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Abstract

This thesis develops the theory of Lagrangian multiforms. For integrable equations which
belong to compatible systems of equations, this theory encapsulates the entire system in

a single variational principle.

We introduce definitions to distinguish between Lagrangian 2-forms and weak La-
grangian 2-forms in the discrete setting of quadrilateral stencils. We present three novel
types of discrete Lagrangian 2-form for the integrable quad equations of the ABS list.
Two of our new Lagrangian 2-forms have the quad equations, or a system equivalent to
the quad equations, as their Euler-Lagrange equations, whereas the third produces the
tetrahedron equations. This is in contrast to the well-established Lagrangian 2-form for
these equations, which produces equations that are weaker than the quad equations (they
are equivalent to two octahedron equations). We use relations between the Lagrangian
2-forms to prove that the system of quad equations is equivalent to the combined system

of tetrahedron and octahedron equations.

We formulate the double zero property of Lagrangian multiforms in the discrete
setting. For each of the discrete Lagrangian 2-forms associated with quad equations,
we show that double zero expansions can be derived in terms of their respective corner

equations.

We develop a framework to periodically reduce discrete Lagrangian 2-forms into
weak discrete Lagrangian 1-forms. This framework elevates periodic reductions to the

Lagrangian multiform level.

We link trigonometric functions to discrete and continuous Lagrangian 1-forms, making
use of their addition formula. We derive discrete commuting flows for the McMillan
equation (discrete autonomous Painlevé II), derive Jacobi elliptic solutions and develop a

discrete Lagrangian 1-form.
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Chapter 1

Introduction

In this work, we develop the theory of Lagrangian multiforms, which began in the
pioneering paper [28]. Specifically, we focus on discrete Lagrangian 2-forms and their
reductions, such that compatible systems of discrete integrable equations arise from a
single variational principle. These examples are interesting in their own right and our
contributions also help unify the entire theory of continuous, discrete and semi-discrete

Lagrangian multiforms into one cohesive framework.

The development of this mathematical theory is partly driven by the significance
of Lagrangian variational principles throughout physics. Each fundamental equation
in physics can be constructed from a Lagrangian variational principle (a stationary-
action principle) [20]. It is anticipated that Lagrangian multiforms will contribute to the
advancement of quantum path integrals [26, 51, 27], wherein the Lagrangian assumes a

central role.

We note that when Lagrangians are an alternative to Hamiltonian constructions,
they more easily handle: constraints, symmetries, generalised coordinates, covariance
and Lorentz invariance [20]. The theory of Lagrangian multiforms is strengthening the
Lagrangian approach by providing analogous features previously exclusive to Hamiltonians

[16).

Integrable equations are non-linear equations, which are richer and more interesting
than linear equations but can still be treated with exact methods [23]. We consider the
notion of an integrable equation, as one which belongs to a compatible set of equations
(multidimensionally consistent difference equations or a hierarchy of differential equations).
Lagrangian multiforms provide a single variational principle [28], involving multiple inde-

pendent variables, such that the compatible set of integrable equations arise variationally.
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In recent years, the continuous version of the theory, describing integrable differential
equations, has received a lot of attention [19, 16, 39, 41, 50, 55] and a semi-discrete version
was formulated [49]. However, the origins of the Lagrangian multiform theory lie in the

fully discrete setting [28] and this is what we focus on [31, 29, 62].

Lagrangian multiforms have now been connected with many features of integrability:
Lax pairs [47], classical r-matrices [18], hamiltonian structures [52, 59, 17], as well as
variational symmetries from Noether’s theorem [41, 48, 59]. There are also connections to:
pluri-harmonic functions in complex function theory and Baxter’s notion of Z-invariance
in the statistical mechanics of exactly solvable models [54]. After the first proposal of
Lagrangian multiforms in [28], similar constructions were considered under the name of
pluri-Lagrangian systems [54]. These constructions have lead to some useful developments

however they drop an important postulate: the closure relation.

Discrete Lagrangian multiforms are well suited to be applied to discrete quantum
theories of gravity, where discrete Lagrangians and symmetries play a key role [4, 5, 45, 46].
We also note that a connection has been made between Lagrangian multiforms and the

Chern-Simons theory [33].

We specifically consider discrete integrable systems, which are receiving growing
interest and are no longer seen as approximations to continuous integrable systems, but
in fact richer and more general than their continuous counterparts [23]. One can take
continuum limits of many discrete structures, including the discrete equations or the

discrete Lagrangian multiforms and recover the continuous analogues [58].

We focus on discrete Lagrangian multiforms [28, 10, 61] for quad equations of the ABS
list [1], which are integrable partial difference equations classified using multidimensional
consistency. Soliton solutions have been derived for quad equations using this integrable
property [14, 35]. These quad equations have many useful (integrable) features: they
admit Lax representations, are related to Backlund transformations and have vanishing
algebraic entropy [9, 38, 60, 1]. One important application of quad equations is that they
arise when studying solutions to the quantum Yang-Baxter equation in star triangle form,
as shown in [7, 6]. In the latter work, the authors utilise the fact that @4 is the most

general quad equation and that Lagrangian structures exist for all quad equations.

In this thesis we will develop discrete Lagrangian 2-forms of quad equations, and
their periodic reductions. We discover many interesting developments and also help unify
the entire theory of Lagrangian multiforms, with the potential for future applications in

quantum path integrals. In the next section we provide an overview of the chapters.
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1.1 Thesis Overview

Chapter 2 is a pedagogical chapter, which introduces the following: integrability in the
sense of compatible equations, the conventional discrete Lagrangian variational principle
and the discrete Lagrangian multiform variational principle. We introduce these concepts
by focusing on the H1 quad equation (from the ABS list) as a basic example of a discrete
integrable partial difference equation. We review the pioneering work of [28] which started
the theory of Lagrangian multiforms, which applies to the H1 equation. Our contribution
in this chapter is to introduce a definition of a weak discrete Lagrangian 2-form, and
contrast it to the full definition of a discrete Lagrangian 2-form. We discuss the discrete
Lagrangian 2-form for H1, and how the compatible set of H1 equations are sufficient but
not necessary for the Lagrangian multiform variational principle. We finish the chapter

by discussing important features of Lagrangian multiforms.

In Chapter 3, we present two novel discrete Lagrangian 2-forms for any quad equation
of the ABS list (including H1). We resolve the insufficiency discussed in Chapter 2,
and show that the integrable quad equations are variational and follow from multiform
Fuler-Lagrange equations. We review how the well-established discrete Lagrangian
2-form encapsulates weak combinations of quad equations, which are F-equations or
equivalently octahedron equations. We also introduce a third novel discrete Lagrangian
2-form encapsulating the tetrahedron equations, which are also weak combinations of
quad equations. We use relations between these Lagrangian 2-forms to connect quad

equations to tetrahedron and octahedron equations.

In Chapter 4 we reinforce that double zero expansions are a universal phenomenon
of Lagrangian multiforms, by considering them in the discrete setting. We show that
each of the discrete Lagrangian 2-forms considered in Chapter 3 admit a double zero
expansion in terms of their polynomial corner equations (quad, tetrahedron, octahedron

or E-polynomials).

In Chapter 5 we reinforce that integrable properties, including the Lagrangian multi-
form structure, are commonly preserved under reductions. We elevate periodic reductions,
from integrable partial difference equations to integrable ordinary difference equations, to
the Lagrangian (multiform) level. We present a novel framework to carry out periodic
reductions of discrete Lagrangian 2-forms into discrete Lagrangian 1-forms. The frame-
work is promising but leads to weak Lagrangian 1-forms. However, we resolve this for one

example considered and this approach has much potential for future research.

In Chapter 6, we investigate Lagrangian 1-forms. We relate discrete and continuous
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Lagrangian 1-forms to addition formulae for trigonometric and elliptic functions. Further-
more, we present a promising discrete Lagrangian 1-form construction for the McMillan

equation (the discrete autonomous Painlevé II equation).

16



Chapter 2

H1 Quad Equation and the
Development of Lagrangian

Multiforms

In this Chapter we introduce the following: integrability in the sense of compatible
equations, the conventional discrete Lagrangian variational principle and the discrete
Lagrangian multiform variational principle. We introduce these concepts by focusing
on the H1 quad equation as an ideal example of a discrete integrable partial difference

equation.

2.1 Integrable Potential Korteweg-de Vries Equation

We consider the H1 quad equation [1], which is also known as the lattice potential Korteweg-
de Vries (IpKdV) equation [36], as an archetypal example of a discrete integrable equation
[23], given by

(u —wij)(u; —uj) — oy +a; =0. (2.1)

We consider a field u(n) over the lattice n = (n;,n;) € Z2, and lattice vectors e; and e;
in the ith and jth direction, respectively. Equation (2.1) is a partial difference equation,
where u = u(n), u; = u(n + €;), u;; = u(n + e; + €;) and u; = u(n + e;) are shifted field
variables, and «;, a; € C are constants. In the next section we study this equation as a
discrete integrable equation. First of all, in this section, we will consider continuum limits

and see the connection to the Korteweg-de Vries partial differential equation.

We will present some of the technical details of the continuum limit, although they are
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not important for our purposes. Please refer to [58] for further explanations or to [36, 23]
for similar approaches. First we carry out the following non-autonomous transformation

in preparation for the continuum limit:

n; ng

1 1
v(n) = u(n) + N + N ;= 3 o = _)\7? , (2.2)
which leads to the equation
1 1 1 1 1 1
e — — — — — 4 v —v; ———5=0. 2.
< Y )\j—H} vj) <)\j )\i—i-v v]>+)\12 )\? 0 (2.3)

Now we introduce independent time variables (t1,to,t3, - -) as skew combinations of the

discrete variables in the following way:

277,1‘)\Z2 n 2”]')\? ty — 2ni)\? B 2nj)\§? .
2 2 7 3 3 7

v=uv(n, t; — 2\ — 2nj\;j, ta +

). (24)

If we Taylor expand in terms of the constants A\; and \;, we find the following set of

equations:
ov
- 2.
ov aw\? 9o
— = — —. 2.
Ot3 s <8t1> - ot (2.5b)

The latter equation is the continuous potential Korteweg-de Vries equation [36]. Thus,
we have derived the corresponding partial differential equation from a continuum limit of
the partial difference equation. As is often the case for discrete integrable equations, the
discrete equation should not be seen as an approximation of a continuous equation, but

rich in itself and more general [23].

In fact we can go even further and consider more independent time variables
(t1,t2,t3,t4,t5, ) to derive an infinite hierarchy of compatible partial differential equa-

tions, starting with

ov

aitQ = 07 (26&)
ov ow\? &

— = — — 2.
Ot3 s <8t1> - o3’ (2.6b)
gfz =0, (2.6¢)
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ov ( ov )3 0% ov Bv v
Y _10 +5
Ots

— — + 10— ==+ —= 2.6d
ot ot? * oty Ot3 * oy’ (26d)

Note that for all even time variables ts,,, where m € N, the derivative vanishes trivially

v

By = 0. The derivatives in the odd time variables can all be written as combinations of

t1 derivatives (often distinguished with z :=¢;). It then follows that the infinitely many
odd time flows tg,,+1 commute, in the following way:

0%v 9%v

!
= m,m’ € N. 2.7
Otom410tomiy1 Oloyy110tomi1 2.7)

This gives us an infinite set of conservation laws for the pKdV partial differential equation,

or equivalently an infinite hierarchy of compatible partial differential equations.

This hierarchy is a powerful notion of integrability for continuous equations, particu-
larly relevant for Lagrangian multiforms. The lattice pKdV equation encapsulates the
continuous pKdV equation and its entire integrable hierarchy. In the next section, we will
focus on the lattice pKdV equation and the discrete analogue of an integrable hierarchy

of equations: multidimensional consistency.

2.2 The Multidimensionally-Consistent H1 Quad Equation

We return to the IpKdV equation (2.1), which we will henceforth refer to as the H1 quad

equation, written Q(u,u;, uij, uj; o, o) = 0 with [1]
Q(u, Uj, Ujj, Ugi O, Oéj) = (u — uw)(ul — u]'> — oy + Qaj . (2.8)

We fix a;, a; € C as lattice parameters associated with the n; and n; directions, respec-

tively.

First of all, let us discuss the properties of this discrete integrable equation, which
characterise the more general quad equations of the ABS list that we will consider later
[1]. This partial difference equation involves the values of the field w, u;, u;;, uj, which lie
on the square stencil. This is a polynomial equation and at most degree one in any one
field variable. Hence, it is a multiaffine quad equation, meaning we can solve for any one

field variable in terms of the other three.

Now let us consider its discrete symmetries. The variables u, u;, u;;, u; are the values

at the four corners of the square in rotational order. By observation, the H1 equation can
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be seen to be symmetric under rotation around the square in the following way:

Q(ui, wij, uj, u; o, ) = —Q(u, wi, uij, uj; o, ), (2.9a)
Quij, uj, u, ui; oy, 05) = Qu, ug, ugj, uj; o, ), (2.9b)
Q(uj, u, ui, uis; o, ) = —Q(u, Uz, Usj, Ujs i, ) (2.9¢)

We can also see that the H1 equation is symmetric under reflection about the diagonal:
Q(u, Uj, Uij, Uiy Oy, O[Z‘) = —Q(u, Uiy Uij, Ujs O, aj) . (2.10&)

Altogether, the H1 equation is symmetric under the symmetries of the square (or the

dihedral group Dy).

Next we consider the defining integrability criterion of quad equations. Integrable
equations are often part of a set of compatible equations, such as a hierarchy of differential
equations, or in this case multidimensionally-consistent partial difference equations. In
order to consider this property, we will attempt to impose H1 equations on the six faces of
a cube. To do this, we can extend our field to u(n) to be over a three-dimensional lattice
with n = (n;,nj,ng) € Z3. For example, we can consider the value of the field shifted one

step in three different directions: u; = u(n + €;), u; = u(n+ e;) and u; = u(n + e).

At this point, we introduce point inversion of the field variable on the cube, denoted

by 7 as follows:

U= wiji WK =u, (2.11a)
Ui = g Uin = i, (2.11D)
7 = upi = U (2.11c)
S = i, f =y (2.11d)

Later we will permute indices (i — j, j = k, k — 4), such that u;; permutes to u;x, u;
permutes to uy; and uy; permutes to u;;. This is our reasoning for choosing the index
ordering ug; above and henceforth, which we are free to do as ug; = u;x. Due to the
H1 equation satisfying the symmetries of the square, we can consider the equations at

opposite faces of the cube using point inversion:

Qij = (u; —uj)(u —uij) —a; +a; =0, (2.12a)

Qjr = (uj — ug)(u — ujp) — aj + o =0, (2.12b)

20



Thus, the six quad equations on the faces of the cube that we consider are those that

follow from permutation of indices and point inversion of the original equation @;; = 0.

Qij =0
Qjr =0
Qri =0

Figure 2.1: Depicting the compatible set of six quad equations on a cube

We consider an initial value problem of this set of equations around a cube. We start
with values (u,u;, uj, ux) and use Q;; = 0 to calculate u;j, @Q;r = 0 to calculate i, and

Qri = 0 to calculate ug;. Ignoring potential singularities we can write this as

(6% (67

Qij =0 = Uij = u — uz uj , (2.13a)
Uj — Uk

Qri =0 e wp = u— k% (2.13¢)
Ul — Uj

Apd <~ <
Then we can use any of the three equations @;; = 0 and );; = 0 and @;; = 0 to calculate

wij in terms of (u,u;, uj, ug):

Apd g —
Qi Qri» Qij =0 = wijp=— — +ur, (2.14a)
) - ()

(up—u;)
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< a5 — O
j
Qijs Qri, Qjk =0 = wjp = — P +ui,  (2.14b)
U — % J U — O —Qy
(ui—uy) (up—ui)
< A — O
Qij: Qjk, Qri =0 = i = — — — + (2.14c)
) (e
(uj—ug) (ui—uj)
Ujk Uik Uik Ujk Uik
ATTTTT e .9 LTI *
?Q// } T Ué Wi, -~ | u.j// | |
i L | | |
Uj | | | Wig | } ! l \ |
| | | | | | | | |
\ ‘ | ‘ I ! | | !
‘ ! I ! Uk I : | | :
| upe ‘ ! oo U Up e ——————
| | P | Uki o Uk
uklio - oU; SRR & PR -
U U; U U;

Figure 2.2: Alternative multidimensionally consistent routes to calculate w;j; from

u, Ui, Uy, u, using three quad equations: (a) using Qsj,Qjk, @i = 0, (b) using
<= . g

Qij, Qri, @ jx = 0, (c) using Qjx, Qri, Qij = 0.

These all lead to same expression for u;;; in terms of (u;, uj, ug):

— — —
Qjk, Qris Qij =0 or Qij, Qri, @ik =0 or Qij,Qjk, Qr; =0
— = aiui(% '—_uk) + ajz%j(uk_— Uz) + aku%(_lbi — uj) (2.15)
a;(uj — ug) + o (up — u;) + oge(w; — uy)
_ aiui(u]- — uk) + Oz‘jk
o (u; — up) + Ogjk

Here we have abbreviated adding two more copies of an expression with indices permuted
once and then twice, by ;. The fact that we can consistently calculate the value of
u;;i via different routes is multidimensional consistency. Furthermore, the expression we
find can be rewritten as a multiaffine equation T'(u;j, uk, i, uj; o, o, o) = 0 on the
tetrahedron stencil with

T (Wijhs, Wy Wiy U5 Oy O, OU)

(2.16)
= ik (i(uj — ug) + Opix) — (iui(u; — ug) + Ok -

This is the tetrahedron property.

We can also consider point inverting this and find an analogous tetrahedron equation
in terms of the other four variables T'(u, w;j, wjk, uri; o, o, o). With a slight abuse of

notation we denote the two tetrahedron equations for H1 as

T = T(“: Ugjy Ujky Ukiy Ojy Qjy Ckk) )
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Uijk

Figure 2.3: Alternative multidimensionally consistent routes giving rise the same tetra-

hedron equation T'(wjjk, uk, ui,uj;) = 0 @ (a) using Qij,Qjk, @ri = 0, (b) using
< . g

Qij, Qri, Qi =0, (c) using Qjk, Qri, Qij = 0.

= u (o (ug; — uij) + Oijk) — (Oziujk(uki — uij) + Oijk) , (2.17a)
? — T(uijka Uk, Ug, U], (0788 ajv ak) 3

= ugjk (i(uj — ug) + Ogjr) — (ui(uj — ug) + Our) - (2.17b)

Uijk

Figure 2.4: Two tetrahedron equations which arise from H1 equations around a cube

In the next section, we consider a conventional discrete Lagrangian structure which

can be related to the H1 equation.

2.3 Discrete Lagrangians on Quadrilateral Stencils

In this section we review the discrete analogue of the conventional variational principle,
specifically for discrete Lagrangians on quadrilateral stencils. We focus on the action and
its criticality (with respect to local variations of the field). Then in the next section we

consider Lagrangians associated with combinations of the H1 equation.

With calculus of variations in mind, we define an action over the lattice Z? involving
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autonomous Lagrangians on quadrilateral stencils L£;; : (u, s, uij, uj; 0y, o) — C, that is

Slul = > Lij(u(n),u(n+ e;), u(n + e; + €;), u(n + €;); oy, ;) ,

neZ?

= Li. (2.18)
nez?
We could consider boundaries and boundary value problems in this action functional but

it is not necessary for our purposes.

Now we consider the conventional variational principle. We denote criticality of the
action with respect to local variations of the field by %Lu] =0, and it is defined in the
following way. The field u : Z? + C is a critical point of the action S[u] if and only if the
partial derivatives vanish at every point in the lattice:

5S[u)
Su 0 — Ou(n)

=0 VneZ?. (2.19)

In order to rewrite these partial derivatives in terms of Lagrangians, we introduce shift
operators, T; and T}, which act on functions on the lattice, such that T; f(n) = f(n + e;)
and T, ' f(n) = f(n — e;). We can rewrite the partial derivatives of the action in (2.19)

as a sum of four shifted Lagrangians, which we call the discrete Euler-Lagrange equation:

0S|[u 0 _ _ A
&E] =0 = o (Ly T Ly Ty + T ) =0 YneZh (2.20)
In other words, criticality of the action is equivalent to the discrete Euler-Lagrange
equation vanishing at every point in the lattice.

ujj Uijj Wiijj
TjLi TiT;Li
u; U Ui
L T;Lij
u U | ui

Figure 2.5: The four translated Lagrangians which contribute to the conventional Euler-
Lagrange equation at u;;

We restrict ourselves to autonomous discrete Lagrangians and thus the discrete

Euler-Lagrange equations at every point in the lattice has the same form. For example,
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we could instead consider the discrete Euler-Lagrange equation centred at u;;, which is

0
Jun (TZT][,” + Ly +T5L;5 + Eij) =0. (2.21)
ij
Figure 2.5 depicts the four shifted Lagrangians from the action which lead to this equation.

Furthermore, for a given Lagrangian, the corresponding variational equation is the one

which arises from the discrete Euler-Lagrange equation (2.21).

Next we review a discrete Lagrangian for a combination of the H1 quad equation,

and apply this conventional discrete variational principle.

2.4 Discrete Lagrangian for double H1

In this section we relate the conventional Lagrangian variational principle to the H1 quad
equation. We review a Lagrangian where the Euler-Lagrange equation is a combination
of two shifted H1 quad equations (double H1). We could consider the original 4-point
Lagrangian for double H1 [36, 1] (which in Chapter 3 we refer to as the trident Lagrangian),
but instead we present the Lagrangian introduced in [28]. Regardless of our choice of
Lagrangian, we see that being on solutions to the H1 quad equation is sufficient but
not necessary for the conventional action to be critical with respect to local variations
of the field (for the Euler-Lagrange equations to be satisfied). Also note that here
we only consider a single H1 quad equation in the two dimensional lattice Z? without

multidimensional consistency.

In [28], the following expression was introduced, which we refer to as the triangle

Lagrangian for H1:
Lij = wui — uuj — (o — o) log(u; — ;) . (2.22)

This defines an action (2.18) on the 2-dimensional lattice Z2.

The action is critical with respect to local variations of the field when the conventional
discrete Euler-Lagrange equation (2.21) is satisfied. Calculating this explicitly using
(2.22), we can write the Euler-Lagrange equation as a combination of two shifted H1 quad

equations (2.12a):

0
Gy, (Wisii — Uiguijs + uyuig — (s — o) log(uij — ujj) — wiuj — (@i — o) log(uii — uis))
1)
oy — Q4 a; — Oy
= Wiij — Uijj + Uj — —— — U+ ———
e .
1) 27 (X3 1)
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(ui — wiig) (i — wig) — i + o (uj — wagy) (i — uj5) — 0 + 0y
Ui — Uij Uij = Ujj
S (2.23)

Wi = Uij - Uij = U

)

Thus, the equation which follows from the conventional Lagrangian variational principle,
is not the H1 quad equation but a combination of two shifted copies of it, which we call
double H1. In [24], it is shown precisely how the solution of double H1 is more general
than H1. It is possible to obtain any solution of double H1 from a solution of H1 together

with the solution of a linear partial difference equation.

We emphasise that imposing the H1 quad equation ();; = 0 throughout the plane is
sufficient but not necessary for the criticality of the conventional action with respect to
variations of the field:

dS[u]

Qij =0 = 5

= 0. (2.24)

The H1 quad equation implies criticality but criticality does not imply the H1 quad

equation.

Now we note that the conventional variational principle considered so far only relates
to a single partial difference equation on the 2-dimensional lattice Z2. The desire to relate
multidimensionally-consistent sets of partial difference equations to a variational principle

lead to the invention of Lagrangian multiforms, which we consider next.

2.5 Weak Discrete Lagrangian Multiforms on Quadrilaterals

The theory of Lagrangian multiforms can provide a single variational principle to encapsu-
late compatible sets of integrable equations (in the continuous, discrete and semi-discrete
settings). This theory began in the pioneering paper [28], with constructions which we
will define as weak discrete Lagrangian 2-forms on quadrilateral stencils. In Section 2.6,
we discuss an example associated with combinations of the H1 quad equation. Then
in Section 2.7 we discuss the additional property required for the full definition of a

Lagrangian multiform.

With multidimensional consistency in mind, the authors of [28] considered an action
over 2-dimensional quad surfaces surfaces made of elementary squares in a higher dimen-
sional lattice. These quad surfaces are depicted in Figure 2.6. We simply consider the three
dimensional square lattice n € Z3. However, this theory generalises to N-dimensional

square lattices ZN [11] and possibly also to the N-dimensional quadrilateral lattices
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Figure 2.6: A quad surface o in Z* made from elementary squares.

considered in [1]. We consider oriented elementary squares at points n € Z® defined by
oij(n) ;= (n,n+e;,n+e; +e;,n+ej). (2.25)

A quad surface o is a connected set of these elementary squares, such that o;;(n) € o. In
the 3-dimensional lattice Z3, there are three pairs of directions and consequently a total
of six oriented elementary squares: ;;, 0jk, Oki, 0ji, Oj, and o;,. Now consider three La-
grangians L;;, L and Ly;, which lie on quadrilateral stencils L;; @ (u, us, uij, uj; o, o)
C, and are associated with the squares o;;, o, and oy, respectively. Furthermore, con-
sider Lagrangians which are anti-symmetric under the swap of directions: Lj;; = —L;;,

such that oj;, o, and oy corresponds to —L;;, —Lj, and —Ly;, respectively.

