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Abstract 

This dissertation reports investigations on shear in cracked reinforced concrete (RC) 

elements including the development and implementation of a material subroutine for the 

commercial finite element (FE) program ABAQUS. The material subroutine UMAT is 

intended to substantially improve the shear behaviour of the standard concrete options of 

ABAQUS. 

At first the important shear theories are reviewed in detail and their advantages and 
drawbacks are summarised. The modified compression field theory (MCFT) is identified 

as a suitable shear theory worth being coded for its application in FE analysis. 

A comprehensive check on the MCFT confirms its suitability in a slightly modified form 

for the investigation of a variety of cracked structural RC elements. This check is con- 

ducted on a section analysis level by means of a developed program called LAYER 

which is coded according to the MCFT. 

The main part of the work is the implementation and testing of the material subroutine 

UMAT which is added to the source code of ABAQUS via an interface provided by the 

commercial FE program. 

Finally, the UMAT is utilised for examining the ductility of RC walls. It is concluded that 

shear deflections can influence the displacement and curvature ductility of squat struc- 

tures in a substantial way, even though a flexural type of failure might prevail. 
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1 Introduction 

The earthquake resistant design of reinforced concrete structures is mainly based on 

principles which are known as the capacity design method (Paulay/Priestley, 1992), in- 

corporated in nearly all modern codes of practice. In 1993 the second draft of the 

Eurocode 8 was released and its introduction as a standard for seismic design in Europe 

is considered to be not far off. With this development, the capacity design philosophy has 

emerged in European design practice and it is worthwhile considering its implications. 

The philosophy is founded on the fact that severe seismic action is by nature a rare event 

and we, therefore, accept higher risks of damage than under other comparable loads. 

This enables the method to take advantage of the knowledge that a structure can sustain 

large deflections far into the post elastic range, provided it is detailed in a sufficiently 

ductile manner. Consequently, seismic design loads may be substantially reduced if the 

corresponding ductility demand is accounted for. Therefore, a crucial point in capacity 

design is the evaluation of deflections which is necessary for the determination of the 

ductility pd, the ratio of displacement at the ultimate limit to displacement at the onset of 

yielding. 

Until recently, the calculation of deformations was considered to be necessary only at the 

serviceability level and, hence, little research was carried out up to now for the exact 
determination of deformations at the ultimate limit. This means that the displacement 

ductility as cannot be calculated in a reliable fashion using the traditional design rules 

derived in many RC text books and lecture notes. Roughly speaking, these traditional 

procedures are based on section analysis and till recently they have been virtually the 

only possible method of designing reinforced concrete structures. However, an intrinsic 

disadvantage of section analysis is that its focus is confined to local areas making it inca- 

pable of describing the overall behaviour of a structure. Since the development of the 

finite element method (FEM) a powerful tool has become available for the calculation of 

global values which are not easily attainable by section analysis procedures. Therefore, it 

is obvious that predicting quantities like the displacement ductility of a complex rein- 
forced concrete structure is only possible by means of a finite element calculation. 
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However, the method is far from being perfect and much work has to be conducted till 

the non-linear material behaviour of cracked reinforced concrete, subjected to high shear 

stresses, can be modelled in a reasonably accurate manner. Unfortunately, the advantage 

of section analysis, which is the proper treatment of local effects, is a main disadvantage 

of the FEM and that shortcoming becomes significant when trying to implement phe- 

nomena like aggregate interlock, dowel action or the size effect, which are all features 

connected with the shear transfer in a cracked reinforced concrete member. 

The main objective of the capacity design method is to avoid shear failure at all costs 

and, hence, shear is treated in a more conservative way which makes the aforementioned 

shortcomings less dominant, especially when dealing with highly ductile framed skeleton 

structures, consisting of slabs, columns and beams. However, particularly in central and 

northern Europe, stiff shear walls are often used in reinforced concrete buildings to carry 

the lateral loads generated by seismic action. In this case, deflections due to shear are no 

longer negligible and a procedure is necessary for the proper evaluation of the influence 

of shear action on the displacement ductility of a structure. 

Usually, in FE programs cracks are treated as smeared over the element and secondary 

shear carrying actions are accounted for by the introduction of a shear retention factor. 

No guidelines are available for the realistic evaluation of this factor and, hence, an arbi- 

trary value between zero and one must be chosen to care for shear transfer in a crack. 

However, aggregate interlock influences the shear response in a significant way and 

therefore, it is desirable to improve the shear behaviour of existing FE programs by im- 

plementing a shear model, in which aggregate interlock is an intrinsic feature of the con- 

stitutive equations. 

In recent years, various theories on cracked reinforced concrete were developed which 

treated shear in a more physical fashion. In the early sixties Walther, then a co-worker of 

Leonhardt, published his shear failure theory (1964). Almost concurrently Kani in To- 

ronto (1964) and Fenwick/Paulay (1968) in New Zealand established the tooth model 

which was later refined by Reineck (1991), a researcher of Schlaich in Stuttgart. Impor- 

tant work was conducted in Canada by Collins/Mitchell (1980), known as the compres- 

sion field theory (CFT), which was later extended to the modified compression field the- 

ory (MCFT) by Vecchio/Collins (1986). In Munich Kupfer and his researchers (1983) 

developed a similar theory with a more sophisticated approach to aggregate interlock. 
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Thürlimann (1989) in Zurich and Nielsen (1984) in Copenhagen developed limit analysis 

procedures based on the plasticity theory for concrete. All the above mentioned theories 

are reviewed in Chapter 2 in a state-of-the-art report in some detail, however, for the 

sake of completeness it should be mentioned that many other researchers have contrib- 

uted to the better understanding of shear action in the last few decades. 

One of the objectives of this work is to clarify the influence of shear deflections on the 

displacement ductility of reinforced concrete structures. It is therefore intended to im- 

prove the shear behaviour of RC elements in the FE program ABAQUS (1994) by add- 

ing a user defined material based on the MCFT to the source code of the package. The 

purpose of the procedure is to fit ABAQUS with a facility which enables the program to 

calculate the global response of a cracked reinforced concrete structure in a realistic way. 

This goal will be achieved in two steps, the first of which can be described as a check on 

the MCFT (Chapter 3) to prove that the theory, which is based on a rather simple but 

reasonable compatibility condition, provides good results on a local level and is by nature 

suitable to be implemented in an FE program. The second step (Chapter 4) includes a 

comprehensive description of the coded user subroutine and its verification by means of 

comparisons with test data given in the literature. Numerous calculations reported in 

Chapter 5 are carried out to scrutinise the influence of shear on ductility. Finally, the 

provisions of the EC8 have been checked and recommendations on their practical appli- 

cation conclude the work. 
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2 Shear Theories: A State-of-the-Art Report 

2.1 The Shear Failure Theory 

In 1962 Walther published his shear failure theory. This theory focused mainly on the 

flexural shear behaviour of a reinforced concrete beam and was based on the following 

assumptions: 

" Shear failure occurs when the concrete has crushed above the tip of a shear crack. 

Therefore, the stress state in a section perpendicular to the beam axis is investigated. 

" In the shear span of a beam, the plane section hypothesis of Bernoulli must be aban- 

doned and replaced by a compatibility relation which accounts for the shear defor- 

mation in a cracked cross section. 

" The stress in transverse direction ay in the compression zone is taken to be zero and 

in the vicinity of concentrated loads special considerations may apply. 

Walther (1964) used a Mohr failure criterion to evaluate the strength of the compression 

zone. The criterion and the relevant equations are given in Fig. 2.1. The failure criterion 

consists of an ellipse for 6x and of a parabola for o /fý> -0.25, while the failure 

envelope is modelled as a parabola, taking the ratio of compression and tension strength 

of the concrete to be 0.125. 

Failure of the concrete occurs when the Mohr's stress circle touches the failure envelope. 

If the stress distribution in the compression zone is considered to be homogeneous for 

both the compression and the shear stress, then one particular stress circle is valid for all 

points in the cross section. However, when the stresses are distributed in a more uneven 

way, eg as shown in Fig. 2.2, then for each point in the compression zone another set of 

stresses applies and the respective Mohr's circles vary from point to point along the 

cross section. 
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Fig. 2.1 Failure Envelope and Failure Criterion for Compression Zone of an RC Beam 

Fig. 2.1 shows some Mohr's stress circles and as they all touch the failure envelope they 

can additionally be regarded as failure circles. This means that each point along the pe- 

rimeter of a circle represents a stress state causing failure in a plane inclined under the 

angle gyp. As Walther investigates the cross section perpendicular to the beam axis, only 

the stress state with 6x, Qy=0 and zxy is used for further scrutiny. From Fig. 2.1 it can be 

seen that all points representing a failure stress state in the xy direction are located on a 

curve which is an ellipse for 6x/fý_<-0.25 and a parabola for 6x/ff_>-0.25. Eqs. (2.4) and 
(2.5), describing the above explained failure criterion, can be derived by calculating the 

contact point A of the failure envelope with the failure circle from Egs. (2.1) and (2.2). 

This yields Eq. (2.3) for the abscissa of the contact point A. The mathematical discussion 

of Eq. (2.3) reveals that for 6/ffS-0.25 Eq. (2.4) is obtained by setting the root to zero. 
For values o, y 

_! -0.25 the abscissa of the contact point A is always 0.125. Hence 

Eq. (2.5) is derived from Eq(2.3) with cr /f'=0.125. 

N 

ý 

\\ 
\/\ I ,. - u, ca 

ý 



2.1 The Shear Failure Theory 6 

After the failure criterion is established it is possible to check whether a stress state with 

max, Qy=O and z leads to failure or not. From Fig. 2.1 it is clear that at failure ox fit is 

always less than the compression strength of plain concrete provided the shear stress 

acting simultaneously is other than zero. It is therefore desirable to derive a relationship 

which shows how the concrete strength in the compression zone depends on the applied 

shear force. This equation was found by Walther using the expressions given in Fig. 2.2 

together with the failure criterion represented by Eq. (2.4). 

It can be seen from this equation that j is a function of the shear ratio M/Vd which 

might be replaced by aid in the case of a beam subjected to concentrated loads. In 

Fig. 2.3 the shear ratio M/Vd is plotted against the normalised reduced compression 

strength of the concrete v fit/ff. For this graph Walther used a slightly modified equa- 

tion to account for the transverse reinforcement in the beam. This was accomplished by 

adding the parameter 17 giving the ratio of the yielding force of the transverse reinforce- 

ment to the total shear force in the cross section as depicted in Fig. 2.2.77 becomes 0 for 

a beam without stirrups and 1 if all shear is carried by shear reinforcement. Additionally, 

the influence of the vertical stresses 6y ;, 60 in the vicinity of a concentrated load is ac- 

counted for by shifting the curves towards yr=1 at a shear ratio of about 1.5. This meas- 

ure can be regarded to be reasonable, because the transverse stresses enhance the com- 

pression strength of the concrete. 

