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Abstract

Spin-exchange optical pumping (SEOP) is a process by which the nuclear polarisa-

tion of xenon-129 (129Xe) can be enhanced by a factor 105 of its thermal equilibrium

value, enabling clinical hyperpolarised (HP) gas magnetic resonance imaging (MRI).

This thesis is concerned with accurately modelling SEOP and implementing informed

polariser design upgrades in order to improve the production of HP-129Xe for clinical

hyperpolarised gas MRI. This was pursued through the following projects:

1. Modelling SEOP using 1D and 3D simulations in order to understand the effect of

realistic gas flow dynamics, temperatures, and Rubidium (Rb) source distribution

on Rb vapour density, [Rb], and 129Xe polarisation, PXe. It was found that im-

plementing a sufficiently long presaturator leads to near-saturation homogeneous

[Rb] across the optical cell, and high PXe.

2. Optimisation of atomic absorption spectroscopy (AAS) for direct [Rb] measure-

ments across the optical cell. Determination of accuracy limits stemming from

the breakdown of the Beer-Lambert law and line shape fitting at low spectral

signal-to-noise ratios (SNR) was conducted over infrared and violet Rb valence

electron transitions. It was observed that increasing Rb sources within the main

cell body led to the most homogeneous [Rb] distribution across the cell, how-

ever Rb runaway and cell temperature heterogeneity were observed to limit [Rb]

homogeneity. [Rb] was measured to be consistently lower than saturation [Rb],

even at high laser absorption. In addition, the Rb-129Xe spin-exchange cross sec-

tion, 
0, was calculated from the measured [Rb] values and was determined to be


0 = (1:1� 0:1)� 10�21 m3s�1.

3. Evaluating the use of a multi-compartment oven and optimal Rb source distribu-

tion to optimise thermal management. These upgrades led to reduced Rb runaway

susceptibility and improved cell temperature homogeneity and laser absorption.

Characterisation and optimisation of the upgraded polariser for HP-129Xe pro-

duction was performed. Optimal running conditions for 1L volume HP-Xe dose

were PXe = 23:7%, and 29:6% at dose equivalence rates of ∆DE = 725ml/hr and

∆DE = 398ml/hr respectively. In addition, analytical and numerical models of

SEOP were shown to differ at high laser absorption and/or low gas flow rates.

The discrepancy between theoretical and measured PXe values persisted after the

incorporation of measured spin-exchange values from [Rb] measurements, sug-

gesting the origin of this discrepancy extends to unexplored optical pumping and

Rb spin-destruction considerations.
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Chapter 1

Thesis overview

The overall aim of this work was to develop techniques for investigating the discrep-

ancy between theoretical and measured high-throughput, continuous 
ow129Xe-Rb

spin-exchange optical pumping hyperpolariser performance, and test polariser design

improvements to optimise hyperpolarised129Xe production.

Chapter 2 and 3 are background and theoretical chapters relevant to all original

research chapters.Chapter 2 gives an overview of129Xe-Rb spin-exchange optical

pumping hyperpolarisers and their importance for hyperpolarised gas MRI.

Chapter 3 provides the theoretical background of nuclear magnetic resonance, spin-

exchange optical pumping and atomic absorption spectroscopy needed to understand

how the polariser operates, as well as the diagnostic techniques used in its optimisa-

tion.

Chapter 4, 5 and 6 are original research chapters.Chapter 4 reports on �nite-

element modelling of the polariser. Simulations of the existing polariser setup were

performed. The simulated optimal Rb presaturator length is reported.

Chapter 5 looks to validate Rb density and temperature distributions produced by

simulations with direct measurements. To do this, atomic absorption spectroscopy was

developed for use on our system, as well as low-B0 �eld Xe polarimetry.

Chapter 6 looks to implement the Rb source changes to the polariser setup, as well

as incorporating spin-exchange parameters determined from direct Rb vapour density

measurements into modelling, in order to optimise HP-129Xe production. In addition,

di�erent 129Xe polarisation build up theoretical models are compared and their suit-

ability assessed.

Chapter 7 summarises the original work, its impact on polariser design and future

work objectives are discussed.
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Chapter 2

Introduction

Nuclear magnetic resonance (NMR) was discovered by Rabi [1], where nuclei absorb

radio-frequency energy of a particular frequency, speci�c to the isotope, when placed in

a magnetic �eld. The �rst experiments of NMR in condensed matter were then carried

out in 1945 [2,3]. NMR spectroscopy was made possible by the discovery of the chemical

shift e�ect [4,5] and magnetic resonance imaging (MRI) was subsequently developed by

Lauterbur [6] and Mans�eld [7], allowing 3D images of matter, and importantly alive

humans, to be performed.

Elsewhere in physics, optical pumping (OP) was proposed and observed [8, 9]. In op-

tical pumping, the populations of valence electrons across hyper�ne energy levels in

alkali metals can be polarised with photons in a beam of circularly polarised light. The

non-thermal electronic populations (hyperpolarised (HP)) in alkali metals can transfer

their angular momenta to noble gas nuclei through collisional spin-exchange interac-

tions, �rst demonstrated by Bouchiat, Carver and Varnum [10]. The phenomenon of

optical pumping followed by spin exchange is known as spin-exchange optical pumping

(SEOP).

Throughout the 1960s to 1990s, numerous experiments along with theoretical mod-

els were developed to improve our understanding and optimisation of SEOP within

rubidium-xenon (Rb-Xe) spin systems, such as measurements and modelling of Rb-
129Xe spin-exchange cross sections [11{15], Rb relaxation rates [16{19] and129Xe relax-

ation rates [20{24]. This enhancement of nuclear spin polarisation proved bene�cial for

NMR and MRI applications of HP 129Xe, signi�cantly amplifying signal strength. Key

to the development of HP129Xe gas MRI was demonstration of the �rst high-volume

throughput Rb-129Xe SEOP polariser in 1996 [25].

In 1994, the �rst study of HP-129Xe MRI in vivo was published [26]. Subsequently,

HP-129Xe MRI in a human was performed [27] (HP-3He MRI [28] in 1996). Although

2



CHAPTER 2. INTRODUCTION

HP-129Xe MRI had been established, HP-3He MRI was more widely adopted due to

the higher achievable polarisations, production rates and magnitude gryomagnetic ratio

(
 3He = � 32:44MHz/T, compared to 
 129 Xe = � 11:78MHz/T), leading to overall greater

signal to noise ratio (SNR) of MRI of the lung air spaces. However, world shortages

of 3He, with limited availability and high costs per litre [29], resulted in MR research

moving away from3He to the readily available and less expensive129Xe nucleus.

This roughly coincided with the development of narrower line width and higher power

795nm diode lasers used in Rb-129Xe SEOP. Major developments in129Xe-Rb polarisers

followed, with large-scale production,> 1L/hr of HP- 129Xe, polarised to� 42% from

Ruset and colleagues [30,31], giving on-demand up to 1L doses for HP-129Xe gas MRI.

Another important development was that near-unity (theoretical maximum) polarisa-

tion was achieved in the open-source batch mode polariser developed by Peter Nikolaou

and colleagues [32].

This has enabled clinical trials involving HP-129Xe MRI for pulmonary research as

well as clinical diagnostic imaging, providing insight into obstructive lung conditions

including chronic obstructive pulmonary disease [33{35], asthma [36, 37], and cystic

�brosis [38{40]; as well as interstitial lung disease [41{46], and COVID-19 [47, 48]. In

addition, the high solubility of Xe in blood and tissues enables MR imaging of Xe

in well perfused organs such as the brain [49], kidneys [50] and heart [51], o�ering a

unique diagnostic tool to quantify physiological parameters associated with pathologies

in organs beyond the lungs.

Since 2007,129Xe-Rb SEOP polarisers have been developed at the University of She�eld,

and the latest polariser generation has a production rate of� 3:5L/hour of HP-
129Xe [52], which has enabled clinical-scale research studies as well as clinical diag-

nostic referrals with a regulatory license for manufacturing HP-129Xe gas. However,

the achievable production rates and polarisations are still too low for wider adoption

of natural abundance Xe (26.4%129Xe), as opposed to the currently used enriched Xe

(86% 129Xe), which would decrease the cost per dose by� factor-10, especially due to

the emergence of dissolved-phase129Xe MRI as a useful diagnostic tool, which requires

high magnetisation (/ polarisation and 129Xe concentration). There are discrepancies

between achievable polarisations given by existing theoretical models and experimen-

tally measured values [52{55], suggesting that greater understanding of SEOP physics

is required to further optimise 129Xe-Rb SEOP. This is the motivation for this work

in understanding and further optimising the129Xe-Rb SEOP polariser for clinical-scale

HP-129Xe production.
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Chapter 3

Theory

3.1 Introduction

This chapter describes the theory of nuclear magnetic resonance (NMR), spin-exchange

optical pumping (SEOP) and atomic absorption spectroscopy (AAS) which are relevant

to the experiments conducted in this thesis.

Firstly, practical aspects of NMR signal detection are outlined. Theoretical consid-

erations of SEOP are then described in the context of how it is used to enhance the

polarisation of noble gas nuclei. Finally, AAS of alkali electronic transitions, and its

use to measure Rb vapour densities is explained.

3.2 NMR principles

Nuclear magnetic resonance arises from the intrinsic property of particles known as

nuclear spin angular momentum,I . Nuclei with non-zero spin have an associated dipolar

magnetic moment

� = 
 ~I ; (3.1)

where ~ is the reduced Planck's constant,
 is the gyromagnetic ratio of the particle

and I = jI j is the spin quantum number (integer or half-integer). A spin system can

be described by its wavefunction,j (t)i , and obeys the time-dependent Schr•odinger

equation

i~
@
@t

j (t)i = Ĥ j (t)i ; (3.2)

whereĤ is the Hamiltonian operator for the system. For NMR, the Born-Oppenheimer

approximation allows separation of the nuclear spin terms in the wavefunction and

Hamiltonian. The e�ects of electrons are then included as additional terms in the

4



CHAPTER 3. THEORY

nuclear spin Hamiltonian. The nuclear spin Hamiltonian is de�ned as

ĤN = ĤZ + ĤRF| {z }
external

+ ĤD + ĤCS + ĤJ + ĤQ| {z }
internal

; (3.3)

whereĤZ describes the Zeeman e�ect (see Section 3.2.1),ĤRF describes the interaction

with radio frequency (RF) (see Section 3.2.2),̂HD is the result of dipole-dipole e�ects,

ĤCS describes chemical-shift, which is a�ected by the interaction of surrounding elec-

tron orbitals with the applied magnetic �eld, ĤJ is the indirect spin-spin interaction

between nuclei mediated by the involved electrons and̂HQ is the quadrupolar e�ects

of nuclei with I > 1=2. ĤD is not discussed, however a semi classical approach to

dipole-dipole interactions is discussed in section 3.2.5.̂HCS , ĤJ and ĤQ do not need

to be discussed further in the context of the experiments performed in this work, due

to uncoupledI = 1=2 129Xe nuclei involved in this work.

3.2.1 Zeeman e�ect

The Zeeman e�ect is the lifting of the degeneracy between magnetic energy states in

the presence of an external magnetic �eld. The interaction between� and an applied

static magnetic �eld, B 0, and can be described by the Hamiltonian

ĤZ = � � � B 0 = � 
 ~I � B 0: (3.4)

If the magnetic �eld is applied in the z-direction (B 0 = B0ẑ) then

ĤZ = � � zB0 = � 
 ~I zB0; (3.5)

where � z is the z component of the nuclear magnetic moment. The eigenvalues ofĤZ

give rise to discrete magnetic energy levels,

Em = � m
 ~B0; (3.6)

wherem is the magnetic quantum number and can be� I; � (I � 1); :::; (I � 1); I . An

energy level diagram of Zeeman splitting for di�erent half-integer nuclei can be seen in

Fig. 3.1.
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CHAPTER 3. THEORY

Figure 3.1: Zeeman splitting for spin half-integer systems. (a) I = 1=2, (b) I = 3=2,

(c) I = 5=2.

For 129Xe, I = 1=2, resulting in two energy levels (Em=1 =2 = � 
 ~B0=2, Em= � 1=2 =


 ~B0=2). The di�erence in these energy levels, or the energy associated with transitions

between nuclear energy levels, is

� E = Em= � 1=2 � Em=1 =2 =
1
2


 ~B0 �
�

�
1
2


 ~B0

�
= 
 ~B0 = ~! 0; (3.7)

where! 0 is the Larmor frequency.

3.2.2 RF interaction

The application of an RF interaction is fundamental for NMR experiments. A radio

frequency �eld consists of a linear oscillating magnetic �eld,B 1 (t), given by

B 1 (t) = 2 B1 cos (!t )i : (3.8)

It is convenient to split B 1 into 2 counter-rotating circular �elds, oscillating at frequency

! ,

B 1 = B 1;� + B 1;+ = B1 [cos (!t )i � sin (!t )j ] + B1 [cos (!t )i + sin ( !t )j ] : (3.9)

In a rotating frame oscillating at ! , B 1;+ is stationary whilst B 1;� oscillates� 2! . This

o�-resonance oscillation meansB 1;� can be neglected. The RF interaction Hamiltonian

can then be described as

ĤRF = � � � B 1 = � 
 ~I � B 1 = � 
 ~IB 1 [I x cos(!t ) + I y sin(!t )] ; (3.10)

which is used for NMR detection, discussed in Section 3.2.6.

6



CHAPTER 3. THEORY

3.2.3 Semi-classical approach

So far, NMR has been explored with a quantum mechanical approach, concerned with

systems containing a low number of spins. For systems containing a large numbers of

spins, such as in this work, a semi-classical approach is less cumbersome.

