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ABSTRACT 

This thesis investigates the influence of manufacturing tolerances on cogging torque and torque 

ripple in permanent magnet (PM) synchronous machines by phasor analysis, Taguchi method, 

and finite element method (FEM). The investigated manufacturing tolerances include PM 

tolerances, rotor eccentricities, tooth bulges, and additional air gaps for single-type tolerances, 

and interaction effects of PM tolerances or tooth bulges and rotor static/dynamic eccentricities 

for multiple-type tolerances. All the obtained results are validated by the 2-dimensional FEM 

and experiments on the prototypes. 

First, the worst-case scenario of single-type tolerances in multiple PMs or teeth with the highest 

cogging torque is identified by using the Taguchi method and/or phasor analysis, considering 

PM tolerances, rotor eccentricities, tooth bulges, and additional air gaps. Compared to the 

tolerance in one PM or tooth, the cogging torque resulted from the tolerances in different 

PMs/teeth is much more complex and serious.  

Second, the interaction effects of multiple-type tolerances, including PM tolerances or tooth 

bulges and rotor static and dynamic eccentricities, on cogging torque are investigated. Both 

weakening and strengthening effects are revealed, depending on the relative locations of 

multiple-type tolerances. By detecting these relative locations during manufacturing process, 

it is possible to mitigate the worst scenario and minimise the influence of manufacturing 

tolerances.  

Third, the influence of slot and pole number combinations on cogging torque is studied in PM 

machines with multiple-type tolerances, i.e., tooth bulges and rotor static/dynamic 

eccentricities.  

Finally, a robust design strategy based on the Taguchi method is proposed to reduce the torque 

ripple caused by the real distribution of additional air gaps in mass production. It shows that 

the asymmetric circumferential positions of teeth can significantly reduce the torque ripple in 

mass production. 
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NOMENCLATURES  
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b0 Slot opening mm 

Br PM remanence mm 

Brad Radial airgap flux density T 

Brad_i Amplitude of ith harmonic of radial airgap flux density T 

Btan Tangential airgap flux density T 

Btan_i Amplitude of ith harmonic of tangential airgap flux density T 

CT 
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number 
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h (k, m, or z) Positive integer - 

hm PM thickness mm 
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Npm Number of PMs - 

Ns (or Qs) Slot number - 
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Nsamp Sampling number - 

nsel Number of critical tolerances - 

Nsen Sampling number of sensitivity analysis - 

ntol Number of total tolerance types - 

Nturns Series turns per phase - 

Or Centre of the rotor - 

Os Centre of the stator bore - 

p Pole pair number - 

r Airgap radium mm 

R1 (or Rr) Rotor outer radius mm 

R2 (or Rs) Stator bore radius mm 

R3 Stator outer radius mm 

Rin Rotor inner radius mm 

S/N Signal-to-noise dB 
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Torque ripple of the machine with the worst-case scenario of 
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X Eccentric rotor offset distance mm 
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Ŭrad_i Phase angle of ith harmonic of radial airgap flux density elec.deg. 

Ŭtan_i Phase angle of ith harmonic of tangential airgap flux density elec.deg. 

ɓ1 Circumferential degree of adjacent teeth mech.deg. 

ɓ2 Circumferential degree of two teeth separated by one tooth mech.deg. 

ũ(kQs) Fourier transformation of ȿ2 - 

ȹBr Tolerance of PM remanence T 

ȹBr1 Tolerance of remanence in PM No. 1 T 

ȹBr2 Tolerance of remanence in PM No. 2 T 

ȹBr3 Tolerance of remanence in PM No. 3 T 

ȹBr4 Tolerance of remanence in PM No. 4 T 

ȹBr5 Tolerance of remanence in PM No. 5 T 
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ȹBr9 Tolerance of remanence in PM No. 9 T 
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ȹg Tolerance of split gap mm 

ȹg1 Additional air gaps of tooth No. 1 mm 
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ȹg4 Additional air gaps of tooth No. 4 mm 

ȹg5 Additional air gaps of tooth No. 5 mm 

ȹg6 Additional air gaps of tooth No. 6 mm 

ȹg7 Additional air gaps of tooth No. 7 mm 

ȹg8 Additional air gaps of tooth No. 8 mm 

ȹg9 Additional air gaps of tooth No. 9 mm 

ȹg10 Additional air gaps of tooth No. 10 mm 
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ȹgunif Uniform additional air gap mm 
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ȹR3 Tolerance of PM radial position mm 

ȹŬ Tolerance of offset angle mech.deg. 

ȹŬ (or Ŭ) Eccentricity angle mech.deg. 

ȹŬp Tolerance of PM width mm 

ȹŬp1 Tolerance of width in PM No. 1 mm 

ȹŬp2 Tolerance of width in PM No. 2 mm 

ȹŬp3 Tolerance of width in PM No. 3 mm 

ȹŬp4 Tolerance of width in PM No. 4 mm 

ȹŬp5 Tolerance of width in PM No. 5 mm 
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ȹŬp10 Tolerance of width in PM No. 10 mm 

ȹɓ Rotor initial angle mech.deg. 
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ȹŮ (or Ů) Eccentricity ratio - 

ȹɗ Tolerance of PM magnetization direction mech.deg. 

ȿ Relative permeability in airgap - 

ɛ Mean of Gauss distribution - 

ů Standard deviation - 

ů Standard deviations of Gauss distribution - 
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ű(x, ɛ, ů) Possibility density of x % 

G(2ph) Fourier transformation of F2 - 
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ACRONYMS  

12S10P 12-slot/10-pole 

12S14P 12-slot/14-pole 

12S4P 12-slot/4-pole 

12S8P 12-slot/8-pole 

2-D Two-dimensional 

3-D Three-dimensional 

9S10P 9-slot/10-pole 

9S8P 9-slot/8-pole 

AHC Additional harmonic component 

AlNiCo Aluminium nickel cobalt 

DE Dynamic eccentricity 

EMF Electromotive force 

FEA Finite element analysis 

FEM Finite element method 

FRPM Flux reversal permanent magnet 

HSPM High-speed permanent magnet 

IPM Interior permanent magnet 

L125 125 rows of orthogonal array 

L169 169 rows of orthogonal array 

L27 27 rows of orthogonal array 
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L49 49 rows of orthogonal array 

MMF Magneto motive force 

NdFeB Neodymium iron boron 

NHCs Native harmonic components 

Or Centre of the rotor 

Os Centre of the stator bore 

PM Permanent magnet 

PMSM Permanent magnet synchronous machine 

SE Static eccentricity 

SFPM Switch flux permanent magnet 

SmCo Samarium cobalt 

SPM Surface-mounted permanent magnet 

TB Tooth bulge worst-case scenario 

UMF Unbalanced magnetic force 

Worst PMs Worst-case scenario of permanent magnet tolerances 

WUCA Worst-uncertain-combination-analyse 
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CHAPTER 1 

GENERAL INTRODUCTION  

1.1 PM Machines 

After the magnetic effect of current was discovered by Hans Christian Ïrsted in 1820 [OER20] 

and the electro-magnetic rotation experiment was explored by Michael Faraday in 1821 

[FAR21] [FAR31], the first primitive electrical machine was developed. Many types of 

electrical machines were proposed and developed rapidly over the next century [CAR92], 

which can be divided into different types according to different classification methods. 

Generally, electrical machines can be divided into brushed and brushless electrical machines 

according to their structure whether commutator/brushes are employed [ZHU07] [CHA08], as 

shown in Fig. 1.1. 

 

Fig. 1.1 Classification of electrical machines [CHA08]. 

Brushed machines are a type of electrical machine where the rotor is connected to an external 

power supply through a commutator and brushes [DAV35]. These brushes are typically made 

of carbon or graphite and are in constant physical contact with the commutator, which switches 

the direction of current flow in the rotor windings as it rotates. This switching of current 

direction creates a magnetic field that interacts with the stator and generates torque, causing 

the rotor to turn. Brushed machines are divided into self-excited and separately direct current 

machines, and are commonly used in various applications such as household appliances, power 

tools, and some automotive systems. 

Brushless machines, on the other hand, do not have brushes or a commutator [WIL62]. Instead, 

they use electronic controllers to control the direction and timing of current flow in the machine 

Brushed machines Brushless machines

Electrical machines

Induction 

machines

Reluctance 

machines

PM 

machines

Self-excited direct 

current machines

Separately direct 

current machines
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windings. Brushless machines typically have multiple stationary windings on the stator. By 

electronically controlling the currents in the stator windings, the magnetic field generated by 

windings interacts with the magnetic field generated by rotor to produce torque and rotation. 

Brushless machines offer several advantages over brushed machines, including higher 

efficiency, lower maintenance, and reduced electromagnetic interference. They are commonly 

used in applications such as electric vehicles, industrial machinery, and aerospace systems. 

There are many kinds of brushless machines, such as induction, reluctance, and permanent 

magnet (PM) machines [MER55] [PAR62] [HON80] [RAH84] [ZHU07]. 

In comparison to brushless machines, brushed machines exhibit several disadvantages due to 

their reliance on physical brushes and commutator for current direction switching in the rotor 

windings. Notably, the brushes maintain constant physical contact with the commutator during 

operation, which results in friction and wear, leading to gradual degradation of the components 

[TOS84]. Additionally, this physical interaction between the brushes and the commutator can 

generate electromagnetic interference, further complicating their use in sensitive environments 

[PAT82]. Therefore, brushless machines are favored for their simplicity and reliability, from 

manufacturing through to operation, due to the absence of brushes. PM machines, a common 

type of brushless  machine, are particularly valued for their straightforward design and efficient 

performance [MAR55] [PAR62]. 

However, even though PM machines are a common type of brushless machine, only low-energy 

density PM materials, e.g., magnetite (Fe3O4), were used initially [BOW75]. In the 1930s, the 

industrial application of PM machines started with the availability of AlNiCo [KEN85] [OST03] 

[GIE10]. In the 1950s, ferrite PMs were developed and were used in motors for small 

appliances [PYR13]. In the 1960s and 1980s, SmCo and NdFeB rare earth materials were 

invented, respectively. Because of high energy product, rare earth materials-based PM 

machines have a significant performance improvement [SAG84] [FUR01] [GIE08] [DOR11]. 

With the decrease in manufacturing cost of rare earth material, a large variety of rare-earth-

based PM machines are widely used in industrial and domestic applications today, which 

benefit from their advantages of high torque density, high efficiency, simplicity, and easy 

control [JAH86] [ZHU93] [BIA06] [ZHU07] [CHA08] [ELR10] [ZHU11]. 

Generally, PM machines can also be divided into interior permanent magnet (IPM) and surface-

mounted permanent magnet (SPM) machines depending on the relative locations between PMs 

and irons, or rotor and stator PM machines according to the locations of the PMs. In addition, 
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considering the structure, all PM machines can be divided into integral or modular PM 

machines. Notably, regardless of the classification of the PM machine, the radial magnetic field 

and internal rotor are more common, and consequently, they are focused in the this thesis. 

1.1.1 IPM and SPM 

According to the location of PMs, the PM machines can be divided into IPM and SPM 

machines, as shown in Fig. 1.2. In both IPM and SPM machines, PMs can be arranged in rotor, 

and stator [QI22b]. Therefore, Fig. 1.3 shows the conventional topologies of IPM and SPM 

machines, according to the PMs in the rotor and stator. It is common for IPM or SPM to be 

arranged in the rotor in the domestic and industrial appliances [ELR10], but IPM or SPM 

magnets are mounted on the stator in special cases, which are also named switch flux PM 

(SFPM) [RAU55] and flux reversal PM (FRPM) [DEO97] [LI18] machines, respectively.  

 

Fig. 1.2 IPM and SPM for PM machines. 

  

(a) IPM in rotor (b) SPM in rotor 

PM machines

IPM machines SPM machines
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(c) IPM in stator (SFPM machine) (d) SPM in stator (FRPM machine) 

[DEO97] [BOL02] [LI18] 

Fig. 1.3 Conventional topologies of IPM and SPM machines [QI22b]. 

Fig. 1.4 shows the various IPMs arranged in the rotor. As the depth of the magnets inside the 

rotor becomes shallower, IPM rotors can be divided into Spoke-type, U-type, V-type, and I-

type [ZHU07]. Even though there is only one layer PM as illustrated, multi-layer magnet 

structures are also common.  

There are many advantages for the machine with IPM rotor [VGA10]. For instance, since IPM 

rotor machines have reluctance torque and better flux weakening capabilities, they have an 

excellent overload capability at a wider speed ranges. However, IPM rotor machines are 

generally more complex to manufacture due to the intricate rotor construction and PM 

embedding process, leading to higher manufacturing costs. In addition, the iron ribs in the rotor 

are usually very narrow to increase the magnetic reluctance, which reduces the strength of the 

rotor core. 

Fig. 1.5 shows the IPM arranged in the stator, i.e., SFPM machines [RAU55], which contain 

the PM in the stator tooth [HOA97] [ZHU05] and yoke [LIA95]. Since the PMs are embedded 

within the stator core, this kind of machine has simple thermal management. However, the 

over-load capability is low due to heavy saturation [CHE10] [ZHU11b] [CHE11]. 
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(a) Spoke-type (b) U-type 

  

(c) V-type (d) I-type 

Fig. 1.4 Topologies of IPM in rotor [ZHU07]. 

 
 

(a) In tooth [HOA97] [ZHU05] (b) In yoke [LIA95] 

Fig. 1.5 Topologies of IPM in stator (SFPM machine). 

Fig. 1.6 shows the SPM arranged in the rotor, including inset, surface, and Halbach structures. 

Due to the iron saliences between PMs, the inset PM of topology has reluctance torque and the 
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structure makes it easier to fix the PMs. However, since the magnetic pole arc width is reduced 

as well as the larger flux leakage, the average torque of the machine with surface inset PM 

structure will be relatively reduced. The surface PM of topology is simple for manufacturing 

due to simpler rotor construction, particularly compared to IPM machines, but there is no 

reluctance torque, which to some extent weakens the torque capabilities, particularly the ratio 

of torque per PM volume. To improve the PM flux and PM torque, the PMs can be magnetized 

along the direction of the flux path, which forms the Halbach structure. However, a large 

number of magnets and a complex magnetization process diminish its advantages. 

   

(a) Inset (b) Surface (c) Halbach 

Fig. 1.6 Topologies of SPM in rotor [ZHU06]. 

In summary, IPM machines provide higher torque density and extended speed range, but they 

may be more complex to manufacture. On the other hand, SPM machines offer advantages 

such as simplified manufacturing, but they may have limitations in flux weakening capability 

and wide speed range operation. Both IPM and SPM machines are widely used in domestic 

and industrial appliances, each offering distinct advantages and characteristics to suit different 

operational requirements. The choice between IPM and SPM machines depends on the specific 

requirements of the application, including torque density, speed range, efficiency, cost 

considerations, and manufacturing conditions. 

1.1.2 Integral and Modular  

Fig. 1.7 shows another classification of PM machines depending on the structure of the rotor 

or stator, i.e., integral and modular PM machines. Fig. 1.8 shows the conventional topologies 

for integral and modular PM machines. The integral structure is the conventional topology of 

PM machines when the rotor/stator core is stamping integrally. However, there are many 
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modular structures since there are many ways to segment the rotor and stator. 

 

Fig. 1.7. Integral and modular structures for PM machines. 

  

(a) Integral (b) Modular 

Fig. 1.8. Conventional topologies for integral and modular PM machines. 

Integral structure is the common structure of PM machines, in which the rotor and stator are 

typically made from a single piece of material. As forementioned in Fig 1.3, these four 

conventional topologies are the integral PM machines. 

To enhance manufacturing, performance, and cost, modular technique is employed in the PM 

machines. The advantages of the modular technique are summarized [ZHU18], as follows. 

1) The modular technique results in a smaller core size and reduces the tonnage requirements 

of the stamping equipment. 

2) Multiple modules can be wound simultaneously in parallel, which increases winding 

efficiency when compared to the process used for integral PM machines. Therefore, the 

manufacturing efficiency is higher. 

3) The modular stator design facilitates winding automation, as it allows windings to be more 

easily accommodated within the stator slots. Consequently, this increases the slot-filling 

factor, enhancing the performance of machines. 

PM machines

Integral PM machines Modular PM machines
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4) Transporting small segments simplifies logistics for large-size machines and 

correspondingly reduces costs. 

5) The fault-tolerant capability of PM machines improves due to the physical, electrical, 

magnetic, and thermal isolation that can be achieved among the coils. 

According to the location of the modular structure, modular PM machines can be divided into 

rotor and stator modular PM machines. 

Fig. 1.9 shows the topology of modular rotor without flux barriers. Since the cores on both 

sides of the PM are completely separated, magnetic leakage is reduced and rotor provided 

magnetic field strength is enhanced [JUN19]. Due to modular structure, special rotor fixation 

is required, e.g., using plastic injection or glass fibre binding. 

Fig. 1.10 shows the topologies of modular rotors with flux barriers. The purpose of the flux 

barrier is to increase the magnetic reluctance so that the magnetic field lines move in the 

designed direction. It can be seen that due to the existence of flux barriers, the mechanical 

strength of the rotor is even weaker. Therefore, the fixation of the modular rotor needs to be 

considered when designing the overall structure. At the same time, due to its structural 

characteristics, this rotor is more suitable for low-speed operation [CHE95]. 

 

Fig. 1.9. Topology of modular rotor without flux barrier [JUN19]. 

 
 

(a) I-type [CHE95] (b) W-type [DON16] 

Fig. 1.10. Topologies of modular rotor with flux barrier. 
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Fig. 1.11 shows the modular stator without flux barriers, which are common in domestic and 

industry appliances [ZHU18]. According to the number of teeth in one module, the stator 

modular PM machines without flux barriers can be classified as one-tooth, two-tooth, three-

tooth, four-tooth, multiple-tooth, chain, and separate teeth and yoke stator modular PM 

machines. Since there are no flux barriers between modules, the performances of this kind of 

machines are the same as the integral PM machines ideally. 

Fig. 1.12 shows another kind of modular stator with flux barriers between the modules to 

improve the performances of the PM machines. For example, the cogging torque and torque 

ripple could decrease with the flux barrier [LI16b]. 

  

(a) one-tooth [CRO02] [GE17] (b) two-tooth [DAJ11] 

  

(c) three-tooth [DAJ12] (d) four-tooth [CHE08] 
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(e) Multiple-tooth [BAK18] (f) Separate teeth and yoke [ZHU12] 

 

(g) Chain [AKI03] [ZHU18] 

Fig. 1.11. Topologies of modular stator without flux barrier [ZHU18]. 
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(a) Two-tooth [ZHU06] (b) Three-tooth [LI16] 

Fig. 1.12. Topologies of modular stator with flux barriers [ZHU18]. 

Because of different applications, different modular structures can solve different issues, such 

as ease of manufacturing, transportation, and improving performance. However, due to the 

more modules, more manufacturing tolerances may be introduced from stamping, module 

processing, and assembly of the entire machine. Therefore, manufacturing tolerances may be 

significant for performance analysis of modular PM machines. 

1.2 Manufacturing  Tolerances and Corresponding Influences 

Due to variations in material properties, manufacturing processes, and operational aging, 

manufacturing and operating tolerances cannot be avoided [ZHU12] [OU18] [YAN20].  

Fig. 1.13 shows the conventional manufacturing tolerances in PM machines, accounting for 

the tolerances in (1) rotor inner radius, (2) PM remanence, (3) PM thickness, (4) PM width, (5) 

PM radial position, (6) PM circumferential position, (7) PM magnetization direction, (8) PM 

shaping, (9) rotor contours, (10) airgap width, (11) rotor eccentricity, (12) tooth bulge, (13) slot 

opening, (14) tooth tip width, (15) tooth tip height, (16) tooth width, (17) tooth circumferential 

shift, (18) additional air gap between tooth and back-iron, (19) additional air gap in tooth, (20) 

tangential additional air gap in yoke, and (21) yoke width. Notably, rotor eccentricities can be 

caused by assembly or bearing aging during operation, but the effects are the same. In this 

thesis, rotor eccentricities are regarded as operating tolerances or also as manufacturing 

tolerances for the convenience of analysis. 

In particular, more manufacturing tolerances occur when the modular technique is employed 
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in PM machines. For example, tooth bulges are serious in the modular PM machines [GE17], 

whilst additional air gaps [ZHU12] [XU21] occur since the gaps are irremovable during 

assembling modules.  

Notably, slot opening width is an important structural dimension of an electric machine and 

has a significant influence on cogging torque. For example, in a 9-slot/8-pole machine, the 

cogging torque is ideally close to zero when the slot opening width is 0, 0.125, 0.25, 0.375, 0.5, 

0.625, 0.75, 0.875, and 1 of the slot-pitch. However, cogging torque can be very large when 

the slot opening width is between these points [ZHU09]. All analyses in this thesis are based 

on a specific machine structure, and the slot opening width needs to be determined before 

analysis. For instance, the normal value of 0.5 mm is used in Chapter 2. 

 

Fig. 1.13. Manufacturing tolerances in PM machines. 

Fig. 1.14 shows the classifications of the manufacturing tolerances considering their locations, 

i.e., rotor and stator manufacturing tolerances. Referring to literature, PM tolerances and rotor 

eccentricities are two common rotor manufacturing tolerances, whilst tooth bulges and 

additional air gaps are two common stator manufacturing tolerances. 

Table 1.1 summarizes the influences of these manufacturing tolerances on the performances of 
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PM machines, including the back-EMF, cogging torque, torque ripple, unbalanced magnetic 

force (UMF), and loss. As can be seen, most papers investigate the influence of manufacturing 

tolerances on cogging torque and torque ripple. Consequently, the influence of manufacturing 

tolerances on cogging torque and torque ripple will be introduced in detail. 

 

Fig. 1.14. Classification of manufacturing tolerances in PM machines. 

