high-frequency ranges [6,7] ɀ see Figure 1-1. 

Dynamic stiffness is commonly studied via its inverse, Ȭreceptanceȭ (also referred to 

as Ȭcomplianceȭ, Ȭdynamic flexibilityȭ or Ȭforce-displacement transfer functionȭ). 

Receptance analysis enables the characterisation of railway systems and their 

components in terms of frequencies influencing the track behaviour. These 

frequencies are typically referred to as frequencies of resonance and are associated 

to a Ȭmodeȭ of the structural vibration. Receptance can be used to identify various 

structural properties such as stiffness, damping and potentially component 

dimensions, as well as changes in these parameters and their overall relationship 

with the global system behaviour. This information has the potential to be used for 

assessing the mechanical behaviour of the track structure, define control strategies 

for several railway issues, and optimise design of new systems. 
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Figure 1-1. Typical railway dynamic issues: (a) ground-borne noise and vibration,  

(b) track dynamics, and (c) rolling noise 
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Receptance studies have proposed analytical, semi-analytical and numerical 

approaches to assess the track structure and its components. Perhaps the most 

comprehensive sensitivity studies on railway track componentsȭ behaviour have 

been conducted using analytical methods, such as Beam on Elastic Foundation 

(BOEF) formulations. These studies have examined the effect of the excitation 

position, number of layers, element formulations (beam and damping models), 

material properties, and support effect [8ɀ11]. This range of analysis is possible due 

to the simplified modelling approach, which characterises the track system 

components as beams, a series of elastic elements, and lumped masses. These 

studies have shown that analytical methods require a certain degree of complexity 

in their simulation, including a minimum of two layers and discrete supports, in 

order to be able to capture the main vibration modes [9] .  

Analytical approaches are unable to fully capture 3D wave propagation effects 

because they are limited in the structural elements they can be formed from. 

Therefore, they are well suited to cases where the assumption of a rigid foundation 

is applicable (e.g. directly -fixed railway track in a tunnel) or noise modelling where 

vibration is confined within the upper track structure. In an attempt to approximate 

3D ground wave propagation, [12]  implemented flexibility matrices in the track sub-

structure, defined in the frequency-domain, thus enabling subgrade simulation. 

Different track support models resting on homogeneous and layered-homogenous 

mediums were compared with simpler analytical models. Results demonstrated the 

importance of modelling the ground at frequencies below τππ (Ú, yielding a 

receptance result that the viscoelastic foundation of the analytical model could not 

replicate.  

Nevertheless, receptance analyses conducted via analytical or semi-analytical 

strategies rely on several important approximations of the railway system. For 

instance, railpad complex geometries are usually simplified into viscoelastic point 

supports ɀ elements described using minimal material parameters (i.e. stiffness and 

damping only, in absence of geometrical dimensions); track layers are often 

combined with equivalent parameters used instead; supporting ground is often 

simulated via springs-in-series assumptions; among other track componentsȭ 

behaviour ignored during simulation that affects the overall dynamic response.  

Beam on Elastic Foundation (BOEF) approaches are widely employed when 

studying railway track dynamics. Most commonly they assume the track response 

can be approximated using a single-layer continuous beam supported by springs-in-

series (representing the rails and the underlying track layers, respectively), thus, 

offering a straightforward and computationally efficient approach. 
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The underlying formulation can be extended to incorporate discrete sleeper effect 

and additional track components. The former is achieved by assuming the support 

arrangement is constant in the train passage direction, i.e. the fundamental 

continuous BOEF formulation includes a certain degree of periodicity. In the second 

case, additional excitation mechanisms are included within the BOEF model through 

lumped masses and elastic layers. Despite these, it is difficult to accurately capture 

3D wave propagation within the track, which is crucial for simulating receptance. 

To address this, numerical approaches such as the Finite Element (FE) and 

boundary element (BE) methods have also been used to compute receptance. 

Numerical techniques can be solved in both frequency and time-domain [13] . In the 

former, receptance is computed by enforcing Fourier transformations during the 

formulation of  the algorithms. Approaches in this domain are widely employed in 

simulations since they provide a straightforward algebraic formulation. In contrast, 

time-domain methodologies are solved via iterative integration schemes [14,15]. 

Following the latter methodology, [16]  conducted an extensive investigation of the 

dynamic behaviour of the track, assessing the support effect, material properties, 

and the location of excitation and observation points on different track types, and 

comparing the results against field tests. This numerical time-domain model was 

then combined with sensitivity studies on ballasted tracks to derive equations of the 

resonant frequencies in [17] . Similarly, [18]  used a 3D FEM solved in the time-

domain to compare two different railpad elements: viscoelastic and solid. However, 

as the frequency range of interest started at σππ (Ú, the soil behaviour was not 

included in the simulation. This sensitivity analysis on railpads was extended in 

[19] , including parameters such as the toe load, temperature effect, aging conditions, 

and railpad type. Additionally, [20]  studied the wheel-rail impact problem in the 

time-domain by comparing two wheel-track interaction models, the beam and 

continuum FE. The former used a discretised Timoshenko beam in the rail and 

sleeper formulation, whereas the latter employed 3D solid elements. Although both 

cases simulated railpad and ballast via spring elements, the rail is supported at a 

single point in the beam model and over an area in the solid model. Overall, findings 

indicated that solid elements can approximate receptance more accurately than the 

beam model. The frequency range was broader in this case, ranging from ρπ to 

σπππ (Ú and the subgrade was not included in the formulation.  

Although numerical methods potentially provide more flexibility to model the true 

geometry of a railway track compared to analytical and semi-analytical methods, 

they are computationally demanding. In order to reduce the computational effort 

while still delivering accurate approximations of the structureȭs behaviour, periodic 

strategies are a promising solution. These approaches take advantage of the periodic 

or repetitive characteristics of the system, thus reducing the domain under 
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consideration and, in turn, reducing the computational resources and increasing the 

computational efficiency.  

1.2 Aim and Objectives  

This research aims to develop a computational tool to calculate the dynamic 

performance of ballasted periodic railway track structures. 

For the fulfilment of the project aim, the following objectives are proposed: 

1. Conduct a review of literature of the different railway modelling strategies 

for continuous and periodic Beams on Elastic Foundations. 

 

2. Develop a 3D periodic numerical model of railway track structures subjected 

to static, quasi-static and dynamic excitations. 

 

3. Optimise the new 3D periodic numerical approach for receptance calculation. 

 

4. Analyse the receptance characteristics of high-speed ballasted tracks. 

1.3 Novelty of the Research 

The original contributions of this work can be summarised in Table 1-1. 

 

Current state of the art  Research project advancement  

  

Objective 1:  Existing BOEF review papers 
include general and brief information, 
typically evaluating only one track 
modelling and analysis strategy. 

Furthermore, current periodic strategies 
have not been properly reviewed. 
Assessment is usually focused on one 
periodic strategy and other methods are 
briefly evaluated. 

Review will be performed from the 
simplest BOEF formulation to more 
complex models and analysis strategies. 

Although the review will consider brief 
information for each revised strategy, it 
will include several current techniques that 
will be compared through simple BOEF 
models. 

Additionally, a periodic modelling revision 
will be performed. It will include an 
evaluation between methods. 

Finally, a critical assessment of the 
modelling methods for BOEF and periodic 
formulations will be provided depending 
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on depending on their ability to simulate 
different railway engineering problems. 

This comprehensive review of 
methodologies and the study of various 
railway effects allowed for the selection of 
a periodic formulation suitable for studying 
standstill receptance applications for 
discrete ballasted railway tracks. 

  

Objective 2:  Typically, railway track 
analyses assume an invariant domain in a 
given direction, i.e., a periodic behaviour. 
However, this feature is often ignored, 
leading to longer simulations. 

Generally, studying the entire track is 
computationally inefficient, as it requires 
analysing a large number of elements. To 
mitigate high computational demands, 
numerical models often limit the track 
structure to a small Section, reducing the 
number of elements at the cost of accuracy. 

While the periodic approach has been 
studied before, it remains a relatively new 
technique. Current 3D periodic modelling 
has primarily focused on examining the 
dynamic behaviour of the track-soil 
structure and its validation through 
measured data and other strategies, 
without further assessment 

Among the various periodic approaches, 
the 2.5D Finite Element (FE) method has 
been widely used for railway track 
simulations [21ɀ25]. This technique 
simplifies the structure into a 2D slice and 
then recovers the full 3D response using 
Fourier transformations. While this offers 
computational benefits, the 2.5D method 
only meshes the cross-Section of the 
structure and assumes homogeneous 
behaviour along its length, failing to 
capture discrete rail support effects. 

An alternative to the 2.5D approach is the 
3D FE wave propagation technique, which 
can simulate discrete support behaviour 
[26ɀ28]. This method discretises the 
structure into a 3D slice and uses Floquet 
transformations solved through Eigenvalue 
(modal) analysis. Although this approach 
allows for flexible geometry, it requires 
extracting Eigenmodes and implementing 
additional strategies to optimise the 

The periodic nature of ballasted tracks will 
be utilised to construct and analyse a 3D 
numerical model, reducing the study 
domain to a single slice, also known as unit 
or reference cell, for computational 
efficiency.  

For this purpose, the Direct Periodic 
Method (DPM) will be employed. The DPM 
is a highly efficient technique able to 
retrieve the total structure response via a 
direct inversion and the application of 
Floquetȭs theorem.  

Additionally, the DPM will be combined 
with 3D Finite Element (FE) and Perfectly 
Matched Layer (PML) techniques (3D DPM-
FE-PML). This combination allows for the 
inclusion of complex geometries, additional 
track componentsȭ mechanical behaviour, 
and wave propagation effects. 

Also, as the wave propagation effect within 
the ground will be simulated via PML, the 
simulation is further optimise since 
responses very far away from the track are 
not considered and only a small soil domain 
is required in the simulation. 
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solution process, which is computationally 
demanding. 

  

Objective 3:  Receptance calculation 
models presented in the literature often 
make assumptions regarding the track to 
improve computational efficiency. One 
common assumption is the track support 
can be modelled as a rigid boundary 
condition rather than a flexible condition 
representative of the underlying 
earthworks. Another is that symmetry can 
be assumed along the track centreline, 
meaning both rails are excited rather than 
one, which is unlikely to be the case when 
field testing. 

The 3D DPM-FE-PML will be refined to 
study track bed support and symmetry 
conditions, thereby closely approximating 
real railway infrastructure and receptance 
testing conditions. This refinement will 
enable a new numerical approach 
specifically designed for receptance 
calculation on ballasted tracks. 

In the case of support conditions, both 
track resting on a semi-infinite ground and 
on a rigid support will be compared. 
Alternatively, when studying symmetric 
conditions, receptance will be compared 
for fully -symmetric and asymmetric 
loading conditions. 

Note that although only receptance will be 
analysed, the selected periodic formulation 
can be expanded to replicate various 
effects, such as moving quasi-static and 
dynamic contributions, far-field effects, 
long term deformations, etc. 

  

Objective 4:  Perhaps the most 
comprehensive sensitivity studies on 
railway track componentsȭ behaviour have 
been conducted using analytical methods, 
such as BOEF. These formulations rely on 
simplified modelling approaches that must 
incorporate a certain level of complexity to 
capture the main vibration modes [9] . 
However, analytical approaches are limited 
in their ability to fully capture 3D wave 
propagation effects due to restrictions in 
the structural elements they can model. 

Although some periodic approaches have 
studied receptance issues ɀ e.g. [21,29], 
these approaches are relatively new and no 
comprehensive analysis have been 
performed using these techniques. 

A sensitivity study on the most common 
high-speed railway ballasted track 
components will be performed. For this, the 
refined 3D DPM-FE-PML model tailored to 
receptance of ballasted tracks will be 
employed.  

Then, using this information, new 
knowledge regarding the typical frequency 
ranges associated to each track component 
and new empirical equations, will be 
obtained.  

  

Table 1-1. Novelty of the research 

1.4 Outline of the Thesis 

The thesis can be divided into four Sections: (1) theory, (2) methodology, (3) main 

model, and (4) simulations and assessment. The first Section introduces the 

research context, outlining its motivation, objectives, and relevant literature. 
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Section 2 details the selected approach, the Direct Periodic Method (DPM), and its 

validation. Using the presented methodology, Section 3 presents a new numerical 

model designed to receptance applications. Finally, Section 4 describes the 

simulations conducted with the previous model, assessing the results and 

presenting novel insights concerning receptance applications. Figure 1-2 shows the 

visual outline of the thesis structure. 

Chapter 1 provides a brief introduction to the problems faced in simulating railway 

infrastructure and the motivations for this work. It then describes the main research 

aim, objectives, and contributions, followed by the outline of the thesis. 

Chapter 2 presents a technical review of various BOEF approaches and their 

application to railway engineering problems. It discusses solutions and 

practicalities of different BOEF approaches focusing on track, track-ground, and 

train -track dynamic behaviour. Then, using BOEF models, benchmark solutions for 

two common railway engineering problems: railway track dynamics and railway 

ground-borne vibration. Finally, this Chapter outlines the challenges associated with 

BOEF approaches and how they can be overcome with periodic and FEM techniques. 

Chapter 3 introduces the framework of periodic approaches. It reviews the 

literature on various solutions for periodic track structures, including 

considerations for semi-periodic structures. Additional examples of applications for 

two common railway problems are presented. The challenges associated with the 

fundamental periodic approach are then introduced. Finally, the studied periodic 

approaches are compared against the analytical and semi-analytical techniques 

introduced in Chapter 2, and the solution techniques are classified and ranked 

according to their suitability for the study of railway engineering problems. 

Chapter 4 describes the development of a track-ground model based on the Direct 

Periodic Method (DPM), a computationally efficient approach that takes advantage 

of the periodic nature of the railway structure. The proposed model integrates 3D 

Finite Element (FE) and Perfectly Matched Layer (PML) techniques (i.e. 3D FE-PML-

DPM), thus allowing considering complex geometries, mechanical behaviours of 

additional track components, and wave propagation. 

Chapter 5 ÖÁÌÉÄÁÔÅÓ ÔÈÅ ÍÏÄÅÌȭÓ ÃÁÐÁÂÉÌÉÔÙ ÔÏ ÒÅÐÌÉÃÁÔÅ ÔÈÅ ÒÁÉÌ×ÁÙ ÔÒÁÃË ÂÅÈÁÖÉÏÕÒ 

under various excitation conditions and the propagation effects of waves within the 

subgrade component. For this purpose, four numerical verifications are presented: 

track model under non-moving excitations, under moving excitations, moving 

dynamic and multiple-axle contributions, and the effect of ground vibrations. 
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Figure 1-2. Thesis structure. Visual outline 
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Chapter 6 introduces the theory of receptance, an important quantity that affects 

the trackȭs dynamic response under moving trains and noise and vibration 

characteristics. Then, the model presented in Chapter 4 is refined by incorporating 

common track modelling assumptions: track bed support, and symmetry conditions. 

Thus introducing a new numerical approach tailored to receptance calculation on 

ballasted tracks. The refined model is described by a stiff track supported by well-

compacted earthworks, representing the characteristics of a modern high-speed 

track.  

Chapter 7 employs the refined model proposed in Chapter 6 to perform a sensitivity 

study on the most common ballasted track components. These include the effects of 

rail Sections, railpad stiffness, sleeper material, Under-Sleeper Pads (USP) 

application, ballast stiffness and thickness, embankment simulation, and subgrade 

stiffness. Multiple permutations considered for this comprehensive analysis are 

compared against the base case described by stiff track properties typical of modern 

high-speed track structures. Finally, new knowledge is presented regarding the 

typical frequency ranges and stiffness ratios associated with each track component. 

Chapter 8 employs the sensitivity study information from Chapter 7 to formulate 

new empirical equations tailored for receptance applications. For this, a three-step 

procedure is developed, which involves (1) defining initial relationships using 

power regression methods, (2) identifying the crucial parameters influencing the 

response, and (3) formulating the final empirical equations through optimization 

techniques. Finally, equation results are compared with those obtained via 

sensitivity analysis. 

Chapter 9 summarises the results of this thesis and provides recommendations for 

future work.  



 

 

Chapter 2  

Railway Track Modelling  

2.1 Introduction  

The behaviour of railway tracks is commonly studied using Beam on Elastic 

Foundation (BOEF) theory. Initially proposed by Winkler [30] , the general approach 

typically uses beams to simulate the response of railway rails, supported by spring 

and dashpot elements that represent the combined effect of the various track 

components and the ground. The simplicity of the BOEF approach provides a 

straightforward and efficient computational framework for understanding railway 

track behaviour. 

Thus, this Chapter presents a technical review of a wide variety of BOEF approaches 

and their application to railway engineering problems. First, Section 2.2 explores a 

range of BOEF modelling strategies. Next, Section 2.3 discuss solutions and 

practicalities of different BOEF approaches with a focus on track, track-ground, and 

train -track dynamic behaviour. Then, using BOEF models, Section 2.4 presents 

benchmark solutions for two common railway engineering problems: railway track 

dynamics and railway ground-borne vibration. Finally, Section 2.5 outlines the 

challenges associated to BOEF approaches, and Section 2.6 highlights the 

conclusions for this Chapter.  
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2.2 BOEF Modelling Strategies  

2.2.1 Track Models 

2.2.1.1 Track Types 

BOEF theory allows for the modelling of a range of track types, including ballasted 

and slab. A typical single-layer BOEF model uses a beam to simulate the rail, and a 

single layer of springs and dashpots to represent the track support [9,31,32]. 

However, additional degrees of freedom can also be simulated by adjusting the rail 

support conditions. For instance, a two-layer model can be used to simulate 

ballasted track sleepers, via lumped continuous or discrete masses [8,9]. 

Alternatively, a second beam element, similar to the rail, can be used to simulate a 

slab track (e.g. concrete or asphalt), by taking its bending stiffness into account 

when calculating track response [33ɀ36]. 

2.2.1.2 Track Structure  

The traditional Winkler formulation [30]  employed in the single-layer BOEF track 

model simulates the rail as a continuous beam and the track substructure as an 

elastic foundation, with the latter represented via evenly distributed linear springs 

[37] . Typically, this elastic foundation is homogeneous and accounts for multiple 

components via a combination of their properties, calculated using a Ȭsprings-in-

seriesȭ approach. For instance, the stiffness foundation can be employed to model 

the effect of the different track components: railpad, sleepers, ballast, sub-ballast 

and soil [31,38ɀ41]. Eq. (2-1) shows the track system stiffness Ὧ obtained by 

combining the stiffness of the railpad Ὧ  and the track bed Ὧ , using the springs-

in-series approach [34,37,42,43]. 

ρ

Ὧ

ρ

Ὧ

ρ

Ὧ
 (2-1) 

This assumption is limiting because multiple components are approximated using a 

single layer. Therefore, to account for more complex track behaviour, the BOEF can 

be extended to have an increased number of layers ɀ see Figure 2-1. 

A second track layer ɀ e.g. Figure 2-1(b), allows the model to more accurately 

simulate railpads, sleepers and ballast [8,34,44,45]. In this, the railpads and ballast 

are commonly represented as elastic or viscoelastic massless components (i.e. 

springs or springs-dashpots elements, respectively). Additional flexibility can 
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further be achieved using a three-layer model ɀ see Figure 2-1(c), in which the 

ballast behaviour is modelled as a mass element with dashpots and springs ɀ 

accounting for the damped elastic behaviour of the ballast and the subgrade [46ɀ

48]. 

