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Abstract

The abe Conjecture and its number field variant have huge implications across a wide
range of mathematics. While the conjecture is still unproven, there are a number of
partial results, both for the integer and the number field setting. Notably, Stewart
and Yu have exponential abc bounds for integers, using tools from linear forms in
logarithms [51][52], while Gy6ry has exponential abc bounds in the number field
case, using methods from S-unit equations [20]. In this thesis, we aim to combine
these methods to give improved results in the number field case. These results are
then applied to the effective Skolem-Mahler-Lech problem, and to the smooth abc
conjecture [27].

The smooth abc conjecture concerns counting the number of solutions to a+b = ¢
with restrictions on the values of a, b and c. this leads us to more general methods
of counting solutions to Diophantine problems. Many of these results are asymptotic
in nature due to use of tools such as Lemmas 1.4 and 1.5 of [23]. We make these
lemmas effective rather than asymptotic other than on a set of size § > 0, where ¢ is
arbitrary. From there, we apply these tools to give an effective Schmidt’s Theorem,
a quantitative Koukoulopoulos-Maynard Theorem (also referred to as the Duffin-
Schaeffer Theorem), and to give effective results on inhomogeneous Diophantine
Approximation on My-sets, normal numbers and give an effective Strong Law of

Large Numbers. We conclude this thesis by giving general versions of Lemmas 1.4
and 1.5 of [23].
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Introduction

Perhaps the most simple equation one could consider is the equation
a+b=c,

where a, b, ¢ € N. This clearly has infinitely many solutions, but one might ask
about the size of the ¢ in terms of the primes dividing a, b and ¢. Under some mild
conditions that we will discuss later, the abc Conjecture then gives a sharp upper
bound for ¢ in terms of the primes dividing the product abe [16]. We discuss this in
more depth in Chapter 2.

Despite there being no commonly accepted proof of the abc Conjecture, it is
natural to generalise the concepts from working over the integers to working over
arbitrary number fields; that is, considering the above equation over a finite extension
of Q. This leads to the Uniform abc Conjecture [16], which we also discuss in some
depth in Chapter 2.

Despite the simplicity of the equation, the abc-conjecture is of deep interest to
mathematicians, both due to its own deep statement about the natures of addition
and multiplication, but also due to its wide ranging implications should it be proven.
I mention only a few here (and expand a little further in Chapter 2), and refer the
reader to the abc Conjecture Homepage [39], created and maintained by Nitaj, for a

wide range of applications and further literature on the subject.

o Fermat’s Last Theorem: Despite having been proven by Wiles, an effective
version of the abc Conjecture gives a very efficient proof; we discuss this further
in Chapter 2.

o Erdos’ conjecture on consecutive powerful numbers: a natural number n is

called powerful if for every prime p | n, we have that p? | n. Erdds conjectures

9



10 CHAPTER 1. INTRODUCTION

that there are not three consecutive powerful numbers; the abc conjecture
provides a weaker answer, that the set of powerful triples {n, n + 1, n + 2} is
finite.

e Roth’s Theorem: It is known that the abc Conjecture implies Roth’s Theorem
on Diophantine Approximation, and further that an effective abc result leads

to an effective version of Roth’s Theorem [54].

e Szpiro’s conjecture for elliptic curves: While being a motivation for the abe
Conjecture, the abc Conjecture implies Szpiro’s conjecture for elliptic curves
[40].

Much work has thus been done on the abc Conjecture, with Stewart and Yu
obtaining exponential bounds in the integer case using methods in linear forms in
logarithms [51][52], and Gyéry obtaining exponential bounds in the number field
case using methods in S-unit equations [20]" these results will be discussed in detail
in Chapter 2.

The first half of this thesis brings these ideas together to provide an improved
exponent for an abc style bound in the number field case; we note in some cases, we
are able to achieve a sub-exponential bound. We then go on to give applications of
these results to the effective Skolem-Mahler-Lech problem (which concerns finding
zeroes in a linear recurrence sequence) and to Lagarias’ and Soundararajan’s smooth
abc Conjecture [27], details of which are given in Chapter 2.

We remark here that both the abc Conjecture and the smooth abc Conjecture
are about counting the number of solutions to a given Diophantine Equation under
certain restrictions. This heavily inspires the second topic of this thesis. There are
many results in Diophantine Approximation about counting the number of solutions
to a given Diophantine inequality, many of which use results akin to Lemmas 1.4
and 1.5 of [23]. A prime example of this is Schmidt’s Theorem, which we discuss in
Chapter 5, though we give some details here. A more historically accurate exposition
of the following is given in Chapter 5; here we give sufficient details to motivate our
discussion.

Khintchine’s Theorem tells us that given a non-increasing approximation function
¥ : N — [0, o), then the finiteness of the number of solutions (p, ¢) in positive

integers to
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for almost all & € R depends entirely on the convergence or divergence of the sum

iw(Q)-

Notably, when the sum above diverges, then there are infinitely many solutions to
the above for almost all a. However, one may be interested in having a formula for
the number of solutions to the above, given restrictions on the size of q. Schmidt’s
Theorem gives a precise asymptotic formula for the number of solutions with ¢ < @
for almost all « [23]. Indeed, in the literature one can find many asymptotic formulas
for the number of solutions to various Diophantine inequalities, the proofs of which
use results like Lemmas 1.4 and 1.5 of |23]; a notable recent such result is given in
[1] in reference to the Duffin Schaeffer conjecture, proved recently by Harper and
Koukouopolous [26]. we return to this in more detail in Chapters 5 and 7 of this
thesis.

The asymptotic nature of these results come from the fact that Lemmas 1.4 and
1.5 of |23] are asymptotic. However, in some situations one may wish for explicit
results, for example in wireless communications [4], and this is the focus of the second
half of this thesis. We make Lemmas 1.4 and 1.5 of [23] effective other than on a set of
size 6 (where § > 0 and can be chosen to be arbitrarily small). After this, we prove an
effective Schmidt’s Theorem, give an effective quantitative Koukouopolous-Maynard
Theorem [26][1], give some results on inhomogeneous Diophantine approximation on
My sets with restricted denominators [43], give a result related to normal numbers
[23] and give an effective Law of Large Numbers. We conclude this by giving general
versions of Lemmas 1.4 and 1.5 of [23].

The structure of this thesis is as follows. In Chapter 2 we discuss the abc
Conjecture, giving background information on absolute values and heights, linear
forms in logarithms and S-unit equations, before discussing the effective Skolem-
Mahler-Lech problem and the smooth abc-Conjecture. In Chapter 3 we prove some
new abc style bounds, before giving applications of them in Chapter 4. In Chapter
5 we give some background to Diophantine Approximation, and discuss Lemmas
1.4 and 1.5 of [23] in detail, before discussing the topics we will apply our effective
theorems to. In Chapter 6 we give the proofs of the effective versions of Lemmas 1.4
and 1.5, before giving the applications mentioned above in Chapter 7. In Chapter
8 we give a very general version of Lemmas 1.4 and 1.5, before briefly discussing

potential future work in Chapter 9.
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The abc Conjecture: Background and

Preliminaries

In this chapter we will give background for the first half of this thesis, discussing the

abc Conjecture and some background theory.

2.1 THE abc CONJECTURE

Before giving the abc conjecture, we shall discuss a related theorem, the Mason-
Stothers Theorem, published independently by Stothers in 1981 [53] and Mason in
1984 [33]. Given a polynomial f € C [z]|, we define the radical of f to be

GH= 1] ¢

glf

g irreducible

Theorem (Mason-Stothers Theorem). Let f, g, h := f + g € C|z] be relatively
prime non-constant polynomials. Then
max {deg f, deg g, degh} < deg G (fgh) — 1

This theorem leads to some nice applications, for example a neat proof of Fermat’s

Last Theorem for polynomials as follows:

Corollary. Let n > 3. Then there is no solution in non-constant, relatively prime

polynomials x, y, z € C|t] satisfying
o(t)" +yt)" = 2(8)".

12



2.1. THE abc CONJECTURE 13

We prove this to demonstrate how simple the application of the Mason-Stothers

Theorem is. We follow the proof given in [30].

Proof. Assume we have such non-constant relatively prime polynomials such that
x(t)" + y(t)" = z(t)". Then the Mason-Stother’s Theorem states that

deg (x(t)") = ndeg(x') < deg G ((t)"y(t)"=(t)") — 1.
We note that by the definition of GG, we have that
G (x(t)"y(t)"2()") = G (x(t)y(t)=(t))
=G (z(t) + G (yt) + G (2(1)).

We note further that the definition of G' implies that for all f € C[t], we have that
deg G (f) < deg(f). It thus follows that

ndeg(z') < deg (2(t)) + deg (y(t)) + deg (2(t)) — 1.
We repeat this argument for y(¢) and z(t) to obtain that

ndeg(y") < deg (x(t)) + deg (y(t)) + deg (2(t)) — 1,

and that
ndeg(z") < deg (x(t)) + deg (y(t)) + deg (2(t)) — 1.

Adding these inequalities together, we obtain that

n (deg (x(t)) + deg (y(1)) + deg (2(1))) < 3 (deg (x(t)) + deg (y()) + deg (2(1))) — 3,

(n — 3) (deg (a(t)) + deg (y(1)) + deg (2(1))) < 3.

This is impossible for n > 3, and we have proved the corollary. O

This was a known result, but the proof using Mason-Stothers Theorem is much
more elegant. Having seen the strength of this theorem, it is natural to want to
extend it, and a natural way to do so is to try and find an analogous inequality over
the integers. We note that this is not historically how the conjecture was made, but
hope the above discussion gives some motivation for the following conjecture.

Let a, b, ¢ := a + b be positive, pairwise coprime integers and define the radical

Gla,b,c)=G= ][] »p

plabe
p a prime
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In 1988, based on the Mason-Stothers Theorem in function fields and on a conjecture

of Szpiro about elliptic curves, Osterlé conjectured the following:

Conjecture (Osterlé’s Formulation of the abe Conjecture [40]). Given the set up

above, there exists a positive constant C, such that ¢ < G.
Further, Masser conjectured a stronger statement, as follows:

Conjecture (Masser’s Formulation of the abc Conjecture [35]). Given the set up

above, for all positive € there exists a constant Cy (€) such that ¢ < Cy (€) G1T.

While both of these conjectures are referred to as the abc conjecture, generally
the second form by Masser is focused on in the literature.

It is important to note that the coprimeness condition is necessary and we cannot
remove the dependence on € in the above. To see the coprimeness condition is
necessary, consider the triple (a, b, ¢) = (2", 2", 2"*1). This triple trivially satisfies
a+b=cforall n € N, but G(abc) = 2, providing infinitely many (non-coprime)
triples that would give contradictions to the statement above. Comparing the
theorem with the Mason-Stothers Theorem, one may wonder about the significance
of the € in the exponent of the radical. To see we cannot remove the reliance on e,

consider the following statement:

Lemma. There is no constant K such that for all coprime triples (a, b, ¢) € Z

satisfying a + b = ¢ we have that
lc| < KG(abe).
To prove this, we use an example from [30].
Proof. Consider the triple (a,, b,, ¢,) = (1, 3% -1, 32”) . This satisfies a + b = ¢,

and we can show by induction that 2" divides 32" — 1. It thus follows that

Cn

G(anbpe,) <3-2- o

We see that for any K, we cannot have that for all n,
2n

cn =3 < KG(anbyc,) < K3-2- 32n
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This in fact gives an infinite family of examples showing that the abc Conjecture
as stated without the e in the exponent does not hold.

These conjectures have far-reaching implications across a range of topics. We
shall give only a brief discussion here; see 8] and the references within for further
discussion on this matter. We also refer the reader to Chapter 14 of [6] and Chapter
5 of [55] for a discussion of Vojta’s conjectures, a generalisation of the second
formulation of the abc conjecture given above.

We discussed how the Mason-Stothers Theorem allows us to prove a version of
Fermat’s Last Theorem for polynomials; here we will show how the abc conjecture
directly proves a weaker version Fermat’s Last Theorem. That is, we shall show that
the equation

has no solutions in integers for sufficiently large n € N. We assume that there are

solutions; applying the abc conjecture we see that

<G (ay)")
=C(e)G (zyz)"*
< C(e) (xyz)"™*

Similarly we obtain 2™ < C(€)G (zyz)' " and y™ < C(€)G (xyz)' . Multiplying these

three inequalities together we see that
(ey2)" < C(e) (wyz)*"™
Taking logarithms and rearranging it follows that
(n — 3 —3¢)log (xyz) <log (C(e)) .

As by assumption zyz > 2 we get an upper bound for n depending on the value
of the constant C(e). Given an explicit choice of €, say 1 for example, we would
be left with only finitely many n to do computations for; indeed, Fermat’s Last
Theorem was shown to hold true for many small n before Wiles” proved the result in
full. Indeed, to prove the theorem it suffices to show the theorem is true when n is
an odd prime; using ideal factorisation, Kummer was able to show Fermat’s Last
Theorem was true for all prime exponents less than 100 with the exceptions of 37, 59

and 67 [14]. For this application, we need an effective version of the abc Conjecture;
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that is, we need to be able to find the value of C(¢). Regarding Wiles’ method of
proof of Fermat’s Last Theorem, we note that there are many equations where Wiles’
methods are not sufficient to give full results about finiteness of solutions. The
abc conjecture, once proved, has the potential to be used to give results on many

equations where Wiles” method is not applicable.

2.1.0.1 Absolute Values and Heights

Throughout this thesis we shall use properties of absolute values and heights regularly.
Before continuing our discussion of the abc Conjecture, we shall give the basic
definitions and properties. Much of the material in this section is standard; we follow
[6], and in places Chapter 3 of [56], and refer the reader to references mentioned

within these books.

Definition. An absolute value on a field K is a function |-| : K — R satisfying

1. |z] > 0 and |z| = 0 if and only if z =0,

2. |zyl = || |yl,
3. |z +y| <|z|+ |yl

Condition 3 is famously referred to as the triangle inequality. It may be an
absolute value satisfies a stronger condition than this, the ultrametric triangle

inequality. That is, for all x, y € K,
|z +y| < max {|z], [y} .

In this case we call the absolute value non-archimedian. Should the ultrametric
triangle inequality fail to hold for a pair (x, y) € K? then the absolute value is
archimedian.

The trivial absolute value is equal to 1 at all z € K\ {0}, and is 0 for z = 0.
Generally we will not consider this absolute value, or omit it in considerations; for
example see the definition of a place below.

We call two absolute values on a field K equivalent if they define the same
topology on a field. It turns out two absolute values |-, |-|, are equivalent if and

only if there is some positive real number s such that for = € K, |z|] = |z, [6].

Definition. A place v of a field K is an equivalence class of non-trivial absolute

values.
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We denote an absolute value in the equivalence class of the place v by |-|,. Given
a field extension L/K and a place v of K, we say that w, a place of L, extends v
and write w | v if and only if the restriction of any representative of w to K is a

representative of v. In this case, we also say that w lies over v.

Remark. The notation and language used here corresponds to the fact that the
non-archimedian places in number fields correspond to prime ideals of the ring of

integers of the number field.