Manufacturing  

Tolerances in 

PM Machines

Rotor

tolerances

Stator

tolerances

 (1) rotor inner radius

 (2) PM remanence

 (3) PM thickness

 (4) PM width

 (5) PM radial position

 (6) PM circumferential position

 (7) PM magnetization direction

 (8) PM shaping

 (9) rotor contours

 (10) airgap width

 (11) rotor eccentricity

 (12) tooth bulge

 (13) slot opening

 (14) tooth tip width

 (15) tooth tip height

 (16) tooth width

 (17) tooth circumferential shift

 (18) additional air gap between 

tooth and back-iron

 (19) additional air gap in tooth

 (20) additional air gap in yoke

 (21) yoke width
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Cogging torque results from the interaction of PM magnetomotive force (MMF) harmonics 

and the airgap permeance harmonics due to slotting [LI88] [ZHU92]. It manifests itself by the 

tendency of a rotor to align in several stable positions even when the machine is unexcited, and 

results in a pulsating torque, which does not contribute to the net effective torque. However, 

since it can cause speed ripples and induce vibrations, particularly at light load and low speed, 

its reduction is usually a major design goal [ZHU00] [BIA02] [ZHU09] [EVA10]. In terms of 

the cogging torque calculation, there are many methods, such as virtual work principle 

[COU84], Maxwell stress tensor [MIZ88] [MAR88], net lateral force [ZHU92], FEM 

[HOW92], energy method [MAR88], etc. Specifically, several methods are compared in 

[ZHU08], indicating the predicted cogging torque based on the net lateral face illustrates a 

higher accuracy than that based on the energy method. In terms of the cogging torque reduction, 

also many methods are proposed. In [ZHU00] and [BIA02], many cogging torque reduction 

techniques are proposed and summarised, e.g., selection of appropriate slot and pole number 

combination, pole-arc to pole-pitch ratio, slot opening width, and skewing. In [ZHU09], an 

analytical model is proposed for reducing cogging torque in SPM machines. Moreover, the 

non-uniform airgap distribution is used to reduce the field harmonics and the cogging torque 

[EVA10]. Since manufacturing tolerances have a significant effect on PM MMF harmonics 

(e.g., PM tolerances) and airgap permeance harmonics (e.g., tooth bulge), cogging torque can 

be affected significantly by manufacturing tolerances.  

Torque ripple is caused by the interactions of rotor magnetic flux and angular variation in stator 

magnetic reluctance (i.e. cogging torque), stator current magnetomotive forces with rotor 

magnet flux distribution, and stator current magnetomotive forces with angular variation in 

rotor magnetic reluctance [SEB86] [JAH96] [DAI04] [ISL05] [GEB15] [SIN21]. Various 

techniques are proposed for minimizing torque ripple in the PM machine without 

manufacturing tolerances, such as skewing [JAH96] [ZHU00] [BIA02] [ZHU09] [ISL11] 

[CHU13], auxiliary slots [JAH96] [ZHU00] [BIA02], slot opening [BIA02] [ZHU09] [ISL11], 

rotor shaping [WAN14] [WAN14b] [QI22], rotor pole-arc [ZHU00] [BIA02] [ZHU09] [ISL11], 

and rotor asymmetric flux barriers [ZHO17] [XIA21] [PEN20]. By way of example, skewing 

is an effective method to reduce torque ripple, including the skewing for stator lamination stack, 

rotor PMs, and rotor magnetization [ZHU00] [BIA02] [ZHU09] [ISL11], but it sometimes fails 

due to magnetic saturation. Therefore, an improved skewing method is proposed in [CHU13] 

by optimizing both the current phase advanced angle and skewing angle. Another popular 

method to minimize torque ripple is rotor shaping, including shaping for rotor PMs [WAN14], 
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rotor contours [WAN14b], and both rotor PMs and contours [QI22]. Additionally, three 

configurations of asymmetric flux barriers in V-shaped-type PM machines are proposed in 

[ZHO17], whilst two configurations of asymmetric flux barriers in spoke-type PM machines 

are investigated in [XIA21], both exhibiting excellent reduction of torque ripple. Since cogging 

torque is an important part of torque ripple, the effect of manufacturing tolerances on torque 

ripple has also been extensively studied in [DOR09] [ZHU12] [ZHU13] [LI14] LI15] [SHE15] 

[LEE16] [LI16b] [GE17] [KIM18] [PAU19] [YAN20b] [KRI20] [KOL20] [HE21] [XU21] 

[RIQ21] [LUU21] [ZHA23]. 
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TABLE 1.1 INFLUENCE OF MANUFACTURING TOLERANCES 

Tolerance Reference Back-EMF 
Cogging 

torque 

Torque 

ripple 
UMF Loss 

PM tolerances 
[DOR09] [KAL14] [GOK16] [GE17c] [KIM18] 

[PAU19]  
ã     

PM tolerances 

[ISL11] [QIA14] [KAL14] [WU15] [GE17c] [OU18] 
[KIM18] [PAU19] [YAN20] [TON20] [TON20b] 

[YAN20c] [REA21] [ZAR20] [LUU21] [LUU22] 

[ZHA24]  

 ã    

PM tolerances [DOR09] [GE17] [KIM18] [PAU19] [YAN20b]   ã   

PM tolerances [DOR09]      

PM slot [KIM18] ã ã ã   

Rotor contours [GE17c]  ã     

Rotor eccentricities [TAK09] [DOR09] [ZHU13] [GOK16] [HE21]  ã     

Rotor eccentricities 

[KIM98] [HWA01] [KIM05] [YOO05] [ISL11] [FU12] 

[QIA14] [KAL14] [ZHU14] [WU15] [LI15] [LI16] 
[LI16b] [OGI17] [KIM18] [PAU19] [TON20] 

[TON20b] [KOL20] [KRI20] [LUU21] [RIQ21] 

[HE22] [XIA22] [XIA22b] [XIA22c] [ZHA24]  

 ã    

Rotor eccentricities 
[DOR09] [ZHU13] [KIM18] [PAU19] [KRI20] 

[KOL20] [HE21] 
  ã   
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Rotor eccentricities 

[LI07] [TAK09] [DOR09] [WU13] [SCH15] [SCH15] 

[MAH15] [KAN17] [GAL20] [KOL20] [KRI20] 

[HE21] [RIQ21] 

    ã  

Rotor eccentricities [LI07] [TAK09]     ã 

Tooth bulges 
[WU15] [GE17c] [OU18] [PAU19] [YAN20] [XIA22] 

[XIA22c] 
 ã    

Tooth bulges [SCH15]    ã  

Tooth tip width [OU18] [YAN20]  ã    

Tooth circumference 

position 
[OU18] [YAN20]  ã    

Additional air gaps [XU21] ã     

Additional air gaps 
[ZHU12] [SHE15] [LI16b] [KIM18] [ZHA23] [LI14] 

LI15] [LEE16] [XU21] [RIQ21] [LUU21]  
 ã    

Additional air gaps [XU21]   ã   
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1.2.1 PM Tolerances 

Fig. 1.15 illustrates the most common PM tolerances [OU18] [PAU19] [YAN20] [YAN20b] 

[LIU22], i.e., tolerances of remanence, thickness, width, radial position, circumferential 

position, and magnetization direction, which are denoted as ȹBr, ȹhm, ȹŬp, ȹR3, ȹŭm, and ȹɗ, 

respectively. The ranges of PM tolerances depend on the diversities of the material properties 

and manufacturing techniques. Table 1.2 shows the ranges of these PM tolerances in literature. 

Numerous researchers have studied the cogging torque due to PM tolerances, commonly 

accounting for the variations of remanence, thickness, width, radial position, circumferential 

position, and magnetization direction [LEE14] [WU15] [KIM16] [KIM17] [GE17] [KIM18] 

[OU18] [PAU19] [KIM20] [YAN20] [YAN20b] [ISL21] [REA21] [HE22] [XIA22b] [LIU22]. 

The influence of tolerances in one PM has been analyzed [LEE14] [WU15] [KIM17] [OU18] 

[KIM20] [ISL21]. In [WU15], the influence of the variations of thickness, width, radial 

position, and circumferential position at one PM on cogging torque is evaluated in the 12-

slot/10-pole machine by FEM. To systematically compare stator and rotor tolerances, the 

relationships of the above six PM tolerances and cogging torque are derived by co-energy-

based analytical method in [OU18], whilst cogging torques due to the maximum value of these 

tolerances in mass production need to be calculated individually by FEM. Besides, many papers 

investigate the reduction of cogging torque due to PM tolerances by using the Taguchi method. 

In [LEE14] [KIM17] [ISL21], the influence of tolerances, including variations of remanence, 

circumferential position, and magnetization direction on the cogging torque can be minimized 

by optimizing the stator and rotor dimensions. However, the above literature only concerns the 

PM tolerances on one PM pole, which is relatively rare in mass production. 

 

Fig. 1.15. PM tolerances. (a) ȹBr. (b) ȹhm. (c) ȹŬp. (d) ȹR3. (e) ȹŭm. (f) ȹɗ. 

(c) ́ ȹŬp/Np(b) ȹhm 

(a) ȹBr 

(d) ȹR3 (f) ȹɗ

(e) ȹŭm 
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TABLE 1.2 RANGES OF PM TOLERANCES 

Tolerances Ranges 

ȹBr 

Ñ0.05T [YAN20] [YAN20b] 

Ñ0.1T [QIA14] [GE17] [GE17b] [TON20] [TON20b] 

Ñ4% [PAU19] 

Ñ5% [ISL11] 

ȹhm 

Ñ0.05mm [OU18] [YAN20] [YAN20b] 

Ñ0.1 mm [QIA14] 

Ñ0.2mm [PAU19] 

ȹŬp 

Ñ0.05 [TON20] [TON20b] 

Ñ0.05 mm [OU18] [YAN20] [YAN20b] 

Ñ5% [QIA14] 

╖-12~18 deg [PAU19] 

ȹR3 
Ñ0.035mm [OU18] 

Ñ0.05mm [WU15] 

ȹŭm 

Ñ0.05deg [YAN20] 

Ñ0.5 deg [OU18] [PAU19] 

Ñ1 deg [ISL11] [QIA14] 

Ñ2%[OU18] 

ȹɗ 
Ñ0.5 deg [ISL11] [PAU19] [TON20] [TON20b],  

Ñ1 deg [OU18] 

The influence of PM tolerances in different PMs has also been studied, particularly in the 

evaluation of the worst-case cogging torque due to the tolerances in different PMs [KIM16] 

[GE17] [KIM18] [PAU19] [YAN20] [YAN20b] [REA21] [LIU22]. In [GE17], the worst-case 

cogging torque of 12-slot/8-pole and 10-pole machines with the remanence variations in 

different PMs is evaluated by the phasor analysis, also indicating the tolerances in different 

PMs have interactions. Furthermore, in terms of the more common situations, i.e., multiple 

types of PM tolerances occur simultaneously, the worst-case cogging torques of 12-slot/8-pole, 

12-slot/10-pole, and 18-slot/16-pole machines are evaluated in [YAN20] [YAN20b] [LIU22] 

by the worst-uncertain-combination-analyze (WUCA) method, i.e., combination of co-energy-

based analytical method, Fourier transform, phasor analysis, and FEM, where the PM 
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tolerances of remanence, width, and circumferential position are taken into account. However, 

the complete analysis processes are extremely complicated. Therefore, the Taguchi method is 

used in [KIM16], where the influence of remanence variation in different PMs on cogging 

torque is reduced by optimizing seven dimensions of the lamination core with 72 sampling 

calculations in the 12-slot/8-pole machine. In addition, the worst-case cogging torques due to 

the tolerances, including variations of remanence, thickness, width, radial position, 

circumferential position, and magnetization direction, are individually identified in [PAU19] 

based on four typical tolerance locations in different PMs, and subsequently, the total worst-

case cogging torque is then obtained by superimposed these tolerances directly. However, since 

the tolerances and their variations are randomly distributed across PMs in mass production, 

four typical locations of each tolerance and superimposing obtained locations of each tolerance 

directly may be not enough to predict the real worst-case cogging torque. 

Therefore, the reduction of sampling number for analyzing the worst-case scenario of PM 

tolerances is meaningful, as well as the interaction effect between PM tolerances and other 

manufacturing tolerances. Since cogging torque is a kind of torque ripple, the influences of PM 

tolerances can contribute significantly to torque ripple [DOR09] [GE17] [KIM18] [PAU19] 

[YAN20b], and consequently, the obtained results can also aid the torque ripple analysis 

considering PM tolerances.  

1.2.2 Rotor Eccentricities 

Fig. 1.16 illustrates rotor eccentricities, including static eccentricity (SE) and dynamic 

eccentricity (DE). In terms of SE, the rotation axis is fixed at the centre of the rotor (Or), and 

the minimum airgap is static. In terms of DE, the rotation axis is at the centre of the stator bore 

(Os) and the minimum airgap is rotating with the rotor.  

As the machine with either SE or DE, the eccentricity ratio (ȹŮ) is used to indicate the severity 

of rotor eccentricity, which can be expressed as 

ȹŮ = X/lg (1.1) 

where X is the rotor offset distance and lg is the minimum airgap length.  

The eccentricity angle (ȹŬ) represents the angular position difference between the minimum 

airgap and the centreline of Tooth1 in the stator, which is used to indicate the eccentric rotor 

location. For example, ȹŬ equals 0Á when the minimum airgap aligns with the centreline of 
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Tooth1. In addition, the angle between PM1 and the minimum airgap is designated as the rotor 

initial angle (ȹɓ) to indicate the relative location of the PM in the eccentric rotor. For example, 

ȹɓ equals 0Á and 108Á. when PM1 and PM4 are close to the minimum airgap, respectively. 

Table 1.3 shows the ranges of rotor eccentricities in literature. 

 

Fig. 1.16. Rotor eccentricities. 

TABLE 1.3 RANGES OF ROTOR ECCENTRICITIES 

Tolerances Ranges 

ȹŮ 

0~0.05 mm [WU15] 

0~0.1 mm [PAU19] 

0~0.2mm [KIM18] 

0~0.35 mm [ISL11] 

0~0.5 mm [TON20] [TON20b] 

0~0.25 [TAK09] 

0~0.3 [LUU21] 

0~0.5 [ZHU13] [HE22] 

ȹŬ 0~360 deg. [HE22] 

ȹɓ 0~360 deg. [HE22] 

Many studies have investigated the influence of rotor eccentricities on cogging torque, 

accounting for SE and DE [HWA01] [KIM05] [YOO05] [ZHU14] [LI16] [RIQ21] [HE22] 

[XIA22c]. In [HWA01], the cogging torques due to SE in the 9-slot/8-pole and 9-slot/12-pole 

PM machines are investigated and compared, indicating the former is more serious. To analyse 

the more general situation, the cogging torques due to SE and DE are analysed in [KIM05], 

X

lg

ȹŬ

OSOr

PM1 

Minimum airgap

Tooth1 

Rotor

Stator
ȹɓ
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e.g., 6-slot/8-pole, 9-slot/8-pole, 9-slot/10-pole, 9-slot/12-pole, 12-slot/8-pole PM machines, 

but the statement ñRotor eccentricity, whether being static or dynamic, has no effect on cogging 

torque at all in symmetrical motors (6-slot/8-pole, 9-slot/12-pole, 12-slot/8-pole PM machines)ò 

is misleading. For instance, in [YOO05], the multiples of the 8th and 6th harmonics of cogging 

torque exist in the 6-slot/8-pole PM machine with SE and DE, respectively. The effects of SE 

and DE on the cogging torque are systematically investigated in [ZHU14] for the PM machines 

with different slot/pole number combinations, e.g., 9-slot/8-pole, 9-slot/10-pole, 12-slot/10-

pole, and 12-slot/14-pole, etc. It indicates that the main harmonics due to SE and DE are the 

pole number and the slot number, respectively, whilst the smaller the difference between slot 

and pole numbers the larger the amplitude of cogging torque. 

Even though there are many papers which have investigated the influence of rotor eccentricities 

on cogging torque, the interaction effects between rotor eccentricities and other manufacturing 

tolerances have not been evaluated. Therefore, the analysis of the interaction effect between 

rotor eccentricities and other manufacturing tolerances is meaningful. 

1.2.3 Tooth Bulges 

During the manufacturing process, the tooth bulges are hardly eliminated because of the 

assembling of separated stator segments [GE17]. Typical types of tooth bulges include inward 

bulge and outward bulge, as shown in Fig. 1.17. In general, the range of the tooth bulge has a 

relationship between the precision of the assembly equipment, material characteristics, and 

product dimensions. Table 1.4 shows the ranges of tooth bulges in literature. 

 

Fig. 1.17. Tooth bulges. 
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TABLE 1.4 RANGES OF TOOTH BULGES 

Tolerances Ranges 

Tooth bulge 

Ñ0.02 mm [GE17] 

Ñ0.035mm [OU18] 

Ñ0.05mm [WU15] [PAU19] [YAN20] 

In [OU18], the influences of manufacturing tolerances containing the bulge in one tooth are 

evaluated and compared in the 12-slot/10-pole machine by energy method and FEM, indicating 

tooth bulge having an effect on cogging torque. In addition, the largest cogging torques in the 

12-slot/10-pole and 12-slot/8-pole PM machines due to the configuration of tooth bulges in all 

teeth are evaluated in [GE17] by phasor analysis and FEM. It shows the superimposed effect 

of tooth bulges in all teeth has a significantly larger cogging torque than that only with one 

tooth bulge. Furthermore, in [YAN20], the largest cogging torque due to the configuration of 

tooth bulge with other manufacturing tolerances, i.e. stator tooth and rotor PM tolerances, is 

analysed in 12-slot/10-pole, 12-slot/8-pole, 18-slot/16-pole PM machines by energy method, 

phasor analysis, and FEM. The above papers show that tooth bulge has a very significant 

impact on cogging torque, especially after considering the configuration of bulges in different 

teeth, together with other manufacturing tolerances. Moreover, the configuration of tooth 

bulges and the amplitude of cogging torque due to this configuration are different in the 

machines with different slot and pole number combinations. 

Similarly, the interaction effect between tooth bulges and other manufacturing tolerances is not 

evaluated, which is meaningful to investigate. 

1.2.4 Additional Air Gaps  

Since there are inevitable gaps between modules during the assembling, additional air gaps 

often occur on modular PM machines. Besides, additional air gaps also exist in many forms 

since there are a variety of modular structures [ZHU18]. 

Fig. 1.18 shows a kind of additional air gap, i.e., between tooth and back-iron [ZHU12] 

[AZA12] [LUU22], which is inevitable manufacturing tolerance during the stamping of the 

lamination and the assembly of the machine [SHE15] [LI16b] [KIM18] [ZHA24]. Besides, 

there are many other kinds of additional air gaps depending on the locations, e.g., between 

stator modules [XU21]. Table 1.5 shows the ranges of additional air gaps in literature. 
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Fig. 1.18. Additional air gaps. 

TABLE 1.5 RANGES OF ADDITIONAL AIR GAPS 

Tolerances Ranges 

Additional air gaps 

0~0.05 mm [LUU21] 

0~0.1 mm [KIM18] 

0~0.2 mm [LIU23] 

0~0.25 mm [ZHU12] 

Many studies investigate the influence of additional air gaps on cogging torque, accounting for 

the gaps in the tangential and radial direction of the stator. In terms of the additional air gaps 

in tangential direction [SHE15] [LI16b] [KIM18] [ZHA24], in [SHE15], the relationship 

between the number of additional air gaps and cogging torque is investigated by analytical 

analysis and FEM, indicating the special locations of two (and three) additional air gaps could 

result in the highest cogging torque in 12-slot/10-pole and 18-slot/12-pole modular PM 

machines. To compare more scenarios, in [KIM18], the influences of two, four, six, and eight 

additional air gaps on cogging torque are calculated by FEM in 12-slot/8-pole modular PM 

machines, indicating eight additional air gaps with specific locations produce the highest 

cogging torque. In [ZHA24], the influence of additional air gaps on cogging torque is 

investigated systematically in 12-slot/10-pole, 12-slot/8-pole, and 12-slot/14-pole modular PM 

machines by proposed worst-uncertain-combination-analysis (WUCA) that combined 

analytical analysis and phasor analysis. Particularly, it is an efficient method to identify the 

worst-case scenario with the highest lowest harmonic order of cogging torque due to the 

randomly distributed additional air gaps. Moreover, the additional air gaps not only cause the 

deterioration of the cogging torque but also possibly reduce the cogging torque when they reach 

a threshold value in the middle of teeth [LI16b]. In [LI16b], it is observed that cogging torques 

are decreased when the width of additional air gaps is larger than 0.5 mm in 12-slot/10-pole 

Additional air gap

Tooth

Back-iron
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PM and 12-slot/14-pole modular PM machines. When the additional air gaps are in the radial 

direction of the stator, where it is between stator tooth and back-iron, the influence is only 

investigated in [ZHU12] [AZA17] for 12-slot/10-pole modular PM machines. It is found that 

the cogging torque is increased with uniform additional air gaps (Ò 0.25 mm), whilst the 

cogging torque is significantly larger when one or two additional air gaps are different from 

others, particularly affected by the location between two additional air gaps. However, up to 

date, the randomly distributed and broader range (> 0.25 mm) of additional air gaps in the 

radial direction has not been investigated, which is meaningful for investigating. 

In addition, since cogging torque is an important contributor to torque ripple, the influence of 

manufacturing tolerances, e.g., additional air gaps, on torque ripple is obvious and the above 

analyses are usefully introduced in torque ripple analyses. Nevertheless, only a few methods 

have been examined for reducing torque ripple in PM machines with manufacturing tolerances. 

As explained in [ISL04] [LI16b] [ZHU12] [YAN20b], the reason is that manufacturing 

tolerances might introduce additional harmonics into the torque ripple, which easily becomes 

more complicated due to local saturation and is hard to eliminate. In [LI16b], the torque ripple 

can be reduced if the additional air gap is chosen properly in the 12-slot/10-pole and 12-slot/14-

pole PM machines with a C-core modular stator. However, this method is limited by the 

combination of slot and pole numbers, as well as the modular structure, e.g. it has a very limited 

effect on the reduction of torque ripple for the E-core modular PM machines. To more generally 

reduce the effect of manufacturing tolerances on torque ripple, the Taguchi method is adopted 

in [SHI20] and [PAU19] for minimizing torque ripple. In [SHI20], the effects of eight 

combinations of manufacturing tolerances, i.e. variations of airgap length, tooth width, tooth 

tip depth, and slot opening, on torque ripple are optimized by redesigning the armature radius, 

airgap length, and dimensions of the stator lamination stack and PMs in the 40-slot/44-pole PM 

machine. Moreover, in [PAU19], tooth width, slot opening, and PM dimensions are optimized 

to reduce the torque ripple due to PM tolerances and rotor eccentricities in the 12-slot/8-pole 

PM machine. As demonstrated in [SHI20] and [PAU19], the torque ripples are significantly 

reduced after Taguchi-based optimization. However, since the Taguchi method is a statistical 

tool, it relies on the designerôs experience to identify suitable design variables and conditions 

to achieve the desired results [MAT05] [MOR11] [ISL11] [CHO13] [ISL13] [LEE14] [KIM16] 

[PAU19] [KIM120] [KIM20b] [SHI20]  [FEN22]. Consequently, it necessitates different 

strategies based on the Taguchi method for various machine topologies and manufacturing 

tolerances. 
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1.2.5 Others 

In addition to the manufacturing tolerances mentioned above, some other manufacturing 

tolerances often occur in the PM machines, such as PM slot, rotor contours, tooth tip width, 

and tooth circumference position. However, since they do not have an obvious influence, as 

illustrated in [OU18] [YAN20], they are not investigated in this thesis. 

