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Abstract

The large-scale circulations of many geophysical and astrophysical bodies are domi-
nated by parallel flows. It is natural to enquire about the stability of these flows, and
how they depend upon background rotation, shear and stratification. In the terrestrial
atmosphere, inertial instabilities may result and are most likely to occur close to the
equator. We therefore investigate whether corresponding instabilities may occur in
stellar and planetary atmospheres, where large-scale magnetic fields may have signif-
icant dynamical effects; in particular, we focus on applications to the solar tachocline,

and the upper atmospheres of Hot Jupiters.

We investigate the axisymmetric linear stability of various parallel flows with latitu-
dinal shear in the presence of background rotation, stratification and magnetic field.
Using the Boussinesq and magnetohydrostatic approximations, we derive general sta-
bility criteria and growth rate bounds, taking account of the magnetic field. We show

that sufficiently strong magnetic field stabilises the system.

We show that a uniform shear flow on an f-plane allows magnetically modified iner-
tial instabilities and purely magnetic instabilities to occur, the latter being analogous
to magnetorotational instabilities in limiting cases. Allowing for non-zero kinematic
viscosity, thermal diffusivity and magnetic diffusivity leads to several steady and os-
cillatory stability criteria. We categorise various double-diffusive instabilities, some
of which occur at vertical wavenumbers that would otherwise be stable in the ideal

regime.

We also consider the nonlinear evolution of a hyperbolic shear layer at mid-latitudes
to understand the effect of a locally unstable region, the entire time evolution of the
nonlinear instability, the redistribution of vorticity and the resulting change to the
mean flow. The redistribution of vorticity is most substantial in the hydrodynamically

stable regime.

Finally we consider the stability of a jet profile on an equatorial -plane, which ad-
mits localised solutions about a central latitude. For the ideal case, instabilities can
occur at any vertical wavenumber given sufficiently weak magnetic field; the most
unstable modes are found to occur for infinite vertical wavenumbers. In the presence
of diffusion, instabilities are constrained to finite vertical wavenumbers and are often

purely magnetic, occurring in the hydrodynamically stable regime.
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Chapter 1

Introduction

1.1 Zonal Jets in Stellar and Planetary Atmospheres

The large-scale circulations of many geophysical and astrophysical bodies are dominated by par-
allel ows. Examples include the zonal jets of stellar and planetary atmospheres and interiors,
and the approximately circular ow in accretion discs. It is thus natural to enquire about the sta-
bility of these ows, and how it depends upon background rotation, shear, strati cation and, if
present, magnetic eld. This may be important for constraining the possible ow con gurations
(e.g., jet strength and location) or for understanding the development of turbulence. There is, for
example, a long-standing interest in understanding the possible role of turbulence in angular mo-
mentum redistribution in accretion discs (e.g., Kuiper, 1941; Lynden-Bell & Pringle, 1974; Balbus
& Hawley, 1991). More recently, observations of certain exoplanetary atmospheres, so-called Hot
Jupiters, have revealed the existence of unexpectedly strong equatorial jets that apparently ow
close to the speed of sound (e.g., Showregal, 2013; Heng & Showman, 2015).

In this thesis we will be considering the effect of magnetic eld on axisymmetric instabili-
ties in planetary atmospheres and stellar interiors. In Cartesian geometry, we consider the linear
and nonlinear evolution of axisymmetric instabilities in the presence of vertical magnetic eld
in a planetary con guration, where background rotatibrplane or equatorial -plane), uniform
vertical density strati cation, uniform diffusion, and the magnetohydrostatic (thin layer) approx-
imation are considered. The magnetohydrostatic approximation makes the analysis distinct from
previous studies, and allows us to investigate the large scale dynamics of stellar and planetary at-
mospheres. In this chapter we introduce a selection of astrophysical bodies relevant to this system,
inertial instability and the magnetorotational instability. We also introduce a number of other in-
stabilities that illustrate mechanisms relevant in the thesis. Finally, we discuss the aims and outline
of the thesis.

1.1.1 The Solar Tachocline

An astrophysical body that hosts a large scale magnetic eld is the star of our solar system —
the Sun. The internal structure of the Sun consists of three main regions: thé&kcor@.R ),
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Figure 1.1: Helioseismological measurements of the internal angular velocity of the Sun at a
number of given latitudes against the relative radius. Image credit: NSO/GONG.

the radiative zoned(2R < R < 0:7R ) and the convective zond&(> 0:7R ), where the

solar radius iR = 7:0 10°m. Helioseismology (a method that measures oscillations of the
Sun caused by sound waves) indicates that the radiative zone rotates as a solid body (Gough,
2007, Chaptef), while the external convective zone exhibits differential rotation, as illustrated

in gure 1.1. The abrupt disparity between rotation pro les gives rise to a thin interface layer,
approximately2 5% of the solar radius in depth, with strong latitudinal and vertical shear — it is
known as the solar tachocline. The tachocline plays a crucial role in the transport of energy, mass
and magnetic eld throughout the Sun, and is thought to be primarily responsible for the solar
dynamo (Gough, 2007, Chapt&. The strong latitudinal shear of the solar tachocline may give
rise to numerous instabilities that are likely to depend on the magnetic eld, the strength of which,
in the solar tachocline, is thought to be in the rad@G to 10°G (Gough, 2007; Hughest al,

2007). Itis apparent from gure 1.1 that the shear of the solar tachocline becomes more extreme
at larger latitudes. It is important to note that the angular velocity increases with increasing radius
in the near equatorial regions (i.e., latitudes less B8ahand decreases with increasing radius for

larger latitudes.

1.1.2 Jupiter

The gas giant Jupiter, which rotates with angular velocity 1:76 10 “4s 1, exhibits approxi-

mately axisymmetric zonal ows throughout its upper atmosphere, with surface winds exceeding
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1.1 Zonal Jets in Stellar and Planetary Atmospheres

Figure 1.2: The surface zonal ow of Jupiter, the magnitude of which is illustrated by the thick
black line, as a function of latitude. This was measured during Juno's third perijove pass on the
11" of December2016 (Tollefsonet al, 2017). The image of Jupiter was taken by the Hubble
Wide Field Camera i014 Image Credit: Kaspeét al. (2018).

100ms 1 (Tollefsonet al, 2017; Kaspiet al, 2018; Read, 2024). There is a strong eastward

equatorial jet which extends 15 into the northern and southern hemispheres and is anked by

numerous prograde and retrograde jets with varying speed and width, as illustrated in gure 1.2.
The depth of these jets has been a long-standing question (e.g., Vasavada & Showman, 2005);

however, in recent years, there has been signi cant development on this topic due to the recent

Juno missions (lesst al, 2018). Kaspet al. (2018) suggest that the jets extendt86R; before

rapidly decayingto 1%of their surface amplitude, wheRy = 69911kmis the radius of Jupiter

(i.e., the jets extends 3000kminto the planet's atmosphere). The reason for this rapid decay

is still under debate, but may be due to a number of factors, including the existence of a stably

strati ed layer from0:8R; or 0:9R; to 0:92R; (Debras & Chabrier, 2019; Gastine & Wicht, 2021)

or Lorentz forces (Christensaat al, 2020).Naturally, the strength of these Lorentz forces will

depend on Jupiter's magnetic eld, which is the strongest of all the planets in the solar system

(Connerney, 1993). The predominantly dipolar eld is generated in the electrically conducting

“dynamo region”, where the atmosphere is composed primarily of metallic hydrogen. The upper

limit of this region occurs at 0:85R; (Frenchet al, 2012; lesset al, 2018), above which

the conductivity rapidly falls to zero since Jupiter's upper atmosphere is composed primarily of

molecular hydrogen (Guilloét al., 2004). The fall in conductivity also leads to a rapid decay

in magnetic eld strength. Indeed, the maximum eld strength decreases by approxiriagély

from about80G atR = 0:85R; to about225G atR = 1:0R; (Connerneet al, 2022). However,

these maxima occur in localised regions of magnetic ux that extend throughout Jupiter's outer

atmosphere; the average eld strength at the surfadelis (Connerneyet al, 2022).
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1.1.3 Hot Jupiters

Hot Jupiters are gas-type exoplanets that are somewhat similar physically to Jupiter. Their radii
range from0:50R; to 2:0R;; while their masses range frofi36M ; to 11:.8M ;; whereM; =

1:9 10?’kg is the mass of Jupiter (Winet al, 2010; Demory & Seager, 2011). Whilst Hot
Jupiters are considered gas-giants, they have some distinctive characteristics compared with Jupiter.

Many Hot Jupiters have unusually low mean densities. For example, Mandeishle(2007)
observed a Hot Jupiter with mean dens2®2kgm 3; in comparison, Jupiter's mean density is
1330kgm 3: This occurs as Hot Jupiters seem to have much larger radii than their mass dictates.
Although high levels of irradiation are thought to be responsible for the in ated radii, the mecha-
nism for this is still under debate (Heng & Showman, 2015).

The orbital periods of Hot Jupiters can range friifBto 111 Earth days (Winret al,, 2010);
however, observations suggest that they are usually lesslthBarth days (Berrier & Sellwood,
2015). The short orbital periods of Hot Jupiters coincide with small distances from their host stars,
the typical distance being 0:1AU:

Hot Jupiters are also typically tidally locked (Heng & Showman, 2015), with one side always
facing its host star. Thus, assuming orbital peridds 10 Earth days, we can estimate that their
angular velocity = 2 =T > 7:3 10 5s 1: However, we note that tides may drive planets
away from synchronous rotation (Showman & Guillot, 2002; Coredial., 2003; Grie3meier
et al, 2004).

The close proximity and tidal locking leads to atmospheric temperature4 600K to 3000K
(Mayor & Queloz, 1995), which can ionise the planetary atmospheres and therefore allow large-
scale magnetic elds to develop and in uence atmospheric dynamics. The magnetic eld strength
of Hot Jupiters is somewhat uncertain. However, Yadav & Thorngren (2017) estimate the surface
magnetic eld strength of several Hot Jupiters frdfG to 120G, consistent with observations of
the release of magnetic energy in four planet-star interactions, indicating eld strength8@Bm
to 120G (Cauleyet al., 2019).

Given a Hot Jupiter is tidally locked, intense stellar radiation on the permanent dayside may
drive strong zonal ows that redistribute heat to the permanent nightside (Heng & Showman,
2015). Indeed, observations of Hot Jupiters have revealed the existence of unexpectedly strong
(eastward) equatorial jets that apparently ow close to the speed of sound (e.g., Sheivatan
2013; Heng & Showman, 2015); these were also predicted by dynamical models (Cooper & Show-
man, 2005; Rauscher & Menou, 2010). However, more recent observations found evidence of
westward travelling jets (Armstronet al, 2016; Danget al, 2018). It is suspected that strong
magnetic elds are largely responsible for the jet reversals. This is supported by three dimen-
sional magnetohydrodynamic (MHD) numerical models of Rogers & Komacek (2014) and Rogers
(2017); the rst predicted these reversals, while the second showed moderate dipolar magnetic
eld strength could drive the inferred reversals on Hot Jupiter HATERP-Using shallow water
MHD models, Hindleet al. (2019) and Hindlest al. (2021) further constrained the strength of
magnetic eld and explored mechanisms for such reversals.
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1.2 Hydrodynamic and Inertial Instabilities

1.2 Hydrodynamic and Inertial Instabilities

In this thesis we consider parallel owd(y) that exhibit latitudinal shear, from which numerous
instabilities may result. In particular, we are interested in inertial instability which is axisym-
metric in its purest form. Thus, we will assume axisymmetry to investigate inertial instability
and ensure that numerous unstable modes will not occur simultaneously and compete with one-
another, which would signi cantly complicate our analysis. However, since we are considering
ows in a planetary con guration, in the following subsection we provide some examples of hy-
drodynamic instabilities, which are not necessarily driven by parallel blfg); to illustrate the
various effects of rotation, strati cation and shear. This has the bene t of introducing concepts
and mechanisms that are being neglected, and to understand what other instabilities may occur in

observations and experiments.

1.2.1 Inviscid Instabilities in Rotating Planets

There are numerous hydrodynamic instabilities present in geophysical and astrophysical bodies.
Shear ow instabilities of a owU (y)éx are among the simplest we can consider. Many important
results have been derived within this system, such as Rayleigh's in exion point criterion, Fjgrtoft's
theorem and Howard's semi-circle theorem (e.g., Rayleigh, 1880; Kuo, 1949; Drazin & Reid,
2004, and references therein). The study of parallel shear ows may be extended by considering
the in uence of rotation. For example, Watson (1980) studied, in spherical geometry, a two-
dimensional shear instability in differentially rotating stars. He derived a necessary condition for
stability, governed by the ratio between the angular velocities at the pole and equator.

We can also consider the in uence of stable strati cation on parallel ows with vertical shear
U(z)éx, with buoyancy frequenciN; where instability occurs if the Richardson numberRi
N2=U® < 1=4: This instability may be observed in a variety of geophysical ows, but is most
commonly observed as waves on the surfaces of water and clouds. Incorporating rotation into
the vertically sheared and stably strati ed system, baroclinic instability can occur, a process by
which perturbations draw energy from the potential energy of the mean ow. The instability can
be observed in the mid-latitude of Earth's atmosphere and has been subject to numerous studies
since the initial theoretical studies of Charney (1947) and Eady (1949). For example, the Eady
model considers motions on theplane, where the Coriolis paramefeis constant, between two
at rigid horizontal surfaces, with vertical length scale and assumes the vertical shear satis es
a thermal wind balance. Instability occursLif, (k? + 12)172 < 2:399 wherek and| are the
along-stream and cross-stream wavenumbers, respectivelypardN H=f is the Rossby radius
of deformation (Eady, 1949).

1.2.2 Axisymmetric Inertial Instabilities

Another distinct, purely hydrodynamic instability is the so-called inertial instability, which will
be a considerable part of this study; it is local and axisymmetric in nature. Inertial instability was
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rst studied in cylindrical geometry by Rayleigh (1917), who considered an inviscid axisymmetric
swirling ow, with angular velocity as a function of the radial coordina®e Rayleigh showed

that instability is possible energetically only if the magnitud&®éf (which is proportional to the
angular momentum) decreases with increasing radius in some region of the ow. Often known as
the Rayleigh criterion, a necessary condition for instability is that the Rayleigh discriminant

1 d(R?) 2 3

w5 gn <O (1.1)

somewhere in the ow. Rayleigh derived the criterion (1.1) by using an energy argument to con-
sider the uid exchange between two rings of equal volume, while assuming that their angular
momentum must be conserved. If the rings are within a domain where0; the total kinetic
energy of the system must increase, implying stability. Any resulting instability is driven by an
imbalance between the radial pressure gradient and the centrifugal force, manifesting itself in
overturning motions in théR; z) plane. Synge (1933) later showed that the criterion (1.1) is both

a suf cient and necessary condition for instability.

To enquire if analogous instabilities can be realised on rotating spherical planets and stars, we
consider Cartesian geometry rather than the full complexity of spherical geometry. The equivalent
necessary and suf cient condition to (1.1), in Cartesian geometry, for inviscid and axisymmetric
instability is thatfQ < 0; whereQ = f  UCis the absolute vorticity (or potential vorticity) and
U(y) is a parallel shear ow with latitudinal shear (see Appendix A for derivation). In cylindrical
geometry, Ooyama (1966) considered baroclinic circular vortices in an axisymmetric, inviscid
and incompressible uid without boundaries, deriving a necessary and suf cient condition for the
stability of these vortices. Ooyama (1966) also predicted that inertial instability is manifested as
overturning motions in the meridional plane (analogous to the overturning motions of centrifugal
instability in the(R; z)-plane), and is primarily constrained to the local region where the total
vorticity fQ is negative.

Equatorial -plane

The studies of inertial instabilities did not address the equatorial regime until, crucially, Dunkerton
(1981) realised th&tQ > 0 is easily violated near the equator since the Coriolis effect becomes
small. This is illustrated in gure 1.3, which is a contour plot of the potential vorticity in the
northern hemisphere. Black patches indicate negative potential vorticity (sbQhat 0 in the
northern hemisphere); indeed, it is clear that these regions of negative potential vorticity are more
prominent near the equator, but can occasionally occur in the tropics. Dunkerton (1981) considered
the inertial instabilities of a zonal oWJ(y) = oy; with constant shearg; on the equatorial -

plane, with Coriolis parametdér = y; where is the planetary vorticity gradient, in a strati ed

and diffusive system. The hydrostatic (thin layer) approximation was also assumed to be valid so
that the vertical momentum equation reduces to a balance between the pressure gradient and the
buoyancy term; the approximation is valid provided the horizontal lengthscale is much larger than
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1.2 Hydrodynamic and Inertial Instabilities

Figure 1.3: Northern hemisphere Mercator maps of MERRA-2 potential vorticity in the upper
stratosphere (at height 35km) from a) November30™ to h) December7" 2015 Black dots
indicate negative potential vorticity and therefore conditions suitable for inertial instability. Blue
and red shaded sections represent high and low levels of potential vorticity. Image credit: Harvey
& Knox (2019).

the vertical lengthscale. In the inviscid case, with uniform shear and uniform buoyancy frequency
N; axisymmetric instability on the equatoriatplane occurs if

2

S_j (2n+1)N
T4

i > 0; (1.2)
wheres; k andn are the growth rate, vertical wavenumber and eigenvalue, respectively. Note
thatn = 0 gives the most unstable mode. Equation (1.2) shows that the fastest growing mode
occurs ak ! 1 (i.e., the most unstable mode occurs on vanishingly small vertical scales),
which is physically undesirable. Thus, the effects of diffusion, in particular vertical diffusion, will
be important in constraining vertical wavenumbers to nite values to make the model physically
realisable.

Dunkerton (1981) also considered the role of kinematic viscosiyd thermal diffusion ,
with their ratio, the Prandtl numb&r = =; setto unity. The marginally stable shear becomes
j o= 2IO 53 (N = 4)2:5 and the maximum growth rate occurglag® = N = (4 2): Dunkerton
(1982) later considered the system witlt 6 1, where several steady and oscillatory stability
results were derived.

As Dunkerton predicted, inertial instabilities were later observed in the equatorial atmosphere
(e.g., Hayashet al, 1998; Knox, 2003) and ocean (e.g., Richards & Edwards, 2003; d'Orgeville
et al, 2004). Using data from more recent satellite observations of an inertial instability, Rapp
et al. (2018) contour daily-mean temperature perturbations in the northern and southern hemi-
spheres on thgd DecembeR015 given in gure 1.4. The temperature perturbations illustrate the
typical “pancake structure” of inertial instability in the upper stratosphere and lower mesosphere
with thin modes spanning from the equator to mid-latitude®&Qa} with a vertical lengthscale of
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Figure 1.4: Daily-mean temperature perturbations for the longitudinal 19 y# to 45 E on the
34 December. The temperature perturbations are based on METOP-A and METOP-B GPS radio
occultation data. Image Credit: Rappal. (2018).

O(10km) and latitudinal lengthscale @(1000km): This agrees with prior observations of iner-

tial instability in the upper stratosphere and lower mesosphere (e.g., H&apaghi1998; Knox,

2003). The inertial instability event depicted by the temperature perturbations in gure 1.4 also
coincides with negative potential vorticity seen in gure 1.3 at an altitud@5m: These obser-
vations are non-axisymmetric, but are often interpreted in terms of axisymmetric theory owing to
the large longitudinal scales (e.g., gure 1.3 considers the mean temperature perturbations from
90 W to 45 E).

It is also natural to look at the nonlinear evolution of inertial instability, and, for example,
investigate the mean ow change. Grifths (2003a,b) further extended the analysis of equato-
rial inertial instabilities to the nonlinear regime. Under the hydrostatic approximation, Grif ths
(2003a,b) considered an axisymmetric stably strati ed uid with constant buoyancy freqiency
on the equatorial -plane with uniform shear o and Prandtl number unity. Speci cally, Grif ths
(2003a) studied the interactions between inertial instability and the mean ow. The weakly non-
linear regime is considered, deriving equations for the amplitude of the most unstable mode, and
for the mean ow change; the numerical simulations agree with these analytical predictions. In
the moderately diffusive regime, the numerical simulations show that the action of instability on
the mean ow creates a latitudinal region in whit is homogenized to a small negative value.
Interestingly, the vertical scale of the weakly nonlinear regime agrees with observations of inertial
instability in the terrestrial equatorial atmosphere, where the vertical lengthscale is expected to be
about10km (Hitchmanet al, 1987; Hayashet al,, 1998; Smith & Riese, 1999). However, the
weakly nonlinear regime required unrealistically large vertical diffusion, and thus the inertial in-
stabilities of the equatorial atmosphere must be described by the moderately nonlinear simulations
that predict a vertical lengthscale bkm: Clearly, for the moderately diffusive case, the vertical
scale structure is an order of magnitude smaller than those of observed inertial instabilities.

A possible mechanism to compensate for this discrepancy is suggested in Grif ths (2003b);
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it is dependent on a secondary Kelvin-Helmholtz instability that develops during the evolution of
the inertial instability. By considering the redistribution of vorticity over the evolution, Grif ths
(2003b) also further investigates the difference between the dynamics and mean ow change of
the weakly nonlinear and strongly nonlinear regimes. The evolution in both regimes redistribute
vorticity over a latitudinal region in order to stabilise the ow. The dynamics of the weakly non-
linear regime are driven only by the need to reduce the maximum val(ef@¥ ) slightly, since
vertical diffusion can stabilise regions witlp < 0to a certain degree; however, the dynamics of
the strongly nonlinear regime are driven by the need to reduce the maximuni@f) to a very

small value throughout the domain to stabilise the ow.