Now we extend the conventional discrete action (2.18) and define an action over quad

surfaces o in Z3:

Slu,ol = Y Lij(u(m),u(n+e;),u(n+ e; +e;), u(n + €;); ai, o),

oij(n)€c

= > Ly

O'ij(n)e o

(2.26)

Here, 0;j(n) € o can be one of six oriented elementary squares, and then we add the

corresponding signed Lagrangian (+L;;, £L;i, and £Ly;).

We are interested in a variational principle, such that criticality of the action relates
to multidimensionally-consistent sets of equations. We consider the effect that changing
the quad surface has on the action. In both Figure 2.7 and Figure 2.8, we consider a
quad surface with some fixed boundary and simply varying the surface locally by popping

up a cube. We say that the action (2.26) is critical with respect to local variations of the
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A e

Figure 2.7: Two quad surfaces o and o + cube (with the same boundary) which differ by
the local variation of popping up a cube.

o

Figure 2.8: Two quad surfaces o and o + cube (with the same boundary) which differ by
the local variation of popping up a cube.

surface, if and only if the action does not change by the addition or subtraction of an

elementary cube:

=0 <= Slu,0+ cube] = S[u,o]. (2.27)

Figure 2.9: The left depicts three of the elementary oriented squares which make up
the cube quad surface. The right depicts three Lagrangian contributions to the action
Slu, cube] over the cube, where each face of the cube contributes one Lagrangian term.

To understand this precisely, the quad surface of an oriented elementary cube (based

at u), depicted in the left of Figure 2.9, is simply the collection of six oriented squares:

cube = {Ty0ij,0ji, Ti0jk, Okj, Tjohi, Oun ) - (2.28)

The action on the elementary cube is the following, where we introduce the abbreviating
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notation:
Sz'jk = S[u, cube] = (Tkﬁij — ,Cl]) -+ (T%,Cjk — ij) + (T]Em — Lkz) . (2.29)

The six Lagrangians which contribute to this action are depicted in the right of Figure 2.9.
Consequently, the criticality of the action with respect to local variations of the surface is
equivalent to the vanishing of the action on an elementary cube:

0S[u, o]

P 0 <= Slu,cube] = S;;,=0. (2.30)

We will often refer to the final equality, S;;x = 0, as the closure relation. For given
Lagrangians L;;, L, and Ly, later we will ask whether a field w : Z3 — C exists, such

that the closure relation holds.

Now we consider criticality of the action with respect to variations of the field [11],
generalising equation (2.19) to involve an action over quad surfaces. We consider a field
w: Z3 — C and a quad surface o with some boundary. We denote the internal lattice
points of the quad surface as V(o) C Z®. Now we say that the action is critical with
respect to local variations of the field if and only if for generic quad surfaces o the partial

derivatives vanish at every internal point:

dSu, o] 0S[u, o]
— =0 = — =0V V(o). 2.31
ou Ju(n) nevio) (2:31)
For criticality in this sense, we will see that instead of considering generic quad
surfaces, we can simply consider the elementary cube. Since the cube is itself a quad

surface, criticality for generic quad surfaces implies that the derivatives must vanish at

the internal points of the action around the cube:

Mzo — M:O = VS =0 (2.32)
ou ou

Note that this corresponds to eight corner equations of the cube:

0S8k OSijk OSiji 0Siji 0Siju OSijn OSijk 85”’“) (2.33)

VSijk - ( ou ’ 8uz ’ 8Uj ’ 8uk ’ 8uj]€’ 8uki’ 8uij 7auijk

Now making use of orientation, the derivative at any internal point of a generic quad
surface can be made from derivatives of the corners of the cube. One example of this

is depicted in Figure 2.10. The conventional discrete Euler-Lagrange expression (the
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Figure 2.10: The derivative at the internal point of a simple plane can be made from four
derivatives of corners of the cube, due to cancellations from orientation.

derivative at an internal point of a simple plane) is a combination of four translated corner

derivatives of the cube:

0
s (TiT5Li5 + TiLi; + T5Li5 + Lij)
 OT TSk OTiSijr  OT;Sijr  OSijk
= uy T B iy Dy (2.34)
7 ou + Ou; T Ou; - Ougj

For any internal point of a generic quad surface we find something similar. Then restricting
ourselves to autonomous Lagrangians, it follows that criticality of the action with respect
to local variations of the field on a generic quad surface is in fact equivalent to the

criticality of the action on the elementary cube:

95[u, 0] -0 = 9S[u, cube] =0 <= VS =0. (2.35)
Su ou

With the right hand side equation, the eight corner equations of the cube are the multiform
FEuler-Lagrange equations. Here, we consider generic quad surfaces which: are closed
surfaces, have a fixed boundary or have an open boundary. We demand criticality of the
action in terms of local and internal variations of the field, such that we can ignore effects

of the boundary on the multiform Euler-Lagrange equations.

Now we combine both types of criticality. An action over quad surfaces (2.26)
and partial difference equations K (u),---, Ka(u) = 0 together define a weak discrete
Lagrangian 2-form, if on solutions to those equations, the action is critical with respect

to local variations of the surface and of the field:

0S[u, o] _0
_ oo
du )
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Using the results above (2.30) and (2.32), we define this type of weak Lagrangian multiform

in terms of the action on an elementary cube Sy

Definition 1. An action over quad surfaces (2.26) and partial difference equations
Ki(u), -, Kp(u) = 0 together define a weak discrete Lagrangian 2-form, if the
following property is satisfied. When the field u : Z3 — C satisfies the given equations,

both the closure relation and the multiform FEuler-Lagrange equations hold:

Sijk =0
Kl(u), HEIIN KM(U):O — (237)
VSijk=0.
Here the given equations Ki(u),---, Ky (u) = 0 implicitly correspond to a particular

solution of the multiform Euler-Lagrange equations, but not necessarily the most general
solution. In the example below, instead of considering the multiform Euler-Lagrange
equations (a set of combinations of the H1 quad equation), the stronger set of each
individual H1 equation is given. Closure is then proved on these given equations. The
point is that the action alone does not define what equations we associate with a weak
discrete Lagrangian 1-form. We can recognise a set of equations which make the multiform
Euler-Lagrange equations vanish and then prove closure on that set. This is a weak
definition because it is easier to verify than the definition we give later. In Chapter 5 we
discover actions which immediately satisfy the conditions of a weak Lagrangian multiform.
It is difficult to then verify the full definition of a Lagrangian multiform, which we present

later.

Note that we can interchangeably talk about an action over quad surfaces or equiva-
lently a set of Lagrangians (which define an action) satisfying the definition of a weak
Lagrangian multiform. Moreover, a definition is not given in the original construc-
tions of [28]. We have introduced Definition 1 which applies to all of their explicit
constructions. This weak definition gives us something to contrast to when discussing
recent advancements, including our results in Chapter 3. Next we present an exam-
ple of a weak discrete Lagrangian 2-form from [28], where the given equations are the

multidimensionally-consistent set of H1 quad equations.

2.6  Weak Discrete Lagrangian Multiform for H1

In (28], the triangle Lagrangian L£3; for H1, given by equation (2.22), was introduced and

considered in a higher dimensional lattice. Then we can define the action (2.26) over

31



quad surfaces o in terms of the three triangle Lagrangians in each plane: E%j, E?k and

L%,. We take the given equations to be the multidimensionally-consistent set of quad

. = = <=
equations (around the cube): Qij, Qjk, Qri, Qijr Q ji, Qri = 0.

We can confirm criticality of the action with respect to local variations of the field
and the surface, simply by considering the action around the elementary cube. Explicitly,

the action around the elementary cube is

S = (L~ £5) + (T3~ £5) + (1,05~ £
= wptg; — gy — (0 — o) log(uk; — wjn)
— uu; + uuj + (; — o ) log(u; — uy)
+ wiui; — uiug; — (a; — ag) log(uij — ug;) (2.38)
— uuj + uug + (o — og) log(u; — uy)
+ ujujp — ujug; — (ap — o) log(wjn — wij)

— uug + uu; + (g — ;) log(ug — u;) .

In order to show that the closure relation holds on the H1 quad equations in [28], the

following was observed:

Qij, Qri =0
(Oéj — Ozk)ui =+ (Oék — Oéi)Uj + (ai - aj)uk
(wi — uy)(u; — wg) (g — ;)

— (uij — ukz) = — (Uj — Uk) (239)

= Ajji(uj — ug).

Importantly, A;j; is cyclically-symmetric (symmetric under permutations of 4, j and k).
Now we can take cyclic permutations and apply this to this action around the elementary
cube:
Qijs Qjk, Qi =0
— Spip = Agrun(ui — uj) — (i — aj) log(Agji (ui — uj))
(2.40)
+ (o — Ozj) log(u; — uj) + Oijik
=0.
We find that on solutions to the multidimensionally-consistent H1 quad equations, the

closure relation holds:

Qij» Qi Qri =0 = S5 =0. (2.41)
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Next we consider the corner equations of this action, starting at the u; corner:

N
aSijk Qi —

Q5 ap — O
=—u+ + Uy —ug +u— ——,
Ou; Wi — Uj U — Uj
_ C(u— ) (ui — ) —ai oy N (u — ugi)(ug, — u;) — ag + oy
U; — Uy Uk — U;
Qij Qi

= - . (2.42)
Uj — Uy U; — U

We can also find analogous expressions at u; and uj, by permuting indices. At the opposite

corner of the cube u;, we find

N
8Sijk o — Qf — G
G = Uk T o U
Ujk Uki — Ujk Ujk — Uij
S —
Qij Q ki

= - . (2.43)

Uki — Ujk Ujk — Uij

We find analogous expressions at uy; and u;; by permuting indices. We also find identically

zero expressions at u and wu;j,. Thus, the eight corner derivatives on the cube are

OS> oSS
Jk ijk
2k g, ik _ g 9.44
ou 8uijk ( a)
g <=
OS5y, _ Qi Qs a5y, _Qy Qi (2.44b)
ou;  wj—up  uwp—u Quje U — Uik Wk — Ui
< <
OS3ik _ Qi Qg 05351 _ Q. @y (2.44¢)
811,]‘ Uk — u]‘ Uj — Uj ’ 8ukz uij — Uk; Ui — ujk ’
<= <
OS5y, _ Qrwi Qg a5y, _ Qr Qg (2.44d)
Ouy, U — Up  Up — Uy ’ auij Uik — Ugj Ujj — Uk . .

Thus, we have that the H1 quad equations around the cube imply the multiform Euler-

Lagrange equations:
o
Qij» Qjk> Qrir Qijy Qi Qi =0 = VS = (2.45)

From (2.45) and (2.41), we indeed find a weak discrete Lagrangian 2-form on quadri-
lateral stencils satisfying Definition 1. On solutions to the multidimensionally-consistent
H1 quad equations, the closure relation holds and the multiform Euler-Lagrange equations
vanish:

{=y = (= Sihjk: =0
Qijs Qjk, Qrir Qijs Qjk, Qi =0 = (2.46)

Note, that like for the conventional discrete Euler-Lagrange equations (2.23), the
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multiform Euler-Lagrange equations (2.44) are combinations of H1 quad equations. Thus,
the constructions, which started the theory of Lagrangian multiforms and we call weak
Lagrangian multiforms, successfully relates the multidimensionally-consistent H1 equations
to a single variational principle. However, the H1 equations are sufficient but not necessary
for the criticality of the action. We would like the equations of interest to directly follow
from the variational principle. With this in mind, next we discuss developments in theory

of Lagrangian multiforms since its conception.

2.7 Lagrangian Multiforms

A key feature of a variational principle is that it produces the equations of interest. For
the conventional variational principle, the Euler-Lagrange equations are the variational
equations (2.20). It is important that for a given Lagrangian multiform the variational
principle produces the integrable equations of interest. This is developed in the discrete
quadrilateral setting in [11] in the context of so-called pluri-Lagrangian systems where the
closure relation is an optional property and not part of the definition. We reconcile their
developments while still retaining the original notion of a Lagrangian multiform, where
the closure relation plays a central role. For a weak Lagrangian multiform (Definition
1) one does not need to prove the closure relation on the full multiform Euler-Lagrange
equations, but can instead supply simpler equations which imply both the multiform
Euler-Lagrange equations and the closure relation. Whereas a Lagrangian multiform is
when the closure relation holds on the full set of multiform Euler-Lagrange equations.
Thus, we introduce the following stronger and full definition of a discrete Lagrangian

multiform

Definition 2. An action over quad surfaces (2.26) defines a discrete Lagrangian
2-form if it satisfies the following property. When the field u : Z3 — C satisfies the

multiform Fuler-Lagrange equations, the closure relation holds:

VSZ-jk =0 - Sz’jk =0. (2.47)

Recall that the multiform Fuler-Lagrange equations here are simply the eight cor-
ner equations of the cube. Given an action over quad surfaces (2.26) which satisfies
this definition, the associated wariational equations are exactly the multiform Euler-
Lagrange equations. Furthermore, Definition 2 satisfies Definition 1 if the equations
Ki(u), -+, Ky (u) = 0 are taken to be full set of multiform Euler-Lagrange equations.

We can also say that: criticality with respect to local variations of the field produces
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multiform Euler-Lagrange equations, then on solutions to those equations, the action is

critical with respect to local variations of the surface:

Note that we will interchangeably talk about an action over quad surfaces or equiva-
lently a set of Lagrangians (defining an action), which satisfy the definition of a Lagrangian
multiform. The reason it is natural to refer to the functions in the action over a quad
surface as Lagrangians is that multiform Euler-Lagrange equations imply each of the
conventional Euler-Lagrange equation via (2.34). However, one cannot consider any set
of discrete Lagrangians in three planes (L;;, £j; and Ly;) and their combined set of
conventional Fuler-Lagrange equations. The multiform Euler-Lagrange equations for
this set of Lagrangians imply but are not necessarily equivalent to the combined set of
conventional Euler-Lagrange equations. The multiform Euler-Lagrange equations and
the closure relations involve combinations of Lagrangians in different planes. Thus, a

Lagrangian multiform defines a compatible set of Lagrangians.

The distinction between Definition 1 and Definition 2 is key to our major result in
Chapter 3. The results of [11] imply that the weak discrete Lagrangian 2-form we outlined
above for H1, with corner equations (2.44), actually satisfies the stronger Definition 2.
However the variational equations are not the H1 equations, but weak combinations of
them. Our major result in Chapter 3 is that we present novel Lagrangian multiforms
(satisfying Definition 2), such that the H1 equation (and other quad equations) are
variational equations, and arise directly from the multiform Euler-Lagrange equations.
Before we delve into this construction, with our clearer picture of what a Lagrangian

multiform is, we discuss some important features in the next two sections.

2.8 The Form Structure of Lagrangian Multiforms

We have emphasised the action of a Lagrangian multiform and under what conditions the
action is critical. However, the name Lagrangian multiform, comes from an equivalent
formulation as a form over a manifold satisfying certain properties. We can define a

discrete 2-form as [49, 50, 32]

Llu] = Lijdn; Adnj + L dnj Adny + Lg; dng A dn; . (2.49)
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The action (2.26) over quad surfaces can be written in terms of this form:
Slu, o] = L[u]. (2.50)
g

By taking the exterior derivative of this form [49], the coefficient which arises is exactly

the action around the elementary cube (2.29):
dL [u] = Sijk dn; A dnj A dng . (2.51)

Then we could take the following to be the definition of a Lagrangian multiform L

(equivalent to Definition 2):
ddLu)j=0 = dL[u]=0. (2.52)

A Lagrangian multiform is closed on its multiform Euler-Lagrange equations. Alternatively,
the exterior derivative vanishes on its own variational derivatives. There are some
technicalities and subtleties when it comes to considering discrete and semi-discrete forms
with the discrete differentials dn and discrete analogues of Stokes’ theorem [49]. Thus,
for this work, we continue to emphasise the action of Lagrangian multiforms and under

what conditions they are critical.

2.9 The Closure Relation and Conservation Laws

At this point, we would like to say a bit more about the significance of the closure relation.
The connection between conservation laws and the closure relation for discrete Lagrangian
2-forms is still quite unexplored. In the case of discrete Lagrangian 1-forms, the closure

relation vanishing is equivalent to the existence of common integrals of motion [52].

We mention the case for continuous Lagrangian 1-forms, where the closure relation
is said to be “the direct counterpart of the Poisson involutivity of Hamiltonians, the

Liouville criterion for integrability” [16]. We can define a continuous Lagrangian 1-form

action over a continuous path I', with Lagrangians Ly, -, Ly,
Su,T] = / (Loydby + -+ Loy i) (2.53)
r
Suppose we have Hamiltonians Hy, - - -, Hy defined via Legendre transformations. In [16],

the following formula is derived, where the first term is the continuous closure relation of

the Lagrangian multiform, the second term involves products of multiform Euler-Lagrange
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equations and the third term is a Poisson bracket of the corresponding Hamiltonians:

oL, oL,
9Lk O L ymp Y (H, HVg. 2.54
<8tj 8tk)+ i 7 ={Hg, Hi}r (2.54)

This formula is off solutions, and in fact an example of a double zero expansion, which
we discuss in Chapter 4. The important thing to take away is that on solutions to the
multiform Euler-Lagrange equations, the closure relation holding is equivalent to the

Poisson brackets vanishing.

In [48], continuous Lagrangian 2-forms and 3-forms are considered. The closure
relation itself is considered as a conservation law, and Noether’s theorem is then used
to show that every variational symmetry of a Lagrangian leads to a Lagrangian multi-
form. Furthermore, in [26] a quantum path integral analogue of the closure relation was

formulated.

The closure relation and its connection to conservation laws is a powerful and

important feature of Lagrangian multiforms, which we will touch upon in later Chapters.
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Chapter 3

Discrete Lagrangian 2-Forms

associated with Quad Equations

This chapter is based on sections 1-4 of [44] by J. J. Richardson and M. Vermeeren.

3.1 Chapter Introduction

The theory of Lagrangian multiforms describes integrable systems through a variational
principle. In recent years, the continuous version of the theory, describing integrable
differential equations, has received a lot of attention [19, 16, 39, 41, 50, 55] and a semi-
discrete version was formulated, extending the theory of differential-difference equations
[49]. However, the origins of Lagrangian multiform theory lie in the fully discrete setting
and concern integrable quad equations, in particular those of the Adler-Bobenko-Suris
(ABS) list [1]. This is a classification of scalar, multiaffine, multidimensionally consistent
difference equations on a quadrilateral stencil (under the additional assumption that there
exists a compatible “tetrahedron equation”). The observation that all equations on this

list have a variational structure led to the introduction of Lagrangian multiforms in [28].

Lagrangian multiform theory describes a set of compatible equations (multidimension-
ally consistent difference equations or a hierarchy of differential equations) through a single
variational principle involving a difference or differential form. This d-form is defined
on the space of all independent variables of the set of equations. For any d-dimensional
surface within the space of independent variables, we can consider an action, defined by
the integral/sum of the Lagrangian d-form over the surface. In Lagrangian multiform
theory (and in the closely related theory of pluri-Lagrangian systems), the variational

principle requires these integrals to be critical no matter which surface is chosen.
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The original Lagrangians of the ABS list [1] can be interpreted as defined on quadri-
lateral stencils. Whereas in [28], Lagrangians on triangle stencils were introduced and
generalised to discrete Lagrangian 2-forms. These have been studied in [10, 11, 13, 28, 61]
and produce a slightly weaker set of equations: the quad equations are sufficient conditions
for the variational principle, but not necessary conditions. It is emphasised in [11] that:
“quad-equations are not variational; rather, discrete FEuler-Lagrange equations for the
two-forms given in [10, 28] are consequences of quad-equations”. In [30], attempts were
made to resolve this. However, in this chapter the literal interpretation of the first part of
the statement is shown to be not true: quad equations are variational. We generalise the
original Lagrangians on quadrilateral stencils to Lagrangian 2-forms and show that the

generalised Euler-Lagrange equations produce the quad equations exactly.

The Lagrangian 2-form considered in the existing literature on quad equations
produces Euler-Lagrange equations that are equivalent to a system of two octahedron
equations [13]. This cannot be equivalent to the set of six quad equations on a cube,
any four of which are independent. Furthermore, the two octahedron equations are
independent of the two tetrahedron equations. In fact, the combination of these two sets,
two octahedron equations and two tetrahedron equations, is equivalent to the full set of

quad equations.

The structure of this chapter is as follows. In Section 3.2 we review the structure of
the ABS equations and the assumptions behind their classification. In Sections 3.3.1-3.3.3
we present two new Lagrangian multiforms for which the variational principle produces
exactly the set of quad equations, as well as a third multiform that produces only the
tetrahedron equations (the latter has appeared in a slightly different context in [10]). In
Section 3.3.4 we contrast this with the well-known Lagrangian multiform. In Section 3.3.5
we discuss the closure property of each of these 2-forms. In Section 3.4, we show that
the relations between quad equations, tetrahedron equations, and octahedron equations

follow from relations between the different Lagrangian 2-forms.

3.2 Quad Equations

3.2.1 The ABS Classification

The ABS list [1] is a classification of integrable difference equations that satisfy the

following conditions:

e They are quad equations: they depend on a square stencil and on two parameters
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associated to the two lattice directions:

Q(U, Ui,Uj,Uij,Oéi,aj) =0.

(3.1)

e They are symmetric: Equation (3.1) is invariant under the symmetries of the square,

Q(u, wi, uj, uij, o, o) = £Q(u, uj, ui, uij, j, o) = £Q (s, u, uij, uj, o, a5) . (3.2)

Note that these two transformations of the tuple (u,u;, u;, u;;) generate the symme-

try group Dy, and that the «;, a; are interchanged accordingly.

e They are multiaffine: the function @ is a polynomial of degree one in each of the

u, uj, uj, ui; (but can be of higher total degree). This guarantees that we can solve

the equations for any of the four variables, given the other three.

e They are three-dimensionally consistent: given initial values u,u;, u;, uy, use the

equations

Qij = Q(u, uj, uj, ugj, o, ) =0
Qjk = Q(u, uj, up, ujk, aj, o) =0

Qki = Q(u7uk7ui)ukiuak7ai) =0

to determine u;j, Uk, Ug;; then u;;, should be uniquely determined by

—
Qij = Q(Usjk, Wik, Uks, Up, g, ) = 0
—

Q ji = QWijk, Uki, Uij, Ui, vj, o) = 0

<
Q ki = Q(Uijk, ij, Ujk, gy gy ;) = 0.

This is illustrated in Figure 3.1.

(3.3d)
(3.3e)
(3.3f)

e They satisfy the tetrahedron property: the value obtained for u;j;, in the computation

above is independent of u, depending only on w;, u;, uy.

Remark 3. Note that, regardless of which signs occur in Equation (3.2), we have that

<
Qlj = Q(uijk’7ujkaukiauk7ai’aj) = Q(uk’7uk’i7ujk:auijk‘aaivaj)a

because the last equality is obtained by applying both symmetries of the square twice. We

will use the notation (- --) more generally to denote the point inversion u <> w;ji, Ui <> Ujk,
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Figure 3.1: Multidimensional consistency demands that all three of these routes to
calculate wu;j; from initial values u,u;, uj, us, produce the same value

etc.

It turns out that each equation Q(u, u;, uj, usj, o, o) = 0 of the ABS list is equivalent

to an equation in three-leg form:
O 1= w(u, ui, ) — (u, . 07) — plu, i, o — o) = 0. (3.4)

Here 9 : (u,u;, ;) — C and ¢ : (u, ui5, a; — o) — C. This gives us a second, complemen-
tary, perspective on the ABS equations: we can either study the multiaffine expressions
Q;j or the three-leg forms QE;). We use calligraphic letters to denote leg forms. The
D4-symmetry imposed on the quad equations has significant implications for the three-leg
form. From the reflection symmetry it follows that ¢(u, uj, o — o) = —(u, uij, aj — o).

Applying rotational symmetry to Equation (3.4) we get equivalent three-leg forms based

at the other three vertices of the square:

Qv(;;“) = Y(ui, iz, 05) — (w4, u, 05) — p(ug, uj, a5 — ;) =0, (3.5a)
QU 1= (i, o) — W (uig, wi, 05) — S(uig, w00 — ) = 0, (3.5b)
QE;”) = P(uj, u, ) — P(uj, i, o) — dlug, ui, a5 — a;) = 0. (3.5¢)

The three-leg forms based at different vertices are illustrated in Figure 3.2. We emphasise

that

Qij =0 < QE;‘):O — ngi)zo — Qg‘j)zo — QE}‘”)ZO. (3.6)

On the faces of a cube adjacent to a fixed vertex, the three-leg forms based at that
vertex naturally combine to form an equation on a tetrahedral stencil, illustrated in Figure

3.3, for example:
T(u) = gf)(u, Uijj, Ol — Oéj) + qb(u, Ujk, 5 — Oék) + ¢(u, Uki, O — ai) (37&)
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Figure 3.2: Graphical representation of the four orientations of a three-leg form.