Polarisation

For a system containing a large number of homonuclear (same spinI ) spins, the energy

level population sizes can be de�ned by a Boltzmann distribution. The probability of

spins occupying an energy levelE within the system is

� (E) =
e

� E
k B T

Z
=

e
� E

k B T

P I
m= � I e

� E m
k B T

; (3.11)

whereZ is the partition function, kB is the Boltzmann constant andT is the tempera-

ture in Kelvin. For a two-spin system such as129Xe or 1H, the excess number of spins

in the m = 1=2 (N+ ) state compared to them = � 1=2 (N � ) state may be de�ned as

� N � N+ � N � = N (� + � � � ), where N is the total number of spins populating the

two levels, and from Eq. 3.11 and 3.7

� � =
e� a=2

ea=2 + e� a=2
; (3.12)

wherea = 
 ~B0=kB T. The ratio of population excess �N to the total number of spins

across all energy levelsN is known as the nuclear spin polarisation. For129Xe nuclei,

the polarisation is therefore given by

P =
� N
N

=
N (� + � � � )

N
=

0

@e

 ~B 0
2k B T � e� 
 ~B 0

2k B T

e

 ~B 0
2k B T + e� 
 ~B 0

2k B T

1

A = tanh

 ~B0

2kB T
: (3.13)

For high temperatures (kB T � 
 ~B0), 129Xe polarisation can be approximated as

P =

 ~B0

2kB T
: (3.14)

The sum of the magnetic moments of nuclei within a Boltzmann distribution within

the sample results in a net magnetisation,M 0, given by

M 0 = N� zP = N
(
 ~)2B0

4kB T
: (3.15)

Greater NMR signal strength (proportional toM 0) is bene�cial for MRI, however ther-

mal magnetisation, as given by Eq. 3.15, is low at high temperatures and low magnetic

�elds, B 0. Engineering limitations restrict current achievable magnetic �eld strengths,

low temperatures cannot be used on living samples and increasing sample size,N , may

not always be practical, especially if measuring signals from near-atmospheric pressure

gases. Hyperpolarisation techniques allow temporary non-thermal polarisation to be

reached, leading to highM 0 for increased NMR signal strength.

7



CHAPTER 3. THEORY

Equations of motion

A semi-classical approach is used to describe the motion of spins in a static magnetic

�eld, H . For a macroscopic spin ensemble, magnetic susceptibility must be considered

and soH is replaced with the magnetic induction,B ,

B = � 0 (1 + � ) H ; (3.16)

where � 0 is the permeability of free space and� is the magnetic susceptibility of the

sample. Classical theory of electromagnetism states that a magnetic moment,� , will

undergo a torque� , in the presence of an applied magnetic �eldB , which is equal to

the rate of change of its angular momentum.

� =
dI
dt

= � � B : (3.17)

Similarly, a spin ensemble with net magnetisation per unit volume is

M =
1
V

NX

i

� i : (3.18)

By combining Eq. 3.17 and 3.18, the motion ofM is described by

dM
dt

= 
 M � B : (3.19)

In order to solve this, it is helpful to transform from the conventional laboratory frame,

S(x; y; z), to a rotating coordinate system, `the rotating frame',S0(x0; y0; z). S0 is

rotating with respect to S with angular velocity described by vector
 [56], as shown

in Fig. 3.2. According to the general law of relative motion, the time derivative of

any time-dependent vector computed in laboratory frame,dA
dt , and its derivative in the

rotating frame, @A
@t, are related through

dA
dt

=
@A
@t

+ 
 � A : (3.20)

Combining Eq. 3.19 and 3.20 gives

@M
@t

= 
 M �
�

B +





�
: (3.21)

Eq. 3.19 and 3.21 have the same form providedB is replaced by an e�ective �eld,

B e = B + 


 consisting of the laboratory �eld, B , and a �ctitious �eld, 



 . Setting

the rotating frame as 
 = � 
 B leads to B e = 0 and subsequently @M
@t = 0, i.e. the

magnetisation is a �xed vector in the rotating frame.

8



CHAPTER 3. THEORY

Figure 3.2: (a) Laboratory frame and (b) Rotating frame. Figure adapted with permis-

sion of John Wiley & Sons, from Ref. [57] 2023; permission conveyed through Copyright

Clearance Center, Inc.

RF excitation

When an excitation pulse, i.e. a perpendicular transient magnetic �eld,B 1 = B 1̂i ,

is applied on resonance (i.e. 


 = � B0k̂ ), in addition to the static magnetic �eld,

B = B 0 = B0k̂ , in the z-direction, thenB e = B + 


 = B 1̂i , and the equation of motion

in the rotating frame (Eq. 3.21) becomes

@M
@t

= 
B 1M � î: (3.22)

This describes the precession of the magnetisation about the x-axis with angular velocity


B 1. After time � has past, the magnetisation will rotate through an angle� = 
B 1� ,

known as the 
ip angle. However, if the excitation pulse is o�-resonance (i.e.

 6= B0k̂ )

then

B e = B +





=
�

B0 �
! r




�
k̂ + B 1̂i = � B k̂ + B 1̂i ; (3.23)

where! r is the frequency of the rotating frame orB1 �eld about the z-axis and � B =

B0 � ! r

 is the �eld o�set between B0 and the �ctitious �eld ! r =
 . Substituting Eq. 3.23

into Eq. 3.21 gives
@M
@t

= 
 M �
�

� B k̂ + B 1̂i
�

: (3.24)

The e�ective �eld, of magnitude
p

� B 2 + B 2
1, makes an angle� = arctan

�
B 1
� B

�
. If

� B � B1, � � �= 2 and the magnetisation will be tipped into the y-axis, however if

� B � B1, � � 0 and the magnetisation will evolve una�ected by the RF pulse.

9
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3.2.4 Bloch equations and relaxation

Perturbation from equilibrium, as the result of an applied transient oscillating �eld,B 1,

results in precession of the magnetisationM about the e�ective �eld, B e. M will not

precess inde�nitely, and instead will return to its equilibrium position due to damping

mechanisms. This is known as spin-lattice or longitudinal relaxation and is described

as
dM z

dt
= �

M z � M 0

T1
; (3.25)

whereT1 is the longitudinal relaxation time constant. The solution of this is

M z(t) = M z(t = 0) exp
�

�
t

T1

�
+ M 0

�
1 � exp

�
�

t
T1

��
: (3.26)

In addition, an applied transient oscillating �eld leads to transverse magnetisation,M x

and M y. The dampening process of this is known as spin-spin or transverse relaxation,

and is described by
dM xy

dt
=

� M xy

T2
; (3.27)

whereT2 is the transverse relaxation time constant. The solution of this is

M xy (t) = M xy (0) exp
�

�
t

T2

�
: (3.28)

Combining Eqs. 3.25, 3.27 and 3.21 gives the equation of motion in the rotating

frame
@M
@t

= 
 M � B e �
M x î + M y ĵ

T2
�

M z � M 0

T1
k̂ : (3.29)

If B e = � B k̂ + B 1̂i , then Eq. 3.29 can be re-written as the following equations, known

as the Bloch equations in the rotating frame,

@Mx

@t
= 
 � BM y �

M x

T2
; (3.30)

@My

@t
= 
B 1M z � 
 � BM x �

M y

T2
; (3.31)

@Mz

@t
= � 
B 1M y �

M z � M 0

T1
: (3.32)

These equations are fundamental for many NMR experiments. After an excitation

pulse that causes the magnetisation to be perturbed by 90� from the z-direction and lie

entirely in the y-direction, the initial conditions are M z = M x = 0 and M y = M 0 and

the magnetisation will evolve in time according to

M x (t) = M 0 exp
�

� t
T2

�
sin (! 0t); (3.33)

10
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M y (t) = M 0 exp
�

� t
T2

�
cos (! 0t); (3.34)

M z (t) = M 0

�
1 � exp

�
� t
T1

��
; (3.35)

where ! 0 = ! 0 � ! r is the di�erence between the Larmor frequency! 0 and the re-

ceive/mixing frequency! r of the spectrometer. This example of magnetisation evolu-

tion is used throughout this thesis.

3.2.5 Relaxation mechanisms

Relaxation is the process by which spins return to their equilibrium state after pertur-

bation [58]. After RF perturbation, coherent spin precession is temporarily established.

Spins precess at slightly di�erent phases, which leads to decoherence, and the return of

the net transverse magnetisation to zero over time. This is known as transverse (T2)

relaxation, and is described by Eq. 3.27.

In addition, after RF perturbation, the net longitudinal magnetisation changes due to

non-Boltzmann spin populations. Over time, energy losses result in the spin population

returning to Boltzmann levels. This is known as longitudinal (T1) relaxation, and is

described by Eq. 3.25.

Molecular motion causes translations and rotations of molecules, which rapidly alters

the direction and position of the magnetic moment of each nuclei. These rapid 
uctua-

tions in local magnetic �elds are experienced by neighbouring nuclei and will contribute

e�ciently to relaxation at �elds close to the Larmor frequency via e.g. dipole-dipole

coupling.

Induced electric currents give rise to small induced magnetic �elds. Molecular motion

will cause these induced magnetic �elds to 
uctuate. Relaxation due to local magnetic

�eld 
uctuations is known as chemical shift anisotropy. The sum of these 
uctuating

local magnetic �elds causes the large static magnetic �eld to modulate slightly, and this

results in spin-rotation relaxation.

I > 1=2 nuclei experience an addition relaxation mechanism due to electric quadrupole

couplings, which will not be considered further as it is not relevant for the NMR spin

systems in this work.

Correlation times

Molecular motion can be characterised by the molecular correlation time,� c, which is

the time taken for a molecule to rotate through one radian.� c depends on the molecular
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species, as well as the state of matter, temperature and pressure. The correlation time

is an important parameter when considering the 
uctuations of time-varying magnetic

�elds. A randomly varying magnetic �eld, F (t), will average to zero,hF (t)i = 0,

however the mean square will be non-zero,hF (t)2i 6= 0, de�ned by the magnitude of

hF (t)i . To de�ne the rate of 
uctuations of F (t), the autocorrelation function, G (� ) is

used and is de�ned as

G (� ) = hF (t)F (t + � )i 6= 0; (3.36)

where� is a time interval. At � = 0, G (� ) = hF 2(t)i and � = 1 , G (� ) = 0. For a slow


uctuating �eld, F (t) and F (t + � ) values will be similar, meaning thathF (t)F (t + � )i

will be high. However for fast 
uctuating �eld, F (t) and F (t + � ) values will di�er and

hF (t)F (t + � )i will be close to zero. In general the autocorrelation function is assumed

to be a simple exponential

G (� ) =


F 2

�
exp

�
� j � j

� c

�
: (3.37)

Spectral density

The spectral density, J (! ), is the Fourier transform of the autocorrelation function

(integrating over time from �1 to + 1 , otherwise multiplied by 2 when integrating

from 0 to +1 ), i.e. the frequency composition of this function,

J (! ) = 2
Z 1

0
G (� ) exp (� i!� )d�: (3.38)

This de�nes the amount of motion within a system. The more motion there is (higher

J (! )) the faster the �eld 
uctuations, increasing relaxation. Substituting Eq. 3.37 into

Eq. 3.38 gives rise to

J (! ) = 2


F 2

� � c

1 + ! 2� 2
c

= 2


F 2

�
J (! ) ; (3.39)

whereJ (! ) = � c
1+ ! 2 � 2

c
is the normalised spectral density. Short� c broadensJ (! ) whilst

long � c narrows J (! ). While
R+ 1

�1 J (! ) is independent of� c, there is a steep decrease

in J (! ) for ! > (! 0� c)
� 1, as shown in Fig. 3.3. In addition, at! = ! 0, J is maximum

when ! 0� c = 1, and relaxation will be at its most e�cient.
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Figure 3.3: Spectral density vs frequency.! 0 = 1 was used. ! 0� c = 0:1, 1 and 10 are

the dashed, solid and dotted lines respectively.

Transition probabilities

The 
uctuating �eld induces transitions between spin energy levels. For a spin-1/2

system, there aren� and n� spins in the j� i and the j� i energy states, respectively.

The transition probability rate is W� and W+ for j� i ! j � i and j� i ! j � i , respectively.

The rate of population change for each state are

dn�

dt
= W+ n� � W� n� ; (3.40)

dn�

dt
= W� n� � W+ n� : (3.41)
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The population di�erence is n = n� � n� and the total number of spins in the system

is N = n� + n� , therefore the change in population di�erence is

dn
dt

=
d(n� � n� )

dt
=

dn�

dt
�

dn�

dt
= 2 ( W+ n� � W� n� )

= ( W+ n� � W� n� ) N � (W+ n� + W� n� ) n:

(3.42)

At equilibrium dn
dt = 0 which meansn = n0 = (W+ n � � W � n � )

(W+ n � + W � n � ) N and n0 � N so W+ �

W� . Eq. 3.42 therefore becomes

dn
dt

= 2W� (n0 � n) : (3.43)

Relating Eq. 3.43 to Eq. 3.25, and usingM z = 
 ~
2 n and M 0 = 
 ~

2 n0 derived from Eq. 3.15

and n = NP , gives

T1 =
1

2W�
: (3.44)

By considering time-dependent perturbation theory,W� is determined to be

W� =
1
2


 2


F 2

�
J (! 0) : (3.45)

Substituting this into Eq. 3.44 gives the T1 relaxation rate

1
T1

= 
 2


F 2

�
J (! 0) = 
 2



F 2

� � c

1 + ! 2
0� 2

c
: (3.46)

The minimum of T1 is where ! 0� c � 1. Similarly, the 
uctuating �eld e�ects on T2

relaxation are [59]

1
T2

=

 2



F 2

x;y

�

2
J (! 0) +


 2 hF 2
z i

2
J (0) =

1
2T1

+

 2 hF 2

z i � c

2
; (3.47)

where


F 2

x;y

�
= hF 2i , as only the transverse �eld 
uctuations have been considered

so far as they induce transitions. hF 2
z i is the longitudinal �eld 
uctuations, and its

term in Eq. 3.47 only includesJ (0), as hF 2
z i does not induce transitions [59]. In

the extreme narrowing limit (� c ! 0), where �eld 
uctuations in all directions are

of similar magnitude, T2 � T1. As � c increases (in the case of solids or very viscous

liquids), J (0) becomes increasingly signi�cant andT2 < T 1, similar to dipole-dipole

relaxation presented in Fig. 3.5.

