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Abstract

We study the G fixed-point spaces VGL7(k)()\)G2 for an algebraically closed field k of
characteristic p > 2, and dominant GLz(k)-weights A € X*(7). Our primary focus
is to develop a formula for the calculation of the dimension dim Vgr,, ) (A)%2. We
obtain this formula by studying the fixed-point spaces Vgo, ) (n)% for dominant
SOz (k)-weights 1 € X (T50,)), and then obtaining a good SO7(k)-filtration of
Var. @ (A) when viewed as an SOz (k)-module.
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Introduction

In this thesis we investigate the 0-th cohomology groups VGL7(k)(/\)G2, where k is
an algebraically closed field of characterstic p > 2 and dominant GL7(k) weights
A € X*(7). This study is in part motivated by the work of Brundan, who in his 1998
paper “Dense Orbits and Double Cosets” [3] showed that, for a spherical subgroup
H of a connected reductive algebraic group G, the fixed-point space Vg (u)? is at
most one-dimensional for u € X1 (7). As G5 is not a spherical subgroup of GL7(k),
there is no such restriction on dim Vg, @) (\)“ for A € X*(7).

Chapter two provides all necessary preliminary definitions and results. Where it
is not cumbersome, we state results in their most general form. However, for some
key results we are concerned only with how the result relates to the theory of GL,, (k),
SO~(k), and Go. Though we frequently reference Jantzen’s book “Representations
of Algebraic groups” [10], we present many results in the language of affine algebraic
groups rather than that of group schemes.

Chapter three establishes a collection of tools which we frequently use throughout
the thesis. We introduce key formulae of Pieri, Littlewood and Richardson, and
Brauer which permit us to obtain good filtrations of certain tensor products of
GL7(k)-modules. We also develop a partition tool which allows us to restrict our
study to dominant GL7(k)-weights corresponding to partitions of at most 7 parts.
The type B procedure of Koike and Terada, introduced in their 1987 paper “Young-
diagrammatic methods for the representation theory of the classical groups of type
By, C,, D,” [12], permits us to obtain a good SO;(k)-filtration of the induced
GL7(k)-module Ver,, @) () for A € XH(7).

In chapter four we calculate the dimension dim Vqr,, ) ()\)G2 where A is a partition

of at most three parts. In chapter five we apply the main theorem of chapter four in

7



8 CHAPTER 1. INTRODUCTION

order to calculate dim VSO7(k)(u)G2 for all dominant SOz (k)-weights 1 € Xt (Tso,w))-
Combining this with the type B procedure of Koike and Terada, we obtain a formula

for dim VGL7(k)()\)G2 for A € AT(7). In chapter six we refine the dimension formula.
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Preliminaries

In this thesis we calculate the dimension of the 0-th cohomology group V¢ for the
exceptional group G, and certain Gy-modules V| which arise as restrictions of an
important class of representations of GL7(k). The underlying theory presented in
this chapter is introduced to build a framework which permits the study of these
cohomology groups. For a more general coverage of linear algebraic groups, the
texts used in writing this thesis are Humphreys [9] and Borel [2]. For a more
general coverage of the representation theory of algebraic groups, in particular the

representation theory of GL,(k), we refer to Green [6], Donkin [4], and Jantzen [10].

2.1 PARTITIONS, DIAGRAMS, AND TABLEAUX

Let A = (A1, Ag,...) be an infinite sequence of non-negative integers. We call A
a partition if the terms of A are weakly decreasing and only finitely many terms
are non-zero. We call the non-zero terms \; the parts of A. Given a partition
A= (A1,..., M, 0,...) such that A, # 0, we may ignore the zero terms and write
A= (A1,...,A\n). The set of partitions of at most n parts is denoted as A (n), and

is a subset of the set X (n) of integral sequences of at most n terms.

The degree of A, denoted |A| is equal to the sum of its parts. The length of A,
denoted [()), is the largest index n for which A, # 0; otherwise we say that [(A) =0
if A = (0). For a partition A, the transpose partition of A, denoted X, is the partition
N = (N, X}, ...), where X} is equal to the number of parts of A which are at least as

large as 1.
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Let A be a partition. We call a partition o a subpartition of X, denoted o C X, if
[(o) <I(A) and for each index i we have o; < ;.
Let X\ be a partition. The Young diagram of shape A, denoted A,, is a set of

ordered pairs (i, 7) of positive integers,
Ay=A{(i,J) € Zso x Lo |1 <i <I(N), 1 < j < N}

This diagram can be expressed pictorially as a collection of boxes, consisting of I(\)
rows, such that the number of boxes on row ¢, counting from top to bottom, is equal
to \; for 1 < <I()).

Example 2.1.1. Let A = (4,3,2,1). Then the Young diagram A, can be drawn as

Ay =

Let A be a partition and let ¢ C A. The skew diagram of shape \/o, denoted
Ay /e, is equal to the set of ordered pairs in the difference Ay \ A,. We express this
skew diagram by drawing the picture corresponding to A, and shading the picture

corresponding to A, in the top left of the diagram.

Example 2.1.2. Let A = (4,3,2,1) and let 0 = (2,1). Then A,, is drawn as

We may view any Young diagram Ay as the skew diagram A, /). From now on,

we understand a diagram of shape A\/o to mean a skew diagram of shape A\/o and a
diagram of shape A to mean a skew diagram of shape A\/(0). We call a diagram of
shape A\/o empty if A = 0.

Let ¢ C A be two partitions and let A,/, be the diagram of shape A/o. A
Young tableau T with shape A/o is a map which assigns to each ordered pair (3, j)
in A/, a positive integer T'(,7). A Young tableau is expressible pictorially; for
each (7,7) € Ay, inscribe the integer T'(4, j) into the box in the i-th row and j-th

column of Ay /.



2.1. PARTITIONS, DIAGRAMS, AND TABLEAUX 11

We call a tableau T' row-standard if T'(i, j) < T(i,j+1) for every (i,7), (i,j+1) €
Ayxjo. We call T column-standard if T'(i,5) < T(i + 1, j) for every (i,7), (i +1,7) €
Ayjo. We call T' a standard tableau if T' is both row-standard and column-standard.

Let T be a Young tableau of shape A/o. The weight of T is a tuple a = (ay, ag, . . .)
where ay, records the number of times k appears in the diagram A, /. We call a
tableau 7" with weight o an a-tableau. We call T' a (0)-tableau if its corresponding
diagram is empty.

The word of T, denoted w(T), is the word obtained by reading the integers 7(i, )
from top to bottom and from right to left. Let w(T) = ajas...a,. For any k < r we
denote by wy(T) the subword containing the first & letters of w(7"). We call w(T")
a lattice permutation if for any index k < r, the number of instances of a positive

number n in wy(T') is at least as many as the number of instances of n+1 in w (7).

Definition 2.1.3. A Littlewood-Richardson tableau or an LR-tableau is a standard

tableau whose word is a lattice permutation.

Let T be a tableau of shape A\/o and let S be a tableau of shape p/7. We call S
a subtableau of T if 4 C X\, 7 C o, and for each 1 < i < (u) we have

{86, ) |n+1<j<u} C{T(,j)|o+1<j< N}

Example 2.1.4. Continuing from our previous example, one possible tableau of
shape (4,3,2,1)/(2,1) is the following,

T = L1
12
9

2

Note that T is both row standard (as rows weakly increase from left to right) and
column standard (as columns strongly increase from top to bottom) and is thus a
standard tableau. Counting the instances of 1, 2, and 3, we see that the weight of T’
is (3,3,1). Finally, reading the T from right to left and top to bottom, we obtain
the word w(T") = 1121223. Note that this word is a lattice permutation and thus 7°
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is an LR-tableau.Now consider the following subtableau:

S = .
1
2

2

Note that S is also a standard tableau whose weight is (1,2, 1). However, the word
of this tableau is w(S) = 1223, which is not a lattice permutation. Therefore, S is
not an LR-tableau.

2.2 ALGEBRAIC GEOMETRY

Algebraic groups are understood as affine varieties G endowed with a group structure,

such that the defining group operations of G satisfy certain geometric properties.
Let k be an algebraically closed field. Denote by (A" k[T},...,T,]) the affine

n-space over k together with the polynomial ring k[T},...,7},] in n independent
variables. We interpret k[T, ..., T,] as a subset of Map(A™, k) by defining T;(z) = z;
for x = (21,29, ..., 2,) € A". We call this polynomial ring the coordinate ring of A".

For a set of polynomials S C k[T7,...,T,], we define V(S) to be the set of common

zeros of S in A", that is
V(S):={z € A" | f(z) =0forall f e S}.

We call this set the algebraic set of S. It is easy to see that the algebraic set of the
ideal J generated by S coincides with the algebraic set of S. As the polynomial ring
is a Noetherian ring, any ideal of the polynomial ring has a finite set of generators.
Thus, the algebraic set of any ideal of k[T7, ..., T,] can be expressed as the algebraic
set of a finite set of polynomials which generates that ideal.

Using algebraic sets we assign a topological structure to A™. The Zariski topology
on A" is defined by taking the closed subsets of A™ to be the algebraic sets of subsets
of k[T, ..., T,]. This satisfies the axioms of a topology:

o both A" and () are closed, as they are the respective algebraic sets of the ideals

{0} and k[T, ..., T,] respectively;

 The union of two closed sets is a closed set. Indeed, if U = V(S) and V = V(T),

then U UV =V(ST), where ST ={fg|f €S, geT};
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o If U; is a family of closed sets indexed by a set I, then N;c;U; is closed. Suppose
Ui = V(Sl) Then ﬂie] Uz = V(Uiel Sz)

Definition 2.2.1. An affine variety over k is a pair (V,k[V]) where V is a Zariski-
closed subset of A", and k[V] is a finitely generated k-subalgebra of the k-algebra
Map(V, k), such that there is a bijection € : V' ~ Homy (k[V], k). We call the image
€, of v € V under € the evaluation homomorphism at v, which is the map f +— f(v).
We often use the shorthand V' to denote the affine variety (V,k[V]).

Let V' be an affine variety. Then V has a corresponding coordinate ring inherited
from k[T, ...,T,]. We define the vanishing ideal Z(V') of V' to be the ideal

I(V)={f€k[T\,...,T,]| f(x) =0 for all z € V'}.
The coordinate ring of V' is equal to the quotient ring k[V| =k[T1,...,T,|/Z(V).

Example 2.2.2. Affine n-space has the structure of an affine variety with coordinate
algebra k[A"] = k[T, ...,T,]. Singleton sets {z} are affine varieties when viewed as

the algebraic set of the n polynomials T} — xy,..., T, — x,.
Given an ideal J of k[V] we write v/J to denote its radical in k[V],
V3 = {f €k[V]]| fT €T for some positive integer r}.

Clearly the radical v/J is an ideal of k[V] such that /3 C Z(V(3)). Hilbert’s
Nullstellensatz establishes a 1-1 correspondence between radical ideals of k[T1, . . ., T,]

and algebraic sets of A™.

Theorem 2.2.3 (Hilbert’s Nullstellensatz). Let J be an ideal of k[T, ...,T,] and
let f € Z(V(T)). Then f" €T for some integer r > 0.

Proof. See |9, Theorem 1.1] O

If V' is an affine variety and W is a closed subset of V' in the Zariski topology
induced from A", then by viewing W as a closed subset of the ambient affine space
of V' we see that W is also an affine variety with coordinate ring k[W] = k[V]/Z(WV).
We call an affine variety V' irreducible if there do not exist proper subvarieties Vi, V5
such that

V=WVul,.

Equivalently, V' is irreducible if the ideal Z(V) is a prime ideal in k[A"].
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We call an affine variety V' connected if V' is not expressible as the disjoint union

of two disjoint non-empty subsets.

Definition 2.2.4. A topological space X is Noetherian if for any sequence V; D
Vo D ... of closed subsets of X, there exists an integer r such that V, =V,,; = .. ..

It is clear that A™ is a Noetherian topological space. Indeed, the inclusion
reversing vanishing ideal map associates to any descending chain of closed subsets
of A" an ascending chain of ideals in the polynomial ring k[T3,...,T,]. As the
polynomial ring is Noetherian, this ascending chain must terminate, which in turn
means that the descending chain of algebraic sets must terminate.

Viewing an affine variety V' as a subset of an affine space A" for some sufficient

n permits us to observe useful properties about its structure.

Proposition 2.2.5. Let V' be an affine variety in A™. Then V is expressible as
a finite unton V =V, U ... UV, of irreducible affine varieties, no one containing

another.
Proof. See |7, Proposition 1.5]. O
Let V' C A" be an affine variety and let P be the prime ideal in k[V] generated
by a polynomial f. In the ring P x k[V], we define an equivalence relation
(P, g9) ~ (¢ h) < ph—qg=0.
We define the localisation of k[V] at f to be the quotient ring,

k[V]; = P x k[V]/ ~ .

The affine variety V; corresponding to k[V|; is identified with the non-vanishing
points of f in V; we call this variety the principal open set of f.

Example 2.2.6. The set GL, (k) is an affine variety corresponding to the localization
K[A™]ger of k[A"] at the determinant function det. Indeed, GL, (k) is the principal

open set A, defined by the non-vanishing of the determinant on A™".

Definition 2.2.7. Let V C A" and W C A™ be affine varieties. Amap ¢ : V — W
is a morphism of affine varieties if, for any f € k[W], the map f o ¢ € Map(V, k)
is an element of k[V]. We call the map ¢# : k[IW] — k[V] mapping f to f o ¢ the

comorphism of ¢.
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A morphism ¢ : V — W of affine varieties is called an isomorphism if the
comorphism ¢# : k[W]| — k[V] is an isomorphism of k-algebras. Note that a
bijective morphism of affine varieties is not necessarily an isomorphism of affine

varieties.

2.3 ALGEBRAIC GROUPS

With the necessary algebraic geometry in place, we move onto the theory of algebraic

groups.

AFFINE ALGEBRAIC GROUPS

Definition 2.3.1. A group G is called an affine algebraic group, or simply an
algebraic group, over k if G is an affine variety over k and the group multiplication
map

pw:GxG—=G, (g,h)— gh
and the group inversion map

LG =G, g—g!t

are morphisms of affine varieties.

Example 2.3.2. The two fundamental examples of algebraic groups over a field
k are the additive group and the multiplicative group. The additive group G, is
the affine line A! with coordinate ring k[T, equipped with the group operations
of addition (a,b) — a + b and inversion a — —a. The multiplicative group G, is
the principal open set AL = A\ {0} with coordinate ring k[T, T~}], equipped with
group operations of multiplication (g, h) — gh and inversion g — g~

Let H be a closed subset of G which is also a subgroup of G. We call H an
algebraic subgroup of G. Given algebraic groups K, L, the direct product K x L is
an algebraic group, with coordinate ring k[K x L] = k[K]| @ k[L]. As an algebraic
group G has the structure of an affine variety, then it is expressible as a disjoint
union of irreducible subsets, which we call the connected components of G. The
connected component containing the group identity is called the identity component
and is denoted by GY. If G = G then we call G a connected group.
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Example 2.3.3. Over any algebraically closed field k, the general linear group
GL, (k) is a connected algebraic group.

Let G and H be algebraic groups. A morphism of algebraic groups is a group
homomorphism ¢ : G — H which is a morphism of algebraic varieties. Two examples

of morphisms of algebraic groups are the following.

Definition 2.3.4. Let G be an algebraic group. A character of G is a morphism of
algebraic groups A : G — G,,,. A cocharacter of G is a morphism of algebraic groups
o:G,, — G.

The set of characters X(G) of a group G forms an abelian group under the
operation (A+pu)(g) = A(g)u(g) for A\, p € X(G), g € G. We call X(G) the character
group of G. We denote by Y (G) the set of cocharacters of G.

Definition 2.3.5. We say that an algebraic group G acts on an affine variety X
over k if there exists a morphism of affine varieties ¢ : G x X — X satisfying the

following conditions:

o d(gh,z) = ¢(g,p(h,x)) for all g,h € G and = € X;
e d(eg,x)=x for all z € X.

We often use the shorthand ¢ - x for ¢(g,z). Given an element y € X, we define
the orbit of y under the action of GG, denoted orbg(y), to be the set

otbg(y) ={g-y|g € G}.

Example 2.3.6. An algebraic group G acts on itself by left multiplication ¢g-h = gh
and by right inverse multiplication g - h = hg~!. We call these actions respectively
the left regular and right regular maps of G. These actions induce actions of G on

its coordinate ring k[G] which are given by

M F) () =(Ng) ))(h) = flg™'h),  (p(9))(h) = f(hg),  g.h€G, feK[G]
We call these actions respectively left and right translation of functions.

By considering the action of G on its coordinate ring via translation of functions,
we establish a correspondence between algebraic groups and closed subgroups of
GL, (k). This is a key result in the study of algebraic groups, as it restricts our study
to closed subgroups of GL, (k).
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Theorem 2.3.7. Let G be an algebraic group. Then G is isomorphic to a closed
subgroup of GL, (k) for some n € N.

Proof. See |9, Theorem 8.6] O

TORI AND BOREL SUBGROUPS

Henceforth, we assume without further mention that G is a connected algebraic
group. The main focus of this thesis is the study of the connected algebraic groups
GLz(k), SO7(k), and G3. Some important subgroups which regularly occur in the
representation theory of algebraic groups are tori and Borel subgroups.

Inside the general linear group GL,, (k) there exists the closed connected subgroup
T, (k) of invertible diagonal matrices. This subgroup is isomorphic to the direct

product of n copies of the multiplicative group G,, over k.

Definition 2.3.8. A torus S of G is a closed subgroup of G which is isomorphic to
T, (k) for some r > 0. A torus is mazimal if it is not a proper subgroup of another
torus of G.

Note that as a torus S is isomorphic to some 7,.(k) then S is an abelian subgroup
of G. As with all algebraic groups, the character group X (.5) is an abelian group.
Note also that the set of cocharacters Y (.S) of S has the form of an abelian group
under the group operation (¢ + 1) (t) = ¢(t)y(t) for any ¢,v € Y(S) and t € G,,.

Let H be a subset of G. The centralizer of H, denoted Cs(H) is the closed
subgroup

Co(H)={g € G|ghg™' =hforall h € H}.

The normalizer of H, denoted Ng(H) is the closed subgroup
Ne(H) ={g € GlgHg" = H}.

The centralizer fixes each element of H by conjugation, whereas the normalizer
contains elements which do not necessarily fix the elements of H.

Let S be a torus. Then the centraliser of S is a closed subgroup of N (.S). The
quotient group W (G, S) = Ng(S5)/Cq(S) is a finite group which we call the Weyl
group of G relative to S.

An endomorphism z € Endg(V) of a finite dimensional k-space V' is called
nilpotent if ™ = 0 for some n € N, and semisimple if x is diagonalisable over k. We

call x unipotent if x — 1 is nilpotent.
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Lemma 2.3.9 (Additive Jordan Decomposition). Let x € Endg(V'). Then there

exist unique elements xs, x,, € Endg (V') such that:

o T, 1S semisimple;

Ty 18 nilpotent;
¢ Tslpy = sy

o =15+ T,.

If z € GL(V) then its eigenvalues are non-zero and hence x is invertible. There-
fore, by defining =, = 1 + x; 'z, we obtain a multiplicative Jordan decomposition
for automorphisms of V. By viewing the right translation of functions p(g) as an
automorphism of the coordinate ring k[G], we obtain a result for the multiplicative

decomposition of elements of an algebraic group G.

Theorem 2.3.10 (Multiplicative Jordan Decomposition). Let g be an element of
an algebraic group G. Then there exist unique elements gs, g, € G satisfying the

following properties:
® 9= 9sGu = GuYs;,
e p(gs) = p(9)s: P(gu) = P(9)us
e if o : G — H is a morphism of algebraic groups then ¢(gs) = ¢(g)s and

O(gu) = D(9)u-

We call g, and g, respectively the semisimple and unipotent parts of g.

A subgroup H of an algebraic group G is called unipotent if all of its elements
are unipotent; that is hy = e for all h € H.

For elements g,h € G we define the commutator of g and h to be (g,h) =
g 'h7tgh. We define the commutator of G, denoted (G, G) to be the closed normal
subgroup of G generated by the elements (g, h) for g, h € G. We define the derived
series D(G) of an algebraic group G inductively: we define D°(G) = G and DH(G) =
(D'(G), DY(Q)) for i > 0. We call G solvable if the derived series of G terminates.
That is, there exists an index ¢ such that D*(G) is the trivial subgroup {eq}.

