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Abstract

At its core, this dissertation not only contributes to a deeper understanding of wave
propagation in particulate materials but also opens new avenues for innovative en-
gineering solutions in fields such as acoustic and electromagnetic material sensing
and design. For instance, it contributes to the development of materials for specific
wave-manipulation applications such as selectively blocking or absorbing specific wave
frequencies. It challenges the standard approach that on average, a wave propagates
through random particulate materials with a single effective wavenumber, demonstrat-
ing instead the presence of multiple effective wavenumbers due to strong multiple
scattering phenomena. This finding is surprising, considering the homogeneous and
isotropic nature of the medium and our focus on scalar waves. To confirm these
predictions, we conduct high-fidelity Monte-Carlo simulations, avoiding any statistical
assumptions and providing the first clear evidence that there is indeed more than one
effective wavenumber. However, when performing simulations we came across another
unresolved gap in the theory concerning the incident wave that encounters a material
with random microstructure. It is well known that any incident wave will eventually be
completely replaced by some sort of effective transmitted wave. This is often referred
to as the extinction of the incident wave. What was not clear is how far does the incid-
ent wave travel before being replaced by an effective wave? In disordered particulate
materials we prove that the incident wave does not propagate within the material
more than the correlation length between particles. In more detail, the extinction
length is exactly equal to the maximum distance at which two particles are still correl-
ated. This result not only helps perform numerical simulations, but is important to
know in any experimental measurement, or even when designing materials to control
wave propagation. A further challenge we encountered when comparing Monte-Carlo
simulations, of thousands of particles, with theoretical predictions, is that the typically
used pair-correlations g(r) - where r is the distance between the particles - did not
match exactly the pair-correlations from our Monte-Carlo simulations. This naturally
led us to investigate the discrepancy between theoretical pair-correlation functions
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and those derived from our Monte-Carlo simulations. This motivated our research on
the realizability problem — whether a specific particle configuration can be calculated
to match a given pair-correlation. Recognising the significant role of pair-correlations
in fields like chemistry and materials science, we demonstrate a way to formulate the
realizability problem as a smooth optimisation problem, where the gradients can be
easily calculated. This approach, relying on gradient-based methods, promises more
efficient solutions compared to traditional brute-force, non-gradient-based techniques.
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Chapter 1
Introduction

In the field of materials science and engineering, there is a fundamental truth that
applies across all length scales: most materials are composed of a complex and
seemingly chaotic arrangement of smaller particles. We will refer to these as particulate
materials. This universal characteristic extends from the subatomic world of particle
physics to the more tangible and practical world of everyday materials. In particle
physics, scientists delve into the subatomic landscape, unravelling the mysterious
behaviour of particles on a scale so small that it challenges the limits of human
comprehension. Yet, a parallel truth emerges when we zoom out to macroscopic
levels: in the domain of everyday materials, we encounter a world where matter is
not uniform but consists of an ensemble of smaller constituents, which we refer to
as particles, each with its unique properties and interactions. Because particulate
materials are so common, designing and characterising them has a wide range of
applications across many industries.

Particulate nature of matter. In the world around us, particulate materials are
everywhere. From composite materials, such as fibre composites, to suspensions,
emulsions and powders (Figure 1.1). Such materials are valuable products across
many industries and have empowered advancements in many research areas [70]. For
example, pharmaceutical powders play a vital role in the formulation of medicines
since the effectiveness of a drug can be strongly influenced by the exact size, shape,
and distribution of its constituent particles [57, 70]. In the field of food science and
industrial processes, emulsions/dispersions of one immiscible liquid within another,
rely on the stable distribution of thousands of oil droplets. In this case, the performance
of emulsions in food products, cosmetics, and pharmaceuticals is linked to the control
of particle size and uniformity [1, 13]. Furthermore, within the field of advanced
materials and composites, understanding the aggregation and dispersion of particles



within a matrix is vital for tailoring mechanical, electrical, and thermal properties[32,
34, 60]. Composite materials in aerospace, automotive, and construction industries are
prime examples of where engineered particle arrangements hold the key to enhanced
performance [58].

Figure 1.1: On the left, metal powders and their microstructure. On the right, an emulsion
made of oil particles suspended in water. Together, these images provide information into the
composition and internal structures of different materials.

Given the wide range and significance of particulate materials, it is important
to develop robust methodologies to measure, analyse, and ultimately design these
materials [1, 10]. Waves, either mechanical (like sound) or electromagnetic (like light),
are ideal for sensing and probing particulates because they can be energy-efficient,
non-invasive, and quick. These waves also have well-established governing equations
that can provide valuable insights into materials if we have detailed knowledge of the
material’s microstructure.

The challenge, however, arises when we encounter materials with disordered or
random microstructures. In most cases, it is impossible to have a complete knowledge
of the microstructure of these materials. To deal with this lack of knowledge, we
need to use probability distributions to describe the microstructure or distribution of
particles. We then rely on a range of statistical tools such as ensemble averaging and
statistical closure assumptions to make these complex systems solvable [33, 45, 46,
71].

The interaction of classical waves - such as electromagnetic and acoustic waves
- with particulate materials has been well-studied within certain limits. Specifically;,
when considering long wavelengths [2, 6, 41, 52, 53], where the particles appear small
compared to the wavelength of the incoming wave, there is a solid understanding of
how to calculate the effective properties of these materials.

In scenarios where multiple scattering is weak, a branch of theory known as Mie
theory, has played a central role [8, 40, 44, 56]. Mie theory allows us to characterise
particulate materials in the dilute limit, where the re-scattering between the particles
can be ignored. That is, the total scattered field is approximately equal to the incident
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wave scattered from every particle once. This theory has led to several successful
characterisation methods, including Dynamic Light Scattering and techniques based
on laser diffraction patterns that have revolutionised how we assess and understand
particulate materials [30, 38]. They provide valuable information about particle size,
size distribution, and sometimes even shape, allowing researchers and industries to
make informed decisions, optimise processes, and develop innovative products across
a spectrum of applications [57].

Yet, there are many settings in which these techniques do not work. When there
is strong multiple scattering between the particles, these techniques break down, or
require many steps such as filtering and diluting the material to reduce the effects
of multiple scattering. These extra steps are done in a laboratory setting, making it
difficult to use these techniques in production. One clear application is to measure
powders and emulsions in process, which are often too dense for single scattering
theories, but still need to be measured to optimise the process [77].

1.1 Background

One of the fundamental theories used in the study of waves in materials with random
microstructure is the Multiple Scattering Theory [33, 40, 45, 46, 71]. Multiple
scattering occurs when waves re-scatter from particles, and other obstacles, many
times. It introduces complexity in describing the behaviour of the average wave due to
complex interference patterns. It is an unavoidable feature when using waves to probe
dense particulates, and it is still not completely resolved how waves travel in these
materials, or how to measure these materials with waves. The scenario that is least
understood is for intermediate wavelengths, which are neither very long compared
to the particles, or extremely short [23, 25, 26, 28]. This is the regime that this
dissertation focuses on.

In this section, we give a very brief summary of multiple scattering between
particles to help aid the discussion. More detail is provided in Chapter 2 and [25, 26,
39, 40].

We consider a circular cylinder with radius a and describe its geometry using two
coordinate systems: The Cartesian (x,y) - where the centre of the cylinder is denoted
by O = (0,0), and the plane polar coordinates (r, §), where x = rcosf and y = rsind.

Incident wave. Imagine a scenario where a plane-wave with wavenumber £ is
impinging on the cylinder. This incident wave, denoted as u;,. is characterised by the
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equation:

Uipe = eik(wcosam—i-ysinem) _ eikrcos(@—ﬁm) (1 1)
1n . .

In this equation, 6, represents the angle of incidence. To further explain this wave
and simplify the problem, we employ the Jacobi-Anger expansion [76]:

+oo
eiwcos(979m) _ Z ian(u))einwf@m)7 (1.2)

n=—oo

where J,,(w) is the Bessel function of the first kind of order n. Substituting (1.2) into
(1.1), we express the incident plane-wave as a superposition of cylindrical waves. In
other words, when u;,. hits the cylinder, the wave scatters in all directions, generating
a set of n cylindrical waves. Each of these cylindrical waves represents a different way
the original wave has been affected by the cylinder. Consequently, the incident wave
can be expressed as:

Uipe = Z gan(k:r)ei”G, for all r, (1.3)

n=—oo

where g, = i"e ™% indicates the coefficients of the incident wave.
Scattered waves. When we work in plane polar coordinates, the Helmholtz
equation gives rise to two linearly independent solutions that are represented as:

Jo(kr)e™  and Y, (kr)e™, n=0,+1,42,.... (1.4

Here, the first term corresponds to the Bessel function of the first kind, while the
second term represents the Bessel function of the second kind. Combining these two
components of Bessel functions and complex exponentials:

(3 (kr) +1Y, (kr)]e™ = HY (kr)e™,  n=0,%1,£2,..., (1.5)

we generate the Hankel function of the first kind HS), which represents a cylindrical
wave that is radiated away from the origin. This function satisfies the Sommerfeld
radiation condition [40, 55, 62], which states that, in two dimensions, the wave
behaves as an outgoing wave at infinity with its amplitude decaying according to the
condition:

\/7_“(85;0 - ik:usc) — 0, as r — oo. (1.6)
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This property ensures that the Hankel function of the first kind accurately describes

wave propagation in scenarios where the wave extends to infinity without reflection.
To be consistent with the symmetries of the incident wave, we introduce the

scattered wave u,. as the response of the cylinder to the incident wave. Thus:

te= Y SuH,(kr)d"O 0 forr > a, (1.7)

n=—oo

where the coefficients f, carry information about how the cylinder interacts with the
incident wave and how it scatters energy. For our convenience, we also express H as
H,.

Total wave. To fully address the problem, it is essential to establish a boundary
condition at the surface of the cylinder. This boundary condition determines how
the waves interact with the surface of the cylinder and how they propagate in the
vicinity of the cylinder. Essentially, it provides the necessary link between the incident
coefficients g, and the scattered coefficients f,,.

To aid our discussion, we introduce two types of boundary conditions that will be
the focus of this dissertation:

* Dirichlet boundary condition (sound-soft):
Uty = 0 OF ug. = —uj. on the cylinder boundary.

* Neumann boundary condition (sound-hard):

Otiror =0 or Ouisc = _ Qlinc on the cylinder boundary.
or or or

where oy = uj, + us represents the total field and % denotes normal differentiation
on the boundary of the cylinder.

Applying, for example, Neumann’s boundary conditions on the cylinder, we take
the derivatives of equations (1.1) and (1.7) and set r = a. This leads to:

> klgad,(ka) + foH,(ka)]e"?0) =0, for0 <60 — 6, <2 (1.8)

Then, using the orthogonality property of the complex exponentials, it is clear that the
expression within the braces [ ] must be equal to zero for every n. Therefore, we can
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determine the coefficients f,, as:

__ J,(ka)

With these coefficients established, we can then express the scattered field at all points
where r > a using (1.7).

T-Matrix method. Imagine now the circular cylinder as a particle. The 7-matrix
method, first introduced by Waterman [43, 75], is an operation existing only when
scattering is linear and essentially accounts for the boundary conditions of the particle.
It also relates the known incident coefficients g, with the scattering coefficients f,, as
follows: .

fu=">_ Tounbn. (1.10)

In other words, (1.9) can be expressed in terms of the T-matrix:

J;I(ka)
[T (ka)}dmn. (1.1

n

Tmn:_|:

As shown in (1.11), the T-matrix remains unaffected by the incident field and
governs the scattering of waves by the particle. This implies that the 7-matrix relies
on the particle’s inner properties, including its shape, size, density, and other internal
properties [20, 21]. When we modify these properties, we have to redo the calculations
for the boundary conditions to find the new 7-matrix. It is also important to remember
that (1.7) will be affected by the changes we make to the particle, yet, (1.10) remains
the same.

In this dissertation, we are interested in the case of homogeneous cylinders/-
particles. Assume u corresponds to the acoustic pressure, p and c the density of the
background material and the speed of the wave, respectively. The shape of the particle
is circular with density p,, speed of sound ¢, and radius r,. In the case where the
continuity of pressure and displacement across the particle’s boundary is applied [37,
Section IV A], we obtain that:

QOJ;U{?TO)JTL(IC()T()) — Jn(k’ro)J;L(koTo)

Tmn = 5mnTn7 with Tn - - 7 7 )
QQHn(l{?T[))Jn(]C()TQ) — Hn(lfT())Jn(k?()To)

(1.12)

where ¢y = 22 ky = £ and w is the frequency of the incident wave.
pc co

In the next section, we will focus on the multiple scattering of waves from one con-
figuration of particles. We will employ the 7-matrix method as it is a very powerful tool
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for multiple scattering problems [27, 47] and we will exploit the multiple scattering of

waves to reach to the governing equation for one configuration of particles.
Scattering from J cylinders. Assume a region R filled with J particles as shown

in Figure 1.2. For our convenience and to formulate a mathematical description, we

V2u(r) + k2u(r)

u(r) =0, for background material
V2u(r) + k2u(r) =0,  for particles

Figure 1.2: In the absence of particles from the material, the total wave will satisfy the scalar
wave equation, where k = # represents the wavenumber of the background material and c is
the speed of sound in the background material. Likewise, when particles are present inside
the material the total wave will satisfy the scalar wave equation, but this time ky = # is the
wavenumber of the material inside the particle with ¢y being the speed of sound inside the
particle.

assume that all particles considered are similar, besides their position. The total field
can be expressed as a superposition of the incident wave and all the scattered waves
generated from each different particle. Thus:

N
Utot = Uine + Z Uzc, (113)

i=1

where u;, is the incident field and u’, the scattered field by the i-th particle.

The next step is to introduce the incident field u;,. and the scattered field u,. in
two dimensions. To do that, we employ once again the two separate solutions of the
Helmholtz equation, namely the cylindrical Bessel and Hankel functions of the first
kind. This leads to:

V,(kr) = J,(kr)e™, (1.14)

U, (kr;) = H,(kr;)e™, (1.15)
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where r; = (r;,6;) stands for the position vector of the j-th particle expressed in polar
coordinates.

Now, substituting (1.14) in (1.3) and (1.15) in (1.7), equation (1.13) can be
rewritten in the form:

00 N 00
ot = Y g Valkr) + > Y fIUL(kr — kry). (1.16)

n=-—00 7j=1 n=—o0

Notice that the expression for the incident wave will remain the same as (1.3) since
the incident wave does not depend on the positions of the particles of the material
inside the region.

Before applying the T-matrix method we need to express (1.16) with respect to
only one coordinate system. One way to do that is by combining multi-pole expansions
with addition theorems. A multi-pole expansion corresponds to a mathematical
series representing a function of angles and is widely used in problems involving the
propagation of electromagnetic waves [40]. Addition theorems are a powerful tool
that has the ability to transform an expansion around a point in space to an expansion
around another point [40]. A representation can be found in Figure 1.3.

Figure 1.3: This figure illustrates the geometry of a group of J particles centred around a
common origin, referred to as O. For each particle, there are local origins O;, located at
positions ;.

Now, let us return to our problem. We will use Graf’s addition theorem to re-
expand the cylindrical waves with respect to the centre of a given particle i [40]. To
accomplish this, we re-expand the incident wave in the following manner:

9 Va(kr) = g0 Y Voo (ki) Vo (kr — kry). (1.17)
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Similarly, we expand the scattered waves while considering all particles except for the
i-th particle (5 # ):

FIU(kr = kry) = £ Up (kg — k) Vo (kr — k). (1.18)

By doing this we can express our total field as the combination of the wave scattered
by the i-th particle and an additional Bessel wave expansion:

ot (1 = 71) = Y [ Un(kr = kra) + Y diNw(kr — kry), (1.19)
such that (1.20)
dy =Y {Z FIUn i (krs = k1) 4 gn Vo (k)| (1.21)

n -j#i

Then, we can employ the T-matrix method and derive the expression for the coefficients
1,¢ as follows:

fi= Z Tmd, for n,m = —o0,...,00 and j=1,2,...,J (1.22)

m=—00

with J being the number of particles. Ultimately, by iterating through this process for
all particles (i = 1,2,..., J) we arrive at a self-consistent linear system of equations
[20, 21]:

Fi=T) Vaalkri)gw + T Y Up_n(kr; — kry) £ (1.23)

J#Fi

The expression (1.23) corresponds to the formula [49, Equation 2.4] and characterises
the scattering coefficients f,'.

Ensemble-averaged multiple scattering. The computation of f,’ allows us to
solve the scattering problem for a given configuration of particles but there are still
two challenges that we need to address:

* In most cases, we do not know the exact position of the particles.

* It is common to encounter a huge number of particles in the majority of industrial
applications and nowadays there is no quantitative method to monitor the
particulates.

Instead, we aim to describe the average properties, or statistical properties of the
particles. To achieve this we use a standard technique from statistical physics called
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ensemble averaging [19]. To do this we introduce the probability density of the particles
occupying a specific position:
p(rla"' 7TJ>7 (1-24)

where the variables r; describe the positions of the i-th particle. The probability density
function reflects the probability of finding the particles in a configuration where the
first particle exists in the element of volume dr, about the point r;, the second particle
exists in the element of volume dr, about the point r; etc..

Then, we are able to attain the ensemble average of the total field u(r) over all
possible particle positions. In order to do this, we multiply the probability density
function with the value for the configuration r1, 75, ... ,7;, and finally we integrate
over all positions r; accessible to the particles. Thus, we obtain the expression:

:/.../u(rl,... ,r)p(r, .. ry)dry, ... dry. (1.25)

The total ensemble-averaged wave u(z) is defined as:

(u(r)) = (Uine(r)) + (use(7)) (1.26)

/ 24 144

7
, 21
i &‘\f}:‘?‘y // 18
l,« 15

V@’ L S—
\\\\\\\\\\\\\\\\“ (ks \\\ . : 5

0.0 0.00

Figure 1.4: The picture on the left demonstrates the wave scattering of one specific configur-
ation of particles due to an incident plane-wave. The picture on the right demonstrates the
ensemble-averaged scattered wave of many different configurations of particles [25]. While
the picture on the left displays the scattered field at a single moment in time, the picture on
the right displays the average measurements of many sensors over time or space.

where (uin. (7)) = uine(r) and that is because there is no dependence of the incident
field with particle configuration. Consequently, the main challenge is to solve the
ensemble average of the scattering coefficient, (us. (7)), which basically identifies how
all the particles scatter the incident wave on average. The interesting part about
the ensemble-averaged picture of various configurations of particles illustrated in
Figure 1.4, is that it looks like a wave that travels consistently without scattering but
in an attenuating manner from the incident wave.
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1.2 Research gaps & Key contributions

Traditional methods to modelling wave-particle interactions in materials with random
microstructure often rely on the simplification of multiple scattering phenomena. This
leads to assumptions that may not fully capture the complexity of how waves interact
with particles.

Two main areas of interest in this dissertation are the exotic pair-correlations and
the resonant particles. Exotic pair-correlations lead to unconventional relationships
between pairs of particles within a material. These unique interactions can arise from
factors such as particle shapes resulting in unexpected material behaviours such as
enhanced or suppressed electrical, thermal, or mechanical properties. In parallel,
for resonant particles, when the incident wave matches the resonant frequency, very
strong multiple scattering occurs, and most mathematical models used break down
[82]. These non-standard behaviours demand an extension of existing theoretical
frameworks to accommodate such complexities.

Hence, this dissertation focuses on significant advancements in the field of wave
propagation and how classical waves interact with materials with random micro-
structure. It includes novel findings that introduce the existence of multiple effective
wavenumbers in homogeneous and isotropic materials. It proves the Ewald-Oseen
extinction theorem for any geometry, frequency and incident wave and extends its
applicability in the field of random particulates. It introduces the Cookie-cutter method
which is a new method to derive particle pair-correlations from random configurations.
It proposes a novel gradient-based optimisation method to tackle the realizability
problem which examines if it is possible to achieve a specific particle configuration
that matches a given pair-correlation.

These findings challenge existing views and open new paths for more accurate
modelling and prediction of wave interactions in random materials. This will have
a significant impact on how we design and characterise materials in various applica-
tions. The following paragraphs aim to provide a clear explanation of the main ideas
discussed in this dissertation.

Multiple effective wavenumbers. In acoustics, the study of scattering from
random particulate materials has been of great interest due to its relevance in various
real-world applications such as sonar systems, underwater acoustics, and biomedical
imaging, among others [57]. One motivation of the seminal work of Foldy [19], was
to understand how underwater bubbles affect sonar. In this scenario, the simplest way
to measure wave transmission or scattering is to take an average over time or space. In



12 1.2. RESEARCH GAPS & KEY CONTRIBUTIONS

mathematical terms this corresponds to an ensemble average over all possible particle
configurations, and it replaces the unknown particles positions with a pair-correlation
[35]. Further, if the particles are distributed uniformly, according to a uniform random
distribution, then the average transmitted field is by consequence also uniform [25].

In the literature, it is commonly assumed that the ensemble average of a wave
propagating in a particulate that has an isotropic distribution of particles, can be
described with only one effective wavenumber:

k=Y 4ia, (1.27)
Cx
where ¢, represents the effective wavespeed and « the rate of attenuation [11, 17, 37,
40, 64, 67, 72]. Note that (1.27) is for a wave propagating in the bulk medium with
no waveguide. A case in point is depicted in Figure 1.5.

2,00\ 1 1.2 _ .
VQLL(7) + k2u(r) =0, for baclfground material Y2u(r) 1 Ru(r) = 0
Vau(r) 4+ kju(r) =0, for particles

Before Averaging. After Averaging.

Figure 1.5: Assume a region R filled with J particles. Before averaging, the total wave satisfies
different scalar wave equations as explained in Figure 1.2. After averaging, the total wave
satisfies the scalar wave equation, where k, given by (1.27), represents the complex effective
wavenumber.

Of course, classical scalar waves in homogeneous and isotropic media only have
one wavenumber. However, it does not follow directly from the mathematical model-
ling that a wave propagating in an ensemble-averaged medium has only one effective
wavenumber k,: two different recent theoretical models [25, 26, 61, 78] challenge this
assumption and have shown that there exist at least two complex effective wavenum-
bers for one fixed frequency within such materials. This is a highly unusual result, as
it does not occur for classical waves, so these predictions require some validation.

A key contribution of this research is the provision of the first clear numerical evid-
ence that confirms the presence of multiple effective wavenumbers triggered by factors
such as particle correlations and specific frequencies that induce strong scattering. Our
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findings underscore the importance of clarifying the theoretical framework to bridge
the gap between theoretical expectations and numerical simulations, particularly when
applying the governing equation (1.23) in practical scenarios.

