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Abstract

This thesis considers structure preserving matrix methods for computations on Bern-
stein polynomials whose coefficients are corrupted by noise. The ill-posed operations
of greatest common divisor computations and polynomial division are considered, and
it is shown that structure preserving matrix methods yield excellent results.

With respect to greatest common divisor computations, the most difficult part is the
computation of its degree, and several methods for its determination are presented.
These are based on the Sylvester resultant matrix, and it is shown that a new form of
the Sylvester resultant matrix in the modified Bernstein basis yields the best results.
The Bézout resultant matrix in the modified Bernstein basis is also considered, and
it is shown that the results from it are inferior to those from the Sylvester resultant

matrix in the modified Bernstein basis.
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Abbreviations and notation

GCD ... greatest common divisor

AGCD ... approximate greatest common divisor

LSE ... least squares with equality

STLN ... structured total least norm

SNTLN ... structured nonlinear total least norm

B(f,9) ... Bézout resultant matrix for the Bernstein polynomials f(z) and g(z)
S(f,q) ... The conventional form of Sylvester resultant matrix for the Bernstein

polynomials f(x) and g(x)

Sk(f,9) ... The conventional form of Sylvester subresultant matrix of order k for
the Bernstein polynomials f(z) and g(z)

S(f,9)Q ... The modified form of Sylvester resultant matrix for the Bernstein
polynomials f(x) and g(x)

Sk(f,9)Qr ... The modified form of Sylvester subresultant matrix of order & for
the Bernstein polynomials f(z) and g(z)

log x ... logpx
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Chapter 1

Introduction

1.1 Computer aided geometric design

Computer aided geometric design (CAGD) is a discipline that is concerned with con-
structing, representing and modeling free-form shapes of curves and surfaces. Before
the establishment of CAGD, all design work was done manually, but the introduction
of computers enabled this work to be automated. The techniques of CAGD enable
the shapes of curves and surfaces to be designed to any precision. In addition, these
techniques allow curves and surfaces to be manipulated in an intuitive way. This
means that curves and surfaces can be manipulated easily and in a predictable man-
ner, and knowledge of the underlying mathematics is not required. For example, the
derivative of a Bézier curve can be calculated easily, and the geometry of curves and
surfaces can be stored and reused. The techniques of CAGD are extensively applied
in industry, and this is now considered.

The initial use of CAGD was in ship building and automobile design. The automobile
design industry became interested in CAGD because the increasing commercial and

1



CHAPTER 1. INTRODUCTION 2

public demand urged automobile companies to accelerate the production process in
which the prototype design had to be modified frequently in response to the feedback
from the manufacturing process.

The techniques of CAGD occur in many industries and arise in all stages of the
manufacturing cycle. Furthermore, they are also applied in more recent applications
such as computer graphics, computer animation, geographic information system and
robot path planning. More applications of the techniques of CAGD can be found in
(17, 18].

1.2 The representation of curves and surfaces

This section considers the representation of curves and surfaces in CAGD. Three
types of representation, explicit, implicit and parametric, will be discussed. In addi-
tion, the conversion between the implicit form and parametric form is often required
because both representations are used in CAGD. The conversion between these two

forms is also explained. The explicit form is a particular class of the implicit form.

1.2.1 Three types of representation of curves and surfaces

The first type of representation of curves and surfaces is the explicit representation.
A curve is represented explicitly as y = f(x). For example, y = 3z + 1 represents a
straight line and y = 22 + 1 represents a parabola. A surface is represented explicitly
as z = f(x,y), for example, z = 4z + 2y — 6 represents a plane. For the explicit
representation, it is easy to find a point on the curve or surface and check whether

a point lies on the curve or surface. However, some curves and surfaces can not



CHAPTER 1. INTRODUCTION 3

be represented using an explicit equation, for example, a unit circle centered at the
origin #2 4+ y> = 1. Solving ¥ in terms of z, we obtain y = ++v/1 — 22. Two explicit
equations are required to represent this unit circle. As the example shows, the explicit
representation is not suited to represent a closed curve and surface because for the
closed curve and surface, one value of x corresponds to several different values of vy,
and multiple explicit equations are needed to represent it.

The second type of representation is the implicit representation. The curve and
surface are represented in the form of f(z,y) = 0 and f(z,y, z) = 0 respectively. For
example, 22 +y? — 1 = 0 represents the unit circle and 22 + y? + 22 — 1 = 0 represents
the unit sphere. We can easily check whether a point lies on the curve and surface
represented in the implicit equation. In addition, an implicit representation can define
a closed curve and surface. We can also determine if a point lies inside or outside
the closed curve and surface by checking the sign of the implicit equation. Given the
unit circle % + y* — 1 = 0, the point (u,v) lies outside the circle if u? +v* — 1 > 0,
and the point lies inside the circle if u? + v? — 1 < 0. Nevertheless, for the implicit
representation, it is not easy to find a point on the curve and surface.

The third type of representation is the parametric representation. A plane curve is
represented parametrically as x = z(t) and y = y(¢). For example, the unit circle

centered at the origin is expressed by two parametric equations

ot 1—¢2
() =

= d t .
1+t o y(t) 1+t
A surface is represented in the form of x = x(s,t), y = y(s,t) and z = z(s,t). For

instance, the parametric equations

2s o2t 1—s2—¢2

A S
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represent the unit sphere. For the parametric representation, we can obtain a point
on the curve or surface by evaluating coordinate functions at various values of pa-
rameters. Furthermore, the parametric representation can express a closed curve and
surface. In addition, the parametric representation is easy to extend to higher dimen-
sion. If we want to express a space curve, we can simply add a coordinate function
z = z(t) and then (x =zx(t),y = yt),z = z(t)) represents a space curve. However,
it is difficult to check whether a point lies on the curve and surface expressed in the
parametric equation.

The implicit and parametric representations are most commonly used in CAGD.
From the above discussion, it is obvious that the parametric representation is conve-
nient for obtaining points on a curve and surface, but the implicit representation is
easy for determining whether a point lies on a curve and surface. Therefore, the con-
version from one representation to the other is desired. In addition, the conversion is
also motivated by the intersection problem in surface and solid modeling. Given that
one surface is expressed parametrically by (x = z(s,t),y = y(s,t),z = z(s,t)) and
the other surface is represented implicitly by f(z,y, z) = 0, the intersection problem
of these two surfaces can be simplified by substituting x = x(s,t), y = y(s,t) and
z = z(s,t) into f(z,y,2) = 0 to yield a single equation f(z = z(s,t),y =y(s,t),z =
(s, t)) = 0, which is the curve of intersection expressed implicitly using the param-
eters s and t. The conversion from the parametric to the implicit representation is
called implicitization, and the conversion from the implicit to the parametric repre-
sentation is called parameterization. These two conversions will be discussed in the

next section.
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1.2.2 Implicitization

Implicitization is the process of the conversion from the parametric form of a curve
or surface to its implicit form. Two implicitization approaches, direct substitution
and resultant, are introduced here.
Direct substitution: Direct substitution can be used to convert some curves and
surfaces expressed parametrically to their implicit forms [2]. For example, given a
curve represented by two parametric equations

r=1t+1 and y=1t"4+3t+1,
we can solve t in terms of « to obtain t = x — 1, and substitute it into y = t>+3t+1 to
yield its implicit equation 22 +x —y — 1 = 0. This method is suitable for the implicit
forms of linear and quadratic curves. However, it can not be applied to curves of
higher degree. A more general approach is to use the resultant of two polynomials.
Resultant: A resultant of a set of polynomials is an expression involving the coeffi-
cients of the polynomials such that the vanishing of the resultant is a necessary and
sufficient condition for the set of polynomials to have a nontrivial common root [47].

Consider two polynomials
f) = amt™ + Q1 t™ "+ -+ art + ag,
and
g(t) = but™ + by_1t" "t o byt + by,

where a,, # 0 and b, # 0. The Bézout resultant matrix requires deg f = deg g, and

if we assume m > n, then g(t) is padded with m — n leading zero coefficients, that is

g(t) - bmtm + bm—ltm_1 + blt + bo,
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where b,, = 0,b,,1 = 0,...,b,41 = 0. Let Cx = (ag,bx),k = 0,1,---,m, be the
scalar cross product C; x C; = (a;b; — a;b;). The algorithm to construct the Bézout

resultant matrix of f(¢) and g(t) is derived in [29]:

b0,0 T bO,m—l
bm—l,O e bm—l,m—l

where the element of B(f, g), b; ; is computed using the equation:

b@j = Z Cp X Cq. (11)
p>max(m—i,m—j)
p+g=2m—i—j—1

The following theorem concerning the Bézout resultant of two polynomials is estab-

lished in [29]:

Theorem 1.1. The polynomials f(t) and g(t) have a common root if and only if
det B(f,g) =0, where det B(f, g) is the determinant of B(f,g).

This theorem enables the Bézout resultant of two polynomials to be used for the

implicitization process. Consider a curve defined by two parametric equations
T = amt™ + a1 ™+ - 4 agt + ag,
and
Y = bnt™ + by ™ 4 bit + Dy,
To implicitize this curve, two auxiliary polynomials need to be created:
fo(t) = amt™ + a1 t" "+ -+ agt + (ag — ),
and
Gy(t) = by t™ + by 8"+ -+ byt + (b — ).

If the point (x,y) lies on the curve, the polynomials f,(¢) and g¢,(t) have at least one
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common root. Therefore, in terms of Theorem 1.1, det B(f,, g,) = 0, and det B(f., g,)
is the resultant of f,(¢) and g,(¢). In particular, det B(f,, g,) is a function of x and
y, and thus it is the implicit equation of the curve. We give an example to illustrate

the implicitization of curve.

Example 1.1. Consider a curve defined by two parametric equations
r =2t +1t+3,
y=t>+3t+1.
Create two auxiliary polynomials
fo(t) =20" +t+ (3 — ),
gy(t) =2+ 3t + (1 —y),
and thus Cy = (2,1), C; = (1,3) and Cy = (3 — 2,1 — y). It follows from (1.1) that
the Bézout resultant matrix of f,(¢) and g,(¢)
_ CyxCy CyxCy

B(fawgy) -
Cg X C() Cl X C()

D r—2y—1

r—2y—1 3x—y—38

The resultant of f,(t) and g,(t) is
det B(f.,9,) = 5B —y—28)— (z—2y—1)

= —2® —4y* + day + 172 — 9y — 41.

Therefore, the implicit form of the curve is 2 + 4y? — 4oy — 172+ 9y + 41 = 0. O
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In addition, the implicitization problem can be solved by Sylvester’s dialytic ex-
pansion [47]. This approach considers all the individual monomials of a polynomial
as independent variables. Therefore, ¢3, t2 and t are considered three independent
variables, even though they are dependent. Multiplying the initial polynomials with
well-chosen independent variables yields auxiliary equations such that the total num-
ber of equations is equal to the total number of independent variables.

For example, given two equations ast? + at +ag = 0 and bst> + bot? + byt +by = 0, we
initially have two equations with 4 independent variables: t3,¢2,¢ and 1. Multiplying
ast? + ait + ag by t? and t, and multiplying bst® + byt + bt + by by t, we obtain 5

equations with 5 independent variables: t* ¢3,¢2,t and 1. These 5 equations can be

written as
[ as a; ay 0 O 17 t |
0 ay a; ag O 3
0 0 ay a1 ag 2| =0 or Ax = 0.

bs by by by O t

| 0 b3 by b b | | 1]
It follows that if two equations ast? + a1t + ag = 0 and bst® + bot? + byt + by = 0
have a common root, Axr = 0 must have a nontrivial solution. This means that
the coefficient matrix A must be rank deficient and thus det A = 0. Therefore, the

resultant of these two equations is det A. Example 1.2 illustrates the implicitization

of curve using Sylvester’s dialytic expansion.

Example 1.2. Consider the curve in Example 1.1, which is defined by two parametric
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equations
r =2t +1t+3,
y=t>+3t+1.
Create two auxiliary polynomials
folt) =20" +t+ (3 — ),
gy(t) =" +3t+ (1 —y).
We have two equations f,(t) = 0 and g,(t) = 0 with 3 independent variables: t*, ¢
and 1. Multiplying f.(¢) and g¢,(¢) with ¢, we obtain 4 equations with 4 independent
variables: t3,¢2,t and 1. These 4 equations can be written as
| 21 3—x 0 11 t3 ]
02 1 33—z t2
1 31—y 0 /
01 3 1-y 1

Similarly, if the point (x,y) lies on the curve, the polynomials f,(¢) and g,(t) have
at least one common root. Hence, there exists a nontrivial solution to satisfy Az =0
and thus det A = 0. Since det A is a function of x and y, det A is the implicit form

of the curve,

2 1 33—z 0 1 3-=z 02 3—=x
detA = 2|3 1—y 0 |—|11-y 0 [+B=2)[13 o0
1 3 1-y 0 3 1—y 01 1-y

= 2% 4+ 4y — day — 17Tz + 9y + 41,

and thus the implicit form of the curve is 22 + 4y? — 4xy — 172 + 9y + 41 = 0, which

is the same as Example 1.1. O
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From Examples 1.1 and 1.2, the Bézout resultant and Sylvester’s dialytic expan-
sion yield the same implicit form of the curve, but the only difference is that the
determinant of a 2 x 2 matrix is calculated using the Bézout resultant and the deter-
minant of a 4 X 4 matrix is computed for Sylvester’s dialytic expansion.

If a curve is defined by rational parametric equations, we can still adopt the Bézout
resultant and Sylvester’s dialytic expansion to implicitize the curve, but we have to
rewrite the rational parametric equations. For example, given a curve expressed by

two rational parametric equations

ast? + ait + ag
xr = and Yy
CQtQ + Clt + ¢

Dot 4Dt + by
N CQtQ + Clt + C(],

we rewrite these expressions as
fo(t) = (com — ax)t* + (c1v — ay)t + (cox — ap),
and
9y(t) = (coy — bo)t* + (cry — bi)t + (coy — o),
and then implicitize the curve as mentioned above.
For the implicitization of surface, the following observation is stated in [14]:

Given a surface expressed by three parametric equations x = x(s,t), y = y(s,t) and

z = z(s,t), create three auxiliary equations
P.(s,t) = x(s,t) — x,

Py(s> t) = y(s> t) —v,

P.(s,t) = z(s,t) — 2.
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Then we construct the matrix

Py(s,t) Py(s,t) P.(s,t)

P=| P(a,t) P,(a,t) P.a,t) |

Poa, 8) Pyla,8) P, p)
where «, 3 € R. If there exist s = s and t = ¢, which will simultaneously satisfy
Py(s',t) = P,(s',t') = P.(s',t) = 0, the first row vanishes and thus the equation
det P = 0 is independent of the values of o and 3. Also, when s = «, the first two
rows are identical and when ¢t = 3, the last two rows are identical. Therefore, if either
s =aort= (3, det P=0. This means that (s — ) and (¢t — [3) are factors of det P.

Define

B det P
(s —a)(t = 3)
and ¢ = 0 for any value of & and 3 if and only if s = s" and t = ¢'. In addition, if the

surface is of degree n in s and degree m in t, § is of degree n — 1 in s, 2m — 1 in ¢,
2n —1in o and m — 1 in . Hence, 0 can be considered as a polynomial in o and [

whose coefficients are polynomials in s and ¢:
2n—1m—1

5= fiils,t)a'p.

i=0 ;=0

J is the sum of 2mn polynomials and f; ;(s,t) has 2mn terms. Since § must vanish

for any value of o and § if and only if s = s and ¢t = ¢, all of the fm»(s', t') must
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vanish. In particular, these 2mn polynomials can be written as:

a3 [ A(0,0,0,0) A(0,0,k,1)
o' B A(1,4,0,0) A(i, g, k1)
o 1gm | AGT g0 o AGE)

A(

14(21171,771717

n—1,2m—1

0,0,n—1,
2m—1

)

) |

OtO
ktl

S

Snfthmfl

12

where A(i,j,k, 1) is the coefficient of the term s*#' in polynomial f;;(s,¢), which

is the coefficient of o'#?. The formula for computing A(i, j, k, 1) is found in [14].

Since there exists a solution s = s and ¢ = ¢, the determinant of the matrix must

vanish. Therefore, the resultant is the determinant of the matrix, and calculating the

determinant of the matrix yields the implicit form of the surface.

If a surface is defined by three rational parametric equations

D = f(d|s™t"),

v = [lals™,t")/D,
y = [f(bls™, ")/ D,

z = [flds™t")/D,

where f(k|s™,t") is a polynomial with degree m in variable s, degree n in variable ¢

and the coefficients kg, k1, ---. We rewrite
xD — f(als™,t")
yD — f(b]s™, ")
2D — f(c|s™t")

then we implicitize the surface as before.
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1.2.3 Parameterization

After solving the implicitization problem, we now consider the conversion of the im-
plicit form of a curve and surface to its parametric form, parameterization. Every
parametric curve and surface has an implicit form. However, the converse is not true,
and some curves and surfaces expressed implicitly by polynomials and rational func-
tions can not be represented in the parametric form. Therefore, the parameterization

includes two distinct parts:
1. Determine if a curve or surface has a parametric representation;
2. If it is representable in the parametric form, find its parametric representation.

For the first part, the following theorem is used to determine if a curve has a para-

metric representation [10]:

Theorem 1.2. An algebraic curve has a parametric rational polynomial representa-

tion if and only if the curve has genus zero.

The genus is calculated using the following formula:

genus =

(n-1n-2) Z ri(r; — 1)

2 - 2 ’

where n is the degree of the algebraic curve and r; is the multiplicity of the ith
multiple point. A multiple point is the point on a curve through which two or more
branches of the curve pass and its multiplicity is the number of branches involved.
More details can be found in [55].

Since every quadric curve and surface has a parametric representation, the first part

is satisfied, and we only consider finding the parametric forms of a quadric curve and

surface. Let us consider a circle defined by a implicit equation 2% +y? — R?> = 0. We
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first factor it into
r-z=(R+y)(R—vy). (1.2)

Rearranging these terms and introducing the parameter ¢, we obtain
r  R-y

pr— prm— 1-3
R+y x (13)

Solving this equation for x and y in terms of ¢ yields z — ty = Rt and tx + y = R.

From these two equations, we get the parametric form of the circle

2Rt R(1—#2)
_ _h=r) 1.4
x o and Yy e (1.4)

The parameterization problem can be solved using another approach. We first select

a fixed point (R,0), and a line passing through this point is
y—at+ Rt =0, (1.5)
where the parameter ¢ is the slope of the line. Substituting ¢(x — R) for y in 22 +
y? — R? = 0, we obtain
2? +t*(x — R)> — R* =0,

and solving for x gives

R(1—t%)

T an x 1+

Substituting z = R into (1.5) yields
y=0.
These two equations x = R and y = 0 are not the parametric form of the circle

R(1-t?)

T into

because they only represent one point on the circle. Substituting x =

(1.5) yields

2Rt
1+t
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R(1-t?)
1-+¢2

2Rt
1+t27

Equations x = and y = which are functions of ¢, trace out the circle,
and therefore they are the parametric form of the circle. These are the same as (1.4)
with x and y reversed.

This approach can be applied to certain higher degree curves but the selection of
the fixed point must be considered. In particular, the selected fixed point must be
singular of the right multiplicity such that except at the fixed point, the line intersects
the curve at only one other point.

For the parameterization of surface, consider a sphere: z? + 3% + 22 — R> = 0. An

auxiliary variable w is introduced:
22 + 1y = w? and w? 4 2% = R?.

Following (1.2), (1.3) and (1.4), we solve these two equations and obtain

2ws w(l — s?) 2Rt R(1—1t%)
xr = ) y - ) w = ) z =
1+ 52 1+ 52 1+1¢2 1+1¢2
Substituting w = ff;g into z and y yields the parametric representation of the sphere
4Rst 2R(1 — st R(1—1t%)
x = = , z2=—".
1rs01+e) YT arsare) 1+ 22

1.3 Summary

This chapter introduced basic ideas about the techniques of CAGD, and its influence
and applications have been emphasized. Furthermore, this chapter considered three
types of representation of curves and surfaces in CAGD system. The conversion
between two most widely used forms, the implicit and parametric forms, was also
discussed. The next chapter will introduce one important technique of CAGD, the

Bézier curve, which is represented parametrically.



Chapter 2

Bézier curves

In 1959, Paul de Faget de Casteljau began to develop a new method for the design of
curves with the aim of making their design intuitive, in order to facilitate interactive
design. Meanwhile, another mathematician, Pierre Bézier also realized the impor-
tance of the computer representation of curves and developed a system in which a
curve is represented as the intersection of two elliptic cylinders. Although his idea
is different from that involved in the de Casteljau algorithm, the result is identical
to the curve constructed using the de Casteljau algorithm. Pierre Bézier’s work was
extensively published and the curve was then named the Bézier curve.

The new concept in the Bézier curve is the use of its control polygon. Since the curve
follows the control polygon in an intuitive way, we can define and modify the control
polygon instead of constructing and changing the curve directly. The de Casteljau
algorithm is introduced in the next section. Then, the parametric form of the Bézier

curve and its important properties are considered.

16
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2.1 The de Casteljau algorithm

The de Casteljau algorithm can be illustrated by a simple construction of a parabola.

Suppose we have by, b1, by € R® and t € R. Construct
bo(t) = (1 —1t)by + thy,
bi(t) = (1 —1t)by + thy,
ba(t) = (1—10)by(t) + tby(t).

Inserting the first two equations into the third one, we obtain

bi(t) = (1—1)%by+ 2t(1 — t)by + t*by.

bo(tzo) bz([: 1)

Figure 2.1: The parabola generated by repeated linear interpolation for ¢ € [0, 1].

As t varies from —o0 to +oo, b3(t) traces a parabola. For ¢ between 0 and 1, b3(t)
is inside the triangle formed by bg, by, bs. This is illustrated in Figure 2.1.

The generation of the parabola involves repeated linear interpolations. This process



CHAPTER 2. BEZIER CURVES 18

can be generalized to construct a polynomial curve with arbitrary degree n. The de
Casteljau algorithm is as follows [19]:

de Casteljau algorithm:

Given by, by, by, ---, b, € R* and t € R,

set

Oi(t) = (1= )0~ (t) + i (1), (2.1)
where 7 = 1,--- ,nand i =0,--- ,n —r. Set b?(t) = b; and b"(t) = by(t), then b3 (¢)
is the point with parameter ¢t on the Bézier curve b".

The vertices by, by, ---, b, are called the control points and the polygon formed by

bo, by, - -+, b, is called the control polygon.

b,(t=1)

Figure 2.2: The cubic Bézier curve b® generated by de Casteljau algorithm for t €
[0, 1].

Figure 2.2 illustrates a cubic Bézier curve b® as t varies from 0 to 1. For ¢ between

0 and 1, b? lies inside the control polygon formed by by, by, b, bs.
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The Bézier curve with arbitrary degree n can be generated by the de Casteljau algo-
rithm, but it is desirable to represent the Bézier curve in polynomial form to facilitate
more detailed theoretical research on it. This requires the Bernstein basis, which is

described in the next section.

2.2 Bernstein basis functions

A Bézier curve can be expressed in terms of the Bernstein basis functions. The

Bernstein basis functions of degree n are defined explicitly by
n ) . )
Bi(t) = (.)tl@ — )" =0, ,n, (2.2)
1
where (T;) is binomial coefficient. In particular,
Bi(t) =1,
and

B} (t)

0, for i¢{0,---,n}.

Some properties of the Bernstein basis functions will be examined here because they
are important for the development of properties of a Bézier curve.

Partition of unity: For any value of ¢,

iB?(t) ~ 1. (2.3)

The proof is

1:[t+(1—t)]":zn:()t’1—t ZB”

=0
Symmetry: It is easy to verify B'(t) = B)_,(1 — 1) from (2.2).

Nonnegativity: For ¢t € [0, 1], each Bernstein basis function is nonnegative. Since
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¢t and (1 — ¢) are non-negative for ¢ € [0,1], and the binomial coefficient (") is non-
negative, the non-negative property follows.
Recursion: The Bernstein basis function with degree n is equal to the sum of two

Bernstein basis functions with degree n — 1,
BI(t) = (1— OB} (1) + 1B (). (2.4)
The proof of (2.4) is

Bi(t) = (Z)ti(l—t)”—i

— (nz— 1)#(1 — )"+ (72’__11)752(1 gy
= a-o ("o (U e
= (1=8)B] (1) +tB)(t).

n

One important application of the Bernstein basis functions is the definition of a
Bézier curve. The point with position vector bf(¢) on a Bézier curve with degree n is

a parametric function of the following form:
by (t) =D biBi (), (2:5)
=0
where b; is the vector of the control point and B!*(t) is the ith Bernstein basis function.

The properties of a Bézier curve can be derived in terms of the de Casteljau algorithm

and Bernstein basis functions. This will be addressed in the next section.

2.3 The properties of a Bézier curve

In this section, some properties of a Bézier curve are examined using the de Casteljau
algorithm and properties of the Bernstein basis functions [19, 25, 28].

Affine invariance: The Bézier curve is invariant under an affine map, that is, let ®
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be an affine map, then

@(i bian(t)> = i D(b;) B} (t).

The de Casteljau algorithm involves a sequence of repeated linear interpolations and
the linear interpolation is invariant under an affine map. Since the Bézier curve
is generated by de Casteljau algorithm, the Bézier curve is invariant under affine
map. This property can also be verified in terms of Bernstein basis functions. The

barycentric combination

b= i Oéibi,
1=0

where b; € R? and ag + - -+ + a,, = 1, is invariant under affine map. From (2.3) and
(2.5), the Bézier curve is the barycentric combination of the control points, and it is
therefore invariant under an affine map.

This property means the following two processes yield the identical Bézier curve. Let

® be affine map:

1. Compute the Bézier curve from the control points {bg, b1, . . ., b, } and then apply

the affine map to the Bézier curve;

2. Apply the affine map to the control points {by, b1, ..., b,} to obtain new control
points {®(by), P(by1),...,P(b,)} and then compute the Bézier curve from the

new control points.

A practical example can illustrate the function at this property. Suppose we want to
generate a cubic Bézier curve by evaluating 100 points and rotate it using an affine

map. Two processes can be implemented:

1. Evaluate 100 points to generate the Bézier curve and then rotate each of the

100 points.
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2. Rotate the control points and then evaluate the resulting function at 100 points

to generate the Bézier curve.

Due to the affine invariance property, these two processes yield the identical Bézier
curve but the first process needs 100 rotations, and the second only needs 4 rotations.
Invariance under affine parameter transformations: In most cases, the Bézier
curve is defined over interval [0,1]. However, the Bézier curve can be defined over
any arbitrary interval [a,b]. If a < u < b, the generalized de Casteljau algorithm is

given by

i) = b )+ ),

and the generalized Bernstein form of Bézier curve is

ZbB” ZbB”( )

Endpoint interpolation: The Bézier curve passes through by and b,,. In terms of the

de Casteljau algorithm, when ¢ = 0, b7 = b/ "', thus b8 = by~' = -+ = b} = b) = by
and when t = 1, b} = b, thus bj = b}"" = -+ =b._, = b) = b,. From the
Bernstein basis functions, bj(0) = by and bj(1) = b,. The endpoints of the Bézier
curve are two important points. For example, for the design of an escalator using the
Bézier curve, it is essential to create a Bézier curve that connects entrance and exit
points of the escalator accurately. This property enables us to have direct control on
them.

Symmetry: The control points by, by, --- ,b, and b,,b,_1,--- ,by yield the same

Bézier curve. The only difference is that the direction of the Bézier curve is revered.

Since Bl'(t) = Bl' (1 —1t),

i bi BI'(t) = i b B (1 —1).
=0 1=0
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This property means that if we want to reverse the direction of the Bézier curve,
we first reverse the order of the control points and then generate the Bézier curve.

Invariance under barycentric combinations: For a 4+ 8 = 1, we obtain

n

> (ab; + Be;) B (L) = o Z b;B*(t) + 3 Z ¢;BI(t).

i=0
This property allows us to generate the weighted average of two Bézier curves in two

ways:
1. Compute the weighted average of corresponding points on the Bézier curves;

2. Compute the weighted average of corresponding control points and then gener-

ate the Bézier curve.

Linear precision: If the control points by, - - - , b,_; are uniformly distributed on the
straight line joining control points by and b, the Bézier curve generated using these
control points is a straight line from by to b,. The proof of this property needs the

relation

n

> %B?(t) —t. (2.6)

i=0
This relation is verified as following:

t = tx[t+ (1 -0
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Thus, the linear precision property can be proved using (2.6). Suppose the control
points by, - - - , b,_1 are uniformly distributed on the straight line joining control points

by and b,,:

bi=(1—3)bo+ibn, i=0,-,n,
n n

then the Bézier curve " generated using this set of control points is

o= zn: b B (t)
=0

- ; ((1 - %)bo + %bn) B}(t)

= b zn: BJ"(t) — by Z %B?(t) + bn Z %B?(t)

=0 =0

= by + (b — bo)t.

Since 0" = by + (b, — bo)t, the Bézier curve b" is a straight line joining the two

endpoints by and b,. Figure 2.3 illustrates this property.

Figure 2.3: Linear precision property: The Bézier curve b* generated using uniformly
distributed control points for ¢ € [0, 1].
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Convex hull: For t € [0, 1], the Bézier curve lies in the convex hull of the control
polygon. We give the definition of the convex hull as follows.
First, the convex set for a set of points is a set that contains the line segment be-
tween any two points in the set. Then, the convex hull is the smallest convex set. In
particular, the convex hull for a set of points zq, x4, - - - , x,, is the set of all convex com-
binations of points xg,x1, -+ ,z,. The convex combination of points xq,z1, -, x,
is

Xy + Q1T + -+ -+ QpTy,

where a; > 0 and ag+ a1 + -+ -+ @, = 1.
The proof of this property is straightforward. Remember the Bézier curve b" =

> b;BMt). For t € [0,1], the Bernstein basis polynomial B}'(t) is nonnegative and
i=0

from equation (2.3), i B(t) = 1. Therefore, for ¢t € [0, 1], the point on the Bézier
curve is the convex colrz(l)oination of control points contained in the convex hull. Figure
2.4 illustrates the convex hull property.

The convex hull property guarantees that the planar control polygon always gen-
erates the planar Bézier curve.
Pseudolocal control: The shape change of the Bézier curve follows the movement
of the control points.
This is the most important property of the Bézier curve. First of all, we can change
the shape of the Bézier curve by moving the control points instead of changing ev-
ery point on the Bézier curve. Furthermore, we can change the shape of the Bézier
curve in a predictable and intuitive way because the Bézier curve follows the control
points. In particular, moving one control point changes the shape of the whole Bézier

curve, which is called global control. This is in contrast with the local control of the
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Figure 2.4: Convex hull property: The convex hull of the control polygon is shaded.
For t € [0, 1], the Bézier curve b* lies in the convex hull of the control polygon.

B-splines, for which moving one control point alters only part of the curve. As Figure
2.5 shows, if we move one control point by from (3,3) to (3.5,4), the whole Bézier
curve follows the movement of the control point bs.

Variation diminishing: If a straight line intersects the Bézier curve n times,
then the line intersects its control polygon at least n times. In other words, the
Bézier curve can intersect a straight line no more times than its control polygon does.

Figure 2.6 shows this property.

The properties of Bézier curves are useful for solving computation problems on
Bézier curves. This is demonstrated in the next section, in which one practical com-
putation problem associated with Bézier curves, the intersection problem of Bézier

curves, is considered.
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Figure 2.5: Pseudolocal control property: (a) ¢t € [0, 1], the Bézier curve b* employs
control points by(1,1), b1(2,3), b2(3,3) and b3(4, 1); and (b) t € [0, 1], the Bézier curve
b® employs control points by(1,1), b1(2,3), b(3.5,4) and b3(4, 1).

2.4 Intersection problem of Bézier curves

The intersection problem of Bézier curves is a fundamental computation problem
in CAGD. Three major approaches for computing intersections of Bézier curves are
Bézier subdivision [35, 66], interval subdivision [34, 45] and implicitization [48]. Bézier
subdivision and interval subdivision use the geometric property of curves, and implic-

itization is an algebraic approach. The following sections consider these approaches.

2.4.1 Bézier subdivision

Bézier subdivision relies on the de Casteljau algorithm for subdividing a Bézier curve
and uses the convex hull property of a Bézier curve to determine the intersection
points.

Subdivision for a Bézier curve was introduced by de Casteljau [13], and proved by

E. Staerk [50]. Subdivision of Bézier curve is the process of splitting a Bézier curve
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Figure 2.6: Variation diminishing property: Two straight lines intersect one Bézier
curve and its control polygon.

into two segments, and each segment forms its own control polygon. It is seen from
Figure 2.7 that a cubic Bézier curve is split to two segments, and for each segment,

the resulting set of control points forms the control polygon of the segment.

In terms of the convex hull property, a Bézier curve lies entirely within the convex
hull defined by its control points. Hence, if the convex hulls of two curves do not
overlap, two curves do not intersect. Therefore, whether two Bézier curves intersect
can be determined by checking if their convex hulls overlap.

Bézier subdivision involves repeated subdivisions and uses the convex hull property to
compute intersection points of Bézier curves. In particular, given two Bézier curves,
Bézier subdivision begins by comparing the convex hulls of two curves. If they do not
overlap, two curves do not intersect. Otherwise, a subdivision algorithm splits each
curve into two segments, and each segment forms its own control polygon. Then, the
convex hulls of segments are checked for overlap, and segments that do not overlap are

rejected. The overlapped segments are then split into new segments by subdivision
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Figure 2.7: Subdivision for a cubic Bézier curve with control points by, b1, by and b3,
for ¢t € [0,1]. The points g, ¢1, g2 and g3 are the control points of the segment of the

original curve from ¢t = 0 to t = %, and the points rg, 1,79 and r3 are the control

points of the segment of the original curve from t = % tot=1.

algorithm, and the convex hulls of new segments are checked for overlap. This process
continues until the new curve segment is approximately linear under certain tolerance.
If two approximately linear segments overlap, their point of intersection is accepted

as an intersection of two curves.

2.4.2 Interval subdivision

Interval subdivision is similar to Bézier subdivision. In particular, given two Bézier
curves, each curve is preprocessed to determine its characteristic points such as ver-
tical and horizontal tangents. The curve is then split at characteristic points into
intervals, and every interval has characteristic points at the endpoints. For each
interval, a rectangle whose diagonal is defined by two endpoints of the interval is

computed such that the rectangle bounds the interval completely. This preprocess is
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illustrated in Figure 2.8.

Figure 2.8: Interval preprocess

Because each interval lies entirely within its bounding rectangle, whether two in-
tervals intersect can be determined by comparing their bounding rectangles. If their
bounding rectangles do not overlap, the two intervals do not intersect. If their bound-
ing rectangles overlap, the intervals are subdivided at the middle value of interval,
and the bounding rectangle of each subinterval is computed for overlap checking. As
this procedure proceeds, each iteration rejects intervals which do not contain inter-
section points. The algorithm terminates when the new interval is approximated by
a straight line within a specified tolerance. If two approximately linear intervals over-
lap, their intersection point is considered an intersection point of two curves. More
details and examples about solving the intersection problem of Bézier curves using

interval subdivision are shown in [34, 45].
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2.4.3 Implicitization

As stated earlier, a curve represented parametrically has a corresponding implicit
form, and the Bézier curve is the parametric curve. In order to solve the intersection
problem of two Bézier curves, one Bézier curve is implicitized to obtain its implicit
form using resultant matrices [46], and then the parametric form of the other Bézier
curve is substituted to its implicit form to yield a single equation. The intersec-
tion problem is solved by computing the roots of this equation. In this case, the
intersection problem of Bézier curves is reduced to finding solutions of a univariate
polynomial equation. Some approaches to compute solutions of polynomial equations
are Grobner bases algorithm [7], homotopy method [27], interval arithmetic [49] and

iterative methods.