Replacing the traditional Euler-Bernoulli beam formulation with a Timoshenko 

beam [49]  allows for the capture of shear deformation and rotational inertia effects, 

which are important at higher frequencies [10,50,51]. 

Regardless of the number of layers or beam formulation employed, it should be 

noted that models with homogenous or continuous support conditions struggle to 

simulate the discrete nature of the rail supports [7,9,12,52]. This discrete behaviour 

is also important when modelling track structures resting on both rigid and soft 

foundations at high frequencies. 

Shortcomings of continuously supported models include difficulties in providing 

accurate results near the so-called Ȭpinned-pinnedȭ resonance frequency. This is 

important because the magnitude of response around this frequency decreases as 

the vehicle speed increases [53] , thus requiring the simulation of the discrete effect 

of the sleepers [8,45] ɀ see Figure 2-2. Nevertheless, when studying the dynamic 

effect of railway track at lower frequencies, both models provide similar predictions, 

regardless of the vehicle speed. In general, continuous support models can 

effectively predict the track response at frequencies below υππ (Ú [9] . 

2.2.2 Foundation Models  

Considering a purely elastic Winkler formulation [30]  to represent the track 

support, this model simulates the foundation properties through a series of 

independent and closely spaced linear springs. It also assumes that the reaction at a 

point on the foundation is proportional to the deflection at that point only [54ɀ56]. 

Eq. (2-2) describes the load-deflection relationship for a Winkler foundation: 

ὴὼȟώ Ὧόὼȟώ (2-2) 

where ὴ is the pressure, Ὧ is the foundation coefficient (i.e. the spring stiffness), 

and ό is the deflection. Although it is capable of modelling the foundation behaviour, 

the Winkler approach is unable to represent the continuous nature of a railway 

track. This is due to the linear one-parameter assumption involved in its formulation 

(only considering stiffness in the pressure-deflection relation) [38,56ɀ58]. Figure 

2-3(a) shows the localised deflection due to an external load applied on a Winkler 

foundation ɀ note how the model fails to describe a continuous response. 
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Figure 2-1. Continuously supported 
railway track models: (a) Single-layer 

model, (b) Two-layer model, and  
(c) Three-layer model 

Figure 2-2. Discretely supported railway 
track models: (a) Single-layer model,  
(b) Two-layer model, (c) Three-layer 

model, and (d) Three-layer model with 
horizontal damped elastic layer 

Alternatively, interaction between the linear elastic springs can be simulated 

through a stretched elastic membrane. This upgraded version of the Winkler model 

is known as the Filonenko-Borodich foundation [59] . Thus, accounting for the 

additional parameter in the model described in Eq. (2-2), the load-deflection 

relation is [55,56,59]: 

ὴὼȟώ Ὧόὼȟώ Ὕɳ ςόὼȟώ (2-3) 

where Ὕ is the constant tension force of the membrane and ɳ  is a 

differential operator defined in ὼ and ώ, also known as the Laplace operator. Figure 

2-3(b) shows the coupling effect introduced by the inclusion of the membrane. This 

effect between the linear springs can also be achieved through the foundation model 

proposed by Hetényi [38] . This model considers foundation interaction through an 

elastic plate of flexural rigidity Ὀ [38,56ɀ58], as shown in Figure 2-3(c). The force-

deflection relationship is therefore defined by: 
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ὴὼȟώ Ὧόὼȟώ Ὀɳ ςᶯςόὼȟώ (2-4) 

where ᶯᶯ is the bi-harmonic or bi-Laplacian operator ɳ  [60,61]. The Pasternak 

foundation [62]  assumes that the interaction of the linear spring is obtained through 

a shear layer of unit thickness [37,55,56] ɀ see Figure 2-3(d). Through the inclusion 

of this layer in the Winkler foundation model ɀ Eq. (2-2), the Pasternak approach 

allows for both the representation of the compressibility and the shear stiffness of 

the foundation [57] . Therefore, assuming a homogenous and isotropic foundation, 

the force-deflection relationship includes the shear deformation effect Ὃ: 

ὴὼȟώ Ὧόὼȟώ Ὃɳ ςόὼȟώ (2-5) 

Additionally, a third parameter can be included to expand the Pasternak 

formulation, incorporating an additional layer of elastic springs (Kerr [56,63]). 

Thus, the coupling of both layers is achieved through the shear layer placed in the 

middle of the model. Eq. (2-6) gives the differential equation of motion: 

ρ
Ὧ

Ὧ
ὴ

Ὃ

Ὧ
ᶯςὴ Ὧό Ὃɳ ςό (2-6) 

where Ὧ and Ὧ are the spring constants for the first and second layer, respectively 

ɀ see Figure 2-3(e). In general, this foundation allows for more modelling flexibility 

due to the third parameter (i.e. the additional layer) in its formulation [55,57,58]. 

 
Figure 2-3. Mechanical foundation models: (a) Winkler foundation [30] ,  

(b) Filonenko-Borodich foundation [59] , (c) Hetényi foundation [38] ,  
(d) Pasternak foundation [62] , and (e) Kerr foundation [56,63] 
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Overall, improvement of the single-parameter foundation model proposed by 

Winkler, in which only the stiffness foundation Ὧ is considered, is achieved by 

including various foundation parameters into its equation of motion ɀ see Eq. (2-2), 

thus allowing for different effects to be simulated. For instance, the two- and three-

parameter models allow for continuity of the elastic foundation through simulation 

of the additional material behaviours, such as tension Ὕ (Filonenko-Borodich [59] ), 

flexural rigidity Ὀ (Hetényi [38] ), and shear deformation Ὃ (Pasternak [62]  and Kerr 

[56,63]). 

Further improvement of the previous foundation models can be obtained through 

the inclusion of damping behaviour. To do so, the formulation is extended to include 

a viscoelastic foundation, by placing viscous elements (i.e. dashpots) in a variety of 

arrangements [55,56], which allow for damping of the model response. Figure 

2-4(a) shows the parallel arrangement of elastic and viscous elements, known as the 

Kelvin-Voight model. Figure 2-4(b) depicts the Maxwell model, in which the 

elements are placed in series. Further, different combinations of both parallel and 

series arrangements are shown in Figure 2-4(c)-(d). These are known as Zener, 

Poynting-Thomson type 1 and Poynting-Thomson type 2, respectively [55ɀ57,64].  

The effect of track subgrade can also be combined with the above approaches [65ɀ

68]. For example, the foundation can be simulated as an elastic and continuum 

medium with infinite dimensions. The equations of motion in the different 

directions ὼ, ώ and ᾀ of the half-space are defined as [31,55,69,70]: 

‗ Ὃ
‬Ὸ

‬ὼ
Ὃɳ ςό Ὂ ”

‬ό

‬ὸ
ȟ   Ὥ ρȟςȟσ

Ὸ
‬ό

‬ὼ
ȟ ᶯς

‬

‬ὼ

 (2-7) 

where ό and Ὂ are the displacement and force per volume in the axis ὼ, 

respectively. ‗ and Ὃ are the Lamé constants, ɡ is the volumetric strain, and ” is the 

density of the material. Furthermore, Eq. (2-7) gives the equations of motion of the 

system in the three axis ὼ ὼ, ὼ ώ and ὼ ᾀ. 

 
Figure 2-4. Spring-dashpot arrangement: (a) KelvinɀVoight model, (b) Maxwell model,  
(c) Zener model, (d) Poynting-Thomson model type 1, and (e) Poynting-Thomson type 2 
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Half-space foundation models are useful for simulating wave propagation in the 

supporting soil, which the previous models cannot accurately describe solely using 

springs. This wave propagation is important to consider when modelling ground 

vibration problems, and when train speeds are high relative to the track-ground 

Ȭcritical velocityȭ [71ɀ74]. When analysing such problems it is important to simulate 

the effect of soil layering [66,68,71,75]. For example, Figure 2-5(a) shows a 

homogenous half-space with boundaries extending to infinity (i.e. Њ ὼ

ЊȟЊ ώ Њȟπ ᾀ Њ), while Figure 2-5(b) shows a three layered soil with 

the lowest layer extending to infinity.  

 
Figure 2-5. Continuous foundation model: (a) Homogeneous half-space model, and  

(b) Multi -layer half-space 

2.2.3 Vehicle Models 

Train excitation is a combination of both quasi-static and dynamic loading. Quasi-

static loading is due to the self-weight of the rolling stock and acts as a load sliding 

on the rail surface. Therefore the deflection bowl shape is identical in shape and 

magnitude regardless of position along an infinite rail. At speeds below the critical 

velocity, the deflection response is relatively uniform and symmetrical, and wave 

propagation does not occur ɀ see Figure 2-6(a). However, above this speed 

perturbations are generated in the wake of the load [71,72,74,76], which can be 

magnified significantly due to superposition if multiple axles are considered [35,77] 

ɀ as seen in the trailing oscillations behind the loads (ὸ π Ó) in Figure 2-6(b). Note 

that the maximum deflections at the time instant ὸ, are related to the position ὼ of 

the ὰ  axle and the speed ὺ ɀ i.e. the speed-space-time relationship is enforced: ὸ

ὼȾὺ.  

In contrast, dynamic loading is due to the interaction of rolling -stock with the track 

[78,79]. On a perfectly smooth track with uniform support, a vehicleȭs suspension 

and mass are not excited and the train glides across the track, thus inducing a track 

response identical to the quasi-static case. However, in reality, irregularities (e.g. rail 

unevenness) excite the vehicle system, resulting in dynamic excitation, which is 

amplified with increasing train speed [80] . These dynamic train-track interactions 
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effects result in increased dynamic contact forces [81,82], increased noise 

generation [10] , and vibration amplification in both the track and ground [82] . 

 
Figure 2-6. Track response due to quasi-static excitation: (a) below the critical speed, and 

(b) above the critical speed 

Considering the differing characteristics of quasi-static and dynamic excitation, if 

the system is considered linear elastic, each excitation mechanism can be modelled 

separately and then added to obtain the combined response [78,83]. This is shown 

in Figure 2-7 considering a sprung mass of ςππσ ËÇ on a BOEF. Notice that when 

the track unevenness is high, the dynamic component of the excitation becomes 

increasingly dominant.   

 
Figure 2-7. Track response due to quasi-static and dynamic excitation for:  

(a) low unevenness, and (b) high unevenness 
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2.2.3.1 Moving Points  

Perhaps the simplest representation of track loading is achieved assuming a 

stationary (ὺ π) and constant load Ὂ [13,31], see Figure 2-8. 

 
Figure 2-8. Track subjected to a moving point load 

Inclusion of a Dirac Delta function ‏Ͻ allows for the representation of an impulse 

or transient force. With this function, an excitation is defined only at a specific 

position (ὼ) or instance of time (ὸ). Eq. (2-8) depicts the stationary impulse force, 

equal to ὖ at ὼ π and ὸ π, and equal to zero elsewhere. This definition can be 

extended to a moving load as described by [8,9,31,84,85], and the impulse force is 

defined using a moving frame of reference, ὼ ὺὸ, which relates the space and time 

through the velocity ὺ. Eq. (2-9) presents the moving impulse excitation equal to ὖ 

at ὼ ὺὸ, and equal to zero elsewhere. 

Ὂ ὖ‏ὼ‏ὸ (2-8) 

Ὂ ὖ‏ ὼ ὺὸ (2-9) 

where ‏ὼ and ‏ὸ are the impulse functions in space and time, respectively, while 

ὼ‏ ὺὸ is the moving impulse function. The harmonic oscillating nature of the 

force can be considered by including the complex exponential function Ὡ  in Eqs. 

(2-8)-(2-9) [9,36,86]. In this way, the load is no longer constant (in amplitude) and 

the oscillatory nature of the unsprung/sprung train can be approximated. Eqs. 

(2-10) and (2-11) show the non-moving and the moving oscillating load with driving 

oscillating frequency ″, respectively [31,84,86,87]. 

Ὂ ὖὩ  (2-10) 

Ὂ ὖὩ ὼ ‏ ὺὸ (2-11) 

Combining multiple Dirac Delta functions allows for the simulation of more complex 

effects such as wheel-rail irregularities [79,88,89] and discrete supports [90ɀ93]. 

These effects are simulated via the summation of the reaction forces, resulting from 

a single axle load, at each sleeper ὲ, evenly spaced by a distance ὼ ὲὨ ɀ as shown 

in Eq. (2-12) where Ὠ is the sleeper spacing. 
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Ὂ ὖ‏ὼ ὲὨ (2-12) 

Note that Eq. (2-12) considers a repetitive arrangement of sleeper via the constant 

spacing Ὠ, which can be defined as a periodic length. 

Considering a linear system, the response due to multiple axle loads can be achieved 

through superposition, i.e. either by summing each loading or their single response, 

according their location in the structure (Figure 2-6). 

Despite allowing for an oscillating and moving representation of the excitation 

source, point load and quasi-static models cannot describe the aspects of the loading 

induced by train dynamics. Nevertheless, these type of loads enable characterisation 

and understanding of structural behaviour, and provide the framework to solve 

more complex problems such as train-track interaction. 

2.2.3.2 Multi -Body Systems 

Vehicle behaviour can alternatively be simulated using multi-body dynamics. 

Flexible and rigid body assumptions can be combined with BOEF approaches, 

however, perhaps the most common is the assumption of rigidity. Models typically 

consist of: 

¶ Masses to describe the wheelsets, bogie frames, and car body. 

¶ Viscoelastic elements (i.e. springs and dampers/dashpots) to model the 

primary and secondary suspension, and the contact between the wheel and 

rail . 

One simple multi-body system is that of a single degree-of-freedom system [94,95]. 

In this model, 1/4 of a moving train with four axles and two bogie frames is 

considered through a moving mass ὓ  (wheelset with vertical displacement ό ) 

connected to the rail (i.e. the contact point) through a Hertzian spring ὑ , with 

vertical displacement ό at its base ɀ see Figure 2-9(a). 

An additional degree-of-freedom (vertical displacement ό) can be accounted 

through a moving mass representing the bogie [96ɀ99], as indicated in Figure 

2-9(b). Note that since only a quarter of the vehicle is modelled, the system includes 

a single axle and half of a bogie, and both moving masses are connected via a 

viscoelastic element Ὧ-ὧ (primary suspension). A quarter of the car body is 

included in the form of a static force ὖ. 

Further degrees-of-freedom can be included in the system by adding more 

components of the train and including the pitch rotation • of the rigid masses. For 

instance, half of a moving train with two moving wheelsets and a moving bogie 
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yields a four-degree-of freedom system [21,100], whereas a five-degree-of-freedom 

model is achieved with the inclusion of half of the moving car body [101,102] ɀ see 

Figure 2-9(c) and (d), respectively. 

Finally, an entire train can be modelled using larger multi-body systems [46,103ɀ

105]. The model shown in Figure 2-9(e) considers four wheelsets (ὓ ) connected 

via the primary suspension (Ὧ,ὧ) to two bogie frames (ὓ ), which at the same time 

are connected to a complete car body (ὓ ) through a secondary suspension (Ὧ,ὧ). 

 
Figure 2-9. Train multi -body system: (a) one-degree-of-freedom model,  

(b) two-degree-of-freedom model, (c) four-degree-of-freedom model,  
(d) five-degree-of-freedom model, and (e) ten-degree-of-freedom model 
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The selection of the model should depend upon the purpose of the simulation 

[44,106]. For instance, a four-degree-of-freedom system (without secondary 

suspension and car body) is typically sufficient to study railway-traffic induced 

vibrations at frequencies above σ (Ú [107] . On the other hand, studies have shown 

that at frequencies higher than a few Hertz, the trainȭs primary and secondary 

suspension isolate the bogie and the vehicle body from the wheelset, allowing the 

vehicle model to be limited to only its unsprung mass component (i.e. the wheelset) 

[9] . Thus, for some applications, reduced degree-of-freedom vehicle models, with 

fewer elements, can give similar results with reduced computational effort. 

However, it should be noted that this depends upon vehicle characteristics. For 

example, the stiff suspension commonly found on freight vehicles means that this 

type of rolling stock may need to be simulated using a larger number of degrees-of-

freedom in comparison to passenger vehicles.  

It should also be noted that the strategies described in this Section make use of rigid-

body models (i.e. negligible deformations of elements). However, flexible-body 

systems (i.e. deformable elements) can also be implemented in vehicle simulations, 

particularly when interested in vehicle dynamics rather than track dynamics [108ɀ

110]. 

2.3 Solution Methods 

2.3.1 Equations of Motion  

A Euler-Bernoulli beam resting on Winkler springs and subject to an external 

dynamic force Ὂὼȟὸ can be described by the following equation of motion in the 

space-time-domain ὼȟὸ [31,40,111]: 

ὉὍό άό Ὧό Ὂ

ό
‬ό ὼȟὸ

‬ὼ
ȟό

‬ό ὼȟὸ

‬ὸ

 (2-13) 

and where ὉὍ and ά  are the flexural bending and the mass per unit length of the 

rail Ȭὶȭ, respectively. Ὧ is the stiffness of the foundation per unit length ȬὪȭ, and F is 

the force per unit length. The corresponding partial derivatives of the rail deflection 

ό ὼȟὸ with respect to space ὼ and time ὸ are depicted by ό  and ό, respectively. 

Figure 2-10 shows a diagram of the system used to formulate Eq. (2-13) for a single-

layer continuously supported model (bending component excluded for brevity). 

Eq. (2-13) is formulated from DȭAlembertȭs principle [31,37,40], and every term on 

the left-hand side represents a force whose sum equals the external dynamic force 
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at the right-hand side, i.e. the system is in equilibrium. In general, reading from the 

left, the first two terms correspond to the beamȭs flexural bending (internal forces) 

and mass (Newtonȭs law) contribution, while the third term is the force exerted by 

the linear spring describing the elastic foundation. Following this, the damping 

effect of the foundation is included using linear dashpot elements. The contribution 

of the new elements to the system is similar to that provided by the springs, 

however, is proportional to the velocity ό: 

ὉὍό άό ὧό Ὧό Ὂ

ό
‬ό ὼȟὸ

‬ὸ

 (2-14) 

where ὧ is the damping of the foundation. Eqs. (2-13) and (2-14) depict a simple 

railway-track model with a continuously supported single-layer. The simplicity of 

these models restricts the study of additional degrees-of-freedom in the track, which 

can be considered through the incorporation of more layers in the foundation model 

[10,34,51]. For instance, the second layer allows for the representation of the 

railpad, sleepers, and ballast elements (Figure 2-1), and the computation of the 

response at the sleeper level ό: 

ὉὍό άό Ὧ ό ό ὧ ό ό Ὂ

άό Ὧ ό ό Ὧ ό ὧ ό ό ὧό π
 (2-15) 

where Ὧ ȟ and ὧ ȟ are the stiffness per unit length and damping per unit length, 

of the railpad Ȭὶὴȭ and the ballast Ȭὦȭ, respectively; and ά  is the mass of the sleeper 

Ȭίȭ. Figure 2-11 shows the Section employed to formulate the set of dynamic 

equations of motion ɀ see Eq. (2-15), for a two-layer model continuously supported. 