Given a place v of a filed K, we can consider the completion of this field with

respect to this place. This is an extension field denoted K, with a place w satisfying
e wluw,
o The topology induced by w on K, is complete,

o K is a dense subset of K,, with respect to the previously mentioned topology.

Given a field K and place v, we have that K, exists and is unique up to isometric
isomorphism [38].

We consider the places on the rationals Q. There is only one arichmedian absolute
value, that is the ordinary absolute value |-|, which we sometimes denote by || [56].

Given a prime number p, we define the p-adic absolute value |-| , to be

’x‘p _ p—ordp(x)7

where ord, (x) denotes the largest exponent e such that p® divides z.. That is, given
r="= po":—f where m, n € Z, n 20, a € Z and m/, n’ are coprime to p; we define
ord, () = . We denote the completion of Q with respect to a p-adic absolute
value by Q,. The algebraic closure of Q, will be denoted by @p, and by C, we shall
denote the completion of @p with respect to |-|p. We note further that C, is also
algebraically closed [25]

The p-adic absolute values give us representatives for all the inequivalent non-
archimedian absolute values on QQ, and Ostrowski’s Theorem tells us these are all

the places on the rationals.

Theorem (Ostrowski, 1916). Every non-trivial absolute value on the rationals is

equivalent either to || or to |-|, for some prime p.

For a proof of this, we refer the reader to [25]. Another theorem sometimes called
Ostrowski’s Theorem tells us that the only complete archimedian fields are R and C
[10].
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We now explicitly consider absolute values over a number field. We begin with
the archimedian case. Consider a number field K; the archimedian absolute values
are determined entirely by the embeddings o : K’ — C in the following way. There
are d = [K : Q] such embeddings. An embedding is said to be real if 0(K) C R, and
complex otherwise. Denote the number of real embeddings by r and the number
of complex embeddings by 2s, so that d = r + 2s. Then there are d 4 s distinct
places, as the complex embeddings come in conjugate pairs and these pairs generate
the same topology on K. The absolute values are defined to be |o(z)|, for a given
embedding o.

We now consider the non-archimedian places of a number field. Given a rational
prime p, the absolute value || , on @, has a unique extension to K, where K is
any finite extension of Q,. This is because Q, is complete [38]. The extension of
the absolute value is as follows: given an element o € K, let N/, («) denote the
norm of «; more explicitly, the determinant of the matrix associated to the linear
Qp-endomorphism of K mapping x to ax. Writing d = [K : Q,], the extension of
the p-adic absolute value of Q, to K is

1/d

o, = [Nisq, ()]

where we have somewhat abused notation and let |-| , tefer to both the p-adic absolute
value of @, and its extension to K.

Now let K = Q(«) be a number field of degree d, where f is the minimal
polynomial of o over Q. We write ol”, ..., oz((ip) for the roots of f in C,. This
gives us d embeddings of K into C,, by o; : K : v — aff”, for 1 <i < d. To
each embedding, we can associate an ultrametric absolute value v, | p, where
al,, = lo(@)l,.

We note that this is similar to the archimedian case above, but to be more precise
about the number of equivalent absolute values we need to consider the decomposition
of f € Q[X] into irreducible factors in Q,[X]. We will write f = f;--- f,, with
d; = deg(fi;). Assume that 01 and o9 are distinct embeddings of K into C,. They
give rise to the same ultrametric absolute value if and only if oy («) and oy(«) are
conjugate over Q, and thus are roots of the same irreducible factor f; [56][38]. Thus

the number of ultrametric absolute values on the field K is r.

Remark. We can start to see here how ultrametric absolute values correspond to

prime ideals of the ring of integers Ok of the field. Maintaining the notation used
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above, we can often use the Dedekind-Kummer Theorem |11}, to determine the prime
ideals lying over a rational prime p by considering the factorisation of the minimal
polynomial f into its irreducible factors in Q,[X] [29][38]. Each factor corresponds
to a prime ideal lying above p, and the polynomial f; can be used to explicitly find
said prime ideals. If K/Q is galois, then the Galois group permutes prime ideals
[11]. This is what is happening in the discussion above; that is, ultrametric places
correspond to prime ideals of Ok . Explicitly, given a place represented by an absolute

value |-|,, one can define the corresponding prime ideal to be
J, ={a€ 0 : |al, =0}.

In light of this remark, we could define these non-archimedian absolute values as
follows. Given a field K, let p be a prime ideal of Ok. Define ord, (x) analogously
to ord, (x), but this time considering the decomposition into prime ideals of the
principal ideal xOf; that is, define ord, () to be the exponent of the prime ideal p
in the prime decomposition of the ideal zOk. We then define |-|, = Nmg (p) )
[12]. Recall that the norm of a prime ideal p of the ring of integers O of a number

field K is defined to be
Nm§ (p) = p”,

where f, is the inertia degree of p over p [38]; that is

fo =10k /p:Z/p].

Ostrowski’s Theorem, above, tells us that the only non-trivial absolute value on
number fields are the archimedian and non-archimedian absolute values we have
discussed, up to equivalence.

We now explicitly choose representatives of places in a number field that will
make later theorems easier to state. Given a field K with a fixed non-trivial absolute
value ||, we consider a finite dimensional separable extension L/K and a place w

of L where w | v. For any = € L, write

2]l = [Ny, (2)],

and
|x|w -
where we consider the norm of the element x over the extensions of the completions

of the field with respect to the given places, L, /K,.
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Remark. We note throughout this thesis we will be discussing number fields; these
have characteristic 0 and thus the extensions are separable. Over QQ, we take the
representative of each place to be the ones as defined; that is, the normal absolute

value for || and |-, = pordn()

Remark 1. By My we shall refer to the set of places of K normalised as above, and
by Mp? the set of archimedian places. We shall always construct places as given
above; that is, My is the set constructed from Mg, where over Q, if p = oo then || v
is the ordinary absolute value on Q, and if p is prime then [p[, = %. This condition

gives us |-|p as previously defined. In either case, for v € Mg, v | p, we have that

1

|z], = ’NLU/@;,(%)UW :

this fits with the notation and representatives of places chosen above.
This is all done so that the places on a number field K satisfy the product formula;
that is

II l=l, =1

vEMK
for any z € K\ {0} [6].

We also note we shall refer to archimedian places as infinite places, and refer to
the set of infinite places of a number field K as M:?; this explains the notation |-|n..

The non-archimedian places are then referred to as finite places.

We are now in a position to defined heights on projective space, before defining
heights on elements of number fields. Roughly speaking, a height function is a
measure of the algebraic complexity needed to describe a point P € IE%.

We define the multiplicative height of the point P € PZ, represented by a
homogeneous non-zero vector € = (z¢ : - - - : x,,) with coordinates in number field K
by

H(x) := lllmjax {’%’U} ,
where we take the maximum over the coordinates of . We then define the absolute

logarithmic height (or simply height) of & to be

h(z) =logH (x) = > maxlog|z;|, .

vEMK

We note that h (x) does not depend on the choice of K or the choice of co-

ordinates. We are also quickly able to define both multiplicative and absolute
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logarithmic height for affine space; let A% be the affine space of dimension n over Q;

this could be embedded into ]P% by mapping
P=(xq,...;2n) = [1:m - 2

We then define H(P) and h(P) to be the height of the image of P in P5-

It is convenient to introduce some notation that makes calculations with heights
easier to follow. Let log" 2 := max {0, logz} on the positive real numbers, and
extend this by setting log™ 0 = 0. Then one can immediately see that for a point
P=(x1,...,2,) € A%, we have that

h(P)= > maxlog®|z,l,.
J

vEME

In the case we're thinking about, that is, an algebraic number field K = AL the

height of an algebraic number a € K is

ha)= Y log"|a],.

vEM K

We give the main properties of the height function that we will use throughout
the thesis.

Lemma. For algebraic numbers aq, as, and for any algebraic number o # 0 and
n € Z, we have that

* haraz) < h(en) + h(az),

e hag +az) <log2+ h(ay) + h(as),

e h(a™) =|n|h(a).

We note further that by definition, it follows that h (o) = h (—a). The proof of
the above Lemma is given in [56].

We also have Kronecker’s Theorem, which gives an exact characterisation of the

algebraic numbers which have a height of 0.

Theorem (Kronecker’s Theorem). The absolute logarithmic height of x € Q is 0 if

and only if x is a root of unity.

The proof of this is contained in [6].
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We now briefly consider polynomials in order to give a formula for absolute
logarithmic height of an algebraic number in terms of its Galois conjugates. Given a

polynomial f(ty,...,t,) € Clty,..., t,], we define the Mahler Measure

M(f) == exp (/Tnlog‘f (ewl,..., ei9"> d,ul---dun),

there T™ is the n dimensional unit torus (that is, the cross product of n unit circles),
equipped with the standard measure du = idé’i.

This is a multiplicative function, that is M(fg) = M(f)M(g) [6]. One can show
that if f(t) = X%, ait’ = ag H;lzl (t — o), where a;, 1 < j < d are the roots of f(t),
then we have that

d
log M(f) = log aa| +_log™ [ay].
j=1
We note that this is a special case of Jensen’s Formula for analytic functions.
We now relate the height of an algebraic number and the Mahler measure of its

minimal polynomial.

Lemma. Let o € Q, with f, its minimal polynomial over Z. Then
log M(f) = deg(a) - h(a).

This is also shown in [6]. This lemma allows us to find the height of an algebraic
number by considering only archimedian absolute values and the conjugates of the
algebraic number.

We finish our discussion of heights by giving an important property of heights

that we shall use ubiquitously in this thesis.

Theorem 2.1.0.2 (Northcott’s Theorem). There are only finitely many algebraic

numbers of bounded degree and height.

The proof can also be found in [6].

Remark. We note it is necessary to bound both degree and height; if we just bound
height, then we have already seen there are infinitely many algebraic numbers with
height less than any given positive upper bound. A clear example here, given

Kronecker’s Theorem (above) are the roots of unity, which all have height 0.

We are now in a position to continue our discussion of the abc conjecture.
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2.1.1 EXISTING RESULTS OVER THE INTEGERS

While the abe conjecture is yet to be proven in full generality, there has been progress
made in finding abe-style bounds. In [51], Stewart and Yu prove that there exists
an effectively computable positive constant C3 such that for all positive integers
a, b, c=a+bwith (a, b, ¢) =1 and ¢ > 2,

1og c < G%+logclggG .
In [52], they were able to improve this result to
logc < CiG3 (log G)*.

To do this required the use of Yu’s work extending lower bounds for linear forms in
logarithms to the p-adic setting [59][57]. We note Yu further improved these bounds
in a series of papers [58][60][61][62]; indeed, we will use results from [62], which make

use of group varieties to strengthen the relevant bounds.

2.1.1.1 Linear Forms in Logarithms

Explicit bounds for Linear Forms in Logarithms were first given by Baker in [2],
and was followed up by 3 related papers, work for which he was awarded the Fields
Medal.

To motivate this topic a little, we begin by recalling the celebrated Gelfond-

Schneider Theorem.

Theorem (Gelfond-Schneider, 1934). If a and b are complex algebraic numbers with

a#0, 1 and b not rational, then a® is transcendental.

This theorem solved Hilbert’s seventh problem. We could equivalently formulate
the theorem as follows: for any algebraic number « # 0, 1, the logarithm of « to any
algebraic base other than 0 or 1 is either rational or transcendental. It is natural
to wish to generalise this result; consider the following. Let a4, ..., a, be non-zero
algebraic numbers and let f,..., £, be algebraic numbers. Can we determine
whether ) logay + - - - 3, log a,, is transcendental? Baker, using his theorem (which
we give below) was able to prove this sum is either 0 or transcendental, which along
with his other results solved the multi-dimensional analogue of Hilbert’s seventh

problem.
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We now give some definitions before stating Baker’s Theorems. As normal, define
the complex logarithm by log z = log|z| + iarg z, where for ease we shall choose
the argument such that —7 < argz < m. Let ay,..., a,, € A\ {0, 1}, By € A and
b1, -, Bn € A\ {0}, where A denotes the set of algebraic numbers.

Define

A= [y + Brlogag + - - + B, log au,.

We are now in a position to state Baker’s results.

Theorem (Baker, 1967). Iflogay, ..., loga, are linearly independent over Q then
A #0.
That is, 1, log oy, ..., loga,, are linearly independent over A.

The next thing Baker was able to do was to give a lower bound for the value of
|A|. This lower bound has been much improved in time; the initial result by Baker
involved huge constants and had a factor of n™. In many cases this constant was
computationally too large to effectively use in proofs; for example Baker’s method
was applied to Catalan’s Conjecture but the constants were too large to be able to
computationally verify the conjecture, so the conjecture remained open [44]. The
version I give here is due to Matveev and is the best current result at the time of
writing; I give the version as presented at Theorem 7.1.5 of [37]. I note this result is

in terms of the absolute logarithmic height, discussed above.

Theorem (Matveev, 2000). Let vy, ..., o, € A\ {0, 1} and let K = Q (o, ..., ay)
be a number field of degree at most d over Q. Let

1if K CR,
2 if K C C.

K =

Finally, let
h(a):= 3 log"|ayl,

vEMp
denote the absolute logarithmic height, where My is the set of places on K normalised

to satisfy the product formula andlog™ x = max {0, logx} forz € R, z > 0. Consider
A= pfilogay + -+ By logay,

with B; € Z for all1 < j < n.
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Set
B = max{|by, ..., |b,]|}

and for 1 < j <n let A; be real numbers satisfying
A; > max {dh (o), |loga;|, 0.16} .
Then either A =0 of
log |A| > —Cd®A; ... A, log (ed) log (eB),

where
C — min {H—l <e2n>“ 307335 26n+30} '

We note here that the constant does not have the n™ factor present in Baker’s
earlier work; this aids us computationally in many cases. A number of problems in
Diophantine Equations can be solved using linear forms in logarithms where this
smaller constant helps us in these proofs; for a survey see Chapter 12 of [12].

Work has also been done on the p-adic analogue of Baker’s Theorem; the problem
in this setting is as follows. Let aq,..., a, be algebraic numbers and let p be a
rational prime such that the norm of o is not divisible by p for all 1 < j <n. We
then wish to find an upper bound for ord, (aq - - - @, — 1); this is then a lower bound
for [ay -+ - oy, — 1] . The bounds we have for this are now comparable to those of the
Archimedian case. We note that we can generalise the set-up above to consider the
p-adic anologue for a prime ideal p of the ring of integer O of a number field K.

We give a result due to Yu as stated in [37]; we will give a more precise bound at
Lemma [3.1.0.3] Before stating the theorem, we recall some facts and definitions. For
any algebraic number «, there exits a d € Z such that da is an algebraic integer. We
denote the least such d by d(«) and refer to this as the denominator of . Further,
we define /@1 to be the maximum of the absolute values of o and its conjugates, and

call this the house of . Finally, the size of « is defined to be s(a) = d(«) + .

