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Abstract

Medical imaging plays a critical role in diagnosing and monitoring various
medical conditions. However, the inherent limitations of imaging techniques
often lead to blurred and noisy images, making accurate diagnosis challenging.
Image processing, as an example of an inverse problem, has been described
linearly between observed and true images. However, the large and ill-posed
transformation matrices lead to impractical solutions. Hence, the theme of the
thesis is to develop new image processing methods capable of delivering more
robust results, increased image quality and reliable medical diagnosis.

To achieve the research goals, two di erent approaches under the Bayesian
framework are proposed: one with locally adaptive hyper-prior parameters
and one with a mixture prior distribution. Both approaches consider spatially
varying smoothness, thereby enhancing the simulation exibility and estima-
tion accuracy of processed images in medical imaging applications.

For the rst hierarchical Bayesian modelling, the estimation accuracy is im-
proved by introducing locally adaptive hyperprior variances rather than the
global hyperprior variance. The locally adaptive hyperprior variances account
for the variation between individual pixels and their neighborhoods separately,
con rming that the pixel density within the medical image is not constant.

The other improved Bayesian modelling with mixture prior distribution con-
sists of two potential prior distributions: a novel Laplace and Gaussian mixture
prior distribution which incorporates di erent smoothing strategies with the
automatic model-based estimation of mixture component weightings, creating
a locally adaptive model. The idea is to utilize the distinguished properties of
probability distributions for processing di erent pixel densities. The introduc-
tion of spatial factor for prior distribution selection realizes the classi cation
function since it classi es the pixels’ environment into two clusters, smoothing
and high-contrast areas respectively.

Furthermore, to re ne localization accuracy and improve diagnostic con dence,
compared to the use of a single image data resource, a combination of two (or
more) medical images from di erent medical imaging techniques can be used
but with a higher risk of misalignment. Therefore, as further exploration, the
Bayes factor is employed for spatial parameters selections when the external
spatial information provided.



Overall, the Bayesian approaches presented in this thesis utilize multi-level
hierarchical modelling and Markov chain Monte Carlo (MCMC) estimation
methods to sample from the posterior distribution and thereby perform es-
timation. In addition to image estimates, MCMC methods also provide hy-
perparameter estimates, enabling uncertainty quanti cation that considers po-
tential sources of variability. The use of locally adaptive Bayesian modelling
approaches is not con ned to medical imaging applications; rather, it o ers a
broader framework for analyzing other inverse problems.
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Chapter 1

Introduction

1.1 Medical Imaging

1.1.1 Medical Imaging Techniques

Medical imaging techniques are widely used for diagnosing and monitoring treatment for
di erent medical conditions (Kasban et al., 2015). The medical imaging techniques has
evolved from non-tomographic imaging techniques, such as ultrasound imaging techniques,
to tomographic techniques that involve complex data acquisition from multiple angles (Fil-
ippou & Tsoumpas, 2018). The three most common medical imaging techniques are X-ray
computed tomography (CT), magnetic resonance imaging (MRI) and positron emission
tomography (PET). In the general scanning process, a source emits energy that pene-
trates the object. Once the particle passes through the object, di erent interactions, like
attenuation and absorption, occur within the object. Given the molecular density of tis-
sue, signals of various frequencies are detected. After receiving signals from the detector,
mathematical algorithms are required to process this information to reconstruct an image.

The CT scanner uses X-ray equipment with a computer and a cathode-ray tube to create
detailed images of various body sections with data, like bones, organs and other soft tissue.
Instead of X-rays, MRI uses a strong magnetic eld coupled with radio waves to provide
detailed images of body sections processed using advanced computing. MRI is typically a
safer procedure and plays an important role in examining diseases such as brain or spinal
cord abnormalities. PET|an indispensable imaging method in clinical routines|can be
described as a process where a radioactive isotope is injected into the body and whose
emitter density (x;y;z) 0 depends on the body's metabolism (Buzug, 2010). PET is
also called nuclear imaging. In general, the emission occurs as a Poisson process with the
spatially-dependent rate (x;y;z) (see Shepp & Vardi, 1982). Apart from its diagnostic
function, PET can help identify diseases at an early stage since it highlights the molecular
activity within an object. SPECT (Single Photon Emission Computed Tomography) is
another tomography similar to PET. However, it di ers in the use of distinct radioactive
tracers and spatial resolution, etc.
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To re ne localisation accuracy and improve diagnostic con dence, compared with the use
of a single scanning technique, a combination of two (or more) techniques can be used. It
is known as image fusion and refers to the biomedical imaging of a single object using a
superposition of two (or more) images generated by di erent techniques. In 1998, single-
photon emission computed tomography (SPECT-CT), providing three-dimensional images
of the distribution of a radioactive tracer within the body, was rst used to attenuate and
scatter correction (see Townsend et al., 1998). PET-CT, or positron emission tomography-
computed tomography, is a medical imaging technique that combines two types of scans
to provide a more comprehensive view of the internal structures and functions of the body.

Following on from the successes of PET-CT, two additional fusion-imaging techniques were
later developed: MR-PET and SPECT-CT. Although image fusion has its advantages, as
mentioned earlier, they are without imperfections. For example, artefacts may arise in
SPECT-CT, where mismatches occur in the di erent scanning processes of the patient.
For PET-MR, high running costs strongly limit its application.

Each tomography technique creates a single image, viewed as a singular data source during
the scanning process. The X-ray image from a CT scan can be planar (two-dimensional)
or tomographic (three-dimensional). Nuclear medicine images obtained from PET and
even advanced applications like SPECT-CT can be viewed as tomographic images. Al-
though these three methods serve similar functions, they can be easily distinguished by
the information they provide. For instance, MRI is used to describe the structure of an
object, while object density can be deduced from CT. The CT scanner is comparatively
fast compared to other medical imaging techniques, while MRI is superior in distinguishing
between di erent soft tissues (Pelc, 2014). PET has domestic advantages in identifying
the metabolic activity of tissues and can detect diseases at early stages, although its image
resolution is lower compared to CT and MRI (see Cohade & Wahl, 2002).

1.1.2 Image Acquisition

After detecting signals during the medical scanning process, several general steps, includ-
ing time correction, regularization, registration, normalization, etc., would be taken before
creating imaging data for statistical analysis. Multiple processes from medical imaging
may introduce noise and blurring during image acquisition. Nonetheless, noise and blur-
ring are inherent in medical image systems. Acquisition artefacts, including object motion,
scattered radiation, low radiation doses and short scanning time, vary between each scan-
ning process (Cunningham & Shaw, 1999; Angenent et al., 2006; Sagheer & George, 2020).
Meanwhile, because of inherent algorithm boundaries, some image processing algorithms
lead to additional noise and blurring (Chow & Paramesran, 2016; Goel et al., 2016).

Overall, the loss of information during the scanning process often creates a nal image
which is blurred and contains noise (Winkler, 2003; Katartzis & Petrou, 2008), as can be
seen in Figure 1.1. From the left to the right side, diagnosing CT brain images becomes

1This article is an open access article distributed under the terms and conditions of the Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).



1.2 Image Processing as an Inverse Problem

Figure 1.1: Three images of a brain with increasing levels of noise (Chi et al., 201%®
2019 by the authors. Licensee MDPI, Basel, Switzerland).

increasingly di cult as more noise is introduced during the scanning process. With the
latter in mind, it is not uncommon for the resultant medical image to be a degraded
representation of the image object, also known as the forward problem. The process of
obtaining the estimator of the original image can be described as an inverse problem.
Furthermore, to simplify the situation in our study, the observed images processed are
two-dimensional projection datasets, as opposed to tomographic images.

The relationship between the observed and true image is commonly modelled linearly
upon the application of a transformation matrix. However, this transformation matrix is
typically large and ill-posed, so obtaining the exact image by directly solving a linear set
of equations is impossible. For this reason, a range of mathematical methods, whose aim
is to reconstruct an estimation of the true image, have long been developed.

1.2 Image Processing as an Inverse Problem

Image processing is one example of an inverse problem, where one starts with the e ects
and then calculates the causes. Other examples of inverse problems include environmental
science (Dowd & Meyer, 2003; Penenko et al., 2022), economics (Simoni, 2009; Kekkonen,
2019), geophysics (Grana et al., 2019).

In the case of medical imaging, one might aim to reconstruct an unknown emitter activity
X from the projection data P which is projected, viewed as ann 1 vector, denoted
P = (Pi:i=1;2:::;n). As the description in Figure 1.2a shows, projection dataP
should be related to \the actual activity" and the relationship between projection data
P and true pixel data X as a linear form, E(P) = f (X ) (Maestrini et al., 2021),
has been identi ed suitable for di erent image applications. Meantime, deciding by the
di erent transformation function we are looking into, f (X ) can turn to a linear function
with projection matrix (Yang et al., 1999; Kukacka et al., 2022) or a known non-linear
transformation function especially when time and multi-layers factor including spread
functions (e.g. Voskoboinikov, 2007; Varrone et al., 2009; Wiant et al., 2010; Trull et al.,
2017), kernel functions (e.g. G. Wang & Qi, 2014; Marsi et al., 2021) and Fourier functions

3
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(e.g. Matej et al., 2004).

In order to simplify the problem, the observed image in our application is single projec-
tion dataset from single view. In other words, estimation parameters including scanning
time (t) and the number of detectors () are not taken into consideration. Hence, the
relationship betweenX and Y is under the linearity assumption:

P=AX + ; (1.1)

where A =[aj ]n m is assumed to be a known transformation matrix. The elementa; is
the probability that a projection ray P; will pass through the pixel X;. The transformation
matrix is highly dependent on the distance between the scanner and the scanner object, in
other word, the transformed information from X to Y decreases with increasing distance.
Ideally, when there is no distance between the scanner and the objecf is an identity
matrix which, allowing for complete information transformation. In medical imaging,
despite the scanner's xed position during an examination, the distance may vary slightly
depending on the size of the object.

The error can be expressed as an 1 vector with elements (; :i =1;2;:::;n), which
may come from various types of unavoidably measurement errors (see Mohammad-Djafari,
2002), a natural property in physical imaging. Suppose the unknown objecK is expressed

value of emitter activity in the j-th pixel (Barrett et al., 1994).

One class of methods is linear processing. An example is the back-projection, which is
used to reconstruct an image from line integral measurements taken from di erent angles
around the object (Paltauf et al., 2007; Grana et al., 2019). This method can, to some
extent, overcome the limitations of conventional back-projection but often yields a global
noise pattern. The results obtained by such methods are not satisfactory when the data
is not uniformly sampled (see Mansouri et al., 2019). Another class of image processing
methods is iterative reconstruction. This class has a wide range of methods, including
maximume-likelihood reconstruction (ML) (e.g. Silva & Tenreyro, 2011; Luque-Fernandez
et al., 2018), expectation maximisation (EM) (e.g. Shepp & Vardi, 1982; Chuang et al.,
2005).

If the transformation matrix A is square and non-singular, backward projection to obtain
image X can be easily realized by the least square estimatof ~ argminy jjP  AX jj2,
when the square error function is minimised:

ATP; (1.2)

where X is the least square estimate oiX .

However, in image processing, the transformation matrixA has typical properties: com-

The de nition of transformation matrix A can be found in A.2.
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(a) Projections

(b) Linear form

Figure 1.2: The relationship between projections and pixels. Each projection rayP
corresponds to a linear equation that sums up the image pixels the ray passes through
(Maier et al., 2018).

plex structure with high dimensions and rectangular matrix, unavailable pseudo-inverse,
which results in ill-posed and ill-conditioned issues (Al-Gezeri & Aykroyd, 2019). These
are:

1. lll-posed usually describes a situation in which the rank of matrixA is not full and
the nal solution is not unique.

2. lll-conditioned usually refers to the high conditional number; in other words, a small
change in the input can result in a large change in the output, which poses a challenge
to nding an accurate solution.

1.3 Mathematical Methods for Inverse Problems

Applications of inverse problems exist in many di erent disciplines, including biology,
physics, computer science and modern medicine. The goal of inverse problems is to es-
timate or infer unknown parameters from observed data subject to noise and lack of
information (see Zdeborowa & Krzakala, 2016; D. Zhou et al., 2016).
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1.3.1 Development of Mathematical Methods

For inverse problems around image processing, the raw projection datasd® = fp;;i =
1;2;:::;ng contains all available information but massive noise. In mathematical optimi-
sation, to nd a unique estimator in such inverse problem, it minimizes a target function
based on the least square error function and allow additional penalty terms to apply
smooth function, such as Tikhonov regularisation and total variation. For example, in the
context of partial di erential equations (PDEs), a common approach involves obtaining
results by taking the derivative of the target function. However, PDE require well-de ned
boundary and initial conditions to be solvable. In other words, these methods can be
precarious when initiated from di erent value of starting points, potentially resulting in
the discovery of a local minimum estimator instead of the desired global estimator (e.qg.
Courant et al., 1967; Kotelenez & Kurtz, 2010; Cotter et al., 2017).

In computer science, methods of dimensionality reduction like principal component anal-
ysis (PCA)|a supervised method in machine learning|try to reduce the number of un-
known parameter dimensions by identifying some representative factors. While advanta-
geous in many areas to reduce the parameter dimensionality, it is impossible to account for
all information. As an alternative method, deep learning aims to learn from large training
datasets and is considered one of the most successful methods in machine learning for
image recognition, medical diagnosis. However, this method typically requires a large and
often domain-speci ¢ training dataset from which to learn e ectively. In other words, the
model may only be applicable to speci ¢ local data types rather than being robust across
all data types. Besides, the method is computationally-expensive in terms of both data
storage and processing.

Notwithstanding, these deterministic iteration methods can help to produce more accurate
results by improving spatial and contrast resolution. On the other hand, there are un-
avoidable mismatches in medical image processing between the mathematical model and
numerous physical factors, such as homogeneous magnetic elds and non-ideal detector
responses (G. Wang et al., 2018). Furthermore, since methods incorporate the complete
data information with noise when iterating, this enhances arti cial noise with increasing
iterations, like 3D OS-EM (Jacobson et al., 2000).

In statistical modelling, the critical aspect of nding a solution lies in utilizing raw data
information represented by P to select the estimator that is most likely to approximate
P. This approach, called maximum likelihood estimation (MLE), is elementary. The
estimator of unknown object X is received when the argument of the likelihood function
fpjx (pjx) obtains its maximum: X argmaxy fpjx (pjx). However, the limitations of
MLE, such as sensitivity to the assumptions in likelihood and the presence of outliers in the
application dataset, can result in biased estimations. After MLE, the research yielded more
fruitful results as more advanced methods developed. The ideas of improved methods can
be still roughly divided into three aforementioned aspects: applied mathematics, computer
science and statistics. Meanwhile, each type of method is not isolated; interactions among
these methods are quite popular in improving computation e ciency and accuracy of

6
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estimation.

From the development of MLE, many popular approaches have been proposed using
Bayesian networks that introduce di erent prior information amid a maximum posterior
distribution (MAP) to realise image processing. For instance, it can modify the smooth-
ness of the reconstructed object by integrating the smoothness prior and employing the
prior information on total variation to produce a better image processing (Mansouri et al.,
2019).

1.3.2 Bayesian Modelling

Bayesian methods have been identi ed to be particularly useful when there is only limited
data but a high number of unknown parameters (see Angelini et al., 2008; Cutillo et al.,
2008; Cronin et al., 2010; Arnold et al., 2013; Horn et al., 2015; Scheibehenne & Pachur,
2015; Nikou, 2017; Scipioni et al., 2018). Unlike other estimation methods, such as maxi-
mum likelihood estimation, Bayesian methods incorporate both a likelihood function and
prior information. Priors o er supplementary details concerning the unknown parameters,
including pre-de ned value constraints, thresholds on the smoothing function and speci c
prior distributions (e.g. Stathaki, 2011; Mansouri et al., 2019). In medical image process-
ing, we assume that the prior probability provides information about the original image
as the likelihood function is prede ned. Hence, the key challenge in Bayesian methods for
image processing is the development of a robust prior.