The previously described models follow Euler-Bernoulli theory, which neglects 

shear and rotational effects, while assuming the beamȭs plane Section remains plane 

and normal to its longitudinal axis, making them suitable in the study of thinner or 

larger length-to-thickness ratio beam elements. 

Alternatively, Timoshenkoȭs theory [49]  is used when considering shear 

deformation and rotational inertial contributions, assuming that the plane section 

remains plane but no longer normal to the beam axis, which makes it appropriate to 

study thicker beam elements [10,49,50]. Eq. (2-15) describes the dynamic equations 

of motion for a Timoshenko beam resting on Winkler springs, using a system 

analogous to Eq. (2-13): 

Ὃὃ‖ ‰ ό Ὧό άό Ὂ

Ὃὃ‖ ‰ ό ὉὍ‰ ”Ὅ‰ π

‰
‬‰ ὼȟὸ

‬ὼ
ȟ‰

‬‰ ὼȟὸ

‬ὼ
ȟ‰

‬‰ ὼȟὸ

‬ὸ

 (2-16) 
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where ‰ is the bending rotation, ὃ is the cross-sectional area, ” is the density, ά  

is the mass per unit length, Ὁ is the Youngȭs modulus, Ὃ is the shear modulus, and 

‖ is the shear coefficient. 

 
Figure 2-10. Continuous single-layer model: (a) discrete Section, and  

(b) free-body-diagram 

 
Figure 2-11. Continuous two-layer model (bending component excluded for brevity):  

(a) discrete Section, and (b) free-body-diagram 

2.3.2 Damping Formulations  

Damping is the process via which a structureȭs energy ɀ kinetic and strain, is 

dissipated. Its inclusion in the dynamic modelling of the system allows for the 

representation of the decay of structural vibration [112] .  

Among the various damping mechanisms, the two most commonly used for BOEF 

applications are viscous and structural/hysteretic. The first case is used for time- 

and frequency-domain analysis. In contrast, structural damping is constant at all 

frequencies and is thus restricted to frequency-domain simulations due to the 

causality problems it causes in the time-domain [10,51]. Although both types of 

damping can yield similar results in structures with strong natural frequencies, 

viscous damping is often preferred when describing railpad behaviour in time-

domain simulations, which is highly damped in comparison to the other track 

elements. In contrast, hysteretic damping can give a better approximation within a 
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limited frequency range, which makes it commonly used for soil modelling [10] , and 

suitable for railpad modelling in the frequency-domain. 

2.3.2.1 Viscous Damping  

Viscous damping models represent a linear dissipative behaviour using massless 

dashpot elements, with a constant viscous damping coefficient ὧ, which produces a 

force Ὂ proportional to velocity ό in the time-domain [51,112]: 

Ὂ ὸ ὧόὸ (2-17) 

Viscous damping can be employed in frequency-domain problems after 

transforming Eq. (2-17) from the time- to frequency-domain: 

Ὂ ‫ Ὥ‫ὧό(2-18) ‫ 

where Ὂ and ό are the damping force and the deflection in frequency-domain ,‫ 

respectively. Often, a complex stiffness Ὧᶻ‫ Ὧ Ὥ‫ὧ is used to describe the 

dynamic stiffness behavior of the system, which is a combination of the real stiffness 

Ὧ and the imaginary damping Ὥ:‫ὧ 

Ὂ ‫ Ὂ ‫ Ὧό‫ Ὥ‫ὧό(2-19) ‫ 

where Ὂ ‫ is the force provided by the linear spring, with stiffness Ὧ.  

The proportional damping proposed by Rayleigh [113]  is a particular case of viscous 

damping typically employed when performing a modal analysis of classically 

damped systems. This model assumes the damping ὅ is a linear combination of the 

mass ὓ  and/or stiffness ὑ [112,114]: 

ὅ ‌ ὓ ‌ ὑ

‌ ‒‫ȟ ‌
‒

‫
  
 (2-20) 

where ‌ and ‌ are real coefficients related to the mass and damping, respectively; 

‒ and ‫  are the damping ratio and the frequency of the ὲ  mode. Moreover, when 

‌ π and ‌ π the system is said to have stiffness-proportional damping. On the 

contrary, when ‌ π and ‌ π, the damping is mass-proportional.  

For structures described by low-order modes or with a low number of degrees-of-

freedom, the lowest natural modes are able to represent the vibration modes of the 

total system and ensure reliable Raylei gh parameters ‌ and ‌. However, for 

complex systems (with larger number of degrees-of-freedom) whose dynamic 
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behavior is controlled by a large number of modes, determination of these 

parameters represents a challenge [112,115]. 

A generalised form of Rayleigh damping is achieved by including specific damping 

ratios for more than two modes; thus allowing the simulation of a particular 

damping value over a frequency range [112,116,117]. This model, known as 

Caughey damping, is described by: 

ὅ ὓ ‌ ὓ ὑ

‒
ρ

ς
‌‫

 (2-21) 

where ὔ is the studied number of modes and ‌ are the coefficients related to the 

damping ratios ‒. 

2.3.2.2 Structural/Hysteretic Damping  

Structural damping (aka hysteretic or rate-independent linear damping) assumes 

that a structureȭs energy dissipation is almost independent of frequency, and is 

caused by cyclic internal deformation and restoration to its original shape. A 

dashpot element defining structural damping is described by [112] : 

ὧ
Ὧ–

‫
 (2-22) 

where ὧ is the damping coefficient proportional to the damping loss factor – and 

stiffness Ὧ, and is inversely proportional to frequency .Thus, according to Eq .‫ 

(2-22), the damping effect can be considered in the form of a complex stiffness Ὧᶻ, 

by means of – and Ὧ [10,51,114]: 

Ὧᶻ Ὧρ Ὥ–ȟ–Ḻρ (2-23) 

In frequency-domain analysis, a system with hysteretic damping is compatible with 

the causality principle, i.e. its response due to an external force does not occur 

before the application of the force. However, in time-domain analysis, an 

undesirable characteristic of hysteretic damping is that it typically violates this 

principle, meaning the force anticipates the system response. In such a case the 

model is referred to as non-causal [118,119], and to avoid this, hysteretic damping 

is usually confined to frequency-domain solutions. The inclusion of a signum 

function in frequency, ÓÇÎ‫  [120]  can help correct the mathematical formulation, 

as shown in Eq. (2-24). 
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Ὧᶻ Ὧρ Ὥ– ÓÇÎ‫ ȟ  ÓÇÎ‫
   –ȟ  ÆÏÒ ‫ π
   πȟ  ÆÏÒ ‫ π
–ȟ  ÆÏÒ ‫ π

 (2-24) 

Note that when considering non-moving fore contributions, symmetry of the 

response is often exploited (in the transformed domain ɀ see Section 2.3.3.2.2). 

Thus, only ʖ π values are considered and ʖ π are disregarded. Alternatively, 

moving contributions struggle exploiting the symmetry assumption, thus negative 

frequencies are of major importance in the response computation of the structure. 

Alternative approaches have also been developed to reduce non-causal behaviour, 

or enforce causality in the damping formulation. For instance, in the first case, 

iteration procedures involving Hilbert transformations can be performed [121,122]. 

For the latter, both the real and imaginary components in Eq. (2-24) are modified 

and an arbitrary constant ‐ is introduced [118] , as shown in Eq. (2-25): 

Ὧᶻ Ὧ ρ
ς

“
–ÌÎ

‫

‐
Ὥ – ÓÇÎ

‫

‐
 (2-25) 

2.3.3 Track Dynamics  

A variety of modelling strategies have been proposed to compute railway track 

dynamic behaviour. These include empirical, analytical, numerical, and semi-

analytical strategies. Regarding empirical, these approaches are based upon past 

experience and often restricted to specific conditions such as certain train speed 

ranges or ground conditions [17,123]. For analytical strategies, models are created 

based upon idealised track conditions, thus allowing closed-form solutions to be 

derived. Often, these methods are based upon BOEF models, in which the rail rests 

on either continuous or discrete supports. However, when dealing with complex 

track problems such as the spatial variation of geometry and material properties, 

analytical solutions are not always practical to obtain. Instead, these limitations can 

be overcome by using numerical or semi-numerical strategies. However, despite the 

benefits of increased accuracy and flexibility, numerical approaches require 

additional computational expense. A selection of the more commonly used 

approaches is now discussed. 

2.3.3.1 Multi -Purpose Solution Approaches 

2.3.3.1.1 Finite Element Method  

The Finite Element Method (FEM), is a numerical technique that calculates 

structural response by subdividing the domain (i.e. the overall structure) into 



49  Solution Methods 

49 

several sub-domains or Finite Elements, interconnected at their nodal points, and 

selecting appropriate functions to describe their physical behaviour. Each nodal 

point is defined by a number of nodal or generalised displacements which provide 

the degrees-of-freedom (DOF) of the problem. This allows the governing partial 

differential equations of motion to be reformulated in terms of the ὔ number of 

DOFs present in the overall structure [112,114,124]. 

The FEM allows the formulation and solution of a structural system in either the 

time or frequency-domain, the latter defined after performing domain 

transformation of the former. Eqs. (2-26) and (2-27) depict the time- and frequency-

domain dynamic equations of motion in matrix format respectively: 

ὓ όὸ ὅ όὸ ὑ όὸ Ὂὸ  (2-26) 

‫ ὓ ό‫ Ὥ‫ὅ ό‫ ὑ ό‫ Ὂ‫  (2-27) 

where ὓ , ὅ and ὑ are the ὔ ὔ  mass, damping and stiffness matrices of the 

track structure, respectively; ό, ό, ό and Ὂ are the ὔ ρ vectors of 

acceleration, velocity, displacement and force in the time-domain ὸ; while ό and 

Ὂ are the vectors of displacement and force in the frequency-domain .‫ 

Furthermore, when formulated in the frequency-domain, Eq. (2-27) can be 

expressed in terms of the dynamic stiffness matrix, which relates the displacement-

force vectors at a particular frequency value [125] :  

ὑ Ὥ‫ὅ ‫ ὓ ό‫ Ὂ‫

Ὀ ὑ Ὥ‫ὅ ‫ ὓ
 (2-28) 

One-dimensional FE track models make use of two node (i.e. line) beam elements 

lying on elastic springs, representing the rail and the support, respectively. Figure 

2-12(a) shows a 1D FE track structure with Ὦ nodes and element length ὰ resting on 

a layer of continuous springs, and the corresponding DOFs ό and •. 

Further flexibility is achieved via two-dimensional Finite Element models. 2D FEM 

allows for the representation of 2D solids and deflection in the plane of study. Thus, 

additional nodal points (e.g. 4 nodes for rectangular elements) and their 

corresponding DOFs can be included ɀ see for instance [126ɀ129]. Figure 2-12(b) 

illustrates a 2D BOEF-FE model which employs 8-node quadrilateral elements of 

length ὰ resting on springs. 

By neglecting the stress or strain in the out-of-plane direction, 2D methods attempt 

to approximate the results achieved using fully 3D models. If considering a plane 

stress assumption, then in-plane stresses (ὼ ώ direction) are allowed and out-of-

plane stresses (ᾀ direction) or Ȭthrough thickness shear stressesȭ are disregarded, 

making the assumption suitable for thinner structures ɀ see for instance [130] . 
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Alternatively, if considering plane strain, this assumes non-zero in-plane, and zero 

out-of-plane strains. It allows for stresses in the ᾀ direction to be simulated, which 

makes it appropriate for studying thicker bodies (e.g. [131ɀ133]). 

Alternatively, 3D FE models are capable of a closer geometrical representation of an 

actual track structure ɀ see for instance [27,127,134ɀ136]. This allows for modelling 

of 3D solids, including complex railhead geometries if desired [137ɀ141]. Figure 

2-12(c) shows a 3D FE model approximating the rail as a cuboidal shape, using 20-

node quadratic elements of length ὰ, resting on springs.  

 
Figure 2-12. Finite Element models: (a) 1D, (b) 2D, and (c) 3D 

2.3.3.1.1.1 Numerical Integration  

Time-domain approaches are most commonly employed when aspects of the 

domain are non-linear [85] . In general, time-domain solutions employ numerical 

integration methodologies to solve the governing differential equation of motion of 

the track structure defined in Eq. (2-26). In this formulation, numerical integration 

requires time discretisation in the form of a time step or increment ɝὸ, leading to 

the computation at a specific time interval ὸ and its consecutive interval ὸ ὸ

ɝὸ [112] . 

The integration procedure can be categorised as either explicit or implicit. The 

former computes the response at time ὸ  depending only on the known response 



51  Solution Methods 

51 

at the previous time ὸ (i.e. at ὸ , the solution is independent of ὸ ). In contrast, 

implicit procedures involve values at both times ὸ and ὸ , which results in the 

formulation of an additional system of equations, usually in matrix format, that must 

be inverted in order to compute the response at ὸ  [66] . Further distinction 

between numerical integration schemes can be made depending on the system to be 

solved. Thus, when solving the equation of motion (2-26) with no changes in its 

form, the numerical integration is said to be Ȭdirectȭ. ȬIndirectȭ integration 

procedures require the reformulation of Eq. (2-26) into an equivalent time-space 

system which is instead solved [66,142]. 

Direct integration procedures often employ the finite difference method [124] . The 

Newmark method and the central difference method, are examples of direct-implicit 

and direct-explicit integration methods, respectively. In contrast, the explicit Runge-

Kutta and the implicit Crank-Nicolson, are common indirect integration procedures 

[66,112,124]. 

2.3.3.2 Solution Methods for Continuous Track Structures  

2.3.3.2.1 Time -Space-Domain Approaches  

2.3.3.2.1.1 Analytical Time -Space Solution 

An analytical, time-space, single-layered, BOEF model is perhaps the most 

commonly used simulation approach in the railway industry. The computation 

involves the solution of a homogenous differential equation of motion in which the 

rail rests on a continuous elastic support, defined by a track modulus or stiffness Ὧ 

[126,143]: 

ὉὍό Ὧό π (2-29) 

Note that although Eq. (2-29) is similar to Eq. (2-14), the former ignores dynamic 

effects (i.e. inertial components) and computes the response for the homogenous 

part of the differential equation (i.e. for a force, Ὂ π). Solution of Eq. (2-29) can be 

obtained through analytical formulations [45,126,143,144] and expressed in terms 

of space and time, via the speed-space-time relationship, ὺ ὼȾὸ, as shown in Eq. 

(2-30) and Eq. (2-31) ɀ see [13] , respectively: 

ό ὼ
Ὂ

φτὉὍὯ
Ⱦ
Ὡȿ ȿÃÏÓȿ‏ὼȿ ÓÉÎȿ‏ὼȿ 

(2-30) 

ό ὼȟὸ
Ὂ

ψὉὍ‏
Ὡ ȿ ȿÃÏÓ‏ȿὼ ὺὸȿ ÓÉÎ‏ȿὼ ὺὸȿ (2-31) 
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‏
Ὧ

τὉὍ

Ⱦ
ρ

ὒ
 (2-32) 

where ό ὼȟὸ is the rail deflection at track position ὼ and time ὸ, due to a quasi-

static force Ὂ, and ‏ is the inverse of the characteristic length, ὒ, a parameter that 

measures the extension of the deflection bowl of the rail. 

2.3.3.2.2 Frequency -Wavenumber -Domain Approaches 

Frequency-domain based approaches are typically employed for the study of linear 

structures. When computing a railway structureȭs response in terms of frequency, 

the time-domain differential equations are simplified to an algebraic problem, thus 

making them more straightforward to solve. 

2.3.3.2.2.1 Fourier Transform Method  

The Fourier transform method allows for a domain conversion through integrals or 

sums of sinusoidal waves, before converting into the time-domain. The most 

common Fourier transformations and corresponding inverse Fourier 

transformations used for railway problems are shown in Eqs. (2-33)-(2-36): 

ꞈὼȟ‫  ꞈὼȟὸὩ Äὸ (2-33) 

ꞈὼȟὸ  
ρ

ς“
ꞈὼȟ‫Ὡ Ä(2-34) ‫ 

ꞈ‍ȟ‫ ꞈὼȟ‫Ὡ Äὼ (2-35) 

ꞈὼȟ‫
ρ

ς“
ꞈ‍ȟ‫ Ὡ Ä‍ (2-36) 

where the wavenumber ‍ and the angular frequency are the Fourier images of ‫ 

space ὼ and time ὸ, respectively; ꞈὼȟ‫  represents the Fourier transform of 

function ꞈὼȟὸ or the inverse Fourier transformation of function ꞈ ‍ȟ‫ ; ꞈ ὼȟὸ is 

the inverse Fourier transformation of function ꞈ ὼȟ‫ ; and ꞈ‍ȟ‫  the Fourier 

transform of function ꞈὼȟ‫ . 

Fourier transform methods are widely employed for the solution of continuously 

supported tracks (see, for instance [84,90,92,145]). Through this approach, firstly 

the original partial differential equation in space-time-domain ὼȟὸ ɀ Eq. (2-37), is 

analytically transformed into an algebraic equation system in the wavenumber-

frequency-domain ‍ȟ:‫ɀ Eq. (2-38) 
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ὉὍ
‬ό ὼȟὸ

‬ὼ
”ὃ

‬ό ὼȟὸ

‬ὸ
ὧ
‬ό ὼȟὸ

‬ὸ
Ὧ ό ὼȟὸ

Ὂὼȟὸ 
(2-37) 

ὉὍ‍ό ‍ȟ‫ ὃό”‫ ‍ȟ‫ Ὥ‫ὧ ό ‍ȟ‫ Ὧ ό ‍ȟ‫

Ὂ‍ȟ‫ 
(2-38) 

where Ὁ, Ὅ, ” and ὃ are the Youngȭs modulus, the second moment of inertia, the 

density and the cross-sectional area of the rail (Ȭὶȭ), respectively; Ὧ  and ὧ  are the 

stiffness per unit length and damping factor of the railpad (subscript Ȭὶὴȭ), 

respectively; όὼȟὸ and Ὂὼȟὸ represent the displacement and force in the space-

time-domain ὼȟὸ, and displacement ό ‍ȟ‫  and force Ὂ‍ȟ‫  are the 

corresponding Fourier transformations in wavenumber-frequency-domain ‍ȟ‫ . 

After the track response is computed in the frequency-domain, an inverse Fourier 

transform is used in order to transform the results back into the desired domain. 

2.3.3.2.2.2 Filon Quadrature Method  

The Filon quadrature [146] , is a numerical method that allows for the domain 

transformation of a function by limiting the number of points in the integration. 