1.3 Methodologies for  Manufacturing Tolerance Analysis  

Table 1.6 summarizes the manufacturing tolerance analysis methods used in the PM machines, 

including the phasor analysis, worst-uncertain-combination-analysis (WUCA), Taguchi 

method, factorial design, reliability-based robust design optimization, perturbation method, 

and subdomain method. In addition, the institutions, pros, and cons are remarked in this table.  
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TABLE 1.6 METHODOLOGIES FOR MANUFACTURING TOLERANCE ANALYSIS 

Methods Papers Institutions Pros Cons 

Phasor 
Analysis 

[GE17]  
[GE17b] 

Ge Xiao  

(Prof. Z.Q. Zhu) 
University of Sheffield 

¶ Efficiently solve the 

worst-case scenario 

¶ Only for one kind of 

manufacturing tolerance 

¶ Work with FEM 

Worst-

Uncertain-

Combination-
Analysis 

(WUCA) 

[YAN20] 

[YAN20b] 
[YAN20c] 

Yongxi Yang  

(Prof. Chengning Zhang) 
Beijing Institute of 

Technology 

¶ For multiple kinds of 

manufacturing tolerance 

¶ Complex analysis process 

¶ Inaccurate when the two-

lowest harmonic orders are 

not the worst-case 

¶ Work with FEM 

Taguchi 

[ISL11] 

[KHA14] 

Mohammad S. Islam 

Nexteer Automotive &  

North Carolina State 
University 

¶ Accurate result since all 

interaction effects are 

considered 

¶ Statistical tool and no 

need for analytical 

analysis 

¶ Complete guidelines, 

such as orthogonal 

matrices, and S/N ratio 

¶ Computational burden is 

huge when number of 

manufacturing tolerances 

is large 

¶ Work with FEM 

[LEE14] 
[KIM16b] 

[KIM17][KIM20] 

[KIM20c] 

Kyu-Seob Kim 
KATECH & Hanyang 

University 

[LEI19] 

Guang Lei 

(Prof. Jianguo Zhu) 
Univ. of Technology Sydney  

[SHI20] 

Zhou Shi  

(Prof. Xiaodong Sun) 

Jiangsu University 
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Factorial 

Design 

[MA18] 

Bo Ma  
(Prof. Jianguo Zhu) 

Univ. of Technology Sydney  

¶ Accurate result since all 

interaction effects are 

considered 

¶ Statistical tool and not 

need analytical analysis 

¶ Computational burden is 

huge when number of 

manufacturing tolerances 

is large 

¶ Work with FEM 

[PAU19] 
Subhra Paul 

Nexteer Automotive 

Reliability-

based robust 
design 

optimization 

[CHO14] 
[JAN15] 

Kyu-Seob Kim 
Hanyang University 

¶ Guarantee high reliability 

of products while 

maximizing 

manufacturing tolerances 

¶ Computational burden is 

huge when number of 

manufacturing tolerances 

is large 

¶ Work with FEM 

Perturbation 

[QIA14] 

Hao Qian  

(Prof. Hong Guo) 

Beijing University of 
Aeronautics and Astronautics 

¶ Accurate result 

¶ Calculate numerical 

value without FEM 

¶ Complicated calculation 
[KIM98] 

Ungtae Kim 
University of California 

[FU12] 

Jiajing Fu 

(Prof. Changsheng Zhu) 
Zhejiang University 

Subdomain 

[LI15] [LI16] 
Yanxin Li  
(Prof. Z.Q. Zhu) 

University of Sheffield 

¶ Accurate result 

¶ Calculate numerical 

value without FEM 

¶ Complicated calculation 

[FU12] 
Jiajing Fu 
(Prof. Changsheng Zhu) 

Zhejiang University 
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1.3.1 Phasor Analysis 

Phasor analysis, which is proposed in [GE17], is used together with FEM to evaluate the worst-

case scenario of manufacturing tolerances, especially in machines (e.g., 12-slot/10-pole PM 

machine) where the cogging torque is small in the absence of manufacturing tolerances 

[ZHU00] [ZHU09]. The key point of phasor analysis is to transfer the stator relative permeance 

or rotor magnetomotive force (MMF) to a phasor diagram coordinate. Since the larger 

amplitude of the resultant phasor the larger the cogging torque due to manufacturing tolerances 

[GE17] [YAN20], the worst-case scenario of manufacturing tolerances can be derived through 

the distribution of phasors of stator relative permeance or rotor MMF. 

For example, take the 12-slot/10-pole PM machine as an example and use the phasor analysis 

to derive the tooth bulge phasors, Fig. 1.19 shows the mechanical and electrical angles. The 

mechanical angle between adjacent tooth bulge phasors is 30 mech.deg. since 12 slots are 

evenly distributed around a circle, and the electrical angle between adjacent tooth bulge phasors 

is 300 elec.deg. since the electrical angle is eight times the mechanical angle of the cogging 

torque in the 10 poles machine. The worst-case scenario of tooth bulges is the situation where 

the superimposed phasor is the maximum. 

 

 

(a) Mechanical degree (b) Electrical degree 

Fig. 1.19. Phasor analysis for tooth bulge in 12-slot/10-pole PM machine. 

1.3.2 WUCA Method 

Even though the phasor analysis can predict the worst-case scenario of manufacturing 

tolerances efficiently, it is usually employed to investigate one-type tolerance since the 
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relationship between different manufacturing tolerances is not considered. Therefore, based on 

the phasor method, the worst-uncertain-combination-analysis (WUCA) is proposed in [YAN20] 

to evaluate multiple-type tolerances, particularly the potential worst-case scenario of multiple-

type tolerances. Combining the energy method, Fourier transform, and phasor analysis, WUCA 

establishes an analytical model between manufacturing tolerances and cogging torque, which 

can qualitatively predict the worst-case scenario of the two lowest harmonic orders of cogging 

torque. 

The main steps for implementing the WUCA method, as detailed in [YAN20], include the 

following key phases: 

1) Calculate the main order harmonics in cogging torque considering the slot and pole 

numbers. The main harmonic orders of the F2 and ȿ2 are G(2ph) and ũ(kQs), respectively, 

where F and ȿ are MMF excited by the PMs and relative permeability in the airgap, and 

G(2ph) and ũ(kQs) are corresponding Fourier transformation. The additional harmonics in 

G(2ph) and ũ(kQs), caused by the manufacturing tolerances, result in the same additional 

harmonics in cogging torque. 

2) Calculate G(Qs), G(2Qs), ũ(2p), and ũ(4p) based on the energy method and Fourier 

transform. 

3) Derive the configurations of manufacturing tolerances that cause the highest values of 

G(Qs), G(2Qs), ũ(2p), and ũ(4p), based on phasor analysis. 

4) Build the FEM models with the configurations of manufacturing tolerances obtained in step 

3. The ranges of manufacturing tolerances depend on the expectation. If the estimation of 

the extreme worst-case is expected, the manufacturing tolerance ranges are determined by 

the boundary values (3ů range). Otherwise, the higher possibility of manufacturing 

tolerances (2ů range) is adopted. The highest cogging torque among these models can be 

recognized as the worst-case scenario of manufacturing tolerances. 

However, even though the highest cogging torque caused by various rotor and stator 

manufacturing tolerances can be systematically analyzed, WUCA also has some shortcomings. 

Firstly, the analysis process of this method is complex, which combines the energy method, the 

Fourier transform, and the phasor analysis. Secondly, if the amplitude of the lowest two orders 

is not the largest, or if the combined amplitude of the non-lowest order and the lowest two 

orders is the largest, the worst-case scenario predicted by WUCA is inaccurate. 
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1.3.3 Taguchi Method 

Taguchi method is a statistical method, developed by Genichi Taguchi to improve the quality 

of manufactured goods [MOR11], and more recently also applied to engineering, 

biotechnology, marketing, and advertising [GOH02]. It is widely used to improve the 

performance of PM machines by reducing the influence of noise factors through the optimal 

control factors settings [ISL11] [LEE14] [KHA14] [KIM16b] [KIM17] [PAU19] [KIM20a] 

[KIM20c] [SHI20]. 

Generally, manufacturing tolerance design involves tradeoffs between performance and cost. 

In the Taguchi method, the signal-to-noise ratio (S/N) is the only index to measure the 

robustness of a system [TAG04]. It measures the level of performance and the effect of noise 

factors on performance. The higher the S/N ratio, the more robust the system becomes. The 

S/N is affected by several variables namely: input signal, energy transformation, output 

response, and noise factors as shown in Fig. 1.20. 

 

Fig. 1.20. Taguchi method [ISL11]. 

Numerous strategies of the Taguchi method aim to enhance the signal-to-noise (S/N) ratio, 

critical for improving product quality. As shown in Fig. 1.20, the designers are limited to 

manipulating only the control factors. To ensure the system's robustness across diverse 

manufacturing and usage conditions, parameter design is employed. This approach enhances 

robustness without incurring additional costs. The fundamental steps in parameter design are 

outlined as follows [TAG04] [ISL11]: 

1) Establish the strategy. 

2) Identify input signal, output response and desired results. 

3) Define signal factors (and noise factors), and subsequently identify their levels and ranges. 

4) Define control factors, and subsequently identify their levels and ranges. 

5) Assign signal factors, noise factors, and control factors to the orthogonal array. 

6) Perform experiment/simulation and collect data. 
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7) Perform data analysis. 

8) Evaluate the robustness gain and predict performance relative to the goal. 

9) Verify design and check for any unanticipated failure modes. 

During aforementioned process, a suitable combination of the control parameters is chosen to 

form an orthogonal array called an inner array, whilst noise factors and their levels constitute 

the number of columns for the outer array. The orthogonal array is a systematic statistical way 

of testing where each of the tests conveys unique information therefore avoiding redundancy. 

Since some of the relationships between control or noise factors are known based on the 

designerôs experience, the appreciated orthogonal array is chosen to obtain the desired result 

with minimum experiments. Consequently, the investigation contains not only the effects of 

the individual design factors (or noise factors) on the outcome but also how the interaction 

between design factors (or noise factors). 

However, there are some drawbacks to the Taguchi method. The sampling number of the 

Taguchi method is based on the interaction of the control factors (noise factors). Therefore, the 

sampling number is huge, if there are amount of interaction between the control factors (or 

noise factors). 

1.3.4 Others 

Factorial design is used in agriculture in Rothamsted Experimental Station by John Bennet 

Lawes and Joseph Henry Gilbert in the 19th century [GOH02] [KLE08]. It is extended by 

Ronald Fisher in the 1920s and widely used in various industries. It is for studying any response 

that varies as a function of one or more independent variables [MAT05]. For example, in 

[KIM07], the airgap flux density is investigated, considering the ratio of overhang length to 

stator length and the ratio of rotor length to magnet thickness, etc. In [FAN08], the back-EMF 

and torque are investigated considering the PMsô dimensions. However, because of its large 

amount of calculation, it was replaced by other methods proposed later in some specific fields, 

e.g., Plackett-Burman design and Taguchi method, etc. 

Reliability-based robust design optimization is based on the Taguchi method, considering the 

performances of the PM machines in reliability [CHO14] [JAN15].  

Besides, the perturbation method [KIM98] [FU12] [QIA14] and subdomain method [FU12] 

[LI15] [LI16] are two methods based on the analytical calculation. Both can predict the cogging 

torque or torque ripple accurately, but the calculating process is complex.  
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1.4 Scope and Contributions of Thesis 

1.4.1 Research Motivation 

The motivation for investigating the influence of manufacturing tolerances on cogging torque 

and torque ripple in PM machines stems from several key factors: 

Performance Optimization: PM machines are widely used in various applications, including 

electric vehicles, industrial machineries, and renewable energy systems, etc., where high 

performance and efficiency are essential. Cogging torque and torque ripple are undesirable 

phenomena that can deteriorate the performance of PM machines by causing noise, vibration, 

and harshness. Understanding how manufacturing tolerances affect these factors is crucial for 

optimizing the design and performance of PM machines. 

Quality Assurance: Manufacturing processes inherently introduce tolerances and variations in 

the dimensions, materials, and assembly of PM machines. These tolerances can result in 

deviations from the intended design specifications, leading to variations in cogging torque and 

torque ripple. Investigating the influence of manufacturing tolerances helps ensure that PM 

machines meet quality standards and performance requirements under real-world operating 

conditions. 

Cost Reduction: Minimizing manufacturing tolerances can help reduce production costs and 

improve manufacturing efficiency. By identifying the most significant tolerances that affect 

cogging torque and torque ripple, manufacturers can focus their efforts on optimizing key 

manufacturing processes to achieve tighter tolerances and improve overall product quality 

while minimizing production costs. 

Design Robustness: PM machines are often subjected to a wide range of operating conditions, 

environmental factors, and mechanical stresses during their lifecycle. Understanding how 

manufacturing tolerances affect cogging torque and torque ripple allows designers to develop 

more robust and reliable machine designs that can withstand variations in manufacturing and 

operating conditions without sacrificing performance or efficiency. 

Overall, the investigation of the influence of manufacturing tolerances on cogging torque and 

torque ripple in PM machines is essential for optimizing performance, ensuring quality, 

reducing costs, and improving design robustness in various applications and industries. 
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1.4.2 Research Scope and Contributions 

This thesis investigates the influence of manufacturing tolerances on cogging torque and torque 

ripple in PM machines, accounting for the PM tolerances, rotor eccentricities, tooth bulges, and 

additional air gaps. All FEM calculations are carried out based on the simulation software- 

ANSYS Electronics Desktop 2021 R2. 

Fig. 1.21 shows the research scope and arrangement of chapters, followed by the detail contents 

and contributions of each chapter. 

 

Fig. 1.21. Research scope and arrangement of chapters. 

Chapter 1: This chapter introduces the background literature of this topic and demonstrates 

the importance and necessity of the investigations in this thesis. 
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Chapter 2: For PM tolerances, the worst-case scenario with the highest cogging torque is 

identified by the proposed pre-process strategy based on the Taguchi method. The contributions 

of this paper are as follows. (a) The worst-case scenario of PM tolerances in the 12-slot/10-

pole PM machine is identified. (b) A pre-process strategy based on the Taguchi method is 

proposed to significantly reduce the sampling number without affecting the accuracy of 

identified worst-case cogging torque. (c) Considering the scope or the proposed strategy, the 

proposed strategy is more suitable for machines having small Npm/CT (i.e. Ƌ10) and the number 

of critical PM tolerances (i.e., Ƌ4). 

Chapter 3: For PM tolerances and rotor eccentricities, the interaction effects on cogging 

torque of 12-slot/10-pole PM machines are investigated by FEM and phasor analysis. It is 

found that (a) SE and PM tolerances always have a strengthening interaction to deteriorate the 

cogging torque; (b) DE and PM tolerances have a weakening interaction when a weak (e.g., 

thin thickness) PM is close to the minimum airgap, whilst vice versa when a strong (e.g., thick 

thickness) PM is close to the minimum airgap. 

Chapter 4: For tooth bulges and rotor eccentricities, the interaction effects on cogging torque 

of 12-slot/10-pole PM machines are investigated by FEM and phasor analysis too. Firstly, the 

tooth bulge worst-case scenario of the machine is predicted by phasor analysis. Secondly, the 

interaction effects between SE/DE and tooth bulge are investigated. It is found that (a) SE and 

tooth bulge have a weakening effect on cogging torque when the eccentric rotor is close to the 

outward bulged tooth, whilst they have a strengthening effect when the eccentric rotor is close 

to the inward bulged tooth. (b) DE and tooth bulge always have a strengthening effect on 

cogging torque regardless of the location of the eccentric rotor and bulged tooth. 

Chapter 5: For tooth bulges and rotor eccentricities in machines with various slot and pole 

number combinations, the interaction effects on cogging torque in numerous machines are 

investigated. It is firstly found that m greatly influences the interaction of two tolerances on 

cogging torque. The degree of interaction is reduced with m, and it is larger in ñīmò than in 

ñ+mò machines. Secondly, for the machines having 2p=Nsīm, there is a weakening interaction 

of cogging torque when the static eccentric rotor is close to outward bulged teeth, whilst there 

is a strengthening interaction of cogging torque when the static eccentric rotor is close to inward 

bulged teeth, but vice versa for 2p=Ns+m machines. However, in both 2p=Ns±m machines, 

cogging torques due to dynamic eccentricity and tooth bulge always have a strengthening 

interaction. 
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Chapter 6: For additional air gaps, the influence of randomly distributed additional air gaps 

on cogging torque in 12-slot/10-pole modular PM machines by using the Taguchi method, 

particularly worst-case scenario with the highest cogging torque. The contributions of this 

chapter are as follows. Firstly, the Taguchi method has been used for systematically and 

comprehensively investigating the influence of additional air gaps on cogging torque, 

combined with the characteristics of the additional air gaps. Particularly, considering all 

harmonics in cogging torque, the worst-case scenario due to non-uniform additional air gaps is 

first identified. Secondly, a broader range of additional air gaps is assessed compared to what 

has been discussed in the previous paper [ZHU12] [AZA12]. This expanded assessment offers 

insights into the trend of cogging torque with varying additional air gaps. For example, uniform 

additional air gaps do not always deteriorate cogging torque but decrease cogging torque when 

it is beyond a certain threshold value, which is different from the literature [ZHU12] [AZA12]. 

Finally, comparing the influences of uniform and non-uniform additional air gaps on cogging 

torque, non-uniform additional air gaps should be paid for controlling mass production. 

Chapter 7: For additional air gaps, a Taguchi-based robust design strategy to minimize torque 

ripple of a 6-slot/2-pole modular high-speed PM motor in mass production, accounting for 

manufacturing tolerances of split gap (ȹg), misalignment (ȹm), and offset angle (ȹŬ). Firstly, 

the effects and interactions of manufacturing tolerances are calculated. indicating that ȹg has 

the highest effect followed by ȹm, positive ȹg and negative ȹm have a strengthening effect, 

and ȹŬ has no effect, and subsequently, the worst-case scenario of manufacturing tolerances 

with the highest torque ripple is obtained. Afterwards, tooth circumferential positions are 

optimized for minimizing torque ripple without jeopardizing average torque, considering the 

tradeoff between the cases without manufacturing tolerance and with the worst-case scenario 

of manufacturing tolerances. 

Chapter 8: The general conclusions are drawn. The future work is also highlighted.  

Overall, the major contributions of this thesis are briefly summarised as follows. 

1. The influence of PM tolerances, rotor eccentricities, tooth bulges, and additional air gaps 

for single-type tolerances on cogging torque is evaluated. Particularly, the worst-case 

scenario of single-type tolerance in multiple PMs (or teeth) with the highest cogging torque 

is identified by the Taguchi method and/or phasor analysis. 

2. The interaction effect of PM tolerances (tooth bulges) and rotor eccentricities for multiple-

type tolerances on cogging torque is investigated, indicating the weakening and 
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strengthening effects depending on the relative locations of the multiple-type tolerances. 

3. The influence of slot and pole number combinations on cogging torque is investigated in 

the machine having multiple-type tolerances, e.g., tooth bulges and rotor eccentricities. 

4. The pre-processing and robust design strategies based on the Taguchi method are proposed 

for PM machines for efficiently identifying the worst-case scenario of cogging torque (or 

torque ripple) and reducing the torque ripple due to manufacturing tolerances, e.g., 

additional air gaps. 

The publications that originated from this Ph.D. research work are listed below.  

Published and submitted journal papers 

[1] D. Xiang, Z.Q. Zhu, D. Liang, L. Miao, X. Qiu, S. Li, and L. Zheng, ñTaguchi-based 

pre-process strategy for fast evaluating worst-case cogging torque due to PM tolerance 

interactions,ò IEEE Trans. Transport. Electrific., accepted, DOI: 

10.1109/TTE.2024.3453593. (Chapter 2) 

[2] D. Xiang, Z.Q. Zhu, D. Liang, Y. Wu, F. Xu, and Y. Cheng, ñInteraction effects of PM 

tolerances and rotor eccentricities on cogging torque of 12-slot/10-pole PM machines,ò 

IEEE Trans. Ind. Appl., accepted, DOI: 10.1109/TIA.2024.3400945. (Chapter 3) 

[3] D. Xiang and Z.Q. Zhu, ñInfluence of slot and pole number combinations on cogging 

torque in PM machines with interaction of tooth bulge and rotor eccentricity,ò IEEE 

Trans. Ind. Appl., vol. 60, no. 3, pp. 3860-3869, May-Jun. 2024. (Chapter 5) 

[4] D. Xiang, Z.Q. Zhu, and D. Liang, ñInvestigation of radial additional air gaps on cogging 

torque in modular permanent magnet machines based on Taguchi method,ò IEEE Access, 

vol. 12, pp. 109967-109983, 2024. (Chapter 6) 

[5] D. Xiang, Z.Q. Zhu, D. Liang, F. Xu, and T. He ñTaguchi-based robust design for 

minimizing torque ripple in 6-slot/2-pole modular high-speed PM motor with 

manufacturing tolerances,ò IET Electr. Power Appl., accepted, DOI: 10.1049/elp2.12490. 

(Chapter 7) 

Published conference papers 

[6] D. Xiang, Z.Q. Zhu, Y. Wu, F. Xu, and Y. Cheng, ñInfluence of magnet tolerances and 

rotor eccentricities on cogging torque of 12-slot/10-pole PM machines,ò Int. Conf. 
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Sustain. Mobility Appl. Renew. Technol. (SMART), Cassino, Italy, 2022, pp. 1-15. 

(Chapter 3) 

[7] D. Xiang, Z.Q. Zhu, T. He, and F. Wei, ñInfluence of rotor eccentricity on cogging torque 

of 12-slot/10-pole PM machines with tooth bulge,ò Proc. Int. Conf. on Power Electronics, 

Machines. and Drives (PEMD), Newcastle, UK, 2022, pp. 293-300. (Chapter 4) 

[8] D. Xiang and Z.Q. Zhu, ñInfluence of slot and pole number combinations on cogging 

torque in PM machines with tooth bulge and rotor eccentricity,ò 25th Int. Conf. Electr. 

Mach. Syst. (ICEMS), Chiang Mai, Thailand, 2022, pp. 1-6. (Chapter 5) 
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CHAPTER 2 

IDENTIFYING  WORST-CASE COGGING TORQUE 

DUE TO PM TOLERANCES BASED ON TAGUCHI 

METHOD  

Taguchi method can be used with FEM to evaluate the worst-case cogging torque due to PM 

tolerances. However, the sampling number is huge due to interactions of various tolerances. 

To solve this issue, this chapter proposes a unique pre-process strategy based on Taguchi 

method to significantly reduce the sampling number. By applying the proposed strategy to 12-

slot/10-pole machine, the sampling number is reduced significantly from 4.2×1028 to 381. 

Compared with existing methods, the proposed strategy is more suitable for machines having 

small Npm/CT (i.e. Ò10) and the number of critical PM tolerances (i.e. Ò4). The measured results 

of the prototype 12-slot/10-pole machine agree well with the FEM-predicted results by the 

proposed pre-process strategy. 