Markov random elds (MRFs), also known as un-directed probabilistic graphical models,
have been widely used as prior models in image processing to achieve de-noising, image
fusion and image segmentation, to name a few (see Nemeth et al., 2019). Compared to
computationally expensive image processing methods that heavily rely on compressed rep-
resentations to capture global structure, MRFs within the Bayesian network framework
focus on local patterns, avoiding expensive computations. (Z. Liu et al., 2017). At rst,
MRF models would employ potential functions, such as an Ising model, to link neighbour-
ing pixels (Mohammad-Djafari, 2002; Stathaki, 2011). These MRF models, in practice,
show limited expressive power since their simple structure is only able to capture a limited
range of characteristics (see Zhang et al., 2013; Wu et al., 2016). Recent developments
have led to more sophisticated MRF models capable of capturing more complex struc-
tures. Examples of such models include Deep neural networks (DNN) (e.g. Gong et al.,
2018; Zhu et al., 2018), the hidden Markov model on Potts-Markov random eld (PMRF)
(Mansouri et al., 2019) and the Gaussian mixture Markov random eld model (GM-MRF)
(Zhang et al., 2013).

Most work on image processing comprises a single data source (Schlemper et al., 2017).
However, due to a lack of information, using a single data source sometime yields low-
quality results. If we aim to re-estimate high-resolution images, we may use one of the
previously described processing methods with multiple data sources. At the same time,
with additional data, depending on the aim of the image processing, we might choose to
solely integrate a particular aspect instead of the entire image (see Mohammad-Djafari,

7
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2002). In this case, extra likelihood functions that capture the uncertainty between the
observed data and the true image may require more complex Bayesian modelling, such as
hierarchical models. This type of modelling is especially useful given that it can decompose
the original model into several less complex models in hierarchical levels (see Cronin et al.,
2010; Beyerer et al., 2011). As a more objective approach, multiple unknown parameters
in the hierarchical modelling are estimated by prior distributions from the data instead of
specifying them according to subjective information (see Gelman, 2006). The earliest use
of hierarchical Bayesian modelling with MRFs can be found in Geman and Geman (1984);
it was later developed as a necessary tool for image processing (see Mohammad-Djafari,
2002; Yu et al., 2017).

In medical image processing, Bayesian modelling transforms an ill-posed problem into
a well-posed by introducing the prior distribution as a form of penalization. However,
various processing methods applied to priors, such as kernel methods and regularization,
have the tendency to not only smooth noise but also the signal. This raises the question
of how to determine the prior distribution for smoothness in order to avoid over tting and
under tting. Some researchers have pointed out that homogeneous priors for estimation
application become less e ective (see Noviyanti, 2015; Olalude et al., 2022), especially
when dealing with medical image that contains di erent value densities.

1.3.3 Monte Carlo Simulation

The idea of Monte Carlo simulation is about sampling random data points from a statisti-
cal modelling or probability density to estimate mathematical properties, including value
distribution for unknown parameters. The Monte Carlo simulation is normally based on
large sample data size and nds the mathematical pattern within a randomness environ-
ment (Harrison, 2010). The advantages of this method are that it is easy to perform and
can decompose complex scenarios into multiple parallel simulations. In other words, Monte
Carlo simulations can reduce computations by running multiple estimations concurrently
on di erent processors.

The rst application of this simulation method can be traced back to the 1940s when
it has employed as a type of mathematical method on nuclear weapons study (Kalos &
Whitlock, 2009). Afterwards, Monte Carlo simulation has been developed and extended
into di erent research areas (Kroese et al., 2014), for instance, Economics and Finance
(Hauk & Wacziarg, 2009; Creal, 2012), Physical process (Guldbrand et al., 1984; Bahmad
et al., 2012), computational statistics (Saxton, 1994; Forero et al., 2009). Most recently,
because of the high-performance computation, the study on Monte Carlo simulation has
evolved not only on the improvement of estimation accuracy but also the adaptive Monte
Carlo algorithms; in other words, the algorithm can be adjusted locally based on random
inputs (Smith et al., 2006; X. Zhou et al., 2008).
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1.4 Aims of Thesis

Medical imaging techniques, which make a clinical contribution to diagnosing various
diseases, have experienced rapid improvement over the last twenty years. Beyond its
preclinical contribution, advancements in computer science have enabled more e cient
computation where previously, mathematical computation were far too slow. All of these
positive factors have led to fruitful research on image processing.

From a mathematical perspective, image processing as an inverse problem has a long his-
tory. In our project, which utilizes a Bayesian hierarchical modelling structure and involves
multiple medical images based on planar imaging, we aim to develop new reconstruction
methods capable of delivering more robust results and increased image quality.

Therefore, motivated by the research scope described in the former section, the main goals
of the thesis are to:

~

understand Bayesian modelling as a statistical option in addressing the inverse prob-
lem from ill-posed to well-posed, based on the medical image processing;

investigate the advantages and disadvantages of homogeneous Bayesian modelling
and provide su cient statistical results for con rmation;

establish hierarchical structures of Bayesian modelling for a more advanced purpose
by improving image quality and providing robust reconstruction outcomes;

identify the limitations of the current work and propose potential improvements
(particularly concerning computational expense).

In order to achieve these goals, this thesis will involve studying various type of prior
information, not only prior distributions but also multiple data sources. |Initially, we
study the simplest case, which will consider Markov random eld priors with a single data
source, e.g. 2D projection data. Due to the limited expressive power of homogeneous
modelling, the global prior distribution can be replaced with locally-adaptive ones.

Furthermore, as prior information, multiple data sources of the same object yield over-
lapping information, allowing the enhancement of certain details of the unknown image.
Conversely, con icting information could lead to confusion. Therefore, a critical question
is how to automatically balance information from the data as prior information, which

is robust to mismatches between the prior model assumptions and reality. After several
attempts, we aim to develop an algorithm with an additional designed prior capable of
deciding the prior information. The automatic estimation of unknown prior parameters
alongside image processing will be investigated using a hierarchical Bayesian modelling
approach. Similarly, an extension to non-homogeneous models will allow locally-adaptive
methods.
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1.5 Thesis Outline

Motivated by key research questions in the domain of Bayesian modelling for image pro-
cessing, the aims of the thesis were proposed. After identifying the methods to accomplish
these objectives, the thesis outline follows.

Chapter 2 presents the necessary theoretical foundation of Bayesian modelling and its ap-
plication to image processing. It introduces probability density functions, functions with
unknown parameters that correspond to the most important components{ prior distri-
bution, likelihood function and posterior distribution{in Bayesian modelling. After the
structure establishment of Bayesian modelling, the chapter concludes by describing the
widely used estimation method of Markov chain Monte Carlo (MCMC).

Chapter 3 considers standard Bayesian models with homogeneous prior distributions in
image processing. It shows the de nition for each Bayesian model component, including
the de nition of likelihood function, two di erent types of prior distribution and posteri-

ors. Furthermore, we generate simulation datasets for medical images with varying value
densities, such as smoothing hot regions and high-contrast edges, to serve various analyt-
ical objectives. The outcomes of the posterior distributions are showcased to validate the
e cacy of the Bayesian models in estimation.

Chapter 4 provides a sensitivity analysis for prior selection in Bayesian image processing.
The chapter distinguishes the estimation performances under di erent conditions, partic-
ularly for di erent assignments of the hyperprior parameters and prior distributions.

Chapter 5 focuses on locally-adaptive Bayesian modelling. By introducing an additional
unknown hyperprior parameter, we are able to consider variability within the prior distri-
bution. The latter is a parallel process to the approach described in the previous chapter.
However, we aim to improve the estimation performance by varying the hyperprior pa-
rameter within a single prior distribution instead of exchanging the prior distributions.

Chapter 6 presents locally-adaptive Bayesian modelling by altering the prior distribution
according to the variability between individual pixels and those adjacent. This chapter
covers the range of scenarios, including estimating hyperprior probability distribution
with/without exogenous information.

Chapter 7 summarises the results and ndings of the thesis compared to the research
goals. Also, the limitation of the current work and the exploration of valuable insights
into future work are considered.

In the end, Appendix A describes the process of creating the simulation dataset for the
Bayesian modelling application. The details, such as adding additional noise and increas-
ing blurring by adjusting the values of corresponding parameters in the simulation setting,
are discussed. For comparison, the classi cation method K-means is brie y mentioned at
the end as an additional method. Furthermore, some additional analysis for selected pixels
is attached at the end. The structure of thesis is shown in Figure 1.3.
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Figure 1.3: The structure of the thesis is represented by arrows, connecting the chapters
from the introduction to the future work.
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Chapter 2

Mathematical Background

2.1 Introduction

This chapter introduces the mathematical background around Bayesian statistics and
related estimation methods. These methods provide strong statistical support for further
applications through the rest of the thesis.

To begin, we introduce Bayesian modelling based on the de nition of Bayes' theorem,
which starts from the fundamental structure|conditional probability. Then, we de ne

the essential components of the modelling, including the likelihood function, prior distri-
bution and posterior distribution. Meanwhile, the prior distribution, as the key part of
Bayesian modelling, is addressed by several special cases, such as informative and weakly-
informative prior. When it comes to the Bayesian modelling application, there are various
options for prior distribution. Hence, we also brie y mention the most popular methods

for prior hypotheses comparison within Bayesian modelling: Bayes factor and Kullback-
Leibler divergence.

The second part is around Markov chain Monte Carlo estimation employed with a tar-
get function{the Bayesian posterior distribution. Hence, Markov chain and Monte Carlo
methods are discussed separately before the introduction of Markov chain Monte Carlo.
Monte Carlo estimation is a statistical technique used for estimating the value of a quan-
tity and the idea is to sample the estimations of variables directly. Meanwhile, Monte
Carlo also involves extended methods like importance sampling by introducing another
candidate distribution. Consequently, as part of the stochastic process, Markov chain cre-
ates independent environment in which the current observation only depend on the one
attained in the previous event. In the end, Markov chain Monte Carlo is presented to
overcome the more complicated estimation cases. Markov chain Monte Carlo combines
the independent property of Markov chain and the sampling techniques of Monte Carlo
methods, showing its exibility and practicality, especially since the target function is a
high-dimensional distribution with multiple variables.

13
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2.2 Bayesian Modelling

Bayes' theorem is named after Thomas Bayes (see Bayes, 1958) and it has become a fun-
damental concept in probability and statistics theory. Bayes' theorem provides a method
for updating the probability of an estimation by incorporating prior information.

2.2.1 Bayes' Theorem

To introduce Bayes' theorem, we must rst recall the concept of conditional probability.

Conditional probability is the probability of a speci c event happening based on the oc-
currence of another event. In mathematical form, P (A j B) denotes to the conditional
probability of event A occurring given the occurrence of evenB. Conditional probability

can be obtained by the joint probability P (A\ B) divided by the probability of event B

occurring: P (B). Meanwhile, P (A\ B) refers to the probability when both evens occur
simultaneously.

The general mathematical form for Bayes' theorem is:

P(BJA)P (A).

P (AB) = 5 g

(2.1)

Here, P (B j A) denotes to the conditional probability of event B occurring given the
occurrence of eventA. The probability for a single event can be obtained by marginalis-
ing the joint distribution. When it comes to discrete events, the probability of event B

occurring is the combination of two conditional distributions: P (B jA)and P B jA .

P(B)=P (BjA)\ BjA ; (2.2)

whereP B j A is the probability of event B occurring given the occurrence of eveni.

If the variables are continuous, the occurrence probability of variableB is
Z,
P(B)= f (A;B) dA; (2.3)
1

wheref (A;B) is the joint probability density functions of two continuous variables A and
B.

2.2.2 Likelihood Function

The generalised Bayesian model is speci ed in terms of three parts: the likelihood function
fvijx (y ] x); the prior distribution  x (x) and the corresponding posterior distribution
fxjy (X ]y). Assuming that observations in Y are independent, givenX , the likelihood
function of the observedY is de ned by joint density functions fyjx (yi ] X).

w

fvix (YuyariinyniX) = fyx (Vi x); (2.4)
i=1
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where the observed datay = fy;;i =1;2;:::;ng and unknown parametersX = fx;;j =
1;2;:::;mg.

2.2.3 Prior Distributions

The Prior distribution is the probability distribution x (X), which describes the uncer-
tainty in X before examining the data. Performing Bayesian inference without utilising
prior distribution is impossible (Stokes et al., 2014). Depending on the impact of the prior
on the posterior distribution, the prior can be described as one of the following: informa-
tive, weakly informative and non-informative. The less information the prior provides, the
less e ect the prior on the posterior distribution. One school favours non-informative and
weakly informative priors that are more objective, for example, the uniform distribution,
which assigns an equal probability to all possible values of the parameters (Stokes et al.,
2014); another school believes the e ciency of an informative prior distribution as long as
there is enough evidence to support the selection of prior distributions.

Informative Prior

As shown in Figure 2.1, three types of Beta probability density function are shown based
on the number of peaks. For the existence of a single peak, Beta£h; 5) and Beta (5; 1=5)
have a high probability when it approaches 0 or 1; Alternatively, the probability density
function with a bell shape, like Beta (5;5), Beta(2;8) and Beta(8;2), has a peak within
the value range (0,1) but not the boundaries. The second one with U-shape distribution,
like Beta (0:5; 0:5), as the standard Arcsine distribution, its two peaks located simultane-
ously at each side of the boundary along the horizontal axis in the distribution. Once the
distributions mentioned above are employed as prior distributions, they are regarded as
informative prior distributions since the corresponding probability distributions allocate
the higher probabilities to a certain range of values. At the end, the third type of prior
distribution is referred to as non-informative or weakly-informative priors and the com-
mon property among weakly-informative priors is a at value distribution. For instance,
Beta (1;1), Beta (0:95; 0:95) and Beta (105; 1.05).

Non-informative Prior

Notwithstanding, the non-informative prior is more objective; it can lead to an improper
prior where the integral is in nite, as in:

z
(x)dx=1": (2.5)

where (x) is a probability density function with a continuous variable x. The typical
case is the uniform prior distribution with a constant parameter x (x) / 1=A, where A
is a positive constant and the space foix is in nite. Consequently, normalising this type
of distribution is di cult, even impractical. Regardless, the improper prior can still lead
to the proper posterior distribution and can be applied to some estimation methods, as
long as the distribution is programmable (Kayaalp & Cooper, 2012; Stokes et al., 2014).
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Figure 2.1: Display of Beta densities. Various Beta probability densities are presented in
di erent colours.

For instance, Markov chain Monte Carlo (MCMC) as the main method for estimation in
the following section.
2.2.4 Posterior Distribution

The posterior distribution fy;y (X j y) can be expressed proportionally by multiplying the
likelihood fvjx (y j x) and prior distribution  x (x) as follows:

fyi '
iy iy = T i w0 (26)

Here, f (y) represents the marginal distribution that accounts for all cases ofx.

Conjugate Distribution

Conjugate distribution refers to when the posterior distribution fx;y (x j y) and prior dis-
tribution  x (x) are within the same probability distribution family. Prior distributions
are also known as conjugate prior distributions in this scenario. The most common exam-
ples are Beta conjugate posterior distribution when the conjugate prior x;. (Xj ; )
is a Beta distribution and the likelihood function fy;x (yj X) is a binomial distribution.
Then, the corresponding posterior distribution fy;y (x j y) belongs to the distribution
family of Beta distribution,

x @ x) !

B(: )

. . n
xj: (Xj,; )= x 2 [0;1]; fyjx (Yix)= y @ x)" Y,y 0

where and are the positive parameters inside the Beta prior distribution. The con-
jugate posterior distribution is obtained by combining a Beta prior distribution with a
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Binomial likelihood function:

fyig (YT %) x (X)
M (% y) dx

fxjy (Xjy)=

Y@ )" Yx a x) '=B(; )
- Y ! 2.7)
LM i 0" Yx 11 x) =B(: ) dx

x=0

xaty 1@ x)*t v1
~ B( +tyin+ y)
Therefore, the posterior distribution is another Beta distribution with two parameters

+yandn+ y.

