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Abstract

Industrial process monitoring aims to guarantee process safety and improve production effi-

ciency by detecting the happening of faults or predicting the remaining useful life of key com-

ponents. The data-driven process monitoring technique has been found quite useful across

various fields, including chemical, semiconductor, and advanced manufacturing. However,

the existing methods still face challenges including the lack of sufficient training data, the

complicated time-varying change in process conditions, the redundancy of available signal

features, etc. In this study, a novel framework referred to as time and sensor domain data

decomposition and analysis, that has potential to be used to address these problems, is de-

veloped and validated in application to an essential topic in advanced manufacturing process

monitoring, namely the prognostic and health management of cutting tools.

This dissertation contains seven chapters. In Chapter 1, the research background and ob-

jectives are described. A comprehensive review of the data-driven tool condition monitoring

(TCM) methods are presented in Chapter 2. The novel time-sensor decomposition frame-

work is established in Chapter 3, with a direct application to fault diagnosis of cutting tools in

milling processes. Afterwards, three main topics including process anomaly detection, time-

varying process monitoring, and process states prediction are studied, respectively. Chapter

4 proposes a time-sensor domain synthesis framework to resolve the problem of insufficient

anomaly samples. Chapter 5 develops a recursive time-sensor decomposition approach to

adapt to the time-varying trend of process variations. Chapter 6 introduces a local regu-

larisation assisted split augmented Lagrangian shrinkage algorithm to deal with the feature

selection problem in the existence of numerous redundant features. Both experiment and

simulation studies are conducted to show the the performance of the proposed methods. In

Chapter 7, some conclusions obtained during this project and future works are summarised.

The prime contributions of this project are summarised as follows.
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1. A novel time and sensor domain data decomposition and analysis framework is

proposed, which compresses the multi-sensor signals into a lower number of time

and sensor domain components (TDCs and SDCs) with dominant information re-

maining. Both time and sensor domain feature are used to build a tool fault dia-

gnosis model. The results show that the obtained features grasp the dominant

information and achieve a stable and optimal performance in different cases.

2. A novel time-sensor domain synthesis framework is designed to provide a solution

to unsupervised detection of cutting tool breakage without the involvement of a

training data set. The sensor domain information is exploited to determine the

baseline cutting passes while the time domain information is used to generate tool

condition-related features. The approach can create an unsupervised tool breakage

detection model, and adaptively update the threshold to realise accurate anomaly

detection.

3. A novel recursive time-sensor decomposition algorithm is proposed by exploiting

the temporal dependency among different data snapshots. The obtained SDCs

and TDCs can represent the general trend and the overall time-varying behaviours

(including both normal and fault-induced variations) of an industrial process, re-

spectively. This enables the creation of novel TDCs-based control chart statistics,

and SDCs-based adaptive control limits, ensuring a good trade-off between fault

detection rate and false alarm rate.

4. A local regularisation assisted split augmented Lagrangian shrinkage algorithmis

proposed under the Bayesian evidence framework, introducing an individual pen-

alty parameter for each model coefficient. During the optimisation process, redund-

ant variables can be pruned accordingly, which significantly reduces the overall

computing complexity. In feature selection of process prediction problems, this al-

gorithmmethod exhibits impressive model sparsity, prediction accuracy, and higher

computational efficiency.

5. Extensive milling experiments have been conducted over the period of this pro-

ject. To validate the effectiveness of the proposed algorithms in real manufacturing

processes, all the experimental conditions are designed according to production

specifications. During the experiments, common signals used in TCM are collec-

ted from the numerical control system and external sensors. The analysis results

show that the challenges existing in current process monitoring systems can be

effectively addressed under the proposed frameworks.
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1
Introduction

1.1 Background and motivation

Industrial process monitoring plays a pivotal role in guaranteeing process safety and improv-

ing production efficiency. This has been found quite useful across various fields, including

chemical, semiconductor, and advanced manufacturing [1–3]. Recent advances in meas-

urement technology have led to a surge of industrial data, paving the way for data-driven

approaches that leverage statistical analysis of multiple variables [4, 5]. Taking the tool condi-

tion monitoring (TCM) as an example, this section introduces the background and motivation

of this project as follows.

In advanced manufacturing, metal machining is widely used to produce parts meeting the

design requirements. The pursuit of high productivity/quality, and low time/economic cost

is an eternal theme of the manufacturers. The machining process consists of a series of

physical processes, which are generally analysed by investigating mechanical, thermal, and

chemical mechanisms separately or synthetically. Among various machining elements, such

as the machine tool, fixture, and workpiece, the cutting tool is identified as the most active

element [6]. Because the tool is associated with material removal directly and the change in

tool condition, including tool wear and breakage, significantly affects the surface integrity of

the parts. In terms of the production cost, the cutter-related cost should never be ignored,
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too. To be specific, 3-12% of the total cost is used for the purchase of new cutters and 7-20%

of machining downtime results from tool failure or tool replacement [7, 8].

Even though an unbroken tool is essential for perfect surface roughness and dimension

accuracy, a tool inevitably damages itself during the cutting process due to mechanical ab-

rasion and chemical effects [9]. There are two types of performance degradation of the tool,

namely progressive wear and sudden breakage. According to ISO-8688-1, tool condition

is determined by the width of tool flank wear at the cutting edge. A wear amount of 0.3

mm is suggested to be used as the tool life limit. Figure 1.1 shows the tool flank wear versus

cutting time under progressive wear and tool breakage, respectively. Gradual wear indicates

a typical tool degradation process, which can be divided into initial, normal and severe wear

regions sequentially (see Figure 1.1 (a)). The tool wear increases at different rates in these

regions. However, the tool breakage can happen suddenly and randomly at any stages as

shown in Figure 1.1 (b). In this case, the tool wear amount may change abruptly. The tool

breakage can be induced by many factors, such as the existence of hard particles within the

workpiece, the intermittent cutting process, and the high-speed and heavy-load conditions.

All these factors put extremely high stress and shocks over the tool. Minor breakage occurs

in the form of cutting edge breakage like chipping. Catastrophic breakage could be breakage

of the tool shank.

When the tool is severely worn or tool breakage occurs, the tool will lose its cutting ability.

Experimental results show that using a tool in failure state could cause unexpected vibration

and deteriorate the finished surface [10]. Ideally, the cutter should to be replaced when the

flank wear width is as close to the critical value as possible or in the first place when breakage

happens so that the utilisation of the cutting tool is maximised without damaging the parts.

But the literature has pointed out that only 50-80% of the tool lifecycle is effectively used in

practice [11].

Figure 1.1: Schematic diagram of tool wear and breakage failure: (a) progressive tool wear, (b) sudden tool

breakage occurring randomly during the cutting process.
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To resolve this issue and realise prognostic and health management (PHM) of cutting tools,

it is ideal to know the real-time condition of the tool during the machining process. The TCM

technology can achieve this target. As mentioned in [10], an accurate and reliable TCM system

can increase cutting efficiency and reduce overall costs by 10-50% and 10-40%, respectively.

The TCM system is usually categorised into direct and indirect methods. Direct TCM method

refers to directly measuring the changes in the cutting edge shapes by optical equipment

and machine vision algorithms. From the image of the tool flank surface, the accurate tool

condition can be quantified, such as the flank wear width, wear volume, and the degree of

breakage. However, the direct TCM system cannot be exploited in real-time because the tool

is constantly rotating and cutting the workpiece. Stopping the operation of the machine tool

to measure the tool condition brings about additional downtime cost, which is not an optimal

solution to the current problem.

Recently, intelligent manufacturing is reshaping the industry. Sensors are embedded into

the manufacturing systems to provide the so-called industrial big data [8]. Now the indirect

monitoring method enabling real-time monitoring of tool conditions has become the research

hotspot. Physical signals, including spindle current and power, vibration, cutting force, sound,

and acoustic emission (AE) are associated with the tool condition and can be acquired by dif-

ferent sensors. These signals reflect characteristics of the machining process. From them, tool

condition-related information can be extracted using appropriate signal analysis algorithms.

To analyse the sensor signals effectively, model-based and data-driven approaches are well

developed in the literature.

The model-based approach identifies the tool condition using physical model of the cutting

process [9, 12–14]. The model is constructed based on the principle in material mechanics

and thermodynamics, which reveals the relationship between physical variables (e.g., force,

vibration, power) in a machining process. The relationship itself, is related to the tool condition.

Thus useful indices can be obtained by the model parameters evaluated from the sensor

measurements. As such a model represents physically meaningful dynamics of the cutting

process, it has the potential to be generalised to similar processes easily. However, the

derivation of the physical model involves many theoretical assumptions. Sometimes the

complex and nonlinear relationship in real world is significantly simplified such that the built

model is not sensitive enough to the change in tool conditions. Hence, the model-based

approach can only find limited applications in practice.

The drawback with the model-based approach can be overcome by the data-driven ap-

proach. Instead of building physical models, the data-driven TCM system directly utilises the

relationship between the tool condition and sensor signals. It usually comprises four steps
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which are signal collection and pre-processing, feature extraction, feature reduction, and de-

cision making. As mentioned above, a large volume of sensor data are now available in

intelligent manufacturing. Given that multi-sensor signals describe the machining process

more comprehensively, more studies are focusing on the multi-sensor data-driven approach

by integrating different sensors such as the dynamometer, accelerometer, and AE sensor [15,

16]. Then the signal processing algorithms are performed to extract signal features in the

time domain, frequency domain, and time-frequency domain [17]. For instance, common

features include signal statistics, frequency spectrum, and time-frequency spectrum. These

multi-sensor signal features consist of a matrix known as feature dictionary. However, using

redundant features will not only increase computational complexity, but also introduce the

risk of overfitting [18, 19]. It is necessary to develop a dimension reduction algorithm to ob-

tain the most important features and avoid information redundancy. The important features

can be a subset of all features or different combinations of original features. In terms of the

decision-making step, many models can be used for tool breakage detection and tool wear

monitoring. Nowadays, machine learning (ML) and deep learning (DL) models are widely

investigated in this field [20–22]. To obtain better generalization performance, most of the

learning models should be trained on a large training dataset. However, there is often a lack

of sufficient abnormal samples for a machining process. Therefore, some researchers have

paid attention to imbalanced data learning methods [23] and unsupervised learning models

[24, 25].

This project tries to develop a process monitoring system based on multi-sensor data

analysis. The performance of the proposed methods will be validated and demonstrated by

applications to the PHM of cutting tools. Instead of focusing on the feature-layer information,

this study aims to investigate a novel data-layer fusion strategy, which is still a gap in the

literature [26]. This method not only provides a solution to the data compression problem

in a monitoring system with a huge number of sensors, but also reveals the the interaction

between original sensor signals in process monitoring.

The research idea is inspired by the concept of time-space decomposition in distributed

parameter systems (DPSs) modelling [27, 28]. DPSs are usually time-space coupling and

widespread in science and engineering. The system dynamics is typically modelled by partial

differential equations (PDEs), which are difficult to solve directly. Researchers have proposed

the so-called time-space separation modelling approach, which decomposes the time/space

coupling kernels into separate time and space domains. By selecting a few dominant spatial

basis functions (SBFs), the original system can be represented by a less number of time

coefficients and SBFs, significantly reducing the model complexity.
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In data-driven modelling, the Karhunen-Loéve decomposition (KLD) algorithm is widely

used to determine empirical SBFs from the sensor measurements [28, 29]. This idea can be

extended to the multi-sensor data analysis in process monitoring. Note that in DPSs modelling,

sensors of the same type are deployed in different locations to measure one physical variable.

After the time-space decomposition, the time coefficients represent the change in system

dynamics over time while the SBFs are only dependent on spatial locations and described

by data vectors. Unlike in DPSs modelling, the data in the process monitoring field are

usually collected from heterogeneous sensors. These sensors are not necessarily located in

specific locations as the spatial association is not of the main interest. Mathematically, the

decomposition of heterogeneous signals is the same as in the case of homogeneous signals.

The generated time coefficients, which are named time domain components (TDCs) in this

study, still represent the time-varying properties of the process. While the basis functions no

longer represent different spatial location-related information but the information related to

different sensors. This domain is, therefore, referred to as the sensor domain and the basis

functions are called sensor domain components (SDCs) in the present study. Consequently,

the novel decomposition is named as time-sensor decomposition (TSD).

1.2 Challenges and objectives

This research focuses on the requirements of industrial process monitoring with special at-

tention to PHM of cutting tools in advanced manufacturing. The main challenges that will be

addressed are summarised as follows.

1. Framework design: even though the time-space decomposition approach has been

well established in DPSs modelling, this study is the first attempt to develop a time

and sensor domain data decomposition and analysis framework for multi-sensor

data-driven process monitoring. The prerequisites that multi-sensor signals should

meet remain unclear. The methodology for extracting different information from

time and sensor domain components and integrating these information effectively

has not been proposed. Except for the framework design, its advantages and

limitations in real applications also need to be investigated systematically.

2. Process anomaly detection: in the machining process monitoring, one target is

to detect the happening of tool breakage. Usually, a large amount of anomaly

samples are necessary to determine an appropriate threshold or train a robust

model. However, it is unrealistic to perform extensive destructive experiments to
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obtain sufficient data sets. Even though the unsupervised method avoids model

training, it suffers from the problem of baseline state determination. The empirical

knowledge is not always reliable and sometimes fails to detect actual tool break-

ages.

3. Time-varying process monitoring: the changes of process states typically happen

with a time-varying trend of variations. For example, the tool wear amount is

always increasing, making it hard to find out when the tool wear amount exceeds a

limit value. Many existing process monitoring models are too sensitive such that the

normal tool wear increase rather than severe wear can trigger an alarm. Existing

adaptive models rely on strict assumptions on the process itself, suffering from

high false alarm rate, too. The challenge in the time-varying process monitoring is

how to follow the slow and normal changes and trigger alarms only when a truly

abnormal shift occurs.

4. Feature selection in process prediction: accurate prediction of process states forms

the basis of process optimisation and control. For instance, estimating the remaining

useful life (RUL) of the tool can avoid significant economic loss. However, multiple

signals and numerous features may give rise to high computation cost and overfit-

ting risk. It is necessary to discard redundant features to build a sparse regression

model. Current methods cannot reach a good trade-off between model sparsity

and prediction accuracy.

To fill these gap, this study, for the first time, proposes the time-sensor domain data

decomposition and analysis framework and apply this method to tool condition monitoring.

The following objectives will be investigated.

1. To systematically and comprehensively review the state-of-art of the TCM field

and appraise the mainstream methodologies regarding both pros and cons, which

provides a reference for researchers to better understand the key issues. The prob-

lem existing in practical applications will be analysed in order to propose more

reliable monitoring methods.

2. To propose the methodology based on the novel idea of the time and sensor

domain decomposition and associated feature extraction for process fault diagnosis

models and make a comparison with raw signal features and feature-layer fusion

methods.

3. To develop an unsupervised process anomaly detection method by synthesising the
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obtained time and sensor domain information. The dependency on prior know-

ledge and extensive labelled data sets should be avoided.

4. To improve the time-sensor decomposition method so as to be applicable in time-

varying process monitoring. Instead of applying TSD to each data snapshot sep-

arately, the temporal dependency among different data snapshots should be con-

sidered. A recursive TSD method should be developed to separate the general trend

from the overall time-varying behaviours of an industrial process.

5. To develop a new feature selection algorithm such that redundant terms are re-

moved and a sparse process states prediction model can be obtained. The pro-

posed algorithm should exhibit a good trade-off among model sparsity, prediction

accuracy, and computational efficiency.

6. To apply the proposed methods to real-world scenarios including tool fault dia-

gnosis, tool breakage detection, tool wear monitoring, and tool wear prediction.

It is expected that, in the future, the proposed TSD-based TCM methods can be

implemented in practice as a part of the intelligent manufacturing system. Such

a system will help manufacturers utilise their cutting assets more effectively and

avoid serious sequences induced by cutting tool failure.

1.3 Research contributions

The prime contributions gathered throughout the development of this project are summarised

as follows.

1. A novel time and sensor domain data decomposition and analysis framework is

proposed. Under this framework, the multi-sensor signals are compressed into a

lower number of time and sensor domain components with dominant information

remaining. The analysis of TDCs and SDCs is investigated. Both time and sensor

domain feature are used to build a tool fault diagnosis model, whose performance

is demonstrated through milling experiments. The results show that the obtained

features grasp the dominant information including the correlation relationship of

raw signals, which help to achieve a stable and optimal classification performance

in different cases.

2. A novel time-sensor domain synthesis framework is designed to provide a solu-
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tion to unsupervised detection of cutting tool breakage without the involvement of

a training data set. The sensor domain information is exploited to determine the

baseline passes and adaptively update the TBD threshold while the time domain

information is used to generate features for TBD. The approach can resolve diffi-

culties with lacking sufficient data to train a robust supervised classification model

for TBD, and circumvent problems with existing unsupervised TBD techniques in

threshold determination.

3. Furthermore, a novel recursive time-sensor decomposition algorithm is proposed

by exploiting the temporal dependency among different data snapshots. The ob-

tained SDCs and TDCs can represent the general trend and the overall time-varying

behaviours (including both normal and fault-induced variations) of an industrial pro-

cess, respectively. This enables the creation of novel TDCs-based control chart stat-

istics, and SDCs-based adaptive control limits, ensuring a good trade-off between

fault detection rate and false alarm rate. The proposed framework is applicable to

time-varying industrial process monitoring.

4. A local regularisation assisted split augmented Lagrangian shrinkage algorithm

(LR-SALSA) is proposed under the Bayesian evidence framework, introducing an

individual penalty parameter for each model coefficient. An iterative algorithm is

derived to optimise these hyperparameters relying on the dataset only. At each iter-

ation step, according to the values of the penalty parameters, redundant variables

can be pruned in time, which significantly reduces the overall computing com-

plexity. In feature selection of process prediction problems, the LR-SALSA method

exhibits impressive model sparsity, prediction accuracy, and higher computational

efficiency.

5. Extensive milling experiments have been conducted over the period of this pro-

ject. To validate the effectiveness of the proposed algorithms in real manufacturing

processes, all the experimental conditions are designed according to production

specifications. Various types of tool failure including breakage and excessive wear

have been produced, which enables a comprehensive study on PHM of cutting

tools. During the experiments, common signals used in TCM are collected from

the numerical control (NC) system and external sensors. The proposed algorithms

are then applied to analyse these multi-sensor data. Results show that the chal-

lenges existing in current TCM systems can be effectively addressed under the novel

framework.
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1.4 Dissertation outline

This thesis consists of seven chapters covering introduction, literature review, the proposed

methods with applications to PHM of cutting tools, and conclusions. The layout of the thesis

is shown in Figure 1.2.

Figure 1.2: The layout of the rest of the thesis.

• Chapter 1: The research background, objectives, and contributions are described

briefly in this chapter.

• Chapter 2: A comprehensive and systematic literature review of the data-driven

TCM methods is presented, including the key steps of multi-sensor system, feature

extraction, feature reduction, and model building. Most of the techniques are also

applicable to industrial process monitoring.

• Chapter 3: A brief summary of the time-space decomposition method in DPSs

modelling is given as a foundation of the proposed time-sensor decomposition

framework. The specific methodology regarding the decomposition and analysis

procedure is proposed, with a fault diagnosis model presented. The benefit of

this novel framework, compared with raw signal feature-based method, is demon-

strated through two case studies where the time and sensor domain components

are directly applied to tool fault diagnosis in milling processes.
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• Chapter 4: The problems with existing process anomaly detection methods are ana-

lysed first. Then a novel unsupervised model is proposed based on an innovative

time-sensor domain synthesis framework. Based on the decomposition results, rep-

resentative features are extracted from the TDCs. Meanwhile, the baseline stages

and corresponding threshold can be determined and updated adaptively according

to the clustering analysis of SDCs. The Mahalanobis distance-based method is then

proposed to perform the anomaly detection. The proposed approach has been ap-

plied to the analysis of sensor data from two practical machining experiments for

tool breakage detection. The results show the effectiveness and advantages of

the new approach over existing techniques in terms of both computation time and

overall accuracy in anomaly detection.

• Chapter 5: The challenges existing in time-varying process monitoring are re-

viewed. A novel time-varying process monitoring approach is proposed. Instead

of applying TSD to each data snapshot separately, the influence of previous snap-

shots on the current multi-sensor data is considered in a recursive way. In this

sense, the TSD algorithm is further extended to a RTSD method. After the data

decomposition, the time and sensor domain components are better related to the

overall changes and underlying trend of the process, respectively, which makes it

applicable to time-varying process monitoring. The proposed approach has been

validated through a simulation study and an experimental study on the tool wear

process during dynamic milling. The results have demonstrated that the new ap-

proach can provide the best trade-off between fault detection rate and false alarm

rate.

• Chapter 6: The importance of feature selection in process states prediction is poin-

ted out first. Then a novel LR-SALSA algorithm is proposed for feature selection.

An individual penalty parameter is introduced to each model coefficient such that

redundant terms are removed immediately. An iterative algorithm, based on the

Bayesian evidence framework, is derived to optimise the local regularisation hy-

perparameters automatically and guarantee model sparsity. The effectiveness of

the proposed approach is demonstrated through both simulation and experimental

studies. The results show that only LR-SALSA has a good trade-off among model

sparsity, estimation accuracy, and computational efficiency in comparison to five

existing feature selection methods.

• Chapter 7: Conclusions and future works are included in this chapter.
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2
Review of industrial process monitoring

techniques with applications to PHM of

cutting tools

2.1 Introduction

Nowadays, intelligent manufacturing has become an indispensable technology that shapes

the future of industrial production. The UK government proposed the High Value Manufac-

turing Catapult in 2013 [30]. The catapult pointed out that the intelligent system was critical

to increase the global competitiveness of products, and the industrial big data played an

important role in advanced manufacturing. The German government described the combin-

ation of Internet technologies and future-oriented smart manufacturing as the ’4th industrial

revolution’, which is also known as Industry 4.0 [31]. The core concept of this strategy was

the Cyber-physical System (CPS). The condition of the virtual model of physical equipment

in the CPS could be driven by process parameters. The intelligent sensing and monitoring

technologies formed the foundation of a CPS.

It should be noted that the terminology of intelligent manufacturing is broad as manufac-

turing usually involves various equipment and techniques. But the metal machining process
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is still the mainstream in production. The importance of real-time tool condition monitoring

during metal machining has been clarified in Chapter 1. The monitoring system of cutting

tools and processes has received widespread attention from both industry and academia.

Figure 2.1: (a) Common monitoring system architecture; (b) Big data oriented tool condition monitoring frame-

work [32].

Many commercial process monitoring products are available in the market. One of the

key functions of these software is TCM. Figure 2.1 shows the architecture and framework of

common TCM systems. The ARTIS GmbH has designed the CTM and GENIOR systems, and

both offer flexible data capture methods [33]. The digital power data are obtained from

the Numerical Controller (NC) and a wide variety of signals, such as cutting force, torque,

and vibration, can be captured via external sensors. Based on the analysis of these data,

the systems can detect tool breakage, tool wear and missing tools. The systems are also

equipped with an adaptive control option allowing automatic learning of the alarm limits to

ensure timely termination of the machine tool when activating the alarm. Furthermore, the

ARTIS GENIOR system can be used for fully unmanned industrial configuration. The Sandvik

Coromant group has released the CoroPlus Process Control modular [34]. It is also capable of

collecting data from the NC system and external sensors. The system includes two solutions

namely collision detector and tool guard. The former can detect the collision between the

spindle and workpiece, and the latter can monitor the tool condition in real-time. If the tool

breakage or missing tool is identified, the machining will be stopped automatically. The Caron
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Table 2.1: Accessibility to multi-sensor signals in some commercial TCM systems

System Power/Torque (NC) Torque (External) Force Vibration AE Strain Coolant

ARTIS ✓ ✓ ✓ ✓ ✓ ✓ ✓

CoroPlus Process Control ✓ ✓ ✓

TMAC ✓ ✓ ✓ ✓

NORDMANN ✓ ✓ ✓ ✓

MONRONIX ✓ ✓ ✓ ✓

ToolScope ✓ ✓ ✓

Engineering’s real-time tool wear and breakage detection system, TMAC, also has multiple

integrated sensors for condition monitoring [35]. Besides the tool wear detection, TMAC

can automatically and instantaneously adjust machining conditions to optimise the process

and reduce cycle time. Many other systems, including NORDMANN [36], MONTRONIX [37],

and ToolScope [38], also provide connectivity to multi-sensor signals and basic functions

like condition monitoring, adaptive feed rate control, and process deviation identification.

Note that most of these systems realise process monitoring by simply comparing the real-

time signal value with a threshold. The difference lies in the connectivity to user interfaces,

accessibility to multiple sensors, and data analysis methods. Table 2.1 shows the signals used

in these systems.

On the academic side, a large number of papers aiming to establish a TCM system have

been published. Recent progresses in the TCM area are reviewed from different angles. For

example, Rehorn et al. [10] presented a review of monitoring methods and results according

to different machining methods, including end milling, face milling, drilling, and turning. Zhu

et al. [39] investigated the state-of-the-art of a specific method, wavelet analysis, for TCM

and further discussed future studies in this track. Zhou and Xue [8] organised their review

following the basic process flow of a TCM system: sensor configuration, feature extraction,

and monitoring model. Serin et al. [40] provided an overview of the literature on TCM and

the most recent deep learning algorithms and pointed out new opportunities for applying

deep learning methods in the TCM area. Recently, the tool breakage monitoring techniques

have been comprehensively reviewed in terms of signal acquisition, feature extraction, and

decision-making [6, 41].

In this chapter, representative literature relate to TCM methods is covered. This compre-

hensive review hopes to present the target and recent trend of four key steps in a typical TCM

system, which are extensively used in the commercial system and reported by the literature
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over two decades. As illustrated in Figure 2.2, the four critical procedures pave the way from

the machining process to the tool replacement decision.

Figure 2.2: Four key steps of a TCM system.

2.2 Multi-sensor system

Process sensing technology is the foundation of the monitoring of a cutting process. The

measurements of physical variables, such as the force induced by material removal, the vi-

bration on the spindle and worktable, and the motor power of the machine tool, are collected

by internal or external sensors. These sensors are usually mounted inside the machine tool

and close to the cutting area. Because the sensors might have different frequency response

property, the physical mechanisms behind the measurements are not the same. Thus, the

multi-sensor configuration is helpful to improve the monitoring accuracy and reduce the

sensitivity to environmental noise compared with the single-sensor scheme. This section will

introduce the characteristics and applications of some popular sensor types.

2.2.1 Cutting force

Cutting force is an important variable in machining because it can guide the design of cutters

and the selection of machining conditions. The force signal is typically measured by the

dynamometer mounting on the worktable. When the tool becomes blunt, the friction between

the cutting edge and workpiece will increase, leading to a larger cutting force. Many studies

have shown that the tangential force is more sensitive to the tool wear and surface roughness

and the axial force is associated with tool breakage [42, 43]. Huang et al. [44] designed a

linear model with cutting force measurements as the input. They showed the model was

effective for tool wear detection and fault diagnosis. Gao et al. [45] proposed a statistical

analysis framework to extract latent and sensitive features from the cutting force signal. High

monitoring accuracy was achieved using the proposed method.

Despite the benefits of cutting force-based monitoring, several limitations still exist in the
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deployment of dynamometers. As explained by Prickett and Johns [42], the physical size of

the workpiece cannot be too large, otherwise, a plate-mounted sensor could not capture the

slight variations of cutting force. Besides, the price of the dynamometer is quite high, which

further limits its application in a TCM system.

2.2.2 Vibration

During a continuous machining process, the rotation speed of the cutting tool or workpiece is

usually constant and induces periodic change, which is discernible through vibration signals.

In condition monitoring, the vibration might be the most widely-used measurement due to

the following advantages. First of all, the accelerometer is much cheaper and can be easily

installed on different components including the spindle, workpiece, and fixture. Besides, the

accelerometer has a high range of frequency response, enabling the detection of more details

and a distinct separation between signals corresponding to sharp and dull cutting edges. This

is attributed to the increased number of sliding contacts with the workpiece surfaces as the

tool undergoes wear [46]. The utilisation of the vibration signal in TCM tasks has been studied

in depth. For example, Yesilyurt and Ozturk [47] investigated the performance of different

features obtained from the vibration signal in terms of revealing transient and progressive

faults of the end mills. They found that the frequency-related features had a clear correlation

with the tool wear. Kang et al. [48] validated the effectiveness of the peak period of spindle

vibrations in tool chipping detection. The representative feature showed a significant increase

as chipping occurred. Xie et al. [49] integrated a wireless vibration sensor directly into the

tool holder in order to reduce the distance from the sensor to the cutting area. The integrated

design simplified the acquisition of vibration signals.

Note that the high dynamic range of accelerometers is a double-edged sword. The vibra-

tion signal is not only sensitive to the cutting process but also to the cutting-irrelevant events

(e.g. unbalance of the rotating parts, kinematic inaccuracy of the drives, the use of coolant)

and environmental noises [50]. In this case, it is still a challenge to extract useful information

from the raw vibration signal.

2.2.3 Acoustic emission

Acoustic emission is defined as the occurrence of exceptionally high-frequency oscillations

resulting from the transient discharge of strain energy [42]. During the material removal pro-

cess, the piezoelectric AE transducer can detect the signal associated with various phenom-
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ena, including plastic deformation of the material, friction stemming from cutter-workpiece

interaction, and instances of tool breakage. The effective frequency range of an AE sensor is

from 20 kHz to 2 MHz. This range is much higher than the mechanical vibration and environ-

mental noises. Researchers have developed many AE signal analysis methods to monitor the

tool failure and predict the amount of tool wear. Belgassim and Jemielniak [51] investigated

the distribution moments of the AE signal collected from the turning process. The results

showed that the catastrophic failure of the cutting tool could be precisely detected. Bhuiyan

et al. [52] examined the frequency spectrum of the AE signals. The subcomponents of tool

wear was separated from the parts related to material removal. A relationship between the

AE signal and tool condition had been found.

The AE signal is quite special due to its insensitivity to low-frequency interference. This

property improves the accuracy of tool breakage detection. However, besides the tooth chip-

ping, the entrance and exit of the cutting edge from the workpiece also cause similar spikes in

AE signals [42]. Hence, valid information of the tool condition is hard to be extracted exactly.

In the literature, distinct AE signal processing algorithms have been proposed to address spe-

cific processes, thereby precluding the establishment of a universal analysis procedure. In

additional, the placement of the AE sensor has a strong influence on the signals availability.

The AE signal-based TCM system is found to be more feasible in low-load machining like

finishing or drilling with small-diameter cutters [53].

2.2.4 Motor current or power

The motor current or power refers to the electric energy that drives the linear motion of

axial systems and the rotary motion of the spindle. These signals are in proportion to the

driving force and torque and thus can be regarded as indirect measurements of the cutting

force. The amplitudes will increase with the evolution of the tool wear. The current can be

measured by a Hall sensor and the power is computed by the product of the current and

voltage. According to the literature, the motor current/power is highly recommended because

of the low cost and there is no need to adjust the machining zone. Li et al. [54] built a model

to estimate the feed cutting force according to the AC servomotor current measurements.

Then the force estimates were used to determine the onset of rapid tool wear. Drouillet et

al [55] utilised the root mean square (RMS) of the spindle power to predict the RUL of the

cutting tool. Experimental results showed that only using power signal could still obtain a fair

prediction accuracy. Shen et al. [56] also extracted a useful feature from the spindle power

signal using time-frequency analysis. The index showed a high correlation coefficient with

the tool wear measurement.
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Table 2.2: Accessibility to multi-sensor signals in some commercial TCM systems

Sensor Signal Pros Cons

Dynamometer Force
Sensitive to the cutting process

Straightforward analysis

Complicated installation

High economic cost

Accelerometer Vibration

Widely used

Easy installation

Low economic cost

Sensitive to environmental noises

AE sensor AE
High frequency response

Roust to interferences
Hard to be analysed effectively

Hall sensor Current/Power
Easy installation

Low economic cost
Capture limited information

Even though the motor current/power can reflect the change in cutting force resulting from

tool wear. Experimental results showed that in high-speed machining, the current was not

sensitive enough to the cutting force because most of the energy was used to drive the

spindle rotation [57]. In addition, the current or power measurements may be confounded

by circuit noise and frictional interactions among mechanical components. The monitoring

accuracy using motor current/power still needs to be improved.

Table 2.2 summarises the characteristics of the sensors discussed above. Note that other

sensing technologies have also been reported in the literature, such as the sound [58], tem-

perature [59], torque [60], and chip reflectance [61]. It can be found that a TCM system

employing a single sensor more or less has some drawbacks. In the framework of multi-

sensor TCM, the lack of information in one sensor signal might be compensated by another

sensor. Hence, researchers have put more attention on designing the TCM system via multi-

sensor configuration. This trend is also reflected by the increasing number of publications

associated with the multi-sensor data-driven TCM strategy [8, 32, 62–64]. But the accuracy

is not necessarily improved with more sensors because of the redundancy of similar signals.

A more efficient and cost-effective approach involves deploying a suite of key sensors while

prioritising the development of advanced signal processing algorithms.
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2.3 Feature extraction technique

Before feature extraction, the raw signals need to be pre-processed by segmentation and

filtering. Segmentation is employed to isolate data segments corresponding specifically to

continuous cutting passes, rather than idle strokes. Furthermore, some analysis methods

only focus on the entering of each cutting tooth into the workpiece. Another important pre-

processing method is low-pass or band-pass filtering, by which the high-frequency noises

should be removed. When the pre-processing has been completed, different data processing

algorithms can be carried out to construct some representative indices. Ideally, these indices

are expected to be highly associated with the tool condition and be robust enough to envir-

onmental interference. In this section, features in three typical domains will be introduced,

namely the time-domain, frequency-domain, and time-frequency domain features.

2.3.1 Time-domain features

The sensor signal is always collected at a constant sampling rate. The most common time-

domain features are descriptive statistics, such as mean, variance, RMS, etc. The time series

analysis technique has also been used to capture the dynamics of the cutting process. Com-

mon models include autoregressive (AR), moving average (MA), and autoregressive and mov-

ing average (ARMA). Then the model coefficients are used as features. In TCM, the data fea-

tures are extracted repeatedly every time a new data segmentation is available till the end

of the tool life. One set of features should reflect the tool condition over a certain machining

period. These features ideally exhibit a robust correlation with measurements of tool wear.

For simplification, the sensor signal is denoted as 𝑥𝑛 , 𝑛 = 0, 1, . . . , 𝑁 − 1, where 𝑁 is the

number of samples. The formulas of common statistical and model-based features in the

time domain are shown in Table 2.3.

In this table, mean, variance, skewness and kurtosis are the first to fourth-order statistical

distribution moments of the data. Mean and variance are well known, which represent the

average value of data points and the degree of fluctuation around this mean value, respect-

ively. Skewness is the third-order moment normalised by the cube of standard deviation. It

is a measure of the symmetry of the data distribution. Kurtosis quantifies the extent of the

tails of a data distribution relative to a normal distribution. A data set with high kurtosis tends

to have more outliers. The next feature, RMS reflects the signal energy information instead

of the waveform. It is an effective indicator of the overall power content of the signal. But

RMS is not sensitive to the transient pattern. Peak and range are linked to the maximum and
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Table 2.3: Time-domain features and associated formula

Feature Formula

Mean 𝑥̄ = 1
𝑁

∑𝑁−1
𝑛=0 𝑥𝑛

Variance 𝜎2 = 1
𝑁−1

∑𝑁−1
𝑛=0 (𝑥𝑛 − 𝑥̄)

2

Skewness 𝑥𝑠𝑘𝑒 =
1

𝑁−1
∑𝑁−1
𝑛=0 (𝑥𝑛 − 𝑥̄)

3 /𝜎3

Kurtosis 𝑥𝑘𝑢𝑟 =
1

𝑁−1
∑𝑁−1
𝑛=0 (𝑥𝑛 − 𝑥̄)

4 /𝜎4

RMS 𝑥𝑟𝑚𝑠 =

√
1
𝑁

∑𝑁−1
𝑛=0 𝑥

2
𝑛

Peak 𝑥𝑝𝑒𝑎𝑘 = max (𝑥𝑛)

Range 𝑥𝑟𝑎𝑛𝑔𝑒 = max (𝑥𝑛) −min (𝑥𝑛)

Crest Factor 𝑥𝑐𝑟 = 𝑥𝑝𝑒𝑎𝑘/𝑥𝑟𝑚𝑠
Count 𝑥𝑐𝑜𝑢𝑛𝑡 = Count (𝑥𝑛 > 𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑)

AR Coefficients 𝑥𝑛 = 𝑐 +∑𝑝

𝑙𝑎𝑔=1 𝜙𝑙𝑎𝑔𝑥𝑛−𝑙𝑎𝑔 + 𝜀𝑛 , where 𝑝 is the model order

MA Coefficients 𝑥𝑛 = 𝜇 + 𝜀𝑛 +
∑𝑞

𝑙𝑎𝑔=1 𝜃𝑙𝑎𝑔𝜀𝑛−𝑙𝑎𝑔 , where 𝑞 is the model order

ARMA Coefficients 𝑥𝑛 = 𝑐 + 𝜀𝑛 +
∑𝑝

𝑙𝑎𝑔=1 𝜙𝑙𝑎𝑔𝑥𝑛−𝑙𝑎𝑔 +
∑𝑞

𝑙𝑎𝑔=1 𝜃𝑙𝑎𝑔𝜀𝑛−𝑙𝑎𝑔 , where 𝑝 is the

order of AR term, 𝑞 is the order of MA term

minimum amplitudes of the signal. Crest factor is defined as the ratio of the peak to the

RMS as shown in Figure 2.3. It indicates how extreme the peak is in the waveform. Thus

this feature can be used to detect instantaneous changes in the cutting process. Count is the

number of samples exceeding a pre-set threshold.

