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Abstract

Relative pseudomonads simultaneously generalise two important no-
tions of category theory; that is, they generalise pseudomonads to
non-endofunctors, and relative monads to bicategories. In this thesis,
we study two aspects of the theory of relative pseudomonads: relative
pseudomonads on 2-multicategories and pseudoalgebras for relative

pseudomonads.

We develop the theory of relative monads on multicategories, ex-
positing an analogue of the work of Kock on monads on monoidal
categories. We define notions of strength, commutativity and idem-
potency for a relative monad T', as well as the notion of a relative
multimonad. We go on to prove that idempotency implies commuta-
tivity, that a commutative relative monad is a relative multimonad,
and that commutativity of T implies a multicategory structure on the
Kleisli category KI(7'). Later, we extend this to the setting of rela-
tive pseudomonads on 2-multicategories, defining the corresponding

two-dimensional notions and proving the corresponding implications.

We also develop the theory of pseudoalgebras for relative pseudomon-
ads, constructing for a given relative pseudomonad 7' its Eilenberg-
Moore bicategory of pseudoalgebras T-Alg. We then use pseudoal-
gebras to introduce the notion of ‘algebraic lax idempotency’ and
characterise algebraically lax-idempotent relative pseudomonads; this
is the counterpart in the relative setting to Kelly and Lack’s charac-

terisation of lax-idempotent pseudomonads as ‘fully property-like’.

We apply our results in both cases to the presheaf relative pseu-
domonad P : Cat — CAT, proving that its Eilenberg-Moore 2-

category is biequivalent to the 2-category of locally-small cocomplete



categories and cocontinuous functors, and leading to a proof that the

bicategory of profunctors Prof has a bimulticategorical structure.
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Chapter 1

Introduction

Context and Motivation

The classical theory of monads provides a framework with which to study alge-
braic structures on objects of a category. Monads unify the study of categories
of sets equipped with algebraic structures such as groups, monoids or lattices. A
landmark in this field is Kock’s theory of commutative monads [Koc70], developed
in the setting of symmetric monoidal categories (such as Set, k-Vect or Rel). The
basic notion in this theory is that of a strong monad, which comprises a monad T
on a symmetric monoidal category equipped with a natural transformation with
components

tX,y . X@TY — T(X@Y),

called the (left)-strength. For example, every monad on Set with its Cartesian
product is canonically strong; for example, if T : Set — Set is the list monad for

which T'X is the set of lists of elements in X, then the strength is given by
txy : XXxTY -T(X xY)
(:L", (yla 7yn)) = ((ZL", yl)’ (xayQ)’ ) (l‘a yn))

Kock proves that the underlying endofunctor of a strong monad is a lax monoidal
functor, and the monad unit is a monoidal natural transformation. Furthermore,

Kock showed that the monad is commutative—a property of strength equivalent



to asking that the operations of the monad’s (possibly non-finitary) algebraic
theory all commute—exactly when the monad is a monoidal monad, which is to
say that the monad multiplication is monoidal.

Some nice properties follow when this happens. For example, if a symmetric
monoidal category C has a closed structure and 7" is a commutative monad on
C, then the closed structure gives rise to one on the Eilenberg-Moore category of
T-algebras.

Returning to our example, the list monad on Set is not commutative (note
its algebras, monoids, are not described by commutative operations), and indeed
we cannot put a closed structure on the category of monoids. However, the finite
multiset monad on Set, whose algebras are commutative monoids, is commutative.
Indeed, the set of monoid morphisms between commutative monoids can be given
the structure of a commutative monoid.

Other examples of commutative monads on Set include the free abelian group
monad and the powerset monad (whose algebras are sup-lattices).

We can extend the theory of monads by increasing the dimension of the
monad’s underlying category. Two-dimensional monad theory [BMP89] has tradi-
tionally studied the strict notion of a 2-monad, along with their algebras and lax,
pseudo-, and strict algebra morphisms. In this setting Kelly [Kel74a] and Hyland
& Power [HP02] extended Kock’s theory to 2-monads, defining pseudocommuta-
tive 2-monads. Some aspects of the theory become more subtle; for example, one
must distinguish between braiding and symmetry, and between closed structures
and pseudo-closed structures.

For some applications, it is useful to consider instead the more general no-
tion of a pseudomonad [Bun74, GL21, Lac00, Mar99], in which the axioms for
a 2-monad hold only up to coherent isomorphisms. In this setting, an impor-
tant notion is that of ‘lax idempotency’ [Koc95, Z676], which is a property of a
pseudomonad which entails that its pseudoalgebras are defined by a ‘property-
like structure’ [KL97]. This is to say that pseudoalgebras for a lax-idempotent
pseudomonad have an algebraic structure defined up to unique isomorphism. For
example, consider the 2-monad on Cat which takes a category to its free co-
completion under finite coproducts. Its pseudoalgebras are the categories with

chosen finite coproducts, and the finite coproduct is indeed defined up to unique



isomorphism. A result which links these pseudomonads to the above discussion on
commutativity is Lopez Franco’s [LEF'11] Theorem 7.3 that every lax-idempotent
pseudomonad on a monoidal 2-category is pseudocommutative (extending work
of Power, Cattani and Winskel in [CPWO00]).

The move from monads to pseudomonads is not the only direction in which
we can generalise the theory. Monads have been described (first in [Man76]; see
also [Wal70, Har06, Mog91, MW10]) in a so-called ‘no-iteration’ form (also called
a ‘Kleisli triple’ or an ‘extension system’) comprising an endofunctor 7': C — C,
a transformation 1¢ == T and an extension operator (—)* : C(X,7TY) —
C(TX,TY) satisfying three equations. Since this definition does not mention
iteration of the underlying endofunctor, it is possible to adapt this notion for
non-endofunctors.

Indeed, this is done by Altenkirch, Chapman and Uustalu in [ACU15], defining
the notion of a ‘relative monad’ 7" along a base functor J : C — D. It comprises
a functor T : C — D, a transformation ¢ : J = T and an extension operator
(—)*: C(JX,TY) — C(TX,TY) satistying three equations. A relative monad
structure can be given for example to the map Set — Vect, sending a set to the
k-vector space spanned by its elements.

The theory of relative monads has been explored further in [AM23, Lob23].
Just as monads can be generalised to pseudomonads, [FGHW 18] generalises rel-
ative monads to relative pseudomonads between bicategories, exchanging the
three equations for three families of invertible 2-cells and requiring these to sat-
isfy two coherence equations. The sterling example of a relative pseudomonad
is the presheaf construction P : Cat — CAT (where here Cat and CAT de-
note small categories and locally small categories respectively) taking a small
category to its locally-small presheaf category; no unrestricted presheaf functor
can be made into an ordinary pseudomonad due to size issues. However, one
may avoid the size issues in other ways, such as restricting to small presheaves
P, : CAT — CAT [DLO07], which is to say presheaves which are small colimits of
representables.

Other examples of relative pseudomonads along the inclusion Cat — CAT

are general cocompletions which take a small category to its free cocompletion



under a certain class of colimit (for example, cocompletion under all coproducts,
or under all filtered colimits).

Returning to the original motivation for the work in this thesis, Kock [Koc70]
defines strong and commutative monads in the setting of symmetric monoidal
closed categories. The work of Hyland and Power [HP02] on strong and pseudo-
commutative 2-monads also operates in the symmetric monoidal closed context,
although they pass through 2-multicategories in the course of proving that the
2-category of algebras for a pseudocommutative pseudomonad is closed. We fol-
low the example of this paper throughout the thesis and work in multicategorical
settings rather than monoidal ones. This allows us in general to obviate asso-
ciativity and unitor coherences, at the expense of having to work in an unbiased
way on general n-ary morphisms, instead of being able to consider only binary
and nullary morphisms.

An assumption we drop is the existence of a closed structure. Although the
notion of a closed multicategory is well-studied [BLM12], our through-line exam-
ple of the presheaf relative pseudomonad has codomain CAT, and the 2-category
of locally-small categories is for size reasons not closed. In particular, this means
that though the Lépez Franco result that every lax-idempotent pseudomonad
is pseudocommutative makes essential use of a closed structure, our analogue

(Theorem 5.18) explicitly does not require the existence of a closed structure.

Main results

Chapter 2 aims to extend the classical work of Kock [Koc70] from monads
on monoidal categories to relative monads between multicategories in the one-
dimensional setting. As such, we prove a chain of implications for strong relative

monads.

Theorem 2.12. If T is an idempotent strong relative monad between multicate-

gories, then T is commutative.

Theorem 2.14. If T is a commutative relative monad between (symmetric) mul-

ticategories, then T is a (symmetric) relative multimonad.



Theorem 2.16. If T is a symmetric relative multimonad between symmetric
multicategories, then T lifts to a relative monad between categories of commutative

monoids.

There are two main results in Chapter 3, which introduces the Eilenberg-
Moore construction for relative pseudomonads. First, we generalise the work
of [MW13] on no-iteration pseudoalgebras by constructing the Eilenberg-Moore

bicategory for a relative pseudomonad.

Theorem 3.8. Let T be a relative pseudomonad between bicategories. The T'-
pseudoalgebras, pseudomorphisms, and algebra 2-cells form a bicategory T'-Alg,

called the Eilenberg-Moore bicategory.

We then apply this construction to the case of the presheaf relative pseu-

domonad, characterising its Eilenberg-Moore 2-category.

Theorem 3.23. The Filenberg-Moore 2-category P-Alg for the presheaf relative
pseudomonad is biequivalent to the 2-category COC of cocomplete categories, co-

continuous functors and natural transformations.

This gives another conceptual justification for referring to the presheaf con-
struction as the ‘free cocompletion‘ of a small category, mirroring the phenomenon
whereby for example algebras for the free group monad are groups.

The main result of Chapter 4 is a counterpart in the relative setting to Kelly
and Lack’s Theorem 6.2 ((v) <= (i))in [KL97] on lax-idempotent pseudomon-
ads.

Theorem 4.6. Let T : C — D be a J-relative pseudomonad between bicategories.

Then the following are equivalent:
1. T 1is algebraically laz-idempotent,

2. The forgetful 2-functor U : T-Alg, — D is locally fully faithful: that is, for
every pair of T-pseudoalgebras (A,?) and (B,°), every map h: A — B has



a unique lax morphism structure (f, f) : (A,%) — (B,®), and furthermore

every 2-celly:h = k: A — B is an algebra 2-cell.

This theorem demonstrates the necessity in the relative setting of the notion
of ‘algebraic lax idempotency’ as introduced in this chapter (which is shown in
Proposition 4.5 not to be equivalent to the notion of ‘lax idempotency’ defined
in [FGHW 18] Section 5).

The main results of Chapter 5 parallel some of those in Chapter 2, as we
generalise them to two dimensions and consider relative pseudomonads between 2-
multicategories. We prove the following chain of implications for a strong relative

pseudomonad between 2-multicategories.

Theorem 5.18. If T is a laz-idempotent strong relative pseudomonad between

2-multicategories, then T is pseudocommutative.

Theorem 5.16. If T is a pseudocommutative relative pseudomonad between 2-

multicategories, then T is a relative pseudomultimonad.

We immediately make use of these results, proving that the presheaf relative
pseudomonad is a lax-idempotent strong relative pseudomonad, and thus also
pseudocommutative and a relative pseudomultimonad.

Finally, in Chapter 6 the main result is analogous to the result in [Gui80]
Corollary 7 that the Kleisli category for a commutative monad has a monoidal

structure.

Theorem 6.8. The Klewsli bicategory for a pseudocommutative relative pseu-

domonad can be given the structure of a bimulticategory.

This result gives the bicategory of profunctors Prof a bimulticategorical struc-
ture, since from [FGHW18] Example 4.2, Prof is biequivalent to the Kleisli bi-

category for the presheaf relative pseudomonad.



Outline

In Chapter 2 we begin by extending the classical work of Kock [Koc70] from mon-
ads on monoidal categories to relative monads on multicategories. We assume
familiarity with basic properties of multicategories, for which see [Lam69, Lei04].
In Section 2.1 we define the notions of a strong relative monad, and show that
under suitable assumptions this is equivalent to the existing notion of a strong
Kleisli triple. We then show that every strong relative monad extends to a mul-
tifunctor. We also define the notion of a commutative relative monad. In Sec-
tion 2.2 we define idempotent strong relative monads, and prove that these are
always commutative. In Section 2.3 we define symmetric relative multimonads
and prove that every commutative relative monad is a symmetric relative mul-
timonad. In Section 2.4 we define the category of commutative monoids in a
symmetric multicategory C, and prove that every symmetric relative multimonad
T : C — D lifts to a relative monad 7" : CMon(C) — CMon(D) between categories
of commutative monoids.

Next, in Chapter 3, we introduce and explore the Eilenberg-Moore construc-
tion for relative pseudomonads. In Section 3.1 we define pseudoalgebras, pseu-
doalgebra morphisms and pseudoalgebra 2-cells over a relative pseudomonad, and
prove that these form a bicategory T-Alg. In Section 3.2 we consider in partic-
ular the pseudoalgebras for the presheaf relative pseudomonad, proving that its
Eilenberg-Moore bicategory is biequivalent to the 2-category of (locally small)
cocomplete categories and cocontinuous functors between them.

Chapter 4 zeroes in on the notion of lax idempotency for relative pseudomon-
ads. In Section 4.1 we recall the existing notion of lax idempotency as defined
in [FGHW18, Sla23]. In Section 4.2 we define the more general notion of alge-
braic lax idempotency, and prove that it is equivalent to the forgetful 2-functor
U : T-Alg — D being locally fully faithful. We conclude the chapter by proving
that the presheaf relative pseudomonad is algebraically lax idempotent.

We return to strength and commutativity in Chapter 5, which generalises
many of the results of Chapter 2 to the two-dimensional setting of relative pseu-
domonads on 2-multicategories. In Section 5.1 we define strong relative pseu-

domonads and note that the presheaf construction can be given the structure of



a strong relative pseudomonad. We also define pseudomultifunctors and prove
that every strong relative pseudomonad is a pseudomultifunctor. In Section 5.2 we
define pseudocommutative relative pseudomonads and relative pseudomultimon-
ads, and prove that every pseudocommutative relative pseudomonad is a relative
pseudomultimonad. In Section 5.3 we define lax-idempotent strong relative pseu-
domonads and prove that these are always pseudocommutative. We conclude
the chapter in Section 5.4 by applying these results to the presheaf construction,
proving that it is lax-idempotent and therefore both pseudocommutative and a
relative pseudomultimonad.

Finally, in Chapter 6 we study the Kleisli construction for a relative pseu-
domonad. In Section 6.1 we prove the one-dimensional result that the Kleisli
category for a commutative relative monad has the structure of a multicategory.
In Section 6.2 we generalise this to two dimensions, proving that the Kleisli bi-
category for a pseudocommutative relative pseudomonad has the structure of a
bimulticategory. We close by remarking on how this result applies to the presheaf
relative pseudomonad, whose Kleisli bicategory is biequivalent to the bicategory

of profunctors.



Chapter 2

Commutative relative monads

Introduction

In this chapter we work entirely in a one-dimensional setting, both because the
definitions and results are already novel here and because we can use the one-
dimensional definitions to guide the more general definitions in two dimensions
(which we explore in Chapter 5).

We define the notion of a strong relative monad on a multicategory (gener-
alising the work of [Uus10]), and show that this recovers the existing definition
of a strong monad on a monoidal category when the relative monad is along the
identity and the multicategory is representable (in the sense of Hermida [Her00]

8.1). We go on to define notions of:
e idempotent strong relative monad (Definition 2.2),
e commutative relative monad (Definition 2.8), and
e symmetric relative multimonad (Definition 2.13),

showing that these recover the existing definitions of idempotent strong monad,
commutative monad and symmetric monoidal monad respectively in the repre-
sentable, J = 1¢ case. We prove the following chain of implications for a strong

relative monad 7" on a symmetric multicategory C:



2.1 Strong and commutative relative monads

e every idempotent strong relative monad is commutative (Theorem 2.12),

e cvery commutative relative monad is a symmetric relative multimonad
(Theorem 2.14), and

e cvery symmetric relative multimonad lifts to a relative monad between the

multicategories of commutative monoids in C (Theorem 2.17).