Dipole-dipole relaxation

Dipole-dipole relaxation can be explained by transitions between two coupled spins in an

ensemble of weakly coupled homonuclear AX spin systems, as shown in Fig. 3.4.
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Figure 3.4: Transition probabilities in a homonuclear AX system.

The Solomon equations [60] de�ne the time evolution of each of the two spins, which

leads to the following relaxation rates:Rauto is the auto-relaxation rate, given by

Rauto = W0 + 2W1 + W2; (3.48)

whereW1 = W1A = W1X for homonuclear AX systems; andRcross is the cross-relaxation

rate, given by

Rcross = W0 � W2: (3.49)

The total longitudinal relaxation rate is given by

1
T1

= Rauto � Rcross = 2 ( W1 + W2) : (3.50)

Eq. 3.48, 3.49 and 3.50 have identical forms for the transverse relaxation rate (= 1=T2).

Applying the perturbing Hamiltonian for the dipole-dipole interaction gives

1
T1

=
3
10

b2 [J (! 0) + 4 J (2! 0)] ; (3.51)

1
T2

=
3
20

b2 [3J (0) + 5 J (! 0) + 2 J (2! 0)] ; (3.52)

where b is the dipole-dipole coupling constant. Eq. 3.51 and 3.52, shown in Fig. 3.5,

are similarly shaped to relaxation due to 
uctuation �elds, Eq. 3.46 and Eq. 3.47.
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Figure 3.5: T1 (solid line) and T2 (dashed line) relaxation times due to dipole-dipole

relaxation vs correlation time,� c. ! 0 = 1 was used.

3.2.6 Fourier Transform NMR

Whilst NMR was historically performed using the continuous-wave method [3], Fourier

transform NMR is the more convenient and intuitive technique for most applications. In

summary, this involves a pulsed RF excitation followed by reception at a �xed magnetic

�eld. This causes the temporary coherent precession of spins described previously. After

excitation, the spins will continue to precess, slowly losing coherence over time. The

precession induces a proportional signal in an RF coil (tuned LC circuit), with decay

rate (=1=T�
2 ) due to spin decoherence. If the sample is homogeneous, then the time-

domain (signal vs time) is su�cient for determining information about the species.

However, if the sample is heterogeneous, then performing a Fourier transform and

analysing the data in the frequency domain over multiple resonances can be used to

more e�ciently extract information about its heterogeneous environment.

16



CHAPTER 3. THEORY

Free induction decay

The NMR circuit can be split into two parts, transmit and receive. These may consist

of separate coils, but often one coil or an array of coils is used to perform both func-

tions. For transmission, an oscillating current,I B = I 0 cos (!t ), is applied to the coil.

Ampere's law means that this will produce an oscillating magnetic �eld,B 1, given by

Eq. 3.8. The B1 �eld tips the magnetisation into the transverse plane, as discussed in

Section 3.2.3. For reception of the NMR signal, the coherent precession of spins after

excitation is an oscillating magnetic �eld,M (r ; t). If placed near a coil, Faraday's law

of induction means that an electromotive force, emf, in the coil will be induced, given

by

emf (t) = �
@
@t

Z

sample
M (r ; t) � B (r )d3r; (3.53)

wherer is the spatial position vector,M is the time-varying magnetisation atr and B

is the magnetic �eld when a unit current is passing through the coil atr . If T � 1
1 and

T � 1
2 are shorter than ! 0, then using Eq. 3.34 and incorporating all time-independent

parameters into the initial induced signal amplitude,Vs;0, the read signal,Vs, has the

form

Vs (t) = Vs;0 cos (! 0t) exp
�

�
t

T �
2

�
: (3.54)

1=T�
2 = 1=T2 +1=T0

2, where 1=T0
2 is due to B0 heterogeneity and 1=T2 is due to spin-spin

coupling (see Section 3.2.5). Phase sensitive detection (PSD) is then used in order to

reduce the frequency ofVs (t), reducing sampling rate requirements of data acquisition

components. A reference signal,Vref = Vref;0 cos (! reft), is multiplied by the read signal

(Eq. 3.54), which gives

S (t) = Vs;0 cos (! 0t) exp
�

�
t

T �
2

�
� Vref;0 cos (! reft)

=
1
2

Vs;0Vref;0 [cos ((! 0 � ! ref) t) + cos ((! 0 + ! ref) t)] exp
�

�
t

T �
2

�
:

(3.55)

A low-pass �lter is used to remove the high frequency (! 0 + ! ref) component, leaving

a cosine which oscillates are frequency �! = ! 0 � ! ref, and initial amplitude S0 =
1
2Vs;0Vref;0,

SRe (t) = S0 cos (� !t ) exp
�

�
t

T �
2

�
: (3.56)

An additional PSD with 90� phase shift from the �rst PSD is used to distinguish

between positive and negative frequency di�erences, known as quadrature detection.

The resulting signal is

SIm (t) = S0 sin (� !t ) exp
�

�
t

T �
2

�
: (3.57)
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Re and Im labels in Eq. 3.56 and 3.57 denote the real and imaginary components of the

complex signal,S. This signal is known as free induction decay (FID), given by

S (t) = S0 exp (i � !t ) exp
�

�
t

T �
2

�
: (3.58)

The Fourier transform of S leads to a complex Lorentzian function

F [S (t)] =
Z 1

0
S (t) exp (� i!t )dt

=
Z 1

0
S0 exp (i (� ! � ! ) t) exp

�
�

t
T �

2

�
dt

= S0

�
T �

2

1 + [( ! � � ! ) T �
2 ]2

� i
(! � � ! ) T �

2
2

1 + [( ! � � ! ) T �
2 ]2

�
:

(3.59)

The real part is the absorption Lorentzian and the imaginary part is the dispersion

Lorentzian. The full width at half maximum (FWHM) of the absorption Lorentzian is
1

�T �
2

, as shown in Fig. 3.6.

Figure 3.6: FID, S (t), and NMR spectrum after fourier transform, F [S (t)]. The

solid and dashed lines represent the real (absorption) and imaginary (dispersion) parts

respectively.

NMR sensitivity

RF coils are LC circuits, tuned to resonate at the Larmor frequency,! 0, for greatest

sensitivity. The sensitivity of a coil is given by its Quality (Q)-factor. This de�nes the

self-dampening of the coil, and is given by

Q =
L! 0

R
; (3.60)

whereR is the resistance and (L! 0) is the admittance at ! 0. For detection, high Q is

often desirable, at the expense of bandwidth. Coil bandwidth is de�ned as �f = f c=Q,

where f c is the resonance frequency of the coil. Radiation damping e�ects may limit
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the Q desired for a NMR circuit. Random electronic noise (Johnson Noise) is given

by

Vrms =
p

4kB TR� f ; (3.61)

where T is the temperature of the probe and �f is the receiver circuit bandwidth.

Environmental noise can be systematic (constant or periodic) or random, and can be

dealt with by shielding or relocating apparatus away from noise sources. The signal

to noise ratio is SNR = S=� n . � n is often equal toVrms but not always. Therefore,

typically low R is good for both high Q as well as lowVrms . Finally, the �lling factor,

� is important for e�cient excitation of the sample and high signal, which is the ratio

of sample volume to internal volume of the coil or the volume of high B1.

The coil design must be such that the produced B1 excites the sample and that the

subsequent time evolution of magnetisation induces a signal with high SNR. B1 �eld

produced by a coil can be predicted using the Biot-Savart approximation and superpo-

sition, which is

B (r ) =
� 0

4�

Z

C

I ds � r
jr 3j

; (3.62)

where C is path of the wire in which current, I , 
ows. ds is a small section of the

wire.

Heterogeneous resonator

An example of a heterogeneous resonator is a surface coil, as shown in Fig. 3.7a. This

is a loop of wire, consisting of a number of turns,N . The magnetic �eld along the coil

axis is [61]

By =
� 0NI

2
a2

(a2 + y2)3=2
= 2B1; (3.63)

where a is the radius of the coil,I is the current in the coil, assuming in�nitely thin

wires and tight windings. The magnetic �eld produced decreases rapidly away from

the perpendicular axis. The steep drop o� means B1 is a highly localised �eld, and as

such a high �lling factor is readily obtainable, resulting in high sensitivity. However, the

heterogeneous �eld is undesirable for many pulse sequences, which require homogeneous

B1 across the sample.

Homogeneous resonator

Design considerations for homogeneous B1 �elds also apply to homogeneous B0 �elds,

important for both NMR and SEOP (discussed in Section 3.3). A Helmholtz coil design,

as shown in Fig. 3.7b, is used where access to the sample is important. A Helmholtz

con�guration is de�ned such that the longitudinal separation of the coils is equal to the
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coil radii, a. The magnetic �eld at the centre of the coils is given by [61]

Bx =
�

4
5

� 3=2 � 0I
a

= 2B1: (3.64)

A Helmholtz coil-pair consists of 2 coils, however a larger number of coils can be used

to improve homogeneity (see Chapter 8 of ref. [61]).

Another example of a homogeneous resonator is a solenoid coil, as shown in Fig. 3.7c.

The �eld along the coil axis is [61]

Bx =
� 0NI

2l

0

@ x + l=2
q

a2 + ( x + l=2)2
�

x � l=2
q

a2 + ( x � l=2)2

1

A ; (3.65)

where a and l are the radius and length of the solenoid. The magnetic �eld at the

centre is given by

Bx =
� 0NI

lD
= 2B1; (3.66)

where lD is the length of the solenoid diagonal. Whena is small compared tol, the

magnetic �eld is homogeneous near the centre of the solenoid.

Figure 3.7: Coil designs showing the direction of the current,I , through the wire for

(a) a surface coil, (b) a Helmholtz coil-pair and (c) a solenoid. The direction ofB , in

blue, is given by the right-hand rule.

The coil designs shown in Fig. 3.7 are used in this work, however many other designs

exist, such as saddle or birdcage [61]. In MRI, the spatial localisation and often large

samples (i.e. part or whole body) make multi-array coils preferential.

While impedance matching is an important NMR circuit design criteria for high fre-

quency systems (! > MHz), they are less relevant for the low frequency systems (order

10kHz) applicable to this work.
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3.3 Spin-exchange optical pumping

The two-stage process of SEOP involves (i) optical pumping of Rb valence electrons,

leading to high Rb electronic polarisation and (ii) spin-exchange between Rb valence

electrons and129Xe nuclei. The Rb vapour density, [Rb], governs the spin dynamics dur-

ing both stages of SEOP and is therefore studied in detail throughout this work.

3.3.1 Optical pumping

The Rb valence electron undergoes several interactions and can occupy many energy

levels, as shown in Fig. 3.8. The orbital structure, which de�nes the initial energy

levels that the electron may occupy, is characterised by the electron orbital angular

momentum quantum number,L (for 5S, L = 0 and for 5P, L = 1). The interaction

of the orbit, L and electron spin,S, gives rise to the �ne structure, characterised by

the total angular momentum quantum number,J . The Rb nuclear spin,I , and total

angular momentum,J, interact to form the hyper�ne structure. This results in non-

excited Rb valence electrons occupyingmj = � 1=2. The population di�erences between

states is described by Boltzmann statistics (Eq. 3.13).

Figure 3.8: Rb energy level diagram of the orbital, �ne and hyper�ne structure. Di-

agram not to scale. Hyper�ne transition energies are given by Steck [62, 63]. The

hyper�ne structure of 52P3=2 is not shown.

Left circularly polarised (photon spin sz = +1) parallel to a static Bz �eld (helicity

� + ) and resonant on theD1 line can only induce transitions from 5S1=2, mj = � 1=2

state, to the 5P1=2, mj = +1 =2 state due to the quantum selection rule of �mj = +1

imposed on the spin system. Spontaneous decay from the 5P1=2, mj = +1 =2 state
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then follows. In the absence of bu�er gases, decay to 5S1=2, mj = � 1=2 and 5S1=2,

mj = +1 =2 occur with relative probabilities of 2/3 and 1/3 respectively [64]. However,

in the presence of bu�er gases (typically He and/or N2), collisional mixing between

5P states leads to relative probabilities of 1/2 for both decay channels. This decay

can be non-radiative, provided a su�cient quantity of diatomic N2 is present to absorb

the energy into its translational, rotational and vibrational degrees of freedom [64].

Without N 2 quenching gas, relaxation of Rb electrons from the 5P1=2 to 5S1=2 state

would result in emission of unpolarised photons which can then be reabsorbed by Rb

electrons, leading to optical pumping of electrons in the 5S1=2, mj = +1 =2 state to the

5P1=2, mj = � 1=2 state, thereby reducing the build-up of ground-state Rb polarisation.