Example 2.3.11. A trivial example is that any abelian subgroup G is solvable,
since (G, G) = {ec}.

Definition 2.3.12. A Borel subgroup B of an algebraic group G is a maximal (with

respect to inclusion), closed, connected, solvable subgroup of G.
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Each Borel subgroup is expressible as the semi-direct product 7' x U of a maximal

torus T' of G and a maximal connected unipotent subgroup U of G.

Example 2.3.13. Fix the maximal torus T,,(k) = {diag(ty,...,t,) | t1,...,t, € k*}
of GL, (k). One example of a Borel subgroup of GL, (k) is the subset B of lower
triangular invertible n x n matrices over k. This is expressible as the semi-direct

product of T" with the subgroup U of lower triangular unipotent matrices.

Theorem 2.3.14. Let B be any Borel subgroup of G. Then all other Borel subgroups
of G are conjugate to B.

Proof. See |9, Theorem 21.3]. O

Corollary 2.3.15. The maximal tori (respectively the mazimal connected unipotent
subgroups) of G are the mazimal tori (respectively the mazimal connected unipotent

subgroups) of the Borel subgroups, and are conjugate.
Proof. See [9, Corollary 21.3A]. O

As all maximal tori of G are conjugate, they must all have the same dimension,
say n. We call n the rank of G. The Weyl group W (G, T) of G relative to a maximal
torus 71" is isomorphic to the Weyl group relative to any other maximal torus of G.
Therefore, for a maximal torus 7" of G we call the W = W(G,T) the Weyl group of
G.

For a connected algebraic group G, the radical of G, denoted R(G) is the maximal,
connected, normal, solvable subgroup of G. The unipotent radical of G, denoted

R,(G) is the maximal, connected, normal, unipotent subgroup of G.

Definition 2.3.16. We call G semisimple if R(G) is trivial. We call G reductive if
R,(G) is trivial.

Remark 2.3.17. Note that all semisimple groups are reductive. The general linear

group GL, (k) is reductive but not semisimple.

Borel subgroups are an important point of study in algebraic groups as the

structure of a connected algebraic group can be understood from its Borel subgroups.

Theorem 2.3.18. Let G be reductive and let B be a Borel subgroup of G. Then G

has a decomposition into the disjoint union of double B-cosets,

G = |_| BwB.

weW
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Proof. See |9, Theorem 28.3]. O

TuE LIE ALGEBRA

Let G be a connected algebraic group with coordinate ring k[G]. The set of derivations
of k|G|, denoted Der k[G], is the set of linear maps ¢ : k[|G] — k[G] which satisfy the
condition §(fg) = d(f)g+ fd(g) for f,g € k[G]. It is clear that sums of derivations
are themselves derivations. We may view this space as a k-algebra by endowing it
with bracket operation [—, —| which is defined by [d,~] = 6 — 7 for derivations
J,7, where §v denotes the composition of functions ¢ o . The set L(G) of all left
invariant derivations (derivations ¢ € Derk[G] satisfying 0\, = \,0 for all g € G,
where \; denotes the left translation of functions by g¢) is a k-subalgebra of Der k[G]
which we call the Lie algebra of G. This Lie algebra is isomorphic as a k-vector
space to the tangent space of G at the identity g = T.(G). For g € G the inner
automorphism Inn, is the map Inng(h) = ghg™'. The differential Ad, of this inner
automorphism is an automorphism of g. Thus the map Ad : G — Autg C GL(g) is
a morphism of algebraic groups which we call the adjoint representation of G. The

group G acts on the tangent space g naturally via the adjoint representation.

RoOT SYSTEMS

The character group X (G,,) of the multiplicative group G,, is isomorphic as an
algebraic group to Z. Let S be a torus of G which is isomorphic to T,.(k) for some
r > 0. Then the character group X (5) of S is isomorphic to Z".

Let S be a torus of the general linear group GL(V') of a k-vector space V. We

can write V' as a direct sum of k-subspaces

V= @ Vom

aeX(S)

where V,, is defined to be the subspace
Vo={veV|h-v=a(h), forall h € S}

for some o € X (). We call the characters a corresponding to non-zero subspaces
V, of V' the weights of S in V.
In particular, consider an algebraic group G acting on its tangent space g via the

adjoint representation. Then there is a decomposition of g into the direct sum of
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weight spaces,
g=00DP ga.

where gg denotes the 0-weight space. We call the non-zero weights of S in g the set
of roots of GG relative to S. If we choose S to be a maximal torus then the roots of S

in g is called the root system of GG, often denoted ®.

Example 2.3.19. Let T" be the maximal torus of GL, (k). For 1 < i < n the (4,7)-th
coordinate map ¢; : T — G,, maps a matrix M € T to its (i,4)-th coordinate M.
Then the set of weights of T' is given by

X(n) :X(T) = {)\161+...+)\n€n’)\1,...,)\n < Z}
The root system of GL, (k) relative to T is the set
O ={e—¢j|1<i#j<n}

We can construct root systems in a more abstract sense. Let E be a Fuclidean
space i.e. a finite dimensional R-vector space with a positive definite, symmetric
bilinear form (—, —). For a € E we define the orthogonal hyperplane of «, denoted
H,, by

H,:={f € E[(B a) =0}

Given an orthogonal hyperplane H, we denote by o, the reflection in this hyperplane

(8, @)

(o, q)

Ua(ﬁ)zﬁ_z a, BGE

Definition 2.3.20. Let E be a Euclidean space. Then an abstract root system of E
is a subset ¥ of E satistfying

o U is finite, spans F, and does not contain 0;
e RaNVW¥ = {+a} for all a € U;
o If & € ¥ then the reflection o, leaves ¥ stable;

o If a,8 € VU, then 2% is an integer.

The abstract Weyl group W (W) is the finite group generated by all reflections o,
for « € U. The rank of ¥ is the dimension of FE.

When G is a semisimple group, then the root system of G is in fact an abstract

root system.
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Theorem 2.3.21. Let G be semisimple with mazximal torus T and root system P,
and let E =R ®z X(Tg). Then ® is an abstract root system whose rank is rank G,

and whose abstract Weyl group is isomorphic to W'.
Proof. See |9, Theorem 27.1]. O

Definition 2.3.22. A subset A = {ay,...,q;} C @ is called a base of @ if:

o A is a basis for E as an R-space;

o For each 8 € ® there is an expression

B=> cox

a€A

where the ¢, are integers which are either all non-negative or all non-positive.

The set of roots for which the constants ¢, are all non-negative are called the
positive roots, denoted ®*, and the set of roots for which the constants ¢, are all
non-positive are called the negative roots, denoted ®~. We have that ® = ¢+ LI &~
and = —PT.

Weyl groups and their associated root systems are often diagrammatically classi-
fied via directed graphs known as Dynkin diagrams. These diagrams are ubiquitous
across many areas of study in abstract algebra, and are useful tools in the classifica-
tion of certain objects. Some algebraic groups and their corresponding Lie algebras
are known primarily by the label attached to the Dynkin diagram of their Weyl
group in this classification.

Note that since the composition of morphisms of algebraic groups is a morphism
of algebraic groups, the composition of a cocharacter with a character A o ¢ is
a morphism G,, — G,,. The group of endomorphisms of G,, is isomorphic as an
algebraic group to the additive group of Z. Thus, for any character A and cocharacter

¢ there exists a unique integer (), ) such that A o ¢ is the map ¢ s t1¢),

Definition 2.3.23. Let o € ®. We define the coroot of «, often denoted to be o,

to be the unique cocharacted satisfying

(6,a)
(a,q)

(B,a”) =2 for all B € ®.
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For a root system ®, define a weight to be an element A € F such that (A, a") € Z
for all « € ®. We denote by A the set of these weights. If A is a base for ®, then
we call a weight A dominant if (A, ") is non-negative for each a« € A. Denote by
AT C A the set of all dominant weights. The fundamental dominant weights with
respect to A are the roots \; which satisfy the property

<>\i7 Oé;/> = 52]

In fact, any weight A € A is expressible as an integral combination A = >, m;\;.
Thus the set of weights A forms a lattice. The weight lattice A is stable under the
action of the Weyl group W. That is, w(A) € A for any A € A and w € W. There
exists a unique longest element wy € W which acts on A by sending A to — for all
AeA

Since weights have expressions as integral combinations of fundamental dominant
weights, we may establish a partial order on the set of weights. Let A, i be weights.
We say that A > p if A\ — p is expressible as an non-negative integral combination of
fundamental dominant weights. We call this partial ordering the dominance order
on A.

For each root o € ® there exists a root morphism x,: G, — G with the property
tra(r)t™t = zo(a(t)r) for all r € G,, t € Tg. The image of this morphism is a
closed subgroup U, of G called the root subgroup of G corresponding to «. The Lie
algebra of this root subgroup is isomorphic to the weight space g,. Denote by U™
the closed subgroup generated by all root subgroups U, corresponding to positive
roots o and denote by U the closed subgroup generated by all root subgroups U,
corresponding to negative roots. The subgroups B = Tg X U and Bt =T x U™
are Borel subgroups of G, and BN BT = Tg.

THE c¢rouprs GLz(k), SO7(k), AND Gs

As we are interested in the representation theory of GL7(k), SO7(k), and G, as
an extended example of the above theory of algebraic groups, we fix our choice of
maximal tori, root systems, and bases for these groups. In the context of this thesis
we work over an algebraically closed field of characteristic p > 2. We follow the
notation of [13 Section 2.1] for the following work.

The general linear group GL;(k) = A’;, has maximal torus

T7 = {diag(tl,...,t7)|t1,...,t7 S kx}
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The generators of the free abelian group X (7) = X (7%) are the maps ¢; : Ty — Gy,
which map a matrix diag(ty,...,t7) to its (i,7)-th coordinate t;, where 1 < i < 7.

The character group is then
X(7)={ e+ ...+ er| A, ..., \r € Z}.
The root system of GL7(k) is given by
Oy ={e;—€ |1 <i#j<T}

We choose the base
Acr,) = {6 — €111 < i <6},

which gives the positive root system
O ={e—¢|1<i<j< T}
The set of dominant weights is the set
XT 1) ={ e +...+ Mer |\ > ... > M)

Note that the set of dominant GL7(k)-weights contains the set of partitions of at

most seven parts,
AT ={ e+ ...+ Mer | A >0 > A >0}
The special orthogonal group SO7(k) is defined as
SO7(k) = {M € SL;(k) | M'JM = J},

where J is the 7 X 7 matrix with entries 1 on the anti-diagonal, and 0 elsewhere, and

M’ denotes the transpose matrix of M. We choose the maximal torus
Ts0,00 = {diag(t, u, v, 1, u™ 7 | £, u,v € k¥ ).

We denote again by €1, €, €3 the restrictions of the generators €1, €, €5 of X (7) to

Ts0,(k)- Then the character group X (750,()) is written as
X(Ts50,x)) = {A1€1 + Agea + Azeg | A1, Mg, A3 € Z}.
The root system of SO7(k) is given by

CI)SO7(]]<) = {j:él :|: €9, :i:El :i: €3, :tEQ j: €3, } U {j:él, j:ég, j:63, }



2.3. ALGEBRAIC GROUPS 25

Within this root system we choose the base
Aso7(k) = {61 — €2,€2 — €3, 63},
which fixes our positive root system,
<I>§O7(k) = {e1 L€z, 61 T €3,60 ez} U{er, €2,€3}.

The set of dominant weights is defined to be the weights A such that (A, o) is

non-negative for all simple roots . This is the set
X+(TSO7(H<)) = {)\161 + )\262 + )\363 ’ )\1 2 )\2 Z )\3 2 0}

The algebraic group of type G5 is one exampe of an exceptional algebraic group
named for its label in the Dynkin diagram classification. From this information we
know that the group has rank 2 and is not a group of one of the classical families
(SL,, SO,,, SP,,). We view G5 as the automorphism group of the octonion algebra
Og. Let My(k) denote the set of 2 x 2 matrices over k. Let Oy = Msy(k) & My (k).
The elements of Oy are represented by ordered pairs (a, b) for a,b € My(k). We view

Ok as a k-algebra with the following algebraic structures:

o There exists an element 1 = (I, 0), where [ denotes the 2 x 2 identity matrix.

« There exists a quadratic form ng, : Oy — k given by,
no, ((a,b)) = det a — det b.
o There exists an involution * given by
(a,b)" = (d',—b),

for (a,b) € Oy, where d’ is the transpose of the matrix a.

o There exists a multiplication @y x O, — Oy given by
(a,b)(c,d) = (ac+ d'b,da + bc’).

As an 8-dimensional k-space, the octonion algebra Qy can be viewed as the k-span
of 8 basis vectors {eg, €1, ..., e7}, where e is chosen to be the identity element of

Oy and the basis elements ey, ..., e; are chosen such that

e?:—eo,for1§i§7.
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The automorphism group Gy of Qy is defined as

Go = {g € GL(Ox) | g1 = g, g(z)" = g(="), g(xy) = g(x)g(y), for v,y € Oy},

As the action of G5 preserves multiplication and involution in the octonion algebra,
the group necessarily stabilises the one-dimensional subspace of O spanned by eq
and thus also stabilises the seven-dimensional subspace spanned by {eq,...,e7}.
Through this lens, it is possible to identify G5 as a algebraic subgroup of SOz (k).

We choose the maximal torus
Tg, = {diag(s, s 't,s* 1 1,572, st ", s7") |s,t € k*}.

The character group of Tf, is expressible as the a free abelian group with two

generators,

X(TG2) = {)\1’71 + )\2’}/2 | )\1, Ao € Z}
Let a = 27, — 372 and let § = —v; + 27,. Inside X (7T¢,) we have the root system
O, = {F+a, 16, H(a+ B), £2a+ B), +(3a + 5), £(3a + 26)}.

Choosing the base Ag, = {a, f} the fundamental dominant weights are given by
w1 = 2a + 30, wy = a+ 2. Then the set of dominant weights is given by

X*(Tay) = {20 + y)a+ (3o +2)8 |2,y € Lo},
The Weyl group of G5 is given by

Wa, = (Sa 58| (sasp)’ = €).

2.4 REPRESENTATION THEORY

We are interested in the representation theory of connected algebraic groups. To
be more precise, we are interested in the dimension of the G, fixed-point space of
induced GL7(k)-modules Vgr,,x)(A). We achieve this by calculating the filtration
multiplicity of the trivial Go-module V¢, (0,0) in the Gy-filtration of the induced
GL7(k)-module Vg, ) (A).
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MODULES

Let G be a connected algebraic group over k and let V' be a k-vector space. A
representation of G on V' is morphism of algebraic groups G — GL(V). We call
V' a rational G-module, or simply a G-module. Given two G-modules V' and W, a
G-module homomorphism is a G-equivariant map £ : V. — W. That is, for each
v eV and g € G we have {(g - v) = g - £(v) where the left hand action is the action
of G on V and the right hand action is the action of G on W.

Example 2.4.1. The k-vector space E ~ k™ of column vectors is a GL, (k)-module
via left multiplication. We call £ the natural GL, (k)-module.

Given two G-modules V' and W, the direct sum V & W is a G-module whose
representation is induced from the representations on V' and W. That is, for g € G,
veV,and w € W we have g - (v,w) = (g -v,¢g - w) where the respective actions
in the brackets are the actions on V' and W respectively. Naturally, V' and W can
be viewed as G-submodules of V' @& W. The tensor product of two G-modules V'
and W is also a G-module in the natural way induced from V' and W. Symmetric
powers and exterior powers of V' are G-modules by the action induced from the

G-representation on the tensor algebra of V.

Example 2.4.2. Let E be the natural GL,,(k)-module. The tensor algebra T'(F) is
a GLj,(k)-module via the action induced from E. In fact, T(E) is a graded k-algebra,
T(E)=PT1'(E),
i>0
where by convention T°(F) =k and for i > 0 we have

T"E)=E®...QFE.
%t'/_/

Then for i > 0, the i-th tensor power T%(E) is a GL,(k)-submodule of T'(E).

Example 2.4.3. Denote by S F the symmetric algebra of E. This is the quotient of
T(E) by the ideal generated by all elements of the form e® f — f®e, for e, f € T(E).
Denote by A E the exterior algebra of E, which is the quotient of T'(E) by the ideal
generated by all elements e ® e, for e € T(FE). The symmetric and exterior algebras
of E are both GL, (k)-quotients of the GL,,(k)-module T'(E). They are both graded,

SE=PS'E, NE=PN\ E

i>0 i>0
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For i > 0 the symmetric power S° E and the exterior power A® E are respectively
GL, (k)-submodules of S E and A E.

Example 2.4.4. We have a 1-dimensional GL,(k)-module
det,, = /\n E=k(zy ANza A .. Nxyp),

Where zy, ..., x, is a basis for the natural GL, (k)-module E. We call this GL,, (k)-
module the determinant module of GL, (k), as the natural action of GL, (k) on det,
is given by

g-v = det(g)v,

for all v € det,,.

Definition 2.4.5. A non-zero G-module V is called simple if the only G-submodules
of V are {0} and V. We call V' semisimple if V is expressible as the direct sum of

simple G-modules.

Definition 2.4.6. Let V' be a G-module. Then the socle socg(V) of V' is defined to
be the sum of all simple G-submodules of V.

Simple modules are a key area of study in the representation theory of connected
algebraic groups. Let T be the maximal torus of G; then each dominant weight
A € X1 (Tg) has a unique simple module L (\) of highest weight .

If V is a G-module, then the fixed-point set V¢ is a G-submodule of V' on which
G acts trivially.

Vel={veV]g-v=uvforal ge G}

If H is a closed subgroup of G then we may interpret a G-module V' as a H-module
by considering the restriction to H of the morphism G — GL(V'). We denote this
restriction by res§ V. For an H-module W we may induce a representation of G' on

W as follows,
indG W = {¢ € Mor(G, W) | ¢(gh) = h '¢(g), for g € G,h € H}.

Proposition 2.4.7. Let G be an algebraic group and let H be a closed subgroup. LetV
be an H-module. Then for each G-module W there exists an bijective correspondence
of k-spaces,

Homg (W, ind$ V) = Hompy (res% W, V).
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Proof. See [10, Part I 3.4]. O

Given an algebraic group G with maximal torus T, and a G-module V', define

the formal character of V as

cheV =% X%

aEX(TG)

where ¢, is the multiplicity of the weight space V* and X is the formal polynomial
X1t . X3 where n is the rank of G.
If H is a closed subgroup of GG then denote by chg V the character of res% V.

THE CATEGORY OF (G-MODULES

We now concern ourselves with the category of G-modules. This is a category with

many nice properties which aid in our study of representations of G.

Definition 2.4.8. A G-module [ is called an injective if, for any G-modules V, W
with injective morphism f : V' — W and arbitrary morphism ¢ : V' — I, there exists
a morphism h : W — [ satisfying ho f = g.

The category of G-modules is an abelian category and so has some useful proper-
ties:
o for each G-module V there exists a functor Homg(V, —) to the category of

abelian groups;

o for any finite collection V4, ..., V,, of G-modules there exists a biproduct, which
is a G-module V together with embedding morphisms V; — V' and projection
morphisms V' — V;;

« we may define exact sequences of modules and exact functors.

In particular, the Hom-set functor to the category of abelian groups is a left-exact
functor; this means that it is a functor that maps kernels of morphisms in the
category of G-modules to kernels of morphisms in the category of abelian groups.
Furthermore, the category of G-modules has enough injectives, meaning that for
any G-module V there exists an injective G-module I and an injective morphism
f:V -1

Let V1, V5,V be G-modules such that

0O—-Vi=V-=>V,—=0



30 CHAPTER 2. PRELIMINARIES

is a short exact sequence of G-modules. Then considering the characters of these

modules we have

Cth = Chg‘/l +Chg‘/2.

Given that the category of G-modules is an abelian category with enough injec-
tives, for each G-module V' we can define an injective resolution of V'; this is a long

exact sequence of G-modules,
0=V —oIly—->0L—->1,— ...,

where the I; are injective G-modules. Given a left exact functor F between abelian

categories, we obtain a cochain complex,
O%f[o%f[l%

We define the right derived functors R'F to be the i-th cohomology of the chain
complex. In this thesis we regularly apply the G fixed-point functor (—)¢ and the

G-equivariant homomorphism functor Homg (W, —) for a fixed G-module W.

