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Abstract

The highly structured, complex and coupled system constituted by the solar
atmosphere is permeated by ubiquitous magnetic �elds. Together with gravity, they
create a wide variety of waveguides which are able to support magnetohydrodynamic
(MHD) waves.

The aim of the present work is to study these waves using a family of multi-
layered Cartesian waveguide con�gurations of solar atmospheric features, in order
to develop models and diagnostic tools applicable to a collection of features within
the solar atmosphere. In particular, I investigate the e�ect of incorporating various
sources of asymmetry into the classical model of a magnetic slab on the waves
supported by the system.

The initially considered con�guration is a static magnetic slab �lled with uniform,
inviscid, ideal plasma, which is embedded in an asymmetric, magnetic environment.
I derive the equation governing the dispersion of magneto-acoustic waves in this slab
system, and describe the behaviour of quasi-kink and quasi-sausage eigenmodes.

I proceed to conduct a detailed analytical and numerical investigation of trapped
waves that may be supported by this slab system under various orderings of the
characteristic speeds. I utilise these approximations to provide a list of potential
applications of this slab model to solar atmospheric waveguides, from the global
strati�cation of the layers of the solar atmosphere down to small-scale phenomena
such as the environment of magnetic bright points.

Finally, I focus on generalising pre-existent and developing new techniques of
solar magneto-seismology. I investigate both propagating and standing waves in
asymmetric magnetic and non-magnetic slab systems, and I use the mixed character
of the eigenmodes to provide tools for diagnosing the solar atmospheric plasma and
determining unknown parameters that would be di�cult to measure directly, such
as Alfvén speed values.
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Chapter 1

Introduction

Abstract

This Introduction provides an overview of the background and main topics covered
by our research conducted about MHD wave propagation in asymmetric solar waveg-
uides. We provide a description of the fundamental structures of the Sun and its
atmosphere, and then we proceed to summarise the equations of ideal MHD, which
the calculations carried out in the following Chapters will be based on. Next, we dis-
cuss the basics of MHD wave propagation in a uniform and in a structured medium,
before we present some key historical developments in the magneto-seismology of
solar structures. This Chapter follows the fundamentals of MHD theory from Priest
(2014) and Goedbloed and Poedts (2004), and relies on Zsámberger et al. (2018),
Allcock et al. (2019), Zsámberger and Erdélyi (2020), and Zsámberger and Erdélyi
(2021) for the overview of magnetic slab models and developments in solar magneto-
seismology.

1.1 The Sun

Our Sun has been a subject of continued fascination and ceaseless study in some
form through most of human history. It is an �average�, G-type star, but one that
is located far closer to our planet than any of its cosmic relatives. This allows
us to observe it in unparalleled detail and use it as a �laboratory� for testing any
expectations derived from our theories, simulations and models. Here, we provide a
brief overview of our star's structure deduced from many years of observations and
helioseismological studies, based on Golub and Pasacho� (2009) and Priest (2014).
To complement this description, Figure 1.1 provides an illustration of the main layers
and features of the solar interior and atmosphere.

The Sun is the largest object in our solar system. It also represents over 99% of
the total mass in our solar system and serves as the main energy source for most of
its various other objects. This energy is generated at the heart of our star, in its
core, at a temperature of around 15 million K and a particle density of 1032 m−1

magnitude. Under such conditions, the stellar material is in a plasma state, with
its particles being energetic enough to overcome electromagnetic forces pushing the
same charges apart, and the nuclear fusion of four hydrogen nuclei becomes possible,
resulting in the creation of a helium nucleus. A small fraction of the initial mass is
converted into energy in the process, which is then carried away by the γ-rays and
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1.1. THE SUN

Figure 1.1: The structure of our Sun. The source of this �gure is ESA (2019).

electron neutrinos generated in the reaction.
The core extends to about 25% of the 700 Mm solar radius (R⊙), giving its place

to the radiative zone located at radii of 0.25R⊙ < r < 0.75R⊙. In this layer of the
solar interior, the photons leaking out from the core perform a lengthy random walk
process, going through numerous collisions, absorbtions and re-emmissions. During
their slow radiative di�usion, they su�er energy losses and their wavelength is shifted
from the high-energy γ range towards the visible spectrum.

The outermost layer of the solar interior is the convective zone, separated from
the radiative zone by a thin shear layer called the tachocline, which is suspected to
play an important role in the generation of the global solar magnetic �eld. Above
this layer, the dominant energy transport process becomes convection. The high
temperature gradient is able to induce convective instability, displacing blobs of
plasma vertically upwards. The buoyant plasma radiates its energy into the solar
atmosphere once it reaches the surface, cooling down in the process, before it sinks
and the cycle of convection starts over again.

The solar atmosphere is de�ned as the part of our star from which photons escape
directly into space. Unlike the opaque interior, this segment of our star as been the
subject of numerous, continually improving direct observations. The atmosphere
consists of three main layers, the lowest one of which is called the photosphere. This
very thin layer of relatively dense and opaque plasma is regarded as the solar surface,
which is where the majority of visible solar radiation is emitted from. This is where
the plasma rising in convective cells cools and sinks back down from, resulting in
most of the photosphere being covered in irregularly shaped, bubbling convective
cells called granules. The bright and hot centres of granules, where plasma rises
from the convective zone, are separated from one another by darker intergranular
lanes, which are cooler regions of down�ow. Motions and structuring are present in
larger scales as well, in the form of mesogranulation and giant cells. Concentrations
of strong magnetic �elds may partially or fully inhibit convection, interrupting this
structure in the form of sunspots. Within these areas, the average photospheric
temperature of about 6000 K decreases by 1000-2000 K, lending them their dark
appearance.

The photosphere is also where the temperature of our Sun reaches its minimum
value. It has long been a puzzling observation that after dropping from about 15
million to 6000 K as we move radially outwards from the core of the Sun to the
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Figure 1.2: The height variation of temperature and density in the solar atmosphere
in the VAL model. Image credit:Avrett and Loeser (2008).

photosphere, the temperature starts rising once again, until it reaches values of
one to a few million K again in the outermost layers of the solar atmosphere. This
unexpected behaviour gave rise to the question of solar atmospheric heating, which is
a multi-faceted issue with no single clear answer. Figure 1.2 displays this surprising
temperature distribution throughout the solar atmosphere.

Directly above the photosphere, the next spherical shell of the Sun is the chromo-

sphere, located between heights og 0.5-2.5 Mm. This layer shows complex structur-
ing, its most notable feature being the forest of spicules, which are thin, short-lived
plasma jets. The temperature in the chromosphere keeps rising slowly, until at
heights of about 2 Mm above the solar surface, it suddenly jumps by two orders
of magnitude. This narrow layer of swiftly warming plasma is called the transition

region, above which we �nd the outermost shell of the solar atmosphere: the rare
and hot solar corona.

The corona is dominated by the presence of magnetic �elds and shows various
froms of large-scale structuring. Its main features are helmet-shaped streamers near
mid-latitudes and regions of open magnetic �eld lines appearing especially near the
poles called coronal holes. The corona also contains numerous arcs of magnetic
�eld lines. Concentrations of ionised plasma follows these arcs, forming coronal
loops, which are one of the most thoroughly stuied structures in the �eld of coronal
seismology. The outer corona expands outwards continuously in a stream of particles
forming the solar wind.

The change in mean temperatures and densities throughout the layers of the solar
atmosphere are commonly described by the VAL (Vernazza-Avrett-Loeset) model
(Avrett and Loeser, 2008). This model shows that both the temperature and the
density �rst go through a gradual change from their photospheric values, and then
a sudden jump in the transition region, before they reach their coronal values. The
drastic temperature increase from the photosphere to the corona as we move further
away from the main energy source of the Sun (the nuclear fusion occurring in the
core) requires that there should be an alternate energy transport mechanism which
is able to balance out radiative losses in the atmosphere. Numerous processes have
been nominated as this additional energy source to provide the energy required for
atmospheric heating and for the acceleration of the solar wind. In reality, the high
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chromospheric and coronal temperatures likely owe their existence to a combination
of di�erent processes operating on various scales. Thus, the answers to the enigma
of atmospheric heating include both hydrodynamic processes (such as acoustic and
pulsation waves), and magnetic heating mechanisms (waves and reconnection). For
an overview of these possibilities, see Erdélyi and Nelson (2016a)).

1.2 The Equations of Magnetohydrodynamics

Section 1.1 has shed light on what a dynamic and complex plasma environment the
solar atmosphere is. The main sources of the global and �ne structure are gravity
and the ubiquitous magnetic �elds present in the entirety of its volume. While
gravity is responsible mainly for the global vertical strati�cation of the atmosphere,
the non-uniformly distributed magnetic �elds also create sub-structures on various
scales, from the sunspots and pores in the photosphere, the spicule forest in the
chromosphere, all the way up to prominences, coronal loops, and even coronal plumes
that extend far into the solar wind (Roberts, 1984, Goossens et al., 2002).

The interactions of the hot solar plasma and the magnetic �elds that permeate
it are mathematically described by the theory of magnetohydrodynamics (MHD).
As later Sections will illustrate, these interactions of magnetic �elds and plasma
particles can give rise to a plethora of wave phenomena in all layers of the solar
atmosphere (De Pontieu et al., 2005; Komm et al., 2015). In order to understand
these observations and events, in the current Section, we provide a summary of the
fundamental assumptions and equations of MHD, which we will use in the remaining
Chapters to derive dispersion relations for various slab models.

The equations of MHD provide a mathematical framework for describing the
macroscopic behaviour of magnetised plasmas. For this type of description to be
applicable, a number of basic assumptions have to be made. Based on the rele-
vant sections of Goedbloed and Poedts (2004) and Priest (2014), the �rst of these
assumptions is that over distances exceeding the so-called Debye length, λD, the
plasma is considered to be approximately charge-neutral. Deviations from charge
neutrality occur only in small regions de�ned by the size of the Debye length

λD =

√
ϵ0kBT

nq
. (1.1)

Here, the constituent quantities used are de�ned in the following manner: kB ≈
1.38× J K−1 is Boltzmann's constant, and n is the particle density, and q is the
charge of a particle. Further, the permittivity of free space is

ϵ0 =
1

µ0c2
≈ 8.85× 10−12F s−1, (1.2)

where the factors are µ0 = 4π × 107N A−2, the permeability of free space, and
c = 299792458 m s−1, the speed of light. A large collection of charged particles can
then be considered a plasma if the number density of particles is very large in a
sphere with radius r = λD, that is

4πnλ3
D

3
≫ 1. (1.3)
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The second important condition is that any variation occurs on a length scale
much larger than the internal plasma lengths such as the Larmor-radius (or gyrora-
dius),

rL =
mvp
|q|B

, (1.4)

de�ned in relation to the motion of a charged particle in a magnetic �eld. In Equa-
tion (1.4), m denotes the mass of the particle, q its charge, vp the component of its
velocity perpendicular to the magnetic �eld of strength B.

The plasma is also assumed to be in thermodynamic equilibrium, with its distri-
bution functions being close to Maxwellian. This condition is ful�lled on time- and
length-scales much larger than the collision times and mean free paths of particles,
respectively. The plasma is considered as a single �uid, although this assumption
may need to be re-examined in the coolest or rarest parts of the Sun's atmosphere.
Important parameters such as the di�usivity, η, or the permeability, µ, are assumed
to be uniform within this work, and typical plasma velocities (�ow speeds, Alfvén
speeds, sound speeds) are treated as non-relativistic. While the inclusion of various
other e�ects is possible, the equations in the following parts are formulated for an
inertial (non-rotating) frame. Any terms arising from heat transfer, resistivity, and
viscosity are neglected, and only adiabatic, ideal, inviscid plasmas are considered.

Keeping these assumptions in mind, the equations of magnetohydrodynamics
may be obtained by averaging the kinetic equations of plasma physics, or as we
will proceed to do now, by combining the Maxwell-equations with the equations
describing �uid motion and continuity.

1.2.1 The Induction Equation

In order to describe the connection between the generation of magnetic �elds and
the motion of charged plasma particles, we need to start from Maxwell's equations
of electrodynamics. Firstly, Gauss' law

∇ · E =
ρ∗
ϵ0

(1.5)

states that the divergence of the electric �eld, E, is given by the electric charge
density, ρ∗ divided by the permittivity constant ϵ0.

Next, Gauss' magnetic law states that no magnetic monopoles exist, as magnetic
�elds must be solenoidal vector �elds:

∇ ·B = 0. (1.6)

The third equation can be written as

∇× E = −∂B

∂t
. (1.7)

This is the Maxwell-Faraday equation stating that a temporally changing magnetic
�eld will generate a spatially varying electric �eld, and, in turn, a spatially varying
electric �eld will result in the induction of a changing magnetic �eld.

Finally, we have

∇×B = µ0j+
1

c2
∂E

∂t
, (1.8)
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known as Ampére's law. This equation describes how magnetic �elds can be gen-
erated by a change in the electric �eld or an electric current (j). If we take the
assumption of MHD requiring the plasma velocities to be signi�cantly smaller than
the speed of light, then the second term of Ampére's law is negligible, and the
equation can be re-stated as

∇×B = µ0j. (1.9)

Similarly, the right-hand-side of Equation (1.5) is assumed zero.
Now, we proceed to use Ohm's law to connect the electric, magnetic and velocity

�elds with the current density:

E+ v ×B = ηj, (1.10)

where η = 1/(µσ) is the magnetic di�usivity and σ is the electrical conductivity.
Since we are only investigating ideal MHD e�ects, we can use η = 0 to simplify
Ohm's law to

E+ v ×B = 0. (1.11)

We can express E from Equation (1.11), and substitute the expression into Equation
(1.7) to obtain the induction equation for ideal MHD as

∂B

∂t
= ∇× (v ×B). (1.12)

This equation describes the generation of magnetic �elds. If non-ideal e�ects can
not be neglected, this equation has a second, competing term as well, which is
responsible for di�using away the magnetic �elds generated by the �rst term:

∂B

∂t
= ∇× (v ×B) + η∇2B. (1.13)

1.2.2 The Equation of Continutity

The motion of plasma is governed by three other equations: the equation of con-
tinuity, motion, and energy, which are coupled to the induction equation through
the presence of the velocity term in Equation (1.12). The equation of continuity
expresses the conservation of mass, and it may be written in one of the following
forms:

Dρ

Dt
+ ρ∇ · v = 0, or

∂ρ

∂t
+∇ · (ρv) = 0, (1.14)

where ρ is the mass density, and D/Dt = ∂/∂t + v · ∇ is the material or total
derivative. In either form, the equation of continuity expresses the fact that the
density at a point increases if mass �ows into its surrounding region. The opposite
is also true, of course, if mass �ows out from the environment of a point, the density
decreases there.
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CHAPTER 1. INTRODUCTION

1.2.3 The Energy Equation

Energy gains and losses within the medium are described by the heat equation,

ρ
De

Dt
+

p

ρ

Dρ

Dt
= −L, (1.15)

where L is the energy loss function, and e is the internal energy per unit mass
within the plasma. We restrict our focus to adiabatic processes, which has two
consequences. First, the ratio of speci�c heats, γ = cp/cv takes the value of 5/3.
Secondly, any energy lost is balanced by energy gains, therefore L = 0. To complete
the system of MHD equations and simplify the energy equation, we require an
equation of state to determine the gas pressure, p. For simplicity, we use the perfect
(or ideal) gas law:

p =
R̄

µ̄
ρT =

kB
m

ρT, (1.16)

which describes in what manner the pressure, density and temperature of the
medium are connected using the gas constant R̄, and the mean atomic weight,
µ̄, or the mean particle mass (m) and Boltzmann's constant (kB). For an ideal gas,
the internal energy can be expressed as

e = cvT, (1.17)

where

cv =
1

γ − 1

kB
m

(1.18)

is the speci�c heat at constant volume. From Equations (1.16), (1.17) and (1.18),
the internal energy can be expressed in terms of γ, the gas pressure and the density:

e =
1

γ − 1

kB
m

p

ρ
, (1.19)

and the energy equation takes the following form:

ρ
Dρ

Dt
+

γp

ρ

Dρ

Dt
= 0. (1.20)

1.2.4 The Equation of Motion

Newton's equation of motion for a �uid (plasma) element can be written in the
following form:

ρ
Dv

Dt
= F = −∇p+ ρg + j×B+ ρ ∗ E+ Fv, (1.21)

which expresses the acceleration of a �uid element under the e�ect of a general force
F consisting of a pressure gradient (−∇p), gravity (ρg), as well as electromagnetic
(j × B + ρ ∗ E) and viscous forces ( Fv) With the consequences of the MHD ap-
proximation we have already utilised, and ignoring gravity, our equation of motion
in ideal MHD becomes

ρ
Dv

Dt
= F = −∇p+ j×B. (1.22)
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1.3. THE STUDY OF WAVES IN THE SOLAR ATMOSPHERE

Here, j×B is the Lorentz force, which we can break down into two terms using
Ampére's law:

FL = j×B =
1

µ0

∇×B×B

=
(B · ∇)B

µ0

−∇ B2

2µ0

. (1.23)

The �rst term in Equation (1.23) is called the magnetic tension force, which is a
negative stress in the direction parallel to the �eld. Th second term is the magnetic
pressure force, which results in a positive stress in the direction normal to B.

1.2.5 Summary of the Ideal MHD Equations

Subject to the conditions and simpli�cations detailed in the sections above, the set
of ideal MHD equations governing the behaviour of a continuous plasma permeated
by a magnetic �eld can be summarised as follows:

∂ρ

∂t
+∇ · (ρv) = 0 (1.24)

ρ
Dv

Dt
= −∇p− 1

µ
B× (∇×B) (1.25)

∂B

∂t
= ∇× (v ×B) (1.26)

D

Dt

(
p

ργ

)
= 0, (1.27)

where v = (vx, vy, vz), B, p, and ρ are the velocity, magnetic �eld strength, pressure,
and density, respectively, and ∇·B = 0. Equation (1.24) expresses the conservation
of mass, Equations (1.25) and (1.26) are the momentum and induction equations,
respectively, and Equation (1.27) is the form of the energy equation for adiabatic
processes. This system of equations will be utilised in later Chapters as the starting
point for the derivation of dispersion relations for various asymmetric magnetic slab
con�gurations.

1.3 The Study of Waves in the Solar Atmosphere

Numerous observations of oscillatory behaviour in solar atmospheric structures have
been made (see eg. Nakariakov and Verwichte (2005); Banerjee et al. (2007);De
Pontieu et al. (2007b); Erdélyi and Fedun (2007); Jess et al. (2009); Taroyan and
Erdélyi (2009); McIntosh et al. (2011); Morton et al. (2012); Morton et al. (2013)).
Since the solar atmosphere is a �nely structured magnetised plasma environment,
these oscillations can be described within the framework of MHD, using the theory of
magnetohydrodynamic waves (MHD waves), which we provide a brief introduction
to in the current Section.

1.3.1 Magnetohydrodynamic Waves

We �rst consider a uniform magnetised plasma environment, where the background
physical quantities come under the e�ect of a small, time-dependent perturbation.

8
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These small perturbations (denoted by index �I�) are added to the background phys-
ical parameters (denoted by index �eq�) such that

f(r, t) = feq + fI(r, t), (1.28)

where the small perturbation fI ≪ f , and the generic parameter f here can stand
for the pressure, p, the density, ρ, or the components of the magnetic �eld strength
(Bx, By, Bz) and the velocity (vx, vy, vz). Substituting these variables into the ideal
MHD equations, and keeping terms only up to �rst order, we perform a linearisation
of the system. Here, we assume that there are no bulk background motions in
the plasma, therefore veq = 0. For more details on such a linearisation of the
ideal MHD equations, see e.g. Priest (2014). In brief, it is possible to arrive at a
single generalised wave equation for disturbances in a uniform plasma, which has
the following form:

∂2vI

∂t2
= c2eq∇(∇ · vI) + (∇× [∇× {vI ×Beq}])×

Beq

µ0ρeq
. (1.29)

We seek plane wave solutions to this equation in the form of

vI(r, t) = vI exp(i[k · r− ωt]), (1.30)

where k is the wavenumber vector and ω is the angular frequency. After some
algebra, this leads us to

ω2vI = v2Ak
2 cos2 (θB)− (k · vI)k cos (θB)B̂eq

+ ([1 + c2eqv
2
A][k · vI ]− k cos (θB)[B̂eq · vI ])k. (1.31)

Here, θB is the angle between the direction of propagation and the magnetic �eld, k
is the magnitude of the wavenumber vector, B̂eq is the unit vector in the direction
of the magnetic �eld, and vA is the equilibrium Alfvén speed de�ned as

v2A =
B2

eq

µ0ρeq
. (1.32)

This can be further transformed to give

(−ω2 + k2c2eq + k2v2A)(k · vI) = k3v2A cos (θB)(B̂eq · vI), and

k cos (θB)c
2
eq(k · vI) = ω2(B̂eq · vI) (1.33)

There are two types of solutions to Equation (1.33). Firstly, if (k · vI) vanishes, we
get the Alfvén wave solutions, propagating with ω = ±ωA = ±kvA cos (θB). These
waves are purely transverse, and they are incompressible perturbations.

The second class of solutions are called magneto-acoustic waves, which are ob-
tained by eliminating (k · vI)/(B̂eq · vI) between the two equations in Equation
(1.33). This leads to a quadratic equation in ω2:

ω4 − ω2k2(c2eq + v2A) + c2eqv
2
Ak

4 cos2 (θB) = 0. (1.34)

9



1.3. THE STUDY OF WAVES IN THE SOLAR ATMOSPHERE

The magneto-acoustic (or magnetosonic) waves further split into two sub-types,
namely, fast and slow modes, which propagate with the fast- and slow-frequencies,
de�ned as:

ωslow =
1

2
k2(c2eq + v2A)

(
1 +

√
1− 4c2T cos2 (θB)

)
,

ωfast =
1

2
k2(c2eq + v2A)

(
1 +

√
1 + 4c2T cos2 (θB)

)
, (1.35)

where c2T = (c2eqv
2
A)/(c

2
eq + v2A) is the so-called tube speed or cusp speed. Both the

Alfvén and the magneto-acoustic waves can propagate forward along the magnetic
�eld lines (ω = ωj, where j = A, slow, fast for Alfvén, slow, and fast modes,
respectively), or backward, opposite the direction of the �eld (ω = −ωj).

1.3.2 MHD Waves in Magnetic Slabs

The solar atmosphere is very �nely structured by gravity and magnetic �elds, there-
fore, it is worthwhile to examine wave propagation in structured media as well.
The two fundamental con�gurations often examined and applied in solar physics
are those of the magnetic slab and the magnetic �ux tube. Here, we only focus
on magnetic slabs, but for a brief summary of wave propagation in �ux tubes, see
e.g. Priest (2014), or, for a full derivation and investigation, compare with Edwin
and Roberts (1983). In a series of seminal studies, Roberts (1981a) and Edwin and
Roberts (1982) described the properties of magneto-acoustic waves �rst at an inter-
face (Roberts, 1981a), then in a magnetic slab sandwiched between two, symmetric
regions of a non-magnetic environment (Roberts, 1981b), and, �nally, in a mag-
netic slab embedded in a symmetric, magnetic environment (Edwin and Roberts,
1982). These studies only looked at structuring normal to the magnetic �eld, and
sought plane wave solutions propagating along the magnetic �eld lines, which is the
approach we adopt in our later, asymmetric studies as well.

In this section, we brie�y summarise the study conducted about the magnetic
slab in a symmetric, magnetic environment, as the other two cases mentioned above
can be considered building blocks towards establishing this model. To be more ex-
act, a slab can be considered a region of magnetised plasma embedded between two
magnetic interfaces. Furthermore, the case of the slab in a non-magnetic environ-
ment can be recovered from the more general con�guration of the slab being placed
in a magnetic environment, if in the last step, the magnetic �elds are chosen to be
zero.

In their study, Edwin and Roberts (1982) considered a slab of plasma with
width 2x0 permeated by an equilibrium magnetic �eld, located betwen two interfaces
linking it to a symmetric plasma environment also woven through by an equilibrium
magnetic �eld. By linearising the ideal MHD equations, and looking for plane wave
solutions propagating along the �eld, they obtained a dispersion relation for the
eigenmodes of the symmetric magnetic slab in the following form:

ρe(v
2
Ae − ω2)m0

(
tanh (m0x0)

coth (m0x0)

)
+ ρ0(k

2vA02 − ω2)me = 0. (1.36)

Here, each quantity indexed with 0 refers to th inside of the slab, while parameters
with the index e describe the environment. The coe�cients me and m0 are related
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Figure 1.3: Model and eigenmodes of a symmetric magnetic slab of width 2a. Panel
(a) illustrates the equilibrium con�guration, panel (b) depicts a sausage mode, while
panel (c) shows a kink mode oscillation. The source of this �gure is Priest (2014).

to the characteristic speeds (Alfvén, sound and tube speeds) in each region:

m2
j =

(
k2v2Aj − ω2

)(
k2c2j − ω2

)
(
v2Aj + c2j

)(
k2c2Tj − ω2

) , j = 0, e. (1.37)

The top line of Equation (1.36) describes so-called sausage modes, while the bottom
line pertains to kink modes. Sausage modes are waves which show amplitudes
distributed in an antisymmetric manner around the centre of the slab (x = 0), while
kink modes show a symmetric distribution of wave power. An illustration of these
eigenmodes can be seen in Figure 1.3. The eigenmodes can further be classi�ed
as surface or body waves, depending on whether they are evanescent or oscillatory
within the slab. A more detailed discussion of these modes and their asymmetric
counterparts can be found in Chapter 2.

1.3.3 Solar Magneto-Seismology

The solar atmosphere is a dynamic plasma environment that shows complex struc-
turing thanks to its ubiquitous magnetic �elds. In understanding and measuring the
properties of this rich variety of solar waveguides, the constantly evolving methods
of solar magneto-seismology (SMS) provide a useful and versatile toolkit. These
methods of SMS rely on the fact that the physical parameters and the geometric
structuring of the medium determine the properties of the supported waves. From
direct observations, we are able to determine some of these parameters, such as
temperature, density, or geometric size. We can also measure temporal and spatial
wave properties like frequencies, periods and amplitudes, which is often more easily
accomplished than a direct measurement of e.g. magnetic �eld strength or transport
coe�cients could be carried out. Furthermore, from theoretical investigations, we
can obtain a mathematical relationship between these quantities (see for example
the magnetic slab system summarised in Section 1.3.2). The combination of these

11



1.3. THE STUDY OF WAVES IN THE SOLAR ATMOSPHERE

models and observations is then utilised to solve (often di�cult) inversion prob-
lems, and so allow us to draw conclusions about �missing� parameters of the solar
atmospheric plasma, which would be di�cult to measure directly (Erdélyi (2006a);
Erdélyi (2006b); Banerjee et al. (2007); Andries et al. (2009); Arregui and Goossens
(2019)).

MHD waves have played a two-fold role in improving our understanding of the
solar plasma environment. Beyond their newer, diagnostic role in SMS, these waves
have always been thought to serve as one possible solution to the atmospheric heating
problem described at the beginning of this introduction. Their widespread presence
within the solar atmosphere and fundamental part in our physical understanding
meant that the theory of MHD wave propagation developed rapidly (De Moortel
and Nakariakov, 2012), and the �rst magneto-seismological studies were conducted
very early in the process (such as Rosenberg (1970); Roberts et al. (1984)). The
majority of these investigations employed methods of temporal seismology, which
encompasses methods relying on the observed frequency (or period) of MHD waves
to be used in the estimation of background quantities. The maximum available tele-
scopic resolution limited the range of �ne-scale results achievable by both temporal
and spatial seismology, the latter of which focuses on detecting the wave power dis-
tribution of eigenfunctions corresponding to a theoretical model. As one of the �rst
examples of using spatial SMS techniques, Uchida gave an estimate of the magnetic
�eld structure in the solar corona based on observations and theoretical analyses of
Moreton waves (Uchida, 1970). An brief overview of early seismological studies can
be found in e.g. Allcock and Erdélyi (2018) and Allcock et al. (2019).

Generally speaking, the theory of MHD waves could advance faster than the
resolution of detectors improved. The existence of MHD waves in the solar atmo-
sphere, especially in the corona, was predicted nearly half a century ago (Uchida,
1968, Habbal et al., 1979, Roberts, 1981a). However, in the past few decades, we
have essentially entered a �golden age� of magneto-seismology, as unprecedented
spatial and temporal resolutions were achieved. The detection of transversal (fast
magneto-acoustic) waves in coronal loops, in 1998, with the help of TRACE [Tran-
sition Region and Coronal Explorer], has become a symbol of this scienti�c turning
point (Aschwanden et al. (1999); Nakariakov et al. (1999); Ruderman and Erdélyi
(2009a); De Moortel and Nakariakov (2012)). These oscillations were classi�ed as
fast kink modes, although the nomenclature is the subject of some debate in the
literature, with some sources emphasising the similarities between Alfvén and kink
mode properties and advocating for calling these oscillations Alfvénic (Aschwanden
et al. (1999); Nakariakov et al. (1999); Goossens et al. (2009)). Since this �rst and
historic direct observational detection of MHD waves in coronal loops, a number
of other magnetic structures, such as spicules, �ares, coronal arcades, and plumes,
have also been observed as drivers or waveguides for perturbations in the solar at-
mospheric plasma (Aschwanden, 2005; De Moortel, 2005; Banerjee et al., 2007; de
Moortel, 2009, Mathioudakis et al., 2013, Arregui, 2015). This is for the most part
thanks to the continuing improvements in both the temporal and spatial resolution
of detectors, allowing us to apply our theories and test our predictions in ever newer
environment, down to the smallest elements of the �ne structure. Additionally, the
availability and variety of both space-based observatories, for example SOHO [Solar
and Heliospheric Observatory], SDO [Solar Dynamics Observatory], and STEREO
[Solar-TErrestrial RElations Observatory], and ground-based telescopes, such as
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DST [Richard B. Dunn Solar Telecope], and SST [Swedish Solar Telescope]) has
been increasing (Nakariakov and Verwichte (2005); Banerjee et al. (2007); Rud-
erman and Erdélyi (2009a); Wang (2011); Arregui et al. (2012); De Moortel and
Nakariakov (2012); Mathioudakis et al. (2013)). Currently, we are living in the age
of the next generation of observational mega-projects, such as the DKIST (Daniel
K. Inouye Solar Telescope), which has recently begun its operations, and, within a
decade, the planned completion of EST (European Solar Telescope).

1.4 Outline

The aim of this study is to investigate the standing and propagating MHD waves
in various asymmetric solar wavguides, through providing analytical and numerical
solutions to the equations describing wave dispersion, as well as developing tools
for solar magneto-seismology. The research carried out so far has been summarised
in 8 Chapters. This current Chapter contains an introduction to the topic and an
overview of previous studies in the area.

Chapter 2 sets up the �rst model we investigated in detail, namely, that of a
magnetic slab embedded in an asymmetric magnetic environment. The detailed
description of the equilibrium is followed by the derivation of the dispersion rela-
tion governing magneto-acoustic waves propagating along the �eld lines in this slab
system. Next, we compare our results o earlier studies describing either magntic
or asymmetric environments of the central slab. In the last part of Section 2.2, we
describe the important features of quasi-sausage and quasi-kink eigenmodes in an
asymmetric magnetic slab in detail. Next, we aim to ease the understanding of these
asymmetric eigenmodes through a mechanical analogy, and by presenting a couple
of illustrative cases of numerical results. We explore the e�ects of density and mag-
netic asymmetries and describe the phenomenon of avoided crossing between the
eigenmodes.

Chapter 3 deals with the further analytical investigation of this multi-layered
waveguide system. We provide approximate analytical solutions to the dispersion
relation from Chapter 2 in various geometric and magnetc limits relevant to appli-
cations in solar physics. First, we describe the limiting behaviour of surface and
body modes in thin and wide slabs, then we move on to investigate the dispersion
relation in the high- and low plasma-β limits. In addition, we also discuss the case
when the slab system is considered incompressible.

In Chapter 4, we suggest and develop applications of the slab model to vari-
ous features of the solar atmosphere. We achieve this by combining our analytical
approximations from Chapter 3, and complementing them with a numerical inves-
tigation of MHD waves we expect to observe in a given solar structure based on
information on characteristic speeds, densities, and physical sizes of solar atmo-
spheric waveguides currently available in the literature. The suggested applications
move from the global structuring of the solar atmosphere (Sections 4.2 and 4.2.1)
to more localised features. First, we discuss potential coronal waveguides (Sections
4.3 and 4.4) in the form of plumes and promineneces. Finally, we present suggested
lower atmospheric applications in the environments of sunspot light bridges (Section
4.5) and magnetic bright points (Section 4.6).

Chapter 5 further generalises solar magneto-seismological tools developed for
non-magnetic asymmetric waveguides by Allcock and Erdélyi (2017). These seis-

13



1.4. OUTLINE

mology techniques rely on the e�ects that the environmental asymmetry has on the
distribution of wave power within the eigenmodes of the slab system. In Section
5.2, we describe the amplitude ratio method, providing analytical and numerical
results for the cases of both quasi-sausage and quasi-kink modes. We also utilise
the observable displacement amplitudes on the slab boundaries to de�ne and inves-
tigate so-called quasi-symmetric waves, which appear symmetric but propagate in
an asymmetric waveguide. Then in Section 5.3, we calculate the minimum pertur-
bation shift of quasi-sausage and quasi-kink modes, also providing further estimates
of the internal Alfvén speed of the central slab in the process.

In Chapter 6, we focus on standing waves in asymmetric waveguides, and the
additional seismological tools we can develop based on their characteristics. First,
we investigate standing waves in an asymmetric non-magnetic slab system, before
we move on to generalising the results for the case of an asymmetric magnetic
environment.

Finally, in Chapter 7, we summarise the main results of the above-mentioned
series of studies, and suggest further improvements of the model of slab families
which could be investigated in the future as a natural extension of our research.
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Chapter 2

Propagating Waves in an

Asymmetric Magnetic Slab

Abstract

Building on previous slab models of the solar atmosphere, the current Chapter fur-
ther generalises the model of a magnetic slab embedded in an asymmetric environ-
ment by introducing external asymmetric magnetic �elds. The dispersion relation is
for magneto-acoustic waves propagating along the slab is derived for unspeci�ed and
then for weak asymmetry. The asymmetric eigenmodes of the asymmetric magnetic
slab are described, and a mechanical analogy to the asymmetric slab model is pre-
sented. Finally, the avoided crossings of quasi-sausage and quasi-kink eigenmodes
are studied and a few examples of numerical solutions of the full dispersion relation
are explored in detail. This Chapter was based on the publications Zsámberger et al.
(2018), Section 7 of Zsámberger and Erdélyi (2020) and Section 3.2 of Allcock et al.
(2019). In more detail, the author of this thesis is primarily responsible for Zsám-
berger et al. (2018), with the calculations in its Section 4 being shared between and
concurrently checked by all authors. Furthermore, Zsámberger and Erdélyi (2020)
and the referenced Section of Allcock et al. (2019) are also the author's own work.

2.1 Chapter Introduction

As mentioned before, MHD theory and MHD waves, speci�cally, play an important
role in understanding and describing various structures and processes of our Sun,
with their two main applications being methods of energy transfer and tools for
diagnosing the solar plasma (Andries et al., 2009; Mathioudakis et al., 2013).

The focus of this study is on constructing simple slab models of solar atmospheric
waveguides, building on a long tradition of continually evolving Cartesian theoretical
modelling (Roberts (1981a); Roberts (1981b); Edwin and Roberts (1982); Joarder
and Roberts (1992a); Joarder and Roberts (1992b); Joarder and Roberts (1993);
Allcock and Erdélyi (2017); Barbulescu and Erdélyi (2018); Shukhobodskaia and
Erdélyi (2018)). While the �classical� models of magnetic slabs (Roberts, 1981a,b)
were built upon the assumption that the environment surrounding the magnetic
slab was symmetric, recent advances in the �eld have generalised this geometry to
include various sources of external asymmetry.

The �rst such study was published by Allcock and Erdélyi (2017), and it con-
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ducted a detailed analytical examination of waves propagating in a magnetic slab
which was enclosed between two semi-in�nite regions of non-magnetised plasma,
where the densities, ρ, pressures, p, and temperatures, T , were allowed to be di�er-
ent from one another in all three regions delineated by the two interfaces (see Figure
2.1). Their work also conducted a parametric analysis into the in�uence of the rel-
ative magnitudes of the external densities on wave dispersion in this con�guration.

−x0 x0 x

z

y

ρ1
T1, p1

B0, ρ0
T0, p0

ρ2
T2, p2

Figure 2.1: Illustration of the equilibrium con�guration for a magnetic slab em-
bedded in an asymmetric non-magnetic environment. Figure adapted from Allcock
et al. (2019).

It was found that the general dispersion relation for magneto-acoustic waves
propagating along the slab, parallel to the magnetic �eld lines, does not decouple
into two separate equations for sausage- and kink-type modes. This mathematically
re�ects that the eigenmodes of the such a slab possess mixed characteristics of
sausage and kink modes once asymmetry is introduced into the system (as also
explained in Section 2.2). The model described in Allcock and Erdélyi (2017) was
then used to develop new methods to be applied in solar magneto-seismology based
on the fact that the amplitudes of the eigenmodes across the slab are a�ected by
the asymmetric thermodynamic equilibrium conditions (Allcock and Erdélyi, 2018),
which will be discussed further in Chapter (5).

The model of a magnetic slab in an asymmetric environment which will be in-
troduced in this Chapter possesses an intermediate position among multi-layered
waveguide models of the solar atmosphere. It serves as a generalisation of modelling
the magnetic slab in an asymmetric, non-magnetic environment Allcock and Erdélyi
(2017). At the same time, it can be considered a special case of the n-slab system
described in Allcock et al. (2019), when n = 1 and a single slab is enclosed between
asymmetric external regions.

In this Chapter, we expand upon the results contained Zsámberger et al. (2018),
Zsámberger and Erdélyi (2020), and Allcock et al. (2019) to describe the e�ects
of introducing asymmetric magnetic �elds into the magnetic slab model of solar
atmospheric structures. In Section 2.2, we summarise the modelling assumptions
and the process of deriving the dispersion relation for waves propagating in an
asymmetric magnetic slab. We further compare our results with previous studies,
and describe the behaviour of eigenmodes in an asymmetric slab system in more
detail. In Section 2.3, we include a generalisation of the mechanical analogy for
asymmetric eigenmodes introduced by Allcock and Erdélyi (2017). In Section 2.4,
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we investigate how any changes in the relative magnitudes of the external densities
and magnetic �eld strengths a�ect the angular frequencies of the solutions. Finally,
in Section 2.5, we provide a summary and brief discussion of the results contained
in this Chapter.

2.2 The General Dispersion Relation for a Slab in an Asym-

metric Magnetic Environment

This Section provides a detailed explanation of the equilibrium con�guration of an
asymmetric magnetic slab, as well as the steps of deriving the equation governing
wave dispersion in such a geometry. The study of magnetic asymmetry in the sys-
tem is motivated by the fact that magnetic �elds are woven through and through
the interconnected solar atmosphere, creating a �ne structuring of the solar plasma
(Roberts (1981a); De Pontieu et al. (2005); Komm et al. (2015)). In such a complex
and dynamic environment, it is reasonable to expect that we should �nd asymme-
tries on various scales, rather than the perfectly symmetric environments studied
in detail in classical slab models ((Roberts, 1981b); Edwin and Roberts (1982)).
Therefore, it is a worthwhile endeavour to further the process of including various
sources of asymmetry in well-understood slab systems, and investigating the addi-
tional wave physics arising with each added step of complexity. After the study of
the magnetic slab in an asymmetric, non-magnetic environment carried out by (All-
cock and Erdélyi, 2017), one of the next logical steps in the further generalisation
of the slab model is to re-introduce the external magnetic �elds, similarly to the
con�guration of a slab in a magnetic environment described by Edwin and Roberts
(1982), however, with the new addition of magnetic asymmetry outside of the slab.

2.2.1 Description of the equilibrium

The equilibrium con�guration investigated here is a three-dimensional slab system
�lled with inviscid, static, ideal plasma, permeated by an equilibrium magnetic
�eld, Bj(x)ẑ, where j = 0, 1, 2 and ẑ is the unit vector in the vertical direction. Two
interfaces, placed at x = ±x0, divide this volume up into three separate domains of
uniform plasma with di�erent thermodynamic and magnetic parameters across the
domains:

N(x) =


N1 x < −x0,

N0 |x| < x0,

N2 x0 < x,

(2.1)

where Nj denotes any of the following physical parameters: densities, ρ, pressures,
p, temperatures, T , and magnetic �eld strengths, B, and Nj = constant (for
j = 0, 1, 2). Throughout the study, quantities describing the inside of the slab
are denoted by the subscript j = 0, while the parameters of the left- and right-
hand-side environmental regions carry the subscripts j = 1, 2, respectively. The
slab system is unbounded in the y- and z- directions. In this model, the e�ects of
gravity or background bulk motions are neglected, in order to focus on the physical
consequences of the thermodynamic and magnetic asymmetry present in the system.

Figure 2.2 provides an illustration of the equilibrium con�guration described
here. The magnetic slab of pressure p0, density ρ0 and temperature T0 is depicted
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with the shaded orange region in the centre, where |x| ≤ x0. The di�erent colouring
(pink and blue) illustrates the density, temperature and pressure asymmetry of the
two semi-in�nite environmental regions, x < −x0 and x > x0. The blue arrows
illustrate the asymmetric magnetic �elds permeating the entire volume, B0ẑ, B1ẑ
and B2ẑ, while the dashed black lines outline the boundaries of the slab.

−x0 x0 x

z

y

B1, ρ1
T1, p1

B0, ρ0
T0, p0

B2, ρ2
T2, p2

Figure 2.2: The equilibrium conditions: inside the slab, |x| ≤ x0 (medium grey),
and outside the slab, x < −x0 and x > x0 (light and dark grey). The red arrows
illustrate the vertical magnetic �elds, B0ẑ, B1ẑ, and B2ẑ; the dashed black lines
outline the boundaries of the slab.

For the stability of the equilibrium conditions, the condition of equilibrium total
pressure balance must be ful�lled at each interface. This required that the total (gas
plus magnetic) pressure should be constant in all three domains:

p1 +
B2

1

2µ
= p0 +

B2
0

2µ
= p2 +

B2
2

2µ
, (2.2)

where µ is the permeability of free space. It is possible to rewrite this pressure
balance condition in terms of the characteristic speeds and densities of each region.
The sound speed is de�ned as cj =

√
γpj/ρj, for j = 0, 1, 2. Here, γ denotes

the adiabatic index. Since we assume that the plasma composition is the same in
the entire volume, both γ and µ are uniform across the entire slab system. The
Alfvén speeds can then be expressed as vAj = Bj/

√
ρjµ, for j = 0, 1, 2. With

these de�nitions, Equation (2.2) can be transformed into a relationship between the
characteristic speeds and the density ratios of any two of the three domains:

ρj
ρk

=
c2k +

1
2
γv2Ak

c2j +
1
2
γv2Aj

, where j = 0, 1, 2; k = 0, 1, 2; j ̸= k. (2.3)

Equation (2.3) expresses a useful connection between the three domains, which will
be utilised in various analytical approximations of the dispersion relation.

2.2.2 Derivation of the dispersion relation

The behaviour of any material or disturbances within the slab and its magnetic
environment are governed by the ideal MHD equations (Equations 1.24 - 1.27) stated
in Section 1.2.5.
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In order to proceed, these equations are linearised about a static basic state.
Since all three regions of the volume are magnetic and have the same con�guration,
we only demonstrate the intermediate steps of transforming the equations on the pa-
rameters describing the slab itself. Small perturbations are added to the equilibrium
quantities as

v(r, t) = vI(r, t), ρ(r, t) = ρeq + ρI(r, t),

B(r, t) = Beq +BI(r, t), p(r, t) = peq + pI(r, t), (2.4)

where the subscripts eq and I denote equilibrium quantities and perturbations,
respectively. Where f may be any of the four parameters above, we impose the
condition that |fI/feq| < 0.1, in order for the perturbations to be considered linear.

We substituting the perturbed variables from (2.4) into the system of ideal MHD
equations (Equations 1.24 - 1.27), and neglect second-order terms to arrive at the
following set of �rst-order equations:

∂ρI
∂t

+ ρeq∇ · vI = 0 (2.5)

ρeq
∂vI

∂t
= −∇

(
pI +

1

µ
BeqBI

)
+

1

µ
Beq

∂BI

∂z
(2.6)

∂BI

∂t
= −Beq(∇ · vI) +Beq

∂vI

∂t
(2.7)

∂pI
∂t

= −c2eqρeq∇ · vI . (2.8)

Here ceq =
√

γpeq/ρeq is the sound speed in the actual domain. Consequently, when
we consider the full slab system again at the end of the derivation process, ceq will
take the values c0, c1, and c2 for the slab and the left- and right-hand-side of its
environment, respectively. Note that the same indexing will apply to the Alfvén-
and tube-speeds later.