This is known as radiation trapping. The branching ratio, which is a measure of the

probability of radiation trapping occurring, is [64{66]

w
 =
3

3 + 835[amg� 1][N2]
; (3.67)

where [N2] is in amagat1. w
 is < 5% for [N2] > 0:07 amg.

Build up in the population of the 5S1=2, mj = +1 =2 state is described by the time-

evolution of the probability of �nding the Rb atom in the mj = +1 =2 state,� +1 =2, [64]

d
dt

� +1 =2 =
�

� SD

2
+ R

�
� � 1=2 �

� SD

2
� +1 =2; (3.68)

where� � 1=2 is the probability of �nding the Rb atom in the mj = � 1=2 state, R is the

optical pumping rate and � SD is the Rb electronic spin-destruction rate. This process

is summarised in Fig. 3.9.

11 amagat (amg) is the number of ideal gas molecules at standard temperature (T0 = 0 � C) and
pressure (p0 = 1 atm). This is equivalent to 2 :687� 1025atoms m� 3, which is known as the Loschmidt
constant.
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Figure 3.9: Optical pumping of the Rb D1 line with left-circularly polarised light parallel

to a static �eld Bz (� + ).

Rb polarisation is de�ned as

PRb = � +1 =2 � � � 1=2: (3.69)

Given initial Rb polarisation, PRb (t = 0) = 0, the time-dependent solution of Eq. 3.68

is

PRb (t) =
R

R + � SD
[1 � exp (� (R + � SD) t)] : (3.70)

R + � SD is typically very fast and PRb quickly reaches equilibrium

PRb =
R

R + � SD
: (3.71)

R is related to the photon 
ux, �, and the absorption cross section for scattering of

unpolarised light, � s by [64]

R (z) =
Z

� ( �; z ) � s (� ) d�: (3.72)

� s typically has a Lorentzian spectral pro�le [64] and � has an initial Gaussian spectral

pro�le before attenuation is considered.

The atomic centre frequency,� a, and linewidth, � � a, are de�ned for any gas composition

as

� a = � D 1 +
X

[G]i (� a) i ; (3.73)
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where � D 1 is the non-shifted RbD1 absorption line centre frequency. (� a) i and [G]i
are the lineshift density coe�cient and number density for each gas speciesi respec-

tively.

� � a =
X

[G]i (� � a) i ; (3.74)

where (� � a) i is the linewidth broadening density coe�cient for each gas speciesi . (� a) i

and (� � a) i values are given in Table 3.1.

Photon attenuation

So far we have only considered a thin (�z ! 0) slab of uniformly illuminated Rb

vapour, however, in practice, the photon 
ux incident on a sample will be attenuated

by absorption and lead to decreasing 
ux penetrating into the Rb vapour sample within

the optical cell, as shown in Fig. 3.10.

Attenuation of the circularly polarised resonant photon 
ux, �, along the cell length,

z, is described by [64]
d� ( �; z )

dz
= � � � 1

� +
� ( �; z ) : (3.75)

The mean absorption length per photon is given by

� � 1
� +

= 2[Rb]� s (� ) � � 1=2: (3.76)

Combining � +1 =2 + � � 1=2 = 1 with Eq. 3.69 gives an expression for� � 1=2,

� � 1=2 =
�

1 � PRb

2

�
: (3.77)

Using Eq. 3.76 and 3.77, Eq. 3.75 can then be rewritten as

d� ( �; z )
dz

= � [Rb]� s (� ) (1 � PRb (z)) � ( �; z ) : (3.78)

Laser (or photon) absorption, which is the proportion of photon 
ux absorbed across

the full optical cell length, L cell, is

Labs =
�( z = 0) � �( z = L cell)

�( z = 0)
� 100%: (3.79)

Optical pumping rate attenuation

Alternatively, attenuation of the optical pumping rate can be described by rewriting

Eq. 3.78 as
d� ( z)

dz
= � [Rb] (1 � PRb (z)) R (z) : (3.80)
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Eq. 3.72 can be evaluated for the photon 
ux at the SEOP cell incidence which

gives [67]

R(0) = � � (0) = �
Plnp

A
; (3.81)

where Pl is the laser power,A is the beam area andnp is the number of photons per

Joule at the pump laser centre wavelength,� l . � is the coe�cient relating � to R,

which for a Gaussian laser pro�le has previously been shown to be [67,68]

� =
2
p

� ln 2ref D 1 � 3
l w0(r; s)

hc� � lnp
; (3.82)

where � � l is the pump laser linewidth. w0(r; s) is the real part of the complex overlap

function, w, given by w = w0 + iw 00= e[ln 2( r + is )2 ]erfc(
p

ln 2[r + is]). Here s = 2( � l �

� a)=� � l is the relative detuning andr = � � a=� � l is the relative atomic linewidth of

the atomic absorption line to the laser spectral output. erfc is the complimentary error

function. If we assume that � remains Gaussian along z with attenuation (R(z) =

� �( z)), which is valid when the line shape of the absorption cross section and laser

pro�le are similar, then attenuation of R along the SEOP cell length,z, can be described

by [69]
dR (z)

dz
= � [Rb]� (1 � PRb (z)) R (z) : (3.83)

Laser absorption can be estimated by substituting �(z) = R(z)=� into Eq. 3.79 to

give

Labs =
R(0) � R(L cell)

R(0)
� 100%: (3.84)

The validity of Eq. 3.83 and 3.84 diminishes as the absorption line and laser line shape

overlap decreases.

Figure 3.10: Schematic of photon or optical pumping attenuation along the optical cell.

As circularly-polarised photons are absorbed by Rb in the optical cell, the photon 
ux,

�, and optical pumping rate, R, decrease with cell position,z, represented by the red

shading.
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Rb spin-destruction rate

Rb electronic spin-destruction occurs due to both S-damping, which is not a�ected by

Rb nuclear polarisation due to the short interaction times, and F-damping which is

a�ected by Rb nuclear polarisation due to the relatively long interaction times. Rb

electronic spin-destruction rate, �SD is [68]

� SD =
X

i

� i

�
1

TS;i
+

� i (P)
TF;i

�
; (3.85)

for i 2 f 85Rb, 87Rbg, where� i is the abundance of the Rb isotopei , 1
TS

and 1
TF

are the

S and F damping rates respectively.� (P) is the coe�cient that accounts for relaxation

in long lived van der Waals (vdW) molecules given by

� (PRb ) =
q(I; P )

[I ]2
; (3.86)

where [I ] = 2I + 1 is the statistical weight of the Rb nuclear spin quantum number

I and q(I; P ) = 1 + � (I i ; PRb ) is the paramagnetic coe�cient for PRb within a spin-

temperature distribution. The q values for87Rb (I = 3/2) and 85Rb (I = 5/2) isotopes

are given by [68]

1 + �
�

3
2

; PRb

�
= 1 +

5 + P2
Rb

1 + P2
Rb

; (3.87)

1 + �
�

5
2

; PRb

�
= 1 +

35 + 42P2
Rb + 3P4

Rb

3 + 10P2
Rb + 3P4

Rb

: (3.88)

Rb electronic spin-destruction due to S-damping has contributions from both binary

and vdW interactions ( 1
TS

= 1
T bc

S
+ 1

T vdW
S

). The binary S-damping Rb spin destruction

rate is

1
Tbc

S

= [Xe]( h�� NS i
| {z }

depolarising Rb-Xe binary collisions

+ � K h�� KS i
| {z }

)

Rb - 129 Xe binary SE collisions

+

[Rb]h�� SSi
| {z }

depolarising Rb-Rb binary collisions

+
X

i

[Y] i h�� NS i i

| {z }
depolarising Rb-bu�er gas binary collisions

; (3.89)

where [Xe] is the Xe density, [Y]i is i bu�er gas density (He or N2), h�� NS i i is rate

coe�cient for binary Rb and i gas collisions,h�� KS i is the rate coe�cient for Rb-
129Xe spin-exchange interactions during binary collisions,h�� SSi is the rate coe�cient

of Rb-Rb binary collisions and� K is the 129Xe abundance. Gas composition dependent

expressions forh�� NS i i , h�� KS i and h�� SSi are given in Table 3.1.

The vdW S-damping Rb spin destruction rate is

1
TvdW

S, i

=
C�


TvW;A
f S;i

| {z }
;

short-lived vdW molecules

(3.90)
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where the three-body formation rate per Rb atom, 1
TvW;A

, is de�ned as

1
TvW;A

=
k[Xe]

�
; (3.91)

wherek, is the molecular chemical equilibrium constant [14].� is the molecular lifetime,

de�ned for any gas density composition [G]i by [13,52]

1
�

=
!
� 


=
X

i


N
~

[G]i
[G]0;i

; (3.92)

for i 2 f Xe, N2, Heg, where [G]0;i is de�ned as the characteristic third-body density

for which the molecular break-up rate� � 1 is equal to the spin-rotation frequency,! =


N= ~, of the Rb electron spin vectorS about the rotational angular momentum vector

N of the RbXe molecule. � 
 is the phase angle subtended byS within a molecular

lifetime � , 
 is the coupling constant that determines the strength of the spin-rotation

interaction 
 N � S [13].

C�
 =
� K � 2

�

2
+

2� 2



3
(3.93)

is a coe�cient de�ned by the phase evolution angles for the vdW molecules� 
 and

� � = � 
 =x, wherex is the Breit-Rabi �eld parameter, which determines the fractions of

Rb electronicS momentum that is transferred to rotational angular momentumN and

to the 129Xe nuclear spinK = 1=2. The fraction of very-short regime vdW interactions

is

f S;i =
1

1 + ( ! hf;i � )2
; (3.94)

where! hf;i is the Rb isotopei hyper�ne frequency [70]. The vdW F-damping Rb spin

destruction rate is
1

TF;i
=

C�


TvW;A
f F;i

| {z }
;

long-lived vdW molecules

(3.95)

where f F;i = 1 � f S;i is the fraction of short regime interactions. Combining Eq. 3.90

and 3.95, we get a full expression for Rb spin-destruction due to vdW molecules,

� vdW
SD =

X

i

� i

"
1

TvdW
S;i

+
� i (P)
TF;i

#

=
C�


TvW;A

X

i

� i [f S;i + � i (P)f F;i ] : (3.96)

For low [N2], radiation trapping also contributes to � SD. The frequency of radiation

trapping is [71]

� trap = � trap ([N2] = 0) � w
 ; (3.97)

wherew
 is given by Eq. 3.67 and �trap ([N2] = 0) has been measured as 3:3� 104s� 1 [72]

or 4 � 104s� 1 [71]2. Throughout this work, � trap is ignored due to the high fraction

2Expression for � trap in Eq. 3.97 does not include [Rb] dependence, which is expected as noted by
Wagshul and Chupp [64].
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(= 10%) of N2 in the gas mixture used. Wall relaxation, interactions between Rb and

impurities in the cell wall surface, also contribute to �SD but are ignored due to slow

Rb di�usion, high optical pumping rates and low surface to volume ratios of the optical

cells used [73].

Limiting factors of optical pumping e�ciency

In practice, optical pumping e�ciency and Rb polarisation build up are a�ected by

imperfect circularly polarised light [68], skewed light e�ects [74] and circular dichro-

ism [75,76]. Lost photons due to scattering at the optical cell windows also occurs.

Imperfect circularly polarised light, jszj < 1, results in lowerPRb by a factor jszj [68]

and increases laser absorption, due to the highly attenuating absorption of right circu-

larly polarised light. However, attenuation of right circularly light is greater than left

circularly polarised light for sz > 0, and sz approaches +1 along the light propagation

axis for high [Rb] and cell lengths.

Skewed light e�ects are due to misalignment between the laser propagation and B0 �eld

directions, by an angle� . This leads to an elevated fraction of absorbed photons that

do not contribute to optical pumping. This lowersPRb by a factor cos� and increases

laser absorption by a factor 1 +R sin2 �
� SD

. Unlike imperfect light polarisation, this e�ect

persists through the optical cell [74].

Circular dichroism is where the di�erential absorption of light of opposite helicities

causes a reduction inPRb by a factor P1 = C=PRb , which is the ratio of the normalised

circular dichroism to Rb polarisation, and higher laser absorption by a factor 1 +

2R=� SD(1� P1 ). At the centre of the D1 absorption line,P1 � 1 andP1 decreases with

detuning. Thus optical pumping with broad spectral width lasers is more susceptible

to this e�ect than narrow spectral width lasers [76]. This has been characterised for
3He-Rb SEOP [75,76] but is yet to be systematically studied in129Xe-Rb SEOP.
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3.3.2 Spin-exchange

Spin-exchange occurs during interactions between Rb and129Xe atoms, described by

the Hamiltonian [13]

H = AI � S + 
 N � S + � K � S; (3.98)

whereAI � S is the magnetic dipole interaction between the Rb electronic spin,S, and

the Rb nuclear spin, I . 
 N � S is the spin-rotation interaction betweenS and the

rotational angular momentum of the Rb-Xe van der Waals molecule or colliding pair,

N , and � K � S is the magnetic dipole interaction betweenS and 129Xe nuclear spin,K .

The angular momentum vectors are shown in Fig. 3.11.

Figure 3.11: Angular momentum vectors associated with the Rb-129Xe van der Waals

molecule or colliding pair.

