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Abstract

Cardiovascular diseases (CVDs) are a major global health concern, re-
sponsible for more than a quarter of annual deaths (around 17.5 million).
Non-invasive dMRI models, like apparent diffusion coefficient and diffusion
tensor imaging, can assess changes in the myocardium due to CVDs. How-
ever, these models lack biophysical interpretations preferred by clinicians.
To address this, biophysical models are being developed to better under-
stand the myocardium’s microstructure. A virtual imaging framework is
essential to validate these models and analyze dMRI sensitivity to micro-
structural changes.

In this thesis, we present a virtual imaging framework to simulate dMRI
signals in cardiac microstructure and microvasculature. The framework in-
cludes a numerical phantom mimicking cardiac microstructure and a solver
for the generalized Bloch-Torrey equation, termed SpinDoctor-IVIM.

With the first objective, the morphometric study found no significant
difference (p > 0.01) between the volume, length, and primary and sec-
ondary axes of the simulated and real cardiomyocyte data from the liter-
ature. Structural correlation analysis confirmed that the in-silico tissue
shows a similar disorderliness as the real tissue. The absolute angle differ-
ences between the simulated helical angles (HA) and the input HA of the
cardiomyocytes (4.3◦± 3.1◦) closely match the angle differences reported in
previous studies using experimental cardiac diffusion tensor imaging (cDTI)
and histology (3.7◦ ± 6.4◦) and (4.9◦ ± 14.6◦).

With the second objective, the SpinDoctor-IVIM stands out for account-
ing for volumetric microvasculature during blood flow simulations, incor-
porating diffusion phenomena in the intravascular space, and considering
permeability between the intravascular and extravascular spaces, providing
more accurate and comprehensive results.

Overall, this thesis contributes valuable insights into the microstructure
and microvasculature of the myocardium, offering promising advancements
in studying CVD using dMRI. The developed virtual imaging framework is
a crucial step towards improving cardiac research based on dMRI.
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Chapter 1 : Introduction

1.1 Chapter summary

In chapter 1, the motivation for this project is explained, including the clinical im-

portance of cardiac microstructure imaging (1.2.1), the role of di�usion MRI (dMRI)

in cardiac microstructure imaging, as well as how modern virtual frameworks can be

used to facilitate developing and validating novel techniques for cardiac microstructure

imaging using dMRI models (1.2.2). Additionally, this chapter describes the problem

that this project seeks to address and the speci�c ways in which it will do so in 1.3.

1.2 Motivation

1.2.1 Confronting Cardiovascular Disease

Cardiovascular diseases (CVDs) are a signi�cant global health concern that account

for more than one-quarter of all global deaths each year (� 17:5 million) Ezzati et al.

[2015]. Many CVDs such as hypertrophic cardiomyopathy (HC), myocardial infarction

(MI), and hypertensive hypertrophy (HH) are accompanied by physical changes to the

microstructure of the myocardium. These changes are called myocardial remodelling

and fall under di�erent categories, as suggested by Bates [2016]:

1. Myocardial disarray is the �rst class of myocardial remodelling where a normal

arrangement of cardiomyocytes (CMs) is disorganised. This is common in HC

and HH;

2. Fibrosis is the second class of myocardial remodelling, characterised by collagen

replacing CMs, and is found in HC, MI, and HH;

3. The last type of remodelling includes capillaries, where the ratio between the

external and internal lumen diameters of capillaries increases.

Therefore, exploring changes in the myocardial microstructure is crucial for both

�nding a diagnostic marker of diseases and also measuring treatment response to various

therapies. However, traditional invasive procedures used to assess tissue microstructure
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through biopsy and histology, which currently are the standard diagnosis routine for

most tissues, cannot be employed on the myocardial tissue. The use of non-invasive dif-

fusion magnetic resonance imaging (dMRI) techniques to study microstructural changes

in myocardium has become increasingly popular in order to understand how these

changes occur during the onset and progression of di�erent types of cardiac pathology

Mekkaoui et al. [2017], Nielles-Vallespin et al. [2019].

1.2.2 Cardiac Microstructure Assessment via dMRI

dMRI techniques based-on Brownian motion of water molecules

dMRI is a physical measurement of the stochastic motion (Brownian motion) of water

molecules. During a typical magnetic resonance di�usion measurement, i.e., with di�u-

sion times of 10-100 ms, water molecules di�use around 4-20µm within the soft tissues

with a di�usivity of D = 1 :5µm2=ms Yu et al. [2017]. However, the motion of water

molecules is hindered and restricted in the cellular environment (Figure 1.1, cell level).

This creates the opportunity to investigate tissues at the microscale, enabling a more

in-depth study of pathological processes.

Apparent di�usion coe�cient ( ADC ) was the �rst dMRI metric which served as

a gold standard for detecting brain strokes and ischemia Le Bihan and Breton [1985].

Later, in 1994, Basser et al. [1994] proposed di�usion tensor imaging (DTI) to quantify

the anisotropy of water di�usion in in-vivo biological tissues. Thus far, dMRI has

found widespread application in studies on neurodevelopmental disorders, neurodegen-

eration, and other neurological disorders Tae et al. [2018]. More recently, the applica-

tion of dMRI models in cardiology has gained the attention of clinicians and biomedical

researchers Mekkaoui et al. [2017], Nielles-Vallespin et al. [2019].