Although Walther gives only a more qualitative explanation for the length of the region 

under a concentrated load where a, stresses are substantial, it is possible to verify his 

value of about 2 to 2.5d with Schleeh's method (1973). It is obvious from Fig. 2.3 that 

the extension of the St. Venant disturbances is as long as the height of the beam. This 

means that the correct value becomes a/d=2 when both the concentrated load at the 

support and in the beam span are considered. This can be regarded to be in line with the 

value given by Walther. 
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a) Free Body Diagram 
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Fig. 2.2 Free Body Diagram, Stress Distribution and Concrete Law 

Up to this point only equilibrium has been taken into account by Walther, but now com- 

patibility considerations will be introduced. When a beam consisting of an isotropic mate- 

rial is loaded in the elastic range, its flexural and shear resistance can be calculated ap- 

plying the technical bending theory with Bernoulli's plane section hypothesis. However, 

when a reinforced concrete beam cracks it develops a highly anisotropic behaviour. In 

particular, in regions with inclined shear cracks the plane section hypothesis is no longer 

valid. This means that the depth of the compression zone in the shear span, which is 

needed to calculate the shear resistance, cannot be calculated using the simplifications of 

the technical bending theory. 
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Walther considered the deformations of a beam under a load to occur mainly in the vi- 

cinity of the inclined cracks. When a crack opens, the two separated parts are distorted 

around the centre of rotation which is assumed to be at the tip of the crack. Two differ- 

ent parts contribute to the total deformation, as can be seen from Fig. 2.4. The upper part 

of the sketch shows the rotation of the beam due to moderate shear forces, which Wal- 

ther called the shear rotation. From the geometry of this deformation Eq. (2.8) can be de- 

rived and its evaluation reveals the similarity with the relation for the plane section hy- 

pothesis However, Bernoulli's equation is an infinitesimal description of 

the strain state all over the cross section, while Eq. (2.8) gives a finite formulation for the 

deformations concentrated in the vicinity of a crack. 

a) Shear Ratio/Compression Strength Relationship b) St. Venant's Principle for identifying 
Re ions o Disturbances 
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Fig. 2.3 Shear Ratio/Compression Strength Relationship and St. Venant's Principle 

At a further load stage near the ultimate limit, additional rotation occurs which increases 

the crack width at the top of the beam but not that at its bottom, because the longitudinal 

reinforcement restrains it. As a result of this restraint the concrete tooth tends to bend 

and hence, the crack opens in the middle part of the web. Walther named this the defor- 

mation of the web. The geometry of the total deformation including the shear rotation is 

given by Eq. (2.9) and shown in the lower sketch of Fig. 2.4. Comparison of both equa- 

tions shows that the deformations at high shear are accounted for by a factor k= which is 

always equal to or greater than 1 and depends mainly on the shear stress at the ultimate 
limit. 
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It is obvious that the next step in the theory must be the transition to an infinitesimal de- 

scription which means that As, and As, are to be replaced by the concrete and steel strain 

respectively. Walther, therefore, assumes As,, to be proportional to the depth of the com- 

pression zone increased by a factor 1/i% and ds� to be mainly dependent on the crack 

length and the shear ratio. The two compatibility equations which connect the quantities 

As, and As,, with the strains e, and e, respectively, are given in Fig. 2.4 as Egs. (2.10) and 

(2.11). Elimination of As,, and ds� and rearranging finally yields the crucial compatibility 

equation of Walther's shear theory, which is also shown in Fig. 2.4 as Eq. (2.12). 

Egs. (2.10) and (2.11) seem to be established in a rather arbitrary way, although Walther 

gives some reasonable explanations for the determination of the various relationships. 

Nevertheless, it seems that some parameters may have been chosen arbitrarily for the 

sake of simplicity. 

a) Geometry, of De ormations b) Compatibility, Equations 

a 

dsot=4su 1 
_1sinO 

(2.8) 

Aso = Asu k -1 sin 0 (2.9) 

eso=sýdý (2.10) 

ds"=Esd'n0k, 
1z (2.11) 

max. e, 
= 

kr 
4c 

(2.12) 
8S V 

VS 

kr = magnification factor due to web deformation 
k, = reduction factor due to bond slip 

Fig. 2.4 Deformations in a Crack and Corresponding Compatibility Equations 

Eq. (2.12), which replaces the plane section hypothesis in Walther's shear failure theory 

incorporates the special case of pure bending, when kr and consequently t/' is set to unity. 
Fig. 2.5 depicts an evaluation of Walther's calculations using both theories for pure flex- 

ure. As Eq. (2.12) is dependent on the bond factor ke, the normalised moment at the ulti- 

mate limit mu is a function of the diameter of the steel bars. Therefore, the values calcu- 
lated by using Eq. (2.12) are scattered over a certain range, which is shown in the graph 
by the shaded area, while the results obtained with the plane section assumption, are rep- 

resented by the dashed line. Eq. (2.12) also reveals that the shear theory allows a smooth 

transition from pure flexure to flexure with shear. 
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As mentioned before, the factor kr, representing the deformation in the web, is a function 

of the shear stress. Therefore, equation kz zu /z, >1 might apply, where zu denotes the 

shear stress at the ultimate limit and z,, the shear stress at the onset of cracking. If kz 1, 

then z�=zc which means that at a load stage where cracking commences, no web defor- 

mation in terms of tooth bending can occur. In the presence of transverse reinforcement 

the relationship would read kT (zu z', ) /zc >1 with zs=r, z,, where zs is equivalent to 

that portion of the shear force which is resisted by the stirrups. The final equation for kT 

derived by Walther (1964) was found to be wrong. Therefore, here only the correct for- 

mulation is given: 

zu 1- ail kT =z+ 
ý 

(2.13) 

In Eq. (2.13) a represents a factor which is 1.0 for inclined stirrups and 0.75 for vertical 

transverse reinforcement. This is a conservative measure which accounts for Walther's 

observation of a certain amount of tooth bending when using vertical stirrups even when 

i=1. For 77=0 Eq. (2.13) yields kz vu/z,, 21, and for i=1 it yields k, =] for inclined stir- 

rups (a=1) and kt 1+0.25z, ß/rc 21 for vertical stirrups (a=0.75). This trial proves that 

Eq. (2.13) is correct, while the equation for k= derived by Walther is not. 

The equation for the ultimate moment resisted by the cross section was derived by Wal- 

ther from the equilibrium of the free body of Fig. 2.2 and is given in Fig. 2.5 in a normal- 
ised form. The flexural resistance is dependent on the relevant parameters of the shear 
failure theory and yields lower values when a structure fails in shear. The shear failure 

theory of Walther uses a Mohr failure criterion to calculate the concrete strength in the 

compression zone of a beam. To account for the decreased depth of the compression 

zone in the shear span of a structure he introduced a compatibility relationship describing 

the deformations due to shear which are concentrated in the vicinity of a crack. His shear 
deformation relationship includes the influence of the longitudinal reinforcement on the 

deformations in the web and can manage the transition from pure flexure to flexure with 

shear. 
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Fig. 2.5 Normalised Moment m� against Longitudinal Reinforcement Ratio pi 
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With this theory Walther became the first researcher to describe the shear behaviour of 

reinforced concrete beams based on a physical model. However, his theory has also 

shortcomings. The main disadvantage is that at a certain stage, Walther was forced to 

introduce rather arbitrary assumptions which he could only explain in a more qualitative 

way. Therefore, his theory lost a part of its elegance and credibility and in the end be- 

came a semi empirical approach to shear design. Nevertheless, Walther's shear failure 

theory was in 1962 a great step forward and started a development into shear research 

which is not yet successfully concluded. 

2.2 The Tooth Model of Kani refined by Fenwick / Paulay 

In this section the tooth model of Kani (1964) and Fenwick/Paulay (1968) is briefly re- 

viewed in a more qualitative fashion, because it was later improved by Reineck, whose 

model will afterwards be presented in detail. 
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In 1964 Kani published a paper in which he developed a new theory for the shear transfer 

in an RC beam without transverse reinforcement. Since the early fifties, the use of de- 

formed steel bars had become increasingly common in RC design and it soon emerged 

that the enhanced steel bond of ribbed bars changed the performance of an RC beam in a 

substantial way. The visible sign of this new behaviour was a regular crack pattern which 

developed when a beam was loaded beyond yielding of the flexural reinforcement to fail- 

ure. Kani compared a heavily cracked beam with a comb and referred to the body be- 

tween two adjacent cracks as a concrete cantilever or tooth. 

When deformed steel bars are used in an RC beam the tension force in the steel decreases 

towards the support by generating bond stresses which act on the surrounding concrete 

and tries to bend the concrete tooth anchored in the compression zone of the beam. Kani 

assumed that after the resistance of a cantilever is reached it will break off dropping the 

bond stresses acting on it to zero. This procedure would lead to a steady transition from 

beam to arch action as the concrete teeth may gradually fail at their clamped ends. How- 

ever, arch action would only increase the shear resistance of a beam if the aspect ratio is 

below a significant value a/d which is usually between 2 and 3, otherwise a sudden shear 

failure would occur. 

In Kani's theory all bond stresses are resisted at the clamped ends of the concrete canti- 

levers. However, Fenwick and Paulay recognised that the main proportion of the shear is 

carried by aggregate interlock and dowel action. In their paper, published in 1968, they 

concluded from their intensive investigations that some 60% of the shear in a beam with- 

out transverse reinforcement is carried by aggregate interlock, while tooth bending and 

dowel action might contribute to the shear resistance by about 20% each. Fenwick / 

Paulay also confirmed that appreciable arch action occurs only when the shear ratio is 

less than 2.5 and extensive cracking ensures the bond slip of the longitudinal reinforce- 

ment necessary for the development of arch action. Fenwick/Paulay did not try to give a 

physical explanation of aggregate interlock and dowel action but established empirical 

formulae, with which they achieved good results compared with their testing. It was the 

work of Walraven on aggregate interlock in the early eighties which enabled many re- 

searchers to include aggregate interlock in their models in a less empirical manner. 
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2.3 The Shear Model of Reineck 

The mechanism of force transfer across cracks was not described in a satisfying manner 

until Walraven (1981) succeeded in developing a model which explained the friction 

between two adjacent crack surfaces. After that development, it was possible to improve 

the tooth model of Kani and Fenwick/Paulay by adding aggregate interlock to the model. 

It soon turned out that aggregate interlock was, besides stirrups, the most important 

mechanism of shear transfer in reinforced concrete elements. 

In his dissertation Reineck (1990) tried to treat the shear transfer along beams in a physi- 

cally consistent way. The following pages introduce the work of Reineck on the shear 

resisting mechanisms of RC elements without transverse reinforcement. The significance 

of this work is the introduction of kinematics to the model, which, together with consti- 

tutive relations and equilibrium considerations on free body diagrams, yields the various 

proportions of a shear force which are assigned to the different mechanisms of shear 

transfer, such as aggregate interlock or dowel action. When Reineck derived his me- 

chanical model for RC members without transverse reinforcement, he mainly focused on 

slabs, the most widespread structural element in everyday design practice. As little is 

known about their shear behaviour, it was desirable to establish a model which should be 

able to describe the load transfer to the supports at every load stage up to the ultimate 
limit. 