Thus, instead of solving for an infinite sampling, as required by Fourier, Filon 

quadrature makes use of a finite ascending sampling „ which does not need to be 

evenly spaced. The method can evaluate highly oscillatory integrals whose 

integrands are smooth and non-oscillatory functions Ὃ„ multiplying a oscillatory 

function traditionally involving trigonometric functions [147,148]. Different 

representations have been developed for the domain transformation of a function 

through this procedure, for instance, Eqs. (2-39)-(2-41) describe the Filon 

quadrature of Fourier cosine, Fourier sine and Fourier integral, respectively [148ɀ

151]: 

Ὣὶ Ὃ„
ÅÎÄ

ÃÏÓ„ὶÄ„ (2-39) 

Ὣὶ Ὃ„
ÅÎÄ

ÓÉÎ„ὶÄ‚ (2-40) 

Ὣὶ Ὃ„
ÅÎÄ

Ὡ Ä„ (2-41) 

where Ὣὶ is the Filon quadrature or transformed function computed at sampling 

point ὶ, Ὃ is the continuous function to transform in the interval „ȟ„  of the 

sampling „. Thus, for a transformation from wavenumber- to space-domain, it is 

noticeable that Ὣὶ corresponds to the integral in Eq. (2-36) at a particular point 
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ὼ ὶ. This allows for the computation of the correspoding transformed function 

ꞈὶ at ὶ through [149] : 

ꞈὶ
ρ

ς“
Ὣὶ (2-42) 

2.3.3.2.2.3 Contour Integration Method  

The contour integration is an analytical method that solves an integral around a 

contour or closed path in the complex plane. The integration around this contour 

can be split into an integral along the real axis from Ὑᴼ Њ to Ὑᴼ Њ (i.e. a 

straight path), plus the integration of a semicircle ȬὅὙȭ connecting the two ends of 

the previous path [31,152,153]. Furthermore, the contour domain encloses special 

points, known as poles, whose properties allow for the computation of the closed 

domain integral, which can be solved through residue theorem [10,92,152,153]. Eq. 

(2-43) depicts the contour integration of function Ὃ„ evaluated through the 

summation of its residues 2ÅÓ Ὃ„ at the Ὦ poles „. 

Ὃ„Ä‚ ÌÉÍ
ᴼ

 Ὃ„Ä„ Ὃ„Ä„

ς“Ὥ 2ÅÓ Ὃ„ȿ

ÅÎÄ

 
(2-43) 

For instance, transforming the rail response ό ‍ȟ‫  in Eq. (2-38) from 

wavenumber-frequency-domain ɀ as shown in Eq. (2-44), to space-frequency-

domain through the inverse Fourier transformation in Eq. (2-45), it is possible to 

realise that Ὃ„ Ὃ‍: 

ό ‍ȟ‫
Ὂ‍ȟ‫

ὉὍ‍ ὃ”‫ Ὥ‫ὧ Ὧ
 (2-44) 

ό ὼȟ‫
ρ

ς“
Ὃ‍Ä‍

Ὃ„ Ὃ‍ ό ‍Ὡ

 (2-45) 

Furthermore, the points at which function Ὃ becomes singular (i.e. no longer 

analytical), are the poles. For this particular example, the poles corresponds to the 

four wavenumber roots ‍: 

‍
ὃ”‫ Ὥ‫ὧ Ὧ

ὉὍ

‍ ‍               
‍ Ὥ‍ Ὥ‍  
‍ Ὥ‍ ‍ 
‍ Ὥ‍ Ὥ‍

 (2-46) 
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Thus, dropping for convenience and considering a unit force Ὂ‍ȟ ‫‫ ρ, the 

residues of function Ὃ‍  and the transformed response ό ὼȟ‫  can be defined 

[10,92,153]: 

2ÅÓ Ὃ‍ ÌÉÍ
ᴼ
‍ ‍

Ὡ

ὉὍ‍ ‍ ‍ ‍ ‍ ‍ ‍ ‍

Ὡ

τὉὍ‍
 

(2-47) 

ό ὼȟ‫
ρ

ς“
Ὃ‍Ä‍ Ὥ

Ὡ

τὉὍ‍

ÅÎÄ

 (2-48) 

where the sign in Eq. (2-48) depends upon the chosen contour, which in turn is 

based on the polesȭ position in the complex plane [10,31,92,153] ɀ see Figure 2-13. 

Thus, poles in the first and second quadrant are enclosed in the upper anti-clockwise 

semicircle, giving a positive sign in Eq. (2-48) and corresponding to positions at ὼ

π. Alternatively, poles in the third and fourth quadrant in the lower clockwise 

domain result in a negative sign in Eq. (2-48), corresponding to ὼ π. However, for 

the case where the poles are purely real, the contour must be rearranged to include 

or exclude the points lying on the real axis. 

 
Figure 2-13. Upper and lower contour integration paths [153]  

2.3.3.2.2.4 Boundary Value Method  

The boundary value method is an analytical solution approach which computes the 

global track response by utilising symmetry in the moving direction, and making 

assumptions about the characteristics of wave energy. The method computes an 

infinite and constant track response, by treating the external load as part of the 

boundary conditions instead of part of the equations of motion, thus only 

considering the homogeneous part of the ordinary differential equation [153] . 

Therefore, by solving the homogeneous part of the equation of motion, and 

assuming harmonic excitation, the track deflection can be computed using Eq. 

(2-49) [10,111,153]: 
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ό ὼȟ‫ ὉὅὩ

ÅÎÄ

Ὡ  (2-49) 

where ό ὼȟ‫  is the rail displacement in the space-frequency-domain, Ὁ is the 

eigenvector corresponding to the decaying eigenvalues ‗ ρ (i.e. the decaying 

solutions); ὅ is the amplitude of the wave components (arbitrary constants in the 

homogeneous equation [66] ), and ‍ is the wavenumber root. Furthermore, the 

response can be assumed to be symmetrical around the loading point, making it 

possible to take advantage of track symmetry. Therefore, only half of the track 

response requires computation. 

Next, insertion of Eq. (2-49) in the homogeneous differential equation provides the 

characteristic polynomial, which must be solved to obtain the deflection. However, 

since symmetry is enforced, the problem is considerably simplified, and only half of 

the coefficients are taken into account in the formulation. Therefore, only the 

wavenumbers associated with the studied portion of the structure (right -hand side: 

ὼ π, or left-hand side: ὼ π) are accounted for in the solutions [10,153]. 

For an infinite and constant track, only decaying/propagating wave components 

must be considered. This is because waves that increase in magnitude as they 

propagate cannot exist and so are ignored. Thus, for ὼ π, the ‍ roots which lie in 

the first and the second quarter ɀ see Figure 2-14(a), excluding the positive real 

axis, are included in the response [153] , i.e. decaying waves propagating to the right-

side. Whereas at ὼ π, the ‍ roots which lie in the third and fourth quarter ɀ see 

Figure 2-14(b), excluding the negative real axis, must be considered in the response 

computation [153] , i.e. increasing waves propagating to the left-side. Finally, the 

solution is calculated by enforcing the boundary conditions at ὼ π (i.e. at the point 

of load application). 

 
Figure 2-14. Wavenumber solutions [153] : (a) first and second quarter solutions 

 (for ὼ π), and (b) third and fourth quarter solutions (for ὼ π) 
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Note that the considered roots are obtained for an infinite-infinite problem, which 

is solved by subdividing the domain into two sub-systems: infinite-finite (ὼ π) and 

finite -infinite (ὼ π) problem. Thus, only half of the roots are used in each case. 

However, when considering a finite-finite problem, all roots must be employed as 

the waves decay and propagate to the right-side, but then they are reflected back 

and increase to the left-side. For this type of problem, please refer to semi-periodic 

structures in Section 3.3.  

2.3.4 Track -Ground Coupling  

Track-ground coupling is required to represent the dynamic interaction between 

the railway track and the soil system. This can be achieved using different 

approaches which allow the track and the soil to be coupled through compatibility 

conditions at their interface. 

Although BOEF models allow for a soil representation via spring-dampers, they 

cannot accurately describe wave propagation effects. This is in-part because these 

elements are typically defined using minimal parameters, which are assumed to be 

constant in space and time, and yet describe multiple supporting components, 

including railpads, sleepers, ballast and soil ɀ see Eq. (2-1). 

Compared to the continuous single-layered BOEF models, the discrete 

representation of foundation components provides a better approximation of the 

ground-track response. For instance, the time-domain discrete lumped parameter 

models shown in Figure 2-2(d) [154ɀ156], account for the mass participating in the 

ground vibration and provide a better representation of the track-ground 

interaction and the nearby ground response [154] . Despite these advantages, 

computation of the discrete foundation parameters requires either additional soil 

measurements or numerical simulations [157]  ɀ the latter often performed in 

frequency-domain and then fitted into the time-domain interaction model 

[154,156].  

In order to introduce a better approximation of the soil response (i.e. variable spring 

foundation properties) in BOEF models, the frequency-domain can be used, where 

the soil response is obtained via Fourier or Hankel transformations, and Greenȭs 

formulations. Although the soil response can be obtained at different locations, only 

results at its surface below the track are needed when coupled to the BOEF track. 

This is because, at this location, the soil surface and the lowermost components of 

the track are in contact. The various analytical and semi-analytical methods used to 

study layered ground behaviour in the frequency-domain, include the Haskell-

Thomson method [158,159], the direct stiffness method [160ɀ162], the domain 
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transformation (DT) approach proposed by Sheng [68,70], and the thin layered 

method (TLM) [163,164].  

Regarding Haskell-Thomson, the displacements and stresses of one side of each soil 

layer are related to the other side via a transfer matrix built upon shape functions 

computed from Navierȭs equations. In contrast, the Direct Stiffness Matrix method 

rearranges the previous transfer matrix into a stiffness matrix system that relates 

displacements and stresses between each layer. Alternatively, Shengȭs method 

computes the 3D soil behaviour by relating each layer response via a global 

flexibility matrix (i.e. the inverse of the soil stiffness) which couples displacements 

and stresses of each element. The use of a flexibility matrix allows for the 

improvement in the computational efficiency by limiting the mathematical order of 

the problem, reducing numerical difficulties, exploiting symmetry relationships, and 

providing an explicit analytical formulation of the problem. However, numerical 

difficulties may arise when studying certain layer thicknesses [68,70].  

This problem is avoided in the TLM method by discretising the layered soil domain 

with respect to the smallest relevant wavelength [75,165] ɀ see Figure 2-15. The 

TLM computes the 3D soil response by combining its analytical formulation (in the 

two horizontal soil directions) with numerical techniques in the vertical soil 

direction [75,163]. Despite obtaining the soil response by relating the displacements 

to the stresses at both sides of the same layer (akin to the direct stiffness method), 

the stiffness matrices in the TLM are built upon FE approaches. 

 
Figure 2-15. Track coupled with multi-layer soil model 

Regardless of the solution approach, once the soil response is obtained, soil-track 

coupling can be achieved via Greenȭs formulations that transform the soilȭs response 

into an equivalent soil stiffness Ὧ ‍ȟ‫  or soil flexibility Ὄ‍ȟ‫ , which can be 

included in the BOEF model as its foundation parameter [72,75,166]: 
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 Ὧ ‍ȟ‫
ρ

Ὄ‍ȟ‫

ς“

᷿ ό ‍ȟώ πȟ‍ȟὅ ‫ Ä‍ 

ὅ

ừ
Ử
Ừ

Ử
ứÓÉÎ‍ὄ

‍ὄ
ȟ     "ÁÌÌÁÓÔÅÄ ÔÒÁÃË

ÓÉÎ‍ὄ

‍ὄ
ȟ   3ÌÁÂ ÔÒÁÃË          

 (2-50) 

where ό  is the Greenȭs function related to the deflection of the soil surface ώ π 

in the wavenumber-frequency-domain ‍ȟ‍ȟ‫ , and ὅ  is the scaling factor for 

the coupling between the track and the soil which depends upon the track type, the 

track width ὄ, and the track-soil compatibility conditions (compatibility of 

displacements at the centre point for ballasted tracks and compatibility of the 

average displacements for slab tracks [68,167ɀ169]). 

2.3.5 Train -Track Interaction  

When studying train-track interaction, a system comprising a train, a track, and a 

wheel-track contact model are used, such as that shown in Figure 2-16. The train 

and the track models depict the dynamic behaviour of the overall system. The 

contact model represents the interaction between the wheel and the rail, and 

accounts for discrete irregularities (e.g. roughness) affecting these systems [170ɀ

172]. 

 
Figure 2-16. Train-Track interaction model [173,174] 
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2.3.5.1 Time -Domain Interaction Approaches  

Time-domain approaches are often employed when analysing the non-linear 

aspects of wheel-rail contact. To determine the train-track interaction response, the 

dynamic equations of motion of both the train and the track are combined into an 

ordinary differential equation of the overall system [174ɀ177]. To solve the 

interaction problem, compatibility of forces at the wheel-rail boundary is enforced. 

This procedure is performed through contact theory, which allows for the 

computation of the interaction forces Ὂὸ. 

Alternatively, the train-track system of equations can be solved as two coupled 

systems. In this case, iterative methods are employed to compute the response of 

the train and the track separately. To do so, compatibility conditions (i.e. continuity 

of displacements and equilibrium of forces) at the wheel-rail interface are enforced 

to couple both systems. Next, the total response is computed by convergence of train 

and track systems at the contact point [27,82,178,179]. 

Regardless of the employed approach, the response computation often involves 

traditional time -stepping integration procedures such as Newmark [157] , Runge-

Kutta or Wilsonȭs method [9,27,174,180]. Additionally, some authors have 

developed different methods to reduce the duration and improve the computational 

effort of these methods. For instance, the modified Newmark method proposed by 

Zhai [173,174]; the algorithm developed by Sadeghi et al. [176,181,182] which 

combines the NewtonɀRaphson iterative procedure with the Newmark integration 

method; and approaches which use precise integration methods (PIM) [175,183]. 

2.3.5.2 Frequency -Domain I nteraction Approaches  

Frequency-domain approaches only allow for the analysis of structures whose 

behaviour can be approximated as linear [107,184ɀ186]. Computation of train-track 

interaction requires the transformation of the time-domain ordinary differential 

equation of the system into a frequency-domain algebraic one: 

ὑ ‫ ὓ  Ὥ‫ὅ ό‫ Ὂ‫  (2-51) 

where ὓ , ὅ and ὑ describe the mass, damping and stiffness matrices, 

respectively. ό‫  and Ὂ‫  define the vector of displacements and forces as 

functions of the angular frequency In general, the frequency-domain equation of .‫ 

motion can be derived by either applying the Fourier transformation or by assuming 

the following harmonic solution [8,170]: 

όὸ ό‫ Ὡ  (2-52) 
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In a similar manner to time-domain approaches, both the train and the track systems 

are coupled at the contact interaction points through compatibility conditions. 

Furthermore, since the solution is obtained in the frequency-domain, this involves 

the computation of receptance functions which describe the dynamics of the overall 

system composed by the train, the track and the contact models [78,83]. 

2.3.5.3 Wheel-Rail Contact Interaction  

2.3.5.3.1 Linear vs Non-Linear Contact  

A Hertzian contact spring can be modelled between each wheelset and rail to couple 

the train and the track systems, and account for the wheel-rail contact interaction 

[180,187] ɀ see Figure 2-17. However, the contact model depends on the train-track 

system behaviour. Thus, for a non-linear system (i.e. time-domain problem), 

Hertzian non-linear elastic contact theory can be employed to define the wheel-rail 

contact force ὖ in the time-domain [46,180,188,189]: 

ὖὸ
ὅ Ͻ‏ὸ Ⱦȟ       ‏ὸ π 

          π  ȟ                       ‏ὸ π        
 (2-53) 

ὸ‏ ό ὸ ό ὸ ὶὸ (2-54) 

where ὅ  is the Hertzian constant, and ‏ὸ is the material deformation or contact 

deflection which relates the relative displacement between the wheel  ό ὸ and the 

rail ό ὸ with the roughness ὶὸ, as described in equations Eqs. (2-53) and (2-54). 

 
Figure 2-17. Wheel-Rail contact model [180]  

Alternatively, when dealing with linear systems, (e.g. frequency-domain solutions) 

this Hertzian non-linear contact spring must be linearised. Firstly, assuming that the 

wheelset and the rails are always in contact, it is possible to define the dynamic 

displacement of the wheelset ό ‫  [170,188,190,191], as shown in Eq. (2-55): 

ό ‫ ό ‫ ὶ‫
ὖ‫

ὑ
 (2-55) 
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where ό ‫  and ὶ‫  are the displacements at the rail level and at the wheel-rail 

contact point (roughness), ὖ‫  is the contact loading, and ὑ  is the linear Hertzian 

spring. Next, by inverting Eq. (2-55), the contact force in the frequency-domain is 

defined as: 

ὖ‫
ὶ‫

‌ ‫ ‌ ‫ ‌ ‫
 (2-56) 

‌ ‫
ρ

ὑ
 (2-57) 

where ὶ‫  is the roughness excitation; and ‌ ‫ , ‌ ‫  and ‌ ‫  define the 

receptance of the wheel, the rail, and receptance at the contact spring, respectively. 

Linearization of the contact force can be defined assuming small variations in the 

length of the contact spring [13,79,192]: 

ὖ ὖ Äὖ (2-58) 

Äὖ ὑ ϽÄ(2-59) ‏ 

where ὖ is the nominal preload, and Äὖ is the varying contact force which relates 

the Hertzian linear spring ὑ  and the variation of the contact deflection Ä‏, as 

depicted by Eq. (2-59). Figure 2-18 presents the non-linear contact 

force/deflection relationship with i ts linear approximation. 

 
Figure 2-18. Linear vs Non-linear wheel-rail contact models [192]  

In general, the previous contact models follow Hertzian contact theory, which is 

formulated using the theory of elastic half-space bodies. Therefore, it assumes that 

the bodies under contact are infinitely large half-spaces with perfectly linear elastic 

behaviour, perfectly smooth surfaces, no friction at the contact point, and can be 
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defined through quadratic (parabolic) functions in the contact pointȭs vicinity 

[172,193,194]. These assumptions do not fully describe the real behaviour of wheel-

rail bodies in contact. Thus, to allow for a closer representation of the wheel-rail 

contact behaviour, non-Hertzian theory can be employed [194ɀ197]. Perhaps the 

most commonly used formulation is that developed by Kalker [195] , in which a 

potential contact area is arbitrarily defined and discretised into several rectangular 

elements of constant magnitudes (i.e. deflections and displacements). 

2.3.5.4 Irregularities  

2.3.5.4.1 Track Irregularities  

There are a variety of types of rail irregularities/unevenness, including longitudinal, 

lateral, cross-level, and gauge. These irregularities can be simulated in 

computational models using data collected directly from track-recording vehicles 

(TRV) [198ɀ200], or synthetically generated using stochastic methods (e.g. Power 

Spectral Density (PSD)) [13,199,201,202]. BOEF models are frequently used to 

investigate vertical response (i.e. rather than lateral), and therefore longitudinal 

irregularities are most commonly studied [95,203ɀ205]. 

Singular rail irregularities include joints, switches and crossings, and although they 

form part of the longitudinal profile, they generate isolated and much higher impact 

forces compared to standard rail unevenness [206] . Therefore these require 

additional modelling consideration, typically using time-domain models to simulate 

the non-linear, high frequency, wheel-rail contact [79,156,207,208]. 

2.3.5.4.2 Wheel Irregularities  

Wheel defects lead to increased noise, vibration, impact forces and passenger 

discomfort. These defects are known as out-of-roundness (OOR) irregularities, and 

include: eccentricity of the wheel, discrete defects (wheel radius deviation), wheel 

corrugation and wheel-flats [97,209ɀ211]. In general, wheel-rail contact can be 

approximated as linear for small OOR values, and thus modelled as an equivalent 

rail unevenness. However, larger levels of OOR (e.g. wheel-flats) generate rapid 

changes in force as the wheel spins, meaning their simulation requires the use of 

non-linear contact models [188,189].  
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2.4 Example Application of Solution Methods  

BOEF models can be used to study a wide range of railway engineering problems. 