2.5 Summary

In this chapter, one important curve representation in CAGD, the Bézier curve, was
introduced. In particular, the de Casteljau algorithm is a process to construct the
Bézier curve with a specified set of control points, and the Bézier curve constructed
in this way can be represented parametrically by the Bernstein basis functions. Some
important properties of the Bézier curve allow it to be easily manipulated in an in-
tuitive way and make the computations associated with it simplified.

Since the Bernstein basis functions are the parametric expressions of a Bézier curve,
computation problems involving the Bézier curve are equivalent to manipulating poly-

nomials defined in the Bernstein basis. In addition, it is demonstrated in [21] that
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the conversion between a Bernstein basis polynomial and its power basis form is ill-
conditioned. Furthermore, in the interval [0, 1], the Bernstein basis is computationally
more stable than the power basis [20], and thus numerical computations performed
in the Bernstein basis should be considered.

It is noted that resultant matrices are widely applied in CAGD. As stated earlier, they
are used for implicitization and intersection problem. Another important problem in
CAGD is to compte the greatest common divisor of two polynomials, which can also

be solved using resultant matrices. This issue is discussed in the next chapter.



Chapter 3

Greatest common divisor

computation

The greatest common divisor (GCD) of two polynomials is a polynomial with the
highest degree that divides both polynomials. The calculation of the GCD of poly-
nomials defined in the power basis is usually considered, and its applications include
image processing [37, 38], control theory [51], computing theory [1] and the computa-
tion of the roots of a polynomial [69]. However, because the Bernstein basis function
is the natural choice for the Bézier curve, and the computation performed in the Bern-
stein basis has computational advantages, it is desirable to consider the computation
of the GCD of polynomials defined in the Bernstein basis. The calculation of the
GCD of Bernstein polynomials is essential and arises in many applications, including
robotics motion planning [8], computer aided geometric design (CAGD) [31, 44] and
computer vision [23, 40].

The major algorithms to compute the GCD of polynomials are Euclid’s algorithm

and resultant matrices. When resultant matrices are used to compute the GCD of

33
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Bernstein polynomials, the form of resultant matrices expressed in the Bernstein basis

must be developed. The rest of the chapter will introduce these algorithms.

3.1 FEuclid’s algorithm

Euclid’s algorithm is known as an efficient method for computing the GCD of two
polynomials symbolically and it involves a repeated sequence of polynomial divisions
[54]. Given two polynomials f (x) with degree m and g(z) with degree n, where

m > n, we assign ¢o(z) = f(z) and ¢;(z) = §(z), and then compute polynomials

do(x), -+, 0m(z) through the sequence
oo(r) = o1(z)q(x) + 02(7),
o1(r) = 02(2)q(r) + d3(2),
dr-1(x) = &,(2)q(7) + 0,11(7),
Om-1(x) = 0m(T)gm(), (3.1)

where ¢,(z) and ¢,,1(z) are the quotient and remainder of dividing ¢,_1(z) by ,(x).

The division sequence continues until a remainder @,,,1(x) vanishes and the GCD of

~

f(z) and g(x) is o, (x).

Example 3.1. Consider two Bernstein polynomials

for = ()a-or+ () a-mrera(3)a-ne+2(])e

= (2 —2)(xz+1)%
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and

gla) = (Z) (1—2)"+ % G) (1— )z + % (;) 22

= (z—-3)(x+1),

whose GCD is () (1 — z) +2(;)z.

~—

Applying Euclid’s algorithm to f () and g(x) yields the division sequence

q

o

) ‘DQJ(f)

f@) = g@) x ,(3 ((1)) (1—2)+ g G) a:)‘—l—r(—Z ((1)) (1—2)— 4@ x)

g2 (z) q2(z)

N

i = ()10 02 30))

Since the remainder of the second equation is equal to zero, its divisor is the GCD

of f(z) and §(x), which is correct because —2(;)(1 — ) — 4(})z is proportional to
()AL —2)+2(;)a O

The next section considers an algorithm using resultant matrices for computing

the GCD of Bernstein polynomials.

3.2 Bézout resultant matrix

As mentioned before, two resultant matrices, the Bézout and Sylvester resultant ma-
trices, are used to solve the implicitization and intersection problems. Furthermore,
the GCD of f(x) and §(z) can also be computed using the resultant matrices [3]. In
this section and Section 3.3, the construction of the Bézout and Sylvester resultant
matrices for Bernstein polynomials is developed and the algorithm that uses them to
compute the GCD of Bernstein polynomials is explained. The formulae that unite

the Bézout and Sylvester resultant matrices for Bernstein polynomials are established
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in [58].

This section considers the Bézout resultant matrix of two polynomials expressed in
the Bernstein basis and the properties that enable it to be used for computing the
GCD of two Bernstein polynomials. The Sylvester resultant matrix defined in the
Bernstein basis is discussed in Section 3.3.

The following construction of the Bézout resultant matrix of Bernstein polynomials
is presented in [5]:

Consider one Bernstein polynomial f(z) with degree m and another Bernstein poly-
nomial §(z) with degree n. It is assumed m > n, and thus the polynomial g(z) is

degree elevated (m — n) times [22]. Then we obtain

=> @B"x) and  §(z) =Y bB"(z)
i=0 i=0
where B!™(x) is the ith Bernstein basis function. The Bézout resultant matrix
B(f.9) = (biy) € R™™ o

f fla )and §(x) is defined by
f(@)g () J; Z%BZ“S B,

i,7=1
which can be rewritten as
> (asb; — abi) B (x) By'(1) = (z — 1) Z biy Bl ()BT (D).
4,7=0 2,7=1

It is shown in [5] that

x Z bi;B"7 ' (2) (z)Bj" 1 (1)

2,7=1

(I+(1—1) ZbZ]B;”f )B™ (1)

7j—1
2,7=1

— 2l Z biy B () ) + Z bija Bl () (1 — 1) By (1),

1,7=1 2,7=1
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and
ZZ bii B () By (1)
i,7=1
= (a: +(1-— x))l Z bi,jBZIl(x)Bﬁzl(l)
i,j=1
= xl Z bi BT () (z) B~ 1)+ Z bij(1—2)B" (x z)IB]" 1),
2,7=1 2,7=1

hence

> (ab; — a;b;) By (x) BY'(1)

i,j=0

S b B (- DB — S b (- ) BI @IBE (D). (3.2)
2,7=1 1,7=1
Since
BIT(@) = ~BI'),
m
m m—j+1,,
a-nBrie = ),
and
m— —1+1 m
(1-2)Bria) = BB (@),
lqul(l) = EB]' (l)v
(3.2) can be rewritten as
> (aib; — a;b) By () By (1)
3,j=0
SN di o om—j+1 S ome—i4+1l
= ”ZI bi,jEBi (x)Tijl(l) - ”ZI bi,jTBzel(f)EBj ().

Equalizing the coefficients of Bm(l) on both sides of the previous relation, we obtain

m

> (aibo — aob;)B Zb“ B (z for  j=0,

1=0
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and
“ A7 A7 m j m m
Z(aibj —Cij )B == szg+1 B Zb’bj Bz 1( )
i=0
for j=1,---,m—1. Therefore, from the above relatlon, the formulae for the entries

of the Bézout resultant matrix of two Bernstein polynomials are

bin = —(abo — &ogi), 1<i<m,
i
m? - . j(m —1)
bijy1 = = (aibj — ab;) + Z—— b, I<i,j<m-—1
J+1 Z(m—])(a i )+Z(m—j) +1,5 LJ>=m
bja1 = m”zj(améj—aji)m), 1<j<m-—1. (3.3)

The Bézout resultant matrix B( 1, g) of f (x) and g(x) satisfies the following properties

[5]:

~

1. The rank loss of B(f, §) is equal to the degree of the GCD of f(x) and j(x).

2. The coefficients of the GCD of f(x) and g(z) can be obtained by reducing

A

B(f,g) to upper triangular form, using the QR or LU decompositions.

These two important properties enable us to compute the GCD of f(z) and §(z)

using the Bézout resultant matrix.

Example 3.2. Consider two Bernstein polynomials

fla) = (3) (1-a)° — %G’) (1—2)% + % @ 2

and
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whose GCD is f(x) because

§(0) = f(2) ((3) (1-o)+ ;G)x>

A

The Bézout resultant matrix of f(z) and §(z) is

5 1 0
1 1 1
. -1 10 -1
B(f,o)=1| * ° i
0 00 0

o s 0§

b -1 04
0 0 00
00007
0 0 00

and thus the degree of the GCD is 3. The coefficients in the last non-zero row of this

matrix vield the GCD
e I 0
(o3 0)

which is proportional to f(z). O

The next section considers the computation of the GCD using another resultant

matrix, the Sylvester resultant matrix.
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3.3 Sylvester resultant matrix

The Sylvester resultant matrix of polynomials defined in Bernstein form is developed
in [61]. Consider two Bernstein polynomials
o m m o )
N4 ) = oymig d b )a— i (3.4
f(z) ;&<z)( )" an Z () )"l (3.4)
whose GCD is of degree d > 0, in which case f(z) and g(x) have one or more common

divisors () of degree one. Let @(x) and ©(z) be quotient polynomials associated with

t(z) and therefore
f(z) = a(2)i(z)  and  g(x) = d(x)i(x), (3.5)

where 4(z) and (z) are given by

-1 1 n—1 n 1
N _ 0, 1 — ) 1-igi d _ s - 1 — )it
u(x) iz:; U < ; )( x) ' and 0(x) 2 0 ( i )( x) x

It follows from (3.5) that f(z)d(x) = §(x)i(z), which can be written in matrix form

as
() o (2) () :
ar () bi () o ("7Y)
ao(y) - bo(y) 0
D™ a () bi(}) Y () I , (3.6)
am (1) on () : —ao (") 0
I am () bn () | | =t (203) | 0]
where D71 is
D-l — d 1 1 1 1 3 7
BTNy T oD G ) (3.7)
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Let T(f, g) and p(4,v) be given by

and

~ m—1
—Um—1 (mfl)

in which case, (3.6) can be expressed as

DT(f, 9)p(a, ) = 0,

41

(3.9)

(3.10)

where D=1 is defined in (3.7), and T'(f, §) is the Sylvester resultant matrix when f(z)

and j() are expressed in the scaled Bernstein basis [57]. If f(x) and §(x) have a non-

constant common divisor, there exists a solution of p(t, 0) satisfying (3.10) and thus

the determinant of D™YT'(f, §) vanishes. Therefore, the determinant of DYT(f, §) is

a resultant of f (z) and g(x), and the Sylvester resultant matrix is

S(f,5) =D7'T(f,9).

(3.11)
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Similarly, it is shown in [61] that the Sylvester resultant matrix S(f,§) of f(z) and

g(x) satisfies the following properties:
1. The rank loss of S(f, g) is equal to the degree of the GCD of f(x) and g(z).

2. The coefficients of the GCD of f(x) and g(z) can be obtained by reducing

S(f, §)T to upper triangular form, using the QR or LU decompositions.

These important properties establish the relation between the Sylvester resultant

matrix and the computation of the GCD of two polynomials.

Example 3.3. Consider two Bernstein polynomials

o) = 6((2))(1 o) +%®(1 _ o)z 2@:@2,
() (1—2) (?)(1—:)&)2x+1—;(2)(1—x)x2+4(§)x3,
f(@)

whose GCD is

and
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The transpose of the Sylvester resultant matrix S( 1, g) of f () and g(z) is

(6 7 2 0 0|[10000]
06 7 20 04 000
SHa" = oo 6 7 20|00 00
619 16 4 0|[0 00 L0
(06 1916 400001
(6 7 L 0 0]
05 § 30
= (00 1 I 2
6 2 2 10
[0 5 § 44

The reduction of S(f,§)” to row echelon (upper triangular) form yields

1 00

(Sl

3
010 -3 -4
o001 I 2/,
000

0
000 0

and the coefficients in the last non-zero row of this matrix yield the GCD,

@ (1— 2)%2 + Z (;‘) (1 2)2* +2 @ 2
. (6@(1 ) +%G)(1 —x)a:+2(§)m2) |

Deletion of the extraneous factor 22 yields the GCD, f (x). O

The next section considers the Sylvester subresultant matrices because the de-

gree of the GCD of polynomials can be determined by calculating the ranks of the
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Sylvester subresultant matrices.

3.3.1 Sylvester subresultant matrices

In this section, we consider the Sylvester subresultant matrices defined in the Bern-
stein basis. A subresultant matrix of the Sylvester resultant matrix is similar to the
Sylvester matrix but it has fewer rows and columns. The Sylvester subresultant ma-
trices expressed in the power basis are considered in [64].

It is assumed that two Bernstein polynomials f(z) and §(x) defined in (3.4) have a
GCD of degree d > 0, and thus they possess a common divisor of degree k, where

1<k<d. Therefore, there exists a polynomial dk(:c) of degree k such that
fx) = t(w)di(z)  and  §(z) = d(x)di(2), (3.12)

where the quotient polynomials 4 (z) and 0x(z) are
m—

k
. . m—k m—k—i_ i
ug(r) = u;H( ; )(1 — ) k=it

3 s
x> O

Op(x) = U j (n B k) (1-— x)”_k_ja:j,

j=0 J

respectively, and the common divisor polynomial dj, (x) is

du(z) = gdkﬂ- (f) (1= 2)k—igi

3.12) that fo, = §dy, that is,

—~

It follows from
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and the expression for the coefficients of the product of two Bernstein polynomials

yields an expression for each coefficient of the product [22],

miinf’r) a; (T) o (" k
(m+n—k> kyr—j r—j

j=max(0,r—(n—k)) T

min(m—k,r) Br_ . (Tﬁ ) ok
- Z <<mj—n—k:])>akd< ] )7 TZO,...,m+n—k.

j=max(0,r—n) r

It follows that the homogeneous equation

o ('y) bo(5)
a1 (7) bi(})
o (%) : bo(5)
D | s () () baa(,) () |
i (™) ' ba ;)
am-1(,") bu-1(," )
_ () () |
e | [o]
k(i) | |0
io("Y) | o]
| k() | [0 ]
where
1 1 1 1

Dlzl = dlag (m+n—k) (m—l—n—k) Tt ( m+n—k ) (m-l—n—k
m+n—k—1 m+n—~k

)

(3.13)

. (3.14)
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and D;' = D7! defined in (3.7) is attained. Let Tk(f, g) and pg(ug, 0) be given by

o (7)) bo ()
a1 (7) b
o ('y) : b ()
T, 9) = | ama (™) - @) baa(y) o ()| (3:15)
im (7) n ()
1 () c b ()

and

~ n—k
A Uk,nfk(n_ )
pk(uk, ’Uk) = k s (316)

~

—a0("")

— U m—k (:Z:];z)

where Ty, (f,§) € ROmEn—ktD)x(min=2k42) and p, (i, 0,) € R™=2542 pegpectively.
Equation (3.13) is rewritten as
(D,;lTk(ﬁ g)) prle, o) =0,  k=1,...,min(m,n), (3.17)
and the kth Sylvester subresultant matrix is
Sk(f,§) = Dy 'Ti(f, §) € RUmtn=hit)x(mim=2ks2), (3.18)
where D! is defined in (3.14) and Ty(f,§) is defined in (3.15). The coefficients of
f(x) occupy the first (n — k+1) columns, and the coefficients of §(z) occupy the last

~

(m —k + 1) columns, of Sk(f, g), and Sk(f, §) is square and reduces to the Sylvester
matrix if k =1, Sy(f,§) = S(f

£.9). It k > 1, the number of rows of Si(f, §) is greater
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than its number of columns.

If f(z) and j(z) have a common divisor of degree k > 1, then (3.17) possesses a
solution, and Sy(f,§) must be rank deficient. Therefore, if f(x) and §(x) have a
common divisor of degree k > 1, the rank of Sk(f, g) is less than (m +n — 2k + 2).
Now assume that the rank of Si(f,§) is less than (m + n — 2k + 2), from which it

follows that one or more of its columns are linearly dependent on the other columns.

Therefore, there exist constants hy, ..., P n—k, @0, - - - » Go,m—k, DOt all zero, such that
n—k m—k
Z P icr,i — Z Gk, jdr,; =0, (3.19)
i=0 Jj=0

where ¢;;,% = 0,...,n —k, and dy;,j = 0,...,m — k, are the vectors of the first

~

(n—k+1) and last (m — k + 1) columns of Si(f, §), respectively. If the polynomials

hi(z) and gi(x) are defined as

n—k

n—k o

hk(l’) = E hk,z( ; )(1 — x)nfkfzxa
=0

and

q(r) = mzk%,j (mj_ k) (1 —a)" " al,

J=

respectively, then (3.19) states that

hi(2) f (x) = au(2)g(x). (3.20)
One important theorem associated with (3.20) must be introduced here.
Theorem 3.1. Let f(z) and §(z) be polynomials of degrees m and n respectively,

and let Ozk(a:) be a polynomial of degree k. There exist polynomials hy(x) and q(x),

of degrees n — k and m — k, respectively, that satisfy (3.20), if and only if dy,(z) is a
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common divisor of f(x) and §(x).
Proof. 1f dj,(z) is a common divisor of f(z) and §(z), there exist polynomials hy(z)
and gi(x) such that

f(x) =q(x and = = hy(x
i) qr(z) i) (),

and (3.20) follows.

Conversely, assume (3.20) holds such that, without loss of generality, hx(z) and g (x)
are coprime. (If these polynomials are not coprime, any common divisors can be
removed.) It follows that since hx(z) is of degree n — k and g(x) is of degree n, every
divisor of hg(z) is also a divisor of §(z). There therefore exists a polynomial dy 1 ()

of degree k such that

§(x) = hy(z)dg1(x), (3.21)

f(z) = qr(z)di 2 (), (3:22)
where dj,5(x) is of degree k. The substitution of (3.21) and (3.22) into (3.20) shows

that dAkl(a:) = 02;672(;5), and thus the result is established. O

It follows from Theorem 3.1 that (3.20) shows that f(z) and §(z) have a common
divisor of degree k. Therefore, if the rank of Si(f,§) is less than (m +n — 2k + 2),
then f(x) and §(z) have a common divisor of degree k.

From the above discussion, the main theorem is now established.

Theorem 3.2. A necessary and sufficient condition for the polynomials f(x) and
§(z) to have a common diisor of degree k > 1 is that the rank of Sk(f,§) is less than
(m+n —2k+2), where Sk(f, g) is defined in (3.18).
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Since the degree of the GCD of f(x) and g(x) is d > 1, these polynomials possess
common divisors of degree 1,2, ..., d, but they do not have a common divisor of degree
d+1. Therefore, from Theorem 3.2, the rank of S( f ,§) can be used to calculate the
degree of the GCD of f(z) and §(z):

~

rank .S, f,f] <m+n-—2k+2, k=1,...,d,
k(f: ) (3.23)

rankSk(f,§)=m+n—2k+2, kzcﬁ—l,...,min(m,n).
Thus, the determination of the degree of the GCD of f () and g(z) reduces to the

calculation of the ranks of the subresultant matrices Sk(f, 9),k=1,...,min(m,n).

Example 3.4. Consider two Bernstein polynomials

fla) = 4(3)(1 — )’ +4G’)(1 —x)2x+3(2)(1 — 2)2? +2(g)x3

= (@-2)(x+1),

9 = (s QJo-s-36

whose GCD is of degree 1. The subresultant matrices Si(f,§), k = 1,2, of f(z) and

and



CHAPTER 3. GREATEST COMMON DIVISOR COMPUTATION 50

g(x) are
10000 4 0 1 0 0
01 000 12 4 -3 1 0
S(f9) = oo tool]|9 12 -1 -1 1
0001210 2 9 0 -3 -4
(000010 2 0 0 —5]
40 1 0 0
31 - 1 0
— 5x5
=32 -% % §|<®”
RIS
02 0 0 —f |
and
1000 4 1 0 4 1 0
A 0300 12 -5 1 4 -1 1
Sa(f.g)=1] ° : = © 0| eRY
00210 9 -1 -1 3 -1 -1
0001 2 0 —1 2 0 -1

where Sl(f, g) = S(f, g). Reducing Sl(f, g) and Sg(f, §) to their row echelon forms,
we obtain rank Sl(f, g) = 4 and rank Sg(f, g) = 3, and thus Sl(f, g) is rank deficient

and Sg(f, g) is of full rank, which implies that the degree of the GCD is 1. U

This section introduced the conventional forms of the Sylvester resultant matrix
and its subresultant matrices. However, new forms of the Sylvester resultant matrix
and subresultant matrices can be developed with the inclusion of a diagonal matrix,
which are considered in the next section. It will be shown in the following chapters

that the new forms of the Sylvester resultant matrix and subresultant matrices yield
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significantly better results than their conventional forms with respect to the determi-
nation of the degree of an approximate GCD, which will be explained in Sections 4.3
and 4.4, and a structured low rank approximation of the Sylvester resultant matrix.
The explanation for the superiority of the new forms of the Sylvester resultant matrix

and subresultant matrices is considered in Section 6.3.

3.4 A new form of the Sylvester resultant matrix

This section considers another form of the Sylvester resultant matrix. In particular,
this new form is obtained with the inclusion of a diagonal matrix, which is discussed
in the following.

The vector p(a,v) defined in (3.9) can be written as

p(u,v) = Qr(a,v), (3.24)

where
Q=diag | ("1 .. (N (N L (M) e RmFnx(min) = (3 95)

and
r(6,0) =0y -+ Buq —to - —fmg || € R (3.26)
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where D! is defined in (3.7) and T'(f, §) is defined in (3.8).
Since () is non-singular, it follows that
degGCD(f,Q) = m—l—n—rankS(f,g)
= m+n—rank D7'T(f, §)
= m+n —rank DilT(f, 9)Q, (3.27)
and thus
S(f,9)Q =D7'T(f.9)Q, (3.28)
satisfies the rank loss property of the Sylvester resultant matrix. The second property
- the computation of the GCD coefficients from the QR or LU decomposition of
(S(f, Q)Q)T = QS(f, g)T - follows because @) is a diagonal matrix that scales the

rows of S( 1, §)T, and thus S( 1, 9)Q is also a resultant matrix. These two properties
allow S(f, §)Q to be used to compute the GCD of f(x) and g(z).

Example 3.5. Consider two Bernstein polynomials

@) =2 (3) (1—2) + % G) (1—2)% — % G) (1—2)2? — g @ .

and
o) = () a-ar+ (3 a-ae -5 (5)

whose GCD is g(z) because
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The transpose of the Sylvester resultant matrix S( 1, 9)Q is

10000||24 -3 -2 0|]|10000
01000 02 4 -2 % 0+ 000
QS 9" = oo 1o0o0||1L -2 0o of[|lo02Lo0o0
oooz2o0|j01 L -2 o0ofl]l0oO0OO0OZ1O
(0000100 1 5 =2][0000 1]

(21 -1 2 o]

0% 3 -t

= |15 -3 0 0

03 &30

(00§ -

The reduction of QS(f, §)T to row echelon (upper triangular) form yields

21 -3 =2 0
0 3t
00 -1 - 3]
00 0 0 0
(00 0 0 0]

and the coefficients in the last non-zero row of this matrix yield the GCD,

-2 @ (1o - @ (1) 4 @ o
— 32 ((3) (- G) (1 —a)a @x?) .

Deletion of the extraneous factor —3z? yields the GCD, g(z). O

Example 3.5 shows that the degree of the GCD of f () and g(x) is equal to the

rank loss of their Sylvester matrix S( 1, §)@ and the last non-zero row of an upper
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triangular form of S(f,§)Q yields the coefficients of the GCD.

In this section, we introduced the matrix S( f , §)Q and explained that it satisfies the
properties of the Sylvester resultant matrix. Therefore, S( 1, §)Q can be considered
another form of the Sylvester resultant matrix. The subresultant matrices of this

modified form of the Sylvester matrix are discussed in the next section.

3.4.1 The subresultant matrices of the modified Sylvester

matrix

This section considers the subresultant matrices of the Sylvester resultant matrix
S(f,9)Q-
The vector py(iy, vx) defined in (3.16) can be written as

i (g, Ox) = Qpry(ly, O), (3.29)

where Qk c R(m+n—2k+2)x(m+n—2k+2)7
— ;i n—k n—k m—k m—k
@ =diag | ("7) - (5) (") - G | (3.30)
and
Pl O0) = [ O -+ Ok —lko o —lgmop || € RTTTTHTE(331)
and thus it follows from (3.17) that
Si(F el i) = (DF'T(.9) ) pline, 1)
= <D 'Ti(f. g Qk) 7 (g, Or)
0.

Sk(f Qk;) (U, Ok

(3.32)
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Since ;. is non-singular, the rank of Sk(f, §) equals to the rank of Sk(f, §)Q. There-

fore, it follows from (3.23) that

rank .S, A,AQ <m+n-—2k+2, k:1,...,d,
k(f59)Qxk (3.33)

A~

rankSk(f,g)Qk=m+n—2k+2, k=d+1,...,min(m,n).

Therefore,

Se(f. 9)Qx = D' Tu(f. ) Q. (3.34)
satisfies the property of the Sylvester subresultant matrices, and the degree of the
GCD of f(x) and §(z) can also be determined by calculating the ranks of the subre-
sultant matrices Sk(f, §)Qr, k=1,...,min(m,n).

The coefficients of f(z) occupy the first (n — k + 1) columns, and the coefficients
of g(z) occupy the last (m — k + 1) columns, of Sk(f,§)Qk, and when k = 1,
Sk( 1, §)Qy is square and equals to the Sylvester resultant matrix S( 1, §)Q, that is,
Si1(f,9)Q1 = S(f,9)Q. If k > 1, the number of rows of Si(f,§)Qx is greater than its

number of columns.

Example 3.6. Consider two Bernstein polynomials

flz) = 2((2)) (1—2)*+ % G) (1—2)z
= (z-2)(x—-1),

g(x) = 2(3) (1—2z)+ 3(?) (1—2)%+ 4(2) (1—2)z + 4@)373

= (z-2)(x+ 1)

and

whose GCD is of degree 1. The subresultant matrices Sk(f, §)Qk, k = 1,2, of f(x)
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and g(z) are

0+ 000|120 9 2 02000
S = oo too|l]|o1 212 9 00100
0004 0[|001 4 12[[00010

[\
@]
@]
[\
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=
—
[a=)

e}

5%5
e R>*°,

o o o
o (@n) W[
[ N R L
@) (\]
i~ W Nlw NI

and

100
. 0+ 00 129
So(f,9)Q2 = 010
00 3 0 01 12
00 1
000100 4
2 0 2
1 2
_ |78 | eree
0 % 4
00 4

where Sl(f,g?)@l = S(f,Q)Q. Reducing Sl(f,f])Ql and Sg(f,f])Qg to their row
echelon forms yields rank Sl(f, §)Q1 = 4 and rank Sg(f, §)Q2 = 3, and therefore
S1(f,9)Q1 is rank deficient and Sy (f, §)Q» has full rank, which implies that the de-
gree of the GCD of f(x) and g(z) is 1. d
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3.5 Summary

This chapter has introduced two classical methods, Euclid’s algorithm and resultant
matrices, to calculate the GCD of two Bernstein polynomials. It was also shown in
this chapter that the degree of the GCD of two Bernstein polynomials can be deter-
mined by computing the ranks of the Sylvester subresultant matrices. Examples have
shown that they provide an unambiguous and correct result in a symbolic computing
environment when Bernstein polynomials are specified exactly.

When these methods are implemented in a floating point environment, however,
roundoff error may suggest that a resultant matrix is non-singular, even if it is
theoretically singular, and an example of this phenomenon is shown in [64]. This
computational problem is more apparent when data errors, which are usually much
larger than roundoff error, are present. The problem caused by data errors for GCD

computations will be shown in the next chapter.



Chapter 4

GCD computation in the presence

of noise

Chapter 3 introduced Euclid’s algorithm, and the Bézout and Sylvester resultant ma-
trices, to compute the GCD of two Bernstein polynomials symbolically. However, in
practical applications, the GCD computation is performed in a floating point envi-
ronment, and polynomials are not often specified exactly due to data errors generated
from previous computation. Because polynomials are often perturbed by data errors
such that inexact forms are usually specified, it is necessary to consider the effect of
data errors on GCD computations. In particular, minor noise applied to the coef-
ficients of polynomials makes their inexact forms coprime such that computing the
GCD of polynomials from their inexact forms is an ill-posed problem, and this phe-
nomena will be shown in Section 4.2.

This chapter first introduces the addition of noise to the coefficients of a Bernstein
polynomial to obtain an inexact form, and then the computation of the GCD of two

exact polynomials from their inexact forms, using the three algorithms described in

o8
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Chapter 3, in a floating point environment, is discussed.

4.1 Addition of noise

The Bernstein polynomials f(z) and §(z) are defined in (3.4), and noise perturbs
f(z) and §(x) to inexact forms f(z) and g(z). Noise da; and 6b; is added in the

componentwise sense to the exact coefficients d; and b, of f(z) and §(x), and thus the

coefficients a; and l;j are perturbed to a; +da;, 2 =0, ..., m, and 67' —1-513]-, 7=0,...,n,
respectively,

a; + 6a; = a;(1 + rie.) and Ej + (5?)]- = I;j(l + rige), (4.1)
where r; and r; are uniformly distributed random variables in the range [—1,..., +1],

and 1/e. is the upper bound of the componentwise signal-to-noise ratio. It follows

from (4.1) that

1 < ’af‘ and 1 < ’bf’ :
Ee ‘5@1‘ Ec ‘563’
for i = 0,...,m, and j = 0,...,n. Therefore, the coefficients a; of f(x) and l;j

of g(z) are replaced by the coefficients of their inexact polynomials f(x) and g(z)

respectively,

di—>di(1+ri€c)a i:O,...,m,

[A)j—>i)j(]_+’l“jéfc), j:O,...,n,

and the inexact polynomials f(x) and g(z) are

fz) = iai (m) (1-2)""  and  g(z) = ibj (”) (1—2)" 2. (4.2)

- 7
=0
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In this thesis, we set the componentwise signal-to-noise ratio e, ! equal to 10® because
this level of signal-to-noise ratio is typical in practical examples [63, 64].

The next section considers the computation of the GCD of f(z) and §(z) from their
inexact forms f(z) and g(z), using Euclid’s algorithm, and the Bézout and Sylvester

resultant matrices, in a floating point environment.

4.2 Computation of GCD of polynomials from their
inexact forms

This section considers computing the GCD of the polynomials f () and g(z) from
their inexact forms f(x) and g(z) defined in (4.2), using Euclid’s algorithm, and the
Bézout and Sylvester resultant matrices in a floating point environment.

Euclid’s algorithm

Section 3.1 described Euclid’s algorithm in a symbolic environment. However, when
Euclid’s algorithm is implemented in a floating point environment, the vanishing re-
mainder termination criterion is never satisfied precisely due to round off error gener-
ated in each division. Therefore, more concern should be given to the implementation
of Euclid’s algorithm in a floating point environment.

One reasonable termination criterion of Fuclid’s algorithm performed in a floating
point environment is to test the norm of remainder ||@g,,;|| at each division against
a prescribed tolerance €. If ||@,, || is less than the tolerance e, the division sequence
stops and ¢,(z) is the GCD of polynomials. However, it is shown in [53] that the

remainder norm experiences dramatic and unpredictable changes at each division and
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thus its comparison with a specified tolerance € is not a reliable indicator for termi-
nating Fuclid’s algorithm.

An approach based on Euclid’s algorithm to calculate the GCD of two Bernstein
polynomials is presented in [53]. Given two Bernstein polynomials f (x) and g(x), the
approach firstly normalizes the coefficients of each polynomial by the Ly norm of its
coefficients, ||P||. The square of the Ly norm of the polynomial coefficients, || P||?, is

given by

IPIE= 50 (()())

i=0 j=0 \itj

crer, (4.3)

where n is the degree of polynomial, (Z) is the binomial coefficient, and C7} is the
coefficient of polynomial.
Then, the approach in [53], applies the division sequence (3.1) to f(z) and g(z). At
each division, instead of comparing the remainder norm with the specified tolerance
¢, the approach divides f(z) and §(z) by ¢,(z) respectively

fx) = a(@)o, (@) +r(z),

9(x) = @(z)o(z) + ra(z).
If both remainder norms, ||| and ||rs|| are less than a specified tolerance e, the
division sequence stops and ¢,(x) is the GCD of the polynomials. The reason is that
the divisor g, () at each division is a candidate GCD of f(z) and §(x), and therefore

the divisor ¢,(z) that divides both polynomials with remainders whose norms are

sufficiently small is the GCD of polynomials.

Example 4.1. Consider the Bernstein forms of the exact polynomials

fz) = (z—0.17)*x —0.56)*(x — 0.72)?,
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and
g(z) = (z—0.17)%* —0.35)*z — 0.91)%,

whose GCD is of degree 3.

Because of noise, the coefficients of f(z) and §(z) are not specified exactly. Therefore,
adding noise with componentwise signal-to-noise ratio ;' = 10® to the coefficients
of f(z) and §(x), we obtain their inexact forms f(z) and g(z). Applying Euclid’s
algorithm described above with tolerance ¢ = 1078 to f(z) and g(z) yields the result
shown in Table 4.1. It is seen from Table 4.1 that the algorithm stops at stage 10,

and yields the GCD of degree 0, which implies that f(z) and g(x) are coprime.

Table 4.1: Remainder norms on dividing f(z) and g(x) by ¢,(x) in Example 4.1.

Stage Divisor Degree |71 ]| ||r2]|
1 9 0.8442 3.7396 x 10717
2 8 0.2512 1.9233
3 7 4.1573 x 103 2.0070 x 103
4 6 0.1906 0.1880
D 5 0.0117 1.2119
6 4 0.0043 0.0246
7 3 3.1435 x 1074 0.0011
8 2 0.0027 8.4693 x 107°
9 1 1.6985 x 10™°  6.1524 x 10~°
10 0 0 0

4

This example shows that when the coefficients of f (x) and g(x) are perturbed
by noise, Euclid’s algorithm fails to compute the GCD of f(z) and §(z) from their
inexact forms f(z) and g(x) because minor noise makes f(z) and g(x) coprime. In

addition, even if Euclid’s algorithm is applied to polynomials in the absence of noise,
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the result obtained is dependent on the selection of the tolerance because of roundoff
error.

Next, we consider the computation of the GCD of polynomials in the presence of
noise, using the Bézout and Sylvester resultant matrices. As stated earlier, given two
polynomials, the rank loss of their resultant matrices is equal to the degree of their
GCD. However, for the GCD computation using the resultant matrices performed
in a floating point environment, in most cases, a row of a matrix will never vanish
identically, because of roundoff error, and thus we adopt a method that observes the
variation of normalized singular values of the resultant matrices in order to determine
the degree of the GCD [11, 15, 26]. In particular, given a matrix A € R™*" where

m > n, applying singular value decomposition to the matrix A obtains
A=USV,

where U € R™*™ is an orthogonal matrix, V' € R™*" is an orthogonal matrix, and

S € R™*"™ has the form

g1 0 0
0 ()] 0
0 O On
0O O 0
O 0 ... 0
The singular values of the matrix A are o;,7 = 1,...,n, which are non-negative

elements in descending order:
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Since the orthogonal matrices U and V' are non-singular, rank A = rank S. Therefore,

if rank A = r < n, then
012092 ...20,>0,41=0p49=...=0,=0.