2.1 Strong and commutative relative monads

Recall the definition of a relative monad [ACU15] Definition 2.1, which is pat-
terned after the presentation of a monad in ‘extension form’ as described in [Man76]
(Section 3, Exercise 12).

Definition 2.1. A relative monad (7, 4,*) along a functor J : C — D comprises
e for each X € obC an object TX € obD,
e for each X € obC a unit map ix : JX — TX, and
e for each X,Y € obC an extension map
(=) :D(JX,TY) - D(TX,TY)
natural in both arguments, such that we have the following three equations:
f=iy,  (ffo' =19, ix=lx
forall XY, Z€obCandg: JX = TY, f:JY - TZ.

In this section we seek to generalise Kock’s notion of a strong monad on a
monoidal category [Koc70]. A strong monad structure on a monoidal category is
given by a map

Ixy  XQTY - T(X®Y)

10



2.1 Strong and commutative relative monads

satisfying some axioms. As a motivation for our definition of strong relative

monad in Definition 2.2, we generalise a relative monad’s extension maps
cJx,Ty) 5 c(rx, 1Y)

to n-ary hom-categories

C(Bi,....JX, ... B TY) 5 C(By, .., TX, ..., B, TY),

which we call strengths. To use this to construct the map ¢ in the ordinary and
representable case, we begin with the unit i : X ® Y — T(X ® Y'). Passing to
the underlying multicategory, this corresponds to amap i : X,V - T(X ® Y).

We can strengthen this map in the second argument to obtain
P2 X, TY - T(X®Y).

Now passing back to the original monoidal category we have found a strength
map X @ TY — T(X ® Y), and one can check that this satisfies the strength
axioms. This derivation, as well as Proposition 2.5 later on, motivates the use of

the terminology ‘strength’ to refer to the maps

C(Bi,...JX, .. B TY) 5 C(B),...,TX, ..., B,: TY)

below.
Throughout this section and later in the thesis we will employ the following

notational shorthand.

e When the arity of a multimorphism is unimportant or can be easily inferred,
we write f: X — Y instead of f: X;,..., X, = Y.

e Given f: X = Y and g : W — X; we abbreviate composites of the form
fo(l,..,1,9,1,...,1) to fojg.

e We write X - Z; to abbreviate slightly more complicated domains of the
form
Xy Xjo1, 4, Xjia, oo, X

11



2.1 Strong and commutative relative monads

Definition 2.2. A strong relative monad (T,i,*) along a map of multicategories

J : C — D comprises
e for each X € obC an object T X € obD,

e for each X € obC amap ix : JX — TX, and

e a family of maps (—) which comprises for each arity n, index 1 < j <n

A Xy
and objects A € obD, X,Y € obC a map

D(A-JX,;:TY) 2 D(A-TX,; TY)
fr—F

natural in all arguments,

such that we have
f:fjojiv (fjojg)j+k71:fjojgka 21:1
for all A,BEObD, X,Y,ZeobC andg:14_1~JXk—>TY, f:B~JY}—>TZ.

Remark 2.3. On the full subcategories of unary maps of C and D, this reduces to
the definition of a relative monad. Hence on unary maps 7T has a functor structure
given by T'f := (i o Jf)'. We will see in Proposition 2.7 that furthermore T has

the structure of a multifunctor.

Note that naturality of the maps (—)7 stipulates in particular that, for n-ary

f and m-ary g,

(fokg>j:fjokg

when 1 < j <k <n, and

(forg ™ =florg

when 1 < k < j <n.

12



2.1 Strong and commutative relative monads

We now justify this definition by showing that it recovers the existing def-
inition of a strong monad on a monoidal category when the multicategory is
representable and the relative monad is along the identity. To this end, we use
the notion of a strong Kleisli triple from [Har06] Section 3.1, which is equivalent

to the ordinary notion of strong monad on a monoidal category.

Definition 2.4. A (right-)strong Kleisli triple (T,i,”) on a monoidal category C

comprises
e an endofunctor 7 : C — C,
e amap iy : A— TA for each object A € obC, and

e an extension map C(A® B;TC) i C(A® T'B;TC) natural in all argu-

ments

such that for all A, B,C,D € obC, f: A®B - TC, g: B (C — TE and
h:A® E — TD we have

(a0 A" =X: T®@TA — TA,
ffo(lwig)=f: A® B —=TC,
hro(l®g)oa=((ho(l®g)oa) : (A®B)®TC — TD.

Note that the fourth condition listed at [Har06] Section 3.1 corresponds to the
stipulation here that (—)" be natural in the argument A. We will also need the

notion of a left-strong Kleisli triple, whose extension map is instead of the form
_\l
C(A® B;TC) L C(TA® B;TC),

and we call a Kleisli triple which is both right-strong and left-strong bistrong. We

now prove the desired correspondence in one direction.

Proposition 2.5. Let C be a monoidal category. A strong relative monad along
the identity on the underlying multicategory of C has the structure of a bistrong
Kleisli triple on C.

13



2.1 Strong and commutative relative monads

Proof. Let (T,i,*) be a strong relative monad along the identity 1 : C — C, where
C is the underlying multicategory of a monoidal category C. By Remark 2.3 T is
an endofunctor, and we have the maps i, : A — T A directly.

Recall that in any representable multicategory we have maps u : () — I and

vap A B — A® B inducing bijections

oju

—5 C(---aAj—lij+17 R B),

o5V

— C(...,Aj_l,Aj,Aj+1,Aj+27 s B),

C(, Aj—la ], Aj—i-lv eeey B)
C(, Aj_17 Aj X Aj+1, Aj+2, cerq B)

and that for A, B,C,D € obC, f: A— C and g : B — D we have identities

(f®g)ov=wvo(f,g): A B—-C®D,
Aovoju=1:A— A,
paovosu=1:A— A,

asgpcovogv=vo0v:A B,C—A®(B®C).

Now we can define the left and right strengths respectively by

We now verify the three conditions for 7" to be right-strong. Firstly, to show that

(i o A)" = X it suffices to show that (i o \)" o v o; u = Xowv oy u, and indeed

2

(ioX) ocvoju=(iolov)*oju=(ioXovosu)?

=il=1=Xowvoju.

Secondly, to show that f"o(1®i) = f it suffices to show that f"o(1®i)ov = fou,

and indeed

ffo(l®i)ov=flovoyi= (fov)oyi

= fouw.

14



2.1 Strong and commutative relative monads

Finally, to show that ¢" o (1® f")oa = (¢" o (1® f) o«)" it suffices to show that
g o(1® floaovov=(¢0o(1® f)oa) ovov,
and indeed

g o(1® foaovov=g o(1® f)ovoyv

So T is right-strong, and a symmetric argument shows that T is also left-

strong. Hence T' is a bistrong Kleisli triple, as required. O

One may also show the desired correspondence in the other direction—that
every bistrong Kleisli triple on a monoidal category has the structure of a strong
relative monad along the identity on the category’s underlying multicategory. We
omit this result here for length, as defining the required (—)? extensions in full
generality is notationally cumbersome.

Now we prove a generalisation of Theorem 2.1 in [Koc70] that every strong
monad is a lax monoidal functor. To do this, we will extend our notation. Con-
sider maps of the form JXi, ..., JX,, — TY, i.e. maps which can be strengthened
in any index. In this case we can generalise from strengthenings in only one
argument f — f7 to strengthenings in any subset of the domain f ~— f° for
S C[n|:={1,2,...,n}. Here we introduce the notation —og g; to mean ‘compose

with the map g; at index j for all j € S".

15



2.1 Strong and commutative relative monads

Proposition 2.6. Let T be a strong relative monad. Then for each n, subset

S C[n] and JXy,...,JX, — TY we have a map f°: Zy,...,Z, — TY , where

TX;, jes
7 =

J

JX; JEs
such that (—)* is natural in all arguments, and such that we have

f=1%0s1i,
(5 05 )45 = [0, g%,
forallj e S, g:JXy,..JX = TY;, f:IV1,..,JY, = TZ, S C [n] and

Proof. The action (—)° is defined by applying the strengths (—)7 for j € S from
left to right. We must now prove the two equalities. To show that f = % og1,
we apply the equality f/ o; i = f in turn for each of the elements of S. To show
that (f51 o; g)%2H=1 = f5 0, g% let S; = U U U’ where U = S; N [j] (and
[7] ==41,2,...,5}). Then
(f5 0; )51 = (fY o, g)SeHi—DUU+m=1)

— (f7 0, gD

= [ o5 9%,
as required. O

With this notation we can now prove the result, which is a generalisation of
Remark 2.3.

Proposition 2.7. Let T be a strong relative monad along a multifunctor J : C —
D. Then T is a multifunctor whose action on a multimorphism f : X1,.... X,, = Y
15 given by

Tf:=@GoJf\" . TX,,. ... TX, =TY

16



2.1 Strong and commutative relative monads

where [n] :={1,2,...,n}.

Proof. We have two equations to check. To show that T'1x = 17x, we have
TlX = (’LX o Jlx)l = (ZX ¢} 1])()1 = Z,lX = 1TX-

To show that T'(f o; g) = T'f o; Tg, we have

Hence a strong relative monad is a multifunctor. O]

In the classical situation described in [Koc70], a strong monad with left-
strength s and right-strength ¢ can be given the structure of lax monoidal functor

in two ways:

TXQTY ST(TXQY) STT(X®Y) ST
TXQTY ST(X@TY) BTT(X®Y) L T(X®Y)

It is then natural to ask about those strong monads for which these two composites
are equal, which Kock called commutative monads.

Analogously, when we defined the subset strengths (—)°, we had to choose an
order (there, left to right) in which to apply the individual strengths. Commuta-
tivity, introduced in Definition 2.8 below, says that any choice of order gives the

same result.

17



2.1 Strong and commutative relative monads

Definition 2.8. Let T be a strong relative monad. We say T is a commutative

relative monad if for all f: A-JX;, JX;, — TZ and 1 < j < k < n we have
fhi= ik A.TX,; TX, = TZ.

Remark 2.9. A commutative relative monad along the identity on a repre-

sentable multicategory is a commutative Kleisli triple; i.e. one for which

ff=fr-TA®TB — TC.

Indeed, it suffices to show that f' o v = f o v, and we have

ouv=(f 0wt = (fou)
= (fou) = (f'ov)?

:flrov

as required.

Note that being able to commute any two strengths lets us reorder the appli-
cation of n strengths in any way we choose. This lets us manipulate the subset
strengths more freely, as the following proposition shows. Recall that the nota-
tion f% o, g; for n-ary f and S C [n] means ‘strengthen f at the indices in S, and

compose with g; at index j for all j € 5.

Proposition 2.10. Let T be a commutative relative monad, let f : JXq, ..., J X, —
TY be a map, let S C [n], let g; : JZj1, ...,  Zj;, — TX; for j € S, and let

S; C [m;]. Then we have
. . S,
(f5 05 g;)VE k) = f5 og 9;",
where for all j, we have kj := 37 .(my, —1).

Proof. Since T is commutative, we can rearrange the indices of S so that any of

them is rightmost. Thus if we start from (f% og g;)USi+%) | for each j € S in

turn, we can

18



2.2 Idempotent strong relative monads

e shuffle S so that j is rightmost, then

e apply the axioms of a strength to bring the indices of S; inside the paren-

theses.

Having done this for each j € S, we obtain f° og gfj as required. n

2.2 Idempotent strong relative monads

In the ordinary setting, a monad is idempotent if the multiplication m : TT A —
T A and the unit i : TA — TT A are inverse to each other ([AT69] Section 6). We

adapt this to our setting to define a notion of idempotent strong relative monad.

Definition 2.11. Let 7" : C — D be a strong relative monad. We say T is
idempotent if the strengths are inverse to precomposition with the unit; that is,

if the maps

(=)
—_

D(A- JX,:TB) D(A-TX;;TB)
$—/

—o,t
are inverses for all n, all 1 < j <n and all objects Ay, ..., A;_1,Aj11,..., A, in D
and X,Y in C.
That is, as well as the equality 7 o;i = f: JX — TY (which holds for all
strong relative monads), we also have (go;i)! =¢g:TX = TY.
Every idempotent strong monad is commutative (this appears to be folklore,
but see the two-dimensional generalisation at [LF11] Theorem 7.3); the analogous

result holds in our setting.

Theorem 2.12. If T is an idempotent strong relative monad, then T is commu-

tative.

Proof. Suppose T is idempotent and let f: A-JX;, JY; — TZ be an n-ary map

with 1 <7 <k <n. Then

fk‘j — (fj 0; Z')kj — (f]k 0; Z')j — fjk”

19



2.3 Relative multimonads

and so T is commutative. O

2.3 Relative multimonads

In this section we generalise the notion of a symmetric monoidal monad on a
symmetric monoidal category ([Koc70] Section 3) to our setting. Throughout
this section, every multicategory will be symmetric; for all n the n-ary morphisms
will be equipped with an action of .S,, that respects composition. We denote the
action of 0 € S,, on f: Ay,..., A, = B by

fa : Aa(l), ...,Ag(n) — B.

We further suppose throughout that the strengths of a strong relative monad are

compatible with the symmetry; that is, we have

(fj)cr = (fcr)a(j)
for all n-ary f, 1 <j<mnando€S,.

Definition 2.13. Let T be a relative monad. We say T is a relative multimonad
if
e T is a multifunctor, and

e the multifunctoriality of 7" is compatible with the monad structure, which

is to say that we have

—doJf=Tfo(i..,1) forall f:X;,..,X, =Y, and
—ifthoJf=Tf o(g1,....,.9n) then also h* o T'f =T f" o (g7,...,9}):

gfw'wg';kz

TX,,...TX, TX!, .., TX!

Tf l le !
TY . TY

20



2.3 Relative multimonads

We further say that 7" is a symmetric relative multimonad if we have (T'f), =
T(f,) for all n-ary f and o € S,,.

Now we have an analogue of the classical result ([Koc70] Theorem 3.2) that
every commutative monad on a symmetric monoidal category is a symmetric

monoidal monad.

Theorem 2.14. Let T be a commutative relative monad along a symmetric mul-
tifunctor J : C — D. Then T can be given the structure of a symmetric relative

multimonad.

Proof. Suppose T' is commutative. Since T is strong, by Proposition 2.7 T" has a
multifunctor structure. We have two conditions to check to show that this can be

extended to a relative multimonad structure on 7T'. For the first, we simply have
ioJf=(ioJf)Mo(i,.i)=Tfo(,..i.
Note that this holds for any strong relative monad, not necessarily commutative.
For the second condition, suppose ho Jf =T f o (g1,...,9n). Then
W oTf=h*o(ioJf)" = (h*oio Jf)l
= (ho JN)™ = (Tf o (g1, e gu))"
= ((i0 Jf) 0 (g1, -wrs ga))™
L (o Jf) o (gF, ... 90)
=Tf" o (g1, 9n);

where the step marked T holds by Proposition 2.10 and the commutativity of 7T'.

To show that T is furthermore symmetric, we have

(TF)y = ((i0 JH), = ((i 0 Jf),) Do
= ((io Jf)e)M = (i o Jf, )M
=T(fo)-
Hence indeed T is a symmetric relative multimonad. 0
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2.4 Commutative monoids in a multicategory

2.4 Commutative monoids in a multicategory

In this section, we generalise the result of Kock ([[Koc70] Theorem 4.1) that every
symmetric monoidal monad on a symmetric monoidal category C lifts to a monad
on the category of commutative monoids in C. To this end, we define the category

of commutative monoids in a multicategory.

Definition 2.15. Let C be a symmetric multicategory. The category CMon(C)

of (unbiased) commutative monoids in C comprises

e commutative monoid objects (M, m) consisting of an object M € C and
n-ary maps

My M,.... M — M
for each n, such that
-m=1:M— M,
— My, O My = Mptp— forall 1 <k <mn and p> 0, and
— (my)e =my, for all o € 5,.

e monoid morphisms f : (M, m) — (M’,m') comprising a map f: M — M’

such that

commutes for all n.