Theorem (Yu). Let p be a rational prime and let K be an algebraic number field
of degree d. Let ay,..., a, € K such that s(o;) < H for 1 <i < n. Further, let

b1, ..., b, be rational integers such that

abtoabh —14£0.
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Set B = max{|by|,..., |bu|} and let p be a prime ideal of K lying over the
rational prime p. Then

lay - ap — 1|, > (eB)™°

P
where C =C (H, n, d, p).

We give an easy application of this result, as also given in [37].

Theorem. Let S be a finite set of rational primes. Consider the solutions
(a, b, c) € Z*

to a+ b= c such that the only primes p dividing a, b, ¢ are contained in S and a, b

and ¢ are coprime. Then the number of such solutions is finite.

Remark. This is our first look at the idea of smooth solutions to a Diophantine
equation; solutions such that the primes dividing them belong to a fixed set S. Later
in this chapter we will discuss the smooth abc conjecture and later in the thesis we
give some improvements on current results. This theorem also introduces the idea of
counting the number of solutions to a given Diophantine problem; the second part
of my thesis expands on these concepts.
Proof. Let |S| = s and begin by writing

a = ip?l’l .. .pgl,s’

b=dpi™t - pl,

g3,1

c=Epl e p,
where 0 < ¢; ; € Z for all ¢, j. We let
Z = max {[al, [b], |c[}.
For 1 <i <'s, we automatically have that
200 <piv < 2,

and it immediately follows that specifically ¢;; < 2log Z and ¢»; < 2log Z.
We note that

1
|C|Pi - i =la+ b|pi = ’p({l‘l e pls j:p‘{“ Y
i

pi
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By assumption, a, b and c are coprime, so p; cannot divide both a and b; without
loss of generality we shall assume that p; |[/b so that [b], = 1. It thus follows from

these comments and the equation above that

cl,
Pi |b

e

q1,1—42,1 | q1,s—q2,s __
= |+t P! 1

Pi

From our comments above, we further note that |q;,;, — ¢2;| < 4log Z.
We now apply Yu’s Theorem on linear forms in p-adic logarithms on the above

to determine that

1,1—42,1 -
’ipq q .. .ngS q2,s __ 1

> exp (—C(s, p;)loglog Z) .
pi

We know however that |c[, = zﬁ’ so combining this with the lower bound
obtained gives us that '

P < exp (Cloglog Z) ,

for all 1 <7 < s and for some constant C > 0. We now apply this to the factorisation
for ¢, finding that

c= Hpq‘“ < exp (C'loglog Z) ,

where C’ > 0 is some other constant.
If Z = |c|, then we are done; else suppose Z = max {|a|, |b|}. Then, modifying
slightly what we have done already we find that

a+b
b

_ ’b| x ‘:l:ptlh,l*qz,l' pg1s 92,5 _ 1‘

¢ = la+ b = [b] x

> Zexp(—C"loglog Z),

where C” > 0 is another constant.

From our upper bound on |c| we find that
Z exp(—C"loglog Z) = exp (log Z — C"loglog Z) < exp (C'loglog Z) .

This gives us that Z < C"” for some constant C"” > 0 so max {|a|, |b|} is bounded
and as |c| < |a| + ||, this gives a bound on |¢|. It thus follows that the number of

coprime solutions to a + b = ¢ in S is bounded. O
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Remark. We will use many aspects of this proof throughout the thesis; namely, we
will freely use that if @ + b = ¢ then by dividing through by (in this case) —b we
obtain that % —1 = £, and we can use linear forms in logarithms in the forms
given above. Further, coprimeness conditions will allow us to apply p-adic linear

forms in logarithms as above.

Remark. 1f we divide the above through by ¢, we are considering the equation
r+y=1

where the primes dividing x and y belong to the set S. This is referred to as an

S-unit equations, more on which we shall discuss in Section [2.1.2.1]

Having discussed linear forms in logarithms, we now return to our discussion of

the abc Conjecture.

2.1.2 THE abc CONJECTURE AND ALGEBRAIC NUMBER FIELDS

Much work has also been done generalising the abc conjecture to algebraic number
fields. Browkin discusses this direction of research in [7], while in [34] Masser discusses

some issues regarding adapting the radical G to the case of number fields. Let

Ni (a, b, ¢) = T[] Nmfj (p)"

where v € Mg and v is taken over all finite places such that |al, , [b],, |c|, are not

v
all equal, p is the prime ideal of Ok corresponding to v and p is a rational prime
such that p lies over p (we note that this is the same as the modified support (1.11)

of [34]). The Uniform abc Conjecture for number fields is then given as follows:

Conjecture (The Uniform abe Conjecture for Number Fields |16]). For every e > 0
there ezists a C(€) > 0 such that if a+b+c =0, a, b, c € K* where K is an algebraic
number field of degree d, then

Hy(a, b, ¢) < Cle)*(|Dk|- Nk (a, b, €)'+,
where Dy is the discriminant of K and Hg is defined in Section [2.1.0.1].

We note that for K = Q, this reduces to the abc Conjecture given previously.
In [20], Gy6ry shows that given a number field K and a, b, ¢ € K* with a+b+c =0
and any € > 0, there is an effectively computable Cs (¢) such that

log (Hx (a, b, ¢)) < CsN (a, b, ¢)' ™.
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The key methods Gyory uses to prove his results are bounds to the number of

solutions to an S-unit equation.

2.1.2.1 S-integers and S-units

We have already seen S-units in passing, here we shall give more details on this
subject. Most of this material is covered in [16].

Given a number field K, let S be a subset of Mg that contains all the infinite
places and at most finitely many finite places. At this point, we recall the canonical
choice of representatives we work with as given at Remark [l We then say that
a € K is an S-integer if ||, <1 for all v € Mg\S; equivalently, if the finite places
in .S correspond to the prime ideals py, ..., p;, then the S-integers are the elements
a € K such that ord, (o) > 0 for all prime ideals not equal to one of py,..., p,. We
note throughout this thesis we will somewhat abuse notation here and let p refer to
both the prime ideal and its corresponding place.

The set of S-integers forms a ring Og, and the units of Og form a group Of. We
see that the ring of S-integers where S = M7;? is just the set of algebraic integers in
K, and the units correspond to the units of Og. If S = M2 U{p1, ..., p:}, then
Og = Ok {(pl . 'pt)_l} and OF consists of elements a such that the principal ideal
(o) = pit---pyt, where n; € Z for 1 < i <t.

Many results about units of a ring of integers extent to S-integers; for example,

there is an S-unit theorem extending Dirichlet’s Unit Theorem.

Theorem (S-unit Theorem). Let S be a finite subset of My containing all the

infinite places, where |S| =s. Then
O; = Ui X ZSila
where g is the set of roots of unity contained in K.

This means there are €y, ..., €,_1 € OF and € pg such that all elements z € OF
can be written in the form x = ¢ x €}' ---€2°7', where a; € Z for 1 <i < s—1. We
prove this similarly to how we prove Dirichlet’s Unit Theorem; that is, given the set

S containing the places vy, ..., v, we can show that the map
LOGg : € — (log €|y, 5+ log |e|Us)

defines a surjective homomorphism from O% to a full lattice in the real vector space

{($1,...,$5) : i:ﬁi:O},
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where the kernel of the homomorphism is . A proof of this is given in [29).

We call such a system {ey, ..., €5} satisfying the S-unit theorem a system of
fundamental S-units, and we note such a system is not unique.

Continuing extending ideas about the ordinary ring of integers to S-integers,
there is an analogous S-regulator. Given a system of fundamental S-units
{€1,..., €s_1}, we define this to be

Rg =

det (log |€; |Uj)

i,5=1,..,s—1|

This definition does not depend on the choice of fundamental S-units, nor the choice
of vy,...,vs_1 €S5.

We give a formula that will make it easier to calculate and bound the S-regulator.
It is known that

RS = RK [I(S) . P(S)] . HlogNK/Q (pi),

i=1

where Ry is the regulator of the field K, py,..., p; are the prime ideals of S, I(.5)
is the group of fractional ideals of Ok composed of prime ideals from pq,..., p;, and
P(S) is the group of principal fractional ideals of Ok composed of prime ideals from
P1,..., pr. From here, we can see that [I(S) : P(S)] must divide the class number
hx of K, and thus we have that

t
Rs < hg Ry [] log N/ (pi)

i=1

We now consider S-unit equations. These take the form
a1y + -+ Ty = 1,

where 0 # a; € K for some algebraic number field K, and x1,..., x, are unknowns
from the ring of units of K, or are S-units. More generally, we can consider these
unknowns to be elements of a finitely generated multiplicative subgroup I' C K*.

We will focus mostly on the case in two unknowns, that is
a1 + a9y = 1.

This is the only case that is relevant to this thesis; we shall briefly consider the
general case using n terms for completeness at the end of this section.

It was proved by Siegel in 1921 that the above equation has only finitely many
solutions for units of a number field, and by Mahler in 1933 for S-units in Q. The
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general case for a number field K follows from the work of Parry in 1950. In the rest
of this section, we discuss effective upper bounds for the heights of the solutions to
S-unit equations over number fields K’; the results generally follow from applications
of Baker’s method. There are now many effective bounds for the numbers of solutions

to S-unit equations; the result we shall use most in this thesis is as follows.

Lemma 2.1.2.2 ([20]). Let F be an algebraic number field of degree d with set
of normalised places Mg, and let S be a finite subset of Mp which contains S,
the set of infinite places. Let s be the cardinality of S, p1, ..., ps the prime ideals
corresponding to finite places of S and let P = max; ng (pi). Further let Rs be
the S-requlator of F'. Given «, 3, non-zero elements of F, we consider the S-unit
equation ax + Py =1 in x, y, where x, y are S-units. Let r denote the unit rank of
F and let R = max {hp, Cs(r, d)R}, where Cs (1, d) is given explicitly in [20] and
R denotes the regulator of the field F. Let H = max {h(a), h(B), 1} Then, if t =0,

all solutions x, y of the above equation satisfy
max {h(z), h(y)} <Cq;(r, d) Rlog"(R)H,

where Cy is also given explicitly in [20] and log" x = max {logz, 1}.

Maintaining the notation above, if t > 0 then we obtain
* t+1 * P
max {h(z), h(y)} <Cs(r, d, t) hpR (log" R) R"" (log" R) Tog' P RsH,

where Cg (r, d, t) is again explicitly given in |20).

This result has recently been improved; in [31], Le Fourn is able give bounds for
the heights of solutions of S-unit equations in terms of the norm of the third largest
ideal in the set S, as follows.

Let K be an algebraic number field of degree d, and S a subset of M consisting
of all infinite places and finitely many finite places. We will let s = |S|. Let Pg
denote the norm of the largest prime in S, and let Pg denote the norm of the third
largest prime in S. Let R denote the regulator of K, hx the class number of K and
let r be the unit rank. Further, let Rg be the S-regulator of K, as defined above.

Theorem (Theorem 1.4 of [31]). Given the notation above, consider the S-unit
equation

ar + fy =1,
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with o, 5 € K* and x, y € Og.

If S contains at most two finite places, all solutions of the above satisfy

max {h (z), h(y)} <C(d, s)Rslog"(Rs) max{h(a), h(B), 1, Z},

where C(d, s) is the constant cog(s, d) in formula (30) of |21).

For any set of places S, all solutions of the above satisfy

wa 10), 1)) < €1, PSs (14750 wa {1 (e 1 3). 1. T,

where C'(d, s) is c1(s, d) from Theorem 1 of [21].

We note that this bound cannot be directly used to prove Theorem [2.1.3.3| of this
thesis (which we will state later) as the constants C(d, s) and C'(d, s) contain terms
of the form s°, where s = |S|. In [19], Gy6ry is able to give an improved constant
where the dependence of s in the constant is s®, which gives us a bound that leads
to the result given. Before stating Gydry’s bound, we define some terms.

We maintain the notation above, and let R = max {hg, C(d, r)Rk}, where C is
given in [19], the value of which depends on whether » = 0, 1 or > 2. Further, in the
case that S contains 2 or fewer finite places, we set P§ to be equal to 1.

We are now in a position to give the lemma.
Lemma 2.1.2.3 ([19]). Let t > 0, and consider the S-unit equation is x, y
ax + Py =1,

where a, 5 € K* and z,y € Of. Again, let H = max{h(a), h(5), 1} Every

solution to this S-unit equation satisfies

max {h(z), h(y)} < C(d, r, s, tyR"™*

P L+ log™ log Pg
log™ P§ log™ P§

) st
where C(d, r, s, t) = s5 (16e)> THHT gar+2647

2.1.3 abc STYLE RESULTS

Initially we introduce some notation we will use throughout this thesis and give
some further comments on the notation. Let K be a number field of degree d and
let a, b, ¢ € Ok\ {0} be such that a + b+ ¢ = 0. Further, assume that aOg, bOk



2.1. THE abc CONJECTURE 33

and cOg are pairwise coprime; that is aOg + bOg = O, and similarly for all other
pairs. Let L = HCF(K) be the Hilbert Class Field of K (that is, the maximal

abelian unramified extension of K [11]) and let

L
B prime ideal
PCOL
PBl(abc)Or,

Let p, be the prime ideal of Of, of greatest norm dividing aOyp, and similarly for p,
and p.. If a is a unit, then we write that p, = 1 with norm 1, and similarly for b and
c. Write ppax for the prime ideal of O of greatest norm dividing G'. A priori, this is
equal to one of p,, Py, Pe.

In Section |3.2] we will show that we can write a = u,a’ where u, is a unit and o

satisfies

Colog ‘NL/Q (a’)‘ < h(a') < Ciplog ’NL/Q (a')

Y

where Cy, Cyo are computable constants, and similarly for b and ¢. We assume without

loss of generality that
ha') < hH) < h(c). (2.1)

Given these definitions, we are in a position to state our main theorems.

Theorem 2.1.3.1. Given the set up above, relabeling a, b and c if necessary to
satisfy (2.1)), there exists an effectively computable constant Cy1 depending only on
the field K such that

log Hy(a, b, ¢) < (Nmb (pa) Nmf (ps) Nmf (p)* max { N (py) , N (pc)})° -

logloglog G
.Gcll loglog G .

We will then give various corollaries to put the product of norms of prime ideals in
terms of the radical G, namely Corollaries [3.2.1.13.2.1.6] Importantly, in Corollary
3.2.1.6| we will give conditions that allow us to attain a sub-exponential bound.

In later parts we will give related results that can be easier to manipulate due to
fewer prime ideals on the right hand side of the inequality, attaining the following

theorem.
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Theorem 2.1.3.2. Given the set up above, there exists an effectively computable

number Cio depending only on the field K such that

logloglog G

log HL(a7 b7 C) < (Nmé (pb) mé( ) ) Gcl2 loglog G
%

Nimg (pe) GO (23)
We will then deduce Corollaries|3.3.1.113.3.1.7], again giving conditions in Corollary
that give a sub-exponential bound in terms of the radical G.
We will then discuss how exploiting the bound of Gyéry [19] on the solutions of
S-unit equations enables us to reduce the dependency on prime ideals to give the

following result with no further conditions:

Theorem 2.1.3.3. Given the set up above, there exists an effectively computable

constant Cy3 depending on K such that

log H(a, b, ¢) < (Nmf (pa) Nmf; (ps) Nmfs (pe) N (L) Nmf; (a))” -
logloglog G

GC13 loglog G , (24)

where p’. is the prime ideal of third largest norm dividing cOy, and q is the prime

ideal of Or, of third largest norm dividing bcOyp,.