The time-evolution of the alkali metal spin during spin-exchange is [68]

dhFzi
dt

= � (R + � SD) hSzi +
Rsz

2
+ ( 
 SE, Rb ) hK zi ; (3.99)

wheresz is the photon spin of the circularly polarised pumping laser and
 SE, Rb is the
129Xe to Rb spin-exchange rate given by


 SE, Rb = 
 SE
� K [Xe]
[Rb]

; (3.100)
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where 
 SE is Rb to 129Xe spin-exchange rate and� K [Xe] is the 129Xe density. The

steady-state solution of Eq. 3.99 is

PRb = 2 hSzi =
szR + 2 hK zi 
 SE, Rb

R + � SD
; (3.101)

where 2hK zi is equal to the129Xe polarisation, PXe. Typically under optical pumping

conditions, sz = 1 and szR >> 2hK zi 
 SE, Rb , and Eq. 3.101 reduces to Eq. 3.71.

The time evolution of the noble gas nuclear spin during spin-exchange is

dhK zi
dt

= 
 SEhSzi � (
 SE + � 0) hK zi ; (3.102)

where � 0 is the 129Xe relaxation rate in the absence of Rb. The steady-state solution of

Eq. 3.102 is

PXe = hPRb i

 SE


 SE + � 0
[1 � exp (� (
 SE + � 0)t)] ; (3.103)

where hPRb i is the averagePRb over the Rb vapour sample. In practice, gas 
ow,

thermodynamics and photon attenuation leads to spatial variability of parameters, for

which PXe build up must be described by the time-independent convection-di�usion

partial di�erential equation

r � (� D Xe � r PXe) + v � r PXe = 
 SE � PRb � (
 SE + � 0) � PXe; (3.104)

whereD Xe is the Xe di�usion coe�cient and v is the gas velocity.

Spin-exchange rate equation

Similarly to the Rb spin-destruction rate, the Rb to 129Xe spin-exchange rate,


 SE = 
 bc
SE + 
 vdW

SE ; (3.105)

has contributions from S-damping binary collisions and the formation and break-up

of RbXe vdW molecules, with S-damping and F-damping contributions, as shown in

Fig. 3.12.


 bc
SE = h�� i SE [Rb]; (3.106)

whereh�� i SE is the binary 129Xe-Rb spin-exchange cross section. The contribution to

spin exchange from vdW interactions can be described by [68,77]


 vdW
SE =

� 2
�

2TvW;X

X

i

� i [f S;i + � i (P)f F;i ] = 
 0
vdW [Rb] (3.107)

where 1=TvW;X = [Rb] k=� is the Rb129Xe molecular formation rate per129Xe atom.
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Figure 3.12: Spin-exchange between Rb and129Xe during (a) binary collisions and (b)

the presence of the third body mediates spin exchange in van der Waals molecules.

� K is important during Rb spin-destruction, but not spin-exchange due to the concen-

tration of the second body involved, as seen in Fig. 3.13.
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Figure 3.13: (a) Rb spin-destruction due to spin-exchange and (b) Xe polarisation

build up due to spin-exchange. The arrows indicate polarisation transfer (spin-exchange

interaction between S and K) whilst dashed lines without arrows indicates interactions

without a transfer of polarisation.

We can de�ne the total Rb-129Xe spin-exchange cross section as


 0 = h�� i SE + 
 0
vdW : (3.108)

Spin-exchange parameter values are given in Table 3.1.

Table 3.1: SEOP Parameters. A range of values is given where multiple, di�ering,

applicable values are present in the literature.

Parameter Description Equation/Value Reference

!
2� Spin-rotation

frequency ofS

about N


N=h =

109� 135MHz

(speci�c values:

(109, 120, 121, 135)

MHz)

[78], [20], [14,79],

[78,79] respectively

x The Breit-Rabi �eld

parameter

3.2, 4.1 [22], [12]

respectively

k Molecular chemical

equilibrium

constant

244 �A
3

(T=373)� 3=2 [14]

Table continued over the page.
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Continuation of Table 3.1.

Parameter Description Equation/Value Reference

[G]0;Xe Xe characteristic

gas density

�
28:3Torr
760Torr

�
�
�

273:15K
349K

�
�

�
349K

T

� 1=2
amg

[15,18,22]

[G]0;N2 N2 characteristic

gas density

�
103Torr
760Torr

�
�
�

273:15K
349K

�
�

�
349K

T

� 1=2
amg

[22], with T

dependence

from [15]

[G]0;He He characteristic

gas density

�
175Torr
760Torr

�
�
�

273:15K
358:45K

�
�

�
358:45K

T

� 1=2
amg

[80], with T

dependence

from [15]

[Rb]sat Saturation Rb

vapour density

1010:55� 4132K
T

kB T � 10� 1

m� 3

[81]

� 85 Relative abundance

of 85Rb

0.7215 -

� 87 Relative abundance

of 87Rb

0.2785 -

! hf; 85
85Rb hyper�ne

frequency

2� � 3:0357 GHz [70]

! hf; 87
87Rb hyper�ne

frequency

2� � 6:8347 GHz [70]

Pl Laser power with

cell window

transmission losses

160W this work

� l = c=� l Laser centre

wavelength

794:77 nm this work

� � = � � l
� 2

l
c

Laser full width at

half maximum

0:25, 0:3 nm this work, [52]

respectively

A Laser and optical

cell cross sectional

area

4:4 � 10� 3 m3 this work

L cell Internal cell length 78.7cm this work

� D 1 = c=�D 1 Non-shifted Rb D1

centre wavelength

794.77 nm [52]

(� a)4He Rb D1 line shift due

to 4He

4.3 GHz/amg [82]

Table continued over the page.
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Continuation of Table 3.1.

Parameter Description Equation/Value Reference

(� a)N2 Rb D1 line shift due

to N2

-8.25 GHz/amg [82]

(� a)Xe Rb D1 line shift due

to Xe

-5.05 GHz/amg [82]

(� � a)4He Rb D1 linewidth

broadening due to
4He

18 GHz/amg [82]

(� � a)N2 Rb D1 linewidth

broadening due to

N2

17.8 GHz/amg [82]

(� � a)Xe Rb D1 linewidth

broadening due to

Xe

18.9 GHz/amg [82]

h�� SSi Rb-Rb binary

spin-destruction

rate

4:2 � 10� 19 m3s� 1 [83]

h�� NS i 4He Rb-He binary

spin-destruction

rate

1 � 10� 35T4:26

m3s� 1

[83]

h�� NS i N2 Rb-N2 binary

spin-destruction

rate

1:3 � 10� 31T3 m3s� 1 [84]

h�� NS i +

� K h�� KS i
Rb-Xe binary

spin-destruction

rate

7:44�

10� 21 (T=353K)1:17

m3s� 1

[78]

h�� i SE Binary 129Xe-Rb

spin-exchange cross

section

(1:26� 10) � 10� 22

m3s� 1 (speci�c

values:

(1:26; 4:02; 4:1; 10)�

10� 22 m3s� 1)

[85], [86], [17,22],

[87] respectively

End of Table.
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3.3.3 129Xe nuclear spin-destruction

Short T1 (= 1 =� 0 from Eq. 3.103) relaxation times are detrimental to the hyperpolarisa-

tion process, as well as limiting the lifetime of hyperpolarised129Xe. T1 relaxation from

a hyperpolarised state can be described by Eq. 3.26, where the initial magnetisation,

M z (t = 0) is the initial hyperpolarised magnetisation,MHP , and the equilibrium (ther-

mal) state is given by Eq. 3.15. Hyperpolarised129Xe relaxes through the mechanisms

described in Section 3.2.5. In practice, hyperpolarised129Xe relaxation in the optical

cell at B0 < 100G is determined by intrinsic and extrinsic processes, given by

� 0 = � in + � ex = (� t + � p) + (� g + � o + � w) : (3.109)

Intrinsic contributions consist of transient (binary collisions) and persistent dimers

(vdW molecular formation), � t and � p respectively. Extrinsic contributions consist

of di�usion through gradients in the magnetic �eld, � g, paramagnetic oxygen, �o and

wall relaxation, � w.

Intrinsic contributions

Relaxation due to Xe-Xe binary collisions (transient dimers) is given by [88]

� t = (5 :0 � 0:5) � 10� 6 [Xe] s� 1; (3.110)

where [Xe] is in amagat. Relaxation due to the formation of vdW molecules (persistent

dimers) is given by

� p = � Xe
vdW

�
1 + r

[B]
[Xe]

�
; (3.111)

where � Xe
vdW = (6 :7 � 0:1) � 10� 5s� 1 is the vdW relaxation term for pure Xe, [B] is the

bu�er gas density andr = kB=kXe wherekB and kXe are the the breakup rate coe�cients

of the bu�er gas and Xe respectively [89].

Extrinsic contributions

Relaxation due to paramagnetic oxygen at high �eld (B0 = 4:7T) is given by [24,

90]

� o = 0:388[s� 1]
pO2 [Bar]

1:013[Bar]
273[K]
T[K]

�
300[K]
T[K]

� 0:03

; (3.112)

wherepO2 is the oxygen partial pressure. �o is decreased by careful gas loading of the op-

tical cell. Given vacuum< 3mbar is achievable, assuming air (21% O2) contamination,

� o < 2:2 � 10� 4s� 1 at T = 20� C. For Xe in air at p = 1atm, � o = 7:6 � 10� 2s� 1.

The relaxation rate due to di�usion through transverse magnetic �eld gradients,jr B ? j
B 0

,

is given by [23]

� g = DXe

�
jr B? j

B0

� 2

; (3.113)
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where DXe is the Xe di�usion coe�cient. A homogeneous magnetic �eld is easily at-

tainable for most SEOP setups, so this contribution is usually negligible within the

main SEOP �eld. However, care must be taken that the polarised129Xe does not cross

signi�cant �eld gradients during its journey from the SEOP cell exit to the sample

collection space.

Wall relaxation

Wall relaxation is driven by interactions between Xe and the surface of the optical cell

wall, which contains paramagnetic impurities. If wall relaxation is su�ciently slow, and
129Xe polarisation is homogeneous across the cell, then wall relaxation can be modelled

as follows. If we consider the 
ux of spin into the cell wall [91],

j I =
[Xe] �w hI zi

4
; (3.114)

where �w =
p

8kB T=�M Xe is the Xe thermal speed [92], then the rate at which spin

polarisation is lost at the cell walls is given by

[Xe]Vcell� w hI zi = �j I Scell; (3.115)

where Scell is the internal surface area of the cell,Vcell is the volume of the cell and

� is the probability of spin destruction per a single wall encounter [91], or� = 1=Nb

where Nb is the number of coherent bounces [92]. The wall relaxation rate, �w , is

then determined by rearranging Eq. 3.115 and substitutingj I de�ned in Eq. 3.114 to

give

� w = � w
Scell

Vcell
; (3.116)

where � w = � �w
4 is the relaxivity of the cell walls. � w of Pyrex, the typical material of

optical cells, has been determined to be 1:14 � 10� 3cm s� 1 [93, 94]. However, it has

been observed that �w is B0 �eld dependent, through the magnetisation of impurities

in the glass [88]. �w may also be temperature and/or [Rb] dependent as reported in

studies of both 3He-Rb [95] and129Xe-Rb [96] SEOP. Increased Xe wall contact time

under 
ow due to convection rolls, and hence increased �w has been simulated [71],

further complicating � w . Additionally, � w has been shown to increase over time, for

which cleaning is necessary to restore lower values of �w [97].

Finally, surface coatings, which provide distance between impurities in the glass and/or

reduce the contact time during Xe wall collisions, have been used to decrease �w com-

pared to uncoated Pyrex [32,73,93,98,99], as shown in Table 3.2.
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Table 3.2: In-cell 129Xe relaxation times in the absence of Rubidium,T1 = 1=� 0, mea-

sured in di�erent SEOP cells. BM = batch-mode and CF = continuous-
ow.

SEOP

application

Coating T 1 = 1=� 0

(min)

B 0 �eld (G) Reference

CF clinical-

polariser

Uncoated

Pyrex

44 30 [52]

CF clinical-

polariser

- 3:7 � 20 [100]

CF clinical-

polariser

- � 1:28 30 [53]

BM clinical-

polariser

SurfaSil 114� 36 52:6 [32]

BM clinical-

polariser

SurfaSil � 150 35 [99]

BM clinical-

polariser

Uncoated

Pyrex

0:83 � 450 [73]

BM clinical-

polariser

OTS 5 (up to 10

and 17 also

quoted)

� 450 [73]

Flame-sealed

cells

Uncoated

Pyrex

22 to 48 47000 [93]

Flame-sealed

cells

SurfaSil 160 to 180 47000 [93]
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3.4 Atomic absorption spectroscopy

Atomic absorption spectroscopy (AAS) is the absorption of radiant energy by atoms.

This absorption is through the valence electronic energy transitions, in a similar manner

to optical pumping, however rather than hyper�ne transitions that result in non-thermal

population di�erences in themj = � 1=2 and mj = +1 =2 states, AAS uses unpolarised

light to induce �ne structure transitions from the ground state (52S1=2) at low photon


uxes. The structure of Rb electronic transitions is given in Fig. 3.14, with corre-

sponding parameters in Table 3.3, showing the di�erent possible ground state energy

transitions.

Figure 3.14: Grotrian Rubidium energy level diagram. Transition parameters are given

in Table 3.3.
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Table 3.3: Rubidium electronic transition parameters.

Fig. 3.14

transition

number

Transition Energy

(eV)

Wavelength

(nm)

Absorption

oscillator

strength ,

f

Reference

1 5S1=2 !

5P1=2 (D1)

1.56 795 0.3422 [62,63,101]

2 5S1=2 !

5P3=2 (D2)

1.59 780 0.6957 [62,63,101]

3 5S1=2 !

6P1=2

2.94 422 3:87� 10� 3 [101,102]

4 5S1=2 !

6P3=2

2.95 420 9:46� 10� 3 [101,102]

5 5S1=2 !