Moving back to linear stability theory, Grifths (2008a) then considered a rotating, stably
stratied ow U(y)eyx with arbitrary horizontal cross-stream sh&#ty) and uniform buoyancy
frequencyN in the context of linear normal modes. For axisymmetric disturbances the perturbed
cross stream velocity is governed by the equation

2
¢00 %(52 +fQ)¥ =0: (1.3)

Equation (1.3) allows for the derivation of an analytical expression known as the near-inertial
limit solution, which gives approximations as the vertical wavenunpkjer 1 for the discrete
eigenvalues and eigenmodes of the system, localised around the mininf@n pfsay. Indeed,

by taking the latitudinal lengthscale

Nz
L = : (1.4)
k2(fQ )00
the following equation for the growth rate was obtained
enenn Q)
2_ A n .

where the overbar denotes evaluatioly:aBy decreasingkj; the near-inertial balance is broken
by an increasing cross-stream pressure gradient that, in turn, reduces the growth rate of the inertial
instabilities and renders them stable at some crifigalTaking the zonal owU(y) = gy (with
constant shearg) on an equatorial -plane € = y ) reduces (1.5) to (1.2) of Dunkerton (1981).
Many studies of inertial instability consider the hydrostatic approximation (e.g., Dunkerton,
1981; Grifths, 2008a) and therefore, by necessity of energy conservation, the traditional ap-
proximation must be employed (i.e., terms that de ect uid vertically in full Coriolis force are
neglected). However, it is well known that the validity of the approximation comes into question
at the equator. This is a point of interest as we will employ the magnetohydrostatic approximation
(a magnetic analogue of the hydrostatic approximation) throughout the thesis, including the anal-
ysis of ows on an equatorial -plane. Grif ths (2008a) discusses the validity of the traditional
approximation on an equatoriatplane; in particular, it is noted that the approximation may break
down when the vertical wavenumble 1 . Physically, this is not the case for inertial instabil-
ity, where observations suggest structures stretching thousands of kilometres (e.g., Efagigshi
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1998; Knox, 2003) as illustrated in gure 1.4. However, mathematically, it may be of interest to
consider the full Coriolis force. Indeed, Kloosterzatlal. (2017) considers how the full Coriolis
force affects the axisymmetric inertial instabilities of an oceanic Gaussian jet on the equatorial
-plane in the absence of strati cation through the use of numerical simulations. There are a
number of signi cant differences to the system under the traditional approximation. For example,
the growth rate is found to approach the inviscid maximum growth rate with corréRéol™ as
the Reynolds numbdRe (the ratio of inertial forces to viscous forces) tends to in nity; under the
traditional approximation, the maximum inviscid growth rate is attained with correBtn=
asRe!ll

f -plane

Thus far we have primarily discussed inertial instabilities in reference to the equatorial atmosphere.
However, in the thesis, we will also consider instabilities at mid-latitudes; we therefore discuss
analysis of inertial instabilities on ain-plane, where the Coriolis paramefertakes a constant
value. Note that the following results are non-hydrostatic, and therefore do not directly relate to
the results of this thesis, but give insight into inertial instabilities at mid-latitudes.

Kloosterziel & Carnevale (2008) investigated linear inertial instabilities dn-plane for vary-
ing Prandtl number with particular focus on the vertical scale selection (as in Grif ths, 2003a, for
the equatorial -plane). Kloosterziel & Carnevale (2008) considered a non-hydrostatic, strati ed
uid with constant buoyancy frequendy on anf -plane with uniform shear o, and, after seek-
ing axisymmetric normal mode solutions in the absence of diffusion, they derived the following
equation for the growth rate squared:

s? = szg:k'j“z; (1.6)
wherel is the cross-stream wavenumber. Equation (1.6) was also previously derived by Hoskins
(1974). Thus, for any; if fQ < 0; there is instability ifikj > N jlj5fQ j**? and the growth rate
approaches the inviscid maximum growth i@ j1=2 as the vertical scale becomes in nitesimally
small (i.e.,jkj ' 1 ). Note once again that, physically, vanishing vertical scales are implausible,
and thus diffusion must be considered to make the model viable. Kloosterziel & Carnevale (2008)
then derived numerous conditions for steady and oscillatory stability Rithé 1, which are
noted to be qualitatively the same as for the equatoriplane case in Dunkerton (1981) and
Grif ths (2003a). However, in the limit of large Reynolds number for = 1, the vertical scale
selection and maximum growth rate are found to be signi cantly different to the results of Dunker-
ton (1981) and Grif ths (2003a). That is, in the limit of large Reynolds number, Kloosterziel &
Carnevale (2008) nd that the vertical wavenumber that generates the maximum growkytate,
say, scales witliN ?Re)¥™ on thef -plane, while Grif ths (2003a) nds thakmax (NRe)™
on the equatorial -plane. Similarly, the correction to the maximum growth rate onfth@ane
scales with(N 2=Re)172 (Kloosterziel & Carnevale, 2008), while on the equatorigblane the
correction to the growth rate scales with °=Re)1=3 (Grif ths, 2003a). This difference hinges on
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1.2 Hydrodynamic and Inertial Instabilities

normal mode solutions of the equatoriaplane which depend upon the value(6€ )% These
decay exponentially witfyj and become ever more con ned to the region about the minimum of
fQ: Indeed, this constraint on the modes does not ocd ifis constant (as on thie-plane for
uniform shear) sincéfQ )°°= 0: ForPr 6 1; steady instabilities occur fd?r < 1:44; while for

Pr > 1:44itis possible for oscillatory instabilities to occur; the fastest growing modes are found
to be steady given suf ciently largRe: In the limit of large Reynolds number, the maximum
growth rate and scale selection are found to be the same Bs forl .

Kloosterzielet al. (2007b) discussed the nonlinear saturation of inertial instability in a ro-
tating shear ow, focusing on how inertial instability redistributes absolute linear momentum
M (y) = U(y) fy until the instability is neutralised. Based on total momentum conserva-
tion, it is predicted that an inertially unstable ow evolves so tikt=dy becomes zero over a
latitudinal range. Thus, in the region of constdit M ¢ say, the predicted equilibrated veloc-
ity is u(y) = M¢ + fy; while the initial velocity remains unchanged outside of this region (i.e.,
u(y) = U(y)). Kloosterzielet al. (2007b) note that settingl = Mg is equivalent to setting
Q = 0; however, only the condition on the total momentum conservation allows the boundaries of
the latitudinal region to be determined. The prediction is shown to be valid for a number of ows,
increasing in accuracy as the Reynolds nuniRerincreases. It is noted that the rangeyoin
which the instability is neutralised is generally greater than the initially unstable region. Further to
this investigation of predicting the evolution of the mean ow, Kloostereiehl. (2015) consider
the saturation of inertial instability for a number of ow pro les on the equatorigdlane. How-
ever, the constraint on the conservation of angular momentum is not always suf cient to predict
the equilibrium ow; the equilibrium momentur . must rst be determined through numerical
simulations so that the condition on the total angular momentum may be used.

1.2.3 Double-diffusive Instabilities

In this subsection we discuss the Goldreich—Schubert—Fricke (GSF) instability, which is an impor-
tant mechanism in the transfer of angular momentum in planets and stars (Goldreich & Schubert,
1967; Fricke, 1968), and depends upon distinct magnitudes of kinematic viscasity thermal
diffusion . Note that the instability results from vertical shear (which we will not consider in this
thesis) rather than latitudinal shear; however, the instability illustrates an important mechanism
present in our analysis. The instability is essentially an axisymmetric instability enabled by the
role of thermal diffusion. That is, given a ow withQ < 0 (which is unstable by (1.1)) that has
been stabilised by pressure gradients due to the effects of buoyancy (in a stably strati ed uid),
then suf ciently strong thermal diffusion will nullify the stabilising role of strati cation and allow

the ow to be come unstable. Although Goldreich & Schubert (1967) and Fricke (1968) do not
consider Cartesian geometry, we illustrate the instability for longitudinal coordimndaditudinal

y and local verticak (see also Barkegt al, 2019, for a similar argument). First, we note that the
angular velocity( R) can be decomposed into uniform rotat@n = (0 ; f; 0) plus a linear radial

(local vertical) shear owmu =  U,zey: Thus, seeking axisymmetric normal mode solutions of
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the vertical shear ow in the presence of uniform vertical buoyancy frequéhcwe can obtain
the following criteria for instability:

2N 2
f(§+f:I Pr< 0O (1.7)

where we dene® = f  U,: In contrast to the previous de nition dQ , since the rotation is
aligned about the planetary axis rather than the local vertical, the absolute vorticity appears in a
slightly different form. However, it is important to note that throughout the thesis the absolute
vorticity will strictly be de ned asQ = f  U% wheref is the Coriolis parameter with rotation
aligned about the local vertical andf is the latitudinal derivative of a parallel ow(y). In the
absence of diffusion, stability is guaranteed if the Solberg—Hgiland critepn f 2N 2=4 > Qis

satis ed. Hence, thermal diffusion can allow instability to occur even though the Solberg—Hgiland
criterion is satis ed. Speci cally, the GSF instability operates wifan< 1;N2 > Oandf Q < 0
Recently, the GSF instability has been investigated as a mechanism to transport angular momen-
tum in the radiation zones of stars via the us@@fmumerical simulations at both the equator and
mid-latitudes (e.g., Barkeat al, 2019, 2020; Dymoteét al, 2023).

1.2.4 Non-axisymmetric Instabilities

In this thesis we consider only axisymmetric ows (so that inertial instability may occur in iso-
lation without competition from other instabilities); however, it is still of importance to be aware
of non-axisymmetric instabilities that can occur. We therefore discuss non-axisymmetric inertial

instability theory, inertial instabilities in experiments, and the strato-rotational instability.

Non-axisymmetric Inertial Instabilities

There have been many studies regarding non-axisymmetric inertial instabilities (e.g., Dunker-
ton, 1983, 1993; Clark & Haynes, 1996; Grif ths, 2008a). Focusing on Grif ths (2008a), non-
axisymmetric solutions are derived in the near inertial lifkj ( 1 ) with small along-stream
wavenumbem; which illustrates how the non-axisymmetric solutions smoothly transition to the
axisymmetric solutions; this con rms that tlne 6 O instabilities can clearly be regarded as iner-
tial instabilities. It was found that as tme increases, the stabilising effect from the cross-stream
pressure gradient increases, yielding a crititglm¢ say, for which no inertial instability can
occur. Thus, providegkj is suf ciently large andd < m < m ¢; the solutions may be classi ed

as inertial instabilities. However, K ! 0 with 0 < m < m ¢; the solutions can no longer be
classi ed as inertial instabilities. Note that Grif ths (2008a) illustrates these general criteria for a
shear layer on ah-plane and a uniform ow pro le on an equatorialplane.

In regard to the physical application of the non-axisymmetric analysis, vanishing vertical
scales of symmetric theory cannot occur in reality and, thus, a nite scale is chosen by a com-
bination of vertical diffusion and nonlinear effects (Dunkerton, 1981; Grif ths, 2003b); hence,
it is possible that these non-axisymmetric instabilities become important jkhénsuf ciently
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1.2 Hydrodynamic and Inertial Instabilities

small. Grif ths (2003b) suggests that the larger vertical structure of equatorial cells found in the
numerical simulations whejkj = O(1) are indicative of a underlying Kelvin-wave instability,
which are likely to play a much more signi cant role at smaller vertical wavenumbers.

Experiments

Here we consider non-axisymmetric inertial instabilities found in experiments and provide an
example of how they compete with other growing modes.

The inertial instabilities studied by Rayleigh (1917) and Synge (1933) were concerned with
cylindrical geometry, as realised in the famous experiments of Taylor (1923), who considered a
viscous and rotating system, which is now known as the Taylor-Couette ow. The system consists
of uid between two tall concentric cylinders with different radii, where the cylinders are rotated
at distinct angular velocities to stimulate the ow. The system exhibits axisymmetric inertial
instability if < ; where is the ratio of the angular momentum of the outer cylinder to the
angular momentum of the inner cylinder ands the ratio of the radius of the inner cylinder to
the radius of the outer cylinder. The unstrati ed system is known to be stable for 2 (by
substituting ( R) for the Couette ow in (1.1)), which includes the domain of Keplerian ows
such as accretion discs). Indeed, in the limit of large Reynolds number (where viscous forces are
small) the stability boundary converges to the Rayleigh line, corresponding to the condition for
stability (1.1).

In more recent experimental studies, the evolution of non-axisymmetric inertial instabilities
and barotropic instabilities are investigated (see review by Carnevale 2016, and references
therin). In a similar con guration to the Taylor-Couette ow, a column is inserted into a rotating
cylinder that is lled with water; the column is then rotated anticyclonically (opposite direction
to the tank) and then raised out of the cylinder, leaving behind an anticyclonic vortex. Kloost-
erziel & Van Heijst (1991) observed that after the column was raised, a turbulent motion followed
throughout the vortex, which then separated into two dipolar vortices that drifted further away as
they became more two dimensional.

The three dimensional unstrati ed numerical simulations of Orlandi & Carnevale (1999) could
capture all of the phenomena seen in experiments. Indeed, Orlandi & Carnevale (1999) concluded
that inertial instability was responsible for the initial turbulent stage, which, in turn, through the
redistribution of angular momentum, increases the horizontal velocity gradients in the ow, which
then allows barotropic instability to occur, forming the drifting dipolar vorticies. How inertial
instability affected the evolving ow was found to be highly dependent on the initial distribution
of vorticity, and thus, it was of interest to predict the evolution and nal equilibrium state of the
ow from the initial distribution. Indeed, in the axisymmetric numerical simulations, Kloosterziel
et al. (2007a) showed that, in the large Reynolds number limit, the evolution and nal stage of
the ow could be predicted from the initial distribution by considering the conservation of total
absolute angular momentum (analogous to Kloostegtiel,, 2007b). This was extended to the
fully three dimensional system in Carnevaleal. (2016), which was found to accurately predict
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the evolution of inertial and barotropic instability. Here, we note that it is also possible for inertial
instability and barotropic instability to compete (if the initial distribution allows for this), since
the growth rates of both modes are comparable (e.g., Orlandi & Carnevale, 1999; Gallaire &
Chomaz, 2003); the instabilities have also been shown to occur simultaneously in experiments
(e.g., Kloosterziel, 1990; Afanasyev & Peltier, 1998).

The Strato-Rotational Instability

Kushneret al. (1998) discussed the existence of a Kelvin wave instability in an inviscid, strati-
ed semi-geostrophic channel ow with constant shear and rotation. Kelvin waves are transverse
waves that travel alongside a boundary, driven by the combination of strati cation and rotation.
Subsequently, Yavneet al. (2001) extended these results by considering the same system, but
con gured between two concentric cylinders (i.e., an idealised Taylor-Couette ow). They dis-
covered that inertially stable ows could be destabilised by vertical strati cation; the instability is
now known as the Strato-Rotational Instability and crucially depends upon along-stream variation

(non-axisymmetric). Provided the Froude numbBer= j j=N 1; the suf cient condition for
instability is that
d 2
— <0 1.8
=<0 (1.8)

somewhere in the ow. Yavnebt al. (2001) concluded that the instability was driven by shear-

modi ed Kelvin waves.

1.3 Magnetic and Magnetorotational Instabilities

In contrast to the terrestrial atmosphere, the atmospheres of most astrophysical bodies are electri-
cally conducting. Thus, not only rotation, shear and strati cation are of importance, but magnetic
eld may also play a signi cant role. Magnetic elds can in uence hydrodynamic shear instabili-

ties in a variety of ways. Instabilities can be completely altered, suppressed or even created from
hydrodynamically stable systems.

1.3.1 Ideal Instabilities in Astrophysical Bodies

Motivated by the radial and latitudinal shear of the solar tachocline, Hughes & Tobias (2001)
considered the in uence of magnetic eld on hydrodynamic shear ow instabilities (see also, for
example, Kent, 1968; Hunt, 1966; Adam, 1980; Cally, 1983). They found that aligned magnetic
eld modi es the Howard (1961) hydrodynamic semi-circle theorem, leading to stability criteria
rather than just bounds on unstable eigenvalues. Aligned magnetic eld has a stabilising effect on
the unstable hydrodynamic system, whereby suf ciently large magnetic eld would completely
stabilise the instability.

Conversely, magnetic eld may lead to the destabilisation of rotating shear ows that are sta-
ble in the purely hydrodynamic regime. One example of hydrodynamically stable ows being
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1.3 Magnetic and Magnetorotational Instabilities

destabilised by magnetic eld is found in application to accretion discs. Accretion discs are rotat-
ing structures formed about (usually massive) rotating astrophysical bodies due to the competing
gravitational and centrifugal forces; that is, the latter inhibits matter from falling directly onto
the massive central body. Indeed, some of the most intriguing accretion discs are those centered
about galactic nuclei and quasars, both of which are likely ionised and can therefore support large
scale magnetic elds. Accretion discs have been at the centre of many studies (e.g., Kuiper, 1941,
Shakura & Sunyaev, 1973; Lynden-Bell & Pringle, 1974; Balbus & Hawley, 1991); in particular, it

is of interest to explain the inferred rate of accretion (made from observations of their luminosity),
which may only be explained by the existence of turbulence within the system. The rate of ac-
cretion cannot be explained by hydrodynamic models; indeed, accretions discs exhibit Keplerian
rotation pro les, = R 3%2; which are inertially stable to axisymmetric perturbations by (1.1) of
Rayleigh (1917). The role of kinematic viscosity is also not suf cient to explain the inferred rate
of accretion (Spitzer, 2006). Thus, it is of interest to nd mechanisms that allow accretion discs to
exhibit instability within inertially stable ows.

Throughout the thesis we will derive results in Cartesian geometry; however it is important,
for comparison, to consider results in cylindrical geometry. Indeed, the main body of work we
will be considering is related to the magnetorotational instability, which was rst discovered in the
context of accretion discs, which are naturally modelled in cylindrical coordinates. Experiments
are also conducted in Taylor-Couette ow (Taylor, 1923) to verify these theoretical results. We
therefore review instabilities that may occur in accretion discs, with particular focus on those that
illustrate mechanisms discussed in the thesis.

1.3.2 Axisymmetric Instabilities

We now consider axisymmetric magnetic instabilities; in particular, since we will be considering
inertial instabilities in the presence of vertical magnetic eld (in Cartesian geometry), we will
focus on magnetic instabilities that are generated by axial magnetic eld.

Axial Magnetic Field

Chandrasekhar (1960) considered an axisymmetric, rotating, ideal and unstrati ed ow between
two concentric cylinders with a constant axial magnetic 8lg. The governing equation for the
perturbed radial velocityr becomes

4 2 2
(s?+ 2)DD ug k% s+ + % ﬁ ug =0; (1.9)

where the Rayleigh discriminant is given by(1:1); D = d=dR + 1=R; k is the vertical
wavenumbers is the growth rate, 2 = k?B2=( ¢ ) is the Alfven frequency squared,is the
density and g is the permeability of free space. Equation (1.9) is the cylindrical, non-hydrostatic
and magnetic analogue of (1.3). Chandrasekhar (1960) found, via an integral argument, that in
the limit of weak magnetic eld strength a necessary condition for instability is that the angular
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speedj j; is a monotonically decreasing function Bf Chandrasekhar (1960) also found that
magnetic eld of suf cient strength will stabilise any instance of destabilising angular velocity
gradient. It is noted that the instability condition on the angular velocity does not reduce to (1.1)
in the limit of weak magnetic eld. The condition for instability was also derived by Velikhov
(1959), who considered how axial magnetic eld affects an ideal rotating ow between two cylin-
ders. This discovery made by Velikhov (1959) and Chandrasekhar (1960) is now known as the
magnetorotational instability (MRI).

Motivated by the inferred angular momentum transport found in accretion discs, Balbus &
Hawley (1991) revisited the problem studied by Chandrasekhar (1960) and Velikhov (1959). Bal-
bus & Hawley (1991) considered axisymmetric disturbances of an unstrati ed, incompressible,
ideal shear ow in a rotating thin disc with weak constant axial magnetic B}d They derived
the following dispersion relation:

d 2

4, 2 4 202V + K2v2  K2y2 + -0-
ST+ s9( +2 kvy)+ kvy kevi 4R 0;

(1.10)
whereva = B2=( o ) is the Alfvén velocity squared. From (1.10), Balbus & Hawley (1991)
derived the necessary and suf cient criterion for instability, that

d 2

k2v2 < .
A dinR’

(1.11)

somewhere in the ow. Thus, a necessary criterion for instability is that the angular velocity
decreases with increasing radius somewhere in the ow; this is a less stringent condition than the
Rayleigh criterion (1.1), which, for instability, requires that the angular momeRfimdecreases
with increasing radius somewhere in the ow. Thus, Balbus & Hawley (1991) showed that weak
axial magnetic eld allows instability to occur within hydrodynamically stable regimes (i.e., ows
that are stable by (1.1)); in particular, an accretion disc with a hydrodynamically stable Keplerian
rotation pro le could be unstable in the presence of weak axial magnetic eld. Thus, the MRI
provides a mechanism for which turbulence may arise in accretion discs, possibly explaining the
observed rates of accretion.

If (1.11) is satis ed, then the system is unstable with maximum growth rate

.. 1.d
jsmax = 5 g (1.12)
occurring at
(K?VZ ) max = E d?. (1.13)
AJMEXT 4716 2 dInR’ '

For a Keplerian orbit, (1.12) implies the growth rat&is=4: It is noted that this is a huge growth
rate, which, left unchecked, results in an ampli cation of energy of more 1if&per orbit.

Interestingly, (1.10) can also be derived in the presence of weak azimuthal eld (as well as
axial); however, this generalisation does not alter the eigenvalue relation (1.10). This is a con-
sequence of the weak eld assumption, which, by de nition, requires that thetAlfxelocity is
much smaller than the sound speed and local rotational velocity. Thus, even though the azimuthal
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1.3 Magnetic and Magnetorotational Instabilities

eld grows with the instability, it does so while still satisfying the conditions on the Atfwe-
locity; the axial eld still has a dynamical impact due to the angular velocity gradient. We see
azimuthal eld play a crucial role in an instability in a following subsection, where there is no
prior assumption of weak eld.

We also note that (1.10) can be derived by considering the local behaviour of (1.9). However,
Knobloch (1992) suggested that because of this locality, expression (1.10) was erroneous, arguing
that the instability should be considered as a global shear instability instead. On account of this, he
argued that azimuthal eld did in fact play an important role in the instability. Gammie & Balbus
(1994) argued that Knobloch neglected terms in his analysis, as he did not consider a rotationally
supported thin disc as Balbus and Hawley did.

Further to this, Balbus & Hawley (1991) investigated the axisymmetric disturbances of an
ideal shear ow under the Boussinesq approximation, in the presence of axial magnetic eld as
well as both radial and axial strati cation. For a weakly magnetised disc, the following condition

guarantees stability:
d 2 ,d 2

+ Nf—— >
dinR 2 dinR
whereN = Ngr + N; andN,, is equivalent to the Brunt-aisala frequency, whileNg can be

ki + k?va N2+

0; (1.14)

considered to be a radial analogud\bf. The condition (1.14) holds for all vertical wavenumbers
provided

d 2

R > 0 (1.15)
We discussed this condition following equation (1.11).