Thus, the rank of the matrix A can be determined by counting the number of its
non-zero singular values. However, when we apply singular value decomposition to
the matrix A in a floating point environment, all of the singular values of the matrix
A are not equal to zero due to roundoff error. But o,,1,0,49,...,0, are very small

and approximately equal to zero, that is
012092 ...20, > 0,1 R Oax...x80, ~0.

Because o, > 0 and 0,11 = 0, there exists a significantly large change between these
two successive singular values. Therefore, the rank of the matrix A is equal to the
value of ¢ for which the significantly large change between two successive singular
values o; and 0,41 occurs.

Bézout resultant matrix
Example 4.2. Consider the Bernstein forms of the exact polynomials
f(z) = (z—0.36)*x —0.79)%(x — 1.46)%,
and
g(z) = (r—0.36)*(xz —0.95)*(z — 1.46)°,

whose GCD is of degree 5.

Noise with componentwise signal-to-noise ratio 10® is added to the coefficients of f (x)
and g(x) to obtain their inexact forms f(z) and g(z), and then the Bézout matrix
B(f,g) is computed.

Figure 4.1 shows the normalized singular values of B(f, g), and it is seen that B(f, g)
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is of full rank, which implies that f(x) and g(x) are coprime.

Figure 4.1: The normalized singular values of B(f,g) for Example 4.2.

Sylvester resultant matrix

Example 4.3. Consider the Bernstein forms of the exact polynomials
fz) = (z—043)"(z+0.93)%(z + 1.47)°(z — 1.39)*,
and
g(r) = (v —043)°(z —0.93)*(z + 1.47)*(x — 1.89)*,

whose GCD is of degree 7.

Noise with componentwise signal-to-noise ratio 108 is applied to the coefficients of
f () and g(x) to obtain their inexact forms f(z) and g(z), and then two forms of the
Sylvester matrix S(f,g) and S(f, )@ are computed.

Figures 4.2(a) and (b) show the normalized singular values of S(f,g) and S(f,¢)Q
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respectively, and it is seen that both S(f,g) and S(f,¢)Q are of full rank, which

implies that f(z) and g(z) are coprime. O

log 10 G / o,

Figure 4.2: The normalized singular values of (a) S(f, g) and (b) S(f, g)@ for Example
4.3.

These two examples associated with the Bézout and Sylvester resultant matrices
show that when noise is present such that polynomials can not be specified exactly, the
Bézout and Sylvester resultant matrices fail to calculate the GCD of polynomials from
their inexact forms because minor random noise makes their inexact forms coprime.
It is seen from the above examples that if the exact Bernstein polynomials have a non-
constant GCD, their inexact forms are coprime with high probability, which makes
the computation of the GCD of Bernstein polynomials an ill-posed problem. In this
circumstance, the inexact Bernstein polynomials f(x) and g(z) have an approximate
greatest common divisor (AGCD) because they are near their theoretically exact
forms, f (x) and g(x) respectively, which are not coprime. Therefore, the GCD
of exact Bernstein polynomials is an approximate common divisor of their inexact

polynomials. The AGCD is considered in the next section.
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4.3 Approximate greatest common divisor

This section discusses an AGCD of inexact polynomials f(z) and g(z), and it will
be shown that it differs from the GCD of their exact forms, f(z) and §(z).
It is assumed that f(z) and §(z) have a non-constant GCD, and their inexact forms

f(x) and g(z) respectively,
flo)=Ff@)+f(x) and  g(x)=g(z) +64(x),
are coprime, that is
d=degGCD(f,5) >0 and  deg GCD(f,g) =0, (4.4)
and
d = deg AGCD(f, g) > 0. (4.5)

It follows from (4.4) and (4.5) that the computation of the GCD of f(z) and §(z) is an
ill-posed problem because random noise imposed on one or both of these polynomials
causes the resulting polynomials f(x) and ¢g(z) to be coprime. However, these inexact
polynomials are near their theoretically exact forms, which are not coprime, and
thus f(z) and g(z) possess an approximate common divisor h(x), that is, h(z) is a

polynomial that divides f(x) and g(z) with a small error in each division,
f() = qu(@)h(z) + ri(2) and  g(r) = qa(z)h(z) + 12(2),
where ||r1]] < ||g1h]| and ||r2]] < [|g2h]|-
The GCD of f(z) and §(z) is a function of the roots of these polynomials, and an

AGCD of f(z) and g(x) is a function of the roots of these polynomials, but both

these common divisors are independent of arbitrary scalar multipliers that can be
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applied to the polynomials. They therefore satisfy
GCD(f,§) = GCD(mf,72§)  and  AGCD(f,g) = AGCD(sf,749),

where V1,72, 73, V4 € R\O

The GCD of f (x) and g(x) is unique up to a non-zero scalar multiplier but an AGCD
of f(x) and g(x) is not unique. For example, it can be defined as the common divisor
polynomial of maximum degree, assumed to be unique, when the magnitude of the
perturbations applied to the coefficients of f(x) and g(z) is specified, or the common
divisor polynomial, assumed to be unique, obtained when the perturbations of the
coefficients of f(x) and g(z) have minimum magnitude, such that the degree of the
common divisor polynomial is specified. It follows that there are several definitions
of an AGCD in [11, 15, 32, 33, 42]. Each of those definitions formulates the concept

with some of the three characteristics as follows [68]:

(a) Nearness: An AGCD is the GCD of another set of polynomials near the given

ones.

(b) Max-degree: The AGCD has the highest degree among those polynomials sat-

isfying nearness.

(¢) Min-distance: The AGCD minimizes the distance between another set of poly-

nomials and the given ones as mentioned in (a).

Each of these definitions is valid, and the definition used depends on the problem to
be solved.
The computation of an AGCD of inexact Bernstein polynomials is rarely considered.

However, substantial works have been spent on developing algorithms for calculating
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an AGCD of inexact power polynomials. It is shown in [4, 32, 39, 43] that modifica-
tions of the Euclidean algorithm are used in order that it can be applied to floating
point numbers. In addition, the QR factorization is considered in [12, 67]. For ex-
ample, the approach in [67] involves the QR decomposition of a matrix derived from
the Sylvester matrix of two polynomials, and an incremental condition estimator is
used to determine the last non-zero row of the upper triangular matrix R in the QR
decomposition. Furthermore, optimization strategies are used in [9, 33]. For example,
the approach shown in [9] formulates and solves a nonlinear least squares problem
to determine the coefficients of an AGCD), assuming that an estimate for its degree
is available. Finally, structured matrix methods involve constructing the resultant
matrices of polynomials and computing the structured low rank approximations of
the resultant matrices, which yield an AGCD of the polynomials [36, 52, 59, 60].
One algorithm for computing an AGCD of inexact power polynomials used by Zeng
is now described [68]:

For any power polynomial

I(z) = f:l;x’,
its kth convolution matrix is -
. : -
h
Cr(l) = b € RMHAHIXGHD - =01, -
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For any polynomials p(z) and ¢(z) of degrees j and k respectively, if iz(x) p(z)q(x),

then

h = Cy(p)a = C;(9)p,
where h, p and § are the vectors containing the coefficients of polynomials iz(x), p(x)
and ¢(z).

Consider two exact polynomials f(z) and §(z)

n

flz) = Z a;x’ and  g(z) = bt
=0

§=0
which have a non-constant common divisor cik(a:) of degree k. Therefore, there exist

quotient polynomials 1 (z) and 0g(z) such that

f(z) = x(z)dp(z)  and  g(z) = Op(2)dp(2),

where
m—k n—k
Ug(x) = G ;0" and  Og(z) = Z@kzxz
i=0 1=0

Then a quadratic system can be established, that is

F(z) =D, (4.6)
where
rfd, — 1 dy 0
F(z)=| Cy(ap)d |» 2=|te |, b=]F (4.7)
Cro (1) i Vi g

The vector r in (4.7) is a scaling vector and r is the Hermitian adjoint of r. The
vectors f, g, i, Vi and dy store the coefficients of the polynomials f(x), g(x), ug(z),
() and dy(z), and (4.6) is solved for @iy, ¥y and dy.

However, when their inexact polynomials f(z) and g(z) are specified, (4.6) is replaced
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by the approximation

because f(z) and g(x) are coprime. The vectors F(z), z and b are given by

I‘Hdk —1 dk 0
F(z) = Crlug)dy | - Z= | ug |> b=|f]. (4.9)
Cle(vr)dx Vk g

In this algorithm, di(z) is an AGCD of the inexact polynomials f(z) and g(z) with
tolerance € > 0, if di(x) is of the highest degree k along with quotient polynomials
ug(x) of degree m — k and wvg(z) of degree n — k that form z in (4.9) satisfying
| F(z) =D [2<e.

As stated earlier, if two polynomials have a non-constant common divisor of degree
k, their kth subresultant matrix is rank deficient. Since the inexact polynomials f(x)
and g(z) are coprime, their subresultant matrices are all of full rank. This algorithm
computes the smallest singular value oy, of the kth subresultant matrix Si(f, g). When
o < eV/2k + 2 occurs, the algorithm assumes S (f, ¢) is close to be rank deficient and
thus there is a possibility that f(x) and g(z) have an approximate common divisor
of degree k within tolerance €. The algorithm proceeds as follows:

Consider two inexact polynomials f(z) of degree m and g(x) of degree n, where it is
assumed m > n. As stated earlier, the algorithm looks for an AGCD of the highest
degree satisfying the specified tolerance, and the possible highest degree of an AGCD
of f(z) and g(z) is the smaller number of m and n. Since it is assumed m > n, the
algorithm first sets k = n and computes the smallest singular value o, of S, (f,g). If

on < ev/2n + 2, the approximation (4.8) is established. Then the vector z is refined
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iteratively by Gauss-Newton iteration, that is
zj1 = 2z; — J(z;)" [F(z;) — b,

where

is the Jacobian of F(z) and J(z)* = (J(Z)H(](z))f1 J(z)# is the pseudo-inverse of
J(z).

This iterative refinement terminates when the distance ¢, =| F(z;) — b |2 stops
decreasing, and then this refinement stage outputs the nearness ¢, and the refined
polynomials dy(x), ug(x) and vg(x) embedded in z = z;. If ¢, < &, then di(z)
is certified as an AGCD of f(z) and g(z), and the algorithm stops. If ¢, > &,
which implies that there is no approximate common divisor of degree n satisfying
| F(z) — b ||2< ¢, the algorithm then looks for an approximate common divisor of
lower degree n — 1. Therefore, the algorithm sets & = n — 1 and repeats the above
process.

From the above discussion, the computation of an AGCD needs the definition of an

AGCD to be specified. This is considered in the next section.

4.4 The definition of an AGCD

In the previous section, the concept of an AGCD has been introduced. It has been
mentioned that several definitions of an AGCD exist [11, 15, 32, 33, 42|, and they

use one or more of the characteristics of nearness, maximum degree and minimum
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distance. For example, Zeng’s work looks for an AGCD of maximum degree that
satisfies an error criterion as described in Section 4.3. However, these definitions are
not appropriate for the approach that will be introduced in this thesis because these
definitions of an AGCD use an error criterion based on the coefficients of an AGCD.
In this thesis, however, the degree d of an AGCD is computed initially, after which
the coefficients of an AGCD of degree d are calculated. A test for the correctness of
d can not be based on the coefficients of an AGCD, and must be based only on d.
The following definition of an AGCD is therefore used in this thesis.

DEFINITION. The degree d of an AGCD of two inezxact polynomials f(x) and g(z)
1s defined to be correct when it is equal to the degree d of the GCD of the exact forms
f(x) and §(z) of f(z) and g(z), respectively.

This definition of the degree of an AGCD is required because it provides a good
measure of the ability of the proposed approach to compute cz, and therefore reproduce
in the given inexact polynomials f(z) and g(z) an important property of the exact
polynomials f(z) and §(z).

It is seen from the definition of an AGCD that because the degree d of an AGCD
of f(z) and g(z) is defined to be correct when it is equal to the degree d of the GCD
of their exact forms f(z) and §(z), the estimate of the degree d of the GCD of f(x)
and g(x) is equivalent to the determination of the degree d of an AGCD of f(x) and
g(x).

It was stated above that the computation of an AGCD of f(z) and g(x) proceeds in

two steps:

1. Calculate the degree d of an AGCD of f(x) and g(x).



CHAPTER 4. GCD COMPUTATION IN THE PRESENCE OF NOISE 74

2. Given d, calculate the corrections that must be added to the coefficients of f(x)

and g(z), such that these corrected polynomials have a GCD of degree d.

For the first step, the degree d of an AGCD of f(x) and g(z) can be determined using
the Bézout and Sylvester resultant matrices but the preprocessing operations that will
be introduced in the following chapters must be performed on the resultant matrices
such that they are more stable computationally. In addition, the advanced methods
using the first principal angle and the residual of an approximate linear algebraic
equation are also adopted to determine the degree d of an AGCD of f(z) and g(z).
After the first step, based on the estimated degree d of an AGCD of f(x) and g(x),
the perturbations of minimum magnitude applied to the coefficients of f(z) and g(z)
are computed by the method of structured non-linear total least norm (SNTLN) [41].
This approach must be compared with Zeng’s method, which computes AGCDs of
degrees min(m, n), min(m,n)—1, ..., until an error criterion on the coefficients of the
AGCD is satisfied. It therefore follows that several possible AGCDs are computed,
but the approach described in this thesis requires that only one AGCD is computed,
which is therefore more efficient.

From the above analysis, we should initially address the determination of the degree
d of an AGCD of f(x) and g(z). In particular, this is the most difficult and crucial
part of the calculation of an AGCD. Three methods will be discussed in the following

chapters respectively.

4.5 Summary

This chapter has shown that when noise is present such that polynomials can not

be specified exactly, the classical algorithms, Euclid’s algorithm, and the Bézout and



CHAPTER 4. GCD COMPUTATION IN THE PRESENCE OF NOISE 75

Sylvester resultant matrices, can not be used to compute the GCD of polynomials
in a floating point environment because random noise makes their inexact forms
coprime. Therefore, the concept of an AGCD was introduced. It follows from the
definition of an AGCD specified in Section 4.4 that the computation of an AGCD
should firstly determine the degree of an AGCD. The next chapter will consider
the determination of the degree of an AGCD of two inexact polynomials using the
Bézout resultant matrix, and Chapters 6 and 7 will consider the method based on
the Sylvester matrix and advanced methods using the first principal angle and the

residual of an approximate linear algebraic equation respectively.



Chapter 5

The degree of an AGCD, Part I

This chapter introduces the method for the computation of the degree of an AGCD
of inexact polynomials from their Bézout resultant matrix. It has been shown that
minor random noise added to exact polynomials makes them coprime, and thus their
Bézout resultant matrix is of full rank. In order to determine the correct degree of an
AGCD of inexact polynomials, one preprocessing operation must be performed on
the Bézout resultant matrix. Experiments show that this preprocessing operation is
essential for the accurate estimate of the degree of an AGCD of inexact polynomials.

This preprocessing operation is discussed in the next section.

5.1 Preprocessing operation

It is shown in [24] that computations on a matrix whose entries vary widely in magni-
tude may be numerically unstable and therefore it is desirable to minimize the ratio
of the maximum entry, in magnitude, to the minimum entry, in magnitude. The min-

imization of the ratio of the maximum and minimum entries of matrix, in magnitude,

76
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can be achieved by one preprocessing operation. In particular, the preprocessing op-
eration introduces a parameter ¢ which transforms the independent variable x to a
new independent variable w. It will be shown that the optimal value of the parameter

6 can be easily calculated by solving a standard linear programming problem.

5.1.1 The transformation of the independent variable

Given two inexact Bernstein polynomials f(z) and ¢g(z) defined in (4.2), it was noted
in Section 3.2 that the polynomial g(z) must be degree elevated m — n times since
it is assumed that m > n, and it is therefore assumed in this section that both f(z)

and g(z) are of degree m,
f(x) = Z&i (T) (1—z)" "o’ and g(x) = ; b; <T) (1 — )™ iz,

i=0
The preprocessing operation is achieved by the transformation

x = Ow, (5.1)

where 6 is a parameter whose value is to be determined and w is the new independent

variable. The polynomials f(z) and g(z) are then transformed to

S /m o

flw,8) = ZZ:; (a;0") (Z )(1 — Qw)" "W’ (5.2)
and

Glw,0) = i (b:6) (m) (1 — Ow)™ i, (5.3)

i=0 !
respectively, which are expressed in the modified Bernstein basis, the basis functions
of which for a polynomial of degree m are ¢ (w, 0),
m

oM (w, ) = < ,)(1 — Qw)™ "', i=0,...,m. (5.4)

1
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The coefficients of f(w, 0) and g(w, 0) are a;0" and b;0°, i = 0, ..., m. Therefore, the
optimal value of § must be defined, which allows the coefficients of f{w, #) and F(w, §)
to be calculated. In particular, the optimal value of 0 is determined such that the

—

ratio of maximum and minimum entries of the Bézout matrix of f(w,#) and g(w, 0),

—

in magnitude, is minimized, which requires that the Bézout matrix of f(w,) and
g(w, 0) defined in the modified Bernstein basis be developed. This issue is addressed

in the next section.

5.1.2 The Bézout resultant matrix for the modified Bernstein
basis

It is shown in [5] that the Bézout resultant matrix B(f,g) € R™*™ of the Bernstein

polynomials f(x) and g(x) satisfies

It = H098) _ gy ) 5,187 (), (5.5)
where
BMm D (z) = {BS”_I(JC) B 'x) -+ Bpti(x) | €RT

and B"'(x) is the ith Bernstein basis function for polynomials of degree m — 1,

-1 o
B Y(z) = (m , )(1 )it i=0,...,m— 1.

7
The Bernstein basis functions and the modified Bernstein basis functions are related
by

m—1 m—1 m—1—i i i ( om—1

B (Qw) = ( , )(1 — Hw) (Ow)' =6 (gf)Z (w,@)),

fori=0,...,m —1, and thus (5.1) and the substitution { = #z transform (5.5) to

— —

f(’LU, 6)5(27 9) - f(Z, e)g(w> 0)
O(w — z)

1

= (¢! (w,0))C(f,9.0)(¢™ ' (2,0)),  (5.6)
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where C(f, g,0) € R™*™ is given by

C(f.9.0) = H(0)B(f,9)H(0), H(0)= diag { 16 - ! } e R™™  (5.7)
and
¢m_1(w’6) - 8171(w76) ¢71nil(wv‘9) d)z:%(w?Q) } e R™.

—

It follows from (5.7) that C(f,g,0) is the Bézout resultant matrix of f(w,#) and
g(w,0)

C(f.9.0) = H(6)B(f.9)H(6). (5.8)
and thus the Bézout resultant matrix of two polynomials expressed in the modified
Bernstein basis is obtained by pre- and post-multiplying the Bézout resultant matrix

of the Bernstein forms of the polynomials by the diagonal matrix H(#), which allows

the optimal value of 6 to be computed.

5.1.3 The optimal value of 6

The calculation of the optimal value of 6 requires a general expression for the entries of
C(f,g,0). In particular, it follows from (5.7) and (5.8) that element (i, j) of C(f, g,0)
is given by

C(f,g,0) =bi;07772  dj=1,...,m,
where b; ;, which is defined in (3.3), is element (i, j) of the Bernstein Bézout resultant
matrix B(f,g). Since 6, the optimal value of #, minimizes the ratio of the maximum

element, in magnitude, to the minimum element, in magnitude, of C(f, g, 0), it follows

that

i1, mijei,m |03 072
0y = arg min {m‘fmx =l i | } . (5.9)

MiNi=1,. myj=i,...m |0i 072
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This minimization problem can be written as:

Minimize %

subject to
u > bi7j0i+j_2}, t=1,...,m;j=14,...,m,
v < }bi7j9i+j_2}, 1=1,...,m;j=14,...,m,
v > 0,
0 > 0. (5.10)
The substitutions
U =logu, V =logwv, ¢ =logb and Bi; = log |b; |, (5.11)

where log = log,,, enable the minimization problem (5.10) to be written as
Minimize U — V

subject to

U—-(i+j—2)¢

V
=y
Il
\t—‘
3
<
Il
3

—V+@E+i-2)¢ > =B, i1=1,....m;j=1,...,m,

which can be expressed as
1 U
Minimize [ U V ¢ || -1 subject to A | v | >b, (5.12)
0 ¢
where A € R b € R" and r = m(m + 1). Equation (5.12) can be solved using
linear programming.

If ¢ is the solution of (5.12), then it follows from (5.9) and (5.11) that the optimal
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value of 6 is equal to 8, = 10%. Therefore, all computations are performed on the

Bézout resultant matrix B(f, ), which is given by

B (f,5) = H(®)B(f,9)H(6),

where

and
5= 9(w) = Gw,00) = 3 (66} (m) (1 — fow)™ i

Example 5.1. Consider two Bernstein polynomials

ro) = 5(g)a-or -1 () a-am g (5)

g(x) = ((2)) (1-a)* - i@ (1— )z — %(Z)ﬁ

whose GCD is g(z) because

@) = 9(2) (% (o)a-o- ;(;))

If the optimal value of 0 is 6y = 2, it follows that

and

Fw) = flwo = 3(0)a-2wr -3 (3)a - 20w 2(}) o

o) =dtw. o) = ()0 =20 =5 (}) 11~ 200 =23 )

and

(5.13)

(5.14)
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The Bézout resultant matrix B (f, g) of f(w) and g(w) is

100 -1 3 3 100
B(f.g) = |0 20 Ll 11020
00 4 : -1 -3 00 4
_—152
S R
2 -1 —4

The reduction of this matrix to row echelon (upper triangular) form yields

2 -1 -4
0 0 O0f,
0 0 O

from which it follows that the degree of the GCD of f(w) and §(w) is two. The

polynomial formed from the last non-zero row of this matrix is

-2 (Jo-me- (o

which is proportional to the GCD of f(w) and g(w).

It is readily verified that the substitution w = z/0 = x/2 yields g(x). O

5.2 Examples

This section includes three examples to illustrate the computation of the degree d of
an AGCD of inexact polynomials f(z) and g(x) using their Bézout resultant matrix
B ( 1, g). The comparison of the results obtained from the Bézout resultant matrix

B(f,g) and B (f, g) is also considered.
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Example 5.2. Consider the Bernstein forms of the exact polynomials
f) = (z—-04)2%x - 08z —0.9)°(x — 1.3)*(x — 2.3)*,
and

g(x) = (2 —04)* 2 —0.6)*(z - 09"z + 1Dz —2.3)°,
whose GCD is of degree 10.
Noise with componentwise signal-to-noise ratio 10® is added to the coefficients of f (x)
and g(x), and thus we obtain their inexact forms f(z) and g(x). The matrices B(f, g)
and B ( 1, g) are then computed.
Figures 5.1(a) and (b) show the normalized singular values of B(f,g) and B (f, g)
respectively. It is seen from Figure 5.1(b) that the rank loss of the Bézout matrix
B (f, g) is equal to deg GCD(f,§) = 10. The result in Figure 5.1(b) was obtained

with 6y = 2.1912. However, Figure 5.1(a) shows that the Bézout matrix B(f,g) is of

full rank, which suggests that f (z) and g(x) are coprime. O

log 10 Ci / o,
| |

Figure 5.1: The normalized singular values of (a) B(f, g) and (b) B (f, §) for Example
5.2.
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Example 5.3. Consider the Bernstein forms of the exact polynomials
f(x) = (z—0.45)*x —0.98)"(x — 1.23)%(z — 2.34),
and

g(r) = (v —045)°(z —0.98)*(z + 1.19)°(x — 2.34)%,
whose GCD is of degree 9.
Each polynomial is corrupted by noise with componentwise signal-to-noise ratio 108
to yield their inexact forms f(z) and g(z), and then the matrices B(f, g) and B ( 1, )
are computed.
Figure 5.2(b) shows that the rank of the Bézout matrix B ( 1, g) is clearly defined and
equal to 8, which is correct because degGCD(f, g) = 9. The result in Figure 5.2(b)

was obtained with 6y = 2.116. Figure 5.2(a) shows, however, that the Bézout matrix

B(f, g) is not rank deficient, which implies that f(z) and §(z) are coprime. O

log 10 Ci / o,

Figure 5.2: The normalized singular values of (a) B(f, g) and (b) B ( 1, g) for Example
5.3.
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Example 5.4. Consider the Bernstein forms of the exact polynomials
f(@) = (z—0.23)"x—0.59)"(z — 0.98)"(z — 1.23)*(x — 5.23)%,
and
g(z) = (z—10.23)%x—0.59)"(x — 0.73)*(z + 2.36)*(x — 5.23)",
whose GCD is of degree 10.
Noise with componentwise signal-to-noise ratio 10® is added to each polynomial to
yield their inexact forms f(x) and g(x), and then we compute the matrices B(f,g)
and B ( 1, g).
It is seen from Figures 5.3(a) and (b) that the matrices B(f,g) and B (f, g) vield,

respectively, incorrect and correct results because B(f, ¢) has full rank and the rank

of B (f, g) is equal to 10. The result in Figure 5.3(b) was obtained with 6, = 1.2494.
0

log 10 i / o,
log 10 i / o,

Figure 5.3: The normalized singular values of (a) B(f, g) and (b) B ( 1, §) for Example
0.4.

It is seen from these three examples that B ( 1, §) vields better results than B(f, g),
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which shows that the inclusion of the parameter € improves the computational results.
The results shown in these three examples are consistent with results obtained from

many other examples.

5.3 Summary

This chapter introduced an approach to determine the degree of an AGCD of two
inexact polynomials from their Bézout resultant matrix. The examples in Section 5.2,
which are typical of many other results that were obtained, show that the prepro-
cessing operation allows us to obtain the improved and correct estimate of the degree
of an AGCD of inexact polynomials. In particular, the preprocessing operation in-
troduces a new parameter 6 that transforms inexact polynomials expressed in the
Bernstein basis to their corresponding polynomials defined in the modified Bernstein
basis, which requires the modified Bernstein form of their Bézout resultant matrix to
be developed. The optimal value of # minimizes the ratio of maximum and minimum
elements in magnitude of their Bézout matrix defined in the modified Bernstein ba-
sis.

This chapter considered the determination of the degree of an AGCD of two in-
exact polynomials from their Bézout resultant matrix. However, the degree of an
AGCD of inexact polynomials can also be computed from another resultant matrix,
the Sylvester resultant matrix but three preprocessing operations must be performed
on the Sylvester resultant matrix because of its partitioned structure. This issue is

addressed in the next chapter.



Chapter 6

The degree of an AGCD, Part 11

This chapter extends the work of Chapter 5 by considering the Sylvester resultant
matrix for the computation of the degree of an AGCD of two inexact Bernstein poly-
nomials. Previous work [62, 63] has shown that two inexact polynomials expressed in
the power basis must be preprocessed before their Sylvester matrix is used to com-
pute the degree of an AGCD, and it is shown in these references that the inclusion of
these operations improves the result. Therefore, it is desirable to consider the prepro-
cessing operations performed on the Sylvester matrix of two Bernstein polynomials.
In particular, three preprocessing operations are required, and our experiments indi-
cate that these preprocessing operations are necessary for significantly better results.

These preprocessing operations are considered in the next section.

6.1 Preprocessing operations

Consider two inexact Bernstein polynomials f(z) and g(z) defined in (4.2). The

preprocessing operations are:

87
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1. The normalization of f(z) and g(z).
2. The introduction of a parameter a.

3. A transformation of the independent variable x to a new independent variable

w.

It will be shown that these preprocessing operations allow the Sylvester matrix of
f(z) and g(z) to yield the correct estimate of the degree of an AGCD.

It is shown in Chapter 3 that there exist two forms of the Sylvester matrix, S(f, g) and
S(f,9)Q, which are defined in (3.11) and (3.28) respectively, and both forms should
be considered. In particular, the preprocessing operations associated with these two
forms are slightly different. The entries of S(f, g)Q are more complicated than the
entries of S(f,g), and therefore it is convenient to consider the preprocessing opera-
tions for S(f, g)Q because their simplification allows the preprocessing operations for

S(f,g) to be easily obtained.

6.1.1 Normalization of the polynomials

The Sylvester matrix S(f, ¢)Q of f(x) and g(z) is defined in (3.28),
[ ao(5) (") bo(5) (" ) |
o) G
a(P)("") - b (1)(" )

G )

a0 () (2-1) : o (@)

(et ' s
suge=| oo oG edE
am () ("5 . ; b () (") -
(™) ' (")

am () (w=1) b (M) (1)

L (i) ()
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It was noted that the coefficients of f(z) and g(x) occupy the first n columns and

last m columns of S(f, g)@, respectively, and S(f, g)Q satisfies

S(af,B39)Q # aBS(f,9)Q,  «a,f € R\0. (6.1)

Equation (6.1) shows that the Sylvester matrix S(f, ¢)@ is not scale invariant because
of its partitioned structure. If the coefficients of f(x) are much larger or smaller than
the coefficients of g(x), this may cause the Sylvester matrix S(f, g)@ to be unbalanced.
For example, if |a;| > |b;],i =0,...,m,j =0,...,n, the entries in the first n columns
of S(f, 9)Q may be much larger than the entries in the last m columns, in magnitude,
such that the rank of S(f, ¢)Q is approximately equal to n, even if f(z) and g(x) are
coprime. Similarly, if |a;| < |b;], = 0,...,m,5 = 0,...,n, the entries in the first n
columns of S(f, g)@Q may be much smaller than the entries in the last m columns, in
magnitude, such that the rank of S(f,¢)Q is approximately equal to m. Therefore,
it is necessary to normalize the entries of the first n columns and last m columns of
S(f,9)Q, respectively, to make S(f, g)Q better balanced.

It is advantageous to normalize the entries of the first n columns and last m columns
of S(f,9)Q by the geometric mean of the entries of each part, respectively because it
provides a better average when the entries vary widely, in magnitude [63]. This can

be easily illustrated by the following example.

Example 6.1. Consider a data set v = {1072, 1,10}, and it is seen that the numbers
in data set v vary substantially in magnitude.

The geometric mean of numbers in data set v, GM,, is equal to 10*, and the norms
of numbers in data set v, || v ||, for p = 1,2, 00, are approximately equal to 10'°.

If the first number in data set v, 1073, is reduced to 1072, GM,, is then equal to 102

but || v ||, for p = 1,2, 00, are still approximately equal to 10'°.
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This example illustrates that the norms of numbers in data set v are dominated by
the extremely large number, however, the geometric mean treats each number equally

and any change in small value can affect the value of the geometric mean. 0

Consider the coefficients a; (”Z),z = 0,...,m, which occupy the first n columns
of S(f,9)Q. It follows from (3.7), (3.8), (3.25) and (3.28) that the product of the

magnitudes of the terms that contain the coefficient ag (%1) in S(f,9)Q is

a0(5) ("o )| |0 () (" ) [ ao(5) (", 1) | Jao(§) Go) | _ Jeo ()" TS0 (7))

i I B G B B G (") o (M)
and the product of the magnitudes of the terms that contain the coefficient a; (”f) in
S(f.9)Q is

a (D) ("D e (DD (DD | |a(D G | (DTS ()

S I B G B I G (") [T (™)

Therefore, the product of the magnitudes of the terms that contain the coefficient
a;(77) in S(f,9)Q is
ai(P) (") | @) ("))
m+n—1 m+n—1 m+n—1
) ) [ (MR

and thus the product of all the terms in S(f, ¢)@Q that contain the coefficients of f(z)

fﬁ(“’nuzén%”>-

7

ai(7) (o)
(755

()] a: ()" T2 ()

n—1+1 (ernfl) ’
t=1 t

18

=0
Since the coefficients of f(z) occur n(m + 1) times in S(f, g)@Q, the geometric mean

m a; m n n:& n—1 m
AR e

=0

of these terms is

and the numerator of this expression simplifies to

(i)} ey

1=0
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where care must be taken in the computation of these terms in order to prevent
overflow.
Consider the denominator in (6.2),

{ﬁ”l—lf (m+n— 1)}”(’”“) |

=0 t=:
which can be evaluated efficiently by a recurrence equation. In particular, if P; is

defined as
e — 1
P, = n ( . ) i=0,...,m, (6.3)

then

n+1 m4+n— 1 (m:n;l) n;ilJri (ernfl)

Py = H ( " ) = + (mipl) . )

t=i+1 )

and thus
_ (mj:iz 1) - /L + t .
HH_}%(WM Pt[[ 10 i=0,...,m—1.

The starting value of this recurrence relationship is

n—1

m+n—1

PO = H ( ¢ )a
t=0

and thus the geometric mean (6.2) of all the terms that contain the coefficients of

f(z) is

3= AL Je ()™ AT ()} (6.4)
{2y Py

It follows that the normalized form of f(x) is

f2) = ia (”;) (1-2)™ ', &= % (6.5)

1=0

This analysis can be repeated for g(x), and its normalized form is

Zb()l—x Tod, Ej:%, (6.6)
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where

n %H m—1 fm—1 %
b ()|} IS ()
{H?:OLj}m

{11,

and

" e — 1 .
Li= ][ . ., j=0,....,n. (6.8)

t=j

The normalized coefficients @; and b; in (6.5) and (6.6) enable the Sylvester matrix
S(f,5)Q = D'T(f, §)Q, where the matrices D~!, T(f, §) and Q are defined in (3.7),
(3.8) and (3.25), respectively, to be computed. The importance of normalization of
polynomials for the correct estimate of their degree of an AGCD is illustrated by the

following example.

Example 6.2. Consider the Bernstein forms of the exact polynomials

fx) = (z—-0.01)>%x - 04)*(z —0.6)*(z —0.9)

and

g(x) = (z—04)*z —0.6)*(z — 10)°(x — 12)*

whose GCD is of degree 4. Noise with componentwise signal-to-noise ratio 108

is added to the coefficients of f (x) and g(x), and then the matrices S(f,¢)Q and

S(f,)Q are computed.

It is seen from Figure 6.1(b) that the rank of S( 1, §)Q is clearly defined and equal to

22, which is correct because deg GCD( £ g) = 4. However, Figure 6.1(a) shows that

the rank of S(f, ¢)@ is equal to 13, which is incorrect, and it is interesting to note that

this implies that f(x) is a constant multiple of §(z) because deg f(x) = deg g(z) = 13.
O



CHAPTER 6. THE DEGREE OF AN AGCD, PART II 93

log 10 5 / o,

Figure 6.1: The normalized singular values of (a) S(f,¢)Q and (b) S(f,§)Q for
Example 6.2.

The above normalization analysis can be repeated for the Sylvester matrix S(f, g) =
D™IT(f,g), and it is easy to see that the normalization constants for f(z) and g(z)
in this matrix are, respectively,

1
n n n+1
()]} 7 {1 )
{H’ oai }} and  p=-—" ’ ; (6.9)
—o i AT D D)
([T Ry (1,1}
where P; and L; are defined in (6.3) and (6.8) respectively, and thus the polynomials

f(x) and g(z) in the matrix S(f,g) = D™'T(f,§) are
m m 7 Z e — &
( ) (1—2) a; e (6.10)

()

Jj=

and

. b
b = ;9. (6.11)
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6.1.2 Scaling a polynomial by an arbitrary constant

The second preprocessing operation arises because the GCD of the exact polynomials

A~

f(z) and g(z) is defined to within an arbitrary scalar multiplier o € R\0,
d = deg GCD(f, §) = deg GCD(f, aj), (6.12)
and
rankS(f,g) :rankS(f,ag). (6.13)
It cannot be assumed, however, that these equations are satisfied for all real non-zero
values of a when inexact polynomials in a floating point environment are considered.