The components of the induction equation (Equation 2.7) show how the compo-
nents of the velocity- and magnetic �eld perturbations a�ect one another:

∂BI,x

∂t
= Beq

∂vI,x
∂z

∂BI,y

∂t
= Beq

∂vI,y
∂z

∂BI,z

∂t
= Beq(−∇ · vI+)

∂vI
∂z

. (2.9)

With peq and ρeq being constants, the equations can be further transformed, and,
using the components of the induction equation, the components of the momentum
equation can be rewritten as

∂2vI,x
∂t2

=
∂

∂x

((
c2eq + v2eq,A

)
∇ · vI − v2eq,A

∂vI,z
∂z

)
+ v2eq,A

∂2vI,x
∂z2

∂2vI,y
∂t2

=
∂

∂y

((
c2eq + v2eq,A

)
∇ · vI − v2eq,A

∂vI,z
∂z

)
+ v2eq,A

∂2vI,y
∂z2

∂2vI,z
∂t2

= c2eq
∂

∂z
(∇ · vI) , (2.10)
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where veq,A = Beq√
ρeqµ

is the Alfvén speed in the central domain, and the same indexing
will apply to it as to the sound speeds before.

We seek to describe MHD waves guided along the slab (in the z-direction),
therefore we look for plane wave solutions of the form

vI,x(x, t) = v̂x(x)e
i(kz−ωt),

vI,y(x, t) = 0,

vI,z(x, t) = v̂z(x)e
i(kz−ωt). (2.11)

Here, x = xx̂+yŷ+zẑ is the displacement vector, ω is the angular frequency of waves,
and k denotes the z-component of the wavenumber vector de�ned as k = (0, 0, k).
The perturbations in the other variables (p, ρ, BI,x, BI,y, BI,z) are written in an
analogous form with an x-dependent amplitude.

Substituting these Fourier-forms into the components of the momentum equation
(Equations (2.10)), we obtain the following equations (where ′ denotes ∂

∂x
deriva-

tives):

−ω2v̂I,x =
(
c2eq + v2eq,A

)(
v̂′′I,x + ikv̂′I,z

)
− v2eq,Aikv̂

′
I,z − v2eq,Ak

2v̂I,x (2.12)

−ω2v̂I,z = c2eqik
(
v̂′I,x + ikv̂I,z

)
(2.13)

Now, taking the partial derivative of (2.13) with respect to x yields the relation

v̂′I,z =
ic2eqk(

k2c2eq − ω2
) v̂′′I,x. (2.14)

Combining Equation( 2.14) with equation (2.12) leads to an ordinary di�erential
equation (ODE) governing plasma behaviour inside the slab. The derivation pre-
sented above may be repeated for the other two domains as well, now introducing
the indices to j = 0, 1, 2 for quantities inside, to the left, and to the right of the
slab, respectively. The ODEs governing the three domains may be summarised as:

v̂′′x −m2
j v̂x = 0, (2.15)

where

m2
j =

(
k2v2Aj − ω2

)(
k2c2j − ω2

)
(
v2Aj + c2j

)(
k2c2Tj − ω2

) , j = 0, 1, 2, (2.16)

are wavenumber coe�cients and

c2Tj =
v2Ajc

2
j

v2Aj + c2j
(2.17)

are the tube speeds for each domain (j = 0, 1, 2).
The solutions to Equations (2.15) in each region are linear combinations of the

hyperbolic functions. These Equations provide a full description of magneto-acoustic
waves guided by the slab system, including both trapped and leaky, as well as surface
and body mode oscillations (further details on these will be provided below). We
aim to �nd �sustainable� eigenmodes of the asymmetric slab system, meaning that
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the modes should be able to persist without the presence of a continuous source
of energy / driver. Leaky modes would keep radiating energy away from the slab,
which is why we do not further consider them in our investigation Therefore, the
physically realistic solutions we are looking for require the perturbations in the slab
to have no e�ect on plasma far away from the system. This means that the waves
must be evanescent outside the slab and imposes the restriction on the amplitude v̂x
that, as x → ±∞, v̂x → 0. For the ODEs describing the external regions, this means
that the parameters m1 and m2 must ful�l m2

1 > 0 and m2
2 > 0. Note, however, that

inside the slab, solutions can still be either evanescent (surface waves) or oscillatory
(body waves).

With these restrictions in observed, the general solution to ODEs Equation (2.15)
takes the form

v̂x(x) =


A (coshm1x+ sinhm1x) , x < −x0,

B coshm0x+ C sinhm0x, |x| < x0,

D (coshm2x− sinhm2x) , x0 < x..

(2.18)

Here, A, B, C and D are arbitrarily chosen real constants. Physical solutions further
require that all solutions ful�l two boundary conditions, namely, the continuity of
total pressure and velocity perturbations across the slab boundaries at x = ±x0.

A useful step before imposing the boundary conditions on the solutions described
by (2.18) is to examine the relationship between the total pressure perturbation
(P = P (x)) and the velocity perturbation. This can be found from combining the
continuity (2.5) and the energy (2.8) equations, which yields

∂p

∂t
= −ρjc

2
j∇ · v (2.19)

for j = 0, 1, 2. The total pressure perturbation is the sum of the gas- and the
magnetic pressure perturbation. In this case, it can be expressed as

P (x) = pg +
Bj

µ
bz (for j = 0, 1, 2). (2.20)

Substituting the Fourier forms of the solutions p(r, t) = p̂(x)ei(kz−ωt) and similar
forms for other variables as de�ned above into (2.19), and then into the expression
of the total (plasma + magnetic) pressure (2.20) leads to

P̂ = −iρj
ω

k2v2Aj − ω2

m2
j

v̂′x =
Λj

mj

v̂′x, (2.21)

for the expression of the total pressure variation, where

Λj = −iρj
ω

k2v2Aj − ω2

mj

(j = 0, 1, 2). (2.22)

Now applying the boundary conditions yields four homogeneous algebraic equa-
tions in terms of the constants A, B, C, and D listed below:

� continuity of v̂x at x = −x0

A (coshm1x0 − sinhm1x0) = B coshm0x0 − C sinhm0x0 (2.23)
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� continuity of v̂x at x = x0

B coshm0x0 + C sinhm0x0 = D (coshm2x0 − sinhm2x0) (2.24)

� continuity of P̂ at x = −x0

−iρ1
ω

k2v2A1 − ω2

m2
1

Am1 (− sinhm1x0 + coshm1x0) =

−iρ0
ω

k2v2A0 − ω2

m2
0

m0 (C coshm0x0 −B sinhm0x0)

(2.25)

� continuity of P̂ at x = x0

−iρ0
ω

k2v2A0 − ω2

m2
0

m0 (C coshm0x0 +B sinhm0x0) =

−iρ2
ω

k2v2A2 − ω2

m2
2

Dm2 (sinhm2x0 − coshm2x0)

(2.26)

To make the derivation more concise, from this point onwards the notation

C1 = coshm1x0, S1 = sinhm1x0,

C0 = coshm0x0, S0 = sinhm0x0,

C2 = coshm2x0, S2 = sinhm2x0. (2.27)

shall be applied. This way, the system of equations (2.23) - (2.26) can be summarized
in a matrix form as

C1 − S1 −C0 S0 0
0 C0 S0 S2 − C2

−Λ1 (C1 − S1) −Λ0S0 Λ0C0 0
0 Λ0S0 Λ0C0 −Λ2 (S2 − C2)




A
B
C
D

 =


0
0
0
0

 .

In order for non-trivial solutions to exist, the determinant of this matrix (M0)
should be zero. By further introducing the notation

τ0 = tanhm0x0, (2.28)

and using the de�nition of Λj provided in Equation (2.22), this condition can be
expressed as

0 = −2Λ2
0 − Λ0Λ2τ0 − Λ0Λ1

1

τ0
− 2Λ1Λ2 − Λ0Λ2

1

τ0
− Λ0Λ1. (2.29)

By collecting the terms containing τ0 or 1/τ0, respectively, we obtain the full dis-
persion relation for the model of the magnetic slab embedded in an asymmetric
magnetic environment as

2(Λ2
0 + Λ1Λ2) + Λ0(Λ1 + Λ2)

[
τ0 +

1

τ0

]
= 0. (2.30)
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By substituting Λj, for j = 0, 1, 2, into Equation (2.30), we can express the dis-
persion relation in a physically more understandable form, i.e. terms of wavenum-
bers, frequencies and characteristic speeds:

2m2
0

(
k2v2A1 − ω2

) (
k2v2A2 − ω2

)
+ 2

ρ0
ρ1

m1
ρ0
ρ2

m2

(
k2v2A0 − ω2

)2
+ ρ0m0

(
k2v2A0 − ω2

) [m2

ρ2

(
k2v2A1 − ω2

)
+

m1

ρ1

(
k2v2A2 − ω2

)] [
τ0 +

1

τ0

]
= 0.

(2.31)

Any combination of wave properties that satisfy this dispersion relation describes
a wave supported by the asymmetric magnetic slab, except for any spurious solu-
tions brought in through the derivation process. There are a few special cases that
require separate treatment, namely, when the phase speed of waves equals one of the
characteristic speeds in the slab system. We do not carry out a detailed investigation
of the case giving rise to the Alfvén resonance, that is, when ω2 = k2v2A0 (for more
information see Goossens et al. 2011). Since we do not consider propagation in the
y direction, only in the z direction, the Alfvén waves (described by the vy and By

components) become decoupled from the system anyway. Another case we exclude
from out study is when ω2 = k2c2T0, and the governing equation (2.15) becomes
singular, which means that the ideal MHD equations break, and dissipations should
be considered. These cases would correspond to resonances for a driven problem,
and if the slab would be non-uniform, they would result in resonant absorption. In
this study, however, we focus on uniform slabs and restrict our analysis to the cases
when the phase speed does not correspond to any of the characteristic speeds.

2.2.3 Validation with earlier studies

The dispersion relation derived for this slab model should remain consistent with
the results of at least two earlier studies. Firstly, if we keep the thermodynamic
asymmetry of the environment enclosing the magnetic slab, but we set B1 = B2 = 0,
thus vA1 = vA2 = 0, the wavenumber coe�cients m1 and m2 reduce to

m2
j =

(
k2c2j − ω2

)
c2j

, for j = 1, 2. (2.32)

Furthermore, the factors containing the external Alfvén speeds (k2v2Aj − ω2) in the
full dispersion relation (Equation 2.31) also reduce to −ω2 terms, which allows the
equation to be simpli�ed to

ω4m2
0 +

ρ0
ρ1

m1
ρ0
ρ2

m2(k
2v2A0 − ω2)2

− 1

2
m0ω

2(k2v2A0 − ω2)

(
ρ0
ρ1

m1 +
ρ0
ρ2

m2

)[
τ0 +

1

τ0

]
= 0. (2.33)

This is exactly the same result that was obtained for the magnetic slab embedded
in a non-magnetic asymmetric environment by Allcock and Erdélyi (2017).

The second possibility to approach the current model is to consider its connection
to the symmetric slab model incorporating magnetic �elds in the external regions
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described by Edwin and Roberts (1982). The dispersion relation given there is

ρe(k
2v2Ae − ω2)m0

(
tanh

coth

)
{m0x0}+ ρ0(k

2v2A0 − ω2)me = 0, (2.34)

where the index e denotes all external parameters on both the left- and right-hand
side of the slab, since the system is now symmetric. However, as Equation (2.34)
shows, this case leads to two decoupled equations: one for the sausage (tanh (m0x0)
line) and one for the kink modes (coth (m0x0) line). In contrast, in the general case
of the asymmetric slab in a magnetic environment, the dispersion relation does not
decouple into separate equations for sausage- and kink-type modes.

A connection can still be made if we require that the densities, pressures, and
magnetic �eld strengths on the two sides of the asymmetric slab should be of the
same order (ρ1 ≈ ρ2, p1 ≈ p2, B1 ≈ B2), and so Λ2 is of the same order as Λ1.
This can be expressed by writing Λ2 = Λ1 + ϵ for some |ϵ| ≪ 1. Then, the same
quantity can be introduced as in the case of the slab in a non-magnetic asymmetric
environment (Allcock and Erdélyi, 2017):

1 =
1

4

(Λ1 + Λ2)
2

Λ1Λ2

+O(ϵ2) ≈=
1

4

(Λ1 + Λ2)
2

Λ1Λ2

. (2.35)

Substituting this into Equation (2.31), the full dispersion relation, multiplying
by 2Λ1Λ2 (which is a non-zero quantity) and factorising gives us

[
Λ0(Λ1 + Λ2) + 2Λ1Λ2τ0

] [
Λ0(Λ1 + Λ2) + 2Λ0Λ1Λ2

1

τ0

]
= 0. (2.36)

Setting either factor of this product as zero yields an approximate dispersion
relation for sausage- and kink-type modes each, which are quite similar to the case
of the symmetric slab in a magnetic environment.

Λ0(Λ1 + Λ2) + 2Λ1Λ2τ0 = 0 (2.37)

gives us the dispersion relation describing the sausage-type mode, while

Λ0(Λ1 + Λ2) + 2Λ0Λ1Λ2
1

τ0
= 0 (2.38)

leads to the equation governing the kink-type mode. Therefore, we now have a
decoupled dispersion relation for the asymmetric eigenmodes in the form of

(k2v2A0 − ω2)

[
ρ0
ρ1

m1

(k2v2A1 − ω2)
+

ρ0
ρ2

m2

(k2v2A2 − ω2)

]

+ 2m0

(
tanh

coth

)
{m0x0} = 0. (2.39)

If we now make the environment fully symmetric so that ρ1 = ρ2 = ρe, p1 =
p2 = pe, B1 = B2 = Be, Equation (2.39) reduces to Equation (2.34), the dispersion
relation for the slab in a symmetric magnetic environment derived by Edwin and
Roberts (1982). In the following Section, we discuss some consequences of this
factorisation of the dispersion relation.
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2.2.4 On asymmetric eigenmodes

In a symmetric slab system, dispersion relation (Equation 2.34) in its full form con-
sists of two separate equations without approximation, irrespective of the presence
or absence of external magnetic �elds (see also Roberts (1981b) and Edwin and
Roberts (1982)). The line of this equation containing the tanh (m0x0) function rep-
resents the sausage mode, where the velocity perturbation amplitude v̂x is described
by an odd function, as the two boundaries of the slab oscillate in anti-phase. The
line of the equation containing the coth (m0x0) function describes kink waves, where
v̂x is an even function, and slab boundaries oscillate in phase (Roberts, 1981b).

As opposed to this, the full and exact dispersion relation of an asymmetric
slab system (either including (Zsámberger et al., 2018) or neglecting (Allcock and
Erdélyi, 2017) external magnetic �elds) does not decouple into separate equations
governing sausage and kink modes, as the form of Equation (2.31) clearly shows
and was discussed in Section 2.2.3. The presence of various sources of asymmetry
(density, pressure, magnetic �eld strength) a�ects both "sausage" and "kink" mode
solutions, which leads to the asymmetric eigenmodes having mixed characteristics
of the traditional (symmetric) sausage and kink modes. Therefore we adopt the
nomenclature introduced by Allcock and Erdélyi (2017), and from now on, we label
the eigenmodes of asymmetric slab systems as quasi-sausage and quasi-kink modes.
This both follows the widely used convention of classifying the in-phase oscillations
as sausage modes and the in-antiphase oscillations as kink waves, which makes it easy
to relate our �ndings to e.g. the symmetric slab models described by Roberts (1981b)
and Edwin and Roberts (1982); at the same time, it also emphasizes the di�erences
between waves in asymmetric waveguides and those in their symmetric counterparts.
Perhaps the most easily noticeable such di�erence is that the transverse velocity
of the quasi-sausage and quasi-kink eigenmodes shows an asymmetric distribution
across the slab and its environment, resulting in di�erent amplitudes at the two
interfaces.

Figure 2.3 illustrates the basic identifying marks of quasi-kink (top) and quasi-
sausage modes (bottom). The red arrows show the perturbed magnetic �eld lines,
the thick solid black lines indicate the perturbed slab boundaries, and the dashed
grey lines indicate the position of the slab boundaries after half a period.

To further elaborate on the characteristics demonstrated in Figure 2.3, Figure
2.4 contains numerical results for the distribution of the transverse velocity per-
turbation (v̂x(x)) as a function of the transverse spatial coordinate, x, overlaid on
the illustration of a strongly magnetised, dense slab in a rare�ed asymmetric en-
vironment permeated by weaker magnetic �elds. Here, the blue arrows represent
the equilibrium magnetic �elds, and the grey shading (darker to lighter) indicate
higher or lower background densities. The amplitude of the transverse velocity per-
turbation is plotted with a solid black curve in each case. Figure 2.4a displays a
slow quasi-sausage surface mode, 2.4b a slow quasi-kink surface mode, while Figure
2.4c shows a fast quasi-sausage body mode of order one, 2.4d plots a fast quasi-kink
body mode of order one. The results were obtained by setting the values of char-
acteristic speeds and densities in each of the three regions so that pressure balance
is maintained. Speci�cally, the values of vA0 = 0.7c0, vA1 = 0.2c0, vA2 = 0.1c0,
c1 = 2.2279c0, c2 = 1.8742c0, ρ1/ρ0 = 0.28, and ρ2/ρ0 = 0.4 were used for all four
panels. Then using these speeds and densities, numerical solutions were obtained
for the full dispersion relation, and the transverse velocity distributions of solutions
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(a) Illustration of a quasi-kink mode with ρ1 > ρ2 and
B1 > B2.
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z

x

(b) Illustration of a quasi-sausage mode with ρ1 > ρ2 and
B1 > B2.

Figure 2.3: Illustration of eigenmodes along a slab in an asymmetric magnetic en-
vironment. The red arrows illustrate the perturbed magnetic �elds, the thick solid
black lines denote the perturbed slab boundaries, and the dashed grey lines indicate
the position of the slab boundaries after half a period.

with a particular dimensionless slab width and wavenumber, kx0 were calculated.
For Figures 2.4a and 2.4b, kx0 = 0.685 was chosen, while for Figures 2.4c and 2.4d,
eigenmodes of a wider slab with kx0 = 2.790 were plotted for visual clarity.

As explained in Section 1.3.2, sausage modes in a symmetric slab have an un-
perturbed magnetic surface in the centre of the slab (see Roberts (1981b), Edwin
and Roberts (1982), Priest (2014)). However, in an asymmetric con�guration, the
unperturbed magnetic surface of quasi-sausage modes is shifted away from the mid-
point of the central domain. In an asymmetric system with no external magnetic
�eld, this surface of zero perturbation is simply moved closer the side where the
transverse displacement perturbation is smallest, which corresponds to the side of
the slab bounded by the denser external region (Allcock and Erdélyi, 2017). If the
magnetic slab is also sandwiched between asymmetric magnetic �elds, such as in
Figure 2.4b, the location of the unperturbed surface can shift towards the side with
higher density and weaker magnetic �eld strength.

While both kink and quasi-kink modes still oscillate in phase, kink modes of
a symmetric system leave the cross-sectional width of the slab unchanged, whole
asymmetric quasi-kink modes do not preserve the slab's area (or volume) in this
manner. This behaviour is shown in Figure 2.3a, and it can also be deduced from
the velocity amplitudes plotted in Figure 2.4a. Furthermore, similarly to the case
of sausage-type modes, symmetric kink modes also possess a surface of minimum
(although not necessarily zero) perturbation, which is located in the centre of the
slab. The position of this minimally perturbed surface is shifted away from the
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(a) (b)

(c) (d)

Figure 2.4: Distribution of the transverse velocity perturbation amplitude (v̂x) in
a strongly magnetised slab and its rare�ed asymmetric environment, plotted with
solid black curves, as a function of the transverse spatial coordinate, x. Lighter
gray shading represents lower background densities, while the blue arrows show the
equilibrium magnetic �elds, and darker grey shading corresponds to higher back-
ground densities. In Panel (a), a slow quasi-kink surface mode, in Panel (b), a
slow quasi-sausage surface mode, in Panel (c), a fast quasi-kink body mode of order
one, and in Panel (d), a fast quasi-sausage body mode of order one is presented.
Panels (a) and (b) correspond to a thin slab (kx0 = 0.685), while Panels (c) and
(d) represent a wide slab (kx0 = 2.790). These solutions to the dispersion rela-
tion (Equation 2.31) were obtained numerically, for a slab system characterized by
vA0 = 0.7c0, vA1 = 0.2c0, vA2 = 0.1c0, c1 = 2.2279c0, c2 = 1.8742c0, ρ1/ρ0 = 0.28,
and ρ2/ρ0 = 0.4.

midpoint in the case of quasi-kink modes, too.
The presence of asymmetry a�ects the behaviour of both surface and body

modes. The single minimum of the wave power of a surface mode across the slab
will be found in the centre of a symmetric slab, but it will be displaced towards
one side in the manner described above if the system includes any asymmetry (see
Figures 2.4a and 2.4b). In the case of body modes, the di�erences may be more
di�cult to observe. The wave power of body modes is distributed in a spatially
oscillatory manner within the slab (see also Figures 2.4c and 2.4d), and depending
on their order, they may possess more than one zero location. The introduction of
asymmetry in this case shifts the nodes and anti-nodes of the oscillations towards
one side of the slab.

2.3 A mechanical analogy and quasi-symmetric oscillations

Allcock and Erdélyi (2017) introduced a mechanical analogy to magnetic slab sys-
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OSCILLATIONS

tems in order to illustrate the fundamental behaviour of eigenmodes depending on
the restoring forces present in the system. This analogy can also be further gen-
eralised to be applicable to slabs embedded in magnetic environments while also
emphasizing the role that di�erent restoring forces can play in shaping wave be-
haviour.

The analogous con�guration in question is a coupled mechanical simple harmonic
oscillation system, with the coupled springs representing the three plasma domains,
and the small, massless plates suspended between them signal the position of the
�slab� boundaries. For both externally magnetic and non-magnetic slab systems,
the central domain can still be illustrated with the presence of a single spring,
with spring constant k0. For an externally magnetic environment, speci�cally, the
two environmental regions are represented with a pair of springs each, which are
coupled in parallel on both sides of the central spring. In all panels of Figure 2.5,
vertical dashed lines represent the equilibrium positions of the dark grey plates, blue
springs symbolise forces related to the external magnetic �elds, while red springs
represent kinetic restoring forces. In the Figure, thicker springs indicate higher
spring constants (ki,j, where i = 0, e, 1, 2 and j = 1, 2). In such a geometry, the
e�ective spring constant of either one of the external regions (ke,j, for j = 1, 2) is
the sum of the blue and red springs' constants.

This ystem of coupled springs represents an analogy of the asymmetric slab
system which is relatively easy to understand or even use for demonstration purposes.
While in a couped oscillator system, various sprins can be chosen and a range of
equilibrium positions for the plates can be accommodated, if a comparison to he
slab system is to be made, pre-determined positions of slab boundaries can restrict
the choice of spring lengths and spring constants.
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ke2

ke1

(a) Symmetric equilibrium
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ke1

(b) Symmetric in-phase
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(c) Symmetric anti-phase
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(d) Asymmetric equilibrium
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(e) Asymmetric in-phase
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(g) Quasi-symmetric equilibrium
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(i) Quasi-symmetric anti-phase

Figure 2.5: Illustration of a coupled mechanical oscillator system as an analogy to
the asymmetric slab geometry. Thicker springs correspond to higher spring constants
kij. Figures (a), (d) and (g) show the symmetric, asymmetric and quasi-symmetric
spring systems in equilibrium. Figures (b) and (c) show the normal modes of a
symmetric system. Figures (e) and (f) show the normal modes of an asymmetric
system, while Figures (h) and (i) show the quasi-symmetric system. In each panel,
the vertical dashed lines correspond to the positions of the gray plates at equilibrium.
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If the spring constants ke1 and ke2 are equal on the left- and right-hand side,
then the coupled mechanical oscillator is analogous to a magnetic slab embedded in
a symmetric magnetic environment (studied in detail by Edwin and Roberts(1982)).
This is the case illustrated Figures 2.5a-2.5c. In Figure 2.5a, the equilibrium state
of the system is depicted, before any perturbations occur. Figure 2.5b shows the
equivalent of a symmetric kink mode oscillation, with the plates indicating the
slab boundaries displaced in the same direction, and the distance between them
remaining unchanged. Finally, Figure 2.5c presents the mechanical analogue of a
symmetric sausage mode, with the plates displaced in opposite directions, and the
cross-section of the �slab�, which corresponds to the length of the central spring here,
increasing and decreasing with time.

If the spring constants of the springs representing the magnetic and pressure
forces are di�erent on the two sides of the central region (Figure 2.5d), the cou-
pled oscillator system corresponds to a magnetic slab embedded in an asymmet-
ric magnetic environment. Then, the in-phase oscillations (Figure 2.5e) represent
the quasi-kink modes, with the plates still being displaced in the same direction,
but their distance (and so the cross-section of the slab it depicts) no longer being
constant. Similarly, oscillations happening in anti-phase correspond to the quasi-
sausage modes (Figure 2.5f), where the plates (or the slab boundaries) move in
opposite directions, and the midpoint of the central spring (the central axis of the
slab) is also displaced.

There is an interesting, but possibly rare phenomenon that may happen in asym-
metric slab systems, the mechanical equivalent of which is presented in Figures 2.5g
- 2.5i. Since there are two types of restoring forces in an asymmetric magnetic envi-
ronment, it is possible to choose di�erent spring constants in the mechanical system
(corresponding to di�erent magnetic �eld strengths and pressure gradients in a slab)
in both external regions, but still obtain symmetric-looking oscillations in the sys-
tem. The equilibrium state of this special system (Figure 2.5g) is very similar to the
previously described equilibria. However, in this case, the springs have been chosen
such that the equivalent spring constants of the two sides will be the same, that is,
k11 + k12 = k22 + k21. When this condition is ful�lled, in-phase oscillations of the
system have the appearance of the symmetric kink mode (Figure 2.5h), and oscilla-
tions happening in anti-phase look like the symmetric sausage mode (Figure 2.5i).
The mechanical example given here can be related back to slab systems in the solar
atmosphere, where in some cases it may be possible to observe symmetric-looking
oscillations in an asymmetric system. We call these oscillations 'quasi-symmetric'
modes, and we discuss them in more detail in our Section 5.2.4.

2.4 Parametric solutions for the general case

The full dispersion relation of the asymmetric magnetic slab system (Equation 2.31)
is a transcendental equation with a rich variety of solutions depending on the order-
ing of external and internal characteristic speeds, as well as the densities across the
three regions of the plasma volume. In Chapter 3, we investigate several approxima-
tions of this equation, which can help us obtain analytical solutions for the angular
frequencies and understand the behaviour of the waveguide in important limiting
cases.

In the current section, however, we �rst provide an overview of possible eigen-
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modes in a few cases chosen as illustrative examples, where we obtained numerical
solutions to the dispersion relation. These solutions are displayed in the panels of
Figure 2.6, with quasi-sausage (quasi-kink) modes plotted in blue (red), and hatching
indicates bands of phase speed in which no trapped solutions exist. These disper-
sion diagrams depict the dependence of the phase speed (ω/k, or, normalised with a
characteristic speed, ω/(kc0)) of trapped solutions on the dimensionless slab width
parameter (kx0).

(a) (b)

Figure 2.6: Diagnostic diagrams for the dispersion relation, Equation (2.31). Quasi-
sausage (quasi-kink) modes are plotted in blue (red). (a) Slow and fast body modes,
as well as slow surface mode waves can exist if the Alfvén speed of each domain is
smaller than the corresponding sound speed. The characteristic speeds used in this
case are: vA0 = 0.7c0, vA1 = 0.2c0, vA2 = 0.1c0, c1 ≈ 1.7c0, c2 ≈ 1.9c0, with
ρ1/ρ0 = 0.5, ρ2/ρ0 = 0.4. (b) Both fast and slow surface and body modes occur
when the internal Alfvén speed is smaller than the internal sound speed, but the
external Alfvén speeds are both higher than their corresponding sound speeds. The
characteristic speed ordering used to obtain this �gure is is vA0 = 0.5c0, vA1 = 1.5c0,
vA2 = 1.7c0, c1 = 0.9c0, c2 = 0.85c0, ρ1/ρ0 = 0.45, ρ2/ρ0 = 0.39.

For the solutions in Figure 2.6a, the values vA0 = 0.7c0, vA1 = 0.2c0, vA2 = 0.1c0,
c1 ≈ 1.7c0, c2 ≈ 1.9c0, ρ1/ρ0 = 0.5, ρ2/ρ0 = 0.4 were chosen. It is important
to observe here that all of the sound speeds are higher than the corresponding
Alfvén speeds, therefore the plasma-beta parameter, de�ned as the ratio of gas to
magnetic pressure, is high (β > 1) in all three regions. We might expect such a slab
system to be found when the two environments sandwiching the slab have di�erent
temperatures, e.g. for waves propagating in the plume-interplume region.

With these chosen characteristic speeds, three types of trapped solutions exist.
First, there is a pair of slow surface modes with phase speeds (vph) below the internal
tube speed (cT0). The rest of the solutions are body modes, occurring in two phase
speed bands, with both bands containing an in�nite number of harmonics. Here,
and in later �gures, we only plot a few of these body mode solutions for the sake
of easy interpretation and visual clarity. In this high-beta case, the band of slow
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body modes is located at phase speeds of cT0 < vph < vA0, and that of fast body
modes has c0 < vph < min (c1, c2) . At the upper limit, a cut-o� can be observed
in phase speeds. This is because we required that the waves must be evanescent
far away from the slab, and in the hatched regions of the diagram (such as between
c1 < vph < c2), this condition is violated and the waves become leaky.

In Figure 2.6b was prepared using vA0 = 0.5c0, vA1 = 1.5c0, vA2 = 1.7c0, c1 =
0.9c0, c2 = 0.85c0, ρ1/ρ0 = 0.45, ρ2/ρ0 = 0.39. Thus, while the internal Alfvén speed
is lower than the internal sound speed, the external Alfvén speeds both exceed their
corresponding sound speeds. In this con�guration, the slow surface waves exist as
trapped oscillations for vA0 < vph < cT2. The slow surface quasi-sausage mode
experiences a change in character at intermediate slab widths. For high values of
kx0, it exists as a surface wave, but for small kx0, it becomes a body wave. The
slow surface quasi-kink mode also shows interesting behaviour, as it has a cut-o�
before it reaches phase speeds higher than cT2 for small values of kx0.

A pair of fast surface modes can also be found in this slab, in addition to the slow
surface waves. In this phase speed region, the fast surface quasi-kink mode exists as
a surface mode for highvalues of kx0, while for thinner slabs, it changes character
and becomes a body mode. For the fast surface quasi-sausage mode, a cut-o� can
be observed at c1, below which phase speed, the wave would become leaky.

The body modes are still present in this mixed-β system, too, with the harmonics
of the slow body modes found between cT0 < vph < vA0, and the band of fast body
modes located in the phase speed band of c0 < vph < vA1, once again experiencing
a cut-o� at the upper limit of the band.

These are, of course, only a couple of cases to illustrate the richness of the prob-
lem examined in this study. Further relevant cases of characteristic speed ordering
and the corresponding solutions will be discussed in Chapters 3 and 4, together with
their suggested applications to the features of the solar atmosphere.

2.4.1 The e�ect of varying magnetic �eld and density ratios

The solutions to the full dispersion relation (Equation 2.31) depend on a number of
di�erent parameters describing the plasma �lling and the magnetic �elds permeating
the slab system. It is worthwhile to investigate the dependence of solutions on one
of these parameters in particular, namely, the ratio of the two external densities to
the internal density.

In Figure 2.7, exactly this dependence is plotted for a chosen set of characteristic
speeds: vA0 = 0.7c0, vA1 = 0.2c0, vA2 = 0.1c0, c2 = 1.8742c0. For each value of the
dimensionless slab width, kx0, the density ratio ρ1/ρ0 of the left-hand-side domain to
the inside of the slab is changed continuously, and c1 changes along with this to keep
the condition of pressure balance ful�lled. The other density ratio, that of the right-
hand-side external region to the internal one, is held �xed at ρ2/ρ0 = 0.4 throughout.
A particularly interesting phenomenon occurs at the density ratio indicated by the
black bold line, where the phase speeds of the slow surface quasi-sausage (blue) and
quasi-kink (red) modes perform a close approach and an avoided crossing.

Various physical processes can give rise to avoided crossings of eigenmodes, such
as quantum mechanics, coupled spring oscillations, or photochemistry (Naqvi and
Brown (1972); Devaquet (1975); Heiss and Sannino (1990); Novotny (2010)). In
the context of MHD, they were �rst identi�ed in dispersion diagrams of magneto-
acoustic gravity waves in a plane strati�ed atmosphere by Abdelatif (1990), and
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Figure 2.7: The dependence of the phase speeds of slow surface mode solutions of
Equation (3.99) on the dimensionless slab width and left-hand-side density ratio in
the incompressible limit. The blue surface shows the quasi-sausage mode, while the
red one displays the quasi-kink mode. Here, c1 = 100.0, vA0 = 1.0, vA1 = 0.5 and
vA2 = 0.7 were used, while c0 and c2 were continuously changing in order to sustain
total pressure balance between the domains. The black line indicates the values of
the density ratio and the dimensionless slab width, for which the phase speeds of the
quasi-sausage and quasi-kink modes perform a close approach and avoided crossing.

later also studied by e.g. Mather and Erdélyi (2016). Avoided crossings occur when
constraints present in a physical system prevent the phase speeds of two supported
wave modes from being equal. This is also accompanied by a transferral of properties
between the modes.

For asymmetric slabs, Allcock and Erdélyi (2017) showed that avoided crossing
can happen between the quasi-sausage and quasi-kink modes of a slab in a non-
magnetic asymmetric environment with a variation of the density ratio similar to
the one we performed to prepare Figure 2.7. In our example, the avoided crossing
occurs between the slow surface modes of a slab, but the behaviour is not exclusive
to slow modes. With the high-β speed ordering we chose to �nd the parametric
solutions, however, fast surface modes would only exist as leaky oscillations, which
leads us to keep our focus on the trapped slow surface modes.

As compared to the case of the slab in an asymmetric non-magnetic environ-
ment (Allcock and Erdélyi, 2017), an important di�erence is observed in our case.
Namely, that in our slab, the closest approach of phase speeds during the avoided
crossing does not occur at equal external densities. This is because of the inclusion
of asymmetric external magnetic �elds and the way we chose which parameters to
change. While c1 was varied alongside the corresponding density ratio, ρ1/ρ0, the
external Alfvén speed, vA1, was kept constant. This requires that the external equi-
librium magnetic �eld strength, B1, was also continuously changing throughout the
process in a manner that kept vA1 at the same value. Consequently, reaching the
equality of equal external densities (ρ1 = ρ2), on its own, does not mean that the
entire slab system becomes symmetric, and the phase speeds of the quasi-sausage
and quasi-kink modes may experience their closest approach at a di�erent value of
the changing density ratio, ρ1/ρ0 .

Since the inclusion of external magnetic asymmetry visibly plays such a signi�-
cant role in determining the behaviour of waves and the parameters of their avoided
crossings, we proceeded to investigate changes is both the density ratio, R1 = ρ1/ρ0,
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(a)

(b)

Figure 2.8: (a) The spatial variation of the transverse displacement perturbation
(ξ̂x) troughout the slab and its environment. The upper (lower) parts of the panel
represent the quasi-sausage (quasi-kink) mode solutions. Negative amplitude regions
are �lled with blue, while positive ones are coloured red. In each column, the left-
hand-side density ratio remains constant, while in each row, the ratio of the left-
hand-side external magnetic �eld to the internal one (B∗

1 = B1/B0) is kept at the
same value. The right-hand-side density ratio is held �xed at ρ2/ρ0 = 0.4. The
characteristic speeds used to obtain these plots are: vA0 = 0.7c0, vA1 = 0.2c0,
vA2 = 0.1c0, c2 = 1.8742c0, but c1 varies to satisfy equilibrium pressure balance.
Panel (b) displays phase speeds of solutions corresponding to di�erent values of B∗

1 ,
for speci�c �xed values of the non-dimensional slab width (kx0).
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and those in the ratio between the external equilibrium magnetic �eld strength to
the internal one, B∗

1 = B1/B0. In Figure 2.8a, we present the spatial variation
of the transverse displacement perturbation (ξ̂x) across the slab for a few selected
values of R1 and B∗

1 . The upper (lower) parts of each panel show the quasi-sausage
(quasi-kink) mode solutions, with red shading indicating positive, and blue shading
indicating negative values of ξ̂x. For all the panels, the second density ratio is kept
the �xed value of ρ2/ρ0 = 0.4. The following characteristic speeds were used to
solve the dispersion relation and calculate the amplitudes: vA0 = 0.7c0, vA2 = 0.1c0,
c2 = 1.8742c0, and once again, c1 was changed alongside the density ratio to keep
equilibrium pressure balance. In the panels of each column, the left-side density
ratio, R1 is constant and has the same value. Similarly, in each panel of a row, the
ratio of the left-hand-side external magnetic �eld to the internal magnetic �eld, B∗

1

remains the same.
From Figure 2.8a, we can conclude that the behaviour of eigenmodes in a slab

system incorporating external magnetic asymmetry is qualitatively similar to the
case of an asymmetric slab embedded in a �eld-free environment. Overall, the left-
hand-side external Alfvén speed, vA1, decreases from the top left to the bottom right
panel. As a result, di�erent sources of avoided crossings are summarised in this Fig-
ure. The consecutive panels in each row of Figure 2.8a show that the amplitude of
the quasi-sausage mode at the boundaries of the slab starts to change, and even-
tually, the highest amplitude shifts from the left side to the right, as a symmetric
con�guration is gradually approached. At the same time, the highest amplitude of
the quasi-kink mode shows the opposite behaviour, as it migrates from the right to
the left slab boundary, thus staying at the interface with the higher density ratio.
Similarly, this maximum amplitude swap also occurs in each column as we move
from the top to the bottom, this time, owing to the change in the magnetic �eld ra-
tio. Finally, as both the density and magnetic �eld ratios come into play, an avoided
crossing can be observed following the diagonal from the �rst, through the �fth, to
the ninth panel.

In part b of Figure 2.8, we plot the dependence of phase speed solutions on the
density ratio for a few �xed values of the dimensionless slab width, kx0. Continuous
curves display quasi-sausage modes, while dashed lines indicate quasi-kink mode
solutions. The di�erent shades of blue and red show how changing the magnetic
�eld ratio, B∗

1 , changes the phase speeds of quasi-sausage and quasi-kink waves,
respectively. It can easily be observed that (for the chosen set of characteristic
speeds), there is a much closer approach of the phase speeds in wider slabs than in
thinner ones. Furthermore, the variation in the magnetic �eld ratio visibly shifts
where the closest approach of the phase speeds occurs during an avoided crossing,
regardless of the �xed value of kx0.

2.5 Conclusion

In this Chapter, we introduced a further generalisation of the symmetric slab system
described by Roberts (1981b) and Edwin and Roberts (1982) and the asymmetric
slab system studied by Allcock and Erdélyi (2017). Namely, we studied the e�ect
that incorporating asymmetric external magnetic �elds into the model may have
on the properties of magneto-acoustic waves guided by the slab system. This was
accomplished by linearising the ideal MHD equations, and looking for plane-wave
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solutions propagating along the slab. An ODE governing wave behaviour in each of
the three regions of magnetised plasma was obtained, and by requiring the continuity
of total pressure and velocity perturbations across the interfaces separating the
slab from its environment, the full dispersion relation (Equation 2.31) of magneto-
acoustic waves in an asymmetric magnetic slab was derived (Sections 2.2.1 and
2.2.2).

We have compared and con�rmed our results with the previous studies of the
symmetric slab in a magnetic environment and the asymmetric magnetic slab in
a non-magnetic environment (Section 2.2.3). We found that there are fundamental
di�erences between eigenmodes of slabs with symmetric or asymmetric surroundings,
regardless of the presence or absence of external magnetic �elds (Section 2.2.4). To
better illustrate the characteristics of asymmetric eigenmodes, we have expanded
upon the mechanical analogy of a slab system introduced by Allcock and Erdélyi
(2017) (Section 2.3).

Finally, to illustrate the rich variety of solutions to the dispersion relation, we
have found parametric solutions and described the guided modes in a pair of illus-
trative cases (Section 2.4). We studied the dependence of slow surface mode solu-
tions, speci�cally, on the external-to-internal density and magnetic �eld ratios and
provided a detailed description of avoided crossings occurring in a slab waveguide
(Section 2.4.1).

We have found that the dispersion relation for a magnetic slab enclosed in an
asymmetric magnetic environment does not decouple into two separate equations,
irrespective of whether we include (Zsámberger et al., 2018) or neglect (Allcock
and Erdélyi, 2017) external magnetic �elds. Only with the assumption of weak
asymmetry are decoupled equations for sausage and kink modes recovered. This is
a signi�cant di�erence from classical, symmetric slab systems, and it is re�ected in
the appearance of the eigenmodes as well.

Asymmetric eigenmodes are, therefore, waveforms with mixed properties, which
we refer to as quasi-sausage and quasi-kink modes to distinguish them from the
�purely� sausage or kink eigenmodes of a symmetric slab. Examples of this mixed
character are that the quasi-sausage mode possesses an unperturbed magnetic sur-
face at a location shifted away from the centre of the slab, and that the quasi-kink
mode does not preserve the cross-section of the slab. These are both properties that
we can utilise in developing tools for solar magneto-seismology.

Slab models provide a simple �rst approximation solar atmospheric waveguides,
and they can be applied to a wide variety of structures, such as sunspot light bridges
or coronal loop boundaries. In the following Chapters, we examine analytical ap-
proximations and numerical solutions of the dispersion relation in further detail, in
order to explore the dependence of wave behaviour on the physical and geometric
parameters of the slab system, and explore solar applications of the model.
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Chapter 3

Approximations of the Dispersion

Relation

Abstract

This Chapter explores various analytical approximations to the dispersion relation
of the asymmetric magnetic slab model. First, solutions in the thin-slab and thick-
slab limits are described. Then the e�ect of high- and low values of the plasma-
β parameter is investigated. Finally, solutions are provided for the incompressible
limit, and their dependence on density and magnetic asymmetries is described. This
Chapter was based on the following publications: Section 3 of Zsámberger et al.
(2018), Zsámberger and Erdélyi (2020) and Section 4.2 of Allcock et al. (2019). In
more detail, the author of this thesis is primarily responsible for all of the referenced
sections of these papers.

3.1 Chapter Introduction

In Chapter 2, we derived the general dispersion relation (Equation 2.31) for a mag-
netic lsab embedded in an asymmetric magnetic environment, and we presented a
few illustrative examples of numerical solutions to this transcendental equation. In
the current Chapter, we focus on the analytical examination of this equation and
of the behaviour of solutions in important limiting cases that may be applicable
to a selection of solar and plasma-astrophysical structures. While discussing the
analytical approximations we make, we also suggest a few examples of these possi-
ble applications of the asymmetric slab model for for magneto-seismological studies.
For ease of understanding, unless explicitly stated, we use the decoupled dispersion
relation (Equation 2.39) as a starting point for our analysis. Therefore, the results
obtained should only be applied to weakly asymmetric systems, i.e. where the dif-
ference between the two external densities, pressures, temperatures and magnetic
�eld strengths is relatively small.

First, we consider the e�ect of the width of the slab compared to the wavelength
of the studied oscillations. In Section 3.2, we obtain surface and body mode solutions
for the case when the slab is relatively narrow, while in Section 3.3, the solutions
are calculated for the opposite case, when the wavelength of the modes is small
compared to the width of the slab. Section 3.3.3 provides a brief outlook on similar
calculations performed for slabs with stronger asymmetry, using the full dispersion
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relation.
Next, we move on to approximations based on plasma and magnetic �eld pa-

rameters, rather than geometry and wavelengths. In Section 3.4, we present ana-
lytical an numerical solutions for slab systems with low plasma-β values, and then
for high-β slabs in Section 3.3. Section 3.5.3 provides solutions for con�gurations
where stronger asymmetry is allowed, once again basing the calculations of the full
dispersion relation. Finally, in Section 3.6, we study the approximation of incom-
pressible plasma, which simpli�es the solutions signi�cantly, before we discuss our
main results in Section 3.7.

3.2 Thin-slab approximation

When we apply the thin-slab approximation, we consider waves in slabs for which
it is true that the wavelength, λ, of the waves is much greater than the width of the
slab: x0/λ ≈ kx0 ≪ 1. This limit may have applications in both the photosphere
(e.g. to sunspot light bridges and light walls (Yuan et al. (2014); Yang et al. (2016);
Yang et al. (2017)), magnetic bright points (Utz et al. (2009); Liu et al. (2018)),
and the corona (e.g. to prominences (Arregui et al., 2012)).

3.2.1 Surface modes

As discussed in the previous Chapters, surface waves are evanescent both outside
and inside the slab, so they show the greatest perturbation amplitudes at the two
interfaces separating the slab from its environment. Both quasi-sausage and quasi-
kink surface eigenmodes are possible in an asymmetric magnetic slab, and in the
following Subsections, we will look at these one by one.

Quasi-sausage surface modes

If the asymmetry is weak in the slab system, the dispersion relation can be decoupled
into two separate equations describing sausage- and kink-type eigenmodes. The
quasi-sausage surface modes which are governed by the component of Equation
(2.39) containing the tanh (m0x0) function. As the wavenumber coe�cient, m0 is
directly related to the z-component of the wavenumber vector, k, we apply the thin-
slab approximation, in which kx0 ≪ 1, and suppose that in this limit, m0x0 ≪ 1 is
also true. Then it follows that tanhm0x0 ≈ m0x0, the hyperbolic tangent function
can be approximated by its argument. Substituting this into Equation (2.39), we
obtain the dispersion relation for quasi-sausage surface modes in a thin slab:

(k2v2A0 − ω2)

[
ρ0
ρ1

m1

(k2v2A1 − ω2)
+

ρ0
ρ2

m2

(k2v2A2 − ω2)

]
+ 2m2

0x0 = 0. (3.1)

Both terms of this equation are proportional with (k2v2A0 − ω2), but the angular
frequency ω2 = k2v2A0 would be a trivial solution, which we do not consider here (for
reasons explained in Chapter 2 and Zsámberger et al. (2018)).