We have a forgetful functor U : CMon(C) — C with U(M,m) = M and

Uf=1F.
In order for T along J : C — D to lift to a monad CMon(C) — CMon(D), we
need at the very least for J to lift to a functor J : CMon(D) — CMon(C). The

following proposition gives a sufficient condition for this to hold.
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2.4 Commutative monoids in a multicategory

Proposition 2.16. If J : D — C is a symmetric multifunctor between symmetric

multicategories, then J lifts to a functor J : CMon(D) — CMon(C).

Proof. The map J sends an object (M, m) to (JM, Jm); we see that this is a

commutative monoid object since

Jmy, o Jmy, = J(my, o my) = Jmyyp1

(Jmp)e = J(my)y = Jmy,

by the symmetric multifunctoriality of J. On morphisms we have Jf = Jf; we
need to check that if f : (M,m) — (M’,m’) is a monoid morphism, then so is

J f. Indeed, we have
Jml o (Jf, .., Jf)=Jm, o (f ... f))=J(fomy,)=JfoJmy,

as required. Functoriality follows from the functor structure of J. So indeed if J

is a symmetric multifunctor then it lifts to J : CMon(D) — CMon(C). O
Now we can prove the lifting result for 7.
Theorem 2.17. Let (T,i,*) be a symmetric relative multimonad along the sym-

metric multifunctor J : D — C. Then T lifts to a monad (T,i,*) along J -
CMon(D) — CMon(C) such that

UT =1TU,
U(i) =1,
uir)=1r

Proof. Suppose T is a symmetric multimonad along J : D — C. Let T (M,m) =
(T'M,Tm); this is a commutative monoid object due to the symmetric multifunc-

tor structure on 7', as above in Proposition 2.16.

23



2.4 Commutative monoids in a multicategory

The map ¢ : JM — TM lifts to a monoid morphism ¢ : (JM,Jm) —
(TM,Tm) because the diagram

JM, ... JM " M

commutes for all n, being one of the axioms of a multimonad.

Given a monoid morphism f : (JM, Jm) — (T'M',Tm’) we have that

JM, ..., JM 27 JM

commutes for all n, and so f* is also a monoid morphism. Hence T" indeed lifts

to the required monad (7',4,*) on CMon(C). O
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Chapter 3

The Eilenberg-Moore bicategory

for a relative pseudomonad

Introduction

The Kleisli and Eilenberg-Moore categories for a relative monad have been defined
in [ACU15] Section 2.3 and the Kleisli bicategory for a relative pseudomonad has
been defined in [FGHW18] Section 4. However, the Eilenberg-Moore bicategory
for a relative pseudomonad has not yet been defined. In this chapter we define
pseudoalgebras for a relative pseudomonad, along with algebra morphisms and
algebra 2-cells, and then prove that these form a bicategory T-Alg.

In ongoing work with Nathanael Arkor and Philip Saville, we aim to prove that
this construction satisfies a universal property analogous to the Eilenberg-Moore
category for an ordinary monad; namely that we have a J-relative pseudoadjunc-
tion (in the sense of [FGHW 18] Definition 3.6)

T-Alg

P

with T'= UrFr (a resolution of T') and that this one is biterminal among resolu-

tions of 7.
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3.1 Pseudoalgebras over a relative pseudomonad

The second part of this chapter considers the example of the presheaf relative
pseudomonad, and show that its Eilenberg-Moore 2-category of pseudoalgebras
and pseudomorphisms is equivalent to the 2-category of cocomplete categories

and cocontinuous functors.

3.1 Pseudoalgebras over a relative pseudomonad

Recall the definition of a relative pseudomonad ([FGHW 18] Definition 2.1), which

generalises Definition 2.1 to two dimensions.

Definition 3.1. Let C and D be bicategories and let J : C — D be a pseudofunc-

tor between them. A relative pseudomonad (T',1i,*;n, i1, 0) along J comprises

e for every X € obC an object TX € obD and a unit map ix : JX — TX,

e forevery X, Y € obC an extension functor (—)* : D(JX,TY) — D(TX,TY)

natural in both arguments.
Along with these we have three natural families of invertible 2-cells:
o 0y f— fri,
o iry: (ffg)" — f*g*, and
o Ox: 5% = 1lpx for f: JX = TY and g : JW = TX,
satisfying the following two coherence conditions:

1. For f: JX = TY, g: JW — TX and h : JV — TW, the following

diagram commutes:

((Fg)h)” A ()"
(ks h)*l lﬂf,gh*
((Fg)h)” (f*g" )

«| o

(PG G T@D) o [ (g°h)

Hg,h
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3.1 Pseudoalgebras over a relative pseudomonad

2. For f:JX — TY, the following diagram commutes:

f* (ny) (f*Z)* Hfvi f*Z*

f*lTX

In defining pseudoalgebras over a relative pseudomonad, we simultaneously
generalise algebras over relative monads ([ACU15] Definition 2.11) from one to
two dimensions, and pseudoalgebras over no-iteration pseudomonads [MW13].
The 2-categorical (as opposed to bicategorical) case was treated in [Lew20], co-

inciding with the following definition in that case.

Definition 3.2. Let J : C — D be a pseudofunctor between bicategories. A pseu-
doalgebra for a J-relative pseudomonad T : C — D (or simply T'-pseudoalgebra)

comprises
e an object A € D;

e a natural family of functors (—)* : D(JX, A) — D(T'X, A) for each X € C,

the extension operator;

e a natural family of invertible 2-cells a; : f — f®x for each f: JX — Ain

D,

JX ! s A
\\afﬂ /‘
i fa
Y Y rx

e a natural family of invertible 2-cells a4 : (9% f)* — g f* for each f : JX —
TY and g : JY — A in D;

TX (g*f)* . A
\\ag,fﬂ /
f TY g

such that
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3.1 Pseudoalgebras over a relative pseudomonad

o foreach f: JX —TY, g:JY - TZ and h: JZ — A in D, the following

diagram commutes:

((heg)" f)e » (heg)e f*
(&h,gf)al l&h,gf*
((heg*) f)° (heg*) f* (3.1)

=| |

(9" f))" 5 DG f)" —a—> D7)

g*f

e for each f: JX — A in D, the following diagram commutes:

(ag)® . ag; ;%
fo =L (frix)r — feiy

lf@e (3.2)

filrx

A pseudoalgebra is strict (or is a strict algebra) if each a; and each ays, is an
identity 2-cell.

If we don’t require the families of 2-cells a, a to be invertible, we almost
obtain the notion of laz algebra; however, in this case we are required to add
more coherence conditions (in a manner similar to coherence in monoidal versus

lax monoidal categories), so we do not treat them here. As in the ordinary setting,

we have a notion of free pseudoalgebra.

Proposition 3.3. Let T' be a relative pseudomonad along J : C — D, and let
Y be in C. Then TY admits the structure of a T-pseudoalgebra, called the free

T-pseudoalgebra on Y.

Proof. The extension operator is given by the maps (—)* : D(JX,TY) — D(TX,TY)
for X € C; the natural families are given by p and 7 respectively. The pseudoal-

gebra axioms are then exactly the axioms of a relative pseudomonad. O

The following lemma will be useful in later proofs.
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3.1 Pseudoalgebras over a relative pseudomonad

Lemma 3.4. Let A be a pseudoalgebra for a relative pseudomonad T. For each
f:JX =>TY and g: JY — A, the diagram
gf 7 (g0 (g )i

o | (3.3)

also commutes.

Proof. Since a is invertible, it suffices to prove that the diagram

(g°f)% —2 ((g°f)%)% —2— ((g°f*)i)

=

(g*(fi))"i
commutes. By naturality and a pseudomonad coherence, we have

(9" f)i — (g"(f*i))"

o]

g*(f
(g% f*)i — (g*(f*0)*)i —— (g°(f*i*))i

lo

(g*(f 1))

a

1%

and so we may equivalently show that

(g°f)% —2= ((g°f)%i)% —2= ((g°f*)i)% —— (g°(f*i))

(¢ (f*i))i
(¢ ("))
(6" %)  (g°(f*))i
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3.1 Pseudoalgebras over a relative pseudomonad

commutes. Now by naturality and Equation 3.1, we have

(g f))% —2= ((gf*)i)% —— (g(f*i))%

~

((g"f)mi)i —== ((g"f*)i")i —— (¢°(f*i*))i

| :

TR —y Y

and so we can reduce the problem to showing that
(9" )" === ((g"f)"i)s —"= ((9"f)"*)i —= ((g"f*)i*)i

a

lo
(g°f)i
commutes. But this may be filled as follows, using naturality and Equation 3.2:

(9°f)% "= ((g")")"i —"= ((g"f)*@")i —= ((g"F*)i")i

T | !

(9"f)" ——— (" f")i
and so indeed the original diagram commutes, as required. O

We now introduce the appropriate notion of morphism for pseudoalgebras. In

fact, there are four such notions, depending on the 2-dimensional structure.

Definition 3.5. A lax morphism from a T-pseudoalgebra (A,* a,a) to a T-
pseudoalgebra (B, ?, b, l;) comprises

1. a morphism h : A — B in D;
2. a natural family of 2-cells hy : (hf)® — hf? for each f: JX — A in D,

such that
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3.1 Pseudoalgebras over a relative pseudomonad

3. for each f: JX — A in D, the following diagram commutes.

(hf)ix 2155 (hpoiy

\ l (3.4)

h(f%ix)

4. for each f : JX — TY and g : JY — A in D, the following diagram

commutes;
((hg)" )" L (hg)
Gur | [Por
((hg™)f)? (hg) f* (3.5)
(h(g" )" 5 hlg"f)" 5z hlg"f)

We say that (h,h) is a pseudomorphism if each ﬁf is invertible; we say it is a
strict morphism if each ]_Zf is an identity 2-cell. A colax morphism is defined

analogously, except that the direction of A is reversed.

The following lemma gives an example of a pseudomorphism out of a free

pseudoalgebra.

Lemma 3.6. Let T be a J-relative pseudomonad and let (A,* a,a) be a T-
pseudoalgebra.  For each object X € C and 1-cell f : JX — A, the 1-cell
f¢ . TX — A admits the structure of a pseudomorphism from the free T -
pseudoalgebra on X .

Proof. The structure is defined by
Fg —afg (fa )a _>fag*.

With this structure, the coherence conditions 3.4 and 3.5 correspond exactly to

the equation in Lemma 3.3 and Equation 3.1, respectively. O
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3.1 Pseudoalgebras over a relative pseudomonad

Next, we introduce the appropriate notion of 2-cell for morphisms of pseu-
doalgebras.
Definition 3.7. Let (h, k) and (h/, #’) be lax morphisms (4, a,a) — (B,°, b, l;)
A transformation « from (h,h) to (R, 1) is a 2-cell o : h == k' such that the

following diagram commutes for every f: JX — A.

(hfyr 2255 (b pye

Efl lﬁf (3.6)
hf" — W
Transformations between colax morphisms are defined dually.
With all these notions defined, we can define the Eilenberg-Moore bicategory
for a relative pseudomonad 7.
Theorem 3.8. Let T be a J-relative pseudomonad between bicategories. The T'-

pseudoalgebras, pseudomorphisms, and algebra 2-cells form a bicategory T-Alg,

called the Eilenberg-Moore bicategory.

Proof. We first show that for any pseudoalgebras (A,?) and (B,°), we have a
hom-category of pseudomorphisms T-Alg[(A, ), (B,?)]. Since algebra 2-cells are
just 2-cells in the underlying bicategory satisfying a property, it suffices to show
that this property is preserved by identity and composition. That is, we need:

e 1, : h — his an algebra 2-cell:

(hf)r L5 (e

T

hf'a 1—f’1> hfa

e ifa:h— b and B: A — h” are algebra 2-cells, then so is Sa : h — h”:

(hf)? <25 (e 2 gy

! 1"
hfl lhf lhf

W — W W f
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3.1 Pseudoalgebras over a relative pseudomonad

Hence indeed we have the required hom-categories.
Next, we want identity functors 1 4y : 1 — T-Alg[(A,%), (A,*)]. We need to
show that 14 can be given the structure of a pseudomorphism of algebras. We

equip it with the 2-cell

a

(Ta)g : (1ag)* = g% = 1ag®.

We have two coherence conditions to check; condition (3.5) becomes:

((19)f)"  (19)°f°
(gN‘;} ) g‘;}:*
<<1;?5>f>a <1g?5;f*
<1<;3f>>a e () UG ) (g f )

and using two naturality squares and two bicategory coherences, we can fill this

in as follows:

((19)1)"  (19)°f°
<<1;a - \(lga)f*
1 (N?f 1(g"f >/
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3.1 Pseudoalgebras over a relative pseudomonad

Condition (3.4) becomes:

1f 20 (1f)% — = f4q
<1JI>@'
1(f%)

and using two naturality squares and one bicategory coherence, we can fill this

o

A

1f > f > f%
I

lay - /(1fa)Z
1(f)
Thus we can define our identity functor 14y : 1 — T-Alg[(A%), (A4,%)] as picking

in as follows:

out the pseudomorphism (14,14).
We also need to define horizontal composition: for every triple of objects

(A,%), (B,®) and (C,€) a functor
o T—Alg[(B, b)> (07 C)] X T—Alg[(A, a)> (Bv b)] - T—Alg[(A, a)’ (C? C)]

Given (h,h) : (B,®) — (C,¢) and (K, }') : (A,%) — (B,®) we define the horizontal
composite (h, h) o (h',h') to be (hh', hl), where hh/; for f : JX — A is defined

as the composite
Ty < (W) F)° 5 (W) 2% mi ) 225 (o) = (hit)g

We must check that this composite actually gives hh' the structure of a pseudo-
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3.1 Pseudoalgebras over a relative pseudomonad

morphism. For f: JX — A, condition 3.4 becomes:

(hR)f —S— ((hh')f (I f“

(hh)a hh/ )i

hh/ fCL

which we need to fill in. First, by naturality and bicategorical coherence we have

o

(h(W f))ei «S— h(R'f) —2— h(K(f%)) —— h(('f*)i) —— (h(K' f*))i

| )

((h) [)t 4—— (hR') [ —5= (h))(f*9) ((hR') f*)i

1R

and so we can reduce the problem to showing

h(W ) —= (h(W' )i —— (W f))i " (h(R )i
2 h((W'f*)i)
h(h (f*1))
commutes. Using naturality and two instances of Equation 3.4 we can fill it in as

follows: . _
(h(W f))ei —"—= (h(K' f)?)i —"— (h(K f*))i

J lg lg

and hence the original diagram commutes, as required.

For the other condition, let f: JX — TY and ¢g: JY — A. Condition (3.5)



3.1 Pseudoalgebras over a relative pseudomonad

becomes:

(R g)°f)° e > ((hh')g)f*
(h(Hg))F)* (h(h'g))"f*
(s ) | Pnad”
(h(Hg)") )" (h(R'g)") F*
((hﬁ’g)f)cv V(hﬁ’g)f*
((h(Wg*) f)e (h(R'g*))f*
() g*) f)° ((h')g®) f*
((hh) (g )"

(h(R (g £)))° -
Eh’(gaf)v

h(h (g f))"

hh son |

RO (g )%) —— (R )* s (W) ()

which we fill in in stages. We first employ three naturahty squares and one

bicategory coherence to show that the diagram

) L (g

h(ﬁ’gf)"

((h(P'g)") ) —— (h((Kg
(B )¢ ((Ry )"

(R g™ ) —s (R((Hg™) £))° 2 (e ge) )Y

~

() g*) f)° - .