In addition to statistics, some researchers have focused on the process dynamics by mod-

elling the sensor data. Two types of model have been widely used, which are physical model

and time-series model. Physical model refers to a mathematical model describing the phys-

ical relationship between the tool condition and other process variables. It directly provides

the estimation of varying tool state at any time point [12–14]. However, due to the uncer-

tainty of external factors, a deterministic model cannot sufficiently represent the machining

process. The time-series modelling aims to build a stochastic model with discrete input/output

data, expressing the system dynamics from a probabilistic point of view [65]. This method is

totally data-driven. The underlying tool condition can be obtained via the model parameters

or system features. For instance, Liang and Dornfeld [66] estimated an AR model from the

AE signal and organised the model parameters as a feature vector. The analysis result sug-

gested that the evolution of this vector was related to the change in tool wear. The statistics

of the residuals, which are the difference between model predicted outputs and true val-
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ues, can also reflect the disturbance of machining condition or workpiece machinability [42,

67]. Recently, a novel sensor data modelling and model frequency analysis-based method

has been proposed for detecting tool anomalies [68]. The nonlinear relationship between

input and output vibrations was modelled by a nonlinear autoregressive exogenous model

(NARX), from which the nonlinear output frequency response functions (NOFRFs) were identi-

fied to represent process dynamics. The results proved that the model features had a better

generalisation performance in comparison with signal statistics.

Figure 2.3: Diagram of several time-domain features.

2.3.2 Frequency-domain features

In the frequency domain, signals are depicted through the frequency spectrum, illustrating

the amplitudes of distinct frequency components. As the periodicity of the cutting process

induces periodic changes in the sensor signal, the component associated with the cutting

tool condition can be easily extracted by checking the tooth passing frequency (TPF). The

frequency analysis is based on the discrete-time Fourier transform (DTFT) and the discrete

Fourier transform (DFT). The DTFT of a piece of signal 𝑥 is written as

𝑋(𝑒 𝑗 𝑓 ) =
𝑁−1∑
𝑛=0

𝑥𝑛𝑒
−𝑗 𝑓 𝑛 (2.1)

where 𝑓 denotes discrete frequency. DFT is the DTFT, eq. (2.1), evaluated at 𝑓𝑘 = 2𝜋𝑘/𝑁, 𝑘 =
0, 1, . . . , 𝑁 − 1, with a discrete frequency resolution of 2𝜋/𝑁 . As the DTFT/DFT results are

complex values, the frequency-domain graph shows both the amplitude and phase spectra

of the signal. For simplification, the amplitude of DFT 𝑋(𝑒 𝑗2𝜋𝑘/𝑁 ) is written as 𝑋𝑘 , 𝑘 =

0, 1, . . . , 𝑁 − 1. The common frequency-domain features are shown in Table 2.4.

The formulas of most frequency-domain features are similar to those in the time domain.

However, in the frequency domain, the calculation may not necessarily utilise all amplitudes

across the whole frequency range. Instead, researchers can focus on the amplitudes over

a certain frequency range or at a certain frequency and its harmonics, such as the tool
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Table 2.4: Frequency-domain features and associated formula

Feature Formula

Mean 𝑋̄ = 1
𝑁

∑𝑁−1
𝑘=0 𝑋𝑘

Variance 𝜎2
𝑋
= 1

𝑁−1
∑𝑁−1
𝑘=0

(
𝑋𝑘 − 𝑋̄

)2

Skewness 𝑋𝑠𝑘𝑒 =
1

𝑁−1
∑𝑁−1
𝑘=0

(
𝑋𝑘 − 𝑋̄

)3 /𝜎3
𝑋

Kurtosis 𝑋𝑘𝑢𝑟 =
1

𝑁−1
∑𝑁−1
𝑘=0

(
𝑋𝑘 − 𝑋̄

)4 /𝜎4
𝑋

Peak 𝑋𝑝𝑒𝑎𝑘 = max (𝑋𝑘)

Peak Frequency 𝑓𝑝𝑒𝑎𝑘 , the frequency where 𝑋
(
𝑓𝑝𝑒𝑎𝑘

)
= 𝑋𝑝𝑒𝑎𝑘

Crest Factor 𝑋𝑐𝑟 = 𝑋𝑝𝑒𝑎𝑘/𝑋̄

Harmonics of TPF 𝑋𝑡𝑝 𝑓 =
∑𝐾
𝑘=1 𝑋 ( 𝑓𝑘), where 𝑓𝑘 denotes the 𝑘-th order harmonic of TPF

frequency and tooth passing frequency. Other frequency-domain analysis methods have

been reported in the literature as well. As introduced by Kilundu et al. [69], effective features

could be extracted from the singular spectrum of the vibration signal. Ai et al. [70] utilised the

acoustic spectrum and linear predictive cepstrum coefficients of the sound signal to produce

effective indices of cutting tool conditions.

2.3.3 Time-frequency-domain features

Note that a common assumption in the calculation of both time-domain and frequency-

domain features is that the signal is stationary, which is not always true for the signals col-

lected from a cutting process [39]. This shortcoming can be lessened by the time-frequency

analysis techniques. Initially, the wavelet transform (WT) is proposed to obtain the time-

frequency representation of a sensor signal. The basic concept is to decompose the signal

into different scales. The highest scale corresponds to the low-frequency content or the gen-

eral trend of the signal. With the decrease of the scale, the components at higher frequencies

remain. The WT yields a time-frequency spectrum, enabling the extraction of amplitude val-

ues for each frequency band at any given time point. The popular WT algorithms include

continuous WT (CWT), discrete WT (DWT), and wavelet packet transform (WPT).

In wavelet analysis, the signal is decomposed based on a function family 𝜓𝑏,𝑎(𝑡). These
functions are generated from a wavelet basis function 𝜓(·) through scaling and time-shifting
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operations. The relationship is described as

𝜓𝑏,𝑎(𝑡) =
1√
𝑎
𝜓

(
𝑡 − 𝑏
𝑎

)
(2.2)

where 𝑎 defines the scale and 𝑏 denotes the time shift.

Then, the CWT of the signal 𝑥(𝑡) is defined as the inner product of 𝑥(𝑡) and the wavelet

basis function, i.e.,

𝐶𝑊𝑇𝑥(𝑏, 𝑎) =
1√
𝑎

∫ +∞

−∞
𝑥(𝑡)𝜓

(
𝑡 − 𝑏
𝑎

)
𝑑𝑡 = ⟨𝑥(𝑡),𝜓𝑏,𝑎(𝑡)⟩ (2.3)

In practice, the CWT algorithm is not computationally efficient. The DWT is proposed as

a fast and efficient algorithm with 𝑎 = 2𝑗 , 𝑏 = 𝑘2𝑗 [71]. In DWT, a two-scale relationship

between the so-called mother wavelet and father wavelet is defined to calculate the wavelet

coefficients directly,

𝐷𝑊𝑇𝑥(𝑗 , 𝑘) = 2−𝑗/2
∫ +∞

−∞
𝑥(𝑡)𝜓

(
2−𝑗𝑡 − 𝑘

)
𝑑𝑡 (2.4)

In CWT and DWT, there is a trade-off between the frequency resolution and temporal

resolution. It means in high-frequency bands, the temporal resolution is fine while the fre-

quency resolution is limited and vice versa. This limitation is resolved by the WPT algorithm

which further decomposes the high-frequency components into more scales. Hence, the

high-frequency information can be subdivided and analysed at a higher resolution.

In the TCM field, many researchers select the WT coefficients as representative features.

Torabi et al. [72] extracted the energy of different scales from the CWT results of force and

vibration signals and fed them into a fuzzy clustering system. The result showed that the

CWT features recorded changes in the tool condition. Madhusudana et al. [73] found the

DWT features of the sound signal performed better than common statistics in a face milling

experiment. Similar findings have also been reported in the comparison between the WPT

features and time-domain features of sound and vibration signals [74]. It should be pointed

out that the performance of the WT features is determined by the wavelet basis function.

An appropriate basis function should be similar to the sensor signal waveform as closely as

possible. While it is difficult to choose such a basis function in real-time.

In recent years, another time-frequency analysis method named Hilbert-Huang Transform

(HHT), which does not rely on the basis function, has been proposed. The HHT algorithm

consists of two steps of empirical mode decomposition (EMD) and Hilbert transform [75]. The
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EMD is used to decompose a signal 𝑥(𝑡) into 𝑁 intrinsic mode functions (IMFs) 𝑐𝑛(𝑡) and a

residual 𝑟(𝑡) in an adaptive way as 𝑥(𝑡) = ∑𝑁
𝑛=1 𝑐𝑛(𝑡) + 𝑟(𝑡). Each IMF component corres-

ponds to a specific frequency band. Instead of using any basis functions, the EMD is carried

out by fitting the upper and lower envelope curves from the signal waveform, extracting the

average of the two curves as an IMF, and decomposing the residual iteratively. In theory, this

decomposition is applicable to any signal, including stationary and non-stationary signals.

After the decomposition, Hilbert transform is applied to each IMF component. It is defined

as a convolution of 𝑐𝑛(𝑡) with the signal ℎ(𝑡) = 1/𝜋𝑡 as given by

𝐻𝑛(𝑡) =
𝑃

𝜋

∫ +∞

−∞

𝑐𝑛(𝜏)
𝑡 − 𝜏

𝑑𝜏 (2.5)

where 𝑃 is the principal value of the integral. The Hilbert spectrum can be obtained according

to the Hilbert transform result. The spectrum displays the time-frequency distribution of signal

amplitudes. As this method is relatively new, the application in the TCM field is not reported

widely, while researchers have already made some interesting attempts. Shi et al. [76]

combined the EMD with independent component analysis to select representative IMFs from

the sound signal. They observed that these components were associated with normal and

broken tool conditions, which could be applied in tool breakage detection. Shen et al. [56]

extracted tool wear-related features from the marginal spectrum of the HHT of spindle power

signals in a drilling process. Figure 2.4 demonstrates typical time-frequency spectrum and

IMF components. Nevertheless, the EMD algorithm faces problems of modal aliasing and

computational inefficiency. More theoretical and practical studies are needed to improve its

applicability in practice.

Figure 2.4: (a) Wavelet time-frequency spectrum; (b) IMF components; (c) Hibert-Huang time-frequency spec-

trum [56].

2.4 Dimension reduction of the extracted features

The use of multiple sensors and multi-domain features causes the problem of ’curse of dimen-

sionality’. In order to reduce the computational burden and eliminate the risk of overfitting,
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the dimension reduction techniques are widely studied by researchers. Typically, two com-

mon approaches for feature reduction are employed, namely feature selection and feature

fusion. The difference between these two approaches lies in whether the final features exist

in the raw feature space or not. In this section, common feature reduction algorithms will be

introduced.

2.4.1 Feature selection algorithms

Feature selection indicates selecting a subset of raw features, in which the dominant informa-

tion is extracted and the redundant or unimportant features are discarded [77]. Dash and Liu

[78] streamlined a typical feature selection process into four stages: creation of a candidate

subset, evaluation of the subset via certain metrics, verification of stop criteria attainment,

and performance assessment of the chosen subset. Based on the evaluation procedure,

feature selection methods can be categorised into three main types, i.e., filter, wrapper, and

embedded methods as shown in Figure 2.5.

Figure 2.5: Framework of three typical feature selection methods: (a) filter method; (b) wrapper method; (c)

embedded method.

The filter method operates by independently evaluating the performance of each feature,

without taking the subsequent learning process into account [79]. Each feature is assigned

a score based on a particular metric. These scores are then used to create a ranking of

the features. Then the top features are selected based on a predefined threshold. Various

metrics have been designed by researchers such as correlation relationship [80], feature

similarity [81], mutual information [82], and relative contribution [83]. For example, in [84]

and [19], the Fisher’s discriminant ratio (FDR) was used to score the features’ discriminability

of cutting tool wear phases in advanced machining. In [62], Cho et al. extracted 135 features

from 8 sensor signals and selected the most effective features using two methods based on
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a correlation metric and 𝜒2 statistics, respectively. The correlation-based feature selection

method was proposed in [15], which selected an optimal subset of features that demonstrated

minimal inter-correlation while maintaining a high correlation with the predicted class. An-

other method used the 𝜒2 test to evaluate the relationship between features and true classes.

The features whose scores exceed a predetermined threshold were subsequently grouped

together as an optimal subset. Zhou et al. [85, 86] proposed a dominant feature identifica-

tion (DFI) scheme for feature selection. Suppose the singular value decomposition (SVD) of

the feature matrix F = [ 𝒇 1, 𝒇 2, . . . , 𝒇 𝑛] ∈ ℜ𝑚×𝑛 was given as F = UΣV𝑇 , where 𝑚 was

the length of samples and 𝑛 was the number of candidate features. The first 𝑞 rows of ΣV𝑇

were extracted and denoted as W = Σ1V𝑇
1 = [𝒘1,𝒘2, . . . ,𝒘𝑛] ∈ ℜ𝑞×𝑛 . Then the columns

of matrix W were grouped into 𝑝 centroids using K-means clustering algorithm. Corres-

pondingly, 𝑝 column vectors in W having the shortest distance to each cluster centroid were

determined. The indices of these vectors were expressed as 𝑐𝑜𝑙[𝒘 𝑖], 𝑖 = 1, ..., 𝑝. In the raw

feature matrix, the 𝑝 feature vectors at the same positions were selected as the dominant

features [ 𝒇 𝑐𝑜𝑙[𝒘1], 𝒇 𝑐𝑜𝑙[𝒘2], . . . , 𝒇 𝑐𝑜𝑙[𝒘𝑝]]. The analysis showed that the DFI-selected features

could achieve the minimal total least-squares estimation error compared with other statist-

ical methods such as principal component analysis (PCA) [87]. In the TCM field, the mutual

information has also been used for the selection of tool wear-related features [88]. Although

filter methods are computationally efficient, the selected features may not be optimal for the

target learning algorithms due to the lack of guidance from a specific learning algorithm.

This issue can be addressed in the wrapper and embedded methods.

The wrapper method evaluates the quality of features based on the predictive perform-

ance of a predefined learning algorithm. The feature subset that yields the best predictive

performance is used as the selected ones [89]. Common search approaches include the

sequential algorithm [25], Genetic Algorithm (GA) [16], Ant Colony Optimization (ACO) [90],

and Grey Wolf Optimization (GWO) [91]. In [25], the authors extracted 151 time-domain and

frequency-domain features from 8 sensor signals. A forward and backward sequential fea-

ture subset selection method was used to identify the optimal feature subset and finally only

13 features were selected. Zhou and Xue [16] extracted 175 features from 7 sensor signals.

A kernel-based extreme learning machine (KELM) was employed as the regression model,

in which the performance of the feature subsets was optimised by GA. During the search

process, the optimization objective was defined as the root mean squared error between the

predicted values of the KELM model and the actual values. Experimental results indicated that

the GA-KELM-based features outperformed those selected by typical filter methods. Liao [90]

extracted AR model coefficients and WT spectrum energy as an initial feature set. Then the

ACO-based method and the sequential forward floating method were both used for feature
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selection. The objective function was defined as the performance of four different classifiers.

The effectiveness of selected features was validated through grinding experiments. However,

it should be noted that there are two specific limitations of the wrapper method that impede

its practical application. Firstly, the selection process is quite time-consuming, as the ma-

chine learning model must be trained and tested for every possible feature subset and the

size of the search space increases exponentially as the feature candidates increase [79]. The

second limitation is related to the use of the model’s accuracy as the objective function. This

strategy may yield a feature subset that exhibits high accuracy on the training data but low

generalisation capability.

The embedded method improves computing speed by integrating feature selection into

the training process [92]. The contribution of each feature on the prediction results is as-

sessed, and the most effective features are chosen. Various metrics have been proposed

for ranking features, including the mutual information and its expansion, weights of a clas-

sifier, regularization parameters, and results of a decision tree model. As a relatively new

method, the embedded method has not been widely applied in mechanical system condition

monitoring. In [93], Yu proposed a logistic regression with penalization regularization (LRPR)

method to select tool condition-related physical variables. The importance of each feature

was identified by the penalization term. Then the top-ranked features were selected. The

author utilised a logistic regression with manifold regularization (LRMR) model to assess the

health state of the tool. The proposed method contained an adaptive learning scheme that

reduced the number of parameters to be adjusted. Yang et al. [94] designed an embedded

feature selection method for unsupervised outlier detection. The score of each feature was

given based on the isolation forest and penalty value. Experimental results on three industrial

datasets showed the proposed method could yield sensitive features, outperforming some

common outlier indicators. Li et al. [95] proposed a feature selection method based on rel-

evance vector machine with an approximated marginal likelihood. The posterior probability

over coefficients and hyper-parameters of the prediction model was optimised. During this

process, the feature selection was automatically performed. Case studies on two industrial

datasets including the overflow particle size dataset and the mass of boiler stream data-

set demonstrated the advantages of this method. As can be seen, the embedded method

provides a trade-off between filter and wrapper methods, allowing to extract target-oriented

features with less computational costs. In the future, it is expected to be a research hotspot

in the TCM area.
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2.4.2 Feature fusion algorithms

Feature fusion methods reduce the dimensionality of the feature space by combining mul-

tiple features from different domains and sensors into a single one. This method increases

concentration of available information in raw feature space. In the literature, common

fusion strategies include linear combination [96, 97], nonlinear mapping [17, 98], neural

networks(NN)-based fusion [64, 99] and Bayesian inference-based fusion [100].

In linear feature fusion, each feature is assigned a weight that represents its relevance to the

predicted targets. These weights are often determined based on the contribution of a feature

to the decision making model or the correlationship between feature candidates. Typical

algorithms include PCA and factor analysis (FA). PCA allows to identify a smaller number of

features, the principal component scores, obtained through linear projection of the original

features into a new space with reduced dimensionality, sufficient to describe the variance of

the data. While FA is used for identifying latent variables that explain patterns of correlations

in raw features. In [96], the author extracted 28 features from 7 sensor signals. According to

the correlation with the tool wear, 8 features were firstly selected. Then the PCA was used

to yield 2 principal features, representing the directions along which the data exhibited the

largest variance.

Nonlinear feature fusion can be regarded as an expansion of linear methods, employing

techniques like the kernel trick. The kernel trick involves a nonlinear transformation of the raw

data, facilitating the computation of inner products between features in a high-dimensional

space. Kong et al. [17] proposed a feature fusion method by combining kernel PCA (KPCA) with

an integrated radial basis function. This method could achieve noise removal and dimension

reduction at the same time. The final features generated a more compact and smoother

confidence interval for Gaussian process model outputs, as shown in Figure 2.6. Wang et

al. [98] introduced a feature fusion method based on probabilistic kernel FA (PKFA). The

new model was able to handle multivariate features following a non-Gaussian distribution.

Compared with conventional feature fusion methods such as PCA, KPCA, and KFA, the features

derived from PKFA yielded more accurate tool wear prediction results.

Many researchers use machine learning models in feature fusion. Chen and Jen [99] ap-

plied different methods such as multiplication, summation, and division to fuse 9 independent

variables. They introduced three new groups of fused indices into the original feature space.

The performance of these generated features was evaluated within a NN-based learning

model in terms of convergence speed and test error. A significant improvement in the mon-

itoring accuracy was obtained when an appropriate fusion strategy was used. Ghosh et al.
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Figure 2.6: Predicted results of the GPR-based tool wear predictive model using the fused features of KPCA-IRBF

in different tests [17].

[64] used the artificial neural network (ANN) as the feature fusion method. They first identi-

fied highly correlated signals, then fused the extracted features from different sensors using

a fully connected back-propagation neural network (BPNN). The effectiveness of this method

was validated through both laboratory and industrial experiments. In addition, Jaramillo et

al. [100] developed a two-stage Bayesian inference data fusion scheme for monitoring the

condition of distributed systems. They computed the posterior probability of a fault occur-

rence when certain features exceeded their respective thresholds while others did not, based

on the prior probability and likelihood functions. This method enhanced the reliability of the

health assessment of mechanical systems.

It should be noted that the methods mentioned above may yield different dimension-

reduction results. For example, the features having high correlation relationship with the

targets will be chosen if the Pearson’s coefficient is adopted. While the features in different

clusters will be selected if the DFI method is used. In the feature fusion strategy, the inform-

ation of all features will be combined together. It is challenging to determine which strategy

is better as all methods have been proved effective in specific cases. Therefore, the selection

and validation of the algorithm should be conducted carefully, considering the characteristics

of raw features as well as the unique requirements of specific applications.

2.5 Tool condition monitoring model

The decision-making system utilises the dominant feature subset as input to forecast the tool

condition. Typically, the TCM system finds application in tasks such as tool fault diagnosis,
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tool breakage detection, tool wear monitoring, and prediction of remaining useful life. Within

this system, a variety of ML models are integrated as decision-making tools, which can be

broadly categorised into unsupervised and supervised learning approaches.

Unsupervised learning methods are commonly applied for tool breakage detection. The

objective is to differentiate data representing abnormal states from those representing normal

conditions without relying on sample labels. In machining processes, abnormal conditions

typically indicate tool breakage or severe wear, where the tool completely loses its machining

ability. The unsupervised learning model is designed to detect the occurrence of abnormal

events rather than identifying specific types of faults.

In contrast, supervised learning methods offer more detailed insights into the tool condition

due to the availability of a training dataset. In a classification model, each sample is assigned

to a specific class. For instance, tool diagnosis outcomes may include various tool wear

stages, types of wear, or even the locations where faults occur. Meanwhile, the objective of

a regression model is more ambitious, aiming to generate continuous prediction values. For

example, in a progression wear process, the regression model would estimate the current

amount of tool wear or the remaining useful life of the tool.

2.5.1 Unsupervised model

The unsupervised learning model in TCM is typically an anomaly detection algorithm. In

general, an index measuring the distance from the sample to the baseline is calculated and

then compared with a predefined threshold. Such an index indicates how far one sample is

away from the distribution of normal samples in the sense of statistics. If the index exceeds

the threshold, the sample will be classified as an anomaly and the system will trigger an

alarm.

Unsupervised learning-based TCM method has not been widely studied. Related research

works have been reported in the 1990s and recent years [53]. Burke [101] utilised the un-

supervised adaptive resonance network instead of BPNN to differentiate between sharp and

worn cutting tools. The proposed scheme eliminated the need for extensive training data.

Jammu et al. [102] also used an unsupervised NN for real-time tool breakage detection. The

baseline condition was updated by a single category-based classifier in the machining pro-

cess such that the true anomaly could be detected. However, the definition of tool breakage is

referred to as severe failure, while in practice, minor tool failures are common and might also

deteriorate the product. Hence, this method may not be suitable for practical applications.
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Clustering analysis is another popular unsupervised algorithm. In [103], Li and Elbestawi pro-

posed an automated TCM approach based on fuzzy logic and clustering algorithms. The tool

condition was defined into three and five classes, respectively. In two cases, the proposed

method achieved high classification accuracy.

McLeay [53] has made some interesting attempts to develop an unsupervised TCM sys-

tem. For anomaly detection, he used the Mahalanobis distance as the monitoring statistic

and determined the threshold using the Monte-Carlo algorithm. By assuming a Gaussian

distribution for the normal samples, anomalies could be identified within a certain confid-

ence interval. The experimental results showed that the definition of normal condition, which

was pre-estimated based on empirical knowledge and not accessible during the machin-

ing process, significantly influenced the detection accuracy as shown in Figure 2.7. For tool

fault diagnosis, he utilised the Gaussian mixture model (GMM) to identify the transition points

between different tool conditions. Similar findings have also been reported for assessing the

degradation rate of cutting tools used in packaging machines [24]. Moreover, unsupervised

condition monitoring can also be conducted by fitting an analytical model [104] or building

statistical process control charts, such as Hotelling’s 𝑇2 chart [105] and the cumulative sums

chart [106].

Figure 2.7: Anomaly detection results with different definitions of the baseline: (a) cut 1-39; (b) cut 40-159; (c)

cut 160-266 [53].

2.5.2 Supervised Classification model

In TCM, there are two main type of classification problems: binary and multi-class. Binary

classifiers can only classify data into two categories, while multi-class classifiers can classify

data into more than two categories. Instead of estimating continuous and real-time changes

in tool conditions, classification models allow operators to discern the overall state of the

tool. This includes determining whether the tool is in good condition or failure, or identifying

the specific wear stage the tool is currently experiencing. To build an accurate classification

model, careful definition of the tool states and representative training data sets are necessary.
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The challenge lies in the complex tool conditions under varying machining settings.

Classification models have been extensively used in TCM. Cho et al. [15, 62] compared the

performance of various classification models in a multi-sensor fusion-based TCM scheme.

The defined classes include breakage, chipping, and slight, medium, and severe wear. Time

and frequency domain features were extracted from multi-sensor signals. Common models

including the Support Vector Machine (SVM), Multilayer Perceptron NN (MLP), Radial Basis

Function NN (RBF), and ensemble approach were used as classifiers. The classification ac-

curacy of these models on the testing sets ranged from 84% to 97%, indicating that the tool

conditions were correctly classified in most cases. Boutros and Liang [107] used the hidden

Markov model (HMM) to detect and diagnose mechanical faults. The HMM assumes that

the current system state is only related to the last state. Experimental results showed that

this method could determine the severity and position of tool fault accurately. Hsieh et al.

[108] adopted the BPNN to classify sharp and worn micro-tools. The class-mean scatter cri-

terion was used to evaluate the sensitivity of the features to the changes in tool wear, which

helped decide an optimal feature extraction procedure. Karandikar et al. [11] applied a naïve

Bayesian classifier on both discrete and continuous TCM cases. For the discrete case, the

tool condition was divided into new, mildly worn, and worn states. Corresponding force sig-

nal features were also divided into three classes. The posterior probability for the tool state

given different features was updated using the Dirichlet-multinomial distribution conjugate

pair, achieving a classification accuracy of about 85%.

The recent 10 years have witnessed a spur rapid progress in AI, especially in the realm

of deep learning, due to the development of computing power, data, and optimisation tech-

niques. Compared to traditional ML models, DL models often demonstrate superior learning

and prediction capabilities when handling a high volume of sensor data. In ML models, fea-

ture engineering is crucial for accurate predictions. While DL models eliminate the need for

feature extraction, as they implicitly conduct this process and directly establish the relation-

ship between the sensor signal and predicted targets. The DL method has been successfully

applied in condition monitoring [109, 110]. For example, Shi et al. [111] presented a fusion

of multiple stacked sparse auto-encoder (SSAE) for TCM. This method comprised two struc-

tures that learned lower-level and higher-level features, respectively. The tool condition was

grouped into four categories based on the flank wear width. The proposed model achieved

an average testing accuracy of up to 96%, outperforming popular ML methods and standard

DL methods. Serin et al. [40] highlighted the immense potential of DL methods in the TCM

field, particularly in the context of industry 4.0. They demonstrated an example of utilising

convolutional NN (CNN) for tool wear classification as shown in Figure 2.8.

Section 2.5: Tool condition monitoring model 33



Figure 2.8: Example application of CNN in tool wear classification [40].

2.5.3 Regression model

The regression model is used to estimate the current tool state and predict the tool’s RUL

in the TCM field. The prediction accuracy is significantly influenced by the learned model

parameters and structures. Ideally the training data set should contain sufficient and different

samples corresponding to different tool conditions. However, the tool wear state is influenced

by many factors such as cutting conditions, workpiece material machinability, the design of

tools, and the use of coolant. Consequently, obtaining a comprehensive training set is still a

challenge in tool wear prediction, owing to the high time-consume and economic cost.

Both ML and DL models have been used in the regression task. Shi and Gindy [112] de-

veloped a tool wear prediction model based on the least squares SVM (LS-SVM). Its effective-

ness was quantified by the mean square error of the predicted results. But the performance

in different tools and conditions was not tested. Li et al. [113] utilised a fuzzy NN in tool

wear estimation. The integration of fuzzy rules expedited parameter learning and improved

prediction accuracy. Despite outperforming BPNN and RBF, the definition and optimization of

fuzzy membership items still required expert knowledge. In [11], the authors investigated the

application of Bayesian prediction models in both discrete and continuous TCM scenarios.

For the latter case, an ordinary Bayesian linear regression model was used for tool wear

monitoring, providing both predicted tool wear and probability density. However, the pre-

diction accuracy relies on the quality and representativeness of the training data, as well as

the similarity between the distributions of the training and testing datasets. To overcome the

difficulty of limited training data, Drouillet et al. [55] proposed a simple method to generate

pseudo samples. These samples are functions of the power signal feature and machining

time. The feature values and machining time were assumed to follow a predefined distribu-

tion. According to the distribution, they simulated uncertainty from different conditions and
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environmental noises by generating 1000 virtual curves, significantly enlarging the training

set. Thus the RUL of the tool could be updated in real-time by finding the best-fitted curve,

as shown in Figure 2.9. Kong et al. [17] applied the Gaussian process regression (GPR) model

for the estimation of tool flank wear. The GPR model quantified the intensity of Gaussian

noise, calculating both the predicted tool wear value and the confidence interval. Recently, a

variety of DL models, such as meta-learning [113], deep transfer learning [114], and CNN-long

short-term memory (CNN-LSTM) network [21], have been employed for tool wear estimation

and RUL prediction.

Figure 2.9: (a) Uncertainty distribution determined from the experimental data; (b) examples of generated

curves; (c) prediction result of RUL. [55].

A benchmark dataset is crucial for evaluating the performance of different models as it

provides a consistent basis for comparison. In the TCM field, an open dataset was provided in

the 2010 Prognostics and Health Management (PHM) data challenge [115]. The experimental

setup is shown in Figure 2.10. This dataset consisted of multi-sensor signals from each cutting

pass. Six end mills were used in the experiment, with flank wear measured for three of

them after each cutting pass. Various regression models, including support vector regression

(SVR) [98], nonlinear function [116], kernel extreme learning machines (KELM) [16], LSTM [20],

and GPR [117] have been developed using this dataset. However, a significant challenge

arises when attempting to accurately predict tool wear of one cutter based on training data

from other two cutters. In [98], the authors utilised PKFA algorithm to fuse the extracted

features and trained a regression model based on SVR. This method showed a very accurate

prediction performance. It indicates that the generalisation ability of regression models is

influenced by the consistency between training and testing samples, and the size of training

datasets. This benchmark dataset is collected from a simplified face milling process, which

does not consider the variations of machining strategy, tool types, and workpiece material.

Hence, the trained model cannot be readily used in other machining processes. The study

of PHM for cutting tools should be practice-oriented, which means the trial cuts are designed

according to production requirements and improve the generalisation capability of the model

within a specific type of machining process. Recently, the development of transfer learning

model provides a new way to transfer the knowledge obtained from one process to another
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similar one [114]. This technology may further improve the generalisation performance of

TCM models. In this sense, the whole TCM community would benefit from more available

datasets.

Figure 2.10: Illustration of the experimental setup for 2010 PHM data challenge dataset [20].

Table 2.5 compares the characteristics of three decision-making systems used in the PHM

of cutting tools. All three types of models have been applied to achieve different monitoring

targets. Unsupervised learning methods are useful for breakage detection and identifying

fault-induced patterns in data, classification models are employed for evaluating tool health

states or fault types, and regression techniques are utilized for predicting continuous vari-

ables related to tool wear or remaining useful life. It is worthwhile mentioning that a semi-

supervised learning method that falls between supervised and unsupervised learning attracts

attention from the TCM field as well [40]. The goal is to train a model on limited labelled

samples, and improve the model performance by leveraging additional unlabelled data. This

new learning paradigm utilises all available information more effectively. In practice, the

specific objectives of the monitoring task and the nature of the dataset should be considered

carefully before choosing which type of model to use. In the era of smart manufacturing, the

design of an accurate and applicable TCM system will still be a research hotspot.

2.6 Summary

This chapter presents a comprehensive review of four essential steps of a data-driven TCM

method, namely multi-sensor system, feature extraction, feature reduction and decision-

making. To completely capture process information, researchers have been trying to integ-

rate multiple sensors into the TCM system. Then a variety of features are extracted using

time, frequency, and time-frequency-domain analysis methods. The subset of representative

features is produced by the feature selection or feature fusion algorithm. Finally, the decision-

making model is built to predict tool conditions. In addition, the properties of commercial

TCM systems are also mentioned. Most of these systems only focus on the detection of tool
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Table 2.5: Comparison of decision-making systems used in the PHM of cutting tools

Model Unsupervised Classification Regression

Objective Identify patterns or

anomalies

Classify samples into

different categories

Predict continuous values

Input data Unlabelled Labelled Labelled

Output Clusters, anomalies Categorial Continuous

Algorithm K-means clustering,

anomaly detection

SVM, MLP, SAE SVR, GPR, LSTM

Application Breakage detection [87],

fault diagnosis [53]

Fault diagnosis [111], fault

localisation [62]

Wear estimation [11], RUL

prediction [116]

failure, such as tool breakage or severe wear. While the academia pays more attention to

the RUL prediction of the tool, which is the basis of predictive maintenance.

According to the literature review, the following three challenges still exist in the current

PHM technology for cutting tools.

1. The limited and imbalanced training data constrains the generalisation perform-

ance of the decision-making model.

2. The complicated machining processes produce nonstationary measurements and

unexplained interference, for instance, both normal process degradation and faulty

events might trigger alarms. The challenge lies in how to enhance the robustness of

the monitoring system to normal changes and disturbances but remain its sensitivity

to fault symptoms.

3. The use of multiple sensors and various signal features leads to the curse of di-

mensionality bringing about high computation cost and overfitting risk.

This project aims to deal with these challenges using the novel time-sensor domain data de-

composition and analysis framework. Details of the proposed methods will be demonstrated

in the following chapters.
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3

Time and sensor domain data

decomposition and analysis framework

3.1 Introduction

This chapter will introduce the basic idea and principle of the proposed time and sensor do-

main data decomposition and analysis framework. This novel idea is inspired by the concept

of time-space decomposition developed in DPSs modelling [27, 28]. The research status of

time-space decomposition and its applications are reviewed first. Then the concept of time-

sensor decomposition is introduced. Furthermore, the specific methodology regarding the

decomposition and analysis procedure is proposed, with a fault diagnosis model presented.

The benefit of this novel framework is demonstrated through two case studies where the

time and sensor domain components are directly applied to tool fault diagnosis in milling

processes. The time and sensor domain features provide an overall high accuracy and good

generalisation capability compared with raw signal feature-based methods. Practical issues

related to the implementation of the proposed framework are discussed as well.
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3.1.1 Time-space decomposition-based system modelling

As mentioned in Chapter 1, time-space coupling systems are widespread in science and

engineering. The system dynamics is usually modelled by PDEs, which are difficult to solve

directly. A common way to resolve such a large and complicated system is to decompose it

into relatively small sub-systems and study the behaviour of each sub-system [118]. Time-

space decomposition is a common idea for the analysis of time-space coupling systems.

Suppose the system state at time 𝑡 and position (𝑥1, 𝑥2, 𝑥3) is denoted as Φ(𝑥1, 𝑥2, 𝑥3, 𝑡),
the system state can be decomposed as the linear combination of independent spatial basis

functions 𝜑(𝑥1, 𝑥2, 𝑥3) with respect to the time coefficients 𝑦(𝑡) as

Φ(𝑥1, 𝑥2, 𝑥3, 𝑡) =
𝑁∑
𝑖=1

𝑦𝑖(𝑡) · 𝜑𝑖(𝑥1, 𝑥2, 𝑥3) ≈
𝐾∑
𝑖=1

𝑦𝑖(𝑡) · 𝜑𝑖(𝑥1, 𝑥2, 𝑥3) (3.1)

where 𝑁 is the number of all sub-systems and 𝐾 is the number dominant basis functions,

from which most of the system dynamics can be recovered even if 𝐾 ≪ 𝑁 .

Traditionally, the spatial basis functions (SBFs) can be selected as common orthonormal

functions, including Legendre polynomials, Jacobi polynomials, and Fourier series, which rely

on theoretical analysis of process dynamics. The Karhunen-Loéve decomposition algorithm

avoids this limitation, determining empirical SBFs from the system response directly. Due to

that, the KLD-base system modelling approach is also referred to as data-driven modelling,

which has been commonly used to realise the time-space decomposition. Similar to SVD and

PCA, KLD algorithm simplifies the system model based on the covariance structure of system

variables or measurements. The difference among them is that, SVD is a general algorithm

for the eigenvalue decomposition of both square and non-square matrices [119]; while PCA

mainly focuses on reducing the interrelated random variables to a subspace of principal

components [120–122]. As Lu et al. [123] pointed out, the SVD-based model reduction can

be regarded as a more efficient algorithm. Both SVD and PCA methods can only handle

discrete-time processes. While the establishment of KLD extends the application scenarios to

continuous-time processes [124, 125]. The decomposition results of these three methods are

equivalent for discrete cases.