= -0l — ol — ol =0. (3.7b)

SR B

1/

U U U

Figure 3.3: Tetrahedron equation from three quad equations

To relate the three-leg tetrahedron equation (3.7a) with a multiaffine equation, we
will rely on some relations between the equations of the ABS list (which is given in the
Appendix A). The ABS list contains three types of equation, labeled Q, H, and A. Those
of type Q have the property that their short and long leg functions are the same, ¢ = 1.
Each equation of type H and A shares its long leg function ¢ with an equation of type Q,
but has a different short leg function . Thus the quad equations of type H and type A
have the same the tetrahedron equation as an equation of type Q. In fact, a multiaffine
tetrahedron equation T' = 0, equivalent to 7 = 0, can be defined in terms of a quad

polynomial of type Q, evaluated on a tetrahedron stencil:

T (u, i, Wik, Whiy O, 0, o) = QWP D (w wig, wjpe, upi, i — o, —ayj + ayy). (3.8)
Here Q(®¥Pe Q) represents the multiaffine polynomial corresponding to a quad equation of
type Q. Consistent with the three-leg form (3.7a), this multiaffine polynomial is symmetric

under permutation of indices.

Now we can apply the rotational symmetry of the quad equation of type Q and obtain

equivalent three-leg forms of tetrahedron equation based at the other vertices:

TWis) = (ugj, upi, aj — ag) + d(uij, u, o — ) + Pluij, ujp, i —ag) =0, (3.9a)
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T(uk') = ¢<’U,]m, Ujka oy — Oéj) + gb(u;ﬂ, ’U,Z'j, Oéj — Ckk) + qb(u;m, U, X — Ozi) = O, (3.9]3)

T(uﬂk) = qﬁ(ujk, U, oj — ak) + gb(ujk, Uiy O — Ozj) + ¢(Ujk, Ujj, Ot — Oék) =0. (3.90)
Altogether we have that

T=0 < TW=0 «— 7T =0 «— TW =0 «— 7 =0. (3.10)

The same argument applies to the other four variables, so we can derive a second

tetrahedron equation in three-leg form, which is related to the first by point inversion:
) = D(Wijr, U, i — @) + P(Wijk, wis  — ) + Guijh, uj, o — ;) = 0. (3.11)

Similarly, we define the three-leg expressions ?(“i), ?(“j ), ?(“’“), based at the remaining
<
three vertices. Considering also the polynomial T" = T'(uj, uk, us, uj, a4, @, ), we have

the following equivalent equations:

T=0 = T 20 = T =g = Tw =g = Tw =g, (3.12)

Example (H1), part 1. One of the simplest equations on the ABS list is the lattice
potential KdV equation, labeled H1, for which

Qij = (us — uj)(u — uij) — o + oy . (3.13)

In this case, the leg functions are given by

Y(u,ug, ;) = uy; and d(u, uij, o — aj) = iy . (3.14)
u — ’u,i]‘

The quad equation Q;; = 0 is equivalent to the three-leg equation Qg?) =0, where

QSL) = w(u’u“ ai) - w(uvujv a]) - (ZS(U,UZ‘]‘, o — aj)

=Uj — Uj — N Qi : (3.15)

u—uij u—uij

The three-leg form T = 0 of the tetrahedron equation T = 0 is

T = ¢(u,uij, 00 — ) + G(u, wjk, o — ) + G(u, wgi, o — ;)

o — o - O — O

u—uij u—’Lij U — Uk;
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T
N (u_uij)(U—Ujk)(u—ujk) ’ (316)

The tetrahedron equation T = 0 can also be expressed in multiaffine form as

T(”a Usjj, ujka Uk, O, Qg ak)
= (a; — aj)(uuij + wjrug) + (o — o) (ugp + uijug) + (o — o) (wugg + wgiugr)

(3.17)

which is exactly the multiaffine polynomial of ABS equation Qls—o (see Appendiz A).

3.2.2 Discrete Lagrangians on Quadrilateral Stencils

Already in the original ABS paper [1], Lagrangian functions (in the traditional sense
considered in Section 2.3) were constructed for all equations from the ABS list. This
construction is based on the observation that, after a suitable transformation of the
variable u, there exist functions L and A such that the leg functions ¥ and ¢ can be

expressed as

0
1/}(.T,y,04) = %L(xvyaa)v (3188‘)
QZ)(xay)a_ﬂ): ;EA(x7y7a_6)a (318b)

where L and A have the following symmetries:

L(:L"yva) :L(yaxva)v (319&)
A(xayaa_ﬁ) ZA(y,x,a—ﬁ), (319b)
A(xayaa_ﬂ):_‘/\(xuy7ﬂ_a)' (319C)
Note that this implies that
9 L = 3.20
aiy (‘/L‘ayaa)_w(?%x?a)? ( . a)
9 N0 —B) = dly,a.0— ). (3.200)

Jy
The functions L and A can be combined into a 4-point Lagrangian [1]
L5 (wy wiy ug, w0y ) i= L(u,uiy o) — Lu, ug, o) — A, wgg, o — ). (3.21)

v

which we will refer to as the trident Lagrangian, inspired by the three-leg structure
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Figure 3.4: (a) The stencil of the trident Lagrangian. (b) The discrete Euler-Lagrange
equation involves three-leg structures on two squares.

depicted Figure 3.4(a). The traditional Euler-Lagrange equation of £, depicted in Figure
3.4(b), is

0

u <E¢Zj(% Ui, U, Wi, gy ) + L5 (Ui, 1y U j, g, gy a) + L5 (U, u gy w, w g, Qi )
+ £fj(u,i,,j,u,j,u,i,u, Oéi,Oéj))

= Y(u, uj, ;) — Y(u,uj, ;) — d(u, uij, o — aj)

+ P (u, u—i, i) — (u, u—j, o) — d(u, u—i—j, i — aj) =0, (3.22)

where the subscript —¢ denotes a shift in the negative direction along the i-th coordinate
axis. This Euler-Lagrange equation is the sum of two shifted instances of the quad

equation (in the form (3.4) and (3.5b) respectively).

U
— \

g \Z

- 2

‘N B @

s 2, o U (%
S “ b
3 &

u Uq

L(u,ui, o) i
U—j Uj,—j

(a) (b)

Figure 3.5: (a) The stencil of the triangle Lagrangian. (b) The discrete Euler-Lagrange
equation involves three-leg structures on two squares.
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The functions L and A can be combined into a 3-point Lagrangian [28§]
L35 (u, uiy ug, gy o) = Llu, g, i) — L(u, ug, o) — Mg, ug, 0 — o) (3.23)

which we will refer to as the triangle Lagrangian, inspired by the three-leg structure
depicted Figure 3.5(a). The traditional Euler-Lagrange equation of L, depicted in Figure
3.5(b), is

0
9 (ﬁ%(u, U, Uy, ai,aj) + E%j(u_i,u, U5, Q4 Oéj) + E%j(u_j, Uj,—j, Uy Ozi,ozj))
= (U, i, 05) — (U, u—y, o) — du, ui—j, o — aj)
+ U(u, u—i, o) — (u, uj, 05) — Plu, uij, 0 — o) = 0, (3.24)

where the subscript —i denotes a shift in the negative direction along the i-th coordinate
axis. This Euler-Lagrange equation is the sum of two shifted instances of the quad

equation (in the form (3.5a) and (3.5c) respectively).

Both of these Lagrangians, for the entire ABS list, relate to the conventional action
(2.18) over Z? discussed in Section 2.3. In both cases, if the field u satisfies the corre-
sponding quad equation in the plane, this implies criticality of the action with respect to

local variations of field:

dS[u]

=0. (3.25
ou 0. )

Qij:() —

0 _ _ P
u (Eij —|—Tj lﬁij + T 1£¢j —|—Tj 1Ti 1£¢j) =0 =

In the upcoming sections we will generalise from conventional Lagrangians to La-
grangian multiforms. We will present a Lagrangian multiform variational principle
which necessarily implies the quad equation, and furthermore necessarily implies the

entire multidimensionally-consistent set of quad equations.

3.3 Lagrangian Multiforms

In Section 2.6 we discussed the earliest construction of Lagrangian multiforms from
[28], and defined them as weak discrete Lagrangian 2-forms (Definition 1). Our major
contribution is to construct discrete Lagrangian 2-forms satisfying Definition 2 (2.47) for

the quad equations of the ABS list.

Similar to [28], the key idea is to interpret a Lagrangian L(u, u;, uj, uij, o, o), which
is skew-symmetric under the swap of indices ¢ <+ j, as a discrete 2-form on a higher-

dimensional quadrilateral lattice. In terms of Definition 2, we have an action over oriented
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quad surfaces o, where L;;, L;; and Ly; are all of the same form, namely

Sluo]= 3 Li- (3.26)
oij(n)€c
For a given Lagrangian function L;;(u, u;, uj, usj, o, o), under what conditions is this

2-form action critical?

The Lagrangian multiform variational principle is the following: criticality of the
action with respect to local variations of the field produces multiform Euler-Lagrange
equations; then on solutions to those equations, the action is critical with respect to local
variations of the surface. It is equivalent to consider the criticality on the closed quad

surface of the elementary cube
Sijk = S[u, cube] = (Tkﬁi]‘ — ['ij) + (Tiﬁjk — ,Cjk) + (Tjﬁki — L) - (3.27)

Thus, for a given Lagrangian function £(u, u;, uj, uj, aj, o), we have a discrete Lagrangian

2-form satisfying Definition 2 if we show that

OSijr OSijr

ou =0 8uijk =0
ik _ Ok _

Ou; Oujy, . —0 (3.28)
dSijk dSijk ik == '
LR —IT =

au]‘ 8u;ﬂ
dSik Sk

8uk =0 auij =0 )

We require that on solutions to the corner equations, the closure relation holds.

In the next four subsections we will introduce three additional Lagrangian 2-forms
and contrast them to the known Lagrangian 2-form. Initially, we will only study their
corner equations. Then, in Subsection 3.3.5, we will prove that each of the Lagrangian
2-forms satisfies the definition, by showing that the closure relation holds on the respective

set of corner equations.

3.3.1 Trident 2-Form: Quad Equations are Variational

One of our main results is that the quad equations of the ABS list are variational. We will
show that the original 4-point Lagrangian construction in [1] generalises to a Lagrangian

2-form with corner equations that produce the quad equations directly. We recall the
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Lagrangian (3.21) and interpret it as the trident 2-form

v ._
L35 (u, wi, ug, wigy gy o) i= L(w, gy o) — L(u, ug, o) — Au, wgg, 0 — ). (3.29)
Ujk Uijk
. . 7
Uk Uijk ':: /'
o~ o® Uk ! ke’
@'\ O}\-" 'l : ‘,'
ﬁ D ’ 1 Re
3 :\\y-\f\ K : K
o N /] .
§ v@ 1 4 "
— | " 1,
'ql / j ¥ oA Ui
l' L
-
U Ul ="
B L(ug, ugg, o) Yk w o

(a) (b)

Figure 3.6: (a) The leg structure of a single Lagrangian £, (uk, ki, ujk, ijk, &, ;). (b)
The leg structure for the action on an elementary cube of the trident 2-form L, .

The action over an elementary cube of the trident 2-form can be written as (see

Figure 3.6(b))

4

4 4
ik = Lo (ks Uk, Wik, Wijk,s iy o) — L

i (s iy wg, wig, @iy o) + Ogjg
= L(uk, Ui, o) — L(ug, wjk, o) — Aug, wiji, o — o)
— L(u, ug, o) + L(u, uj, o) + Au, uij, 0 — o) + Oz
= (L(wi, uiz, o) + Au, wij, 0 — o)) — (L(wjp, ug, o) + Mg, win, o — aj)) + O

= L(ula Uig, aj) + A(U,Uij, QG — a]') - ( ’ ) + Oijk ) (330)

where the notation — (---) represents subtracting an inverted copy of the preceding
expression, and + O;j;, indicates the addition of terms obtained by cyclic permutation of
(4,7, k). Thus, Equation (3.30) is manifestly symmetric under cyclic permutations and

skew-symmetric under point inversion.
Now we consider the corner expression at u;;

0S5k 0

2

8uij = 8’&1']' (L(Uz, uij, O[j) — L(ui]’, Uj, Oéi) + A(U, ’LLij, oy — Oéj))

= P (uij, ui, a5) — P(uij, ug, o) + d(uij, u, o — )
_ (wig)
= Q). (3.31)

This gives us exactly the original quad equation in three-leg form (3.5b). The expressions
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at u;i and uy; are analogous and follow from permutation of indices. At the w; corner we

S (ur)

find a similar expression, Q ij - which is what we would expect from the skew-symmetry
under point inversion. The expressions at u; and u; are analogous and follow from

permutation of indices.

Let us consider the u corner expression produced by this 2-form

0S5y 0
B = Bu (A, uij, 05 — o) 4+ A, wjk, 0 — o) + A(w, upi, o — o))
= ¢(u, uij, o — ) + G(u, ujk, % — ag) + A(u, ugi, G — a;)
=7, (3.32)

We find exactly the tetrahedron equation (3.7a) in three-leg form. At the w;;, corner we

find the same but negated and inverted —?(“iﬂf). Altogether we conclude the following;:

Theorem 4. The corner equations of the trident 2-form (3.21) are the quad equations

and tetrahedron equations in three-leg form:

v v
8’& 6u,~jk
8’[14‘ J ’ ou ik J ’
o o5t (3.33)
ijk :aﬁj) —0 ijk _ _ngm‘) -0
du; g ’ Oug; g ’
05% OS¥
igk _ S(up) _ ik Auig)
ou @ =0 ouij ;" =0

Proof. Take derivatives of (3.30) and recognise the three-leg terms (3.5b) (and their point

inversions), as well as the three-leg terms (3.7a) (and their point inversions). O

Example (H1), part 2. For H1 we have

L(u,ui, o) = uu; , (3.34a)

A(us, uj, 05 — o) = (0 — o) log(u; — uy) . (3.34b)

Note in this form the symmetry A(uj, u;, o —a;) = A(ug, uj, s — o) is up to an addition of
a complex constant. We comment on options to make this strictly symmetric in Appendiz

A.

The trident Lagrangian is

,Cizj(u,ui,uj,uij, a; — o) = uu; — uuj — (o — o) log(u — wu4j). (3.35)
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Its action around the elementary cube of the 2-form is

Sizjk = UpUk; — Rk — (0 — o) log(ug — ugjk) — wu; + vy + (0 — o) log(u — )
+ Oijk
= (uiui; + (0 — o) log(u — ug;)) — (ujpur + (o6 — o) log(uik — uk)) + Ouji

= UjUij + (ozi — Oéj) log(u — ’U,Z'j) — ( . ) + Oijk . (3.36)

This leads to 8 corner expressions. For example, we have

8Sfjk _ ai—aj +aj—Oék +ozkfozi
ou U— Uy U Ujp U~ Uk
_ ) T . (3.37)
(u — wig) (w — wjn) (u — k)
In addition, we have
Ouij ’ T u—
(ui) Qij
=-Q " =S (3.38)
J u — Uij
Similarly, we find
y —
ijk _ <(ujk) Qjk
=0, L L — 3.39
an ij (Uz — U@]k) ’ ( a)
4
05k _ _Plugp) _ T , (3.39b)
Oujk (ui = wijk) (uj = wije) (un — wijk)

3.3.2 Cross 2-Form: Tetrahedron Equations are Variational

We will show that the tetrahedron equations arise as corner equations of the following
2-form, which we call the cross Lagrangian,

ﬁZ(u, (7 Uj, uij, oy — O[j) = A(u,, Uj, a; — aj) — A(u, uij, a; — Odj) . (3.40)
The name for this Lagrangian is inspired on its leg structure, which is shown in Figure
3.7(a). This Lagrangian was studied in [10] in the more general context of Laplace type

equations on a bipartite quad graph. In our present context, it is particularly relevant

because it links our new trident Lagrangian to the known triangle Lagrangian.
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Figure 3.7: (a) The leg structure of a single Lagrangian L£7;(uk, ki, wjk, Wijk, i, ;). (b)
The leg structure for the action on an elementary cube of the cross 2-form L.

Consider the action over an elementary cube and note that

S;(j = A(Upi, jg, 0 — aj) — A(Uk7uijk, a; — o)
= Muiy ugy 00 — ) + Alu, wgg, o — ) + Oijk

= A(u, Ujj, Ol — Oéj) — A(ui,uj, Q; — Otj) — ( . ) + Oijk . (341)

By taking partial derivatives of this action we can conclude the following:

Theorem 5. The corner equations of the cross 2-form (3.40) are the two tetrahedron

equations, in different three-leg forms, that is

X X
ou Oujk
X X
u, Ouj (3.42)
98 | 0S5, '
7:_?(%):07 ik () —
8’&]' Ouy;
X X
Ouy, Ouj

Proof. In the partial derivatives of (3.41), we recognise three-leg forms of the tetrahedron

equations: Equations (3.7a)—(3.9¢) and their counterparts obtained by point inversion. []

3.3.3 Cross-Square 2-Form

Here we study a second 2-form that produces a system of corner equations equivalent to
the quad equations. It will be particularly useful in later sections when we consider the
double zero property of the exterior derivative of a 2-form. The function defining this

2-form was introduced in [10], where it was studied on a single quad. To our knowledge,
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it was never before considered as a Lagrangian multiform. It is given by

L% = L(u,ui, ;) + L(uij, uj, o) — L(u, uj, 005) — Lugg, i, ovj)
i o Uj 7 J ! (3.43)
— A(u, i, a4, ) — Mg, uj, 04, o)

Inspired by its leg structure, illustrated in Figure 3.8, we call it the cross-square Lagrangian.

5
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Figure 3.8: (a) The leg structure of a single Lagrangian E;-E}- (Whs Wiy Wik, Wi, Oy t5). (D)
The leg structure for the action on an elementary cube of the cross-square 2-form L.

The action over an elementary cube of the cross-square Lagrangian is

S]k = 2L(u,,u”,a]) + A(u,uij,ai — Oéj) + A(ui,uj,ai — ij) — (7) + Oijk ,

= QSZJk ka (3.44)
S0 its corner equations consist of linear combinations of the corner equations of the trident
and cross Lagrangians:

Theorem 6. The corner equations of the cross-square 2-form (3.43) are combinations of

quad equations and tetrahedron equations in three-leg form, namely

ou ’ 8uwk 7
X
8S¢jk _ 23(}}:1) _p?(w) —0, 8SU/< _ —2Q (uje) (ujk) =0,
aui J 8’&]].;;
R o (3.45)
B _ ot 1 o % _ _agiem) i~
811,] Oug;
0%k _ g (P g, Dk Ly gt .
Oouy, K Ouij “

These are equivalent to the set of multiaffine quad equations around the cube (3.3).

Proof. From (3.44) we deduce that the corner equations are the corresponding linear
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combination of the corner equations (3.33) and (3.42) of the trident and cross Lagrangian
2-forms. If multiaffine quad equations hold, then all of the three-leg forms involved
in the system (3.45) vanish, so the corner equations are satisfied. Conversely, if all
equations of the system (3.45) hold, then in particular the tetrahedron equations in
three-leg form, centred at u and w;j;i, are satisfied. Then by the symmetries (3.10) and
(3.12), the tetrahedron three-leg forms centred at w;, uj, ug, uij, wji, u; also vanish. The
remaining corner equations reduce to individual quad equations in three-leg form. These

are equivalent to the multiaffine quad equations. ]

3.3.4 Comparison with the Triangle 2-Form

Now we compare the above constructions to the known 2-form, which started the theory
of Lagrangian multiforms [28]. We review the results of [11], and in what way this original
example is a Lagrangian 2-form in the sense of Definition 2. We recall the Lagrangian
(3.23) and now interpret it as the triangle 2-form. We review how this 2-form is critical
on a set of equations weaker than the quad equations and we will relate it to our new

PN X
2-forms via [,ij = Cij Eij.

Ujk Uijk
Ujk AN
1 o

—~ AN ’u,k | e ki
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koo L(ug, ugi, ) R u 0

(a) (b)
Figure 3.9: (a) The leg structure of a single Lagrangian L3 (ug, Uk, wjk, @i, ;). (b) The

leg structure for the action on an elementary cube of the triangle 2-form E;‘j sits on an
octahedral stencil.

The action around the elementary cube of the triangle Lagrangian depends on an

octahedral stencil depicted in Figure 3.9:

Sije = Lwis ugjs o) + Muiy uj, 0 — ) — () + Oy (3.46)

Since u and wu;;;, does not appear in this action, there are no corner equations at these
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points. The corner equation at u;; in terms of leg functions is

o 05

- 8’u,2'j
0
N ﬁuij

(L(wis wig, o) — L(ug, wig, o) — Mg, ups, o — o) — A, wig, o — o))
= (g, wi, o) — P(wig, wj, ;) — Puig, ups, aj — o) — G(uij, Ujp, ax — o) (3.47)
= gij .

This can be written as a combination of quad equations in three-leg form:

£; =0+ (3.48)

In other words, the four-leg equations &;; = 0 can be obtained by eliminating the variable
u;ji from two quad equations in three-leg form. Similarly, at the corner u;, we find the

g Apd
corner equation — & ;; = 0, where & ;; = ;Zk) + Qi(;;k)-

Theorem 7. The corner equations of the triangle 2-form are

Oty _ . OSik _ 0
8u ’ 8uijk ’
OS> oS>
L —?jk =0, gk _ Eir =0,
N J (3.49)
auj 7 ) BU]CZ (3 b
aUk *J ’ 8uij *J '

Proof. Using the action (3.46) and the definition (3.47) alongside cyclicity and point

inversion gives us these six expressions. O

This 2-form produces a set of equations which vanish on the quad equations but are
not equivalent to them because they lack the variables u and w;;;. Furthermore, we can

relate each of the four-leg equations (3.49) to a quad equation and a tetrahedron equation.

From L3 = L, — L}, we have
Siik = Stk — Siin (3.50)
and thus
£ = —Qur) — Tl (3.51)
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Example (H1), part 3. For HI we have
‘C%j = uu; — uuj — (a; — aj)log(us — uj), (3.52)
50

Sk = urtugi — uptgr — (@ — o) log(ur; — uje) + (@i — aj) log(us — uj) + O,

= ugugj + (i — o) log(u; — uz) — (- ) + Oij (3.53)

Two corner equations are identically zero and the other six have a four-leg form. The

corner equations at u;j, u;i and ug; are all of the form

oS%, i —a O = )
0: Z]k — P P J k J k = ,u”) ’U:”) :((': 354
anj Uq Uj Uij — Ui + Uik — Ui ij + le 1] ( )

Clearly these equations vanish on the quad equations. Similarly, the other three corner

equations are of the form
N
. ISijk op —o; O — O

0= = upi — wjk + - e N  X:5)

Ouy, Up — U Uj — U

3.3.5 Closure Relations

In this section we will show that each of the 2-forms satisfies the closure relation on their

respective corner equations, which we stated in the theorems above and recall here:

1. The corner equations of the trident Lagrangian El-“j are equivalent to the system of

quad equations.
2. The corner equations of the cross Lagrangian Efj are the tetrahedron equations.

. . x .
3. The corner equations of the cross-square Lagrangian L;; are equivalent to the system

of quad equations.

4. The corner equations of the triangle Lagrangian E%j are equivalent to the system of

four-leg £ equations.

In [28] it was verified (for most of the ABS equations) by direct computation that the
action S,%jk of the triangle Lagrangian vanishes on solutions of the quad equations. In [10]
a conceptual proof of this property was given, which applies to all ABS equations. In [11]
it was observed that the same technique can be used to show that the closure property

for the triangle Lagrangian holds on the corner equations (i.e. £-equations). Below we
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will adapt this proof to our new Lagrangian multiforms.
Theorem 8. On solutions of the quad equations, Sfjk =0.
On solutions of the tetrahedron equations, Sfjk =0.
On solutions of the quad equations, S?}k =0.

Note that the closure relation Sfj = 0 can be seen as a consequence of the star-triangle

relation of [10, Theorem 2].

An essential fact required to prove Theorem 8 is that the space of solutions is

connected:
Lemma 9. The following sets are connected:

1. The space of complex-valued solutions to the tetrahedron equations,

8
{(w, wg, wj, g, wig, Wik, wkis wije) € C° | T'(u, wij, Wk, ki, 0, j, ) = 0

and T (wijk, uk, wi, uj, g, o, o) = 0}

2. The space of complez-valued solutions to the quad equations,
{Cuy g, wjy up, wig, wjk, Uk, Uijr) € C® | Equations (3.3) hold}.