7P1=2

3.45 359.3 5:24� 10� 4 [101,102]

6 5S1=2 !

7P3=2

3.46 358.8 1:51� 10� 3 [101,102]

AAS relies on the Beer-Lambert law, which describes the attenuation of light through

a medium, as shown in Fig. 3.15, and is described by

I (� ) = I 0 (� ) e� [Rb] l� (� ) ; (3.117)

whereI 0 is the spectral pro�le of the light source in the absence of Rb vapour andI is

the spectral pro�le of the light after passing through the sample of path lengthl. � is

the absorption cross section speci�c to a given electronic Rb transition, which can be

integrated over frequency to get the expression
Z

� (� )d� = �r 0cf; (3.118)

wherer0 is the classical electron radius,c is the speed of light andf is the absorption

oscillator strength speci�c to each Rb transition, as given in Table 3.3.f is the proba-

bility of absorption (or emission) of energy in a transition between energy levels, which

can be theoretically calculated [103] or experimentally measured [104].
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Figure 3.15: Transmission of incident light,I 0, through the sample of Rb vapour, of

path length l, during AAS, based on Eq. 3.117. The arrow indicates the direction of

transmission and the violet shading represents the attenuation ofI 0 through the sample.

The absorbance of light by the medium is given by

A =
Z 1

�1
ln

�
I 0(� )
I (� )

�
d�: (3.119)

The absorption line shape arises due to the following phenomena [105,106];

ˆ The natural line width, which is due to the �nite lifetime of the excited state,

also known as radiation damping. This produces a Lorentzian line shape, and is

small so can be neglected.

ˆ Doppler broadening due to the motion of the atoms relative to the observer, which

produces a Gaussian line shape.

ˆ Collisional broadening, which is due to collisions between atoms and produces a

Lorentzian line shape. If the atoms are similar it is known as resonance broaden-

ing, which is often small given the small concentrations needed for accurate AAS.

If the atoms are di�erent then it is known as pressure broadening.
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ˆ Stark broadening, which is caused by external electron �elds or charged particles.

We do not expect these to be present in typical129Xe-Rb SEOP setups.

Doppler broadening and collisional broadening are therefore the most signi�cant phe-

nomena that contribute to the observed linewidth in AAS. In the past, line light sources

combined with photodetectors were used for AAS measurements as spectrometers with

high resolutions were not available. The absorption linewidth had to be larger than

the probe source linewidth, otherwise unabsorbed light would be introduced, causing

Beer-Lambert law deviation. Nowadays, a broader spectral light source combined with

a high-resolution spectrometer can be used to perform AAS.

3.4.1 Deviation from the Beer-Lambert law

The accuracy of AAS varies with absorbance. At very low absorbance, the lower de-

tection limit of the setup limits accuracy. As absorbance increases, accuracy improves,

reaching a maximum at a speci�c absorbance. As absorbance increases further, devi-

ation of Beer-Lambert law occurs, i.e. Eq. 3.117 no longer holds. This is due to the

spectral properties of the lines measured and instrumental defects [105], with the latter

typically being most signi�cant.

Spectral properties that cause Beer-Lambert law deviation include changes in the

absorption coe�cient due to the signi�cance of hyper�ne structure at high optical

depth [105]. In addition, factors that a�ect the number of atoms in the ground state

will cause Beer-Lambert law deviation, such as ionisation (Rb ionization potential =

4.16eV) [105], or incomplete dissociation [105,107] (dissociation energy of Rb-Rb bond

=0.47eV [108]). However, most of these issues should not occur at the relatively low

temperature conditions used on a SEOP polariser.

Instrumental defects that contribute to Beer-Lambert law deviation result from unab-

sorbed light due to optical mis-alignment with the sample, di�ering path lengths, hetero-

geneous concentrations across path length and emission of the absorbing medium [105].

Unabsorbed light is di�erent to constant background light, which can be accounted

for by subtracting background spectra from both the initial intensity,I 0 and measured

intensity, I spectra. Deviations from the Beer-Lambert law due to unabsorbed light

can be modelled by considering the fraction of unabsorbed (stray) light,f stray [107].

Eq. 3.117 then becomes

I (� ) = I 0 (� )
�
(1 � f stray ) e� [Rb] l� (� ) + f stray

�
: (3.120)

In the limit of low [Rb], and if f stray � 1, Eq. 3.120 is close to Eq. 3.117. However, at

high [Rb], e� [Rb] l� (� ) ! 0 and A ! � ln (f stray ), as shown in Fig. 3.16. Beer-Lambert

law deviation in Rb AAS measurements is investigated in Chapter 5 of this thesis.

41



CHAPTER 3. THEORY

Figure 3.16: Beer-Lambert law deviation in absorbance,A, vs Rb vapour density,

[Rb], de�ned by the amount of unabsorbed (stray) light,f stray . Asymptotes occur at

A = � ln (f stray ).
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Chapter 4

1D and 3D modelling of the SEOP

polariser

4.1 Introduction

Computational modelling enables prediction of the behaviour of systems without the

need for physical setup and testing, which is costly and time consuming. Such models

can be easily modi�ed, facilitating systematic exploration of a diverse range of con-

ditions, thereby contributing to the advancement of system optimisation endeavours.

Owing to the extensive theoretical framework established by researchers in SEOP's

early development, SEOP has been modelled for a wide range of di�erent experimental

setups and conditions. This includes modelling of Rb optical pumping and photon at-

tenuation [64,69,109], batch-mode SEOP polarisers [71,73,110,111] and continuous-
ow

(CF) SEOP polarisers [30,52{55,112{115]. Modelling exhibits a spectrum of complex-

ity and computational demands, spanning from 1D modelling, which encompasses the

utilisation of closed-form equations to describe SEOP quantities, to intricate 3D fully-

coupled modelling involving the interplay of gas 
ow and thermal dynamics coupled to

SEOP phenomena.

While near-unity 129Xe polarisation, PXe, has been achieved in a batch-mode SEOP

system [32], continuous-
ow systems su�er from under performance based on current

theoretical frameworks [52{55, 112]. A frequently proposed source of discrepancy is

the Rb vapour density, [Rb], which is a key parameter that governs spin dynamics in

SEOP. Kelley and Branca [100] addressed discrepancies with reported129Xe-Rb spin-

exchange rates, arriving at a closed-form expression similar to that of Walker and

Larsen [77], and suggested that variations in calculated [Rb] when measuring binary

and vdW spin-exchange cross sections in previous studies contributed signi�cantly to

the widely reported discrepancies between theoretical and experimental polariser per-
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formance. Indeed, Kelley and Branca [100] measured [Rb] much lower than saturation

in a small-cell continuous-
ow SEOP setup which, unless accounted for, would lead

to signi�cant underestimations in measured129Xe-Rb spin-exchange cross sections. In

large SEOP cell setups, indirect observation of lower than expected [Rb] has been made

by Plummer et al. [94]. Thus it is clear that accurate knowledge of [Rb] in the optical cell

is essential for correctly modelling and optimising CF-SEOP. To our knowledge, [Rb]

and its distribution within the SEOP cell has not yet been measured directly within

large SEOP cell polarisers that implement high power (� 100W), spectral-narrowed

(� 0:3nm) laser diodes, similar to the She�eld polariser.

Typically for our setup, the required [Rb] in the SEOP cell is created by placing a droplet

of Rb within the heated and illuminated main body of the cell. Over time, evaporation

of Rb from the Rb droplet leads to a saturated Rb vapour density, [Rb]sat. Unlike batch

mode production, where the gas is sealed within the SEOP cell duringPXe build up,

in continuous-
ow setups, gas 
ow may disturb [Rb] in the SEOP cell. If Rb vapour is

displaced by the gas 
ow faster than it can be replaced by Rb evaporation from the Rb

sources, then [Rb] will be lower than [Rb]sat. Lower-than-expected [Rb] in SEOP cells

have been observed where the surface area of the Rb coating is low [21]. The surface

area of Rb in the main body of the cell could be increased, however this may increase

susceptibility to undesirable Rb runaway e�ects [116]. During Rb runaway, continuous

coupling of laser heating and Rb evaporation is established, resulting in a highly opaque

region within the SEOP cell, which can lead to dark Rb (i.e. low Rb polarisation due to

low photon absorption and optical pumping rates) regions of the cell. In continuous-
ow

SEOP with large SEOP cells, this is particularly challenging compared to con�gurations

involving small SEOP cells. This challenge arises as thermal management demands

are higher, attributable to the larger SEOP cell volume, coupled with higher degrees

of laser heating, owing to the high laser powers used and the higher proportion of

laser absorption. To improve [Rb] distribution, and mitigate Rb runaway e�ects, Rb

presaturation regions have been implemented on other polariser systems [53,94,115,117].

This involves an upstream section of the SEOP cell where the Rb sources are placed

and heated outwith the pumping laser beam. The Rb presaturation region is not

illuminated by the pumping laser, thus decoupling laser heating from Rb evaporation.

However, lower-than-saturation Rb densities have still been observed in these setups [94,

115]. Therefore, we hypothesise that the Rb source distribution, gas-
ow and thermal

dynamics lead to non-saturation and/or heterogeneous [Rb] and lowerPXe build up in

the optical cell of the She�eld polariser.

In order to model these e�ects in SEOP, the �nite element method (FEM) can be used.

This is a widely used mathematical modelling technique which can be used to simulate

a diverse set of physical systems. Its application extends across various engineering
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applications including biomedical engineering. FEM showing the e�ect of Rb source

distribution on resulting [Rb] in SEOP has been previously performed on small cell

CF-SEOP polarisers [112{115]. To our knowledge, SEOP modelling involving di�erent

Rb sources that considers gas-
ow dynamics and heat transfer has not been performed

within a con�guration featuring a large optical cell (Vcell > 1L), spectral-narrowed

(� 0:3nm) laser diode and high production rate (Q = 2SLM) setup similar to the

polariser developed at the University of She�eld [52].

In this chapter, the existing polariser setup [52] was simulated using 1D and 3D meth-

ods in order to gain insight into the discrepancy between theoretical and measured

PXe. Updated spin-exchange parameters, measured with direct [Rb] measurements,

were used. Simulations of various Rb source distributions were performed. Introducing

a presaturator was also simulated. The 
ow rate dependence of the length of pre-

saturator required for near-saturation [Rb] of the gas 
owing into the cell main body

was determined.PXe temperature dependence has been investigated previously on the

She�eld SEOP polariser [52], however, due to updates to the SEOP theoretical frame-

work, we repeat this for direct comparison with 3D simulations, as well as explore the

e�ect of di�erent laser powers,Pl and 129Xe longitudinal relaxation rates in the absence

of Rb, � 0.

4.2 Methods

4.2.1 1D simulations

1D simulations were performed in MATLAB (MathWorks). Eq. 3.71 and Eq. 3.85 show

that PRb and � SD form a circular variable dependency. This is di�cult to simulate

and so we assume a �xed highPRb regime (PRb = 0:8) for � SD only, as the most

signi�cant spin-exchange will occur in highPRb areas. PRb was then calculated using

Eq. 3.71.

Optical pumping rate attenuation was calculated using an explicit solution of Eq. 3.83,

which is derived by substitution of Eq. 3.71 into Eq. 3.83, followed by separation of

variables to give the implicit solution,

R + � SD ln (R) + � SD (� [Rb]z � k) = 0 ; (4.1)

wherek = ln ( R0) + R0=� SD [69]. The explicit solution of this is

R(z) = � SDW(e(k� � [Rb]z)=� SD); (4.2)

whereW is the Lambert W function (f (x) = xex , W(f (x)) = x) [52].
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PXe build up due to spin-exchange, given by Eq. 3.104, neglecting Xe di�usion,DXe, was

evaluated using Euler's method. Euler's method is an approach for solving di�erential

equations where an initial value,y1, is given, and the �rst order di�erential equation is

evaluated. The point which is a step,h, beyond this initial point is calculated as the

sum of the initial point and the evaluated �rst order di�erential multiplied by the step

size,h, hence

yn+1 = yn + hy0(h; tn ): (4.3)

This is repeated for all points up to the limit of the independent variable range. In the

limit of h ! 0, the numerical solution approaches the exact solution.

The z-gas velocity,vz, where z is the direction of the laser propagation, for plug 
ow

is

vz = �
QV

Acell
= �

Q [SLM]
Acell�

(4.4)

where the (� ) sign is due to the direction of the gas 
ow opposing the laser propagation

direction. QV is the volumetric gas 
ow rate, � = T0
T

p
p0

is the gas number density in

amagat,Acell is the cell cross-sectional area andQ is the mass 
ow rate in standard litres

per minute (SLM). Initial PXe(z = L cell) = 0 and a total number of points, n = 2000,

across the cell length,L cell, corresponding to a step size ofh = L cell=(n � 1) = 394� m

was used.

1D simulations were ran at nominal running conditions (p = 1:25 bar, Q = 2 SLM1)

for a range of temperatures in order to determine optimal conditions for maximumPXe

output, and compared for di�erent Pl and � 0. The laser FWHM, � � l , was set to 0:3nm

throughout. The e�ect of [Rb] on output PXe was determined and compared for di�erent

Pl and � 0. At near-optimal temperature, [Rb] and � 0 were varied for di�erent Pl . This

was to simulate both the e�ects of laser (lowering laser power) and cell (increasing �0)

degradation over time.

4.2.2 3D simulations

3D simulations involve �ve physics models: gas-
ow dynamics, heat transfer, Rb trans-

port, optical pumping rate attenuation and PXe build up. This was performed using

FEM in COMSOL Multiphysics 5.6. The micro
uidics module was required for simu-

lating gravity and enforcing mass 
ow boundary conditions, and livelink to MATLAB,

in order to perform the complimentary error function, erfc, in Eq. 3.82. Simulations

are produced in successive iterations until the solution error estimate is su�ciently

small.