From Theorem R2.1.3.3] we will deduce that

log Hy(a, b, ¢) < G3T0n glase” (2.5)

The results given in this thesis, in particular Theorem [2.1.3.3] allow us to give

a new method of solving the effective Skolem-Mahler-Lech problem [42] of order
3. Additionally, we use Corollary [3.3.1.4] to expand on results by Lagarias and
Soundararajan regarding smooth solutions to the abc equation [27]. We briefly

discuss both these problems here.

2.1.4 BACKGROUND FOR THE APPLICATIONS OF RESULTS

The results given in this paper allow us to give a new method of solving the effective
Skolem-Mahler-Lech problem [42] of order 3. We note that this problem has been
resolved, but we give a new method to resolve this problem [42]. Additionally, we are
able to expand on results by Lagarias and Soundararajan regarding smooth solutions

to the abc equation [27]. We briefly discuss both these problems here.
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2.1.4.1 The Effective Skolem-Mahler-Lech Problem

First we discuss the effective Skolem-Mahler-Lech problem. The problem is, given a
linear recurrence sequence, to decide whether said sequence contains zeroes. Before
stating the problem, we shall state some definitions. The material that follows is
adapted mostly from [15].

We recall that a linear recurrence sequence is a sequence (a,) of elements of a
commutative ring with 1, R, satisfying a homogeneous linear recurrence relation

(also called a difference equation)
a(x+n)=calxr+n—1)+--+ cpa(x), (2.6)

where ¢1,..., ¢, € R [15]. We note, we will take R to be an algebraic number field,
which is the case in the majority of applications of linear recurrence sequences.
The polynomial

flz)y=a" —ca™ ' - ¢,

associated to the recurrence relation above is referred to as its characteristic poly-
nomial, and the recurrence relation is said to be of order n. If the ring R has no
zero divisors (which will always be the case in this thesis), then all linear recurrence
sequences satisfy a recurrence relation of minimal length; in this case the character-
istic polynomial of the minimal length relation is called the minimal polynomial; the
degree of the minimal polynomial is called the degree of the sequence.

For a sequence of the type above, the values aq, ..., a, are the initial values and
they determine the rest of the sequence; we note different sequences of numbers can
satisfy the same recurrence relation if the initial values are different. Indeed, given
a polynomial f defined over a field, define L£(f) to be the set of all possible linear
recurrence sequences satisfying , and L*(f) the set of all sequences for which
f is the characteristic polynomial of the sequence. We see that if g divides f then
L(g) C L(f). Further, if f is irreducible then £*(f) consists of all elements of L(f)
other than the identically zero sequences.

We note that £(f) is in fact a finite dimensional vector space of dimension n; to
see this consider the following. Take n sequences a; satisfying we shall refer to
as impulse sequences, with initial values a;(j) = ¢;;, where i, j € {1,..., n}. Then
any linear recurrence sequence satisfying can be uniquely represented as a

linear combination .

a(r) =) a(i)a;()

=1
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for x € N. To see this, we note that the right hand side of the above satisfies ,
as do linear combinations of solutions. Further, the right hand side has the same
initial values as the recurrence relation a.

From this point, we will explicitly consider difference equations over a number
field; the following comments have analogues in various different fields and rings.
For full details, we refer the reader to [15].

Recall, given a linear recurrence relation
Qgpin = C1zip—1 1 -+ Cply,

and initial terms aq,..., a, € R, we can find a formula for the m’th term. Given

the recurrence relation, we find the characteristic polynomial
f(X)=X"—c X" — i — 1 X — ¢y,

with roots rq, ..., r;, with multiplicities my, ..., m; respectively. The x’th term of

the sequence then is given by
az = g(x)ry + -+ gi(z)r],

where g;(x) are polynomials with deg(g;) < m; — 1 which depend on the initial
values aq, ..., a,.

Given a linear recurrence equation, it is natural to ask whether the sequence
contains zeroes, and if so what structure they take; this is the content of the

Skolem-Mahler-Lech Theorem, which is as follows.

Theorem (Skolem-Mahler-Lech). If a sequence of numbers satisfies a linear recur-
rence relation over a field of characteristic zero, then the zeroes of this sequence can be

decomposed into the union of a finite set, and finitely many arithmetic progressions.

Remark. We note that there exists an algorithm to tell us if there are infinitely many
zeroes, and if so to find the decomposition of these zeros into periodic sets guaranteed
to exist by the Skolem—Mahler—Lech Theorem [5]. The effective Skolem-Mahler-Lech
problem then is to find an algorithm to determine whether there exists at least
one zero in a given linear recurrence sequence (importantly in the case where the
only zeroes are non-periodic, as an algorithm to find the periodic zeroes exists) [42].
This would allow us to effectively answer whether a given linear recurrence relation

contains any zeroes.
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In Chapter 4 we will give a new method of determining if a linear recurrence
sequence of order 3 contains zeroes. For further references of preexisting methods
and results on this problem and related problems we refer the reader to [22] [49] [41]

and the references contained within them.

2.1.4.2 The smooth abc conjecture

We now discuss the smooth abc Conjecture, also referred to as the xzyz conjecture
given by Lagarias and Soundararajan in [27]. Given a Diophantine equation, we may
consider the set of solutions such that all solutions have a decompositions consisting
of primes from a given set S; in this section we consider smooth solutions of the
equation a + b = ¢ over the rational integers.

Given a triple a, b, ¢ := a + b € N, define the smoothness of the triple
S(a, b, ¢) :==max{p : p|abc}.

In 27|, Lagarias and Soundararajan give the following conjecture, which they refer

to as the xyz conjecture.

Conjecture 2.1.4.3 (xyz conjecture). There exists a positive constant k such that
the following hold.

a) For each € > 0 there are only finitely many integer solutions (X, Y, Z) to the
equation X +Y = Z with (X, Y, Z) =1 and

S(X,Y, Z) < (logH (X, Y, Z))"°.

b) For each € > 0 there are infinitely many integer solutions (X, Y, Z) to the
equation X +Y = Z with (X, Y, Z) =1 and

S(X,Y, Z) < (logH (X, Y, Z))"".

When a triple (X, Y, Z) satisfies X +Y = Z and (X, Y, Z) = 1, we will call the
triple a primitive solution. Lagarias and Soundararajan go on to conjecture that
K = % They note however that to prove the above conjecture, one need only prove
that there exists a ko > 0 satisfying part a) and a k1 < oo satisfying part b). As a)
and b) are independent, monotonicity would then imply the existence of a unique
constant x.

Lagarias and Soundararajan prove part b) assuming the Generalised Riemann

Hypothesis, and show that the abc conjecture implies part a). Further, in Corollary
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1 of [24], Harper is able to show unconditionally that the xyz-smoothness exponent
K is finite, and showed that part b) of the conjecture holds.

Unconditionally, Lagarias and Soundararajan are able to give the following result.

Theorem (Theorem 2.2 of [27]). For each € > 0 there are only finitely many solutions
to X +Y = Z satisfying (X, Y, Z) =1 and

S(X,Y,Z)<(3—¢)loglogH (X,Y, Z).

The proof of this, and the improvement we will give below depend heavily on
Northcott’s Theorem, as given at Theorem [2.1.0.2| Using results from this paper,

we will improve this bound with the following theorem.

Theorem 2.1.4.4. Let ¢ : R — R be a function such that ¢ (z) < loglogx with

lim ¢ (x) = +o0.

Tr——+00

Then there are finitely many integer solutions to X +Y = Z satisfying (X, Y, Z) =1

and

logloglog H (X, Y, Z)
loglogloglog H (X, Y, Z) ¢ (loglog H (X, Y, Z))

(2.7)

We note that this result implies that there are only finitely many primitive integer
triples (X, Y, Z) satisfying X +Y = Z with

S(X,Y, Z)<cloglogH (X, Y, Z)

for any constant ¢ € R, ¢ > 0. This is because for any such c, there is a value H

such that for any H (X, Y, Z) > H,

logloglog H (X, Y, Z)
loglogloglog H (X, Y, Z) ¢ (loglog H (X, Y, Z))

> ¢,

and by Northcott’s Theorem, there are only finitely many triples (X, Y, Z) satisfying
H(X,Y, Z) < H. The statement above then follows from Theorem [2.1.4.4] and
along with the result given in Theorem [2.1.4.4]is also an improvement on the 3 — €
in Theorem 2.2 of [27].
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Remark. We make a small remark that Mochizuki claims to have proven the abc
conjecture; however, this result relies on Mochizuki’s results in Inter-universal
Teichmiiller Theory [36], the veracity of which is currently being debated [47]. Due
to the status this result has within the mathematical community at the time of
writing, we will make limited reference to this work in the rest of this thesis.

When this manuscript was completed, Professor Gyory informed me about a
sharper abc inequality over Q and imaginary quadratic number fields by Mochizuki,
Fesenko, Hoshi, Minamide and Porowski (submitted for publication). However, this
result also relies on Mochizuki’s results in Inter-universal Teichmiiller Theory.

We further note that independently, using different methods, Gyory has been
able to show a similar result to that of these results, but over the base field K [1§].

We discuss this further in Chapter 3.



3

Proofs of the Main abc Theorems

3.1 PRELIMINARY DEFINITIONS AND LEMMAS

We begin by recalling some of the ideas already mentioned in the last chapter, before
giving some key lemmas we will use throughout the following two chapters.

Given a number field K, recall the definitions of h(z) and Hg(z1, ..., x,); we
note that

h(z) = dlog Hy(z, 1),

where Hg (z, 1) is defined in the previous chapter and [F': Q] = d.

It is worth pointing out that Hg (x1,..., x,) is the projective height, so it gives
the same value for any representative of [z : - : z,] € P! (K). Explicitly, this
means that for any (a, b, ¢) € P? (K) and any k € K* we have that

Hg (a, b, ¢) = Hk (ka, kb, kc) . (3.1)

In particular, since in the set up of this article ¢ # 0, we have that

HK (CL, ba C) = HK (CCZ’ é7 1) .

C

We will generally be considering the height over the Hilbert Class Field L. In
this case, as [K : Q] = d,

h(l’) = dhK lOg HL(l, x),
where hg is the class number of K. This follows as [L : K| = hg[6] [56]

40
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We note that for any z, y, 2 € K where K is an algebraic number field of degree
d,

lOgHF(SL’, Y, Z) = logHF (xv ya 1)
Zz Z

< 2d max (h (ﬁ)  h (Z)) . (3.2)

This follows directly from (4.3) of [20].

We now state some pre-existing lemmas which we will repeatedly use throughout
the proof of Theorem [2.1.3.1] In the rest of the paper, Cy, Co,... denote effectively
computable constants, and we will, where relevant, state what these constants depend
on. In many cases, the constants depend on properties determined by a certain field;
in these cases we will sometimes explicitly give which properties of the field the
constants depend on.

We first give a result about the existence of a set of fundamental S-units which

will make computation throughout the paper easier.

Lemma 3.1.0.1. Given a set of places S of size s consisting of all infinite places
and finitely many finite places of the field F, we can find a system of fundamental

units Ny, ..., Ns—1 such that

s—1

(4) 1:[ h(n;) < CsRg,

(77) max . h(n;) < Cy4Rg if s > 3,

1<i<s—
(13i) if v1, ..., vs_1 are any distinct places from S, then the absolute values of

the entries of the inverse matriz of (log ’ni’uj)i,jﬂ,.--,sfl do not exceed Cs,
where Rg is the S-unit requlator of F.
Proof. This is Proposition 4.1.8 of [17] O

Throughout this paper we will use such a system of fundamental units, and often

refer to them as "the fundamental units" of the field in question.

Lemma 3.1.0.2. Let F' be a number field of degree d, and let « € Op\O%. Then
there is an effectively computable number Cg (F'), depending on the fundamental units

of O, and an € € OF such that

eal < Cs ‘NF/@ (Oé)‘w

where @l denotes the house of .
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We recall that i@, the house of «, is defined to be the maximal absolute value of

the conjugates of o over C.

Proof. This is Lemma 1.3.8 from [37]. O
Lemma 3.1.0.3. Let aq, ..., a, be algebraic numbers and F a number field of
degree d containing oy, ..., ap. Let p be a prime ideal of O lying above the rational

prime p with ramification index e, and residue class degree f,. For a € F, o # 0,
we write ordy, () for the exponent to which p divides the principal fractional ideal
generated by o in F, and we set ord, (0) = +00. Let by, ...b, be integers, and set
O =alt---ab — 1. Assume that © # 0. Finally, set I’ (o) = max{h(ocj), ﬁ}.
Then

Nmg (p)

QF 5 [[ 7 (o)log B,

<log Nmg, (p)) i=1

ordy (©) < (16ed)*™™ 52 log (2nd) log (2d) - ey

where B = max {|b1|, ..., |b,|, 3}.
Proof. This is a consequence of the main theorem of [62], given on page 190. O

Lemma 3.1.0.4. Let F' be a number field with ring of integers Or. Apply a total
ordering to the prime ideals, so that if ng (r) > ng (n), then ¢ > v. Arbitrarily
order ideals of the same norm. Then there is an effectively computable positive
constant C; such that for every positive integer r we have

1:[ Nmg (p;) - (r)

——— :

i—1 log Nmg (p;) Cr

Proof. Let mp(x) denote the number of prime ideals in number field F' of norm

less than or equal to x. By the Landau Prime Ideal Theorem [28], we know that

wr(x) ~ 102 —. Partially order the prime ideals as in the statement of the Lemma.
Then by Landau,
mr (Nmg (p;)) ~ . :
( ) log (Nm{ (p;))

Thus by Landau, there exists an effectively computable number Cg such that

Nmg (p;)
log (Nm; (p;))
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Thus, using the inequality 7! > (r/e)", we see that

r F ) ! r r
Nm@l(mpj) >T,IZ<T)Z(T>,
=1 log (NmQ (pj)) Cho Coe Cr
which proves the claim in the lemma. O

We finally state a lemma that we will use to tidy our end arguments.

Lemma 3.1.0.5. Ifz, a € R, a # e, with < x, then a < max {e, 2zlogz}.

a
loga

Proof. For a < e the statement is automatically true, so we consider only a > e. If

o < r, then
oga

a < xloga. (3.3)

As loza < x, we see that loga —logloga < logz. Further, as loga < \/a, we can

show that 1o§a < loga —logloga.