2.5 SIMPLE MODULES AND INDUCTION

For an algebraic group G with maximal torus Ty, we may view any G-module V
as a Tg-module. As a Tg-module, there is a decomposition of V' as a direct sum of
Te-modules on which the action of Ty is given by weights. The non-zero subspaces
of V are the weight spaces of V:
V= & V.
peX(Ta)

Now fix a root system ® with base A, and let U be the unipotent subgroup generated
by the root subgroups corresponding to negative roots. Set B = T x U to be the
Borel subgroup of GG normalised by T and containing all negative root subgroups.
We construct a unique 1-dimensional B-module isomorphic as a T-module to the
1-dimensional T-module of weight A as follows: consider k as a B-module on which
U acts trivially and T acts with weight \. We denote the B-module k in this context
by k.

Definition 2.5.1. The induced G-module of highest weight A\, which we denote
Va()), is given by

indSky = {f € k[G]| f(gb) = A\(b~ ") f(g)for all g € G,b € B}.
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Example 2.5.2. Let G = GL,,(k), Let £ be the natural GL,(k)-module, and let
r > 0. Then

Var.w(r) = S"(E),
Verw(1) =N\ E.

To each dominant weight A € X (T) we have an induced G-module V() and

a simple G-module Lg(\). There is in fact a relation between these two modules.
Proposition 2.5.3. If V(A) # 0 then socg Va(A) is simple.
Proof. See [10, Corollary I 2.3]. O

For any A € X (T¢) with V(M) # 0, denote by Lg(A) the simple socle of V().
Over fields of characteristic zero, the induced modules V() are isomorphic as
G-modules to the simple modules Lg(A). This is not the case in general over fields
of positive characteristic, yet we still find these simple modules as the socles of their

respective induced modules.

Proposition 2.5.4. Any simple G-module is isomorphic to exactly one Lg(\) with
A E X+(Tg)

Proof. See |10, Proposition I 2.4a]. O

With this we see that the simple G-modules coincide exactly with the simple
socles of induced modules. We now wish to know exactly which weights of T" have a

corresponding simple module.

Proposition 2.5.5. The induced G-module V() is non-zero exactly when X is a

dominant weight.
Proof. see |10, Proposition I 2.5] O

In order to obtain useful results for induced modules V() for A € T, we must
define some actions of the Weyl group W of G on V(\). We may define the natural
action of W on X(7Tg) as w : A — w(A) for all w € W, A € X(1g). For a fixed
positive root system ®*, we define p = %Za€¢+ a. Weyl’s character formula gives

us an alternate method of calculating the character x(\) of the induced module

Ve(h).
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Theorem 2.5.6 (Weyl’s Character Formula). For A € Xt (Tg) we have

D wew Sgn(w)Xw(/\+p)
S wew sgn(w) X we)

where X is the formal polynomial corresponding to the weight & and sgn(w) is

xXc(A) =

defined to be +1 if w is the composition of an even number of simple reflections, or

-1 otherwise.

Proof. See [4, Proposition 2.2.7]. O

From Weyl’s character formula we derive a formula for the dimension of an
induced module V().

Theorem 2.5.7 (Weyl’s Dimension Formula). For A € X*(T) we have

HaEA()‘ + Ps Oz)
HocEA(p7 O[) '

Proof. See [8, Corollary 24.3]. O

dim(Vg () =

We wish to restrict our study of G-modules to those which have a nice construction
from induced modules. We say that a G-module V' admits a good filtration if there

exists an ascending chain of G-submodules of V
0o=VycVic...cV,=V,

such that the quotient of subsequent submodules V;/V;_; is isomorphic to some
V(N for some X' € XT(Tg). We call these quotients the sections of V. For
A € XT(Tg) we denote by (V : Vg(N)) the filtration multiplicity of Vg(X) as a

section of V; that is, the number of sections of V' which are isomorphic to V().

Theorem 2.5.8. Let V' be a rational G-module which admits a good filtration. Then
for A € XT(Tg), the filtration multiplicity (V : V(X)) is independent of the choice
of good filtration.

Proof. See [4, Proposition 12.1.1]. O

We may choose a good filtration such that V() appears higher in the filtration
than V¢ (p) whenever A > p with respect to the dominance order. We may thus

express a good filtration for V' as

V =Va(u)Va(u2)l - [Valum),
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where V(§) appears higher in the filtration order than Vg (v) if € > v.
Given a G-module V' with a good filtration, we would like to express the character

of V in terms of the characters of its filtration sections.

Lemma 2.5.9. Let V be a G-module with a good G-filtration. Then the character
of V' is given by,
chV= > mxe(),

Aex+t (Tg)

where my = (V : Vg(N)) for A € XH(T¢).

Proof. 1f the G-module V has a good G-filtration, then there exists a sequence of
G-submodules
0=WCchcWhc..CV=YV,

where the sections V;/V;_; are isomorphic to some induced G-module Vg(\?) for
1 <i<kand \' € XT(Tg). We proceed by induction on the length of the filtration
of V.

If k = 1 then the statement is clearly true, as chg V = xg(A') for some \' €
X*(T¢). Suppose k > 1. There exists a short exact sequence of G-modules

0>V =V -=>V/Vi—=0.

We note that as a G-module, V; = V(A!) for some dominant weight \' € X+ (Tg).
Note also that V/V} admits a good filtration and that the corresponding sequence of
G-submodules has length £ — 1. We have that

cha (V) = xo(\') + cha V/Vi.
By the induction hypothesis we have that

chV/Vi= > maxe(N),

AeXH(Tg)
where my = (V/V; : Vg(X)) for A € XT(Tg). Therefore, the character of V' is given
by
chV="3%" mxc(\),

NeXH(Tg)

where my = my + 1 if A = \!; otherwise my = m,. O
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In the monograph [4], Donkin studies the tensor products V @ W of rational
G-modules V, W which both have good filtrations. Donkin shows that if the charac-
teristic of k is not 2 and G has no components of type F; or Fg, then V ® W admits
a good filtration. Mathieu completes this study in [14], permitting the following

result.

Theorem 2.5.10. Let VW be rational G-modules which admit good filtrations.
Then the G-module V@ W admits a good filtration as a G-module.

Proof. Due to [4] and [14] as stated above. O

GOOD PAIRS

Let GG be a connected reductive algebraic group and let H be a connected reductive
algebraic subgroup of G. We call the pair (G, H) a good pair if, for any G-module V
with a good filtration, the H-restriction of V' has a good filtration as an H-module.

Let Ty be a maximal torus for H. It follows from Lemma that if (G, H) is
a good pair and A € X1 (Tg), then as an H-module, V() has character chy V()

of the form
chy Va(A) = > muxa(p),

neEX (Tr)
where m, = (Vg(A) : Vi (p)) for p € XT(Ty). Denote by x% () the character of
V(M) as an H-module.

Proposition 2.5.11. Let k be an algebraically closed field of characterstic p > 2.
(i) The pair (GL,(k), SO, (k)) is a good pair.
(it) the pair (SOz7(k), Gs) is a good pair.
Proof. See [3, Proposition 3.3 (iii) and (iv)]. O
It is clear that if (G, H) and (H, K) are good pairs, then (G, K) is a good pair.

Corollary 2.5.12. Let k be an algebraically closed field of characterstic p > 2. Then
(GL7(k), G) is a good pair.

Proof. This follows immediately from Proposition [2.5.11| and by the fact the good

pair property is transitive. ]

Example 2.5.13. If the characteristic of k is 2 then (GL,(k), SO, (k)) is not a good
pair for n > 3. This is due to [3, Proposition 3.4 (i)].
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2.6 INVARIANT SPACES OF MODULES

Let G be a connected reductive algebraic group with Borel subgroup B containing
the maximal torus T, and let H be a connected reductive subgroup of G. We
call H a spherical subgroup of G if H has an open dense orbit on the variety G/B,
or equivalently B has an open dense orbit on G/H. Let V' ~ k™ be the natural
G-module. We call a spherical subgroup H of G irreducible if V' restricted to H is

irreducible as an H-module.

Proposition 2.6.1. If k has characteristic p > 2 then SOz(k) is an irreducible
spherical subgroup of GL;(k) and Gy is an irreducible spherical subgroup of SOz (k).
However, Gy is not an irreducible spherical subgroup of GLz(k). If chark = 2 then
SOz (k) is not a spherical subgroup of GLz(k).

Proof. See |11, Lemma 5.5]. O

Theorem 2.6.2. A connected reductive subgroup H of G is a spherical subgroup of
G if and only if Va(N) is at most one-dimensional for all A € XT(Tg).

Proof. See [3, Theorem 1.2]. O



3

Methodology and Tools

As (G is not a spherical subgroup of GL, (k) then by Theorem we know that
there exist dominant weights A € X™(7) such that dim Vi, (A)“2 > 1. We now
establish our tools for studying the invariant space Vgr,. ) (A)“2. Throughout this
chapter, unless explicitly stated, let G be a connected reductive group, H a connected

reductive subgroup of G, and Ty a fixed maximal torus of G.

3.1 TOOLS FOR FILTRATIONS

Lemma 3.1.1. Let \,u € X (Tg). Then
(i)
k, if1=0 and A\ = —wou;

Extl(k, Vo) ® Va(p) =
0, otherwise.

(ii) Bxty(k, Va(\) =0 fori > 0.

Proof. Part (i) is due to |10}, IT Proposition 4.13]. Setting p = 0 we obtain part (ii)
from part (i). O

Lemma 3.1.2 (Filtration Tool). Let V' be a G-module with a good filtration. Then
Extg,(k, V) =0
Proof. Suppose V has the good filtration,
0=VWCViCchc. . .-CV, =V,

36
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with sections Vg(\Y) for some \' € X (Tg). We proceed by induction on k.
If £ =1 then the statement follows from [3.1.1} Suppose k > 1. There exists a

short exact sequence of G-modules
0>V =V -=>V/Vi—=0.

We note that as a G-module, V; = V(') for some dominant weight A' € X+ (T¢).
Note also that V/V; admits a good filtration and that the corresponding sequence
of G-submodules has length £ — 1. We apply Homg(k, —) to and obtain the

following fragment of an exact sequence,
Extg(k, V1) — Extg(k, V) — Extg(k, V/Vh).

by Lemma m part (ii) we have Extg(k, V1) = 0, and by our induction hypothesis
we have Ext(k, V/V;) = 0. Therefore, we deduce that Extg,(k, V) = 0. O

As we are interested in calculating dim VGL7(k)<)\)G2 for A € X*(7), we require a

tool for calculating this dimension.

Lemma 3.1.3 (Dimension Tool). Let (G, H) be a good pair and let V' be a G-module
with a good G-filtration. Then

dimV? = > mydimVg(\)",

AEXH(Tg)

where my := (V : Vg(N)) for A € XT(Tg).
Proof. Suppose V has the good filtration,
0=VCViChc..-CV, =V,

with sections V(') for some A € X+ (7). We proceed by induction on .
If k =1 then dim V# = dim Vg(A)?. Suppose that k > 1. There exists a short

exact sequence of G-modules
0-V—=>V-=>V/Vi 0.

Note that Vi = Vg(A') and that V/V) admits a good filtration and that the
corresponding sequence of G-submodules has length £ — 1. We apply Homy (k, —)

and obtain the sequence,

0 — Homp(k, V1) — Homy (k, V) — Homp(k, V/Vi) — Extp(k, Vi) — .. ..
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Note that (G, H) is a good pair. Thus, V; admits a good filtration as an H-module.
It follows by Lemma that we have Ext},(k, Vi) = 0. Therefore, from the above

exact sequence we obtain the following short exact sequence,
0 — Homp(k, V1) — Hompg (k, V) — Homp (k, V/V1) — 0.
It follows that
dim V¥ = dim V} + dim (V/V))" = dim Vg (M) + dim (V/V;)?.
By the induction hypothesis we have
dim(V/Vi)" = Y madimVe(\),
AEXH(Tg)
where my = (V/V1 : Vg(N)) for A € X+ (T). It follows that
dim V7= Y mydimVe(\),
AEXH(Tg)

where my = my + 1 if A = \'; otherwise m, = m,. O

Let V and W be G-modules with good filtrations. We require methods of
describing a good filtration of the tensor product V ® W. To this end, we require a

set of tools for calculating these filtrations. Pieri’s formula gives a formula for the
GL7(k)-filtration of Var,u)(A) ® S™ E, where E is the natural GL7(k)-module.

Lemma 3.1.4 (Pieri’s Formula). Let A € AT(7) and let r > 0. Then the G-module
Varw(A) ® STE has a good filtration with sections Vi, (1), where p € A*(7)
are partitions such that |p] = [N + 7 and piyn < N for 1 <i <I(X).

Proof. See |1, IV Corollary 2.6]. O

The Littlewood-Richardson rule is a more general form of Pieri’s rule, allowing
us to calculate the GL7(k)-filtration of Var, ) (A) ® Var.a)(w), for X\, € AT(7).
Recall that a Littlewood-Richardson tableau is a standard tableau whose word is a

lattice permutation.

Theorem 3.1.5 (Littlewood-Richardson Rule). Let \,u € AT (Tg). Then the
G-module V(X)) @ Va(p) has a good filtration with sections Vg (v), where v €
AT (Tg), and the filtration multiplicities are given by Littlewood-Richardson coeffi-
cients (Va(A) @ Va(p) : Va(v)) = .
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Furthermore, the Littlewood-Richardson coefficients ¢ , are given by

cx, = #{T|T is an LR-tableau with shape v/\ and weight p}.
Proof. See [5, Chapter 5. O

Finally, if V' is a Go-module with a good Gs-filtration, we require a tool for
calculating the character of the module Vg, () ® V, where £ € X+ (Tg,).

We recall some terminology. For a fixed maximal torus T of G, let X (T) be
the character group of Tg and let W be the corresponding Weyl group. Let &1 be

the set of positive roots with respect to a base A, and let the dominant weight p be

p=5 > a

acdt

The dot action of W on E is given by
w-A=w(A+p)—p. (3.1)

Lemma 3.1.6 (Brauer’s Formula). Let A € XT(T¢) and let V' be a G-module with

formal character ch V' =37 c x (1) @, X"
(i)
Xag(A)ch V' = Z apxa(A+p).
peX(Ta)

(ii) For o € X(Tg) we have xg(w - o) = sgn(w)xg(o) forw e W.

(iii) If (o,c) = 0 for some simple root a € A, then xg(o) = 0.
Proof. See [4, Chapter 2]. O

Note that in the formula in part (i) that we may obtain characters xyg (A + p)

such that A\ + p is not a dominant weight. Parts (ii) and (iii) give us an expression

Xa(A+ 1) = sgn(w)xa(§),

where £ € X7 (T¢) and w is some element of W such that w - & = X\ + p.
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3.2 TOOLS FOR CALCULATING INVARIANTS

Now, we wish to be able to calculate the dimension of (Vg (A) ® Var g (1)),
for A, € X*(7). The comparison tool allows us to calculate this dimension by

comparing the good Gy-filtrations of Vi, u)(A) and Var, @ (1)

Lemma 3.2.1 (Comparison Tool). Let A\, u € X (7). Then

dim(Var, (A ® VaL,w () = Y maemye,
§€X+(TG2)

where mye = (Var,a(A) : Va,(§)) and mye = (Varmw(1) : Ve, (§))-

Proof. Since Var,u)(A) and Var,u) (1) have good Go-filtrations, we have that the
tensor product Ve, u) (A)®Var, @) (1) has a good Go-filtration with sections Vg, (§)®
Ve, (C), where &, € X (Tg,) such that my¢ # 0 and m, ¢ # 0. By Lemma m
we have

1, if&=¢;

0, otherwise.

dim Homg, (k, Vi, (§) ® Ve, (€)) = {

Therefore, we deduce the desired formula. O

A key result is the partition tool, which permits us to restrict our study to
V(M) for A € AT(7). In fact, it allows us to focus on partitions of at most
six parts. Recall that we denote by det,, the determinant module Vi, ) (1") of
GL, (k).

Lemma 3.2.2 (Partition Tool). Let A € X (n). Then we have the following
isomorphisms of GL,,(k)-modules.

(i) Forr >0 we have
VL, (A @ dets” = Var, (M + 7.0, A + 7).
(ii) If A\, < O then
Var. i\ @ det® ™" 2 Vo A — Ay oo oy At — An)-
(1i7) If A, > 0 then

Var,0(N) = Var, (M — Ay ooy At — Ay) @ det2,
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Proof. Part (i) follows from the tensor identity for algebraic groups [10} I Proposition
2.6]. Parts (ii) and (iii) follow immediately from part (i). O

Corollary 3.2.3. Let A € XT(7). Then there exists a partition p € AT(7) of at
most six parts such that there is an isomorphism of Ga-modules
Var(A) = Var, ) (1)-

Proof. Assume that A\; < 0. Then by Lemma part (ii) we have an isomorphism
of GL7(k)-modules

VoA @ det? ™ 2 Ver (A — Ay ..o, A — M),

As a (Gy-module, the determinant module det; is isomorphic to the trivial Gs-
representation Vg, (0). Therefore, restricting to Gy we have an isomorphism of
Go-modules
Var,0(A) = Var (A — Az, .05 A6 — A7)
Assume now that Az > 0. Then by Lemma part (iii) we have an isomorphism
of GL7(k)-modules
VGL7([K)<)‘) = VGL7(]1<)()\1 — A7, A6 — )\7) (%9 det?h.

It follows in the same way as the previous case that we obtain an isomorphism of
Go-modules
Varw(A) = Vara (A — A7, ..., A6 — A7).

3.3 THE TYPE B PROCEDURE OF KOIKE AND TERADA

The final tool that we use is the type B procedure of Koike and Terada [12], which
provides a tool for calculating SO7(k)-filtrations of induced GL7(k)-modules). The

type B procedure defines a surjective map
7 AT(T) — AT(3) U {0},

e 7,

which is defined by the following algorithm.
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(i) If I(u) < 3 then p# = p and sgn(p#) = +1.
(ii) Suppose I() > 3. Then consider its transpose partition ' = (p}, ..., up).
Define the tuple t = (¢4, ..., ) as follows.
o If pf— (i —1) <3 thensett; =p, — (i —1).
o« otherwise set t; =7 — (u} — (i — 1)).
If t; = t; for any i # j then set u# = ). Otherwise, let £ be the tuple obtained
by reordering the parts of ¢ such that #; > #;4; for all i < k. Denote by o, the
permutation which maps ¢ to ¢ by the natural action of the symmetric group
Sy on t.
(iii) If u# # (0 then set & = (&, ...,&) where & =#; + (i — 1).

(iv) Finally, if p# = 0 then set xs0,a(0) = 0 and sgn(@) = 1. Otherwise, set

p# =& and set sgn(u#) = +1 if the transposition o, is even or —1 otherwise.

Theorem 3.3.1. Let A € AT(7). Then

GLr(k
XSO:((k))()‘): Z Céu,usgn(ﬂ#)Xsm(k)(u#),
2v,uCA

where p is a sub-partition of \, 2v is an even sub-partition (a partition whose parts

b
2v,p

the image of p under the map 7 defined above.

are even) of A\, the numbers c are Littlewood-Richardson coefficients, and u* is

Proof. We obtain this result as a consequence of |12, Proposition 2.5.1 (1)]. O

Using the preceding theorem, we may explicitly calculate the SO7(k)-filtration of
the restriction of Var, @ (A), for A € AT(7). Combining this result with the corollary
to the partition tool in Lemma , we may completely study dim VGL7(k)(>\)G2 for
A € X*(7) by studying dim Vo, (1) for p € X+(Ts0,a0)-

3.4 ROADMAP FOR THE THESIS

Equipped with the full list of tools described in this chapter, we have a firm plan of
how to tackle the problem of calculating dim Var,,q) (M) for A € X (7).

1. Calculate dim VGL7(k)()\)G2 for all partitions A of at most three parts.
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2. With this calculation, employ the type B procedure of Theorem to

calculate
dim Vo, o (1)
for all 4 € X (Ts0.a0)).
3. For partitions A of at most 6 parts, calculate the filtration multiplicities

(Vara)(A) : Vso,m) (1)) of the SO7(k)-filtration of Var,, @) () for all sections

Vso, @) (@) with non-zero Go-invariants.

4. Observe that by Lemma this is sufficient to obtain an answer for any
A e XT(T).
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Partitions of at most three parts

We begin by directly calculating dim VGL7(]1<)(/\)G2 where A is a partition of at most
three parts. We achieve this by calculating the filtration multiplicity of the trivial
module V¢, (0,0) in the good Ga-filtration of Var,.,a(A).