ADC, DTI, and di�usion kurtosis imaging are the most prominent dMRI phenomen-

ological models that reveal non-invasively some cumulative information about the tissue

microstructure. However, these models do not provide biophysical interpretations of

the dMRI signal, which clinical experts or cardiologists would prefer, in order to lever-

age the extracted information for diagnosis and clinical decision-making. The lack of

phenomenological models to characterize the biophysical parameters of the cells calls

the attention of researchers to develop biophysical models that could be used to probe

the underlying microstructure of the myocardium. This is enabled by the fact that

biophysical models are formulated based on certain approximations and assumptions,
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Figure 1.1: Accessing microstructure of tissue (cell level), an intermediate level between

MRI resolution and molecules levels, at the typical resolution of MRI scanner, at the

range of di�usion encoding time. Image with permission Novikov et al. [2016]

derived from biological information of the underlying tissue structure, in order to in-

terpret dMRI signals. Therefore, there is currently a strong demand for the generation

of both physical and numerical cardiac phantoms, in order to validate these assump-

tions and approximations. Nevertheless, few studies have explored the bene�ts and

challenges associated with designing virtual framework for the cardiac dMRI. First

part of this work aims to develop a work
ow to generate a novel numerical phantom

representing myocardial microstructure. Compared with previous e�orts, the proposed

framework introduces two main novel contributions:

1. it considers more realistic shapes for the CMs and consequently a realistic com-

plexity for the medium (relative to previous phantoms), by incorporating the

native probability density functions (PDFs) of CM shape parameters into the

numerical phantom.

2. it takes into account the e�ects of water exchange through the intercalated discs
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(ICDs) within the phantom on the dMRI signal.

dMRI techniques based-on both Brownian and transitional motions of water

molecules

Recent years have seen a surge in use of MRI-based perfusion imaging to assess tissue

microvasculature due to its non-irradiating process and superior signal-to-noise ratio

(SNR) compared to computed tomography Demeestere et al. [2020]. The most com-

mon techniques for perfusion imaging using MRI are dynamic susceptibility contrast

imaging, dynamic contrast-enhanced MR imaging, and arterial spin labelling. How-

ever, these imaging techniques have a number of limitations including ambiguity in

the interpretation of their predictions, a high SNR requirement, limited accessibility

to suitable agents, and limited spatial-temporal resolution that impede their use and

implementation in clinical settings Karampinos et al. [2010], Mou et al. [2017], Spin-

ner [2019]. In light of the limitations of conventional MRI-based perfusion imaging

techniques, intravoxel incoherent motion (IVIM) MRI, due to its endogenous nature,

is gaining more attention in the clinical setting. IVIM MRI is a dMRI-based technique

that allows blood perfusion assessment of the tissue Zhu et al. [2020]. IVIM refers to

the transitional displacement of the water molecules' spins through microvasculature

within an MRI voxel during the measurement time Le Bihan [2019]. Consequently,

IVIM MRI is based on the fact that blood magnetization is dephased in the presence

of di�usion-encoding gradients due to non-coherent blood 
ow in the microvascular

network Le Bihan et al. [1986].

Being an endogenous contrast technique, providing local information about per-

fusion (excitation and readout are carried out in the same plane), and providing in-

formation about tissue microstructure (through the di�usion of water molecules in the

extra-vascular space) in addition to perfusion, are the main advantages of IVIM MRI

that make it suitable for clinical use Federau [2017]. For instance, recent literature on

IVIM MRI has revealed the feasibility of in vivo implementation of IVIM MRI using

the current clinical setting Federau et al. [2014b], Iima and Le Bihan [2016]. Further-

more, previous studies have indicated that IVIM MRI is su�ciently sensitive to capture

physiological and drug-induced changes in tissue perfusion Federau [2017].

Despite the in-vivo implementation of cardiac IVIM MRI Callot et al. [2003], De-

lattre et al. [2012], Moulin et al. [2016], because of the small volume fraction of the
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capillaries and cardiac motion, the reliability of IVIM MRI information in the in-vivo

heart is challenging. Consequently, uncertainties remain regarding the exact relation-

ship between the parameters of IVIM MRI i.e., pseudo-di�usion and perfusion fractions,

and tissue perfusion. Therefore, there is abundant interest in research to advance our

understanding of the sensitivity of IVIM MRI parameters to biophysical features of

microvasculature and imaging protocol. In addition, there is interest in investigat-

ing the feasibility of estimating microvascular biophysical parameters from IVIM MRI

measurement. Finally, discovering the exact role of other sources of IVIM, such as ar-

terioles/venules, and other 
uid 
ows like brain cerebrospinal 
uid on top of capillaries,

which are not fully understood, is of particular interest.

Similar to cardiac dMRI techniques based-on Brownian motion, only a few studies

have shed light on the potential of virtual frameworks to improve the interpretation of

IVIM MRI signals, and analyse the sensitivity of IVIM MRI to changes in myocardial

microvasculature and use of di�erent pulse sequences Spinner et al. [2019]. Therefore,

use of virtual frameworks is essential as they provide full control over the structure of

microvasculature and extravascular compartments, alongside imaging protocols Fiere-

mans and Lee [2018]. Hence, the second part of this work aims to develop an e�cient

virtual framework to aid in creating, evaluating, and optimizing cardiac IVIM MRI.

However, in this part, no attempt is made to develop a numerical phantom for the car-

diac microvasculature due to practical constraints for the development and assessment

of the numerical phantom of the myocardial microvasculature.

1.3 Aim and objectives

We discussed in 1.2.2 that a virtual imaging framework is necessary for studying micro-

structures of the myocardium with dMRI. With this framework, the microstructure of

the myocardium will be represented realistically using a numerical phantom along with

a numerical solver that simulates dMRI by considering both Brownian and transitional

motions. Such a framework comprises two core components, numerical phantom and

dMRI simulator as shown in Figure 1.2.