Ewald-Oseen extinction theorem. To compare numerical simulations with the
theoretically predicted transmitted field we had to first fill in a gap in the theory. It
was not entirely clear from the theory where inside the material the incident wave
is completely gone and replaced by an average effective transmitted wave. Despite
extensive research in the field of scattering by particulates, exemplified by the works
of Allegra and Hawley [3], the precise point of this wave transition within the material
has not been covered.

The lack of clarity stems from the following quote:

"When a wave is incident on a homogeneous medium, it is extinguished inside the medium
in the process of interaction and is replaced by a wave propagated in the medium with a
velocity different from that of the incident wave."

This statement introduced by Born and Wolf [54, 79] refers to the so-called Ewald-
Oseen extinction theorem [4, 7]. This theorem is a fundamental assumption in wave
physics stating that incident waves entering a material do not propagate or significantly
contribute to the total transmitted field within the material [4, 22, 74]. While this
assumption has been derived and employed extensively in the context of disordered
particulate materials, including situations involving low-frequency waves and low
particle volume fractions, disagreements persist in the scientific literature regarding
the exact extinction length — the distance into the medium that incident waves travel
before extinction.

This theorem finds application beyond the field of disordered materials and across
a spectrum of scientific and engineering disciplines. For instance, it plays a crucial
role in crystallography, aiding in the understanding of X-ray diffraction patterns in
crystalline solids [18]. In the field of electromagnetic wave propagation, it helps
analyse wave behaviour in various media, from dielectrics to conductors [22, 51].
In photonics and optics, it guides the design of optical devices like lenses and fibre
optics. In electron microscopy, it assists in understanding electron-sample interactions.
Additionally, acousticians apply the theorem to analyse sound wave propagation in
diverse media, contributing to the design of acoustic systems and environmental noise
predictions.

A major accomplishment of this work is that we are able to prove that for any
particulate material geometry, frequency, and incident wave, the Ewald-Oseen extinc-
tion theorem is a result of more fundamental assumptions. With this proof, we can
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clearly demonstrate that the extinction length is equal to the inter-particle correlation
length L. These theoretical results enabled us to compare theory with high fidelity
Monte-Carlo simulations, and confirm that multiple effective waves are indeed needed
for densely packed particulates.

Cookie-cutter method. When we compared our Monte-Carlo simulations, which
involve thousands of particles, to theoretical predictions, we faced another challenge:
the typically used pair-correlations g(r) - where r is the distance between the particles
- did not exactly match the pair-correlations from our Monte-Carlo simulations. The
Cookie-cutter method offers a solution to this problem. This novel computational
method significantly improves Monte-Carlo simulations by avoiding boundary artefacts
that usually appear when placing particles within a finite region.

To delve deeper, when particles are placed in a finite region, they can sometimes
end up too close to the boundaries, causing unrealistic interactions that would not
occur in a real-world scenario. The Cookie-cutter method essentially cuts out smaller
regions that contain the particle’s centres, from the larger simulation region, avoiding
the artefacts from the boundaries. By focusing on these smaller regions and averaging
the results over several iterations, the method allows us to match the simulated
particle interaction with the theoretical predictions leading to more accurate and
reliable results.

Inter-particle correlations. The radial distribution function, also known as the
pair-correlation function g(r) is a fundamental concept in various scientific fields [9,
35, 67, 68]. It plays a crucial role in understanding wave propagation and scattering in
complex particulate materials. The pair-correlation effectively characterises the spatial
distribution of particles, providing insight into their arrangement within the medium.
A crucial application of the pair-correlation function arises when ensemble averaging
the governing equations in particulate materials, as exemplified in (1.23). In this
context, the function serves as the only term that captures the particle distribution
information [35, 65, 66]. Essentially, g() describes how particle density varies as a
function of distance from a reference particle in a configuration of particles. In other
words, g(r) measures the probability of finding another particle at a distance » from a
given reference particle. For instance, see Figure 1.6.

In statistical physics, the pair-correlation function is often used to deduce thermal
conductivity and fluid properties [5, 48, 68]. For instance, in studying heat transfer in
a disordered medium, the pair-correlation function helps determine how particles are
arranged relative to one another. This arrangement affects the way heat is conducted
through the material. By employing statistical methods and ensemble averaging,
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Figure 1.6: The standard method involves calculating the number of particles located within a
specific distance of r + dr away from a reference particle O. The concept is visually depicted,
where one of the light orange particles serves as the point of reference, and the dark orange
particles are those whose centres are contained within the dashed circular regions.

researchers can calculate the pair-correlations for different particle configurations.
These correlations then can be used in developing accurate models for predicting the
thermal properties and fluid behaviour in complex, disordered systems [48].

While theoretical methods are commonly used to understand and predict materials
behaviour, it is less common but highly valuable to employ these methods for optim-
ising material behaviour. For example, a notable part of this research focuses on the
realizability problem, which is the challenge of determining whether a configuration
of particles that matches a given pair-correlation function, exists [14, 15, 36, 66,
69, 81]. An important achievement of this work is that we demonstrate a way to
formulate the realizability problem from first principles. This formulation transforms
it into a smooth optimisation problem, where the gradients can be easily calculated,
and therefore enables us to use gradient-based methods instead of the traditional
brute-force, non-gradient-based methods. Solving the realizability problem is still an
open challenge and impacts the mechanical, electrical, thermal and other properties
of the material, ultimately leading to a modified and optimised behaviour.

The following research questions are designed to address the core challenges and
opportunities highlighted in the preceding discussion.

1.3 Research questions

To push the limits on where the theoretical methods for waves in particulates can be
used, we first need to carefully evaluate where the methods can and can not currently
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be used. The main objective of this thesis is to address two common assumptions that
are currently used and lack clear answers:

* Does the average transmitted field satisfy the wave equation with one, unique,

complex effective wavenumber?

* What precisely happens to the incident wave as it enters the particulate material?

More specifically, how far does it propagate before becoming extinct?

We also realise that the answer to these questions is intimately related to the
properties of the pair-correlation, such as the correlation distance between particles.
Also, as part of the numerical validation study, we needed to calculate particle config-
urations that exactly matched different inter-particle pair-correlations. This led us to
address two more questions:

* How do inter-particle correlations influence the overall behaviour of the wave in

the disordered materials?

* Given a pair-correlation, how do we calculate a configuration of particles that

best matches this pair-correlation?

These research goals will enhance our understanding of wave interactions with
particulate materials under challenging conditions and will open new research avenues,
not only for more precise and effective material sensing techniques but also for the
design of materials with specific properties.

1.4 Relevance & Importance

Understanding how acoustic or electromagnetic waves behave in materials with ran-
dom microstructure, that is, explaining how waves interact with these complex materi-
als, is a crucial step in characterising the properties of these materials and designing
novel materials with specific behaviours. The behaviour of these materials often
depends on the physical properties of their constituent particles, such as their size
and density. These factors are carried out across a wide range of industries and have
a direct influence on various material properties such as the dissolution rate of a
tablet or the flow and mix properties of the powder particles [57, 70]. Advancements
in mechanical engineering can be made by designing the next generation of sound
absorbing materials to control wave propagation. Additionally, since all materials
scatter light and sound and by extension, waves, either acoustic or electromagnetic,
can be used for non-invasive and energy-efficient sensing of particulate materials.
Measuring particle size and density and understanding how they affect many
products and processes, could optimise the efficiency of the manufacturing processes
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and enhance the quality of the product [10, 24, 31]. Nowadays, laser diffraction is
the state of the art technique for characterising the properties of a particulate material
[12, 50, 73, 80]. Many organisations around the world, such as Malvern Panalytical
[38], Horiba [30], and Microtrac [42] use this technique. It involves projecting a laser
through a dispersed particulate material and measuring the angle and intensity of the
light scattering, which reveals particle size. However, this method assumes that the
incident light interacts with only one particle before it is detected. In high-density
materials, the incident light may interact with multiple particles before reaching the
detector. This interaction can alter the properties (angle, intensity) of the detected
light. This may lead to misinterpretation of the light’s properties by the instrument.
That is one reason why the material is diluted before the process of laser diffraction
begins.

Let us now consider a scenario where we run a pharmaceutical company that
processes powders, typically transported through pipes. Despite laser diffraction being
the leading method for analysis, there are limitations, particularly in understanding
the microstructure of the powder in its natural state. Here we ask: What if we
could implement a method that does not require diluting the powder or using laser
diffraction? What if we could exploit the multiple scattering of waves and design a
sensor that can determine the statistical properties of the powder particles in real
time? This device would operate by emitting and receiving waves - mechanical, sound
or electromagnetic - tailored on the powder’s nature. As these waves interact with
the powder, they generate multiple scattering patterns. By analysing these scattering
patterns, we could reveal detailed insights into the particle size and density. This
innovative approach has the potential to provide real-time monitoring of the powder,
offering a significant advantage over traditional methods.

As an analogy, we solve the multiple scattering problem and compute the total
scattered wave through the use of the Julia packages MultipleScattering.jl [27] and
EffectiveWaves.jl [29]. These tools allow us to generate large and reliable datasets
from different scattering simulations. The scattering coefficients from the particulate
material can be obtained and numerical methods - such as Supervised Machine
Learning techniques - can be applied to extract information on the particulate (e.g.
particle size and density) [16, 24, 59, 63]. This approach can start with basic methods
such as linear regression and move on with more sophisticated models that are able to
capture more complicated relationships between the scattering coefficients, and the
average and standard deviation of the different species of particles. Thus, this large
amount of data is essential to understand how to sense and design materials in order
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to control waves.

1.5 Overview of the dissertation

In Chapter 2, we demonstrate that the average transmitted wave is a sum of effective
waves when propagating beyond one inter-particle correlation length away from the
boundary. This finding is critical, as our goal is to verify the existence of these waves
and conduct Monte-Carlo simulations.

Chapter 3 enhances our understanding of the main concepts presented in Chapter 2
but also paves the way for the advanced methods discussed in Chapter 4. To elaborate,
Section 3.1 focuses on the effects of multiple effective wavenumbers on reflection
coefficients. Section 3.2 introduces an asymptotic method for determining effect-
ive wavenumbers in three dimensions, particularly in scenarios involving monopole
scatterers. Section 3.3 focuses on the challenges in Monte-Carlo simulation when
simulating particle configurations in finite regions and sets the stage for Chapter 4.

Chapter 4 demonstrates how to calculate particle configurations from a given pair-
correlation. This is not only useful when comparing theoretical results to Monte-Carlo
simulations, but also in material design: changing the pair-correlation affects many of
the average properties (thermal, chemical, fluid flow) of a material. To either make the
material, or determine if it is feasible, we need to calculate a configuration of particles
from the pair-correlation. Consequently, our primary goal is to tackle both of these
objectives by focusing on the study of techniques for deriving particle configurations
from pair-correlations and vice-versa. We also aim to introduce advanced techniques
in smooth nonlinear optimisation, demonstrating how these can be applied to rapidly
deduce particle configurations from known pair-correlations.

In Chapter 5 we give a brief summary of the key findings from our research and
explore potential future directions for further work.
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Chapter 2

The average transmitted wave in
random particulate materials

ARISTEIDIS KARNEZIS, PAULO S. PIVA, ART L. GOWER

Abstract

Microwave remote sensing is significantly altered when passing through clouds or
dense ice. This phenomenon is not unique to microwaves; for instance, ultrasound
is also disrupted when traversing through heterogeneous tissues. Understanding
the average transmission in particle-filled environments is central to improve data
extraction or even to create materials that can selectively block or absorb certain wave
frequencies. Most methods that calculate the average transmitted field assume that
it satisfies a wave equation with a complex effective wavenumber. However, recent
theoretical work has predicted more than one effective wave propagating even for
scalar waves propagating in statistically isotropic media. In this work we provide the
first clear evidence of these predicted multiple effective waves by using high-fidelity
Monte-Carlo simulations that do not make any statistical assumptions. To achieve this,
it was necessary to fill in a missing link in the theory for particulate materials. To this
end, we prove that the incident wave does not propagate throughout the material,
which is usually taken as an assumption called the Ewald-Oseen extinction theorem.
By proving this we conclude that the extinction length - the distance it takes for the
incident wave to be extinct - is equal to the correlation length between the particles.
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2.1 Introduction

Most materials, at some length scale, are formed of a random configuration of smaller
particles. Consider particles in powder for pharmaceuticals, grains of sand, oil droplets
in emulsions, and aggregates in solid composites. The wide number of these partic-
ulate materials, and their associated engineering applications, make it worthwhile
developing methods to characterise these materials and design them intelligently.

Background. When it comes to measurement and characterisation of particulate
materials, the main tools are classical waves such as electromagnetic and ultrasonic or
acoustic. The governing equations for these classical waves would be well-understood
if the material itself was known in all its details. Unfortunately, in most cases it is
impossible to know in detail the microstructure of the material because it is disordered.
In these scenarios, ensemble averaging and statistical assumptions need to be employed
to obtain solvable systems [20, 33, 34, 47].

The interaction of classical waves with particulate materials (on average) is well-
understood within certain limits. In the long-wavelength limit, where the particles
appear small compared to the wavelength of the incident wave, it is well-understood
how to calculate effective properties [42]. In the dilute limit, where there is no
multiple scattering, Mie theory has led to characterisation methods such as Dynamic
Light Scattering and laser diffraction resulted in a range of widely used tools*™.

Pushing the limits. In the cases where multiple scattering is significant, and the
incident wavelength is not long (compared to the microstructure), the average wave
is not as simple to describe [7, 15, 29]. This is especially true when using exotic
pair-correlations [41, 43] and resonant particles [28, 37]. To push the theory to these
new limits, we need to clearly understand the validity of all the assumptions made.
Within this context, we aim to address two significant assumptions that currently
remain unanswered.

Multiple effective wavenumbers. Most of the literature assumes there is only
one effective wavenumber [9, 10, 27, 31, 40, 44, 48]. As the medium is isotropic and
homogeneous (after ensemble averaging) it seems reasonable to assume that there
is only one effective wavenumber k, for waves travelling in a bulk material (i.e. no
waveguide). However, two different theoretical methods [15, 50] have predicted that
there exist at least two (complex) effective wavenumbers for one fixed frequency. Here
we give the first clear numerical evidence of these multiple effective wavenumbers

*Malvern Panalytical: www.malvernpanalytical.com/laser-diffraction
"Horiba Scientific: www.horiba.com/dynamic-light-scattering
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as well as demonstrate that multiple wavenumbers are triggered by particles, and
frequencies, that lead to strong scattering. To clearly relate the transmitted field from
numerical simulations with the transmitted wave from theoretical results, we have
to first be clear on what the most general theoretical framework predicts about the
transmitted field.

Incident wave extinction. It is often assumed that the incident wave does not
propagate, or contribute to, the total transmitted field inside a material. This assump-
tion is called the Ewald-Oseen extinction theorem [7, 11], and is applied more broadly
than on just averaged disordered or random materials. For disordered particulate
material, this assumption has been derived in many different limits, including low-
frequency and low particle volume fraction [4], but there are still disagreements in the
literature on the exact extinction length [4], that is, the distance into the medium that
the incident waves travels before vanishing. Knowledge of the exact extinction length
is required, for example, in experiments where the source and transmitted wave can
be mixed. This situation arises when measuring light from objects at astronomical
distances [4].

In this work we are able to prove that for any particulate material geometry,
frequency, and incident wave, the Ewald-Oseen extinction theorem is a result of more
fundamental assumptions. With the proof, we can clearly demonstrate that the incident
wave does not propagate further than the correlation length between the particles.
That is, the extinction length is equal to the inter-particle correlation length.

Microscopic extinction. The theoretical methods we use consider the scattering
from all particles and take an ensemble average. This has been called the micro-
scopic approach [25, 33, 40, 44, 46]. The microscopic approach solves the boundary
conditions around every particle, and the resulting equations involve terms which
satisfy the background wave equation, just like the incident wave. Cancelling these
terms is often called the Ewald-Oseen extinction theorem [5], but it is not the same as
concluding that the incident wave itself is extinct, see for example [30, 32]. Further,
this cancellation does not lead to the extinction length. We are able to connect the two
approaches by showing that the boundary conditions around each particle, used in the
microscopic approach, do lead to the incident wave itself being extinct, and provide
an extinction length.

Monte-Carlo. There have been several studies that use Monte-Carlo methods
to validate effective wave theory. Examples include comparing Monte-Carlo with:
the average scattering from a sphere filled with particles [36, 53], and one effective
wavenumber from the theory [8, 9]. To our knowledge, there has been no Monte-Carlo
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validation or evidence that more than one multiple effective wavenumber exists. Here,
by using precise Monte-Carlo simulations, we provide the first clear evidence that at
least two effective wavenumbers, and therefore two effective waves, are present in
the transmitted field. The theoretical methods that predict these multiple effective
wavenumbers make several statistical assumptions, whereas our numerical simulations
make no such assumptions. They, therefore, provide a clear validation of the theoretical
predictions.

Summary of the paper. In Section 2.1.1 we provide an overview of the theory
and the results of this paper. In Section 2.2 we discuss what the theory predicts for the
average wave in a plate filled with random particles and how to easily identify when
multiple wavenumbers should appear. In Section 2.3 we discuss our Monte-Carlo
simulations, which involve simulating waves scattered from tens of thousands of
particle configurations, how we verify convergence, and how we clearly demonstrate
that there are scenarios where at least two effective wavenumbers appear in the
transmitted field. In Section 2.4 we provide rigorous derivations that: the incident
wave does not propagate in the particulate material, and the average transmitted wave
is a sum of waves which satisfy effective wave equations. Our derivations are more
general than just for a plate, they hold for a finite region, and in fact for any spatial
dimension. So the proof we provide is also valid for three-dimensional materials.

2.1.1 Overview of the theory

Consider a harmonic incident plane-wave u;,.(z) = e'*?, satisfying the Helmholtz
equation with wavenumber k, so that wi,.(x)e™“ satisfies a scalar wave equation,
where z is the distance of propagation. When this incident wave propagates through a
random particulate medium, the general assumption has been that it will be replaced
by one effective wave of the form:

(u(z)) = A, e™, (2.1)

where k, is a complex effective wavenumber, for the fixed frequency w, A, is the
average transmission coefficient, and (u(z)) is the ensemble average of u(x) over all
possible particle configurations [10, 27, 31, 40, 44, 48].

In the low-frequency limit, when the particles are small relative to the incident
wave- length, there is substantial evidence to justify (2.1). But beyond the low-
frequency limit, and when using more exotic pair-correlations and distributions for
the particles, there is no clear consensus. Two different methods [16, 50] suggest a
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different form for (2.1) given by:

(u(x)) = Ay 4 Z Apeikpx, (2.2)

p=1

where A;,. is the amplitude of the incident wave, A, are the average transmission
coefficients and k, are complex effective wavenumbers. In the next two paragraphs
we further explain the form (2.37).

Incident wave extinction. When A;,. is not zero, a part of the incident wave re-
mains even when propagating through a random particulate. The work by Martin [30]
suggests that this is the case. Assuming Ay, = 0 is called the Ewald-Oseen extinction
theorem [11, 25, 40], and it is due to the scattering and absorption of energy by the
random distribution of particles. Much of the literature [4] assumes this extinction
happens after the incident wave has propagated a certain distance in the material. In
this paper we prove that for any: frequency, material geometry, particle distribution,
and for two and three spatial dimensions, the incident wave is extinct (A, = 0 for
plane-waves) at a distance equal to particle correlation length.

Multiple effective wavenumbers. Each term in the sum of (2.2) represents an
effective wave with a different wavenumber k£,. This is highly unusual for scalar
waves at a fixed angular frequency w. Yet, two different theoretical methods have
predicted the existence of at least two (p > 1) complex effective wavenumbers [16,
38, 50]. The evidence for this unusual prediction, beyond just theoretical, is lacking.
In this work we use highly accurate simulations and Monte-Carlo method for circular
cylindrical particles to demonstrate that these extra wavenumbers are present for
specific frequencies. To our knowledge, this is the first clear evidence of the existence
of these multiple effective wavenumbers.

Average reflected field. Beyond just curiosity, these extra effective wavenumbers
can have a significant effect on the average reflected, transmitted, or scattered wave
from a particulate material [14, 16]. It is also far simpler to calculate the cases where
there is only one dominant wavenumber [10, 15].

To understand when these multiple wavenumbers are needed, we have produced
a series of phase diagrams. A phase diagram in the field of acoustics is a graphical rep-
resentation that shows how the acoustic properties of a material change. By mapping
these properties against frequency and volume fraction, we can optimise materials
for specific acoustic applications, such as soundproofing or ultrasonic imaging, by
identifying the conditions under which the material’s acoustic response is most favour-
able for the intended application. An example is shown in Figure 2.1 for sound-soft
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particles. The regions with a light colour, corresponding to values below 0.5 shown in
the colour bar, require more than one effective wavenumber to accurately describe
the transmitted field. For example, we can see that only one wavenumber is needed
for low particle volume fraction ¢ < 0.1, with only one exception around ka = 0.6.
The green curve in the figure shows the scattering strength of just one particle by
itself. Surprisingly, we see that the frequencies at which the single particle scatters
the strongest (the peaks in the green curve) are also the frequencies at which two
(or more) effective wavenumbers are required, and therefore needed to accurately
describe wave transmission. In other words, strong scattering leads to multiple effect-
ive wavenumbers. These results, and other phase diagrams, are further discussed in
Section 2.3.1.
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Figure 2.1: The phase diagram for sound-soft (p,,c, = 0.30) particles showing when more
than one effective wavenumber is needed. The z-axis shows ka, with a being the particle
radius, and k& being the incident wavenumber. The y—axis is the particle volume fraction ¢.
The regions with a light colour in the background, anything less than approximately 0.5 shown
in the colour bar, require more than one effective wavenumber. The height of the green curve
is the scattering strength of just one particle (given by (2.18)).
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2.2 A plate filled with particles

For a medium that is isotropic and homogeneous, it seems reasonable to assume that
there is only one effective wavenumber for one fixed angular frequency w. However,
recently two different theoretical models have predicted that there exist at least two
(complex) effective wavenumbers [16, 50].
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Here we design a computational experiment to give clear evidence of at least two
of these effective wavenumbers. We do this by using a robust numerical method based
on high-fidelity Monte-Carlo simulations for two-dimensional disks.