This Section addresses two common applications, solving them using a selection of 

the methods discussed previously:  

1. Track-ground dynamics - the effect of train speed on track deflection is 

analysed. Ballast and slab track models are considered. 

2. Ground-borne vibration ɀ the effect of ballast and slab tracks on ground-

borne vibration is considered. Track receptance and free-field transfer 

functions are analysed. 

Table 2-1 summarises the solution methods used for each application and the 

results shown. 

 

No. Application  Results Solution Methods  

    

1 Track 
Dynamics 

Track deflection Thin-layer method 
 Ground surface contour 

 

 Dynamic amplification 
 

    

2 Ground-Borne 
Vibration 

Track receptance Domain transformation 
method  Ground transfer 

 Free-field transfer function 
 

    

Table 2-1. Results and solution methods used in each application 

2.4.1 Application no. 1: Track -Ground Dynamics  

The response of the ballasted track model developed in Alves-Costa [167,169] is 

compared to the response of a slab track model [75,169] ɀ see Appendix A. Both 

track models are subject to a constant moving force Ὂ ρυπ Ë. (i.e. zero riding 

frequency, ὪӶπ (Ú). Regarding the soil, a layered ground resting on a half-space is 

coupled to the track through compatibility conditions (i.e. equilibrium of forces and 

continuity of displacements). Table 2-2 and Table 2-3 present the track 

components and soil properties employed, respectively. Note that the material and 

geometrical values employed in both application described in this Chapter, are 

based on examples depicted by [10,51,75,170,212] in the case of the track and 

[68,70,75,170] in the soil.  
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Component  Parameter  Units  Value 

    

(One) Rail ὉὍ Bending moment -.Í  6.38 
 ά  Mass per unit length ËÇȾÍ  60.23 
     

Railpad Ὧ  Stiffness per unit length -.ȾÍ  350 
 –  Damping loss factor (hysteretic)  0.15 

  ὧ  Damping (viscous) .ÓȾÍ  3.84E+04 
     

(Half) Sleeper ά  Mass per unit length of rail ËÇȾÍ  245 
     

Ballast  Ὧ Stiffness per unit length -.ȾÍ  180 
 ὧ Damping (viscous) .ÓȾÍ  2.34E+05 
 Ὄ  Height Í  0.35 
 Ὁ Youngȭs modulus -0Á 140 
 ” Density ËÇȾÍ  1700 
 ὅ Compression wave speed ÍȾÓ 3.33E+02 
 ὄ Track width Í  2.5 
 ά  Mass per unit length of rail ËÇȾÍ  1695.80 
     

Slab ὒ  Length Í  2.5 
 Ὄ  Thickness Í  0.25 
 Ὁ  Youngȭs modulus '0Á 30 
 ”  Density  ËÇȾÍ  2500 
 ά Mass per unit length ËÇȾÍ  1250 
 Ὅ  Inertia Í  3.26E-03 
 Ὁ Ὅ  Bending stiffness -.Í  97.7 
     

Table 2-2. Continuous track components 

 

Layer  Depth  
Youngȭs 
modulus  

Poissonȭs 
ratio  

Density  Loss factor 

 ▐ ἵ  ╔ ἙἜἩ ⱨ  ⱬ ἳἯȾἵ  Ɫ  

      

1 2 60 0.35 1500 0.06 
Half-space Њ 200 0.35 1800 0.06 
      

Table 2-3. Soil parameters 

An appropriate model discretisation is required to obtain accurate space-time 

results. In the case of the wavenumber sampling ‍, typically, this is defined via the 

wavelength ‗ by [213,214]: 

‍ÍÁØ
ς“

‗ÍÉÎ
 (2-60) 

where ‍ÍÁØ is the maximum wavenumber and ‗ÍÉÎ is the shortest wavelength 

defined as ‗ÍÉÎ ψὰ, with ὰ being the node spacing ɀ see [213] . For this particular 

case, it is assumed that ‗ÍÉÎ πȢφ Í, thus resulting in ‍ÍÁØ ρπ ÒÁÄȾÍ. Regarding 
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wavenumber increment, a total of 2049 values were considered enough to capture 

the response of the structure. Eq. (2-61) shows the total symmetric wavenumber 

sampling employed in the following simulations: 

‍ ‍ÍÁØȡ‍ÍÁØȾρπςτȡ‍ÍÁØ (2-61) 

Dynamic amplification curves for both the ballast and slab tracks resting on layered 

soil, excited by a moving constant force Ὂ are presented in Figure 2-19. It is shown 

that the ballasted track gives a lower critical speed ὺ  compared to the slab case, 

ρσυ ÍȾÓ and ρχρ ÍȾÓ, respectively. This is due to the additional bending stiffness 

provided by slab track, which also results in reduced rail deflections compared to 

the ballasted track case. This effect is also evident in the rail deflections shown in 

Figure 2-20, in which the track response is computed at ρππϷ and υπϷ of the 

critical speed for both track types. Note that the maximum deflection occurs at ὸ

π Ó, corresponding to the observation point and the location of the force. Around this 

instant of time, there are trailing oscillations behind the load (i.e. ὸ π Ó).  

Surface contours of the layered soils below the track are shown in Figure 2-21 and 

Figure 2-22, for the ballasted and slab track, respectively. In each case, results are 

presented for two different speeds: (a) υπϷ and (b) ρππϷ of the critical value. It is 

evident that the higher speed results in a larger deflection. The contour shapes are 

also different, with the higher speed exhibiting conical shaped waves and trailing 

oscillations, which are absent at the lower speed [169,212].  

 

Figure 2-19. DAF of ballasted and slab tracks resting on layered soil due to a moving 
constant force Ὂ ρυπ Ë. 
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Figure 2-20. Track response on layered soil at 100% and 50% of the critical speed:  

(a) ballasted track, and (b) slab track 

 
Figure 2-21. Ground contour due to ballasted track, resting on layered soil at:  

(a) 50% of the critical speed, and (b) 100% of the critical speed 

 
Figure 2-22. Ground contour due to slab track resting on layered soil at:  

(a) 50% of the critical speed, and (b) 100% of the critical speed 
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2.4.2 Application no. 2: Ground -Borne Vibration  

Train-induced ground vibrations have two excitation components: quasi-static and 

dynamic. Although the former plays an important role at lower frequencies in the 

near-field, the dynamic excitation, resulting from train-track interaction, is a key 

contributor to ground vibration levels [215,216]. Thus, to study ground-borne 

vibration dynamics, a sprung mass moving on a track with a rough rail is considered. 

The sprung mass has ὓ ςππσ ËÇ and a Hertzian contact stiffness of ὑ

ρωτπ -.ȾÍ. It moves with a constant speed on an uneven track profile of class 5, 

defined according to the Federal Railroad Administration (FRA) [217] . The ballasted 

track model and layered soil properties from application no. 1 are reused. 

Alternatively, the soil response is computed through the flexibility method proposed 

by Sheng and coupled to the track as described in Eq. (2-50) [68,70]. Once both the 

dynamic and quasi-static excitations are obtained, the free-field vibration of the 

ground is computed at different points from the centreline of the track. Note that 

some problems (e.g. wear) justify the need for non-Hertzian contact models, 

however for most of the BOEF applications discussed in this study, the programming 

effort, additional input parameters, and computational resources required to 

implement such an approach outweigh the limited improvement in accuracy.  

 

Component  Parameter  Units  Value 

    

Slab Ὄ  Thickness  Í  0.35 
 ά  Mass per unit length  ËÇȾÍ  2188 
 Ὅ  Inertia  Í  8.93E-03 
 Ὁ Ὅ  Bending stiffness  -.Í  268 
     

Table 2-4. Additional track parameters 

 

Layer Depth  
Youngȭs 
modulus  

Poissonȭs 
ratio  

Density  Loss factor 

 ▐ ἵ  ╔ ἙἜἩ ⱨ  ⱬ ἳἯȾἵ  Ɫ  

      

Half-space Њ 75 0.35 1800 0.06 
      

Table 2-5. Soil parameters 

For the computation of the irregularity profile, the following equations in the 

wavenumber-domain are employed: 

ὶǶ‍ ςὛ‍Ў‍Ὡ  (2-62) 
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Ὓ‍  
ὃ” ‍ ”

‍ ‍ ”
 (2-63) 

in which Ò is the unevenness function in the wavenumber-domain ‍, Á is the axle 

position (here assumed to be Á π Í), Ў‍ is the resolution retained for the spatial 

frequency, — is the phase angle taken as a random variable with uniform distribution 

in the range π to ς“. 3 is the Power Spectral Density (PSD) function defined by the 

FRA, ” and ” are the break spatial frequencies, and ὃ is the roughness constant 

[13] . Refer to Section 4.2.1.4.1 for more information  regarding the definition of the 

track irregularities . 

Figure 2-23 shows the one-third octave band far-field velocity due to the ballasted 

track resting on a layered soil and excited by a single load moving at υπϷ of the 

critical speed, i.e. ὺ ρσυ ÍȾÓ υπϷ φψ ÍȾÓ. Often, the frequency of interest for 

the perception of the ground-borne vibration lies within the range ὪӶ ρ ψπ (Ú 

ɀ see [218ɀ220]. However, since frequencies close to this limit might also contribute 

to the response, the limit is extended to ὪӶ πȢυ ρυπ (Ú (range similar to the 

used in [78,83]), corresponding to a wavelength range of ‗ πȢτυρσυÍ. Figure 

2-23(a) compares the dynamic, the quasi-static and the total surface response at 

ςπ Í from the track axle (i.e. ὼ π Íȟώ π Íȟᾀ ρυ Í). It can be seen that at 

lower frequency ranges, the quasi-static contribution is large compared to the 

dynamic case. However, at higher frequencies, the quasi-static response decreases 

while the dynamic response increases. Overall, the maximum amplitude of the 

velocity occurs in higher frequencies and is dominated by the dynamic response, a 

result consistent with the findings of [78] . Alternatively, Figure 2-23(b) compares 

the total response at different positions from the track centreline: υ Í, ρπ Í and 

ρυ Í. It can be seen that the closer to the track, the larger the response. Again, 

results show that the maximum velocity occurs in the higher frequency range. 

To further study soil and track type effects, the track receptance and the track-

ground transfer function are computed. To do so, the ballasted track properties 

presented in Table 2-2 are again used, however the two-layered ballasted track 

model proposed by Sheng [68,70] is instead studied ɀ see Appendix A. For the slab 

track, the same model is employed, however with thickness as shown in Table 2-4. 

The layered soil properties are shown in Table 2-3, and the homogenous half-space 

ones shown in Table 2-5. 
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Figure 2-23. Far-field response due to ballasted track model resting on layered soil ɀ 50% 
of the critical speed: (a) 15m from the track axis; and (b) 5m, 10m and 15m from the track 

axis 

Figure 2-24 present the absolute deflection of (a) the ground and (b) track to a unit 

harmonic force applied on the rail, i.e. the transfer function of the ground and the 

track receptance, respectively. In the first case, Figure 2-24(a), deflections are 

measured on the groundȭs surface below the force applicationȭs location (same 

transversal and longitudinal point, but different vertical coordinate), i.e. the 

response is a transfer function. Alternatively, in Figure 2-24(b), results are 

computed at the same point where the force is applied, i.e. the response is a track 

receptance.  

Notice that for all track types resting on the layered soil, the first cut-on-frequency 

occurs in the range ρψ ςπ (z and yields the maximum response of the soil-track 

system. Alternatively, the ground and track response corresponding to the 

homogenous half-space is constant around these frequencies, and its magnitude is 

lower than the layered case. However, above the cut-on-frequency, the response of 

both soil cases reduces. In both cases, the maximum deflection at approximately 

ςπ (Ú corresponds to the amplification effect of the subgradeȭs response, occurring 

at the subgradeȭs resonance frequency. 

Overall, Figure 2-24 shows the effect of soil layering, and the potential 

discrepancies introduced when approximating a layered soil as homogenous. 

Furthermore, regardless of soil properties, the largest rail deflection is obtained for 

ballasted tracks rather than slab. 

Figure 2-25 and Figure 2-26 show the ground surface response due to the ballasted 

track model at its corresponding cut-on-frequency (ςπ (Ú) for both homogenous 

half-space and layered soil cases, respectively. In both cases, the absolute response 

drops quickly beyond the edges of the track, particularly along the perpendicular ᾀ 

axis. However, the layered soil gives larger deflections than the homogenous half-
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space. In addition, the real components in both soil cases show an oscillating 

behaviour, again larger for the layered soils compared to the homogenous half-

spaces. 

 
Figure 2-24. Response due to track resting on homogenous half-space and layered soil: 

(a) ground deflection, and (b) track deflection 

Although the layered effect is crucial for accurately representing the supporting soil, 

it is not included in this thesisȭs analysis performed in the following Chapters ɀ see 

Chapter 6 and Chapter 7. This decision is due to the increased programming effort, 

additional input parameters, the large number of permutations required in the 

analysis, and computational resources required to model the layered effect.  

 
Figure 2-25. Homogenous half-space soil response ɀ ballasted track model:  

(a) absolute response, and (b) real response 
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Figure 2-26. Layered soil response ɀ ballasted track model: (a) absolute response, and  

(b) real response 

2.5 Challenges associated to BOEF Approaches 

Beam on Elastic Foundation (BOEF) approaches are widely employed when 

studying railway track dynamics. Most commonly they assume the track response 

can be approximated using a single-layer continuous beam supported by continuous 

springs-in-series (representing the rails and the underlying track layers, 

respectively), thus, offering a straightforward and computationally efficient 

approach. While the fundamental BOEF formulation can be extended to incorporate 

additional track components such as lumped masses and elastic layers, addressing 

the discrete support effect and accurately replicating 3D wave propagation within 

the track demands supplementary methodologies. These factors are particularly 

critical for railway analysis at both higher and lower frequency ranges. 

To overcome this, the track requires incorporation of a certain degree of periodicity 

and/or 3D simulations to faithfully capturing the discrete support effect and 

geometry of each track component. The challenges associated with the basic BOEF 

formulation and how they are overcome using periodic and/or 3D modelling are: 

¶ Rail support conditions. The fundamental BOEF formulation employs 

continuous support conditions to represent railpads and sleepers, both track 

components exhibiting discrete behaviour. Although acceptable for 

replicating some track effects, continuous supports cannot capture higher 

frequency results accurately (e.g. pin-pin frequency). To address this 

limitation and simulate the discrete support effect, periodic conditions can 

be integrated into BOEF formulations. In this, periodicity is accounted for via 

the support arrangement, which repeats ὲ times along the train passage 

direction with a constant spacing Ὠ ɀ see for instance Eq. (2-12). Despite the 

improvement in the support definition, BOEF often defines railpad 
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components via springs and dampers [156,221]. These elements are 

described by minimal parameters (stiffness and damping only), ignoring the 

actual dimensions of the components and assuming small and rigid point 

supports spaced by length Ὠ (in the case of discrete supports) ɀ see Figure 

2-27(a). Instead, FEM employs elements defined by several material 

(stiffness, damping, Poissonȭs, density, etc.) and geometrical parameters 

(length, height, width), thus providing a more realistic representation of the 

railway systemȭs behaviour [222]  ɀ as shown in Figure 2-27(b). In this, a 

ballasted track is simulated via solid Finite Elements, which allows for actual 

railpad dimensions with effective support spacing (from end to end) Ὠ 

differing from the support spacing (from mid- to mid-point) Ὠᶻ. 

¶ Track components. BOEF can consider various track components via multi-

layer models. However, it typically combines several layers (e.g. ballast and 

sub-ballast) into equivalent parameters and disregards some of their 

mechanical behaviour and real dimensions ɀ Figure 2-27(a) shows lower 

track components combined into the single layer Ȭfoundationȭ. In contrast, 

FEM complexity facilitates several track componentsȭ mechanical behaviour 

representation [14,136] ɀ as illustrated in Figure 2-27(b), in which ballast 

and sub-ballast layers are simulated separately. 

¶ Subgrade conditions. BOEF employs springs-in-series elements to simulate 

the soil behaviour, thus, it is unable to reproduce the wave propagation 

within the soil and leads to an inaccurate dynamic track-ground response ɀ 

see Figure 2-27(a). Alternatively, FEM allows for a more accurate 

mechanical representation of the supporting soil, considering their actual 

material properties, a closer geometrical domain, and its wave propagation 

effect [15,212] ɀ see Figure 2-27(c). 

2.6 Conclusions 

This Chapter presents a state-of-the-art technical review of Beam on Elastic 

Foundation theory. It is shown that at a basic level, the use of a single continuous 

beam resting on a springs-in-series support is straightforward to implement and 

computationally efficient. Various BOEF modelling strategies and solution methods 

employed for the computation of track behaviour are reviewed.  

Additional complexity is integrated into the fundamental BOEF formulation to 

accommodate discrete supports and multi-layered characteristics. While offering 

greater flexibility and potentially increased accuracy compared to continuous and 

single-layer models, these BOEF formulations have various limitations. For instance, 

a degree of periodicity must be introduced to address the discrete effect of the track 
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ɀ see Eq. (2-12). In addition, simplifications in the support representation using 

springs, dashpots, and masses (all basic or primary elements) cannot accurately 

replicate their intricate geometries and mechanical behaviour. Similarly, multi-

layered models also employ primary elements to integrate additional excitation 

mechanisms to simulate both track types and often combine different track 

components into equivalent layers, thus constraining the track approximation. 

  
Figure 2-27. Track simulation comparison: (a) track on rigid support ɀ BOEF model,  

(b) track on rigid support ɀ FE model, and (c) track on flexible support ɀ wave propagation 
effect (mesh omitted for visibility)  

Considerations for extending BOEF approaches to approximate train-track and 

track-ground interactions are also discussed. Different vehicle and ground models 

were introduced in both cases, and the solution method involved coupling them with 

the track. It is observed that the springs-in-series layer in the basic BOEF, intended 

to mimic soil behaviour, fails to simulate wave propagation effects and requires 

additional and more complex methodologies for this purpose. 

Overall, the majority of BOEF limitations outlined in this Chapter can be addressed 

through FEM. This approach can incorporate complex geometries and additional 

mechanical properties into the representation of track and ground behaviour. 

Despite offering strong modelling flexibility, FEM demands computationally 

intensive simulations, especially when analysing larger structures. To overcome 

this, approaches exploiting the periodic nature of track structures offer a promising 

alternative. These methods have the potential to reduce the computational effort 

while preserving accuracy. 



 

 

Chapter 3  

Periodic Approaches for Railway 

Track Simulation  

3.1 Introduction  

Railway engineering problems have been studied via analytical, semi-analytical and 

numerical approaches. Some methods, such as Beam on Elastic Foundation (BOEF) 

formulations, struggle to fully capture 3D wave propagation effects. Attempting to 

address this limitation, semi-analytical approaches can incorporate a more accurate 

representation of the ground. However, analytical and semi-analytical strategies 

rely on simplified approximations of the railway system components. To address 

this, Finite Element (FE) methods have been implemented. Although numerical 

methods potentially provide more flexibility to model the true geometry of a railway 

track compared to analytical and semi-analytical methods, they are computationally 

demanding. To reduce the computational effort while still delivering accurate 

approximations of the structureȭs behaviour, periodic strategies are a promising 

solution. 

