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Abstract

This work is structured to explore two distinct facets of the moduli space of
curves, each inquiring into different aspects: one focuses on topological recur-
sion relations in open Gromov-Witten theory, and the other on the bihamilto-

nian aspects of the double ramification hierarchy.

The first topic investigates open topological recursion relations in genus 1, rep-
resented by a set of partial differential equations (PDEs) that are conjectured
to control open Gromov-Witten invariants in genus 1. In this segment, an
explicit formula is derived, serving as an analog to the Dijkgraaf-Witten for-
mula, specifically for a descendent Gromov-Witten potential in genus 1. This
formula stands as a solution to the recursion relations, and is proven that the
exponent of an open descendent potential, when approximated up to genus 1,
satisfies a system of linear evolutionary PDEs, explicitly constructed with a

single spatial variable.

The second facet of the thesis is based on a conjecture of Buryak, Rossi, and
Shadrin [BRS21]. This conjecture proposes a formula for a Poisson bracket
associated with any given homogeneous cohomological field theory (CohFT). It
is hypothesized that this bracket defines a second Hamiltonian structure for the
double ramification hierarchy for the given CohFT. This part of the research
validates the conjecture at an approximation up to genus 1 and establishes
a relationship between this bracket and the second Poisson bracket of the

Dubrovin-Zhang hierarchy by an explicit Miura transformation.
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Organization of the thesis

The first chapter centers on integrable systems, with a specific emphasis on the KdV hier-
archy and its dispersionless version. This foundational chapter lays out the mathematical
frameworks and terminologies that will be important for the discussions in chapters 4 and
5.

Furthermore, the chapter defines the Hamiltonians associated with the KdV hierarchy
and its inherent bihamiltonian structure. This structure is distinguished by the presence of
two compatible Poisson structures, a highlight of a very specific set of integrable systems.
Such a structure is essential in deriving additional integrals of motion, facilitated by the
introduction of a recursion operator (1.1.4). The invertibility of this operator allows for
the systematic computation of all related Hamiltonians. This characteristic is postulated
to be a featured aspect of the Double Ramification hierarchy (5.3.2), which is elaborated
upon in chapter 5.

The second chapter introduces the moduli space of curves, a geometric structure
that parametrizes classes of compact Riemann surfaces with marked points. This space
possesses an orbifold structure, to facilitate a comprehensive description of singularities
that emerge due to the automorphisms in the elements. The chapter further explores
the Deligne-Mumford stacks, introduced by Pierre Deligne and David Mumford in 1969
[DMG69] . These stacks are central in the study of moduli spaces of algebraic curves and
intersection theory. Additionally, the chapter introduces key operations between moduli
spaces, specifically the forgetful and attaching maps. These maps induce morphisms in
the cohomology ring, laying the foundation for the tautological ring of the moduli space.

The third chapter presents the moduli space of stable maps, evaluation maps, and
descendant invariants. It emphasizes their role in defining and computing Gromov-Witten
invariants, highlighting their significance in enumerative geometry and the representation
of cohomology classes. The connection with integrable systems is illustrated through
the topological recursion relations in Gromov-Witten theory, a set of PDEs that govern
lower genera invariants. This sets the stage for Dubrovin-Frobenius manifolds, which
are geometric solutions to a unique set of PDEs termed the WDVV equations (3.3.2).
These manifolds can also be interpreted as a geometric condition for integrability. The
chapter also introduces Cohomological Field Theories (CohFTs) in Gromov-Witten theory.
Introduced by Maxim Kontsevich and Yuri Manin [KM94], CohFTs consist of a series of
linear maps, that encapsulate operations on moduli spaces and to formalize essential tools
in Gromov-Witten theory. The chapter enlightens the role of CohFTs in bridging the
geometry of moduli spaces of stable curves with intersection numbers and Gromov-Witten
invariants. Within the study of CohFTs, the introduction of a quantum product and the
notion of a semi-simple CohFT (ssCohFT) are discussed. This specific constraint paves

the way for a classification of ssCohFTs by Constantin Teleman [Tell2].



The fourth chapter is devoted to open moduli spaces of curves, emphasizing their sig-
nificance in extending the theory of moduli spaces of curves. The chapter highlights the
effects of boundary terms on intersection numbers and the structure of moduli spaces.
A notable segment of the discussion revolves around the Dubrovin-Zhang (DZ) hierar-
chy, a system of partial differential equations intrinsically linked with total descendant
potentials. This hierarchy serves as a link between open moduli spaces and their corre-
sponding integrable systems. The chapter also presents an explicit formula, similar to
the Dijkgraaf-Witten formula, for a descendant Gromov-Witten potential in genus 1. The
chapter further elaborates on the Gromov-Witten potential, up to genus 1 and the expo-
nential of an open descendant potential satisfying a system of linear partial differential
equations with one spatial variable. These results were previously published in the Journal
of High Energy Physics [BB21b]. The chapter concludes by exploring the open KdV and
Virasoro equations, emphasizing their role in describing the intersection theory within the
context of moduli spaces of Riemann surfaces with boundaries.

The fifth chapter focuses on the Double Ramification and Dubrovin-Zhang Hierarchies.
The Double Ramification Hierarchy (DR hierarchy) has its foundation in algebraic geom-
etry and acts as a bridge between curve counting theories and integrable systems. This
hierarchy expands upon integrable hierarchies associated with a cohomological field the-
ory. The DR hierarchy is defined by the Double Ramification Cycle, a class in the Chow
ring of the moduli space of stable curves, representing the condition that a meromorphic
function on a Riemann surface has specific orders and residues.

The chapter further examines the moduli space of stable relative maps. This space
possesses a virtual fundamental class, and the double ramification cycle can be expressed
using basic tautological classes, addressing an issue highlighted by Y. Eliashberg in 2001.
A concrete example is provided for the trivial CoF'T, which leads to the Hamiltonians of the
KdV hierarchy. The main result of this chapter is the validation of a conjecture put forth
by Buryak, Rossi, and Shadrin [BRS21]. This conjecture, which suggests a bihamiltonian
structure for the DR hierarchy, is proven up to genus one, also establishing a connection
between the Poisson structure and the DZ hierarchy through a Miura transformation.

It is worth noting that while the initial three chapters lay the foundational groundwork
for understanding the thesis, the fourth and fifth chapters present distinct results and

operate independently without overlapping conceptually.



Chapter 1

Integrable Hierarchies

1.1 Integrable systems and bi-Hamiltonian structures

Integrable systems represent mathematical models that describe the dynamical behaviour
of physical systems, with the defining characteristic of possessing enough invariants (also
called conserved quantities), such as energy, momentum, and angular momentum. The
designation integrable reflects the unique feature of these systems, which can be exactly
solved through a variety of mathematical techniques, encompassing inverse scattering,
algebraic-geometric methods, and Lax pairs, among others.

An important attribute of certain integrable systems is their bi-Hamiltonian structure.
Franco Magri first introduced the concept of bi-Hamiltonian structures [Mag78], who
employed the Korteweg-de Vries (KdV) equation as an example of such a system. These
structures allow to find additional integrals of motion and offer a method to analyze the
system’s dynamics through Hamiltonian flows, thereby offering tools for understanding
the system’s underlying mechanics.

Characteristically, a bi-Hamiltonian structure exhibits two Poisson structures (see
1.1.1). For these Poisson structures to be deemed compatible, the Poisson brackets of
one structure should be preserved under the Hamiltonian flows generated by the other.

This compatibility condition facilitates the construction of a hierarchy of Hamiltonian
equations. These equations subsequently generate a series of conserved quantities, enabling
the derivation of exact solutions for a wide variety of integrable systems. Some renowned
examples of bi-Hamiltonian hierarchies comprise the Korteweg—de Vries (KdV) hierarchy,
Toda lattice hierarchy, the Calogero-Moser system, and the Gelfand-Dickey hierarchy.

In this section, we present the formal definitions necessary to describe integrable hi-
erarchies, their space of local functionals, and bi-Hamiltonian structure, we will follow
[BRS21] with some modifications to the notation.

It is important to clarify that the focus of this work will not be on the formal solutions

of integrable systems or the convergence properties of series representations. Instead, our
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approach will primarily be algebraic in nature.

Let V be a vector space of dimension N, in order to model the loop space of V', we
could describe its ring of functions. We then consider the components of a formal loop
w: S! — V, where S! is the 1-sphere, in a basis eq, ..., ey of V. So, the variables u® = ug
can be thought of as the components u®(z) of this formal loop.

We take ul,...,u" to be formal variables, these will be the entries of u® of the loop
u, and attach the additional formal variables uj for d > 0. We bring forth the ring of
differential polynomials, denoted by A, := C [[u*]] [u*zo]' Here, we recognise u§ = u® and
denote its derivatives as ul := uf, ug, = u§, and so on. Subsequent sections will develop
further our theoretical framework into these concepts and their implications in the context
of integrable systems.

We now formally define the following objects:

e The standard degree deg(uf') := i is defined on A,.

e The operator 0, := ) .~ U?H&% increases the standard degree by 1, i.e.,
deg(Opus') =i+ 1.

e The space A, := A,/ (C @ Imd,) is called the space of local functionals.

o Ay,q C A, and Ayq C A, are called the homogeneous components of differential

degree d.

e The extended spaces of differential polynomials and local functionals are defined by
Ay = Aylle]] and A, := Ay[[€]], respectively. Here, ./Zl\u;k c A, and /AXu;k c Ay
are the subspaces of degree k, where deg(c) = —1. The parameter ¢ is called the

dispersive parameter.

e The equivalence class of f(u¥;e) in A, is denoted as f := [ f(u};e)dz, here the
polynomial f(u}) is called the density of the local functional f

e Given any variable u*, we introduce its Fourier transformation as the formal power

series

« a _ibr
u :pre )

beZ

we call the variables p} Fourier coordinates.

e The variational derivative 5%& A, = Ay, 1 < a < N, is defined by



For f € /Tu, we define the sequence of differential operators

k ._ i ﬁ i—k
La(f) T Z <k‘> ﬁuf‘am ’

i>k
where a = 1,..., N and k > 0. We also define L, (f) := L2(f).

Let K = (K*) be an N x N matrix of differential operators of the form
KM =350 KJ‘“’&% =150 5ZKJ[.Z]’“V8%, where K][-l]’“y € Aui—j+1- We define a
bracket of degree 1 on the space Ku by

{f.9}k = / ( of K’“’ég) dz. (1.1.1)

Sut ouv

A Poisson operator K is defined to be an operator for which the bracket {-, -}k is
skew-symmetric and satisfies the Jacobi identity. We denote the space of Poisson

operators by PQO,,.

Two Poisson operators K7 and K5 are said to be compatible if the linear combination

K5 — AK; is a Poisson operator for any A € C.

A Miura transformation is a change of variables u® — u®(uf, ¢) of the form
u*(ul,e) = u® + ef*(ul,e), where f¢ € ﬁu;l. A Poisson operator K rewritten in

the new variables u® will be denoted by Kj.

For a scalar operator A = > -, A0, where A, € A, (finite sum), we define

Al = 30, 20(—82)™ 0 Ap.

Let us fix N > 1, an N x N symmetric nondegenerate complex matrix 7 = (143),
and an N-tuple of complex numbers (A, ..., AV), not all equal to zero. We will use

the notation

o 0
ol =V g

a>0. (1.1.2)

Let K = (Kaﬁ) be a matrix operator defined as K% = Dom K%ﬂﬁgn where Kﬁf e A,
is a finite sum. Define KT = (K%%), where K199 := %" (—9,)™ o KB~

A Hamiltonian hierarchy of PDEs is a system of the form:

a h.
Ou :Kwdhl, 1<a<N, i>1,
6ti out
where h; are local functionals in Ku;o, K = (KM") is a Poisson operator, and

{hi, Ej} x =0 for i,7 > 1. The local functionals h; are called the Hamiltonians.



e A Hamiltonian hierarchy of the form:

%: au(mﬁ,q
ot 1 our”

is said to be bi-Hamiltonian if it has IV linearly independent Casimirs * ﬁa,_l, for
a=1,...,N, of the Poisson bracket {-, -} k,, and is endowed with a Poisson operator

K5 compatible with K7 such that:

%
{ Ba,i—l}fﬁ = Zjog{'7hﬂvi_j}Kl’ l1<a<N, i>0, (1.1.4)
=0

where Rg = (Rzg), 0 < j <, are constant N x N matrices. The relation (1.1.4) is
called a bi-Hamiltonian recursion and the matrix RZ is called the recursion operator,
if RY is invertible, it is possible to compute all the Hamiltonians recursively from

the Casimirs Ba,—l-

1.2 The KdV hierarchy

The Korteweg—de Vries (KdV) equation, a nonlinear partial differential equation, serves
as a mathematical model for waves propagating in one-dimensional media with weakly
nonlinear and dispersive properties. The equation was initially formulated by Korteweg
and de Vries in 1895 to describe the propagation of long waves in shallow water [KdV95],
and was later rediscovered in the 1960s by Zabusky and Kruskal, who unveiled its soliton
solutions [ZK65].

Solitons, which are localized wave packets that retain their shape and speed even after
collisions, can propagate without distortion over substantial distances [AC91]. The KdV
equation is an example of an integrable system and forms part of an infinite sequence of
equations known as the KdV hierarchy.

The KdV hierarchy comprises nonlinear partial differential equations that extend the
KdV equation, outlining the evolution of wave amplitude’s higher-order terms. These
equations are linked by a bi-Hamiltonian recursion operator that allows us to generate an

infinite series of conserved quantities for the system.?

13We refer to a functional as a Casimir if it is annihilated by a Poisson operator. This is mathematically
equivalent to having a zero Poisson bracket with any other element in the algebra.

2The bi-Hamiltonian operator for the KdV hierarchy is also known as Lenard recursion formula, due
to Andrew Lenard, while he did not publish his results, his contributions, particularly the method leading
to what is now known as the Lenard recursion scheme, were documented and formalized by others. The
main findings and methodologies associated with Lenard were published by others, notably in the works
by Peter D. Lax and the joint work of Clifford S. Gardner, John M. Greene, Martin D. Kruskal, and
Robert M. Miura.



Our study will be centered on the KdV hierarchy, this system, defined over one spatial

variable x, with u, € A,, encompasses the following initial terms of the KdV hierarchy:

uto Uy,
52
Uty =UUg + Eumcaca
2
:u Uy 2 (uuaw:c u:v“:vx) 4&
e =5 2 6 )Ty
w :u3ux 2 UQUxxx uii UUgUgy
BT 24 24 6 )’
Uus U Uy Ugzz Uy 6 U7
+4(—— )+ —,
240 80 48 6720

The integrability of the Korteweg—de Vries (KdV) hierarchy was first established by
Gardner, Greene, Kruskal, and Miura [GGKMG67]. They showed that the KdV hierarchy
exhibits an infinite number of conservation laws, a feature characteristic of integrable
systems. These laws state that certain quantities associated with the system remain
invariant as the system evolves, a property that enables the exact solution of the system.

The integrability of the equations in the hierarchy is manifested by the following identities:

(ut,)e; = (ut; ), (1.2.1)

for all 4,5 > 0'. This identity illustrates that the time derivatives of the system commute
for any pair of indices, a property that characterizes the integrability of the system, more-
over it guarantees the existence of a formal solution u®(z,t},e) € Cl[x,t}, €]] with initial
condition u®(z,tf = 0,¢) [Lax76].

The KdV hierarchy can be represented in the language of pseudodifferential operators
via the Lax operator. The Lax operator simplifies the algebraic structure of the Lax pair,
thus exposing some of the properties of the KdV hierarchy. Specifically, the Lax operator
for the KdV hierarchy is given by:

1

ng(@f+u. (1.2.2)

This operator provides a critical tool for understanding the underlying integrable struc-
ture of the KAV hierarchy.

The corresponding Lax pair is then defined in terms of the positive part of the pseu-

! Alternatively, integrability can be defined by requiring the commutativity of the Hamiltonian op-
erators within the context of a given Poisson structure K. Specifically, this condition is expressed as

{Ea’dl,ﬁg,dQ}K = 0 for any Hamiltonian system characterized by the equation % = {u“,ﬁg,d}K. for

d>0and 1<, <N



dodifferential operator (2L)(2i+1)/ 2 denoted by A;. This means we only consider terms

with 9i20;

; % — ; 2i+1 . 2i—1
G iy = G [(5896) @i Du ()" ] (123)

i =
The pseudodifferential approach to the Lax operator has the advantage of simplifying
the algebraic structure of the Lax pair, by virtue of the integrability properties of the KdV
hierarchy [Lax68].
The operators A; in the KdV hierarchy can be explicitly written out for the first few

terms. For instance, the first two operators Ay and Ay are given by:

1
A= (s&r)3 — 25 (Uax + 2ux7> )

3
Ay = (563;)5 — S%u <8§ + 2””’”) + ;ux (56,;)2 + (guZ — 3um) (€0z) + 2uuy

The KdV hierarchy is then obtained by the Lax equation:

L, = [A;,L). (1.2.4)

This equation represents the evolution of the Lax operator L under the flow ¢; generated
by the operator A;. The commutator on the right-hand side ensures that the Lax equation

preserves the integrability of the KAV hierarchy.

Finally the Hamiltonians are given by:

_ 1 .
hi = m /I‘eSL(21+3)/2dﬂU,

for ¢ > 0, for a more comprehensive description, we recommend consulting the work by
[BBTO03].

1.3 Dispersionless KdV hierarchy

It is possible to construct the KdV hierarchy from a simpler system known as the dis-
persionless KAV hierarchy. This set of nonlinear partial differential equations arises in
the limit where the dispersion term vanishes. For the KdV equation, the dispersion term
is responsible for the spreading wave packets, meaning that the amplitude and shape of

the propagating waves change due to dispersion, by setting this term to zero (¢ = 0), we



obtain the dispersionless KAV hierarchy, which has the general form:

The Hamiltonians h; for the hierarchy are given by:

B ui+2

This system can be studied using the bi-Hamiltonian formalism, which involves ex-

pressing the equations in terms of two Poisson bracket structures:

Ky =0,, (1.3.2)

1
Ko = ud; + o Uas (1.3.3)

where K7 and Ky are two Poisson operators, known as the first and second Hamiltonian

structures respectively.

To obtain the full KAV hierarchy from the dispersionless KdV equation is not a direct
process, one can start by studying the Lax representation of both the full KAV hierarchy
and the dispersionless KdV hierarchy. The Lax representations of both hierarchies involve
different operators, however they are related in the sense that the dispersionless Lax
operator can be considered a particular limit of the full KAV Lax operator, where the
pseudo-differential part of the operator vanishes, this relation is known as a quasitriviality

transformation [Dubl4].

The main idea behind quasitriviality transformations is to express a given system in
terms of a simpler one, with the hope of using the properties of the simpler system to gain
insight into the more complicated one. The transformation is called ”quasitrivial” because
it does not change the underlying integrability of the system, but rather provides a different
way of looking at it. This transformation involves introducing an additional dependent
variable and a new Hamiltonian that satisfies a certain differential equation, then the
quasitriviality transformation can be used to relate the two Hamiltonian structures. The
quasitriviality transformation for the dispersionless KdV is given by:

g TUpolaez | U

g Uu
v =u+ — (1 . 2 O (% . (1.34
u—v=ut o (logur), +¢ (1152%% 192003 ' 360ul ), T (7). (1.34)
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This implies that the Hamiltonians for the KdV hierarchy are:

B 1 62 . i+2

utt? g2 u =t ut g, 4
‘/{<i+2>!+24[‘u—n!“”@f((wl)!%)] +0L )}‘“
ui+2 82 u’i*l

:/{(i+2)! _m(i—1)!ui+0(54)}dx‘

It is desirable to have polynomial densities, and fortunately for the KdV hierarchy, it is

possible to add an irrelevant total derivative to the quasitriviality transformation. By
adding this expression, it will effectively cancel all non-polynomial terms of the Hamilto-
nians, this is expressed by 0,(0;,,, AF), where

3

1 U, TUpz U, U
AF = —1 . 2 rTTT zxUzzz TT 0O 4 1.3.5
F=gplosuate <1152ux2 1920u,% 360%4) +O(=), (13.5)

so, the Hamiltonians for the KdV hierarchy can now be expressed as:

_ uit? 2 [ g,  uwlud )
Hi_/[(i+2)!+24<2 il +(i—1)!>+0(5 )] dx. (1.3.6)

Example 1.3.1 (Bi-Hamiltonian recursion of the dispersionless KdV hierarchy)
The dispersionless KdV (1.2) in hamiltonian form can be expressed in terms of two dif-

ferent Poisson brackets

K1 =8y, (1.3.7)

1
Ko = uo, + 5 Uas (1.3.8)

from (1.3.7), we would like to find the recursion operator R (c.f. 1.1.4), the bi-Hamiltonian
recursion reads:

- Sh;
{u(2), hi}m =0z su(z) .
=R {u(x), Bi_l}Kz = <uaz + ;u.T) gzz;;u

_ wl(x)]i+2

the term for the Poisson structure Ky gives

_ ui+l ui
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for Ko we get, ' ‘
1 u’ N A TA
R (u&p + 2ugg> ﬁ =R (2 + 2) Hux,

comparing both terms for any field u(x), we find the bi-Hamiltonian recursion matrix is

then:

where K1 and Ko are Poisson operators. Then, the operator R = KgKl_l, 1S @ TECursion

operator for the system.

Example 1.3.3 (KdV equation and Bi-Hamiltonian Hierarchy) Consider a Hamil-
tonian hierarchy for the KdV equation with simplified variables u,x, and t. Introducing

the Hamiltonian functional:

_ I
— [ (%4 vy, ) de, 1.3.1
hio /(6 + g )d:p (1.3.10)

with the Poisson operator K1 = 0,. The KdV equation derivation follows the Hamil-

tonian dynamics:

ou 4 Ohp
Frie {%hl,o}Kl =0y Su
=0, 6;(—890) o anu + 24;(—695) o Tmuum
2 2
52

The Korteweg-de Vries (KdV) hierarchy can be formulated in Hamiltonian form by an
additional Poisson bracket [Mag78], (we will use the notation as described in [BRS21]):

g2 4 1
Ky = gax + ud, + 5 Ua- (1.3.11)

This system fulfills the conditions of Theorem 1.3.2. Assuming the inverse of Ky is 0,1,

the recursion operator R can be expressed as:

2 1
R= <583§ +udy + 2%) 071, (1.3.12)

e o Lo
= gﬁx +u+ 5“%895 . (1.3.13)
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1.4 Integrable Hierarchies in Moduli Spaces: Dubrovin-Zhang

and Double Ramification Hierarchies

Recent advancements in integrable systems have been significantly influenced by geometric
and topological theories, particularly from the study of moduli spaces of Riemann surfaces.
Two notable hierarchies, the Dubrovin-Zhang and Double Ramification hierarchies, have
emerged as extensions of the KdV hierarchy and other well known systems. These hier-
archies have led to new connections with the geometry of moduli spaces, cohomological
field theories, and intersection numbers, and will be elaborated upon in the subsequent
chapters.