Various applications of time-space decomposition in complex system modelling have been

reported, covering scientific and engineering fields. The aim is to reduce model complexity

and improve the efficiency of numerical solution [126]. In the analysis of fluid dynamics, the

decomposition method can identify the coherent structures in the turbulence flow from two-

point spatial correlation functions [127]. In the modelling of industrial thermal process, this

method is applied to determine dominant spatial and temporal BFs [27, 128, 129]. In structure
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health monitoring, Feeny and Kappagantu [130] extracted proper orthogonal modes from

historical displacement measurements collected by distributed sensors. Azeez and Vakakis

[131] studied the lower-dimensional modes of vibroimpacting systems based on the shapes

of dominant modes. The time-space decomposition can also be applied to problems in

extreme scales from the dynamics of micro-electromechanical systems (MEMS) [132, 133]

to the analysis of remote sensing observations of our planet regarding climate changes,

temperature, and carbon intensity [134–136]. Moreover, by decomposing the distributed ECG

signals, researchers can learn about the latent temporal and spatial components related to

people’s health [137, 138].

However, in the area of mechanical system condition monitoring, the use of the time-space

decomposition approach is rarely reported. To the best knowledge of the author, the KLD

approach was initially employed by Tumer for monitoring the condition of manufacturing

processes [139–141]. The input signal was the surface profile measurement. In total, 𝑀 =

60 input profile measurements were collected, with 𝑁 = 1000 points each as shown in

Figure 3.1 (a). The different measurements were collected in the direction perpendicular

to the longitudinal. Figure 3.1 (b) shows some input profiles. All the measurements were

organised as a 60 × 100 matrix. After the KL decomposition, the main three modes and

corresponding coefficient vectors were extracted as shown in Figure 3.1 (c). The three modes

consist of a linear trend, a low-frequency sinusoidal pattern, and a high-frequency sinusoidal

pattern (twice the frequency of the first one). By analysing the characteristics of different

modes, the machining condition can be monitored. For example, the first mode has a linear

slope, reflecting misalignments of the worktable. The corresponding coefficient vector 1

indicates the change in slope and severity of this fundamental pattern along the transverse

direction. Meanwhile, the second mode corresponds to the main periodic pattern generated

on milled surfaces due to the feed marks during milling. Any changes in this component,

or the relative severity of its magnitude, can be monitored and detected by the coefficient

vector 2. Additionally, this KLD-based analysis was successfully applied to parts produced

by selective laser sintering.

Tumer and Huff have also analysed the vibration signals of helicopter gearboxes using

PCA [142, 143]. The signals were tri-axial vibration measurements of the gearbox housing.

According to the experimental design, each flight consisted of 22 manoeuvres and was com-

pleted by two pilots. During one flight, 22 segments of data sets were generated and analysed

separately. The PCA was performed to obtain the dominant vibration series and correspond-

ing PCs from each data set, as displayed in Figure 3.2 (a) and (b). The coefficient vector was

assumed to be constant unless the vibration signatures changed significantly. The authors

analysed the change in the direction of this vector by the angle 𝜃 as shown in Figure 3.2
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Figure 3.1: (a) Diagram of the milled workpiece and the measurement of profile; (b) Input profiles: milling

surface measurements; (c) KL decomposition results: three fundamental modes and coefficient

vectors [140].

(b). Figure 3.2 (c)-(f) show the changes of 𝜃 against the flight manoeuvres. It can be found

that the same sequence of manoeuvres exhibits a similar pattern of change in the 𝜃 angle,

regardless of the pilot executing them. The study involved the decomposition of multi-sensor

data and confirmed that both the modes and coefficients were related to changes in the

underlying process. But the theoretical foundation and its potential applications in the TCM

field have not been established so far. The current research aims to fill this gap.

3.1.2 Time and sensor domain data decomposition

Even though time-space decomposition has been widely applied in DPSs modelling, the

decomposition of multi-sensor data and its potential applications in process monitoring have

not been established yet. This motivates the basic idea of the present study to apply the time-

space decomposition to the analysis of multi-sensor data for industrial process monitoring.

In the analysis of DPSs, the magnitudes of a physical variable at different locations are

measured by multiple sensors. By choosing dominant basis functions, the multi-sensor sig-

nals can be represented using several time coefficients and spatial basis functions. The time

coefficients represent the change in system dynamics with time while the spatial basis func-

tions are only dependent on spatial locations and described by data vectors. By contrast,
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Figure 3.2: PCA results of tri-axial vibration data: (a) three time-domain series; (b) 3-dimensional coefficient

vector; Changes of the 𝜃 angle of the coefficient vector vs. flight manoeuvres sequence: (c) pilot 1,

sequence 1; (d) pilot 2, sequence 1; (e) pilot 1, sequence 2; (d) pilot 2, sequence 2 [142].

the data in the process monitoring field are usually collected from heterogeneous sensors.

These sensors are not necessarily located in specific locations as the spatial association is

not of our main interest. Mathematically, the decomposition of heterogeneous signals is the

same as in the case of homogeneous signals. The generated time coefficients, which are

named time domain components (TDCs) in the present study, still represent the temporal

properties of the process. While the basis functions no longer represent different spatial

location-related information but the information related to different sensors. This domain is,

therefore, referred to as the sensor domain and the basis functions are called sensor domain

components (SDCs) in the present study. Consequently, the new decomposition is referred to

as time-sensor decomposition (TSD). There are two obvious benefits with the TSD methods.

Firstly, the high-dimensional data can be compressed to low-dimensional space such that

the analysis complexity is reduced. On the other side, the exploitation of the information

dispersed among different sensors is expected to improve the monitoring accuracy.

Figure 3.3 shows a comparison of process monitoring approaches based on the con-

ventional multi-sensor data analysis and the proposed time-sensor decomposition strategy.

What both techniques have in common is to extract useful features from sensor signals and

then feed these features into a decision-making model to infer the process condition. In Figure

3.3 (a), suppose 10 features are extracted from each sensor signal and 10 sensors are used

in total, the number of features reaches 100. On contrary, the proposed approach starts with

decomposing multi-sensor signals into a few pairs of TDCs and SDCs, and then extracts fea-

tures from TDCs only, as shown in Figure 3.3 (b). Again 10 features are obtained from TDC1,
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and the SDC1 is a 10-dimensional vector. Thus only 20 features are used here, which means

the number of features is reduced by 80% using the time-sensor decomposition strategy.

Figure 3.3: Illustration of multi-sensor data analysis based monitoring techniques: (a) conventional method; (b)

the proposed time-sensor decomposition method.

The success of a decomposition approach relies on the fact that most of the raw informa-

tion can be represented by a few pairs of TDCs and SDCs. By exploring this advantage, the

condition-sensitive features can be extracted from the first few pairs of TDCs and SDCs and

used to design an effective monitoring system. As mentioned above, TDCs record the com-

mon information contained in raw signals while SDCs reflect interaction information between

involved sensors. Therefore, in condition monitoring of nonstationary processes, the TDCs

and SDCs of the multi-sensor signals can be utilised together to reveal the changes in process

states and provide a useful extra degree of freedom.

It should be noted that the condition monitoring is usually conducted on a segmentation of

data. This implicitly indicates the process condition remains unchanging during the data col-

lection period. Compared to the monitoring strategy on separate data samples, this method

saves a huge amount of computational costs. However, the increase of monitoring interval

will inevitably bring about delayed detection. In this case, domain knowledge is necessary

to evaluate the requirements for computational efficiency and timely detection.

3.2 The proposed methodology

This section introduces the details of the proposed time-sensor decomposition algorithm.

Then a time series analysis technique is applied to extract features from the TDCs. Finally,

the time and sensor domain features are utilised to build a fault diagnosis model, which is

also known as a classifier, aiming to detect whether the current process state is normal or
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faulty. Details of this approach are described as follows.

3.2.1 KLD-based time-sensor decomposition

The time-sensor decomposition is based on the discrete KLD algorithm, which can decompose

multivariate data into linear combination of basis vectors [29]. Firstly, data pre-processing

operation comprising low-pass filtering and resampling is applied to eliminate high-frequency

noise and ensure uniformity in the number of data points across all channels. Then the multi-

sensor data 𝒙 𝑗 ∈ R𝑚 , 𝑗 = 1, . . . , 𝑛 constitute a matrix X = [𝒙1, 𝒙2, . . . , 𝒙𝑛], where 𝑚 is the

number of sampling points and 𝑛 is the number of variables, as demonstrated in Figure 3.4.

The next step is to standardise each element by

𝑥′𝑖 𝑗 =
𝑥𝑖 𝑗 − 𝜇𝑗

𝜎𝑗
, 𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛 (3.2)

where 𝜇𝑗 = 1
𝑚

∑𝑚
𝑖=1 𝑥𝑖 𝑗 and 𝜎𝑗 =

√
1

𝑚−1
∑𝑚
𝑖=1

(
𝑥𝑖 𝑗 − 𝜇𝑗

)2 denote the mean and standard devi-

ation of the j-th measurement 𝒙 𝑗 , respectively. Then the covariance matrix of the normalised

data matrix X′ consisting of 𝑥′𝑖 𝑗 is calculated by

C =
1

𝑚 − 1X′𝑇X′ ∈ R𝑛×𝑛 (3.3)

As C is a positive definite matrix, it has an eigendecomposition

C = ΦΛΦ𝑇 (3.4)

where Λ= diag(𝜆1,𝜆2, . . . ,𝜆𝑛) is a diagonal matrix containing the eigenvalues in a des-

cending order, i.e., 𝜆1 ≥ 𝜆2 ≥ · · · ≥ 𝜆𝑛 > 0. The matrix Φ= [𝝋1, 𝝋2, . . . , 𝝋𝑛] consists
of normalised eigenvectors of C. These vectors are defined as SDCs. The TDCs can be

calculated by

Y = X′Φ = [𝒚1, 𝒚2, . . . , 𝒚𝑛] ∈ R𝑚×𝑛 (3.5)

Note that Φ is a unitary matrix. The decomposition of X′ holds as follows

X′ = X′ΦΦ𝑇 = YΦ𝑇 =

𝑛∑
𝑖=1

𝒚𝑖𝝋
𝑇
𝑖 ≈

𝑛′∑
𝑖=1

𝒚𝑖𝝋
𝑇
𝑖 (3.6)

where 𝑛′ denotes the number of dominant TDCs and SDCs. 𝑛′ can be determined according to

the magnitude of the eigenvalue 𝜆𝑖 , 𝑖 = 1, 2, . . . , 𝑛. As the data matrix has been normalised,

𝜆1 + 𝜆2 + · · · + 𝜆𝑛 = 𝑛 holds naturally. The cumulative percentage of variance (CPV) of the
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𝑛′ components is defined as the percentage of the total variances explained by the first 𝑛′

eigenvalues, i.e., 𝐶𝑃𝑉(𝑛′) = ∑𝑛′

𝑖=1 𝜆𝑖/𝑛×100%. Then 𝑛′ is selected when 𝐶𝑃𝑉(𝑛′) exceeds
a pre-defined threshold. In this research, for simplicity, we can select 𝑛′ = 1, i.e., use the first

pair of TDC/SDC corresponding to the largest eigenvalue as the dominant component.

Figure 3.4: Illustration of the time-sensor domain decomposition of multi-sensor signals. The indication of the

colours: red: dominant components; blue: insignificant components.

The meaning of TDC/SDC can be explained from the perspective of SVD as well. The

normalised real matrix X′ has a factorisation of the form X′ = UΣV𝑇 , where U is an 𝑚 ×𝑚
real unitary matrix, Σ is an 𝑚×𝑛 rectangular diagonal matrix with non-negative real numbers

on the diagonal, and V is an 𝑛 × 𝑛 real unitary matrix. The diagonal entries 𝜎𝑖 = Σ𝑖𝑖 are

known as the singular values of X′, which is also sorted in descending order. Because the data

are collected from different sensors and the number of samples is large enough compared

to the number of variables, the rank of X′ is 𝑛, which is also the number of non-zero singular

values. Since U and V are unitary, their columns yield two orthonormal basis of R𝑚 and R𝑛

spaces, respectively. According to SVD, the matrix X′ can be decomposed as,

X′ =

𝑛∑
𝑖=1

𝜎𝑖𝒖 𝑖𝒗𝑇𝑖 (3.7)

Because the eigendecomposition of X′𝑇X′ can be re-written as V(Σ𝑇Σ)V𝑇 , the matrix V
is exactly Φ in 3.4. The TDC 𝒚𝑖 defining as X′𝒗 𝑖 in 3.5, is also equal to 𝜎𝑖𝒖 𝑖 . Thus, it is clear

that SDCs are basis vectors of the row space of X′, and TDCs are stretched basis vectors of

the column space of X′. In this sense, the data matrix is described in two separate spaces,

and the dominant information is concentrated into the first several number of components.

3.2.2 Time domain data analysis

In principle, the feature extraction methods mentioned in Chapter 2 can be applied to analyse

the TDCs. This section introduces a time series analysis-based approach, aiming to capture
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the process dynamics over a characteristic frequency range associated with the process of

concern. Specifically, the power spectral density (PSD) of the TDCs are computed through

building AR models. Then, the amplitudes of PSD over the characteristic frequency range are

used as representative features. For this purpose, first of all, Seasonal and Trend decom-

position using Loess (STL)-based algorithm is used to decompose the TDCs into trend (T ),

seasonal (S ) and residual (R) components [144] as

𝑦𝑖 (𝑡) = 𝑦𝑇𝑖 (𝑡) + 𝑦
𝑆
𝑖 (𝑡) + 𝑦

𝑅
𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛′ (3.8)

Through adjusting the parameters, the process-related information will be kept only in the

seasonal or residual component. What is more, the obtained sub-component satisfies the

wide-sense stationary assumption in AR modelling. For the residual component of the i-th

TDC, an AR(p) model can be expressed by

𝑦𝑅𝑖 (𝑡) =𝑐𝑖 + 𝜙𝑖 ,1𝑦
𝑅
𝑖 (𝑡 − 1) + · · · + 𝜙𝑖 ,𝑝𝑦

𝑅
𝑖 (𝑡 − 𝑝) + 𝜀𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛′ (3.9)

where p represents the model order, 𝜙𝑖 ,1, . . . , 𝜙𝑖 ,𝑝 are model parameters, 𝑐𝑖 is a constant,

and 𝜀𝑖(𝑡) is the prediction error with zero mean and variance 𝜎2
𝜀. The model parameters can

be determined using Yule-Walker equations [145].

From the AR model (3.9), a single-sided PSD of 𝑦𝑅
𝑖
(𝑡) can be obtained as

𝑆𝑖 ( 𝑓 ) =
2𝜎2

𝜀/ 𝑓𝑠��1 − 𝜙𝑖 ,1𝑒−𝑗2𝜋 𝑓 / 𝑓𝑠 − · · · − 𝜙𝑖 ,𝑝𝑒−𝑗2𝜋𝑝 𝑓 / 𝑓𝑠
��2 , 0 ≤ 𝑓 ≤ 𝑓𝑠/2, 𝑖 = 1, 2, . . . , 𝑛′ (3.10)

where 𝑓𝑠 represents the sampling frequency.

It is well known that an AR(p) model has p/2 peaks in the frequency spectrum. Therefore,

the model order is selected as a value between twice the number of 𝑦𝑅
𝑖
(𝑡)’s spectrum peaks

to be analysed and a reasonably large value that is related to the sampling rate and signal

period. Then a cross-validation approach is applied to determine the optimal order that can

produce the smallest multi-step-ahead prediction error.

3.2.3 Fault diagnosis model building

From the multi-sensor data, two types of features are extracted under the proposed TSD

framework, which are dominant TDC features 𝒇 𝑖 = [𝑆𝑖 ( 𝑓1) . . . 𝑆𝑖 (𝑘 𝑓1)]
𝑇 with 𝑓1 denoting

the characteristic frequency, 𝑘 being the number of harmonics of concern and dominant SDCs

𝝋𝑖 , 𝑖 = 1, . . . , 𝑛′. Concatenating the 𝑛′ dominant feature vectors produces a 𝑘𝑛′-dimensional

Section 3.2: The proposed methodology 47



time domain vector 𝒇 𝑡𝑖𝑚𝑒 =
[
𝒇 𝑇1 . . . 𝒇

𝑇
𝑛′
]
and an 𝑛𝑛′-dimensional sensor domain vector

𝒇 𝑠𝑒𝑛𝑠𝑜𝑟 =
[
𝝋𝑇

1 . . .𝝋
𝑇
𝑛′
]
.

All the available data are collected under normal and faulty conditions. Each sample

consists of 𝒇 𝑡𝑖𝑚𝑒 and 𝒇 𝑠𝑒𝑛𝑠𝑜𝑟 . The corresponding label is set to 1 or -1 according to the

process state. These datasets and labels are split into training and testing sets. During the data

splitting, a stratified random sampling algorithm is adopted to ensure the data distribution in

the subsets is the same as that in raw data set. Then a classifier can be built as follows,

(i) In the training stage, the hyper-parameters with the classifier are determined using

a grid search approach with K -fold cross-validation (CV) strategy based on the time

and sensor domain features and corresponding labels in the training set. After the

CV procedure, the largest mean area under the curve (AUC) is recorded. Then the

selected hyper-parameters are fixed and a classifier is trained using all the samples in

the training dataset.

(ii) In the testing stage, the diagnosis performance of the trained model is tested using the

time and sensor domain features in the testing dataset. Some metrics quantifying the

model’s classification ability are computed and evaluated.

The schematic flowchart of the proposed tool fault diagnosis approach is shown in Figure

3.5. Note that the presented time domain feature extraction is not unique. Other effective

features can also be used under this framework.

Figure 3.5: Flowchart of the proposed TSD-based tool fault diagnosis approach.
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3.3 Applications to fault diagnosis of cutting tools

The performance of the time and sensor domain features in process fault diagnosis is demon-

strated in two milling experiments. The objective is to detect whether the tool condition is

faulty or not. The state-of-the-art of the data-driven TCM system has been reviewed in

Chapter 2. Despite the advantages such as easy implementation and the support to online

monitoring, multi-sensor data-driven TCM approaches still face a big challenge in practice.

That is, the use of multiple sensors and multi-domain features results in the so-called ’curse

of dimensionality’, which not only increases the computation burden but also reduces the

monitoring accuracy.

To address this issue, the feature reduction methods such as feature selection and feature

fusion [85, 87, 96] have been studied as shown in Chapter 2. As there is no additional require-

ment on the source signals, this approach is preferred in TCM. Besides, another two strategies

have also been proposed to handle information redundancy. The first one is data-layer

fusion method which can eliminate the measurement error and reduce data transmission

burden [105]. This method is rarely used in tool fault diagnosis because of unclear rela-

tionship between the sensors. The second one is decision-layer fusion method that makes

the final decision based on conclusions obtained from each sensor signal independently.

The accuracy of this strategy relies on the design of the inference model such as majority

voting and Dempster-Shafer theory [146]. It is widely acknowledged that the higher level

the multi-sensor data is processed, the more information loss is caused [26]. For example,

feature-layer fusion overlooks the correlation relationship existing among different sensors,

while decision-layer fusion ignores weak evidence provided by each sensor. Except that, the

influence of measurement error could be amplified in higher level approaches, which limits

the generalisation capability of the trained model.

The TSD-based fault diagnosis approach can address these challenges. As the multi-sensor

signals are decomposed into TDCs and SDCs directly, this framework can be deemed as an

example of the data-layer strategy. It not only addresses the issue of high-dimensional

features, but also reduces the influence of measurement error. The present study makes a

preliminary attempt to apply TSD to tool fault diagnosis, showing an overall high accuracy

and good generalisation capability.
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3.3.1 Multi-sensor signal acquisition

Before introducing the experimental setup, the multi-sensor system used during the whole

project will be described here. As mentioned in Chapter 2, the spindle current, vibration, force,

and AE signal are the most popular signals in tool condition monitoring. Spindle current or

power signal has been extensively investigated in recent years. Its value reflects the change

in spindle load. Vibration signals have been utilised for decades in mechanical fault detection.

The force sensor directly measures cutting force. Both vibration and force signals show a

strong correlation with tool conditions. The AE sensor is used to detect frequencies over an

ultrasonic range (several tens of kHz to several MHz), which result from crack damages.

In this study, the sound, vibration, and force signals are collected during the experiment.

The sensor types and specifications are listed in Table 3.1. These sensors are mounted in

positions as close to the machining area as possible. The accelerometers are mounted beside

the workpiece and at the flange face of the spindle. The dynamometer is put beneath the

workpiece. The CompactDAQ systems from National Instruments are used to collect data

such that all measurements are synchronised. The sampling rates for all sensors are the

same.

Table 3.1: List of sensors and specifications

Sensor Model Sensitivity Frequency range /Hz Channels

Free field microphone PCB, HT378B02 50 mV/Pa 3.5-20000 (±2 dB) 1

Tri-axial accelerometer PCB, 604B31 100 mV/g 0.5-5000 3

Tri-axial accelerometer PCB, 356A02 10 mV/g 1-5000 3

Tri-axial dynamometer Kistler, 9255C
x,y: -7.9

z:-3.9 pC/N

x,y: 0-2200

z: 0-3300
3

3.3.2 Case 1: milling process with straight-line path

Experimental setup

This experiment was conducted at Advanced Manufacturing Research Centre (AMRC), the

University of Sheffield. The aluminium block-shaped workpieces were machined in a DMG

MORI DMU 40 eVo machine centre. The cutting tool was a Sandvik CoroMill square shoulder
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end mill (316-25SM345-25000A H10F) with 25 mm diameter and 3 flutes. As shown in Figure

3.6, the cutter moves horizontally along the edge of the workpiece from left to right and then

steps over to conduct next cutting. For one workpiece, the milling was repeated for 35 layers

with 6 passes per layer. Two workpieces (denoted as W1 and W2) were firstly machined

using brand new cutting tools, which were referred to as baseline (BL). Then another two

workpieces (W3 and W4) were milled using worn cutting tools. This machining was referred

to as toolwear (TW). The machining parameters were set as follows: the spindle speed was

6150 rpm, feedrate was 6260 mm/min, radial and axial depth of cut were 20 mm and 2 mm,

respectively. As can be seen from Figure 3.6, two tri-axial accelerometers are mounted on

the spindle and below the workpiece, respectively. The model of the sensor on the spindle is

PCB 356A02. The sensor below the workpiece is PCB 604B31. Their specifications are shown

in Table 3.1. The sampling rate was set to 51200 Hz. In total, six channels of vibration data

were used in the analysis.

Figure 3.6: Experimental setup and the image of a worn end mill.

Multi-sensor data decomposition and analysis

In metal machining, the tooth passing frequency (TPF) describes the number of cutting edge

contacts with the workpiece per unit time. The information over TPF is directly related to the

tool condition. Considering the TPF in this experiment is 307.5 Hz, a low-pass filter is applied

over the frequency range up to 1000 Hz then all signals are downsampled at 2460 Hz. After

pre-processing, the multi-sensor data is decomposed into time and sensor domain by KLD

algorithm. Table 3.2 shows the eigenvalues of the covariance matrix of signals captured

during the first cutting pass under BL condition. As the first component takes up 50.6% of

the total variance of raw signals, TDC1 and SDC1 are selected as the dominant component.

The next step is to extract features from TDC1, which aims to grasp cutting process-related
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Table 3.2: Eigenvalues of the signals’ covariance matrix, cut #1, BL

i 1 2 3 4 5 6

Eigenvalues 3.03 1.11 0.91 0.58 0.24 0.13

CPV (%) 50.6 18.4 15.2 9.7 4.0 2.1

dynamics using autoregressive models. First of all, the STL algorithm is applied to separate

trend, TPF-related seasonal, and residual sub-components from TDC1. The obtained seasonal

component only contains information at TPF and its harmonics. In this study, an AR(8) model

is appropriate to fit TDC1’s seasonal sub-component under BL condition and an AR(6) model

is chosen for TW condition. The multi-step-ahead prediction results of two AR models built

based on the data in the first cutting pass under BL and TW conditions are shown in Figure

3.7 (a) and (b). The identified model can accurately predict actual data with the root mean

square error (RMSE) of 0.106 and 0.176. This indicates that the model can describe milling

process dynamics accurately.

Figure 3.7 (c) presents the single-side PSD estimated using the aforementioned AR model

parameters corresponding to BL and TW conditions. Both spectra show three peaks at 307.5

Hz, 615 Hz and 922.5 Hz but different amplitudes, which should result from different tool

status. Here the spectral amplitudes at TPF and its second and third harmonics constitute the

TDC1 feature vector.

Figure 3.7: AR(p) model predicted outputs vs. actual values in cut #1: (a) under BL condition, p=8, RMSE=0.106;

(b) under TW condition, p=6, RMSE=0.176. (c) the PSDs of TDC1’s seasonal components in cut #1,

under BL and TW conditions.

As another product of TSD, SDC1 is a 6-dimensional vector in this case. Figure 3.8 shows

the SDC1s of all cutting passes under BL and TW conditions in the form of heatmap. In theory,

the elements in the SDC vector reflect the coefficients of linear combination of raw signals

to constitute the corresponding TDC. The changes in tool condition will lead to the changes

in the correlation structure of multi-sensor signals, and thus the pattern of SDCs. From the
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heatmap, we can find that SDC1s show two distinct patterns. The main difference comes from

the fourth element corresponding to the X-axial vibration on the spindle, which is around 0

in BL group and increases to 0.4 in TW group. Besides, the sixth element also shows slight

difference in the two groups. This observation indicates that the SDC1s are also effective

features in tool fault diagnosis.

Figure 3.8: Heatmap of SDC1s vs. cutting passes: (a) under BL condition; (b) under TW condition.

Classification performance of the TDC1 and SDC1 features

In this study, the complete data set is divided into training and testing sets. Then the training

set is further divided into training and validation subsets to perform K -fold cross-validation.

Running the training-validation process for K rounds allows a more accurate and robust

assessment of the performance of the model. As shown in Figure 3.9, the data collected

from W1 and W3 is used for model training and the data from another two workpieces is

used as the testing set.

This research uses a SVM classifier with the radial basis function (RBF) kernel to identify

new and worn tool condition. Two parameters with the model need to be determined, which

are penalty parameter and the length scale of the kernel [147]. The grid search approach with

a 5-fold CV is applied to tune the parameter values. Once the two parameters have been

determined, the whole training set is used to train a SVM classifier, which is then applied to

the testing set.

To evaluate the classification performance of the trained model, the receiver operating

characteristics (ROC) curve is plotted, which displays the true positive rate (TPR) against the

false positive rate (FPR) at different classification thresholds. The closer the curve is to the

top-left corner of the ROC space, the better performance the classifier achieves. The AUC is

widely used to quantify the classification ability of the model. The TDC1 and SDC1 features

are used separately and together as the model inputs. Figure 3.10 (a) shows the ROC curves

on the testing set with TDC1s, SDC1s, and TDC1s&SDC1s, respectively. The AUCs of TDC1s and
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Figure 3.9: Illustration of data set splitting.

TDC1s&SDC1s are equal to 1 and that of SDC1s is close to 1, which means both positive and

negative samples have been classified accurately.

The red circle on the ROC curve stands for the optimal operating point (OOP) selected by

maximising Youden’s J index, which is calculated as (sensitivity+specificity-1) [148]. In binary

classification, the sensitivity is given by TP/(TP+FN) and specificity is TN/(TN+FP), where TN, FP,

FN, TP represent true negative, false positive, false negative, true positive, respectively. The

overall accuracy is (TP+TN)/(TP+FN+TN+FP). Through adjusting the classification threshold, a

trade-off between sensitivity and specificity can be made. In Figure 3.10 (a), for TDC1s and

TDC1s&SDC1s, the sensitivity and specificity at the OOP of ROC curve are both 100% and for

SDC1s are 98.10% and 99.52%, respectively.

Figure 3.10: ROC curves of the trained classifiers based on different features on the testing set: (a) time and

sensor domain features, (b) typical signal features, (c) features obtained by feature compression

methods.

Comparison with raw signal feature-based methods

The comparative study with raw signal feature-based methods has been conducted. In this

study, 13 common features in time and frequency domains are extracted from each channel

of signal. The mean, variance, and spectral amplitudes at the first four harmonics of TPF are

further selected as typical signal features [8]. Besides, three existing feature-layer dimension
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Table 3.3: Classification results in straight-line milling experiment

Features CV AUC Testing AUC Sens % Spec % Acc %

TDC1s 1.000 1.000 100.00 100.00 100.00

SDC1s 1.000 0.999 98.10 99.52 98.81

TDC1s SDC1s 1.000 1.000 100.00 100.00 100.00

Mean 1.000 0.969 83.81 99.05 91.43

Variance 1.000 1.000 99.52 100.00 99.76

Harmonics 1.000 1.000 99.52 100.00 99.76

1-PCA 0.980 0.959 81.43 100.00 90.72

2-DFI 0.968 0.951 85.24 96.19 90.72

3-PCA 1.000 1.000 100.00 100.00 100.00

∗Sens: sensitivity, Spec: specificity, Acc: accuracy.

reduction methods are used to extract 6 dominant features from the pool of candidate fea-

tures. These algorithms include principal component analysis (PCA)-based feature selection

(denoted as 1-PCA) [87], dominant feature identification (DFI)-based feature selection (denoted

as 2-DFI) [85], and PCA-based feature fusion (denoted as 3-PCA) [96].

Similar to Figure 3.9, features of W1 and W3 are used as training set and W2 and W4 are

used for testing. Figure 3.10 (b) and (c) show the testing ROC curves based on raw signal

features. In this case, using variance, harmonics or 3-PCA features can make the same perfect

classification as TDC1s, while the others lead to worse classification performance.

The classification metrics, including the average AUC on the validation subsets, are sum-

marised in Table 3.3. It is found that the TDC1/SDC1 features can generate ideal classification

performance, and the same for some features like variance, harmonics, and 3-PCA. However,

the testing AUC is smaller than the CV AUC with mean, 1-PCA, and 2-DFI because the distri-

bution of these features in training and testing sets changes. In these cases, the sensitivity is

between 80%∼85%, which indicates around one fifth TW samples have not been correctly

classified. It should be noted that 100% classification accuracy is hard to achieve in most

scenarios as practical machining is quite complicated.
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3.3.3 Case 2: milling process with multi-shaped features

Experimental setup

To fairly demonstrate the superiority of the proposed TDC/SDC feature-based method, a

second case study was carried out on the same machine tool, but with hard-machined ti-

tanium workpiece and multi-shaped cutting features, as shown in Figure 3.11. Four 100×100×40
mm plates were machined to the designed part that included the circle-shaped, diamond-

shaped and square-shaped features. A shoulder milling cutter with 7 inserts was used in the

experiment. Similar to experiment 1, two workpieces were machined by brand new cutters

and another two by worn cutters. The spindle speed during the machining was 300 rpm,

which meant the TPF was 35 Hz. In this case, four channels of signals, which were X/Y-axial

vibration on the table and X/Y-axial vibration on the spindle, were collected and analysed to

extract useful features. The data set splitting and classifier training were the same as the first

case study.

Figure 3.11: Experimental setup and the multi-shaped features.

Diagnosis results

Table 3.4 shows the classification results in all cases. The best testing AUC value is obtained

with 1-PCA, SDC1s and 3-PCA for the three machining scenarios, respectively. Even though

the classifiers based on the proposed time and sensor domain features do not perform the

best in some cases, they still provide reasonably good AUC value and trade-off between

the sensitivity and specificity. For example, in the circle milling experiment, the sensitivity

and specificity of SDC1s are 61.11% and 83.33%, which are close to the best results with 1-

PCA. While none of the raw signal features shows acceptable classification results in all three

scenarios, for example, 1-PCA ranks first in the circle-shaped milling group while the AUC

values in the other two groups are only around 0.5.
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Besides, the CV AUC and testing AUC are close to each other when using TDC1/SDC1

features, which is not the situation for the raw signal feature-based methods. It indicates that

the distribution of the proposed features on the training and testing sets are similar. While

the raw signal features and the so-called dominant features have not shown this kind of

consistency due to the influence of environmental noises. This property limits the applicability

of the raw signal feature-based methods in complicated machining practice. In this sense,

the proposed time and sensor domain features can be easily applied to different machining

tasks with acceptable accuracy.

The performance of the proposed features is also evaluated using other classifiers. Fig-

ure 3.12 compares the classification accuracy based on TDC1/SDC1 features and raw signal

features using five different classification models, which include the SVM with RBF kernel,

the SVM with linera kernel, the k-nearest neighbors (KNN), the random forest (RF), and the

Gaussian process classification with RBF kernel (GPC) [149, 150]. It shows that the difference in

classification accuracy achieved using different features is not obvious when using different

classification models. But the classification performance of the proposed time and sensor

domain features is always one of the top three no matter which classifier is used. In contrast,

3-PCA based signal feature can obtain remarkable accuracy in square-shaped milling case

but almost cannot distinguish different tool conditions in diamond-shaped milling.

Figure 3.12: Comparison of classification accuracy using different classifiers: (a) circle-shaped feature milling,

(b) diamond-shaped feature milling, (c) square-shaped feature milling.

3.3.4 Discussion

The key step in the time-sensor decomposition algorithm is estimating the covariance matrix

C. To ensure an accurate estimation, the multi-sensor data X should meet the following

requirements.

1. Independent and identically distributed: the samples 𝒙1, 𝒙2, . . . , 𝒙𝑛 are assumed to be
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independent and identically distributed (i.i.d.), which means each sample is independent

of any other sample and comes from the same probability distribution. Violations of

the i.i.d. assumption can lead to biased estimates of C. Unfortunately, real-world

datasets often exhibit some degree of dependence or heterogeneity. Some statistical

tests including Ljung-Box test and Quantile-Quantile plots, can be used to determine if

the assumption is significantly violated. If this is the case, additional adjustments may

be necessary to handle dependencies in the dataset, for example, using specialised

covariance models or incorporating lag terms into the analysis. Additionally, domain-

specific knowledge can further help to determine if the i.i.d. assumption is reasonable.

2. Homogeneity and synchronisation: the data from each sensor should have the same

scale and be synchronised. The data homogeneity is ensured by standardising each

variable to have a mean of zero and a standard deviation of one. The data synchron-

isation can be realised by leveraging both hardware and signal processing techniques.

If the signals are measured by the same data acquisition system, the synchronisation is

guaranteed naturally. If the signals are collected by different systems and at different

sampling rates, the offset detection and re-sampling should be applied to synchronise

the data. Another issue leading to data misalignment is with missing values, which

should be handled consistently across all sensor by appropriate method, such as de-

letion, imputation, or interpolation. It is suggested to complete all these operations in

the data pre-processing stage.

3. Linearity: the decomposition assumes the relationship between variables is linear. If

a significant nonlinearity exists, the covariance matrix may not fully capture the un-

derlying structure of the data. In such cases, nonlinear techniques or preprocessing

methods may be needed.

4. Sample size: the number of samples should be large enough compared to the number

of variables, i.e., 𝑛 ≫ 𝑚. Having more samples enables more accurate estimate of

the covariance matrix. In industrial process monitoring, this can be guaranteed easily

as data are collected at high sampling rate. Another issue concerning the sample size

is the process dynamics. Given that the real process is always changing and results in

changes in data distribution, the i.i.d. assumption may be violated if the sample size

is too large. Thus, the sample size should be determined by considering the statistical

requirements and process stationarity together.

Carefully pre-processing and evaluating the multi-sensor data with respect to these require-

ments can ensure that the data is suitable for the subsequent analysis. In addition, involving
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domain experts’ knowledge can enhance the reliability of the decomposition results in specific

scenarios.

3.4 Conclusion

In this chapter, a novel time and sensor domain data decomposition and analysis frame-

work is proposed from the time-space decomposition method in DPSs modelling. Under

this framework, the KLD algorithm is applied to decompose the multi-sensor signals into the

time (TDC) and sensor-domain (SDC) components such that the original data are effectively

compressed with dominant information remaining. Time series analysis including STL decom-

position, AR modelling, and PSD estimation are used to extract condition-sensitive features

from TDCs. Then the time and sensor domain features are used to build a fault diagnosis

model, whose performance is demonstrated through milling experiments. Workpieces with

different materials and shapes are machined in these experiments such that the performance

of the proposed method can be evaluated comprehensively. Results from several case studies

verify that the TDC and SDC features can provide at least one of the top three good classific-

ation performance in all cases. But the raw signal features that rank the top in one process

may totally lose the classifying ability in another process. Meanwhile, due to the robustness

to the measurements error, the proposed time and sensor decomposition framework shows

a much better generalisation capability. In the following chapters, how to integrate the time

and sensor domain components effectively in process monitoring will be presented.

60 Chapter 3: Time and sensor domain data decomposition and analysis framework



4

Process anomaly detection based on

time-sensor domain synthesis and

application to tool breakage detection

4.1 Introduction

Process anomalies can happen suddenly and lead to serious accidents. An anomaly detec-

tion system can trigger alarms upon detecting faults, thereby preventing catastrophic damage

to equipment. The classification-based fault diagnosis method introduced in Chapter 3 can

be applied for anomaly detection by training a classifier with both normal and abnormal

samples. But it is challenging to obtain a comprehensive training data set that covers various

faulty conditions. Considering process faults usually cause abrupt changes in the measure-

ments, a natural idea for anomaly detection is to characterise the measurements of healthy

conditions and determine whether a new sample significantly deviates from the distribution

of normal samples. Therefore, the key issue in data-driven anomaly detection becomes the

description of healthy states. A practical system often relies on empirical knowledge, which is

not reliable in complicated processes. This chapter focuses on TSD-based process anomaly

detection, where the time and sensor domain information are utilised for feature extraction
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and adaptive baseline determination, respectively.

