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Abstract

The modern power grid is entering a new “smart grid” era, which promises more

efficient power transmission/distribution, decentralised power generation and seam-

less integration of renewable energy resources to the electricity distribution grid. In

the heart of this new era lies the Microgrid, which represents a scaled, local ver-

sion of the grid and allows the integration of various renewable energy resources,

energy storage systems and loads via power converters. Along with a plethora of

distinct advantages, Microgrids also introduce many new challenges in designing an

appropriate controller that ensures tight regulation of the grid voltage/frequency

and economic operation of the network. The continuously advancement of technol-

ogy enabled the rise of complex and sophisticated load architectures, the majority

of which are of DC nature. A prime example is the constant power load, which

introduces a nonlinear, destabilising behaviour and poses a threat to the opera-

tion of the network. Another issue is associated with the long physical distances

between the individual units and the requirement to exchange information in a

fast communication rate. Despite the existence of a vast literature on Microgrid

control, the majority of the studies are case-specific, offer only numerical inves-

tigations of system stability and focuses on the implementation of each proposed

control scheme with extensive simulation scenarios or experiments. Due to the con-

tinuously increasing complexity of loads and network topologies, it is essential to

study the problem from a control-theoretic perspective, in order to provide a deep

insight into the dynamical behaviour of the system and develop control techniques

that provide strong theoretic guarantees regarding a safe and reliable operation.

Furthermore, even though it has not been extensively studied so far, the ability

to satisfy constraints is crucial to the Microgrid operation in order to protect the

electronic components from overcurrent surges or overvoltage cases that can cause

expensive damages and disrupt the network operation. This thesis aims to fill this

gap by thoroughly investigating the nonlinear behaviour of the Microgrids under

the influence of nonlinear loads. More specifically, the first main contribution is the

development of a distributed control scheme for meshed DC Microgrids that em-

ploys neighbour-to-neighbour communication and guarantees both local and cou-
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pled constraint satisfaction. Contrary to the majority of the approaches found in the

literature, the proposed method utilises only locally available information at each

node in order to enhance the system scalability and enlarge the range of potential

applications. This first part includes a rigorous theoretic analysis to formulate ex-

plicit conditions such that the system achieves the desired behaviour and admits

asymptotically stable equilibrium points. The following parts of this thesis focus

specifically on the effect of the nonlinear loads. The problem is studied from a

geometric point of view in order to shed light into the dynamic interaction between

the loads and the network and design a control scheme that enhances the system

robustness to perturbations of the load demand. First, a local low-level current

controller is proposed that guarantees overcurrent protection without the use of

saturation devices. Then, theoretic tools are used to guarantee that the voltage

trajectory of each local node remains close to a desired reference trajectory and

prove that the deviations between the two are bounded in a positive invariant set.

This is ultimately used to design a unified control scheme, i.e. for both the output

voltage and inner current states of each interfacing power converter, that achieves a

constraint-based operation with reduced conservativeness compared to the original

method. The overall system stability is analytically proven by the use of control

Lyapunov functions. The final contribution of this thesis is the extension of the

provided theoretic analysis from a DC to the case of an isolated AC Microgrid. A

robust controller is proposed in order to show that similar results can be obtained

even in the case of a more complicated system model. An analytic characterisation

of a closed positive invariant subset of the system state space is obtained and it is

shown how this property can be used to design a constraint-based approach for AC

Microgrids. Each proposed method is tested in a simulation scenario to validate

the results and illustrate the associated theoretic properties.

iv



Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Aims and Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Publications List . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3.1 Published . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3.2 In preparation . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Literature review 9

2.1 The Microgrid Architecture . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Microgrid Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Power Converters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Buck Converters . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.2 Boost Converters . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.3 Buck-Boost Converters . . . . . . . . . . . . . . . . . . . . . 16

2.3.4 Three-phase Inverter . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Loads . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.1 Constant Impedance Loads . . . . . . . . . . . . . . . . . . 19

2.4.2 Constant Current Loads . . . . . . . . . . . . . . . . . . . . 20

2.4.3 Constant Power Loads . . . . . . . . . . . . . . . . . . . . . 20

2.5 Compensation of Microgrid Systems . . . . . . . . . . . . . . . . . . 22

2.5.1 Primary Control . . . . . . . . . . . . . . . . . . . . . . . . 23

2.5.2 Supervisory Control . . . . . . . . . . . . . . . . . . . . . . 28

2.6 Microgrid Stability in the Presence of CPLs . . . . . . . . . . . . . 35

2.7 Constraint-Based Operation . . . . . . . . . . . . . . . . . . . . . . 37

2.7.1 Constraint-Based Operations in Microgrid Literature . . . . 37

2.7.2 Constraint-Based Operations in Control Theory Literature . 37

2.8 Gaps in the Literature . . . . . . . . . . . . . . . . . . . . . . . . . 39

v



CONTENTS

3 Distributed Constrained-Based Control of DC Microgrids 41

3.1 System Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2 Primary Control Design . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Supervisory control structure . . . . . . . . . . . . . . . . . . . . . 46

3.4 Upper Level - Target Computation . . . . . . . . . . . . . . . . . . 47

3.5 Lower-Level distributed control . . . . . . . . . . . . . . . . . . . . 48

3.5.1 Recursive Feasibility . . . . . . . . . . . . . . . . . . . . . . 50

3.5.2 Stability of the Closed-Loop Dynamics . . . . . . . . . . . . 57

3.6 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4 Tube-based Control of DC Microgrids 65

4.1 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2 Inner Current Control . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.3 Voltage Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.3.1 Formulation and boundedness of the error dynamics . . . . . 71

4.3.2 Formulation of the nominal voltage controller . . . . . . . . 77

4.4 Stability analysis of the cascaded dynamics . . . . . . . . . . . . . . 80

4.5 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 Dynamic tube control scheme for islanded DC Microgrids 87

5.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.2 Voltage dynamics and boundedness analysis . . . . . . . . . . . . . 89

5.3 Regulation of the Nominal Dynamics . . . . . . . . . . . . . . . . . 95

5.4 Stability and Recursive Feasibility . . . . . . . . . . . . . . . . . . . 97

5.5 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

6 Tube-based Control for Islanded AC Microgrids 105

6.1 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.2 Control Scheme Formulation . . . . . . . . . . . . . . . . . . . . . . 107

6.3 Positive invariance of the dynamics . . . . . . . . . . . . . . . . . . 109

6.4 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7 Conclusions and future work 120

7.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

7.2 Discussion of assumptions and limitations . . . . . . . . . . . . . . 121

7.3 Future directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

vi



CONTENTS

A Preliminaries: Theory and Notation 125

A.1 Common notations . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

A.1.1 Function properties . . . . . . . . . . . . . . . . . . . . . . . 126

A.2 Linear Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

A.3 Nonlinear System Analysis . . . . . . . . . . . . . . . . . . . . . . . 127

A.4 Graph Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

vii



List of Figures

2.1 An AC Microgrid consisting of several renewable resource units and

consumers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 A DC Microgrid consisting of several renewable resource units and

consumers. Each unit is interfaced with the network via a power

converter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 A Hybrid Microgrid consisting of an AC and a DC subgrid interfaced

by an interlinking converter. . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Circuit diagram of a buck converter connected in parallel to a local

load. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.5 Circuit diagram of a boost converter connected in parallel to a local

load. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.6 Circuit diagram of a buck-boost converter connected in parallel to a

local load. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.7 Circuit diagram of an DC/AC inverter connected an AC bus. . . . . 17

2.8 V-I characteristics of a constant impedance load . . . . . . . . . . . 20

2.9 V-I characteristics of a constant current load . . . . . . . . . . . . . 20

2.10 V-I characteristics of a constant power load . . . . . . . . . . . . . 21

2.11 Hierarchical control of a Microgrid. Dashed arrows indicate flow of

information and solid arrows depict the control inputs. . . . . . . . 23

2.12 Voltage and current Inner loops of a power converter . . . . . . . . 24

2.13 The droop controller linearly adjusts the output voltage according to

the measured feedback value. . . . . . . . . . . . . . . . . . . . . . 25

2.14 The three strategies for the design of secondary Microgrid control.

Three different cases of isolated Microgrids are illustrated with a

circular topology. Dashed lines depict an exchange of information,

while the solid lines are the transmission lines of the network. . . . 30

3.1 Generic meshed Microgrid consisting of DER units and local loads. 43

viii



LIST OF FIGURES

3.2 Simplified node circuit of a power converter connected to a local load

an the common DC bus. The input takes the form of a controlled

current source. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Coupled constraint and reachability sets for a two-node system.The

product of the resulting two reachability sets is always within the

constraint set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.4 A MG network with nine converters and seven local loads . . . . . . 61

3.5 Converter voltage trajectories of Node 1 ( ), Node 2 ( ), Node

3 ( ), Node 4 ( ), Node 5 ( ), Node 6 ( ), Node 7 ( ),

Node 8 ( ), Node 9 ( ), and setpoints ( )of all converter

subsystems with the use of the proposed control scheme. . . . . . . 63

3.6 Power supply to CPL1 ( ), CPL2 ( ), CPL3 ( ), CPL4

( ), CPL5 ( ), CPL6 ( ), CPL7 ( ), CPL8 ( ), CPL9

( ) and respective power demands ( ) . . . . . . . . . . . . . . 63

3.7 Line power trajectories and the respective boundaries for Line12

( ), Line23 ( ), Line34 ( ), Line41 ( ), Line35 ( ), Line56

( ), Line47 ( ), Line68 ( ), Line89 ( ). . . . . . . . . . . . 64

3.8 Trajectory evolution of node 1 and node 2 voltages within the coupled

constraint set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.1 Network topology of a meshed islanded DC MicroGrid. . . . . . . . 67

4.2 Node circuit modelled as a DC/DC Buck converter connected in

parallel to a local constant power load. . . . . . . . . . . . . . . . . 67

4.3 Vector field and positive invariant set N for a two node system. . . 76

4.4 Network topology of a meshed islanded MicroGrid. . . . . . . . . . 83

4.5 Voltage and nominal voltage trajectories for Node 1( , ), Node

2( , ), Node 3( , ), Node 4( , ), Node 5( , ),

Node 6( , ) and Node 7( , ) respectively. The constrained

region is represented with black solid lines ( ) and the voltage

references by black dashed lines ( ). The voltage trajectories are

within the respective Si ( ) at all times. . . . . . . . . . . . . . . 84

4.6 Converter Current trajectories for Node 1( ), Node 3( ) and

Node 7( ) respectively.The constrained region C is represented by

black solid lines ( ) and the current references îi by black dashed
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Chapter 1

Introduction

This chapter will present the main motivation behind this thesis. The first section

presents the general topic and defines the necessary concepts that will be encoun-

tered throughout the thesis. While a detailed presentation of the relative literature

will be provided in the next chapter, a concise summary of the findings will also

be given here in order to clearly define the aims and objectives of this study. An

outline of the thesis structure and a list of contributions will also be provided in

this chapter.

1.1 Motivation

During the past decade, the world has experienced unprecedented climate changes.

The frequency and intensity of extreme weather phenomena has increased, causing

catastrophic damages to infrastructure and having a high socioeconomic impact on

the local communities [1, 2]. The global energy-production industry has been identi-

fied as one of the main contributors of the climate change, where the majority of the

current energy production is done by burning fossil fuels. This has resulted in the

release of greenhouse gases, which trap heat in the atmosphere and cause a green-

house effect. In order to address this problem, many governments are beginning

to pass legislation that favours the development and adoption of “greener” energy

production resources. In particular, under the revised European Climate Law, the

member states of the European Union are required to reduce the greenhouse gas

emissions by 55% by 2030 and achieve net zero of emissions by 2050.

The effort to reduce greenhouse gas emissions has highlighted the need of a

paradigm shift in the structure of the traditional energy distribution network, also

known as power grid. In the conventional power production architecture, the power

flow is unidirectional, where the power is produced by large power plants and elec-

trically transmitted to distribution centres by long transmission lines. From there,
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1.1. MOTIVATION

the power is supplied directly to the consumers via the distribution network. Many

techniques have been developed to make the overall process more efficient and re-

liable. Despite of this, in its current setup, there are still many drawbacks that

are fundamentally difficult to overcome. At its core, the power production process

is done by burning coal, natural gas and oil, which results in a substantially large

carbon footprint. In addition, the power losses at the transmission lines and the

distribution network are far from negligible. Taking Greece as an example, the

annual power losses from the electric power transmission accounts for about 8% of

the total power production output, which is translated in approximately 5 TWh

within an annual period. A large penetration of distributed generation (DG) units

could potentially result in a substantial reduction of these losses. Assuming a 30%

distribution of the load to close proximity renewable energy resources, then up to

1.2 TWh can be saved, while the carbon footprint of the energy production process

is minimised. Nevertheless, due to their high reliance to environmental conditions,

the integration of a large number of DG units directly in the power grid displays

significant challenges. Most notably, their intermittent behaviour could amplify

the already challenging task of providing an uninterrupted power supply to the

consumers. Therefore, the traditional concept of the power grid needs to be re-

structured in a way such that it is able to accommodate this change.

The concept of “smart grid” has emerged as a potential solution, where the con-

ventionally centralised structured of the power grid is transformed in a decentralised

network [3], [4]. Each cluster of the network, known as a “Microgrid”, represents

a collection of consumer loads, energy storage devices, and DG units such as wind

turbines, photovoltaic panels etc. This structure enables the direct supply of energy

to the consumers by geographically-adjacent DG units, decreasing the need of long

transmission lines to only instances where the load demand exceeds the local DGs

capabilities. This can potentially reduce the power losses, improve the power quality

and facilitate the distribution of energy in remote and distant areas. Furthermore,

in cases where the local power demand is met, the Microgrid can either inject the

excess power to the network or locally store it to cover future load requirements.

Therefore, the power flow of the overall network becomes bidirectional, creating an

extra degree of flexibility in its operation. However, the most significant advantage

of the Microgrid is the ability to separate itself from the main grid and operate in an

isolated mode, known as “islanded”. This setting is autonomously enabled either

in the cases where the provided power quality from the grid is inadequate to meet

the consumer desired standards or during abnormal conditions such as faults or

voltage collapse. As a result, the ability to dynamically isolate the Microgrids from

the network enhances the system reliability and robustness, while also eliminates

2



1.1. MOTIVATION

the susceptibility to single points of failure, which is a well-known disadvantage of

a centralised structure.

One of the core components within a Microgrid architecture is the power con-

verter. These devices are used to interface each DG unit with the rest of the network

and regulate the output voltage by sending a pulse-width-modulation signal to the

converter’s switching device. This improves the flexibility of the system and enables

sophisticated network operations such as: (a) accurate load sharing, (b) improving

the quality of the provided power or (c) economic operation through power and en-

ergy management. Nevertheless, due to the continuing evolution in the complexity

of the consumer load requirements, as well as the inherent fundamental proper-

ties of the energy distribution network, the design of a control scheme to achieve

the desired operation in not straightforward. A major challenge is presented when

the loads in the network adopt a nonlinear structure. This type of load is com-

monly referred to as a “ZIP” load, stemming from the combination of a constant

impedance load “Z”, a constant current load “I” and a constant power load “P”.

The latter part is shown to be the most challenging, due to its nonlinear charac-

teristics. Designing a control scheme for a network with constant power loads is a

challenging task, as these exhibit negative impedance characteristics and tend to

destabilize the system. The majority of the works in the literature address this

problem by either employing local approximation of the dynamics, assuming that

the load itself provides sufficient positive damping to counteract the effect, or are

limited in numerically validating the stability of a system under a proposed control

law. Therefore, despite the high interest this problem has attracted, the behaviour

of a network in the presence of “ZIP” loads, as well as providing sufficient stability

guarantees that can be generalised for any case study, are still open problems in

the literature.

Even though Microgrids are clusters of the overall network, in many cases are

still considered a geographically large-scale system. Therefore, the physical distance

between each unit is not negligible and has to be considered in the control devel-

opment process. Any information exchange infrastructure in place has to operate

in a sufficiently low bandwidth, such that it accounts for possible delays due to the

need for the information to travel over large geographical distances. As a result,

the number of feasible applications of a centralised structure, where each unit has

to communicate with a central unit and receive a centrally computed control input,

is severely limited. In addition, as it will be analytically shown in the following

chapters, there exist a strong coupling among the local node dynamics of the net-

work. This implies that the operation of each local unit is heavily affected by the

neighbouring units and errors in the transmitted information have a high effect on

3



1.1. MOTIVATION

the overall system regulation. Ultimately, even though the exchange of information

presents difficult practical challenges, the presence of a communication link is still

desired to achieve tight regulation and reduce errors.

As evidenced by the above, along with a plethora of distinct advantages, Mi-

crogrids also introduce many new challenges. The various DG units are interfaced

to the network by power converters, which, contrary to the traditional synchronous

machines, are low-inertia units. As a result, the effect of external disturbances to

the network is more predominant, which can potentially lead to voltage/frequency

fluctuations and destabilize the overall system. Especially in the case of islanded

Microgrids, high voltage fluctuations can damage the interfacing power converters

and reduce the Microgrid ability to provide an uninterrupted power supply to the

loads. Therefore, the design of a control scheme for the regulation of Microgrid

systems is far from trivial and requires a careful theoretical analysis in order to re-

duce the potential risk of faults and guarantee that the system achieves the desired

behaviour. In the following we outline the main challenges and open questions in

the literature of Microgrid control.

• Design of a model-based control framework to regulate both the converter

current and voltages to desired values and ensure overcurrent and overvoltage

protection of the interfacing power converters.

• A major challenge is the design of a distributed control scheme; the DG units

need to exchange minimum amount of information in order to satisfy the small

time-scale of the dynamics, while ensuring that the thermal capacities of the

connection lines are not exceeded.

• Incorporate additional objectives in the control design process to improve the

overall Microgrid performance; These may include achieving economic opera-

tion by minimising generation costs and minimising unnecessary power losses,

avoiding unnecessary circulating currents and sharing the power demand pro-

portionally to each unit according to the individual power rating.

• Analytically guarantee the system stability, even in the presence of destabil-

ising time-varying components.

The following sections will present the aims and objectives of this thesis, followed

by an overview of the thesis structure and a list of its contributions.
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1.2 Aims and Objectives

The aim of this thesis is to address these outstanding challenges by developing new

theory and control algorithms for isolated Microgrids with nonlinear dynamics.

A key feature of the proposed algorithms is strong control theoretic properties

and guarantees, including asymptotic stability of the system equilibria, enforced

constraint satisfaction and system robustness to uncertain external inputs. This

way, the results of this thesis can be generalized beyond a single case-study or a

particular network topology. More specifically, the main aims and objectives are

formulated as:

1. Analytically investigate the induced nonlinear behaviour of the constant power

loads and use this information to develop a control theoretic framework that

guarantees the desired behaviour

2. Design a unified, i.e. for both inner current and output voltage converter

states, model-based control framework for the regulation of isolated Micro-

grids that:

• Achieves tight regulation of both the output voltage and inner current

of the converters to desired values

• Allows distributed operation with only neighbour-to-neighbour commu-

nication and locally availably information

• Guarantees boundedness of the converter states in a desired set in the

presence of both linear and nonlinear loads, even during the transient

phase

• Guarantees boundedness of the transmission line currents in a desired

set with minimum communication among the DG units

3. Provide analytic stability guarantees that are not affected by linearisation

errors and can be generalised beyond a specific operating point

4. Numerically validate the theoretic results

1.3 Publications List

1.3.1 Published

1. Michos, G., Konstantopoulos, G.C., Trodden, P.A. and Kadirkamanathan,

V., Control of Isolated AC Microgrids with Constant Power Loads: A Set
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1.3. IN PREPARATION

Invariance Approach. In 2022 30th Mediterranean Conference on Control

and Automation (MED) (Accepted)

2. Michos, G., Baldivieso-Monasterios, P.R., Konstantopoulos, G.C. and Trod-

den, P.A., 2023. Robust Two-Layer Control of DC Microgrids with Fluctuat-

ing Constant Power Load Demand. IEEE Transactions on Control of Network

Systems.

3. Michos, G., Baldivieso-Monasterios, P.R. and Konstantopoulos, G.C., 2022.

Distributed economic nonlinear MPC for DC Micro-Grids with inherent bounded

dynamics and coupled constraints. Systems & Control Letters, 167, p.105327.

4. Michos, G., Baldivieso-Monasterios, P.R. and Konstantopoulos, G.C., 2022,

June. Robust Distributed Control for DC Microgrids with System Con-

straints. In 2022 30th Mediterranean Conference on Control and Automation

(MED) (pp. 1036-1041). IEEE.

5. Michos, G., Baldivieso-Monasterios, P.R. and Konstantopoulos, G.C., 2021,

October. Nonlinear primary and supervisory control of dc microgrids for dis-

tributed optimal operation with neighbour-to-neighbour communication. In

2021 25th International Conference on System Theory, Control and Comput-

ing (ICSTCC) (pp. 302-307). IEEE.

1.3.2 In preparation

Michos, G., Baldivieso-Monasterios, P.R., Konstantopoulos, G.C. and Trodden,

P.A., Dynamic Tube-Based Control for DC Microgrids, (In preparation)

1.4 Thesis Outline

The remainder of this thesis is organised as followed. Chapter 2 presents an overview

of the mathematical modelling of the various types of converters that are consid-

ered in this study. In addition, a mathematical model for each case of DC load is

included, accompanied by a discussion on their effect on the network and the chal-

lenges these introduce in the control design process. The remaining of this chapter

presents a thorough literature review of the control strategies that have been pro-

posed for the regulation of DC Microgrids. This is split in two major parts; the first

part introduces the hierarchical control architecture of the Microgrid regulation and

provides a range of studies for each hierarchical level and the respective subcate-

gories. Then, in order to reflect the aims and objectives of this thesis, the second
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part pays particular attention to the regulation of Microgrids under the effect of

nonlinear loads. This is followed by a literature review on the studies that achieve

some form of constrained-based operation, e.g. overcurrent or overvoltage protec-

tion of the equipment. Studies are also included from the control theory literature

to highlight the challenges and gaps this thesis attempts to address in both fields.

Each of the following chapters is associated with a different study from the list

of publications. More specifically, Chapter 3 is associated with the fifth and third

published study, Chapter 4 with the fourth and second, Chapter 6 with the first,

while Chapter 5 is a work under preparation for submission.

Chapter 3 proposes a distributed control scheme for isolated DC Microgrids

that achieves both local and coupled constraint satisfaction in the form of upper

bounds on the line currents between nodes. This study considers meshed network

topology with local constant power loads, neighbour-to-neighbour communication

and local optimisation objectives. This way, the results are scalable to networks

with arbitrarily large number of nodes. The problem is viewed from the conventional

approach of considering the external inputs, i.e. the interaction term and the load

demand, as disturbances to the local dynamics. An extensive theoretic analysis

is provided to derive sufficient conditions such that all the control objectives are

guaranteed and show that the equilibrium points within the desired constraint set

are asymptotically stable. An effort is made to reduce the complexity one may face

in the implementation of the proposed method by removing the need to compute

terminal sets and by providing conditions for the tuning variables that require only

the knowledge of locally available information. Simulation results are also provided

to demonstrate the performance of the proposed method.

Chapter 4 builds upon the results of Chapter 3 to propose a unified control

scheme. Contrary to the previous chapter, this work also considers the converter

current dynamics and incorporates desired input current operation limits in the

control design process. Furthermore, a detailed analysis is included, studying the

effect of the nonlinear load from a geometric perspective, and utilises this informa-

tion to design a control law that guarantees boundedness of the voltage trajectory

in a desired set. This property is used to remove the load term from the bound

on the rate of change of the disturbance, introduced in Chapter 3, thus simplify-

ing the implementation and reducing the conservativeness that may arise from the

previous approach. The proposed method generates a reference voltage trajectory

and is analytically guaranteed that the distance of the true voltage trajectory from

the reference is bounded at all times. A centralised control scheme is designed for

the regulation of the nominal dynamics to desired reference points. However, it is

explained that by adopting a method similar to Chapter 3, one may also achieve a
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distributed operation. Furthermore, it is shown that the solution of the inner con-

verter current dynamics is always bounded. Finally, an analytic proof is provided to

show that the cascaded system admits asymptotically stable equilibrium points by

the use of Control Lyapunov Functions and tools from the theory of interconnected

systems. Simulation results are provided to support the theoretic findings.

Chapter 5 aims to extend the results of the previous chapters and provide a

thorough analysis on the interaction between the nonlinear load and the proposed

control law. It is shown that it is possible to reduce the conservativeness of the

sufficient conditions that were formulated in the previous chapter and construct

a time-varying bound on the voltage that depends on its position in the state

space. Similarly, for simplicity a centralised control law is developed for the nom-

inal dynamics which can be translated to a distributed control by following the

process outlined in Chapter 3. It is ultimately shown that similar guarantees can

be achieved, while increasing the size of the set of available control actions. The

results are accompanied by theoretic guarantees regarding the recursive feasibility

of the control law and asymptotic stability of the closed-loop system. The intro-

duced time-varying concept of the bound between the reference and the true voltage

trajectories, as well as the Microgrid operation under the proposed control law, is

illustrated in a simulated scenario.

Chapter 6 studies the case of an isolated, meshed, AC Microgrid with local

constant power loads. The model of the system is expressed in the dq-frame that

will be presented in Chapter 2. The primary aim of this chapter is to investigate

the behaviour of the closed loop system under the effect of the nonlinear load and

propose a control law that achieves similar results with the DC scenario. It is

shown that the proposed control law can indeed bound the trajectory of the voltage

d and q components in a two dimensional subspace of the state space. An analytic

characterisation of this subspace is provided by studying the geometric behaviour of

each component and it is shown that this characterisation can be approximated by

a convex set in order to allow the formulation of an optimisation-based approach.

The properties of the proposed control scheme are demonstrated in a simulated

scenario, where it is shown that the voltage root-mean-square value of each node in

the network is bounded around a generated reference trajectory.

Finally, Chapter 7 provides a brief summary of the thesis and draws conclusions

on the results. In addition, a few ideas are included that can be used in future

directions of this work.
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Chapter 2

Literature review

This chapter presents a detailed review of the literature regarding Microgrid control.

At first, an overview of the Microgrid structure will be provided in order to identify

the key components and shed light into the operational principles. Then, the main

control challenges and objectives will be formulated. A significant portion of this

chapter will be dedicated in outlining both the conventional and the current state-

of-the-art control approaches. Particular emphasis will be given in the provided

theoretical guarantees, in an effort to identify the gaps in the literature and give an

insight in the practical limitations of the suggested methods.

2.1 The Microgrid Architecture

There are numerous definitions of a Microgrid in the literature, see for example

[5] or [6]. The consensus is that at its essence, a Microgrid is defined as a local

energy distribution system that serves a distinct geographical area. Examples of

this are an isolated community, a small suburban city or specific facilities such as

a sports stadium, a hospital complex or aviation and maritime vehicles. As the

name suggests, a Microgrid is a scaled version of a grid that interconnects various

distributed generation units with loads, consumers and, as it is often the case,

energy storage devices such as batteries or supercapacitors. The key characteristic

of the Microgrid is the ability to be self-sustained, meaning that it is not reliant on

the main grid to satisfy the local energy requirements. As it was also discussed in

the previous chapter, this “local” characteristic is the reason why this is such an

attractive solution, since it substantially improves the efficiency of the electricity

transportation of the overall network.

The capability to operate independently from the main grid improves the overall

network’s susceptibility to faults during abnormal operation such as storms or other

events that can cause an outage of the power grid. This is particularly important
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in complex and large networks such as in the US or China. In 2003, the US ex-

perienced the second worst worldwide power outage in history, an event known as

the “Northeast Blackout”. A series of faults occurred when a tree branch fell on

a power line in the state of Ohio, causing the majority of the Northeast states to

lose power supply for several hours. Events such as this, highlight the need for the

network to isolate itself from faults and provide an uninterrupted power supply and

distribution.

The third and, arguably, most important characteristic is that more sophisti-

cated and intelligent operations can be achieved due to the Microgrid’s scaled size.

While many different approaches have been suggested for achieving this, in its most

basic form a central controller for the entire Microgrid is used to regulate the power

flow between the DG units and the loads. More specifically, some of the Microgrid

control objectives are [7]:

• Constrained-based regulation of the network voltage and current; In case of

an AC Microgrid, regulation of the frequency is also a common requirement.

• Proportional load sharing among the DG units.

• Smooth transition from islanded to grid-connected mode and vice versa.

• Reducing the running costs and achieving economic operation by solving an

optimisation problem.

• Regulation of the power flow between the Microgrid and the main grid during

grid-connected mode.

Developing a unified control framework to achieve all, or even some, of the above

objectives is not a trivial task. Therefore, numerous studies have been devoted to

address some of the current issues, with the number rising as more diverse and

complex Microgrid architectures are becoming feasible.

2.2 Microgrid Types

This section will discuss the three different types of Microgrids that are commonly

encountered in the literature; the AC, DC and Hybrid Microgrid.

AC Microgrid

The first type that will be discussed is the AC Microgrid. A typical AC Microgrid

is depicted in Fig. 2.1. This type usually consists of one or more AC buses, thus

requiring a conversion to an AC power output in order to connect a unit to the
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AC NetworkAC/DC/AC

DC/AC

DC/AC

AC/DC/AC

AC/DC

AC/DC

AC/DC

Figure 2.1: An AC Microgrid consisting of several renewable resource units and

consumers.

to the main or local bus. In addition, there exists a static switch that allows the

network operator to connect or disconnect the Microgrid from the main utility grid.

This connection point is commonly referred to as the point of common coupling

(PCC). There are two main modes of operation that each require a different type

of control: grid-connected and islanded.

In grid-connected mode, only a current controller needs to be employed, since

the voltage and the frequency are usually determined by the main grid. The main

control objective in this mode is to maximise the power supply of the local loads

from local DG units and minimise the Microgrid dependence from the main grid,

[8]. To achieve this, the network operator usually determines pre-specified real

and reactive power values that each DG unit needs to supply. In the case that

the local power supply is not sufficient to meet the local power demand, then the

main utility grid is required to satisfy the remaining power requirements [9]. In

islanded or autonomous mode, the local energy demand must be less or equal to

the power supply of the DG units in the Microgrid. Furthermore, the DG units need

to proportionally share the load according to the power rating, while the voltage

and the frequency of each unit need to be controlled independently [10].

DC Microgrid

A representation of a DC Microgrid is given in Fig. 2.2, where every unit is con-

nected to a local or main DC bus. DC Microgrids have gathered a substantial

interest over the past few years due to their high reliability and efficiency compared

to their AC counterparts. The increasing penetration of renewable sources of DC

nature have made the DC Microgrid an attractive choice due to the need for fewer
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DC NetworkAC/DC

DC/DC

DC/DC

AC/DC

DC/AC

DC/DC

DC/DC

DC/DC

Figure 2.2: A DC Microgrid consisting of several renewable resource units and

consumers. Each unit is interfaced with the network via a power converter.

points of AC/DC and DC/AC conversions [11]. This reduces the potential points

of failure and avoids instability issues during abnormal conditions. Furthermore,

the conversion power losses are mitigated, increasing the overall efficiency of the

network. Another advantage of the DC Microgrid is that the the control design

process is substantially simplified, since the issues of power quality, as well as reac-

tive power and frequency regulation, are no longer present [12, 13]. Applications of

DC Microgrid include electric ships [14, 15], High-Voltage-Direct-Current (HVDC)

networks [16], railworks [17, 18, 19] and data centres [20, 21], to name a few.

