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Abstract

This thesis presents experimental and simulation work contributing to the stability and

control of laser wakefield accelerators, as required for their successful use in further

applications.

Experimental results of laser wakefield acceleration in a gas jet target with a den-

sity transition produced by a razor blade in the flow are reported. Modifications to

the target setup are correlated with variations in the plasma density profile diagnosed

via interferometry. The shot-to-shot fluctuations of the target plateau density, peak

density and down-ramp position are characterised. Simulations of the effects of den-

sity profile variations reveal that peak density fluctuations independent of the plateau

density dominate the variations in electron beam energy (15%) and charge (9%). The

results suggest that blade motion is more detrimental to stability than gas pressure

fluctuations, and that early focusing of the laser may improve stability. The injection

dynamics are shown to be sensitive to the length scale of the density ramps even within

the regime of sharp density transitions, as a result of transverse effects.

The post-interaction laser spectrum is measured as a proxy diagnostic for the elec-

tron dynamics in a laser wakefield accelerator using ionisation injection in a tailored gas

cell. The unguided laser energy identified from the signal in the input wavelength range

is indicative of laser-plasma coupling and the transmission below 900 nm is indicative of

pump depletion and correlated with electron beam energy. The injection and accelera-

tion dynamics are shown to be highly sensitive to the vacuum laser focus. Simulations

reveal that the balance between self-focusing and geometric diffraction modifies the po-

sition of the peak a0 and that the earliest position of effective focus results in the highest

injected charge. The strength of the wakefield is shown to be determined by the time

evolution of the laser a0 and not by the instantaneous laser conditions.
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Chapter 1

Introduction

Laser wake�eld acceleration (LWFA) is a process capable of generating gigaelectronvolt-

energy electrons in centimetre-scale interaction lengths [1]. This is because of the use

of plasma as the accelerating medium, which allows these devices to sustain accelera-

tion gradients over a thousand times greater than those achieved in conventional linear

accelerators. As a result, these plasma-based accelerators constitute promising com-

pact sources of relativistic electrons and have the potential to revolutionise high-energy

radiation sources by reducing their scale by many orders of magnitude. By making ac-

celerator facilities cheaper and more accessible, this could drive impact in areas ranging

from laboratory astrophysics [2] to biological imaging [3]. However, improvements in

the stability, reliability and robustness of electron beam parameters are still required to

develop the applications of LWFA beyond proof of principle [4].

1.1 Particle accelerators

Particle accelerators have enabled scienti�c discoveries ranging from the calculation of

the size of an atomic nucleus [5] to the con�rmation of the Higgs boson [6]. They are

also used in more widespread applications to generate x-rays for biomedical imaging [7]

and characterisation of materials [8]. Particle accelerators make use of large electric

�elds to accelerate charged particles to high energies. Typically, circular geometries are

used, where the particles traverse the same accelerating region many times. However,

a circular path requires the charged particles to emit synchrotron radiation with power

P / E 4=(m4R2), where E is the energy of the particle,m is its mass andR is the

radius of its trajectory. Due to its strong mass dependence, synchrotron emission is the

limiting factor to the circular acceleration of electrons. Therefore, conventional electron

accelerators are instead linear devices based on superconducting radiofrequency (RF)
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Chapter 1. Introduction

cavities. These provide average accelerating �elds of 40 MeV m� 1 to 50 MeV m� 1. The

�elds are limited by electrical breakdown, whereby the walls of the device itself become

ionised due to the strong �eld and the accelerator is severely damaged. As a result, these

accelerators need to get progressively larger and more expensive in order to increase the

achievable energy of the particles. Currently, the most powerful linear accelerator is

the Stanford Linear Accelerator (SLAC), shown in �gure 1.1. This device is capable of

accelerating electrons to 50 GeV over a distance of 3:2 km.

Figure 1.1: Aerial view of the Stanford Linear Accelerator [9].

1.2 Plasma-based accelerators

A plasma is a quasi-neutral ensemble of charged particles which exhibits collective be-

haviour through electromagnetic interactions. It is created when electrons obtain su�-

cient energy to become free from the atoms to which they were bound. The potential

of using plasma as an accelerating medium was �rst proposed by Veksler in 1956, who

noted that plasma, being already ionised, is not constrained by breakdown and is there-

fore capable of sustaining signi�cantly higher electric �elds than other materials [10]. In

1979, Tajima and Dawson showed that a laser was capable of producing these electric

�elds, with magnitudes a thousand times greater than in conventional accelerators [1].