Taking tool breakage detection (TBD) as an example, timely and accurate TBD is crucial to

avoid catastrophic accidents during cutting processes as mentioned in [6]. Unlike progressive

wear, tool breakage often occurs suddenly without early warning because it can happen at

any time of the cutting process and at any position of the tool. The purpose of TBD is to

identify anomalies in real-time such that the machining can be stopped as soon as possible

even before tool breakage happens. In end milling, tool breakage consists of two categories,

i.e., flute breakage and shank breakage [23]. The former indicates slight chipping or tip

crumble happening on cutting edges. While the latter means the tool is totally broken due

to the heavy load. Considering that flute breakage is sometimes too subtle to be detected

easily, this study mainly focuses on this type of anomaly.

A typical TBD system is based on a data-driven framework that aims to dig for tool

condition-related information from sensor signals. The monitoring procedure usually con-

tains three steps, namely signal collection, feature extraction, and decision making [8]. Vari-

ous sensors have been used to capture raw data in real-time, including the spindle current

[151–153], cutting force [154, 155], vibration [48] and acoustic emission (AE) [23, 156]. Although

most existing TBD systems are single-signal dominated, the multi-sensor fusion strategy is

gradually applied to this task as the tool status can be reflected more comprehensively [6,

25, 48]. From raw signals, multiple features are extracted in the time domain, frequency

domain, and time-frequency domain [56, 157]. These features can be used to quantify the

change in signals caused by tool breakage. To obtain the most representative features, fea-

ture selection or fusion is performed manually or via some dimension reduction algorithms

[86, 87, 98]. Deep learning models can directly mine tool state information from raw data,

thus the application of deep learning has emerged in recent years [158]. For TBD, construct-

ing a sensitive feature from a single sensor data is still the mainstream approach, which is

not robust enough to condition changes and environmental noises. Hence, the integration of

multiple sensors and multiple features deserves more investigation.

Earlier TBD systems make decisions based on a threshold. For example, in [156], the

Mahalanobis distance from the feature vector to the reference feature set collected under

normal conditions was used to indicate the tool breakage state. If the current distance value

exceeded a threshold value, the tool was considered running in abnormal conditions. To

improve the robustness of the TBD, some studies try to adopt the floating threshold strategy,

which automatically adapts to changes in cutting environments. In [151], the concurrent learn-

ing approach was used to adjust the tolerance band in real-time. Thus this method could

be adjusted to changing conditions and avoid false alarms. The threshold-based method is
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straightforward and widely used in commercial TBD systems [155]. Recently, the TBD is con-

sidered a binary classification problem and the machine learning model provides another

solution to TBD. Researchers have applied convolutional neural networks to perform anom-

aly detection of cutting tools [153]. Only normal samples were used for training, and the loss

values with testing samples as inputs were selected as tool health indices. Additionally, some

studies have attempted to develop supervised classification models which use generative ad-

versarial networks-based data augmentation [23] or classifier improvement [152] to address

the tool breakage data imbalance problem. However, the successful implementation of these

methods in different cutting processes also relies on expert knowledge, which is not always

available and reliable. In summary, the current TBD technique still faces some challenges as

follows.

Firstly, the use of multi-sensors and multi-domain features enlarges the number of monit-

oring variables. Although the feature-layer dimension reduction technique can generate rep-

resentative features, this method cannot be implemented directly when machining processes

or cutting conditions change. For instance, the loading matrix used in principal compon-

ent analysis should be recalculated in different processes. Besides, the feature-layer fusion

inevitably causes a loss of sensor-domain information. Thus, a straightforward but effect-

ive solution is needed to address challenges associated with processing high-dimensional

multi-sensor data for TBD.

Secondly, the limited accessibility of training data hinders the effort to improve the gen-

eralization capability of decision-making models. A large amount of broken samples are

necessary to set an appropriate threshold or train a robust classifier. However, considering

the costs and complexities of machining, it is unrealistic to perform extensive destructive

experiments to obtain tool breakage data. On the other side, unsupervised methods avoid

model training and make decisions according to the data distribution directly. Thus they

can be easily adopted under changing conditions, which is significant to industrial applica-

tions. But a key issue with unsupervised models is how to determine a reasonable baseline

state. Nowadays, most systems still depend upon the operator’s empirical knowledge. Con-

sequently, there is still a considerable gap between unsupervised decision-making models

and practical applications.

To resolve these challenges, the present study proposes a new unsupervised approach for

tool breakage detection based on the time-sensor domain data decomposition and analysis

framework. The basic idea is to decompose multi-sensor data into separate time and sensor

domains to compress the raw information into a significantly smaller set of time and sensor

domain data. Then, an unsupervised learning technique is introduced to detect tool breakage
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in real-time. The main contributions are,

1. The issue of high-dimensional features is addressed by the proposed TSD strategy,

realising the dimension reduction in the data layer as mentioned in Chapter 3. Both

time and sensor domain information are helpful to detect tool breakage accurately.

This study is the first attempt to apply the concept of TSD to multi-sensor data analysis

for TBD.

2. A novel time-sensor domain synthesis framework is designed to provide a solution to

unsupervised detection of cutting tool breakage without the involvement of a training

dataset. The sensor domain information is exploited to determine the baseline passes

and adaptively update the TBD threshold while the time domain information is used to

generate features for TBD. The approach can resolve difficulties with lacking sufficient

data to train a robust supervised classification model for TBD, and circumvent problems

with existing unsupervised TBD techniques in threshold determination.

3. The proposed approach has been applied on multi-sensor data from two milling experi-

ments to investigate its effectiveness and applicability in different machining operations.

The results show that multi-sensor signals can be compressed and then used to perform

an unsupervised detection of breakage with cutting tools.

The proposed time-sensor domain synthesis framework is applicable to anomaly detection

of many industrial processes. The property of time and sensor domain components is firstly

revealed and applied in this study. In the following sections, the proposed algorithm and

experimental results will be introduced. Afterwards, some practical issues of this method will

be discussed to enhance its potential applicability in other fields.

4.2 Methodology

Figure 4.1 shows the flowchart of the proposed unsupervised tool breakage detection ap-

proach, consisting of four steps, which are: time-sensor domain data decomposition, TDCs

analysis, SDCs clustering, and anomaly detection. The whole cutting process of a tool con-

sists of several cutting passes. One pass refers to one continuous machining process, for

example, the tool moving along the workpiece edge once or a circular path once can be

called a cutting pass. Once the multi-sensor signals of one cutting pass are available, the

first step is to pre-process the raw data and decompose them into TDCs and SDCs via the

KLD algorithm. Secondly, the time domain features are extracted from TDCs through STL-
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based time series decomposition, AR modelling, and PSD estimation. Note that the current

steps are the same as introduced in Chapter 3. Next, the SDC vectors are clustered using a

sequential clustering framework. Based on the clustering results of all available SDCs from

cut 1 to the current pass, the baseline passes, the baseline space, and outlier threshold are

determined. Afterwards, the Mahalanobis distance (M-Dist) of the current TDC feature vector

to the baseline space is calculated and compared against the threshold. If the M-Dist value

exceeds the threshold, a tool breakage event could happen during this cutting pass. Details

of this approach are described as follows.

Figure 4.1: Flowchart of the proposed unsupervised tool breakage detection system.

4.2.1 Key idea

Figure 4.2 illustrates the key idea of anomaly detection algorithm, that is, to define a baseline

space and determine whether a new sample exceeds its boundary. The baseline space

represents the distribution of normal samples, and new samples located outside the baseline

space indicate faulty conditions. As shown in the figure, selecting an appropriate baseline

space is crucial; a conservative selection may cause a normal sample to be marked as an

outlier, while a radical selection could lead to the miss of a true abnormal sample.

Previous methods estimate the baseline conditions based on empirical experiences, which
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Figure 4.2: Anomaly detection results using different kinds of baseline definition: (a) conservative; (b) radical;

(c) appropriate, assuming one sample can be represented by two feature variables. The indication

of the colours: green outline: normal; red outline: abnormal; red filled: detected anomaly.

is often not reliable enough [25]. Because equipment often experiences performance degrad-

ation and faults can occur randomly at any stage. Incorrectly defining healthy states can

lead to false alarms or missed detections. Under the proposed TSD framework, SDCs can aid

in baseline selection. Given that SDCs capture time independent but sensor nature dependent

information of the machining process, notable changes in SDC vectors can result from change

in cutting process, including tool condition as shown in Chapter 3. Therefore, a novel time and

sensor domain synthesis approach is proposed to estimate baseline samples by employing

clustering analysis for SDCs and subsequently detect anomalies using the time domain fea-

tures extracted from TDCs. As this baseline selection is made and updated adaptively, the

tool breakage detection can be performed in real-time and adapt to normal degradation

processes, without involving labelled samples as in most existing TBD techniques.

4.2.2 Sensor domain data clustering

The TSD algorithm and TDC feature extraction have been presented in Chapter 3 and will

not be repeated here. For the sensor domain data analysis, a novel sequential clustering

algorithm is developed according to [159]. Let the i-th SDC of the l-th cutting pass be denoted

as a vector 𝝋𝑙
𝑖
∈ R𝑛 . Concatenating the 𝑛′ dominant SDCs of the l-th cutting pass produces

an 𝑛𝑛′-dimensional vector 𝝋𝑙𝑇 =

[
𝝋𝑙

1
𝑇
. . . 𝝋𝑙

𝑛′
𝑇
]
. The distance between 𝝋𝑙1 and 𝝋𝑙2 can

be used as an indicator of the similarity between the condition of cutting passes 𝑙1 and 𝑙2.

To implement the analysis in real-time, the sequential K-means clustering method, where the

Euclidean distance is considered, is proposed to analyse SDC vectors sequentially as shown

in Procedure 1.

In this procedure, it is assumed that during the first 𝑙𝑖𝑛𝑖𝑡 passes, the tool is in good condition.

The parameter R is initialised according to the distribution of the first 𝑙𝑖𝑛𝑖𝑡 SDC vectors. This

parameter determines whether a new SDC vector should be assigned to an existing cluster or
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Procedure 1 Sequential clustering of SDC vectors

1. Initialise the first cluster: Take the components in cluster 1 as the concatenated SDCs of the

first 𝑙𝑖𝑛𝑖𝑡 cutting passes and calculate the centroid of cluster 1 as 𝒄1 = 1
𝑙𝑖𝑛𝑖𝑡

∑𝑙𝑖𝑛𝑖𝑡
𝑖=1 𝝋𝑖 .

2. Determine cluster bound R: Calculate the Euclidean distance between any two components

in cluster 1: d𝑖 𝑗 = d
(
𝝋𝑖 ,𝝋 𝑗

)
, ∀𝑖 , 𝑗∈ {1, 2, . . . , 𝑙𝑖𝑛𝑖𝑡}, obtain 𝑅 = 𝜇d+3𝜎d, where 𝜇d and 𝜎d

denote the mean and standard deviation of these distances, and let 𝑙 = 𝑙𝑖𝑛𝑖𝑡 , 𝐾 = 1, 𝑁𝐾 =

𝑙𝑖𝑛𝑖𝑡 .

3. Allocate 𝝋𝒍+1, the SDC of the 𝑙+1-th cutting pass, to an existing or new cluster:

3.1 Calculate d
(
𝝋𝑙+1 , 𝒄𝑘

)
, for 𝑘 = 1, . . . , 𝐾 and find 𝑘 = 𝑘∗ such that d

(
𝝋𝑙+1 , 𝒄𝑘∗

)
is the

smallest.

3.2 If d
(
𝝋𝑙+1 , 𝒄𝑘∗

)
≤ 𝑅: assign 𝝋𝑙+1 to cluster 𝑘∗, update 𝑁𝑘∗ as 𝑁𝑘∗ + 1, and 𝒄𝑘∗ as

𝒄𝑘∗ + 1
𝑁𝑘∗
(𝝋𝑙+1 − 𝒄𝑘∗).

3.3 If d
(
𝝋𝑙+1 , 𝒄𝑘∗

)
> 𝑅: create cluster K+1 with 𝑁𝐾+1 = 1, 𝒄𝐾+1 = 𝝋𝑙+1, and update

the parameter R as max
(
𝑅,max

(
d
(
𝒄𝑖 , 𝒄 𝑗

)
, ∀𝑖 , 𝑗∈ {1, 2, . . . , 𝐾 + 1}

) )
.

4. Update 𝑙 as 𝑙+1 and return to 3 until all cutting passes have been completed.

a new cluster. When a new cluster is created, R is updated to accommodate the distribution

of the clusters of available SDC vectors.

After performing the sequential clustering analysis for the SDC vectors using Procedure 1,

the baseline cutting passes are determined and updated whenever a different cluster appears.

The details are shown in Procedure 2.

Here the change in clustering results indicates the possible change in cutting tool conditions.

Based on the baseline cutting passes determined using Procedure 2, the TDC features will

be used for the detection of cutting tool breakage.

4.2.3 Anomaly detection

The anomaly detection is performed by comparing the Mahalanobis distance of the TDC

feature of a new cutting pass in the Mahalanobis space with an outlier threshold T. If the

M-Dist value exceeds the threshold, an abnormal event like tool breakage could very likely

happen during this cutting pass and the machining should be stopped immediately.
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Procedure 2 Baseline cutting pass determination and updating

1. Initialise the baseline passes: Assume the SDC of the 𝑙0-th cutting pass, 𝝋𝑙0 , is the first

component allocated to cluster 2, determine the initial baseline passes as cutting passes

1∼𝑙0 − 1, let 𝑙 = 𝑙0 and assign the cluster number of the l-th cutting pass as 𝑘𝑙 = 2.

2. Update the baseline passes according to cluster 𝒌𝒍+1 which is the cluster that 𝝋𝒍+1

belongs to:

2.1 If 𝑘𝑙+1 = 𝑘𝑙 , i.e., 𝝋𝑙+1 is in the same cluster as the cluster of 𝝋𝑙 , then the baseline

passes remain unchanged.

2.2 If 𝑘𝑙+1 ≠ 𝑘𝑙 , i.e., 𝝋𝑙+1 is in a cluster different from the cluster of 𝝋𝑙 , then update the

baseline passes as cutting passes 1∼l

3. Update 𝒍 as 𝒍 + 1, and return to 2 until all cutting passes have been completed.

The Mahalanobis space consists of the TDC feature set of the baseline passes determined

by Procedure 2. To improve the robustness of the proposed approach and determine an

appropriate threshold T, a shrinkage technique is applied and an improved Monto Carlo

algorithm is developed. The details can be summarised in the following steps:

Step 1 (Mahalanobis space construction): Assume TDC1 and SDC1 are dominant pairs,

the TDC1 feature vector can be formed as 𝒇 = [𝑆1 ( 𝑓1) . . . 𝑆1 ( 𝑓𝑡)]𝑇 , where 𝑓1, . . . , 𝑓𝑡 are

frequencies of concern, with 𝑡 denoting the number of frequency points. Based on the

clustering results of SDC1s, the baseline passes can be determined as, for example, cuts

1∼𝑙∗. The Mahalanobis space is then constituted as a matrix F𝐵𝐿 = [ 𝒇 1, . . . , 𝒇 𝑙∗] with 𝒇 𝑖
representing the TDC1 features of cutting pass 𝑖 , 𝑖 = 1, . . . , 𝑙∗. The M-Dist of a new feature

vector 𝒇 𝑙′ is given by

D( 𝒇 𝑙′) =
√(

𝒇 𝑙′ − 𝝁𝐵𝐿
)𝑇S−1

𝐵𝐿

(
𝒇 𝑙′ − 𝝁𝐵𝐿

)
(4.1)

where 𝝁𝐵𝐿 and S𝐵𝐿 denote the mean and covariance matrix of F𝐵𝐿, respectively. However,
S𝐵𝐿 can be ill-conditioned when 𝑙∗ is relatively smaller than the dimension 𝑡 or any two

columns in F𝐵𝐿 are highly correlated [160]. An inversion of an ill-conditioned covariance

matrix causes numerical instability, which means a small change in the feature vector can lead

to large change in M-Dist, making the obtained M-Dist unreliable. To resolve this problem,

the shrinkage-based technique is utilised to shrink S𝐵𝐿 towards the identity matrix by

S∗𝐵𝐿 = (1 − 𝛼)S𝐵𝐿 + 𝛼I𝑡 (4.2)

where 𝛼∈ [0, 1] is the shrinkage intensity and I𝑡 is identity matrix. Compared with S𝐵𝐿, the
eigenvectors of S∗𝐵𝐿 are unchanged but the eigenvalues are better conditioned. The shrinkage
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intensity 𝛼 is obtained according to the desired condition number 𝜅 by

𝛼 =
𝜆1 (S𝐵𝐿) − 𝜆𝑡 (S𝐵𝐿)𝜅

𝜅 − 1 + 𝜆1 (S𝐵𝐿) − 𝜆𝑡 (S𝐵𝐿)𝜅
(4.3)

where 𝜆1 (S𝐵𝐿) and 𝜆𝑡 (S𝐵𝐿) are the maximal and minimal eigenvalues of S𝐵𝐿.

Step 2 (Threshold determination): In general, the outlier threshold is determined by

calculating the quantiles of Chi-squared distribution or using the Monte Carlo algorithm [161,

162]. However, to ensure the threshold is robust enough to the measurement errors or noises,

the Monte Carlo algorithm presented in [162] is improved to determine the outlier threshold

in extreme situations as follows,

1. Assume the baseline passes contain cuts 1∼𝑙, generate 𝑙 samples randomly from a

multivariate normal distribution specified by the 𝝁𝐵𝐿 and S∗𝐵𝐿;

2. Calculate M-Dist values of all generated samples and record the largest M-Dist;

3. Repeat steps 1) and 2) for 1000 trials, sort all maximum M-Dist values, and determine

the threshold T above which 1% of trails occurs.

Step 3 (Anomaly detection): The M-Dist is calculated using the shrunken covariance

matrix S∗𝐵𝐿 by

D∗( 𝒇 𝑙′) =
√(

𝒇 𝑙′ − 𝝁𝐵𝐿
)𝑇S∗ −1

𝐵𝐿

(
𝒇 𝑙′ − 𝝁𝐵𝐿

)
(4.4)

and is compared with the threshold T. If M-Dist is larger than T, then an alarm of the potential

breakage risk is triggered and a careful check is needed. A flowchart for the 3-step procedure

is shown in Figure 4.3. When a new cutting pass is completed, multi-sensor data are collec-

ted and the corresponding TDC feature becomes available. At the same time, the baseline

passes have already been determined according to the clustering analysis of SDCs from all

previous cutting passes, which means 𝝁𝐵𝐿, S∗ −1
𝐵𝐿 , and T have already been known. The M-

Dist of the new sample can be calculated and compared with T to detect the corresponding

tool condition. The update of baseline passes follows the rule presented in Procedure 2.

Whenever the baseline is updated, the Mahalanobis space and the outlier threshold need to

be recalculated as shown in this section. This algorithm is carried out until tool breakage is

detected or machining is completed.

It is worth noting that the shrinkage of the covariance matrix S𝐵𝐿 is necessary. Otherwise,
the primal Mahalanobis space is oversensitive to noises such that a small perturbation in the

feature vector 𝒇 𝑙′ could be amplified significantly, which generates a large M-Dist value. In

this sense, any new feature vector might be marked as an outlier condition. The shrinkage
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Figure 4.3: Flowchart of the Mahalanobis distance-based anomaly detection algorithm.

technique, intuitively, adjusts the baseline space by compressing the directions of large ei-

genvectors and stretching the directions of small eigenvectors [163]. This helps to reduce the

estimation error and improve the accuracy and stability of M-Dist calculation. Hence, the

anomaly detection performance can be improved.

Regarding the threshold determination, the authors in [162] generate random samples

from a zero mean and unit standard deviation normal distribution. This method ignores the

correlation structure of variables and could yield an inapplicable threshold and unreliable

detection results. The proposed approach, namely an improved Monte Carlo, aims to simulate

the possible distribution of samples in the baseline space. The distance of samples near the

boundary relative to the centre is defined as the outlier threshold T. This strategy can provide

a more reliable result no matter where the space centre is. Additionally, the number of trials

needed for a Monte Carlo simulation depends on the specific requirements of the problem

to be solved. Here 1000 trials are used considering the trade-off between the estimation

stability and computational efficiency.

4.2.4 Implementation algorithm

The first step to implement the unsupervised tool breakage detection algorithm is to decom-

pose multi-sensor data of each cutting pass into dominant TDCs and SDCs by Eqs. (3.2)-(3.6).

In the time domain, the PSDs of TDCs are estimated by Eqs. (3.8)-(3.10), from which the TDC
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features are extracted. In the sensor domain, sequential clustering is performed on SDC

vectors by Procedure 1. According to the clustering result, the baseline cutting passes are

determined and updated through Procedure 2. Then the baseline Mahalanobis space defined

by the shrunken covariance matrix is obtained by (4.2) and (4.3). The outlier threshold T is

computed using the improved Monte Carlo algorithm. After the baseline space has been de-

termined, the M-Dist value of the new feature vector is calculated by Eq. (4.4) and compared

with T for anomaly detection.

An alarm is triggered when the M-Dist value exceeds the threshold T. In this algorithm, the

tool condition is represented by TDC features which show process dynamics. The detection is

always conducted with the latest baseline space that is determined according to the clustering

result of SDCs. In this case, the minimum lag of the proposed TBD approach is equal to

the time of one cutting pass. This is acceptable in practice to prevent furher damage to

the workpiece. Assume TDC1 and SDC1 are selected as dominant components, the whole

procedure of TBD is conducted as described in Procedure 3.

4.3 Case 1: milling process with a straight-line tool path

To validate the effectiveness of the TSD-based tool breakage detection approach, two ma-

chining experiments were conducted. The processes were face milling with straight-line and

circular-line tool paths, respectively. Tool breakage happened in both experiments. Through

analysing the multi-sensor data based on the proposed approach, the tool breakage events

could be accurately detected. In this section, the first experiment study will be introduced.

4.3.1 Experimental setup

The experiment was performed on a 5-axis milling machine DMG MORI’s NMV8000. A

Sandvik CoroMill Plura 1620 solid carbide square shoulder 16 mm-diameter end mill (1P330-

1600-XA 1620) with 3 flutes was used to machine a rectangular block TC4 workpiece as

shown in Figure 4.4 (a). The straight-line cutting path was repeated by stepping along the

direction perpendicular to the feed motion. The cutting pass was repeated 350 times during

the experiment. The rotational speed and feed rate were set as 1592 rpm and 859 mm/min,

respectively. The cutting width and depth were 0.5 mm and 8 mm. The data collection

system is shown in Figure 4.4 (a). The accelerometer was embedded into a sensor plate and

mounted beneath the workpiece. The microphone was placed close to the cutting area. The

Section 4.3: Case 1: milling process with a straight-line tool path 71



Procedure 3 Unsupervised detection of cutting tool breakage

1. Input: multi-sensor data X𝑙 , 𝑙 = 1, 2, . . . 𝐿, with initial cutting passes: cut 1∼𝑙𝑖𝑛𝑖𝑡

2. Output: whether a tool breakage occurs or not

3. for l = 1 to 𝑙𝑖𝑛𝑖𝑡

4. Process and standardize X𝑙 to obtain X′𝑙 by Eq. (3.2)

5. Decompose X′𝑙 into TDC1 𝒚𝑙 and SDC1 𝝋𝑙 by Eqs. (3.3)-(3.6)

6. Estimate 𝑆𝑙 ( 𝑓 ) from 𝒚𝑙 by Eqs. (3.8)-(3.10) to get a feature vector 𝒇 𝑙 =
[
𝑆𝑙 ( 𝑓1) . . . 𝑆𝑙 ( 𝑓𝑡)

]𝑇
7. end for

8. for l = 𝑙𝑖𝑛𝑖𝑡+1 to L

9. Run steps 4∼6 (data decomposition and TDC feature extraction) to get 𝝋𝑙 and 𝒇 𝑙

10. if the baseline space has not been determined

11. Sequential clustering analysis of 𝝋𝑙 by Procedure 1

12. Run Procedure 2 as follows

13. if 𝝋𝑙 belongs to the same cluster as the last one

14. Continue

15. else

16. Update the baseline space and T

17. else

18. Run steps 11∼16 (sequential clustering and baseline updating)

19. Calculate D∗( 𝒇 𝒍) by Eq. (4.4)

20. if D∗( 𝒇 𝒍)< T

21. Machining continues

22. else

23. Stop and replace the broken tool

24. end for
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specifications of these sensors have been given in Table 3.1. In this study, the sound and

tri-axial vibration signals were sampled at 10240 Hz and the number of variables was 4 in

total.

During the cutting trial, a microscope was used to take images of cutting edges after each

20-30 cutting passes. Figure 4.4 (b) shows the images of flutes from the new state to broken.

It can be found that the build-up edge is formed as machining goes on. Then, in the 180th

cutting pass, chipping, and even tip fracture occur on flutes 2 and 3. To collect more data

under faulty conditions, this tool is still used for machining until cut #350.

Figure 4.4: (a) Experimental setup and the sensor plate; (b) images of three flutes after cuts 5, 150 and 180.

4.3.2 Experimental results

Step 1: TSD of multi-sensor data by Eqs. (3.2)-(3.6)

In this case, the TPF is 79.6 Hz and the tool frequency is 26.53 Hz. The tool condition-related

information should be around this frequency range. Thus, a band-pass filter was applied to

each sensor signal over the frequency range from 20 to 90 Hz then the filtered data were

down-sampled at 954 Hz, which was about 12 times the TPF. The selection of down-sampling

frequency 𝑓𝑑𝑠 follows the three principles as follows,

1. 𝑓𝑑𝑠 should exceed twice the pass frequency such that the Nyquist sampling theorem is

followed.

2. 𝑓𝑑𝑠 is an integer multiple of the TPF such that the period parameter in STL algorithm

can be readily determined.
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Table 4.1: Eigenvalues of the signals’ covariance matrix, cut #1

i 1 2 3 4

Eigenvalues 2.58 1.16 0.24 0.02

CPV (%) 64.5 93.5 99.5 100.0

3. 𝑓𝑑𝑠 should not be too large, otherwise bringing about unnecessary computational costs.

The signals used for the analysis include sound and tri-axial vibration. The time-sensor

decomposition was performed on these data. Table 4.1 shows the eigenvalues of the cov-

ariance matrix of the signals collected from cut #1. The first component accounts for almost

65% of the total variance of original measurements, thus TDC1/SDC1 is selected as the dom-

inant component. The amount of data to be analysed is compressed from 4 sets of sensor

signals to one time series and one 4-dimensional vector.

Step 2: Time domain features extraction by Eqs. (3.8)-(3.10)

The TDC1 is firstly decomposed into the trend, seasonal and residual components. Figure

4.5 shows the TDC1 of cut 1 and its sub-components in the time and frequency domain.

The frequency spectrum of TDC1 shows three sharp peaks at 26.6 Hz, 53.1 Hz and 79.7 Hz.

Furthermore, it can be found that the information of focus is at TPF of 79.6 Hz and mainly in

the residual component from Figure 4.5 (b). An AR model is estimated for the residual time

series. Considering only two peaks appear in the spectrum, an AR(4) model is sufficient to

capture the process dynamics, which is verified by a good agreement of multi-step-ahead

predicted outputs with the actual values (RMSE=0.156) as shown in Figure 4.6 (a).

Figure 4.6 (b) shows the single-sided PSDs of TDC1 residual components of different cutting

passes. All spectra have a sharp peak at TPF. The patterns of PSD curves of the passes after

cut #180 deviate from the others, which is an indication of the change in the machining

dynamics. The spectral amplitudes at 10 frequencies from 70 to 90 Hz constitute the TDC1

feature vector.

Step 3: Sequential clustering of SDCs by Procedure 1

Figure 4.7 (a) shows the heatmap of SDC1s vs. cutting passes. Two distinct patterns can be

found. The values of SDC1s fluctuate drastically after around cut 180. This change coincides

with the experimental observation of tool breakge after cut 180. However, the SDC1s of cutting

passes close to cut 150 show a similar pattern as that around cut 180, which means the tool
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Figure 4.5: (a) TDC1 and sub-components in cut #1; (b) DFT analysis results of TDC1 and sub-components in

cut #1.

Figure 4.6: (a) AR(4) model predicted outputs vs. true values in cut #1 with RMSE 0.156; (b) the PSDs of TDC1’s

residual components.

breakage events cannot be identified exactly using SDC1s only. Even though, it is still possible

to extract process-related information from the sensor domain.

The sequential clustering results of SDC1s are shown in Figure 4.7 (b). The first 10 passes

were defined as initial passes. The second cluster does not appear till cut 142. Then the third

and fourth cluster appear at cut 145 and 146, respectively. The rapid change in clustering

results happens again from cut 172 to 181. The result shows that the sequential clustering

analysis can quantify the divergence of SDC patterns. According to the change in clustering

results, the baseline cutting passes are defined and updated following Procedure 2.

Step 4: Anomaly detection results using Procedure 3

As shown in Figure 4.7 (b), at first the baseline passes are defined as cuts 1-141. The

corresponding TDC1 feature vectors constitute a Mahalanobis space with a desired condition

number 𝜅 of 400 [164]. Then the 1% threshold is determined by the improved Monte Carlo
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Figure 4.7: (a) Heatmap of SDC1s vs. cutting passes; (b) sequential clustering of SDC1s.

algorithm. The M-Dist values of cuts 142-144 are calculated and none of them exceeds the

threshold as can be seen in Figure 4.8 (a), which means no anomaly event happens during

this period. The clustering result changes again at cut 145, thus the baseline passes are

updated to contain cuts 1-144. With the updated covariance matrix and threshold, anomaly

detection is performed on the TDC1 feature of cut 145. In this way, the whole procedure is

carried out along with the machining process. Figure 4.8 (a) shows the changes in M-Dist

and 1% threshold with the adaptive adjustment of baseline passes. It can be found that the

outlier condition appears at cut 179, which agrees with the experimental observation. On the

other hand, without sensor domain information, the baseline passes can only be estimated

based on empirical knowledge, for instance, cuts 1-50 or cuts 1-100. In this situation, wrong

detection results of cut 57 or 121 are generated as shown in Figure 4.8 (b) and (c), respectively.

The results indicate that in the absence of training data, the empirical estimation of baseline

passes cannot detect tool breakage reliably.

Figure 4.8: Tool breakage detection results: (a) adaptive adjustment of baseline cutting passes; manual defini-

tion of baseline passes: (b) cuts #1-50; (c) cuts #1-100.

Table 4.2 shows the value of the threshold and the M-Dist range of the passes to be

detected with the updating of the baseline passes. Compared with Figure 4.8 (a), the detailed

results at every stage can be clearly seen. There are no alarms reported until cut 179.
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Table 4.2: Tool breakage detection results; using the proposed approach in the straight-line milling experiment

BL: #1- T # to be detected M-Dist range
Detect

fault
Real fault

141 2.488 142-144 2.007-2.328 × ×

144 2.490 145 2.131 × ×

145 2.493 146-150 2.025-2.385 × ×

150 2.498 151-171 0.581-2.374 × ×

171 2.495 172-173 2.011-2.195 × ×

173 2.502 174-175 1.858-2.234 × ×

175 2.498 176-181 1.758-5.333 ✓#179 ✓#180

4.3.3 Discussion on the algorithm design

The effectiveness of the shrinkage of covariance matrix and the improved Monte Carlo al-

gorithm has been investigated. Figure 4.9 show the TBD results using S𝐵𝐿 and using the

thresholds determined by Monte Carlo algorithm [162], respectively. As mentioned above, a

small perturbation in the feature vector will induce a significant change in the value of the

M-Dist. As a result, almost every new cutting pass is identified as an anomaly as shown in

Figure 4.9 (a). In this case, the detection result makes no sense. On the other side, if random

samples in Monte Carlo simulation are generated from a zero mean and unit standard devi-

ation normal distribution, most of them spread around a position far away from the baseline

samples. The determined threshold is not sensitive to the outlier relative to the baseline

space. Consequently, no tool breakage event has been identified as shown in Figure 4.9 (b).

Therefore, the proposed approach using the shrinkage technique and improved Monte Carlo

algorithm can solve the problem with existing techniques and fulfil the task of TBD well.

Figure 4.9: Tool breakage detection results: (a) where no the shrinkage of the covariance matrix; (b) where

using Monte Carlo algorithm [162] to determine the threshold.
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Regarding the efficiency of the proposed algorithm, the time-consuming of each step is

recorded and analysed. It is implemented on a laptop with Intel(R) Core(TM) i5-10310U CPU

and 16 GB RAM. The software is developed in Python 3.8.5 on Windows 10. The running

time for time-sensor decomposition of the signal is 0.019 s; for TDC1 analysis is 0.179 s;

for SDCs clustering is 0.01 s; for threshold calculation is 1.031 s; for anomaly detection is

0.002 s. Therefore, if the threshold update is not needed, it takes around 0.3 s to obtain

a detection result; if the baseline is updated, it takes about one extra second to update the

threshold. Given that the threshold does not need to be recalculated after every cutting pass,

the efficiency is satisfactory for real-time TBD.

4.3.4 Comparative study

The performance of the proposed method is compared with four existing unsupervised ap-

proaches, which are based on fixed threshold [156], floating threshold [151], one-class support

vector machine (OCSVM) [165], and ECOD [166], respectively. In the fixed threshold method,

the wavelet transform (WT) is applied to construct feature vectors from raw signals. Three

sets of baseline passes are used for reference, within which the 3-sigma limit of M-Dist values

is defined as the threshold. For the floating threshold method, the baseline does not need

to be determined in advance. Instead, the WT-based features of four signals are used. The

OCSVM and ECOD are unsupervised anomaly detection algorithms. Similar to [153], four

time-domain features are extracted from raw data and used for anomaly detection.

The TBD result is evaluated in terms of timeliness and overall accuracy. The former is

defined by the difference between the detected breakage point (DBP) and real breakage

point (RBP), i.e., Δ = |𝐷𝐵𝑃 − 𝑅𝐵𝑃 |. The accuracy is quantified by the fault detection rate

(FDR) and false alarm rate (FAR). The total accuracy (Acc) is also given. FDR measures the

proportion of anomalies correctly identified by the system among all actual anomalies. FAR

is the proportion of normal samples that are incorrectly identified as anomalies out of all

normal samples. Both metrics are computed based on the testing set. In this study, all samples

excluding those from baseline passes are used as the testing data. For example, if the baseline

contains cuts 1-100, the testing set comprises 79 normal samples and 171 abnormal samples.

An ideal TBD system should be able to identify the time when the abnormal condition appears,

hence minimising FAR and maximising FDR.

Table 4.3 shows the results obtained by all methods. The fixed threshold, floating threshold,

and OCSVM have almost 100% FDR values but also high FARs. The DBP is not accurate unless

the baseline passes cover cuts that are close to RBP, which indicates that the threshold is too
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Table 4.3: Tool breakage detection results; comparative study in the straight-line milling experiment

Method BL DBP Δ FDR(%) FAR(%) Acc(%)

The proposed SDC-based 179 1 95.3 25.0 94.9

Fixed threshold

1-50 51 129 100 81.4 65.0

1-100 102 78 100 84.8 73.2

1-175 181 1 99.4 0.0 99.4

Floating threshold

Mic 122 58 100 33.0 83.3

VibX 181 1 99.4 0.0 99.7

VibY 150 30 100 17.0 91.4

VibZ 54 126 100 71.6 63.7

OCSVM

1-50 51 129 100 99.2 57.3

1-100 116 64 100 75.9 76.0

1-175 176 4 100 100 97.7

ECOD

1-50 147 33 25.7 0.8 57.3

1-100 310 130 9.4 0.0 38.0

1-175 302 122 20.5 0.0 22.3

conservative to overcome subtle disturbance. While the ECOD method tends to trigger fewer

alarms. This method is not sensitive to real anomalies and misses the tool breakage point.

By contrast, the proposed method can detect RBP accurately and achieve a good trade-off

between FDR and FAR.

4.4 Case 2: milling process with a circular tool path

4.4.1 Experimental setup

In this experiment, the dynamic milling strategy was adopted. The machine tool was DMG

MORI’s NVX5080. A cylinder TC4 workpiece was machined by 4 OSG’s UVX-Ti-5F 16 mm-

diameter 5-flute end mills with variable helix and unequal spacing. Centric circles from outer

to inner comprise the tool path as shown in Figure 4.10 (a). The cutting parameters are listed
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Table 4.4: Cutting conditions in the circular milling experiment

Tool
Spindle speed

(RPM)

Feedrate

(mm/min)

ADoC

(mm)

RDoC

(mm)

# of

circles

1 2586 1448 19.5 2.4 29

2 2586 1448 19.5 2.4 29

3 2387 1002 19.5 2.4 24

4 2785 1560 19.5 2.4 43

in Table 4.4. Three sets of spindle speed and feed rate were considered, aiming to introduce

process variability in the experiment. During machining, the forces on the plate and vibrations

on the plate and spindle were sampled at 10240 Hz. The specifications of these sensors have

been given in Table 3.1. The number of data channels is 9 in total.