Another common example of a conjugate posteriof x jy (X j y) is for when the likelihood
function fyx (y j x) is an exponential distribution and the prior distribution ~ x;, (xj ; )
is one associated to the family of Gamma distribution (George et al., 1993):

xj: (Xj, )= ( )x e *; x>0 fyix(yjx)=xel ¥ y o0

fvjé (Yjix) x (x)

fyiv (Xjy)= R
xel X¥)___x 1lg X
- R, ( (2.8)
w0 X€0 X —x le Xdx
- ( +y * x(+) 1o (+y)x.
( +1) '

Again, and are the positive parameters inside the Gamma prior distribution. The
conjugate posterior distribution fyx vy (x j y) is another Gamma distribution with param-
eters +1 and + y. The conjugate distribution enables the posterior distribution to
have an enclosed form, making further inference and computation more straightforward
and less expensive (M.-H. Chen et al., 2008).

2.2.5 Maximum a Posterior

By imposing additional prior knowledge of unknown objects, Bayesian statistics transform
an ill-posed inverse problem into one which is well-posed (Beyerer et al., 2011). During
image processing, a prior distribution is constructed to capture the statistical properties
of the image, restoring an image from a posterior distribution derived by the combination
of prior and likelihood. The process can be seen in Figure 2.2. Her& represents the
unknown true values, while P refers to the “projection data' which is transformed fromX .
The uncertainty between X and P can be captured by likelihood functionfp;x (p j X).
The posterior fx jp (X j p) is inferred to estimate the unknown object after incorporating
prior knowledge x (X).
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2. MATHEMATICAL BACKGROUND

Figure 2.2: Basic concept of Bayesian modelling (Beyerer et al., 2011).

(a) Conjugate Posterior of Beta family (b) Conjugate Posterior of Gamma family

Figure 2.3: Conjugate posterior distributions. Figure (a) shows the conjugate Beta dis-
tribution when the Prior distribution is a Beta distribution and the likelihood function is
Binomial distribution. Figure (b) shows the conjugate Beta distribution when the Prior
distribution is a Gamma distribution and the likelihood function is Exponential distribu-
tion.

Compared with maximum likelihood estimation (MLE), maximum a posterior (MAP) in-
troduces an additional prior distribution; the estimator of X obtained when the argument
of the posterior obtains its maximum,

n (o}
X argmax fxjp (xjp)  x (X) (2.9)

However, in the case of a uniform prior distribution, the algorithms of MAP and MLE
are identical. Figure 2.3 displays two conjugate distributions and explains the estimation
e ect from the prior distribution to the outcome compared to the results from maximising
a likelihood function. The left is with Beta conjugate distribution and Bernoulli likeli-
hood function and the right is with a Gamma conjugate distribution and an Exponential
likelihood function.

2.2.6 Bayes Factors and Kullback-Leibler Divergence

When it comes to the prior belief or assumption selection, Bayes factor (Morey & Rouder,
2011; Keysers et al., 2020) and Kullback-Leibler divergence (KL) are well known statistical
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tools.

Bayes Factors

Bayes factor is particularly suitable for model comparison Mo and M 1) under the same
observed dataD (Schmalz et al., 2021):

P(DjMi1) _ P(M1jD) P (Mo).
P(DjMg) P(MojD) P(Mg)

Bayes Factor = (2.10)

We hold a null hypothesesMg = P (D j My) of likelihood M while M; = P (D j M) is the
model with an alternative hypothesesM ;. Therefore, Bayes factor is the statistical ratio
between two hypotheses with the same observed data and is used to assess the models of
the observed data given the hypotheses. For example, a value greater than unity indicates
that the observed data is more likely to be realised under the alternative hypothesidvi ;.
Conversely, a value less than unity suggests the null hypothesid .

Furthermore, this ratio factor can be decomposed into two sub-terms: the posterior and
prior odds. In other words, the rstterm, P (M1j D)=P (Mg |j D), can be regarded as two
posterior distributions with unknown variables M1 and Mg. Meanwhile, the ratio between
P (Mg) and P (M) is the odd of prior distributions.

Kullback{Leibler Divergence

The Kullback{Leibler divergence, denoted Dk, , originates from information theory; an
alternative statistical tool used to measure the di erence between two probability distribu-
tions. KL is also known as relative entropy or loss function since it quanti es the amount of
lost information during the approximation process from one distribution f g (x) to another
distribution fp (X) (Hershey & Olsen, 2007; Shlens, 2014). The general mathematical
expression of KL when the probability is discrete can be written as:
_X fp (x)
Dk = fp(X)log fo ()

X

(2.11)

See Eguchi and Copas (2006) for more details. For the case of a continuous random
variable x: Z,

fp(x
DkL = fp (x)log > ()
1

fo (x)
KL divergence assesses the dissimilarity between two probability distributions and is de-
ned as non-negative. When the divergence is close to zero, it indicates that the two

dx (2.12)

probability distributions are very similar and that less information is lost during the ap-
proximation process. On the other hand, non-identical probability distributions result in
a non-zero divergence factor. The greater the di erence in probability distributions, the
greater Dk .

Bayes factors and Kullback-Leibler divergence measure di erences among distributions and
hypotheses under the same observed dataset. However, Bayes factors provide a solution
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regarding the modelling selections, while the KL divergence only indicates the divergence
between models. In summary, Bayes factor is typically used in model selection, while the
KL divergence factor is used for model comparison.

2.3 Estimation Methods

When it comes to estimating unknown parameters, MAP could be more practical. Some
posterior functions are di cult to obtain an outcome under high dimensions. We need
advanced methods to realise sampling and estimating, for instance, Markov chain Monte
Carlo.

2.3.1 Markov Chain

Markov chain, as a part of the stochastic process, is a mathematical model which depicts
a sequence of events where the probability for the current state depends and only depends
on the immediate preceding step (Douc et al., 2018). The general expression of Markov
chain is:

Xn 1 IS the only factor which a ects the probability of X, irrespective of the previous step,
Xn 1. This memoryless property is one of the most distinguished characteristics of Markov
chains. For discrete Markov chains where the random variableX consists of discrete time-

The transition probability matrix, representing a Markov chain, stores the probability pj
from one statei to any other random state j .

0 1
P11 P12 P1in

b= p-21 p.22 | p?n : (2.14)
Pn1 Pn2 Pnn

where we haven states, for each rowP L, pj =1and pj is the transformation probability
from state i to state j. The transition probability matrix is stochastic since all elements
are non-negative and the matrix consists ofn distribution row vectors in R" (Freedman,
2017). An irreducible matrix, for which all elements are non-negative, indicates that the
current state can reach any other state in a nite number of steps. Another important
property of the Markov chain is aperiodicity; in other words, the transformation of the
state follows a statistical route instead of a xed transformation pattern. For instance,
from the rst state to the nal state, multiple transformation routes are involved with

di erent combinations of states. Meanwhile, an irreducible and aperiodic Markov chain
is recurrent. As in, the process at the starting stage can eventually return to the same
state..
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2.3.2 Stationary Distribution

A stationary distribution of a Markov chain is the status that the distribution remains
unchanged after applying the transition matrix. In other words, regardless of the starting
status, the convergence probability distribution of status approximates the vector over
long iterations.

= Tp; (2.15)

where = ( 1} 2;:::; )" is the stationary distribution with the same dimensions of

states and is subjectto [, =1. This stationary distribution is also the eigenvector of

the transition matrix associated with eigenvalue =1 (Seneta, 1980; Meyer, 1994):

0 10 1
P11 P12 P1n 1
P 1) = % Pt P2 Pen g%zé - o (2.16)
Pn1 Pn2 Pnn n

The stationary distribution of the Markov chain can be obtained by solving the above
system of equations.

2.3.3 Monte Carlo Simulation

According to Metropolis and Ulam (1949), the rst description of Monte Carlo can be
found in 1949 by mathematician Stanislaw Ulam and was named after a casino in Monaco.
The idea of Monte Carlo simulation is to draw large samples from the target distribution
and to use these large samples to approximate the properties of distributions or systems.
For instance, we can obtain descriptive statistics of the target function by calculating
samples’ mean and variance along with any other quantities of interest. For instance,
assuming random variableX is uniformly distributed over [ ; :
1 21
f(x)= ; E(X)= xf (x)dx; x27[; I (2.17)
1

In order to estimate the expected value of random variableX , we can sample the data

[; ] Then we can use the sample mean of samples to approximate the expectation value
of the random variable X :

E(XX) X== x: (2.18)

Monte Carlo Method for Estimating Parameters

Monte Carlo simulation has been found particularly useful for estimating unknown vari-
ables, especially for distributions or modellings that are complicated to calculate. More-
over, the use of a large sample size enables a robust approximation of unknown parameter
to converge. There is a well known Monte Carlo simulation in terms of estimating the
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(a) Distribution of sample points (b) MCMC Estimation iterations

Figure 2.4: Monte Carlo simulation for the mathematical constant . (a) The distribution

of sample points: the red points represent samples falling inside the target circle, which is
aimed at estimation, while the blue points represent corresponding samples falling outside
the area of interest. (b) MCMC estimation of the mathematical constant based on a
two-dimensional distribution.

mathematical constant when it is expressed as an two-dimensional data distribution:
212,
(xy) = X2+ y2  1dx (2.19)
1 1

where random variablesX and Y are uniformly distributed over [-1,1]. The strategy
of Monte Carlo simulation is drawing the n pair of data points of coordinates random
variable (X;Y ) over value range [-1,1]. As shown in Figure 2.4a, the ratio is calculated by
the number of sample points falling into the red circle area divided by the total number of
sample points (the square region consists of red and blue sub-regions). The trace iterations
in various colours represent Monte Carlo simulations with di erent random samples §;y)
are displayed in Figure 2.4b. Each iteration has a convergent value for, which is around
3.14.

Importance Sampling

The idea of standard Monte Carlo simulation is to generate large samples from the target
functions/distributions to capture an unknown quantity. However, the target distribution

is di cult to sample directly. In this case, we may choose to use importance sampling.
Importance sampling is the process by which the target distribution fx (x) is switched

to another, more practical, a candidate distribution gx (x). Importance sampling facil-

itates the sampling process and typically reduces the number of iterations required for
convergence:

z
fx (X). _ f
Sy Fx (9= 0 (9

) . (2.20)

fx (90 = g« (x) )
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Figure 2.5: Sampling from target and candidate distributions: the blue region represents
the sampling points have a higher probability in the target distribution compared to those
in the candidate distribution; the orange regions deliver the opposite information where
the sampling points have a higher probability in the candidate distribution compared to
those in the target distribution.

Here, the sampling distribution is gx (x) instead of the target distribution fx (x). While
the approximations are the samples from candidate distribution, multiply the likelihood
ratio fx (x) =gx (x):

X fx (Xi)

Ex (x) = 0 ox (Xi) o ()
i=1 !

(2.21)

The likelihood ratio is an adjustable weight for the samplings from the distribution g(x).
As shown in Figure 2.5, the target distribution f (x) is a truncated bi-normal distribution
and the candidate distribution gx (x) is a candidate distribution. The regions highlighted
in blue indicate where the fx (x) is greater than gx (x). Unlike the orange region, the
ox (X) gure is greater than fy (x). If there is a sample point x drawn from gx (X ),
the corresponding weight can be calculated from the ratiof x (x ) =gx (x ). If the sample
value from gx (x ) is greater than fx (x ), the sample point gx (x ) would be reduced by
multiplying the ratio fx (x )=gx (x ). Otherwise, the sample gure would be enlarged by
employing the ratio. Overall, the reduction of the value gap between the two functions is
realised by employing the likelihood ratio.

Some other alternative Monte Carlo simulations, such as the bootstrap Method, rejection
sampling and inverse probability integral transform, are also applicable when the target
distribution has low dimensionality. However, these methods tend to fail when applied
to more complex target distributions, especially those with high dimensionality or with
multiple unknown parameters. It is not easy to sample directly from the target distribu-
tion and search for suitable candidate distributions which are capable of modelling the
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Table 2.1: Gibbs sampling.

Algorithm  Gibbs sampling (iteration k)
Input : A list of initial values fX; = x(lo); Xo = x(zo); 1 X = xﬁo)g;

1. Draw a sample value forX £ fy iw,onx, X1j x50 xK

k+1 G N
2. Draw a sample value forX, fyoixammx, X2 X1 7iX3:100 Xy s
3.

k+1 P S
4. Draw a sample value forX fxnjx]lf+l xRt Xn ) XTTX3IINXn
5. end if

Repeat the above steps until the sample size is large enough.

mathematical properties of the target distribution.

2.3.4 Markov Chain Monte Carlo

Markov chain Monte Carlo (MCMC), as discussed in Nemeth et al. (2019), is typically
regarded as the gold standard for sampling from high-dimensional distributions. The two
most popular and e ective algorithms for conducting MCMC are the Gibbs sampling al-
gorithm and the Metropolis{Hasting estimation algorithm because they are able to handle
complex distributions where other methods fail.

Gibbs Sampling

Gibbs sampling, named after Josiah Willard Gibbs, is useful when approximating multi-
variate distributions. The key idea behind Gibbs sampling is iteratively drawing the value
for each variable from their conditional distribution within the multivariate distribution.

fx (x), The corresponding conditional distribution for each variable:

Xi fXijx i); i=1:2;::00n; (2.22)

wherex ; represents the variables excluding;.

Gibbs Sampling has been proved useful if the conditional distribution for each variable
is available. The iterative sampling of each variable is obtained from the conditional
distribution when the rest values of the other variables are known. Hence, Gibbs sampling
becomes vulnerable if the conditional distributions are di cult to calculate.

Metropolis{Hastings Estimation

Metropolis{Hasting estimation, another MCMC method, is not limited to the conditions
which Gibbs Sampling confronts. The Metropolis{Hastings estimation method (with a
random walk) is a popular algorithm of MCMC. The algorithm has been applied to vari-
ous physical processes (e.g. Toth & Naray-Szalo, 1994; Cheluvaraja & Meirovitch, 2005;
Ungerer et al., 2005; H. Wang, 2012). Unlike Gibbs Sampling, sample values for variables
in Metropolis{Hasting methods generated are slightly dependent and approximately from
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Table 2.2: General MCMC for Bayesian modelling.

Algorithm  General MCMC for Bayesian modelling (iteration k)
Input : A list of initial values fX1 = x(lo); Xo = x(zo); 1 X = xﬁﬂ)g;
A updated positive constant (¢,

1. Propose a new value<j(k) N xj(k V. 2 . if and only if X 0

2. Generate 1 unif(0;1)
3. Accepy X with probability

fxp x(lk 1);x(zk 1);:::;xj(k);:::;xﬁ[.( 2 :
= min @1 A
fxp x(lk l);x(zk l);:::;xj(k Do D
4. Compare the 1 with the calculated
5.if: then
Accept the proposal valuex; = x

j
6. else xj = xj(k 1
end if

Repeat the above steps until sample size is large enough.

a stationary distribution. In other words, the former sampling from the last step x; < 1)
underlies the updated samplexj(k):

MO I

J J ; N(©O; ?); (2.23)

wherek refers to the order of iteration and represents Gaussian white noise with variance
, which decides the jumping variation for the next updated value.

The acceptable probability for the single unknown parameterx; in MCMC can be generally
expressed as

0 1
@ fy x{Doxlk l);:::;xj(k);:::;xﬁ'q‘ D R
= min @1; : (2.24)
fy x8 Doyl 1);:::;xj(k Doy D

Here, we aim to obtain an estimation for the vector of unknown parametersX . We describe
below how the random walk for the Metropolis{Hastings algorithm works. Once the chain
has burned in, a process to drop a bunch of initial iterations whose value probabilities
are low, the estimation for each parameter is supposed to be the sampling mean, we
seek, i.e.E (xj) K xj(k) =k. Since Metropolis{Hasting estimation indirectly updates
each variable by a proposed symmetrical distribution as opposed to Gibbs Sampling. The
former method's convergence can be slower compared to Gibbs sampling.