~

(W) (g™ 1)) —ms (h(H (g F))F —— B (g )"

bt gapy

commutes. We then employ two naturality squares, one bicategory coherence and
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3.1 Pseudoalgebras over a relative pseudomonad

Equation (3.5) for A’ to show that the diagram

W(Wg)tf) (W) ) — (h(Hg)")
h(ﬁgf)bl w1 | l(hﬁi,)f*
h(Wg") )" B((Wg™) f*) — (h(Wg") f*

(R (")) < B ) R ) (g f

(W) (" )" s (W) (")

)dgyf

also commutes. Together, these reduce the problem to showing the diagram

((h)g) f)° o s (hH)g)°f*
((h(Hg))“f)° (h(Hg))* "
(Eh/gf)cv vﬁh,gf*
((h('g)") f)° (h(Hg)") f*

(R(('9)° 1)) =—— h((W'g)"f)* —— h(('g)"f*)

(h'g)bf hburg, ¢
commutes. But we can employ a naturality square and Equation (3.5) for A to

fill it in as follows:

((hh)g)e f)" o s (h)g)° f*
((h(Hg))“f)° s s (h(Hg)) S
(Eh’gf)cV VBh’gf*
((R(Wg)") f)e (h(Wg)®) f*

(h((W'g)*£))* = h((M'g)"f)" —— h((W'g)"f*)

(W)t hbnrg, s
Hence (hh', hh') is a pseudomorphism and our horizontal composition functor is

defined on 1-cells.
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3.1 Pseudoalgebras over a relative pseudomonad

On 2-cells, since algebra 2-cells are just 2-cells satisfying a property, it suffices
to check that the horizontal composite of algebra 2-cells is again an algebra 2-cell.
Solet a: (h,h) = (k,k)and o : (',h') = (K, k') be algebra 2-cells. We

need to verify the commutativity of

(hh') fye =D (k) £)e

Wfl lmf

(RR) [ — e (WK

Using the definition of the lax morphism structures on dd’ and f f’, we can employ
six naturality squares and Equation (3.6) for each of o and o’ to fill this diagram
in as follows:

(Bl e =20 (ki) ) =S (k) £)°

~ ~ ~

(0 )y =2 (un ) =2 () )

hh/f Eh/f Ek’f
b M k(a/f) M

h(R'f) Wk(hf) k(K'f)

hE’f kB’J, kE}

! fa ! fa ! fa
W £*) gy B F) ——a— R(Kf?)

~ ~ ~

(hh') f* e (kh') fe G (kK') [
Thus horizontal composition is also defined on 2-cells. Furthermore, horizontal
composition inherits functoriality from the underlying bicategory, since being an
algebra 2-cell is a property.
We now define associator and unitor 2-cells to be the same 2-cells as in the

underlying bicategory. We must check that these are algebra 2-cells. For the left

unitor, we need

((1h)f)" — (hf)"

sl

<1h)fa — hfa
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3.1 Pseudoalgebras over a relative pseudomonad

to commute. We employ a naturality square and two bicategory coherences to

fill this in as follows:
((1h) )" —— (hf)"

1(hf)
(1h

So the left unitor is an algebra 2-cell. For the right unitor, we need

~

-

VO h}a

to commute. We again employ a naturality square and two bicategory coherences

to fill this in as follows:
((R1)f)* —= (hf)’
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3.1 Pseudoalgebras over a relative pseudomonad

So the right unitor is also an algebra 2-cell. Finally, for the associator we need
(((Uk)R) ) ——= ((U(kR)) )1
@, | |,
((tk)h) f* —=— (I(kh))g"
to commute. We employ two naturality squares and two bicategory axioms to fill

the diagram in as follows:

(fg)h)k)* —— ((f(gh))k)*

~

~

((f9)(hk))? ~

~

2

(Flg(hE)))* = (F((gh)k))*

fg(hk)\’ j(gh)k
f(g(hk)) —=— f((gh)k)®
fghkv
(fg)(hk)" +—— f(g(hk)")
(F9)h j (f(gﬁk)

(Fg) (hk") —=— f(g(hke))

2

((fo)h)k® —=— (f(gh))k*
So the associator is an algebra 2-cell. The pentagon and triangle axioms hold

since they hold in the underlying bicategory. Hence T-Alg is a bicategory. O
Remark 3.9. When C and D are (strict) 2-categories, T-Alg is also a 2-category.

Remark 3.10. We can specialise this result. If all 2-cells are identities we recover
the one-dimensional Eilenberg-Moore category for a relative monad as in [ACU15]
Definition 2.11, and if J = 1¢ then we recover the ‘no-iteration pseudoalgebras’

of [MW10] Section 4.
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3.1 Pseudoalgebras over a relative pseudomonad

Remark 3.11. We have a forgetful pseudofunctor U : T-Alg — D sending a
pseudoalgebra to its underlying object. This has a relative left biadjoint F': C —
T-Alg (in the sense of [FGHW 18| Definition 3.6), which sends X € C to the free
pseudoalgebra (T'X,*).

Remark 3.12. By modifying the above proof, we obtain bicategories T Alg,
T Alg, and (when C and D are 2-categories) T'Algs, distinguished by containing
the lax, colax and strict morphisms respectively.

The following proposition generalises an aspect of the phenomenon of doctrinal

adjunction (treated in [Kel74b] for 2-monads and in [Nunl8] for pseudomonads)

to relative pseudomonads between bicategories.

Proposition 3.13. Let T': C — D be a J-relative pseudomonad between bicate-
gories, and let (A,*) and (B,°) be T-pseudoalgebras. Then for any adjunction

I
A7 17 B

r

V)

we have a bijection between colax morphism structures (1,1) onl and lax morphism

structures (r,T) on r.

Proof. (We omit bicategory-structure isomorphisms throughout for clarity.)

Denote by v : 1 — rl, € : Ir — 1 the unit and counit respectively of the
adjunction [ 4 r. Let (r,7) be a lax morphism structure on r with components
7y (rg)® — rg®. We define a putative colax morphism structure on [ by setting
fh to be

v vh)® 7 € b
L 1he % genye o e nye 28 e,

We have two coherence equations to check. For the first:

lh

b
lahl \

l(hal) — (”La)l i—> (lh)b’L
ni
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3.1 Pseudoalgebras over a relative pseudomonad

we write out our definition of [ and fill in the resulting diagram with a triangle

identity, two naturality squares and Equation 3.4 for the lax morphism structure

on r:
Lh%q Irlh
[(rlh)%i
For the second coherence condition:
a v a )b
I(g*h)* —— (lg"h)> —— ((lg)*h)"
l&g,hl li)lg,h
aj,* N b, *
lg®h T > (lg)°h

we expand each instance of f and fill in the resulting diagram with ten naturality
squares, a triangle equation and one instance of Equation 3.5 for the lax morphism

structure on r:

I(g°h)* —~— 1(rlg®h)* —L— Ir(lg®h)’> —=— (Ig*h)®
lg®h* [((rlg)*h)* —— I(rl(rlg)*h)* N lr(l(rlg)“h)b —— (I(rlg “h)b
l(rlg)*h* ) Y l(rlr(lg)bh)a LN lr(lr(lg)bh)b —£ 5 (lr(lg)bh)b
\ € € €
> l(r(lg)bh) S — (lg)bh bh)b
Ir(lg)’h* ——— (1g9)°h*

This demonstrates that (I, Z) is a colax morphism as required. A dual argument
shows that every colax morphism structure on [ induces a lax morphism structure
on r, by defining 7 as the composite

v(rg)® riy r b
7y (rg)” g, ri(rg)® g, r(lrg)® UGN rg’.
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

Finally, we need to show that these assignments are inverse to each other. In one

direction, this amounts to showing that the following diagram commutes:

(rg)* ——— rg"
rl(rg)® r(lrg)®

ri(rlrg)® —— rir(lrg)®
And indeed we can fill this diagram in with three naturality squares and two

triangle identities:

—>Tg

/l l/

ri(r (rirg)® ——— r(lrg)®
ri(rirg)® — rir(lrg)® — r(lrg)®
and this demonstrates one direction of the desired inverse. The other direction
may be verified with the dual argument. Hence indeed colax morphism structures

on [ are in bijection with lax morphism structures on 7. ]

3.2 Pseudoalgebras for the presheaf relative pseu-

domonad

In [FGHW 18] Section 4 it was shown that the Kleisli bicategory for the presheaf
relative pseudomonad P is equivalent to Prof, the bicategory of small categories
and profunctors. The aim of this section is to characterise the Eilenberg-Moore
2-category for the presheaf relative pseudomonad as biequivalent to COC, the
2-category of cocomplete categories and cocontinuous functors (compare [GL12]
Proposition 2.2 for the non-relative case, where one must take the small presheaf
pseudofunctor Ps : CAT — CAT).
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

In ongoing work with Nathanael Arkor and Phillip Saville, we hope to prove an
analogue of the theorem that the Kleisli category for a monad embeds canonically
into the Eilenberg-Moore category as its subcategory of free algebras ([Riel7],
Lemma 5.2.13), which would specialise in the case of the presheaf relative pseu-
domonad P to the known result (see [CW97], Proposition 4.2.4) that Prof is
biequivalent to the 2-category of presheaf categories PX for small X and cocon-
tinuous functors between them.

We first show that every P-pseudoalgebra is equipped with a choice of colimit

for every small diagram D.

Definition 3.14. Denote by ip : D — D+ the inclusion of D into the free category

with a terminal object on D. Explicitly, for d,d" € D we have

obD+ :=0obDUL{T},
D(T,T) == {lT = 17},

Dr(d, T) := {la},

D+(d,d') := D(d,d),

Dr(T,d) :=

We can use this construction to characterise cocones under D. Note that
throughout we will use lowercase letters to denote functors so that our notation

aligns with the rest of this section.

Lemma 3.15. Let f : D — A be a diagram of shape D in A. Then cocones under
f are in bijection with functors g : D+ — A such that gi = f.

Proof. Given a cocone under f with nadir ¢, define g : D+ — A such that gi = f,
gt = c and ¢!y is the leg of the cocone from fd.

Conversely, given such a functor g, the corresponding cocone under f has
nadir gt and legs ¢!y for all d. O

Using the presheaf relative pseudomonad construction, we can find a distin-

guished cocone under any small diagram in a P-pseudoalgebra.
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

Lemma 3.16. Let (A,*) be a P-pseudoalgebra and let f : D — A be a small

diagram in A. Then there is a cocone ¢ : D+ — A under f with nadir f*colimyp.

Proof. Consider the presheaf s := colimyp € PD; it is the terminal presheaf
sending every object of D to a singleton, and it has inclusion maps vy : yd — s

for all d. We have composites
fd 22 fayq S pag
for all d, and these will form the legs of the required cocone. Indeed, for any

morphism A : d — d’ we can use a naturality square and the colimy cocone to

show that the diagram
fd—" s far
(aml l(af)d/
foyd L2 foyd

fm lf o
fs

commutes. O

We aim to prove that this distinguished cocone is in fact the colimit cocone.
First, we prove something slightly weaker.
Lemma 3.17. Let (A,*) be a P-pseudoalgebra and let f : D — A be a small
diagram in A. Then the cocone ¢ defined in Lemma 3.16 is weakly initial among
all cocones under f. That is, for any cocone g : Dt — A under f, there is a map

of cocones zy : fs — gt.

Proof. We first construct the required map z,, and then show that it is a map of
cocones. In the diagram below

D—— PD

l — l(y“*

D+ —— PD+

Sl

A
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

consider the objects s € PD and yt € PDy. Since t is terminal in Dy, yt is
terminal in PDt. The presheaf (yi)*s is in PDt and by terminality we have a
unique map (yi)*s RN yt in PDt. Applying the functor ¢* to this map, we obtain

g*(yi)*s Kl g“yt, with which we can form the composite
Ng @ a Na. @ ar oox. 9%l 4 a~!
fos = (90)"s = (g°yi)"s = g"(yi)"s = gyt = gt.

This gives us a map f%s — gt, and this is how we define the desired z,.

To show that this 2, is a map of cocones, we need to show that the diagram

fd ——= gid
(af)dl

Jyd g
o

fés —— gt

commutes for all d € obD. Writing out our definition of z,, we can fill this
diagram with two equalities, four naturality squares, pseudoalgebra coherence 3.3

and the image under ¢ of a unique map into the terminal object yt:

d =——— gid —— ¢yid
/ g 9"y

| | il

a a,,;\a a5 \* A, a! .
fyd == (9i)"yd —— (g9"yi)"yd —— g*(yi)"yd — g"yid — gid

al "l "l "l ! lgay! lg!

fs

(9i)"s —— (9"yi)"s —— 9" (yi)"s — = 9"yt —=— gt
Hence z, : fs — gt is indeed a map of cocones. O]

We have found a weakly initial cocone under f; it remains only to show that

it is actually initial; that is, that z, is unique among maps of cocones from c to

g.

Proposition 3.18. Let (A, %) be a P-pseudoalgebra. Then A has all small colim-

1ts.

46



3.2 Pseudoalgebras for the presheaf relative pseudomonad

Proof. By Lemma 3.17, it suffices to show that z, is unique among maps of

cocones from ¢ to g. Define a functor h : D+ — PD by
hi =y, h(d EN t) i =yd 2% s.
Take a cocone g and consider natural transformations g : f*h — g for which
(8- f*hi = gi) = (a7 : f*y = f).

These are determined by their component ;, which only has to satisfy the nat-

urality condition

fayd 2 fd —— gid
favdl lg!
fos 5 > gt

stating precisely that (; is a map of cocones from ¢ to g. Hence we have a

correspondence between

—1 and

e natural transformations 3 : f*h — ¢ such that §-i=a
e maps of cocones from c to g.

Now let 8 : f*h — g be such a natural transformation. Using six naturality

squares and the pseudoalgebra coherences 3.1, 3.2 and 3.3 twice again, we can
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

construct the following diagram:

fe(hi)s

|

fehyiys = (fohryi)ts — ((foh)yi)'s ——

T

—1

s (fohi)s

/ a
a

Bi=a~1!

B

a

~

(

fs

H
(gi)*s

a

~

g*yi)*s

a

~

Foh(yi)'s = (foh) (yi)'s —— g*(yi)"s

f“h*!l (Foh)e! g%!
fenryt —s (f“f:)“yt — P gyt
n~t \,&71 \,ffl

feht — gt

where the clockwise composite is z,. The anticlockwise composite is

ap—1 a a
fs S oyt = f(hi)s S f(hy)s T fR (yi)s
a,* a,,—1
L0 poprye L0 papt 2 gt
and by functoriality this composite is of the form
fe.

fs —>') f%s & gt

for some map s — s. But since s is terminal in PD, the only such map is 1,.

Hence again by functoriality we have
Zg = ﬁtfa(ls) = Btlfas = B
So indeed the map of cocones z, : fs — gt is unique, which implies
f%s = colim f.

Hence every presheaf pseudoalgebra (A, %; a,a) is cocomplete. O
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

Corollary 3.19. Let (f,f) : (A, %a,a) — (B,b;IN), 13) be a pseudomorphism of
P-pseudoalgebras. Then f preserves all small colimits, in that, for every functor

g : D — A, the canonical natural transformation
colim f¢g = fcolimg

1s invertible. In particular, for any diagram f : D — A with small domain, the

functor f*: PD — A preserves small colimits.

Proof. We have the following chain of natural isomorphisms:
colim fg 2 (fg)°(colim yp) Ja, fg®(colimyp) = fcolimg

where the unnamed isomorphisms follow from Proposition 3.18. Precomposing

with an inclusion fgd — colim fg yields the commutative diagram

fgd —L—— (fg)'yd —"—— fg'yd —— fqd
I ] |
colim fg ——» (fg)b(c£lim yp) —— fg®(colimyp) —= fcolimg
where the top row is the identity on fgd by Equation 3.4. Hence this is the
canonical natural transformation out of colim fg, and so f is cocontinuous as
required.
That f¢ for f: D — A then preserves small colimits follows from Lemma 3.6.

]

We now establish the converse of Proposition 3.18.

Lemma 3.20. Let A be a small-cocomplete category, let f : D — A and g : PD —
A be functors with D small and g small-cocontinuous, and let o : f — gyp be an
invertible natural transformation (writing yp for the Yoneda embedding). Then
1ts transpose

ozﬁ:Lanyf—>g

is also invertible, where Lan, f denotes the left Kan extension of f along yp.
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

Proof. Write ny : f — (Lan, f)y for the 2-cell component of the left extension;
since y is fully faithful 7 is invertible. Since Lan,, f and g are both cocontinuous,

the composite
Lan, f colim yh ~ colim(Lan,, f)yh il—> colim fh < colim gyh ~ g colim yh

is invertible. Since every presheaf on D is the colimit of representables, these
define an invertible transformation 3 : Lan, f — g. Applied to the colimit of a

single representable, this composite becomes
-1 o
(Lany, f)yd = (Lan,, f)yd = fd = gyd = gyd.