4.1 PARTITIONS OF ONE PART

Let A = (r). Then we have Vgr,x)(\) = S"E, the r-th symmetric power of the
natural GL;(k)-module E.

Lemma 4.1.1. Let r € N with r > 2. Then there exists an exact sequence of

Ga-modules

0— S 2E — S"E — Vg,(r,0) — 0.

Proof. By the formula of Koike and Terada given in Theorem we have an exact

sequence of SO7(k)-modules,
0— STﬁQE — S"E — VSO7(k)(T) — 0.

Restricting to the closed subgroup Gs of SO7(k) we have a short exact sequence
of Go-modules. Since (SO7(k), Gs) is a good pair over fields of odd characteristic
by Proposition [2.5.11[(ii), we have that Vgso,)(r) has highest Tg,-weight (r,0) and
thus contains the induced Go-module V¢, (r,0) as a section of its Ga-filtration.
By comparing the dimensions of Vg, @ (r) and Vg, (r,0) using Weyl’s dimension

formula from Lemma we see that Vg, (r,0) is found as a section of a Gy-module

44
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of the same dimension. We conclude that as Gy-modules, Vgo,w)(r) =~ Vg, (r,0),

and we obtain the short exact sequence of Go-modules,

0= S 2E— S"E— Vg,(r,0) = 0.

Lemma 4.1.2. We have

)G2 B 1, ifr is even;

dim VGL7(]1<) (7“

0, otherwise.

Proof. We proceed by induction on r. The base case of r = 0 is immediate, as
SYFE ~ k. As SO7(k) is an irreducible spherical subgroup of GL;(k) and G is an
irreducible spherical subgroup of SO7(k) in odd characteristic by Proposition m,
the natural GL7(k)-module £ ~ Vg0, x)(1) is irreducible as a Ga-module and hence
dim £ = 0.

Suppose r > 2. By Lemma we have a short exact sequence of Gy-modules

0= S"2E— S"E— Vg,(r,0) = 0.

Recall that (GL7(k), G2) is a good pair by Corollary [2.5.12) Therefore, Var,, ) (r)
admits a good filtration as a Go-module. Then we apply the functor Homg, (k, —)

to the above exact sequence to obtain
. Ga 1 Gs . Gs
dim Var,a(r)™ = dim Vg, a)(r — 2) % 4+ dim Vg, (r,0)72.

Note by Proposition m that dim V¢, (r,0)“*> = 0. Therefore, we have

G2

dim VGL7(]1<) (T’)G2 = dim VGL7(]1<) (7” — 2) >
where by the induction hypothesis we have

) G 1, if r is even;
dim VGL7(k) (T‘ — 2) =
0, otherwise.

The result follows. O
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4.2 PARTITIONS OF TWO PARTS

To calculate dim Vg, ) (7, )% for a partition (r,s) € AT(7), we view Var (7, 9)
as a GL7(k)-filtration section of S"E ® S°FE and apply Lemma to calculate the
dimension of (S"E ® S*E)/Var,@)(r,s). Lemma [3.1.4] gives us the good GL7(k)-
filtration of S"E ® S°FE.

Lemma 4.2.1. Let (r,s) € AT(7). Then

& 1, if r =s=0(mod?2);

dim VGL7(]k) (’l", S) =
0, otherwise.

Proof. Applying Lemma , we obtain an exact sequence of GL7(k)-modules,
0= Var,w(r,s) = S"E® S°E — X =0,
where X has a good GL7(k)-filtration with sections
Veara)(r + 8)|Var,a(r + s —1,1)] - |Var.a(r+ 1,5 = 1).

The fixed point functor (—)2 is left exact, so applying the fixed point functor to

the above exact sequence yields the exact sequence,
0 = Ver.m(r ) = (Var.m(r) ® Var.m(s)? = X — ...
By Lemma |3.1.2] we obtain the short exact sequence
0 = Var(r, )% = (Var.(r) © Var.p(s) = X% — 0.

We proceed by induction on s.
The case where s = 0 is given in Lemma[£.1.2] If s =1 then by Lemma we

have a short exact sequence of GL7(k)-modules
0= Ve, (1) = Var,w(r) ® E = Var,w(r+1) = 0.
Now, by Lemma, we have that

. G 1, if r is odd;
dim VGL7(lk) (T’ + 1) =
0, otherwise.

Therefore by Lemma we deduce that dim Var, (7, 1)G2 =0 for any r > 0.
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Now let s < r such that EJ = d and suppose for t < s that

_ o 1, ifr=t=0(mod2);
dim Vg, a0 (r, 1) =

0, otherwise.

By Lemma [3.2.1| we have

' d+1, if r =s(mod?2);
dim (Ve (r) ® Ve, (s)) ™ =
0, otherwise.
Note also that X has a good GL;(k)-filtration by Pieri’s formula. Note that by
Lemma that Var. (1) @ Var, ) (s) has a good GL7(k)-filtration with sections
Ve (1), where p = (p1, p12) is a partition such that |u| = r + s and py < s.
It then follows that X has a good filtration with sections Vi, a)(r + s — t,1),
where 0 < t < s. In particular, if » = s = 1 (mod2) then X has the filtration
sections Vi, u)(r + 1+ 2a,s — 1 — 2a) where both parts are even, for 0 < a < d; if
r = s = 0(mod2) then X has filtration sections Vqr, @) (r + 2a, s — 2a) where both
parts are even, for 1 < a <d. If r # s (mod 2) then X has no filtration sections of
the form Vi, (a,b) where both a and b are even. We conclude by the induction
hypothesis that
d+1, ifr=s=1(mod2);
dim X = ¢ ¢, if r = s =0 (mod 2);

0, otherwise.

Therefore we have

. o 1, ifr=s=0(mod2);
dim VGL7(k) (T, S) 2=
0, otherwise.

4.3 PARTITIONS OF THREE PARTS
Let (r,s,t) € AT(7). We may view Var,u)(r, s, t) as a filtration section of

VGL7(]1<) (7‘, S) X St(E)
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By Lemma we obtain a short exact sequence of GL7(k)-modules,
0= Var(rs,t) = Varp(r:s) © Varp(t) — X = 0.

The module X has a good GL7(k)-filtration with sections Vg, @) (p) corresponding
to dominant weights p of degree r 4+ s + ¢ and length at most 3, such that s <ps <7r
and ps < t.

For legibility, throughout this section we use the notation x (i) for the character

GL7(k
XG27( )<lu>

By the exactness of the fixed-point functor by Lemma [3.1.2] we obtain the

following short exact sequence,
0— vGL7(k) (T, s, t)GQ — (VGL7(]1<) (7“, S) X VGL7(H<) (t))GQ — X% 0.

By Lemma [3.2.1] and Lemma we know that the dimension of the Go-invariant
space (Var, ) (r, ) @ Var, (£))¢? is equal to the number of filtration sections in
the G-filtration of Vi, (7, s) of the form V¢, (a,0) where ¢ =t (mod2) and a < t.

It is important that we count only weights where a < t, as the symmetric power
S'E has highest Tg,-weight (¢,0).

Lemma 4.3.1. Let s € N.
1. If r > s+ 2 then

X(1r,8) = X (1, 0)x(s) = X (r +1,0)x(s = 1) + x(r — 2, 5).
2. If s > 2 then
X(r;8) = x(r)xe,(5,0) = x(r + Dxa, (s = 1,0) + x(r, 5 = 2).
Proof. By Lemma we obtain a short exact sequence of GL7(k)-modules,
0 = Var (7 8) = Var,w(r) ® Var,m(s) - X =0,

where X has the good GL7(k)-filtration with sections Vg, ) (r 4+ 5)|Var.a)(r +s —
L 1D)]|Vara(r+1,s —1). A second application of Pieri’s formula yields the exact

sequence,

0— VGL7(k) (7" +1,5— 1) — VGL7(]1<)(T + 1) & VGL7(]1<)(3 — 1) —-Y — 0,
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where Y has the good GL7(k)-filtration Var,a)(r + s)|- | Var, @) (r + 2,5 — 2). We

take the formal character of all terms to obtain

x(r)x(s) = x(r;s) + x(r +1)x(s = 1).
Rearranging this sum we obtain a formula for x(r, s),

x(r,s) = x(r)x(s) = x(r +1)x(s = 1).

Suppose r > s+ 2. By Lemma [£.2.7] the above equation has the expression,

X(’I", S) =XG2 (T7 O)X(S) — XGs (T + 1’ O)X(S - 1)
+ x(r = 2)x(s) = x(r — x(s = 1)
=X, (1, 0)x(8) — X (r +1,0)x(s — 1) 4+ x(r — 2, 5).

If s > 3 then we have the expression

X(T, 3) :X(T)XC&(S’ O) - X(T + 1)XG2 (5 -1, O)
+x(r)x(s = 2) = x(r + x(s — 3)
:X(T)XGQ<S7 0) - X(T + 1)XG2(S - 17 0) + X(Tv §— 2)

If s =2 then

x(1,8) = x(1)x6,(2,0) = x(r + 1)x,(1,0) + x(r).

[]

Let W be the Weyl group of an algebraic group GG. Recall the dot action of W
on X (T¢) as given in equation . Let W be the Weyl group of G5. Taking p to be

half the sum of positive T¢,-weights, we obtain the dot action of W on X (Tg,):

w- (a,b) =wla+1,0+1) —(1,1).

In order to calculate the filtration multiplicity of Go-modules Vg, (a,0) in the Go-

filtration of Vg, (r, s), we must count the number of filtration sections V¢, (o),

where o is a Ti,-weight in the W-orbit of (a,0) under the dot action.

Recall that we may use Lemma to obtain the sections for a good GL7(k)-

filtration of Var, @) (A) ® Var,a (i) for A\, € X(7).
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By Lemma |3.1.6| we have

Xe: (rx(s) = 3. agxe,((r) +9),

£eX(Ta,)

where x(s) = YXacx(7g,) X A, Recall that (r) + ¢ is not necessarily a dominant
Te,-weight for all £ € X(Tg,). However, from Lemma [3.1.6] parts (ii) and (iii) we
can express xa,((r,0) + &) as £xg,(C) for some dominant Tg,-weight ¢, or 0. This
requires us to know the orbit of the dominant T¢,-weight (a,0) under the dot action

of W. The orbit of this weight is given in the following table.

w w - (a,0)

e (a,0)

S (—a—2,a+1)

g (a+3,-2)
SaSp (—a—5,a+2)

588«

20 +4,—a—4
(5a85)* | (—2a —6,a + 1
(sgsa)? | (a+3,—a—4)

Sa(5554)* (—a —5,0)

so(sass)? | (a,—a—3)
(5a35)°

(

SaS35a (— 2a—6 a+2
$35a58 (
(

3)
)
)
)

From this we can identify those weights in the character xg,(r,0)x(s) which lie

in the W-orbit of a given weight (a,0).

Proposition 4.3.2. Let r > s+ 2. In the sum xg,(r,0)x(s), the weights in the
W, -orbit of the dominant weight (a,0) are

{(a,0),(a+3,-2)}, ifr—s<a<r-+s,
{(a,0)}, fa=r+s
Proof. The natural GL;(k)-module E has k-basis x1,...,27; with respective Tg,-

weights
(1,0), (-1,1), (2,—1), (0,0), (=2,1), (1,-1), (—1,0).

It follows that Vgp, @ (s) has basis elements II7_

basis elements have Tg,-weights (u,v), where —2s < u < 2s and —s < v < s.

T
m where Y, 1, = s. These
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For v = 0, the first coordinate u ranges from —s to s. Then by Lemma [3.1.6],
in the character sum yg,(r)x(s) we find the characters yq,(a,0) corresponding to
Te,-weights (a,0) for r —s < a <r+s.

Now suppose v < 0 is fixed. Then we have —2v — s < u < —v + s. In particular
when v = —2 we have that 4 — s < u < 2+ s. Thus in the GGy character sum
representing xg,(r)x(s) we find characters xq,(a + 3,—2) corresponding to Tg,-
weights (a+3,—2) forr—s+1 < a < r+s—1. For all other b with —(a+b) =v <0
we have 2a+2b+1r —2 < r+u, and so we cannot have another weight in the WW-orbit
of (a,0) with negative second coordinate.

Now suppose v > 0 is fixed. We have —v — s < u < —2v + s. In particular for
v = a+b for some b, we have r—s—a—b < r+u. Since r > s+ 2, we see that weights

in the W-orbit with positive second coordinate do not appear in xa,(r)x(s). O

Note that by Lemma [3.1.6, we have yg,(a + 3, —2) = —xg,(a,0). We find the
total multiplicity of xg, (7 + a,0) as the difference between the multipicities of X ()
and X (@*3=2) in the formal character y(s). henceforth, we denote by m; the binomial

coefficient (1451) = @

Lemma 4.3.3. Let s € N. For —s < u < s, let d,, denote the difference between the
multiplicities of X “YandX “+3=2) in the formal Tg,-character x(s).

1. Let s = 2k. Then

5 M1, if u=0;
' Mmiv1, fu==x(s—2i)or £(s—2i—1) for somei <k.

2. Let s =2k + 1. Then
Ou = My, if u==1(s—2i) or £(s—2i—1) for somei < k.

Proof. Recall that the natural GL;(k)-module E has basis z1,...,z7;. Recall also

that these basis elements the the respective T, -weights
(17 O)a (_1’ 1>’ (27 _1)7 (07 0)7 (_27 1)7 (L _1)a (_L O)

Now, let z = []’_, ’», where Y _; i, = s. Then x € Var,@)(s). Suppose = has

Tg,-weight (a,b). To this element we can associate the tuple i = (i1, ...,47) where
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i ir = s. The weight of this tuple can be expressed in the form

i1(1,0) +d2(—=1,1) +i3(2, —1) 4+ 4(0,0) + i5(—2,1) + ig(1, —1) +i7z(—1,0)
= (i1 — g + 2(i3 — i5) + i — @7, 92 — i3 + i5 — ig).

We prove the result for non-negative u since by symmetry we obtain the multi-
plicities for negative u. Let I(, ) and I(,43_2) be the sets of tuples corresponding
to elements of T,-weight (u,0) and (u + 3, —2) respectively. For u = s exactly one
element, namely z3, corresponds to the weight (u,0). For 0 < u < s we proceed in
two steps. First we provide an injective map ¢ from I, 43 o) into I, 0). We then
find the cardinality of I(, ) \ Im ¢.

Suppose 1 is a tuple corresponding to the weight (u + 3, —2). Since v = —2, we
must have that either i3 or i is positive. We define the map ¢ : 43.-2) = L)

pointwise. If i3 > 0 then we denote by ¢’ = (i}, ...,i%) the image of i under ¢,
i =((i1, ..., 07)) = (i1, 02 + 1,43 — 1,4, 15, 16, i7),
which has T¢,-weight
i1(1,0) 4+ (ig + 1)(=1,1) + (i3 — 1)(2, —1) + i4(0,0) +i5(—=2,1) + ig(1, —1) 4+ iz(—1,0)
i1 — (ia+ 1)+ 2((i3 — 1) —i5) +ig — 7,00+ 1 — (i3 — 1) + i5 — ig)

1
= (i
(21 — 12 —|— 2(@3 — 25) —|— Z6 — 27,12 — 23 —|— Z5 — ZG) + (—37 2)
= (u,0).

If i3 = 0 then we have ¢ > 0. Then set 7’ to be
L‘/ = ¢((Zla v 7i7)) = (ily 07 i2a 7;477;6 - 17 Z.5 + 17i7)7
which has T¢,-weight

i1(1,0) 4+ 0(—1,1) + (42)(2, —1) 4+ 74(0,0) + i5(—2, 1) + ig(1, —1) + i(—1,0)
= (i1 — 0+ 2(ig — i5) + ig — i7,0 — iy + i5 — ig)
(11 — dg + 2(ig — i5) + g — i7,12 — i3 + 15 — ig) + (—3,2)
= (u,0).

Note that in either case, the weight of 7 is

(u+3—-3,-2+2)=(u,0).
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Similarly, we can define a reverse map v from a subset of I, o) to Ipuy3—2).
Suppose j = (Ji,-..,Jj7) is a tuple with weight (u,0) such that j, > 0. Then we
define j' to be the image of j under ),

j/ = w(jlv s 7.j7) = (jlva - 17j3 + 1aj47j57j67j7)'

If jo =0 and js > 0, we define j' to be

j/ = 7/1(]'1, cee 7j7) = (j17j3707j47j6 - 17j5 + 17j7>-

Note that in both cases j' has weight
(u+3,-2).

We have defined a bijection ¢ from I(,,3 _2) to a subset of I(, ) with inverse 1.
Thus, we can find the cardinality of J = I(,0) \Im ¢. A tuple i with weight (u,0) can
be paired with a tuple with weight (u + 3, —2) if i3 > 0 or ¢ > 0. The elements of J
must be tuples j where js, j6 = 0. Let j € J. Using the equation j; — j3+ js — js = 0,
we must have j3 = j5. We now have that j; — j7 = w, thus j; = j7 + u. Since we
have 37 _, j, = s, then

2J7 +2j3+Ja+u=s.

Our choices of j3 and j; will determine the value of j;. We may choose j3 from

0,...,|*3*]. For fixed j3 we have |*5*| — j3 choices or j7. Therefore the cardinality

of J is expressible as the sum

L")

S (r+1),

r=0
which is the binomial coefficient 7 s—u, . O

Corollary 4.3.4. Letr > s+ 2, and let s = 2] or s = 2l + 1. Let v, denote the
multiplicity of xa,(a,0) in the sum x(r,s) — x(r — 2,s). Then we have

141, ifa=r+2i—s,1<I;
Ya=414+1, ifa=r+2i+1—s,i<I;
I+1, ifa=r,ora=r—1and s is odd.
Lemma 4.3.5. Let s =20 or s =2+ 1 withl > 1. Then the partial sum P of

characters of the form xq,(x,0) in the character sum x(s,s) — x(s,s —2) is given by

-1

P = x6,(5,0) = > j(xc.(24,0) + x6,(27 + 1,0)),

J=1
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if s =2, or
-1
P = XGz(Sv 0) - (XG2(2Z7 O) + Zj(XGz(ij O) + XG’2(2j +1, O)))?

j=1
if s =20+1.

Proof. We have by that

X(57 S) - X(87 s — 2) - X(S)XGz<Sv 0) - X(S + 1)XG2(8 - 17 0)

Considering x(s)xa,($,0), for 0 < a < 2s, by Lemma we have that the difference

in multiplicities of X(®0) and X (¢+3~2) is a binomial coefficient. When s is even this

14+2—j
2

(7 > 0). When s is odd this number is m;41_; when a is expressible as s & 2j or
s+ (25 +1) (j>0).
Now consider the character x(s + 1)xag,(s — 1,0). Again for 0 < a < 2s

number is myy1_; = ( ) when a is expressible as s 25 (7 > 0) or s+ (25 — 1)

the difference in multiplicities of the weights X (9 and X(*+3-2) is a binomial
coefficient. For 0 < a < s this binomial coefficient is m;;2_; where the multiplicity
in x(s)xa,(s,0) would be my4q_;.

In the sum x(s + 1)xg,(s — 1,0) we also have weights X ¢ (@0) = X (2a+4,~a=3)
for 0 < a < s — 2. Using the same tuple notation that we use in proof of Lemma
, these weights correspond to the tuples (0,0,0,0,0,a+3,s—2—a) and all have
multiplicity 1. We also find weights X% '(®0) = X (=a=2a41) for 0 < ¢ < 5. For a = s
the multiplicity of this weight is 1 corresponding to the tuple (0,1,0,0,a,0,s — a).
For a = s — 1 the multiplicity of this weight is 2 corresponding to the tuples
(0,1,0,0,a,0,s —a) and (0,0,0,1,a+ 1,0,s —a — 1). For all other 0 < a < s—2
the multiplicity of this weight is 3 corresponding to the tuples (0,1,0,0,a,0,s — a),
(0,0,0,1,a+1,0,s —a—1), and (0,0,0,0,a+2,1,s —a — 2).

Comparing multiplicities we have for both s odd and s even that the multiplicity
of xa,(a,0) is 0 for @ > s, and the multiplicity of x¢,(s,0) is 1. For s even we have
that the net multiplicity of xq,(27,0) and x¢,(27 + 1,0) is —j for 0 < 7 < k.