This Chapter introduces the framework of periodic approaches. Firstly, Section 3.2 

describes various solutions for periodic track structures, including considerations 

for semi-periodic structures. Following this, Section 3.4 presents examples of 

applications for two common railway problems using periodic approaches. Section 

3.5 outlines the challenges associated with the fundamental periodic approach. 

Then, in Section 3.6, the studied periodic approaches are compared against the 

analytical and semi-analytical techniques introduced in Chapter 2, and the solution 

techniques are classified and ranked according to their suitability for the study of 

railway engineering problems. Finally, conclusions are highlighted in Section 3.7. 
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3.2 Solutions for Period ic Track Structures  

Periodicity implies the presence of repetitive features, such as geometrical or 

material properties. Periodic structures can be found in both ballast and slab tracks, 

for which repetitive parameters (such as material properties and track dimensions) 

are present in the train passage direction. In ballasted tracks, periodicity arises from 

the repeated pattern provided by the sleepers [223,224] as shown in Figure 3-1(a). 

Similarly, slab tracks have a periodic nature due to either the discrete rail-seats 

[225,226], or repeating slab units [36,98,227,228]. Figure 3-1(b) and (c) show 

examples of 3D FE meshes of slab track periodicity in terms of rail-seats and slab 

panels respectively. 

Periodicity in the track can be studied using a fully-periodic or semi-periodic 

approach. In the former, the entire and infinitely extending track is assumed to have 

invariant material and geometric properties. In contrast, the periodicity of semi-

periodic structures is restricted to specific sections that are discretised according to 

their parameters (i.e. discrete patterns or discrete periodicity) which are later 

combined through compatibility conditions. Figure 3-2(a) shows a fully-periodic, 

ɱ, BOEF model with restricted domains ɱ of length Ὠ, while Figure 3-2(b) presents 

a semi-periodic BOEF model comprised of four periodic domains or sections (ɱ , 

ɱ , ɱ  and ɱ ) coupled to each other. 

To study longer structures (e.g. infinitely long tracks) and still provide accurate 

results with minimal computational effort, the periodic nature of the track (i.e. 

invariant geometrical and material properties) is exploited during modelling and 

analysis. With this method, the response of the complete periodic domain ɱ (i.e. the 

total invariant structure), is obtained by restricting the study domain to only a 

portion ɱ of the structure (also known as the restricted, generic, or unit cell, as 

shown in Figure 3-2), which is later used to retrieve the total response via 

compatibility conditions at the boundaries of ɱ. 

3.2.1 Discrete Supports  

Despite often being used to provide an approximation of discrete track response, 

continuously supported track models are unable to fully capture the discrete 

character of such structures. This discrete behaviour is generated for example by 

the sleepers (parametric excitation), which are periodically spaced and give rise to 

a change in dynamic stiffness, which includes the Ȭpinned-pinnedȭ resonance 

frequency [8,10,45,51]. 

 



77  Solutions for Periodic Track Structures 

77 

 

 

 
Figure 3-1. Overview of 3D periodic and restricted domains:  

(a) ballasted track ɀ periodicity due to sleeper placement, (b) slab track ɀ periodicity due 
to rail-seats, and (c) slab track ɀ periodicity due to the discontinuous slabs  
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3.2.1.1 Point Source  Method  

In the analytical point-source method described by Heckl [229] , the discrete nature 

of railway track supports is modelled in the form of reaction forces, which are 

proportional to the displacements generated at the support points. Heckl assumes 

the track is subject to an external stationary vertical point-force modelled as a free 

(i.e. infinitely long) Timoshenko beam discretely supported by a spring-mass-spring 

element representing the railpad, the sleeper, and the ballast, as shown in Figure 

3-3. 

 
Figure 3-2. BOEF model with: (a) fully-periodic domain, and (b) four semi-periodic 

domains 

 
Figure 3-3. Discretely supported track model [229]  

The track response is computed using superposition, considering both the effect of 

the wheel force and the point force at the structureȭs multiple discrete supports. 

Based on this, the receptance response ‌ὼȟὼ  at any point ὼ of the beam due to a 

unit point force Ὂ ρ applied at ὼ, is first determined by [10,229]: 

‌ὼȟὼ όὩ ȿ ȿ όὩ ȿ ȿ (3-1) 
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where ό and ό are the amplitude of the propagating bending wave, and the peak 

value of the bending wave in the near-field respectively; the wavenumbers ‍ and 

‍ correspond to the solution close to the positive real and negative imaginary axes 

respectively ɀ see Eq. (3-2). Constants ὃ, ὃ and ὃ relate the various Timoshenko 

beam parameters, where ὃ is the cross-sectional area, ” is the density, ά  is the 

rail mass, Ὁ is the Youngȭs modulus, Ὃ is the shear modulus, and ‖ is the shear 

coefficient. 

Note that Timoshenkoȭs theory [49]  ɀ see Section 2.3.1, includes the shear 

deformation and rotational inertial contribution in its formulation. Thus, the model 

presented in Figure 3-3 accounts for both vertical deflections and rotations. 

However, since the response is obtained via free wave solutions in the frequency-

domain, the solution is expressed in terms of complex amplitudes and the various 

Timoshenko parameters, as shown in Eq. (3-2). For more information, please refer 

to [10] . 

To compute the response of a discretely supported periodic track, consider an 

infinitely long Timoshenko beam with ὲ equally spaced supports at positions ὼ

ὲὨ. Furthermore, at positions ὼ far from the excitation point ὼ (i.e. ὼḻὼ), the 

response is negligible so can be ignored; thus, it is only required to consider a large, 

but not infinite, number of supports: ὲ ὔȟȣȟὔ. In general, the method assumes 

that each support exerts a point force Ὂ Ὀόὼ  at each ὼ in the beam, where 

Ὀ is the dynamic stiffness of the support. Next, using the superposition principle, the 

track response όὼ can be defined [10,51,229]: 

όὼ Ὂ‌ὼȟὼ Ὂ‌ὼȟὼ  (3-3) 

where both receptance values ‌ὼȟὼ ὼ  and ‌ὼȟὼ ὼ  are computed from 

Eq. (3-2). Notice that the left term in Eq. (3-3) corresponds to the response due to 

the external wheel force Ὂ Ὂ, in which the position ὼ ὼ is in the range π

ὼ ὒ. The right hand term refers to the response due to the point forces Ὂ Ὂ, 

arising from the supports at positions ὼ ὼ. For the track model depicted in 

Figure 3-3, the dynamic stiffness Ὀ of the support includes the effect of the railpad, 

sleeper and the ballast, such that [10,230,231]:  
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Ὀ
ά‫Ὧ Ὧ Ὧ

ά‫ Ὧ Ὧ
 (3-4) 

where ά  is the mass of the sleeper, and Ὧ  and Ὧ refer to the stiffness of the 

railpad and ballast, respectively. Note that Eq. (3-4) refers to a discrete support, 

thus, Í  is given in ËÇ and Ë ȟ in .ȾÍ. Next, Eq. (3-3) is evaluated at a particular 

support at position ὼ ὼ  ɀ resulting in Eq. (3-5), which allows the formulation of 

Eq. (3-6), that can be inverted to obtain the response όὼ  [10,229]: 

όὼ ὼ Ὂ‌ὼȟὼ Ὀ όὼ ‌ὼȟὼ  (3-5) 

Ὅ Ὀ‌ὼȟὼ όὼ Ὂ ‌ὼȟὼ  (3-6) 

In Eq. (3-6), both the identity matrix Ὅ and the receptance matrix at all support 

points ‌ὼȟὼ  have size ςὔ ρ ςὔ ρ, both the vector of transfer 

receptance for point ὼ ‌ὼȟὼ  and the vector of displacements όὼ , have 

size ςὔ ρ ρ. Once όὼ  is obtained through Eq. (3-6), this is inserted in Eq. 

(3-3) and the displacement of the track όὼ at a general point is computed [10,51].  

When a unit force is considered (Ὂ ρ), Eq. (3-5) describes the point receptance 

of the discrete system in the frequency-domain, i.e. όὼ ὼ ‌‫ . This allows 

for the definition of the decay rate of vibration Ў, a parameter which describes the 

noise radiated from the track structure [230,232,233]: 

Ў
τȢστσȿὣὼ πȿ

В ȿὣὼ ȿ ЎὼÍÁØ
 (3-7) 

in which the mobility function, defined by ὣ is computed at different ,‫ ‫‌ 

measurement points ὼ, including the first point in the grid ὼ π and the last or 

maximum measurement point ὼÍÁØ, and Ўὼ is the distance between the mid-points 

of the intervals of the grid. 

3.2.1.2 Dirac Comb Approach  

The Dirac Comb approach, is an analytical method that describes the discrete 

support effect through a Dirac Delta function ‏ὼ ὲὨ in which the response is 

non-zero at the support position ὼ ὲὨ. Thus, considering an infinitely long track 

structure with ὲ support points, its solution requires the inclusion of all the supports 

by means of a Dirac Comb function ɩὼ [90ɀ93], as shown in Eq. (3-8): 
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ɩὼ ὼ‏ ὲὨ (3-8) 

Combining Eq. (3-8) with the differential equation of motion for a Euler-Bernoulli 

beam subject to a load Ὂὼȟὸ: 

ὉὍ
‬όὼȟὸ

‬ὼ
ά
‬όὼȟὸ

‬ὸ
ɩὼ Ὧ όὼȟὸ ὧ

‬όὼȟὸ

‬ὸ

Ὂὼȟὸ 
(3-9) 

The first two terms in Eq. (3-9) are related to the continuous rail, where ὉὍ and 

ά  are the flexural bending and mass of the rail, respectively. On the contrary, the 

terms in brackets of Eq. (3-9), correspond to the discrete supports with the stiffness 

Ὧ  and damping ὧ . Eq. (3-9) in the space-time-domain ὼȟὸ is analytically 

transformed, through the inverse Fourier, into the wavenumber-frequency-domain 

‍ȟ‫ : 

ὉὍ‍ό‍ȟ‫ ‫άό‍ȟ‫ Ὥ‫ὧ Ὧ όὲὨȟ‫Ὡ

Ὂ‍ȟ‫ 

(3-10) 

Since the supports ὲ are equally spaced by length Ὠ, the structure is periodic with 

period Ὠ. This allows the track response όὲὨȟ‫  in Eq. (3-10) to be rewritten 

according to Floquetȭs theorem [36,86,92,93]: 

όὼ ὲὨȟ‫ όὼȟ‫Ὡ   (3-11) 

Where Ὣ is a complex coefficient of propagation. Thus, with ὼ π, Eq. (3-11) can be 

combined with Eq. (3-10), yielding: 

ὉὍ‍ό‍ȟ‫ ‫άό‍ȟ‫

Ὥ‫ὧ Ὧ όπȟ‫ Ὡ Ὡ Ὂ‍ȟ‫ 
(3-12) 

It should be noted that solutions computed through Eq. (3-11) are valid for the 

entire structure [92] . This allows the problem to be simplified, requiring only the 

computation of όὼ πȟ‫  in Eq. (3-11) to retrieve the response anywhere in the 

domain. 
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3.2.1.3 Time -Domain Greenȭs Function Approach  

A common BOEF modelling strategy is to compute the Greenȭs function for a BOEF 

system in the frequency-wavenumber-domain and combine it directly with a 

frequency-wavenumber defined load [84,92]. However, if non-linear train -track 

interaction is of interest, a space-time-domain Greensȭ approach for the track can be 

useful, because then the train-track interaction is not restricted to being a linear 

system. To achieve this, in the semi-analytical Greenȭs function approach 

[81,82,179], the frequency-wavenumber Greenȭs function is transformed into the 

space-time-domain, before combining with a load defined in terms of time. 

The space-frequency-domain Greenȭs function can be computed either in a fixed [81]  

or moving reference frame [82,179]. In the former, the load speed ὺ is disregarded 

and the Greenȭs function is stationary, i.e. the track receptance is computed. 

Alternatively, in the latter case, the speed is directly accounted for inside the Greenȭs 

function formulation. Considering a moving reference frame, the Greenȭs function Ὃ 

for a track resting on ὲ discretely supported sleepers equally spaced by a length Ὠ ɀ 

see Figure 3-3, can be defined in the space-frequency-domain through Eq. (3-13) 

[53,179]: 

Ὃὼȟὼ ὥ ὺὸȟ‫ Ὃ ὼᴂȟ‫ Ὡ Ⱦ  (3-13) 

Where Ὃ is the track response at the observation point: ὼ ὥ ὺὸὼ, due to a 

unit impulse applied at, ὼ ὥ ὺὸ. The initial position of the force is: ὼ ὥ (at ὸ

π Ó), where ὼis the space coordinate measured from the load position, and is the ‫ 

angular frequency. Once Ὃ is determined, an inverse Fourier transformation is 

employed ɀ see Eq. (2-34), to obtain the time-domain moving Green function, as a 

function of time †: 

Ὃὼȟὼȟ†
ρ

ς“
Ὃὼȟὼȟ‫ Ὡ Ä(3-14) ‫ 

where the moving Greenȭs function Ὃ can be interpreted as the track response 

computed at the observation point ὼ ὥ ὺ† ὸ ὼ ὺ† ὥ ὺὸὼ at the 

time instant †, due to a unit impulse force at ὼ ὺ† ὸ at † π ɀ see [179] . 

Finally, the total track response is computed through a Duhamelȭs or convolution 

integral [112,234,235] which combines both the response due to a unit impulse (i.e. 

the Greenȭs function) and the external force Ὂ [82,179]: 
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ό ὼᴂȟὥȟὸ
ρ

ς“
Ὃὼᴂȟὥ ὺὸȟ‫Ὂ‫Ὡ Ä‫

Ὃὼᴂȟὥ ὺὸȟὸ †Ὂ†Ä† 
(3-15) 

where Ὂ and Ὂ are the external force in the frequency and time-domain, 

respectively; and ό is the rail deflection in the space-time-domain. 

Overall, the integral in Eq. (3-15) allows for the computation of the track response 

in the time-domain and gives the framework for the study of complex problems, e.g. 

the train-track interaction dynamics via iterative time-stepping integration 

procedures ɀ see for instance [81,82,179], for which Ὃ must be computed at 

different track and loading positions. 

Note that this projectȭs focus is on methodologies solved in the transformed domain, 

specifically the wavenumber-frequency-domain. Therefore, excluding the time-

domain Greenȭs function approach described in this section, several time-domain 

methods using modal superposition techniques are not covered in this review.  

3.2.2 2.5D Method  

The 2.5D Finite Element, also known as the wavenumber FE, is a periodic approach 

widely applied for railway track simulations [21ɀ25,184]. This method requires 

simplifying the structure into a 2D slice. Then, by assuming this slice repeats along 

the longitudinal or train passage direction ὼ, a fully 3D response is recovered via 

Fourier transformations. Thus, the method fails to capture discrete rail support 

effects. Figure 3-4 shows the 3D continuous periodic domain ɱ and its 2D slice or 

restricted domain ɱ employed in the 2.5D FEM simulation. 

The 2.5D FEM considers the 3D linear-elastic FE structure is periodic along ὼ. Then, 

by performing a double transformation ɀ see Eqs. (2-33) and (2-35), the equation of 

motion can be defined in wavenumber-frequency-domain as described in Eq. (3-16) 

Ὀ ό‍ȟ‫ Ὂ‍ȟ‫  (3-16) 

Ὀ ὑ Ὥ‫ὅ ‫ ὓ  (3-17) 

where Ὀ is the Dynamic Stiffness Matrix (DSM) ɀ see Eq. (3-17). Note that the 

vertical and transversal space coordinates, ώ ᾀ, (dropped for visibility) are 

employed for the definition of the 2D slice mesh, thus, they are not transformed to 

the corresponding wavenumber-domain.  
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Figure 3-4. 2.5D Periodic and restricted domain in the longitudinal direction 

Using classical FE definitions, the stiffness and mass matrices can be defined by Eqs. 

(3-18) and (3-19), respectively [23] : 

ὑ‍ ὄ ‍ Ὀ ὄ‍ ÄώÄᾀ (3-18) 

ὓ‍ ὔ ”ὔÄώÄᾀ (3-19) 

in which ὄ ὒὔ  is the matrix of partial derivatives ὒ ɀ see Eq. (3-20), of the 

shape functions ὔ , and ” is the material density.  

ὒ ὒ‍

Ὥ‍ π π

π ‬‬ώϳ π

π π ‬‬ᾀϳ
    

‬‬ώϳ π ‬‬ᾀϳ

Ὥ‍ ‬‬ᾀϳ π

π ‬‬ώϳ Ὥ‍
 (3-20) 

Since only the longitudinal space coordinate is transformed to wavenumber, Eq. 

(3-18) can be decomposed into Eq. (3-21): 

ὑ‍ ὑ Ὥ‍ ὑ ‍ ὑ ‍ ὑ  (3-21) 

Eq. (3-16) can be inverted to obtain displacements ό‍ȟ‫  in the wavenumber-

frequency-domain. Finally, results can be transformed back to space-time results via 

Inverse Fourier transformations ɀ see Eqs. (2-34) and (2-36). Note that despite 

providing computational benefits, the 2.5D only meshes the cross-section of the 

structure, i.e. a 2D mesh. Thus, the methods assumes a homogeneous behaviour in 

its longitudinal direction, which restricts the definition of discrete support 

conditions. 
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3.2.3 Transfer Matrix Method  

The dynamic behaviour of repetitive track structures can be studied by taking 

advantage of their periodic features and their characteristics of wave propagation 

[125,236ɀ238]. The Transfer Matrix Method (TMM), also known as the Repeating-

Unit-Method [228] , is an analytical method that makes use of a constant of 

propagation ‗, to relate the displacements and forces at the boundaries of the same 

unit and periodic element, or cell, whose cross-sectional properties are considered 

to be uniform in a particular direction: 

ό ‗ ό   ȟ     Ὂ ‗ Ὂ  (3-22) 

where όȟ and Ὂȟ are the vectors of displacements and forces, respectively, at the 

rightɀhand Ὑ (or front face) and left-hand ὒ (or back face) boundary ɀ see Figure 

3-5. Bearing in mind Eq. (3-22), the response in each periodic element can be 

computed by employing the Transfer matrix Ὕ to relate vectors ό and Ὂ 

according their position in the cell (i.e. right- and left-hand side). 