Combining these we get that
loga < 2logx. (3.4)

Multiplying together (3.3]) and (3.4 and cancelling log a, we obtain that a < 2z log z.
O

3.2 PROOF OF THE MAIN THEOREM

Let K be a number field with ring of integers Ok, class number hg, and Hilbert
Class Field L. Let [K : Q] = d, so by the tower law, [L : Q] = hgd.
Take a, b, ¢ := —a — b € O so that

a+b+c=0, (3.5)
with the assumption that aOg, bOk and cOk are coprime. We write

aOx = pf’ -y
bOx =qft -+ gl
Ok =rtf' -0, (3.6)

where p;, q;, and v are prime ideals of Ok and e;, f;, gi are integers.
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A key property of L = HCF(K) is that every ideal J of Ok is principal in Op;
that is IOy = aQy, for some a € Op. By Lemma [3.1.0.2] we can pick the generator

of each ideal so that if « is the generator, then
1/d
h (@) < logi < log <cm () [Nuyq ()] ) = Cn (K)log[Nyjg (@) (3.7)

We note that the dependence of the constants is on K rather than L, as L is

uniquely determined by K. Further, for such algebraic o we have
log N1/ (a)| < dh (a),
giving us that

C1s (K)log |NL/@ (a)\ < h(a) < Ci3(K)log \NL/@ (a)\ . (3.8)

Recalling this, we write

piOr = a;,0L
;01 = 0,01
.01 = 0y, (3.9)

where a;, b;, ¢ satisfy (3.7).
We can also write aQyp,, bOp, and cOy, as a product of prime ideals of Or. Knowing

this, we will write

G= JI Nm§®). (3.10)

B prime ideal
PCOL
Pl(abe)OL,
Note that by our assumptions this is equivalent to taking the field to be L in equation
(1.7) of [34]. Further we will denote the prime ideal of O, of largest norm dividing
aQp, by p,, and similarly for b and c.

From (3.9) we can write a, b, ¢ as follows:

_ e1 et
a=ugaj" - a;
_ f1 f
b= bl - bl

c=uecy el (3.11)

where u,, u; and u, are units of Q. We will also often write u,a’ + upb’ + u.d’ =0

where ¢’ = [[;_; a; and similarly for ¢’ and ¢. After relabeling if needed, we can



3.2. PROOF OF THE MAIN THEOREM 45

assume that holds. We note that if h (¢/) <1 then straightforwardly the claim
holds. This is because necessarily h(a’) < h(b') < h(¢’) < 1 and Theorem
readily follows from . Similarly, after some work we do below finding a bound
on h(c'), we see that if h(b') < 1 then again we’ll find the claim straightforwardly
follows, and the same logic will hold if h(a’) < 1. Thus we assume in the following

that
1 < h(d") <h() < h(d). (3.12)

Dividing through by u.c’ = ¢ in (3.5) we obtain that

a / b/
Yo W0 _ (3.13)

UL uLl

so we are in a position to apply Lemma [2.1.2.2]

Before doing this, we note that by the remarks around , log Hy, (a, b, ¢) =
log Hy, (%, g, 1). This allows us to move between representatives of the projective
point [a: b: ] € P2(L).

First, following the notation from Lemma [2.1.2.2] initially take S to be the set of
infinite places of L. Applying this to , we obtain that

ma {0 (e ) (=) = (52) 0 (52)
<Cu (K)maX{h <Z,/> : h(ii) , 1}. (3.14)

We note similar bounds also hold if we divide (3.5) through by u.a’ or wu,b'.
Recall that h(zy) < h(x)+ h(y) [6][56]. By this fact and our assumptions on
h(a’), h(b') and h(c'), we deduce that

Hﬁx{h(i),h(i),l}grmm{h@ﬁ—%h@ﬁ,hUﬁ—%h@ﬁ}gZh@U.

It thus follows that

h<%d>gh(%)+hmq+hw)

UL U
S Cl5h (Cl) —+ 2h (C/)
= Clﬁh (C/) . (315)
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Similarly, we also obtain that

ubb’ ’
h < Ci7h . 3.16
(1) <eane (310

We again apply Lemma [2.1.2.2] but this time with a different set of S-units.
Now let S = Soc U{p : p | cOL} where p refers both to the prime ideal p and its
corresponding place. Applying Lemma [2.1.2.2] in this case to (3.13]), we obtain that

max{h( Uq ) 7 h< Up )} < Cis (K) (213.32Rd)t (Nmé(p&)

ucc log” Nm(é (pe)

[T logNmg (p) [ max {h(a'), h(¥'), 1}

pe0r
p|cOL

< Cis (K) (2%Rd) N (p.)

I log Nmé () | h (D).

pe0y,

plcOL

p#£pe
We note that, to make the argument easier to follow, we have brought out the
parts of the constant from Lemma [2.1.2.2] that depend on ¢. Again, L is defined
by K uniquely, hence the dependence of the constants here on K rather than L.

Further, by (3.12), we have that max{h (a’), h (0'), 1} = h(b'). We further note
that by (4.21) of [20] and the arguments that follow in that paper, we have that

(213'32Rd)t < (213.32d)t2 Rt < el

Applying this to the above we obtain that

Ua w Cpt) L

maXx {h <uccl) s h <UCC/>} < Clg (K) (Gloglog G Nm@ (pc> ng log Nm(@ (p) h (b,) )
plcOL
pFhe

(3.17)
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From (3.17) we obtain that

Uy U
h|—=2 <h e h(a
()_ () +nt@)

Lr9K) L L / /
< Cig (K) GTos105G Nmyg () H log Nmg (p) | A (V) + R (a’)
pe0yr,
plcOL
p#pe

C19(K) /
< Cy (K)G“’gg“’gGNmé (pe) H logNmé (p) | A(V). (3.18)
Or,
E\GCOL
p#Ppc

Similarly, we find that

upb’ Cag(K)
h (uccl> S 621 (K) GloglogGNmé (pc) pg ]_0g Nmé (p) h(b/) (319)
plcoi
pFpe

We now choose another set S, this time containing the infinite places and
the finite places corresponding to the prime ideals dividing bcOp; that is, S =
Soo U{p : p|bcOL}. Applying Lemma [2.1.2.2] to (3.13) with this S we obtain that

max {h ( ua/) , h (ubb/> } S 623 (K) Gféﬁ;{c{' max {Nmé (pb) , Nmé (pc)}

[T logNm§ (p) | max {h(d'), 1}. (3.20)
pe0y
p|bcOr,
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From (3.12)) and ([3.20)) we obtain that

h <Uaa//> S h < Ua/) + h(a/)
UC UC
Cop (K)

< Co5 (K) GToslog G max {Nmé (py) Nmé (pc)} . (3.21)

[T logNm§ (p) | h(a’) + h(a')

pe0p
plbcOL,
< (€or (5) G mmax (N (), Nun (p)}) - (3:22)
[T logNmg(p) | | h(a'). (3.23)
pe0y
p\bc(’)L
Similarly, we find that
upb’ Cog(K).
1 (15) < oG EHEE {5 ) N )} | T 1o Nun 1) | )
e,
(3.24)
By consideration of (3.15)), (3.16)), we see that
Ug@' upb’ /
max < h , h < max {Cig, C17} h ()
UL UL
= Cgoh (C/> s (325)

while (3.18) and (3.19)) show that
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! b max{ , }
max {h (uaa/) . h (ub ,>} < max {Cy,C} G Bt Nm5 (p.) - (3.26)

UC UC

[T log Nk (p) | (b)

pe0L
plcOL
p#pe
C32(K) L I ,
= Cy Gt N (p,) | ] log Nm& (p) | A().
pe0r,
p|COL
p#pe

(3.27)

In the same way, it follows from (3.21]) and (3.24]) that

/ /
Ugl upb max{Caq (K), Co9(K)}
max {h < a > . h ( )} < max {627,628}G loglog G .

UL UL

- max {Nmé (py) Nmé (pc)} 1_0[ log Nmé (p) | h(ad)
pelL
p|bCOL

C34(K)

= 633GloglogG max {Nmé (pb> , Nmé (pc>} .

IT logNmg (p) | h(d). (3.28)
o
plocCOL

We next prove the following lemma.

Lemma 3.2.0.1. Let a € {a, b, ¢}. Then

h(d/) < Css (max ord, (a)> log G.

pl{a)

Proof. If « is a unit, then we define max ord, (o) := 1.
By construction of o/, we have that h (/) < Csglog Nmé (aQp). This follows
from the fact that

NLg ()| = Nijg (@)] = Nm§ (aOy).



50 CHAPTER 3. PROOFS OF THE MAIN abc THEOREMS

We write a factorisation of aQy = ﬁ“’LL B

this may be different to the ideals given in (3.9)), as the ideals in (3.9) may not be

prime. Working with this prime factorisation, we obtain that

log Nmé (aOp) = log <1_L[ Nm{@ (pZMLL)>
i=1

guL,L

u, 1, into prime ideals of Or. Note

= 3" us s log (N (p;.1))

i=1
< <nr<1a>x ord, (« )) log G.
P
The claim then follows. O
It follows immediately from (3.2)), (3.25) and Lemma [3.2.0.1| that

log Hy, (a, b, c)
< d 3.29
C30 IOgG ;ﬂ?‘)}; ordy ( ) ( )

Similarly, it follows from (3.2)), (3.26)) and Lemma [3.2.0.1| that
log Hy, (a, b, c)

< rﬂa>x ord, (b) . (3.30)
p

C39(K) L
C31GoelosG log G Nmg (pe) | [Ipeo,, log NmQ (p)
p|cOL,
p#pe

Further, it follows from (3.2)), (3.28) and Lemma 3.2.0.1| that
log HL (a> b7 C)

C34(K
C33G10glogG log G max {NmQ (ps) , Nm (p )} (H p‘ZfC%L log Nmg (p))

< r‘r%> xord, (a) . (3.31)

We will use Lemma [3.1.0.3| to establish upper bounds for the right-hand sides of

(13-29), (3-30)) and (3.31)). In order to do this we need to write ord, (c), ord, (b) and
ord, (@) in a form where we're able to use Lemma 3.1.0.3
By the coprimeness of aOp, bOy, and cOp, we see that

ord, (¢) = ord, <z>

= ord, —%afl calthlt . bl — 1) . (3.32)
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Similarly we find that

ord, (b) = ord, (—ucc‘l’l ceecdrart lap = 1) ) (3.33)

a

and

ord, (a) = ord, (—ubb{l cobfue e — 1) : (3.34)
u

c

To apply Lemma we need to bound exponents e;, f;, gr and bound the
heights of the units h (u,), h(up) and h (u,).
First note that

max {ord, (a), ord, (b), ord, (¢)} <log Hy, (a, b, ¢), (3.35)

directly from the definition of Hy.
This follows from the definitions of projective and absolute logarithmic heights.
In order to use Yu’s bound, we need to manage the heights of u,, u, and u.. To
do this, we will use fundamental units of Oj. By Dirichlet’s Unit Theorem, there

exist fundamental units &, ...,&,. of O, where r is the unit rank of O such that
5

or, with ¢ a root of unity. We note

all units u of Oy, can be written u = p&--- ¢
again that finding a set of fundamental units is computable, for example see [9], and
we can find a nice system satisfying . Indeed, we could use any system of
fundamental units, but this choice is helpful should one wish to explicitly compute
the constants. Thus once found, the product [];_, »'(&;) we will obtain applying
Lemma [3.1.0.3| can be upper bounded constants depending on the field. It remains

to find an upper bound for max; 9;.
Note that (3.14)) gives us that

h <Ua> S Cg7h (Cl) .
Ue
Further,
h(¢') < Cas (K)log [N g (c)| < Cao (K) h(c) < Cao (K)log Hy(a, b, c).
It follows from the above comments that
Uq

h () < Cyt (K)log Hy(a, b, ¢). (3.36)

Ue
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Let L have ry real embeddings €, ..., €., and 2r, complex embeddings
€ri+1y Erytls - -« Eryy €ry. By Dirichlet’s Unit Theorem, there are r := r; + 179 — 1
fundamental units &, ..., &, such that for any unit u € O}, u = ,uffl -+ & where u

is a root of unity in L and ¢; € Z for all i.

We now prove a lemma that gives an upper bound for max; |d;|.
Lemma 3.2.0.2. Given the set up above,

max {|0;|, 3} < Cyo (K)log Hr(a, b, c). (3.37)

Proof. We consider the unit v = 3¢, but this choice is arbitrary and the logic that
follows holds for all relevant quotients of the units u,, u, and u.. Write, as we do
above, u = pu& - - - &% where y is a root of unity in L and §; € Z for all 4. As shown

in the proof of inequality 4.3.2 in [17], it is shown that
maXx {3, ‘(Sll ) oy |57«|} < C43(L)h(’d)

As L depends only on K, the dependency in the constant is really only on K. We
remark that in the notation of [17], S consists only of the infinite places of the field
L.
We have shown above at (3.36]) that
h(u) = h (

ua> < Cy1 (K)log Hy(a, b, c).

Ue

Combining these inequalities gives the result.
O

Out of interest, we give an alternative proof, which gives us one way to see where

inequality 4.3.2 of [17] comes from.

Second proof of Lemma[3.2.0.3. Recall that there are r + 1 distinct embeddings of
L into C. Let us denote these embeddings by e;, 2 =1...,7 + 1 . Furthermore for
allv=1...,r+ 1, let us define

Ei . L—->R
a — log |e;(a)].

Let u be an element of L. We see that

r+1

) =5 3 Nilei ).
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where N; = 1 if the image of ¢; is a subset of R, and N; = 2 in the complimentary

case, when the image of e; is not a subset of R. This is because

r+1 r+1
h(u) =Y N;logmax (|e;(u), 1|) = — > N;logmin (|e;(u), 1]),
i=1 i=1

where N; is defined as above. Thus

r+1 r+1

2h(u) =Y N;logmax (|e;(u), 1]) = > N;logmin (|e;(u), 1|)
i=1 =1
r—+1

=D _ Nilog e;(u)]|
i=1
r—+1

= ;Nz‘ lei(u)l,

and thus the identity follows.

We now take advantage of some properties of u,, up, and u. so we will write them

explicitly. In what follows we use the case u = %2 but it is true for the other relevant

Ue?

quotients of ug, up and u.. Write %= = ,uffl -+ €9 where p is a root of unity. From

the comments above it follows that

u 1 r+1 r .
h(5) =53 Nife (uﬂf?)
Ue i=1 j=1

. (3.38)

1 T
=3 YN diEil)
=1 |j=1

Y

where we lose the p as it is a root of unity, so for all 4, ¢; (1) = 0.
From (3.36|), we know that h (Z—‘Z) < Cq1log Hy(a, b, ¢), giving us an upper bound
for the absolute logarithmic height of the unit. Along with (3.38]), this implies that,

foralli=1,...,7+ 1, we have

< C44 (K) 10g HL(CL, b, C). (339)

Zr:‘;ﬁi(fj)

That is, (3.36) implies that all the exponents §;, j = 1,...,r satisfy (3.39). This
holds for all g;, i = 1,..., r+ 1, so (3.39) gives us a system of r 4+ 1 inequalities.