This would enable a dramatic reduction in the size and cost of particle accelerators.

Tajima and Dawson proposed the use of an ultra-high intensity laser to drive an

electron plasma wave and accelerate electrons through a mechanism known as laser

wake�eld acceleration (LWFA). In this process, a laser pulse propagating through a

plasma exerts a ponderomotive force on the plasma electrons. This force acts to sweep

particles away from regions of high laser intensity. The electrons are moved predomi-

nantly, while the more massive ions are undisturbed in the timescale of the interaction.

As a result, the electrons are accelerated back by the restoring force from the ions,

thereby establishing plasma oscillations at the plasma frequency! p. As the laser pulse

propagates through the plasma with a group velocity close toc, it is trailed by the
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plasma oscillations, thereby generating an electron plasma wave in its wake. This is

known as the wake�eld, shown schematically in �gure 1.2.

Figure 1.2: Simulation of a laser (red) driving a wake�eld in a plasma. The colour map
shows the electron density distribution.

The longitudinal electric �eld associated with the wake�eld travels with a phase ve-

locity approximately equal to the group velocity of the laser pulse. Therefore, electrons

travelling with a velocity close to the plasma wave's will be trapped and continuously

experience the same electric �eld. If they are in the accelerating phase of the wave, they

will continuously gain kinetic energy. The energy gained by electrons in the plasma is

limited as they eventually outrun the wave and enter a region of positive electric �eld,

which decelerates them.

E�cient excitation of a wake�eld requires the use of a laser pulse with a length

comparable to half the wavelength of the plasma wave [1], which represents pulse du-

rations of the order of 10 fs. Such ultra-short, ultra-high power lasers were unavailable

at the time of Tajima and Dawson, so an alternative scheme known as plasma beat-

wave acceleration (PBWA) was proposed [11]. This mechanism relies on the beating

of two long pulses causing modulation at! p, leading to the resonance excitation of a

large-amplitude plasma wave [12] able to accelerate externally-injected electrons [13].

While historically signi�cant, the PBWA technique is limited due to the variation of

the plasma frequency for strong wake�elds, which causes the plasma wave to become

out of phase with the laser beat wave. This breaks the resonance, thereby limiting the

acceleration [11].

By taking advantage of non-linear optical e�ects, it is possible for the plasma to

modulate a long laser pulse into a series of short pulses of width equal to the plasma

wavelength [14], thereby maintaining resonance. This is an instability known as self-
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modulation, and occurs due to the development of periodic regions of enhanced di�rac-

tion and focusing in the plasma wave [15]. This self-modulated laser wake�eld (SM-

LWFA) regime demonstrated the acceleration of electrons trapped from the plasma

itself for the �rst time [16].

Developments of laser technology like the invention of chirped pulse ampli�cation

(CPA) [17] enabled the development of higher intensity and shorter duration laser pulses,

such that the original LWFA scheme proposed by Tajima and Dawson eventually be-

came possible. In 2004, experimental work from three groups demonstrated accelera-

tion of self-trapped electrons resulting in quasi-monoenergetic electron beams [18{20].

In contrast to previous experiments, where the resulting beam was broad and close to

Maxwellian, these studies demonstrated the potential of LWFA for generating high-

quality electron beams.

1.2.1 State of the art

Since then, a considerable research e�ort has been dedicated to increasing the achievable

electron energies and studying potential applications of the high-energy electron beams.

Improvements in technology and understanding of LWFA have enabled the demonstra-

tion of nanocoulomb-class electron bunches [21] and energy gains up to 7:8 GeV [22].

These characteristics, combined with the femtosecond duration of these electron bunches

[23{25], have led to extensive research into applications of LWFA. Many applications

require the electrons to be stable and tunable, and achieving this requires further under-

standing of the electron trapping and acceleration dynamics. This is generally di�cult

to diagnose due to the ultra-fast timescales involved, so it is important that alternative

diagnostic techniques continue to develop.

The state of the art parameters of LWFA are summarised in table 1.1. These can be

compared with the state of the art of radio-frequency accelerators, which is summarised

in table 1.2 as obtained at the 3:4 km long European XFEL. Excluding the orders of

magnitude lower repetition rate that is currently achievable with LWFA, table 1.1 shows

parameters that are becoming comparable to those of conventional accelerators. How-

ever, the current di�culty lies in achieving all of the optimal parameters simultaneously

with LWFA. This indicates that stability remains an outstanding challenge.