Following the discovery of the magnetorotational instability, many studies investigated the
role of magnetic eld in accretion discs. For example, the nonlinear evolution of the MRI is in-
vestigated in Hawley & Balbus (1991, 1992). They consider a compressible Keplerian ow in the
presence of weak axial magnetic eld. The most important dynamical effect is the redistribution of
angular momentum, which radially disperses the magnetic eld, leading to stabilisation. The re-
distribution of angular momentum throughout the instability supports the conjecture that the MRI
provides a mechanism to explain the inferred rate of accretion in astrophysical discs. It is noted
that the numerical simulations limit the magnetic Reynolds nunkbar (the ratio of advection
due the magnetic eld to magnetic diffusivity), implying that stabilisation is signi cantly harder
to attain in accretion discs, wheRam is orders of magnitude greater. However, this discrepancy
may be resolved by considering the effects of axial strati cation which reduces the initial linear
growth and therefore contributes to the nonlinear evolution and stabilisation.

There have also been many studies that investigate the role of the magnetorotational instability
in stellar interiors. For example, Menet al. (2004) considered the local axisymmetric stability
(with adiabatic perturbations) of a magnetised rotating ow with angular velo€ity; z) in the
presence of stable strati cation, kinematic viscosityhermal diffusion , and magnetic diffusiv-
ity . Menouet al. (2004) note that the system is a magnetised generalisation of the Goldreich-
Schubert-Fricke (GSF) instability (Goldreich & Schubert, 1967; Fricke, 1968), which requires
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kinematic viscosity and thermal diffusion to operate. Merbal. (2004) derived a quintic dis-
persion relation which we will not give here; however, we discuss an analogue of the equation in
Chapter 4. Numerous necessary conditions for stability are derived from the quintic in the per-
fectly conducting limit ! 0and the inviscid limit ! 0;no necessary conditions are derived in

the triply diffusive system. Indeed, in the perfectly conducting limit (which is found to be the clos-
est analogue of Goldreich & Schubert, 1967; Fricke, 1968) a subset of the necessary conditions
for stability are that

2
ng > 0; (1.16)
and ,
2
R@gz <0 (1.17)

where the latter implies that marginal stability is possible only ifs independent of: These
conditions are valid for nite and only. The condition (1.16) corresponds to (1.15); however, it

is important to note the condition still holds in the diffusive system. In the inviscid limit, a subset
of the necessary conditions for stability is that (1.17) holds (once again) arid fat0: Interest-

ingly, the conditions (1.16) and (1.17) are independent of diffusive parameters; however, this also
implies that they may not hold when all diffusivites are non-zero. Megial. (2004) discuss the
applications to the Sun's radiative zone, where it is hypothesised that the combination of magnetic
eld and multi-diffusive modes will destabilise any small instances of negative differential rota-
tion (that would otherwise be stable in strongly strati ed atmospheres and interiors). Thus, as any
instances of negative differential rotation are neutralised, the Sun's upper radiative zone is forced
into near solid body rotation (which is inferred from helioseismological observations, e.g., Schou
et al, 1998).

There have also been many studies investigating the role of the magnetorotational instability
(MRI) in the solar tachocline, where the MRI is thought to be limited by the effect of strong
stable strati cation (Ogilvie, 2007). However, Parfrey & Menou (2007) suggest that the MRI can
occur at latitudes above7 since the magnitude of the negative angular velocity gradients (as
illustrated by gure 1.1) in combination with triple diffusive effects (Menetal,, 2004) is just
suf cient to overcome the strong strati cation. Parfrey & Menou (2007) hypothesised that the
turbulence generated by the MRI prevents solar dynamo action in these regions, consistent with
the observations of sunspots that are restricted to the equatorial region.

Azimuthal Magnetic Field

Azimuthal magnetic eld may also allow instability to occur in inertially stable ows. Michael
(1954) showed that azimuthal magnetic dd altered the Rayleigh criterion (1.1), deriving the
necessary and suf cient criterion for axisymmetric instability, that

2

2\ 2
1dR%)* R d <0 (1.18)

B
R~ dR o dR R
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1.3 Magnetic and Magnetorotational Instabilities

somewhere in the ow, which clearly reduces to (1.1) in the absence of eld. In the absence of
angular velocity, the condition (1.18) implies that stability is guaranteed if
d B ?2

R R <0 (1.19)
everywhere in the ow. Condition (1.19) has also been derived by Velikhov (1959) and Van-
dakurov (1972). Equation (1.19) shows that an azimuthal magnetic eld of theBorth R"*1
is unstable ifn > 0: Thus, condition (1.18) guarantees that the combination of inertially stable
ows and ows that are stable by (1.19) are stable. Similarly, (1.18) also guarantees that the com-
bination of inertially unstable ows and ows that are unstable by (1.19) are unstable. However,
if any combination of stable or unstable ows is present, then the stability of the system depends
on the magnitude of each effect. In contrast to Balbus & Hawley (1991), azimuthal eld plays a
dynamical role in this system since it is not assumed to be weak.

Helical Magnetic Field

Axial and azimuthal elds can both destabilise hydrodynamic systems; thus, it is natural to con-
sider the effects of helical magnetic eld (the combination of axial and azimuthal magnetic eld).
Chandrasekhar (1960) showed that in the absence of angular velocity an axial, efdsuf cient
strength would suppress any axisymmetric instability driven by an azimuthaB eldHe derived
the following necessary and suf cient condition for stability:

IB 2> ‘ ﬁi(RB )2dR; (1.20)

z R2dR ' '

wherel > 0 and g is a radial eigenfunction. Thus, (1.20) allows us to obtain the suf cient
condition for stability that

d 2 .
R(RB)* <0 (1.21)

everywhere inthe ow. Thus, azimuthal magnetic eld of the foBn / R";withn < 1; guaran-
tees stability. Howard & Gupta (1962) extended the study of Chandrasekhar (1960) by including
the effects of differential rotation alongside helical magnetic eld. They derived a necessary con-

dition for instability, that
d 2 1 d
dR o R3dR
is violated somewhere in the ow.

(RB )2>0 (1.22)

More recently, Mamatsashvidt al. (2019) investigated the axisymmetric instabilities of a ro-
tating ow with increasing angular velocity (stable to the MRI) in the presence of helical magnetic
eld. The so-called type super-helical magnetorotational instability can occur only provided the
magnetic Prandtl numbdétm = = is not too close to unity. Indeed, the instability can occur
at small or large® m and is applicable to the equatorial region of the solar tachocline, which is
thought to be stable to the MRI and tyfiesuper-helical MRI, the latter being another type of
helical eld instability which requires a ow with much steeper increasing angular velocity. The
timescale of the linear growth rate of the typsuper-helical MRI is of similar order to the solar
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cycle period, suggesting the instability may in uence the dynamical and magnetic activity of the
equatorial region.

1.3.3 Non-axisymmetric Instabilities

We reiterate that this thesis will consider only axisymmetric ows; however, itis still of importance
to be aware of some non-axisymmetric instabilities that may occur outside of our system. Here,
we brie y discuss non-axisymmetric instabilities that can occur in magnetohydrodynamic theory

and experiment.

Non-axisymmetric Magnetorotational Instabilities

After the discovery of the axisymmetric magnetorotational instability, Balbus & Hawley (1992)
extended the analysis to consider the non-axisymmetric model. In cylindrical geometry, Balbus
& Hawley (1992) consider an adiabatic thin disc under the Boussinesq approximation with radial
angular velocity( R) inthe presence of weak magnetic eld of arbitrary local geometry @.e=,
(Br;B ;By)). Itis found that azimuthal eld does not affect the fundamental mechanism of the
axisymmetric or non-axisymmetric disturbances. The weakly non-axisymmetric disturbances (i.e.,
when azimuthal wavenumber w= 1) smoothly transition to the axisymmetric case, where the
presence of axial magnetic eld ensures growth rates comparable to the axisymmetric theory; for
large azimuthal wavenumbers, the disturbances have a much smaller growth rate. In the absence of
axial eld, purely azimuthal eld is found to produce a much smaller growth rate (approximately
one order of magnitude smaller). This is in contrast to the axisymmetric case, where azimuthal
eld alone cannot generate an instability due to the nature of the weak eld assumption.

Furthermore, there are numerous other non-axisymmetric magnetohydrodynamic instabili-
ties. For example, Tayler (1957) and Vandakurov (1972) extended condition (1.18) to a non-
axisymmetric system, by considering a stationary ow in a vertically unbounded cylinder. It was
shown that a suf cient condition for stability is that the azimuthal wavenumber is greater than
or equal to two. However, if the azimuthal wavenumber is unity, the necessary and suf cient
condition for instability becomes g

ﬁ(RBZ) > 0; (1.23)

implying azimuthal magnetic eld of the forrB / R"“?; with n < 1; guarantees stability.

Experiments

Following the discoveries of Balbus & Hawley (1991), many studies have taken place that incor-
porate axial, azimuthal and helical eld, particularly in one of the most important paradigms of
uid dynamics which we have already introduced, the Taylor-Couette ow. In experiments there
are many ways to con gure the eld (strength and orientation), ow (respective cylinder speeds)
and uid (see, for example, the recent revieviidigeret al, 2018). We note that the standard
MRI is dif cult to observe experimentally since suf ciently large magnetic Reynolds numbers are
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1.4 Aims of the Thesis

dif cult to attain because of the high levels of magnetic diffusivity in the liquid metals used for ex-
periments. However, the helical MRI, which can be observed experimentally (Sé¢&n2006),
requires much smaller magnetic Reynolds and Hartmann numbers to operate, the latter being the
ratio of magnetic forces to viscous forces. Indeed, for Reynolds numb@6f) and Hartmann
numbers of orde©(10); helical magnetic eld is shown to destabilise centrifugally stable ows

(i.e., stable by (1.1)).

1.4 Aims of the Thesis

Inertial instabilities in the terrestrial atmosphere are well understood (e.g., Dunkerton, 1981, 1982,
1983, Grif ths, 2003a,b, 2008a). The instabilities have been observed in the equatorial atmosphere
(e.g., Hayashet al., 1998; Knox, 2003) and ocean (e.g., Richards & Edwards, 2003; d'Orgeville

et al, 2004); suf ciently strong shear may also lead to inertial instabilities in the extratropics (e.qg.,
Potylitsin & Peltier, 1998; Shen & Evans, 2002). Thus, it is natural to consider if correspond-
ing instabilities may be realised in stellar and planetary atmospheres (e.g., the solar tachocline,
Jupiter and Hot Jupiters), which are, in general, electrically conducting and can therefore support
large-scale magnetic elds; indeed, magnetic elds can completely alter, suppress or generate new
instabilities (from hydrodynamically stable systems). The Sun, Jupiter and Hot Jupiters provide a
clear physical motivation to investigate inertial instabilities in presence of magnetic eld, where
large shears can be found in the solar tachocline, the zonal bands of Jupiter's upper atmosphere
and the intense equatorial jets of Hot Jupiters.

Inertial instabilities are also a planetary analogue of centrifugal instabilities, which are often
considered when discussing angular momentum redistribution in accretion discs (e.g., Kuiper,
1941; Shakura & Sunyaev, 1973; Balbus & Hawley, 1991). Thus, with a longstanding interest
in this topic, there are many studies related to our research (e.g., Chandrasekhar, 1960; Balbus &
Hawley, 1991; Menowet al, 2004). For example, the MRI destabilises centrifugally (inertially)
stable ows owing to weak axial magnetic eld.

Hence, the aim of this thesis can be summarised into one key statement:

« We investigate if inertial instabilities may be realised in the presence of a vertical magnetic
eld in stellar and planetary atmospheres, where the effects of background rofatypar(e
or equatorial -plane), uniform vertical density strati cation, uniform vertical diffusion, and
the magnetohydrostatic (thin layer) approximation will also be important. The magnetohy-
drostatic approximation makes the analysis distinct from previous studies, and allows us to
investigate the large scale dynamics of stellar and planetary atmospheres.

However, this raises a number of questions:

« Is it possible for magnetic eld to destabilise inertially stable ows in a planetary con gu-

ration?
« What role will vertical magnetic eld play in the inertially unstable regime?

21



— Will one particular instability dominate the system?
— Can magnetic eld further destabilise inertial instability?

— Is it possible that magnetic eld will generate new modes, extending the instability
domain?

— How will strong magnetic eld affect inertially unstable modes?
» How will diffusion affect the system?

— How signi cantly will inertial and magnetic modes be altered by varying levels of
kinematic viscosity, thermal conductivity and magnetic diffusion?

— Under what conditions could these instabilities occur in stellar and planetary atmo-
spheres?

Thus, we choose to consider inertial instabilities in Cartesian geometry and in the presence
of vertical magnetic eld. Using Cartesian co-ordinates, we study the linear and nonlinear stabil-
ity of a steady ow, arbitrarily sheared in the horizontal cross-stream direction, in the presence
of background rotation, vertical density strati cation, vertical magnetic eld and diffusion. We
seek axisymmetric solutions since it allows us to isolate the effects of pure inertial instability from
other possible instabilities that may occur. Under the formulation we derive conditions on the
growth rate for arbitrary Coriolis parametefy), sheartUYy) and vertical magnetic eld (y):

We consider simpli ed regimes on tHfeplane and equatorial-plane, where we implement uni-

form shear, shear layers and jets where appropriate; we also incorporate uniform vertical magnetic
eld By so that analytical progress is possible. We later investigate the effects of diffusion on the
system by varying the Prand®r = = and magnetic Prandtl numbBm = =; where is

the kinematic viscosity, is the thermal conductivity and is the magnetic diffusivity. We also
consider the nonlinear evolution of inertial instabilities for a hyperbolic shear pro lefoplane.

1.5 Outline of the Thesis

In Chapter 2 we derive the equations of motion under various simplifying assumptions, includ-
ing the magnetohydrostatic approximation (thin layer approximation in the presence of magnetic
eld), which reduces the vertical momentum equation to a balance between the magnetic pressure
and buoyancy. We linearise about the basic state, which allows us to derive a second order ordinary
differential equation (ODE) that forms the basis for all subsequent chapters (Chapter 5 also con-
tains nonlinear results). A condition on the validity of the magnetohydrostatic approximation is
derived from the ODE; it does not extend trivially from the hydrostatic approximation. A table of
estimated parameters, in the Earth's upper stratosphere and lower mesosphere, the solar tachocline
and the upper atmospheres of Jupiter and Hot Jupiters, is then provided. Finally, we derive a series
of growth rate bounds and stability criteria for an ideal uid, invoking instabilities generated by
weak axial magnetic eld (e.g., Velikhov, 1959; Chandrasekhar, 1960; Balbus & Hawley, 1991).
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1.5 QOuitline of the Thesis

In Chapter 3 we consider the ideal linear stability of a parallel ow with uniform latitudinal
shear on ari -plane. Uniform vertical magnetic eld strength is now considered in this and all
subsequent chapters. The formalisation admits sinusoidal modes in Iatiundeheightz, where
we rst discuss the inertial and magnetically modi ed waves within the system, nding links to
the hydromagnetic-inertial waves found in Acheson & Hide (1973), who considered applications
to the Earth's core. Turning our interest primarily to the unstable modes, we derive stability cri-
teria, analytically determine the maximum growth rate, and consider the effects of strati cation
and magnetic eld. The analogies to the magnetorotational instability (MRI) of Balbus & Haw-
ley (1991) are discussed. We also consider the dynamical balances of our system in humerous
parameter regimes.

In Chapter 4 we extend the linear stability analysis of Chapter 3 to the diffusive system, where
we consider the effects of kinematic viscosity, thermal diffusion and magnetic diffusivity. First,
we consider the hydrodynamic regime, deriving suf cient and necessary conditions for steady and
oscillatory stability. Analogies to the Goldreich-Schubert-Fricke (GSF) instability (Goldreich &
Schubert, 1967; Fricke, 1968) are discussed. In the magnetohydrodynamic regime we derive a
quintic polynomial for the growth rate. A non-magnetohydrostatic and cylindrical analogue to the
quintic can be found in Menoet al. (2004); however, the generalisation does not allow for the
derivation of many results found in our analysis. We nd a necessary and suf cient condition for
steady stability (provided the mode is magnetic) independent of wavenumbers. We then consider
various constraints on the Prandtl and magnetic Prandtl numbersRe.g, = = Pm =

= 6lorPr Pm 1)

In Chapter 5, we consider the ideal linear stability of a hyperbolic shear layer brptane
in the presence of uniform vertical magnetic eld strength, which admits localised modes. The
linear analysis follows the same structure as Chapter 3. The nonlinear evolution of the system is
investigated via numerical simulations wilr = 1. We focus on the mean ow change and the
redistribution of the absolute vorticifQ throughout the latitudinal domain. The most signi cant
redistribution of vorticity and mean ow changes are found to occur in the inertially stable regime,
even in the presence of relatively weak magnetic eld.

In Chapter 6, we consider the ideal linear stability of a parallel ow with uniform latitudinal
shear on an equatorialplane in the presence of uniform vertical magnetic eld strength. This
case is of particular interest given the previous hydrodynamic analysis of this system on an equa-
torial -plane (e.g., Dunkerton, 1981, 1982; Grif ths, 2003a,b). We derive a parabolic cylinder
equation, which can be solved analytically to yield an eigenvalue relation (reducing to (1.2) of
Dunkerton, 1981, in the absence of magnetic eld). We discuss inertial and hydromagnetic waves
and investigate the unstable domain, deriving asymptotic expansions in the weak and strong eld
limits. Dynamical balances are then considered in numerous parameter regimes. A jet prole
is then considered so that the shear is no longer uniform and unbounded; there are signi cant

changes to the unstable domain.
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Chapter 7 extends the linear stability analysis of the jet pro le in Chapter 6 to the diffusive
regime, where we consider the effects of kinematic viscosity, thermal diffusion and magnetic
diffusivity. We follow the structure of Chapter 4; however, on the equatoriplane, stability
criteria are signi cantly harder to derive. First, we consider the hydrodynamic regime, which is
closely related to the studies of Dunkerton (1982) and Grif ths (2003a, 2008a). We then focus
on the magnetohydrodynamic case, where we consider when the magnetic Prandtl Romber
= orthe Prandtl number are unity, when they are equal and wWhien Pm 1

The thesis will end with Chapter 8, where we discuss our results and possible further work.
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Chapter 2

The Governing Equations and General
Theorems

2.1 Introduction

In this chapter, we provide the framework for which the linear and nonlinear inertial instabilities
of stellar and planetary atmospheres are modelled throughout the thesis. This can be split into
three main sections: our model and the equations of motion, linearisation of these equations about
the basic state, which yields our governing equation, and, nally, general theorems regarding
conditions for linear stability, and bounds on the growth rate. Since the thesis contains primarily
linear results, we do not further describe the nonlinear framework beyond the equations of motion
and their corresponding energetics until Chapter 5.

To derive our equations of motion, we rst introduce the magnetohydrodynamic equations for
an ideal gas (e.g., Priest, 2012) and seek to simplify these under a number of approximations.
Under the planar (Cartesian), Boussinesq, hydrostatic, traditional and axisymmetric approxima-
tions, the magnetohydrodynamic equations reduce to the equations of motion that will be used
within this thesis. Many of these approximations are typical in geophysical uid dynamics (see,
Salmon, 1998; Vallis, 2017); however, some do not trivially extend to the magnetohydrodynamic
regime. In particular, we take care when discussing the magnetic analogues of the Boussinesq and
hydrostatic approximations. Throughout the thesis we will be well within the restrictions of these
approximations; however, in certain cases, we will approach limits that push the validity of some
of these approximations, which we will discuss on a case by case basis.

Under our equations of motion, we then introduce the basic state: a zonal swJ(y)ex
in the presence of background rotatibn= f (y) and vertical eldB = Bj(y)e,; wherex; y
andz are the longitudinal, latitudinal and vertical coordinates (with corresponding veloaities
v; w and eldsBy; By andB;). We also include an along-stream eld as a part of the basic
state however, due to axisymmetry it has no dynamical effect on our system. Linearising about
the basic state and seeking normal mode solutions yields a second order ordinary differential

equation for the perturbed cross-stream velocity, which is the basis for all linear results throughout
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the thesis. The equation is derived with a magnetohydrostatic switch that allows us to easily
derive a condition for regarding the use of the magnetohydrostatic approximation, building on
the discussion surrounding its validity in Section 2.2. The content of the thesis however will be
entirely magnetohydrostatic, except one small excerpt in Chapter 3.

The governing equation allows for the derivation of numerous stability criteria and growth rate
bounds for an ideal uid. These are derived for both the hydrodynamic and magnetohydrodynamic
systems, linking to previous results (e.g., Rayleigh, 1917; Chandrasekhar, 1960; Balbus & Haw-
ley, 1991; Grif ths, 2008a). Recalling that the conditié® = f(f U9 < 0 on the absolute
vorticity is the Cartesian equivalent of the condition on the Rayleigh Criterion (1.1), we nd that
the magnetohydrodynamic criteria for stability is found to be less constricting than this hydrody-
namic condition oriQ: Indeed, vertical magnetic eld allows instability to occur within inertially
stable regimesfQQ > 0) provided that anti-cyclonic shear is present somewhere in the system
(U% > 0). The bound on the growth rate is also found to be less constricting in comparison to the
hydrodynamic case.

Finally, we provide a list of parameters (e.g., buoyancy frequency, angular velocity and eld
strength) for the Earth's lower mesosphere and upper stratosphere (where inertial instability is
most likely to occur in the terrestrial atmosphere), the solar tachocline as well as the upper atmo-
spheres of Jupiter and Hot Jupiters. The table includes parameters relevant to both mid-latitude
and equatorial atmospheres. We will refer back to these parameters throughout the thesis to give

insight in various regimes.