The development of numerical phantoms is dependent upon the availability of a

numerical simulator for evaluating the performance and accuracy of the phantom. It

is important to compare the simulated signal derived from numerical phantoms with

the signal coming from in-vivo and ex-vivo in order to assess the performance of the

5



1. INTRODUCTION
1.3 Aim and objectives

F
ig

ur
e

1.
2:

S
ch

em
at

ic
di

ag
ra

m
of

a
vi

rt
ua

lc
ar

di
ac

di
�u

si
on

m
ag

ne
tic

re
so

na
nc

e
im

ag
in

g.

6



1. INTRODUCTION
1.3 Aim and objectives

numerical phantom. Hence, in the absence of a simulator capable of incorporating

the incoherent motion of water molecules through the microvasculature and detailed

information about the structure of cardiac microvasculature, two objectives were con-

sidered for this thesis:

1. First, I develop an algorithm to generate a more realistic numerical phantom of

myocardium tissue that considers the microstructural and biophysical features of

the myocardial tissue.

2. The second objective of this thesis is the development of a FE solver for IVIM

MRI. To accomplish this, a FE solver is extended that accounts for both Brownian

and transitional motions. This FE solver is capable to solve the generalized Bloch-

Torrey equation and can be used to solve any other type of microvasculature.
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Chapter 2 : Background

2.1 Chapter summary

This chapter explains the primary concepts required to understand dMRI and dMRI

simulation in following order: Section 2.2 introduces the nuclear magnetic resonance

(NMR) principle; Section 2.2.2 and 2.3 explains the relevant terminology of MRI and

dMRI, respectively. In addition, sections 2.4, 2.5, and 2.6 describe the generalised

Bloch-Torrey equation, intra-voxel incoherent motion imaging, and Navier-Stokes equa-

tion, respectively. Section 2.7 ends this chapter with a short description about the

available approaches for dMRI simulation.

2.2 Magnetic Resonance Imaging

2.2.1 Nuclear Magnetic Resonance Principle

MRI is a non-invasive medical imaging modality that enables us to acquire detailed

information of internal structures in the body. It does this by employing the NMR

characteristic of hydrogen atoms, the most predominant element in water and fatty

tissues within the body. NMR characteristic of hydrogen atoms originate from single

proton hydrogen nuclei that causes non-zero nuclear spin angular momentum of the

hydrogen nuclei. The spin is a quantum mechanics quantity of nuclei without classical

physical interpretation. But, in a simplistic view, it is assumed as a self-rotation element

as illustrated in Figure 2.1 1.

These spins can make a net magnetization vector, however, as illustrated in Figure

2.2 2.a, due to arbitrary orientation of the spins, the net magnetization is zero. MRI

using a strong and constant magnetic �eld, called main/external �eld B 0, forces the

spins to precess (i.e. rotate) relative toB 0 with Larmor frequency, as shown in Figure

2.2.b.
1 Image 2.1 was extracted http://www.pixelmeasure.io/pages/84/the-principles-of-magnetic-

resonance-imaging
2 Image 2.2 was extracted http://www.pixelmeasure.io/pages/84/the-principles-of-magnetic-

resonance-imaging
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Figure 2.1: Simpli�ed representation of a hydrogen nucleus as a spinning ball

Figure 2.2: Schematic representation of spins orientation a) Arbitrary orientation of

spins in absence ofB 0 b) Reorientation of spins around B 0
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Larmor frequency, w, is proportional to the external magnetic �eld:

w = 
B 0 (2.1)

where 
 is the gyromagnetic ratio of the nucleus, andB0 is the intensity of the

magnetic �eld.

After applying B 0, spins precess with a direction parallel (upward) or anti-parallel

(downward) to B 0 direction (Figure 2.2.b). The energy level for upward spin is lower

than that of downward, and a slightly larger proportion of spins precess with a direction

parallel to B 0. This state, when spins are aligned with theB 0, is called equilibrium and

net magnetization M z is nonzero. By exposing energy, equal to the energy di�erence

between energy level of upward and downward spins, the upward spins are excited and

change their status to downward. This energy di�erence is proportional tow, which is in

the range of radio frequencies (RF). Hence, in MRI, electromagnetic RF coils are used to

excite proton spins. By applying an RF pulse with its magnetic �eld B 1 perpendicular

to B 0 (Figure 2.3.a), the proportion of downward spins increases, resulting in a decrease

of M z (Figure 2.3.b). In addition, B 1 makes spins to precess in phase (Figure 2.3.c)

that generates a rotating transverse magnetizationM xy perpendicular to B 0 (Figure

2.3.d).

Figure 2.3: Spins excitation using RF pulse to generate transverse magnetizationM xy .

a) Applying RF pulse to the spins in the equilibrium status, b) immigration of spins

from high level energy to low level and decrease inM z, c) rephasing of spins and

increase inM xy d) generating maximum M xy , rotating around B 0.

After the RF is turned o�, the immigrated spins to higher energy level, return to
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the low energy level by emitting energy to the environment or to spins at lower energy

level. The transferred energy to the environment increasesM z, a process known as the

spin-lattice relaxation. While, the transferred energy to other spins decreasesM xy , as

illustrated in Figure 2.4 1, a process known as spin-spin relaxation.

Figure 2.4: E�ect of spin-spin relaxation in reducing intensity of M xy and induced

signal into a receiver coil.