1.3 Applications of LWFA

High energy electron beams obtained through LWFA have been successfully used to

study strong-�eld quantum electrodynamics [2, 34], demonstrating their applicability
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Electron beam parameter State of the art value Notes
Energy 8 GeV [22] 5 pC, 0:2 mrad

Charge 220 pC [21]
250 MeV, 7 mrad,

�E=E = 14 %,
ionisation injection

1:1 nC [26]
334 MeV, 2:5 mrad,
18 % energy spread,

density transition injection

700 nC [27]
200 MeV,

100 % energy spread

Energy spread 0:2 % to 0:4 % RMS [28]
800 MeV

density transition injection
Duration 1:4 fs [25]

Emittance 0:2� mm mrad [29] 245 MeV

Repetition rate 1 Hz [30]
100,000 shots with
24 hour operation

1 kHz [31] 15 MeV, 2:5 pC
E�ciency 9:6 % [26] peaked energy spectrum

11 % [27] 100 % energy spread

Table 1.1: Overview of state of the art parameters of LWFA; adapted from ref. [32].

Electron beam parameter 1:2 fs duration 80 fs duration
Energy (GeV 17.5
Charge (nC) 0.02 1

Emittance (mm mrad) 0.32 0.97
Energy spread (MeV rms) 4.1 2

Repetition rate (GHz) 1.3

Table 1.2: State of the art parameters of radio-frequency accelerators with 17:5 GeV
energies; adapted from ref. [33].

in fundamental physics investigations. There is also interest in using them for linear

particle colliders [35]. Moreover, they have been demonstrated as sources for electron

di�raction [36], gamma rays [37] and positrons [38]. One key application of LWFA is its

use as high energy x-ray sources, which can be generated through betatron oscillations

[3, 39, 40], Compton scattering [41] and free-electron lasing [42, 43]. By using plasma-

based accelerators, considerable reductions in size and cost can be achieved to make

these electron beams and radiation sources more accessible.
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1.3.1 High energy particle collider

A high energy particle (HEP) collider will likely require centre-of-mass energies& 1 TeV

and luminosities & 1000 cm� 2 s� 1 [35], which implies high charge> 100 pC, low nor-

malised emittance< 0:1µm and low energy spread< 1 % [44]. As shown in table 1.1,

the required emittance, charge and energy spread have been achieved via LWFA, albeit

not simultaneously. Reaching teraelectronvolt energies will require staging of multiple

independently-driven laser-plasma accelerators [45,46]. While coupling of two stages has

been demonstrated, only 3:5 % of the charge was captured in the second stage during

optimal energy gain [45].

There are further limitations currently preventing the development of a HEP collider

using LWFA, including acceleration of positrons, operation at kilohertz repetition rates

and improvements in the wall-plug e�ciency to achieve suitable luminosities [35, 47].

These critical issues need signi�cant research and development e�orts, including the

development of new laser technologies.

1.3.2 Plasma-based free electron laser

X-ray free electron lasers (FELs) have revolutionised science by enabling single-shot high

temporal and spatial resolution imaging [48]. Thus, the realisation of a compact FEL

based on plasma acceleration has been identi�ed as a key challenge for this decade [49].

Plasma based FELs will require electron beam energies between 1 GeV and 10 GeV [46],

which makes them more accessible than linear collider applications as these energies are

currently achievable with LWFA.

The performance requirements for FELs at x-ray energies require transverse emit-

tances< 0:1 nm, peak currents of a few kiloampere [50] and energy spreads< 1 % [49].

Given the required energy spread, it follows that the electron beam energies should be

reproducible to at least the same degree. The experimental feasiblity of a FEL based

on LWFA has been demonstrated at radiation wavelengths in the extreme-ultraviolet

[42,43]. However, the robust operation of laser-plasma accelerators with these properties

is challenging, and the absence of reproducible electron beams hinders this application.

It is expected that this application is realistic at higher 
ux and photon energies, which

are expected to be reached within �ve years [35,48].

1.3.3 Medical applications

Obtaining x-rays from Compton scattering with LWFA electrons is challenging because

of the precise temporal and spatial synchronisation required. Nevertheless, energies up
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to 18 MeV have been obtained [37]. While the photon energies are competitive with

sources from RF accelerators, the energy spread is still too high for use in precision

applications [51].