Hybrid Microgrid

The previous sections highlighted the distinct advantages of a DC Microgrid. Nev-

ertheless, the majority of the distribution network is of AC nature and a transition

to a entirely-DC network is immensely costly and may take decades. Therefore,

the concept of the hybrid Microgrid was conceptualised, which combines both ar-

chitectures as subgrids tied under a single hybrid network. The interface of the two

subgrids is made via a bidirectional interlinking converter, that regulates the power

flow between the two sides and aims to stabilize the network and achieve power

balance [22]. Hybrid Microgrids are a relatively new concept that has attracted the

interest of many researchers, e.g. [23, 24, 25]. One of the challenges of regulating

a hybrid Microgrid is the requirement to interface and manage the fast-response

nature of the DC Microgrids with the slower AC. This is not a trivial problem and

has been shown to be destabilizing in [26, 27]. A Hybrid Microgrid is depicted in

Fig. 2.3.
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AC Network DC Network
Interlinking

converter

DC/AC

AC/DC/AC

AC/DC

DC/DC

DC/DC

Figure 2.3: A Hybrid Microgrid consisting of an AC and a DC subgrid interfaced

by an interlinking converter.

In order to clearly present the current state-of-the-art regarding Microgrid reg-

ulation and define the areas for further improvement, the remaining part of this

chapter will provide an outline of the mathematical modelling of each Microgrid

component. To this aim, two main categories can be distinguished; the power gen-

eration units and the power consumption elements. The former are interfaced with

the network through power converters, which are responsible for the regulation of

the output voltage and power. The next section will introduce the predominant

variations of the power converter structure in both the DC and the AC case. It

is noted that particular emphasis will be given in the modelling and the dynamic

characteristics of each type, since each case requires a different approach during the

control design process. Then, Section 2.4 will present the different type of loads

and discuss the respective stability implications on the overall network in each case.

2.3 Power Converters

It has already been discussed that the main function of the power converters is to

interface the power generation units with the Microgrid network. The necessity for

such devices stems from the fact that, contrary to the conventional synchronous

generators, the renewable energy resource units are electromechanical systems that

generate a variable voltage/electricity/frequency. Therefore, a power converter is

required in order to facilitate the interface with an utility grid that has a constant

voltage/electricity/frequency. In the control literature, both the power generation
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units and the utility grid are considered a subsystem of the overall network. Thus,

a common categorization of the power converters is based on the type of systems

that they interface. That is, the following types exist:

• DC/DC converters that interface two DC subsystems.

• AC/AC converters that interface two AC subsystems

• DC/AC and AC/DC converters that facilitate the interface of an AC with a

DC subsystem or a DC with an AC subsystem respectively.

Furthermore, there exist two more characterisations for the AC/DC or DC/AC

converter. Specifically, if the power flows from the AC side to the DC side, then

the converter is called a rectifier, whereas in the case that the power flows from the

DC side to the AC side then it is called an inverter. It is noted that the latter is

the most common scenario one encounters in Microgrids. The reasoning for this

is that most of the renewable resource units are of a DC nature, while electricity

distribution via an AC network still remains a widely adopted practice.

The main building block of a power converter is the switching device. In order

to control the converter output voltage and power, a PWM signal is supplied to the

switch, which takes either an switched-on or switched-off position. That is, when the

switch position is described by a switching function, this takes values in the discrete

set {0, 1}. Then, one may derive a switched model of the power converter by a

direct application of the Kirchhoff voltage and current laws. However, as it was also

highlighted in [28], this model has a high degree of complexity and is not particularly

useful for the control design process and the analysis of the converter dynamical

behaviour. Therefore, it is common in the literature to adopt an average model

instead, where the average value of the switch position is considered in the model

dynamics, i.e. the switching function now takes values in the closed continuous set

[0, 1]. Therefore, throughout this thesis the average model will be used to describe

the converter dynamics.

There is a plethora of textbooks in the literature that present the modelling

procedure of the power converter dynamics. In particular, both Yazdani et al.

[28] and Hornik et al. [29] demonstrate the derivation of the switched model for

various types of power converters. In addition, the average model is provided in

Middlebrook et al. [30], while a passivity-based approach can be found in the book

of Ortega et al. [31].

The majority of this thesis is devoted in the theoretical analysis of DC Micro-

grids, while the last chapter also includes some results in the AC scenario, where

the DC/AC power converter is adopted. For this reason, the following sections

will present the three predominant types of DC/DC conversion, namely the Buck,
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loadE

L
i r

C

iov

Figure 2.4: Circuit diagram of a buck converter connected in parallel to a local

load.

Boost and Buck-Boost converters. Then, the DC/AC inverter will be briefly pre-

sented with emphasis given in the modelling of this type of systems. For additional

results on the AC conversion, the interested reader is referred to the aforementioned

textbooks, as well as to Bose et al. [32] and Erickson et al. [33].

2.3.1 Buck Converters

The buck converter, also referred to as the step-down converter, is used when the

desired output voltage needs to be lower than the input voltage, i.e. the voltage

of the DG unit. A circuit diagram of a buck converter is given in Fig. 2.4, which

consists of the DC input voltage source, a switching element, a diode, an inductor

L connected in series with a parasitic resistance r, and an output capacitor C. It

is noted that the inductor and the capacitor act as a filter that improve the quality

of the current drawn by the load and the output voltage of the converter. In order

to derive the model of the power converter, the Kirchhoff laws are applied to the

circuit, yielding the following linear differential equation

L
di

dt
= uE − v − ri, (2.1)

C
dv

dt
= i− io, (2.2)

where i denotes the inner converter current flowing through the inductor, E and

v are the input and output voltages respectively, io is the output current drawn

by the load and u ∈ [0, 1] is the duty-ratio of the switching element. It is noted

that the duty ratio can take any value in the continuous interval [0, 1], hence the

above is an average model of the buck converter dynamics. It can be seen that the

buck converter is a linear model, where the duty ratio is multiplied by the input

voltage. The latter is usually assumed a constant value, where the intermittent

nature of the renewable resource units is mitigated by storage elements, e.g. bat-

teries. Furthermore, the duty ratio variable is only present in current model, which
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load

v

E

L
i r io

C

Figure 2.5: Circuit diagram of a boost converter connected in parallel to a local

load.

in turn is considered an input to the voltage dynamics. Hence, the control design

procedure can be simplified by a time-scale separation analysis, without adopting

overly conservative assumptions.

2.3.2 Boost Converters

The boost converter, also known as a step-up converter, is employed when the

utility grid operates in a higher voltage than the output of the DG unit. Therefore,

in this case, the output voltage of the converter v is always higher than the input

voltage E. The circuit diagram of a typical boost converter is depicted in Fig. 2.5.

Similar to the case of buck converter, the boost converter consists of an inductor

L connected in series with a parasitic resistance r, an output capacitor C, a diode,

a switching element with duty ratio u ∈ [0, 1] and an input voltage E. A direct

application of the Kirchhoff laws yields the boost converter dynamics

L
di

dt
= −(1− u)v + E − ri, (2.3)

C
dv

dt
= (1− u)i− io, (2.4)

Contrary to the previous case of the buck converter, the boost converter model

is nonlinear. In both the current and the voltage models, the control input u is

multiplied by a state, which does not allow the direct decoupling of the dynamics

by including a feedforward term in the control law parametrisation.

2.3.3 Buck-Boost Converters

The Buck-Boost converter allows for an output voltage that can be greater than

or less than the input voltage from the DG unit. The respective circuit diagram is

given in Fig. 2.6, where it can be seen that the converter is comprised of similar

components with the previous two cases. However, it is noted that the output
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Figure 2.6: Circuit diagram of a buck-boost converter connected in parallel to a

local load.
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Figure 2.7: Circuit diagram of an DC/AC inverter connected an AC bus.

voltage is reversed in polarity to the input. An application of the Kirchhoff laws in

this case result in the average model

L
di

dt
= −ri− (1− u)v + uE, (2.5)

C
dv

dt
= (1− u)i− io. (2.6)

Given a constant duty-ratio u = ū, it can be seen that the resulting voltage equi-

librium point is given by the relation

v̄ =

(
ū

1− ū

)
E − r

ū
ī. (2.7)

Therefore, for ū > 0.5 the converter operates in the boost mode and for ū ≤ 0.5 in

the buck mode.

2.3.4 Three-phase Inverter

In order to interface a DC source to an AC utility grid, a three-phase inverter is

required. A schematic of the three-phase inverter is provided in Fig. 2.7. Due to

its more complicated configuration, the mathematical modelling and subsequent

control design process display a higher degree of complexity, compared with the
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DC/DC converters. Initially, the output voltages of the three phase inverter in the

natural abc framework can be represented asvavb
vc

 =

 vm cos(θ)

vm cos(θ − 2π
3
)

vm cos(θ + 2π
3
)

 (2.8)

However, the above representation of the inverter voltages yield a complicated dy-

namical model, making the controller design procedure an arduous task. Therefore,

the Clarke-Park transformation is often adopted to simplify the subsequent inverter

model. First, following [34], the Clarke transformation [29] maps the abc state vec-

tor to a stationaty reference frame αβ by the transformation,

[
vα

vβ

]
= Tαβ

vavb
vc

 , (2.9)

where the transformation matrix Tαβ is given by

Tαβ =
2

3

[
1 −1

2
−1

2

0
√

3
2
−
√

3
2

]
. (2.10)

Then, in order for the voltages to be considered stationary, and thus to no longer

be perceived as functions of time, the αβ-frame is transformed to a synchronously

rotating reference frame, known in the technical literature as the dq-frame [35].

This is achieved by the dq-transformation from [32] as[
vd

vq

]
= Tdq

[
vα

vβ

]
, (2.11)

where the transformation matrix Tdq is given by

Tdq =

[
cos(θg) sin(θg)

− sin(θg) cos(θg)

]
, (2.12)

with θg the angle between the two reference frames. Then, assuming a common

constant rotating frequency ωc, the mathematical model of an inverter connected

an AC bus is given by

L
id
dt

= −rid + ωcLiq + v̄d − vd (2.13)

L
iq
dt

= −riq − ωcLid + v̄q − vq (2.14)

C
vd
dt

= id − io,d + ωcCvq (2.15)
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C
vq
dt

= iq − io,q + ωcCvd (2.16)

where C and L are respectively the capacitance and inductance of the output filter,

r is a parasitic resistance, io is the output current, v̄ is the input of the system, while

(vd, id) and (vq, iq) are the d and q components of the output voltage and inductor

current. Depending on the configuration, the above model can be connected to a

grid via a switch or locally connected to a load. The usefulness of this transformation

is that the equations describing the system dynamics are similar to the DC case.

Therefore, one does not need to deal with sinusoidal signals during the control

design process. The following sections, will discuss the modelling and inclusion of

loads in the network.

2.4 Loads

The loads of the network represent the units that consume power. A common rep-

resentation of the loads is the “ZIP” model, which combines a constant impedance

“Z”, a constant current “I”, and a constant power “P” component [36]. This model

is commonly given by the linear relation describing the output current drawn by

the load as

iZIP = iZ + iI + iP (2.17)

In the following, each of these components will be presented as a separate case in

order to discuss the type of behaviour they introduce to the system. In the following

discussion, each load will be considered to be connected in parallel to the output

capacitor of the power converter.

2.4.1 Constant Impedance Loads

This type of load requires a constant impedance component, i.e. in the relation

expressing the current drawn by the load

io =
vl
Rl

(2.18)

it holds that 1
Rl

= constant. The V-I characteristics of this type of load are

also depicted in Fig. 2.8, where it can be seen that the load current increases

and decreases proportionally to the load voltage. In addition, it is noted that the

CIL introduces a linear term to the overall converter model, without adding any

significant degree of complexity to the system.
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Figure 2.8: V-I characteristics of a constant impedance load
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Figure 2.9: V-I characteristics of a constant current load

2.4.2 Constant Current Loads

Similarly to the CIL, the constant current load (CCL) introduces a linear term to

the converter model. In this case, the load requires a constant current input, i.e.

io = constant. (2.19)

The respective V-I characteristics are depicted in Fig. 2.9. Therein, it can be seen

that the current drawn by the load attains a constant value for every value of the

load voltage.

2.4.3 Constant Power Loads

The constant power loads (CPLs) are widely considered to represent the most chal-

lenging case [37], [38]. Contrary to the aforementioned loads, CPLs exhibit incre-

mental negative impedance characteristics at steady state and tend to destabilize
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Figure 2.10: V-I characteristics of a constant power load

the overall system. More specifically, denoting the power demand as P , the output

converter current io flowing in the load can be expressed as,

io =
P

vl
(2.20)

where vl is the load voltage. Then, the partial derivative of (2.20) w.r.t. vl yields

∂io
∂vl

= −P
v2
l

. (2.21)

The V-I curve can be linearly approximated by adopting a Taylor expansion at an

operating point (̄i, v̄). This yields the linear relation,

io = −P
v̄2
vl + 2

P

v̄
(2.22)

which has a negative slope, implying that the CPL imposes a negative resistance

that reduces the effective damping of the system. The V-I curve is also depicted

in Fig. 2.10, where it can be seen that the current drawn by the load increases

non-linearly when the load voltage decreases. It is noted that, as also shown in [39],

in the case of an AC Microgrid following the dq system, modelling of (2.13), the

constant power load is expressed through the relation[
P

Q

]
=

3

2

[
vd vq

vq −vd

][
id

iq

]
. (2.23)

which by solving w.r.t. output current (id, iq) yields[
id

iq

]
=

2

3

 vd
v2d+v2q

vq
v2d+v2q

vq
v2d+v2q

− vd
v2d+v2q

[P
Q

]
, (2.24)

It can be seen that in the case of an AC Microgrid, the presence of CPL results

in a more complicated dynamic modelling and, as shown in Chapter 6, requires a

careful mathematical analysis.
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2.5 Compensation of Microgrid Systems

A significant number of studies has been devoted in investigating the problems of

regulating a Microgrid system, where, among others, the main control objectives

usually are the tight regulation of the converter voltage and current, proportional

load sharing, power flow management, optimal calculation of the operating points

and protection of the electronic equipment from abnormal operating conditions.

The number of different control objectives that need to be simultaneously satisfied,

in combination with the requirement for an overall “intelligent” network behaviour,

create the necessity of multilevel control design [40, 41, 38]. To this aim, the con-

ventional controller architecture often follows a hierarchical approach, where each

control level is responsible for achieving a specific task of the overall desired oper-

ation [42, 43].

The hierarchical control structure consists of three levels, see Fig. 2.11. The

lowest control level achieves the “primary control”, where the adopted controller is

responsible for the instantaneous regulation of the Microgrid state variables and,

in some cases, defines the power sharing among the DG units of the network. As

it will be demonstrated later, the primary controller can also be utilised to provide

the additional damping that is required to stabilise the system in the case of CPLs

in the network. Then, the secondary level controller is assigned the task of calcu-

lating the reference values that are provided to the primary controller. Calculation

of these values can be done according to some desired criteria, such as restoring the

Microgrid states deviations from the rated values, achieving economic operation or

minimisation of circulating line currents [44, 45]. In order to realise this hierarchical

operation, the two levels are often forced to operate in different timescales, where

the primary control operates in milliseconds and the secondary control in minutes or

hours [46]. Recently, some approaches have been proposed that combine the control

objectives of the two levels into a single controller, e.g. see [47], thus dropping this

requirement for time scale separation. Nevertheless, so far only a limited number of

control objectives is shown to be achievable. Finally, the tasks of energy manage-

ment and power flow regulation among the different Microgrids of the entire grid

are assigned to a tertiary control level. However, the tertiary control is detached

from the Microgrid operation and can be considered a part of the overall main grid.

Therefore, the focus of this literature review will be solely shifted to the primary

and secondary levels instead.
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Figure 2.11: Hierarchical control of a Microgrid. Dashed arrows indicate flow of

information and solid arrows depict the control inputs.

2.5.1 Primary Control

The primary control is at the bottom of the hierarchical control architecture. The

traditional structure of the primary control level is two cascaded inner loops for the

regulation of the converter voltage and current states, see Fig. 2.12, where each loop

adopts a Proportional-Integral (PI) controller [48]. Then, a popular strategy that

introduces damping to the system by mimicking the behaviour of a synchronous

generator is the adoption of droop control [49]. Droop control is a technique that

introduces a virtual resistance connected in parallel to the output of each converter.

Considering a power converter connected to a common DC bus, then reference

generation of the ith voltage inner loop is formulated either by an output power or

current feedback [50], such that

vref,i =v̄i −miio,i,

or

vref,i =v̄i −miPo,i,

(2.25)

where v̄i denotes the rated operating voltage of the converter, vref,i is the reference

voltage, io,i and Po,i are the measured output current and power respectively, and

mi ∈ [0, 1] is the droop coefficient. The purpose of the droop coefficient is to

linearly adjust the reference voltage of the local converter according to the measured

power demand or output current. The choice of the droop coefficient, and thus the

slope of the V-I curve is made according to the desired power sharing among the

parallel connected converters. In the conventional droop, the droop coefficient for
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Figure 2.12: Voltage and current Inner loops of a power converter

two parallel connected converters is chosen in inverse proportion to their power

ratings as [51, 52]
m1

m2

=
P ∗2
P ∗1
. (2.26)

The respective V-I and V-P characteristics of the droop controller are depicted in

Fig. 2.13, where the droop controller linearly adjusts the output voltage according

to the measured feedback value. While the droop control is widely adopted due

to its completely decentralised structure and simplicity, it is known to have some

major application drawbacks. As it can be seen from (2.25), larger values of the

droop coefficient cause larger deviations between the reference vref,i and the rated

voltage v̄i. On the contrary, in order to achieve proportional power sharing, then

larger values of the droop coefficient are desired, thus creating a trade-off between

accurate voltage regulation and power sharing [53, 51]. The disadvantages of the

conventional droop control have been sufficiently investigated in the literature. The

main issue is that in order to achieve proportional power sharing according to each

converter capabilities, the droop coefficients for two parallel connected converters

need to satisfy the following sufficient condition [51]

m1

m2

=
r1

r2

, (2.27)

where r1, r2 are the output line resistances. Therefore, one requires knowledge of

the line resistances, which is difficult to obtain and is subject to numerical errors. In

order to cope with the disadvantages of the conventional droop control, numerous

variations have been proposed in the literature, where the focus is given in both an

improved overall performance and obtaining stronger theoretical guarantees.

A robust droop control for DC Microgrids is proposed in [52] that aims to ad-

dress the effect of the load on the proportional power sharing of the conventional

droop. Therein, the authors propose a novel droop control law, where an addi-

tional feedback term is introduced that requires knowledge of the load voltage. An

improvement over the load sharing error with higher values of the additional gain

is demonstrated. However, higher values of the additional gain reduce the stabil-

ity margin of the system. Furthermore, the stability analysis is only numerically

investigated and the results are restricted to cases of parallel connected networks
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Figure 2.13: The droop controller linearly adjusts the output voltage according to

the measured feedback value.

with a common, linear load. A robust droop method for parallel connected invert-

ers was also proposed in [54] that is composed of two layers; an outer layer that

includes a robust droop controller that improves the power sharing accuracy and

an inner layer where a quasi-proportional resonant controller (QPR) is employed to

reduce the offsets of the steady state voltages and minimise circulating currents. A

variations of the robust droop controller is proposed in [55], where an uncertainty

and disturbance estimator is adopted to compensate for the unknown exogenous

signals to the system, such as variations of the output impedance or changes in

the load demand. Similarly, an observer is also proposed in [56] in order to reduce

the model uncertainties and achieve fast voltage regulation and improved power

sharing. However, the performance of both methods depends on the accuracy of

the observer. Overall, while displaying some advantages, the robust droop control

uses the terminal voltage as a feedback signal which can severely limit the range of

possible applications.

A popular variation of the droop control is the adaptive droop control, where

the droop coefficients are adjusted in real time according to the current load con-

ditions. An adaptive droop control for inverter-based Microgrids was proposed in

[57] which was composed of two layers; one layer performs the estimation of the

grid voltage and frequency when the Microgrid operates in grid-connected mode.

Then, the droop controller injects active and reactive power to the grid according

to these estimated values. While the application results of the proposed controller

were thoroughly presented, this study lacks sufficient theoretic analysis of the closed

loop system properties and the stability guarantees are obtained only in a small-

signal sense. An adaptive droop control scheme was also proposed in [58], where
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the controller includes an observer to estimate the average voltage across the Mi-

crogrid. Then, this estimated value is used in the local controller setting to adjust

the terminal voltage setpoint. The respective current controller performs a similar

task, where the local current value is compared with the ones of the neighbouring

units to adjust the droop coefficient and improve the load sharing. However, again

the theoretic contributions of the study are limited whereas an extensive demon-

stration of the controller application is provided. A similar approach was proposed

in [59] for multi-terminal DC grids, where the droop coefficients are adjusted to

achieve proportional load sharing according to each converter available capacity.

The stability analysis is only investigated in a small-signal analysis. Other adaptive

droop control approaches are proposed in [60] for parallel connected configurations

of DC Microgrids, in [61] where an internal current loop is also implemented and

[62] which suggests an adaptive droop control that achieves improvement of the

Microgrid operation in terms of circulating currents minimisation and improved

load sharing. While many different configurations of the adaptive droop control

are suggested, a common denominator remains the weak stability guarantees of the

proposed approaches.

A less adopted but promising approach is the quadratic droop controller pro-

posed in [63, 64]. The authors derive a reduced form of the power flow equations

and show that there exists a one-to-one correspondence between the solution of

an optimised solution of the power flow and the voltage equilibrium point. This

way, it is demonstrated that proportional load sharing can be achieved for any type

of topology and number of converters. A long theoretic analysis of the controller

properties is provided, however the case of CPLs in the Microgrid is only studied

for a sufficiently small constant power component such that the system retains a

stabilizing damping.

The nonlinear droop control has also gained an increased interest due to the

substantial performance improvements that can be displayed. In [65], a completely

decentralized nonlinear droop control scheme is proposed for parallel connected

DC Microgrids. The conventional linear droop curves are substituted for nonlinear

slopes, where each case is designed for different load conditions. A parabolic curve

is proposed for high or low load demands, while a polynomial droop is suggested

when the load demand is at an average value. The proposed control scheme is

demonstrated in an experimental scenario where an improved current sharing and

voltage regulation trade-off is displayed. A nonlinear droop control for DC Mi-

crogrids is proposed in [66]. The proposed scheme suggests a negative impedance

slope for light load conditions and a nonlinear curve when the load demand is heavy.

Other approaches include the nonlinear droop curve design proposed in [67], where
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the parameters are chosen according to a minimisation of the Microgrid operating

costs. In the above cases, the stabilities guarantees were only provided around a

specific operating point, while a limited theoretic analysis was included, regarding

the effect of the nonlinear droop curve on the closed loop system.

Apart from an analytic proof of stability that is not compromised by the nonlin-

ear behaviour of the CPL, an implicit requirement is for every interfacing converter

to operate within specific voltage limits in order to avoid damage to its compo-

nents. Different load profiles may result in transients of voltage which could violate

converter limits as the authors of [68] and [69] suggest. Furthermore, even though

anti-wind-up techniques and saturated controller are simple solutions to this prob-

lem, it has been suggested that these can lead to performance degradation and

closed loop instability [70]. Therefore, an effort is made to design a controller ar-

chitecture that provides an inherent limitation property without the need of such

devices. A current-limiting nonlinear controller was proposed in [71] for every type

of DC/DC power converter. Therein, the current limitation is achieved by enforc-

ing the existence of an unstable equilibrium point on the boundary of the desired

set, thus limiting the evolution of trajectory of the closed loop system within that

set. Variations of this controller were proposed in [72], where the proposed control

scheme integrated the droop expression within the proposed control law to generate

the voltage reference, as well as in [73, 25] for application in both AC and hybrid

Microgrid architectures.

Considering the need of enforcing bounds on the evolution of the state trajec-

tories, an interest is rising in optimisation-based methods for the regulation of the

converter dynamics; this will also be discussed further in the following section, where

this type of methods are more commonly used in the supervisory control level. A

hybrid MPC method is proposed in [74], for the regulation of a boost converter con-

nected to a CPL. The derived nonlinear model is discretized by an Euler forward

method and an optimal control action is computed online to regulate the state tra-

jectories to desired operating points. However, this approach studies only the case

of a single converter connected to a local load, without expanding the results to the

case of a Microgrid network. Expansion of an MPC approach to parallel connected

converters is demonstrated in [75]. This study employs a sliding mode observer

to estimate future perturbations of the load demand and a constrained receding

optimisation problem to regulate the system states. Robustness to disturbances

is demonstrated and an analytic proof of stability in the presence of CPLs in the

network is provided. Nevertheless, a centralised structure is considered ,which can

complicate the implementation of the proposed controller. Furthermore, the stabil-

ity guarantees are dependent on the accuracy of the estimated load values and the
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computed control action is calculated offline, leaving no room for online adaptation

of the control actions during abnormal conditions. A difficult obstacle in the design

of the MPC is the requirement of an accurate model of the system [76]. A few

approaches have been proposed that use an observer to predict model uncertainties

and future variations of the load demand, e.g. in [77], where an Kalman filter is

used in combination with an MPC in the case of DC Microgrids with CPLs. The

main drawbacks of these approaches are that the provided theoretic guarantees are

dependent on the accuracy of the predictions and most of the proposed strategies

utilize a centralised structure, suffering from scalability issues and restricting the

domain of possible application to small-scale Microgrids.

It is evident from the above that a substantial effort is given in improving

the closed-loop performance of a droop controlled Microgrid. However, the com-

pletely decentralised structure limits the potential of substantial improvements,

where a compromise is often made to accommodate the lack of a communication

sub-network. To overcome this difficulty, a supervisory controller is commonly

employed that operates in a different time scale and included some form of com-

munication among the nodes of the network. The following section will provide a

detailed overview of the proposed supervisory controllers in the literature.

2.5.2 Supervisory Control

The supervisory control is the highest level in the hierarchical structure. The pur-

pose of this control level is to improve the overall performance of the Microgrid

operation and deal with the shortcomings of the primary level. Traditionally, this

control level operates in a slower time scale than the primary level, where the update

rate of the reference points depends on the load profile and the desired operating

target. This difference in the time-scales between the two levels allows an inde-

pendent design, where the dynamic behaviour of the primary level is often ignored

in the design of the supervisory controller. This way, the theoretic analysis of the

closed loop system is substantially simplified, and the primary level has enough

time to regulate the states to the computed references before these are updated.

However, despite the simplicity of this methodology, it has been observed that de-

signing a unified control framework paves the road for more sophisticated Microgrid

operations, that have stronger safety guarantees compared to the conventional ap-

proaches, e.g. achieving optimality in the evolution of the state trajectories or

enforcing some form of constrained operation [78].

In the case of a droop-controlled Microgrid, an additional term is introduced to

the droop expression that is computed by the supervisory controller. Considering
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the current feedback droop control of (2.25), then this is modified such that

vref,i = v̄i −miio,i + δvi (2.28)

where δvi ∈ R is the input from the supervisory controller. Therefore, as it can be

seen from (2.28), the reference generated by the droop controller is “shifted” by δvi,

where the value of δvi is computed such that the Microgrid achieves some desired

operation. The purpose of the supervisory level is highly dependent on the specific

application, where the controller is tasked to achieve restoration of the steady state

values to a desired operating point and, in some cases, economic operation and

energy management by solving an optimisation problem formulated on minimising

operating costs [79].

In many cases, the supervisory controller requires the existence of some form

of communication framework in the network, i.e. information exchange among the

DG units. Depending on the type of communication exchange, the supervisory

controller implementations are categorised in three distinct cases [80]:

• Centralised Control : In this case, a centralised controller gathers information

from every node in the network in order to compute a control action accord-

ing to the designed control law. Then, it transmits the information back to

the local controllers which regulate the local states to the computed reference

point. A drawback of this method is that the centralised controller needs

to have the processing capacity to solve complicated mathematical problems,

where the complexity increases with the amount of nodes in the network. In

addition, the communication infrastructure is required to operate in a high-

transmission data rate to account for changes in the load profile. As it will

be discussed in the following section, this type of controllers are heavily in-

fluenced by communication failures, reducing the overall network’s reliability

and susceptibility to single points of failure [81, 82].

• Distributed Control : In this case, the control action is computed locally, where

the information exchange is performed directly among the DG units, also

called agents. Depending on the distributed controller configuration, each

agent tries to meet a global or a local objective in a cooperative way. Due

to the fact that the control action is computed locally, the complexity of the

computations is often decreased compared to the centralised approach. As a

result, the overall scalability of the network is improved [83]. Furthermore,

this type of controller facilitates the development of control schemes with

plug-and-play implementations, where a unit can be either removed or added

to the network without compromising the performance of the entire system

[47].
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Figure 2.14: The three strategies for the design of secondary Microgrid control.

Three different cases of isolated Microgrids are illustrated with a circular topol-

ogy. Dashed lines depict an exchange of information, while the solid lines are the

transmission lines of the network.

• Decentralised Control : In this case, each agent only considers local measure-

ments in the calculation of the control action. This type of control is con-

sidered an extension of the conventional droop controller, where the control

objective is often reaching a desired average value of the voltage and current of

each DC/DC converter [84, 85]. Due to the lack of communication channels,

the design and implementation of decentralised control schemes is challenging

and can compromise the overall performance improvement.

The three control design strategies are depicted in Fig. 2.14. The following

sections will present a collection of the past and current state-of-the-art literature

works on each case of supervisory controller. Particular emphasis will be given in

the distributed approaches, since these are shown to have the highest potential both

in the sophisticated Microgrid operations that can be achieved and the practical
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implementability regarding the technical requirements.

Centralised Schemes

As it was already highlighted in the previous section, the centralised structure is a

convenient approach to design a supervisory Microgrid controller. Especially in the

case of a meshed network, where the dynamic evolution of each individual node is

heavily determined by the behaviour of the neighbouring nodes, a centralised control

scheme can drastically simplify the control design process. The reason for this is

that, contrary to the distributed approach, there is not the need for any requirement

or particular assumption on the information exchange between the units.

A two-level supervisory control scheme for DC Microgrids is proposed in [86].

At primary level, an adaptive droop controller proportionally distributes the load

sharing among the converters. Then, the first level of the supervisory control is

responsible for voltage restoration and the second level uses genetic algorithms to

compute optimal voltage references that improve the efficiency of the network. In

addition it is shown that the first level of the supervisory control enlarges the effec-

tive damping of the closed loop system. However, this is only numerically investi-

gated in the presence of resistive loads. The authors of [87] proposed a hierarchical

control structure, where the supervisory dynamically adjusts the droop coefficients

according to the average state-of-charge of the batteries across the Microgrid. It is

shown that overall efficiency of the system is improved, while allowing the smooth

integration of batteries with different state-of-charge capabilities. Nevertheless, the

proposed control scheme requires accurate knowledge of the DC-bus voltage, which

can limit the range of possible applications. The development of a resilient cen-

tralised controller was investigated in [88], where numerical simulations are used to

demonstrate the controller robustness to transients caused during the connection of

the Microgrid to the main grid.

The ability to concentrate information from every node in the network to a single

controller unit has facilitated the development of efficient optimisation techniques

that enforce some form of constrained operation. A comparison between the three

supervisory control strategies is demonstrated in [89], where an MPC control scheme

is adopted in each case to improve the power exchange and supply among the units

of a group of home-Microgrids. This study shows that the centralised control scheme

is able to achieve the highest performance improvement and reduce the number of

extreme peaks experienced at both the consumption and the generation side of the

point of common coupling with the main grid.

A centralised MPC approach is proposed in [90] to achieve constrained regulation

of the system, where the control objective is achieving economic operation and
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optimal power supply. However, the controller is formulated in a higher control

level, where the approach is limited to solving the power flow equations, without

considering the explicit Microgrid model. Similarly, an energy management system

utilising an MPC is presented in [91]. It is demonstrated that economic costs are

reduced despite the presence of errors or deviations from the available load forecast.

The authors of [91] also proposed an MPC approach that provides system robustness

to failures of the renewable energy resources, while in [92] a Gaussian process is used

to accurately estimate the future solar generation and load demand of the network.