Figure 4.10: (a) Experimental setup and the tool path; (b) images of flutes before and after machining.

The tool condition was checked three times after outer, middle, and inner cuts, sequentially.

In the test, the tools were used to machine only one or two layers of the workpiece, after

which all tools were severely damaged. As shown in Figure 4.10 (b), unexpected chipping

happens on some of the flutes at the end of the tools’ lifecycle.

4.4.2 Experimental results

The data decomposition and analysis are similar to that in case 1. In this case, TDC1 and

SDC1 are selected as the dominant components as well. The volume of data to be analysed

is compressed from 9 sets of sensor signals to a single time series and a 9-dimensional

vector. An AR(6) model-based PSD estimate was used to reveal the TPF-related dynamics.

PSD amplitudes over 15 frequencies around TPF constituted the TDC1 feature vector. The
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SDC1s were 9-dimensional vectors, showing different patterns especially when the tools were

severely broken, as can be seen in Figure 4.11.

Here we select the first 5 cuts as initial passes. Table 4.5 shows the TBD results using the

proposed and four existing methods. As the number of cuts is limited for the calculation of

FDR and FAR, we evaluate the effectiveness by looking at if the DBP falls into the range of

RBP. Firstly, only the proposed method and ECOD with a baseline of the first 20 passes show

reasonable detection results. However, there is a risk of missing RBP for the latter as cut 20

is very close to the breakage. Besides, the fixed threshold and OCSVM methods determine

cuts that are 1 or 2 passes following the BL as anomalies in all cases. These methods can not

provide meaningful performance in practice. For the floating threshold-based method, the

choice of feature has an effect on the accuracy. It is hard to determine such a feature from

a single sensor signal so that the TBD results are acceptable for all cutters.

The rate that the integration of TDCs and SDCs can make a reliable judgement of tool

breakage events. It is worthwhile to mention that an appropriate selection of 𝑙𝑖𝑛𝑖𝑡 relies on

the empirical estimation of the tool’s lifecycle. The suggestion is to use 10% as the initialisation

condition.

Figure 4.11: Heatmap of SDC1s vs. cutting passes: (a) Tool 1, (b) Tool 2, (c) Tool 3, (4) Tool 4.
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Table 4.5: Tool breakage detection results; comparison study in the circular milling experiment

Method BL Tool 1 Tool 2 Tool 3 Tool 4

Real breakage point 15-29 15-29 15-24 38-43

The proposed SDC-based 28 17 23 37

Fixed threshold

1-10 11 11 11 11

1-15 16 16 16 26

1-20 22 21 21 21

Floating threshold

ForceP - 21 13 8

VibP 9 7 11 8

VibS 29 9 15 24

OCSVM

1-10 12 11 11 11

1-15 16 16 16 16

1-20 21 21 21 21

ECOD

1-10 12 14 21 16

1-15 29 26 21 16

1-20 29 26 23 37

4.5 Discussion

In this study, the novel concept of TSD has been applied to perform unsupervised detection

of tool breakage. Its effectiveness has been demonstrated in milling experiments. In order to

provide potential users with the applicability of the proposed method, some discussions are

summarised as follows.

1. The target systems: the proposed method has potential applications in anomaly de-

tection for various industrial processes (e.g., rotor system, chemical production) that

face similar failure risks like tool breakage. As components undergo wear and tear,

their performance may degrade gradually. However, sudden events such as compon-

ent failure result in step-change anomalies. Conventional methods, relying on a fixed

baseline, struggle to address this issue as any deviation from the baseline is incorrectly

identified as an anomaly. The proposed method uses sensor domain information to

establish and update the baseline condition, accommodating normal variability while

82 Chapter 4: Process anomaly detection based on time-sensor domain synthesis and ap-

plication to tool breakage detection



effectively capturing step changes by continuous threshold updates.

2. The multi-sensor system: the multi-sensor system lays the foundation of the proposed

method. Many aspects should be considered carefully including the budget, sensor

integration and synchronisation problem. Firstly, The multi-sensor system can be ex-

pensive, in terms of both purchase cost and maintenance. A feasible solution should

be economically affordable. Secondly, careful checking and pre-processing of the data

are necessary such that different types of sensors can be integrated effectively. For

example, the AE sensor has a much higher frequency range (50-400 kHz) compared

with the accelerometer (0-5 kHz), effective information does not remain after down-

sampling. Besides, data synchronisation is also a challenge when a large number of

sensors are used. In our experiment, the data acquisition module can synchronise

measurements across a network. In a more sophisticated application, advanced syn-

chronisation algorithms should be developed. In principle, provided these issues have

been addressed, the proposed method can work in a complicated multi-sensor system.

3. The interpretation of TDC/SDC: the TDCs can be interpreted as a linear combination

of original signals with the coefficients determined by the SDCs. Many studies only

pay attention to the TDCs for the purpose of dimensional reduction and claim that it is

hard to explain the meaning of SDCs. The present study reveals, for the first time, the

significance of SDCs and shows how SDCs can be used to indicate the gradual changes

in dynamics of a milling process. In Figure 4.7 (a), it can be seen that the first element

of SDC1 has an increasing trend while the third element changes to negative in later

stages. It is reasonable because the sound, which corresponds to the first element,

would be louder after the happening of tool breakage. But the physical interpreta-

tion of the alteration of the third element, which is the y-axial vibration signal, still

needs clarification. Besides, it is expected that the SDC would change continuously and

smoothly in a gradual tool wear process. If so, the relationship between the pattern of

SDCs and tool wear could be found and used for tool wear monitoring.

4. Feasibility study: it is suggested to conduct pilot testing or proof-of-concept experi-

ments to assess the effectiveness of the anomaly detection algorithm in a controlled

environment. Through the feasibility analysis, the users will establish an initial under-

standing about how the TDCs and SDCs change in their problems. Next, fine tuning of

key parameters such as the number of initial passes and the characteristic features of

TDC series can be conducted to optimise the accuracy and reliability of the algorithm.

5. Limitations: it is worthwhile mentioning that in some scenarios, the algorithm may not
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be effective. For instance, when the anomaly-induced changes are too subtle to be

identified by the threshold, the adaptive baseline may include abnormal samples and

lead to missed alarms. In this case, updating the threshold more frequently can improve

its sensitivity to subtle anomalies, which will be the main focus of next chapter.

4.6 Conclusion

This chapter proposes a novel process anomaly detection approach based on the proposed

time-sensor domain data decomposition and analysis framework. The novelty lies in the

synthesis of time and sensor domain information. After the data decomposition, represent-

ative features are extracted from the TDCs. Meanwhile, a sequential clustering algorithm is

applied to analyse SDCs to obtain valuable information associated with process conditions.

In this way, the baseline stages and corresponding threshold can be determined and up-

dated adaptively. The Mahalanobis distance-based method is then proposed to perform the

anomaly detection. The proposed approach has been applied to the analysis of sensor data

from two practical machining experiments for tool breakage detection. Comparative studies

with existing methods have also been conducted. The results have demonstrated the effect-

iveness, the potential in process anomaly detection and the advantages of the new approach

over existing techniques in terms of both computation time and overall accuracy in anomaly

detection.

Currently, the TSD is applied to each data block one by one. The obtained TDCs and SDCs

may have unexplained changes due to environmental noises, for example in Figure 4.7 (a),

the SDC1s obtained around cut 150 show a similar pattern as around the tool breakage point.

In fact, most industrial processes are changing continuously. The time-dependent relationship

among different data blocks should be considered when applying the TSD framework such

that the process changes can be revealed clearly. In the next chapter, a recursive TSD

algorithm will be proposed to realise time-varying process monitoring.
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5

Time-varying process monitoring based

on recursive time-sensor decomposition

and application to tool wear monitoring

5.1 Introduction

In this chapter, a novel time-varying process monitoring approach is proposed. Instead of

applying TSD to each data snapshot separately, the influence of previous snapshots on the

current data is considered in a recursive way. In this sense, the TSD algorithm is further

extended to a recursive TSD (RTSD) method. After the data decomposition, the time and

sensor domain components are better related to the overall changes and underlying trend

of the process, respectively, making them applicable to time-varying process monitoring.

As mentioned in Chapter 1, the data-driven process monitoring methods have currently

become a research hotspot. One approach is referred to as multivariate statistical process

monitoring (MSPM). MSPM operates by evaluating the statistical deviation of multivariate

measurements from a predefined normal region. When the index of deviation exceeds a

predetermined threshold, potential faults or abnormal conditions are detected. However, a
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limitation of traditional MSPM approaches is that the sensitivity to minor mean shifts de-

creases as the number of process variables increases [167]. Consequently, in practice, MSPM

often employs dimension-reduction techniques to handle high-dimensional data. Techniques

such as principal component analysis (PCA), partial least squares (PLS), and their extensions

are commonly used to address dimension reduction problems [168, 169].

A basic assumption behind MSPM approaches using PCA or PLS is that the monitoring

variables are independent and identically distributed. Ideally, the process states should be

stationary such that the estimated mean and covariance can fully describe the process.

Nonetheless, these foundational assumptions may be readily violated, as complex industrial

processes are inherently time-varying [2, 3]. Factors such as catalyst deactivation, equipment

degradation, and fluctuating operating conditions contribute to the time-varying change [170].

Consequently, measurements may be nonstationary exhibiting deterministic but unknown

changes in mean and variance. For example, the milling process in manufacturing is a time-

varying process where the sensor data display a deterministic but unknown trend of change

due to gradual increases in tool wear [171]. Fig. 5.1 shows an illustration of the data distribution

of stationary and time-varying processes. It can be found that in a time-varying process, the

faulty condition cannot be detected easily by a conventional MSPM approach, in which a fixed

control limit (CL) is adopted and normal time-varying behaviours may trigger false alarms.

To address this issue, a monitoring scheme should be updated to accommodate time-varying

behaviours while still able to detect abnormal conditions [172]. For example, the adaptive CL

shown in Fig. 5.1 can be a solution which follows the gradual change of process variables

and trigger alarms only when an abrupt change in these variables happens. According

to the literature, this adaption can be achieved at either the data modelling stage or the

control chart creating stage. The former relies on eliminating data variations induced by the

time-varying behaviour of a process and only focusing on the stationary behaviours of the

process, while the latter requires designing control charts such that normal process changes

are incorporated into the in-control states.

When adaptation is realised at the data modelling stage, methods based on adaptive

PCA/PLS [169, 173], slow feature analysis (SFA) [174, 175] and cointegration analysis (CA) [176,

177] are commonly employed. The adaptive MSPM approaches handle the time-varying

property by concurrently updating the process model using both current and previous data,

based on a moving window or recursive strategy. In the moving window method, a new

model is generated from the latest samples within a fixed-length window. Comparatively, the

recursive strategy utilises all preceding samples with decaying weights for model updates. For

example, Li et al. [169] proposed a recursive PCA (RPCA) method for the monitoring of time-

varying processes with slow and normal changes. Grasso et al. [178] utilised moving window
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Figure 5.1: An illustration of the data distribution of stationary and time-varying processes and the fixed and

adaptive control limits.

PCA (MWPCA) and adaptive control limit (CL) to detect tool breakage. SFA is an unsupervised

learning algorithm that is used to extract slowly varying trends from a fast-fluctuating input

signal. This makes it useful in the monitoring of time-varying processes, especially with

complex evolving trends. In [175], SFA was utilised to monitor multi-phase batch processes

by building different models for local steady states and global dynamics, respectively. CA

is a statistical tool for determining the long-run equilibrium relationship between multiple

nonstationary time series. In process monitoring, different variables may share the same

long-run trend due to the time-varying behaviour. This long-term relationship is used by CA

to characterise an anomaly or shift in process operational conditions [177].

When adaptation is implemented via control chart creating, researchers have proposed

adaptive methods that continuously update the monitoring samples [179, 180] or control limits

[181, 182]. Typically, the previous samples are directly used to generate a new vector by either

a moving window or a recursive updating technique [180]. Monitoring based on this new

vector can provide more sensitivity to minor and moderate shifts in the mean vector of time-

varying processes. This method creates the so-called multivariate cumulative sum (MCUSUM)

[183] or exponentially weighted moving average (MEWMA) control charts [184]. On the other

hand, the adjustment of the control limit is usually exploited in adaptive MSPM schemes.

In RPCA, the control limits are adjusted according to the number of principal components

(PCs), which might change due to the model updates. Wang et al. adjusted the control limit

according to the distribution of previous control limits [181]. However, in some cases, where

the faults are gradual and subtle, the updated control limit may adapt to the faults as well,

thus failing to trigger alarms. To resolve this issue, Wang et al. introduced an N-step-ahead

prediction method utilising the model obtained in the Nth step ahead to calculate monitoring

statistics and control limits, thereby enhancing the sensitivity of the control chart to ramp faults

[182]. Most of the control charts only contain phases I and II corresponding to in-control
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and undetermined states, respectively, which might not work for time-varying processes.

Recently, researchers have improved the design of two-phase control charts and proposed

a novel three-region control chart [185]. This new design incorporates an additional region

between the worst acceptable and the best unacceptable conditions, thereby facilitating the

assessment of states associated with gradual system degradation.

However, the existing methods still face significant challenges in practical implementation.

Firstly, the sample-wise monitoring scheme suffers from a huge computational burden and

a high sensitivity to external noises [186]. Secondly, some theoretical assumptions are not

applicable in practical scenarios, leading to failure in accommodating complex and unknown

trends of variations [187]. Moreover, to ensure timely fault detection in time-varying pro-

cesses, key parameters such as the moving window length and the number of prior steps

need to be tuned carefully. There is a lack of an optimisation algorithm working for different

processes.

The present study aims to resolve these challenges by a novel RTSD algorithm, which

directly utilises the correlation structure of the measurements and avoids making unrealistic

assumptions about the data or the process itself. In Chapter 4, SDCs are used to reflect

the health status of processes and to determine a reasonable baseline in the tool breakage

detection system. In RTSD, the data correlation matrix is updated recursively. The generated

TDCs and SDCs present different time-varying properties of a process under study. Then

a novel control chart with adaptive control limits, combining the time and sensor domain

information, is designed. This novel scheme is able to adapt to normal process changes

and trigger alarms only when significant faults take place. Applications in a simulation study

and a tool wear process have demonstrated that this novel framework can adapt to normal

but slow variations with degradation of equipment or process and timely detect faults and

abnormal conditions, without a need for prior knowledge of underlying processes.

The main contribution of this Chapter is the innovative RTSD algorithm which, for the first

time, exploits SDC and TDC to represent the general trend and the overall time-varying beha-

viours (including both normal and fault-induced variations) of an industrial process, respect-

ively. This enables the creation of novel TDC-based control chart statistics, and SDC-based

control limits, ensuring a good trade-off between fault detection rate and false alarm rate and

making the proposed approach applicable to time-varying industrial process monitoring.
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5.2 Problem description

5.2.1 Data structure in block-wise MSPM

In this study, the process monitoring is executed in a block-wise manner, where a monitoring

result is generated after collecting a block of multi-sensor data. Compared with the sample-

wise monitoring, this strategy is more efficient and reasonable, especially considering the

relatively high sampling rate for process changes. The selection of block size depends on

specific problems, for example, a continuous milling process. The underlying assumption

is that the process condition remains unchanging over a certain phase of a data block. It

should be noted that the proposed framework can be adapted to a sample-wise monitoring

scenario if necessary.

The raw data for the entire process can be organised as a three-dimensional (3D) array as

in the case of batch processes monitoring [188]. It is worth mentioning that in batch process

monitoring, the data are repeated batch-wise, where each batch may contain multiple phases

corresponding to different production operations. On the other hand, the focus of this study

is on handling successive data across a single production process. Fig. 5.2 (a) illustrates

the structure of the 3D array which consists of 𝐾 block matrices stacked phase-wise. Each

matrix contains information about process conditions over each phase. Each phase here

may represent a fixed sampling period or a physical period of process operations.

To relieve the computation burden, it is necessary to decompose the array into a two-

dimensional matrix. Among various types of decomposition, phase-unfolding is widely used.

As shown in Fig. 5.2 (a), the dimension of phase is retained while the other two dimensions

are merged to form a new vector. In practice, different forms of the 3D array have been

considered, leading to X with different sizes. These forms of 3D array include,

1. The multi-sensor data, which is denoted by X ∈ R𝐼×𝐽×𝐾 . As shown in Fig. 5.2 (b), 𝐼, 𝐽 ,

and 𝐾 are the number of samples, variables, and phases, respectively.

2. The dimensional-reduction data, which has the form X ∈ R𝐼′×𝐽′×𝐾 . As denoted in Fig.

5.2 (c), 𝐼′ and 𝐽′ represent the number of principal components, along the original 𝐼

and 𝐽-directions, obtained through multi-way dimension reduction algorithms.

3. The data features, which are organised as X ∈ R𝑃×𝐽×𝐾 corresponding to Fig. 5.2 (d). In

this case, 𝑃 denotes the number of features extracted from each variable.
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4. When the number of samples equals one, the raw data degrades to a two-dimensional

matrix X ∈ R𝐽×𝐾 naturally, which corresponds to the sample-wise monitoring problem.

Figure 5.2: (a) Phase-unfolding of the three-dimensional array; illustration of (b) raw data; (c) dimensional-

reduction data; (d) data features.

In block-wise MSPM, it is assumed that the process condition keeps unchanging over the

time period of one block. The general MSPM framework can be implemented on matrix X
after data unfolding. Faulty states are detected when a new phase of samples is signific-

antly different from the samples in normal phases. In time-varying industrial processes, the

statistical nature of the measurements such as mean and correlation may be different over

different phases, making it difficult to identify faults in the processes.

5.2.2 Monitoring strategy

A monitoring procedure normally includes dimension reduction (if necessary), monitoring

model parameter estimation and control limit determination (Phase I), and process state mon-

itoring (Phase II). Let 𝐾1 denote the number of the phases of normal samples used in Phase

I. The mean vector and covariance matrix are used as monitoring model parameters. The

quality indices can be calculated to represent process conditions. In this section, two multi-

way PCA approaches including vectorised PCA (VPCA) and multi-linear PCA (MPCA) [105, 189]

will be introduced first. Then three time-varying process monitoring approaches including

adaptive PCA, SFA and CA [169, 175, 177] are revisited briefly.

Vectorised PCA: In this method, the dimension of the unfolded matrix X is 𝐼𝐽 × 𝐾. Each
column consists of data from all samples and variables within one block. The mean and

covariance matrix are estimated by 𝝁 = 1
𝐾1

∑𝐾1
𝑘=1 𝒙𝑘 and 𝚺 = 1

𝐾1−1
∑𝐾1
𝑘=1(𝒙𝑘 − 𝝁)(𝒙𝑘 − 𝝁)𝑇 .
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Assume U ∈ R𝐼𝐽×𝑟 consists of the eigenvectors of 𝚺 corresponding to its first 𝑟 largest

eigenvalues 𝜆1, . . . ,𝜆𝑟 , the principal component of a sample 𝒙 is given by 𝒛 = U𝑇(𝒙 − 𝝁).
Two monitoring statistics, Hotelling’s 𝑇2 and 𝑄-statistic can be calculated by

𝑇2 = 𝒛𝑇Λ−1𝒛 (5.1)

𝑄 = (𝒙 − 𝝁)𝑇(I −UU𝑇)(𝒙 − 𝝁) (5.2)

where Λ = diag(𝜆1, ...,𝜆𝑟).

Under the assumption of multivariate normality of the measurements and temporal inde-

pendence, the control limit can be determined theoretically. For example, 𝐹-distribution is

usually used to estimate the control limit for Hotelling’s 𝑇2 control chart by

UCL =
𝑟(𝐾1 + 1)(𝐾1 − 1)

𝐾2
1 − 𝐾1𝑟

𝐹𝛼;𝑟,𝐾1−𝑟

LCL = 0
(5.3)

where 𝐹𝛼;𝑟,𝐾1−𝑟 is the upper 𝛼 percentage point of a 𝐹-distribution with parameters 𝑟 and

𝐾1− 𝑟. UCL and LCL represent upper and lower control limit, respectively. The control limit

corresponding to the upper 𝛼 percentile of the 𝑄-statistic can be calculated by

UCL = 𝜃1
©­­«
𝑧𝛼

√
2𝜃2ℎ

2
0

𝜃1
+ 1 + 𝜃2ℎ0(1 − ℎ0)2

𝜃2
1

ª®®¬
2

(5.4)

where 𝜃𝑖 =
∑𝐼𝐽

𝑗=𝑟+1 𝜆
𝑖
𝑗
for 𝑖 = 1, 2, 3 and ℎ0 = 1 − 2𝜃1𝜃3

3𝜃2
2

and 𝑧𝛼 is the upper 𝛼 percentile of

the standard normal distribution. Note that if the number of observations is large, the control

limits can be approximated using empirical distributions [3]. In the monitoring stage, if the

statistics of a new block of samples exceed the range of control limits, the system will trigger

off an alarm.

Multi-linear PCA: In this case, the dimensional-reduction data is used, which means X ∈
R𝐼
′𝐽′×𝐾 . The mean and covariance matrix can be estimated in the same way as in VPCA.

Then Hotelling’s 𝑇2 statistic in eq (5.1) becomes

𝑇2 = (𝒙 − 𝝁)𝑇Σ−1(𝒙 − 𝝁)′ (5.5)

The Phase II control limit for this statistic has the same form as eq (5.3) with 𝑟 replaced by

𝐼′𝐽′. Note that both VPCA and MPCA methods assume that the mean and variable correlations

do not change over normal phases. These can not adapt to normal process variations. When
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applied to the time-varying process, these approaches could be too sensitive to distinguish

normal and faulty samples and trigger more false alarms [186].

Adaptive PCA: Both raw data and data features can be used in this method. Taking the

feature matrix as an example, the matrix X has a size of 𝑃𝐽 × 𝐾. Different from VPCA and

MPCA, the mean and covariance matrix in RPCA need to be updated every time a block of

normal samples is available by

𝝁𝑘 = (1 − 𝜂)𝒙𝑘 + 𝜂𝝁𝑘−1 (5.6)

and

𝚺𝑘 = (1 − 𝜂)(𝒙𝑘 − 𝝁𝑘)𝑇(𝒙𝑘 − 𝝁𝑘) + 𝜂𝚺𝑘−1 (5.7)

where 𝜂 is the forgetting factor. Let U𝑘 be the loading matrix. The principal component of

𝒙𝑘+1 is 𝒛𝑘+1 = U𝑘𝑇(𝒙𝑘+1 − 𝝁𝑘). Now the quality statistics become

𝑇2
𝑘+1 = 𝒛𝑘+1𝑇Λ𝑘−1

𝒛𝑘+1 (5.8)

𝑄𝑘+1 = (𝒙𝑘+1 − 𝝁𝑘)𝑇(I −U𝑘U𝑘𝑇)(𝒙𝑘+1 − 𝝁𝑘) (5.9)

where 𝚲𝑘 = diag(𝜆1, . . . ,𝜆𝑟𝑘 ) and 𝑟𝑘 is the number of principal components.

As the covariance matrix is always updated to incorporate new and historical information,

the number of principal components and eigenvalues may change and thus the control

limit is adjusted. The upper control limit for Hotelling’s 𝑇2 statistic and the 𝑄-statistic as

shown in (5.3) and (5.4) should change with 𝑘. This approach has the potential to adapt to

slow changes and signal an abrupt shift [178], while the existence of outliers may lead to

inaccurate estimation of the principal components and cause false alarms.

SFA and CA: Another way to deal with time-varying processes is to separate the general

trend from stationary variation using time correlation analysis. SFA aims to extract slowly

varying latent variables from time series. The data can be divided into long-term general

trends and short-term fluctuations. CA yields a long-run dynamic equilibrium relationship

between process variables. The residual sequence describes the dynamic equilibrium errors,

which are stochastic and stationary. In both methods, when the normal and slow change

is excluded, the remaining normal phases of samples should follow a multivariate normal

distribution. The general MSPM framework is applied to monitor the condition of a new block

of samples.

As can be seen, most existing methods try to extract stationary behaviours of an underlying

process by excluding the long-term trend of variations from raw data. Then the control chart

is created only using the statistics of the extracted stationary behaviours. An issue with this
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strategy is that the assumption about the potential trend of variations does not always hold,

leading to inaccurate results. Therefore, there is a real need to develop a monitoring method

that adapts to the trend of process variations automatically and triggers alarms only when

a true fault occurs. In addition, this method should also be robust to outliers and easy to

implement.

5.3 Methodology

The flowchart of the proposed novel MSPM approach for time-varying process monitoring is

shown in Fig. 5.3. The implementation procedure has two phases. In Phase I, all available in-

control samples are utilised to estimate the mean vector and covariance matrix. Meanwhile,

the parameters used for control limit adjustment are also determined. In Phase II, both 𝑇2

statistics and corresponding CL are calculated in real time when each block of new samples

is collected and used for process monitoring. An alarm will be triggered if the 𝑇2 statistic

exceeds the CL. The novelty is associated with the RTSD-based calculation of 𝑇2 statistic and

CL. The RTSD algorithm decomposes raw data into the time domain components known as

TDCs and the sensor domain components known as SDCs. The feature vectors extracted

from the TDCs are used to calculate the 𝑇2 statistic to represent the overall process changes.

The CL is determined based on the distribution of SDCs to allow an adaptive update of CL and

accommodate the normal trend of process variations. Details of this approach are introduced

in the following subsections.

5.3.1 Recursive time-sensor decomposition

Consider the original measurement matrix X ∈ R𝑚×𝑛 , where 𝑚 and 𝑛 denote the number

of samples and sensors, respectively. For the 𝑘th block, we have the data matrix X𝑘 =

[𝒙𝑘1 , 𝒙
𝑘
2 , . . . , 𝒙

𝑘
𝑛], and the length of 𝒙𝑘

𝑗
is 𝑚𝑘 . Firstly, the raw data matrix is normalised as

follows:

𝑥̄𝑘𝑖, 𝑗 = (𝑥
𝑘
𝑖, 𝑗 − 𝜇

1
𝑗 )/𝜎

1
𝑗 , 𝑖 = 1, 2, ...𝑚𝑘 , 𝑗 = 1, 2, ..., 𝑛 (5.10)

where 𝜇1
𝑗
and 𝜎1

𝑗
denote the mean and standard deviation of the 𝑗th sensor signal in the first

block. This step ensures that the data from different sensors are in the same range. The first

and second-order statistics of X1 are selected as the reference such that the relative difference

between data statistics of the first and 𝑘th blocks is kept. Then, the correlation matrix of X̄𝑘
can

be estimated as R𝑘 = [𝑟𝑖 𝑗]𝑛×𝑛 , where 𝑟𝑖 𝑗 = corr(𝒙̄𝑘𝑖 , 𝒙̄
𝑘
𝑗 ) denotes the correlation coefficient

between the 𝑖th and 𝑗th normalised signals. In this study, the recursively updating strategy
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Figure 5.3: Flowchart of the proposed process monitoring system based on RTSD.

is introduced to recalculate the correlation matrix as

R̂𝑘
=

∑𝑘
𝑖=1 𝜂

𝑘−𝑖R𝑖∑𝑘
𝑖=1 𝜂

𝑘−𝑖
=

1 − 𝜂
1 − 𝜂𝑘

R𝑘 + 𝜂
1 − 𝜂𝑘−1

1 − 𝜂𝑘
R̂𝑘−1 ≈ (1 − 𝜂)R𝑘 + 𝜂R̂𝑘−1

(5.11)

where 0 ≤ 𝜂 ≤ 1 denotes the forgetting factor. The approximation in equation (5.11) is reas-

onable for a sufficiently large 𝑘. Hence, R̂𝑘
is essentially a weighted mean of all available

correlation matrices. The magnitude of the weight for R𝑖 decreases exponentially as 𝑖 de-

creases, i.e., the most recent samples have more influence on the estimation result than the

older samples.

As R̂𝑘
is a positive definite matrix, it has an eigendecomposition R̂𝑘

= 𝚽𝑘Λ𝑘𝚽𝑘𝑇 , where

Λ𝑘 = diag(𝜆𝑘1 ,𝜆
𝑘
2 , . . . ,𝜆

𝑘
𝑛) is a diagonal matrix containing the eigenvalues in descending

order, and 𝚽𝑘 = [𝝋𝑘
1 ,𝝋

𝑘
2 , . . . ,𝝋

𝑘
𝑛] ∈ R𝑛×𝑛 consists of the corresponding eigenvectors.

These vectors are defined as SDCs. Then, the TDCs can be calculated by

Y𝑘 = X̄𝑘
𝚽𝑘 = [𝒚𝑘1 , 𝒚

𝑘
2 , . . . , 𝒚

𝑘
𝑛] ∈ R𝑚

𝑘×𝑛 (5.12)

Noting that 𝚽𝑘 is a unitary matrix, the decomposition of X̄𝑘
holds as shown in

X̄𝑘
= Y𝑘𝚽𝑘𝑇 =

𝑛∑
𝑖=1

𝒚𝑘𝑖 𝝋
𝑘
𝑖

𝑇 ≈
𝑛′∑
𝑖=1

𝒚𝑘𝑖 𝝋
𝑘
𝑖

𝑇
(5.13)
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where 𝑛′ denotes the number of dominant TDC/SDC pairs, which can be determined based

on the magnitude of 𝜆𝑖 and cumulative percentage of variance (CPV) as introduced in Chapter

3. This study chooses the first TDC/SDC pair as the dominant one for simplicity.

The decomposition of the raw 3D array is illustrated in Fig. 5.4. Unlike existing methods,

the raw data is decomposed into two 3D arrays in the time/sensor domain and then unfolded,

respectively. This allows the information in multi-sensor signals to be analysed in two different

domains, providing time-varying information of the overall process changes and the trend of

process variations, respectively.

Figure 5.4: Illustration of the proposed recursive time-sensor decomposition of the 3D data matrix.

For the 𝑘th block, the time domain information of dominant TDCs can be represented by

𝒇 𝑘 = [ 𝑓 𝑘1,1, 𝑓
𝑘

1,2, ..., 𝑓
𝑘

1,𝑝 , 𝑓
𝑘

2,1, ..., 𝑓
𝑘
𝑛′,𝑝]𝑇 (5.14)

where 𝑓 𝑘
𝑖, 𝑗

denotes the 𝑗th feature extracted from the 𝑖th TDC 𝒚𝑘
𝑖
, and 𝑝 is the number of

features extracted from any one TDC. In practice, the common statistics including mean,

variance, and skewness can be calculated as, for example,

𝑓 𝑘1,1 = 𝜇(𝒚𝑘1) =
1
𝑚𝑘

∑𝑚𝑘

𝑡=1 𝑦
𝑘
1 (𝑡) (5.15)

𝑓 𝑘1,2 = 𝜎(𝒚𝑘1) =
1
𝑚𝑘

∑𝑚𝑘

𝑡=1[𝑦𝑘1 (𝑡) − 𝜇(𝒚
𝑘
1)]2 (5.16)

𝑓 𝑘1,3 = 𝛾(𝒚𝑘1) =
1

𝑚𝑘𝜎(𝒚𝑘1)3
∑𝑚𝑘

𝑡=1[𝑦𝑘1 (𝑡) − 𝜇(𝒚
𝑘
1)]3 (5.17)
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5.3.2 Moving window control chart

As mentioned above, control charts are widely used for multivariate process monitoring and

control. The 𝑇2 control chart displays 𝑇2 statistics and control limit versus process time. If

the quality index exceeds the range of upper and lower CLs, the monitoring sample might

significantly deviate from the stable or in-control state due to abnormalities and faults. Thus

the corresponding process is out of control.

In this study, the process state is represented by the time-domain feature vector. To cope

with environmental noises, the moving average is applied to construct monitoring vectors.

Firstly, the mean of the feature vectors within a moving window is calculated as

𝒛𝑘 =


1
𝑘

𝑘∑
𝑡=1

𝒇 𝑖 , 1 ≤ 𝑘 < 𝑤

1
𝑤

𝑘∑
𝑡=𝑘−𝑤+1

𝒇 𝑖 , 𝑘 ≥ 𝑤
(5.18)

where 𝑤 denotes the window length. 𝒛𝑘 is defined as the monitoring vector from the 𝑘th

block of data. The corresponding covariance matrix of the feature vectors within the window

is given by

S𝑘 =


1
𝑘

𝑘∑
𝑖=1
( 𝒇 𝑖 − 𝒛𝑘)( 𝒇 𝑖 − 𝒛𝑘)𝑇 , 1 ≤ 𝑘 < 𝑤

1
𝑤

𝑘∑
𝑖=𝑘−𝑤+1

( 𝒇 𝑖 − 𝒛𝑘)( 𝒇 𝑖 − 𝒛𝑘)𝑇 , 𝑘 ≥ 𝑤
(5.19)

Assume the first 𝐾1 data blocks are selected as Phase I measurements, the 𝑇2 statistic of

𝒛𝑘 is given by

𝑇2
𝑘
= 𝑛′𝑝(𝒛𝑘 − 𝒛̄)𝑇S̄−1(𝒛𝑘 − 𝒛̄) (5.20)

where 𝒛̄ = 1
𝐾1

∑𝐾1
𝑘=1 𝒛𝑘 and S̄ = 1

𝐾1

∑𝐾1
𝑘=1 S𝑘 denote the mean of in-control samples and mean

of in-control sample covariance matrices, respectively.

5.3.3 Control limit determination

The determination of the control limit has an essential influence on the performance of control

charts. The previous section has pointed out that a fixed control limit is not applicable to time-

varying processes due to unknown process trends. This study proposes a novel threshold
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adjustment strategy based on the distribution of SDCs. The basic idea is to extract the trend

of process variations from SDCs and then use the result to adjust the corresponding control

limit.

Let 𝝋𝑘 denotes the sensor domain vector that is formed by concatenating the dominant

SDCs of the 𝑘th block, i.e., 𝝋𝑘𝑇 = [𝝋𝑘
1
𝑇
,𝝋𝑘

2
𝑇
, . . . ,𝝋𝑘

𝑛′
𝑇]. Similarly, the sensor domain

vectors in the first 𝐾1 blocks are used as a reference. The Euclidean distance from 𝝋𝑘 to the

reference centre is calculated by

𝐷𝑘 = (𝝋𝑘 − 𝝋̄)𝑇(𝝋𝑘 − 𝝋̄) (5.21)

where 𝝋̄ = 1
𝐾1

∑𝐾1
𝑘=1 𝝋

𝑘 is the mean of reference samples. Next, the obtained distances of

all the 𝝋𝑘 in Phase I consist of a set 𝜏𝐷 = {𝐷1, 𝐷2, . . . , 𝐷𝐾1}.

Let mean(𝜏𝐷) and std(𝜏𝐷) represent the mean and standard deviation of the set 𝜏𝐷 ,

respectively. The deviation coefficient 𝑐𝑘 can be given by

𝑐𝑘 = |𝐷𝑘 −mean(𝜏𝐷)|/std(𝜏𝐷) (5.22)

The control limits are determined based on the 𝑇2 statistics in Phase I and the coefficient

𝑐𝑘 . The formulations of UCL and LCL are given as follows,

UCL𝑘 = mean(𝜏𝑇2) + 𝑐𝑘 × std(𝜏𝑇2)
LCL𝑘 = mean(𝜏𝑇2) − 𝑐𝑘 × std(𝜏𝑇2)

(5.23)

where 𝜏𝑇2 = {𝑇2
1 , 𝑇

2
2 , . . . , 𝑇

2
𝐾1
} is a set of all Phase I quality statistics. It can be seen that 𝑐𝑘

defines the distance of UCL𝑘 and LCL𝑘 from mean(𝜏𝑇2) in the sense of standard deviation.

In a time-varying process, it is expected that the coefficient 𝑐𝑘 can adapt to the unknown and

deterministic trend of process variations. Thus adaptive control limits are produced.

To ensure the control limit can work for a specific process, two additional parameters 𝛼

and 𝛽 are introduced to modify UCL𝑘 and LCL𝑘 as UCL′𝑘 = 𝛼UCL𝑘 and LCL′𝑘 = 𝛽LCL𝑘 ,
which meet

𝐾1∑
𝑘=1

𝐼(UCL′𝑘 ≥ 𝑇
2
𝑘
) ≥ 90%𝐾1

𝐾1∑
𝑘=1

𝐼(LCL′𝑘 ≤ 𝑇
2
𝑘
) ≥ 90%𝐾1

(5.24)

where 𝐼(·) is the indicator function. The control limit determination procedure is presented

in Procedure 1. In Phase II, the statistic 𝑇2
𝑘
is compared with UCL′𝑘 and LCL′𝑘 for process

condition monitoring.
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Procedure 1 Control limit determination

1. Input: 𝜏𝑇2 = {𝑇2
1 , 𝑇

2
2 , . . . , 𝑇

2
𝐾1
}, 𝜏𝐷 = {𝐷1 , 𝐷2 , . . . , 𝐷𝐾1}, 𝝋̄, 𝛼 and 𝛽; the multi-sensor data

X𝑘 , 𝑘 = 𝐾1 + 1, 𝐾1 + 2, . . . , 𝐾

2. Output: adaptive control limit UCL′𝑘 and LCL′𝑘

3. Obtain X̄𝑘
from X𝑘 by Eq. (5.10)

4. Recursively update the correlation matrix R̂𝑘
by Eq. (5.11)

5. Decompose X̄𝑘
into TDCs 𝒚𝑘

𝑖
and SDCs 𝝋𝑘

𝑖
by Eqs. (5.12) and (5.13), where 𝑖 = 1, 2, . . . , 𝑛′

6. Obtain the sensor domain vector 𝝋𝑘 by concatenating all 𝝋𝑘
𝑖

7. Calculate the deviation coefficient 𝑐𝑘 by Eqs. (5.21) and (5.22)

8. Calculate UCL𝑘 and LCL𝑘 by Eq. (5.23)

9. Produce UCL′𝑘 = 𝛼UCL𝑘 and LCL′𝑘 = 𝛽LCL𝑘

5.3.4 Relationship between SDCs and TDCs

As mentioned above, the sensor domain information is expected to reflect the trend of process

variations due to the recursive updating of the correlation matrix. For the (𝑘 − 1)th and 𝑘th

blocks, the eigendecomposition of the correlation matrix is denoted as follows,

R̂𝑘−1
= 𝚽𝑘−1𝚲𝑘−1𝚽𝑘−1𝑇

R̂𝑘
= 𝚽𝑘𝚲𝑘𝚽𝑘𝑇

(5.25)

Equation (5.11) gives the relationship between R̂𝑘−1
and R̂𝑘

, i.e., R̂𝑘 ≈ (1 − 𝜂)R𝑘 + 𝜂R̂𝑘−1
.