To describe the material, let P; be the disk occupied by the j-th particle, as
represented by the circles in Figure 2.2 and shown in more detail in Figure 2.10. Let
P = U,P; be the union of all particles. For simplicity we consider circular particles of
equal size. In other words, using standard set-builder notation:

P,={reR®: |r—r; <a}, 2.3)

where « is the radius of the particle, centred at r;, and |x| is the length of the vector x.
The particles are restricted inside the plate geometry R, given by:

H H
R:{<$,Q)ER210§$SW—?S?JS?}, 2.4

where W is the width and H is the height of the plate as shown in Figure 2.2.
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Figure 2.2: Scattering of an incident plane-wave approaching from the left, onto one specific
configuration of randomly distributed circular cylinders (or particles) A. The particles with
radius a = 1.2 are considered strong scatterers with density py = 0.30 kg - m~—3 and wavespeed
co = 0.30 m - s~ 1. The density and wavespeed of the background medium is p = 1.0 kg - m 3
and c = 1.0 m - s~! respectively. To perform this simulation we choose a frequency w = 0.8
and a particle volume fraction ¢ = 8%. The solid black line depicts the plate boundary while
the green line shows where the field is measured. The simulation directly solves the governing
equations [31].
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The total field u(r) satisfies a Helmholtz equation which depends on whether 7 is
inside a particle or not:

V2u(r) + kK*u(r) = 0, for r e R\ P, (2.5)
V2u(r) + kju(r) = 0, for r € P, (2.6)

where k = ¢ and ko = £ are the real wavenumbers of the background and particles
respectively. The scalars ¢ and ¢, are, respectively, the wavespeeds in the background
and particles.

The simplest scenario to numerically check for effective waves is for planar sym-
metry. As in this case each frequency has only one mode: the plane-wave. To achieve
this, we fill a plate region with a configuration of identical, randomly distributed
cylindrical particles whose positions are unknown, as shown in Figure 2.2.

2.2.1 Effective waves for planar symmetry

In this section we summarise the results of the theory for plane-wave symmetry. The
results here will be compared with a Monte-Carlo method detailed in Section 2.3.
We consider an incident plane-wave of the form:

Uine (2) = €, 2.7)

and consider particles in a plate region R with an infinite height (unlike Figure 2.2
which shows a truncated plate with a finite height).

The theoretical methods consider an ensemble average of the total field u. To
achieve this, we describe one configuration of identical particles with:

A= (r17,r27"'7rJ>7 (2-8)

where r; is the centre position of the particle P;. Naturally, the field « depends on the
particle positions. To make this explicit we use u(x; A).

Next, to calculate the ensemble average, we need to define the probability of all
possible particle configurations. To do this, we introduce the joint probability density
given by p(A). For a brief overview on the probability density function p, see [15, 18,
27]. The theoretical methods then calculate and predict the ensemble average defined
by:

(u(x)) :== /u(x, A)p(A)dA, (2.9)
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where the integral is over all possible particle positions, and the fields depend only on
the spatial position = as we are considering planar symmetry.

It is widely assumed that the average (u(x)) satisfies a Helmholtz equation with a
unique effective complex wavenumber £, [10, 27, 31, 40, 44, 48]. In Section 2.4.1 we
prove that (u(z)) is a sum of several effective waves, but only when x is deep enough
within the material. To define what “deep enough” means we need to introduce the
particle pair-correlation.

Pair-correlations. We assume that particles are distributed both homogeneously
and isotropically, which leads to:

p</r17 /,.2)

2.10
D(r)p(rs)’ (210

g(lr —mf) =
for an infinite number of particles. For details on pair-correlations see [45].
For a disordered or random configuration of particles we have that:

07 lf |'l°1 - 7'2| S a2,
g(lry — o) = ' (2.11)
1, lf |'I"1 — 7"2| 2 blg,

where b5 > a2 > 2a. The distance a;, is the minimum allowed distance between the
particles while b, is called the correlation length. For the region a5 < |71 — 73| < b9
the pair-correlation can take any values for our calculation below, though we expect
g(r) to be continuous in r. In this work we use two different pair-correlations. The
first, and the simplest, is called Hole-Correction, which assumes that b1 = a;». The
second is called the Percus-Yevick approximation, which more accurately approximates
the pair-correlation for particles that are distributed according to a uniform random
probability, except no two particles can overlap [6, 24, 44, 45]. We use the results from
[3] to obtain Percus-Yevick for disks. Figure 2.3 shows the Percus-Yevick distributions
for several different particle volume fractions ¢.

For disordered media we have that g(r) — 1 as » — co. That is, particles become
uncorrelated as they are further apart. To prove that (u(x)) is a sum of effective
waves we need a slightly stronger assumption: that there is a distance b, at which
particles are completely uncorrelated as used in (2.11). Essentially, this means that
the interactions between particles diminish or disappear, allowing us to consider their
effects independently in mathematical models or numerical simulations.

Effective plane-waves. By having a length b, at which particles become uncor-
related, we demonstrate in Section 2.4.1 that for an infinite plate geometry (H — oo
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Figure 2.3: The Percus-Yevick approximation is a pair-correlation that represents particles that
are uniformly randomly placed, except particles do not overlap. That is, particles do not attract

or repel each other. The particle radius « = 1.2 and ¢ is the particle volume fraction.

in (2.4)) filled with particles:

P
(u(z)) =Y (Afe™® + A e ™™)  for

p=1

w
'T__

2

< g — by — a, (212)

where we used planar symmetry as shown in [15]. The A} are complex amplitudes,
the k, are the complex effective wavenumbers, and P is the number of effective
wavenumbers. There is an infinite number of wavenumbers P, but according to
theoretical calculations only a few are needed for accurate results. For a detailed
discussion on these multiple effective wavenumbers see [14, 16].

The dispersion equation. To calculate the wavenumbers &, we use the dispersion
equation appearing in [14, 16, 27]. The assumptions needed to arrive at this dispersion
equation are shown in Section 2.4. To summarise, the k, are determined by solving:

det M(k,) = 0, with My (ky) = 6 + 20T [N — Gor ], (2.13)

where
N = ﬁ(kalgH'g(kalg)Jg(k’*alg) ~ ansHo(kai) T, (k). (2.14)
Gy = /b12 Jo(ker)He(kr) (g(r) — 1)rdr, (2.15)

and the term n is the average number of particles per area, r = |r|, d,,, is the Kronecker
delta, and H, is the Hankel function of the first kind, while J, is the Bessel function.
The term N, acts as a coupling term relating to the scattered field at one particle
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expressed in coordinates centred at another particle. The term T, is the T-matrix
which determines how one particle scatters waves by itself. For circular homogeneous
particles in acoustics we have that:

AT (b)) — Ju(ka) ) (ko)
yH! (kay)Jn(koa) — H, (ka)J! (koa)’

T, = (2.16)
where v = % and k, = 2, with p, being the mass density of the particles and ¢,
being the wavespeed within the particles.

There are infinitely many &, which solve det M (k,) = 0. We denote these solutions
as ki, ko, .... The main objective of our Monte-Carlo simulations is to check if the
theoretical predictions of the wavenumbers k, are accurate, and to clearly demonstrate
that there is more than one effective wavenumber appearing in the Monte-Carlo results.
Before doing this, let us first explore the effective wavenumbers predicted by solving
the dispersion equation (2.13).

Effective wavenumbers. We want to identify when the dispersion equation
(2.13) predicts that there is more than one effective wavenumber that has a significant
contribution to the average transmitted wave. It is important to understand when
this occurs, as it is far simpler to calculate the average field when there is only one
effective wavenumber [15, 16].

Most of the scientific community at present is also not aware that more than one
effective wavenumber can be excited [7, 31, 33], for just one scalar wave. So we will
identify for which parameters we can run a heavy Monte-Carlo simulation, as detailed
in Section 2.3, to find clear numerical evidence of multiple effective wavenumbers.

Density Wavespeed

Background material | p, = 1.0 kg/m® | ¢, =1.0m/s
Sound-soft particles | p, = 0.30 kg/m? | ¢, = 0.30 m/s
Sound-hard particles | p, = 10.0 kg/m? | ¢, = 10.0 m/s
Table 2.1: Shows the properties of the background medium and the two main particle

properties used for the numerical results. Note that sound-soft (sound-hard) particles are
strong (weak) scatterers.

According to theoretical results, only one effective wavenumber £, is needed when
Im ky < Im k, for p = 2,3, .... In any other case, more than one effective wavenumber
can be excited and contribute to the average transmission [14, 16]. Though we note
that the form of the incident wave and the geometry of the material also affects how
the wavenumbers are excited [15].

The first step is to sweep the parameter space by varying the frequency w and



38 2.2. A PLATE FILLED WITH PARTICLES

0.30
0.25

S- 0.20

T-matrix

0.15

0.10

0.05
1.8 1.9 2.0 2.1 2.2

0.65 0.70 0.75 0.80 0.85 0.90 0.95

0.30
0.25

S- 0.20

T-matrix

0.15

0.10

0.05

1 2 3 4 5
ka

Figure 2.4: The phase diagrams showing when more than one effective wavenumber is needed.
The top two diagrams are for sound-soft particles and the bottom diagram is for sound-hard
particles with properties shown in Table 2.1. The colour is given by (2.17) where the lighter
colours (those above 0.5 shown in the colour bar) indicate that more than one effective
wavenumber can be excited. The green curve shows the scattering strength of just one particle
and is given by (2.18).

particle volume fraction ¢, and for each value calculate the effective wavenumbers £,
by solving (2.13). We do this for both sound-hard and sound-soft particles by changing
po and ¢, in (2.16). The two main particle properties used are shown in Table 2.1.
Next, based on the results shown in [14, 16], we can estimate where more than one
effective wavenumber is excited by plotting a heatmap where the colour is given by:

Im kg
Im kl

colour = ’ — 1'. (2.17)

After many failed attempts to establish a connection between the phenomena
observed in Figure 2.4 and known physical models, we find that the measure (2.17) is
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closely related to the scattering strength of a single particle, given by:

Scattering strength = Z VASER (2.18)

where T, is the T-matrix given by (2.16) for acoustics.

The results of sweeping over frequency and particle volume fraction are shown
in Figure 2.4. We call these figures phase diagrams, as we see sudden shifts from
only one effective wavenumber to two or more wavenumbers. The regions with
lighter shading correspond to cases where the value of (2.17) is low, so more than
one effective wavenumber is excited. Conversely, the regions with dark shading are
where only one effective wavenumber is excited. The green curves shown on top of
the phase diagrams are the scattering strength for just one particle. Clearly we see
that a large scattering strength leads to more than one effective wavenumber, which
is an important observation, as calculating (2.18) is far simpler than calculating the
wavenumbers k,,.

The phase diagrams in Figure 2.4 show a large region of the parameter space, but
to see in more detail when two or more effective wavenumbers are needed it helps
to plot the imaginary parts of the wavenumbers k, against frequency, which we do in
Figure 2.5 for a particle volume fraction of 25%. For sound-soft particles (Figure 2.5a),
there are many frequencies ka where two or even three effective wavenumbers have a
similar imaginary part, meaning that these wavenumbers can be excited. In contrast,
for sound-hard particles (Figure 2.5b), there is only one effective wavenumber that
can be easily excited, as there is one curve, representing ki, that has a significantly
lower imaginary part than all the others. The only way to clearly separate the effective
wavenumbers would be to use continuity and smoothness to try and follow one curve
as ka increases. Due to many jumps and curves crossing each other, it was not possible
to identify them separately. Some people might argue that this bears a resemblance
to a form of image segmentation. Nonetheless, such a detailed separation is not
necessary for our argument, which emphasises that there are lots of different effective
wavenumbers close by. Seeing as it is not needed, and the fact that it is not essential
for our purposes, we decided not to pursue this approach. In Section 2.3, we use the
results presented in Figure 2.5 to identify specific scenarios suitable for Monte-Carlo
simulations. This will allow us to verify whether the predictions of more than one

effective wavenumber are indeed accurate.
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Figure 2.5: Depicts the imaginary part of the wavenumbers k, with respect to the non-
dimensional frequency ka. We only show the three wavenumbers with the smallest imaginary
parts as these are the only ones which make a significant contribution to the average wave.
The lowest curve represents k1, which is the easiest to excite. The particles occupy 25% of the
material in each case and their properties for sound-soft and sound-hard particles are shown
in Table 2.1.

2.3 The Monte-Carlo simulation

A simple way to approximate the average field (2.9) is to perform a simulation for
each particle configuration and then take an average over all configurations. As we are
focusing on uniformly distributed particles, the probability density p(A) is a constant
if particles do not overlap, and p(A) = 0 if any two particles do overlap. This allows us
to numerically approximate the ensemble average:

|

W A)) = =3 u(r; A,), (2.19)

where each A, is one randomly sampled configuration of particles within the plate
that depends on the parameter s. That is, we first create a configuration of particles
A, then simulate the scattered waves u(r; A;), and then we repeat this process for
S configurations of particles, until the average in (2.19) converges. As mentioned
in previous sections, (u(r; A)) should converge to a sum of plane-waves as shown by
(2.12).

The setup for our Monte-Carlo simulations is shown in Figure 2.2 (note the z-axis is
the vertical axis in the figure), and we used an incident wave of the form ui,c(z) = e'*.
To calculate the field u(r; A;) for each configuration we use a multipole expansion for
each particle, together with translation matrices, to solve the boundary conditions [31].
Specifically, we solve [16, Equation (2.9)] for each s, calculate (2.19) and evaluate the
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field at (u(z,0; A,)) with the = values satisfying the condition at (2.12). This method
accurately approximates the exact solution when increasing the truncation order of
the multipole expansion until reaching convergence.

An initial numerical investigation revealed that it was computationally feasible to
simulate a finite number of particles within the region 0 < z < 20, so the width of
plate W = 20 and height H = 400. For details on the methodology of our Monte-Carlo
simulations, see Appendix A.

2.3.1 The Monte-Carlo results

Based on the results presented in Section 2.2.1, we choose several cases to simulate
the average field with a Monte-Carlo method. We want to identify cases where two or
even three wavenumbers can be excited for frequencies as low as possible, because
increasing the frequencies lead to a significantly larger computational cost for the
Monte-Carlo simulations. This is why we only performed Monte-Carlo simulations for
two different frequencies, beyond the low-frequency limit. See Appendix A for details,
and descriptions on computational cost.
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Figure 2.6: The figure on the left shows the behaviour of sound-soft particles in the low-
frequency and low volume fraction regime, whereas the figure on the right demonstrates the
properties of sound-hard particles. The specific characteristics of these particles are detailed
in Table 2.1. The radius of each particle is a = 1.2. Both figures depict scenarios where the
dispersion equation (2.13) predicts only one effective wavenumber k,, with a lower imaginary
part, and therefore this is the only wavenumber that can be excited. The green and red
triangles represent effective wavenumbers predicted by the (2.13) when using either the
Hole-Correction or Percus-Yevick pair-correlation. The purple dotted points represent the
effective wavenumber which best fits the Monte-Carlo simulations when using the formula
(2.12).
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One effective wavenumber. From Figure 2.5b we see that for sound-hard
particles there is a broad range of frequencies where there is only one effective
wavenumber with an imaginary part which is far smaller than all others. This means
that it is easy to excite this wavenumber, but very difficult to excite the others. This
message is also confirmed by the phase diagram shown in Figure 2.4. To verify there
is only one effective wavenumber, we perform Monte-Carlo simulations for ka = 0.36
for sound-hard particles, and fit the formula (2.12). The results shown in Figure 2.6b
confirm that there is only one wavenumber present in the Monte-Carlo simulations.
There is a small discrepancy between the effective wavenumbers from the dispersion
equation (2.13) and the fitted effective wavenumbers, which could be due to errors
introduced in the Monte-Carlo simulations due to truncating an infinite region.

On the other hand, for sound-soft particles we see from Figure 2.5a that only
for lower frequencies 0 < ka < 0.2, only one effective wavenumber with a smaller
imaginary part exists. Monte-Carlo simulations, shown in Figure 2.6a, confirm that
there is only one effective wavenumber as predicted by the theory.

Fitting for several effective wavenumbers. Increasing the frequency for sound-
soft particles leads to many frequencies where two, or more, effective wavenumbers
have a lower imaginary part. For example, for 0.25 < ka < 0.63 there are two
wavenumbers with a smaller imaginary part, which means it is possible to excite two
effective wavenumbers in this frequency range. To exemplify, we choose two different
frequencies to perform Monte-Carlo simulations:

* ka = 0.36, where we aim to excite two effective wavenumbers.

* ka = 0.62 where we aim to excite three effective wavenumbers.

Given that we run the Monte-Carlo simulations 40,000 times, we get high fidelity
datasets which leads to very small standard error of the mean of the Monte-Carlo
simulations. Should the standard error of the mean have been larger, the shaded
region in Figures 2.7, 2.9a and 2.9¢ would have been more visible, introducing some
uncertainty in the data. See Appendix A for details on computational cost.

The results of these simulations are presented in Figure 2.7, comparing the average
field from the simulation with three types of wave interpretations: the Dominant Wave
and the Fitted Wave alongside its extension, the Extended Wave. The dominant wave is
derived by fitting the formula (2.12) with P = 1, based on the traditional approach
where only a single effective wavenumber is considered. This approach, though widely
used, proves inadequate as it fails to account for the presence of multiple effective
wavenumbers. We demonstrate this in Figures (2.7a) and (2.7c) for ka = 0.36 and
ka = 0.62 respectively. In contrast, the fitted wave shows the outcome of applying
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(2.12) with the parameter P set to match the number of effective wavenumbers we
aim to excite based on the frequency. To further explain, for ka = 0.36, P = 2 is used
to fit the formula to the Monte-Carlo data, while for ka = 0.62, P = 3 is used to excite
the three wavenumbers. Now, extending the fitted wave beyond the region where
(2.12) was fitted to the Monte-Carlo data, describes the extended wave. While the
extended wave can still closely follow the Monte-Carlo results, the match with the
Monte-Carlo field is expected to get worse as the extended field gets closer to x = 0.
This is due to a boundary layer where many effective wavenumbers become significant

[14, 16].
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Figure 2.7: The graphs compare the average field from a Monte-Carlo simulation for sound-soft
particles in a plate, as shown in Figure 2.2, with two types of fitted waves. The Dominant Wave
is the result of fitting for just one effective wavenumber when using the formula (2.12) with
P =1, and is currently believed to be accurate by most working in the field. We see here
that it is not possible to fit for just one wavenumber. The Fitted Wave is a result of fitting the
formula (2.12) with P = 2 for the top two graphs and P = 3 for the bottom two, whereas
the Extended Wave shows what the formula (2.12) predicts outside of the fitted region. The
shaded region represents the standard error of the mean of the Monte-Carlo simulations. The
non-dimensional frequency ka and volume fraction ¢ used are shown below each figure, the
particle radius is a = 1.2 and the properties for the background medium and the sound-soft
particles can be found in Table 2.1. The key parameters for simulating the scattering of waves

in a plate filled with particles are discussed in Appendix A.

Figures (2.7b) and (2.7d) show how the formula (2.12) fitted to the Monte-Carlo data
clearly matches the Monte-Carlo data and how the same formula predicts the field



44 2.3. THE MONTE-CARLO SIMULATION

outside of the fitted region. The presence of the boundary layer, and our theoretical
results in Section 2.4, have all guided how best to perform, and fit to, the Monte-Carlo
results as discussed in Appendix A.

Avoid overfitting. Having an accurate fit does not necessarily give strong evidence
that the formula (2.12) is correct. This is especially true for higher frequencies where
the Monte-Carlo simulation has a higher standard error of the mean, shown by the
shaded yellow region. A larger standard error means that there is a range of effective
wavenumbers which can fit this data, and still be closer to the Monte-Carlo results than
the standard error. Further, fitting a sum of plane-waves, such as shown by (2.12), can
lead to overfitting when using too many wavenumbers, and even become ill-posed.
We explain more details on this in the Monte-Carlo methodology in Appendix A.

Projection Method. To ensure that our model is robust against overfitting, and
to check if small changes in the field lead to large changes in the fitted wavenumbers,
we develop a method, called the Projection Method. This method is designed to fit
the formula (2.12) for all possible combinations of the effective wavenumbers in a
specified region. Given the instability of nonlinear optimisation for scenarios involving
multiple effective wavenumbers [35], the Projection Method serves a dual purpose. It
not only fits the formula (2.60) but also estimates the sensitivity of the parameters k,
to the dataset.

To fit Monte-Carlo data for the cases with more than one effective wavenumbers,
we design an algorithm that sweeps over all possible values of the wavenumbers £,
and for each case performs a linear fit, by using least-squares, to predict the amplitudes
A} in (2.60). For that, we consider a mesh in the complex plane C C C from which
we sample values of k,,.

A sketch of the algorithm for the case P = 3 is given in Algorithm 1.

The algorithm calculates the minimum error ¢(k;) for every possible k;, and it is
this error which is shown in Figures 2.8, 2.9b and 2.9d. We perform further analysis
to establish if the optimal wavenumbers are located at the local minima shown, and
whether the fitted curves when using (2.60) are within the standard error of the mean
of the Monte-Carlo simulation. The blue region in Figure 2.8 is derived by using
the smoothing algorithm presented in Appendix A and contains all wavenumbers for
which the fitted curves are within the standard error of the mean. There are clearly
two distinct disconnected regions for possible values of k,, which shows that the
transmitted wave is composed of a sum of two effective waves.

At least two effective wavenumbers. The result of fitting two effective wavenum-
bers for ka = 0.36 is shown in Figure 2.8. The main conclusion is that this is the first
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Algorithm 1: Algorithm for the Projection Method
Data: (u(x,0;A))
for all values of k; € C do
for all values of ks, ks € C do
if ]{31 7é k‘g 7é ]{3 then
Determine the values of A that best fit (u(x,0; A)) using
least-squares;
Using (2.60), compute the error £(ky, ko, k3) = ||h(z) — (u(z,0; A))] ;
Store €<k‘1, k‘g, ]{?3),
end
end
Store S(kl) = mink%k?) E(k‘l, ko, kg)
end
Result: (k)

clear evidence that there are two complex effective wavenumbers by using Monte-Carlo
simulations which are highly accurate. In more detail: the figure shows that there are
two separate effective wavenumbers: one within the blue dashed curve on the left and
the other, necessarily, within the blue dashed curve on the right. Wavenumbers within
these dashed regions lead to fitting errors which are less than the error committed by
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Figure 2.8: Shows how two wavenumbers are needed to fit the formula (2.12) to the Monte-
Carlo results. The properties for the background medium and the sound-soft particles can be
located in Table 2.1. The particles occupy 25% of the material and the simulation runs for
the non-dimensional frequency ka = 0.36 where the particle radius is a = 1.2. When using
the two best fits, shown by the Projection Method, we obtain the fitting shown in Figure 2.7b.
The density plot shows what regions of complex wavenumbers that best fit the Monte-Carlo
results. When using one wavenumber k; in the dashed blue curve on the left, there exists
another wavenumber k, within the dashed blue region on the right that together to a fitting
error which is smaller than the standard error of the mean of the Monte-Carlo simulation.
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We also see the dispersion equation (2.13), together with the Percus-Yevick pair-
correlation, predicts at least one wavenumber within the blue dashed curve. The pre-
dicted wavenumbers when using the Hole-Correction pair-correlation are also shown.
The dispersion equation (2.13) predicts an infinite number of effective wavenumbers,
so we present only the two wavenumbers with the smallest imaginary part.