The basis of Reineck's model is the tooth model which was already mentioned earlier. 
Fig. 2.6 shows the shear region of a beam without stirrups. A discrete crack pattern was 

adopted with the first crack developing at a distance of h from the support, a crack 

spacing of scr = 0.7(d-c), and a crack inclination angle 0 of 60 ° 

The following shear carrying actions were identified: 

" Aggregate interlock 

" Flexure at the clamped end of the concrete tooth 

" Dowel action of the longitudinal reinforcement 
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a) Free Body Diagram and Concrete Tooth 
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Vý = shear force in compression zone 
Vd = shear force due to dowel action 
Vf = shear force due to aggregate interlock 

b) Independent Shear CarryiLg Actions 
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Fig. 2.6 Free Body Diagram, Concrete Tooth and Shear Carrying Actions. 

According to Reineck's assumptions, each shear carrying action will generate shear 

stresses in the compression zone of the cross section, which are added together to the 

shear force V. In the literature V. has often been referred to as the contribution of the 

concrete to the shear force, and Reineck shows with his model, as Kupfer has done be- 

fore him, that VV is triggered by secondary shear carrying actions in the web and not by 

arch action, which has to be ignored in B-regions of a beam where the plane section hy- 

pothesis of Bernoulli applies. Moreover, it was recognised that tooth bending cannot be 

assigned to the web below the neutral axis, but provides a certain amount of shear in the 

compression zone, however small it may be. 
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s= crack spacing 
b= beam width 
Tn = average shear stress 
VVd, Vb, Vf = proportions of V,, 
due to dowel action, tooth bending 
and aggregate interlock, respectively 
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As depicted in Fig. 2.6, each shear carrying action is treated separately and the total 

amount of shear, transferred through a cross section, is always the sum of the shear gen- 

erated by the various independent shear carrying actions. This is an important feature of 

Reineck's model because it ensures the ongoing shear transfer even in the case of the 

loss of a single shear carrying action. For instance, the tooth bending mechanism is con- 

sidered to be failing long before the ultimate limit is reached, in which case aggregate 
interlock and dowel action have to take over the proportion of the lost mechanism. 

Fig. 2.6 shows a set of equilibrium equations which can be derived from the provided 

sketches. Reineck assumed that the depth of the compression zone c can be at most O. 5z, 

where z denotes the internal lever arm. Then the shear force carried in the compression 

chord can be a maximum of one third the total shear force, resisted in the cracked sec- 

tion. With these equations, the stress and strain state in the chords are easily calculated. 
The derivation of the final equilibrium equation requires assumptions to be made con- 

cerning the distribution of the friction forces along the cracked surface. Reineck recog- 

nised that the dowel forces generated in the crack by the longitudinal reinforcement 

counteract the friction forces in the lower part of the crack. This is accounted for in his 

final equation of equilibrium: 
3z 

V=bzTf+4d-c Vd 

where if are the friction stresses at mid-depth of the crack. 

Up to now, only the equilibrium in a cross section has been considered. However, the 

derived equations are not sufficient for the solution of the statically indeterminate prob- 
lem. Other equations are necessary to determine the still redundant quantities c, z, Vd, 

and zy. Constitutive laws and kinematic relations are now needed to yield the still missing 

equations. 

For concrete in compression and steel in tension, simple bilinear stress/strain relations 

were adopted, because the concrete in chord and web is only under little stress. Fig. 2.7 

shows the material laws used, including that for the tensile strength of concrete. Reineck 

modelled aggregate interlock using a law which is based on the work of Walraven. When 

keeping the crack width constant at a level below 0.9 nun the friction is considered to be 

dependent on the relative displacement of the crack surfaces. However, until a slip of 

dmo is overcome, no friction stresses can be developed at all. 
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The friction is assumed to increase linearly until the maximum value zf, is reached at a 

displacement of dm,,. A further increase of friction stresses beyond zfu is only possible in 

the presence of normal stresses o which are not considered to be generated in members 

without transverse reinforcement. Reineck restricted the friction stress zfu to a value of 

less than 50% of the tensile strength of concrete and he further assumed, according to 

Walraven, that no friction occurs beyond a crack width of 0.9 nim. With the zf/dm- 

relationship of Fig. 2.7 it is now possible to calculate the crack friction as a function of 

the crack width and the mutual displacement of the crack surfaces. The material law for 

the dowel action was taken from Vintzeleou / Tassios (1986) and Baumann / Rüsch 

(1970), and the force/displacement relationship was derived by Hamadi/Regan (1980). 

a) Concrete and Steel Laws b) Material Law for AggLegate Interlock 
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Fig. 2.7 Material Laws for Concrete and Steel and Constitutive Relations for 
Aggregate Interlock 

Fig. 2.8 shows the equations and the Vd/dw graph. The second part of Fig. 2.8 depicts the 

kinematic relationship between the crack surface displacements dm and do on the one 
hand, and the crack displacements in horizontal and vertical direction du and dip, respec- 

tively, on the other hand. du and dw are made from deformations of the compression and 

tension zone under the various shear carrying actions described in Fig. 2.6. 
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a) Vr/dw-Relationship b) Gcomctrv.. pf Relative Crack Displacements 
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Fig. 2.8 Material Law for Dowel Action and Kinematics of Crack Displacements 
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Reineck calculated the deformations for a unit force using FE analysis and this gave 

equations for the displacements Au and dw in mid-depth of a crack, dependent on the pa- 

rameters c, z, Vd and e,. 

In the last step Reineck formulated compatibility equations to match crack width at re- 

inforcement level with steel bar elongation. Fig. 2.9 shows the geometrical conditions and 

the equation which was derived from them. For B-regions of an RC beam (see Schlaich/ 

Schäfer/Jennewein, 1987) without transverse reinforcement Reineck's model should now 

be able to predict both the ultimate shear force V� and, at every load stage below the ul- 

timate limit, each proportion of the shear force connected with its respective shear car- 

tying action. 
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When Reineck established his theory he tried to approach the structural behaviour of an 

RC member in an as realistic way as possible. Therefore, he abandoned assumptions 

which are normally introduced in shear theories for the sake of simplicity. For instance, 

Reineck dropped the simplification of a uniform stress and strain state in the web. With 

this his shear theory became rather complicated and it was no surprise that the verifica- 

tion of its supposed features revealed some shortcomings. 

Reineck described three different load stages, two of which are at service load level, 

while the third can be referred to as ultimate limit. He tried to prove his theory by recal- 

culating numerous tests described in the literature. One of these tests was carried out by 

Leonhardt/Walther (1964) and was part of a programme known as the Stuttgart shear 

tests. Reineck recalculated beam 7 and 8 at all three load levels and the results are given 

in his dissertation in various tables. 

Concrete teeth 
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Fig. 2.9 Conditions of Compatibility 
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dUL = ScrEsm = Scr(Es -i-QEs) 

sc, = crack spacing 
es,,, = average steel strain 
es = steel strain in crack 

It turned out that Reineck's theory is able to predict the ultimate limit of the above men- 

tioned beams in an accurate fashion. However, the main feature of the theory should be 

its ability to predict the various proportions of the shear force which might be attributed 

to the different shear carrying actions and this objective was only partly reached. While 

the results of Reineck's calculations on a load level slightly below the ultimate limit could 

be verified in a cross check in a satisfying manner, the results of his calculations on a load 

stage before the failure of the concrete cantilevers are simply wrong. 
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q=0.01 kx = 0.44 es = 0.00034 s, = 0.00023 tlf = -0.0034 qd = 0.0051 6r& = 

x/h = 4.04 Mutual displacenlents [n1J 0.080 

du dlv dn din d11/dn 

L 

f/2 

0.000030 

0.000012 

0.000013 

0.000010 

0.000032 

0.000016 
-0.000004 
0.000002 

-0.125 
0.125 

q=0.016 kx = 0.42 e, s = 0.00054 e, = 0.00038 qf = -0.0063 qd = 0.0087 61/fý _ 

x/h = 4.04 Mutual displacements [nil 0.134* 

du I dly Ail dn1 dm/dn 

L 

f/2 

0.000057 

0.000024 

0.000026 

0.000018 

0.000062 

0.000030 
-0.000006 
0.000004 

-0.097 
0.133 

q=0.023 kx = 0.41 es = 0.00077 e, = 0.00055 qf = -0.0080 qd = 0.0113 61/fý = 

x/h = 4.04 Mutual displacements [m] 0.194* 

du dlv dn dn1 dnt/dn 

L 

f/2 

0.000089 

0.000039 

0.000048 

0.000030 

0.000100 

0.000049 
-0.000003 
0.000006 

-0.030 
0.123 

"cri > ft -a failure of the tooth bending mechanism 

Tab. 2.1 Recalculation of Leonhardt's Tests (see Reineck, 1990, Fig. 3.7.3, Page 112) 

In Tab. 2.1 the correct values are depicted and it can be seen that Reineck's theory deliv- 

ers negative friction stresses in the crack which is in contrast to the physical reality. It is 

easy to verify that Reineck's results do not represent an equilibrium set of values. The 

reason for the problems at low load stages is that Reineck's equations are rather sensitive 

to some parameters, for instance the tensile strength of the concrete or the crack spacing, 

which are quantities of uncertain nature and therefore, difficult to estimate. 

Although section analysis normally provides an easier access to modelling of more so- 

phisticated features than FE procedures do, the above discussed shear model turns out to 

be too complicated to deliver correct results at all load stages. 
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2.4 The Compression Field Theory 

The compression field theory was developed in the seventies by Collins/Mitchell (1980) 

as a model to describe the behaviour of reinforced concrete members in pure torsion. 

When a beam is subjected to torsion the torque T is resisted by the shear flow q. Assum- 

ing a truss model it can be seen that chords and posts are under tension while the diago- 

nal struts are under compression (see Fig. 2.10). As the concrete is considered not to re- 

sist any tension, the tensile members must consist of reinforcing steel, while compression 

is carried by the concrete. 

To investigate the deformations of the truss members it is convenient to isolate a truss 

section as shown in Fig. 2.12. (a). Due to their respective stress state the truss members 

will undergo deformations, which means that members in tension are elongated and those 

in compression are shortened. Both chords carry the same tension force and hence their 

elongation dl is the same as well. As this also applies to the posts, a truss section may be 

replaced by a structural member, the stress and strain state of which can be described by 

Mohr's circles (see Fig. 2.11). This transition from truss model to structural member is 

possible, because the strain and stress state in the web is regarded to be uniform. 

a) Beam Subjected to Pure Torsion b) Truss Model for Pure Torsion 

T= torque q= shearfow T= 4Pa 

A0 = concrete area enclosed by the shear low path 

2P 
q =- a 

Fig. 2.10 RC Beam Subjected to Pure Torsion and Associated Truss Model 
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a) Structural Member 
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Fig. 2.11 Uniform Stress and Strain State in an RC Member under Pure Torsion 
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The stress state itself could be described as consisting of two parts: The stress state of 

the concrete and that of the steel providing it is smeared over the element. Fig. 2.11. (b) 

shows the stress state of the structural member and the Mohr's circle describing it. As 

the steel does not resist any shear, its stress state cannot be modelled with a Mohr's cir- 

cle. The Mohr's circle of the RC member is therefore obtained by adding the steel stress 

in the x and y direction to the respective points of the Mohr's circle for the plain con- 

crete. This procedure yields o= 6y = 0, and z,,, is taken from the concrete circle. Thus 

the circle of an infinitesimal element of the structural member is found and with it a com- 

plete description of its stress state. 