2.2 Approximations to the Magnetohydrodynamic Equations

In standard notation, the magnetohydrodynamic equations for a perfect gas in a rotating system
with velocity u; magnetic eldB ; angular velocity ; density ; temperaturd and gas pressure
p (e.g., Priest, 2012), are

D—u+2 u =r g+ i(B ryB+r (2.1)
Dt 0
D
ﬁ+ r u=0; (2.2)
DT Dp_ o1y 2, .
Cp Dt or - Kr“T+ O(r B)“+ ; (2.3)
p=RT,; (2.4)
@ _ 2n -
@t+(u roB=(B r)u (r u)B+ r “B; (2.5)
r B=0; (2.6)

wheree; is a unit vector in the vertical direction ang p+ jBj?=2 ¢ is the total pressure. The

viscous stress tensorand viscous heating are given by
2
i = @u + @Qu 30 Quk ; = j@u;: (2.7)
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2.2 Approximations to the Magnetohydrodynamic Equations

We take the gravitational acceleratignpermeability of free spacep, dynamic viscosity; ther-
mal conductivityK; magnetic diffusivity ; speci ¢ heat at constant volun; speci c heat at
constant pressui® and the gas constaRt= ¢, ¢y to be uniform.

In order to investigate the inertial instabilities of stellar and planetary atmospheres we simplify
the equations (2.1)-(2.6) under various approximations in the following subsections.

2.2.1 The Planar Approximation

In general, it is natural to model planets and stellar interiors with spherical coordinates, where
the entire atmospheric domain can be described by the coordinate system. However, this is not
always desirable as we may only want to model a speci ¢ phenomenon local to one region of the
stellar interior or planetary atmosphere, where the added complexity of spherical coordinates is
not necessary. Indeed, many waves and instabilities occur in local regions of atmospheres and
stellar interiors, including inertial instability. Hence, since we expect the latitudinal lengthscale of
inertial instabilities to be much less than the radius of the stellar or planetary atmosphere under
consideration, we may neglect the curvature of the star or planet and in turn model the uid with a
local Cartesian system. In the thegjsy andz are our longitudinal, latitudinal and vertical coor-
dinates. Throughout the thesis we will be well within the restrictions of the planar approximation;
however, in certain cases, we will approach limits that push its validity, in particular, when modes
become wide (i.e., for modes with large latitudinal lengthscales).

2.2.2 Boussinesq Approximation

The next approximation to the equations (2.1)-(2.6) we will consider is the Boussinesq approxi-
mation; initially, we discuss the approximation in the absence of magnetic eldRi.e.,0), and
then extend the discussion to incorporate magnetic eld.

The Boussinesq approximation (Boussinesq, 1903) is valid provided the vertical lengthscale
of the ow is much less than the scale height of any thermodynamic quantity, and the perturbations
in density, temperature and pressure that are induced by the uid ow do not exceed, in order of
maghnitude, the total background values of these quantities (e.g., density perturbatiermauch
less than the reference densitgo thatj ). Many geophysical ows are Boussinesq, where
the approximation allow us to simplify the full Navier-Stokes equations (equations (2.1)-(2.6) in
the absence of magnetic eld), as shown in Spiegel & Veronis (1960) and Salmon (1998). Under
the Boussinesq approximation, the conservation of mass equation (2.2) reducesite 0 at
leading order, which is the condition for incompressible ow (even though the ow itself could
be compressible if so desired). It follows that  reduces to r u at leading order, and that

; in the thermodynamic equation (2.9), may be neglected. Furthermore, we may neglect density
variations except in the buoyancy term of the equation of motion (i.e., we may watethe
reference density in equation (2.1), except in they term). Finally, perturbations in density that
are induced by motion result primarily from thermal (as opposed to pressure) effects; thus, density
perturbations are directly proportional to perturbations in temperature. Hence, by perturbing the
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thermodynamic equation (2.3) such tpat andT take the forrg= g+ qu(z) + g; with reference
stateq; initial background statgyg(z) and perturbatiost; we obtain

E-{- WE ﬂ D7p+ Wdﬂ = Lr 2-:- (28)
Dt dz pc, Dt dz Cp
where have written T = T ~ and used the ideal gas law on the rst and nal terms of (2.3).

Then, following Salmon (1998), we may negl&p=Dt provided the ow is hydrostatic (or, more
generally, provided buoyancy effects are at least comparable with those of inertia). Thus, using
the vertical component of (2.1) in the absence of motion, sadipgtdz= ( + )g;we obtain

D~ N2z 5,
i W g r <= (2.9)
where is the thermal diffusivity and
20n- 9 do (+ 09
Ne(z)= = Az + —a (2.10)

is the squared Brunt-&sala frequency and?® = PG=G :

We want to ensure the validity of the Boussinesq approximation in the presence of magnetic
eld. There are numerous studies on this delicate topic, and following these we will incorporate
magnetic eld in to the Boussinesq equations in the standard manner (e.g., Chandrasekhar, 1961;
Proctor & Weiss, 1982) — the so-called equations of Boussinesq magnetoconvection. Indeed,
magnetic eld does not have any bearing on the thermodynamics of the system so that density
perturbations are still proportional to those of temperature. We may also neglect Ohmic heating
so that the thermodynamic equation (2.3) still reduces to (2.9) in the presence of magnetic eld.
We note that under this variation of the approximation the effects of magnetic buoyancy are no
longer present. Incorporating magnetic buoyancy into the Boussinesq approximation is described
by Spiegel & Weiss (1982), Bowket al. (2014) and Wilczpski et al. (2022).

2.2.3 Magnetohydrostatic Approximation

Many geophysical ows have a small aspect ratio; that is, the horizontal lengthisdalenuch

larger than the vertical lengthscate This allows for the derivation, via a simple scaling ar-
gument (e.g., Vallis, 2017) of the hydrostatic approximation; it is an asymptotic model for the
Navier-Stokes equations, where the vertical momentum equation reduces to a balance between
the pressure gradient and gravitational forces. In the terrestrial atmosphere, the approximation
is widely used in meteorology and oceanography. In particular, observations of inertial instabil-
ities in the equatorial stratosphere and mesosphere with a vertical wavelengtii@m and
latitudinal lengthscale of about 30 (into the winter hemisphere) or, equivalently, 3000km
(Hitchmanet al, 1987; Hayashet al, 1998; Smith & Riese, 1999). Thus, since the latitudinal
lengthscale is two orders of magnitude larger than the vertical lengthscale, we can certainly justify
the use of the hydrostatic approximation when investigating inertial instability in the terrestrial
atmosphere.
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2.2 Approximations to the Magnetohydrodynamic Equations

We want to ensure the validity of the hydrostatic approximation in the presence of magnetic
eld. That is, given that a magnetohydrodynamic ow has a small aspect ratio, is it possible to
show that the vertical momentum equation reduces to a balance between the magnetic pressure
gradient and gravitational forces, and if any additional assumptions are required. Thus, we con-
sider the perturbed quantities of (2.5) under the Boussinesq approximation (after dropping the
tildes introduced previously for perturbed quantities):

Dw ) 1 200
D 2 ucos = @z g+—O(B rb,+ r “w; (2.112)

where is the latitudep, is thez component of the perturbed magnetic eld, and each term is of

the following order
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respectively. Here,; H , " andT are the horizontal lengthscale (in the longitudinal and latitudinal
directions), vertical lengthscale, rotation frequency and timescale of the uid motion, respectively.
The quantitiesV; * andB, are the characteristic perturbations of vertical velocity, total pres-
sure and vertical magnetic eld, respectively. We have used the incompressibility and magnetic
sinusoidal condition in (2.2.3) to write the horizontal velocities and elds in terms of their respec-
tive vertical components (e.g:;, u = 0 impliesU VvV  LW=H; whereU andV are the
characteristic perturbed longitudinal and vertical velocities).

In the horizontal momentum equations (2.1) we scale the acceleration, advection, rotation,
pressure and diffusive terms with the Lorentz force, arguing that the Lorentz force must be a
part of the leading order balance to be dynamically signi cant. If this was not the case, given a
small aspect ratio, (2.11) would reduce to the hydrostatic balance (cf. Vallis, 2017). By denoting

2= oH; it follows that T 2 =W, =W; L2=H, and H2=W:
Note that, aside from the pressure gradient, the corresponding terms would be trivially negligible

N N

in (2.11) if they were not a part of the leading order balance (i.e., the scalings give the maximum
value of each quantity given magnetic eld is dynamically signi cant).

Hence, the vertical acceleration, Coriolis, pressure, Lorentz, and diffusive terms in equation
(2.11) have the following ordering

DD—Y[V ; 2 ucos E ; gz ll_'|22 : 10(8 r )B, and r?w : (2.12)
Thus, if we now assume a small aspect ratio, so ithelt 1; it follows that all terms except
the buoyancy term in (2.11) are at least of ordeH smaller than the pressure gradient and are
therefore negligible. This yields a balance between the pressure gradient and buoyancy term to
leading order in equation (2.11) — the so-called magnetohydrostatic balance.

However, crucially, the total pressure may not necessarily scale with the Lorentz force in the

horizontal momentum equations (2.1), perhaps interfering with the magnetohydrostatic balance.
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Note that under this assumption=H L2=H?2; and thus (2.11) may still reduce to magneto-
hydrostatic balance since the second order term in (2.18){lis =H): Hence, for the magneto-
hydrostatic approximation to be valid, we require=H 4 ( "“=H). Scaling via the ther-
modynamic equation (2.9) under the Boussinesq approximation, it followgythat 2N 2w2=",
whereN is the scale of the buoyancy frequency (2.10). Thus, the conditictH 4 implies
that °N2W?2H=L 2 = B#=H? 2, and we therefore require that the magnetic eld cannot
be too strong for the magnetohydrostatic approximation to remain valid.

Hence, under the assumptions that the aspect ratio is small, and the magnetic eld strength is
not too strong, it follows that the vertical momentum equation (2.11) reduces to the magnetohy-
drostatic balance. This is consistent with the assumptions used to derive the magnetohydrostatic
approximation in Deluca & Gilman (1986) and Gilman (2000).

We can also derive an alternative assumption to that of a small aspect ratio. To illustrate this,
we assume that the magnetohydrostatic approximation is valid, and sdalthe thermodynamic
eqguation (2.9), so that for the pressure gradient to scale with the buoyancy term in (2.11), we
requireL?=H? N 2T?2: Hence, assuming a small aspect ralicl. 1) is equivalent to taking
N2T2 1, and one could therefore derive the magnetohydrostatic approximation from the latter
(instead of assuming=L  1). The conditiorN?T?  1is seen later when deriving a condition
from our governing equation to determine the validity of the magnetohydrostatic approximation;
it is then used on a case by case basis throughout the thesis to ensure that the size of the neglected
terms in (2.11) remain negligible compared to the pressure gradient and buoyancy term.

2.2.4 The Coriolis Parameter and the Traditional Approximation

The planar approximation and the use of the Cartesian system have consequences for how we
consider rotation. Given that a planet or star rotates at an angular velgcthen at a given
latitude ; its componentsare = (0; cos ; sin ): To simplify our argument, we assume the
geocentric and geodetic latitudes are equal (i.e., the normal to the surface at the latitude we are
considering passes through the centre of the planet or star). Thus, the Coriolis accelePation is
u=2( wcos vsin;u sin; ucos ):Thisisthe full form of the Coriolis acceleration in the
Cartesian model; however, in many cases we can simplify ttistou =2 ( vsin ;u sin ; 0)

— the so-called traditional approximation. It is useful to write the Coriolis acceleration in terms

of the Coriolis parametdr = 2 sin  ; yielding 2 u=( fv;fu; 0O):

The traditional approximation is widely used in the study of the terrestrial atmosphere and
oceans. That is, the cosine terms in full Coriolis acceleration are neglected (i.e., vertical induced
motions from the Coriolis force are neglected). The approximation is justi ed via the assumption
that the depth of the layer of atmosphere (or ocean) is small compared to the radius of the planet.
For inertial instability in the terrestrial atmosphere, which occurs in the upper stratosphere and
lower mesosphere with a vertical lengthscalelOkm; this condition is certainly satis ed since
the radius of Earth i6; 371km: Thus, the horizontal motion of uid must be much more signi cant
than that of the vertical, implying that the cosine components of the full Coriolis acceleration are
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2.2 Approximations to the Magnetohydrodynamic Equations

negligible. Indeed, we can immediately negleatos in thex component o2 u sincew
Hv=L with H=L 1. Similarly, we may neglect ucos since it is negligible in comparison to
the dominant terms in the vertical momentum equation (see Tritton, 2012, for a similar derivation).

Note that under the traditional approximation the condition on the magnetic eld strength not

being too strong for the magnetohydrostatic approximation to be valid reducé tn 2
2 = B2=H?  since the second order term in (2.11) beco®¢$ rather tharO( L=H). We
will later derive an analogous condition in a following subsection.

Alternatively, we note that under the magnetohydrostatic approximation we must also take the
traditional approximation. Indeed, the magnetohydrostatic approximation implies that we must
neglect the cosine term in tbxecomponent o usincew Hv=L withH=L 1, further-
more, to conserve the energy of the system, we must also neglesis :

The use of the traditional approximation close to the equator is questionable (Veronis, 1968;
Gerkemaet al, 2008) since the cosine term in tRecomponent of u will be comparable
towsin provided is sufciently small. However, we may argue that the traditional approxi-
mation remains appropriate at the equator since strati cation and kinematic viscosity dampen the
vertical de ection of uid by the Coriolis force. Further justi cation is found in Grif ths (2008a),
where the traditional approximation is valid at the equator provided N; which is the case
for geophysical ows. However, the approximation still breaks down as the horizontal lengthscale
L approaches zero; this is only of mathematical signi cance (rather than physical) since the most
unstable mode for inviscid inertial instability has latitudinal lengthstale 1=H 172 for vanishing
vertical scales, thus satisfying the condition for validity.

Throughout the thesis we will use tlfieplane and equatorial-plane approximations, which
are standard under the planar and traditional approximations (see Vallis, 2017). These are derived
by Taylor expandingin about a given latitudey:

2.2.5 Axisymmetric Assumption

The axisymmetric assumption may be applied when a given uid ow is weakly dependent on a
coordinate (i.e., the uid ow is almost identical when this coordinate is varied). In our Carte-
sian system we assume an axisymmetric basic state and axisymmetric perturbations about it, both
in the longitudinal directiorx: Thus, we may neglect all derivatives with respect to longitxde
simplifying our governing equations (2.14)-(2.18). Physically, we may justify this choice of ba-
sic state since many astrophysical ows are approximately axisymmetric. Indeed, seismological
observations suggest the latitudinal and vertical shear in the Solar tachocline varies weakly with
longitude; Jupiter's surface jet streams are clearly approximately axisymmetric. Observations of
Hot Jupiters also allow us to infer that their extreme equatorial jets can span the entire day-side
of the planet, implying that the uid ow varies slowly with longitude. In terms of inertial insta-
bilities in the terrestrial atmosphere, observations suggest inertial instabilities are approximately
axisymmetric (longitudinally) in nature (having small zonal wavenumbers) as seen in gure 1.4.
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Regarding axisymmetric perturbations, the most unstable mode of inertial instabilities are axisym-
metric provided the vertical wavenumbet 1 (i.e., vanishing vertical scale) and the system is
inviscid (Grif ths, 2008a). However, note that the most unstable inertial instability mode need not
be axisymmetric in the presence of diffusion. Taking axisymmetric perturbations also allows us
to study inertial instability without interference of competing modes such as the strato-rotational

instability which may occur only in a non-axisymmetric system.

2.3 Equations of Motion and the Basic State

We consider a set of Cartesian coordinates, with horizontal along-stream coornxtiratess-
stream coordinatg and vertical-stream coordinaze with corresponding velocity = (u;v; w)

and magnetic el = ( Bx;By; B;): We examine an incompressible, axisymmetric and diffusive
ow with basic stateu = (U(y); 0;0) andB = (B1(Y); 0; B3(y)): The choice oB is motivated

from the studies discussed in Chapter 1; in particular, vertical magnetic eld is shown to have
signi cant dynamical effects. The choice af= U(y)eyx is motivated by the zonal jets found in
many astrophysical bodies (e.g., Jupiter and Hot Jupiters). We also suppose the uid is strati ed
and assume the Boussinesq approximation is valid, where the constant buoyancy freédjusncy
linked to the initial density strati cationg(z) and reference densityvia

9d o,

N2= =2Z22.
dz

(2.13)

whereg is the gravitational acceleration. Hence, the magnetohydrodynamic equations for a perfect
gas (2.1)-(2.6) reduce to:

bu 4 = i(B r)By+ r2u; (2.14)
Dt 0
Dv 1@ 1 5
—+fu= ——+ —(B r )By+ r °v; 2.15
= oy o B 1By (2.15)
@ 1 2 Dw
— = + - + — . )
@z g+H S (B r)B; r“w DL (2.16)
D do_ 2. _A-
Dt +wdZ = r“;r u=0; (2.17)
@ _ 2 .
@t+(u r)B=(B r)u+ r“B andr B =0; (2.18)

wheref = f (y) is the Coriolis parameter due to background rotatipry; z; t) is the perturbed

total pressure, (y; z; 1) is the density perturbation, is the kinematic viscosity, is the magnetic
diffusivity, is the thermal conductivity. The paramekér which takes the valu@ or 1, acts as a
switch to determine whether the system is magnetohydrogtdtic 0) or not(H = 1) : We will

be primarily addressing the magnetohydrostatic sygtdm= 0) ; thus, making an obvious con-
nection to hydrostatic results for geophysical ows (Dunkerton, 1981, 1982; Grif ths, 2003a,b,
2008a). However, the validity of the magnetohydrostatic approximation does not trivially extend
from the hydrostatic approximation, which is valid provided the horizontal lengthscale is much
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2.4 Linearisation, Normal Modes and the Governing Equation

larger than the vertical lengthscale (as is the case in planetary atmospheres). Therefore, we exam-
ine the validity of the approximation on a case by case basis; we will shortly derive a condition for
the validity after linearising the system.

The basic state = (U(y);0;0) andB = (B1(y); 0; B3(y)) satis es equations (2.14)-(2.18)
provided that

f(y)U(y) = 1%‘;;

where is the basic state of the total pressure perturbation. Hence, the basic state is geostrophic

(2.19)

balance in the latitudinal direction.

2.3.1 Energetics

The evolution of energy of the system (2.14) - (2.18) is of particular importance when considering
the nonlinear evolution of the system in Chapter 5. The rate of change of the total &hettgy
derivation of which is given in Appendix A, is given by

z 5 z

E_d Lype 18 2y g gy- it j2 dv
2N? T2, v i

a9t " dt oy 2!
o 1 .

=— jr jFdv. = jjjfdv; (2.20)

N < v v
where!l = r uisthelocal vorticity, = 1= o is the electrical conductivity,= Ol(r B)
is the current. Note that in the derivation it is shown that the magnetic energy lost owing to the
rate of working of the Lorentz force is balanced by the rate of kinetic energy gained from the
working of the Lorentz force on the ow. We can also note that since the system is axisymmetric,
the volume and surface integrals in equation (2.20) can be equivalently written as surface and line
integrals, respectively.

2.4 Linearisation, Normal Modes and the Governing Equation

In general, the nonlinear equations (2.14)-(2.18) must be solved numerically in order to gain in-
sight into the dynamical system. However, linear stability analysis allows us to neglect the non-
linear terms and progress analytically by considering small perturbations around the basic state. It
is a fundamental tool for the investigation of geophysical and astrophysical ows; it allows us to
determine stability criteria, maximum growth rates, the form of the disturbances as well as their
role within the system. Indeed, most results in the thesis are derived using linear stability analysis.

Hence, we linearise the governing equations (2.14)-(2.18) via perturbations to the velocity,
magnetic eld, pressure and density, where we seek solutions of the following form:

(017 9= Re @) B): "y): Ayne = (2.21)

where~is de ned as the perturbation to the total pressure divided by the reference deksity
the vertical wavenumber argis the growth rate. Under this formulation, (2.14)-(2.18) reduce to
the following system of linear equations (where all superscripts have been dropped):

33



(s+ k?u Qv:i @uﬁiksgbx : (2.22)
0 dy

(s+ k2)v+fu = a, 'kﬂh,; (2.23)
dy 0
N2 H(s+ k?2 k2v2 dv
(s+ k?) + t ( 2 ) < Q2+ + k? oTy:O; (2.24)
dB du
2 1, - =2V ; .
(s+ k)b + dyv dyby+ ikB 3u; (2.25)
(s+ k?)b, = ikB 3v; (2.26)

whereb, andb, are the along-stream and cross-stream components of the magnetic eld. Note
that we neglected the horizontal component of the diffusive terms since a small aspect ratio (mag-
netohydrostatic approximation) impliéd=dy?> k2 as the latitudinal lengthscale is much larger
than the vertical lengthscale. Recall tigat= f  UCis the vorticity, wheréJ°represents thg
derivative ofU: Equation (2.24) is derived from combining taecomponent of the momentum
eqguation (2.16), the thermodynamic equation and the conservation of mass (2.17) as well as the
de nition of the buoyancy frequency (2.13). We later consider these equations (in various limits)
when discussing dynamical balances.
Combining equations (2.22), (2.23), (2.24), (2.25) and (2.26) yields a second order governing
equation for the perturbed cross-stream velocity, given by
2 2 2 2,2 2
R I i (AL
k2vZUX  fQ(s+ k2?2 ((s+ k?)(s+ k?)+ k?v3)2
(s+ k2)(s+ k2)+ kavz

=0; (2.27)

Wherev/i (y) = B3(y)=( o) is the square of the Alfen wave speed. We suppose the ow is in a
bounded domain, with the boundary conditions

v=0 aty=yp (2.28)

Clearly, the along-stream eld does not affect the dynamics or stability of the ow, since the
governing equation (2.27) is independentBx(y): This is unlike the cylindrical problem, in
which, as a consequence of eld line curvature, azimuthal eld can play an important role in
axisymmetric systems (e.g., Michael, 1954; Vandakurov, 1972). This is also the case for the
azimuthal component of helical eld in axisymmetric ows; thus, instabilities that depend on both
components of eld in combination can not occur within our system.