A possible group of solutions that we do take into consideration is one where the
phase speed of the waves approaches the cusp speed (but is not exactly equal to it):
ω2 → k2c2T0. Substituting this assumed angular frequency into into (3.1), after some
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algebra, leads to

ω2 = k2c2T0

[
1 +

2(c20 − c2T0)(v
2
A1 − c2T0)

1/2(v2A2 − c2T0)
1/2kx0

ρ0v2A0c
2
0Rv

]
,

where

Rv =
1

ρ2

(v2A1 − c2T0)
1/2(c22 − c2T0)

1/2

(v2A2 + c22)
1/2(c2T2 − c2T0)

1/2
+

1

ρ1

(v2A2 − c2T0)
1/2(c21 − c2T0)

1/2

(v2A1 + c21)
1/2(c2T1 − c2T0)

1/2
. (3.2)

This is a slow quasi-sausage surface mode solution to the dispersion relation.
As the slab becomes thinner, this solution approaches ω2 → k2c2T0 from above as
kx0 → 0. Without prescribing any speci�c ordering for the characteristic speeds in-
and outside the slab in advance, the following conditions for the existence of this
mode can be found:√

c2T1 − c2T0 > 0 ⇒ c2T0 < c2T1 and
√

c2T2 − c2T0 > 0 ⇒ c2T0 < c2T2. (3.3)

There are further possibilities for determining the relative magnitudes of the
characteristic speeds, of course, but these will also a�ect the form of the approximate
solution given in Equation (3.2). We have collected these speed orderings with their
corresponding quasi-sausage surface mode solution below:

ω2 = k2c2T0

[
1 +

2(c20 − c2T0)(v
2
A1 − c2T0)

1/2(v2A2 − c2T0)
1/2kx0

ρ0v2A0c
2
0Rv

]
,

Rv =
1

ρ2

(v2A1 − c2T0)
1/2(c2T0 − c22)

1/2

(v2A2 + c22)
1/2(c2T0 − c2T2)

1/2
+

1

ρ1

(v2A2 − c2T0)
1/2(c2T0 − c21)

1/2

(v2A1 + c21)
1/2(c2T0 − c2T1)

1/2
, (3.4)

for c21 < c2T0 < v2A1 and c22 < c2T0 < v2A2;

ω2 = k2c2T0

[
1− 2(c20 − c2T0)(c

2
T0 − v2A1)

1/2(c2T0 − v2A2)
1/2kx0

ρ0v2A0c
2
0Rv

]
,

Rv =
1

ρ2

(c2T0 − v2A1)
1/2(c22 − c2T0)

1/2

(v2A2 + c22)
1/2(c2T0 − c2T2)

1/2
+

1

ρ1

(c2T0 − v2A2)
1/2(c21 − c2T0)

1/2

(v2A1 + c21)
1/2(c2T0 − c2T1)

1/2
(3.5)

for v2A1 < c2T0 < c21 and v2A2 < c2T0 < c22.

By substituting v2A1 = v2A2 = v2Ae, c
2
1 = c22 = c2e, ρ1 = ρ2 = ρe, all three cases

(Equations 3.2, 3.5 and 3.6) can be reduced to the solutions obtained for the sym-
metric slab in a magnetic environment in Edwin and Roberts (1982), to Equations
(16b, c, d), respectively.

Thanks to the rich possibilities provided by the plasma and magnetic asymme-
tries, further di�erent orderings of characteristic speeds are possible, which give rise
to the following solutions:

ω2 = k2c2T0

[
1 +

2(c20 − c2T0)(v
2
A1 − c2T0)

1/2(v2A2 − c2T0)
1/2kx0

ρ0v2A0c
2
0Rv

]
,

Rv =
1

ρ2

(v2A1 − c2T0)
1/2(c2T0 − c22)

1/2

(v2A2 + c22)
1/2(c2T0 − c2T2)

1/2
+

1

ρ1

(v2A2 − c2T0)
1/2(c21 − c2T0)

1/2

(v2A1 + c21)
1/2(c2T1 − c2T0)

1/2
, (3.6)

for c2T0 < c2T1 and c22 < c2T0 < v2A2;
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ω2 = k2c2T0

[
1 +

2(c20 − c2T0)(v
2
A1 − c2T0)

1/2(c2T0 − v2A2)
1/2kx0

ρ0v2A0c
2
0Rv

]
,

Rv = − 1

ρ2

(v2A1 − c2T0)
1/2(c22 − c2T0)

1/2

(v2A2 + c22)
1/2(c2T0 − c2T2)

1/2
+

1

ρ1

(c2T0 − v2A2)
1/2(c21 − c2T0)

1/2

(v2A1 + c21)
1/2(c2T1 − c2T0)

1/2
, (3.7)

for c2T0 < c2T1 and v2A2 < c2T0 < c22;

ω2 = k2c2T0

[
1− 2(c20 − c2T0)(v

2
A1 − c2T0)

1/2(c2T0 − v2A2)
1/2kx0

ρ0v2A0c
2
0Rv

]
,

Rv =
1

ρ2

(v2A1 − c2T0)
1/2(c22 − c2T0)

1/2

(v2A2 + c22)
1/2(c2T0 − c2T2)

1/2
− 1

ρ1

(c2T0 − v2A2)
1/2(c2T0 − c21)

1/2

(v2A1 + c21)
1/2(c2T0 − c2T1)

1/2
, (3.8)

for c21 < c2T0 < v2A1 and v2A2 < c2T0 < c22. (3.9)

Equations (3.7), (3.8), and (3.9) can also be used to express the solutions in an
asymmetric slab where the environmental regions are �swapped�, that is, the same
conditions are met, but the j = 1, 2 indices of all the characteristic speeds and den-
sities are swapped. An important di�erence from the �rst three possible solutions
is, however, that in order to relate the latter three asymmetric modes to a symmet-
ric equivalent, a �dominant� condition needs to be chosen. One could choose, for
example, the minimum, maximum, or average of the two external parameters as the
value of the corresponding external parameter in the symmetric case, and use this
value to set the conditions and �nd the solutions. Such a treatment reveals that
Equations (3.7) and (3.8) can be reduced to Equation (16b) of Edwin and Roberts
(1982) if the dominant condition chosen is cT0 < cTe. Alternately, Equation (3.7)
reduces to Edwin and Roberts's equation (16c) when selecting c2e < c2T0 < v2Ae for
the condition to be met. Finally, Equation (3.8) reduces to Equation (16d) in Edwin
and Roberts (1982) if the dominant condition is v2Ae < c2T0 < c2e. Equation (3.9),
however, does not have an equivalent examined in the symmetric case with either
possible ordering of characteristic speeds.

Moving on from slow waves, a di�erent type of quasi-sausage surface mode so-
lution can also exist in a weakly asymmetric magnetic slab, which approaches one
of the external sound speeds in the thin-slab limit. For example, if we take the
approximation ω2 → k2c22, the solutions take the following form:

ω2 = k2c22 −

[
ρ2
ρ0

2(c2T2 − c22)
1/2(v4A2 − c42)

1/2(c20 − c22)k
2x0

(c2T0 − c22)(c
2
0 + v2A0)

+
ρ2
ρ1

(c2T2 − c22)
1/2(v4A2 − c42)

1/2(c21 − c22)
1/2

(c2T1 − c22)
1/2(v2A1 − c22)

1/2(v2A1 + c21)
1/2

]2
. (3.10)

The conditions of the existence of this trapped mode is that c2 < cT1 or
min (c1, vA1) < c2 < max (c1, vA1), since outside these limits, the waves would be-
come leaky. As before, swapping all indices j = 1, 2 leads to the same type of
solution.

A special case for this group of solutions is that of the isothermal external en-
vironment enclosing the slab. In this case, the external sound speeds are all equal:
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c21 = c22 = c2e, and by substitution into Equation (3.10), the solutions simplify to

ω2 = k2

[
c2e +

4(c20 − c2e)
2(kx0)

2

ρ20(v
2
A0 + c20)

2(c2T0 − c2e)
2R2

v

]
,

R2
v =

[
1

ρ2

1

(v2A1 − c2e)
1/2(c2e + v2A2)

1/2(c2T2 − c2e)
1/2

+
1

ρ1

1

(v2A2 − c2e)
1/2(c2e + v2A1)

1/2(c2T1 − c2e)
1/2

]2
, (3.11)

for vA1, vA2 < ce and ce < cT1, cT2. If we now suppose that the environment is not
only isothermal, but the Alfvén speeds are also the same (v2A1 = v2A2 = v2Ae), then
ρ1 = ρ2 = ρe must also be true. This corresponds to the case of the magnetic slab
embedded in a symmetric, magnetic environment described by Edwin and Roberts
(1982), and the solution given in Equation (3.11) will be the same as their Equation
(16a). On the other hand, if the the external regions are non-magnetic, Equation
(3.11) reduces to Equation (32) of Allcock and Erdélyi (2017).

Quasi-kink surface modes

In this Subsection, we investigate the quasi-kink surface mode solutions, which are
governed by the coth (m0x0) line of the decoupled dispersion relation (Equation
2.39). As before, we suppose that in a thin slab (kx0 ≪ 1), m0x0 ≪ 1, and then
cothm0x0 ≈ (m0x0)

−1. If we substitute this approximation into Equation (2.39),
the dispersion relation for quasi-kink modes becomes

ρ0x0(k
2v2A0 − ω2)

[
m1

ρ1(k2v2A1 − ω2)
+

m2

ρ2(k2v2A2 − ω2)

]
+ 2 = 0. (3.12)

One type of quasi-kink modes might approach one of the external Alfvén speeds
in a weakly asymmetric thin slab: ω2 → k2v2A1. The angular frequency of these
quasi-kink modes will be

ω2 = k2

[
v2A1 −

ρ20ρ
2
2

ρ21

(c21 − v2A1)(v
2
A0 − v2A1)

2(v2A2 − v2A1)(c
2
T2 − v2A1)(k

2x0)
2

(c2T1 − v2A1)R
2
v

]
, (3.13)

where

Rv = 2ρ2k(v
2
A2 − v2A1)

1/2(c2T2 − v2A1)
1/2(v2A1 + c21)

1/2 + ρ0(v
2
A0 − v2A1)(c

2
2 − v2A1)

1/2k2x0.

For this mode to remain a trapped oscillation, the characteristic speeds have to be
ordered as v2A1 < c2T2 or min (v2A2, c

2
2) < v2A1 < max (v2A2, c

2
2). When the external

Alfvén speeds are symmetric, v2A1 = v2A2 = v2Ae, the solution simpli�es to

ω2 = k2v2Ae

1−(1− v2A0

v2Ae

)2(
ρ0(kx0)

2

)2
 1

ρ2

√
1− c22

v2Ae

+
1

ρ1

√
1− c21

v2Ae

2
 .

(3.14)
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In the case of an isothermal external environment, c21 = c22 = c2e. Then, as before,
ρ1 = ρ2 = ρe is also required, and Equation (3.14) reduces to the solution obtained
for the slab in a symmetric magnetic environment (Equation (18a) of Edwin and
Roberts 1982).

There is another type of kink mode solution in the symmetric slab, one that
approaches the external cusp speed. An asymmetric equivalent for this mode can
be found by substituting ω2 → k2c2T1 into the thin-slab dispersion relation for quasi-
kink modes (Equation 3.12). The angular frequency of this mode is

ω2 = k2

[
c2T1 −

ρ20ρ
2
2

ρ21

Rv1(k
2x0)

2

(v2A1 − c2T1)(c
2
1 + v2A1)R

2
v2

]
, (3.15)

with

Rv1 = (c21 − c2T1)(v
2
A0 − c2T1)

2(v2A2 − c2T1)(c
2
T2 − c2T1)(v

2
A2 + c22),

Rv2 = 2ρ2k(v
2
A2 − c2T1)

1/2(c2T2 − c2T1)
1/2(v2A2 + c22)

1/2 + ρ0k
2x0(v

2
A0 − c2T1)(c

2
2 − c2T1)

1/2.

This solution exists as a trapped oscillation when the characteristic speeds ful�l the
conditions c2T1 < c2T2 or min (v2A2, c

2
2) < c2T1 < max (v2A2, c

2
2). When the two external

tube speeds are equal, Equation (3.15) reduces to Equation (18b) of Edwin and
Roberts (1982).

For Edwin and Roberts's (1982) Equation (19), which exists when vAe/vA0 is of
the order of kx0, a generalised asymmetric version can also be found as:

ω2 = k2v2A1

[
1 +

ρ0ρ2
ρ1

v2A0

v2A1

v2A2(kx0)

2ρ2v2A2 + ρ0v2A0x0

]
(3.16)

if vA1 ≪ vA2 is also satis�ed. When vA2 ≪ vA1, the solution is

ω2 = k2v2A1

[
1 +

ρ0ρ2
ρ1

v2A0

v2A1

v2A1(kx0)

ρ0v2A0x0 − 2ρ2v2A1

]
. (3.17)

When the external Alfvén speeds are symmetric (v2A1 = v2A2 = v2Ae), this approxima-
tion simpli�es further to

ω2 = k2v2Ae

[
1 +

1

R

v2A0

v2Ae

(kx0)

]
, (3.18)

where

R =

[
ρ0
2

(
1

ρ1
+

1

ρ1

)]−1

(3.19)

is the measure of the density asymmetry introduced by Zsámberger et al. (2018).
Overall, we can conclude from the structure and possible simpli�cations of Equa-

tions (3.2)-(3.11) and (3.13)-(3.15) that the types of solutions in the thin-slab limit
of an asymmetric magnetic slab is similar to those of the symmetric case. In general,
the structure of Equations (3.2)-(3.15) also shows that surface waves guided by an
asymmetric magnetic slab are sensitive to the relative magnitudes of the external
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densities. We have investigated this dependence in detail in Section 2.4.1 when we
described the avoided crossings of eigenmodes. It is important to keep in mind
that although we are able to provide analytical approximations of the frequencies
of the eigenmodes, wave dispersion in the asymmetric con�guration is a complex
phenomenon, and the validity of our approximations may have to be examined on
a case-by-case basis. The external asymmetry can introduce new cut-o� frequencies
compared to the symmetric case, beyond which the waves become leaky.

3.2.2 Body modes

As a reminder, body waves are evanescent in the regions of the environment, how-
ever, they remain oscillatory within the slab. Before focusing on their analytical
properties in the thin-slab limit, �rst, let us rewrite the full dispersion relation itself
without the use of hyperbolic functions. As opposed to surface waves, where the
parameter m2

0 was positive, for body waves, m2
0 < 0. De�ning n2

0 := −m2
0 > 0, the

full dispersion relation (Equation 2.31) becomes

2
ρ0
ρ1

m1
ρ0
ρ2

m2

(
k2v2A0 − ω2

)2 − 2n2
0

(
k2v2A1 − ω2

) (
k2v2A2 − ω2

)
+

ρ0n0

(
k2v2A0 − ω2

) [m1

ρ1

(
k2v2A2 − ω2

)
+
m2

ρ2

(
k2v2A1 − ω2

)]
[− tann0x0 + cotn0x0] = 0. (3.20)

Similarly, we can express the decoupled dispersion relation (Equation 2.39) with
the tangent and cotangent functions, too:

(k2v2A0−ω2)

[
ρ0
ρ1

m1

(k2v2A1 − ω2)
+

ρ0
ρ2

m2

(k2v2A2 − ω2)

]
+2n0

(
− tan

cot

)
{n0x0} = 0. (3.21)

When looking for body mode solutions, we must make slightly di�erent assump-
tions than in the case of surface modes. Namely, if we suppose that m0x0 → 0 as
the slab becomes thinner (kx0 → 0) will not provide a description of every possible
wave mode (Roberts, 1981b). We require instead that m0x0 must remain bounded
as kx0 → 0.

The dispersion relation for quasi-sausage body waves in a weakly asymmetric
slab is given by the tan (n0x0) line of Equation (3.21). Using our new approach,
here, the expression n0 tan (n0x0) needs to remain �nite. Therefore, n0x0 has to
converge to the roots of tan (n0x0) = 0, that is, n0x0 = jπ (for j = 1, 2, 3 ...).
Substituting ω2 ≈ k2c2T0(1 + ν(kx0)

2) into the de�nition of n0, we �nd the following
values for the parameter ν:

n2
0x

2
0 = −m2

0x
2
0 =

(c20 − c2T0)(v
2
A0 − c2T0)

(c20 + v2A0)c
2
T0ν

. (3.22)

From the condition on the values of n2
0x

2
0, this expression also equals j2π2. Then

Equation (3.22) can be rearranged to provide ν for every (integer) j as

νj =
(c20 − c2T0)(v

2
A0 − c2T0)

(c20 + v2A0)c
2
T0j

2π2
. (3.23)

42



CHAPTER 3. APPROXIMATIONS OF THE DISPERSION RELATION

We can therefore conclude that there are countably many quasi-sausage body
mode solutions. Each of these have a di�erent number of nodes inside the slab, and
so we will call them harmonics in the direction of structuring, or harmonics, in short.
However, this type of description does not emphasize the in�uence of the external
equilibrium asymmetry so far. There are two possibilities to consider the e�ects
of the external magnetic asymmetry. For example, if either one of the external
sound or Alfvén speeds is higher than cT0, a cut-o� frequency may be introduced,
which prevents the phase speed from converging to the cusp speed in the limit of
the thinnest slabs.

In the dispersion relation for body modes (3.21), all of the coe�cients n2
0,m

2
1,m

2
2

must have positive values. This means that there are three possibilities for the
existence of slow body modes:

max [cT0,min (c1, vA1),min (c2, vA2)] < vph

< min [min (c0, vA0),max (c1, vA1),max (c2, vA2)], (3.24a)

max [cT0,min (c1, vA1)] < vph < min [min (c0, vA0),max (c1, vA1), cT2], (3.24b)

cT0 < vph < min [min (c0, vA0), cT1, cT2]. (3.24c)

A fourth type may also be described by swapping the j = 1, 2 indices in condition
(3.24b), however, we will not look at this case in further detail, as it does not describe
a qualitatively di�erent type of body mode. The same will be true for the phase
speed bands of fast body modes in the thin-slab limit, and bands of both slow and
fast body waves in the wide-slab approximation.

Using these conditions we have just determined, one possibility to emphasize the
role of magnetic asymmetry is to use Equation (3.22), and only accept the solutions
while they fall within one of the phase speed bands determined in Equations (3.24a)
- (3.24c). The second possible approach is to use an approximation which bounds
the solutions to remain in the above-mentioned bands at all times. This method,
however, can only serve as a general guideline for the shape of the solution curves,
as in the extremes of the thin-slab limit, solutions can become leaky.

Following the second approach, we provide an approximate solution for all three
cases, each of which converges either to the internal cusp speed, or to a value slightly
o�set from it:

ω2 ≈ k2 [cT0 + f ]2
[
1 + ν(kx0)

2
]
, where ν > 0. (3.25)

The exact speed o�set given by f depends on which band of body waves we consider,
i.e.:

f = max [cT0,min (c1, vA1),min (c2, vA2)]− cT0 for case (3.24a), (3.26a)

f = max [cT0,min (c1, vA1)]− cT0 for case (3.24b), (3.26b)

f = 0 for case (3.24c). (3.26c)

Substituting the suitable form of ω2 into Equation (3.22) gives us the applicable
expression for ν for every (integer) j:

νj =
[(cT0 + f)2 − c20][v

2
A0 − (cT0 + f)2]

(c20 + v2A0)(cT0 + f)2π2j2
. (3.27)
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Finally, we can substitute this into Equation (3.25) to �nd the approximate phase
speed solutions for quasi-sausage body modes.

The corresponding slow quasi-kink mode solutions can be found using similar
considerations, with the one important di�erence. For quasi-kink body modes,
n0 cot (n0x0) has to remain �nite, and so n0x0 → (j− 1

2
)π is required (for j = 1, 2, 3

...). Here, the values of the parameter νj are:

νj =
[(cT0 + f)2 − c20][v

2
A0 − (cT0 + f)2]

(c20 + v2A0)(cT0 + f)2π2(j − 1
2
)2

. (3.28)

Substituting these νj values back into Equation (3.25), we can derive an approxi-
mation for the phase speed of the slow quasi-kink body modes. Just like the quasi-
sausage modes, these waves also tend to the limiting speed cT0 + f from below as
the slab becomes thinner.

When fast body modes exist, they behave similarly to the slow body modes in
the thin-slab limit. Again, we have three potential bands of phase speed where fast
body mode solutions may be found:

max [max (c0, vA0),min (c1, vA1),min (c2, vA2)] < vph

< min [max (c1, vA1),max (c2, vA2)] (3.29a)

max [max (c0, vA0),min (c1, vA1)] < vph < min [max (c1, vA1), cT2] (3.29b)

max (c0, vA0) < vph < min (cT1, cT2). (3.29c)

The magnitude of the plasma-β (β = (2/γ)(c20/v
2
A0)) determines where the fast body

mode phase speeds converge to in a thin slab. If we denote max (c20, v
2
A0) as v

2
max and

min (c20, v
2
A0) as v

2
min. Then, the approximate solutions can be given in the form:

ω2 ≈ k2 [vmax + f + u]2
[
1 +

1

ν(kx0)2

]
, where ν > 0. (3.30)

The exact values of the lower and upper speed boundary, f and u, depend on which
band of solutions we investigate. For conditions (3.29a), ..., (3.29c), respectively, we
have:

f = max [vmax, (min (c1, vA1),min (c2, vA2)]− vmax, (3.31a)

u = min [max (c1, vA1),max (c2, vA2)]− f − vmax,

f = max [vmax, (min (c1, vA1)]− vmax, (3.31b)

u = min [max (c1, vA1), cT2]− f − vmax,

f = 0, (3.31c)

u = min (cT1, cT2)− vmax.

As before, for the quasi-sausage modes, n0 tan (n0x0) has to remain �nite, so n0x0

must converge to the roots of tan (n0x0) = 0. Substituting the prescribed form of
ω2 into n0x0 = jπ (for j = 1, 2, 3 ...) lets us determine the values of νj in each case:

νj =

{
π2j2

k2x2
0

[v2min + v2max][2fvmax + 2uvmax + (f + u)2] + v4max

[(vmax + f + u)2 − v2min][vmax + f + u]2

−2fvmax + 2uvmax + [f + u]2

[vmax + f + u]2

}−1
1

k2x2
0

. (3.32)
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For the same characteristic speed ordering, the coe�cients for the quasi-kink body
modes have the form

νj =

{
π2[j − 1

2
]2

k2x2
0

[v2min + v2max][2fvmax + 2uvmax + (f + u)2] + v4max

[(vmax + f + u)2 − v2min][vmax + f + u]2

−2fvmax + 2uvmax + [f + u]2

[vmax + f + u]2

}−1
1

k2x2
0

. (3.33)

These coe�cients can now be substituted into the body mode dispersion relation
given by Equation (3.30) to �nd approximations for the angular frequencies of
trapped body mode oscillations. All of this holds when the external sound speeds
are greater than the external Alfvén speeds (so the plasma-β is high). If the op-
posite is true, and the plasma-beta is low, then tan (n0x0) → ∞ needs to be true
for quasi-sausage modes, cot (n0x0) → ∞ must hold for quasi-kink modes, and the
coe�cients j and j − 1/2 in the above expressions have to be modi�ed accordingly.

Generally speaking, we can see that though the e�ect of density ratios ρ0/ρ1 and
ρ0/ρ2 cannot be seen explicitly in the calculations performed for body waves, the
density asymmetry still has an indirect in�uence on them through determining the
values and relations of the characteristic speeds in the three plasma domains.

3.3 Wide-slab approximation

3.3.1 Surface modes

Wide asymmetric slabs in solar physics could represent a model of the global strat-
i�cation of the atmosphere, e.g. the photosphere - interface region - corona system
(see also Section 4.2). In a local context, the wide-slab limit can also serve as
an approximation for high-frequency waves present in light bridges of sunspots or
elongated magnetic bright points (MBPs) (see Sections 4.5 and 4.6).

For the wide-slab limit to be applicable, the width of the slab has to be much
greater than the wavelength of oscillations considered: kx0 ≫ 1. Then m0x0 ≫ 1
also applies (see Roberts 1981b), and the full dispersion relation (2.31) becomes

ρ0
ρ1

m1
ρ0
ρ2

m2

(
k2v2A0 − ω2

)2
+m2

0

(
k2v2A1 − ω2

) (
k2v2A2 − ω2

)
(3.34)

+ ρ0m0

(
k2v2A0 − ω2

) [m2

ρ2

(
k2v2A1 − ω2

)
+

m1

ρ1

(
k2v2A2 − ω2

)]
= 0.

Since m0x0 ≫ 1, and therefore tanhm0x0 → 1 and cothm0x0 → 1 as well, the
decoupled dispersion relation (2.39) takes the same form for both quasi-sausage and
quasi-kink modes:

(k2v2A0 − ω2)

[
ρ0
ρ1

m1

(k2v2A1 − ω2)
+

ρ0
ρ2

m2

(k2v2A1 − ω2)

]
+ 2m0 = 0. (3.35)

As the width of the slab increases, the waves at one interface a�ected by the
conditions at the other boundary only to an ever smaller degree, essentially reducing
the problem to a single interface system in the extreme wide slab case. This may be
shown mathematically by taking the system of equations presented by the boundary

45



3.3. WIDE-SLAB APPROXIMATION

conditions, rearranging and substituting tanhm0x0 = cothm0x0 = 1 into them.
This process leads to the result

Λj + Λ0 = 0, (3.36)

for j = 1, 2. Using the de�nitions of Λj from Equation (2.22), we can see that this
expression is the dispersion relation of a single interface (see Roberts 1981a).

3.3.2 Body modes

Body modes in a wide slab can be handled in a similar manner to those in the thin-
slab approximation, taking into account the limits and cut-o�s introduced by the
external density and magnetic asymmetry. In a non-magnetic asymmetric slab, the
phase speed of slow body modes would converge to vmin, but here, that approach
might be subject to some o�set, so the angular frequencies will have the form

ω2 = k2[vmin − u]2
[
1 +

ν

(kx0)2

]
, (3.37)

where the exact value of u depends on the band of solutions. In case of (3.24a)-
(3.24c)

u = vmin −min [min (c0, vA0),max (c1, vA1),max (c2, vA2)], (3.38a)

u = vmin −min [min (c0, vA0),max (c1, vA1), cT2], (3.38b)

u = vmin −min [min (c0, vA0), cT1, cT2], (3.38c)

respectively. For the quasi-sausage mode solutions, to keep n0 tan (n0x0) bounded
as kx0 → ∞, the condition can be set that tan (n0x0) → ±∞, so that the argument
n0x0 → (j − 1

2
)π. This gives the νj parameters as

νj = π2

[
j − 1

2

]2
[v4min − (v2min + v2max)(2uvmin − u2)]

[v2max − (vmin − u)2][vmin − u]2
. (3.39)

The slow quasi-kink body modes can be found using a similar process, but this
time setting n0x0 → jπ so that cot (n0x0) → ±∞. This yields

νj = π2j2
[v4min − (v2min + v2max)(2uvmin − u2)]

[v2max − (vmin − u)2][vmin − u]2
. (3.40)

Substituting the expressions we have thus obtained for nuj into Equation (3.37) lets
us �nd the approximate frequencies of body modes in a low-β (vA0 > c0) wide slab.
In a high-β slab, the condition for the quasi-sausage modes is tan (n0x0) → 0, and
for quasi-sausage modes, it becomes cot (n0x0) → 0, so any expressions that include
j and j − 1/2 terms have to be adjusted accordingly.

We can repeat the same steps for the fast body waves in the wide slab, too. The
phase speeds of these eigenmodes are assumed to tend towards the higher internal
characteristic speed in the externally non-magnetic wide slab con�guration. In the
magnetically asymmetric slab system, the fast body wave frequencies are

ω2 = k2[vmax + f ]2
[
1 +

1

(kx0)2ν

]
, (3.41)
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CHAPTER 3. APPROXIMATIONS OF THE DISPERSION RELATION

where the value of f depends on the band of solutions in question. In case (3.29a),
(3.29b) and (3.29c), the terms f are de�ned by Equations (3.31a), (3.31b) and
(3.31c), respectively.

For quasi-sausage modes, the condition n0x0 → (j − 1
2
)π has to be ful�lled,

leading to

νj =

{
π2

[
j − 1

2

]2
[(v2min + v2max)(2fvmax + f 2) + v4max]

[(vmax + f)2 − v2min][vmax + f ]2

− [2fvmax + f 2][kx0]
2

[vmax + f ]2

}−1

. (3.42)

For the quasi-kink modes, this condition is n0x0 → jπ, so the coe�cients and the
frequencies are only slightly di�erent:

νj =

{
π2j2

[(v2min + v2max)(2fvmax + f 2) + v4max]

[(vmax + f)2 − v2min][vmax + f ]2
− [2fvmax + f 2][kx0]

2

[vmax + f ]2

}−1

. (3.43)

Substituting the appropriate coe�cient νj from Equations (3.42) and (3.43), into
Equation (3.41) gives us the angular frequencies of the fast quasi-sausage and quasi-
kink body modes in the wide-slab approximation. This holds true when c0 > vA0. In
a low-β slab, however, the condition for quasi-sausage modes becomes tan (n0x0) →
0, while for quasi-kink modes, it is cot (n0x0) → 0, and the νj parameters have to
be adjusted accordingly.

Similarly to what we have seen in the thin-slab approximation, the e�ect of the
equilibrium density and magnetic asymmetries in the external environment on body
modes is not obvious, and it only appears through the shifted band limits and cut-
o�s. From the approximate solutions found in this section, we may conclude that
a magnetically asymmetric environment has greater e�ect on MHD surface waves
than it does on body waves. Solar and astrophysical applications of the asymmetric
slab model may be expected to have greater success for MHD surface waves observed
in thin magnetic structures, since in wide slabs, the e�ects of asymmetry can be felt
to a lesser degree at either of the two distant interfaces.

3.3.3 Thin- and wide-slab approximations based on the full dispersion
relation

If we cannot reasonably assume that the asymmetry in the magnetic slab system
is weak, then the full dispersion relation (Equation 2.31) should be used to de-
scribe any solutions. In the thin-slab approximation, both tanh (m0x0) → m0x0 and
coth (m0x0) → 1/(m0x0) can be used to repeat the analysis of the modes described
in Sections 3.2 and 3.3.

With the above substitutions, for the slow quasi-sausage surface mode whose
phase speed approaches cT0 in the limit of a thin slab (ω2 → k2c2T0), the following
cubic equation can be obtained from the full dispersion relation:

U3 + a2U
2 + a0 = 0, (3.44)
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where

a2 = 2
k3W1W2V A0

E
, a0 =

2k5v3A0A
2
1A

2
2R1R2x0

E
+ V 3A0k

4x2
0,

A0 =
√

(v2A0 − c2T0), A1 =
√

(v2A1 − c2T0),

A2 =
√
(v2A2 − c2T0), E = R1A

2
1W2 +R2A

2
2W1,

R1 =
ρ1
ρ0

, R2 =
ρ2
ρ0

,

V =

√
(c20 − c2T0)

(v2A0 + c20)
, W1 =

√
(v2A1 − c2T0)(c

2
1 − c2T0)

(v2A1 + c21)(c
2
T1 − c2T0)

,

W2 =

√
(v2A2 − c2T0)(c

2
2 − c2T0)

(v2A2 + c22)(c
2
T2 − c2T0)

, U =
√

k2c2T0 − ω2.

The (real) solutions are then given by

ω2 = k2c2T0 −

(
S

6
+

2a22
3S

− a2
3

)2

, (3.45)

where

S =

(
−108a0 − 8a22 + 12

√
12a0a32 + 81a20

)1/3

.

In order to keep the solutions for the angular frequencies real, the same six
characteristic speed orderings are possible which were detailed earlier, using the
decoupled dispersion relation.

Applying a similar process, the approximation for the quasi-sausage surface mode
with ω2 → k2c22 can be obtained from the full dispersion relation as:

ω2 = k2c22 −

(
2k2x0R1R2A1A2V

2
0 + k3x2

0R2A
2
0A2V

2
0 V1 + kR2A2V1

2kx0A2
0V1W + k2x2

0R1A2
0A1V 2

0 W +R1A1W

)2

, (3.46)

where

A0 =
√

(v2A0 − c22), A1 =
√
(v2A1 − c22),

A2 =
√

(v2A2 − c22), W =

√
1

(c2T2 − c22)(c
2
2 + v2A2)

,

R1 =
ρ1
ρ0

, R2 =
ρ2
ρ0

,

V0 =

√
(c20 − c22)

(c2T0 − c22)(v
2
A0 + c20)

, V1 =

√
(c21 − c22)

(c2T1 − c22)(v
2
A1 + c21)

.

For the isothermal case, the dispersion relation for the quasi-sausage mode approach-
ing c1 = c2 = ce simpli�es to:

2A2
0W1W2x0U

2 + E
(
1 + A2

0V
2k2x2

0

)
U + 2R1R2v

2A1A2x0 = 0, (3.47)
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where

A0 =
√

(v2A0 − c2e), A1 =
√

(v2A1 − c2e),

A2 =
√

(v2A2 − c2e), E = R1A1W2 +R2A2W1,

R1 =
ρ1
ρ0

, R2 =
ρ2
ρ0

,

U =
√

k2c2e − ω2, V =

√
(c20 − c2e)

(v2A0 + c20)(c
2
T0 − c2e)

,

W1 =

√
1

(v2A1 + c21)(c
2
T1 − c2e)

, W2 =

√
1

(v2A2 + c22)(c
2
T2 − c2e)

.

For the quasi-kink surface mode approaching ω2 → k2v2A1, the solutions are

ω2 = k2v2A1 −

(
2k2x0A

2
0A2W1W2 + k3x2

0R2A
2
0A

2
2V

2W1 + kR2A
2
2W1

2kx0R1R2A2
2V

2 + k2x2
0R1A2

0A2V 2W2 +R1A2W2)

)2

, (3.48)

where

A0 =
√

(v2A0 − v2A1), A2 =
√
(v2A2 − v2A1),

R1 =
ρ1
ρ0

, R2 =
ρ2
ρ0

,

W1 =

√
(c21 − v2A1)

(c2T1 − v2A1)(c
2
1 + v2A1)

, W2 =

√
(c22 − v2A1)

(c2T2 − v2A1)(v
2
A2 + c22)

,

V =

√
(c20 − v2A1)

(c2T0 − v2A1)(v
2
A0 + c20)

.

When the external Alfvén speeds are symmetric, and the phase speed of the mode
approaches vA1 = vA2 = vAe, the solution for the quasi-kink mode simpli�es to

2R1R2V
2x2

0U
2 + E

[
k2V 2A2

0x
2
0 + 1

]
U + 2W1W2A

2
0k

2x0 = 0, (3.49)

where

A0 =
√

(v2A0 − v2Ae), E = R1W2 +R2W1,

R1 =
ρ1
ρ0

, R2 =
ρ2
ρ0

,

U =
√

k2v2Ae − ω2, V =

√
(c20 − v2Ae)

(v2A0 + c20)(c
2
T0 − v2Ae)

,

W1 =

√
(c21 − v2Ae)

(v2Ae + c21)(c
2
T1 − v2Ae)

, W2 =

√
(c22 − v2Ae)

(v2Ae + c22)(c
2
T2 − v2Ae)

.

For the quasi-kink surface mode with its frequency ω2 → k2c2T1, the solutions ob-
tained from the full dispersion relation become

ω2 = k2c2T1 −

(
2k2x0A

2
0WV2 + k3x2

0R2A
2
0A2V

2
0 W + kR2A2W

2kx0R1R2A1A2V 2
0 + k2x2

0R1A2
0A1V 2

0 V2 +R1A1V2)

)2

, (3.50)
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where

A0 =
√

(v2A0 − c2T1), A1 =
√

(v2A1 − c2T1),

A2 =
√

(v2A2 − c2T1), W =

√
(c21 − c2T1)

(c21 + v2A1)

R1 =
ρ1
ρ0

, R2 =
ρ2
ρ0

,

V0 =

√
(c20 − c2T1)

(v2A0 + c20)(c
2
T0 − c2T1)

, V2 =

√
(c22 − c2T1)

(v2A2 + c22)(c
2
T2 − c2T1)

.

For the derivation of body mode solutions, we once again use the same as-
sumptions as we did in the previous Section, but we start our calculations from
the full dispersion relation for body modes given by Equation (3.20). The an-
gular frequency of slow body waves approaches the tube speed in a thin slab
ω2 → k2c2T0, or the appropriate cut-o� frequency slightly o�set from the tube
speed (see the details after Equation 3.25) from above. For the expression
n0(− tan (n0x0) + cot (n0x0)) to remain bounded as kx0 → 0, n0x0 should approach
values that satisfy (− tan (n0x0) + cot (n0x0)) = 0. The roots of this equation are
the multiples of π/4:

n0x0 =
2j − 1

4
π, (3.51)

where j = 1, 2, 3.... This condition is then used in Equation (3.25) to �nd the
νj coe�cients to be used in the appropriate approximation for ω2 describing both
quasi-sausage and quasi-kink modes.

In the limit of a wide slab, slow body modes are still described by the ap-
proximation given by Equation (3.37). The angular frequency of these waves ap-
proaches ω2 → k2(min (vA0, c0))

2 (in some cases with a small o�set due to cut-
o�s) from below. In a high-β slab, the same condition as in (3.51) can be set,
while in a low-β plasma, then the νj parameters are determined from setting
(− tan (n0x0) + cot (n0x0)) → ±∞, and therefore

n0x0 =
j

2
π. (3.52)

Fast body waves in the thin-slab limit can be described by Equation (3.30). For
�nding the νj coe�cients, the condition (3.51) applies in a low-β environment, and
Equation (3.52) is valid in a high-β environment. In the wide-slab approximation,
Equation (3.41) still describes fast body modes, and νj is determined from the
condition (3.51) if vA0 > c0, or from Equation (3.52) if c0 > vA0.

Overall, the same basic principles apply to the behaviour of the quasi-sausage
and quasi-kink modes, whether we approximate them from the decoupled or the full
dispersion relation. Expressions derived from the full dispersion relation may be
applicable to a wider range of equilibrium asymmetries in the slab system, however,
solutions calculated from the decoupled dispersion relation are generally simpler
and provide an easier insight into how the waves behave near the extremes of the
dimensionless slab width parameter.
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3.4 Low-β approximation

In the current Section, we move on to setting constraints on the equilibrium plasma
and magnetic parameters in each region of the slab system, while leaving the rela-
tive magnitudes of the slab width and wavenumber of the oscillations unrestricted.
The parameter we use to categorise the di�erent equilibrium con�gurations of the
magnetised plasma domains is the plasma-β de�ned as the ratio between the gas
and the magnetic pressure:

βj =
pj
pm,j

=
2

γ

c2j
v2Aj

, (3.53)

for j = 0, 1, 2, where pj is the gas- and pm,j is the magnetic pressure of region j.
In the low-β approximation (βj << 1), the magnetic pressure dominates over the

gas pressure in region j, and therefore cj/vAj << 1. This particular approximation
is analytically useful to simplify the dispersion relation, and it also has a signi�cant
range of solar applicability, since from about the mid-chromosphere upwards into
the corona, the atmosphere of our Sun is considered to be a low-β environment.

3.4.1 Low plasma-β in all three domains

When the plasma-β is low, but non-zero, in each region of the asymmetric magnetic
slab model, it is possible to express the coe�cients m0, m1, m2 in terms of β0, β1, β2,
respectively:

m2
j =

(
k2βiγv

2
Ai − 2ω2

) (
k2v2Aj − ω2

)
(
k2βiγv4Ai − βiγv2Ajω

2 − 2v2Aiω
2
) , for j = 0, 1, 2, (3.54)

n2
0 =

(
k2βiγv

2
Ai − 2ω2

) (
ω2 − k2v2Ai

)(
k2βiγv4Ai − βiγv2Aiω

2 − 2v2Aiω
2
) . (3.55)

Using these forms of the wavenumber coe�cients and assuming the plasma-β is
small in all three domains, an expansion of the dispersion relation (Equation 2.39)
about (β0, β1, β2) ≈ (0, 0, 0) can be performed. Taking only zeroth- and �rst-order
terms into consideration, the dispersion relation for surface waves in a low-β system
takes the following form:

L1 + L2 + L0s −
γ

4

L1β1 + L2β2 + L0sβ0 ±
2x0β0

v2A0

[
1−

(
tanh2

coth2

)
{m0zx0}

] = 0,

(3.56)

where

Lj =
ρ0
ρj

mjz

(k2v2Aj − ω2)
, for j = 1, 2, (3.57)

L0s =
2m0z

(k2v2A0 − ω2)

(
tanh

coth

)
{m0zx0}, (3.58)

miz =

(
k2v2Ai − ω2

v2Ai

)1/2

, for i = 0, 1, 2. (3.59)
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Here, the index 'z' denotes the form of the wavenumber coe�cients obtained from
Equations (3.54-3.55) when β = 0 in the given domain, and the index 's' indicates
that the term L0s is necessary for the description of surface waves. In Equation
(3.56), the lines containing the tanh , coth functions describe quasi-sausage and
quasi-kink surface modes, respectively. With a similar notation, the expansion of
the dispersion relation for body modes becomes

L1 + L2 + L0b −
γ

4

L1β1 + L2β2 + β0

[
L0b ∓

1

2
L2
0bx0(k

2v2A0 − ω2)∓ 2n2
0zx0

(k2v2A0 − ω2)

] = 0,

(3.60)

where

L0b =
2n0z

(k2v2A0 − ω2)

(
− tan

cot

)
{n0zx0}, (3.61)

n0z =

(
ω2 − k2v2Ai

v2Ai

)1/2

. (3.62)

Here, the index 'b' refers to the fact that the term L0b is required for the description
of body modes, and, again, the top upper line (with the tan function) describes
quasi-sausage body modes, while the bottom line governs quasi-kink body modes.

Edwin and Roberts (1982) provided an analytical study and numerical results
for the low-β limit in a magnetic, but symmetric environment of a magnetic slab
slab, and their basic �ndings still hold true in an asymmetric slab system, too. In
Figure 3.1, we provide numerical solutions of the dispersion relation in various low-β
slab systems to illustrate the similarities and di�erences from the symmetric case.
Blue (red) curves show quasi-sausage (quasi-kink) modes in all panels, and hatching
represents regions in which no trapped modes are found.

Panel (a) of Figure (3.1) was prepared using vA0 = 1.5c0, vA1 = 4c0, vA2 = 3c0,
c1 = 0.5976c0, c2 = 0.6972c0, ρ1/ρ0 = 0.21, ρ2/ρ0 = 0.36 for the characteristic speeds
and density ration. The relation between the internal and external characteristic
speeds can be summarised as cj < c0 < vA0 < vAj (where j = 1, 2). In this case,
there are no surface modes, only body waves are trapped and guided by the slab.
The slow body waves have phase speed cT0 < vph < c0, while the fast body waves
propagate with vA0 < vph < vA2. This corresponds to the conditions outlined in case
(3.24a) for the slow waves, and to those in case (3.29a) for the fast waves. Both
the quasi-sausage and the quasi-kink modes are present, and have in�nitely many
harmonics (though as before, we only plot a few of these for visual clarity).

If the ordering of the sound speeds is di�erent, so the slab is cooler than its
environment, then c0 < cj < vA0 < vAj), similar results are obtained: both fast and
slow waves are be present. This is illustrated in panel (b) of Figure (3.1), which
was prepared speci�cally with vA0 = 1.2c0, vA1 = 3c0, vA2 = 3.5c0, c1 = 1.5811c0,
c2 = 1.6531c0, ρ1/ρ0 = 0.22, ρ2/ρ0 = 0.17. An interesting observation can be made
about the solutions in this equilibrium con�guration. While the slow body modes
represent case (3.24c), there are two bands of fast body waves, corresponding to the
conditions in (3.29a) for the band with higher phase speeds, and to (3.29c) for the
slower band. A similar result was also presented by Edwin and Roberts (1982) for
the symmetric case, illustrated in their Figure 7.
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(a) (b)

(c) (d)

Figure 3.1: The phase speed (ω/k) of magnetoacoustic waves in various low-β sit-
uations characterised by typical choices of ci, vAi, ρi. Blue (red) curves show quasi-
sausage (quasi-kink) modes. Hatching represents regions in which no propagating
modes are permitted. (a) Slow and fast mode body waves are seen when vA0 = 1.5c0,
vA1 = 4c0, vA2 = 3c0, c1 = 0.5976c0, c2 = 0.6972c0, ρ1/ρ0 = 0.21, ρ2/ρ0 = 0.36. (b)
One band of slow-, and two bands of fast body modes appear when vA0 = 1.2c0,
vA1 = 3c0, vA2 = 3.5c0, c1 = 1.5811c0, c2 = 1.6531c0, ρ1/ρ0 = 0.22, ρ2/ρ0 = 0.17. (c)
Only slow body modes can be found when vA1 = 0.7vA0, vA2 = 0.6vA0, c0 = 0.5vA0,
c1 = 0.2504vA0, c2 = 0.2472vA0, ρ1/ρ0 = 2.3, ρ2/ρ0 = 3.0. (d) Even with more
prominent asymmetry, one band of slow-, and one band of fast body modes exist
when, e.g., vA0 = 0.3vA2, vA1 = 0.6vA2, c0 = 0.2vA2, c1 = 0.1vA2, c2 = 0.8vA2,
ρ1/ρ0 = 0.3710, ρ2/ρ0 = 0.0871. In each panel, for the sake of clarity, only a couple
of examples in each band of body modes are displayed.