We pick any r inequalities of r+1 in the system (3.39)). For the sake of concreteness,

let us take the first r inequalities. We are going to deduce the upper bound for the



54 CHAPTER 3. PROOFS OF THE MAIN abc THEOREMS

system of inequalities (3.39) where ¢ = 1,...,r. Note that the left-hand side of these

inequalities are coordinates of the vector

where the matrix M is defined by

M = (£(&§))1<ij<r

By definition, the absolute value of determinant of M is equal to the regulator of the
number field L, and is thus non-zero. Hence M is non-degenerate. Importantly, the
matrix M depends only on the number field L. Further, as the value of the regulator
is independent of the choice of the r inequalities we picked, it shows that our choice
of inequalities is irrelevant and we obtain the same result given a different choice of
r inequalities from the r + 1 in (3.39).

It follows that the solutions to the system of inequalities fori=1,...,r
are given by M 1B, where B is an r-dimensional cube
[—Cus (K)log Hy, (a, b, ¢),Caq (K)log Hy, (a, b, ¢)]". Thus these solutions form a
parallepiped, the form of which depends on M (hence eventually on L only, which
is uniquely determined by K') and the linear size is given by Cy5 (K)log Hy(a, b, ¢).

This means that the solutions §; have an upper bound of the form
C46Cys5log H(a, b, c)

, where the constant Css depends on M (hence actually depends on K) only. We

thus conclude that

max |0;| < Cy7 (K)log Hp(a, b, ¢),

as claimed. O

Importantly, as commented during the proof, the method is not changed if we
choose a different unit such as Z—‘; and so on. Thus this lemma holds for all relevant
units in this paper.

We return to considering . We can now use the above after writing the

unit in terms of fundamental units as follows:
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ord, (¢) = ord, (—aafl . -aftb{I o b{;‘ — 1)
Up

= ordy (p€l' -+ &ras - aftb bl — 1) (3.40)
where p is a root of unity. We are in a position to apply Lemma [3.1.0.3] Using

the notation of Lemma [3.1.0.3 from (3.35) and Lemma [3.2.0.2[ we obtain that
log B < Cy4s (K) loglog Hy(a, b, ).
Applying Lemma [3.1.0.3 on (3.40]), we obtain that

ord, (c) <Cug (K)r+t+u+2 (r+t+u+ 1)5/2 log (2d (r +t +u+1)) Nmé () ;
<log Nmé (pc))
R ()b (&) -+ B (& )R (ar) - - - B (ar)W' (by) - - - B (by) log log Hy (a, b, c).
(3.41)

Note that h () = 0 as p is a root of unity so A'(i) = 1555, which we take into the
constant. Further, we recall our system of fundamental units satisfies SO we
take [Ti_; h'(&;) into the constant.

We further note that ‘NL/Q (a;)] = Nm§ ((a;)) = (ng (pi))fK, and similarly
for b; and ¢, [29]. We recall that by definition, fx < d [3§]. Further, the norms of

all these prime ideals are greater than 1, so for all x € {ay,..., as, by,..., b}, if

a, is the prime ideal associated with z, #'(z) < Cso (K)log Nm§ (a,). Putting this
together with the inequality above, with other bounds used as necessary, we obtain
that

ord, (c) <Cs (K)™™ (T +t+u+1)"?loglog Hy(a, b, c)

Nm (p Hlog (NmQ (b)) - Hlog (Nm (a;)) - (3.42)

Similarly, we see that by considering (3 in the same way as above, we obtain
that

Ue gy v € —e
ord, (b) = ord, (—01 ceecrart et — 1

Uq,
= ord, (M/ffi AT L a o — 1) : (3.43)

Following the same line of reasoning as above we obtain that

ord, (b) <Csy (K)™ (r +t + v+ 1)"*loglog H(a, b, ¢)
t

Nm (py) Hlog (Nm§ (1)) - Hlog (Nm (x)) - (3.44)
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In the same way, by considering we further obtain that
ord, (a) = ord, (—befl coeblee I e — 1)
= ord, ("€ - €FD bl ey 1)), (3.45)
and as before, applying Lemma [3.1.0.3 gives us that
ord, (a) <Css (K)"™ (r + u+v + 1) loglog Hy(a, b, ¢)

NmQ Pa) Hlog (NmQ qi ) H log (NmQ (tj)) (3.46)

From this point, all constants depend on the field K, in particular on the degree
of the field d, so we omit these dependencies.
By combining (3.29) and (3.42)) we obtain that

log Hy(a, b, ¢)
loglog Hy(a, b, c)

<CHM (r+t+u+1)""1log G - Nmg (pc)
H log (NmQ ) H log (NmQ (q])) (3.47)

Similarly, combining ((3.30]) and (| gives us that

log Hy(a, b, ¢)
loglog Hy(a, b, c)

(K)
<C§,§”G% (r+t+v+1)""log G- Nm§ (ps) - Nmf (pe)

Hlog (NmQ pl) Hlog (NmQ t; ) IT log Nm@ (p) .

i=1 j=1 pe0y
plcOr,
p#Pe
(3.48)
Applying the same idea, combining (3.31)) and (3.46|) gives us that
IOgHL(CL b C) 7/2
L Cu+leo logG 1 ]_ G N a)”
loglog Hy(a, b, ) re (rtut v+ 1) log mQ (pa)
ma {Nm (py) , N (p.)} T log (N (1))
=1
Hlog (NmQ T ) 11 logNm@ (p). (3.49)
Jj=1 pe0y
plbcOL,

Multiplying together (3.47)), (3.48]) and (3.49)) and bounding some terms for ease,

we obtain that
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log Hy(a, b, ¢) '\ <Ct+u+vG1C1¢G( +t+u+0)? (log @)
og log :
loglog Hy(a, b, ) o ' o °
- (Nang (p) N (py) Nmf (p.)?) -

. (max {Nmé (py) , Nmé (pc)}) (ﬁ log (Nmfg{) (Pz)) :

| (jﬁ og (N (0 )) <Hlog( )))3.

T os N (p) - ] log Nk ). (3.50)
pe0y, pe0L
plcOL plbcOL,
pP#Ppe
We note that r depends on the field, so we can write (r + (¢t + u + U))21/2 <

Cso (t +u + 0)21/2. Further, for sufficiently large Cqo this will absorb (¢ 4+ u + 0)21/2,

so we can move this into the constant. We thus obtain that

log Hy(a, b, ) ’ trut
uTv loglog 1
<log10g Ho(ab, C)> <CttvGreec (log G)° -

- (N (pa) Nm§ () N (po)”

. max {Nmé (ps) , Nmé (Pc)} . (H log (ng (pl)>> )

: ([[1 log (Nm{ (qj>))3 : (H log (Nmg <tk>))3-

k=1
T torNm () T log N (1) (351)
pe0y, pe0L
plcOL plbcOr,
p#pe

Next we aim to deal with

H log (NmQ ) H log (Nm@ q; ) H log (NmQ (tk)>

=1 7j=1 k=1
First note that Nmg (P = Nmg (BOL), where B is a prime ideal of Ox. We
follow an idea from the first part of Section 3 of [52]. Let NV be the number of prime
ideals of Op, such that the prime ideal B | (abc) Of. By definition, these all lie above
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primes p of Ok, so N >t + u + v. Thus from these comments and Lemma [3.1.0.4

we obtain that

t—l—u—irv)t““r” <N>N

_ <(=—) <G, 3.52
( Ce2 — \Ce3 ( )
where Cgs is the constant given by Lemma [3.1.0.4] It follows that
log G

t < Cop——7——.
tuty 64loglogG

(3.53)

By the arithmetic-geometric mean inequality we obtain that

Hlog (NmQ Iy ) H log (NmQ q; ) H log (NmQ (tk)>

i=1 j=1 k=1

t+u+v
1 ¢ K u K v X
. t+¢w+v(Z;k%(NH@<P0)+2;k%(Nm@<%f%+g;k%(Nm@<%n
t+u+tv
1
S log (Nm§5 (%)
t+u+wv mg(:% ( Q )
Pprime
PBl(abe)Or,
t+u+v
= (bgG> ' (3.54)
“\t+u+tw

It follows from (3.53)) and (| - ) that
logloglog G

Hm@% )Hmm%%)ﬂm@%m»«%ﬁmi@m

i=1 Jj=1 k=1

The same logic can be used to show that

logloglog G
T log N (p) < Gooo BEEEE°, (3.56)
pe0r
p|c(9L
pFpe
and that
log log log G
[T logNmg (p) < GCo ostos e,
pe0y,
plbcOr,

We note that for large enough constant Cgg or large enough G,

logloglog G

Ce9
GloglogG < GCG8 loglog G |
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Applying these to (3.51]), we obtain that

log Hy(a, b, ¢) ’ trut 3
UTv 1
<log log Hy(a, b, ¢) <Crg"" (log &)

(Nng () Nons (ps) Nons (po)”)

e (N o). N (b)) - G B (357)
Further, from Lemma [3.1.0.4] we obtain that
Lt Qo (3.58)

loglog G

Further, note that log G = G e¢ . Thus we obtain that

< log Hy(a, b, ¢)

3
L L Lo \2) .
loglog Hy(a, b, c)) < (NmQ (Pa) Nmg (ps) Nmg (p) )

- max {Nmé (Po) Nmé (PC)}

logloglog G 1 loglog G )
Gc73( loglog G +log10gG+ log G

(3.59)

We take the cube root of both sides, before applying Lemma [3.1.0.5] obtaining

ol

log Hy(a, b, ¢) < (Nm§ (p.) Nm§ (ps) Nmg (p)” max {Nm§ (p,) , Nm (p.) )
logloglog G log log G) (360)

1
GC74( loglog G +10g10gG+ log G

logloglog G

Note, the dominant term in the power of G is =22
oglog G

the above proves Theorem

. Combining this with

3.2.1 COROLLARIES OF THEOREM 2.1.3.1]

In this section we show various corollaries of Theorem 2.1.3.1] The first two corollaries

depend on the Class Group of K and the ideals that p, and p, lie above.

Corollary 3.2.1.1. Assume that Nm@ (pp) > Nmé (p.) and that py and p, both lie

over prime ideals of Ok that do not generate the class group of K. Then

logloglog G

log Hy(a, b, ¢) < Gl et (3.61)
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Proof. By assumption,

(Nm (pa) Nmfj (py) Nm§ (pc)” max {Nm (py) , Nmf; (pc)})
= (Numg (pa) Nang (ps)” Nmg (p.)°)
Recall that in the Hilbert Class Field L, a prime ideal p of O splits into %‘ prime
ideals of Oy, where P is the order of [p] in the Class Group of K. By assumption,
there must be at least two prime ideals dividing bOQ;, with the same norm Nmé (ps),

and similarly for Nmg (p.).
It follows that

(Nm (pa) Nm (1) Nmfj (p.)°) < G,

and the claim follows. O

Corollary 3.2.1.2. Assume that Nm§ (py) < Nmg (pe) and that p. lies above a
prime ideal of O that has order greater than 2 in the class group of K. Then

log Hy(a, b, ¢) < G3HCre slese | (3.62)

Proof. By assumption,

(Nmg (pa) Nmg (p,) Nm (pe)” max {Nmg (py) , Nm§ (pc) })
= (Nm (pa) Nmg () Nmg (p.)°) .

By the comments in the proof of the previous corollary, our assumption here
gives us that there are at least 3 prime ideals of O dividing cO; with the same

norm, Nmg (p,). It follows that
(Nm§ (pa) Nm§ (ps) N (pc)°) < G,
and the claim follows. H
The following corollary holds regardless of the class field of K.
Corollary 3.2.1.3. Assume that Nmé (pp) > Nmé (pe). Then
log Hy(a, b, ¢) < GOt
Proof. Note that Nmg (p,) Nm (py) Nmg (p.) < G. Further, by assumption
Nmg (p.) max {Nmf (py) , Nm§ (po) } = Nm{ (py) Nm§; (p.)
<G.

Thus the corollary follows. O
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Corollary 3.2.1.4. Assume that Nm§ (po) > Nm§ (py) > Nmg (p.) . Then

logloglog G

lOg HL(a’u b7 C) < G%+C78 loglog G

If max {Nm{@ (po) Nmé (pc)} = Nmé (p.) then we obtain that

logloglog G

lOg HL(G’J b7 C) < G%+c79 loglog G

Proof. By assumption, Nmé (ps) Nmé (pe) < G5 and Nmé (pp) < Gz, Nmé (pe) <
Gs. Applying this to Theorem [2.1.3.1] gives both parts of the corollary. O

Remark. If we assume that none of a, b, ¢ are units of Ok then the only as-
sumption we need to obtain the first inequality in the corollary above is that
max {Nmé (Pa) NIIllé (ps) , Nm§ (pCZ} = Nm{ (p,). This follows as then by assump-
tion, Nmé (py) < G5, Nmé (p.) < G3s. The argument follows.

We now present some corollaries that depend on the value of

max {Nmé (ps) , Nm§ (pc)} :

Corollary 3.2.1.5. Assume that max {Nmé (ps) , Nm§ (pc)} < (log Hy, (a, b, ¢))*
for0 < a< % Then

log log 1
+CSO ogloglog G

log HL(a, b, c) < Ga—lza Toglog &

Proof. Consider (3.59)). Applying the assumption, we can rewrite this as

log HL(aa ba C)
loglog Hy(a, b, ¢

logloglog G

3
)> < G (log H(a, b, ¢))* G Tlostosc

Dividing through by (log Hy(a, b, ¢))** we obtain that

<10g HL(a’ b, C))?’_Za 14+Cs2 L°i?i?éc.
(loglog Hy (a, b, c))3

Taking the 3 — 2a’th root and applying a variant of Lemma [3.1.0.5 gives the
result. O

Corollary 3.2.1.6. Assume that Nm@ (Prmaz) < (log Hy (a, b, ¢))* for 0 < a < %
Then

Cg3 logloglog G

log HL (a,’ l), C) < G3750¢ loglog G

logloglog G

— G841 Toglog G| (3.63)
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Remark. We note that we can write this in the following terms. For any given € > 0,
given the assumptions of the theorem and corollary there is a computable number
Css such that

log Hy, (a, b, ¢) < G,

Proof. Consider Theorem [2.1.3.1} By assumption,

S logloglog G

lOgHL (a/7 b7 C) < (logHL (a,, b’ C))? G loglog G .

Dividing through, we obtain that

5a logloglog G

(IOgHL (CL, b7 C))l_? < (G loglog G|

Take the —%="th root and the result follows.

_ba
1-73

3.3 METHOD ONLY USING TWO S-UNIT BOUNDS

Part of the difficulty in analysing cases in the previous section comes from the number
of prime ideals on the right hand side of . If we only use two S-unit bounds
then, while in general the bound is worse, it is easier to analyse for corollaries. We
now prove Theorem [2.1.3.2] as stated in the Chapter 2.