Proof. We give the proof of case 2. We parametrise the space of solutions by initial

conditions (u, u;, uj, uy) € C*. Clearly, every solution corresponds to a unique element of

C*, but not every such 4-tuple generates a solution. For example, if g%?' = 0, we cannot
ij

solve @Q;; = 0 for @);;. A solution exists with given initial values, if no such singulatity
occurs on any of the faces. Each of the six singularity sets has complex codimension one,
so real codimension two. Removing sets of codimension two from C* does not disconnect

it, so the space of initial conditions avoiding singularities is connected. O

Proof of Theorem. Let S, = S;(jk, Sijk = Sfjk, or S = S?}k. We consider the action Sy,
as a function of (w,w;, uj, uk, ij, Ujk, Uk, Uijr). The corner equations express that the
gradient of S;;, with respect to these variables vanishes. Together with Lemma 9, this

shows that the action is constant on the set of solutions.

Consider any solution v = (u,u;, uj, Uk, Uij, Ujk, Uki, Uijk) to the corner equations.
Then also 0" := (Wijks Wik s Wkis Wij, Uk, Us, Uj, w) is a solution. By the symmetry of L and

A we have
S (V') = =S (v). (3.56)
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Since S;j1, is constant on the set of solutions, this implies that S;;, = 0. (]

The cross square 2-form satisfies an even stronger property than the closure relation.
Up to an additive term depending only on the lattice parameters, the Lagrangian vanishes

on a single quad as a consequence of the quad equation:
Proposition 10 ([10, Theorem 1]). On solutions of the quad equation, L = g(oy, a;),

for a function g(a;, o) which does not depend on the fields (u,u;, u;, u;j).

Proof. We start by considering the derivatives of an individual cross Lagrangian

8 u a Uj 8 uj a Uqj
=9 Lh=ay 5u 55 = o 5u 55 = Q). (3.57)

These are exactly the quad equations in three-leg form. Hence, on solutions of Q;; = 0 we
have Vﬁ?}- = 0. Similar to Lemma 9 we have that the space of solutions of a single quad
equation is connected. It follows that the value of ﬁ;-gj (on solutions) does not depend on

(u,ui,uj,uij). D

3.4 Quad Tetrahedron and Octahedron Equations

Above we discussed the three-leg forms equivalent to the multiaffine quad and tetrahedron
equations. In this section, we discuss the polynomial equations associated with the
four-leg corner equations (3.49) of the triangle 2-form. We review the related multiaffine
octahedron equations (also known as octahedron relations) and their relationship to quad
equations. Most of this section is based on [13], but in Proposition 12 we provide
an additional variational interpretation of the relation between the different types of

polynomial equations.

The four-leg equations &;; = 0, where the left-hand side is defined in Equation (3.48),
can be obtained by eliminating the variable wu;;;, from two quad equations in three-leg form.
An equivalent polynomial equation is obtained by eliminating u;;, from the corresponding
two multiaffine quad equations. This yields the equation £;; = 0, where the left-hand

side is the polynomial

8ij<6>k 8ka

J =
auz]k uuk

Q jk - (3.58)

We have two more polynomials by permuting indices and three more from point inversion:

?.. 8Q]’<«‘Q i — 8Qk1 ij (3.59)
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These polynomials lead to equations that are equivalent to those involving the four-leg

expressions &;;:

Eij(ui, uj, wij, ik, Uk, 0, 0, o) = 0 <= Ej(wi, g, Uij, Uk, Upg, O, O, ) = 0.
(3.60)
From their definition as combinations of quad equations, it is clear that E;; = 0 and
ﬁj = (0 are consequences of the quad equations. However, they are not equivalent to
the quad equations! Only two of these six equations are independent (see Proposition 11

below).

The relation (3.51) suggests that the polynomial F;; is related to the polynomials
Q;j and T'. Indeed, eliminating the variable u from the system 7" = 0, @;; = 0 must lead
to an equation equivalent to E;; = 0, so we find

0Qi;
ou

oT
T — %QU = ")/(CMZ', Oéj, ak)Eij . (361)

Here, (o, oj, o) does not contain field variables, because the left hand side depends
linearly on (u;, uj, ujk, ug;) and quadratically on u;;, as does E;j. Under point inversion

we find the analogous relation

Sd Qd
00 s T -
T — i = i s, Fr 3.62
8uijk 8uijk Q J ’Y(O‘ ; ak) J ( )

The main result of [13] is that for every member of the ABS list there exist two
octahedron equations which are equivalent to the set of F-equations. These are of the

form

Q1 (wi, wy, g, Wig, Wik, Uiy O, O, o) =0 (3.63a)

QQ (’U,Z', Ujy Uy Uigy Wjkey Uksy Qg5 Oy Oék) =0 N (3.6312))
where (11, Q5 are multiaffine polynomials in the field variables w;, u;, ug, ui;, wjk, ur;, which
form an octahedral stencil.

Note for Q4 and A2, we define €27 and €5 as two linearly independent cyclic combi-

nations of the R;, Rj, Ry from [13, Theorem 4.1]. For Q4 and A2 we have point inversion
g A4

symmetry such that 21 = Q; and Q9 = 9. For the rest of ABS list there holds

Wl = —Ql and WQ = QQ.

In all cases we can get E-polynomials by eliminating a variable form the system of
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octahedron equations. For Q4 and A2, eliminating uj, and u;; leads to, respectively,

o 0y

87%92 - Tqul = (g, Uy, Wik, Upi, O, O, 0 ) By (3.64a)
Q Q

4 1Q 4 291 = ,u(ujk,uki,ui,uj,ai,aj,ak)?ij s (3.64b)

2 —
J J

where the factor p(u;, uj, wjk, Ui, as, o, ag) is polynomial in u;, uj, ujk, ugi. For the rest

of ABS list, we have the explicit expressions

o o o0, o )
871%92 - 87“’691 - < 8u,~j aiuk > EW ’ (365&)
o 00y o o0

SO, Kg g (-2 o |
Buij 2+ auij 1 g1 ( Dug + 8Uij > ij (3 65b)

where g1 = g1(a, aj, ay) is defined explicitly on a case by case basis in [13, Proposition

5.3].

Avd
Example (H1), part 4. For H1 the four-leg equations E; = 0 and € ;; = 0 are equivalent

to the following polynomials, respectively,

Eij = (u; — uj)(uij — wjn) (Uij — upi) + oi(upi — wij) + o (uig — wjp) + o (uje — upg)

(3.66a)
By = (g — wii) (g — i) (g — ) + gy — ) + o g — ug) + o (i — ;).
(3.66D)
These can written in terms of the following multiaffine octahedron polynomials
Q1 = ui(ugi — uij) + Ouji (3.67a)
Qo = a(up — uj + usj — uk;) + witjr(uj — up — wijug) + Ok » (3.67b)

The equivalence between the corner equations of £y (i.e. the E-equations obtained
by setting the expressions (3.58) and (3.59) to zero) and octahedron equations can be
seen as a particular case of the following statement. This holds in the sense of fractional

ideals, as explained in [13].

Proposition 11. Out of the set of equations consisting of the siz E-equations and two

octahedron equations, any 2 equations imply the other six.

Further to this, a dimension-counting argument suggests that if we add the tetrahedron
equations to the set of octahedron equations (or E-equations), we should obtain a system

equivalent to the quad equations. The Lagrangian multiform structure provides an explicit

60



proof of this fact:

Proposition 12. The tetrahedron equations and octahedron equations together are equiv-

alent to the quad equations.

Proof. From Equation (3.7a) (or from tetrahedron property as assumed in the ABS
classification [1]) it follows that the quad equations imply the tetrahedron equations.
From (3.64) or (3.65) it follows that the E-equations, and hence the quad equations,

imply the octahedron equations (in the sense of fraction ideals, as in [13]).

To prove the other implication, assume that the octahedron and tetrahedron equations

are satisfied. Then the actions of £3; and L7 are critical. Since £f; = L3 4 L, it follows

that the action of Eizj is critical, hence the quad equations hold. ]
2-Form Corner polynomials Equivalent system
L% (Tyﬁjkvﬁkivﬁij;Qijank;Qkia?) 917927T7?: 0
c 0, i, B, Ejs Bij, Espos Eri, 0) 01,05 =0
i 0,77, T, 1,7,7,'T) 77 =0
L5 (T7N<6>jkaN<§>ki7N<§>iijQijuNijvNQkif?) 01,0, T,'T =0

Table 3.1: Overview of the four types of Lagrangian multiform, with their corner equations
(in polynomial form) and a symmetric set of equations forming an equivalent system.

Note in the final row “~ @) ;" represents an expression such that, after the elimination

<
of a tetrahedron polynomial 7, a quad polynomial @ ;i remains.

Proposition 12 relates the three sets of equations we are dealing with: those produced
by L5 (or L%), L35, and L3;. (See Table 3.1 for an overview.) The corner equations of £
can be immediately identified with the tetrahedron equations. The equations produced
by E%j can be understood from two points of view. On the one hand they are generated
by the 5-point E-equations, which have an obvious variational interpretation, but are
far less symmetric than the other equations considered. On the other hand they are
generated by the octahedron equations, which have cyclic and point inversion symmetry,
but have no previously known variational interpretation. The equations produced by Eizj
(or £%) are the six quad equations around the cube (together with the two tetrahedron

equations), which are equivalent to the combined set of two tetrahedron equations and

two octahedron equations.

3.5 Chapter Conclusions

The major result in this chapter is the elevation of the Lagrangians from [1] and [10] to

full-fledged Lagrangian multiforms related to the ABS quad equations: L%, £ and L.

61



We showed that, contrary to common belief, the ABS quad equations are variational:
they are the corner equations of £¥; (and equivalent to the corner equations of E?}).
Using the relations between these new Lagrangian 2-forms and the well-established
N

Lagrangian 2-form £;;, we showed that the quad equations are equivalent to the combined

system of tetrahedron and octahedron equations.
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Chapter 4

Discrete Lagrangian 2-Forms and

Double Zero Expansions

This chapter is based on section 5 of [44] by J. J. Richardson and M. Vermeeren.

4.1 Chapter Introduction

An important property of Lagrangian multiform theory is that, on solutions to the
variational principle, the Lagrangian d-form is closed. This means in particular that the
action over a closed surface vanishes on solutions. Recently, an algebraic interpretation of
this property has been given more emphasis: we can write the exterior derivative of the
Lagrangian form as (a sum of ) product(s) of Euler-Lagrange expressions. In other words,
the exterior derivative is not just zero on solutions of the Euler-Lagrange equations, but
attains a double zero on this set of equations. In the continuous (and semi-discrete) case,
the double zero property has been used implicitly in [48, 54] and discussed explicitly in
[16, 42, 49]. In the discrete setting, a double zero expansion for the lattice Boussinesq
equation was recently obtained in [40]. In this Chapter, we present double zero expansions
for the Lagrangian multiforms of the ABS list. With future work, double zero expansions
may be used to investigate conservation laws [43, 53] and variational symmetries [48, 54]

in this discrete quadrilateral setting.

We show that the exterior derivatives of all four 2-forms admit a double zero expansion
(in terms of quad, tetrahedron, and octahedron polynomials, respectively). We give a
general construction of these double zero expansions, as well as explicit expressions for

the quad equation HI.

To motivate the formulation of the double zero property, we first present some
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observations regarding a linear quad equation. Then we formalise the definition of a
double zero expansion and provide constructions of double zero expansions for each of
the 2-forms for any member of ABS list. Afterwards we investigate explicit expansions

associated with each of the 2-forms for H1.

4.2 Double Zero Expansion Associated with a Linear Quad

Equation

We consider the linear quad equation @;; = 0, with
Qij = (oei—i—ozj)(ui—uj) — (Oz,' —oej)(u—uij). (4.1)

This equation can be considered as a linearisation of H1 and is associated to the following

triangle Lagrangian

o+ Oy
L35 = u(u; —uj) — J )(u —ug)?. (4.2)

2(0@ — Qj
Its action over an elementary cube can be written as

N N N N
Sijre = Lij (ks Upiy Uik, 0 — aj) + L5 (i Uig, ki, o — k) + Lo (g, Wik, Wig, ok — )

- E%(u,ui,uj,ai — o) — [,?‘k(u,uj,uk, aj — o) — E%i(u,uk, Ujy O — Q)

010,

_ , 43
(0 — o) (c; — o) (o — ) (43)

where
O1 = (0o — ag)u; + (o — ag)ujp + Ok, (4.4a)
O3 := ai(oyj — o )ui — iy — )i + Oiji - (4.4b)

Hence, the action over an elementary cube can be explicitly written as a product of two
expressions O7 and Os. In keeping with the terminology of [13], we refer to these as
octahedron expressions since they lie on the stencil (u;,u;, uk, wij, ujk, ug;). They are
symmetric under cyclic permutation of the indices and under point inversion, in the sense

that <5>1 == 01 and <5>2 = —02.

In analogy to multiple zeros of polynomials, we say that S. has a double zero

on the equations O; = 0 and Oz = 0. The factorisation (4.3) implies that for any
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v € {u, Ui, Uy, Uk, Uij, Uik, Ui, Usji ; there holds

(4.5)

OS> 1
ik 801024_01@ ’
dv (0 — o) (aj — ag) (o — ay) \ Ov dv

which is zero if both O = 0 and O3 = 0. Hence, the double zero property tells us that
the action is critical if the two equations O; = 0 and Oy = 0 hold. This implies that all

corner equations are consequences of these two equations!

Note that both O; and Os vanish on solutions to the linear quad equations. Indeed,

we have

o 4

01=Qij +Qjr +Qri = Qij + Qjr + Qi (4.6a)
— — —

Oz = —aQij — ;i Qjr — jQpi = ap Q5 + ; Q ji + j Qg (4.6b)

This linear example shows the power of the double zero property: if S can be written
as a product of two expressions, then the fact that both these expressions vanish is a
sufficient condition for criticality. Hence, in this situation, two equations together are
equivalent to the full system of corner equations. In some examples, the double zero
expansion of S;j; involves more than two expressions and is a sum of products, rather
than a single product. In the next section we give a suitably general definition of a double

Zero expansion.

4.3 Definition of a Double Zero Expansion

Now we give a suitably general definition of a double zero expansion in this discrete

setting.

Definition 13. We say that S;ji(u, i, uj, Uk, Uij, Wik, Uk, Uijk) has a double zero on a set

of equations { Ky, (u, u;, uj, Uk, Wij, Wik, Uk, Uzjk) = 0| m =1,... M} if it can be written as

Sigk=" Y. o Kon Ky . (4.7)

1<m<m/<M

Here d,y, 4y are coefficients which can depend upon any variable or parameter, but must be
nonsingular on generic points of { K (u, s, uj, U, Uij, Wik, Uki, Uigr) =0 | m =1,... M}.

We call the right hand side of Equation (4.7) a double zero expansion of Sj;p.

In other words, we are describing a function S;j; which can be written as a sum of

products of pairs of the expressions { Ky, }m=1,....ps. When we impose the set of equations
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{Km = 0}p=1,...p on the function Sy, it “doubly” vanishes. Below we discuss how this
is useful for Lagrangian multiforms. When we impose { K, = 0},;,=1,.... p, we simply need

that d,, s is well-defined; it is not a problem if d,, ,,,» = 0.

This definition applies to the example above, because Equation (4.3) is of the form

(4.7) with M =2, K1 = 01, Ky = Os, d171 = d272 =0, and

1

(; — o) (e — o) (o — o)

dig = (4.8)

Proposition 14. If the action over an elementary cube S;ji of a Lagrangian 2-form L;;
has a double zero on a set of equations {K,, =0 | m=1,... M}, then this set implies the

multiform Euler-Lagrange equations of L;;.

Proof. For any v € {u, uj, uj, U, Uij, Wjk, Ui, Uik } We have

0Siji 0K, 0Ky
= — Ky + Kpy—— |, 4.
ov Z ( o =" * ov > (4.9)
1<m<m'<M
which vanishes on {K,, =0 | m=1,... M}. O

Below we will use Taylor expansions to derive double zero expansions. For example,
for the action around the cube S ik of the cross Lagranglan 2-form we will later see that

it can be Taylor expanded in terms of T and T in the following way
—
Uk—Zd ™ _ Z 4T (4.10)
n=0

>
Since this is the cross Lagrangian 2-form, we have that VSUk, =0 < T,7T =0 and
T, T =0 = S ik = 0. Those defining Lagrangian multiform properties give us that the

zeroth and first order terms in the above Taylor expansion must vanish and thus

Uk_Zd ™ f: 7T (4.11)
n=2

This is a double zero expansion satisfying Definition 13.

4.4 Double Zero Expansions for ABS 2-Forms

In this subsection we derive double zero expansions for the action over an elementary cube
for each of the discrete 2-forms for arbitrary members of the ABS list. The double zero

expansions are constructed from Taylor expansions in one variable, where the variable
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represents either a quad polynomial (), a tetrahedron polynomial T or an E polynomial.
In this Taylor expansion, the zeroth order term vanishes due to the closure relation and
the first order term vanishes as a consequence of the corner equations. Hence, each
discrete 2-form has a double zero expansion in terms of the polynomials associated with
its corner equations. These double zero expansions are manifestly symmetric under cyclic

permutation of the indices and under point inversion.

Cross-square 2-form. Recall that @;; = 0 implies that E;Ej = ¢g(ay,a;) and that
Vﬁ?j = 0 (see Proposition 10 and its proof). With that in mind, we consider a change of
variables from (u, u;, uj, u;;) to (Qsj, ui, uj, uij), so that we can easily perform a Taylor

expansions “about solutions”, i.e. about @Q;; = 0.

Since the quad polynomial @;; is multiaffine, we can write it as
Qij (u, wiy uj, wig, gy o) = (g, g, wij, iy o) u + s(Uq, wj, Uig, G, ), (4.12)

so it is possible to write u as a rational function of Q;j;, u;, uj, us;:

Qij — s(us, uj, uij, o, o)
r(ui, Uj, Ui, Qi Oéj)

u = V(Qij, ui, uj, uij, o, ) == (4.13)

In the case of the cross square 2-form, we can consider the Lagrangian on a single square,

apply this variable transformation, and then Taylor expand about @;; = 0

X X
Lo = Lo (V(Qijy wi, ug, wig, iy o), Ui, U, Uiy iy )

an
= 7;) <n!Wﬁ?j(v(@iﬁUi,ujauij,aivaj)uuhujauijaaivaj) Qij0> e (4.14)

Now, the fact that for @;; = 0 there holds Lw = g(aj, ;) and Vﬁ?j = 0 implies that the

zeroth order term is the constant g(«;, «;) and that the first order term vanishes. Hence

n
Qi;=0 J

we have:

L5 = gloi, aj +Z< 90,7 L5 (V(Qigy iy wj, wig, 0, ), i, g, iy vy )

(4.15)
This has a significant consequence for the action of £ over an elementary cube,
Sz;k Ex ?;E} + Oijik - (4.16)

Indeed, we can substitute in the expansion (4.15), using the fact that g(a;, o) —(--+) =0,

to conclude the following:
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Proposition 15. The action of the Lagrangian 2-form Ex over an elementary cube has

< <—> <
a double zero expansion in terms of Qij, Qjk, Qri, Qij, Qjr Qri-

oo
1 o
Sv%k = _Z <n' 0Qi; nﬁ?}( (Qig iy Uy i @, 0, Uiy 1, iy iy ) Qijo) Z
n—=
— () + Oijie -
(4.17)

Cross 2-form. Recall that T ,?: 0 implies that S75; =0 (see Theorem 8) and that
VSE

ik =0 (these are the corner equations). With that in mind, and with the inten-
tion of finding a series expansion about T,? = 0, we consider a change of variables
form (w, ws, wj, uk, wij, Wik, Uk, wiji) to (T ui,uj,uk,uij,ujk,uki,?). Since the tetrahe-
dron polynomial 7" is multiaffine, it is possible to rewrite u in terms of T' (and wu;j in

Rd
terms of T') in the following way for the entire ABS list:

u = WI(T, uij, wjk, i, i, 0, ;) , (4.18a)

Wijk = W(?, Uk, Ui, Uj, Oy O O (4.18b)

Here, W is a fraction with a numerator which is multiaffine in (7', w;;, ujk, ug;) and a
denominator which is multiaffine in (uij,ujk, ug;). Now we consider the action on an
elementary cube of the cross 2-form, apply the variable transformation, and Taylor expand

about T'=0 and?: 0:

S5k = —Loc(u, us, uj, uij, gy o) — () + Oiji

= —A(ui, uj, o — aj) + AW (T, wig, Wik, Uki, i, 0 )y Wiy 0 — i) — () + Ogjg

1 8”
= —A(uj, uj, 05 — aj) + Z <n, 8T” WA(T, wij, Wik, Ukiy 0, Q) Wij, 0 — Oéj)‘T()) ™
— () + Oijie
(4.19)

Now, the fact that T, T =0 = S%

ik VS TS = 0 means that the zeroth and first order

terms must vanish (i.e. the sum starts at n = 2), so we have:

Proposition 16. The action of the Lagrangian 2-form Efj over an elementary cube has

. . <
a double zero expansion in terms of T, T

/1 o J—
Sk = 2 (n!@T"A(W’ Uij, O — aj)‘T:()) " — () + Oujk (4.20)
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where W = W (T, wij, Wik, Upi, iy 7).

Triangle 2-form. We note that S@k =25 ikt Sfjk and that S%jk(ui, Ujy Uk, Uiy Wikgs Wk )

does not depend on u or u;j;. Thus, imposing the equations T,?: 0 has no effect on
R d

S%k: we can take T'= 0 and 1" = 0 as the definition of u and w;;; in terms of the variables

(Wi, wj, Uk, Wij, Uik, Ug;) that occur in S

ik Since T, T = 0 implies S} o =0, we have that

Now recall that £ ,?: 0 implies S5, = 0 (see Theorem 8) and VS35, = 0 (these are the
corner equations). With all of this in mind, we note that the polynomial identity (3.61)
between T, ();; and E;; implies that

’Y(Qi) Qj, Oék)

or
ou

Applying these observations to the double zero expansion of the action of the cross square

Lagrangian (4.17) we find:

Proposition 17. The action of the Lagrangian 2-form Ehk over an elementary cube has

a double zero expansion in terms of Eij, Eji, Ey;, ?”, ? k> ?;ﬂ

loiid X
1 o) 9Q1; n£ (KUi,Uj,Uij,ai,aj)

KA P L A
Y —

n=2 ou ’Y(al7aj7ak)

where V(Qij, i, uj, Uij, 0, ).

Trident 2-form. Recall that Q, Q = 0 implies S¥. =0 (see Theorem 8) and VS 0,
and that

Stk = Sixjk+ S?;k (4.24)

From the three-leg equation (3.7a) and its point inversion, we can derive the following

relations between the multiaffine polynomials T" in terms of Q;;, Qjr and Qy;

cT =dij Qij + djr, Qjic + dii Qus (4.25a)
e s o e
CT =dij Qi+ djx Qi+ dri Qi (4.25b)

where d and c¢;; are polynomials. We can apply these observations to the double zero
expansion of the cross 2-form (4.20) and cross-square 2-form (4.17) and conclude the

following:
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Proposition 18. The action of Lagrangian 2-form ,ij over a an elementary cube has a

. . o < =2
double zero expansion in terms of Qij, Qjk, Qri, Qij, @k Qi

IS [/1 o 1 "
k= 3 Zz <n!8T"A(W’ Ugj, QO — Otj)‘TO) o (dij Qij + djr Qjk + dii Qi)

(4.26)

. EOO LA, (v, ) = () +0
- — _ . u.u~ui-7a»7a» eo— (e iik
) ~ n! aan g\ ey B0 Ty s e ] Qi;=0 1] 1jk

where W = W (T, uij, Wik, Uni, 0, o) and Vo=V (Qij, wi, Uy, Usj, Oy L)

4.4.1 Double Zero Expansions in terms of Octahedron Equations

Some of the double zero expansions above can be written in terms of octahedron polyno-
mials. For Q4 and A2 we can rewrite the expansion (4.23) using Equation (3.64). With

the cyclic symmetry and point inversion symmetry of €27 and €29, we can conclude that:

Proposition 19. For Q4 and A2, a double zero expansion for the cube action of the

triangle 2-form in terms of Q1, Qs is given by

an
s 7@& Vi, ug, wyi, usi, 0, g .
& :_lz Q" i v i) Qu=0 (9, 00
k 2n:2n' OT (s, wjs Ujk, Uk iy gy ) \ ™\ Dy, 27 dup
. ou ’Y(aiva]ﬁak)
— () + Oy
(4.27)

where V. = V(Q@'j,uiguj; Ujj, O, aj)-

For the rest of the ABS list we can rewrite the expansion (4.23) using Equation (3.65)

and can conclude that:

Proposition 20. For Q1, Q2, Q3, H1, H2, H3 and A1, a double zero expansion for the

cube action of the triangle 2-form in terms of 1, Qs is given by

on
0 7£® V7 iy Wy, Uggy Qgy Qg n
@ :_EZ an‘jn z]( Usgy Uy Ujj, O Ozj) Q=0 8QIQ _@Q
w2y (oT 1 o0 00 \\" \Oux © Ouy
. du ’Y(Oéi; aj, ak) 9 8Uz] 3uk
— () + Oiji »
(4.28)

where V- =V (Qij, Wi, Uy, Usj, 0, ).