Due to the di�erence in relaxation mechanisms, the RF emission from these mech-

anisms occur over di�erent durations. Recovery ofM z to 63% of its primary value,

is characterized by the relaxation time T1. While the decrease ofM xy to 37% of its

maximum value, is characterized by the relaxation timeT2.

2.2.2 Image Formation

To reconstruct an MRI image, the signal received by RF receiver coil must be encoded

at di�erent spatial locations. Hence, magnetic �eld gradients (pulse sequence) are

employed to encode the spins spatially, as illustrated in Figure 2.5.a. When a part of

body is put into an MRI scanner, all the spins in that part of body precess with the

samew, and all of them are excited by the RF pulses at the same time. Therefore, to

image a speci�c 2D slice from a desired transverse section of a body (e.g. Figure 2.5.b),

a slice selecting gradientG ss, illustrated in Figure 2.5.a second line, is superimposed

on the B 0. Then, when an RF pulse is applied with the following frequency,

wRF = 
 (B0 + Gssz) (2.2)

1 Image 2.1 was extracted http://www.pixelmeasure.io/pages/84/the-principles-of-magnetic-

resonance-imaging
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where z is the slice position alongB 0, only the spins in the related slice are excited

and precess withwRF , as depicted in Figure 2.5.c. Then, to encode spins of the dif-

ferent rows of the selected slice, with di�erent precessing frequencies (Figure 2.5.d), a

frequency encoding gradientG f along the x axis is superimposed onB 0 (Figure 2.5.a

third line). Finally, to encode each column of the selected slice with di�erent precessing

phases (Figure 2.5.e), phase encoding gradientG p, in Figure 2.5.a fourth line, is ap-

plied for a short time along the y axis. The intensity of G p varies in the di�erent signal

acquisition (Figure 2.5.a fourth line), and the measured signals for allG p repetitions

are saved in a matrix known as the k-space (Fourier transform of the image), as shown

in Figure 2.5.f. Finally, as depicted in Figure 2.5.g, an MRI image is reconstructed by

applying the inverse Fourier transform to the k-space.

2.3 Di�usion Principle

The stochastic motion of water molecules within a medium is called Brownian motion

(mostly known as di�usion in NMR �eld), described by Robert Brown in 1828. Einstein

described the mean square displacement of water molecules,hr 2i , that di�use freely

during a di�usion encoding time, t, as

hr 2i = 2Dt (2.3)

where D is the di�usion coe�cient Einstein [1905].

2.3.1 Di�usion MRI

Microstructure and microvasculature of tissues restrict and hinder the movement of

water molecules and change their behaviour in comparison with free di�usion status.

By sensitizing MR signals to the movement of water molecules, microstructure and

microvasculature information of a tissue are included within MR signals. This sensitiz-

ation is done by applying di�usion encoding gradients. The di�usion encoding gradients

relate the measured signal to water displacement, in the direction of encoding gradients.

Pulsed gradient spin echo (PGSE) is a common sequence that is used in dMRI

for sensitizing MR signal to displacement of water molecules. Figure 2.6, illustrates

the PGSE sequence which consists of a 90� RF pulse, two di�usion-sensitizing gradi-

ents|two rectangular with a duration time of � and separated by time � |before and
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Figure 2.5: MRI space encoding and 2D image reconstruction. a) shows a schem-

atic representation of the RF pulse and gradients for slice selection (G ss), frequency-

encoding (G f ) and phase-encoding (G p) used on gradient-echo sequences. b) selecting

a slice of brain alongz axis, c) precession of spins in the selected slice after applying

G ss, d) precession of spins in the selected slice after applyingG f , e) precession of

spins in the selected slice after applyingG f , f) k-space formation by increasingG p

repeatedly, g) MR image formation by applying inverse of Fourier transform to the

k-space.
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after a 180� RF pulse.

Figure 2.6: PGSE sequence. Each row, from top to bottom, shows 90� and 180� RF

pulses, di�usion encoding gradients, a pack of static spins, and a pack of di�using spins,

respectively. a) M xy in the transverse plane after 90� RF pulse, b) spins phase shift

after �rst di�usion gradient, c) 
ipping polarity after 180 � RF pulse, d) reversed phase

shift after second di�usion gradient, e) signal loss for di�using spins compare with static

spins. Image with permission Grisot [2019]

First, 90� RF generatesM xy in the transverse plane (Figure 2.5.a). Then, when the

�rst gradient is applied, the spins at di�erent locations along the gradient direction,

e.g. x, experience a phase shift� 1 (Figure 2.5.b), Eq. (2.4), and start to dephase.

� 1 = 
�G xx1 (2.4)

After 
ipping the polarity using a 180 � RF pulse (Figure 2.5.c), spins experience

reversed phase shift� 2 ((Figure 2.5.d)), Eq. (2.5), and start to rephase.
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� 2 = � 
�G xx2 (2.5)

net phase of the spins� after the second gradient is equal to

� = � 1 + � 2 = 
�G x (x1 � x2) = � qr (2.6)

where q = 
G� . If the spins do not move, their positions are the same during

application of the two gradients i.e. x1 = x2, therefore, their phase shift are cancelled

(� = 0). However, if the spins move, their positions are not the same during application

of the two gradients i.e. x1 6= x2, resulting in a residual phase shift (� 6= 0) and

signal loss (Figure 2.5.e, signal intensity for moving spins is lower than static spins),

consequently. Stejskal and Tanner showed that the measured dMRI signal for free

water di�usion can be described as follow Stejskal and Tanner [1965]:

S(b)
S0

= exp( � bD) (2.7)

where S0 is the amplitude MR signal without the presence of di�usion gradient,

and b is an e�ective parameter of a di�usion sequence, termedb-value:

b = ( q)2(� �
�
3

) = ( 
G� )2(� �
�
3

) (2.8)

First application of dMRI proposed by Le Bihan et al., where they did curve �tting

Eq. (2.9) on the di�usion signal acquired by a PGSE sequence. They used ADC

instead of D to represent restricted di�usion Le Bihan et al. [1986], as di�usion of

water in biological tissues may di�er from the true di�usion coe�cient due to tissue

microstructure and/or existence of multi compartments with the di�erent di�usivities:

S(b)
S0

= exp( � bADC) (2.9)

2.3.2 Di�usion Tensor Imaging

DTI is the �rst method that enabled us to measure anisotropy of water di�usion in

tissues. The di�usion process in a homogeneous medium is characterized by the scalar

D . However, in an inhomogeneous medium like biological tissues, the di�usion has a

directional preference, termedanisotropy, that is speci�c to the microstructure of tissue.

Consequently, a description of di�usion anisotropy is provided by a rank-2 tensorD as,
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D =

2

6
6
6
4

Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz

3

7
7
7
5

(2.10)

where Dxx , Dyy , and Dzz characterize di�usion along x, y, and z axes, while the

o�-diagonal elements characterize the correlation of di�usion in di�erent directions,

and are symmetric (i.e. D ij = D ji ). The six unknown elements of D and S0 can

be estimated using a di�usion measurement in at least 6 gradient directions and a

measurement required withb = 0 ( s
mm 2 ) Basser et al. [1994].

After estimation of D , it can be decomposed to:

D =
h
e1 e2 e3

i

2

6
6
6
4

� 1 0 0

0 � 2 0

0 0 � 3

3

7
7
7
5

2

6
6
6
4

e1

e2

e3

3

7
7
7
5

(2.11)

where (e1; e2; e3), and (� 1; � 2; � 3) are three eigenvectors and eigenvalues, respect-

ively.

After computing eigenvalues, some scalar quantitative metrics are derived from

them to describe di�erent aspects of the tensor.

Mean di�usivity (MD) in Eq. (2.12) describes the average of the eigenvalues; frac-

tional anisotropy (FA) in Eq. (2.13) describes the degree of anisotropy in the tensor;

axial di�usivity (AD) in Eq. (2.14) describes the mean di�usivity parallel to the axis of

main di�usion; and radial di�usivity (RD) in Eq.(2.15) describes the mean di�usivity

perpendicular to the axis of main di�usion Basser et al. [1994].

MD =
� 1 + � 2 + � 3

3
(2.12)

FA =

s
(� 1 � � 2)2 + ( � 2 � � 3)2 + ( � 3 � � 1)2

2(� 2
1 + � 2

2 + � 2
3)

(2.13)

AD = � 1 (2.14)

RD =
� 1 + � 2

2
(2.15)
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2.4 Generalized Bloch-Torrey equation

The transverse magnetization signal can be mathematically described with the Bloch-

Torrey (BT) equation, Eq. (2.17), that relates the temporal and spatial evolution of

the transverse magnetisationM (r ; t) to di�usion D(r ), spin-spin relaxation T2, and

the time-varying magnetic �eld gradient f (t)g � r , where f (t) is e�ective time pro�le

(e.g. Eq. (2.16) is PGSE time pro�le) and g contains the amplitude and directional

information of the magnetic �eld gradient.

f (t) =

8
>>><

>>>:

1; t1 � t � t1 + �;

� 1; t1 + � � t � t1 + � + �;

0; otherwise;

(2.16)

Let 
 be the observation domain, comprising L sub-domains, such that [ L
l=1 
 l .

Also, let � e
l be the external boundary of 
 l , and � ln the boundary between 
 l and 
 n .

Then, the evolution of the complex transverse magnetisation is described by

@
@t

M l (r ; t) = r � (Dl (r )r M l (r ; t)) �
1

T2l
M l (r ; t) � i
f (t)g � r M l (r ; t)

(r 2 
 l );
(2.17)

subject to the boundary conditions

D l (r )r M l (r ; t):n l (r ) = kln (M n (r ; t) � M l (r ; t))

(r 2 � nl ; 8n);
(2.18)

D l (r )r M l (r ; t):n l (r ) = � ke
l M l (r ; t)

(r 2 � e
l );

(2.19)

and the initial condition

M l (r ; 0) = � l (r ); (2.20)

where t 2 [0; TE ] with TE echo time, n l (r ) is the unitary outward pointing normal to


 l , kln (ke
l ) is the permeability constant in � ln (� e

l ). Also, the same permeability is

assumed in both directions of the membrane, i.ekln = knl . The generalized form of BT

(gBT) equation is de�ned by factoring velocity of 
ow v(r ; t) in the media into the Eq.
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(2.17)

@
@t

M l (r ; t) = r � (Dl (r )r M l (r ; t)) �
1

T2l
M l (r ; t)

� i
f (t)g � r M l (r ; t) � v(r ; t) � r M l (r ; t)

(r 2 
 l );

(2.21)

2.5 Intravoxel incoherent imaging

IVIM refers to the transitional displacement of the water molecules' spins within an

MRI voxel during the measurement time which leads to a distribution of spins' speeds

in orientation and/or amplitude Le Bihan [2019]. This distribution originates from the

blood 
owing within a microvascular network, shown in Figure 2.7.a, and mimics a

pseudo-di�usion process.