The Dubrovin-Zhang hierarchy, an integrable system of PDEs, is associated with total
descendant potentials. These are formal power series that play a central role in the de-
scription of the cohomology of moduli spaces. Motivated in topological field theories, the
geometry of moduli spaces and cohomological field theories, the Dubrovin-Zhang hierar-
chy offers a framework for investigating relations between intersection numbers on moduli
spaces, integrable systems, curve counting theories, and algebraic geometry.

On the other hand, the double ramification hierarchy is a Hamiltonian system that
arises in the context of moduli spaces of stable curves. This hierarchy has its beginnings
in study of the double ramification cycle, a complicated cohomological class in the mod-
uli space of curves. The double ramification hierarchy involves enumerative geometry
problems, Gromov-Witten invariants and other geometric invariants.

Despite their distinct origins, the Dubrovin-Zhang and double ramification hierarchies
share several similarities and both exhibit connections with the geometry of moduli spaces.
The interrelation between these hierarchies, as well as their applications to the theory of
integrable systems and algebraic geometry, has been noticed in the DR/DZ equivalence
conjecture. This states that the two hierarchies are related by a normal Miura transfor-
mation; this means the existence of a change of coordinates preserving the hierarchies’
structures. The last chapter is devoted to this conjecture and some new results on the

matter.



Chapter 2

Moduli Spaces of Curves

The moduli space of curves is a geometric object that parametrizes classes of compact
Riemann surfaces with marked points. Its orbifold structure enables a detailed descrip-
tion of the singularities arising from the presence of automorphisms in the curves [Thu79].
Orbifolds, are spaces that locally resemble the quotient of either C™ (for complex orbifolds)
or R™ (for real orbifolds) by the actions of finite groups. These actions can introduce sin-
gularities into the quotient space. Analogous to manifolds, one can define structures such
as an atlas, differential forms, bundles, and cohomology classes on an orbifold, allowing

for the application of geometric and topological methods.

However, defining morphisms can be technically challenging, and the category of bun-
dles over an orbifold may be more complex than the category of bundles over a manifold.
By defining bundles over an orbifold such that the fibers have a manifold structure, some
of these difficulties can be circumvented. The orbifold structure, though, does not provide
the necessary tools to describe the boundary of the moduli space. Knudsen introduced the
combinatorial boundary, which consists of nodal curves with marked points that represent
degenerations of smooth curves [Knu83]. These degenerations can be illustrated using

dual graphs that encode the combinatorial data of the nodal curves [Str84].

To study the compactification of the moduli space of curves, one must also examine its
Deligne-Mumford stack structure. Introduced by Pierre Deligne and David Mumford in
1969 [DM69], a Deligne-Mumford stack is a generalization of a moduli space that accounts
for the presence of automorphisms in the geometric objects being parametrized. Deligne-
Mumford stacks are commonly used in algebraic geometry to describe moduli problems
where the objects being parametrized possess nontrivial automorphism groups. As a result,
Deligne-Mumford stacks are central objects in studying moduli spaces of algebraic curves

and intersection theory.

13
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2.1 Orbifolds

Orbifolds are a special class of spaces that have some local structure resembling a quotient
of a space by a finite group action. In algebraic geometry, orbifolds arise naturally as
quotient spaces of algebraic varieties by finite group actions. Our approach will follow
[ALRO7], [CJ19], [Dun88], [Kapl0] and [CR04]

We start with a connected topological space, denoted as U and a connected n—dimensional
smooth manifold, V. We also have a finite group G that acts smoothly on V. This means
that each element of G corresponds to a transformation of V' that is smooth, this action
is not necessarily effective. We will assume that for each element of GG, the set of points
in V that are left fixed by the corresponding transformation, is either the entire space V'
or a subset of V with codimension at least two.

We now formally introduce the following elements:

e An n—dimensional uniformizing system of U, is a triple (V, G, 7), where 7 is a
continuous map from V to U that induces a homeomorphism between the quotient

space V/G and U.

e Two uniformizing systems (V;, G;, 7;), i = 1,2, are considered isomorphic if there’s
a diffeomorphism ¢ from V;j to Vo and an isomorphism A from G; to G2 such that ¢

is A-equivariant (meaning it commutes with the action of the group), and myo¢p = 7.

e Consider an inclusion map i : U’ — U, and a uniformizing system (V' ,G',7’) as-
sociated with U’. We can establish a relationship between this system and another
uniformizing system (V,G,7) of U. Specifically, we say that (V',G',7’) is derived

from (V, G, ) if the following conditions are met:

1. There exists a monomorphism 7 : G’ — G which behaves as an isomorphism
when it is restricted to the kernels of the actions of G’ and G.
2. There is a T-equivariant open embedding v : V' — V satisfying the condition

tom =mo.
This relationship is illustrated in the following commuting diagram. In this context,
the pair (¢, 7), which maps (V',G’,7’) to (V, G, ), is referred to as an injection.

vy

s

U s u

e Two injections (¢5,7;) : (V/, G, wl) — (V,G,n), i = 1,2, are isomorphic if there
exists an isomorphism (¢, \) between (V/, G}, 7}) and (V3, G}, 7}), and an automor-

phism ((ng 5‘) of (Vv? G, 77) such that ((57 5‘) o (¢1’ 7-1) = (¢2’ 7—2) o (¢7 )‘)
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e Consider a topological space U that is both connected and locally connected. For
any given point p within U, we can identify two uniformizing systems, denoted as
(V1,G1,m1) and (Va, Go, 7). These systems are associated with the neighborhoods
Uy and Uy of the point p. We say these two uniformizing systems (V;, Gy, ) and
(Va,Ga,my) are equivalent at the point p if they induce isomorphic uniformizing

systems for some neighborhood Us of p.

Definition 2.1.1 (Orbifold) [CR0/] Consider X, a Hausdorff, second countable topo-
logical space. An n-dimensional orbifold structure on X is characterized by the fol-

lowing data:

e For any point p in X, there exists a neighborhood U, and an n-dimensional uni-

formizing system (V,,, Gp, mp) of U,.

e For any point q in Uy, (Vp,Gp,mp) and (Vy, Gy, mq) are equivalent at q (i.e., they

define the same local structure at q).

Given a local structure of orbifold structures, X is called an orbifold.

Definition 2.1.2 Let X be an orbifold, p € X and (V,G,m) an uniforming system con-

taining p, the local group at p is given by

Gp,=1{9€G |gp=np}.

Example 2.1.3 The complez orbifold M /Z,, is obtained by taking the quotient of a smooth
complex manifold M by an action of the cyclic group Z, of order n. We assume that the
action is effective, meaning every non-identity element of the group moves at least one
point in M.

We define the equivalence relation on M as follows: x ~ y if and only if there exists
k € Z,, such that x = pr(y), where in a local chart provided by a map ¢ : U C M — C™,
the action py, is given by ¢(pp(x)) = e*™*/"¢(z) for x € U. This means that the group Z,
acts on the chart by rotating points in C™.

The orbifold M/Z,, has singularities that are locally modeled on the quotient space
C™/Z,,, where m is the dimension of M. Specifically, near a point [x] in M/Z,, we can
choose an uniforming system (V,Zy,p) around x in M such that Z,, acts on V' through
pk. and the action in this chart is represented by @~ (e*™*/™ . u(y)) for y € V, where
e2mik/n s o primitive nth root of unity. The quotient space V /7y is then isomorphic to a

neighborhood of [x] in M /Z,, hence locally equivalent to the quotient space C™ [ Zy,.

Example 2.1.4 The quotient of the 2-sphere by an action of the cyclic group Zso, which

identifies antipodal points, is an orbifold known as the projective plane P'.
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Example 2.1.5 Consider the hypersurface X on CP* with homogeneous coordinates

[20, 21, 22, 23, 24| defined by the homogenous equation:
2(5) + z{’ + zg + zg + zi + azpz1222324 = 0,

for a € C constant. X can be realized as an orbifold by considering its action under the
group Zs.

To define the orbifold structure, we begin by constructing an action of Zs on C° that
preserves X. We do this by defining an action of Zs on the coordinates [zg, 21, 22, 23, 24]

by setting:

pk[207 21, 29, 23, 24] — [6271'zlc/5207 e2mk/5zl7 627mk/5z27 627”]{/52’3, 627mk/5z4]’

for k € Zs. This action clearly preserves X, since each term zg, z?, zg, zg, zi and

2021222324 1S tnvariant under the action of Zs.
We can then define an orbifold structure on X as the quotient space CP°/Zs, where

Zs acts on by the above action. The orbifold has singularities at the points
[1:0:0:0:0], [0:1:0:0:0], [0:0:1:0:0], [0:0:0:1:0], and [0:0:0:0:1],

in CP*, which are fized points of the Zs action.
Near each singular point, the orbifold is locally modeled on the quotient space C°/Zs,

where Zs acts on C° by the action

(wl’w% ,wg,w4,w5) — (627”/5101,627”/5102,62”’/51113,627”/5104,627”/51115).

These quotient spaces have well-known singularities, which are called cyclic quotient

singularities and are the local model for an orbifold point. [HKK' 03]

Example 2.1.6 Consider the hypersurface X in CP* with homogeneous coordinates

[20, 21, 22, 23, 24] defined by the homogeneous equation:
zg’ + z? + zg + zg + zi + azgz1222324 = 0,

for a € C constant. X can be realized as an orbifold by considering its action under the
group Zs.

To define the orbifold structure, we begin by constructing an action of Zs on C° that
preserves X. We do this by defining an action of Zs on the coordinates [zg, 21, 22, 23, 24]

by setting:

omik/5. 2mik/5.  2mik/5.  2mik/5. 2mik/5
k120, 21, 20, 23, 24) = [€27H/P 5, 2TR/D 5y 2MR/D 5y 2MR/D g 2MR/D L)),
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for k € Zs. This action clearly preserves X, since each term z{, 2}, 23, 23, 23 and

2021222324 1S invariant under the action of Zs.
We can then define an orbifold structure on X as the quotient space CIP’4/Z5, where

Zs acts as described above. The orbifold has singularities at the points
[1:0:0:0:0], [0:1:0:0:0], [0:0:1:0:0], [0:0:0:1:0], and [0:0:0:0:1],

in CP*, which are fized points of the Zs action.
As X is a 3—dimensional curve in CP*, near each singular point, the orbifold is locally

modeled as the quotient space C3/Zs. Here Zs acts on C3 through the action:

(U]l,wz,’w‘g,) N (62m’/5w1,627”'/5“]2’627”'/5“}3)‘

These quotient spaces exhibit well-known singularities, referred to as cyclic quotient
singularities, which serve as the local model for an orbifold point [HKK' 03]. Howewver,
it is important to note that other types of singularities can arise from non-cyclic finite

groups.

2.1.1 Bundles on orbifolds

It is possible to introduce fiber bundles on orbifolds in a similar manner to how we do on
manifolds. A first approach is by defining vector fields and differential forms, which can
be treated as sections of vector bundles. To define a vector bundle over an orbifold, we can
use the same definition as for manifolds, which involves assigning a vector space to each
point in the orbifold and gluing them together consistently over a cover. Similarly, we
can define a section of a vector bundle over an orbifold as a continuous map that assigns
a vector to each point in the orbifold, along with a projection map that satisfies certain

local triviality conditions adapted for orbifolds.

Definition 2.1.7 (Fiber bundle) [CR0j] Let X be an orbifold, F' and E be topological
spaces (called the typical fiber and the total space respectively). A fiber bundle on X is
given by:

e A projection map g : E — X, such that for each point p € X, there exists a

uniformizing system (V,G, ) around p € U, where U is an open connected subset of

X.

o A G-equivariant homeomorphism:

Yt (U) — (V x F)/G,
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where G acts on VX F by g- (v,f) = (g-v,9-f) and g € G, v € V, f € F. This
homeomorphism should satisfy Tp(n5 (U)) = ¢~ (V/G), where ¢ is local homeomorphism
from the open subset U onto the quotient space V/G, such that the following diagram

commutes:

75 (U) —25 (V x F)/G

ml l@

U —Vv/G

where @ represents the natural projection from (V x F)/G to V/G induced by the group

action.

Definition 2.1.8 Given an orbifold fiber bundle E we say it is a vector bundle if the

typical fiber F' has the structure of a vector space.

Definition 2.1.9 Let X be an orbifold, and let E¥ be a fiber bundle over X. A section of
the fiber bundle over the orbifold is a continuous map s : X — E such that w(s(x)) = z

for all x € X and should satisfy the following:

e Locally compatible with the orbifold structure: For each point x € X, there is
an open neighborhood U, C X and a uniformizing system (Vy, Gy, ¢r) such that the
restriction of the section s to U, can be lifted to a continuous map s, : Uy — Vg,

where Vy, is a local model for the fiber bundle in the uniformizing system.

e Consistent with group actions: The lifted maps s, should be equivariant with
respect to the group actions, meaning that sy(gz) = g(s4(x)) for all x € U, and

g € Gy, where G, is the finite group acting on the local model V.

Definition 2.1.10 Let X be an orbifold, and let /\k T*X denote the vector bundle formed
by taking the k-fold exterior product of the cotangent spaces of X. A differential k-form
on X is defined as a section of the vector bundle /\k T*X, we will denote by QF(X) the
set of all differential k-forms over X.

Definition 2.1.11 Given an orbifold X and w € QF(X), the integration of w over X,
denoted by fX w, is defined as follows:

o Let (Up, Gp,pp) be a uniformized system p € X, we locally lift the differential form

w to a form @, on U, =~ V,/G).

o Integrate the lifted form w, over the fundamental domain of the group action of Gy,

summing the integrals of the transformed forms for each g € G,,.

e Patch together the local integrals to obtain a global integral, ensuring compatibility

on intersections of open sets and independence of the choice of partition.
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Definition 2.1.12 Let X = M /G an n-dimensional orbifold, U an open subset of X and

w € Q(U) a Gy—invariant differential form, the integral over U is defined as

1 / 5
wi=— [ @,
/U Gul Jo

where |G| is the order of Gy .

Definition 2.1.13 [Zvo12] The homology and cohomology groups of an orbifold over Q,
are defined to be the homology and cohomology groups of the orbifold’s underlying topolog-

ical space, with coefficients in Q.

Consider an orbifold X and an irreducible sub-orbifold Y!. Let X and Y represent
the underlying topological spaces of X and Y, respectively. In the context of homology
with rational coefficients, the homology class [Y] within H,(X,Q), which is isomorphic
to Hy(X,Q), is defined as ﬁ[f/] in H,(X,Q). This convention reflects the quotient
structure of the orbifold’s homology induced by the action of the stabilizer group.

Example 2.1.14 We define the orbifold My 1 as follows:

H 1
- 0~ < — > ~ .
M4 SL(Q,Z)_{ZEH \Re(z)_Q,\z|_1}/

Here, ~ denotes an identification of vertical lines Re(z) = i% and unit semi-arcs from
o+ :i%+i§ to 1.

The stabilizer groups are given by:
Gi =2y, Go ZZs, Gp=1Za,

where D = My \ {o4,i}.

If we decompose M1 1 into cells as shown in Figure 2.1, we obtain the following table:

n-cell | ¢}
0 | =i
o
1 | c(t)=i+it,t € Rsg
c3(t) = o4 +it,t € Rxg
cd={z€H||z|=1,0 <Re(z) < 3}
2 | d={z€H||z]>1,0<Re(z) < 3}
3={z€eH||z] >1,—5 <Re(z) <0}

LAn orbifold is irreducible if it cannot be expressed as a nontrivial connected sum of two orbifolds.
This means that there is no way to cut the orbifold into two pieces such that each piece is itself a non-
trivial orbifold with boundary, and the original orbifold is the result of gluing these two pieces along their
boundary.
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2 2
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1 n 1
G C3
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o
0 +
1
2 M 1
1
0 3
¢

Figure 2.1: Set of n-cells c? of My .

After computing its cell homology, we observe a global 2-to-1 symmetry. This arises
because I and —1I yield the same quotient topologically. The orbifold Euler characteristic

of Mi.,1, can be computed as follows:

X(Ml,l) = = o0

1<c(1) N 3 _c%—i—cé%—cé—c?—c%)_ 1
2\1Gi| * [Go.| Gpl

2.2 Moduli Spaces of Curves

The moduli space of curves with marked points M, ,, consists of isomorphism classes of
smooth projective curves of genus g with n marked points on each curve. Marked points
will help to track and study geometric and topological properties of the curves, so the
moduli space captures properties related to their geometric structures. The topology of
the moduli space has been extensively studied using methods from algebraic geometry and
homological algebra [Har86] [Mum83]. This space has found applications in various fields,

including:

e Mirror symmetry: relates geometric structures emerging in string theory to elements

from algebraic geometry [CAIOGPI1] [KM94],
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e Enumerative geometry: counting geometric objects with certain properties [Pan06],

e Conformal field theory: conformal 2D systems, including quantum gravity [Dij90].

Definition 2.2.1 Let g, n € Z>o. A genus-g curve with n marked points is a connected,

smooth projective curve Cy, of genus g together with n distinct points pi1,...,pn € Cyn.
Two such curves (Cgn,p1,--.,pn) and (Cy .1}, ..., py,) are considered isomorphic if there

exists an isomorphism of algebraic curves ¢ : Cy, — C;,n taking p; to pl with 1 < i < n.
For 2g +n — 2 > 0, we define the moduli space My, of genus-g curves with n marked

points as the space of isomorphism classes of such curves.

The moduli space My, is a complex orbifold of dimension 3g — 3 4+ n. It requires 3g —
3 parameters, that account for all possible deformations of C, ., and n parameters to

represent all possible choices of n distinct points on Cy . [HLI7] [ACGHS85]

2.2.1 The moduli space M,

Let X = CP! with three marked points 1, 2o and x3 pairwise different, then there exists

a unique element in PSL(2,C) that sends (x1, z2,x3) to (0,1,00) in CP! given by:

(z — 21) (22 — x3)
(x — x3) (22 — 1)

F(z) =

This means in particular, we can always find a Mdbius transformation that maps CP! to
itself while sending the three marked points to (0,1, 00), so there is only one such curve

up to isomorphism, hence My 3 is a single point.

3 —

Ty N

T2

Figure 2.2: Map between CP' with three marked points z;, zo and z3 to ((CIP’l, 0,1,00) .

2.2.2 The moduli space M, ;

The moduli space M ; parameterizes isomorphism classes of elliptic curves (compact
Riemann surfaces of genus 1) with a single marked point. In this case, the space has a
more complicated description than Mg 3. We start by representing an elliptic curve £ as

a complex torus, which is the quotient of the complex plane by a lattice I, i.e. £ =C/T.
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A lattice I' can be generated by two linearly independent complex numbers w; and wo
as I' = {mw; 4+ nwa | m,n € Z}. Suppose we have a homothety with a factor of A € C*,
which scales the lattice as IV = {Amw; + Anwy | m,n € Z}. The new lattice I will
differ from the original lattice I", however, if we consider the complex tori C/T" and C/T",
they are isomorphic as complex tori, meaning that the corresponding elliptic curves are

isomorphic as well.

Since it is always possible to find a unique basis {wi,ws} if we now consider that
homotheties do not change the elliptic curve, we might as well consider instead the basis
{1} = {7, 1}, with 7 = Z!. Furthermore, the condition for {wi,ws} being an oriented
basis translates into Im(w;/we) = Im(7) > 0. This means that the space of all possible
lattices, up to complex multiplication, can be identified with the set of all points in the
complex upper half-plane H = {z € C | Im(z) > 0}. We will denote by I'; the lattice
generated by the basis {7, 1}.

Let 71 and 7o € H, two tori: T, = C/T';, and T, = C/T';, are biholomorphic if only if

ary +b

e +d’

where a,b,c,d € Z and ad — bc = 1.

This means, the modular group SL(2,Z) changes the generators in a specified lat-
tice I';. Therefore, we examine the action of SL(2,Z) on the upper half-plane, which is

characterized by fractional linear transformations:

a b z az+b

c d 1] ecz+d

a b
where z € H and J € SL(2,Z).
c

Two points z1,29 € H are considered equivalent if there exists an element of the
modular group that maps one to the other, so the moduli space Mj; can be constructed

as the quotient of the upper half-plane H by the action of the modular group:

My ~H/SL(2,7).

This means every orbit of SL(2,Z) will be represented as a point in the quotient.

The group SL(2,7Z) is generated by the following elements:

0 -1

1 1
T = and V =
01 1 0
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Proposition 2.2.2 The set H/SL(2,7) is isomorphic to

—1

D:{ZEH'2§Re(z)§ and1§|z|}/~,

N | —

where for L ={z€H | |z] =1 and —1/2 < Re(z) < 0},
Li={z€H||z|=1and 0 < Re(z) < 1/2} andai:ﬂ:%+i§ we have Ly ~ L_

and o4 ~ o_

Proof. As SL(2,7Z) is generated by the following elements:

0 -1

1 1
T = and V =
01 1 0

We will focus on the effects of 7" and V' on 7 (lattice generator)

T(r)=1+1,
Vir) =,

this shows T is a translation of the real part of 7, so, the orbit of 7 under the action of T’

can composed of elements whose [Re(7)| < 1.