2.3.5 Acceptance Ratio

MCMC sampling method can also be extended to the hierarchical case. Multi-variate has
a broader application in comparison to uni-variate distribution in reality. Hence, some
modi cations are necessary to apply the MCMC algorithm to a multivariate setting in
order to achieve an e cient process and accurate outcomes (Rue & Held, 2005; Yuan
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et al., 2017; 1.-K. Chen et al., 2021; Lee, 2021).

Based on the Goldilocks principle, one school believes that the acceptance rate should be
in a range that is neither too high nor too low (see Straker et al., 2018; Somero, 2022).
Suppose the acceptance rate is high, indicating that the variance of the proposed value
is small; almost every step can be accepted. In this case, obtaining a sample from every
sample space using MCMC is computationally expensive since it requires a large number of
iterations. On the other hand, if the acceptance rate is low, which results from using a large
variance, almost every sample step will be rejected and the chain path will stick on a xed
gure. Also, proposal jump sizes can be decreased as the low acceptance rate. Similarly,
the size will increase as a high acceptance rate. The "0.234 rule' has been considered
practically; proposing 0.234 is an asymptotically optimal acceptance rate (Roberts et al.,
1997; Sherlock, Roberts, et al.,, 2009). In other words, the sampling variance strongly
depends on the comparison between 0.234 and the updated accept ratein the current
algorithm: For every ten iterations, **19 =0:5 (K (1+r (1=0:234))). In our case,
we continue to adopt this rule by scaling the proposal variance into the MCMC application

to improve the e ciency of the algorithm. Meanwhile, other adaptive algorithms are also
useful and can be found in Andrieu and Thoms (2008), Rosenthal et al. (2011), and Craiu
et al. (2015).

The main drawback of MCMC is that when the posteriors' structure is complex, with an
increasing number of hierarchical levels and observations, the computation of the estima-
tion process can become prohibitively expensive.

2.3.6 Estimation Measurement

The estimation X; can be assessed by averaging the application outcomes for the laist
stationary MCMC iterations. The most popular and common indexes for accurate mea-
surement are the mean squared error (MSE), bias and standard deviation (SD). Further-
more, Residual sum squares (RSS), the modelling tness measurement, is widely applied
among model comparisons. For the subset of the whole parameters, the forms of measure-
ment are seen in Table 2.3.

The entire image is of sizem, while any image sub-region is of sizeR, i.,e. R m.
The average MCMC estimation isE (x;) and kjk refers to the estimation of corresponding
pixels in the K iteration. The denominator in each of the expressions varies based on
the number of pixels considered.
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Table 2.3: List of statistical measurements.

Measurements - Equations
Absolute Bias : Lixi E(x)j =m
Regional Absolute Bias : i 2R ixi E(X)] =R
a
P P
Standard Deviation n 1 %y ] Xj(k) E (x;) j>=(K m)
. L. TP P . (K .
Regional Standard Deviation i K 2R ] Xj( ) E(x) =K R)
Mean S ST T i ® )%=
quared Error G kel jr )X E (xj) j>=(K m)
P P
Regional Mean Squared Error K. 2R ] Xj(k) E(x)) 2K R)
) P P (0 2_
Residual sum of squares k=t o1 Vi Y =K m)
_ ) P P NG
Regional Residual sum of squares k=t j2R Vi Y] =K R)

2.4 Summary

This chapter presented a mathematical framework of Bayesian modelling. In Section 2.2,
we introduce the primary de nitions of conditional distribution and Bayes' theorem in Sec-
tion 2.2.1. Then, the likelihood function (Section 2.2.2), prior distribution and posterior
distribution are explained along with some examples. For instance, in Section 2.2.3, the
Beta distribution with di erent parameters is displayed to provide a general description of
the prior distribution delivering di erent levels of information. Meanwhile, conjugate dis-
tributions and maximum a posterior distribution are addressed in Section 2.2.4 including
two simulation examples to show the estimation e ect coming from conjugate priors. Sec-
tion 2.2.6 provides details for the comparison method when there are di erent hypotheses
for prior distribution candidates. Kullback{Leibler divergence is utilised for investigating
the similarity between the two prior distributions, while the Bayes factor helps to decide
the optimal prior distribution under the two di erent hypotheses. The aforementioned
mathematical method covers the mathematical foundation of Bayesian modelling and any
further applications are based on this chapter's content.

Once posterior distributions with unknown parameters and target functions are estab-
lished, we introduce the estimation methods allowing the estimates can be drawn even
from a complicated distribution in Section 2.3. First, Section 2.3.1 and Section 2.3.2
describe the details about stochastic processes and stationary distribution respectively,
providing a general idea of convergent process. The information about standard Monte
Carlo simulation, illustrated examples about estimating and the advanced Monte Carlo
method|importance sampling can be found in Section 2.3.3. Section 2.3.4 o ers another
advanced estimation method which combines the advantages of the convergence property
of Markov chain and the exibility of the Monte Carlo method|Markov chain Monte
Carlo. Furthermore, Gibbs Sampling and Metropolis{Hastings method, the two key algo-
rithms within Markov chain Monte Carlo, are also described in the same section. Finally,
the adjustment for the accepted ratio within Markov chain Monte Carlo, for avoiding high
correlations within estimations, is discussed in Section 2.3.5. Several accuracy measure-
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ments mentioned in Section 2.3.6 will be employed for further applications.
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Chapter 3

Image Processing under Bayesian
Modelling

3.1 Introduction

Bayesian modelling has been shown to be particularly useful in estimating unknown pa-
rameters as a method for inverse problems by many individuals (J. Wang & Zabaras,
2004; Dashti & Stuart, 2013; Matthies et al., 2016; Grana et al., 2019), especially the lim-
ited information is provided. This chapter aims to introduce the application of Bayesian
modelling on medical image processing, including the description of our primary Bayesian
models, hyperprior parameter estimations and simulated dataset information.

To provide a comprehensive insight into the process of tomography scanning, we rst,
illustrate the real-life experience of medical tomography. Following that, the knowledge
gained from real applications help us in designing several simulation datasets. Once the
simulation dataset is prepared, we can obtain the posterior estimation, which serve as
the outcomes of image processing, through Bayesian modelling. Our Bayesian modelling
framework is established on the foundation of homogeneous Bayesian modelling. The
model incorporates prede ned priors, including the pre-known Poisson likelihood function
and Markov random eld prior distribution with two di erent energy functions. Since
there is an additional unknown parameter within the prior distributions, we create a
hierarchical Bayesian model that includes a corresponding hyperprior distribution.

Furthermore, we discuss pixel comparisons among the outcomes from Bayesian modelling
with di erent priors in detail. This includes comparisons of estimations obtained from
Bayesian models using di erent energy functions (absolute function and squared function
respectively). The applications of homogeneous Bayesian modelling not only present im-
age processing within Bayesian modelling but also highlight potential improvements in
estimation accuracy.
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

3.2 Noisy Image

As brie y mentioned in Section 1.1.2, many factors can negatively result in the blurring
and noise of the medical image, like the duration. In other words, the longer the duration
of the scanning process, the more information is recovered. However, the latter comes at
the risk of introducing blur, e.g. the object moves.

Figure 3.1 represents a real scanning application of cylinder using-eye™ camera. The
Gamma camera is known as its practicality in terms of the low maintenance cost compared
to the preclinical medical tomography such as Positron emission tomography (PET), spe-
cially when scanning the small-size objects (Lees et al., 2014). The radio unit used for
measurements is in microcuries (uCi). The radionuclide used in the study is Technetium.
Figure 3.1a{3.1d shows the rst four frames, each of which takes 30 seconds, with the
entire experience lasting a total of two minutes. The nal frame, Figure 3.1e, combines
the former frames by associating pixel values to create an image used in medical prognosis.
By comparison, Figure 3.1f, shows the optical image of cylinders.

As shown in Figure 3.2, the rst ve plots (Figures 3.2(a){3.2(e)) for the two round hot
regions in the greyscale show the observation images corresponding to the images taken at
di erent duration in Figure 3.1a{3.1e. For each observation image, the pixel information
is stored in a matrix of size 145 290. The minimum pixel value is zero, which comes
from the background; the maximum value for pixels is around 70, which is expected to be
the most active point within the hot region. The observation image of the summarized
scanning image collects all the information obtained from the other scanning image at
di erent duration. Therefore, a more distinguished pattern for hot regions is found in the
summed one. If we pick the middle row of the pixel matrix, as shown Figure 3.2 (f), lines
in di erent colours represent pixel values recorded at di erent times, from the rst phase |

to the phase V respectively. The value of the corresponding pixel, including noise in each
sub-frame, is smaller than the nal combination frame. Hence, a trade-o exists between
sacri cing some information to reduce minor noise and gathering the utmost information
even when enhancing noise.
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3.2 Noisy Image

(a) Image scanning phase | (b) Image scanning phase Il
(c) Image scanning phase lli (d) Image scanning phase IV
(e) Summed scanning images (f) Photographic image

Figure 3.1: Image tomography is performed using @-eye™ camera, with scanning occur-
ring at various stage. The spatial resolution of the system is 2 mm. The energy resolution
is 26 at 140 keV and the maximum recorded sensitivity 210 cps/MBq (see Georgiou et al.,
2017). The entire scanning process lasts for 2 minutes. Four images are captured at four
distinct phases labeled as Figures (a){(d), with a 30-second gap between each consecutive
phase. Figure (e) represents the combined information from the initial four images, while
Figure (f) provides an optical representation of the actual scanning object.
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

Figure 3.2: The observation image corresponding to the image scanning at di erent stage
and the value distribution of pixels in each case. (a){(d) The observation image of the
scanning objects taken at di erent scanning phases. (e) The observation image after
combing the rst four images ((a){(d)). (f) The pixel distributions of the scanning images

in dierent stages along with the nal combination image are highlighted in di erent
colours.

32



3.3 Designed Simulation for Cylinder Object

3.3 Designed Simulation for Cylinder Object

The previous section provides a general idea of medical image processing from incomplete
information. The medical image of cylinder datasets, as a valuable resource for advancing
research in medical imaging, provide information on images capturing cylindrical objects
within medical contexts. These images have been employed for various research purposes,
including testing image reconstruction methods, evaluating segmentation techniques and
assessing the accuracy performance of image processing algorithms (Ogawa et al., 1991;
Worz & Rohr, 2007; Villarraga-Gomez et al., 2019). In order to approach a similar environ-
ment but having prior information about the truth, we create several simulation datasets
based on the cylinder objects; as shown in Figure 3.3-3.5, the right side shows the true
image: several objects with di erent shapes, like cuboid, are within cylinders. Scanning
process aims to create the image to show the covered segments inside the object by signal
detection. In simulation applications, certain soft and high-contrast edges are intention-
ally designed for further estimation analysis, since the features of soft and high-contrast
edges are essential for medical diagnosis in real-world clinical experience. In other words,
detecting edges correctly can help identify tumors and other medical conditions.

3.3.1 Primary Designed Simulation

The simulated cylinder data is stored in a pixel matrix of size 29 58! and has been
created as a potential truth for modelling outcomes assessment. Observatiol , viewed
as a degraded version of the actual imag& with blur and noise, is the observation dataset
comparable to the projection dataset in reality, X 2 R2. As shown in Figure 3.3a, the
actual image consists of four sharp regions with sharp boundaries. The largest is circular
and located towards the right of the scan. The smallest is an irregular shape located
at the bottom right of the circular. At the same time, the two other regions are both
rectangular and located towards the left of the scanned image. Figure 3.3b depicts the
observation image data with low contrast resolution; blur is evident around the edge of
each region. Here, the corresponding three-dimensional data visualization displays the
value distribution of X and Y in Figures 3.3c-3.3d.

3.3.2 Designed Simulation with Additional Smoothing Edge

Supposing the objects of cylinders have a soft edge instead of the hard one. In reality,
a hard edge shown in Figure 3.4a would be challenging to detect. Instead, the edges are
likely to be considerably more softer.

Therefore, by applying a Gaussian kernel lter to the datasets presented in Figure 3.4a, we
obtain a more smoothing set of data. IfGis the a Gaussian kernel, we say thak ; = G X.
Similarly, the relationship between Y1 and X 1 is based on the Poisson likelihood function,

'Here, we use the simulated data with additional Poisson noise. The grey scale indicates the activity
of hot regions. The pixels with a high gray-scale refer to the hot regions, while the pixels with a low
gray-scale, like those close to zero, refer to the background. In reality, the true image is unacquirable to
obtain; the detailed process for creating simulation datasets can be found in the Appendix.
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

(a) Simulated image X (b) Observation Y

(c) 3D simulated image X (d) 3D observation Y

Figure 3.3: Simulation datasets: truth information X and its correspondingly observation
imageY .

as depicted in Figure 3.4. The high blurring around the high-contrast edge between hot
regions and the background makes it di cult to detect the original edge. The less helpful
information could be used during the following reconstruction modelling.

3.3.3 Simulated Experiment with Lower Detected Counts

Section 3.2 brie y mentioned that the image quality can be improved by prolonging the
reasonable scanning duration. Again, supposing the scanning time is reduced, the obser-
vation image contains blurring. Another degraded simulated cylinder image is created,
as shown in Figure 3.5. The high-contrast edge between hot regions and the background
blurring and the observation image is expected to contain more noise than the rst obser-
vation image Y . We show, in Figure 3.6, box plots for pixel value distribution for each
simulation dataset. For comparison, true pixel values are given on the left. The hot region
and background pixels are constant, around 1100 and O respectively. For the three sim-
ulations, the noise presents in di erent ways. The rst simulated dataset has the lowest
noise compared to the other two datasets since there is a distinguished value gap between
the background, where the pixels are close to zero and the hot region, where the pixels are
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3.3 Designed Simulation for Cylinder Object

(a) Simulated image X 1 (b) Observation Y,

Figure 3.4: Simulation datasets with a reduction in scanning time: true imageX ; and
observed imageY;.

(a) True image X » (b) Observation image Y,

Figure 3.5: Simulation datasets with scanning time deduction: observed imag®, and its
corresponding actual imageX ».

Figure 3.6: Boxplots of pixels among the designed simulations are presented from left to
right, representing the pixel distributions of the true value, the rst simulated observation
dataset, the second simulated observation dataset and the third simulated observation

dataset respectively.
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

close to 1100. For the second simulated dataset it creates an environment where the hot
regions are soft tissues with smooth edges; the average value of pixels in the background
is higher than in other experiences, while the peak values are smaller than others. Finally,
the one on the right side describes the situation when there is a deduction in scanning
time. There is a higher noise level than the rst simulation, allowing a longer scanning
time. These simulations with arti cial noise are regarded as degraded images. Since many
studies have already con rmed that Bayesian models demonstrate advantages of image re-
construction in Section 1.3.2, applying our Bayesian models for a blurring degraded image
is sensible to testify to the original conclusion.

3.4 Application to Image Processing

To improve the image quality, having obtained prior information regarding the image
(e.g. the method of image acquisition, the type of noise), posteriors with arti cial prior
distributions are designed under a Bayesian framework. In what follows, a brief description
of the assumptions for Bayesian modelling is presented with the aim of formalising the
variables of interest.

3.4.1 Likelihood Function

We recall, from the formulation posed in (1.1), that the assumption of linearity considers
transformation matrix A (of sizem n) which maps the true data X (represented as
a vector of sizen) to the observed image dataY (represented as a vector of sizem).
While in the case wherebym = n is a square matrix, we note that there is no guarantee
that matrix A is practical, or even possible, to invert, therefore eliminating the option of
solving directly for X .

As we consider a linear inverse problem, following the formulation equation (1.1)Y and
X vectors haven and m elements respectively. A is the transformation matrix of size
n m, consisting of elementsa; . If the m equals to n, then A becomes a square matrix.