Bremsstrahlung radiation has also been achieved with the use of electron beams from

LWFA. Photons from these sources are found to be better collimated and have higher

energies and lower emittances than those from direct irradiation of the target or other

laser-plasma interactions. LWFA electron beams can produce high brightness tunable

gamma ray beams [52,53], albeit with photon doses smaller than the 10 Gy required to

treat tumors. Radiobiology applications with signi�cant irradiation dose can tolerate a

20 % charge stability [54] which can currently be achieved.

1.3.4 Betatron x-rays

Due to the transverse forces in a wake�eld, the accelerated electrons perform betatron

oscillations, thereby emitting betatron x-rays which can be used in single-shot phase-

contrast imaging of micro-structures. Good quality images can be obtained with� 107

photons per shot with energies ranging from 4 keV to 15 keV at repetition rates of 0:3 Hz

[55]. Betatron x-ray emission with these parameters have been extensively demonstrated

[51,56,57] and used for imaging of bones [58] and shocks [59]. This application of LWFA

is the most technologically ready. However, improvements in repetition rate and �eld of

view are still required to make these sources competitive with conventional devices [57].

1.3.5 Future facilities

The revolutionary potential of compact plasma-based accelerators is leading to the de-

velopment of new facilities around the world. In the UK, the Extreme Photonics Ap-

plication Centre (EPAC) is due to come online in 2025 as an£82M facility aiming to

develop and apply laser-based accelerators and particle sources [60]. By using laser

wake�eld acceleration to accelerate electrons to gigaelectronvolt energies, the facility

promises bright x-rays with customisable energies ranging from a few keV to tens of

MeV for radiography and computed tomography.

The EuPRAXIA project is a multi-million euro international collaboration which

aims to build dedicated plasma accelerators with applications from nuclear physics to

medical science [61]. In 2021, EuPRAXIA was accepted onto the ESFRI roadmap

for strategically important research infrastructures which highlights it as a European

priority. This new facility will provide users from many �elds with high quality electron

and photon beams for a range of applications including compact free-electron lasers and
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tabletop sources for medical imaging.

As part of their objectives, EuPRAXIA aims to develop LWFA so that the acceler-

ated electron beams satisfy the strict requirements that are outlined in the conceptual

report [49]. These include a simultaneous high energy, high charge, low energy spread

and stable shot-to-shot operation, comparable to those obtained in conventional RF ac-

celerators. In particular, the design report highlights the need to characterise all sources

of experimental parameter 
uctuations in order to determine the required level of con-

trol and acceptable tolerances for a stable accelerator. Of these, the plasma density is

highlighted as a key parameter in the stability of LWFA [62,63], which currently lacks

systematic stability studies [49]. In addition, controlled electron injection mechanisms

are noted as requiring further study for improvements in stability and e�ciency of laser-

plasma accelerators. This includes studying the realisation and robustness of density

transitions [49], as well as the control over the laser evolution [32]. The work done in

this thesis addresses some of these ongoing issues, in an attempt to get closer to the

stable, high quality electron beams needed for future applications.

1.4 Thesis outline

This thesis presents a combination of experimental and computational studies aiming to

develop understanding of laser wake�eld acceleration dynamics, in order to improve their

stability and quality towards the standards required for further applications. Chapter

2 presents the theoretical background relevant to the work in this thesis. Chapter 3 de-

scribes the experimental, diagnostic and computational methods used for data collection

and analysis. The two results chapters are outlined in the following.

Chapter 4. Stability of density transition injected electron beams: Density

tailoring of the target is used in an attempt to generate stable laser wake�eld accelerated

electron beams. By characterising the shot-to-shot 
uctuations of the target density

pro�le, the sensitivity of the accelerated electrons to experimentally-relevant density


uctuations are studied through particle-in-cell simulations.

Chapter 5. Evolution of a laser driving wake�eld acceleration: A laser-

plasma injector for the EuPRAXIA project is tested. The modi�cations to the laser

driver are studied by diagnosing the transmitted laser spectrum and shape and correlat-

ing this to the measured electron beam parameters. This is supplemented by particle-

in-cell simulations of the longitudinal and transverse laser evolution.

Finally, chapter 6 summarises the main results and presents future prospects.
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Chapter 2

Theory

2.1 Plasmas

A plasma is a quasi-neutral ensemble of charged particles which exhibits collective be-

haviour through electromagnetic interactions. As the electrons have much higher charge

to mass ratios than the ions, they are more mobile and dominate the behaviour of the

plasma at short timescales. Plasmas are characterised by the spatial and temporal scales

over which exposed charges present an e�ect.