For example, the rank of DilT(f’, ag)@ is a function of «, which is most easily seen

by noting that

lir%rank DT (f,0§)Q = deg §(z) = n, 0< | <1, (6.14)
and
lim _rank D7'T(f,0§)Q = deg f(z) = m. (6.15)

More general examples of the dependence of d, the degree of an AGCD of f (x) and
g(x), on « for polynomials expressed in the power basis are considered in [63], and it
is shown that d is a function of «, such that an incorrect value of o may yield either
an incorrect value of d, or the value of d cannot be computed because the numerical
rank of the Sylvester matrix is not defined.

It follows from (6.12) and (6.13) that d is given by
d = deg AGCD(f, ag) = rank loss S(f, o),

where, as shown by (6.14) and (6.15), and the examples in [63], & must be chosen with

care. It can therefore be considered a parameter that defines a degree of freedom that
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can be used to obtain a superior estimate of d. The criterion for the determination of
the optimal value of «, and its computation, will be considered in the next section,
where the third preprocessing operation is described. Furthermore, it will be shown
that the optimal value of o for D~1T'( f ,ag)Q is not equal to the optimal value of «
for D7'T'(f, ag), but the same criterion is used for the determination of these optimal
values.

The first and second preprocessing operations described in this chapter need not be
applied to f(x) and g(z) before computations are performed on the Bézout resultant

matrix B(f, g), due to the bilinear property of every element of B(f,g) [5].

6.1.3 The transformation of the independent variable

As noted earlier, computations on a matrix whose entries vary widely in magni-
tude may cause problems, and it is therefore advantageous to preprocess the matrix,
such that the ratio of the maximum entry, in magnitude, to the minimum entry, in
magnitude, is minimized. This computation, which defines the third preprocessing
operation, is implemented by the substitution (5.1).
The polynomials f(z) and §(x), which are defined in (6.5) and (6.6) respectively, are
therefore transformed to

fw,0) =Y (a8 (m) (1 — Ow)™ ", (6.16)

—0 ?

7

and

Glw, 0) = ’n (b;6) (7)(1 — Qw)" T, (6.17)
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respectively, and f(z) and g(z), which are defined in (6.10) and (6.11), are trans-

formed similarly to

m

fw,0) = Z (@;6") (”Z) (1 — Ow)™ "', (6.18)
and

i(w,0) = i <Z§jeﬂ') (?) (1 — Gw)™ I, (6.19)

j=0

The analysis in this section and the next section only considers the polynomials
f(w,0) and gG(w, #), but it is also applicable to the polynomials f(w,#) and §(w, 6).
As stated earlier, the substitution (5.1) transforms the Bernstein basis to the modified
Bernstein basis, whose basis functions for polynomials of degree m are ¢! (w,),i =
0,...,m, which are defined in (5.4).

The coefficients of f(w, ) and g(w, ) are @;0°,i = 0,...,m, and b;6?,5 = 0,...,n,
respectively, and therefore the criterion to select the optimal value of 6§ must be de-
fined in order that the coefficients of f(w, ) and g(w, #) are computed. As mentioned
in Section 6.1.2, the rank of the Sylvester matrix is a function of « in a floating point
environment, and thus the optimal value of & must be calculated. In particular, the
optimal values of a and # minimize the ratio of the maximum element, in magnitude,
to the minimum element, in magnitude, of S(f(w, #), ag(w, #)), which is the Sylvester
matrix of the modified Bernstein basis polynomials f(w,6) and ag(w,#). The form
of S(f(w,#), ag(w,d)) must therefore be developed, which enables the optimal values

of o and 6 for this matrix to be calculated. This topic is addressed in the next section.
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6.1.4 The Sylvester resultant matrix for the modified Bern-
stein basis

The substitution (5.1) transforms the Bernstein basis to the modified Bernstein basis,
and it is therefore necessary to consider computations on this basis, and to develop
expressions for the entries of S(f(w, ), ag(w,0)).

The addition and multiplication of two polynomials expressed in the modified Bern-
stein basis are very similar to their equivalents for polynomials expressed in the Bern-
stein basis. The development of the Sylvester matrix of the polynomials p(w, 6) and

q(w, ) expressed in the modified Bernstein basis,

plw,0) = ‘m (c:6") (ﬂ;)(l ~ fuymiat,
and =
q(w,0) = ]zi; (d;67) (?) (1 — Ow)" i

follows closely the development of (3.6). In particular, if p(w, ) and g(w,#) have a
non-constant common divisor, and u(w,f) and v(w, ) are quotient polynomials of

degrees m — 1 and n — 1 respectively, then

p(w,0)v(w,0) = q(w, §)u(w, §), (6.20)
where
u(w,0) = 4 (w;6") (mz_ 1) (1 — Ow)™ ",
and
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Equation (6.20) can be expressed in matrix form as
(6.21)

where p = ﬁ(wve)uq = q‘(w,@),ﬂ = ﬂ( ’ )7

defined in (3.7),
[ C(p) D(q) | € RUmFmxtmn), (6.22)

Up,q) =
the Toeplitz matrices C'(p) and D(g) are given by, respectively,
[ a) '
AR
' ()
C(p) = a1 (T)Q c R(m—l—n)xn’
Enet ()07 |
e ()0
Cno ()0
_ en()om |
and
() '
AL
' o ;)
ZIOUR -

D(g)=| _
dn1 (nil) ot

dn ;)0
dn-1(,2,)0"

(30" |
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and s(u,v) € R™" is equal to

[ ao("yh) I o TR Y (s I B (P10
_ﬂo(m(;1> _al(ml,l)g _am_Q(fn%:;)@mfz _am—l(z:})QM7l ]T.

Following (3.24), the vector s(u,v) is written as
s(u,v) = Qt(u,v),
where @ is defined in (3.25), and
Ha,o)=[ 0 00 - a0 —ly — WO - =l 0] € R
It therefore follows that (6.21) can be written as
(D~'U(p, 9)Q) t(u,v) =0,

and a slight modification to the proof of the rank loss property (3.27) shows that

deg GCD(p, q) = m +n —rank D 'U(p,q) = m +n —rank D~ 'U(p, §)Q. (6.23)

This equation is a generalization of (3.27), which is only applicable to the Bernstein
basis and therefore restricted to 6 = 1, to arbitrary values of #, and therefore the
modified Bernstein basis, because U = T if § = 1, where T is defined in (3.8).

Equation (6.23) and Section 6.1.2 show that the degree d of an AGCD of f = f(w,0)
and g = g(w, ), which are defined in (6.16) and (6.17) respectively, can be calculated

from

S(f.ag) =D"'U(f,ag)  and  S(f,a9)Q = D~'U(f,a9)Q,
where U(p, q) is defined in (6.22), but it must also be shown that the coefficients of
the GCD can be computed from these matrices in order that they satisfy the require-

ments of resultant matrices. This property is easily established for both D~'U and

D~'UQ by a small modification to the proof of Theorem 1 in [12], and thus D~'U
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and D~'UQ are resultant matrices.

This theoretical analysis is valid for arbitrary values of a and #, but their optimal
values for the calculation of d, that is, the degree of an AGCD of two inexact poly-
nomials in a floating point environment, must be considered. This issue is addressed

in the next section.

6.1.5 The optimal values of o and 6

The degree d of an AGCD of f = f(w,#) and g = g(w, #), which are defined in (6.16)

and (6.17) respectively, can be calculated from S(f,ag)Q. In particular,
d = rank loss S(f,ag)Q = rank loss D™ 'U(f,a9)Q,

and a criterion for the calculation of the optimal values of o and # must be established.
As stated earlier, computations performed on a matrix whose elements vary widely
in magnitude are unreliable. Therefore, it is desirable to choose «a; and 6;, the
optimal values of o and € respectively, such that the ratio of the maximum element,
in magnitude, of S(f,ag)Q to the minimum element, in magnitude, of S(f,ag)Q is
minimized.

The same criterion is appropriate for S(f,ag), where f = f(w,6) and § = §(w, ),
which are defined in (6.18) and (6.19) respectively, and the same method can be used
for both S(f, ) and S(f,ag)Q, but the optimal values of & and @ are different.
It is adequate to consider the computation of the optimal values of o and # when d
is calculated from S(f,ag)Q because the computation of their optimal values when

S(f,ag) is used follows easily.
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The general expression for a non-zero element in the first n columns of S(f, ag)Q is
— (m\ (n—1 j
a; (7) (")’ o
T man—y j—O,...,m,Z—O,...,n—l,
(")
and similarly, the general expression for a non-zero element in the last m columns of
S(f,a9)Q is
7. (n) (m—1 j
ab(5) (") |
e ) 7=0,...,n1=0,...,m—1.
(")
It is convenient to define the sets p(#) and o(«, ) as

a; (1) (")’

p(0) = (m+n_1> 2j=0,....m;i=0,....n—1,
it+j
and
)ozl_)'ﬂ m=1)gi
o(a,0) = ]<;)+ill) :j=0,....,ni=0,....m—1 3,
(")

respectively, and the values a; and #; of o and 6, respectively, minimize the ratio
of the maximum element, in magnitude, to the minimum element, in magnitude, of
S(f,a9)Q,

max { max{p(0)}, max{o(«, «9)}}

min { min{p(f)}, min{o(a, 8)}}

This minimization problem can be written as:

o, b, = arg mign
a’

Minimize %
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subject to
a; () (") ,
Uu Z (m+n71) ) jZO, 7m;Z:07 7n_17
i+
ab; (5) (" )0 |
u = — = U, , N1 = ,ym— 1,
> (m+n 1) ) J=0 0, 1
i+
a; (77) (") ,
v S <m+n71) ) jZO, 7m;Z:07 7n_17
i+j
ab; () (") &7 ,
v S (ernfl) ) jZO, 7”71207 um_la
i+
v > 0,
0 > 0,
a > 0.
The transformations
U = logu, V =logw, ¢ =log¥, uw=loga, (6.24)

and

I 7L | R UV [yl
Q; =108 ———— ij = 108 —
] ("5 ] (")
where log = log,,, enable this constrained minimization problem to be written as:

Minimize U — V

subject to
- ]¢ 2 042]7 ]207 7m77’:07 an_1>
- jd) - M Z Bi,ﬁ j:07 7naZ:07 7m_]—7
’ (6.25)
-V + jd) Z _di,j7 j:07 7m;i:07 ,TL—]_,

=V o+ Jjo + u

IV
s
Y
I
\'O
E
uo
3
|
—_
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The counter 7 appears on the right hand sides only of these inequalities, and thus if

Aj, fij, p; and 7; are defined as

)\] = maX;—o,.., n—l{o_éi,j} = IMaX;—p,....n—1 IOg T s ] = 0, .
(")
7. (n\ (m—1
) i b () (")
H; = maX;—o,..., m—1{ﬂi,j} = MaX;=o,...,m—1 10&’;W ) J=0,.
(")
— (/m\ (n—1
_ . _ . aj(j)( i )
p; = MmMlli—q,..., n—l{ai,j} = I;=o,....n—1 logw ) J=0,.
(")
7. (n\ (m—1
) _ ] , b; () (") |
T; = MlNj—g,.., mfl{ﬁi,j} = Min;—q,.. m-1 4 log T mtn—iN (> J=0,...
(")
then (6.25) can be written as:
Minimize U — V
subject to
U — ]¢ 2 S‘ja j:O> , M,
U - jd) - K Z :ajv ]:07 y T,
-V + ]¢ 2 _ﬁja j:O> , M,
This minimization problem can be written as:
U U
. . . V . V
Minimize [1 —1 0 0] subject to A > b,
¢ ¢
L. //l/ - L. //l/ -
where A € R@m+2n+4)x4 559
b= [ 5\07"' aj\ma,aOf" >ﬁna_ﬁ0>"' 7_p7n%_77_07"' a_i—n ]T €R2m+2n+4

a (1) (7]

(6.26)
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which is a standard linear programming problem. Since «; and #; are computed from
the solution of (6.26), using (6.24), it follows from (6.16) and (6.17) that S(f,a17)Q

is used to compute the degree of an AGCD of the inexact polynomials (4.2), where
f= f(w) = f(w,0,) = (dié’i) ( )(1 — Oiw)™ ", (6.27)

and

n

=) = gt = Y- 656 (1) (0 = bruy o (6.28)

j=0
This analysis can be repeated for S(f, ag), but ay and 6, the optimal values of «
and 6 for S( f ,aq) are different because of the absence of @), and the normalization
constants A and p, which are defined in (6.4) and (6.7), are replaced by, respectively,
n and p, which are defined in (6.9). Therefore, the degree of an AGCD of the inexact

polynomials (4.2) can also be computed from S(f, asg), where

f= flw) = Flw ) = m (@05) (") 1= gy (6.:29)
and -
§= g(w) = j(w, 0) = ’n (0:64) (?) (1 — fyw)" . (6.30)

Example 6.3. Consider the Bernstein polynomials f(z) and g(z)

f@) = (g) (1—2)+ % G) (1— )2 — %@ (1— 2)2? — (g) .

and

whose GCD is g(z) because

f(@) = 9() ((3) (1-2)+ 2(1)9@)

The forms of f(z) and g(z) in the modified Bernstein basis for the value of § = 6, = 2,
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and thus the transpose of the Sylvester matrix S( f

1
0

e

0

N N e N [

3
1

e}

6
3

|
—

D= D= Wi N

-8 0
-6 —8

0 O
-2 0
-1 -2 ]
2 0]
R

0 O
~1 0
_i )

The reduction of this matrix to row echelon (upper

0

0

—_

Wi wiN

e}

0

-2 0
2 0
-1 -8
0 0
0 0

105

o)
e
U(f,
0

g) is equal to

—_
e}

0
0

=

o O

0

=

o o o O

triangular) form yields

from which it follows that the degree of the GCD of f(w) and §(w) is two. The
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polynomial formed from the last non-zero row of this matrix is

(Qo-mre (s

and the deletion of the extraneous factor w? yields the GCD,

d(w,0 =2) = ((2)) (1—2w)* — %G) (1 —2w)w — 2@) w?.

It is readily verified that the substitution w = x/0 = /2 yields g(x).

Consider now the transpose of S(f, )@,
(S(/.9)Q)" =QU(f.9)"D",
where, from (3.25),
Q=diag[1 1 12 1],

because m = 3 and n = 2. It follows that the effect of () is the multiplication of the
4th row of S'(f, g)T by 2, and thus the reduction of (S'(f, Q)Q)T to upper triangular
form also yields the GCD of f(z) and g(z). O

6.2 Examples

In this section, three examples that illustrate the theory in the previous sections are
considered. The results obtained from S(f,g), S(f, asg) and S(f,13)Q are shown
because they enable the improvement in the computed estimate of d obtained by the
inclusion of o and 6, and @, to be observed. The matrices S(f,g), S'(f, asg) and

S(f,a13)Q are described as following:

e S(f,g) is the Sylvester matrix of the normalized Bernstein polynomials f(z)
and ¢(z), which are defined in (6.10) and (6.11) respectively. The second and

third preprocessing operations are not implemented, that is, a =6 = 1.
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o S f, as4) is the Sylvester matrix of the modified Bernstein polynomials f (w)
and ¢(w), which are defined in (6.29) and (6.30) respectively, that arise after

the three preprocessing operations have been implemented.

o S(f,01)Q is the Sylvester matrix of the modified Bernstein polynomials f(w)
and g(w), which are defined in (6.27) and (6.28) respectively, that arise after

the three preprocessing operations have been implemented.

Example 6.4. Consider the exact Bernstein polynomials f (x) and g(x), whose roots

and multiplicities are specified in Table 6.1. It is seen that the degree of their GCD

is d = 6.
Root of f(x) | Multiplicity Root of g(z) | Multiplicity
0.1300e+000 3 0.1300e+000 4

0.2300e+4-000
-0.3600e+-000
0.5300e+-000
0.9300e+-000
-1.4700e+4-000
2.4700e+000

0.4300e+-000
0.7800e+-000
-0.8800e+-000
0.9300e+-000
1.3400e+000
3.2000e+-000

= O W N
=N W RN

Table 6.1: The roots and multiplicities of f () and g(x) for Example 6.4.

Noise with componentwise signal-to-noise ratio 108 is added to the coefficients of
f(x) and g(z), and then the matrices S(f, J), S'(f, ang) and S'(f, a17)@Q are computed.
The normalized singular values of S(f,g), S'(f, asg) and S'(f, 1)@ are shown in
Figures 6.2(a), (b) and (c) respectively. It is seen from Figures 6.2(b) and (c) that
the numerical ranks of S( 1, asg) and S(f, 01§)Q are clearly defined and equal to 40,
which is correct because degGCD(f,§) = 6. The results in Figures 6.2(b) and (c)
were obtained with as = 1.2401 and 0y = 1.2335, and a; = 1.2401 and ¢; = 1.2335,
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respectively. Furthermore, it is noted that the numerical rank of S( f ,017)Q is more
clearly defined because a significantly larger gap in the singular values of S( f,on 7)Q
can be observed. However, Figure 6.2(a) shows that the Sylvester matrix S(f,g) is

of full rank, which implies that f () and g(x) are coprime. O

Example 6.5. Consider the exact Bernstein polynomials f () and §(z), whose roots

and multiplicities are specified in Table 6.2. It is seen that the degree of their GCD

is d = 18.
Root of f(z) | Multiplicity Root of g(z) | Multiplicity
-0.3285e+000 5 -0.3285e+000 3

0.3791e+-000
-0.7113e+4-000
0.9214e+-000
2.3125e+-000
9.1474e4-000

0.3791e+-000
0.5217e+-000
0.9214e+4-000
1.4397e+000
9.1474e+-000

S OO O O
W W I W

Table 6.2: The roots and multiplicities of f(z) and §(z) for Example 6.5.

Noise with componentwise signal-to-noise ratio 10% is added to the coefficients of
f(z) and §(x), and the matrices S(f,§), S(f,azg) and S(f,1§)Q are then com-
puted.

Figures 6.3(a), (b) and (c) show the normalized singular values of S(f, ), S(f, azg)
and S( 1, a17)Q respectively. It is seen from Figure 6.3(c) that the rank loss of
S'(f, 1)@ is equal to degGCD(f, g) = 18. The result in Figure 6.3(c) was ob-
tained with oy = 4.7326 and 6, = 1.3298. However, it is seen from Figures 6.3(a) and
(b) that f(x) and ¢(x) are coprime because the matrices S(f,g) and S'(f, asg) are
not rank deficient. The result in Figure 6.3(b) was obtained with ay = 0.1253 and

0, = 1.3387. 0J
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Example 6.6. Consider the exact Bernstein polynomials f (x) and g(x), whose roots

and multiplicities are specified in Table 6.3. It is seen that the degree of their GCD

is d = 22.
Root of f(x) | Multiplicity Root of §(z) | Multiplicity
0.1000e+000 7 0.1000e+000 8

0.5600e+-000
0.7500e+-000
0.9900e+-000
-1.2000e+-000
1.3700e+000
2.1200e+000

-0.2700e+4-000
0.5600e+-000
0.7500e+-000
0.8200e+-000
1.3700e+000
1.4600e+-000

Ot W oy Ot W
W = Ot O O

Table 6.3: The roots and multiplicities of f(z) and §(z) for Example 6.6.

Noise with componentwise signal-to-noise ratio 10® is applied to the coefficients
of f(x) and g(z), and the matrices S(f,q), S(f, a2d) and S(f,@13)Q are then com-
puted.

The results shown in Figure 6.4 are the same as those obtained in Figure 6.3 for Fx-
ample 6.5. In particular, the matrices S(f, ¢) and S(f, awg) yield the incorrect results
respectively, but S(f,a1§)Q yields the correct result because S(f, ) and S( f, asq)
have full rank, and the numerical rank of S(f, 1 §)Q is equal to 47. The result in
Figure 6.4(b) was obtained with as = 4.6176e + 002 and 6, = 1.3771, and the result
in Figure 6.4(c) was obtained with a; = 2.8062¢ + 001 and #; = 1.4308. O
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6.3 Discussion

The results of the examples in Section 6.2 are consistent because the matrices S( f . 4)
and S(f, asg) yield incorrect results but S(f, a1§)Q yields the correct result. There-
fore, it is instructive to consider the superiority of S( 1, a1g)Q with respect to the
matrices S(f, ) and S'(f, asg). We will firstly consider S(f,g) and S'(f, a19)Q.

If A e RP*? p> g, is an arbitrary matrix of rank r that is perturbed to A+ JA, then

it is shown in [30] that
|0i(A+0A) —o(A)| < [0A[2,  i=1,....4,

where 0;(A),i =1,...,q, are the singular values of A. It follows that

0A :
03(A + 54) — 03(A)] < (”HAH”;>01(A), =1

and thus if the errors in 0;(A) and || Al are

160;(A)| = |o;(A+0A) —0i(A)]  and  AA= ”’fj’”i
2
respectively, then
50i A .
| A(A ) <a1(A) = [|A]2 < VallAllx, 1=1,...,q, (6.31)

and it follows that the upper bound on the ratio of the absolute error in the singular
values of A to the relative error in ||Al|; is decreased by reducing ||Al|;. The upper
bound in (6.31) is expressed in terms of the 1-norm of A, rather than its 2-norm,
because the diagonal matrix @ postmultiplies S( 1, a1g), and its effect is therefore
most clearly quantified by examining the column sums of S(f,g) and S(f,a19)Q.

The application of (6.31) to S(f,¢) and S(f,1§)Q yields

|003(5)]
AS

<vmta|Sl, i=1,....m+n,  S=S5(f9)
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and

%S\/W‘FHHSQM, i=1,....,m+n, Sng(f,ozlg)Q,

and since AS = A(S’Q) ~ ¢, where ¢ is the componentwise signal-to-noise ratio, it

follows that if
1SQ1: < |51, (6.32)

the singular nature of S( 1, g) is more faithfully preserved when computations are
performed on S(f,a;§)Q than when computations are performed on S(f, q).
Figures 6.5, 6.6 and 6.7 show the column sums of S(f, ) and S(f, 1 §)Q,

m-+n m-+n

UjZIOgZ’S(]E>Q)’i,j> szlogzyg(f7ozlg)c2‘i,ja j:17"'7m+n7

i=1 =1
for Examples 6.4, 6.5 and 6.6 respectively, where |P|; ; denotes the absolute value of

element (i,7) of P and log = log,,. The figures show that the maximum absolute
column sum of S( f, o §)Q is significantly smaller than the maximum absolute col-
umn sum of S(f,¢), and thus the inequality (6.32) is satisfied, which implies that
the inclusion of a; and 6y, and @), yields greatly improved computational results.
Furthermore, the column sums of S( f ,a17)Q span a smaller range than the column
sums of S(f,g) by several orders of magnitude. For example, Figure 6.6 shows that
the column sums 7; span approximately 3 orders of magnitude, but the column sums
o; span about 10 orders of magnitude.

Consider now the superiority of S( 1, a19)Q with respect to S( f, asg). The above
analysis suggests that it is desirable to examine the absolute column sums of S( f , a24)
and S(f,19)Q.

It follows from (3.7), (3.8), (3.25), (3.28), (6.4) and (6.7) that the sums of the absolute

values of the entries in each of the first n columns, and each of the last m columns,
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of S(f,1)Q are

1 & ail (7) (26 )
rj(a)zxz%, j=1,...,n, (6.33)
i=0 i+j—1
and
bl (7) (7)) 6
(b)) = 2L | ‘(Zl(,f]l) L i=1,....m, (6.34)
e Gy
where
I15(f, 1)@l = oy mmax - {Ty(a), Ti(b)}- (6.35)

Similarly, it follows from (3.7), (3.8), (3.11) and (6.9) that the sums of the absolute
values of the entries in each of the first n columns, and each of the last m columns,

of S(f,asg) are

zj(a):—z%, ji=1,....n, (6.36)
N i=0 (z‘+j—1>
and
S ==Y |m‘+<;)12, i=1,...,m, (6.37)
— (i+j71)
where
I5(f sl = max {550, S0 (6.38)

The above analysis based on S(f,§) and S(f,1§)Q can be repeated for S'(f, asq)

and S(f,01§)Q, and therefore if
15Qll < [1S]l1, (6.39)

where SQ = S'(f, @1§)Q and S = S'(f, ang), the singular nature of S(f, g) is more
faithfully preserved when computations are performed on S( f,a; §)Q than when com-
putations are performed on g(f, asg).

It is seen from Examples 6.4, 6.5 and 6.6 that since oy for S(f,a1§)Q and ay for
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S( f azg) are O(1), they are much smaller than terms of the form (T), (7;) and

(ernfl

k ), they can be set equal to one. In addition, it is seen from these three ex-

amples that 6; for g(f, a1g)@ is approximately equal to 6y for S(f, asg), that is,
0, =~ 0. Therefore, the effect of oy and 6; on S'(f, a17)Q is similar to the effect of
ay and 0 on S(f, asg), and thus the difference between S(f, 21§)Q and S(f, asg) is
mainly caused by the matrix Q. In particular, since a; = O(1) and ay = O(1), and
01 = 05 for Examples 6.4, 6.5 and 6.6, and A, u, n and p are normalization constants,
it follows that the differences between (6.33) and (6.34), and (6.36) and (6.37), arise
from the combinatorial factors (?j), j=1,...,n,and (7;‘__11), j=1,...,m,in (6.33)
and (6.34) respectively.

Figures 6.8, 6.9 and 6.10 show the column sums of S(f, asg) and S(f, 1 §)Q for Ex-
amples 6.4, 6.5 and 6.6 respectively. It is seen from these figures that the variation
in magnitude of {I';(a),'x(b)} is much smaller than the variation in magnitude of
{E;(a),Xk(b)} for j =1,...,n, and k = 1,...,m. In particular, the maximum value
of {T'j(a),T'x(b)} is less than the maximum value of {¥;(a), Xx(b)} for j =1,...,n,
and k= 1,...,m, and it therefore follows from (6.35) and (6.38) that (6.39) is satis-
fied. This confirms that the inclusion of () is important for improved computational
results because it reduces the column sums of S(f, a1§)Q.

The parameters a; and 6; are included in the computation of d in order to minimize
the ratio of the entry of maximum absolute value, to the entry of minimum absolute
value, of S(f,1§)Q, where f = f(w,0) and § = §(w,6) are defined in (6.27) and
(6.28) respectively. This objective is consistent with the effect of @, but there is an

important difference between oy and 6#,, and Q:

e The parameters o and ¢, are functions of the Bernstein basis coefficients a; and
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bj, combinatorial factors of the forms (T), (T;) and (m+£_1), and the entries of
@. The importance of their inclusion therefore increases as the degrees of f(x)

and g(r), and the variation in magnitude of the coefficients @, and b;, increase.

e The entries of () are functions of m and n, but they are independent of the
coefficients @; and b;. They therefore mitigate the effects of the combinatorial

factors (”Z), (7;) and (er]:“l), for large values of m and n, in a Sylvester matrix.

6.4 Summary

This chapter has introduced the computation of the degree of an AGCD of two
inexact Bernstein polynomials f(z) and g(z) using their Sylvester matrix. It was
shown that in order to obtain the best results, it is necessary to include the diagonal
matrix () and preprocess the Sylvester matrix S(f, g)Q by three operations, such that
all the computations are performed on the Sylvester matrix S( 1, a19)Q, where « is
a scaling parameter. The third preprocessing operation introduces the parameter 6,
which transforms the polynomials from the Bernstein basis to the modified Bernstein
basis. The optimal values of a and 6 are obtained from the solution of a linear
programming problem.

In Chapters 5 and 6, the degree of an AGCD of inexact polynomials is determined by
observing the variation of the singular values of their Bézout and Sylvester resultant
matrices. Furthermore, some advanced techniques using the first principal angle and
the residual of an approximate linear algebraic equation can also be used to estimate
the degree of an AGCD, which involves the Sylvester subresultant matrices. These

issues are discussed in the next chapter.
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Figure 6.2: The normalized singular values of (a) S(f,q), (b) g(f, azg) and (c)
S(f,019)Q for Example 6.4.
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Figure 6.3: The normalized singular values of (a) S(f,q), (b) g(f, azg) and (c)
S(f,019)Q for Example 6.5.
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Figure 6.4: The normalized singular values of (a) S(f,9), ) S(f,asg) and (c)
S(f,019)Q for Example 6.6.
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Figure 6.5: The column sums of (a) S(f,g) and (b) S(f,1§)Q, for Example 6.4.
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Figure 6.6: The column sums of (a) S(f,¢) and (b) S(f,a1§)Q, for Example 6.5.
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Figure 6.7: The column sums of (a) S(f,¢) and (b) S(f,a1§)Q, for Example 6.6.
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Figure 6.8: The column sums of (a) g(f, asg) and (b) S'(f, a17)@Q, for Example 6.4.
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Figure 6.9: The column sums of (a) S(f, ag) and (b) S(f,213)Q, for Example 6.5.

= = =
=) ~ N

log 10 column sum
©

log , , column sum
-

o

=~

I I I I I I I I I I I I
10 20 30 40 50 60 70 ° 10 20 30 40 50 60 70
column column

(a) (b)
Figure 6.10: The column sums of (a) S(f, a2¢) and (b) S(f, a1§)Q, for Example 6.6,



Chapter 7

The degree of an AGCD, Part III

Chapter 6 introduced the determination of the degree of an AGCD from two forms
of the Sylvester matrix, S(f,g) and S(f,¢)Q. This chapter extends the work in
Chapter 6 and involves the Sylvester subresultant matrices of S(f, g) and S(f,¢)Q,
Sk(f,g) and Si(f, )@, which are introduced in Chapter 3. In particular, this chapter
considers two methods to calculate the degree of an AGCD of the inexact polynomials
f(z) and g(z). One method uses the first principal angle between a line and a
hyperplane, the equations of which are calculated from the Sylvester subresultant
matrices, and the other method uses the residual of a linear algebraic equation whose
coefficient matrix and right hand side vector are also derived from the Sylvester
subresultant matrices. Before these two methods are introduced, the criteria that
measure the error in a linear algebraic equation must be considered. This issue is

discussed in the next section.

121
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7.1 Measures of the error in a linear algebraic equa-
tion

This section considers two criteria that measure the error in a linear algebraic equa-
tion. One criterion is based on the first principal angle between a line and a hyper-
plane, and the other criterion is based on the residual of a linear algebraic equation.
The concepts of the first principal angle and residual are introduced in this section,
and the computations of the first principal angle and residual will be described in
Sections 7.4.1 and 7.4.2 respectively.

Consider a linear algebraic equation
Az = b, (7.1)

where A € R™*" is a matrix, b € R™ is a vector and x € R" is the solution vector
for this equation. The first principal angle between the vector b and the matrix A
is the smallest angle between b and an arbitrary vector in the space spanned by the
columns of A, and the residual of (7.1) is equal to ||b — Ax||, where || - || = || - |2
Equation (7.1) possesses a non-zero solution, and thus b lies in the column space of
A, which implies that the first principal angle between b and the column space of A
and the residual of (7.1) are equal to zero.

However, when

Az # b, (7.2)
is specified, b does not lie in the column space of A because (7.2) does not possess
a non-zero solution, which implies that the first principal angle between b and the

column space of A and the residual of (7.2) are not equal to zero.

The above analysis suggests that the error in a linear algebraic equation can be
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measured by the criteria based on the first principal angle and residual. In addition,
the error measures using the criteria based on the first principal angle and residual
can be used to determine if a linear algebraic equation has a non-zero solution. This
analysis is extended for the Sylvester subresultant matrices, which will be addressed

in the next section.

7.2 The error measures for the Sylvester subresul-
tant matrices

This section considers the error measures using the criteria based on the first prin-
cipal angle and residual for the Sylvester subresultant matrices. Two forms of the
Sylvester subresultant matrices, Sk(f,g) and Sk(f, 9)Qk should be considered. The
following analysis is developed for Si(f, g), and the same analysis can be repeated for
Sk(f, 9)Qk-

If the exact Bernstein polynomials f(z) and §(x) defined in (3.4) have a GCD of de-
gree d> 0, they possess a common divisor of degree k, where 1 < k < d. Therefore,

there exists a polynomial dj, (x) of degree k such that

f(x) = Ug(z)dy () and §(x) = Op(z)dy(x), (7.3)
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respectively, and the common divisor polynomial dj, (x) is

k
di(z) = ) dpil ) (1 —x)* "2,
k(@) ; k, (i)( x)
It has been shown in Section 3.3.1 that it follows from (7.3) that fo — g = 0, which
can be written in matrix form as
Sk(f: g)pk(aka @k) - 07 k= 17 SRR min(m, TL), (74)
where Si(f, §) is the kth Sylvester subresultant matrix defined in (3.18) and

ir0("5")

Ukn—k (Z:];:)

Pr (U, U) = .
— (", ")

| —km (70
Since the degree of the GCD of f(z) and §(z) is d > 1, these polynomials possess
common divisors of degree 1,2, ..., OZ, but they do not have a common divisor of degree
d + 1. Tt has been shown in Section 3.3.1 that (7.4) possesses a non-zero solution for
k=1,... ,CZ, but it does not possess a non-zero solution for k = d+ 1,...,min(m,n).
The methods based on the first principal angle and residual of an approximate linear
algebraic equation for the computation of the degree of an AGCD of two polynomials
require that the homogeneous equation (7.4) is converted to a linear algebraic equa-
tion, which can be achieved by moving one column of S( f ,§) to the right hand side.

For k =1,....d, (7.4) possesses a non-zero solution and therefore Sk(f, g) must be

rank deficient, which implies that at least one column of Si( f , §) is linearly dependent
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on its other columns. This analysis is expressed as

Lk,ixk,i = lk,i for k= 1, ce ,d, (7.5)
for at least one column of Si(f, §), where [, ; € R™ =5+ is the ith column of S(f, §),
Ly; € Rontn=kt)x(min=2k+1) ig the remaining matrix of Si(f, ) after the removal of

the ith column and

T
_ m+n—2k+1
Thi = | T1 -+ Xi—1 Tig1 *°° Tomgn—2k+2 €R ’
and
_ _ T
. n—
Uk,O( 0 )
Ti—1

Pk (alm @k) - = -1 c Rm+n72k+2'
—do(",")
Tit1
itk (1)
) | Lm4n—2k+2 i

However, there does not exist a column of S( £ g), such that

Ly iy = li; for k=d+1,..., min(m, n). (7.6)
The operation of removing the ith column from Sy ( f , ) is achieved by postmultiplying
Sk(f,§) by My,; € RUmtn=2k+2)x(mtn=2k+1) ‘\which is equal to the identity matrix after

the removal of the ith column,

My = €1 €k2 c €ki—1 €Ckivl 0 Ckmin—2k+1  Chm4n—2k4+2 |0
where i = 1,...,m +n — 2k + 2, and e;; € R™™~2*2 ig the ith unit basis vector.