Hence

and so 3 = af. So indeed of is invertible. O

Proposition 3.21. Let A be a locally small category admitting small colimits.

Then A may be equipped with the structure of a P-pseudoalgebra.

Proof. For f: D — A define f*: PD — A to be the left extension of f along ,
which exists because A is cocomplete. Then we have a family of isomorphisms
ar: f — f% given by the 2-cell part of the left extension.

Define the other part of the pseudoalgebra structure ar, : (f*g)* — f*g* to

be the transpose of the invertible transformation
a f“ng a % -
[l9 — J*g"1,
noting by Lemma 3.20 that ay, is invertible. By definition, then, the diagram

frg —2— (f%9)

\l
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

commutes (this is Equation 3.3).
We now have two coherence conditions to check; we do so by considering their

transposes. For condition 3.1, we need:

(fog)*h —2— ((f9)"h)*y —*— (fog)"h*y
((fg9)*h)*y a

(fog*h)ey - fa(g*h)*y e fag*h*y
which using two naturality squares, Equation 3.3 twice and a pseudomonad co-
herence we can fill in as follows:

( feg )a h _a fa a h ay

a/ l \ fe lah*

a ah fa *h

l/l\l

(frg*h)y —— fU(g"h)"y —— [*g"h"y

For condition 3.2, we need:

f =2 foy —2= (foy)uy

Ja

[y y

l@
'y

which using a naturality square, Equation 3.3 and a pseudomonad coherence we

N

can fill in as follows:

f =2 foy —2 (fy)%y
N T

foy —1— foyry

~4
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

Hence (A, % a,a) is a P-pseudoalgebra. ]

Proposition 3.22. Let A and B be cocomplete categories, and let f : A — B be a
cocontinuous functor. Then f has a pseudomorphism structure as a map between

P-pseudoalgebras.
Proof. We need for h : D — A to define an invertible natural transformation
fu: (fh)" = fh*: PD — B.

We can use Lemma 3.20 to define it as the transpose of f(ay)~' : fh — fh;
this immediately forces condition 3.4 to hold. We take transposes for the other

condition 3.5, and need to show that

(hg)f ~
I |
hg)® f)bi ((hg)*f)¥i —— (hg)*fi

Bgl lﬁ

(hg"f)'i —=— h(g"f)"i —5— hg"f*i

((

commutes. But we can fill this in:

b

((hg)")
s

((hg)bf)bi L (hg)bf T> (hg)bf*i

ﬁl ~ lﬁ lﬁ

(hg®f)bi +—— hgf —"— hg®f*i

h(g®f)®

with two naturality squares, Equation 3.3 twice, and Equation 3.4. Hence indeed

f has the specified pseudomorphism structure. O]

Now we combine the last few results to state the main theorem of this section.
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3.2 Pseudoalgebras for the presheaf relative pseudomonad

Theorem 3.23. The Filenberg-Moore 2-category P-Alg for the presheaf relative
pseudomonad is biequivalent to the 2-category COC of cocomplete categories, co-

continuous functors and natural transformations.

Proof. By Proposition 3.18, Corollary 3.19, Proposition 3.21 and Proposition 3.22,
we have functors F': P-Alg — COC and G : COC — P-Alg. To extend these to
2-functors, we need to show that every natural transformation between cocontin-
uous functors is an algebra 2-cell. Taking transposes in Equation 3.6, we need to

show that ~
hf —— (hf)’i

e I

(hf)bi (W f)bi
| b
hfoi _ . B i

commutes. But we can fill this diagram

hf—> (hf)bi

/l\\

(hf) ZT>hfa Wf —2— (W f)i
N l@ %
h fe
with two naturality squares and two instances of Equation 3.3. So indeed every
natural transformation is an algebra 2-cell, and F' and G extend to 2-functors.
Now, F'G = 1¢oc strictly, and for a P-pseudoalgebra (A, ), GF(A,“) has the

same underlying category with a possibly different choice of colimits, so GF ~

Ip-alg-

Thus indeed P-Alg and COC are biequivalent. m
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Chapter 4

Lax idempotency for relative

pseudomonads

The results in this chapter were developed in collaboration with Nathanael Arkor
and Philip Saville.

Introduction

The property of a pseudomonad being lax-idempotent encodes the notion of an
object equipped with a ‘property-like structure’ [Koc95, KL97]. The archetypal
example of a lax-idempotent pseudomonads T' takes a category C to its free co-
completion under a class of colimits; the T-pseudoalgebras are then categories
with such colimits [KL00]. For relative pseudomonads, the notion of lax idem-
potency was first introduced in Section 5 of [FGHW18|. However, in this section
we argue that this notion is insufficient in the setting of relative pseudomonads:
the appropriate analogue of lax idempotency here is what we call algebraic lax
idempotency (Definition 4.1). To justify this, we show that some known proper-
ties of lax-idempotent pseudomonads ( [Koc95, KL1.97]) generalise to algebraically
lax-idempotent relative pseudomonads and not, in general, to lax-idempotent rel-
ative pseudomonads (that algebraic lax idempotency implies lax idempotency is

shown below in Proposition 4.4).
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4.1 Lax idempotency

We close this section by showing that the presheaf relative pseudomonad is
algebraically lax idempotent.
Parts of this chapter prefigure material in Chapter 5, in which we will define

a notion of lax idempotency appropriate for 2-multicategories.

4.1 Lax idempotency

Recall the definition of a relative pseudomonad (7,4, *;n, i, 6) : C — D in Def-
inition 3.1, including the unit maps ix : JX — TX, the extension functors
(=) :D(JX,TY) = D(TX,TY) and the 2-cells ny : f — f*i.

In this section we recall the definition of lax idempotency given in [Sla23]
Definition 5.1, which we then show is equivalent to the definition from [FGHW1§]

in Proposition 4.2.

Definition 4.1. A J-relative pseudomonad 7' : C — D is laz-idempotent if the

2-cell n_ : — = (—)%ix is the unit of an adjunction

(=)

D(JX,TY) + D(TX,TY)
—

—017

for each X,Y € C.

Proposition 4.2. Let T : C — D be a J-relative pseudomonad. Then the follow-

ing are equivalent:
1. T is lax-idempotent in the sense of Definition 4.1,

2. mp o f — [ exhibits f* as the left Kan extension of f along i for each
f:JX =TY inD, and

3. T is lax-idempotent in the sense of [FGHW18] (Definition 5.1).

Proof. The equivalence (1) <= (2) follows from the characterisation of left

Kan extension along a map as a left adjoint to precomposition by that map (see
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4.2 Algebraic lax idempotency

for example [Mac71] Theorem 4.2). The equivalence (2) <= (3) holds as
the second and third compatibility conditions listed in [FGHW 18] Definition 5.1
are redundant ([FGHW18] Lemma 3.2 proves that they hold for any relative

pseudomonad). N

4.2 Algebraic lax idempotency

Considering (—)* as the free pseudoalgebra structure on 7Y for Y € C motivates

the following definition.

Definition 4.3. A J-relative pseudomonad T : C — D is algebraically lax-
idempotent if for every pseudoalgebra (A,%; a,a), the 2-cell a is the unit of an

adjunction

for each X € C.

Proposition 4.4. Algebraic lax idempotency implies lax idempotency.

Proof. Restricting Definition 4.3 to free pseudoalgebras gives the definition of a
lax-idempotent relative pseudomonad. O

In the ordinary setting (when J = 1), the reverse implication also holds (as
an analogue of [Koc95] Proposition 3.3). Thus, in the ordinary setting, algebraic
lax idempotency is not a new notion. However, in the relative setting the reverse

implication no longer holds.

Proposition 4.5. Not every laz-idempotent relative pseudomonad is algebraically

laz-idempotent.

Proof. We give a counterexample to the one-dimensional version of the above

statement: not every idempotent relative monad is algebraically idempotent.
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4.2 Algebraic lax idempotency

That is, we give a relative monad 7" for which (—)* and — o ¢ are mutually
inverse, but which has an algebra A such that (—)* and — o4 are not. Since every
idempotent monad is lax-idempotent (for a locally discrete 2-category), this will
prove the desired result.

Consider the category D generated by the diagram

J——=T
9 ﬂ lh
A
subject to the constraint that gi = hi =: f. We have a relative monad 7' : 1 — D
along J : 1 — D with unit 7 and extension (—)* : D(J,T) — D(T,T) determined
by ¢* = 1r.

Then |D(J,T)| = |ID(T,T)| = 1 and (—)* is inverse to —o i : D(T,T) —
D(J,T), so T is idempotent. However |D(J,A)] = 1 # 2 = |D(T, A)| and so
—oi: D(T,A) — D(J,A) is not invertible. Hence T is not algebraically lax
idempotent. O

In light of Proposition 4.5, we define algebraic lax idempotency as a separate
notion. To justify its usefulness, we show an analogue of Theorem 6.2 (v) <= (1)
in [KLI7] (where (v) says ‘algebra is adjoint to unit’ and (7) is says ‘the forgetful
functor U : T-Alg, — D is locally fully faithful’) to prove that lax-idempotent

relative pseudomonads are fully property-like.

Theorem 4.6. Let T : C — D be a J-relative pseudomonad between bicategories.

Then the following are equivalent:

1. T 1is algebraically laz-idempotent,

2. The forgetful 2-functor U : T-Alg, — D 1is locally fully faithful: that is, for
every pair of T-pseudoalgebras (A,*) and (B,°), every map h: A — B has
a unique lax morphism structure (f, f) : (A,%) = (B,®), and furthermore

every 2-celly :h = k: A — B is an algebra 2-cell.

57



4.2 Algebraic lax idempotency

Proof. (We omit bicategory-structure isomorphisms throughout for clarity.)

We first show that (1) implies (2). Suppose T is algebraically lax-idempotent.
Then we have adjunctions (a,a) : (=)* 4 — o4 and (b,3) : (—)® 4 — o i; this
is to say that the unit and counit of the adjunction (—)* 4 — o i are @ and «
respectively, and likewise for the adjunction (—)* 4 — o .

Let h: A — B be a map, and suppose it has a lax morphism structure. Then

for all g : JX — A, with respect to the adjunction
D(JX,B) + D(TX,B),

the component h, : (hg)’ — hg® : TX — B has transpose
hg 22 (hg)% 2% hgti: JX — B,

which by Equation 3.4 is equal to ha, : hg — hg®. Hence if the lax morphism
structure exists, it is unique and equal to the transpose of hay,.

It remains to show that the transpose of ha, indeed gives h the structure
of a lax morphism. Equation 3.4 holds by definition; we need to show that

Equation 3.5

((hg) )" et ()

Gu | lﬁgf*

(hg®f)’ Ty Wg“f)* = hg'f*
also holds. We do this by taking transposes, then filling in the resulting diagram

with two naturality squares, two instances of Equation 3.3 and one instance of
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4.2 Algebraic lax idempotency

Equation 3.4:

(hg)"f —2— ((hg)"f)Vi

/l\l

hg)* f hg" f (hg)? f*i

l/l\l

(hgfz—>h z—>hgf*

Thus indeed setting Bg to be the transpose of ha, gives h the structure of a lax
morphism.
Now let v : h — k be a 2-cell: to show that the algebra 2-cell condition
(Equation 3.6) holds:
(hfy 22 (ke

Efl lx;f
hfa T l{fa
we take transposes and fill the resulting diagram in with two naturality squares

and two instances of Equation 3.4:

/\

T kf b f)bi

! l/

(hf)bi — hf% —— kf%

Hence every 2-cell is an algebra 2-cell and so indeed U : T-Alg, — D is locally
fully faithful.

We now show that (2) implies (1). Suppose U : T-Alg — D is locally fully
faithful. Then in particular every g : TX — A has a lax morphism structure,

and we can use this to define the composite

agy : (g1)° Ly gi* N g.
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4.2 Algebraic lax idempotency

These assemble into a natural transformation « : (—i)* = 1, as the naturality
condition is formed from the fact that every 2-cell § is an algebra 2-cell, as well

as naturality of 6:

i « 0
(gi)* —— gi* —F— ¢
(éi)“l &*l )
(hi)* —— hi* —"= h

It remains to show that (@, «) are the unit and counit of the desired adjunction

(—)* 4 — oi. We fill in the triangle equation diagrams as follows:

hi —> hz
g%=a
hzz g

CLGX

so that the first commutes by Equation 3.4 and a relative pseudomonad coherence,
while the second commutes as an instance of Equation 3.2. Hence we have the
desired adjunction and so T is lax-idempotent. O]

We close this section by showing that our running example of the presheaf

relative pseudomonad is algebraically lax idempotent.

Proposition 4.7. The presheaf relative pseudomonad P : Cat — CAT 1is alge-

braically laz-idempotent.

Proof. Let (A, a,a) be a P-pseudoalgebra. Let f: D — A be a small diagram.
By 3.19, f*: PD — A preserves small colimits, and f®y is isomorphic to f. Since
PD is the free cocompletion of D, f* is therefore the left Kan extension of f along
yp (see Theorem 4.51 in [Kel82]).

Hence we have an adjunction (—)* <4 — o4 and so P is algebraically lax-

idempotent. O
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4.2 Algebraic lax idempotency

This allows us to immediately characterise the lax morphisms of P-pseudoalgebras.

Corollary 4.8. Given two P-pseudoalgebras, every functor between their under-

lying cocomplete categories is (in a unique way) a lax morphism.

Proof. By Theorem 4.6 and Proposition 4.7, the forgetful functor P-Alg — CAT
is locally fully faithful, and so every functor f : A — B between P-pseudoalgebras

(A,%) and (B,°) has a unique lax morphism structure. O
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Chapter 5

Pseudocommutativity for relative

pseudomonads

Introduction

This section generalises the work in Chapter 2, from relative monads on multicat-
egories to relative pseudomonads on 2-multicategories. In doing so we provide an
analogue of the theory of pseudocommutativity for pseudomonads ([HP02, LF11])
in the relative setting.

We define the notion of strong relative pseudomonad on a 2-multicategory
(Definition 5.3; we expect this to be closely related to the notion of strong relative
pseudomonad on a monoidal bicategory defined in [PS23] Section 4.2), and prove
that for a strong relative pseudomonad, the underlying pseudofunctor becomes
a pseudomultifunctor (Proposition 5.9) and the unit becomes multicategorical
(part of Theorem 5.16). We also define the notion of pseudocommutative relative

pseudomonad, which will amount to asking for, given
f : Bb ceny ijly JX, BjJrl, ceny Bk*l: JY, BkJrl’ ceny Bn — TZ,
an isomorphism

fk] = f]k : Bh ...,Bj,l,TX, Bj+1, ...,kal,TY, BkJrl, 7Bn —TZ7
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5.1 Strong relative pseudomonads

where (—)7 and (—)* denote strengthenings in the jth and kth indices respec-
tively (Definition 5.3). We then prove that every pseudocommutative relative
pseudomonad is a relative pseudomultimonad (Theorem 5.16).

We define a notion of lax idempotency suitable for strong relative pseudomon-
ads (Definition 5.17), extending earlier definitions in [DLLS23] and [FGHW18],
and prove that every lax-idempotent strong relative pseudomonad is pseudocom-
mutative (Theorem 5.18). This generalisation is unrelated to the definition of
algebraic lax idempotency in Chapter 4, as the axes of generalisation are orthog-
onal: here we generalise from unary 2-categories to 2-multicategories, while in
Chapter 4 we generalised from free pseudoalgebras (T'X,*) to general pseudoal-
gebras (A, ).

To close, we apply these definitions and results to the example of presheaves
(Theorem 5.20).