2.1.1 Plasma properties

Debye length

Quasi-neutrality in the de�nition of a plasma refers to the plasma's ability to shield

an isolated charge over a given distance. This results in the plasma appearing neutral

despite being made up of charged particles. The shielding length is known as the Debye

length

� D =
� 0kbTe

nee2
, (2.1)

whereTe and ne are the electron temperature and density, respectively.� D de�nes the

distance over which the electrostatic potential of the free charge decreases by a factor of

1=e. A short Debye length relative to the size of the plasma is required for the plasma

to exhibit collective behaviour.

Plasma frequency

Consider a slab of electrons with charge density� e = � ene that is displaced by a distance

�x from a background of static ions, as depicted in �gure 2.1. Assuming the plasma is
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Figure 2.1: A slab of electrons (green) is displaced by a distance�x from a background
of static ions (blue), generating an electric �eldE.

fully ionised, in�nite and uniform and neglecting thermal motion, Gauss's law gives

dE
dx

=
� ene

� 0

E �
� ene

� 0
�x .

(2.2)

The Lorentz force on the electrons is then

me
d2�x
dt2

=
e2ne

� 0
�x , (2.3)

which corresponds to simple harmonic motion at the plasma frequency

! p =

s
nee2

me� 0
. (2.4)

This is the characteristic frequency of collective electron motion. The typical electron

response time is of the order of 1=! p, which is
p

me=mi shorter than that of an ion of

massmi . Thus the assumption of a static ion background is justi�ed.

Plasma dispersion relation

An electromagnetic wave propagating in thez direction can be described by

E = E0 exp
�
i (k0z � ! 0t)

�
x̂ . (2.5)
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The dispersion relation of a plasma is

! 2 = ! 2
p + k2c2 . (2.6)

As ! = ck� , where� is the refractive index of the plasma,

� =

r

1 �
! 2

p

! 2
, (2.7)

the phase velocity of the electromagnetic wave in a plasma is

v� =
! 0

k0
=

c
q

1 � ! 2
p

! 2
0

, (2.8)

and its group velocity is

vg =
d! 0

dk0
= c

s

1 �
! 2

p

! 2
0

. (2.9)

Using the dispersion relation, (2.5) can be rewritten as

E = E0 exp
�
i
�

! 0�
c

z � ! 0t
��

. (2.10)

When � is real, only the phase of the wave changes during propagation. When! 0 . ! p,

the refractive index becomes imaginary and electromagnetic waves cease to propagate.

This occurs at the electron density

nc =
me� 0! 2

0

e2
, (2.11)

which is known as the critical density. For an 800 nm laser, relevant to this thesis,

nc = 1:75� 1021 cm� 3. Interactions with plasma densities< n c are underdense and the

laser is transmitted. This is the regime in which LWFA occurs.

2.1.2 Single particle motion

Consider an in�nite plane electromagnetic wave de�ned by

E = E0 cos (kz � !t )x̂

B = B0 cos (kz � !t )ŷ .
(2.12)
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Using the dipole approximation,kz � !t � � !t , and assuming non-relativistic motion,

vB0=c � E0, the electron responds only to the electric �eldE = E0 cos(!t )x̂. The

motion of the electron in thex direction is then calculated from the Lorentz force as

d2x
dt2

= �
eE0

me
cos (!t )

dx
dt

= �
eE0

me!
sin (!t ) = a0csin (!t )

x = �
eE0

m! 2
cos (!t ) ,

(2.13)

where

a0 �
eE0

mec!
. (2.14)

(2.13) shows that the electron oscillates, or quivers, in the electric �eld of the wave.

The quiver motion of the electrons (2.13) causes the� ev � B force to become

signi�cant. The motion in the longitudinal direction is then

d2z
dt2

=
e2E 2

0

m2
e!c

sin (!t ) cos (!t )

dz
dt

=
e2E0

2m2! 2c
sin2 (!t )

z =
e2E 2

0

8m2! 3c

�
2!t � sin (2!t )

�
,

(2.15)

where B0 = E0=c and the identity 2 sin2 � = 1 � cos 2� have been used. The electron

oscillates in the longitudinal direction at twice the frequency of the transverse motion,

leading to a �gure of eight motion while drifting in the z direction at a velocity vd =

a2
0c=4. This is shown in �gure 2.2.