Fig. 2.11. (c) also shows the strain state of the RC member. The CFT regards the principal 

stresses as having the same inclination as the principal strains. This assumption is correct 

as the tensile strength of the concrete is neglected and, with it, aggregate interlock. The 

principal compression strain ed is the same for both the plain concrete and the structural 

member and coincides with the principal compression stress 6c2 in the concrete. The sec- 

ond principal strain e, is the total strain in the direction perpendicular to the strain ed and 

consists mainly of the smeared cracks. For the purpose of comparison, the transverse 

strain of the plain concrete ved is also depicted, and it is obvious that e1 must be much 

bigger than ved. 

By rotating the strain state in the xy direction of the beam axis, we receive the strain val- 

ues sx and Ey which are the strains of the longitudinal and shear reinforcement, respec- 

tively. As already mentioned the strain circle is valid everywhere in the beam, which 

means that 8x and sy have constant values and this is in line with statements on a truss 

model for pure torsion given earlier in this section. Eq. (2.15) is the compatibility equa- 

tion of the CFT and can be directly read from the strain circle in Fig. 2.11. This means 

that for each strain state the inclination angle 9 is fixed and cannot be chosen at random 

as was stated in earlier shear theories. Fig. 2.12 reveals the impact of the compatibility 

equation on the equivalent truss model: An arbitrarily fixed set of deformations does not 

meet Eq. (2.15), while a compatible set complies with it. 
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Collins/Mitchell (1980) derived the CFT by investigating a reinforced concrete beam in 

pure torsion. However, it was desirable to manage the transition to shear due to flexure. 

When modelling shear due to flexure with the truss analogy, it is obvious that the top 

chord is no longer in tension. The linear strain distribution along the depth of the struc- 

tural member which now replaces the constant strain value . 6x prevents the compression 
field theory from being applied without additional specifications. 

a) Isolated Truss Member 

d 1= etz cot B 
At =eiz 
Ad= 8dz/siltB 

b) Displacement Plan for an Arbitrary Set of 
Deformations 

c) Strain Distribution for a Beam 
with Shear from Flexure 

TENSION 
iº 

COMPRESSION 

EI 

C 

d) Displacement Plan for a Compatible Set of 
Deformations 

tan20=ddcos0+di tan0 ddsin0+dt 

tan20= Ed +El 

6d +6t 

61 = 0.5(611 +612) 

ei = strain in longitudinal direction 
et = strain in transverse direction 
ed = strain in principal compressive direction 

Fig. 2.12 Williot's Displacement Plan for Torsion, and Strain Distribution due to Flexure 
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Collins/Mitchell replaced the strain in beam axis direction e1 by the mean value of com- 

pression strain Ell in the top chord and tension strain in the bottom chord ere as shown in 

Fig. 2.12. (c). At least for T or I shaped beams this is an acceptable measure as usually 612 

is much bigger than er,, in which case ei is always a tensile strain and this complies with 

the basic assumptions of the CFT. 

The advantage of the compression field theory is the introduction of a compatibility rela- 

tion with the simple assumption of a homogeneous stress and strain state in the web of 

an RC member. The theory is rather accurate for its application on pure shear due to tor- 

sion and gives good results for shear from flexure and all combined actions at the ulti- 

mate limit level. 

2.5 The Modified Compression Field Theory 

The modified compression field theory of Vecchio/Collins (1986) is a further develop- 

ment of the CFT. The main difference is the utilisation of the tensile strength of concrete. 
Initially, the CFT was conceived as a multiple truss model, smearing its members more or 
less over the structure. The basic assumption postulated a uniform stress state repre- 

sented by a compression field inclined under a certain angle 9, to the horizontal. This an- 

gle 9, can be calculated using Eq. (2.15) (see Fig. 2.11). It will be shown later in Chapter 

3, that with the tensile strength of the concrete, an additional truss member has emerged 

making the truss indeterminate. Therefore, the constitutive laws had to be extended to 

include the tensile strength of the concrete. Vecchio/Collins (1986) derived the material 
laws for the MCFT from extensive testing on membrane elements. By evaluating meas- 

ured stress and strain circles they recognised that the concrete carries a substantial 

amount of stress in its principal tensile direction, despite the fact that the tested speci- 

mens were heavily cracked. The CFT included a further assumption: It was claimed that 

the principal direction of the concrete stresses should coincide with the principal strain 
direction of the cracked structure. This assumption was retained in the MCFT and once 

again it will be shown later in Chapter3 that this deprived the theory from treating the 

mechanism of shear transfer over a crack in an appropriate way. 
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Fig. 2.13 Equilibrium Conditions and Material Laws according to the MCFT 

25 

Fenwick/Paulay (1968), and later various other researchers, described aggregate inter- 

lock as an independent shear mechanism and Kupfer et al (1983) showed, that when ag- 

gregate interlock occurs, the principal direction of the concrete stresses must always de- 

viate to a certain degree from the principal strain direction. Due to this fact, the MCFT 

could not treat aggregate interlock as an independent shear carrying action, but only as a 

mechanism which provides friction and compression stresses in the crack to enable the 

redistribution of tensile stresses from the concrete to the steel. Consequently, aggregate 

interlock was dealt with in a sort of postprocessing, which represents a check as to 

whether the stirrups were capable of carrying the additional load. 
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However, the increase of stirrup stresses in. a crack is due to the loss of bond rather than 

the aggregate interlock action. This treatment of aggregate interlock restricted the 

MCFT to its application on reinforced concrete elements, which was not necessary, as 

shear transfer by aggregate interlock is not dependent on the presence of stirrups, as will 

be seen in Section 3.3. 

Fig. 2.13 shows a membrane element subjected to inplane stresses with the equilibrium 

conditions and also the material laws derived by Vecchio/Collins from their testing. It is 

assumed that shear forces are carried by the concrete alone, while normal forces are re- 

sisted by concrete and steel. 

2.6 Kupfer's Shear Theory for Slender RC Beams 

In 1983 Kupfer, Mang and Karavesyroglou published a paper in which they introduced a 

shear theory for slender RC beams similar to the MCFT, and in 1987 Kirmair and Mang 

released a companion paper treating the same theory in greater detail. The theory is 

based on the same assumption of a uniform stress and strain state in the web of an RC 

beam, but includes hook slip, loss of bond and shrinkage, and treats aggregate interlock 

in a more physical way. However, two major simplifications had to be introduced: The 

crack angle 0' was made an input quantity and has to be fixed before the start of each 

calculation and the strain in the horizontal beam axis direction sx was assumed to be con- 

stant over the web height. The aforementioned features restricted Kupfer's theory to dis- 

tinctly T and I shaped cross sections, as will be seen later in Chapter 3 in more detail. In 

the following, for simplicity the theory will be referred to as Kupfer's shear theory, al- 

though it is well-known that his co-workers contributed to the theory in a substantial 
fashion. In contrast to the MCFT, Kupfer's theory dealt with aggregate interlock as an 
independent shear carrying action. 
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Fig. 2.14 shows the truss model and an element of unit length with the forces acting on it 

and from the equilibrium of this element the given equations can be derived. The work of 
Walraven (1981) revealed that aggregate interlock depends largely on the mutual dis- 

placements of the surfaces of a crack. Therefore, to account for shear friction it was nec- 

essary to evaluate both v and w, which are the displacements in the crack direction and 

perpendicular to it, respectively. Kupfer was dealing with a truss model and assumed a 

uniform stress state, which means that the mutual crack displacements had to be smeared 

over the shear zone. The compatibility relations between the displacements v and w, and 

the strains -,, sy and yam, were derived by using Mohr's strain circle as depicted in 

Fig. 2.15. The resulting strain state in the web was then obtained as the sum of the strain 

states of plain concrete and smeared cracks. 

a) Truss Model and Element Stresses 
TX, 

6c2 
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Psfy = Txy tan 9, 
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b) Concrete Element between two Adjacent Cracks 

with the definition: 

pr = transverse reinforcement ratio 
602 = principal compression stress 
o,,, rdr = aggregate interlock stresses in crack 
a= crack spacing 
©, = angle of principal compression stress 0' = crack angle 

tan9c =1-dT/zxy 

AT = dr - 6r 

Ps. %y=Txy-Ar 

Fig. 2.14 Truss Model according to Kupfer's Theory 
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For the special case of EX =0 the equations for v and iv were derived and are given in 

Fig. 2.16. c=0 might be an acceptable simplification for non-prestressed reinforced con- 

crete beams as in that case the strain in the compression chord has the same order of 

magnitude as the strain in the tension chord. Also in Fig. 2.16 the Mohr's circles for the 

concrete strut and the web including the smeared cracks are depicted. In the equations 
for v and w, a is the crack spacing which is considered to have a constant value depend- 

ing on the reinforcement ratio pr and the diameter of the steel bars ds. It is worth noting 

that Kupfer's approach explicitly needs the crack spacing a while the modified compres- 

sion field theory does not. As already mentioned, this is because Vecchio/Collins did not 

treat aggregate interlock as an independent shear carrying action. 

a) Mohr's Stress Circle of the Web 
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X 

b) Displacement Mechanism and Mohr's Strain Circles of the Crack 
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Fig. 2.15 Stress State of Web and Strain State of Crack 
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The objective of Kupfer's theory is to calculate that proportion of shear which is not car- 

ried by stirrups. It was named dr and consists mainly of friction stresses Tdr and compres- 

sive stresses 6r perpendicular to them. Kupfer used the work of Walraven to calculate 

dt The constitutive equations for aggregate interlock as well as those for the concrete in 

compression are given in Fig. 2.16. 

a) Strain States of Plain Concrete and Complete Element 
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Fig. 2.16 Strain State of Plain Concrete and Complete Element Including Cracks 
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Abandoning the assumption that the principal compression stress direction of the con- 

crete coincides with the principal direction of the compressive strains in the web gener- 

ates three different angles in Kupfer's theory, which in the MCFT are altogether the 

same: The crack angle 0', the angle of the principal compression stress in the concrete 0 

and the angle of the principal compression strain in the web 0 It becomes obvious from 

this fact alone that Kupfer's theory is a rather complicated one and, therefore, 0' was 

treated as an input quantity making the theory more attractive, but also detracting from a 

part of its sophistication. It will be seen later in Chapter 3 that the complexity of the 

shear model triggered out by the dropping of simplifications leads to further problems, 

not yet solved in a satisfying way. 