We can see that making the magnetohydrostatic approximation (i.e., déttn@ in (2.27))
will be valid provided that
k2vZ

2
(s+ k?) b

+s+ k2 N2 (2.29)

It is clear that if the hydrostatic approximation fgr = 0 isvalid (j(s+ k 9)(s+ k?)j N?2);
then we can not trivially deduce the validity of the magnetohydrostatic approximation. We have
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2.5 Stability Criteria for an Ideal Fluid

already discussed this in (2.2.3) and shown that the magnetohydrostatic approximation is valid
provided that the magnetic eld is not too strong. Indeed, in the absence of diffusion (2.29) re-
duceskzvﬁ N 2 and requires that the magnetic eld is not too strong. To ensure the validity of
the approximation throughout the thesis the condition (2.29) will be checked on a case by case ba-
sis. For example, for inviscid inertial modes with=f > = O(1); (2.29) will be satis ed provided
f2 N? (asis usually assumed in planetary atmospheres owing to the presence of thin strongly
strati ed ows) andk?v2 N Z2: The latter condition implies that the magnetohydrostatic approx-
imation may break down in the large eld or large vertical wavenumber limit. However, linking
to the vanishing vertical wavelengtjkj! 1 ) of the most unstable modes of inertial instabilities
in inviscid systems (e.g., Dunkerton, 1981; Grif ths, 2008a), it is possible to sdt?sif( N 2
with jkj ! 1 provided the eld strength is suf ciently weak so thaf N 2=k

Assuming the ow is magnetohydrostatic (i.e., the condition (2.29) holds) the second order
governing equation (2.27) reduces to

w((w k2)(s+ k?)+ k?vz jzy‘}

(k2vZUF  fQ(s+ k)2 ((s+ k) (s+ k?H)+ k&32)?)v=0: (2.30)

In the absence of magnetic eld and diffusion, equation (2.30) reduces to equation (1.3) in Grif ths
(2008a). The governing equations (2.27) and (2.30) taken with the boundary conditions (2.28) will
form the basis of our linear results. We will apply (2.27) and (2.30) to problems oh-fiiane

and equatorial -plane, using analytical and numerical methods to drive results regarding inertial,
magnetic and hybrid instabilities that depend upon inertial and magnetic effects.

2.5 Stability Criteria for an Ideal Fluid

In this section, we derive a number of stability conditions and growth rate bounds for an ideal
uid with ow U(y) and Coriolis parametdr(y): To derive these results we consider the mag-
netohydrostatic = 0) system only; the non-magnetohydrostatic system is used only for one
small excerpt in Chapter 3, for which stability results are not required. Note that we still provide
a non-magnetohydrostatic ideal governing equation to clearly illustrate the condition for magne-
tohydrostatic approximation to be valid. We initially derive solutions for magnetic Eidy)
that depends on latitude, before restricting attention to the case of unifornB glthe latter case
allows for the derivation of a stronger stability condition.

In the absence of diffusion, the second order governing equation (2.27) reduces to

(N2+ H(52+ kZVZ))dZJ kZ SZ+ k2v2 + fQ kzvﬁf 2 v=0: (2 31)
A7 dy? A s2 + k2vZ ’ '

from which it follows that the magnetohydrostatic approximation is valid provided that
2+ kWi  NZ (2.32)
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The second order governing equation (2.31) witlk- 1 (non-magnetohydrostatic) is the Cartesian
analogue of (1.9) of Chandrasekhar (1960). Then, assuming (2.32) holds, (2.31) becomes
k2vaf 2

2 L 122 -0-

dy2 N2
This is the ideal analogue of equation (2.30) and is thus the governing equation for all of our ideal
results throughout the thesis, including the stability criteria derived in the following subsections.

2.5.1 Magnetic Field as a Function of Latitude

In the case for magnetic eld depending upon latitude, equation (2.33) allows for the derivation
of numerous stability conditions as well as a hydrodynamic and magnetohydrodynamic bound on
the growth rates:

First, we prove thas? must be real. Multiplying (2.33) by the complex conjugatevo¥ ;
integrating over the domain and applying the boundary conditions (2.28) gives

N2Z Z,

Yb
jvi2dy + (s®+ fQ + k?v})jvj’dy
Yb Yb Yb

Z
*+Yb Yo k2v2f2 _
mm dy=0: (2.34)

k2
Then, the imaginary part of (2.34), after multiplying the numerator and denominator of the nal
term by (k?vZ + s 2) becomes
Z .,y

b
Im(s?) jvj2dy + ——A __jvj’dy =0: (2.35)
Yb Yb jk2V£ + SZJZ

£ k2212

Hence, as the quantity multiplying ({sf) in (2.35) is always positive, it follows that Ifs?) = 0 :
Therefore, in the absence of diffusion, unstable mdée$s) > 0) are not oscillatory.

We now derive hydrodynamic and magnetohydrodynamic bounds on the growth rate. These
require conditions on the Coriolis parametéy) and shealdqy) to be satis ed. Reconsidering
(2.34), it follows that
2ty Z v, k2vZf 2

jvjedy = s
Yb Yo kzvﬁ + Sz

ZZ+Yb

jiv42dy:  (2.36)
Yb

s? kA fQ jvjdy

3
Restricting ourselves rst to the hydrodynamic cagg € 0), equation (2.36) reduces to
z z 5 Z

+Yb +Yb
2 jvj*dy = fQ jvjdy
Yb Yb

+Yb
jv32dy; (2.37)
Yo

> W
so that the suf cient and necessary condition for hydrodynamic stability is that
N2 Z Z,

+Yb

Yb
jvi2dy + fQjvj2dy > O (2.38)
b

K2
k Yb

y
Thus, as the rst term in (2.38) is always positive, it follows that@ > 0 everywhere in ow,
then the hydrodynamic system is stable. Equivalently, a necessary condition for hydrodynamic

instability is thatf Q < 0 somewhere in the ow.
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2.5 Stability Criteria for an Ideal Fluid

Therefore, assumini < 0somewhere in the ow (so that instability is possible) we recon-
sider equation (2.37) to derive a growth rate bound for the hydrodynamic system. Removing the

negative de nite term from (2.37) yields
z z

+Yp *+ Yo
2 jvjdy < fQ jvjdy: (2.39)
Yb Yb

S

Then, assumingQ < 0somewhere in the ow, it follows from (2.39) that any unstable mode (if
one exists) obeys
s?< min(fQ); (2.40)

so that the growth rate squared must satsfy< max fQ) as seen previously in Grif ths
(2008a).

In the magnetohydrodynamic regime, equation (2.36) does not reduce as easily as in the hy-
drodynamic case. This is due to the growth rate being contained within the denominator of the rst
term of the integrand on right hand side of (2.36). Writiy = f2 U% in (2.36), collecting
thef 2 terms and then removing all negative de nite terms from the right hand side of (2.36) yields
z z 22

T j°d o u% f j%j%d (2.41)
jvjcdy < S 19Tdy: :
Yo Yb k23 + s?

32

Hence, on rearranging (2.41), we obtain
Z,
Yb
s? 1
Yb

Z,

- e g
+ kA2 + 2 jojedy < . U% joj°dy: (2.42)

Thus, assuming the system is unstable soshat 0; we can divide (2.42) by the integral on the

left hand side to obtain

Z +Yb Of 2 z *+Yb f2 5
< U joj<dy 1+ ——— j¥°dy: (2.43)
Yb Yb kzvﬁ + §2

32

Hence, since the denominator on the right hand side of (2.43) is positive we can deduce, by contra-
diction, that the system is stable provided we have cyclonic sh&fr<{ 0) everywhere. There-
fore, a necessary condition for instability is that anti-cyclonic sheéér$ 0) occurs somewhere
in the ow.
Hence, given anti-cyclonic shear somewhere in the ow so that the assurggtion O is
satis ed, equation (2.43) implies

2 Z+Yb Z

Yb
2 < U% joj2dy joj2dy : (2.44)
Yb Yb
Therefore, given anti-cyclonic shea’§ > 0) somewhere in the ow, then any unstable mode (if
one exists) obeys

s? < maxU%): (2.45)

Comparing the MHD results to that of the hydrodynamic regime, we found that a necessary
condition for instability in the MHD regime is tha1¥ > 0 somewhere in the domain, which is
less restrictive than the necessary hydrodynamic condition for instability,@hat 0 somewhere
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in domain. This becomes clear when writil@ = f2 U% >  UY%; which clearly implies
thatU¥ > 0is required fofQ < 0: Secondly, we have derived that the magnetohydrodynamic
growth rate squared is bounded by the maximurd & which is again a less restrictive condition
than that of the hydrodynamic regime which bousdsy the maximum of fQ: Comparisons

may be made with the magnetorotational instability (e.g., Velikhov, 1959; Chandrasekhar, 1960;
Balbus & Hawley, 1991), where instabilities are generated by weak vertical eld; indeed, the
condition (2.45) is analogous to the maximum growth rate (1.12) of Balbus & Hawley (1991).
However, one must note that the results of this section do not prove that an MRI occurs within the
system, but, instead, allow for the existence of such an instability.

2.5.2 Uniform Magnetic Field

In this section we consider uniform vertical magnetic &d = By: This allows for the derivation
of a stronger condition for magnetohydrodynamic stability than in the previous section; it is both
necessary and suf cient. Multiplying (2.34) lsg + kzvﬁ (which is now constant) and rearranging

gives
Z+yb NZZ+Yb Z+yb Z+yb
st jviPdy + s — v§2dy + 2k?vx jvi*dy + fQ j0j°dy
Yb k Z Yb Z Yb 7 Yb
2 NZ2TFV o) 22 Lo ! 2
+ k?v3 e jvi2dy + k?vZ jvj2dy . U%joj’dy =0: (2.46)
Yb Yb

Thus, since (2.46) is a quadraticsf, which is real by (2.35), given a solutioy) that satis es
the ODE (2.33), there must be two valuess3fprovidedva 6 0: For stability we therefore
require that both roots of (2.46) are negative. Both roots are negative if and only if the following

two inequalities are satis ed:
Z, Z

Z
27 +yp Yb +Yp
EZ jvi2dy + 2k?v2 jvj2dy + fQjvj2dy > 0; (2.47)
Yb Yb Yb
2,2 2% 2 2zz+yb--2 2zz+yb 2
KVA 1z jvi2dy + k?vZ jviddy >k2v3 U% joj2dy: (2.48)
Yb Yb Yb
Using the de nition for the absolute vorticit® = f  U% we can re-write (2.47) as
Z+yb 22+yb Z+yb Z+yb
f 2j0j2dy + Nfz jv42dy + 2k?v2 jvj’dy > U% joj2dy: (2.49)
Yb k Yb Yb Yb

Hence, if we assume that (2.48) holds and that the@&lfwave speed is non-zero, we can substi-
tute (2.48), after the division &?v3 ; into (2.49) to obtain
Z +yb . . Z +yb . .
f 2j0j%dy + k?v4 jvj2dy > 0; (2.50)
Yb Yb
which trivially holds.
Therefore, if we assume (2.48) holds and that the &ifwave speed is non-zero, then (2.47)
is trivially satis ed and we have real and negatsfeif and only if
N 2 Z iy Z iy
e jv32dy + (k?vz  U%)jvj?dy > 0; (2.51)
Yb Yb
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valid for a non-zero Alfén wave speed (due to the divisionldfv in the derivation). Then,
assuming the maximum df®andf both take nite values, the condition (2.51) allows us to
make a number of conclusions regarding the stability of the system. We nd that any instance of
instability, created by anti-cyclonic shear, can be stabilised by vertical eld of suf cient strength
(as in Chandrasekhar, 1960) or equivalently, for suf ciently large vertical wavenumber. This is in
contrast to the hydrodynamic result (2.38) where large vertical wavenumber impli€QthatD is

a necessary and suf cient condition for stability. This also con icts with the hydrodynamic results,
where the most unstable mode occurs at in nitesimally small vertical sdales ( ) (Dunkerton,

1981, Grif ths, 2008a). However, one could argue that the most unstable mode could still occur at
vanishingly small scales provided we also have in nitesimally weak eld suchkhat UY%:

This is clearly consistent with the hydrodynamic result that the most unstable mode occurs for
in nitesimally small scales, while invoking the weak eld results of Balbus & Hawley (1991). We
also note that, in the limik ! 1 ; the role of strati cation is negligible (provided the integral

on the left hand side of (2.51) is bounded); thus, yielding the necessary and suf cient condition
for stability thatk?vz > U asjkj ! 1 : This is analogous to the criteria (1.11) of Balbus &
Hawley (1991). We must recall that (2.51) is invalid in the absence of efd% 0) and instead

take (2.47), or equivalently (2.38), as the necessary and suf cient condition for hydrodynamic
stability.

2.6 Parameter Values in Geophysical and Astrophysical Bodies

To address possible physical applications of this research, we provide table 2.1, which consists of
typical parameter values such as angular velocity, buoyancy frequency and magnetic eld strength,
found in the Solar tachocline, Jupiter's upper atmosphere and Hot Jupiters. For comparison, we
also include typical values found in Earth's upper stratosphere and lower mesosphere (where iner-
tial instability is most likely to occur). Parameters will be given that are relevant to both equatorial
and mid-latitude regions. Throughout the thesis we will refer back to the parameters in table 2.1
to give insight into various regimes.

In the terrestrial atmosphere, inertial instability is known to occur in the lower mesosphere
and upper stratosphere with a ow vertical wavelengtilOkm and latitudinal lengthscale
3000km(Hitchmanet al, 1987; Hayashet al, 1998; Smith & Riese, 1999); the instabilities could
occur anywhere in the atmospheric layer given suf ciently strong shear (relative to strati cation,
etc.), yielding a layer deptAlp ~ 50km: Over this vertical range in the upper stratosphere and
lower mesosphere, the density of the atmospheric layer ranges frer8:0 10 3kgm 2 to
81 10 3kgm 3: Following Grif ths (2003a) on the estimate of a diffusive parameter in the
equatorial stratosphere and mesosphere near solstice, we estimate the buoyancy fildgaency
2:0 10 2s !andkinematic viscosity =1:5 10 ?m?s !: Then, as the Prandtl number =
= 0:7 in the upper stratosphere and lower mesosphere, we estimate the thermal diffusivity

=2:1 10 ?m?2s ®: Hitchmanet al.(1987) observed cross-equatorial shegr2 [3:5; 5:8]
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10 s 1 at50km; increasing to o 2 [4:6;8:1] 10 °s ! at 70km: Hayashiet al. (1998) also
indicated that inertial instability occurs wheny 2 [2:3;4:6] 10 °s !: Thus, we take o 2
[3;6] 10 5s 1: The radius and angular velocity of Earth &e= 6:4 10°km and =
7:3 10 5s !: respectively. Thus, we can estimate the Rossby paramete2 =R = 2:3
10 'm 1s 1 and Coriolis parameter at mid-latitufle= 2 sin(45 ) 1.0 10 4s %

For the Solar tachocline, we refer to Huglegsal. (2007) and references therein, noting that
some parameters are estimated seismologically (Sehal, 1998), whereas others are inferred
from the solar model presented in Christensen-Dalsgaard (2002). The parameters provided are
estimates aR = 0:7R ;whereR =7:0 10°km is the approximate solar radius. The angular
velocity at this radius is approximately: 2 :8 10 %s latthe equatorand=2 :7 10 s 1
at mid-latitude 45 ), as shown in gure 1.1. The angular velocity at this radius beneath the
polesis =2 :0 10 8s !: provided varies weakly with depth (Gough, 2007). Thus, the
Rossby parameteris=8:0 10 ®m s ! and the Coriolis parameter at mid-latitudis() is
f =3:8 10 %s 1: With the difference between angular velocity at the poles and equator being

=8 :0 10 ’s litfollows that the average change in zonal velocity from equator to pole is
Up = R 500ms : Thus, taking a latitudinal lengthscale equal to a third of the solar radius
L =2:3 10®m, we obtain the latitudinal shear Up=L =2:1 10 ®s 1: Observations of the
solar tachocline show that the depth of the layer is no more@i@aR (Christensen-Dalsgaard &
Thompson, 2007), yieldinglp = 0:05R = 3:5 10’m: The density and buoyancy frequency
across the layer are = 210kgm 3: andN = 8:0 10 “s !; respectively (Gough, 2007).
There is considerable uncertainty regarding the magnetic eld strength in the solar tachocline
(Gough, 2007), however, it is likely to be in the rany@®G < B¢ < 10°G: The kinematic
viscosity, thermal diffusion and magnetic diffusivity in the layer are 2:7 10 3m?s 1; =
1:4 10°m?s 'and =4:1 10 ?m?s ! (Gough, 2007, Tabl#:1).

We will now focus on the upper atmosphere of Jupiter; tha0i8R; < R < R j, where
R; = 7:0 10'm is the radius of Jupiter. Thus, we take the layer depth to be the extent of
this region, yieldingHp = 0:04R; 3000knt The parameters will vary inside this region,
however to simplify our argument while still capturing their ordering, we provide the value of
these parameters@B8R; : To estimate the parameters we refer to Fregic. (2012), Connerney
et al. (2018), Gastine & Wicht (2021), and references therein, which include estimates from the
data gathered by the Galileo and Juno missions. The density and buoyancy frequency are taken to
be =84:8kgm 2andN =5:0 10 “4s ! (Debras & Chabrier, 2019; Gastine & Wicht, 2021).
We take the eld strength to bBy = 10G (Connerneyet al, 2018). Frenctet al. (2012) state
that the kinematic viscosity, thermal diffusion and magnetic diffusivity are3:9 10 ‘m?s 1;

=1:3 10 ®m?s tand =2:3 10°m?s ':The zonal ows seen atthe surface extend down to
R = 0:96R; ; thus, the zonal velocity & = 0:98R; may range fromtJp = 10s !toUp = 150s !
as on the surface (Tollefs@t al, 2017; Kaspkt al, 2018). Thus, taking = Rj=3=2:3 10’'m
we obtain a latitudinal shear fromp = Up=L = 4:3 10 ‘ms 't06:5 10 s ®: The angular
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2.6 Parameter Values in Geophysical and Astrophysical Bodies

velocity of Jupiter is 1:8 10 “4s 1; which allows us to estimate the Rossby parameter
=5:0 10 m s !:and Coriolis parameter at mid-latitudés)f =2:5 10 “4s *:

Naturally, there are many uncertainties regarding parameter values of Hot Jupiters; however,
through the radial velocity method (Hatzes, 2016), transit photometry (Deeg & Alonso, 2018) and
other detection methods, we can infer numerous properties. The radial velocity method allows us
to determine many properties regarding star-planet orbits, such as period and eccentricity, whereas
transit photometry allows us to infer planet size, thermal radiation (of both planet and star) as well
as the atmosphere circulation of Hot Jupiters (Showetaal, 2013). Indeed, we can infer many
physical characteristics of Hot Jupiters, but it is dif cult to prescribe speci c parameter values
such as buoyancy frequency, kinematic viscosity, thermal diffusivity and magnetic diffusivity with
a high degree of certainty. Thus, in table 2.1 we provide a range of typical parameter values
in the upper atmospheres of Hot Jupiters (where the strong equatorial jets are present), taken
from Showmaret al. (2013), Heng & Showman (2015) and references therein; for less certain
parameters we look to Jupiter as motivation for our estimates. The radii of Hot Jupiters range from
0:5R; to 2:0R; (Demory & Seager, 2011). Assuming that the Hot Jupiters under consideration are
tidally locked and have orbital periods fraBrto 10 Earth days (which is typically the case (Winn
et al, 2010)), it follows that their angular velocity must be in the rang2 [7:3;24] 10 %s 1:

Hence, we can estimate a range of Coriolis and Rossby parameters by taking the most extreme
radii and angular velocities, yieldirfg=[1:0;3:4] 10 s and =[1:0;14] 10 ®¥m 1s %
Observations of Hot Jupiters have shown that many have in ated radii when compared to Jupiter,
leading to unusually low mean densities= 220kgm 2 (Mandushewet al, 2007); however,

a mean density as large as= 2100kgm 2 has been observed (Espinogaal, 2017). We
record both densities to give a reasonable interval, however note that we will generallytake
500-1000kgm 2 since we are concerned with the upper atmospheres of Hot Jupiters (where the
strong equatorial jets are present). We take the buoyancy frequerdy @s5:0 10 8s !
(Tsaiet al, 2014); however, it is not unreasonable to consider smaller buoyancy frequencies as in
Jupiter's upper atmosphere (i.bl,=5:0 10 “4s 1). The magnetic eld strengths of Hot Jupiters

are largely uncertain; however, Yadav & Thorngren (2017) estimate the surface magnetic eld
strength of many Hot Jupiters to be in the rad§6& to 250G This agrees with the estimates made
from the release of magnetic energy in star-planet interactions by Caty(2019), ranging

from 20G to 120G. Observations and models of Hot Jupiters have also indicated the existence of
strong equatorial jets that can ow close to the speed of sound (e.g., Shoatrad2013; Heng

& Showman, 2015; Koll & Komacek, 2018); thus, we take a jet speedof 1000ms ! to

Uog = 2000ms : We take a latitudinal lengthscale equal to a third of planetary radius, yielding

L =[1:2;4:6] 10’m; thus giving latitudinal shear in the rangg = Ug=L 2 [2:1;17] 10 °s

For the remaining parameters, we take values from Jupiter: thdpis= 3:0 1Pm; =

39 10 'm?s 1 =1:3 10 ®m?s land =2:3 10°m3s 1
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Earth Solar Jupiter Hot Jupiters
Tachocline

Radius (n) 6:4 10° R =7:.0 10° | R;=7:0 10’ | 0:5R; 20R;
Angular 73 10° 28 106 1.8 104 73 10°
Velocity (s %) 24 10°
Coriolis 1.0 104 38 106 25 104 1:0 10°
Parametef 34 10°

(s h

Rossby 23 101 80 10 1° 50 10 12 1:.0 10 13

Parameter 1:4 10 *?

(m s 1

Layer Depth 50 10 35 10/ 30 10° 30 10°

Hp (m)

Density 30 10°3 210 85 220 2100

(kgm 3) 81 10°3

Buoyancy 1.0 10?2 80 104 50 10 ¢ 50 104
FrequencyN 50 10 °

s h
Zonal Velocity 30 120 500 10 150 1000 2000

Uo (ms 1)

Latitudinal 30 1° 23 10° 23 10 12 10
Lengthscald 46 10

(m)
Latitudinal 30 10° 1.0 106 43 107 21 10°
Shear ¢ (s Y) 60 10° 65 106 1.7 104
Magnetic Field 0 1.0 10° 10 10 250
B3 (G) 1.0 10°
Kinematic 1.5 102 27 103 39 107 39 107
Viscosity
(m?s 1)
Thermal 21 102 14 10 1:3 106 1:3 106
Conductivity

(m?s h)

Magnetic 0 41 1072 23 10° 23 10°
Diffusivity

(m?s 1)

Table 2.1: Estimated parameter values in the Earth's upper stratosphere and lower mesosphere,

the solar tachocline, and the upper atmospheres of Jupiter and Hot Jupiters.
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Chapter 3

Waves and Instabilities for a Uniform
Shear Flow at Mid-latitudes

3.1 Introduction

In this chapter we consider the linear stability of an ideal parallel Wgy) = oy with uniform
latitudinal sheatJ{y) = ¢ on anf -plane in the presence of a uniform vertical magnetic eld
of strengthB3(y) = Bg: This is the simplest possible con guration to study the competition
between inertial and magnetic modes. Indeed, since the Coriolis parameter, the magnetic eld
strength and shear are all constant the ideal governing equation (2.31) has constant coef cients
and can therefore be solved analytically with solutions for the perturbed cross-stream velocity of
the formv / exp(ily ); wherel is the cross-stream wavenumber.