Even though MPC is an ideal approach to achieve constrained regulation of the

system states, the literature regarding MPC applications in Microgrid control is

limited to similar approaches with the above, where the primal concern is manag-

ing the energy distribution between the Microgrid and the main grid. Significant

advantages can be achieved by enforcing a unified control framework, where the su-

pervisory controller operates in similar time scales with the primary. This way, the

Microgrid can inherit the attractive properties of an MPC control scheme, such as

strong stability guarantees and enforcing system state and input constraints. This

is demonstrated in [93], where a two-layer control layer is proposed for parallel con-

nected converters. It is demonstrated that the proposed control approach constrains

the voltage and current states of the interfacing converters, while also achieving op-

timal power management in the network. The number of similar approaches in the

literature is severely limited mainly due to the practical need of solving an optimi-

sation is such a short time. Nevertheless, the study of [94] shows that this is no

longer a concern, presenting powerful and efficient optimisation solving algorithms

applied to systems with sampling rate beyond 1 MegaHertz. Therefore, with the

continuing parallel development of similar powerful tools, the application of fast

time-scale MPC schemes in Microgrids becomes possible, opening a new field for

further research.

Distributed Schemes

The previous section discussed the centralised control schemes for Microgrids. As

it was highlighted, this type of control strategy can simplify the control design

process, since the only communication link required is the one between each unit

and the centralised controller. Furthermore, several advantages are demonstrated

such as restoration of the system states to desired operating points, efficient power

supply to the loads and enhanced management of the renewable energy resources.

However, this method comes with several disadvantages, mainly in regards with

the real-world implementation of each proposed control scheme. Firstly, this con-

trol strategy results in a controller that requires a constant communication channel
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between each unit and the control unit. Therefore, any disruption in the commu-

nication framework jeopardises the operation of the entire Microgrid system, which

can be particularly detriment in remote areas that do not possess an adequate or

reliable infrastructure. In addition, this creates the necessity of an expensive and

complex communication framework, compared to the other control strategies. An-

other drawback is the reduced flexibility of the system, complicating the adoption

a Plug-and-Play type of operations, and reducing the ability of the system to adapt

to new information and changes.

In order to overcome the aforementioned problems, a large portion of the liter-

ature has been dedicated in the development of distributed control strategies. This

allows for the computation of a local control action at each DG unit, which utilises

information gathered through the communication links. In particular, consensus-

based methods have gained increasing interest [82, 95]. In distributed consensus

control, each unit transmits and receives information only from its neighbours, i.e.

the nodes of the graph that exists a direct connection line. Each local controller

utilises this exchange of information to fulfil a set of common control objectives in

a cooperative fashion and improve the performance of the Microgrid network [96].

The adopted algorithm enforces the steady states of the DG units to reach an agree-

ment, hence the terminology “consensus”, based on a cost minimisation criterion

or a desired power sharing ratio for each unit. A secondary distributed consen-

sus control is presented in [97] for DC Microgrids of meshed topology and linear

loads. The proposed scheme addresses the voltage drifted caused by the primary

droop controller and computed optimal input injections considering the economic

dispatch of the generating units. The original dynamics are augmented with an

additional state of a “distributed consensus filter” that achieves proportional power

sharing and exponential stability of the equilibrium points. A three-level hierar-

chical control scheme is proposed in [98] that aims to enforce proportional power

sharing among a cluster of DC Microgrids. Therein, the controller does not require

information regarding the topology of the network, thus enabling Plug-and-Play

capability. The authors of [98] discuss the stability challenges for consensus-based

hierarchical control of DC Microgrids. The primary focus of this study is the inter-

action between the communication and physical network, highlighting the need to

integrate a discrete sampled-system with a dynamically continuous one. A power

consensus algorithm for DC Microgrids is proposed by the authors of [99]. The

design of a nonlinear capacitor is proposed that is shown to achieve proportional

power sharing among the DG units according to a desired predefined ratio. While

the existence of nonlinear loads is not excluded, the main result assumes that the

negative impedance effect of the constant power load is mitigated by the other com-
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ponents of the network, without compromising the system’s effective damping. In

an effort to improve the convergence speed, a distributed control with finite-time

protocol is proposed in [100]. The proposed control law is formulated by adopting

a saturation unit in the input currents, and a Lyapunov-based analysis is provided

to estimate an upper bound on the convergence time of the closed loop system.

Another control strategy that has been investigated is event-triggered control.

In this secondary control scheme, a control action is computed each time a specific

event occurs. Instead of a constant flow of information at a fixed sampling rate,

the exchange of information is triggered at specific events, reducing the communi-

cation burden and often providing a satisfying performance [101]. The effects of

this intermittent communication of the nodes is studied in [102]. It is shown that

current sharing and average voltage regulation can be achieved, even in cases of

communication delays. A theoretic analysis is provided for the proposed control,

however the results are restricted by considering a static model of the network and

linear loads. Similar control objectives were also considered by the authors of [103],

where the theoretic analysis of the closed loop system is formulated on a dynamic

network model. An interesting study is presented in [104], where an event-triggered

distributed secondary controller is proposed for parallel connected DC/DC con-

verters and both linear and nonlinear loads. Even though the effectiveness of the

proposed schemed is thoroughly demonstrated in both simulations and experimen-

tal results, the analytic effect of the CPL on the local dynamics is not investigated

and the authors do not provide explicit tuning guidelines that guarantee the desired

behaviour. An event-triggered, average consensus secondary control is proposed in

[105]. While an analytic dynamical model of each node of the network is formu-

lated by an application of the Kirchhoff laws, the study considers solely constant

impedance loads.

Decentralised Schemes

The third control strategy is decentralised control, where each unit computes a con-

trol action using only locally available information. A unified decentralised control

strategy for DC Microgrids was proposed in [106] to achieve voltage restoration and

improve the power sharing between the DG units. The authors propose a new fea-

ture in the droop control expression termed“injected AC frequency DC”, where a

virtual frequency is employed to imitate the frequency droop control method in AC

Microgrids. The virtual frequency implicitly operates as a communication link and

it is argued that the proposed method improves the voltage drop due to changes

in the load demand and enhances the accuracy of the current sharing. The study

considers a static model of the network and provides stability guarantees through
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a small-signal analysis. The authors of [107], also proposed a control scheme that

introduces an additional term to the primary droop controller. In this study, a feed-

back term consisting of the total current drawn by the loads in the network is used

to restore the DC bus voltage to the reference value. While this study considers the

presence of CPLs in the network, the stability analysis is limited from a control-

theoretic point of view, since similar to [106] a small signal analysis is included.

Decentralised control strategies that modify the droop control expression are also

proposed in [108, 109, 110, 111, 112], however a comprehensive theoretic analysis

is not provided and the properties of the controllers are mainly validated through

extensive experimental results. A fully decentralised approach was provided in [83]

with the ability to enable Plug-and-Play operation. A Quasi-Stationary-Line ap-

proximation is used to augment the model of the local DG system with an additional

model of the line dynamics. Then, the Lyapunov method for linear systems was

used to design an appropriate feedback gain that achieves asymptotic stability of

the local dynamics. A strong assumption is made in this study that the loads are

acting as a unknown current disturbance, allowing the consideration of the load cur-

rent as an additive, as opposed to parametric, disturbance to the voltage dynamics.

Plug-and-Play capability is a popular control objective among many decentralised

approaches, since there is no requirement of a communication link. These have been

proposed for both droop-based [113] and droop-free [114, 115] methods. A port-

Hamiltonian model is derived in [113] to derive sufficient conditions for asymptotic

stability of the closed loop system under the proposed control law. A decentralised

control for meshed islanded inverter-based Microgrids is proposed in [115]. Therein,

the DG units that have a direct line to a plugged-in, or plugged-out, unit, retune

the control parameters online to preserve the overall stability of the Microgrid sys-

tem. The control strategy proposed in [114] requires the adoption of an additional

control layer to compute global setpoints. Then, a linear decentralised controller is

designed to robustly track the respective reference value.

2.6 Microgrid Stability in the Presence of CPLs

It is evidenced from the previous section that a large portion of the literature focuses

on the operational properties of a specific case study, where it was often assumed

that only linear loads are present in the network. The adopted assumptions allow

for a numerical investigation to provide closed-loop stability guarantees, which,

however, are compromised by the introduction of CPLs and deviations from the

assumed system parameter values. Even though the nonlinear effect of the CPL

can be linearised around an operating point to facilitate a stability analysis, this
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reduces the stability margin of the system and does not allow the operation on

voltage levels away from the operating point.

To overcome this problem, a few studies have been proposed in order to cope

and analyse the destabilizing effect of the CPL. A simplified model of a droop-

controlled DC Microgrid with CPLs was presented in [116] in order to reduce the

complexity of the theoretic analysis and control design. The authors of [117] present

an investigation of the effect of both the system parametric values and the type of

loads present in the network. The effect of these factors on the system damping

is studied via an eigenvalue analysis, showing that under-damped Microgrids may

display high frequency unstable oscillations. Then, a virtual-impedance technique is

proposed to counteract the effect of the CPL. Extensive simulations of a DC Micro-

grid with CPLs were used in [118] to identify the stable state subspace, by varying

the load demand according to a specified range. This way, stability conditions of

the operating points are identified in the presence of an varying-load demand. The

system robustness to uncertain varying CPLs was also studied in [119]. The sta-

bility analysis is performed by considering the load demand to lie in an polytopic

set, instead of a fixed value. Then, local stability of each point is shown when these

are parametrised by any value in the uncertainty set. An energy-based approach

is suggested in [120]. Therein, a mixed potential model of a DC Microgrid with

CPLs is constructed using the Brayton and Moser equations. The authors then

formulate specific criteria that lead to asymptotic stability of the system in a large-

signal sense. The control analysis of parallel DC/DC converters was investigated in

[121], providing tuning guidelines to improve the system damping under the effect

of the CPLs. A Lyapunov based analysis is provided in [122] to prove the system

asymptotic stability under the proposed control scheme, consisting of a nonlin-

ear disturbance observer and a backstepping controller. Other approaches include

the investigation of an AC Microgrid stability properties using the Popov criterion

[123], employing tools from the robust parametric control literature [124], solving

linear matrix equations to obtain sufficient stability conditions [125], or eigenvalue

analysis of the resulting Jacobian matrix [126].

Despite the effort to provide an extensive theoretic analysis on the effect of

CPLs on the network, there is still room for improvement. Many studies do not

consider the dynamic modelling of the system or adopt some form of reduced model

to simplify the analysis. Other studies formulate the stability conditions on the

basis of a passive load effect assumption; this is commonly enforced by assuming

larger effect of the “Z” and “I” components of the “ZIP” load compared with the

“P” component, raising the question of how to achieve similar results when only

constant power demand is present.
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2.7 Constraint-Based Operation

Apart from a desire for strong stability guarantees, Microgrids are also required to

satisfy operational constraints in order to avoid damages to the various electronic

components. This is commonly referred to as “overcurrent” or “overvoltage” pro-

tection of the converters. This refers to protection of the converters in instances,

where a larger than the intended electric current or voltage occurs in some parts

of the converter, generating excessive heat and damaging the equipment. The first

part of this section will provide an overview of constraint-based techniques regard-

ing Microgrid systems, in an effort to highlight the gaps in the literature and the

current open challenges. Then, the latter part will present the constraint-based

techniques that commonly adopted in the wider literature of control theory. The

purpose of this is to identify the areas for improvement in order to allow the exten-

sion of constraint-based techniques to Microgrid applications.

2.7.1 Constraint-Based Operations in Microgrid Literature

In order to limit the current flowing through a converter to the desired operating

values, traditional techniques involve elements such as fuses and circuit breakers.

However, due to the fact that these usually cause an interruption to the converter

operation, a significant interest is noticed in embedding the constraint demand

within the control design process and indirectly enforce bounded operation [127].

Control schemes that achieve overcurrent protection by transitioning to a “fault

mode” have been proposed in [128, 129, 130, 131]. However, when multiple cas-

caded loops are employed, the transition between the “fault” and “normal” modes

may lead to closed-loop instability, while a concise stability analysis is difficult to

be established [70]. In particular, the authors of [70] also demonstrate how these

techniques can lead to latch-up and integrator windup cases degrading the over-

all performance of the network. Similarly, overvoltage protection of Microgrids is

studied in [132], where the authors propose an overvoltage monitoring system based

on a neural network model. An optimal control approach was presented in [68] to

avoid cascading during an overvoltage instance, however the computation burden

in both studies is significantly large.

2.7.2 Constraint-Based Operations in Control Theory Lit-

erature

As mentioned above, the ability to satisfy constraints is particularly appealing in

the context of Microgrid regulation, since the system is required to operate within
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a predefined operating range. This can be translated to the form of constraints

on both the current and the voltage of each DC/DC converter. One of the most

popular and effective techniques for achieving control in the presence of constraints

is Model Predictive Control (MPC) [133]. There are two important MPC categories

one needs to consider when designing a Microgrid control scheme: robust and dis-

tributed MPC. The former is mainly required to counteract the effect of the external

disturbances and model uncertainties, while the latter improves the flexibility and

scalability of the Microgrid when this spans over large geographical areas.

There is a rich literature behind robust MPC approaches, the majority of which

follow a Tube MPC formulation. The term Tube MPC refers to a collection of

control approaches that bound the trajectories of the uncertain system within a

sequence of sets and regulate this sequence to desired terminal sets [134]. One of

the most famous approaches dates back to the work of [135], which standardized

the Tube MPC for linear systems. First, the uncertain system is decomposed into

nominal and error dynamics, then an approximation of the minimum robust positive

invariant (mRPI) set is calculated to bound the error, while the uncertain system

is driven by regulating the nominal state trajectory in conjunction with feedback

control on the error dynamics. Calculation of the mRPI set approximation requires

an explicit form of the integral flow of the system, i.e. the solution of the ordinary

differential equation describing the system dynamics, [136]. A few approaches have

focused on the nonlinear case, for example in [137] a linearisation around each

point in the horizon was proposed, while a feedback linearisation was utilized in

[138]. A tube nonlinear MPC was proposed in [139], however the calculation of the

“restricted” nominal constraints is carried out through simulations and lacks an

analytic approach. The Contraction Theory is used to construct the tubes in [140]

for a design of a distributed nonlinear MPC for dynamically decoupled subsystems.

A method to optimize the tube size online was proposed in [141] by exploiting

the structure of the adopted boundary layer sliding controller. An approach that

constructs positive invariance sets for globally Lipschitz systems was proposed in

[142], where the control action relies in computing a quadratic Lyapunov function for

the system. However, imposing a globally Lipschitz condition restricts the scope

of possible applications of this control method and may result in a conservative

controller. It is evident from the literature that a robust nonlinear MPC scheme is

a subject open for investigation, and is often reliant on the specific structure of the

dynamics.

The Distributed MPC approaches were initially conceptualised by adopting

a Tube MPC and considering the system interactions as external disturbances

[143, 144]. However, these techniques were developed for linear systems and re-
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quire a “weak” interaction term among the subsystems, i.e. to be able to omit the

coupling from the local model without causing a large error in the local system

state trajectory. This is a particularly strong assumption that is not applicable in

Microgrid systems, since the local dynamics are heavily affected by the coupling

term. A distributed MPC scheme is proposed in [145] for nonlinear systems us-

ing the alternative direction method of multipliers. The proposed method solves

local optimisation problems, however communication between the local controllers

is carried through a central entity. The authors of [146] propose a DMPC scheme

that deals with global system constrains in a distributed manner. An algorithm is

proposed to guarantee recursive feasibility of the optimal control problem (OCP),

which includes coupled constraints but only considers uncoupled subsystems. A

robust DMPC approach is presented in [147], wherein the authors show that recur-

sive feasibility of the OCP is guaranteed in the presence of inexact optimisation.

By exploiting the linearity of the system dynamics, the system constraint sets are

tightened in order to deal with inexactness of the optimal solution. Similarly in

[148], the construction of tightened constraint sets for linear systems is performed

through a computation of robust positive invariant sets. The authors propose time

varying RPI sets in order to enlarge the region of attraction of the OCP, however

this is shown to require a form of centralised computations and relies on reduced

subsystem coupling.

It is evident from the literature that the computation of RPI sets is a popular

approach. This relies on the computation of reachable sets, i.e. the set of states

that the system trajectory can be steered from a specific initial state. In the case

where the systems adopts a linear structure, this computation is is reduced to a

set of matrix operations. Howevert, this can be proved to be an arduous task in

a nonlinear setting, where the computation of reachable sets requires the existence

of an explicit solution of a differential equation. Another issue that may arise in

the nonlinear MPC is the design of a Lyapunov function for the terminal dynamics.

A few approaches have been proposed to address this but the majority rely on

linearisation around the terminal state, see for example [149]. In order to account

for linearisation errors, this often leads to conservative terminal sets.

2.8 Gaps in the Literature

The beginning of this chapter presented the conventional droop controller and out-

lined its drawbacks, focusing on the display of poor power sharing accuracy, exis-

tence of circulating currents and deviation of the voltage and current from their

respective rated values. Then, a plethora of droop and droop-free control varia-
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tions were presented that improve the overall system performance. Nevertheless,

the literature review revealed the following three major shortcomings

• Lack of a concise theoretic analysis and an analytic stability proof in cases of

nonlinear loads

• Many studies are case-specific, investigating a specific network topology, and/or

require strong assumptions such as knowledge of the load voltage or system

passivity

• Inability to guarantee equipment protection without compromising the system

stability margin or disrupting the Microgrid operation

A few studies have been devoted in addressing one or more of the above issues.

An overview of the works addressing the stability issue was presented in Section

2.6, showing that there is still ample room for improvement, either in regards to

the invoked assumptions, or the analytic investigation of the nonlinear load effect

on the network behaviour.

Furthermore, a distinct trend is identified towards the development of dis-

tributed control techniques for Microgrids [150]. In combination with the need to

satisfy constraints and the recent developments in optimisation solving algorithms

[94], this opens an avenue for the adoption of MPC techniques in Microgrid reg-

ulation [78, 76]. However, Section 2.7.2 showed that general nonlinear distributed

MPC approaches display a high degree of conservativeness and/or require strong

assumptions on the structure of the dynamics. In addition, the literature on non-

linear DMPC schemes for systems with strong coupling, neighbour-to-neighbour

communication and local optimization objectives is limited. Therefore, the exten-

sion and adoption of similar control techniques in Microgrid applications is not

straightforward, especially in the presence of nonlinear loads. This requires careful

investigation of the network dynamical model in an effort to design an adequate

control law that bridges the gap between the two fields. Another advantage is that

investigating this particular case of nonlinear dynamics allows for a less conserva-

tive robust DMPC approach to be developed, since it is not necessary to adopt

an approach for generic nonlinear dynamics with simplifying assumptions. Finally,

further requirements such as coupled constraint satisfaction, which in the case of

Microgrids may take the form of thermal constraints on the transmission lines, are

also not thoroughly studied in the case of neighbour-to-neighbour communication

and usually require a centralised computation of the control action.
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Chapter 3

Distributed Constrained-Based

Control of DC Microgrids

One of the most vital aspects of Microgrid control is in regards to constraint sat-

isfaction. These constraints come in the form of actuator limits or protecting the

electronic components from damages, and in some cases are necessary to guarantee

tight regulation of the dynamics. The presence of loads in the network amplifies

the necessity for this property, since the load demand is, in the majority of cases,

unknown and takes the form of an external disturbance to the system. Motivated by

this problem, this chapter will present a two-layer constraint-based control scheme

for DC Microgrids that guarantees closed loop stability of the network dynamics.

Contrary to the literature, instead of employing saturation units, the proposed

controller is formulated by considering the dynamic behaviour of the closed loop

system, while the system constraints are included in the control design procedure.

Therefore, the problems associated with saturation devices, such as instability and

performance degradation, are avoided. The proposed controller adopts a hierar-

chical structure. At the primary level, a nonlinear control law is proposed that

uniformly bounds the system trajectory in a ball set centred at the origin. The

main control objective at this level is ensure an overvoltage protection of the power

converter from sudden changes in the load demand. Then, at the supervisory level,

an optimisation-based approach is formulated that allows the satisfaction of con-

straints in the form of bounding the line currents, as well as bounding the local

node voltage within a desired range of the rated operating voltage. The control

scheme can be operated in two settings; either in a decentralised mode, where a

uniform bound for each converter output voltage is guaranteed, or in a distributed

mode that improves power sharing, reduces unnecessary circulating currents and

guarantees coupled constraint satisfaction in the form of thermal limitations on the

transmission lines. In order to minimise the dependence of the control scheme on
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the communication among the nodes, the distributed mode adopts a neighbour-to-

neighbour communication framework, where an exchange of information occurs once

per sampling interval. Analytic conditions of the control parameters are provided

such that the desired network behaviour is achieved in both cases where linear and

nonlinear loads are present. In order to broaden the range of possible applications

of the proposed controller, the control design is based upon a generic meshed net-

work, while both the analytic conditions to be satisfied by the control parameters

and the control law do not require explicit knowledge of the network parameters

such as filters, line inductances etc.

In Section 3.1, the modelling of the investigated dynamics is provided. Sections

3.2 and 3.3 respectively formulate the control scheme and present the boundedness

results of the node dynamics. Then, Sections 3.4 and 3.5 present the supervisory

control level. More specifically, Section 3.4 suggests a target voltage computation

for the network dynamics that satisfies the desired constraint sets. Then, Section

3.5 is split in two parts; Section 3.5.1 examines the recursive feasibility properties

of the optimal control problem and Section 3.5.2 proves the stability of the closed-

loop dynamics and establishes analytic conditions on the tuning parameters such

that the desired behaviour is achieved. Finally, Sections 3.6 and 3.7 respectively

demonstrate the controller properties in a simulation scenario and provide a few

concluding remarks on the established results.

3.1 System Modelling

Consider a DC Microgrid consisting of resistive lines, which are commonly assumed

in low-voltage DC Microgrids, and a set ofM = [1, 2, . . . , nx] nodes, each connected

to a local load, see Fig. 3.1. Each node represents a DER unit interfaced to the

network by a DC power converter. It is common in the literature to assume a

time-scale separation of the dynamics, where the time constant of the inner current

dynamics is significantly smaller than the one of the output voltage, see for example

[151] or [152]. This allows one to consider the inner current as a control input to

the node voltage dynamics, and thus study the simplified node circuit depicted in

Fig. 3.2.

Employing the simplified representation of the power converter and applying

the Kirchhoff laws, results in the dynamic model of the ith node voltage

Ci
dvi
dt

= ii − io,i, (3.1)

where Ci is the local output capacitance and (vi, ii) are the converter node voltage

and input current. In addition, io,i represents the output current of each node
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Figure 3.1: Generic meshed Microgrid consisting of DER units and local loads.
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Figure 3.2: Simplified node circuit of a power converter connected to a local load

an the common DC bus. The input takes the form of a controlled current source.

represented as a sum of the current consumed by the load and the current flowing

through the transmission line of edge ε = (i, j). In the case where the local load

is a constant power load, then it is modelled as a controlled current source. Then,

the local output current is given by the relation

io,i = iload,i + iT,i =
Pi
vi

+
∑
j∈Ni

Lij(vi − vj), (3.2)

where Pi ∈ R is the local load demand, Ni denotes the set of neighbours of the ith

node, i.e.

Ni := {j ∈M : Lij 6= 0, i 6= j}, (3.3)

and Lij is the i-j component of the Laplacian matrix of the network L = B>r−1B,

with r−1 the line admittance matrix. As it was shown in [153], considering an

equilibrium node voltage v̂i corresponding to a constant load P̄i, the admittance

matrix of the network can be computed as Y = L+D, where D = diag
{
− P̄i

v̂2i

}
.

3.2 Primary Control Design

The aim of the primary control is to regulate the node voltage to a setpoint v̂i that

achieves proportional power sharing among the units. As it was highlighted in the

literature review, the calculation of the voltage setpoint is traditionally achieved
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via the droop control that introduces a virtual impedance on the converter output,

v̂i = v̄i −miio,i, (3.4)

where v̄i is the rated operating voltage of the converter and mi ≤ 1 is the droop

coefficient. Then, the conventional approach employs a PI controller to track this

setpoint and achieve local stability of the dynamics. This approach however, ig-

nores the inherent operational limitations of the converters, as the high transients

caused by sudden changes in the power demand can damage the electronic compo-

nents. In light of this issue, we propose a simplified version of the state-limiting PI

controller [154] that ensures stability of the dynamics and overvoltage protection

of the power converter. The droop control expression (3.4) is incorporated in the

proposed control law, which is formulated as

ii = −kp,ivi +Miσi,

dσi
dt

=
kI,i
Mi

(1− σ2
i )(v̄ −miio,i − vi + ui),

(3.5)

where kp,i, ki,i and Mi are the tuning parameters. Therefore, applying the above

control law in (3.1) results in the closed loop voltage dynamics

Ci
dvi
dt

= −kp,ivi +Miσi − io,i,

dσi
dt

=
kI,i
Mi

(1− σ2
i )(v̄ −miio,i − vi + ui),

(3.6)

An additional integrator state σi is introduced, wherein the dynamics of the input

from the supervisory level ui shifts the equilibrium point (v̂, σ̂i) to a desired value

which is later shown to improve the power sharing and minimise the unnecessary

line currents. The overvoltage protection of the converter is proven in the following

proposition, where an ultimate bound on the node voltage dynamics is established,

following an appropriate tuning parameters choice. It is noted that u is a voltage

shifting term computed according to the control policies introduced in the following

sections, however no specific properties of this term are required for the following

proposition to hold true.

Proposition 3.1 (Boundedness of Primary Dynamics). Considering the closed-loop

voltage dynamics in (3.6), then for all i ∈M the set Vi \ {0}, with

Vi = [−vmax,i, vmax,i]× [−1, 1],

is positive invariant under the solution of the dynamics, where vmax,i = Mi

kp,i
and it

is assumed that for any pair of nodes i, j ∈M it holds that vmax,i = vmax,j.
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Proof. The strategy for proving the invariance of [−vmax,i, vmax,i] ×[−1, 1] involves,

first, showing that the integrator state σi is contained within [−1, 1] for all posi-

tive time, and, later, to show that the boundedness of σi implies that node volt-

ages remain within [−vmax,i, vmax,i]. The former is addressed by contradiction. By

construction, the solutions of the differential equations defining the state σi(·) is

unique and continuous around the points σi = 1 and σi = −1. Suppose now that

σi(0) ∈ [−1, 1] and there exists τ > 0 such that σi(τ) 6∈ [−1, 1]. By continuity, this

implies the existence of 0 < τ1 < τ such that |σi(τ1)| = 1; As a consequence, there

exists δ > 0 and ε > 0 such that |σi(τ1 + δ)| > 1 + ε and |σi(τ1 − δ)| < 1 − ε, i.e.

the state trajectory enters and leaves the set [−1, 1] in finite time. It is noted that

the local integrator state σi ∈ R is scalar, i.e. the evolution of σi(·) is confined on

the line of the real numbers. Furthermore, both points on the boundary of the set

[−1, 1] are equilibrium points for (3.6), therefore these have the property to either

attract or repel the state trajectory σi(·). This leads to a contradiction as it is

impossible for the state to escape this set and therefore σi(t) ∈ [−1, 1] for all t ≥ 0.

The second part is associated with the boundedness of vi(·). Here, the energy

function of the capacitor, i.e. Wi = 1
2
Civ

2
i , is used where the respective time deriva-

tive yields

Ẇi = −kp,iv2
i + viMiσi − viio,i. (3.7)

The analysis is bifurcated into two cases: (a) viio,i > 0 and (b) viio,i ≤ 0. For the

former, Ẇi ≤ −kp,iv2
i + |vi|Mi. Using ultimate boundedness, see [155, Theorem

4.18], the condition |vi(0)| ≤ Mi

kp,i
implies that vi(t) is ultimately bounded by Mi

kp,i
for

every t ≥ 0, i.e. |vi(t)| ≤ Mi

kp,i
,∀t ≥ 0. For case (b), the condition viio,i ≤ 0 implies

that

Pi + vi
∑
j∈Ni

Lij(vi − vj) ≤ 0,

therefore there exists a node j ∈ M such that it feeds the ith load, i.e. vj ≥ vi.

Considering a choice of the network tuning parameters such that vmax,j = vmax,i,

then converter j falls in case (a), i.e. vj ≤ vmax,j = vmax,i which implies vi ≤
vmax,i. Therefore the tuning parameters Mi and kp,i can be chosen to establish an

appropriate converter voltage bound vmax,i = Mi

kp,i
, ∀i ∈M.

The above results demonstrates that in the case where the one does not employ

the supervisory controller, i.e. when ui = 0, the local node operated in a decen-

tralised mode where the controller guarantees upper boundedness of the voltage

solution v(·) in a desired set. Hence, an overvoltage protection of the converter is

guaranteed without the use of saturation devices, even during transients. Further-

more, the following sections will formulate a condition on the controller gain kp,i
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such that stability of the closed loop system is also guaranteed. However, the pri-

mary controller ignores the fact that the point vi = 0 is a singularity of the dynamics

and does not guarantee that a voltage drop to vi = 0 can always be avoided. There-

fore, a supervisory controller should be incorporated in order to provide an input

u such that the voltage is bounded around the desired rated operating voltage, as

opposed to the origin, and ensure that this constraint set is never violated. Finally,

it is noted that this chapter does not consider limitations on the input current and

assumes that the desired input current can always be provided. This could be a

limiting factor in the application of the proposed control scheme and therefore is

addressed in the following chapters.

3.3 Supervisory control structure

The following sections describe the formulation and theoretical analysis of the super-

visory controller. The use of a supervisory controller allows a more sophisticated op-

eration, such as coupled constraint satisfaction, boundedness of the solution around

a desired range of the rated voltage and inclusion of input constraints. These con-

straints are accounted for in the supervisory control, which is composed of two

parts. First, an upper layer computes economic steady state targets zt = (xt, ut)

according to the load demand, where x collects the states of the system into a single

variable, i.e. x = (v, σ). Then, at the lower layer, a local finite horizon distributed

NMPC, denoted as NMPC-i, is employed to drive the system to the provided tar-

gets. The target zti is updated each time a “significant” change in load demand

occurs; this is further explained in Remark 3.1. Then, the local NMPC-i is solved

at every sampling instant, denoted as k ∈ N. The exchange of information fol-

lows a non-iterative, neighbour-to-neighbour framework. This is formalised in the

following assumption.

Assumption 3.1 (Communication framework). At each time step k ∈ N, each

local node receives the voltage vj from the neighbouring nodes j ∈ Ni and assumes

vj = constant until k + 1.

For the following results, a discrete time approximation of system (3.6) is con-

sidered. By compactly representing (3.6) as ẋi = fi(xi, ui, io,i), a discrete model

through Euler approximation can be derived as

xi(k + 1) = x+
i = xi + ∆Tifi(xi, ui, io,i) = Hi(xi, ui, io,i)

with a sufficient small sampling period ∆Ti ∈ R≥0 that captures the dynamics.

The variable of the input current io,i in the discrete model can be substituted by a
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state-dependent disturbance function wi : R→ R. This function is a summation of

the load current iload,i and a term consisting of the interactions with the neighbour

voltages, i.e.

wi(vi) =
Pi
vi

+ di, (3.8)

where di = −
∑

j∈Ni
Lijvj represents the transmitted information to the ith node.

3.4 Upper Level - Target Computation

The computation of the network voltage setpoints considers the line current limi-

tations, as well as the network load demand. In order to perform this, information

needs to be gathered from the entire network, thus requiring a centralised setup.

First, it is noted that, due to the adopted primary controller, the equilibrium map

of (3.6) is given by

v̂ = sat
(
(In +mY )−1v̄ + u, vmax

)
,

σ̂ = sat
(
M−1(kp + Y )((In +mY )−1v̄ + û), 1

)
,

(3.9)

where sat(·) is the saturation function and In ∈ Rn×n is the identity matrix. Then,

the steady state optimisation problem can be formulated as

zt = arg min
z

`eco(z)

s.t. (3.9),

z ∈ (X(P ) ∩ XL)× U,

where `eco(·) is a strictly convex function, X(P ) translates the line current and

economic constraints to polytopic constraints on the network voltage. Furthermore,

the set XL ⊆ V are the local state constraints which enforce strictly positive values of

the voltage. Finally, U denotes the desired input constraint set regarding the voltage

shifting term u. The function `eco can be chosen according to the desired network

behaviour; examples of these are solving an optimal power flow problem, where `eco

computes target states by minimising the DC power flow equation, or minimising

deviation from a rated voltage. The latter case would result in a quadratic cost

function e.g. `eco = z>Wz, where W ∈ Rn×n is a positive definite weight matrix.