This chapter is submitted to IEEE Transactions on Transportation Electrification [XIA24]: 

D. Xiang, Z.Q. Zhu, D. Liang, L. Miao, X. Qiu, S. Li, and L. Zheng, ñTaguchi-based pre-

process strategy for fast evaluating worst-case cogging torque due to PM tolerance interactions,ò 

IEEE Trans. Transport. Electrific., accepted, DOI: 10.1109/TTE.2024.3453593. 

2.1 Introduction  

Manufacturing tolerances in PM machines cannot be avoided in mass production and have 

significant influences on cogging torque [WU15], [OU18], [ISL21], [LEE14], [KIM17], 

[KIM20], [GE17], [YAN20], [YAN20b], [LIU22], [KIM16], [PAU19], [KIM18], [REA21], 

[XIA22b], [HE22]. Among various manufacturing tolerances, PM tolerances are common and 

have been extensively investigated in literature. 

Numerous researchers have studied the cogging torque due to PM tolerances, commonly 

accounting for the variations of remanence, thickness, width, radial position, circumferential 

position, and magnetization direction [WU15], [OU18], [ISL21], [LEE14], [KIM17], 

[KIM20], [GE17], [YAN20], [YAN20b], [LIU22], [KIM16], [PAU19], [KIM18], [REA21], 
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[HE22], [XIA22b]. In [GE17], the worst-case cogging torque of 12-slot/8-pole and 10-pole 

machines with the remanence variations in different PMs is evaluated by the phasor analysis, 

also indicating the tolerances in different PMs have interactions. However, only one type of 

tolerance is considered. To consider multiple types of PM tolerances simultaneously, the worst-

case cogging torques of 12-slot/8-pole, 12-slot/10-pole, and 18-slot/16-pole machines are 

evaluated in [YAN20], [YAN20b], [LIU22] by the worst-uncertain-combination-analyze 

(WUCA) method, where the PM tolerances of remanence, width, and circumferential position 

are taken into account. However, the WUCA method has extremely complicated analyzing 

processes because of the combination of co-energy-based analytical method, Fourier transform, 

phasor analysis, and FEM. In contract, Taguchi method is a statistical tool and has the guideline 

without complicated analyzing processes [GOH02], [MOR11], [MAT05], which also can be 

applied to evaluate the worst-case cogging torque due to PM tolerances. Based on Taguchi 

method, the worst-case cogging torques due to the tolerances, including variations of 

remanence, thickness, width, radial position, circumferential position, and magnetization 

direction, are individually identified in [PAU19] based on four typical tolerance locations in 

different PMs, and subsequently, the total worst-case cogging torque is then obtained by 

superimposed these tolerances directly. However, since the tolerances and their variations are 

randomly distributed across PMs in mass production, four typical locations of each tolerance 

and superimposing obtained locations of each tolerance directly may be not enough to predict 

the real worst-case cogging torque. If locations for evaluating all potential interactions 

according to the guideline of Taguchi method [GOH02], [MOR11], [MAT05], it may lead to a 

considerable sampling number, which cannot be implemented due to limits of existing 

computation hardware configurations. For instance, there are 60 tolerances (6 type 

tolerancesĬ10 PMs) in an example 12-slot/10-pole machine with six type tolerances in different 

PMs, and subsequently, the sampling number is an unrealistic number of 4.2Ĭ1028, as will be 

systematically explained in this chapter. 

Therefore, this chapter aims to propose a pre-process strategy based on Taguchi method for 

fast evaluating worst-case cogging torque due to PM tolerances, accounting for the sensitivity 

analysis and grouping technique. Although the sensitivity analysis [BAL16], [KHR16], 

[BRA20], [KOL20] and grouping technique [REA21] have been used in the fast evaluation of 

different variables on the output performance, their integration with the Taguchi method has 

not been explored so far. As will be illustrated in this chapter, the synergies of these two pre-

processing strategies with the Taguchi method will eminently extend the applications of the 
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Taguchi method in the case of a considerable sampling number, e.g., considering the multiple 

types of PM tolerances with random distribution, where the most amount of unnecessary 

tolerance combinations can be eliminated.  

In this chapter, the proposed pre-process strategy based on the Taguchi method is presented 

and adopted to identify the worst-case cogging torque in the prototype 12-slot/10-pole machine. 

In addition, the proposed pre-process strategy for sampling number reduction, applicability to 

other machines with different slot and pole number combinations, and benefits of the proposed 

pre-process strategy compared with other existing methods are further discussed. Finally, the 

prototypes are measured to verify the previous analyses. 

2.2 Machine Topology and PM Tolerances 

2.2.1 Machine Topology 

Fig. 2.1 shows the topology of the 12-slot/10-pole machine, where the PMs are parallelly 

magnetized and surface-mounted. The main parameters are listed in Table 2.1. 

 

Fig. 2.1 Topology of 12-slot/10-pole machine with numbered PMs. 
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TABLE 2.1 PARAMETERS OF 12-SLOT/10-POLE MACHINE 

Parameter Value 

Stack length, mm 50 

Stator yoke width, mm 3.5 

Stator tooth width, mm 5 

Stator outer/inner diameter, mm 60/34 

Rotor outer/inner diameter, mm 32.8/13 

Slot opening, mm 0.5 

Minimum airgap length, mm 0.8 

PM remanence, T 1.32 

PM thickness, mm 2.8 

Pole arc to pole pitch ratio 0.7 

2.2.2 PM Tolerances 

Fig. 2.2 illustrates the most common PM tolerances [OU18], [YAN20], [YAN20b], [LIU22], 

[PAU19], i.e., tolerances of remanence, thickness, width, radial position, circumferential 

position, and magnetization direction, which are denoted as ȹBr, ȹhm, Ў‌, ȹR3, ȹŭm, and ȹɗ, 

respectively. 

 

Fig. 2.2 PM tolerances. (a) ȹBr. (b) ȹhm. (c) ȹŬp. (d) ȹR3. (e) ȹŭm. (f) ȹɗ. 

The ranges of PM tolerances depend on the diversities of the material properties and 

manufacturing techniques. As summarized in Table 2.2, the following ranges of PM tolerances 

are employed: 

 ȹBr and ȹhm are designated as 5%, i.e. ±0.065 T and ±0.14 mm [XIA22b]. Ў‌  is 

(c) ́ ȹŬp/Np(b) ȹhm 

(a) ȹBr 

(d) ȹR3 (f) ȹɗ

(e) ȹŭm 
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5% of pole pitch, i.e. ±0.05 [XIA22b]. They are determined by the material 

properties and manufacturing techniques of PM production. 

 ȹR3 is ±0.035mm [OU18] depending on the stamping precision of the rotor core. 

 Based on the positioning accuracy during machine manufacturing, ȹŭm and ȹɗ are 

±0.5 and ±1 deg, respectively [OU18], [PAU19], [XIA22b]. 

TABLE 2.2 RANGE OF PM TOLERANCES 

ȹBr ȹhm ȹŬp ȹR3 ȹŭm ȹɗ 

Ñ0.065T Ñ0.14 mm Ñ0.05 Ñ0.035 mm Ñ0.5 deg Ñ1 deg 

2.3 Pre-process Strategy for Evaluating Worst-case Cogging 

Torque 

As aforementioned, the Taguchi method is effectively used to analyze the tolerances only in 

one PM [ISL11], [LEE14], [KIM17]. However, its application is still rare for the common 

scenarios in mass production, i.e., multiple types of PM tolerances occur simultaneously and 

randomly in different PMs, which will be the focus of this chapter. According to the sampling 

number requirement considering all potential interactions of variables, the required sampling 

number ὔ   of the full factorial Taguchi method [GOH02], [MOR11], [MAT05] is 

calculated by: 

ὔ ὲ  (2.1) 

where ὲ is the levels of tolerance, ὲ  is the number of total tolerance types, and Npm is the 

number of PMs. 

However, the sampling number obtained based on (2.1) is often unacceptable since it is huge. 

For the investigated 12-slot/10-pole machine, there are six PM tolerances (ὲ =6) with three 

levels (ὲ =3) are considered, the required sampling number ὔ  is 360 (å4.2Ĭ1028), which 

is far too large in reality for FEM calculation. 

Therefore, to reduce the sampling number in the Taguchi method, this section proposes a pre-

process strategy based on Taguchi to efficiently evaluate the worst-case cogging torque due to 

PM tolerance interactions. As shown in Fig. 2.3, the pre-process strategy is as follows. 

 The ranges of the investigated PM tolerances need to be determined, as introduced 
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in Chapter 2.2. 

 The sensitivity analysis is performed to select the critical tolerances according to 

the amplitudes of the FEM cogging torque due to tolerance in one PM. 

According to the types of tolerances, the selected critical tolerances are divided into different 

groups. The tolerance interactions and worst combinations are identified within each group, 

and subsequently, the worst-case cogging torque is identified by the Taguchi method and then 

calculated by FEM after considering the interactions between these worst combinations of all 

groups. 

 

Fig. 2.3 Flowchart of proposed Taguchi-based pre-process strategy for evaluating worst-case 

cogging torque due to PM tolerance interactions. 

2.3.1 Sensitivity Analysis 

The cogging torque components caused by the ideal structure and the manufacturing tolerances 

can be distinguished by native harmonic components (NHCs) and additional harmonic 

components (AHCs), respectively [GAS08]. Since AHCs increase monotonically with the 

variation of tolerance and the amplitudes of NHCs and AHCs can be numerically superimposed 

due to different frequencies in 12-slot/10-pole machine [XIA22b], the cogging torque increases 

Sensitivity analysis

ǒ Compare cogging torques due to each tolerance in one PM

ǒ Select critical tolerances with higher amplitude of cogging 

torque by Pareto Principle.

Grouping technique

ǒ Divide tolerances into different groups

a) Within group

ǒ Analyze tolerance interactions

ǒ Identify worst combinations

b) Between groups

ǒ Analyze tolerance interactions

ǒ Identify overall worst-case combinations 

ǒ Calculate worst-case cogging torque

Determine ranges of PM tolerancesStep1̔

Step2̔

Step3̔

0

Sample number

for 12-slot/10-pole
Flowchart

13
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monotonically with the variation of tolerance. Therefore, the largest variations of these six types 

of PM tolerances (see Fig. 2.2) are enough to obtain the largest cogging torque of each tolerance 

only in one PM. 

The largest cogging torque of each tolerance in one PM indicates the degree of influence of each 

tolerance in the mass production, and subsequently, the critical tolerances can be selected, even 

though the interaction of tolerance among different PMs is not considered. 

Table 2.3 shows the three levels of these six types of tolerances, which evenly distribute three 

levels over their ranges, including the maximum negative (Level-1), ideal (Level-2), and 

maximum positive (Level-3). Fig. 2.4 shows the sensitivities of six types of PM tolerances in 

the 12-slot/10-pole machine. Since there are three levels (nlv=3) of these six types of PM 

tolerances (ntol=6), the nlvĬntol=18 cases need to be calculated. However, since the 6 cases of 

ideal (Level-2) of these tolerances are the same and only need to be calculated once, there are 

nlvĬntolīntol+1=13 cases in total. The sampling number of sensitivity analysis can be written as 

ὔ ὲ ρὲ ρ (2.2) 

where nlv equals three since it is enough to find the largest influence of tolerance. 

TABLE 2.3 PM TOLERANCES AND THEIR LEVELS 

No. Tolerance Level-1 Level-2 Level-3 

1 ȹBr, T ī0.065 0 +0.065 

2 ȹhm, mm ī0.14 0 +0.14 

3 ȹŬp ī0.05 0 +0.05 

4 ȹŭm, deg. ī0.5 0 +0.5 

5 ȹR3, mm ī0.035 0 +0.035 

6 ȹɗ, deg. ī1 0 +1 

Furthermore, to demonstrate that the three-level tolerance is adequate in the sensitivity analysis, 

Fig. 2.5 shows the sensitivities of six PM tolerances in five levels. Specifically, the five levels 

of ȹBr/ȹhm/ȹŬp/ȹR3/ȹŭm/ȹɗ are evenly distributed over their ranges. The results are the same 

as that depicted in Fig. 2.4, i.e., three levels of each tolerance are enough for comparing the 

sensitivities. 
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The Pareto Principle, also known as the 80/20 rule, the law of the vital few, and the principle of 

factor sparsity, states roughly 80% of consequences come from 20% of causes, which is widely 

used to identify critical causes [BOX86] [CHA21] [SZY23]. It can be effectively used to analyze 

manufacturing tolerances by identifying the critical tolerances that contribute the most to the 

overall variation or defects. Based on the cogging torque variations of these six PM tolerances 

in Fig. 2.4 and 2.5, the Pareto chart of these six PM tolerances in the 12-slot/10-pole machine 

has been obtained, as shown in Fig. 2.6. As can be seen, the cumulative percentage for ȹhm, ȹBr, 

and ȹŬp exceeds 80%, indicating these three tolerances are dominant. Therefore, ȹhm, ȹBr, and 

ȹŬp are considered as critical tolerances in the 12-slot/10-pole machine based on the Pareto 

Principle. 

Therefore, these nsel=3 critical tolerances (ȹBr, ȹhm, and ȹŬp) will be selected in the next steps 

to evaluate the worst-case cogging torque, whilst three non-critical tolerances (ȹR3, ȹŭm, and 

ȹɗ) will be ignored. Notably, the worst-case cogging torques due to all six tolerances and only 

three critical tolerances are compared in Chapter 2.4, which have very close amplitude, further 

illustrating that worst-case cogging torque is effective by only selecting the critical tolerances. 

 

Fig. 2.4 Sensitivities of six PM tolerances with three levels individually in 12-slot/10-pole 

machine. 
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Fig. 2.5 Sensitivities of six PM tolerances with five levels dividually in 12-slot/10-pole 

machine. 

 

Fig. 2.6 Pareto chart of six PM tolerances in 12-slot/10-pole machine. 

2.3.2. Grouping Technique 

Although only three critical tolerances, nsel=3, are selected, the subsequent sampling numbers 

for them with three levels according to (2.1) is 330 (å2.1Ĭ1014), which is still far too large for 

FEM calculation. Thus, it is necessary to further reduce the sampling number. 

As well known, each PM tolerance results in one cogging torque component whose main 

harmonic order is the slot number (Ns). The amplitude of these cogging torque depends on the 
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fluctuation level of tolerance, whilst the phase angle depends on the tolerance position on the 

rotor [GE17], [YAN20], [YAN20b], [LIU22]. Therefore, to perform the analysis of the 

interaction of the configuration of each type of PM tolerance, these PM tolerances are divided 

into three groups according to the type of tolerances, as shown in Table 2.4. For example, 

ȹBr1~ȹBr10 are the tolerances of remanence from PM1 to PM10 in the 12-slot/10-pole machine, 

where each one has three levels, i.e. ī0.065 T (Level-1), 0 T (Level-2), and +0.065 T (Level-

3). 

In this way, the interactions within a single type of tolerance configuration are determined for 

each group. Subsequently, the combinations resulting in the highest cogging torque of each 

group are identified. 

TABLE 2.4 GROUPED PM TOLERANCES AND THEIR LEVELS 

Group Tolerances in PMs Level-1 Level-2 Level-3 

1 ȹBr1~ȹBr10, T ī0.065 0 +0.065 

2 ȹhm1~ȹhm10, mm ī0.14 0 +0.14 

3 ȹŬp1~ȹŬp10 ī0.05 0 +0.05 

¶ Group 1 - PM remanence tolerance 

As shown in Table 2.4, ȹBr1~ȹBr10 are the remanence tolerances from PM1 to PM10 and each 

one has 3 levels. If the full factorial Taguchi method is adopted to find the worst-case cogging 

torque of these 10 tolerances, there are 310 (å5.9Ĭ104) cases, which is incomputable. It is 

necessary to reduce the sampling number according to the characteristics of this tolerance.  

Since the amplitude of cogging torque due to each remanence tolerance is determined by the 

level and the phase angle is fixed due to the fixed PM location, the total worst-case cogging 

torque due to remanence variations in different PMs can be obtained in the scenario that the 

highest effect of the one PM remanence tolerance and the highest strengthening effects of other 

PM remanence tolerances with this one. Since the PMs in the rotor are symmetrical, remanence 

variations in different PMs have the same effect on cogging torque, and subsequently, ȹBr1 is 

selected for analysis as an example. The highest cogging torque can be obtained by analyzing 

the interactions of ȹBr1 and remanence tolerances in other PMs individually, and the sampling 

number is expressed as 



 

 

66 

 

ὔ ὔ ρ ὲ  (2.3) 

Based on (2.3), it can be found that there are 81 cases to be calculated for the performed results. 

Fig. 2.7(a) shows the interaction effects of the configuration of PM remanence variations, 

ȹBr1~ȹBr10. As explained, the interaction effects are obtained by calculating the cogging torques 

due to ȹBr1 with other different tolerances. It can be observed in most cases, the cogging torque 

is larger when ȹBr1 is at Level-3 compared to other levels of ȹBr1. In addition, with ȹBr1 at 

Level-3, the largest cogging torque occurs when ȹBr2, ȹBr5, ȹBr6, ȹBr7, and ȹBr10 are at Level-

3, whilst ȹBr3, ȹBr4, ȹBr8, and ȹBr9 are at Level-1. 

Therefore, this worst combination of Group 1 for PM remanence tolerances is obtained, as 

shown in Fig. 2.7(b). Since the rotor is circumferentially symmetrical and each PM can be 

defined by the position of PM1, there will be 10 worst combinations. 

 

(a) Interactions 
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(b) One typical worst combination 

Fig. 2.7 Interactions and worst combination in Group 1 (ȹBr1~ȹBr10). 

¶ Group 2 - PM height tolerance 

Similarly, Fig. 2.8(a) shows the interactions of the tolerances of height, ȹhm1~ȹhm10. As can be 

seen, the cogging torque is larger in most cases when ȹhm1 is at Level-3 compared to other levels 

of ȹhm1. In addition, when ȹhm1 is at Level-3, the cogging torque is the largest, when ȹhm2, ȹhm5, 

ȹhm6, ȹhm7, and ȹhm10 are at Level-3, whilst ȹhm3, ȹhm4, ȹhm8, and ȹhm9 are at Level-1. 

Therefore, the cogging torque is the largest at this combination, as shown in Fig. 2.8(b). Similar 

to the PM remanence tolerance in Group 1, there are also 10 worst combinations for PM height 

tolerance. 
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(a) Interactions 

 

(b) One typical worst combination 

Fig. 2.8 Interactions and worst combination in Group 2 (ȹhm1~ȹhm10). 

¶ Group 3 - PM width tolerance 

Fig. 2.9(a) shows interactions of the tolerances of PM width, ȹŬp1~ȹŬp10. As can be seen, the 

cogging torque is larger in most cases when ȹŬp1 is at Level-1 compared to other levels of ȹŬp1. 

Meanwhile, with ȹŬp1 at Level-1, the cogging torque is the largest when ȹŬp2, ȹŬp5, ȹŬp6, ȹŬp7, 

and ȹŬp10 are at Level-1, whilst ȹŬp3, ȹŬp4, ȹŬp7, and ȹŬp8 are at Level-3. 

Therefore, the cogging torque is the largest in this configuration, as shown in Fig. 2.9(b). 
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Similarly, there are also 10 worst combinations for PM width tolerance.  

 

(a) Interactions 

 

(b) One typical worst combination 

Fig. 2.9 Interactions and worst combination in Group 3 (ȹŬp1~ȹŬp10). 

To sum up Groups 1 to 3, the interactions of the configuration of each tolerance are obtained, 

whilst the worst combinations of each group are obtained through the interaction of tolerance in 

PM1 and other PMs. As can be seen, the tolerances in PM1 and PM6 have the largest 

strengthening interaction, whilst the interaction and worst combination in PM6~PM10 are 

identical to that in PM1~PM5. The reason is that the amplitude and phase of the cogging torque 
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due to the tolerance at the rotationally symmetrical rotor position with the period CT are the 

same [GE17], [YAN20], [YAN20b], [LIU22], where CT is the greatest common divisor of slot 

number (Ns) and pole number (2p). Therefore, there are Npm/CT=5 different situations of these 

10 worst combinations, as shown in Table 2.5. 

¶ Worst-case Cogging Torque Analysis 

After determining the individual worst combinations in all three (ὲ  ) groups, they can be 

evaluated collectively to identify the overall worst-case scenario, which results in the overall 

worst-case cogging torque, where the interactive effect of different types of tolerances can be 

considered.  

Since each group has Npm/CT different combinations of obtained worst combinations, the 

sample number for calculating across the three groups based on the full factorial Taguchi 

method is written in (2.4). There are 125 cases for a 12-slot/10-pole machine. 

ὔ
ὔ

ὅ
 (2.4) 

Fig. 2.10 shows the interactions of the overall worst-case scenarios of these three groups 

collectively. As can be seen, all combinations in Group 1 can result in the largest cogging torque 

when it interacts with the different worst combinations of other groups. As a result, there are 

five total overall worst-case scenarios that can yield the same worst-case cogging torque, Fig. 

2.10(b), which have the same amplitude due to geometric symmetry. 
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TABLE 2.5 COMBINED GROUPS AND THEIR LEVELS 

Group Tolerance 

10 worst combinations in each group 

1 (or 6) 2 (or 7) 3 (or 8) 4 (or 9) 5 (or 10) 

1 

ȹBr1/ȹBr6, T +0.065 +0.065 ī0.065 ī0.065 +0.065 

ȹBr2/ȹBr7, T +0.065 ī0.065 ī0.065 +0.065 +0.065 

ȹBr3/ȹBr8, T ī0.065 ī0.065 +0.065 +0.065 +0.065 

ȹBr4/ȹBr9, T ī0.065 +0.065 +0.065 +0.065 ī0.065 

ȹBr5/ȹBr10, T +0.065 +0.065 +0.065 ī0.065 ī0.065 

2 

ȹhm1/ȹhm6, mm +0.14 +0.14 ī0.14 ī0.14 +0.14 

ȹhm2/ȹhm7, mm +0.14 ī0.14 ī0.14 +0.14 +0.14 

ȹhm3/ȹhm8, mm ī0.14 ī0.14 +0.14 +0.14 +0.14 

ȹhm4/ȹhm9, mm ī0.14 +0.14 +0.14 +0.14 ī0.14 

ȹhm5/ȹhm10, mm +0.14 +0.14 +0.14 ī0.14 ī0.14 

3 

ȹŬp1/ȹŬp6 ī0.05 ī0.05 +0.05 +0.05 ī0.05 

ȹŬp2/ȹŬp7 ī0.05 +0.05 +0.05 ī0.05 ī0.05 

ȹŬp3/ȹŬp8 +0.05 +0.05 ī0.05 ī0.05 ī0.05 

ȹŬp4/ȹŬp9 +0.05 ī0.05 ī0.05 ī0.05 +0.05 

ȹŬp5/ȹŬp10 ī0.05 ī0.05 ī0.05 ī0.05 +0.05 
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(a) Interactions 

 

(b) Overall worst-case scenarios 

Fig. 2.10 Interactions and overall worst-case scenarios of three groups. 