Three effective wavenumbers. Figure 2.9 shows in steps our attempt to identify
three effective wavenumbers for ka = 0.62. The summary is that the amplitude A3 for
the third wavenumber in (2.12) is too small, |A3| ~ 0.004, and as a result, we can not
reliably say whether the Monte-Carlo simulations show that there are indeed three
effective wavenumbers. This is because the expected errors from the Monte-Carlo
simulation are on the order of around 0.003. However, we do conclude again that one
effective wavenumber is not enough, at least two are needed.
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Figure 2.9: The top two graphs show the result of using two effective wavenumbers in the
formula (2.12) to fit to the Monte-Carlo results for sound-soft particles (properties given
in Table 2.1), volume fraction ¢ = 25% and non-dimensional frequency ka = 0.62 where
a = 1.2. Figure 2.9b shows a density plot over the effective wavenumbers, with light regions
indicating that those wavenumbers better fit the data. However, all possible choices of two
wavenumbers lead to fitting errors which are greater than the standard error of the mean
of the Monte-Carlo simulations. The two wavenumbers with the best fit are denoted by the
Projection Method, and lead to the field shown in Figure 2.9a. The bottom two graphs use
three effective wavenumbers in the formula (2.12) to fit to the Monte-Carlo results. In this
case, we find 4 sets of wavenumbers, all close to each other, that have a fitting error less than
the standard error of the mean. The result of using the three wavenumbers with the best fit is
shown in Figure 2.9c. However, in Figure 2.9d there are many choices for the wavenumbers
which lead to small fitting errors. In particular, the Projection method wavenumber with the
smaller imaginary part is sensitive to small changes in the Monte-Carlo results.
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In more detail, the top two graphs of Figure 2.9 show the result of fitting the
formula (2.12) with P = 2 to the Monte-Carlo results. Although there are clearly
choices of two wavenumbers which fit the data well, there are no possible choices
which lead to fitting errors that are less than the standard error of the mean, as
shown by Figure 2.9a which uses the two wavenumbers with the best fit. The bottom
two graphs Figure 2.9 show how the fitting errors decrease when adding a third
wavenumber, i.e. using P = 3 in the formula (2.12). By using P = 3, instead of
P = 2, the fitting error decreased from 6% to 3.8%. Although the fitting error does
decrease to below the standard error of the mean, it is only a small decrease, and
close to the errors inherent in the Monte-Carlo data. We note that the two Projection
Method wavenumbers shown in Figure 2.9b are equal to two of the Projection Method
wavenumbers shown in Figure 2.8.

2.4 Deducing the average transmitted wave

In [14, 15, 16] the authors demonstrated that there exist several effective wavenum-
bers, however, it was not clear how these appear in the average transmitted field.
Taking inspiration from [30], the average transmitted field should be a sum of waves,
each with a different effective wavenumber. In this section we demonstrate this for
any incident field and material geometry.

We use the same notation given in [15] and combine the methods shown in [15]
and [30] to show that the average transmitted field is a sum of the incident field plus
several effective fields.

We note that although the paper [15] is written for three-dimensional particles,
the results that lead up to [15, Section 5] are valid for any dimension as long as we
appropriately define the spherical waves u,, and v,, and the translation matrices V),
and U,,,. In the case of two dimensions and scalar waves these terms are:

vo(kr) = J.(kr)e™ w,(kr) = H, (kr)e™ (2.20)

Vnn/('l“) = Vn_n/('l"‘>, and Unn/('l") = un_n/(r), (221)

where J,, and H,, are the Bessel function and Hankel function of the first kind, and (r, )
are the polar coordinates of r. In our calculations, we will use the general notation
rather than substitute the specific form for the two dimensions as shown in (2.21).
This way, the proofs we present are valid for any dimension.

For just one configuration of particles, the way we represent the total field u(r)
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depends on whether r is inside a particle or not. We choose to write the field in the
form [22, 23, 30]:

u(r) = {uinc(r) + ug.(r), for re R\ P, (2.22)

ul (1), for r € P;,
where u,,.(r) is the incident wave, u.(r) is a sum of all the scattered waves, and v/ (r)
is the field inside particle j. We use P; to denote the region occupied by particle j,
whereas P = U;P; is the union of all particles. See Figure 2.10 for an illustration.

Figure 2.10: A two-dimensional region R filled with equal-sized disks P;, which represent
the particles. The region P = U;P; depicts the region inside the particles while the shaded
region (R \ P) depicts the region outside the particles. The region R completely contains all
the particles, while the region R; contains only the particle centres. As the particles are at
least one radius a away from the boundary of R, we have that R is smaller than R. Note that
as the particles do not overlap, we have that R\ P = R\ P, — 3 _,_, P; for every (.

The sum of the scattered waves u.(7), shown in (2.22), is given by:
J
Uge(r) = Y ul(r), where wl(r)=> fiu,(kr — kr)). (2.23)
7j=1 n

The field inside the j-th particle can be written in terms of a regular radial waves
expansion:

uijn(r) = Z bnfyjl'vn(ko’r - korj); (224)

where
T.H,(ka) + J,(ka)

bn = ;
ToJn(koa)

(2.25)
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and, as a reminder, k, = = and T, is given by (2.16). The coefficients in (2.25)
describe how the internal structure of the particles affects the wave. For a light
introduction on the T-matrix and multiple scattering see [12] and [13].

The ensemble average of any field f, and the conditional ensemble average, are
defined as follows:

(f) = / fp(ry,...,ry)dry---dry, (2.26)
Ry

(£)(r) = / Ep(ra,....mylry)drs-- - dr). (2.27)
RY-!

Here R{ denotes that the integration domain of all .J integrals is R, which corresponds
to the region containing only the particle centres. The probability density function

p(7r1, 79, ..., 7y) represents the likelihood of having particles centred at vy, 7y, -+ , 7,
while p(rs, ..., 7|ry) is the conditional probability density and can be defined as:
ri,...,T
p(re,...,rylry) = M (2.28)
p('rl)

To calculate the ensemble average of the transmitted field, it is helpful to write the
field in the following form:

u(r) = [Uine(T) + use(7)[XR\P(T) + Zum T)xp, (T (2.29)

where y 4(7) is defined as the characteristic function:

1, if re A,
xa(r) = (2.30)
0, if r¢ A

By taking the ensemble average of (2.29) we obtain:

(u(r)) = (Uine(P)XRAP (7)) + (Use () XR\P (7)) + J (i () xp, (7)), (2.31)

where each term of the sum in (2.29) is the same after ensemble averaging because
they are all integrated over the same domain, which means that all particles are indis-
tinguishable from each other. To calculate (2.31) we need to make a few assumptions.

Isotropy and homogeneity assumption. We assume isotropy and homogeneity,
which means that p(r;), the probability density of one particle being at r, is a constant.
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Then, because the integral of p(r;) over R, has to equal 1, we conclude that:

1

p(Tl) =T5 7=

) (2.32)
R

<=

where |R,| is the volume of R, J is the total number of particles and n is the number
density of particles defined by:
J ¢
ni= = (2.33)
Rl [P

with ¢ being the particle volume fraction, and |P;| being the volume of a particle.
Isotropy and homogeneity also imply that the pair-correlation ¢ had the form (2.11)
[42]. For convenience, we now use the form:

n
J—1

p(ralry) = g(|re — 7). (2.34)

The term (J — 1) appears now, rather than J, due to there being a finite number of
particles, and it ensures that g(|r; — r3|) — 1 when particles become uncorrelated, as
confirmed by [45, Equation (8.1.2)]. For more details on the pair-correlation see [45,
Chapter 8 and 9].

Correlation distance assumption. We can only resolve the integrals appearing
in (2.31) when r satisfies:

rlrgé%l lr — 71| > b2 + a, (2.35)
that is, when the distance of r to the boundary OR; is greater than by, + a. As defined
in (2.11), the distance b, denotes the correlation length. Our analysis shows that
when (2.35) is true, the transmitted field (2.31) is a sum of effective waves, and the
incident wave is no more.

Quasi-crystalline assumption. To calculate (2.31) we assume the closure as-
sumption known as the Quasi-Crystalline Approximation (QCA) which neglects re-
peated back and forth scattering between a fixed pair of particles. Details are given
in [15, 18, 29].

The calculations needed to simplify the ensemble averages in (2.31) are shown in
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Appendix B.1-B.3. To summarise, with all given assumptions, (2.31) leads to:

(u(r)) = (1 = )time(r) + J{ul(r)xr\P, (1)) — J(J — 1) (ule(r)xp, (7))
+ J{uiy (r)xp, (1)), (2.36)

where the terms in (2.36) are given by (2.62), (2.70), and (2.75). In Section 2.4.1 we
show that (2.36) is a sum of waves.

2.4.1 Transmitted effective waves

In this section, we use the effective wave assumption to demonstrate that (2.36) is
composed of functions which satisfy effective wave equations. We show that:

(u(r)) = wine(r) + Y wy(r), (2.37)
p=1
where
V2 Wine(r) + Fwine(r) =0 and  Vw,(r) + k2w, (r) = 0. (2.38)

We also show that wi,.(r) = 0 when (2.35) holds, and when using the effective
boundary condition which is deduced from first principles in [15]. That is, the incident
wave is not present inside the material*.

For what follows, to keep the notation concise, we define the ball region using
standard set-builder notation:

B(x;R)={y eR*: |z —y| < R}. (2.39)

The first term in (2.36) is given by (1 — ¢)ui,.(r), which clearly contributes to the
term wip.(7) in (2.37), because the incident wave satisfies the Helmholtz equation
(2.38);.

The second term J(ul (r)xr\p, (7)) is more involved. In Appendix B.3 we prove
this term has the reduced form (2.70). To calculate this term, first we use (2.23)
together with (2.27) to obtain:

(ube(r))(r1) = Y () () un(kr — ko). (2.40)

n

Following the method shown in [15], we re-expand the scattering coefficients of

*We note that k£ can not equal k, [18].
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each particle in terms of a series of waves of the form:

() (1) =D fon(rm), (2.41)

where each f,,, satisfies a Helmholtz equation: V£, ,(r1) + k2 f,.»(r1) = 0, and the k,
and f,, are determined from the governing equation of (f,)(r;). In [15] it is shown
how such a series solution can be used for any material region, where [14] proves that
(2.41) applies to plane-waves.

Using the effective wave series expansion (2.41) in (2.70) leads to:

Tl (P)xr\p, () =0 /R Som(r1)un (ke — kry)dry. (2.42)
o J Ra\B(ra)

As shown in [15, Section 4], we can use Green’s second identity to transform the
integral in (2.42) into a more trackable form, which describes the interaction of the
wave with the boundaries of R, and the particles:

/ Fon ()W, (ke — kry)dr, = I”’"(TZ — jg“”, (2.43)
R1\B(r;a) k? — kp
where
B Ofpn(r1) ou, (kr — kry)
Zyn(r) = /6721 o, U, (kr — kry) — fpn(ri) ) dA,, (2.44)
Ofpn(r —a1) ou,, (kxy)
= — — —x)——dA 2.
Goalr) = [ Ao ) — ol - ) AL, 249

from which we can see that:
VQIW(T) + kQIpvn(r) =0 and VQJW(T) + k:;jpm('r) =0.

So, clearly, Z,,(r) contributes to win(r), while 7, ,(r) contributes to w,(r) in (2.37).
The third term in (2.36) is given by (2.77) in Appendix B.4, which after using
(2.41) and (2.40) becomes:

ST =D ) =on 3 [ prualer — kran

—n? / fpm(’l" — wl)un<k$1)G<-’L‘1)dw1, (2.46)
np Y B(0b12+a)\B(0sa12—a)
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where G(a) is defined in (2.78), although it is not required for our goals here.

The first integral in (2.46) is analogous to (2.43), so leads to terms of the
form (2.37). The second of these integrals only has » dependence in f,,(r — x,), and
therefore contributes to w,(r) in (2.37).

The fourth term in (2.36) is given by (2.62), which after using (2.24), (2.41) and
the change of variables from r, to ; = r — r; becomes:

J< 1( X771 —an / fpn - ) n(kowl)d/rly (247)

which can only contribute to terms of the form w,(r) in (2.37).

2.4.2 The average of the incident field

In Section 2.4.1 we demonstrated that (2.31) is a sum of terms which satisfy the
background and effective wave equations as shown in (2.37). The term wy,., that
satisfies the background wave equation, can be seen as what remains of the incident
field. In much of the literature [7, 11, 25, 40, 45] it is simply assumed that wj. := 0.
This is often called the “extinction theorem”, despite it being an assumption. In papers
such as [30] that calculate the average field from first principles, it is not clear that
wine = 0. Here we remove any doubt by proving that when sufficiently inside the
material, given by condition (2.35), we have that w;,. := 0 for any incident field, any
material region R, any frequency, and all types of particles.

Using the results from Section 2.4.1, we collect the terms in (2.36) that satisfy the
background wave equation to obtain:

UJinc('f') = (1 ulnc + Z L2 _k2 pn ) (248)

Here we show that the right side of (2.48) is zero by using the ensemble boundary
condition given by [15, Equation (4.8)]:

ZVnnk’rl gn/ +nz pnn'rl == , (249)

nn'p

where

Of, U, (kry — k
Lymin (1) = / Uprn (kry — k1)) fpéy(”) — ( arl ) fomr (12)dAy,  (2.50)
IR, 2 [)
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with 7, being the variable of integration and v, the normal to the boundary 0R,, and
the g,, are the coefficients of the incident wave:

Uine(T) = Zgnvn(kr). (2.51)

Equation (2.51) assumes the source of the incident wave is outside of the region where
the particles are [15]. The other assumptions needed to deduce the ensemble boundary
conditions (2.49) are the same assumptions we have used for the calculations in this
paper, except the boundary condition is only valid when:

min |7y — 7o > ajs. (2.52)
ro€0R1
To start the demonstration, we multiply both sides of (2.49) by v,,(kr — kr,) and

sum over n to obtain:

> V(b)) gwva (ke — kri) 40y %(Z;) Vo (kr — kry) = 0. (2.53)
nn' nn'p p
Now, (2.53) can be simplified by using the fundamental property of translation matrices
that

Valkr + kd) = > Vow(kd)v,y (kr),  for all d,

(2.54)
(ke + kd) = Unor(kd)vo(kr),  |r| < |d].

Using the property of the translation matrices (2.54) together with (2.51), we see
that:

Z Vorn (k71) g v (kT — k17) Z GV (k) = Uine(T), (2.55)

in accordance with [15, Equation (2.3)].
Next, by choosing r such that (2.35) is satisfied, it is then possible to choose r; so
that the condition (2.52) is true and such that:

lr — 7| < |ry — 7|, forevery ry € IR;.
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This enables us to use the translation property (2.54) in (2.50) to obtain:

Zzp,n,n(m)vn(;ﬁr —kry) =

Ofpn(r Uy (kT — KT
/8 Rlzn:vn (k1 —kr) ) Upry (kg — 1y fpau2 2 Zvn (kr—kry) ( 01/12 2) Fomr (72)d Ay

B Ofpn(ra)  Ouy (k;r — ko) B
_ /8 vl — k) S G (1) = T, (). (2:56)

Substituting (2.55) and (2.56) into (2.53) leads to:

7 n/\T
tine(7) + 1) 7F _<k§ =0. (2.57)
n'p p

Finally, substituting (2.57) into (2.48), we conclude the extinction theorem wi, () = 0
for r that satisfies (2.35). That is, there is no term in the average transmitted wave
that satisfies the background wave equation.

2.5 Conclusions

The initial goal of this work was to find clear evidence that there exist at least two
effective wavenumbers in an averaged particulate material. It is highly unusual to
have two different wavenumbers for an isotropic homogeneous media supporting only
scalar waves. However theoretical works [14, 15, 16, 50, 51, 52] have predicted
the existence of at least two effective wavenumbers, and their presence changes the
overall transmitted and reflected waves.

Monte-Carlo results. To verify the existence of multiple effective wavenumbers
we used very precise simulations that calculated scattered waves from different particle
configurations and then took an average over the different particle configurations. This
turned out to be far more computationally expensive than we expected, and required
extensive and careful analysis. To summarise, Figure 2.8 clearly shows that there are
two separate wavenumbers that contribute to the field, and that the wavenumbers
predicted by the Monte-Carlo method are similar to the wavenumbers predicted by
the theory.

When it matters. A natural question that appeared during this work was how
to find the parameters that led to multiple effective wavenumbers. That is, for what
scenarios will the classical theory that uses only one effective wavenumber [7, 26,
27, 30, 33, 48] be inaccurate? Previous work [15, 16] demonstrated that there is a
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dispersion equation (2.13) which provides the effective wavenumbers £, and that if
there is only one wavenumber k; with an imaginary part much small than all others
Im k; < Im k, for p =2, ..., then the classical theory will be accurate.

However, solving the dispersion equation (2.13) can be time-consuming, especially
for higher frequencies and a wide range of parameters. When plotting the regions
where multiple wavenumbers appear we saw a clear pattern shown in Figure 2.1:
particles which are strong scatterers lead to multiple effective wavenumbers. In
Figure 2.1 the green curves show the scattering strength of just one particle (2.18).
Finding the parameters that lead one particle to be a strong scatterer is far more
practical than solving the dispersion equation (2.13), and proved to be a surprisingly
good measure. To summarise: strong multiple scattering triggers multiple effective
wavenumbers.

Resonators. In the field of metamaterials, strong scatterers such as resonators
are often used to tailor the overall behaviour of the material [2]. Using this strategy
for disordered, or random, particulates will lead to multiple effective wavenumbers,
and will complicate how to predict the overall properties of the material. To truly
understand the effect of these resonators it is first necessary to plot their dispersion
diagrams by solving the dispersion equation (2.13) with the T-matrix 7}, depending on
the type of particle used. An example of such a diagram is given in Figure 2.5.

The theoretical results. When deciding how best to sample the transmitted
field, we realised that within the theoretical formulation for ensemble averaging
particulates, it was not clear that the transmitted wave is a sum of waves with effective
wavenumbers. This led us to derive the missing results and provide a general proof
about the incident and transmitted waves.

Proof of extinction. It is often assumed that the average field inside a random
material does not contain any remnant of the incident wave. This is called the Ewald-
Oseen extinction theorem, but as far as the authors are aware, there is no proof of
this conjecture for particulate materials. In this work, we were able to prove this
extinction theorem for any particulate (for scalar isotropic waves), any frequency, and
material geometry. The proof is given in Section 2.4, with the final equation that proves
extinction being (2.57). The proof also provides the extinction length: the distance
required for the incident wave to travel with the material until it is extinct. We proved
that the extinction length is equal to the correlation length plus the particle radius
b2 + a, see equation (2.11) where these quantities are relative to the pair-correlation.

Proof of transmitted effective waves. The same proof for extinction also served
to prove that the average transmitted field is a sum of effective waves, when the
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distance from the material boundary is greater than the extinction length. The proof is
shown in Section 2.4. We note that particularly in the field of continuously varying
random media [7, 49], it is assumed that the average transmitted field satisfies an
effective wave equation. By proving this for particulates, from a microscopic approach,
we provide a link between the two approaches.

Future avenues. This work shows that using Monte-Carlo simulations to approx-
imate a semi-infinite media, such as a plate, filled with particles, is still computationally
challenging. We feel that future work focused on validating effective theories for partic-
ulates should focus on finite materials (in the computational sense), such as a cylinder
filled with cylindrical particles and a sphere filled with spherical particles. There is a
theoretical framework to validate against [15]. In terms of theoretical developments,
our work has shown a connection between the particulate microscopic approach to
effective waves [15, 33, 34, 40, 46] and approaches for continuously varying random
media [7, 49]. That is, we demonstrate the effective wave series used in the macro-
scopic approach given by (2.41) does lead to the average transmitted wave being a
sum of effective waves, as illustrated by (2.37). We believe the calculations we provide
now pave the way to answer the following open question: are the two approaches
equivalent?
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A The Monte-Carlo methodology

Here we present more details on how we performed the Monte-Carlo simulations, and
analysed the results. For a reference on Monte-Carlo methods we refer to the book
[45].

To compute the ensemble average wave (2.9) with Monte-Carlo simulations, the
waves scattered by particles within a plate geometry (as shown in Figure 2.2) have
to be simulated tens of thousands of times, with each simulation having hundreds of
particles, before the standard error of the mean converges [31]. For each simulation
we calculate exactly how the incident wave u;,.(7) = e** scatters from all the particles.
For these reasons, careful considerations are needed to determine how to perform the
Monte-Carlo simulations.

In order, we explain how we created each particle configuration, how we determ-
ined the plate width and height, including consideration of convergence, and finally,
how we analysed the data.

Sequential addition. To place the particles we use the strategy of sequential
addition as described in [45, Chapter 8, Section 2]. In essence, we place one particle
at a time according to a random uniform distribution. If the particle overlaps with
another particle it is rejected. The process is repeated until we obtain a desired particle
volume fraction ¢.

The plate width. Choosing an appropriate width W for the plate R was based on
two factors:

* The result from the theory shown by (2.12) predicts the plate needs to have a

width W > 2a + 2by, for (u(x)) to be exactly equal to a sum of effective waves.
The minimum value for by, is a,5, which we found to be accurate enough for our
tolerances. Using b, = aj2 > 2a implies that we need a plate with W > 6a = 7.2,
as we used a = 1.2 for all numerical experiments.

* The plate width W can not be too wide, otherwise the average wave (u(x)) will
be completely attenuated, which is a computational waste. Also, in the region
where the wave is completely attenuated it is impossible to estimate the &, by
fitting the formula (2.12). Materials, and frequencies, that lead to (2.12) needing
more than one effective wavenumber k; to accurately approximate (u(x)) are
highly attenuating materials. See Figure 2.7 for an illustration of the region
where we fit the formula (2.12).