Considering the forgetting factor 𝜂 usually takes a value greater than 0.9, the matrix R̂𝑘−1

has primary influence upon the new correlation matrix R̂𝑘
, indicating 𝚲𝑘−1 ≈ 𝚲𝑘 [190].

This implies either𝚽𝑘 ≈𝚽𝑘−1 or𝚽𝑘 ≈ −𝚽𝑘−1 on the right hand of (5.25). In other words,

𝝋𝑘
𝑖
≈ 𝝋𝑘−1

𝑖
or 𝝋𝑘

𝑖
≈ −𝝋𝑘−1

𝑖
holds for all 𝑖 = 1, 2, . . . , 𝑛. In theory, both situations are

reasonable because both −𝝋𝑘
𝑖
and 𝝋𝑘

𝑖
are eigenvectors of R̂𝑘

. To eliminate this uncertainty,

the implemented algorithm will choose 𝝋𝑘
𝑖
, which is close to 𝝋𝑘−1

𝑖
, as the 𝑖th SDC of the 𝑘th

data block. As a result, in the 𝑛-dimensioanl space of SDC, the current SDC only deviates

a little from the last SDC in terms of its direction. Therefore, the SDCs tend to remain stable

and can reflect the general trend of process variations.
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The TDCs are calculated as the linear combination of original measurements Y𝑘 = X̄𝑘
𝚽𝑘 ,

indicating that all the changes in the data matrix, induced by both the normal trend and

unexpected faults of a process, can be revealed by the TDCs. The extracted features of TDC

can therefore be the overall process time-varying behaviours. This analysis implies that the

proposed method can be effectively used for time-varying process monitoring.

5.3.5 Implementation algorithm

The proposed process monitoring algorithm consisting of Phase I and II is summarised in

Procedure 2. In Phase I, the raw data is normalised to obtain X̄𝑘
by Eq. (5.10). Then the

correlation matrix R̂𝑘
is updated recursively, from which the dominant TDCs and SDCs are

generated by Eqs. (5.11)-(5.13). From TDCs, the feature vector 𝒇 𝑘 is extracted by Eqs. (5.14)-

(5.17). The moving average strategy is applied to obtain the monitoring vector 𝒛𝑘 as shown

in Eqs. (5.18) and (5.19). Meanwhile, the dominant SDCs form the sensor domain vector 𝝋𝑘 .

After all the data in Phase I has been decomposed, the 𝑇2 statistics and Euclidean distances

are calculated respectively, forming the sets 𝜏𝑇2 and 𝜏𝐷 . Then the parameters 𝛼 and 𝛽 are

determined using the strategy introduced in Section III-C.

In Phase II, the RTSD is performed on each multi-sensor data block as in Phase I. Next,

the 𝑇2 statistic and adaptive control limit are calculated using Eqs. (5.20)-(5.23), respectively.

If 𝑇2
𝑘
is within the range of LCL′𝑘 and UCL′𝑘 , the process is still in control and continues.

Otherwise, the process needs to be checked for any possible abnormal changes.

5.4 Case 1: simulation study

In this case, the performance of the proposed method is evaluated via Monte Carlo sim-

ulations. The multi-sensor data are generated from three benchmark signals proposed by

Donoho and Johnstone [191], which are called ’blocks’, ’heavysinve’ and ’bumps’, respectively.

Many researchers have used these signals to test signal processing methods and statistical

models [105, 192].
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Procedure 2 The proposed process monitoring algorithm

1. Input: 𝜂, 𝐾1, 𝑤, the multi-sensor data X𝑘 , 𝑘 = 1, 2, . . . , 𝐾

2. Output: whether the process state is in control or not

In Phase I:

3. for 𝑘 = 1, 2, . . . , 𝐾1

3.1 Obtain X̄𝑘
from X𝑘 by Eq. (5.10)

3.2 Recursively update the correlation matrix R̂𝑘
by Eq. (5.11)

3.3 Decompose X̄𝑘
into TDCs 𝒚𝑘

𝑖
and SDCs 𝝋𝑘

𝑖
by Eqs. (5.12) and (5.13), where 𝑖 =

1, 2, . . . , 𝑛′

3.4 Extract the time domain feature vector 𝒇 𝑘 by Eqs. (5.14)-(5.17)

3.5 Obtain the monitoring vector 𝒛𝑘 and covariance matrix S𝑘 from 𝒇 𝑘 within a moving

window by Eqs. (5.18) and (5.19)

3.6 Obtain the sensor domain vector 𝝋𝑘 by concatenating all 𝝋𝑘
𝑖

4. end for

5. Calculate 𝑇2 statistics of 𝒛𝑘 by Eq. (5.20), forming 𝜏𝑇2

6. Calculate Euclidean distances of 𝝋𝑘 by Eq. (5.21), forming 𝜏𝐷

7. Determine the parameters 𝛼 and 𝛽 by Eqs. (5.22)-(5.24)

In Phase II:

8. for 𝑘 = 𝐾1 + 1, 𝐾1 + 2, . . . , 𝐾

8.1 Run steps 3.1∼3.6 to obtain 𝒛𝑘 and 𝝋𝑘

8.2 Calculate the statistic 𝑇2
𝑘
of 𝒛𝑘 by Eq. (5.20)

8.3 Calculate UCL′𝑘 and LCL′𝑘 based on 𝝋𝑘 by Eqs. (5.21)-(5.23)

8.4 if LCL′𝑘 ≤ 𝑇2
𝑘
≤ UCL′𝑘

Process continues

8.5 else

Stop and check if the state is really out of control

8.6 end if

9. end for
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5.4.1 Data generation

The benchmark signals denoted as 𝒖1, 𝒖2, and 𝒖3 are shown in Fig. 5.5 (a), (b), and (c). The

number of data points is 2000, i.e., 𝑚 = 2000. Assume four variables are used for process

monitoring (𝑛 = 4), the data matrix X ∈ R𝑚×𝑛 can be generated from benchmark signals as

follows,
𝒙1 = 𝑏1𝒖1 + 𝑏2𝒖2 + 𝜀1 = 𝒔1 + 𝜀1

𝒙2 = 𝑏3𝒖2
1 + 𝑏4𝒖3 + 𝜀2 = 𝒔2 + 𝜀2

𝒙3 = 𝑏5𝒖2
2 + 𝑏6𝒖2

3 + 𝜀3 = 𝒔3 + 𝜀3

𝒙4 = 𝑏7𝒖1𝒖2 + 𝜀4 = 𝒔4 + 𝜀4

(5.26)

where 𝜀𝑛 is a random disturbance with 𝜀𝑛 ∼ 𝒩(0, 𝜎𝜀𝑛 ), 𝑛 = 1, . . . , 4, and 𝒃 = [𝑏1, . . . , 𝑏7]𝑇

is the model parameter vector, which is sampled from the multivariate normal distribution

ℳ𝒩(𝝁𝒃 ,Σ𝒃). Similar to [105], the following settings were used in the simulation,

𝝁𝒃 = [0.2, 1, 1.5, 0.5, 1, 0.7, 0.8]𝑇

Σ𝒃 = diag(0.08, 0.015, 0.05, 0.01, 0.09, 0.03, 0.06)
(5.27)

To represent the development of the whole process, 4000 blocks of data matrices are

generated in total. Two types of process changes associated with the mean and variance of

the measurements are defined as follows,

(i) Mean shift of the benchmark signals: 𝒖𝑘
𝑖
= 𝒖 𝑖 + 𝑎𝑘𝑖 𝜎𝒖 𝑖 , 𝑖 = 1, 2, 3.

(ii) Variance increase of the random noise: 𝜎𝑘𝜀𝑛 = 𝑑𝑘𝜎𝒔𝑛 , 𝑛 = 1, 2, 3, 4.

where 𝑘 = 1, 2, . . . , 4000, denoting the 𝑘th block, and 𝑎𝑘
𝑖
and 𝑑𝑘 are the process state-related

coefficients.

The changes in coefficients 𝑎𝑖 and 𝑑 are shown in Figs. 5.5 (d) and (e), respectively. The

time-varying behaviour is simulated by increasing the mean of benchmark signals and the

power of noises. The normal evolution of 𝑎𝑖 consists of a shorter but rapidly increasing

stage and then a longer but gradually increasing stage as the blue line in Fig. 5.5 (d). This

setting coincides with the degradation of lots of industrial equipment. Similarly, 𝑑 following

a normal evolution presents a slightly increasing trend as well. Two out-of-control situations

are introduced from block 3001. The fault types are ramp and step changes as shown by the

red lines in Figs. 5.5 (d) and (e). To be specific, under the faulty condition, either the mean

of 𝒖 𝑖 or the variance of noise 𝜀𝑛 will deviate from the trend it should follow under normal

conditions. When the fault happens on 𝑎𝑖 , 𝑑 follows the normal increasing pattern, and vice

versa.
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Figure 5.5: The benchmark signals: (a) ’Blocks’, (b) ’Heavesine’, and (c)’Bumps’; process state-related coeffi-

cients versus blocks: (d) coefficient 𝑎𝑖 governing mean shift, (e) coefficient 𝑑 governing variance

increase.

Table 5.1: Monitoring results in the simulation study

Fault Metrics RTSD 𝑇2 VPCA 𝑇2 VPCA 𝑆𝑆𝐸 MPCA 𝑇2 MPCA 𝑆𝑆𝐸 RPCA 𝑇2 RPCA 𝑄 SFA 𝑇2
𝑑

SFA 𝑇2
𝑒 CA 𝑇2

𝑎𝑖 : faulty

𝑑: normal

FDR(%) 99.1 80.4 80.5 52.6 60.4 41.2 51.9 92.1 61.0 90.0

FAR(%) 1.1 10.6 9.2 3.4 2.0 9.7 1.8 12.1 12.1 11.5

𝑎𝑖 : normal

𝑑: faulty

FDR(%) 98.7 21.5 23.8 42.9 6.9 60.8 100.0 100.0 99.4 100.0

FAR(%) 0.4 10.3 10.7 2.9 2.1 11.1 4.6 18.3 13.1 16.6

5.4.2 Monitoring results

In this case, the first 2000 blocks of data are used in Phase I and the remaining in Phase II as

shown in Figs. 5.5 (d) and (e). This means during the monitoring, the first half of data matrices

are from normal processes and the second half from processes with fault. The proposed RTSD

algorithm is applied to the simulation data following steps presented in Procedure 2. As a

comparison, five methods based on VPCA [105], MPCA [105], RPCA [169], SFA [175] and CA

are also implemented on the same data set [177].

In the proposed algorithm, the forgetting factor 𝜂 is set to 0.999 and the length of the

moving window 𝑤 is 30. The extracted features include the variance, root mean square,

and peak-to-peak value of TDC1. Only the upper control limit is considered because the
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out-of-control scenarios correspond to the increase of signal mean or variance. In VPCA and

MPCA methods, the 3D array is processed directly. In Phase I, the array has the dimension

of 2000 × 4 × 2000. In VPCA, the array is unfolded first and then projected to the space of

PCs. In MPCA, the dimensions of samples and variables are compressed, respectively. Then

the new array is unfolded. The CPV used to determine the number of PCs is set to 95% in

both methods. In Phase II, the data is projected to the same PCs space obtained in Phase

I. The quality statistics including 𝑇2 and 𝑆𝑆𝐸 statistics are calculated in the same way as in

[105].

For RPCA, SFA, and CA methods, the raw data cannot be used directly as the total number

of samples is huge. Instead, the same three features are extracted from each variable in

one block of data. Hence, the raw 3D array becomes a 12 × 4000 matrix. In RPCA method,

the first 2000 samples are used for initialisation. The recursive model is updated for all the

remaining samples. The forgetting factor is set to 0.999. The CPV of PCs is 95%. The 𝑇2

and 𝑄 statistics are computed for process monitoring as shown in [169]. In SFA method, the

first 2000 samples are utilised to generate a SFA model, which is applied to the samples in

Phase II. The number of dominant features is determined according to [193]. Similarly, the

monitoring statistics are calculated from the dominant slowest features (𝑇2
𝑑
) and the residuals

(𝑇2
𝑒 ), respectively. In CA method, the existence of cointegration between variables is checked

first and then the cointegration rank is chosen through Johansen test [176]. A vector error-

correction model is estimated to obtain the residual sequence, from which 𝑇2 statistics are

constructed.

In terms of the control limits, the adaptive limits for 𝑇2 and 𝑄 statistics in RPCA are cal-

culated as mentioned in [169], where the confidence level is set to 0.99. In all of the other

methods used for comparison, the kernel density estimation (KDE) method is applied to fit

the distribution of statistics of Phase I samples [194]. Then the control limit is determined with

a confidence level of 0.99.

Table 5.1 presents the monitoring performance of these methods in terms of fault detection

rate (FDR) and false alarm rate (FAR). In all scenarios, the proposed method can achieve almost

100% FDR and the lowest FAR. The 𝑇2
𝑑
of SFA and 𝑇2 of CA also show high FDRs between 90%

and 100%. But the FARs are above 10%, which means more normal samples are identified

as faulty. The 𝑄 of RPCA works well in the second case but cannot detect fault in the first

case accurately. Other statistics, including the 𝑇2 and 𝑆𝑆𝐸 of MPCA, 𝑇2 of RPCA and 𝑇2
𝑑
of

SFA, cannot achieve a good trade-off between FDR and FAR.
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5.5 Case 2: dynamic milling experiment

To validate the performance of the proposed RTSD method in practice, a milling experiment

has been conducted. The tool wear process is a typical time-varying process consisting of

three stages: initial, gradual and rapid wear. The monitoring target is to detect the time

when the tool becomes severely worn. This kind of fault usually accompanies with sudden

and rapid increase in tool wear. The proposed RTSD is applied to analyse the collected

multi-sensor data; other existing methods are also applied for comparative studies.

5.5.1 Experimental setup

The experiment was performed on a 5-axis milling machine DMG MORI’s DMU 40evo. Three

Sandvik CoroMill Plura 1630 solid carbide square shoulder 16 mm-diameter end mills with 4

flutes were used to machine a cylinder TC4 workpiece as shown in Fig. 5.6 (a). The dynamic

milling strategy was adopted. The cutting parameters were set as follows: the rotational

speed was 2586.3 rpm, the feed rate was 1055.2 mm/min, the cutting width was 1.6 mm and

the cutting depth was 20 mm. Fig. 5.6 (b) illustrates the machining strategy. One workpiece

was completed in four layers with one layer consisting of six cuts. Fig. 5.6 (c) shows an image

of the workpiece after the machining of one layer. During machining, three tri-axial sensors

were mounted inside the machine tool and used to collect force signals on the worktable

and vibration signals on the worktable and spindle, respectively. The specifications of these

sensors are given in Table 3.1. All signals were sampled at 51200 Hz.

The flank wear of the cutting tool was measured by a microscope after each cut as shown

in Fig. 5.6 (d). All three cutting tools were used to complete the milling of six layers. The tool

wear finally reached 395.3 𝜇𝑚, 421.1 𝜇𝑚 and 490.0 𝜇𝑚, respectively. The images of flutes

before and after machining are shown in Fig. 5.6 (e). According to [8], the allowable tool

wear limit is set to 300 𝜇𝑚, after which the tool condition is considered faulty.

5.5.2 Monitoring results

The sensor data are segmented evenly based on the position of the tool. In total, around

2000 blocks of data matrices are generated for one cutting tool. After preprocessing using

low-pass filtering and down-sampling, the data are used for process monitoring. The data

from cuts in the first two layers are used as Phase I and the remaining four layers as Phase

II. The linear interpolation is applied to the tool wear measurements such that the time when
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Figure 5.6: (a) Experimental setup and the sensors; (b) Diagram of the milling strategy; (c) The workpiece after

the machining of one layer; (d) Measurement of tool wear; (e) The images of flutes before and

after machining.

the flank wear reaches 300 𝜇𝑚 can be located. For the proposed method, the forgetting

factor 𝜂 is 0.999 and the moving window length 𝑤 is 16. The other methods are implemented

with the same initialisation parameters as in the simulation study.

Figure 5.7: Monitoring results of Tool 1 using different methods: (a) RTSD 𝑇2, (b) VPCA 𝑇2, (c) VPCA 𝑆𝑆𝐸, (d)

MPCA 𝑇2, (e) MPCA 𝑆𝑆𝐸, (f) RPCA 𝑇2, (g) RPCA 𝑄, (h) SFA 𝑇2
𝑑
, (i) SFA 𝑇2

𝑒 , (j) CA 𝑇
2.

Figures 5.7-5.9 show the control charts for all three cutting tools based on different methods.

The FDRs and FARs are listed in Table 5.2. It can be seen that almost all the statistics have an

increasing trend due to the accumulation of tool wear. Compared with other statistics, 𝑇2 in

RTSD shows a curve with less fluctuation, with its adaptive control limit showing an increasing
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Figure 5.8: Monitoring results of Tool 2 using different methods: (a) RTSD 𝑇2, (b) VPCA 𝑇2, (c) VPCA 𝑆𝑆𝐸, (d)

MPCA 𝑇2, (e) MPCA 𝑆𝑆𝐸, (f) RPCA 𝑇2, (g) RPCA 𝑄, (h) SFA 𝑇2
𝑑
, (i) SFA 𝑇2

𝑒 , (j) CA 𝑇
2.

Figure 5.9: Monitoring results of Tool 3 using different methods: (a) RTSD 𝑇2, (b) VPCA 𝑇2, (c) VPCA 𝑆𝑆𝐸, (d)

MPCA 𝑇2, (e) MPCA 𝑆𝑆𝐸, (f) RPCA 𝑇2, (g) RPCA 𝑄, (h) SFA 𝑇2
𝑑
, (i) SFA 𝑇2

𝑒 , (j) CA 𝑇
2.

trend. In Phase II, the statistics are below the limits initially and exceed the limits when the

tool condition becomes severely worn. This result demonstrates that the proposed adaptive

control limit can achieve a good trade-off between FDR and FAR. As shown in Table 5.2, the

RTSD method can achieve very high FDR and low FAR, especially for tool 1 and 3. For tool

2, even though the FAR with the proposed method is not the lowest, the FDR with the new

method is 100% compared to 94% with the RPCA method, which has the lowest FAR.

In the control charts of VPCA and MPCA, the change in statistics displays six repeated

patterns corresponding to six layers. After the happening of tool fault, the statistic reaches

a higher level at a higher rate, especially for tool 1. However, the UCL determined in Phase

I cannot distinguish these two states successfully. The VPCA method tends to produce low

FDR and low FAR, while the MPCA method shows both high FDR and high FAR. In the control

charts of the other three methods, the utilisation of signal features weakens the existence

of repeated patterns. But the statistic with SFA and CA shows a step change at the initial
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Table 5.2: Monitoring results in the experimental study

Tool Metrics RTSD 𝑇2 VPCA 𝑇2 VPCA 𝑆𝑆𝐸 MPCA 𝑇2 MPCA 𝑆𝑆𝐸 RPCA 𝑇2 RPCA 𝑄 SFA 𝑇2
𝑑

SFA 𝑇2
𝑒 CA 𝑇2

1
FDR(%) 91.6 68.2 78.2 98.6 99.7 99.7 100.0 100.0 100.0 99.4

FAR(%) 2.0 16.9 27.4 46.5 88.9 43.0 100.0 99.4 90.8 69.8

2
FDR(%) 100.0 42.4 49.6 78.1 99.6 94.1 100.0 100.0 100.0 100.0

FAR(%) 25.8 18.9 18.5 34.5 92.7 15.5 100.0 100.0 95.0 100.0

3
FDR(%) 87.9 59.5 76.8 99.8 99.8 100.0 100.0 100.0 100.0 100.0

FAR(%) 0.0 33.4 37.1 47.4 96.6 40.0 100.0 99.8 98.0 99.8

stage of Phase II, which results in all the samples being identified as faulty. Even though the

adaptive control limit is used in RPCA, it still cannot adapt to the normal increase of tool wear,

leading to a very high FAR. Especially, the 𝑄 statistic fails to detect any fault. Only the 𝑇2

statistic performs well in Tool 2, achieving a similar overall accuracy as the proposed method.

Therefore, the overall monitoring performance of other methods that have been applied for

comparison is not reliable.

5.5.3 Discussion

To demonstrate the effectiveness of the recursive decomposition strategy, the ordinary TSD

algorithm introduced in previous chapters is applied to analyse the experimental data. Figures

5.10 (a)-(f) show the heatmaps of SDC1s obtained using RTSD and TSD algorithms for all

three tools. The TSD-yielded SDC1s exhibit repeated patterns corresponding to repeated

cutting passes. In the later milling period, the SDCs show more fluctuations due to excessive

tool wear. However, the RTSD-yielded SDC1s change smoothly, capturing general trend of

ordinary SDC1s with unexpected fluctuations eliminated. Figures 5.10 (g)-(i) demonstrate the

control charts based on TSDmethod. The calculation of monitoring statistics and adaptive UCL

follows the same procedure mentioned above, apart from TDC1s and SDC1s are generated

through TSD algorithm. In comparison with Figures 5.7 (a)-5.9 (a), the TDC1 features-based 𝑇2

statistic has a similar trend, but the SDC1s-based UCL in TSD method fluctuates greatly and

do not reflect process trend. The results validate the importance of the proposed recursive

TSD method.

The influence of key parameters including forgetting factor 𝜂 and window length 𝑤 on the

monitoring results has been studied. Table 5.3 presents the monitoring results with different

values of 𝜂 and 𝑤. When 𝜂 is selected as 0, the decomposition method becomes ordinary

TSD. Increasing 𝜂 and 𝑤 can smoothen the curves of control limit and monitoring statistics, re-
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Figure 5.10: Comparison of SDC1s obtained using RTSD and TSD algorithms in the experimental study: (a) RTSD

Tool 1, (b) RTSD Tool 2, (c) RTSD Tool 3, (d) TSD Tool 1, (e) TSD Tool 2, (f) TSD Tool 3; Monitoring

results using TSD 𝑇2: (g) Tool 1, (h) Tool 2, (i) Tool 3.

spectively. Considering the principle of the proposed method, capturing slow and rapid trend

of underlying processes via sensor and time domain components, the value of 𝜂 should be

large enough while 𝑤 should avoid too big values. Otherwise the SDCs fluctuate significantly

or the time domain features reflect slow trend of process changes as well, leading to high

false alarm rate as shown in Table 5.3. The sensitivity study further explains the essential

of the proposed method. Future research will focus on the selection of these parameters to

realise an optimal trade-off between FDR and FAR.

5.6 Conclusion

In this chapter, a novel time-varying process monitoring method based on a recursive time-

sensor decomposition framework has been proposed. Instead of applying TSD to the data

blocks separately as shown in previous chapters, RTSD considers the time-dependency among

all available data and updates the correlation matrix recursively. Therefore, the obtained

SDCs can reflect the unknown but deterministic trend of the process. Meanwhile, the feature

vectors are extracted from TDCs. The moving average of these feature vectors is used as

the monitoring sample to calculate the 𝑇2 statistic to deal with possible fluctuation problems.

Then, the distribution of SDCs is utilised to determine an adaptive control limit, which can
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Table 5.3: The influence of 𝜂 and 𝑤 on the monitoring results in the experimental study

Tool Metrics
Forgetting factor 𝜂 (𝑤 = 16) Window length 𝑤 (𝜂 = 0.999)

0 (TSD) 0.9 0.99 0.999 8 16 64 128

1
FDR(%) 100.0 99.4 45.3 91.6 74.0 91.6 89.1 100.0

FAR(%) 50.2 45.2 2.6 2.0 1.8 2.0 0.0 26.8

2
FDR(%) 91.4 99.6 100.0 100.0 100.0 100.0 100.0 100.0

FAR(%) 67.5 28.3 22.1 25.8 20.7 25.8 37.6 32.6

3
FDR(%) 100.0 95.2 15.8 87.9 50.9 87.9 76.8 75.8

FAR(%) 70.0 26.4 1.4 0.0 0.1 0.0 0.0 0.0

adapt to normal time-varying behaviour of the process. The proposed approach has been

validated through a simulation study and an experimental study on the tool wear process

during dynamic milling. Comparative studies with existing methods have also been conduc-

ted. The results have demonstrated that the new approach can provide the best trade-off

between FDR and FAR. Early false alarms can be avoided, providing a reliable monitoring

performance.
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6

Feature selection based on local

regularisation assisted SALSA and

application to tool wear prediction

6.1 Introduction

This chapter focuses on another important topic in process monitoring, which is the prediction

of process states such as the volume of production and the RUL of key components. Accurate

prediction forms the basis of a prognostic and health management system. In advanced

manufacturing, tool wear prediction involves forecasting the gradual degradation of cutting

tools over time. It can be considered more ambitious and challenging to realise compared

to breakage detection and wear monitoring that are realised in previous chapters. Because

tool wear can be influenced by many factors and often exhibit nonlinear behaviour. Besides,

real-time implementation requires fast and efficient computational algorithms capable of

processing large volumes of sensor data. To ensure the completeness of the research about

PHM of cutting tools, the problem of tool wear prediction is studied in this chapter.

Data-driven process prediction techniques have been widely applied in complex indus-
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trial systems [32, 195]. A regression model is typically used to predict process states from

the multi-sensor measurements [196, 197]. As mentioned in Chapter 2, a large number of

features can be extracted and used as inputs of the regression model. When the dimension

of available data or features becomes extremely high, a critical issue known as the curse

of dimensionality, arises in the data-mining step, leading to overfitting and huge computa-

tional costs [198]. Besides, it is common that multiple sensors measure similar aspects of

the process, bringing about the problem of multicollinearity. The estimation of model coef-

ficients could be very unstable, making the model less robust to noise in the data. To build

an accurate condition monitoring model, it is essential to develop an effective and efficient

feature selection method to select a subset of important features and address the challenges

mentioned above.

Feature selection has shown necessity and benefits in a wide range of areas including

machine learning, pattern recognition, multimedia, and condition monitoring [199, 200]. Its

main objective is to select the most important features from all candidates such that a simpler

and more comprehensible model is built and the data-mining performance is improved [201].

As mentioned in Chapter 3, feature selection methods can be broadly categorised as filter,

wrapper, and embedded methods. Among them, embedded methods provide a trade-off

between filter and wrapper methods, which integrate the feature selection into model learn-

ing. The introduction of learning algorithms improves the performance of selected features.

Besides, compared with wrapper methods, they are far more efficient as the repeated feature

evaluation procedure is no longer needed. Hence, the embedded method will be the main

focus of this chapter.

The regularisation technique is a representative embedded feature selection method that

aims to build a sparse model by minimising the fitting errors and forcing model coefficients

to be small enough at the same time [92]. To achieve this, the 𝑙𝑝-norm penalty term is

added on a machine learning model, where 0 ≤ 𝑝 ≤ 1. When 𝑝 = 0, the 𝑙0-norm penalises

the number of non-zero entries of the coefficient vector. Such an integer programming

problem is usually difficult to solve. Therefore, the 𝑙1-norm regularisation is usually used as

a relaxation of the 𝑙0-norm. In this case, many feature coefficients become smaller but not

exactly zero. The 𝑙1-norm regularised feature selection method has attracted lots of attention

in recent years [202]. Furthermore, to cope with feature selection requirements in multi-class

classification or multivariate regression problems, the regularisation method is improved by

adding the 𝑙𝑝,𝑞-norm penalty term, where 𝑝 > 1 and 0 ≤ 𝑝 ≤ 1. Different settings of 𝑝

and 𝑞 provide fine adjustments of the regularisation effect [203, 204]. Researchers have also

proposed some feature selection methods for specific models, for example, the orthogonal

forward selection (OFR) method is usually exploited in linear regression problems [205] and
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the automatic relevance determination kernel functions are often used in feature selection of

Bayesian regression problems [95].

As mentioned above, the 𝑙1-norm optimisation method is an attractive topic in feature

selection and sparse model estimation. These methods aim to minimise not only the pre-

diction error but also the sum of the absolute values of the model coefficients [206]. One

of the most popular 𝑙1-norm optimisation algorithms is the least absolute shrinkage and

selection operator (LASSO), which can be used to prune redundant features for condition

monitoring. In [207], the authors showed that LASSO had the smallest tool wear prediction

error compared with methods such as FDR, ridge regression, and principal component re-

gression. However, extensive research shows that LASSO often produces an insufficiently

sparse model, leading to inaccurate prediction results [206]. To achieve a more sparse and

accurate solution, the split augmented Lagrangian shrinkage algorithm (SALSA) is proposed.

SALSA converts the 𝑙1-norm optimisation problem into several subproblems, which can be

addressed separately without the need for a third-party solver [208]. Based on SALSA, re-

cently, a new approach called sparse augmented Lagrangian (SAL) has been developed to

build more compact models [206]. SAL combines the random subsampling technique with

the SALSA method to produce intermediate models. Then, the highly selected terms from

these intermediate models are added to the final model. Finally, SALSA is applied again

to estimate the model coefficients. This leads to a better performance in model sparsity

compared with LASSO and SALSA. In [117], the SAL method was used to select the significant

features for tool wear prediction in machining. However, SAL suffers from low computa-

tional efficiency due to the application of the random subsampling technique, which involves

conducting numerous repetitions of the SALSA algorithm. In [209], the authors proposed a

re-weighted 𝑙1-minimisation algorithm under the sparse Bayesian learning (SBL) framework.

Nevertheless, the solution has to be calculated using a third-party solver. To cope with this

limitation, the Bayesian augmented Lagrangian (BAL) algorithm is developed [210], which

solves the 𝑙1-minimisation problem in SBL using the SALSA method. Even though the compu-

tation efficiency has been improved, BAL still takes much longer time than LASSO and SALSA

algorithms. From the analysis mentioned above, it is still an open question of developing

a 𝑙1-norm optimisation-based feature selection method with high sparsity, fast computation

speed, and high prediction accuracy.

To fundamentally address the challenges, this chapter proposes anovel algorithm referred

to as local regularisation assisted SALSA (LR-SALSA). The key idea is to embed a local regular-

isation strategy into the framework of SALSA. Firstly, the 𝑙1-minimisation problem is converted

to three subproblems that can be solved separately. The first subproblem is a ridge regres-

sion problem, which does not involve the pruning of redundant terms originally. In LR-SALSA,
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the local regularisation strategy is employed to solve the first subproblem, which means that

each candidate term has an associated individual regularisation parameter. During the op-

timisation process, many of these penalty parameters are driven to large values, resulting in

a successive removal of corresponding terms from the pool of candidate terms. This strategy

improves the computational efficiency and enhances the sparsity of the final model by ap-

plying SALSA only once. After determining the important terms, the model coefficients are

re-estimated using the least squares method. As a result, the main contributions of this study

are as follows,

1. The LR-SALSA method is proposed under the Bayesian evidence framework, introdu-

cing an individual penalty parameter for each coefficient of the model. An iterative

algorithm is derived to optimise these hyperparameters relying on the dataset only

based on the Bayesian evidence framework [211]. In practice, this optimisation process

shows a quicker convergence than method based on a third-party solver like BAL.

2. The optimisation of local regularisation hyperparameters is embedded into the iterative

algorithm of SALSA. At each step, according to the values of the penalty parameters,

redundant variables can be pruned in time, which significantly reduces the overall

computing complexity. As a result, LR-SALSA exhibits better model sparsity and higher

computational efficiency when compared to existing 𝑙1-norm optimisation algorithms,

such as SAL and BAL.

To validate the performance of LR-SALSA, both simulation and experimental studies have

been conducted. The results of these studies show that LR-SALSA successfully produces a

more compact model while maintaining a high level of prediction accuracy and fast com-

putation speed. This demonstrates the effectiveness and practicality of the proposed feature

selection method in real-world condition monitoring applications.

6.2 Theoretical background

6.2.1 Problem description

Consider the following 𝑙1-norm optimisation problem

min
𝜽∈R𝑀

𝑓1(𝜽) + 𝑓2(𝜽) (6.1)
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with 𝑓1(𝜽) = 1
2 ∥𝒚 − P𝜽∥22 and 𝑓2(𝜽) = 𝜆∥𝜽∥1, where 𝒚 ∈ R𝑁 , P ∈ R𝑁×𝑀 represent the

output and regression matrix composed of multivariate inputs, respectively. 𝜆 denotes the

𝑙1 regularisation parameter. To convert the original problem to a constrained problem, the

coefficient vector 𝜽 in function 𝑓2 is replaced with a new variable 𝝂, which gives

min
𝜽,𝝂∈R𝑀

𝑓1(𝜽) + 𝑓2(𝝂)

s.t. 𝜽 = 𝝂
(6.2)

In order to find the optimal solution to this problem, the Lagrangian function can be defined

as

𝐿(𝜽, 𝝂, 𝝓) = 𝑓1(𝜽) + 𝑓2(𝝂) + 𝝓𝑇(𝜽 − 𝝂) (6.3)

where 𝝓 ∈ R𝑀 is the Lagrangian multiplier. The solution to Eq. (6.2) is always a saddle point

of 𝐿(𝜽, 𝝂, 𝝓) in (6.3).

Typically, the dual ascent algorithm can be used to optimise the primal and dual problems,

respectively. However, this algorithm may not always converge, especially when applied to

non-convex or non-smooth optimisation problems. So the Augmented Lagrangian method

(ALM) is introduced by incorporating a penalty term

𝐿𝜇(𝜽, 𝝂, 𝝓) = 𝑓1(𝜽) + 𝑓2(𝝂) + 𝝓𝑇(𝜽 − 𝝂) +
𝜇

2 ∥𝜽 − 𝝂∥22 (6.4)

where 𝜇 ≥ 0 denotes the penalty parameter. The penalty term helps to enforce the con-

straints, leading to a more stable and efficient algorithm. Compared with the dual ascent

method, the convergence is guaranteed without assumptions like strict convexity of objective

functions.

Then, considering sometimes the objective function is separable, the alternating direction

method of multipliers (ADMM) algorithm [212] is proposed. The primal variable optimisation

step can be further split into subproblems that can be solved in parallel. Let 𝒅 = 𝝓/𝜇, with
ADMM algorithm, problem (6.4) is solved by optimising the following subproblems,

𝜽̂𝑘+1 = arg min
𝜽

𝑓1(𝜽) +
𝜇

2 ∥𝜽 − 𝝂𝑘 + 𝒅𝑘 ∥22 (6.5)

𝝂𝑘+1 = arg min
𝝂

𝑓2(𝝂) +
𝜇

2 ∥𝜽̂𝑘+1 − 𝝂 + 𝒅𝑘 ∥
2
2 (6.6)

𝒅𝑘+1 = 𝒅𝑘 + (𝜽̂𝑘+1 − 𝝂𝑘+1) (6.7)
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6.2.2 SALSA method

The SALSA algorithm can be regarded as an application of the ADMM algorithm to the 𝑙1-

norm regularised linear regression problem (6.1). It converts the original problem into several

subproblems as shown in (6.5)-(6.7). Then these problems are addressed separately as shown

in Algorithm 1. To elaborate further,

• For (6.5), 𝜽̂𝑘+1 can be calculated by taking the derivative of the cost function with

respect to 𝜽 to be zero.

• Concerning (6.6), the update for 𝝂𝑘+1 incorporates the utilisation of the soft thresholding

operator 𝑆𝜆/𝜇(𝑧) = max(0, 𝑧 − 𝜆/𝜇) −max(0,−𝑧 − 𝜆/𝜇) [213], where 𝑧 = 𝜽̂𝑘+1 + 𝒅𝑘 .

• At each iteration, the sum-of-squares error is evaluated through 𝑒𝑘+1 = (𝒚−P𝜽̂𝑘+1)𝑇(𝒚−
P𝜽̂𝑘+1). The iteration stops when the sequence of errors converges.