The IVIM theory, introduced by Le Bihan et al. [1986], states that the incoherent

blood 
ow in microvasculature leads to a dephasing of the spins in blood when di�usion

gradients are applied, according to the formula:

S
S0

= (1 � f )e� bD + fe (� b(D + D � )) (2.22)

where f is perfusion fraction, D is di�usion coe�cient, and D � is pseudo-di�usion

coe�cient. As depicted in Figure 2.7.b, the pseudo-di�usion process results in a fast

dMRI signal decay in presence of the di�usion encoding gradients Jerome et al. [2021].

2.6 Navier-Stokes equation

Given the viscoelastic properties of the blood 
ow, it is considered as an incompressible

non-Newtonian 
ow Baieth [2008]. The 
ow of incompressible and non-Newtonian 
uid

in an observation domain of 
 is governed by the Navier-Stokes equations, Eq(2.23),

where v(r ; t) is 
ow velocity, # is a viscosity parameter, andP(r ; t) is the pressure.

�
� @

@t
v(r ; t) +

�
v(r ; t) � r

�
v(r ; t)

�
= #� v(r ; t) + r P(r ; t)

(r 2 
) ;
(2.23)

r � v(r ; t) = 0 ( r 2 
) ; (2.24)
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Figure 2.7: The IVIM model is represented schematically in (a), which shows the

transitional movement of water molecules (coloured red) in the intravascular space and

the Brownian movement of water molecules (coloured blue) in the extravascular space

in a voxel of tissue. (b) illustrates the contributions of these movements to the observed

dMRI signal decay, where the pseudo-di�usion caused by the transitional movement of

water molecules contributes to a substantially faster decay compared to the di�usion

caused by Brownian motion of water molecules. This leads to the observation of pseudo-

di�usion only at low b-values. The image used with permission Jerome et al. [2021].

subject to the boundary conditions

v(r ; t) = 0 ( r 2 � w); (2.25)

P(r ; t) � n(r ) �
#
�

r v(r ; t) � n(r ) = P(r ; t) � n(r )

(r 2 � i [ � o);
(2.26)

and the initial condition

v(r ; 0) = 0 ; (2.27)

where r 2 � w , r 2 � i , and r 2 � i , respectively, are the wall, inlet and outlet portions

of the vascular boundary domains.

2.7 Computational Modelling of Di�usion MRI

Computational models, using analytical or numerical approaches, allow simulating

dMRI signals for more realistic biological structures. Moreover, they enable one to

investigate more subtle questions like the e�ect of the interaction of water molecules
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with boundaries in the dMRI signals. The result of this simulation can be employed

to investigate the sensitivity of dMRI signals to biophysical changes due to CVDs and

use di�erent pulse sequences.

To the best of my knowledge, these numerical methods of analyzing dMRI physics

fall into either particle-tracking-based or continuum-based numerical schemes. Monte

Carlo (MC) and �nite element methods (FEM) are the common particle-tracking-based

or continuum-based numerical schemes, respectively, for analysing dMRI numerically.

These schemes are elaborated in the following for this section. However, two other

numerical schemes used for this purpose, which fall into the category of continuum-

based methods, include the lattice Boltzmann and matrix formalism methods. Lat-

tice Boltzmann method, developed by Guyer and McCall [2000], numerically simulates

the time evolution of magnetisation in a porous medium. However, lattice Boltzmann

methods su�er from imposing a constraint on the time step (typical of explicit schemes)

and requiring derivation of special boundary conditions for the probability distribution

functions to preserve the consistency and accuracy of the numerical scheme Naughton

et al. [2020]. Matrix formalism is a semi-numerical approximation that tries to �nd

solutions for the eigenfunctions of the di�usion propagator. Due to matrix imple-

mentation, matrix formalism is computationally fast Callaghan [1997], Drobnjak et al.

[2011], Grebenkov [2010]. However pragmatically, it is limited to simple geometries to

�nd eigenfunctions analytically.

2.7.1 Monte Carlo simulation

MC simulation is based on replicating the Brownian motion of a large number of

particles. For this purpose, MC method simulates the movement of every particle

separately, and then calculates the total phase shift� for each particle as a function of

the gradient strength and its location over every timestep, j :

NX

j =0

� j =
NX

j =0


 hG(t j ); r (t j )i t (2.28)

where N is the total number of time steps, G(t j ) is the di�usion encoding gradient

at timestep j , and r (t j ) is the molecule position at timestep j . Given the employed

imaging sequence, the di�usion gradient strength at the location of the molecule at

each timestep was summed for the duration of the two pulses (for the second pulse a
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negative sign is considered). The dMRI signal S
S0

for M water molecules (to calculate

the dMRI signal, only molecules that �nished inside the de�ned domain are considered,

M � N ) for each gradient direction is

S
S0

=
1

M

MX

j =0

cos(� j ) (2.29)

The versatility of MC simulations makes them a suitable tool for modeling dMRI, since

they can handle any arbitrary substrate and MR pulse sequence. In addition, MC

simulations are capable to incorporate semi-permeable membranes, membrane-particle

interactions, and changes in T1, T2, and di�usivity over time and space. However,

for complex substrates, MC simulation requires to simulate enough number of spins

at enough discrete time points to properly repleacate the dynamics of spins ensemble

through the pulse squence.

Smoldyn Andrews [2017], Camino Cook et al. [2006], Hall and Alexander [2009],

MRISIMUL Xanthis et al. [2013], and DIFSIM Balls and Frank [2009] are the common

MC toolboxes that enable one to accurately model the 3D di�usion of large numbers

of particles within complex geometries.