2.7 Limit Analysis 

In this chapter a shear theory which has become known as limit analysis will be briefly 

reviewed. It was promoted by Thürlimann in Zurich and Nielsen in Copenhagen. The 

teams around both researchers developed design procedures based on concrete plasticity, 

but introduced slightly different compatibility considerations. Therefore, the summary 

given in this report includes both derivations, which have been taken from papers pub- 

lished by Grob/Thürlimann in 1976 and Nielsen/Braestrup/Bach in 1978. For the sake of 

simplicity the limit analysis procedures are here referred to as Thürlimann's or Nielsen's 

approach, although it is well-known that many other researchers have contributed to the 

development of the plasticity theory for concrete. 

In precisely the same way as the CFT or Kupfer's shear theory, the limit analysis was 

derived from considerations of a multiple truss smearing its stirrups over the web and 

assuming a principal compressive stress state inclined at a certain angle O. Fig. 2.17. (a) 

shows a shear wall element with the forces acting on it. According to the lower bound 

theorem, Thürlimann calculated the shear resistance of the cross section and the resis- 

tance of the tensile reinforcement by assuming yielding of the transverse and longitudinal 

reinforcement. Substituting 6, in Egs. (2.16) and (2.17) leads to a bending-shear interac- 

tion relationship, which is depicted in Fig. 2.17. (c). 
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Thürlimann assumed the strain state in the web as shown in Fig. 2.18. (a). The deforma- 

tions were considered to stem from the elongation of the reinforcement, while the con- 

crete was expected to be rigid. For s2 =Ed =0 this yielded the well-known compatibility 

equation tan26c=Ex/sy=sc/se. The principal tensile strain EI=ER is linked to the strain in x 

and y direction through equations s1sin2O =sRSln2O = s. =- rLand a cos26c =ERCOS20, = ey= 

6B. In Fig. 2.18. (b) these relations are illustrated for yielding of each reinforcement. 

a) Shear Wall Element b) Equilibrium Equations 
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t= stirrup spacing 
B, = angle of principal compressive stress = crack angle 

Ty = yield force of longitudinal reinforcement 
Sy = yield force of stirrups 
Mp = ultimate (plastic) bending moment 
Mpo = ultimate bending moment for pure bending 
Vp = ultimate (plastic) shear force 
Vpo = ultimate shear force for pure shear 

with Mpo = Tyh 

and Vyo = -�2TySyh/t 

Fig. 2.17 Shear Wall Element according to Grob/Thürlimann (1976) 
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Thürlimann restricted the angle of the compression field to values in the range of 0.5_< 

tanO <2.0, derived by testing and he gave a physical explanation by means of the crack 

model depicted in Fig. 2.18. (c). It can be seen from this model that for values tan0, <0.5 

and for yielding of the stirrups no aggregate interlock can occur. The same is valid for 

high values tan 0, >2.0 and for yielding of the longitudinal reinforcement. Both features 

were referred to as shear and bending mechanism, respectively. 

a) Strain State in the Web ofa Shear Wall Element 

STIRRUPS 

iLCOtOC 

b) Principal Strain sR Depending on the c) Crack Model for Various Angles O 
Inclination Angle O 

ER 
ef 

ONSET OF YIELDING 
IN 

10 

5- 

tt LONGITUDINAL STIRRUP 
I REINFORCEMENT I 

15° 30° 45° 60 75° 90° 
0,55tan0,: ý2,0 

Yielding of longitudinal reinforcement: 
Yielding of transverse reinforcement: 

ELCOtO 

Y=Yi+Yz=ELcotB, +EBtanB, 

EB = 6L C0I2B, --; º tan2B2, = 6LIEB 

ER SIn2Bý = EL ER COS ©c = CB ýº 
ERCOSOC ER = EL + EB = 1. Iim of strain tensor 

ER 

ER 

ta110c. min= 0,5 
ý 

\ 

ýB 

0,5<tan0, <2,0 

tan0,, max=2,0 

= EJ (1 +cot2Bc) 

= sJ (I+ tan24ý) 

eR =principal tensile strain = displacement parameter 
of = yield strain of reinforcing steel 
eL, eB =stringer and stirrup strain, respectively 

Fig. 2.18 Strain State and Limitation for the Crack Angle 
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a) Truss Model for RC Beam b) Equilibrium Equations 
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c= stirrup spacing 
p, y = transverse reinforcement ratio 
v= web effectiveness factor for 

concrete = crb If, 

vu = ultimate shear resistance 
6b = principal concrete stress 

Fig. 2.19 Truss Model and Shear Resistance according to Nielsen et al (1978) 

If tan 0. is in the given range of 0.5 =2.0 yielding of both reinforcements is necessary for 

the occurrence of a combined mechanism. However, if only one of both reinforcements 

yields, then the crack surfaces will interlock and hence, friction stresses can be generated, 

thus avoiding a premature shear failure. All three regions are distinguished in Figure 

2.17. (c), separated from each other by dashed lines. 

From the limit analysis procedures briefly reviewed here simple design rules were derived 

and incorporated in the Swiss standard SIA 162, making it, at that time, a modern code 

based on a realistic, physical model. - 
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Nielsen used the same truss model as Thürlimann for his approach to limit analysis. 

Fig. 2.19. (a) shows the truss model consisting of a top and bottom chord, an inclined 

compression field and smeared stirrups, and Fig. 2.19. (b) the equilibrium equations de- 

rived from it. For simplicity the transverse reinforcement here is assumed to be vertically 

arranged. By introducing material properties according to the theory of plasticity the 

shear strength is given by Egs. (2.18) or (2.19). From Eq. (2.18) one can read that the 

shear resistance increases with decreasing values of O. This is illustrated in Fig. 2.19. (c) 

and it is obvious that cross section II gives a higher stirrup yield force than cross section 

I. However, the increase in shear resistance is at the cost of higher forces in stringers and 

compression struts. This feature can also be interpreted as the ability of an RC structure 

to sustain an increase in load by adjusting the inclination angle O, provided the stringers 

and compression struts are not exhausted. This is in line with the lower bound of the the- 

ory of plasticity and was utilised by Nielsen to establish his web failure criterion, which 

was used instead of a compatibility equation to determine O. 

Eliminating 0, from Egs. (2.19) and (2.20) yields Nielsen's web failure criterion, which is 

given by Eq. (2.21) for stirrup yielding and Eq. (2.22) when the transverse reinforcement 

does not reach fy. The inclination angle for stirrup yielding becomes cot0, = -�vfWpf -I 

while cot O,, =1 is valid for csy < fý Nielsen verified the web failure criterion with the up- 

per bound method of the plasticity theory by assuming a failure mechanism with yield 

lines inclined at an angle /. 3 = 20c. By adjusting the web effectiveness ratio of the concrete 

under compression to a value of 0.755 v <0.85 he successfully recalculated shear tests 

described in the literature. However, the specimens were all moderately reinforced in 

shear. For beams with weak or no shear reinforcement the inclination angle of the com- 

pression struts becomes very small and the truss degenerates to a strut and tie mecha- 

nism. Nevertheless, Nielsen applied his theory on RC beams without transverse rein- 

forcement. His statement that `beams without stirrups fail in shear by diagonal tension 

without any apparent truss action' should obviously provide evidence for strut and tie 

action and the suitability of his theory, but was a misinterpretation of diagonal tension 

failure. Evidence for this criticism of Nielsen's statement is provided hereafter in a 

qualitative manner. 
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It has been well-known since the work of Fenwick/Paulay (1968) that the shear resis- 

tance of an RC beam without stirrups depends strongly on the tensile strength of the 

concrete. Walraven (1981) showed how tension is transferred across cracks and Reineck 

(1991) modelled a beam without shear reinforcement qualitatively with a truss, the ties of 

which are provided by the tensile strength of the concrete. The capacity of these tensile 

ties is given by aggregate interlock stresses dependent on the crack width. Once the dete- 

rioration of the web concrete has progressed and the failure crack has formed the aggre- 

gate interlock mechanism will fail, resulting in the sudden collapse of the beam. 

It will be seen later in Chapter 3, where arch action is briefly investigated, that in beams 

without stirrups ribbed longitudinal steel bars force the web to build a truss mechanism 

by activating the tensile strength of the concrete. Series EA to GB of the Stuttgart shear 

tests (1964) provide evidence for this truss although this was not explicitly stated in 

Leonhardt's test evaluation. 
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3 Investigations on the Local Element Level 

3.1 Some Basic Remarks 

As already mentioned in the introduction to this work, shear theories usually describe the 

behaviour of cracked reinforced concrete on a local element level and it is on this local 

level where effectiveness and reliability of a shear theory have to be checked. Intrinsi- 

cally, the CFT was conceived as a multiple truss model by smearing struts and ties over 

the structure, creating a uniform stress state in the web, which is represented by a com- 

pression field, inclined under a certain angle. This approach was further developed in the 

MCFT by additionally smearing the chords, thereby generating a membrane element with 

equal compatibility characteristics. Changing stress and strain conditions, for instance in 

a flexural member due to bending, can be modelled by splitting up the structure into ele- 

ments of any necessary size. 

It is obvious that this concept is similar to the way in which the FE method approaches 

the analysis of a structure. Therefore, the MCFT provides basic features, necessary for 

the implementation of a shear model in an FE program, in a quite natural fashion. 

Moreover, as will be seen later, the MCFT incorporates secondary shear carrying ac- 

tions, like aggregate interlock or dowel action, in an intrinsic manner, thus avoiding a 

conceptual weakness of the FEM, which is the proper treatment of local effects con- 

nected with the behaviour of cracked reinforced concrete. 

For the above reasons it was intended to implement the MCFT in an FE package (see 

Section 4.2), providing the theory covers the main features of shear transfer in a reason- 

able way. Therefore, in the following sections of Chapter 3, checks on the MCFT are 

described which should reveal whether the MCFT is a reliable theory on a local section 

analysis level. These checks are supplemented by comparisons with other shear theories 

and by some general investigations on mechanisms like arch action or the size effect, 

which are not implicitly covered by the material laws of the MCFT. 
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Fig. 3.1 Comparison of Features of CFT and MCFT 

3.2 CFT and MCFT Trusses 
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It was stated earlier that the CFT and the MCFT were derived from multiple trusses and 
it is desirable for the understanding of the theories to get to know what sort of trusses 

these are and how they react under load. Therefore, a cross section was subjected to a 

shear force and the response calculated at various load levels according to both theories. 
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Fig. 3.2. (c) shows the system data of the beam and Fig. 3.2. (a) and (b) two sets of equa- 

tions, one according to each theory. The CFT set consists of 4 equilibrium, I compatibil- 

ity and 3 constitutive equations. These 8 equations match the 8 unknowns N, O, a, 2, a,.,, 

o» E2, e, and sý The MCFT set, however, consists of 4 equilibrium, 2 compatibility and 

5 constitutive equations and these 11 equations match the 11 unknowns N, O, cri, o, 2, 

6c2max 6, o» -,, E2, Ex and sý It is obvious that the number of equilibrium equations re- 

mained the same, while the constitutive set had to be extended because of the introduc- 

tion of the tensile strength of the concrete. The second compatibility equation is only the 

first invariant of the strain tensor and was not needed in the CFT set. The introduction of 

the tensile strength of the concrete can be interpreted as an additional tensile tie in the 

truss model for the MCFT. Fig. 3.3 shows both the determinate CFT and the indetermi- 

nate MCFT truss and the calculations carried out with these two shear models are sum- 

marised in Tab. 3.1. 

a) Set o Equations According to CFT b) Set o Equations According to MCFT 

Equilibrium: 
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At cr =VstanO/d V=Atc , d/(tan0, s)+6clbd/tan0c 
cr = N/(A, +AI') cr = N/(AI+AI') 

Compatibility: 

tan20C = 
62 -6X 

tan2OC = 
62 -8X 

6x+ Cy = 61+62 
62-Cy 62-6y 

Material: 

62 E2 

6c2 = l, 2-- 
EC EC 

2 

6. =Es F. 
. 6, =ESsy 

N= normal force in concrete triggered by V 

c) stem Data 

A, 

t U I 

}1 

A1 

d 

_--. 