5.1 Strong relative pseudomonads

The 2-categories Cat and CAT possess more structure than simply being 2-
categories; they are in particular cartesian 2-categories. Thus we will seek to de-
velop Kock’s theory of monads on symmetric monoidal closed categories [Koc70]
for relative pseudomonads. To avoid some of the coherence inherent to working
with monoidal 2-categories, we will work in the related setting of 2-multicategories
(see Definition 5.1).

We seek to consider the notion of a relative pseudomonad along J : C — D
when C and D are 2-multicategories. We will define a ‘strong relative pseu-
domonad’ from scratch to take this role, and note that a every strong relative
pseudomonad induces a canonical relative pseudomonad structure. In order to do
this, let us recall the definition of a 2-multicategory as in [Her00] (taking V' = Cat
to specialise the V-enriched theory).

Definition 5.1. (2-multicategory) A 2-multicategory C is a multicategory en-
riched in Cat. Unwrapping this statement a little, a 2-multicategory C is given

by
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5.1 Strong relative pseudomonads

1. a collection of objects X € ob C, together with

2. a category of multimorphisms C(Xjy,...,X,,;Y) for all n > 0 and objects
X1, ..., X,,, Y which we call a hom-category; an object of the hom-category

C(X1,...,X,;Y) is denoted by f: X1,..., X, = Y,

3. an identity multimorphism functor 1x : 1 — C(X;X) : x — 1y for all

X €obC, and
4. composition functors

C(Xl, ,Xn,Y) X C(Wl,h ...,WLml;Xl) X ... X C(Wn,la "'7Wn,mn;Xn)

= CWit, ... Wom,; Y)
(f: 915 :9n) = [ o (g1, 9n)
for all arities n,m;, ..., m,, and objects Y, Xy, ..., X,,, W11, ..., Wy, ., in C.
where the identity and composition functors satisfy the usual associativity and
identity axioms for an enrichment.

Recall the following notational shorthand first introduced in Chapter 2, which

will again be used throughout this section.

e When arity is unimportant or can be easily inferred, we write f : X — Y
instead of f: Xy,..., X,, = Y.

e Given f: X = Y and g : W — X; we abbreviate composites of the form
fo(l,..,1,9,1,...,1) to fo;g.

e We write X - Y to abbreviate slightly more complicated domains of the
form
Xiy o Xjo1, Yo X, o, X

Similarly, we write X - Y;, Zi to abbreviate

Xla "'7Xj—17Y7 Xj+17 "'7Xk:—la Z7 Xk’-i-la "'7Xn-
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5.1 Strong relative pseudomonads

Remark 5.2. We can relate 2-multicategories to more familiar structures.

e Every 2-multicategory C restricts to a 2-category by considering only the

unary hom-categories C(X;Y).

e (Strict) monoidal 2-categories (defined in for example [DS97]) have under-
lying 2-multicategories, where hom-categories C(X1, ..., X,,; Y) are given by
C(X1®...®X,,Y) (choosing the leftmost bracketing of the tensor product);
this is shown in [Her00] Proposition 7.1 (2). For example, both Cat and

CAT can be given 2-multicategorical structures.

We now define a notion of strong relative pseudomonad, generalising Defini-

tion 2.2 in Chapter 2 from one to two dimensions.

Definition 5.3. (Strong relative pseudomonad) Let C and D be 2-multicategories

and let J : C — D be a (unary) 2-functor between them. A strong relative

pseudomonad (T,i,%;t,,6) along J comprises:
e for every object X in C an object TX in D and unit map ix : JX — TX,

e for every n, index 1 < j < n, objects By, ..., Bj_1, Bj;1,..., B, in D and

objects X,Y in C a functor
D(B-JX;TY) 5 D(B - TX; TY)

called the strength (in the jth argument) and which is pseudonatural in all

arguments.
Along with these we have three natural families of invertible 2-cells:

Q'Eff—>f‘70j'l,

° 9X : (ix)l — 1TX
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5.1 Strong relative pseudomonads

for f: B-JX; = TY and g : C- JW;, — TX, satisfying the coherence conditions
(1) and (2) shown below.

As a notational shorthand (in order not to have to keep track of index shifting
due to composing multimorphims), when a map f : B - JX; — TY has only
one argument in the domain of the form JX for X € obD, we will denote its
strengthening as f!, rather than f7/. We will furthermore write f* o, g to denote
the composite of f! with ¢ in this strengthened argument. In this notation, the

families of invertible 2-cells above are:

ff:f%ftoti,
£f79:<ft°tg)t—>ft ot g,
0t —1.

(We also omit subscripts from unit maps and from ¢ when unambiguous.) With

this notation in hand, the two coherence conditions for these 2-cells are:
(1) forevery f: B-JX; - TY,g:C-JWy, — TX and h: D-JV;, — TW the
diagram

tftot.chh

((fforg) ot h)! » (fforg)onh!
(gf,goih)tl lfﬁgotht (51)

(ftorgtoh) —— floy(ghosh)t —— (f'org') or B

PR
figtogh frottg.n

commutes, and

(2) for every f: B-JX; — TY the diagram
()" ¢ oy L t o it
— (ftoyi) —— flosi

lftota (5.2)
ft

ft

commutes.



5.1 Strong relative pseudomonads

Remark 5.4. The stipulation that the maps

( )’

D(B-JX;;TY) 5 D(B-JX;;TY)

be pseudonatural in all arguments asks in particular for invertible 2-cells of the
form

(f Okg)j = flop g
for g : C' — By, and k # j. Wherever such pseudonaturality isomorphisms arise in
diagrams we will leave them anonymous, as they can be inferred from the source

and target.

Remark 5.5. The data for a strong relative pseudomonad resembles that for
a relative pseudomonad as in [FGHWI18| Definition 2.1 very closely. Indeed,
restricting C and D to their 2-categories of unary maps, (7,i,°) is exactly a

relative pseudomonad as in Definition 3.1, with

n=t,
=1,
.= 0.

As with relative pseudomonads, we can derive more equalities of 2-cells for a
strong relative pseudomonads. The proof of the following Lemma 5.6 is formally
identical to the proof of Lemma 3.2 in [FGHW18].

Lemma 5.6. Let T be a strong relative pseudomonad along J : C — D. Then we

have that:

(1) for every f: B-JX; =TY and g:C - JW), — TX, the diagram

ftorg —> ftotg) 041

fm ltfgotz (53)

florglopi
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5.1 Strong relative pseudomonads

commutes.
(2) for every f: B-JX; — TY, the diagram

(i o f)f —Ls it o ft
\ laoft (5.4)
(Bof)?

commutes, and
(3) for every object X € obD, the diagram
i —S s itoi
\ [ (5.5)
commutes.

Example 5.7. The presheaf relative pseudomonad can be given the structure of

a strong relative pseudomonad. Given a multimorphism
fiBix---xBj_i1 x X xBjj1 x---xB, = PY

with X,Y € Cat and By € CAT, which in line with our notation we shall write
as f: B+ X; — PY, its strengthening f! is defined to be the left Kan extension

PY

which also defines the 2-cells #; : f — f' o, y (the desired left Kan extension
exists as its colimit formula is isomorphic to a small colimit). As when giving P
a relative pseudomonad structure, the 2-cells ¢ .9, 0 are defined via the universal

property of the left Kan extension. For details and a proof that this indeed
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5.1 Strong relative pseudomonads

endows P with a strong relative pseudomonad structure, see Proposition 5.19 in

Section 5.4.

To generalise Proposition 2.7 (strong relative monads are multifunctors) to

the two-dimensional setting, we need a notion of pseudomultifunctor.

Definition 5.8. (Pseudomultifunctor) Given 2-multicategories C,D, a pseudo-

multifunctor F' : C — D consists of:
e a function obC 25 obD : X s FX,

e for each hom-category C(X;Y) in C a functor
C(X;Y)—=D(FX;FY): f— Ff,
e for each X € obC an invertible 2-cell
Fx:Flx = lpx,
o foreach f: X =Y, 1<j<nandg: W — X, an invertible 2-cell
Fyg:F(fo;9) = Ffo;Fg

satisfying the following three coherence conditions which parallel the unit and

associativity diagrams for a lax monoidal functor:

(1),(2) two unit axioms: for each f: X — Y and 1 < j < n the diagrams

F(lyof) 25 Fly o Ff F(fo;lx,) —2% Ffo; Fly,
e b

commute, and
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5.1 Strong relative pseudomonads

(3) one associativity axiom: for each f: X =V, 1<j<mn, g: W — Xj,
1 <k<mandh:V —= W, the diagram

F(foj(gorh)) === F((fo;9)ojtr-1h)

Ff,gokhl lFfojg,h

Ffo; F(goxh) F(foj9)0jsr-1Fh
Ffong’hl lpf’goijkith
Ffo;(Fgo, Fh) == (Ffo; Fg)oji—1 Fh

commutes.
If the 2-cells F, F are all identities we call F a (strict) 2-multifunctor.

Proposition 5.9. LetT" be a strong relative pseudomonad along a 2-multifunctor

J:C—=D. ThenT can be given the structure of a pseudomultifunctorT : C — D.

Proof. Suppose T is a strong relative pseudomonad. Given a map f: X — Y let
us define

fi=iyolJf:JX = TY.

Now to show the T' is a pseudo-multifunctor, we begin by defining the action of

T on 1-cells by the functors

S (ioJ—)I"]
e

C(X;Y) D(TX;TY),

(recalling that (—)I" is defined in Chapter 2 as shorthand for (—)'?**") so that
for f: X — Y we have

Tf:=@GoJf)=f.TX 5 TY.

We need to construct 2-cells T : Tly => lpx and Tﬁg :T(foj9) =
Tf o; Tg. We define the former by the map

Tlx = (ix o Jlx)' = (ix)' & 1

70



5.1 Strong relative pseudomonads

and the latter by the composite
T(f 0, g) = (@ o (Jf 0; Jg))[”er*l] — (f_ 0; Jg)[nerfl]
= (]?[jfl] o; Jg)F-mtml
i) (f[]] 0, g)j...n-i-m—l
SN (f[ 7] o g[m]) j+m..ntm—1

It remains to show that the three coherence conditions hold. For the first, we

write out our definitions and fill in the resulting diagram with two equalities and
Equations 5.4 and 5.5:

(ToJf)rl —Ly (Tlo fylnl Loty T o fln)

zof”]—>z of[”]

For the second condition we do the same, filling the resulting diagram in with

(ioJf) [n]
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5.1 Strong relative pseudomonads

equalities, a naturality square, and an instance of Equation 5.2:

(fo; JU)M —=— (Fli-1lo; J1)i-m _t (fUl o, T)7-m

Flnl Flnl ;
VE ~
(fl) o 4)i-m (fUlo; Th)ittm
i / ~
(f o, ;jl)j-l—l...n il ;j it
0 \
(fllo; \i>3+1 n Fil o it
/ \ :
Fln) fMo;1

For the final coherence condition, in the interest of space we merely note here
that verification only involves (aside from naturality squares) several uses of Equa-
tion 5.3. Thus every strong relative pseudomonad is indeed a pseudomultifunc-

tor. O

Example 5.10. Proposition 5.9 will imply that the presheaf relative pseudomonad
is a pseudomultifunctor. Using the coend formula for the left Kan extension we
find for example that, given a functor F': A x B x C'— D in Cat, the multicat-

egorical action of P on F' has the form

PF:PAXx PBx PC — PD

ceC beB acA
(b a,7) / / / p(a) x q(b) X 7(6) X Yriane)
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5.2 Pseudocommutative relative pseudomonads

5.2 Pseudocommutative relative pseudomonads

Building on the work of Kelly [Kel74b], Hyland and Power [HP02] extend the

notion of commutative monad [Koc70], which asks that the two composites

TARTB 3 T(ARTB) 25 TT(A® B) 5T
TARTB 5 T(TA® B) 25 TT(A® B) & T(A® B)

be equal, to the 2-categorical setting, defining pseudocommutativity by asking
only for an invertible 2-cell between these two composites.

Analogously, there is some freedom in the pseudo-multifunctorial structure we
place on a given strong relative pseudomonad 7T'; we defined the action of 7" on a
morphism f: X — Y by

Tf:=f".TX = TY,
but we could equally well have chosen
Tf:=f1'.TX 5TY

with the strengthenings applied in the reverse order. We define pseudocommuta-
tivity in our more general setting so as to imply that the two choices of definition

of T'f are coherently isomorphic.

Definition 5.11. (Pseudocommutative monad) Let T be a strong relative pseu-
domonad. We say that T is pseudocommutative if for every pair of indices
1 <7 <k <nand map
f:B-JX;,JYy = TZ
we have an invertible 2-cell
v =
where f* fi* are maps B-TX;,TY) — TZ, which is pseudonatural in all argu-

ments and which satisfies five coherence conditions (two for ¢, two for t, and a

braiding condition) given below.
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5.2 Pseudocommutative relative pseudomonads

We will extend our notation in the following way. When there are two objects
in the domain of a map

fiB-JX; JY, > TZ

in the image of J, let strengthening f at the leftmost of these be denoted by
5B TX;,JY), — TZ, with 2-cells 5 : f — féosiand §: (f¥o,9)° — f*og’, and
let the rightmost be denoted by f*: B - JX;, TY; — TZ with 2-cells , t. When
there are three such objects in the domain of f, we denote the corresponding
three strengthenings from left to right by f*, f* and f* (with corresponding 2-
cell notation). This use of s,¢,u allows us to write equations without keeping
track of shifting indices caused by composing multimorphisms.

The coherence conditions v must satisfy are as follows:

(1), (2) Precomposing v in the jth or kth argument with a unit map i: the diagrams

t St ts ; s (Ef)s t \ s
[r—— "o = (f"ori)
l’yfosl lN

s Toui

l’yfotl

fso i)t st o

commute for f: B-JX;,JY, — TZ.

(3), (4) Precomposing ~y¢ in the jth or kth argument with the strengthening of a
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5.2 Pseudocommutative relative pseudomonads

map ¢ in its [th argument: the diagrams

(f* 05 9)° s, f¥osg (ff o, h)ts )y (ft o, ht)*
(vfosg)sv vftozhv I
(fst o, g)s yrosgt (ft oy h)st fts o, ht
(f° o 9)"* fet ;s q' (fts Zt h)! Y ocht
“/fsosgv VN ('yfoth)tv 1
(f*os9)” ot (f* 059" (f* o )t o foht

commute for f: B-JX;,JY, > TZ,g:C-JW; - TX and h: D-JV,, —
TY.

(5) Braiding axiom relating the six ways to strengthen a map
fiB-JW,, JXy, Y = TZ

in all three arguments: the diagram

uts (’yf)s us su
fe I I
qul l(vf)“
ust N sut N stu
! o T

commutes for all f: B - JW,, JX, JY; = TZ.

Remark 5.12. The braiding axiom (5) allows us to extend our notation. Given

amap f:JX — TY and a permutation o € S,,, we can construct maps
fl...n N fa(l)...cr(n)

as a composite of v maps and their inverses. The braiding axiom (5) tells us that

1

any two such composites of v and v~ maps are equal; we will denote this map

by
Youf : fl...n N fa(l)...a(n)'
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5.2 Pseudocommutative relative pseudomonads

Remark 5.13. When J is the identity, Definition 5.11 reduces to the definition of
pseudocommutativity found in [HP02] Definition 5. The correspondence between
the coherence conditions given here and their conditions is enumerated in the

following table:

Relative setting | Hyland & Power
(1), (2) 4., 5.
(3), (4) 6., 7.
(5) 1., 2., 3.

Example 5.14. The presheaf relative pseudomonad will be shown to be pseudo-
commutative in this sense in Theorem 5.20; recalling the formula for the multi-
categorical action of P on 1-cells in Example 5.10, one should be able to permute
the order of strengthenings by means of Fubini isomorphisms for coends. How-
ever, proving that P is pseudocommutative directly in this way is challenging;
in Section 5.4 we will discuss a property that implies pseudocommutativity and

which is much easier to verify.

In Kock [Koc70] it is shown that a strong monad is lax-monoidal as a functor,
and even that the monad unit for a strong monad is a monoidal transformation,
but that in order for the monad multiplication (and thus the monad as a whole)
to be monoidal, the monad must be commutative.