Recall from eq. (B.0.4), that for any L € SL(2,Z), Im(L(z)) — 0 so, either ¢ — oo
or d — oo, this implies Im(7'(2)) is bounded, as neither ¢ or d can be zero simultaneously
(because det(%) = 1), so let z be an element in the orbit space whose imaginary part is
maximal, as we saw before, the action of T leaves the imaginary part invariant, however

the action of V' gives:
Im(z)
|22

Im(V(2)) =

so, if |z| < 1, then Im(V'(z)) > Im(2). This contradicts the fact that Im(z) was maximal,

hence, we must have |z| > 1. O

Now, let us consider two elements 7" and 7 that lie within the same orbit in the set D,

such that

7! a b T
b

1 c d 1

for (%) € SL(2,Z). We consider ¢ > 0 and Im(7’) > Im(7), by (B.0.4) we have

ler +d| <1, (2.2.1)
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Figure 2.3: The set H/SL(2,Z) (marked in red) and the image under the composition of
T and V.

from |Re(7)| < 1/2 and |7| > 1 we get Im(7) > v/3/2 so (2.2.1) gives

3

<1
5 | S

bl

as ¢ € Z, this leaves two options

e ¢ =0, by the determinant condition we get a = +1 = d, so

1 b \
A= — 7.
0 1

If |[7/] < 1/2 and |7| < 1/2 for being in D then b = +1, this can only be achieved by
points lying on the the vertical lines |[Re(z)| = 1/2 this means both lines are identified.

e c=1

Because |[cT+d| < 1and 7 > 0, then |z+d| < 1 from this we have different possibilities
for d = 0,+1.

ec=1landd=0
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From ad — bc =1 we have b = —1 so

A= =TV.

0 -1
A= ,
1 0
SO
A(r) = V() =1
7)=V(r) = —

if |[7| > 1 then V(1) ¢ D, so || = 1 and the action of V reads
V(1) = —Re(7) + iIm(7),
this identifies the arcs of the unitary circle £L_ and £_ given by

1
Ez{z€H||z|:1and —2<Re(z)<0},

1
£+:{ZGH| |z\:1andO<Re(z)<2}.
It is relevant to note the point: ¢ is invariant under such transformation, indeed

V(i) = —=

I
- =1
i

As for a = £1 we will first do a translation 7" and then the ”inversion” V', even though
this might seem too restrictive for a given interval of length 1, there is actually a point
that satisfies both transformations and is still in D, this point lies at the endpoints of the

V3

vertical line that intersects the arc L4, we call it o4 = :l:% + iTS, we see indeed:
T(ot) =0+ and V(o) = o+,

SO

TV(ot) = o0.

Whereas we have V2 = (T'V)3? = I, and by the above arguments we have that the local
groups of ¢ and o4

G, ={I,—-1,V,-V}=~7/47Z, (2.2.2)
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Im(t) A
B
B
N A -~
N =
] Y
- o+
| i
1 Re(T) lel i

Figure 2.4: Process of identification of the vertical lines Re(t) = +1 and of the arcs £
resulting in the moduli space M ;.

Go, = {I,-1,TV,-TV,(TV)?, —(TV)*} = Z/6L. (2.2.3)

This is precisely the reason for which we use orbifolds instead of manifolds, here the
local groups are not trivial and the orbifold structure will remember this local information.

This space parameterizes all isomorphism classes of elliptic curves with a marked point.
It is worth noting that M, ; is not compact. Its compactification, known as the Deligne-
Mumford compactification (cf. 2.3 ), is denoted by M 1 and includes stable nodal curves
(curves with at most one node) in addition to smooth elliptic curves. The boundary of
the compactification corresponds to the cusps of the modular group action on the upper

half-plane.

2.2.3 The moduli space My,

The moduli space My 4 parameterizes isomorphism classes of stable rational curves with
4 marked points. As before, a stable 4-pointed rational curve is a Riemann sphere with
r1,T9,x3 and x4 distinct marked points. Since the complex structure of the Riemann
sphere is fixed, the only possible parameter in the moduli space comes from the position
of the 4th marked point x4.

By applying a Mobius transformation, we can always fix the positions of x1,zs and
x3 to 0, 1, and oo respectively. Then, the position of the fourth marked point can be any
complex number ¢ except 0, 1, and oo, the parameter ¢ can be expressed in terms of the

other points as:
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(x4 — @1) (22 — 73)

= (24 — x3) (2 — 21)’

because t € CP'\ {0, 1, 00}, then:
Moy = CP! \ {0,1, 00}.

Note that this space is also non-compact as the points: {0,1,00} are missing. The
Deligne-Mumford compactification My 4 adds the points {0, 1,00} back to My 4, making
it the Riemann sphere CP!.

As the number of marked points increases, the moduli space My, exhibits combina-
torial properties and requires a more detailed description. Consider CP! with n pairwise
distinct points. By applying a Mobius transformation, we fix the positions of three points,
(1,2, x3), mapping them to (0,1,00). For the remaining points (x4, ...,x,), we asso-
ciate them with (¢1,...,t,—3) such that t; # t; for ¢ # j. This ensures that each point in

the remaining set has a unique corresponding value in the target set, with:

(ivs — @1) (w2 — w3)
(Tivs — w3) (w2 — 71)

ti =

This implies that each t; € CP!\ {0, 1,00} and t; # tj for i # j. Therefore, the moduli
space My, can be described as the product of these spaces while avoiding the diagonals,

as follows:

Mon = {(t1, . tn-3) € (CPHY" 3 | t; ¢ {0,1,00}, t; # t; for i # j},

for n > 3.

2.3 Deligne-Mumford compactification

We previously observed that the moduli space Mg, is non-compact, similarly, we can
deduce that Mg >4 is also non-compact. In general, the moduli space M, , might not
be compact. However, it is possible to compactify the moduli space by including spe-
cific sets of curves in a process known as Deligne-Mumford compactification. This
method extends the moduli space to include stable curves with nodes (singularities). The
compactification was introduced by Pierre Deligne and David Mumford in 1969. [DM69]

The idea behind the Deligne-Mumford compactification is to include stable nodal
curves in the moduli space. A stable curve is a curve with only nodes as singularities,
and finite automorphism group. The nodes can be thought of as ”points of attachment”
between different components of the curve. By allowing these singularities, the moduli

space becomes compact.
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Definition 2.3.1 A simple nodal point within a curve Cy,, is defined as an isolated
singularity characterized by the self-transversal intersection of the curve at a distinct point,

near such a nodal point, the curve can be locally modeled by the equation xy = 0 in C2.1
Definition 2.3.2 A nodal curve is a complex curve Cy,, with simple nodal points.

Definition 2.3.3 Given a nodal curve Cy ,, we define its normalization to be the smooth,
though not necessarily connected, curve C’;n. This process involves separating the original
curve at its nodes, where each singular point, or node, of the curve is replaced with distinct

marked points.

Definition 2.3.4 A stable curve Cy, is a connected nodal curve satisfying the following

conditions:

e The only singularities of Cy ., are simple nodal points.

o If x; and x; are marked points on Cy,, then x; # x; for all i # j, and none of the

x; can be nodal points.

o [rreducible components of genus 0 must have at least three points, counting both nodal

points and marked points.

o [rreducible components of genus 1 must have at least one nodal point or marked

point.

The boundary of M, , needs to describe the local behaviour when we approach a limit
point, in the case of Mg 4 this limit corresponds to two marked points colliding within
CP!, so we begin first by studying a stable curve; for a Riemann surface with genus 0 and

4 marked points Cp 4, we have the isomorphism:
(00,4) T1,T2,T3, ‘T4) = (C]Pﬂ? ) 0) 1) 0, t)?

so, the boundary elements must represent the limits: ¢ — 0, ¢ — 1 and t — oo. To
visualize this process, consider the following example [Zvol2], take a family of curves in
CP? denoted by C(s), let [z, y, x] be homogeneous coordinates in CP?, the family of curves

parametrized by s € I C R is defined as:
C(s) ={[z,y, 2] € CP? | 2y = 3Z2}7

this means, each value of s defines a 4—marked curve CP!, on C(s) we mark the following
points:

T = [0, 1,0], Tro = [1,8, 1],

!The equation zy = 0 in C? represents the standard local model for a simple node, implying that the
curve looks like the crossing of two lines near the singularity. In the context of this local model, the curve
resembles the transversal intersection of two smooth paths, each referred to as a branch of the node.
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€r3 = [17())0]’ Ty = [57171]'

Ty
(]
2
()
€3
O
P s
— S
= |
< -o- —> = —
z
X2 €3 0

Figure 2.5: A family of curves C, in My 4 approaching a limit point as s — 0.

This example shows the behavior of a curve in Mg 4 where x4 — 1 as s — 0, it is
important to keep the marked points separated as we take the limit, the details on this
process are very technical but the idea is to apply conformal transformations while keep-
ing the colliding points separated, as a consequence the distance with respect to the other
points gets very large and in the limit, the curve collapses a region into one point (the
nodal point) creating a separation between the colliding points and the rest of the marked
points. This example captures the ‘jump’ from one sphere into two spheres, and in the

process distributing the marked points with the node to obtain a stable surface.

In this example we also notice points on the curve are either smooth marked points or
are isomorphic to a neighborhood of zy = 0 in C2, this means, if we take a neighborhood
of a node, we can transform it by diffeomorphisms into two open disks with their centers
identified, there are two ways to remove the singularity at a nodal points, we will refer to

them as:

e Normalized node: If the neighborhood near a node can be replaced by two disjoint

open discs.

¢ Smoothened node: If the neighborhood near a node can be replaced by a cylinder.

Theorem 2.3.5 There exists a (3g — 3 + n)-dimensional compact complex differential
orbifold Mg, a (3g — 2 + n)-dimensional compact complex differential orbifold Cy,,, and

a map m: 59771 — ﬂgyn such that
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Mg, C Mg,n s an open dense sub-orbifold and ﬂ_l(Mg,n) =Cyn C @g,n .

The fibers of m are stable surface of genus g with n marked points.

Each stable curve is isomorphic to only one fiber.

The stabilizer of a point p € ngn s isomorphic to the automorphism group of the

corresponding stable curve Cy,, =~ [p].

Definition 2.3.6 We call the space My, the Deligne-Mumford compactification of
Mg, and the set My, \ My, its boundary.

Definition 2.3.7 The family of curves Cy, such that © : Cgn — My, is called the

universal curve.

Theorem 2.3.8 [Zvo12] Let 7 : Cypn — Mgy be the universal curve and z € Cyp a
node in a singular fiber. Then there is a neighborhood of z in Eg,n with a system of local
coordinates (w1, ..., W3g—atn,T,y) and a neighborhood of w(z) € My, with a system of

local coordinates (si, ..., S3g—3+n) Such that in these coordinates T is given by
S = wj, for1<i1<39g—4+n, 53g—34n = TY.

The Deligne-Mumford compactification provides a method for adding strata with the
same dual intersection complex to the limit set and characterizing the topology of ﬂgm.l
The prevoius theorem also reinforces the idea illustrated in Fig. 2.5, which serves as
a model for the behavior near nodal points. Although numerous elements need to be
incorporated during the compactification process, the number of elements added will be
finite, as each element on the boundary must have the same Euler characteristic. This
ensures that the resulting compactified space remains manageable and retains its essential

topological and geometric properties.

2.4 Forgetful and attaching maps

There are two primary types of natural maps between moduli spaces: the forgetful maps
and the attaching (or gluing) maps. These maps induce relations on the cohomology
classes of My ,,. The forgetful map removes m marked points from elements in Mg ,4m,
resulting in stable curves in ﬂg,n. On the other hand, the attaching map identifies curves
in the moduli space by connecting them through a pair of marked points gluing the curves
together, or gluing the curve with itself increasing its genus. These operations allow us to

construct more complex moduli spaces and also to study some relations between them.

!The boundary strata refer to specific sections at the edges of moduli spaces, representing types of
degenerate curves, such as those with nodal singularities. These strata help us understanding the com-
pactification and geometric properties of the space, classifying curves by their topological features.
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Definition 2.4.1 (Stabilization of a Nodal Curve) Let (Cynim, %1, ., Tnim) be a
nodal curve in ﬂg,m_m. The stabilization of this curve, denoted by Stab, transforms it into
a stable curve (Cgsfﬁb,wl, ...y Tp). Should the curve (Cyp,1,...,xy,) satisfy the condition
2 —2g —n < 0 yet contain unstable components—particularly, genus 0 components with
fewer than three special points—then these components must be contracted into singular

points. This process is carried out iteratively, removing each unstable genus 0 component

through contraction.

Definition 2.4.2 (Forgetful Map) The forgetful map f, : My nim — My, is defined
as the morphism that takes an element (Cypym,D1,. .-, Dntm) in ﬂngrm and maps it to
(C’;fgb,pl, ey Dn) N ﬂg,n by omitting the last m marked points and subsequently stabiliz-

ing the curve:

fm(Cg,m—i_n,pl’ T 7pn+m) - (C;,t'falb7p17 “ee ,pn) E Mgm.

not stable

an:4 £ o ° 14

Figure 2.6: Forgetful map of the points {xa,z3, 24,25} of an element in My 5 to a stable
element in My .

The motivation for attaching maps originates from the wish to construct new curves by
connecting or gluing existing ones, resulting in a different moduli space structure. Given
a curve Cy ., of genus g1 with n + 1 marked points and another curve C, .. of genus
g2 with m + 1 marked points, we can identify a marked point in C’ with a marked point
in C”. This process creates a new curve Cy, g, n+m, Where the points at which they were
attached are replaced by a node.

Another possibility arises when we have a curve C’

91.n+2 of genus g1 with n + 2 marked

points. By identifying two marked points on the same curve, we can transform it into a
curve Cg, +1,,- This operation increases the genus of the curve and introduces a new nodal
point. With this motivation, we can proceed to formally define the attaching maps and

explore their properties:

Definition 2.4.3 There are two kinds of attaching maps:

e Separating attaching map
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Let Mgl’n+1 be the moduli space of stable curves of genus g1 with n+ 1 marked points
and Mg%mﬂ be the moduli space of stable curves of genus go with m + 1 marked points.
The attaching map

gl : Mgl,n-i-l X Mgzym-i-l — M91+92,n+m7

maps pairs of equivalence classes of stable curves (C§17n+1,0;'27m+1) to an equivalence
class of a stable curve Cy, 1 g, ntm obtained by identifying a marked point in Cs/h,nJrl with
a marked point in ng,erl and gluing the curves along these points, introducing a nodal

point at the gluing location.

T4
T o %L
T2 °
3 gl
— e
o o o o -]

° Z;L/f'(s
2 o s 0 o b
P i

Figure 2.7: Separating attaching map, gluing the points x4 and &g of elements in My 4
and Mo g, the image lies in M3 g.

e Non-separating attaching map.

Let Mg 12 be the moduli space of stable curves of genus g with n + 2 marked points.

The attaching map
glirr : mg7n+2 — ngrl,nv

maps an equivalence class of stable curves C;,n+2 to an equivalence class of a stable curve
Cy+1,n obtained by identifying two marked points on the same curve and gluing them

together, increasing the genus of the curve by 1 and introducing a new nodal point.

»
glirr‘
x?" x4§ ————)
. L1 e
“a o T2

Figure 2.8: Non-separating attaching map , gluing the points x3 and x4 of an element in
My 4, the image lies in M3 5.
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2.5 Witten-Kontsevich theorem

The structure of moduli spaces is in general very complicated and performing computations
involving these objects is highly non-trivial. Given its geometric structure, it is possible
to define cohomology classes on moduli spaces to better understand them. In particular,
Chern classes are of great interest, and they can be defined using vector bundles over the
moduli space, relating the cohomology classes of the bundle with those on the base space.

One key aspect on the study of moduli spaces are their intersection numbers, which
can be obtained through wedge products of Chern classes. In 1990, Edward Witten dis-
covered a connection between algebraic geometry, specifically on intersection numbers of
moduli spaces of algebraic curves, and the theory of integrable systems. He observed that
intersection numbers played a role in the construction of the free energy function of 2D
quantum gravity models, while the function for counting triangulations on surfaces was
related to a special tau function of the KdV hierarchy. This led Witten to conjecture a
link between algebraic geometry and integrable systems. [Wit90]

Witten’s conjecture was later proven by Maxim Kontsevich [Kon92], this remarkable
result, known as the Witten-Kontsevich theorem, has been explored and explained in de-
tail in recent years, a modern introduction and proof can be found in the work of B.
Eynard [Eynl6]. Witten’s conjecture was later reformulated by Robbert Dijkgraaf, Erik
Verlinde, and Herman Verlinde [DVV91], who introduced the Virasoro differential oper-
ators L, for n > —1 and demonstrated the connection between Witten’s conjecture and
the Virasoro equations. This connection has opened up plenty of new research possibil-
ities and helped develop new tools to describe the structure of moduli spaces and their
intersection numbers.

In M, ,, each point represents an equivalence class of algebraic curves (up to isomor-
phism), and the tangent space at a point is related to the infinitesimal deformations of
the corresponding curve. The cotangent space then consists of linear functionals that act
on these deformations.

As each marked point z; varies smoothly across curves in M, ,, we can define a natural
line bundle £; over Mg,n» whose fiber at each point is the cotangent space at z; of the
respective curve represented in the moduli space.

Given a vector bundle, we define its characteristic classes as invariant polynomials on
the curvature of a connection. Since a line bundle is a specific type of vector bundle, we
can consider its first Chern class ¢y (L). This class is a 2-form on M, ,, and, as a topological

invariant, it can be shown its definition does not depend on the choice of connection.
Definition 2.5.1 The -classes are defined as follows:

1/%‘ = Cl(ﬁi) € HQ(mg,nv@)' (2.5.1)
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Remark. By taking the wedge product of a sufficient number of -classes, equal
to the dimension of ﬂg,n, it is possible to compute the integral of a top form, such as

c1(L1)F A~ Acr(Ly)F, over the space Mg .

Definition 2.5.2 [Wit90] Let L; — Mg, be the cotangent line bundle associated with the
marked point x;, and let 1; = c1(L;) denote its 1-class. Provided that 2g — 2 +n > 0, we

define the intersection numbers as

0 if Yo ap # dim(M,,).

(TayTag =+ Tan>g =

At times, we might opt for a notation distinct from Witten’s bracket notation to denote

the intersection numbers:

o Tagee Tan by = (V0 - 20) / A A

The intersection numbers (74, Tay - - - Ta,,) , are also referred to as descendant integrals.
We also notice, once g and n are specified, using the dimension of Mg,n and the stability
conditions for its elements implies that the set of non-zero intersection numbers must be

finite.

Moreover, Witten conjectured that if the stability condition 2g —2+mn > 0 is satisfied,

then the intersection numbers also fulfills two interconnected systems of equations:

j=1 iz |y,

n
<71H7'a1> (29 —2+n) <HTai> .
g =1 g

These equations are referred to as the string and dilaton equations, respectively. This

(2.5.2)

system offers relations for recursively computing all intersection numbers in genus 0. E.
Witten proposed a generating function that combines these intersection numbers into a
single object, effectively converting a series of complicated calculations into a study of
the properties of a single function. This generating function is now known as the Witten
generating function of intersection numbers.

Let u,t;~9 be a set of variables. We introduce the generating function of genus g as:

29—2
u
F) (to,ty, .. 5u) == Y - > (twTar - Ta)gtatar - ta,.  (25.3)

n>1 "oa1,..,an>0
2g—24+n>0
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This expression emerges in the context of two-dimensional quantum gravity, which is
a simplified model of quantum gravity that retains many important features of the full
theory, this theory is also associated with models of string theories and it can be described
in terms of certain topological field theories known as topological gravity.

In this model, Riemann surfaces play the role of the space-time history of a one-
dimensional string, and the moduli space of such surfaces is a crucial object of the model.
Essentially, the different configurations of the string are parametrized by points in the
moduli space. Whenever we try to calculate the quantum amplitudes associated with
different configurations, the integral must be computed over the entire moduli space, and
the integrand involves the exponential of the so-called action of the theory i.e. the Witten
potential.

We now introduce the following differential operators:

0 w2 > 0
L= —— 4 —¢2 b —
1 8to+ 5 0+Z; Z+18ti’
5 o = 5 (2.5.4)
3 %2 +1 1
Lo=—-— T
0 28t1+z 5 'igr, T 16

i=0
If FV = 250 F;/V, then we can rewrite the string and dilaton equations (2.5.2) by
the exponential function e’ v being annihilated by the operators in (2.5.4).

We can recover the intersection numbers expressions from the generating functions

F;/V as follows:

o 9 0w
atth 8ta2 o 8tak 7 t;=0,u=1 .

(TarTag--Tap ), =

In the early 90’s, E. Witten [Wit90] conjectured that starting from FW, U = 8;;‘/
0

satisfies the KdV equations and, along with the string equation (eq. (2.5.2)), enables us

to subsequently formulate a relation for the intersection numbers:

1
(2n +1) <Tn7'g> = <Tn—17'o> <r§”> + 2 <Tn_1rg> <T3> + 1 <Tn_17§> .
This conjecture was later proven by M. Kontsevich [Kon92] and it is known in the

literature as the Witten-Kontsevich theorem.

Theorem 2.5.3 (Witten-Kontsevich) The generating function F"W (to,t1,...) is a so-
lution to the Korteweg-de Vries (KdV) hierarchy.

Building upon the Witten-Kontsevich theorem, the Virasoro conjecture suggests that
not only does the generating function of intersection numbers satisfy the KdV hierarchy,
but it is also governed by a larger symmetry group known as the Virasoro algebra, this

version will be useful in the following chapters and can be stated as follows:
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Theorem 2.5.4 (Virsoro formulation of the Witten-Kontsevich theorem) Let
FW ., be the generating function for the intersection numbers on the moduli space Mg,n.
Then, the function FW satisfies the Virasoro constraints
LneFW =0, foralln>-1,

where the Virasoro operators L, are defined by:

. —1
2i + 2 Il (2 +1)N(2n —2i — 1 9?2
o= 3 ST () g+ 3
i>0 2 (27, — 1).. 8tl+n 2 2 8ti8tn_1_i
t2 1
S — On,
(2.5.5)

These constraints, containing the string and dilaton equations, fully characterize the
generating function F". Consequently, this enables a recursive computation of all inter-

section numbers on the moduli spaces. [Zvol2]

Example 2.5.5 For g = 0, it is possible to obtain an explicit formula for all the inter-

section numbers for n >3, if > a; =n — 3, then

(n—3)!

(2.5.6)

We will proceed by induction, the last example provides the base case when n = 3.
For the inductive step, we consider n + 1 marked points. For some fized indez i, we have

a; = 0. Then, the string equation gives:

n
<Ta1 T 7—an+1>0 = <Taj1 H Tak> .
j:l 0

k#j
Evaluating the right side of the equation, we get:

B a;j(n —3)!
; <Ta] 1 kl;IgTak>0 - Z 7 aj! Ty ax!