WEB jv 

6c2 - 6c2max 

6c2max = lc 

z 62 -? cc cc 

I 

21 

0.8-0.34s, /sc 

6c1 = . 
%t 

or 6, r = E, sl I+ 200s1 

6ý=ESe 6. tiy=Essr 

b= 200 mm d= 283 nun f: = 20 MPa 
h= 400 "s= 100 " fy = 400 
AI = Ai' =500 min 2 

Fig. 3.2 Comparison of CFT and MCFT 
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The calculations according to the MCFT were performed using two different values for 

the tensile strength of the concrete. At first fit was set to 1.5MPa which is equal to a 

value of 0.33 �f,. This value was used by Vecchio/Collins (1982) for the recalculation of 

their PV panel tests and in fact, they calibrated their material laws for concrete in tension 

on this value which is the provision of the ACI, although they did not explicitly comment 

on that. However, it will be seen later in Section 3.4 that a tensile strength of 0.33 -�ff is 

not suitable in all cases were structural members are analysed with the MCFT. For in- 

stance, RC beams with stirrups which are subjected to flexure with shear need a higher 

value for the tensile strength of the concrete. It was found that a value of fir = 0.75 �f 

yields reasonable results and was, therefore, taken for a second set of calculations also 
depicted in Tab. 3.1. 

V fkNJ 50 100 150 200 250 300 

CT, T 0, f0J 27.5 33 37 39.5 41.5 43.2 

e1 f%oJ 2.6 3.0 3.3 3.6 3.9 4.2 

62 
" 

-0.1 -0.2 -0.3 -0.4 -0.5 -0.6 

ßý1 [MPaJ 0.0 0.0 0.0 0.0 0.0 0.0 

6o2 -2.2 -3.9 -5.5 -7.2 -8.9 -10.6 

6=r " 95 155 200 245 285 320 

6ý " 400 400 400 400 400 400 
MCFT 0, f°J 45 43.8 43.3 43.2 43.2 43.2 

fý, =]. 5MPa 6r f%oj 0.045 0.6 1.4 2.2 3.1 4.1 

62 " -0.045 -0.1 -0.2 -0.4 -0.6 -1.0 

cra fMPaJ 
- 

0.9 1.1 1.0 0.9 0.8 0.8 1 

602 .1 -0.9 -2.5 -4.4 -6.2 -8.0 -9.8 

6u 0.0 40 105 165 220 280 

67 0.0 50 125 195 270 340 

MCFT 0, to] 45 45 45 43.8 43.5 43.4 
fý, =3.4MPa 61 f%oJ 0.045 0.09 0.14 1.1 2.1 3.0 

62 " -0.045 -0.09 -0.14 -0.3 -0.5 -0.7 

ca fMPaJ 0.9 1.8 2.7 2.3 2.0 1.9 

6c2 " -0.9 -1.8 -2.7 -4.8 -6.9 -8.7 

6s " 0.0 0.0 0.0 80 150 210 

Cry 0.0 0.0 0.0 90 180 250 

Tab. 3.1 Comparative Calculations with CFT and MCFT 
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For the calculations described in Tab. 3.1 the stirrup reinforcement was not kept constant 

but was increased from load stage to load stage. For the analyses carried out according 

to the CFT .,. y was taken to that value which for each load level ensured the onset of stir- 

rup yielding. The MCFT calculations were then performed with the same transverse steel 

ratio pSy. 

a) CIT--Truss 

c) Stress Distribution Section 1-I 

ý 

; tun®s 
Il rr _ 

\i - ý 

/ 

/ 
/ 

/ 

- 
/ O` 

! cot& 

\ 

c) Equilibrium Section 1-I 

.ý j= 

ý 1 
Sao 

- 

(6c2 - 6a ) sin 0, cos 0, = re [MPa] ' 
(7,2 COS' ©, + ýr sin2 ©ý = Ua 

11 

b) MCIT--Truss 

d) Equilibrium Joint J 

t, t2 

t3 t 

c 

t4 

c= 6e2 sin 0, [MPaJ* * 
11 = 6cJ COS©, 

c 

11 

t2 =- tl cos©, -c sin 0, " 

t3-tq =Txy, 

Force per nun beam height h and beam width b; .. Force per nun beam length 1 and beam width b 

Fig. 3.3 Truss Models for CFT and MCFT 

11 

Some conclusions can be drawn by examining Tab. 3.1. When applying the MCFT at low 

load levels the structure remains uncracked and behaves like an elastic isotropic material. 
For a tensile strength of 3.4 MPa it will even respond elastically nearly throughout the 

whole serviceability range, while the CFT analysis gives the response of a heavily 

cracked beam with yielding of the stirrup reinforcement at every load level. However, 

with increasing load the differences in the results reduce. 
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At the ultimate limit, which (for the CFT calculation) was reached slightly above 300kN, 

the CFT and the MCFT results with the lower tensile strength showed a rather similar 

structural behaviour although some differences remained. For the MCFT runs with a 

high, but reasonable, tensile strength of 3.4 MPa the differences with the CFT results 

remained more distinct. Ultimate limit was attained for f, =1.5 MPa at a load stage of 

340 Wand for fit=3.4 MPa at 370 kN, which is 10% and 20% more than the CFT value, 

respectively. This shows that the introduction of the tensile strength of the concrete re- 

lieves the stirrups and increases the section resistance. This is in line with the interpreta- 

tion of the tensile strength as an additional truss member. 

The above investigation provides evidence for the earlier statement that the significance 

of the MCFT seems to be more on the serviceability level than at the ultimate limit and in 

fact, this level is important for the evaluation of the ductility as the displacement at the 

onset of yielding is governed by the tensile strength of concrete. 

3.3 The Treatment of Aggregate Interlock in the MCFT 

When a reinforced concrete beam is subjected to a slowly increasing load, it will initially 

behave like an elastic, isotropic material carrying its internal forces by means of principal 

compression and tension stresses. Once cracks have started occurring a redistribution of 
forces takes place which goes on until the ultimate limit is reached. This redistribution 

mainly happens in cracks by transferring concrete stresses to the steel, and is possible 
because a cracked reinforced concrete beam can be considered as being an extremely in- 

determinate structure. In addition, in cracks friction forces are often generated, which are 

part of the redistribution process that transforms a beam, step by step, into a truss like 

structure. Fenwick/Paulay (1968) recognised that crack friction is an important and inde- 

pendent shear carrying mechanism and that it takes place when, due to the mutual dis- 

placement of the crack surfaces, the aggregate particles of the concrete are forced to in- 

terlock in each other. Kupfer et al (1983) showed that due to this aggregate interlocking, 

the principal concrete stresses always deviate to a certain degree from the principal strain 

direction. 
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Fig. 3.4 Aggregate Interlock in an Unreinforced and Transversely Reinforced Element 
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It was stated earlier that the MCFT assumes the principal stress direction of the concrete 

being coincident with the principal strain direction of the structural member and this is 

why Vecchio/Collins could not treat aggregate interlock as an independent shear mecha- 

nism. An investigation of the aggregate interlock procedure in the MCFT, briefly de- 

scribed below, reveals that for the equilibrium in a crack, both transverse and longitudi- 

nal reinforcement is necessary. However, this is against the nature of aggregate interlock 

as an original shear carrying action which is not dependent on the presence of reinforce- 

ment, as was proved by the work of Walraven (1981). For that reason, in the MCFT the 

aggregate interlock forces could not be part of the statically indeterminate section analy- 

sis process. 

This will now be explained using an unreinforced and a transversely reinforced element, 

typically found in the web of a beam. Fig. 3.4 gives details of both elements under inves- 

tigation. The free body diagrams belonging to cross sections 1-1 reveal the stress state 
between two adjacent cracks, while the free body diagrams which belong to cross sec- 

tions 2-2 show the stress state in a crack. Assuming that the free bodies 1-1 are all in 

equilibrium, then the free bodies 2-2 must also be in equilibrium, as the distance between 

the two cross sections can be infinitely small and the applied element load is for both the 

same. It is obvious that only for 0' ; 6, equilibrium of the free bodies 2-2 can be 

achieved. This proves that in the absence of either longitudinal or any other reinforce- 

ment, equilibrium cannot be ensured, as long as the friction stresses i, are assumed to 

act as depicted. However, a change of the direction of ri would violate the physical re- 

ality. Therefore, Fig. 3.4 gives evidence that, even though the element is unreinforced, 

aggregate interlock is able to transfer a certain amount of shear over a crack, provided 

the crack angle deviates to a certain amount from the angle of the principal stress direc- 

tion of the concrete. Fig. 3.4 clearly reveals that the main assumption of the MCFT pre- 

vents the theory from a physically correct treatment of aggregate interlock. However, it 

will be seen later in this chapter that aggregate interlock, as well as all other secondary 

shear carrying actions, are an intrinsic feature of the MCFT which do not need any ex- 

plicit treatment. 

It should be mentioned here that later in Section 4.1 (see Fig. 4.6) an additional explana- 

tion is given for the inability of the MCFT to treat aggregate interlock in a physically cor- 

rect fashion. 
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3.4 The Layered Approach to Flexure with Shear 

3.4.1 Program LAYER 

In their 1982 Publication, Vecchio/Collins reported a comprehensive set of shear tests on 

RC panels which was named the Toronto PV series. These tests served to calibrate the 

material laws of the MCFT. However, the constitutive model for cracked reinforced 

concrete so derived could not directly be applied on members subjected to combined 
flexure with shear, such as simple RC beams, as the MCFT assumes a uniform stress and 

strain state in the structural member under investigation. 