In our setting, every strong relative pseudomonad T has the structure of a
pseudomultifunctor, and we are now interested in the question of when T further
has the structure of a relative pseudomultimonad (defined below); that is, when
the pseudomonadic structure of 7" is compatible with the ambient multicategorical
structure. We will show in this section that every pseudocommutative relative

pseudomonad is a multicategorical relative pseudomonad.
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5.2 Pseudocommutative relative pseudomonads

Definition 5.15. (Relative pseudomultimonad) Let C, D be a pair of 2-multicategories
and let T" be a relative pseudomonad along J : C — D. We say T is a relative

pseudomultimonad if
e T is a pseudomultifunctor, and

e The unit and extension of T" are compatible with the multicategorical struc-

ture, which is to say explicitly that

— the monad unit 7 is multicategorical: for each f : X — Y we have an

invertible 2-cell

Ly Z.Y o Jf - T.f © (iX17 "'7?:Xn)’

JX — 5 TX

o 2 |

JY —— TY

*

— the monad extension (—)* is multicategorical: for each 2-cell of the

form a: ho Jf — Tf' o g we have an extended 2-cell a* : h* o T'f —

Tf o (g7, 95):

JX — 21X TX s TX
Tl
JY T> TY' TY T> TY'

These must satisfy three coherence conditions (one for each of the families of

2-cells making T a relative pseudomonad).

(1) Compatibility with n: given a 2-cell a: ho Jf — T'f’ o g, the following two
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5.2 Pseudocommutative relative pseudomonads

composites are equal:

JX —5 17X L5 17X /W\TX’
| P, e ]

JY-—Tﬁjwr—?f>TY/ JY - s TY'
Ay
h

(2) Compatibility with u: given 2-cells o : T'f'og* — hoJf and 8 : T f"og™ —

h' o Jf', the following two composites are equal:

g* g/*
p/g/ ﬂ \
=%

TX ., rx X

Tfl %’ T:{/ 7 le” Tfl % lf”

TY T> TY' T) TY" TY"

(W h)*
W

(h/*h)*

(where (6*a)* omits whiskerings), and

(3) Compatibility with @: given f : X — Y, the following two composites are

equal:

TX 15 TX TX —i— TX
W o
Y — 5 TY Y —— TY

N

i*

In [Koc70] it is noted that the monad unit of a strong monad is always a
monoidal transformation, but the monad multiplication is only a monoidal trans-

formation if the monad is commutative. We shall see in the following proposition
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5.2 Pseudocommutative relative pseudomonads

an analogous result: that for every strong relative pseudomonad, the monad unit
is multicategorical (we can define the invertible 2-cells ¢f), but in order to make
the monad extension multicategorical we require the relative pseudomonad to be
pseudocommutative.

Theorem 5.16. Let T be a strong relative pseudomonad along a 2-multifunctor
J :D — C. Suppose T is pseudocommutative. Then T is a relative pseudomulti-

monad.

Proof. By Proposition 5.9 we know that T is a pseudomultifunctor. We must
check that the monad unit and extension are compatible with the multicategorical

structure. For the unit, we need to find invertible 2-cells ¢; of shape
ioJf —Tfoi

for f: X — Y. Since T'f := (io Jf)" = fI"l we construct ¢; as the composite

Il
~
~

—

O
iy

-~

1oJf

L floi=Tfoi.
Note that we do not need the pseudocommutativity to construct the ¢y 2-cells.
The construction of a* given a: ho Jf — T f" o g is more involved. We require
a 2-cell of shape
hoTf—Tf og"

We begin with the composite

W oTf :=h'o f[n} t_*1_> (ht Of[n—l])n

= (o )

s (ho I,
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5.2 Pseudocommutative relative pseudomonads

at which point we can compose with ol to arrive at
(Tf og)" = (f"og).

From here we start needing the pseudocommutativity of T. Let o € S,, be the

cyclic permutation (12...n). Now we compose as follows:

(F" o g)

o r —\[n tA rr2... .n
2 (o gl S (f7 o (g1, 920 90)”

o £l n i r3... ..n
L> (f/3...2 © (957927 7gn>)2 — (f/3 2 © (g%,g%;g& '-'7gn>>3

o r n n tA rln —
2 (f 0 (g1 gn1sg90))" = [0 gt

:Tflog*.

For example, the full composite in the case where f is a binary map is given by

the diagram below:

Y I ES— 10

o (f*2o (gti‘,gz))Z

(Rt ;’ng)g (f?' o (/?;792))2

i (f* o (lg\th 92))*
-1

(W o [)? — (ho Jf)2 —5— (f'20 (g1, 92))"
It now remains to verify that the three coherence conditions for a multicat-

egorical relative pseudomonad. Here we shall only do this for binary maps, and

we shall abbreviate the diagram chasing.
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5.3 Lax-idempotent strong relative pseudomonads

For the first condition, rewriting ¢y and a* in terms of our constructions, we
fill in the resulting diagram, aside from naturality squares, with four instances of
Equation 5.3.

For the second coherence condition, unwrapping our definitions, we fill in the

resulting diagram with naturality squares and:

e five instances of Equation 5.1, and

e axioms (3) and (4) from Definition 5.11.

For the third and final coherence condition, we rewriting everything in our

terms and fill the resulting diagram with naturality squares and:

e instances of Equations 5.4 and 5.5,
e two uses of Equation 5.2, and

e axioms (1) and (2) from Definition 5.11.

Hence all three coherence conditions are satisfied, and thus we have shown that
every pseudocommutative relative pseudomonad is a relative pseudomultimonad.
m

As the above proof demonstrates, working directly with the definitions of
pseudocommutative relative pseudomonad and relative pseudomultimonad can
be tedious. In the next section we will examine a condition on a relative pseu-

domonad which both implies pseudocommutativity and which is much easier to

verify, being characterised by a universal property.

5.3 Lax-idempotent strong relative pseudomon-

ads

In Chapter 4 extended lax idempotency for relative pseudomonads to general (not

necessarily free) pseudoalgebras. To extend lax idempotency instead to strong
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5.3 Lax-idempotent strong relative pseudomonads

relative pseudomonads on 2-multicategories, we generalise Definition 2.11 from

Chapter 2 to the two-dimensional setting.

Definition 5.17. (Lax-idempotent strong relative pseudomonad) Let J : C — D
be a pseudomultifunctor and let T be a strong relative pseudomonad along J.
We say T is a lax-idempotent strong relative pseudomonad if the strengths are
left adjoint to precomposition with the unit. That is, we have adjunctions

(=)

D(B-JX;TY) n D(B-JX;TY)
—

—O0j5tx
for every 1 < j < n and objects B - JX;;TY whose unit — = (=)’ o; i has
components

t~f : f — fj 0; ix

obtained from the strong structure (note that the unit is invertible).

We can equivalently state this condition in terms of left Kan extensions: T is

lax-idempotent strong if for every map f: B - JX; — TY the diagram

B-JX; Y B.TX;,

s

TY

exhibits f? as the left Kan extension of f along 1 - 4.
As a point of notation, we will use Greek letters to denote the counit of the
lax idempotency adjunction; where the strengthening map is called (—)* and the

unit ¢, the counit will be called
7—f : (foti)t _>f7

and where the strengthening is called (—)® and the unit §, the counit will be

called
or:(fosi)’— f

(and similarly for (—)* etc.).
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5.3 Lax-idempotent strong relative pseudomonads

Note that there is much less data to check in the course of showing that a
relative pseudomonad is lax-idempotent compared with showing that it is pseudo-
commutative. The following result generalises [LEF11] Theorem 7.3, but the proof
strategy is very different (not relying on the existence of a closed structure). The
result gives us a shortcut for showing relative pseudomonads are pseudocommu-

tative (and hence by Theorem 5.16 a relative pseudomultimonad).

Theorem 5.18. Let T : C — D be a laxz-idempotent strong relative pseudomonad.
Then T 1s pseudocommutative, with a pseudocommutativity whose components

Yy o [ — [ are given by the composite
ts (3p)* s \ts ™ st s S st
[P == (fP0s1)” = (f"0si)° — g%,

Proof. To begin, we first show that that putative v, is invertible. We will show
that the composite

i’ st . ~ . T ts
gst ( 9) (gt o4 Z)St = (gts oy Z)t 9 gts
is its inverse. We have the commuting diagram
gts s N (gs 04 Z‘)ts ~ (gst 04 Z)S g gst
t i i t

~ ~ ~

(9" 01 @)’ ——— ((g"0r 1) 05 8)"" —— ((g" 04 1)°

; (9" o0 ) 2 1)* —= (g o0)" 02 1)* —T (9" o1 )
((g" ox i) o1 T (0" 00 i) ——— "

whose clockwise composite is the composite (v,)™" o v,, entirely composed of
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5.3 Lax-idempotent strong relative pseudomonads

naturality squares. Then by the following diagram

g
d
(9" 00 i)/ ———
| l \
(g% 0 i) o0 3)'* —— (g 0, )°

composed of a naturality square and two triangle identities, the anticlockwise
composite of the first diagram is equal to the identity on ¢%, as required. The
same argument (swapping the roles of s and ¢) demonstrates that the other com-
posite v, o (7,) ! is also the identity, and so our v, is indeed invertible.

We now must show that our v, satisfies the coherence conditions for a pseu-

docommutativity. For the unit condition

P (g o) = o

_ ot1

fStOti

9

we write out 7, o; % in terms of our composite and construct the commuting

diagram
gs i N (gt o4 Z)S ;) gts Oti
(9° 04 ) —— ((g* 04 i) 0y 1) (9° 04)'* oy i

(g% 0g1) 0,4)° —— (g 051)% 041

2 / i
)8

((g° 0r ) o5 i 5 » g% oy

Ry

comprising five naturality squares. Then the anticlockwise composite is, by the
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5.3 Lax-idempotent strong relative pseudomonads

following commuting diagram

((gst o4 Z) 04 Z)S — gst Oti

g

of a naturality square and a triangle identity, equal to fgs, as required. The other
unit condition is shown by the same argument, swapping the roles of s and ¢.

Now, for the strengthening condition

(tA'v )° S ~ s
(fto,g) — (fforg)y —=— forg

7ft°t9l
(fforg)® vroigt

(f0rg) ———— (forg) —— f"org
(vfot9) ips g

we can write out the anticlockwise composite in terms of our v and construct a
large commuting diagram filled in entirely with naturality squares and one trian-
gle identity. The other strengthening condition is shown by the same argument,
swapping the roles of s and t.

Finally, for the braiding coherence condition

futs (Wf)s ftus Tt ftsu

Vf“l l(w)“

fust (’yf)t \ fsut T \ fstu

after writing each composite in terms of our 7 we obtain a large diagram that
may be filled in entirely with naturality squares. So all five coherence conditions

are satisfied and hence indeed our 7 is a pseudocommutativity for 7' O]
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5.4 The presheaf relative pseudomonad

In summary, the previous sections have proved the following implications for

T a relative pseudomonad along J : C — D between 2-multicategories:
e Every strong relative pseudomonad T is a pseudo-multifunctor (Proposi-

tion 5.9).

e Every pseudocommutative relative pseudomonad 7' is a multicategorical

relative pseudomonad (Theorem 5.16).

e Every lax-idempotent strong relative pseudomonad 7' is pseudocommuta-
tive (Theorem 5.18).

5.4 The presheaf relative pseudomonad

We apply our results to the presheaf construction. As shown in [FGHW 18] Exam-
ple 3.9, the presheaf construction P : Cat — CAT : X — PX := [X, Set] can
be given the structure of a relative pseudomonad, where the units are given by the
Yoneda embedding yx : X — PX and the extension of a functor f : X — PY

for small categories X,Y is given by the left Kan extension

X Y4 px

%lf"::mny i

PY
along the Yoneda embedding, and this diagram also defines the map ¢ : f — f*y.

In order to make use of the our results, we need to further show that the

presheaf relative pseudomonad is strong.

Proposition 5.19. The presheaf relative pseudomonad P along J : Cat — CAT

s strong, with the strengthening of a functor
f:B-X; > PY
defined as the left Kan extension

B-X; Y% B PX,

t
PY
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5.4 The presheaf relative pseudomonad

along 1 -y, and the 2-cell in the above diagram defines the map ff.

Proof. We begin by constructing the rest of the data for a strong relative pseu-

domonad; namely, the invertible families of 2-cells
trg: (florg) — ffog' 0:y = 1.

Using the universal property of the left Kan extension, we define ¢ 7.9 and 60 to be

the unique 2-cells such that

Eito, i
frorg % (flosg)tory y — = yloy
fm ltf oty \ leoy
g
ft Ot 9) oty Yy

commute, respectively. It remains to check the two coherence conditions of Defi-

nition 5.3. For the first:

t t t Frtoson t t t
((fforg)toh) » (fforg)oh

(ff,goth)tl lff,gotht

(fforgtorh)t —— floi(g" o h)* o (fforg") ot

t
f,gtoth f tlg,h

by the universal property of the left Kan extension it suffices to show that the

diagram
¢ t t EftorgnOty t t t
((fforg)oth)ory » (fforg)orhtory
(tAﬁgOth)tOtyi J{if,gothtoty
(fforgtorh)tory — ftor (gt ot h)topy ————— (fforg')orhlory

j g Othoty ftottg hOtY

commutes. Rewriting terms we obtain the diagram

((ftotg)toth)toty L (ftotg)toth % (ftotg)tothtoty

f li

(ft o g' o h)t oty (ft Ot gt) oy hf oy y

E—ll Tz

ftotgtoth —t~> ftot(gtoth)toty ? ftotgtoth
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5.4 The presheaf relative pseudomonad

which we can fill in

(fforg)torh)lory ——— (fto;g)t orh ——s (ft o, g) oy hl oy y

| | I

(ffo;gtosh)losy T> flto,gt o h —£> (ffo;g") o hlosy

{9

fto (gt Ot h)t oty
with two naturality squares. For the second:

ik (ft O¢ y)t & flt O yt
\ lftotg
ft

again by the universal property of the left Kan extension we can equivalently

ft

show the diagram

commutes. Rewriting terms we obtain

Yory —— flojy —— ftoty oy

Ot?/

which immediately commutes. Hence indeed the structure as defined makes P a

strong relative pseudomonad. O]

Having shown this, we can now apply the results of this chapter to the presheaf

relative pseudomonad.

Theorem 5.20. The presheaf relative pseudomonad is:
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5.4 The presheaf relative pseudomonad

(1) a laz-idempotent strong relative pseudomonad,
(2) a pseudocommutative relative pseudomonad, and
(3) a relative pseudomultimonad.

Proof. By Theorem 5.18 we know (1) = (2), and by Theorem 5.16 we know
(2) = (3). So it suffices to check that P is a lax-idempotent strong relative

pseudomonad. By Proposition 5.19 P is strong, and we have diagrams

B-X;, %% B PX,

t
PY

exhibiting f! as the left Kan extension of f along 1-y. But this means precisely
that we have an adjunction

(=) A =0y
whose unit is ¢, as required. So indeed P is a lax-idempotent strong relative pseu-
domonad, and hence is also pseudocommutative and a multicategorical relative

pseudomonad. O
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Chapter 6

Commutativity and the Kleisli

construction

Introduction

In [FGHW 18] Section 4 the Kleisli bicategory KI(7T') for a relative pseudomonad
T is constructed, and it is shown that for the example of the presheaf relative
pseudomonad P, its Kleisli bicategory KI(P) is biequivalent to the bicategory
Prof of profunctors.

Corollary 7 in the article [Gui80] proves that the Kleisli category for a commu-
tative monad has a monoidal structure (one uses the map 7X ®TY — T(X®Y)
to define the tensor product of morphisms); in this section we aim to prove an
analogous result for relative pseudomonads: that the Kleisli bicategory for a pseu-
docommutative relative pseudomonad has the structure of a bimulticategory.