2.1.3 Laser strength parameter

Physically, a0 (2.14) represents the normalised transverse momentum of plasma electrons

in the electric �eld of an electromagnetic wave,a0 � vosc=c. Analogously, the electric

�eld of the wave can be expressed in terms of the vector potential,E = � @A =@t, so

A0 = E0=! = meca0=e and a0 also represents the normalised vector potential of the

electromagnetic �eld. Thus,a0 can be used to characterise the strength of a laser, and

is also known as the laser strength parameter.a0 can be related to the peak laser

intensity I 0 and wavelength� 0 through

a0 � 0:855� 0[µm]
p

I [1018 W cm� 2] , (2.16)
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Figure 2.2: Electron trajectories (non-relativistic) in the presence of an electric �eld in
the frame of reference of the drift velocity.

and is used to determine the regime of the interaction dynamics. Whena0 > 1, the

electron transverse motion is relativistic and the laser-plasma interaction is non-linear.

For a laser with � 0 = 800 nm, a0 = 1 when I 0 = 2 � 1018 W cm� 2. The relativistic

regime requiresme ! 
m e, where


 =
1

q
1 � v2

e
c2

=

r

1 +
a2

0

2
(2.17)

is the Lorentz factor of the electrons. It decreases the plasma frequency (2.4) relative

to the non-relativistic regime, which in turn a�ects the refractive index (2.7).

2.1.4 Ponderomotive force

The transverse, or quiver, motion of the electrons in the laser �eld constitutes a source of

potential energy and therefore a potential �eld. The force associated with this potential

�eld is known as the ponderomotive force [64], which is directed down the potential

gradient. Consider the instantaneous kinetic energy of an electron characterised by

(2.13),

U =
1
2

mea2
0c2 sin2 (!t ) . (2.18)

The average quiver energy over a laser cycle is

hUi =
1
4

mea2
0c2 , (2.19)
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where hcos2 (� )i = 1=2 has been used. By taking the gradient of the quiver kinetic

energy of the electrons, the ponderomotive force can be obtained as

Fp = �
mec2

4
r a2

0 , (2.20)

in the linear regime.

A simpli�ed derivation for the relativistic ponderomotive force is given here, which

reproduces the result obtained in ref. [65] using a rigorous derivation. The relativistic

equations of motion for a free electron in a plane wave,

A = A0 cos (kz � !t )x̂ , (2.21)

are

dx
dt

=
p


m e

dp
dt

= � e(E + v � B ) .
(2.22)

The electric and magnetic �elds are determined by the laser �eld, with the vector

potential A de�ned as E = � @A =@tand B = r � A . Using this, (2.22) can be

rewritten as
dp
dt

= e
�

@A
@t

�
p


m e
� (r � A )

�
. (2.23)

Using the vector identity p � (r� A ) = ( r A ) �p � (p �r )A and the convective derivative

d=dt = @=@t+ p � r , this becomes

dp
dt

= e
�

dA
dt

� (r A ) �
p


m e

�

= mec2

�
da
dt

� (r a) �
p


m e

�
,

(2.24)

wherea = eA =(mec). The transverse quiver motion of the electrons is by de�nition

p

m e

=
ac



; (2.25)

therefore,
dp
dt

= mec2

�
da
dt

� (r a) �
ac



�
. (2.26)

The ponderomotive force is then obtained by averaging over the fast oscillations in a

24



Chapter 2. Theory

laser cycle

Fp = �
mec2

2h
 i
rh a2i , (2.27)

where the identity r a2 = 2ar a has been used.

The ponderomotive force requires a gradient in the strength parameter, which occurs

for inhomogeneous electromagnetic waves, such as a laser pulse. This works to expel

charged particles from regions of high laser intensity. Due to them� 2 dependence of

the ponderomotive acceleration, electrons will be swept predominantly, while the ions

comprise a static neutralising background. This comprises the basis for laser wake�eld

acceleration.

2.2 Lasers

2.2.1 Pulse shape and phase

In the scalar approximation of the electric �eld of a laser pulse, the temporal features

can be expressed by the complex amplitude

E(t) =
p

I (t) exp (� i� (t)) , (2.28)

whereI (t) is the intensity and � (t) is the temporal phase. This representation disregards

the rapidly varying carrier wave exp (i! 0t), where ! 0 is the carrier angular frequency.