These propositions give a possible variational interpretation to the octahedron equa-
tions. The double zero expansions imply that the equations ; = 0 and Q5 = 0 are

sufficient conditions for criticality, hence they imply the corner equations.
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4.5 Example: Double Zero Expansions for H1

In this subsection we show that the general construction described above leads to succinct
double zero expansions for the actions over the cube of each of the discrete 2-forms
associated with H1. For this example, we will show by explicit computation that the

zeroth and first order terms vanish in the Taylor expansions.

Cross-square Lagrangian. Solving the quad equation @;; = 0 for u, with @Q;; given
by Equation (3.13), we find a change of variables expressing u in terms of the quad
polynomial Q;;:

w= T oy (4.29)

Now we apply this to a single cross-square Lagrangian and Taylor expand in Q;;

E?}- = wu; + uju; — unj — uing; — (o — o) log(u — wgj) — (a; — o) log(uy — uy),
= (u = wij) (ui — uz) — (@i — o) log ((w — wij) (wi — uy))

=a; — o + Qi — (0 — o) log(ay — o + Qi)
o0

= (o — ) (1 —log(cw — ) = Y FZ‘)”_I : (4.30)
n=2 J v

We find that the first order term vanishes as expected, but the zeroth order term does
not. It depends only on the lattice parameters, in line with Proposition 10. (These lattice
parameter terms could be removed by redefining the leg terms of Lagrangians.) When we

consider the action around the cube, the zeroth order contributions cancel and we find
x = b

Ny y
= 1;2 (o — ai () + Oijk - (4.31)

Equation (4.31) is a double zero expansion for the action around the cube of the cross

o o =2
square 2-form associated with H1 in terms of Q;;,Qx,Qri, Qij, @ jk,Q ki-

Cross Lagrangian. In order to derive a double zero expansion for the cross 2-form
associated with H1, we consider a variable transformation for u in terms of 7', obtained

from Equation (3.17),
T — ({0 — aj)ujpugi + Oij
((ai — aj)uij + Oijk)
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From this we obtain

T + (o — aj)(uij — ujp) (ug; — uij)
(i = ej)uij + Oujr)

(4.33)

U*uij:

<
We have an analogous transformation for u;;, in terms of 1. Now we apply this to the
—
action around the cube of the cross 2-form and Taylor expand in 7" and T'. Using the

point inversion symmetry we find

<X
Sigk = —L35 + L35+ Oiji

)

= — (i — o) log(ui — uj) + (e — aj) log(u — ugj) — (-++) + O
= (o; — aj) log(ujr — ug;i) + (v — ;) log(u — wij) — (7) + Oijk

= (o — aj)log((u — wij)(ujk — ug:)) — () + Ouji - (4.34)

Now we substitute u using Equation (4.33):

X (o — ) log [ Fk = ki) + (i — ag) (g — i) (ki — tig) (ujn — i)
G = (0 — ) o g v )
(4.35)

Then we observe that

(a; — aj) log (i — win) (uki — wig) (Wi — k) + Oije = 0,
(a; — aj) log((a; — aj)usj + Oiji) + Oijr =0, (4.36)
because the logarithms are invariant under cyclic permutations of 4, j, k, so we find

T

(wij — wjn) (ups — uij

S’;}k = (a; — o) log< ] + (o — aj)> — () + Oy

- Z n(a — — () + O - (4.37)
n=2

i — o) (i — wge)™ (i — uga)”

Note that the zeroth and first order terms vanish. Hence, Equation (4.37) is a double

zero expansion in terms of 7" and ?

Triangle Lagrangian. In order to derive a double zero expansion for the action on the

elementary cube of the triangle 2-form, we note the following relation for H1:

T=0 = Qij = (4.38)
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T, T=0—= Siix = 0, so we deduce form Equations (3.44) and (3.50) that

<

T, T — O — ka

S S S

ijk ijk — ijk * (439)

Since Sljk(ui, Uj, Uk, Uij, Wji, U;) does not depend on w or u;ji, we can assume that 7' =0
and T = 0, without affecting the action. Thus, we can write the cube action for the

triangle 2-form as

1 1 (a; — ) Ejj "—
ik erz;n(ajai)”l <(ai(uijuki)+0ijk) ¢ "

T2 Z Uu - UZz()_‘i)gwk) EZ B (7) + O (4.40)

Equation (4.40) is a double zero expansion for the triangle 2-form in terms of E;, E;, Ej,

‘w,,E;, Bl

We can use the identities (3.65), where g; = 1 for H1, to rewrite this in terms of €y
and (o:

> o9 o
1 (aj — o) (—1)" G- — G2 o ”
SZ]IC 2 nz:Q " (ai(uij - ukz) + Oz]kz)n e/} 8Q1 ( ) + Ozgk . (4.41)

8u” 8uk

Equation (4.41) is a double zero expansion for the triangle 2-form in terms of the

octahedron polynomials.

Trident Lagrangian. To derive the double zero expansion for action of the trident 2-
form, we consider equation (4.25), which shows that cyclic combinations of quad equations

lead to the tetrahedron equation. For H1, this can be written explicitly as

T = —(u—ujp) (v —upi)Qij — (u — upg) (w — wij)Qjr — (v — wij) (v — wjp) Qi (4.42)

Using Equation (3.44), we can write the action on an elementary cube of the trident

2-form as
1 1
1 o n Tn -
9 < ( ‘7”.)11—1_ (i — ;)" M(uij — wige)™ (ug — ,)n>_("')+oiﬂ'k
= \nloy — g n(oy — o Ugj — k)" (Uij — Up
g Q3 o (Qu(u = k) (v — ugi) + Op)” 400
2 = \nla; — o)™t nlas — o)™ Huij — wjn)™(uij — k)" ok

(4.43)
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Equation (4.43) a double zero expansion for the cube action of the trident 2-form in terms

. o s
of the quad polynomials Q;;,Qjk,Qki, Qij, Q jk, Q ki-

4.6 Example: Double Zero Expansions for ()15

In this subsection, we apply the construction above to Qls—g and note down explicit double

zero expansions for three of the 2-forms in terms of their multiaffine corner polynomials.

The cube action of the Qls—( cross square 2-form can be written as a double zero

expansion in terms of QZ]aQ]kanza@zga @]ka@kl

ik nal ™ (u; — i)™ (up — ) (e — o)V (g — i) (—ug A+ )"

n=2

S ! u”)n> n () + Ougk (4.44)
ij

na? l(ui —uj)"(uj —

On the level of polynomials, if we can impose 7, T = 0 then we can rewrite @Q;; in

terms of E;; in the following way

1 (Ozj — OéZ)E,
’T7 T =0 _— L )
@i ag(oi(urg — uij) + Oijr)

(4.45)

We can use Sib‘jk = %S?}k + %Szik and use the fact that S%k is independent of u to safely

apply T,T = 0. This leads to a double zero expansion of the cube action of the triangle

2-form in terms of Eij,Ejk,Eki,Eij, Ejk,Eki

ik 2 na?il(ui — ul])"(ul — Uj)n n(ai - aj)n_l(ui - uij)n(_uj + uij)n

n=2
1 > (0 — )" BT, -

— () + Opike -
wi —ug)™(u — uig)™ ) g (e (uni — ij) + Oigr)" () O

(4.46)

Recall that all tetrahedron equations associated with ABS quad equations are of
type Q. The tetrahedron equation for this example of Qls—q is the same as it is for H1.
Identical to H1, the cube action of the Qls—g cross 2-form can be written as a double

zero expansion in terms of 7', T'

o0

T?’l
SE=— - — )+ Ok (447)

(i — )™ Mg — wje)™ (wij — ug)"

n=2

Next we consider some of these double zero constructions for another member of the
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ABS list.

4.7 Example: Double Zero Expansions for H2

In this subsection, we apply the construction to the H2 quad equation. We simply consider
the H2 cross square 2-form and H2 cross 2-form, for brevity.
This is a double zero expansion for the cube action of the H2 cross square 2-form in

terms of Qij,QjxQri>Qij» QjrQri

o0

Fn 1 1 - 1
Y oy — oy — i+ uy \ nln(ay — aq)™ (o 4w i) nin(og — o)™ (s 4 g+ ug)”
1
n! (—04,- +a; —u; + uj)”(ai + u; + uij)"
1 n
- ij— () + Oije -

n! (—Cki + o —u; + Uj)"(Oéj =+ u; + uij)”

_l’_

(4.48)

This is a double zero expansion for the cube action of the H2 cross 2-form in terms of

5= 3 o :
BT A (ai(upi — uig) + Oggie) \ n! (@i — ) (g — g+ ugg — ugs) (@i — g — uij + ujg)"

- . >Tn_("')+0ijk-

nl(a; — aj)™(oy — ak — uij + ugi)™ (0 — o + uig — uzp)"

(4.49)

4.8 Chapter Conclusions

We formulated the double-zero property, which has recently seen a lot of emphasis in
the continuous and semi-discrete settings, on the discrete level. We showed that the
exterior derivative of the discrete 2-forms (the action around the cube) for the ABS
quad equations can be written as double zero expansions of their multiaffine corner
equations. We emphasised that the double zero expansions follows from the property

VSijk =0 = Siji = 0, which defines a discrete Lagrangian 2-form.

The Trident and Cross square Lagrangian 2-forms admit double zero expansions
in terms of quad equations, emphasising that they encapsulate the quad equations
variationally. The Cross Lagrangian 2-form also admits double zero expansions in terms

of tetrahedron equations, emphasising that it encapsulates the tetrahedron equations
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variationally. The octahedron equations had previously only been considered on the
level of the equations. Now we have written double zero expansions of discrete 2-forms
(particularly the triangle 2-form) in terms of the octahedron equations, emphasising how

they are a minimal and symmetric set of multiaffine equations.

This reinforces the universality of the double zero property for all Lagrangian mul-
tiforms, beyond the examples considered here. These double zero expansions set us up
for investigation of conservation laws [43, 53] and variational symmetries [48, 54] in this

discrete quadrilateral setting.
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Chapter 5

Periodically Reducing Quad

2-Forms to Discrete 1-Forms

In this Chapter, we develop a novel framework to carry out periodic reductions of discrete
Lagrangian 2-forms to discrete Lagrangian 1-forms. We reinforce the phenomenon that
integrable properties, including the Lagrangian multiform structure, are preserved under

periodic reductions [23].

This framework applies to the discrete Lagrangian 2-forms outlined in Chapter 3,
such that we elevate periodic reductions of quad equations to the Lagrangian multiform
level. Integrable ordinary difference equations have been derived from periodic reductions
of the lattice potential Korteweg-de Vries (H1) equation in [15, 24]. Furthermore in
[26], periodic reductions were applied to the multidimensionally-consistent linear quad
equation (which admits a discrete Lagrangian 2-form). This periodic reduction on the
level of the equations produced a system of multicomponent ordinary difference equations.
Then reduced variables were applied to derive a commuting system of discrete harmonic
oscillators. A discrete Lagrangian 1-form was derived and then quantised in the sense of
path integrals. The goal of our framework is to derive more general discrete Lagrangian
1-forms, with multiform Euler-Lagrange equations that are non-linear and richer than a
system of harmonic oscillator equations. Furthermore, with future work, we would like
these more general Lagrangian 1-forms to be quantisable in the sense of path integrals, in

order to generalise the work of [26].

We note that there is a previous example of a discrete Lagrangian 2-form being
periodically reduced to a discrete Lagrangian 1-form [12], however its periodicity is in one

direction and not on a staircase. Furthermore, our framework offers a unique picture of
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the periodic reduction on the action involving a four dimensional periodic quad surface,

which is a novel and promising perspective.

Our starting points are the discrete Lagrangian 2-forms discussed so far, but gener-
alised to act on quad surfaces in a four dimensional lattice n = (n;, nj, ng,n;) € Z*. Four
dimensions will allow us to consider a periodic staircase in the n; and n; directions and
evolution perpendicular to this plane, in the nj or n; directions. Even though this higher
dimensional picture is more abstract, we will see that isolating the periodic reduction
from the evolution leads to a useful geometric picture. In the next section we outline
how discrete Lagrangian 2-forms can be generalised to act on quad surfaces in a four

dimensional lattice.

5.1 Discrete Lagrangian 2-forms in Z*

A useful feature of discrete Lagrangian 2-forms (Definition 2) which encapsulate
multidimensionally-consistent equations, is that the formulation immediately generalises
from 3-dimensional lattices to higher-dimensional lattices [28]. For the framework in this
Chapter, it will be useful to consider a field u(n;, nj, ng,n;) over the four dimensional
lattice Z*. We have (2-dimensional) quad surfaces o made from oriented elementary
squares (0j, Oik, Oil, Ojk, 0ji, 0t) in the four dimensional lattice. The action over quad

surfaces is defined analogously to (2.26)

Salu, 0] = Li; (5.1)

oij(n)€c
We introduce the subscript 2 to specify that this action corresponds to a discrete La-
grangian 2-form (and not a discrete Lagrangian 1-form). As we are now in Z*, there are
four elementary cubes to consider (cube;ji, cubeji, cubey;, and cubey;;). The statements
in Definition 2 apply to each of these cubes. We also introduce the following notation,

such that on cube;;;, we have

95s[u, cubey] _  OSafu, cubeyr] _
ou 6TZ~Tkau

OSalus cubeije] _ o O%alu cubeiu] _

ITiu OT;Tiu — Sa| be;ix] =0
OSslu,cubes] _  OSlu,cubey] _ A

oT;u 0Ty Tiu
OSslu, cubeige] _ o DSl cubegir] _

(5.2)
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We have the same statement for: cubejz;, cubeg;, and cube;;. On solutions to the
multiform Euler-Lagrange equations, the closure relation holds. In other words, the corner
equations of the four cubes (cube;ji, cubeji, cubey;, and cubey;;), define the multiform
Euler-Lagrange equations and on solutions to those equations the action on each of the

cubes vanish.

Our framework produces weak discrete Lagrangian 1-forms which act on discrete
paths. Thus we outline what discrete Lagrangian 1-forms are in the next section, with

two relevant definitions.

5.2 Discrete Lagrangian 1-Forms

Now we introduce an N-component field w(n) = (w;(n),- -, wy(n)) on the 2-dimensional
lattice n = (ng,n;) € Z2. Tt is sufficient to consider Z2, then it is straightforward to
generalise to a higher dimensional quadrilateral lattice. Later when we are on solutions,
this field will satisfy (integrable) ordinary difference equations separately in the nj and

ny directions. For now, we impose nothing.

We consider directed discrete edges at points n € Z? defined by

I'ik(n) = (n,n+ey), (5.3a)

I'y(n):=(n,nte), (5.3b)

A discrete path I' is a connected set of these discrete edges, depicted in Figure 5.1 and

such that I'y(n) € I'. We define an action over discrete paths I" by
Sifw, T = > +L;. (5.4)

Tig(n)el

Here, the sum Zf‘ik(n) cr implicitly sums over all discrete edges in the ng and n; directions
in the discrete path I'. Furthermore, each discrete edge is associated with a function at a

point in the lattice, defined as:

Ly (w(n), wn+eg)) — C, (5.5a)

Ly (w(n), wn +e)) — C. (5.5b)

Note that we do not a priori define these as Lagrangians, as that follows from the definition
of a Lagrangian multiform. Also note that each directed edge in the discrete path is

signed and is associated with a signed Lagrangian in (5.4).
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(a) (b)

Figure 5.1: Two discrete paths I and I' 4+ square;; in the two dimensional lattice, which
differ by a local variation of adding a square.

In this setting, let us consider the full definition of a Lagrangian multiform from

Section 2.7. We would like this action over discrete paths to satisfy the following:

§81[w,T] 581 [w,T]
=0 = s =0 (5.6)

This is that criticality of the action with respect to local variations of the field produces
multiform Euler-Lagrange equations, then on solutions to those equations, the action is
critical with respect to local variations of the path. Now we will define both types of

criticality for discrete Lagrangian 1-forms.

Similar to discrete Lagrangian 2-form with cubes, it is sufficient to just consider the

behaviour of the action on elementary squares, which are defined by
squareg; = {Pk, Tkl“l, TlF_k, F_l} . (57)

To see this, let us first consider Figure 5.1. For each of these, consider a discrete path
with some fixed end points and simply vary it locally by popping up a square. If the
action (5.4) is critical with respect to local variations of the path, then the action should
not change by the addition or subtraction of an elementary square. The action around

the closed path of the elementary square is
Silw,squarey| = Ly + TR Ly — T1Ly — L. (5.8)

We define criticality of the action with respect to local variations of the path to be
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equivalent to the vanishing of the action on the elementary square

(551 [w, F]

5T 0 <= Sjlw,squarey] =0. (5.9)

Now we consider criticality of the action with respect to local variations of the field.
We consider a field w : Z? — C and a discrete path I with some boundary. We denote
the internal lattice points of the discrete path as V(T') C Z2. Now we say that the action
is critical with respect to local variations of the field if and only if for generic discrete

paths I' the partial derivatives vanish at every internal point:

(551[w,F] -0 851[w,r]

Sw = u(n) =0 VYne V(D). (5.10)

Since the elementary square is a discrete path itself, the derivatives at every internal point
(every corner) of the action around the square must vanish:

051w, T

T 0 = VSi[w,squarey] =0. (5.11)

Here we use a slight abuse of notation to denote the four corner derivatives of the action

around the square as

o 0 9 9
ow’ OTw’ OTiw’ OTyTiw

VS |w, squarey,] = < > S1[w, squarey,] . (5.12)

Every internal point of a path is either a corner (like the corner of a square) or a straight

segment. We can write any straight segment as the combination of two corners of the

square:
L+ TipLy) = L+ Tply — Tl + TR L
8Tkw( K+ TiLr) 8Tkw( g+ Thly — Ty + TiLy) 1)
_ 0S1[w,squarey]  0S51[w, Tisquarey,] '
N 6Tkw 8Tkw

Now, since our Lagrangians are autonomous, it follows that criticality of the action with
respect to local variations of the field for a generic discrete path is equivalent to criticality

of the action on the elementary square:

051w, T

5o =0 = VSi[wI]=0. (5.14)

With (5.6), (5.9) and (5.14), we can define the following

Definition 21. An action over discrete paths (5.4) defines a discrete Lagrangian

1-form if it satisfies the following property. When the field w : Z% — CN satisfies the
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multiform FEuler-Lagrange equations, the closure relation holds:

VSi|w, squarey] =0 = Silw, squarey,] = 0. (5.15)

However, for our framework we also need to consider weak Lagrangian multiforms,

defined analogously to Definition 1, as follows:

Definition 22. An action over discrete paths (5.4) and ordinary difference equations
Ki(w), -, Ky (w) = 0 together define a weak discrete Lagrangian 1-form, if the
following property is satisfied. When the field w : Z> — CN satisfies the given equations,

both the closure relation and the multiform Euler-Lagrange equations hold:

Si[w, squarey,] =0
Ki(w), -, Kpy(w) =0 = (5.16)
VSiw, squarey] = 0.

5.3 Example: Periodically Reducing Lagrangian 2-Form for
H1 Quad Equation

5.3.1 The Staircase Z and Periodic Map 6,

In this section, we introduce our periodic reduction framework with an example, to avoid
unnecessarily abstract notation. Later we will discuss how this generalises. We will
consider a period N = 4 staircase and a discrete Lagrangian 2-form associated with the

H1 equation.

First of all we introduce an example of a finite staircase Z C Z? C Z* made from

N = 4 elementary steps in the n; and n; directions, depicted in Figure 5.2, that is

Z = {(nivnjankanl)a (nl + 1anjank7nl)’ (nz + ]-an] + ]-ankanl)a (5 17)

(ni + 2,”] + 1ank7nl)’ (n’t + 27”] + 27nkanl)} - z*.

Figure 5.2: A finite staircase in Z in the four dimensional lattice, made from N = 4 steps
in the n; and n; directions.

Now we consider our example staircase with N = 4, such that there are 4 components
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w = (w1, ws, w3, wy). With this we introduce a periodic map 6z : v — w which maps
to a field where Z is periodic staircase. The field w allows for evolution of the periodic
staircase in the ng and n; directions. The periodic map 6 is defined in the following way,

simply as a relabelling:

Qz(u) Hz(TZ u) w3 = ez(Tj'I% u)
= 07(TT7 u) = 07(T7T7 u)
’ ! (5.18)
T wy = 0z(Tu) Ty wy = 07(TT; u) T w3 = 07(T 13T u)
Tpws = 0z(TWTT7 u) Tewy = 02(TRT7T7 w)

Figure 5.3 depicts the image of this mapping.

Tj Z W1.--'-

Figure 5.3: This shows the periodic variables w = (wy, w2, w3, wy) and them shifted in
the ny direction, Tyw = (Tpwi, Tpwe, Tyws, Tiws).

Our framework is fully on the level of the Lagrangians. However, it is useful to first
understand the periodic reduction and the map 6z on the level of the equations. We apply
this periodic reduction to the H1 quad equations. With multidimensional-consistency we
can impose H1 quad equations throughout the Z* lattice. There are six possible pairs of
directions in Z4, thus the following six H1 quad equations define evolution of the field u

in the n; n; n; and n; direction

Qij = (u— TiTju)(Tiu — Tju) — o + a5 =0, (5.19a
Q]k: =(u—"1T; Tku)(T]u — Tru) — a;+ap =0, (5.19b
u—TpTiu)(Tyu — Tyu) — ax +a; =0,

Qr = (u — T Tu) (Tpuw — Tyu) —ap + oy =0,

(
(
= (
( (

= (u— TyTu)(Tyu — Tu) — oq + o =0,
(

Qi = (v — TjTiu)(Tju — Tiu) —aj + oy =0.
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Now we consider periodicity along the staircase Z and evolution of this staircase. Now
we consider an example of applying the periodic staircase and only consider shifted copies
of two of these equations ((5.19b) or (5.19¢)). We consider periodic initial conditions
w = (wy,ws, w3, wy) along Z and evolution in the ny direction. This only involves
applying periodicity to shifted copies of two H1 quad equations ((5.19b) or (5.19¢)). The

evolution (wy, we, w3, wy) — Tp(w1, wa, ws, wys) is defined by the following four equations

02(Qri) = (w1 — Thwa)(Thwr — wz) — g +0; =0, (5.20a)
0z(TiQjr) = (w2 — Thws)(ws — Tpwa) — aj + oy, =0, (5.20b)
07(T;TiQri) = (w3 — Tpwa)(Thws — wa) —ap +a; =0, (5.20¢)
0z(LTTiQjk) = (wa — Tpwr ) (w1 — Tpwa) — aj + o = 0. (5.204d)

Let us show more explicitly how one of these works, emphasising that 6, is simply a

relabelling map that commutes

02(Ti(Qjk(u, uj, ujn, ur))) = Qjr(0z(ui), 0z(uij), 0z (uijr), 02(urs))
= Qjr(w2, w3, Trws, Tpws) (5.21)

= (U)Q — Tk’wg)(wg — Tkwg) — Oéj + Q.

Similarly we can define evolution of the periodic staircase in the n; direction,

(w17w27w37w4) = n(wlﬁ w2, w3, ’UJ4),

02(Qu) = (w1 — Tywz)(Tywy — wa) — oy +a; =0, (5.22a)
02(TiQj) = (w2 — Tyws)(wz — Tjwe) — oy + a3 =0, (5.22b)
07(T;T;Qri) = (w3 — Tywa)(Tyws —wy) — g +0; =0, (5.22¢)
02(TiT;TiQjk) = (ws — Tywy) (w1 — Tiws) — aj + 0y = 0. (5.22d)

5.3.2 Periodic Quad Surfaces and a 1-Form Action

Now that we understand the effect of 68z on the level of the equations, we no longer
impose any equations on our fields. We now consider things on the level of Lagrangians

and actions.