We apply our result to the case of the presheaf relative pseudomonad, con-
structing a bimulticategory structure on KI(P) which corresponds via the biequiv-
alence KI(P) = Prof to that induced by the pseudomonoidal structure on Prof
where the product of two profunctors f: Y? x X — Set and g : B?” x A — Set

is given by the composite

(Y x B x (X x A) = (Y x X) x (B x A) 2% Set x Set = Set .
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6.1 The Kleisli multicategory for a commutative relative monad

The question of whether the Eilenberg-Moore category of all pseudoalgebras
can be given a bimulticategory structure too is interesting. In the ordinary pseu-
domonad setting, Theorem 14 of [HP02] shows that for a finitary pseudocommuta-
tive pseudomonad on Cat, the Eilenberg-Moore 2-category has a pseudomonoidal
structure, induced by a pseudo-closed structure. I am yet to study closed struc-
tures in the relative setting and have not thus far attempted to prove an analogous

result of Hyland and Power.

6.1 The Kleisli multicategory for a commutative

relative monad

We first prove the one-dimensional result that the Kleisli category for a commu-
tative relative monad can be given the structure of a multicategory. Recall from

[ACU15] Section 2.3 the definition of the Kleisli category for a relative monad:

Definition 6.1. Let T be a relative monad along J : C — D. The Kleisl
category KI(T') over T' has the same objects as C, but arrows in KI(7") from X
to Y are given by arrows JX — TY in D. The composite of f : JY — T'Z and
g:JX — TY is defined to be f*g, and the identity morphism on X is defined
tobeix: JX - TX.

That this composition is associative and unital follows from the relative monad

laws:

(f*9)*h = f*(g"h),

Now suppose C and D are multicategories and T is a commutative relative
monad. Recall the notation f° for the strengthening of an n-ary map f in the

indices of a subset S C [n] (from lowest to highest), and recall Lemma 2.10
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6.1 The Kleisli multicategory for a commutative relative monad

for commutative relative monads, which states for f : JXi,...,JX, — TY and
g;: JZjl, ceey Jijj — 7-')(J that

(f% o5 g;)UHR) = 5 0g g7,

where for all j, the index shift k; is equal to the sum of (my — 1) for k < j.
The following special case will be key to constructing the desired multicategory

structure.

Corollary 6.2. Let T be a commutative relative monad, let f: JX — TY be an

n-ary map and let g; : JZ; — TX; be mj-ary maps for 1 < j <n. Then we have

(f[n] Oln] gj)[Emj] — f[n] Oln] g][mj]'

Proof. This result is a special case of Lemma 2.10 when S = [n] and S; = m; for

each 7. O

Theorem 6.3. Let T be a commutative relative monad along a multifunctor
J : C — D between multicategories. Then the Kleisli category can be given the
structure of a multicategory, where morphisms from X to Y are defined to be

arrows JX — TY in D.

Proof. We define the composite of an n-ary map f : JX — TY and m; -ary maps
gj: JZJ- — T'X; for 1 < j <n to be equal to

f op g5,

and we take the same identities as in the unary category KI(T); that is, ix :

JX — TX. Composition is unital:

irof =/,

fhopy i = frop, gy
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pseudomonad

Note that this does not yet require 7' to be commutative. However, to show that
composition is associative, we need to use Corollary 6.2. Let f : JX — TY
be an n-ary map, g; : JW; — TX; be an mj-ary map for 1 < j < n, and
hjg Jij — TWj be maps for 1 < j <n, 1 <k < m;. Then Corollary 6.2 gives

us the equality
(1 0y g) =" o5y B = 1 04y (617 0,y B,

and so composition is indeed associative. So KI(7") can be given the required

multicategory structure. O

Remark 6.4. For an n-ary map f : JX — TY, write f7 to denote fI (this al-
lows us to unify notation for maps of different arities). Then these two equations,

which together suffice to prove Theorem 6.3:
f = fT or ia
(fT or gj)T = fT or QJT’

are in a sense (which will be exploited in the next section) multiary analogues of

the following two conditions on a relative monad:

f=1T"ot
(ffog) =[foyg

6.2 The Kleisli bimulticategory for a pseudo-

commutative relative pseudomonad

To generalise Theorem 6.3 to the two-dimensional setting, we need to define
the structure we want to construct on the Kleisli bicategory for a relative pseu-
domonad. We proceed by weakening the definition of a 2-multicategory (Defini-

tion 5.1) by replacing the associativity and identity axioms with invertible 2-cells.
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pseudomonad

Definition 6.5. A bimulticategory C comprises
e A collection of objects X € obC,

e for all objects Y and lists of objects X, a category of multimorphisms

C(X;Y) called a hom-category; its objects are denoted by f: X — Y,

e for each X € obC a functor *+ — C(X;X) picking out 1x, the identity

multimorphism, and

e for each object Y, list of n objects X and n lists of objects Wj forl1 <j<n,
a composition functor
C(X;Y) x C(Wy; X1) % ... x C(Wy; X,,) — C(W;Y)
(f;9) = fog

along with the following families of invertible 2-cells:

o for cach f: X — Y, unitor 2-cells

Af:lof— f,

pr:f— fol,

e for each n-ary map f: X — Y, mj-ary maps g; : W; — X, for 1 < j <n

and maps hj; : Vi, = Wy for 1 < j <n, 1 <k <m; an associator 2-cell

Qpgn: (fog)oh— fol(gjohy).

We finally require that the associators satisfy the pentagon identity, and that the

unitors satisfy the triangle identity.
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pseudomonad

As examples illustrating the brevity of this ‘vector’ notation, in the case where
all maps are binary,
(((F(91,92))(h1, hz, hs, ha)) (k1 ka, ks, ka, ks, ke, k7, ks) 22055 (f(g1, 92)) (h1 (k1. ko), ha(ks, ka), hs (ks, ke), ha (7, ks))
0]
(f(g1(h1, h2), g2(h3, ha)))(k1, k2, k3, ka, k5, ke, k7, kg) Af,g,hk
af,gh,kl

f((g1(h1, h2))(k1, k2, k3, ka), (g2(h3, ha))(ks, ke, k7, kS))fka(gl(hl(klw k2), ha(ks, ka)), g2(h3(ks, ke), ha(k7, ks)))

is the pentagon axiom, and

f(91,92)

% &

(f(1,1))(g1, 92) T > f(1g1,192)

is the triangle axiom.

If the unitor and associator 2-cells are identities, we recover 2-multicategories
as defined in Definition 5.1.

Remark 6.6. Every bimulticategory is canonically a bicategory whose hom-
categories are the unary hom-categories and whose composition is the restriction

of the bimulticategory’s composition.

We recall the construction of the Kleisli bicategory for a relative pseudomonad
from [FGHW18] Section 4. Let T be a relative pseudomonad along J : C — D.
Then the Kleisli bicategory KI(T') comprises the objects of C, the hom-category
KI(T)(X,Y) is defined to be D(JX,TY), and the composition of f : JX — TY
and g : JW — TX is defined by f*¢g : JW — TX — TY. The unitor and
associator 2-cells are defined in terms of the relative pseudomonad 2-cells.

Our proof strategy for showing the two-dimensional analogue of Theorem 6.3
will follow Remark 6.4. We aim to construct multiary analogues to the n and
p families of 2-cells for a relative pseudomonad, satisfying two corresponding
coherence equations.

First, we show that such families of 2-cells suffice to give the Kleisli bicategory

the structure of a bimulticategory.

Lemma 6.7. Let T be a strong relative pseudomonad. Suppose we have the

following two families of 2-cells:
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6.2 The Kleisli bimulticategory for a pseudocommutative relative
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o for f:JX — TY, an invertible 2-cell Tf :f — fTori, and

o forn-ary f: JX — TY and gj JW — TX; for1 <j <mn, an invertible

2-cell TAf,g t(fTor gyt — fTor ng;
and suppose further that these satisfy the following two coherence equations.
e for an n-ary map f : JX — TY, my-ary maps g; : JW; — TX; for

1§j§nandmapshjk:J‘7jk—>kafor1§j§n,1§k§mj,the

diagram

Tyg,
((fTorg;)" or hy)" o » (fT or g;)" or b,

(Tf,gh)Tl le,ghT

(f" or gj or hj)" o fTor (gf or hy)" T fTor gl or hj,
sg g,
(6.1)

commutes, and

o for an n-ary map f: JX — TY, the diagram
- .
7 (7y) (fT op i)T Ty 17 op it
lfTng (62)
fT

commutes.

Then the Kleisli bicategory for T can be given the structure of a Kleisli multi-
bicategory, whose hom-categories KI(T)(X;Y) are defined to be the categories
D(JX;TY) and the identities are given by ix : JX — TX.

Proof. We define the composition of n-ary f : JX — TY and maps g; : JW; —
TXjforl1<j<nby
f[n} o) g'



6.2 The Kleisli bimulticategory for a pseudocommutative relative
pseudomonad

We define the following unitor 2-cells for f : JX — TY as follows:

We define the associator 2-cell for an n-ary map f : JX — TY, mj-ary maps
it JW; — TX; for 1 < j <nand maps hj : JVj, — TWj for 1 < j < n,

1 <k <mjto be
(4T T Tigh .1 T
aggn = (f" org;)" or hjy —— f" or (g; or hj).

It remains only to show that these 2-cells as defined satisfy the pentagon and
triangle identities. In the following diagrams, we omit the composition operator
or, as every composition is of this form. Thus, for example, the notation f7g; is
shorthand for f% o (g1, ..., gn).
To show the pentagon identity (for an n-ary map f : JX — TY, m;-ary maps
JW — TX; for 1 < j <n, rj-ary maps hjj : JVk—>TVVka0r1<]<n
1§k§mjandmapspjkl:JUjkl—>Tijlfor1§j§n,1§k:§mjand

1§l§7“]k)

((f"95)" hie) " Dja ~lohe > (fTg5)" (hpin)

af,gyhpl lo‘ﬁg,hp

(P i) Pt gy £ (97 i) o) > (g7 (jpina)

fT

we express « in terms of 7' and obtain the diagram

Tyg.np
((f795)" hiw) "Dt — > (f795) " hpin
(Tf,gh)Tpl le,gth
(f"9] hir) " pim E FT(g] hjre) P e fT g hpim

which is simply the whiskering of Equation 6.1 with the pj;; maps. Hence the

pentagon axiom holds.
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To show the triangle identity (for n-ary map f : JX — TY and maps g; :
JW; = TX; for 1 < j <n)

(fT)Tg; ~22% fT(i*g) BRI [Ty
\ lpf

we express a, A and p in terms of T and T and obtain the diagram

(ffi)"g; ras, fTirg —% STy
\ le)Tg]

Since all the involved 2-cells are invertible, we can express this diagram equiva-
lently as
(Tf 9 Ty (T, Tf,ig it
o
fTg;

and this is precisely Equation 6.2 whiskered with the g; maps. Hence the tri-

fT

angle axiom holds, and thus we have a bimulticategory structure on the Kleisli

bicategory for T'. O

To apply Lemma 6.7, we need to show that we can actually construct the
families of 2-cells with the required properties; we do so below.

For amap f: JX — TY we define Tf : f = fT or i to be the composite

f5 (i, .,1)

T 200, (4,4, 1, .., 1)

t

_>

L Mo (i, i) = fTopi.

Note that this does not require 7' to be pseudocommutative, only strong. Con-

structing the 7' maps will however require pseudocommutativity.
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Recall the notation 7,.; for o a permutation in S, denoting a composite of
v and v~ maps from f12" to feMe@-o() (any choice giving the same result
by coherence condition (5) for pseudocommutativity). To construct the desired
map Tyy: (fForg))T — fTor g] for n-ary map f : JX — TY and mj-ary maps
g;j: JZ; = TX; for 1 <j <mn, we start from

(fTor gi)" = (f1 opy ;)=
Then for each j € [n] in turn we can
e apply 7,.r so that j is rightmost, then
e apply the  axioms of a strength to bring m; indices inside the parentheses.
Having done this for each j € [n], we obtain
f" o gi7 = fTorg]

as required.

Thus, when T is a pseudocommutative relative pseudomonad, we can indeed
construct the maps 7" and 7.

To give an explicit example of a T map, consider the case where f, g1 and go
are all binary maps. The desired T}, is then a map from (f'% o (g1, g2))'*** to

%0 (g%, g3%), and is the following composite:

(f*20 (g1, 90))'1%34 ——mmmm oo Tro > f120(gi?, ga?)
| Tf
(f*' o (g1,92))"* (f?o(91% 92))"*

(2 0 (gl g2))™ —— (F% 0 (g2 g™ —— (£ 0 (9} g0))™

The previous lemmas constitute most of the proof of our main result.

Theorem 6.8. Let T' be a pseudocommutative relative pseudomonad along a 2-
multifunctor J : C — D between 2-multicategories. Then the Kleisli bicategory

can be given the structure of a bimulticategory, whose hom-categories K1(T)(X;Y)
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are defined to be the categories D(JX;TY) and the identities are given by ix :
JX - TX.

Proof. By Lemma 6.7, it suffices to show that T and T satisfy Equations 6.1
and 6.2 (the two coherence conditions enumerated in Lemma 6.7).
To begin with, Equation 6.2 is

)T Ty,; .
fT(f) (fTOTZ')T f fToTz*

lfTOTH
fT
and we prove this explicitly in the case where f is a binary map. Writing out
(T)" as
f12 i> (fl o Z-)12 i> (f12 ° (i,z’))lz,
and writing out Tf,i as

(F20 (5,1)) T (F2 0 (1,1))2 5 (f2 o (i%, 1))?

l> (f12 o (2*72))2 i> f12 o (Z*,Z*),
the resulting diagram can be filled in with the following two diagrams:

e four naturality squares, coherence equation (2) from the definition of pseu-

docommutativity (Definition 5.11) and strong relative pseudomonad coher-
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ence condition (Equation 5.2):
(F'20 (1,1))2 — (f% o (i,1)"
EA )
f12 i (fl o1 Z)12 i ((f2 0y Z‘)l o1 Z)12
t t
(floy i) ——s ((f2ond) o) i*)?
0 )
12 i (f2 0y 2)12 ~
(2 0z i) «—— (f* o (i*,1))?
v l’y
(12 0p)? «—"— (f2 0 (i*,1))?

and

e one naturality square, two multibicategory coherences, coherence equation
(1) from the definition of pseudocommutativity (Definition 5.11) and the

same strong relative pseudomonad coherence condition (Equation 5.2):

(f?op1)? === (f*' 0p1)? (f? o (i*,1))?

Z 0
t]\ ! / ~
*
t

0 ~
| x )

f12 f12 o (Z*, 7/*>

In the general case, the proof for n-ary f requires (aside from naturality) n invoca-

tions of conditions (1)/(2) from Definition 5.11 and n invocations of Equation 5.2.
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Second, Equation 6.1 is
Tf ’h
((f" or gj)" or hy)" - > (fT or g5)" or B,
(Ty.4h)T lff,ghT

(fTorg) o hjr)" ——— T or (9] or hyr)™ fTor gl or hly

Tt,gn T,

Writing out each T as constructed for a pseudocommutative T, we obtain a
large diagram which may be filled in entirely using instances of coherence condi-
tions (3), (4) and (5) from the definition of a pseudocommutative relative pseu-
domonad (Definition 5.11).

Hence indeed we have constructed a bimulticategory structure on the Kleisli
category KI(T). O

We apply Theorem 6.8 to the case of the presheaf relative pseudomonad.

From [FGHWI18] Example 4.3, the Kleisli bicategory KI(P) is biequivalent to
Prof, the bicategory of profunctors.

Corollary 6.9. The bicategory Prof of profunctors has the structure of a bimul-

ticategory.

Proof. The presheaf relative pseudomonad P is pseudocommutative by Theo-
rem 5.20. Hence by Theorem 6.8, KI(P)—and thus Prof—has the structure of a
bimulticategory. O

What is this bimulticategory structure? Unravelling the proof of Theorem 6.8,
we find that the hom-category Prof(Xj, ..., X,;Y) is given by CAT(][[ X, PY).

The composite of an n-ary profunctor f : [[ X — PY with an m-ary profunctor
g:[IW — PX; (where 1 < j < n) is given by f7 o; g, where

fliXix- o x X X PXj x Xj0 X+ X, = PY

is the left Kan extension of f along 1x, x -+« x 1x, | X yx, x 1x

i XXy
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