Assuming the image reconstruction follows a Poisson distribution of quantum noise, then
the conditional distribution for observation Y given the unknown true data X :

. Yo ex :
fyix (Yuy2;iiiiynjX) = i %; (3.1)
j=1 "
P m H . .
whereElyi] = = ;I & Xj,] =1;2:::;n. In other words, each projection datayj

has an according interaction with the vector X (Maestrini et al., 2021).

3.4.2 Prior Distribution

Discrete images comprise elements of nite product spaces and the probability distribu-
tions on such sets of images as prior information are a critical part of image process-
ing (Winkler, 2012). The e ciency of prior distributions depends on the available rst-
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3.4 Application to Image Processing

hand information.Since we lack initial information, we begin with a non-informative prior
whereby the value for each pixel is assumed to be uniformly distributed between 0 and
0, .€.

Xj U(O; o); (Xj) = 10; Xj 2 [0; ol; (3.2)

where ¢ is supposed to be large to cover the extreme values.

Gibbs Distribution

Regarding informative priors. It is generally expressed as the Gibbs measure, which was
borrowed from statistical physics (Kozlov, 1977). The primary goal of introducing this
type of probability is to describe the features relative to “macroscopic' physical samples,
such as an ‘in nite system' (see Gibbs, 1879; Gibbs, Josiah Willard, 1901).

The Gibbs probability distribution gradually nds applications in various elds, including
"Gibbs Sampling' in Bayesian modelling.
Z
x (xjB)=2Z texp( B (x)); Z= ‘exp( B (x)dx; X 2R™B> 0; (3.3)
X
where Z is the normalisation for the Gibbs distribution; the energy function is  (Win-
kler, 2012), representing the energy of the con guration of pixels;B is an non- negative
smoothing parameter (Geman & Geman, 1984; Nikou, 2017; Al-Gezeri & Aykroyd, 2019).
Furthermore, the energy function can be rewritten as the sum of local energy functions

()
xn
)= (3.4)
j=1

where | () represents the local energy function to correspondingl; = X;.

Markov Random Field for Pixel Di erences

Based on the Gibbs form of prior distribution, the energy function is relative to the process
of energy con guration and, to a certain extent, represents a sense of a local network. So,
it is reasonable to explore Markov random eld (MRF) as the very rst application of
the potential function, given that MRF provides local neighbourhood systems which have
been identi ed to apply to image restoration, reconstruction, segments and edge detection
(Cross & Jain, 1983).

Brie y, the primary assumption for MRF is that a variable is only related to its adjacent
variables while being conditionally independent of the others. Speci cally, the clique-based
structure makes MRF models well-suited for capturing local pixel relations in images (Wu
et al.,, 2016). It proposes a lattice system, denoted ass = (V;E), to represent the
connections between pixels (as illustrated in Figure 3.7). For instance, assuming the
yellow node represents the object under analysis in the rst-order system, its four closest
neighbors are located to its left, right, bottom and top sides, as indicated by the black
solid lines. In the second-order system, an additional four neighborhoods are considered,
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

Figure 3.7: Two dimensional rectangular gridG. The blue and yellow nodes in the lattice
represent pixels, while the solid lines and dashed lines describe rst-order and second-order
neighborhoods respectively.

located at the top-left, top-right, bottom-left and bottom-right corners around the yellow
node, as indicated by the dashed lines. In this system, pixels are represented as nodes
(V) and edges E) connect all the nodes (Roth & Black, 2005). While the shape of the
grid is not required to be rectangular (Boykov et al., 1998),but it is the most common in
applications.

Once we de ne the MRF prior, the local energy function is rewritten as a linear combina-
tion of di erences between the pixel and its neighbourhoods:
X
j (x)= Wit (Xj  Xt); (3.5)
t2@j)

wherew;j; represents the weight for each paired comparison, as the increased order in MRF,
wj; may change according to the interaction within the neighbourhood. For example,
the rst-order MRF, wj; = 0:5 if there is only four neighbours to consider (Hassner &
Sklansky, 1981; Cross & Jain, 1983; Guo et al., 2019). The set of nodé®j) in a nite
graph X with edges|j t (Winkler, 2012). Finally, after employing Markov Random
Field for pixel di erence, the updated prior distribution is:

0 1
XX
x (XxjB)=Z lexp@ B Wi (xj XA (3.6)

Here, only local characteristics are considered when it comes to estimate the individual
pixel, which can be briey divided into two properties. Firstly, in comparison to the
global character which includes all the pixels, we only study the smaller number of pixel's
neighbours; for instance, the rst-order neighbourhood is adopted in prior distribution.
Secondly, given the local property of prior distribution, we assume that the posterior is
sensitive to the local property of prior distribution (Allum, 1997). Using an approximation
normalization Z 1= kB™ (Aykroyd, 1998), where k is a constant.

Potential Functions in Prior Distribution

Mathematical forms within the potential functions can assign priors with di erent prop-
erties. Thus, the corresponding priors are quanti ed as a Markov random eld with an
absolute function ( ) = j j, referred to as Laplace Markov random eld (LMRF) and
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3.5 Hierarchical Bayesian Modelling with a Global Hyperprior

with a quadratic potential function ( )= 2, known as Gaussian Markov random eld
(GMRF) respectively:

8 P. P i xj!
1 i= i j
2 PR — = Xj 0 >0
xj (Xj )= Pn P (X X 2! (3.7)
3 =oeap K X)T
ﬂaﬁe)(p 5 2 > X 0 >0

wherex; is conditional based on the neighbour's values. In other words, we assume there is
a high similarity between the pixel and its neighbouring. The prior mean is expected to be
zero while the prior conditional variance is = 1=B. Here, since is a global prior variance
parameter, the potential function include is also apply to the consistent principal for
MRF: (X; Xt)= (Xt Xj). The constant term k =1=2" and k = 1=(2 )m=2 in each
case respectively.

3.4.3 Posterior Distribution

For the initial Bayesian modelling, the variance parameter is assumed to be xed in
all types of priors. Based on Bayes' rule, the joint posterior distribution x;y (Xjy) is
supposed to have a dierent form compared to the likelihood function if the uniform
prior distribution is not accounted for; Otherwise, the estimations from the posterior
distribution with a uniform prior is no di erent to that which comes directly from the
likelihood function (MLE). The general form of the posterior with positive smoothing
parameter B is as follows:

xjy XJy) /! fyjx (Y x) XjB(X(BB) 1
Y ) X X 3.8
?"Wexp@ B Wi (xj x)A: 59

/
i=1

3.5 Hierarchical Bayesian Modelling with a Global Hyper-
prior

The subjective way to prescribe is to assign an arti cial constant value. Alternatively,
introducing hyperprior distributions for corresponding parameters allows their values to
become more exible according to di erent scanning experiences. Thereby, apart from
unknown parametersX , because of the introduction of the hyper-prior distribution, there
is no doubt tha

t the new hyper-parameters within it need to be de ned. Meanwhile, the requirement for
intensive computation is unavoidable because of the increased mathematical complexity.

The latter method, called Hierarchical Bayesian modelling, is an advanced statistical model
for it has \parameters with di erent levels"; in other words, in hierarchical models, param-
eters are not de ned simultaneously and the \parameters with high levels" may depend
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

Figure 3.8: Factor graphs. The factor graphs from left to right display forms for statistical
Bayesian networks with single prior distribution, two levels prior distribution and potential
hierarchical network with more priori levels respectively. Circles indicate the unknown
parameter; Rectangles refer to the known function connecting the parameters and values.

on the previous \parameters with low levels" which can be called hyper-parameters (Voss,
Jochen, 2014). These hyper-parameters must be allocated to their prior distribution.

Hence, based on the above-mentioned method, the factor graph for Bayesian modelling
in our application varies depending on whether variance is a xed value or a hyper-
parameter, as depicted in Figure 3.8. The hyperprior parameter a given value in the
rst-factor graph, the rest of the graphs explain the situations when is an unknown
parameter whether its prior distribution contains other unde ned parameters, denoted as

3.5.1 Introduction of Hyperprior Distribution

When prior information is unavailable, it is common to utilize uninformative or weakly
informative priors for , such as uniform distributions and other at priors. Nonetheless,
the at prior subjectively enables various outcomes with equal possibility; these types of
prior most likely lead to a posterior with in nite outcomes and the estimations would fail
to realise convergence.

Since there is no supportive information about variance beforehand, we introduce a less-
informative hyper-prior distribution () / 1= . This type of prior includes a Jacobian
transformation which rst came out by DeGroot and Lindstrom (1986). It has since been
widely used in many non-informative cases. Generally, the idea is to assign a uniform
prior with even probability p to a log transformation of this unknown and non-negative
parameter, represented as = log( ) and f (t) / p. Thereby, the probability for s
proportional to the Jacobian transformation (dt=d )fromtto : ( )/ p(dt=d )/ 1=.
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The completed posteriors after employing a hyper-prior of Laplace and Gaussian types
respectively:

B g O I Ty (Vix) g () ()

i y P Xi X j!
P P 2! (3.9)
Qn (iajx)” P P 2Ny (Xi Xt)
'E g exp it Cja X)) @J)z 2 L

When estimating the parameter , we can regardX as known parameters, then updating

from fx. (x; )/ x; (xj ) () by MCMC estimation. Hence, we can divide the
inference of full joint distribution (x; jy) into two successive steps. For each step, the
process is similar to what we displayed in the MCMC algorithm in Section 2.3.4 apart
from an additional parameter (Scipioni et al., 2018).

1. Update estimations X from x;y (X jy; )/ fyjx (Yix) xj (xX] )
2. Update estimation from x ( jx)/ x; (x] ) ()
3. Collect estimation samples once the Markov chain reaches convergence

4. Calculate the average sample value for each variable as estimation.

3.5.2 Posterior Estimation Analysis

To evaluate the suitability of Bayesian modelling while employing a uniform hyperprior
parameter across di erent dataset scenarios, we employ two simulation datasets: one
characterized by a persistent hot region with a pixel matrix of true values represented as
X and the other exhibiting a smoothed density with a pixel matrix of true values denoted
asX 1.

Homogeneous Hyperprior Parameter Estimation

For the two simulation applications, the homogeneous estimation for parameter after the
introduction of hyper-prior distribution () = 1=, as shown in the following convergent
Monte Carlo chains in Figures 3.9.

The trace plots demonstrate the convergence of the parameter estimations after a short
burning period. Additionally, the value distributions of the hyperprior parameter in Fig-
ures 3.9¢{3.9d exhibit a symmetric Gaussian pattern, indicating the robustness of the
estimations.

In the case of the rst simulation dataset, the estimated global hyperprior parameter

is approximately 185 in the posterior distribution with a Laplace-type prior (LMRF) and
a higher prior variance of = 325 in the posterior distribution with a Gaussian-type
prior (GMRF), as illustrated in Figure 3.9a. For the second simulation application, the
estimated value of in LMRF is greater than the corresponding outcome in GMRF, with
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Table 3.1: MCMC for global prior variance

Algorithm  MCMC for global prior variance (iteration k)

Input : A list of initial values fXq = X(10); Xo = x(zo); i Xm = xﬁq)g; =

An updated positive constant () and k.
For j =f1,2;:::;mg

1. Propose a new value(j(k) N xj(k V. (0 2 it and only if X 0
2. Generate unif (0; 1)

3. Accepy X with probability

_ i @Y x$ xS Prnx @kl Py 0D
’fXjY; X(lk 1);X(2k 1);:::;Xj(k Donx( l>jY; (k1)
4. Compare the with the calculated
5. if: then then
6. Accept the proposal valuex; = xj(k)
7. else x; = xk

j
end updating x

2
8. Propose a new candidate valuek N k1 (k) ; iIf and only if

9. Generate ; unif(0;1).
10. Accepy (k) with probability

fix @ ixfdd iy
1=min @1, 0.0 ) W
fox D ixg”ixg X xm
11.if: 4 1 then then
12. Accept the proposal value = ),
13.else = kD
14. end if

Repeat the above steps until receiving enough sampling size.
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Simulation | Simulation I
(a) Estimation trace plot of hyper variance (b) Estimation trace plot of hyper variance
(c) Posterior distribution of hyper variance (d) Posterior distribution of hyper variance

Figure 3.9: Estimation trace plots and posterior distributions of hyperparameter for the
rst (left) and the second (right) simulations under di erent priors.

values of approximately 110 and 130 respectively, as shown in Figure 3.9b.

Homogeneous Prior Parameter Estimation

In what follows, we discuss brie y the e ect of ones choice of prior on image processing.
Figure 3.10 shows the proccessed image data using a posterior distribution with both
LMRF and GMRF prior distributions. More speci cally, we observe greater variation
in the hot region when using GMRF prior (left) as opposed to the LMRF prior (right).
Correspondingly, the GMRF results in a greater value for hyper-prior parameter .

Here, we display the image processing from posterior estimation with LMRF and GMRF
prior, accompanied by the globally optimum respectively, as shown in Figure 3.10. There
is more variation in the hot region from the left side compared to the right one. Meanwhile,
Figure 3.11 shows the posterior estimation of pixels in the 28 row and the 36" column
within the pixel matrix. The 20 " row crosses two small hot regions and the 36 column
crosses the largest circular hot region. Here, true pixel values are shown in red and pixel
estimations from the di erent posterior distributions GMRF (left) and LMRF (right) are
shown in grey and blue respectively, accompanied by their associated con dence intervals.
Both estimators from di erent priors approach to the true pixel value, While the con dence
intervals for the two priors do cover the true values, the pixel posteriors for the LMRF
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(@) GMRF (b) LMRF

Figure 3.10: Image processing under GMRF (left) and LMRF (right) distributions for the
optimum homogeneous hyper-prior variance parameter.

over the hot regions are more uniform than those of the GMRF. Table Table 3.2 displays
the corresponding estimation measurements of 8 selected pixels in Figures 3.11c to 3.11d.
The position indicates the order of the pixels on the 28' row.

Position  ucl.L ucl.G Ici.L Ici.G mean.L mean.G

1 7.33 8.21 2.37e-01 2.16e-01 2.85 2.95

4 5.74 6.33 8.14e-02 8.12e-02 1.77 1.88

8 4,78 5.68 3.91e-02 4.60e-02 1.38 1.48
14 1163.89 1242.14 1.06e+03 1.04e+03 1106.65 1145.71
18 4.74 4.93 5.82e-02 7.14e-02 1.40 1.47
22 6.19 6.31 7.50e-02 9.72e-02 2.00 2.01
24 7.27 7.49 1.17e-01 7.20e-02 2.47 2.456
26 35.18 46.74 8.42e-01 1.10e+00 13.83 19.89

Table 3.2: The list includes estimation measurements. 'L' indicates the posterior estima-
tion from Bayesian modelling with LMRF and "G' indicates the posterior estimation from
Bayesian modelling with GMRF. The outcomes are stored to two decimal places.

For the second simulation dataset, the image processing under the di erent prior distri-
butions are displayed in Figure 3.12. Again, the posterior estimations of pixels within
the 20" row and the 36" column are shown in Figure 3.13. The outcomes from both
posterior distributions approach closely to the true value. The estimations indicate that
both models can capture the underlying smoothing image patterns.

In general, the GMRF and LMRF posterior estimations are similar for the second sim-
ulation dataset, in terms of the pixel estimation x; and the homogeneous hyperprior
parameter . It is opposed to the estimation conclusions from the rst experience, where
the estimated homogeneous in LMRF is smaller than those of GMRF and the variation
within the estimation x; in GMRF is higher than those of LMRF.
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(a) Posterior estimation from GMRF (b) Posterior estimation from LMRF

(c) Posterior estimation from GMRF (d) Posterior estimation from LMRF

Figure 3.11: Posterior distributions of pixel under GMRF (left) and LMRF (right) prior
distributions for optimum homogeneous hyper-prior variance parameter, employing the
rst simulation dataset. Here, the posterior estimations for the 20" row are shown at the
top, while those for the 36" column are shown on the bottom.