We consider the discrete Lagrangian 2-form defined by the H1 trident Lagrangians

Lij = uu; —uuj — (0 — o) log(u — ugj) (5.23)
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We have the action on quad surfaces o

SQ [u, 0'] = »Cij (524)

oij(n)€c

And for any three pairs of directions (any four of the possible elementary cubes): the

corner equations of the action around the elementary cube are the quad equations

9S[u, cubeijr] _ - OS:fu, cubeij] _
ou OT;T;Tiu
98[u, cubeije] _ - 0S[u, cubeije] _
0Tu oT:Tru S
MZO W:O —  Qij, Qjk; Qri, Qij, Qjk, Qri = 0.
OTju Ty Tiu
OSalu cubeys] _ - OSalu, cubeie] _ g
oTru T Tu

(5.25)

Then on solutions to the quad equations, the corresponding closure relation holds

o
Qij, Qik, Qrir Qij, Qjk, Qi =0 = Sau,cubey;] = 0. (5.26)

Figure 5.4: A 2-dimensional quad surface 0 =I" X Z in 4D, represented in 3D. It is made
from a periodic staircase Z C Z? (in the ny and n; direction) and an oriented discrete
path I' (in the n; and n; direction).

A key ingredient is to consider specific quad surfaces of the form ¢ = Z x I" made
from the finite staircase Z and a discrete path I'. Note that Z and I live in perpendicular
planes, such that ¢ = Z x I' is a 2-dimensional quad surface in the four dimensional

square lattice. For any discrete Lagrangian 2-form, the action

Solu, T x Z] (5.27)

is well defined and criticality with respect to variations of the field implies criticality with

respect to variations of the surface.
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Now we can define an action over discrete paths I' (in the n; and n; direction), by

applying the periodic map 6 to this action

Si[w,T] = 07 (Sa[u, Z x T)) . (5.28)

The map 0 deforms the finite quad surface Z x I" into a periodic cylindrical surface. The
action on left contains the field value along Z inside the components of w and thus it is a

well-defined action on the discrete path T

In order to consider the Lagrangian 1-form aspects of this action, we first consider the
contributions from the quad surface 0 = Z x I'. Visually we can see that is a collection of
oriented squares. For this example, there are four oriented squares in each row and five

rows, which we can explicitly write as

Troi, TyTioj, Ty TTio4, Ty TiT o1,
TiTyou, TTwTiojy, TTWITTiou, TiTWTiT o, (5.29)

T Twoir, TPTwTioje, TP TiTiow, TPTRWT T o,
TPTiow, TPT¢Tog, TTTTiow, TPTRTT o ).

We can write the action explicitly using the Lagrangian 2-form and the periodic map,

which for this example is

Siw T =07( Lo+ DL+ TTLx  +  TTy  +
Toly + TWLLy + TTLy + TLTPLy +
TT.Ly + TLTLy + TLILTL; + TLITT?Ly +
TP Ly + TITTLj + TP TLy + TPTWTT L +
TPTiL + TPTRTiLy + TPTRT Ly + TPTRTGT7 L ) :
(5.30)

Next we can identify that rows of this sum correspond to one step in the discrete
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Figure 5.5: The function £; made from summing periodically reduced 2-form Lagrangians
along a row (parallel to the staircase Z). This function is associated to a single step in

the n; direction.
path. This function is depicted in Figure 5.5 and defined as

Ly = Lp(w, Trw)
1= 07(Lir + L + TyTiLog + T T L)

= wjwe — w1 Tpwi — (o — ag) log(wy — Trws)

(5.31)
+ wows — woTpws — (o — o) log(we — Trws)
+ wawy — ngk’wg — (Oéi — Otk) 10g(LU3 — Tk’wg)
+ waw, — w4Tkw4 — (Ozi — Ckk) log(w4 — Tkwl) s
We can also identify rows in the n; and define the following function
Ly = Li(w, Tiw)
= 0y(Ly+ TLj + Ty 1Ly + Ty T L) .
= wjwy — w1 Tiwy — (o — ap) log(wy — Tjws)
(5.32)

+ wowsg — waTjws — (oyj — oy) log(wa — Tjws)
+ wawy — wsTiws — (a; — o) log(ws — Tyws)

+ waw; — waTjwy — (o — o) log(wg — Tywy) .

With this identification the action (5.30) over the discrete path I' can be written in the

form of a Lagrangian 1-form, that is

Si[w,T] = Ly + Tl + TiTh Ly + TAT Ly + TPTE Ly, - (5.33)
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We can easily generalise this to a generic path T’

Siw,T]= > L. (5.34)

I'ig(n)el
Next we consider in what sense this action corresponds to the definition of a Lagrangian
1-form.
5.3.3 Deriving a Weak Lagrangian 1-Form

Let us consider the path around an elementary square depicted in Figure 5.6
Si[w, squarey] = 0z (Sg[u, cube;y + Ticubeji + T Ticube;y + Tijcubejkl ]) . (5.35)

Let us also consider derivatives, for this example there are 16 = 4 x 4 corner equations for
the 4 corners and 4 components. They are all of the following form, linear combinations

of Lagrangian 2-form corner equations with the periodic map applied,

051w, squarey,]
—0, (

b .
Ty So[u, cube;r] +

0 2
5 52l TS cubezle . (5.36)

oTru

Figure 5.6: The path around a square corresponds to a periodic quad surface built out of
cubes.

Recall that we have (5.25) for any cube, including the four involved here: cube;x,
Ticubeji, TjT;cube;r; and TjTizcubejkl. Thus the periodic reductions of the quad equa-
tions throughout the lattice implies the vanishing of the 16 = 4 x 4 corner equations of

this 1-form action:

02(Qij),02(Qjk), 07 (Qri),07(Qr1), 02(Qu), 02(Qj1) =0 = VSi[w,squarey] =0.
(5.37)

Similarly recall that we have (5.26) for any cube, including the four involved here:
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cube;i, Ticubejy, TiT;cube;; and Tijcubejkl. Thus the periodic reductions of the quad

equations throughout the lattice implies that the closure relation holds:

02(Qij),02(Qjk), 02(Qki), 02(Qr1),02(Qir),02(Qj1)) =0 = Si[w,squarey| =0.
(5.38)

Lemma 23. Consider an action (5.34) over discrete paths I with 1-form Lagrangians
(5.31) and (5.32). This satisfies the definition of a weak discrete Lagrangian 1-form
(Definition 22), where the given equations are the periodically reduced (07) HI1 quad

equations.

Proof. With the staircase Z and map 6, the periodic reduction of the multidimensionally-
consistent H1 quad equations is well defined by (5.20) and (5.22). Combining together
(5.37) and (5.38) gives us (5.16) on the periodically reduced H1 quad equations and
Definition 22:

Si[w, squarey] =0,
07(Qij),02(Qjx),02(Qri),02(Qr1),02(Qu),02(Qj1) =0 =
V51w, squarey,] = 0.

(5.39)
O

5.4 Periodically Reducing Discrete Lagrangian 2-Forms on

Quadrilateral Stencils

Lemma 23 straightforwardly generalises to generic periodic staircases and the trident
discrete Lagrangian 2-form (3.21), for any quad equation of the ABS list. We define
a finite staircase Z C Z? as the N + 1 vertices which arise from a sequence of N
single positive steps in the n; and n; directions. Then we can define a periodic map
0z @ u(ng,nj,ng,ny) — w(ng,n), such that Z becomes a periodic staircase, with the
field w having N components for each value along the staircase. Refer to [56] for a
general discussion on well-posed periodic initial value problems for partial difference
equations. One can straightforwardly apply the staircases Z and periodically reduce any

quad equation Qj;(u, us, uij, uj; o, o) = 0 of the ABS list. With this, we conclude that

Theorem 24. Consider a staircase Z and a trident discrete Lagrangian 2-form (3.21),
whose multiform Euler-Lagrange equations are quad equations. Consider an action (5.34)
over discrete paths I' with Lagrangians analogous to (5.31) and (5.32). This satisfies

Definition 22 of a weak discrete Lagrangian 1-form, where the given equations are the
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periodically reduced (07) quad equations.

Proof. The proof of Lemma 23 immediately generalises to a generic staircase Z and general
quad equations Q;;(u, u;, usj, u;; o, ;) = 0. For any multidimensionally-consistent set of
multiaffine quad equations in four dimensions, it is well-posed to apply the staircase Z as
a periodic initial value problem [56]. An analogues construction gives us that the periodic
reduction of the quad equations throughout the lattice implies that the closure relation

and the multiform Euler-Lagrange equations hold:

Si|w, squarey] =0,
02(Qij),02(Qjk), 02(Qki), 02(Qri), 02(Qir), 02(Qj) =0 =
V51w, squarey,] = 0.

(5.40)
O

Remark 25. We consider generalising Theorem 2/ to arbitrary single-component discrete
Lagrangian 2-forms on quadrilateral stencils satisfying Definition 2, such as the triangle
2-form (3.23) and the cross 2-form (3.40). The construction straightforwardly generalises
such that instead of taking periodic reductions of quad equations, one takes periodic reduc-
tions of the single-component multiform Euler-Lagrange equations in the four dimensional
lattice. We only need to check that this periodic initial value problem with staircase Z
is well posed in the sense discussed in [56]. In other words we need to check that the
following is a compatible set of ordinary difference equations: 07(V Sa[u, cube;;i]) = 0,

07 (VSalu, cubejry]) =0, 07(VSalu, cubey;]) = 0, and 07(V Sa[u, cubey;]) = 0.

Remark 26. We consider generalising Theorem 24 to arbitrary multi-component dis-
crete Lagrangian 2-forms on quadrilateral stencils satisfying Definition 2 (including the
Boussinesq 2-form from [29]). The construction straightforwardly generalises such that
instead of taking periodic reductions of quad equations, one takes periodic reductions of
the multi-component multiform Euler-Lagrange equations in the four dimensional lattice.
We only need to check that this periodic initial value problem with staircase Z is well posed

in the sense discussed in [56].

5.5 Example: Periodically Reducing 2-Form for Linear

Quad Equation

In this section we pick a particularly simple example, so that we can go beyond our

framework and in fact derive a (non-weak) discrete Lagrangian 1-form. Let us start with
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a field u(n;,n;,nk, n;) in a four dimensional lattice. For each quad in this lattice, such
as (u,uj, uj, u;j), we can associate a Lagrangian coefficient from a discrete Lagrangian

2-form, which is quadratic in u variables

lOéi"f'Oéj

Lij = (Tiu — Tju) — (u — T Tiu)? . (5.41)

2 Q; — O

This is a full Lagrangian 2-form, because the multiform Euler-Lagrange equations
are multidimensionally consistent and lead to the vanishing of the closure relation.
Furthermore, the linear quad equations appear directly from the multiform Euler-Lagrange

equations

Ou; = i duy
W = TjQri W = Qi
W = TuQyj W = Qij
W = —Qij — Qjr — Qjk %ubewk] = —T;Qjx — TjQri — TrQij
ijk
Here, the @)’s are linear quad expressions with
Qij =T = Tyu = o B u = TyT). (5:42)

One can check that the cube action can be written in terms of the quad equations, but

furthermore it can be written as double zero expansion in terms of them.

The construction (5.31) gives us a discrete Lagrangian 1-form in the nj direction

Ly =Ly, (w, T, w)

= ez(ﬁlk + Tzﬁjk + Tszﬁzk + T]Tz2£ﬂ€>

= wy (wy — Thwy) — ;Z i Z: (u; — Tws)?
+ wa (w3 — Tpws) — ;m (wg — Tkw3)2 (5.43)
+ ws (wg — Tpws) — ;ZZ i— ZZ (ws — Tkw4)2
+wy (w1 — Trwy) — ;m (ws — Thwy)?
J

The Lagrangian in the n4 direction is analogous. This leads to 16 discrete multiform
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Euler-Lagrange expressions of the form

0S1[w, squarey,]

Hws =0z (~T:Qj — TiQij) (5.44)
051 [ngcg)l:rekl] = 07 ( Qi + TT:Qu; ) (5.45)
051 [igg(i;arekl] = 07 (TiTiQjk + Qui) (5.46)
85151%21;?%1] =0, (~T1Qux — ThQu ) (5.47)

From the construction outlined in this chapter we know that closure could also be written
as a sum of periodically reduced linear quad equations 07(Q). This gives us a weak

discrete Lagrangian 1-form.

Instead, for this particular example, we would like to check if closure vanishes on the
1-form corner equations. One can check that 8 Euler-Lagrange expressions are independent

and equivalent to the 16 given above. The 8 we consider are all of the form:

051w, squarey,]

S =07 (-T:Qjr — T:Qi5) (5.48)
0S1[w,squarey| 7. .
Ty = 07 (~TiQu = TiQu) (5.49)

It turns out that we can write the square closure relation in terms of these 8 expressions

in the following way:

S1[w, squaresy] (5.50)

=0y <Sg[u, cube;y; + Ticubeji + T Ticube;y + Tijcubejkl ])

—292 Liy — T L + Ly — TipLy)

B Z (a; 4+ ag) (g + ;) [ 3S1[w, squarey,]? 981w, squarey,] 2
404Z Oék - Oél) 8T1Tkwg 8w1

1
el (Tywr — Tywn)? — (Trwe — Tyws)?)

20 — g

+ Ti (w1 Tywr) — T(weTiws) + Ty (w1 Tiw ) — Ti(waTrw2) )

_ Z ( a; + ag) (o + o) (351 [w, squarey,] > _ 051w, squarey] 2) ) (5.51)
Z

40(1 Q. — Oél) 8TlTkw2 8’(1]1

In the third equality we utilised periodicity, orientation and the sum across the staircase

to remove the Lagrangians in the ng and n; direction. The fourth equality was found by
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playing with the explicit terms of the Lagrangians, and grouping expressions in terms of
the corner equations. The final terms in the fourth equality vanish by the sum over the
staircase. What we are left with in the fifth and final equality is that the square closure
relation can be written as a double zero expansion in terms of the eight corner equations.
Thus, we find that closure vanishes on the discrete 1-form Euler-Lagrange equations.
Hence, this is not weak and it satisfies the full definition of a discrete Lagrangian 1-form

(Definition 21):

0851w, squarey,] 0851w, squarey,]

Ow - T 0 = 5] ]=0
051w, squarey,] _0 051w, squarey,] _0 114, 8qUateR) = -
oT;w oTjw

(5.52)

This example gives us hope, that with future research, this framework can be developed

such that it gives full discrete Lagrangian 1-forms in a general case.

5.6 Chapter Conclusions

In this chapter, we outline a framework to periodically reduce discrete Lagrangian 2-
forms on quadrilateral stencils to weak discrete Lagrangian 1-forms. This framework is a
promising development in the theory of Lagrangians multiforms, elevating the periodic
reductions of multidimensionally consistent quad equations to the Lagrangian level.
Furthermore, we have a clear understanding of moving between the discrete 2-form action
over quad surfaces and the discrete 1-form action over discrete paths. On an example,
associated with the linear quad system, we derive a discrete Lagrangian 1-form, that is
not weak. This gives us hope, that with future research, this framework can be developed

such that it gives (full) discrete Lagrangians 1-forms in the general case.
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Chapter 6

Deriving Lagrangian 1-Forms

In this chapter we are motivated to find Lagrangian 1-forms, which could in future work
be quantised with path integrals. In [26], path integrals were calculated for a specific
Lagrangian 1-form, with linear multiform Euler-Lagrange equations, and this started
the theory of quantum multiforms. The next step is to quantise a Lagrangian 1-form
with nonlinear multiform Euler-Lagrange equations. We expect the singularities from the
nonlinearity to play an important role. A noteworthy nonlinear 1-form structure is that of
the discrete-time Calogero-Moser system in [62]. This system has many nice integrability
properties, but also some technicalities which make it not ideal as a nonlinear toy system

to investigate quantum multiforms.

In the first half of this chapter, we would like to develop the understanding of
Lagrangian 1-forms, even for quite simple integrable systems, so that we can discover
useful nonlinear toy systems for the study of quantum multiforms. We link the addition
formulae for trigonometric functions to a Lagrangian multiform structure. In Section
6.2 we reconsider the continuous and discrete Lagrangian 1-forms associated with linear
equations and sinusoidal solutions. In Section 6.3 we discover a continuous and discrete

Lagrangian 1-form associated with nonlinear equations and cosecant solutions.

In Section 6.4, we reconsider periodic reductions of discrete Lagrangian 2-forms
for the H1 quad equation considered in Lemma 23. We will review how this periodic
reduction of H1 (or IpKdV) leads to the McMillan equation (autonomous discrete Painlevé
IT equation) [34, 37, 22, 21]. In [25], the standard Lagrangian of this discrete ordinary
difference equation was quantised in terms of path integrals, and a 2-step propagator
was derived. We are motivated to generalise this to a quantum multiform structure,

however developments in the classical setting are required. Our major contribution is the
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derivation of classical commuting equations, and finding Jacobi elliptic solutions involving
non-trivial parameters. We then develop a discrete Lagrangian 1-form. We find that
already on the classical level the equations and Lagrangian 1-form are non-trivial and

involve subtle square-root terms.

6.1 Discrete and Continuous Lagrangian 1-Forms

In this section, we first note a useful and equivalent formulation of a discrete Lagrangian
1-form (Definition 21), inspired by [52, 62]. We now use the notation z(n) = z(ng, n;) for
the field over the lattice Z2 (instead of w(mn)), and as before denote discrete shifts with
xr = z(n + e). Consider (5.13) and the fact that the corner equations are autonomous
and hold anywhere in the lattice. One can check that the four multiform Euler-Lagrange
equations are, in fact, equivalent to two conventional Euler-Lagrange equations and one

corner equation:

oLy  OTLy
oxy, + or, 0
VSi[x,squarey,] =0 <~ 0Ly + On Ly _ 0 (6.1)
8.%[ 8371
oL, _ ot
or  Ox

Thus, we can equivalently say that a discrete Lagrangian 1-form is a pair of functions

Ly : (z,xp; \p) — Cand Ly : (z,27; \) — C where

oLy, 0Ty Ly, _

8$k+ oxy, =0

oc ontr o\ e g g, ©2)
ox; 0wy

oLy _ oL

dr Oz

Here we have written the closure relation in a different form. We emphasise that the
property (6.2) defines the Lagrangian multiform: on solutions to the multiform Euler-

Lagrange equations, the closure relation holds.

Now we comment on how we have restricted the form of Lagrangians in this definition
of a discrete Lagrangian 1-form. The Lagrangians Ly : (z,zx; A\x) and L : (x, x5 A;) are
first order and do not involve discrete shift in the other direction, x; and xj, respectively.
This restriction means that the following equations vanish trivially:

oL,

Tm = O, (63&)
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oL,

Later we will define a continuous Lagrangian 1-form in an analogous way to a discrete
Lagrangian 1-form, however the Lagrangians will not be restricted in this way. Continuous
equations analogous to (6.3) will not vanish identically and will instead be considered as

additional multiform Euler-Lagrange equations.

Now consider the corner equation in (6.2), and note that it corresponds to the

existence of some shared conjugate momentum %(ng,n;) on the lattice Z2, defined by

oLy oL

=%z " oz (64

This is key to keep in mind when attempting to derive Lagrangian 1-forms. One can start

with any two conventional Lagrangians, but having this compatibility is a rare property.

Furthermore, we can also generalise a discrete Lagrangian 1-form from 2 to N
compatible Lagrangians and from a field z(n) over the 2-dimensional lattice Z? to one
over the N-dimensional lattice Z"V. For example, consider N = 4, with four Lagrangians
Li(x,xi; Ni), Lj(z, 255 Aj), Li(z, 255 M) and Ly(x, 215 Ap), as well as a field z(n;, nj, ng, ny)
over the lattice Z*. The four Lagrangians are compatible and a discrete Lagrangian 1-form,

if for all six pairs of Lagrangians the property (6.2) holds.

The above is more visibly a discrete analogue of the definition of a continuous
Lagrangian 1-form given in [52], which we now present. Let us now consider a field
z(ta,tp) with two continuous independent variables (tq,t5) € R%. We denote continuous

derivatives in the following way:

ox 0%z

Ty, = ETR Tpot, = 52 (6.5a)
Ox 0%z

l’tﬁ = aitﬁ, l'tﬁtﬁ = Tt% . (65b)

This notation is not to be confused with the notation for discrete shifts (zg, zxk, 1, Ty,

xj, x7) or the notation for constants: Ay, Aj, Ao, Ag € C.

We only consider a continuous Lagrangian 1-form with two directions without loss of

generality. We define an action over one-dimensional continuous paths I' € R? as

&mnzéww%+@a@, (6.6)
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with functions

Lo (2,71, 7155 Aa) = C, (6.7a)

Lg: (@, T4, Ty Ag) = C. (6.7Db)

Now we give the following definition similar to the constructions in [52, 62].

Definition 27. A continuous Lagrangian 1-form is given by an action (6.6) over con-
tinuous paths, which satisfies the following property. On solutions to the multiform

Euler-Lagrange equations (the variational equations), the closure relation holds:

0L, _0

Oxtﬁ

OLs

8.%‘ta =0

0 0L, OL. 0L, 0Ly

8ta axta O =0 - 8tﬁ = % . (68)
0 9L 0Ly

Otg Oy, or

dL,  OLg

aﬂfta N 895%

The first two multiform Euler-Lagrange handle “alien derivatives” as discussed in
[58]. The third and fourth equations are the conventional Euler-Lagrange equations. The
fifth equation is the corner equation and implies that there exist some shared conjugate
momentum y(ty,t3), defined by

AL, 0L
- 8.1‘15& - 8.217156 '

Yy (6.9)

It is key to keep this in mind when attempting to derive Lagrangian 1-forms.

6.2 Lagrangian 1-Form for Common Sinusoidal Solutions

In this section we will derive a continuous Lagrangian 1-form, such that a general solution

to the continuous multiform Euler-Lagrange equations is a common sine solution:

x(ta, tﬁ) = Asin(§ + \ota + )\Btﬁ) . (6.10)

To do that, we will find a system of equations involving the parameters, A, Ag, such
that two initial conditions determine A and £. Then we will derive a discrete Lagrangian

1-form, such that a general solution to the multiform Euler-Lagrange equations is a
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common sine solution:

x(ng,ny) = Asin(§ + A\gng + \ny) - (6.11)

To do that, we will find a system of equations involving the parameters, Ax, A;, such that
two initial conditions determine A and £. Hence, the perspective of this section is to derive
Lagrangian multiforms from special functions. This will prepare us for later sections,
where we will generalise this to non-trivial examples. Furthermore, we want a system of

equations in terms of z which encapsulates the following key functional properties of sin

cos(a) = sin(a + 7/2) (6.12a)
g .
% sin(a) = cos(a) (6.12b)
sin(a + b) = sin(a) cos(b) + cos(a) sin(b) (6.12¢)
sin?(a) + cos?(a) = 1 (6.12d)

Here, a and b are arbitrary.

Let us consider continuous equations. For the time variable t,, sinusoidal solutions
of the form x = Asin(§ + Aqtq) arise from the harmonic oscillator equation, which is a

linear second order differential equation
Tip, F A2 =0. (6.13)

The parameters A and & in the solution are determined by two initial conditions. Further-
more, solutions x = Asin(§ + Ay tq) satisfy the following biquadratic first order differential
equation, involving the initial condition parameter A:

L

— T
2 “ta
AZ

+a22 - A?=0. (6.14)

This equation reconciles the property (6.12d) of sine as well as the fact that the parameter
A is invariant with time. If we also consider similar equations in the ¢4 direction, we have
two separate solutions z = Asin(§ + Aate) and x = A’'sin(¢’ + Agtg). How do we link
together evolution in the ¢, direction and ¢g direction and make the parameter A shared?

This can be done with the following linear differential equation

Tt, Tty

Tta _ Tts 1
b (6.15)
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Then, the general solution to this system of equations is x = Asin(§ + Aata + Agtg).

Furthermore, this equation defines a shared momentum y(t,,tg) in the following way:

y=—"2==—". (6.16)

In terms of the general solution, we have that y(tn,t3) = Acos({ + Aata + Astg).

Now we consider discrete equations. Sinusoidal solutions of the form x =
Asin(€ + Agny) arise from the discrete harmonic oscillator equation, which is a linear

second order difference equation:

Tpr — 2ckx +2x=0. (6.17)

Here, we introduce the constants ¢ = cos(A\g), s = sin(\g), ¢; = cos(N;) and s; = sin(A;).
The subscript notation is subtle, and we emphasise that \g,cg, sk, A\;, ¢, s; € C are
constants, whereas z, = xz(ng + 1,n), zpr = x(nk + 2,ny), 27 = x(ng,ny + 1) and xy =
x(ng,n; + 2) are discrete shifts of the field. Furthermore, solutions x = Asin(§ + Agny)
satisfy the following biquadratic first order differential equation, involving the initial
condition parameter A:

1

2
Sk

(xp —cpx)? + 22— A% =0. (6.18)

This equation expresses the property (6.12d) of sine as well as the fact that the parameter
A is invariant with time. If we also consider similar equations in the n; direction, we
have two separate solutions x = Asin(§ + Agng) and = A’sin(§’ + \jny). How do we
link together evolution in the n; direction and n; direction and make the parameter A
shared? This can be done with the following linear difference equation, which follows

from the addition formulae (6.12c):

Tp —CkT _ T — AT (6.19)

Sk Sl

Then, the general solution to this system of equations is x = Asin(§ + Agng + \ny).