We can further justify our model beyond the grounds of simplicity. First, if modes occur over
a suf ciently small range of latitude, the magnitude of the Coriolis parameter will not vary sig-
ni cantly and thus can be approximated by some constant Vigu€his is known as thé -plane
approximation and is often applied in geophysical systems (see, for example Vallis, 2017, for a
derivation). Second, we have already seen in Section 1.3.2 that even a weak uniform axial mag-
netic eld can signi cantly in uence hydrodynamic ows (e.g., Balbus & Hawley, 1991; Menou
et al,, 2004) and thus, we consider uniform (local) vertical magnetic eld.

We begin the chapter with Section 3.2, in which we discuss the inertial and magnetically modi-
ed waves within the system. In order to do this without interference from the unstable modes, we
make yet another simpli cation and consider the system in the absence of shear. This guarantees
stability by condition (2.51), which implies there must be anti-cyclonic sheari%®> 0) some-
where in the system for instability to occur. We begin the analysis by deriving a quadratic equation
for the frequency squardd?; which still contains a magnetohydrostatic switéh(as the govern-
ing equation (2.31) did). We rst consider the non-magnetohydrostatic system {) in order
to compare with the hydromagnetic-inertial waves found in Acheson & Hide (1973). Throughout
the thesis we will con rm the validity of the magnetohydrostatic approximation by using the con-

dition (2.29), particularly when considering asymptotic results. In the magnetohydrostatic system
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(H =0), we introduce our nondimensional paramet&@ndL ; which are a rescaled aspect ratio

and Lehnert number, respectively. The latter is proportional to magnetic eld strength. Note that,
following Section 3.2, these parameters will be used alongside the Rossby nurtibveughout

the instability analysis of Section 3.3 and Chapter 4. We recast the quadratic equation for the
frequency squared in terms of the nondimensional parameters; the system yields inertia-gravity
waves in the absence of magnetic eld and inertial-&ifvwaves for vanishing aspect ratio. We
categorise the waves of the weak and strong eld limits as well as the limits of small and large
aspect ratio. We then discuss the links between the magnetohydrostatic magnetic waves in the
weak eld limit to the non-magnetohydrostatic hydromagnetic-inertial waves as found in Acheson
& Hide (1973). In the following instability analysis of Section 3.3, we discuss the magnetohydro-
static waves that occur outside of the unstable domain and in the presence of shear.

In section 3.3 we consider the sheared system so that instability may occur by the condition
(2.51) since anti-cyclonic shear is now possible (L£f, > 0in some region of the ow). Note
that all subsequent results throughout the thesis will be magnetohydrostatic)). We derive
stability criteria in terms of the nondimensional paramefers and using condition (2.51). We
then derive the maximum growth rate, which is analogous to (1.12) of Balbus & Hawley (1991)
for < 2: We consider the limit of large vertical wavenumljkf; which yields an analogous
approximation to the “thin disc” and weak eld assumptions of Balbus & Hawley (1991). For

> 2; the maximum growth rate is that of the hydrodynamic system. We provide contours of
the frequencies and growth rates of the system as a function of the asped mtid Lehnert
numberL : These are shown for three distinct Rossby numbershe contour plots motivate an
asymptotic analysis of the weak eld limit, where magnetically modi ed inertial instabilities are
found alongside those that are purely magnetic. We discuss the inertial and magnetic waves that
are also embodied by the weak eld expansions.

The contours of the growth rate also motivate a physical discussion regarding the vertical scale
selection of the instabilities in astrophysical bodies, such as those given in table 2.1. Motivated by
the nature of the results, we investigate the srdimit of the system, where an analogue to the
magnetorotational instability (MRI) of Balbus & Hawley (1991) is found.

In Section 3.4 we consider the dynamical balances of the unstable modes of our system. We
investigate numerous parameter regimes, including the weak eld limits of hydrodynamically un-
stable and stable regimes, the most unstable mode, as well as regimes of marginal stability. In
particular, we categorise the magnetorotational instability (MRI) in our system, a “strati ed” MRI
and magnetically modi ed inertial instabilities. We also nd an approximation to the dynamical
balance of the most unstable mode.

3.2 Inertial and Magnetic Waves

In order to isolate ideal inertial and magnetic waves, we will rst consider the system in the ab-
sence of shear (p = 0), so that instability may no longer occur by the condition (2.51). Recall that
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3.2 Inertial and Magnetic Waves

we are considering a uniform Coriolis paramétgand uniform magnetic eld strengtB; = Bg

so that our ideal governing equation (2.31) has constant coef cients and may be solved analyti-
cally with solutions of the form® / € : We consider the governing equation (2.31) so that the
parametetH allows for the derivation of some non-magnetohydrostatic results. Introducing the
frequencyl = s, equation (2.31) reduces to the eigenvalue relation

(K*+ HID(1? KAWVR)® (12 KAVR)(IPNZ+ K% §)  k*Vafg=o0: (3.1)

Expression (3.1) is quadratic ir? and therefore gives the following solutions:
|
.!
12 = 122 1 I°2N2+ k%@ (12N 2+ K% 2)? N ak*vzfe 2

AT 2 TkEr R (KZ+ HI52 K2+ HI2 (3.2)

The eigenvalue relations (3.1) and (3.2) can describe waves in a number of regimes, including
those that are magnetohydrostatit & 0) and those that are noH( = 1). We will discuss
magnetohydrostatic waves in the following subsection and then provide a small discussion of the
non-magnetohydrostatic waves found in Acheson & Hide (1973).

3.2.1 Magnetohydrostatic Waves

In the magnetohydrostatic case, which is the most relevant in planetary atmospheres and hence the
focus of this study, we sé1 =0 in (3.1), yielding

2N 2
(4 2 I°N

2
2 + k?vZ =0: (3.3)

+2k%V4 + fE& + k*V4 2

To simplify the analysis we de ne the nondimensional parameters

| [2N 2 k2y2
n= __- 2 _ L2: A. 4
fo’ ez and f2 (3.4)

wherel=fg is the chosen timescale. The Lehnert numbaes the ratio between the Alén fre-
qguency and rotation, and governs the relative magnetic eld strength. The parafnetey
be interpreted as a re-scaled aspect ratio. In planetary atmospheres, the aspect ratio is compa-
rable withfo=N and hence we may considér of order unity. Indeed, we can estimate the
value of A by recalling that the cross-stream wavenumber 2 = wavelength= n=R (since
the wavelength= 2 R=n); whereR is the planetary radius amad 2 [1;10] is the planetary
wavenumber.

Mathematically, there are a number of ways to interpret the nondimensional parafeteis
L ; with the only prior restriction being th&f=k?> 1 (small aspect ratio). This requirement can
be met by having vanishingly thin modgg ! 1  or, equivalently, modes that extend in nitely in
the latitudinal directionj{j ! 0). If we consider vanishingly thin mode&,can remain order unity
by supposing?=k?  f2=N?; the small and largé limits are attained by varying the relative
size ofl?=k?: The largejkj limit also has implications for the Lehnert number. Indeed, we must
take the weak eld limit such that the Lehnert number is not too large (e.g., sd.thatO(1)
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orL 1). The small and large Lehnert limits are then attained by considering smaller or larger
eld strengths relative td o5kj. Alternatively, we can obtain a small aspect ratio wijh!  O:
This has similar implications té; where different limits are attained by varyifig=jkj: There
are, however, no implications dnin this case, which allows us to determine a vertical scale for
the mode.

The nondimensionalisation (3.4) allow us to recast (3.3) in nondimensional form as

Pt (AZ+2L2+1)2 %2+ L2(A2+ L2 =0: (3.5)

The condition for magnetohydrostatic validity (2.32), recast in nondimensional form, becomes

N 2
in?ooLy 3.6
j i iz’ (3.6)
which will be checked on a case by case basis. NoteN, is typically large in planetary
atmospheres.

Solving (3.5) for the two real and non-negative robtsyields

p
2r? = A2+212+1  (AZ+1)2+4LZ (3.7)

In the absence of magnetic eld, equation (3.7) describes only one mode [sinsd), which is
an inertia-gravity wave, given by -

12 = IT,\ZI+ fe: (3.8)
Since we obtain only one mode in the absence of magnetic eld, it implies the existence of a
magnetic wave in the magnetohydrostatic system. Thus, we will examine the asymptotic limits
of L in order to classify the behaviour of the waves. However, we also nd that as cross-stream
wavenumbejlj! O(A ! 0), where the effects of strati cation are negligible, that equation (3.7)

still describes two modes. The modes are inertial-&ffwaves with
q___
202 =2kA3 + & f@+4KkAZ: (3.9)

Thus, we will also examine the asymptotic behaviour of the parameieiorder to fully classify
the waves of the system.

The solutions (3.7) of (3.5) allows us to obtain two plots, shown in gure 3.1 oand? in
(L;A) space. Note that the frequency of both waves increastésaaslL are increased. However,

r2 is quite insensitive to variations in the parameein the limit of weak magnetic eld.
Limitsin L

We rst restrict our attention to the small and largeregimes. In the weak eld limi{L 1)
with A = O(1) the two modes described by equation (3.7) are

A2 +2

2 _ 2
M= AT+1+

L2+ O(L%; (3.10)
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3.2 Inertial and Magnetic Waves

Figure 3.1: The frequencids. (left) and"™ (right) in (L;A) space. The maximum values of the
frequencies aré, = 4:4532and* =3:1623

and

n2 L2+ O(L%Y: (3.11)

AZ+1

Here, as in Acheson & Hide (1973), at leading order we have an inertia-gravity wave (3.10)
and a hydromagnetic-inertial wave (3.11). We will discuss the latter in relation to the non-
magnetohydrostatic results of Acheson & Hide (1973) in more detail in the subsection 3.2.2. We
can see that the hydromagnetic-inertial wave (3.11) will be insensitive to va#yimovided
A? 1; as seen in gure 3.1. Note that the expressions (3.10) and (3.11) remain valid with
A 1(orA 1)sinceL?=(A?+1) remains small.

The validity of the expansions under the magnetohydrostatic approximation can be ensured
via (3.6). The rst mode (3.10) is shown to be valid since it is given"dy= A? at leading
order, so thajA? L?j A% = I2N2=(k?f3)  N?2=fZ since the aspect ratio is small and
N2  fZin planetary atmospheres. The second mode (3.11) is valid 8héeL?  1; so that
jir? L?%/ L% N2=fZ

Next we consider the larde limit, where the two modes described by equation (3.7) are given

by
A2+1

r2 =12 L+ +0O(L b, (3.12)

which correspond to Alfén waveq! 2 = kzvi) at leading order. The paramet&r rst appears
at third order, implying that it does not have much dynamical effect on the magnetic modes, as can
be seenin gure 3.1.

The validity of the expansions under the magnetohydrostatic approximation can be ensured via
(3.6) provided_ is not too large. Equation (3.12) implié$ = L? L after neglecting smaller
terms, so tha"? L?j/j Lj N2=f&:

With the small and large limits of the paramettedescribed analytically, we can conclude that
both modest*2 andi? ; transition to Alfven waves from inertia-gravity waves and hydromagnetic-
inertial waves, respectively, asincreases. To ensure the validity of the expansions and observe
the transition, we plot the frequenty for each expansion, with the exact value of the roots (found
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Figure 3.2: The asymptotic behaviourfof and™ plotted with the exact value of the root against
L: Plots(a) and(b) correspond td*. against. atA = 0:1andA = 0:5; respectively. Plot§c)
and(d) correspond t¢* against. atA = 0:1andA = 0:5; respectively.

by solving (3.7)) againdt in gure 3.2, for bothA = 0:1andA = 0:5: The gure shows that the
small and largé. expansions descri& with signi cantly greater accuracy thdi? ; in particu-

lar, the accuracy of the weak eld expansion (3.11) is signi cantly worse than (3.10). We can also
see that as we increase the weak eld expansions remain accurate for signi cantly larlgein-

deed, expansion (3.11) is sensitive to the paranfetaowever, this persists only while = O(1)

or smaller.

Limits in A

We now restrict our attention to the small and lafgeegimes. In the limit of largé\; equation
(3.7) implies the existence of two modes, given by

LZ
P = AZ+(1+ LY+ A2+ O(A Y (3.13)
and
2_,2 L? 4
nZ=1? 5+ O0(A %) (3.14)

The rst wave, described by (3.13), is a gravity wave at leading o(tlér = 12N 2=k?): The
second wave, described by (3.14), is an Aliwave(! 2 = k2v2) at leading order. Magnetic
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3.2 Inertial and Magnetic Waves

eld is still dominant in? within the largeA limit, indicating that the effects of strati cation are
negligible (toO(A 2)) on the magnetic mode (at least whitds large).

The expansion (3.13) is ensured to be valid under the magnetohydrostatic approximation pro-
videdjljgkj  1sincef? = A2 atleading order, so th@? L?j A2 = 12N 2=(k?f?)
N 2=f2: Similarly, the second expansion (3.14) is valid, provided the magnetic eld does not be-
comestoo large, sind® L2 L?=A?;sothafr? L? L2%=A? N?2=fZ:

In the smallA limit, equation (3.7) implies

2L2+1+ IO4L2+1 . 1+np4L2+1
2 2 A2+1

n? A%+ O(A%Y); (3.15)

and

2L2+1 IO4|_2+1+'O4A_2+1
2 2" 42+1
The waves (3.15) and (3.16) correspond to inertial-Affwaves at leading order (in dimensional

1
n? = A%+ O(A%Y: (3.16)

terms (3.15) and (3.16) depend upon both rotation and theeAlivave frequency). Thus, we
have shown that by increasing the valuefgffor xed L ; that one of the inertial-Alfén waves
becomes inertial, while the other becomes Alic.

The expansions (3.15) and (3.16) are valid under the magnetohydrostatic approximation since
jir? L% j 1 (4L?+1)%¥?j=2which is either of order unity o®(L) and is therefore much
less tharN 2=f2 (usually large in planetary atmospheres) provitleig not too large.

With the asymptotic behaviour of the paramefefully de ned, we can conclude that both
modes"?2 and "? transition from inertial-Alfién waves to inertia-gravity waves and Agiv
waves, respectively, as increases. To ensure the accuracy of the expansions and observe this
transition we plot the small and large expansions of* with the exact value of the roots (from
(3.7)) againstA in gure 3.2, for bothL = 0:1 andL = 0:5: Note that the small and largk
expansions describ®? with far greater accuracy thak? : We can also see that as we increase
L ; the largeA expansions requird of greater magnitude to describe the modes accurately; the
accuracy of the smal\ expansions (3.15) and (3.16) also degrades.

3.2.2 Non-magnetohydrostatic Waves in the Weak Field Limit

We now address the non-magnetohydrosta#tic{ 1) waves of equation (3.2), which will allow us
to draw links between the magnetohydrostatic waves in this system and the hydromagnetic-inertial
waves of Acheson & Hide (1973), which are derived with application to the Earth's core.
In the absence of magnetic eld, equation (3.2) describes only one mode (sthce 0),
which is an inertial wave, given by
12N 2+ Kk2f &

12 =
o K2+ 12

(3.17)

This implies the existence of a magnetic wave, as only the wave described by (3.17) exists in the
absence of eld. Thus, we examine the weak eld regime of the system in order to see whether
the wave described Hy? does in fact exhibit magnetic behaviour. It is worth noting that Acheson
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Figure 3.3: The asymptotic behaviourfof and™ plotted with the exact value of the root against
L: Plots(a) and(b) correspond td*, againstA atL = 0:1andL = 0:5; respectively. Plot§c)
and(d) correspond t¢* againstA atL = 0:1andL = 0:5; respectively.
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3.3 Uniform Shear Instabilities

& Hide (1973) examined an unstratiefN = 0) and non-magnetohydrostatfel = 1) sys-
tem in the weak eld limit, where they found the existence of a “hydromagnetic-inertial” wave.
Hence, if the wave exists, it is also of interest to see how the wave is modi ed by strati cation and
magnetohydrostatic affects.

The weak eld limit of equation (3.2) allows us to obtain the mode

12N 2 k4 3(k? + HI?)
|2 2,,2 0 4,,4.
! I2N2+k2f§k A+ (|2N2+k2f§)3kv ; (3.18)
which is indeed dependent on magnetic eld and will therefore be referred to as a hydromagnetic-
inertial wave. The frequency of waves described by (3.18) crucially depends on whether the ow
is strati ed or not; for example, iN 6 0;!2 / k2vz; whileif N =0;!2 / k*3}:Indeed, in
the caséN =0 andH = 1; the wave (3.18) reduces to

o (K2+12) 4.

! kzif(%k Va; (3.19)
which is the hydromagnetic-inertial wave derived by Acheson & Hide (1973). However, since we
are primarily concerned with planetary atmospheres, where the system is st{&i €d0) ; we
will consider (3.18), where the frequency of the wave scales pkji :

Recasting our weak eld magnetic wave (3.11) in dimensional terms, we obtain

12N 2
7

12 IzNzkizkzv,i; (3.20)
o

which is the same as the leading order term of (3.18). Clearly, the frequency of the wave (3.20)
scales withikjva at leading order, instead &Pv3; as in equation (3.19). We also note that the
change in scaling occurs for both the magnetohydrostatic and non-magnetohydrostatic system.

3.3 Uniform Shear Instabilities

In this section we again consider a uniform Coriolis paramigdif -plane approximation) and
uniform eld strengthBo: However, in contrast to the previous section, we now consider a mag-
netohydrostatic system only (in fact, this will be the case throughout the rest of the thesis). We
will also consider a uniform parallel oJ(y) = oy with constant latitudinal shearp; so that
instability is possible by condition (2.51) as the system can now exhibit anti-cyclonic shear (i.e.,
U% = ofo > 0). With this model, the governing equation (2.33) has constant coef cients and
can therefore be solved analytically with solutions of the farth e Y ; giving the eigenvalue
relation:
12N 2
K2

5 12N?2
k2

s*+ s

+2k?v3 + fgQo + k?vZ + ki o =0; (3.21)

where the absolute vorticit)g = fg o and Alfvén velocity squaredﬁ = Bo:p - g are

uniform.
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First we recast the nondimensional parameters (3.4) alongside the Rossby number

and = -2 (3.22)

wherel=fg is the timescaleA is a rescaled aspect ratio and thés the Lehnert number. In con-
trast to the previous section we are now considering the growtls i@sher than the frequency)
and now have the nondimensional parametsince the shear is hon-zero.

In nondimensional form, equation (3.21) becomes
S*+ 8% A%+2L2%+1 + L2 A%+ L% =0; (3.23)

which in the absence of the cross-stream wavenumber Q) reduces to a Cartesian analogue

of (1.10), as seen in Balbus & Hawley (1991). Indeed, an analogous form to (1.10) can also
be attained by supposing we have a vanishing vertical §kale 1  such thatA 1 and

L = O(1). The requirement = O(1) implies thatjkjva=fo 1 so that the Alfen frequency

jkjva is small in comparison to the strength of rotation. This limit is analogous to taking the “thin
disc” and weak eld approximations as made by Balbus & Hawley (1991). However, as we have
already discussed, havifkj 1 does not necessarily ensuke 1; thus, the aspect ratio and
therefore the role of strati cation may not be negligible. The Igfgdimit is also of interest when
considering the hydrodynamic problem, where the most unstable mode in the absence of diffusion
occurs on vanishingly small scales (e.g., Dunkerton, 1981; Grif ths, 2008a).

We may solve equation (3.23) f&?; yielding two modes:

p
25? = 1 A? 2.2 ( 1 A?)2+4LZ (3.24)

where we note that the ro8t vanishes in the absence of magnetic eld. Equation (3.24) has two
distinct modes: the negative root, which is always stable, and the positive root, which is either
stable or unstable, depending upAnL and : Note that, to determine that the negative root
is always stable one canset 1 A? 2L2 > 0 and consideS? > 0; which leads to a
contradiction (similarly, assuming 1 A? 2L2< OimpliesS? < Otrivially).

Since anti-cyclonic shear allows instability to occur, we will nd, for each valyéhe domain
for which unstable modes can occu(In; A) space, the growth rates of these modes and the values
of L andA that yield the maximum growth rate.

3.3.1 Stability Criteria

We now nd the values of. andA where instability can occur for eachby considering equation
(3.24). To do this, we only consider the positive root of (3.24) since the negative root is always
stable. Thus, by considerir®f , it follows that 1 A? 2L2> Qis a sufcient condition

for instability. However, assuming 1 A? 2L2 < 0and considering? > 0; yields the
requirementthad?+ L <  for instability, which is a stronger conditionthan 1 A2 2L2>
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3.3 Uniform Shear Instabilities

0. Hence, the condition implies that a necessary and suf cient condition for stability is that the
following inequality is satis ed:
A2+ L?%> (3.25)

The condition (3.25) implies that instability occurs within a quarter-ci¢slecelL ; A > 0) in the

(L;A) plane, with radius : Instability occurs on th& axis A = 0) ifand only if L? < ;
implying that theL axis is unstable given non-negative Note that (3.25) is not valid in the
hydrodynamic regiméL = 0) ; owing to the division by 2 in the derivation. However, by setting

L =0 in equation (3.24), it follows that the necessary and suf cient hydrodynamic condition for
stability thatA2+1 > 0; where instability can occur only if > 1: Thus, by considering (3.25)
alongside the hydrodynamic condition for instabilfy + 1 > 0; it follows that instability

may occur in the magnetohydrodynamic regime fox 1; while the system would otherwise be
stable in the absence of magnetic eld. Hence, we may have found an MRI within the system, as
we might expect from the analogies between the eigenvalue relations (3.23) and expression (1.10)
of Balbus & Hawley (1991).