(a) GMRF (b) LMRF

Figure 3.12: Image processing of smoothed image dataset under di erent prior distribu-
tions and optimum hyper-variance . (a) Estimated image from a posterior distribution
with GMRF; (b) Estimated image from a posterior distribution with LMRF.
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(a) Posterior estimation from GMRF (b) Posterior estimation from LMRF

(c) Posterior estimation from GMRF (d) Posterior estimation from LMRF

Figure 3.13: Posterior distributions of pixel under GMRF (left) and LMRF (right) prior
distributions for optimum homogeneous hyper-prior variance parameter, employing the
second simulation dataset. Here, the posterior estimations for the 20 row are shown at
the top, while those for the 36" column are shown on the bottom.
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(@) (b)

Figure 3.14. Image processing under dierent prior distributions and optimum hyper-
variance : (a) Estimated image from a posterior distribution with GMRF; (b) Estimated
image from a posterior distribution with LMRF.

(a) Posterior distribution of hyper variance Il (b) Estimation trace plot of hyper variance lI

Figure 3.15: Posterior estimations for the hyper variance based on the third simulation,
denoted as IlI.

Bayesian Estimation for Extra Noise

The two previous cases con rm that Bayesian modelling successfully performs image pro-
cessing when su cient rst-hand information is available. In other words, there is enough
scanning time for collecting information. Following this, a third case with a short scan-
ning time is considered, in which there is insu cient rst-hand information. Figure 3.14
displays the posterior estimation for the image. The estimations show that the poste-
rior distribution with a Gaussian-type prior distribution (GMRF) performs less e ectively
than that with a Laplace-type prior distribution (LMRF) when it comes to approximating

the actual pixel value. The homogeneous estimation for a hyperprior parameter in LMRF
returns a higher value in comparison to the posterior estimation in GMRF, as shown in
Figure 3.15. In both cases, some distinguishing value gaps between the true pixel values
and those estimations can be found in hot regions and the edges in Figure 3.16.

Overall, for three di erent simulation datasets, the quality of the estimated image with
homogeneous optimum is signi cantly improved by reducing noise and image blur. The
posterior estimations of unknown true pixel X conrm that Bayesian models do make
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

(a) Posterior estimation from GMRF (b) Posterior estimation from LMRF

(c) Posterior estimation from GMRF (d) Posterior estimation from LMRF

Figure 3.16: Posterior distributions of pixel under GMRF (left) and LMRF (right) prior

distributions for optimum homogeneous hyper-prior variance parameter, employing the
third simulation dataset. Here, the posterior distributions for the 20™ row are shown at

the top, while those for the 36" column are shown on the bottom.
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a positive contribution to image processing. While for each simulation application, the
estimations for global in posterior distributions with LMRF and GMRF are di erent;
consequently, the estimations for the unknown pixels are not identical. Both the rst and
third cases indicate that the estimation within LMRF is more stable and accurate to the
truth. While for the second experience, the estimations in both posterior distributions
are similar. As in, there is not always a clear optimum choice for prior. Meanwhile, the
posterior estimations of pixel with a small estimated value of in the rst case introduce
fewer variations. In contrast, a posterior estimation with a larger value for in the
third experience show its priory to catch the large value dierence but results a large
scale of variation. Hence, the homogeneous hyperprior parameter varies in di erent
data applications. Furthermore, the balance between reducing pixel-value variation and
estimation bias must be further explored.

3.6 Tikhonov Regularization and Real Image Application

The application of Bayesian modelling in cylinder simulation datasets demonstrates ad-
vantages in terms of deblurring and denoising. Therefore, to con rm the applicability of
Bayesian modelling, another real-world data application is required. On the other hand,
Tikhonov regularization has been identi ed as useful by introducing the regularization
term into ill-conditioned problems, speci cally in the context of inverse problems (Golub
& Von Matt, 1997; Chung & Espanol, 2017; Wen & Chan, 2018). Therefore, a com-
parison between the estimations from Bayesian modelling and Tikhonov regularization is
necessary.

3.6.1 Tikhonov Regularization Comparison

Tikhonov regularization for the medical image processing, which holds the linear relation-
ship between observation image and real image, can be written as:

min Y AX jiz+ jiLAji3 ; (3.10)

whereA is transformation matrix, Y and X are the observation dataset and real unknown
dataset. The regularization parameter controls the trade-o between the model tness

and the regularization term. The regularization matrix L contains the prior information

about the solutions. Here, we employ the identity matrix as the regularization matrix L

because of the lack of supportive prior information.

In the context of the regularization parameter , the criterion of cross-validation has been
applied in various regularization algorithms, such as Tikhonov Regularization. Cross-
validation selects the optimum regularization parameter by identifying the minimum
estimation residuals! The estimation outcome from Tikhonov regularization, using ob-
servation Y within the rst simulation dataset, is shown in Figure3.17. The left side

1The estimation algorithm for regularization parameter ‘cv.glmnet' and the application of Tikhonov
Regularization 'gimnet' can be nd in R package 'glmnet'.
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3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

(a) Observation Y (b) Tikhonov regularization

Figure 3.17: Observation image and the corresponding estimation from Tikhonov regular-
ization with the optimum regulation.

displays the observation of the rst simulation dataset, while the right side presents the
estimation from Tikhonov Regularization.

Compared to the Bayesian application as shown in Figure 3.11, the blurring can still be
detected around the high-contrast area between background and hot region in the current
case. Hence, the estimation for real imagX is not accurate, since regularization applies to
the whole information not only noise but also pixel values. In other words, the smoothing
e ect from regularization applies globally to pixels within both background and hot regions
simultaneously, regardless of varied pixel densities. The estimated pixels with a large value
of regularization (represented in green) are smoother than those with small regularization
(represented in blue). Furthermore, some non-negative pixels from the background are
unavoidably transformed into negatives after applying regularization.

Similarly, the estimations of speci ¢ column and row within pixel matrix from Bayesian
modelling and Tikhonov regularization are presented in Figure 3.18. Compared to the
Bayesian modelling, the Tikhonov Regularization only bases on the pixel point estimation
without consideration of the pixels' environment. Furthermore, unlike estimations from
Markov chain Monte Carlo within the Bayesian framework, the distribution of estimated
pixels and the quanti ed information including con dence intervals of estimations are not
available.

3.6.2 Real Medical Image Application

Here, the employed medical image for the mouse kidney is obtained by using a dimercap-
tosuccinic acid scan (DMSA). Compared to theg-eye'¥ camera, the DMSA scan with
technetium-99m labeled radiotracer is well-known for its valuable capability in identifying
patients' kidney shape and location. The information of the region of interest, where the
kidneys are located, is clearer in the reprocessed image in Figure 3.19b compared to the
observed image in Figure 3.19a.
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(a) Estimation Comparison between Bayesian modelling and Tikhonov regu-
larization |

(b) Estimation Comparison between Bayesian modelling and Tikhonov regu-
larization Il

Figure 3.18: Estimation Comparison between Bayesian modelling and Tikhonov regular-
ization. The estimation from Bayesian modelling highlighted in dark color, comes along
with a credible interval in grey. Estimations from Tikhonov regularization are presented

with two regularization options: the green line represents the optimum regularization de-
ned by cross-validation method, while the blue line represents manual regularization with

| =0.1 applied. Here, the pixel estimations for the 26" row are shown at the top, while

those for the 36" column are shown on the bottom.
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(a) Observed image from DMSA (b) Image reprocessing from Bayesian modelling

Figure 3.19: The real application of a medical image using DMSA (left) and the corre-
sponding posterior estimations from Bayesian modelling with LMRF prior distribution

(right).

3.7 Summary

This chapter describes the scanning process of medical imaging, utilising thg-eye™
camera, in Section 3.2. The scanned object is a cylinder of three varying densities, which
we label as 'hot region'. In this section, we present several medical image frames obtained
at di erent scanning stages and highlight that scanning time can be a factor in the medical
image quality. The limitation of the true experience in modelling applications is that we
cannot compare the estimation to the truth, which is unavailable.

Hence, in Section 3.3, we create simulation datasets containing several hot regions for
further investigations using Bayesian modelling. Firstly, in Section 3.3.1, we generate a
primary simulation dataset in which pixels can only take two di erent values. Here, the
shape of the hot regions are well-de ned. In Section 3.3.2, we discuss a second generated
dataset. This second dataset takes the rst data and applied a smoothing kernel, allowing
greater pixel-value variation. Contrary to the rst dataset, the shapes of hot regions in
the new dataset are less well-de ned. The two datasets presented in Sections 3.3.1 and
3.3.2 are assumed to have been taken with su cient scanning time.

The rst two observation images are assumed to be obtained with a su cient scanning
time. In other words, the rst-hand information for Bayesian modelling under this condi-
tion is well-preserved. Missing information , especially information on high-contrast edges
in images regarded as a source of noise, can potentially make medical diagnosis di cult.
For comparison, we generate in Section 3.3.3 a third dataset with a high level of noise.
This third dataset takes the rst dataset, but adds noise. The latter aims to represent the
scanned cylinders of varying density but with insu cient scanning time.
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Secondly, the establishment of Bayesian modelling is presented in Section 3.4. The likeli-
hood function is de ned as by the Poisson distribution since the value of pixels are discrete;
otherwise, another standard option of the likelihood function in medical image processing
is Gaussian distribution with continuous datasets. The corresponding details can be found
in Section 3.4.1. In Section 3.4.2, we introduce the two potential prior distributions and
associated potential functions. Apart from unknown pixels, the corresponding posterior
distribution contain an extra unknown hyperprior parameter brought from the prior dis-
tribution. Finally, Section 3.4.3 shows that the combination of the likelihood function
and prior distribution can be combined to obtain a posterior distribution for the unknown
pixel values.

Since our use of Markov random elds assumes the mean for each pixel is same to that
of its neighbour, pixel variance is unknown. To overcome the lack of information regard-
ing pixel variance, we require estimating the true value. In Section 3.5, based on the
Bayes' theorem, the new unknown variance needs to be estimated by assigning an arti -
cial xed value or de ning the hyper prior distribution. In Section 3.5.1, we consider the
use of a global hyperprior parameter, where pixel variation is assumed to be homogeneous
regardless of an image's features. Despite the shortcomings, the use of a global hyper-
prior parameter is shown to be e ective in increasing image quality by reducing noise and
blur. Moreover, we show that the choice in posterior distributions can lead to varying
outcomes in Section 3.5.2. At the end, in Section 3.6.1, the comparison of estimations
between Bayesian modelling and Tikhonov regularization highlights the superiority of us-
ing Bayesian modelling in terms of producing robust results. The additional real medical
application is included in Section 3.6.2. Therefore, we conclude that it is necessary to
investigate other measurements, such as sensitivity analysis, for the following steps.

53



3. IMAGE PROCESSING UNDER BAYESIAN MODELLING

54



Chapter 4

Sensitivity Analysis for Priors

4.1 Introduction

The previous section provided a general idea of how image processing can be realised under
Bayesian modelling. Meanwhile, it showed two potential ways to a ect the posteriors esti-
mations: either from hyper-prior parameter or type of prior distributions, for instance,
Gaussian or Laplace type respectively. For inhomogeneous priors, this includes the change
of parameters in priors and the rede nition of the prior distribution. Therefore, sensitivity
analysis, which aims to observe the e ect of varying a single parameter/condition while
holding all the others the same, has been identi ed as useful in our research. To observe
the di erences in outcomes, for the rst step, we can vary the hyper-variance while keeping
the same type of prior distribution (Laplace Random Field Prior distribution) and then
change the type of prior distribution but keep the hype-prior parameter the same.

For each comparison session, the study object not only includes the global pixel matrix;
the completed image as the single observation (global sensitivity analysis). We also include
the several pixel segments based on the di erent pixel neighbourhoods (locally sensitive
analysis), like high-contrast edge and smoothing area. Notably, fruitful research has con-
sidered the global estimations (Lenhart et al., 2002; Ding & VanderWeele, 2016) while
few studies have been found for locally sensitive analysis. In this chapter, our aim is
to understand the estimation di erence between the use of homogeneous and inhomoge-
neous hypervariances. We then aim to study the estimation di erence between the use of
di erent potential functions within the prior distribution.

During the sensitive analysis, apart from the presence of visualisation results, mean
squared error, bias and variance are also used for estimation measurements. Ultimately, we
conclude that locally-adaptive prior is more adaptable to image processing and e ectively
removes noise and blurring.
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4.2 Sensitivity Analysis for Hyperprior Variance

The estimations originate from posteriors with di erent priors since the likelihood function

in our Bayesian modelling maintains a Poisson distribution. To measure the estimation
e ects under various conditions: di erent global hyperprior parameter , the experience
would preserve the rest of the conditions unchanged. This process refers to sensitivity
analysis. Here, the primary simulation data set of cylinder with observed imageY is
employed.

4.2.1 Image Processing Comparison

Hence, from the parameter aspect, we initially allocate the a series of increased (from
10 4 to 10°) in our posterior distribution with Laplace type of prior distribution which has
absolute energy function inside the Markov random eld prior (LMRF). Then we compare
the estimations from this series of posteriors. Improper may invalidate the e ect of
estimation from priors. Once is relatively small, like 10 #, the prior distribution assigns
the highest probability when it approaches zero and forces every estimation to become
abnormally identical. The prior distribution make the e ect of estimation from the other
side: likelihood becomes neglected, as seen in the corruption of the image pattern in
Figure 4.1 (a); On the other side, when becomes very large, saying 1) LRMR turns

to non-informative priors like Uniform prior, as seen the image pattern in Figure 4.1 (d);
Figure 4.1 (b) and (c) display the image processing when homogeneous= 10 and when
the optimum estimated value 130, obtained in Section 3.5, is used. In Figure 4.1 (b), the
partial image pattern can be detected when = 10. The information delivers the rough
location of hot regions but is inaccurate, for example, the deformed circle shape of the
most signi cant hot region and smoothing square hot regions. When compared to Figure
4.1(b), Figure 4.1(c), with an optimum value of used, shows a clearer image.
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Figure 4.1: Image processing under di erent global values of : (a) =10 4; (b) =10;
(c) =130; (d) =1000.

Figure 4.2 shows the corresponding image pattern of bias. If a speci ¢ image pattern can
be detected, it indicates a mismatch between the truth and estimation. For instance, in

Figures 4.2 (a) and (b), image patterns are well preserved. Both posterior estimations
fail to get an accurate image processing. On the other hand, Figures 4.2 (c) and (d)
show less bias between the posterior estimations and truth, especially within the hot
regions. However, bias in both cases still reveals a partial image pattern, especially the
high-contrast edge part.

The standard deviation measures the variation among the estimations, as seen in Fig-
ure 4.3. For the rst two scenarios (Figures 4.3 (a){(b)), the limited information can be
obtained since the results are invalid. Conversely, there is a high standard deviation in
hot regions in Figure 4.3 (d) in comparison to the estimations with an optimum hyperpa-
rameter where the constant hot regions tend to have a lower standard deviation, as shown
in Figure 4.3 (c).
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Figure 4.2: Image bias under dierent global values of : (a) =10 4 (b) = 10;
(c) =130; (d) =1000.

Figure 4.3: Image standard deviation under di erent global values of : (a) =10 %
(b) =10;(c) =130;(d) =1000.

58



4.2 Sensitivity Analysis for Hyperprior Variance

4.2.2 Pixel Estimation Comparison

Based on the performance of image processing under di erent values of, it shows the
importance of the optimum global hyperparameter. A neat example to study is the 18
row of the estimated pixel matrix since the row considers two hot regions of the image, as
shown in Figure 4.4. We note that for =10, shown in Figure 4.4a, that there is a large
discrepancy between the estimated value (blue line) and the true value (red line). Hence,
bias is convincing. On the contrary, any variation among the estimations are minimal and
the credible interval has relatively small value range compared to the estimation when is
larger than 10. However, upon increasing by a factor of ten, Figure 4.4b shows that the
estimated value approaches the true value. Meanwhile, the estimated value becomes less
smooth. In other words, estimations do approach the true values along with an increased
variance. In Figure 4.4c and 4.4d, we present the estimations for when = 500 and
= 1000 respectively. The posterior estimations are actually estimate the actual value,
while the variations are signi cant. In summary, increasing the value of appears to more
accurately predict the true pixel value, but at the expense of greater spread/uncertainty.