If instead of the sound speeds, the Alfvén speeds are interchanged compared to
the original ordering shown in panel (a), the solutions change considerably. Panel
(c) of Figure (3.1) illustrates this case, with vA1 = 0.7vA0, vA2 = 0.6vA0, c0 = 0.5vA0,
c1 = 0.2504vA0, c2 = 0.2472vA0, ρ1/ρ0 = 2.3, ρ2/ρ0 = 3.0. Here, the internal Alfvén
speed is higher than both of the external Alfvén speeds, and, just like in a symmetric
slab, only slow body mode solutions exist (described by the conditions in (3.24a)).

Panel (d) of Figure (3.1) was prepared using vA0 = 0.3vA2, vA1 = 0.6vA2, c0 =
0.2vA2, c1 = 0.1vA2, c2 = 0.8vA2, ρ1/ρ0 = 0.3710, ρ2/ρ0 = 0.0871. From this case, we
�nd that even if the system is strongly asymmetric, making the internal sound speed
fall between the external sound speeds, two bands of body mode solutions remain
possible. The slow band corresponds to the conditions in (3.24b), with phase speeds
between cT0 < vph < c0. The fast body waves propagate with phase speeds in the
range vA0 < vph < vA1, corresponding to case (3.29b).

53



3.4. LOW-β APPROXIMATION

3.4.2 Zero-β limit

An extreme but often practical case of the low-β approximation is the zero-β limit.
Here, the sound speeds are negligible compared to the Alfvén speeds: c1 ≈ c2 ≈
c0 ≈ 0, which can describe coronal plasma conditions using the MHD framework.
This assumption further simpli�es the dispersion relation from the low-β case. In
the zero-β approximation, slow body waves are eliminated, and only the fast body
waves remain possible, just like it was shown for the symmetric case by (Edwin and
Roberts, 1982).

In the zero-β limit, the modi�ed wavenumber coe�cients are given by Equations
(3.59) and (3.62), and the �rst-order terms of the expanded dispersion relation
vanish, leading to(

tan

− cot

)
{n0zx0} =

1

2

ρ0
ρ1

vA0(k
2v2A0 − ω2)1/2

vA1(k2v2A1 − ω2)1/2
+

1

2

ρ0
ρ2

vA0(k
2v2A0 − ω2)1/2

vA2(k2v2A2 − ω2)1/2
. (3.63)

Equation (2.3) describes the requirement that total pressure balance must be up-
held at both interfaces of the asymmetric slab sytem. Since the sound speeds are
vanishingly small in the zero-β limit, Equation (2.3) simpli�es to

ρj
ρk

=
v2Ak

v2Aj

, where j = 0, 1, 2; k = 0, 1, 2; j ̸= k. (3.64)

Using Equation (3.64), the dispersion relation further simpli�es to(
tan

− cot

)
{n0zx0} = −1

2

(
n0z

m1z

+
n0z

m2z

)
. (3.65)

In the fully symmetric case, this expression reduces to Equations (22) and (23) of
Edwin and Roberts (1982).

In Equation (3.65), the wavenumber coe�cients n0z, m1z and m2z > 0, which is
only true when k2v2A0 < ω2 < min (k2v2A1, k

2v2A2). The role of asymmetry manifests
in this selection for the lower value out of the two external Alfvén speeds. An
alternate description of body waves in this band, e.g. in the wide-slab limit, can be
provided by requiring the waves to approach ω2 = k2v2A,min[ρmin/ρ0]

[
1 + ν/(kx0)

2
]
,

where the index m denotes external equilibrium parameters on the side of the slab
with the lower (external) Alfvén speed. We determine the coe�cients νj through
a process similar to the one we used while deriving the wide-slab approximation in
the general case, leading to the expression

ω2 = k2v2A,min

ρmin

ρ0

1 + π2
(
j − 1

2

)2
k2x2

0

 (3.66)

for quasi-sausage modes, and

ω2 = k2v2A,min

ρmin

ρ0

[
1 +

π2j2

k2x2
0

]
(3.67)

for quasi-kink modes. For given values of j, ω and k, Equations (3.66) and (3.67)
determine a simple connection between the lower external Alfvén speed and the
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external-to-internal density ratio on the same side, therefore, knowing one of them
can provide an estimate of the other, thus serving a simple diagnostic purpose.

Overall, the description of eigenmodes in the low- and zero-β limits of the asym-
metric slab model is formally analogous to that in the symmetric case. However,
the di�erence in external equilibrium quantities adds some analytical complexity and
can give rise to new phenomena. Perhaps the most important di�erence resulting
from the added asymmetry is that, the fast body mode solution curves experience
a cut-o� in the thin-slab limit: with phase speed above the lower external Alfvén
speed, the waves become leaky.

3.5 High-β approximation

In the high plasma-β approximation, magnetic pressure is dominated by plasma
kinetic pressure. This is generally the case in the lower solar atmosphere, where
various waveguides such as light bridges or MBPs can be modelled as slab systems,
providing motivation for the further analytical and numerical examination of this
possibility.

3.5.1 High plasma-β in all three domains

If the plasma-β is high, the Alfvén speeds are small compared to the corresponding
sound speeds of each domain: cj/vAj ≫ 1 for j = 0, 1, 2. We can write the modi�ed
wavenumber coe�cients as

m2
j =

(k2c2i − ω2)(2k2c2i − γβjω
2)

c2i (2k
2c2i − 2ω2 − γβjω2)

for j = 0, 1, 2, (3.68)

n2
0 =

(ω2 − k2c20)(2k
2c20 − γβ0ω

2)

c20(2k
2c20 − 2ω2 − γβ0ω2)

. (3.69)

In slabs that are characterised by high plasma-β values all throughout the sys-
tem, we �nd a richer variety of modes than we did in the low-β case, as illus-
trated by Figure 3.2. Before we proceed to describe speci�c examples, we use
the modi�ed wavenumber coe�cients, and expand the dispersion relation about
(1/β0, 1/β1, 1/β2) ≈ (0, 0, 0). Keeping only zeroth- and �rst-order terms then leads
to the following expression:

H1 +H2 +H0s +
1

γω2

{[
2k2c21 − ω2

] H1

β1

+
[
2k2c22 − ω2

] H2

β2

+
[
2k2c20 − ω2

] H0s

β0

+
2x0m

2
0z

β0

[
1−

(
tanh2

coth2

)
{m0zx0}

] = 0 (3.70)

for surface waves, where

Hj = −ρ0
ρj

mjz

ω2
, for j = 1, 2, (3.71)

H0s = −2m0z

ω2

(
tanh

coth

)
{m0zx0}, (3.72)

miz =

(
k2c2i − ω2

c2i

)1/2

, for i = 0, 1, 2. (3.73)
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Adopting the same notation, the expansion of the dispersion relation for body waves
becomes

H1 +H2 −H0b +
1

γω2

{[
2k2c21 − ω2

] H1

β1

+
[
2k2c22 − ω2

] H2

β2

−H0b

β0

[
2k2c20 − ω2

]
− 2x0n

2
0z

β0

[
1 +

(
tan2

cot2

)
{n0zx0}

] = 0, (3.74)

where

H0b =
2n0z

ω2

(
− tan

cot

)
{n0zx0}, (3.75)

n0z =

(
ω2 − k2c2i

c2i

)1/2

. (3.76)

Examples of numerical solutions to the dispersion relation for high-β slabs en-
closed in high-β environments are provided in Figure 3.2. As before, in each panel,
only a few of the in�nite harmonics of body modes in any given band are displayed.
Blue (red) curves illustrate quasi-sausage (quasi-kink) modes, and no trapped oscil-
lations exist in the hatched regions.

Panel (a) of Figure 3.2 was prepared using vA0 = 0.7c0, vA1 = 0.2c0, vA2 = 0.1c0,
c1 = 1.6683c0, c2 = 1.8742c0, ρ1/ρ0 = 0.5, ρ2/ρ0 = 0.4 for the characteristic speeds
and density ratios. We �nd a band of fast body mode solutions (corresponding to
case (3.29a)) with phase speed between the internal and external sound speeds, as
well as a band of slow body modes between the internal cusp- and Alfvén speeds
(ful�lling the conditions in (3.24a). As opposed ot the low-β limit, this system
guides a pair of slow surface waves, too, propagating with phase speeds below the
internal cusp speed.

Panel (b) of Figure 3.2 shows that interchanging the relative magnitudes of
the internal and external Alfvén speeds ( vA0 = 0.6c0, vA1 = 0.95c0, vA2 = 0.9c0,
c1 = 1.5c0, c2 = 1.4c0, ρ1/ρ0 = 0.433, ρ2/ρ0 = 0.4934) does not change the dispersion
curves qualitatively. Besides the slow surface mode, there is still a band of fast body
modes (corresponding to case (3.29a)), and a band of slow body modes (case (3.24c)).

As opposed to this, panel (c) of Figure 3.2 shows that if we swap the sound
speeds instead (vA1 = 0.4vA0, vA2 = 0.3vA0, c0 = 1.4vA0, c1 = 1.15vA0, c2 = 1.1vA0,
ρ1/ρ0 = 1.9188, ρ2/ρ0 = 2.1738), only the slow surface wave solutions and the band
of slow body waves exist.

The splitting of body mode bands witnessed in symmetric slabs (Edwin and
Roberts, 1982) remains possible in the high-β limit of an asymmetric slab, too, as
evidenced by Figure 3.2d, prepared using the values of vA0 = 0.2vA2, vA1 = 0.7vA2,
c0 = 0.5vA2, c1 = 1.1vA2, c2 = 1.8vA2, ρ1/ρ0 = 0.1751, ρ2/ρ0 = 0.071. We �nd a
narrow band of slow body modes (ful�lling the conditions in (3.24c)), as well as slow
surface modes. There are three bands of fast body modes present. The �rst one is
con�ned between the internal sound speed and the lower one of the external cusp
speeds (case (3.29c)). The second band corresponds to case (3.29b), being limited
to phase speeds between vA1 < vph < cT2. The third and �nal band of fast body
modes realises case (3.29a) and occurs between vA2 < vph < c1.
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(a) (b)

(c) (d)

Figure 3.2: Solutions to the dispersion relation, similar to Figure 3.1, obtained for
vaious high-β cases. (a) Slow and fast mode body waves, as well as slow surface
waves are present when vA0 = 0.7c0, vA1 = 0.2c0, vA2 = 0.1c0, c1 = 1.6683c0, c2 =
1.8742c0, ρ1/ρ0 = 0.5, ρ2/ρ0 = 0.4. (b) The same modes appear when vA0 = 0.6c0,
vA1 = 0.95c0, vA2 = 0.9c0, c1 = 1.5c0, c2 = 1.4c0, ρ1/ρ0 = 0.433, ρ2/ρ0 = 0.4934. (c)
Only the slow surface and body modes can be observed when vA1 = 0.4vA0, vA2 =
0.3vA0, c0 = 1.4vA0, c1 = 1.15vA0, c2 = 1.1vA0, ρ1/ρ0 = 1.9188, ρ2/ρ0 = 2.1738.
(d) Three bands of fast body modes, one band of slow body modes, and a pair of
slow surface modes exist when vA0 = 0.2vA2, vA1 = 0.7vA2, c0 = 0.5vA2, c1 = 1.1vA2,
c2 = 1.8vA2, ρ1/ρ0 = 0.1751, ρ2/ρ0 = 0.071. As before, in each panel, only a couple
of examples in each band of body modes are displayed.

3.5.2 In�nite-β limit

In this extreme limiting case, magnetic forces are negligible as compared to kinetic
ones, and so the approximation vAi ≈ 0 for i = 0, 1, 2 can be applied. In this case,
only fast body waves are present. The modi�ed wavenumber coe�cients simplify
to the expressions in Equations (3.73) and (3.76), and the �rst-order terms vanish
from the expansion. The pressure balance condition (2.3) simpli�es as well, and it
allows us to write the dispersion relation for body modes in the zero-β limit as(

tan

− cot

)
{n0x0} =

1

2

(
m1

n0

c21
c20

+
m2

n0

c22
c20

)
. (3.77)

If the slab is fully symmetric, Equation (3.77) reduces to Equations (24) and
(25) of Edwin and Roberts (1982). The conditions for the existence of these body
modes, namely that n0z, m1z and m2z > 0, are ful�lled only when k2c20 < ω2 <
min (k2c21, k

2c22). Therefore, the band of fast body waves will be found between the
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internal sound speed and the lower of the two external sound speeds. Introducing
the notation cm = min (c1, c2), the waves are expected to approach a sound sped as
ω2 = k2c2m[ρm/ρ0]

[
1 + ν/(kx0)

2
]
. By using the alternate method described during

the derivation of the general wide-slab approximations, the coe�cients νj can be
determined and used to obtain quasi-sausage body mode solutions in the following
form:

ω2 = k2c2m
ρm
ρ0

1 + π2
(
j − 1

2

)2
k2x2

0

 , (3.78)

while quasi-kink body modes behave as

ω2 = k2c2m
ρm
ρ0

[
1 +

π2j2

k2x2
0

]
. (3.79)

A basic diagnostic purpose may be ful�lled by making these approximations.
Namely, Equations (3.78) and (3.79) showcase a simple connection between the
lower external sound speed, and the ratio of the same side's external density to
the internal one for any given value of the wavenumber and angular frequency of a
given order body mode. Thus, knowledge of one of these parameters can provide an
estimate of the other.

Similarly to the low-β case, in the limits of high- and in�nite plasma-β as well, the
asymmetry shows its in�uence through a more complex dependence of the frequen-
cies of eigenmodes on the set of external parameters in the system. The di�erence of
external equilibrium parameters can shift the frequencies of surface-, as well as body
waves, and it also introduces cut-o� frequencies. As we have demonstrated, due to
these, sometimes multiple, cut-o�s, there can be more than one band of either fast
or slow body modes. A further signi�cant consequence of the asymmetry is that in
the wide-slab limit, the phase speeds of surface modes will diverge (see Section 3.6
for details), leading to the phenomenon of avoided crossings that we described in
Chapter 2.

3.5.3 Low- and high-β approximations based on the full dispersion re-
lation

If we want to consider stronger asymmetries in the magnetic slab system, approxi-
mations in the various plasma-β limits can also be obtained from the full dispersion
relation (Equation 2.31), using the modi�ed wavenumber coe�cients (3.55) and
(3.54) for the low-β case. The following dependence on β0, β1 and β2 is found for a
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low-β slab embedded in a low-β asymmetric environment:
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where
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ρ20
ρ1ρ2
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)
,
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,

τ0z = tanh (m0zx0), (3.81)

and mjz (j = 0, 1, 2) are de�ned in Equation (3.59). For body waves, using the
expressions from Equations (3.62) and (3.81) and T0z = tan (n0zx0), the expansion
becomes
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If the plasma-β is high in all three regions of the asymmetric slab system, after
a similar process, the expansion of the dispersion relation becomes{
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where

H0A =
ρ0
ρ1

ρ0
ρ2

m1zm2z, H0B = ρ0

(
m1z

ρ1
+

m2z

ρ2

)
, (3.84)

and the mjz (j = 0, 1, 2) coe�cients are de�ned in Equation (3.73), while τ0z is
de�ned in Equation (3.81). Using the same factors, along with Equation (3.76), and
the notation T0z = tan (n0zx0), the dispersion relation for body waves in a high-β
con�guration can be expressed as(
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3.6 The incompressible limit

Due to the highly complex nature of even the decoupled dispersion relation, analyt-
ical solutions can only be obtained in certain limiting cases. Perhaps the greatest
simpli�cation is brought in through the assumption of incompressible plasma �lling
the slab and its asymmetric environment. Then, the sound speeds tend to in�nity,
and c2Tj → v2Aj, and therefore mj → k, for j = 0, 1, 2. With these simpli�cations,
the decoupled dispersion relation (Equation 2.39) reduces to:[
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which is a quadratic equation in ω2. Here, R is the measure of the density asymme-
try:

R =

[
ρ0
2

(
1

ρ1
+

1

ρ2

)]−1

. (3.87)

If ρ1 = ρ2 = ρe, then R reduces to just the ratio of the external to internal densities.
The solutions of the Equation (3.86) are:

ω2 =
−B ±

√
B2 − 4AC
2A

, (3.88)
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where

A =

[
2

(
tanh

coth

)
{kx0}+

2

R

]
, (3.89)

B = −k2

[
2(v2A1 + v2A2)

(
tanh

coth

)
{kx0}+

ρ0
ρ2

(v2A0 + v2A1) +
ρ0
ρ1

(v2A0 + v2A2)

]
, (3.90)

C = k4

[
2v2A1v

2
A2

(
tanh

coth

)
{kx0}+

ρ0
ρ2

v2A0v
2
A1 +

ρ0
ρ1

v2A0v
2
A2

]
. (3.91)

Figure 3.3: Solutions of Equation (3.88) for R = 0.5 (left panel) and R = 1.0 (right
panel), showing the behaviour of magneto-acoustic waves in the limiting case of an
incompressible plasma. The blue line indicates the quasi-sausage mode, while the
red line shows the quasi-kink mode. Hatching denotes regions in which no modes
occur. For the left panel c0 ≈ 105, c1 = 100, c2 ≈ 62, vA0 = 1.0, vA1 = 0.5,
vA2 = 0.7, ρ0/ρ1 = 1.1, ρ0/ρ2 = 2.9, while for the right panel c0 ≈ 105, c1 = 100,
c2 ≈ 111, vA0 = 1.0, vA1 = 0.5, vA2 = 0.7, ρ0/ρ1 = 1.1, ρ0/ρ2 = 0.9 were used.

If some symmetry is imposed on the system, and the external densities are equal
ρ1 = ρ2 = ρe, while the external magnetic �elds are still allowed to di�er from one
another, and introduce the notation

T =

(
tanh

coth

)
{kx0}, (3.92)

R̄ =
ρ0
ρe
, (3.93)

then the solutions may be rewritten as:

ω2 =
k2

2

1

T + R̄

{
2
[
v2A1 + v2A2

]
T + R̄

[
2v2A0 + v2A1 + v2A2

]
±4
[
T 2
(
v2A1 − v2A2

)2
+ 4R̄T

(
v2A1 − v2A2

)2
+R̄2

({
2v2A0 − v2A1

}2
+
{
2v2A0 − v2A2

}2 − 4v2A0

)]1/2}
. (3.94)
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In the opposite case, if the densities are allowed to di�er, but the external Alfvén
speeds are equal (v2A1 = v2A2 = v2Ae), with the notation

D =
ρ1 + ρ2

ρ0
, (3.95)

E =
ρ1ρ2
ρ20

, (3.96)

the solutions become

ω2 =
k2

8

1

ET + 2E2Dρ20

{
4Ev2AeT +

D
ρ0

v2A0 + 2Dv2Ae

±
[
D2v4A0 +D2v4Ae − 2Ev4Ae + 8T DEv2A0v

2
Ae + 8T DEv4Ae

+2Dv2A0v
2
Ae + 2

E
ρ0

v4Ae − 8T DEρ0v2A0v
2
Ae − 32DE3ρ20v

4
AeT − 8D2E2v2A0v

2
Ae

]1/2}
.

(3.97)

In the case when the magnetic �eld strength (thus the Alfvén speed) is zero on both
sides of the slab, the solutions simplify further to

ω2 =
k2

8

1

ET + 2E2Dρ20

{
D
ρ0

v2A0 ±Dv2A0

}
. (3.98)

If we allow stronger asymmetry to be present in the incompressible slab system,
even the solutions to the full dispersion relation, Equation 2.31, can be expressed in
a relatively concise form as

ω2 =
k2

2ζ + 4
{v2A0ζ + θ + 2(v2A1 + v2A2)

± [v4A0ζ
2 + θ2 + (4 + 4v2A0 + 4θ)(v2A1 + v2A2)− (2ζθ + 8θ)v2A0]

1/2}, (3.99)

where

ζ =

(
ρ0
ρ1

+
ρ0
ρ2

)(
τ0 +

1

τ0

)
+

2ρ20
ρ1ρ2

, (3.100)

θ =

(
ρ0
ρ1

v2A2 +
ρ0
ρ2

v2A1

)(
τ0 +

1

τ0

)
+

2ρ20
ρ1ρ2

v2A0, (3.101)

τ0 = tanh (kx0). (3.102)

In a magnetic slab embedded in an asymmetric non-magnetic environment, it
was shown that the phase speeds of a surface modes diverge in the wide-slab limit
(Allcock and Erdélyi, 2017). Parametric examinations show that the same is true
for the slab embedded in an asymmetric magnetic environment: the incompressible
modes tend towards distinct phase speeds as kx0 increases. This phase speed limit is
determined by the measure of density asymmetry, R, and the relative magnitudes of
the Alfvén speeds. Figure 3.3 illustrates this e�ect, displaying the eigenmodes in an
incompressible slab system with R = 0.5 (left panel) and R = 1.0 (right panel). The
quasi-sausage (quasi-kink) mode is plotted in blue (red), and no trapped oscillations
are found in the hatched regions. For the left panel c0 ≈ 105, c1 = 100, c2 ≈ 62,
vA0 = 1.0, vA1 = 0.5, vA2 = 0.7, ρ0/ρ1 = 1.1, ρ0/ρ2 = 2.9, while for the right
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Figure 3.4: Slow surface mode solutions of Equation (3.99) in the incompressible
limit, showing the dependence of the common phase speed limit on the density ratio
ρ1/ρ0. Blue indicates the quasi-sausage mode, while red applies to the quasi-kink
mode. Here, c1 = 100.0, vA0 = 1.0, vA1 = 0.5 and vA2 = 0.7 were used, while
c0 and c2 were continuously changing in order to sustain total pressure balance
between the domains. The black line indicates the values of the density ratio and
the dimensionless slab width, for which the phase speeds of the quasi-sausage and
quasi-kink modes perform a close approach and avoided crossing.

.

panel c0 ≈ 105, c1 = 100, c2 ≈ 111, vA0 = 1.0, vA1 = 0.5, vA2 = 0.7, ρ0/ρ1 = 1.1,
ρ0/ρ2 = 0.9 were used.

The di�erence in phase speed behaviour is further examined in Figures 3.4 and
3.5. Figure 3.4 shows the slow surface mode solutions of Equation (3.99) in the
incompressible limit, displaying their dependence on both the slab width, kx0, and
the density ratio, ρ1/ρ0. For this �gure, the characteristic speeds were set as c1 =
100.0, vA0 = 1.0, vA1 = 0.5 and vA2 = 0.7, while c0 and c2 were continuously
changing in order to maintain total pressure balance between all domains. The
black line indicates the values of the density ratio and the dimensionless slab width,
for which the phase speeds of the quasi-sausage (blue) and quasi-kink (red) modes
perform a close approach and avoided crossing. (See this topic further discussed
in Section 2.4.1). Figure 3.5 contains two-dimensional projections of Figure 3.4,
demonstrating the e�ects of varying the slab width, kx0 (panel a), and the density
ratio (R1 = ρ0/ρ1, panel b) on the phase speeds of incompressible eigenmodes of an
asymmetric magnetic slab. Solid (dashed) lines represent quasi-sausage (quasi-kink)
modes, and the di�erent shades of blue and red indicate which pair of solutions exists
for which value of the equilibrium parameters.

We can observe that when the external densities are identical, the smaller the
Alfvén speed di�erence is, the closer the phase speeds of quasi-sausage and quasi-
kink modes approach one another as kx0 → ∞. The magnitude of R, in this case,
serves to determine what this common value is, with a lower R parameter increasing
the gap between the common value and the internal Alfvén speed. Conversely, if the
external Alfvén speeds are identical, then the changes in R drive the phase speeds
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(a) (b)

Figure 3.5: Two-dimensional projections of Figure 3.4 illustrating what the e�ects
of varying the values of the equilibrium (a) slab width, kx0, and (b) density ratio
(R1 = ρ0/ρ1) are on the incompressible eigenmodes of an asymmetric magnetic
slab. Solid (dashed) lines represent quasi-sausage (quasi-kink) modes, and colour
coding indicates which pair of solutions is valid for which value of the equilibrium
parameters.

towards ever closer approaches in the kx0 → ∞ limit. Then the two solutions grow
further apart from one another again as R keeps changing.

This numerical analysis may serve some practical interest. For instance, kink
oscillations in the linear long-wavelength approximation of coronal loop oscillations
show nearly incompressible properties (Wang and Solanki (2004), Carter and Erdélyi
(2007)). If we imagine the loop and its environment as a thin slab, and apply
our �ndings, Figure 3.5 essentially contrasts wave dispersion in a rare�ed medium
to propagation in a dense, fat coronal loop. Another potential application of the
incompressible limit lies in MBPs, which we will further detail in Section 4.6.

3.7 Conclusion

Wave propagation and dispersion in a magnetic slab embedded in plasma atmo-
spheres of various structures (magnetic or free of �eld, uniform or asymmetric) is
a rich and complex problem that has been studied for decades, and yet still o�ers
new solutions and discoveries. In general, the associated dispersion relation for wave
propagation is a transcendental equation, o�ering the description of a rich spectrum
of normal modes.

In this Chapter, we have carried out a detailed analytical investigation of the dis-
persion relation of magneto-acoustic waves propagating in an asymmetric magnetic
slab. With the aim of providing the theoretical background for future applications,
in Section 3.2, 3.3 and 3.3.3, analytical expressions descriptive of wave behaviour
were derived for slabs much thinner or wider than the characteristic length-scale
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set by the wavelength of perturbations. We found that the introduction of external
magnetic asymmetry results in important contributions to the dispersion of both
surface- and body-mode waves, as well as in the appearance of cut-o� frequencies,
beyond which the waves become leaky. This results in the appearance of multiple
bands of body modes, depending on the characteristic speed ordering.

In Sections 3.4-3.5.3, we explored how the ratio of plasma kinetic and magnetic
pressures a�ects supported modes in the asymmetric slab system. Together with
the incompressible limit investigated in Section 3.6, these approximations can serve
as the basis of direct applications to solar physics, which we will explore in Chapter
4. In the current Chapter, we only explored purely high- or low-β systems, where all
three regions of the con�guration are either magnetically or kinetically dominated.
The main di�erence between these two cases is that in a general high-β environment
(which can represent photospheric conditions), a variety of both surface- and body
mode solutions may be observed. In a low-β model (similar to upper chromospheric
or coronal circumstances), only body waves were found to be present.

With these geometric and physical approximations, we have provided a set of
mathematical tools which can be combined and applied to a number of asymmetric
solar and astrophysical waveguides. Before we proceed with these studies, however,
we must note that there are natural boundaries to the applicability of our model and
its limiting cases. Beyond the requirements stemming from the initial assumptions
we made when setting up our model and deriving our dispersion relation (such
as the applicability of the ideal MHD equations), it must be examined on a case-
by-case basis, whether a solar structure can be handled as a slab embedded in
an asymmetric environment, taking into account the extent of local gradients in
plasma and magnetic parameters. Using an asymmetric slab model to describe a
solar structure should only be attempted in practice if the di�erence between the
three regions is relatively big compared to the variation of background parameters
within the three regions (which are essentially averaged out in this description). In
short, the spatial scale of local gradients in the direction of structuring (i.e. the
x-direction) should be comparable to the slab width.
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Chapter 4

Solar Atmospheric Applications of

the Asymmetric Magnetic Slab

Model

Abstract

In this Chapter, we utilise the analytical approximations developed in Chapter 3,
and apply them to various global and local structures of the solar atmosphere. We
provide an overview of wave studies in each feature suggested for the applications
of the slab model, and then we proceed to describe the types of solutions we can
reasonably expect to observe in these solar atmospheric slabs. This Chapter was
based on Section 3 of Zsámberger et al. (2018) and the paper Zsámberger and Erdélyi
(2021), both of which contain the own results of the author of this thesis.

4.1 Chapter Introduction

In Chapter 3, we provided approximate solutions to the dispersion relation of the
asymmetric magnetic slab system in various limiting cases of slab width and plasma-
β values. The scope of applicability widens further if we combine these approaches
and consider for example the thin or wide slab limits of various mixed plasma-β sys-
tems. In the current Chapter, we apply these approximations and also �nd numer-
ical solutions for various slab models tailored to be analogues of solar atmospheric
structures. We give a brief overview of wave detections in each of the structures
suggested for application, and then we elaborate on what types of oscillations might
be detected in them if they are considered as asymmetric magnetic slab systems.

The solar applications of our model can be divided into two main categories: the
global strati�cation of the solar atmosphere, and local structures. The �rst global
application we put forward involves the triad of the photosphere, the interface region,
and the solar corona (Section 4.2). This model can be re�ned by focusing on the
chromosphere - transition region - corona system, as we do in Section 4.2.1.

In the rest of the Chapter, we move on to local applications. The �rst one of
these is the region of coronal hole boundaries and coronal plumes (Section 4.3). A
further coronal application we present is that of prominences and their environment
(Section 4.4). Then we shift our focus to the lower solar atmosphere, and proceed
to study possible asymmetric waves in light bridges and light walls within sunspots
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(Section 4.5). Finally, we investigate magnetic bright points of the solar photosphere
�rst as incompressible, and then as compressible asymmetric waveguides in Section
4.6, before we discuss our main �ndings and expectations in Section 4.7.

4.2 From the photosphere to the corona with a global view
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Figure 4.1: The layers of the solar atmosphere modelled as an asymmetric slab
con�guration. The illustration on the left puts this suggested application in the
context of the magnetic �elds and network elements of the solar atmosphere, and
the dashed red box is used to highlight where exactly the slab is placed in this model.
For the sake of clarity, we included the same numbering of the regions that is used in
the simpli�ed slab model on the right-hand side: the number and index 1 denotes the
photosphere, 0 shows the interface region, while 2 indicates the corona. Compared
to the original model, the coordinate system was rotated by 90◦, therefore, now, the
black arrows on the right illustrate the horizontal magnetic �elds, B0ẑ, B1ẑ and B2ẑ.
As before, the dashed black lines denote the boundaries of the slab. The illustration
on the left was prepared using Figure 5 of Bushby (2008).

When it comes to the global applications to the solar atmosphere that we suggest,
we �rst have to consider two potentially important limitations in our model, namely,
the absence of curvature and of gravitational e�ects. If the gravitational scale height
and the radius of curvature are both much larger than the investigated characteristic
length scales, only then can we (as a �rst approximation) ignore the e�ects of gravity
and the spherical nature of the solar atmosphere, which are both necessary for our
Cartesian slab model. With these constraints in place, we can construct a model
for a slice of the solar atmosphere from a series of horizontal segments separated
by plane-parallel layers. Accordingly, we also rotate the coordinate system of our
slab model, to re�ect the fact that structuring is now present in the vertical (radial)
direction.

The �rst possibility for a global application of the slab model is the three-region
system of the photosphere, the interface region, and the corona. Here, we de�ne the
interface region as the magnetic slab, made up of the chromosphere and the narrow
transition region. The slab is enclosed in an asymmetric magnetic environment:
by the photosphere below and the corona above, as visualised in Figure 4.1. The
right-hand-side panel of this Figure provides a simpli�ed sketch of the (rotated)
slab model, while the left-hand-side panel places our proposed slab model in the
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context of the magnetic �elds and network elements of the solar atmosphere. The
dashed red box is highlights where the slab is placed in this application. For the
sake of clarity, we used the same numbering of the three regions in both the left
and right panels of the �gure: the number and index 1 denotes the photosphere,
0 indicates the interface region, while 2 shows the corona. As mentioned above,
compared to our previous depictions of the asymmetric slab model, the coordinate
system was rotated by 90◦, therefore, now, the black arrows on the right illustrate
the horizontal magnetic �elds, B0ẑ, B1ẑ and B2ẑ; while the dashed black lines are
the horizontal boundaries between the photosphere and the interface region, and the
interface region and the corona, respectively. The panel on the left was originally
prepared using Figure 5 of Bushby (2008), and the whole Figure was included in
Zsámberger and Erdélyi (2021).

As we mentioned in our Introduction, the thin layer of dense plasma that makes
up the photosphere is the lowest layer of the solar atmosphere. Above this layer,
the chromosphere is composed of a rarer and optically more transparent plasma.
The outermost layer of the solar atmosphere is the corona, which is rarer still and
reaches temperatures of millions of degrees. This is about three orders of magnitude
higher than the visible surface of our star, as we discussed in Chapter 1, together
with the coronal heating problem.

The ubiquitous magnetic �elds permeating the solar plasma are both one of the
most likely candidates to supply the energy required for maintaining the extremely
hot coronal temperatures, and, at the same time, they turn the entire atmosphere
into a highly complex, coupled system. The large, concentrated magnetic �elds
weaving through the layers of the solar atmosphere can serve as excellent waveguides
for local and global oscillations (e.g. Erdélyi, 2006a; Wedemeyer-Böhm et al., 2012).

The largest source of wave energy is the sub-photospheric convection, which can
also excite MHD waves. Largely incompressible (transversal kink and Alfvén) waves
can travel up from these areas and manifest as oscillations in the chromospheric
�ne structure (Morton et al., 2012). Consequently, several kinds of waves have been
observed in chromospheric �ux tubes, such as torsional Alfvén, fast sausage and
kink modes (Jess et al., 2009). Observations of spicules led to identifying MHD
waves with su�cient energy to drive the solar wind (De Pontieu et al. (2004); De
Pontieu et al. (2005); Zaqarashvili and Erdélyi (2009); McIntosh et al. (2011); Komm
et al. (2015)). Since the start of the SOHO and TRACE missions, a rich selection
of coronal waves and oscillations have been documented and studied, for example
global Moreton waves, propagating and standing waves in loops, and compressible
waves in plumes and coronal loops alike (see e.g. Nakariakov and Verwichte (2005);
Banerjee et al. (2007); De Pontieu et al. (2007b); Erdélyi and Fedun (2007); Jess
et al. (2009); Taroyan and Erdélyi (2009); McIntosh et al. (2011); Morton et al.
(2012); Morton et al. (2013)).

This speci�c application to the main layers of the solar atmosphere can be viewed
as a simple, broad-strokes representation of strati�cation presen due to gravity. With
how rich these atmospheric layers are in wave phenomena, and how prominent the
di�erences between their thermodynamic and magnetic parameters can be, we can
reasonably expect to see detections of asymmetrically distributed wave power in
their waveguides, providing the motivation for proceeding with the application of
our asymmetric slab model. Before we discuss the wave modes we might expect to
see, let us brie�y return to the constraints of the model.
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As we have stated, for a waveguide system constructed out of plane-parallel
layers to be applicable, the curvature over the segment of the solar atmosphere we
include in the model should be small. A simple estimation of the limits posed by
this requirement can be made if we suppose that e.g. 1-10◦ of curvature is allowed
and negligible. Then, considering the solar radius, the length of the slab in the
z-direction can up to ∆z ≈ [700− 7000]Mm. The cross-section of the slab (that is,
the slab width in the x-direction), ∆x will be the height range encompassed by the
chromosphere (some 2000 km) and the transition region (a few hundred kilometres
(Priest (2014), p. 31), so in total we can have a slab with width approximately
in the range of ∆x = [2.1 − 2.5] Mm. For the slab to be reasonably considered
in�nite in the z-direction (or at least very large compared to the wavelength of the
observable waves), like we have done when setting up our model, we require that
the typical wavelength of oscillations we want to observe should not be larger than
a tenth of the horizontal extent (∆z) of the solar atmospheric segment considered.
This means that λmax = [70− 700]Mm. The corresponding minimum wavenumbers
should then be in the range kmin ∈ [(2π)/700, (2π)/70] 1/Mm. With these acceptable
range of values, the dimensionless slab width is at least kminx0 = kmin(0.5∆x) ∈
[0.0094, 0.1122]. This entire range of kx0 values is much smaller than one, therefore,
in this approximation, the photosphere-interface region-corona system corresponds
to a very thin asymmetric magnetic slab. Analytical and numerical results obtained
for wide slabs could be realistic only if we restrict our investigation to even smaller
acceptable curvatures, that is, a segment of the solar atmosphere one or a few orders
of magnitude smaller than we have allowed in this estimation so far.

We also have to consider the typical plasma-β values of the layers of the solar
atmosphere in question, before we move on to analytical and numerical solutions.
The photosphere is generally characterised by high plasma-β values, while the corona
is a low-β environment. In-between them, the slab (the interface region) can be
assigned a value of β ≤ 1. This last assumption requires us to examine the case
when the plasma-β is close to unity in the slab.

For simplicity, in this step, one can choose to transform the dispersion relation to
only contain either Alfvén or sound speeds. Here, the choice was made to express the
sound speeds of each domain in terms of the corresponding Alfvén speed and plasma-
β parameter. Then, these expressions for the shound speeds are substituted into
the decoupled dispersion relation. For a con�guration with β = 1 all throughout,
the equations take a simpler form and the full dispersion relation (Equation 2.31)
reduces to
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for surface waves, and
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for body modes, where we used the notation

T0 = tan (n0x0),

n∗2
0 =

(
2ω2 − k2γv2A0

)(
k2v2A0 − ω2

) (
k2γv2A0 − γω2 − 2ω2

) ,
m∗2

j =
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)
(
k2v2Aj − ω2

)(
k2γv2Aj − γω2 − 2ω2

) for j = 0, 1, 2. (4.3)

Using the same notation, the decoupled dispersion relation (Equation 2.39) becomes
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for surface modes, and
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for body waves.
We can now combine this additional calculation with the results from low- and

high-β approximations detailed in Chapter 3. The photosphere � interface region �
corona system can be constructed as a mixed-β asymmetric magnetic slab model,
in which the wavenumber coe�cient for the inside of the slab is

n2
0 = −m2

0 =
(k2γv2A0 − 2ω2)(ω2 − k2v2A0)

v2A0(k
2γv2A0 − γω2 − 2ω2)

. (4.6)

Substituting this into the dispersion relation (2.39), and (for clarity and ease of cal-
culations) using the results from the zero- and in�nite-β approximations, we obtain
the following relation describing the dispersion of surface waves in the atmospheric
segment considered:

− 2
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Similarly, the dispersion of body modes in this slab system is governed by the equa-
tion

− 2
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{n0x0}. (4.8)

In addition to the simple analytical approximations we provided, Figure 4.2
displays exact numerical solutions to the full dispersion relation, which were found by
choosing values for the characteristic speeds descriptive of the plasma and magnetic
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Figure 4.2: The phase speed of magnetoacoustic waves as a function of kx0 in
the photosphere-interface region-corona system. Blue (red) lines denote sausage
(kink) modes. The diagram was produced by setting c0 = 1.044vA0, c1 = 0.783vA0,
c2 = 13.1vA0, vA1 = 0.267vA0, vA2 = 130.6vA0 for the characteristic velocities in
the three domains. The density ratios between the three regions were set to be
ρ1/ρ0 = 2.1503 and ρ2/ρ0 = 0.0001. The black circle (diamond) denotes a trapped
(leaky) solution, for which the transverse velocity perturbation throughout the slab
system is displayed on the left (right) side of Figure 4.3.

�eld parameters in the photosphere � interface region � corona system based on the
available literature (Hurlburt et al. (2002); Solanki et al. (2006); De Pontieu et al.
(2007a); Sobotka et al. (2013); Nisticò et al. (2017)), and determining the density
ratios so that total pressure balance is maintained. The photospheric parameters
we chose were vA1 = 2.05 km/s, c1 = 6 km/s, the interface region was characterised
by a low average value of vA0 = 7.66 km/s and c0 = 8 km/s, while the corona was
described by vA2 = 1000 km/s and c2 = 100 km/s. This �xed the density ratios
as ρ1/ρ0 = 2.1503 and ρ2/ρ0 = 0.0001. Figure 4.2 displays these speeds as well as
the phase speeds normalised by the internal Alfvén speed, leading to c0 = 1.044vA0,
c1 = 0.783vA0, c2 = 13.1vA0, vA1 = 0.267vA0, vA2 = 130.6vA0. Blue (red) lines denote
quasi-sausage (quasi-kink) modes. The black circle (diamond) indicates a trapped
(leaky) solution, for which the transverse velocity perturbation throughout the slab
system is displayed on the left (right) side of Figure 4.3.

In the diagram of Figure 4.2, we can identify a slow surface sausage mode, which
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exists if ω2 < min (k2v2A0, (γ/2)k
2v2A0, (γ/(γ + 2))k2v2A0, k

2c21, k
2v2A2). Additionally,

slow body waves can be found in this slab, too, propagating with angular frequencies
k2(γ/(γ + 2))v2A0 < ω2 < min (k2v2A0, (γ/2)k

2v2A0, k
2c21, k

2v2A2). At frequencies higher
than this upper limit, the waves become leaky due to the asymmetry, and we do not
show them in our diagram.

This particular case shows that in an asymmetric system, waves can become leaky
towards one of the environmental regions, while they could still remain trapped with
respect to the other, if the characteristic speeds are ordered appropriately. For ex-
ample, the solution marked by the black circle in Figure 4.2 is a trapped oscillation
with respect to both boundaries. For illustration, we also show the distribution of
its transverse velocity perturbation in the left-hand-side of Figure 4.3. However,
the solution indicated by the black diamond symbol in Figure 4.2 is already in the
regime of leaky oscillations. Its transverse velocity perturbation across the slab is
shown in the right-hand-side panel of Figure 4.3. This plot clearly shows that leak-
age happens only towards �region 1� (of constant density ρ1), which corresponds to
the photosphere in our rotated slab system. This would suggest that energy trans-
port happens downwards from the interface region via one-sided leaky oscillations.
Before overinterpreting this result, we should remember that we have modelled the
photosphere as a layer of constant density, while a more realistic approach would
have been to take the internal strati�cation of the photospheric plasma into consid-
eration. The entire depth of the photosphere should only be viewed as a region of
uniform density that extends to in�nity, if all substantial changes in the amplitudes
of the displacement and velocity eigenfunctions occur within the narrow slice of it
that can actually be considered uniform, that is, over a distance that is shorter than
the local gravitational scale-height. This is not the case in our example. In the
right-hand-side panel of Figure 4.3, the transverse velocity perturbation amplitude
drops o� over a distance considerably longer than the width of the slab, which we
have estimated earlier as ∆x ∈ [2.1, 2.5]Mm. This means that even one slab width
would represent a vertical distance longer than the photospheric gravitational scale
height. Therefore, in reality, the internal density strati�cation of the photosphere
would alter the velocity and displacement perturbation amplitudes, which would, in
turn, lead to the oscillations being once again evanescent far away from the lower
interface.

This case serves as a reminder that before we accept all the results derived from
the simple �rst approximation of handling the solar atmospheric layers as an asym-
metric Cartesian magnetic slab system, the ful�lment of all modelling conditions,
including the transverse spatial distribution of the eigenfunctions, should be ex-
amined on a case-by-case basis, taking into account the slab heights and widths,
densities and characteristic speeds we have allowed and used.

4.2.1 The transition region

While we still consider global slab-like structures, it is possible to go into �ner detail
of the overall atmospheric structure and include the transition region as a separate
layer, serving as the �magnetic slab� this time. In practice, the transition region
is a highly dynamic irregular volume encompassing all the plasma that has tran-
sition region temperatures at any given moment, thus consisting of spicular jets,
explosive events, or thin layers near the base of coronal loops. The width of the
transition region is estimated between a few hundred to a few thousand kilome-
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Figure 4.3: The amplitude of the transverse velocity perturbation of a trapped
and a leaky solution in the photosphere - interface region - corona system. The
wavenumber and phase speed values representing the trapped (leaky) solution are
denoted with a black circle (diamond) symbol in Figure 4.2.

tres, and its base may be located at various heights depending on the underlying
structures (Mariska, 1986; Priest, 2014). Observations and simulations have found
that upward-propagating magneto-acoustic waves can be guided through the tran-
sition region plasma and contribute to the energy requirement of coronal heating
(Banerjee et al. (2007); Scullion et al. (2010); McIntosh et al. (2011); Priest (2014);
Arregui (2015)). Strong, optically thin extreme ultraviolet (EUV) emission gener-
ated at higher transition region temperatures might function as an indicator of such
up- or downwards-propagating perturbations at the footpoints of coronal loops (De
Pontieu and Erdélyi, 2006).

Figure 4.4 illustrates our new slab system. Similarly to Figure 4.1, the left-hand
side of Figure �g:pcc provides the location of the slab in the context of the magnetic
�elds and network elements of the atmosphere, with the dashed red box delineating
the volume we consider in our model. The right-hand-side Figure �g:pcc displays
a simpli�ed sketch of the asymmetric magnetic slab model used here, which has
also been rotated by 90◦, like in the photospheric case. The layers numbers adn
indices in this application have the following interpretation: index 1 identi�es the
chromosphere, 0, the transition region, and 2 denotes the corona. The illustration
on the left was prepared using Figure 5 of Hansteen and Carlsson (2009) and the
whole �gure has been incorporated from Zsámberger and Erdélyi (2021).