The only requirement for `eco is strict convexity. The usefulness of this assumption

is twofold: first strict convexity implies a unique minimum within a compact set

and, secondly, strict convexity implies dissipativity with respect to a trivial storage

function.

Remark 3.1. In a real world application, the load demand may arbitrary change

between the time steps, which would result in the need to constantly recalculate the

47



3.5. LOWER-LEVEL DISTRIBUTED CONTROL

steady state targets. This can be overcome by setting an event-triggered optimisation

steady state computation, where the decision to update the target states is made only

when a defined threshold on the load demand changes is exceeded. It is noted that

computation of optimal steady state targets is an active topic in the literature and

partially falls beyond the scope of this study. Here, emphasis is given in the challenge

of designing a distributed local controller, thus a relatively simple representation for

the upper-lever is used with the sole purpose of providing a target state to facilitate

the analysis of the lower-level supervisory controller.

3.5 Lower-Level distributed control

In this section, the lower-level distributed controller will be presented. An local

NMPC-i is adopted for the lower level of the supervisory control. The NMPC-i

uses predictions of the system evolution over a horizon N to calculate an optimal

control sequence that minimises the cost function. In order to realise a distributed

operation, each local controller, at sampling instant k ∈ N, constructs the distur-

bance term wi from the received information di and the local measurements of the

load Pi. This is included in the state predictions of the NMPC at every sampling

instance k as an N -length sequence

wi(k) =
{
wi(0|k), . . . , wi(N − 1|k)

}
, (3.10)

where, due to the adopted communication framework from Assumption 3.1, both the

load demand and the interaction term are kept constant over the horizon. Therefore,

for any c = 0, . . . , N − 1 it holds that the respective disturbance sequence element

is given by

wi(c|k) =
P̄i

vi(c|k)
−
∑
j∈N

Lij v̄j (3.11)

where vi(c|k) denotes the respective cth element of the state prediction sequence at

sampling instant k. In order to simplify the notation, it will be assumed that the

disturbance sequence and its elements are always parametrised by the respective

state predictions, without explicitly stating this. Therefore, the local NMPC-i

computes the local state trajectory predictions assuming constant external inputs

over the horizon. Before proceeding to the optimisation problem formulation, the

state constraints need to be formally defined. Let Ei ⊂ E denote the set of edges

connected to node i ∈M i.e. ,

Ei :=
{
ε = (i, j) ∈ E : j ∈ Ni

}
.

Each line current iT,ij flowing to edge ε ∈ Ei can be analytically expressed as

iT,ij = Lij(vi − vj), ∀j ∈ Ni. (3.12)
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The requirement is that each line current is uniformly bounded by some maximum

line current Imaxj , as |iT,ij| ≤ Imaxij , or equivalently restricted within a compact set

iT,ij ∈ Ii ⊂ R . Considering Assumption 3.1, the neighbouring voltage is locally

perceived as a piecewise constant signal. Thus, it follows from (3.12) that the line

current constraint can be expressed as a collection of time varying constraints on the

local voltage vi parametrised by the available information at each sampling time,

i.e. vi ∈ Xi(di). Furthermore, is assumed that both the network node voltages and

inputs are also subjected to uncoupled constraint sets

XL =
∏
i∈M

XL,i := {vi ∈ R : vlb,i ≤ vi ≤ vub,i},

U =
∏
i∈M

Ui := {ui ∈ R : ulb,i ≤ ui ≤ uub,i}.
(3.13)

However, at each sampling instant k, the local NMPC-i computes state predictions

considering a constant external inputs. This can lead to problems regarding the

feasibility of the optimisation problem, since the time-varying nature of these pa-

rameters is ignored. As it will be shown later, the monotonic descent property of

the NMPC value function can be used to guarantee that the true state remains

within the constraint set despite this induced uncertainty.

In order to ensure regularity and convexity of the optimal control problem, the

following assumption is invoked on the structure of the constraint sets.

Assumption 3.2 (Regularity of the constraint sets). The sets Ii, XL and U are

compact, convex and U contains the origin in its non-empty interior.

This assumption is required to obtain a necessary condition on the optimality

of the minimisation problem and allows consideration of a uniformly continuous

value function [133, Appendix C.2]. Each local subproblem NMPC-i incorporates

the sequence wi(k) in the prediction model, as well as in the parametrisation of the

state constraints. This is formulated as,

Joi (xi(0), zti ,wi) =

min
ui,z

s
i

N−1∑
n=0

`i(zi(n)− zsi ) + `o,i(z
s
i − zti)

s.t.

xi(0) = xi(0|k)

x+
i (n) = Hi(xi(n|k), ui(n|k), wi(n|k)),

zi ∈ (XL,i ∩ Xi(wi(n|k)))× Ui,

zsi ∈ (XL,i ∩ Xi(wi(n|k)))× Ui (3.14)
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∀n ∈ 0, . . . , N − 1

where zi = (vi, σi, ui). The solution of (3.14) generates the optimal control sequence

uoi = {uoi (0|k), uoi (1|k), . . . , uoi (N −1|k)}. As it was highlighted in [133, Section

6.3.4], the presence of coupled constraints necessitates a centralised calculation of

the target states zt. From the local controller point of view, this may result in

the ith target zti being outside the constraint set at some time step k. This is

because the targets are calculated based on steady state network voltages, while

each node’s constraint set is parametrised by the current value of the neighbour

voltages. To account for this a strictly convex offset function `o,i(·) is added to the

stage cost, which can be thought as incorporating a steady state target optimiser

into the optimisation problem. The addition of an offset cost function further

ensures recursive feasibility under changing target points. Let zti(τ1) and zti(τ2)

denote the target points for two consecutive times with τ1 < τ2 and the set RN(x)

denote the set of states that can be steered to x in N steps. Assuming that the

system has converged to zti(τ1), it is not necessarily true that zti(τ1) belongs to

RN(zti(τ2)). As shown in [156], the offset function allows the system to converge to

the closest state to zti(τ2), while the system state trajectory will eventually enter

RN(zti(τ2)) due to the recursive update of the optimal control action. At every

step k, the ith node transmits its state value to the neighbouring nodes j ∈ Ni, the

optimal problem (3.14) is solved, the first element of the resulting optimal control

sequence ui is used as an input to the system, i.e. , ui = uoi (0|k), and the process

is repeated again at k + 1, thus realising a receding horizon formulation.

3.5.1 Recursive Feasibility

This section investigates the feasibility and stability properties of the proposed

control scheme. As it was described in the previous section, the system evolves

according to the discrete model,

x+
i = H(xi, ui, wi) (3.15)

It is important to note that, generally, the discrete state x+
i is not equal to the

state resulting from the continuous solution map xi(t + ∆T ). In this study, it is

implicitly assumed that the errors induced by the Euler discretization are small

enough and can be omitted in the analysis. While this can be argued to increase

the conservativeness of this approach, it can be justified from the already-present

necessity for a small sampling time.

Traditionally, the recursive feasibility proof of the NMPC uses the tails of the

resulting optimal sequences and relies on the existence of terminal penalties and
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constraints. In view of the absence of terminal ingredients of (3.14), the following

analysis exploits the property of the optimisation solution to spend a significant

amount of time “close” to the desired setpoint. This property is termed “turn-

pike”, where its original definition can be found in [157]. This definitions is slightly

adjusted here to better accommodate this specific problem setting.

Definition 3.1 (Turnpike property in OCP). Let the optimal control problem (3.14)

be strictly dissipative with respect to the setpoint xsi = (veq,i, σeq,i) and xsi be locally

controllable. Then, |Q| ≤ Ψ for some Ψ ∈ N and

Q = {k ∈ [0, 1, 2, . . . , N ] : xoi (k) /∈ Bε(xsi )}, (3.16)

where Bε(xsi ) is a ball of radius ε centred on xsi .

Essentially, the turnpike property describes that the time the optimal solution

spends outside of a ball Bε(xs) is finite and bounded. In addition, the longer the

horizon N is, the more time the optimal solution stays closer to xsi . As it was

denoted in [158], in order for a system to have the turnpike property it is required

to be dissipative and locally controllable. It will be shown that the proposed con-

trol system satisfies both requirements, starting by the dissipativity one. Strict

dissipativity requires the following inequality to be satisfied [159],

λ(x+
i )− λ(xi) ≤ s(xi, ui)− θ(||xi − xsi ||) (3.17)

where λ(·) denotes the energy saved to the system, s(·, ·) is the supply rate function

and θ is a K∞ function.

Lemma 3.1 (Dissipativity of the NMPC). The NMPC-i problem (3.14) is strictly

dissipative with respect to the setpoint xsi for any strictly convex cost function `(·).

Proof. The stage cost function satisfies `(0, 0) = 0 for (xi, ui) = (xsi , u
s
i ). Extending

what was shown in [157], by considering a supply rate s(xi, ui) = `(xi − xsi , ui −
usi ) + `o(x

s
i − xti)− (`(0, 0) + `o(x

s
i − xti)) and storage function λ ≡ 0 the inequality

(3.17) takes the form,

`(xi − xsi , ui − usi ) ≥ θ(||xi − xsi ||) (3.18)

which is satisfied for any strictly convex function ` with extreme point xsi .

The second requirement of the existence of turnpikes in the NMPC-i is the local

controllability of the system (3.15). This is shown in the following.

Lemma 3.2 (Local controllability of the network dynamics). The network closed

loop dynamics are locally controllable in the set int(V).
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Proof. The proof starts by writing the network system, with individual subsystems’

model given in 3.6, in the control affine form,

ẋ = f(x) + g(x)u

where,

f(x) =


f1

f2

...

f2nx

 (x)

=

(
C−1(−kp + Y )v +Mσ

M−1kI
(
Inx − diag(σ2)

) (
v̄ − (Inx +mY )v

)) ,

g(x) =



g̃1 02×1 . . . 02×1 02×1

02×1 g̃2 . . . 02×1 02×1

...
...

. . .
...

...

02×1 02×1 . . . g̃nx−1 02×1

02×1 02×1 . . . 02×1 g̃nx


(x),

where g̃i(x) is the respective vector of each node dynamics,

g̃i(xi) =

(
0

−kI,i
Mi

(1− σ2
i )

)
.

In order for the system to be controllable, the columns of the controllability matrix

C =
(
g1(x), g2(x), . . . , gnx(x), [f, g1](x), [f, g2](x), . . . , [f, gnx ](x)

)
, (3.19)

need to be linearly independent, where gi, i ∈M is the respective column of matrix

g(x) and [f, g](x) denotes the Lie bracket1 between the vector fields f : R2nx → R2n

and g : R2n → R2nx . As the columns of g(x) are linearly independent, it suffices

to investigate the linear independence of the columns of C collected in the reduced

matrix AC, where

AC =
(
g1(x), [f, g1](x)

)
.

Expanding, this results in,

AC=

(
0 C1kI,1(1− σ2

1)

−kI,i
M1

(1− σ2
1) 2

kI,1
M1
σ1f2(x)

)
where the columns are linearly independent for |σ1| < 1. Combined with the fact

that U is compact, it can be concluded that the system is locally controllable within

the set int(V).

1The Lie bracket of two vector fields X,Y : Rn → Rn is defined by [X,Y ](x) = ∂Y
∂xX −

∂X
∂x Y .
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Essentially, Lemma 3.2 in combination with Proposition 3.1 describe the ex-

istence of ball B := {σ ∈ Rnx : |σ| ≤ 1} such that no state can be steered to

the boundary ∂B nor exit it in the case of σi(0) = 1 for any i ∈ M. Nev-

ertheless, the dynamics are continuous around the point |σ| = 1, hence, if any

state satisfies |σi(0)| < 1, then it can be steered in finite time to any state in

int(B) but not outside B. As it will be shown now, satisfaction of the turnpike

property can be used to guarantee recursive feasibility of the optimisation prob-

lem. First, the simple scenario is investigated, where the external inputs of the

disturbance remain unchanged between the sampling intervals, with feasibility set

XN(wi) := {xi ∈ Xi(wi) : UN(xi, wi) 6= ∅}. This will be later exploited in the

analysis of recursive feasibility under perturbations of the external inputs between

sampling times.

Proposition 3.2 (Recursive feasibility of nominal NMPC without terminal ingre-

dients). Let the NMPC-i have the turnpike property with respect to the setpoint xsi
and wi(k + 1) = wi(k), then xi ∈ XN(wi) implies x+

i ∈ XN(w+
i ).

Proof. Define the solution xoi =
{
xoi (1|k), . . . , xoi (N − 1|k)

}
∈ XN(wi) at time k,

that corresponds to the control sequence uoi (wi). At time k+1, denote the predicted

control sequence uoi (w
+
i ) corresponding to the respective state predictions sequence.

Then, consider that the turnpike property implies the existence of time instants κ1

and κ2, such that the resulting state trajectory xoi respectively enters and leaves

a neighbourhood Bε(xsi ) of the setpoint xsi . Local controllability of the dynamics

imply the existence of a local control action sequence ũi ∈ Ui such that x̃+
i =

H(xi, ũi,w
+
i ) ∈ Bε(xsi ) ⊂ Xi(wi) for the interval [κ1, κ2]. Utilising the fact that

the external inputs Pi and di remain constant between the sampling times k and

k + 1, then the lack of uncertainty implies that vi(1|k) = vi(0|k + 1) and wi(1|k) =

wi(0|k + 1). Therefore, the resulting trajectory uoi (w
+
i ) is the tail of uoi (wi) in the

time intervals [0, κ1) and (κ2, N − 1]. This yields,

uoi (w
+
i ) = {uoi (1|k), uoi (2|k), . . . ,

uoi (κ1 − 1|k), ũi, u
o
i (κ2 + 1|k), . . . ,

uoi (N − 2|k), uoi (N − 1|k)} ∈ UN(x+
i , w

+
i ). (3.20)

and resulting state sequence,

xoi = {xoi (1|k), xoi (2|k), . . . ,

xoi (κ1 − 1|k), x̃i, x
o
i (κ2 + 1|k), . . . ,

xoi (N − 2|k), xoi (N − 1|k)} ∈ XN(w+
i ). (3.21)

53



3.5. RECURSIVE FEASIBILITY

Therefore, the respective future control and state sequences are feasible, when the

external inputs remain constant.

The recursive feasibility of the NMPC-i in the case of unchanging external in-

puts is shown, with the state entering a neighbourhood Bε(xsi ) of the setpoint. In

fact, it can be shown that the cost decreases outside of Bε(xsi ) and the state se-

quence converges to this neighbourhood of the setpoint, see [160, Proposition 2].

In addition, for a sufficient large finite horizon N , it can be shown that Bε(xsi )
shrinks to {xsi} and thus convergence to the setpoint is established. The proofs for

these two statements are omitted here since many studies are dedicated to show-

ing the above; the interested reader is referred to [161] or [162] for discrete time

case and [160] for a continuous time study. This work is dedicated to extending

these results in the scenario where some parameters of the disturbance sequence are

subject to bounded perturbations. The local supervisory controller considers the

sequence wi(k) constant in the prediction model, however wi(k) evolves according

to the neighbour voltages vj(k) and the load demand Pi; this is ignored by the

prediction model. Therefore, the question arises of how to ensure the robustness of

the NMPC-i in perturbations of the disturbance sequence and thus ensure that the

problem remains recursively feasible. The following assumption on the continuity

of the OCP value function is a direct result of choosing ingredients that ensure

regularity and convexity of the optimisation problem.

Assumption 3.3 (K-Continuity of value function). The value function Joi is class-

K continuous on the constraint sets and satisfies∣∣Joi (z1)− Joi (z2)
∣∣ ≤ F(|z1 − z2|),

with F a class-K function.

The above assumption is required to ensure that the value function of the optimal

control problem is continuous, a property that facilitates the following robustness

analysis. This assumption is less restrictive than requiring Lipschitz continuity,

however it is still a reasonable source of conservativeness of the proposed approach.

While this is easily satisfied in the presence of linear dynamics, there are examples

where the continuity property can be compromised in some case of nonlinear systems

[163]. Nevertheless, one can argue that the studied system behaviour is “similar

enough” to a linear system, making the adoption of such assumptions reasonable.

Furthermore, it is assumed that the load perturbations are bounded between

the sampling intervals.

Assumption 3.4 (Bounded load demand). The maximum load demand is uni-

formly bounded in Pi ∈ Di, where Di = {Pi ∈ R≥0 : Pi ≤ Pmax
i }.
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Therefore, the error of the prediction sequences between two consecutive time

steps can be characterised as∣∣w+
i −wi

∣∣ =
∣∣w+

i − wi
∣∣ |1N | ,

where 1N is an all-ones vector of N elements. This leads to

∣∣w+
i −wi

∣∣ =

∣∣∣∣∣∣P
+
i

v+
i

− Pi
vi

+
∑
j∈Ni

Lij(v+
j − vj)

∣∣∣∣∣∣√N,
substituting for the discrete time model (3.15), and formulating a worst-case sce-

nario for the current drawn by the load at each sampling interval, yields

∣∣w+
i −wi

∣∣ ≤
∣∣∣∣∣∣P

max
i

vlb,i
+
∑
j∈Ni

Lij∆Tif̂j(vj, uj, wj)

∣∣∣∣∣∣√N.
where f̂j(·) is the voltage dynamics of the jth node. Due to the continuity of the

dynamics over the constraint set and the fact that vj and uj lie in bounded sets,

there exists a bound f̂j(vj, uj, wj) ≤ Bj introduced by the NMPC-j that depends on

the constraint sets. Therefore, a bound can be deduced for the error δwi = w+
i −wi

between the elements of the two consecutive disturbance sequences as,

|δwi| ≤ emax
i ,

with emax
i =

(∣∣∣Pmax
i

vlb,i

∣∣∣+ ∆Ti
∑

j∈Ni

∣∣Lij∣∣ ∣∣Bj

∣∣)√N .

Remark 3.2. The uncertainty error can be reduced by either choosing a short sam-

pling period, which is already a requirement for systems with fast dynamics, or

appropriately choosing the input constraint set Ui. This way a smaller error bound

can be achieved.

Assumption 3.5 (Bounded Disturbance perturbation). The maximum disturbance

error δwi satisfies

emax
i ≤ F−1

(
(ρi − γi)βi

)
, (3.22)

with ρi ∈ (γ, 1), γi ∈ (0, 1) and positive constant βi such that it defines a level set

of the value function Ωβ =
{
xi : Joi (xi,wi) ≤ βi

}
.

In the following, the convergence property of the value function from Prop.

3.2 is exploited to ensure recursive feasibility of the optimisation problem under

changing disturbance sequences. Thus, a degree of robustness is introduced to

the proposed control scheme, provided that the perturbations in the disturbance

sequence evolution w+
i = wi + δwi satisfy δwi ∈ Di ⊕ DW i with DW i = {δwi ∈

R : |δwi| ≤ emax
i }. This is demonstrated in the next result.
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Theorem 3.1 (Robustness to disturbance perturbations). Suppose Assumptions

3.2-3.5 hold. Then, for any initial state satisfying xi ∈ Ωα,i = {xi : Joi (xi, wi) ≤
αi} ⊂ XN(wi) for some αi > βi > 0, there exists a finite horizon length N∗, such

that for all N ≥ N∗ the set Ωα,i is positive invariant for the closed loop system

(3.15) and x+
i ∈ XN(w+

i ).

Proof. Consider a state xi ∈ Ωα,i, then combining Proposition 3.2 with [161] wherein

practical stability of MPC with turnpikes is shown, the following inequality is sat-

isfied,

Joi (x+
i , wi) ≤ γJoi (xi, wi) + µi(N) (3.23)

where µi(N) : N → [0,∞) and µi(N) → 0 as N → ∞. Then, for a sufficient

large N , it holds that µi(N) ≤ αi(1 − ρi). Applying the continuity property of

Assumption 3.3 results in

Joi (x+
i , w

+
i )−Joi (x+

i , wi) ≤ F(
∣∣w+

i − wi
∣∣)

Joi (x+
i , w

+
i ) ≤ F(

∣∣w+
i − wi

∣∣) + Joi (x+
i , wi)

≤ (ρi − γi)αi + γiJ
o
i (xi, wi) + µi(N)

Using the fact that Jo(xi, wi) ≤ αi and Assumption 3.5,

Joi (x+
i , w

+
i ) ≤ (ρi − γi)αi + γiαi + µi(N)

≤ αi.

Therefore, the value function remains within the set Ωα,i, and thus Ωα,i is positive

invariant for the composite dynamics,

x+
i = H(xi, ui, wi),

w+
i ∈ {wi} ⊕ Di ⊕DWi.

Therefore, x+
i ∈ X (w+

i ) and applying this result recursively for all future states

implies that the problem remains recursively feasible.

The decreasing property of the value function Joi (·, ·) is preserved provided that

a large horizon N is chosen and the disturbance is bounded as described in As-

sumption 3.5. Essentially, in the absence of terminal ingredients, one requires a

large rediction horizon N such that the monotonic decrease property of the value

function is preserved. The disadvantage of this method is that the size of N is

dependant on the specific case study parameters, however Theorem 3.1 guarantees

the existence of a positive invariant set for the composite state trajectory. Further-

more, it is noted that one may choose the level set Joi (xi, wi) ≤ αi as the largest

level set that satisfies the disturbance bound. It is important to highlight that the
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resulting network voltage trajectory is not optimal. Indeed, this is the price one

has to pay for adopting a distributed control scheme. Nevertheless, the above result

shows robustness with respect to the update rate of the available information can be

ensured and the value function inherits similar monotonic descent properties with

an optimal trajectory resulting from solving the problem in a centralised fashion.

3.5.2 Stability of the Closed-Loop Dynamics

The stability analysis of the dynamics will follow the common principle of utilising

the recursive feasibility property of the NMPC-i and using the value function as a

Lyapunov function to drive the system trajectories to a neighbourhood of the desired

setpoints. Then, the properties of the primary controller are exploited to establish

convergence to the network setpoint xs. This is demonstrated in the following result,

where a local condition on the control parameters of each subsystem is derived to

guarantee stability of the closed loop system under the proposed control scheme.

Theorem 3.2 (Stability of the closed loop dynamics). Considering a setpoint xsi =

(v̂i, σ̂i) and a fixed power demand P̄i, the closed loop system is asymptotically stable

with respect to xsi , if

kp,i >
P̄i
v̂2
i

,

and

mi <
v̂2
i

P̄i

hold for all i ∈M.

Proof. The proof is split in two parts to distinguish whether the state is within the

neighbourhood of the setpoint Bε(xsi ) or not.

Case 1. xi 6∈ Bε(xsi ).

Following Theorem 3.1 the value function Joi (·, ·) satisfies

θ1(||xi − xsi ||) ≤ Joi (xi, wi) ≤ θ2(||xi − xsi ||),
Joi (x+

i , w
+
i ) ≤ Joi (xi, wi)− θ3(||xi − xsi ||),

for θ1, θ2, θ3 class K∞ functions. Then, following [155, Theorem 4.1], the value

function is a Lyapunov function for the system with respect to the region Bε(xsi ).

Case 2. xi ∈ Bε(xsi ).

In this case the properties of primary controller are exploited to show asymptotic

stability of the states given a setpoint xs. In the following, kp, m, kI , M , C are

diagonal matrices with each (i, i) element being the respective parameter of the
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ith node. Considering a steady state point (v̂, σ̂), with elements v̂i ∈ (0, vmax) and

σ̂i ∈ (−1, 1), the Jacobian matrix of the overall system around this point can be

computed as

J=

(
C−1(−kp − Y ) C−1M

−M−1kI
(
In − [σ̂2]

)
(Inx +mY ) 0n×n

)
.

The characteristic polynomial of the Jacobian can be reformulated into the form

|λ− J | = |λ2 + λA+B| = 0, (3.24)

where

A = C−1(kp + L+D),

B = C−1kI
(
In − [σ̂2]

) (
In +m(D + L)

)
.

The above is left multiplied by ∣∣∣(In − [σ̂2]
)−1

k−1
I C

∣∣∣
which results in ∣∣∣(In − [σ̂2]

)−1
k−1
I Cλ2 + λĀ+ B̄

∣∣∣ = 0, (3.25)

with

Ā =
(
In − [σ̂2]

)−1
k−1
I (kp + L+D),

B̄ =
(
In +m(D + L)

)
.

It is noted that according to Lemma A.2, the matrix Ā is diagonalizable as it is the

product of two positive definite matrices. Therefore, there exist a unitary matrix P

such that Ā = PΛP−1 holds, with Λ a diagonal matrix containing the eigenvalues

of Ā. Substituting in (3.25), this yields∣∣∣(In − [σ̂2]
)−1

k−1
I Cλ2 + λPΛP−1 + B̄

∣∣∣ = 0. (3.26)

Multiplying in left by P−1 and in right by P and using the fact that P is unitary

results in the quadratic eigenvalue problem∣∣∣P−1
(
In − [σ̂2]

)−1
k−1
I CPλ2 + λΛ + P−1B̄P

∣∣∣ = 0. (3.27)

Then, according to Lemma A.1, in order for the eigenvalues of the Jacobian ma-

trix to be negative, the matrix coefficients of (3.27) need to be positive-definite.

The matrix
(
In − [σ̂2]

)−1
k−1
I C is indeed positive definite as it is a product of di-

agonal matrices with positive elements. The remaining coefficients are investigated

separately:
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1. From the properties of the Laplacian matrix from Lemma A.4, its eigenvalues

satisfy λ1 = 0 < λ2 ≤ · · · ≤ λn. As kp, L, and D are symmetric matrices

and λmin(L) = 0, the following necessary scalar condition can be derived to

enforce positive definiteness of Λ and respectively Ā,

kp,i >
P̄i
v̂2
.

2. In order for B̄ � 0 the following must hold,

In +mD +mL � 0

Again, using Lemma A.4, the above can be translated into the scalar condition

mi
P̄i
v̂2
i

< 1

or equivalently,

mi <
v̂2
i

P̂i
.

It is clear from the proof of Theorem 3.2, that the monotonic decent property

of the value function is required to deduce convergence of the nodal state to a ball

around the setpoint, i.e. xi ∈ Bε(xsi ). Therefore, it is necessary for Theorem 3.1 to

hold in order to establish asymptotic stability of the closed loop dynamics. A point

of careful consideration is whether an existence of the solution to the optimisation

problem (3.14) exists. As highlighted before, one needs to guarantee that a solution

does in fact exists. The analysis demonstrated here is required to achieve this prop-

erty, where one then is simply required to follow the tuning condition formulated

in this section and choose a strictly convex nodal cost function `i(·) in (3.14) to

ensure existence of a unique minimum extreme point. The following proposition

shows that the properties of the proposed control scheme ensure satisfaction of the

coupled constraints, see Fig. 3.3.

Proposition 3.3 (Coupled constraint satisfaction). Consider the pair of neighbour-

ing nodes (vi, vj) with j ∈ Ni and denote the coupled constraint of the edge ε = (i, j)

as Xε. If, at some sampling time k, the states satisfy (vi, vj) ∈ Bζ ⊆ Xε, with Bζ
a ball of radius ζ ≥ 0, then applying the proposed control law implies that at time

k + 1 it holds that (v+
i , v+

j ) ∈ Xε.

Proof. As a consequence of Theorem 2, the distance of a state x0,i from the setpoint

xs,i is bounded from below by zero and upper bounded by d(x0,i, x
s
i ), where d(·)
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Figure 3.3: Coupled constraint and reachability sets for a two-node system.The

product of the resulting two reachability sets is always within the constraint set.

denotes the euclidean distance function. In addition, the one-step reachable set of

the ith local dynamics, for some initial state x0,i and current disturbance value wi,

is given by

Ri(xi,0) =
{
xi ∈ R : xi = H(xi,0, ui, w

+
i ), ui ∈ Ui, w

+
i ∈ {wi} ⊕ D⊕DWi

}
For the two neighbouring nodes of an edge ε = (i, j), the Cartesian product of

their respective one-step forward reachable sets Ri(xi,0) and Rj(xj,0) forms a two-

dimensional trapezoid Tε = Ri×Rj on the voltage subspace. Due to the monotonic

decent property of the state trajectory with respect to the voltage setpoint vs,i, the

trapezoid is characterised by the vertices p1 = (vsi , v
s
j ), p2 = (vsi , v0,j), p3 = (v0,i, v

s
j )

and p4 = (v0,i, v0,j). Therefore, feasibility of the setpoint vs,i implies that Tε ⊆ Xε

and the problems remains recursively feasible. This completes the proof.

The proof of Proposition 3 reveals that the proposed control architecture guar-

antees satisfaction of the time varying coupled constraints at all times t > 0. This

result is demonstrated in Fig. 3 where the constraint set is depicted by the gray

shaded area. Consider two neighbouring nodes, denoted by v1 and v2 respectively.

For a initial state v12(0) and a setpoint vs12, the local constraint set of node 1, X1,

is depicted by the horizontal black solid line and the local constraint set of node 2,

X2, by the vertical solid line. Due to the monotonic descend property of the value

function, the distance between the initial state and the terminal state is decreasing

and thus the one step forward reachability set of each node is all points contained

in the subspace defined by the coupled constraint set Xε of the edge ε = (i, j).
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Figure 3.4: A MG network with nine converters and seven local loads

3.6 Simulation Results

This case study considers a MG with topology depicted in Fig. 3.4 with set of edges

E := {(V1,V2), (V1,V4), (V2,V3), (V3,V4),

(V3,V5), (V4,V7), (V5,V6), (V6,V8), (V8,V9)}.

The aim of the control system is to keep the voltages close to the rated voltage v̄ =

100V and the converter currents below imax = 10A, while satisfying the local power

demand. This translates into `eco = (v− v̄)T (v− v̄) and S(P ) = {v ∈ Rn : Y (P )v ≤
imax}. These requirements imply that each converter can maintain its voltage equal

to the rated when the load demand is equal or below Pi = 1000W .The upper

supervisory layer computes the setpoints according to these economic criteria, while

the lower layer drives the closed loop system to these setpoints without violating

the line power constraints, see Fig. 3.5.

The voltage evolution changes according to the power demand in order to satisfy

each continuously changing local load as depicted in Fig. 3.6. This is done either

by solely using the local converter or utilising neighbouring converters when this

is required. At time t = 0.05s both CPL1 and CPL3 power demands exceed the

threshold of Pi = 1000W and thus require input currents from the neighbouring

nodes. As a result nodes 2 and 3 increase their voltage, while node 1 voltage drops.

Then, at time t = 0.35s the load demand of CPL9 exceeds the rated power of the

ninth node and the setpoints are adjusted accordingly to alleviate the necessary

portion of the power demand from the neighbouring node. At t = 0.55s the line

between node 1 and 2 operates at maximum power capacity and the voltages evolve
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Parameter Value

C [µF ] {200, 150, 100, 140, 150, 100, 140, 150, 100}
L [mH] {10, 15, 11, 6, 8, 10, 9, 10, 11}

Rij[Ω], (i, j) ∈ E {1, 1.5, 0.5, 0.6, 0.5, 0.6, 0.5, 0.9, 1}
mi 0.42

kp,i 200

Mi 21 · 103

kI,i 2 · 107

Table 3.1: Network component and control parameter values.

to new setpoints in order to avoid constraint violation. The line powers and the

respective bounds are depicted in Fig. 3.7 showing that the coupled constraints are

satisfied at all times. Hence, the theoretical analysis of the proposed hierarchical

control approach is validated, maintaining the node voltages and line currents within

the required ranges at all times. In addition, following the results of Section 3.3,

the closed loop behaviour is independent of the number of nodes in the network,

which ensures the depicted results can be extended to topologies with additional

nodes. The network component values are provided in Table 3.1.