@ =10 (b) =100

(c) =500 (d) =1000

Figure 4.4: Estimated values with credible interval. From the left to the right, the plots
display the modelling result with: (a) =10; (b) =100; (c) =500;(d) =1;000.
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4.2.3 Bias and Standard Deviation Comparison

It is known that mean squared error (MSE), a measurement of accuracy, can be decom-
posed into two parts: bias and variance:

MSE (xj) = var (&) + bias®(%j): (4.1)

Therefore, if the information on standard deviation and bias are given, we can estimate
MSE indirectly. However, our experience shows that each pixel has di erent properties
depending on whether the pixel forms part of the background or the hot region. Itis clearer
to notice the value distribution by presenting the absolute bias and estimation standard
deviation of each element within the whole image object rather than averaging the whole
image matrix as a single index. Here, we employed three estimations from LMRF with
di erent variance values, as shown in Figure 4.5. When = 10, the histogram of estimation
bias has a long tail compared to those of the other distributions. The distributions of
estimation bias for the other two cases are similar; the estimation bias distribution displays
a greater number of values exceeding 50 compared to the results when = 100. In
conclusion, the minimum estimation bias is obtained in the case for which = 100. On
the right side, Figure 4.5b shows the histograms of estimation standard deviation under
the same estimation conditions. Estimations at = 10 have the shortest tail and a high
peak at around the value of 5, which is converse to the conclusions made about the bias
distribution. Meanwhile, as increases, the corresponding standard deviation distribution
tends to have a long tail; for example, the bias in the case of = 1;000 has the greatest
spread of the three cases.

(a) Absolute bias distributions (b) Standard deviation distributions

Figure 4.5: Histograms of absolute bias (left) and standard deviation (right) under di erent
;red - =10; green - =100; blue - =1;000.

Meanwhile, instead of presenting the value distribution of pixel estimation accuracy, Ta-
ble 4.1 shows several measurements for average posterior estimation accuracy. Here, we
present the expected mean squared error, bias and standard deviation of the global pixel
matrix by dividing the size of the image. We can also conclude that the optimum hyper
variance lies between 10 and 500. When the hyper variance is around 100, it results in
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Hyper variance Mean squared error || Bias Standard deviation
10 1872.653 43.1917 2.668056
100 186.9655 12.8945 4.549584
500 400.4594 18.8422 6.748218
1000 519.4922 21.5864 7.315644

Table 4.1: Estimation comparison

a decrease in mean squared error and bias.

In general, if the variance hyperparameter in priors su ciently large, then the prior dis-
tribution becomes uninformative. Since each value becomes equiprobable, the estimation
e ect only comes from likelihood; the variance of estimation should be the same as sam-
pling from an observed dataset. In contrast, the prior distribution would dominate the
estimation if the variance is minimal (approaching to zero). As the variance decreases,
the prior distribution will approach the vertical line x = 0, meaning the value zero has
the highest probabilityjconsequently, the smaller the variation, the less likelihood there

is of deviating away from values of zero.

Hence, as a parameter of variance in a prior, contributes to the growth of standard

deviation while it may help to reduce bias. The potential solution for MSE reduction is

nding the balance between approaching minimum bias and avoiding the high value of
variance.

4.3 Sensitivity Analysis for Regions of Interest

As mentioned, the prior distribution becomes uninformative once the variance becomes
su ciently large. In other words, the prior with large has less e ect on posterior esti-
mation. A smaller MSE generally indicates a better estimation of the true pixel value. At
the same time, there is a suspicion of the e ciency of homogeneous posterior distribution
with a global prior. Since the hypothese of the prior with global parameters assumes
that the variation within the di erent regions are same. However, the image processing
from homogeneous posterior distribution can still be detected light blurring around the
high-contrast edge and the variation in the hot region. Hence, the next step is to identify
whether the modelling applies to an identical e ect to regions of interest (ROIs) regardless
of the di erence within the neighbourhood.

Our application ultimately distinguishes the pixel's environment from di erent regions
(background and hot regions respectively). In other words, pixels within the background
are expected to be constant and close to a small pixel value, like zero. However, the pixels
from hot regions are assumed to be much greater than zero and there are potential value
variations within the corresponding neighbourhood. For the further analysis of pixels
posterior estimation, it is reasonable to choose pixels and regions of interest with di erent
properties, which help to nd the specic solution for improving estimation accuracy
separately.
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4.3.1 Regions of Interest

Apart from the completed image as a globally estimated object, ROIs within the pixel
image are distinguished by the corresponding location and the contrast in neighbouring
values. Here, we consider the di erent scenarios of hot regions. For instance, one is hon-
smoothing hot region with precise edge detection and the other is smoothing hot regions
with less distinguished edges. We employ the rst two simulation datasets for further
analysis. For the rst case, the average pixel value within the hot regions is around 1099,
while the average pixel value in the background is 0. For the second smoothing dataset,
the pixels in the hot regions are 400, while the ones in the background are 75. ROIs in
each simulation dataset are highlighted, as shown in Figures 4.6a{4.6b.

The principle of identifying regions of interest is based on the properties of pixel density.

In our case, the smoothing area refers to small pixel variations, speci cally those below
50. In high-contrast areas, the variation is much higher, for instance, above 500. Hence,
the regions of interest are labeled accordingly in Figure 4.6a. Furthermore, to investigate
the estimation e ects within the dataset with high smoothing levels, the same labels are

applied in Figure 4.6b.

1. High-contrast edges of the hot regions: Regions 1 and 2.
2. Smoothing hot regions: Regions 3 and 4.
3. Smoothing background: Regions 5 and 6.

4. High-contrast edges of the backgrounds: Regions 7 and 8.
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(a) Regions of interest |

(b) Regions of interest Il

Figure 4.6: Regions of interest. Region of interest within di erent scanning experiences.
(a) Regions of interest within the rst simulation experience where there is a high contrast
between hot region and background; (b) Regions of interest within the second simulation
experience where high contrast edges are smoothing.

4.3.2 Estimation Accuracy Comparisons

To nd a global optimum value of , instead of using one which may be local, we assign
a series of values over seven orders of magnitude (1¥10%). For each assignment of , we
receive the corresponding posteriors from posterior distributions with priors which contain
absolute energy function (LMRF) and the square energy function (GMRF) respectively.
Figure 4.7 shows the MSE comparisons of di erent regions of interest within the global
image, including the global one, after employing the rst simulation dataset.
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(a) MSE of estimations from LMRF

(b) MSE of estimations from GMRF

Figure 4.7: MSE of posterior estimations for the rst simulation using LMRF (top) and
GMRF (bottom) priors.

For the hot regions (from Region 2 to Region 4 ) and global region, the MSEs tend to a
U-shape distribution along with the increased in both posterior estimation with di erent
priors distribution. However, each ROI has a di erent optimum . The highest MSE is
obtained when is extremely small and the reduction in MSE occurs beyond values of

= 10. After realising the correspondingly lowest MSE at non-identical , there is an
increase in MSE once continues to increase.

For the background regions, pixels are supposed to be zero. Posterior estimations with
hyperparameter , below 10 1, always force the pixels to zero regardless of the pixel from
the hot region or background. Hence, as mentioned in Section 4.2.1, posterior estimation

64



4.3 Sensitivity Analysis for Regions of Interest

from Bayesian modelling under this scenario is considered invalid. Therefore, the Bayesian
modelling estimation should only be considered valid for greater than 10 1. Region 5
and Region 6 reach minimums of MSE when is between 1 and 10. While the pixels in
Region 7 and 8 obtain their robust estimations when is over ten and over 100 in the two
Bayesian models separately. The estimation performance is quite di erent between the
two types of background: ones around the high-contrast edge of the hot region (Region 7
and 8) and ones within a smoothing neighbourhood (Region 5 and 6). In our assumption of
Bayesian modelling, there is no di erence between the pixels and their closest neighbours.
Therefore, when there is a signi cant variance, it requires that the variance parameter

in modelling is accordingly large.

(a) MSE of Estimations from LMRF

(b) MSE of Estimations from GMRF

Figure 4.8: MSE of posterior estimations for simulation Il using LMRF (top) and GMRF
(bottom) priors.
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Unlike the rst simulation application, pixels in the background are not zero, while the
value di erence between the hot region and background is less distinguished. In the
second case, the background also maintains Poisson noise. Again, Figure 4.8 displays
outcomes from two Bayesian models when the second simulation data is employed. Here,
the tendency of MSE in dierent ROIs, including the ones from hot regions and the
background, share a similar convex distribution. Each ROI reaches the minimum MSE
under di erent values of . l.e., the optimal value of in the background and foreground
regions di ers by an order of magnitude of 10.

4.3.3 Approximation Behavior of the Posterior Distribution

For the sake of visualised comparisons, estimations of selective pixels are presented from a
posterior distribution with Gaussian type of prior with two di erent assignments of hyper-
parameter , 10 and 100 respectively, as shown in Figure 4.9. All estimation distributions
are symmetric and Gaussian-like. Meanwhile, the estimations become convergent after a
short starting period of burning.

First, we choose up three pixels from high-contrast edge within the hot regions where
pixels' neighbourhoods and the actual pixel values are similar, around 600. On the other
hand, if isinsu ciently large, a estimated pixel value of 400 is obtained and fails to con-
verge to the correct value of pixel. Figures 4.9a{4.9b show the corresponding histograms
and convergence trace plots of estimation performance along with di erent . The gures
show that for priors with su ciently large = O 107 , true pixel values may be attained.

It shows that the posteriors with a high ( =100) can approach the truth pixel value.
While the posteriors with a small return an average estimation of around 400, missing
the truth. On the other hand, the other three pixels within the background are within
a smoothing neighbourhood and the truth pixel value is around 120. We have di erent
conclusions under this scenario since the estimation from modelling with a small ( =10)
is closer to the truth from modelling with a large (= 100).

66



4.4 Sensitivity Analysis for Prior Distributions

(a) Histograms of three estimated pixels (b) Trace plots of three estimated pixels

(c) Histograms of three estimated pixels (d) Trace plots of three estimated pixels

Figure 4.9: Histograms and trace plots for posterior estimation under the di erent hyper-
parameter . (a){(b) Posterior estimations within hot regions when the true pixel value is
around 606. (c){(d) Posterior estimations within backgrounds when the true pixel value
is around 120.

The estimation with larger seems more capable of approaching the signi cant di erence
in pixel value. Conversely, estimation from a small hyperparameter has less variation
and is a good option for small pixel values in the background and constant hot regions.
Thereby, we reach a conclude that the change of a ects the posterior estimation un-
less approaches an extreme value, either large or small. Secondly, the e ect of MSE
reduction on each region is non-identical; each region achieves a di erent optimal value of

. Therefore, locally optimum estimation for prior parameter could be the solution for
MSE reduction.

4.4  Sensitivity Analysis for Prior Distributions

In Section 3.5.2, we brie y discuss the posterior distribution with di erent priors (GMRF
and LMRF) in the cylinder dataset. Concerning a brief representation of the di erence
within the choices mentioned above for potential functions within the prior distribution,
the absolute and square potential functions decide the prior distribution with Laplace and
Gaussian properties respectively.
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4.4.1 Energy Functions within Prior Distributions

Suppose the mean value in prior distributions is assumed to be zero while two allocated
values for variance (10 and 100 respectively), as depicted in Figure 4.10. While the
Gaussian and Laplace distributions exhibit similar shapes, the Laplace distribution con-
sistently exhibits a greater likelihood of sampling values near the distribution edge at
x = 0. Moreover, the extended tail of the Laplace distribution allows it to e ectively
capture extreme values (Ali et al., 2014). In general, within the di erent degrees of the
potential function a ects the value sampling by allocating di erent probabilities.

Figure 4.10: E ect of variance values on Gaussian (G) and Laplace (L) distributions (see
legend). On the bottom row, we show small pixel values for when = 10 on the right,
while large pixel values for when =100 on the left.

4.4.2 Regions of interest Selection

The rst two simulation datasets are employed for the following estimation comparison
under the di erent prior distributions. Figure 4.11 shows the region of interest within the
hot regions. Again, the principle of division is based on the pixels and their neighbourhood,
which are labelled with di erent numbers. Regions 1, 2 and 5 indicate regions of signi cant
variation in intensities, while regions 3 and 4 are attributed to hot regions where pixel
intensity is near-constant. Positions labelled in Figure 4.12 are identical to the rst labelled
image, while the di erences in pixel values and those adjacent are less signi cant.
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Figure 4.11: Regions of interest in the binary simulation dataset.

Figure 4.12: Regions of interest in the smoothing simulation dataset.

4.4.3 Estimation Comparison within Regions of interest

For the rst estimation application of simulation dataset, the optimal obtained from
GMREF is larger than the one estimated from LMRF, around 330 and 150 respectively.
Similarly, the optimum  from GMRF for each region of interest is also greater than the
ones from LMRF. Once exceeds the optimum value, MSE is experiencing a climb. It is
noticeable that the MSE from the separate modellings overlap at the beginning and the
end when is extremely small or big. In other words, improper may invalidate the e ect
of estimation from priors. When is large, sayingO 10* , LRMR and GRMR become to
non-informative priors, e.g. an Uniform prior.
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Figure 4.13: Estimation comparison between two modellings. Estimation comparison of
di erent regions of interest while varying hyperparameter . Blue line indicates the MSE
in the case of a Gaussian Markov Random Filed prior, while the orange line that of a
Laplace Markov Random Filed prior.

Much like in Section 4.3.2 in the case of LMRF, di erent optimum values of are obtained
amongst the various regions of interest when using GMRF. Based on MSE, Figure 4.13
shows that LMRF performs better both locally and globally when compared to GMRF.
However, refer to the second simulation dataset, the positions of the regions of interest
remain the same while the neighbouring pixels are smoother upon application of a blur
kernel. Figure 4.14, which compares the MSE of the two prior distributions while varying
hyper-parameter in di erent regions of interest, shows that the LMRF prior performs
greater than that of the GMRF in regions of interest 1 and 2. Although it shows the global
minimum MSE from LMREF is slightly smaller than the one from GMRF, GMRF performs
relatively better than the estimation from LMRF in several ROIs, for instance, regions 1
and 2. Suppose there is another simulation dataset with a higher smoothing level than the
rst two, as seen in Figure 4.15. Based on the MSE performance, estimations from GMRF
are prior to the ones from LMRF in terms of global estimation or the estimation within
regions of interest. Therefore, we assume that GMRF can be an alternative solution for
improving estimation accuracy once the neighbourhood is smoothing.
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Figure 4.14: Estimation comparisons between two posterior distributions I.

Figure 4.15:; Estimation comparisons between two posterior distributions II.
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4.4.4 Comparisons of Posterior Pixel Estimations

In Section 4.4.3, the observations are divided into di erent pixel groups with distinguished
properties. To investigate the estimation e ect of to a single pixel, we assign hyperpa-
rameter with three values, 40, 80 and 100 respectively. Six pixels from the edge between
the background and hot regions are picked for further analysis. Three pixels are from
the high-contrast edge, like those within region 1 in the rst experience. The other ones
are from the smoothing contrast edge, for instance, the region one within the second
experience.

Figure 4.16 three pixels from the high-contrast edge as the objects and their actual value
is around 1100. LMRF estimates are closer to the real value regardless of the assignment
of . On the other hand, there is a signi cant bias of estimation from GMRF, especially
since hyperparameter is small. For example, in Figures 4.16a, 4.16c and 4.16e, we can
see an increased bias of GMRF estimation along with a decreasing In conclusion, LMRF
shows its advantage in estimation accuracy, especially since the di erence between pixel
neighbours is signi cant and correlated to the Laplace density feature, a long tail.
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(a) Histograms of three estimated pixels. (b) Trace plot of three estimated pixels.
(c) Histograms of three estimated pixels. (d) Trace plot of three estimated pixels.
(e) Histograms of three estimated pixels. (f) Trace plot of three estimated pixels.