Notice that 377 aj+a; = (n+1)—3, where a; = 0. Substituting this into the previous

equation yields:

" _ (n—=2)(n=3)! ((n+1)-3)!
3 (ron Il ) = O = (o

j=1 [TiZy ax!

Thus, the formula is proven for the case when n + 1 marked points are considered,

given that it holds for n points. This completes the proof.
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2.6 Dual graphs

In the study of moduli spaces, some elements can sometimes be difficult to visualize or
describe explicitly. To understand these elements, we can associate them a simpler, visually
informative, combinatorial structure. Such association is the dual graph representation.
For example, when examining boundary points, they characterize the behavior of limit
points in Mg,n- Certain elements may decompose into multiple components, resulting in
a nodal curve.

For instance, when considering boundary points in M, ,, they characterize the be-
haviour of limit points. Specifically, some configurations may split into multiple com-
ponents, yielding a nodal curve with some irreducible components intersecting at nodes.
While providing a formal description of these curves can be laborious, an alternative, more
intuitive method exists. This approach employs dual graphs, which effectively capture the
topological features of the curve’s degeneration, offering a simplified yet comprehensive
representation.

This alternative is known as a dual graph. In this representation, each irreducible com-
ponent of a nodal curve corresponds to a vertex, and each node translates to an edge. This
method transforms potentially complicated geometric structures into a more straightfor-
ward combinatorial representation. Consequently, this transformation gives the ability to

apply graph theory tools into the combinatorial and geometric aspects of algebraic curves.

Definition 2.6.1 [Pani8] Consider an element [Cyp,p1,-..,pn) € Mgn. The associated

dual graph is constructed as follows:

e Fach irreducible component of Cg,, is represented by a vertex, which is labeled by its

genus.

o Ewvery node of Cy p is represented by an edge that connects the vertices corresponding

to the two components of the node.

e For each marked point {p;};—,, we attach a half-edge labeled by i to the vertex rep-

resenting the irreducible component containing p;.

This construction yields a graph I'y , defined by:
I'yn=(V,HLg:V—=>Zs,v:H—=V,.:H— H),

with the following characteristics:

1. 'V 1is the set of vertices, each associated with a genus through the function g : V —

ZZO .

2. H denotes the set of half-edges, which comes with a function v : H — V assigning

each half-edge to a vertexr and an involution ¢ : H — H.
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. The set of edges, F, is determined by the 2-cycles of v in H, allowing for self-edges

at vertices.

. The set of legs, L, corresponds to the fixed points of v and is bijectively related to the

set of markings {1,...,n}.

. The graph defined by the pair (V,E) is connected.

. The genus of the graph, denoted by g(Uyy), is given by g(Tgn) = >,y 9(v) +hH(T)

and matches g.

. Bvery vertex v satisfies the stability condition:

2g(v) =2+ n(v) >0,

where n(v) represents the valence of I'y,, at v, indicating the number of half-edges

connected to v.

For each stable graph I'y ,, we define its associated moduli space as

Mr,, =[] My

veV

We use m, to denote the projection map from ﬂpg,n to Mg(v),n(v); corresponding to the

vertex v. A canonical morphism

Ty n * ﬂFg,n — ﬂg,n (2.6.1)

exists, and its image corresponds to the boundary stratum specifically associated with the

graph L'y .

Figure 2.9: A nodal element in ﬂ577 and its dual graph with each component pictured.
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Definition 2.6.2 The moduli space of curves of compact type, denoted as ./\/lf]fn, can be

defined as the subset of marked curves [Cyn,p1,...,Pn] € ﬂg,n whose associated dual

graph is a tree.

NS YA VD Y Vs ¥ NS YA D YA Va7
S N

Y
Nt
5 ;
—0© —©
SN /@z

Figure 2.10: Representative elements from ﬂg% and Mo \ﬂ%, illustrated through
their respective dual graphs below.

2.7 Tautological Ring

Tautological classes in the moduli spaces of curves are cohomological classes that can
be defined naturally from the geometric structure of the moduli space itself. They are
intrinsic to the moduli space and are described in terms of the universal properties of the
space. The term tautological suggests that these classes are self-referential based on the
endowed structure of the moduli space.

In this sense, 1 classes (def. 2.5.1) are specific examples of tautological classes, recall
1) classes are associated with the cotangent line bundle over the moduli space of pointed
curves. The reason they are considered tautological is that they are constructed directly

from the geometric data provided by the moduli space and its universal curve.

Definition 2.7.1 (Tautologial Rings) The tautological rings are defined as the smallest
collection of subrings, denoted by R* (ﬂg,n), within H* (ﬂg,n), such that it contains
1€ H° (ﬂg,n) and it is closed under push-forwards and pullbacks of the forgetful and

attaching maps.

Any cohomology class that resides within a tautological ring is termed a tautological

class.
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Definition 2.7.2 Let f, 11 :ﬂg’nﬂ — ﬂg,n be the forgetful map, that forgets the point
n+ 1. The k-class, denoted k;, is defined by:

Kj = Jnt1x (w;ill) € HY (ﬂg,n) ,

where wflill represents the power of the 1-class associated with the marked point n + 1.

Similarly we can define multi kappa classes by:

Bt = (F)™ (V25 wih) ) € HET (M)

By definition, it is easy to see that k-classes are also tautological.
In any tautological ring, the generators can be represented using a dual graph, where

the corresponding 1 and k classes are attach to half-edges.

Figure 2.11: Decomposed dual graph in My 4, represented as elements from Ms, x
Moo X Mis x Mozyi. In this representation, the x classes are visualized as red
classes on edges prior to the application of the forgetful map.

Definition 2.7.3 Consider ﬂg,n and zg,n the associated universal curve. For a curve

Cyn in Eg,n, we define an abelian differential as follows:
o If Cy,y is smooth, an abelian differential is a holomorphic 1-form on Cy .

o If Cyn has a node, an abelian differential is a meromorphic 1-form on Cy, with
poles of order at most one at the nodes. Furthermore, the residues at these poles
must be equal in magnitude, but with opposite sign on the branches meeting at each

node.

The collection of abelian differentials on C,,, constitutes a vector space of dimension equal

to the genus g of the curve.

Remark: The definition of an abelian differential does not depend on the marked points
of the curve. Therefore, discussions regarding abelian differentials will focus solely on the

genus of the curve.
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Definition 2.7.4 (Hodge Bundle on ﬂg,n) Let (Eg,n, T ég,n — ﬂg,n) be the univer-
sal curve over the moduli space ﬂg,n. The Hodge bundle, denoted as Egy, is a rank g vector
bundle over My, defined by:

Ey := mws,

where wz is the relative cotangent bundle of 59771 over ﬂg,n. The fiber of Ey4 over a point

[CynsD1s- .-y in My, is the space of holomorphic 1-forms on Cy,, i.e.,

_ 770
Eg‘[cg,nvplw-vpn] =H (Cgvn’ wcg,n)7
where we, ,, s the canonical bundle of the curve Cg .

Definition 2.7.5 (\-classes of the Hodge Bundle) Given the Hodge bundle E, over
Hg,ru the A-classes are defined as the Chern classes of this bundle. For each integer

0 <j<g, the j-th A-class, denoted \j, is the j-th Chern class of Ey:
Aj = ¢j(Eg) € H? (M) -
And the total Chern class of the rank g Hodge bundle E — M, ,, is expressed as:
c(Eg) =14 M +...4 X\ € H (M, Q).

In [Mum83], D. Mumford presented a formula that expresses the A-classes in terms of
the more familiar x- and -classes. This formulation allows the computation and analysis
of A-classes using well-understood classes. Furthermore, it highlights the tautological
nature of the A-classes.

Given the Chern polynomial Ay(t) = >°7_, ¢*A;, Mumford’s formula can be expressed

in terms of this polynomial as a generating function. The formula is then given by:

n

tm m+1 - m 1 ) (¢/)m _ (_w//)m
) = exp mZ;l m(m+1) | Z;¢ T A L (27)

In the formula, B,,,1 represents the Bernoulli numbers'.

The morphism j, and the
classes ¢’ and )" account for boundary contributions. They also describe the behavior of
the A-classes near the moduli space’s boundary, where curves may degenerate and break
into multiple components.

Mumford also derived the relation Ay(t)A,(—t) = 1. By isolating the coefficients of 29

and #2971, obtained the following relations:

'The Bernoulli numbers can be defined through the recursive formula: B,, =1 — for

m >0, with By = 1

Tk:n:_Ol (TIZL) m Bk+1
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Az =0, (2.7.2)
A2 =2MgAg 0. (2.7.3)

These relations are applicable for all g, n for 29 — 2 4+ n > 0. These identities will play
a significant role for computations associated with the Double Ramification cycle, detailed

in Chapter 5.



Chapter 3

Gromov-Witten Theory and
Cohomological Field Theories

Cohomological Field Theories (CohFTs) are systems of linear maps introduced by Maxim
Kontsevich and Yuri Manin in the mid-1990s [KM94], they encapsulate essential oper-
ations within moduli spaces. Originally conceptualized to formalize tools developed in
Gromov-Witten theory, CohFTs have since become instrumental in bridging the geom-
etry of moduli spaces of stable curves with intersection numbers and Gromov-Witten
invariants. Moreover, their framework has been extended to encompass broader curve

counting theories.

A remarkable classification result for semisimple CohFTs, achieved through the action
of the Givental group, was proven by Constantin Teleman in 2012 [Tel12]. The Teleman
classification can be used to explicitly calculate the full CohFT in the semi-simple case,

extending the range of cases that can be studied by these methods.

In addition to their connection in Gromov-Witten theory, CohFTs significantly con-
tribute to various contexts, including Frobenius manifolds, Dubrovin-Zhang hierarchies,
and double ramification hierarchies [BPS12b]. These connections lay the foundations for
a comprehensive study of diverse algebraic and geometric structures, particularly those

related to the moduli space of curves.

3.1 Moduli Space of Stable Maps M, (X, 3)

The moduli space of stable maps was introduced by Maxim Kontsevich as a generalization
of the moduli space of curves [Kon95]. This concept aimed to describe Gromov-Witten
invariants, which are enumerative invariants in algebraic geometry. The concept of the
moduli space of stable maps emerged as a way to formalize the collection of all morphisms

from a nonsingular algebraic variety into a specified target space.

43
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3.1.1 Stable Maps

Let us recall definition 2.3.4, in which we introduced the stability condition for nodal
curves. We are now interested in understanding the behavior of surfaces with marked
points when they are mapped to another projective variety. Such a map might not neces-
sarily be stable, so it is essential to impose a constraint on the maps that guarantees the
resulting curve to remain stable. This requirement leads to the concept of stable maps,
which offers tools for investigating the geometry and topology of surfaces with marked

points, while maintaining the stability condition when mapping them to a target space.

Definition 3.1.1 [HKK" 03] Let X be a non-singular projective variety. A morphism f
from a nodal Riemann surface of genus g with n marked nodes, denoted as ¥4, to X is a
stable map if every genus 0 contracted component of ¥, has at least three marked nodes

and every genus 1 contracted component has at least one marked node.

Definition 3.1.2 [HKK' 03] Given the fundamental class [X] € Ho(3g,,Z), a stable
map represents a homology class B € Hy(X,Z) if f[X] = 5.

Definition 3.1.3 [HKK" 03] We denote by My ,(X, ) the moduli space of stable
maps from nodal curves of genus g with n marked points ¥4, to X representing the class

8.

i3
@D
X3 X

Figure 3.1: Examples of an unstable map f : 21,3 — X and stable map f: 313 — X.

There are two natural maps [CK99]:
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For 71, consider a stable map f : (X,p1,...,p,) — X. The map m takes this stable

map and returns the element obtained by mapping the individual marked points, i.e.,

(f(p1), f(p2),---, f(pn)) € X™

Then 79 sends the map f to the class associated with the stable curve X, represented
as [X] in Mg,

These elements lead to the following induced maps:

ﬂ'f . H*(Xn,Z) — I_I),< (mg,n(Xa B)aZ) )
To% - H*(Mg,n(X7 B)?Z) — H*(ﬂgvn’z)'

For any map m : X — Y between smooth compact oriented varieties, we introduce

the Gysin map:

my : H(X,Z) — H*(Y,Z),
a— PD7 Y (m,(PD(c))),

where PD is the Poincaré dual map, defined by the cap product with the fundamental class
of X [Kaj97]. However, the moduli space of stable maps, Mg, (X, 3), does not possess a
well-defined fundamental class in the usual sense. To address this, a virtual fundamental
class, denoted as [M, (X, 3)]""", is introduced. This virtual class is constructed to be
compatible with the Gysin map [LT98] and allows us to formally introduce Gromov-Witten

invariants.

The construction of the mentioned virtual cycle is highly technical, and the reader is
referred to [LT98] for a detailed explanation. With this in mind, we can now introduce

the Gysin map of mo:

ol - H*(Mg,n(X’ /B)’Z) — H*(MQJHZ)'

These Gysin maps are employed to associate cohomology classes from the moduli
space of stable maps to the moduli space of stable curves, enabling a more manageable

representation of geometric data.

By utilizing the Gysin map, we can effectively translate geometric data from the mod-
uli space of stable maps to the moduli space of stable curves. This process provides a
mechanism for associating cohomology classes between the two moduli spaces, which is

essential for defining Gromov-Witten invariants.
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3.2 Gromov-Witten theory

Initially inspired by Mikhail Gromov’s work on pseudo-holomorphic curves in symplectic
geometry [Gro85], Gromov-Witten invariants focus on counting the number of solutions
to certain geometric problems, specifically the number of rational curves in a given ho-
mology class on a complex projective variety. This theory motivated the introduction of
Cohomological Field Theories (CohFTs) to formalize and encode the structure of Gromov-
Witten invariants, providing a systematic approach to represent the essential properties of
Gromov-Witten invariants in terms of linear maps between cohomology groups. [KM94]
[BM96]

Given a non-singular projective variety X, consider a fixed homology class € Hy(X,Z)
and n cycles vy,...,v, C X. We are interested in examining the set characterized by the

following data:

(X4 C X, B) such that g, Nv; #0  Vi.

This set represents the collection of genus g Riemann surfaces with n marked points,
Ygn, that are embedded in the projective variety X with the specified homology class 3,

and intersect each of the given cycles v; for all 4.

Figure 3.2: Curve X33 C X with cycles vy, vy and v3.

If this condition results in a finite set of curves, we refer to them as Gromov-Witten

invariants; otherwise, they are called Gromov-Witten classes [CK99].

Definition 3.2.1 Let ; € H*(X) be the dual class to v;. We define the Gromov- Witten

class as:

GWynplal,...,an) =m (1] (1 @ @ )
=P (. (7 (1 @+ @ ) N [Mya(X,8)] ™)) € H' (Mg, Q).
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This class represents the cohomology class of a set of curves with marked points

(Xgn,P1,---,pn) for the stable map f with f.[X,,] = 8.

Definition 3.2.2 If the degree of GW, , g(aa, ..., ) is 3g —3+n, then GW, ;g defines

a primary Gromov- Witten invariant as

(al,...,an);fﬂ:/ GWynplog, ..., o).

g,n

Definition 3.2.3 Let i € {1,...,n}, and for a stable map f : (3,p1,...,pn) = X, the

evaluation map ev; is given by:

evi : Mgn(X,8) = X,
[ fpa).

The evaluation maps assist in formulating Gromov-Witten invariants by linking marked
points on the curve to specific cohomology classes in the target space. This association
imposes constraints on the potential curves in the target space, enumerating curves that
intersect specified cycles in the target space at the marked points. This relationship allows

us to express the primary Gromov-Witten invariants as follows:

(al,...,an>§fﬁ :/ Cevy(a) U---Uev,(an).
[Mg,n(X,B)]V*"

The Gromov-Witten invariant measures the number of n-pointed genus-g curves in the
class 3 in the target space X that intersect the cycles representing the cohomology classes
ai,...,a, at the marked points p1, ..., pn, respectively.

By introducing psi classes on the moduli space ﬂgm(X , ), we can extend the Gromov-

Witten invariants to a more general form known as descendant invariants:

evi (aq) Uyt U---Uevy (o) Uer,  (3.2.1)

(o () oo, )= [
[M.n(X,5)]

where a; € Z>o and «o; € H*(X).

Similar to the case of Mg,n» we can introduce the String equation, it arises from con-
sidering how Gromov-Witten invariants change when an extra marked point, constrained
to lie on a divisor representing the first Chern class of the target space, is added. It reflects
a certain recursive structure in the Gromov-Witten invariants. If e € H*(X) is the unit,

then the string equation for the correlators (74, (1) - 7q, (an)>§( 5 reads:

n
X

(Tay (1) -+ Ta, () e>;f/3 = Z <Ta1 (1) Ta;_y (€i1) Tay—1 () Ta;t1 (iy1) - Ta, (an)>g”3 .
i=1

and the dilaton equation relates the Gromov-Witten invariants with an extra marked point
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carrying the psi class to the invariants without this extra point, but with a shift in the

virtual dimension of the moduli space:

(Tay (1) -+ Ta, (an) 1 (e)>§fﬁ = (29— 2+n)(7q, (1) Tq, (O‘n»;fﬂ :

Definition 3.2.4 The Gromov- Witten potential in genus g is a generating function that
encompasses all descendant invariants. It is defined by the following series:
aw tgl ... tgm X 3
F&W(t,q) = ZT (Tay (1) -+ Ty, (am))g 5 0°- (3.2.2)
Here, ¢° and tgl are formal variables, with d,p > 0 and 1 <1i < m. The total Gromov-

Witten potential is obtained by summing over all possible values of g:

F(t,q,6) = 9°FFW(t,q). (3.2.3)

920
We will later see how the potential FEW (t,q,¢) serves as a generating function for a
hierarchy of integrable systems. This hierarchy is characterized by time variables ti and

1_
ty=2x

Gromov-Witten theory establishes a framework to study the enumerative geometry of
algebraic varieties by examining curves and their intersections within the target space.
The introduction of evaluation maps, psi classes, and descendant invariants allows us to
count and categorize these curves in an efficient manner. Consequently, this leads to
the formulation of distinct potentials associated with the geometry and topology of the
space. These potentials encapsulate the geometric information and their structure can
be understood with the theory of integrable systems. This relation between algebraic
geometry, represented through these invariants, and integrable systems is an active area
of research, with profound implications for both mathematics and theoretical physics,

specifically in the context of quantum field theory and string theory.

3.2.1 Topological recursion relations in Gromov-Witten theory

Topological Recursion Relations (TRR) are an important tool for Gromov-Witten poten-
tials, they provide a system of equations that relate invariants of different genera and with
different numbers of marked points. Among these potentials, we can include those associ-
ated to the intersection theory of moduli spaces of curves, particularly Witten’s potential
FW (eq. (2.5.3)). In genus 0, the Topological Recursion Relations take a particular form
and give a relation between total descendent potentials and nonlinear partial differential
equations. This relationship is exemplified through a specific system of PDEs that govern
the genus 0 descendant potential, denoted as FOGW. This system, originally traced back
to the works of [Get98], [Gat03] and [Lee09], is defined as follows.
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Definition 3.2.5 A formal power series Fy € C[[tf]] is called a descendent potential of
genus 0 if it satisfies the following system of PDEs:

FO 8F0 1 8
Zta+1 ota 8t11 = _577046758[750’ (3.2.4)
a>0
OFy OF
}:tg&31—5{1:25@ (3.2.5)
a>0 a t
3K O’ O
= " — 1<ao,B,7v<N, abc>0, (3.2.6)
ote, ot otr OGOty otkot, ot

O?F, O%F, O%F, O%F,
0/3’ > = o Oun/ﬂ/ Oﬁv ]-SaaﬁSN? a7b20.
ote o) dtedry,, OOty owar

In these equations, the term (7,3) = 1 denotes a symmetric, nondegenerate N x N
matrix with complex coefficients. The constants % are defined by the inverse matrix
(77"‘5 ) := n~!. Additionally, the Einstein summation convention is applied, where repeated
Greek indices in both upper and lower positions imply summation. It is important to note
that this framework represents a more general construct than the Gromov-Witten potential
as defined in 3.2.4. Specifically, the Gromov-Witten potential in genus 0 is a special case

that satisfies this system of equations.

These equations are respectively known as the string equation, dilaton equation
and the topological recursion relations in genus 0. These equations can be seen
as a specific instance of a more general relation in Gromov-Witten theory, related to the

WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) (Equations 3.3.3).

The mathematical meaning of the WDVV equations is best understood in terms of the
so-called quantum cohomology ring of a smooth projective variety. This ring helps us un-
derstand the structure of a space by studying the functions, forms, and other mathematical

objects defined on the space.

The cohomology ring allows us to add and multiply cohomology classes, the structure
constants of this quantum product, which encode how to multiply elements in the quantum
cohomology ring, are given by certain counts of holomorphic curves that serve as complex
analogues of geodesics in the manifold called Gromov-Witten invariants, particularly, the
structure is determined by three-point Gromov-Witten invariants of the manifold (genus
0 curves with 3 marked points), and the WDVV equations state that the multiplication

in this ring is associative up to quantum corrections.

Recursion relations are important to understand these spaces. Thus, it is desirable
to derive such relations for higher genera. Indeed, an analogous expression to Equation

(3.2.6) can be found for genus 1, as demonstrated in [EGX00]:
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6F1 82F0 " 6F1 1 » 83F0
N o1 Fmamaar 1Ses=N > 0. 3.2.7
ore., ooy oy 2" agomory =S 02 (3:2.7)

These are known as the topological recursion relations in genus 1. From these relations,

we can have [DW90]:
1
= log det(n M) + G(v?,...,v™). (3.2.8)

In this context, we introduce the N x N matrix M = (M,p), with each element de-

fined as Mg = Ry Furthermore, we denote v® as the function of n®* and the
8 athotaaty

second partial derivative of Fy, such that v* :=n

ap 0%Fy
oty oty -

G(t',...,t"), which is equivalent to the descendent potential F; evaluated at t=! = 0, de-

noted as G(t',...,t") := Fy

We also specify the function

tr,_, These definitions were initially introduced in [DW90]
and subsequently extended in [DZ98]. This expression will play a bigger role in the follow-
ing chapter, as we will use it as motivation to construct similar TRRs for moduli spaces
of open Riemann surfaces.

As we move to higher genera, the complexity significantly increases due to the growing
number of moduli and the curves’ configurations, an example of genus 2 TRRs can be
found in [Liu07].