The plate height. If the plate filled with particles, as shown in Figure 2.2, was

infinite in height, and the particles were excited by a plane-wave, then the average
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wave (u(z)) would be exactly a sum of plane-waves given by (2.12). See [15] for
details. In practice, it is not of course possible to exactly simulate the wave scattered
from an infinite plate filled with one specific arrangement of particles. The approxima-
tion often used is to have a cell filled with a random set of particles, and then to use
periodic tiling of this cell [8]. To avoid the artefacts produced by periodic tiling we
perform a convergence study to determine at what height a plate filled with particles
behaves approximately like a plate of infinite size.

Let H be the height of the plate, which is illustrated in Figure 2.2. To determine
the size needed for H, we first choose a large value H = 600, with the plate width
W = 20, and then fill this plate with one configuration of particles A, according to the
sequential addition method. We then calculate the total wave at:

u(z,0) for the values 2a <x <W — 2a, (2.58)

to create a function Ugy(x). To determine the influence of H, we then reduce the
height. For example, we use H = 590 and remove from A any particles that are now
outside of the box with the reduced height. We then take the updated configuration of
particles A and recalculate the total wave in the same region to create the function
U590(9C)-

For a range of heights we compute the relative error:

U () — goo(2)|

Error % = 100
[Us00()l

(2.59)
By calculating these errors for a range of heights we can plot the error against the
height as shown in Figure 2.11.

For sound-soft particles, see Table 2.1 for details, and frequency ka = 0.3, we see
that the errors have converged. This means that Ug(x) is approximately the same
as U, (z), and we can estimate that the height of the plate has to be approximately
H = 400 for the scattered waves to have an error of less than 1% in comparison to
Uy ().

For sound-hard particles, see Table 2.1 for details, and ka = 0.3, the errors have
not converged as can be seen from Figure 2.11, even for very large heights. This
means it is unclear what is the error relative to an infinite plate U,,. For this reason,
we do not focus on this case, and only perform one simulation with H = 400. Our
hypothesis is that the plane-wave when scattered from the corner of the plate leads to
a transmitted wave that travels down inside the plate relatively unobstructed, as these
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types of particles are weak scatterers.
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Figure 2.11: Shows the rate of convergence which can be described with the normalised
difference between the scattered waves (2.59) with respect to the height of the plate H.

When fitting for the effective wavenumbers, we need to consider how the errors
due to truncating the height of the plate may affect the fitting and the acceptable fit
errors.

Analysing the data. We generate Monte-Carlo simulations for the different cases
presented in Section 2.3.1 with a plate of width W = 20 and height H# = 400. The
data from Monte-Carlo results for the transmitted wave (2.12) is of the form:

P
(u(z,0;A)) = Z (A;eikp” + A;e_ik”x) +e(z), for 2a <z <W —2q,

p=1

where ¢(z) is a small error that falls inside the standard error of the mean. For the cases
where only one effective wavenumber was predicted, the average wave (u(zx,0;A)) is
fitted well by (2.1), using nonlinear optimisation libraries in Julia [35].

For every wavenumber £, there are potentially two waves: one travelling towards
the positive z - direction and another travelling in the negative x - direction. For the
cases where the average wave is completely attenuated when it reaches the edge of the
plate, r = 20, we should have A = 0, suppressing the wave travelling in the negative
x-direction.

From the Monte-Carlo data for cases with more than one effective wavenumber,
we find that (u(x,0;A)) is below the standard error of the mean for + > 15. For
this reason, we can take A, = 0 and fit it only for A} and k,. That is we fit to the
Monte-Carlo data functions of the form:

P
W)=Y Afe**  for 4 <a <15 (2.60)

p=1
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with Im[k,] > 0. In the case presented in Figure 2.7a the transmitted wave attenuates
quicker, therefore we focus the fitting on a narrower range, 4 < z < 10.

Another reason to use (2.60), is that fitting for Af, A,
multiple effective wavenumbers can become ill-posed. This is related to how inverting
a Laplace transform is ill-posed, see [21, Section 2.1]. That is, the more terms included
in the sum shown in (2.12) the more ill-posed is the problem of recovering the k,, A7,

and A, from data of the average wave (u(z,0; A)).

and k, in the case of

Smoothing Process. The smoothing process involves applying a moving average
filter to our data indicating whether certain wavenumbers go out of the likelihood or
not. Here is how the smoothing works in detail [1, 39]:

Algorithm 2: Data Smoothing Algorithm
Data: InputMatrix of size M x N, WindowSize: Integer
Result: SmoothedMatrix of size M x N
Function SmoothData (InputMatrix, WindowSize) :

Initialise SmoothedMatrix of size M x N

fori=1to N do

for j =1to M do

s; = max(1l,i — WindowSize)

e; = min(N, i + WindowSize)

s; = max(1l, j — WindowSize)

e; = min(M, j + WindowSize)

sum(InputMatrix(s; : e;,s; : €;])
(e —si+1)x (e —s;+1)

SmoothedMatrix[i, j] =

end
end
return SmoothedMatrix

* A new matrix of the same size and type as the input data is initialised to store
the smoothed values.

* The function iterates over each element in the input matrix. For each element at
position (i, j), it calculates a rectangular window centred around this element.
The bounds of the window are calculated such that it stays within the limits of
the matrix. This step ensures that the window does not try to access data outside
the matrix boundaries.

* Inside the determined window, the function computes the average value of the
elements. This is achieved by summing all the elements within the window and
then dividing by the total number of elements in that window. The division
operation is an integer division which means that the result is the integer part of



62 B. THE ENSEMBLE AVERAGE TRANSMISSION

the quotient, effectively disregarding any remainder.

* The computed average value is then assigned to the corresponding element in the
matrix. This process is repeated for every element in the input matrix, resulting
in a smoothed output matrix.

* The parameter responsible for the size of the window controls the extent of
smoothing. A larger window size results in more aggressive smoothing because
it averages over a larger area, thereby reducing the impact of outliers or noise
on a larger scale. Conversely, a smaller window size results in less aggressive
smoothing, preserving more of the original detail in the data.

Computational time. Our study utilises high-fidelity Monte-Carlo simulations,
whose computational cost was significant. This limits the number of cases we could
investigate with Monte-Carlo. For example, we needed to execute 40,000 simulations
for scenarios depicted in Figures 2.7, 2.8 and 2.9. Each simulation involves hundreds of
particles, and is computationally demanding especially at higher frequencies denoted
by ka. To manage this, we employed parallel processing across multiple processors.
For instance, simulating sound-soft particles at a frequency of ka = 0.36 requires
about 72 hours for completion on an 11th Gen. Intel Core i7 with 8 cores. So without
parallel processing, the runtime would increase by at least eight-fold.

B The ensemble average transmission

Here we reduce the terms in (2.31) to reach equation (2.36). For this section we use
the notation and assumptions introduced in Section 2.4.

In many calculations throughout this section, for any function f which depends on
particle configuration, we use that:

J<f>:J/ fp(ry,...,r)dry---dry
R{
:n/ fp(rg,...,rj|r1)dr1---er:n/ (f)(ry)dry, (2.61)
R{ R

where we used, in order, the definitions (2.26) and (2.28) and (2.32). If the f only
depends on r;, then we further have that (f)(r;) = f because:

/ p(re,...,rylr)dry---dr; =1,
RI!

which is true for any joint probability density.
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B.1 The transmitted internal field

We start by calculating the simplest term. Using (2.24), the definitions of the ensemble
average (2.27) and (2.26), then (2.61) leads to:

T (r)xm (7)) = 1 / (b (7)) (1), (2.62)

B(r;a)

where the ball B(r;a) is defined by (2.39), and we use the assumption (2.35).

B.2 The transmitted incident field

The next simplest computation is the ensemble average of the incident wave term
in (2.31). To do this we will demonstrate the following equalities:

(Uine(T)XR\P(T)) = Uinc(T) (XR\P(T)) = Uinc(P)(1 — XP (7)) = tinc(r)(1 — ¢), (2.63)

where ¢ is the particle volume fraction defined by (2.33).
First, we use the ensemble average (2.26), then take u;,.(r) outside of the integrals,
as it does not depend on the particle positions, to reach:

<uiHC(T)XR\7’<T)> = uiHC(T)<XR\P<T)>- (2.64)

To calculate the ensemble average on the right we use:

xr\p(r) =1 —xp(r), (2.65)

leading to:

(xrvp(r)) = (1) = (xp(r)) = 1= (xp, (1)), (2.66)

J

where we used the definition that integrating a probability density function p over all
its variables gives 1, and:

J

XP(T)p(rla ro,... 7TJ) = Z XP; (T)p(,rly r2,... 7TJ)7 (2'67)
j=1
which holds because if any two particles overlap, we have that p(ry,rs,...,7;) = 0.

Therefore, if xp,(r) = 1, then xp,(r) = 0 for £ # j.
Next, we use that particles are indistinguishable, except for their positions, so after
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ensemble averaging (xp,(r)) = (xp, (1)) for every j, which together with (2.61) leads
to:

J
Z J{xp,(r)) = n/ xp, (r)dr; = n/ dr; = ¢, (2.68)
R1 B(r,a)

7j=1
where we used (2.39) and (2.35).
B.3 The transmitted scattered field

The most involved term to calculate in (2.31) is (us(7)xr\» (7)), which will require
that we demonstrate the following steps:

(use(r)xr\p (1)) = Z<U§C(T)XR\P(T)> = J{uge(r)xr\p(7)) HXR\PJ
= J{uge () xR\pi (1)) — JZ(UQC(T)XPJ- (r))
= J{uge(r)xr\py (1)) = J(J = 1) {uge (1) xpy (7). (2.69)

The first three equalities in (2.69) are a result of using, in order, (2.23), that particles
are indistinguishable, and:

Xr\p(T)p(rL, 7oy 1) = H XR\P; (r)p(ri,re, ..., 1),
=1

which is a result of p(ry, 7, ...,7,;) = 0 when any two particles overlap.
The non-overlapping of particles also leads to:

XR\P1(T)HXR\Pj(r)p(TlaTQa~~-7TJ) [XR\Pl ZXPJ ] (r1,79, ..., 7)),

which we use to conclude the second line in (2.69), and the third line is just a result
of particles being indistinguishable again.
We proceed by simplifying the last two terms in (2.69). Using (2.61) we can reach:

T () xry (1) = /

R1

(e (1)) (1) xm\py () dry = ﬂ/ (Uge (7)) (1) dr1,
R1\B(r;a)
(2.70)
where (ul (r))(r;) is given by (2.40).
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For the last term in (2.69), we further use:

p(r2, cee 7"“J|7’1) = P(”'2|"”1)P(”'37 e 77’J|""1, "“2)7

(2.23), (2.27), and the definition of (f,,)(r1,r2) given by [15, Equation (3.10) and
(3.11)], followed by analogous steps shown in (2.40), to obtain:

T (uge (1) xpy (7 —nZ/ (fa)(T1,m2)un(kr — kr1)p(ra|re) X, (r)dridre. (2.71)

To simplify (2.71) we first use the Quasi-Crystalline Approximation (QCA):

(fa)(r1,m2) = (fu) (1), (2.72)

which is needed to deduce effective wavenumbers [15, 27, 29].

Before we show how to simplify (2.71) for a general pair-correlation g, we first
deduce the results for the simplest pair-correlation called Hole-Correction. It is far
easier to understand this case first. The Hole-Correction approximation is the result of
taking by, = a5 in the general pair-correlation (2.11).

Using (2.72) and (2.34) in the integral (2.71), and swapping the order of integra-
tion leads to:

J(J = 1) (uge(r)xp, (1)) = nQ/R <u;c(7“)>("°1)/ Xpy (1)g(|r — 7o|)dradry. (2.73)

R
Next we use b3 = a5 and (2.11) which implies that:
g(lr1 = 72) = XR1\B(r1:012) (T2),

which we substitute into (2.73) to reach:

J(T = D)l () (7)) = 02 /R (ul (1)) () / dradry,  (274)

B(r;a)\B(ri;a12)

where we used that B(r;a) is completely contained in R; for every r, due to (2.35).
There are values for r; for which the integral in (2.74) is zero. To see this we note

ro € B(r;a) = |ro—7| <a and 7y &€ B(ry;a12) = |re — 71| > aja.
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Then, from the triangular inequality we have:
|’I°1—’I°| > |7°1—’r'2|—|’r2—’r| > a12 — Q.

The above implies that the region of integration for r; is just Ry \ B(r; a2 — a).
We now further split this region of integration into two disjoint regions: the first is
Ry \ B(r;a12 + a) and the second is B(r; a2 + a) \ B(r; a2 — a).

For the first region 7, € Ry \ B(r; a12 + a) implies that [r; — | > a2 + a, which
together with v, € B(r; a) leads to:

|ry —ro > |ry —r| — |r — 72| > ajo,

due to the triangle inequality. In other words, the region of integration for r, becomes
ro € B(r;a) \ B(ry; a12) = B(r; a).
For the second region r; € B(r; a2 + a) \ B(r; a12 — a), which implies that:

CL<(112—CL§|’I’1—T’|§CL12+CL.

The above guarantees that the two spheres B(r;a) and B(r;; a;2) will intersect. Let V
be this region of intersection, then the region of integration of r, becomes B(r;a) \
B(ri;a12) = B(r;a) \ V. This is useful as V is formed of two spherical caps whose
volume is easy to calculate 8.

Using the split of these two regions for ; we obtain:

(T — 1)l (r)xpy (1)) = 02 /R (ul (1) (1) / drydr,

1\B(r;a12+a) B(r;a)

4
[ (A () (r) | 370° = Va(lr = 71D
B(r;ai2+a)\B(r;a12—a)
= ¢n / (ul (7)) (1)
Ri\B(r;ai2—a)

| (UL (7)) (r0) Ve[ = ).
B(r;ai2+a)\B(r;a12—a)

(2.75)

where Viap(d) is the volume of V and d = |r — r;|. By using the formulas for spherical

$For details, see the website: https://mathworld.wolfram.com/Sphere-SphereIntersection.
html.
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caps ¢ we can calculate that:

s
‘/cap(d) = m(a + a192 — d)Q(dQ + 2(@ + alg)d — 3((1 — CL12)2).

B.4 An isotropic pair-correlation

In Appendix B.3 we chose a simple pair-correlation to simplify the integral (2.73).
Here we show how to reduce this integral when assuming a more general form for the
isotropic pair-correlation given by (2.11).

In the pair-correlation (2.11) we assume there is a value b, for which g(r) = 1
when r > by,. This is an approximation, but it is essential for the results discussed
here. The distance b5, which is also called the correlation length, dictates at what
distance inside the material the incident wave will be extinct.

Following closely the steps that led to (2.75), we now split the integral over 7,
into two regions R; \ B(7; b2 + a) and B(r; biz + a) \ B(r; a12 — a), which leads to:

J(J = 1)l (r) xp, (1)) = 2 /

R1 \B('r';b12+a)

(ul (1)) (r) / drydry

B(r;a)

+n2/ (ugc(’r))(rl)/ g(|ry — ro|)dradry, (2.76)
B(r;bi2+a)\B(r;a12—a) B(r;a)

where we use (2.35) to guarantee that the ball B(r; b1, + a) is completely contained
within the region R;. Without the condition (2.35) it does not seem possible to show
that the incident wave becomes extinct, so we hypothesise that this is a necessary
condition, as well as sufficient.

The integral on the right of the first line of (2.76) was already resolved in the
previous section, except now we replace a,, with ;5. For the integrals on the second
line of (2.76), we use the change of variables from »r, to r5; = 5 — 7, and r; to

x, = r — r; to obtain:

J(T = D{ug(r)xp,(r)) = nd (tge(r)) (r1)dry
R1\B(r;bi2+a)

+ n2/ <u;C(r)>('r —x1)G(x1)dxy, (2.77)
B(0;b12+a)\B(0;a12—a)

where
G(x,) = / g(r91)drar. (2.78)
B(x1;a)

and r9; = |ro1|. This concludes the calculations in this section.
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Chapter 3

From wave propagation to particle
correlations in random particulate
materials

ARISTEIDIS KARNEZIS

Abstract

In this chapter, Section 3.1 shows how including more than one effective wavenumber
can significantly change reflection coefficients. This aspect is crucial, considering
that many measurement techniques rely on the reflection coefficients. In Section 3.2
we delve into the mathematical and computational aspect of determining multiple
effective wavenumbers in three dimensions, by solving an implicit determinant equa-
tion. Recognising a gap in the existing literature, we have developed an asymptotic
method to locate these complex effective wavenumbers, particularly in the context
of monopole scatterers. Something which was previously missing in the literature.
Section 3.3 addresses challenges that arose when performing Monte-Carlo simulations,
where each simulation places one configuration of particles in a finite region. The key
finding is that confining particles in a finite region can affect their pair-correlation and
even their volume fraction. We demonstrate these effects and show how to avoid them
with what we call the Cookie-cutter method. The sections are distinct yet collectively
enrich our findings.
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74 3.1. COMPARING THE REFLECTION COEFFICIENTS

3.1 Comparing the Reflection Coefficients

In this section, we explore the significance of reflection coefficients in various measure-
ment techniques [4, 15]. The emphasis is on contrasting the coefficients derived from
different methods to understand the average behaviour of waves in various scenarios.
In other words, rather than comparing the resulting fields of average waves, we can
compare their resulting reflection coefficients [6, 10, 14, 17, 18, 23, 24].

In our analysis depicted in Figure 3.1, we examine how reflection coefficients
vary with changes in volume fraction (¢) for both sound-soft and sound-hard particles
(particle properties are detailed in Table 2.1). We keep the particle radius fixed at
a = 1.2 and vary the non-dimensional frequency over the range 0.24 < ka < 2.16.

Material A M aterial A
0.3 H \
\ ¢ = 5% o b = 25%
o2\ o \
& \ s 04 A\
o 0lr \\ 02t \
' -
0.0 b 1 \-}‘d’—|"' 0.0 b 1 |VJ|‘—- —|,
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0
ka ka
Material B Material B
N N
0.025 | ¢ = 5% 0.15 | b = 25%
0.020 | N\ N\
g 0.015 - AN g 0.10 | N\
' AN N\
— 0.010 | . — .05 N
0.000 b, - - - 0.00 b . . . .
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0
ka ka

Figure 3.1: Material A contains sound-soft particles with density pg = 0.30 kg - m~3 and
wavespeed cy = 0.30 m - s~!. Material B on the other hand considers sound-hard particles with
density pg = 10.0 kg - m~2 and wavespeed ¢y = 10.0 m - s~. The density and wavespeed of
the host material is p = 1.0 kg - m~> and ¢ = 1.0 m - s~! respectively. The orange solid line
represents the reflection coefficients generated using the Dominant-wavenumber of the average
transmitted wave with respect to the non-dimensional ka. The purple dashed line takes into
account all the effective waves (All-wavenumbers method) of the average transmitted wave.

Two distinct methods, the Dominant-wavenumber and the All-wavenumbers meth-
ods, are employed to calculate the reflection coefficients, offering insights into their
variations across different scenarios [7, 10]. The Dominant-wavenumber method
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uses one effective wavenumber k;, that is equation (2.12) for p = 1. Conversely,
the All-wavenumbers approach includes multiple wavenumbers and numerically tries
to discretise the space to create a mesh. For more details on the All-wavenumbers
method, see [7, Section 5]. It is important to take this factor into consideration since
the mesh will try to match the discrete solution with a sum of these effective waves. At
the same time, it is necessary not to push the matched layer towards the boundaries,
because the closer to the boundaries, the more effective waves there are. Then we can
calculate the reflection coefficients.

Both methods are applicable for all types of scatterers. For sound-hard particles, it
is clear that the Dominant-wavenumber overlaps with the All-wavenumbers method,
while for sound-soft particles the two methods do not match. For instance, consider
the two scenarios depicted in the top left and bottom left plots of Figure 3.1. In
both scenarios, a single effective wavenumber - the dominant wavenumber - can be
extracted, giving matching results. Yet, when we increase the volume fraction to 25%,
as shown in the top right and bottom right plots of Figure 3.1, we were able to detect
multiple wavenumbers. In these scenarios, the results do not overlap, meaning that the
existence of more than one wavenumber leads to changes in the reflection coefficients.

3.2 Asymptotic Location of Effective Wavenumbers in
3D

The focus in this section shifts to a three-dimensional perspective on the effective
wavenumbers k,. This expansion builds upon the foundational work of Gower et
al., who analytically derived these wavenumbers for two-dimensional scenarios in [5,
Section 5]. This study not only assumes large values for |k,|, with an increasing trend
as p grows, but also presupposes a positive imaginary part, Imk, > 0. Such assumptions
are critical for satisfying a dispersion equation that relates each wavenumber £, with a
frequency, paving the way for a deeper understanding of how waves propagate through
different media. The dispersion equation for effective plane-waves [6, Equation (5.15)]
takes the matrix form:

4 nn —
— 5 +Z VETOn(l0) s~ /90 TAT, gy, = 0, (3.1)

where a5 is the minimum allowed distance between particle centres, 7), are the
coefficients for the particle’s T-matrix defined in [6, Equation 2.8], ¢, are the
Clebsch-Gordan coefficients with [ being non-negative integers ([6, equation B.5]),
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J—1

where n is the number density of particles defined as n = and:

=1

=n

3

M = kanhy),(kam)jé(kpam) - kpa12h§1)(ka12)jlg<kpa12)a (3.2)

which is a coupling term relating to the scattered field at one particle expressed
in coordinates centred at another particle. An integral part of this work involves
approximating the formulas established in (3.2) using the asymptotic properties of
spherical Bessel and Hankel functions of the first kind. Since we are only interested in
monopole scatterers that scatter waves uniformly in all directions, it is easy to make
this approximation. The simplest case for monopole scatterers is when { = m =n = 0,
meaning that we are only keen for the zeroth order. Thus, the zeroth spherical Bessel
function jy(k,) and spherical Hankel function hy(k,) for large |k,| can be written
respectively as follows [2, Section 11.7]:
_ sink,

jolky) = = and  hy(k,) = —i
P

(3.3)

Solving the dispersion equation (3.1) and the determinant of the M, (k,) matrix, we
can extract the effective wavenumbers k, [13]. Thus, the k, must satisfy:

det(M(é,O),(é’,O)(kp)) = O. (34)
For monopole scatterers, (3.1) takes the form:
a%Q(kz — k*)det M = (kyai2)? — (kaiz)? + dmna’, ToNy ~ kﬁ — cehparz, (3.5)

where
C = QWHG%QToh(()l) (]Calg). (36)

To confirm the presence of these wavenumbers, and determine their behaviour as
|p| = oo, we make use of (3.2) and (3.3) and ignore all terms that are algebraically
smaller than k, or similarly we investigate the regime where k£, > k. Keep in mind that
we need to apply this approximation throughout the computations to obtain (3.5). We
also note that the effective wavenumbers £, are independent of the angle of incidence
0 [12], even though there are effective wavenumbers that are not excited for specific
angles of incidence [5, 7].
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To find the locations of the effective wavenumbers we substitute:
k, =z +1ilogy, (3.7)
where x and y are real, and |z| and y are large with y > 1. That gives:
2 —ce Py = 0. (3.8)

For the logarithm, we apply the standard branch cut along the interval (—oo, 0) and
consider positive function values for positive arguments. We are interested only in the
leading order, so, 22 ~ y, which reduces (3.8) to:

2

2~ rcei(ec—x)

Y, or similarly 2~ 7’c[cos(0C — )+ 1 sin(f, — a:)] y, (3.9)
where we substituted ¢ = r.e'’c, for real scalars r. and 6. Next, we take the real and
imaginary parts of (3.9) to be equal and discard the negative solution because of the
quadratic nature of z. This leads to:

1
x~0,+2mp and Y~ T—(GC + 27p)? Vp € Z. (3.10)

C

Thus, for the case of monopole scatterers, the effective wavenumbers £k, at the leading
order take the form:

0.2
k, =0, +1 log (—p), (3.1D)
where
—T7 T
o, = 0. + 27p, V6, € [7, ﬂ, Vp € Z, (3.12a)
ree’’ = 2mna?, Tohy (kays), re > 0. (3.12b)

The real part indicates how rapidly the wave oscillates in space, while the imaginary
part represents how the wave attenuates. The growth of the wavenumber is not linear
but has a slower, logarithmic scale of increase which can model situations (attenuation)
where the decay rate changes more gradually at larger scales.