1After completion of this work, it was found that the mass 
ow regulator was calibrated for normal
litre per minute, NLPM ( p = 1 atm, T = 20 � C) instead of SLM (p = 1 atm, T = 0 � C). Flow rates in
subsequent chapters of this thesis are in units of NLPM.
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Simulation domain, optical cell geometries and material properties

FEM is able to numerically solve coupled partial di�erential equations (PDE) by divid-

ing the object or space in which the physical system takes place into a lattice consisting

of vertices, faces and edges, de�ned as the mesh. In this work, the simulation space or

object is the optical cell. This includes the main cell body, inlet and outlet stems and

the enclosed gas that 
ows from inlet to outlet. The optical cell geometries used are

shown in Fig. 4.1. CAD drawings of a cylindrical Pyrex optical cell were produced using

COMSOL Multiphysics. The optical cell has an internal diameter ofwcell = 7:5cm and

external length ofLex
cell = 80cm. The cell walls aretwall = 5mm thick. The optical 
at

windows have a thickness oftOF = 6:5mm. The cylindrical stems have an internal di-

ameter ofwstem = 6mm and length of L stem = 10cm. The stem walls aretstem = 1:5mm

thick. Optical pumping only occurs in the main cell body, which is illuminated by the

optical pumping laser.
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Figure 4.1: CAD models of four optical cell geometries, where the Rb source is high-

lighted in violet. (a) The small (10cm2) Rb source placed within the cell main body,

(b) the large (194cm2) Rb source placed within the cell main body, (c) Rb placed only

within the 72cm presaturator and (d) Rb within a 1m presaturator only (not to scale).

The Rb source boundary condition is applied to all internal cell outlet walls outside of

the oven, where Rb deposition is typically observed. The optical pumping laser prop-

agates along z, from the front to the back of the main cell body, and the gas 
ows

counter to this from the inlet to the outlet.

The cell walls are made of borosilicate glass (also known as Pyrex). Its properties are

only used in the thermal transfer model and are the density = 2230Kg m� 3 [118{120],

thermal conductivity = 1 :143W m� 1 K � 1 [119,120] and heat capacity,Cp = 750J Kg� 1

K � 1 [120,121].

The Xe gas mixture properties are used within the gas-
ow dynamics and thermal

transfer models. The gas mixture consists of 3% enriched Xe (86%129Xe), 10% N2 and

87% He. The gas mixture density,� mix , is given by

� mix =
X

� =1

x � � � =
p

RT

X

� =1

x � M � = 1:228� 10� 3[Kg m� 3K Pa� 1] �
p[Pa]
T[K]

; (4.5)
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where � � is the density, x � is the mole fraction andM � is the molecular weight of

gas species� , p is the gas pressure,T is the gas temperature andR is the molar gas

constant.

The gas mixture viscosity,� mix was calculated as

� mix =
X

� =1

x � � �P
� x � � ��

; (4.6)

where � and � correspond to each gas species within the mixture,� � is the viscosity,

x � is the mole fraction of species� and � �� is a dimensionless quantity de�ned as

� �� =
1

p
8

�
1 +

M �

M �

� � 1=2
"

1 +
�

� �

� �

� 1=2 �
M �

M �

� 1=4
#2

; (4.7)

whereM � is the molecular weight of species� [122]. � � is calculated using Sutherland's

formula as

� = � 0

�
T0 + C
T + C

� �
T
T0

� 3=2

; (4.8)

whereT0 is the reference temperature,� 0 is the viscosity at T0 and C is Sutherland's

constant, speci�c for each gas species [123].CHe = 72:9K, CN2 = 104:7K and CXe =

252K. � 0;He = 0:0196cP,� 0;N2 = 0:0189cP and� 0;Xe = 0:0228cP.T0 = 293:15K for all

gas species [123].

The thermal conductivity of the gas mixture,kmix , is calculated as

kmix =
X

� =1

x � k�P
� x � � ��

; (4.9)

wherek� is the thermal conductivity of species� [122]. For a monatomic gas (He, Xe),

k is given by

k =
15
4

R
M

�: (4.10)

For a diatomic gas (N2), k is

k =
�

Ĉp +
5
4

R
M

�
�; (4.11)

whereĈp is the molar heat capacity at constant pressure, which is calculated as [124]

Cp[J mol� 1K � 1] = A + BT� + CT2
� + DT 3

� + ET � 2
� ; (4.12)

whereA, B , C, D and E are coe�cients speci�c to each gas species stated in Table 4.1.

T� = T[K]/1000[K] and the heat capacity at constant pressure of the gas mixture is

given byCp;mix =
P

� =1 x � Cp;� . Likewise, the ratio of speci�c heats,
 mix =
P

� =1 x � 
 � ,

where
 = 5=3 for a monatomic gas, and
 = 7=5 for a diatomic gas.
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Table 4.1: Table of gas molar heat capacity coe�cients given by ref. [124].

Coe�cient Coe�cient value (J mol � 1K � 1)

Xe N 2 He

A 20:786 28:98641 20:78603

B 7:449320� 10� 7 1:853978 4:850638� 10� 10

C � 2:049401� 10� 7 � 9:647459 � 1:582916� 10� 10

D 1:066661� 10� 8 16:63537 1:525102� 10� 11

E 2:500261� 10� 8 0:000117 3:196347� 10� 11

Xe di�usion

Xe di�usion, DXe, is included in the gas dynamics model. The mutual di�usion coe�-

cient of Xe and gas species� is calculated as [125]

DXe� =
3
8

r
(kB T)3

�

s
MXe + M �

2MXeM �

f D

p� 2
Xe� 
 Xe�

; (4.13)

where MXe and M � are the molecular masses of Xe and species� , f D is a correction

factor that accounts for the gas mixture, which can be approximated asf D � 1 for most

gas mixtures [125],� Xe� = 1=2(� Xe + � � ) is the characteristic length of the Lennard-

Jones potential. 
 Xe� is the collision integral, which is given by [125{127]


 Xe� =
1:06036

(T� )0:15610
+

0:19300
exp(0:47635(T� ))

+
1:03587

exp(1:52996(T� ))
+

1:76474
exp(3:89411(T� ))

; (4.14)

where T� = kT=�Xe� and � Xe� =
p

� Xe� � . � Xe and � � are the energy parameters of Xe

and species� . Di�usion parameter values are given in Table 4.2.

The observable Xe di�usion coe�cient is

DXe =

 
X

i

x i

DXei

! � 1

; (4.15)

wherei (= Xe, � ) is each gas species in the mixture.
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Table 4.2: Xe di�usion coe�cient parameters, given by ref. [125].

Gas species � ( �A) �=k (K) M (g/mol)

Xe 4.047 231.0 129.44�

N2 3.798 71.4 28.013

He 2.551 10.22 4.003
* Enriched Xe (86% 129Xe).

Gas-
ow dynamics

The gas-
ow was modelled using the laminar 
ow model within COMSOL Multiphysics,

which is based on the Navier-Stokes equations. The Reynolds number,Re, can be

calculated as

Re =
�L
�

u =
�L
�

QV

Astem
; (4.16)

where u = QV =A is the mean gas velocity. ForQ = 2 SLM and T = 120� C, � =

2:74 � 10� 5Pa�s, � = 0:389Kg m� 3. QV = 38:9cm3s� 1 is the volumetric gas 
ow

rate and A is the cross-sectional area of region andL is the characteristic length,

equal to the pipe diameter. Within the T = 120� C region of the cell inlet and outlet

(Astem = 0:283cm2, L = 6mm), Re = 117. Within the main cell body (Acell = 44:2cm2,

L = 7:5cm), Re = 9:4. Both Re values are below the transition from laminar 
ow to

turbulent 
ow regimes (2300< Re < 2900). Therefore, the gas 
ow was modelled as

laminar 
ow of a compressible gas. It is worth noting that initial simulations used a gas

velocity condition to constrain the 
ow rate, as mass 
ow was not available on the base

COMSOL Multiphysics software. The micro
uidics module was added to access mass


ow, as well as gravity. The gas velocity condition was found to lead to issues with

mass conservation within the simulations, which was mesh dependent as �ner meshes

resulted in greater mass conservation.

The inlet is de�ned as a surface within the inlet stem and a mass-
ow boundary condi-

tion is applied to enforce a speci�ed mass 
ow rate,Q = 2 SLM. All internal surfaces

have a \no slip" boundary condition applied, assuming gas velocity equals zero at the

internal cell walls. The outlet was de�ned similarly as a surface within the outlet stem

with a pressure boundary condition,p0 = 1:25bar. Static (u = 0) initial conditions

and initial pressure,p = 1:25bar were applied. The gas is modelled as a compressible

gas, allowing for changes in gas density with temperature variation in the cell. This

di�ers from a 1D simulation, where plug 
ow is used and thermal considerations are

not considered.
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Rb vapour dynamics

Rb vapour transport consists of the Rb source distribution, which is the surfaces where

the Rb vaporisation 
ux condition is applied, and Rb di�usion within the gas mix-

ture.

The Rb vapour distribution was modelled using a convection-di�usion model. The Rb

source-sink boundary condition is the inward 
ux of Rb vapour,N0;c, which is given

by

N0;c = � Rb ([Rb]sat � [Rb])

r
kB T

2�M Rb
; (4.17)

where� Rb is the evaporation coe�cient of Rb, [Rb] is the Rb vapour density at the Rb

source surface, [Rb]sat is the saturation Rb vapour density, given in Table 3.1 andMRb is

the molecular mass of Rb [112].� Rb has not been measured, but is expected to be close

to 1 [112]. � Rb is set to 1 in this work, consistent with Rb vapour transport in SEOP

simulations in the literature [112,113,115]. The Rb source distribution assumes a thin

layer applied to the cell wall, i.e. the Rb layer is assumed to have zero thickness.

The Rb di�usion coe�cient in the gas mixture, DRb-mix , was calculated as

DRb-mix =

 
X

�

x �

DRb� �

! � 1

�
�

T
305K

� 3
2

�
1atm

p
; (4.18)

where x � are the molar fractions of each gas within the mixture,DRb- � is the dif-

fusion coe�cient of Rb within each gas, evaluated atT = 305K and p = 1atm.

DRb-He = 0:42cm2s� 1 [19], DRb-N 2 =0.16cm2s� 1 [19], DRb-Xe =0.067cm2s� 1 [128]. For

our gas mixture, Eq 4.18 therefore simpli�es to

DRb-mix = 0:32cm2s� 1 �
�

T
305K

� 3
2

�
1atm

p
: (4.19)

N.B. unlike previous work involving 1% Xe gas mixtures that considered Rb di�u-

sion in helium only [112, 115], considering all gases in the mixture here (3% enriched-

Xe (86%129Xe),10% N2, 87%He) contributes to a (1� DRb-mix =DRb-He ) = 24% lower

DRb-mix .

Simulations were ran for di�erent size Rb pool source distributions. The size of the Rb

pool was increased by extending the Rb pool length with respect to an edge aligned

with the centre of the inlet, as shown in Fig. 4.2. The smallest and largest Rb pools

tested are shown in Fig. 4.1a and Fig. 4.1b respectively.
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Figure 4.2: Rb 
ux boundary condition geometry in the main cell body viewed from

(a) the rear optical cell window and (b) the side. The Rb pool edge is aligned with the

centre of the cell inlet and extends a lengthLpool towards the front of the cell. � pool is

the angle of the boundary condition.

Thermal transfer

The thermal transfer model is based on the di�erential form of Fourier's law and involves

two sources of heat. Firstly, the oven is simulated by applying a constant temperature

condition to the external cell walls. The cell main body and stems up to 3cm from the

outer wall of the cell are held at the oven temperatureToven = 120� C. The remaining

portions of the stems are held at room temperatureT = 20� C.

The other source of heat is due to laser heating. The dissipation of the 10s of Watts

of laser light absorbed during optical pumping through spin-relaxation contributes to

the total thermal energy within the optical cell. This can be modelled as an addition

source term,QLH within the thermal transfer model [71],

QLH = 2R� � 1=2h� L [Rb] = R
� SD

R + � SD
h� L [Rb]; (4.20)

where 2R is the photon absorption rate per electron in the 5S1=2, mj = � 1=2 state,

� � 1=2 is the relative 5S1=2, mj = � 1=2 state population size given by Eq. 3.77 and

h� L is the non-radiative energy dissipated with complete N2 quenching per Rb electron

relaxation from the 5P1=2 to 5S1=2 state, whereh is Planck constant and� L is the laser
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frequency [71]. Equation 4.20 shows that laser heating will occur in areas of high [Rb].

In addition, Equation 3.83 shows that high [Rb] will lead to greater gradients in the

z-direction of R, and as a result, greater laser heating gradients across the cell.

Optical pumping attenuation

The optical pumping attenuation,R(z), is modelled by solving Eq. 3.83, in the form

�
@R
@z

� � [Rb]
�

1 �
R

R + � SD

�
R = 0: (4.21)

The boundary 
ux condition for R imposed atz = 0 is given by Eq. 3.81.R(z) is used

for both laser heating, described by Eq. 4.20, andPXe build up, given by Eq. 3.104.

Xe polarisation build up

After the other coupled models have been solved, spatial Xe polarisation maps were

produced by using Eq. 3.104. At the initial inlet surface,PXe = 0, is imposed. Physi-

cally, this can be interpreted as complete Xe depolarisation at this boundary if any Xe

back
ow occurs.