It’s also worth noting for any total descendent potential, denoted as F =) 930 g2 Fy,
the function Fp is inherently a descendent potential in genus 0. However, it remains as an
open problem which descendent potentials in genus 0 can be properly extended to total

descendent potentials.

3.2.2 Introduction to the Dubrovin-Zhang hierarchy for Gromov-Witten
theory

Equations (3.2.4), (3.2.6), and (3.2.7) hold an important property they are universal,
which means their form is not restricted to a particular total descendant potential. This
universality reveals a structural regularity, thus enabling us to enclose these equations
from a more general perspective.

There is a more general theory that describes such systems of equations, suggested by
Dubrovin and Zhang in 2001 (see [DZ01]), this theory relates total descendent potentials to
a hierarchy of evolutionary partial differential equations with a single spatial variable. This
link encapsulates the full information about these potentials, establishing a connection
between the geometry of moduli spaces and the dynamics of integrable systems.

Conjecturally, it is believed that for every total descendent potential F, a unique sys-

tem of Partial Differential Equations (PDEs) can be constructed, related to a specific
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structural framework. This conjecture remains unproven. If true, it would establish a pre-
cise mathematical framework for Gromov-Witten theory, categorizing it as an integrable

system. The conjectured system is proposed as follows:

ow® o

ot
In this system, w!,..., w" are elements of C[[t},¢]], and Pg, are differential polynomials
inw!,...,wY. A notable feature of this system is that the flows defined by these equations
commute.

The system hypothesizes the existence of a solution to (3.2.9) under the initial condition

_ sa,l : : a _ op O°F
5816, 00 = 0% xz, where the solution is defined by w® = 75 o Should such a

system exist, it is referred to as the Dubrovin—Zhang hierarchy or the hierarchy of

w?|

topological type.

While the full proof of this conjecture is still unproven, significant progress has been
made in specific cases. Notably, the conjecture has been validated for semi-simple Co-
hFTs. Additionally, in the general case, the conjecture has been proven to hold up to an
approximation of £2 [DZ98].

Though this conjecture remains unproven in its entirety, its validity has been proven
for semi-simple CohFTs, and up to an approximation of £ in the general case [DZ98]
[DZ01] [BPS12b).

The Dubrovin-Zhang hierarchy for the Witten potential 7V = > _  FW (cf. 2.5.3),

920"g
is expressed as the Korteweg—de Vries (KdV) hierarchy, given as:

ow n g2

— = Wwg + —w

ot x 19 Wrzz

aiw _ UJQU)Q; 2 (wwzxx wxwxz) + 4 Wrzrrr
Ots 2 12 6 240

This relation with the KdV hierarchy is equivalent to Witten’s conjecture (theorem
2.5.4).

We can try to develop a similar construction for the descendent potential of genus 0:
Fy. This approach is centered on the introduction and definition of differential polynomials
Q[o?,}a;ﬁ,b within the ring of polynimials A, ,~. Here, 1 <a,8 < N and a,b > 0.

The polynomials QE)’]Q; 5 Are constructed by evaluating second-order derivatives of the

potential function, Fp, with respect to variables t& and tf :

o . PR
@afb T pragy?

b tZ :66’01)"/

(3.2.10)
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Simultaneously, we define (v*°P)“ using the metric tensor 7 and second-order derivatives
of the potential Fy:
2
a._ an 9°Fp

(v'P)* =1 eC[t]], 1<a<N. (3.2.11)
ot ot}

Then, using the property found in [Proposition 3] [BPS12b]:

0*Fy _
otgor, oy

(3.2.12)

A remarkable outcome of this is the construction of a system of PDEs, whose solutions
coincide with an N-tuple of functions derived from (v*°P)<.
ov® (0]

9o 1<a,B<N, b>0. (3.2.13)
ot’
b

This is known as the principal hierarchy associated with the potential Fy. We will
later use a similar construction for open moduli spaces, this will play a crucial role in our

discussion for the following chapter.

3.3 Dubrovin—Frobenius manifolds

In the 1990s, B. Dubrovin introduced the concept of Frobenius manifolds, now commonly
known as Dubrovin-Frobenius manifolds, which serve as an axiomatic framework for
topological field theories (TFTs) and provide a geometric manifestation of the Witten-
Dijkgraaf-Verlinde-Verlinde (WDVV) equations. Frobenius manifolds are locally Eu-
clidean spaces with additional algebraic structures. These algebraic structures endow
the tangent spaces of Frobenius manifolds with a multiplication operation that satisfies
the properties of associativity and potentiality (cf. def. 3.3.5). Such spaces with algebraic
operations are referred to as Frobenius algebras.

A remarkable aspect about Dubrovin-Frobenius manifolds is their connection to inte-
grable hierarchies of partial differential equations. Every Dubrovin-Frobenius manifold is
associated with a Hamiltonian integrable system called the principal hierarchy. In [DZ01],
Dubrovin and Zhang constructed a hierarchy from the partition function with the CohFT
associated with a moduli space across all genera, recovering a full dispersive hierarchy in
the process.

The connection between Gromov-Witten theory, CohFTs, and Frobenius manifolds
arises from the study of quantum cohomology. Quantum cohomology encompasses Gromov—
Witten invariants by introducing a new multiplication operation known as the quantum

product. In specific scenarios, the quantum cohomology ring of an algebraic variety ex-
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hibits the characteristics of a Frobenius manifold. This Frobenius structure gives informa-
tion about the variety’s geometry and enables the computation of enumerative information

encoded in Gromov—Witten invariants.

Definition 3.3.1 Let (V,*,e) be a finite dimensional algebra over a field K with unit e,
associative and commutative with respect to the product x. A Frobenius algebra (V,x,e) is

an algebra equipped with a non-degenerate bilinear form (-,-) : V- x V. — K, such that:

e The bilinear form n(-,-) (also denoted by (-,-)) is compatible with the multiplication

operation, which means that for all elements a,b,c € V', the following equation holds:

n(axb,c) =nla,b*c).

Proposition 3.3.2 Let (V,*,e) be a finite-dimensional algebra defined as above with V*
its dual space, a Frobenius algebra structure can be equivalently defined by a linear func-
tional L € V*, meaning this functional can define a non-degenerate bilinear form, if only

if, the pairing n: V x V — K given by:

n(u,v) = L(uxv),

is non-degenerate.
Proof:

(=) Take n(uxe) = L(u). Then L is non-trivial, as n defines a Frobenius algebra

structure, i.e. is not degenerate.

(<) Since (V,*,e) is associative, we have
nuxv,w) =L((uxv)xw) = L(ux (vxw)) =n(u,v*xw) O.

Example 3.3.3 (Cohomology Ring of a Manifold) Consider a connected, oriented,
compact 2n-dimensional manifold M. The even degree part of its de Rham cohomology

ring forms a vector space V- over C, defined as V = @y~ H?*(M,C).

We can construct a symmetric bilinear form on this space using the natural integration
pairing given by wedge product and integration over M.

First, let [M] denote the fundamental class of M. For any cohomology class o € V,
we can define a linear functional L on V by L(a) = fMa. This maps each cohomology

class to a complex number via integration over the manifold.

Next, we define the symmetric form n as follows:
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n: H*(M,C) x H*™(M,C) — C,

0o, B) = /M o np.

This symmetric form n provides a complex-valued inner product on the cohomology
ring, pairing cohomology classes of complementary degrees, we take e = 1 € H°(M,C),

and the product to be the wedge between forms, them V is a Frobenius algebra.

Example 3.3.4 (r—spin Cohomological Field Theory) Consider r > 2 and a vector
space V.= C"~1 with basis e, ...,e,_1. We can construct a Frobenius algebra structure on

this vector space (V,*,¢€) as follows:

1. The unit of the algebra is chosen to be e := e;.

2. The non-degenerate symmetric bilinear form n : V. x V. — C (which gives us the
Frobenius structure) is defined by n(e;, e;) = 0i1jr. Here, 8iyj, is the Kronecker

delta, which is 1 if i +j = r, and 0 otherwise.

3. The product * : V x V. — V (giving the algebra structure) is defined as follows:

€ivj—1 fit+j<r,
€ k€5 =

0 otherwise.

Intuitively, a Dubrovin-Frobenius manifold is a geometric structure that blends to-
gether the concepts of smooth manifolds with the algebraic structure of associative alge-
bra. Here the algebra multiplication and the metric are not independent; they are deeply
related in a specific way defined by the manifold’s structure.

Often, a Dubrovin-Frobenius manifold is described using a what is called a prepo-
tential function F'; which encodes the manifold’s geometric and algebraic properties. In
many contexts, especially in mathematical physics, Dubrovin-Frobenius manifolds emerge
naturally, specifically in the study of integrable systems and quantum cohomology where
the structure of a Frobenius manifold elegantly captures both geometric and algebraic

properties.

Definition 3.3.5 (Dubrovin-Frobenius Manifold) Let V' a N-dimensional complex
vector space, and U a connected open subset of V' with coordinates (tl, . ,tN), let n =
(Nag) be an N x N complex symmetric nondegenerate matriz and a fized vector field on

U Aaa%, for A® € C, which we will often denote by %. Consider a scalar function
F(tl,...,tN) : U — C. Denote
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BF

__or 3.1
Caby = BraoeBor (3.3.1)

The function F' is known as the prepotential, together with the matriz n and the vec-
tor field % define a structure of a Dubrovin-Frobenius manifold on U if the following

properties are satisfied:
o The relation between n and the prepotential F' is given by: Nag = C1a8,
° cgﬁ give the structure constants of an associative algebra.

A Dubrovin-Frobenius manifold is said to be conformal if it possesses a specific vector

field, known as the Euler field, denoted by E. This field is of the following form:

0
B = ((L=q") "+ )5

g

E‘a
satisfying
o LpF=(3—-0)F+ %Aagto‘tﬁ + But® + C, for some 0, Aag, Ba, C € C, and L is the
Lie derivative.

o _ _ o
* Legr =~

[} LET] = (2 — 5)1’]

The parameter § is referred to as the conformal dimension or the charge of the man-
ifold". In a Dubrovin-Frobenius manifold, this parameter gives information on the mani-

fold’s conformal properties.?

In a Dubrovin-Frobenius manifold, the algebraic structure is linked to a prepotential
function F(t!,... "), which defines the structure constants for the algebra’s multiplica-
tion (eq. 3.3.1). This prepotential must fulfill specific conditions, known as the Witten-
Dijkgraaf-Verlinde-Verlinde (WDVV) equations:

PF 5 OPF  PF  ; PF
oteotbor ' dPotott . ororPor ototmore

(3.3.2)

So, the WDVV equations can be interpreted as the associativity conditions for the
Frobenius algebra.
The Euler field plays an important role in defining the geometric and algebraic struc-

ture of the manifold, such as:

The term charge often refers to its role in describing how the manifold responds to certain transforma-
tions, much like how electric charge determines an object’s response to an electromagnetic field generated
by the abelian symmetry U(1) in gauge theory, where in this context, the symmetry is conformal.

2Specifically, the conformal dimension describes the scaling behavior of the manifold under confor-
mal transformations, especially where scale invariance or self-similarity properties need to be considered,
examples can be found in topological field theories and conformal gravity in physics.
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1. Conformal Symmetry: The Euler field represents a vector field on the manifold
that encodes the conformal symmetry of the Frobenius structure. It acts as a genera-
tor of dilations, scaling the coordinates in a way that reflects the geometric structure

of the manifold.

2. Quantum Cohomology: In the context of quantum cohomology, which is often
modeled by Dubrovin-Frobenius manifolds, the Euler field corresponds to the first

Chern class of the target space in Gromov-Witten theory.

3. Homogeneity of the Prepotential: The Euler field ensures the homogeneity of
the prepotential function, thereby imposing specific constraints on its form and the
solutions of the WDVV equations. This implies that the prepotential scales in a
particular way under the scaling transformations induced by the action of the Euler

field.

4. Degree Assignment: The Euler field assigns degrees to the coordinates on the
manifold. This degree assignment endows a graded structure of the Frobenius algebra

and ensures that the multiplication operation respects this grading.

5. Control of Deformations: The Euler field controls the deformations' of the Frobe-
nius structure. Specifically, it determines how the structure constants change when

the manifold’s parameters are varied.

Example 3.3.6 (Trivial DF-manifold) The most basic example of a DF manifold is a
one-dimensional (N = 1) manifold M = C with the following data:

e The prepotential function is cubic: F = %(tl)?’.

o The unit vector field e = % .

o The metric is simply a scalar, n = 1.

; __ 410
o The Euler vector field is E =t 5.

o The Fuler field is conformal with scaling factor 2: Lgn = 2n. This tells us the charge

or conformal dimension of the manifold is 2 — 6 = 2, which implies § = 0.

Example 3.3.7 (Genus 0 Gromov-Witten Theory with Target Variety X) Let {t}}
be a basis of H*(X,C), consider the Gromouv- Witten potential F¢W (t, q) (3.2.3). For genus
g=0, we set t5; =0, F§W(t,q) satisfies the WDVV equations (3.3.2) [Dub96]:

PFFV 71 PEFY PRV 1 PFFW
OteotBory ' Ot otroty  OtvotBoty ' Otdotrote”

'The deformations might involve changes in the manifold’s geometric properties, algebraic relations,
or the multiplication rule itself encoded in the structure constants.

(3.3.3)
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Assuming the power series FOGW(t, q)|t*>1:0 converges within a non-empty open subset

M C H*(X,C). The subset M forms a Dubrovin-Frobenius (DF') manifold, characterized

by:
o The unit vector field e = %
. FOGW('C,Q)\%I:O as the prepotential.
e The Euler vector field E = c¢1(X) + Zivzl (1 — % deg(ra)) to‘a%, combining the first
Chern class and coordinates with classes 7.
e The metric n, defined by the Poincaré pairing on elements of H*(X,C).
e The Euler field’s conformality with 6 = dimc X, leading to Lgn = (2 — d)n.

Example 3.3.8 (Gromov-Witten theory for X = CP') In this specific case of Gromouv-
Witten theory for the complex projective line, the DF manifold structure is determined by

the following elements:

The prepotential function is FZ'W (t1,12) = 1(t1)2t2 + et’.

The Euler vector field is given by E = tI% + 2t26%.

The metric is given by an anti-diagonal matrix n =

The Euler field is conformal and preserves the metric, as shown by Lgn =n.

While Dubrovin-Frobenius Manifolds provide a geometric interpretation to study these
structures, there seems to be a disconnection between the geometric foundations of the
Dubrovin-Frobenius manifold and the combinatorial complexity of Gromov-Witten invari-
ants. The latter are defined via integrals over the moduli space of stable curves, which
is an extremely complex, often singular, space. In contrast, the structure of a Dubrovin-
Frobenius manifold is generally defined over the cohomology ring of the target space.
Nevertheless, there exists another conceptual structure that aims to bridge this gap. This

structure, known as Cohomological Field Theories (CohFTs).

3.4 Cohomological Field theories

Cohomological field theories (CohFTs) were introduced in the 1990 by M. Kontsevich and
Y.I. Manin, their motivation was to set in algebraic terms, invariants studied in Gromov-
Witten theory, later in 2012, Teleman [Tel12], based on the works of Givental [Giv04],

developed a classification for semi-simple CohFTs.
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Nowadays, it is used as a tool to study properties of the cohomology ring of Mg,na
based on a system of linear maps ¢, from V@ - ®V — H*(M,,), where V is a finite
dimensional complex vector space, along with these maps we will introduce some axioms to
abstract morphisms inspired in the natural maps on M, ,,. The formal definition requires
to fix a basis ey, ..., ex in V and denote by 1 = (1,3) the matrix of the metric in this basis

formally defined by 13 := (ea,€g), let A, be the coordinates of e in this basis: e = A%e,.

Definition 3.4.1 ([KM94]) Let V' be finite dimensional complex vector space. A coho-
mological field theory (CohFT) is a system of linear maps cgn: VE" — HN(Mg,),
29 — 2+ n > 0, such that the following axioms are satisfied:

1. The maps cq,, are equivariant with respect to the S,-action permuting the n copies

of V in V" and the n marked points on classes in Mg ,.

2. epn(@Mea) = Cont1(B010a, @ €) and coa(ay @ Cag ® €) = Nayag! The use of
the identity element keeps the map well defined after being pulled back by the forgetful
map f, and for the special case of Mo s as it is composed of a point, the class is a

scalar that is now chosen to be the inner product.

* n1+n2 _
3. gl Cg1+gz,n1+nz(®z‘:1 6061‘) = Cg1,n1+1(®ieheai ® eu) ® c!]z,n2+1(®i6126ai ® ey)nH.

The metric in this axiom plays the role of the gluing of the extra marked points

on Mg, ni+1 and Mg, n,41 Tespectively.

4. gl g1 n (O €a;) = Coni2(R eq, ®e, ®@e, ). In this case, the metric is used

to fill in for the missing points in the pulled back class by the gluing map.

The vector space V is frequently referred to as the "phase space” of the theory. The
term phase space refers to the idea that V' encompasses all possible states or configurations
that the cohomological field theory can assume, and the dimension of V' is commonly called
the rank of the cohomological field theory.

In the framework we’ve presented for a cohomological field theory, there’s a notable
characteristic: all the classes {cgn(®7 ,v;)}, reside in H®"(M,,,), i.e. they all have
an even degree. This isn’t a strict necessity, one could indeed conceive a definition of a
cohomological field theory without imposing this even-degree constraint, these are often
called super CohFTs. However, this approach is considerably more challenging, specif-
ically, when we develop our approach into the associated theory of integrable systems
linked to a cohomological field theory (e.g. the double ramification hierarchy). We find
that the foundational understanding for supersymmetry in CohFTs is not as robust or

well-established. Given these complexities we’'ve chosen to sidestep it in our discussion.

'Remark: Consider the cohomological class co,3(€a; ®€a, ®e). This class is essentially a scalar, given
that the moduli space My,3 corresponds to a single point. As a result, its cohomology group H* (Mg, 3) is
isomorphic to C. Therefore, the equality is well defined.
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Definition 3.4.2 For a given CohFT {cgn}, let > 1" di < dim(Mygy,), we define the

CohFT

correlators (1q, (v1) -+ 74, (Un)>g

on My, as:

(Tay (V1) -+ Ta, (vn)>gCOhFT = / Cgn (V1@ ®@vp) wai, (3.4.1)
i=1

g,m

CORET — 0 for S di > dim(M.,,).

and (tq, (v1) - Ta, (Un)>g

Example 3.4.3 (Trivial CohFT) A basic example of a Cohomological Field Theory
(CohF'T) is the trivial CohFT, which is defined on C. The data (V,n,e) for the trivial
CohFT is given as follows:

The vector space V is the field itself, V = C.

The unit of the Frobenius algebra structure is the identity element of the field, e = 1.

The symmetric bilinear form n on V is defined by n(1,1) = 1.

The maps cg.n, are all set to 1

Given this data, the correlators (3.4.1) of the trivial CohF'T coincide with the intersec-
tion numbers on the moduli space of stable curves, ﬂg,n. In other words, the trivial CohF'T

encapsulates the basic structure of intersection theory on the moduli space of curves.

Example 3.4.4 (Hodge Class CohFT) Recall the Hodge bundle (Definition 2.7.4) on
Mg, and its total Chern class (Definition 2.7.5). Utilizing this information, we can
construct a Cohomological Field Theory (CohFT). For this CohFT, we define the vector
space 'V as Q, the unit element as 1, and establish a symmetric bilinear form n with
n(1,1) = 1.

Furthermore, the class cqn(1,...,1) is defined to be the total Chern class of the Hodge
bundle, i.e., cgn(l®---®1) = c(E).

To validate the axioms, we observe that cgn(1® --- ® 1) = ¢(E) is independent of the
marked points and is equivariant, thereby satisfying Axiom 1. For Axiom 2, the forgetful
map leaves the genus unchanged. Additionally, the rank of the space of abelian differentials
is zero, which means that the class co3(1®1®1) =1 fulfills the requisite condition. Thus,
Axiom 2 is also satisfied.

Axiom 8 can be derived from the properties of the total Chern class, specifically the
property that the total Chern class of a direct sum of vector bundles is the product of their
individual Chern classes. Consider a separating node class. Since the differential cannot
be defined at the node, each connected component of the curve will have its own set of

abelian differentials. Let g = g1 + g2 be the total genus of the curve, then the pullback of
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the Hodge bundle under the gluing map is given by:
gl'Ey = E4 ® Ey,.
Consequently, the pullback of the total Chern class is:
glicg+ (1@ ®1)=ce(l®@ - ®1) Rcg(1®---®1),

as required.

For Axiom /, consider a meromorphic differential o with opposite residues around a
simple node that is formed. This differential induces a map R, from gl"r*]Eg to C, defined
by a = Respy1a. The kernel of this map is By_1 because, prior to the gluing operation, the
marked point lies on the smooth part of the associated universal curve, making its residue

zero. This leads to the following sequence of vector bundles:
0—=Ey 1 —-E;—C—0,

from the splitting property, we have gl"T*Eg ~E,_1 @ C, since the bundles differ in rank
and this difference is accounted for by a trivial bundle, Axiom 4 is satisfied by the stability
property for Chern classes. [RW23]

3.4.1 Semisimple CohFTs

In recent years, the study of cohomological field theories (CohFTs) has attracted significant
interest in mathematics. Among them, semi-simple CohFTs stand out as a special class,
exhibiting remarkable properties such as Frobenius algebra structures and compatibility
with Dubrovin-Frobenius manifolds, along with a classification given by the Givental-
Teleman theorem.

The theorem classifies semisimple Cohomological Field Theories (CohFTs) in terms of
certain data, essentially providing a complete classification of these mathematical struc-
tures. Specifically, the theorem states that semisimple CohFTs are uniquely determined
by their genus-zero data and are thus classified by Frobenius manifolds that arise as their
genus-zero correlation functions. This classification is up to a certain equivalence, often
called twisting, which involves a change of variables in the underlying Frobenius manifold.

The Teleman classification theorem enables us to recover higher degree classes from
the more computationally accessible genus zero data.

A Cohomological Field Theory (CohFT) equipped with a unit {c, e} defines a quan-

tum product * on the complex vector space V&™ as follows:

77(7)1 * V9, Ug) = 6073(1)1 X () X 1)3).
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The quantum product % is commutative, a property that arises from the equivariance
under the action of the symmetric group. The associativity of x is guaranteed by the
gluing map (Axiom 4, Definition 3.4.1). The element e = 1 € V serves as the identity
element for *, as per the definition of the product. Thus, (V,*, 1) forms a commutative,

associative algebra.