We follow the main text until . We then do not use the S-unit bound
obtained by letting S be equal to the infinite places and finite places corresponding
to the prime ideals of O dividing bcOy. Following the argument of the main text,
we obtain and . Multiplying these together we obtain that

< log Hy(a, b, ¢)

2
C32

<CLi"H G (r 4t "(log G)?

loglog Hy(a, b, c)) 86 (r+i+uto) (logG)

(Nm§ (py) Nm§ (p.)?) ([[1 log (N <pi>)>

(1T (5 0)) - (s (5 )

IT logNmg (p). (3.64)

pe0y,
plcOL,
p#pe
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From here we follow the arguments of the proof of the main theorem, obtaining

IOg HL(aa b7 C)
loglog Hy(a, b, ¢

logloglog G loglog G )

2
)> < (Nmé (pb) Nmé (pc)z) Gcs7( loglog G +logllogG+ log G

(3.65)
We take the square root of both sides, before applying Lemma [3.1.0.5 obtaining

1 log log log G 1 log log G
log Hr(a, b, ¢) < (Nmb (py) Nm5 (p,)?) * GO (Hoefic®™ s + 457
1 logloglog G 1 loglog G
= N () N (p,) GO CBRSE tratea H6550) - (3.66)
Again, 0&loelos G g the dominant term in the exponent of G. This completes the

loglog G
proof of Theorem [2.1.3.2]
From this point, there are many corollaries we can find, similarly to in the

previous section. However, given that there are fewer prime ideal on the right hand

side of (3.66)), they are generally easier to prove. Further, Theorem [2.1.3.1] and
Theorem [2.1.3.2| are independent, so if Nmé2 (pa) is sufficiently large in comparison

to Nmé (pp) and Nmé (pc), Theorem [2.1.3.2| could give a better bound.

3.3.1 CoOROLLARIES OF THEOREM [2.1.3.2]

This corollary relies on the class group of Ok.

Corollary 3.3.1.1. Assume that the prime ideal v C O that p. C Oy lies above
does not generate the class group of K. Then there exits an effectively computable

constant Cgg such that

logloglog G

lOg HL(C% b’ C) < G%+CQO loglog G |

Proof. Let v be a prime ideal of O dividing cOk such that p. C Oy lies above t.
Assume that t does not generate the class group of K. Then in L = HCF(K), ¢
splits into hg /P prime ideals, where hg is the class number of K and P is the order
of [t] in Ck [11] [38]. As t does not generate the class group of K, then the order of
[t] is at least 2. As v splits in Of, we know that all prime ideals lying above t in
Or, have the same norm. By assumption, we have at least two such ideals in Oy, so
Nmé (ps) (Nmé (pc)>2 < G. More explicitly, there is another prime ideal p’, of Oy,
lying above v such that Nm§ (p.) = Nmg (p,). It then follows from Theorem [2.1.3.2
that

logloglog G

log Hr(a, b, ¢) < GO0 gt
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]

The following corollaries give different bounds depending on p,;,q, or maxord, (c).

Corollary 3.3.1.2. Assume that
Nm@ (pe) < G

with 0 < a < 1, or that
max ordy, (c) < G*

with 0 < o < 1. Then there exits an effectively computable constant Co; such that

1 logloglog G
+a+cgl og log log

log H(a, b, c) < G2 loglog G, (3.67)

Further, if max {Nmé (py) Nm(g (pc)} < G* then

logloglog G

log H(a, b, ¢) < G el (3.68)

Remark. We note that ‘%a <1fora< %, and further that 370‘ < 1+7°‘ for a < % Thus,

our second bound is better than our first given in this corollary for a < %

Corollary 3.3.1.3. Assume that Nmé (Pmax) > G for a > é, and that P, = Prmax-
Then

—3a +ng log loglog G

log Hy(a, b, ¢) < G loglog G,

If Nmé (Prmax) < G5 it follows directly from Theorem that

logloglog G

log Hy(a, b, ¢) < G0 gt

Remark. Note we have the assumption that o > % in order to make sure that

3
3—3a
2
Further, the second inequality given is the same case as o =

Corollary [3.3.1.2,
Proof. We first assume that Nm (p.) < G* where a € (0, 1). Thus

< 1.

1

5 in the last part of

Nm§ (py) Nm§ (pe)? < G < G2

Thus from Theorem [2.1.3.2] we obtain that
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C logloglog G

log Hy(a, b, ¢) < G loglog G, (3.69)

We now assume that maxord, (¢) < G* for some a € (0, 1). Then, in place of

(3.42), we have that for all p | Oy, ord, (¢) < G*. It follows from (3.29)) that
log Hy(a, b, ¢) < Cys (log G) G*.

We note that for a < %, this bound is actually better than the bound that follows.
As in the proof for the main theorem, (3.48)) still holds. Multiplying the above
and ((3.48) we obtain that

(log Hy(a, b, c))*
loglog Hy(a, b, ¢)

<CH (r+t+ v+ 1)? (log G)* G*Nm (py) - NmJ (p.)

Hlog (NmQ pz) Hlog (Nm@ T ) H log Nm@ (p) .

1=1 Jj=1 pe0r
plcOL
pPF#pe

(3.70)

We note that Nmg (p,) - Nm§ (p.) < G. Further, we can use the techniques from

above to tidy terms in the same way as we did for the main theorem to obtain

logloglog G

2
(]'Og HL(a’ b’ C)) < G1+O‘G698 loglog G . (371)

loglog Hy(a, b, c)
Taking the square root and applying a variant of Lemma [3.1.0.5] we obtain that

logloglog G

log Hy(a, b, ¢) < G2~ +Co gtss (3.72)

This proves the first part of Corollary [3.3.1.2 The further comments follow
directly from Theorem [2.1.3.2 when we bound Nmg (ps) and Nmg (p.) above by G°.
This gives us that

logloglog G

log Hy (a, b, ) < G o0 Bt

as claimed, where 3—0‘ < 1 for a < 7, and is a better bound than given above for

<3
It also follows directly from Theorem [2.1.3.2| that if

max {Nm (p) , Nmf; (po) } < G,

then
logloglog G

3a
log HL(G/7 b’ C) < G 2 +Cro1 loglog G |
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]

Corollary 3.3.1.4. Assume now that Nm§ (p.) < (log Hy(a, b, ¢))* with 0 < a < 1,
or that
max ordy (¢) < (log Hr(a, b, ¢))* with 0 < o < 1. Then there exits an effectively

computable constant Cigo such that

logloglog G

_1
log HL(CL, b’ C) < GQ—Q+6102 loglog G

Furthermore, if maX{Nm(g) (p) Nmé (pc)} < (log Hr(a, b, ¢))* for o < 2, then
directly from Theorem we obtain that

C103 logloglog G

].Og HL(G, b7 C) < G273a loglog G

logloglog G

= GO el (3.73)

This is the best bound we achieve in this text.

Remark. We note that the second inequality in this corollary gives a sub-exponential
bound, an improvement on the bounds given in [51][52].

To more easily compare with existing results, we note we can slightly weaken
this upper bound. Inequality implies that given any € > 0 there exists some
computable Cig5 such that

log Hy (a, b, ¢) < G€o5,

where importantly Cig5 does not depend on e.

Proof. We first assume that Nmg (p.) < (log Hy, (a, b, ¢))* with o € (0,1). Then
from this assumption and (3.65)), we obtain that

(log Hy(a, b, ¢))> ™
(loglog Hy(a, b, ¢))°

logloglog G

< G- GO g 1og G (3.74)

By assumption, 2 — « > 1, and we take this root to obtain that

logloglog G

log Hy(a, b, ¢) < G tOor e (3.75)
(loglog Hy(a, b, ¢))>=

Note that 1 > ﬁ > % Applying a variant of Lemma |3.1.0.5] we obtain that

logloglog G

log Hy(a, b, ¢) < GratCos il (3.76)
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Now instead assume that maxord, (¢) < (log Hz(a, b, ¢)* for some a € (0, 1).
Then as above, from ((3.29)) we obtain that

log Hy(a, b, ¢) < Cip9log G (log Hy(a, b, ).
It immediately follows that
(log Hy(a, b, €)'~ < Cigg log G.

Again, we still have (3.48]), as obtained by following the main argument. We
multiply (3.48]) by the above to obtain

(log Hx(a, b, ¢)* "
loglog Hy(a, b, c)

T
2

<CHY (r+t+v+1)2 (log )’ Nmg (ps) - Nmg (pe)

[]log (ng (pl)) : ﬁ log (ng (tj)) - T log Nmé (p).

i=1 j=1 pe0y,
p|c(9L
pFpe

(3.77)

As before, we can use the same method of tidying as in the proof of the main

theorem to show that

(log Hy(a, b, )"
loglog Hy(a, b, c)

logloglog G
< G1+C111 loglog G|

Taking the 2 — a’th root and applying a variant of Lemma [3.1.0.5] we obtain that

logloglog G
+Cr1p 2B 08

log HL((Z, b, C) < Gﬁ loglog G|

This concludes the proof of the first part of Corollary (3.3.1.4]
To see the strongest case, we appeal directly to Theorem [2.1.3.2] Assume that

Nm (Prax) < log (Hr(a, b, ¢))”

with o < 2. Then we can bound Nmg (py) and Nmg (p.) above by log (Hy(a, b, c))*,

obtaining

logloglog G loglog G )

log Hy(a, b, ¢) < (log Hy(a, b, ¢)) F GO (“hbe® et 528

It then follows that

logloglog G loglog G )

(log HL(G, b, C))li% < GCHS( loglog G +logllogG+ log G
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Taking the 17137& 'th root gives us the result, namely that

C113 ( logloglog G loglog G
logHL(a b C) <G2 3&( loglog G +loglogG+ log G )

logloglog G

loglogG S0 we

Finally, we recall that the dominant term in the exponent is
obtain that

Ci14 (log log log G )

log Hy(a, b, ¢) < G230\ ToglosG

As commented in the statement of the theorem, this is of the form
log Hy(a, b, ¢) < G“115°<,

]

Remark. While the assumptions are hard to compare due to their different natures,
we can see that for all « € (0, 1), H'Ta > ﬁ Thus, generally speaking, the bound
of Corollary [3.3.1.4] is better than that of Corollary [3.3.1.2] More concretely, given
(a, b, ¢) that satisfy the assumptions of both Corollary [3.3.1.2f and [3.3.1.4] Corollary
gives a better bound in terms of the radical G than that of Corollary 3.3.1.2]

Corollary 3.3.1.5. Assume that NmQ (Pmax) > G® for a > 1 5, and that P, = Prax.
Then

3—3a logloglog G

10gHL(CL b C) <G 2 +C116 loglog G |

1

If Nmé (Pmax) < G3 it follows directly from Theorem 2 that

logloglog G

log Hy(a, b, ¢) < Gt
Remark. Note we have the assumption that a > % in order to make sure that
37301 < 1.
Further, the second inequality given is the same case as a = % in the last part of

Corollary [3.3.1.2]

Proof. Assume that Nmé (Pmax) > G¢, and assume that p, = Ppax. Then considering

(3.66)), we note that

SO
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It follows that
logloglog G

log Hy(a, b, ¢) < G 2 tons ™ fad™ (3.78)

We note that 3_230‘ <1 for a > % OJ

Corollary 3.3.1.6. Assume ord,.c < G for 0 < o < 1. Then

logloglog G

log Hy (a, b, ¢) < Gma{en §}+0uo SGiae™

Proof. Assume that ord, c < G,

Note that we can write

max ord, (¢) = max { maxord, (¢), ordy, (¢)
pl{e)r PI;OL
pFbc

By assumption, we attain the bound

max ord,, (¢) = max { maxord, (¢), G* ;. (3.79)
plle) p\;OL
pApe

From the above and (3.29)), it follows directly that

log Hy, (a, b, ¢) < Ci90log G max r‘nax ord, (¢), G* ;. (3.80)
plcOL
pFPpc

We now consider cases depending on Nmé (pe).

First assume that Nmé (Pmax) < Gz. Then we can directly use Corollary |3.3.1.2

to obtain the bound given there, namely

logloglog G
340y 2B l08 0B L

log Hr(a, b, ¢) < G* loglog G,
Thus from the above and (3.80)), we obtain that

logloglog G

log HL <a7 b7 C) < Gmax{%7a}+cl22 loglog G

Assume now instead that Nmé (Pmax) > G 3Tt immediately follows that for all
other prime ideals p contributing to GG, we have that Nmé) (p) <G 2,

Consider now maxy|.o, ord, (c¢). We apply Yu’s bound as before on this, taking

pF#pe
the above comments into consideration. It follows that

max ordy (¢) <Cias' (r +t+u+ 1)"?loglog Hy(a, b, ¢)Nmg (p)
pleCL
p#pe

Hlog (NmQ P ) H log (NmQ (qj)) (3.81)

=1 7j=1
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where Nmg (p) < G 2. Following the same logic as the main text, we obtain that

log Hy(a, b, ¢)
lOglOgHL(aa ba )

<Ctr+t+u+1)"logG- G2
H log (Nm (p:)) - H log (Nm{ (q;)) - (3.82)

Note that (3.48) still holds, and Nmg (ps) Nm§ (p.) < G. Multiplying (3.48) and
(3.82)), tidying terms as we do in the text, and considering ({3.80]), we obtain that

log Hy, (a, b, ¢)
loglog Hy, (a, b, ¢)

logloglog G

log log log @
< max {G4+ 125710g10gG Ga+C126‘°ﬁ);ﬁ);g } . (383)

More concisely, after applying Lemma |3.1.0.5] we obtain that

logloglog G

log Hy, (a, b, ¢) < Grax{en § 0T SERET (3.84)

Thus, in either case depending on Nmé (Pmax), We obtain that

logloglog G

log Hy (a, b, ¢) < Gmax{en §}+Cus SGiae” (3.85)
0

Corollary 3.3.1.7. Assume that ord,.c < (log Hp, (a, b, ¢))* for 0 < a < 1. Then

logloglog G

log Hy (a, b, ¢) < max {Gi%m(w)? Crso (log G)lia}_

Proof. Assume that ord,, (¢) < (log Hy(a, b, ¢))® for some 0 < o < 1. As in Corollary
3.3.1.6| it immediately follows that

max ord, (¢) = max { maxord, (c), ord,, (c)
pl(e)L p\;(%
PFPe

< max rln%xord p (), (logHy (a, b, ¢)* 7. (3.86)
plePr
pFPc

This along with (3.29)) implies that

log Hy(a, b, ¢) < max r‘n%x ord, (¢)log G, Ci31 (log Hy, (a, b, ¢))*log G
plePrL
p#pe
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If

max 4 max ord, (¢) log G, (log Hy, (a, b, ¢))*log G ¢ = Ci32 (log Hy, (a, b, ¢))*log G,
plcPL
p#he

then we can see that
10g HL<(I, b, C) < 6133 (log G)ﬁ

We now consider two cases.
In the first case we assume that Nmé (Prax) < G3. In this case we can appeal
directly to Corollary [3.3.1.2] obtaining that

logloglog G )

log HL(a7 b7 C) < G%—’—cl%( loglog G

For the second case we assume that Nmé (Pmax) = G and follow the same
argument as in Case 2 in Corollary [3.3.1.6]
As before, we see that for all prime ideals p # punax contributing to G, we have

that Nmé (p) < G, Applying Yu’s bound on maxm;oL ord, (c) again, we find that
ppe

IIH%X ord, (¢) <Cigd (r +t+u+ 1)"?loglog Hy(a, b, ¢) - Nmé (p)
pleCL
p#pe

Hlog (Nm§ (1)) - Hlog (Nm (a5))

Again, we know that Nmé (p) <G 2, Following the logic of the main argument
and the proof of Corollary [3.3.1.6] it again follows that

log Hy(a, b, ¢) 4t 7/2 5T
> ; t DN"?logG - G*F
loglog H, (. b, ) <Cisd (r+t+u+1)"1logG -G H1

o (6 00) [T g <Nm@ @),

After tidying as we have previously and applying Lemma [3.1.0.5] it follows that

logloglog G

§ —_——
log Hy(a, b, ¢) < G137 Togloer

Combining these results, in both cases we obtain that

logloglog G

log H (a, b, ) < max { G0 B2 €1y (log &) 77 }.
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3.4 APPLICATION OF GYORY’S BOUND

In this section, we prove Theorem [2.1.3.3] We begin by considering Lemma [2.1.2.3]
In the statement of the Lemma, we see that the constant depends on t; we note that
by (4.14) of |20] gives us that

(3.87)

Similarly as in Section [3.2] we can deduce that
13.32 35\ ! o,
(2 dR) S Glog log G ,

SO

C141
Rt S GloglogG
Further, using [3.87 we can bound

c
3r+4t+7 144
C142(d, r, s, t) = 55 (166) ol d4r+2t+7 S 6143G10g¥1°gc

This, as done in the proof of the earlier theorems, allows us to remove the
dependency on ¢t when we apply Lemma [2.1.2.3] We note this is the same line of
reasoning as used in [18§].