Note that the condition (3.25) may have alternatively been derived from the stability condition
(2.51); this is possible since the boundary conditions of (2.51) are either bounded/ (wih),
unbounded (wittv ! 0), or periodic. In the rst two cases, the boundary terms (after integration
by parts) vanish, and in the third case they cancel. Recall that the condition (2.51) also required
va 6 0 (as equation (3.25) requirés6 0).

3.3.2 The Maximum Growth Rate

We now focus on nding the most unstable mode of the system described by the pardmeters
and : To do this, we differentiat&2 with respect toA andL ; which allows us to derive the
maximum and minimum values & and where they occur ifL ; A)-space.

We have to be careful about the interpretation of differentiating with regpeadL since the
vertical wavenumber is contained within both nondimensional parameters. There are two options.
First, we can consider the derivatives with respeck tas those of the cross-stream wavenumber
| and interpret th& derivatives as those of the vertical wavenumjligrSecond, we can consider
derivatives ofA as those of vertical wavenumblerand thel. derivatives as those of the Lehnert
number itself (i.e., the ratio gkjva andfg).

By differentiatingS? in equation (3.24) with respect # andL it follows that when < 2;
the maximum growth rate is given by

2 2
§2= — =) &%= ?0; occurring at(AZ;Lz)z(O;Z(Z ) (3.26)

When > 2; the maximum growth rate is given by
S?= 1 =) s>= foQo; occurring at(A?;L?%) = (0;0): (3.27)

Equations (3.26) and (3.27) imply that the growth rate of the most unstable mode is dependent only
on the shear of the system. The rst and last equations in (3.26) are analogous to equations (1.12)
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and (1.13) of Balbus & Hawley (1991). However, (3.27) is instead equivalent to the maximum
hydrodynamic growth rate given by (2.40). Together, the equations imply that if the absolute
vorticity Qg = fo o satisesQq > 0=2 (or equivalentlyQqg > fg) sothat ¢ < 2fp;
then < 2 and the most unstable mode is purely magnetic (reqlir&0) and occurs when
A=0andL?= (2 ) =4: Thus, in dimensional terms, when< 2 (Qq > 0=2); the most
unstable mode occurs thmz\vA =(2fg o) 0=4; with growth rate ¢=2: However, this also
implies that once the absolute vorticity is suf ciently negative, such @ak 0=2; the most
unstable mode occurs for vanishing aspect ratio in the absence of magnetic eld, with growth rate
if 0Qoj 7

We can interpret the maximum growth rate wher< 2, given by (3.26), as occurring when
kva=fo = O(1) asjkj! 1 :We have already discussed how this interpretation links to both the
weak eld and thin disc approximations of Balbus & Hawley (1991) as well as the hydrodynamic
results that the most unstable mode occurs on vanishingly thin scales (e.g., Dunkerton, 1981; Grif-
ths, 2008a). Alternatively, we could interpret that the maximum growth rate occurs at in nitesi-
mal cross-stream wavenumber and critical vertical wavenuikiigr, = o(2fo  o)=Vvi: The
maximum growth rate in the case> 2 can be interpreted to occur at vanishingly small aspect

ratio and weak eld strength such thgt  fo=k (i.e.,L = kva=fg 1).

3.3.3 The Stable and Unstable Modes in Parameter Space

We continue our analysis by providing plots of the stable and unstable modes, given in gure 3.4.
The left hand plots of the gure show the frequency of the stable modk ji)-space. The right
hand plots show the growth rate and frequency of the unstable mdde #)-space. Note that
the stable mode and unstable mode have distinct colourbars. We include the condition (3.25) in
the plots of the growth rate as a red line following the border of the unstable region to provide
a clear bound where neutral stability is found. The dashed black lines are the hyperbolas given
by A = C=L = INva=f2L for C = 0:025 2:forj = 0;1;:::;7: The hyperbolas represent
lines where the only parameter that varies is the vertical wavenumber @Sircaot dependent
onk). The solid black line traces the vertical wavenumbers that give the maximum growth rate for
eachC in the unstable domain. We will discuss the application of the hyperbolas in the following
subsection 3.3.4.

Figure 3.4 for = 0 :5 illustrates a solely hydrodynamically stable regime since 1,
allowing us to conclude that weak magnetic eld destabilises the system. Figure 3.4=nith:5
also shows both a hydrodynamically unstable regimeAfer A < P - 1; and a stable regime
for A > A ¢: In both cases weak magnetic eld, again destabilises the system, where this behaviour
persistsforl < < 2: We also nd for =2 :5a hydrodynamically stable and unstable regime
separated by some critical valdg; where weak eld clearly destabilises the systemAor A :

However, the behaviour is less clear K A .:
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3.3 Uniform Shear Instabilities

Figure 3.4: Contours of the frequencies of the stable modes (left) and the growth rates (and fre-
guencies) of the unstable modes (right). The top row corresponds to the Rossby nerfbes;

where the system is stable in the absence of magnetic eld. The second and third rows correspond
to the Rossby numbers= 1 :5and = 2 :5; respectively; in these cases thghydrodynamic)

axis is stable provided? > 1: The red line is governed by (3.25) and separates the growth
rate of the unstable region (red) from the frequency of the stable region (blue).
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3.3.4 Scale Selection in Astrophysical Bodies

To estimate the vertical scales of the unstable modes and illustrate that these instabilities may occur
in the astrophysical bodies listed in table 2.1, we focus our attention on the hypekbelds=C in
gure 3.4, whereC = INv o =fZ: We do this by assuming the cross-stream wavenurnisexed
and can be estimated by taking 2 =L; wherelL is the latitudinal lengthscale of the ow (as seen
in table 2.1), so that the only parameter to vary in the system is the vertical wavenumber. This is
physically reasonable since possible latitudinal lengthscales could be inferred from observations,
while the vertical scales are somewhat harder to determine (e.g., there is still uncertainty regarding
the depth of Jupiter's atmospheric jets; see Vasavada & Showman, 2005). Thus, we can estimate
the value ofC in the solar tachocline, and the upper atmospheres of Jupiter and Hot Jupiters,
and depending on the resulting value®fand the Rossby number, we make use of equations
(3.26) and (3.27) to obtain the Lehnert number (and therefore vertical wavenumber) that generates
the maximum growth rate. Note that the values of the shgaandf g will not be uniform in
observations, however these are necessary (although limiting) requirements of the model. It is
also a concern to discuss vertical scale selection in the absence of diffusion, where previous studies
nd that the maximum growth rate occurs at vanishingly small vertical scales (Dunkerton, 1981,
Grif ths, 2003a); however, owing to the magnetic eld, nondimensional parameter choice, and
resulting condition for stabilit)A2 + L2 > given xed I; N; va andfg, then the vertical
wavenumber is nite and bounded.

For the solar tachocline we take=2:3 1®m;N =8 104 !; =2 :8 10 °%s !so
thatfo = 2 sin( =3)=4:8 10 s Land = 210kgm 3sothatva = Bo= 5= 6:2—
620ms ! since the eld strength in the solar tachocline is likely toRg= 10 1 —10T: Together
these give the range of valu€s= O(1) — O(10?):

For Jupiter's upper atmosphere, we tdke= 2:3 10'm; N =5 10 4s 1;fp =25
10 s 1 =85kgm 2andBg =10 3T sothatva = Bozpioz 9:7 10 2ms !: Together,
these values giv€ = O(10 #):

In Hot Jupiters, we také = 2:3 10'm;N =5 104 % fo=3:4 1051, =
10°kgm 3 andBg = 10 2 —10 2T so thatva = Bozpio = 0:028- 0:28ms !: Together,
these give the range of valu€s= O(10 3) —-0O(10 2):

Hence, for the upper atmospheres of Jupiter and Hot Jupiters, we € bt small, yielding
alow lying hyperbolaA = C=L so that the predicted maximum growth rate and the vertical scale
for which it occurs are well estimated by (3.26) and (3.27). This is con rmed by gure 3.4, where
the lowest lying hyperbola i€ = 0:025 O(10 ?) for reference. For the solar tachocline,
C = O(1): However, table 2.1 suggests the Rossby number o=fg 0:21; where gure 3.4
(at a similar Rossby number) indicates that the vertical scale does not deviate too much from that of
the predicted (3.26); the deviation also becomes smaller for yet smaller Rossby nunithers,
we may use (3.26) and (3.27) to predict the vertical scales for the glventhe astrophysical
bodies we are considering.
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3.3 Uniform Shear Instabilities

In the solar tachocline, the Rossby number 0:21so that (3.26) is appropriate for estimating

the vertical scale. Recasting (3.26) in dimensional terms and dividig 8§3; we obtain

k2 = ﬁ(zm 0): (3.28)
Taking the latitudinal shearg = 10 °s 1 (from table 2.1) anda = 6:2ms ! (the lowest value
for va), we obtaink = 2:4 10 ‘m 1 as the estimate for the vertical wavenumber. This yields
the vertical lengthscalld =2 =k =2:6 10’m: With the vertical extent of the solar tachocline
being3:5 10'm; it would be more feasible to have a slightly smaller vertical scale; however,
sinceC = O(1) in this case, the vertical wavenumber that generates the most unstable mode
(3.26) will be slightly larger (see solid black line in gure 3.4). The predicted vertical lengthscale
in the Solar tachocline also allows us to calculatee NH=Lf 3  O(10): This is at least an
order of magnitude too large to remain accordant with the location of the maximum growth rate
(3.26); however this is consistent in the sense that a larger vertical wavenumber would progress
towards clarifying the discrepancy &= O(1) in this case so that the vertical wavenumber that
generates the most unstable mode (3.26) will be slightly larger (see solid black line in gure 3.4).

In Jupiter's upper atmosphere we also expect the Rossby numberl; so that (3.26) is
appropriate for estimating the vertical scale. Taking the latitudinal shear4:3 10 ’s ! (from
table 2.1) we obtain the following estimate for the vertical wavenumbker: 7:4 10 °m 1;
using equation (3.28). This yields the vertical sddle= 2 =k =8:5 10*m: This is physically
reasonable when the depth of Jupiter's upper atmosph&® is 10°m: For this value oH we
obtain the corresponding valde= 7:4 10 3: Hence, the parameters in table 2.1 are consistent
with the predicted scale selection (3.26).

For Hot Jupiters we expect the Rossby numbeR [0:5; 5] so that (3.26) and (3.27) may
both be appropriate for estimating the vertical scale. First, taking the latitudinal shear
2:1 10 5s 1 (from table 2.1) the Rossby number iss 0 :62 so that (3.26) is relevant. We
also takeva = 0:028ms 1: We obtain the following estimate for the vertical wavenumber
5:6 10 “m 1; using equation (3.28). This yields the vertical sddle= 2 =k =1:1 10*m:

This is physically reasonable when considering an atmospheric depth similar to that of Jupiter's
upper atmosphere (i.e3;:0 1Pm). For this value ofH we obtain the corresponding value

A =7:0 10 3:Hence, the parameters in table 2.1 are consistent with the predicted scale selection
(3.26).

If the latitudinal shear in Hot Jupiters isp = 1:7 10 *s ! (from table 2.1), the Rossby
numberis =5 so that (3.27) is relevant. Taking, = 0:028ms ! we are free to take a vertical
wavenumber as small as necessary to ensure 1 as in (3.27). Taking a vertical wavenumber
k < 10 “m ! ensures that = O(10 2) or smaller. Takingk = 10 “s ! yields a vertical
lengthscaleH = 6:3 10*m; where the corresponding aspect raticAis= 0:04: Hence, the

parameters in table 2.1 are consistent with the predicted scale selection (3.27).
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3.3.5 The Weak Field Limit

Figure 3.4 has shown that weak magnetic eld induces instability within certain parameter regimes,
including the hydrodynamically stable regime & 1). Naturally, we consider the weak eld
regime to categorise the behaviour of the system. For dmadiquation (3.23) implies that the
roots take the form

L2( 2 A?

2 — 2 4y.

2= 1 A T (3.29)
2 2 4

sz = LA ) L + O(LO): (3.30)

1 A2 (1 AP3
where (3.29) represents the hydrodynamic @i)tz 1 AZ; while (3.30) corresponds to the
magnetic roof; =
Clearly, the expansions (3.29) and (3.30) break down whenl A2 = O(L), since the
leading and rst order terms in? become comparable. We address this by supposing A? =
L for some constant of order unity, and substitute into (3.23) to derive the expression

P
SZ2= — > 2+4+ O(L?); (3.31)

whereSE23 is the “breakdown” (or singular) root which is valid for 1 AZ2 suf ciently close to
zero. The positive sign of (3.31) corresponds to unstable modes while the negative corresponds to
stable modes. The expressions (3.29), (3.30) and (3.31) describe the weak eld regime.

We will rst address the use of the expressions (3.29), (3.30) and (3.31) in application to the
unstable modes that are shown in gure 3.4. Together, the expansions (3.29), (3.30) and (3.31)
indicate that if the ow is hydrodynamically stable ( 1 A2 < 0), then the growth rate of the
most unstable mode is given I8¢, (equation (3.30)). Thus, when the ow is hydrodynamically
stable, the leading order term of equation (3.30) indicates that weak magnetic eld increases the
growth rate if 1<A?2< (and increases the frequencyAf > ). However, if the
ow is hydrodynamically unstable ( 1 A2 > 0), then the growth rate of the most unstable
mode is given byS3 (equation (3.29)). Thus, when the ow is hydrodynamically unstable, the
second order term in equation (3.29) implies that ik 2; then weak magnetic eld increases
the growth rate. Similarly, if > 2; weak magnetic eld increases the growth rate provided

2<A?< 1; and stabilises iA? < 2:

The validity of expressions (3.29), (3.30) and (3.31) can be ensured under the magnetohy-
drostatic approximation by ensuring that the inequality (3.6) holds, which implies that we require
jS2+L?%  N?2=f2:Theleading order term of equation (3.29) is proportional tol A2 > 0so
that (3.6)implies 1 A2+ L7?j | 1 A%} N2=fZsinceA?=12N2=k?*f2 N?2=fZas
the aspect ratio is small. Similarly, equation (3.30) implies jBat+ L2j = jL2(A%2 1 ) 7
for A2 1 > 0: Thus, provided 1 AZis not sufciently close to zero it follows
thatjS2+ L?j  N2=f2: Finally, equation (3.31) implieS3 is O(L) by construction and thus
jS2+ L?/j Lj NZ2=f2aswe areinthe weak eld limit.
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3.3 Uniform Shear Instabilities

Figure 3.5: Growth rate squared againstin the hydrodynamically unstable regime (1 A? >

0) for =2 :5with A = 0:25(left) andA = 1 (right). The red line shows the val®? of the
weak eld expansion (3.29) while the black is the exact solution (numerically determined from
(3.24)).

In gures 3.5 and 3.6 we compare the weak eld expansions (3.29) and (3.30) with the exact
solution, plotting both againdt?. These plots show various with = 2 :5; where magnetic
eld can act to decrease or increase the growth rate as well as generating instability in the hydro-
dynamically stable regime.

Figure 3.5 illustrates the hydrodynamically unstable regimel A? > 0) and the expansion
(3.29) atA = 0:25andA = 1: We nd that both expansions are accurate for weak eld; however,
for A = 1 the accuracy degrades much faster. This is due to the leading order term of (3.29) being
larger forA = 0:25so that theéD(L 4) error is smaller. The plots con rm that weak eld decreases
the growth rate foA < P ~ 2; while increasing the growth rateFi)fiz <A< P L

Figure 3.6 illustrateswhen 1 A?= O(L)withL 1 as well as the hydrodynamically
stable regime (1 A? < 0). The gure illustrates the breakdown expansion (3.31Aat
1:2247and the expansion (3.30) At= 1: The expansions are accurate for weak magnetic eld.
We can also see that magnetic eld increases the growth rate in both cases, as predicted by (3.30)
and (3.31).

We ndthatwhen 1 AZisnot close to zero, the singular expansion (3.31) still describes
the exact root (3.24) in the weak eld limit. The reason for this can be determined by taking the
second order correction of (3.31), which@(L 3) gives (3.24) in the small limit. However,
this does explain why the singular root (3.31) captures the weak eld behaviour of any mode with

1 AZ6 0: To determine how the two roots of (3.31) link to (3.29) and (3.30) in the weak
eld limit, we consider the largg | limit of (3.31) and compare with the smallj limit of (3.29)

and (3.30). Speci cally, the positive root of (3.31) yields

! > S asj j!'1 (3.32)

S? +j j1+2=2+ ) 1= < G
L 0
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Figure 3.6: Growth rate squared againstin the hydrodynamically unstable regime (1 A? >
0) for =2 :B5with A = 1:2247(left) andA = 1:35(right). The cyan line shows the val$g
of the weak eld singular expansion (3.31) while the black is the exact solution (numerically
determined from (3.24)). The blue line shows the vzﬁﬁ,eof the weak eld expansion (3.30).

Similarly, the negative root of (3.31) yields
s? j ja+2=2+ ) < 0

T ! > 1= 0 asj j!'1 (3.33)
We also nd the the hydrodynamic root (3.29) yields
S2 Las ! O (3.34)
while the magnetic root (3.30) yields
s -1 Las 1 o (3.35)

Thus, (3.32) shows that theve root in (3.31) becomes the hydrodynamic root (3.29) &s + 1

and the magnetic root (3.30) ad 1 (or, the hydrodynamic root (3.29) becomes the magnetic
root (3.30) asA decreases through 1). Likewise, (3.33) shows that theve root in (3.31)
becomes the magnetic root (3.30) a5 +1 and the hydrodynamic root (3.29) ad 1 (or,

the hydrodynamic root (3.29) becomes the magnetic root (3.3@)iasreases through 1). So

the roots exchange identity &spasses through 1. The hydrodynamic mode is not a single
entity that can be tracked through parameter space, and neither is the magnetic mode.

3.3.6 The Small Aspect Ratio Limit

After discussing the weak eld limit it is natural to investigate the sr#alimit of (3.24). This

limit can be attained by takindgj ! 1  with L = O(1); which, as previously mentioned, is equiv-
alent to the weak eld and “thin disc” approximations of Balbus & Hawley (1991). Equivalently,
we can just takglj ! 0 to ensureA 1; which has no constraints on the eld strength and
vertical wavenumber. Note that mathematically these interpretations are satisfactory; however,
physically, modes with in nite vertical wavenumbers or in nitesimal cross-stream wavenumbers
are not feasible.
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3.3 Uniform Shear Instabilities

Figure 3.7: The positive (unstable) roBf of (3.36) plotted with the exact root against for
=0 :5(leftyand =1 :5(right), withL = ((2 ) 2=2="3=4:
By supposingd  1in equation (3.24), we obtain

1
( 1)2+4L2

| O
252 1 2.2 ( 12+4L2+ A% 1 (3.36)

©

The leading order term of (3.36) is just (3.24) in the absend® ¢for < 1 (which is inertially
stable since 1 < 0), the positive root of (3.36), when unstable, corresponds to the MRI
of Balbus & Hawley (1991); the maximum growth rate and the vertical wavenumber at which
it occurs are given by (3.26). In the regime> 1; thelL axis is inertially unstable and thus
cannot be categorised as an MRI. The negative root of (3.36) is always stable and corresponds to a
shear-modi ed analogue of the inertial-Aln wave (3.16) fot. = O(1); and an Alf\en wave for
L 1 at leading order. When the positive root of (3.36) is stable, we can describe the resulting
waves in an analogous manner. For both roots of (3.36) we nd that the second order term is
always negative. Thus, if the system is unstable, an increasing aspect ratio reduces the growth
rate, as stable strati cation has more of an effect on the mode. If the system is stable, increasing
the aspect ratio increases the frequency of the modes.

In gure 3.7, we compare the small expansions (3.36) with the exact solution, plotting both
againstA?. We plot the positive root of (3.36) with=1 :5and =2 :5forL?2= (2 )=
1=16 (i.e., where the maximum growth rate occurs for 0 :5and = 1 :5). As predicted,
increasing the aspect ratio decreases the growth rate of the positive root in (3.36).

3.3.7 The Weak Field and Small Aspect Ratio Limit

It is now natural to consider the dual limit of sma&lland smallL : To do this, we suppose that
k2v2f,2  N2%,%k 2  1sothatA? andL? are small and of comparable size. We can
obtain this limit in a number of ways. For example, assunfinged, we can supposgkj ! 1
suchthat. A 1, againrelating to the weak eld and “thin disc” approximations of Balbus &
Hawley (1991). We could also leave the vertical wavenumber unconstrained and sjlppogse
such thatL A 1 (i.e., weak magnetic eld strength). We could also consider a rapidly
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Figure 3.8: In the hydrodynamically stable regime, we plot (3.38) with the exact root against
A% = L?for =0 :5(left). Inthe hydrodynamically unstable regime, we plot (3.37) with the
exact root againsh? = L2 for =2 :5(right).

rotating astrophysical body that exhibits ows with strong latitudinal shear (e.g., Jupiter, or Hot
Jupiters) such thdty o (so thatS may remain order unity) and A 1: Visually, these
limits can be thought of as a small increment from the origin along theAireL in the plots of
gure 3.4.

Hence, we consider equation (3.24) wieh A2  1; which yields two modes. The rst
is a perturbation to the hydrodynamic mode, given by

SZ 1 A2 2% (3.37)

sz —LZ (3.38)

We could have alternatively derived (3.37) and (3.38) by considering the émitlit of (3.29)

and (3.30) or the small limit of (3.36). The modes (3.37) and (3.38) can be categorised in a
similar manner to that of (3.29) and (3.30); that is, if the ow is hydrodynamically stable we take
(3.38) to describe the most unstable mode. Similarly, if the ow is hydrodynamically unstable,
(3.37) describes the most unstable mode. If the ow is hydrodynamically ungiable 1)

the magnetic perturbation in (3.37) is negative provitled < 2 and positive otherwise. Again,
increasingA acts either to decrease the growth rate of unstable modes or increase the frequency
of stable modes.

We compare the small andL expansions (3.37) and (3.38) with the exact solution, plotting
both againstA? = L?2. In the hydrodynamically stable regime with= 0 :5; equation (3.38)
remains accurate for a small interval A# = L?. In the hydrodynamically unstable regime
with = 2 :5; equation (3.37) remains accurate for a much larger interval’of L 2. Indeed,
the accuracy of (3.37) increases as we incregsehile the accuracy of (3.38) decreases as we
increase tol:
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3.4 Dynamical Balances

3.4 Dynamical Balances

We now consider the dynamical balances of the system, giving physical insight into the instabilities
present. This will allow us to determine the dominant terms in the perturbed equations of motion
and understand the mechanisms that drive the instabilities in the various parameter regimes of
gure 3.4.