The ith column of Si(f,§) is equal to Sk(f, §)e..
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Example 7.1. Let m =3, n =2 and k = 2. Thus S, = Sg(f, g) € R¥3 is

a b c
d e
52: f )
g h i
7 k1
b ¢ a
0 0 1
e f d
SoMo1 =S| 1 0| = ) Seee1=S2 | 0 | = )
h 1 g
01 0
k1 ¥
a ¢ b
1 0 0
d f e
SoMoos =S| 0 0| = ) Saega =52 | 1 | = )
g 1 h
01 0
7 k
a b c
1 0 0
d e f
SoMoz =S| 0 1| = ) Saeaz =S2 | 0 | =
g h 1
0 0 1
7k )

t

This analysis must be compared with the previous work in [63], which considers
the determination of the degree of an AGCD of two power polynomials using the
methods based on the first principal angle and residual. The work in [63] moves

the first column of Si( 1, g) to the right hand side of (7.4). The reason is that for
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k= 1,. ..,OZ, (7.4) possesses a non-zero solution, which stores the coefficients of
the quotient polynomials vy (z) and ug(z). Since the leading coefficient of power
polynomial is non-zero, the leading coefficient of 0 (x) is non-zero. This implies that
the first element in the solution vector, which is the leading coefficient of vy (z), is
non-zero, and therefore the first column of Si(f, §) is linearly dependent on the other
columns of Si( 1, g). When the first column is moved to the right hand side of (7.4),
the equation is still satisfied. However, since a Bernstein polynomial is a combination
of Bernstein basis functions and the degree of each Bernstein basis function is equal
to the degree of Bernstein polynomial, the leading coefficient of Bernstein polynomial
is not always non-zero. When the methods are performed in the Bernstein basis,
for k =1,... ,cz, (7.4) has a non-zero solution but the first element in the solution
vector, which is the leading scaled coefficient of the quotient polynomial 04 (z), is not
always non-zero, which implies that the first column of Sk( f ,§) is not always linearly
dependent, and therefore we can not guarantee that the equation is satisfied when
the first column of Si(f, §) is moved to the right hand side of (7.4).

Fork =1,...,d, (7.5) possesses a non-zero solution for at least one column of Sk(f, 9),
which implies that one column of Si( f, G), lps, lies in the space spanned by the
remaining m+n — 2k + 1 columns of Sk(f, G), Ly, for these values of k. However, for
k=d+1,... ,min(m,n), (7.6) does not possess a non-zero solution for any column
of Sk(f, g), and therefore no column of Sk(f, G), lis, lies in the column space of Ly,
for these values of k. As stated in Section 7.1, the first principal angle and residual
can be used to determine if [;; lies in the column space of L ;. Since at least one
column of Sk(f, G), lks, lies in the column space of Ly, for k = 1,... .d, the first

principal angle and residual between [, ; and Ly ; are equal to zero for these values of
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k. However, for k = d+1,..., min(m, n), there does not exist one column of Sk(f, J),
lii, such that the first principal angle and residual between [;; and L;; are equal to
Z€ero.

However, when noise is added to the exact polynomials f () and g(z), such that the
inexact polynomials f(z) and g(z) are specified, Ly ;xx; = lx,; does not possess a
non-zero solution for all £ = 1,... , min(m,n), because f(x) and g(z) are coprime.
As explained above, in the exact case, there may be several columns that are linearly
dependent upon the other columns in Si( f, g) for k = 1,.. .,cz. Therefore, when
the inexact polynomials f(x) and g(z) are specified, there exist several columns that
are almost linearly dependent upon the other columns in Sk(f,g) for k = 1,... ,cz,
because the noise level is small. It is therefore necessary to choose one column of
Si(f,g) as the optimal column for £ = 1,.. .,d, in terms of a specified criterion.
In particular, the optimal column of Sk(f,g), lx, is defined as the column that
is closest to be linearly dependent upon the other columns in Si(f,g), such that
Ly yxp i+ = li ;= has an approximate solution with smaller error. The optimal column
of Sk(f, g) is selected for each value of k = 1,.. ., d, and therefore Li i<y o+ = i, has
an approximate solution for k =1,.. ., OZ, which implies that the first principal angle
and residual between [ ;« and Ly ;» are not equal to zero but relatively small for these
values of k. However, it was shown in the exact case that there exists no column that
is linearly dependent upon the other columns in Sk(f, g) for k = d+1,..., min(m,n).
Therefore, there exists no column that is almost linearly dependent upon the other
columns in Si(f, g) for k = d+1,...,min(m,n), when the inexact polynomials f(z)
and g(x) are specified, and thus there does not exist a column of Si(f,g), such that

Ly ixp; =l for k = d+ 1,...,min(m,n). The approximation Ly ;xy; = l;; does not
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possess an approximate solution for k = d+ 1,...,min(m,n), which implies that the
first principal angle and residual between [ ; and Lj; are relatively large for these
values of k, and therefore dis equal to the value of £ for which the maximum change in
the first principal angle and residual occurs. This analysis suggests that the degree of
an AGCD can be determined by observing the maximum change in the first principal
angle and residual. The analysis is written as

Ly i e = lk,i* for k=1,...,d,

. (7.7)
Ly ivi; # Ui for k=d+1,...,min(m,n);i=1,..., m+n — 2k + 2,
where i* denotes the index of optimal column of Si(f,g).
Since the optimal column of Si(f,¢g) is unknown for k = 1,... .d, it is necessary to

span each column in Sk(f, g) in order to determine the optimal column yielding the
smaller error in (7.7) for these values of k. The approximation (7.7) is then rewritten
as
Ly g =l for k= ,...,J;izl,...,m+n—2k+2,
. (7.8)
Ly iz 7 i for k=d+1,...,min(m,n);i=1,...,m+n — 2k + 2.
In addition, the degree d of the GCD is unknown and to be determined, and there-

fore it is necessary to choose the optimal column for £ = 1,... ,min(m,n). The

approximation (7.8) is then replaced by

Ly iy = Ui, for E=1,...,min(m,n);i=1,....,m+n—2k+2 (7.9)
and the largest value of k for which (7.9) has an approximate solution with the smaller
error is equal to d. As stated earlier, the error in (7.9) can be measured by the criteria
based on the first principal angle and residual.

The above analysis can be repeated for another form of the Sylvester subresultant
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matrices, Sk(f, g9)Qk, which is defined in (3.34), and therefore given the inexact poly-

nomials f(z) and g(z), the approximation

Hyivgs = hg;  for  k=1,...,min(m,n);i=1,....m+n—2k+2, (7.10)
is established. The vector hy; € R™™ %1 is the ith column of Si(f,g)Qx and
Hy,; € RinFn—ktlpx(min=2k+1) jg the remaining matrix of Sy(f, ¢)Qx after the removal
of the ith column. The largest value of k for which (7.10) has an approximate solution
with the smaller error is equal to the degree of an AGCD.

Computational experiments have shown that two forms of the Sylvester subresultant
matrices, S(f, g) and Sk(f, )@k, must be preprocessed before computations on them
are performed. In particular, since each of the Sylvester subresultant matrices has
the same partitioned structure as the Sylvester resultant matrix, the preprocessing
operations for the Sylvester resultant matrix described in Chapter 6 are required for
each of the Sylvester subresultant matrices for the same reason. The preprocessing

operations are addressed in the next section.

7.3 Preprocessing operations

Given two inexact Bernstein polynomials f(x) and g(z) defined in (4.2), the pre-
processing operations performed on two forms of the Sylvester subresultant ma-
trices, Sk(f,g) and Si(f,g)Qs are considered. The three preprocessing operations
shown in Chapter 6, normalization of the coefficients of f(x) and g(x), the in-
troduction of a parameter o and a transformation of the independent variable x
to a new independent variable w, are required to be implemented for Si(f,g) and

Sk(f, 9)Qk. It should be noted that because the entries of the subresultant matrices
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Sk(f,9)Qk, kK = 1,...,min(m,n), are different, the three preprocessing operations
must be implemented for each value of k. Similarly, these three preprocessing oper-
ations are necessary to be performed for each of the subresultant matrices Sk(f,g),
k=1,...,min(m,n).

Because the entries of Si(f, g)Qx are more complex than the entries of Sk(f,g), it is
better to consider the preprocessing operations associated with Sk (f, g)Qk, and then

the preprocessing operations for Si(f, g) can be simply obtained from it.

7.3.1 Normalization of the polynomials

It follows from (3.14), (3.15), (3.30) and (3.34) that the coefficients of f(x) occupy
the first (n — k + 1) columns, and the coefficients of g(x) occupy the last (m — k+1)
columns, of Si(f, g)Qk. As stated earlier, the partitioned nature of Si(f, g)Q) may
cause computational problems when the coefficients of f(x) are significantly larger or
smaller than the coefficients of g(x). Therefore, it is necessary to normalize the entries
of the first (n—k+1) columns and last (m—k+1) columns of Sk (f, 9)Qr, respectively,
to obtain a more balanced matrix Si(f, ¢)Qk. The geometric mean normalization was
used in Section 6.1.1 and this form of normalization is also used in this section.
This section develops the general forms of normalization constants for Sk(f, 9)Qx,
k=1,...,min(m,n), and the general forms are functions of k. The following analysis
is a generalization of the analysis in Section 6.1.1, which only considers the calculation
of normalization constants for the Sylvester matrix S(f, ¢)@, that is for £ = 1 because
Si(f,9)Q1 = S(f.9)Q-

Consider the coefficients a; (?),z’ = 0,...,m, which occupy the first (n — k + 1)
columns of Si(f,g)Qk. It follows from (3.14), (3.15), (3.30) and (3.34) that the
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general expression for the product of the magnitudes of the terms that contain the
coefficient a; (") in S(f, 9)Qy is

ai(7) () || (D ) [P ()| _
N N G I | I ey (T ) G

Therefore, the product of all the terms that contain the coefficients of f(z) in Si(f, ¢)Qk,

f (B0 I )

=0 t=1 t

ai(7) ()

(IS ()

k=1,...,min(m,n), is

and since the coefficients of f(x) occur a total of (n—k+1)(m+1) times in Sk(f, 9)Qx,
the geometric mean of these terms in Si(f, 9)Qx is
m my [k Tk ek \ ) GERFDGED
a;\ . —
A = {H ( (Z)L_kﬂ. (ln:[;?ok; g )>} , k=1,...,min(m,n).(7.11)
i=0 t=i t

The numerator of this expression simplifies to

G T

i=0
where care must be taken in the computation of these terms in order to prevent

overflow.
Consider now the denominator in (7.11),

. o
{ﬁni_[k-i—z (m tn— k) } (n—k+1)(m+1)
t Y

=0 t=i
which can be evaluated efficiently by a recurrence equation. In particular, if P is

defined as

P —nﬁﬂ men =k i=0,...,m:k=1,... min(m,n) (7.12)
z,k_ e t 9 - AN 9 - Yyt 9 9 .

then

poe =T () LB T )
i+1,k — ¢ - (m+@7k) )

(2

t=i+1
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and thus
( m-l—n‘—k ) n—k (m i t)
= = P, ittt _ p - 1=0,....,m—1.
+1,]€ ,k} (m+2n_k) ,]C E! (Z + 1 +t) Y Y )
The starting value of this recurrence relationship, for each value of k = 1,..., min(m, n),
is

n—k
m+n—Fk
Pox =] ( . )

=0
Therefore, the geometric mean (7.11) of all the terms that contain the coefficients

() i
{HZO Pz,k}m
It follows that the normalized form of f(x) for Si(f,g)Qk, k =1,...,min(m,n) is

filz) =Y an, (’:”) (1—2)™ g, = (7.13)
1=0

(11

A =

, k=1,...,min(m,n).

A
where fl(x) = f(x) which is defined in (6.5), because Si(f, 9)Q1 = S(f, 9)Q.

This analysis can be repeated for g(x), and its normalized form for Si(f, g)Qy is

)= 20 (n) (1 -2yl b= (7.14)
j=0 J "
where
€0 1 )
j=0 "7
and

T i — k . )
Lix= H , j=0,...,n;k=1,...,min(m,n), (7.15)
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and ¢;(x) = g(z) which is defined in (6.6), because S;(f, 9)Q1 = S(f, 9)Q.

It is noted that the normalization constants \; and pu; are functions of k. The nor-
malized coefficients @, and by ; in (7.13) and (7.14) enable the subresultant matri-
ces Sk(fk,fjk)Qk = D,;lTk(fk,f]k)Qk,k = 1,...,min(m,n), where the matrices D, ',
Tio(fr. 9r) and Qy, are defined in (3.14), (3.15) and (3.30), respectively, to be computed.
This analysis can be repeated for the subresultant matrices S (f, g) = Dy ' Tx(f, 9), k =

1,...,min(m,n), and the normalization constants for f(x) and g(z) in Sk(f,g) are,

()™

1 9
m (n—FF1)(m+1)
(Hi:o Pi,k)

respectively,

e = =1,...,min(m,n),

and
1

( H?:o bj (7;) ) -

Pr = - , k=1,...,min(m,n),
n (m—k4+1)(n+1)
<Hj:0 Lj,k)

where P, ;, and L, are defined in (7.12) and (7.15) respectively, and thus the normal-

ized forms of f(z) and g(z) for Sk(f,g) are

fulz) =i, (77) (1—2)™ i, = =, (7.16)
=0

Nk

and

gl(w) = an bi. (") (o)l b, = (7.17)
=0 J Pk
where fi(z) = f(z) which is defined in (6.10), and ¢(z) = ¢(z) which is defined in
(6.11), because S1(f,g) = S(f,g).
The subresultant matrices Sy (fr, gr) = Dk’lTk(fk, k), k=1,...,min(m,n), are com-

puted from the normalized coefficients iy ; and by ; in (7.16) and (7.17).
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7.3.2 Scaling a polynomial by an arbitrary constant

It is shown in Section 6.1.2 that when two inexact polynomials in a floating point
environment are considered, the numerical rank of their Sylvester matrix is a function
of a, due to its partitioned structure. Because the subresultant matrices have the same
structure, it is necessary to choose the value of a with care in order to obtain the

best results. Therefore, the subresultant matrices,
Sk(fk,agk)Qk, k=1,..., min(m,n),
and
Si(fr gr), k=1,...,min(m,n),

should be considered. The computation of the optimal value of « is considered in

Section 7.3.5, after the third preprocessing operation has been introduced.

7.3.3 A transformation of the independent variable

As stated in Chapters 5 and 6, numerical problems may occur when computations
are performed on a matrix whose entries vary widely in magnitude. Therefore, it is
necessary to minimize the ratio of the maximum entry, in magnitude, to the minimum
entry, in magnitude, of each subresultant matrix. As shown in Chapters 5 and 6,
this can be achieved by the introduction of a new parameter 6. In particular, for
the subresultant matrices, Sk(fk,af]k)Qk, k = 1,...,min(m,n), this preprocessing
operation is implemented by the substitution (5.1), which transforms the polynomials

fr(z) and g (x) defined in (7.13) and (7.14) respectively to

m

Je(w, 0) =Y (ar0") (m) (1 — w)™ "w', (7.18)

=0 E
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and

(w,0) = 3" (b,) <;‘) (1 — Ow)" i (7.19)

=0
respectively. It follows from (7.18) and (7.19) that the substitution (5.1) transforms

the Bernstein basis to the modified Bernstein basis, whose basis functions for polyno-
mials of degree m, ¢7*(w, #), are defined in (5.4). Therefore, the subresultant matrices,
Sk.(fk, agr)Qr, k =1,...,min(m,n), which are expressed in the Bernstein basis, are
transformed to Si(fr, @gx)Qk, k = 1,..., min(m, n), which are the subresultant ma-
trices of the modified Bernstein polynomials fi(w,6) and agy(w, 0).

For the subresultant matrices, Sg(fi,agr), k = 1,...,min(m,n), fi(z) and g(z),

which are defined in (7.16) and (7.17) respectively, are transformed similarly to

0) = (. 0" 1 —0w)""w', 7.20
w0y = (@) (77 (10w (7.20)
and
ie(w, 0) = (Bk,jej) (n) (1 — Ow) I, (7.21)

- J

7=0
and thus the subresultant matrices, Si(fr, agr), k = 1,...,min(m,n), defined in the
Bernstein basis, are transformed to S'k(fk, agr), k= 1,...,min(m, n), which are the

subresultant matrices of the modified Bernstein polynomials fi(w,8) and ag,(w, 6).
The coefficients of fi(w,6) and gi(w,d) are a0°,i = 0,...,m, and by ;07,j =
0,...,n, respectively, and it will be shown that the optimal values of the parameters
a and 6 minimize the ratio of the maximum element, in magnitude, to the minimum
element, in magnitude, of Si(fx, @gx)@k. Therefore, the form of Sy (fi, agr)Qs must

be developed, and this is considered in the next section.
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7.3.4 The Sylvester subresultant matrices for the modified

Bernstein basis

The substitution (5.1) transforms Si(fi, @dx)Q, which is defined in the Bernstein
basis, to Sk (fx, @gr)Qx, which is defined in the modified Bernstein basis, and therefore
it is necessary to develop expressions for the entries of Si(fx, agr)Qr. Section 6.1.4
develops the form of the Sylvester matrix in the modified Bernstein basis, S(f, ag)Q,
which is a particular case for k = 1 because S;(f1,ag1)@Q1 = S(f, ag)Q.

Consider the polynomials p(x) and §(z) expressed in the Bernstein basis,

o) =) -

and

:id()l—xnjxj

0

J=
whose GCD is of degree d. If ay x) and Ug(x) are quotient polynomials expressed
in the Bernstein basis, and czk(x) is a common divisor polynomial of degree k, also

expressed in the Bernstein basis, k = 1,..., min(m,n), then

di(z) = bz) = () deg iy < degp=m, degd, <degq=n, (7.22)

where 4 (z) and 0 (z) are of degrees m — k and n — k respectively. The normalization

described in Section 7.3.1 and parameter substitution (5.1) transform (7.22) to

Pr(w.0) _ gy(w.0)
ﬂk(w,e) T)k(w,Q)’

Wherekzl,...,cz

deguy < degpy = m, degvy < degqr =n, (7.23)

Jk(w, 9) =

zm: c;” ( ) 1 — 0w)™ "',
1=0
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Gr(w, 0) = :O (dk.;67) (?) (1= Ow)" 7w,

1=0
and

It follows from (7.23) that

ﬁk(w, Q)Ek(w, Q) = q‘k(w, Q)Ek(w, Q),

: (7.24)
and then (7.24) can be expressed in matrix form as

(D 'Uk(Pr> @) sk (tik, 0) = 0, (7.25)

where py, = pr(w,0), Gx = qr(w,0), u = ug(w,d), v = v(w, ), the diagonal matrix
D; ! is defined in (3.14),

Ur(Br, @) = | Cr(Be)  Di(q,) | € RUmFnoktbx(min=2k+2)

(7.26)
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the Toeplitz matrices Ck(py) and Dy(gx) are given by, respectively,

0 (5)
ek (7)0
: 0 (5)
Chom—1(, ") 0™ :
Chm (1) 0™
Crym1 ()0
I Chm ()0 |
and
;) |
di(1)0
: dro(5)
@)= | : dm.(’f)e T —
dina ()0 :
din(;)0"
din(,2,) 0"
! din(7)0" |
and sy, (i, ) € R™T=2+2 s equal to
[ oo("y) ()0 o ek ()R
—to ("))~ (MM . (PO T

It follows from (3.29) that the vector si(ug, Ux) is written as

sk (g, Ug) = Qrtr (U, Vi),
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where @}, is defined in (3.30), and (i, ) € R™T=2+2 is equal to
[Oho kil - gkl T — gy — Ul o — U i0™ " ]T7 (7.27)
and therefore (7.25) can be written as

(Dilek(ﬁk, Cjk)Qk) te (g, vx) = 0. (7.28)
Since the degree of the GCD of pg(w, ) and g(w,0) is d > 1, these polynomials
possess common divisors of degree 1,2, ..., cz, but they do not have a common divisor
of degree d+1:
rank D 'Ug(pr, Gr) < m +n — 2k + 2, k=1,....d,
rank D 'Ug(Pr, Gx) = m +n — 2k + 2, k=d+1,...,min(m,n),
and
rank D U (B, @) Qk < m +n—2k+2, k=1,....d,
rank Dy 'Ug(pr, Gu)Qr = m +n — 2k + 2, k=d+1,...,min(m,n).
It follows from (7.28) that the kth subresultant matrix, Sy (fx, @gx)Qx, of fr(w,8) and

agr(w, 6), which are defined in (7.18) and (7.19) respectively, is

Si(frs @Gr)Qr = Dy Us(frs aGr) Qi (7.29)

and similarly, it follows from (7.25) that the kth subresultant matrix, Si(fx, agr), of

fr(w,0) and agg(w, @), which are defined in (7.20) and (7.21) respectively, is
S'k(f.lw agr) = DglUk(fk, agy). (7.30)

The form of Sy (f, @gr)Qk is established in (7.29), and a criterion for the calculation

of its optimal values of o and 6 is considered in the next section.
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7.3.5 The optimal values of o and 6

This section considers the calculation of the optimal values of v and #. The criterion
described in Section 6.1.5 is appropriate for both S (f, agr)@k and Si(fi, avijy), but
the optimal values of v and 6 are different because of the diagonal matrix Q. It is
adequate to consider the calculation of the optimal values of a and 6 for S( fx, agr)Qx
because the computation of the optimal values of v and 8 for Sy ( fk, agy) follows easily.
As stated before, computations performed on a matrix whose elements vary widely in
magnitude may cause computational problems. Therefore, as shown in Section 6.1.5,
it is desirable to choose the optimal values of o and 6 respectively, such that the ratio
of the maximum element to the minimum element, in magnitude, of Sk (fx, agr)Qx is
minimized.

For the subresultant matrices Sy(fx, agr)Qk, k = 1,...,min(m, n), the optimal values
of a and 0 must be computed for each value of k. In particular, the calculation of
the optimal values of o and 6 for k = 1 is identical to the computation of the optimal
values of @ and 6 for S(f,ag)Q shown in Section 6.1.5 because Si(fi,ag1)Q1 =
S(f,09)Q.

It follows from (3.14), (3.30), (7.26) and (7.29) that the general expression for a non-

zero element in the first n — k + 1 columns of Si(fr, agx)@x, k¥ = 1,...,min(m,n),
is
- m\ (n—k j
s (7) ()0 |
<m+n—k) ) - 07 , 51 = 07 , I — k?
i+j

and similarly, the general expression for a non-zero element in the last m — k + 1

columns of Si(fr, agx)Qr, k = 1,..., min(m,n), is
b (M) (MF) 69
Oék’]g,iz,sz ) ) —07 777/;2:0, 7m_k
(")
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It is convenient to define the sets py(0) and oy (a, ) as

s, () (79
S NG

and

b, () (7780
)

Jk(Oé,e) =

27 =0,....,n0=0,....m—Fk

respectively, and the optimal values of « and 0, a4 (k) and 6;(k), minimize the ratio
of the maximum element, in magnitude, to the minimum element, in magnitude, of
Sk(fr @gi) Q.

max { max{ px(0)}, max{oy(a, 9)}}
a;p(k),0:(k) = argmin Jk=1,...,min(m,n).

@ | min { min{px(0)}, min{ox(c, 6)}}

This minimization problem is a function of k£ and Section 6.1.5 considers the same

minimization problem for £ = 1. Therefore, the following analysis is similar to the
analysis shown in Section 6.1.5. In addition, it is important to note that the optimal
values of o and € are functions of k, which must be compared with the situation that
prevails for the power basis because the optimal values of o and 6 are independent of
k for this basis.

This minimization problem can be written as:

Minimize %
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subject to
()00 |
(4 Z <m+n—k) ) jzoa 7m;Z:07 7n_k7
i+j
abr; (7) (" )0
[ Z <m+nfk) ) ]:07 ,TL,Z'ZO, 7m_k7
i+j
()00 |
v S (ernfk) ) jzoa 7m;Z:07 7n_k7
i+j
abr; (7) (" )0
v S <m+nfk) ) ]:07 ,TL,Z'ZO, 7m_k7
i+j
v > 0,
0 > 0,
a > 0.

The transformations
U = logu, V =logw, ¢ =log¥, u=loga, (7.31)

and

ICH] . s () (75|
G G
where log = log,,, enable this constrained minimization problem to be written as:

O_éi,j = lOg

Minimize U — V

subject to
U - j¢ Z al]? ]:Oa 7m;i:O> , k?
U — ]¢ - M Z Bi,'7 jZO, 7”71207 , M )
’ (7.32)

[
<
+
<o
-
[V

S
<o

Il
“O
3

I
\'o
E
ks

=V o+ jo + u

[V
=
<o
[
\.O
3
[
\.O
3
|
o
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The counter ¢ appears only on the right hand side of these inequalities, and thus if

Aj, fij, p; and 7; are defined as

= m\ (n—k
. i i (7) (1)
Aj = MaX;—o,.. nk{Q;} = MaXi—0,.n—k § 108 T gk (7 J=0,...,m,
(")
7 n\ (m—k
_ _ )bk,j (])( i )
My = MaX;—g,..., m—k;{ﬁz‘,j} = MaX;=,.m—k { 108 Byt — J=0,...,n,
(")
= m\ (n—k
| ) | ar (5) ("7)
pj = Miy—g, .. n—k{Oéz‘,j} = MiNj—o,.. n—k § 10g T i (> J=0,...,m,
(")
7 n\ (m—k
- - s () (79|
Tj = MiN—g,. .., mfk{ﬂZJ} = Min;—q, . m—& { l0g mtn—Fk ) J=0,...,n,
(")
then (7.32) can be written as
Minimize U — V
subject to
U - ]¢ 2 5‘]7 j = 07 , M,
Uu - jd) - K Z gy j:07 y 1,
-V + ]¢ 2 _ﬁja j:O>"'7m7
This minimization problem can be written as:
U U
V V
Minimize [1 —1 0 0] subject to A > b, (7.33)
¢ ¢
L. //l/ - L. //l/ -

where A € REm+2n+4)x4 441

b: [ )\07”' a)\ma,a(])”' 7ﬂna_ﬁ07"' a_ﬁma_%07"' 7_77_71 ]T€R2m+2n+4



CHAPTER 7. THE DEGREE OF AN AGCD, PART III 145

which is a standard linear programming problem. If oy (k) and 0, (k) are the solutions
of the linear programming problem (7.33), then the polynomials (7.18) and (7.19)

become

m

fo = fr(w) = fu(w,6y) :Z ari0}) ( ) (1 — 6rw)™ "', (7.34)

i=

and

B = ) = 36l 01) = 3 (B8] (?) (1 = byw)"u, (7.35)

respectively, where oy = «1(k) and 6; = 6;(k), and the coefficients of these polynomi-
als form the entries of the subresultant matrices S'k(fk, a10k)Qk, k= 1,...,min(m,n).
Because the entries of the subresultant matrices Sy (f, ¢)Qk, kK = 1, ..., min(m, n), are
functions of k, the three preprocessing operations must be implemented for each value
of k.

A slight modification to the linear programming problem (7.33) allows the optimal
values of o and 6, as(k) and 65(k) for Si(frs agr) to be calculated, and therefore the

polynomials (7.20) and (7.21) become

fr = fr(w) = fr(w,0,) = Z (iix,i05) ( ) 1 — fow)™ "', (7.36)
=0
and
Ik = gr(w) = gr(w,bz) = (Z?'kﬁ%) (?) (1 — Gow)™ I, (7.37)
7=0

respectively, where ay = ay(k) and 6, = 6,(k), and the entries of S( fk, aodr), k =

1,...,min(m,n), are calculated from the coefficients of these polynomials. Similarly,
since the entries of the subresultant matrices Sk(f,¢g), k = 1,...,min(m,n), are also
functions of k, each of the subresultant matrices, Si(f,¢g), & = 1,...,min(m,n),

must be processed by the three preprocessing operations to obtain the subresultant



CHAPTER 7. THE DEGREE OF AN AGCD, PART III 146

matrices defined in the modified Bernstein basis, Sj( fk, k).
The degree of an AGCD of the inexact polynomials f(z) and g(z) can be determined
from the subresultant matrices gk(fk, a1 Jx) Q) and gk(fk, asdr), k=1,...,min(m,n),

which is considered in the next section.

7.4 The determination of the degree of an AGCD

The preprocessing operations described in Section 7.3 transform the given inexact
polynomials f(z) and g(z) to fi(w) and §(w) defined in (7.34) and (7.35) respec-
tively for £ = 1,...,min(m,n), and the kth subresultant matrix Sk(fk,algk)Qk is
computed from the polynomials fk(w) and gx(w).

As shown in Section 7.2, when inexact polynomials are specified, noise that is added
to the polynomials makes them coprime, and thus Sj( fk,algk)Qk has full column
rank for all £ = 1,...,min(m,n). In order to determine the degree of an AGCD
using the methods based on the first principal angle and residual, the approximation
(7.10) is established.

It was discussed in Section 7.2 that it is necessary to choose the optimal column of
gk(fk, a1Gx)Qy for k= 1,...,min(m,n), such that the smallest error in the approxi-
mation (7.10) is achieved. In particular, the smallest error in the approximation (7.10)
for each value of K = 1,..., min(m,n), can be achieved by choosing the column of
Si( fk, a1 Jx)Q as optimal column, such that the angle between this column and the
space spanned by the remaining m+n—2k+1 columns of S (fr, a1 )Qy is minimum,
which implies that the smaller the angle, the smaller the error in the approximation
(7.10). An alternative method considers the residual of the approximation (7.10) to

calculate the optimal column for each value of k.
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The discussion suggests that two issues must be addressed:

(1) The calculation of the index i = ¢ of the column of S (fi, @1 Gx)Qk that defines

the optimal column hy; in (7.10) for £k = 1,..., min(m,n).
(2) The calculation of the degree k = d of an AGCD of f(w) and G (w).

Two methods, one based on the first principal angle and the other based on the

residual of (7.10) are used to solve this problem.

7.4.1 The method of the first principal angle

The first principal angle between the vector hy; and the matrix Hj, ;, which are defined
in (7.10), is the smallest angle between the space Ly ; spanned by hy;, and the space

Hy.; spanned by the columns of Hy ;,
Ui = L(Lyiy Hri), k=1,...,min(m,n);i=1,....m+n—2k+2, (7.38)
where

Ly; = span{ D i 1
Hyi = span{ hiea oo Pk P 0 kmen—2k42 }-
The calculation of the degree of an AGCD using the criterion of the first principal

angle firstly chooses the optimal column for each value k = 1,..., min(m,n). Thus,

the minimum value ¢, of ¢ ; for each value of k is calculated,
¢ =min{Yp,;:i=1,....m+n—2k+2}, k=1,...,min(m,n), (7.39)

and the column 7 = q,‘f for which each of the min(m,n) minima occurs is recorded,
thereby yielding the vector

¢

q- = qf qg qmin(m,n)fl qmin(m,n)

Y

] ] :| c Rmin(m,n)
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where the superscript ¢ denotes that these optimal column indices are calculated
using the criterion based on the first principal angle.
It was stated in Section 7.2 that the degree d® of an AGCD is equal to the index k

for which the change in ¢, between two successive values of k is maximum,

d¢:{k:max<¢;+l);k:1,...,min(m,n)—1}. (7.40)
k

Equation (7.40) is stated in terms of the maximum ratio of successive first principal
angles, rather than the minimum value of the first principal angles. The reason for
this criterion is easily seen by considering an example. In particular, let min(m,n) =7

and let ¢ € R” be the vector of first principal angles ¢, k =1,...,7,

¢ = {¢1 G2 P3 Qs G5 Ps P7

= { 2x 10712 5x 10718 4x 1071 7x 10712 3x 107t 1073 1072 ] )

and thus

log ¢ = { —-11.7 —-12.3 -104 -112 —-05 -3 -2 } :
The variation of the first principal angles log ¢q, ... ,log ¢4, is relatively minor, such
that these four first principal angles are sufficiently small, which implies that the
vector hks,q,‘f almost lies in the column space H kgl and therefore the associated ap-
proximate solutions of (7.10) are acceptable. In particular, these small values show
that the polynomials have approximate common divisors of degrees 1,2,3 and 4. The
maximum ratio ¢gy1/ér, k = 1,...,6, occurs for k = 4, which implies that the first
principal angle between the vector hk,q,‘f and the column space H k! is unacceptably
large for k = 5, and thus the degree d? of an AGCD is equal to four.
Equation (7.40) defines the criterion to calculate the degree of an AGCD using the

first principal angle, but the method to compute )y, ;, which is defined in (7.38), must
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be obtained. The following considers the calculation of v ; [56]:
The unit vector uy; that spans Ly ; is

U = s
Tl

€ ﬁ]m, dim Ek,i =1.

The calculation of v, ; requires an orthonormal basis for Hy, ;, which can be obtained

by applying the QR decomposition to Hj;,
Hy. i = O iR, O;{,iOk,i = Lntn—2k+1,

where Oy ; € R(m+n—k+1)><(m+n—2k+1)’ Ri; € R(m+n—2k+1)><(m+n—2k;+1) is an upper trian-
gular matrix, and the columns of Oy, ; define an orthonormal basis for Hy, ;. Therefore,

every vector vy ; € Hy; can be written as
Vi = Oki%k,is
where 2, € R™+7=2k+1 “and the cosine of the angle 6 between ug,; and vy ; is
cosf = ufﬂ-vk,i, llukill = |lvksll = 1.

The first principal angle 1y, ; between Ly, ; and ‘Hy; is defined to be the smallest angle
between uy; € Lj; and an arbitrary vector vy ; € Hy,;, and thus
costy; = max ui,vp; = max (uf ,Opi)zp.- (7.41)
lokall=1 llzk,ill=1"
If the SVD of w0y is
up, :Opi = Zk,iW]z:ia
where % ; € RI>¥min=2k+1) and 11, ; € RimAn—2kt)x(min=2k+1) “then (7.41) yields
_ T _ T
cos Yy, = max wu,vp; = max (X Wy,)zk.,
lokall=1 ™ Zk,ill=1 ’

which implies that cosy; is equal to the non-zero singular value of u;‘giOkﬂ-,

COS ¢k,i = Ok,i,1- (742)
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It follows from (7.42) that the first principal angle, ¢y ;, between Ly ; and Hj,; is given
by

-1
¢k,i = COS  Ok,-

However, computational problems arise when 9y, ; =~ 0 because
00k i1
sin 77Z)]€,i ’

and thus |09y ;| > |doyi1| if Yr; = 0. Therefore, a stable method for the first principal

O = — (7.43)

angle computation must be developed, which requires the following theorem [56].

Theorem 7.1. Let the columns of W € R"*P be orthonormal, and let W be partitioned

as

Wi
W = s WleR”Xp, WQGRT2XP, T+ Ty =1

Ws
Let vy > v > -+ - > 7, be the singular values of Wy, and let oy < 09 < --- < 0, be

the singular values of Wy, then
v +or=1, j=1,...,p. (7.44)
Proof. Since the columns of W are orthonormal, it follows that
WEW, + WiW, = I,
If (\,v) is an eigenpair of W' W, then
(W Wh)o = A,
and thus
(L, — W1TW1)U = (1=,

that is

(WLWa)v = pw,
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from which it follows that (u,v) is an eigenpair of W, W5, where
Abp=1. (7.45)

The jth eigenvalue of WIW; is yf,j = 1,...,p, and thus it follows from (7.45)
that the jth eigenvalue of W3 W5 is 1—+7. Since the jth eigenvalue of W, W, is equal
to 032-, it follows that the sum of the jth eigenvalues of W W, and Wi W, is equal to
one, and thus (7.44) is established. O

It will be shown that the instability that arises when v ; ~ 0 can be overcome by

computing the orthogonal complements Lti and Hti, where
LiiULy, =R™" 1 and  Hy, UHg, = R™HH
and
dimLy; =m+n—k and  dimH;, =k

It will be required to calculate orthonormal bases for £;;; and H;;;, and these bases will
define the columns of matrices Uy,; € Rmn—k+x(min=k) anq O, ; € Rm+n-k+i)xk

respectively. It follows that the columns of Uy ; and Nj; are given by

Uri=1up; Ur; € RmFn=ktD)x(min—k+1) U]z:iUk,i = Uk,z‘UkT,i = Imin—kt1,
(7.46)
and
Nk,z‘ - [ Ok,i 6k,i ] S R(m+n_k+1)x(m+n_k+l)a le:iNk,i - Nk,ile:i = Im+n—k+1,
(7.47)

respectively, which define orthonormal bases for R™*"~*+1 The following theorem is

established in [56].