For odd s we have by comparing multiplicities that the net multiplicity of
X, (21,0) is —I. For 0 < j < I the net multiplicities of x¢,(27,0) and x,(2j + 1,0)
are —J. 0

In order to show that dim Vqr,, (7, s,t)% = 0 when r # s (mod2), we must
calculate x(s + 1,s). We need not calculate the full character explicitly, as a

consequence of Lemma [3.2.1
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Lemma 4.3.6. Let s = 2l (s even) or s = 2l + 1 (s odd), with | € N. Then
considering Var,u) (s, s — 1) as a Ga-module, the character x(s,s — 1) is expressible
as a sum. Let P be the partial sum over all terms xa, (1), for those p € X (Tg,) in
the W-orbit of (a,0) for some a > 0. Then P has the form

P =3 j(x62(2,0) + x6 (2 — 1,0))

=1
if s is even, or

P = (l + 1)XG2(2l + 170) + ZJ<XG2(2]7O) + XGQ(ZJ - 170))

=1
if s is odd.
Proof. Let s =2, then by Lemma we have following exact sequence of GL7(k)-

modules,
0— VarLw(2,1) > S’ EQ E — S°E — 0. (4.1)

We have by Lemma that S®E has Go-filtration with sections Vg, (3,0)|Vg,(1,0).
Note also that S?E has Gy-filtration with sections V,(2,0)|Vg,(0). The formal
character of the natural GL;(k)-module FE is given by

chg, E = X@0) 4 x (LD o x@-1) 4 x(0) 4 x (=21 4 x (-1 4 x(=1.0),
By Lemma we obtain the T,-character of Vi, u)(2) ® Var,x)(1) as follows,

X(2)x(1) = (x6.(2,0) + x¢,(0,0))che, E
= XG2 (37 O) + XGQ(27 O) + 2XG2(17 0)

By (4.1)), the GL(k)-character of Ver,u)(2,1) is given by x(2)x(1) — x(3). There-
fore we conclude that Vgr,x)(2,1) has a Gs-filtration containing the sections
V,(2,0)[Ve,(1,0).
Now suppose s > 2. By Lemma we may write x(s,s — 1) as the sum
X, (5, 0)x(s = 1) +x(s = 2)x(s — 1)
— X6 (s +1,0)x(s — 2) = x(s = 1)x(s — 2),

which simplifies to

XG2(S7 O)X(S - 1) - XGQ(S + 17 O)X(S - 2)'
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Suppose s = 2k. Then by Lemma [4.3.3| we have the filtration multiplicity

(Ve (5,0) @ Var™™(s — 1) : Ve, (a,0))

is a binomial coefficient for 1 < a < 2s — 1. The sum of characters of the sections

Va,(a,0) is given by

mi(Xa, (s +1,0) + X@,(5,0) + xa.(s — 1,0)
-2

+ ZmiJrl(XGz(Qs — 20— 17 0) + XG2(2S - 2(Z - 1)7 0) + XGQ(ZZ + 17 O) + XGQ(Z(Z + 1)7 O))
1=0

Similarly we have that the filtration multiplicity (Vg,(s +1) ® Vg?(k)(s —2):
Va,(a,0)) is a binomial coefficient for 3 < ¢ < 2s — 1. The sum of characters of the
sections Vg, (a,0) is given by

-2

mixa, (s +1,0) + > miy1(xa. (2(0 + 1) +1,0) + xa, (2(i + 2), 0)
i=0

+ XGQ(QS — 21— 170) + XGQ(QS - 2<Z + 1)70))

Comparing multiplicities we get the final sum

> (X6 (25,0) + xe, (2 — 1,0)).

j=1
The case for s odd is similar. OJ

Now that we have the filtration for Var,a(r, s) as a Gy-module, we may finally

calculate the dimension of Gy-invariants of Vqr,, () (r,s,t).

Theorem 4.3.7. Let A = (r,s,t) be a partition. Then

' L] +1, ifr=s=t(mod2);
dim Ve, (A% =4 2
0, otherwise.

Proof. The cases where s = 0 and t = 0 are due to Lemma and Lemma [4.2.1
respectively. Suppose t = 1. By Lemma we have a short exact sequence of
GL7(k)-modules

0 = Var,@(rs,1) = Var,@(r,s) ® E = X — 0,

where X ~ Var, ) (r +1,s) if r = s, otherwise X has a good GL7(k)-filtration with
sections Var,a (1 + 1, 8)|Var,a(r, s + 1).
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If » # s (mod 2) and r # s+ 1 then by repeated use of Lemma [4.3.1] we have the

following,

=]
X<T78) :X 5+1 S Z_: XGz 2]70)X<S)_XG2<r_23+170)X<S_1))

By Corollary we have that the multiplicity of x¢,(1,0) in the partial sum

=
2: (XG2<T - 2]7 O)X(S> - XG2(T - 2] + 17 O)X(S - 1))7

is 0. By Lemma we have that the term g, (1,0) appears in the sum of x(s+1, s)
with multiplicity 1. Using Lemma [3.2.1) we conclude that

dim (Var, @) (1, 5) ® E)G2 =1,

when r # s (mod 2). If 7 = s (mod 2) then we have dim X2 = 0. By repeated use of
Lemma we have that the character sum for x(r, s) contains the term xq,(1,0)
with multiplicity 1 if and only if » = 1 (mod 2). Using Lemma we have

1, ifr=s=1(mod2);

dlm (VGL7(IK) (’f’, 8) X E)G2 =
0, if r=s=0(mod?2).

Comparing dimensions of these modules we have that
dim Vi, w) (7, s, 1)“> = dim (Var,m(r,s) ® E)* — dim X2

Therefore, we conclude that

_ & 1, ifr=s=1(mod2);
dim VGL7(Jk) (7”, s, 1) =
0, otherwise.

We now proceed by induction on t. Let k = EJ For t > 2, by Lemma |3.1.4| we

have a short exact sequence of GL7(k)-modules
0 = Var:(r5,t) = Var:p(r: 5) ® Varp(t) — X =0,

where X has a good GL7(k)-filtration with sections Vi, u)(r +a,s +b,t — (a + b))
with filtration multiplicity 1, for 0 < b < (r—s)and 1 <a+b<t.
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If r > s+ 2 then Var,a(r, ) ® Var, @ (t) contains the GL7(k) filtration for
Var (75 +2) ® Var,a(t — 2). In particular we have

| L k(k+1) 2
dim (Var, @) (7, 5) ® Var, i) () = (2)+d1m (Var@(r, s +2) ® Var,u (t — 2))“2.

Let 5 = {%J, then we have

. 2 Lk i)k it
dim (Var, @07, 5) ® Var, @ (t))G =S (B —1)( : ( )
1=0

If r # s, (mod 2) then by the induction hypothesis we have

1+ | =222 0 if r = ¢ (mod 2);
dim Vg, g (r + 20+ 1,5, — (2a + 1)) = { 2 J ( )
0, otherwise.

Similarly, we have

14 =220 0 if p £ ¢ (mod 2);
dim Ve, g (r + 2a,5 + 1,t — (2a + 1)) = { 2 J # 1 )

0, otherwise.

If r > 54 2 then we also observe X has GL7(k)-filtration sections Vgr, ) (r + 2a +
L,s+2,t = (2a+3)) and Vi, @) (r + 2a,5 4+ 3,t — (2a + 3)), such that

1+ | =@ if = ¢ (mod 2);
dim Var, o (r +2a + 1,5 + 2, — (2a—|—3))G2 = { 2 J ( )
0, otherwise,

and

14 [=CaES | if 2 ¢ (mod 2);
dim Vg, (r + 2a, 5 + 3, — (2a + 3))% = { 2 J #1( )

0, otherwise.
It follows that when r # s (mod 2) we have

dimXGQ—zj:Uf_i)(];_i—i_l).

=0

Comparing dimensions of invariant spaces we have that
. Go
dim Var, @ (r,s,1)" =0,

whenever r Z s (mod 2).
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Suppose r = s (mod 2). If » = ¢ (mod 2) then X has GLz(k)-filtration sections of
the form
VGL7(k)(T +2a,s+2b,t —2(a+)).

By the induction hypothesis we have that
dim Var, a0 (r + 2a, 5 +2b,t — 2(a + b))“? = EJ — (a+0b).
If r # ¢ (mod 2) then X has GL;(k)-filtration sections of the form
Veraw(r+2a+1,54+20+1,t —2(a+ b+ 1)),
if r # s. By the induction hypothesis we have that

t
dim Var,a(r +2a+1,s +2b+ 1,1t —2(a + b + 1)¢> = bJ —(a+b+1).

Comparing dim (V) (r, $) ® Var,e(t)“* against dim X2, it follows from
the induction hypothesis that

¢ e
' L +1, ifr=s=t(mod2);
dim Var, @ (1, s,t)G2 = bJ

0, otherwise.
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Classification for dominant SO7(k) and
GL7(k)-weights

Equipped with Theorem we utilise the type B procedure of Koike and Terada
given in Theorem in order to obtain a complete calculation of dim Vgo, ) (1)
for dominant weights € X*(Ts0,))-

5.1 DOMINANT SO;(k)-WEIGHTS

Lemma 5.1.1. Let A = (\y, Ay, A\3) be a partition of at most three parts. Then

(i)
QL7 (k
XSOZ((]k))(/\) = XSO7(k)O‘) + Z C%y,yXSO?(k) (1),
,20CA
HFEX
where the coefficients c%w are the Littlewood-Richardson coefficients.
@

dim Vr;00(A)® = dim Vo, (A + X mudim Vo, (1),
HFA

where the coefficients m,, are given by

_ A
my = Z 2w
2UCA

Proof. For part (i) note that by Lemma we have that the SO7(k)-character of
Ve (A) is given by

GL7(k
XSO;((k))O‘): Z C;y,uXSOﬂk)(M)-
1,20 CA

60
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For v = 0 we have ¢3, = 1 and ¢, = 0 if A # p. Thus, we obtain the required

formula,
GLz(k
XSO:((k)) ()\> = XSO7(H§)(>\) + Z Cg\u,p,XSOﬂ]k) (/,L)
20 CA
HFEA

For part (ii), recall from Proposition [2.5.11| that (GL7(k),SO7(k)) is a good
pair when chark # 2. In particular, the GL7(k)-module Vgr,w)(A) has a good

SO7(k)-filtration. Moreover, recall from Proposition [2.5.11| that (SO7(k), G2) is a
good pair when chark # 2. Therefore, by Lemma [3.1.3] we have

dim VGL7(11<) ()\)G2 = Z mudim VSO7(11<) (,LL)GQ,

HEXT (T30, (k)

where m, is the filtration multiplicity,

my, = (Var,w(A) © Vsora) (1)),

for p € X*(Ts0,x))-
It follows from Lemma that the filtration multiplicities m, are in fact the
coefficients of xso, @) (1) in the SO7(k)-character XS(I;:((B(/\)- Hence by part (i) we

conclude that
dim VGL7(k)(>\)G2 = dim VSO7(k)()\>G2 + Z mudim VSQ7(]k) (,LL)GQ,
HFEX

where the coefficients m,, are

_ by
my, = Z Cov

20CA

]

With this last tool, we have everything we require to calculate dim Vgo, (i) (N)G2 for
any pt € X (Tso,@))- Recall from Theorem W that, as G5 is a spherical subgroup
of SO7(k), then Vso, (1)@ is at most one-dimensional for all y € X (Ts50.())-

Theorem 5.1.2. Let = (1, p2, pu3) be a partition of at most three parts. Then,

L, if gy = pe = ps;

0, otherwise.

dim Vso, k) (1)

Proof. If ;i = (0) then Vg, (0) = k and the result is immediate.
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Suppose that 1 is a non-zero partition such that dim Vgo, ) (u)G2 # 0. By
Lemma [5.1.1(ii) we have that dim Vg, ) (1)“* # 0. Then by Theorem , we
have that 1 = ps = ps (mod2).

If y13 = 0 then p = (p1, p12) is a partition with even parts and so by Lemma [1.2.1]
we have that dim Var,, ) (,u)G2 = 1. Now, for 2v = p we have that the Littlewood-
Richardson constant ¢}, , is equal to 1. Therefore, by Lemma M(l) we have that
the trivial SO7(k)-module Vo, (0) appears as a section in the SO7(k)-filtration of
Var, () with multiplicity 1. Therefore, by Lemma m(l)’ we conclude that

dim Vso, g (111, p2)* = 0,

Suppose ps # 0. If yu3 = 1 then we have that p; and ps are both odd, and by
Theorem 4.3.7] we have

dim Vap, (1) = 1.
If 4= (1,1,1) then by Lemma [5.1.1fi) we have

GL7(k
XSO:((k))(lv 1,1) = xso,a)(1,1,1).

It follows from Lemma [5.1.1{(ii) that
. G
dlmvSo7(k)(1,1,1) =1.

Suppose p; # 1 then 2v = (py — 1, ue — 1) is an even non-zero partition and for
k= (1,1,1) we have

Cgl/,ﬁ = 1'
Then Vso,x)(1,1, 1) is a filtration section of Vg, x) (@) with multiplicity 1. It follows
from Lemma [5.1.1{(i), that

dim Vo, (i) (11, p12, 1) = 0,

We proceed by induction on u3. By Theorem [£.3.7 we have

dim V(1) = V;?’J :

First suppose that p = (pu1, pe, pt3) has 3 equal parts.
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Suppose 3 is even. Then it is easy to see that for any 2v = (2¢, 2¢, 2¢) with
c < B and k = p— (2¢,2¢,2c) that ¢, = 1. Therefore, for K = p — (2¢,2¢, 2¢),
the character xso,)(x) appears as a summand of XS(%:((E)) (p) for 0 < ¢ < £2. By the

induction hypothesis, we have
. Go
dim VSO7(]k) (li) =1.
Then by Lemma [5.1.1[ii) we have

dim Vso, @) (113, 113, M3)G2 =L

Now suppose that 3 is odd. Then by a similar argument, for 0 < ¢ < “37_1,
for 2v = (2¢,2¢,2c) and k = p — 2v, we have that ¢, = 1. Therefore, for
Kk = p—(2¢,2c,2c), we have by Lemma M(l) that the character xso,)(~) appears

as a summand of ng“;&f)) (p) for 0 < ¢ < £, By the induction hypothesis, we have

dim Vso7(k)(/~€)G2 =1.
Then by Lemma [5.1.1](ii) we have

dim Vo, o) (113, 13, p13) ™ = 1. (5.1)

Now suppose g is a partition of even parts that does not have three equal parts.
Then consider the subpartitions 2v = (1 — 2¢, g — 2¢, i3 — 2¢) and Kk = (2¢, 2¢, 2¢)
for 0 < ¢ < £, Then again we have that c,,, = 1. Then by Lemma M(l) we
have that xso,x)(x) appears as a summand in the SO7(k)-character formula for

GL7(k) . G2
Xs0n () (1) Moreover, by 5.1 we have that dim Vo, ) (k)

5.1.1{(ii) we have that

= 1. Then by Lemma

dim VSO7(k)<M)G2 = 0.

If 1 is a partition of odd parts that does not have three equal parts then set
2V = (g —2c— 1,0 —2c — 1,uz —2c— 1) and kK = (2¢+ 1,2¢ + 1,2¢ + 1) for
0<c< “3T_1 Following a similar argument as previously stated, we have that
¢, = 1. Then by Lemma m(l) we have that xso,u) () appears as a summand
in the SO7(k)-character formula for X%:((ﬁ]:))(ﬂ)- By a previous step we have that
dim Vso7(k)(li)G2 = 1. It follows from Lemma (ii) that

dim Vo, (1) = 0.
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One final result gives us a way to calculate dim VGL7(k)()\)G2 for any partition

A€ AH(T).

Corollary 5.1.3. Let A € A™(7) and write

GL~7(k
Xsorm ) = > muxsorw (1),
HEN (3)

where my, = (Var,a)(A) © Vso,a (1)) Then

dim VGL7(]1<)()\)G2 = Z mM(rrr)-

r>0

Proof. This follows immediately from Theorem [5.1.2) and Lemma [3.1.3 O

5.2 DOMINANT GL7(k)-WEIGHTS

The next step in calculating dim VGL7(I]<)()\)G2 for A\ € X*(Tqr, @) is to calculate
the filtration multiplicities m, ) given in Corollary [5.1.3] Recall that the type B

procedure of Koike and Terada gives us a surjection
7 AT(7) = AT(3) U {0}

We define ;i to be the image of x under 7, and sgn(u#) to be the signature of p#

as given in the type B procedure.

Lemma 5.2.1. Let A € A*(7). Then the coefficients m,,,y of the dimension sum
of dim VGL7(k)()\)G2 are given by

m(T,T,T) = Z Cg\l/,,u - Z cé}/,;ﬁ

2v,uCA 2v,uCA
H#:('I",T’,T) H#:(T‘,Tﬂ‘)
sgn(p#)=+1 sgn(p#)=-1

where the coefficients c%‘w are Littlewood-Richardson coefficients.

Proof. Recall from Theorem [3.3.1| that the SO7(k)-character XS(%;((E)) (M) has a sum

of the form

GL7(k
XSO:((IK))(/\) - Z cé\u,,usgn<lu’#>XSO7(]k)(M
2u,ECA

#)'
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From Lemma we have that, for £ € X (T50.@x)), the filtration multiplicities
me are in fact the coeflicients of xso,@)(§) in the SO7(k)-character ng:((ﬂ]ﬁ))()‘)' By
Theorem [3.3.1}, for £ € X*(Ts0,k)) We have that

me = Z Cg\zx, wo Z C%l/, w

2v,uCA 2v,uCA
p#=¢ p#=¢
sgnu#=+1 sgnu#=—1

By Theorem [5.1.2) we have that dim Vo (€)“ # 0 if and only if € = (r, 7, r
7(k)

for some r > 0. Therefore we have

dim vGrL7(k) ()‘)GQ = Z Z Sgn(ﬂ#)cé\u,udim VSO7(]1<) (T, r, T)GQ .
r>0 2v,uCA
p#=(rr,r)

By Theorem we have that dim Vo, ) (7,7, 7 =1 for r > 0. Thus we

deduce

dim vGL7(H§)<>‘)G2 = Z Z Cg\v,u B Z Cg\v,u

r>0 2u,uCA 2v,uCA
p#=(r,r,r) p#=(rrr)
sgn(p#)=+1 sgn(p#)=-1

]

We now know that, for any A € AT(7) the dimension of the Go-invariant space
Var.a(A) is equal to the sum of the multiplicities of the induced SO7(k)-modules
Vso,@m)(r,7,7) as sections of the SO7(k)-filtration of Vi, a)(A). Moreover, we obtain
these multiplicities as the difference of sums of Littlewood-Richardson coefficients.

Our next result is to calculate A* and sgn(\) for a partition A € A*(7).

Lemma 5.2.2. Let A = (A1,..., A7) € AT(7).

(i) Suppose l(\) = 3. Then \* = X and sgn(\*) = +1.

(i) Suppose () = 4. If \y = 1, then \* = (A1, Ay, A3) and sgn(A\*#) = +1. For all
other partitions with four parts we have \* = ().

(iii) Suppose [(N) = 5. If X5 = 1 then \* = (A1, \y) with sgn(A\*) = +1 if and only
if A= (A1, Ao, 13). If X5 = 2 then \# = (A1, Ay, A3) and sgn(\*) = —1 if and
only if X = (A, A2, A3,2,1) or A = (A1, A2, A3, 2,2). For all other partitions
with five parts we have \* = ().
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(iv) Suppose l(\) = 6. Then
(a) N = (A1) with sgn(A\*) = +1 if and only if X = (A, 1°).

(b) M = (A1, \o) with sgn(\#) = —1 if and only if X = (M1, \2,2,13) or
A= (A1, A, 2%).

(c) M = (A1, X, 1) with sgn(\*) = —1 if and only if X = (A, X2, 2,2,1,1) or
>\ = (>\17 >\27 237 1)

(d) M = (A1, \a, A3) with sgn(\*) = +1 if and only if X = (A1, A2, X3, 3,1, 1)
or A= ()\1, )\2, )\3,3, 2, 1)

(e) N = (A1, A, A3) with sgn(A*) = —1 if and only if X = (A1, A2, A3, 3,3,2)
or A = ()\1,)\2,)\3,33).

(f) For all other partitions of siz parts we have \* = ().

Proof. (i) This immediately follows from the fact that if /(\) < 3 then by the type
B procedure , we have \# = \ and sgn(\#) = +1.