Table 2.6 and Fig. 2.11 show one typical identified overall worst-case scenario, which is the 

ñWorst3ò in Fig. 2.10(b). Depending on the properties of PMs to easily distinguish, the PM1, 

PM2, PM6, and PM7 are named ñWeakò PMs, whilst PM3, PM4, PM5, PM8, PM9, and PM10 

are named ñStrongò PMs. 
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TABLE 2.6 OVERALL WORST-CASE SCENARIO OF PM TOLERANCES IN 12-SLOT/10-POLE 

MACHINE 

PM Br hm ♪▬ 

PM1/PM6 īȹBr īȹhm +ȹŬp 

PM2/PM7 īȹBr īȹhm +ȹŬp 

PM3/PM8 +ȹBr +ȹhm īȹŬp 

PM4/PM9 +ȹBr +ȹhm īȹŬp 

PM5/PM10 +ȹBr +ȹhm īȹŬp 

 

Fig. 2.11 Overall worst-case scenario of PM tolerances in 12-slot/10-pole machine (black 

dashed: PMs without tolerance). 

Fig. 2.11 shows the FEM predicted cogging torque of the machine with overall worst-case 

scenario (ñWorst-3ò in Fig. 2.9(b), marked ñWorst PMsò), compared with the cogging torques 

due to worst combinations from Group 1 to 3, individually.  
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(a) Waveforms 

 

(b) Spectra 

Fig. 2.12 FEM predicted cogging torques of 12-slot/10-pole machine without tolerance, with 

worst combinations of each Group, and with overall worst-case scenario of PM tolerances. 

Overall, the worst-case cogging torque of the machine with multiple tolerances in different 

PMs simultaneously and randomly is evaluated by the proposed Taguchi-based pro-precess 

strategy. 

Generally, the sampling number is calculated by: 
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ὔ ρ ὲ ρὲ ὲ ὔ ρὲ
ὔ

ὅ
 (2.5) 

For the 12-slot/10-pole machine, the total sampling number by the Taguchi-based pre-

processing strategy is 381, which is far smaller than 360 (å4.2Ĭ1028) by the full factorial Taguchi 

method. The main reasons are that the non-critical tolerances are ignored by sensitivity analysis, 

whilst the interactions are efficiently obtained by analyzing the characteristics in each group. 

2.4 Further Discussions of Proposed Pre-process Strategy 

In this section, the proposed pre-process strategy will be further discussed. Firstly, the reduction 

of the sampling number is discussed between those without and with the sensitivity analysis 

and grouping technique, whilst the accuracy of predicted worst-case cogging torque with 

ignoring non-critical tolerances is studied and examined by the 12-slot/10-pole machine. 

Secondly, the applicability of the proposed pre-process strategy is discussed for some machines 

with different slot/pole number combinations, indicating whether the proposed pre-process 

strategy is feasible. Finally, the benefits of the proposed pre-process strategy are highlighted 

compared to the existing other methods. 

2.4.1. Sampling Number Reduction 

To indicate the effects of sensitivity analysis and group technique in the proposed strategy, Table 

2.7 compares the sampling numbers based on (2.1)-(2.5) for evaluating worst-case cogging 

torque without/with sensitivity analysis and group technique. For the prototype 12-slot/10-pole 

machine, the sampling numbers are large when only the sensitivity analysis and group technique 

are individually adopted, i.e. 2.1Ĭ1014 and 1.6Ĭ104, respectively, both of which are very large. 

Thus, it is necessary to synergise the sensitivity analysis and group technique. 
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TABLE 2.7 SAMPLING NUMBER EXPRESSIONS AND VALUES IN 12-SLOT/10-POLE MACHINE 

 Expression 
12-slot/10-

pole 

Without pre-

processing strategy 
ὲ  4.2Ĭ1028 

With only 

sensitivity analysis 
ρ ὲ ρὲ ὲ  2.1Ĭ1014 

With only 

grouping technique 
ὲ ὔ ρὲ

ὔ

ὅ
 1.6Ĭ104 

With pre-

processing strategy 
(both sensitivity 

analysis and 

grouping technique) 

ρ ὲ ρὲ ὲ ὔ ρὲ
ὔ

ὅ
 3.8Ĭ102 

Fig. 2.13 shows the worst-case cogging torques in the 12-slot/10-pole machine without and 

with ignoring non-critical tolerances. As can be seen, the amplitudes of worst-case cogging 

torque are almost the same in the 12-slot/10-pole machine without and with ignoring non-

critical tolerances. This means that ignoring non-critical tolerances in the sensitivity analysis 

almost does not affect the accuracy of results. However, the sampling number is reduced 

significantly, from 1.6Ĭ104 to 3.8Ĭ102. 
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(b) Spectra 

Fig. 2.13 FEM predicted worst-case cogging torques of 12-slot/10-pole machine without/with 

ignoring non-critical PM tolerances. 

2.4.2. Applicability Considering Slot and Pole Numbers 

For the PM machines with different slot/pole number combinations, the required sampling 

numbers are also different, as can be found in (2.5). The accepted sampling number is 

determined by the time consumption. If the time consumption of one sampling simulation by 

FEM is two minutes [LIU22], there need almost 14 days to finish 1Ĭ104 cases of sampling 

FEM simulations. Thus, it is unacceptable to calculate more than 1Ĭ104 cases. 

For instance, Table 2.8 shows the sampling numbers for the 12-slot machines with different pole 

numbers, i.e. 4, 8, 10, 14, 20, and 22. Obviously, when ὲ =3, the sampling numbers are less 

than 1Ĭ104 cases in all machines. However, when ὲ  =4, the sampling number for the 12-

slot/22-pole machine is 13+4Ĭ(22-1) Ĭ32+114=15,410 (å1.5Ĭ104), which is not suitable for this 

proposed strategy. 

Overall, the proposed pre-process strategy is suitable for machines with small Npm/CT (i.e. Ò10) 

and small ὲ   (i.e. Ò4). It is worth noting that this already includes the most common PM 

machines [BIL15], [BIL19], [SUN20], [YAN21], [YAN22], [ZHE23], [ELR10]. 
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TABLE 2.8 COMPARISON OF SAMPLING NUMBER OF MACHINES BY TAGUCHI METHOD 

WITHOUT/WITH PRE-PROCESSING STRATEGY  

 
12-slot/ 

4-pole 

12-slot/ 

8-pole 

12-slot/ 

10-pole 

12-slot/ 

14-pole 

12-slot/ 

20-pole 

12-slot/ 

22-pole 

CT 4 4 2 2 4 2 

Npm/CT 1 2 5 7 5 11 

Without pre-processing strategy 

Nsamp (nsel=3) 2.8Ĭ1011 8.0Ĭ1022 4.2Ĭ1028 1.2Ĭ1040 1.8Ĭ1057 9.6Ĭ1062 

With only sensitivity analysis 

Nsamp (nsel=3) 5.3Ĭ105 2.8Ĭ1011 2.1Ĭ1014 1.1Ĭ1020 4.2Ĭ1028  3.1Ĭ1031 

With only grouping technique 

Nsamp (nsel=3) 1.6Ĭ102 4.4Ĭ102 1.6Ĭ104 1.2Ĭ105 1.6Ĭ104 1.8Ĭ106 

With pre-processing strategy (both sensitivity analysis and grouping technique) 

Nsamp (nsel=3) 9.5Ĭ10 2.1Ĭ102 3.8Ĭ102 7.1Ĭ102 6.5Ĭ102 1.9Ĭ103 

Nsamp (nsel=4) 1.2Ĭ102 2.8Ĭ102 9.6Ĭ102 2.9Ĭ103 1.3Ĭ103 1.5Ĭ104 

2.4.3. Evaluation of Pre-processed Taguchi method with Other Existing 

Methods 

Even though there are only a few methods to analyse worst-case cogging torque due to PM 

tolerance in literature, i.e. phasor analysis [GE17], WUCA method [YAN20], [YAN20b], 

[LIU22], and conventional Taguchi method [KIM16], [PAU19], [KIM18], existing 

optimization methods can be anticipated to analyse worst-case cogging torque when the 

variables are the PM tolerances and the expected target is the highest cogging torque, e.g. 

Intelligent algorithms (IA) [DAU13], [MA18] and Design of experiments (DOE) [MEN23], 

[KLE08]. Therefore, these methods are compared together briefly to show the benefits of the 

proposed pre-process strategy, as shown in Table 2.9. 

Overall, compared to the existing methods, since the proposed pre-process strategy can take 

into account multiple tolerances, without complex analytical analysis, and the acceptable 

sampling number, it is suitable for machines having small Npm/CT (i.e. Ò10) and low number of 
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critical tolerances ὲ  (i.e. Ò4), which includes the most common machines, as explained in 

the aforementioned part. 

TABLE 2.9 PROS AND CONS OF EXISTING METHODS 

Method Pros Cons 

Phasor analysis [GE17] ¶ Efficient ¶ Only one type tolerance 

WUCA [YAN20], [YAN20b], 

[LIU22] 
¶ Multiple tolerances ¶ Complex analysis 

IA [DAU13], [MA18] 
¶ Multiple tolerances 

¶ No complex analysis 
¶ Large sampling number 

DOE [MEN23], [KLE08] 
¶ Multiple tolerances 

¶ No complex analysis 

¶ Large sampling number 

Conventional Taguchi 

[KIM16], [PAU19], [KIM18] 

¶ Multiple tolerances 

¶ No complex analysis 

¶ Large sampling number 

Proposed Taguchi-based pre-

process strategy 

¶ Multiple tolerances 

¶ No complex analysis 

¶ Acceptable sampling number 

¶ small Npm/CT (i.e. Ò10) 

and low number of 

critical tolerances ὲ  

(i.e. Ò4) 

 

2.5 Experimental Validation 

In this section, the prototypes for 12-slot/10-pole machines are fabricated. Firstly, the FEM-

predicted electromagnetic performances of these prototypes are calculated. Secondly, the 

measured and FEM-predicted phase back-EMFs are compared. Lastly, the measured and FEM-

predicted cogging torques are compared. By assessing the consistency between these 

experimental and FEM-predicted results, the FEM models and the previous results based on 

FEM models are verified. 

2.5.1. Prototypes 

Fig. 2.14 shows the fabricated prototypes, including one stator and three rotors (Rotor-1: 
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without tolerance, Rotor-2: with one PM +ȹBr, Rotor-3: with worst-case scenario of PM 

tolerances as shown in Table 2.6). The dimensions for both stator and rotor cores are the same 

as the values in Table 2.1, whilst PM tolerances are referenced in Table 2.2 except for the Ñ10% 

variation of ȹBr since it is easier to be distinguished by the supplier. The keys to manufacturing 

prototypes are controlling the properties of the PMs and fixing the position of PMs on the rotor. 

In terms of PM manufacturing, there is only one shape of PM with south and north parallelly 

magnetisations in the Rotor-1 and Rotor-2, whilst there are two shapes of PM produced, the 

ñWeakò and ñStrongò PMs with south and north parallelly magnetisations in the Rotor-3. In 

terms of fixing the position of PMs on the rotor, controlling the gap between PMs is adopted 

to fix PM positions. 

  

(a) Stator (b) Rotor-1 (c) Rotor-2 (d) Rotor-3 

Fig. 2.14 Prototypes of 12-slot/10-pole machine. 

Through the assembly of stators and rotors, three prototypes of 12-slot/10-pole PM machines 

can be obtained, i.e., without tolerance, with one PM +ȹBr, and with worst-case scenario of 

PM tolerances.  

2.5.2. FEM-predicted Electromagnetic Performances 

Fig. 2.15 shows three FEM models for the prototypes of 12-slot/10-pole PM machines. The 

parameters of these three FEM models (named Prototype-1, Prototype-2, and Prototype-3) 

adopt the values in Table 2.1. Prototype-1, Prototype-2, and Prototype-3 correspond to the 

scenarios without tolerance, with +10% variation of ȹBr of PM1, and with worst-case scenario 

With 
Worst PMs

Without 
tolerance

With
 one PM 

+ȹBr
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of PM tolerances (values in Table 2.6), respectively. Besides, each FEM model incorporates 

three phases of windings, with 154 series turns per phase. 

The no-load and on-load electromagnetic performances of Prototype-1, Prototype-2, and 

Prototype-3 are calculated as follows. 

 

(a) Prototype-1: without tolerance 

  

(b) Prototype-2: with one PM (PM1) +ȹBr (c) Prototype-3: with worst-case scenario 

Fig. 2.15 FEM models for prototypes. 

¶ No-load condition analyses 

Fig. 2.16 shows the no-load equal potential and flux density distributions of these three models. 
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The difference is obvious between Prototype-1 and Prototype-3. Since there are weak 

PM1/PM2/PM6/PM7 in Prototype-3, the flux density distributions face PM1/PM2/PM6/PM7 

in Prototype-3 are lower than that in Prototype-1, particularly tooth tips. However, since there 

are strong PM1/PM2/PM6/PM7 in Prototype-3, the flux density distributions facing 

PM3/PM4/PM5/PM7/PM9/PM10 in Prototype-3 are higher than those in Prototype-1. 

 

(a) Prototype-1: without tolerance 

  

(b) Prototype-2: with PM1 +ȹBr (c) Prototype-3: with worst-case scenario 

Fig. 2.16 FEM-predicted equal potential and flux density for Prototype-1, 2, and 3. 

Fig. 2.17 shows the no-load airgap flux densities of three models, accounting for radial and 

tangential flux densities in the middle of airgap. As can be seen, both radial and tangential flux 

densities are increased with the number of PM tolerances. For instance, the 5th and 25th spatial 
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harmonics exhibit the highest amplitudes in the Prototype-3 with worst-case scenario, followed 

by higher amplitudes in Prototype-2 with PM1 +ȹBr, and the lowest amplitudes in Prototype-

1 without any tolerance. Besides, it can be found that PM tolerance leads to many other orders 

of spatial harmonics of radial and tangential flux densities, such as the 7th, 13th, and 27th spatial 

harmonic orders. 

 

(.a) Waveforms 

 

(.b) Spectra 
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(.a) Waveforms 

 

(.b) Spectra 

Fig. 2.17 FEM-predicted airgap flux densities for Prototype-1, 2, and 3. () Radial. () 

Tangential. 

Fig. 2.18 shows the FEM-predicted no-load phase flux linkages for Prototype-1, Prototype-2, 

and Prototype-3. As can be seen, the flux linkage increases with the number of PM tolerances 

since more strong PMs are involved, i.e., the 5th harmonics are 0.0462, 0.0465, and 0.0467 Wb 

in Prototype-1, Prototype-2, and Prototype-3, respectively. In addition, some harmonic orders 

occur when the worst-case scenario of PM tolerances is involved, i.e., 3rd and 7th harmonic 

orders in Prototype-3. 
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(a) Waveforms 

 

(b) Spectra 

Fig. 2.18 FEM-predicted phase flux linkages for Prototype-1, 2, and 3. 

Fig. 2.19 shows the FEM-predicted phase back-EMFs of three models at 1000 rpm. The trend 

of these results is consistent with the aforementioned FEM-predicted no-load phase flux 

linkages. More strong PMs result in higher back-FEM, whilst the variation of the PMs causes 

additional harmonic orders in back-EMF, such as the 3rd and 7th. 
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(a) Waveforms 

 

(b) Spectra 

Fig. 2.19 FEM-predicted phase back-EMFs at 1000 rpm for Prototype-1, 2, and 3. 

Fig. 2.20 shows the FEM-predicted cogging torques of three models. Since the PM tolerances 

result in the slot number harmonic of cogging torque primarily, i.e., the 12th harmonic in the 

investigated 12-slot/10-pole machine, 30 mechanical degrees (360/12=30 mechanical degrees) 

is sufficient to show the cogging torque due to any PM tolerances, including the interaction of 

different PM tolerances. As can be seen, PM tolerances result in the 12th and the multiple of 

the 12th harmonics of cogging torque, particularly the 12th harmonic. The amplitude of the 12th 

and the multiple of the 12th harmonics are increased with the more strengthening effect of the 
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PM tolerances. The amplitude of the 12th is 1.7 mNm due to +10% variation of ȹBr of PM1 in 

Prototype-1, whilst it is 23.9 mNm due to worst-case scenario of PM tolerances in Prototype-

3. 

 

(a) Waveforms 

 

(b) Spectra 

Fig. 2.20 FEM-predicted cogging torques for Prototype-1, 2, and 3. 

¶ On-load condition analysis 

Fig. 2.21 shows the FEM-predicted on-load electromagnetic torques of Prototype-1, Prototype-

2, and Prototype-3, when phase current Irms is 2.5A and rotating speed n is 3000rpm. Without 
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tolerance, the torque is very stable and contains only slight harmonics, i.e., mechanical 30th and 

multiple of 30th (electrical 6th and multiple of 6th). However, torque ripple becomes larger due 

to PM tolerance, i.e., 0.5%, 0.8%, and 9.3% in Prototype-1, Prototype-2, and Prototype-3, 

respectively. This increase is primarily attributed to the heightened presence of the 12th 

harmonic, with an important contributor being cogging torque. 

 

(a) Waveforms 

 

(b) Spectra 

Fig. 2.21 FEM-predicted torques at phase Irms=2.5A and n=3000rpm for Prototype-1, 2, 
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and 3. 

2.5.3. Measured Back-EMFs 

Fig. 2.22 presents the measured and FEM predicted phase back-EMFs in the 12-slot/10-pole 

machine without tolerance, with one PM +ȹBr, and with the worst-case scenario of PM 

tolerances. Notably, one stator phase winding of the prototype is wound 154 series turns for 

measuring the phase back-EMF. 

As can be seen, the measured phase back-EMFs agree with the FEM predicted results, 

underpinning the correctness of the models by FEM in the previous Sections. In addition, the 

amplitudes of 5th harmonic of phase back-EMF keep the same (around 25 V/krpm), whilst the 

amplitude of 7th harmonic is 0, 0.3, 1.8 V/krpm in the machine without tolerances (Fig. 

2.21(I.b)), with one PM +ȹBr (Fig. 2.21(II.b)), and with worst-case scenario of PM tolerances 

(Fig. 2.21( .b)), respectively. It indicates that PM tolerance affects the 7th harmonic of phase 

back-EMF, but the impact is not large when compared with the constant 5th harmonic. In 

summary, the influence of manufacturing tolerances in PMs on the back-EMFs is not 

significant, which is consistent with [ZHU12]. 
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(.b) Spectra 

 

(.a) Waveforms 
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(.b) Spectra 

 

( .a) Waveforms 
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( .b) Spectra 

Fig. 2.22 Measured and FEM predicted phase back-EMFs in 12-slot/10-pole machine at 1000 

rpm. () Without tolerance. () With one PM +ȹBr. (III) With worst-case scenario of PM 

tolerances. 

2.5.4. Measured Cogging Torques 

Fig. 2.23 depicts the test rig for measuring cogging torque, as described in [ZHU09]. It is 

equipped with a rotary disk that controls the mechanical angle of the lathe's jaws, which hold 

the prototype. The rotor of the prototype is connected to a balanced beam, which is then 

measured by a digital scale with a pre-load, ensuring that the measured torque is unidirectional. 

Finally, the torque acting on the rotor can be measured by rotating the rotary disk. 
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Fig. 2.23 Test rig for measuring cogging torque. 

Fig. 2.24 shows the measured and FEM predicted cogging torques in the 12-slot/10-pole 

machine without tolerance, with one PM +ȹBr, and with the worst-case scenario of PM 

tolerances. Firstly, the measured and FEM predicted results agree well, which has verified the 

correctness of the previous FEM cogging torques. Secondly, comparing the measured results 

of the three cases, the 12th harmonics is increased from 0 in the machine without tolerance to 2 

mNm in the machine with one PM +ȹBr, and to 25 mNm in the machine with the worst-case 

scenario of PM tolerances, indicating PM tolerances can lead to the 12th harmonic of cogging 

torque fluctuations from 0 to 25mNm. It indicates the influence of the worst-case scenario of 

PM tolerances on the cogging torque is very obvious, although the influence of individual PM 

tolerance is only slight. 
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( .a) Waveforms 

 

( .b) Spectra 

Fig. 2.24 Measured and FEM predicted cogging torques in 12-slot/10-pole machine. () 

Without tolerance. () With one PM +ȹBr. (III) With worst-case scenario of PM tolerances. 

Overall, the measured results of the prototype 12-slot/10-pole machine agree well with the 

FEM predicted results by the proposed pre-process strategy. 

2.6 Summary 

In this chapter, a unique pre-process strategy based on Taguchi method has been proposed to 

reduce the sampling number for identifying the worst-case cogging torque, accounting for 
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interactions of PM tolerances. This strategy consists of three steps: (1) The ranges of the 

investigated PM tolerances are determined. (2) The sensitivity analysis is performed to select 

the critical tolerances. (3) By dividing the selected critical tolerances into different groups, the 

tolerance interactions and worst combinations are identified within each group, and 

subsequently, the worst-case cogging torque is identified.  

The main contributions are as follows. By employing the proposed pre-process strategy, the 

sampling number is significantly reduced, which is from an unrealistic 4.2Ĭ1028 to an acceptable 

381 in the prototype 12-slot/10-pole machine, without affecting the accuracy of the identified 

worst-case cogging torque. In addition, compared to existing methods, i.e., phasor analysis, 

WUCA method, IA, and DOE, it is suitable for machines having small Npm/CT (i.e. Ò10) and 

low number of critical tolerances ὲ  (i.e. Ò4).  

The measured results of the 12-slot/10-pole machine agree well with the FEM predicted results 

by the proposed pre-process strategy. Moreover, although the pre-process strategy is carried out 

based on PM tolerances, it can also be adapted to other manufacturing tolerances, e.g. tooth 

tolerances, which will be reported in the future.  
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CHAPTER 3 

INTERACTION EFFECT OF PM TOLERANCES AND 

ROTOR ECCENTRICITIES ON COGGING TORQUE  

This chapter investigates the interaction effects of PM tolerances and rotor eccentricities on 

cogging torque of 12-slot/10-pole PM machines by FEM and phasor analysis. It is found that 

(a) SE and PM tolerances always have a strengthening interaction to deteriorate the cogging 

torque; (b) DE and PM tolerances have a weakening interaction when a weak (e.g., lower 

remanence) PM is close to the minimum airgap, whilst vice versa when a strong (e.g., higher 

remanence) PM is close to the minimum airgap. The experiments verify the FEM-predicted 

cogging torques and the interaction effects between PM tolerances and rotor eccentricities on 

cogging torque in 12-slot/10-pole PM machine. 

This chapter was published at the 2nd International Conference on Sustainable Mobility 

Applications, Renewables and Technology (SMART) [XIA22], and also has been submitted to 

IEEE Transactions on Industry Applications [XIA24b]. 