Furthermore, this equation defines a shared momentum y(ng,n;) in the following way:

y:wk—ckazzzl—clm (6.20)

Sk Sl

In terms of the general solution, we have that y = A cos(§ + Agng + \ny).

Next we will construct a continuous Lagrangian 1-form for this system, and then a
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discrete Lagrangian 1-form.

6.2.1 Continuous Lagrangian 1-Form

Let us start with a Lagrangian with a general form and derive its terms by imposing that
that the 1-form Euler-Lagrange equations have sinusoidal solutions. For this pedagogical
example, let us consider Lagrangians £, quadratic in x;, with coefficients which are

functions f,g,h: (x; A\y) — C

Lo = f(z; )\a)xfa + g(x; Ao)xe, + h(z; Ao, (6.21a)

Ls = fa; Ag)xi, + g(5 M)z, + hz; Ag). (6.21b)

Now we impose that the standard continuous Euler-Lagrange equation is proportional

to the second order differential equation (6.13) with sine solutions

0 9Ly OLa
8ta (%Uta 81‘
= 21" (2; Aa)22 + 2f (25 M) Ttota — H' (25 Aa) (6.22)

2
X Tt b, + AQT

This restricts f,g and h in the following way
f'(x; M) =0 — (x5 M) = 2f (z; Aa) N2z (6.23)
Thus, the Lagrangian of the harmonic oscillator has the following form
Lo = f(Aa) (:c?a — Aig;?) + g(x; Aoz, - (6.24)

The final term is a total derivative and does not effect the standard Euler-Lagrange

equation.

Now we impose the corner Euler-Lagrange equation by introducing a free function

¢(y, x) and using the corner equations (6.16)

0Ly
8-7;15&

xta

= 2 (Ao, + 9l Aa) = 6 (M a:) — oy, 7). (6.25)

This forces f(Ao) = 7/Aa with 7 € C and g(x; A\o) = g(x) . Now we have that the
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following Lagrangians satisfy the multiform Euler-Lagrange equations:

1

Lo=7—22 —Xa2?) +g(x) s, , 6.26a
)\ ta @
1

Lg=r (}\ a;tzﬁ - A3 :1:2> + g(x) 4, - (6.26b)

The final term is what we call an exact Lagrangian 1-form and it is a freedom which does

not effect the Lagrangian 1-form structure.

Next we consider the continuous closure relation

oL, OLg

g Ota

:2’y<1xttxt — Aot x>—2’y<1ajtt:ct — 3T x> (6.27)
Ny oHET e s Ag“ﬁﬂﬁt"‘ :

T, Lig

What we find is, in fact, a double zero expansion. This is stronger than having the closure
relation on solutions to the multiform Fuler-Lagrange equations. Altogether, we conclude

the following.

Proposition 28. The double zero expansion (6.27) gives us a continuous Lagrangian
1-form (Definition 27). The general solution to the multiform Euler-Lagrange equations

can be written in terms of the sine function, as in (6.10).

We can also Legendre transform the Lagrangian and recover the invariant equation
(6.14), by setting g(z) =0
1
Iy=~ ( x + )\axz) : (6.28)
Ao @

On the general solution, with initial conditions defining A, we have

(6.10) = I, =7)\, A%, (6.29)

Next we consider an analogous discrete Lagrangian 1-form construction.

6.2.2 Discrete Lagrangian 1-Form

Let us start with two discrete Lagrangians of the following form, whose terms will be

derived by imposing a sinusoidal discrete Lagrangian 1-form structure:

Li = f(zrw; M) + g(@n; M) + h(z; Ap), (6.30a)
Ly = f(x; M) + g(@i ) + h(xs ) - (6.30Db)
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Here we take £y and £; to have the same form. We allow for generic functions f, g and
h, and note that f(zxx; Ax) acts on the symmetric product xxz. We could instead start
with a Lagrangian quadratic in x and x;. However, it is interesting to see how imposing

the sinusoidal multiform structure takes us from function terms to polynomial terms.

Let us start with

0

= flopz; M)z + [ (@ppzr; Ak)ek + 9 (xr; Ae) + 2 (25 Ak) (6.31)

X Tpr — 2¢kxp +2x=0.
This restricts f,g and h in the following way
flopz; M) = CO)zrr g/ (wr; M) + B (20 M) = —2C(Me)cwmi - (6.32)

This leads to

floras M) = COw) mer h(as M) = —C()er 2° — (a5 M) - (6.33)

Thus, Lagrangians with discrete harmonic oscillators as standard Euler-Lagrange equations

have the following form:

Ly =C(Ag) (xka: —cp x2) + g(xp; Ak) — g(z; Ag) - (6.34)

Now we impose that the corner Euler-Lagrange equation holds, utilising equation

(6.20) and a free function ¢(y,x):

oL
~ o = ~COW) (ar — 2ex) — o (23 M)

o (5 ) ot "

This leads to Lagrangians of the following form satisfying discrete multiform Euler-

Lagrange equations for sine:

Ly = (Slkxkx - 2% (22 + 332)> + Glag) - G(z), (6.36)
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Now let us consider the discrete closure relation for these Lagrangians
Tlﬁk — ﬁk — Tkﬁl + ﬁl
(ks oLy OL\?  (OTWL,  OTiLy\?
N 2(ClSk — cksl) ox ox 8iL'kl 8xkl (6'37)

N ¢ ((312 + cl2 - l)si — (sz + cz - 1)312) (xz - :EIQ)

2sp.51(C15% — cr51)

What we find is, in fact, a double zero expansion, which is stronger than the closure relation.
Note that this double zero expansion only requires the following identity s% + ci —1=0
(and s? + ¢ — 1 = 0) between the coefficients s and c;. Altogether, we conclude the

following.

Proposition 29. The double zero expansion (6.37) gives us a discrete Lagrangian 1-form
(Definition 21). The general solution to the multiform FEuler-Lagrange equations can be

written in terms of the sine function (6.11).

We can also take derivatives of the Lagrangian with respect to a lattice parameter to

find the following integral of motion (6.18) on common sine solutions [52]

_ 0 (Y G2 2
Ik_@Akﬁk_C< S%mkaz 28k(k+a:)> (6.38)

On the general sine solution, we recover find the constant parameter A defined by initial
conditions

(6.11) — Iy = —%AQ : (6.39)

In the next section we similarly derive a continuous and discrete Lagrangian 1-form,

but from common cosecant solutions.

6.3 Lagrangian 1-Form for Common Cosecant Solution

In this section we will derive a continuous Lagrangian 1-form, such that a general solution

to the continuous multiform Euler-Lagrange equations is a common cosecant solution:

l‘(ta, tﬁ) = ACSC({ + Aata + )\Igtlg) . (6.40)

To do that, we will find a system of equations involving the parameters, A\, Ag, such
that two initial conditions determine A and £. Then we will derive a discrete Lagrangian

1-form, such that a general solution to the multiform Euler-Lagrange equations is a
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common cosecant solution:

x(ng,ny) = Acsc(€ + Agng + \ny) - (6.41)
To do that, we will find a system of equations involving the parameters, Ax, A;, such that
two initial conditions determine A and &.

Let us consider what form the multiform Euler-Lagrange equations should take,
starting with the continuous equations. The following second order differential equation

in the t, direction has general solutions of the form x = Acsc(§ + Aata):
T Ty, — 2azfa —A22% =0 (6.42)

These solutions satisfy the following continuous invariant equation

442
T=AL,

z7 + N2a?

@

A% =0 (6.43)

Alternatively, we can write this invariant equation in the following form

x%ﬂ 1 1
A2zt a2 A2

=0 (6.44)

To get corner equations we could consider the equality of two invariant equations in
different directions. If we also consider similar equations in the ¢g direction, we have two
separate solutions x = Acsc(§ + Aata) and x = A’ csc(&' 4+ Agtz). We can link together
evolution in both directions with the following differential equation, which also defines a

shared momentum y(tq,tg)

y=— = — (6.45)

For the discrete evolution, the following second order difference equation in terms of

x, T and zp, has general solutions in terms the cosecant function

xk(xkk + I’) — 2¢ci e =0 (6.46)

Here, we introduce the constants ¢ = cos(A), sp = sin(\g), ¢; = cos(N;) and s; = sin(A;).
The subscript notation is subtle, and we emphasise that \g,cg, sk, A\;, ¢, 81 € C are
constants, whereas xp = x(ng + 1,n), xpx = z(ng + 2,mny), x; = z(ng,n; + 1) and

xy = x(ng,n; + 2) are discrete shifts of the field. These solutions satisfy the following
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equation expressing the invariance of the initial condition parameter A:

1 — 2) 242
(1= )z A2 =0 (6.47)

z? — 2cpTn + 32

Alternatively we can write this “invariant” equation as

2¢;, 1 1 /1 1 1
2k (=) - =0, 6.48
s xR * 52 <5L‘i * x2> A? (6.48)

If we also consider similar equations in the n; direction, we have two separate solutions
x = Acsc(§+ M\gng) and x = A’ ese(€' + \ny). We can link together evolution in both

directions with the following differential equation, which also defines a shared momentum

y(ng, m)

Y= SkTRT ST (6.49)

T—CLTL T—CIT

Then, the general solution to this system of equations is © = A csc(§ + A\gng + A\ing), and

we also have that y = Asec(§ + Agnk + A\inyg).

First we will construct a continuous Lagrangian 1-form, then a discrete Lagrangian

1-form.

6.3.1 Continuous Lagrangian 1-Form

We will start with a Lagrangian in a general form and then impose the continuous
Lagrangian 1-form structure. Let us consider the conventional Euler-Lagrange equation,
and assume that it gives us an equation which is proportional to (6.42), that is

0 Lo OLa 21,
8ta 8a:ta ox

Mz =0. (6.50)
With this in mind, let us assume a Lagrangian of the following general form
Lo = f(:C, )\oz)xga + g(x; )\oz) + h(x; )\a)xta . (6'51)

This leads to

iaﬁa 0Lo  Of(x; Aa) o _ Oh(z; \o)
ata 8$ta or =2 or 'rta + 2f($7 )\a)xtata + ox Tt
_Of(m3 Aa) o Og(z; Aa)  Oh(z; Aa)
or  te Oz or  tar
Of(z; Ma 0g(x; Ao
= 2f(.%', Aa)xtata + (8{1;‘).%'%0‘ — (ax) (652)
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This results in two differential equations constraining f and g. Let us consider the f

equation first
8f($7 )\a) _ _4f(SC; )\oz) — f($ )\a) _ ‘9()‘04)

Oz x xt

(6.53)

Integration gave rise to a free function #(\,). Next let us consider the constraint equation

on g, which is

_99(@5 Aa) _ . 2, _ _
856 - 2f(m’ Aa)Aam -

20(Aa) A2

«

= 9(z; Aa) = _0a)Ae (6.54)

3 x2

This leads to the following Lagrangian which satisfies the standard Euler-Lagrange

equation:

0( A (A N2
Lo = (x4 )37?& — (Aa)Aq + h(z; o)y, - (6.55)

We have a multiplicative freedom by a function of the lattice parameter and a total

difference term.

Now we impose the multiform Euler-Lagrange equations. Let us assume that the
“shared momentum” is a function of y and z. With this in mind let us write down the

following equation

. Tty Lig
yr2  Aart Agat’ (6.56)

Let us assume that the corner equation is proportional to this in the following way, where

we introduce a constant v € C and a function F(x)

OLo  20(\a)

= ——"m, +h(z; A\y) = —

YLtq g
= (z)

8$ta

This gives us the following Lagrangians which satisfy the multiform Euler-Lagrange

equations:
2
l'ta )\a
2
Tts Ag
Lg=r <)\5m4 N a;2> + F(@)zr, - (6.58b)

The last term is an exact 1-form, which makes no contributions to the continuous

Lagrangian 1-form.
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Now we consider the continuous closure relation, that is

ot 8 Ot N B

a[’ta B 8£tﬁ . 2xtaxtatﬁ 4w%a$tﬁ n 2)\043:155
Aozt Ao 3

gzt Agx® x3
xta ﬂftﬂ 21’ta$t6
= — — — AaA . 6.59
Y <Aax4 )\/356'4) <mtatﬁ T o ﬁl’) ( )

This is a double zero expansion in terms of the multiform Euler-Lagrange equations. This

B <2$tﬁxtat5 45”%53315& n 2)\5%&)

is stronger than having the closure relation on solutions to the multiform Euler-Lagrange

equations.

Proposition 30. The double zero expansion (6.59) defines a continuous Lagrangian
1-form (Definition 27). The general solution to the multiform Euler-Lagrange equations

can be written in terms of the cosecant function (6.40).

We can also Legendre transform the Lagrangian and recover the invariant we consid-

ered in the common solutions (6.44), by setting g(z) = 0:

2
Tt >\a
I, = —_—— - . .
¥ ( o x2> (6.60)
On the general solution, with initial conditions defining A, we have

640) = L= . (6.61)

At this point we realise that the transformation x — % takes the continuous Lagrangian
1-form for sine (6.26a) to the continuous Lagrangian 1-form for cosecant (6.58a). Perhaps it
is unsurprising that the Lagrangian multiform structure is preserved by this transformation.
Thus we can transform between Lagrangian 1-forms with linear multiform Euler-Lagrange
equations and Lagrangians 1-forms with non-linear multiform Fuler-Lagrange equations.

Next we consider an analogous discrete Lagrangian 1-form construction.

6.3.2 Discrete Lagrangian 1-Form

In this section we derive a discrete Lagrangian 1-form where the general solution of the
multiform Euler-Lagrange equations is the cosecant function, as in (6.41). Now we apply

the transformation x — % and xj — i on the discrete 1-form Lagrangians (6.36) with
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sinusoidal solutions. This leads to the following discrete Lagrangians:

1 1 c 1 1 1 1
Lk:§<k<2+2>>+G()G(>. (6.62)

Sk Tk 28k \T T Tk T
One can check that the conventional Euler-Lagrange equation is proportional to equation

(6.46), and the corner Euler-Lagrange equation is proportional to equation (6.49)

Now let us consider the discrete closure relation

TiLy — Ly — TRl + Ly

(st oLy OL)\®  (OTLi  OLLyp\?
— 2(cs — cis1) ox ox Oz Oxyy (6.63)
N C((st+cf—1)sz — (si+ci—1)s7) (xf — a3)

2.2
2sp51(C1SK — CS1)TRT]

What we find is, in fact, a double zero expansion, which is stronger than the closure
relation. Note that this double zero expansion only requires the identity si + cz —-1=0
(and s? + ¢ — 1 = 0) between the coefficients s; and c. Altogether, we conclude the

following.

Proposition 31. The double zero expansion (6.63) gives us a discrete Lagrangian 1-form
(Definition 21). The general solution to the multiform Euler-Lagrange equations can be

written in terms of the cosecant function, as in (6.41).

We can also take derivatives of the Lagrangian with respect to a lattice parameter to

find the following integral of motion (6.48):

0Ly, c. 1 1 1 1
L=—S=¢l-—2— ¢+ S5+ = .64
W ¢ < % LR + 2s? <m% * l'2>> (6:64)

On the general cosecant solution, we recover the constant parameter A determined by
initial conditions

(6.41) = Ip=2—. (6.65)

So far we have considered Lagrangian 1-forms associated with sine/cosine solutions and
cosecant /secant solutions. In the next section we will see an example of how generalising
to elliptic solutions is quite non-trivial. We consider periodic reductions of IpKdV (or the

H1 quad equation) and develop a discrete Lagrangian 1-form.
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6.4 Developing Lagrangian 1-Form for the Discrete McMil-

lan Equation

In this section we consider the periodic reductions of the H1 quad equation (or IpKdV)
on the N = 4 staircase considered in 5.3 and (5.22). In this section we will emphasise it

as a periodic reduction of IpKdV and use different notation.

6.4.1 Periodic Reduction of Lattice Korteweg-de Vries Equation

In this subsection we derive novel integral ordinary difference equations which commute
with the McMillan equation in the four-dimensional lattice Z*. In order to do this, we
review a derivation of the McMillan equation from a periodic reduction of lattice potential
Korteweg-de Vries (IpKdV) [3, 15, 25]. We note the work in [24], where higher dimensional
commuting maps are not considered, but more general periodic reductions of IpKdV are
derived. We start with a field u(n;, nj, ng, ny), satisfying the IpKdV equation, written in

the following way
(p— ¢ —ui+uj)(p+q+u—uy) = (p° - ¢%). (6.66)

Here, p and ¢ are lattice parameters associated with n; and n; directions respectively.
We impose a periodic initial staircase along the steps (T;,7},T;,T;) such that there is
periodicity TZ-QTj2 = 1. The following periodic staircase is imposed: wy = u, ws = u;,
w3 = u;; and wy = w;;;. If we consider evolution of staircase variables in the n; direction

we get the map (w1, wa, w3, wys) — (Tywr, Tyws, Tws, Tiws)

Tiw; = wa, (6.67a
(p—q— Tyws +ws)(p+q+ws —ws) = p* — %), (
Tiws = wy, (6.67c

(p— q— Tyws +w1)(p+ q+ws —wa) = (p° — ¢°) . (6.67d

Analogously, if we consider evolution of staircase variables in the n; direction we get the

lmphCIt map (w17w27w37w4) = (EU&,T}'U]Q,I}‘?Ug,j}‘U);l)

(p—q—wa+ Tjw)(p+q+w —ws) = (p> — ¢*), (6.68a
Tjwo = w3, (
(p—q—ws+ Tjws)(p+q+ws —wi) = (p? — ¢*), (6.68¢

Tjwy = wy . (6.68d
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The next step of this reduction involves reduction variables. To find these, we first

define the IpKdV Lax matrices [23, 36]:

— U 1
L,= b (6.69a)
E*+p(u—u;) —uw; p+u
— U 1
L, = = (6.69b)

k> 4+ q(u —uj) —uuj q+u

We can then take the trace of the monodromy matrix, which is a shifted product of Lax

matrices along the staircase:

Te( LT T Ly - TiTjLg - TiLg - Ly)
= (w1 — w3)* (w2 — wi1)? — (P* + ¢*) (w1 — w3) + (w2 — wy))? (6.70)

— 2pq (((w1 —ws) + (wg — w4))2 + 2(w1 — ws)(we — w4)) +2p%¢> + O(k?).

This leads to an invariant in terms of (wi,wsy, w3, w4) on the staircase once we ignore
higher order terms of k. In this expression we observe the pairings +(w; — w3) and

+(wy — wy). Thus, we make the following natural choice for our definitions of z and y
T = w] — W3 Y= Wy — Wy . (6.71)

We also introduce the following parameter abbreviation, which we will henceforth use

alongside p and q for brevity:

e=p+q yi=p—q. (6.72)

Now we can rewrite the invariant above, where we utilise the freedom to subtract constants

for brevity, in the form

J(z,y) =2evyzy — e (22 + %) + 2242, (6.73)

With these reduction variables, we can derive the following equations for evolution in

the n; direction

(6.74a)

Yy =x. (6.74b)
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For evolution in the n; direction we get

2evx

yj=—x. (6.75b)

This leads to the following two second order ordinary difference equations

2

i — 6;”; tr=0, (6.76a)
2evx

i+ ﬁ +r=0. (6.76D)

J
Due to the symmetry of this periodic staircase, evolution of x in the n; and n; directions
are the same up to opposite signs of the parameter. One can easily check that the
invariants, J(z,x;) and J(z;, —x), are conserved under the respective second order

difference equations.

Now we consider the implicit map (w1, wa, w3, wy) — (Txwy, Trwe, Tyws, Tpw,s) which
arises from considering evolution in the direction ny, perpendicular to the plane of the

periodic staircase:

(p — 7 — wy + Thw) (p + 7 + wy — Trwa) = (p* —12), (6.77a)
(q —r — w3 + Thws)(q + 7 + wy — Tyws) = (¢* — r?), (6.77b)
(p—r —wy + Thpws)(p + r 4+ w3 — Trpwy) = (p* —1?), (6.77¢)
(g —r —wy + Thwy)(q + 7 +wy — Trwr) = (¢* —r?). (6.77d)

As this map arises from a periodic reduction of the multidimensionally-consistent IpKdV
equations, we expect it to commute with the maps (6.67) and (6.68a), in the plane of the
staircase. In order to derive equations in terms of x and y, we choose to exchange w; and

wy for z and y, using w1 = ws + = and wy = wy + y to get

(p—r+ (Thws — wa) + xx — y)(p+ 7 — (Thws — ws) + x — yp,) = p° — r’ (6.78a
( —r+(Tkw4—w3)+yk)(q+r—(Tkwg—w4)—|—y)—q —r? (
(p—r+ (Thws — wa))(p+ 1 — (Thws —w3)) =p° —r*,  (6.78¢
)

(g —r+ (Trwy —w3) —x)(q + 1 — (Trws — wy) — g, =q¢*—r? (6.78d

It turns out that the remaining four variables ws, wy, Tpws, Tpw, appear only in two pairs

(Thws —wy) and (Tpws — w3). Now by eliminating the pairs and applying the quadratic
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formula, we derive the following equations for y and yy

_er \/"}/262 + (4r2 =2 —e)(z —e)(xp —€) + (x — €)?(xf — €)?
Vy=a 2 2(x —€)
L VAT T T Mo TITCITETT (7
B I e T e [ U (TSt R (e (T
Ve =2 ” z3 +3 2(zy, — €)
R e e2><5(+ Neet )+ @+ P+’ (o)
Tg + €)

We denote the two possible choice of signs associated in the ny direction with 4. The
two simplest options for the behaviour of the signs on solutions is that they remain
fixed or that they flip once on every step. Such flipping leads to the trivial solution
Y = Yrk, whereas we use fixed signs from henceforth and derive consistent non-trivial
equations. There is another possibility, which we do not consider, that the signs update in
a non-trivial way upon being shifted. The square roots which appear here are symmetric

in z and x; and hence we define the following

L (v) = /22 + (412 — 42 — 2)v + 2. (6.80)

We can now write down the set of commuting equations, in directions n;, n; and ny,

as well as a fourth direction n; which is analogous to ng but with lattice parameter s

EYX

y_ez_xz—_ez_ap—i_xi’ (6.81a)
B oo
9*62613;2 :626122+x]’ (6.81c)
-
0 Ml gy
. 6; 7_22 — Fs((g(—xlﬁ)_(ﬂz)— €)) - Ps((xzz;ﬁil;r ‘) (6.81h)

Here, we consider four dimensions, so that we can consider two maps, T} and 7;, which

evolve perpendicular to the plane of the staircase. Unlike the T; and T; maps, the
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T; and T; maps each have their own independent parameter, r and s, respectively.
These perpendicular maps and their parameters involve lots of interesting non-triviality.
Furthermore, we could use the fact that the parameters r and s are to free to generalise
this to an integrable system of N commuting maps. We will also that we can use a limit
to recover the simpler T; and T; maps from the non-trivial 7}, and 7; maps. Note that
this set of equations here suggests a Lagrangian 1-form structure is possible, which is
discussed in the next section. For now we investigate these equations and the invariants

further. We can make a link between the shared variable y and the invariant J

€EYT _i\/62x4+(J+(72—62)62)x2—J62

R 2.2 ) (6.82a)
€ \/6233;1 + (J + (7?2 — €2)e?)a? — Je2
gm0 = . . (6.82b)

A %

Now we write down second order difference corner equations in terms of x(n;, nj, ng, n;).

We can eliminate two equations involving y to derive a corner equation for (z, z;, x;)

2evx

i — D)

- —z;=0. (6.83)

— 72

We can eliminate two equations involving y; to derive the following trivial corner equation
xij = —. (6.84)

We can eliminate two equations involving y to derive a corner equation for (x,z;, xx)

e e — e —a) Dol (et o)
2 g2 1 F 2(z —¢) T 2(z +¢€)

T; —

= 0. (6.85)

We can eliminate two equations involving y to derive a corner equation for (z, xy, x;)

Lr((@ =)z —€) | Tz + (ks + )

i 2(x —¢) i 2(z+¢) (6.86)
D=9 =) T(z+alm+e) '
: 2(z —€) : 2(x + ¢ '

Furthermore, we can eliminate two equations involving ¥ to derive a corner equation for

(T, 2, T)
- Tr((x—€)(xg —€)) - Iy ((z+€)(z +€))
2(zp —€) 2(zy +€) (6.87)
. Cs((xp — €)(xp — €)) l Ds((zr + €) (g + €)) 0.
2(z —€) 2(zk +€)

We now eliminate two equations involving ¥ to derive the second order difference
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equation for evolution in the nj direction involving (z, xg, Tgk)

Lr((@ =)z —€) | T+ (ks + )

i 2(z —€) i 2(zk +€) (6.88)
L D@ —9) | D+ dmw+e)
k 2(zy, — €) K 2(zk +€) ‘

This can be expanded out to give a polynomial, which is a polynomial and a second order

difference equation in (x, zk, Tgk)

428 (@ + xpp)? 4 823 (x + ) (412 — 42 + 241

+ 4zt (42 =412 — &t — E(x? 4 22,) + 2(4r% — 4% — 26%)z 21

— 4z (x4 2p) (2 (1207 — 4% 4+ ) + (4r? — 4% + 3%z 1) 6.0
— 422 (2(16r* — (v — €2)?) + 4123 (x + 2pp)® + (1617 — 81242 441 — Mz ayp) (059
+ 4z (4 = + ) (@ + ze) (€ =V + z o) + €(4r7 =77 + ) (@ + zpr)?