It can be seen from Fig. 3.5 that each voltage trajectory follows close to its

respective reference, which is a result of the requirement for a small sampling time

to accommodate the distributed setting. This is a source of conservativeness in this

proposed approach, stemming from the requirement to bound the disturbance error

according to equation (3.22). In order to practically ensure that the effect of the

error does not affect the descent of the value function, the sampling time must be

chosen sufficiently small. This computational burden is partially alleviated in the

following chapters by adopting a separate control design to counteract the effect of

the load.

3.7 Conclusions

A detailed framework for developing and analysing a hierarchical control scheme for

DC Microgrids subject to coupled constraints was proposed in this chapter. A pri-

mary control level controller was presented that introduces boundedness and local

stability properties to the closed loop dynamics. Then, a supervisory controller was

formulated to achieve economic operation of the network. This was presented in

two layers. The upper layer computes the feasible economic targets by considering

the desired constraint sets. Then, in the lower layer, a distributed NMPC approach
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Figure 3.5: Converter voltage trajectories of Node 1 ( ), Node 2 ( ), Node 3

( ), Node 4 ( ), Node 5 ( ), Node 6 ( ), Node 7 ( ), Node 8 ( ),

Node 9 ( ), and setpoints ( )of all converter subsystems with the use of the

proposed control scheme.

0.2 0.4 0.6 0.8

500

1,000

Time (s)

Po
w

er
(W

)

Figure 3.6: Power supply to CPL1 ( ), CPL2 ( ), CPL3 ( ), CPL4 ( ),

CPL5 ( ), CPL6 ( ), CPL7 ( ), CPL8 ( ), CPL9 ( ) and respective

power demands ( )

.

was proposed to drive the system trajectories to the economic targets computed

in the upper layer. In Sections 3.5.1 and 3.5.2, analytic condition on the tuning

parameters, and the setup of the optimisation problem, were provided such that

the optimal control problem remains recursively feasible and the closed loop system

admits asymptotically stable equilibrium points. Furthermore, it was shown that

adoption of the proposed distributed NMPC scheme leads to guaranteed satisfac-

tion of the coupled constraints among the neighbouring subsystems. The theoretic

results of the proposed control scheme were illustrated in a simulated scenario con-

sisting of an isolated DC Microgrid with nine nodes, where a CPL was connected

in parallel to each local node.
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Figure 3.7: Line power trajectories and the respective boundaries for Line12 ( ),

Line23 ( ), Line34 ( ), Line41 ( ), Line35 ( ), Line56 ( ), Line47 ( ),

Line68 ( ), Line89 ( ).

Figure 3.8: Trajectory evolution of node 1 and node 2 voltages within the coupled

constraint set.
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Chapter 4

Tube-based Control of DC

Microgrids

A substantially limiting factor in the development of a distributed Microgrid control

scheme is the need for frequent communication exchange among the individual

subsystems. As it was demonstrated in the previous chapter, the communication

requirement can be reduced to a non-iterative, neighbour-to-neighbour structure,

by leveraging the inherent robustness properties of the nominal MPC framework.

However, by including load demand in the rate-of-change bound of the disturbance

term, the dependence on inherent robustness can result in a rather conservative

requirement, limiting the range of possible applications. In order to overcome this

problem, the analytic properties of the load model need to be exploited in the control

design process. More specifically, by studying the induced geometric behaviour of

the load on the network dynamics, a robust positive invariant set can be constructed,

such that the state trajectory is bounded within this set at all times. In addition,

as it will be shown in this chapter, the centre of this set lies upon a generated

prediction trajectory, termed “nominal” due to its independence from the load

demand fluctuations. This ultimately leads to a tube-like behaviour, where the

state trajectories are uniformly bounded in a compact set, the centre of which

follows a desired path in the state space. Guaranteeing this, allows the development

of a supervisory distributed control scheme, where the error bound between two

consecutive prediction trajectories only relies upon the information exchange among

the network nodes. Therefore, this leads to a less conservative assumption regarding

the effect of the external inputs on the closed loop dynamics and the error bound

between the predicted and true state trajectory.

This chapter considers the Microgrid network as an uncertain system, where

the uncertainty rises from the unknown perturbations of the load demand, and

proposes a control scheme that demonstrates the aforementioned desired properties.
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In particular, the effect of the CPL behaviour is analysed to propose a control law

for the uncertain nodal dynamics, such that the state is guaranteed to remain close

to a generated nominal trajectory. This nominal trajectory is shown to be the

solution of a nominal system, where the CPL demand is kept at a constant value.

Regulation of the nominal system is carried out through an MPC scheme, that

guarantees constraint satisfaction of the uncertain nodal dynamics. Ultimately,

the main contribution of this chapter is the development of a Tube NMPC for a

particular class of nonlinear dynamics. This fills the gap between similar approaches

that address different types of nonlinear systems, such as [164, 165], and reduces

possible conservativeness that can arise from adopting a Tube NMPC approach that

has been developed for generic nonlinear dynamics, e.g. [142, 166]. Furthermore, it

is noted that even though this approach is developed for the case of DC Microgrids,

the proposed controller can be adopted for nonlinear systems with similar model

structure, where the uncertainty enters in a parametric way, i.e. the system model

is of the form

ẋ = Ax+Bu+
w

x
,

where A,B ∈ Rn×n and w is the exogenous disturbance.

In the following, Section 4.1 formally defines the problem and outlines the pro-

posed control scheme structure. This approach considers both the output voltage

and inner current states of the converter, providing a unified constrained-based con-

trol scheme. To this aim, the inner current controller is proposed in Section 4.2,

while Section 4.3 formulates the voltage controller and analyses the theoretic prop-

erties of the closed loop system. By employing control Lyapunov functions, Section

4.4 proves the asymptotic stability of the cascaded voltage-current dynamics and

provides a region-of-attraction estimation of the respective equilibrium points. In

Section 4.5, the theoretic properties of the proposed control scheme are illustrated

in a simulated scenario, while Section 4.6 provides some concluding remarks on the

results of this chapter.

4.1 Problem Statement

Similar to the previous chapter, the problem of an islanded meshed DC Microgrid is

considered, see Fig. 4.1. The network is composed of n number of power converters,

where each ith converter is connected to local CPL, with i ∈ M = [1, 2, . . . , n].

The main control objectives are introducing system robustness with respect to load

demand fluctuations and ensuring that the system dynamics are restricted in a

predefined operational range.

In order to achieve a unified control approach, the original buck converter dy-
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Figure 4.1: Network topology of a meshed islanded DC MicroGrid.
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Figure 4.2: Node circuit modelled as a DC/DC Buck converter connected in parallel

to a local constant power load.

namics are considered, with circuit diagram depicted in Fig. 4.2. Following this,

the Kirchhoff model of the network dynamics is given by

L
di

dt
= νE − ri− v, (4.1a)

C
dv

dt
= i− io. (4.1b)

The capacitance and inductance of each node are collected into diagonal matrices

L ∈ Rn×n and C ∈ Rn×n respectively, r ∈ Rn×n denotes a diagonal matrix collecting

the node parasitic resistances, and E ∈ Rn×n denotes the input voltage of the

converters. The states of the system are the capacitor voltage v ∈ Rn and the

inductor current i ∈ Rn, while the duty ratio of the switching mechanism ν ∈
Rn, with νi ∈ [0, 1], is regarded as the input of the system. Contrary to the

previous chapter, in this case the inner converter current model is included in the

studied system, where the aim is to propose a unified control scheme that guaranteed

constraint satisfaction for both the voltage and current states.

The connection between the nodes of the graphs can be represented by the

weighted adjacency matrix A(R) ∈ Rn×n, where aij = R−1
ij , with R−1

ij the ad-

mittance of the line between nodes i and j, and aij = 0 if the edge (i, j) is not

incident. The full topology of the network is represented by the Laplacian matrix

L = [A(R)1n]− A(R). Therefore, the output network current can be modelled as

io = Lv + [v]−1P, (4.2)
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where P ∈ Rn is the power demand vector. To facilitate the development of a

robust control strategy, the maximum load demand is assumed to be bounded.

This is formalised in the following assumption.

Assumption 4.1. The load demand lies in a polytopic set, i.e. P ∈ P ⊂ Rn, where

0 ∈ int(P).

In addition, the system is subjected to operational constraints, i.e. desired re-

gions of voltage and current operation, denoted as X and I respectively. In order to

ensure a smooth region of operation, the following assumption is invoked.

Assumption 4.2. The constraint sets X, I are polytopic and compact sets, where

0 ∈ int(I).

It is common to require the inner current and output voltage of a converter to

operate in a predefined range, usually in the form of a bounded deviation from a

rated value. The above assumptions translate this requirement into a mathematical

notion, as well as ensure that the load demand acquires a finite maximum value.

This property is used to ensure convexity of the optimization problem that is in-

troduced in later sections. In addition, a consequence of this assumption is that

the origin is not included in the voltage constraint set. Thus, the voltage dynamics

are smooth over the constraint set, which allows the consideration of the respective

state subspace as a Riemannian manifold M embedded in Rn. Compactness of

the constraint set also implies that any closed subset of X is also compact. As a

result, any subspace of the metric space (X, dR) has the Heine-Borel property, i.e.

the metric space is compact and complete. This is a particularly useful property

that will assist the following sections to establish convergence of the system flow.

Linearity of the load model in (4.2) with respect to the load demand P , allows

for the separation of the load current into a nominal current, depending on an a-

priori known nominal load P̄ , and an uncertain one parametrised by a deviation,

i.e. δP = P − P̄ . Then, the set of deviations from the nominal load demand is

defined as a disturbance set

W := {δP ∈ Rn : P̄ + δP ∈ P} (4.3)

In addition, as a consequence of Assumption 4.1, the disturbance set W inherits the

same properties of P.

Following this problem formulation, the aim now becomes introducing system

robustness with respect to fluctuations of the load demand δP from the known,

constant value P̄ . To achieve this, a state-limiting PI controller is employed for the

regulation of the current dynamics, which introduces boundedness of each converter
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inner current state ii in a desired set. Then, the uncertain voltage dynamics are

“split” into a nominal subsystem, where the load demand attains a constant value

P̄ at all times, and an error subsystem, characterising the error between the uncer-

tain and the nominal subsystems. Finally, conditions on the choice of the tuning

parameters are introduced, such that the distance between the nominal and the un-

certain voltage trajectories is bounded, the network satisfies the desired operational

constraints and the stability of the overall system is guaranteed.

4.2 Inner Current Control

The current controller regulates the input current to a desired setpoint by adjusting

the duty ratio ν in (4.1a). It is common in the literature to use some form of

a saturated controller in order to achieve overcurrent protection of each power

converter. To this aim, the state-limiting PI of the previous chapter is adopted,

in order to ensure smoothness of the dynamics and avoid performance degradation

or instabilities caused by traditional saturated controllers. Moreover, the properties

of this controller facilitates an analytic procedure to tune the control parameters,

such that the closed-loop system obtains a desired behaviour. The parametrisation

of the duty ratio is given by

ν = (v − kpi+Dσ)E−1

Dσ̇ = kI(1n − σ2)(̂i− i).
(4.4)

resulting in closed loop current dynamics,

L
di

dt
= −(kp + r)i+Dσ

Dσ̇ = kI(1n − σ2)
(
î− i

)
.

(4.5)

where î is the reference current, D, kp, kI ∈ Rn×n are the tuning parameters and σ

is the controller introduced integrator state. As shown in the following proposition,

this control parametrization restricts the flow of the closed loop system in a positive

invariant subset of the constraint set C ⊆ I.

Proposition 4.1 (Current limitation). For each node i ∈M, the set

C = [−Imax, Imax]× [−1, 1], (4.6)

with Imax,i = Di

kp,i
, is positive invariant for the current dynamics (4.5).

Proof. Similar to the proof of Proposition 3.1.

69



4.3. VOLTAGE CONTROL

Therefore, the desired behaviour of the inner current loop can be achieved by

adjusting the tuning parameters according to the desired bound Imax,i = Di

kp,i
. It is

noted that the choice of the inner current bound needs to be made according to

the required voltage constraint set X, in order to satisfy the inherent requirement

νi ∈ (0, 1) from (4.4) for all (ii, σi) ∈ Ci and vi ∈ Xi.

4.3 Voltage Control

This section formulates the robust control scheme for the voltage node dynamics.

The original system is “split” into a nominal and an error subsystem. The nominal

subsystem assumes a time-invariant load demand P̄ , but time-varying load current

iload(v) = [v]−1P̄ , while the error subsystem captures the difference between the

nominal and the true voltage trajectories. In the following, it will be shown that

the uncertain part of the dynamics can be bounded within a robust positive invari-

ant set, by leveraging the geometric properties of the closed loop error subsystem.

Then, the nominal dynamics act as a driving subsystem, regulating the true system

to some desired reference behaviour. The notion of positive invariant sets will be

used to guarantee constraint satisfaction of the nominal subsystem, which, by an

appropriate parametrization of the constraint sets, ensures constraint satisfaction of

Y = X×C by the uncertain dynamics. In this chapter, it is assumed that the current

operates in a faster time-scale than the voltage. As it was mentioned in the previous

chapter, this is a common assumption in the literature as it allows to study each of

the dynamic components separately and thus significantly simplifies the analysis.

This leads to a cascaded structure, where the input current in (4.1b) represents a

piecewise constant reference and is considered as the input to the voltage dynamics.

Following [167, Theorem 4.4] and [168, Appendix A] the reachability, and conse-

quently convergence, properties are preserved under the replacement of integrable

smooth controls with piecewise constant controls. Following the boundedness of the

inner current solution from Prop. 4.1, the time-scale separation assumption can be

formally defined.

Assumption 4.3 (Time-scale separation). The network parameters satisfy

max
i∈M

{
Li

kp,i + ri
,
kp,i
kI,i

}
� min

i∈M

{
CiPi

(Imax,i)2

}
Remark 4.1. As a consequence of Assumption 4.1, the local load demand Pi is

bounded and thus one can enforce the time-scale separation of the node dynamics

by an appropriate selection of the tuning parameters, as shown in Assumption 4.3,

where the explicit time constants are derived using singular perturbation analysis.

The interested reader is referred to [155, Chapter 11] for a detailed analysis.
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4.3.1 Formulation and boundedness of the error dynamics

Following Assumption 4.3, the node voltage dynamic can be written as

Cv̇ = −Lv − [v]−1P̄ − [v]−1δP + î. (4.7)

Then, in order to separate the nominal part of the dynamics from the uncertain,

an error term is defined as e = v − z. The objective is to use the nominal state

z as a driving state of the system’s flow φv(·), while restricting the effect of the

disturbance such that the distance between the flow of the uncertain system and

the nominal satisfy dR(φv, φz) ≤ ε for some ε > 0. To this aim, the proposed control

policy is

î(e) = −Ke+ u (4.8)

where K is a scalar matrix of the form K = kIn for some scalar gain k ∈ R>0, and

u is the nominal positive input that will be formally defined later. Then, isolating

the nominal part of (4.7), results in

Cż = −Lz − [z]−1P̄ + u. (4.9)

Therefore, the evolution of the error dynamics can be described by the ordinary

differential equation

Cė = −Le−Ke− [e+ z]−1P̄ + [z]−1P̄ − [e+ z]−1δP. (4.10)

The above can be compactly expressed by the vector field map γ : M → TM ,

Cė = γ(e; z) (4.11)

where for a constant power demand deviation ˆδP and converged nominal dynamics

to some point ẑ, yields

γ(ê; ẑ) = 0. (4.12)

In order to simplify the notation of the following sections, the parameter dependence

of the vector field γ(e; z) on the nominal state z will be implicitly assumed by simply

writing γ(e). Many studies have been focused on the existence of real solutions for

the voltage equilibrium map usually deriving a necessary condition to be satisfied

by the system parameters, see for example [118]. Therein, it is shown that if the

necessary conditions are met, the equilibrium map is a diffeomorphism where a high

and a low voltage solution exist, see [169] or [64]. Note that γ(ê) = 0 is the result

of the state transformation v = e+ z, similar results with the voltage v equilibrium

map can be obtained for ê = γ−1(0). Therefore, the discontinuity of the true voltage

dynamics is translated to the critical point e = −z of the error state space. The
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second solution of γ(ê) = 0 is then the steady state displacement caused by the load

demand perturbations δP between the true voltage trajectory and the nominal. In

the following, the imposed properties of the vector field γ(·) in an area around the

origin are used to restrict the error flow φe in a positive invariant set. Considering

the solution of ê = γ−1(0) closest to the origin, the maximum displacement due to

the load demand can be found by

em = max
δP∈W

(∥∥γ−1(0)
∥∥) . (4.13)

Next, one can define the polytopic set

N := {e ∈M : Ae ≤ ξ(em)} (4.14)

where A = [In −In]> and ξ(em) = [1ne
m 1ne

m]>, that is the setN is a n-dimensional

“box” around the origin. A question now arises; Under which conditions does the

system guarantee the desired theoretic properties, i.e. existence of a unique solution

of the error dynamics in N , as well as positive invariance of N? The former is

addressed in the following result.

Lemma 4.1 (Lipschitz continuity). Consider the error dynamics given in (4.10)

and bounded positive nominal voltage z ≤ z ≤ z. Given a constant power load

demand P̂ ∈ {P̄} ⊕W and a scalar positive definite matrix K, the map γ(·) is

Lipschitz continuous on N , with Lipschitz constant

K =

∣∣∣∣λmax

(
−K + [−1nem + z]−2[P̂ ]

)∣∣∣∣ .
Proof. The gradient derivative of γ(·) for a constant load demand P̂ ∈ {P̄} ⊕W
yields

∇γ = −(L+K) + [e+ ẑ]−2[P̂ ].

Due to the fact that z and em are positive values, the matrix `2− norm is given by

‖∇γ‖`2 = sup
e∈N
‖∇γ‖`2

=
∥∥∥−(L+K) + [−1nem + z]−2[P̂ ]

∥∥∥
`2

≤
∥∥∥−(L+K) + [−1nem + z]−2[P̂ ]

∥∥∥
`2
.

Let K =
∥∥∥−(L+K) + [−1nem + z]−2[P̂ ]

∥∥∥
`2

, where it is noted that the resulting

matrix within the norm is symmetric. Then, for a symmetric matrix the largest

singular value is given by its spectral radius, i.e.

K =

∣∣∣∣λmax

(
−(L+K) + [−1nem + z]−2[P̂ ]

)∣∣∣∣ .
72



4.3. FORMULATION AND BOUNDEDNESS OF THE ERROR DYNAMICS

By the properties of the Laplacian matrix, it holds that λn ≥ · · · ≥ λ2 ≥ λ1 = 0

and thus λmax(−L) = 0. The above takes the form,

K =

∣∣∣∣λmax

(
−K + [−1nem + z]−2[P̂ ]

)∣∣∣∣ .
This establishes the desired upper bound on the norm of the gradient, i.e.‖∇γ‖`2 ≤
L. Therefore, for two infinitesimally different e1, e2 ∈ N and a ξ ∈ (e1, e2), an

application of the mean value theorem [170, Section 12.11] states∥∥γ(e1)− γ(e2)
∥∥
`2

=
∥∥∇ξγ

∥∥
`2
‖e1 − e2‖`2

≤ K‖e1 − e2‖`2 .

Therefore, the vector field is Lipschitz continuous on N with Lipschitz constant

K.

Having established the Lipschitz continuity of the system flow inside N , the

stability properties of the equilibrium ê ∈ N can now be investigated. It can be

shown that the equilibrium point bounds any voltage trajectory with initial state

within N . This is demonstrated in the following result.

Proposition 4.2 (Stability and Positive Invariance of the error dynamics). For

bounded local nominal dynamics zi ≤ zi ≤ zi, the error dynamics of every node

i ∈ N , admit an asymptotically stable equilibrium point in N , if the local feedback

gain satisfies

Kii > max

{
P̄i
zie

m
,

Pm
i

(zi − em)2

}
with Pm

i = max
(
|P̄i + δPi|

)
and δPi ∈ Wi. In addition, the set N is positive

invariant under the flow of the system φe(e
0, t), for all t > 0 and e0 ∈ N .

Proof. For any equilibrium point ê ∈ N and respective constant load demand P̂ ,

the resulting Jacobian matrix takes the form

J = −(L+K) + [(z + ê)2]−1P̂ .

In order for the equilibrium point ê to be stable, the respective Jacobian matrix J

needs to be Hurwitz, i.e. to have negative eigenvalues. Since J is also a symmetric

matrix, using the fact that λmax(−L) = 0, the largest eigenvalue λmax(J) is given

by

λmax(J) = λmax(−K + [(z + ê)2]−1P̂ ).

Hence, it suffices to show that λmax(J) < 0, i.e.

−Kii +
P̂i

(zi + ê)2
< 0.
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In order to ensure that a similar condition holds for any ê ∈ N and any P̂ ∈ P, it

is noted that
Pm
i

(zi − em)2
≥ P̂i

(zi + êi)2
,

holds for all ê ∈ N . Therefore, a condition on a worst-case scenario can be formu-

lated as

Kii >
Pm
i

(zi − em)2
,

where the nominal voltage is bounded as zi ≤ zi ≤ zi, with zi > 0. Following the

definition of N , for some point at ∂N it follows that ei = em for i ∈M and ej ≤ em

for j 6= i. Now, considering a quadratic function of the state V (e) = 1
2
e>Ce, the

aim becomes showing that its time derivative V̇ (e)|e∈∂N is negative outside the set

N . Since ei ≤ em for all i ∈ M, it suffices to show V̇i|ei∈∂Ni
is non-positive in both

cases of ei = em and ei = −em, i.e. it is required for

V̇ |ei∈∂N = eiγi(ei)

= ei

−(Lii +Kii)ei −
∑
j∈Ni

Lijej +
P̄i
zi
− Pi
ei + zi


to be non-positive. The analysis is bifurcated into two cases: (a) ei = em and (b)

ei = −em. In case of (a) the term inside the parenthesis needs to be negative.

Since em ≥ ej, the diagonal Laplacian term dominates the off-diagonal elements.

Comparing the lower bound of the feedback Kii, it can be seen that when the gain

obtains its lower value, it is not necessarily true that −Kiiei + P̄i

zi
≤ 0, unless the

deviation between the maximum load demand and the nominal is “large enough”.

In order to ensure that the desired result holds in every case, an additional condition

on the feedback gain needs to be imposed, i.e.

Kii > max

{
P̄i
zie

m
,

Pm
i

(zi − em)2

}
.

Then, the desired inequality V̇i|ei=emi ≤ 0 holds as the expression inside the paren-

thesis is a summation of strictly negative elements. In case of (b), it is noted that,

by construction, at the point e = −1nem the velocity is given by

Liiem +
∑
j∈Ni

Lijem︸ ︷︷ ︸
= 0

+Kiie
m +

P̄i
zi
− Pm

i

−em + zi
= 0,

when Kii, zi obtain their respective lower bound and the load demand Pi is maxi-

mized. Then, for any ej ≥ −em, Pi ≤ Pm
i and zi ≥ zi, the above yields

≥ 0︷ ︸︸ ︷
Liiem −

∑
j∈Ni

Lijej +Kiie
m +

P̄i
zi
− Pi
−em + zi

≥ Kiie
m +

P̄i
zi
− Pm

i

−em + zi
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and therefore the desired inequality immediately follows,

Liiem −
∑
j∈Ni

Lijej +Kiie
m +

P̄i
zi
− Pi
−em + zi

≥ 0,

which ensures V̇ ≤ 0. Therefore, the convex nature of set N implies that the

velocity vector assigned to every point e ∈ ∂N by the map γ : N → TN is sub-

tangential to the set N and by direct application of the Nagumo’s theorem, the set

N is positive invariant under the flow of the error dynamics with φe : N → N .

The invariance of set N combined with the asymptotic stability of every equi-

librium point in N implies the following result.

Corollary 4.1. The set N is within the region of attraction of system (4.10).

Remark 4.2. The above results reveal the immediate effect of the feedback gain

K on the degree of conservativeness of N . Higher values of K result in higher

magnitudes of the velocity introduced by the linear part and therefore a decrease

in the maximum displacement of the equilibrium point from the origin. Therefore,

there exists a subset of N parametrized by K, Ñ(K) ⊂ N , such that Ñ is positive

invariant and contains the limit of the flow for any e0 ∈ N , i.e. limt→∞ φe(e0, t) ∈
Ñ(K). However, while a high feedback gain would diminish the effect of the load

demand on the voltage dynamics, this has a negative effect on the converter current

steady state, as can be seen by the reference current parametrization î = −Ke+ u.

Higher values of the feedback introduce larger deviations of the reference current î

from the desired reference u, revealing an inherent trade-off on the choice of the

system parameters.

The results are illustrated in Fig. 4.3, where the set S(P ) is a polytope similar

to N but parametrized by an equilibrium point corresponding to some load demand

with Pi < Pm
i . It is seen that the vector field drives the flow on the boundary of

S(P ), while N is positive invariant. The above results also suggests that the set

Ω = N ⊕ ẑ is positive invariant for the uncertain system. A question that arises

is that under which conditions, the uncertain state flow φv, parametrized by the

control input î, is driven in Ω, while v ∈ X is satisfied at all times. One way to

guarantee this is to prove the existence of a robust positive invariant set (RPI) for

the uncertain voltage dynamics within the constraint set. To this end, the following

definition from [171] is adapted to this setting.

Definition 4.1 (Robust Positive Invariant Set). The set R is said to be robust

positive invariant for the system (4.7), if there exists a control î ∈ C such that

for all initial states v0 ∈ R and any w ∈ W the flow of the system satisfies v =

φ(v0, î, w, T ) ∈ R, for all T > 0.
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(a) Given a constant power de-

mand Pm, any solution start-

ing in N will remain in N and

converge to ∂N

(b) For a power demand P ∈ P
the region of the dynamic map

shrinks within the set S(P ) ⊂
N

Figure 4.3: Vector field and positive invariant set N for a two node system.

Using this notion of RPI sets, it is necessary that the terminal set is entirely

contained within a positive invariant set, which in turn is entirely contained within

the constraint set X, i.e.

Ω ⊆ R ⊆ X.

This would imply that since the uncertain state cannot leave R, then it is also

impossible to violate the constraint set X. Following the previous analysis, recall

that Ω = N ⊕ ẑ, where N is a positive invariant set. Therefore, the above question

can be formulated in the nominal setting, by defining the nominal constraint sets

as

Z := X	N, U := C	 (−K)N. (4.15)

The above indicates that the input constraint set is “shrinking” with larger choices

of the control gain K, while on the other hand the nominal state constraint set

Z approaches the size of the original constraint set X. As it was also discussed

in Remark 4.2, this is the expected trade-off that needs to be considered when

choosing the tuning parameter K. The aim of this interplay is to proportionally

distribute the high-transients effect of the CPL between the current and the voltage

trajectories, in order to satisfy the operational constraints.

Furthermore, it is noted that the computation of the positive invariant set can

be done offline and only utilizes the information regarding the bound on the load de-

mand; this significantly simplifies the development of a control scheme for the nom-

inal voltage dynamics and substantially reduces conservativeness stemming from

the need of instantaneous load measurements during operation.
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4.3.2 Formulation of the nominal voltage controller

The problem now becomes of choosing references within the nominal constraint set,

i.e. ẑ ∈ Z, and proving the existence of a positive invariant set for the nominal

dynamics. While the former can be trivially satisfied, the latter requires the associ-

ation of a control policy with the candidate positive invariant set. A common way

to resolve this, is by employing an MPC control scheme. In MPC, the control pol-

icy is generated by solving a finite horizon optimal control problem subject to the

system constraints and dynamics. The cost function is often adopted as a quadratic

function penalizing the deviation of the system current state from a reference point,

thus achieving regulation of the flow to a desired equilibrium. At each time instant,

a sequence of control actions is generated and the first element is used as an input

to the system, while the rest of the sequence is discarded. This process is repeated

in the next time instant, thus achieving the receding horizon implementation. Ef-

ficient techniques have been developed to solve the continuous-time counterpart of

the optimal control problem that usually involve an approximation of the solutions

using a numerical solver. Some of the most commonly adopted techniques are the

interior point method (IPM) or sequential quadratic programming (SQP), see [172,

Chapter 10] for a detailed analysis.

One way to achieve a stabilizing and recursively feasible controller is by adopting

a positive definite cost, compact constraint sets and invariant terminal ingredients

[135], [149]. Following Assumption 4.2, it is straightforward to satisfy the first two

requirements. However, the CPL destabilizes every fixed point ẑ ∈ Z. To overcome

this, the nominal control input is defined as

u = −Kzz + ηo, (4.16)

where ηo is the optimal control policy generated by solving the MPC problem

and Kz is the feedback gain of the nominal control input. Thus, the nominal

dynamics take the form

Cż = −(L+Kz)z −
P̄

z
+ ηo. (4.17)

A way to guarantee recursive feasibility of the MPC optimisation problem is by

employing positive invariant terminal ingredients. To this aim, the following result

formulates a condition on the nominal feedback gain Kz, such that the stability of

the terminal dynamics, i.e. beyond the prediction horizon of the MPC, is guaran-

teed.

Proposition 4.3 (Stability of the terminal dynamics). Considering the nominal

system (4.17), there exists a δ > 0 such that the fixed point ẑ is an asymptotically
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stable equilibrium with region of attraction A = {z ∈M : ‖z − ẑ‖ ≤ δ}, if and only

if,

Kz,i >
P̄i
ẑ2
i

,

for all ẑi ∈ Zi.

Proof. To investigate the stability of the fixed point ẑ the nominal dynamics (4.17)

are linearised around this point. The resulting Jacobian matrix is then

J = ∇z=ẑ ż = C−1(−L+ [ẑ2]−1P̄ −Kz).

The point ẑ is asymptotically stable if and only if the Jacobian is a Hurwitz matrix.

Exploiting the properties of the Laplacian matrix a worst-case scenario is defined

at λmax(−L) = 0. Then, the fact that the rest of the terms are symmetric matrices

yields the condition

−Kz,i +
P̄i
ẑ2
i

< 0

Which results in the required inequality

Kz,i >
P̄i
ẑ2
i

,

for all ẑi ∈ Zi. Shifting the axes to the desired point ẑ the new dynamics can be

described by
˙̃z = Jz̃ + g(z̃)

where z̃ = z− ẑ and for some ε > 0 and δ > 0, g(z̃) satisfies
∥∥g(z̃)

∥∥ ≤ ε‖z̃‖ in some

neighbourhood of the origin, i.e. ‖z̃‖ ≤ δ. Then, let V (z̃) = z̃>P z̃ be a Lyapunov

candidate function, where P is a solution of PJ + J>P = −Q with Q � 0. Note

that existence and uniqueness of P is guaranteed due to J being a Hurwitz matrix

[155, Theorem 4.6]. Using the fact that
∥∥g(z̃)

∥∥ ≤ ε‖z̃‖ and z̃>Qz̃ > λmin(Q)‖z̃‖2,

the time derivative of V (·) results in,

V̇ = z̃>P(Jz̃ + g(z̃)) + (z̃>J> + g>(z̃))P z̃ (4.18)

= −z̃>Qz̃ + 2z̃>Pg(z̃) (4.19)

≤ (λmin(Q) + 2‖P‖ ε)‖z̃‖2 . (4.20)

Now, for ε < λmin(Q)
2‖P‖ , the function V (z̃) = z̃>P z̃ is a Lyapunov function for the

shifted system as V̇ ≤ 0 and thus there exists a δ > 0 such that the region of

attraction of ẑ is A = {z ∈M : ‖z − ẑ‖ ≤ δ}.