(ii) Let {(\) = 4. We follow the type B procedure of Koike and Terada [3.3] Set
to be

)\/ — (4/\4 3)\37)\4 2)\27/\3 1)\17)\2)

the transpose partition of A, from which we calculate the tuple t as in step two
of the type B procedure [3.3] Note that if \; > 2 then we have t; = 7—(4—0) =
3=4—(2—1) =ty Then we set \¥ =0, set sgn(A\*) = +1, and terminate
the algorithm.

Now we suppose Ay = 1. Then X = (4,3%71 2*27%s (M=) The tuple ¢ can
be written t = (3, s, t3,...,t\ ). Now note that since to <3 — 1 = 2, we have
t1 > ta. Note also that for i > 2 we have 3 > A} > A/ ;. It follows therefore
that 3— (1 —1) >t;, =N, — (i —1) > N, —i > t;41. We therefore conclude
that the tuple t = (3,ty,...,ty,) already satisfies t; > ¢;,1 for all 1 < i < A;.
Thus, the permutation o € Sy, which rearranges ¢ into descending order is the
identity permutation o = 1), and so sgn(A\#) = +1. Now let £ = (&;,...,&),)
be the partition such that & =¢;+ (i — 1) for 1 < i < A;. Then ¢ has the form

£ = (3>\37 2)\2*/\37 1/\1*>\2)_

Taking the transpose of & we obtain A\# = (A1, Az, X3).
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Let [(A\) = 5. We follow the type B procedure Set X' to be
>\/ — (5)\5 4)\47}\5 3)\37}\4 2)\27}\3 1)\17}\1).

note that if A\; > 3 then we have t, =7 — (5 —1) =3 =5 —2 =t3. Then we
set A\ = (), set sgn(\*) = +1, and terminate the algorithm.

Suppose A5 = 2. If Ay > 3 then we have t;, =7—(b—-0)=2=4—-(3—1) = t3.
Then we set A\# = (), set sgn(A\#) = +1, and terminate the algorithm. Suppose
Ay = 2. Then the tuple ¢ has the form ¢t = (2,3,3,...,ty,), where t3 <
3—(2—1)=1<t;and t; > t;4; for 3 <1i < A\; by the same argument as above.
Note that the tuple of decreasing order # is written as £ = (3,2,t3,...,t\,)
and the permutation which reorders ¢ to obtain f is the transposition (12).
Therefore, we have sgn(\*) = +1. The partition & obtained from # has the
form

£ = (3,20 N Pa—hay

Taking the transpose of & we obtain \¥ = (\{, A, A3).

Now suppose A5 = 1. If \; > 3 then for the same reason as above, we set A\# = (),
set sgn(A\#) = +1, and terminate the algorithm. Suppose Ay = 2. Then the
tuple ¢ has the form ¢t = (2,3,¢5,...,ty,), where t3 <3 —(2—1) =1 < t; and
t; >ty for 3 <1 < Ay by the same argument as above. It follows by the same
argument as above that A\# = (A1, Ay, \3) and sgn(\#) = —1. Now suppose
that Ay = 1. If A3 > 2 then we have t; =7—(5—0) =2=3—-(2—1) =t,. We
set A* = (), set sgn(A\¥) = +1, and terminate the algorithm. Suppose A3 = 1.
Then t = (2,t9,13,...,t\,), such that t, <2 —1=1 < t;, and t; > t;4 for
2 <i < A\1. Then the permutation which orders t is the identity permutation
and sgn(\#) = +1. The partition ¢ obtained from ¢ has the form

£= (2%, 1M).

Taking the transpose of £ we obtain \# = (A, \o).
Let I(A) = 6. We follow the type B procedure Set A to be

)\l — (6>\6, 5>\5_/\6’ 4)\4—)\5’ 3)\3—/\4’ 2)\2—)\3’ 1)\1—/\1)‘

note that if \g > 4 then we have t3 =7 — (3 —2) =3 =6 — 3 =t3. Then we
set A\ = (), set sgn(A\#) = +1, and terminate the algorithm.
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(e) Suppose A\¢ = 3. If \y > 4 then we have t; =4 —-(4—1) =1 =1t or
ty=5—(4—1) =2 =ty In either case we set \# = (), set sgn(A\¥) = +1, and
terminate the algorithm.

Suppose Ay = 3. Then t has the form ¢ = (1,2,3,t4,...,ty,), such that
ty <3—(4—-1)=0andt; > t;y; for 4 < i < A\;. The permutation which
reorders ¢ into the ordered tuple = (3,2, 1,%4,...t,,) is the transposition (13).
The partition £ obtained from ¢ has the form

£ = (3>\37 2>\2—>\37 1>\1—>\2)'

Taking the transpose of & we obtain A\# = (A1, Ay, A3).

Now suppose A\¢ = 2. By the same logic as above, we cannot have \; > 4.
Similarly, if As = 2 and Ay = 3 then we have t3 =4 — (3 — 1) =2 =t5. Then
we set \* = (), set sgn(\#*) = +1, and terminate the algorithm. Suppose
As = 3. Then the tuple ¢ has the form ¢ = (1,2,3,14,...,t5,). The rest of the
algorithm follows as written above, and so we conclude that A\# = (A1, Ay,\3),
set sgn(A#) = —1.

(b) Suppose A\y = 2. If A3 > 3 thent3 =3 —(3—1) =1 =t; and so we set
M = (), set sgn(\*) = +1, and terminate the algorithm. Suppose A3 = 2. Then
t has the form ¢t = (1,2,t3,...,ty,) where t3 <2—(3—1) = 0. The permutation
which orders t is the transposition (12) and so we set sgn(A#) = —1. The

transpose partition £ has form
E= (2%, 1M,

Taking the transpose of & we obtain A\# = (A, \y).
(d)Now suppose A\¢ = 1. We cannot have Ay > 4 for the same reason as
established previously. We cannot have A5 = 3, otherwise t; = 3 = t3. So we
suppose Ay = 3 and A5 = 2. Then tuple ¢ has form ¢t = (1,3,2,t4,...,t),) such
that t4 <3 —(4—1)=0and t; > t; for 4 <i < A\;. The permutation which
orders t is the 3-cycle (123) and so we set sgn(A#) = +1. The partition £ has
form

€= (3%, 20N Phdey,
and so we obtain A* = (A1, Ay, \3).
(d) Similarly, if Ay = 3 and A\; = 1 then the tuple ¢ again has form ¢ =
(1,3,2,t4,...,ty,). By the same argument as above we obtain A# = (\;, A, \3)
and sgn(\#) = +1.
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(c) Set Ay = 2. For Ay = 1 or 2 we have t, = 3. If A3 > 3 then we have
t3=3—(3—1)=1=1ty, so we set \¥ = (), set sgn(A\¥) = +1, and terminate
the algorithm. Suppose A3 = 2, then we obtain the tuple t = (1, 3,t3,...,t\,)
where t3 < 2 —(3—-1) = 0 < t;. The transposition reordering ¢ is the
transposition (12) and so sgn(A\#) = —1. The partition ¢ corresponding to ¢
has the form
€= (3,201 NN,
Taking the transpose of & we obtain A\# = (A, Ay).

(b) Now suppose Ay = 1. We cannot have A3 > 3 for the same reason as stated
above. If A3 = 2 then ¢t = (1,2,t3,...) such that t3 < 0 < ¢;. It follows that the
transposition reording ¢ is the transposition (12) and so sgn(A#) = —1. The

partition corresponding to ¢ has the form
£= (2%, 1M,

Taking the transpose of & we obtain A\# = (A, \o).

(a) Finally, suppose A3 = 1. If Ay > 2 then to =2 — (2—1) = 1 =¢;. We then
set \* = (), set sgn(\*) = +1, and terminate the algorithm. Suppose Ay = 1.
then t has the form ¢t = (1) if Ay = 1 ort = (1,0,...,2 — A;). In both cases,
t is a tuple in descending order, thus we conclude that sgn(A#) = +1. The

partition £ corresponding to ¢ has the form
£=(1M).

Taking the transpose of & we obtain A# = (\).
[l

As we are concerned only with SO7(k)-filtration sections Vgo.,q (7,7, 7), the

following result follows immediately from Lemma [5.2.2

Corollary 5.2.3. Let A € AT (7).
(i) Suppose I(\) < 6. We have \* = (r,r,r) for some r > 0, with sgn(\*) = +1
if and only if \ is one of the following partitions,

{(r,r,r), (ryr,r, 1), (r,r,r,3,2,1) (r,r,r,3,1,1)}.

(ii) Suppose l(\) < 6. We have \* = (r,r,r) for some r > 0, with sgn(A\¥) = —1
if and only if X is one of the following partitions,

{(r,r,r,2,2), (r,r,7,2,1), (r,7,7,3,3,2) (,7,7,3,3,3) }
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Proof. The result follows immediately from Lemma by setting Ay = Ay = A3 =
r. 0

We combine the results of Corollary and Lemma [3.2.2[(iii) to obtain the

following result.

Lemma 5.2.4. Let A\ € AT(7) such that [(\) = 7. Then we have \* = (r,r,r) for
some r > 0 if and only if X can be written as A = (s7) + X\, where s > 0 and X is one

of the eight partitions in Corollary[5.2.5,

Proof. Note that as an SO7(k)-module, the determinant module det; is isomorphic
to the trivial module Vso,x)(0). Then by Lemma [3.2.2{iii) we have that Ver, ()
is isomorphic as an SO7(k)-module to the induced module Vi, x)(p) corresponding
to a partition = (A; — A7,...,A\¢ — A7) of at most 6 parts. Setting s = A7, the
result follows from Corollary [5.2.3| O

Finally, we state the final theorem of this section, which provides a complete
calculation of Vg, ()2 for A € X (7).

Theorem 5.2.5. Let A € AT(7). For &,¢ € X let ¢}, denote the Littlewood-

Richardson coefficients.

(1) If I(X\) = 3 then

. LB if A = X = s (mod 2);
dim VGL7(k) (/\)G = ?
0, otherwise.

(ii) If I(\) = 4 then

dim VGL?(JK)()\)G2 = Z Z Cg\y,(r,r,r) + Z Z cg\u,(r,r,r,l)'

r>02vCA r>12vCA

(1i7) If [(X) = 5 then

dim VGL7(k)<>\)G2 = Z Z Cg\y,(r,r,r) + Z Z CQ\V,(T:T,TJ)

>0 20CA r>120C\

A A
- Z Z (CQV,(T,TJ‘,Z,I) + CQV,(T,T,T,ZQ)) .

r>22vCA
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(iv) If I(X\) = 6 then

dim VGL7(k)()‘)G2 :Z Z Cé\y,(r,r,r) + Z Z C%Vv(rﬂ”%l)

r>02vCA r>12vCA
A A
- Z Z (C2r/,(r,r,r,2,l) + CQV,(r,r,r,2,2)>
1>2 20CA
A A
+> > (C2u,(r,r,r,3,1,1) + Czu,(r,r,r,z,z,n)
r>32vCA\
- Z Z (C 2v,(r,r,r,3,3,2) +02u(r7’7‘333)) :
r>32vCA

(v) If I(X\) =7 then
dim Var, g (\) % = dim Ve, g (1),
where s the siz part partition
= (A1 = A7, ..., A6 — A7).

Proof. Part (i) was proved in Theorem [4.3.7]
Suppose [(A) = 4. By Corollary [5.2.3] the only four part partitions y for which
p?# = (r,r,r) for some r > 0 are the partitions (r,r,r) and (r,r,r,1). We have
sgn(u#) = +1 for both these partitions. It follows by Lemma that
dim Var, a0\ =3 mp,
r>0
where the coefficients my,.,.,) are given by

A : _ N
o 22’/@)\ C2V,(r,r,7")7 ifr= 07
Mrrr) =

A A .
2220 Cou () T 2220CA Cou (1) otherwise.

Suppose [(A) = 5. Again, by Corollary A has subpartitions (r,r,7) and
(r,r,r,1) with corresponding signature sgn(u#) = +1. We also have that \ has
subpartitions (r,r,7,2,1) and (r,r,r,2,2) with signature sgn(u#). Then statement
(iii) follows again by Lemma [5.2.1]

Suppose [(A) = 6. By Corollary A contains subpartitions p of each type such
that pu# = (r,r,7). In particular, the subpartitions (r,r,r), (r,r,r, 1), (r,r,r,3,1,1),
and (r,r,7,3,2,1) all have signature sgn(u#) = +1. The subpartitions (r,7,7,2,1),
(r,r,7,2,2), (r,r,7,3,3,2), and (r,7,7,3,3,3) all has signature sgn(u#) = —1. The
statement (iv) follows by Lemma [5.2.1]

Suppose {(A) = 7. Then statement (v) follows from Lemma [5.2.4] O
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Reduction of the dimension formula

In this final chapter, we provide a reduction of the formula presented in Theorem
by making comparisons of tableaux with weights ¢ and ¢, where £# = (# and
sgn(£#) = —sgn(¢#). This permits a reformulation of the dimension formula for

V) (A)9? as a net sum taken over a subset of even subpartitions of .

6.1 A MOTIVATING EXAMPLE

We begin this section with an example concerning tableaux of four parts. We recall
the definition of a subtableau. A tableau S with shape p/7 is a subtableau of a
tableau T with shape A/o if the following hold:

« nCA
« 7Co,

o For 1 <i<I(u) we have
{SG,5)|i+1<j<p}C{T@G, )|o+1<j5< N}

Definition 6.1.1. Let T be a tableau with shape A\/o and let S be a subtableau
of T" with shape pu/7. The remainder of T by S, denoted T'/S is the subtableau
obtained by deleting the subtableau S from 7. The shape of this tableau is £/,
where { =A—pand ( =0 — 7.

72
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Example 6.1.2. Let T be a tableau with shape (3%,1)/(0) and weight (32, 1),

T =

=W -

Then two examples of a subtableau of T are the tableau R with shape (1%)/(0) and
weight (1%), and the tableau 7'/ R with shape (23)/(0) and weight (23),

R= T/R =

1
2
3
4

Let A € AT(7). We wish to devise a method of constructing a tableau 7" from its

subtableaux.

Definition 6.1.3. Let R, S be standard Young tableaux, of respective shapes /o
and p/7, where \,u € AT(7), 0 C A\, and 7 C p. The standardised concatenation
of R and S, denoted R|,S, is the row-standard tableau with shape (A + p)/(o + 7)

whose row-wise content is the ordered collective row-wise content of R and S.

Remark 6.1.4. As this operation preserves the row-wise content of R and S, the
operation is commutative, so R|sS = S|sR. The operation is also associative, thus

Q|sR|sS is an unambiguous expression for any standard tableaux @, R, S.

Example 6.1.5. Continuing from the previous example, it is easy to see that we

may express T' as the standardised concatenation of R and T/R,

=~ Wl N —
W N =
=Wl N =

Our method of reducing the dimension formula involves making comparisons
between Littlewood-Richardson coefficients ¢3,  and ¢, ., where £# = (# and
sgn(&#) = —sgn(¢*). As the Littlewood-Richardson constant cé\u,é can be calculated
as the number of LR-tableaux with shape A/2u and weight £, we can make a
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comparison between the coefficients cg‘%g and c§\y7< by establishing a correspondence
between LR-tableaux with shape A/2u and weight £, and LR-tableaux with shape
A/2v and weight (.

Note that we cannot establish such a correspondence between LR-tableaux of
weights (r,r,7) and (r,r,r,1). Suppose T is an LR-tableau with shape A\/2u and
weight (r,r,r) and suppose S is an LR-tableau with shape A/2v and weight (r,r, 7, 1).

Comparing degrees of all partitions we have
31+ 2m = |(r, 17| + [21] = [ = [(r.7r, D] + [20] = 3+ 1+ 20,

where 2m = |2pu| and 2n = |2v|. There do not exist integers m, n such that
2m = 2n + 1.

6.2 REDUCTION FOR PARTITIONS OF FIVE PARTS

Note that given a tableau with shape A/2v and weight (r,r,7,2,1) for r > 2, the
degree of (r,r,r,2,1) is given by,

|(r, 7,7, 2,1)| = 3r + 3.

In particular, the degree of the weight (r,r, 7,2, 1) has the same parity as the degree
of the weight (r,r,r,1).

Similarly, we have that the degree of the weight (r,r,7,2,2) has the same parity as
the degree of the weight (r,r,r). This is why, below, we choose to match LR-tableaux
with weight (r,7,7,2,1) (respectively (r,r,r,2,2)) and tableaux with weight (r,r, 7, 1)

(respectively (r,r,7)).
MATCHING TABLEAUX OF SIMILAR WEIGHTS

Note that there exists exactly one LR-tableau with weight (2°) (up to equivalence
by adding some empty diagram A, /s,), obtained by taking the concatenation of
two copies of the tableau with weight (1°) given in Appendix

| S

(@23 IS IOV B N
(@23 IS IOV B N
G = W[N] =
G =W -
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This tableau has shape (2°)/(0). Note that there exist ten standard tableau of weight
(13) as given in Appendix which yields 100 combinations of two such tableaux
to produce a standard tableau of weight (23). There is exactly one combination of
two tableaux of weight (1*) which has the shape (2°)/2v for some 2v C (2°). The
combination of two LR-tableaux weight shape (1°)/(1?) and weight (1%) gives us an
LR-tableau with shape (2°)/(2?) and weight (2?).

2112 2|2
3113 313

Note that this tableau can be drawn within the same shape as the tableau with
weight (2°). Note also that the even subpartition (22) is obtained by the addition
of an even subpartition to (0). It immediately follows that we may match five row
tableaux with weight (r,r,7,2,2) to five row tableaux with weight (r,r,7). If T is a
five row tableau with weight (r,r,7,2,2), then T necessarily contains a subtableau R
with shape (2°)/(0) and weight (2%). We have established a correspondence between
R and a tableau S with shape (2°)/(2?) and weight (23). The concatenation S|, T/R
of S with the remainder of 7" by R yields a unique tableau U with weight (r,r,r).
We say that U corresponds to T'.

Note that there exist (up to equivalence) five LR-tableaux with weight (24, 1),
obtained by concatenating the tableau with weight (1°) given in Appendix
with one of the five tableaux with weight (1%) given in Appendix

These five tableaux with weight (24, 1) have shape \/u, where p is not necessarily
an even subpartition of X\. In particular, the partition p is either (0), or has the
form (17) for some j > 1. As we are counting Littlewood-Richardson coefficients over
even subpartitions of A, we will associate each of these tableaux to a shape p/2v,
where A C p, and p C 2v C p. The purpose of this association is to devise a method
of matching an LR-tableau with weight (2%,1) and shape p/2v to an LR-tableau
with weight (23,1) and shape p/20 such that 20 C p is obtained by adding an even

subpartition to 2v.

Definition 6.2.1. Let T be an LR-tableau with shape \/u and weight o, where
A€ AT(7) and p C A\. We define a corresponding tableau with shape p/2v by the

following procedure.
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(i) Let & = p. Let ( = A

(i) Let I =1(u). If p1; is odd then add (1') to & and add (1') to .
(iii) For i <, if & # &1 (mod 2) then add (1%) to ¢ and add (1°) to C.
(iv) Set p = and set 2v = .

Example 6.2.2. Consider the following tableau T with shape (3%,2%)/(1*) and
weight (2%,1),

T —

O x| W[ N+~

Here A = (33,22) and p = (1*). We set £ = pp and ¢ = . Note that & = 1, thus we
add (1) to ¢ and ¢. Note for 1 < i < 3 that & = &, (mod 2). Thus, we set p =
and 2v = £. Then the tableau R with shape p/2r which corresponds to T is given by

R= L]

=Wl -
w

Example 6.2.3. Consider the tableau T' with shape (5,4,4,3,2,2)/(4,4,2,2,1) and
weight (23,1),

T —

2

4

here A = (6,4,4,3,2,2) and p = (4,4,2,2,1). We set £ = g and ¢ = X\. Note that
& = 1, thus we add (1°) to ¢ and ¢. Note also that & # & (mod 2), thus we add
(1) to € and (. Note that & = &4 and & = & = &3 + 2, so we make no additional
changes to £ and (. We set p = ¢ and 2v = £. Then the tableau R with shape p/2v
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which corresponds to 7' is given by

Lemma 6.2.4. Let \ be a partition of five parts.