3.2.1 Numerical results of the theoretical predictions

The next step involves comparing the analytical expression of the effective wavenum-
bers with numerical results generated using [11]. To be more specific, we consider
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spherical particles with penetrable boundary conditions, and the following parameters:

Table 3.1: Parameter Values

Parameter Value
Volume fraction (¢) 30%
Particle radius (ag) 0.867
Non-dimensional exclusion distance () 2ag
Non-dimensional particle radius (kag) 0.7516
Non-dimensional inter-particle distance (kai2) 1.510

Ratio of solid to void particle properties (sound-soft)  0.30
Ratio of solid to void particle properties (sound-hard) 5.0
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Figure 3.2: Comparison between the analytical formula (3.11) predicting an infinite series of
complex effective wavenumbers and the numerical solutions for these effective wavenumbers
deduced from the dispersion equation using the EffectiveWaves.jl library [11]. The parameters
used are given by Table 3.1. The analytic formula generally demonstrates a high level of
accuracy, with the exception of the two smallest attenuating wavenumbers.

As shown in Figure 3.2, the effective wavenumbers for sound-soft and sound-
hard particles derived asymptotically from (3.11) closely agree with the numerically
calculated wavenumbers even when integer p becomes large. However, we cannot help
but notice that the wavenumbers with the most contribution to the total average wave
are not in agreement. Since these wavenumbers have a small imaginary part (high
attenuation), they cannot be analytically calculated, even though they are important
to accurately calculate the transmission.

3.3 Enhancing precision in Monte-Carlo simulations

This section acts as a crucial bridge between Chapter 2 and Chapter 4. Here, we
address the numerical challenges that arose when performing Monte-Carlo simula-
tions, with a specific focus on the pair-correlation function. We define two key regions,
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namely R i containing all particles and Ry_, centred on particle centres, and intro-
duce fundamental measures like particle number density (n) and particle volume
fraction (¢) to describe particle distributions. However, when using these measures
for finite regions, they do not match because of the region’s boundaries. In light of
this limitation, we have come up with innovative methods to better measure these
factors. In Section 3.3.2, we explore two particle placement methods in Monte-Carlo
simulations: the Bounded-sphere method and the Cookie-cutter method, with the
latter offering better approximation to infinite medium conditions.

However, we encounter a discrepancy when applying the Percus-Yevick (PY’)
method to characterise pair-correlations, as it fails to match results from the Cookie-
cutter method at the same number density. Instead, we find that a reduced number
density (npy) is required to align Percus-Yevick with the pair-correlation results ob-
served in the Cookie-cutter method. This finding underscores the importance of
fitting Monte-Carlo experiments with theoretical models like the Percus Yevick. To do
this effectively, it is crucial to connect these results with the formulas introduced in
Chapter 4. These techniques, particularly those related to the efficient calculation of
pair-correlations from small particle configurations and the recovery of particle con-
figurations from pair-correlations, are foundational to the theoretical and numerical
approaches discussed in Chapter 2.

3.3.1 A numerical pair-correlation

In this section we let:

Rr be a sphere that contains all the particles (3.13)

Rr_., be asphere that contains the centre all the particles (3.149)

where a is the particle radius. The region Ry is the green circle in Figure 3.3, whereas
R r_, is the dashed circle. Let p be a particle. We will consider only one type of particle
for simplicity.

To specify the density of particles, we use the term particle number density n to
mean the average number of particles per volume, and particle volume fraction ¢ to
mean the average volume occupied by the particles divided by the volume of the
region containing those particles.

Typically the number density n., and volume fraction ¢, are used interchangeably
through the formula:

Qboo = |p|nooa (3.15)
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Figure 3.3: The region within the green circle is Rz and has a radius R = 20 with each particle
having a 20% volume fraction and a radius of a = 1. The region within the dashed circle is
Rr—. and all particle centres are within this region.

where |p| is the volume of the particle p. However, this is only exact for an infinite
sized region, and so will not be used here. One clear reason why (3.15) does not hold
for a finite region is that the region containing the particle centres Ry_,, is different
from the volume containing the particles R 3.

To aid this discussion, for a finite region, we define:

Npg := the number of particles completely contained within R g, (3.16)
N

ng = R the true number density, (3.17)

|RRfa’
__ Nrlp| : L

QR = Rl the particle volume fraction in Ry, (3.18)
R

. total volume of interse“c;ion |of particles with R R-a (3.19)

R—a

Note that Ny, is also equal to the number of particle centres within Rz_,.

See Figure 3.3 for an illustration, noting that the centres of all particles are
contained within R,_,. In the next paragraphs, we discuss how n is the same as n,,
assuming particles are homogeneously distributed, while the volume fraction is more
complicated.

To begin, note that within R_, some particles are cut by the border of R_,. The
definition of ¢, takes into account only the parts of particles within Rz_,. Because
of this, ¢ is less than ¢, whereas |p|ng is more than ¢.,. These differences can be
significant for a finite region. In Figure 3.4, the radius of the region R is equal to
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R = 20, and the radius of each particle equals to a = 1, in which case, for a 3D sphere:

Re|  20°
Rr_o| —1 193 —1

~ 0.166. (3.20)

This implies that:
JEPL 0,166, (3.21)

which is more than a 10% difference.

Instead, it is simpler to consider the number density of a finite region, which is
also the variable considered in most theoretical methods of ensemble averaging. For
example, let us convince you that ng = n,, by considering the following thought
exercise. Assume the particles are equally likely to be in any position*. Now, pick a
smaller region R, C Rr_,, and count the average number of particle centres N; (over
many ensembles) within R;. Then, we figure out the number density in R, by dividing

N, by the size of R, which we write as n; = ﬁ Because the particles are equally
1

likely to be everywhere, we find that n; = n...

3.3.2 Monte-Carlo simulations

Now that we understand the particle number density in a finite region, we turn to how
to generate a random uniformly distributed set of particles. Again, in a finite region,
there are important subtleties.

We begin by describing two different methods to place particles within a region R.
First, a naive method called the Bounded-sphere method that describes the distributions
of particles within a bounded sphere of radius R, then a method that does accurately
approximate how particles would be distributed in an infinite region, the Cookie-cutter
method.

Bounded sphere method. The particles of each configuration are generated one
at a time, and rejected if they either do not fit within the region Ry (green circle) or
overlap with any other particles. In this case, particles are more likely to be near the
border, as shown in Figure 3.4 meaning that particles are not uniformly distributed. We
then evaluate the probability density function for the generated particle configurations
and calculate the average. We repeat this process to improve the accuracy of the
integral estimate.

“This assumption is not true for the bounded-sphere method discussed in Section 3.3.2.
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Bounded circle : 20% volume fraction Cookie — cutter circle : 20% volume fraction

Figure 3.4: Both figures show the result of placing particles randomly within a region R with
a radius of R = 20. Each particle has a volume fraction ¢ = 20% and a radius of a = 1. The
colour shows the average density of particles after 100,000 simulations, with darker being a
larger particle density. Here the darkest colour indicates that particles are 40% more likely to
appear than the very lightest colour. The circles illustrate just one configuration. The image on
the left (right) used the Bounded-sphere (Cookie-cutter) method.

If the system has radial symmetry, meaning that the probability density function is
the same at all angles for a given radial distance, then we can average over all angles
to obtain the radial probability density function. In other words, for radial symmetry
we have that p(r) = p(r), so that:

1

p(r) = E/p('r) sin 6 df do. (3.22)

One way to approximate (3.22) is to represent p(r) in some polynomial series, such as:

20 + 2
p(r)=> ;L pePo(7), (3.23)
l

2
where 7 = R—Tl’ P, are the Legendre polynomials and p, are the coefficients of the
Legendre polynomials. To calculate the coefficients p, we simply multiply (3.22) by
P,(7), use (3.23), and integrate over dr to arrive at:

b= [ [P

where R is the set of all possible particle centres, dr is a volume element of the variable

p(r) 5 . 1 _\p(r)
3 2 sin #dOdpdi = ﬁ/RPg(r) - dr, (3.24)
r, and we used:

/1 Py, (2)Py, (x)dx = 2ues_
1 1 2 261 _|_ 17

for any ¢, and /5.
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The probability density function can also be expressed as follows:

1 . 1
p(T) = 47TT2 /p('r')r2 s1n9d9d¢% 471-7«2 Z p(fvz)|V(UZ)|
"Ui‘:T‘
#(X° N V 0) 1 o 1 .
47T1"25’ ; |UZZ_T X' 4728 ; #Xs# [X N U\vi\:rv(viﬂ . (3.25)

where v; is the centre of the volume element |V (v;)| and #X is the number of elements
in the set X. An alternative approach to approximate (3.25) is to first substitute (4.1),
discretise the integral, and create the histogram:

1 1 mV
47T?)2d7“1 Z p(v;)[V(ws)] = 47?5"0%732 Z d UM’ (3.26)

lvjl=v: s |vjl=v;

p(vi) ~

where dr; is the radial length of V' (v;). Note this approximation fails for v; = 0, which
we address in the next section. In terms of computational efficiency, as most volume
elements will have no particles in each ensemble X%, it is more efficient to iterate over
each x € .

Figure 3.5 shows how we fit the probability density p(r) to the data from our
Monte-Carlo simulations by using equations (3.24) and (3.26). This figure is key in
showing us that particles tend to gather closer to the boundaries of the region than
we might expect. By comparing different estimation methods to model this boundary
effect, we underscore the importance of accurately considering boundaries in our
simulations.

Cookie-cutter method. The particles are generated one at a time within a large
region R, with radius R, > R, and rejected if they either do not fit within R, (larger
green circle) or overlap with any other particles. To sample the particle distribution,
we then cut out a smaller region, away from the boundaries, and consider only the
particles within the smaller region. The cutouts are like cutting out cookie dough.
This smaller cutout can be repeated many times, in different locations within Rp, ,
and then the average particle distribution can be calculated across these cutouts. In
Figure 3.4, we just cut out one small circle Ry from Rp,. In this case the particle
centres are equally likely to be anywhere in Ry_,,.

Producing particles that are homogeneously distributed means we can use these
particle positions to numerically calculate pair-correlation functions which closely
approximate an infinite medium. One final detail to account for, due to the finite
geometry, is that the number density produced by this method is difficult to predict
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Figure 3.5: Shows our different estimations of p(r). Due to there being less particles near r = 0
we get a more noisy estimate. To explain the legend: Legendre used (3.24), Bins used (3.26),
Leg. LstSqrs employs the same Legendre method but makes use of the Least Squares to calculate
the py, and Leg. LstSqrs cons. uses Least Squares but with the constraint p’(0) = 0.

from the onset. Say we aim to generate a set of particles with the number density ng, ,
so we need to place Ny ~ ng, |Rr, .| within Rg, . Doing this, the number ny will be
slightly less than ng, . This is due to particles still being more likely to appear near the
boundary of R, , and therefore reduce the number of particles within the region ng.
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Figure 3.6: Both graphs show how the number density ng produced by the Cookie-cutter

method varies when changing the larger region R;. In both cases,the radius of the region is

R = 20, and the radius of each particle is a« = 1. On the left, the volume fraction ¢, is fixed,

and we see how increasing Ry, leads to a steady decrease in ng. On the right, ng, is fixed,
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then, although ¢r, =ng, increases with Ry, the number density ng, changes little.

Figure 3.6 shows that if we fix the number density ng, , instead of fixing ¢r, , we
get only very small changes to the resulting number density nr when increasing R .
In essence, we can just choose any R;, large enough, and then calculate ny. Figure 3.7
shows the result of the changing ny, when increasing R;, and echoes the same results
of Figure 3.6. Figure 3.8 shows that the boundary effect is more pronounced as the
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Figure 3.7: The pair-correlation, calculated using the Monte-Carlo method for each of the Ry,
values, is presented on the left (right) side corresponding to the cases depicted on the left
(right) side of Figure 3.6. That is, on the left the value of ¢, is fixed, whereas on the right
side, the value of np, is fixed.
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Figure 3.8: For the Cookie-cutter method, the particles are slightly more likely to appear near
the boundary of the larger region, which is why nr < ng, . This boundary effect becomes more
pronounced as the volume fraction increases and limits the possible positions that particles
can occupy.

The Monte-Carlo issue. The Cookie-cutter method, that uses Monte-Carlo (M (),
should lead to the same pair-correlation of an infinite medium, which is well ap-
proximated by the Percus-Yevick (PY) method. When checking the literature, our
Percus-Yevick results match those found by others, for example [1, 3, 19, 20, 21, 22].
However, we find that PY does not match the Cookie-cutter method when using the
same number density. Let npy be the number density used for PY. We find that
npy needs to be less than the number density of the Cookie-cutter method ny for the
pair-correlations to be very similar. The main reason for that is the finite geometry
of the region. The number density in the smaller region will be slightly less than the
one of the larger region. This is due to particles still being more likely to appear near
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the boundary of the large region, and as a result they reduce the number of particles
within the smaller region.

See, for example Figure 3.9. The aimed volume fraction was ¢., = 25%. Each
particle has a radius of « = 1.0 and there is no separation gap between the particles.
The true number density n., = 0.0635 is estimated numerically, whereas the number
density of the larger cookie region is n,m, = 0.0678. Note that n.|p| = 26.6% and
Naim|p| = 28.4%. The graph on the left side of Figure 3.9 shows the Cookie-cutter
pair-correlation and PY with the same number density n.,, revealing that PY over-

estimates the pair-correlation. On the right, we lower the number density for PY
IR R+d—al
_ IR R+dl
Cookie-cutter method.

and use npy = n. , where R + d is the radius of the larger region of the
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Figure 3.9: Comparison of pair-correlation functions with an aimed volume fraction at ¢,i, =
25%. All particles are identical with a radius of « = 1 and no separation gap between them.
On the left, we compare the Cookie-cutter method with the Percus-Yevick approximation, both
using the same number density n,. The right side illustrates the PY model after adjusting its
number density to npy to match Cookie-cutter spatial constraints.

3.4 Conclusions

In Section 3.1 we discussed the impact of including more than one effective wavenum-
ber on reflection coefficients, an aspect critical for many measurement techniques. In
Section 3.2, we addressed the mathematical and computational aspects of determining
multiple effective wavenumbers in three dimensions identifying a gap in the existing
literature with the development of an asymptotic method for locating these complex
effective wavenumbers, particularly in the context of monopole scatterers. Further,
Section 3.3, particularly Section 3.3.2, served as an essential bridge between the
analytical and numerical aspects of this thesis. It tackled the challenges encountered in
Monte-Carlo simulations when particles are confined within a finite region, and paved
the way on how to place these particles in such a finite region to achieve a desired
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pair-correlation. The results of this study indicate that if the particles are evenly
distributed meaning they are similar to one another with little deviation from the
mean, the Bounded-sphere method may be preferable. In contrast, for particles that
are not evenly distributed, the Cookie-cutter method appears to be an effective method
to avoid artefacts in pair-correlation and volume fraction caused by the boundary of
the particulate.

Future avenues. The findings from this chapter provide a strong basis for further
research in several key areas. Firstly, there is a need to further refine and validate
the asymptotic method introduced here, especially to see how well it works with
different types of scatterers other than monopoles. This can lead to more precise
control over acoustic wave behaviour in materials, which is crucial for industries like
medical imaging, and noise reduction. Secondly, we should explore how these findings
can help in designing and understanding new materials that are designed to control
how waves propagate through them. Lastly, by extending the Cookie-cutter method
to address simulation artefacts, we can improve the accuracy of simulations used in
material design and testing, thereby speeding up the development of new technologies
and materials with optimised properties.
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Chapter 4

Calculating pair-correlations from
random particle configurations

ARISTEIDIS KARNEZIS, ART L. GOWER

Abstract

Particle pair-correlations are broadly used to describe particle distributions in chemistry,
physics, and material science. Many theoretical methods require the pair-correlation to
predict material properties such as fluid flow, thermal properties, or wave propagation.
In all these applications it is either important to calculate a pair-correlation from
specific particle configurations, or vice-versa: determine the likely particle config-
urations from a pair-correlation which is needed to fabricate a particulate material.
Most available methods to calculate the pair-correlation from a particle configuration
require that the configuration be very large to avoid effects from the boundary. Here
we show how to avoid boundary effects even for small particle configurations. Having
small particle configurations leads to far more efficient numerical methods. We also
demonstrate how to use techniques from smooth nonlinear optimisation to quickly
recover a particle configuration from a pair-correlation.
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4.1 Introduction

Background. In the field of material science, the investigation of structural
properties has witnessed significant progress. Molecular dynamics simulations, coupled
with neutron and X-ray scattering experiments, have provided valuable insights into
the structural characteristics of materials. For disordered materials, most techniques
to probe and analyse these structures focus on the pair-correlation function and
the structure factor [29, 30, 41, 42, 48]. The pair-correlation appears naturally in
theoretical methods that use ensemble averaging [6, 8, 37, 51], whereas the structure
factor appears naturally from scattering experiments [8, 11], including small-angle
neutron scattering [7, 47].

The pair-correlation function, denoted by g(r), represents the probability of finding
a pair of particles separated by a certain distance r [6, 8, 37, 51]. The structure factor,
denoted by S(k), corresponds to the Fourier transform of g(r), and it is essential for
characterising the structure of the material from the scattering intensity [8, 11, 12,
39].

Beyond material science, pair-correlations and structure factors extend to calculat-
ing shear viscosity, electrical conductivity, and thermal conductivity from a molecular
perspective [35]. They also play a significant role in exploring complex phenomena
such as the nuclear pasta observed in the extreme conditions of neutron star crusts [19,
20, 39]. This phenomenon, characterised by non-uniform arrangements of subatomic
particles under extreme gravitational fields, is investigated through neutron and X-ray
scattering to understand the internal structure of neutron stars [19, 20, 39].

Knowledge of the pair-correlation function and the structure factor is very useful
when designing materials with specific behaviour. Indeed, they can be set in order
to achieve specific properties such as hyperuniform structures, materials with exotic
band gap profiles and negative refractive index [26, 32, 44, 46, 52]. By adjusting pair-
correlations, we aim to create materials with specific properties and unique structural
characteristics.

From the authors background, the pair-correlation appears when taking an en-
semble average of waves in disordered materials [6, 15, 16, 54]. Essentially, the
pair-correlation function captures the spatial distribution and arrangement of particles
within a material, directly influencing how waves interact with and propagate through
the material. That is, the pair-correlation is the only way the material structure affects
wave propagation. This suggests a route to design materials to control waves:
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1. To determine pair-correlations that lead to band-gaps, frequency filters, or en-

hanced transmission.

2. To determine configurations of particles that match the desired pair-correlation.
Step 2) is known as the realizability problem [10, 11, 24, 55, 59], and there are open
questions about when it is possible to solve [9, 13, 14, 22, 30, 40].

Realizability problem. Determining a likely configuration of particles from a
specific pair-correlation is called the realizability problem. To make the problem easier
to understand, here is an example: Think about solving a jigsaw puzzle. Each puzzle
piece is like a particle in a material. The goal is to fit all these pieces together within
the puzzle board to create a picture. This picture represents our target arrangement
of particles. However, just like puzzle pieces must fit together in a certain way and
cannot be forced into the wrong place or overlap, the particles in our material must
also be arranged in a physically feasible way. This means we can not just place them
in any random configuration; they need to fit together according to physical laws, just
like puzzle pieces. So, realizability is about making sure that the arrangement we
come up with can actually exist in the real world.

The realizability problem appears in the study of many-body systems, such as
liquids, and disordered materials [10, 11, 24, 25, 48, 49, 55, 57, 59]. One of the
challenges is that the problem often lacks a unique solution. Multiple configurations of
particles can result in the same pair-correlation, especially in disordered media where
the properties and behaviour of particulates can be influenced by factors like particle
size, shape and density [11, 50].

Several necessary conditions for potential pair-correlation functions have been
identified, including the requirement of non-negativity to ensure realistic repres-
entation of properties such as density or probability distributions in materials, and
restrictions on their associated structure factors, which measure variations in particle
density within a material [48]. However, establishing a set of sufficient conditions for
these functions remains an open challenge [48, 51]. We note that the problem is not
completely resolved even in just one spatial dimension.

Reverse Monte-Carlo. Reverse Monte-Carlo structural modelling is one technique
that has been used to calculate particle configurations that match a measured structure
factors or pair-correlations [9, 13, 14, 22, 30, 40, 53]. Typically these Monte-Carlo
simulations are guided by a Genetic Algorithm, or similar random searches, which are
computationally intensive [28, 29, 30, 43, 53]. These methods are brute-force, and
typically use non-gradient-based methods. While effective to some extent, they struggle
when dealing with pair-correlation functions that lack smoothness. In response to
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this limitation, we propose a novel approach based on smooth optimisation. Given
the straightforward computations of gradients, it stands to reason that gradient-based
optimisation methods [45] hold significant potential for superior performance over
traditional non-gradient-based approaches. This advantage comes from their ability
to efficiently move through the search space by using directional information, thus
offering a more targeted and faster convergence to optimal particle arrangements.