Simulation approach

Owing to the intricate coupling between numerous physics models, a fully-coupled

model was di�cult to solve. Consequently, simulations were executed iteratively using a

subset of coupled physics models, akin to the approach employed by Kelley et al. [115].

Each step uses the solution from the previous step, and the simulation work
ow is as

follows:

1. Gas 
ow and heat transfer models coupled.

2. Rb vapour transport only.

3. Optical pumping rate only.

4. Gas 
ow, heat transfer, laser heating and Rb vapour transport models coupled.

5. Optical pumping rate only.

6. Steps 4 to 5 repeated until< 0:1% change in parameter solutions.

7. Final step: Xe polarisation computation.

Once the simulation was complete, laser absorption values were calculated using Eq. 3.79.

Mesh analysis is performed �rst in order to determine the mesh size dependence of

solutions. Ideally, very �ne meshes would be used to simulate physical phenomena cor-

rectly at short length scales improving solution accuracy. However, run time increases
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with increasing number of elements within the mesh. Therefore, the optimal mesh size

balances run time with solution accuracy. Several of the meshes utilised in the mesh

analysis are shown in Fig. 4.3.

Figure 4.3: Meshes of the 10cm2 Rb pool optical cell geometry shown in Fig. 4.1a. (a)

`Coarser' mesh and (b) `Finer' mesh. Only the external surface mesh shown, however

the mesh extends in 3D space within the object.

A summary of the 1D and 3D simulation methods and boundary conditions are given

in Tables 4.3 and 4.4 respectively.
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Table 4.3: 1D vs 3D simulation methods.

1D 3D

Model Method Equation Method Equation

Optical

Pumping

attenuation

Implicit

solution

4.2 FEM 3.81, 3.83

Spin-exchange,

PXe build up

Euler's

method

3.104 FEM 3.104

Gas-
ow Plug 
ow 4.4 Laminar 
ow

and Xe

di�usion

4.13

Rb vapour

transport

[Rb] = [Rb] sat,

homogeneous

everywhere

see Table 3.1 Vaporisation


ux condition,

Rb di�usion

coupled to

gas-
ow

4.17, 4.19

Thermal

transfer

T = Toven,

homogeneous

everywhere

- T = Toven at

the external

cell walls,

T = 20� C on

the stems

outside the

oven, laser

heating

4.20

Geometry Main cell body

only

- Main cell

body, inlet

and outlet

stems

-
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Table 4.4: 3D simulation boundary conditions.

Model Boundary condition Location

Initial optical pumping

rate

Eq. 3.81 Front cell window

Spin-exchange,PXe build

up

PXe = 0 Cell inlet

Gas-
ow: mass-
ow

constraint

Q = 2 SLM Cell inlet

Gas-
ow: pressure

constraint

p = 1:25 bar Cell outlet

Rb vaporisation 
ux

condition

Eq. 4.17 Rb source surfaces on

internal cell walls or

presaturator

External cell wall

temperature constraint

within the oven

T = Toven External cell walls and

3cm section of external

inlet and outlet walls

External cell wall

temperature constraint

outside of the oven

T = 20� C Remaining sections of

external inlet and outlet

walls

Limitations of modelling and phenomena not modelled

The following phenomena were not modelled: Rb cluster formation [55] as this has

not been directly measured yet in optical cells, Rb latent heat of vaporisation and

condensation [115] as the change in temperature at the Rb source is expected to be

small, the e�ects of optical cell orientation [112] as our cells are positioned horizontally

and radiation trapping [71] due to the high N2 partial pressure used in this work.

Rb and 129Xe surface relaxation at the cell walls were not modelled as surface boundary

conditions. 129Xe surface relaxation was considered within the bulk term �0 in Eq. 3.104,

whilst Rb depolarisation was not considered, given the short distance to the cell wall

over which complete Rb depolarisation at the cell wall is signi�cant, which is of the

order
p

DRb=R � 10� 3cm for our setup and running conditions (DRb = 0:38cm2s� 1

and R � 105s� 1) [73]. Rb depolarisation at the cell walls would lowerPRb near the cell

walls and increase optical pumping rate attenuation in these areas.
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Photon 
ux attenuation, which accounts for changes in the absorption pro�le and line

shape with photon attenuation along the cell length, was not modelled. Photon 
ux

attenuation cannot be performed using FEM due to the integral present in Eq. 3.72,

when the spatial distribution of R is evaluated [113].

Setup limitations that were not included in the model are skewed light e�ects [74],

imperfect photon polarisation [68], which lead to lower photon e�ciency as described in

Section 3.3.1, and imperfect oven performance leading to external cell wall temperature

heterogeneity. The e�ects of circular dichroism [75,76] were not considered.

Lowering of Rb vaporisation due to reaction with impurities [129] was not modelled.

Adsorption of Rb to the cell walls, which has been suggested as a mechanism for lower

alkali metal vapour densities [130], was not modelled. Over time, Rb forms a thin layer

and may act as an increase in the Rb source distribution or change the Rb deposition

characteristics at the cell wall. Kelley et al. [115] measured signi�cantly lower [Rb] in

brand new cells than cells which had formed a Rb layer on the cell walls (\broken-in

cells").

4.2.3 Rb presaturator modelling

After producing the simulations for di�erent Rb pool sizes, it was evident that a Rb

presaturator could constitute a valuable design modi�cation aimed at improving [Rb]

homogeneity.

The length of presaturator required for near-saturation [Rb] of the in-
owing gas has

previously been measured to be 20 to 30cm [112], however this was performed atp =

10bar, which is a much higher pressure than is typically used in CF129Xe-Rb SEOP (up

to 4bar) where the volumetric gas 
ow rates are faster. Also, the length of presaturator

required as a function of gas 
ow rate had not been evaluated.

We therefore simulated [Rb] build-up along a 1m presaturator only (Fig. 4.1d) for

di�erent 
ow rates, Q, under previously optimal conditions determined in ref. [52] to

beQ = 2SLM, p = 1:25bar,T = 125� C. 25% Rb presaturator wall coverage (i.e.� pool =

45� ) was used. These simulations involved the gas transfer and Rb vapour transport

models only, which were coupled throughout, rather than the iterative step approach

used for the full SEOP simulations. An optimal presaturator length, constrained to

realistic design lengths, was then incorporated into the existing optical cell design and

simulated using the full SEOP modelling.
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4.3 Results and Discussion

4.3.1 1D simulations

The results of simulating the temperature dependence ofPXe for di�erent Pl and � 0 are

shown in Fig 4.4.

Figure 4.4: Xe polarisation,PXe vs temperature for di�erent values of laser absorption,

Pl , and Xe relaxation rate in the absence of Rb, �0. p = 1:25bar, Q = 2SLM and

[Rb]=[Rb] sat were used.

Fig. 4.4 shows that the optimal temperature at which maximumPXe occurs increases

with laser power. Optimal temperature also increases with decreasing �0. The change

in optimal temperature is greater with change in �0 than laser power, suggesting mon-

itoring � 0 is essential for determining if operating temperature needs to be adjusted

to achieve maximum PXe. For the expected laser power of our setupPl = 160W

(180W output from laser with � 90% transmission through the front cell window),

and � 0 = 44min, the optimal temperature is 121:5 � 0:5� C. In initial 3D/FEM simula-

tions at T = 125� C, the previously measured optimal temperature of our setup de�ned

in ref. [52], non-convergent simulations were observed for Rb distributions which re-
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sulted in approximately zero optical pumping rate at the back of the cell. We therefore

used 120� C, which is slightly lower than optimal temperature to avoid near-zero optical

pumping rate, for subsequent simulations, with the exception of the presaturator only

simulations which were performed atT = 125� C. The optimal temperature and maxi-

mum PXe determined here are lower than determined by Norquay et al. [52], likely due to

the faster Rb spin-destruction rate due to vdW molecules and Rb-129Xe spin-exchange

rate used in this work.

Fig. 4.4 shows that higher than optimalT (and corresponding [Rb]) results in a slow

decline inPXe. This is because, under these conditions, even though lowhPRb i is present,

as observed in Fig. 4.5a,PRb is heterogeneous across the cell length, with highPRb at

the front of the cell and near-zeroPRb at the back of the cell. Since meaningful spin-

exchange will only occur in the highPRb region at the front of the cell, the Xe residency

time is lower. However, the increase in [Rb]sat with temperature results in a higher spin-

exchange rate, thus compensating somewhat for the reduction in Xe residency time, and

resulting in a more gradual decrease inPXe with T (and corresponding [Rb]) compared

to modelling using cell averaged spin-exchange times and polarisations as performed in

ref. [52]. Thus higher than optimal [Rb] is less detrimental to outputPXe than lower

than optimal [Rb]. This is explored in more detail in Chapter 6.

In the limit of very high [Rb], 
 SE � � 0, and so PXe for � 0 = 1min and 44min are

approximately equal, as shown in Fig. 4.4. This would correspond to a thin slab of

high PRb at the front of the cell and so modelledPXe build up may be unrealistic when

realistic gas 
ow and di�usion are considered.

Simulations were performed forT = 120� C where [Rb] and �0 were varied for di�erent

Pl , with results plotted in Fig. 4.5.
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Figure 4.5: (a) Rb polarisation, PRb , and (b, c) PXe vs laser power for di�erent (b) Rb

vapour densities, [Rb], and (c) � 0. T= 120 � C, p = 1:25bar andQ = 2SLM were used.

Fig. 4.5a shows that at a speci�c laser power for each [Rb],hPRb i begins to level o�.

This coincides with a levelling o� in PXe, as shown in Fig. 4.5b. Showing that operating

[Rb] must be increased to harness higherPXe at higher laser powers.

Fig. 4.5c shows that for our optimal conditions, lower �0 leads to lowerPXe. The strong

PXe dependence on �0 shows that for accurate modelling, accurate measurement of �0

is essential.

These simulations illustrate the signi�cance of attaining optimal [Rb] and high �0 to

optimise PXe. Furthermore, they illustrate the impact of laser power and delineate the

regimes wherePXe is in
uenced by Pl and those where it is not. Subsequent 3D simula-

tions focus on what [Rb] are achieved when realistic thermal and gas 
ow considerations

are accounted for.
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4.3.2 Varying Rb pool size

Mesh analysis

The mesh size dependence was determined by evaluating the key solutions for each

physics model, namelyvz, T, [Rb], R and PXe for di�erent mesh sizes. This was

performed for Q = 2SLM and Pl = 160W with the 10cm2 Rb pool, � pool = 20� . The

number of mesh elements for each mesh size are given in Table 4.5. Results are shown

in Table 4.6.

From Table 4.6, absolute percentage change from \�ner" mesh solutions to other mesh

size solutions is less than 10% for all meshes �ner or equal to the \normal" mesh for

all parameters investigated. The greatest variation was from the mean and standard

deviation of [Rb]. \Fine" mesh size was chosen as a balance between the simulation

run time and the accuracy of the solution.

The longitudinal cell position in z distribution of each parameter for each mesh size

was also checked for expected solution convergence with increasingly �ner mesh size

and was seen to be as expected.

Table 4.5: Mesh elements corresponding to Table 4.6.

Physics-

controlled mesh

size

Domain

elements

Boundary

elements

Edge elements

Coarser 37190 7200 248

Coarse 90057 14540 350

Normal 201371 28234 534

Fine 513198 50634 756

Finer 1528240 106520 1110
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Table 4.6: Mesh dependent parameters for the 10cm2 Rb pool cell, pressurep = 1:25bar,


ow rate Q = 2SLM, Toven = 120� C. Highlighted values are where maximum absolute

percentage change compared to `�ner' mesh solution occurs.

Parameter Mesh size *

Coarser Coarse Normal Fine Finer

Run time (s) 165 289 594 1320 (3656 +

355y =

4011)

Mean optical pumping rate

(10 5 s� 1)
6.47 6.32 6.27 6.17 6.14

SD
z

optical pumping rate

(10 5 s� 1)
0.682 0.770 0.797 0.854 0.869

Mean T ( � C) 134.3 135.9 136.3 137.3 137.5

SD T ( � C) 8.06 8.81 9.01 9.46 9.52

Mean [Rb ] (10 18 m � 3) 6.14 6.98 7.22 7.77 7.94

SD [Rb ] (10 18 m � 3) 1.04 1.04 1.10 1.09 1.01

Mean PXe (%) 18.3 20.1 20.0 20.4 20.5

SD PXe (%) 8.05 8.93 9.34 10.00 10.13

PXe at the cell outlet (%) 31.6 34.7 35.2 36.6 36.8

Mean z-gas velocity

( � mm/s)
8.64 8.67 8.70 8.73 8.75

SD z-gas velocity (mm/s) 17.3 18.9 18.6 17.9 18.9

Maximum absolute

percentage change to `Finer'

mesh solution (%)

22.7 12.1 9.19 8.44 n/a

* Physics-controlled mesh size feature on COMSOL. The number of mesh elements are stated in Ta-

ble 4.5.
y
Fine initial solution run time.

z
SD = standard deviation.
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Results

The results of varying Rb pool size on simulated parameters are shown in Fig. 4.6.

Figure 4.6: Simulations for di�erent Rb pool sizes forQ = 2SLM, p = 1:25bar and

Rb pool angle� pool = 20� . The dashed line indicates the results of the 1D simulation,

showing parameter cell position dependence for (a) normalised Rb density, [Rb]=[Rb]sat,

(b) cell internal gas temperature, (c) Xe polarisation, PXe, (d) optical pumping rate,

R, (e) z gas velocities.

Fig. 4.6a shows lower than [Rb]sat across the cell for all but the highest surface area
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