Q) General Truss Model for Flexure with Shear 
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Fig. 3.5 Truss Model and Cross Section of an RC Beam 
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Fig. 3.5. (a) shows a truss model of a simply supported RC beam with a concentrated load 

in mid-span. It is obvious from the free bodies 1-1 and 2-2 that the section moment is 

carried by the chords and the shear force either by the vertical tensile tie or the inclined 

compression strut, depending on the cross section under consideration. Two important 

features of this truss should be mentioned here. At first, the truss model does not yield 

any shear distribution in the cross section which, therefore, has to be regarded as uni- 

form; an assumption against the physical reality. Second, the moment generates tensile 

stresses in the bottom chord and compression stresses in the top stringer. Smearing out 

of the truss members would not yield a uniform stress and strain state as required from 

the MCFT. This clearly shows that the MCFT cannot be applied on flexural members 

without additional considerations. 
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A general possibility to overcome the problems is to divide the structure into discrete 

horizontal layers. In such a model each layer represents its own truss. Once the normal 

strain distribution is considered to be constant in a layer, then both chords of a layer truss 

carry equal forces and hence, smearing out of the truss members would deliver a uniform 

stress and strain state as required by the MCFT. The accuracy of the method now only 

depends on the discretisation. Fig 3.5. (b) shows the model according to the layered ap- 
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proach. The various trusses are indicated as well as the horizontal strain gradient and the 

shear stress distribution. 

Vecchio/Collins (1982) incorporated the MCFT in a layered model for the analysis of RC 

beams under shear and flexure and the procedure was coded in a program named SMAL. 

Calculations with program SMAL revealed drawbacks some of which are summarised 
here. Good results with SMAL were only achieved when the analysed beams were well 

reinforced in both longitudinal and transverse direction. Beams without stirrups could 

not be investigated. However, the main disadvantage of SMAL is that the material laws 

are not capable of being modified. The tensile strength of the concrete is an input quan- 

tity, but tension stiffening at high strains cannot be modified. 

a) Equilibrium of Individual Laver 

C\l I 

s -h/6 

ýq 

C1.2-'vii 

C2.2-ý V21 
C3,2-O'V31 

C4.2-O'V4i 

C5.2-ý V5i 

Ck-1,2 -O'Uk-11 

Ck, 2-'ý Uk 
i 

--4i 1 lvl- C1,1 
1V2. - 

C2,1 

1V3. - C3.1 

1V4'*- C4,1 
lV5`- C5.1 

2 
3 
4 
5 

k-1 lvk-1'- Ck-1,1 

Fk-i 
Fk-I 

k lUký-Clt, l 
ý 

Fk 
ýl 

C\2 

b) Equations or Equilibrium of aver 

k-1 

F'k-1 -I: 
(Ci, 

1 -Ci, 2) (3.4) 
i=1 

Fk=F'k-1+Ck, 
i-Ck2 (3.5) 

Uk = 
Fk + Fk-1 hk 

(3.6) 
2S 

Vk 
Zxy. k = bkhk 

(3.7) 

ý1i 

Fig. 3.7 Individual Layer with Equilibrium Equations for Layered Model 



3.4.1 Program LAYER 47 

In Section 4.2.3 a modification of the material laws of the MCFT is proposed and justi- 

fied, and it was intended to carry out all calculations with the same constitutive model. 

As this is not possible with SMAL, it was decided to code a completely new program for 

section analysis based on the MCFT, but with adapted material laws. This program was 

named LAYER and it revealed a much better performance than SMAL, especially when 

analysing RC beams with only little or no transverse reinforcement. Program LAYER, 

which was generally coded according to the procedure described in Vecchio / Collins 

(1982), will now be briefly introduced. 

The basic assumption of the section analysis program LAYER is the plane section hy- 

pothesis of Bernoulli which postulates that sections remain plane throughout the entire 

loading process. Therefore, at the beginning of each analysis, the normal strain distribu- 

tion of the investigated cross section has to be specified by estimating the top and bottom 

strain st and Eb , respectively. In addition, the shear stress distribution has to be specified, 

normally by assuming a constant shear flow which for rectangular beams is equivalent to 

a constant shear stress r. Once normal strain and shear stress distribution are fixed, 

then the xy stresses in concrete and steel can be calculated from the constitutive laws of 

the MCFT. Note that the constitutive laws are written in the principal direction and that 

all necessary rotations to the xy direction must be undertaken. 

The next step is to check the section equilibrium which is easily achieved with Egs. 3.1 

through to 3.3 (see Fig. 3.6). If equilibrium is not satisfied, then the strain gradient has to 

be adjusted until section equilibrium is warranted. At that stage the shear stress distribu- 

tion will still not be correct and, hence, this has to be fixed by first analysing a second 

section a short distance away from the first and then checking equilibrium of each layer. 

If equilibrium is not achieved, the shear stress distribution must be adjusted, which is a 

straightforward procedure consisting of setting the new shear stress distribution to that 

obtained at the end of the first run. A second run is then usually enough to obtain a suffi- 

ciently correct shear stress distribution in the cross section. Egs. 3.4 through to 3.7 of 

Fig. 3.7. (b) depict the procedure with which equilibrium of each layer has to be checked. 

Finally, Fig. 3.8 shows the flow chart of the complete program LAYER. 
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Fig. 3.8 Flow Chart of Program LAYER 
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3.4.2 Calculations with the Layered Model 

It was stated in the previous Section 3.4.1 that one of the reasons why program LAYER 

had to be coded was the fact that SMAL did not allow changes in the implemented con- 

stitutive model for the concrete. 

a) Cross Sections of Beam 

+- , -- 

a-n 

O 
O 
0 

.- 

N 

ý. 
IV 3 0 

000 

300 

b) Modi ed Constitutive Model 

Qc2 

Uc2max 

for 6l < Ecr 

fy = 420 MPa 
fý=30 MPa 

Qc2max 

f12 
A 

Eý E2 Eý 

6cl = Ec 61 with Ec= 2fc /c 

for Ecr < EI <0.002 6 
cl 

=fr 

1-1 
F2OO(. 

- -E 
I cr 

1l for 0.002<c<0.004 6c1 = 60 002 2 
EI 

- 0.002) 
for 0.004 < EI 6c1 =0 

62 62 
2 

6c2 - 6c2max 2ý-ý 
EE 

cc 

6c2maz - 
fc 

ý gl 

L-IOFI 

00 

4 150 

with 

0.8-0.24e1/ cc 

t 

0 
0 
v 

lcr =a Ff. 
a=0.33=0.75 

Fig. 3.9 Cross Section and Modified Constitutive Model for Calculations with LAYER 

In Section 4.2 it is explained in some detail why it was desired to modify the material 
laws. The main reason is that the MCFT overestimates both the stiffness degradation of 

the concrete under compression and the tension stiffening of the concrete under tension. 

When dealing with structural elements subjected to pure shear both drawbacks will 

counter-act each other. This was the case with the PV panel tests of Vecchio/Collins 

(1982) with which they calibrated the material laws of the MCFT. However, for struc- 

tural members with dominant tension and little compression, the overestimation of tension 

C 'C 
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stiffening leads to far too high values for the ultimate capacity of the analysed elements. 

For example, a simple RC beam under pure tension analysed with the original constitu- 

tive laws of the MCFT would give a section capacity much higher than the yield strength 

of the steel which is not acceptable. Therefore, the slightly modified constitutive laws of 

program LAYER are given in Fig. 3.9. (b) while further explanations are provided in Sec- 

tion 4.2. Fig. 3.9. (a) shows two different cross sections and the material properties of an 

RC beam with which calculations were carried out in order to demonstrate features of 

the layered model suitable to clarify general issues on the stress and strain state in a 

cracked reinforced concrete member. The calculations are summarised in Tab. 3.2. 

Nr. Pjx 

[/] 
Psv 

[%] 

m 

[kNnt] 

V 

[kNJ 
a/d a,, 

[MPa] 

aY 

[MPaJ 
rx. 

/MPa] 
ssx 

[%0] 
ss, 

[%oJ 
Cross 

Sect 
Failure 

Mode 

1 2.7 0.3 525 250 5.0 420 420 3.1 2.0 4.0 1 Shear 

2 2.7 0.3 500 325 3.6 420 420 3.7 2.0 5.5 1 Shear 

3 2.7 0.13 500 250 4.7 420 420 2.9 2.0 14.8 1 Shear 

4 2.5 0.3 500 250 4.7 420 420 2.9 2.0 2.9 1 Shear 

5 2.4 0.3 500 200 5.9 420 410 2.3 2.0 1.95 1 Bending 

6 0.84 0.05 200 150 3.1 390 420 1.6 1.9 2.5 1 Shear 

7 0.84 0.05 220 75 6.9 420 135 0.7 2.1 0.6 Bending 

8 4.0 0.6 600 400 3.5 415 420 4.6 1.95 2.4 Shear 

9 4.7 0.6 600 400 3.5 295 420 5.9 1.4 2.8 1 Shear 

10 3.2 0.6 530 500 2.5 420 400 5.5 2.3 1.9 Bending 

11 3.2 0.9 585 250 5.5 420 420 5.3 2.0 4.3 2 Shear 

12 3.2 0.6 500 330 3.6 420 420 6.2 2.0 6.5 2 Shear 

Tab. 3.2 Calculations with the Layered Model of the MCFT 

The shear stresses z varied between 0.7 and 6.2 MPa, which means that the whole 

range from low to high shear was covered by the calculations. When the longitudinal re- 
inforcement reached a strain of 2%o after stirrup yielding, the program stopped con- 

verging and this was typically referred to as shear failure. When the longitudinal rein- 
forcement yielded before the stirrups then a bending failure was encountered, in which 

case the program did not reach the specified moment and the run was terminated. In 

Section 3.7, where Leonhardt's tests were recalculated, two more shear failures which 

the program is able to recognise will be described. One occurs when the concrete 

strength in the inclined compression strut is reached in heavily reinforced T beams lead- 

ing to web failure. The other occurs when the tensile strength of the concrete is exceeded 
in beams without any transverse reinforcement, thus announcing a shear tension failure. 



51 

3.4.3 Stress and Strain Distribution in RC Beams 

It was stated earlier that when an RC beam is modelled by just one truss it is not possible 

to specify any stress distribution in the cross section: In fact, only theories which are 

based on discretisation like the FE method or the layered approach of the MCFT can 

provide a distribution of stresses according to the assumptions the theory is based on. 

Therefore, in Fig. 3.10 the stress and strain distributions in the cross section according to 

some of the computer runs of Tab. 3.2 are shown. One sample for each shear range was 

chosen and in addition, as an extreme example for high shear, the recalculation of Leon- 

hardt's test beam Ti is also given. For calculations Nr. 1,7 and 10 the distribution of 

concrete stresses ate, shear stresses ry and normal strains s are depicted and for beam 

Ti two further graphs are plotted: The distribution of the shear flow and the corre- 

sponding quantity for the normal stresses. 