The instantaneous frequency of the pulse is given by

! inst (t) = ! 0 �
d�
dt

. (2.29)

In the frequency domain, the electric �eld can be represented by the complex pulse

~E(! ) =
p

S(! ) exp (� i' (! )) , (2.30)

whereS(! ) is the spectrum and' (! ) is the spectral phase. The spectral phase is the

phase of each frequency in the waveform.E(t) and ~E(! ) are related by the Fourier

transform:
~E(! ) =

Z 1

�1
E(t) exp (� i!t ) dt (2.31)

E(t) =
1

2�

Z 1

�1

~E(! ) exp (i!t ) d! . (2.32)

Therefore, it can be seen that the rapidly varying carrier wave term exp (i! 0t) represents
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a shift in the spectrum to centre it at ! 0 via the Fourier shift theorem. This term is

disregarded for simplicity.

Consider a laser pulse with a Gaussian temporal pro�le and zero phase,

E(t) = E0 exp (� at2) . (2.33)

The pulse can be represented in the frequency domain by performing the Fourier trans-

form
~E(! ) = E0

Z 1

�1
exp (� at2 � i!t ) dt, (2.34)

which can be solved by completing the square as

~E(! ) = E0

r
�
a

exp
�

�
! 2

4a

�
. (2.35)

The spectrum is another Gaussian in frequency space centred at the carrier frequency

! 0. a is related to the pulse duration of a pulse with a 
at phase

a =
�

1
� 1=e

� 2

, (2.36)

where � 1=e is the 1=e pulse duration of the laser relative to the electric �eld. For any

spectrum, the shortest pulse occurs for a 
at spectral phase; for any temporal intensity

pro�le, the narrowest spectrum occurs for a 
at temporal phase. This condition is the

Fourier limited pulse, which has the smallest time-bandwidth product.

The temporal and spectral phases can be expressed as a Taylor series int and ! ,

with each term representing a physical e�ect. In practice it is more common to expand

the spectral phase, as it is di�cult to measure the temporal laser intensity. Thus,

' (! ) = ' 0 + ' 1(! � ! 0) +
' 2

2
(! � ! 0)2 +

' 3

6
(! � ! 0)3 + ::: (2.37)

The zeroth order phase' 0 = � 0 is the carrier-envelope phase (CEP), which represents

the phase o�set between the plane wave and its amplitude. It is only relevant for single-

cycle pulses. The �rst order spectral phase,' 1, represents a shift in time, while the

�rst order temporal phase, � 1, represents a shift in frequency. These terms are typically

neglected in time-frequency analysis of a laser pulse.

Higher order phases represent the pulse frequency varying in time. The second order

temporal phase,� 2, represents a linear chirp, and is positive when the frequency in-

creases with time. In the spectral domain,' 2 represents group delay dispersion (GDD),
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whereby the pulse develops a frequency chirp due to the frequency dependence of the

refractive index of a medium. These two representations are equivalent.

The cubic phase term corresponds to a quadratic group delay as a function of fre-

quency, known as third order dispersion (TOD) and results in an asymmetric pulse

shape in time. The central frequency arrives �rst, while frequenciesw0 � �! arrive later.

These cause beats in intensity, causing the pulse intensity pro�le to have oscillations

after (before) the main pulse for positive (negative)' 3.

2.2.2 Gaussian beam focusing

The spatial pro�le of a laser can be obtained by solving Maxwell's equations in cylin-

drical symmetry under the paraxial approximation,

r 2 ~E �
� 2

c2

@2 ~E
@t2

= 0 . (2.38)

The solution (derivation in appendix A.1) is a Gaussian mode:

E(r; z; t ) = E0
w0

w(z)
exp

�
�

r 2

w2(z)

�

� exp
�

� i
kr 2

2R(z)

�

� exp
�

� i
�
kz + arctan

�
z
zR

���

� exp (i!t ) ,

(2.39)

where each line corresponds to the amplitude, radial phase, longitudinal phase and

temporal phase, respectively. The spatial variation of (2.39) is depicted in �gure 2.3.

Gaussian modes retain their Gaussian spatial pro�le as they propagate and are

characterised by the maximum electric �eld amplitude,E0, and the minimum 1=e2

intensity radius of the beam,w0. Both of these occur at the focus, here de�ned at

z = 0. The beam width varies with distance from focus as

w2(z) = w2
0

�
1 +

�
z
zR

� 2�
, (2.40)

wherezR is related to the physical parameterw0 by

zR =
��w 2

0

�
. (2.41)
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Figure 2.3: Spatial variation of the electric �eld of a Gaussian laser beam withw0 =
0:3µm and wavelength� = 800 nm in the y = 0 plane.

zR is known as the Rayleigh range, which is the distance from the focus over which the

beam's electric �eld amplitude decreases to a factor of 1=eof the peak. Equivalently, it

is the distance over which the area of the beam doubles compared to the waist atz = 0.