=0

This polynomial is symmetric in x and xg, and it is of sixth degree in xj. It is
a generalisation of the McMillan equations (6.76). These commuting flows must be
compatible with the McMillan equations (6.76), but also generalise them, which we will

show in later sections.

Similarly, (6.86) can be squared to give a sixth degree equation in x and fourth degree

in zx and x;,

6 5 4
0 =cg(zk, xp, €,7,1,8)x° + c5(xk, 215 €, 7,7, 8)x” + cq(T), X1, €,7, T, S)T

+ Cg(l‘k, Ty, €7, T, 8)113'3 + 02($k7 Ty, €7,T, S)xg +c (xk7 Zp, 67,7, S).’L‘ (690)

+ CO(xkyxla €T, S)

The coefficients ¢; and the entire equation is symmetric under (xg,r) <> (27, s).

We now derive an equations defining the invariant J in terms of z and xj. Let us

start with

Ve + (T + (0 - @)e)a? — I Ir((z —€e)(zx =€) | Drl(@ +€)(zr + €))

=4, 44

€2 — 22 2(x —¢€) 2(x +¢)
(6.91)
We can expand this out. Along the way this gives J in terms of x and xj
_ 22 1o oy Lo o 9 o 159
J = —2r% 5€ (x —I—:L‘k,)—l—2(4’l“ 0% e):n:nk—|—2x xy,
(6.92)

+%D«xfo@kdeA@+fﬂm+fD
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Expanding out gives the following biquadratic polynomial for x and zj involving the

invariant J:

J(8r% — 2(y% + €2)?) + 2(167* — (72 — €2)?))
2.J + 8r2e2
62(4J + (47"2 _ 72 + 62)2)
N 4.J + 1612¢2

0=—J+

TTE

(6.93)
(2% 4 23) + 222 .

This can also been seen as a quadratic equation in terms of the invariant J.

6.4.2 Jacobi Elliptic Solutions

In this subsection we derive Jacobi elliptic function solutions for the McMillan equation

and its system of corner equations.

Theorem 32. Given a value for the invariant J(z,xz;) from two initial conditions x and
xi, as well lattice parameters p,q,r and s, we have a general Jacobi elliptic solution for

the commuting McMillan equations
x(ni, nj, g, ) = A sn(€ + Aing + Ajng + Aeng + Aimys k) (6.94)

Here, the equations (6.97), (6.98), (6.99) and (6.100) define A(J,p,q), k(J,p,q), £(J,p,q),
)\i(‘]apa Q)); )‘](vaa Q))} )‘k(‘]vpafb’r) and )‘l(va7QaS)-

Two prove this theorem we first derive a first order difference equation for z(n;) =

Asn(§ + A\ing; k), with the parameters A, k and \; appearing explicitly in the equation

A4 2A20n()\l)dn()\z) A2
-5 * TT; — 5y
k2 kZQSH(Ai)2 ]{52811()\1')2

(2% +27) +2%2F =0 (6.95)

This can be derived from the addition formula for the Jacobi sn function. Now, let us

recall the McMillan invariant (6.73) for z and z;, namely

J(z,y) =2eyzx; — € (2? +2?) + 2?27 .

Equating coefficients of the two equations leads to

A4
QAQCD(Al)dH()\Z)
e~ = 6.96b
€y kQSn()\Z‘)Q ’ ( )
A2
J— 2 P —
e CWER (6.96c)

We can solve these three equations alongside en(\;, k)2dn(\;, k)2 = (1 —sn(X\;, k)?)(1 —

116



k%sn(\;, k)?), to get solution parameters in terms of €(p, q),v(p,q), J(z, i, p,q) and x

J+ 722 — ¢t (J+~2€2 + €1)? — (27€3)?
AP = = 2V 52 : (6.97a)
o L2420 4 (2 - ) . (J + 72 — ) /(T + 122 + e1)2 — (2763)2
N 2J et 2J et ’
(6.97b)
£ =sn"l(z/A) (6.97¢)

The following equations determine the parameters A; and A;, which define evolution in

the n; and n; direction:

A A\ €EC st (6.98a)
en(Ai, k)dn(A, k) = 2, (6.98b)
€
en(\j, k)dn(\j, k) = —%7 (6.95¢)
2 2 A2
sn(Aj, k)* =sn(\j, k) = e (6.98d)

These parameters can be solved for by inverting the elliptic functions and make a choice
with the freedom of the elliptic periods. Alternatively, one could solve for these parameters

numerically.

Now we derive the solutions for a commuting flow equation in the n; direction,
recalling (6.93). This leads to (6.97) and the following equations, which determine the

parameter Mg, defining evolution in the nj direction:

A €C st (6.99a)
J(8r% —2(7% + €2)?) + 2(16r* — (72 — €2)?))
e, kK)dn( Mg, k) = 6.99b
en(Ag, k)dn(Ag, k) 52(4J+ (47“2 -2+ 62)2) ) ( )
AT + 167262 A2
sn(\p, k)2 = S+ 167 (6.99¢)

€2(4J + (4r2 — 42 + €2)2) k2

We can consider another analogous flow in the fourth direction with ); associated with s

A €C st (6.100a)
J(8s* — 2(7* + €°)%) + (165! — (v* — €°)*))
AL k)dn(A, k) = .100b
en(A, k)dn(A, k) €2(4J + (4s2 — 72 + €2)?) ' (6.100b)
4 1 2.2 A2
sn(\, k)2 = S+ 16s7¢ . (6.100¢)

T E2(4J + (452 — 42 4 €2)2) k2

This concludes this section, given us everything we need for the theorem above. We have
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commuting Jacobi elliptic solutions with non-trivial solution parameters.

6.4.3 Partial Discrete Lagrangian 1-Form

The corner equations (6.81) above can be integrated to give the following Lagrangians

L= —xzx; — % log(e2 — :1:2) — % log(e2 — a:?) , (6.101a)
Lj:=—zxj+ % log(e2 — 9:2) + % log(e2 — :c?) , (6.101Db)
(z+€)(zp+e) T (z—€)(zp—€) T
‘Ck = :Fk/ Md’u :Fk’/ T(U) dU s (6101C)
2v 2v
(z+e)(zi+e) T (z—€)(mi—€)
L = :Fl/ TGO / 5(¥) 4y . (6.101d)
2v 2v

The corner equations are recovered from the Euler-Lagrange equations in the following

+ F;(((;__:)((;Z“__;))) N = 2;‘73’“ —¢) (6.102a)
D) | e —d=0)
Ay — Lr((z + €)(@r 1 €) O((x + €) (zk + ¢€))
Oz 2(x + €)(wx +€) Oz
IS CELILCENIIES 6.109h)
g et ) | e —an=0)

We note the integrals in the Lagrangians above have the following forms in terms of
known functions

/ = %FT(“) + e arctanh (“—ir(”))

6.103
dr? — 4% — ¢ 2 2 _ 2 ( )
—flog — (4r* —y* —€*) = 2v+ 2", (v)
We note the following relevant identity:
1 142
tanh(z) = =1 . 6.104
arctanh(z) 5 Og(l—z) ( )

We also note the following freedom. Each Lagrangian can be replaced with £; — L],

without breaking the multiform Euler-Lagrange structure:

Li= fle,7)Li+ gz, 6,7) — g(wi,€,7) + hile,7), (6.105a)
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L= fle,v)Lj+g(x,6,7) — glxj,6,7) + hje,7), (6.105b)
Ly, = fle,7) L+ g(x,6,7) — g(a, €,7) + hi(e,7,7) (6.105¢)
L= fle,)L + g(z,e,7) — gz, 6,7) + hi(€,7, 8) . (6.105d)

The multiform Euler-Lagrange should guarantee constant closure. However, further
work is required to prove directly that these Lagrangians have constant closure, and then
vanishing closure up to certain choices of functions f, g and h;. We note that we can show

vanishing closure between £; and L;, but this is trivial
rij=—-x = L;-TjL;—L;+TL;=0. (6.106)

Overall, we can only conclude the following.

Theorem 33. The four Lagrangians (6.101) are a partial Lagrangian 1-form in the
following sense. The closure relation has not been proved, but the multiform FEuler-
Lagrange equations correspond to a non-trivial integrable system of commuting maps (with

general solutions in terms of Jacobi elliptic functions given in Theorem 32).

6.4.4 Degenerations from Commuting McMillan to McMillan

In this subsection we describe how the commuting McMillan flows generalise the standard
McMillan flows in the plane of the staircase. When considering periodic reductions, the
flows perpendicular to the plane of the periodic staircase are fundamental. In this case
the degenerations r — p and xj — x; takes the commuting flows in ng to the McMillan
equations in n;. Analogously, one can consider 7 — ¢ and x, — x;. The square roots

degenerate as follows:

1_1g:1 L((x—€)(zp —€)) = ve + € — e(x + x;) + x4, (6.107a)
r—%p
Tp—T;

l_1>ri1 Do((z 4 €)(zh +€) = ve+ € + e(z + x;) + x5 . (6.107b)
r—Ep
Tp—T;

lim T, ((z — €)(xg — €)) = ve — € +e(x + ) — x5, (6.108a)
r—=+q
Tp—Tj

lirg T ((z+e)(zg +€) =ve — €& — e(z +2;) — 25 . (6.108b)
Thray

All corner equations (6.81) degenerate accordingly, for example

gl_llr%) +, Fr((l‘Q(;)_(@Z; —€)) 4, Fr(($2+(xe)_£$€1; +¢€)) _ :l:k(_EQEjJ:;Q +ai),  (6.109)
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Ir((@ =€)z —€) _ Tr((z+e)(ax + )

. € T

1 = —x). 6.109b
r-5ip T 2(xp — €) T 2(zk +€) :Fk(EQ —a? z) ( )
T—T;

One can also apply these degenerations to the Jacobi elliptic solutions above and see that

the dependence on J(x, i) in the solution parameter \; disappears and simplifies.

6.4.5 Linearisation to Recover Discrete Harmonic Oscillator

In this section, we show that the discrete nonlinear 1-form above linearises to the discrete
harmonic oscillator 1-form structure from [26]. In order to carry out a linearisation we
first recognise a trivial solution to the set of equations, which is x(n;, n;, ng,n;) = 0. The

square roots with this solution lead to
45, T,(€2) = %5, 2re. (6.110)

With this it can be easily checked that all of the corner equations (6.81) vanish under
x(ng,nj,nk,ny) = 0 and (y(ns, nj, ng,n;) = 0). Now we can linearise the Lagrangians

about this solution to obtain

. o Y2 2
i}i%[’j = —xz; — Z(JU +z7), (6.111a)
2 2 2 2 2 2
N S et ki R e A SN
ilg%) Ly = T xT) + Sre (x* + z3) — hi(e, v, 7). (6.111b)

With f(e,y) = —€, P:=pq = %(62 —72), Q = ¢* and R := 2, we get

iig%)ﬁg- = ; <(P+Q)mj + ;(P—Q)($2+x§)> : (6.112a)
lim L) = % ((P + R)zxy + %(P — R)(x* + xi)> : (6.112b)

Hence linearisation recovers the discrete Lagrangian 1-forms of the harmonic oscillator,

as in [26].

6.5 Chapter Conclusions

In this chapter we developed Lagrangian 1-forms associated with special functions,
including the sine function, the cosecant function and Jacobi elliptic functions. In Section
6.3, we derived novel a discrete Lagrangian and a continuous Lagrangian 1-form, where the
general solution to the multiform Euler-Lagrange equations are common cosecant functions.

With future work, the discrete Lagrangian 1-form could be quantised in the sense of
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path integrals to generalise the work of [26]. In Section 6.4, we derived a partial discrete
Lagrangian 1-form, associated with the McMillan equation, where the general solution to
the multiform Euler-Lagrange equations is a common Jacobi elliptic function. Despite the
McMillan equation being a simple integrable ordinary difference equation arising from
a periodic reduction of IpKdV, the system of commuting maps and the corresponding
Lagrangian 1-form structure is rich and non-trivial. Further work is required to prove
that the discrete Lagrangian 1-form satisfies constant closure (and then vanishing closure)
on the multiform Euler-Lagrange equations. We find that the non-trivial commuting flows
generalise and degenerate to the McMillan equations. Furthermore, our partial discrete
Lagrangian 1-form for the McMillan equation can be linearised to recover the discrete

harmonic oscillator Lagrangian 1-form from [26].
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Chapter 7

Conclusion

The theory of Lagrangian multiforms is continuing to develop at a rapid pace. In this
thesis, we developed discrete Lagrangian 2-forms on quadrilateral stencils and their
reductions. We have highlighted some new aspects of the theory and clarified a number of
issues. We believe there are many opportunities for future developments and applications,

particularly in quantum integrable systems and quantum path integrals.

7.1 Summary of Results

In Chapter 2 we partly reviewed the concepts of integrable equations and discrete
Lagrangian multiforms, focussing on an example of the H1 quad equation. Importantly,
we introduced a definition of a weak discrete Lagrangian 2-form to describe the earliest
(pioneering) constructions of [28]. We then introduced a stronger definition of a discrete
Lagrangian 2-form to reconcile recent developments in the discrete setting [11], as well as

developments in the continuous [16] and semi-discrete setting [49].

Armed with this stronger definition, In Chapter 3 we present novel discrete Lagrangian
2-forms for the quad equations of the entire ABS list [1]. To achieve this, we reviewed the
quad equations of the ABS list which are classified by multidimensional consistency. We
emphasised the three leg form of the quad equations, as well as the related tetrahedron
polynomials and octahedron polynomials. The major result in this chapter is the elevation

of the Lagrangians from [1] and [10] to full-fledged Lagrangian multiforms related to the

K

ABS quad equations: L’lj, Efj and ﬁ?j. We showed that, contrary to common belief, the

ABS quad equations are variational: they are the corner equations of EZ-“J- (and equivalent

to the corner equations of E;-Ej). Using the relations between these new Lagrangian 2-forms

&

and the well-established Lagrangian 2-form Ezj, we showed that the quad equations are
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equivalent to the combined system of tetrahedron and octahedron equations.

In Chapter 4 we reinforce that double zero expansions are a universal phenomenon of
Lagrangian multiforms, by formulating them in the discrete setting. We show that each
of the discrete Lagrangian 2-forms considered in Chapter 3 admit a double zero expansion

in terms of their respective multiaffine corner equations.

In Chapter 5, we develop a framework to periodically reduce discrete Lagrangian
2-forms into (weak) discrete Lagrangian 1-forms. We show that periodic reductions from
integrable partial difference equations to integrable ordinary difference equations, can
be carried out on the Lagrangian level, such that the Lagrangian multiform structure is
partially preserved. The key insight in this Chapter is to make use of multidimensional
consistency and consider evolution perpendicular to the periodic staircase. This leads
to an action over periodic quad surfaces in a four-dimensional lattice. This seems quite
abstract at first, however the properties of a weak discrete Lagrangian 1-form follow from
linearity. We consider this framework on a simple example and periodically reduce the
discrete Lagrangian 2-form associated with the linear quad equation. For this example,
we derive a discrete Lagrangian 1-form (satisfying the stronger definition), by explicitly
deriving a double zero expansion for it. This framework is promising and it lays the

groundwork to find a general framework to periodically reduce Lagrangian multiforms.

In Chapter 6, we investigate Lagrangian 1-forms. We relate discrete and continuous
Lagrangian 1-forms to addition formulae for trigonometric and reciprocal trigonometric
functions. We derive discrete commuting flows for the McMillan equation and develop a

discrete Lagrangian 1-form.

7.2 Future Work

As we emphasise from our discussion in the Introduction, there are potential applications
of discrete Lagrangian multiforms in quantum integrable systems, quantum path integrals
and discrete quantum theories of gravity. For instance, in [26], the authors considered
the quantum path integral of a discrete Lagrangian 1-form associated with the discrete
harmonic oscillator. One powerful property of discrete integrable equations (and discrete
Lagrangian multiforms) in this context is that they provide exact integrable discretisations
of their continuous counterparts, which resolves many of the mathematical issues associated
with the time-slicing limit. We believe discrete Lagrangian 1-forms related to work in
Chapter 5 and Chapter 6 will lead to non-linear generalisations of the quantum multiform

construction in [26]. Furthermore, our work in Chapter 3 provides an ideal discrete
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Lagrangian 2-form which could be used to quantise the IpKdV equation and other quad

equations.

Our definitions in Chapter 2 and novel constructions in Chapter 3 help unify discrete
Lagrangian multiforms with the semi-discrete and continuous case. So far there are
limited examples of semi-discrete Lagrangian multiforms [49], and we expect our work to

help in the discovery of more.

The double zero expansions of the discrete Lagrangian 2-forms around the elementary
cube in Chapter 4 are ripe for further exploration. We expect future investigations into
2-dimensional analogous of the discrete integrals of motion in [53]. Furthermore, it should
be possible to find a discrete Lagrangian 2-form analogue of the expressions in [16] or
the variational symmetries in [48, 54]. There is the question of what equivalent set of
equations should the double zero expansion be in terms of? We explored expansions in
terms of multiaffine equations in Chapter 4, but it is worth exploring expansions in terms
of the non-linear three-leg forms. We also believe there is more to be understood from

three leg forms as integrals of reciprocal biquadratics [61].
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Appendix A

The ABS list

Here we present the equations of the ABS list. For each we give leg functions ¢ and
¢ making up a possible three-leg form. There is freedom both in how to present the
equations (such as Mobius transformations of the fields and point transformations of the
parameters). The forms below are chosen such that (except for Q4) they can be explicitly

integrated to give the Lagrangian functions L and A.

For H1-H3, A1-A2, and Q1 these are taken from [28] (with some modifications in H3
and A2 to clarify the case § = 0 and to enforce the symmetry of A). The Lagrangians for
the equations Q2-Q3 are inspired on the ideas of that paper and on the three-leg forms
presented in [1, 10].

H1

ID = Uy
(67 Qg
u — Uij
L = uu;

A = (o — aj) log(u — uyy)

A comment on the symmetry of A is in order. If the fields are real-valued we can interpret
the log-term as log(|u — wu;|), which makes the symmetry u <> u; manifest. If the fields are
complex-valued, we have log(u — u;) — log(u; — u) = 7i, so the symmetry holds up to a
constant which does not affect the corner equations. Of course we could write an explicitly
symmetric expression, A = $(a; — o) log((u — u;)?), but for the sake of conciseness we

choose not to write such symmetrised expressions.
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H2

Q= —ai +af — (a; — ay)(u+u; + uij +uj) + (u — uij) (ui — ;)
Y =log(a; +u—+w;) +1
¢ =log(a; — aj +u — us5) — log(—oy + o + u — uyj)
L = (c; +u+u;)log(oy + u + u;)
A= (o —aj +u—uj)log(as — o + u — uyj)
+ (i — a5 — u+ uij) log(—0y + o + v — u45)
H3;-
Q = (uu; + uijuj)e® — (wjuij + uuj)e®
_ log(uuy)
p =B
i j a;+a
o= X T A 10g< w 1> + 10g( ij 1)
U U U
1
L ilog(uuz)

Qi — Qg —ai—i-aj
A= (ozz—a])log<u > —|—L12<ueuu ) _L12<ueu“>
i ] 1

where Lis denotes the dilogarithm function. The symmetry of A follows from the diloga-

Lis(2) + Liz(i> _ 7 (n(=2)°

rithm identity

6 2
H3s-1
Q = (uu; + uijuj)e™ — (ujuij + uuj)e® + @2 — 2%
o= a; N log(uu;e™® + 1)
U n
_ueaiiaj _ueiai+a-7‘
. o —aj log< Tuy T 1) . log( Tt 1)
u U U
L = «; log(uu;) — Lig(—uue” )
Qi — Qg 7o
A= (a —a])log( ) —|—Li2<ue ) —L12<ue >
i Ugj Usj
Als—

Q = (uuij + ’LLl'Uj)(OéZ' — Oéj) + (’U,’U,Z + uijuj)ai — (ulu” + ’LL’LLj)Oéj
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Qg

w_u+m
Oéi—Oéj

$p=—>"
u—uij

L = ajlog(u + u;)

A = (a; — o) log(u — u;j)
Als—,

Q = —(a; — aj)ajoy + (wuij + uug)(oy — o) + (v + ugiug)oy — (uug + vug)a;
W =log(a; + u + u;) — log(—a; + u + u;)

¢ = —log(ay — oj — u+ ;) + log(—a; + aj — u + w;j)

L = (a; +u+w;)log(a; +u+u;) + (a; — u —u;) log(—a; + u + ;)

A = (0; —aj —u+uij)log(a; — aj — u+uij) + (o — o + v — uy5) log(—a; + o — u + ugj)

A2
Q = —(uusuijuj + 1) sin(oy — o) + (wiui; + wuy) sin(ag) — (wu; + uijug) sin(o;)
oy log(—uuiemi + 1) N log(—uuie_iai + 1)
o u u
) ) _ueiaifiaj _ue*iaiJriaj
o io; — i _log( a —i—l) +log( T —i—l)
u u u

L = i log(uu;) + Lig(uuie™®) — Lia(uuze ")

iai—ia]- —iOAr‘rZ‘O{j
A = (ia; — iaj)10g< “ ) +L12<“6> - L12<“e>
uij uij uij

Qls—o

For equations of type Q, the long-leg function ¢ is identical to the short leg function 1,

and correspondingly A is identical to L.

Q15—

Q = (@i — ag)aiy + ai(u — u)(ui — uig) + aj(u — wi) (uij — ;)
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¥ =log(a; +u —w;) — log(—ay; +u — uy;)

L = (0 +u—wu;)log(ag +u—u;) + (a; — u+ u;) log(—ay +u — uy)

Q2

Q= —(a? — oo + a? —u— U — U — uj) (0 — og)oGoy

+ o (u — ug) (i — wig) 4 o (u — ui) (wij — uy)
_ log(ai+\/ﬂ+ \/171) log(aﬁf—f)
NG NG
log(—ai +Vut+ ) log(—ai + Vu— /)
NG NG
L = (i + vVu + i) log (i + Vu + /i) + (@i + Vu — /i) log (i + Vu — /uy)

(@ — vVt — V) log (—aq + Va + /aw) + (i — v+ V) log(—ai + Vi — V)

Q3s5-0
Q = —(uuij + uiuj) sin(oy — o) + (wu; + wijuy) sin(og) — (ujuij + wuj) sin(o;)
('Laz) (= ZO"L)
jo 10g( we * 1) log< e ' 4 1)
p="2 "
U U U

1o —ia;
L= zallog< > +L12<ue ) _L12<ue >
(7 Us Us

Q35=1 An explicit function L is only known after a change of variable u — cosh(u):

@ = sinh(oy;)(cosh(u) cosh(u;) + cosh(u;j) cosh(uy))
— sinh(a;)(cosh(u;) cosh(u;;) + cosh(u) cosh(u;))
— sinh(a; — ) (cosh(u) cosh(u;;) + cosh(u;) cosh(uy))
— sinh(oy — o) sinh(ay) sinh(a;)
Y= — log( eloiutus) 4 1) — log<—e(°‘i_“_“i) + 1)
+ log(—e(*a"fuﬂ”) + 1) + log (—e(*o‘iﬂ“”") + 1)

L = ai(u — u;) — Lig(el® ™)) — Lig(el@iumw)) 4 Lig(e(Tei7utu)) 4 Lig(e(-ei—umw))

Q4: We present Q4 in its elliptic parametrisation [38]. Consider the following parameter

pairs related to a;, a; through the Weierstrass elliptic function g:

(CL, A) = (p(O&i), p/(ai)) )
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(b, B) = (p(ay), ' ()

(¢,C) = (W(Oéj — i), KJI(Oéj - ai)) .

Then, after a change of variable u — p(u), Q4 can be written as

Q = A((p(u) = b)(p(uj) =) = (a = b)(c = b)) ((p(ui) — b)(p(uij) = b) — (a = b)(c = b))
+ B((p(u) — a)(p(ui) — a) = (b= a)(c = a))((p(u;) — a)(p(uij) — a) = (b - a)(c - a))
— ABC(a —b).

Its three-leg form is given by [2]:

o= log<a(u +u; + aj)o(u —u; + ai))

o(u+u; —a;)o(u—u; — )

A corresponding function L was constructed in [57] by taking a power series expansion of
1 and integrating it term by term. No closed form formula for L is known. The analytic
properties of L may be developed by considering elliptic dilogarithms, such as in the work

of [8] on scattering amplitudes.
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