Matrix Ὕ is computed from the Dynamic Stiffness Matrix (DSM), Ὀ. The latter is 

based on the discrete dynamic equation of a cell obtained from a Finite Element 

model at a frequency .ɀ see Eq. (2-28), however, only relating the boundaries (i.e ‫ 

external or active nodes) of the unit element [125,236,239]: 

Ὀ ὑ Ὥ‫ὅ ‫ ὓ  (3-23) 

Ὂ
Ὂ

Ὂ

Ὀ

Ὀ
   
Ὀ

Ὀ

ό
ό

Ὀ ό (3-24) 

where Ὀ  ὰȟά ὒȟὙ  represents a submatrix of the partitioned matrix Ὀ. Next, 

Ὕ can be obtained through matrix manipulation and enforcement of compatibility 

conditions at the boundaries [125,240]: 

Ὓ
   ό

Ὂ
Ὕ
ό

Ὂ
Ὕ Ὓ

Ὕ
Ὀ Ὀ

Ὀ Ὀ Ὀ Ὀ
   
Ὀ

Ὀ Ὀ

 (3-25) 

and where 3  and 3  define the state vectors (i.e. vectors containing 

displacements and forces) at the right- and left-hand sides, respectively. Combining 

Eq. (3-25) and Eq. (3-22), and expressing the new relation in terms of the unit cell 

number ὲ, it is possible to state the following eigenvalue problem: 

Ὓ Ὕ Ὓ       Ὓ ‗Ὓ  (3-26) 
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Figure 3-5. Displacements and forces on multiple unit elements, where ί is the node 

number [27]  

In order to solve the eigenvalue problem in Eq. (3-26), its eigenvectors Ὓ  and 

eigenvalues ‗ are determined by solving the equivalent problem: 

Ὕ Ὓ ‗Ὓ       Ὕ ‗Ὅ Ὓ π (3-27) 

where Ὅ is the identity matrix, and π is the vector of zeros. Solution of Eq. (3-27) 

impl ies that Ὓ  must have non-zero values. Thus, 4 ʇ) should be zero and 

the problem can be easily solved by computing its determinant: 

ÄÅÔὝ ‗Ὅ π (3-28) 

Note that Eq. (3-28)omits the term 3  in its solution, implying a free vibration 

response that considers the structureȭs stiffness, damping and mass (via 4). 

Considering that Ὕ is a ςὮÅÎÄςὮÅÎÄ matrix (ὮÅÎÄ being the total number of degrees-

of-freedom), Eq. (3-28) will result in ςὮÅÎÄ eigenvalues ςὮÅÎÄρ eigenvectors, as 

shown in: 

‗ ‗ȟ‗ȟȣȟ‗
ÅÎÄ
  (3-29) 

Ὓȟ ὛȟȟὛȟȟȣȟὛȟ ÅÎÄ  (3-30) 

Note that ‗ are complex values. Next, Eq. (3-26) can be rewritten as: 

Ὓ ȟ Ὕ Ὓȟ ‗Ὓȟ  (3-31) 
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Following this methodology, it is assumed that the state vectors propagate along the 

structure without amplitude and phase changes. Thus, the wave propagation 

Ȭpatternȭ is obtained using the eigenvalues ‗ and eigenvectors Ὓ  of the Transfer 

matrix Ὕ. In other words, the response vector can be determined by combining, via 

a scalar multiplication, each eigenvector and its associated eigenvalue with a 

constant ὅɀ a process known as the linear combination of eigenvectors [241] . 

However, only those values corresponding to decaying solutions (i.e. ȿ‗ȿ ρ) are 

used to compute the response throughout the entire structure. This is described 

mathematically as: 

Ὓ ὅ‗Ὓȟ

ÅÎÄ

  (3-32) 

where ‗ and Ὓȟ  are the eigenvalues and eigenvectors corresponding to the 

decaying solutions, respectively. ὅ represents the constant factors of propagation 

determined through the boundary conditions, and ὮÅÎÄ is the number of degrees-of-

freedom at each boundary. Since the unit element is the same along the entire 

structure, its eigenvalues and eigenvectors do not change. Further, waves propagate 

along the structure unchanged, except for amplitude and phase, which are given by 

the ὅ coefficients. Thus, the only values that must be updated in Eq. (3-32) are the 

coefficients ὅ. 

Ὕ relates the state vectors at one point in a Ȭstructural chainȭ (i.e. overall structure 

made of several periodic elements) to those at another point. Also, this matrix is 

computed for each part of the structure until boundary conditions can be enforced, 

so that one cell can be related to another [238] . Based on this Ȭchainȭ analogy, Ὕ has 

also been employed in alternative implementations such as the Ȭlayer transfer 

matrixȭ to study track-soil interaction, for which soil is considered to be composed 

of several layers, all of them related via the transfer matrix Ὕ [66,70,242,243].  

3.2.4 Floquet method  

The Floquet transform [244] , is an analytical method which exploits a track 

structureȭs periodic nature by studying a subdomain only [26,245ɀ247]. The 

method defines ɱ as a three-dimensional periodic domain in the Cartesian reference 

system: ὩȟὩȟὩ, as shown in Figure 3-2. This domain is formed from the repetition 

of ɱ, which is the unit, generic or reference element defined by ɱ ὢᶰɱȿ ὨȾς

ὢϽὩ ὨȾς, with the position vector of any point in ɱ given by ὢ

ὼὩ ώὩ ᾀὩ  [26,226,246,248]. 
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Ὠ is the length period (i.e. length of ɱ in Ὡ) and  ɱ is invariant in any translation at 

position ὲὨὩ, where ὲ is an integer defining the number of the generic element. 

Thus, the function Ὣ in ɱ “ȾὨȟ“ȾὨ is defined as the Floquet transform of any 

function Ὣ in ɱ, as shown in Eq. (3-33) [226,248,249]: 

Ὣὢȟ‍ᶻ Ὣὢ ὲὨὩ Ὡ
ᶻ

 (3-33) 

where the wavenumber of ɱ is defined by ‍ᶻᶰ “ȾὨȟ“ȾὨ, and the position vector 

in ɱ is ὢ ὼὩ ώὩ ᾀǿὩ , with  ὼ ὼ ὲὨȟώ ώȟᾀǿ ᾀ. Furthermore, the 

function Ὣὢȟ‍ᶻ  defined on ɱ is periodic of the first and the second kind 

[225,245,249]: 

¶ Periodicity of the first kind with respect to ‍ᶻ and with a period ς“ȾὨ, as 

shown in Eq. (3-34).  

¶ Periodicity of the second kind in ὢ with a period Ὠ in in space , as described 

in Eq. (3-35). 

Ὣὢȟ‍ᶻ
ς“

Ὠ
Ὣὢȟ‍ᶻ  (3-34) 

Ὣὢ ὨὩȟ‍ᶻ Ὡ
ᶻ
Ὣὢȟ‍ᶻ  (3-35) 

Moreover, for any location in ɱ ὢ ὢ ὲὨὩ , function Ὣ can be recovered from 

Ὣ through the Inverse Floquet transform [226,247,249]: 

Ὣὢ ὢ ὲὨὩ
Ὠ

ς“
Ὣ

Ⱦ

Ⱦ

ὢȟ‍ᶻὩ
ᶻ
Ä‍ᶻ (3-36) 

In general, the Floquet approach ɀ Eq. (3-35), computes the response throughout a 

restricted domain ɱ. Then, once the dynamic formulation is solved and the track 

response is obtained for ɱ in the wavenumber-frequency-domain, the solution at 

the other points in the structure (i.e. outside the restricted domain) is retrieved 

through the inverse Floquet transformation in Eq. (3-36), which transforms from 

the wavenumber to the spatial longitudinal coordinate ὼ. Despite being 

computationally efficient, it is challenging to use the Floquet method to consider 

variations in the periodic longitudinal direction ὼ [27]  as discussed in the next 

section. This is because of the restricted domain ɱ and the periodicity conditions in 

Eqs. (3-34) and (3-35) used for the definition of its formulation. 
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3.2.5 Direct Periodic Method  

The Direct Periodic Method, DPM, employs the Floquetȭs theorem introduced in 

Section 3.2.4, to reduce and solve the periodic problem [226,244,248,249]. The DPM 

computes the response of the total periodic domain ɱ by studying a discretized 

domain ɱ known as reference or unit cell ὲ π. For this, the equations of motion of 

the reference cell are first defined in the space-domain and then modified via the 

enforcement of periodic conditions applied at the borders of ὲ π, as shown in Eq. 

(3-37): 

ό ὼ Ὠȟ‍ȟ‫ ό ὼ πȟ‍ȟ‫Ὡ  (3-37) 

where όȟ  are the displacements at the rightɀhand Ὑ (or front face) and left-hand 

ὒ (or back face) boundary of the reference cell ὲ π with periodic length Ὠ. Once 

periodic conditions have been applied and reference cell displacements are 

computed via inversion of the modified system of equations of motion, Floquet 

theory is exploited to obtain the response at both sides of ὲ π. Eq. (3-38) shows 

the displacement of cell ὲ π: 

ό ὼȟ‍ȟ‫ ό ὼȟ‍ȟ‫Ὡ  (3-38) 

Once obtained ό , the ‍ domain response for all ὲ  cells, it can be transformed 

back to space-domain ὼ through the Fourier transform depicted in Eq. (3-39): 

όὼȟ‫
ρ

ς“
ό ὼȟ‍ȟ‫Ὡ Ä‍ (3-39) 

where ό is the displacement of the total domain in the space-frequency-

domain ὼȟ‫ , as described by the hat notation Ȭ̂ȭ. Note that although defined for 

non-moving excitations, the DPM can easily incorporate moving contributions by 

considering that the angular frequency is related to speed: ‫ ″ ‍ὺ, in which 

″ is the driving oscillating frequency. 

Overall, the DPM proves to be a straightforward periodic solution that only requires: 

(1) modification of the equations of motion of the reference cell via periodic 

conditions, (2) computation of the reference cell response via inversion of the 

modified system, and (3) enforcement of periodic conditions as a function of the ὲ

π response to obtain the response at ὲ π. 
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3.3 Solutions for Semi -Periodic Structures  

Fully periodic methods exploit a structureȭs repetitive character and compute the 

global response by studying only a restricted domain rather than the entire track. A 

shortcoming of this is that only free-wave propagation problems can be studied, i.e. 

no changes in the periodic track parameters (in the direction of train passage). This 

makes it challenging for modelling cases such as transition zones. To overcome this 

drawback and allow for the inclusion of varying track properties, semi-periodic 

solutions can be used. 

3.3.1.1 Multi -Coupled Periodic Method  

Similar to the TMM, the Multi-Coupled Periodic Method (MCM) is an analytical 

method based upon a wave propagation approach. The method analyses the free-

wave propagation due to a force applied on a unit element, to retrieve the response 

throughout the entire track structure, via the solution of an eigenvalue problem and 

an enforcement of boundary conditions. 

To obtain the response of a periodic structure, the MCM expresses the constant of 

propagation in exponential format (i.e. ‗ Ὡ  and exploits the Dynamic Stiffness 

Matrix Ὀ rather than the Transfer Matrix Ὕ [250ɀ253]. Eq. (3-40) depicts the 

displacement όȟ  and force Ὂȟ  vector relationship at the right-hand Ὑ and left-

hand ὒ boundary of the same unit element ὲ: 

ό ό Ὡ ό

 Ὂ Ὂ Ὡ Ὂ
      (3-40) 

Next, the combination of Eq. (3-23) and Eq. (3-40) define the generalised linear 

eigenvalue problem in Eq. (3-41), which is employed to compute the eigenvalues ‗ 

and eigenvectors —: 

ὃ ‗ὄ— π

ὃ Ὀ
π
   Ὀ
Ὅ
ȟ   ὄ Ὀ

Ὅ
   Ὀ
π
ȟ   —

ό
ό
ȟ   ‗ Ὡ

 (3-41) 

where π is the null or zero vector; and Ὀ  ὰȟά ὒȟὙ  are submatrices of Ὀ. 

Note that Eq. (3-41) is solved in a similar manner to Eq. (3-28) in Section 3.2.3. In 

general, the eigenvalues are used to retrieve the constants of propagation 

‘ ÌÏÇ‗, whereas the eigenvectors provide the generalised displacements or 

shapes. 

The eigenvalue problem in Eq. (3-41) has a dimension of ςὮÅÎÄ (ὮÅÎÄ degrees-of-

freedom per node), which gives ςὮÅÎÄ eigenvalues and  ςὮÅÎÄρ eigenvectors. This 
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solution occurs in pairs, and ὮÅÎÄ waves propagate symmetrically in each direction. 

Waves propagating to the right-hand side of the symmetric structure, i.e. positive-

travelling waves, have negative real or purely imaginary constants of propagations 

(‘ ‘ ȿ 2Å π᷆ 2Å π). Alternatively, waves propagating to the left-hand side, 

i.e. negative-tr avelling waves, have positive real or purely positive imaginary 

constants of propagation (‘ ‘ ȿ 2Å π᷆ 2Å π ȟ )Í π) [252] . 

Furthermore, each ‘ is related to a generalised vector of displacements — and a 

generalised vector of forces ‰ . Thus, by exploiting the symmetric character of the 

problem, one can differentiate the multiple components of the problem according to 

the direction of propagation of the wave and then, through Eqs. (3-40)-(3-41), 

compute ‰  and ‰  for each degree-of-freedom Ὦ ρȟȣȟὮ . Finally, 

reapplying Eq. (3-40), the total response at node ί is computed according the 

direction of propagation of the wave, such that: 

ό Ὡ  —   ‪

ÅÎÄ

Ὸ Ὁ  

Ὂ Ὡ  ‰   ‪   Ὁ    

ÅÎÄ
 (3-42) 

where Ὸ ,    and Ὁ  are ὮÅÎÄὮÅÎÄ matri ces containing the generalised 

displacements — , the generalised forces ‰ , and the exponential terms Ὡ , 

respectively. Furthermore, the vector    contains the generalised coordinates ‪ , 

which are obtained by enforcing the initial boundary conditions at ί π. Once the 

response is obtained at ί π,    is used to retrieve the response at the remaining 

nodes ί π.  

Eq. (3-42) is similar to that defined by the TMM in Eq. (3-32) because both equations 

add only the wave component contributions associated with their response. Thus, 

the first step is to decompose the wave and select those components acting on the 

structure. The next step is to use these components to compute the result. Since only 

waves decaying/propagating away from the source occur in infinitely extending 

structures, the problem can be analysed by exploiting symmetry and bounding the 

track at one side only. Thus, a semi-infinite structure can be composed from 2 

distinct sub-structures [252] : 

¶ A finite-infinite structure, which is bounded at its left-side boundary and 

infinitely extending to its right. Thus, only positive-travelling waves occur. 

¶ An infinite-finite structure, which is bounded at its right-side boundary and 

infinitely extending to its left. Thus, only negative-travelling waves occur. 
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Eqs. (3-32) and (3-42) assume periodicity or no change in the unit element 

properties, meaning waves do not reflect back to the source. However, this reflective 

nature can be included by considering that the track is bounded at both of its 

boundaries, i.e. a finite-finite structure. Therefore, all waves must be accounted for 

in the response [27,252]: 

ό ό Ὸ Ὁ ÅÎÄ   Ὸ Ὁ  

Ὂ Ὂ   Ὁ ÅÎÄ     Ὁ  
 (3-43) 

where Ó  is the total number of nodes, which coincide with the total number of 

elements (the first node is zero). Results are first determined at both boundaries ί

π and ί ÓÅÎÄ, which provide the values required to compute    that are then 

inserted into Eq. (3-43) to determine the response at the remaining nodes ί

ρȟȣȟίÅÎÄρ. 

Considering Eqs. (3-42) and (3-43) describe the responses for semi-infinite and 

finite -finite structures, a track with varying properties (i.e. non-periodic domain 

with changes in material parameters, geometry, etc.) can be analysed by discretising 

the total structure into different sections with periodic domains. Thus, periodicity is 

enforced at discrete sections, which are later coupled to each other and analysed as 

a global structure which is semi-periodic. Figure 3-6 shows a semi-periodic 

structure of four sections or periodic domains. The solution of the global/assembled 

dynamic system of equations for a semi-periodic structure is [27,252,254]: 

ὑ!ÌÌό!ÌÌ Ὂ!ÌÌ (3-44) 

where ὑ  is the global stiffness matrix, ό  is the global displacement vector, 

and Ὂ  is the assembled or global force vector, all of which relate the multiple 

sections of the track. In general, by solving Eq. (3-44) through the application of 

boundary conditions, the responses at the boundaries of each section are obtained. 

Next,    is computed for each section, and responses of the remaining nodes are 

retrieved. 

 
Figure 3-6. Coupled system with bounded nodes B, 0 and C; and free nodes A and D 
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3.4 Example Application of Solution Methods  

Periodic approaches can be used to study a wide range of railway engineering 

problems. Following the example applications presented in Section 2.4, this Section 

uses a variety of the methods discussed previously in this Chapter to address two 

common applications:  

1. Airborne noise generation ɀ the noise resulting from wheel-rail contact is 

analysed, considering both continuous and discrete track support conditions. 

Track receptance and decay rates are computed. 

2. Track-ground dynamics - the effect of train speed on track deflection is 

analysed. Ballast and slab track models are considered. 

Table 3-1 summarises the solution methods used for each application and the 

results shown. 

 

No. Appl ication  Results Solution Methods  

    

1 Noise Receptance 1. Analytical Continuous 
 

 
Noise decay rate 2. Discrete point source method 

    

2 Track Dynamics Track deflection 1. Fourier analytical continuous 
 

 
 2. Dirac comb method 

    

Table 3-1. Results and solution methods used in each application 

3.4.1 Application no. 1: Noise 

Point receptance and track decay rates are computed using the combination of the 

fundamental BOEF formulation and the discrete point source periodic method. The 

results are then compared against the basic continuous BOEF formulation. The 

effect of varying layers, beam definition, and damping models are also studied. 

Table 3-2 presents the various track parameters employed for this application. For 

this, material and geometrical values were taken based on examples depicted by 

[10,51,75,170,212]. 

Note that for the 1-layered model, equivalent properties are required. For the 

computation of the equivalent support stiffness Ὧ, Eq. (3-4) is modified, as shown 

in Eq. (3-45): 

Ὧ
ά‫ Ὧ Ὧ Ὧ

ά‫ Ὧ Ὧ
 (3-45) 
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where ‫  corresponds to the second cut-on frequency of the 2-layered BOEF model. 

Ὧ ȟ is the stiffness per unit length of the railpad Ȭrpȭ and ballast Ȭbȭ, and ά  is the 

mass per unit length of the sleeper Ȭsȭ. For comparison purposes, discrete support 

values will be denoted using a prime symbol (ᴂ). Thus, in the case of discrete 

supports, the discrete railpad stiffness Ὧ  is obtained by multiplying the continuous 

railpad stiffness Ὧ  by the sleeper spacing Ὠ, i.e. Ὧ Ὧ Ὠ. Similarly, the discrete 

mass of the sleeper ά  can be defined by ά άὨ. 

Once Ὧ is obtained, the equivalent viscous damping coefficient Ã can be computed 

via Eq. (2-22), as recalled in Eq. (3-46): 

ὧ
Ὧ–

‫
 (3-46) 

in which – is the hysteretic or damping loss factor of the equivalent support of the 

1-layered model.  