It is often used to characterise the distance over which the laser intensity remains high.

The radius of curvatureR(z) is de�ned as

R(z) = z
�
1 +

�
zR

z

� 2�
. (2.42)

It corresponds to the wave picking up more phase farther o� axis, which results in the

wavefronts being curved parabolically. At the focus,R(z = 0) = 1 and a plane wave

is retrieved. At very large z, again R ! 1 , as the beam expands and the wavefronts

appear locally planar.

Role of the Focusing Optics

The width w(z) of a Gaussian mode (2.40) shows that atz � zR , w(z) varies linearly

with z. Thus, the divergence angle of the beam can be calculated as

� = 2
dw
dz

= 2
w0

zR
. (2.43)
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Assuming� is small, the beam radius at focus,w0, can be obtained through geometric

arguments relating� to the focal length f of the focusing optic and the diameterD of

the expanded beam as

w0 =
2�
n�

f
D

=
2�
n�

F# , (2.44)

where the f -number F# is de�ned as the ratio of the focal length of the optic to the

expanded beam diameter. Thef -number can also be used to characterise the Rayleigh

range,

zR =
4�
n�

F 2
# . (2.45)

For a given laser pulse energy, reaching the high laser intensities required for LWFA

requires a small beam radius at focus and therefore a focusing optic with a lowf -number

would be desirable. However, (2.45) implies that a tightly focused laser has a smaller

Rayleigh range, which restricts the interaction length in which the laser remains intense

enough to drive the wake�eld. While the non-linear optics of plasmas can counteract

the natural beam di�raction (section 2.5.3), this becomes di�cult for tightly focused

beams due to their stronger di�ractive power. A compromise is required and typically

a powerful (> 1 TW) laser is used along with an optic with a largef -number between

20 and 40 to obtain a larger spot, a longer Rayleigh range and a slow focus.

2.3 Plasma formation

The Coulomb potential well of electrons in an atom can be modi�ed in the presence of

a strong electric �eld E0, such as that from an intense laser pulse, as

V(r ) = �
Ze2

4�� 0r
� eE0r , (2.46)

whereZ is the charge of the ion. This is illustrated in �gure 2.4.

At su�ciently high �elds, the potential barrier is completely suppressed, enabling

electrons to ionise without requiring additional energy. This is known as barrier sup-

pression ionisation (BSI). The BSI threshold intensity in a linearly polarised laser is [66]

I th [W cm� 2] = 4 � 109 E 4
ion [eV]
Z 2

, (2.47)

where E ion is the electron binding energy. Table 2.1 lists ionisation potentials and

intensity thresholds relevant to the work in this thesis.

At lower �elds, the deformation may not be su�cient to fully suppress the potential
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Figure 2.4: Distortion of the Coulomb potential by a strong electric �eld. An electron
(green) can ionise through quantum tunnelling or barrier suppression.

Ion E ion(eV) I th (W cm� 2)
H+ 13.6 1:4 � 1014

He+ 24.6 1:5 � 1015

He2+ 54.4 8:8 � 1015

N5+ 97.9 1:5 � 1016

N6+ 552.1 1:0 � 1019

N7+ 667.0 1:6 � 1019

Table 2.1: Ionisation potentials [67] and corresponding laser intensity thresholds for
barrier suppression ionisation of elements used as plasma targets.

barrier, but electrons may still be able to become free via quantum tunnelling. This is

known as tunnelling ionisation (TI). The most accurate tunnelling ionisation theory is

the Ammosov-Delone-Krainov (ADK) tunneling theory [68], which is often implemented

in PIC codes.

Typical laser wake�eld acceleration experiments use intensities& 1 � 1018 W cm� 2.

This means that ionisation of hydrogen and helium occurs instantaneously by the leading

edge of the pulse, and the plasma can be considered to be fully ionised when the bulk

of the pulse arrives.

2.4 Laser wake�eld acceleration

The ponderomotive force of a high intensity ultrashort laser pulse is able to expel elec-

trons from its vicinity, leaving a static ion background behind. This sets up plasma

oscillations at the plasma frequency which propagate along with the laser at relativistic

velocities; this comprises the wake�eld. The longitudinal electric �eld associated with

the wake�eld enables particles to accelerate forwards or backwards depending on their
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