Corollary 4.2. Any level set Z0 satisfying Z0 = βA for 0 ≤ β ≤ 1 is positive

invariant for the dynamics (4.17).
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Following the above result above, the optimization problem can be formally

defined as

Jo(z(0), ẑ, η̂) = min
η

∫ tf

t0

`(z − ẑ, η − η̂)dt+ Jf (zf − ẑ) (4.21)

subject to the constraints,

z(0)− z ∈ N,
Cż = −(L+Kz)z − [z]−1P̄ + η,

(z, η) ∈ Z× U⊕KzZ, zf ∈ Zf ,

(4.22)

where `(·) is a positive definite function. The continuous time optimal control

problem can be solved by a multiple shooting method [173], which discretizes the

state trajectory over the prediction horizon to a predefined number of steps and

employs numerical solvers to approximate the true solution between consecutive

sampling intervals. Then, the resulting control can be applied in a receding horizon

fashion, where at some time, or step, t1 the first element of the resulting optimal

control sequence is used as input to the system and the process is repeated at the

next sampling instant t2 = t1 + T . Note that a direct consequence of Proposition

4.3 and Corollary 4.2, is that choosing Zf = Z0 and Jf = 1
2
(zf − ẑ)>P(zf − ẑ) leads

to recursive feasibility of (4.21) provided that the problem is feasible at some initial

time t0. In addition, any sublevel set of the stabilizing terminal cost function is

positive invariant for the nominal dynamics. This is a well-established result in the

literature, however, for completeness purposes, a sketch of the recursive feasibility

result is provided here and the interested reader is referred to [172, Chapter 5] for

a detailed analysis.

Proposition 4.4 (Recursive Feasibility of OCP). Let the problem (4.21) be feasible

at some initial state z0 and time t0 > 0. Then, the problem remains feasible for all

t > t0.

Proof. Let z(z0, t0) and η(z0, t0) denote the feasible solutions of the optimal control

problem respectively, with initial state z0 and time t0. In addition, let z(φz(z0, t0 +

T ), t0 +T ) and η(φz(z0, t0 +T ), t0 +T ) be the candidate state and control sequences

at the next immediate sampling instant, i.e. at time t0 + T . Assuming no additive

uncertainties to the system, following Proposition 4.3 and Corollary 4.2, the candi-

date solutions at time t0 +T are formulated as the tails of the ones at time t0 where

the predicted state at the end of the horizon satisfies zf (t0 + T + tf ) ∈ Zf . Positive

invariance of Zf implies that z(φz(z0, t0 + T ), t0 + T ) and η(φz(z0, t0 + T ), t0 + T )

are feasible and the problem is recursively feasible for all t > t0.

79



4.4. STABILITY ANALYSIS OF THE CASCADED DYNAMICS

The optimisation problem in (4.21) is recursively feasible provided that the

initial state satisfies the constraints. Following the results of the previous chapter,

the above nominal problem can also be formulated in a distributed manner, where

the maximum allowed prediction error between the sampling intervals from (3.22)

is reduced to

emax
i = ∆Ti

∑
j∈Ni

∣∣Yij∣∣ ∣∣Bj

∣∣√N. (4.23)

Therefore, the prediction accuracy of the distributed optimisation problem no longer

depends on the load demand term. Ultimately, the control designer has two choices;

either solve the optimisation problem by including terminal ingredients as in (4.21),

or rely on the turnpike property to establish recursive feasibility of the MPC, as

shown in Chapter 3. One the one hand, the use of terminal ingredients usually

requires smaller prediction horizon, and thus can reduce the computation time. On

the other hand, it involves more steps during the control design process and the

feasibility set of the MPC, i.e. the set of initial states for which the optimisation

problem is recursively feasible, relies on the size of the terminal constraint set.

The size of the feasibility set is, arguably, the main concern when making this

choice. Enlarging this set effectively guarantees recursive feasibility for a larger

set of initial states, thus reducing the overall conservativeness of the controller.

Therefore, choosing whether to make use of terminal ingredients should prioritise

the method that results in a larger feasibility set, the interested reader is referred

to [174] for more details. In the linear case, this can be analytically known apriori,

by computing the constrained image of the solution of the dynamics, see [175].

In the nonlinear case this process can be more involved and requires some form

of numerical approximation of the solutions, which falls beyond the scope of this

study.

4.4 Stability analysis of the cascaded dynamics

Following the analysis of the previous sections, the problem has been shifted to

regulating the following cascaded dynamics,

L
di

dt
= −(kp + r)i+Dσ (4.24a)

D
dσ

dt
= kI(1n − σ2)(u−Ke− i) (4.24b)

C
dz

dt
= −Lz − [z]−1P̄ − u (4.24c)

C
de

dt
= −Le−Ke− [e+ z]−1P̄ + [z]−1P̄ − [e+ z]−1δP. (4.24d)
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To better state the overall control scheme, the following algorithm outlines the

required actions to achieve the desired operation.

Control Algorithm: Cascaded operation of the controllers

1. Outer nominal voltage loop computes control input u according to

(4.16), by employing an MPC scheme to calculate the optimal control

action ηo.

2. The reference inner converter current is provided by the control law

(4.8) and used as a reference input to the inner current loop (4.5).

3. The duty ratio of the converter switching device is then computed

according to (4.4).

The stability of a cascaded structure has been thoroughly investigated in the

literature, see [176]. The conventional procedure is to separate the dynamics into a

driving subsystem and a driven one, where the state of the former is considered an

input to the latter. Then, asymptotic stability of the overall dynamics follows from

asymptotic stability of the driving subsystem and asymptotic stability or some form

of boundedness of the driven dynamics. Given a desired reference nominal voltage

zss, the equilibrium set for (4.24) with state vector x = (i, σ, z, e) is defined as

E := {̂i, σ̂, ẑ, ê ∈ Rn : î = u−Kê, σ̂ = D−1(kp + r)̂i, ẑ = zss, ê ∈ N}. (4.25)

First, the asymptotic stability of the inner current dynamics is shown.

Theorem 4.1 (Lyapunov stability of the driving dynamics). For every node i ∈M,

the C1 function Wi : R× R→ R,

Wi(ii, σi) =
1

2
Li(ii − îi)2 +

D2
i −Di(kp,i + ri)̂ii

kI,i
ln

1

1− σ2
i

+

+
Di(kp,i + ri)̂ii

kI,i
ln

1

1 + σi
, (4.26)

is a Control Lyapunov Function for the subsystem (4.24a), (4.24b), and the subsys-

tem is asymptotically stable with equilibrium point described by (4.25) and region of

attraction Ci = [−Imax, Imax]× [−1, 1].

Proof. Following the definition of W , it can be seen that it is positive definite.

Therefore, all we need to show is negative definiteness of the first derivative. Fol-

lowing the assumption on the time scale separation of the dynamics, the input
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current is constant, i.e. îi = ī. Then, the time derivative of Wi results in

Ẇi =Li
dii
dt

(ii − īi) +
D2
i −Di(kp,i + ri)̄ii

2kI,i

2σi
1− σ2

i

dσi
dt

− Di(kp,i + ri)̄ii
kI,i(1 + σi)

dσi
dt

=− (kp,i + ri)(ii − īi)2,

where

Ẇi = −(kp,i + ri)(ii − īi)2 ≤ 0

for kp,i, ri > 0. Following La Salle’s invariance theorem and noting that the deriva-

tive vanishes only at i ∈ E , the driving subsystem is asymptotically stable with

respect to the equilibrium set E . In addition, following Prop. 4.1 the set Ci is

within the region of attraction for the current equilibria.

The next Theorem combines the aforementioned results to establish the stability

of the cascaded dynamics under the proposed control scheme.

Theorem 4.2 (Asymptotic stability of the cascaded dynamics). The cascaded dy-

namics (4.24) are asymptotically stable with limt→∞ φ(x, u, w, t) ∈ E.

Proof. Asymptotic stability of the driving subsystem follows from Theorem 4.1.

In addition, following Proposition 4.4, the dynamics described by (4.24c) are also

asymptotically stable, where the proof follows the common approach of exploiting

the recursive feasibility properties of the optimal control problem and using the cost

function as a Lyapunov function for the system. Finally, boundedness of (4.24d)

follows from Proposition 4.2. Thus, the cascaded dynamics are an interconnection of

Lyapunov stable driving subsystems (4.24a), (4.24b), (4.24c) and a bounded driven

subsystem (4.24d). Then, according to [176], the equilibrium points in (4.25) are

asymptotically stable for the cascaded dynamics (4.24).

4.5 Simulations

In this section, the operation of the proposed control scheme is demonstrated in

a simulated scenario comprising of a seven node meshed network, see Fig. 4.4.

The control objective is for the nominal voltage to converge to desired reference

values, while satisfying the “tighter” version of the original constraint sets. As

it is demonstrated, this enforces the uncertain voltage to always remain within

the original constraint set, denoted in this scenario as Xi = {vi ∈ Rn : 97.9 ≤
vi ≤ 102.6}. The rated voltage of each converter is chosen as v∗ = 100V , while

the maximum allowed inner converter current is Imax,i = 17A. Furthermore, the
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Figure 4.4: Network topology of a meshed islanded MicroGrid.

nominal power demand is P̄i = 500W , where the maximum deviations from this

value are bounded in |δPi| ≤ 500W . A quadratic cost functional is chosen of the

form `(z− ẑ, η− η̂) =‖z − ẑ‖2 +‖η − η̂‖2 and the problem is solved using the SQP

solver and “ICLOCS” MATLAB toolbox provided by [177].

The node voltage evolution is depicted in Fig. 4.5, where at time t = 0s the

nominal voltage references are changed to {101, 100, 101.5, 102, 99, 98, 102.5}. Then,

three changes to the reference value occur at times t = 0.01s, t = 0.02s and t =

0.03s. The power demand deviations from the nominal value P̄ of the load in Node 1

is depicted in Fig. 4.7. Despite the constant load fluctuations, the network voltages

are contained within the respective positive invariant set Ni, while also satisfying

the desired state constraint Xi. In addition, the current trajectories of Node 1,

3 and 7, along with the respective generated references, are shown in Fig. 4.6.

It is seen that both the trajectories and the references are contained within the

desired constraint set, validating the analysis developed in the previous sections.

In addition, it is noted that the fluctuations of the current references are a result

of the varying load demand which also affects the error dynamics. Here, the choice

to allow larger current fluctuations was made, however, as it was demonstrated by

the previous sections, one may choose to limit the fluctuations of the input currents

by enlarging the set Ni, hence allowing larger deviations between the nominal and

uncertain node voltages. The explicit values of the tuning and system parameters

are given in Table 4.1.
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Parameter Value

C [µF ] {200, 150, 100, 140, 150, 100, 140}
L [mH] {10, 15, 11, 6, 8, 10, 9, 10, 11}

Rij[Ω], (i, j) ∈ E {1, 1.7, 0.4, 0.7, 0.5, 0.8, 0.5}
ri[Ω] 2

kp,i 600 · 105

Di 102 · 107

kI,i 6 · 1013

Ki 50

Kz,i 4

Table 4.1: Network component and control parameter values.
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Figure 4.5: Voltage and nominal voltage trajectories for Node 1( , ), Node

2( , ), Node 3( , ), Node 4( , ), Node 5( , ), Node 6( , )

and Node 7( , ) respectively. The constrained region is represented with black

solid lines ( ) and the voltage references by black dashed lines ( ). The voltage

trajectories are within the respective Si ( ) at all times.

4.6 Conclusions

In this chapter, a robust control scheme for meshed DC Microgrids was proposed

that ensures stability of the closed loop system in the presence of fluctuating CPL

load demand. It was initially shown that a “tube” behaviour naturally arises from

the interplay of the proposed control policy with the rest of the dynamics. Then,

in the later sections, it was established that this result in combination with the
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Figure 4.6: Converter Current trajectories for Node 1( ), Node 3( ) and Node

7( ) respectively.The constrained region C is represented by black solid lines

( ) and the current references îi by black dashed lines ( ).
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Figure 4.7: Load fluctuations around the nominal value P̄ for Node 1. A similar

load profile is shared among the rest of the Nodes.

proposed analytic conditions of the controller tuning parameters, facilitates the

boundedness of the uncertain system trajectory within a predefined positive in-

variant set. Furthermore, the presented theoretical analysis revealed an inherent

trade-off between the choice of the tube size and the availability of the inner cur-

rents that reside within the operational constraints and satisfy the load demand.

As it was discussed, arbitrary large values of the feedback gain should be avoided

and it was suggested that a choice can be made by considering both the proposed

lower bound and the desired maximum magnitude of input current fluctuations.

A characterisation of the appropriate nominal control actions to achieve feasible

uncertain trajectories was attained by a discrete approximation of the nominal

control sets. It was shown that if the control vector was chosen large enough,

then the rest of the dynamics would follow the desired behaviour and a positive

85



4.6. CONCLUSIONS

invariant set is guaranteed to exist within the state constraint set. To achieve this

behaviour an MPC scheme was adopted in order to include the constraint sets

within the control design process. To ensure recursive feasibility of the receding

horizon optimization problem, the nominal control action was parametrized by a

feedback gain that ensures positive invariance of the terminal ingredients. Finally,

demonstration of the results was given by a simulation scenario on a seven node

network with local constant power loads.
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Chapter 5

Dynamic tube control scheme for

islanded DC Microgrids

The use of tube-based approaches has long being used in the literature to address

the problem of designing a control scheme in the presence of an unknown external

input. While a plethora of studies have been devoted in solving this task for linear

systems, extending these for a general nonlinear system is difficult. A few studies

have been developed by assuming Lipschitz continuity of the system and designing

the tube using the respective Lipschitz constant. However, this can result in an

overly conservative approach, since one attempts to bound changes in the value

function by a single, uniform constant and additionally this constant is fairly large

for a wide range of systems. In order to achieve more applicable results, the explicit

nonlinear form of the dynamics can be utilized for each specific case. This was

demonstrated in the previous chapter, where it was shown that a feedback control

law can be used to establish the existence of a positive invariant set under the

solution of the dynamics. This approach assumed a worst-case scenario for both

the external input, i.e. the load demand, and the nominal voltage in order to deduce

a lower bound on the tuning parameter such that the closed loop system achieves

the desired behaviour and admits asymptotically stable equilibria. As it was shown,

the magnitude of the feedback gain also affected the size of the positive invariant

set, where smaller values of the controller gain resulted in a larger set. Since this

set is used to “tighten” the nominal constraint sets, some degree of conservativeness

was introduced by having an unnecessarily large lower bound on the feedback gain.

This problem can be overcome by exploiting the fact that the nominal voltage

is a state of the system, thus the controller determines its dynamical evolution.

This chapter will demonstrate how the nominal voltage can be incorporated in the

theoretical analysis of the error dynamics and investigate under which conditions the

Microgrid achieves a similar, but improved, behaviour with the previous chapter.
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It will be shown that inclusion of the nominal voltage trajectory in the analysis

of the error dynamics can result in a time-varying, positive invariant set, reducing

the conservativeness stemming from assuming a worst-case scenario. In addition,

conditions on the nominal voltage trajectory will also be derived such that the

continuity of the original dynamics is preserved.

In the following, Section 5.1 formally defines the problem. Then, Section 5.2

presents the theoretical analysis on the error dynamics such that the system achieves

the desired behaviour. Section 5.3 formulates the controller of the nominal subsys-

tem and Section 5.4 establishes the recursive feasibility and stability of the opti-

misation problem and the closed loop system respectively. Finally, the theoretic

results are demonstrated in a simulated scenarion in Section 5.5, and Section 5.6

draws conclusions on the results.

5.1 Problem Formulation

Similar to the previous chapter, the case of an isolated, meshed, DC Microgrid

is considered with n number of nodes, where each node is locally connected to a

constant power load. The aim is to introduce robustness of the network to perturba-

tions of the load demand and guarantee restriction of the dynamics in a predefined

operational range, while also reducing the conservativeness of the tube. In order to

build upon the results of the previous chapter, the investigated problem will also

be briefly presented here. It is, therefore, reminded that the node voltage dynamics

are formulated as

Ci
dvi
dt

= iin,i − io,i, (5.1)

where Ci is the capacitance of the output capacitor, iin,i is the control input cur-

rent and io,i is the output current flowing in the lines of the network and into the

local CPL. The connections among the nodes of the graph can be represented by

the weighted adjacency matrix A(R) ∈ Rn×n, where aij = R−1
ij , with R−1

ij the ad-

mittance of the line between nodes i and j, and aij = 0 if the edge (i, j) is not

incident. The full topology of the network is represented by the Laplacian matrix

L = [A(R)1n]− A(R). Therefore, the output network current can be modelled as

io,i =
Pi
vi

+ Liivi +
∑
j∈Ni

Lijvj, (5.2)

where Pi represents the load demand and is assumed to be bounded in a compact set

as Pi ∈ Pi ⊂ R. Then, considering a nominal constant power demand P̄i ∈ Pi, the

network dynamics can be rewritten with respect to the deviation from the nominal
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load as

Ci
vi
dt

= iin,i − Liivi −
∑
j∈Ni

Lijvj −
P̄i
vi
− δPi

vi
, (5.3)

Following the load boundedness assumption Pi ∈ P, the load perturbations satisfy

δPi ∈ Wi, where {P̄i} ⊕Wi ⊆ Pi. Furthermore, the system is required to operate

in a predefined operational range. This is formulated as state and input constraint

sets on the node voltages and input currents, denoted Xi and Ci respectively, where

the aim is to guarantee that vi ∈ Xi and iin,i ∈ Ci at all times. The constraints

are formally defined in the following assumption, where the assumption on the set

structure ensures regularity of the optimisation problem defined in the next section.

Assumption 5.1. The input constraint set Ci ⊂ R and the state constraint set

Xi ⊂ R are compact, closed and Ci ⊂ R contains the origin within its non-empty

interior.

In this chapter, it is further assumed that there are no coupling constraints

between the nodes, i.e. we can represent the network constraint sets as,

X =
∏
i∈M

Xi, (5.4a)

C =
∏
i∈M

Ci. (5.4b)

In the cases where this assumption cannot be made, then a similar approach to the

one in Chapter 3 can be adopted to guarantee satisfaction of the coupled constraints.

5.2 Voltage dynamics and boundedness analysis

In this section, the original, uncertain voltage dynamics are “split” into a nominal

voltage and an error component, describing the difference between the nominal

and the uncertain state. The aim is to exploit the structure of the dynamics and

the analytical behaviour of the load, in order to design a control law that implicitly

“enforces” the existence of a positive invariant set under the solution of the uncertain

dynamics. Furthermore, the size of this set will be allowed to be time-varying by

considering the nominal voltage as a control input to the error dynamics. This the

main difference with the previous chapter, where a worst-case scenario was assumed

by perceiving the nominal voltage constant at the lower-bound value. This way, the

conservativeness of the control law can be reduced, allowing for a larger number of

available control actions during the nominal optimisation problem. First, the error

is defined as

ei = vi − zi, (5.5)
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where zi is the nominal state with dynamical evolution,

Ciżi = ui − Liizi −
∑
j∈Ni

Lijzj −
P̄i
zi

(5.6)

with ui ∈ R the input to the nominal dynamics, which is to be computed by

the nominal optimisation problem. In addition, the control law of the uncertain

dynamics 5.3 is defined as

iin,i = −Kiei + ui, (5.7)

where Ki ∈ R>0 is a constant control parameter. Then, using the representation

of the dynamics in (5.3) and substituting the input current with (5.7), the error

dynamics are given by

Ciėi = −(Lii +Ki)ei −
∑
j∈Ni

Lijej −
P̄i

ei + zi
+
P̄i
zi
− δPi
ei + zi

, (5.8)

The ultimate aim is formulating conditions on Ki and zi, such that the error will

always be bounded in a robust positive invariant set, by perceiving zi and δPi as,

respectively known and unknown, external inputs to the system. Doing so, the

nominal dynamics can act as a driving subsystem, determining the behaviour of

the network, while the uncertain state will always remain close to the nominal one.

Observing the form of the dynamics in (5.8), it can be seen that the disturbance δPi

enters the system as a parametric disturbance where the magnitude of its effect also

depends on the states ei and zi respectively. Now, consider the quadratic energy-like

function

Vi =
1

2
Cie

2
i , (5.9)

with time derivative

V̇i = −(Lii +Ki)e
2
i −

∑
j∈Ni

Lijejei +
P̄i
zi
ei −

P̄i
ei + zi

ei −
δPi

ei + zi
ei. (5.10)

In order to show the existence of a robust positive invariant set for the error dy-

namics in (5.8), there needs to exist a set Si, such that in the complement of Si the

above eq. (5.10) satisfies V̇i ≤ 0, ∀ei /∈ Si. Therefore, the derivative of the energy

function is non-positive outside Si, effectively “trapping” the error trajectory evo-

lution within this set. This is translated in investigating the ultimate boundedness

of the dynamics, therefore it suffices to investigate the behaviour of the points on

the boundary of this set. At these boundary points, there exists a subgraph Gb ⊆ G,

with node set Mb ⊆ M, where for the nodes i ∈ Mb, it holds that |ei| ≥ |ej|, for

all j ∈ M. Investigating the behaviour of the node dynamics in Mb, and enforc-

ing boundedness of their respective state trajectories, implicitly bounds the node
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trajectories of the entire network. This is a particularly useful property, since it al-

lows the decoupling of the analysis and the resulting stability problem. The reason

for this is that the inequality |ei| ≥ |ej| implies that for every node i ∈ Mb, the

diagonal component of the Laplacian matrix dominates the sum of the off-diagonal

components. Combined with the fact that δPi ∈Wi, this allows the bound of (5.10)

as

V̇i ≤ g(ei, zi), ∀i ∈Mb (5.11)

where

g(ei, zi) = −Kie
2
i +

P̄i
zi(ei + zi)

e2
i + wi

|ei|
ei + zi

, (5.12)

with

wi = max‖δPi‖ . (5.13)

In the following, the analysis will focus on investigating the behaviour of the nodes

in the subgraph of the original network. First, in order to investigate the analytical

properties of the bound (5.12), the focus shifts on the choice of control parame-

ters such that (5.12) admits real roots. This will later be helpful to establish the

existence of a closed RPI set around the origin.

Proposition 5.1. Consider the bound on the time derivative in (5.12), if the feed-

back gain and the nominal state satisfy respectively

Ki >

√(
P̄i + 4wi

)2 − 12w2
i − 2

√
wi
(
P̄i + wi

)
P̄i + 4wi

and

zi ≥ βi

where

βi =

√√√√2P̄iKi + 4Kiwi + 4Ki

√
wi
(
P̄i + wi

)
2K2

i

,

then (5.12) admits two negative and one positive non-zero real roots.

Proof. For now, it is assumed that the nominal voltage is strictly greater that the

error and thus g(ei, zi) is continuous. However, conditions will later be provided

such that property is guaranteed. The non-zero roots of (5.12) are given by solving

the polynomial

Kizi|ei|ei + |ei|(Kiz
2
i − P̄i)− ziwi = 0. (5.14)

Two cases are distinguished: (a) ei > 0 and (b) ei < 0. For (a) the above yields

∆1 =
−
(
Kiz

2
i − P̄i

)
+
√(

Kiz2
i − P̄i

)2
+ 4Kiz2

iwi

2Kizi
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∆2 =
−
(
Kiz

2
i − P̄i

)
−
√(

Kiz2
i − P̄i

)2
+ 4Kiz2

iwi

2Kizi
.

Note that
(
Kiz

2
i − P̄i

)2
+4Kiz

2
iwi is always positive as it is a summation of positive

terms. In order to show that ∆1 > 0, it is required that∣∣∣∣√(Kiz2
i − P̄i

)2
+ 4Kiz2

iwi

∣∣∣∣ > ∣∣∣(Kiz
2
i − P̄i

)∣∣∣ ,
always holds. This results in the necessary inequality

4Kiz
2
iwi > 0

which is indeed true, since every term is strictly positive. Hence, ∆1 > 0. Similarly,

it can be shown that ∆2 < 0 which contradicts the assumption ei > 0 and therefore

is discarded as a root of the polynomial. Then, in the second case (b), the roots

are given by

∆3 =
−(Kiz

2
i − P̄i) +

√
(Kiz2

i − P̄i)2 − 4Kiz2
iwi

2Kizi

∆4 =
−(Kiz

2
i − P̄i)−

√
(Kiz2

i − P̄i)2 − 4Kiz2
iwi

2Kizi
.

In this case, it is not necessarily true that the roots are always non-complex values,

i.e. that the term under the square root is non-negative. Guaranteeing the existence

of real roots yields the condition(
Kiz

2
i − P̄i

)2 − 4Kiz
2
iwi ≥ 0,

or

K2
i z

4
i − z2

i

(
2P̄iKi + 4Kiwi

)
+ P̄ 2

i ≥ 0.

The largest root of the above exists and is given by,

βi =

√√√√2P̄iKi + 4Kiwi + 4Ki

√
wi
(
P̄i + wi

)
2K2

i

which results in the desired condition for the bound on the nominal state zi. Now,

considering the special case where zi = βi, then the requirement of negative roots,

since in this case ei < 0, yields

−Kiβ
2
i + P̄i

2Kizi
< 0.

Solving the above with respect to Ki and substituting with the explicit form of βi

results in the necessary condition

Ki >

√(
P̄i + 4wi

)2 − 12w2
i − 2

√
wi
(
P̄i + wi

)
P̄i + 4wi

.
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Note that the nominator of the above is always positive. Then, similarly to case

(a) it can be shown that both roots ∆3 and ∆4 are negative and ∆4 < ∆3. This

completes the proof.

The proof of Prop.5.1 reveals the existence of one negative and one positive root

of g(ei, zi) around the origin given by the functions α1, α2 : [βi,∞)→ R, where

α1(zi) =
−(Kiz

2
i − P̄i) +

√
(Kiz2

i − P̄i)2 + 4Kiz2
iwi

2Kizi
, (5.15a)

α2(zi) =
−(Kiz

2
i − P̄i) +

√
(Kiz2

i − P̄i)2 − 4Kiz2
iwi

2Kizi
. (5.15b)

Using the above functions, one may obtain an explicit form of a candidate robust

positive invariant set, i.e.

S(zi) := {ei ∈ Rn : α2(zi) ≤ ei ≤ α1(zi)} (5.16)

In the following result, the qualitative behaviour of the bounding functions α1(·) and

α2(·) is investigated, where monotonic decrease and increase is revealed respectively.

This property will be proven useful in establishing that (5.12) is strictly negative

between inside Si, i.e. it obtains negative values between its roots around the origin.

Lemma 5.1. For all zi that satisfy Prop. 5.1, the upper bounding function (5.15a)

is strictly decreasing, while (5.15b) is strictly increasing, and obtains a maximum,

and respectively a minimum, at zi = βi.

Proof. The derivative of (5.15a) is given by,

∂α1(zi)

∂zi
= −

(
P̄i +Kiz

2
i

) (
−γi +

√
γ2
i + 4Kiz2

iwi

)
2Kz2

√
γ2
i + 4Kiz2

iwi
. (5.17)

where γi = Kiz
2
i − P̄i. As it has already been shown in the proof of Prop.5.1,

the second parenthesis of the nominator is always positive, hence the conclusion

can be drawn that ∂α1(zi)
∂zi

< 0 and α1(zi) is a strictly decreasing in its domain.

Therefore, it immediately follows that it obtains a maximum at zi = βi. Similarly,

it can be shown that α2(·) is strictly increasing and obtains a minimum value when

zi = βi.

The next step is to guarantee that the error trajectory is upper bounded by

the nominal state and thus guarantee the continuity of (5.12) inside the candidate

robust positive invariant set.

Lemma 5.2. Consider the error (5.8) and nominal (5.6) dynamics respectively, if

zi satisfies Prop. 5.1 then the relation zi > ei is guaranteed for all ei ∈ S(zi) and

all i ∈M.
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Proof. Using Lemma 5.1, the necessary condition can be formulated by assuming a

worst-case scenario, i.e.

zi > −α2(βi),

which yields the requirement

zi >
Kiβ

2
i − P̄i

2Kiβi
.

Using Prop. 5.1, at a worst-case scenario the nominal state satisfies zi = βi. Sub-

stituting in the above yields the relation

Kiβ
2
i > −P̄ .

This is always true since the right-hand side is strictly positive and the left-hand

side strictly negative. Therefore, the relation zi+ei > 0 holds for all ei ∈ Si(zi) and

zi ≥ βi, and the bound on the energy-like function (5.12) is uniformly continuous

within Si(zi).

The main result of this chapter can now be presented. If the previously es-

tablished conditions on the choice of tuning parameters are met, the set S(zi) is

a robust positive invariant set under the solution of the error dynamics. This is

shown in the following.

Proposition 5.2. The set S(zi) is a robust positive invariant set for the error

dynamics (5.8) for every node i ∈M and δPi ∈Wi.

Proof. Using Prop.5.1 and Lemma 5.2, first, the nominal term of (5.12) needs to

be strictly negative. This will be proven by contradiction. Assume that for all

ei ∈ S(zi) it holds that

−

(
Ki −

P̄i
zi(ei + zi)

)
e2
i > 0.

This implies that in S(zi) it holds that

Ki −
P̄i

zi(ei + zi)
< 0.

Note that the relation zi(ei + zi) > 0 was proven in Lemma 5.2. Therefore, from

the above it is implied that

ei <
P̄i −Kiz

2
i

Kizi
.

Substituting for the bounding function (5.15b) yields

−
(
Kiz

2
i − P̄i

)
+
√(

Kiz2
i − P̄i

)2 − 4Kiz2
iwi

2Kizi
<
−P̄i −Kiz

2
i

Kizi
.
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Gathering every term on the one side and simplifying the expression results in

Kiz
2
i − P̄i +

√(
Kiz2

i − P̄i
)2 − 4Kiz2

iwi < 0.

It is noted that substituting zi = βi, the relation Kiz
2
i − P̄i > 0 immediately

follows. This leads to a contradiction as the left hand side of the inequality is a

strictly positive quantity. Therefore, the nominal term of (5.12) is negative for all

ei ∈ S(zi). Furthermore, it is straightforward to show that the derivative of (5.12)

does not vanish at the boundary points. Finally, using with the fact that the third

summand of (5.12) containing the disturbance is non-negative, it is concluded that

S(zi) is a robust positive invariant set for the error dynamics and for all e(0) ∈ S(zi)

the solution satisfies limt→∞ e(t) ∈ S(zi). This completes the proof.

One advantage of the proposed technique is that the bound on the local error

dynamics depends solely on locally available information at the ith node. This

implies that it can be applied with the same effect in both cases, where either a

distributed or a centralized approach is adopted for the regulation of the nominal

dynamics.

5.3 Regulation of the Nominal Dynamics

In the previous section, it was established that adopting the proposed control law

leads to bounded error dynamics. Furthermore, the bounding functions depend on

the nominal state, thus it is possible to establish a dynamic behaviour of the con-

straint set and reduce possible conservativeness stemming from assuming a constant

nominal state. In this section, the results of Section IV will be used to design a

control scheme for the nominal dynamics that is able to satisfy a modified dynamic

version of the constraints. More specifically, the “tightened” constraints for the

nominal dynamics can be formulated using the control law iin,i = −Kiei + ui as

Z(z) =
∏
i∈M

Xi 	 Si(zi), (5.18a)

U(z) =
∏
i∈M

Ci 	 (−Ki)Si(zi). (5.18b)

It is noted that in both (5.18a) and (5.18b), the constrains are parametrised by

a time-varying error set. This is where the conservativeness of the previous chapter

is addressed. Instead of assuming the largest variant of S(zi), the set is permitted

to change in size, thus a larger set of control actions and feasible states is available

during the optimisation process. The problem now becomes of choosing a control
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law ui(·) such that the nominal system,

Ciżi = −Liizi +
∑
j∈Ni

Lijzj −
P̄i
zi

+ ui (5.19)

is asymptotically stable and satisfies the modified constraint sets in (5.18). This

problem is traditionally addressed by adopting an MPC control scheme that is able

to incorporate the constraint sets in the control design process. In order to achieve

this, similar to the previous chapter, the following finite horizon optimization prob-

lem is adopted

V (z(t0)) := min
u
J(z(t0),u) (5.20a)

= min
u

∫ t0+T

t0

`(z − ẑ, u− û)dt+ `f (z − ẑ) (5.20b)

and, for all t ∈ [t0, t0 + T ], subject to

z(0; t0) = z(t0) (5.20c)

Cż = −Lz − [z]−1P̄ + u, (5.20d)

z ∈ Z(z) ∩ {z ∈ Rn : zi ≥ βi, ∀i ∈M}, (5.20e)

u ∈ U(z), (5.20f)

Z(z) ⊆ X, U(z) ⊆ C, (5.20g)

zf := z(t0 + T ; t0) ∈ Zf (ẑ) (5.20h)

where [t0, t0 + T ] is the optimization horizon, the pair (ẑ, û) denotes the desired

network operating point, `(·, ·) is the stage cost of the optimal control problem,

and `f (·, ·) is the terminal cost function. The calculation of the reference pair (ẑ, û)

can be carried out by either incorporating an additional optimization objective in

(5.20), or solved as a separate optimization problem, i.e. by solving

Je = min
ẑ,û

∑
i∈M

fe,i(z
∗
i , u

∗
i ) (5.21a)

s.t.