(i) Let T be an LR-tableau with shape \/2u and weight (r,r,r,2,2) for r > 2.
Then there ezists an LR-tableau with shape A\/2v and weight (r,r,r), where
2U=2u+(2,2)

(ii) Suppose \y = Ay (mod2) or \y = A3 (mod2). Let T be an LR-tableau with
shape \/2u and weight (r,r,r,2,1) for r > 2. Then there exists an LR-tableau
with shape \/2v and weight (r,r,r,1), where 2v = 2u + (2).

(7ii) Suppose (A1 — 1) = Ag = A3 (mod 2). Let T' be an LR-tableau with shape \/2pn
and weight (r,r,r,2,1), where r > 2 and 2u = 2§ + (2) for some 2§ C .
Then there exists an LR-tableau with shape \/2v and weight (r,r,r, 1), where
20 =26+ (2,2).

Proof. (i) Let T be a tableau with shape A/2u and weight (r,r,7,2,2). Then T
contains, as a subtableau, the tableau R with shape (2°)/(0). By removing a pair of
cells from both rows 1 and 2, and by replacing the content ¢ of each other cell with
i — 1, we find a tableau S with shape (2°)/(2?) and weight (23). Concatenating with
the remainder 7'/ R, we have that S|;T/R is a tableau with shape 2\/2r and weight
(ryr,7), where 2v = 2u + (2, 2).

(ii) Now let T be an LR-tableau with shape A/2u and weight (r, 7, r, 2, 1), such that
A1 = Ay (mod 2) or A\; = A3 (mod2). Then necessarily T' contains, as a subtableau,
a tableau R with shape p/20 and weight (2%, 1), such that p C A, 20 C 2u, and R
contains a pair of cells on row 1 with content 1. By removing the pair of cells from
row 1 and, on each subsequent row, replacing any cell with content ¢ with a cell
of content i — 1, we obtain a tableau S with shape p/27 and weight (23, 1), where
27 = 20 + (2). The standardised concatenation S|,7°/R yields a tableau with shape
A/2v and weight (r,r,r, 1), such that 2v = 2u + (2).
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(iii) Now, let 7' be an LR-tableau with shape \/2u and weight (r,r,7,2,1) such
that (A — 1) = Ay = A3 (mod 2). Then necessarily, 7' contains a subtableau R with
shape p/20 and weight (2%,1), where p C ), 20 C 2u, and p; = po + 1. This is
because R must contain a subtableau with shape (1°)/(0) and weight (1°). There
must be an odd number of cells with content 1 on row 1. Indeed, if we have a tableau
with shape p/20 and weight (2%, 1) containing a pair of cells with content 1 on row
1, this would result in the remainder tableau 7'/ R having shape (A — p)/(2u — 20),
where 24 — 20 is partition whose first part is odd.

Therefore, we take R such that there exists one cell on row 1 with content 1.
As there does not exist a pair of cells which can be deleted from row 1, we instead
delete a pair of cells from row 2. On each row below row 2, we replace any cell with
content ¢ with a cell of content ¢ — 1. This results in an LR-tableau S with shape
p/27 and weight (2,2,2,1), where 27 = 20 + (0, 2). Taking the concatenation of S
with the remainder tableau 7'/ R, we have that S|;T/R is a tableau with shape \/2v
and weight (r, 7,7, 1), such that 2v = 2u + (0, 2).

Now we prove that indeed these tableaux are LR-tableaux. By definition, the
standardised concatenation S|s7'/R is row-standard.

The algorithm for matching the above tableaux acts by relabelling content on two
cells of each affected row and then row-standardising the result. Thus, if a cell with
new content ¢ — 1 (respectively i — 2) in part (i) is directly above a non-empty cell
with content m, we have that m > i > i — 1 (respectively, after row-standardising
we have m > i — 2). If a cell of new content i — 1 (respectively i — 2) is directly
underneath a non-empty cell of content n, then either the cell is invariant under
the algorithm and its content n is at most i — 2 (respectively ¢ — 3), or the cell has
new content ¢ — 2 (respectively ¢ — 3) by the algorithm. Thus we have n < i — 1
(respectively, n < ¢ — 2) and therefore, the new tableau is column-standard.

Finally, note that an equivalent formulation of the lattice word property is that
the total number of instances of a letter ¢ in the first j rows of a tableau must be at
least as large as the total number of instances of the letter ¢ + 1 in the first j + 1
rows. It is easy to see that, since the we remove a cell of content ¢ from row j exactly
when we remove a cell of content i + 1 from row j + 1, that the word of the new
tableau is a lattice permutation.

We conclude in all three cases that S|;7/R is an LR-tableau. O

The reverse correspondence follows from observing that if S is a tableau with
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shape A/2v for some 2v described in Lemma [6.2.4] then necessarily S must be a

tableau described in that Lemma.

Lemma 6.2.5. Let A\ be a partition of five parts.

(i) Let T be an LR-tableau with shape \/2v and weight (r,r,r) for r > 2 and
2v =2u+ (2,2) for some 20 C A. Then there exists an LR-tableau with shape
A2 and weight (r,r,r,2,2).

(ii) Suppose \; = Ay (mod2) or Ay = A3 (mod2). Let T be an LR-tableau with
shape \/2v and weight (r,r,r,1) for r > 2, and 2v = 2u + (2). Then there
exists an LR-tableau with shape \/2u and weight (r,r,r,2,1).

(77i) Suppose (A\; — 1) = Ao = A3 (mod2). Let T be an LR-tableau with shape \/2v
and weight (r,r,r,1), where r > 2 and 2v = 2§ + (2,2) for some 2§ C .
Then there exists an LR-tableau with shape \/2u and weight (r,r,r,2,1), where
21 =2+ (2).

Proof. (i) Suppose T is an LR-tableau with shape \/2v and weight (r,r,r) for r > 2
and 2v = 2u + (2,2) for some 2 € A. Then T contains a subtableau R with
shape (2°)/(2%) and weight (23). As there is a unique tableau of this form, and it
corresponds to the tableau with shape (2°)/(0) and weight (2°) by the algorithm of
Lemma [6.2.4], by reversing the algorithm we get the reverse correspondence.

(ii) Note that for five row tableau, the tableaux with weight (1*) given in Appendix
have shape \/(1%) for some k < 4. If T is a tableau with shape \/2v such that
2v = 2u + (2), then 2v must be the even partition corresponding to a tableau R
with shape p/u and weight (23, 1), such that p C X and p C A such that p; = s + 1.
We see by combining tableaux with weight (1) from Appendix and tableaux
with weight (1?) from Appendix that there exist four such combinations, each
of which corresponds to a tableau with weight (2%,1) via Lemma m Therefore,
by reversing the algorithm described in Lemma [6.2.4] we establish the reverse
correspondence.

(iii) Finally, suppose that (A} —1) = Ay = A3 (mod 2) and let T be an L R-tableau
with shape A/2v and weight (r,r,r,1). Then necessarily, 7' contains the subtableau
R with shape (3,2%)/(2,2), which corresponds to a tableau with weight (24,1) via
the algorithm of Lemma [6.2.4] By reversing the algorithm we obtain the reverse

correspondence. 0



80 CHAPTER 6. REDUCTION OF THE DIMENSION FORMULA

With this matching of different tableaux, we may calculate the net sum of tableaux
by counting only those tableau with shape A/2v and weight (r,r,r) or (r,r,r, 1),

such that 2v does not correspond to a partition 2u by the above procedure.

Lemma 6.2.6. Let \ be a partition of five parts. Set the sets 2L, 2M;, 2M,, 2X7,
and 2X5 to be,
2L = {2v|2v C A},

2X; ={2v C \|2v = (2) + 2u for some 2u C A},
2Xy ={2v C | 2v = (2,2) + 24 for some 2uu C A},

o1 2L\ (2X1), if A = A2 (mod2) or Ay = A3 (mod 2);
1 pum—
2L\ 2X,,  otherwise.

Then,

dimVGL7(k)()\)G2: Z Cg\y,(r,r,r,l)—i_ Z C%\M(Tﬂ"’r)’

r>1 r>0
2ve2M, 2vE2Mo

where the coefficients C%uu are Littlewood-Richardson coefficients.

Proof. We have by Theorem part (iii) that

dim VGL7(k)(/\)G2 :Z Z C;\u,(r,r,r) + Z Z Cé\’/v(ﬁra”vl)

r>020vCA r>12vCA
A A
- Z Z (C2u,(r,r,r,2,1) + CZV,(T,T,T,Z,Q)) :
7>2 20CA

By Lemma we have that if T is an LR-tableau with shape \/2u and weight
(ryr,7,2,1), then there exists a corresponding LR-tableau with shape \/2v and
weight (r,7, 7, 1), where 2v = 2u + (2) or 2v = 2u + (0,2). Similarly, by we
see that by reversing the algorithm, we have that if S is an LR-tableau with shape
A/2v and weight (r,r,7,1) where 2v = 2§ 4 (2) or 2§ + (2, 2) for some 2§ C A, then
there exists a corresponding LR-tableau with shape A\/2u and weight (r,r,7,2,1),
where 2p = 2€ or 2u = 2€ + (2) respectively. Therefore, the LR-tableaux with weight
(r,7r,7,1) which do not have a corresponding LR-tableau with weight (r,r,r,2,1),
are those which do not correspond to an even subpartition 2v of the form 2u + (2)
or 2u + (2,2).



6.3. REDUCTION FOR PARTITIONS OF SIX PARTS 81

By Lemma we have that if 7" is an LR-tableau with shape \/2u and weight
(r,r,7r,2,2), then there exists a corresponding LR-tableau with shape \/2r and
weight (r,r,7), where 2v = 2u + (2,2). Similarly, by reversing the algorithm in
Lemma we have that if S is an LR-tableau with shape A/2v and weight (r,r,7)
where 2v = 2€ + (2, 2) for some 2§ C A, then there exists a corresponding LR-tableau
with shape A\/2u and weight (r,r,r,2,2), where 21 = 2£. Therefore, the LR-tableaux
with weight (r,r,r) which do not have a corresponding LR-tableau with weight
(r,r,r,2,2), are those which do not correspond to an even subpartition 2v of the
form 2¢ + (2,2). O

6.3 REDUCTION FOR PARTITIONS OF SIX PARTS

Note that given a tableau with shape A/2v and weight (r,7,7,3,3,2) for r > 3, the
degree of (r,r,r,3,3,2) is given by

|(r,7r,7,3,3,2)] = 3r + 8.

Note that for a tableau with shape A/2¢ and weight (r,r,r,3,2,1) for r > 3, the
degree of (r,r,r,3,2,1) is given by

|(r,r,r,3,2,1)| = 3r + 6.

In particular, the degrees of the above two weights have the same parity as the
degrees of the weights (r,r,r) and (r,7,7,2,2).

Similarly, we have that the degrees of the weights (r,r,r,3,3,3) and (r,r,r,3,1,1)
have the same parity as the degrees of the weights (r,r,7) and (r,r,r,2,1). By
considering tableaux whose weights have degrees of the of the same parity, we devise
a method of matching tableaux in order to calculate dim VGL7(k)(A)G2 as a reduced

suml.

Lemma 6.3.1. Let A be a partition of sixz parts.
(i) If T is an LR-tableau with shape \/2u and weight (r,r,r,3,3,3) then there exists
an LR-tableau with weight (r,r,r,3,1,1) and shape \/2v where 2v = 2u+(2,2).

(ii) If T is an LR-tableau with shape \/2u and weight (r,r,r,3,3,2), then there exists
an LR-tableauw with weight (r,r,7,3,2,1) and shape \/2v, where 2v = 2u + (2).
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(ii) If T' is an LR-tableau with shape \/2p and weight (r,r,r,3,3,2), such that
A1 — 1= Xy (mod?2) and 2u = 2¢ + (2) then there exists an LR-tableau with
weight (r,r,r,3,2,1) and shape \/2v, where 2v = 2¢ + (2,2).

Proof. (i) Suppose that 7" is an LR-tableau with shape A/2u and weight (r, r, 7, 3, 3, 3).
Then necessarily, T contains a subtableau R with shape (2°)/(0) and weight (2°).
We obtain the tableau S with shape (2°)/(2%) and weight (2%) as follows. We delete
the top two rows of this tableau and, on all other rows, relabel any cell with content
i to have content ¢ — 2. The concatenation S|;T/R is an LR-tableau with shape
2)/2v and weight (r,r, 7, 3,1,1), where 2v = £ + (2, 2).

(ii) Now suppose that T is an LR-tableau with shape A/2u and weight (r,r, 7, 3,3, 2),
such that A\; — 1 # Ay (mod 1). Then necessarily T' contains a subtableau R which
has shape p/20 and weight (2°,1), such that there exists a pair of cells with content
1 on the first row of R. Then by deleting the two cells from row 1 and, on each
subsequent row, relabelling a cell with content ¢ to have content ¢ — 1, we obtain
a tableau S with shape p/2v where 27 = 20 + (2). The concatenation S|;7'/R has
weight (r,7,7,3,2,1) and shape \/2v, where 2v = 2u + (2).

(iii) Now suppose that 7" is an LR-tableau with shape A/2u and weight (r, 7,7, 3, 3, 2),
such that Ay — 1 = Ay (mod 1) and 2 = 2¢ + (2). Then T' contains a subtableau R
with shape p/20 and weight (2°,1). This is because R must contain a subtableau
with shape (1°)/(0) and weight (1°). There must be an odd number of cells with
content 1 on row 1. Indeed, if we have a tableau with shape p/20 and weight (2°,1)
containing a pair of cells with content 1 on row 1, this would result in the remainder
tableau 7'/ R having shape (A — p)/(2u — 20), where 2u — 20 is partition whose first
part is odd.

Therefore, we take R such that there exists one cell on row 1 with content 1.
As there does not exist a pair of cells which can be deleted from row 1, we instead
delete a pair of cells from row 2. On each row below row 2, we replace any cell with
content ¢ with a cell of content ¢ — 1. This results in an LR-tableau S with shape
p/27 and weight (2,2,2,2,1), where 27 = 20 + (0, 2). Taking the concatenation of S
with the remainder tableau 7'/ R, we have that S|;T/R is a tableau with shape \/2v
and weight (r,r,7,3,2,1), such that 2v = 2u + (0, 2).

Now we prove that indeed these tableaux are LR-tableaux. By definition, the
standardised concatenation S|s7'/R is row-standard.

The algorithm for matching the above tableaux acts by relabelling content on two
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cells of each affected row and then row-standardising the result. Thus, if a cell with
new content i — 1 (respectively i — 2) in part (i) is directly above a non-empty cell
with content m, we have that m > ¢ > i — 1 (respectively, after row-standardising
we have m > i — 2). If a cell of new content i — 1 (respectively i — 2) is directly
underneath a non-empty cell of content n, then either the cell is invariant under
the algorithm and its content n is at most i — 2 (respectively ¢ — 3), or the cell has
new content ¢ — 2 (respectively ¢ — 3) by the algorithm. Thus we have n < i — 1
(respectively, n < i — 2) and therefore, the new tableau is column-standard.

Finally, note that an equivalent formulation of the lattice word property is that
the total number of instances of a letter ¢ in the first j rows of a tableau must be at
least as large as the total number of instances of the letter ¢ + 1 in the first 7 + 1
rows. It is easy to see that, since the we remove a cell of content ¢ from row j exactly
when we remove a cell of content i + 1 from row j + 1, that the word of the new
tableau is a lattice permutation.

We conclude in all three cases that S|;T'/R is an LR-tableau. ]

We also obtain a reverse correspondence by noticing that the tableaux obtained
via the algorithm of Lemma [6.3.1] are the only tableaux of those respective shapes

and weight (r,r, 7, 3,2,1) (respectively (r,r,r,3,1,1).

Lemma 6.3.2. Let A be a partition of siz parts.

(i) If T is an LR-tableau with shape \/2v and weight (r,r,r,3,1,1), where 2v =
21+ (2,2), then there exists an LR-tableau with weight (r,r,r,3,1,1) and shape
A2

(i) Let T be an LR-tableau with shape \/2v and weight (r,r,r,3,2,1), where
2v =2p + (2). Then there exists an LR-tableau with weight (r,r,r,3,3,2) and
shape \/2p.

(iii) Let T be an LR-tableau with shape \/2v and weight (r,r,r,3,2,1), such that
A —1= Xy (mod1l) and 2v = 2( + (2,2). Then there exists an LR-tableau with
weight (r,r,r,3,3,2) and shape \/2u, where 2pu = 2¢ + (2).

Proof. Note that in case (i), If 7" has shape A/2v and weight (r,7,7,3,1,1), such
that 2v = 2u + (2,2) then T necessarily contains as a subtableau the tableau R
with shape (2°)/(2%) and weight (2*). By reversing the algorithm given in part (i) of

Lemma [6.3.1] we obtain the reverse correspondence.
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In case (ii), we note that 7" must contain a subtableau R with shape p/27 and
weight (2%, 1), such that 27, > 27,. By constructing tableaux using Appendix
and Appendix [A.2.3] we see that there are six such tableaux, and each tableau
corresponds to a tableau with weight (2°,1) by the algorithm in Lemma part
(ii). By reversing this algorithm we obtain the reverse correspondence.

Finally, in case (iii) there is exactly one such tableau, which has shape (3,2°)/(2,2)
and corresponds to the tableau with shape (3,25)/(2) and weight (25,1) by part (iii)
of Lemma [6.3.1} Therefore, reversing the algorithm gives the reverse correspondence.

O

Lemma 6.3.3. Let the sets 2L, 201, 204, 271, and 2Z5 be as follows,
2L = {2v]|2v C A},
27, ={2v|2v C X\ and 2v = (2,2) 4 2u for some 2u C A},
27y ={2v|2v C X and 2v = (2) + 2u for some 2p1 C A},
20, = 2L\ 27,

2L\ 2%, otherwise.

20, =

(1) If T is an LR tableauz with weight (r,r,r,3,1,1) and shape \/2u such that T

does not correspond to an LR tableau with weight (r,r,r,3,3,3) as described in

Lemma part (i), Then 2u € 20;.
(ii) If T is an LR tableauz with weight (r,r,r,3,2,1) and shape \/2u such that T
does not correspond to an LR tableau with weight (r,r,r,3,3,2) as described in

Lemma parts (i) and (iii), Then 2u € 20,.

Proof. By Lemma we have that if 7" is an LR-tableau with shape A\/2u and
weight (r,7,7,3,3,3), then there exists a corresponding LR-tableau with shape \/2v
and weight (r,r,r,3,1,1), where 2v = 2u + (2,2). Similarly, by Lemma we see
that by reversing the algorithm, we have that if S is an LR-tableau with shape \/2v
and weight (r,7,7,3,1,1) where 2v = 2u + (2, 2) for some 2u C A, then there exists
a corresponding LR~tableau with shape A/2u and weight (r,r,7,3,3,3). Therefore,
the LR-tableaux with weight (r,r,r,3,1,1) which do not have a corresponding LR-
tableau with weight (r,r,7,3,3,3), are those which do not correspond to an even
subpartition 2v of the form 2u + (2, 2)
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By Lemma we have that if T is an LR-tableau with shape \/2u and
weight (r,7,7,3,3,2), then there exists a corresponding LR-tableau with shape A/2v
and weight (r,r,r,3,2,1), where 2v = 2 + (2) or 2v = 2u + (0,2). Similarly, by
reversing the algorithm in Lemma [6.3.1] we have that if S is an LR-tableau with
shape \/2v and weight (r,7,7,3,2,1) where 2v = 2u + (2) or 2v = 2u + (0, 2) for
some 2u C A, then there exists a corresponding LR-tableau with shape \/2u and
weight (r,7,7,3,3,2). Therefore, the LR-tableaux with weight (r,r,r,3,2,1) which
do not have a corresponding LR-tableau with weight (r,r,r,3,3,2), are those which

do not correspond to an even subpartition 2v of the form 2u + (2) or 2u+ (0,2). O

Given the set of tableaux with weight (r,7,7,3,1,1) (respectively with weight
(r,7r,7,3,2,1)) which do not correspond to tableaux with weight (r,r,r, 3,3, 3) (respec-
tively with weight (r,7,7,3,3,2)), we establish a one-to-one correspondence between
these tableaux and a subset of tableaux with weight (r,r, 7,2, 1) (respectively with
weight (r,r,7,2,2)).

Lemma 6.3.4. Let A be a partition of six parts.

(i) Suppose T is an LR tableau with weight (r,r,r,3,1,1) (respectively with weight
(r,r,7,3,2,1)) and shape \/2u, where 2u € 20, (respectively where 2 € 20, ).
Then there exists an LR tableau with weight (r,r,r,2,1) (respectively with weight
(r,r,7,2,2)) and shape 2)\/2v where 2v = 2 + (2).