2.7.2 Finite element solution of generalized Bloch-Torrey partial dif-

ferential equation

The solution of gBT equation Eq.(2.21) requires to be twice di�erentiable, which re-

stricts the solution's space. This condition is relaxed by working out a solution in the

weighted residual sense. This solution satis�es

@
@t

Z


 l

v(r )M l (r ; t) dr =
Z


 l

v(r )r � (Dl (r )r M l (r ; t)) dr �
1

T2l

Z


 l

v(r )M l (r ; t) dr

� i
f (t)
Z


 l

v(r )g � r M l (r ; t) dr

�
Z


 l

v(r )v(r ; t) � r M l (r ; t) dr

(r 2 
 l );

(2.30)

valid for r 2 
 l (l = 1 ; :::; L ), and for all functions v(r ) in a proper functional space.

The Hilbert-Sobolev spaceH l (
 l ) of square-integrable functions with square-integrable
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derivatives is generally chosen. After using the divergence theorem in the di�usion term

and the BCs, the one-time di�erentiable solution is:

@
@t

Z


 l

v(r )M l (r ; t) dr = �
Z


 l

r v(r ) � (Dl (r )r M l (r ; t)) dr �
1

T2l

Z


 l

v(r )M l (r ; t) dr

� i
f (t)
Z


 l

v(r )g � r M l (r ; t) dr �
Z


 l

v(r )v(r ; t) � r M l (r ; t) dr

� ke
l

Z

� e
l

v(r )M l (r ; t) dr +
X

n
kln

Z

� ln

v(r )(M n (r ; t) � M l (r ; t)) dr ;

(2.31)

In order to obtain a discretisation of Eq. (2.31), it is necessary to �nd a solution

belonging to Vh , a �nite-dimensional subspace ofH l . Let f � l
1(r ); � l

2(r ); :::; � l
N (r )g be

a basis ofVh such that for all g(t) 2 Vh ; g(t) =
P N

i =1 � l
i (r )� l

i (t), with � l
i (t) 2 C Then,

the approximation of the transverse magnetisationm�
l (r ; t) 2 Vh satisfying Eq. (2.31)

is de�ned as

m�
l (r ; t) =

NX

i =1

� l
i (r )� l

i (t) (2.32)

In the case of choosing the test functions as the basis functions, i.e.v(r ) = � l
i (r )( j =

1; :::; N ), it is possible to obtain (after some algebra)

M l
�� l

�t
= � (S l + iQ l (t) +

1
Tl

M l + J l + F l (t)) � l (2.33)

where

f M l gij
�= M ij =

Z


 l

� l
j (r )� l

i (r ) dr (2.34)

is the mass matrix,

f S l gij
�= Sij =

Z


 l

r � l
j (r )D l r � l

i (r ) dr (2.35)

is the sti�ness matrix,

f Q l gij (t) �= Qij (t) = 

Z


 l

� l
j (r )� l

i (r )f (t)g � r dr (2.36)

is the scaled-mass matrix,

f J l gij
�= J ij = � e

l

Z

� e
l

� l
j (r )� l

i (r ) dr (2.37)

is the 
ux matrix, and

f F l gij
�= Fij =

Z


 l

� l
j (r )v(r ; t) � r � l

i (r ) dr (2.38)
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is the damping matrix. � l is approximation of magnetisation, and (� i (r )) i 2 N (where N

denotes number of nodes) is the basis functions ofH 1
M (
). To the best of my knowledge,

there is a toolbox for simulating the dMRI signal based on solving the Bloch-Torrey

equation using FEM, which is developed by Li et al. [2019].

2.8 Computational Modelling of Intravoxel Incoherent Mo-

tion Imaging

2.8.1 Vascular trajectory-based simulation

To date, all the numerical studies of IVIM have been done using a simple numerical

method. This elementary numerical method simulates the movement of spins based on

blood 
ow velocity over vascular trajectories R(t0). Then, the acquired phase� t due

to these displacements of spins is computed as� t =
Rt

0 
Gt (R(t0); t0)dt0, and �nally, the

approximate IVIM signal is computed using S = S0Ef e(i� t )g, whereEfg is expectation

of random variable of � t Mozumder et al. [2018], Spinner et al. [2019], Van et al. [2021].
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Chapter 3 : Relevant Myocardial Tissue

Components and Their Properties Contributive

to dMRI

3.1 Chapter summary

Myocardium is a composition of many di�erent components. Hence, before devising the

structure of the myocardial in-silico phantom, the necessary step is to discover which

resident components in the myocardium should be modelled in the phantom. The pur-

pose of this chapter is to review di�erent myocardial components and their geometrical

features along with introducing the most contributive components to cardiac dMRI

that should be included in the proposed numerical phantom.

3.2 Selection criteria for myocardial cells or components

In dMRI, the measurement of water di�usion within tissues is sensitive to the micro-

scopic structure of the tissue, speci�cally the barriers to water di�usion caused by the

presence of cell membranes and other intracellular (IC) structures. When there is a

high volume fraction (VF) of cells or compartments in tissue, they create more barriers

to water di�usion. As a result, these cells or compartments impose more in
uence on

the measured dMRI signal. According to Seidel et al. [2016], CMs, extracellular space

(ECS), microvascular, and non-CMs cells comprise 66%, 24%, 8%, and 2% of myocar-

dial volume, respectively. In the following sections, we review these components and

describe their geometry.