Algorithm 1 SALSA

1. Predefine 𝜇, 𝜆, and 𝛿𝑒 ; set 𝝂0 = 𝒅0 = 0

2. Repeat

3. 𝜽̂𝑘+1 = (P𝑇P + 𝜇I)−1(P𝑇𝒚 + 𝜇(𝝂𝑘 − 𝒅𝑘))

4. 𝝂𝒌+1 = max(0, 𝜽̂𝑘+1 + 𝒅𝑘 − 𝜆/𝜇) −max(0,−(𝜽̂𝑘+1 + 𝒅𝑘) − 𝜆/𝜇)

5. 𝒅𝑘+1 = 𝒅𝑘 + (𝜽̂𝑘+1 − 𝝂𝑘+1)

6. 𝑒𝑘+1 = (𝒚 − P𝜽̂𝑘+1)𝑇(𝒚 − P𝜽̂𝑘+1)

7. 𝑘 ← 𝑘 + 1

8. Until stopping criterion |𝑒𝑘+1 − 𝑒𝑘 | ≤ 𝛿𝑒 is satisfied

6.2.3 SAL method

The SAL method, inspired by SALSA, aims to construct a parsimonious model. This approach

encompasses two main stages: variable selection and parameter estimation.

• During the variable selection stage, the random subsampling technique is used to ran-

domly generate multiple data subsets, each comprising system output 𝒚̃ 𝑗 and input P̃𝑗 .
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For each subsampled dataset, SALSA executes the procedure outlined in Algorithm 1,

resulting in an intermediate model. The terms that are present frequently in all inter-

mediate models will be selected as the dominant terms.

• Subsequently, in the parameter estimation stage, SALSA will be executed again on

a subsampled dataset with the selected important terms. This step determines the

coefficients of the final model.

Within this algorithm, both pruning and stability selection play vital roles in ensuring model

sparsity. While the pruning process removes terms with minimal impact on model perform-

ance based on the subsampling dataset, stability selection discards redundant terms. The

comprehensive procedure of the SAL method is presented in Algorithm 2.

6.3 Methodology

6.3.1 Feature dictionary construction

Assume the whole process to be monitored is divided into 𝑁 stages and the number of

available variables is 𝐼. The multi-sensor data from the 𝑛th stage is denoted as X𝑛 =

[𝒙𝑛1 , 𝒙
𝑛
2 , ..., 𝒙

𝑛
𝐼
], where 𝒙𝑛

𝑖
is the 𝑖th variable. From 𝒙𝑛

𝑖
, 𝐽 representative features can be

extracted and denoted as a row vector 𝒑𝑛
𝑖
= [𝑝𝑛

𝑖,1, 𝑝
𝑛
𝑖,2, ..., 𝑝

𝑛
𝑖,𝐽
]. Concatenating the features

vectors of all 𝐼 variables yields an vector 𝒑𝑛 = [𝒑𝑛1 , 𝒑
𝑛
2 , ..., 𝒑

𝑛
𝐼
] ∈ R1×𝐼𝐽 .

To enhance the information content of the extracted features, the feature enlarging pro-

cedure is applied. For example, polynomial combinations of the features can add nonlinear

terms to the dictionary matrix and represent the nonlinear relationship between the target

and variables. Here, for the simplicity of notations, 𝒑I = [𝑝1, 𝑝2, ..., 𝑝𝐼𝐽] is used to denote the

original feature vector of any data block. Obtaining terms in the 𝑘th order polynomial set

is identical to finding out combinations with repetition. The number of possible selections is

given by
(𝐼𝐽+𝑘−1

𝑘

)
=
(𝐼𝐽+𝑘−1)!
𝑘!(𝐼𝐽−1)! . For example, the second-order feature vector is as follows,

𝒑II = [𝑝2
1 , 𝑝1 · 𝑝2, ..., 𝑝1 · 𝑝𝐼𝐽 , 𝑝2

2 , ..., 𝑝𝐼𝐽−1 · 𝑝𝐼𝐽 , 𝑝2
𝐼𝐽] (6.8)

where the dimension of 𝒑II is 1 × 𝐼𝐽(𝐼𝐽+1)
2 .

Suppose the highest degree is K, the extended feature vector is given by

𝒑 = [𝒑I, 𝒑II, ..., 𝒑K] ∈ R1×𝑀 (6.9)

Section 6.3: Methodology 117



Algorithm 2 SAL

Variable selection stage:

1. Predefine 𝜇, 𝜆, 𝛿𝜃 , and 𝛿𝑡ℎ𝑟 ; set 𝝂0 = 𝒅0 = 0

2. for 𝑗 = 1 to 𝑛:

3. Random subsampling→ 𝒚̃ 𝑗 and P̃𝑗

4. Run SALSA and stop when 𝑠𝑖𝑔𝑛(𝜽̂𝑘+1) = 𝑠𝑖𝑔𝑛(𝜽̂𝑘)

5. if 𝜃̂2
𝑖
/∥𝜽̂∥22 ≤ 𝛿𝜃 then

6. Term 𝒑𝑖 is removed

7. end if

8. Record the selected terms of the intermediate model

9. end for

10. if 𝑠𝑝(𝒑𝑖)/𝑛 ≥ 𝛿𝑡ℎ𝑟 where 𝑠𝑝(𝒑𝑖) is the occurrence of 𝒑𝑖 then

11. Term 𝒑𝑖 is selected

12. end if

13. Choose the mostly selected terms as the final model

Parameter estimation stage:

12. Random subsampling→ 𝒚̃ and P̃𝑠

13. Run SALSA and stop when 𝑠𝑖𝑔𝑛(𝜽̂𝑘+1) = 𝑠𝑖𝑔𝑛(𝜽̂𝑘)

14. Determine the coefficients in the final model

where 𝑀 = 𝐼𝐽 + 𝐼𝐽(𝐼𝐽+1)
2 + ...+ (𝐼𝐽+𝐾−1)!

𝐾!(𝐼𝐽−1)! . Concatenating the extended feature vectors of all 𝑁

stages produces the feature dictionary

P =


𝒑1,I 𝒑1,II · · · 𝒑1,K

...
...

. . .
...

𝒑𝑁,I 𝒑𝑁,I · · · 𝒑𝑁,K

 ∈ R
𝑁×𝑀 (6.10)

Note that P is an overcomplete dictionary with 𝑀 ≫ 𝑁 . Let 𝒚 ∈ R𝑁×1 denote the vector

of prediction targets. The regression problem is a typical sparse coding problem, which finds
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an optimal sparse vector 𝜽 such that 𝒚 − P𝜽 is minimised. In this study, the constraint of

the solution vector takes the form of 𝑙1 norm, the process prediction problem is exactly the

𝑙1 minimisation problem (6.1).

6.3.2 Solving the subproblems

The original 𝑙1-norm optimisation problem (6.1), is converted to subproblems (6.5)-(6.7) using

the ADMM framework. In solving subproblem (6.5), a local regularisation strategy is em-

ployed to penalise each element of 𝜽 for the purpose of producing a more compact model.

Let 𝒆 = 𝒚 − P𝜽, 𝜼 = 𝝂 − 𝒅, the new cost function is written as

𝐽𝑅(𝜽) = 𝒆𝑇𝒆 +
𝑀∑
𝑖=1

𝜇𝑖 (𝜃𝑖 − 𝜂𝑖)2 (6.11)

where 𝜇𝑖 ≥ 0 is the penalty parameter of element 𝜃𝑖 in 𝜽. Compared with the ‘global’

regularisation method, where a uniform intensity of penalty is applied to all elements in 𝜽 in

SALSA and SAL, this novel design of ‘local’ regularisation assisted SALSA allows independent

and flexible control of the penalty intensity of every coefficient in the optimisation problem.

Thus the function (6.11) consists of the sum-of-squares error function and a so-called locally

quadratic regularisation term.

The Bayesian evidence approximation can be used to optimise the regularisation paramet-

ers 𝜇𝑖 automatically. From the Bayesian viewpoint, a regularisation parameter is equivalent

to the ratio of the coefficient precision and the noise precision [211]. In this sense, 𝐽𝑅(𝜽) is
equivalent to the following cost function,

𝐽𝐵(𝜽) = 𝛽𝒆𝑇𝒆 +
𝑀∑
𝑖=1

𝛼𝑖 (𝜃𝑖 − 𝜂𝑖)2 = 𝛽𝒆𝑇𝒆 + (𝜽 − 𝜼)𝑇A(𝜽 − 𝜼) (6.12)

where 𝛽 and 𝛼𝑖 govern the precision parameters of noise and 𝜃𝑖 , and A = diag{𝛼1, 𝛼2, ..., 𝛼𝑀}
denotes the precision matrix. The regularisation parameter in (6.11) has a relationship with

the hyperparameters as 𝜇𝑖 = 𝛼𝑖/𝛽.

Using the evidence approximation framework [214], the unknown parameters 𝜶 and 𝛽 are

determined by maximising the log marginal likelihood function

ln 𝑝(𝒚 |P, 𝜼, 𝜶, 𝛽)

=
𝑁

2 ln
𝛽

2𝜋 +
1
2

𝑀∑
𝑖=1

ln 𝛼𝑖 −
1
2𝛽𝒚

𝑇𝒚 − 1
2𝜼

𝑇A𝜼 + 1
2𝒎

𝑇S−1𝒎 + 1
2 ln |S|

(6.13)
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where 𝒎 and S define the mean and covariance matrix of the posterior distribution for 𝜽,

and are given by

𝒎 = S(A𝜼 + 𝛽P𝑇𝒚) (6.14)

S = (A + 𝛽P𝑇P)−1 (6.15)

Taking the derivatives of ln 𝑝(𝒚 |P, 𝜼, 𝜶, 𝛽) with respect to 𝜶 and 𝛽 to be zero yields the

updating formulas for 𝜶 and 𝛽, respectively.

𝛼new
𝑖 =

𝛾𝑖
(𝑚𝑖 − 𝜂𝑖)2

(6.16)

(𝛽new)−1 =
∥𝒚 − P𝒎∥22
𝑁 −∑𝑀

𝑖=1 𝛾𝑖
(6.17)

where 𝛾𝑖 = 1−𝛼𝑖𝑆𝑖𝑖 , 𝑆𝑖𝑖 is the 𝑖th diagonal component of S. The detailed derivation of (6.16)

and (6.17) is presented in the Appendix.

The optimisation begins by setting initial values for 𝜶 and 𝛽. Using these initial values,

the posterior mean and covariance are computed according to (6.14) and (6.15), respectively.

Subsequently, the hyperparameters are re-estimated using (6.16) and (6.17); and re-estimating

the posterior mean and covariance, using (6.14) and (6.15), until a suitable convergence cri-

terion is satisfied. It is worth mentioning that the optimisation results in a proportion of 𝛼𝑖 that

are close to large values, and so the coefficients 𝜃𝑖 corresponding to these hyperparameters

have posterior distributions with a mean of 𝜂𝑖 and variance of zero. Thus those variables

are removed from the model and a sparse structure is found.

Giving values 𝜶∗
𝑘
and 𝛽∗

𝑘
for the hyperparameters that maximise the marginal likelihood

and solutions of 𝝂𝑘 and 𝒅𝑘 , at the (𝑘 + 1)th iteration, 𝜶∗
𝑘
and 𝛽∗

𝑘
are set as the initial values,

and 𝜼𝑘 = 𝝂𝑘 − 𝒅𝑘 . Running the optimisation procedure yields optimal values 𝜶∗
𝑘+1 and 𝛽∗

𝑘+1.

At the same time, 𝜽̂𝑘+1 and 𝝁𝑘+1 are updated

𝜽̂𝑘+1 = (A∗𝑘+1 + 𝛽∗𝑘+1P𝑇P)−1(A∗𝑘+1𝜼 + 𝛽∗𝑘+1P𝑇𝒚) (6.18)

𝜇𝑖 ,𝑘+1 = 𝛼𝑖 ,𝑘+1/𝛽𝑘+1 (6.19)

Similar to SALSA, the subproblem (6.6) is also solved using the soft thresholding operator

𝑆𝜆/𝜇(𝑧). Each element of the variable 𝝂𝑘+1 is updated as

𝜈𝑖 ,𝑘+1 =max(0, 𝜃̂𝑖 ,𝑘+1 + 𝑑𝑖 ,𝑘 − 𝜆/𝜇𝑖 ,𝑘+1) −max(0,−𝜃̂𝑖 ,𝑘+1 − 𝑑𝑖 ,𝑘 − 𝜆/𝜇𝑖 ,𝑘+1) (6.20)

With 𝜽̂𝑘+1 and 𝝂𝑘+1, 𝒅𝑘+1 can be calculated by

𝒅𝑘+1 = 𝒅𝑘 + (𝜽̂𝑘+1 − 𝝂𝑘+1) (6.21)
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In terms of the stopping criterion, the sum-of-squares error is computed by 𝑒𝑘+1 = (𝒚 −
P𝜽̂𝑘+1)𝑇(𝒚 − P𝜽̂𝑘+1) and the iteration stops when |𝑒𝑘+1 − 𝑒𝑘 | ≤ 𝛿𝑒 , where 𝛿𝑒 denotes the

convergence tolerance.

6.3.3 Variable selection

The pruning of variables is carried out at each iterative step. Initially, 𝜼 equals zero, so the

terms that have very small estimated coefficients, i.e., 𝜃̂𝑖 → 0, will be removed. This is be-

cause corresponding hyperparameters 𝛼𝑖 tend to become extremely large. At the (𝑘 + 1)th
iteration, if the estimated coefficients are close to 𝜼𝑘 , i.e., 𝜃̂𝑖 ,𝑘+1 → 𝜂𝑖 ,𝑘 , the corresponding

terms will be removed. This operation can guarantee the convergence of optimising hy-

perparameters 𝜶𝑘+1 and 𝛽𝑘+1. Besides, pruning helps to build a sparse model. Intuitively,

the terms with coefficients that converge to 𝜼𝑘 will not be selected. Substituting 𝝂𝑘 in the

expression of 𝜼𝑘 with (6.20), the following equation holds

𝜂𝑖 ,𝑘 =


𝜃̂𝑖 ,𝑘 + 𝑑𝑖 ,𝑘−1 − 2𝜆/𝜇𝑖 ,𝑘 , 𝜃̂𝑖 ,𝑘 + 𝑑𝑖 ,𝑘−1 > 𝜆/𝜇𝑖 ,𝑘
− 𝜃̂𝑖 ,𝑘 − 𝑑𝑖 ,𝑘−1, |𝜃̂𝑖 ,𝑘 + 𝑑𝑖 ,𝑘−1 | ≤ 𝜆/𝜇𝑖 ,𝑘
𝜃̂𝑖 ,𝑘 + 𝑑𝑖 ,𝑘−1 + 2𝜆/𝜇𝑖 ,𝑘 , 𝜃̂𝑖 ,𝑘 + 𝑑𝑖 ,𝑘−1 < −𝜆/𝜇𝑖 ,𝑘

(6.22)

In principle, if |𝜃̂𝑖 ,𝑘 + 𝑑𝑖 ,𝑘−1 | is too large relative to 𝜆/𝜇𝑖 ,𝑘 , 𝜂𝑖 ,𝑘 tends to take a value that is

close to 𝜃̂𝑖 ,𝑘 . At the (𝑘+1)th step, 𝜃̂𝑖 ,𝑘+1 remains unchanged as 𝜃̂𝑖 ,𝑘 , driving 𝛼𝑖 ,𝑘+1 to a large

value, which further reduces 𝜆/𝜇𝑖 ,𝑘+1. As a result, the 𝑖th variable will be discarded. Thus

the selected terms should be those meeting convergence requirements and also contributing

significantly to the prediction accuracy.

Suppose that 𝑀′ variables remain with estimated coefficients 𝜃̂𝑖 , 𝑖 = 1, 2, ..., 𝑀′ when
the iteration converges. Some coefficients might be very small compared with others, i.e.,

𝜃̂2
𝑖
≪ ∥𝜽̂∥22. In this case, those small weights lower than a threshold will be further pruned

to obtain a compact model.

6.3.4 Coefficients estimation

The coefficients of the selected variables will be re-estimated. Let ST = {𝑠𝑡1, ..., 𝑠𝑡𝑀′′}
denotes the set of indices of selected terms. These terms form a new candidate matrix

PST = [𝒑𝑠𝑡1 , ..., 𝒑𝑠𝑡𝑀′′ ] ∈ R
𝑁×𝑀′′ . Related coefficients are 𝜽ST = [𝜃𝑠𝑡1 , ..., 𝜃𝑠𝑡𝑀′′ ]𝑇 ∈ R𝑀

′′
.

Now the regression model becomes 𝒚 = PST𝜽ST + 𝒆, where 𝒚 denotes the model output and
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𝒆 denotes the residual. Using the ordinary least squares estimator, the model coefficients are

given by

𝜽̂ST = (P𝑇STPST)−1P𝑇ST𝒚 (6.23)

To improve the generalizability of the final model, ridge regression needs to be utilised.

The model parameter estimation becomes

𝜽̂ST = (P𝑇STPST + 𝜅I)−1P𝑇ST𝒚 (6.24)

where 𝜅 is the penalty parameter.

Note that the identifiability of the estimation algorithm is guaranteed by the variable se-

lection step. Firstly, the introduction of 𝑙1-norm penalty term forces many of the model

coefficients to zero, leaving only the important ones. This can be explained by the diamond-

shaped constraint region in the space of coefficients. The corners represent situations in

which other coefficients are exactly zero. Secondly, when multicollinearity exists in the can-

didate terms, the optimisation algorithm tends to choose one variable that provides unique

information and set the parameters of others that have similar information to zero, which

means the redundant variables no longer exist in PST [215]. After the variable selection

step, the matrix PST has full column rank. Hence, the model coefficients can be uniquely

determined by the least squares algorithm.

6.3.5 The implemented algorithm of LR-SALSA

The proposed approach consists of two stages, namely variable selection and coefficient

estimation. To obtain a sparse model structure, local regularisation is introduced to solve

the subproblem (6.5). In each iterative step, the evidence framework runs in a nested loop,

estimating the coefficients 𝜽 and optimal local regularisation parameters 𝝁. Within this loop,

terms corresponding to large 𝜇𝑖 are removed. After that, variables 𝝂, 𝒅 and 𝜼 are sequentially

updated. The iteration stops when the prediction error converges. After the iteration, terms

with small coefficients are pruned, resulting in a more compact model.

In the coefficient estimation stage, the coefficients are re-estimated using the system output

and input of the selected terms. The complete procedure is outlined in Algorithm 3.

The complexity of the proposed method is discussed here. In each iteration of the LR-

SALSA algorithm, solving the first subproblem (6.5) takes most of the computing time, and

the other two subproblems (6.6) and (6.7) are solved directly. For (6.5), the update rules for
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Algorithm 3 LR-SALSA

Variable selection stage:

1. Set 𝜶0, 𝛽0, 𝜆, 𝑡𝑜𝑙𝛼 , 𝛿𝛼 , 𝛿𝑒 , and 𝛿𝜃 ; set 𝝂0 = 𝒅0 = 𝜼0 = 0

2. for 𝑘 = 1 to 𝑛:

3. Repeat

4. Update 𝒎 and S by (6.14) and (6.15)

5. Update 𝜶 and 𝛽 by (6.16) and (6.17)

6. if |𝛼𝑖 | ≥ 𝑡𝑜𝑙𝛼 then

7. Term 𝒑𝑖 is removed

8. end if

9. Until max{𝛼𝑙𝑎𝑠𝑡
𝑖
− 𝛼𝑛𝑒𝑤

𝑖
} ≤ 𝛿𝛼

10. 𝜽̂𝑘 = 𝒎, 𝝁 = 𝜶/𝛽

11. 𝝂𝒌 = max(0, 𝜽̂𝑘 + 𝒅𝑘−1 − 𝜆/𝝁) −max(0,−(𝜽̂𝑘 + 𝒅𝑘−1) − 𝜆/𝝁)

12. 𝒅𝑘 = 𝒅𝑘−1 + (𝜽̂𝑘 − 𝝂𝑘)

13. 𝜼𝑘 = 𝝂𝑘 − 𝒅𝑘

14. 𝑒𝑘 = (𝒚 − P𝜽̂𝑘)𝑇(𝒚 − P𝜽̂𝑘)

15. if |𝑒𝑘 − 𝑒𝑘−1 | ≤ 𝛿𝑒 then

16. break

17. end if

18. end for

19. if 𝜃̂2
𝑖
/∥𝜽̂∥22 ≤ 𝛿𝜃 then

20. Term 𝒑𝑖 is removed

21. end if

22. Determine the terms of the final model

Coefficient estimation stage:

19. Select the variables 𝒚 and PST

20. Determine the coefficients by (6.24)
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the hyperparameters 𝜶 and 𝛽 depend on computing the posterior mean 𝒎 and covariance

matrix S of 𝜽. The computation of 𝒎 only involves matrix multiplications, whose amount is

𝑂(𝑀2 +𝑀2 +𝑀𝑁). The computation of S requires an inverse operation of order 𝑂(𝑀3)
complexity and 𝑂(𝑀2)memory storage. The computational complexity of 𝜶 and 𝛽 is 𝑂(𝑀)
and 𝑂(𝑀𝑁), respectively. Therefore, the dominant cost in one iteration of hyperparameter

updating should be 𝑂(𝑀3).

In practice, the convergence is usually achieved in about tens of iterations. Even though

there is a nested loop in the LR-SALSA algorithm, the solution can be obtained quickly as the

pruning operation at each step rapidly reduces 𝑀 to a very limited size. The computational

efficiency improved by timely discarding redundant terms will be more significant when the

initial value of 𝑀 is very large. Based on the analysis above, the whole algorithm needs

several times the cost of a standard SALSA algorithm, which is much less compared with

the SAL method that needs about 25 times the cost of SALSA [206]. The complexity of

the proposed algorithm is lower than the BAL method as well. In BAL, the computational

complexity is 𝑂(𝑁3) and the pruning procedure does not improve the efficiency [210].

6.3.6 The convergence

The convergence of the proposed LR-SALSA algorithm can be analysed under the framework

of SALSA.

Theorem 1 [216] Consider problem (6.1), where 𝑓1 and 𝑓2 are closed, proper, convex

functions. Consider arbitrary 𝜇 > 0 and 𝝂0, 𝒅0 ∈ R𝑀 . Let {𝑎𝑘 ≥ 0, 𝑘 = 0, 1, . . . ,∞} and
{𝑏𝑘 ≥ 0, 𝑘 = 0, 1, . . . ,∞} be two sequences such that

∞∑
𝑘=0

𝑎𝑘 < ∞ and
∞∑
𝑘=0

𝑏𝑘 < ∞ (6.25)

Consider three sequences {𝜽̂𝑘 ∈ R𝑀 , 𝑘 = 0, 1, . . . }, {𝝂𝑘 ∈ R𝑀 , 𝑘 = 0, 1, . . . }, and {𝒅𝑘 ∈
R𝑀 , 𝑘 = 0, 1, . . . } that satisfy

𝑎𝑘 ≥




𝜽̂𝑘+1 − arg min

𝜽

{
𝑓1(𝜽) +

𝜇

2 ∥𝜽 − 𝝂𝑘 + 𝒅𝑘 ∥22
}



 (6.26)

𝑏𝑘 ≥



𝝂𝑘+1 − arg min

𝝂

{
𝑓2(𝝂) +

𝜇

2 ∥𝜽̂𝑘+1 − 𝝂 + 𝒅𝑘 ∥
2
2

}


 (6.27)

𝒅𝑘+1 = 𝒅𝑘 + (𝜽̂𝑘+1 − 𝝂𝑘+1) (6.28)
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If (6.1) has a solution, the sequence {𝜽̂𝑘} converges, 𝜽̂𝑘 → 𝜽∗, where 𝜽∗ is a solution of (6.1).

However, if (6.1) does not have a solution, then at least one of the sequences {𝝂𝑘} or {𝒅𝑘}
diverges.

This theorem shows that if the subproblems (6.5) and (6.6) can be solved exactly, or the

sequence of errors is absolutely summable, convergence is guaranteed. As shown in [208],

the objective function of (6.5) in SALSA is a strictly convex quadratic function, leading to the

following solution:

𝜽̂𝑘+1 = (P𝑇P + 𝜇I)−1(P𝑇𝒚 + 𝜇(𝝂𝑘 − 𝒅𝑘)) (6.29)

which can be solved exactly in many cases. Because in a number of problems of interest, the

term (P𝑇P + 𝜇I) is invertible. For subproblem (6.6), it can be exactly solved by introducing

the soft thresholding operator. Therefore, SALSA is guaranteed to converge.

Notice that (6.29) has a similar form to the maximum a posterior (MAP) estimate of 𝜽,

from observations 𝒚 = P𝜽 + 𝒏, where 𝒏 is white Gaussian noise of variance 1/𝜇 and 𝜽 has

a Gaussian prior 𝒩(𝝂𝑘 − 𝒅𝑘 , I). In LR-SALSA, the local regularisation can apply individual

penalty parameters on each element of 𝜽. From Bayesian viewpoint, the Gaussian prior

becomes 𝒩(𝝂𝑘 − 𝒅𝑘 ,A−1), where A = diag{𝛼1, 𝛼2, ..., 𝛼𝑀}. In this case, the estimate of

𝜽 is 𝒎 at the convergence of 𝜶-optimisation, essentially taking the similar form to (6.29).

Hence, the subproblem (6.5) in LR-SALSA can be exactly solved as long as 𝜶-optimisation

converges.

As shown in the Appendix, an implicit solution for 𝜶 is derived by directly maximising the

marginal likelihood function ln 𝑝(𝒚 |P). The re-estimation procedure will converge at a point

where ln 𝑝(𝒚 |P) reaches a stationary point. During the re-estimation, many of the 𝛼𝑖 tend

to infinity, implying that 𝑝(𝜃𝑖 |𝒚, 𝜶, 𝛽) becomes highly peaked at 𝜂𝑖 [214]. Then these 𝛼𝑖 are

discarded from the next iteration and the corresponding terms can be pruned. As illustrated

in [211], at the optimum value of 𝜶, the effective total number of well-determined parameters

is also ensured. Therefore, the whole LR-SALSA algorithm is guaranteed to converge.

6.4 Simulation study

In this section, two nonlinear examples represented by Nonlinear AutoRegressive with eXo-

genous inputs (NARX) models are employed to evaluate the sparsity, accuracy, and com-

putation speed of the feature selection methods. A systematic introduction to NARX models

can be found in [217], which will not be repeated here. The utilisation of the NARX model for

this simulation study is based on the assumption that the accurate selection of NARX model
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terms and accurate prediction of model parameters can be used as a reliable indicator of the

capability of the feature selection method in generating representative features and making

accurate predictions.

For this simulation study, except for LR-SALSA, many algorithms including OFR [205],

LASSO [207], SAL [206], SBL [209], and BAL [210] are implemented for the sake of com-

prehensive comparison. To ensure a fair evaluation, each algorithm has been executed

multiple times with different random seeds. Both the best result and statistical analysis of

performance indices after repeated executions are presented in this section.

6.4.1 Example 1

First, consider the benchmark nonlinear system [206]:

𝑧(𝑡) = − 0.5𝑧(𝑡 − 2) + 0.7𝑧(𝑡 − 1)𝑢(𝑡 − 1) + 0.6𝑢2(𝑡 − 2)+
0.2𝑧3(𝑡 − 1) − 0.7𝑧(𝑡 − 2)𝑢2(𝑡 − 2)

𝑦(𝑡) =𝑧(𝑡) + 𝑒(𝑡)
(6.30)

where 𝑢(𝑡) and 𝑧(𝑡) denote the system input and output at time 𝑡, respectively. 𝑢(𝑡) is
a uniformly distributed white noise within the range of [−1, 1]. 𝑧(𝑡) is the output of the

system that is excited by 𝑢(𝑡). An external Gaussian noise sequence 𝑒(𝑡) is added to 𝑧(𝑡).
The signal-to-noise ratio (SNR) is set to 15 dB. In this simulation study, the maximum lags

for input and output are selected as 3 and 4, respectively. The linear candidate terms are

𝑧(𝑡 − 1), 𝑧(𝑡 − 2), 𝑧(𝑡 − 3), 𝑧(𝑡 − 4), 𝑢(𝑡 − 1), 𝑢(𝑡 − 2) and 𝑢(𝑡 − 3). In terms of nonlinearity,

the maximum polynomial degree is selected as 3. As a result, based on the dictionary

generation equation (6.10), the total number of candidate terms is 119. In this example, 3000

input and output samples are generated for model learning. Thus, the dimension of matrix P
is 3000×119. The mean absolute error (MAE) of the estimated coefficients is used to evaluate

the model performance

MAE𝜃 =
1
𝑀

𝑀∑
𝑖=1
|𝜃𝑖 − 𝜃̂𝑖 | (6.31)

In the implementation of the proposed LR-SALSA algorithm, some parameters need to be

determined in advance. The tolerance 𝑡𝑜𝑙𝛼 and stop criterion 𝛿𝛼 used in local regularisation

parameter learning were set to 1𝑒5 and 1𝑒−5, respectively, according to the suggestions

in [214]. The stopping criteria 𝛿𝑒 and 𝛿𝜃 for variable selection were 1𝑒−5 and 0.01, which

were reasonably small [206]. The 𝑙1-norm parameter 𝜆 was set to 1. In the OFR algorithm,

the important terms were selected according to the error reduction ratio criterion, which was
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Table 6.1: The simulation results of example 1

Terms Coefficient LR-SALSA OFR LASSO SAL SBL BAL

𝑧(𝑡 − 2) -0.5 -0.498 -0.5014 -0.4967 -0.5021 -0.4981 -0.5002

𝑧(𝑡 − 1)𝑢(𝑡 − 1) 0.7 0.6954 0.698 0.6866 0.6901 0.7039 0.7024

𝑢2(𝑡 − 2) 0.6 0.5992 0.5997 0.5898 0.5967 0.6018 0.5994

𝑧3(𝑡 − 1) 0.2 0.2008 0.2018 0.1911 0.2005 0.1986 0.1976

𝑧(𝑡 − 2)𝑢2(𝑡 − 2) -0.7 -0.7064 -0.6992 -0.6575 -0.6884 -0.6952 -0.7009

𝑧(𝑡 − 4) - - - 0.0011 - - -

𝑢2(𝑡 − 1) - - - 0.0008 - - -

𝑢(𝑡 − 1)𝑢2(𝑡 − 3) - - - 0.002 - - -

𝑧(𝑡 − 4)𝑢2(𝑡 − 2) - - -0.0022 - - - -

MAE𝜃 - 0.0029 0.0012 0.0157 0.0055 0.0028 0.0013

carefully tuned and set to 0.05 in this study [210]. In other algorithms, the 𝑙1-norm parameter

𝜆 was critical to model performance. The cross-validation method was adopted to select a

value that results in the smallest standard error [218]. The selected parameters for these

methods were: 𝜆LASSO = 7.2𝑒−4, 𝜆SAL = 1, 𝜆SBL = 0.4, and 𝜆BAL = 0.1. Additionally, in SAL,

the subsampling was repeated 10 times and 𝛿𝑡ℎ𝑟 = 0.7. In SBL, the CVX solver was used to

address the optimisation problem and the number of repeated steps was 5 [209].

Table 6.1 presents the best results obtained in this case. It can be seen that all methods can

produce sparse models. OFR estimates the model coefficients with the highest accuracy, but

a redundant term 𝑧(𝑡−4)𝑢2(𝑡−2) is also selected. LASSO selects more redundant terms and

the coefficients of the correct terms are less accurate than others. The other four methods

accurately choose the correct terms and estimate coefficients at a similar level of precision.

Among them, BAL stands out with a MAE𝜃 of 0.0013.

To evaluate the stability of these methods,100 simulation executions have been carried out

using different random seeds and recorded the resulting performance indices. Fig. 6.1 shows

the box plots for the number of selected terms, MAE𝜃, and computation time. As can be

seen in Fig. 6.1 (a), the LR-SALSA and SBL algorithms consistently identify the correct terms.

The SAL and BAL methods choose redundant terms occasionally. In contrast, the OFR and

LASSO algorithms tend to select additional terms. In terms of estimation accuracy, as shown

in Fig. 6.1 (b), OFR has the lowest and highest MAE𝜃, showing worse stability. The proposed

LR-SALSA algorithm outperforms LASSO and SAL and achieves similar estimation accuracy
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to SBL and BAL. However, as shown in Fig. 6.1 (c), LR-SALSA takes the least amount of time to

construct a model compared with other methods except for OFR. It takes an extremely long

time for feature selection using the SBL algorithm, which indicates the limitation of using the

third-party solver. As a result, compared with the other methods, the proposed LR-SALSA

method offers a superior accuracy in generating sparse models meanwhile ensuring fast

computation.

Figure 6.1: Box plots of the results produced by LR-SALSA and other common algorithms in example 1: (a)

number of selected terms, (b) MAE𝜃 , and (c) computation time.

6.4.2 Example 2

Consider another nonlinear system [206]:

𝑧(𝑡) =𝑢(𝑡 − 1) − 0.3𝑢(𝑡 − 2) − 0.4𝑢(𝑡 − 3) + 0.25𝑢(𝑡 − 1)𝑢(𝑡 − 2)−
0.2𝑢(𝑡 − 2)𝑢(𝑡 − 3) − 0.3𝑢3(𝑡 − 1) + 0.24𝑢3(𝑡 − 2) + 0.8𝑧(𝑡 − 1)

𝑦(𝑡) =𝑧(𝑡) + 𝑒(𝑡)
(6.32)

where 𝑢(𝑡) denotes the system input and 𝑧(𝑡) denotes the output at time 𝑡. A white noise

𝑢(𝑡) ∈ [−1, 1] sampled from the uniform distribution is used as the system input. For the

Gaussian noise sequence 𝑒(𝑡), the SNR is set to 15 dB. In this example, the maximum lags for

input and output are selected as 2 and 3. The maximum polynomial degree is selected as 3.

Therefore, these delayed inputs and outputs can form a model term candidate pool with 55

linear and nonlinear terms. In total, 3500 samples are generated. The size of P is 3500× 55.
The MAE𝜃 is also used to test the model performance.

The parameter settings for the proposed algorithm were consistent with those in Example

1. Nevertheless, key parameters used in the comparative methods have changed. In the OFR

algorithm, the stopping criterion was set to 0.033. In the other four algorithms, the 𝑙1-norm
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parameters were selected as the following values: 𝜆LASSO = 3.5𝑒−4, 𝜆SAL = 0.01, 𝜆SBL = 0.03,
and 𝜆BAL = 0.05. The best simulation results are presented in Table 6.2. Similar to the results

in Example 1, the LR-SALSA, SBL, and BAL algorithms can estimate the coefficients of correct

terms more accurately. Even though SBL yields the lowest MAE𝜃 of 0.0044, 6 redundant

terms are included in the final model, making the result unreliable. LASSO also produces

a redundant model comprising 14 terms and neglects the essential term 𝑢(𝑡 − 2). The OFR

and SAL algorithms have selected the true terms but have not estimated the coefficients as

accurately as the proposed LR-SALSA algorithm.

Table 6.2: The simulation results of example 2

Terms Coefficient LR-SALSA OFR LASSO SAL SBL BAL

𝑧(𝑡 − 1) 0.8 0.7917 0.8959 0.5157 0.7475 0.8045 0.7847

𝑢(𝑡 − 1) 1 0.9942 0.9942 0.9769 1.009 0.9978 1.0038

𝑢(𝑡 − 2) -0.3 -0.2808 -0.3871 - -0.2581 -0.2995 -0.2835

𝑢(𝑡 − 3) -0.4 -0.3977 -0.4456 -0.2477 -0.3733 -0.459 -0.3983

𝑢(𝑡 − 2)𝑢(𝑡 − 2) 0.25 0.2484 0.2557 0.2473 0.2401 0.2565 0.249

𝑢(𝑡 − 2)𝑢(𝑡 − 3) -0.2 -0.2035 -0.2269 -0.1238 -0.1848 -0.2056 -0.2025

𝑢3(𝑡 − 1) -0.3 -0.2918 -0.2917 -0.2699 -0.3101 -0.3002 -0.3155

𝑢3(𝑡 − 2) 0.24 0.2332 0.2571 0.1301 0.2453 0.2301 0.2316

𝑧2(𝑡 − 1) - - - -0.0061 - - -

𝑧(𝑡 − 1)𝑢(𝑡 − 1) - - - 0.0057 - - -

𝑧(𝑡 − 2)𝑢(𝑡 − 3) - - - 0.0122 - - -

𝑧3(𝑡 − 2) - - - -0.0107 - - -

𝑢2(𝑡 − 1)𝑢(𝑡 − 3) - - - -0.0017 - - -

𝑢(𝑡 − 1)𝑢2(𝑡 − 2) - - - -0.0091 - - -

𝑢2(𝑡 − 2)𝑢(𝑡 − 3) - - - -0.0003 - - -

𝑧(𝑡 − 1)𝑢(𝑡 − 3) - - - - - 0.0041 -

𝑢(𝑡 − 1)𝑢(𝑡 − 3) - - - - - 0.0058 -

𝑧(𝑡 − 1)𝑢(𝑡 − 1)𝑢(𝑡 − 2) - - - - - -0.0051 -

𝑧(𝑡 − 1)𝑢(𝑡 − 1)𝑢(𝑡 − 3) - - - - - -0.0033 -

𝑧(𝑡 − 2)𝑢2(𝑡 − 2) - - - - - 0.0053 -

𝑢(𝑡 − 2)𝑢2(𝑡 − 3) - - - - - -0.102 -

MAE𝜃 - 0.0070 0.0366 0.1223 0.0213 0.0044 0.0080

The stability test has been conducted in this example as well, and Fig. 6.2 shows the
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box plots resulting from 100 simulation executions with different random seeds. As can

be seen in Fig. 6.2 (a), the average numbers of selected terms of LR-SALSA and BAL are

approximately 8, aligning with the true model term number in Eq. (6.32). The OFR, LASSO,

and SAL algorithms tend to estimate an over-sparse model, consistently selecting fewer than

6 terms. This indicates that some important terms may be ignored. On the contrary, SBL

usually yields a model with redundant terms. Fig. 6.3 shows the occurrences of true terms

in 100 executions. It can be found that terms like 𝑢(𝑡 − 1), 𝑢(𝑡 − 1)𝑢(𝑡 − 2), and 𝑢3(𝑡 − 1) are
consistently chosen by all six algorithms nearly in every execution. However, other important

terms are selected in a higher occurrence only by using LR-SALSA, SBL, and BAL methods.