Theorem 7.2. Let Ly; and Hy; be subspaces of R™" 1 and let 6; be the jth



CHAPTER 7. THE DEGREE OF AN AGCD, PART III 152

principal angle between them. The unit vector ugx; € R™ 1 spans the line Ly,
and the columns of Oy, ; € RImFn—k+)x(min=2k+1) qefine an orthonormal basis for Hy.;.
Also, let the columns of Uy, € Rmtn=ktx(min=k) gpnq O, , € Rmtn=k+xk gefine
orthonormal bases for Ejﬂ- and th- respectively, where (7.46) and (7.47) are satisfied.

Then the singular values of UiiOk,i € Rmtn=k)x(mtn=2k+1) 4p uflﬁkz € R” are

sinf; <sinfy < --- <sinb,n oki1-

Proof. Since Uy ; is an orthogonal matrix and Oy ; has orthonormal columns, the
columns of W, ;1 € RUntn—ktl)x(mtn—2k+1)

T
uk,iOkﬂ'

T m+n—2k+1 77T m—+n—k)X(m+n—2k+1
. , upO €ER , UpiOri € R )x( ),
Uk;,z‘Ok,i

T
Wii1 = U, O =

are also orthonormal. Also, the singular values of u} Oy, are Y, ; = cosOp;;,j =
1,...,m+n—2k+ 1, and it follows from Theorem 7.1 that the singular values of

=T
Uy.iOk, are

Okij = \/1 —’}/g%j = sin@k,i,j, ]: 1,...,m—|—n—2k+ 1.

Consider now the vector Wy ;o € R+

OT-uk i
T k?,’l y? T m+n—2]€+1 AT k
Wk,i,g = Nk,iuk,i = o , Ok,iuk,i eR , Okﬂ-uk,i e R".
Oy, it
The singular values of O] juy ; are cos Oy ; ;,7 =1,...,m+n—2k+1, and thus it follows

from Theorem 7.1 that the singular values of 5;‘:21%1 and uflﬁkz are sinfy;;,j =
1,....m+n—-2k+1 O
Since the singular values of u{;Oy; and U;iOM are 0y, = sinby,;,;,7 =1,...,m+

n — 2k + 1, it follows that the principal angles are

O,ij = Sin_lak,i,ja 7=1,....m+n—2k+1,
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and thus the first principal angle is given by

.1
77Z)k,i =S Okg1-

When 9y,; =~ 0, then,

5Uk,i,1

cos Py’

OVpi =

from which it follows that if ¢y ; ~ 0, then |0t ;| ~ |60y, 1|. The first principal angle

Yy ; 1s therefore stable with respect to changes in oy;1 when 9 ; ~ 0.

7.4.2 The method of the residual

An alternative method to calculate the optimal column is to consider the residual of
(7.10). Let zx; be the least squares solution of (7.10) and let rx; = 74 ;(Hg, i) be

the residual associated with this solution,
ki = H]];Z‘hk,ia Thi = hii — Hy 24, H;IJ‘ = (H]zjin,i)ilH]Zjia (7.48)
for k=1,...,min(m,n), and i =1,...,m+n — 2k + 2, where
el = llreall® + 1 Heoznall®, 7 (Hiizes) = 0.
It follows that |74 || is equal to the perpendicular distance of the point with position
vector hy,; to the point with position vector Hj ;zx; on the plane ¢ = Hy ;xy,; that
defines the column space of Hy ;, which is shown in Figure 7.1.
The determination of the degree of an AGCD using the method based on the

residual also includes two steps, which is similar to the determination of the degree of

an AGCD using the method based on the first principal angle. Firstly, the minimum
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Figure 7.1: The first principal angle Z AOB and the residual r;; between the vector
hy; and the column space Hy, ;.

value of ||y ;|| for each value of k = 1,...,min(m, n), is calculated using (7.48),
Tk min 7
1P

H(I — szHIIZ) i
min T ci=1,....m+n—2k+2,, (7.49)
i

for k =1,...,min(m,n). The column i = ¢}, for which each of the min(m, n) minima

occurs is recorded, therefore yielding the vector

qr — [ q{ qg . q:nin(m,n)—l qz;iin(m,n)] c ]Rmm(m,n)7
where the superscript r denotes that these optimal column indices are calculated
using the criterion based on the residual. The degree d” of an AGCD equals to the

index k for which the change in r; between two successive values of k is maximum,

dT:{k:max(%);k:1,...,min(m,n)—1}. (7.50)
k
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It is noted that (7.50) uses the maximum ratio of successive values of the residual,

which is of the same form as (7.40) for the calculation of d®.

Algorithm 7.1: The calculation of the degree of an AGCD of two inexact

Bernstein polynomials

Input Two inexact Bernstein polynomials f(z) and g(z) defined in (4.2).
Output Two estimates, d® and d", of the degree of an AGCD of f(z) and g(x),

and the column indices ¢® and ¢" associated with the first principal angle and residual

respectively, for each value of k = 1,..., min(m,n).
Begin
1. For k=1,...,min(m,n) % Loop for all the subresultant matrices

1.1 Preprocess f(x) and g(x) to yield their modified Bernstein polynomials
fi(w) and §p(w), which are defined in (7.34) and (7.35) respectively,

as shown in Section 7.3.
1.2 Compute the kth subresultant matrix, S*k(fk,algk)cgk, of fk(w) and
Jr(w).
1.3 Fori=1,...,m+n—2k+2 % Loop for the columns of Sy ( fi, a13x)Qx
(i) Define the column hy; from S'k(fk, a10k) Q-
(ii) Define the matrix Hy; from gk.(fk, a1 Gr) Qk.-
(iii) Calculate the angle v ; and residual ry ;.
End ¢

1.4 Calculate ¢ and ¢ from (7.39), and r; and ¢} from (7.49).
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End k

2. Calculate two estimates d? and d” of the degree of an AGCD from (7.40) and
(7.50).

End

The above analysis about the first principal angle and residual can be repeated
for the subresultant matrices Sy( fre, asdr), k= 1,...,min(m,n), which are computed
from the modified Bernstein polynomials fi(w) and g;(w) defined in (7.36) and (7.37)
respectively. In particular, since the inexact Bernstein polynomials are coprime,
Sk( fk,agg’k) has full column rank for all £ = 1,...,min(m,n). Therefore, the ap-
proximation (7.9) is established.

Similarly, the optimal column for each index k£ must be calculated, such that the
error in the approximation (7.9) is a minimum. Two criteria, the first principal angle
and residual, are used to select the optimal columns for & = 1,... , min(m,n), and
then the degree of an AGCD is determined using the same procedures described in

Sections 7.4.1 and 7.4.2 respectively.

7.5 Examples

In this section, three examples are illustrated to demonstrate the computation of
the degree of an AGCD from three forms of the subresultant matrices, Si( f, k)
S'k(fk, asdr) and S (frs a1 0k )@k, using the methods based on the first principal angle

and residual. These three forms of the subresultant matrices are described as follows:
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e Si( fk, gr) is the kth subresultant matrix of the normalized Bernstein polynomi-
als fi.(z) and g (), which are defined in (7.16) and (7.17) respectively. The sec-

ond and third preprocessing operations are not implemented, that is, « = 6§ = 1.

o Si( fk, aodr) is the kth subresultant matrix of the modified Bernstein polyno-
mials fj,(w) and §x(w), which are defined in (7.36) and (7.37) respectively, that

arise after the three preprocessing operations have been implemented.

° S'k( fk, a1Jx)Qy is the kth subresultant matrix of the modified Bernstein poly-
nomials fj,(w) and gx(w), which are defined in (7.34) and (7.35) respectively,

that arise after the three preprocessing operations have been implemented.

Experiments show that the second and third preprocessing operations, which intro-
duce the parameters a and 6, are important for the correct estimate of the degree of
an AGCD. The importance of the second and third preprocessing operations can be
easily recognized by observing the differences in the results obtained from these three
forms of the subresultant matrices. In addition, it will be shown in the examples that
both Sk(fk, asdx) and gk.(fk, a1 Jx) Q. return good results. Furthermore, the examples
will also demonstrate that angle and residual yield different optimal columns for some

values of k.
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Example 7.2. Consider the exact Bernstein polynomials f (x) and g(x), whose roots
and multiplicities are specified in Table 7.1. It is seen that m = 48, n = 47 and the

degree of their GCD is d = 37.

Root of f(x) | Multiplicity Root of g(z) | Multiplicity
0.27926+000 11

0.27926+000 10
0.3129¢--000 4

0.7326e+000 7
0.7326e--000 6

0.7912e+000 11
0.7912e--000 9

0.9783¢+000 6
-0.8139e+000 4 1.3741e+000 6
1.3741e-+000 8 335611000 7
-3.3561e+-000 6 '

Table 7.1: The roots and multiplicities of f () and g(x) for Example 7.2.

Noise with componentwise signal-to-noise ratio 108 is added to each polynomial.

log ;4 @
.
2
log 10 Mk

k=37

Figure 7.2: The variation of log;, ¢, and log,,rr computed from Sk(fk,gk), k=
1,...,47, for Example 7.2.

Figure 7.2 shows the variation of log,, ¢x and log,, 7 computed from the subresul-
tant matrices, Sy(fr, gx), k = 1,...,47. It is seen from Figure 7.2 that the maximum

changes in log,, ¢, and log,, 7y are not clearly defined.
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Figures 7.3 and 7.4 show the variation of log,, ¢\ and log;, 7, computed from S'k(fk, o k)
and Sk(fk,algk)Qk, k =1,...,47, respectively. It is seen from Figures 7.3 and 7.4
that the maximum gradient in each graph occurs when k£ = 37, which is correct

because deg GCD(f, §) = 37.

109 ;6 B
log 10 "k

Figure 7.3: The variation of log,, ¢ and log;,rr computed from Sk(fk,aggk), k=
1,...,47, for Example 7.2.

109 ;6 B
.
Ioglork
B S S L

Figure 7.4: The variation of log,, ¢, and log,,r; computed from S‘k(fk,algk)cgk,
k=1,...,47, for Example 7.2.

Comparing the result obtained from Si(fx, gr) with the results obtained from

Si( fk,aggk) and S( fk,alf]k)Qk indicates that the second and third preprocessing
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operations, which introduce the parameters o and 6, are important for yielding the
correct estimate of the degree of an AGCD.

Figures 7.5 and 7.6 show the indices of the optimal columns of Sj( fk,agg'k) and
S'k(fk, a1Gx)Qr, k= 1,...,47, respectively, using the criteria based on the first prin-
cipal angle and residual. Both figures suggest that the criteria do not yield the same

optimal column for all values of k.

100
90 ! 09 4

801 L4 B
! *

Column

ee0eeeeccssesccsdoce | 1 1
5 10 15 20 25 30 35 40 45 50
k

Figure 7.5: The column of Sk(fk,aggk) for which the error in (7.9) is a minimum,
using the first principal angle o, Method 1, and the residual A, Method 2, against k£,
for Example 7.2.
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Figure 7.6: The column of Sy(fx, a1 gk ) Qs for which the error in (7.10) is a minimum,
using the first principal angle o, Method 1, and the residual A, Method 2, against k,
for Example 7.2.

O

Example 7.3. Consider the exact Bernstein polynomials f (x) and g(x), whose roots
and multiplicities are specified in Table 7.2. It is seen that m = 29, n = 32 and the
degree of their GCD is d = 14.

Root of f(z) | Multiplicity Root of g(z) | Multiplicity
0.3569e+000 7 0.8761e+4-000 9
0.4521e+4-000 7 0.9132e+000 9
1.2383e+4-000 9 1.2383e+000 8
-1.3521e+000 6 -1.3521e+000 6

Table 7.2: The roots and multiplicities of f(z) and §(z) for Example 7.3.

Noise with componentwise signal-to-noise ratio 10® is added to the polynomials in
order to yield their inexact forms.

Figure 7.7 shows the variation of log,, ¢, and log,, r; computed from Sk(fk, k), k=
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1,...,29. It is seen from Figure 7.7 that the maximum change in log,, ¢, occurs for
k = 8, which is incorrect because deg GCD( f ,§) = 14, and the maximum change in

log, i is not clearly defined, such that the degree of an AGCD can not be determined

from it.
o
o
o
& k=14 =t
° E
g 9 k=14
= -10 = \
ol
o
o

1 Il Il Il Il 1 1 Il Il Il
5 10 15 20 % 30 5 10 15 20 %5 30
k k

Figure 7.7: The variation of log,,¢), and log;,rx computed from Si(f, gr), k =
1,...,29, for Example 7.3.

- k=14

log 10 (pk

Il Il Il Il Il
5 10 15 20 % 30
k

Figure 7.8: The variation of log,, ¢, and log,,r; computed from gk(fk,agg’k), k =
1,...,29, for Example 7.3.
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109 ;6 B
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Figure 7.9: The variation of log;, ¢, and log,,r; computed from S'k(fk,mf]k)Qk,
k=1,...,29, for Example 7.3.

Figure 7.8 shows the variation of log,, ¢; and log;, 7 computed from S'k(fk, asdr),
E=1,...,29, and Figure 7.9 shows the variation of log;, ¢, and log,,r; computed
from S'k(fk, a1Gk)Qr, k=1,...,29. It is seen from Figures 7.8 and 7.9 that the maxi-
mum gradient in each graph occurs for k£ = 14, which is correct, and that these values
of k are clearly defined. The correct results shown in Figures 7.8 and 7.9 must be com-
pared with the incorrect results shown in Figure 7.7. In particular, S( fk, andy) and
Sk( fk, a1 gx)Qp, which are processed by three preprocessing operations, yield signifi-
cantly better results than S, (f5, gx), which is only preprocessed by the normalization

operation.
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Figure 7.10: The column of Si(fi, a2dx) for which the error in (7.9) is a minimum,
using the first principal angle o, Method 1, and the residual A, Method 2, against &,
for Example 7.3.

Figures 7.10 and 7.11 show the column of S'k(fk, aa ) for which the error in (7.9) is
minimum and the column of Sy( fx, 21Gx) Qs for which the error in (7.10) is minimum,
respectively, using the criteria based on the first principal angle and residual. It is
seen from Figures 7.10 and 7.11 that the optimal column selected by the criterion
based on the first principal angle is the same as the optimal column chosen by the
criterion based on the residual for most values of k, and the greatest differences occur

only for small values of k for both criteria.
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Figure 7.11: The column of Sy ( fi, a1 )Qx for which the error in (7.10) is a minimum,
using the first principal angle o, Method 1, and the residual A, Method 2, against k,
for Example 7.3.

O

Example 7.4. Consider the exact Bernstein polynomials f (x) and g(x), whose roots
and multiplicities are specified in Table 7.3. It is seen that m = 27, n = 27 and the
degree of their GCD is d=17.

Root of f (x) | Multiplicity Root of g(z) | Multiplicity
1.3679e-006 6 1.3679e-006 7
-2.4583e-005 4 2.3684e-006 4
3.6782e-007 5 3.6782e-007 4
7.1341e-006 7 -5.7936e-006 5}
-9.4731e-005 5} 7.1341e-006 7

Table 7.3: The roots and multiplicities of f(z) and §(z) for Example 7.4.

The polynomials are perturbed by noise, such that the componentwise signal-to-
noise ratio equals to 108.

It is seen from Figures 7.13 and 7.14 that Sk(fk,aggk) and S'k(fk,algk)Qk yield the
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correct results because the maximum change in each graph occurs at £ = 17, which
is correct because deg GCD(f,§) = 17. However, Sy (fx,dx) returns the incorrect
results because Figure 7.12 shows that the maximum change in log,, ¢ is not clearly
defined and the maximum change in log,, 7 occurs for k = 26. In addition, Figures
7.15 and 7.16 demonstrate that two criteria based on the first principal angle and

residual, yield different optimal columns for most values of k.

k=17

L L L L L _ L L L L L
5 10 15 0 3 Ed - 5 10 15 0 3 Ed
k k

Figure 7.12: The variation of log,, ¢, and log,,m computed from Si(fx, gr), k =
1,...,27, for Example 7.4.

log ;4 @
log 10 Tk

Figure 7.13: The variation of log;, ¢ and log;,r; computed from gk(fk, asdr), k =
1,...,27, for Example 7.4.
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109 ;6 B
log 10 "k

Figure 7.14: The variation of log,, ¢, and log,,7 computed from Sk(fk,algk)Qk,
k=1,...,27, for Example 7.4.

Figure 7.15: The column of Sy (fi, a2dr) for which the error in (7.9) is a minimum,
using the first principal angle o, Method 1, and the residual A, Method 2, against k,
for Example 7.4.
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30

Figure 7.16: The column of Sy ( fi, a1G5)Qx for which the error in (7.10) is a minimum,
using the first principal angle o, Method 1, and the residual A, Method 2, against k,
for Example 7.4.

7.6 Discussion

It was shown in Chapter 6 that the inclusion of the diagonal matrix () is important
for the improvement of results because the Sylvester matrix S( 1, a19)Q yields sig-
nificantly better results than the Sylvester matrix S( f ,and). However, it was seen
from the examples in Section 7.5 that when the methods using the first principal
angle and residual are applied to the Sylvester subresultant matrices of S( f , (i) and
S(f.19)Q, Sk(f, azgr) and Si(fi, 015:)Qk, both Si(fi, cage) and S(fi, a1dr)Qn
return similar correct results, and the improvement of results caused by the inclusion
of the diagonal matrix (), is not obvious, which is explained as following.

Consider the computation of the degree of an AGCD using the method of the

first principal angle applied to two forms of the Sylvester subresultant matrices,
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S (frr 2die) and Si(fr, 1d1) Q-

Consider the subresultant matrices Sk(fk, asdr), k=1,...,min(m,n). It was shown
in Section 7.4.1 that the selection of the optimal column of gk(fk,agg’k) for k =
1,...,min(m,n), requires the calculation of the first principal angle between I;; and
the column space of Ly, for i =1,...,m +n — 2k + 2, where [;; is the 7th column of
S'k(fk, asdi) and Ly, is the remaining matrix of S'k(fk, andy) after the removal of the
1th column,

o m+n—k+1)x (m+n—2k+1
Lk,i— lk;,l lk,i—l lk,i—f—l lk,m+n—2k+2 ER( I )'

The calculation of the first principal angle between [ ; and the column space of Ly ;
requires the unit vector of /;; and an orthonormal basis for Lj; to be computed. The

unit vector py; of [y ; is

Uk
1kl
and the orthonormal basis O(Lyg ;) for Ly, is obtained by applying the QR decompo-

Pki =

sition to Ly ;, which involves the Gram-Schmidt process,

v
v = g, t = —1>
o
v
vy = g2 — (lk,z : t1)t1> ty = ——
[[va|
i—2 _
Vic1r = g1 — Z (lk,i—l : tj)tj, lic1 = —,
, [Jviall
7=1
i
U.
Vg1 = lpiy1 — Z (lk,i—i—l : tj)tj, liy1 = am ;
st [0
m+n—2k+1 Vit 22
Umtn—2k+2 = lpmin—okt2 — Z (lk,m+n72k+2 : tj)tja bngn—2k+2 = m>
m+n—2k+

Jj=1
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where r - w denotes the inner product of the vectors r and w, and || - || denotes the
2-norm.

The orthonormal basis O(Ly ;) for Ly ; is

It was shown in Section 7.4.1 that the unit vector pj, of l; and the orthonormal
basis O(Ly ;) for Ly ; are used for the calculation of the first principal angle between
l; and the column space of Ly ;.

Consider the subresultant matrices Si(fr, a10%)Qk, k = 1,...,min(m, n), which are
equivalent to postmultiplying Si(fy, a1ds) by the diagonal matrix Q.

Suppose that the matrix Sy (fi, a1 gy) € ROMHA—R+1)x(mtn=2k+2) i

Sk(flm 010k) = | Cp1 Crz  t Changn—2ktl Chmin—2k42 | (7.51)
where ¢y ; is the ith column of Sk(fk, a1 Jk)-
It follows from (3.30) that the entries on the diagonal of @); are the combinatorial
factors, and postmultiplying Sy (f, a1dx) by the diagonal matrix Qj, is equivalent to
multiplying the ith column of Sy (/f, a10k), Cri, by the ith entry on the diagonal of

Qk; ki, that is

Sk(fkaalgk)Qk = |i hk,l hk72 cee e hk,m+n—2k+2 :|

{ Qk1Ck1 qe2Ck2 - 0 Qkmn—2k4+2Ckmtn—2k42 } ) (7'52)
where ¢ ; is a combinatorial factor, ¢, is a vector and hy; = gk ick,i-
The selection of the optimal column of S'k(fk, a10x)Qy for k= 1,...,min(m,n), also
requires the calculation of the first principal angle between hj; and the column space
of Hy, fori=1,...,m+n — 2k + 2, where hy; is the ith column of S*k(fk,algk)c)k

and Hy,; € ROnFn—k+l)x(min=2k+1) jg the remaining matrix of Si(fr, a13y)Qy, after the
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removal of the ith column,
Hy; = [ hk,1 T hk,iq hk,i+1 s hk,m+n72k+2

= [ qk,1Ck,1 0 Qki—1Cki—1  Qki+1Cki+1  Qkm4n—2k+2Ckm4n—2k+2
The calculation of the first principal angle between h;; and the column space of Hy;
requires the unit vector of hj; and an orthonormal basis for Hy; to be computed.

The unit vector ug; of hy; is

. P ~ GkiCri GkiCki  Ckg
Uk,i =

Mkl Nawicrall  awllerdll  llewall’

and the orthonormal basis O(Hy;) for Hy; is computed by applying the QR decom-

position to Hj;, which involves the Gram-Schmidt process,

ro= higi=qrick,
o1 — 't qriCka1 Cga
1 = = =
Il lakacrall  lerall’
ry = hgo— (hk,2 : 61)61 = Gk,2 (%2 - (Cm : 61)61) = (kg ,2Wg,2,
T2 gk, 2Wk 2 Wi 2
62 = == g s
72| |Gk, 2wr 2| [[wp 2]
i—2 i—2
Ti-1 = hk,iq - Z (hk,iq : ej)ej = Gk,i—1 (Ck,iq - Z (Ck,zel : ej)ej)
Jj=1 J=1
= Qki-1Wki—1,
Tri—1 Qki—1 Wk i—1 Wk i—1
€i-1 = - = )
i | @re,i—1 W i—1]| [k i1l|
i i
Tiqy1 = hk,iJrl - Z (hk,iJrl : ej)ej = qk,i+1 <Ck,i+1 - Z (Ck,iJrl : ej)ej)
Jj=1 J=1

= Qkit1Wk,i+1,
Tit1 Qk,i+1Wk i1 Wk i+1

Hn+1H N ||Qk,i+1wk,i+1’| N ||wk,z‘+1||’

€it+1
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m+4n—2k+1
m4n—2k+2 = hk,m+n—2k+2 - E (hk,m+n—2k+2 : €j)6j
Jj=1
m+4n—2k+1
= gkm+n—2k+2 (Ck,m+n—2k+2 - E (Ck,m+n—2k+2 : €j)6j>
Jj=1

=  Qkm+n—2k+2Wk m+n—2k+2,

e T'm4n—2k+2 o Gk, m+n—2k+2Wk m+n—2k+2 o Wk, m+n—2k+2
m4n—2k+2 - - .
HTerankJrZ H H Qk,m4n—2k+2Wk m+n—2k+2 H Hwk,ern72k+2 H

The orthonormal basis O(Hy ;) for Hy; is

O(Hk,i) =|er - €1 €1 ' Cmin_oiss | € R(mAn—k+1)x(mt+n—2k+1)

It is seen from the process of calculating the unit vector uy ; of hy; and the orthonormal
basis O(Hy;) for Hy; that the effect of the ith entry on the diagonal of Qy, gy, is
canceled out because the process involves normalizing the vector by its 2 norm. The
unit vector uy,; and the orthonormal basis O(Hy;) are used for the calculation of
the first principal angle between hy,; and the column space of Hy, ;, and therefore the
diagonal matrix (), has no effect on the computation of the first principal angle.
Consider now the computation of the degree of an AGCD using the method of the
residual applied to S'k(fk, asdr) and S (fr, a10k) Q-

When the subresultant matrices gk(fk, asdr), k= 1,...,min(m,n), are used, it was
shown in Section 7.4.2 that the selection of the optimal column of Sj( fk, angy) for
k = 1,...,min(m,n), requires the calculation of the residual 74 ;(Ly., ;) for i =
L,...,m+n — 2k + 2, where l;; is the ith column of S'k(fk,gggk) and Ly, is the
remaining matrix of Sj( fk, andy) after the removal of the ith column.

It follows from (7.49) that

T
e )| (7 = 2ad) s
I3 [k
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Consider the method of the residual applied to Sj( Fe, 1 Jr)Qy. Similarly, the selec-
tion of the optimal column of Si(fx, 013x)Qk for k = 1,... min(m,n), requires the
calculation of the residual ry ;(Hy i, hi;) for i = 1,...,m +n — 2k + 2, where hy,; is
the 7th column of S'k(fk, a10;)Qr and Hy; is the remaining matrix of S'k(fk, a10k) Qk
after the removal of the ith column.

Suppose that S (/. a1 0g) is defined in (7.51). The matrix Si(frs a1 0k )Qr is obtained
by postmultiplying Si( fk,algk) by the diagonal matrix (), which is equivalent to
multiplying the ith column of gk(fk, a10k), Cri, by the ith entry on the diagonal of

Qk, qri- 1t therefore follows from (7.52) that

hii = Qk iCri-
Furthermore, if Cy,; € RO +n—k+D)x(m+n=2k+1) i5 the remaining matrix of Si(fx, a1 Gx)
after the removal of the ith column and Q;“ is the remaining matrix of (), after
removing the ¢th entry on the diagonal of )y,

Qk,i = diag { Q1 0 Gki—-1 Gki+1 0 QkmAn—2k+2 } € R(erni%H)X(erni%H)’

where ¢y, ; is the combinatorial factor, then

Hyi = CriQri.
It follows from (7.49) that
1 ~ ~ A\t
Hrk,i(Hk,hhk,i)H B H(I - Hk,in,Z) hk,i H(I - Ck,i@k,i<ck,iQk,i) >Qk,ick,i
[ izl | qr,icr.il]
qk,i <I - Okz@kz(cszkz>T>ckz
B qk,i Hck’LH

H <I — CriQki (Cszkz>T)C]€Z

[lenall
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Since
(CriQri)' = < ChiQr.i) OIHQIH)) (CriQy)
= < (CLiCri) Qi z) (Ck'szz)T
= (Ql(ctow) @l @Lch)
= le,i (Ok,iok,i) OkT,m
then

CriQii (CriQri) " = CriQriQi  (CLCi) T CL = Cri(CF,C) T CF = CriC.

Thus
75 (His, )| H(I — i Qi (CriQyi) )Ck,i H(I — CriC} ;) Cri
1o B |lenl a [lek,l|
Hrk,i(ck,iack,i)u
[len,l

This analysis shows that the normalized value of the 2-norm of the residual between
the remaining matrix of Sk(fk, a1 Qr after the removal of the ith column, Hy ;, and
the ith column of Sk(fk, a1Gk)Qr, hii, is equal to the normalized value of the 2-norm
of the residual between the remaining matrix of Sk( fk, a1 gy after the removal of the
tth column, C};, and the ith column of Sk(fk, a10k), ki, and therefore the diagonal

matrix (), has no effect on the computation.

7.7 Summary

This chapter has introduced the computation of the degree of an AGCD of inexact
polynomials using two methods, one based on the first principal angle and the other
based on the residual of a linear algebraic equation. The computation is performed

on the subresultant matrices Sk(fk,aggk) and S'k(fk,alf]k)Qk, k=1,...,min(m,n),
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which are processed by three preprocessing operations. Experiments show that both
methods yield correct estimates of the degree of an AGCD, and the preprocessing
operations are crucial for the improvement of results. Furthermore, different criteria
used to define the error in the approximate linear algebraic equation (7.9) or (7.10)
may select different optimal columns.

Chapters 5, 6 and 7 present three methods to determine the degree of an AGCD of
inexact polynomials, and it is desirable to compare these three methods to determine

the method yielding the best results. This issue is discussed in the next chapter.



Chapter 8

The comparison of three methods

Chapters 5, 6 and 7 present three methods to determine the degree of an AGCD
of inexact polynomials. It is shown in Chapter 5 that the Bézout resultant ma-
trix defined in the modified Bernstein basis, B ( 1, g) yields better results than the
Bézout resultant matrix defined in the Bernstein basis, B(f, g). Chapter 6 considers
two forms of the Sylvester resultant matrix defined in the modified Bernstein basis,
g(f, as§) and S(f,a13)Q. The comparison of the results obtained from S(f, a2g) and
S(f,01§)Q suggests that S(f, 01 §)Q yields better results. In Chapter 7, the methods
based on the first principal angle and residual are implemented on two forms of the
Sylvester subresultant matrices defined in the modified Bernstein basis, Sy ( fk, a20k)
and Sk(fk,algk)Qk. Experiments show that both Sk(fk,aggk) and S'k(fk,algk)Qk
return good results.

In the following examples, the results obtained from B (f, g), S(f, a19)Q, gk(fk, a20k)

and Sj( fk, a1 Jx) Q. are compared to determine the method yielding the best results.

176
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8.1 Examples

In this section, the results obtained with B (f, g), S'(f, a19)Q, S'k(fk,gggk) and
Sk( fk, a1 gx) Q) are shown and it is therefore instructive to review their definitions:

e B ( f, g) is the Bézout matrix of the modified Bernstein polynomials f (w) and
g(w), which are defined in (5.13) and (5.14) respectively, that arise after the

preprocessing operation shown in Section 5.1 has been implemented.

o S f,aq §)Q is the Sylvester matrix of the modified Bernstein polynomials f (w)
and g(w), which are defined in (6.27) and (6.28) respectively, that arise after the

three preprocessing operations shown in Section 6.1 have been implemented.

o Si( fk, aodr) is the kth subresultant matrix of the modified Bernstein polyno-
mials fj,(w) and §(w), which are defined in (7.36) and (7.37) respectively, that
arise after the three preprocessing operations shown in Section 7.3 have been

implemented.

) S‘k( fk, a1 gk ) Q. is the kth subresultant matrix of the modified Bernstein polyno-
mials fi,(w) and Gy (w), which are defined in (7.34) and (7.35) respectively, that
arise after the three preprocessing operations shown in Section 7.3 have been

implemented.

Example 8.1. Consider the exact Bernstein polynomials f(z) and §(z), whose roots
and multiplicities are specified in Table 8.1. It is seen that m = 22, n = 19 and the
degree of their GCD is d=12.
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Root of f(z) | Multiplicity Root of g(z) | Multiplicity
1.3974e-005 ) 1.3974e-005 4
2.9147e-006 4 1.9867e-007 6
7.1963e-006 8 2.9147e-006 3

-8.8579e-005 ) -8.8579e-005 6

Table 8.1: The roots and multiplicities of f(z) and §(z) for Example 8.1.

Noise with componentwise signal-to-noise ratio 10® is added to each polynomial.

log 105 / o,
) \

log 105 / o,
) \

Figure 8.1: The normalized singular values of (a) B (f,§) and (b) S(f,19)Q for
Example 8.1.

The normalized singular values of B ( 1, g) and S( f,019)Q are shown in Fig-
ures 8.1(a) and (b) respectively. It is seen from Figure 8.1(a) that the Bézout ma-
trix B ( 1, g) is of full rank, which implies that f(x) and §(x) are coprime. The
result in Figure 8.1(a) was obtained with 6y, = 1.6029¢ — 005. The rank of the
Sylvester matrix S( f ,a17)@Q is, however, clearly defined and equal to 29, which is
correct because deg GCD( 1, g) = 12. The result in Figure 8.1(b) was obtained with

a; = 1.9065e — 007 and 6 = 7.0564e — 006.
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Figure 8.2: The variation of log,, ¢; and log,,r; computed from gk(fk,agg’k), k =
1,...,19, for Example 8.1.

k=12 | X

log 10‘&(

k=12

Figure 8.3: The variation of log;, ¢, and log,,r; computed from S'k(fk,mf]k)Qk,
k=1,...,19, for Example 8.1.

Figures 8.2 and 8.3 show the variation of log;, ¢, and log,,7; computed from
gk(fk,agg’k) and S*k(fk,algk)cgk, k=1,...,19, respectively. It is seen from Figures
8.2 and 8.3 that the maximum gradient in each graph occurs when k£ = 12, which is

correct because deg GCD(f, ) = 12. O

Example 8.2. Consider the exact Bernstein polynomials f () and §(z), whose roots

and multiplicities are specified in Table 8.2. It is seen that m = 38, n = 31 and the



CHAPTER 8. THE COMPARISON OF THREE METHODS 180

degree of their GCD is d = 21.

Root of f(z) | Multiplicity Root of g(z) | Multiplicity
0.1278e+000 6 0.1278e+4-000 5

0.2374e+4-000 0.2374e+000
-0.5679e+-000 -0.5679e+4-000
0.7937e+-000 0.9949e4-000
1.7359e+4-000 -2.1455e4-000
-2.1455e+-000 -3.4998e+-000

= O Ot Oy 00
W ot O Ot g

Table 8.2: The roots and multiplicities of f(z) and §(z) for Example 8.2.

Noise with componentwise signal-to-noise ratio 10® is added to each polynomial.

Figure 8.4: The normalized singular values of (a) B (f,§) and (b) S(f,19)Q for
Example 8.2.

Figure 8.4(a) shows the normalized singular values of B ( 1, g), and it is seen that
the Bézout matrix B ( 1, ) has full rank, which suggests that f(x) and §(z) are
coprime. The result in Figure 8.4(a) was obtained with §, = 0.7102. Figure 8.4(b)

shows the normalized singular values of S(f, a1§)Q, and its rank is equal to 48, which
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is correct, and furthermore, it is clearly defined. The result in Figure 8.4(b) was ob-

tained with o = 29.3094 and 6; = 1.07.

ot 1
b 9
3
b
- 4|
& 4l k=21 o
[=} [}
1 \ ]
o) o)
o I o
kel = -
-100 S
k=21
-12p e
-l 9
L L L L L L -10 L L L L L L
5 10 15 20 5 30 3 5 10 15 20 5 30 3
K K

Figure 8.5: The variation of log,, ¢; and log,,r; computed from gk(fk,agg’k), k =
1,...,31, for Example 8.2.

log 10Tk

-8 k=21

log 10('pk

12 L L I L L I
3 - 5 10 15 20 25 30 3
K

Figure 8.6: The variation of log;, ¢x and log,,rx computed from S'k(fk,mf]k)Qk,
k=1,...,31, for Example 8.2.