As we consider slightly di�erent layers of the atmosphere than in the previous
Section, we have to establish the limits of the applicability of our model anew. As
before, keeping the curvature negligible means that the horizontal extent of the slab
system must be no greater than ∆z ∈ [700, 7000]Mm. Now, however, the cross-
section of the slab, ∆x, corresponds to the width of the transition region itself,
making it much smaller than in the previous application: ∆x = [0.1− 0.5] Mm. We
keep the condition that the length of the slab in the direction of the magnetic �eld
lines should be at least ten times as large as the wavelengths of the waves we would
expect to study, which means that λmax = [70−700]Mm. Accordingly, the minimum
wavenumbers required are between kmin ∈ [(2π)/700, (2π)/70] 1/Mm. Overall, the
dimensionless slab width in the case of the transition region application has to be at
least kminx0 = kmin(0.5∆x) = π/7 ∈ [0.001, 0.05]. These minimum values are tiny
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Figure 4.4: The upper layers of the solar atmosphere modelled as an asymmetric
slab con�guration. Like in Figure 4.1, the image on the left places this suggested
application in the context of the magnetic �elds and network elements of the atmo-
sphere, and the dashed red box is used to indicate the position of the slab, illustrated
in detail on the right. The di�erent layers have the same numbering on both sides:
index 1 identi�es the chromosphere, 0 stands for the transition region, and 2 denotes
the corona. Compared to the original mathematical model, the coordinate system
is now rotated by 90◦, therefore the black arrows illustrate the horizontal magnetic
�elds, B0ẑ, B1ẑ and B2ẑ; the dashed black lines outline the boundaries of the slab.
The illustration on the left was prepared using Figure 5 of Hansteen and Carlsson
(2009).

even compared to the ones in the photosphere - interface region - corona system.
Consequently, the chromosphere - transition region - corona system corresponds to
very thin slabs, too. The �ndings for wide slabs become applicable if the typical
wavelengths are a few orders of magnitude smaller than those de�ned here as λmax.

Our new slab system therefore consist of the magnetic slab of the transition
region, which is considered as a low-β region. The slab is bounded on one side by
the chromosphere, where the plasma-β is taken to be approximately unity. The
second region of the asymmetric environment is the corona, which is �lled with
low-β magnetised plasma, just like the slab itself. Using our results for low and
intermediate plasma-β values from Sections 3.4 and 4.2, the dispersion relation for
the transition region slab system becomes

−
√

k2v2A0 − ω2vA0ρ0

[ √
k2γv2A1 − 2ω2√

k2γv2A1 − (γ + 2)ω2
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+
1√
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]
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(
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)
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for surface waves, and

−
√

k2v2A0 − ω2vA0ρ0

[ √
k2γv2A1 − 2ω2√

k2γv2A1 − (γ + 2)ω2
√

k2v2A1 − ω2vA1ρ1

+
1√

k2v2A2 − ω2vA2ρ2

]
= 2

(
tan

− cot

)
{n0x0} (4.10)
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for body waves. Here,

n2
0 = −m2

0 =
(k2β0γv

2
A0 − 2ω2)(ω2 − k2v2A0)

(k2β0γv4A0 − β0γv2A0ω
2 − 2v2A0ω

2)
. (4.11)

(4.12)

Figure 4.5: The phase speed of magnetoacoustic waves as a function of kx0 in a the
chromosphere - transition region - corona system. The diagram was produced by
setting c0 = 0.5vA0, c1 = 0.475vA0, c2 = 1.15vA0, vA1 = 0.52vA0, vA2 = 12.5vA0 for
the characteristic speeds in the three domains, and density ratios of ρ1/ρ0 = 2.402291
and ρ2/ρ0 = 0.008236.

Numerical solutions for the modes supported by the transition region slab system
are shown in Figure 4.5. Based on the estimates available in the literature (Hurlburt
et al. (2002); Solanki et al. (2006); De Pontieu et al. (2007a); Jiang et al. (2011);
Sobotka et al. (2013); Kleint et al. (2014); Nisticò et al. (2017)), we set the charac-
teristic speeds in the chromosphere to c1 = 37.2 km/s and vA1 = 41.6 km/s, in the
transition region to c0 = 40 km/s and vA0 = 80 km/s, and in the corona to c2 = 92
km/s and vA2 = 1000 km/s, with ρ1/ρ0 = 2.402291 and ρ2/ρ0 = 0.008236 to ensure
pressure balance. Again, in the �gure itself, the phase speeds and characteristic
speeds are normalised by the internal Alfvén speed, so c0 = 0.5vA0, c1 = 0.475vA0,
c2 = 1.15vA0, vA1 = 0.52vA0, vA2 = 12.5vA0. With such strongly asymmetric char-
acteristic speeds in the three regions, only a thin band of body mode solutions was
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found. The phase speed of these modes is slower than the internal (transition re-
gion) sound speed, c0, but faster than the chromospheric sound speed, c1, and it
approaches approaches the internal sound speed in the wide-slab limit.

4.3 Coronal hole boundaries

In this Section, we move away from global applications towards more localised fea-
tures in the solar atmosphere. The �rst such application of the asymmetric slab
model we put forward is that of the environment of coronal plumes. They are one
of the most notable structures in the higher atmosphere at times of low solar activ-
ity. These cool, dense features appear as bright, predominantly radial rays (hence
their alternate name of coronal rays) observable in visible and extreme ultraviolet
(EUV) light. Their linear shape follows the magnetic �eld lines present, and they
can remain quiescent for days, making them a suitable candidate for setting up an
equilibrium background area for a slab model. Plumes arise from network �ux con-
centrations, and their contrast reduces with distance from the Sun (DeForest and
Gurman, 1998; Ofman et al., 2000).

Theory, observations and simulations all show that plumes can serve as e�ec-
tive solar atmospheric waveguides. Slow, compressible magneto-acoustic waves have
been observed in polar plumes in the EUV range by SOHO's EIT (Extreme ul-
traviolet Imaging Telescope) instrument. They have been captured well in two-
dimensional simulations, and described with models of varying complexity. Even
with one-dimensional linear models, it was possible to establish the growing ampli-
tude of perturbations while moving away from the solar surface. EUV brightening
events similar to polar plumes, as well as perturbations originating from them have
also been observed on the solar disk (at the footpoints of long, weak, quasi-open
loops) (Berghmans and Clette, 1999; Ofman et al., 1999). Indirect evidence of the
presence of fast magneto-acoustic and Alfvén waves in plumes has been found, and
(cylindrical) models have been developed for each of these oscillations. More re-
cently, transverse MHD waves with multiple, superimposed oscillations of various
periods and amplitudes have been found in plumes, likely originating from the lower
solar atmosphere. Observing high-amplitude, compressive waves propagating out-
wards in these structures is important, as they may provide a contribution to the
necessary heating in the coronal hole region (Newkirk and Harvey (1968); DeForest
and Gurman (1998); Berghmans and Clette (1999); Ofman et al. (1999); Ofman
et al. (2000); Nakariakov (2006); Thurgood et al. (2014)).

The simple geometry and long-lasting nature of plumes makes them ideal features
for theoretical MHD studies (Nakariakov, 2006). If we now apply our asymmetric
Cartesian model, the slab will be de�ned as an interplume region, and the asym-
metric environment is comprised of a plume on one side of the slab, and a quiet
Sun region on the other. Figure 4.6 depicts the environment of coronal plumes as
an asymmetric slab system, in the corona (left) and as a sketch (on the right). The
two panels follow identical numbering and indexing conventions, with 1 denoting a
coronal hole region, 0 the coronal hole boundary / interplume region, and 2 the quiet
Sun. The illustration on the left was prepared using Figure 1 of Poletto (2015), and
the whole Figure has been adapted from Zsámberger and Erdélyi (2021).

The extent of polar plumes as coherent structures is not very clear (see e.g. in
Poletto (2015)), but based on the requirement of a constant density we can estimate
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Figure 4.6: Polar plumes modelled as an asymmetric slab con�guration. On the left,
the red lines show the boundaries of the slab in the context of the solar atmosphere.
The numbering of the three regions is identical on the left- and right-hand-side
images, with 1 denoting a coronal hole region, 0 the coronal hole boundary region,
and 2 the quiet Sun. On the right, as before, the dark red arrows illustrate the
vertical magnetic �elds, B0ẑ, B1ẑ and B2ẑ; and the dashed black lines denote the
boundaries of the slab. The illustration on the left was prepared using Figure 1 of
Poletto (2015).

their height as at least ∆z = 70 Mm. In simulations, the width of plumes at
the base of the corona was found to be ∆x ∈ [20 − 28]Mm (Raoua� et al., 2007).
To allow any waves to be studied to complete at least ten full oscillations along
the slab of length ∆z = 70 Mm, we �nd that the maximum allowable wavelength
is λmax = 7 Mm. The minimum wavenumber calculated from this condition is
kmin = (2π)/7 1/Mm. These estimation lead us to dimensionless slab widths of at
least kminx0 = kmin(0.5∆x) = 4π/7 ∈ [5, 7], which are all signi�cantly larger than
one, and therefore correspond to wide slabs. Results obtained for thin slabs below
should then only be accepted if the plume / boundary layer is shown to be much
narrower or if it stays a coherent structure much further out in the solar atmosphere
in the z-direction, allowing for larger maximal wavelengths to be included.

When it comes to the plasma and magnetic parameters in the model, we take
plumes to be regions �lled with low-β plasma. Since the plasma-β in the corona is
generally low as well, all three regions in our model, including the inter-plume and
the quiet sun area, will be characterised by low plasma-β values. Therefore, in the
analytically convenient limit of the zero-β approximation, the dispersion relation
becomes
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for surface waves, and
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Since we considered a uniformly zero-β system, in the plume-interplume region-
quiet Sun con�guration, only body modes can exist. This is also con�rmed by
numerical results shown in Figure 4.7. We chose the characteristic speeds as c0 =
152 km/s, c1 = 144 km/s, c2 = 496 km/s, vA0 = 800.0 km/s, vA1 = 1280 km/s,
vA2 = 1040 km/s and density ratios of ρ1/ρ0 = 0.407429 and ρ2/ρ0 = 0.513077.
Normalised with the internal Alfvén speed, the values depicted are c0 = 0.19vA0,
c1 = 0.18vA0, c2 = 0.62vA0, vA1 = 1.6vA0, vA2 = 1.3vA0. With these de�ning
parameters, we �nd a band of slow body modes with phase speeds approaching cT0

in a thin slab and c0 in a wide slab. Fast body modes also exist, and their phase
speed tends to vA0 if the coronal hole boundary region is wide compared to the
wavelength of the perturbations. In thinner slabs, they approach the lower external
Alfvén speed, vA2, beyond which they become leaky.

4.4 Prominences

Another localised coronal application of the asymmetric magnetic slab model can be
found in prominences. These elongated features can be found both in- and outside
active regions on the solar limb (they are called �laments when seen on-disc). They
are essentially cooler, denser clouds of plasma in a hotter, rarer coronal environment.
They are found in a mainly horizontal magnetic �eld above polarity-inversion lines,
and they hang suspended tens of thousands of kilometres above the photosphere.
They show a �ne structure out of numerous horizontal threads outlining the magnetic
structures in which they reside.

Prominence oscillations are a well-studied problem. Both cylindrical and slab
models have been constructed to interpret them, and much like in observational
studies, it was found that prominences can support a wide variety of waves with a
range of di�erent periods (from about 30 s to 6 h) and amplitudes. Short period
oscillations may owe their existence to photospheric or chromospheric oscillations
transmitted by upwards-propagating kink or Alfvén waves. Large-amplitude velocity
oscillations (> 20 km/s) have been found in transverse and longitudinal directions,
which ultimately stem from excitation by �ares. Vertically polarised oscillatory
motions have been documented in prominences and subsequently been interpreted as
transverse waves on the horizontal magnetic �eld lines (Joarder and Roberts (1992a);
Joarder and Roberts (1992b); Joarder and Roberts (1993); Banerjee et al. (2007);
Erdélyi and Fedun (2007); Arregui and Ballester (2011); Wang (2011); Arregui et al.
(2012)).
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Figure 4.7: The phase speed (ω/k) of magnetoacoustic waves that occur in a low-
beta situation. Blue lines show sausage modes, while red lines indicate kink modes.
The �gure illustrates the case when c0 = 0.19vA0, c1 = 0.18vA0, c2 = 0.62vA0,
vA1 = 1.6vA0, vA2 = 1.3vA0 are the characteristic speeds in the three domains, and
the ratios of the external densities to the internal one are ρ1/ρ0 = 0.407429 and
ρ2/ρ0 = 0.513077.

Figure 4.8 illustrates how the asymmetric slab model may be applied to promi-
nences in the solar corona. The picture on the left shows the orientation and po-
sition of the slab in the solar atmosphere using an SDO 304 Å observation from
July 20, 2013. The dashed yellow box indicates the volume we suggest for modelling
the prominence system, and the dotted yellow lines delimit the slab (prominence)
boundaries. In both the left- and right-hand-side images, the index 1 denotes the
coronal region beneath the prominence, 2 the one above the prominence, while 0 cor-
responds to the prominence itself. On the right, once again, the coordinate system
was rotated by 90◦, as it was in the photospheric and transition region cases.

The prominence viewed as a magnetic slab will have a length of ∆z ∈ [60, 600]
Mm along the magnetic �eld lines, and a width of ∆x ∈ [3 − 10] Mm across (see
Priest (2014) p. 79). Allowing a su�cient number of full oscillations for the guided
waves in the prominence system, we determine the maximum acceptable wavelength
as λmax ∈ [6, 60] Mm, and the minimum wavenumber as kminπ/3 ∈ [0.1, 1] 1/Mm.
These wavenumbers and physical sizes yield dimensionless slab widths of at least
kminx0 = kmin(0.5∆x) ∈ [0.157, 5.236], which means that the results might be ap-
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Figure 4.8: Strati�cation around a solar prominence viewed as an asymmetric slab
con�guration. The picture on the left shows the orientation and position of the slab
in the context of the solar atmosphere using an SDO 304 Å observation from July
20, 2013. The dashed yellow box shows the region of space suggested for modelling,
and the dotted yellow lines delimit the slab boundaries. In both the left- and right-
hand-side images, the index 1 denotes the coronal region beneath the prominence,
2 the one above the prominence, while 0 stand for the volume of the prominence
itself. On the right, once again, the coordinate system was rotated by 90◦, therefore
now the dark red arrows illustrate the horizontal magnetic �elds, B0ẑ, B1ẑ and B2ẑ;
while the dashed black lines still denote the boundaries of the slab.

plicable in both thin and wide slabs depending on the actual dimensions of the
prominence within the ranges given by the literature. Based on this, a horizon-
tally very long (large ∆z and therefore large allowed λ), but vertically not very tall
(small ∆x) prominence can be considered as a thin slab. In the opposite case, a
horizontally short but vertically tall prominence will qualify as a wide slab.

When applying the asymmetric magnetic slab model to the prominence and its
environment, the prominence acts as a slab of relatively cold plasma, which is much
denser and is permeated by a stronger magnetic �eld than either coronal region
in its environment. The region below the prominence is �lled with a rare�ed but
warmer plasma woven through by a weaker magnetic �eld than the prominence
itself. Finally, above the prominence, the environment is �lled with plasma that
is much less dense, but much hotter than the prominence, permeated by a much
weaker magnetic �eld. In this situation, the prominence can be handled as a low-β
slab placed in low-β coronal plasma, in which case the dispersion relation takes the
same form as in the previous Section (at the discussion of plumes).

Numerical solutions of the dispersion relation for a prominence and its environ-
ment modelled as an asymmetric slab system are plotted in Figure 4.9. Here, we
consider the prominence slab to be �lled with material similar to the chromospheric
plasma, and we note that a low plasma-β is necessary for its stability (Hillier and
van Ballegooijen, 2013). We chose the following characteristic speeds for our anal-
ysis: c0 = 8 km/s, c1 = 239.3 km/s, c2 = 195.6 km/s, vA0 = 87.6 km/s, vA1 = 957
km/s, vA2 = 958 km/s (or, normalised with the internal Alfvén speed, c0 = 0.09vA0,
c1 = 2.73vA0, c2 = 2.23vA0, vA1 = 10.92vA0, vA2 = 10.94vA0), with density ratios
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being ρ1/ρ0 = 0.007872 and ρ2/ρ0 = 0.008043. The plasma-β is very low in this slab
system, which has the consequence that only body mode solutions are found. Their
phase speeds tend to vA1, the lower of the two external Alfvén speeds, in a thin
slab, above which speed they become leaky. If the slab is wide, their phase speed
approaches the internal Alfvén speed of the prominence slab. In-between these two
limiting values, the body waves are located in three bands of trapped oscillations:
vA0 < vph < cT2, cT2 < vph < c2, and cT1 < vph < c1; while in the phase speed bands
of cT2 < vph < c2, and cT1 < vph < c1, they would be leaky modes.

Figure 4.9: Phase speeds of magnetoacoustic waves in a prominence examined as
a low-beta slab. In the examined con�guration c0 = 0.09vA0, c1 = 2.73vA0, c2 =
2.23vA0, vA1 = 10.92vA0, vA2 = 10.94vA0, ρ1/ρ0 = 0.007872 and ρ2/ρ0 = 0.008043 .
The phase speed range between vA0 and c2 contains multiple bans of leaky modes,
where solutions are not plotted, and therefore the �rst fast body mode solution
appearing in this �gure appears as a line broken into three parts.

4.5 Light bridges

We propose two further applications for the asymmetric magnetic slab system, with
both of them being structure occurring in the lower solar atmosphere. The �rst
such application can be found in light bridges inside sunspot umbrae, which are
themselves known to be important MHD waveguides.
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Sunspots are relatively cool and dark areas on the solar surface, which appear
due to a concentration of magnetic �ux that is able to suppress convection. They are
comprised of two main parts: the warmer and less dim penumbra (6000 K) surrounds
the �coldest� central region called the umbra (4500 K). Not only the temperature,
but also the ambient magnetic �eld of these two areas is fundamentally di�erent.
in the umbra, the �eld lines run vertically (radially) for the most part, while in the
penumbra, the �led lines are highly inclined (Borrero and Ichimoto, 2011).

Both short- and long-period oscillations have been detected in sunspots. The
long-period oscillations appear on timescales of tens of minutes to hours or days, and
they are particularly di�cult to observe, requiring good observing conditions that
remain stable for a long while (Khomenko and Collados, 2015). Among the short-
period waves, 3- and 5-minute oscillations are of particular signi�cance. 5-minute
oscillations are present in the sunspot umbra, with their amplitudes slightly reduced
compared to the quiet-Sun photosphere. The chromosphere above the umbra is dom-
inated by 3-minute oscillations, which is either due to re�ection or the presence of a
chromospheric resonance cavity that traps slow magneto-acoustic waves. Contrary
to previous expectations these waves are capable of reaching even the corona. In
addition to the umbral oscillations, running penumbral waves propagating upwards
along the inclined �eld lines have also been observed (Priest (2014); Banerjee et al.
(2007); Khomenko and Collados (2015)).

Thanks to high-resolution observations, we now know that sunspots have a com-
plex a �ne structure related to convective motions. This �ne structure includes e.g.
penumbral �laments, umbral dots, and light bridges. The latter appear as elongated
bright areas or bands embedded in the umbra, and often they can fully split the um-
bra into two separate cores. The magnetic �eld in light bridges is weaker than in
the rest of the umbra, and the �eld lines are more inclined with respect to the local
normal. Interestingly, the magnetic �eld strength above light bridges increases with
height, while the inclination of the �eld lines decreases. In the chromosphere, the
light bridges can show up as brightly as the magnetic plage surrounding a sunspot
(Borrero and Ichimoto, 2011; Sobotka et al., 2013).

Light bridges themselves are slowly evolving phenomena, covering a range of
various widths throughout their existence. Their cross-section may be anywhere
between sub-arcsecond and several arcseconds, with their brightnesses distributed
between photospheric intensity and the brightness of umbral dots. Light bridges
may show a granular, �lamentary, or mixed structure, which is determined by the
inclination of the local magnetic �eld. Additionally, some light bridges show an
elongated dark lane in their centre (Sobotka et al., 2013). Light bridges are usually
formed in young or in decaying sunspots or pores, where they form a region of
partially restored convection between two umbral cores. However, the formation of
light bridges does not always lead to a permanent division of the sunspot: especially
narrower light bridges may disappear within a few days (Vazquez (1973); Sobotka
et al. (2013); Yuan and Walsh (2016)).

In the lower layers of light bridges, atmospheric conditionsare qualitatively sim-
ilar to the interior of quiet-Sun or plage granules. Granular light bridges are char-
acterised by very weak magnetic �elds, while narrower light bridges may contain as
strong as hecto-Gauss �elds (Lagg et al., 2014). Simulations show the presence of
up�ows in the central parts of light bridges, and down�ows at their lateral edges.
They can create a favourable environment for magnetic reconnection, which can

82



CHAPTER 4. SOLAR ATMOSPHERIC APPLICATIONS OF THE
ASYMMETRIC MAGNETIC SLAB MODEL

then give rise to blobs, brightenings and jets reaching into the chromosphere, or
even the transition region above light bridges (Bharti, 2015).

Wave phenomena have been studied not only in sunspots, but speci�cally in light
bridges, too. The 5-minute oscillations were found to be more prominent, while the
3-minute oscillations were suppressed (Yuan et al., 2014). Apart from these, Yuan
and Walsh (2016) detected anomalous, sub-minute oscillations and jet activities at
a granular light bridge, which was distributed in an asymmetric spatial pattern.
Further oscillations were identi�ed in light walls, which are ensembles of oscillating
bright features rooted in light bridges, reaching up as high as the chromosphere
or the transition region. The height oscillations were �rst observed by Yang et al.
(2015), who also gave light walls their names. The oscillations were connected to
a leakage of p-modes from below the photosphere. Light walls were found to be
strongly a�ected by external events such as the impact of material after a �are
(Yang et al., 2016). They could also be observed independently of light bridges
along the umbral-penumbral boundary of a sunspot (Hou et al., 2016).

Figure 4.10: A light bridge examined as an asymmetric slab. The bright region of
the light bridge between the two umbral blobs (or cores) is the slab itself, while
physical parameters (density, temperature, magnetic �eld strength) on either side of
it in the umbrae are slightly di�erent from one another. The original picture (in the
top right corner) used for the graphic is a slit-jaw image observed by the Interface
Region Imaging Spectrograph (IRIS) in 1400 Å, on 2014 July 3.

With their location and the asymmetric oscillations detected in them, light
bridges readily lend themselves to a new application of the asymmetric slab model.
The light bridge is sandwiched between two umbral cores, sometimes separating
them completely. Especially in these cases, the plasma and magnetic environment
on either side of the bridge may di�er from the other side signi�cantly, which is also
supported by the observations that the umbral cores separated may have the same,
but also the opposite magnetic polarities (Yang et al., 2015). In this �rst approxi-
mation model, we shall neglect the �ows that may be present in light bridges, and
we focus on waves that have large enough wavenumbers for us to handle the light
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bridge as if it was in�nitely long in the y- and z-directions. The asymmetric slab
model of a light bridge isillustrated in Figure (4.10). The bright region formed by
the light bridge between the two umbral blobs (or cores) serves as the slab itself,
while physical parameters (density, temperature, magnetic �eld strength) on either
side of the bridge may di�er from one another in the two umbral regions. The origi-
nal picture (in the top right corner) used for the graphic is a slit-jaw image observed
by the Interface Region Imaging Spectrograph (IRIS) in 1400 Å, on 2014 July 3,
and the source of the edited �gure is Zsámberger and Erdélyi (2021).

If we take a typical light bridge with a width of 1�, which corresponds to about
∆x = 700 km on the solar surface, we have a possible length in the z-direction of
the magnitude ∆z = 3500-7000 km of length, since light bridges can be 5-10 times
as long as they are wide. As in our model, this is the direction of wave propaga-
tion, this extent of the light bridge must be much greater than the wavelength of
oscillations, so that from the perspective of the waves, the slab acts as though it
were in�nite in the z-direction. As before, we require that the waves should com-
plete at least 10 periods of oscillation over this distance, which means a maximum
wavelength of λmax = 350 − 700 km and a minimum wavenumber in the range of
kmin ∈ [(2π)/700, (2π)/350] 1/km. With these parameters, the dimensionless slab
width is at least kminx0 = kmin(0.5∆x) ∈ [π, 2π]. These values are only slightly
greater than one, but, considering that we have carried out this estimation for the
maximum wavelengths permitted in a relatively narrow light bridge, kx0 will likely
take mostly larger values than this, so light bridges could be con�dently approxi-
mated as examples of wide slabs.

In addition to the model geometry, we also have some relevant information about
the properties of the plasma and the magnetic �eld in and around a light bridge. As
light bridges are considered more similar to quiet Sun areas than to umbral cores,
we adopt quiet Sun values for the characteristic speeds in a light bridge. According
to Sobotka et al. (2013), the sound speed in the middle photosphere is 7 km/s in
the quiet Sun, and 6 km/s in the umbra. Characteristic speeds are further narrowed
down by Liu et al. (2016), who provide estimates of Alfvén speeds as 10-20 km/s in
the umbra, and the fact that we expect the plasma-β to be somewhere between 0.02-
1 (see Figure 16 in Borrero and Ichimoto, 2011). We found even fewer constraints for
the plasma-β inside the light bridge itself (see e.g. Figure 14 of Felipe et al., 2016).
Therefore, we decided to provide analytical and numerical results for a few possible
combinations of plasma-β values in- and outside the asymmetric slab system of two
umbral cores and a light bridge.

As opposed to the photosphere in general, the plasma-β is low in the magnetic
�ux concentration of the umbra (Borrero and Ichimoto, 2011). Therefore, in all
of the alternatives we examine, the two external regions in the slab model form a
low-β environment, with di�erences between pressure, temperature and magnetic
�eld strength values between the two umbral cores, since they are separated by the
light bridge. In the light bridge itself, the magnetic �eld is weaker, and the interior
of the slab more closely resembles the quiet Sun photosphere, which is why, in our
�rst model, we assume the internal plasma-β to be high.

Using the dispersion relations derived separately for low- and high-β cases in
Chapter 3, we can now construct a dispersion relation for a high-β slab enclosed
between two low-β domains (with the plasma-β changing discontinuously across the
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two interfaces at −x0 and x0) as
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for surface waves. For body waves, this can be re-written as
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where

n2
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2c20 − γω2)

c20(2β0k2c20 − (γ + 2β0)ω2)
.

Figure 4.11 provides numerical solutions for four possible cases of characteristic
speed and density ordering in light bridges and their environment. Figure 4.11(a)
shows the case described above, when the plasma-β is high inside the slab, but
low in both external regions. Based on the available literature, the characteristic
speeds were chosen to be vA0 = 1.0 km/s, vA1 = 35 km/s, vA2 = 14 km/s, c0 = 7
km/s, c1 = 5.5 km/s, c2 = 6.5km/s (or, normalised by the internal Alfvén speed,
vA1 = 35vA0, vA2 = 14vA0, c0 = 7vA0 c1 = 5.5vA0, c2 = 6.5vA0), which required
density ratios of ρ1/ρ0 = 0.046122 and ρ2/ρ0 = 0.242400. With this ordering, a
several types of trapped oscillations might be observed. A phase speed band with
in�nite harmonics of slow body modes exists between cT0 and vA0. A slow quasi-
sausage surface mode is present, with phase speed approaching cT0 in the thin slab.
The phase speed of the corresponding slow surface quasi-kink mode approaches cT1

at moderately small dimensionless slab widths. Another pair of surface modes can
be present in narrow bands of higher phase speed values. Between c2 and vA2, a
fast quasi-kink mode can be seen, which starts as a body mode in a thin slab and
changes its character to that of a surface mode at intermediate values of the slab
width. A band of fast body modes propagate phase speeds between c0 < vph < vA2.

A second possibility is that we still assume the plasma-β to be high inside the
light bridge and low on its one side, but we focus on the unique case when β2 = 1
in the other umbral core region. The dispersion relation for this system becomes
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for surface waves, and
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Figure 4.11: The phase speed (ω/k) of magnetoacoustic waves that may be sup-
ported by light bridges under various possible characteristic speed orderings sug-
gested by observations. (a) vA1 = 35vA0, vA2 = 14vA0, c0 = 7vA0 c1 = 5.5vA0,
c2 = 6.5vA0, ρ1/ρ0 = 0.046122 and ρ2/ρ0 = 0.242400. (b) vA1 = 11.83vA0,
vA2 = 2vA0, c0 = 2.33vA0, c1 = 1.83vA0, c2 = 2.17vA0, ρ1/ρ0 = 0.076943 and
ρ2/ρ0 = 1.150634. (c) vA1 = 5.55vA0, vA2 = 2.19vA0, c0 = 1.093vA0, c1 = 0.86vA0,
c2 = 1.02vA0, ρ1/ρ0 = 0.076943 and ρ2/ρ0 = 0.404378. (d) vA1 = 5.55vA0,
vA2 = 0.94vA0, c0 = 1.09vA0, c1 = 0.86vA0, c2 = 1.02vA0, ρ1/ρ0 = 0.076943 and
ρ2/ρ0 = 1.150634.

for body waves, where

n2
0 = −m2

0 =
(ω2 − k2c20)

c20
.

Figure 4.11(b) was obtained for this special case when the plasma-β is still high
inside the light bridge, low on one side, and one on the other side, with the following
characteristic speeds: vA0 = 3 km/s, vA1 = 35.5 km/s, vA2 = 6 km/s, c0 = 7 km/s,
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c1 = 5.5 km/s, c2 = 6.5 km/s (or, normalised with the internal Alfvén speed for
hte plot, vA1 = 11.83vA0, vA2 = 2vA0, c0 = 2.33vA0, c1 = 1.83vA0, c2 = 2.17vA0).
The density ratios required to maintain total pressure balance are ρ1/ρ0 = 0.076943
and ρ2/ρ0 = 1.150634. The slow body modes are still present, as before, but the
fast body bodes are missing, and we only have an additional pair of surface mode
solutions as trapped oscillations in the rest of the phase sped domain.

Next, we study the case when the umbral cores still form an asymmetric low-
β environment, but the while the plasma-β inside the slab is �xed at unity. The
dispersion relation for surface waves in this con�guration is
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For body waves, the dispersion relation becomes
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Figure 4.11(c) displays possible solutions when the plasma-β in the light bridge
is one, and the surrounding umbral cores are both low-β regions. For this case, the
characteristic speeds were chosen as vA0 = 6.4 km/s, vA1 = 35.5 km/s, vA2 = 14
km/s, c0 = 7 km/s, c1 = 5.5 km/s, c2 = 6.5 km/s (or vA1 = 5.55vA0, vA2 = 2.19vA0,
c0 = 1.093vA0, c1 = 0.86vA0, c2 = 1.02vA0 after normalisation), leading to density
ratios of ρ1/ρ0 = 0.076943 and ρ2/ρ0 = 0.404378. This slab system possesses a band
of slow body mode solutions with phase speeds between cT0 and vA0, surface modes
between c2 and c0, and fast body modes propagating faster than the internal sound
speed but slower than the lowest external Alfvén speed, vA2.

Finally, we turn our attention to the possibility that the plasma-β is low in
the �rst umbral core, but it might be one in the other environemntal region, as
well as inside the slab, while this second umbral core and the bridge itself are still
characterised by di�erent sound and Alfvén speeds. In this case, the surface wave
dispersion relation simpli�es to

−
√

k2γv2A0 − (γ + 2)ω2
√

k2v2A0 − ω2ρ0vA0√
k2γv2A0 − 2ω2

[
1

ρ1

1√
k2v2A1 − ω2vA1

+
ρ0
ρ2

√
k2γv2A2 − 2ω2√

k2γv2A2 − (γ + 2)ω2
√
k2v2A2 − ω2vA2

]
= 2

(
tanh

coth

)
{m0x0}. (4.22)

87



4.6. MAGNETIC BRIGHT POINTS

For body waves, the dispersion relation is
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Figure 4.11(d) shows the solutions in this last case, where only one band of body
modes was found (with phase speeds vA2 < vph < vA0 for trapped oscillations),
as well as a surface mode that tends to vA0 in the thin slab but already becomes
leaky at speeds above c2. These solutions were obtained by choosing vA0 = 6.4
km/s, vA1 = 35.5 km/s, vA2 = 6 km/s, c0 = 7 km/s, c1 = 5.5 km/s, c2 = 6.5
km/s (vA1 = 5.55vA0, vA2 = 0.94vA0, c0 = 1.09vA0, c1 = 0.86vA0, c2 = 1.02vA0 after
normalisation) and density ratios of ρ1/ρ0 = 0.076943 and ρ2/ρ0 = 1.150634.

4.6 Magnetic bright points

The last feature of the lower solar atmosphere that we suggest for the applications
of the asymmetric magnetic slab model is that of magnetic bright points (MBPs) of
the solar photosphere. MBPs are small concentrations of intense magnetic �eld with
strength of the order of kilogauss. They are located in the dark intergranular lanes
formed from convectional down�ow and appear as brighter regions because of two
reasons. Firstly, their lower plasma pressure allows observers to glance deeper into
the photosphere, and secondly, their interior is further heated by their environment
(Rouppe van der Voort et al. (2005); Crockett et al. (2010); Keys et al. (2013)).

MBPs are often treated as cylindrical �ux tubes, although in reality, their ap-
pearance can very greatly. They often possess strongly elongated or irregular shapes,
especially near pores (Berger et al., 1995; Bovelet and Wiehr, 2003). This opens up
the possibility to treat an MBP locally as a magnetic slab. Furthermore, as they are
wdgen in-between two neighbouring granular cells, conditions on either side of an
MBP may be di�erent from one another, which makes them excellent candidates for
applying the asymmetric slab model. Figure 4.12 illustrates such a con�guration.
The bright region at the centre is the slab itself, while physical parameters (den-
sity, temperature, magnetic �eld strength) on either side of it in the intergranular
lane are assumed to be slightly di�erent from one another. The original sketch is
based on based on Figure 11 of (Liu et al., 2018), showing TiO 7058 Å observations
taken by the New Vacuum Solar Telescope, and the source of the completed �gure
is Zsámberger and Erdélyi (2021).

Shapes and size distributions of MBPs have been the subject of extensive stud-
ies. Measuring with the Swedish Vacuum Solar Telescope on La Palma, Berger et al.
(1995) found a lognormal size distribution of MBPs with a modal value of 220km
(0.′′30) and an average of 250km (0.′′35). Using the Dutch Open Telescope, a sim-
ilar result (dominant diameter of 220± 25km) was obtained by Bovelet and Wiehr
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(2003), who also noted that only in about two thirds of cases do isolated MBPs have
circular shapes, with the remaining bright points being elongated or irregular. Later
observations with the 1m Swedish Solar Telescope (SST) established lower dominant
diameter values of 160±20km (Wiehr et al. (2004); Crockett et al. (2010)). Sánchez
Almeida et al. (2004) applied two-Gaussian �ts to MBPs on images taken by the
SST and found major axis lengths of up to 350km, while minor axes peaked around
135km (reaching the spatial resolution of the observations) and mostly stayed below
200km. Solanki et al. (2010) stated that the sizes of MBPs may be close to the 0.′′15
spatial resolution limit of the balloon-borne SUNRISE observatory (≈ 60-100km).
The lower limit on the size of MBPs seems to lie at a 100-km diameter, where radia-
tive pressure stops the convective collapse of the tube (Venkatakrishnan, 1986), or,
if interaction with acoustic waves keeps splitting up the larger �ux tubes, somewhere
between 40-60km, according to Ryutova (1996).

Figure 4.12: An elongated MBP can be considered as an asymmetric magnetic slab.
The bright region at the centre itself is the slab, while physical parameters (density,
temperature, magnetic �eld strength) on either side of it in the intergranular lane
are slightly di�erent from one another. The illusration was prepared using Figure
11 of (Liu et al., 2018), showing TiO 7058 Å observations taken by the New Vacuum
Solar Telescope.

Treating an MBP as a magnetic slab requires that its �nite major axis should be
much longer than the wavelengths of supported modes. If we take a large elongated
MBP with 1000km length (major axis) and require that the waves should be able to
complete at least 10 periods of oscillation in the slab, then the maximum allowable
wavelength is λ = 100km, with the minimum required wavenumber being k =
2π · 10−1km−1. The characteristic speeds in the photosphere are cs ≈ 10kms−1 for
the sound speed, and vA ≈ 8.25kms−1 for the Alfvén speed (Kohl and Crammer,
2013; Mullan, 2009). As these values determine the phase speed trapped waves
guided by the MBP system, and we have just given an estimate of the wavenumber,
it follows that the frequency of waves we might examine in this asymmetric slab
system is around ω = 2π·[0.0825, 0.1]Hz. These are quite high-frequency oscillations.
A non-magnetic analogue to the observational problems they raise can be fount in
high-frequency acoustic waves, which could play an important part in chromospheric
heating.

High-frequency acoustic waves are readily excited by convective motions, how-
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ever, they are di�cult to observe due to the smearing e�ect of seeing (in ground-
based observations) and the weakening of the signal by the width of the response
function (in both space- and ground-based observations), see e.g. Fossum and Carls-
son (2004; 2005). There is no consensus on the wave power found in these high-
frequency oscillations. Based on the analysis of TRACE and later Hinode data,
Fossum and Carlsson (2004; 2005), as well as Carlsson et al. (2007) deduced that
most of the energy �ux should be carried into the chromosphere by waves of fre-
quency 5-40 mHz. These, however, seem to be unable to balance out radiative losses.
The results have been subject to criticism due to 2D and 3D hydrodynamic simula-
tions generating a greater acoustic energy �ux than expected by Fossum and Carls-
son (2005). Furthermore, a direct comparison of theoretical models with TRACE
observations can only be done cautiously. On length scales shorter than the limited
spatial resolution of the instrument, small pockets of hotter material can be embed-
ded in a relatively cold environment (Cuntz et al., 2007; Wedemeyer-Böhm et al.,
2007).

Detecting and identifying waves in MBPs might pose similar problems of re-
quiring extremely high spatial and temporal resolution. Such precise measurements
should now be possible with the recently completed Daniel K. Inouye Solar Telescope
(DKIST). This 4-meter diameter Gregorian telescope in Haleakala, Maui, Hawaii, is
the largest ground-based solar observatory, and its ≤ 30 Hz frame rates and ≈ 0.′′03
spatial resolution (19km on the Sun) (Tritschler et al., 2015) should be su�cient to
resolve oscillations within MBPs.

As a simple �rst application of the asymmetric slab model to MBPs, we can
consider it as an incompressible slab. Depending on the wavelength of oscillations
investigated, an MBP may be approximated as either a thin or a wide slab. Using
the estimation of λ ≈ 100km from before and and taking into account that the
width (2x0) of an MBP may be only a few hundred kilometres, it turns out that
kx0 ≪ 1. Therefore, the MBP can be considered a thin slab for these waves and
tanh (kx0) ≈ kx0 can be used to simplify the equation providing solutions for the
incompressible limit (Equation 3.99). Then the angular frequency of possible modes
becomes
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For larger wavenumbers, the MBP could act like a wide slab (1 ≪ kx0), and then
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using the approximation tanh (kx0) ≈ 1, Equation (3.99) simpli�es to
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For a more in-depth investigation, we now re-introduce compressibility into the
MBP slab, and we consider the intergranular lanes to be regions with high but
slightly di�erent plasma-β values. We choose characteristic speeds of the magnitude
the photosphere is known for: csj ≈ 10kms−1 for the sound speeds, and vAj ≈
8kms−1 for the Alfvén speeds, for j = 1, 2 (Mullan (2009); Kohl and Crammer
(2013)). However, to the best of our knowledge, the available literature does not
provide strong constraints on the plasma-β values in an MBP. Therefore, we brie�y
examine all three possibilities.

If the internal plasma-β is large, the MBP and its environment are described
as an asymmetric slab system with high plasma-β all throughout its regions. We
discussed this approximation in detail in Section 3.5.

If the internal plasma-β is exactly one, the decoupled dispersion relation becomes√
k2γv2A0 − (γ + 2)ω2

√
k2v2A0 − ω2ρ0vA0

ω2
√

k2γv2A0 − 2ω2

[√
k2c21 − ω2

c1ρ1
+

√
k2c22 − ω2

c2ρ2

]

= 2

(
tanh

coth

)
{m0x0} (4.28)

for surface waves, and√
k2γv2A0 − (γ + 2)ω2

√
k2v2A0 − ω2ρ0vA0

ω2
√

k2γv2A0 − 2ω2

[√
k2c21 − ω2

c1ρ1
+

√
k2c22 − ω2

c2ρ2

]

= 2

(
tan

− cot

)
{n0x0} (4.29)

for body waves. Here, the wavenumber coe�cients are

n2
0 = −m2

0 =
(2 + γ)(k2γv2A0 − 2ω2)(ω2 − k2v2A0)

2(1 + γ)v2A0(k
2γv2A0 − γω2 − 2ω2)

.

Lastly, if the internal plasma-β is low due to the strong concentration of magnetic
�elds in the MBP, the wavenumber coe�cients are

n2
0 = −m2

0 =
(ω2 − k2v2A0)

v2A0

. (4.30)

The decoupled dispersion relation becomes√
k2v2A0 − ω2vA0ρ0

ω2

[√
k2c21 − ω2

c1ρ1
+

√
k2c22 − ω2

c2ρ2

]
= 2

(
tanh

coth

)
{m0x0} (4.31)
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for surface waves, and√
k2v2A0 − ω2vA0ρ0

ω2

[√
k2c21 − ω2

c1ρ1
+

√
k2c22 − ω2

c2ρ2

]
= 2

(
tan

− cot

)
{n0x0} (4.32)

for body waves.
In addition to the analytical approximations above, we also prepared numer-

ical solutions for all three characteristic cases identi�ed. However, the solutions
themselves are rather similar, as can be seen from the panesl of Figure 4.13.
Panel (a) of Figure 4.13 was obtained by approximating the MBP as a high-
β slab embedded in an asymmetric high-β environment, with vA0 = 10km/s,
vA1 = 2.05km/s, vA2 = 3km/s, c0 = 11km/s, c1 = 7km/s, c2 = 8km/s and den-
sity ratios ρ1/ρ0 = 4.329987 and ρ2/ρ0 = 3.179487 to ensure pressure balance.
Panel (b) of Figure 4.13 displays the case when the internal plasma-β parameter
is exactly one, while the photospheric environment of the MBP is still treated as
a pair of asymmetric high-β layers. The characteristic speeds and density rations
used to obtain these solutions were vA0 = 12.05km/s, vA1 = 2.05km/s, vA2 = 3km/s,
c0 = 11km/s, c1 = 7km/s, c2 = 8km/s, with the density ratios ρ1/ρ0 = 4.609381
and ρ2/ρ0 = 3.384645. Last but not tleast, panel (c) of Figure 4.13 shows the
solutions in the case of a low-β slab in an asymmetric high-β environment. The
values of characteristic speeds used to obtain the solutions here were vA0 = 15km/s,
vA1 = 2.05km/s, vA2 = 3km/s, c0 = 11km/s, c1 = 7km/s, c2 = 8km/s (or, after nor-
malisation, vA1 = 0.14vA0, vA2 = 0.2vA0, c0 = 0.73vA0 c1 = 0.47vA0, c2 = 0.53vA0),
with the density ratios ρ1/ρ0 = 5.875957 and ρ2/ρ0 = 4.314685 to ensure pres-
sure balance. Comparing these three cases, is becomes asy to see that with well-
constrained photospheric background parameters, the choice of internal plasma-β
for an MBP does not fundamentally change the types of supported modes. In all
three cases, due to the ordering of characteristic speeds, only a pair of surface mode
solutions are found to be supported by the MBP slab systems as trapped oscilla-
tions, as any wave with a phase speed above c1 would be leaky. The only e�ect that
changing the internal plasma-β of the MBP slab has with the selected values is that
it changes the frequencies of the supported surface modes for a given slab with, as
well as the exact positions of the cut-o�s on the graphs. In each case, these cut-o�s
occur in thin slabs once at an external sound speed (c1), above which oscilations
become leaky. Another band of leaky modes is present between the Alfvén- and
tube speeds on the other side (vA2, cT2) in all three cases, but the waves can exist
as trapped oscillations between vA1 < vph < cT2 and vA2 < vph < c1.

4.7 Conclusion

The continuing development of observational capabilities in solar physics also moti-
vates further research into the theory of MHD wave propagation in various waveg-
uides of the solar atmosphere. In the previous Chapters, we have derived the dis-
persion relation for the asymmetric magnetic slab, and we provided approximate
solutions to this highly complex equation in various physically signi�cant limiting
cases. In the current Chapter, we proceeded to utilise these approximations in
examining speci�c slab-like waveguides of the solar atmosphere.

As the solar atmosphere is structured both by gravity and by inhomogeneous
magnetic �elds, both magnetic and density asymmetries can be present in solar
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(a) (b) (c)

Figure 4.13: Numerical solutions for the phase speed (ω/k) of magnetoacoustic waves
supported by an elongated MBP in a high-β asymmetric magnetic environment.
Solutions in panel (a) were obtained using characteristic speeds and density ratios
of vA1 = 0.205vA0, vA2 = 0.3vA0, c0 = 1.2vA0, c1 = 0.7vA0, c2 = 0.8vA0, ρ1/ρ0 =
4.329987 and ρ2/ρ0 = 3.179487, in which case the MBP itself is a high-beta slab as
well. Panel (b) shows solutions obained in a slab system characterised by vA1 =
0.170vA0, vA2 = 0.249vA0, c0 = 0.913vA0, c1 = 0.581vA0, c2 = 0.663vA0, ρ1/ρ0 =
4.609381 and ρ2/ρ0 = 3.384645, in which case the MBP itself is described by a
plasma-beta value of one. Finally, panel (c) shows trapped solutions when vA1 =
0.0.137vA0, vA2 = 0.2vA0, c0 = 0.733vA0, c1 = 0.47vA0, c2 = 0.53vA0, ρ1/ρ0 =
5.875957 and ρ2/ρ0 = 4.314685, and therefore the MBP itself is a low-beta slab.

features on both small and large scales. By applying the asymmetric magnetic slab
model, we essentially consider these waveguides as a series of internally homogeneous
parallel layer. This can be a valuable starting point in understanding the in�uence of
asymmetries on the behaviour of eigenmodes of these systems, however, the model
can and should still be improved in the future. For example, we have ignored
gravity when building our model out of internally homogeneous regions. This can be
considered a simplistic version of gravitational strati�cation, if the slab is positioned
appropriately, as we have done in e.g. Sections 4.2, 4.2.1 and 4.4. This is, of course,
not an exact description, and (as it happened in Section 4.2), it may require us to
check the validity of our results on a case-by-case basis.