Compared with SBL and BAL, LR-SALSA exhibits superior estimation accuracy and efficiency

as can be seen in Figs. 6.2 (b) and (c). Furthermore, in this example, even though OFR and

LASSO take less computation time but also produce higher estimation errors. The results in

both Examples 1 and 2 demonstrate that LR-SALSA is able to build compact and accurate

models, and significantly reduce the computational burden at the same time.

Figure 6.2: Box plots of the results produced by LR-SALSA and other common algorithms in example 2: (a)

number of selected terms, (b) MAE𝜃 , and (c) computation time.

6.5 Experimental study

To validate the effectiveness of the proposed feature selection method in real-world ap-

plications, the datasets obtained from face milling and dynamic milling experiments were

employed to develop a model for tool wear prediction. Similar to the simulation study, as

a comparison, other common 𝑙1-norm-based feature selection methods were applied to se-

lect important signal features. The model performance was evaluated in terms of sparsity,

accuracy, and efficiency.
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Figure 6.3: The occurrences of all true terms in 100 executions with different random seeds in example 2.

6.5.1 Experiment 1: face milling process

Experimental setup

The dataset applied to this case study is provided by the 2010 Prognostics and Health Man-

agement Data Challenge [115]. Fig. 6.4 (a) shows the experimental setup where the milling

process was conducted on a high-speed milling machine (Roders Tech RFM 760). The surface

of an Inconel 718 workpiece was machined layer by layer using a three-flute ball end mill

with a slope of 60◦. The machining parameters were set as follows: the spindle speed of the

cutter was 10400 RPM; feed rate was 1555 mm/min; radial cutting depth was 0.125 mm; axial

cutting depth was 0.2 mm. During the milling process, tri-axial force, tri-axial vibration, and

AE signals were collected using dynamometers, accelerometers, and AE sensors respectively.

The sampling frequency was set to 50 kHz. The flank wear of each flute was measured using

a microscope after each cut. Figure 6.4 (b) presents the tool wear measurements for three

cutters, namely C1, C4, and C6. The dataset of one cutter comprises 315 samples corres-

ponding to 315 cuts. It is worth mentioning that the datasets from C2, C3 and C5 were not

used in this study because the tool wear measurements were not available for these three

cutters.

Algorithm implementation

In this experiment, six channels of signals, including tri-axial force and vibration, were utilised

to construct a tool wear prediction model. The AE signal was not used because the dominant

frequency range was too high compared with the tooth passing frequency. A total of 13 time

and frequency domain features, as listed in Table 6.3, were extracted from each signal. Thus
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Figure 6.4: (a) Experimental setup [115], (b) the measurements of tool wear.

Table 6.3: List of the extracted features in experiment 1

Features

Time domain
mean, variance, skewness, kurtosis, RMS, peak-to-peak

value, crest factor

Frequency domain
mean, variance, skewness, kurtosis, peak-to-peak value,

harmonics

the number of candidate features was 78 (= 13 × 6) for each sample. The datasets from

any two cutters among C1, C4, and C6, comprising 630 samples, were allocated for training

and validation. Among them, 90% (567 samples) were randomly designated as the training

set, and the remaining 10% (63 samples) were for validation purpose. The dataset from

the other cutter (315 samples) was used for testing. Considering the features were directly

used as inputs, the dimensions of the training, validation, and testing feature matrices were

567 × 78, 63 × 78, and 315 × 78, respectively.

After the feature dictionary was generated, each column was normalised using the training

set, ensuring that all variables were adjusted to the same scale. Subsequently, the feature

selection algorithms were applied to build sparse regression models for tool wear prediction.

The prediction accuracy was evaluated on the testing set using two indices: Mean Absolute

Error (MAE) and Root Mean Squared Error (RMSE), which are defined below,

MAE =
1
𝑁

𝑁∑
𝑖=1
|𝑦𝑖 − 𝑦̂𝑖 |

RMSE =

√√√
1
𝑁

𝑁∑
𝑖=1
(𝑦𝑖 − 𝑦̂𝑖)2

(6.33)

where 𝑦𝑖 and 𝑦̂𝑖 denote the true and predicted tool wear of the 𝑖th cutting pass, respectively.

Here the tuning of key parameters is introduced briefly. Most of the parameters in LR-
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SALSA shared the same values as the simulation study, except that the iteration stopping

criterion 𝛿𝑒 was changed to 1𝑒−3 considering the range of target values and the parameter

𝜆 was selected by cross-validation. It should be noted that in the second stage of LR-SALSA,

ridge regression with a penalty coefficient of 2 was employed to estimate model coefficients

to further avoid overfitting. In the SAL method, the number of subsampling rounds was 10

and 𝛿𝑡ℎ𝑟 was 0.6. In SBL, the number of total steps was 10. Additionally, cross-validation was

utilised to determine the error reduction ratio in OFR and the regularisation parameter 𝜆 in

other methods.

Experimental results

Fig.6.5 shows the tool wear prediction results for all cutters using different feature selection

methods. The number of selected features, prediction accuracy, and execution time are

summarised in Table 6.4. It should be noted that all the tests were conducted on a laptop with

an Intel(R) Core(TM) i7-7700HQ CPU and 16GB memory. As can be observed, the proposed

LR-SALSA selected 8, 7, and 4 features for C1, C4, and C6. While the number of features

selected by LASSO varies from 19 to 49. The other methods produced sparse models with 4

to 14 features. This indicates that LR-SALSA can achieve better model sparsity.

From the prediction results, it can be found LR-SALSA method shows better fitting perform-

ance, especially for C1 and C6. The other methods can also make accurate predictions in

several cases, for example, the result of C6 using SBL. MAE and RMSE can quantify the pre-

diction accuracy. In the LR-SALSA method, these two indices vary from 8.38 to 10.58 and

from 9.97 to 13.92, respectively. However, the other methods yield larger MAE and RMSE

values. Even though the predicted result of SBL fits the actual tool wear well, the indices are

twice as large as the proposed method.

In terms of computational efficiency, OFR takes the least time of less than 1 second in

all three cases. LR-SALSA takes about 2 seconds, which is close to LASSO and BAL. While

SAL and SBL take the longest time due to the use of subsampling and the third-party solver.

Thus the conclusion obtained in the simulation study that LR-SALSA has a computational

advantage over SAL, SBL, and BAL still holds. In this experimental study, the results demon-

strate the benefits of LR-SALSA in selecting less but representative features and ensuring fast

computation with high prediction accuracy.
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Table 6.4: The testing results of C1, C4, and C6 in experiment 1 (the maximum polynomial degree: 1)

Algorithms LR-SALSA OFR LASSO SAL SBL BAL

Number of features

C1 8 14 19 8 8 12

C4 7 8 49 10 14 5

C6 4 4 45 11 12 8

MAE

C1 8.52 20.95 24.02 27.35 16.77 18.41

C4 10.58 19.18 17.38 16.92 18.35 14.41

C6 8.38 31.14 48.82 24.13 16.17 23.5

RMSE

C1 11.27 24.68 28.98 39.15 18.7 20.44

C4 13.92 21.16 20.05 18.65 20.73 19.34

C6 9.97 35.26 50.33 25.7 17.57 26.69

Execution time (sec)

C1 2.21 0.34 2.52 6.82 6.41 3.4

C4 1.97 0.21 2.65 6.56 6.07 3.81

C6 2.33 0.13 2.93 7.11 5.7 3.34

Figure 6.5: Tool wear prediction results in experiment 1, from top to bottom: for cutters C1, C4 and C6; from

left to right: using LR-SALSA, OFR, LASSO, SAL, SBL, and BAL methods. (the maximum polynomial

degree: 1)
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The influence of maximum polynomial degree

The construction of dictionary matrix P plays an important role in the feature selection

problem. In the simulation study, the maximum lags and polynomial degrees are selected

directly, which are not known in most cases. The experimental results mentioned above

are from 78 linear terms of raw signal features. However, the polynomial expansion can

enrich the extracted information, which may improve the model accuracy [217]. Hence, it

is necessary to investigate the performance of the feature selection methods with more

complicated inputs. The second-degree terms are generated by combining different features

(for instance, X-vibration Mean×Y-vibration Variance), leading to 3159 (= 78 + 78 × 79 ÷ 2)
candidate terms in total. After the data splitting, the dimensions of the training, validation,

and testing feature matrices become 567 × 3159, 63 × 3159, and 315 × 3159, respectively.

All the feature selection methods are applied to the new matrices. The parameters are de-

termined in the same way as aforementioned. Table 6.5 shows the testing performance for

all cutters. It can be found that, except for SAL, most methods tend to select more important

features when the second-degree terms are included in the dictionary matrix. However, the

feature selection still works as the remaining features are significantly less than the candid-

ates. Contrary to expectations, the prediction accuracy decreases compared with Table 6.4

in most cases. While the proposed LR-SALSA always achieves the lowest fitting errors. Its ad-

vantage becomes more obvious given the fact SAL, SBL, and BAL take dozens of times longer

in feature selection. However, OFR still completes the task rapidly owing to the characteristic

of the forward selection algorithm.

This case study further demonstrates that the proposed LR-SALSA is able to achieve a good

trade-off in model sparsity, accuracy and computational efficiency. Its high execution speed

is more significant in many scenarios involving complicated datasets. However, it should be

acknowledged that sometimes more candidate terms do not necessarily bring about more

accurate models. Too many redundant features make it difficult to identify the truly important

features. Therefore, how to select an appropriate polynomial degree to construct the feature

dictionary deserves more study.

6.5.2 Experiment 2: dynamic milling process

Nowadays, dynamic milling has become more popular in metal machining. Accurately pre-

dicting the tool wear in dynamic milling is quite challenging due to the complicated interaction

between the tool and workpiece. In this experiment, the performance of the proposed method
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Table 6.5: The testing results of C1, C4, and C6 in experiment 1 (the maximum polynomial degree: 2)

Algorithms LR-SALSA OFR LASSO SAL SBL BAL

Number of features

C1 12 16 116 8 34 5

C4 13 19 63 4 15 15

C6 9 3 136 7 9 5

MAE

C1 13.71 19.64 17.03 14.5 19.31 16.1

C4 12.19 20.23 20.49 25.97 15.4 14.48

C6 13.1 33.51 89.29 28.92 22.77 20.18

RMSE

C1 17.23 24.65 19.9 18.16 27.01 20.2

C4 14.38 22.07 22.97 34.31 19.01 17.7

C6 16.36 36.69 97.9 30.56 23.93 21.84

Execution time (sec)

C1 10.31 0.92 45.41 472.72 286.07 309.95

C4 10.58 1.23 44.89 623.94 130.64 216.98

C6 9.51 0.07 18.2 1267.74 57.58 212.75

has been investigated in dynamic milling. The dataset was from the same experiment as Case

2 in Chapter 5. The experimental setup will not be repeated here. During the experiment,

the flank wear of the cutting tool was measured by a microscope after each cut. Figure 6.6

shows the measurements of tool wear. All three cutting tools (C1, C2, and C3) completed the

milling of six layers. The flank wear of each tool reached 395.3 𝜇m, 421.1 𝜇m and 490.0

𝜇m finally.

Figure 6.6: The measurement of tool wear in experiment 2.

The raw datasets in this case consisted of nine variables containing force and vibration.

The number of available samples of the three cutters was 252, 272, and 276, respectively.

Similar to the design of Experiment 1, in this experiment, the datasets from any two cutters
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Table 6.6: The testing results of C1, C2, and C3 in experiment 2

Algorithms LR-SALSA LASSO SAL

Number

of

terms

C1 3 47 3

C2 5 54 5

C3 1 17 2

MAE

C1 25.09 114.5 67.88

C2 35.16 66.34 69.54

C3 19.58 331.6 156.5

RMSE

C1 32.14 166 76.8

C2 44.86 71.51 78.43

C3 22.24 407.1 163.5

were used for training and validation and the dataset from the other cutter for testing. In

terms of feature extraction, only the time domain features listed in Table 6.3 were extracted.

The second-degree polynomial combination was exploited to enlarge the size of the pool of

candidates, reaching up to 2079.

In this case, only the LASSO and SAL methods are selected in the comparative study

because they could represent the properties of traditional and novel 𝑙1-norm-based feature

selection methods as shown in the simulation study. MAE and RMSE were used to quantify

the model’s fitting performance. The values of key parameters were defined in the same way

as in experiment 1. In LR-SALSA, rigid regression was also adopted in coefficient estimation.

Figure 6.7 shows the tool wear prediction results during the testing stage. Obviously,

the achieved prediction accuracy is not as good as in Experiment 1 because the dynamic

milling strategy is utilised. However, the predicted curves of LR-SALSA show the best fit

to the true wear curves. For LASSO and SAL, in most cases, the learned model can only

capture a general increasing trend of tool wear, which might result from inappropriate model

coefficients estimation rather than term selection. However, if the predicted tool wear severely

deviates from the true value, the selected terms should not have good correlation with the

tool wear. Table 6.6 summarises the performance indices in this experiment. It demonstrates

again the necessity of selecting less but important terms rather than redundant terms in tool

wear prediction. The proposed method achieves the best estimation accuracy.
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Figure 6.7: Tool wear prediction results in experiment 2, from top to bottom: C1, C2, and C3; from left to right:

using LR-SALSA, LASSO, and SAL.

6.6 Discussion

To better explain the advantages of the proposed LR-SALSA-based feature selection approach

in condition monitoring, some discussions are summarised as follows.

• Scope of application: The proposed algorithm can be applied to obtain a linear-in-the-

parameter model, where the relationship between the response 𝑦 and the parameters

𝜽 is linear. However, a model being linear-in-the-parameter may also represent a

nonlinear relationship between the input and output variables. Because the input vari-

ables can be transformed or combined in non-linear ways to construct the dictionary

matrix P, for example, the polynomial-expansion models (6.30) and (6.32). Linear-in-

the-parameter models are widely applied across various fields due to their simplicity,

interpretability, and computational efficiency. As the original set of available terms

may be very large, feature selection is a crucial step when building a linear-in-the-

parameter model. The proposed LR-SALSA algorithm can be applied to both linear and

nonlinear models by choosing a subset of important terms and producing a sparse

model.

• Sparsity and accuracy: From both simulation and experimental studies, it is observed

that conventional OFR and LASSO methods often select over-sparse or redundant fea-
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tures, reducing the accuracy of model predictions. SAL and SBL methods have achieved

better estimation accuracy but cannot always choose the right terms. Only LR-SALSA

and BAL can build sparse models accurately. The unique contribution of this work is

that the proposed LR-SALSA algorithm can automatically select the most representat-

ive features, which originates from a straightforward local regularisation strategy. The

regularisation parameters are directly related to the contribution of candidate features.

As a result, the proposed method can provide a more compact model, addressing the

difficulties of over-sparsity and redundancy.

• Computational speed : It can be found from the simulation and experimental studies

that, the proposed LR-SALSA method exhibits higher computational efficiency when

compared with the modern SAL, SBL, and BAL methods. The increased efficiency of

LR-SALSA is attributed to its design, which conducts the SALSA algorithm only once

compared with SAL, avoids the use of third-party solvers compared with SBL, and

requires less computation burden compared with BAL.

• Limitations: The number of tuning parameters of LR-SALSA, at this stage, is greater

than some of the established methods. Their settings have been introduced in both

simulation and experimental studies, which are summarised as follows.

𝑡𝑜𝑙𝛼: it is used as a threshold to determine which terms should be removed in the learn-

ing of local regularisation parameters. Increasing 𝑡𝑜𝑙𝛼 will increase the execution

time. It should be reasonably large and is fixed as 1𝑒5 in this study according to

[214].

𝛿𝛼: it is used to determine when the learning of local regularisation parameters con-

verges. Increasing 𝛿𝛼 will reduce the execution time. It should be reasonably

small and is fixed as 1𝑒−5 in this study according to [214].

𝛿𝑒 : it is used to determine when the whole algorithm converges. Increasing 𝛿𝑒 will

reduce the execution time and increase the number of selected features. It should

be determined according to the range of target values and is set to 1𝑒−5 and 1𝑒−3

in simulation and experiment study, respectively.

𝛿𝜃: it is used as a threshold to determine which terms should be further removed after

the iteration process. Increasing 𝛿𝜃 will reduce the number of selected features.

It is set to 0.01 as used in [206].

𝜆: it is the 𝑙1–norm regularisation parameter. Increasing 𝜆 usually results in more
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selected features. It is determined automatically through cross-validation.

From the analysis above, it is found that most parameters can be determined according

to empirical knowledge. However, in specific applications, fine-tuning of the parameters

is unavoidable. A systematic analysis is needed to guide the setting of key parameters

and enhance the applicability of LR-SALSA. This will be a focal point of future research

endeavours.

6.7 Conclusion

Due to the benefits of avoiding overfitting and enhancing computational efficiency, feature

selection becomes a research hotspot in data-driven process states prediction. This chapter

introduces the local regularisation assisted split augmented lagrangian shrinkage algorithm

as a solution to the feature selection problem. The objective is to solve a 𝑙1-norm optimisa-

tion problem where the problem is decomposed into three subproblems that can be solved

separately. In the first subproblem, individual penalty parameters are introduced to each

coefficient such that redundant terms are removed efficiently. An iterative algorithm, based

on the Bayesian evidence framework, is derived to optimise the local regularisation hy-

perparameters automatically and guarantee model sparsity. After the important terms are

determined, model coefficients are re-estimated by the least squares method. Consequently,

the feature selection problem is resolved in a single SALSA iteration, significantly reducing

computational expenses. The complexity and convergence of the proposed algorithm are

presented. The effectiveness of the proposed approach is demonstrated through both simu-

lation and experimental studies. The results show that only LR-SALSA has a good trade-off

among model sparsity, estimation accuracy, and computational efficiency in comparison to

five existing feature selection methods. The proposed method is expected to be applicable

in process monitoring of many industrial systems.
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6.8 Appendix

The evidence framework

In the Bayesian evidence framework, the following prior distributions of 𝒚 and 𝜽 are first

introduced

𝑝(𝒚 |P, 𝜽, 𝛽) = 𝒩
(
𝒚 |P𝜽, 𝛽−1I

)
(6.34)

𝑝(𝜽 |𝜼, 𝜶) = 𝒩(𝜽 |𝜼,A−1) (6.35)

where 𝛽 and 𝛼𝑖 govern the precision parameters of noise and 𝜃𝑖 , and A = diag{𝛼1, 𝛼2, ..., 𝛼𝑀}
denotes the precision matrix.

Since 𝑝(𝜽 |𝒚, P, 𝜼, 𝜶, 𝛽) ∝ 𝑝(𝒚 |P, 𝜽, 𝛽)𝑝(𝜽 |𝜼, 𝜶), the posterior distribution for 𝜽 is Gaus-

sian and takes the form

𝑝(𝜽 |𝒚, P, 𝜼, 𝜶, 𝛽) = 𝒩(𝜽 |𝒎 , S) (6.36)

where the mean and covariance matrix are given by

𝒎 = S(A𝜼 + 𝛽P𝑇𝒚) (6.37)

S = (A + 𝛽P𝑇P)−1 (6.38)

The unknown parameters 𝜶 and 𝛽 are determined by evaluating the evidence function

[214]. The target is to maximise the marginal likelihood function 𝑝(𝒚 |P, 𝜼, 𝜶, 𝛽) by integrating

over the weight vector 𝜽

𝑝(𝒚 |P, 𝜼, 𝜶, 𝛽) =
∫

𝑝(𝒚 |P, 𝜽, 𝛽)𝑝(𝜽 |𝜼, 𝜶) 𝑑𝜽

=

(
𝛽

2𝜋

) 𝑁
2
(

1
2𝜋

) 𝑀
2 𝑀∏
𝑖=1

𝛼
1
2
𝑖

∫
exp {−𝐸(𝜽)} 𝑑𝜽

(6.39)

where

𝐸(𝜽) =
𝛽

2 𝒆
𝑇𝒆 + 1

2(𝜽 − 𝜼)
𝑇A(𝜽 − 𝜼) = 𝐸(𝒚, 𝜼) + 1

2(𝜽 −𝒎)𝑇S−1(𝜽 −𝒎) (6.40)

𝐸(𝒚, 𝜼) = 1
2(𝛽𝒚

𝑇𝒚 + 𝜼𝑇A𝜼 −𝒎𝑇S−1𝒎) (6.41)
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Note that in (6.40), 𝐸(𝜽) is re-written as,

𝐸(𝜽) =
𝛽

2 𝒆
𝑇𝒆 + 1

2(𝜽 − 𝜼)
𝑇A(𝜽 − 𝜼)

=
1
2
[
𝛽𝒚𝑇𝒚 − 2𝛽𝜽𝑇P𝑇𝒚 + 𝛽𝜽𝑇P𝑇P𝜽+ 𝜽𝑇A𝜽 − 2𝜽𝑇A𝜼 + 𝜼𝑇A𝜼

]
=

1
2
[
𝛽𝒚𝑇𝒚 + 𝜼𝑇A𝜼 + 𝜽𝑇(A + 𝛽P𝑇P)𝜽− 2𝜽𝑇(A𝜼 + 𝛽P𝑇𝒚)

]
=

1
2
[
𝛽𝒚𝑇𝒚 + 𝜼𝑇A𝜼 −𝒎𝑇S−1𝒎+ (𝜽 −𝒎)𝑇S−1(𝜽 −𝒎)

]
=𝐸(𝒚, 𝜼) + 1

2(𝜽 −𝒎)𝑇S−1(𝜽 −𝒎)

(6.42)

As can be seen, the second term in Eq (6.40) is the power exponent term of the posterior

distribution 𝒩(𝜽 |𝒎 , S). The log marginal likelihood is simply written in the form

ln 𝑝(𝒚 |P, 𝜼, 𝜶, 𝛽) =𝑁2 ln 𝛽 + 1
2

𝑀∑
𝑖=1

ln 𝛼𝑖 − 𝐸(𝒚, 𝜼) +
1
2 ln |S| − 𝑁2 ln 2𝜋 (6.43)

To maximise the marginal likelihood function, its derivative with respect to 𝜶 and 𝛽 is

computed, respectively.

𝜕

𝜕𝛼𝑖
ln 𝑝(𝒚 |P) = 1

2𝛼𝑖
− 1

2(𝑚𝑖 − 𝜂𝑖)2 −
1
2𝑆𝑖𝑖

(6.44)

𝜕

𝜕𝛽
ln 𝑝(𝒚 |P) = 1

2𝛽

[
𝑁 −

𝑀∑
𝑖=1
(1 − 𝛼𝑖𝑆𝑖𝑖)

]
− 1

2 ∥𝒚 − P𝒎∥22 (6.45)

The derivation of (6.44) and (6.45) is given in the following content.

The maximum is obtained when Eqs (6.44) and (6.45) are both equivalent to zero, which

gives

𝛼𝑖 =
𝛾𝑖

(𝑚𝑖 − 𝜂𝑖)2
(6.46)

𝛽−1 =
∥𝒚 − P𝒎∥22
𝑁 −∑𝑀

𝑖=1 𝛾𝑖
(6.47)

where 𝛾𝑖 = 1 − 𝛼𝑖𝑆𝑖𝑖 . Therefore, the regularisation parameter in (6.11) can be given as

𝜇𝑖 =
𝛼𝑖
𝛽

=
𝛾𝑖

𝑁 −∑𝑀
𝑖=1 𝛾𝑖

∥𝒚 − P𝒎∥22
(𝑚𝑖 − 𝜂𝑖)2

(6.48)
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Derivation of (6.44)

The derivative of 𝐸(𝒚, 𝜼) with respect to 𝛼𝑖 is given by

𝜕

𝜕𝛼𝑖
𝐸(𝒚, 𝜼) =1

2
𝜕

𝜕𝛼𝑖
(𝜼𝑇A𝜼) − 1

2
𝜕

𝜕𝛼𝑖
(𝒎𝑇S−1𝒎)

=
1
2𝜂

2
𝑖 −

1
2

𝜕

𝜕𝛼𝑖
(𝛽2𝒚𝑇PSP𝑇𝒚) − 1

2
𝜕

𝜕𝛼𝑖
(𝜼𝑇A𝑇SA𝜼) − 𝜕

𝜕𝛼𝑖
(𝛽𝒚𝑇PSA𝜼)

(6.49)

The derivatives of last three terms in (6.49) with respect to 𝛼𝑖 are computed respectively

as follows,
𝜕

𝜕𝛼𝑖
(𝛽2𝒚𝑇PSP𝑇𝒚) =Tr

[
𝜕

𝜕S−1 (𝛽
2𝒚𝑇PSP𝑇𝒚)𝜕S−1

𝜕𝛼𝑖

]
= − Tr

[
S(𝛽P𝑇𝒚)(𝛽P𝑇𝒚)𝑇SI𝑖

] (6.50)

𝜕

𝜕𝛼𝑖
(𝜼𝑇A𝑇SA𝜼) =2𝜼𝑇 𝜕A𝑇

𝜕𝛼𝑖
SA𝜼 + 𝜼𝑇A𝑇 𝜕S

𝜕𝛼𝑖
A𝜼

=2𝜂𝑖1𝑇𝑖 SA𝜼 + 𝜼𝑇A𝑇(−SI𝑖S)A𝜼

(6.51)

where 1𝑖 = [0...1...0]𝑇 denotes a vector whose 𝑖th element is 1 and others are 0.

𝜕

𝜕𝛼𝑖
(𝛽𝒚𝑇PSA𝜼) =𝛽𝒚𝑇P 𝜕S

𝜕𝛼𝑖
A𝜼 + 𝛽𝒚𝑇PS 𝜕A

𝜕𝛼𝑖
𝜼

=𝛽𝒚𝑇P(−SI𝑖S)A𝜼 + 𝛽𝒚𝑇PS𝜂𝑖1
(6.52)

Let 𝜻 = SA𝜼, we can write the derivative of 𝐸(𝒚, 𝜼) with respect to 𝛼𝑖 as,

𝜕

𝜕𝛼𝑖
𝐸(𝒚, 𝜼) =1

2𝜂
2
𝑖 +

1
2Tr

[
(𝒎 − 𝜻)(𝒎 − 𝜻)𝑇I𝑖

]
−𝒎𝑇𝜂𝑖1 +

1
2(2𝒎 − 𝜻)𝑇I𝑖𝜻

=
1
2𝜂

2
𝑖 +

1
2(𝑚𝑖 − 𝜁𝑖)2 − 𝑚𝑖𝜂𝑖 +

1
2(2𝑚𝑖 − 𝜁𝑖)𝜁𝑖

=
1
2(𝑚𝑖 − 𝜂𝑖)2

(6.53)

Given that
𝜕

𝜕𝛼𝑖
ln |S| = Tr

[
S−1 𝜕S

𝜕𝛼𝑖

]
= Tr

[
−𝜕S−1

𝜕𝛼𝑖
S
]
= −𝑆𝑖𝑖 (6.54)

the derivative of ln 𝑝(𝒚 |P) with respect to 𝛼𝑖 is obtained as follows,

𝜕

𝜕𝛼𝑖
ln 𝑝(𝒚 |P) = 1

2𝛼𝑖
− 1

2(𝑚𝑖 − 𝜂𝑖)2 −
1
2𝑆𝑖𝑖

(6.55)
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Derivation of (6.45)

The derivative of 𝐸(𝒚, 𝜼) with respect to 𝛽 is given by

𝜕

𝜕𝛽
𝐸(𝒚, 𝜼) =1

2𝒚
𝑇𝒚 − 1

2
𝜕

𝜕𝛽
(𝒎𝑇S−1𝒎)

=
1
2𝒚

𝑇𝒚 − 1
2
𝜕

𝜕𝛽
(𝛽2𝒚𝑇PSP𝑇𝒚) − 1

2
𝜕

𝜕𝛽
(𝜼𝑇A𝑇SA𝜼) − 𝜕

𝜕𝛽
(𝛽𝒚𝑇PSA𝜼)

(6.56)

The derivatives of last three terms in (6.56) with respect to 𝛽 are computed respectively as

follows,
𝜕

𝜕𝛽
(𝛽2𝒚𝑇PSP𝑇𝒚) =2𝛽𝒚𝑇PSP𝑇𝒚 + 𝛽2 𝜕

𝜕𝛽
(𝒚𝑇PSP𝑇𝒚)

=2𝛽𝒚𝑇PSP𝑇𝒚 − 𝛽2𝒚𝑇P𝜕S
𝜕𝛽

P𝑇𝒚
(6.57)

𝜕

𝜕𝛽
(𝜼𝑇A𝑇SA𝜼) = 𝜼𝑇A𝑇 𝜕S

𝜕𝛽
A𝜼 (6.58)

𝜕

𝜕𝛽
(𝛽𝒚𝑇PSA𝜼) = 𝒚𝑇PSA𝜼 + 𝛽𝒚𝑇P𝜕S

𝜕𝛽
A𝜼 (6.59)

As 𝜕S/𝜕𝛽 = −SP𝑇PS, we can write the derivative of 𝐸(𝒚, 𝜼) with respect to 𝛽 as

𝜕

𝜕𝛽
𝐸(𝒚, 𝜼) =1

2𝒚
𝑇𝒚 − 𝒚𝑇P𝒎 + 1

2𝒎
𝑇P𝑇P𝒎 =

1
2 ∥𝒚 − P𝒎∥22 (6.60)

Given that

𝜕

𝜕𝛽
ln |S| =Tr

[
S−1 𝜕S

𝜕𝛽

]
= Tr

[
−𝜕S−1

𝜕𝛽
S
]
= −Tr

[
P𝑇PS

]
= −𝛽−1(I −AS) (6.61)

the derivative of ln 𝑝(𝒚 |P) with respect to 𝛽 is obtained as follows,

𝜕

𝜕𝛽
ln 𝑝(𝒚 |P) = 1

2𝛽

[
𝑁 −

𝑀∑
𝑖=1
(1 − 𝛼𝑖𝑆𝑖𝑖)

]
− 1

2 ∥𝒚 − P𝒎∥22 (6.62)
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7

Conclusions and future work

7.1 Conclusions

This research project has developed an industrial process monitoring methodology based on

a novel time-sensor domain data decomposition and analysis framework. The so-called time

and sensor domain components provide a new perspective to analyse the time-varying prop-

erties of a production process. Main tasks such as process anomaly detection, time-varying

process monitoring, and process states prediction are investigated. This section summarises

these findings as follows.

1. A novel time and sensor domain data decomposition and analysis framework is

proposed from the time-space decomposition method in DPSs modelling. Under

this framework, the multi-sensor signals are decomposed into the TDCs and SDCs

such that the original data can be compressed effectively with dominant information

remaining. Time series analysis including STL decomposition, AR modelling, and

PSD estimation are used to extract condition-sensitive features from TDCs. Then

the time and sensor domain features are used to build a fault diagnosis model,

whose performance is demonstrated by diagnosing the status of cutting tools in

milling experiments. The results verify that the TDC and SDC features can provide

at least one of the top three good classification performance in all the cases. Due

145



to the robustness to the effect of measurement error, the proposed time and sensor

decomposition framework shows a better consistency between training and test-

ing data distributions, yielding better generalisation capability compared to many

existing feature or decision-layer fusion methods.

2. To overcome the limits of insufficient training data, an unsupervised process anom-

aly detection approach is proposed based on TSD. The novelty lies in the synthesis

of time and sensor domain information. After the data decomposition, represent-

ative features are extracted from the TDCs. Meanwhile, the baseline stages and

corresponding threshold can be determined and updated adaptively according to

the SDC-based clustering analysis. The proposed approach has been applied to the

analysis of sensor data from two practical machining experiments for tool breakage

detection. Comparative studies with existing methods have also been conducted.

The results have demonstrated the effectiveness, the potential in process anom-

aly detection and the advantages of the new approach over existing techniques in

terms of both computation time and overall accuracy in anomaly detection.

3. To address the challenges in time-varying process monitoring, a recursive time-

sensor decomposition framework has been developed. Instead of applying TSD to

the data blocks separately, RTSD considers the time-dependency among all avail-

able data and updates the correlation matrix recursively. As a result, the obtained

SDCs can reflect the unknown but deterministic trend of the process variations.

Meanwhile, the time domain features represent the overall variations induced by

both time-varying trend and faults. A control chart with adaptive control limits is

built so as to adapt to the time-varying behaviour of the process. The proposed ap-

proach has been validated through a simulation study and an experimental study

on the tool wear process monitoring during dynamic milling. The results have

demonstrated that the new approach can provide the best trade-off between FDR

and FAR. Early false alarms can be avoided, providing a reliable monitoring per-

formance.

4. In data-driven process states predictions, feature selection techniques can avoid

overfitting by building a sparse model. To deal with the issue of insufficient sparsity

and large computational burden of existing feature selection methods, a novel local

regularisation assisted split augmented Lagrangian shrinkage algorithm (LR-SALSA)

has been proposed. An individual penalty parameter is introduced to each coeffi-

cient such that redundant terms are removed in time. An iterative algorithm, based

on the Bayesian evidence framework, is derived to optimise the local regularisation
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hyperparameters automatically and guarantee model sparsity. After the import-

ant terms are determined, model coefficients are re-estimated by the least squares

method. The effectiveness of the proposed approach is demonstrated through both

simulation and experimental studies. The results show that the proposed LR-SALSA

has a good trade-off among model sparsity, estimation accuracy, and compu-

tational efficiency in comparison to five existing feature selection methods. The

proposed method can also be generalised to solve the 𝑙1 minimisation problem,

leading to a sparse solution to industrial process prediction with high computa-

tional efficiency.

These studies demonstrate that many common challenges in process monitoring are ad-

dressed by the proposed time-sensor domain data decomposition and analysis framework.

All the developed algorithms can be integrated into a PHM system that provides multiple

modules from anomaly detection to RUL prediction. The users should select the module

according to the objectives and requirements of their tasks. For instance, RTSD is able to

detect subtle fault compared to TSD, yet bringing the risk of false alarms. The trade-off

between robustness and accuracy can be made through feasibility study. These findings

and attempts will extend applications of the proposed methods in various industrial systems

including mechanical equipments, chemical processes, metalworking, etc.
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7.2 Future work

Although the present study has comprehensively investigated the performance of time-sensor

decomposition framework and its application in PHM of cutting tools, there are still many

works to develop in the future. These works include theoretical development and practical

applications. Details of these possible future research are listed as follows.

1. The proposed novel multi-sensor data decomposition framework can not only re-

duce the analysis complexity, but also reveal potential time-varying property of

industrial processes. This has been validated in the experiments, for example, the

sensor domain information is used to determine the baseline passes or update the

control limits. In the future, further theoretical analysis can be carried out to provide

a deeper understanding of the characteristics of the time and sensor domain com-

ponents, e.g., quantifying the changes in two domains information, investigating

the influence of measurement noises, and so on. The target is to produce more

effective ways to synthesise TDCs and SDCs in different scenarios.

2. The industrial processes always show some ’imperfections’ violating theoretical as-

sumptions. For instance, the sensor measurements could be nonstationary, time-

dependent, and the relation between different signals may be nonlinear. How to

improve the time-sensor decomposition framework to handle these complexities is

a potential research direction. The Hankel matrix containing delayed time series

can reveal dynamical property of systems, and the kernel trick can deal with pro-

cess nonlinearity by transforming the raw data into a high-dimensional space.

These methods might improve the applicability of the time-sensor decomposition

algorithm.

3. One of the research objectives is to develop an industry-oriented TCM system.

Some practical problems have been considered in this study. However, there is

still a gap in the current technology because the real machining process is quite

complicated. The variations in machining parameters, part shapes, and tool types

would affect sensor signals, making the extracted information show different pat-

terns. In this case, introducing operation-related knowledge to call different models

for different processes may improve the adaptability of the monitoring system.

Other decisions made from a physical model or vision system can be incorporated

to enhance the reliability of monitoring results.

4. Moreover, it is important to highlight that the proposed framework can potentially be

148 Chapter 7: Conclusions and future work



used to analyse multi-sensor signals in industrial processes where a large number

of sensors are utilised. This framework offers the advantage of reducing redund-

ant information, thereby better capturing the dominant dynamics of the processes.

In addition, the integration of time and sensor domain information improves the

understanding of underlying processes, which will guarantee assets safety and op-

timise production efficiency. The decisions made from the monitoring system can

facilitate predictive maintenance of key components.

These future works will extend the understanding and enrich the application scenarios of

the proposed methods. In theory, the proposed framework can contribute to the advance-

ment of data-driven process monitoring techniques. In practice, the developed methods will

find more opportunities to be implemented in production scenarios. It is expected that more

developments are produced under the established framework.
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