Definition 3.4.5 [Pani8] Given a CohFT {cgn}ty, 5,59, we define its topological part
{wgn} as the 0-th class part of {cgn},

Wy = [cgn)’ € HY (M) @ VO™

This simplification does not affect the CohFT structure of {wy }, meaning it is also a

CohFT.

Example 3.4.6 Recall the Cohomological Field Theory associated with the Hodge class,
which is given by:

cgn(l®@---®@1) =14+ A +...+ A

In this expression, A\; are the Hodge classes. The topological component of this CohFT

denoted as wg, corresponds to:
wWgn(l®---®1)=1.

This implies that the topological part of the CohF'T for the Hodge class coincides with the
trivial CohF'T.

Definition 3.4.7 [Pani18] A Cohomological Field Theory (CohFT) denoted by {cgn} is

said to be semisimple if the associated algebra (V,x,1) is a semisimple algebra. *

Lemma 3.4.8 [Pani8] Let {wg,} denote the topological part of {cgn}. Then {wgn} is

uniquely determined by the classes
co,3(v1 ® v2 ® v3) € HO(Mg,),
and their associated quantum product.

Proof. Since the topological part has degree zero, projecting the class associated
with a curve [Cy n, p1, ..., pn] onto its topological part implies that the components of the

curve’s class are isomorphic to CP! with three special points. This allows us to express

n this context, semisimple refers to the algebraic structure V equipped with the quantum product
* and the identity element 1. The semisimplicity of the algebra implies that it can be decomposed into
a direct sum of simple algebras, which in turn has implications for the structure and properties of the
CohFT.
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Wyn(V1®- - ®vy) entirely in terms of pull-backs of ¢y 3(v1 ®v2®@v3) by repeatedly applying

both the regular and irregular gluing map axioms. This completes the proof of the lemma.

g—1 times

Figure 3.3: The class wg o for g > 2 represented in terms of dual graphs of the classes ¢ 3.

Definition 3.4.9 Consider a Cohomological Field Theory (CohF'T) {cgn}2g—24+n>0 equipped
with the data (V,n,1). We define a translation operator T" acting on elements of the CohF'T

as the formal power series:

T(z) = Ztkzk, where T € 2°V|[[2]] and ty € V.
k>2

The action of T on elements is given by:

1
T(cgn(1 @ ®vn) =D+ futhn (Comin (1 - @vn @ T (Y1) @+ @ T(Wns)))
E>0

where fnir is the forgetful map of the point n + k. Formally, the transformation expands

i P-classes as:

Cg,n+k(U1®"'®Un®"'®T(w—)®“'):Z¢l—cg,n+k(vl®"'®Un®"‘®tl®"‘),
1>2

where the symbol Y_ is used to denote a specific place where evaluation occurs on the

WY—class within the expression.

Definition 3.4.10 [Pani18] Consider a Cohomological Field Theory (CohF'T) {cgn}2g—24+n>0
equipped with the data (V,n,1). We define a symplectic operator R acting on elements of
the CohFT by the matriz series:

R(z) = Zrkzk, where R(z) € End(V)[[z]] and ry, : V =V,
£>0

and satisfies the condition
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here the * denotes the n—adjoint matriz, i.e. R* =n"'R .

The action of R on elements is given by:

R(Cg,n(vl R ® ’Un)) = Z ‘A'U,t(lrgn)‘brg’n* (H fvertex(v) H fedge(e) H flegs(l)> )

{Tgn} veV ecl leL

where {T'y n} denotes the set of all stable graphs of genus g with n legs'. We assign the
following data to the elements of the graph:

i) For each vertex v, we assign the element in {cgn}:

fvertex(v) = Cy(v),n(v)»

where g(v) and n(v) represent the genus and the number of half-edges and legs asso-

ciated with the vertex, respectively.

i1) For each leg I, we assign the End(V')-valued cohomology class:

flegs(l) = R(l/fl),

where Y € Hz(ﬂg(v),n(v),@) s the cotangent class at the marking corresponding to
the leg.

it1) For each edge e, we assign:

n~ !t — R n ' R(yl)*P
(A ’

fedge(e) =

where feage(€) € VEX[[, "], ¥L and ¢! are the cotangent classes at the node rep-
resenting the edge e. The symplectic condition ensures that the edge contribution s
well-defined.

Theorem 3.4.11 (Teleman Classification Theorem) [Tel12] Let {cy,} denote a semi-
simple CohF'T equipped with the quantum product , and let {wy n} represent its topological

component. Then, unique operators T and R exist such that the following relationship
holds:

cgn = RTwy p

This equation establishes a direct link between the CohF'T cy, and its topological part
wgn, mediated by the operators T and R.

LFor details on the notation and morphisms of stable graphs, please refer to Definition 2.6.1
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Example 3.4.12 (Hodge Bundle CohFT) In the case of the Hodge bundle, the Co-
homological Field Theory (CohFT) is characterized by the data (V = C,n(1) = 1)*. The

operator R in this context is defined as:

RE) = e | 3 s B (0" |

m>1

where Bp,41 represent the Bernoulli numbers. The operator R can be formally derived

from Mumford’s formula, as expressed in Equation (2.7.1).

'Note that the actions of the R and T operators do not preserve the unit axiom, hence the CohFT of
the Hodge class is considered without a unit.



Chapter 4

Moduli Spaces of Riemann

surfaces with boundary

The moduli space of Riemann surfaces with boundary represent an important extension
of the traditional framework of moduli spaces of curves, with a particular emphasis on
how boundary conditions influence the intersection numbers and overall structure of the
moduli spaces.

A part of our discussion concerns the Dubrovin-Zhang hierarchy. This system of partial
differential equations is inherently linked with total descendant potentials and here also
serves as a bridge between the moduli space of Riemann surfaces with boundary and
their associated integrable systems. Using these tools, we derive a specific formula for
any solution, bearing a resemblance to the Dijkgraaf-Witten formula for a descendant
Gromov-Witten potential in genus 1 (3.2.8).

Starting from the Gromov-Witten potential, we demonstrate that when up to genus 1,
the exponent of an open descendant potential satisfies a system of linear partial differential
equations with a single spatial variable, which we construct explicitly. These results were

published in the Journal of High Energy Physics [BB21b].

4.1 Introduction

In 2014, Pandharipande, Solomon, and Tessler [PST14] introduced the theory of inter-
section numbers on the moduli spaces of Riemann surfaces with boundaries, commonly
known as open moduli spaces. Unlike traditional moduli spaces, open moduli spaces incor-
porate additional structures to account for the boundary characteristics of the Riemann
surfaces. This provides a more precise framework for examining open Gromov-Witten
invariants, essential elements in open string theory. For the necessary definitions relevant
to our study, we rely primarily on the works of [PST14] and [Burlba).
Let A C C denote the open unit disk, and let A represent its closure.

65
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Definition 4.1.1 An extendable embedding of the open disk A into a closed Riemann
surface C, specified by
f:A—=C,

18 a holomorphic map extendable to a holomorphic embedding of an open meighborhood
encompassing A.

Two extendable embeddings in C are deemed disjoint if their images of A do not
intersect, implying that the corresponding closed unit disks are distinctly positioned within
the Riemann surface. This differentiation is key to understanding the interplay between

various embeddings and their associated regions within the surface.

Definition 4.1.2 A Riemann surface with boundary (X,0X) is constructed by re-
moving a finite number of disjoint, extendably embedded open disks from a connected,

closed Riemann surface X.

This operation results in a surface containing boundaries, which correspond to the
extracted disks. In this context, a compact Riemann surface differs from a Riemann
surface with boundary.

Given a Riemann surface with boundary (X,0X), a canonical process known as the
Schwartz reflection, allows us to construct its double, D(X,0X)[AS60]. This ‘doubling’
transforms (X, 0X) into a compact Riemann surface. The term ‘doubled genus’ of (X, 0.X)
refers to the standard genus of the resulting Riemann surface D(X, 0X).

On a Riemann surface with boundary (X,0X), we consider two distinct types of
marked points. The markings classified as interior type are located in X \ 90X, while the
markings of boundary type are located on 0.X.

The moduli space M, ;. ; represents Riemann surfaces with boundary of doubled genus
g, containing k£ unique boundary markings and [ unique interior markings. The moduli
space M, 1 is defined as empty unless the stability condition 29 —2 + k + 21 > 0 is
satisfied. When this condition is met, the moduli space M, ; is a real orbifold with a
real dimension of 3g — 3 + k + 2I.

The cotangent line classes, denoted as v; € H? (Mg.r1:Q), are defined in the same way
as before, which involves using the first Chern classes of the cotangent line bundles that
correspond to the markings located within the interior regions (refer to 2.5.1).

However, it is important to note that the cotangent lines situated at the boundaries
are not taken into account in [PST14].

In order to formally define the intersection numbers, there are three steps that need

to be addressed:

e A compactification of My, C ﬂg&l must be constructed, where ﬂg,k,l is a real
orbifold with boundary 8ﬂg,k’l.
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e To ensure that integration over HQJW is well-defined, the boundary conditions of

the integrand along M, j; must be specified.

e Orientation issues should be resolved, as the moduli space M, ;; is generally non-

orientable.

In the works of [PST14], these steps are thoroughly examined and addressed, providing
the required foundation. Hence, in this discourse, our focus will be primarily on the
computational aspects and attributes of these intersection numbers, along with potential

implications for integrable systems.

Definition 4.1.3 Open intersection numbers are defined as follows:

o
<Ta17'a2 e Talak>g = /M Yt (4.1.1)

9,k,l

for 22221 a; =39g—3+k—+2l, and <7‘a17'a2 .. Talak>z = 0 otherwise. This expression
represents the integration of the product of cotangent line classes, raised to their respective

powers, over the moduli space mg,k,l, and o corresponds to boundary markings.

Following a similar construction to the moduli space ﬂg,n (refer to Equation 2.5.3),

we introduce the generalized corresponding total descendant potential:

g—1 o
FO(to,t1,...,su) = Z Z 1;7<7—a17—a2~--7-ai0'k> skHtai. (4.1.2)

k>0;9,l>0 az1,...,a1>0 =1
2g—2+k+20>0
In this setup F°(to,t1,...,s;u) depends on a sequence of variables ¢, a variable s

which is associated with the boundary marking, and a variable w typically related to the
‘string coupling’.

The double summation goes over all possible values of the genus g, the number of
interior markings k, the number of boundary markings [, and the descendant indices a;.

The factor of (k!l!)~! corrects for over-counting of symmetric situations.
4.2 Open KdV and Virasoro Equations
In [Burl5b], A. Buryak demonstrated that the open potential formula (referenced as 4.1.2)

conforms to the open Korteweg-de Vries (KdV) equations:

2n+10F°  OF° OF° O#?F° wroFe *FV W PFV

= — - — . 4.2.1
SR T P TR ;TS R, T T, i W T T S
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Here, FWV = Zgzo FgW is the total Witten potential, as defined in equation (2.5.3).
The term ‘open KdV equations’ refers to a system of partial differential equations that are
analogous to both the KdV and the Virasoro equations. These equations were developed
to describe the intersection theory in the context of the moduli space of Riemann surfaces
with boundaries.

The open KdV equations bear a close relationship to the equations governing the
wave function of the KdV hierarchy. This connection enables an explicit formula for the
open potential F° (see (4.1.2)), utilizing Witten’s original series generator for intersection
numbers on the moduli space of stable curves F".

The open potential is found to be in accordance with the open Virasoro equations, of-
fering an equivalent representation of intersection numbers in the moduli space of Riemann
surfaces with boundaries.

Furthermore, it’s possible to elaborate on the properties of the open potential F° by
introducing new variables. These variables can be considered as descendants of boundary
points. The augmented open potential satisfies a more straightforward set of Virasoro-
type equations. In combination, the open KdV equations and these simplified Virasoro
equations constitute an analytical setup to study the intersection theory of the moduli
space of Riemann surfaces with boundaries.

Moreover, given the following initial condition:

(s
Flisimo =0 (6 + tOS) ; (4.2.2)

is possible to fully determinate the open potential F°. In this case, the open KdV equa-
tions, in conjunction with the closed potential F| gW (2.5.3), provide all necessary informa-

tion to characterize F°.

4.2.1 Open Descendent Potentials in Genus 0

In recent years, the field of intersection theory in the context of moduli spaces of Riemann
surfaces with boundaries has experienced significant development. These moduli spaces
have a corresponding moduli space of closed Riemann surfaces, along with an associated
total descendent potential F(t},e) = > e29 F,(tr) of rank N.

Recent research, as highlighted in [PST14, BCT18, ST23, Che22, CZ21b, CZ2la,
Zin20], has prominently featured a genus 0 open descendent potential F§(t}, s.) € C[[t}, s.]].
This potential, which incorporates additional formal variables s, (for a > 0) to address
boundary contributions, is defined as a solution to a set of partial differential equations
that parallel those associated with its closed counterpart. The following definition provides

a detailed description of this system.



69

Definition 4.2.1 An open descendent potential in genus 0, denoted as F§ € C|[[t}, s.]], is

a solution of the following system of partial differential equations:

S IFg > OFy  OFY
t = —
b+1 6tﬁ + CL+1 a atp, 807

b>0 a>0

OFY OF¢  OFp
Ztﬁ [(3) + Sa a 0 6'3 = FOO,
b>0 ot, a>0 Sa t

OF 8 Fy OFg\ | OFg . (OFy
d =2 ) = n"d ( 7 ) +—2d < . > :
(at;; +1> ota oty otg oty \ dso

0Fy 0F§ . (OF
d = d :
Ospy1 Osp 05

(4.2.3)

(4.2.4)

(4.2.5)

This system is motivated by extending the principles of closed Gromov-Witten theory

to the open string sector. The first equation extends the string equation (3.2.4) with

the open string parameter s, while the second, like the dilaton equation (3.2.5), describes

scaling with respect to gravitational descendants. The third and fourth equations are

open analogues of the topological recursion relation (3.2.6), governing the behavior of

descendent invariants and reflecting the recursive structure of the moduli space.

To expand the principal hierarchy associated with the potential Fjy, let us introduce

a new formal variable ¢. Analogous to the differential polynomials Q[O?]a_ 8b (refer to Eq.

3.2.10), we define new differential polynomials I’[C?}a and ALO | within the expanded algebraic

ring A1 o~ 4 for 1 <o < N and a > 0. They are defined as:

WA Pt |td=0c,007

50:50,0¢

@ &S‘a tZ:(Sc,o?ﬂ’

86:66,0¢

and ¢'°P as:
oF§

op.— 0 < C[[t7, s.]].
6P 1= Gyt € Clit ]

From these definitions, we arrive at the following relations, analogous to Eq. (3.2.12):

OF _ o)

8153 - Pa,a

0
vT=(vtoP)7 s aT = A([z vT=(vtoP)7 -
p=¢"°P @ p=¢'oP

From these, we can see that the (N + 1)-tuple of functions

((va)l, oo (VPN qthp) }tgatgﬁwx satisfy an expanded system of PDEs:
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ov® a0l ov®

% = Oz #Qu,o;ﬂ,b’ 8781) = 07

99 . o] 9 o \l0]
org ~ " oy~ A

This extended system is referred to as the extended principal hierarchy, associated with

the pair of potentials (Fp, F).

4.3 Open descendent potentials in genus 1

In this section, we introduce the concept of an open descendent potential in genus 1 and
establish two main theorems, Theorems 4.3.2 and 4.3.7, which are key results of our paper
[BB21b].

We define a pair (Fp, F§), which represent the closed and open potentials in genus 0,
respectively. Here, Fj satisfies the string and dilaton equations, whereas F{ is established

according to Definition 4.2.1.

Definition 4.3.1 An open descendent potential in genus 1, denoted by FY € C[[t, s.]], is
defined as a solution to the following system of partial differential equations (PDEs):

oFy Ry, 0F OFgOFY 1 OFY
ote,, oteoth T oty T Oty 0sy | 20tg0sy’
OF? OFQOFY 1 0%F¢

OSar1  0sq sy 205,050

1<a<N, a>0, (43.1)

a>0. (4.32)

Consider an open descendent potential in genus 1, represented by FY. We define a

formal power series, G°, belonging to C[[v*, ¢]] as follows:

o .__ 10
G — F]. ’tg:(;a,ova .
Sazéa,od)

Theorem 4.3.2 The following formula holds:

1. 0K
Fy =21 0
LT 2% otlos,

+ GO|,U'~/:(,Utop)w . (433)
=gt

Proof 4.3.3 Firstly, it is important to note that Equation (4.2.3) implies that

O°Fy
1
8t0 880 t*zl

=1.

2821:0

0%Fg
8t(1)1 dsg

As such, the logarithm log is a well-defined formal power series in the variables ti
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and s.. Furthermore, Equations (3.2.4) and (4.2.3) imply that

(Utop)a t*zlzo = tg) ¢t0p t*21252120 = S50.
Therefore, Equation (4.3.3) holds when t$; = s>1 = 0.
We define the linear differential operators:
2 ]
\ o 0 OR 0 00 l<a<N, a0
oty otgoty oty ot 0so
0 0F§5 0 -0
a>0.

T 0sqr1 0sq 0sg’

Under these operators, Equations (4.3.1) and (4.3.2) can be rewritten as

1 9%F¢
pl po—-__~"0 1<a<N >0
@'l = 9 51agsy’ == @="5
1 92F¢
P?F°o == o_ > 0.
™19 95,050 “=

This system of partial differential equations (PDEs) uniquely determines the function
F?, given the initial condition Ff\t;1:8>1:0 =GOt} ..., 1, s0).

From Equations (3.2.6), (4.2.4), and (4.2.5), it follows that

PL (0107 — PLgion — pA(yiow)? — p2gion _ o,

Our next step is to verify that the following equations hold:

otTosy  012dsy’

O?F? O?F?

P21 0 — 0 4.3.5
© %8 915y 0sq0s0 (4.3.5)

2 170 2 170
0 I 01y (4.3.4)

P! log

a,a

To verify Equation (4.3.4), we compute:

PFy 1 OPF #Fy ., O°F OFy  O°Fy
otLosy D\ 0t 08 950 otadtl" Otsotlas, | ote Dsgdtidsg
0

_ 1 jo PR PR " OPF;  OFy O°Fg O*°F§  O°F¢
gigio Dso \ Ot Ot otgoty " Otgotl  Otg dsodt] Ot dsp Otlds
0
_ O’y
_8tg830'

P, 4log
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The underlined expression vanishes due to FEquation (4.2.4). The proof of Equa-

tion (4.3.5) follows a similar line of reasoning. Therefore, the theorem is proved.

In this discussion, the computations heavily rely on the structure and properties of
the differential operators Pia and P2. Their definitions and applications in the equations
demonstrate how the properties of these operators are exploited to simplify the equations

and ultimately prove the theorem.

4.3.1 The Role of Differential Operators and PDEs

Consider a differential operator L defined as follows:

L=> Li(vie)(ed)', Li€An_ vy

i>0

here v} is a placeholder for the vector variables v',...,v" and its derivatives, .ATU17...’UN;0
denotes the algebra generated by these variables and their derivatives, evaluated at 0.

Let’s introduce f as a formal variable and consider the following partial differential
equation (PDE)

0
5 exp(e 1 f) = e Lexp(e7tf). (4.3.6)
We observe that the differential operator applied to the exponential of a function

divided by the same exponential can be represented in terms of a new function ); € ﬁf:

(€0) exp(e™1f)
exp(e'f)

:Qi(f*75)7 ZZOJ
which can be recursively computed by the relation

17 le == 0,
f2Qio1 +€0,Qi—1, ifi>1

Qi =

Remark 4.3.4 Interestingly, Q; is independent of f and can be considered a polynomial
in the derivatives fu, fyz, ... and . In addition, by introducing a new formal variable v
and substituting f;n1 = ; for i > 0, then Q; reduces to a differential polynomial of
degree 0.

Equation (4.3.6) can now be rewritten in terms of the new functions @;:

L= Lo, (4.3.7

1>0
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By looking at equation (4.3.7) in greater detail, specifically up to first-order in &, we

have the flowing:

Lemma 4.3.5 The function Q); can be approximated as follows up to second order in e:

'()

Qi = fo +e=—5—f1 *fou + OE7).

Proof 4.3.6 The formula is evidently true for i = 0. Assuming the inductive hypothesis

1s true for i, we prove for i+ 1:

Qun =1aQu 20,0 = 15742 (RS2 (2 v 0 (1)) + O

E(z+1)

=fi+ fi e + O(%),

which concludes the induction step and proves the lemma.

Now consider the expansion of L;(v},¢) in powers of e:

U*,S ZLJ 6]7 LEJ] € Avl,..‘,vN;j'
7>0

With this, equation (4.3.7) can be rewritten in the following form up to the first order

in e:

DL D Sl (2 ¥ PR C

i>0 i>0

4.3.2 A Linear PDE for an Open Descendent Potential Up to Genus 1

Let us define the differential operators L™ . where 1 < a < N, a > 0, and L};O‘m, where

a,ar
a>0,as
Lt =3 (L et (o)
i>0

Lgoun — Z (quun;[O} + equun;[1]> (Eaz)i7

a,i a,i
>0
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where
Liojzfg} = Coef ;i T, € Ay v,
. 0G° 8F[0] oGe ar[o} 1 821-\[0] aGo
Llnh['ﬂ = f i o,a _ o,a a,a B B'Y Q[O]
Q,a,t COe¢ 0¢ 61}5 8'05 8¢ 28 58¢ +8U 8 v,0:,a
€ ‘Avl,...,vN;la

L2~ Coef i AV € A,

a,t

0L 0G0 oAy | 19°A7
Lb i <8G J 0G* 9 0 ’Uf EAU1 N.{-

(l’L

= Coeloi |\ 50 08~ 90F 96 | 200900

Theorem 4.3.7 The formal power series v° = (vtop)ﬁ‘ﬂHﬂJrwa and
0 0

f=(Fg+ 5Ff)|tgh>tg+mm satisfy the system of PDEs up to O(e):

0

5o exp(e 1 f) = let exp(e”!f), V1<a<N, a>0, (4.3.9)
B(Z exp(e 1 f) = e 1L exp(e7lf), Va>0. (4.3.10)

Proof: For notational simplicity, let us denote the formal powers series F()OltgHtg AT

) top a| top‘
H ‘tg'—>t3+A7:r:’ (0'P) tlt] AV’ and ¢ tst] + AV

We can then rewrite the statement of Theorem 4.3.2 as

by Fg, F7, v, and ¢, respectively.
1
Fy = 3 log ¢s + G°.