 

Component  Parameter  Units  Value 

    

(One) Rail ὉὍ Bending moment -.Í  6.38 
 ”Ὅ Rotational inertia ËÇ Í  0.24 
 Ὃὃ Shear stiffness -. 591 
 ά  Mass per unit length ËÇȾÍ  60.23 
 ‖ Shear parameter  0.4 
     

Railpad Ὧ  Stiffness per unit length -.ȾÍ  350 
 –  Damping loss factor (hysteretic)  0.15 
 ὧ  Damping (viscous) .ÓȾÍ  1.92E+04 
     

(Half) Sleeper ά  Mass per unit length of rail ËÇȾÍ  245 
 Ὠ Sleeper spacing Í  0.6 
     

Ballast Ὧ Stiffness per unit length -.ȾÍ  180 
 – Damping loss factor (hysteretic)  1 
 ὧ Damping (viscous) .ÓȾÍ  2.34E+05 
     

Other Ὧ Stiffness per unit length -.ȾÍ  450 
(1 layer model) – Damping loss factor (hysteretic)  0.2 
 ὧ Damping (viscous) .ÓȾÍ  3.29E+04 
     

Table 3-2. Noise application parameters 

In the case of continuous single- and two-layered Euler-Bernoulli BOEF models, the 

point receptance ‌‫  is computed from the equation of motion in the 

wavenumber-frequency-domain ‍ȟ‫  in Eq. (2-38). This is described 

mathematically in Eq. (3-47) [10] : 
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‌‫
ρ Ὥ

τὉὍ‍
 (3-47) 

where ‍, computed through Eq. (2-46), is the complex wavenumber root with 

positive real and negative imaginary component, i.e. ‍ ‍ ȿ 2Å πȟ)Í π.  

Alternatively, for the Timoshenko beam formulation, a new set of equations of 

motion in wavenumber-frequency-domain must be defined to compute its point 

receptance. Eq. (3-48) shows the dynamic equation of motion for a Timoshenko 

beam derived after transforming the set of equations of motion in space-time-

domain ɀ see Eq. (2-16). Eq. (3-49) describes its receptance, and Eq. (3-50) defines 

the corresponding wavenumber roots ‍ and constants ὃ. 

‍ ὃ ‫ ‍ ὃ ‫ π (3-48) 

‌‫ Ὥ
ρ

Ὃὃ‖

‍ ὃ

τ‍ ς‍ὃ
 ×ÉÔÈ 

)Í
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 (3-50) 

where constants ὃ, ὃ and ὃ relate the various Timoshenko beam and track 

support parameters, ‍ is the new set of wavenumber roots defined after inversion 

of Eq. (3-48), ὃ is the cross-sectional area, ” is the density, ά  is the rail mass, Ὁ 

is the Youngȭs modulus, Ὃ is the shear modulus, ‖ is the shear coefficient, and Ὧᶻ is 

the viscous or hysteretic complex stiffness of the support (see Eq. (2-19) and Eq. 

(2-23), respectively). Instead, for discrete BOEF models, ‌‫  is defined by Eq. 

(3-1). 

Figure 3-7 shows (a) the receptance and (b) mobility curves for multiple BOEF 

models with hysteretic damping. It is seen that an increased number of degrees-of-

freedom better reveal the resonance modes of the structure. This is particularly 

evidenced in the single layered model, in which only the resonance of the rail mass 

on the support can be captured. This behaviour occurs at τσυ (Ú and coincides with 

the second cut-on frequency relating the rail mass and the stiffness of the 

foundation. On the contrary, both the continuous and discontinuous 2-layered 

models are able to capture the resonance of the rail and sleeper on the ballast (at 

ρςς (Ú, the first cut-on-frequency) and the anti-resonance of the sleepers on the 

ballast and railpads (at ςστ (Ú).  
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Regarding the beam theory, Figure 3-7(a) shows that although the receptance is 

similar for both the Timoshenko (T) and Euler-Bernoulli (EB) beams at low 

frequencies, divergence occurs at frequencies higher than τσυ (Ú, i.e. above the rail 

resonance. It is evident that continuous models are unable to simulate the discrete 

behaviour of the track support. This results in inaccurate results at higher 

frequencies and the inability to simulate the pinned-pinned resonance. Instead, this 

behaviour is better simulated using two-layered discrete models, which are able to 

capture the first- and second-order pinned-pinned resonance frequencies at around 

ρρππ (Ú and ςψππ (Ú, respectively. Note that when the force is applied at mid-span, 

there are upward peaks corresponding to resonance frequencies. However, when 

the impulse is applied above the sleeper, these frequencies are anti-resonances, and 

the peaks are downward. Similar results are shown in the mobility curves in Figure 

3-7(b). 

The decay rate of vibration Ў along the track is highly influenced by the damping of 

its supporting components (e.g. railpads and ballast) [10] . This allows for the 

determination of the noise radiated from the track, which increases with larger 

vibrations. For the discretely supported Timoshenko BOEF model, Ў is defined by 

Eq. (3-7). Instead, for continuously supported Euler-Bernoulli and Timoshenko 

BOEF models, Ў is described by [10,232]: 

Ў ςπÌÏÇὩ)Í ψȢφψφ )Í‍  (3-51) 

Decay rate curves for hysteretic and viscous damping models are presented in 

Figure 3-8. Again, the effect of the degrees of freedom is evident, particularly at 

lower frequencies. For the 1-layered BOEF model ɀ see Figure 3-8(a), damping has 

a negligible effect below the second cut-on frequency. However, for the 2-layered 

models, a slight dip occurs above the first cut-on-frequency corresponding to the 

effect of the rail and sleeper on the ballast.  

After the pronounced peak, above τσυ (Ú, the damping effect is significant and 

decay rates decrease rapidly with frequency. In addition, above this frequency, the 

response due to discrete models clearly diverges from that of the continuous 

models, again showing the limitations of the latter as they are unable to capture the 

pinned-pinned frequencies at around ρρππ (Ú and ςψππ (Ú. 

Although similar results are obtained at lower frequencies for Euler-Bernoulli and 

Timoshenko beams, at higher frequencies the differences between models becomes 

more pronounced, as shown in Figure 3-8(a).  

Figure 3-8(b) presents the effect of different damping implementations on both 

continuous and discrete two-layered tracks. Viscous damping parameters were 

selected so that the cut-on-frequencies coincide with the response provided by the 
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corresponding hysteretic models. Results show that, as expected, there is no 

significant change at frequencies below the second cut-on-frequencies. However, 

above this frequency, viscous damping models result in lower decay rates than the 

hysteretic cases. This is because viscous damping parameters ὧ vary with frequency 

whereas hysteretic models parameters (loss factor) – are constant. 

 
Figure 3-7. BOEF models with hysteretic damping, Euler-Bernoulli (EB) and  

Timoshenko (T) beam theory: (a) Receptance, and (b) Mobility 
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3.4.2 Application no. 2: Track Dynamics  

To study track dynamics for discrete and continuous problems, the response due to 

a moving point load on the rail is analysed. Single-layer continuous and discrete 

BOEF models are employed ɀ see Section 2.2.2. In both models, railpad damping is 

simulated using a viscous approach ɀ see Eq. (2-19). Analytical formulations in the 

frequency-domain with Fourier transformations in Eqs. (2-33) to (2-36) are 

employed in both simulations. For the discrete response, the Dirac comb approach 

is used ɀ see Eq. (3-8). Table 3-2 shows the track parameters employed for the 

single layer BOEF simulation, which includes the rail and the railpad (note that 

symmetry is not exploited so track parameters must be doubled). 

 
Figure 3-8. Decay rates: (a) 1 and 2-layered continuous and discrete models with 

hysteretic damping, (b) discrete two-layered models with hysteretic and viscous damping 
models 
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Figure 3-9 presents the discrete and continuous track response at ὼ π Í due to a 

load Ὂ ρυπ Ë. moving at τπ ËÍȾÈ with two different riding frequencies ὪӶ π (Ú 

and ὪӶ υπ (Ú. It can be seen that in all cases the maximum deflection occurs near 

these frequencies. The results highlight the limitations of the continuous model 

which, despite giving similar results close to ὪӶȟ, is unable to capture the rail 

deflection at certain frequencies ɀ this result is consistent with the findings of [255] . 

 
Figure 3-9. Continuous vs discrete track response due to a moving load 

3.5 Challenges Associated to Periodic Approaches 

At a fundamental level, periodic approaches exploit the repetitive nature of railway 

track structures, allowing for a reduction of the study domain to a single slice and 

enhancing computational efficiency. These characteristics make periodic 

approaches valuable as supplementary techniques, facilitating the optimization of 

traditional methods such as BOEF and FEM. When coupled with BOEF formulations, 

periodic techniques enable the inclusion of discrete support conditions and reduce 

the analysis domain. Similarly, when integrated with FEM, periodic approaches 

simplify complex geometrical domains into a slice, offering highly accurate and 

computationally efficient simulations. Despite these advantages, periodic 

approaches also present several challenges associated with their basic formulation: 

¶ Constant behaviour. The fundamental periodic approach assumes repetitive 

track behaviour. Thus, their geometrical and material parameters are always 

constant. This definition confines the study domain to a constant structure 
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unable to replicate non-linear conditions and changes in other track 

parameters, i.e. the structure is fully-periodic. Although variable conditions 

(e.g. transition zones) cannot be simulated with the fundamental periodic 

approach, additional considerations in its formulation may address these 

limitations ɀ see Section 3.3. 

¶ Numerical considerations. Typical periodic formulations are based on modal 

decomposition methods, i.e., they require solving Eigenvalue problems and 

extracting the corresponding Eigen modes. When considering several 

degrees of freedom, this process may lead to an ill-conditioning problem 

[236] , and requires additional strategies to optimise it, such as a model 

reduction [254] . 

¶ Force conditions. Although they can replicate stationary forces, Periodic 

approaches struggle to simulate moving contributions. To include the latter, 

the fundamental periodic approach is often coupled with superposition 

methods. This adds complexity to the simulation as these methods are 

usually defined in the time ɀ see [27] , different to the frequency-domain 

employed in the Periodic formulation. 

3.6 Identifying Suitable Solution Approaches  

When choosing a solution technique, careful consideration should be made 

depending upon the problem requirements. Some considerations include: 

1. Problem type. For example, modelling noise generation for a tramway 

requires a different strategy to dynamic track amplification for a high-speed 

line. This is because noise problems require the study of a higher/wider 

range of frequencies compared to problems such as ground-borne vibration. 

Further, it should be considered whether the problem requires a stationary 

force, or a moving load. 

2. Track type. Is the track ballasted or non-ballasted, does the problem require 

the simulation of pinned-pinned resonances, and should non-linearity be 

simulated. 

3. Coupling. Will the BOEF model need coupling to a multi-body vehicle model 

and/or foundation model. Discretely supported and periodic approaches 

require additional consideration when performing such coupling, compared 

to continuously supported approaches. 

4. Computational effort. Does the model require execution many times (e.g. for 

a sensitivity analysis, or for quantifying uncertainty), meaning 

computational effort per simulation should be minimised. Continuously 

supported tracks in the frequency-domain can take advantage of the speed-
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wavenumber-frequency relationship thus requiring only wavenumber 

sampling in the response computation. Further, for noise generation, 

response symmetry in the wavenumber-frequency-domain means 

mirroring can often be used for to greatly reduce the number of 

computations required. 

Table 3-3 compares the different solution approaches that have been detailed in the 

previous and present Chapter, with each method scored from 1 (poor) to 4 

(excellent) stars (Ȭ*ȭ). Scoring is performed against the ability of the approach to 

model track dynamics problems (e.g. receptance and dynamic amplification), and 

noise generation problems. 

Regarding track dynamics problems, most frequency-domain approaches, 

regardless of whether they consider a continuously or discretely supported track, 

are attractive and computationally efficient. However, although methods such as the 

boundary value, point source, and periodic are well suited for computing the 

response due to non-moving sources, they require additional considerations when 

modelling moving loads (e.g. convolution integrals). Alternatively, the commonly 

used analytical time-space method is restricted to the use of a simplified track 

support (e.g. typically a spring with constant stiffness). Finally, the FEM is capable 

of studying complex track geometries, however requires larger domains, potentially 

leading to computationally demanding simulations. 

Regarding noise generation, discretely supported methods score highest, due to 

their efficiency and ability to capture pined-pined resonances. Alternatively, 

periodic methods are computationally efficient due to their simplified domains, 

however enforce restrictions on domain complexity. Although their repetitive 

nature is unable to simulate complex track geometries and the pined-pined 

resonance, improvement in the response can be achieved by combining with FE 

methods. FEM models by themselves can also capture the pined-pined resonance, 

however due to the wide frequency range needed to study noise problems, their 

computational expense is high. Alternatively, continuously supported models in 

both frequency- and time-domains score lowly due to their inability to capture the 

pined-pined resonance. 

  



Periodic Approaches for Railway Track Simulation 102 

102 

 

Computation approach  
Track 
dynamics  

Noise 
generation  

Comments 

    

Continuously supported-
Time-domain 

   

Analytical time-space ***  ** Simplified modelling of 
track support. Unable to 
capture pinned-pinned 
resonance     

Continuously supported-
Frequency-domain 

   

Fourier ****  ***  Track support can be 
simulated with moderate 
accuracy. Unable to capture 
the pinned-pinned 
resonance.  

Filon quadrature ****  ***  
Contour integration ***  ***  
Boundary value  ̂ ** ***  

    

FEM ***  ***  Large domains resulting in 
computational demanding 
simulations. Flexibility in 
geometry and material 
properties. 

    

Discrete support 
   

Point source  ̂ ** ****  Can capture pinned-pinned 
resonance. Additional 
consideration required to 
couple to a detailed track 
support. 

Dirac comb ****  ****  
Greenȭs function ****  ****  

    

2.5D ****  ** Track supports are 
simulated with moderate 
accuracy. Unable to capture 
the pinned-pinned 
resonance as they cannot 
replicate the discrete 
support conditions.     

Periodic-Eigenvalues  ̂
   

Floquet ** ***  Can account for semi-
periodic conditions. 
Eigenvalue problems may 
lead to ill-conditioning 
issues. Track supports can 
be simulated with high 
accuracy. 

Transfer matrix ** ***  
Multi -coupled periodic ** ***  

    

Direct Periodic ****  ****  Can account for semi-
periodic conditions. 
Straightforward solution. 
Track supports can be 
simulated with high 
accuracy. 

    

^Moving loads require additional consideration 

Table 3-3. Comparison of reviewed solution approaches 
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3.7 Conclusions 

This Chapter presents a technical review of Periodic approaches. First, it presents 

the generalities associated with its formulation and how it can be introduced to 

railway track structures. Next, various solution approaches for fully periodic 

structures are introduced, ranging from the simplest BOEF periodic formulations 

with discrete support conditions, to more complex periodic approaches that can be 

coupled with FEM. Solutions for semi-periodic approaches are then introduced. 

These approaches allow changes in track geometry and material parameters to be 

considered, thus allowing for the analysis of more complex structures such as 

transition zones.  

This Chapter complements the example applications presented in Chapter 2, and 

studies two common railway engineering problems via traditional continuous BOEF 

and discrete periodic approaches. Results demonstrate the limitation of continuous 

simulations when capturing the accurate track response at certain frequencies. 

Challenges associated to periodic approaches are highlighted. Overall, it is shown 

that the fundamental periodic formulation presents several limitations, including: 

(1) confinement to fully-periodic structures, (2) potential numerical issues due to 

the size of the problem, and (3) restriction to non-moving excitations.  

Finally, the various solution approaches presented in this and previous Chapter are 

compared and ranked depending on their ability to simulate two common railway 

engineering problems. It is seen that the Direct Periodic is a straightforward 

solution that can consider both moving and non-moving excitations, simulate the 

track support wit h high accuracy, and potentially account for semi-periodic 

conditions. 



 

 

Chapter 4  

Development of a Periodic Track 

Model  

4.1 Introduction  

This Chapter describes the development of a track-ground model based on the 

Direct Periodic Method (DPM). This computationally efficient approach exploits the 

inherent periodic behaviour of railway tracks to study large structural domains (e.g. 

infinitely extending tracks) via a single slice. The method is combined with 3D FE 

and PML techniques (3D DPM-FE-PML), thus allowing the inclusion of complex 

geometries, additional track componentsȭ mechanical behaviour, and wave 

propagation effects. 

Section 4.2 outlines the Direct Periodic Method, including: (1) a step-by-step 

solution process for calculating the total railway track using FE methods, and (2) its 

combination with perfectly matching layer techniques for the soil behaviour 

representation. Finally, some conclusions are provided in Section 4.3. 

4.2 Model Overview  

The Direct Periodic Method (DPM) proposed by [256] , is a technique that exploits 

the repetitive or invariant nature of railway structures to study large domains (e.g. 

infinitely extendin g tracks). In railway systems, periodicity is found by considering 

both material and geometrical properties repeat themselves at a regular interval, 

known as the periodic length Ὠɀ see Figure 3-1.  

Since the properties repeat themselves every length Ὠ, only a portion ɱ of the total 

structure ɱ is required in the simulation. Then, the total response of the latter is 
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retrieved by enforcing compatibility conditions at the boundaries of the former. This 

restricted domain is often known as the generic or unit cell, and it is assumed to be 

infinitely repeated, forming the entire structure or total domain [11] . Due to the 

simplification in the study domain, the periodic approach allows for computing 

accurate results with minimal computational effort and shorter simulation times 

compared to fully 3D modelling techniques. Procedure for calculating the total track 

response via the Direct Periodic Method comprises three steps ɀ Figure 4-1: 

(a) Computation of the reference cell response in the wavenumber-frequency-

domain ɀ see Figure 4-1(a). Firstly, the system of equations of motion of the 

restricted domain is defined in the wavenumber and frequency-domain. 

Then, periodic boundary conditions at the restricted domainȭs back and front 

face are enforced, modifying the equilibrium equations and allowing for its 

response computation. 

(b)  Response of all cells in the wavenumber-frequency-domain ɀ see Figure 

4-1(b). Once the reference cell response is obtained, periodic conditions are 

again imposed, and the response of the remaining cells in the wavenumber-

frequency-domain is computed. 

(c) Total structure response in the space-frequency-domain ɀ see Figure 4-1(c). 

Fourier transformation is used to transform the total structure response in 

the wavenumber-domain back to space. 

4.2.1 Solution Process 

The DPM method allows for the computation of the entire periodic structure ɱ by 

simply studying the behaviour of a discretised domain ɱ, i.e. the reference cell 

response ό . Next, via enforcement of a periodic condition ɀ defined by Floquet 

theory [226,244,248,249], the total domain response at all cells ό  is obtained, as 

shown in Eq. (3-38): 

ό ὼȟώȟᾀȟ‍ȟ‫ ό ὼȟώȟᾀǿȟ‍ȟ‫Ὡ  (4-1) 

Where ί ὼȟώȟᾀ and ίǿ ὼȟώȟᾀǿ are the space vectors defining ɱ and ɱ, 

respectively. Similarly, ό  and ό  are the displacements of the total ɱ and 

discretised ɱ domain, respectively. The tilde notation Ȭͯȭ in ό , is employed to 

represent the wavenumber-frequency-domain ‍ȟ‫ , and the number of the cell is 

defined by ὲ, being ὲ π the reference cell, and ὲ π the remaining structure; and 

Ὠ is the thickness of the reference cell in the periodic direction ɀ ὼ axis or 

longitudinal direction. Since periodicity is assumed only in the longitudinal 

direction, the wavenumber response is presented solely around this direction and 

ὼ ὼ. Similarly, the vectors corresponding to the vertical and transversal 
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coordinates remain constant, i.e. ώ ώ, ᾀ ᾀǿ, and their corresponding wavenumber 

response, ‍ and ‍, are not considered in Eq. (3-38). 

  
Figure 4-1. Direct Periodic Method overview: (a) reference cell response in wavenumber-

frequency-domain, (b) all cellsȭ response in wavenumber-frequency-domain, and  
(c) total response in space-frequency-domain 
















































































































































































































