It can be seen from Fig. 3.10 that the shear stresses start increasing from 0 at the com- 

pression edge, reaching their highest values at the neutral axis where they remain nearly 

constant over the tension zone and then drop rapidly to 0 at the tension edge of the 

beam. The shear distribution reveals that most of the shear is carried in the tension zone 

and only a proportion of up to 30% is transferred above the neutral axis. Despite the fact 

that the forces in the compression zone are usually high, their vertical component re- 

mains small as the struts are only little inclined, generating low amounts of shear. How- 

ever, in the middle parts of the cross section, below the neutral axis where the inclination 

angle of the struts is in the range of 30 'to 50 ° high shear stresses can form although the 

compression forces are much smaller than above the neutral axis. It will be seen later in 

Section 3.9, where arch action is investigated, that in deep beams substantial shear is car- 

ried by a strut and tie mechanism and this proportion can be regarded as being evenly 
distributed for reasons given earlier. This means that shear is either more uniformly dis- 

tributed in the cross section or concentrated in the tension zone depending on the trans- 

fer mechanism which applies in an RC beam. From considerations of the layered ap- 

proach of the MCFT to date it can be stated that in a vertical cross section of an RC 

beam nominal shear stresses z. can only be assigned to areas where the compression 

forces are distinctly inclined and this is mainly the case between the neutral axis and the 

longitudinal reinforcement. In the compression zone of a beam and below the longitudi- 

nal reinforcement only little shear stresses z can be generated. 
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(see Tab. 3.2, Row Nr. 7) 
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c) Distribution for High Shear 
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d) Distribution for Extremely High Shear 
(see Recalculation of Leonhardt's Beam Ti) 
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b) Distribution for Medium Shear 
(see Tab. 3.2, Row Nr. 1) 

Fig. 3.10 Stress and Strain Distribution in a Vertical Cross Section 
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Shear is either carried by compression struts or tensile ties depending on the free body 

under consideration (see Fig. 3.5). Therefore, in a structural model where trusses with 

varying inclination angles are arranged in horizontal layers, not only the forces in the 

compression strut vary but also the tension forces in the ties. This means that the stress 

in the stirrups cannot be constant over the beam height and in fact, the calculations with 

LAYER confirmed this feature of the MCFT. Moreover, in 1967 a test report was pub- 

lished by Rüsch and Mayer (see Fig. 21) in which they verified this prediction virtually 20 

years in advance when they measured the stirrup strains of beams at various levels of 

height. The fact that shear is mainly carried in the tension zone of a beam was postulated 

by many researchers in the past like Fenwick/Paulay, Kupfer, Reineck and others. How- 

ever, only the layered approach of the MCFT could visualise the shear distribution in a 

cross section in a striking way. 

In Fig. 3.10 the shear stresses zxy are depicted in an exaggerated manner compared with 

the normal stresses u,,. To show their real magnitude they are additionally indicated to 

scale in the graph for the o stresses. One can see that the normal stresses are in general 

much higher than the shear stresses, in particular in the compression zone of a beam. 

Moreover, at the tension edge the huge tensile stresses of the longitudinal reinforcement 

are not depicted in the graph (see also Fig. 3.13). This provides evidence of the fact that 

the load of a beam is carried by normal stresses rather than shear action. From that point 

of view the question of the shear distribution in a cross section is rather academic. 

From Fig. 3.10. (a) we can see that the normal stresses are distributed as we normally ex- 

pect them to be: High compression above the neutral axis and little tension below it in 

the tension zone of the beam. Surprisingly, when higher shear is involved, the tension 

below the neutral axis converts into compression and in extreme situations, when beams 

are subjected to very high shear, these compressive stresses can even become as high as 
in that region of a beam which is typically referred to as the compression zone. The 

MCFT provides a simple explanation for this unexpected behaviour. 

In Fig. 3.11. (a) the web of a beam is depicted as well as a membrane element which might 

be located somewhat below the neutral axis in the tension zone of the beam. Before 

cracking, the element can be considered as being under pure shear and its stress state 

could be as shown in Fig. 3.11. (b). When the load is raised, cracking will start to occur, 

substantially increasing the compression in the principal direction and slightly lowering 
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the value for the tension perpendicular to it. This is equivalent to a certain shift of the ran 

axis towards the tension side of the graph. The situation is qualitatively depicted in 

Fig. 3.11. (c) and it is obvious that the vertical cross section undergoes substantial com- 

pression stresses once cracks have commenced to form. A second, clearer illustration is 

given in Fig. 3.11. (d) where the compression in the tension zone is interpreted as the 

horizontal proportion of the compression force D in the concrete strut which has to 

counterbalance the tension force V cotO generated by the shear force V. 

a) Cross Section ofa Beam b) Stress State of the Untracked Beam 
under Flexure with Shear 
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c) Stress State of the Cracked Beam d) Stress Distribution in the Cross Section 
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Fig. 3.11 Compression Stresses in the Tension Zone of a Beam 

The compression stresses in the vertical cross section as they have been described are 

accompanied by substantial tensile strains in x and y direction and this is even more sur- 

prising than the occurrence of compression stresses in the web itself. A short explanation 

for this phenomenon will be given here. It is assumed that the membrane element investi- 

gated earlier is in a state of pure shear, although it is well-known that this applies only 

roughly in the web below the neutral axis, and it was stated that after cracking the stress 

state in the concrete is as given in Fig. 3.11. (c). In addition, Fig. 3.12. (a) shows the mem- 

brane element both in xy position and rotated to its principal direction. After cracking, 
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the element will undergo a substantial elongation in the tensile direction. When we fur- 

ther assume, for simplicity, that the total deformation is caused by the cracks alone, then 

the loaded element might look as shown in Fig. 3.12. (b). 

a) Untracked Membrane Element in xy and Principal Direction and Stress State 
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Fig. 3.12 Tensile Strains in Element Causing Compression in Plain Concrete 

It is obvious that both the transverse and, if available, also the horizontal reinforcement 

will be elongated by the deformation of the element. However, the stresses in the longi- 

tudinal reinforcement can only act in x direction and in the stirrups only in y direction. As 

no external normal forces are applied on the element, which is considered to be under 

pure shear, the stresses in the reinforcement must be balanced by the stresses in the con- 

crete. Consequently, the concrete in the tension zone comes under compression in both 

directions. 
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3.4.4 Effect of the Tensile Strength of the Concrete 

The comparison of results of CFT and MCFT calculations in Tab. 3.1 revealed differ- 

ences between both theories. The reason for this is the tensile strength of the concrete fi, 

which influences the response of an RC structure in a significant manner. It should be 

mentioned that Vecchio/ Collins referred to the introduction of fir as tension stiffening 

and this expression will be used here in the same way. An important observation was that 

the differences between CFT and MCFT become more distinct when fl is increased but 

tend to vanish when the ultimate limit is being approached. However, the results of 

Tab. 3.1 were computed with a particular cross section to which no moment was applied. 

Therefore, to obtain a more comprehensive image of the influence of the concrete's ten- 

sile strength and to illustrate the order of magnitude of stresses and strains encountered 

in the web of an RC beam, additional investigations were employed. Figs. 3.13 through to 

3.15 depict Mohr's circles for the layers of the beam used for scrutiny throughout this 

section and the properties of which are given in Fig. 3.9. The calculations were carried 

out with cross section 1 and section loads of M= 500 kNm and V= 250 kN, which were 

the ultimate limit values for the run with fi, = 0. The shear resistance of the cross section 

increased by about 30% when the tensile strength was added providing that the moment 

was kept constant. 

Fig. 3.13. (a) shows stress circles according to the MCFT with fl= 0, and Fig. 3.13. (b) the 

circles when the tensile strength was set to fýý = 0.75 �f,. For layers 1 and 2 the stress 

circles for the plain concrete are identical with the stress circles for the entire RC ele- 

ment, however, for layers 3 through to 8 the differences are so small that they could not 

be depicted in the chosen scale. Therefore, for layer 6 the procedure of transition from 

the plain concrete circle to the RC element circle is shown in Fig. 3.15 in a larger scale. 

As the layer is merely transversely reinforced, the stirrups have to balance the concrete 

stresses according to 6y =ay+ay=0. The unbalanced concrete stresses o- are equili- 

brated by both the longitudinal reinforcement in layer 9 and the force in the compression 

zone above the neutral axis. The procedure shown in Fig. 3.15 applies in general for each 

layer, but is of crucial importance here only in layer 9 which carries all the longitudinal 

reinforcement. Once again it becomes obvious that the section forces are mainly carried 

by normal stresses in the concrete of the compression zone and in the steel bars of the 

tension zone. This would be even more distinct if aT shaped beam was chosen for in- 

vestigation. 
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a) Mohr's Stress Circles for CL =0 b) Mohr's Stress Circles for J=0.75V 
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Fig. 3.13 Mohr's Stress Circles for the Cross Section of an RC Beam 
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a) Mohr's Strain Circles for ,. =0 b) Mohr's Strain Circles for ft = 0.75 if. 

1 

2 

3 

-1.6 /v 

ý 

---ýya 

-1.4 

- 
2y 

-0.9 

4 ---I y, 

-o, 

ý[%] -1.9 

-1.5 

-1,0 

--ý%1 

... 1_y 

- 
ýý}ýý 

-0,6 

ý[%) 

0,8 

E 

1.7 

E 

kL) 
2,5 

c 

hý 
ý. 

2ý, 2 

uý 

3,2 
E 

58 

Fig. 3.14 Mohr's Strain Circles for the Cross Section of an RC Beam 
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a) Mohr's Stress Circles for Layer 6 b) Mohr's Stress Circles for Laver 6 
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Fig. 3.15 Mohr's Stress Circles for Layer 6 

The only substantial difference between the two methods revealed in Figs. 3.13 - 3.15 is 

the inclination angle 9,, which is much bigger when tension stiffening is introduced. This 

becomes clear as the relieved stirrups carry less tension and, therefore, only slight con- 

crete stresses are to be balanced, as is shown in Fig. 3.15. (b). The assumption of a stress 

state of pure shear, which was postulated earlier for the web below the neutral axis, is 

verified by the circles of layers 5 through to 8 in Fig. 3.13. (b). In addition, Fig. 3.14 shows 

that the tensile strength has a considerable influence on the strain state of a structure. As 

a result it is obvious that without tension stiffening a reliable evaluation of deformations 

is not possible. Fig. 3.14 gives evidence for the importance of reasonable constitutive 
laws which are particularly necessary for the calculation of deflections on the finite ele- 

ment level. 
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3.5 A Check on Kupfer's Shear Theory 

As mentioned earlier in the state-of-the-art report, Kupfer's shear theory (1983) was 

further developed mainly by Kirmair and Mang (1987). For the subsequent investigations 

the theory was used as described in Kirmair's 1987 publication, a short form of which 

was summarised in a paper issued in the same year. According to this version of the the- 

ory, a computer program was coded and some simple calculations were carried out on a 

rectangular cross section of a beam, subjected to a shear force V=300 W. No moment 

was applied to meet exactly the assumption of a constant strain distribution cx, in the 

knowledge that such a situation only occurs in the case of pure shear or in the vicinity of 

a zero point in a bending beam, as shown in Fig. 3.16. (a). The same cross section and 

material properties were chosen as in the calculation with the MCFT depicted in Fig. 3.2 

and the crack angle 0' was taken from the MCFT results of Tab. 3.1. 

a) Cross Section with M=O and V=const. b) Two Mohr's Stress Circles for the Web 
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Fig. 3.16 Stress State in Web of an RC Beam 