Figure 4.16: Histograms (left) and trace plots (right) for pixels (x; = 1100; j = 1;2;3)
using posterior estimations Laplace (L) and Gaussian (G) while varying variance hyper-
parameter: (a){(b) =100; (c){(d) =80; (e){(f) =40.

On the other side, Figure 4.17 depicts the opposite scenarios when the di erence within
the neighbourhood is relatively small compared to the former one. GMRF returns that
the estimation is closer to the truth than the ones from LMRF regarding slight variance
and bias. In other words, the expectation value of estimations from GMRF is closer to
the truth, which is around 515; while the ones from LMRF is around 550, as seen in
Figure 4.17f. Although, the estimation performance is getting similar since increases, as
seen in Figure 4.17a and 4.17b.

73



4. SENSITIVITY ANALYSIS FOR PRIORS

(a) Histograms of three estimated pixels. (b) Trace plot of three estimated pixels.
(c) Histograms of three estimated pixels. (d) Trace plot of three estimated pixels.
(e) Histograms of three estimated pixels. (f) Trace plot of three estimated pixels.

Figure 4.17: Histograms (left) and trace plots (right) for pixels (x; = 524; j = 1;2;3)
using posterior estimations Laplace (L) and Gaussian (G) while varying variance hyper-
parameter: (a){(b) =100; (c){(d) =80; (e){(f) =40.

Between Figure 4.16 and Figure 4.17, we observe that the estimation e ects with xed
when pixel locations are di erent. All MCMC chains for posteriors achieve convergence
after a short burning and the estimation distributions are symmetric.

Hence, to improve accuracy, apart from the prior assignments of the locally-adaptive hy-
perparameters, the locally-adaptive selection for prior distributions with dissimilar prop-
erties, can be another solution. The spatial information gathers the variation within the
pixels' surroundings is also called mapping information. If mapping information is avail-
able prior to image processing, it can help to distinguish the sub-regions by particular
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features, such as high contrast and blur. In particular, these features can help determine
which modelling process should be used.

4.5 Summary

This chapter focuses on sensitivity analysis of dierent prior conditions. Such studies
are particularly useful since they enhance the statistical understanding and importance
of locally-adaptive Bayesian modelling as opposed to the application of homogeneous
Bayesian modelling (see Chapter 3). Under di erent regimes of , studying estimation
bias and variance allows us to identify regions of mismatched information. In particular,
we identi ed that small  performs best for background pixels. In other words, di erent
values of perform best in particular regions, therefore motivating the use of inhomoge-
neous - one which depends upon its surroundings.

We begin, in Section 4.2.1, by illustrating image processing under Bayesian modelling when
using too small a value for variance hyperparameter ( = 10 %), in comparison with
the optimal value about 130. As part of this comparison, we showed the corresponding
pixel estimation bias and variance. Under di erent regimes of , studying estimation bias
and variance allows us to identify regions of mismatched information. Meanwhile, we also
study the e ect of on estimation performance for individual pixels in Section 4.2.2. The
latter is followed by the decomposition of the mean squared error (MSE) into bias and
variance and how the two metrics vary for individual pixels while varying in Section 4.2.3.
In summary, Section 4.2 highlights the importance of proper prior distribution since the
hyperparameter is a part of the prior distribution.

Section 4.3 investigates local estimation as opposed to the global assessment in the former
session. In Section 4.3.1, we divide the pixel image under study into several regions of
interest (ROIs) based on the region properties, e.g. pixel value and neighbouring pixels.
Here, for each region of interest, we observe the tendency of mean squared error under the
various assignments of in Section 4.3.2. We nish by illustrating the estimation e ect of

on several posterior pixel estimations.

In Section 4.4, we compare the e ect of the potential function within the prior distribu-
tion. We begin in Section 4.4.1 by illustrating the di erence between the use of a Laplace
and Gaussian distribution on the pixel estimation by studying density plots. Section 4.4.2
recalls the di erent regions of interest. Section 4.4.3 investigates the e ect of the potential
functions estimation on pixel estimation within the di erent ROIs. Finally, several poste-
rior estimations of pixels are shown in Section 4.4.4 to illustrate the estimation e ect of
the two di erent potential functions.

For Bayesian modelling, the mass probability decides the estimated value. Given the re-
sults from the sensitivity analysis, rst of all, the estimation in uence of the prior variance
is not identical and varies according to pixel's neighbourhood. Then, the suitable poten-
tial function for prior, catering to the pixel environment, can also help to gain a more
accurate result. Therefore, when delving deeper into Bayesian modelling, we will focus on
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the selection of prior parameters and distributions, with a particular emphasis on their
applications within a hierarchical framework.
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Chapter 5

Bayesian Model with Locally
Adaptive Prior Parameters

5.1 Introduction

In Chapter 4, the evidence shows that the Bayesian modelling with locally-adaptive hy-
perparameters or locally-adaptive prior distributions can help improve the estimation ac-
curacy. Hence, the rst method proposes a hierarchical Bayesian model with a locally-
adaptive prior distribution that can reduce mean squared errors compared to the homo-
geneous model.

For the initial step, we search for the physical background of the inhomogeneous environ-
ment, considering factors such as the varying texture densities within the scanning object.
We integrate the inhomogeneous factors by updating our prior distribution, introducing
locally-adaptive hyperprior parameters with high dimensions = f ;;j = 1;2;:::;mg
instead of a global hyperparameter . Subsequently, the new unknown rate parameter
involved in distribution  ; ( j ) is correspondingly de ned. Meanwhile, the options for
de ning , including the proposals of uniform and conjugate hyperprior distributions, are
also discussed in this chapter.

In the end, beyond image processing by improving the medical image quality, the posterior
estimation of reveals the covered information about pixels' local variances. Overall, the
Markov chain Monte Carlo is employed for estimating unknown parameters, including

prior and hyperprior parameters.

5.2 Bayesian Modelling with Locally Adaptive Hyperprior
Parameters

For the medical images with di erent radioactivity distributions, there is no doubt that
the di erences among pairs of pixels are non-identical. This principle applies to di erent
medical imaging datasets and a single dataset containing di erent textures. Figure 5.1 and
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Figure 5.2: Mouse image in greyscale.

Figure 5.2 are the mouse scanning images hy-eye™ camera in di erent colour scales? If
we look into a mouse's abdominal structure, the organs and tissues with di erent textures,
like the stomach and the heart, would re ect di erent pixel intensities in the observed
medical images. Meanwhile, di erent levels of contrast would present the boundary for
organs and tissues within the uid environment, like water and blood.

Figure 5.1: Mouse summed frame from camera. The radionuclide is Technetium-99m.
The experiment duration is 60 minutes and each frame lasts 120 seconds.

Hence, as a homogeneous prior, xed prior with xed fails to apply the whole image. The
previous conclusion is that minimal MSE is conditional on pixels' locations and prior vari-
ations. Therefore, the following adjusted models in this chapter could improve exibility
if the relative factors can be considered.

1We thank Steve Archibald and John Wright from the University of Hull for providing us with the
data which John performed using Technetium-99m.
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5.2.1 Inhomogeneous Environments

Since the improvement of estimation accuracy has been con rmed by introducing adap-
tive prior variances, the geometric information about the high-contrast edge between the
hot region and background is required to assign a signi cant prior variance on the edge
arti cially. At the same time, the rest maintains a smaller value. Figure 5.3 shows the
four surroundings of the central pixel. This type of information can be obtained from
CT, provides the organism structure and texture densities, to name a few. Meanwhile,
external information makes a contribution to the signal enhancement but also brings more
information con ict and noise, which refers to the common issue in data con guration.
Hence, for the early stage, the absence of externally supportive information is the primary
scenario that needs to be taken into analysis.

5.2.2 Locally Adaptive Hyperparameter
In the homogeneous Bayesian model, given the symmetric property of Markov random

eld, (x1 Xx2) = (X2 Xi1), the energy function (x) and local energy functions

We recall the homogeneous prior distribution and the production of exponential functions
in Equation (3.6):

0 1
. 1 X
xjg (X | B) = Zexp@ B j (x)A (5.1)
o' 1
h\d X

/ exp@ B Wi (xj x)A; (5.2)

where Z is the constant term, X is a vector with a collection of pixels fXy;X2;:::; Xm0,
<2 R™. ;(x) is the local energy function between targetedx; and its four closest

neighbours; the non-negative smoothing parameter is denoted aB. If we take the local
adjustment for prior individually, B is transformed from a global parameter to a vector of

locally smoothing parameter with multiple dimensions B = fB1;B2;:::;Bmg. If B has

the same dimensions a¥ , the prior conditional distribution  xjg (X j B) as:

0 1
. 1 X
xjg (X jB)= zexp@ Bj j (A (5.3)
o0 o 11
1y X

I3 exp@ B; @ Wi (xj  x)AA: (5.4)

In the views of exponential functions for a speci ¢ pixelx;, it has at least two neighbours
which correspond at a minimum of two pairs of pixel dierence terms: x; ! Xx; and
Xj ! Xj. In other words, each dierence term has been taken into calculation twice
while in the di erent pixel's energy function. For instance, the di erence term (X3 X»)
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Figure 5.3: Four high-contrast scenarios. For each subplot, the central point is the one
that needs to be estimated. While, from the top-left to bottom-right, an increased number
of neighbours are within a similar smooth environment, which is indicated as the shadow
region.

is overlapping between the rst energy function ;(x) and the second one > (x) with
di erent smoothing parameters, B; and B, respectively.

Referring to the inhomogeneous model, the locally-adaptive smoothing parameter for dif-
ferent terms changes as opposed to being non-identical only if they are the same di erence
terms. It is transformed into locally-adaptive smoothing parameter B, within two cor-
responding pixels' local smoothing parametersB1; B, respectively): B1o = f (B1;B2) =
B>1. In the end, the inhomogenous prior distribution with local smoothing parameters is
rewritten as the combination of unique di erence terms along with the locally-adaptive
smoothing parameters:

: 1ymy Bj + B
xjg (XjB)/ 7 exp %th (Xj  Xt)
1Yy '

exp( Bjtwjt (Xj Xt));

where By = f (Bj;Bt) = (Bj + Bt) =2 = Byj. Hence, the pixels' di erence still satis es
MRF consistency and symmetry, whichis (x; X¢)= (Xt Xj).

If we introduce a normalising term Z = Qj’“:l B; =k, wherek is a constant, the approximate
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prior distribution with inhomogeneous is:

\d Bj
XjB = ?exp( Bj j(x): (5.6)
j=1
Again, we de ne the potential functions as quadratic and absolute value functions: ( ) =
2and ()= ] jrespectively. The corresponding priors are a quanti ed Markov random
eld with absolute function (LMRF) and quadratic potential function (GMRF) respec-
tively:

P !
. A 1 t2 @i ij Xt}
xi (KI)= e @) : xi 0 >0, (5.7)
i=1 J J

P !

. Yoo ean & X0
xj (xj )= 492—7_9)(!) @J)Z 5 ; Xj 0,;>0;, (5.8)

j j

j=1

ues, =1 ;;j =1;2:::;mgand j = 1=B; is the local conditional variance in the prior
distribution, which accounts for the value variances among individual pixel and its four
neighbours. In Section 3.4.3, we de ne a homogeneous prior variance to capture the
global variance between the pixels' di erences. Inhomogeneous prior relies on the contrast
levels in the image's segmentation, making it locally-adaptive to various image densities.
In order to cover all the scenarios among pixel neighbourhoods, the modelling with in-
homogeneous hyperparameter is capable of tolerating the largest value uctuation and
detecting the small variation within the smoothing areas. The constant term k = 1=2"
andk =1=(2 )m=2 in each case respectively.

5.2.3 Hyperprior Distribution

Since is a vector of unknown local parameter, we need to de ne by allocating a series
of arti cial values or de ning another level of distribution. The rst solution requires
advanced information for the assignments. Alternatively, the second action employs a less
informative hyper-prior distribution: () if there is no prior information available.

However, the hierarchical modelling can extend to endless hierarchical levels with end-
less hyper-priors after introducing new unknown parameters. Therefore, nding another
candidate hyper-prior with fewer unknown parameters and value limitations is possible
compared to the others. Hence, Exponential distribution is prioritised to other candidates
as the single unknown rate parameter. Furthermore, compared to the Uniform distribu-
tion, we do not need to de ne a valid value range for each locally-adaptive parameter
j- In other words, we can de ne an Exponential distribution with a long tail to cover
di erent value scenarios, as shown in Figure 5.4. The distribution for ; ( j ):

. _ N
i) Exp(); p ()= exp( ), > 0 (5.9)
j=1
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Figure 5.4. Exponential density distributions

If locally-adaptive prior distribution is LMRF, the corresponding prior distribution for X :

¥ DX X 5.10
1 tZ@j)J. X exp( 1): (5.10)

Alternatively, we can set as the same size as the number of di erence terms|the length
of aforementioned latent variances and estimate in the rst place. Given this situation,
the elementsin =f ;] =1;2,3;:::;m;t2 Naj)9 is allocated to a single pair of pixel
di erence rather than single pixel = f j;j =1;2,3;:::;mg. Meanwhile, we can use
i =@A=j+1=)) ! for approximation jj . Besides bringing more unknown parameters
and requesting more computation, it could help estimate locally-adaptive prior variance
directly.

Here, the posterior distribution for the vectors of X and as:

O dy)/ fvjx(y(}x) xji xj ) (1)

1
Yoo RN 4 iy i (5.11)
i=1 pi: i=1t2@j It It
The elements in = f ;] =1;2,3;:::;m; t 2 Ng;)g is the collection of locally prior

variance and refers to the rate parameter in hyper-prior distribution, the smaller value
for rate parameter indicates the more at distribution.

5.2.4 Rate Parameter in Hyperprior Distribution

A brief explanation of hierarchical Bayesian modelling is in Section3.5. It commonly
refers to two types of hierarchical structure, multilevel model (Wong & Mason, 1985; Bae
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& Mallick, 2004; Li et al., 2014) or multivariate-model (West & Escobar, 1993; Berkhof
et al.,, 2003; Lijoi et al., 2005). The fundamental strategy for establishing hierarchical
Bayesian multilevel is specifying prior distribution for each unknown parameter and en-
abling estimations for each unknown parameter to be updated based on the other priors
from di erent levels. Therefore, it can employ more prior knowledge and improve estima-
tion accuracy. On the other hand, once additional prior levels get involved in the model; it
ends up with a prolonged computation time and a high demand for supportive information
on specifying distribution.

Figure 5.5: Factor graph for hierarchical Bayesian model

In this chapter, the structure of our hierarchical Bayesian model responds to the rst
one|multilevel priors. Since the additional unknown rate, hyperparameter needs to
be de ned after introducing the Exponential hyperprior distribution for . Figure 5.5
explains the multilevel structure in our hierarchical Bayesian model. Considering new
rate parameter , because of the lack of supportive knowledge, it commonly utilises the
uniform distribution or a Jacobian transformation for uniform distribution (see the de -
nition in Section 3.5.1): ( )/ 1= . The other option is introducing a conjugate prior

distribution|Gamma distribution ( j; ) with shape parameter and scale parameter
, Since the posterior distributti))n for could convert to Gamma distribution including
i Gamma +m 1, jm:l j + , as seen the description in Section 2.2.5:
Gamma(; ); (i)l — ltexp( ) >0 (5.12)

()

For the rst method, the Uniform prior allocates the average probability to each value
within its de ned range; it is subjective but hard to estimate values when the gure is
extremely small (Gelman, 2006; Link, 2013). On the other hand, overly complex models
with more distributions have a high risk of poor performance (Adkison, 2009). The new
de nition for ( j ; ) unavoidably employs more unknown parameters. Figure 5.6
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