We begin by recasting equations (2.22)-(2.26) in terms of the nondimensional parameters
(3.22). We then investigate the dynamics of hydrodynamic inertial instabilities, con rming what
drives the instability and role of the paramegeiin the system. Naturally, this leads us to cate-
gorise magnetically modi ed inertial instabilities, illustrated by the srdliimits of gure 3.4 for

=1 :5and =2 :5;we focus primarily on the effect of magnetic eld and why this may either
increase or decrease the growth rate. Next we consider the arguably simplest case of the purely
magnetic instabilities found in gure 3.4; that is, the onset of the MRI found in the dmbfhit
of gure3.4with =0 :5andA 1. We focus on how weak magnetic eld generates instability
in a hydrodynamically stable regime. The next dynamical balance we consider is that of the most
unstable mode with < 2; given by (3.26) and seen in gure 3.4 with= 0 :50r =1 :5(both
with A landL = O(1)). The case = 0 :5 naturally extends from the previous dynamical
balance regarding the onset of the MRI; however, the casg :5is found to be a magnetically
modi ed inertial instability. For > 2 the most unstable mode occurs in the absence of magnetic
eld and is therefore described by the dynamical balance of hydrodynamic inertial instability.
Next, we consider the instabilities found in the hydrodynamically stable regimeAvithO(1);
which are found in gure 3.4 for all values of however, for > 1 the instabilities occur only
whenA? > 1: Naturally, we also consider the dynamical balance as the unstable modes are
about to be stabilised either by increaslngr A in gure 3.4. For completeness we also discuss
the dynamical balance of the singular expansion (3.31) which is valilferl. = O(L) with
L 1. Then, nally, we discuss the dynamical balance of rapidly rotating instabilities which are
otherwise concealed by the chosen timestalg of the nondimensionalisation (3.22).

We now consider the perturbed equations (2.22), (2.23), (2.24), (2.25) and (2.26) in the absence
of diffusion and under the magnetohydrostatic approximatibr=(0). In the presence of uniform
magnetic eld strengtBg; uniform shear o and uniform Coriolis parametéiy; the equations
have solutions of the form/ exp(i(ly + kz) + st): Thus, after neglecting; since it does not
affect the dynamics of the ow, equations (2.22)-(2.26) reduce to

. . . 2
su (fo ov= B svrfou= i+ X35 = M we lv=0; @a9)
0 0
she = oby + ikB3u; sby = ikBgav; sk, = ikBaw; b, + I—by =0; (3.40)

k
where the incompressibility and solenoidal conditions are also given. The horizontal momen-
tum, thermodynamic and incompressibility equations are given by (3.39). The components of the
induction equation and the solenoidal condition are given by (3.40).
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It is now convenient to nondimensionalise equations (3.39) and (3.40) under the nondimen-
sional parameters (3.22) with timescéate o: The cross-stream and vertical lengthscales are given
by 1=I and 1=k; respectively. We nondimensionalise the horizontal velocities with the arbitrary
constantV (with dimension of velocity). Via the incompressibility condition the appropriate
nondimensionalisation faw is V I=k: Hence, via the thermodynamic equation in (3.39), the total
pressure scales withN 2|V =k?f 3: We choose to nondimensionalise the cross-stream magnetic

eld with Vp ~ o so that the solenoidal condition implies that the vertical magnetic eld scales

with VIO "o I=k: Thus, equations (3.39) and (3.40) become
Su (1 )v=ilLbg; Sv+u= iA? +ilLb; S =iw; w+v=0; (3.41)
Shc= by+ilLu; Sb =iLv; b,+ b =0: (3.42)

Note that we have dropped the vertical component of the induction equation from (3.42) as it is
described by combining the cross-stream component of the induction equation and the solenoidal
condition. Note that the imaginary uniin (3.41) and (3.42) indicates that the quantities are out
of phase. For example, in the cross-stream induction equatismut of phase witlh, ; this is due
to theiL v term originating from a partial derivative with respectztof v (i.e., from(B r )v).

This nondimensionalisation allows us to easily investigate the dynamical balances in various
limits of the system, which is now de ned by the three paramefels and

3.4.1 Hydrodynamic Inertial Instabilities

We rst consider the dynamic balance of hydrodynamic inertial instability (solthat0), where
eqguations (3.41) and (3.42) reduce to

Su=(1 )v; Sv+tu= IiA?p; Sp=iw; w+v=0; (3.43)

wherep is the hydrodynamic pressure. Equations (3.43) allow us to describe the mechanism
of inertial instability in the absence of magnetic eld; this will be useful when considering the
effects of weak magnetic eld in the inertially unstable regime. Note that the cross-stream pressure
gradient can be neglectedAR S2. This can be seen by writing andp in terms ofv using
the along-stream momentum equation, the thermodynamic equation, and the incompressibility
constraint.

We can rewrite the cross-stream pressure gradient by combining the thermodynamic equation
Sp = iw and the incompressibility condition+ w = 0; yielding the equations

A2
Su=(1 )v; Sv+u= gv: (3.44)

This allows us to see clearly that the cross-stream pressure gradient acts only to reduce the cross
stream acceleration. Equations (3.44) can be combined to $fefd 1 AZ;implying that
an increasing aspect ratio reduces the growth rate of any unstable mode; this also implies that

the cross-stream pressure gradient always acts to reduce the growth rate of any unstable mode.
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The stabilising effect of the cross-stream pressure gradient was also noted by Dunkerton (1981),
Stevens (1983) and Grif ths (2008a) for ows on an equatorigdlane. Note thatif 1 A?< 0

the system is stable and the dynamical balances are described by those of éravity)( inertia

(A 1) and inertia-gravity waves = O(1)). If 1 A2 > 0the system is inertially
unstable.

To describe inertial instability in its simplest form we rst neglect the cross-stream pressure
gradient in (3.44). Thus, by taking > 1 (so that the system is inertially unstable) we nd,
from the along-stream momentum equation, that a positive latitudinal displacement of/ &id (

0) drives a negative longitudinal acceleratidu(< 0). The cross-stream momentum equation
then implies that the longitudinal displacement of uid (generated by the negative longitudinal
acceleration) is de ected by the Coriolis force, generating a positive latitudinal accelei@tion (

0) and further displacement of uid in the latitudinal direction. Thus, as a positive latitudinal

displacement of uid leads to further displacement, it follows that the process runs away.

Note that physically the horizontal motions described cannot continue inde nitely; this leads
to an alternative interpretation of the system (which is physically viable), where overturning mo-
tions in the meridional plane (i.e(y; z)-plane) are considered, as illustrated in gure 3.9. The
overturning motions are analogous to those of centrifugal instability igRhe)-plane.

To understand the role of the aspect raticand why the perturbed cross-stream pressure
gradient reduces the growth rate of inertial instabilities, we consider overturning motions in the
meridional plane (i.e(y; z)-plane). Consider the parcel of uid in the bottom left corner of gure
3.9. The parcel is perturbed vertically so that denser uid is transported up and the density of the
atmosphere increases ¥ 0). This generates a negative vertical pressure gradient perturbation
(@ p)=@z <0), made evident from the hydrostatic balandpfdz=  g). The parcel then
moves northwardV > 0), which, assuming instability, is supported by along-stream uid travel-
ling out of the pagey < 0) that is de ected northwardv(> 0) by the Coriolis force. However,
due to vertical motions, negative and positive cross-stream pressure gradients are created (see the
parcels in the centre row of gure 3.9) that inhibit the cross-stream motions depending upon the
value of the rescaled aspect rafio Naturally, if the aspect ratié is small, then the ratio of the
vertical lengthscale to the latitudinal lengthscale of the overturning cells is small; thus, even though
@( p) is positive, it is also small and therefore has little dynamical effect. For incredsitige
magnitude of@( p) increases and thus the latitudinal pressure gradients inhibit cross-stream mo-
tions. ForA > P ~ 1> 0; the pressure gradient is strong enough to instead drive southward
(v < 0) cross-stream motions, rendering the system stable as the runaway process discussed in
the previous paragraph can not occur. Gifen P ~ 1the perturbed cross-stream motions are
still positive and by the mechanism that occurs in the horizontal plane, which are discussed in the

previous paragraph, are still (perhaps weakly) accelerated amplifying the overturning motions.
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Figure 3.9: lllustration of the overturning motions of inertial instability for latitydend heightz:
Arrows represent the direction of uid motion. The quantitiesand p represent small variations
in density and pressure. The quantiti@sp)=@vyand @ p)=@ zare pressure gradients in the
cross-stream and vertical directions.

66



3.4 Dynamical Balances

3.4.2 Magnetically Modi ed Inertial Instabilities

We will now consider the magnetohydrodynamic dynamical balances of the numerous parameter
regimes illustrated in gure 3.4. First, in this section, we consider the dynamical balance of the
hydrodynamically unstable regime ( 1 A2 > 0, sothat must be greater thal) in the limit of

weak magnetic eldlL 1) with A = O(1) andS = O(1); corresponding to the small limits

of gure 3:4with =1 :5and =2 :5: This will allow us to describe the mechanisms that allow
weak magnetic eld to either increase or decrease the growth rate of the unstable hydrodynamic
regime, as shown by the weak magnetic eld expansion (3.29). In this regime, the cross-stream
induction equation see (3.42) implies thgt L v; while the momentum equations and along-
stream induction equation allow us to deduce that v andb, L v: Hence, with these scalings,
equations (3.41) and (3.42) reduce to

Su (1 )v=0; Sv+u= iA?; Sby= b +iLu; Sh = iLv: (3.45)

The leading order dynamics of the instability remain the same as the hydrodynamic case (3.44);
however, magnetic eld must increase or decrease the growth rate of the already unstable modes
via second order terms, as seen in the weak eld expansion (3.29). Note that, i52; then the
balance would only be altered by neglecting the cross-stream pressure gradient.

To address the second order feedback on the growth rate from the magnetic eld we evaluate
the Lorentz forces in terms of To do this, we substitute fdx, andu in the along-stream induction
equation via the cross-stream induction equation and the leading order along-stream momentum
balance. This yieldSh, = iL v=S+ iL(1 Vv)v=S = iLv=S so that the along-stream
Lorentz forceiL b, becomes L2?v=S?: The cross-stream Lorentz forceby, can simply be re-
written in terms ofv by using the cross-stream induction equation, yielding?v=S: Thus, for
weak magnetic eld, the along-stream Lorentz force always acts to increase the growth rate (in
comparison to the hydrodynamic case) since it takes the same digjn a3 v when > 1. The
cross-stream Lorentz force always acts to reduce the growth rate as it takes the same sign as the
pressure gradient. Rewriting (3.45) to include @ 2) Lorentz forces yields

L2 A2 L2

Su= ( 1) @V; Sv+u= §v §v; Shc= by+ilLu; Sh =ilLv; (3.46)
where the pressure gradient has been written in termg@ghow that it acts to reduce the growth
rate. We can see that the along-stream Lorentz force increases the along-stream acceleration gen-
erated by the shear dominating over the Coriolis force. This perturbation in the magnitude of
the along-stream acceleration then affects the cross-stream momentum balance due to the Coriolis
force de ecting the along-stream travelling uid. Thus, we substitute the along-stream momen-
tum equation into the cross-stream momentum equation ord then compare th@(L 2) terms,
yielding the followingO(L ) correction to the accelerati@®w :

L? L2
(SV)correction= @V gV; (3.47)
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where the rstand second terms on the right hand side are contributions from the along-stream and
cross-stream Lorentz forces, respectively. Assumviryg 0 without loss of generality, it is clear
that the contribution from the along-stream Lorentz force acts to give a positive correction to the
cross-stream acceleration and therefore increase the growth rate. In contrast, the contribution from
the cross-stream Lorentz force acts to give a negative correction to the cross-stream acceleration
and therefore decrease the growth rate.

It is thus not clear whether the combined effect of the along-stream and cross-stream Lorentz
forces is to enhance or suppress the instability. However, the right hand side of (3.47) is positive
if S2 < 1; and hence, upon substituting the leading order solution for the growth rateS(ie.,

P 1 A2)into this condition, we nd that the right hand side of (3.47) is positivff >
2 and negative iA? < 2: Thus, the correction increases the growth rate?it> 2and
decreases the growth ratef < 2 (the rst being true for all < 2). This is consistent with

the results of the weak eld expansion upon the hydrodynamic mode (3.29). So the question of
whether the Lorentz force is stabilising or destabilising turns out to be rather subtle, and depends
upon the values of andA:

There are a number of questions left to be answered. Why does the cross-stream Lorentz force
always act to decrease the growth rate? Why does the along-stream Lorentz force always act to
increase the growth rate? Why does the sigAof +2 determine which Lorentz force is larger
in magnitude? To help answer these questions we provide gure 3.10, where vertical magnetic
eld lines (in teal) have been overlayed on gure 3.9. Physically, the instability still manifests
itself in overturning motions in the meridional plane and the process is described in an analogous
manner to that of hydrodynamic inertial instability in section 3.4.1; however, magnetic eld may
amplify or inhibit this dynamical process.

First, we address the stabilising effect of the cross-stream Lorentz force. Figure 3.10 illustrates
cross-stream motions interacting with vertical magnetic eld lines; this creates a cross-stream
magnetic eld (see cross-stream induction equation). Then, as indicated by the teal arrows in
gure 3.10, a magnetic tension is created that acts to restore the magnetic eld lines to their
original (vertical) position. The magnetised uid also feels this restoring force, slowing the cross-
stream motions, reducing the cross-stream acceleration.

Second, we address the destabilising nature of the along-stream Lorentz force by considering
the along-stream induction equation. Again, gure 3.10 illustrates cross-stream motions interact-
ing with vertical magnetic eld lines; this creates a cross-stream magnetic eld (see cross-stream
induction equation). This cross-stream magnetic eld is then sheared into the along-stream di-
rection by the basic ow, generating an along-stream eld (ség in the along-stream induction
equation). The cross-stream velocity is also de ected by the Coriolis force and shear which gen-
erates a net along-stream acceleration (provided 1) opposite to the direction of the along-
stream eld generated by b,: The along-stream velocity interacts with vertical magnetic eld
lines, which would generate an along-stream eld in the same direction as the ow (see along-
stream induction equation); however, the along-stream eld generated throughytherm leads
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Figure 3.10: Illustration of the overturning motions of inertial instability for latitydend vertical
heightz: Black arrows represent the direction of uid motion. The quantitiesnd p represent

small variations in density and pressure. The quanti@ep)=@yand @ p)=@ zare pressure
gradients in the cross-stream and vertical directions. The teal lines represent magnetic eld lines.
In the absence of uid motion, magnetic eld lines are vertical; however, these may be bent due
to the motion of electrically conducting uid. This curvature generates magnetic tension, a force
that acts to restore the magnetic eld line to a vertical position.

69



to along-stream eld magnetic eld being generated in the opposite direction to the along-stream
velocity.

Interestingly, we could simplify this description by interpreting that the only contribution to
along-stream eld generation is made by the Coriolis force de ecting cross-stream uid in the
along-stream direction. We see this sindg, = iL v=S (cross-stream induction) antdu =
iL(1 ) v=S(along-stream momentum at leading order) have terms including the shefsch
cancel so that the only term that remains is that originating from the Coriolis force.

The along-stream eld generated in the opposite direction to the perturbation valdeiags
to a magnetic tension force that acts to increase the along-stream velocity; this is why the Lorentz
force in the along-stream momentum equation takes the fokrfiv=S? in (3.46). Hence, since
there is a greater along-stream velocity than in the hydrodynamic case, due to the Lorentz force
acting with the shear term, there is also a greater cross-stream velocity owing to the Coriolis force
de ecting along-stream motions. The cross-stream velocity is then sheared into the along-stream
direction, and the process runs away.

Finally, we address why the sign #f + 2 determines whether weak magnetic eld
increases or reduces the growth rate; indee82if 1 = 2 A? < 1then weak magnetic
eld increases the growth rate, while 82 > 1 weak magnetic eld decreases the growth rate.

We saw this condition in equation (3.47), where it is clear that the contribution to the cross-stream
acceleration from the along-stream Lorentz force is a fact@?$maller than the contribution

from the cross-stream Lorentz force provideti> 1: Thus, by considering that the overturning
motions in gure 3.10 are more vigorous for modes with larger growth rates 82> 1), it

follows that a larger cross-stream eld is generated, which, in turn, yields a larger cross-stream
Lorentz force (which acts as a magnetic tension to reduce the cross-stream accelerations). This
larger cross-stream Lorentz force then dominates over the magnetic contributions that are de ected
from the along-stream Lorentz force by the Coriolis force, as seen in equation (3.47).

In terms of the parametéY; an increasing aspect ratio reduces the growth rate and therefore
the speed of the overturning motions (since there is a larger cross-stream pressure gradient for
modes with a larger aspect ratio, as we discussed in section 3.4.1). Thus, by increasing the aspect
ratio, we reduce the magnitude of the cross-stream Lorentz force, which acts as tension to reduce
the cross-stream motions. This leads to the correction (3.47) being positive, where weak magnetic
eld once again increases the growth rate. For example, if we consider gure 3.4 with :5;
weak magnetic eld is stabilising foA < 2 (as the expansion (3.29) shows). ThenAas
increases beyondl = 2; weak magnetic eld increases the growth rate instead.

3.4.3 The Onset of the Magnetorotational Instability

We now consider the simplest possible occurrence of the purely magnetic instabilities found in
gure 3.4. That is, the limit of weak magnetic eld with 1 of the hydrodynamically stable
regime ( < 1), which isillustrated in gure 3.4 for=0 :5:
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We focus on the unstable magnetic mode (3.30) wigre 1 with L 1; in which the
cross-stream induction equation in (3.42) impligs L v=S;where, as a result, the cross-stream
momentum equation in (3.41) implies that Svoru L2v=S:In either case, the along-stream
induction equation (3.42) shows tifat L andiL u to be negligible. Thudy, v;u Lvand
by v=L inwhich case (3.41) and (3.42) reduce to

(I )v=iLb; She= by, Sh =iLyv; (3.48)
where the along-stream velocityis prescribed by the cross-stream momentum equation
Sv+u= iA? +ilLh: (3.49)

Note that we still retain four equations for the four quantities; by, andb, (recalling that the
thermodynamic equation allows us to write=  iv=S); however, three of these decouple (shown

in (3.48)), whilst the other prescribes the along-stream velacityhe pressure gradiei 2

may be neglected iA L. This can be seen by comparing terms in (3.49) after combining
the thermodynamic equation and incompressibility condition in (3.41) yielding iv=S, and

using the cross-stream induction equation to wijte= ilv=S. The equations of (3.48) imply
S2=L?% =1 ) :inagreement with the leading order term in the weak eld expansion (3.30)
whenA L 1. This implies that the cross-stream momentum equation (3.49) does not play
arole in the dynamical balance and only prescribes the along-stream velpbiote that usually

a balance between the Coriolis and Lorentz force is de ned as magnetostrophic; however, since
the advection and Coriolis terms are always the same order of magnitude wherO(1) in

this system, we assert that the along-stream momentum equation in (3.48) is in magnetostrophic
balance. We do this as the balance is repeatedly observed in the analysis of this section, and later
in Chapter 6.

To classify the dynamics of the hydrodynamically stable regime when 1and < 1we
consider a latitudinal displacement. The displacement yields a cross-stream velocity so that the
cross-stream induction equation in (3.48) implies that an out of phase cross-stream magnetic eld
is generated due to eld line stretching, as seen in gure 3.10. The cross-stream magnetic eld is
then sheared by the basic ow so that an along-stream eld is generated (see along-stream induc-
tion equation in (3.48)). The along-stream eld generates an along-stream Lorentz force, which is
balanced by an increasing cross-stream ow (which is de ected in the along-stream direction by
the basic ow and Coriolis force) so that the magnetostrophic balance is maintained. Thus, as the
perturbed cross-stream velocity must increase to retain the balance, yet more cross-stream eld is
generated and the process runs away. This describes the magnetorotational instability, in which
weak magnetic eld generates instability within the hydrodynamically stable regime. The classi-
cal argument of Balbus & Hawley (1991) in which two parcels are tethered may also describe this
process, where radial displacements are considered rather than latitudinal.

We now provide contour plots of the momentum equations as well as the along-stream in-
duction equation using the nondimensional equations (3.41) and (3.42) to illustrate the dynamical
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Figure 3.11: The dynamical balance of (3.48pat 0:01andL = 0:1with =0 :5;illustrating

a magnetic perturbation from the hydrodynamic regime. This is the onset of the magnetorotational
instability with growth rates = 0:096 Plots(a); (b) and(c) show the along-stream acceleration,
advection and Coriolis terms, and Lorentz force. P{dis (e); (f) and(g) show the cross-stream
acceleration, Coriolis force, pressure gradient and Lorentz force. @ipt$i) and(j) show the
along-stream eld generation, advection and tension terms.

balance (3.48) in gure 3.11 fdr = 0:1andA =0:01with =0 :5: We nd that the terms bal-

ance, as predicted by (3.48), showing that the along-stream magnetic eld pertuliyaisdarge

enough to allow the Lorentz force in the along-stream momentum equation in (3.48) to generate
a magnetostrophic balance in which there is no along-stream acceleration. This con rms that the
cross-stream momentum equation does not affect the dynamical balance and only prescribes the

along-stream velocity:

3.4.4 The Most Unstable Modes

The most unstable mode in the hydrodynamically stable regime occurs &vhen 1; with
LZ2 = (2 ) =4; however, this criteria remains the same in the hydrodynamically unstable
regime, provided < 2 (see equation (3.26)). Note that, if> 2; the most unstable mode is the
hydrodynamic mode witlh  1; which is described by the dynamical balance (3.44).

Thus, for < 2;itis convenient to address the hydrodynamically stable (1) and unstable
regimes ( > 1), whereA  1;L = O(1) andS = O(1); as shown in gure 3.4 for =0 :5
and =1 :5. This regime may describe any unstable mode on.tlais, provided. is not small
or suf ciently close top " : Under the assumptions, the cross-stream induction equation in (3.42)
implies thatb,  v; which we can deduce from the along-stream and cross-stream momentum
eqguations in (3.41) and the along-stream induction equation in (3.4Z)thau  v: Hence, the

balance is categorised by
Su (1 )v=iLb; Sv+u=iLb; Sb = by +iLu; Sh =iLv: (3.50)
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