Figure 8.5 shows the variation of log,, ¢, and log;, rx computed from S'k(fk, asdr),
kE=1,...,31, and Figure 8.6 shows the variation of log;, ¢, and log,,r; computed

from S'k(fk,mgk)Qk, kE=1,...,31l. It is seen from Figures 8.5 and 8.6 that the
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maximum gradient in each graph occurs for £ = 21, which is correct, and that these

values of k are clearly defined. ([l

Example 8.3. Consider the exact Bernstein polynomials f () and §(z), whose roots
and multiplicities are specified in Table 8.3. It is seen that m = 22, n = 25 and the

degree of their GCD is d = 15.

Root of f(x) | Multiplicity Root of §(z) | Multiplicity
0.3473e+000 1 -0.1124e4-000 1

0.5961e+000 0.5961e+000
1.4793e+000 -1.1794e+000
2.6893¢4000 -2.6893e4-000
3.7913e+000 3.7913e+000

Ol =~ W O
S Ot W

Table 8.3: The roots and multiplicities of f(z) and §(x) for Example 8.3.

Noise with componentwise signal-to-noise ratio 10® is added to each polynomial.

log 105 / o,
] .

Figure 8.7: The normalized singular values of (a) B (f,§) and (b) S(f,19)Q for
Example 8.3.

The normalized singular values of B ( 1, g) and S( f,013)Q are shown in Figure
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8.7, and similarly the matrices B ( 1, g) and S( f, o J)Q yield, respectively, incorrect
and correct results because B ( 1, §) has full rank and the rank of S( f,019)Q is equal
to 32. The result in Figure 8.7(a) was obtained with 6y = 1.0621, and the result in

Figure 8.7(b) was obtained with oy = 8.2488 and #; = 0.9098.

k=15

109 159,
log 107K

| | | | 1 | | |
5 10 15 2 2% 5 10 15
K K

Figure 8.8: The variation of log,, ¢), and log,, 7, computed from Si(fy, aad), k =
1,...,22, for Example 8.3.

k=15

109 1%,
log 107K
&

| | | |
5 10 15 2 2%
K

Figure 8.9: The variation of log;, ¢, and log,,r; computed from S'k(fk,mf]k)Qk,
k=1,...,22, for Example 8.3.

Figures 8.8 and 8.9 show the variation of log;, ¢, and log,,7, computed from
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S'k(fk,aggk) and S'k(fk,alf]k)Qk, kE=1,...,22, respectively. It is seen from Figures
8.8 and 8.9 that gk(fk,ozgg’k) and Sk(fk,algk)Qk yield the correct results because
the maximum change in each graph occurs at k& = 15, which is correct because

deg GCD(f, §) = 15. O

The comparison between the result obtained from B ( 1, g) and the results obtained
from S(f,a19)Q, Sk(fk, aadi) and Si(fi, 1) Qr, indicates that the result obtained
from B (f, g) is inferior to the results obtained from S(f,019)Q, gk(fk,agg’k) and
Si(fr, o Jr)Qk. This result may therefore confirm the remark by Bini and Marco [6]
that the additions required for the computation of the entries of the Bézout matrix
may cause numerical cancellation in a floating point environment. This was also
investigated by considering the situation that occurs when noise is not added, and
the Bézout matrix B ( 1, g) returned the correct numerical rank in most, but not all,
examples, but the Sylvester matrix S f ,017)Q returned the correct numerical rank
in all examples. This shows that S(f, 1)@ is numerically superior to B ( 1, g), and
it is therefore expected that the result obtained with B ( 1, g) deteriorates when noise
is added to the coefficients of the polynomials, as shown in the examples.

It is shown that both the Sylvester resultant matrix S( 1, a19)Q and two forms of
the Sylvester subresultant matrices, Sj( fk,aggk) and Si( fk,alf]k)Qk, yield correct
estimate of the degree d of an AGCD, and therefore the definition of d used in this
thesis, which is stated in Section 4.4, is practical because there exist methods for
which this definition of d can be realized. Furthermore, the knowledge of the noise

level is not required for these methods.
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8.2 Summary

This chapter compared three methods to determine the degree of an AGCD of inexact
polynomials, and it was shown that the Sylvester matrix and its subresultant matrices
yield better results than the Bézout matrix.

The determination of the degree d of an AGCD of inexact polynomials has been
considered, and it is therefore desirable to consider the computation of the coefficients
of an AGCD. In particular, the perturbations added to the coefficients of inexact
polynomials are calculated, such that the perturbed forms of inexact polynomials
possess a non-constant common divisor of degree d. This topic is discussed in the

next chapter.



Chapter 9

The coefficients of an AGCD

As stated in Chapter 4, the calculation of an AGCD of inexact polynomials involves
two steps: The degree of an AGCD is determined initially, after which the coefficients
of an AGCD are computed. The determination of the degree of an AGCD has been
covered in Chapters 5, 6 and 7, and the computation of the coefficients of an AGCD
is discussed in this chapter.

It is assumed that the degree d of an AGCD d(x) of two inexact polynomials f(z)
and g(x), which are defined in (4.2), is determined using the methods described in

Chapters 5, 6 and 7. There therefore exist quotient polynomials u(x) and v(z), such

that
f@) ~d@u)  ad  g(a) ~ d@)(a)
Since
J@) _ 9t@)
u(@)  v(z)’
we obtain
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which can be written in matrix form,
v
Sa(f,9) ~ 0, (9.1)
—u
where Sy(f,g) is the dth subresultant matrix of f(z) and g(z), which is defined in
(3.18), and v, u are the scaled coefficients vectors of v(z) and u(x) respectively.
It was shown in Chapter 7 that the approximate homogeneous equation (9.1) can be

converted to an approximate linear algebraic equation by moving the optimal column

of Sa(f,9), bag, to the right hand side of (9.1),
Ad,ql' ~ bd7q, (92)

where Ay, € RUmn—dtl)x(min=2d+1) i the remaining matrix of Sy(f,g) after the

removal of its gth column, by, € R™™ =4+ and

_ - x
x
Tg—1
La—1 \%
q _ _
T = c Rern 2d+17 — 1 c Rern 2d+2‘
Lg+1 —u
Lg+1
Tm+n—2d+2
B - Tm+n—2d+2

The approximation (9.2) must be corrected to induce an exact solution. The structure
preserving method is used here, which adds a matrix F' that has the same structure

as Agq to Agy and adds a vector c to by, respectively, such that

(Ad,q + F)l‘ = (bd7q + C).
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The perturbation matrix F' and vector ¢ are calculated using the method of structured

nonlinear total least norm (SNTLN) [41], which will be considered in the next section.

9.1 The method of SNTLN

This section considers the computation of the coefficients of an AGCD using the
method of SNTLN. Since the determination of the degree of an AGCD of two inexact
polynomials f(z) and g(x) has been introduced in the previous chapters, this section
assumes that the degree d of an AGCD is known. Chapter 7 shows that two forms
of the subresultant matrices defined in the modified Bernstein basis, S‘k( fk, as ) and
Si( fk, a1 Jx)Qk, which are processed by all three preprocessing operations described
in Section 7.3 respectively, yield significantly better results than the Sylvester subre-
sultant matrices defined in the Bernstein basis, Si(f, g). Therefore, it is desirable to
consider the method of SNTLN implemented on these two forms of the subresultant
matrices. The matrix gk(fk, a1 gk ) Q. has a more complex form than gk(fk, asdr), and
therefore this section only describes the method of SNTLN for Sj( fk, a1 Gr) Qk, since
the method of SNTLN for Si(fy, asdr) can be easily obtained from it.

It is assumed that the inexact Bernstein polynomials f(x) and g(z), which are defined
in (4.2), are coprime, and the degree d of an AGCD of f(x) and g(z) is known. The
three preprocessing operations described in Section 7.3 transform f(z) and g(z) to
the modified Bernstein polynomials f;(w) and ay§s(w), which are defined in (7.34)
and (7.35) respectively. Since fy(w) and a;ds(w) have an AGCD dg(w) of degree d,

there exist quotient polynomials u4(w) and 04(w), such that

fa(w) = dg(w)tig(w)  and  agg(w) = dg(w)vg(w),
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and ig(w), 9g(w) and dy(w) are defined as

m—d
~ _ i m—d m—d—1i,, 1
ud(w) = (ud,ié’l) ( . )(1 — le) d w,

n—d
Z vdlel ( d) (1 — 1w)" ",

and

d
Z dg,i0%) ( ) (1 — 6rw)* ",

respectively, where a; = a4 (d ) and 0, = 01(d) are the solutions of the minimization
problem (7.33).

Since

then

which can be written in matrix form,

o va(01)
Sd(fda algd)Qd ~ Oa (93)
—ug4(61)
where Sj( fu, a17q)Qq is the dth subresultant matrix of fd(w) and aygq(w), which is
defined in (7.29), and v,4(6,) and 0, (6;) are the coefficients vectors of 04(w) and @4(w)
respectively.
Likewise, it is assumed that hg4,, the gth column of Sy( fd,alf]d)Qd, is the optimal

column, which is chosen by the criterion based on the first principal angle or the

residual, and Hy, € ROmFn—d+)x(m+n=2d+1) j5 the matrix formed after the removal of
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the optimal column h,, from S'd(fd, a1Gq)Qq, that is

Hyq = hai -+ hag-1 hagri - hamin—2dt2
Moving the gth column of Sy(fy, a174)@q to the right hand side of (9.3) therefore

yields the approximation

Ha g = hag, (9-4)
where
T
o m+n—2d+1
T= |2y o Tyl Tgr1 0 Tmgn-2ape | ER ;
and
_ _ 1
V4,0
Tg-1
q
5 ~ n—d
va(6h) _ Vd;n—dth _ 1 € Rmn—2d+2
—0,(6,) —Ug,o
Lg+1
— m—d
—Ugm—q0]
- - Tm+n—2d+2

It was shown in Section 7.2 that the operation of removing the ¢th column from
S'd(fd, a1G4)Qq is achieved by postmultiplying S'd(fd, a194)Qa by My, which is equal

to the identity matrix after the removal of the gth column,

Mgq = €d1 €d2 "' €dg—1 Cdg+1 " Cdm4n—2d+1 Cdm4n—2d+2 |>
where My, € RUmHn=2d2x(min=2dt) g =1 m+4n—2d+2, and ¢4, € R™"242
is the gth unit basis vector. Since the gth column of Sy( fd,algd)Qd is equal to

gd(fda algd)Qdedm it follows that

Hyy = Sa(fa,0154)QaMq, and hag = Sa(fa, 0192)Qaea.q,
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and thus (9.4) is rewritten as

Sa(fa, 130)QaMaqx = Sql fu, 1Ga) Qaea.q- (9.5)
In the method of SNTLN, ay = a4(d) and 6, = 6;(d), which are the solutions of the
minimization problem (7.33), are the initial values of a and 6 respectively. The values
of o and 0 are then refined in each iteration for the calculation of the corrected forms
of fy(w) and §s(w) using oy and 6, as the initial values in the iterative refinement
procedure, such that these corrected forms have a non-constant common divisor.
Therefore, the constants oy and 6y in Sy(f4, a1§4)Qq are replaced by the parameters

a and 6. Tt follows from (7.29) that the Sylvester subresultant matrix Sy( fy, aga)Qq

of fd(w) and agq(w) is given by

Sa(fa, 232)Qa = D7 Ua(fu, ada)Qa,

where Uy(fy, agq) € Rmtn—d+)x(m+n=2d+2) ig oqual to

Qi (1) 0"

aban ()0
C_Ld,m— 1 (mﬂzl) emil

Qi (1) 0"

aao(5) abao(g)
a1 (7)0 abaa(7)6
aao () abao(g)
Qa1 ()0 a1 ()0 abun ()0 abas (7)8

Oél;d,n—l (nil 1) anl

by ()"

aa; ()0, i =0,...,m, and aby, (’;) 67,7 =0,...,n, are the scaled coefficients of fy(w)
and adg(w), which are defined in (7.34) and (7.35) respectively, and the matrices D *

and @y are defined in (3.14) and (3.30) respectively. Then, (9.5) is written as

<D21Ud(fd, O@d)Qd) Mgqz ~ <D;1Ud(fd7 O@d)Qd) €d,q- (9.6)
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The inexact polynomials fy(w) and §s(w) are perturbed in order to induce a non-
constant common divisor in their perturbed forms. If the perturbations of the coeffi-

cients of fy(w) and agq(w) are
20'i=0,...,m and azm+1+j6’j,j:0,...,n,

respectively, then By = By(a, 0, z) € RUmn—dtl)x(m+n=2d+2) "the dth subresultant

matrix of the perturbations, is
By = D;'FyQq,

where D! is defined in (3.14) and F; = Fy(a, 0, 2) € Rmin—d+Dx(min=2d+2) j5 oqual

z0(’5) e (p)

“m—1 (mn—ll) em_l

zm () 0"

and ) is defined in (3.30).

@Zmy2(7)?

AZmin (ni 1) 6”‘1

OZmini ()0

Zm+1(g)

s (7)6

AZmtn (nr—ll) 971—1

OZminia ()0

(9.7)

If Goy = Gag(a,0,2) € Rintn—dix(min=2d+1) ig the matrix that results when the
gth column g4, € R™™~4+1 of B, is removed, then it follows from the definitions of

Md,q and €d,q that

Gaq = BiMy, = DgleQde,q and 9dq = Baeiq = DJIFdeed,q,
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and thus (9.6) becomes
D;l(Ud + Fd)QdMCLq‘I = D;l(Ud + Fd)Qdedg. (98)

Since this equation is solved for «, 6,z and x, it is desirable to change the notation

slightly. Thus, (9.8) is written as
D7 (Ua(e, 0) + Fy(,0,2)) QaMagz = ca(a, 8) + ha(e, 0, z), (9.9)
where
cala,0) = D7 Uy(v, 0)Qaea and ha(a,0,2) = D7 Fy(a, 0, 2)Qaea -

It is noted that depending on the column ¢, ¢; and hgy may or may not be functions

of a:
ca = cq(0) if 1 < ¢g < n—d+1
ca = cq(a,b) if n—d+2 < g < m+n—2d+2
he = ha(0,2) if 1 < qg < n—d+1
he = hgla,0,z) if n—d+2 < g < m+n-—2d+2.

If1<qg<n-—d+1, ¢qgand hy have no dependence on o, and if n —d+2 < ¢ <
m+n — 2d + 2, ¢q and hy are functions of a. The following theory assumes that
n—d+2<g<m+n-—2d+2.
Equation (9.9) is a non-linear equation that is solved by the Newton-Raphson method.
In general, it has an infinite number of solutions, but the solution that is nearest the
given inexact data is sought. The residual associated with an approximate solution
of (9.9) is

r(a, 0,1, 2) = ca(a,0) + ha(, 0, 2) — D7 (Ua(e, 0) + Fa(a, 0,2))QaMyqz, (9.10)

and thus if 7 is defined as

r=r(a+da,0+00,x+dx,z+ 02),
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then

7 = cola+0a,0+0) + hg(a+ do, 0 + 66, 2 + dz)

—D; N (Ugla + 6,0 + 80) + Fy(a + 6cv, 0 + 60, 2 + 62))QaM 4 (x + 6x)

8cd 8cd 8hd 8hd mint 8hd
= —0 —00 + hg + —9 —00 0z;
Ca+ 500+ —500 + hy + Z=da + —E00 + ; 72,0

,18Ud

—D;lUdeMdgl‘ — D;lUdeMd7q5$ — (Dd %Qdeg.T) oo

oU,

— (Ddl—agd Qde#.CE) 06 — D;leQde7q$ — D;leQde7q5.CE
_ aF’d _ 8Fd

- (‘Dd la—anMdﬂI') oo — (‘Dd lede,qI') 06

m+n+1 aFd
~D7! ( 3 5 (Szi) QaMy,z,

i=0
to first order. It follows that

7 = rla,0,z,2)— (D;l (% + %) QuM, 1z — (3cd N 8hd)) 50

o0 ' 00 00 00
., (8U; OF dcqg  Oh _
(0t (G G ) Quttaan = (G + ) ) 2 = Di* Uit Eo@ubtagis
m+n+1 m+n+1
oh - OF,
i=0 i=0

Example 9.1. I[f g=n—d+3 >n—d+ 1, then ¢4 = c4(e,0) and hg = hy(a, 0, 2),
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and thus

Cq =

0

ualg) (")
)

s (1))
)

oban (") (" 1)0

m+n—d
n

aba,n (7) (" %)6"
(")

Omfdfl

Y

m+n7d)
8cd . 2
o0 .
abdm_l(n 1)(7”;‘1)(71 1)™—2
(m+n7d

where 0,,_4_1 is a column vector of zeros of length m —d — 1, and

3cd
da

0
bao(5) ("1 %)

m+n—d

Baa (1) (" )0
G

Bdm—l(n:)(mfd)gnil
(m+n—d)

n

ban (5) (" )0
(")

n+1

Om—d—l
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The vectors hg, % and % have similar forms,
0 0
n\ /m-—d
) 0
azm+2(711) (m;d)g azm(+25_711) (;;;d)
m+n—d m—+n—
, (™57 oha
d — 9 80 - )
azm+n(ni1)(m;d)6n71 AZm+n (nfl)(mfd) (n_l)gn—Q
(m+n—d) (m+:,7d)
asmenss (770" s (2] (7)o
(" (")
Om—d—1 L Om—d—1 ]
and
0
zm1(5) (")
e
zmta(1) ("1 1)0
m+n—d
e | CE
da :
Zm+n(n:l1)(m;d)9n_1
o
Zm+n+l(z) (;n;d)q‘)”
(")
Om—d—l

The partial derivatives %, %, % and % are calculated in a similar manner. [
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If g > n—d+1, the general expression for hy is

OqfnerfZ
w1 (5) (g nra-2)
(o
crmv2(1) (4 nid-2)0

()

hd -
QAZm+4n (n:z 1) (qu::«iﬁenil
(avizs)
azmini1 (1) (oo mrd-o)?"

(i)

0m+n—2d—q+2

<0
Og—ntd—2,m+1 Og—ntd—2,n+1

Zm

= O‘Dc?l Ont1,m+1 G
Zm+1
Om+n72d7q+2,m+1 Om+n72d7q+2,n+1
Zm+n+1
= OéDledZ,
where D' is defined in (3.14), G = G(¢) € R+Dx(n+D)

I n m—d n m—d n m—d n—1 n m—d n
G - dlag (0) (q—n+d—2) (1) (q—n—i—d—?)e T (n—l) (q—n+d—2>0 (n) (q—n—i—d—?)e ’
and

Oq7n+d72,m+1 0q7n+d72,n+1
Pd — Pd(e) _ On+1,m+1 a c R(m+n7d+1)><(m+n+2)'

0m+n72dfq+2,m+l 0m+n72dfq+2,n+1

Therefore, it follows that
m+n+1
Ohg = Z %522- = ozD;lPd(Sz,

i=0 i
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which enables the penultimate term in (9.11) to be simplified. Also, there exists a
matrix Yy = Yy(a, 0, ) € ROmFn—dtl)x(min+2) quch that
(D;le)z = (D;leQdeg).fE,

for all a, 0, z, x, and this equation is obtained because polynomial multiplication is

commutative. It therefore follows that on differentiating both sides of this equation

with respect to z,

m+n-+1
_ _ N OF,
Dd IYd(SZ = Dd ! (6Fd|a,g: const.) QdeﬂZE = Dd ! ( : : azd521> Qde,qxa
i=0 !

and thus (9.11) simplifies to

- _, (0U;  OF, dcqg ~ Oh
r = r(a,0,x,z2)— (Dd1 (8—; + a_ed) QaMgqx — (0—; + a—ed)) 00
_ 8Ud 8Fd 8cd 8hd _
- (02t (G + T ) Qo = (2 + i) ) b0 = D3 Ot EaQubta
~D; Yy — aPy)dz. (9.12)

Example 9.2. Let m = 4,n = 3,d = 2 and ¢ = 4. Thus D, 'U,Q, € R%*® and

M2,4 €R5X4,
[ aun()(0) elao(3) (3) '
o ) ’
a01(1)(5)0  awo(@))  ebasr(3) ()0 0
0 o 0
0L (ORI
Prth@Mha=1 0 (00 w@r @w@@® (@ |
@ @ 0 0
(0 @0 aal)E
@ (%)(1)94 b ((E))(Q)W
L T o
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and the matrix Y5 is equal to [ y; | v, |, where

(o) ()zr 0 0
(o) Dz ()(E)0z 0
L0 00 e
0 0 ()G)P
0 0 0
0 0 0
and ]
o(p) () 0 0
0 a(})()ows 0
N L IO
0 af})(;)0x 0
: 0 a(x)(;)0w
0 0 0

It is easy to verify that (Dy'Y3)z = (Dy ' FaQaMa 4).

200

O

The initial values of o and 6 are oy and 6, which are the solutions of (7.33). The

initial value of z is 2(?) = 0 because the given data is inexact, and the initial value of

x, is calculated from (9.10),

To = arg ml,in HD;lUd(al, 01)QaMyqx — ca(a, Ol)H )

(9.13)

The jth iteration in the Newton-Raphson method for the calculation of z, x, «, 8, is
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obtained from (9.12),

0z
@) | Sz .
H, H, H, Hy, =70, (9.14)
oo
50
where r) = rU)(a, 0, z, 2),
H, = Dd—l(Yd . OéPd) c R(m+n—d+1)><(m+n+2),

Ha: — Dd—l(Ud + Fd)Qde,q c ]R(m—l—n—d—i—l)><(m—|—n—2d—|—1)7
_ 8Ud 8Fd 8cd 8hd —
Ha = D 1 Zxa 4 M _ | Za %) e Rm-{—n d+17
d (804 * Oa ) QaMag (004 * Oa

oU, oF, oc oh
H = D (G + 5 ) Qubtage — (G + 5t) e oo,

and the values of z, z, v, 0 at the (j 4 1)th iteration are

- 9 G+ - 1) - 1@
z z 0z
T T ox
= +
« o oo
0 0 00
Equation (9.14) is of the form
Cy=ce, (9.15)

where C € R(m+n—d+1)><(2m+2n—2d+5)7 y € R2m+2n—2d+5 and e € Rm-l—n—d—l—l’

- 1 ()
0z

(@) ox .
C=|H H, H, H , y = , e =1V, (9.16)
Yo"

00

It is necessary to calculate the vector y of minimum magnitude that satisfies (9.15),
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that is, the solution that is closest to the given inexact data is required.

Since
, = , , =By —pll,  (9.17)
a(]+1) — o a(]) + 5@(]) -
Ut — g, v 4+ 00 — g

~~

where E = I, 1902415, y is defined in (9.16), and p is equal to

()

(V) — z)

P (@) — ay)
I 09 — 6) |

It is noted that E is constant and not updated between iterations.
The minimization of (9.17) subject to (9.15) is a least squares minimization with an
equality constraint (the LSE problem),
min ||Ey — p|| subject to Cy =,
Yy

which can be solved by the QR decomposition [30]. This LSE problem is solved at

each iteration, where C, e and p are updated between successive iterations.

Algorithm 9.1: SNTLN for a Sylvester matrix

Input Inexact Bernstein polynomials f(x) and g(z), which are of degrees m and
n respectively and defined in (4.2), and the degree d of an AGCD of f(x) and g(x).
Output A structured low rank approximation of Sy( fd, adq)Qq-

Begin
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1. Preprocess f(z) and g(z) to yield fy(w) and §y(w), which are defined in (7.34)
and (7.35) respectively, using the preprocessing operations described in Section

7.3.
2. Calculate the integer ¢ and the matrix M ,.
3. % Initialize the data

e (Calculate the diagonal matrices D;l and Q).

o Setz:z(o):O,whichyieldst:%:%:(hmdhd:%:%:().

o Calculate Uy, Yy, Py, cq, 222, %02 96 and %4 for o = a,(d), 0 = 6,(d) and

the initial value zg of z, which is defined in (9.13). Calculate the initial

value of e, which is equal to the residual,
r(ar(d), 01(d), 20, 20 = 0) = ca(an(d), b1 (d))
—D; ' Uq(en(d), 01(d))QaMg 0,
and set the initial value of p, p = 0.

e Define the matrices C and FE.

4. % The loop for the iterations
% Solve the LSE problem at each iteration using the QR decomposition

repeat

(a) Compute the QR decomposition of CT
R
CT=Qr=Q|
0

(b) Set w; = Ry Te.
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(c) Partition EQ as
EQ = { E E, ] :
where
E, € Rem+2n-2d+5)x(mtn—d+1) E, € R@m+2n—2d45)x (min—dt4)
(d) Compute

21 = E;(p — Elwl).

(e) Compute the solution

wq
y=0a
21
(f) Set z:=2+ 0z, x:=x + 0z, a:= a+ da and 0 := 0 + 6.

Uy 9U, OF; OF, dcq Oc Ohg Oh
(g) UpdateUd,8—;,8—0‘1,Fd,Ti,a—;,Yd,Pd,Cd,a—o‘j,a—éi,hd,8—5,8—6‘1fI'OITlOé,‘g,I,Z,

and therefore C. Compute the residual
r(a,0,1,2) = (cg+ hg) — DN (Uq + Fy)QaMy 4z,
and thus update e. Update p from «, 6, x and z.

] ||r(a,0,:v,z)|| < 10712

nti
until

End

r(a797x7Z)H

Algorithm 9.1 terminates when the residual HHCd i is sufficiently small and

yields ax, 0y, 2% and z*, where «, and 6, are the optimal values of a and 6, and z* is
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the perturbation vector,

z
® f m—+n+2
ZF = eR ,
*
g
where
* *
20 Zm—f—l
* *
z z
1 m+2
2y = e R™+1 and z, = e R™,
* *
| Zm | | Zm—l—n—i—l |
The elements 27,7 = 0,...,m, in the vector z*, occupy the first n —d + 1 columns of

Fy defined in (9.7), and the elements zf,i =m + 1,...,m +n + 1, in the vector z*,
occupy the last m — d + 1 columns of Fj.

The elements of 2z} are added to the coefficients aq;,¢ = 0,...,m of fd(w), and the
elements of z; are added to the coefficients baj,j = 0,...,n of ga(w) respectively.
Thus, the corrected forms of fy(w) and §y(w), which are defined in (7.34) and (7.35)

respectively, are

filw) = zm: (a:0;) (T) (1 - 6w)™ "'

= % ((ags + 2)62) <T> (1 — Oaw)™ "', (9.18)
and
i) = 3 (i) (1) 0y
= y ((baj + 2y j41)07) <?) (1 — Gw)" T, (9.19)

=0

J
The corrected forms f(w) and . §%(w) have a non-constant common divisor d*(w)



CHAPTER 9. THE COEFFICIENTS OF AN AGCD 206

of degree d, that is
fj(w) = " (w)d*(w) and a, gy (w) = 0% (w)d* (w), (9.20)

where

P -y (40:) (f) (1~ bw)

i=0
the coefficients of the quotient polynomials @*(w) and ©*(w) are obtained from the

vector x*,
_ —_ *
Vo
%
~ n—d xq_l
Un—d0; mAn—2d+2
- —1 €eR )
g
*
Lgt1
_’&mfdeiﬂ_d
L - ;L,*
m+n—2d+2
and thus
m—d m d
i) = 3 () ( @' )(1 0.y
i=0
and

The equations, fi(w) = @*(w)d*(w) and o.g;(w) = 7*(w)d*(w), in (9.20) are written

as
min(m—di) (m—d d
( ) ( )&]91(21]91] == &191, 1= 0, oo,y

-]
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and
min(n—d,;i) (n—d\ ([ d
Z th@id/z_ﬂgi_] = oz*l;ié’i, 1= 0, oo,
j=max(0,i—d) (z)
respectively, which can be expressed in the matrix form,
a (0, ~ f(0,
oo [0 | TO |
v(6:) a.g(6.)
where L1 € R(mtn+2)x(mtn+2)
L1 =di e L e S e e
Hlom T w0
u(0,) and v(0,) are Toeplitz matrices,
(")
iy ()0
‘ (")
u(b,) = € ROm+Dx(d+1)
ona () 02~ i ()0
_ on-a (g0 ™"
and
7 (")
o ("1")0
: ~ (n—d
3(0,) = : UO( 0 ) c R("H)X(‘”l)’
] ) L T G [
_ On-a(=0) 027 |

d(6,) € RH1 is the vector of the scaled coefficients of d*(w),
T

dO.) = | do() (e, - da()ed | -

207

(9.21)
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£(6,) € R™" and g(6,) € R* are the coefficient vectors of fi(w) and §%(w),
T
£(0.) = { ao @10, - apb™ ] ;
and
T
The vector d(6,) is unknown and can be calculated from (9.21) by solving the least

squares problem, that is

T ~
ii(6,) £(6.)

(0,) a.§(6,)
which stores the scaled coefficients of common divisor d*(w) defined in the modified
Bernstein basis. Then, the common divisor d*(z) in the Bernstein basis, which is an
AGCD of the inexact polynomials f(z) and g(x), is obtained from the vector d(6,),
d; = d<5;>99 i=0,....d, (9.22)
where d;, i = 0,...,d, are the coefficients of d*(x).

In addition, the coefficients of the common divisor d*(x) can also be obtained using
the QR decomposition applied to the Sylvester matrix of fj(w) and o, gj(w). It
was shown in Chapter 3 that the coefficients of the GCD of two polynomials can
be obtained from the last non-zero row of upper triangular form of their Sylvester
matrix. Therefore, we can reduce the Sylvester matrix S( fj L, G5)Q of fj (w) and
o, 5(w) to its upper triangular form. Since the degree of the GCD of f#(w) and
a,g;(w), which is equal to the rank loss of S'(fjl‘, a,g;)Q, is known, the last non-zero
row of its upper triangular form can be determined, which yields the coefficients of
the GCD of f(w) and a,§j(w). Thus, the coefficients of the GCD defined in the

modified Bernstein basis are obtained, from which the coefficients of common divisor
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d*(x) defined in the Bernstein basis are computed using (9.22).

A slight modification of the method of SNTLN for Sy(fy, a1§4)Qq yields the method
of SNTLN implemented on Sd(fd, a2dq). The method of SNTLN for gd(fd, asdq) also
yields ay, 6., 27 and 2. The values of oy and 6, are the optimal values of o and
f, which are computed using the method of SNTLN with the initial values of a and

0 equal to as(d) and 6y(d). The vector zT € R™T"*2 is the perturbation vector,

ot
Z+ — f c Rm+n+27
+
g
where
+ +
20 Zm+1
+ +
z z
1 m—+2
zj{ = e RmH! and z;’ = e R,
+ +
L Zm | L ZernJrl |

The corrected forms of fy(w) and §q(w), which are defined in (7.36) and (7.37) re-
spectively, are obtained by adding the elements of z;{ and z; to the coefficients of

fd(w) and §q(w) respectively, that is
fFw) = Z (a:0%) ( ) (1 — 0 w)™ "’

=0
= Y ((dg; + 7" )(T)(l—ew)miwi, (9.23)
=0

and

i i PRV n i
g;(w) = Z (bj0+ +J+1> (]) (1 _ 0.1_7.1)) J?
7=0

= Z ((Bd,j + z;ELHH)Qi) (?) (1 — 0 w)"Tw, (9.24)

7=0

The corrected forms fj (w) and a4 g5 (w) have a non-constant common divisor dt(w)
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of degree d, and the coefficients of the quotient polynomials ¢*(w) and 9+ (w) are

obtained from the vector =™,

[ n—d 1 IBIF
UO( 0 )
v Ty
Un—d (2_3)93 ¢ _ 1 € RmHn-2d+2.
o)
' Ty
| —tim-a( )07 N
| xm+n72d+2 |

Then, by following the same procedure described above, the common divisor d*(z),

which is defined in the Bernstein basis, is computed.

9.2 Examples

This section shows the calculation of the coefficients of an AGCD of two inexact
Bernstein polynomials using the method of SNTLN implemented on Sg( fa, Ja) and
Sa(fa, 01§4)Qa-

As stated earlier, the method of SNTLN involves choosing the optimal column of
the subresultant matrix to move to the right hand side. Two criteria used here are
the first principal angle and the residual described in Section 7.4. Experiments show
that the method of SNTLN using different criteria returns the similar results, and
therefore the examples in this section only show the results that are obtained from
the method of SNTLN using the criterion based on the first principal angle to select
the optimal column.

Furthermore, the coefficients of the computed AGCD d(z) of f(x) and g(z) must be
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compared with the coefficients of the GCD d(z) of their exact polynomials f(z) and
g(x). The coefficients of d(z) are considered correct when its coefficients are good
approximations to the coefficients of cZ(x) This can be measured by computing the

error between the normalized coefficients of d(z) and the normalized coefficients of

~

d(x), that is

where ||d|| = ||d|| = 1 and || - || denotes the 2-norm.

In addition, as described earlier, d(z) can be computed by solving the least squares
problem or using the QR decomposition. We use d;s(x) to denote d(x) computed by

solving the least squares problem and use dg.(z) to denote d(z) computed by using

the QR decomposition.

Example 9.3. Consider the exact Bernstein polynomials f () and §(z), whose roots

and multiplicities are specified in Table 9.1. It is seen that the degree of their GCD

isd=17.
Root of f(z) | Multiplicity Root of g(z) | Multiplicity
0.3279e+-000 6 0.3279e4-000 5
0.6134e+-000 4 0.6134e+000 5
0.9792e+-000 6 0.9792e+-000 7
-1.3981e+4-000 3 2.3296e-+000 2
-3.9166e+-000 3 4.6798e+-000 2
9.7133e+000 2 9.7133e4-000 2

Table 9.1: The roots and multiplicities of f () and g(x) for Example 9.3.

Noise with componentwise signal-to-noise ratio 10® is added to each polynomial

to yield the inexact polynomials f(z) and g(z). The degree of an AGCD, d = 17,
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is determined using the previous methods introduced in Chapters 6 and 7, which is
correct because d = d.

In the method of SNTLN implemented on Sy(fy, aada), the inexact polynomials f ()
and g(z) are firstly normalized to yield the forms fq(x) and g4(z), which are defined
in (7.16) and (7.17) respectively. Then, fy(x) and gq(x) are transformed to their mod-
ified Bernstein polynomials fd(w) and §q(w) defined in (7.36) and (7.37) respectively,
and the dth subresultant matrix Sy( fa, a24q) is computed. The method of SNTLN
is then performed on Sg( fd, asdq) and yields the optimal values of a and 6, where
ay = 7.7050 and 0, = 2.5012, and fj(w) and ¢ (w), which are the corrected forms
of fy(w) and gq(w). The Sylvester matrix S(f5, ayg;) of fF (w) and ay g} (w) is then
calculated.

It is seen from Figure 9.1(a) that the rank loss of S'(fj, a4+gy) is equal to 17, which
implies that the degree of the GCD of the corrected polynomials £ (w) and oy ¢ (w)
is 17. Because f; (w) and a, g} (w) have a non-constant common divisor, (9.21) is
established, and then the coefficients of an AGCD d} () of f(x) and g(z) are com-
puted by solving the least squares problem. The error measure ||d;f — d|| is equal
to 0.0030. In addition, the coefficients of an AGCD df (z) of f(x) and g(x) are
computed using the QR decomposition, and the error measure ||d;. — JH is equal to
0.4527.