Let us prove Equation (4.3.9) up to linear order in . We have

ax(F(?+5F1())_ 1‘1’0{:5 o
B — =¢+e 3 o + 0,G° ).

By equation (4.3.8), we must verify that

int;[0 int;[1
y+€ Fl ZLaa['L] ZLaa'L] '+

i>0 i>0

n ) 71— e 1¢xs o
+€ZLaZ§”< 626, + id 1<2 PR ))

>0

8150‘

Sl 1921, - 10T, 6 +ar£9,]a
0,850 2 02 2 0¢ ¢ ¢

oFy 101V, 4., (1 Or Ol aGO) 4, 4 OToa 0G° e

0 (F§ +eFp) =TW, +¢ 9, G°

ate

1>0

otz "2 06 6y \2 092 ' 09 09 09 P T g e

i>0

nt;[1]

a,ai > We equate the derivative of F} with respect to t; to

Using the definition of e
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. . : . o 0 0
various expressions involving derivatives of F,[Ja, G°, and QLY}O o.q as follows:

OF) 10T dus | 10°T bt arES}a e
oy 2 8o hs 2 P2 7 o Do

aGe arld. 1921, G
a8 o

96 008 = T 29004 T aup" Orihoea

o

This can be simplified further as:

ore 19TV 1 orl,  ace aGe 0
_ a,a Pxs 3 a,a F[O] 57 Q[ |
de T2 96 b 2% 86 T ap rtent g Ohoaa

(4.3.11)

To confirm the above, we compute the derivative of F} with respect to t3:

oy 1 (Seg )s 0G° 1%79,Q [O}o GG — 0, ]_“[0]
ate 2 qzbs " 9P voea ¥ g
F[O )
a,a G 8G
1 137 [0] [0}
2 8 ny 0;aa 8¢ a F
(araa p )
1 °) aGe 4 96
1 By [0] [0}
2 ’UB n a Qﬁ/ 0;a,a 6d) a F
1, arL?Ja | 1008k s, + 0 0,00, + L o,
27796 2 09 o e T g e

which verifies equation (4.3.11) and, by extension, equation (4.3.9) up to the approximation
of e.

The proof of equation (4.3.10) follows the same procedure.

The discussion was centered around the series v, Fg§, and FY, along with their interre-
lation with the system of PDEs. We found that these series and the system are governed
by the constraints of certain internal and boundary equations, which we thoroughly ex-
amined.

By looking these equations, we notice it is possible to manipulate the formal power

int;[n] and Lboun;[n]

o i we can make the involved expressions

series, by employing the notation L

more approachable and intuitive.
We also found that certain formal power series are linked with others. The equation

Fy = %log ¢s + G° is an example of this. By analyzing the derivatives of Fy and FY, we

were able to elaborate on how these quantities evolve within the system and its dynamics.
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Chapter 5

Double Ramification and

Dubrovin-Zhang Hierarchies

5.1 Introduction

The Double Ramification Hierarchy (DR hierarchy) takes as input ideas from algebraic
geometry to establish an integrable hierarchy. Its inception can be traced back to the
study of moduli spaces of algebraic curves and their intersection theory. The hierarchy is
also an elaborated example of the relation between curve counting theories and integrable
Systems.

The Double Ramification Hierarchy represents an advancement in the field of inte-
grable hierarchies associated with cohomological field theories. The DR hierarchy allows
the modification of certain axioms of the usual CohFTs, thereby accommodating a more
diverse range of mathematical structures. The hierarchy is characterized by certain initial
data coming from the Double Ramification Cycle. This cycle is a class in the homology
ring of the moduli space of stable curves, first introduced into an integrable hierarchy by
A. Buryak [Burlba]. The DR cycle, in essence, is a cohomological representation of the
condition that a given meromorphic function on a Riemann surface has prescribed orders
at the points of the surface.

The DR hierarchy is closely related to total descendant potentials and the theory of
nonlinear partial differential equations, providing new connections between geometric in-
variants and the integrable systems they induce. The DR hierarchy offers a mathematical
setting that allows the study of several theories and models, including Gromov-Witten the-
ory and Gauged Linear Sigma Models', resulting in a unified theory capable of describing
an array of curve counting theories, geometric structures, and physical systems.

The double ramification cycle can be understood from two main perspectives [Pix21]:

!Gauged Linear Sigma Model (GLSM) is a type of two-dimensional quantum field theory that describes
the dynamics of maps from a Riemann surface to C", subject to certain gauge symmetries. Through GLSM,
one can compute certain Gromov-Witten invariants, especially in the context of mirror symmetry. [FJR17]

7
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e Ramification Profiles: The term double ramification is derived from the specific
ramification profiles that the cycle aims to parametrize. Consider a genus g curve,
denoted as Cj,,, which admits a ramified map f : Cy, — CP!. This map is char-
acterized by predetermined ramification profiles over two distinct points: 0 and oo.
These profiles are encapsulated in a vector A € Z™. The positive and negative com-
ponents of A correspond to two partitions that describe the ramification over 0 and
00, respectively, and must satisfy ) a; = 0. The marked points on Cy,, that corre-
spond to non-zero entries in A are precisely the pre-images of 0 and oo under the

map f. Points corresponding to zero entries in A are not subject to this constraint.

The DR-cycle is then defined using n integers aq, ..., a, with > a; = 0. For a given
class [Cyn,p1,...,pn) in the moduli space M ,,, we examine the divisor  a;p; on
the curve Cy . If this divisor is principal, it implies the existence of a meromorphic
function f : Cy, — CP! such that the sum of the orders of its zeros equals the
sum of the orders of its poles. Note that it is permissible for some a; to be zero,

corresponding to unconstrained points p;.

Intuitively, the cohomology class DRgy(a1,...,a,) is the Poincaré dual to the locus

in ﬂg,n that is characterized by curves with the specified principal divisor.

e Abel-Jacobi Maps: The double ramification cycle can also be understood through
Abel-Jacobi maps. While this perspective is useful within the context of this work,
describing the formal details might be excessive for our current objectives. Intuitively
it involves a g—dimensional universal abelian variety! X, and the data from A defines
a morphism from j4 : Mgy, — &, and the double ramification locus is the inverse
image under j4 of a zero section of X;. This construction can be extended to the

moduli space of curves of compact type ./\/lgtn (def. 2.6.2).

In 2016, F. Janda, R. Pandharipande, A. Pixton, and D. Zvonkine provided a formula
that expresses the double ramification cycle in terms of basic tautological classes
[JPPZ17]. This result addressed a question originally posed by Y. Eliashberg in
2001. 2

Example 5.1.1 For g =0, the meromorphic function f(z) = [[;-,(z — p:)% satisfies the
required ramification profile for any element in Mg . Therefore, the Double Ramification
(DR) cycle encompasses the entire moduli space, and its Poincaré dual is the unit in

cohomology:

1 An abelian variety is a complex torus that can be embedded into projective space. Given a moduli
space that parametrizes abelian varieties of a fixed dimension (with some additional data, like polarization),
the universal abelian variety is a family of abelian varieties over this moduli space such that each point of
the moduli space corresponds to an abelian variety, which is a fiber of the universal abelian variety over
that point.

2This is commonly known in the literature as the Eliashberg problem.



79

DRo(al,...,an) =1. (511)

Remark: This approach is not universally applicable, especially in the case of nodal
curves. While we leveraged the compactness of the space to obtain its Poincaré dual,
a more comprehensive definition exists that addresses these special cases. This broader

definition serves as the motivation for the topic discussed in the next section.

5.2 Moduli space of stable relative maps

In this section, we will adopt the construction outlined in [Burl7] with minor modifications

to the notation.

Definition 5.2.1 Let (Cgﬂn;pl, N P ,q}zl,q%, e ,q?m) be a nodal curve of genus
g with n marked points. Consider ni,ng,d € Z>o. Let p' = (u%,...,,u,lu) € 7%, and

pr= (i, ... puk,) € L%, satisfying

ni n2
= ui=d, W=D i =d
=1 =1

A stable relative map (SRM) to the unparametrized CP! is represented by

f
[(Cg,n;plv"'7pn7q%7'"7q11117q%7"'7q7%2) ﬂ” (X;Qh%)} )

where (X;q1,q2) is a nodal curve whose dual graph is of genus 0 (fig. 5.1). In this curve,
q1 and qo are points located on the first and last components of the chain, respectively and

consists of the following components:

o The pre-image of each q; under fsru 15 {q{, - ,q%j }i=1,2, and the multiplicity of

fsrym at each qf 18 uz

o The pre-image of any nodal point q in X consists of nodal points in Cyp. Fur-
thermore, if q is a nodal point in X and p is in fgéM(q), then local representa-
tions of Cyrn and X at p and q must exist such that fsry can be expressed as

(u,v) = (U™, v™) = (x,y) for some integer m > 11,

Definition 5.2.2 Two stable relative maps, denoted as [Cy ., Jsnu, X] and [Cy,, Jsra, X',
are considered isomorphic if there exist isomorphisms o : Cy, — C;m and B : X — X/

that not only preserve the marked points but also commute with fsry and ngM.

'Recall, any nodal point on a curve with local coordinates (x1,x2) can be locally characterized by the
equation z1z2 = 0.
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q1 q2

X

Figure 5.1: Illustration of a stable relative map originating from Cy 7 targeting X.

Definition 5.2.3 The moduli space of stable relative maps, denoted by M;n(,ul, u?), com-

prises the isomorphism classes of stable relative maps targeting the unparameterized CP*.

The space ﬂ;n(ul, ©?) is a compact topological space, sharing similarities with the
moduli space M, ,, in that it is also a Deligne-Mumford stack. This space is endowed with

a virtual fundamental class, denoted as

~ irt —~
(Mo (u', 1) € Hp (Mg, (1", 1%), Q) ,
where the degree D is calculated as
D =229 —3+n+n+na).

Assuming that 2g — 2 +n +nj +ng > 0, we can associate a stabilized curve to any stable

relative map, typically the stabilized curve can be expressed as

2 2
(Cg,n;p1>"'7pn7Q%7"'7q7£17Q17"'aqn2) .

This suggests the existence of a map to Mg,m which we denote by S.
For g,n > 0 and 29—2+n > 0, consider a list of integers ay, .. ., a, such that > a; = 0.
The indices i1 < -+ < ip, and j1 < -+ < jn, label the positive and negative numbers in

the list, respectively. The remaining ng = n —n; — ne numbers are set to zero. We define
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pt = (ui,. .. pp,) and p? = (uf,. .., p2,) where pj = a;, and pf = —aj, .

The double ramification cycle is then defined as
DRy(as,...,a,) = PD (s* W;n(ﬂl,,ﬁ)]“”) e H* (M, Q).
Here, PD denotes the Poincaré duality map. Consequently, we have
DRy(a1,...,a,) € H¥(My,, Q).

Recall the forgetful map f, as previously defined in Definition 2.4.2. This map es-
tablishes a relationship between the double ramification cycles in different moduli spaces.

Specifically, the relationship can be expressed as:
f*DRgy(ai,...,a,) = DRy(a1,...,ax,0). (5.2.1)
There exists a generalized version of the relation given in equation (5.1.1), where all

the ramification profiles are set to zero:

DR,(0,...,0) = (=1)9)\, € H¥ (M., Q). (5.2.2)

Theorem 5.2.4 [Hail3][JPPZ17] Consider two non-negative integers h and g such that
0<h<g. Let I be a subset of the set P ={1,...,n}.

We impose two conditions:
e 2h —1+1I| >0,
2(g —h) —1+|I° >0,

here, |I| and |I¢| denote the cardinalities of the sets I and its complement I¢, respectively.
Finally, we introduce a cohomology class 5,{ in H*(M g, Q). This class is defined by
the push-forward of the identity classes from both moduli spaces under the gluing map (def.
2.4.8), given by:
6 = gl (1 x 1).

Then, the following formula holds:

g
1 [ &a2ey 1 1 =
DR (a1, an)lpgee = — | D5 —5 D, aido—7 D, D aid, |
9\ = Ic{1,..,n} Ic{1,..,n} h=1
|12
(5.2.3)

where Mt

o is the moduli space of curves of compact type (def. 2.6.2), this theorem
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implies that the restriction DRy (a1, ...,a,)| Mt is a homogeneous polynomial of degree
2g in the variables ay, ..., a, with coefficients in H?9 (./\/l;fn, Q).

In 2023, A. Pixton proved! that the class DRy (a1,...,ay) is a polynomial in the
variables a1, ..., a, with coefficients in H?9 (ﬂgm, Q) [Pix23].

5.3 The Double Ramification hierarchy

The most important feature of the Double Ramification (DR) cycle is its behavior under

integration. Specifically, for any cohomology class § € H*(Mg,11), the integral

/ A¢DRy (—Zai,al,...,an> 0,
ﬂg,n+1

is a homogeneous polynomial in the variables ay, ..., a, of degree 2g.
Given a Cohomological Field Theory (CohFT) denoted by {cg} (Definition 3.4.1), we

introduce differential polynomials g, 4 in .%Tu;o for 1 <a < N and d > 0 as follows:

£29

Jod = Z — Z ugt g (5.3.1)

g,n=>0 T b1,bn>0
2g—1+n>0 bi+...4+bp=2g

d
X Coefal? aln / DR, <_ Z Qjy A1y -+ -y an) Ag¥iCqn+1 (ea ® ®i1€a;) -
Tyt

This construction is proven to yield local functionals g, q = f Ja,d dr that commute

with respect to the bracket {-,-},-15, [Burl5al.
Definition 5.3.1 The system of equations

ou® _ pang 5?]/37(1

3 xT ) 1§ ) SN) 2 ) 3.2

is called the Double Ramification Hierarchy.

Example 5.3.2 (Trivial CohFT) Consider the Double Ramification hierarchy associ-
ated with the trivial Cohomological Field Theory, denoted as {cyn = 1}. The integrals for
the coefficients are given by’ :

/MMH DR, (— S aiai,..., an> At (5.3.3)

We observe that the cohomology class DRy (=Y ai, a1, ..., ay,) )\gwil 18 mon zero only

when its degree (g + g + d) matches the dimension of My ,+1, leading to the relation:

L As of the time of writing, this result has not been officially published and therefore has not undergone
peer review. However, it is available online for preliminary examination and discussion.

?Note that throughout our computation, we disregarded the o index in equation (5.3.1) for the trivial
CohFT, since such term emerges from the free index of the CohFT.
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d=g+n-—2. (5.3.4)

We will focus on genus 0 terms, we simplify (5.3.3) by use of (5.1.1) as follows:

/Mo,n+1 DRy (— Z @is Q15 - - - 7an) Aot = / o,

Mo,nt+1

The integral was previously calculated in (2.5.6), so:

4 _(n=2)
/Mo,n+1 ¢1 B <Tk1 o Tkn+1>0‘k1:d’ki>1:0 N d! =1
Substituting this result into (5.3.1) along with the condition (5.3.4), we get the genus

0 Hamiltonian densities:

0 1 aq an51 61 _ ud+2
= S sl 8, = s (5.3.5)
n>1 n=d+2

It is interesting to observe the striking similarity of this formulation to the Hamiltoni-
ans of the dispersionless KdV hierarchy, as introduced in Equation (1.3.1).

If we were to include higher genus terms, we need to revisit condition (5.3.4), ford =0
the only possible cases are (g,n) = (0,1) and (1,0).

The genus 0 is straightforward and follows from (5.3.5). Therefore, our focus shifts to
the (1,0) case:

/ DR1 (—al, a1) )\1.

./\/1172

We can replace the DR class utilizing Hain’s formula (eq. 5.2.3) and identify the
stable nodes. In this instance, stable nodes arise when the genus 0 component has at least

2 markings (fig. 5.2).

unstable

Figure 5.2: Possible boundary Divisors as derived from Hain’s Formula, represented from
equation (5.2.3).

Applying Hain’s formula and considering the symmetry of the ¥ classes:
—ay)2 a2
DRi(—a1,a1) = (21)1/}1 + 511#2 = aftr. (5.3.6)

The 1p—class is then eliminated using the dilaton relation (cf. 2.5.2):
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2
a
/ DRy (=ar, 1)\ = a%/ P1h = a%/ M=o
M1,2 M1,2 Ml’l

For the last equality, we used the class computed in Example 2.1.1/. According with (5.3.1),

the term a3 contributes as Uy,, so the Hamiltonian density for d = 0 reads:

_ W ol
P=9 T
For d =1, the non-zero cases are (g,n) = (0,3), (1,2), and (2,1), again the genus 0 case

can be derived from (5.3.5), so we move onto (g,n) = (1,2):

/ DRy (—a1 — ag, a1, a2) Aii.
Mi3

We can simplify this expression by applying the dilaton equation (see 2.5.2). This yields:

(29 — 2+ 77,) / DR (al, —al) Al- (537)
g=1,n=2 M,z
This is the same term as in (5.3.6), so:
af
/ DR1 (-a1 — a2, a1,a2) Miyn = 5. (5.3.8)
Mai3

Following a similar procedure from Hain’s formula we find:

/ 1 (a3 2
DRy (—a1,a1) Aot = - <> .
s 21 \ 24

So, the Hamiltonian density for d = 1 can be expressed as follows:

3 2 2 1
u’ € a .
g1 = 37 + 51 Coefatlzl o2 (éag) Up,y Upy + e Coefal{l (11;)2) fon

"2

'LL3 52 54

It is noteworthy that this Hamiltonian matches the Korteweg-de Vries (KdV), as pre-
viously introduced in (1.3.10). Although deriving the complete terms involves extensive
computation, it is a remarkable result that the Double Ramification (DR) hierarchy for the
trivial Cohomological Field Theory (CohFT) coincides with the full KdV hierarchy.

We can equip the Double Ramification (DR) hierarchy with N linearly independent

Casimirs of its Poisson bracket, denoted as {-,-},-15,. Specifically, we define

Jo,—1 1= /naﬁuﬁ dx,

where 1 < a < N.
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Another crucial object in the context of the DR hierarchy is the local functional g €

Ayo. This is determined by the following relation [Burl5al:

0
g11=(D—2)g, where D:=» (n+1)uj—,
2 g

and gy 1 1= Ao‘gml.l It’s important to note that (;ET’; = Ga,0-

The local functional § also has an explicit expression up to the approximation £?, as

given in [BDGR18]:

2
_ € 0 4
where f := F|p«—y» and g, = ng\t*:u*.

Conjecture 5.3.3 [BRS21] Consider a homogeneous Cohomological Field Theory along

with its associated Double Ramification hierarchy. The conjecture posits the following:

1. Poisson Compatibility of KP® and KPR: The operator KPR = (K;)R;aﬁ) is
defined as
DR;af ap, Bv 1 1
K2 =n"rn 5 — Us OroL, (g,u,(]) + 5 — pla | Ly (g,u,O) 00y

+ A0y + 0z 0 L}, (gu0) © 0y) - (5.3.10)

This operator is Poisson and is compatible with the operator KPR := n=10,. Here,

Ha :ZQQ_%-

2. Bihamiltonian Structure: The Poisson brackets {-,-}xpr and {-,-}or give a
bihamiltonian structure for the DR hierarchy. This structure is expressed by the

following bihamiltonian recursion relations:

_ 3 _ _
{'7ga,d}K%3R = (d+ 5 + /’La) {'aga,d-‘rl}KPH + Ag {'7g,B,d}KPRa d > _1a

where A% :=n*"Ayp.

5.4 The Dubrovin-Zhang hierarchy

5.4.1 Homogeneous Cohomological Field Theory and Potential

Consider a homogeneous Cohomological Field Theory (CohFT), denoted by {cg,}. We
introduce a set of formal variables, which we denote as t5. Here, 1 < a < N and a > 0.

Additionally, we identify 5 = t“.

'Recall: % = AO‘%, a > 0. cf. def. 1.1.2
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Definition 5.4.1 The potential F associated with a homogeneous CohFT is formally de-
fined as:

F(the) =) e¥F, (1), (5.4.1)
920
. ; *
=D = > / cam (@rea) [T ) TS € Clitz el
g,n>0 T 1<ai,..,an<N \/Magn i=1 i=1
29=2+n>0 1oy >0
(5.4.2)

. . , top;
We also introduce the formal power series w'P*® and wy, >'® as follows:

2
wtop;a = na,u O°F
othotd”
top;a = an nwtop;a7
! (9%5)

where 1 < a < N and n > 0.

5.4.2 Conjecture on Differential Polynomials and Poisson Operators for
the DZ hierarchy

Conjecture 5.4.2 [DZ01] Consider the ring .%Tw consisting of differential polynomials in
1 N

variables w*, ..., w
1. Existence of the Differential Polynomial from the potential: For any 1 <
a,f < N and a,b > 0, there exists a differential polynomial Qq 4.5 € .Zw;o, such
that

PF

&Tatg = Qaza;ﬁb’w;i:w;’?p;’y . (543)
a

2. Poisson Operator KP%: There evists a Poisson operator KP? = (KPZ;QB> such

that the local functionals ho,—1 = [ Noww”dx are Casimirs. The operator satisfies:

o O
000 = Ky 500, (5.4.4)
w
where fL@b = [ Qi 0pp+1 dz, and 1 < o, B < N,b> 0.
3. Poisson Operator K% and Bihamiltonian relations: There exists another

Poisson operator KP% = <K§Z;a5) that satisfies the following relations:
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_ 3 _ _
{"hmd}KgZ = (d+2+ua> {"ha7d+1}KPZ+A§{'7h61d}KPZ’ 1<a<N, d>-1.

(5.4.5)

5.4.3 Uniqueness and Implications of the Conjecture

If the differential polynomials specified in Part 1 of conjecture 5.4.2 exist, then they are

unique, as demonstrated in [BDGR18]. Similarly, if the Poisson operators from Parts 2

and 3 of 5.4.2 exist, they are also unique, as shown in [BPS12b].

Commutativity of Local Functionals

Part 2 of conjecture 5.4.2 implies that the local functionals Bmd mutually commute with

respect to the bracket {-, '}K]IDZ.

Bihamiltonian Hierarchy

If conjecture 5.4.2 holds true, the resulting bihamiltonian hierarchy is given by:

ow* FPZap ‘ﬁlﬁﬂ
o g~ L Sut ’
tq U

]‘Sa?IBSN7 q207

and is referred to as the Dubrovin-Zhang (DZ) hierarchy.

topPi® gerves as a solution to this hierarchy. Here,

The N-tuple of formal power series w
the derivative 0, is identified with %. This particular solution is known as the topological
0

solution.