3.3 Cardiomyocytes

CMs are the cells contributing the most toward the measured dMRI signal in the

myocardium. They occupy 65-75% [Chen et al., 2007, Greiner et al., 2018, Schaper

et al., 1985, Skepper and Navaratnam, 1995] of the myocardial volume and account for

25-35% of all cells [Pinto et al., 2016, Zhou and Pu, 2016]. CMs support the mechanical
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contraction of the heart, which is necessary to pump blood to all organs within the body

[Fraticelli et al., 1989].

Figure 3.1: Two examples of the shape of an isolated CM with one and two nuclei

(Brighter objects) in the left and right, respectively. Images with permission from

[Gerdes and Pingitore, 2014].

3.3.1 Intracellular structures of cardiomyocyte

IC structures are essential for their function in generating and propagating electrical

signals and contracting to pump blood. Some of the key intracellular structures in CMs

include:

ˆ Sarcomeres: These are the fundamental contractile units of muscle cells, includ-

ing CMs. Sarcomeres are composed of thick and thin �laments made of proteins

called myosin and actin, respectively. The interaction between these �laments

leads to muscle contraction. They can be around 2µm to 3 µm in length.

ˆ Mitochondria: CMs have a high demand for energy due to their continuous

contraction. Mitochondria are organelles responsible for producing adenosine

triphosphate, the cell's primary energy source, through cellular respiration. they

can range from 1µm to 10µm in length and 0:5µm to 1 µm in diameter.

ˆ Nucleus: Like other cells, CMs have a nucleus that contains the genetic material

and controls cell activities, including protein synthesis necessary for maintaining

cell structure and function. The nucleus can be around 5µm to 10µm in diameter.

ˆ T-tubules: These are invaginations of the cell membrane (sarcolemma) that

penetrate deep into the CM. T-tubules play a vital role in transmitting electrical
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signals (action potentials) from the cell surface to the interior of the cell, ensur-

ing synchronous contraction of the entire cell. Their diameter is approximately

200 nm to 300 nm.

ˆ Golgi apparatus: This organelle is responsible for processing and packaging

proteins for secretion or use within the cell. It plays a role in maintaining the

structure and function of the cell membrane and organelles. The size of the Golgi

apparatus can vary, with individual stacks having diameters of approximately

0:5µm to 1 µm.

ˆ Cytoskeleton: The cytoskeleton provides structural support to the cell and helps

maintain its shape. It consists of protein �laments such as microtubules, micro-

�laments, and intermediate �laments. The thickness of micro�laments (actin

�laments) and microtubules can be around 5 nm to 9 nm and 25 nm, respectively.

Given the typical di�usion time scale of dMRI and the consequent di�usion of water

molecules, and the dimension of IC structure Rog-Zielinska et al. [2016], the e�ect of IC

structure on IC di�usion is coarse-grained. More information about the coarse-grained

e�ect can be found in [Novikov et al., 2016]. Therefore, the homogenising e�ect of the

collagen �bre is seen as an e�ective medium with speci�c di�usivity.

3.3.2 Cardiomyocyte shape

The CM's membrane restricts the movement of water molecules and a�ects the dMRI

signal. As illustrated in Figure 3.1, native CMs do not have a regular and consistent

shape. However, in previous works, they are typically approximated as elliptical cylin-

ders [Bolli et al., 2014]. Here, a realistic shape of the CMs in the proposed phantom is

considered, as they constrain the mobility of water molecules.

A standard method to measure the dimensions of CMs is through the combined

use of a Coulter channelyser and an optical microscope. The average length for the

minor-axis (B ), major-axis (A), longitudinal axis ( L ) of CMs along with their volume

(V ) have been reported as 12� 1µm. 30 � 1µm, 141� 9µm, and 39933� 4640µm3

respectively [Chen et al., 2007].
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3.3.3 Cardiomyocyte membrane permeability

The permeability of CMs, de�ned as the CM-ECS water molecules exchange rate

through sarcolemma, or CM-CM water molecules exchange rate through ICDs, is an-

other biophysical feature of CMs that a�ects the dMRI signal.

Sarcolemma

The sarcolemma is a plasma membrane that acts as a boundary between the intra-

cellular space (ICS) cytoplasm and ECS. It was shown that, during ischemic injury,

the sarcolemma is ruptured, and CM permeability increases [Celes et al., 2010]. This

feature is re
ected in the phantom by assigning an interface permeability for the side

surface of the CMs.

Intercalated discs

In adult hearts, ICDs are membranous regions where myo�brils of individual CMs are

connected end-to-end with each other. Gap junctions are ICS channels through the

ICDs that allow the passage of small molecules and ions between CMs through ICS

di�usion. This arrangement facilitates the transmission of electrical impulses in the

heart. Several studies have shown that gap junctions reduce in heart failure and can

lead to fatal arrhythmia, leading to a decrease in the permeability of ICDs [Noorman

et al., 2009, Perriard et al., 2003, Pinali et al., 2015]. ICDs' permeability are modelled

by attributing an interface permeability to the top and bottom sides of the CMs.

3.3.4 Cardiomyocyte arrangement

The spatial organization of CMs within the myocardium determines biophysical char-

acteristics that a�ect the dMRI signal. These include the following:

Sheetlet angles

Individual CMs are tightly packed into parallel laminar microstructures (as shown in

Figure 3.2a), approximately 2-4 CMs thick, referred to as sheetlets [Hales et al., 2012].

These sheetlets orient locally in the tissue and are separated by cleavage with a width

of 1-2 CMs from each other [LeGrice et al., 2005]. It has been shown and validated

by histology that the primary ( V1), secondary (V2), and tertiary ( V3) eigenvectors of
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