In the method of SNTLN implemented on Sy(f4, a10q)Qq, the inexact polynomials
f(x) and g(z) are initially normalized to obtain the forms fy(z) and §g(x), which
are defined in (7.13) and (7.14) respectively. The polynomials fy(z) and gq(x) are
then transformed to their modified Bernstein polynomials fy(w) and §g(w) defined

in (7.34) and (7.35) respectively, and the dth subresultant matrix Sy(fy, 01§4)Qq is
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computed. The method of SNTLN is then implemented on Sy( fu, a10q)Qq and yields
the optimal values of o and 6, where o, = 3.4840e + 001 and 6, = 2.4940, and fj(w)
and §%(w), which are the corrected forms of fy(w) and gg(w).

Figure 9.1(b) shows the normalized singular values of the Sylvester matrix S( f;, a.g5)Q
of fi(w) and o, §5(w), and it is seen that its numerical rank is equal to 30, which
implies that the degree of the GCD of the corrected polynomials fj(w) and o, g;(w)
is 17. Therefore, (9.21) is established, and then the coefficients of an AGCD dj,(x)
of f(z) and g(z) are calculated by solving the least squares problem. Since the er-
ror measure ||dj, — d| is equal to 1.7322e — 005, it is much smaller than ||d — d||.
This suggests that the coefficients of an AGCD of f(z) and g(x), which are obtained
from the method of SNTLN implemented on Sy( fa, o Ga)Qq, are much closer to the
coefficients of the GCD of their exact polynomials f(z) and §(z). Furthermore, the
coefficients of an AGCD d; (z) of f(r) and g(x) are computed using the QR decom-
position, and the error measure ||d;, — d|| is equal to 0.4490.

It is noted that the coefficients of an AGCD computed by solving the least squares
problem are more accurate than those calculated using the QR decomposition because

|dit — d|| and ||d, — d|| are much smaller than |df, — d|| and s, — d|| respectively.
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log 105 / o,
] .

Figure 9.1: The normalized singular values of (a) S'(fj, aygl) and (b) S(f;, u.d5)@
for Example 9.3.

O

Example 9.4. Consider the exact Bernstein polynomials f(z) and §(z), whose roots

and multiplicities are specified in Table 9.2. It is seen that the degree of their GCD

is d = 22.
Root of f(x) | Multiplicity Root of g(z) | Multiplicity
-0.3285e+000 ) -0.3285e+000 3

0.3791e+4-000
-0.7113e+4-000
0.9214e+-000
2.3125e+000
9.1474e+-000

0.3791e+-000
0.5217e+-000
0.9214e4-000
1.4397e+000
9.1474e+4-000

ENIISCEEN IISUREN

o UL Oy O O

Table 9.2: The roots and multiplicities of f () and g(x) for Example 9.4.

Uniformly distributed random noise with componentwise signal-to-noise ratio 108
is added to each polynomial to obtain the inexact polynomials f(z) and g(z). The
degree of an AGCD, d = 22, is determined using the previous methods, which is

correct because d = d.
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In the method of SNTLN implemented on Sy( fa, a2dq), the method of SNTLN yields
ay = 4.6807, 0, = 1.1281, and f}(w) and ¢} (w), which are the corrected forms
of fi(w) and gg(w). The Sylvester matrix S(f;, argl) of fi(w) and oy g (w) is
computed. Figure 9.2(a) shows the normalized singular values of S( fj a4 d7), and
it is seen that its rank loss is equal to 23, which implies that the degree of the GCD
of the corrected polynomials fj (w) and a4 g5 (w) is 23. This is incorrect because the
estimated degree of an AGCD, d, is equal to 22.

In the method of SNTLN implemented on Sg(fy, a1§4)Qa, v = 1.0123e + 001, 6, =
1.4386, and f;(w) and g;(w), which are the corrected forms of fd(w) and gq(w), are
obtained. Figure 9.2(b) shows the normalized singular values of the Sylvester matrix
S(f3, a.35)Q of fi(w) and a,g%(w), and its numerical rank is clearly defined and
equal to 44, which implies that the corrected polynomials fj(w) and «.g;(w) have
the GCD whose degree is equal to d. The coefficients of an AGCD dj,(x) of f(x) and
g(x) are then calculated by solving the least squares problem, and ||dj, — d | is equal
to 5.3456e — 006. This relatively small error suggests that the coefficients of dj,(z)
are close to the coefficients of cZ(x) In addition, the coefficients of an AGCD d; (z)
of f(x) and g(x) can also be calculated using the QR decomposition, and ||d;, — d| is
equal to 0.3099. The error measure ||df, — d|| is much smaller than |y, — d||, which
implies that the coefficients of an AGCD computed by solving the least squares

problem are more accurate than those calculated using the QR decomposition.
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Figure 9.2: The normalized singular values of (a) S'(fj, aygl) and (b) S(f;, u.d5)@

for Example 9.4.

O

Example 9.5. Consider the exact Bernstein polynomials f(z) and §(z), whose roots

and multiplicities are specified in Table 9.3. It is seen that the degree of their GCD

is d = 26.

Root of f(z)

Multiplicity

Root of §(z)

Multiplicity

0.1793e+-000
0.5615e+000
0.7539e+-000
0.8276e+-000
1.3741e+000
1.4638e+000
-3.2719e4-000

10

b}

W = Ot W ©

0.1793e+-000
0.5615e+4-000
0.7539e+-000
0.9913e+000
-1.2593e+-000
1.3741e+000
2.1298e+000

9

W > = Ot o0 O

Table 9.3: The roots and multiplicities of f(z) and §(x) for Example 9.5.

Uniformly distributed random noise with componentwise signal-to-noise ratio 108

is added to each polynomial to obtain the inexact polynomials f(z) and g(z). The

degree of an AGCD, d = 26, is determined using the previous methods, which is



CHAPTER 9. THE COEFFICIENTS OF AN AGCD 217
correct because d = d.

The values of oy = 0.2300 and 6, = 1.9080, and f; (w) and ¢} (w) are obtained
from the method of SNTLN implemented on Sy( fd,agg’d). The Sylvester matrix
S'(fj, aigy) of fj(w) and a ¢} (w) is computed. Figure 9.3(a) shows the normal-
ized singular values of S(fF,ay¢l), and it is seen that its numerical rank is not
clearly defined, which implies that the corrected polynomials fj (w) and ay gl (w)
are coprime. Therefore, the coefficients of an AGCD d*(x) can not be computed
because [ (w) and ag; (w) do not have a non-constant common divisor.

The method of SNTLN implemented on S'd(fd,mf]d)Qd yields a, = 2.5249¢ + 002,
0, = 1.6090, fi(w) and §i(w). It is seen from Figure 9.3(b) that the rank loss of
the Sylvester matrix S(f, a,g3)Q of fi(w) and a,§;(w) is equal to 26, which sug-
gests that the degree of the GCD of the corrected polynomials fj (w) and a..g;(w)
is equal to d. Then, the coefficients of an AGCD dj,(x) of f(z) and g(z) are calcu-
lated by solving the least squares problem, and the error measure ||d;, — d|| is equal to
8.6891e—007. This very small error indicates that dj,(z), an AGCD of f(z) and g(z),
is a good approximation to the GCD of their exact polynomials. Furthermore, the
coefficients of an AGCD d; () of f(z) and g(z) can also be calculated using the QR
decomposition, and ||d;, — d| is equal to 1.3852. The coefficients of an AGCD com-
puted by solving the least squares problem are more accurate than those calculated

using the QR decomposition because ||df, — d|| is much smaller than |, — d|.
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Figure 9.3: The normalized singular values of (a) S'(fj, aygl) and (b) S(f;, u.d5)@
for Example 9.5.

O

The three examples in this section compare the results obtained from Sg( fd, a2q)
and Sd(fd,oqu)Qd using the method of SNTLN, and it is shown that the method
of SNTLN implemented on Sg( fd,algd)Qd yields significantly better results. The
results shown in these three examples are consistent with other experiment results.
In addition, the examples also show that the coefficients of an AGCD computed by
solving the least squares problem are more accurate than those calculated using the

QR decomposition.

9.3 Discussion

It was shown in Section 9.2 that when the method of SNTLN is implemented on

gd(fd, asdq) and gd(fd, a10q)Qq respectively, Sd(fd, a104)Qq always yields better re-
sults than S'd(fd, a2dq). The advantage of gd(fd, a1Jq)Qq with respect to S'd(fd, a2q)

is considered below. Furthermore, the coefficients of an AGCD can be computed by
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solving the least squares problem and using the QR decomposition, and the examples
in Section 9.2 showed that the QR decomposition returns the inferior results. It is
therefore necessary to explain this phenomenon. These two issues are addressed in
the following respectively.

Section 6.3 discussed the superiority of S(f,1§)Q with respect to S(f,asg) and
explained the computational advantage of the inclusion of the diagonal matrix Q).
This analysis is for & = 1 because S'(f, asg) = Sl(fl, asdy) and S(f,019)Q =
S1(f1, a1G1)Q1. The same analysis can be repeated for Sy(fy, aada) and Sy( fa, a1§4)Qu,
and the diagonal matrix 4 has the same effect on S,( fu, a17q)Qq, that is, the entries
of Q4 mitigate the effects of the combinatorial factors (”Z), (7;) and (mﬂ?*d), for large
values of m and n, such that computations performed on S,( fd,algd)Qd are more
stable.

The examples in Section 9.2 showed that in the method of SNTLN implemented
on Sy( fa, a17q)Qa, the coefficients of an AGCD are computed by solving the least
squares problem of (9.21) and using the QR decomposition applied to the Sylvester
matrix S(f¥, 0.§5)Q of the corrected polynomials fi(w) and a,§i(w), and the QR
decomposition yields the inferior results than solving the least squares problem. The
possible explanation is that the corrected polynomials f%(w) and .} (w) have a non-
constant GCD, and thus the Sylvester matrix S'(fj[, a.g;)Q of f[; (w) and a,.g5(w) is
rank deficient, which implies that several columns are linearly dependent on the other
columns in S( fj , . g5)Q. 1t is shown in [16] that the QR decomposition applied to a

matrix with linearly dependent columns is unstable.
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9.4 Summary

This chapter considered the use of the method of SNTLN to calculate the coefficients
of an AGCD of two inexact polynomials. In particular, if the degree d of an AGCD is
determined initially, the method of SNTLN computes structured perturbations, such
that the perturbed forms of the inexact polynomials have a non-constant common
divisor of degree d.

The method of SNTLN is performed on two forms of the dth subresultant matrix,
S'd(fd, andy) and S'd(fd, a10q)Qq. Experiments show that the method of SNTLN im-
plemented on Sy( fd, a1Jq)Qq returns much better results and recovers a good approx-
imation to the GCD of exact polynomials. In addition, experiments also show that
the method of SNTLN implemented on S,( fa, a1gq)Qq converges to the solution only
after 4 or 5 iterations.

It was shown in this chapter that the method of SNTLN is efficient in the calculation
of the coefficients of an AGCD, and therefore it is desirable to consider its other
applications. The next chapter will discuss solving the deconvolution problem using

the method of SNTLN.



Chapter 10

Deconvolution

Chapter 9 demonstrates the use of the method of SNTLN in the calculation of the
coefficients of an AGCD of two inexact Bernstein polynomials. This chapter considers
another application of the method of SNTLN. In particular, the method of SNTLN
can be applied to compute an approximate deconvolution of two inexact Bernstein
polynomials h(x) and f(z), that is, the division h(x)/f(z) such that the result is a
polynomial and not a rational function.

It is assumed that f(z) and h(z) are two exact Bernstein polynomials, and f(z) is

an exact divisor of h(z). The presence of the random perturbations 6 f () and 6h(z),
f@)=f(x)+df(x) and  h(z) = h(z)+ oh(z),

which implies that, with high probability, f(x) is not an exact divisor of h(z). There-
fore, it is required to compute the polynomials z¢(x) and 2, () of minimum magnitude

such that the function

221
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is a polynomial, that is, f(z)+ z¢(x) is an exact divisor of h(x) + zj,(x). This chapter
demonstrates the use of the method of SNTLN for the computation of the polynomials

z¢(z) and zp,(x).

10.1 The division of two Bernstein polynomials

Let f(z), §(z) and h(z) be exact Bernstein polynomials of degrees m, n and m + n

respectively,

It is assumed that f (x) is an exact divisor of iz(x), and g(z) is the quotient polynomial,
(@)/f(z).
The product of f(z) and §(z) can be written as
=\ m\. [(n o
Ai b. 1— m+4n—i—j .1+7J

and thus the substitution k& =7 + j yields

m+n mmmk) m n
~ 7 . 1_ m+n—=k k
E E al(i)bkl(lﬁ—i)( x) T

k=0 i=max(0,k—n)

that is, g(x) =

Therefore, the product of f(z) and §(z) equals to

m+n  min(m,k) A~ (m>i) ) ( n )
i\ ; )0k—i\p_;) [Mm+n mtr—
Z Z (m+n) - ( k ) (1—2) kg

k=0 i=max(0,k—n) k
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and thus the coefficients ¢ of h(x) are given by

min(m,k) (m)i) A ( n )
~ i\ ; ) Ok—i\_;
Cip = Z (m+n) b )
t=max(0,k—n) k

This equation can be written in matrix form as

(D”ﬂf)) b=¢ (10.1)
where D! € R(mt+nt+)x(m+n+1) jo given by
Dil - d L L [ 1 1 ,
e { s () SR )
T(f) S ]R(ernJrl)x(n+1)7 bhe R+ ¢ € R+ and
ao () o o
aq (T) Z;O (g) Co
_ A an (™ . I; n N
T(f): CLO(O) : b: 1(1) ’ é: C1
i ;) a1(7)
L l;n (Z) _ L éern ]
! i ()

Chapters 6, 7 and 9 have shown it is numerically advantageous to express the vector

b as the product of a diagonal matrix Q € R™*(+1) and a vector p € R™™ of the

coefficients b;,

where

(") ] , (10.2)

and
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and therefore (10.1) can be written as

<D—1T( f)Q) p=eé (10.3)
Since (10.3) has a more complex form than (10.1), for simplicity, this chapter only
considers (10.3). It is necessary to implement one preprocessing operation on (10.3)

before the computation is performed on it. This preprocessing operation is considered

in the next section.

10.2 Preprocessing operation

It is seen from (10.3) that the coefficients of f(z) occupy the entries of the matrix
DT ( f )Q and the coefficients of fz(x) occupy the entries of the vector ¢ respectively.
If the coefficients of f(z) are much larger or smaller than the coefficients of h(z) in
magnitude, this may cause both sides of (10.3) to be unbalanced. Therefore, it is
necessary to normalize the entries of the matrix D~'T(f)Q and the entries of the

vector ¢ respectively, such that both sides of (10.3) are better balanced.

10.2.1 Normalization

The entries of D~T'( f )@ are normalized by their geometric mean. The computation
of the geometric mean of the entries of D~!T'( f)@ can be easily obtained from the
calculation of normalization constants for the Sylvester matrix S(f,¢)Q shown in
Section 6.1.1.

AL —

If the geometric mean of all the terms that contain the coefficients of f(z) in D'T(f)Q
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is A, then it follows that the normalized form of f(z) is

i . (M —i g .. a;

f(z) = ;ai( . ) (1—a)" "z, G = . (10.4)
The entries of the vector ¢ are normalized by their geometric mean, and therefore the
normalized form of h(x) is

h(z) = minc (m T ”) (1= gymn=igi =G (10.5)
i=0 !

where the geometric mean p of the coefficients ¢; is

m+n m
p= <H \@‘\) :
=0

Therefore, it follows from (10.4) and (10.5) that (10.3) becomes

(D' 7(/)Q) = (10.6)
where p € R**! is
T
p:|:bo bl bn:| )
and the coefficients b; of the polynomial §(x) are required to be computed,

ilx) = éb (TZ) (1 — 2)" i, (10.7)

10.3 The method of SNTLN

This section considers the method of SNTLN for the computation of the coefficients
of g(x), which are the solution of (10.6), when the inexact Bernstein polynomials f(z)

and h(x) are specified, which are given by

f(z) = Xm: a; (m) (1—2)™ i, (10.8)

- 7
1=0
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and

h(z) = minci <m i n) (1 — z)m+n=igi, (10.9)

It is therefore assumed that f(z) and h(x) have been preprocessed using the operation
discussed in Section 10.2.
The inexact nature of f(x) and h(z) implies that f(z) is not an exact divisor of h(z),

and thus (10.6) is replaced by

(D*T(f')(g) P (10.10)
where p € R*! and ¢ € R™™ ! are, respectively,
T T

The approximation (10.10) is converted to an equation by the addition of a matrix

B = B(z) € RmHn+Ux(+1) 6 T(f), and a vector d € R™" ! to ¢,

(D—l (T(f') + B(z)) Q)]ﬁ —¢+d. (10.12)
The matrix B(z) has the same structure as T(f), and B(z) and d are given by
2 (2) -
Al s
" d
B(Z) _ ZO(O) : d = L :
() A
L dm+n .
zm ()

where the coefficients z; and d; of the polynomials

s(@) = i i (T) (1— )",

1=0
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and

= (m+n mn—i i
t(x):Zdi . (1—2x) x',
i=0

are computed by the method of SNTLN, such that f(x) + s(z) is an exact divisor of
h(z) + t().

Equation (10.12) is a non-linear equation that is solved by the Newton-Raphson
method. In general, it has an infinite number of solutions, but the solution that is

nearest the given inexact data is sought. The residual associated with an approximate

solution of this non-linear equation is
r(z,f,d) = (é+d) — (D*l (T(f') + B(z)) Q)p’, (10.13)
and thus if 7 is defined as
T:=r(z+4+0dz,p+ p,d+ dd),

then

Fo= (é+(d+5d))—<D*1( (f)+B(z+(5z))Q)(]5+(5]5)
= (¢+(d+6d) — (D—l T+B+igf5zi)é?) (p+ 0p).

=0

It follows that to first order

F=r(z,p,d) + od— (D—l(T + B)Q) op — <D—1 (i gfézZ) Q) p. (10.14)

The simplification of the last term of this expression requires that the polynomial

multiplication

(2:; b (?) (1= WL*’”) (2:; % (T) (1- w)’”:c) : (10.15)

which can also be expressed as

(io - (T) (1- x)m‘”) (ino bi (7;) (1- x)”zt) : (10.16)
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be considered. It follows from (10.3) that the multiplications (10.15) and (10.16) can

be expressed in matrix form as, respectively,
DY (p)(Rz) and  D7'B(2)(Qp), (10.17)
where Y = Y () € R(mHn+D)x(m+1) i5 3 Toeplitz matrix, and
T
ya = |i ZO Zl “ e Zm :| E Rm+1,

R = diag| (7) (7)

It therefore follows from (10.17) that

(") ] € ROm+D)x(m+1).

m

Y (Rz) = B(Qp), (10.18)

and the differentiation of both sides of this equation with respect to z yields
0B ,
Y(Réz) = ( —52'2-) (@Qp),
el

and thus (10.14) simplifies to

P =1r(z,55.d) +8d — (DT + B)Q) o5 — (DY R)oz. (10.19)

Example 10.1. Let m = 4 and n = 3, and thus D! € R®8 B € R¥* Q ¢ R
and p € R*. The matrices D~' and B, and the vector Qp are equal to

1

Do B E GGG
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o)
a() () o
2 a) a() o)
po| B0 =0 A0 =0 | | BO|
Al 50 =0 =0 ()
Al 50 =) () |
Al 50

respectively, and thus D~!B(Qp) is the vector of coefficients of the polynomial formed

from the multiplication

<i0 . (f) (1- x)4—ixi> (io 3 (f) (1- x)3—ixi> |

This polynomial multiplication can also be expressed as

(2; G, C’) (1— x)“xi) @; - (j) (1— x)“xi) |

and thus the vector of coefficients of the product can also be expressed as

i) |
() () )
) B BG) B
por| B RO BO) WG () (10.20)
W) BG) B0 B ||
b3 (3) ?2(3) ?1(3) )
) B |
_ i)
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Since

) G ) @)

4
1
it follows that (10.20) can also be written as

o) |

diag [ (

R

3
0

) bo(
) i

bi(S

)

) bof

3
1

3
2

by (

P
k=]
SN—
o
)
— ~~
Mmoo m =
SN— SN—
o —
<) Hiw)
— ~
m = Mma
SN— SN—"
— N
Hiw) Hiw)
N
MmN Mo
N— SN—
N g
) Hw)
/N
m ™
N—
g
Hiw)

)

2 b
) bo(

) bo(

bs (5

3
2

bs (3

b (

D'Y(Rz) = D!

20

21

zZ9

z3

Z4

xR
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It follows from (10.18) that this vector is equal to D~ B(Qp), and it is seen that

bo (o)
bi(5) bo(o)
ba(3) B3 o)
o | ) %2(3) él(i’) :éo(ﬁ) "
by(s) b2() Bi(y) o)
bs(3) B2(5) i (3)
bs(3) ba(5)
! bs 3) |

O

The jth iteration in the Newton-Raphson method for the calculation of z,j and
d is obtained from (10.19),
()
0z
() '
{ H. H; Hy ] 5p | =19 (10.21)
od
where r) = rU)(2, j, d),

Hz — D71YR c R(m+n+1)><(m+1)’
D

Hﬁ _ 1(T+ B)Q c R(m+n+1)><(n+1)’

H, = —I¢€ R(m+n+1)x(m+n+1)

and the matrix [ is an identity matrix. The values of z,p and d at the (j + 1)th
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iteration are

(5+1) @) (9)
z z 0z
Bl =s| +|o
d d od

The initial values of z and d are 29 = 0 and d® = 0 because the given data is

inexact, the initial value fjy of p is calculated from (10.13),
Po = argmin || DT (f)Qu — &, (10.22)

where ¢ is defined in (10.11).

Equation (10.21) is of the form
Cy=q, (10.23)

where C' € RnntD)x(@m42n43) ) ¢ R2m+2n043 o ¢ Rmtntl apq
()
0z
() ‘
C:{Hz Hj Hd} cooy=lep| . a=rY (10.24)
od
It is necessary to calculate the vector y with minimum magnitude that satisfies

(10.23), that is, the solution that is closest to the given inexact data is required.

The objective function is

LG+1) _ ,(0) JRC) R )
PUHD — o = D+ 50— = ||Ey — h||, (10.25)
dG+D _ g(0) PN ¥/C)
where
()
E = Lyionys, h=—| 39D — 5|, (10.26)
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and y is defined in (10.24). It is noted that E is constant and not updated between
1terations.
The minimization of (10.25) subject to (10.23) is a least squares minimization with

an equality constraint (the LSE problem),
min ||Ey — hl| subject to Cy=gq,
Yy
which can be solved by the QR decomposition [30]. This LSE problem is the same

type of problem considered in Chapter 9, and it is solved at each iteration, where C, ¢

and h are updated between successive iterations.

Algorithm 10.1: Deconvolution of two Bernstein polynomials

Input Inexact Bernstein polynomials f(z) and h(x), which are of degrees m and
m + n respectively.

Output The polynomial g(x) = h(x)/f(z).

Begin

1. Process f(x) and h(z) to yield f(z) and A(z), which are defined in (10.4) and

(10.5) respectively, using the preprocessing operation described in Section 10.2.
2. % Initialize the data

e Calculate the diagonal matrices D~' and Q.

e Set z = 29 =0, which yields B =0, and d = d = 0.

e Calculate T,Y and the initial value iy of j, which is defined in (10.22).
Calculate the initial value of g,

¢© = O
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where () is equal to the initial value of the residual,
r0 = r(z(o) =0, po, d? = 0)
= C— (D_IT(JE)Q)]%-
e Define the matrices C' and E.

3. % The loop for the iterations
% Solve the LSE problem at each iteration using the QR decomposition

repeat

(a) Compute the QR decomposition of CT,

CT"=QR=Q
0
(b) Set w; = Ry 'q.
(c) Partition EQ as
EQ = { E, E, } :
where
B, € Rem+2nt3)x(mtnt1) E, € R@m+2n+3)x (min+2)

(d) Compute
21 = E;(h - Elwl),
where h is defined in (10.26).

(e) Compute the solution
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(f) Set z:=2+4 6z, p:=p+dpand d:=d + dd.
(g) Update B and Y, and therefore C' from z, p and d. Compute the residual
r(z,p,d) = (¢ +d) — D™YT + B)Qp,
and thus update ¢ = r(z, p,d). Update h from z, p and d.

a lrzsdll —12
until &l <10

End

Algorithm 10.1 terminates when the residual ”m(gfc’lﬁ)” is sufficiently small and it
yields z*, p* and d*. The vector z*
T
ZF = {Zg Z .. z;%} € R™H

is the perturbation vector for the coefficients of the polynomial f (x), and the vector
d*

T
d* = {dg & dn ] € Rt

is the perturbation vector for the coefficients of the polynomial h(x), such that the
perturbed form of f () is an exact divisor of the perturbed form of h(z). The corrected
forms of f(z) and h(x) are therefore given by

fix) = iaf (T) (1— z)migi

1=0

= io(a +27) (T) (1— )" i,
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and

W(z) = min ¢t (m * ”) (1 — z)m+n=igi

- 1
=0

m+n m+n

= Z(C’ + d:)( ; )(1 _ g)mn—igd,
i=0

respectively. The quotient polynomial g*(x) is obtained from the vector p*,

T
p*:{bzﬁ bro bj;} c R

that is

10.4 Examples

This section shows the results obtained from the method of SNTLN implemented
on (10.10), which are compared with the results obtained using the method of least
squares. The method of least squares is now described.

Consider the inexact Bernstein polynomials f(x) and h(x), which are defined in (10.8)
and (10.9) respectively. They are preprocessed using the operation described in Sec-
tion 10.2 to yield f(x) and h(x), which are defined in (10.4) and (10.5) respectively.
The inexact nature of f(x) and A(z) implies that f(z) is not an exact divisor of h(x),
and thus the approximation (10.10) is established. The approximate solution j is

then computed using the method of least squares, that is

L T
B (D*T(f)@) é, (10.27)
and the coefficients of the quotient polynomial §(z) are obtained from p.
The criteria are required to be established in order to compare the method of SNTLN

and the method of least squares. The following criteria are developed for the method
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of SNTLN, but they are also applied to the method of least squares.
The method of SNTLN yields the corrected forms f*(z), ¢*(x) and h*(z). If f*(z) is

an exact divisor of h*(z) and ¢g*(z) is the quotient polynomial, then

fH(x)g"(x) = h*(z),
should be satisfied, which is easily checked by computing

779"~ bl
7]

Furthermore, the coefficients of the quotient polynomial g*(x) are compared with
the coefficients of the exact quotient polynomial g(x), which can be achieved by
computing the error between the normalized coefficients of g*(z) and the normalized

coefficients of §(x), that is

lg™ = 3ll.
where ||g*|| = ||g|l = 1 and || - || denotes the 2-norm. These criteria are also applied

when the method of least squares is used to solve the deconvolution problem.

Example 10.2. Consider the exact Bernstein polynomials f(z) and h(z), whose

roots and multiplicities are specified in Table 10.1.

Root of h(z) | Multiplicity

Root of f(x) Multiplicity 0.4327e+000 6

0.4327e+-000 )

0.5479¢+000 7

0.5479e+000 6
1.0000e+003 8

1.0000e4003 5
-1.2147¢4000 3

-1.2147e-+000 9
7.3125e-+-000 8 1.2793e-00 0
7.3125¢+000 9

Table 10.1: The roots and multiplicities of f(z) and h(x) for Example 10.2.

It is shown in Table 10.1 that f(z) is an exact divisor of i (x), and thus the exact
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quotient polynomial g(x) is easily computed.

Noise with componentwise signal-to-noise ratio 10* is added to the coefficients of f (x)
and h(z) to obtain their inexact forms f(z) and h(z).

In the method of least squares, the approximation (10.10) is established, and it follows
from (10.27) that the approximate solution p of (10.10) is computed. The coefficients
of the quotient polynomial §(z) are obtained from p. The error measure ||§ — gl is
equal to 1.0089¢ — 004 and % is equal to 5.1646e — 008.

In the method of SNTLN, the method of SNTLN performed on (10.10) yields the

vectors z*, p* and d*. The perturbation vectors z* and d* allow the corrected forms

of f(x) and h(x), f*(x) and h*(z), to be obtained. The coefficients of the quotient

If*g*=h*l -

polynomial ¢g*(z) are obtained from the vector p*. The error measure s

equal to 2.8713e — 017 and ||g* — g|| is equal to 7.8794e — 005. Compared with the
results obtained from the method of least squares, the relatively small error between

f*(z)g*(z) and h*(x) indicates that f*(x)g*(x) = h*(x) is more exactly satisfied. [

Example 10.3. Consider the exact Bernstein polynomials f(z) and h(z), whose

roots and multiplicities are specified in Table 10.2.

Root of ﬁ(x) Multiplicity
Root of f(z) | Multiplicity 0.3178e+000 8
0.4431e+000 6
0.3178¢+000 G
0.5979e+-000 6
0.4431e+000 4
0.6129e+000 6
0.5979e+4000 4
0.7189e+-000 6
0.6129e+000 5
0.7189e-+000 4 0.8251e+000 3
’ 0.9134e4-000 4
0.9998e+000 4

Table 10.2: The roots and multiplicities of f(z) and h(z) for Example 10.3.
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It follows from Table 10.2 that f(x) is an exact divisor of i (x), and thus the exact
quotient polynomial g(x) is easily computed.
The addition of noise with componentwise signal-to-noise ratio 10* to the coefficients
of f(x) and h(x) yields their inexact forms f(z) and h(x).
In the method of least squares, the coefficients of the quotient polynomial §(x) are

obtained from the approximate solution j of the approximation (10.10), which is

Ifg—hll

computed using (10.27). The error measure ||§ — g|| is equal to 0.1105 and T

equal to 2.4953e — 005.

In the method of SNTLN, the method of SNTLN implemented on (10.10) yields the
vectors z*, p* and d*. The corrected forms f*(x), g*(z) and h*(x) are then obtained.
The error measure W is equal to 2.6666e — 013 and ||g* — g|| is equal to 0.1096.
Compared with the results obtained from the method of least squares, the significantly

smaller error between f*(z)g*(z) and h*(z) means that f*(x)g*(z) = h*(x) is more

precisely satisfied. O

10.5 Summary

This chapter considered the use of the method of SNTLN to solve the approximate
deconvolution of two inexact Bernstein polynomials f(z) and h(z). It has been shown
that the method is effective in computing the perturbations applied to the coefficients
of f(z) and h(z), such that the perturbed form of f(z) is an exact divisor of the
perturbed form of h(x). The typical examples shown in Section 10.4 demonstrate
that the method of SNTLN yields significantly better results than the method of least
squares. Furthermore, experiments also show that the method of SNTLN converges

to the solution only after 4 or 5 iterations.



Chapter 11

Conclusion and future work

This thesis considered the application of structure preserving matrix methods for
some ill-posed operations on Bernstein polynomials. In particular, the operations of
greatest common divisor computations and polynomial division were considered.

Three algorithms to compute the GCD of Bernstein polynomials, Euclid’s algorithm,
and operations on the Bézout and Sylvester resultant matrices were introduced. It was
shown in Chapter 3 that when exact polynomials are specified, these three algorithms
provide an unambiguous and correct result in a symbolic computing environment.
However, when the GCD computation is performed in a floating point environment
and the polynomials are inexact because of added noise, these algorithms fail to cal-
culate the GCD of polynomials because noise makes the inexact forms of polynomials
coprime, and therefore the computation of the GCD becomes an ill-posed problem.
Thus, an AGCD of inexact polynomials must be considered. Different definitions of
an AGCD may be specified for different problems. In this thesis, the degree of an
AGCD of two inexact polynomials is defined to be correct when it is equal to the
degree of the GCD of their exact forms because this reproduces in the given noisy

240
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polynomials a property of their theoretically exact forms.

The computation of an AGCD of inexact polynomials requires the degree of an
AGCD to be determined initially. This can be achieved by calculating the normal-
ized singular values of the Bézout and Sylvester resultant matrices when the prepro-
cessing operations are implemented on them. In particular, since the Sylvester matrix
has a partitioned structure, three preprocessing operations are implemented on the
Sylvester matrix, which are the normalization of the polynomials, the introduction
of a parameter «, and a transformation of the independent variable x to a new inde-
pendent variable w. However, due to the bilinear nature of the Bézout matrix, only
the third preprocessing operation, a transformation of the independent variable x to
a new independent variable w, is required to be implemented for the Bézout matrix.
Experiments show that these preprocessing operations allow the improved and correct
determination of the degree of an AGCD to be obtained. In addition, it is noted that
compared with the conventional form of Sylvester matrix, its modified form obtained
by post-multiplying its conventional form with a diagonal matrix yields significantly
better results. The importance of the inclusion of this diagonal matrix is discussed
in Chapter 6.

Furthermore, the degree of an AGCD can also be determined using the first principal
angle and the residual of an approximate linear algebraic equation, and these methods
involve Sylvester subresultant matrices. In particular, for each subresultant matrix,
the three preprocessing operations mentioned above are required to be implemented,
its optimal column is then selected using the criteria based on the first principal an-
gle and the residual. For each subresultant matrix, the first principal angle and the

residual between its optimal column and its remaining matrix after the removal of
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optimal column are recorded. The degree of an AGCD is determined by observing
the maximum change of the first principal angle or the residual.

After the degree of an AGCD is determined, the perturbations of minimum magni-
tude applied to the coefficients of the inexact polynomials are calculated using the
method of SNTLN, such that the perturbed forms of the inexact polynomials have
a non-constant common divisor of the determined degree. Experiments demonstrate
that few iterations are required for the method of SNTLN to converge to a solution,
and similarly, the subresultant matrices with the inclusion of diagonal matrices re-
cover a much better approximation to the coefficients of the GCD. In addition, it
has also been shown in this thesis that the method of SNTLN can be used to solve
the deconvolution problem of inexact polynomials.

This thesis has shown that structured matrix methods allow excellent computational
results to be obtained to ill-posed problems in which the coefficients of Bernstein
polynomials are corrupted by noise. It is therefore appropriate to apply them to
some practical problems.

The method introduced in this thesis has shown that reliable results can be obtained
from ill-posed operations on univariate Bernstein polynomials. It is therefore desirable
to consider applying this method to bivariate and trivariate Bernstein polynomials.
Since the size of resultant matrices of bivariate and trivariate Bernstein polynomials
is much larger, it is necessary to consider computationally efficient algorithms. This
includes the calculation of the displacement rank of resultant matrices. In addition,
there exists an important difference between univariate polynomials, and bivariate
and trivariate polynomials. In particular, a univariate polynomial of degree d has

exactly d linear factors, but a bivariate polynomial and a trivariate polynomial of
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degree d > 1 may not have d factors. For example, 22 + y + 1 = 0 does not have any
linear factors. Furthermore, it should be noted that the Sylvester matrix of multi-
variate polynomials is rectangular, not square. These issues have not been addressed
and will be considered in the future work.

This method can also be used to solve some practical problems in CAGD. For ex-
ample, the intersection points of Bézier curves are frequently considered in CAGD.
Since the Bézier curve is represented by Bernstein polynomials, the computation of
the intersection points of Bézier curves is reduced to calculating the common roots of
Bernstein polynomials. The operations considered in this thesis are required for the
robust solution of these intersection problems.

Finally, it is shown in [65] that a polynomial root solver that is explicitly designed for
the computation of multiple roots of a polynomial requires the computation of the
GCD of a polynomial and its derivative. This thesis has presented a reliable method
to compute the GCD of Bernstein polynomials, and thus the computation of multiple
roots of Bernstein polynomial using the algorithm in [65] is practical. In addition,
the algorithm in [65] also involves the division of Bernstein polynomials, which has

been addressed in this work.
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