ẑ ∈ Z(ẑ) ∩ {ẑ ∈ Rn : ẑi ≥ βi, ∀i ∈M}, (5.21b)

û ∈ U(ẑ) (5.21c)

− Lẑ − [ẑ]−1P̄ + û = 0n (5.21d)

where fe(·) is a strictly convex function translating the desired network operation

to a set of reference points. The following assumption on the structure of the stage

cost is invoked to ensure convexity of the optimization problem in (5.20). This

will also be used to establish monotonic descent of the optimal value function and

stability of the nominal dynamics.
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Assumption 5.2 (Convexity and lower boundedness of stage cost). The stage cost

is continuous and satisfies `(0, 0) = 0. In addition, there exists a class K∞ function

θ1(·), such that for all (z, u) ∈ (Z× U)(z),

θ1(‖z − ẑ‖) ≤ `(z − ẑ, u− û).

In order to ensure recursive feasibility and convergence of the solution in an

MPC setting, it is common to employ positive invariant terminal ingredients, see

[133]. This involves the existence of a positive invariant set for the terminal dy-

namics, i.e. the evolution of the system beyond the optimization horizon, a local

control Lyapunov function and constraint satisfaction. A plethora of studies have

successfully addressed this issue in the linear setting, however the nonlinearity in-

troduced by the CPL in (5.19) destabilizes every reference fixed point ẑ. Similarly

to the previous chapter, the nominal control law is augmented with a feedback term

in order to address this problem. This yields,

u = −Kuz + νo (5.22)

where Ku is a diagonal matrix representing the feedback gain and νo is now the

new control action that is generated by the optimization problem in (5.20). The

augmented control law in (5.22) provides additional damping to the dynamics such

that the effect of the CPL at steady state is counteracted. In addition, it is now

possible to construct suitable terminal ingredients such that (5.20) is recursively

feasible. This is shown in the following result.

Proposition 5.3 (Stability of the terminal dynamics). Considering the nominal

system (5.19) and control law (5.22), there exists a δ > 0 such that the fixed

point ẑ is an asymptotically stable equilibrium with region of attraction A = {z ∈
M : ‖z − ẑ‖ ≤ δ}, if and only if,

Kz,i >
P̄i

(ẑi)2
,

for all ẑ ∈ Z(ẑ).

Proof. Similar to the proof of Proposition 4.3.

Corollary 5.1. Any level set Zo of A, such that Zo = βA with β ∈ [0, 1], is control

invariant for the nominal dynamics in (5.19).

5.4 Stability and Recursive Feasibility

The previous sections established the conditions under which the error dynamics

are bounded when the nominal state is percieved as an external input. Further-

more, the tools to construct a feasible MPC control scheme were also provided. In
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this section, the obtained results are exploited to show that the cascaded system

is asymptotically stable and the optimization problem of the previous section is

recursively feasible. A direct consequence of Proposition 5.3 and Corollary 5.1 is

that by using the augmented control law in (5.22) in combination with a terminal

cost function `f = ‖z − ẑ‖P and terminal set Zf (ẑ) = Zo(ẑ) in (5.20) yields recur-

sive feasibility of the optimization control problem, provided that it is feasible at

some initial state z(t0). This is a well-established result in the literature, where a

sketch of the proof was provided in Proposition 4.4 of the previous chapter. Having

established the recursive feasibility property of the optimal control problem, the

value function of the optimisation problem can be shown on be a Control Lyapunov

function for the closed loop system. This implies that, for every δP ∈ W, there

exist a continuous map to the equilibrium space, where each respective equilibrium

is asymptotically stable. The stability of the nominal dynamics is shown in the

following result.

Proposition 5.4. For all i ∈ M, the reference point ẑ is an asymptotically stable

equilibrium point of the nominal dynamics ( 5.19).

Proof. Let for simplicity z = z(t0) and z+ = φ(z0, t0 + k), where φ(z0, t0 + k) is the

trajectory map from initial state z0 and after time t0 + k. Then, optimality of V (·)
yields

V (z+)− V (z) ≤ J(z,u)− V (z).

The feasibility of the nominal optimisation problem in 5.20 implies that the control

sequence at time t0 + k is the tail of the optimal control sequence at time t0.

Therefore, at the next sampling time one has u+ = uo(t0 + k; t0) and z+ = z(t0 +

k; t0). By applying Assumption 5.2, the above yield

J(z,u)− V (z) ≤
`(zo(t0 + T ; t0)− ẑ, uo(t0 + T ; t0)− û)

− θ1(‖z − ẑ‖)
+ `f (φ(zo(t0 +N ; t0), t0 + T + k))

− `f (zo(t0 +N ; t0)).

However, the stabilizing terminal control law implies

`f (z
o(t0 +N ; t0)) ≥

`(zo(t0 + T ; t0)− ẑ, uo(t0 + T ; t0)− û)

+ `f (φ(zo(t0 +N ; t0), t0 + T + k)),

therefore

V (z+)− V (z) ≤ −θ1(‖z − ẑ‖) ≤ 0.
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Hence, the value function V (·) monotonically decreases for all z ∈ Z(z). Since V (·)
is also positive definite by construction, the value function is a Control Lyapunov

function for the system (5.19) and thus ẑ is an asymptotically stable equilibrium

point.

In the sequel, the results of this chapter are collected in order to show the

stability of the decomposed dynamics.

Theorem 5.1. Let Assumptions 5.1 and 5.2 hold, then the cascaded dynamics given

by

Ciėi = −(Lii +Ki)ei −
∑
j∈Ni

Lijej +
P̄i

(ei + zi)zi
ei −

δPi
ei + zi

,

Ciżi = −Liizi +
∑
j∈Ni

Lijzj −
P̄i
zi

+ ui,

admit asymptotically stable equilibrium point (ê, ẑ) in S(z̄)× Z(ẑ) ⊆ X× C.

Proof. Boundedness of the error dynamics follows from Prop. 5.2, by considering

the nominal state z(t) as an exogenous input. Using Assumptions 5.1 and 5.2,

Prop. 5.4 shows asymptotic stability of the equilibrium points of the nominal dy-

namics. Therefore, by applying [176, Theorem 10.3.1], it can be concluded that the

equilibrium pair (ê, ẑ) is asymptotically stable for the cascaded dynamics.

5.5 Simulations
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Figure 5.1: Meshed MG with seven nodes locally connected to a CPL.

In this section, the theoretic properties of the proposed control scheme are il-

lustrated in a simulated scenario of a network with topology depicted in Fig. 5.1.

The network voltages are required to operate in the range 22 V ≤ v ≤ 26V , where
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the rated voltage is 24V . This choice of voltage levels aids in a clearer illustra-

tion of this chapter’s theoretic results, since a large nominal voltage would result

in a smaller difference between the dynamic tube and the rigid tube of the previ-

ous chapter. The inner current of the converter is also subjected to the constraint

set |iin| ≤ 15A. Similar to the previous chapter, the state-limiting PI is adopted

for the regulation of the inner current loop. The nominal load demand is chosen

at P̄i = 100W , with maximum perturbations restricted as in |δP | ≤ 20W . The

tube upper and lower boundaries for each node is constructed according to Section

5.2, with feedback gain chosen as Ki = 4 and nominal feedback gain Kz,i = 15

for all i ∈ M. The network voltage dynamics are subjected to a reference change

at times t = 0ms, t = 0.5ms and t = 1ms. Following the application of the

MPC scheme, the nominal trajectories converge to their respective reference, while

satisfying a “tightened” parametrisation of the state and input constraints. This

is depicted in Fig. 5.5. In addition, Fig. 5.5 demonstrates that the true voltage

is always contained in the dynamic tube, where the size of the tube depends on

the distance between the nominal voltage and the lower bound of the constraint

set. Furthermore, Fig. 5.6 shows that both the current references provided by the

voltage controller and the current trajectories satisfy their respective constraints,

validating the presented analysis. A clear demonstration of the controller prop-

erties can be seen in Fig. 5.2, depicting the state space of Node 1 from Fig. 5.1.

Starting from initial state x(t0) = (v(t0), iin(t0)) the nominal trajectory defines the

centre of the tube, where cross-sections at various time instances is shown by the

rectangles. As it can be seen, the uncertain trajectory is always contained within

the Cartesian product of the constraint sets. The dynamic transition of the tube

size is clearly depicted in Fig. 5.3, where the cross-sections of the tube of Node 1

are plotted at times t = 0s and t = 15s, i.e. at the times where the nominal voltage

is closer to the lower bound and the upper bound of the constraint set respectively.

It is seen that the closer the nominal trajectory is to the respective lower bound

of the parametrised constraint set, the more conservative is the tube size. The

ability to reduce the tube size conservativeness is a clear improvement over the

approach presented in the previous chapter, since it implies a larger nominal input

constraint set, i.e. availability of more control actions in the nominal control layer.

In order to clearly demonstrate this, a comparison between the rigid tube approach

and the dynamic tube are illustrated in Fig. 5.4. Therein, it is seen that with the

same problem setup, same tuning parameters and same nominal voltage reference

values, the dynamic tube avoids activation of the constraint set and results in a

quicker response. On the other hand, the rigid tube approach demonstrates higher

convergence time. Finally, it is important to mention the interaction between the
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Figure 5.2: State space of Node 1. The constraint set Y = X × C is depicted as

and the tube cross-sections with . The nominal voltage defining the centre

of the tube is depicted with ( ) and the uncertain trajectory with ( ).

feedback gain and the sizes of the voltage and current constraint sets. As it was also

explained in Remark 4.2, higher values of the gain K result in a “less tightened”

state constraint set, which, however, inversely affects the size of the input current

constraint set. This can be seen by the constraint set parametrisation in (5.18).

Therefore, the choice of the gain K needs to made according to the each individual

case-study specifications to achieve the desired result.

5.6 Conclusions

This chapter presented a dynamic tube-based control scheme for DC Microgrids

with local CPLs connected in parallel to each node of the network. The behaviour

of the CPL was characterised by constant fluctuations of the load demand. The

presented theoretical analysis demonstrated that system robustness to this constant

disturbance effect can be achieved by exploiting the structure of the node dynamics.

In particular, the original uncertain dynamics were “split” into two subsystems; a

nominal subsystem where the load demand is considered constant to a predefined

value, and an error subsystem describing the difference between the nominal and the

uncertain model. Then, Section 5.2 showed how a tube around the nominal voltage

trajectory can be constructed, such that it is positive invariant under the solution

of the uncertain dynamics. Analytic conditions on the tuning parameters were also

provided to guarantee that the system exhibits the desired closed-loop behaviour.

In addition, it was revealed that the size of the tube is dependent on the evolution

of the nominal trajectory. This result was then used in the parametrization of the
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Figure 5.3: Cross-sections of the tube at time t = 0s depicted with and at time

t = 15s depicted as . It can be seen that the closer the nominal voltage is to

the lower bound of the constraint set the larger is the tube size.
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Figure 5.4: Comparison between the rigid-tube ( ) approach presented in Chapter

4 and the dynamic tube ( ) of this chapter. The rigid tube activates the constraint

set and results in larger convergence time.
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Figure 5.5: Node uncertain and nominal voltages of Node 1 ( , ), Node

2 ( , ), Node 3 ( , ), Node 4 ( , ), Node 5 ( , ), Node 6

( , ), and Node 7 ( , ). The black solid lines represent the upper and

lower bound respectively of the nodal constraint set.
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Figure 5.6: Current trajectories and references provided by the voltage layer.
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constraint sets in order to reduce conservativeness arising from always assuming a

worst-case scenario for the value of the nominal voltage.

Following the results on the invariance of the error dynamics, a MPC control

scheme was proposed to achieve constrained regulation of the nominal trajectories

to desired operating points. To this aim, the nominal control law was augmented

by an additional feedback to counteract the negative impedance effect of the non-

linearity at steady state. This allowed the construction of a positive invariance set

for the MPC prediction model, which was then used to prove the recursive feasi-

bility of the overall optimal control problem. Finally, an analytic stability proof

for the closed loop dynamics was provided in two stages; first, the stability of the

nominal dynamics was proven by exploiting the recursive feasibility property of the

optimization problem to show monotonic decrease of the MPC value function. This

was used to show that the value function is a Control Lyapunov function for the

nominal dynamics and thus proving asymptotic stability of the respective feasible

equilibrium points. Having established boundedness of the error dynamics, results

from the theory of interconnected systems were applied to prove the asymptotic

stability of the overall cascaded dynamics. The theoretic results of this study were

illustrated in a simulated scenario of a meshed MG, where each node is locally

connected to a CPL.

104



Chapter 6

Tube-based Control for Islanded

AC Microgrids

The destabilising behaviour of constant power loads is also a predominant problem

in the case of AC Microgrid networks. More importantly, the complexity of this

problem is magnified due to the structure of the network dynamics. Instead of

the single-phase converter, the integration of the DER units is performed through

the three-phase inverters, where each dynamic component is represented by three

states. This increase in complexity, entangles the adoption of the set-invariance

techniques presented in the previous chapters, making the transition to the AC

problem non-trivial. As it will be shown in this chapter, the complexity of the

problem can be partially reduced by adopting the well-established dq transforma-

tion of the dynamical model, where the three-phase model can be simplified to a

two-state counterpart. Nevertheless, the problem remains significantly more com-

plicated compared with the DC scenario and necessitates an individual analysis to

establish the desired bounded-input bounded-output results. This problem will be

addressed in this chapter, where a particular attention will be given in the analytical

behaviour induced by the CPL. Its effect of the two-dimensional state space will be

discussed, and a characterisation of the respective subspace with a positive tangent

vectorfield will be provided. Following similar principles with the previous chapters,

the original uncertain dynamics are “split” into a nominal and an error model, and

the proposed control law aims to bound the deviations between the nominal and

the uncertain state trajectories into a positive invariant set. Then, following the

necessary theoretical analysis, tuning guidelines are provided in the form of condi-

tions on the controller parameters, such that the system displays robustness with

respect to the destabilising effect of the CPL.

The problem statement is provided in Section 6.1, where the respective models

of the load and the network system are defined. Then, Section 6.2 formally defines
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the proposed control law and provides a preliminary discussion on the analytical

approach. The properties of the CPL and its effect on the local node dynamics are

investigate in Section 6.3, where the main results of this chapter are presented. Sec-

tion 6.4 illustrates the properties of the closed-loop system in a simulated scenario

and Section 6.5 provided some remarks on the network operation and discusses

potential improvements in future approaches.

6.1 Problem Statement

The problem of designing a robust controller for isolated AC microgrids with local

CPLs is investigated. Each interfacing inverter unit is considered as a controllable

voltage source interfaced with the rest of the system with purely resistive lines.

Similarly to previous chapters, in order to simplify the analysis, it is assumed that

the inverter inner current is operating at a faster time scale than the voltage, i.e.

the inner current has converged and is assumed as a control input in the volt-

age dynamics. Furthermore, the dq transformation of each local inverter model is

adopted, rotating at a constant common frequency ωc. Thus, the local dynamics

are formulated as

Ci
vd,i
dt

= iin,id + ωcCivq,i − Liivd,i −
∑
j∈Ni

Lijvd,j − gd,i(vd,i, vq,i, Pi, Qi) (6.1a)

Ci
vq,i
dt

= iin,iq − ωcCivd,i − Liivq,i −
∑
j∈Ni

Lijvq,j − gq,i(vd,i, vq,i, Pi, Qi) (6.1b)

where Ci is the local output inverter capacitance, L ∈ Rn×n is the Laplacian matrix

that describes the topology of the network, and iin,i is the inverter input current.

The set Ni := {j ∈ M : Lij 6= 0, i 6= j} denotes the neighbours of the ith

node. Finally, [gd,i gq,i]
> represents the current drawn by the load in the respective

dq components. Since this study considers purely constant power loads, which

introduce a nonlinear behaviour to the dq inverter dynamics, the load model is

explicitly expressed as[
gd,i(vd,i, vq,i, Pi, Qi)

gq,i(vd,i, vq,i, Pi, Qi)

]
=

2

3

 vd,i
v2d,i+v

2
q,i

vq,i
v2d,i+v

2
q,i

vq,i
v2d,i+v

2
q,i
− vd,i
v2d,i+v

2
q,i

[Pi
Qi

]
(6.2)

The control problem considered in this paper is that of designing a feedback control

law for the input currents such that system voltages remain bounded, despite the

presence of CPLs.
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6.2 Control Scheme Formulation

In this section, the first steps of the control design process are presented and the

control objective is formally defined. It is assumed that both components the of

load demand at the ith node lie in polytopic sets with the origin within their interior,

i.e. Pi ∈ Pi and Qi ∈ Qi. This allows the expression of the load power demand as

a deviation to constant values P̂i ∈ R>0 and Q̂i ∈ R>0 respectively, such that

δPi = Pi − P̂i ∈WP,i ⊆ Pi, (6.3)

δQi = Qi − Q̂i ∈WQ,i ⊆ Qi, (6.4)

and

WP,i :=
{
δPi ∈ R : δP i ≤ δPi ≤ δP i

}
, (6.5)

WQ,i :=
{
δQi ∈ R : δQ

i
≤ δQi ≤ δQi

}
. (6.6)

where WP,i and WQ,i are also polytopic sets with {0} ∈ int(WP,i), int(WQ,i). In

order to facilitate the control scheme formulation, an error state ei = [ed,i eq,i]
> is

introduced, with [
ed,i

eq,i

]
=

[
vd,i − zd,i
vq,i − zq,i

]
(6.7)

where [zd,i zq,i]
> denotes the local nominal voltage, i.e. when δPi = δQi = 0. The

local nominal dynamics are, then, formulated as

Ciżd,i = ud,i + ωcCizq,i − Liizd,i −
∑
j∈Ni

Lijzd,j

− 2

3
P̄i

zd,i
z2
d,i + z2

q,i

− 2

3
Q̄i

zq,i
z2
d,i + z2

q,i

, (6.8a)

Ciżq,i = uq,i − ωcCizd,i − Liizq,i −
∑
j∈Ni

Lijzq,j

− 2

3
P̄i

zq,i
z2
d,i + z2

q,i

+
2

3
Q̄i

zd,i
z2
d,i + z2

q,i

, (6.8b)

where ui = [ud,i uq,i]
> is the nominal control input. In order to simplify the dynam-

ics, it is common to regulate the q-component of the voltage to zero. Similarly, it is

assumed here that one can design a nominal control scheme for the uncertainty-free

system in (6.8), such that zq,i = 0 holds at all times. This allows the distinction

of two separate cases. First, if the q-component of the error can be enforced to be

zero at all times, then the remaining d-component of the dynamics is equivalent to
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the case of a DC Microgrid and one can achieve robust regulation similar to the

DC scenario presented in the previous chapter. However, enforcing eq,i = 0 at all

times is not universally realistic, therefore the general case is considered, where eq,i

cannot be trivially neglected. To this aim, the control law of the original dynamics

is defined as

iin,i = −(K1,i +K2,i)I2ei + ui, (6.9)

where K1,i, K2,i are positive feedback gains. Although the feedback structure in-

volving a summation of two scalar gains seems redundant, as will be shown in the

following, the term K2,i will be used to decouple the overall network stability prob-

lem as of an isolated nodal stability problem. Then, the set-invariance analysis

will be based on the second feedback term K1,i. Following (6.7), the local error

dynamics take the form

Ciėd,i = ωcCieq,i − (Lii +K1,i +K2,i)ed,i −
∑
j∈Ni

Lijed,j

+
2

3

(
P̄i(ed,i(ed,i + zd,i) + e2

q,i)

zd,i(ed,i + zd,i)2 + zd,ie2
q,i

− Q̂ieq,i
(ed,i + zd,i)2 + e2

q,i

)

− 2

3

δPi(ed,i + zd,i) + δQieq,i
(ed,i + zd,i)2 + e2

q,i

, (6.10a)

Ciėq,i = −ωcCied,i − (Lii +K1,i +K2,i)eq,i −
∑
j∈Ni

Lijeq,j

− 2

3

(
P̂ieq,i

(ed,i + zd,i)2 + e2
q,i

−
Q̂(ed,i(ed,i − zd,i)− e2

q,i)

zd,i(ed,i + zd,i)2 + zd,ie2
q,i

)

+
2

3

δQi(ed,i + zd,i)− δPieq,i
(ed,i + zd,i)2 + e2

q,i

. (6.10b)

The goal is to investigate under which conditions on the magnitude of K1,i, the

solution of the error dynamics obtains a uniform bound around the origin. To this

aim the energy-like function, for the overall network dynamics, is defined as

V (e) =
1

2
e>d Ced +

1

2
e>q Ceq, (6.11)

with time derivative

V̇ (e) = e>d Cėd + e>q Cėq, (6.12)

where C = diag{C1, . . . , Cn}. The function V̇ (·) essentially describes the geometric

behaviour of the error states. Therefore, particular interest will be given in char-

acterising the subspaces of the state space, where the derivative obtains positive

and negative values respectively. The core objective of the following set-invariance
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analysis is showing that the former is enclosed in a closed and bounded set con-

taining the origin, where outside of this set the derivative obtains strictly negative

values. Therefore, analytic tools can be used to guarantee that any state trajectory

emanating from an initial state within this closed set will remain in the set for all

future times. Bounding the error state drastically simplifies the control design pro-

cess, since the remaining, arguably simpler, task is regulating the uncertainty-free

nominal state to a desired setpoint, while satisfying some parametrised version of

the original operating constraints. If this is achieved, then the adopted control law

“forces” the original uncertain state trajectory to “follow” the generated nominal.

Following the definition of the energy-like function of the system, it is noted that

by the properties of the Laplacian matrix, it holds that the matrix L+K2,iIn is pos-

itive definite for any arbitrarily small positive value of K2,i. Therefore, substituting

the error dynamics in V̇ and applying the scalar relations e>d (L+K2,iIn)ed < 0 and

e>q (L+K2,iIn)eq < 0, results in the upper bound

V̇ (e) ≤
∑
i∈M

Ṽi(ei)

zd,i
(
(ed,i + zd,i)2 + ed,i

) , (6.13)

where

Ṽi(ei) = (6.14)

e4
d,i(−3K1,izd,i) + e3

d,i(−6K1,iz
2
d,i + 2P̂i)+

e2
d,ie

2
q,i(−3K1,izd,i) + e2

d,ieq,i(−3K1,izd,i + 2Q̂i)+

e2
d,i(−3K1,iz

3
d,i + 2P̂izd,i − 2δPizd,i)+

ed,ie
2
q,i(−6K1,iz

2
d,i + 2P̂i) + ed,ieq,i(−4Q̂izd,i)+

e2
q,i(−3K1,iz

3
d,i − 2P̂izd,i − 2δPizd,i)+

e3
q,i(−3K1,izd,i − 2Q̂i) + ed,i(−2δPiz

2
d,i)+

eq,i(2δQiz
2
d,i).

As a result, the right-hand side of the inequality is decoupled and it suffices to

investigate the region where any of the ith summands in the bound of (6.13) attains

positive values.

6.3 Positive invariance of the dynamics

Following the problem formulation of the previous section, the task becomes finding

a closed subset of the state space around the origin where (6.13) admits positive

values and show that outside of the boundary of this set the time derivative becomes

negative. This would imply that this subset is positive invariant under the trajectory
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of the error dynamics, hence the distance between the uncertain and nominal voltage

trajectories is bounded. In the following, it will be initially assumed that the relation

zd,i ≥ 0 holds at all times. However, in later parts of the section, a sufficient positive

lower bound on the nominal state will be established such that the denominator of

(6.13) is strictly positive.

First, the behaviour of the numerator of (6.13) is investigated. This term can

be expressed as a summation of two functions

Ṽi(ei) = fi(ed,i, eq,i) + hi(ed,i, eq,i, δPi, δQi) (6.15)

where,

fi(ed,i, eq,i) :=

e4
d,i(−3K1,izd,i) + e3

d,i(−6K1,iz
2
d,i + 2P̂i)+

e3
q,i(−3K1,izd,i − 2Q̂i) + e2

d,ie
2
q,i(−3K1,izd,i)+

e2
d,ieq,i(−3K1,izd,i + 2Q̂i) + ed,ie

2
q,i(−6K1,iz

2
d,i + 2P̂i)+

ed,ieq,i(−4Q̂izd,i) + e2
d,i(−2K1,iz

3
d,i + 2P̂izd,i)+

e2
q,i(−2K1,iz

3
d,i − 2P̂izd,i),

(6.16)

and a function gathering the uncertainty terms

hi(ed,i, eq,i, δPi, δQi) :=e2
d,i(−K1,iz

3
d,i − 2δPizd,i)+

e2
q,i(−K1,iz

3
d,i − 2δPizd,i)+

ed,i(−2δPiz
2
d,i) + eq,i(2δQiz

2
d,i).

(6.17)

The second summand of (6.15) describes the region of V̇ (·) where the CPL

demand perturbations (δPi, δQi) impose a positive velocity on the closed loop vector

field. Note that (6.17) is the general equation of a circular paraboloid surface.

Since the analysis is focused on the subdomain of V̇ (·) that is mapped to non-

negative values on the surface, the cross-section of the surface with the hyperplane

of the origin can be perceived as the desired boundary set. This results in a two

dimensional set, described by a circle with radius

r
(
zd,i, δPi, δQi

)
=
zd,i
√
δP 2

i + δQ2
i

K1,iz2
d,i + 2δPi

, (6.18)

and centre given by the function

c
(
zd,i, δPi, δQi

)
=

(
−δPiz2

d

Kz3
d + 2δPizd

,
δQiz

2
d

Kz3
d + 2δPizd

)
. (6.19)

The subdomain that is mapped to non-negative values is closed and bounded if

the paraboloid opens downwards, i.e. the “peak” of the surface occurs in positive
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values. This yields the condition

K1,i >
2|δP i|
z2
d,i

. (6.20)

Provided that (6.20) is satisfied, the above imply the existence of a closed set where

its size “grows” proportionally to the magnitude of the load demand perturbations

(δPi, δQi), as evident from (6.18). A sequence of maximum load demand perturba-

tions is defined as

Wi :=

{[
δP i δQi

]>
,
[
δP i δQi

]> [
δP i δQi

]>
,
[
δP i δQi

]>}
(6.21)

with each kth element denoted as w(k) = [w1(k) w2(k)]>, where w1(k) and w2(k)

represent the active and reactive components respectively. Then, a worst-case sce-

nario can be compactly defined for each element of Wi with the set

Bi,k(zd,i) :=
{
ei ∈ R2 : d

(
ei, c(zd,i, w1(k), w2(k))

)
≤ r

(
zd,i, w1(k), w2(k)

)}
. (6.22)

where d(·, ·) is the euclidean distance. Then, due to the linearity of (6.17) w.r.t. the

load, boundedness of the function (6.17) can be deduced in the set resulting from

the union

Ni(zd,i) :=
⋃

k∈1,...,4

Bi,k(zd,i). (6.23)

Therefore, the above describes the closed subset of the state space, where the load

demand perturbations impose a positive velocity on the dynamics. Note that the

origin is a common point for all Bi,k(zd,i), hence the intersection of all Bi,k(zd,i) is

also non-empty. This implies that Ni(zd,i) results from the union of overlapping

sets, as opposed to four distinct sets in the state space. An example network is

used to illustrate the above in Fig. 6.1. In order to conclude positive invariance

of Ni(zd,i), it suffices to show that (6.16) is negative definite in a neighbourhood

of every point in ∂Ni(zd,i) and the denominator of (6.13) is strictly positive for

all ei /∈ Ni(zd,i). The following result provides sufficient conditions on the tuning

parameters such that the first requirement is satisfied. In the proof, it is shown

that if both conditions of the proposition are met, condition (6.20) is also implicitly

satisfied.

Proposition 6.1. If the feedback gain and the nominal voltage trajectory satisfy

K1,i ≥
Q̂i

zd,i
, (6.24)

and

zd,i > max
δPi∈WP,i,
δQi∈WQ,i

{
P̂i + 12

√
δP 2

i + δQ2
i + 2δP i

Q̂i

}
, (6.25)

respectively, then for all i ∈M:
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Figure 6.1: Example of the geometric effect of the CPL on the velocity of the

energy-like function. (Left) The surface where hi(ed,i, eq,i, δPi, δQi) is mapped to

non-negative values.(Right) The projection of the surface on the state space (red)

and the boundary of Ni(zd,i) (black). It can be seen from this figure that the

control design and analysis in this case is indeed not as straightforward as in the

DC scenario. The coupling between the d and q components leads to an invariant

set that is not just a Cartesian product of the invariant sets depicted in the previous

chapters.

• the function fi : R2 → R satisfies

fi(ei) ≤ −θ(‖ei‖),

for all ei ∈ S(zd,i) with

S(zd,i) := {ei ∈ R2 : eq,i ≥ eq,i(zd,i), ed,i ≥ ed,i(zd,i)}, (6.26)

where θ : R→ R+ is a class-K∞ function and

ed,i(zd,i) = −
K1,iz

3
d,i − P̂izd,i

6K1,iz2
d,i − 2P̂i

, (6.27a)

eq,i(zd,i) = −
K1,iz

3
d,i + P̂izd,i

3K1,izd,i + 2Q̂i

. (6.27b)

• The set inclusion N (zd,i) ⊂ int
(
S(zd,i)

)
is satisfied at all times.

Proof. The proof will be split in two parts. The first is dedicated to proving negative

definiteness of fi : R2 → R. To this aim, fi(ed,i, eq,i) is expressed as a summation

of the functions

f1,i(ed,i,eq,i) :=
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e4
d,i(−3K1,izd,i) + e3

d,i(−6K1,iz
2
d,i + 2P̂i)+

e3
q,i(−3K1,izd,i − 2Q̂i) + e2

q,i(−K1,iz
3
d,i − P̂izd,i)+

e2
d,i(−K1,iz

3
d,i + P̂izd,i)

and

f2,i(ed,i,eq,i) :=

e2
d,ie

2
q,i(−3K1,izd,i) + e2

d,ieq,i(−3K1,izd,i + 2Q̂i)+

ed,ie
2
q,i(−6K1,iz

2
d,i + 2P̂i) + ed,ieq,i(−4Q̂izd,i)+

e2
d,i(−K1,iz

3
d,i + P̂izd,i) + e2

q,i(−K1,iz
3
d,i − P̂izd,i)

where the aim is to investigate under which conditions of K1,i, both summands are

negative. The first requirement is for every coefficient of the above to be negative.

Then, a preliminary condition on the magnitude of the feedback gain can be derived

as

K1,i ≥ max

{
Q̂i

zd,i
,
P̂i
z2
d,i

}
. (6.28)

Applying this condition yields

f1,i(ed,i, eq,i) ≤ e3
d,i(−6K1,iz

2
d,i + 2P̂i) + e3

q,i(−3K1,izd,i − 2Q̂i)+

e2
q,i(−K1,iz

3
d,i − P̂izd,i) + e2

d,i(−K1,iz
3
d,i + P̂izd,i).