Keeping these limitations in mind, throughout the Chapter, we investigated var-
ious solar applications of the asymmetric slab system. We started from applications
to the global strati�cation of the solar atmosphere in Section 4.2, in which we con-
structed a slab from the photosphere, the interface region, and the solar corona. We
discussed some already known wave detections in these regions, de�ned the limits of
our model's applicability, and provided analytical and numerical results about the
expected wave modes based on known physical parameters of the three regions.

In Section 4.2.1, we constructed a new slab from the chromosphere, the tran-
sition region and the solar corona, in order to better resolve the change from the
high-β lower solar atmosphere to the low-β corona, and to avoid the limitations on
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the model's applicability introduced by the small scale height in the photosphere.
Next, we moved on to more localised applications in the solar corona. We discussed
asymmetric slabs at coronal hole boundaries in Section 4.3, and in the environment
of prominence in Section 4.4. Both of these could be treated as low-β slabs, although
the di�erence in expected characteristic speeds and densities meant that we found
signi�cant di�erences between trapped oscillations of the two environments. It must
be noted that even when we are investigating localised structures, if these have a
large vertical sizes, such as coronal plumes do, we must pay attention to the limits
that local gravitational scale-heights may pose. Rather than over-interpreting our
�ndings, the vertical extent of the waveguide we selected must be compared against
the typical scale-height of strati�cation.

In the last two Sections, we focused on lower atmospheric structures that can
be approximated as asymmetric magnetic slabs. In Section 4.5, we described light
bridges and summarised a few important results known about waves guided by them
and by sunspots in general. We constructed an asymmetric magnetic slab system
from two umbral cores separated by a light bridge, and investigated what kinds of
eigenmodes we can expect to �nd depending on the plasma-β values inside the light
bridge. Last, but not least, in Section 4.6, we applied the model of an asymmetric
magnetic slab to a magnetic bright point and its environment of an intergranular
lane. We provided an estimate for the parameters of waves we might expect to
detect in MBPs with the new generation of solar telescopes. We gave an analytical
description and numerical solutions for eigenmodes in both the incompressible limit
of an asymmetric slab centred on an MBP, and in a compressible MBP slab with
various values of internal plasma-β.
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Chapter 5

Solar Magneto-Seismology of an

Asymmetric Magnetic Slab

Abstract

This Chapter further generalises the amplitude ratio and minimum perturbation
shift methods developed for the purposes of solar magneto-seismology by Allcock and
Erdélyi (2018) and applied to an externally non-magnetic asymmetric slab system.
Here, we investigate the e�ect of including an external magnetic asymmetry on
these spatial seismology techniques and provide estimates of an unknown Alfvén
speed in the slab waveguide. Further, we also revisit the concept of quasi-symmetric
oscillations introduced in Chapter 2 and provide a clearer de�nition of such modes
of oscillations, as well as describe a simple seismological use for these special waves.
A paper (Zsámberger and Erdélyi (2022)) on the solar magneto-seismology paper of
asymmetric magnetic slabs has been submitted to the Astrophysical Journal based
on this Chapter.

5.1 Chapter Introduction

The atmosphere of our Sun is a complex plasma environment �nely structured by its
ubiquitous magnetic �elds. In understanding and measuring the properties of this
rich variety of solar waveguides, the constantly evolving methods of solar magneto-
seismology provide a useful and versatile toolkit.

In this Chapter, we further generalise and develop the SMS methods described
in Allcock and Erdélyi (2018), by applying them to the problem of wave propagation
in an asymmetric magnetic slab. Similarly to the case of the externally �eld-free
asymmetric slab, the eigenmodes of an asymmetric magnetic slab also possess mixed
characteristics of the traditional kink and sausage modes. We have described the
important di�erences between symmetric and asymmetric eigenmodes in Chapter 2,
where we also highlighted some special attributes of the latter which we can utilise
in the current Chapter to provide diagnostic tools for solar waveguides.

In Section 5.2, we focus on the distributions of the transverse velocity amplitudes
of eigenmodes across the slab. More speci�cally, make use of the fact that their am-
plitudes at the two slab boundaries are asymmetric, and that the ratio of these
amplitudes depends of the physical and geometric parameters of the slab waveg-
uide. We provide an analytical description the amplitude ratios of quasi-sausage
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Figure 5.1: Illustration of the principle of the amplitude ratio method: the ratio of
transverse displacement (or velocity) amplitudes at the two boundaries of the slab,
A1 and A2, is calculated and measured.

and quasi-kink modes in the general case, as well as various limits of slab width and
plasma-β values. We also compare these approximations with results obtained for
numerical solutions of the general dispersion relation. In addition, we carry on with
investigating the behaviour of so-called quasi-symmetric modes, which we �rst de-
scribed in a mechanical analogy to the slab system in Section 2.3. In Section 5.3, we
generalise the minimum perturbation shift method described by Allcock and Erdélyi
(2018) to magnetically asymmetric slabs. This diagnostic tool is based on another
unique attribute of the asymmetric eigenmodes, namely, that due to the di�erence
of equilibrium parameters in their environment, the minimally perturbed surface
they possess will be o�set from the centre of the slab. Just like the ratio of valoc-
ity amplitudes, this o�set value is also dependant on the characteristic speeds and
densities in the slab system, as well as the parameters of the observable oscillations.

5.2 Amplitude ratios

By generalising the amplitude ratio method described in Allcock and Erdélyi (2018),
this Section aims to derive an expression describing the ratio of the transverse dis-
placement or velocity amplitudes on the two boundaries of an asymmetric magnetic
slab. As we will show, this ratio depends on the parameters of an observed oscilla-
tion in the slab waveguide, as well as on the physical and geometric attributes of the
waveguide itself. The expression for the amplitude ratio is then utilised to estimate
background parameters of the system. Figure 5.1 demonstrates the principle of the
amplitude ratio method for a quasi-kink mode of a perturbed asymmetric magnetic
slab waveguide.

The process through which we derive the amplitude ratio is formally similar
to the method described in Allcock and Erdélyi (2018) and Allcock et al. (2019),
however, both density and magnetic asymmetry are incorporated into the quantities
we de�ne (such as mj, Λj, for j = 0, 1, 2), which will become clear in the �nal result.

In Section 2.2.2, it was shown that the x component of the velocity perturbation
of trapped magneto-acoustic modes propagating along a magnetic slab embedded
in an asymmetric magnetic environment has the form of vI,x(x, t) = v̂x(x)e

i(kz−ωt),
where v̂x(x) is the transverse velocity amplitude given by a combination of the
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hyperbolic functions in each region of the slab system, namely:

v̂x(x) =


A (coshm1x+ sinhm1x) , x < −x0,

B coshm0x+ C sinhm0x, |x| < x0,

D (coshm2x− sinhm2x) , x0 < x.,

(5.1)

with A, B, C, and D being arbitrary constants. These constants can be determined
(within one degree of freedom) by satisfying the four boundary conditions imposing
the continuity of total pressure and velocity perturbations at the two interfaces
separating the slab from its asymmetric environment. From the application of these
boundary conditions, we obtained a system of four coupled, linear, homogeneous
algebraic equations summarised as

C1 − S1 −C0 S0 0
0 C0 S0 S2 − C2

−Λ1 (C1 − S1) −Λ0S0 Λ0C0 0
0 Λ0S0 Λ0C0 −Λ2 (S2 − C2)




A
B
C
D

 =


0
0
0
0

 .

As a reminder, here,

Cj = cosh (mjxj),

Sj = sinh (mjxj), and

Λj = −iρj
ω

k2v2Aj − ω2

mj

(forj = 0, 1, 2). (5.2)

In Chapter 2, we obtained the dispersion relation (Equation 2.30) for the asymmetric
magnetic slab system by ensuring that the determinant of this matrix was zero.
Satisfying the dispersion relation then allows one degree of freedom to be gained in
the system of Equations derived from the boundary conditions. This means that we
may choose one of the constants, B or C as arbitrary. Depending on this choice, we
will deal with either the quasi-sausage or the quasi-kink eigenmodes of the system.

5.2.1 Quasi-sausage modes

For quasi-sausage modes, we let the constant C to be arbitrary, which allows us to
determine the other three coe�cients as

A =
1

C1 − S1

(BC0 − CS0), (5.3)

D =
1

C2 − S2

(BC0 + CS0), (5.4)

B =
Λ0C0 + Λ1S0

Λ0S0 + Λ1C0

C, (5.5)

B = −Λ0C0 + Λ2S0

Λ0S0 + Λ2C0

C. (5.6)

The second expression for B can be found by using the dispersion relation (Equation
2.30), which we re-state here for ease of understanding:

2(Λ2
0 + Λ1Λ2) + Λ0(Λ1 + Λ2)

[
τ0 +

1

τ0

]
= 0, (5.7)
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where

τ0 = tanh (m0x0). (5.8)

If we substitute Equation (5.5) into Equation (5.1) describing the transverse velocity
amplitudes and take the values at the two interfaces, we get

v̂x(−x0) = BC0 − CS0 =
Λ0

Λ0 + Λ1(1/τ0)

1

S0

C, and (5.9)

v̂x(x0) = BC0 + CS0 =
Λ0(τ0 + 1/τ0) + 2Λ1

Λ0 + Λ1(1/τ0)
C0C. (5.10)

Similarly, if we substitute Equation (5.6) instead, the result is

v̂x(−x0) = BC0 − CS0 = −Λ0(τ0 + 1/τ0) + 2Λ2

Λ0 + Λ2(1/τ0)
C0C, and (5.11)

v̂x(x0) = BC0 + CS0 = − Λ0

Λ0 + Λ2(1/τ0)

1

S0

C. (5.12)

The two forms of the velocity perturbation amplitudes at the slab boundaries are
equivalent. They express the magnitude as well as the direction of the transverse
velocity perturbation, therefore they can be considered a signed amplitude, with
positive values expressing perturbations in the positive x-direction, and vice versa.

We adopt the following de�nition of the amplitude ratio from Allcock and Erdélyi
(2018):

RA :=
ξ̂x(x0)

ξ̂x(−x0)
, (5.13)

which compares the displacement perturbation amplitude (de�ned as ξ̂x(x) =
iv̂x(x)/ω) at the right-hand-side interface to the amplitude at the left-hand-side
interface. An equivalent de�nition can be given using the velocity perturbations as

RA :=
v̂x(x0)

v̂x(−x0)
. (5.14)

We substitute the simpler expressions for the velocity amplitudes at the bound-
aries, Equations (5.9) and (5.12) for quasi-sausage modes into the de�nition of the
amplitude ratio (Equation 5.14), which yields

RA = −
Λ0 + Λ1

1
τ0

Λ0 + Λ2
1
τ0

, (5.15)

or equivalently

RA = −ρ1m2

ρ2m1

[
ρ0
ρ1
m1

(
k2v2A0 − ω2

)
+m0

(
k2v2A1 − ω2

)
1
τ0

]
[
ρ0
ρ2
m2

(
k2v2A0 − ω2

)
+m0

(
k2v2A2 − ω2

)
1
τ0

] . (5.16)

The amplitude ratio is negative, as in quasi-sausage modes, the displacement per-
turbations at the two boundaries of the slab happen in opposite directions. If the
con�guration is symmetric (and so the characteristic speeds and densities on the two
sides are equal), this ratio reduces to RA = −1, as expected, meaning that in the
sausage modes of the symmetric slab system, the two boundaries oscillate exactly
in anti-phase.
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Quasi-sausage amplitude ratio in the thin slab approximation

Since the amplitude ratio is a measurable quantity, our main aim is to use it to
determine a background parameter of the asymmetric waveguide we derived it for.
This background parameter should be one that is not easy to observe directly, such
as a magnetic �eld strength or Alfvén speed in the system. In order to provide
an analytical approximation for one of these, we must restrict ourselves to various
limiting cases of either slab width or plasma-β parameters.

In the thin slab limit, the wavelength of the oscillations is much longer than
the width of the slab, that is, kx0 ≪ 1, and therefore m0x0 ≪ 1. Then, the coth
function can be approximated by the reciprocal of its argument in Equation (5.16),
so the amplitude ratio can be approximated as

RA = −ρ1m2

ρ2m1

[
ρ0
ρ1
m1x0

(
k2v2A0 − ω2

)
+
(
k2v2A1 − ω2

)][
ρ0
ρ2
m2x0

(
k2v2A0 − ω2

)
+
(
k2v2A2 − ω2

)] . (5.17)

This makes it possible for us to express the internal Alfvén speed in the slab as a
function of the external characteristic speeds, the densities, as well as the amplitude
ratios, wavenumbers and angular frequencies:

v2A0 =
ω2

k2

[
1− ρ1m2(k

2v2A1 − ω2) +RAρ2m1(k
2v2A2 − ω2)

ω2x0m1m2ρ0(1 +RA)

]
. (5.18)

Most quantities on the right-hand-side are known or can be expressed as a func-
tion of other measurable quantities themselves. The right-hand-side, in the end,
depends on two wave parameters (wavenumber and angular frequency), the back-
ground temperatures, and the Alfvén speed on one side of the slab. The dependence
on the second external Alfvén speed can be eliminated using the condition of total
pressure balance. Therefore, if we have previous information on one of the external
Alfvén speeds, measure the temperature throughout the con�guration, and detect
oscillations in it, we can estimate the internal Alfvén speed, thus the strength of the
magnetic �eld inside the slab.

To complement this analysis, we also conduct a numerical investigation of the
amplitude ratios of quasi-sausage modes in an asymmetric magnetic slab. First of
all, we present numerical solutions of the full dispersion relation (Equation 2.31)
in Figure 5.2. The characteristic speeds of the three plasma regions were chosen
as vA0 = 1, c0 = 1.4, vA1 = 0.19, c1 = 1.2, ρ1/ρ0 = 1.9, vA2 = 0.18, c2 = 1.09,
ρ2/ρ0 = 2.28, with the density asymmetry parameter de�ned in Equation (5.34),
δ = 0.2, and the magnetic asymmetry parameter de�ned in Equation (5.35), ϵ = 0.1.
Body mode solutions can exist between the internal tube- and Alfvén speeds, but
here we focus on the pain of slow surface modes propagating with phase speeds
lover than cT0. The quasi-sausage mode is plotted in blue, while hte quasi-kink
mode is displayed in red. Taking the wavenumbers and the corresponding angular
frequencies (or phase speeds) of these solutions, we can now calculate the amplitude
ratio for the quasi-sausage waves. (Note that in an observational example, we could
take these wave parameters from the observations, and the amplitude ratios could
be calculated without having to �nd numerical solutions to the dispersion relation.)

The amplitude ratio (Equation 5.16) of slow quasi-sausage surface modes as a
function of the slab width is then plotted in Figure 5.3, alongside its thin slab
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Figure 5.2: Trapped surface mode solutions in an asymmetric slab with vA0 = 1,
c0 = 1.4, vA1 = 0.19, c1 = 1.2, ρ1/ρ0 = 1.9, vA2 = 0.18, c2 = 1.09, ρ2/ρ0 = 2.28.
The blue (red) line displays the quasi-sausage (quasi-kink) durface mode, with other
types of solutions not displayed in the �gure.

approximation (Equation (5.17)). The exact amplitude ratio is shown by the blue
curve, while the approximation is displayed with the red points. Up to dimensionless
slab width parameters of about 1, the thin-slab approximation of the ratio works
relatively well, showing little deviation from the exact values. For wider slabs (or
longer wavelengths), however, the di�erences between the estimate and the exact
solution become signi�cant. This is to be expected, as we applied the condition
kx0 ≪ 1 to obtain our thin-slab amplitude ratio.

5.2.2 Quasi-kink modes

Firstly, we repeat the steps of the derivation process we followed for quasi-sausage
modes in Section 5.2.1. We start by stating that for quasi-kink modes, it is the
constant B which we choose arbitrarily, and we can express the rest of the coe�cients
as

A =
1

C1 − S1

(BC0 − CS0), (5.19)

D =
1

C2 − S2

(BC0 + CS0), (5.20)

C =
Λ0S0 + Λ1C0

Λ0C0 + Λ1S0

B, (5.21)

C = −Λ0S0 + Λ2C0

Λ0C0 + Λ2S0

B. (5.22)

The second expression for C was found using the dispersion relation for the asym-
metric magnetic slab system, Equation 5.7). If we now substitute Equation (5.21)
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Figure 5.3: Amplitude ratios of the quasi-sausage mode as a function of kx0. The
exact amplitude ratio is plotted with blue, the approximation with red, using the
same background parameters as Figure 5.2. For small slab widths, as expected, the
approximation follows the exact solutions closely, but for wide slabs, the di�erence
between the two grows quickly.

into Equation (5.1) describing the transverse velocity amplitudes and take the values
at the two interfaces, we get

v̂x(−x0) = BC0 − CS0 =
Λ0

Λ0 + Λ1τ0

1

C0

B, and (5.23)

v̂x(x0) = BC0 + CS0 =
Λ0(τ0 + 1/τ0) + 2Λ1

Λ0 + Λ1τ0
S0B. (5.24)

Similarly, if we use Equation (5.22) instead, the result for the perturbed velocity
amplitudes at the slab boudaries becomes

v̂x(−x0) = BC0 − CS0 =
Λ0(τ0 + 1/τ0) + 2Λ2

Λ0 + Λ2τ0
S0B, and (5.25)

v̂x(x0) = BC0 + CS0 =
Λ0

Λ0 + Λ2τ0

1

C0

B. (5.26)

Once again, the two forms of the velocity perturbation amplitudes at the interfaces
are equivalent. and can be used to calculate the signed amplitude ratio, RA as

RA =
Λ0 + Λ1τ0
Λ0 + Λ2τ0

, (5.27)

or expressed with the characteristic speeds,

RA =
ρ1m2

ρ2m1

ρ0
ρ1
m1

(
k2v2A0 − ω2

)
+m0

(
k2v2A1 − ω2

)
τ0

ρ0
ρ2
m2

(
k2v2A0 − ω2

)
+m0

(
k2v2A2 − ω2

)
τ0
. (5.28)
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The amplitude ratio for quasi-kink modes is positive, since the displacement per-
turbation at the two boundaries of the slab happen in the same direction. In a
symmetric slab, as expected, this ratio reduces to RA = 1, showing that the sym-
metric kink oscillations happen exactly in phase at the boundaries of the slab.

Quasi-kink amplitude ratio in the thin slab approximation

In the thin slab limit, where the width of the slab is much smaller that the wavelength
of the oscillations (kx0 ≪ 1), the tanhm0x0 function can be approximated with its
argument, and Equation (5.28) becomes

RA =
ρ1m2

ρ2m1

[
ρ0
ρ1
m1

(
k2v2A0 − ω2

)
+
(
k2v2A1 − ω2

)
m2

0x0

]
[
ρ0
ρ2
m2

(
k2v2A0 − ω2

)
+
(
k2v2A2 − ω2

)
m2

0x0

] . (5.29)

This equation, too, can be rearranged to give an estimate of the internal Alfvén
speed in relation measurable quantities of the asymmetric slab system and the waves
it guides:

v2A0 =
c20ω

2

k2c20 − ω2
+

m1ρ2RA(k
2v2A2 − ω2)−m2ρ1(k

2v2A1 − ω2)

m1m2ρ0(1−RA)
x0. (5.30)

Similarly to the case of quasi-sausage modes, this expression can be used to estimate
the internal Alfvén speed of oscillating solar structures as a function of only one of
the external Alfvén speeds, if we express the second external Alfvén speed in terms
of the other equilibrium parameters of its region using the condition of total pressure
balance.

Such a formula makes it possible not only to estimate the Alfv en speed itself,
but also to gauge how big an e�ect the assumption of symmetry versus asymmetry
in the slab model might have on the estimate. If we de�ne Equation (5.30) as the
asymmetric Alfvén speed (squared), vAS2, then we can also de�ne the symmetric
Alfven speed, v2S in the following manner. Let us assume that the only source of the
asymmetry in the slab system is the external density di�erence (δ). Then, as δ → 0,
it is also true that ρ2 → ρ1, c2 → c1, vA2 → vA1, and m2 → m1. This allows us to
simplify some terms in Equation (5.30), which gives us the symmetric Alfvén speed
as:

v2S =
c20ω

2

k2c20 − ω2
+

ρ1(k
2v2A1 − ω2)(1−RA)

ρ0m1(1−RA)
x0. (5.31)

Taking di�erence of Equation (5.30) and (5.31) then gives us the relative error we
can expect in the estimation of the Alfvén speed due to the assumption that a slab
system in the solar atmosphere is symmetric, while in reality it is asymmetric:

v2D =
v2AS − v2S

v2S

=
(m1ρ2RA[k

2v2A2 − ω2]−m2ρ1RA[k
2v2A1 − ω2][RA − 2])(k2c20 − ω2)x0

m2(c20ω
2ρ0 + ρ1[k2v2A1 − ω2][k2c20 − ω2]x0)(1−RA)

. (5.32)
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Amplitude ratio in the wide slab approximation

In the limit of a wide slab, the amplitude ratios of quasi-sausage and quasi-kink
modes can be handled together. Now, the typical wavelength of oscillations is far
shorter than the width of the slab. Therefore, kx0 ≫ 1, and therefore m0x0 ≫ 1.
Then, both the tanh and coth functions take a value of approximately one, and the
expression for the amplitude ratio becomes

RA = ∓
ρ0
ρ1
m1(k

2v2A0 − ω2) +m0(k
2v2A1 − ω2)

ρ0
ρ2
m2(k2v2A0 − ω2) +m0(k2v2A2 − ω2)

, (5.33)

where the negative sign corresponds to quasi-sausage modes, while the positive one
describes quasi-kink waves.

5.2.3 Approximation of amplitude ratios in a weakly asymmetric slab

If we want to examine the dependence of the amplitude ratios on the density and
magnetic �eld asymmetries in detail, we can de�ne the following small quantities
from the ratios of the external background parameters:

δ =
ρ2
ρ1

− 1, and (5.34)

ε =
B2

2

B2
1

− 1. (5.35)

In the following subsections, we conduct an analytical study using these parameters,
and we also show a collection of numerical results on how the amplitude ratios of
the eigenmodes depend on these two sources of background asymmetry.

Quasi-sausage modes

If we assume that both the density- and the magnetic asymmetries are weak in
the slab system, then both δ and ε are small parameters, and we can expand the
characteristic speeds on the right-hand-side of the slab in terms of δ and ε as

v2A2 = v2A1(1 + ε− δ),

c22 = c21 −
γ

2
v2A1ε− δc21,

c2T2 =
1

c21 + v2A1

c21 +

(
c21 −

γ

2
v2A1 −

c21
[
1− γ

2

]
v2A1

c21 + v2A1

)
ε− c21δ

 (5.36)

Here, we also used the condition of total pressure balance (Equation 2.2), and we
only kept �rst order terms. Using the expressions thus obtained for the characteristic
speeds, we can rewrite m2 as

|m2| = |m1|+ S (Aε+Bδ) , (5.37)
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where

A = v2A1[m
2
1 − k2]

[
γ

2

{
k2v2A1 − ω2

}
−
{
k2c21 − ω2

}]
,

B = ω2

(
2ω2 −

[{
k2 +m2

1

}{
c21 + v2A1

}])
,

S =
1

2
√

m2
1(k

2c2T1 − ω2)(c21 + v2A1)
. (5.38)

Therefore, the amplitude ratio for quasi-sausage modes in the thin-slab approxima-
tion in terms of ε and δ is

RA = −G

L

±1 +

[
P −

{
±N

L

}]
ε+

[
Q−

{
±M

L

}]
δ

 (5.39)

where

G = ρ0m1x0

[
k2v2A0 − ω2

]
+ ρ1

[
k2v2A1 − ω2

]
,

L = ρ0x0

√
m2

1

[
k2v2A0 − ω2

]
+ ρ1

[
k2v2A1 − ω2

]
,

M = SBρ0x0

[
k2v2A0 − ω2

]
− ρ1

[
k2v2A1 + ω2

]
,

N = SAρ0x0

[
k2v2A0 − ω2

]
+ ρ1k

2v2A1,

P =
SA

m1

,

Q =
SB

m1

; (5.40)

To further extend the investigation of the di�erent asymmetric e�ects on the
amplitude ratios of the eigenmodes, we include a few illustrative numerical results,
too. The top panels of Figures 5.4 and 5.5 show the dependence of the quasi-sausage
amplitude ratio on δ for di�erent two di�erent (�xed) values of the dimensionless slab
width and the same �xed value of the magnetic asymmetry parameter, ε. The exact
amplitude ratio is plotted with the bright blue line, while its thin-slab approximation
is shown by the dark blue dots. The bottom panels of both �gures show the di�erence
between the exact and approximate amplitude ratios (∆RA) which is negligibly small
even for slabs of intermediate width. An interactive (video) version of this �gure is
also available as supplementary material SM-S1, showing how the di�erence between
the exact and approximate expressions for the amplitude ration changes as a function
of δ as the slab width is slowly increased to intermediate values.

From our analytical and complimentary numerical results, we can conclude that
both the slab width and the density asymmetry have a signi�cant e�ect on the
amplitude ratio. Moreover, the thin slab approximation holds up very well for the
changing values of delta, even as far up as δ = 3, which would mean a rather high
density asymmetry (ρ2 is four times as large as ρ1). However, all of this is only true
for slab width values up to about kx0 = 0.7, which is where the amplitude ratio
obtained from the thin slab approximation visibly starts to di�er from the actual
value.
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Figure 5.4: Dependence of the amplitude ratio on δ, for ϵ = 0.1 and kx0 = 0.1. for
the quasi-sausage mode.

Quasi-kink modes

Through a similar process, we can express the amplitude ratio for quasi-kink modes
in terms of the density and magnetic asymmetries (to �rst order) in the following
form:

RA =
T

U

(
±+

[
P −±V

U

]
ε+

[
Q−±W

U

]
δ

)
(5.41)

where

T = ρ0m1

[
k2v2A0 − ω2

]
+ ρ1

[
k2v2A1 − ω2

]
m2

0x0,

U = ρ0

√
m2

1

[
k2v2A0 − ω2

]
+ ρ1m

2
0x0

[
k2v2A1 − ω2

]
,

V = SAρ0
[
k2v2A0 − ω2

]
+ ρ1m

2
0x0k

2v2A1,

W = SBρ0
[
k2v2A0 − ω2

]
+ ρ1m

2
0x0

[
k2v2A1 + ω2

]
,

(5.42)

Similarly to Figures 5.4 and 5.5, the dependence of the amplitude ratio of the
quasi-kink modes on the density asymmetry δ is displayed in Figures 5.6 and 5.7, for
the same characteristic speeds as before, and kx0 = 0.1 and kx0 = 0.5, respectively.
For the chosen values of background parameters, at least, from small up to interme-
diate slab widths, the di�erence between the dependence of the amplitude ratio on
the density asymmetry calculated from the exact general formula and the thin slab

105



5.2. AMPLITUDE RATIOS

Figure 5.5: Dependence of the amplitude ratio on δ, for ϵ = 0.5 and kx0 = 0.5. for
the quasi-sausage mode.

approximation is still relatively small. An interactive version of this �gure, showing
the in�uence of the changing slab width on the amplitude ratios is also available as
supplementary material SM-S2. Along with the di�erence, the density-dependence
itself also displays a much stronger e�ect on the magnitude of the amplitude ratio
for higher values of the slab width.

5.2.4 Quasi-symmetric modes

When we described the mechanical analogy for the asymmetric slab system in Sec-
tion 2.3, we found the coupled mechanical oscillator system may have a mode of
oscillation that is generated by an asymmetric background, but appears symmetric
at the boundaries.

Similarly, thanks to the presence of competing pressure gradient and magnetic
forces on either side of the slab, it is possibility that an asymmetric magnetic slab will
show so-called quasi-symmetric oscillations, which have equal transverse displace-
ment amplitude on each boundary of the slab. This means that v̂x(−x0) = −v̂x(x0)
for quasi-sausage modes and v̂x(−x0) = v̂x(x0) for quasi-kink modes. Although at
�rst glance, they appear to be "pure" sausage or kink modes, these quasi-symmetric
oscillations may have di�erent perturbation penetration depth in the external re-
gions, and di�erent spatial distribution of wave power within the slab.

In order to �nd an analytical relation to identify the set of asymmetric parameters
that imitates a symmetric system, we require that the structures of the symmetric
(Equation 5.43) and decoupled asymmetric (Equation 5.44) dispersion relations have

106



CHAPTER 5. SOLAR MAGNETO-SEISMOLOGY OF AN ASYMMETRIC
MAGNETIC SLAB

Figure 5.6: Dependence of the amplitude ratio on δ, for ϵ = 0.1 and kx0 = 0.1. for
the quasi-kink mode.

Figure 5.7: Dependence of the amplitude ratio on δ, for ϵ = 0.1 and kx0 = 0.5. for
the quasi-kink mode.
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to be the same:

ρ0
ρe

me

(k2v2Ae − ω2)
= − m0

(k2v2A0 − ω2)

(
tanh

coth

)
{m0x0}, (5.43)

1

2

[
ρ0
ρ1

m1

(k2v2A1 − ω2)
+

ρ0
ρ2

m2

(k2v2A2 − ω2)

]
= − m0

(k2v2A0 − ω2)

(
tanh

coth

)
{m0x0}. (5.44)

Here, quantities with index e refer to the symmetric system that the appropriate
choice of asymmetric parameters is equivalent to. Since the right-hand sides in the
two equations of (5.43 and eq:compare2) are the same, the left-hand sides should
also be equal:

ρ0
ρe

me

(k2v2Ae − ω2)
=

1

2

[
ρ0
ρ1

m1

(k2v2A1 − ω2)
+

ρ0
ρ2

m2

(k2v2A2 − ω2)

]
. (5.45)

To ensure this ewuality, we require that the two terms on the right themselves should
to be equal:

ρ0
ρ1

m1

(k2v2A1 − ω2)
=

ρ0
ρ2

m2

(k2v2A2 − ω2)
(5.46)

This is a necessary and su�cient condition on the magnetic and plasma parameters
in the external regions that result in quasi-symmetric eigenmodes of an asymmetric
magnetic slab for a given set of wave parameters. To show that Equation (5.46) is
a necessary condition, we �rst consider the case of quasi-sausage modes supported
by an an asymmetric magnetic slab. We use the requirement of equal but opposite
amplitudes at the two interfaces for quasi-symmetric modes and state it in terms of
the transverse velocity perturbation given by Equation (5.1), where we substitute
the form of the coe�cient B, from Equation (5.5).

v̂x(−x0) = −v̂x(x0), (5.47)

=⇒
(
Λ0C0 + Λ1S0

Λ0S0 + Λ1C0

)
C0 − S0 = −

(
Λ0C0 + Λ1S0

Λ0S0 + Λ1C0

)
C0 − S0, (5.48)

=⇒ Λ0C0 + Λ1S0 = 0. (5.49)

Similarly, taking the second expression for B (Equation 5.6), it may be shown that

Λ0C0 + Λ2S0 = 0. (5.50)

Therefore, Λ1 = Λ2, which, after substituting in the appropriate expressions, is
equivalent to Equation (5.46).

For symmetric-looking quasi-kink modes, we require that the velocity perturba-
tion amplitudes from Equation (5.1) should be equal on the two slab boundaries.
Substituting the �rst form of C from Equation (5.5) gives us

v̂x(−x0) = v̂x(x0), (5.51)

=⇒
(
C0 −

Λ0S0 + Λ1C0

Λ0C0 + Λ1S0

)
S0 =

(
C0 +

Λ0S0 + Λ1C0

Λ0C0 + Λ1S0

)
S0, (5.52)

=⇒ Λ0S0 + Λ1C0 = 0, (5.53)
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while substituting C from Equation (5.22) leads to

Λ0S0 + Λ2C0 = 0. (5.54)

Similarly to the case of quasi-sausage modes, this implies that Λ1 = Λ2 for quasi-
symmetric quasi-kink modes, too, which is the concise form of Equation (5.46).
To show that this equation is also a su�cient condition for the existence of quasi-
symmetric modes, we consider an asymmetric magnetic slab with equilibrium param-
eters that satisfy this formula. Then the transverse velocity perturbation solution
for quasi-sausage modes reduces to

v̂x(x) =


A(coshm1x+ sinhm1x) if x < −x0,

C sinhm0x if |x| ≤ x0,

D(coshm2x− sinhm2x) if x > x0,

(5.55)

with
A =

−CS0

C1− S1

, D =
CS0

C2 − S2

, C is arbitrary. (5.56)

Here, the solution within the slab, |x| ≤ x0, is simply an odd function of x, and
therefore has the property v̂x(−x0) = −v̂x(x0), showing that Equation (5.46) is a
su�cient condition. For quasi-kink modes the corresponding expressions simplify to

v̂x(x) =


A(coshm1x+ sinhm1x) if x < −x0,

B coshm0x if |x| ≤ x0,

D(coshm2x− sinhm2x) if x > x0,

(5.57)

where
A =

BC0

C1− S1

, D =
BC0

C2 − S2

, B is arbitrary. (5.58)

With these parameters, the solution inside the slab is an even function of the x-
coordinate,concluding the proof that Equation (5.46) is a necessary and su�cient
condition for the existence of quasi-symmetric modes in a magnetic slab, for both
quasi-sausage and quasi-kink type oscillations.

So far, we have required that the magnitudes of the transverse velocity perturba-
tion on the two interfaces should be equal for quasi-symmetric modes. If we further
specify that the the eigenfunction is fully symmetric, and so the penetration depth of
perturbations in the external plasma has to be equal on either side of the slab, then
the external parameters must also be equal, and the entire slab system is symmetric.

It is noteworthy that the condition (5.46) for quasi-symmetric oscillations of an
asymmetric magnetic slab provides a relation between the external parameters on
the two sides of the slab. This connection can be restated using Equation (2.3) in
the following form:

(k2v2A2 − ω2)

(k2v2A1 − ω2)

m1

m2

=
ρ1
ρ2

=
c22 +

γ
2
v2A2

c21 +
γ
2
v2A1

. (5.59)

For the purposes of magneto-seismology, this means that if quasi-symmetric oscil-
lations with a given angular frequency and wavenumber are detected, one of the
external characteristic speeds can be determined as a function of the other three.
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This, of course, means that (using the expressions of characteristic speeds), one un-
known external magnetic �eld strength, density, pressure (or temperature) can also
be determined as a function of the other �ve such quantities.

We can con�rm this relationship between the external plasma and magnetic
parameters using the de�nition of amplitude ratios as well. We start by considering
the concise form of the decoupled dispersion relation for quasi-sausage (quasi-kink)
modes, which is

Λ0(Λ1 + Λ2) + 2Λ1Λ2

(
tanh {m0x0}
coth {m0x0}

)
= 0. (5.60)

By rearranging this equation, we obtain the following relation:

−Λ1

Λ2

=
Λ0 + Λ1

(
tanh {m0x0}
coth {m0x0}

)
Λ0 + Λ2

(
tanh {m0x0}
coth {m0x0}

) , (5.61)

If we compare this with the amplitude ratio for quasi-sausage (Equation 5.15) and
quasi-kink modes (Equation 5.27), we see that the right-hand side of Equation (5.61)
is also the expression for the amplitude ratio of the two types of eigenmodes. To be
more exact,

RA,saus = −Λ0 + Λ1 coth {m0x0}
Λ0 + Λ2 coth {m0x0}

=
Λ1

Λ2

, and (5.62)

RA,kink =
Λ0 + Λ1 tanh {m0x0}
Λ0 + Λ2 tanh {m0x0}

= −Λ1

Λ2

, , (5.63)

or, in short,

RA = ±Λ1

Λ2

= ±ρ1m2

ρ2m1

(k2v2A1 − ω2)

(k2v2A2 − ω2)
, (5.64)

where the positive sign corresponds to quasi-sausage modes, and the negative sign
to quasi-kink modes. We also know that for the quasi-symmetric modes, the am-
plitudes of both the quasi-sausage and the quasi-kink waves will have the same
magnitude at the two interfaces. Therefore, the amplitude ratios are RA = −1
for these quasi-sausage modes, and RA = 1 for the quasi-kink ones. Using this
information, Equation (5.64) becomes

m1

m2

ρ2
ρ1

=
(k2v2A1 − ω2)

(k2v2A2 − ω2)
, (5.65)

which is exactly the condition we rearranged to obtain Equation (5.59) connecting
the external parameters of an asymmetric slab system that supports quasi-symmetric
oscillations.

5.3 Minimum perturbation shift

The second spatial magneto-seismology technique we describe here is one that de-
scribes the shift in the position of minimum wave power away from the centre of
an asymmetric slab. As mentioned in Chapter 2, the position of the minimally per-
turbed surface for a symmetric sausage or kink mode lies at exactly the central axis

110



CHAPTER 5. SOLAR MAGNETO-SEISMOLOGY OF AN ASYMMETRIC
MAGNETIC SLAB

Figure 5.8: The principle of the minimum perturbation shift method. Figure cour-
tesy of Allcock and Erdélyi (2018).

of the slab (x = 0). We de�ne the minimum perturbation shift, ∆min as the o�set of
the minimum wave power from the centre of the slab, as illustrated for a quasi-kink
mode in Figure 5.8. The method of the minimum perturbation shift is exclusive to
surface modes, which, as we have seen in Chapter 3, are are signi

�cantly more sensitive to the external plasma parameters than body modes.
Body modes show a shift in the position of their nodes and anti-nodes under the
e�ect of external asymmetries, however, this is expected to be a much smaller and
therefore less easily observable quantity (see also Allcock and Erdélyi (2018)).

5.3.1 Quasi-sausage modes

For a symmetric slab system, the sausage modes leave the surface in the centre of the
slab unperturbed. When density and/or magnetic asymmetry is introduced into the
environment, the position of this surface is shifted away from the middle to a new
x-coordinate can be found simply by setting the transverse velocity perturbation
amplitude,

v̂x(x) = B coshm0x+ C sinhm0x = 0, (5.66)

from which x can be expressed as

x =
1

m0

tanh−1

{
−B

C

}
, (5.67)

where |x| ≤ x0. Using the equations describing the continuity of velocity and total
pressure perturbations at the boundaries of the slab, the coe�cient B can be ex-
pressed in two di�erent forms described in Equations (5.5) and (5.6). Substituting
this into Equation (5.67), the x-coordinate of the minimally perturbed surface, ∆min

becomes

∆min =
1

m0

tanh−1

{
−Λ0C0 + Λ1S0

Λ0S0 + Λ1C0

}
=

1

m0

tanh−1

{
−

ρ0
ρ1
m1

[
k2v2A0 − ω2

]
+m0

[
k2v2A1 − ω2

]
τ0

ρ0
ρ1
m1

[
k2v2A0 − ω2

]
τ0 +m0

[
k2v2A1 − ω2

]} (5.68)

In the thin-slab approximation, as we have stated before, kx0 << 1, and so
m0x0 << 1. Then it is also true that the minimum perturbation shift is ∆min < x0
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and therefore m0∆min << 1. In this case, the hyperbolic tangent can be approxi-
mated by its argument, and Equation (5.68) can be rearranged to provide another
estimate for the internal Alfvén speed as a function of the slab width, the minimum
perturbation shift, the external parameters on one side of the slab, as well as the
internal density and sound speed:

v2A0 =
(k2c20 − ω2)x0∆min + c20

(k2c20 − ω2)(k2x0∆min + 1)
ω2 − (x0 +∆min)(k

2v2A1 − ω2)

ρ0/ρ1m1(k2x0∆min + 1)
. (5.69)

The minimum perturbation shift is is ill-de�ned in the wide-slab limit, when
kx0 ≫ 1, when the two interfaces oscillate basically independently of one another
at their own eigenfrequency (see also Allcock and Erdélyi (2018)).

5.3.2 Quasi-kink modes

Symmetric kink modes are characterised by causing zero perturbation along the cen-
tral surface of the slab, too. Asymmetric quasi-kink modes, on the other hand, only
possess a surface of minimum perturbation (where the transverse velocity perturba-
tion is smallest, but not necessarily zero), which is, again, shifted from the centre
of the slab. The x-coordinate of this least perturbed surface can be determined by
�nding where the derivative of the transverse velocity perturbation is zero:

dv̂x(x)

dx
= m0 (B sinhm0x+ C coshm0x) = 0. (5.70)

From this, the required x-coordinate can be expressed as

x =
1

m0

tanh−1−C

B
=

1

m0

coth−1−B

C
. (5.71)

Now substituting the form of the C coe�cients from Equations (5.21) and (5.22)
into this expression give us the x-coordinate of the minimally perturbed surface,
∆min as

∆min =
1

m0

coth−1

{
−Λ0C0 + Λ1S0

Λ0S0 + Λ1C0

}
=

1

m0

coth−1

{
−

ρ0
ρ1
m1

[
k2v2A0 − ω2

]
+m0

[
k2v2A1 − ω2

]
τ0

ρ0
ρ1
m1

[
k2v2A0 − ω2

]
τ0 +m0

[
k2v2A1 − ω2

]} . (5.72)

Applying the thin-slab approximation allows us to provide an estimate for the
internal Alfven speed in the case of the quasi-kink modes, too, following a similar
reasoning as we used to obtain Equation (5.69) for quasi-sausage modes. Here, the
internal Alfven speed can be approximated as

v2A0 =
−B ±

√
B2 − 4AC

2A
, (5.73)

where

A = (k2c20 − ω2)
ρ0
ρ1

k2m1∆min,

B = (k2c20 − ω2)

(
[k2v2A1 − ω2]

[
ρ0
ρ1

m1x0 + 1 + k2∆minx0

]
− ρ0

ρ1
ω2m1∆min

)
,

C = (k2v2A1 − ω2)

([
ρ0
ρ1

m1x0 + 1

]
c20 + (k2c20 − ω2)∆minx0ω

2

)
. (5.74)
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Figure 5.9: Dependence of the minimum perturbation shift of the quasi-sausage
(blue) and quasi-kink mode (red) on on δ, for ϵ = 0.1 and kx0 = 0.1.

Figure 5.10: Dependence of the minimum perturbation shift of the quasi-sausage
(blue) and quasi-kink mode (red) on on δ, for ϵ = 0.1 and kx0 = 0.5.
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5.4. CONCLUSION

The dependence of the minimum perturbation shift of the eigenmodes of an
asymmetric magnetic slab system on the density asymmetry, δ, for a given �xed
value of the magnetic asymmetry parameter, ε, and two di�erent values of the
dimensionless slab width, kx0, is displayed in Figures 5.9 and 5.10, for the same
characteristic speeds as all other �gures in this Chapter. Of course, this is only
an illustrative example of the perturbation shift method, and the solutions might
behave di�erently for an alternative characteristic speed ordering, which was beyond
the scope of the current investigation.

5.3.3 The incompressible limit

One last approximation which is interesting to investigate is that of the system being
�lled with incompressible plasma. In this case, the sound speeds are unbounded, so
that mj = k, for j=0, 1, 2. Then the minimum perturbation shift for quasi-sausage
(top) and quasi-kink modes (bottom) can be expressed as

∆min =
1

k

(
tanh −1

coth −1

){
−

ρ0
ρ1

[
v2A0 − ω2

]
+
[
k2v2A1 − ω2

]
tanh [kx0]

ρ0
ρ1

[
v2A0 − ω2

]
tanh [kx0] +

[
k2v2A1 − ω2

]} . (5.75)

This can be rearranged to provide a relatively simple estimate for the internal Alfvén
speed in terms of an external Alfvén speed and density ratio, as well as measurable
wave and geometric parameters of the slab system:

v2A0 =
ω2

k2

(
1−

ρ1
[
k2v2A1 − ω2

]
ρ0ω2

(
tanh

coth

){
k [x0 +∆min]

})
(5.76)

5.4 Conclusion

In this chapter, we provided an overview of solar magneto-seismologic tools devel-
oped for asymmetric slab systems which rely on the change in character occurring in
the eigenmodes supported by a waveguide that is under the e�ect of its asymmetric
environment. Both of the methods described here belong under the wider umbrella
of spatial magneto-seismology, which, as opposed to temporal seismology methods,
has had a shorter history and a recent �golden age� thanks to the rapidly increasing
observational capabilities of solar telescopes.

We have provided a derivation for two SMS techniques introduced by Allcock
and Erdélyi (2018) for an asymmetric magnetic slab placed in a non-magnetic en-
vironment, and we have generalised them to the case of a magnetic slab enclosed
in an asymmetric magnetic environment. Section 5.2 describes the amplitude ratio
method, which relies on the fact that the ratio of oscillation amplitudes at the two
boundaries of the slab deviates from unity for general asymmetric eigenmodes. We
provided an exact formula for the amplitude ratios of both quasi-sausage and quasi-
kink modes, and then we proceeded to include some analytical approximations of
these in order to make inversion possible and derive estimates for the Alfvén speed
within the slab in terms of the rest of the equilibrium background parameters, as
well as the frequencies and wavenumbers of oscillations.