D. Xiang, Z.Q. Zhu, Y. Wu, F. Xu, and Y. Cheng, ñInfluence of magnet tolerances and rotor 

eccentricities on cogging torque of 12-slot/10-pole PM machines,ò Int. Conf. Sustain. Mobility 

Appl. Renew. Technol. (SMART), Cassino, Italy, 2022, pp. 1-15. 

D. Xiang, Z.Q. Zhu, D. Liang, Y. Wu, F. Xu, and Y. Cheng, ñInteraction effects of PM 

tolerances and rotor eccentricities on cogging torque of 12-slot/10-pole PM,ò IEEE Trans. Ind. 

Appl., accepted, DOI: 10.1109/TIA.2024.3400945. 

3.1 Introduction  

In mass production of PM machines, the manufacturing tolerances, such as PM tolerances 

[OU18] [GE17] [REA21] [YAN20] [LIU22] [QIA14] [KAL14] [WU15] [TON20] [ISL11] 

[KIM18] [PAU19] and rotor eccentricities [QIA14] [KAL14] [WU15] [TON20] [ISL11] 

[KIM18] [PAU19] [HWA01] [KIM05] [YOO05] [ZHU14] [LI16] [HE22] [RIQ21] [XIA22c], 

may give rise to detrimental impacts on the machine performance, particularly cogging torque 

[ZHU00] [BIA02] [HWA01b] [LAT06] [ZHU09]. 
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The influence of PM tolerances, e.g., variations of remanence, thickness, width, and position, 

on cogging torque is widely evaluated [OU18] [GE17] [REA21] [YAN20] [LIU22]. On the 

one hand, the effects of PM tolerances in one PM have been analyzed in [OU18] for 12-slot/10-

pole PM machines. On the other hand, the effects of PM tolerances in various PMs have been 

analyzed in [GE17] [REA21] [YAN20] [LIU22] for 12-slot/8-pole, 12-slot/10-pole, and 18-

slot/16-pole PM machines, particularly corresponding to the worst-case scenario with the 

highest cogging torque. Compared to the effects of tolerances in one PM, the effects of 

tolerances in various PMs are larger and more common in mass production. In addition, many 

studies have investigated the influence of rotor eccentricities on cogging torque, accounting for 

SE and DE [HWA01] [KIM05] [YOO05] [ZHU14] [LI16] [HE22] [RIQ21] [XIA22c]. In 

particular, the effects of SE and DE on the cogging torque are systematically investigated in 

[ZHU14] for the PM machines with different slot/pole number combinations, e.g., 9-slot/8-

pole, 9-slot/10-pole, 12-slot/10-pole, and 12-slot/14-pole, etc. It indicates that the main 

harmonics due to SE and DE are the pole number and the slot number, respectively, whilst the 

smaller the difference between slot and pole numbers the larger the amplitude of cogging 

torque. 

Several papers also analyze the influence of both PM tolerances and rotor eccentricities on 

cogging torque [QIA14] [KAL14] [WU15] [TON20] [ISL11] [KIM18] [PAU19]. In [QIA14] 

[KAL14] [WU15] [TON20], the influences of PM tolerances and rotor eccentricities on 

cogging torque are analyzed individually, but the cases when these two tolerances occur 

simultaneously are not considered. Even though PM tolerances and rotor eccentricities 

occurring simultaneously are considered in [ISL11] [KIM18] [PAU19], the interaction effects 

are not analyzed and different relative locations between these two tolerances are ignored. In 

specific, in [ISL11], the influence of SE and the same values of tolerances (PM remanence, 

width, and magnetization direction) in all PMs on the cogging torque of 27-slot/6-pole PM 

machine is decreased by redesigning the stator core and PM shape. Since all tolerances in 

different PMs are the same, there is no relative location difference between these two 

tolerances. Even though the distributions of the gap between the PM and the PM cavity 

[KIM18] and tolerances of remanence, magnetization direction, circumferential position, and 

radial position [PAU19] in different PMs are considered with rotor eccentricities in 12-slot/8-

pole PM machine to analyze the machine performance and for robust design, respectively, the 

different relative locations between PM tolerances and rotor eccentricities are ignored. In 

practical mass production, it is more common that both PM tolerances and rotor eccentricities 
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occur in a random relative location in the machine, but up to date, they have not been evaluated 

in literature, and subsequently, the interaction effects of these two tolerances on cogging torque 

based on their relative location has not been analysed. 

Therefore, this chapter investigates the interaction effects between PM tolerances and rotor 

eccentricities on cogging torque of 12-slot/10-pole PM machine, accounting for the relative 

locations between the diversified PM and eccentric rotor (minimum airgap). Since there are 

many distributions of PM tolerances, the worst-case scenario that results in the highest cogging 

torque is obtained. By adopting this special distribution of PM tolerances, the interaction effects 

between PM tolerances and rotor eccentricities on cogging torque are investigated by different 

relative locations of the eccentric rotor, accounting for eccentricity ratio, eccentricity angle, 

and rotor initial angle. 

In this chapter, firstly, the machine topology for 12-slot/10-pole PM machine, PM tolerances, 

and rotor eccentricities are presented. Next, the influences of PM tolerances and rotor 

eccentricities are derived individually. Moreover, the interaction effects of PM tolerances and 

rotor eccentricities are analysed, accounting for eccentricity ratio, eccentricity angle, and rotor 

initial angle. Finally, the FEM-predicted cogging torques and interaction effects are verified by 

the measured results of prototypes. 

3.2 Machine Topology and Two Tolerances 

3.2.1 Machine Topology 

Fig. 3.1 shows the topology of 12-slot/10-pole PM machine, where PMs are magnetized 

parallelly and numbered in sequence. The main parameters are listed in Table 3.1. 
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Fig. 3.1 12-slot/10-pole PM machine (PMs are numbered). 

TABLE 3.1 MAIN DIMENSIONS OF 12-SLOT/10-POLE PM MACHINE 

Parameter Value Parameter Value 

Slot number (Ns) 12 Pole number (2p) 10 

Stator outer radius (R3), mm 30 Rotor outer radius (R1), mm 16.4 

Stator yoke width (Wy), mm 3.5 Rotor inner radius (Rin), mm 7 

Stator tooth width (Wt), mm 5 PM thickness (hm), mm 2.8 

Slot opening (b0), mm 2 PM remanence (Br), T 1.32 

Stator bore radius (R2), mm 18 Pole-arc (Ŭp) 0.7 

Number of phases (Nphase) 3 Min airgap length (lg), mm 0.8 

Series turns per phase (Nturns) 154 Axial length (L), mm 50 

3.2.2 PM Tolerances 

Due to the tolerances of materials and manufacture in mass production, the assembled PMs 

may exhibit different properties. The most important tolerances include the diversities in PM 

remanence, thickness, width, and circumferential position, which have a great impact on the 

cogging torque [OU18] [GE17] [REA21] [YAN20] [LIU22] [QIA14] [KAL14] [WU15] 

[TON20] [ISL11] [KIM18] [PAU19]. These four diversities are depicted as ȹBr, ȹhm, Ў‌, and 

ȹŭm, respectively, as shown in Fig. 3.2. The ranges of all analysed PM tolerances are listed in 
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Table 3.2, where the range of ȹBr is set to Ñ10% of the ideal value [OU18], while ȹhm and Ў‌ 

are chosen as Ñ5% of the ideal values. In addition, the range ȹŭm is chosen as Ñ0.5Á [PAU19]. 

 

Fig. 3.2 PM tolerances. 

3.2.2 Rotor Eccentricities 

Fig. 3.3 illustrates rotor eccentricities, including SE and DE. In terms of SE, the rotation axis 

is fixed at the centre of the rotor (Or), and the minimum airgap is static. In terms of DE, the 

rotation axis is at the centre of the stator bore (Os) and the minimum airgap is rotating with the 

rotor.  

As the machine with either SE or DE, the eccentricity ratio (ȹŮ) is used to indicate the severity 

of rotor eccentricity, which can be expressed as 

DŮ=X/lg (3.1) 

where X is the rotor offset distance and lg is the minimum airgap length.  

The eccentricity angle (ȹŬ) represents the angular position difference between the minimum 

airgap and the centreline of Tooth1 in the stator, which is used to indicate the eccentric rotor 

location. For example, ȹŬ equals 0Á when the minimum airgap aligns with the centreline of 

Tooth1. In addition, the angle between PM1 and the minimum airgap is designated as the rotor 

initial angle (ȹɓ) to indicate the relative location of the PM in the eccentric rotor. For example, 

ȹɓ equals 0Á and 108Á. when PM1 and PM4 are close to the minimum airgap, respectively.  

In this chapter, the rotor eccentricity ratio (ȹŮ) is analysed from 0 to 0.5. Besides, the rotor 

eccentricity angle (ȹŬ) and rotor initial angle (ȹɓ) are from 0Á to 360Á, as listed in Table 3.2. 
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Fig. 3.3 Rotor eccentricities. 

TABLE 3.2 RANGE OF PM TOLERANCES AND ROTOR ECCENTRICITIES 

Tolerance Range 

PM remanence (ȹBr) Ñ10% 

PM thickness (ȹhm) Ñ5% 

PM width (ȹ‌) Ñ5% 

PM circumferential position (ȹŭm), mech.deg. Ñ0.5 

Eccentricity ratio (ȹŮ) 0~0.5 

Eccentricity angle (ȹŬ), mech.deg. 0~360 

Rotor initial angle (ȹɓ), mech.deg. 0~360 

3.3 Analysis of Influence of PM Tolerances or Rotor Eccentricities 

3.3.1 Influence of PM Tolerances 

Since the distribution of PM tolerances in the rotor PMs is random, it is necessary to find a 

special case to represent PM tolerances, which is the worst-case scenario of PM tolerances, 

resulting in the highest cogging torque.  

Phasor analysis is used together with FEM to evaluate the worst-case scenario of PM tolerances, 

especially in machines (e.g. 12-slot/10-pole PM machine) where the cogging torque is small in 

the absence of tolerances [GE17], [XIA22c]. The key point of phasor analysis is to transfer the 
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rotor magnetomotive force (MMF) to a phasor diagram coordinate. Since the larger amplitude 

of the resultant phasor the larger the cogging torque due to PM tolerances [GE17], [REA21], 

the worst-case scenario of PM tolerances could be derived through the distribution of phasors 

of rotor MMF. 

Fig. 3.4 shows the distribution of phasors for rotor MMF due to PMs in the 12-slot/10-pole PM 

machine. The mechanical angle between adjacent PM phasors is 36 mech.deg. since 10 PMs are 

evenly distributed around a circle. The electrical angle between adjacent PM phasors is 36Ĭ12 = 

432 elec.deg. (72 elec.deg.) since one PM passes 12 slots in one rotation circle. Since every 

diversified PM interacts with the slots 12 times in one rotation circle, the main harmonic of 

cogging torque due to PM tolerances is the 12th. 

When the 12-slot/10-pole PM machine has no tolerance, the resultant phasor is zero. However, 

when the 12-slot/10-pole PM machine has PM tolerances, the resultant phasor depends on the 

amplitude and phase angle of each phasor. 
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(b) Electrical degree 

Fig. 3.4 Phasors for rotor MMF due to PMs in 12-slot/10-pole PM machine. 

Considering only a single phasor, referring to [GE17], [REA21], and the values defined in 

Chapter 3.2, the larger ȹBr and ȹhm, the larger amplitude of the phasor. However, the smaller 

ȹŬp, the larger amplitude of the phasor since ȹŬp is inversely related to the amplitude of the 12th 

harmonic of rotor MMF under the investigated machine referring to [REA21]. The phasor angle 

is related to the PM circumferential position (ȹŭm). As a result, a typical maximum resultant 

phasor can be obtained from the amplitude and angle variations of these 10 phasors due to PM 

tolerances, as shown in Fig. 3.5(a), when the 6 phasors on the same side are the maximum value 

whilst the other 4 phasors are the minimum value, as designated as the worst-case scenario of 

PM tolerances.  

The maximum value of the superimposed phasor can be determined as follows. Table 3.3 

presents the coordinates of these 10 phasors when Phasor No. 4 (or No. 9) is aligned with the 

positive direction of the x-axis. In the expressions provided in Table 3.3, ὃ represents the 

component related to the PM without manufacturing tolerance, while ὃ accounts for the 

manufacturing tolerances of the PMs and is proportional to ὄὶ and άȢ 

Expression (3.2) represents the magnitude of the resultant superposition of the 10 phasors. By 

substituting the values from Table 3.3 into this expression, a complete formula for the 
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superposition modulus can be derived. By further evaluating this formula to determine its 

maximum value, the relative positioning of the 10 sets of coordinates that satisfy this maximum 

condition can be identified. Table 3.4 illustrates one such combination where the superimposed 

value is the largest. 

τὼ ὼ ὼ ὼ τώ ώ ώ ώ  (3.2) 

TABLE 3.3 X AND Y AXIS VALUES OF 10 PHASORS 

Phasor Expression x axis value y axis value 

1 and 6 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
τ“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

τ“

υ
ρςЎ‌  

2 and 7 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
φ“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

φ“

υ
ρςЎ‌  

3 and 8 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
ψ“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

ψ“

υ
ρςЎ‌  

4 and 9 ὼȟώ  ὼ ὃ ЎὃÃÏÓ ρςЎ‌  ώ ὃ ЎὃÓÉÎ ρςЎ‌  

5 and 10 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
ς“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

ς“

υ
ρςЎ‌  

TABLE 3.4 X AND Y AXIS VALUES OF ONE COMBINATION OF LARGEST VALUE OF 

SUPERIMPOSED PHASORS 

Phasor Expression x axis value y axis value 

1 and 6 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
τ“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

τ“

υ
ρςЎ‌  

2 and 7 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
φ“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

φ“

υ
ρςЎ‌  

3 and 8 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
ψ“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

ψ“

υ
ρςЎ‌  

4 and 9 ὼȟώ  ὼ ὃ Ўὃ ώ π 

5 and 10 ὼȟώ  ὼ ὃ ЎὃÃÏÓ 
ς“

υ
ρςЎ‌  ώ ὃ ЎὃÓÉÎ 

ς“

υ
ρςЎ‌  

Fig. 3.5(a) shows the configuration of the phasors illustrated in Table 3.3. More intuitively, as 

shown in Fig. 3.5(b), the typical worst-case scenario of PM tolerances, named ñWorst PMsò, is 

that: the tolerances are īȹBr/īȹhm/+ȹ‌  of PM1, PM2, PM6, and PM7, named weak PM, 

whilst tolerances are +ȹBr/+ȹhm/īȹ‌ of PM3, PM4, PM5, PM8, PM9, and PM10, named 

strong PM. In terms of ȹŭm, all the PMs are concentrated towards PM4 or PM9. Table 3.5 

illustrates this ñWorst PMsò in the investigated 12-slot/10-pole PM machine. 

By solving the extreme value of equation (3.2), a total of five groups of phasor distributions that 

maximize the value of (3.2) can be obtained. In other words, due to the rotational symmetry 

shown in Fig. 3.5(b), five configurations of the phasor can also be identified. 
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(a) Phasor configuration 

 

(b) Rotor configuration 

Fig. 3.5 Worst PMs (weak: īȹBr/īȹhm/+ȹŬp, strong: +ȹBr/+ȹhm/īȹŬp) in 12-slot/10-pole 

PM machine. 
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TABLE 3.5 WORST PMS IN 12-SLOT/10-POLE PM MACHINE 

No. Br hm Ŭp ŭm 

PM1/PM6 īȹBr īȹhm +ȹŬp īȹŭm 

PM2/PM7 īȹBr īȹhm +ȹŬp +ȹŭm 

PM3/PM8 +ȹBr +ȹhm īȹŬp +ȹŭm 

PM4/PM9 +ȹBr +ȹhm īȹŬp 0 

PM5/PM10 +ȹBr +ȹhm īȹŬp īȹŭm 

Fig. 3.6 shows the FEM-predicted cogging torques due to this Worst PMs, compared with the 

cases without tolerance and with tolerances in some PMs, such as weak PM1, weak PM1/PM2, 

and weak PM1/PM2 and strong PM3/PM4/PM5. As can be seen, even though there are some 

high-order harmonics, the main harmonic of these cogging torques is the 12th, whilst the cogging 

torque due to Worst PMs is the largest. It is consistent with the previous analysis. 
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(b) spectra. 

Fig. 3.6 FEM-predicted cogging torques of 12-slot/10-pole PM machines without tolerance, 

with tolerances in some PMs (weak PM1, weak PM1/PM2, and weak PM1/PM2 and strong 

PM3/PM4/PM5), and Worst PMs. 

3.3.2 Influence of Rotor Eccentricities 

Phasor analysis can also be introduced to evaluate the influence of rotor eccentricities on 

cogging torque, including the worst-case scenario which results in the highest cogging torque. 

Since airgap is asymmetric in the circumferential and the minimum airgap position periodically 

changes due to rotor eccentricities, the relative airgap permeance due to rotor eccentricities 

changes periodically, which results in the additional harmonics of cogging torque. 

Fig. 3.7 shows the phasor for relative airgap permeance due to SE in the 12-slot/10-pole PM 

machine. The relative location of SE is fixed to the circumference of the stator when the rotor 

rotates. Using the location of Tooth1 as a reference, the mechanical degree of this phasor is the 

eccentricity angle since it is the angle between minimum airgap and Tooth1, i.e., ȹŬ. Electrical 

degree of this phasor is 12 times of mechanical angle since 12 teeth are evenly distributed around 

a circumferential circle, i.e. 12ĬȹŬ. Since the minimum airgap is fixed at the circumference of 

the stator and interacts with PM 10 times in one rotation circle, the main harmonic order of 

cogging torque due to SE is the 10th. Overall, SE results mainly in the 10th harmonic of cogging 

torque and the amplitude and phase angle are proportional to the eccentricity ratio and 

eccentricity angle, respectively. 
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(a) Mechanical degree 

 

(b) Electrical degree. 

Fig. 3.7 Phasor for relative airgap permeance due to SE in 12-slot/10-pole PM machine. 

Fig. 3.8 shows the phasor for relative airgap permeance due to DE in the 12-slot/10-pole PM 

machine. Adopting the location of PM1 as a reference, the mechanical degree of the phasor 

produced by DE is the rotor initial angle since it is the angle between minimum airgap and PM1, 

i.e., ȹɓ. The electrical angle is 10 times of mechanical degree since 10 PMs are evenly 

distributed around a circumferential circle, i.e., 10ĬȹŬ. Since the minimum airgap is fixed at the 

circumference of the rotor and interacts with the tooth 12 times in one rotation circle, the main 

harmonic of cogging torque due to DE is the 12th. Overall, for the 12th harmonic of cogging 

torque due to DE, the amplitude is proportional to the eccentricity ratio, whilst the phase angle 

depends on the rotor initial angle. 
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(a) Mechanical degree 

 

(b) Electrical degree 

Fig. 3.8 Phasors for relative airgap permeance due to DE in 12-slot/10-pole PM machine. 

Therefore, irrespective of the eccentricity angle and rotor initial angle, the worst-case scenario 

for SE (or DE) with the highest cogging torque occurs when the eccentricity ratio (ȹŮ) is at its 

maximum, i.e., ȹŮ=0.5 in this study. 

Fig. 3.9 shows the FEM-predicted cogging torques due to SE or DE, considering the eccentricity 

ratios ȹŮ = 0.3 and 0.5. As can be seen, the main harmonics of cogging torque are the 10th and 

the 12th in the machine with SE and DE, respectively. The amplitude of harmonics is increased 

with eccentricity ratio, i.e., 2.8 mNm (ȹŮ=0.3) and 8.1 mNm (ȹŮ=0.5) in the machine with SE, 

whilst 3.2 mNm (ȹŮ=0.3), and 9.5 mNm (ȹŮ=0.5) in the machine with DE. These FEM results 

are consistent with the previous analysis. 
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(a) Waveforms for SE 

 

(b) Waveforms for DE 
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(c) Spectra for SE and DE 

Fig. 3.9 FEM-predicted cogging torques of 12-slot/10-pole PM machines with SE or DE at 

eccentricity ratio ȹŮ=0.3 and 0.5 (ȹŬ=ȹɓ=0 mech.deg.). 

3.4 Analysis of Interaction Effects of PM Tolerances and Rotor 

Eccentricities 

Based on the derived influence of PM tolerances or rotor eccentricities on cogging torque, the 

interaction effects of them can be further investigated accounting for the relative location 

between the diversified PM and eccentric rotor (minimum airgap). Adopting the location of 

Worst PMs as a reference, the influences of the relative location of the eccentric rotor in the 12-

slot/10-pole PM machine with SE and DE are analyzed by FEM, accounting for eccentricity 

ratio (ȹŬ), eccentricity angle (ȹɓ), and rotor initial angle (ȹɓ). Consequently, the interaction 

effects of PM tolerances and rotor eccentricities are obtained and summarised. 

3.4.1. Eccentricity Ratio 

Fig. 3.10 shows the influence of eccentricity ratio (ȹŮ) on cogging torque in the 12-slot/10-pole 

PM machine, considering both without and with Worst PMs. In terms of the machines without 

Worst PMs, that only with rotor eccentricity, starting from almost zero, the peak cogging torques 

have a similar rise with the eccentricity ratio in the machine with SE or DE, both reaching 27 

mNm at the eccentricity ratio ȹŮ=0.5. Conversely, in terms of the machines with Worst PMs, 

the peak cogging torque has a rise with the eccentricity ratio in the machine with SE, but the 

peak cogging torque has a decrease with the eccentricity ratio in the machine with DE. The peak 
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values of SE and DE are 127 mNm and 55 mNm at the eccentricity ratio ȹŮ=0.5, respectively. 

 

(a) SE 

 

(b) DE 

Fig. 3.10 Influence of eccentricity ratio (ȹŮ) on cogging torque in 12-slot/10-pole PM 

machine without/with Worst PMs (ȹŬ and ȹɓ=0 mech.deg.). 

To explain the above variations, Fig. 3.11 shows the cogging torques at eccentricity ratio ȹŮ=0 

and 0.5 in the 12-slot/10-pole PM machines without/with Worst PMs when ȹŬ and ȹɓ are 0 

mech.deg. 
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On the one hand, for the machines without Worst PMs at eccentricity ratio ȹŮ=0.5, the 

amplitudes of the cogging torque in the machines with SE and DE are similar even though the 

main harmonic orders are the 10th and 12th, respectively.  

In the case of SE, the rotor is displaced from its central axis, but this displacement remains 

constant relative to the stator, creating an asymmetric airgap. When the pole PM is near this 

minimum airgap, a magnetic force arises between the PM and the region of the smallest airgap. 

As the rotor completes one mechanical rotation, this magnetic force repeats with a frequency 

equal to the number of poles. Therefore, the harmonic order of cogging torque due to SE 

corresponds to the number of poles. 