Paper summary. In Section 4.2, we start by deducing in a simple self-contained
way how to describe probability distributions and the pair-correlation in terms of a
set of particles. In Section 4.3 we show how to avoid the effects of boundaries when
calculating pair-correlations. The effects of boundaries are usually undesirable, and
the details we present seem to be missing from most references. In Section 4.4 we
show the same calculations again, but without the use of Dirac deltas for didactic
purposes. In Section 4.5 we deduce the structure factor for isotropic distributions both
from any given pair-correlation and a set of particles. These results are needed in
Section 4.6, where we present a method to calculate a configuration of particles that
matches a given structure factor. Developing more efficient methods to reconstruct
particle configurations from pair-correlations remains an ongoing challenge in material
science and computational chemistry [36]. The method we propose uses techniques
from smooth nonlinear optimisation to improve the efficiency, which we are able to
do because the structure factor is a smooth function of the particle positions. We also
present some preliminary numerical results. Finally, in Section 4.7 we summarise what
the paper achieved and possible future directions.

4.2 Particle distributions

Consider there are J particles placed within some region R. That is, the centre of every
particle r; € R. We represent one possible configuration of particles, or ensemble, by
the set X, where every » € X is the centre of a particle in the ensemble.

The function p(r) is the probability density of finding a particle centred at r. We
can approximate p(r) by defining a mesh of volume elements V' (v;), where the vector
v; is the centre of the volume element, and then counting the number of particles in
each V' (v;) divided by the total number of particles. This allows us to introduce py (v;)
as an approximation to p(v;), expressed as p(v;) ~ py(v;), to estimate the probability:

IR #XN V()] 1
P =5 ) @D
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where |V (v;)| is the volume of V' (v;), #X is the number of elements in the set X, and
S is the number of ensembles considered. The use of a finite number of ensembles
introduces a degree of statistical uncertainty. While increasing S can improve the
accuracy of the approximation, it also increases computational demands. There is
a trade-off between computational efficiency and statistical robustness. The chosen
value of S should provide a reliable representation of particle distributions while
remaining computationally manageable.

We require that the mesh:

V('Uz) N V(’Uj) =, for j # 1,

ensuring that each volume element is distinct and non-overlapping. This is crucial
for the independence of the measurements. It prevents double-counting of particles
and ensures that each volume element contributes uniquely to the probability density
calculation.

In a similar way, we can approximate p(x;, x>), which is the joint probability
density of finding one particle centred at «; and another centred at x,, while averaging
over all over particle positions. If we assume that both x; and x, are distributed within
R, then we can approximate the function p(xz;, ;) with the formula:

for i #£ 75, (4.2)

I #A Ve #XT N VE)]) 1
Pt n) S; #X FNV(0)] [V(0)[[V ()]

where py (v;, v;) = 0 for every i, and X*\V (v;) is defined as the set X'* without V' (v;).
Note that:

p(vnvj) ~ Pv(%;vj),

for every v; and v;. In simple terms, it allows us to estimate the probability of finding
pairs of particles at specific positions within a material by statistically approximating
the probability.

As expected, using this approximation, the integral of p(x;,x2) for x;,x; € R
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gives one:

[ plan.ea)deides = 3 prlw 0|V (0)]1V(w)

i?j

1 #10° NV(0)] #[X° NV (v))]
=522 gw REV(o)

s 4 g

LG A XN V@) # X N ULV (v)]

S Z Z gz #[\V (0)]

L& #H AT NUV ()]

=5 Z e =1, (4.3)

where we used that U;V(v;) = R, doy = |V (v;)],dzs = |V (v;)|, and R N U,V (v;) =
R\V (v;) which implies that X* N U;..;V (v;) = X*\V (v;).

The term that often appears in methods that use ensemble averaging of particulates
[4, 51, 54] is the particle pair-correlation, which is defined as:

J—1 p(xy,x2)

, 4.4
7 plap(@s) 4

g(mh mZ) =

where J = #X, is the total number of particle, where we have assumed that every

configuration #X, has the same number of particles. The factor is correction

for a finite number of particles in a region when calculating the pair-correlation
function g(x;,z,). In an infinite region, as particles become uncorrelated due to
distance or lack of interaction, the pair-correlation approaches 1, indicating a random
distribution without any correlation between particle positions. However, in a finite
region, the presence of a limited number of particles introduces a bias because each
particle is slightly more likely to be closer to another particle than it would be in an

infinite region. The correction factor adjusts for this bias by scaling down the
correlation as the number of particles increases, ensuring that g(x;, z;) — 1 for large
distances between particles or when particles become uncorrelated as confirmed by

[54, Equation (8.1.2)]. We demonstrate this in the next section.

4.2.1 Particles as Dirac delta

For a finite, but very large number, of particles we can rewrite the pair-correlation
in terms of Dirac deltas. For example, turning to (4.1) we assume there is a finite
number of ensembles S, each with a finite number of particles J. Then we can make
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the volume elements V' (v;) small enough so that there is at most one particle in each
volume element, which implies that #X° = J and:

. 1, if there is a particle in V (v;),
# XN V(v)] = (4.5)
0, if there is no particle in V(v;).

For notational convenience, we choose the mesh of volume elements such that each
element is centred at a particle r; € X%, if it contains a particle. Equation (4.5) allows
us to rewrite (4.1) in the form:

o

1< 1
pv(r;) = Z|V(”“i)| : (4.6)

%]

for every r; € X°.
As we are taking the limit of all the volume elements going to zero, |V (r;)| — 0,
we can approximate:

pv(’l”i), if € V(’I"i>,

0, else,

where p(x) = 0 if = is in a volume element that does not contain a particle. With this
definition, and taking the limit |V (v;)| — 0 for every i, we can rewrite (4.1) in the
form:
1S

p(x) = 73 ;r;(i(w ), 4.7)
where §(x — r;) is the Dirac delta function. This allows each volume element to
represent an infinitesimally small point in space, effectively turning each particle into
a point particle. For details on the Dirac delta see [2].

Repeating analogous steps for the joint probability density (4.2) we obtain:

p(x1, x2) = %ﬁ Z Z Z d(xy —1r)d(T2 — 15). (4.8)

s TiEXS riFEr;r;EXS

In (4.8), the outer summation over all ensembles S accounts for the randomness and is
essential for capturing the statistical variation across different possible configurations
of particles within the material. The inner summation considers all pairs of particles

r; and r; within each ensemble, excluding cases where r;, = r; because a particle
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cannot pair with itself. This guarantees that the model accurately represents the joint
probability of finding two distinct particles at two specific points.

This method provides a robust and flexible framework for statistical analysis
across a wide range of densities, especially in disordered systems. However, it can be
computationally intensive due to the high level of detail and precision it requires. As
each particle is represented as a point in space, the computations involve handling
potentially large numbers of Dirac delta functions.

4.2.2 Isotropic distributions

For most of this paper we focus on homogeneous and isotropic distributions. The
homogeneous assumption dictates that the particles are equally likely to be placed
anywhere in space, which leads to p(r) being a constant. If we choose all volume
elements to have the same volume |V (v;)| = |V, then using that py(v;) is a constant
together with (4.1) leads to:

1 T HXNV(w)] 1T 1 1 R #XNuV(w)] 11
AP0 Dy 7 D s )

(4.9
where [ is the total number of volume elements V' (v;), |R| is the volume of R, and we
used U;V (v;) = R and similarity I|V| = |R|.

For an isotropic distribution we have that only the inter-particle distance is needed
for their joint probability [37, 38]. That is p(zi,x2) = p(|z1 — x2|), where |r| is
the magnitude of the vector . To use this property to simplify the formula for the
pair-correlation (4.4), we start by writing:

g(l@r — @af) = gl@1, 2), (4.10)

then integrate both sides over all values such that |z; — a,| = z for fixed = relative to
the variables of integration. To make this clearer we introduce the ball region using
standard set-builder notation:

Blx;r)={ycR®: |x —y| <r}. (4.11)

The ball region is introduced to simplify the process of integrating over distances.
It defines a spherical region of radius r around a point x, which is essential for
transforming the pair-correlation function into a function of distance alone.

Using this notation, we will integrate both sides of (4.10) over every x, €
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0B(x;z) N'R, followed by over all ; € R, which results in:

/ / g(]wl - IBQDdSQd.’El = / / g(wl, fBQ)dSQdZBl. (412)
R JOB(x1;2)NR R JOB(x1;2)NR

Here, x; represents the position of a particle within the region R, x, is the position
of another particle, and 0B(x;; z) is the surface of a sphere with radius z centred at
x;. Physically, this means we are looking at all possible positions a second particle
could occupy that are exactly a distance z away from the first particle, and we are
integrating the pair-correlation function over the spherical surface that lies within the
region R, to understand how particle density varies at this specific separation distance.
The left side of (4.12) can move out of the integral, resulting in:

OB(x1;2) OB(x1;2)NR

For the right side of (4.12) we use the definition (4.4), and then rearrange (4.12) to
reach:

o) =11 _1 1 // P@LP) 4 gg (4.14)
dB(a:lzﬂ’Rp 1)p(x2)

To reach a simple formula to calculate g(z), we need to calculate the integral L(z). In
general, calculating L(z) can be awkward and we show how to avoid this in the next
section.

To simplify the radial pair-correlation (4.14) we combine (4.8) and (4.9) to write
the pair-correlation (4.4) in terms of Dirac delta functions, which we then substituted
into (4.14), and integrate over x; to obtain:

1
S 112 Z Z Z m /88(r¢;z)ﬁR 5(w2 - rj)ds} (415)

s TEXS riFEr;r;EXS

where n := J/|R| is the particle number density. To simplify (4.15), note that because
r; € R we have that:

/ 5(:62 — T‘j)ng = / 5(%2 — ’l"j)ng.
OB(r;;z)NR OB(r;;z)

At greater length, this is a result of the integral over x, ¢ R having an integrand which
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is zero, d(x3 — r;) = 0, because r; € R, allowing us to rewrite (4.15) in the form:

1
Sn2 Z > D (2 /88(0;,2) o(r; — 7 + ®)dS,, (4.16)

s T €XS riEr; ;XS

where we used the change of variables * = x, — ;. The change of variables to
x = x5 — r; essentially shifts the centre of the sphere to the origin. We can now show
how the Dirac delta function can be used to isolate the contribution of particle pairs at
exactly distance z apart:

/ 5(r + @)dS, = 8(|r| — 2), 4.17)
0B(0;z)

by noting that for any 2; < 2z, we have that:

z2 1, if z <|r| < 29,
/ / d(r + x)dS,dz = / §(r +x)dV, =
21 JoB(0;2) B(0;22)\B(0;21) 0, else,

(4.18)
where we note that dS,dz = dV, is a volume element. Considering the properties of
the Dirac delta [2], equation (4.18) can be used to deduce (4.17).

Substituting these results into (4.16) leads to:

5 = S 22 > dlr—rl -2, (4.19

s TEXS riFErr;eXS

The only change in (4.19) when changing from three spatial dimensions to two spatial
dimensions is that L(z) is given by (4.13) but with R being two dimensional and the
integral over S, being a line integral.

4.3 Particles in two regions

To avoid the influence of the boundary that encloses the particles, and avoid calculating
L(z) appearing in (4.33), we consider two different regions where particles can be
placed R, and R, as shown in Figure 4.1. We consider that x; and x, are two different
random variables with x; € R, and x; € R,. Note that R; C R, so, the particles J;
of R, are a subset of particles J, of R,. This setup allows for a focus on the internal
interactions within R; while minimising the boundary effects from R..

To calculate the joint probability distribution p(x;, ;), let X'* be such that every
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Figure 4.1: The left image shows a finite set of particles in a region R; taken from a larger
set of disordered particles in the region R,. Note that R, is contained within R,. On the
right a unit cell of random particles in a region R that is periodically tilled. On the right, the
region R is a cut out from the periodic tilling of the particles in R;. We use ¢ to indicate the
minimum length of periodicity, which is the height of the unit cell shown in the image on the
right.

Ty € X* is also in &3 € R,, then considering that ; € R, and x; € R, we have that:

(X5 NV (0;)] #[X NV (v,
o) SZ# NVEI#A V@) 1

for i (4
AR ARV (W) Ve[V O 7S (420

such that v; € Ry, v; € Ry, and V(v;) NV (v;) = & for every 1, j, and:
U;QIV(’UJ = Rl and U;Iil V(’Uj) = RQ.

As a check of the formula (4.20), performing an integral of py (v;, v;) for v; € R; and
v; € R, gives 1 as expected by following similar steps as shown in (4.3).
For the two different regions, the definition of the particle pair-correlation (4.4)

now becomes:
JQ — 1 p(ZUl, :1:2)

21
T pl@)p(@s) 21

gy, ) =
where Jy = #X%.
4.3.1 Isotropic distributions

The probability density for the two regions, and an isotropic distribution of particles,
is similar to before with:

and p(x2) = —. (4.22)



102 4.3. PARTICLES IN TWO REGIONS

Using analogous steps shown in Section 4.2.2 to reach (4.19) we can reach:

g<z):n2£(z)%z S0 (-2 (4.23)

s r,eXSNRy Tj #Ti,rj cexs

Equation (4.23) "selects" only those particle pairs whose separation distance is exactly
z. It does this by being zero everywhere except where its argument is zero. In this
case, it becomes non-zero only when |r; — r;| = 2.

However, now we can explicitly calculate L(z) given by:

R1 J OB(x1;2)NR2

Assume we want to calculate g(z) for 0 < z < Z. To do this we can require that: the
distance between the boundaries OR, and OR, be greater than or equal to Z. This
condition ensures that for any z < Z, any point x, on the surface of the sphere B(x; 2)
is also within R,. This is crucial for the validity of the pair-correlation calculation, as
it guarantees that the integration domain over S; becomes the entire surface of the
sphere, simplifying the computation of L(z). In other words, the domain of integration
over Sy becomes 0B(x1;2) N Ry = 0B(x1; z), which used in (4.24) for three spatial
dimensions leads to:

L(z) = 4n2*|Ry|. (4.25)

As a quick check, if R, was a sphere with radius R, centred at the origin, then,
I 2 I,(2)dz = |R4||Ra| as it should. Substituting (4.24) into (4.23) leads to:

0

s
1 1 .
g3(z) = yr——y E E E O(|ri —rj| —2), (3Dspatial), (4.26)

s 1T €XSNRy1 rj#r;,r;€Xs

where J; = #[X* NR4|, and we use gz instead of g to indicate that (4.26) is for 3
spatial dimensions.

For two spatial dimensions we have L(z) = 27z|R;| which substituted into (4.23)
leads to:

S
1 1 .
ga(2) = 5mad S E E E d(|ri —rj| —2), (2Dspatial). (4.27)

s ri€XSNRy 1j#r;,rjEXS

Next, we re-deduce (4.26) and (4.27) without using Dirac delta functions.
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4.4 The discrete form for isotropic pair-correlations

In this section we redo the calculations that lead to (4.26) and (4.27) but without the
use of the Dirac delta function. That is, without taking the limit of volume elements
tending to zero as used to reach (4.7). Doing this serves two purposes:
* It can be simpler to understand these discrete formulas, and implement them as
a numerical method.
* It helps to verify the formulas by reaching formulas we can compare with
literature and having two avenues to deduce the same formulas.

4.4.1 Particles in one region

Here we consider that all particles are within one region, r;, r; € X, and re-deduce
the results that led to the formula (4.19) but without Dirac deltas.

To reach a simple formula for g(z) with the discrete approximation (4.2), we
discretise the integral in (4.14), substitute (4.2), and use the discrete approximation
for the differentials:

dey = |V(v;)], dzdS: = |V (v;)], (4.28)

to obtain:

J—l R XﬂVvl XNV (v
€= 75 Hs Z 2.2 o e 6
where we used (4.9) to substitute p(x,) = p(x2) = 1/|R|, and the sum over j is for
every v; such that z — dz/2 < |v; — v;| < z + dz/2. As the minimum value for z = 2aq,
we just set g(z) = 0 for z < 2a, where a denotes the radius of the particle.

At this point, due to the choice (4.28), the volumes |V (v;)| and |V (v,)| do not
appear explicitly in (4.29). This allows us to simplify the formula by choosing V' (v;)
and V' (v;) to be sufficiently small so that they each contain no more than one particle.
For the indices i and j where there is no particle in V' (v;) and V' (v;) respectively, we
have # [A° NV (v;)] = 0 and # [X° NV (v;)] = 0. This makes it convenient now to
only sum over the i, and j where:

#[XN\NV(vy)| =#X"-1=J -1, (4.31)
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which used in (4.29) leads to:

TR
g(z)z;mzz > (4.32)

s i |vi—vjlRz

where we used the particle number density n := J/|R|. Now, when the volume
elements V' (v;) and V (v;) are significantly small, approaching zero there is only one
particle centre in V' (v;) and one other particle centre in V' (v;). In this limit, v, and v
approximate the actual positions r; and r; in A’*, which means we can sum over the
actual positions r; and r; instead of the volume elements v; and v;. This leads us to
rewrite (4.32) in the reduced form:

s
1 ) . . .
g(z) = CL(d5 E E #X7(z), (discrete pair-correlation), (4.33)

s r;EXS

where X?(z) are all the particles r; such that are |r; — ;| = z, or, more precisely with
set builder notation:

Xi(z)={r; e X*: 2 —dz/2 < |r; —rj| < 2+ dz/2}, (4.34)

and #X(z) is the number of elements in X7 (z).

The only change in the formula (4.32) when changing from three spatial dimen-
sions to two spatial dimensions is that L(z) is given by (4.13) but with R being two
dimensional and the integral over S, being a line integral.

Now, to show that the discrete pair-correlation function (4.33) is equivalent to
(4.19) involving the Dirac delta, we need to show that:

lim 25 2) S Sy - 2). (4.35)

dz—0 dz

T, r;EXS

To verify (4.35), let us define:

1, if z—dz/2<z<z+4dz/2,
fz) =

0, otherwise.

Then, #X7(2) = -, 4. ;,exs [(|7i — 7j]). To complete the demonstration of (4.35) we
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note that for any = we have that:

lim @)

dz—0 dz

=d(x — 2). (4.36)

Equation (4.36) becomes infinitely high and narrow while integrating to 1, precisely
picking out values at x = z.

4.4.2 Particles in two regions

Using (4.22) and the steps shown in Section 4.3, we can reach a formula which is
analogous to (4.33) but for r; € R, and r; € R, as illustrated in Figure 4.1 given by

s
1 1 1
_ 2t el X D isotropi .
gs(2) SUPEp Z T Z #X7(z), (3D isotropic), (4.37)
s r, EXSNR1

where we substituted (4.25) and used J; = #[X° N R4]. Equation (4.37) is the same
as the formula [3, Equation (2)], and [54, Equation (8.3.8)] when specialising their
formula for particles with the same radius, and when taking R, = R».

For two spatial dimensions the pair-correlation becomes

S

ZL Z #X(z), (2D isotropic). (4.38)
ﬂJl

s r, EXSNR1

1
S 27zdz

22(2)

As a final check, note that if particle positions were uncorrelated then #X7(z) ~
4mnz2dz, for three spatial dimensions, because the number of particles would then be
proportional to the volume times the number density. Substituting this approximation
into (4.37) leads to g3(z) = 1, which is what is expected from uncorrelated particles.

4.5 The Structure Factor

The structure factor, known as S(k), plays a crucial role in material science and
condensed matter physics [29, 30, 41, 42, 48]. Many experimental techniques, such
as X-ray diffraction, neutron scattering and electron microscopy, inherently measure
the structure factor, providing a deep understanding of the arrangement and density
fluctuations of particles within a material [5, 31, 49]. Unlike the pair-correlation
function g(r) which gives the probability of finding particle pairs at a certain distance,
the structure factor captures the intensity of scattered waves from materials, revealing
both local and long-range order through its relationship as the Fourier transform of
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g(r) [10, 24, 55]. This makes the structure factor, S(k), an integral part of interpreting
experimental data, providing information for both characterising new materials and
designing them with specific properties.

The expressions for the structure factor in two and three dimensions are well-
established in the field of material science [39, 51, 55]. In this section we re-derive
the structure factor from first principles using (4.26) and (4.27).

Mathematically, the pair-correlation g(z) in the form (4.26) shows how g(z) is
a discontinuous function when calculated from a finite number of particles. It is
discontinuous in the variables z and the position of the particles r;. As g(z) is not
a smooth function, we can not use techniques from local nonlinear optimisation to
calculate a particle configuration to match a specific pair-correlation. To avoid this, we
can take a transform of the pair-correlation such as the structure factor:

S(k) =1+ n/(g(r) —1)e*7dy, (The Structure factor), (4.39)

where r = |r| and k& = |k| is the magnitude of the wave vector. Equation (4.39)
matches the typical definition of the structure factor [51, 54, 56], noting that the
notation A(r) = g(r) — 1 is commonly used.

For some of the following calculations, we will perform the integral over g(r) and
—1 separately. To do this we note that:

§(k) = (Qi)n / e Frdr, (4.40)
where n is the spatial dimension, which in this paper is either n = 3 or n = 2.

For any given isotropic pair-correlation g(r) the structure factor (4.39) can be
simplified to a 1D integral. To do this, we assume that particles become uncorrelated
at a distance of R so that g(r) = 1 for 0 < r < R. Then from (4.39) we can calculate
that for three spatial dimensions:

AT R )
S3(k) =1+ ?n/ (g3(r) — 1) sin(kr)rdr, (4.41)
0
and for two spatial dimensions:
R
So(k) =1+ 27?11/ (ga(r) — 1)Jo(kr)rdr. (4.42)
0

We will use (4.42) to calculate the structure factor from a target pair-correlation in
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the next section.

We can further simplify the structure factor when calculating it from a configuration
of particles. For three spatial dimensions, we can substitute (4.26) into the structure
factor (4.41), but with R = oo, and using the property of the Dirac delta, to obtain:

S
Ss(k) =1+ Z Z Z (s — TJD, (3D Structure factor), (4.43)

klri — 4]
U riexsnry ryexs
rir

for k > 0. When calculating (4.43), a term of the form —(27)3nd(k) appears, according
to (4.40), however, as we consider only k£ > 0 it has no contribution to the above.