We revisited the concept of quasi-symmetric oscillations introduced earlier in
the mechanical analogy to an asymmetric slab system (see Section 2.3). We de�ned
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these as perturbations of an asymmetric slab system that show symmetric oscillation
amplitudes at the slab boundaries but may have di�erent penetration depths in the
asymmetric external media. We obtained a necessary and su�cient condition for
the existence of quasi-symmetric modes and used it to describe a simple relation
between the external plasma and magnetic parameters, which allows us to determine
one external parameter in terms of the other three.

Finally, in Section 5.3, we generalised the minimum perturbation shift method
to asymmetric slab systems including external magnetic asymmetry next to the
density asymmetry. This allowed us to express new estimates for the Alfvén speed
within the slab in the analytical limit of a thin or an incompressible slab. All of
the Alfvén speed estimates we provided show dependence on an asymmetric spatial
parameter of waves (either the amplitude ratio or the minimum perturbation shift),
the wavenumber and frequency of the eigenmodes, the geometric extent of the slab,
and at least one external density and Alfvén speed. It is often the case that multi-
ple plasma or magnetic parameters of a solar atmospheric structure are unknown.
However, if we use wave parameters measured in a solar atmospheric structure, we
only have to provide an estimate for some of the unknown external parameters in
order to use our formulae. If, however, we want to apply them to all possible eigen-
modes supported by a given asymmetric slab system, an implicit dependence on the
remaining external parameters also has to be taken into account when we solve the
dispersion relation to obtain the angular frequencies and wavenumbers of trapped
oscillations.
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Chapter 6

Standing Waves in an Asymmetric

Slab

Abstract

This Chapter describes standing waves in an asymmetric non-magnetic, and then in
an asymmetric magnetic environment. The necessary boundary conditions for the
existence of standing waves in both cases are studies, and then the appropriate dis-
persion relations are obtained. This is motivated by a solar magneto-seismological
aim: once we �nd analytical solutions to the dispersion relation of standing waves,
the frequencies and amplitudes of their di�erent harmonics can be compared. These
are measurable quantities in a solar context, and together with the rest of the waveg-
uide parameters, they provide enough information to use our theoretical results to
solve an inverse problem and estimate an unknown parameter of a solar waveguide.
This Chapter is based on the results obtained in Oxley et al. (2020a) and Oxley
et al. (2020b), which are two papers written as the result of a summer student
project in the SURE scheme at the University of She�eld, and the extended coop-
eration following the project. Calculations were performed and mutually checked
by the co-authors in both papers. Wiliam Oxley was primarily responsible for the
2D-�gures published in these papers and used as illustratoins in this Chapter, while
Noemi Zsamberger worked on the 3D-plots and their interactive versions available in
the supplementary material. Furthermore, the author of this thesis was responsible
for the Appendix of Oxley et al. (2020a) on the Rayleigh-Ritz theorem, which is
included as Section 6.4 of this Chapter.

6.1 Chapter Introduction

We have described in the previous Chapters how MHD waves can provide us with
a tool to diagnose solar atmospheric structures, and in Chapter 5 speci�cally, we
provided tools to perform solar magneto-seismological studies. There, we focused on
propagating waves in asymmetric magnetic slabs, in a non-magnetic external region
(Allcock and Erdélyi, 2017) and with a magnetic external region (based on e.g.
Zsámberger et al. (2018)). However observations have discovered a large range of
standing waves in MHD waveguides (de Moortel, 2009), too. A review by Taroyan
and Erdélyi (2009), as well as studies by Wang et al. (2007) and Wang (2011)
discuss SMS applications of standing waves in the context of coronal loops included.
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Standing waves in other solar features have also been examined. For example,
prominence oscillations are a prime candidate both for the detection of standing
waves and for the application of a Cartesian waveguide model (Oliver 2009; Arregui
et al. 2012).

Motivated by these and further solar applications, the aim of the current Chapter
is to build on the results of previous studies on propagating waves in asymmetric
waveguides, and now focus on standing waves, along with the new SMS techniques
they may be used to develop. In order to describe standing waves in an asymmetric
slab system, we introduce a line-tying boundary condition, allowing the waves prop-
agating in the slab to be re�ected from these new boundaries, leading to interference
and to the formation of standing waves.

In Section 6.2, we describe the equilibrium con�guration and the boundary con-
ditions for standing waves in an asymmetric slab embedded in a non-magnetic envi-
ronment. Through a similar process to that followed in Allcock and Erdélyi (2017),
we derive the dispersion relation for the harmonics of magneto-acoustic waves in the
asymmetric slab waveguide. Next, we introduce the thin slab and weak asymmetry
assumptions in order to make analytical progress. In Sections 6.3.1 and 6.3.2, we
then calculate the frequencies and amplitudes of the harmonics of standing waves
present in the system, to then proceed to introduce their ratios for purposes of
magneto-seismology. In Section 6.3.3, the results are supplemented by numerical
solutions for a chosen set of characteristic speeds and densities.

Next, in Section 6.5, the main steps of this process are repeated for a magnetic
slab embedded in an asymmetric magnetic environment, so that our results may be
further generalised. We apply similar boundary conditions as before to obtain the
standing wave dispersion relation. Before we proceed, we restrict out investigation
to isothermal plasmas and weak asymmetries. After these preparations, we obtain
the expressions for the frequencies and amplitudes of the standing harmonics in
Sections 6.5.4 and 6.5.5, in order to use their di�erences to infer values for an
internal or external magnetic �eld strength in the system. We conclude the Chapter
with a short discussion of the results.

6.2 The Slab in a Non-Magnetic Environment

We consider an asymmetric magnetic slab waveguide like the one set up by Allcock
and Erdélyi (2017): a three-dimensional, inviscid, static, ideal plasma split into
three regions in the x direction. This equilibrium con�guration is shown in Figure
6.1, with all boundaries of the slab indicated by dashed lines. The slab has a �nite
width in the x-direction of 2x0, and a �nite length of L in the z-direction (while it
is still unbounded in the y-direction). The equilibrium magnetic �eld is given by
B(x)êz, where

B(x) =

{
B0 if |x| ≤ x0 , (6.1)

0 if |x| > x0 , (6.2)

and B0 is constant. The equilibrium pressure, temperature and density are
denoted pj, Tj and ρj, respectively, with the index j = 0 inside the slab, j = 1 to
the left, and j = 2 to the right of the slab. (A partial exception to this is the Alfvén
speed inside the slab, which we simply denote by vA in this subsection, as the external
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x = −x0 x = x0

x

z

y
z = 0

z = L

ρ1, p1, T1 ρ0, p0, T0, B0 ρ2, p2, T2L

2x0

Figure 6.1: The equilibrium state inside ( |x| ≤ x0) and outside of the magnetic slab
(x < −x0 and x > x0), with the magnetic �eld lines indicated in red. The source of
the Figure is: Oxley et al. (2020a).

Alfvén speeds are both zero.) As we would like to analyse the e�ect of asymmetry
on standing waves �rst, we neglect the e�ects of gravity in this derivation.

In order to describe standing waves in this asymmetric waveguide, we have to set
out some boundary conditions in the directions of structuring. In the x-direction,
pressure balance must be maintained across the interfaces at x = ±x0:

p1 = p0 +
B2

0

2µ0

= p2. (6.3)

This expression may be transformed to provide a relationship between the external
sound speeds and densities:

c21ρ1 = c22ρ2. (6.4)

In the z-direction, we mus use di�erent boundary conditions. Here, the aim is
to allow the propagating waves supported by the slab system to be re�ected at the
endpoints (top and bottom boundaries in our illustration), causing them to interfere
and form standing waves. Accordingly, we apply line-tying boundary conditions at
z = 0, L. The conditions relevant to our study are that the x-component of the
velocity perturbation, vx, and the z-component of the magnetic �eld perturbation,
bz, are zero at z = 0, L. Additionally, we can also impose that the total pressure
perturbation is also zero at z = 0, L. In summary:

vx(z = 0) = vx(z = L) = 0,

bz(z = 0) = bz(z = L) = 0,

pT (z = 0) = pT (z = L) = 0. (6.5)

6.3 Derivation of the Dispersion Relation

The �rst steps of the process of deriving the dispersion relation for standing waves in
an asymmetric slab are formally analogous to the derivation carried out by Allcock
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and Erdélyi (2017), which is why we only highlight the di�erences in this subsection.
The ideal MHD equations are linearised about a basic state, and plane-wave solutions
are sought. To satisfy the line-tying boundary condition given by Equation (6.5),
these now take the form

vx = v̂x(x)e
−iωt sin (kz), vz = v̂z(x)e

−iωtf(z), pT = p̂T (x)e
−iωt sin (kz), (6.6)

where f is an arbitrary function to be determined. The line-tying boundary condi-
tions (vx(z = 0) = vx(z = L) = 0) also provide a condition on k:

k =
nπ

L
, n ∈ Z+, (6.7)

where k = 0 is excluded to ensure we consider non-trivial solutions. From the
linearised momentum equation and the line-tying conditions, we �nd that the form
of the arbitrary function as f(z) = Q cos(kz), for an arbitrary constant Q. The
constant Q can be absorbed into, say, the v̂z(x) velocity amplitude, and so we can
simply take f(z) = cos(kz).

We proceed with substituting the now complete expressions for vx and vz into the
linearised MHD equations, which leads us to formally the same governing equation
that Allcock and Erdélyi (2017) found for propagating waves:

d2v̂x
dx2

−m2
0v̂x = 0, where m2

0 =
(k2c20 − ω2)(k2v2A − ω2)

(k2c2T − ω2)(c20 + v2A)
, c2T =

c20v
2
A

c20 + v2A
, (6.8)

however, here, k can only take the values prescribed by Equation (6.7). The ODE
(6.8) is valid inside the slab, while in the environmental regions,

d2v̂x
dx2

−m2
j v̂x = 0, with m2

j = k2 − ω2

c2j
, for j = 1, 2. (6.9)

Matching solutions for Equations (6.8) and (6.9) and ensuring that the pressure
and velocity continuity conditions are ful�lled, we recover formally the same disper-
sion relation which Allcock and Erdélyi (2017) provided for propagating waves in
an asymmetric slab embedded in a non-magnetic environment:

ω4m2
0 +

ρ0
ρ1

m1
ρ0
ρ2

m2

(
k2v2A − ω2

)2
− 1

2
m0ω

2
(
k2v2A − ω2

)(ρ0
ρ1

m1 +
ρ0
ρ2

m2

)(
tanh (m0x0) + coth (m0x0)

)
= 0,

(6.10)

but, as before, our wavenumbers k must ful�l the line-tying requirements.
As explained in the previous Chapters, asymmetric magnetic slab systems can

support quasi-kink and quasi-sausage, slow or fast, surface or body modes. In this
Chapter, we focus only on surface modes (m2

0 > 0), as they are more sensitive to
the e�ects of the external asymmetry. Furthermore, in the system we consider, only
slow surface waves exist in the general case for any wavenumber (see aslo Allcock
and Erdélyi (2017)).
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With these restrictions in mind, we now simplify the dispersion relation using
the thin slab and weak asymmetry assumptions. We introduce the notation

ε =
x0

L
, and ρ2 = ρ1(1 + δ), where δ =

ρ2 − ρ1
ρ1

> 0, (6.11)

meaning we have taken ρ1 < ρ2. This can be done without a loss of generality,
as a simple swap of all indices 1 and 2 would allow us to apply the results to a slab
system where the right-hand-side density is the greater one.

The assumption of weak asymmetry assumption corresponds to δ ≪ 1, and we
can use this to recover the form of the decoupled dispersion relation, Equation (22)
from Allcock and Erdélyi (2017). Explicitly using the δ notation and neglecting
secnod-order terms in the decoupled dispersion relation yields

(
k2v2A − ω2

) ρ0
ρ1

m1

2− δ

[
1 +

ω2

2(k2c21 − ω2)

] ≈ 2ω2m0

(
tanh
coth

)
(m0x0). (6.12)

In order to make further analytical progress, we study waves in the thin-slab
limit, which corresponds to ε ≪ 1. We use this to simplify Equation (6.10), by
keeping only the leading terms in ε. Additionally, due to the line-tying boundary
condition and Equation (6.7), kx0 = nπε, and therefore kx0 can also be treated as
a small quantity. With these considerations, the dispersion relation becomes

ω4m3
0Lε+m0Lε

ρ0
ρ1

m1
ρ0
ρ2

m2

(
k2v2A − ω2

)2
− 1

2
m0ω

2
(
k2v2A − ω2

)(ρ0
ρ1

m1 +
ρ0
ρ2

m2

)
≈ 0. (6.13)

Based on numerical solutions found by Allcock and Erdélyi (2017), we assume
that there is a slow quasi-sausage surface wave with ω2 ≈ k2c2T . By substituting
ω2 ≈ k2c2T (1 − αε), we �nd the angular frequency of the standing wave harmonics
(to leading order in ε) as

ω2
n ≈ n2π2c2T

L2

1− ε
2nπc40c1ρ1
ρ0(c20 + v2A)

2

 1 + δ

(1 + δ)(c21 − c2T )
1
2 +

(
c21 − c2T (1 + δ)

) 1
2


 ,

(6.14)
where we have used k = nπ/L.
Based on Allcock and Erdélyi (2017) for propagating waves, we further assume

that a slow quasi-kink surface wave with ω2 → 0 exists as ε → 0. Now using ω2 ≈ βε
and k = nπ/L, we obtain th angular frequency of these standing quasi-kink mode
harmonics as

ω2
n ≈ ε

ρ0n
3π3v2A

L2ρ1
(
1 + δ/2

) . (6.15)

Figures 6.2 - 6.16 contain diagrams of the phase speed (ωn/k) of the fundamental
mode and the �rst harmonic, for both a range of ε and a range of δ, for a set of back-
ground parameters chosen for illustrative purposes only. Speci�c solar applications
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would require further study and di�erent characteristic speed ordering, although
using e.g. prominence parameters, the pair of slow surface waves would still exist
and show qualitatively the same behaviour in the thin- and wide-slab limits, even
though the exact angular frequencies would of course be di�erent.

Both Figures use a blue surface to depict the quasi-sausage waves (given by
Equation 6.14), and a red one to show the quasi-kink waves (given by Equation
6.15). The equilibrium parameters used to prepare these Figures are: c0 = 5.00,
vA = 3.16, cT = 2.67, c1 = 4.71, and ρ1/ρ0 = 1.50. Rotating animations of the
3D plots are available online as part of the publication Oxley et al. (2020a) and as
supplementary material SM-A1 and SM-A2, respectively.

In these plots, we have the restriction that ε should be small (by assumption),
but we have taken a large range of δ to show more general results. Cuto�s in the
frequencies appear because some combinations of ε and δ yield an expression with
ω2 < 0. Numerical solutions of the full dispersion relation in Allcock and Erdélyi
(2017) show that the slab width-dependent eigenfrequencies of the two modes should
not intersect. However, our Figure 6.16 shows an intersection for small values of ε,
which make us conclude that there is a restriction on the valid ranges of ε and δ for
which our approximation may be used. An interesting feature observable in these
Figures is that the intersection occurs for narrower slabs in the case of the �rst
harmonics than in that of the fundamental modes. This is due to the structure of
the approximate solutions, which contain a cubic dependence on the harmonic mode
number (n), making the phase speeds of the �rst harmonics change faster than those
of the fundamental modes.

We also conduct a brief numerical investigation of the phase speeds of eigenmodes
for a �xed slab width, contained in Figure 6.16. It appears from these diagrams
that the phase speeds of the quasi-kink modes are less sensitive to changes in the
asymmetry parameter δ than quasi-sausage modes, especially in the case of the �rst
harmonics.

6.3.1 Frequencies of the Standing Harmonic Modes

In he following part of the Section, we keep both the thin slab and weak asymmetry
approximations in place (ε ≪ 1 and δ ≪ 1). We further assume that ε, δ ≫ ε2, εδ, δ2.
We use the decoupled dispersion relation to obtain analytical expressions for the
frequencies and amplitudes of the standing modes, which requires us to keep ignoring
any terms of order δ2.

After calculating the eigenfrequencies themselves, we also construct the ratio of
the �rst harmonic to the fundamental mode, and the relative frequency di�erence
due to the asymmetry. To highlight the in�uence of asymmetry on the standing
oscillations, all three of these quantities can be compared with the corresponding
counterpart where the system is symmetric. The study is motivated by the fact
that the frequency ratio is a measurable quantity, which, once observations with the
required resolution are available, allow this method to be utilised in SMS studies.

Eigenfrequencies of Quasi-sausage Modes

Using Equation (6.12) in the limit ε ≪ 1, the dispersion relation for the quasi-
sausage modes becomes
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(a) (b)

Figure 6.2: The phase speed for the fundamental mode (n = 1, panel (a)) and the
�rst harmonic (n = 2, displayed in panel (b)) as a function of ε ranging from 0 to
0.4, and δ ranging from 0 to 2. The purple plane represents the value of cT , and the
green line illustrates the maximum plotted value, which is ω1/k ≈ 2.89 in panel (a),
and ω2/k ≈ 4.09 in panel (b), by joining it to the vertical axis. The source of the
Figure is: Oxley et al. (2020a).

(a) (b)

Figure 6.3: The phase speed for the fundamental mode (n = 1) and the �rst har-
monic (n = 2) of the quasi-sausage waves (given by Equation 6.14) and the quasi-
kink waves (given by Equation 6.15), (a) as a function of ε, with δ = 1 �xed, and
(b) as a function of δ, with ε = 0.1 �xed. The source of the Figure is: Oxley et al.
(2020a).

(
k2v2A − ω2

)(ρ0
ρ1

m1 +
ρ0
ρ2

m2

)
≈ 2ω2m2

0x0

(
1− m2

0x
2
0

3

)
. (6.16)

Supposing that ω2 ̸= k2v2A, we cancel a factor of (k2v2A − ω2) and use ε = x0/L
to get

ρ0
ρ1

m1 +
ρ0
ρ2

m2 ≈ 2ω2 (k2c20 − ω2)

(k2c2T − ω2)(c20 + v2A)
Lε

(
1− m2

0L
2ε2

3

)
. (6.17)

Using the notation
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Π =
c40c1ρ1

ρ0(c21 − c2T )
1
2 (c20 + v2A)

2
, (6.18)

there is a solution of Equation (6.17) of the form

ω2
n ≈ n2π2c2T

L2

[
1− εnπΠ

− ε2n2π2

{
Π2(c20 + v2A)

2c40(c
2
1 − c2T )

(
4c2T c

2
1 − 3c4T + c20c

2
T − 2c20c

2
1

)
− c2T

3(c20 + v2A)

}

− εδ
nπΠ(2c21 − c2T )

4(c21 − c2T )

]
. (6.19)

Equation (6.19) is the frequency of the slow quasi-sausage mode in a thin and
weakly asymmetric slab. This expression gives the eigenfrequency as approximately
k2c2T , as expected, with additional terms due to the changing slab width and density
asymmetry. The leading correction term is of order ε, and there is no density
asymmetry factor present until second order in the small quantities.

A visualisation of the fundamental mode and the �rst harmonic for the standing
quasi-sausage wave solution is provided in Figures 6.4 and 6.5. A diagram of the
phase speed of the fundamental mode and the �rst harmonic are displayed in Figure
6.6. The phase speeds of the quasi-sausage and quasi-kink modes are included in
the same �gure.

x

z

y

ρ1,p1,T1 ρ0,p0,T0,B0 ρ2,p2,T2

z = 0

z = L

x = −x0 x = x0

Figure 6.4: Illustration of a funda-
mental standing quasi-sausage mode
oscillation in the asymmetric mag-
netic slab. The source of the Figure
is: Oxley et al. (2020a).
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y

ρ1,p1,T1 ρ0,p0,T0,B0 ρ2,p2,T2

z = 0

z = L

x = −x0 x = x0

Figure 6.5: Same as Figure 6.4 but for
the �rst harmonic. The source of the
Figure is: Oxley et al. (2020a).

In Figure 6.6, the phase speed shows a quadratic dependence on the slab width
parameter ε. As ε → 0, the phase speeds of the quasi-sausage and quasi-kink
solutions tend towards roughly the tube speed and zero, respectively, as expected.
Panel (b) of Figure 6.6 shows that the phase speed does not change much as δ is
changed, which we expected to see fro two reasons. Firstly, due to the ranges of the
small parameters we chose (δ ≪ ε), and secondly, because the density dependence
only appeared in the solutions in second order terms.
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(a) (b)

Figure 6.6: The phase speed for the fundamental mode (n = 1) and the �rst har-
monic (n = 2) of the quasi-sausage waves (given by Equation 6.19) and the quasi-
kink waves (given by Equation 6.24), (a) as a function of ε, with δ = 0.03 �xed and
(b) as a function of δ, with ε = 0.12 �xed. The source of the Figure is: Oxley et al.
(2020a).

Frequency Ratio of the First Harmonic to the Fundamental Quasi-sausage

Mode

We can use Equation (6.19) to construct the frequency ratio of the �rst harmonic
to the fundamental mode as

ω2

ω1

≈ 2

[
1− ε

πΠ

2
− ε2π2

[
Π2(c20 + v2A)

8(c21 − c2T )c
4
0

(
19c2T c

2
1 − 13c4T + c20c

2
T − 7c20c

2
1

)
− c2T
2(c20 + v2A)

]
− εδ

πΠ(2c21 − c2T )

8(c21 − c2T )

]
. (6.20)

We include plots of the frequency ratio for a range of ε and of δ, in Figure 6.7.
The quasi-sausage and quasi-kink modes are included in the same �gure. Figure
6.7 shows that that the quasi-kink frequency ratio is more sensitive to changes in
ε than its quasi-sausage counterpart. Pane (b) of Figure 6.7 shows no dependence
of quasi-kink ratio on δ up to the order of terms we have included, whereas the
quasi-sausage ratio shows a linear dependence on δ.

Relative Frequency Di�erence of Quasi-sausage Modes due to Asymmetry

We introduce the notation ωn,a and ωn,s for the eigenfrequencies of the mode n in the
asymmetric and symmetric case, respectively. Using Equation (6.19) gives us ω2

n,a

directly, and substituting in δ = 0 for the symmetric case gives ω2
n,s. Using Taylor

expansions, we calculate the relative change in frequency due to the asymmetry, for
the quasi-sausage waves as:

dω,S = |ωn,a − ωn,s

ωn,s

| ≈ εδ
nπΠ(2c21 − c2T )

8(c21 − c2T )
. (6.21)

The dependence of the frequency di�erence of quasi-sausage and quasi-kink
modes due to asymmetry on ε and δ is shown in Figure 6.8. Figure 6.8 shows that
the frequency di�erence for the quasi-kink modes does not depend on ε, whereas
the quasi-sausage modes show a linear dependence on ε, with an increase in the
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(a) (b)

Figure 6.7: The ratio of the frequencies of the �rst harmonic to the fundamental
mode of the quasi-sausage waves (given by Equation 6.20) and the quasi-kink waves
(given by Equation 6.25), (a) as a function of ε, with δ = 0.03 �xed, and (b)as a
function of δ, with ε = 0.12 �xed. The source of the Figure is: Oxley et al. (2020a).

slope with increasing n. Panel (b) of Figure 6.8 shows that both the quasi-sausage
and quasi-kink modes have a linear dependence on δ. Interestingly, the frequency
di�erence for the quasi-kink modes does not depend on n, while increasing n results
in increased slopes for the quasi-sausage modes.

(a) (b)

Figure 6.8: The frequency di�erence due to asymmetry of the fundamental mode
(n = 1) and the �rst harmonic (n = 2) quasi-sausage waves (given by Equation
6.21) and the quasi-kink waves (given by Equation 6.26), (a) as a function of ε,
with δ = 0.03 �xed, and (b) as a function of δ, with ε = 0.12 �xed. The source of
the Figure is: Oxley et al. (2020a).

Eigenfrequencies of Quasi-kink Modes in the Thin Slab and Weak Asymmetry

Approximations

The decoupled dispersion relation (Equation 6.12) for quasi-kink modes in the thin-
slab limit (ε ≪ 1) becomes

(
k2v2A − ω2

)(ρ0
ρ1

m1 +
ρ0
ρ2

m2

)
≈ 2

ω2

x0

. (6.22)

After substituting ε =
x0

L
into this relation and rearranging, we obtain

Lε
(
k2v2A − ω2

)(ρ0
ρ1

m1 +
ρ0
ρ2

m2

)
≈ 2ω2. (6.23)
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In the thin-slab and weak asymmetry approximations, a slow quasi-kink surface
mode solution to Equation (6.23) exists with angular frequency

ω2
n ≈ ε

ρ0n
3π3v2A

2L2ρ1

2− (nπε)
ρ0
ρ1

(
2 +

v2A
c21

)
− δ

 . (6.24)

This eigenfrequency tends towards zero as the slab becomes thinner, as all terms
are proportional to ε. However, no δ-dependence appears up to second order in
the small quantities. Figures 6.9 and 6.10 illustrate the fundamental mode and the
�rst harmonic of the standing quasi-kink waves, respectively. Plots of the phase
speeds corresponding to the frequencies given in Equation (6.24) have already been
provided in Figure 6.6 in the section on quasi-sausage modes.

x

z

y

ρ1,p1,T1 ρ0,p0,T0,B0 ρ2,p2,T2

x = −x0 x = x0

z = 0

z = L

Figure 6.9: Illustration of a funda-
mental standing quasi-kink mode os-
cillation in the asymmetric magnetic
slab. The source of the Figure is: Ox-
ley et al. (2020a).

x

z

y

ρ1,p1,T1 ρ0,p0,T0,B0 ρ2,p2,T2

z = 0

z = L

x = −x0 x = x0

Figure 6.10: Same as Figure 6.9 but
for the �rst harmonic. The source of
the Figure is: Oxley et al. (2020a).

Frequency Ratio of the First Harmonic to the Fundamental Quasi-kink Mode

Using the frequencies from Equation (6.24), we construct the frequency ratio of the
�rst harmonic to the fundamental mode as

ω2

ω1

≈ 2
√
2

1− ε
πρ0
4ρ1

(
2 +

v2A
c21

) , (6.25)

which has been plotted along with its quasi-sausage counterpart in Figure 6.7.

Relative Frequency Di�erence of Quasi-kink Modes due to Asymmetry

Again, we introduce ωn,a and ωn,s to denote the frequency in the asymmetric and
symmetric case, respectively. Equation (6.24) gives us ω2

n,a directly, and substituting
in δ = 0 gives ω2

n,s for the symmetric case.With these considerations, the relative
change in frequency due to the asymmetry for the quasi-kink waves becomes (to
�rst order):

dω,K = |ωn,a − ωn,s

ωn,s

| ≈ δ

4
. (6.26)

Diagrams of this frequency di�erence have been included in Figure 6.8 and,
together with the discussion on quasi-sausage modes.
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6.3.2 Amplitudes of the Standing Harmonic Modes

Beyond the frequencies, the amplitudes of the eigenoscillations can also provide
useful information about the standing harmonic modes, as well as about the e�ects
of asymmetry. In this subsection, we de�ne and (to leading order in ε and δ) calculate
the following quantities in order to prepare tool of SMS applications:

� the relative di�erence in amplitude between the two sides of the slab (denoted
RS,1 for the quasi-sausage and RK,1 for the quasi-kink modes),

� the relative amplitude di�erence compared to the symmetric slab (denoted
RS,2 for the quasi-sausage and RK,2 for the quasi-kink modes).

Similarly to the process we followed in the part about frequency di�erences, for
this subsection, we introduce the notation v̂x,a for the velocity perturbation in the
asymmetric case, and v̂x,s for the velocity perturbation in the symmetric case. We
will use the displacement perturbation ξ̂x(x) = iv̂x(x)/ω, to de�ne ξ̂x,a and ξ̂x,s
analogously to the velocity perturbations.

Relative Amplitude Di�erence Between the Two Sides of the Slab for Quasi-

sausage Modes

For the quasi-sausage modes, v̂x(x0) and v̂x(−x0) (as well as ξ̂x(x0) and ξ̂x(−x0))
will have opposite signs, so the quantity we are interested in is

RS,1 =

∣∣∣∣∣ ξ̂x(x0) + ξ̂x(−x0)

ξ̂x(−x0)

∣∣∣∣∣ =
∣∣∣∣ v̂x(x0) + v̂x(−x0)

v̂x(−x0)

∣∣∣∣ , (6.27)

which reduces to zero in the symmetric case. Substituting in the appropriate
velocity perturbations at the slab boundaries, for the asymmetric case, we obtain

RS,1 =

∣∣∣∣∣ m0ω
2 (ρ2m1 − ρ1m2)

m0m1ω2ρ2 + ρ0m2m1

(
ω2 − k2v2A

)
tanh (m0x0)

∣∣∣∣∣ . (6.28)

From here, using Taylor expansions and the eigenfrequency given by Equation
(6.19), we �nd that the amplitude di�erence is

RS,1 ≈ δ
2c21 − c2T
2(c21 − c2T )

. (6.29)

The relative amplitude di�erence between the two sides of the slab is shown
as a function of ε and δ in Figure 6.11. Once again, the same �gures display the
quasi-sausage and quasi-kink modes . From Figure 6.11, we can see that the quasi-
sausage amplitude di�erence between the two sides of the slab does not depend on
ε, while the quasi-kink amplitude di�erence follows a quadratic dependence. Panel
(b) of Figure 6.11 shows that for both the quasi-sausage and quasi-kink modes, the
amplitude di�erence between the two sides of the slab has a linear relationship with
δ.

From Equation (6.29), we can obtain an approximation for the internal Alfvén
speed of the slab as
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(a) (b)

Figure 6.11: The amplitude di�erence between the two sides of the slab for the quasi-
sausage waves (given by Equation 6.29) and both the fundamental mode (n = 1)
and the �rst harmonic (n = 2) quasi-kink waves (given by Equation 6.35), (a) as a
function of ε, with δ = 0.03 �xed, and (b) as a function of δ, with ε = 0.12 �xed.
The source of the Figure is: Oxley et al. (2020a).

v2A ≈ 2(RS,1 − δ)c21c
2
0

c20(2RS,1 − δ)− 2c21(RS,1 − δ)
. (6.30)

As the Alfvén speed is directly related to the magnetic �eld strength, observing
the amplitude di�erence RS,1 and measuring the densities and sound speeds in the
slab system will allow us to use this result to determine an approximate value of
the magnetic �eld strength B0, which might not be possible to do through direct
measurements.

Relative Amplitude Di�erence Compared to the Symmetric Slab for Quasi-

sausage Modes

The quasi-sausage mode has its maximum amplitude on the side of the slab with
smaller external density (Allcock and Erdélyi, 2017), and as in our study, ρ1 < ρ2,
this happens at x = −x0 (also shown in Figures 6.4 and 6.5). We can then express
RS,2 as

RS,2 =

∣∣∣∣∣ ξ̂x,a(−x0)− ξ̂x,s(−x0)

ξ̂x,s(−x0)

∣∣∣∣∣ =
∣∣∣∣∣ v̂x,a(−x0)− v̂x,s(−x0)

v̂x,s(−x0)

∣∣∣∣∣ . (6.31)

Through substitutions similar to the ones applied in the previous subsection, we
can calculate this quantity as

RS,2 ≈ δ
2c21 − c2T
4(c21 − c2T )

. (6.32)

RS,2 gives us the relative amplitude di�erence compared to the symmetric slab
for quasi-sausage modes. As we will see, this result largely agrees to the one obtained
for quasi-kink modes, with the only di�erence being a factor of two.

Relative Amplitude Di�erence Between the Two Sides of the Slab for Quasi-

kink Modes

For the quasi-kink modes, v̂x(x0) and v̂x(−x0) will have the same sign, so the relative
amplitude di�erence can be calculated as
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RK,1 =

∣∣∣∣∣ ξ̂x(x0)− ξ̂x(−x0)

ξ̂x(−x0)

∣∣∣∣∣ | =
∣∣∣∣ v̂x(x0)− v̂x(−x0)

v̂x(−x0)

∣∣∣∣ . (6.33)

This can also be written as

RK,1 =

∣∣∣∣∣ m0ω
2 (ρ2m1 − ρ1m2) tanh (m0x0)

ρ0m2m1

(
k2v2A − ω2

)
− ω2ρ2m1m0 tanh (m0x0)

∣∣∣∣∣ . (6.34)

Using Taylor expansions, substituting k = nπ/L and ε = x0/L, as well as the
frequency given by Equation (6.24), we �nd

RK,1 ≈ δε2n2π2. (6.35)

This quantity has been plotted in Figure 6.11 along with its quasi-sausage coun-
terpart.

Relative Amplitude Di�erence of Quasi-Kink Modes Compared to the Sym-

metric Slab

The maximum amplitude for the quasi-kink mode falls on the side of the slab with
larger external density (Allcock and Erdélyi, 2017). We have ρ1 < ρ2, so this happens
at x = x0 (as shown in Figures 6.9 and 6.10). We can then write down an equation
for the relative amplitude di�erence, RK,2:

RK,2 =

∣∣∣∣∣ ξ̂x,a(x0)− ξ̂x,s(x0)

ξ̂x,s(x0)

∣∣∣∣∣ =
∣∣∣∣∣ v̂x,a(x0)− v̂x,s(x0)

v̂x,s(x0)

∣∣∣∣∣ . (6.36)

In terms of the small parameters ε and δ, this becomes

RK,2 ≈ δε2
n2π2

2
. (6.37)

This is the relative amplitude di�erence of quasi-kink modes compared to the
symmetric slab, which is qualitatively very similar to the result obtained for quasi-
sausage modes.

6.3.3 Numerical Solutions of the Dispersion Relation

Although we had to restrict our investigation to weakly asymmetric thin slabs in
the interest of analytical tractability, in the current subsection, we provide numer-
ical solutions to the full dispersion relation for standing waves for a wider range of
parameters. We proceed to compare these results to those obtained from our ana-
lytical approximations in order to determine what ranges of of the small parameters
ε and δ can be considered small enough for the analytical solutions to give accurate
results

The phase speeds of the quasi-sausage and quasi-kink fundamental modes are
shown in Figure 6.12. We used the following equilibrium parameters to obtain these
results: : c0 = 5.00, vA = 3.16, cT = 2.67, c1 = 4.71, and ρ1/ρ0 = 1.50 . Rotating
animations of the 3D plots are available online as part of the publication Oxley et al.
(2020a) and as supplementary material SM-C1 and SM-C2, respectively.
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In Figure 6.12, the lighter blue coloured (bottom) surface is calculated using
Equation (6.14), while the darker blue coloured (top) surface comes from using
numerical methods to solve the asymmetric dispersion relation given by Equation
(6.10). Similarly, in panel (b) of Figure 6.12, the light red (top) surface is created by
using Equation (6.15), while the darker red (bottom) surface stems from numerically
solving the dispersion relation given by Equation (6.10).

For the quasi-sausage mode, the decreasing of either δ or ε decreases the size of
the gap between the two (approximate and exact solutions) surfaces. Consequently,
if we aim to satisfy δ ≪ ε (which we used for the illustrations in the analytical
frequency calculations), we are justi�ed in taking a combination of ε and δ where
0.01 < δ < 0.1 and ε is as large as ε ≈ 0.19. For these limits, we allowed a maximum
percentage di�erence between the values of the two surfaces of approximately 20%.
This was calculated by taking the di�erence between the values on the two surfaces,
and dividing by the value on the larger surface.

For the quasi-kink mode, decreasing δ increases the size of the gap between the
two surfaces. However, decreasing ε decreases the size of the gap between the two
surfaces. If we again aim to satisfy δ ≪ ε, then we can take 0.01 < δ < 0.1 and ε as
large as ε ≈ 0.19. Within these ranges, our analytical results provide good accuracy
for the fundamental modes. Although the solution surfaces would be qualitatively
similar for the �rst harmonics, the limits of the small parameters corresponding to
the same percentage di�erence might be di�erent.

(a) (b)

Figure 6.12: (a) The phase speed for the fundamental mode (n = 1) of the quasi-
sausage waves as a function of ε and δ. Panel (b) displays the same, but for th
quasi-kink mode. The source of the Figure is: Oxley et al. (2020a).

6.4 The Rayleigh-Ritz Technique

We de�ned the frequency di�erence due to asymmetry, and the amplitude di�er-
ence compared to the symmetric slab with the aim of making a comparison between
the eigenfrequencies and the eigenfunctions of the slab system. The Rayleigh-Ritz
Technique predicts that eigenvalues will be less sensitive to perturbations in a sys-
tem than eigenvectors. By considering the asymmetry as a perturbation to the
symmetric slab model, accordingly, we expect the frequency di�erence due to asym-
metry (eigenfrequencies) to have a higher order sensitivity when compared with the
amplitude di�erence due to asymmetry (eigenfunctions).

This subsection reiterates the summary of the Rayleigh-Ritz technique provided
in the Appendix of Oxley et al. (2020a). Following the de�nitions and the derivation
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set out in Chapter 27 of Schnack (2009), we introduce ξi, i = 0, 1, 2, ... as the eigen-
vectors of the ideal linear MHD force operator, F{ξi}, which therefore satisfy the
equation F{ξi} = −ρ0ω

2
i ξi. The eigenvalues ω

2
i , i = 0, 1, 2, ... are ordered such that

ω0 < ω1 < ω2... i.e., ω0 could be the sausage or kink eigenfrequency of a symmetric
slab MHD waveguide.

If the eigenvector ξ0 is known, the corresponding eigenfrequency can be deter-
mined from the kinetic energy, K0, and the change in potential energy, δW0, of the
system that results from the displacement ξ0 as

ω2
0 =

δW0{ξ∗0, ξ0}
K0{ξ∗0, ξ0}

, (6.38)

Here, the following quantities were introduced:

K0{ξ∗0, ξ0} =
1

2

∫
ρ0ξ

∗
0 · ξ0dV,

δW0{ξ∗0, ξ0} = −1

2

∫
ξ∗0 · F{ξ0}dV = ω2

0K0{ξ∗0, ξ0}, (6.39)

and ∗ denotes the complex conjugate (see also Equations (22.7), (22.21), and (25.12)-
(25.16) in Schnack (2009).

If we perturb ξ0, by introducing a (weakly) asymmetric environment in the slab
MHD waveguide, we can write the perturbed eigenvector ξ as

ξ = ξ0 + δξ, (6.40)

where δξ is the change caused by the linear perturbation. By de�nition, the
perturbation δξ is orthogonal to (i.e., has no projection along) the unperturbed
eigenvector ξ0 (it contains all the parts of ξ that di�er from ξ0), so that we can
write

ξ = ξ0 +
∞∑
i=1

aiξi, (6.41)

where i = 0 has been excluded from the summation. We now want to estimate
the perturbed eigenvalue, taking into account the energy contribution of the added
asymmetry. We may calculate this as

ω2 =
δW{ξ∗0 + δξ∗, ξ0 + δξ}
K{ξ∗0 + δξ∗, ξ0 + δξ}

. (6.42)

We expand the new kinetic and potential energies corresponding to the perturbed
state as

δW{ξ∗0 + δξ∗, ξ0 + δξ} = δW{ξ∗0, ξ0}+ δW{ξ∗0, δξ}
+ δW{δξ∗, ξ0}+ δW{δξ∗, δξ}, (6.43)

and

K{ξ∗0 + δξ∗, ξ0 + δξ} = K{ξ∗0, ξ0}+K{ξ∗0, δξ}
+K{δξ∗, ξ0}+K{δξ∗, δξ}. (6.44)
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The second and third terms on the right-hand-side of Equation (6.43) are equal
to one another due to the self-adjoint nature of F . Furthermore, they are both equal
to zero because of the orthogonality of the eigenvectors. Similar considerations can
be made for Equation (6.44). Applying the de�nitions from Equations (6.39) to the
rest of the terms of of Equations (6.43) and (6.44), we obtain

δW{ξ∗0 + δξ∗, ξ0 + δξ} = δW0 +
1

2
ρ0

∞∑
i=1

|ai|2ω2
i ,

K{ξ∗0 + δξ∗, ξ0 + δξ} = K0 +
1

2
ρ0

∞∑
i=1

|ai|2, (6.45)

where, by Equations (6.39), K0 = ρ0/2.
Substituting these results into Equation (6.42), the denominator can be expanded

if the perturbation to the system due to asymmetry (δξ) is small.Then, an estimate
of the eigenvalue ω2 as a result of linear perturbation is

ω2 ∼ ω2
0 +

∞∑
i=1

|ai|2(ω2
i − ω2

0), (6.46)

where ω2
0 is the actual eigenvalue (i.e. sausage or kink frequency) of the unper-

turbed (symmetric) system associated with ξ0. Here, the summation is the contri-
bution to the eigenvalue of the unperturbed (symmetric) waveguide system caused
by the introduction of asymmetry. The following properties can be observed:

1) Even though the perturbation δξ in our estimate of the eigenvector is
O(ai) (see Equation (6.41)), the perturbation in the estimate of the eigenvalue is
O(|ai|2) << O(ai). Therefore, the perturbation in the eigenvalue caused by the
introduced asymmetry is much smaller than the perturbation in the eigenvector.
As an example, say, a 10% linear perturbation introduced by asymmetry in the
eigenvector ξ0 results in only a 1% perturbation in the estimate of the waveguide's
eigenfrequency ω2.

2) It is worth noting that the introduction of the waveguide asymmetry cannot
result in an instability given that ω2

0 < ω2
i .

For the quasi-sausage modes, comparing Equations (6.21) and (6.32), we see
that they ful�l the expectations stemming from the Rayleigh-Ritz Technique. The
frequency di�erence due to asymmetry is proportional to εδ, and the amplitude
di�erence due to asymmetry is proportional to δ.

However, the quasi-kink mode does not seem to obey the same rule, as Equations
(6.26) and (6.37) show that the frequency di�erence due to asymmetry is propor-
tional to δ, but the amplitude di�erence due to asymmetry is proportional to ε2δ.
This is a consequence of the factor of ε that is present in all terms of the frequency
of the standing harmonic modes, meaning that there is no constant term and we
cannot expect to obtain the result suggested by the Rayleigh-Ritz Technique for the
quasi-kink modes.

6.5 The Slab in a Magnetic Environment

In the current Section, we generalise the results from Section 6.2 though the rein-
troduction of asymmetric magnetic �elds in the environment of the slab, making
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this model of standing waves more applicable to features of the solar atmosphere in
which the external magnetic �elds may not be neglected (such as prominences or
further coronal waveguides).

6.5.1 The Equilibrium Magnetic Slab

x = −x0 x = x0

x

z

y
z = 0

z = L

ρ1, p1, T1, B1 ρ0, p0, T0, B0 ρ2, p2, T2, B2L

2x0

Figure 6.13: Visualisation of the equilibrium state inside ( |x| ≤ x0) and outside of
the magnetic slab (x < −x0 and x > x0), where the magnetic �eld is indicated by
the red lines. The source of the Figure is: Oxley et al. (2020b).

As before, we consider a 3-dimensional, inviscid, static, ideal plasma split into
three regions in the x-direction, with the equilibrium con�guration shown in Figure
6.13. We assume that the slab is unbounded in the y-direction. The equilibrium
magnetic �eld is given by B(x)êz, where

B(x) =


B1 if x < −x0, (6.47)

B0 if −x0 ≤ x ≤ x0, (6.48)

B2 if x > x0, (6.49)

and Bj, for j = 0, 1, 2, are constant. Here, pj, Tj and ρj can also be di�erent for
each region of the slab system (j = 0, 1, 2).

6.5.2 Boundary Conditions

We apply the same principles as we did in Section 6.2 to determine the boundary
conditions at each interface. The criteria on the horizontal structuring is still the
requirement of total pressure balance across the interfaces at x = ±x0. This condi-
tion has the same form now as did in Chapterasymag, where propagating waves in a
similar con�guration were examined. Total pressure balance is therefore maintained
if

p1 +
B2

1

2µ0

= p0 +
B2

0

2µ0

= p2 +
B2

2

2µ0

. (6.50)

In the vertical direction, we still assume line-tying, which gives us the boundary
conditions to be applied atz = 0, L:
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vx(z = 0) = vx(z = L) = 0,

bz(z = 0) = bz(z = L) = 0,

pT (z = 0) = pT (z = L) = 0, (6.51)

where vx and bz are the x-component of the velocity perturbation and the z-
component of the magnetic �eld perturbation, respectively. From the physical as-
sumption of line-tying, meaning that the plasma does not move at z = 0, L, the
condition on vx follows trivially. The 'frozen-in' property of the �eld lines in ideal
MHD implies that the magnetic �ux through an arbitrary �ux bundle must remain
constant. Since there is no motion at z = 0, L (by the assumption of line-tying), the
cross sectional area of a �ux bundle does not change. Therefore, the z-component of
the magnetic �eld strength remains constant, leading us to deduce the condition on
bz stated above. The condition on pT is acquired simply because a non-zero pressure
perturbation would cause a force, and consequently cause motion as well.