Preliminary Results

Conjecture 5.4.2 has been proven up to genus 1 [DZ98]. Specifically, the differential poly-

nomials and Poisson operators are given by the following approximations:

9?Fo
otaot,

+0 (%),

td =8¢, 0w

Qa7a;/8’b =

K5 =089, + 0 (),

o 0t (5 ms) (c37)

Ky“e? = (Beg?) w) +0 (2).

t* =w*
Generalized Proofs

Parts 1 and 2 of conjecture 5.4.2 have been proven for an arbitrary semisimple, not nec-
essarily homogeneous, CohFT [BPS12b]. A simplified proof of Part 2 is presented in
[BPS12a].
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5.4.4 DR/DZ Equivalence Conjecture

We consider an arbitrary homogeneous CohFT and define the normal coordinates of the

DR hierarchy as
ap 59#70

u® (uy,e) :==n Sul

Unique Differential Polynomial

In [BDGRI18], it is proven that there exists a unique differential polynomial P € ./Zl\w;_z
such that F™°4 € C[[t},c]] defined by F™d := F+ P| _, oo+ satisfies the following

vanishing property:

on f‘red

Coef 2y =g
otg: .ot |

n
=0, if > di<29-2
0 =1

Form of the Differential Polynomial P and Reduced Potential

The differential polynomial P takes a specific form, given by:
P =G, ..., w") + 0,

where the function G(t',...,t") is defined as the restriction of Fi

t5,=0-
The power series F™9 is termed the reduced potential of our Cohomological Field

Theory (CohFT).

Miura Transformations

To establish a relationship between the variables u* and w®, we introduce a Miura trans-
formation. Specifically, u®(w},¢) is defined as:

u*(wy,e) = w* +n*d, {73, BV’O}KIDZ .

Conjecture 5.4.3 [BDGRI18][BRS21] If Conjectures 5.5.3 and 5.4.2 hold true, then the
Double Ramification (DR) and Dubrovin/Zhang (DZ) hierarchies, along with their respec-

tive bihamiltonian structures, are equivalent when expressed in the normal coordinates u®.

5.4.5 Main Theorem

Theorem 5.4.4 The DR and DZ hierarchies, along with their bithamiltonian structures,

coincide up to genus 1 in the coordinates u®.

The proof is given in section 5.6.
Implications: Together with Conjecture 5.4.2, which was proven in [DZ98] up to

genus 1, this theorem provides a comprehensive understanding of the bihamiltonian struc-
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tures of the DR and DZ hierarchies and their relation for an arbitrary homogeneous
CohF'T.
These results were published in the Journal on Functional Analysis and Its Applica-

tions, Springer Verlag [BB21a].

5.5 [Extension of the Space of Differential Polynomials by

Tame Rational Functions

Before proving Theorem 5.4.4, we introduce several technical lemmas that will be instru-
mental in our discussion.

Although Conjecture 5.4.2 remains unproven, a weaker form holds true when we extend
the space of differential polynomials. Following the work in [BDGR20], let us consider
formal variables v!,...,v"™. For any d € Z, let Af)t 4 denote the vector space spanned by

expressions of the form

3 P(iv(f})?, (5.5.1)

where m € Z, P; € Ay.q+4, and gTIz =0.
We define the extended space AT := A™[[¢]]. A rational function of the form (5.5.1)

is termed tame if there exists a non-negative integer C' such that gf; =0for k> C.
k

Let A := P dez .Aff 4- The subspace of tame elements in A'' is denoted by APt and

its extended space is Ay " := AL [[e]).

We introduce a rational Miura transformation that relates the variables v® to v (v}, €)
as follows:

v (v, e) = v +efY(vi,e),

where f* € A3}

top; n :
and v, P = 0%, topar

top;a . au 9% Fo
' (0tg)™

T oL
oth otk

Let us introduce formal power series v

It is noteworthy that the mapping At Cl[tt, €]], defined by

f €A = flg_ypors € ClIE €]

is injective. Furthermore, there exists a unique tame rational function w®(v},e) € A,y

such that w®(vi®*, &) = w'P® [BDGR20]. Additionally, w®(v},e) — v® belongs to Im 9,
[BPS12b].
It is also worth mentioning that the same proof technique used in Proposition 7.6 of

A that

[BDGR20] establishes the existence of a unique tame rational function Qg a6 € A,

satisfies equation (5.4.3).
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5.5.1 Generalized Poisson operators

In the framework of Poisson operators, we now consider a broader class of operators

characterized by structures of the form KM =37 ., KJ‘-WE)%, where each K} € le\g;“
We will denote the space of such Poisson operators by PO,
Consider KP? and KP? as specific instances in PO, These operators are derived
from the base operators
n*?9, and (E'YCﬁﬂ >

v
(U

t*=v*

oo (5 m) ()

respectively, through the rational Miura transformation v® — w®(v},¢).

With these definitions, relations (5.4.4) and (5.4.5) hold true, as shown in [BDGR20).
Therefore, Conjecture 5.4.2 can equivalently be stated as 1 4.5 € .Zw;o and KP% KDZ ¢
POy.

Lemma 5.5.1 Let K € PO} be a Poisson operator and consider a rational Miura trans-

formation v — v*(v}i,e) such that v*(vi,e) —v® € Im9,. Then, we have

8 ov®
Kin=3 o

m>0

am KPB

Proof. To prove this, we compute the following:

= Coefgo K27 (5.5.2)

= Coef @amow" o(— a)”oaiﬁ (5.5.3)

N % ovl, * v vl o
m,n>0

31} m 0 n aijﬂ

= Coefgo | > T, O o K0y " (~0,) 900 (5.5.4)
m>0 n>0

= Coefgo | > 8—8"1 o KPP (5.5.5)
m>0 vin

= Z amKPB (5.5.6)

m>0

The lemma is now proved.

Lemma 5.5.2 We have

. 1
K%"w = <2 - M,B) 10" 0:Q0,0,0,0-



91

Proof. By invoking lemma 5.5.1, we obtain

15570 = (5-m0) X Gror ((e)],_,.2)
2;0 9 B (9’07@1 z v tr=pr 0/
m>0
Note that
((c2)] ) _ o OV
e P o =t
Therefore, we have
ow®
% ()], %)
m>0 m B v*—vi()p;*
Byawtop;a
=T ot
0
_ ,'704077,37/819970;1,70 —gtops

which confirms that

S oear ((cr)

m>0

0
PP ’Ug) = Ua 775”63:99,0;140,
—=v

as required.

Remark 5.5.3 The lemma implies that the constant term of the operator K%)Z is a dif-
ferential polynomial if ¢ 0.,.0 is also a differential polynomial. This is particularly true in

the semisimple case, as observed in [[522].

Lemma 5.5.4 We have

. 1 0q
FTDR, v gv,0
20 "= <2 Mﬁ) naenﬁ O 61:9 '

Proof. The lemma directly follows from the definition given by equation (5.3.10).

5.6 Proof of the main Theorem

If we exclude the operators K% and KP® from consideration, the coincidence of the DZ
and DR hierarchies in the coordinates u®, up to genus 1 approximation, has already been

established in Theorem 8.4 of [BDGR18]. Therefore, it suffices to prove that

KDZ = KPR 4 0 ().

DR;[0] [

Given that Kgg:[ol = K,, BRS21], we need to verify that

Ky2 = Kpi® for 1=0,1,2,3. (5.6.1)
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We divide the proof into several steps.

Step 1. We first examine equation (5.6.1) for [ = 2 and [ = 3 through direct compu-

tation.

For convenience, we introduce the following notations:

0
Oo = Foa
f:f = 8500‘6,
a[i
Cys0 "= 89%57

& = By = (1= g) ) 477,

9P = evcﬁﬁ .

In [DZ98], the authors derived the following formulas:

.
u*=u*

DZ;[2], 1 /3 1 /3
Kol = ( W + o4 < - MB) et — o (2 - ua> cngﬁﬁ)

where

K;)Z i[2l,aB hozﬁ

i
Uy

u*=u*

1 1
hP = 3 <8 (g“”ca6> + 2cﬁ”cfj6> )

On the other hand, considering the expansion 4% = u® + 2482 M+ 0(e*) [BDCGRIS],
we find that

2 2
KzD;aR;O‘B =1L, (ua + Eagcg’\‘A) ) KER;V'D ) LL (uB + ;48%059> + 0 (64)

_ K?Ra,@ + (32 oL, < ) OK;DR;V,B _|_K2DR;aP oL;[) (c§9> oag) +0 (64)

) 1 10l
_ K?R,aﬂ 4 g2 o (5;% 003& OK;DR,[O], B JrKDR [0lep 53 o&%) L0 (54) :

=30 o R o;

where R?B € Aya—i.
Considering the expansion g, 0 = >_ 5 52995%],95(%] € Ay;2g, from equation (5.3.10)
we compute:

2]

ap,,Br g»o

KDR[2]a,8 .
2.3 (3 = ta — pg) ™' Pur

o /s 292,
DR Yo% o 1 ) ’
K22[2] ’ = P (2 = pa — p1g) au,, +<2—M6>88}i :
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Using equation (5.3.9), we then find:

39510 1,

_ 1
duy, 2406w
2]

690 1
a@Zﬁgh&%éO+@Qﬁ®)—%G%%ﬂ@,

and finally obtain:

KDRil2las _ 37 Ha T 1B o ap

%3 24 g
9
DR;[2,aB |2~ Ha — KB ( B0 0 5 — Ha — 203 0
K, 2ab _ [;4 (ngc;"f — ch c§5> +2— —° o0 Dy <6956?6>] u.

Using the expression K;) Ril0laf _ 9°P0, + (5 — 1p) cﬁﬁ ug., we can also compute:

1
Rgﬁ =51 <03f\\91/ﬁ + ga”cfi) )
Raﬁ_i 20 a\ vf +a>\uﬁ 1_ +auﬁ)\+ay 1_ BX| v
2 24 v \Cord CI/)\C’Y 9 Up g C'yz/)\ Cv 9 Hu ) Gy | Ug-

we aim to prove equation (5.6.1). Specifically, we need to verify the following two equa-

tions:

1 1 3 - - 1
— (&/ (9”“62"8) + 205”02"8) = %cg%gﬁ + 55 <c§/§\g”5 + go‘”c'f/)\‘) , (5.6.2)

1 1 1 /3 1 /3

“o.1a <g,u1/ca6> + = C;wcaﬁ e b~ (2 [ B an

CREE e a 22 M 24\2 J U 24 \2 M)
sk sokk

*

2 — o — 15, o S — o — 23
= | T (et — ) + A 0y ()
Kok soksk *
1 al v/B 1 a\ v av BA 1 av BA
+ ﬂ[2&y (CV)\g ) + 5 T kB ) GAc +9* e+ 5 ) ¢,y (5.6.3)
SN—— SN——
koksk kK

To prove Equation (5.6.2), let us start by focusing on the terms that are underlined.

We'll use the identity ¢g*? = e”cgﬁ and multiply both sides of the equation by 12. Doing

so, we find that Equation (5.6.2) can be rewritten as:
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2 — — 1
(1—q,) P+ e, (c;#cf;ﬁ) - Mq%gﬂ +5¢" (cggcgﬂ + cgwcfi) . (5.6.4)

Next, let’s consider the transformation of the boxed term. Specifically, we have:

€’0, (cz“cfjﬂ) =70, (cﬁ“cﬁ“’) =e’ <c§’7‘cﬁ” + cﬁ“cﬁﬁ) . (5.6.5)

Finally, by moving all terms to the left-hand side, we arrive at the following expression:

Pa + 118 — 2qy

2 vy “p v 9

1 1
cZ“ch +e” <cﬁ“c°“’ + cg“co”’ — fcg‘ﬁc”ﬁ — co‘”cﬁ)‘>

-2 1 1
_ Ha T Hp = 2y +'u2f8 qch“CzB + e”cﬁfjcﬁ”’ + e <CB“CC”’ — ca”cm‘> , (5.6.6)

To complete the proof, we need to show that a certain expression vanishes. This is
where the theory of Dubrovin-Frobenius manifolds comes into play. According to this the-
ory, as outlined in [Dub96], we have the following relationship involving the Lie derivative
Lg:

LpCs, = Cg,.

This result has an important implication for our problem. Specifically, it leads to the

equation:

A
A = (0= qo — a5+ ) 57
Upon applying the given relationship to the boxed term, we find that Equation (5.6.6)
can be rewritten as a sum of several terms involving the coefficients q., g3, ¢, and ¢, as

well as the tensor ¢,/ cf,fﬂ . Specifically, the equation can be expressed as follows:

o t+ ¢ —2q — 0 v e’ v
— 5ol (0 g5 —qut ) )M + (cgu% _03'/0%)
—qs+0—2 7
_ 9o — 43 . dp chCgV + 62 (cg“cgﬁ — ngcfi> . (5.6.7)

To further simplify the equation, we focus on transforming the underlined terms. After

some algebraic manipulations, we arrive at the following expression:
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Ay v

cg“c% - c?y‘”cfi = <&, <c§“cfj”) — c’,%cﬁ”) - <8>\ (cff”cg’\) — ca”cﬁ’\>

=yt — et (5.6.8)

Upon simplifying Equation (5.6.7), we find that it can be expressed as follows:

—qg+0—2 1
te TS e S (el — )
—qg+d—2 d—qa — d—aqs—qu+qv
= —,ul,cfg“cfj” = —,ul,cllj“cfjﬁ. (5.6.9)

To validate the equation, it is sufficient to confirm that pu,c}, = 0 for any a. Upon
computation, we find:

X =, = o mochy = —pan" muechy = —pacay = —X, (5.6.10)
which implies X = 0, as required.

Next, let us focus on proving Equation (5.6.3). After collecting terms that are alike,

the equation can be rewritten as:

1 -1
gavau (g“”cfjﬂ) + Ha + py = 1

B
21 i
3 — Ho — 2#,3 v af 1 aX vfB ow A
s, () o () )
which is equivalent to
1-3—u 1 + o — 1
2 v v 0 % My v
T (97 (Cyﬂcl‘iéﬁ) —|—§67 <€ 81, (dé”qﬁﬁ)) + QTC,O; gﬁ
N———
+2ug —3 1
yHaT TS 25'3 Oy (cZ“cﬁﬁ) ~21 [287 (C,‘fﬁgl’ﬂ) + ga”cfik} =0.
—_——

*

Using that p,c," = 0 we see that the left-hand side is equal to
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1 v Pa+ py —1
g (98 (“ 56>>+ 4 S e

o + 2(]5 -39 1 A
+ = 24 Oy (CZMCZB> DY [28V ( 3/)\\9,,5) + 9% fu,\} :

Transforming the first term in this expression as

o (o0 () - (e () 0 () 0, ()
=0 —qu—aqs+ ) y<cﬁ ”) <g“5ff$>
= (0-4)0, () + (=g +a) 0, (Pes”) +0, (975
=0
= (6 —qp) 0 (cuﬁ ou/) +, ( uB rw) 7

we come to the expression

o — 1 +p —1
g o) g o) [+ Bl

25 — 36 1
SRR L P (CZ“ co? ) - = [ 0, ( 39"’ ) +g* é’ix]

[\)

24 a 24

_ Ha— Hp uiB au) MQ+MV_1QV B;L L (Oé)\ vﬂ) av ,3)\
= e (g ) + g +248””" § Cwa) -

Applying to the underlined term the formula
d,9"% = (1 —¢,) czﬁ + ¢’ cé,ﬂY (1 — py — pg) 2P,

we obtain

Mo — KB B Pa + fw —1 B 1 A VB
ot ()« gy b0

_ Mo — kg 8 ov Poa+ 1w —1 o) 3 L= =18 ax v, 1 A vf v BA
== Oy (c“ ,3‘)—1—724 cy cw’j—l—i24 CorCy —I—ﬂ[oﬂ\g —g° C,W/\—|

a)\ 1/,8 gaucﬁkA}
v

Expressing the underlined terms as follows:

on0y (529" = g ei) =e330,9" — 0rg”

=0

3>\8ng6 + aﬂ/gau ,3/\ + a}\gau B + aka’ygcw B
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= (1 + v — pix — o) Oy (2R ) + (g + 1w — 1) D + (1= o — 1) 575,
ol

we obtain

fo — 15 5 (Cuﬁ av)<+£ﬁ£jtfﬁ121};Cavcﬂu_%};:lﬁij:fﬂiCgﬁczﬁ

2 ;u/ 24 v 24
N v —— .k kkk
R el T e 2 SR kP S e
51 24 N 24 ——r

*

M 2—4M>\ 87 <cff)‘c’§l') —0,

as required.

«a

Step 2. To prove equation (5.6.1) for [ = 0, we first observe that u® (w},e) — w
belongs to the image of J,, as per its definition. Invoking Lemmas 5.5.1 and 5.5.2, we find
that

DZ; 1 e 1
KQ;@;((JIB: (Q_NB ’ Za pnpeam+ Q9,000 = §_MB BUZ{“ hl/O}KDZ

m>0 m>0

Similarly, Lemmas 5.5.1 and 5.5.4, along with the fact that u® (u},e) — u® is also in the
image of 0, [BDGRI18], lead us to

DR;aB v 9 159 ,0 1 v ~a =
KQ;ﬂ;Oa - <_IU’B> g Z p ;:n-i— 5,;/9 - (2 _luﬁ> 77/3 Z {uaagu,O}KPR-

m>0 m=>0

Finally, considering that in the coordinates #® and up to an approximation of €2, the local

functionals Bcw are equivalent to g,q, and the Poisson operator K DZ is identical to KPR,

we conclude that K?,gfg‘ F = K;),g;oﬂ +0 (54) as required.
Step 3: To complete the proof, we need to show that KDZM = KQDR 12 We have

already established equation (5.6.1) for I = 0,2,3. Therefore, the difference Ky DZ 2

PRI can be expressed as Rd,, where R = (R*?) and R* € Agy.

K i
Given that both KDZ 2l

DR;[2 . .
and K, 2 are skew-symmetric operators, we obtain:

(RO,)' = —-Rd, < RT"=Randd,R=0.

The condition 9, R = 0 directly implies that R = 0, thereby concluding the proof of the

theorem.
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Appendix A

Integrability and the WDVV

equations

Theorem A.0.1 [Get02] Consider a Poisson structure K3 given by:

K3P = g (u*) 0, + T2 (u)u] + O(e),

u

where go‘ﬁ is a non-degenerate symmetric matriz."

Then, there exists a Miura transformation, denoted by u — u, such that Kgﬁ can be

rewritten as:

Kgﬁ = naﬁam

where 1™ is a constant non-degenerate symmetric matri.

Let K be a Poisson operator as defined in theorem A.0.1, and let Ba,d1 and lizgﬂdQ S [\u
such that

{Ea,dla E‘,B,d1 }K =0

by theorem A.0.1, we can express the Poisson operator K as

- Shody . OhB.d
{Padr, hods b i = 6u#1 K" 55}2 da

Shed, i 6hg.ay
9 v - 9 d
out "o ouv o

"When ¢*? is interpreted as a metric, its Riemann curvature tensor vanishes due to the Jacobi identities
satisfied by K. Additionally, I‘;"B are the Christoffel symbols corresponding to the Levi-Civita connection
defined by ¢*°.
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Given that the integral is zero, we have:

5 <5ha,d1 . 5h5,d2> 0

Su® \ SuM ouv

Assuming the local functionals hq 4, and hg g, are defined up to genus 0, they solely

depend on u* (with no u} terms for ¢ > 1). Thus, we obtain:

i 0 (Ohady ., 0%hpay o
Z(_ax) O@ug’ < our | gurour

_ 3 <6h’a,d1 v th,B,dz )\> —8 (3ha7dl I 62h/37d2 5)\)

Ou’ \ Out EIRY Outt ourour ?

— a2h’a7d1 g thﬁde u}\ _ thohdl g 82h‘57d2 u)\
Oucour ' urduv " Ourour ' Oueour "

From the above, we deduce:

(A.0.1)

Phady  Phoa\ (P hads o Phoa,
oueour " urour ) \Ourdur Outou?

For dy2 = 0, these equations are recognized as the WDVV equations. This suggests

these equations correspond to a genus 0 relation, and are equivalent to the cohomological

Figure A.1: Cohomological relation represented on My 4 in condition to the WDVV equa-
tions.

relation in MOA:



Appendix B

On the complex structures of tori

Theorem B.0.1 Consider two tori T, and T, defined over the complex upper half-plane
H, such that T;, = C/T';, and Ty, = C/T';,. These tori are biholomorphic if and only if
their defining parameters T and To satisfy the relation

ati +b
cri+d’

where a, b, c, and d are integers such that ad — bc = 1.

Proof. (=) Consider a biholomorphic map f : Ty, — T5,. We can lift this map to a
new map, f , between the universal covers of T, and T+, such that the following diagram

commutes:

c I, ¢

”21 lm

T, —— Tn

Since f is biholomorphic, f : C — C must also be biholomorphic. We can extend f to a

map f : Coo — C as follows:

R F(z) if 2 C,
fop= {71 T

00 if 2 = o0.

Expanding f at oo, we obtain
o
f=a1z+ Z bpz".
n=0

Since f — a1z is holomorphic on C., it must be a constant, which we denote by k.
Therefore, f = a1z + k is holomorphic on C. If we require the lattices to match at the

origin, then x = 0. Moreover, we can express f(72) and f(1) in terms of elements of I',
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as follows:

f(r2) = a1mo = amy + b, (B.0.1)

and

f(1)=a1 =cn +d, (B.0.2)

where a,b,c,d € Z.

In matrix notation, this can be written as:

(7'2) T2 a b 1
:a]. =

f(1) 1 ¢ d) \1

Using Equation (B.0.2) in (B.0.1), we obtain:

am +b
— . B.0.3
E cr +d ( )

Since 19 € H and Im(72) > 0, we have:

(ad — bc)

which implies (ad—bc) > 0. This shows that f is invertible. Therefore, f~'o f r,, = Idr

1 =
det f

727
implying that
ad —bc=1.

€ Z. Combining this with the previous results, we conclude that

(<) By changing the basis of the lattice using Equation (B.0.3), and noting that

f: Ty, — T, is a biholomorphism, we conclude that 7%, ~ T, .
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