Following analogous steps, the two dimensional structure factor calculated from
(4.27) becomes:

So(k) =14+ — Z Z Z Jo(|k||r; —rj|), (2D Structure factor), (4.44)

SJ
L riexsnRy rjexs
"'j?g"‘i

for k > 0, where J, is the Bessel function of the first kind.

4.6 Particle configurations from the structure factor

In theory, the pair-correlation is calculated by taking into account an infinite number
of different particle configurations. Yet, many exotic material properties can be
achieved by choosing specific pair-correlations, with one example being hyperuniform
disordered materials [51, 52, 59]. So being able to calculate one configuration of
particles which closely represents any given pair-correlation would provide a route to
fabricate particulate materials which exhibit exotic properties.

To recover a specific configuration of particles from a pair-correlation, we show a
method to find a configuration of particles which is the mean particle configuration.
Suppose we are given some pair-correlation g*(z), then we want one configuration of
particles that when substituted into (4.37) will be close to g*(z), when removing the
sum over the ensembles by setting S = 1.

4.6.1 Restrictions

For any given pair-correlation g and S structure factor there are certain restrictions
[10, 55, 57] that need to be satisfied. These need to be considered when choosing a
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target pair-correlation g* or structure factor S*. We will only consider a few of these
restrictions, and note that there may be an infinite number of necessary, though more
complicated, conditions on the pair-correlation [10].

The simplest restrictions are that:

g (r) >0 and S*(k) >0, (4.45)

where the first is due to the definition (4.21) together with the basic rule that probab-
ility functions must be positive. The second needs to be non-negative because of the
relation of the structure factor S(k) with the variance of the particle density. This is
discussed in [10, 48, 55, 57].

As we focus on disordered particulates we require that particles become uncorrel-

ated at some distance R. This requirement implies that:
g'(r) =1, for every r > R. (4.46)

Further, from the definition (4.21), together with (4.22), we have that:

Jo—1
/ / g(ml,azg)dmldazg = 2J |R1||R2|/ / p(ml,mg)dmldmg
Rz Rl 2 721 R2

Jo—1
= 27 RIR). (4.47)
2

J.

Alternatively, using isotropy so that g depends on only |x; — x,|, the condition (4.46),
and specialising to three spatial dimensions, we make use of (4.26) to obtain:

/R2 /Rl(g?)(!wl — xy|) — 1)dz1dzy = //OR /Rl(gg(z) — 1)dz,22dzdQ

R
= 47| R4 | / (g3(2) — 1)2%dz. (4.48)
0

In (4.48), the integral over the regions R, and R, are simplified to a radial integral
over distance z with an angular component represented by (2, the solid angle. The
solid angle (2 is crucial for integrating over all directions in three-dimensional space,
accounting for the isotropy condition (4.46). By changing variables to z = x5 — x4,
we further simplify the expression, resulting in the integral over z and {2 that accounts
for the entire spherical symmetry around a point. Combining (4.47) and (4.48) leads
to the restriction:

R R3 1
/ gg(Z)ZQdZ =3 T I (4.49)
0
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where we used n = J,/|R,|. For two spatial dimensions, following analogous steps
and using (4.27), we obtain the restriction:

R 2

R 1

/ g2(2)zdz = 5 " 9 (4.50)
0

We can also translate the pair-correlation to satisfy (4.50). Let:

g2(r) = g5(r) + a dp(r), (4.51)

where dp(r) — 0 when r — R. In simple terms, (4.51) modifies an initial pair-
correlation function gj(r) to include a perturbation, aiming to adjust the particle
distribution within a specific range. The perturbation dp(r) is designed to become
negligible as the distance r reaches a specific point R. Then, given a number density n
we can obtain dp from (4.50):

a= |5 5 /OR gg(z)zdz} [/OR dp(z)zdz}_l. (4.52)

The selection of dp(r) = e~ /% guarantees this vanishing effect, exponentially decreas-
ing as r increases. The equation for a calculates the necessary scaling factor to achieve
the desired distribution pattern, factoring in the number density of particles and the
integral of the pair-correlation function up to R.

4.6.2 Gradient optimisation

For some inner product:
(G, H), = /g(k)H(k)w(k)dk,

where w(k) is some known weight. The objective is to find a particle configuration X
that minimises:

mi/rvlf(X), where f(X):=(S—S",S— 5. (4.53)
;€
Equation (4.53) uses an integral to assess the similarity between the actual and target
structure factors, S and S* respectively, over a range of spatial frequencies k. This
method helps to quantify how much the particle configuration A" deviates from the
desired configuration.
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Most methods in the literature [28, 43] achieve this by using non-gradient-based
methods such as Genetic Algorithms, Nelder-Mead, and Simulated Annealing. How-
ever, f, as written above, is a smooth function of the position of the particles in X.
Further, it is straightforward to analytically calculate the gradient of f in terms of the
particle positions r;. This implies the gradient based methods [45] hold significant
potential for superior performance over traditional non-gradient-based approaches. In
specific, the objective function f, and its gradient, can be computational expensive
to calculate so we opt to use the Limited memory BFGS (L-BFGS) methods [27, 33],
as it stores information on the Hessian (the gradient of the gradient) and uses this to
accelerate convergence. This often implies that L-BFGS requires less evaluations of the
objective function and its gradient [27].

Specifically, we develop a method to minimise (4.53) in two steps, one global,
and one local. Separating the two steps allows us to search over a large area of the
parameter space with the global step, while still obtaining high precision with the local
step. Another clear reason, based on recovering a configuration of particles, is that if
we had the constraint of particles not overlapping, then it can lead to particles being
locked in configurations which can be far from the global minimum. For this reason
we only enforce no particle overlapping in the local step. In more detail the two steps
are:

* The global step. A global optimisation that completely rearranges all particles
to minimise (4.53). For this step, we will allow particles to overlap, helping us
explore a broad range of particle configurations and avoid locking the particles in
a configuration and we will use a limited range for the wavenumbers k; < k < ko
when minimising (4.53). That is, in this step we do not want to resolve spatial
details smaller than the length scale 2a, since it might not significantly influence
the properties of the material. So the shortest wavelength \ we consider for the
structure factor is A = 2a which corresponds to wavenumbers k < ky = 7/a. The
smallest wavenumber k; is determined by the dimensions of the material: let
D, be the smallest dimension of R, then the longest wavelength we consider is
A = D; which implies that £ > k; = 27/D;.

* The local step. This step improves the particle configurations obtained from the
global step. This involves making small adjustments to the particle positions to
achieve a more accurate and realistic distribution of particles. We also enforce
a penaliser IV, shown in (4.60), to prevent overlaps between particles. The
penaliser has the form of an exponential that increases very rapidly as the
distance decreases. This means that as particles get closer to each other, the
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penalty for their overlap increases exponentially. For this step we also want
to resolve spatial details. Suppose we want to resolve details up to a/4, then
ko = 87 and k; < k < k, for this step.
To use techniques from nonlinear optimisation [33, 45] to minimise calculate
(4.53) we need to calculate the gradient:

af(X) 0 0S OR;
=~ (S—5,S-5=2) (=—,8—8"),—2 .5
(97'j 8rj< ’ >k Z<8Rz]’ >k (9'rj (4 4)
0S R
=2 i .55
( SETH Rji,S SV ks (4.55)
where
R, =r;—r;, the vector from r; to r;,
R;i =|r; —r;|, the magnitude of R;;, (4.56)
ORji _ Ry the gradient of R;; with respect to r;
In particular, for (4.44) we have:
JO(lk|R;), if v & Ry,
05, _ k 0<| | J) ]g 1 (4.57)

ORji I | 23,(|k|R;), if ;€ Ry,

where there are two cases because: if r; € R, then Jo(kR;;) gets summed twice in
(4.44), but if r; € R, then Jo(kR;;) only appears once in the summation. Likewise
for (4.43) we have:

085 k1 ) kRycos(kRy)—sin(kRy),  if 7 ¢ Ry,
_k : (4.58)
ORji  Ji (KR | okRy;cos(kRyj) — 2sin(kRy), if 7 € Ry,

For most optimisation methods, we choose to use Optim.jl [33], we need to supply the
total gradient:

af(X) af(x) af(X)
ory - ory T Ory |

where the block vector on the right is typically flattened to be just one large vector.

Vf=

For the local step, after the global step is complete, we add a restriction that penalises
particles that are overlapping. That is instead of minimising (4.53), we minimise:

min f(X) + AW(X), (4.59)

r,€X
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where A is some large positive constant that is problem dependant and:

W =" Xinycanye e/ V", (4.60)
ij#i

The specific formula for the penaliser (4.60) has the form of a Gaussian distribution
[21] and was chosen to effectively prevent particle overlaps during the local optim-
isation step. This function is smooth and differentiable, and it rapidly increases the
penalty as the distance between particles becomes less than twice their radius. Having
said that, the gradient of the penaliser (4.60) with respect to the position of the j-th
particle has the following form:

ow

_— 4 - a
5 = 3 D X< Rl (4.61)
J

i#]

For ease of implementation we use a discrete form:
(G )k = GoHyw,,
q

where w, are some Gaussian quadrature weights. For example we can write:

of(X) 0S, Rj;
=2 — SHw,. .62
8rj i aRﬂ Rji (Sq Sq)wq (4 6 )

The discrete form (4.62) simplifies the calculation of gradients in computational
simulations. This technique allows for efficient numerical approximation of gradients
necessary for optimising particle positions based on the difference between observed
and desired structural properties.

4.6.3 Preliminary numerical results

In this section we share our preliminary results and discuss potential future develop-
ments with our method.

Selection of pair-correlation. The first step is to have a systematic way to choose
candidate pair-correlations, with one motivation being to control wave propagation
[15]. Our work begins with the selection of appropriate pair-correlations that satisfy
the restrictions given in Section 4.6.1. Our choice is the Percus-Yevick model, a
well-studied pair-correlation [1, 23, 51, 54] which represents disordered particles
with very short range correlation. This model effectively catches the behaviour of
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uniformly distributed particles that exhibit correlations only because they can not
overlap. Figure 4.2 illustrates this concept, displaying the pair-correlation for hard
discs in a two-dimensional setup, where these discs account for a 15% volume fraction
and each particle has a radius of « = 1. This figure also includes the corresponding
structure factor, highlighting how the spatial arrangement of particles influences wave
propagation through the material.

Percus-Yevick Percus-Yevick
1.1¢r
—
§ 1.00f S 10l
g =
=075k & oo}
& o
80501 3 %%
(&)
g g 07}
= 0.25F [
£ B o6f
0.00 1 1 1 1 05 L ! ! ! !
0 2 4 6 8 0 5 10 15 20
z (distance) k (wavenumber)

Figure 4.2: On the left, the Percus-Yevick pair-correlation for hard discs [1], in two spatial
dimensions, where the discs occupy 15% of the volume fraction. On the right the corresponding
structure factor when using (4.42).

Initial configuration. The next step is to generate an initial configuration of
particles with the correct sizes, and within a given volume fraction [54], as shown
in Figure 4.3a. The simplest way to do this is to place particles on a grid. This
also facilitates defining the regions R; and R, which are needed to calculate the
pair-correlation without introducing artefacts from the boundary, as discussed in
Section 4.3. However, placing particles exactly in a periodic grid would lead to a
set of problems, especially when it comes to finding the optimal arrangement using
gradient-based optimisation techniques. The symmetrical nature of the periodic grid
tends to position the configuration at a local maximum which may not be an ideal
starting position for gradient-based methods. In other words, this symmetry can trick
our optimisation methods into thinking they have found the best arrangement when
there might be better choices they have not explored yet. To avoid this, we introduce
a simple yet effective strategy: we slightly move each particle by a small distance
in a random direction to break the symmetry, creating a more favourable setting for

optimisation.
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(a) Initial particle configuration. (b) Predicted particle configuration.

Figure 4.3: Figure 4.3a presents the initial position of all the particles, while Figure 4.3b
demonstrates the optimised particle configuration that closely aligns with the structure factor
depicted in Figure 4.2, achieved through our optimisation method.

Optimisation method and results. Our optimisation method is executed in two
steps: The first step of our method, the global step, minimises the objective function
(4.53) and is able to exactly match the specified structure factor, as demonstrated in
Figure 4.2. Following this global step, we employ a local optimisation step to refine
the particle configuration further. The result of the structure factor of the optimised
particle configuration, after the local step, is displayed in Figure 4.4. Despite the
slight noise introduced by the finite number of particles (600 particles of radius a = 1
occupying a 15% volume fraction in two spatial dimensions), the predicted structure
factor matches the target structure factor. Moreover, the predicted pair-correlation,
shown in Figure 4.4, offers further insight. Although there is some noise due to the
small number of particles, we see a good match with the desired pair-correlation.

1.1
1.00 =/ " o
- 5 10
2 3]
S 0T5F S o9t
3]
h E 0.8}
o 0.50F =
Q 3]
é 095 E 0.7
QCS ' —target A 0.6k ——target
— fitted — fitted
0.00 ] ] 1 0.5 | ] 1
0.0 2.5 5.0 7.5 10.0 0 5 10 15 20
z (distance) k (wavenumber)

Figure 4.4: The optimised particle configuration consisting of 600 particles of radius a = 1
occupying 15% of the particulate, depicted in Figure 4.3b, closely aligns with the desired
structure factor and pair-correlation, despite noise introduced by the limited number of
particles.



4.7. CONCLUSIONS 115

4.7 Conclusions

In this paper, we deduced from first principles how to calculate both the pair-correlation
and structure factor of a finite disordered particulate. We demonstrated how to do this
without getting artefacts from the boundary of the particulate, something which seems
to be ignored in the literature. Thus, it was possible to calculate the pair-correlation
of an infinite particulate from a finite sample. This is generally desired, as most
theoretical methods use the pair-correlations from an infinite medium, including the
very important translation invariance which greatly simplifies the pair-correlation.

Being able to calculate the pair-correlation from a particulate was rather straight-
forward in comparison to the inverse: calculating a particulate from a pair-correlation.
We presented a method to calculate one configuration of particles that best fitted a
given pair-correlation or structure factor.

Most methods in the literature [20, 45, 55] that calculate particle configurations
from the pair-correlation of structure factor use non-gradient-based methods such as
Genetic Algorithms, Nelder-Mead, and Simulated Annealing. Several works in fact
focus on trying to approximate the pair-correlation with a particulate, which is an
inherently discontinuous function as the joint probability function (4.8) involves Dirac
deltas. Instead, we suggested that it is best to seek a configuration of particles to
approximate the structure factor, as it is a smooth function of the particle positions, as
shown by (4.43) and (4.44). This enabled us to analytically calculate the gradient of
the structure factor, in terms of the particle positions, leading to faster convergence
to optimal configurations. The efficacy of our method was evidenced through visual
representations in Figure 4.3, which showed the transformation from the initial to
the optimised particle configurations, matching the theoretical model. Furthermore,
the comparison of the structure factors before and after optimisation, as depicted in
Figure 4.4, underscored the precision of our approach, achieving an almost identical
match to the targeted structure factor.

Optimising particle configurations holds significant implications for a wide range
of engineering applications. By precisely controlling particle configurations, engineers
can tailor material properties for diverse applications in aerospace, automotive, and
structural engineering, ensuring optimal performance and reliability.

Future avenues. We presented a two step method to calculate the structure
factor from a configuration of particles, one step for global optimisation that avoids
particle locking, and one step for local optimisation. To have clear evidence about
the performance advantage of our method, it is essential to further validate and
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compare our method against traditional brute-force, non-gradient-based optimisation
techniques, such as Genetic Algorithms and Simulated Annealing. This method can
be further developed to easily add priors about the particle configuration and treat
this as a statistical inverse problem [21]. There is a significant amount of prior
information that could be used [36, 58]. For example, when using more than one
type of particle, some particles may repel or attract each other. Or there can be
specific knowledge on chains or sub-components of particles. This information can be
added as a prior, or regulariser. This seems to be an unexplored approach that could
greatly increase the performance of this inverse problem. Moreover, the preliminary
results presented in Section 4.6.3, not only validate our novel approach to determining
particle configurations from structure factors, but also open up new possibilities for
future research. By fine-tuning the particle configurations, we could explore a wider
range of pair-correlations and structure factors, potentially uncovering new ways to
manipulate wave propagation in disordered particulate materials.
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Chapter 5
Conclusions

Multiple Effective Wavenumbers. In Chapter 2, our primary goal was to es-
tablish solid proof for the existence of multiple effective wavenumbers within an
averaged particulate material - a phenomenon considered unconventional in the con-
text of isotropic homogeneous media supporting only scalar waves. This finding holds
substantial significance as it challenges conventional expectations and aligns with
theoretical predictions [5, 6, 7, 16, 17, 18] highlighting the direct impact of multiple
wavenumbers on the behaviour of transmitted and reflected waves in particulate
materials with random microstructure.

Our rigorous Monte-Carlo simulations, undertaken to validate the presence of
multiple effective wavenumbers, confirmed the existence of two distinct wavenumbers
contributing to the total field as shown in Figure 2.8 and closely aligns with our
theoretical predictions. As far as we are aware, this is the first clear validation on
predictions of more than one effective wavenumber.

In a practical sense, a reasonable question that arose during this research was how
to identify the factors leading to the appearance of multiple effective wavenumbers.
Specifically, we wanted to understand when the classical theory, which relies on just
one effective wavenumber [2, 8, 9, 11, 12, 15], might not give accurate results.
Existing literature [6, 7, 10] has revealed a dispersion equation (2.13) as the source
of effective wavenumbers k,. Dealing with the dispersion equation (2.13) can be quite
time-consuming but there is a clear takeaway from our findings: strong scattering
gives rise to multiple wavenumbers.

Ewald-Oseen extinction theorem. One achievement we did not expect was to
prove the Ewald-Oseen extinction theorem [1, 4, 13], and determine exactly how far
the incident wave travels before becoming extinct in a disordered particulate material.
The proof of extinction in particulate materials also demonstrates that the average
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transmitted field behaves as a sum of effective waves, provided the distance from the
material boundary exceeds the extinction length. Additionally, our work has provided
a precise determination of the extinction length, shedding light on the distance an
incident wave must travel before becoming extinct. These theoretical achievements
enhance our comprehension of wave transmission in complex particulate media.

Wave reflection. In Chapter 3, we refined our understanding of wave reflec-
tions by employing two different methods to calculate the reflection coefficients: the
Dominant-wavenumber and the All-wavenumbers methods. The former considers a
single effective wavenumber k;, whereas the latter includes multiple wavenumbers.
Our analysis showed that for sound-hard particles, both methods produced matching
results. However, in the case of sound-soft particles where multiple wavenumbers
can get excited, the results do not agree. This indicates that the existence of multiple
wavenumbers leads to changes in the reflection coefficients.

Asymptotic location of wavenumbers. An important finding was the determin-
ation of multiple effective wavenumbers in three dimensions, by solving an implicit
dispersion equation. We developed an asymptotic method to identify complex effect-
ive wavenumbers in three dimensions, particularly for monopole scatterers. When
comparing the analytical findings derived asymptotically with the numerical results,
we showed that both approaches closely match.

Cookie-cutter method. Perhaps the most significant finding in our computational
analysis of particulate materials was the Cookie-cutter method. This innovative ap-
proach, detailed in Section 3.3.2, was a decisive factor to tackle the challenges that
arose when performing Monte-Carlo simulations. Typically, each simulation involves
placing a set of particles within a finite region, a process that can introduce arte-
facts from the boundaries of the particulate. The Cookie-cutter method effectively
eliminated these boundary artefacts, allowing us to accurately simulate the desired
pair-correlations.

Structural determination. In our research, detailed in Chapter 4, we tackled the
challenge of identifying particle configurations based on their pair-correlations. We
deduced from first principles the calculations necessary for both the pair-correlation
function g(r) and the structure factor S(k), for finite random particulate materials. To
accomplish that, we showed how to avoid the effects of boundaries when calculating
pair-correlations. This allowed us to accurately determine particle configurations from
their pair-correlations or structure factors, marking a significant advancement in our
ability to understand and manipulate particulate material properties.
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Gradient-based Optimisation. Developing more efficient methods for recon-
structing particle configurations from pair-correlations remains an open question in
the fields of material science and computational chemistry [14]. Our proposed method
employed techniques from smooth nonlinear optimisation to enhance efficiency. Since
the structure factor is a smooth function of the particle positions, we developed a two
step gradient-based method as a more efficient alternative to traditional non-gradient
techniques. The process involves a global optimisation step to avoid particle locking,
and a subsequent local optimisation step for fine-tuning.

Future Avenues. Most sensing methods, for particulate materials [3], attempt
to link the wavespeed and attenuation to the microstructure. This link only works
when there is a single effective wavenumber. By establishing that there are at least two
effective wavenumbers, in some parameter regimes, we now can foresee that current
sensing methods are unlikely to work in these regimes. To address this, there are two
possible avenues:

* Verify for which materials and parameter regimes there is approximately only

one effective wavenumber.

* Accept that there are two wavenumbers, try to measure both, and extract from
both of them more information about the microstructure (i. e. average particle
size and concentration) than would be possible when just measuring one effective
wavenumber.

These are both promising directions for further research. In terms of the first bullet
point, we note that there is a lot of current work on adding resonators to materials, and
that our work indicates that resonators would trigger several effective wavenumbers.

In this thesis, we developed a robust theoretical and numerical framework to
understand wave materials influence wave transmission. We demonstrated that the
average transmitted wave consists only of effective waves and our Cookie-cutter
method effectively eliminates artefacts from the boundary of the particulate. Having
said that, an important question arises: How can we tune the material to alter those
transmitted fields? For instance, can we design materials that can block certain waves
by using specific patterns of particle configurations? This question has been unresolved,
however, our innovative gradient-based approach to reconstruct particle configurations
from pair-correlations offers a promising way to understand it better. So, the next
natural step is to:

* Compare our method with brute-force methods such as Genetic Algorithms, and

Simulated Annealing, in terms of efficiency and accuracy.
* Create a method to generate families of pair-correlations that meet the restric-
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tions presented in Section 4.6.1.
 Test that our method is able to recover a wide range of pair-correlations.
* Extend to materials with different types of particles, often called multi-species.
* Develop a systematic way to include prior information about how different sub-
components tend to form in the material. That is, to use prior information from
chemistry and physics in the optimisation method.
This seems to be an unexplored approach that could increase the performance of this

inverse problem and extend our understanding of material properties at a fundamental
level.

In conclusion, my work has raised more questions than answers. At the very least,
I have shown how there are many opportunities in studying waves in disordered
materials.
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