The above implies that f1,i(ed,i, eq,i) is negative definite for all states (eq,i, ed,i) in

the set

S(zd,i) := {ei ∈ R2 : eq,i ≥ eq,i(zd,i), ed,i ≥ ed,i(zd,i)},

where

ed,i(zd,i) = −
K1,iz

3
d,i − P̂izd,i

6K1,iz2
d,i − 2P̂i

,

eq,i(zd,i) = −
K1,iz

3
d,i + P̂izd,i

3K1,izd,i + 2Q̂i

.

Also, substituting ed,i = ed,i(zd,i) in f2,i(ed,i, eq,i) results in the simplified quadratic

polynomial

f2,i(ed,i, eq,i) = α1e
2
q,i + α2eq,i + α3, (6.29)

where

α1 =− 3e2
d,iK1,izd,i − 2ed,i(3K1,iz

2
d,i − P̂i)−K1,iz

3
d,i

− P̂ zd,i,

113



6.3. POSITIVE INVARIANCE OF THE DYNAMICS

α2 =− 3e2
d,iK1,izd,i + 2Q̂i − 4ed,iQ̂izd,i,

α3 =− e2
d,iK1,iz

3
d,i + e2

d,iP̂izd,i.

In order to conclude negative definiteness of the above, its quadratic structure can

be exploited to: (a) show that (6.29) obtains a global maximum, (b) the value of the

function at the stationary point is negative. Regarding (a), the second derivative of

(6.29) yields
∂2f2,i
∂e2q,i

= 2α1, which by substituting with (6.27a) leads to the following

necessary condition for (6.29) attaining a global maximum

−
zd,i(3K

3
1,iz

6
d,i + 66K2

i P̂iz
4
d,i − 45K1,iP̂

2
i z

2
d,i + 8P̂ 3

i )

4(P̂i − 3K1,iz2
d,i)

2
< 0.

Applying (6.28), the numerator of the above is strictly positive, therefore the con-

dition holds and it can be concluded that (6.29) attains a global maximum at the

point e∗q,i = − α2

2α1
. In order to prove (b), the sign of the function at the stationary

point needs to be investigated, i.e.

f2,i(ed,i, e
∗
q,i) = α3 −

α2
2

2α1

+
α2

2

4α1

≤α3 −
α2

2

2α1

≤c1 −
c2c3

c4

− c5

where

c1 =
P̂iz

3
d,i(−K1,iz

2
d,i + P̂i)

2

4(P̂i − 3K1,iz2
d,i)

2
,

c2 = 2(−3K1,iz
2
d,i + P̂i)

2,

c3 =

(
2Q̂i −

3K1,iz
3
d,i(−K1,iz

2
d,i + P̂i)

2

4(P̂i − 3K1,iz2
d,i)

2
+

4Q̂iz
2
d,i(−K1,iz

2
d,i + P̂i)

−6K1,iz2
d,i + 2P̂i

)2

,

c4 = zd,i(3K
3
1,iz

6
d,i + 66K2

1,iP̂iz
4
d,i − 45K1,iP̂

2
i z

2
d,i + 8P̂ 3

i ),

c5 = −
K1,iz

5
d,i(−K1,iz

2
d,i + P̂i)

2

4(P̂i − 3K1,iz2
d,i)

2
.

Condition (6.28) is sufficient to guarantee c1 − c5 ≤ 0 and, similarly to (a), it can

be concluded that c4 ≥ 0. Therefore, since c2, c3 ≥ 0, the right-hand side of (6.29)

is a summation of non-positive terms and thus (6.29) is a negative semi-definite

function. Similar conclusions can be drawn for the sign of f2,i(ed,i, eq,i), therefore

the above imply that conditions (6.24), (6.27a) and (6.27b) are sufficient to ensure

the existence of a class-K function θ : R→ R+ such that

f(ei) ≤ −θ(‖ei‖) ≤ 0
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for all ei ∈ S(zd,i). To prove the second part of the proposition, it is noted that

{0} ∈ ∂Bi,k holds, for all k ∈ |Wi|. This allows the formulation of a sufficient

condition for the desired set inclusion as∣∣∣ed,i(zd,i)∣∣∣− 2r
(
zd,i, wP,i, wQ,i

)
> 0,

where wP,i = maxδPi∈WP,i
{δP 2

i } and wQ,i = maxδQi∈WQ,i
{δQ2

i }. Substituting the

explicit form of each function yields the condition on the nominal state

z2
d,i >

P̂i + 12
√
wP,i + wQ,i + 2δP i

K1,i

.

Considering the condition on the feedback gain (6.28), if K1,i obtains a lower bound

value K1,i = P̂i

z2d,i
, then

12
√
wP,i + wQ,i + 2δP i

P̂i
< 0.

needs to be satisfied. However, this does not hold, since by definition the above is

a summation of strictly positive terms. The same result occurs if K1,i obtains the

lower bound K1,i = 2δP i

z2d,i
. In contrast, for K1,i = Q̂i

zd,i
results in the desired condition

zd,i >
P̂i + 12

√
wP,i + wQ,i + 2δP i

Q̂i

which, furthermore, implicitly implies

Q̂i

zd,i
> max

{
2|δP i|
z2
d,i

,
P̂i
z2
d,i

}
,

and results in ed,i(zd,i) > eq,i(zd,i). Therefore, the above imply that a necessary

condition of the feedback gain is formulated as

K1,i ≥
Q̂i

zd,i

This concludes the proof.

So far in the analysis, the set where (6.14) obtains positive values has been

investigated and it has been shown that this set Ni(zd,i) is closed and bounded.

Furthermore, Prop. 6.1 establishes that there exists a set S(zd,i) such that the set

inclusion N (zd,i) ⊂ int
(
S(zd,i)

)
holds and for all states in the set complement

S(zd,i) \ Ni(zd,i) the function obtains negative values. The next Theorem estab-

lishes sufficiency of the conditions of Prop. 6.1 to derive the desired result on the

boundedness of the error trajectory.
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Theorem 6.1 (Positive invariance of the error dynamics). For each i ∈M, if

zd,i >

max
δPi∈WP,i,
δQi∈WQ,i

{
P̂i + 12

√
δP 2

i + δQ2
i + 2δP i

Q̂i

,
6P̂i − 8

25P̂i − 12

}
, (6.30)

then, the set Ni(zd,i) is positive invariant under the solution of the error dynamics

given in (6.10).

Proof. Considering the energy function in (6.13), Prop. 6.1 provides sufficient con-

ditions such that the nominator of the energy function obtains positive values in

Ni(zd,i) and negative in a neighbourhood outside of the boundary ∂Ni(zd,i). The

remaining condition is to show when the lower bound on the nominal voltage tra-

jectory is sufficient to conclude that the denominator of (6.13) is strictly positive.

Substituting for ed,i = ed,i(zd,i) and using the fact that K1,i >
P̂i

z2d,i
, yields the condi-

tion

(zd,i + ed,i)
2 + ed,i > zd,i(25P̂ 2

i − 12P̂i) +
P̂ 2
i

z4
d,i

+ 8P̂i − 6P̂ 2
i

> zd,i(25P̂ 2
i − 12P̂i) + 8P̂i − 6P̂ 2

i ,

where the first strict inequality is deduced by substituting K1,i = P̂i

z2d,i
. Then, the

condition

zd,i ≥
6P̂i − 8

25P̂i − 12

is sufficient for right-hand side of the latter inequality to be positive semi-definite.

Augmenting the condition of Prop. 6.1 with the above results in the desired lower

bound on the nominal state. Therefore, conditions (6.24), (6.30) are sufficient to

conclude that the vector assigned to any point ei ∈ ∂Ni(zd,i) is sub-tangential to

the set Ni(zd,i) and that the solution of the error dynamics is Lipschitz continu-

ous. Then, by a direct application on Nagumo’s theorem on set invariance, the

set Ni(zd,i) is positive invariant under the solution of the error dynamics. This

completes the proof.

Remark 6.1. The above results on the existence of a positive invariant set indicate

that by achieving a parameter-dependent lower bound on the nominal voltage and

the feedback gain, the network demonstrates robustness to load demand perturba-

tions. Thus, a constraint-based approach similar to the previous chapters can be

used to satisfy the bound of Theorem 6.1 and regulate the uncertainty-free nominal

system, while it is guaranteed that the distance between the nominal and the true

voltage trajectories is bounded in Ni(zd,i). The proposed control scheme has two
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major practical advantages; first, having an explicit characterization of the bounded

effect of the disturbance facilitates the development of more sophisticated methods

that achieve satisfaction of operational constraints and protect the electronic compo-

nents from damages. Secondly, the proposed control law (6.9) provides the designing

capability of distributing the voltage fluctuations, which are commonly experienced by

changes in the CPL demand, between both the voltage and the current states. This

can be done by increasing the feedback gain, where the choice can be analytically

made following the result that the deviations between the reference current ui and

the injected iin,i are guaranteed to be contained in the set −(K1,i +K2,i)I2Ni(zd,i).

The main focus of this chapter was the characterisation of a positive invariant

set for the case of AC Microgrids with CPLs. Once the explicit form of this set

is derived, one can design a tube-based control scheme similarly with the previous

chapters. In order to avoid repetition, the design of a nominal control scheme is

omitted here, however it is noted that the results of the previous chapters can be

also applied in this case.

6.4 Simulations

In this section, the theoretic results of Section 6.3 are demonstrated in a simulated

scenario. The proposed control scheme is applied on a network composed of four

nodes M := {V1,V2,V3,V4} with set of edges

E := {(V1,V2), (V1,V3), (V1,V4), (V2,V3)}

and corresponding weights YL = {(1.5)−1, (1.1)−1, (0.9)−1, (0.8)−1}. Every local

CPL shares a similar load profile with P̂i = 0.5 kW, Q̂i = 0.4 kVAR and re-

spective load perturbations in the sets ‖δPi‖ ≤ 0.5 kW and ‖δQi‖ ≤ 0.4 kVAR.

In order to approximate the PI set developed in Section 6.3 with a convex set,

a superset of this set is considered, defined with centre the origin and radius

rs = 2 max{r
(
zd,i, δPi, δQi

)
}. This results in the PI set vi ∈ {zi}⊕Ni(zd,i), where at

the steady state z̄d,i = 110
√

2 yields Ni(z̄d,i) := {ei ∈ Rn : ‖ei‖ ≤ 1.6 V}. Note that

this is still a PI set as the proof of the second statement of Prop. 6.1 is structured

considering a similar superset as a worst-case scenario. An unconstrained control

scheme is used to regulate every nominal state to Vrms = 110 V. As depicted in

Fig. 6.2, the nominal RMS voltage of each node is regulated to the desired reference

and the true voltage trajectory is contained in the designed positive invariant set

centred around the nominal. It can be argued that the proposed approach may

result in a conservative size of the PI set, due to the theoretic conditions being

sufficient but not necessary, i.e. the adopted set is over-approximating the ultimate
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Figure 6.2: Voltage trajectories for nodes V1( ), V2( ), V3( ), V4( ) and

respective nominal trajectories ( ). It is seen that the RMS voltage of each node is

kept close to the rated value despite the constant perturbations of the load demand.
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Figure 6.3: Input current trajectories for nodes V1 and V3.

bounded region of the dynamics. Finally, Fig. 6.3 depicts the injected currents of

the inverters V1 and V3. Similarly to the previous chapters, the current trajectories

experience fluctuations due to the effect of load demand changes. The magnitude

of these fluctuations can be tuned according to the choice of the feedback gain K,

where the inverse result will be seen in the voltage dynamics.

6.5 Conclusions

This chapter presented a control scheme for isolated AC Microgrids with local CPLs.

By perceiving the load demand as a parametric time-varying disturbance, tools from

the theory of set invariance control were utilised to design a control law that provides
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robustness to the network dynamics with respect to load demand perturbations.

Explicit parameter-based conditions of the control parameters were provided, such

that the trajectory of the true voltage is always contained within a PI set centred on

a constructed uncertainty-free nominal trajectory. Future iterations of this study

are aimed in reducing possible conservativeness regarding the size of the PI set by

deducing “stricter” sufficiency of the current theoretical conditions.
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Chapter 7

Conclusions and future work

This chapter will provide a brief summary of the thesis and some concluding remarks

on the results. In addition, the following part includes potential limitations and

sources of conservativeness in the presented work. Finally, some ideas for future

directions of this work are provided in the end of the chapter.

7.1 Summary

Chapter 3 presented a distributed, nonlinear, control design for isolated DC Mi-

crogrids with purely constant power loads and neighbour-to-neighbour communi-

cation. An extensive theoretical analysis was provided that guarantees both local

and coupled constraint satisfaction. Sufficient conditions are provided such that

the closed loop system is asymptotically stable and achieves the desired operation.

The challenge of designing a distributed scheme for this particular type of systems,

i.e. where a strong coupling term exists between the local dynamics, was addressed

by introducing an upper bound on the error of the available information between

sampling times. In this chapter, the error consisted of both the load demand and

the neighbouring voltage values.

Chapter 4 investigated the geometric behaviour of the constant power load and

its effect on the closed loop system. This analysis was used to establish sufficient

conditions for the existence of a positive invariant set under the solution of the

voltage dynamics. It was shown that the centre of this set was defined by a gener-

ated nominal trajectory, facilitating this way a tube-like behaviour, where the true

voltage trajectory is guaranteed to remain within the positive invariant set around

the nominal trajectory for all future times. Then, this set was used to parametrise

the original constraint sets and reduce the error bound, formulated in Chapter 3,

to only the transmitted information between the nodes, contrary to also including

the local power demand. Finally, a Control Lyapunov function was introduced to

120



7.2. DISCUSSION OF ASSUMPTIONS AND LIMITATIONS

prove asymptotic stability of the inner current dynamics.

Chapter 5 utilised the locally available information on the generated reference

trajectory to allow a time-varying behaviour of the bound on the voltage dynamics.

This eliminates the conservativeness of the method presented in Chapter 4, where

the entire analysis was based on a worst-case scenario of the nominal voltage trajec-

tory. Furthermore, the investigation of the qualitative behaviour of the closed loop

system under the proposed control law allowed the formulation of less restricting

conditions on the values of the tuning parameters. The stability of the cascaded

dynamics was analytically proven by the use of Control Lyapunov Functions and

tools from the theory of interconnected systems.

Finally, Chapter 6 extended the proposed methods of the previous chapters to

the case of isolated AC Microgrids. Even though the system model displayed a

higher degree of complexity, compared with the DC case, an analytic characterisa-

tion of a positive invariant set was provided that is embedded in the two dimensional

state space for each node. Guidelines were also outlined in order to approximate the

PI set with a convex superset, by using the maximum distance between the centre

and boundary of this set. Having characterized the PI set for the more challenging

AC voltage dynamics, the tube-based MPC approach developed in previous chap-

ters may then easily be applied to generate the desired nominal trajectories around

which the perturbed dq voltage components remain. The closed loop system was

assessed in a simulated scenario, where the rms voltage remained within the desired

set at all times. Ultimately, a tube-like behaviour was proven to be achievable also

in the case of AC Microgrids.

7.2 Discussion of assumptions and limitations

This section includes a discussion on the assumptions that are adopted in this re-

search work and provides some remarks on the potential sources of conservatism in

the proposed methods. The aim is to clarify their purpose and highlight their neces-

sity, as well as demonstrate how one can overcome these during the implementation

process.

• In order to simplify the analysis, every case study considered in this thesis

considers purely resistive lines. While this may seem restrictive, it was shown

in [116] that line inductances do not affect the system stability in the case

of DC Microgrids. This assumption is justified in Chapter 6, by assuming

low-voltage networks, where the effect of the inductance is less significant.

Nevertheless, some effect will be present and future work could consider how

to quantify and handle this.
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• It is assumed that the input voltage of the converters is always constant. One

could argue that this is not always the case, however it was shown in [178] that

this assumption is not restrictive and it can be always satisfied by the use of

batteries and supporting elements in the connection between the distributed

renewable resource unit and the converter. Nevertheless, even in the presence

of some variation in the input voltage, the proposed primary controller of

Chapter 4 can be used to dynamically adjust the duty ratio, such that this

variation does not affect the analytic and theoretic results.

• In Chapter 3, the bound on the error rate of change becomes more difficult

to satisfy when the number of neighbours is increased. This problem is par-

tially alleviated in the following chapters, however, during the practical im-

plementation of this method, one may require short sampling times to satisfy

Assumption 3.5, which increases the computational burden. One method to

address this problem is to adopt multiple shooting methods, or other similar

efficient algorithms, to solve the optimisation problems [179].

• The decoupling of the stability problem, in Chapter 4, as that of the sta-

bility problem of a single node may result in a more conservative bound on

the nodal trajectories that experience a lower local load demand. This is

necessary to obtain a scalar representation of the bound and derive a scalar

condition on the feedback gain that achieves the desired positive invariance

result in Proposition 4.2. If this decoupling method is not used, then one

faces the problem of requiring the solutions of a matrix equation with nonlin-

ear components, which significantly complicates the analysis and may result

in use of approximation methods that could produce even more conservative

trajectory bounds.

• Chapter 6 formulated the problem by considering a constant global frequency

in the local node model. This is in order to simplify the approach, in an effort

to highlight the main result without the need of including additional control

layers. Nevertheless, as it will be discussed in the following section, the design

of a control approach that considers the frequency and current dynamics is a

possible future direction of this work.

• Each chapter provides a robustness analysis, where each case has a similar

assumption; the load demand is assumed to be bounded in a predefined set.

The use of tubes creates the implicit assumption that the maximal load per-

turbation results in nonempty nominal constraint sets and the controller can

tolerate this without raising the issue of infeasibility of the optimisation prob-

lem. While it may be straightforward to overcome this problem during the
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practical implementation by accordingly adjusting the constraint sets, investi-

gating the interaction between the constrains and the robust positive invariant

set is an interesting future direction.

7.3 Future directions

The research work presented in this thesis may take many different future directions.

Some examples are:

• One may investigate the Plug-and-Play capability, i.e. the seamless introduc-

tion and removal of a node from the network, of the proposed distributed

methods and the effect this has on the stability analysis of the Microgrid

system. An important challenge in this direction is how to deal with the

time-varying network topology. From an individual node point-of-view, this

change is seen as an external input signal. This fact can be used to follow

a uncertain-nominal system approach, where the nominal system perceives

this external input as zero. Then, analytic conditions on stable and con-

strained operation can be formulated by perceiving the introduction, or loss,

of a neighbour node as an external bounded signal in the uncertain dynamics.

• The proposed controller of Chapter 6 can be expanded to achieve frequency

and current regulation, without assuming a constant common frequency. This

would require the development of a separate control scheme for each case that

can guarantee the respective boundedness specifications. In this direction,

one may reformulate the sl-PI controller, introduced in Chapter 4, to bound

the deviations from a rated value. The challenge here is the need for synchro-

nization of the converter operation.

• It would be interesting to validate the results of the proposed methods in an

experimental setup. This way, the practical implementability and possible

technical restrictions can be assessed in a real world environment. A possible

practical limitation is the need for solving optimisation problems in short

time. During this thesis, some techniques were proposed that can make this

process easier, e.g. the use of interior point and multiple shooting methods. In

addition, the computation burden was reduced by removing the perturbations

of the load demand from the optimisation problem. One possible area of

improvement is using more that just the first element of the computed control

sequence. This way, the need to constantly recalculate control actions can

be overcome, however this could have implications on the recursive feasibility
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property of the optimal control problem. Setting feasibility criteria to decide

whether to compute a new control sequence could address this.

• This thesis developed necessary and sufficient boundedness conditions of the

tuning parameters such that the desired closed-loop behaviour is achieved.

In many cases, the desired control objective was set invariance and stability.

An interesting topic would be to include the objective of performance im-

provement in the choice of the control parameters via an optimisation-based

method. This way, the choice of the feedback gain, which affects the sizes of

the parametrised input and state constraint sets as explained in Remarks 4.2

and 6.1, can be made in an optimal way. Another criterion can be that the

size of the input and state constraint sets are such that no issue of recursive

feasibility can occur, eliminating the need of implicitly assuming this.
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Appendix A

Preliminaries: Theory and

Notation

A.1 Common notations

The notation |A| denotes the cardinality of a set A ∈ Rn×n. The closure, boundary

and interior of a set A are denoted as cl(A), ∂A and int(A) respectively. A polytope

A ⊂ Rn with complexity nc is characterized by A = {x ∈ Rn : Px ≤ q} with

P ∈ Rnc×n and q ∈ Rnc . The Pontryagin Difference of polytopes A and B is defined

as A	 B = {a ∈ Rn : a+ b ∈ A, ∀b ∈ B}.
The notation 1 and 0 denotes an all-ones and all-zeros vector respectively of

appropriate dimension, where the dimension will be clear from the context. For

a vector x ∈ Rn the notation [x] denotes a diagonal matrix on Rn×n, where xi =

[x]ii, for i = 1, 2, . . . , n. For x ∈ Rn, [cosx] = diag(cosx1, . . . , cosxn). The N

element sequence is a = {a(0), . . . , a(N − 1)}. A sequence of length k is denoted

as {x}k = {x1, x2, . . . , xk}. The Hausdorff distance between two sets A,B ⊂ Rn is

h(A,B) = max
{

supa∈A infb∈B |a− b|2, supb∈B infa∈A |a− b|2
}

.

According to [171], a set mcA is called positive invariant for a system of the

form,

ẋ = f(x(t))

if for all x(0) ∈ A, it holds that the solution x(t) ∈ A for all t > 0.

A topological space M is called a smooth manifold if for any p ∈M there exist

an open set in a neighbourhood of p, O ⊂ M and diffeomorphism ψ : O → Rn.

The combination (ψ,O) is called a coordinate chart of M . The tangent space on

a point p ∈ M is denoted as TpM , and a vector field X is a map assigning a

vector X(p) ∈ TpM at each point p ∈ M . A Riemannian metric G represents the

inner product of the tangent space of M at x, where G : TxM × TxM → R. The
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pair of a smooth manifold together with G is called a Riemannian manifold. Let

γ : [0, 1]→M be a smooth function with γ(0) = x1 and γ(1) = x2 for x1, x2 ∈M .

The Riemannian distance between x1 and x2 is given by dR = inf `R(γ), where

`R(γ) is the arc length of γ on M . The respective Riemannian norm is denoted as

‖·‖R. The Lie derivative of a function f ∈ C∞(M) along a vector field X ∈ TM is

given as LieXf =
∑n

i=1Xi
∂f
∂xi

. The inner product between two vectors a, b ∈ Rn is

denoted as 〈a, b〉 =
∑n

i=1 aibi.

A.1.1 Function properties

The following two definitions on the qualitative behaviour of a function can be

found in [155].

Definition A.1 (class-K function). A continuous function α : [0, a] × [0,∞) →
[0,∞) is said to belong to class-K if it is strictly increasing and α(0)=0. It is said

to belong to class K∞ if a =∞ and α(r)→∞ as r →∞.

Definition A.2 (class-KL function). A continuous function β : [0, α] × [0,∞) →
[0,∞) is said to belong to class-KL if, for each fixed s, the mapping β(r, s) belongs

to class-K with respect to r and, for each fixed r, the mapping β(r, s) is decreasing

with respect to s and β(r, s)→ 0 as s→∞.

A function f : X → Y is called Lipschitz continuous if there exists a real positive

constant K ∈ [0, inf) such that for any c1 ∈ X and c2inX it holds

d(f(c1), f(c2)) ≤ Kd(c1, c2),

where d(·, ·) is an appropriate distant function defined for the respective metric

spaces (d,X) and (d, Y ). In addition, a function is of class K-continuous if the

above equality holds for some class-K function α(·), i.e.

d(f(c1), f(c2)) ≤ α(d(c1, c2)),

The following definition utilises the notion of Lipschitz continuity to derive ex-

istence and uniqueness of the initial value problem ẋ = f(x(t)), x(t0) = x0.

Definition A.3 (Existence and Uniqueness of solution map). Let f(x) satisfy the

Lipschitz continuity condition for any two values in its respective domain c1, c2,∥∥f(c1)− f(c2)
∥∥ ≤ K‖c1 − c2‖ .

Then, there exists a positive constant δ > 0 such that the initial value problem

ẋ = f(x(t)), x(t0) = x0 has a unique solution map over the time interval [t0, t0 + δ],

see [155].

126



A.2. LINEAR ALGEBRA

A.2 Linear Algebra

Definition A.4 (Matrix similarity). Considering two matrices A,B ∈ Rn×n, then

A and B are called similar, if there exist a matrix P ∈ Rn×n such that B = P−1AP .

Definition A.5 (Hurwitz matrix). A matrix A ∈ Rn×n is called Hurwitz if Re(λi) <

0 holds for all eigenvalues {λi}ni=1 of A.

Lemma A.1 (Quadratic Eigenvalue Problem). Consider the quadratic polynomial

Q(λ) = λ2M + λC +K

with matrix coefficients M,C,K ∈ Cn×n and M 6= 0. Then, for a Quadratic Eigen-

value Problem (QEP) with

|λ2M + λC +K| = 0

it holds that Re(λi) < 0 for all i ∈ 1, . . . , n if the matrix coefficients M,C,K are

all positive definite.

Proof. see [180].

Lemma A.2 (Diagonalizable product of symmetric matrices). If two matrices

A,B ∈ Rn×n are positive definite and symmetric, then their product AB is di-

agonalizable.

Proof. Define A
1
2 as the unique, positive definite square root of A. Then, AB is sim-

ilar to A
1
2BA

1
2 which is symmetric. Since A

1
2BA

1
2 is symmetric and thus, according

to the spectral theorem, diagonalizable, AB is also diagonalizable.

A.3 Nonlinear System Analysis

Definition A.6 (Solution Map). Consider a system of n dimensions described

by the differential equation ẋ = f(x). Then, the solution map of the differential

equation is given by the function φ : Rn×R→ Rn which described the state trajectory

of the system in the respective state space.

Definition A.7 (Lyapunov function). A function V : Rn → R is said to be a

Lyapunov function for the system ẋ = f(x), if it is continuous, has continuous first

derivative, V (0) = 0, is positive definite and the time derivative satisfies

(̇V )f ≤ −α(‖x‖)

where α : Rn → R is a class-K function.
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Definition A.8 (Asymptotic stability). Consider a system of n dimensions de-

scribed by the differential equation ẋ = f(x). Suppose that xe is an equilibrium

point for the system such that f(xe) = 0. Then, for any initial state x(0), the

system is called asymptotically stable if it there exists a Lyapunov function for the

system and for a δ > 0, if
∥∥x(0)− xe

∥∥ ≤ δ then limt→∞
∥∥x(t)− xe

∥∥ = 0.

Definition A.9 (Reachable set). Consider the system ẋ = f(x, u), with f : Rn ×
U → Rn and U the set of available control actions. Denote the solution of the

system as φ : R × Rn × U → Rn, then the reachable set from initial state x0 and

time t ≥ 0 is defined as

R(x0) := {y ∈ Rn : y = φ(t, x0, u), t ≥ 0, u ∈ U}.

Theorem A.1 (Stability around the origin via linearisation). Consider the system

ẋ = f(x), with f : D → Rn a continuous function with continuous first derivative.

Let x = 0 be an equilibrium point of the system and {0} ∈ D. Define

J =
∂f

∂x
(x)|x=0

Then, if J is a Hurwitz matrix the origin is an asymptotically stable equilibrium

point of the system.

Theorem A.2 (Ultimate Boundedness). Let D ⊂ Rn be a domain that contains

the origin and V : [0,∞) × D → R be a continuously differentiable function such

that

α1(‖x‖) ≤ V (t, x) ≤ α2(‖x‖)
∂V

∂t
+
∂V

∂x
f(t, x) ≤ −W3(x), ∀‖x‖ ≥ µ > 0

∀t ≥ 0 and ∀x ∈ D, where α1, α2 are class-K functions and W3(x) is a continuous

positive definite function. Take r > 0 such that Br ⊂ D and suppose that

µ ≤ α−1
2 (α1(r))

Then, there exists a class KL-function β and for any initial state x(t0), satisfying∥∥x(t0)
∥∥ ≤ α−1

2 (α1(r)), there exist a T ≥ 0 such that the solution of the system

satisfies ∥∥x(t)
∥∥ ≤ β(

∥∥x(t0)
∥∥ , t− t0), ∀t0 ≤ t ≤ t0 + T∥∥x(t)

∥∥ ≤ α−1
2 (α1(µ)), ∀t ≥ t0 + T

Morover, if D = Rn and α1 belongs to class K∞, then the above hold for any initial

state x(t0), with no restriction on how large µ is.

Proof. see [155, Appendix C.9]
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Theorem A.3 (Nagumo’s Theorem). Let ẋ = f(x), where the map f is at least

once continuously differentiable and the solutions exists inside an open set O ⊆ Rn.

Then, the closed subset S ⊂ O is positive invariant under the flow of the system if

and only if

lim
λ→0+

inf
d(S, x+ λf(x))

λ
= 0

for all x ∈ ∂S, where d(·, ·) denotes the euclidean distance.

Proof. Original proof can be found in [181], and different formulations of the theo-

rem, with respective proofs in [182, 183].

Definition A.10 (Strict dissipativity). For a system of dimension n described by

the differential equation ẋ = f(x, u), where u ∈ Rn defines the control input, let

a storage function be defined as the lower bounded function λ : Rn → R. Then, a

system is called strictly dissipative if there exists a supply rate function s : Rn×Rn →
R, such that the inequality holds

λ(x(τ)) ≤ λ(x0) +

∫ τ

0

s(x(t), u(t))− α
(∥∥x(t)− xe

∥∥) dt,
where xe is an equilibrium point for the dynamics, such that f(xe, ue) = xe holds,

and α ∈ K∞.

Definition A.11 (Region of Attraction). Consider a system of n dimensions de-

scribed by the differential equation ẋ = f(x) with respective solution φ(t, x(0)) for

any initial state x(0). Then, the region of attraction of the origin is defined as

Ω = {x ∈ Rn : lim
t→∞

φ(t, x(0)) = 0}

A.4 Graph Theory

A Microgrid can be seen as an undirected and connected graph G = (M, E) where

the set of nodes M represent a collection of power converters and local loads; the

set of edges E ⊆ M×M defining the Microgrid topology is characterized by the

node-edge matrix B ∈ R|E|×|M| which for edge ε = (i, j) ∈ E involving nodes i and

j can be defined as [B]ei = 1 if node i is the source of ε ∈ E , and [B]ej = −1 if

node j is its sink, and zero otherwise. The weights of the edge ε, representing the

admittances of the lines, are collected in the line admittances matrix R−1.

Given an undirected graph G, the matrix A(R) ∈ R|M|×|M| denotes the weighted

adjacency matrix ofG, where aij = R−1
ij for the edge ε = (i, j) and aij = 0 if the node
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is not incident. Then, the topology of the graph can be expressed by the Laplacian

matrix L = [A(R)1|M|]− A(R). The components of the Laplacian matrix satisfy

Lij =

−R−1
ij , if i 6= j,∑|M|

k=1,k 6=iR
−1
ik , if i = j.

Lemma A.3 (Zero row sums). Consider the weighted graph G, with n number of

nodes and topology characterised by the Laplacian matrix L. Then,

L1n = 0n

Proof. See proof in [184, Lemma 6.2].

The above lemma implies that there exist a zero eigenvalue of the matrix L
with eigenvector 1n. The following lemma draw results on the sign of the non-zero

eigenvalues.

Lemma A.4 (Spectrum of the Laplacian Matrix). Consider the weighted graph

G, with n number of nodes and topology characterised by the Laplacian matrix L.

Then, the eignevalues of the Laplacian matrix satisfy,

λ1 = 0 ≤ λ2 ≤ · · · ≤ λn

Proof. See proof in [184, Lemma 6.5].
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