6.5.3 Derivation of the Dispersion Relation

The process of deriving the dispersion relation is formally analogous to the method
we followed in Section 6.2. We refrain from repeating all steps (they are included
in Oxley et al. (2020b)), and merely state the conclusion that all three regions
(j = 0, 1, 2) of plasma are governed by the same form of ODE, namely

d2v̂x
dx2

−m2
j v̂x = 0, where m2

j =
(k2c2j − ω2)(k2v2Aj − ω2)

(k2c2Tj − ω2)(c2j + v2Aj)
, c2Tj =

c2jv
2
Aj

c2j + v2Aj

,

and due to the line-tying conditions

k =
nπ

L
, n ∈ Z+, (6.52)

with k = 0 excluded to avoid trivial solutions. In the following, we assume that
m2

0 > 0 to examine surface waves only, and m2
1,m

2
2 > 0 so that the solutions are

evanescent outside of the slab.
Applying the conditions of the continuity of pT and vx across both x = ±x0 gives

us the dispersion relation for MHD waves in a slab embedded in an asymmetric
magnetic environment (with the details given in Zsámberger et al. (2018) and in
Chapter 2):

2m2
0(k

2v2A1 − ω2)(k2v2A2 − ω2) + 2
ρ0
ρ1

m1
ρ0
ρ2

m2

(
k2v2A0 − ω2

)2
+m0

(
k2v2A0 − ω2

)(ρ0
ρ1

m1(k
2v2A2 − ω2)

+
ρ0
ρ2

m2(k
2v2A1 − ω2)

)(
tanh (m0x0) + coth (m0x0)

)
= 0. (6.53)

(6.54)

We now assume that the external regions are isothermal in order to emphasize
the e�ects of the magnetic asymmetry. The assumption results in the following
relations:
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T1 = T2, c1 = c2. (6.55)

As before, the thin slab and weak asymmetry approximations will be used. Let us
introduce the notation

ε =
x0

L
, and v2A2 = v2A1(1 + ζ), (6.56)

where ζ > 0 is taken, meaning vA2 > vA1. The quantity ε represents the ratio of
the slab's half-width to its height, and ζ represents the asymmetry in the external
Alfvén speeds. This asymmetry can be obtained through the presence asymmetry
in density, magnetic �eld strength, or both of these.

The weak asymmetry assumption corresponds to ζ ≪ 1, which we then use to
simplify the dispersion relation and obtain as follows:

(
k2v2A0 − ω2

)( ρ0m1

ρ1(k2v2A1 − ω2)
+

ρ0m2

ρ2(k2v2A2 − ω2)

)
+ 2m0

(
tanh
coth

)
(m0x0) ≈ 0,

(6.57)
where ζ is not explicitly written, however, it is within the quantities ρ2, m2 and vA2

implicitly.
This is formally the same relation as the decoupled dispersion relation from

Chapter 2, but in the current case, we have c1 = c2 and k = nπ/L.

Thin Slab Approximation

The thin slab approximation is expressed by ε ≪ 1, which further simpli�es the
dispersion relation (Equation 6.57). For quasi-sausage modes, this gives us

(
k2v2A0 − ω2

)( ρ0m1

ρ1(k2v2A1 − ω2)
+

ρ0m2

ρ2(k2v2A2 − ω2)

)
+ 2m2

0x0

(
1− m2

0x
2
0

3

)
≈ 0,

(6.58)
and for the quasi-kink oscillations,

(
k2v2A0 − ω2

)( ρ0m1

ρ1(k2v2A1 − ω2)
+

ρ0m2

ρ2(k2v2A2 − ω2)

)
+

2

x0

≈ 0. (6.59)

In the following, O(ζ) ∼ O(ε) will be taken in order to use Equations (6.58)
and (6.59) to derive the frequencies and keep second-order terms of size εζ and ε2.
Terms of size ζ2 are ignored, just as they were in deriving the decoupled dispersion
relations for the quasi-sausage and -kink modes.

6.5.4 Eigenfrequencies of Standing Harmonic Modes

Here, we calculate the eigenfrequencies of the waves in an asymmetric magnetised
slab system analytically, following a similar method to Section 6.2, and using the
quantisation of k given in Equation (6.52), to express the frequencies of the standing
harmonic modes as ωn.
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Quasi-sausage Modes

Ignoring the trivial solution ω = kvA0, w simplify Equation (6.58) and obtain the
following solutions for the quasi-sausage mode frequencies:

ω2
n ≈ n2π2c2T0

L2

{
1 + εnπΠ̄ + ε2n2π2

Π̄2c2T0

(
1

2(c21 − c2T0)

− 1

2(c2T1 − c2T0)
− 1

2(v2A1 − c2T0)
− 1

(c20 − c2T0)

)
+

c2T0

3(c20 + v2A0)


+ εζ

nπΠ̄

4

 v2A1

v2A1 − c2T0

(
1 +

(c21 − c2T0)(v
2
A1 − c2T0)

(c2T1 − c2T0)(c
2
1 + v2A1)

)
− 2v2A1γ

2c21 + v2A1γ

}, (6.60)

where

Π̄ = −ρ1c
2
0(c

2
T0 − v2A1)

1/2(c2T0 − c2T1)
1/2(c21 + v2A1)

1/2

ρ0v2A0(c
2
1 − c2T0)

1/2(c20 + v2A0)
. (6.61)

This solution is valid when vA1 < cT0 < c1, to ensure that m2
j > 0 for j = 0, 1, 2.

Although the form in which we present the solutions suggests the ordering c1 <
cT0 < vA1 could be valid. However, the quantity Π̄ has been simpli�ed using the
ordering vA1 < cT0 < c1, and by deriving the more general form of this quantity, it
is observed that the ordering c1 < cT0 < vA1 would result in a solution violating the
condition m2

j > 0 for j = 0, 1, 2 is not satis�ed.

This solution given is analogous to Equation (16d) in Edwin and Roberts (1982).
While it is possible to derive analogues of Equations (16b, c) under speed orderings
similar to the ones presented there, those solutions describe a surface wave, which,
in a thin slab, changes its character to that of a body wave. Since we exclude body
modes from our analysis, we only investigate solutions that have the character of
surface waves in both wide and thin slabs, and therefore satisfym2

j > 0 for j = 0, 1, 2.

A comparison to the magnetic slab embedded in a non-magnetic asymmetric
environment from the previous Section can also be made. If we set B1 = B2 = 0
and consequently vA1 = vA2 = 0, then Π̄ reduces −Π from the section on the non-
magnetic environment. The terms of order 1, ε and ε2 in Equation (6.60) will each
be equal to the corresponding terms of the same order for the non-magnetic case.
However, there is no direct correspondence between the εζ terms of the magnetic
and the εδ terms on the non-magnetic case.

Using Equation (6.60) , the frequency ratio fro quasi-sausage modes is

136



CHAPTER 6. STANDING WAVES IN AN ASYMMETRIC SLAB

ω2

ω1

≈ 2

{
1 + ε

πΠ̄

2
+ ε2π2

Π̄
8

(
6c2T0

c21 − c2T0

− 6c2T0

c2T1 − c2T0

− 6c2T0

v2A1 − c2T0

− 12c2T0

c20 − c2T0

− 5

)
+

c2T0

2(c20 + v2A0)

 (6.62)

+ εζ
πΠ̄

8

[
v2A1

v2A1 − c2T0

(1+

(c21 − c2T0)(v
2
A1 − c2T0)

(c2T1 − c2T0)(c
2
1 + v2A1)

)
− 2v2A1γ

2c21 + v2A1γ

}. (6.63)

(6.64)

In the magnetically asymmetric case, there is another solution to Equation (6.58),
which takes the form

ω2
n ≈ n2π2c21

L2

{
1 + ε2n2π2Π̃ + ε2ζ

n2π2Π̃v2A1

2

[
1

v2A1 − c21
− 2γ

2c21 + γv2A1

]}
, (6.65)

where

Π̃ =
ρ21c

2
1(c

2
0 − c21)

2(v2A1 − c21)

ρ20(c
2
T0 − c21)

2(c20 + v2A0)
2
. (6.66)

A solution with this frequency can only exist in the thinnest slabs due to the condi-
tion that the external plasma is isothermal. When it exists, the frequency ratio for
the harmonics of this mode is

ω2

ω1

≈ 2

1 + ε2
3π2Π̃

2
+ ε2ζ

3π2Π̃v2A1

4

[
1

v2A1 − c21
− 2γ

2c21 + γv2A1

] . (6.67)

In Figures 6.14 and 6.15, we provide illustrations of the fundamental and �rst
harmonic modes of quasi-sausage standing waves in the asymmetric magnetic con-
�guration. Then in Figures ?? and ??, we plot the dependence of the frequency
ratio of the �rst harmonic to the fundamental mode on the slab width and asym-
metry parameters . For both solutions, we see a quadratic-like relation to ε as
expected, whereas only a weaker, linear relationship with ζ is observed. The reason
for this is that ζ only appears as a second-order quantity in Equation (6.64), and as
a third-order quantity in Equation (6.67). I

Quasi-kink Modes

First, let us de�ne the kink speed, vk in terms of the asymmetry parameter as

v2k =
ρ1v

2
A1 + ρ2v

2
A2

ρ1 + ρ2
≈ v2A1

(
1 +

ζ

2

)
, (6.68)
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Figure 6.14: Illustration of a funda-
mental standing quasi-sausage mode
oscillation in the magnetic slab em-
bedded in a magnetically asymmetric
environment. The source of the Fig-
ure is: Oxley et al. (2020b).
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Figure 6.15: Same as Figure 6.14 but
for the �rst harmonic. The source of
the Figure is: Oxley et al. (2020b).

(a) (b)

Figure 6.16: The ratio of the frequencies of the �rst harmonic to the fundamental
mode of the quasi-sausage waves (Solution 1 given by Equation (6.64) and Solution
2 by Equation 6.67), (a) as a function of ε, with ζ = 0.2 �xed, and (b) as a function
of ζ, with ε = 0.2 �xed. The source of the Figure is: Oxley et al. (2020b).

where the approximation is written using Equation (6.56) and keeping only �rst-
order terms in ζ. In terms of this characteristic speed, there is a solution to Equation
(6.59), with ω2 = k2v2k(1 + α1), where α1 ∼ O(ε2). It would be possible to make a
similar expansion about both k2v2A1 or k

2v2A2, as they both di�er from k2v2k by only
a factor of ζ/2 to �rst-order. However, using the kink speed here is a more natural
choice, allowing us to easily recover the solution for the case of a single interface
(Roberts, 1981a) when the slab width tends to zero.

In order to make analytical progress while ful�lling the conditions m2
1, m

2
2 > 0

now we must take ε3 ≪ ζ ≪ ε2 ≪ ε ≪ 1. The quasi- kink mode solution then
becomes

ω2 ≈ k2v2k(1 + Aε2 +B
ζ2

ε2
), where A,B ∼ O(1). (6.69)

Unfortunately, the limitations of the method start showing here. Namely, the term
of size ζ2/ε2 is of comparable size to the terms ignored in order to decouple the full
dispersion relation. Consequently, a valid solution that includes the �rst explicit
term due to asymmetry cannot be determined. We could take a further ordering,
say ε4 ≪ ζ ≪ ε3 ≪ 1, however, this work aims to analyse the e�ect of asymmetry,
and the smaller we take the asymmetry to be, the less signi�cant its e�ect must
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become. The following solution can be found including terms up to ε2:

ω2
n ≈ n2π2v2k

L2

(
1− ε2

n2π2ρ20(v
2
k − v2A0)

2(v2k − c21)

v6kρ
2
1

)
. (6.70)

Expression (6.70) is analogous to the results of Equation (18a) in Edwin and Roberts
(1982). However, there is a small error in the paper there, as in Equation (18a) the
factor (1−v2A/v

2
Ae) should have been squared. We must note that the method used in

the derivation of this solution involves squaring terms, and so the �nal solution only
satis�es the decoupled dispersion relation when the correct square-root is taken.

For a di�erent possible quasi-kink mode solution, we de�ne the average external
tube speed, cTA by:

c2TA =
c2T1 + c2T2

2
≈ c2T1

(
1 +

ζc2T1

2v2A1

)
. (6.71)

To obtain the form of the quasi-kink mode solution given by ω2 = k2c2TA(1 + α2),
where α2 ∼ O(ε2), we assume ε3 ≪ ζ ≪ ε2 ≪ ε ≪ 1, giving us the frequencies as

ω2
n ≈ n2π2c2TA

L2

(
1− ε2

n2π2ρ20(c
2
TA − v2A0)

2(c21 − c2TA)

v4A1c
2
TAρ

2
1

)
, (6.72)

valid only when cTA > vA0 and cTA < c0 An expression involving the �rst explicit
asymmetry term cannot be determined (apart from the asymmetry contained within
c2TA). This is similar to the expression obtained in Equation (18b) in Edwin and
Roberts (1982), and we can reduce Equation (6.72) to that equation by setting
ζ = 0.

To clarify, neither of the quasi-kink mode solutions show any explicit dependence
on the magnetic asymmetry parameter ζ. However, de�ning the speeds vk and cTA,
the asymmetry dependence is contained in these quantities already in an implicit
manner. Thus the e�ects of magnetic asymmetry are still present, acting thought
the speed that the expansion is about.

The frequency ratio of the �rst harmonic eigenmode to the fundamental mode is
not calculated for either of the quasi-kink frequency solutions, as they will not con-
tain terms explicitly involving the magnetic asymmetry parameter ζ, and therefore
not providing us with a useful tool to analyse magnetic asymmetry. Illustrations of
the fundamental and �rst harmonic standing quasi-kink waves are still provided in
Figures 6.17 and 6.18.

6.5.5 Amplitudes of Standing Harmonic Modes

In this subsection, we follow the method used in Section 6.3.2 to calculate the
magnitude of the di�erence of the amplitudes of the standing oscillations at the two
sides of the slab, denoting these by DS and DK for the quasi-sausage and quasi-
kink modes, respectively. This amplitude di�erence can be found from the same
expression in both cases:

DS = DK =

∣∣∣∣∣∣∣ξ̂x(x0)
∣∣∣−∣∣∣ξ̂x(−x0)

∣∣∣∣∣∣∣ = ∣∣∣∣ 1ω (∣∣v̂x(x0)
∣∣−∣∣v̂x(−x0)

∣∣)∣∣∣∣ . (6.73)
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Figure 6.17: Illustration of a fun-
damental standing quasi-kink mode
oscillation in the slab embedded in
a magnetically asymmetric environ-
ment. The source of the Figure is:
Oxley et al. (2020b).
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Figure 6.18: Same as Figure 6.17 but
for the �rst harmonic. The source of
the Figure is: Oxley et al. (2020b).

Quasi-sausage Modes

For quasi-sausage modes, v̂x(x0) and v̂x(−x0) (along with ξ̂x(x0) and ξ̂x(−x0)) have
opposite signs, so Equation (6.73) reduces to

DS =
∣∣∣ξ̂x(x0) + ξ̂x(−x0)

∣∣∣ = ∣∣∣∣ 1ω (v̂x(x0) + v̂x(−x0)
)∣∣∣∣ . (6.74)

The amplitude di�erence corresponding to the eigenfrequency given by Equation
(6.60) is

DS ≈ ζ
√
ε|C|

√
−Π̄Lρ0v

2
A0(c

2
0 + v2A0)

1/2(c21 − c2T0)
1/2

√
nπρ1c20(c

2
T0 − v2A1)

1/2(c2T0 − c2T1)
1/2(c21 + v2A1)

1/2
×∣∣∣∣∣∣ v2A1

2(v2A1 − c2T0)

(
1 +

(c21 − c2T0)(v
2
A1 − c2T0)

(c2T1 − c2T0)(c
2
1 + v2A1)

)
− v2A1γ

2c21 + v2A1γ

∣∣∣∣∣∣ , (6.75)

where vA1 < cT0 < c1 is taken from the eigenfrequency solutions in Equation (6.60).
Next, the amplitude di�erence of the second type of quasi-sausage mode corre-

sponding to the eigenfrequency given by Equation (6.65) is

DS ≈ ζε|C|
ρ0L

√∣∣∣Π̃∣∣∣∣∣v2A0 − c21
∣∣1/2∣∣c2T0 − c21

∣∣1/2 (c20 + v2A0)
1/2

ρ1c21
∣∣c20 − c21

∣∣1/2∣∣v2A1 − c21
∣∣1/2

×

∣∣∣∣∣ v2A1

2(v2A1 − c21)
− γv2A1

2c21 + γv2A1

∣∣∣∣∣ , (6.76)

For both of these solutions, C is an arbitrary constant that can be set equal to
one. The amplitude di�erence of oscillations between the two sides of the magnetic
slab, for both quasi-sausage frequencies, shows a rather complex dependence on the
characteristic speeds, a linear dependence on the magnetic asymmetry parameter ζ,
and di�erent dependences on ε . The �rst amplitude di�erence, given by Equation
(6.75), shows a square-root dependence on ε, while the second one, given by Equation
(6.76), simply shows a linear relationship with this slab width parameter.
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Quasi-kink Modes

We can still calculate the amplitude di�erence between the two sides of the magnetic
slab to leading order for quasi-kink modes, even though we did not do so for the
frequency ratios. This is because, we only need to use a solution for eigenfrequency
that includes the �rst correction term (i.e. the term of order ε2). These solutions
are given in Equations (6.70) and (6.72).

As a reminder, for the quasi-kink modes, v̂x(x0) and v̂x(−x0) have the same sign,
so Equation (6.73) reduces to

DK =
∣∣∣ξ̂x(x0)− ξ̂x(−x0)

∣∣∣ = ∣∣∣∣ 1ω (v̂x(x0)− v̂x(−x0)
)∣∣∣∣ . (6.77)

The quasi-kink amplitude di�erence corresponding to the eigenfrequency given by
Equation (6.70) is

DK ≈

∣∣∣∣∣ζB Lv5kρ
2
1(c

2
0 − v2k)

2nπρ20(c
2
T0 − v2k)(c

2
0 + v2A0)(v

2
A0 − v2k)(v

2
k − c21)

∣∣∣∣∣, (6.78)

while the quasi-kink amplitude di�erence corresponding to the eigenfrequency given
by Equation (6.72) is

DK ≈ ζ|B| Lv2A1c
3
TAρ

2
1(c

2
0 − c2TA)

2nπρ20(c
2
TA − c2T0)(c

2
0 + v2A0)(c

2
TA − v2A0)(c

2
1 − c2TA)

, (6.79)

where the ordering vA0 < cTA < c0 is carried forward from the frequency solution
given in Equation (6.72).

For both quasi-kink amplitude di�erence solutions, B is an arbitrary constant
that can be set equal to one. The amplitude di�erence between the two sides of
the slab, for both quasi-kink eigenfrequencies, also shows a complex dependence
on the characteristic speeds, and a linear dependence on the magnetic asymmetry
parameter ζ. However, they do not depend on ε to leading order.

6.6 Conclusion

In this Section, we investigated the dispersion of standing quasi-sausage and quasi-
kink mode oscillations in asymmetric non-magnetic and magnetic slab systems. Ref-
erencing the steps of the equivalent derivations for propagating modes, in Section
6.2, we �rst obtained a standing wave dispersion relation for the case of a mag-
netic slab embedded in an asymmetric, non-magnetic environment that is subject
to line-tying boundary conditions in the z-direction. Then we conducted an ana-
lytical and numerical study of the eigenfrequencies of quasi-sausage and quasi-kink
modes, also examining their correspondence and therefore the limits of applicability
of our approximations.

We proceeded to use the analytical expressions obtained for the thin slab and
weak asymmetry limits to determine the frequency and amplitude di�erences of the
di�erent harmonics of each type of eigenmode, both of which can be useful tools
of solar magneto-seismology. According to the Rayleigh-Ritz theorem, especially
the amplitude di�erences should provide us a sensitive technique to measure the
asymmetries present in a solar slab waveguide. We found this to be true for quasi-
sausage modes, but not for their quasi-kink counterparts.
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In Section 6.5, we generalised our results to standing waves in magnetic slabs
sandwiched between magnetically asymmetric regions. Following similar steps to the
non-magnetic study, we determined the dependence of the eigenfrequencies on the
slab width and asymmetry parameters, and prepared magneto-seismological tools
in the form of frequency ratios and amplitude di�erences. In the case of quasi-
kink modes, we could not obtain a useful expression for the frequency ratios of
the harmonics due to the assumptions we needed to take for analytical progress.
However, an amplitude di�erence parameter depending on the magnetic asymmetry
parameter could still be obtained for them. We did no encounter similar problems
with the quasi-sausage modes, which provide useful diagnostic quantities for both
frequency ratios and amplitude di�erences.

The inclusion of external asymmetric magnetic �elds can potentially allow us to
apply our model with greater precision to a wider variety of solar structures. Ideal
candidates for application in the solar atmosphere would include e.g. prominences,
elongated MBPs or sunspot light bridges. (For details on each of these structures
analysed as magnetic slabs, see Chapter 4).
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Chapter 7

Conclusion

7.1 Overview of the Thesis

This Thesis investigates the dispersion of magneto-acoustic waves in a family of
asymmetric magnetic slab con�gurations. These Cartesian simple waveguide mod-
els provide a relatively simple and yet versatile tool for investigating oscillations
in various solar atmospheric structures as a �rst approximation. Obtaining a con-
cise theoretical description of MHD waves supported by slab-like solar environments
then allows us to prepare techniques speci�cally geared towards practising solar
magneto-seismology, that is, using out theoretical understanding of wave disper-
sion to guide observations and determine as of yet unknown physical parameters of
certain phenomena in the solar atmosphere.

First, Chapter 1 provides a brief introduction to the topic of solar atmospheric
seismology and the magnetohydrodynamic description of magnetised plasmas. The
main layers of the solar atmosphere are described, along with the atmospheric heat-
ing problem, which is one of the greatest mysteries brought up by the temperature
distribution between the solar surface and the highest layers of the atmosphere.
Further details on both the study of the global structure of the atmosphere, as well
as on elements of its �ne structure are also given in later Chapters, as required (es-
pecially in Chapter 4 focused on suggested applications of the �rst slab model we
investigate). To provide a background understanding for the calculations in later
Chapters, we summarise the fundamental assumptions of magnetohydrodynamics
and gather the linear MHD equations. These are then used to give a description of
MHD waves �rst in a uniform medium, and then in a structured atmosphere. Before
we move on towards developing and applying our own models, an introduction to a
few historical milestones of solar magneto-seismology are presented.

The �rst model described in this Thesis is that of a static magnetic slab embed-
ded in an asymmetric magnetic environment. Chapter 2 sets up this equilibrium
con�guration and includes a detailed derivation of the dispersion relation from the
linearised ideal MHD equations. The structure of the dispersion relation is inves-
tigated, before we introduce the weak asymmetry approximation to decouple the
dispersion relation into two separate equations, similarly to the case of a symmetric
slab. It must be emphasized that in the general case of an asymmetric slab, a single
equation describes both main types of eigenmodes, which are called quasi-sausage
and quasi-kink in order to emphasise the in�uence that the environmental asymme-
try has on their classical structure. We proceed to describe this new, asymmetric
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behaviour in further detail, also illustrating it through a comparison to a coupled
mechanical oscillator system. The concept of quasi-symmetric modes in introduced,
which oscillations in an asymmetric waveguide which appear to have symmetric
amplitudes at the slab boundaries due to the competing e�ects of the pressure gra-
dient and the magnetic forces. We proceedto conduct a parametric study of the
eigenmodes in asymmetric magnetic slab systems characterised by various sound-,
Alfvén- and tube speeds, as well as density ratios. The e�ect of a changing density
asymmetry is described in detail, and the resultant avoided crossings of eigenmodes
are discussed.

Next, in Chapter 3, the dispersion relation and its solutions are studied in a
number of analytical approximations relevant to applications in solar physics. We
investigate thin- and wide slabs �lled with high- and low-β plasmas, and we provide
a few examples of numerical solutions to complement our analytical description.
These calculations are carried out in order to understand wave behaviour in some
relatively simple, analytically tractable limiting cases, and to prepare the tools we
need for developing solar applications of the model in Chapter 4. A simple multi-
layered asymmetric Cartesian waveguide is a simple but adaptable con�guration,
and therefore we put forward several features of the solar atmosphere which may
be modelled by such slab systems, at least as a �rst approximation to understand
their interactions with their asymmetric environments. As the solar atmosphere is
a highly complex and dynamic medium (Banerjee et al., 2007), it is reasonable to
expect that asymmetries on either side of its many waveguides might be present; and
if the symmetry of a waveguide environment is indeed broken, that can fundamen-
tally change the oscillations supported by the system, as we have illustrated in our
Chapters 2 - 3. The solar applications we suggest go from the widest, global scales,
through large coronal features to small photospheric structures. In each case, an
overview of the applied waveguide model is provided, along with wave observations
of key importance in the chosen waveguides. Next, a few simple approximations
from Chapter 3 are applied to the model solar waveguides, and numerical results for
the expected observable waves are presented.

Chapter 5 continues this line of investigation, and it details the generalisation
of two magneto-seismological techniques introduced by Allcock and Erdélyi (2017).
The asymmetric nature of the eigenmodes is utilised to �nd simple quantities which
we could obtain from wave detections and use in an inversion process to determine
more elusive parameters, such as the Alfvén speed inside the slab. The amplitude
ratios and minimum perturbation shifts of quasi-sausage and quasi-kink modes are
calculated, and the concept of quasi-symmetric modes is elaborated upon.

Next, in Chapter 6, we take a detour to investigate standing waves in asymmetric
waveguides and provide further tools for SMS applications. First, to clearly set
out the methods and boundary conditions, we present some results obtained for
an asymmetric, externally non-magnetic slab system. Then, the key steps of the
derivation are repeated for an asymmetric, externally magnetic slab system, too. We
provide analytical expressions and numerical results for the frequency and amplitude
ratios of standing quasi-sausage and quasi-kink modes in both cases, and we brie�y
mention the suggested solar applications of these techniques.
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7.2 Summary of the main results

7.2.1 The Magnetic Slab Embedded in an Asymmetric Magnetic Envi-
ronment

In Chapters 2 - 5, we investigate propagating waves in an asymmetric magnetic slab
system. We start from setting up the equilibrium in Chatper 2, and �nish this main
part by providing tools for the purposes of magneto-seismology in Chapter 5.

Chapter 2

We describe the equilibrium con�guration of a magnetised plasma slab embedded
between two environmental regions, which are asymmetric both in their plasma
parameters and magnetic �eld strengths. Upon introducing small perturbations
into this system, we proceed to describe wave dispersion in the con�guration. We
linearise the ideal MHD equations, and look fro plane wave solutions propagating
parallel to the magnetic �eld lines and along the slab. Through this process, we
arrive at an ordinary di�erential equation governing the behaviour of the plasma
in each region. We match the solutions across the two interface separating the
slab from its environment, requiring the continuity of total pressure and velocity
perturbations across the boundaries. This allows us to derive the general dispersion
relation for magneto-acoustic waves propagating in the asymmetric magnetic slab
system. For the case of weak asymmetry in the environment, we further obtain
an approximate (decoupled) version of the dispersion relation. We show that the
asymmetric magnetic slab system is a generalisation of both the con�guration of a
slab embedded in an asymmetric, non-magnetic environment (Allcock and Erdélyi,
2017) and that of a magnetic slab enclosed in a symmetric, magnetic environment
(Edwin and Roberts, 1982). The dispersion relations of both of these preceding
studies are recovered.

We determine that the eigenmodes of the asymmetric magnetic slab, just like
those of the asymmetric non-magnetic slab, are not �purely� of kink or sausage types.
Rather, they show a mixture of the characteristics of these two modes, and their
appearance is not (generally) symmetric, either, and therefore we call them quasi-
sausage and quasi-kink modes. Mathematically, this mixed behaviour is represented
by the fact that the full dispersion relation (Equation 2.31) does not decouple into
two separate equations governing kink or sausage modes for an arbitrary magnitude
of asymmetry.

To illustrate the reasons behind, as well as the appearance of the behaviour
of asymmetric eigenmodes, we expand upon the mechanical analogy introduced by
Allcock and Erdélyi (2017). Representing the pressure gradient and the magnetic
forces in each domain with a system of coupled springs can reproduce wan of the
main features of the asymmetric eigenmodes. Both the waves guided by the slab,
and their mechanical representation, may oscillate in phase, resulting in quasi-kink
oscillations of an asymmetric slab; or the oscillations might happen in anti-phase,
resulting in quasi-kink modes of a slab waveguide. This analogy highlights an in-
teresting, although in practice, possibly rare case that becomes possible due to
having competing, asymmetric forces in the two external plasma regions. Namely,
an asymmetric slab system might show oscillations with symmetric perturbations
at the boundaries, even thought it is not a symmetric waveguide that supports the
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waves. We call these special oscillations quasi-symmetric modes, and we revisit their
magneto-seismological importance later, in Chapter 5.

After providing a couple of examples of numerical solutions illustrating the rela-
tion between the wavenumbers and angular frequencies of the eigenmodes supported
by an asymmetric slab system with a particular ordering of characteristic speeds, we
conduct a parametric investigation of the in�uence that (a) density or (b) magnetic
asymmetry has on the phase speeds of eigenmodes. By focusing on slow surface
eigenmodes of the asymmetric magnetic slab system, we show that any changes in
the magnitudes of density and/or magnetic asymmetry result in a change of phase
speeds and transverse velocity distributions of the guided oscillations, speci�cally,
in a manner so that the phase speeds of quasi-sausage and quasi-kink waves perform
avoided crossings. We show that while in the absence of external magnetic �elds,
the closest approach between the phase speeds of the two modes happens when the
external densities are set to be symmetric, this is not the case when asymmetric
magnetic �elds are also present in the environment. Similarly, the presence of sym-
metric magnetic �elds alone is not enough to ensure the occurrence of the closest
phase speed approach, either.

Our �ndings presented here become relevant for the rest of the Chapters as well.
Mathematically, it is the full and decoupled dispersion relations derived here that
any further calculations until and including Chapter 5 will be based upon. From an
observational point of view, the insights gained in this Chapter about the behaviour
of asymmetric eigenmodes is indispensable e.g. when we apply the model to various
solar environments and describe the waves we might expect to observe (see Chapter
4), or when we de�ne quantities of solar magneto-seismological interest in Chapter
5.

Chapter 3

In this Chapter, we present a detailed theoretical (analytical and numerical) analysis
of the eigenmodes supported by various asymmetric magnetic slab systems. The aim
of this Chapter is to understand the behaviour of the asymmetric magneto-acoustic
waves in limiting cases of e.g. slab width or plasma-β parameters, so that more
complex cases may be constructed from these building blocks, and applications to
the solar atmosphere may be suggested.

In general, we �nd that most of the waves supported by an asymmetric magnetic
slab have equivalents either in an asymmetric non-magnetic slab, or in a symmetric
magnetic slab system. Following methods similar to those employed by Edwin and
Roberts (1982), we provide approximate expressions for the angular frequencies of
waves in the thin- and wide-slab limits, and we point our how they are connected
to their symmetric equivalents, when those exist.

We then proceed to provide expansion for magnetic slab systems �lled with
low- or high-β plasmas all throughout. This is motivated by some simpler possible
applications, as the photosphere and the corona of the Sun are considered high-
and low-β environments, respectively. Since they are both parts of the complex, dy-
namic coupled system that is the solar atmosphere, and they both possess numerous
smaller-scale structures, it seems almost inevitable that asymmetric con�gurations
should occur in both of these atmospheric layers.

For the ease of calculations, we present simpli�ed dispersion relations for the
extreme cases of in�nite and zero plasma-βs, as well as the incompressible limit,
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before we proceed to provide numerical solutions to the full dispersion relation un-
der various possible characteristic speed orderings within both the high- and low-β
regimes.

We conclude that both surface- and body modes of the slab are a�ected by the
presence of magnetic and plasma asymmetries. However, this dependence appears
directly in the case of approximations we provided for the surface modes, while it
is only featured indirectly for body mode solutions, through introducing new and
di�erent cut-o� frequencies as compared to the symmetric case.

Chapter 4

In Chapter 4, we summarise six possible applications of an asymmetric magnetic
slab con�guration for the purposes of modelling solar atmospheric waveguides. All
of the structures within the solar atmosphere that we describe in this Chapter have
already been shown to function as guiding environments for various waves, and we
provide a brief overview of these earlier �ndings in each Section.

Firstly, we put forward two global applications of the model to the layers of the
solar atmosphere. In both cases, we examine what physical scales or wavelengths
a slab approximation might be appropriate for, before we detail the results of the
applications. The �rst environment we approximate with an asymmetric magnetic
slab system is that of the photosphere�interface region-corona system. Due to the
large di�erences between the background parameters throughout this system, there
are only limited phase speed bands in which trapped oscillations may exist. We
�nd that some waves in this model may become leaky only on one interface, the
one between the interface region and the photosphere. This is, however, a result
that should be re-investigated in a more complex model that incorporates the small
scale heights within the photosphere and therefore the substantial density increase
that the current model cannot take into account. To re�ne this application some-
what further, we also investigate the types of wave expected to propagate in the
chromosphere � transition region � corona system.

Next, we describe two coronal applications of the model. First, we consider
the boundary regions of coronal holes and plumes as low-β asymmetric magnetic
slab system. Next, the same application is carried out for a prominence and its
asymmetric environment of coronal plasma. A richer variety of waves is found to
be able to propagate in these con�gurations. However, we also establish that in
practice, we should be careful about what wavelength or slab width regimes we
accept the results for when we employ thin- or wide-slab approximations of these
waveguides.

Last but not least, two lower atmospheric applications are discussed in the form
of light bridges and magnetic bright points. Light bridges separating two, not nec-
essarily symmetric umbral cores and MBPs wedged inside the intergranular lanes,
the two sides of which are connected to separate granules, both are particularly il-
lustrative examples of asymmetric con�gurations occurring in the solar atmosphere.
Since the information available on light bridges and light walls, we examine vari-
ous plasma-β values that might describe the plasma inside them, as well as in the
sunspot umbrae in their environment. The variety of trapped oscillations possi-
ble within these light bridge systems is shown to be vastly di�erent depending on
the choice of plasma-β regime, even for similar general magnitudes of characteristic
speeds.
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MBPs are a recurring topic of this study, as some of them show elongated forms
and can be approximated as magnetic slab systems. The static asymmetric magnetic
slab model applied in this Chapter shows that under a wide range of characteristic
speed orderings, MBPs may only guide surface modes.

Chapter 5

In Chapter 5, we revisit the description we gave of quasi-sausage, quasi-kink and
quasi-symmetric oscillations of asymmetric magnetic slab waveguides in Chapter 2.
The e�ects that the asymmetric background has on the appearance of the modes
is utilised to generalise the techniques of solar magneto-seismology described by
Allcock and Erdélyi (2017). We derive expressions for the amplitude ratios and
minimum perturbation shifts of both quasi-kink and quasi sausage modes. The
general expressions are then subjected to e.g. thin-slab approximations, which lets
us arrive at formulae which we can invert and rearrange for the internal Alfvén speed
of the slab system.

In practice, this means that measuring wave parameters (periods and wavenum-
bers), observing information about the spatial distribution of wave power, and com-
bining them with e.g. density information lets us use these formulae to estimate
a parameter of a solar atmospheric waveguide (the Alfvén speed) which might be
di�cult to measure directly.

In addition, the quasi-symmetric waves are also revisited, and they lead us to
a relationship between the wave- and external plasma parameters that may also be
used for estimations of missing characteristic speeds. Finally, we carry out a brief
analytical an numerical investigation of the e�ect that di�erent sources of asymme-
try (density or magnetic) has on the amplitude ratio and minimum perturbation
shift parameters. This concludes our study of propagating waves in an asymmetric
magnetic slab system.

7.2.2 Standing Waves in Asymmetric Slab Waveguides

Chapter 6

We take a brief detour from propagating waves and �close down� the top and bottom
part of the previously in�nite slab models in the z-direction to examine standing
waves in Chapter 6. Just like their propagating counterparts, standing waves are
also expected to occur in various asymmetric solar waveguides, such as prominences
or MBPs. This provides the motivation for deriving the dispersion relations for
standing waves of asymmetric slabs in �rst a non-magnetic, and the a magnetic
environment. Formally, these relations are analogous to those describing their prop-
agating counterparts. However, as the slabs supporting standing waves are under
line-tying boundary conditions at their top and bottom, the wavenumbers are now
quantised and depend on the height of the slab.

We employ the thin slab and weak asymmetry approximations to derive analyt-
ical expressions for the frequencies of the harmonics of slow surface quasi-sausage
and quasi kink waves in both cases, �rst for a slab in an asymmetric non-magnetic
environment, and then for one in an isothermal, asymmetric magnetic environment.
These frequencies are then used to construct the frequency ratio of the fundamental
mode to the �rst harmonic in each case, and show the dependence of this quantity
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on the asymmetry present in the system. We also derive expressions for the dif-
ference of oscillation amplitudes on either side of the slab, and in the case of the
non-magnetic environment, the di�erence of the oscillation amplitude from the sym-
metric case as well. These are all parameters of solar magneto-seismological interest,
as they describe observable parameters in terms of the equilibrium quantities and
their asymmetries present in the system.

Of both theoretical and observational interest is the fact that, as we show in this
Chapter, for the frequency and amplitude di�erences of quasi-sausage oscillations
from their symmetric counterparts, the prediction of the Rayleigh-Riz technique
hold true, and the amplitudes of the waves (which are of interest to methods of
spatial seismology) are more sensitive to asymmetries added to the system that the
frequencies (which are of interest to methods of temporal seismology).

7.3 Asymmetric Slab Waveguides and Their Applications in

Solar Magneto-Seismology

As it has been mentioned in the introduction, the two universally utilised funda-
mental building blocks of modelling solar atmospheric structures are �ux tubes and
slabs �lled with plasmas of various kinds and often permeated by magnetic �elds.
Depending on the exact structure under investigation, however, we generally want
to introduce additional elements into these models which will bring them closer to
realistic solar structures. These additional elements might come into play in what
framework is chosen, eg. focusing on linear or nonlinear wave phenomena, ignor-
ing or incorporating dissipation e�ects, or in setting up discontinuities or gradients
within the starting con�guration, and even in varying the geometry to a certain
extent. These steps sacri�ce some of the simplicity of calculations both on the an-
alytical and on the numerical side, in the hopes of the advantage of re�ecting the
physical characteristics of and phenomena within the solar plasma more accurately.

The family of slab models presented in this study takes the avenue of preserving
simplicity in the interactions of the plasma and the magnetic �eld, as well as the
geometry, and introducing �complications� in the distribution of plasma parame-
ters within the model (at least, compared to its classical, symmetric predecessors).
These choices determine both the strengths and the weaknesses of the asymmetric
slab family. Although a major advantage of slab models is their versatility when it
comes to applications, as demonstrated in Chapter 4, still, whichever asymmetric
slab system we choose for modelling a solar atmospheric structure, there will always
be limitations to consider, too. Firstly, there is a shortcoming common to all in-
�nite �ux tube and slab models, symmetric (Roberts (1981b); Edwin and Roberts
(1982); Edwin and Roberts (1983)) and asymmetric (Allcock and Erdélyi (2017);
Zsámberger et al. (2018); Allcock et al. (2019)) ones alike: our Sun, and therefore
the features of its atmosphere as well, are all �nite.

This discrepancy is possible to mitigate if we decide to close the �top� and �bot-
tom� of the slab (Joarder and Roberts (1992a);Oxley et al. (2020a); Oxley et al.
(2020b)) or tube (McEwan et al. (2006)), as it is done when studying standing
waves. This approach closes the tube fully, and it leaves one direction in which a
slab can still be considered unbounded. As it was illustrated in the previous Chap-
ters, this limitation de�nitely has to be taken into account when comparing our
theoretical expectations to any observational results, and various solar waveguides
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will have to be considered thin or wide slabs (or tubes) depending on the observed
wavelengths of oscillations.

A further question to be considered is whether the part of the solar atmosphere we
aim to model shows signi�cant gravitational strati�cation or not. As demonstrated
in Chapter 4, a slab model can serve as a basic �rst approximation of gravitational
strati�cation on large scales, such as in the case of the global atmospheric layers or in
that of prominences. However, as we pointed out in the relevant sections, the reality
is that even within these solar structures, there can be signi�cant strati�cation.
In these cases, as well as in various other structures, the plasma and magnetic
parameters in the solar atmosphere actually go through a continuous change, and
not a sharp jump, like in the classical �ux tubes or slabs. In the setting of the
solar atmosphere, the presence of these transitions and various driving forces provide
plenty of opportunities to transform wave energy through processes such as resonant
absorption or phase mixing (Priest (2014); Erdélyi and Nelson (2016b)), which also
fell outside the scope of the current study, which based itself on linear MHD theory.

From the above discussion it is clear that the analytical tractability and numer-
ical simplicity of asymmetric slab models does limit their applications. However,
our studies of the past few years suggest that they still represent an important step
in understanding solar wave phenomena. Thanks to the initial assumptions and
the series of approximations made throughout the Chapters of this thesis, it has
become possible to generalise the quasi-sausage and quasi-kink modes described by
Allcock and Erdélyi (2017). We have been able to investigate the amplitudes and
minimum perturbations shifts of asymmetric eigenmodes, as well as their relation to
the asymmetric plasma parameters and magnetic �elds present in the environment
of the slab. The process allowed us to describe avoided crossings and to understand
the changes in the character of the MHD waves guided by certain solar structures
as the width of their central (slab) region or their plasma-β parameter is changed.
Throughout this work, we have speci�cally focused on diving into the details of the
various e�ects on the frequncies, amplitudes, and transverse displacement distribu-
tions of eigenfunctions that are caused by incorporating asymmetry into classical
slab models. As the solar atmosphere itself is a highly structured and dynamic en-
vironment, it seems reasonable to expect that perfectly symmetric features within
it might not be the norm, but rather the exception.

Of course, introducing certain changes into the geometry of the model could also
help capture additional physical e�ects that play an important role in the atmosphere
of our star. Incorporating gradual transitions in place of the discontinuities of the
asymmetric slab geometry could serve to further re�ne our understanding, now that
we possess the fundamental building blocks. Another avenue of re�nement could be
extending the investigation to magnetic �ux tube models. But the obvious choice
of setting up an asymmetric or non-uniform background, in which a �ux tube is
embedded, involves unforeseen di�culties. To maintain total pressure balance in
the equilibrium state of such a system, a parameter gradient would have to be both
inside and outside the tube as well, which can easily lead to losing the analytical
ease and physical clarity of the model.

Instead, a comparison between a �ux tube surrounded by an annulus (see eg.
Erdélyi and Carter (2006); Ruderman and Erdélyi (2009b)) and the asymmetric
slab system could be made. However, they both still retain their ideal candidates
for application in the solar atmosphere, in the form of structures with a circular
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cross-section and elongated features, respectively. As the example of MBPs shows,
sometimes the same solar structure can even have both appearances, and thus it can
be approached with di�erent models. Once more, speci�cally in the case of MBPs, a
transitional step between the strictly cylindrical or Cartesian models could be that
of the elliptical �ux tube (Erdélyi and Morton (2009); Aldhafeeri et al. (2021)).

Overall, the Sun provides mathematical and physical minds with plenty of inter-
esting and complicated structuring, due to the presence of both gravity and ubiq-
uitous magnetic �elds in its atmosphere. Deciphering the theory behind everything
we can observe is a gargantuan task, and it can only be accomplished by carefully
studying various minor and major building blocks. In this �nal discussion, we have
provided a brief overlook of both the advantages and disadvantages of employing
relatively simple �ux tube or slab models. The aim of the asymmetric slab models
described in this thesis was to be one such building block, and explore an aspect
of solar waveguides not considered in this form before: the e�ect of background
asymmetry on the well-known symmetric eigenmodes of MHD waveguides. How-
ever, even this one topic provides such a rich problem that there are still plenty of
tasks to accomplish when it comes to studying asymmetric structures and the MHD
waves propagating through them.

7.4 Future Aims

There are numerous ways to further develop the family of Cartesian multi-layered
waveguide models. We have carried out a fairly exhaustive study of the rich prob-
lem of the static slab placed in an asymmetric magnetic environment. We have
calculated frequency and amplitude ratios of standing and propagating modes for
applications in solar magneto-seismology, and we have also suggested various solar
environments to be considered as slab-like con�gurations. However, so far it has
been outside the scope of this research to carry out a full practical application. For
an externally non-magnetic asymmetric slab system, Allcock et al. (2019) applied
their model to chromospheric �brils and obtained estimates of the local Alfvén speed.
A logical next step is to use the parameters de�ned in the previous Chapters and
conduct a similar investigation. A comparison can be made between Alfvén speed
estimates determined using externally magnetic or non-magnetic con�gurations as
well. Furthermore, as the spatio-temporal resolution of telescopes keeps improving,
new applications of the model become possible. In this Thesis, we have proposed to
consider elongated MBPs as a slab environment, and we expect that e.g. DKIST
observations can have the required sensitivity to resolve some MBPs, thus allowing
us to use the methods of spatial seismology described here.

On the theoretical side, the next big leap in the generalisation of asymmetric
Cartesian waveguide models is to carry out a detailed investigation of the e�ects
that incorporating bulk background �ows into the system can have on propagat-
ing and standing waves. Some initial steps have been taken in this direction by
Barbulescu and Erdélyi (2018) and Allcock et al. (2019), and it is the topic of my
continued research as well. Introducing a steady �ow in one or more layers of the
slab system opens it up to the Kelvin-Helmholtz instability, and the various sources
of asymmetry (kinetic, magnetic, �ow) can in�uence the instability threshold of the
KHI in di�erent ways. These initial studies so far have all worked with a constant
�ow in a region of the slab system. Once these investigations are completed, a bigger
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leap forward can be the study of di�erent �ow pro�les in one or more regions of the
slab system, rather than restricting our studies to constant �ows in each layer of the
waveguide.
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