In the case of DE, the rotor moves relative to the stator during rotation, causing the rotor to 

alternately approach and recede from the stator slots. The interaction between the minimum 

airgap and the stator slots generates a significant magnetic force. As the rotor completes one 

mechanical rotation, this force repeats in relation to the number of stator slots. Consequently, 

the harmonic order of cogging torque due to DE corresponds to the number of stator slots. 

On the other hand, for the machines with Worst PMs, at eccentricity ratio ȹŮ=0.5, the cogging 

torque in the machine with SE is larger than that in the machine with DE. 

It can be explained that the main harmonic orders caused by SE and Worst PMs are equal to the 

pole number (10th) and the slot number (12th), respectively. They always have a strengthening 

effect since their orders are different, as shown in Fig. 3.11(I). Consequently, when the 

eccentricity ratio ȹŮ=0.5, the cogging torque in the machine with SE and Worst PMs is 

significantly larger than that only with SE or Worst PMs. 

However, the main harmonic orders due to DE and Worst PMs are both the slot number (12th). 

They have a weakening effect since their phase angles are opposite, as shown in Fig. 3.11(II). 

Even though some high-order harmonics, e.g., 36th and 48th, are increased, these harmonics can 

be ignored since they are relatively small. Consequently, when the eccentricity ratio ȹŮ=0.5, the 

cogging torque in the machine, taking into account both the DE and Worst PMs, is smaller than 

that in the machine with Worst PMs alone. But it is still larger than that in the machine with DE 

alone since the cogging torque due to Worst PMs is dominant compared to the cogging torque 

due to DE at eccentricity ratio ȹŮ=0.5. 
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(I.a) Waveforms 

 

(I.b) Amplitude spectra 
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(I.c) Angle spectra 

 

(II.a) Waveforms 
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(II.b) Amplitude spectra 

 

(II.c) Angle spectra 

Fig. 3.11 Comparison of cogging torques at rotor eccentricity ratios ȹŮ=0 and 0.5 in 12-

slot/10-pole PM machine without/with Worst PMs (ȹŬ and ȹɓ=0 mech.deg.). (I) SE. (II) DE. 

3.4.2 Eccentricity Angle 

Fig. 3.12 shows the influence of the eccentricity angle (ȹŬ) of SE and DE on the cogging torque 

of the 12-slot/10-pole PM machine. It is evident that the eccentricity angle does not affect the 

cogging torque for the machine without/with Worst PMs. 
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(a) SE 

 

(b) DE 

Fig. 3.12 Influence of rotor eccentricity angle (ɲŬ) on cogging torque in 12-slot/10-pole PM 

machine without/with Worst PMs (ɲŮ=0.5, ɲɓ=0 mech.deg.). 

To explain the above phenomenon, Fig. 3.13 shows the cogging torques at rotor eccentricity 

angle ȹŬ=0 and 108 mech.deg. in the 12-slot/10-pole PM machine without/with Worst PMs, 

when ȹŮ=0.5 and ȹɓ=0 mech.deg. These two eccentricity angles serve as examples to explain 

the observed phenomenon. As can be seen, all waveforms are shifted by 108 mech.deg., when 

the eccentricity angle varies from 0 to 108 mech.deg. Therefore, the eccentricity angle will not 

affect the cogging torques caused by the interaction of rotor eccentricities with the Worst PMs. 
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In other words, the different eccentricity angle only means that the rotor is in a different starting 

location, but the cogging torques generated in the entire mechanical cycle are the same. 

 

(I.a) Waveforms 

 

(I.b) Amplitude spectra 
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(I.c) Angle spectra 

 

(II.a) Waveforms 
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(II.b) Amplitude spectra 

 

(II.c) Angle spectra 

Fig. 3.13 Comparison of cogging torques at rotor eccentricity angles ȹŬ=0 and 108 

mech.deg. in 12-slot/10-pole PM machine without/with Worst PMs (ȹŮ=0.5, ȹɓ=0 

mech.deg.). (I) SE. (II) DE. 

3.4.3 Rotor Initial Angle  

Fig. 3.14 shows the influence of rotor initial angle (ȹɓ) on cogging torque in the machines 

without/with Worst PMs. In terms of the machines without Worst PMs, the peak cogging torques 

in the machine with SE/DE remain the same of 27 mNm for different rotor initial angles. 
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machine with SE also remains the same of 127 mNm for different rotor initial angles, whilst the 

cogging torque of the machine with DE varies with the rotor initial angle. As depicted in Fig. 

3.14(b), it can be observed that the peak cogging torques are the lowest at 0/36/180/216 

mech.deg. (PM1/PM2/PM6/PM7) of 47 mNm, higher at 72/144/252/324 mech.deg. 

(PM3/PM5/PM8/PM10) of 100 mNm, and the highest at 108/288 mech.deg. (PM4/PM9) with 

a value of 130 mNm. 

 

(a) SE 

 

(b) DE 

Fig. 3.14 Influence of rotor initial angles (ȹɓ) on cogging torque in 12-slot/10-pole PM 

machine without/with Worst PMs (ȹŮ=0.5, ȹŬ=0 mech.deg.). 
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Fig. 3.15 compares the amplitudes and spectra of the cogging torques due to SE/DE in the 

machines without/with Worst PMs, at rotor initial angle ȹɓ=0 and 108 mech.deg., when ȹŮ=0.5 

and ȹŬ=0 mech.deg. 

When the machines have both SE and Worst PMs, the resultant cogging torques always have a 

strengthening interaction regardless of rotor initial angle. The reason is that the phase angle does 

not affect the superposition of two cogging torques with different orders. Thus, the cogging 

torques in the machine at rotor initial angle ȹɓ=0 and 108 mech.deg. are the same, and both 

values are larger than those in the machines with SE or Worst PMs only.  

However, when the machines have both DE and Worst PMs, the main harmonics due to DE and 

Worst PMs are both the slot number (12th), as explained earlier. They have a weakening effect 

at the rotor initial angle ȹɓ=0 mech.deg., but a strengthening effect at rotor initial angle ȹɓ=108 

mech.deg. Some higher-order harmonics (e.g., 36th and 48th) in cogging torques always have 

strengthening effects at both two rotor initial angles, but they can be ignored since they are 

relatively small. Thus, the cogging torque in the machine at rotor initial angle ȹɓ=0 mech.deg. 

is smaller than that at rotor initial angle ȹɓ=108 mech.deg., but both values are larger than those 

in the machines with DE only since the cogging torque due to Worst PMs is dominant compared 

to the cogging torque due to DE. 

 

(I.a) Waveforms 
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(I.b) Amplitude spectra 

 

(I.c) Angle spectra 
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(II.a) Waveforms 

 

(II.b) Amplitude spectra 
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(II.c) Angle spectra 

Fig. 3.15 Comparison of cogging torques at rotor initial angles ȹɓ=0 and 108 mech.deg. in 

12-slot/10-pole PM machine without/with Worst PMs (ȹŮ=0.5, ȹŬ=0 mech.deg.). (I) SE. (II) 

DE. 

It is worth noting that the rotor initial angle is the relative location between the diversified PMs 

and the minimum airgap. Under SE and Worst PMs, no matter what this location is, the 

amplitude of cogging torque always has the same significant strengthening effect. However, 

under DE and Worst PMs, when the weak PM1 is close to the minimum airgap (rotor initial 

angle ȹɓ=0 mech.deg.), the cogging torques due to two tolerances have a weakening effect. 

When the strong PM4 is close to the minimum airgap (rotor initial angle ȹɓ=108 mech.deg.), 

the cogging torques due to two tolerances have a strengthening effect. Table 3.6 summarises 

these conclusions, whilst Fig. 3.16 shows two typical relative locations between diversified PM 

and minimum airgap. 

TABLE 3.6 INFLUENCE OF RELATIVE LOCATIONS BETWEEN DIVERSIFIED PMS AND MINIMUM 

AIRGAP ON COGGING TORQUE 

Location SE+Worst PMs DE+Worst PMs 

Weak PM is close to 

minimum airgap 
Strengthening effect 

Weakening effect 

Strong PM is close to 

minimum airgap 
Strengthening effect 
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(a) Weak PM is close to minimum airgap (ȹɓ=0 mech.deg.) 

 

(b) Strong PM is close to minimum airgap (ȹɓ=108 mech.deg.) 

Fig. 3.16 Two typical relative locations between diversified PM and minimum airgap 

(ȹŮ=0.5, ȹŬ=0 mech.deg.). 
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3.5 Experimental Validation 

In this section, the prototypes for 12-slot/10-pole PM machines are fabricated, without 

tolerance and with Worst PMs, SE, DE, SE+Worst PMs, and DE+Worst PMs. Firstly, the FEM-

predicted distributions of equal potential and flux densities in these prototypes are illustrated. 

Next, the phase back-EMFs and cogging torques are measured. By assessing the consistency 

between these experimental and FEM-predicted back-EMFs and cogging torques, the FEM 

models and the previous results based on FEM models are verified. 

3.5.1. Prototypes 

Fig. 3.17 shows one stator and two rotors (Type- : without tolerance, Type- : with Worst PMs) 

of the fabricated prototypes. The parameters of stator and rotors are adopted in the values in 

Table 3.1, whilst the tolerances are adopted in the values in Tables 3.2 and 3.3.  

 

(a) Stator 
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(b) Rotor (Type- : without tolerance, Type- : with Worst PMs) 

Fig. 3.17 Prototypes of 12-slot/10-pole PM machine. 

The realization of PM tolerances can be easily achieved by controlling the properties of the 

PMs and their positions during installation. However, for SE and DE, the implementation 

method is complex [ZHU14] [HE21]. Referring to [ZHU14] [HE21], it is realized through the 

design of endplates and rotor shaft. 

In terms of SE, the centreline of the bearing position on the endplate is offset by 0.4 mm based 

on the centreline of the endplate (centreline of the stator). The one-side endplate is shown in 

Fig. 3.18, whilst the other side has an identical offset bearing position. In this way, the minimum 

airgap is reduced by 0.4 mm and fixed with the stator in the prototype. 

Type- : 
With  

Worst PMs

Type- : 
Without 
tolerance
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(a) Without 

 

(b) With 

Fig. 3.18. Endplates without/with SE. 

In terms of DE, the centreline of the bearing position on the shaft is offset by 0.4 mm from the 

centreline of the shaft (centreline of the rotor). One side bearing position on the shaft is shown 

in Fig. 3.19, whilst the other side has the same offset. Thus, the minimum airgap is 0.4 mm and 

rotates with the rotor in the prototype. 
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(a) Without 

 

(b) With 

Fig. 3.19 Shafts without/with DE. 

Through the assembly of stators and rotors, six prototypes of 12-slot/10-pole PM machines can 

be obtained, i.e., without tolerance, with Worst PMs, SE, DE, SE+Worst PMs, and DE+Worst 

PMs. 
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3.5.2 Distributions of Equal Potential and Flux Densities 

Figs. 3.20 to 3.25 show the no-load distributions of equal potential and flux densities in these 

six prototypes̆ i.e.,.without tolerance and with Worst PMs, SE, DE, SE+Worst PMs, and 

DE+Worst PMs. As same as Chapter 2, the flux densities facing strong PMs are higher than 

those facing weak PMs, particularly tooth tips. In additiona, flux densities which are close to 

the minimum airgap are also higher than other locations. These loctions are more satured than 

other locations. 

 

( .a) Equal potential 

 

( .b) Flux densities 
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( .a) Equal potential 

 

( .b) Flux densities 

Fig. 3.20 FEM-predicted distributions of equal potential and flux densities in 12-slot/10-pole 

PM machine without tolerance at rotor initial angles ( ) ȹɓ=0 and ( ) ȹɓ=108 mech.deg. 
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( .a) Equal potential 

 

( .b) Flux densities 
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( .a) Equal potential 

 

( .b) Flux densities 

Fig. 3.21 FEM-predicted distributions of equal potential and flux densities in 12-slot/10-pole 

PM machine with Worst PMs at rotor initial angles ( ) ȹɓ=0 and ( ) ȹɓ=108 mech.deg. 
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( .a) Equal potential 

 

( .b) Flux densities 
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( .a) Equal potential 

 

( .b) Flux densities 

Fig. 3.22 FEM-predicted distributions of equal potential and flux densities in 12-slot/10-pole 

PM machine with SE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angles ( ) ȹɓ=0 and ( ) 

ȹɓ=108 mech.deg. 
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( .a) Equal potential 

 

( .b) Flux densities 
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( .a) Equal potential 

 

( .b) Flux densities 

Fig. 3.23 FEM-predicted distributions of equal potential and flux densities in 12-slot/10-pole 

PM machine with DE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angles ( ) ȹɓ=0 and ( ) 

ȹɓ=108 mech.deg. 
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( .a) Equal potential 

 

( .b) Flux densities 
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( .a) Equal potential 

 

( .b) Flux densities 

Fig. 3.24 FEM-predicted distributions of equal potential and flux densities in 12-slot/10-pole 

PM machine with Worst PMs and SE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle ȹɓ=0 

mech.deg. (weak PM1 is close to minimum airgap) and 108 mech.deg. (strong PM4 is close 

to minimum airgap). 
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( .a) Equal potential 

 

( .b) Flux densities 
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( .a) Equal potential 

 

( .b) Flux densities 

Fig. 3.25 FEM-predicted distributions of equal potential and flux densities in 12-slot/10-pole 

PM machine with Worst PMs and DE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle ȹɓ=0 

mech.deg. (weak PM1 is close to minimum airgap) and 108 mech.deg. (strong PM4 is close 

to minimum airgap). 

3.5.3 Back-EMFs 

To further verify the consistency between the FEM model and prototypes, as well as the impact 

of the interaction effects between PM tolerances and rotor eccentricities on other characteristics, 
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the phase back-EMFs of prototypes are examined in advance. 

Figs. 3.26 to 3.31 show the measured and FEM-predicted phase back-EMFs in the 12-slot/10-

pole PM machine without tolerance, with Worst PMs, SE, DE, SE+Worst PMs, and DE+Worst 

PMs, respectively. Since the rotor initial angle (ȹɓ) has a significant influence on the 

interaction of PM tolerances and rotor eccentricities, the rotor initial angle ȹɓ=0 and 108 

mech.deg. of all prototypes are measured and compared. In cases where tolerances include 

SE/DE, ȹɓ=0 and 108 mech.deg. imply that the weak PM1 and strong PM4 are close to 

minimum airgap, respectively. Besides, in cases where tolerances do not include SE/DE, ȹɓ=0 

and 108 mech.deg. imply that the weak PM1 and strong PM4 are close to the centerline of 

Tooth1 as shown in Fig. 3.3, respectively. 

As can be seen, firstly, the measured phase back-EMFs exhibit good agreement with the FEM 

phase back-EMFs. Secondly, the main harmonic of phase back-EMFs is the 5th since the pole 

pairs (p) is 5 for the 12-slot/10-pole PM machine, and the slight variation (e.g., 7th harmonic) 

in the machine with tolerances including Worst PMs since the rotor MMF is deteriorated by 

the PM tolerances. However, phase back-EMFs are not affected by the rotor eccentricities since 

the influences of rotor eccentricities in coils of one phase are completely cancelled in the 

rotational symmetrical machines (e.g., 12-slot/10-pole PM machine) [ZHU13]. Thirdly, the 

different rotor initial angles (ȹɓ), which indicate different relative locations between the 

diversified PMs and the minimum airgap, do not influence back-EMF amplitude and harmonics. 

Overall, the correctness of the FEM models is verified by the good agreement of measured and 

FEM phase back-EMFs. In addition, the small 7th harmonic of phase back-EMFs is only due 

to PM tolerances regardless of rotor eccentricities, and subsequently, the interaction effects of 

PM tolerances and rotor eccentricities do not affect phase back-EMFs. 
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(a) Waveforms 

 

(b) Spectra 

Fig. 3.26 Measured and FEM-predicted phase back-EMFs in 12-slot/10-pole PM machine 

without tolerance at rotor initial angles ȹɓ=0 and 108 mech.deg. 
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(a) Waveforms 

 

(b) Spectra 

Fig. 3.27 Measured and FEM-predicted phase back-EMFs in 12-slot/10-pole PM machine 

with Worst PMs at rotor initial angles ȹɓ=0 and 108 mech.deg. 
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(a) Waveforms 

 

(b) Spectra 

Fig. 3.28 Measured and FEM-predicted phase back-EMFs in 12-slot/10-pole PM machine 

with SE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angles ȹɓ=0 and 108 mech.deg. 
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(a) Waveforms 

 

(b) Spectra 

Fig. 3.29 Measured and FEM-predicted phase back-EMFs in 12-slot/10-pole PM machine 

with DE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angles ȹɓ=0 and 108 mech.deg. 
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(a) Waveforms 

 

(b) Spectra 

Fig. 3.30 Measured and FEM-predicted phase back-EMFs in 12-slot/10-pole PM machine 

with Worst PMs and SE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle ȹɓ=0 mech.deg. 

(weak PM1 is close to minimum airgap) and 108 mech.deg. (strong PM4 is close to minimum 

airgap). 
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(a) Waveforms 

 

(b) Spectra 

Fig. 3.31 Measured and FEM-predicted phase back-EMFs in 12-slot/10-pole PM machine 

with Worst PMs and DE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle ȹɓ=0 mech.deg. 

(weak PM1 is close to minimum airgap) and 108 mech.deg. (strong PM4 is close to minimum 

airgap). 

3.5.4 Cogging Torques 

Fig. 3.32 shows the test rig for measuring cogging torque, as described in [ZHU09b]. It is 

equipped with a rotary disk that controls the mechanical angle of the lathe's jaws, which hold 
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the prototype. The rotor of the prototype is connected to a balanced beam, which is then 

measured by a digital scale with a pre-load, ensuring that the measured torque is unidirectional. 

Finally, the torque acting on the rotor can be measured by rotating the rotary disk. 

Figs. 3.33 to 3.38 show the measured and FEM-predicted cogging torques in the machine 

without tolerance and with tolerances, i.e., Worst PMs, SE, DE, SE+Worst PMs, and DE+Worst 

PMs. The two special rotor initial angles (ȹɓ) that ( ) 0 mech.deg. and () 108 mech.deg. are 

also compared in all cases since the rotor initial angle (ȹɓ) has a significant influence on 

cogging torque. 

As can be seen, most of the points of measured and FEM-predicted results are very close, and 

the slight differences in a few rotor positions due to production, assembly, and test errors. 

There are many irregular harmonics, but the amplitudes of these harmonics are very small and 

can be ignored. In addition, only the cogging torque in the machine with DE and Worst PMs is 

higher at ȹɓ=108 mech.deg. (PM4 is close to minimum airgap) than that at ȹɓ=0 mech.deg. 

(weak PM1 is close to minimum airgap). 

Overall, these measured results underpin the correctness of FEM-predicted cogging torques 

and the interaction effects of PM tolerances and SE/DE in the foregoing analyses. 

 

Fig. 3.32 Test rig for measuring cogging torque. 
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(I.a) Waveforms 

 

(I.b) Spectra 
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(II.a) Waveforms 

 

(II.b) Spectra 

Fig. 3.33 Measured and FEM-predicted cogging torques in 12-slot/10-pole PM machine 

without tolerance at rotor initial angle ȹɓ of (I) 0 mech.deg. and (II) 108 mech.deg. 
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(I.a) Waveforms 

 

(I.b) Spectra 
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(II.a) Waveforms 

 

(II.b) Spectra 

Fig. 3.34 Measured and FEM-predicted cogging torques in 12-slot/10-pole PM machine with 

Worst PMs at rotor initial angle (ȹɓ) of (I) 0 mech.deg. and (II) 108 mech.deg. 
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(I.a) Waveforms 

 

(I.b) Spectra 
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(II.a) Waveforms 

 

(II.b) Spectra 

Fig. 3.35 Measured and FEM-predicted cogging torques in 12-slot/10-pole PM machine with 

SE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle (ȹɓ) of (I) 0 mech.deg. and (II) 108 

mech.deg. 
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(I.a) Waveforms 

 

(I.b) Spectra 
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(II.a) Waveforms 

 

(II.b) Spectra 

Fig. 3.36 Measured and FEM-predicted cogging torques in 12-slot/10-pole PM machine with 

DE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle (ȹɓ) of (I) 0 mech.deg. and (II) 108 

mech.deg. 
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(I.a) Waveforms 

 

(I.b) Spectra 
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(II.a) Waveforms 

 

(II.b) Spectra 

Fig. 3.37 Measured and FEM-predicted cogging torque in 12-slot/10-pole PM machine with 

Worst PMs and SE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle (ȹɓ) of (I) 0 mech.deg. 

(weak PM1 is close to minimum airgap) and (II) 108 mech.deg. (strong PM4 is close to 

minimum airgap). 
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(I.a) Waveforms 

 

(I.b) Spectra 
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(II.a) Waveforms 

 

(II.b) Spectra 

Fig. 3.38 Measured and FEM-predicted cogging torque in 12-slot/10-pole PM machine with 

Worst PMs and DE (ȹŮ=0.5, ȹŬ=0 mech.deg.) at rotor initial angle (ȹɓ) of (I) 0 mech.deg. 

(weak PM1 is close to minimum airgap) and (II) 108 mech.deg. (strong PM4 is close to 

minimum airgap). 

3.6 Summary 

In this chapter, the interaction effects of PM tolerances and rotor static/dynamic eccentricity 
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cogging torques due to rotor static eccentricity and PM tolerances always have a strengthening 

effect. Secondly, cogging torques due to rotor dynamic eccentricity and PM tolerances have a 

weakening effect, when a weak (e.g., lower remanence) PM is close to the minimum airgap. 

However, they have a strengthening effect, when a strong (e.g., higher remanence) PM is close 

to the minimum airgap.  

The good agreement between measured and FEM-predicted phase back-EMFs confirms the 

accuracy of the FEM models. They also demonstrate that the back-EMF is influenced solely 

by PM tolerances, irrespective of rotor eccentricities and the relative location of these two 

tolerances. The measured cogging torques show strong agreement with the predicted FEM 

cogging torques, confirming the concluded interaction effects of PM tolerances and rotor 

static/dynamic eccentricity on cogging torque. 
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CHAPTER 4 

INTERACTION EFFECT OF TOOTH BULGES AND 

ROTOR ECCENTRICITIES ON COGGING TORQUE 

IN 12-SLOT/10-POLE PM MACHINE  

This chapter investigates the interaction effect of tooth bulges and rotor eccentricities on 

cogging torque in 12-slot/10-pole PM machines. Firstly, the tooth bulge worst-case scenario of 

machine is predicted by phasor analysis. Secondly, the interaction effect between 

static/dynamic rotor eccentricity and tooth bulge worst-case scenario is investigated through 

FEM. This analysis considers the location of the eccentric rotor by adopting different rotor 

eccentricity ratios and angles. It is found that the interaction between two tolerances has a 

significant influence on the cogging torque. Specifically, cogging torques due to static rotor 

eccentricity and tooth bulge have a weakening effect when the eccentric rotor is close to the 

outward bulged tooth, whilst they have a strengthening effect when the eccentric rotor is close 

to the inward bulged tooth. However, cogging torques due to dynamic rotor eccentricity and 

tooth bulge always exhibit a strengthening effect regardless of the location of the eccentric 

rotor and bulged tooth. 