(ii) Suppose T is an LR tableau with weight (r,r,r,3,1,1) and shape \/2u, where
2u = 2¢ + (2) € 201 such that \y — 1 = Xy (mod 2). Then there exists an LR
tableau with weight (r,r,r,2,1) 2X\/2v where 2v = 2¢ + (2, 2).

Remark 6.3.5. Note that by definition there exist no partitions 2¢ + (2) € Os.

Proof. Proof of Lemma For both types of tableaux we obtain a subtableau R
with weight (2%,1?) and obtain a corresponding tableau S with weight (23, 1).

Let T have weight (r,r,r,3,2,1) or (r,r,r,3,1,1). If Ay = Ay (mod 2) then T
contains a subtableau R with shape p/20 and weight (2%,1?), such that R contains a
pair of cells on row 1 with content 1. We delete this pair of cells and, for each lower
row, we relabel a cell with content ¢ such that it has content ¢ — 1. The resulting
tableau S is an LR-tableau with weight (23,12). The standardised concatenation
S|sT/R yields an LR-tableau with weight (r,r,r,2,2) if T" has weight (r,r,r,3,2,1),
otherwise S|;T'/R has weight (r,r,7,2,1).
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By definition the tableau S|s7'/R is row-standard. The tableau is also column-
standard by the argument that the content of cells on row i is relabeled exactly when
an equal number of cells on rows 7 — 1 and 7 + 1 either have their content relabeled
in an equivalent way, or a pair of cells is removed from row ¢ — 1. By this same logic,
the word of S|,7'/R is a lattice permutation. O

We also have a reverse correspondence which establishes a one-to-one correspon-

dence.

Lemma 6.3.6. Suppose that T is an LR-tableau with shape \/2v and weight
(r,r,r,2,1) (respectively (r,r,r,2,2)), such that 2v = 2{+(2) (or also 2v = 2(+(2,2)
if M —1= Ao (mod2)). Then there exists an LR-tableau with shape \/2p and weight
(ryr,r, 3,1, 1) (respectively (r,r,7,3,2,1)), such that 2u = 2¢ (or also 2p = 2¢ + (2)
if A — 1= Xy (mod?2)).

Proof. Note that using Appendix and Appendix that there exist exactly
15 tableaux with shape p/27 and weight (22, 1?) such that 7 = o+(2) or 7 = 0+ (2, 2).
If T is a tableau with shape \/2v and weight (r,7,7,2,1) or (r,r,7,2,2) such that
2v = 2¢+(2) or 2v = 2+ (2, 2), then T necessarily contains one of these subtableaux.
By Lemma [6.3.4] each of these subtableaux corresponds to a tableau with weight
(21,1?) via the algorithm defined in the lemma. Therefore, by reversing the algorithm,

we obtain the reverse correspondence. O

Lemma 6.3.7. Let \ be a partition of six parts. Let the sets 2L, 2N1, 2N,, 2Y1,
2Y5, be as follows,
2L = (2v|2v C A},

2Yy ={2v|2v C X and 2v = (2) + ¢
for some 2 C A},

2Y, = {2v|2v C X and 2v = (2,2) + 2¢
for some 2¢ C \},

2L\ 2Y7, otherwise.
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If T is an LR-tableau with weight (r,r,r,2,1) (respectively with weight (r,r,r,2,2))
and shape \/2v such that T does not correspond to an LR-tableau with weight
(ryr,r,3,1,1) (respectively with weight (r,r,r,3,2,1)) then 2v € 2N.

Proof. By Lemma we have that if 7" is an LR-tableau with shape A\/2u and
weight (r,7,7,3,1,1), then there exists a corresponding LR-tableau with shape A/2v
and weight (r,r,r,2,1), where 2v = 2u + (2) or 2v = 2u + (0,2). Similarly, by
we see that by reversing the algorithm, we have that if S is an LR-tableau
with shape A\/2v and weight (r,r,7,2,1) where 2v = 2¢ + (2,2) or 2v = 2¢ + (2) for
some 2¢ C A, then there exists a corresponding LR-tableau with shape A/2u and
weight (r,7,7,3,1,1), where 2u = 2¢ or 2 = 2¢ + (2). Therefore, the LR-tableaux
with weight (r,r,7,2,1) which do not have a corresponding LR-tableau with weight
(r,r,7,3,1,1), are those which do not correspond to an even subpartition 2v of the
form 2¢ + (2) or 2¢ + (2,2)

By Lemma we have that if 7" is an LR-tableau with shape \/2u and weight
(r,r,7r,3,2,1), then there exists a corresponding LR-tableau with shape \/2v and
weight (r,r,7,2,2,), where 2v = 2 + (2). Similarly, by reversing the algorithm as
in Lemma we have that if S is an LR-tableau with shape \/2v and weight
(r,r,7,2,2) where 2v = 2u + (2) for some 21 C A, then there exists a corresponding
LR-tableau with shape A/2u and weight (r,r,7,3,2,1). Therefore, the LR-tableaux
with weight (r,r,7,2,2) which do not have a corresponding LR-tableau with weight
(r,r,7,3,2,1), are those which do not correspond to an even subpartition 2v of the
form 2u + (2). O

Lemma 6.3.8. Let A be a partition of six parts.
(1) If T is an LR-tableau with weight (r,r,7,2,1) and shape \/2u for some 2u € 2N
and r > 2, then T contains a subtableau R with shape p/2¢ and weight (2*,1)
such that 26 = 2¢ + (27) for 0 < j < 2.

(7i) If T is an LR-tableau with weight (r,r,7,2,2) and shape \/2u for some 2u € 2N
and r > 2, then T contains a subtableau R with shape p/2¢ and weight (2°)
such that 26 = 2¢ + (27) for 0 < j < 2.

Proof. If T is an LR-tableau with weight (r,r,r,2,1) then T necessarily contains
a subtableau R with shape p/2¢ and weight (2%, 1), for some p C A and 2§ C 2u.
Note that R is constructed from a tableau with weight (1°) given in Appendix
and a tableau with weight (1?) given in Appendix . The tableau with weight
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(1°) has shape (2™,17™)/(17) for some 0 < m,j < 6 (note that if j = 6 then we
remove the empty column with shape (1°)/(1%) and obtain a tableau in Appendix
[A.2.3)), and the tableau with weight (1*) has shape (3™, 2", 15-™~") /(27 1¥) for some
0 <mynk <6and 0 < j < 2 with m+n <6 (note again that if j + k£ = 6
then we remove the empty column with shape (1°)/(1°) and obtain a tableau in
Appendix . By taking the concatenation and calculating the corresponding
even subpartition 2y, we see that 2u has the form 2u = 2¢ + (27) for some 0 < j < 2.

If T'is an LR-tableau with weight (r,r,7,2,2) then T necessarily contains a
subtableau R with shape p/2¢ and weight (2°), for some p C A and 2¢ C 2u. Note
from Appendix that there are 25 such ways to construct this subtableau, each
of which has shape p/(47,2%) for some 0 < j <2 and 0 < k <5 — j. O

We now establish the correspondence between tableaux with weight (2%,1) (re-

spectively (2°)) and a subset of tableaux with weight (23,1) (respectively (2?)).

Lemma 6.3.9. (i) Let T be an LR-tableau with shape p/2u and weight (24,1),
where 2 = 2€ + (27) for some 0 < j < 2. Then There exists an LR-tableau
with shape p/2v and weight (23,1), such that 2v = 2& + (2711).

(ii) Let T be an LR-tableau with shape p/2u and weight (2°), where 2u = 2€ + (27)
for some 0 < j < 3. Then There exists an LR-tableau with shape p/2v and
weight (2%), such that 2v = 2 + (2772).

Example 6.3.10.

Example 6.3.11. Note that by this matching, we need not take a pair of cells from
rows 1 and 2, even if both rows contain a pair of cells. As an example, take the
LR-tableau with shape (42,21)/(2%) and weight (2°). By the algorithm we establish in
the following proof, this tableau matches to the LR-tableau with shape (42,21)/(2°)
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and weight (2%).

414
3K
Proof. Let T be an LR-tableau with shape p/2u and weight (2%,1), where 2u =

2€ + (27) for some 0 < j < 2. Then T contains a pair of non-empty cells on row

J + 1. We delete this pair of cells, and for each row beneath row j 4 1, we relabel
each cell with content ¢ so that the cell has content ¢ — 1. This yields an LR-tableau
with shape p/2v and weight (23, 1), where 2v = 2¢ + (2711).

Let T be an LR-tableau with shape p/2u and weight (2°), where 2 = 2 + (27)
for some 0 < 5 < 2 chosen such that 7" has a pair of non-empty cells on rows j+1 and
Jj + 2. We delete the pairs of cells on rows j + 1 and j + 1, and for each row beneath
row j + 2, we relabel each cell with content ¢ so that the cell has content ¢ — 2. This
yields an LR-tableau with shape p/2v and weight (2%), where 2v = 2¢ + (2/72). O

We also establish the reverse correspondence to establish a one-to-one correspon-

dence.

Lemma 6.3.12. (i) Let T be an LR-tableau with shape p/2v and weight (23,1),
where 2v = 2€ + (2711) for some 0 < j < 2. Then There exists an LR-tableau
with shape p/2u and weight (24,1), such that 2u = 2& + (27).

(ii) Let T be an LR-tableau with shape p/2v and weight (2%), where 2v = 2€ + (2772)
for some 0 < j < 2. Then There exists an LR-tableau with shape p/2p and
weight (2°), such that 2u = 2€ + (27).

Proof. Let T be an LR-tableau with shape p/2v and weight (23,1), where 2v =
2¢ + (2771). Then T contains, as subtableaux, an LR-tableau S of shape x/(17!)
and LR-tableau U of shape (/(1") and . We note that these tableaux are contained,
as subtableaux, in the tableau corresponding, via the algorithm given in Lemma
6.3.9 part (i), to the tableau R with shape p/2u and weight (2, 1). Therefore, we
conclude that T corresponds to R via the algorithm given in Lemma part (i),

and we establish the reverse correspondence by reversing the algorithm. O
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Lemma 6.3.13. Let \ be a partition of six parts. Let the sets 2L, 2My, 2Ms, 2X7,
2X5 be as follows,
2L = (2v|2v C A},

2X7 ={2v, |20 C X and 2v = (25 + 1)2u
for some 2u + (27) € N},

2Xo ={2v, |20 C X and 2v = (2j +2) + 2u
for some 2u + (27) € N},

oM, = 2L\ 2X,,
OMy = 2L\ 2X5,
(i) If T is an LR-tableau with weight (r,r,r,1) and shape \/2v such that T does

not correspond to an LR-tableau with weight (r,r,r,2,1) as described in Lemma

part (1), Then 2v € 2M; .
(ii) If T is an LR-tableau with weight (r,r,r) and shape \/2v such that T does not

correspond to an LR tableau with weight (r,7,7,2,2) as described in Lemma

part (i), Then 2v € 2M,.

Proof. 1f T'is an LR-tableau with shape \/2v and weight (r,r,r, 1) such that T" has
a corresponding tableau with weight (r,r, 7,2, 1), then by Lemma Lemma m,
and Lemma , we have that T contains a subtableau R with shape p/2v and
weight (23, 1), where 2v = 2¢ + (2711). Therefore, we conclude that 2v € Xj.

If T is an LR-tableau with shape \/2v and weight (r,r,r) such that T" has a
corresponding tableau with weight (r,r,r,2,2), then by Lemma Lemma [6.3.9]
and Lemma , we have that 7' contains a subtableau R with shape p/2v and
weight (2%), where 2v = 2£ + (2772). Therefore, we conclude that 2v € Xo.

By Lemma and Lemma we have that X,NM; = ) and XoNNy, = (. [

Lemma 6.3.14. Let A\ be a sixz part partition. Let My, My be as described in Lemma
6.5.14. Then

divaL?(k)()\>G2 = Z Cg\y,(r,nr,l)—i_ Z cé\m(r,r,r)?

r>1 r>0
2ue2My 2v€2Mo

where the coefficients C%y,u are Littlewood-Richardson coefficients.
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Proof. We have by Theorem [5.2.5] part (iv) that,

dim VGL7(]1§)()‘)G2 = Z Z C%V,(r,r,r) + Z Z Cé\u,(r,r,r,l)

r>02vCA r>12vCA

_Z Z (C J(ryryr,2,1) +CQV(TT‘T22)>
r>22vCA

+ Z Z (C ,(ryr,r,3,1,1) + 0211 (rrr3,2,1))
r>32vCA\

_Z Z (C ,(7"7‘7“332)+CQV(7’7"7‘333))
r>32vCA

By Lemma [6.3.3] we obtain the following reduction of the formula by noting the
correspondence between tableaux of weight (r3,3%) (respectively (r3,3,3,2)) and a
subset of tableaux of weight (r3,3,1,1) (respectively (r3,3,2,1),

dim VGL7(]1<)()\)G2 = Z Z C%y,(r,r,r) + Z Z C;\y,(r,r,r,l)

r>020CA r>120CA

A A
- Z Z (CQV,(T,T,T,Q,l) + 621/,(7",7“,7‘,2,2))

r>22vCA

+ Z Z (C2V (r,ryr,3,1,1) + C2y (rrr3,2,1))

r>32ve20q

By Lemma we obtain a further reduction of the formula by noting the
correspondence between tableaux of weight (r®,3,1,1) (respectively (r®,3,2,1)) and
a subset of tableaux of weight (r®,2,1) (respectively (r3,2,2),

dim VGL7(k) ()‘>G2 - Z Z C%V,(T‘,T,T’) + Z Z Cé\l’y(ﬁ’"v"’:l)

r>020vCA r>12vCA
- Z Z (621/ (r,r,r,2,1) + CQV,(T rr,2,2) )
r>22veN

By Lemma [6.3.9|and Lemma [6.3.13| we obtain the final reduction,

dlm VGL7(]k) ()\>G2 - Z C%‘l/,(?",’f’,'f’,l) + Z c%l/,(T,T‘,’r") '

r>1 r>0
2veE2M; 2vE2Mo

]

Theorem 6.3.15. Let A € AT (7). For £,¢ C X let ¢} denote the Littlewood-

Richardson constants.

(1) If I(X\) = 3 then

1, if M = Xy = A3 (mod 2);
dim Vop ) = 1 T == et

0, otherwise.
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(i7) If I(\) = 4 then

dim vGL?(k) ()‘)GQ - Z Z cg\u,(r,r,r) + Z Z C;V,(T,T‘,T,l)‘

r>02vCA r>12vCA\

(ii) If I(X\) =5 then let My, My be as defined in Lemmal[6.2.6. Then

dimVGL7(k)()\>G2 = Z Cé\u,(r,r,r,l)+ Z Cgv,(m",r)

r>1 r>0
2ve2M, 2vE2Mo

(iv) If I(X) = 6 then let My, My be as defined in Lemma|6.3.14. Then

dim V(}Lﬁ(ﬂ()(}‘)G2 - Z cg\u,(r,r,r,l)—i_ Z CSV’(T:TW)‘

r>1 r>0
2ue2My 2UE2Mo

(v) If (\) =7 then

dim Var, o (\) % = dim Var, g (1)

where p is the siz part partition
on = ()\1—)\7,...,/\6—/\7).

Proof. Parts (i), (ii) and (v) are due to Theorem [5.2.5] Part (iii) is due to Lemma
and part (iv) is due to Lemma [6.3.14 O
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Appendix A: Tableaux calculations

In this appendix we provide a list of tableaux from which we construct the tableaux
with weight (1%), (2%,1), (2°), and (25, 1), which we use in the proofs of chapter six.

Generally speaking, given a diagram of n rows and a weight (1*) for k < n, the
number of distinct ways to draw a tableau which has at most n rows and weight (1%)

is the binomial coefficient (Z)

A1 FIVE ROW TABLEAUX

A.1.1 TABLEAUX OF WEIGHT (1%)

There exist ten standard tableaux of up to five rows and weight (13).

. 1
1
2
3

1
2

2

1
1 =
1
2 2
3 3
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A.1.2 TABLEAUX OF WEIGHT (1%)

There exist five standard tableaux of five rows and weight (14).

[ ]
1
2
3
4

=l wl N =

—_
N | =

B~ W N
—_

A.1.3 TABLEAUX OF WEIGHT (1°)

There exists a single standard tableau of five rows and weight (1°).

QU x| W —

A.2 SIX ROW TABLEAUX

A.2.1 TABLEAUX OF WEIGHT (13)

There exist twenty standard tableaux of six rows and weight (1%); the ten tableaux

of at most five rows listed above, and the following ten tableaux.
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A.2.2 TABLEAUX OF WEIGHT (1%)

There exist fifteen standard tableaux of six rows and weight (1%); the five tableaux

of at most five rows listed above, and the following ten tableaux.
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A.2.3 TABLEAUX OF WEIGHT (1°)

There exist five standard tableaux of six rows with weight (1°)

1
2

QU x| WD —
W DN =

QU =] W N
—
| e[ o]~

4
5

A.2.4 TABLEAUX OF WEIGHT (19)

There exists a single standard six row tableau of weight (1°).

| O = WD




1]

S

References

K. Akin, D. A. Buchsbaum, and J. Weyman. “Schur functors and Schur
complexes”. In: Advances in Mathematics 44.3 (1982), pp. 207—-278.

A. Borel. Linear Algebraic Groups. Vol. 126. Springer, 1991.

J. Brundan. “Dense Orbits and Double Cosets”. In: Algebraic Groups and
their Representations. Ed. by R. W. Carter and J. Saxl. Dordrecht: Springer
Netherlands, 1998, pp. 259-274. 1SBN: 978-94-011-5308-9.

S. Donkin. Rational representations of algebraic groups: Tensor products and
filtrations. Vol. 1140. Springer, 2006.

W. Fulton. Young Tableauz: With Applications to Representation Theory and
Geometry. London Mathematical Society Student Texts. Cambridge University
Press, 1996.

J. A. Green. “Polynomial representations of GLn”. In: Algebra Carbondale
1980. Ed. by R. K. Amayo. Berlin, Heidelberg: Springer Berlin Heidelberg,
1981, pp. 124-140. 1SBN: 978-3-540-38549-3.

R. Hartshorne. Algebraic Geometry. Vol. 52. Springer, 1977.

J. E. Humphreys. Introduction to Lie Algebras and Representation Theory.
Vol. 9. Springer, 1973.

J. E. Humphreys. Linear Algebraic Groups. Vol. 21. Springer, 1975.

J. C. Jantzen. Representations of algebraic groups. Vol. 107. American Mathe-
matical Soc., 2003.

F. Knop and G. Rohrle. “Spherical subgroups in simple algebraic groups”. In:
Compositio Mathematica 151.7 (Feb. 2015), pp. 1288-1308.

97



98 REFERENCES

[12] K. Koike and I. Terada. “Young-diagrammatic methods for the representation
theory of the classical groups of type Bn, Cn, Dn”. In: Journal of Algebra 107.2
(1987), pp. 466-511.

[13] M. Maliakas. “Cauchy decompositions and invariants”. In: Mathematische
Zeitschrift 235.4 (2000), pp. 629-650.

[14]  O. Mathieu. “Filtrations of G-modules”. In: Annales Scientifiques De L Ecole
Normale Superieure 23 (1990), pp. 625-644.



	Abstract
	Contents
	List of Tables
	Introduction
	Preliminaries
	Partitions, diagrams, and tableaux
	Algebraic Geometry
	Algebraic Groups
	Representation Theory
	Simple modules and induction
	Invariant Spaces of Modules

	Methodology and Tools
	Tools for filtrations
	Tools for calculating invariants
	The type B procedure of Koike and Terada
	Roadmap for the thesis

	Partitions of at most three parts
	Partitions of one part
	Partitions of two parts
	Partitions of three parts

	Classification for dominant SO7() and GL7()-weights
	Dominant SO7()-weights
	Dominant GL7()-weights

	Reduction of the dimension formula
	A motivating example
	Reduction for partitions of five parts
	Reduction for partitions of six parts

	Appendix A: Tableaux calculations
	Five row tableaux
	tableaux of weight (13)
	tableaux of weight (14)
	tableaux of weight (15)

	Six row tableaux
	tableaux of weight (13)
	tableaux of weight (14)
	tableaux of weight (15)
	Tableaux of weight (16)


	References