This chapter has been published at the 11th International Conference on Power Electronics, 

Machines and Drives (PEMD 2022) [XIA22b]: 

D. Xiang, Z.Q. Zhu, T. He, and F. Wei, ñInfluence of rotor eccentricity on cogging torque of 

12-slot/10-pole PM machines with tooth bulge,ò in Proc. Int. Conf. on Power Electronics, 

Machines. and Drives (PEMD), Newcastle, UK, 2022, pp. 293-300. 

4.1 Introduction  

Among non-avoided manufacturing tolerances in mass production [ELR10] [ZHU18], tooth 

bulge is a common issue in modular PM machines [GE17]. Meanwhile, rotor eccentricity is 

widely investigated in conventional integral machines [HWA01], [ISL14], [ZHU13], and it also 

appears in modular machines [RIQ21]. 

In general, the cogging torque [ZHU00], [BIA02], [ZHU09], [EVA10], [WU11] is sensitive to 
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manufacturing tolerances, especially tooth bulges and rotor eccentricities. In the previous 

research, the influence of tooth bulges or tooth inner radius on cogging torque has been 

researched. In [GE17], the worst-case cogging torque caused by the distribution of tooth bulges 

is evaluated by the proposed phasor analysis technique. To compare the influence of tooth inner 

radius and other manufacturing tolerances, the corresponding cogging torques in one stator 

tooth or rotor pole are predicted by energy method and FEM in [OU18], considering their 

ranges in mass production. Even though it indicates the significant impact of tooth bulge or 

tooth inner radius in one tooth, the distribution of them in different teeth is not considered. 

Therefore, cogging torque worst-case scenario of several manufacturing tolerancesô 

combinations including tooth inner radius is analyzed by the worst-uncertain-combination-

analyze (WUCA) method, which includes phasor analysis, energy method, and FEM. In terms 

of rotor eccentricity, many papers investigate the impact of static and dynamic rotor 

eccentricities on cogging torque [HWA01], [ZHU14], [LI16], [HE22]. In [HWA01], the impact 

of static rotor eccentricity on cogging torques in 9-slot/8-pole and 9-slot/10-pole PM machines 

are evaluated and compared. To consider more general machines, the influence of slot and pole 

number combinations on cogging torque in the machines with static and dynamic rotor 

eccentricities are analyzed in [ZHU14]. It indicates that the rotor eccentricity plays a dominant 

role on the cogging torques in machines having 2p = NsÑ1, small influence in machines having 

2p = NsÑ2, and the smallest influence in the other machines. The same conclusion is also 

obtained by the superposition approach in [LI16]. In some special applications, the effect of 

rotor eccentricity on electromagnetic performances, including cogging torque, in high-speed 

PM machines is investigated in [HE22]. However, all the previous papers do not consider the 

interaction between tooth bulges and rotor eccentricities. 

Therefore, this chapter investigates the influence of static and dynamic rotor eccentricities with 

tooth bulges on the cogging torque of 12-slot/10-pole PM machine (a typical slot/pole number 

combination used in [GE17] [YAN20] [OU18] [LI16]), by phasor analysis [GE17] and FEM. 

Especially, the influence of the relative location between the eccentric rotor and the bulged 

teeth on the cogging torque is summarized. 

In this chapter, the 12-slot/10-pole PM machine topology and two manufacturing tolerances, 

i.e. tooth bulges and rotor eccentricities, are described. Next, the tooth bulge worst-case 

scenario that causes the highest cogging torque is determined by phasor analysis and FEM. 

Subsequently, the interaction effects between static (or dynamic) rotor eccentricity and tooth 

bulges are analyzed by FEM, considering the relative location of the eccentric rotor with 
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different eccentricity ratios and angles. 

4.2 Machine Topology and Two Tolerances 

4.2.1 Machine Topology 

In this section, the machine topology of the investigated 12-slot/10-pole PM machine is 

illustrated in Fig. 4.1 and the main geometric dimensions are shown in Table 4.1 [GE17]. 

 

Fig. 4.1 12-slot/10-pole PM machine (the teeth are numbered). 
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TABLE 4.1 MAIN PARAMETERS OF INVESTIGATED MACHINE 

Parameter 12-slot/10-pole 

Slot number  12 

Pole number 10 

Core length, mm 37.5 

Stator outer radius, mm 47.5 

Stator bore radius, mm 23.2 

Stator tooth width, mm 7 

Stator yoke width, mm 4 

Slot opening, mm 3 

Min/Max airgap lengths, mm 0.6/1.65 

Magnet width, mm 9.7 

Magnet thickness, mm 2.6 

Magnet remanence, T 1.32 

4.2.2 Tooth Bulges 

During the manufacturing process, the tooth bulges are hardly eliminated because of the 

assembling of separated stator segments [GE17]. Typical types of tooth bulges include inward 

bulge and outward bulge, as shown in Fig. 4.2. In general, the range of the tooth bulge has a 

relationship between the precision of the assembly equipment, material characteristics, and 

product dimensions. In this chapter, the typical range value, i.e. -0.05 ~ 0.05mm [YAN20], is 

adopted, where the positive value means the inward bulge and the negative value means the 

outward bulge. 
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Fig. 4.2 Illustration of tooth bulges. 

4.2.3 Rotor Eccentricity  

Fig. 4.3 illustrates the rotor eccentricity in the machine. Stator bore radius is designated as Rs, 

rotor maximum outer radius is designated as Rr. In the machine without rotor eccentricity, the 

minimum airgap length is designated as g. In the machine with rotor eccentricity, rotor eccentric 

distance is designated as X. The rotor eccentricity ratio (Ů) is employed to present the severity 

of rotor eccentricity and can be described by 

Ů=X/g (4.1) 

Rotor eccentricity angle (Ŭ), i.e. angular position difference between the rotor with minimum 

airgap and the stator 1# tooth, Fig. 4.3, is introduced to illustrate the location of rotor 

eccentricity. For example, when the rotor is offset towards the middle of 1# tooth, the rotor 

eccentricity angle equals 0 mech.deg. in this thesis. Fig. 4.4 illustrates rotor eccentricity in the 

investigated machine. The center of rotor (Or) is offset by X distance from the center of the 

stator (Os) to the No. 1 tooth. 

Rotor eccentricity can be classified into two categories, i.e. static rotor eccentricity (SE) and 

dynamic rotor eccentricity (DE). The rotating axis is the main characteristic to distinguish the 

static and dynamic rotor eccentricities. If the center of the rotor (Or) is the rotating axis and 

fixed, it is called static rotor eccentricity. If the center of the stator bore (Os) is fixed and the 

rotating axis, it is called dynamic rotor eccentricity. 

Outward bulge

Normal tooth

Inward bulge
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Fig. 4.3 Illustration of rotor eccentricities. 

 

Fig. 4.4 12-slot/10-pole PM machine with rotor eccentricities. 

4.3 Analysis of Tooth Bulge Worst-case Scenario 

4.3.1 Tooth Bulge Worst-case Scenario of Additional Harmonic Components 

The phasor analysis method is proposed in [GE17] to investigate the worst-case scenario of 

cogging torque due to manufacturing tolerances, and has been used to analyze the tolerance 
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combinations in [YAN20]. It is a useful analysis method that converts the same frequency 

cogging torques due to manufacturing tolerances into a phasor coordinate system, analyzes the 

angle between the phasor s and the amplitude range of each phasor, and then obtains the phasor 

configuration caused largest superimposed phasor, thereby obtaining the manufacturing 

tolerances configuration caused largest superimposed cogging torque. To distinctly identify the 

cogging torque due to the inherent structure and the manufacturing tolerances such as tooth 

bulge, respectively, they are designated as: native harmonic components (NHC) of cogging 

torque referring to the former, and the additional harmonic components (AHC) of cogging 

torque referring to the latter [GAS09]. Since there are ten magnets in the rotor, the cyclic 

frequency of the AHC caused by the one tooth bulge is ten times in one mechanical cycle, 

forming the 10th order harmonic. According to the phasor analysis [GE17], in phasor coordinates 

of this 10th order harmonic, the phase angle difference of two adjacent stator teeth (two adjacent 

phasor s as shown in Fig. 5) is 300 elec. deg. because 10 (pole number) electrical cycles are 

divided into 12 (slot number) parts. The positive and negative fluctuations of each phasor are 

proportional to the positive and negative fluctuations of the tooth bulge [YAN20]. As can be 

obtained from the angle and amplitude variation of the 12 phasors, their superimposed resultant 

phasor becomes the largest when the 6 phasors on the same side are the maximum value and the 

other 6 phasors are the minimum value. This is defined as the worst-case scenario. 

Fig. 4.5 shows the worst-case scenario configurations of AHC phasors due to tooth bulges. Six 

largest superimposed phasors could be calculated by different configurations. In Fig. 4.6(a), the 

tooth bulge configuration named Type-1 is that No. 1 & 2 & 6 & 7 & 8 & 12 teeth are inward 

0.05mm as marked red. No. 1 & 2 & 3 & 7 & 8 & 9 teeth are inward 0.05mm in Type-2, as 

shown in Fig. 4.6(b). No. 2 & 3 & 4 & 8 & 9 & 10 teeth are inward 0.05mm in Type-3, as shown 

in Fig. 4.6(c). No. 3 & 4 & 5 & 9 & 10 & 11 teeth are inward 0.05mm in Type-4, as shown in 

Fig. 4.6(d). No. 4 & 5 & 6 & 10 & 11 & 12 teeth are inward 0.05mm in Type-5, as shown in 

Fig. 4.6(e). No. 1 & 5 & 6 & 7 & 11 & 12 teeth are inward 0.05mm in Type-6, as shown in Fig. 

4.6(f). From Type-1 to Type-6, the unmentioned teeth are outward 0.05mm and marked black. 

As can be seen in Fig. 4.5, comparing Type-1 to Type-6, all the resultant phasors will have the 

same modulus but different angular directions, which will lead to different phase angles of the 

cogging torque waveform as shown in the next section. 
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(a) Type-1 

 

(b) Type-2 
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(c) Type-3 

 

(d) Type-4 
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(e) Type-5 

 

(f) Type-5 

Fig. 4.5 Worst-case additional harmonic components (AHC) phasor configurations caused by 

tooth bulges. 

4.3.2 Tooth Bulge Worst-case Scenario after Superimposing Native 

Harmonic Components 

The cogging torque, referred to native harmonic components (NHCs) of cogging torque here, in 

the employed machine without manufacturing tolerance is shown in Fig. 4.6 by FEM. The main 
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order of NHCs in the 12-slot/10-pole PM machine is 60th (2 mNm), which is the lowest common 

multiple of the stator slot and rotor pole numbers [ZHU20]. 

According to the tooth bulge configurations from Type-1 to Type-6, the cogging torques can be 

calculated by FEM as shown in Fig. 4.7. The main order is the 10th harmonic of all types, which 

are about 70 mNm that is much larger than others. Thus, AHC of cogging torque (particularly 

the 10th order) is the dominant cogging torque of this machine. Additionally, the peak cogging 

torques in all types are similar, 139 mNm, as shown in Fig. 4.8. 

Therefore, the tooth bulge worst-case scenario depends on the worst-case configuration of AHC, 

because NHC has a slight effect on the cogging torque in this machine. Since the configurations 

from Type-1 to Type-6 have the same effect, only Type-1, i.e. Fig. 4.5(a) and Fig. 4.9, will be 

selected for analyses as the typical tooth bulge worst-case scenario in the following sections. 

 

(a) Waveform 
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(b) Spectrum 

Fig. 4.6 Native harmonic components of cogging torque of 12-slot/10-pole PM machine. 

 
(a) Waveforms 
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(b) Amplitude spectra 

 
(c) Angle spectra 

Fig. 4.7 Cogging torques of 12-slot/10-pole PM machines with tooth bulge worst-case 

scenarios. 
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Fig. 4.8 Peak-to-peak values of the cogging torques in machines with tooth bulge worst-case 

scenarios. 

 

Fig. 4.9 Typical tooth bulge worst-case scenario in 12-slot/10-pole PM machine. 

4.4 Analysis of Rotor Eccentricity with Tooth Bulge Worst-case 

Scenario 

4.4.1 Static Rotor Eccentricity  

Fig. 4.10 shows static rotor eccentricity and tooth bulge worst-case scenario in the employed 
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12-slot/10-pole PM machine. Or is fixed and the rotating axis. 

Fig. 4.11 reveals the fluctuation of peak cogging torque with static rotor eccentricity ratio (Ů) in 

the machine with/without tooth bulge worst-case scenario and the rotor eccentricity angle is 0 

mech. deg. SE+TB means that the machine has static rotor eccentricity and tooth bulge worst-

case scenario together. 

In Fig. 4.11, it can be seen that the cogging torque of the 12-slot/10-pole PM machine with SE 

increases with the rotor eccentricity ratio due to the increased first-order relative permeance of 

eccentricity [ZHU14]. The minimum and maximum values are 4.4 mNm (at Ů=0) and 230 mNm 

(at Ů=0.8), respectively. However, the cogging torque of the machine with SE+TB decreases at 

first and then increases with the rotor eccentricity ratio. When Ů̖ 0.7, the main source of the 

cogging torque is due to tooth bulge worst-case scenario, which remains unchanged, and the 

static rotor eccentricity influences this cogging torque component, as will be shown in Fig. 12. 

Moreover, when Ů̘ 0.7, the main source of the cogging torque is due to the static rotor 

eccentricity, and the cogging torque caused by tooth bulge worst-case scenario also keeps the 

same, again as can be seen in Fig. 4.12. Thus, the maximum and minimum values are 136 mNm 

(at Ů=0) and 24 mNm (at Ů=0.7), respectively. The details will be discussed as follows. 

 

Fig. 4.10 Static rotor eccentricity and tooth bulge worst-case scenario in 12-slot/10-pole PM 

machine. 
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Fig. 4.11 Variation of peak cogging torque with static rotor eccentricity ratio (Ů) in 12-

slot/10-pole PM machine with/without tooth bulge worst-case scenario (eccentricity angle 

Ŭ=0 mech. deg.). 

Fig. 4.12 shows the cogging torque comparison of the machine with SE, TB, and the 

combination of SE and TB at Ů=0, 0.3, 0.7 and 0.8, respectively. At Ů=0, the amplitude of cogging 

torque is only due to TB. At Ů=0.3, the amplitude of cogging torque due to SE is smaller than 

that due to TB, and their phase angles of the 10th order harmonics are different. Therefore, when 

Ů=0.3, the tooth bulge is dominant, and the rotor eccentricity has a cancelling effect. At Ů=0.7, 

the amplitude of cogging torque due to TB is similar to that due to SE, and their phase angles of 

the 10th order harmonics are different. Therefore, when Ů=0.7, the peak cogging torque is 

approximately the minimum value. The minimum value that can be achieved is determined by 

the eccentricity ratio, phase angles of those two 10th harmonics, and the higher harmonics. At 

Ů=0.8, the amplitude of cogging torque due to TB is smaller than that due to SE, and their phase 

angles of the 10th order harmonics are different. Therefore, when Ů=0.8, the rotor eccentricity is 

dominant, and the tooth bulge has a cancelling effect. 
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( .a) Waveforms 

 

( .b) Amplitude spectra 
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( .c) Angle spectra 

 

( .a) Waveforms 
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( .b) Amplitude spectra 

 

( .c) Angle spectra 
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( .a) Waveforms 

 

( .b) Amplitude spectra 
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( .c) Angle spectra 

 

( .a) Waveforms 
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( .b) Amplitude spectra 

 

( .c) Angle spectra 

Fig. 4.12 Cogging torque comparison at different static rotor eccentricity ratios ( ) Ů=0, ( ) 

Ů=0.3, ( ) Ů=0.7, and ( ) Ů=0.8 in the investigated machine (eccentricity angle Ŭ=0 mech. 

deg.). 

The above is the analysis of the rotor eccentricity ratio at a fixed eccentricity angle, while the 

influence of different rotor eccentricity angles is considered in Fig. 4.13, which indicates the 

significant effect of angular position between rotor eccentricity and TB. 

As can be seen in Fig. 4.13, the variation of peak cogging torque with static rotor eccentricity 
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angle (Ŭ) in the 12-slot/10-pole PM machine with/without tooth bulge worst-case scenario, 

under the rotor eccentricity Ů=0.8. It can be seen that the cogging torque of the 12-slot/10-pole 

PM machine with SE remains the same (about 228 mNm) with the rise of rotor eccentricity 

angle since the amplitude of the first order relative permeance of eccentricity [ZHU14] remains 

the same with the increased eccentricity angle. However, the cogging torque of the machine 

with SE+TB increases when the rotor eccentricity angle is increased from 0 (No. 1 tooth) to 90 

mech. deg. (No. 4 tooth). Then, it decreases with the rotor eccentricity angle from 90 to 180 

mech. deg. (No. 7 tooth). From 180 to 360 mech. deg., the cogging torque of the machine with 

SE+TB repeats the trend from 0 to 180 elec. deg. Thus, the minimum and maximum values are 

53 mNm (at Ŭ=0 and 180 mech. deg.) and 431 mNm (at Ŭ=90 and 270 mech. deg.), respectively. 

The details will be discussed as follows. 

 

Fig. 4.13 Variation of peak cogging torque with static rotor eccentricity angle (Ŭ) in 12-

slot/10-pole PM machine with/without tooth bulge worst-case scenario (eccentricity ratio 

Ů=0.8). 

Fig. 4.14 shows the cogging torques of the 12-slot/10-pole PM machine with SE, TB, and the 

combination of SE and TB at Ŭ=0 and 90 mech. deg., respectively. At Ŭ=0, the amplitude of 

cogging torque due to SE is larger than that due to TB, and the phase angle difference between 

their 10th order harmonics is 180 elec. deg., meaning their sum is the minimum. Therefore, 

when Ŭ=0 mech. deg., the cogging torque due to SE+TB is the minimum and smaller than that 

due to SE in 12-slot/10-pole PM machine since TB has a cancelling effect. At Ŭ=90 mech. deg., 

the amplitudes of cogging torque due to SE and TB are the same as they are at Ŭ=0 mech. deg., 

but the phase angle difference between their 10th order harmonics is 0 elec. deg, meaning their 
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sum is the maximum. Therefore, when Ŭ=90 mech. deg., the cogging torque due to SE+TB is 

the maximum and larger than that due to SE in 12-slot/10-pole PM machine since TB has a 

strengthening effect. 

 

(.a) Waveforms 

 

(.b) Amplitude spectra 
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( .c) Angle spectra 

 

( .a) Waveforms 
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( .b) Amplitude spectra 

 

( .c) Angle spectra 

Fig. 4.14 Cogging torque comparison at static rotor eccentricity angles () Ŭ=0 and ( ) Ŭ=90 

mech.deg in 12-slot/10-pole PM machine (eccentricity ratio Ů=0.8). 

The static rotor eccentricity angle indicates the relative location between the eccentric rotor and 

bulged teeth. When the eccentric rotor is close to the outward tooth (No. 1 & 2 & 6 & 7 & 8 & 

12 teeth), the cogging torque due to SE+TB in 12-slot/10-pole PM machine is smaller than that 

due to the SE because TB has a weakening effect while the 10th order harmonic phase angle 

difference of TB and SE is 180Ñ90 elec. deg. apart. When the eccentric rotor is close to the 
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inward tooth (No. 3 & 4 & 5 & 9 & 10 & 11 teeth), the cogging torque due to SE+TB in 12-

slot/10-pole PM machine is larger than that due to SE because TB has a strengthening effect 

while the 10th order harmonic phase angle difference of TB and SE is 0Ñ90 elec. deg. apart. 

4.4.2 Dynamic Rotor Eccentricity 

In Fig. 4.10, it is dynamic rotor eccentricity when Os is fixed and the rotor has a rotation axis.  

Fig. 4.15 reveals the fluctuation of peak cogging torque with dynamic rotor eccentricity ratio 

(Ů). DE+TB means that the machine has dynamic rotor eccentricity and tooth bulge worst-case 

scenario together. The peak cogging torques due to DE+TB (minimum is 136 mNm at Ů=0, 

maximum is 490 mNm at Ů=0.8) are always larger than those due to DE (the minimum is 4.4 

mNm at Ů=0, and the maximum is 289 mNm at Ů=0.8) because the peak cogging torque is 

strengthened regardless of which tolerance plays the dominant role, as illustrated in Fig. 4.16. 

 

Fig. 4.15 Variation of peak cogging torque with dynamic rotor eccentricity ratio (Ů) in 12-

slot/10-pole PM machine with/without tooth bulge worst-case scenario (eccentricity angle 

Ŭ=0 mech.deg.). 

Fig. 4.16 shows the cogging torques at different rotor eccentricity ratios (Ů=0, 0.3, 0.7 and 0.8) 

in the 12-slot/10-pole PM machine with DE, TB, and the combination of DE and TB. The 

components of cogging torque due to DE are the multiples of slot number (12th, 24th, ...) 

[ZHU14], whilst the components of cogging torque due to TB are the multiples of pole number 

(10th, 20th, ...) [GE17]. At Ů=0, the amplitude of cogging torque is only due to TB. At Ů=0.3, the 

amplitude of cogging torque due to TB is larger than that due to DE, and the peak cogging torque 

due to TB is strengthened by the cogging torque due to DE. Therefore, when Ů=0.3, the tooth 
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bulge is dominant, and the rotor eccentricity has a strengthening effect. At Ů=0.7, the amplitude 

of cogging torque due to TB is approximately similar to that due to DE, and the sum peak 

cogging torque due to TB is strengthened by the cogging torque due to DE. Therefore, when 

Ů=0.7, the effects of TB and DE are similar, and the rotor eccentricity also has a strengthening 

effect. At Ů=0.8, the amplitude of cogging torque due to DE is larger than that due to TB, and 

the peak cogging torque due to DE is strengthened by the cogging torque due to TB. Therefore, 

when Ů=0.8, the rotor eccentricity is dominant, and the tooth bulge has a strengthening effect. 

In either case, non-dominant tolerance has a strengthening effect because it is impossible to 

weaken all the peaks when the cogging torque frequencies of dominant and non-dominant 

tolerances are different. Thus, the peak cogging torque due to two tolerances in 12-slot/10-pole 

PM machine is enhanced and larger than either one when the cogging torque frequencies due to 

two tolerances are different. 

 

(.a) Waveforms 
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(.b) Amplitude spectra 

 

( .c) Angle spectra 
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( .a) Waveforms 

 

( .b) Amplitude spectra 
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( .c) Angle spectra 

 

( .a) Waveforms 






































































































































































































































































































































































































































