When we apply Lemma [2.1.2.3|in the places we previously applied Lemma [2.1.2.2
we attain (after moving things into the constant) essentially the same bounds with
Pa, Pu, Pe replaced by p, p; and p’. where p/, is the prime ideal of third largest norm
dividing aOy, and similarly for p; and p.. If fewer than three prime ideals divide a, b
or ¢ then we define the corresponding norm to be 1.

We follow the proof of the main theorem, but we replace any use of Lemma
2.1.2.2) with Lemma [2.1.2.3] For the most part, all that changes is any occurrence
of pg, pp and p. arising from the use of Lemma is replaced by p, p;, and p’.
We follow the line of reasoning from the main text up until . For this first
application of S-units, where we have no finite places, we continue to use Lemma

(2.1.2.2)) as it is simpler in this case than Lemma [2.1.2.3] As before, we obtain (3.25]).
As before, now let S = S U{p : p | cOr}. Applying Lemma [2.1.2.3[ to

uga upb .

Ul UL ’
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we obtain that

Hax {h <_ulij:’> , f (_uqii )} < Cl45GloglogGPSRS (1 + log)flo]gjis>
(t')
be
)

-max {h(a'), h(V), 1}
< C147GloglogG Nm@( ") Rs log™ (Nm@ (pc)> .
-max {h(a'), h(V), 1}

Ci48
< Ci49GloslosC Nmé (pl) H log Nmé (p)
pCOr,
plcOL

logG - h (V)

logloglog G

< Ci50GE Tstose Ny (pl) -

[T logNm§ (p) | 2 (b)), (3.88)

pCOr,
p|cOL

where the line of reasoning about max {h (@), h(), 1, g} follows from assumption
(3.12), and the last line follows as
loglog G logloglog G

logG (G logG < Gcl52 log log G

for a sufficiently large constant and large enough G. We are thus able to replace

(3.26) with
o / b’ og log lo,
e {h <ua/> . <Ub ,)} <Cisa GOt B N (1)

UL

[T logNmg (p) | A (V).

pCOr
plcOL

As before, we now let S =S_U{p : p|bcOr}. Applying Lemma [2.1.2.3| again,
following the same method as above, in place of (3.28]) we obtain that

u Uu b/ log log logG
max < h (_ a ) , hi— b <C1 G 156 Tloglog @ é
UL UC'

H log NmQ
pCOL
plbcOr,
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where ¢ is the prime ideal of O, of third largest norm dividing bcOp. We note that
this is not necessarily p; or p., though it may have the same norm as one of them,
and could indeed be either of them.

We now follow the argument of the main text again, using the above inequalities

in place of (3.26]) and (3.28)) as necessary, and we end up obtaining

log Hy(a, b, ¢) < (Nm§ (pa) Nm; () Nm§ (p.) Nm (p,) Nm§; (q))* -

logloglog G log logG)
. G6157( loglog G +loglogG+ log G

(3.89)

in place of (3.60). As before, 12&1818C ig the dominant term in the exponent of G,
loglog G

SO we can write

logloglog G

log Hy.(a, b, ¢) < (Nmb (p,) N (py) N5 (p,) N (p]) N () GO HEES,
(3.90)

We explore some cases. If q = pj then
Nmg (pa) Nmg (py) Nmg (pe) Nmg (p,) Nmg (p}) < G

If g = p/, then there exists a prime ideal p”, the prime of second largest norm
dividing cOp. Note that NmQ (pl) < Nm@ (p.)" < Nmé (pc), and all these primes

divide abcOy, so their norms contribute to G. Thus, in this case we obtain that

Nm§ (po) Nmg (ps) Nm§ (pe) Nm§ (p) Nm§ (pl) < Nmg (po) Nm§ (py) Nmg (p.) -
- Nmg (pL) Nmg (p!)
<.

We have dealt with the cases where q = p; and q = p.. Using the notation above,
there are four further possibilities for q, namely p,, p., vy, 7. If q = p; or p/
then substituting into the above expression, it follows from the definition of G that
Nim (p,) N5 () N (p,) N (p!) N (q) < G.

On the other hand, if ¢ = p, or p., we can still upper bound this by G. Assume
q = pp. Then we deduce that NmQ (pp) < NmQ (pl) < NmQ (pe). It follows then that
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Nmg (pa) Nmg (py) Nmg (p) Nmg (p,) Nmg (ps) < Nmg (pa) Nmg (ps) -
<G.

The argument is symmetric so applies if ¢ = pp. Thus in all cases we obtain that
log Hr(a, b, ¢) < GO Taiat (3.91)
We note that for given a, b, ¢, once we know the prime ideals dividing aO, bOk
and cOg, the inequality (3.90) may be stronger than that given in (3.91).

3.5 SOME REMARKS

A combination of methods and results by Gyéry and Yu [21] and Gyéry [20], [19]

with the method of Le Fourn [31] can be used directly to find results over the base

field, as done by Gy6ry in [18]. Further, in terms of S, Gydry improved the S-unit

bound given by Le Fourn. Gyéry’s result regarding the abc conjecture is as follows.
Let K be a number field and let a, b, ¢ := a + b belong to K*. Define

N =[] Nm& (p)>®®,

where v is taken from the set of finite places such that |a|,, |b], and |c|, are not all
equal, and p is the rational prime such that p N Z = p. Then there is a computable
constant Cig9 depending only on d = [K : Q] and A such that

log loglog N

1
log Hy ((1, b, C) < ClgoN;( foglos Nk .

This is an immediate consequence of the sub-exponential inequality in [18] before
estimating P’ from above by N [%(, where P’ denotes the third largest norm of prime
ideals involved.

Gyory’s combination of his method with that of Le Fourn’s enables him to state
his results entirely over the base field K, rather than over the Hilbert Class Field.
We note that for the case where the base field K has class number 1, the results

are in essence the same. On the other hand, the dependence on the norms of prime
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ideals in this thesis allows us to state corollaries depending on these norms, leading
to the sub-exponential bound for example. Further, we believe they may allow some
attack at open problems such as the smooth abe conjecture [27].

For all these results, we have considered them in terms of log Hy, (a, b, ¢). We
note that Hy (a, b, ¢) = Hy (a, b, )", as hx = [L : K]. Thus, as hx depends on
the field, after taking the logarithm we can incorporate the hx into our computable
constant and have the height in terms of the base field K. However, so far we have

been unable to do the same for the radical G.



4

Applications of the abc Results

4.1 APPLICATION TO EFFECTIVE SKOLEM-MAHLER-LECH
PROBLEM

In this section we will use our main result to allow us to determine whether a linear
recurrence sequence of degree three with no repeated roots of the characteristic
polynomial has zeroes. As noted in the introduction, there exists an algorithm to
determine whether there are periodic zeroes, so we are concerned with the case when

there are only potentially finitely many zeroes.

4.1.1 CASE WHERE ALL TERMS ARE COPRIME

Consider a linear recurrence sequence of the following form:
Ay = C1p_1 + C20p_2 + C30n_3, N =3, 4, 5, ...

where the values of ag, a; and ay are known. We form the characteristic polynomial

of the sequence

1'3 — CllL‘2 — C — C3

and assume that this has distinct roots ry, re, r3. Let K = Q (7, 72, r3). We further
assume the roots are pairwise coprime when considered as principal ideals of the
ring of integers Ok.

By our assumptions, we know that we can write
an, = kiri + kory + kary

77
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where ky, ko, k3 are constants depending on ag, a; and as. We further assume ky, ko
and k3 are coprime, but we will look at ways to try and deal with this when not
coprime later.

For ease, we use the result obtained by using Gyory’s bound, that is the inequality
given at . Assume there exists an n such that a,, = 0. Explicitly,

0= ]{?1’/“? + ]{327“; + k’g’l“g.

We are in a position to use the result. Let L = HCF(K) and define G as above.
Then,

logloglog G

1 logloglog &
log H (k77 kor}, ksrll) < G371 ostosc

Without loss of generality, assume that
h(?"1> < h(?"g) < h(T’g).

Note that
H (kyry, korhy, ksry) = H (rl, k—rg, r?) .
3

Further, by comparing definitions,

k k
h(ry) <log H —lr?, —27'3, ry | .
ks ks

Moreover, h (ry) = nh(rs) [56]. Combining all this we obtain that

logloglog G

nh(rs) < G e Toles s

It follows that Lo log o G
1 og log lo,
G§+C2%

n < —h (?”3) ,
giving an upper bound for n.

Explicitly, given a recurrence relation satisfying the given conditions, we first
check whether there are any periodic zeroes in arithmetic progressions; as noted in
Chapter 2, there exists and algorithm to do this [42]. If so, we are done. If not, we
apply the above method, which gives an upper bound for the maximal value of n
such that a,, = 0. We numerically check the values of a, for x less than the obtained
upper bound. This answers the question as to whether the recurrence sequence has

a Zero.
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FEzxample 1. Consider the linear recurrence sequence with ag = 9, a; = 46, ay = 254
and
a, = 10a,-1 — 3la,—o + 30a,_3.

This sequence has characteristic polynomial
23 —102% + 31z — 30,
with roots 2, 3 and 5. Thus,
ap, = k12" + k93" + k3d",

where k1, ko and k3 are to be found. They are found to be k1 = 7, ko = —11 and
ks = 13, so
@, =T7-2" —11-3" + 13- 5",
This means G =2-3-5-7-11-13 = 30030. The largest logarithmic height of
the roots is h (5) = log 5. It follows that if a,, = 0, then

log log log 30030

300307 63 o s 30030

<
" log 5

< 20-43%.
In principle, C3 and C4 can be computed following the proof given in this paper. This
gives an upper bound for n.

In this example, once we derive a,, = 7-2" +11-3" 4+ 13- 5", it is clear there are

no zeroes. With more complicated examples, it may not be so obvious.

4.1.2 CASE WHERE TERMS ARE NOT COPRIME

Assume we have a linear recurrence relation as above with characteristic polynomial

f(x) with roots r1, 73, r3. There are constants ky, ko, k3 such that
ap = k17 + kory + ksrs.

We assume nothing about coprimeness. If they are all coprime, we’re done as
above. We thus assume k77, kory, ksry are not coprime.
If there exists an n such that a,, = 0, then the same prime ideal must divide all 3

terms. We can see this as if

O = k’l’l"?f —|— k’g’l"g —|— ]{?37"?,
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then
—]{517‘? = k’g’l"g + k’g’l"g,
and it follows if a prime ideal divides two of these as ideals, it has to divide the

third.

More rigorously,
ord, (a 4+ b) > min {ord, (a), ord, (b)}, (4.1)

with equality when ord, (a) # ord, (b). The claim directly follows from this. It
also follows from this that at least two of the terms are divisible by the prime ideal
to the same order.

We consider these as ideals of Ok. Assume that q is a prime ideal of O dividing
all three terms, and that ord, (kir}) = ord, (kery) = . We write

n W Cky,1 €ki,a M €Ery,1 n€ery,b |
klrloK _pkl,l '”pkl,a pm,l “.prl,b q

n L Cko,1 €ko,c M€rg, 1 N€ry,d |
koryOr = P21 Prya Pro i Py 4

n W Ek3,1 €k3, f M €rg, 1 N€rg,g m
karsOr =Pt Py f Pro, 1 Pyt s

where these ideals are prime ideals of O.

Note, it may be the case that [ = m. Also, if q | r}, this implies that [ = an for
some a, but we will see this doesn’t matter for the argument. Finally, it may be
that there is a further prime ideal that divides all three terms; if so, we apply the
following process iteratively on all prime ideals dividing all three terms.

We now move to the Hilbert Class Field L. All the ideals above are principal as

ideals of Oy, so we can write

n __ €ky,1 €ki,a M€ry 1 ner b |
kary =UPk 1 " Pry,a Pri,1 0 Pryp

n __ €ko, 1 €kg,c_ M€ry, 1 N€ry,d |
Rary = UaPy,”t * Pryla Pro, 1 Pra b

n __ €kg, 1 €k, f MNerg 1 Nn€rg,g m
]C37”3 = u3pk3’1 .. 'pk;,»,f pr371 .. 'prg,b q",

where the terms on the right hand side are all elements of L that generate the

relevant principal ideals. Thus, we can now write

o €Ly, 1 €ki,a M€ry 1 €ry,b |
(07% —ulpk-hl “'pkl,a prl,l ...pT‘l,b
ekQ,l ekQ,c €ry, 1 n'erg,d !
+u2pk2’1 ”'pk%aprg,l ”.prg,b

€k3, 1 €ky, f TMérg 1 €r3,g m
T USPRy 1 Pry, f Pra, 1 Prasb :
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By , we see that m > [. We thus divide through the above equation by ¢'.
After repeating this for all prime ideals dividing all three terms, the remaining terms
on the right hand side will all be coprime. We now assume that there exists an n
such that a,, = 0, and we are in the same position as Section [4.1.1] and the argument

follows identically.

Remark. We note that this application also follows from Gy6ry’s result [18].

4.2 SMOOTH SOLUTIONS TO THE abc CONJECTURE

In this section we will prove Theorem [2.1.4.4f We will first prove the following

lemma.

Lemma 4.2.0.1. Let (X, Y, Z) € Z? be a triple with smoothness S (X,Y, Z) and
radical G (X, Y, Z) defined as above. Then

G(X,Y, Z) < ¥XY2), (4.2)
Proof. From [45] and [46], we know that for n > 2,
nlogn < p, < 2nlogn.

where p,, denotes the n’th rational prime.

It follows that for n > 6,

pn < 2nlogn.

Indeed, computationally we can check primes 2, 3, 5, 7, 11 and we find that for n > 2
the above inequality holds.
Further, by Rosser’s Theorem [46],

pn > nlogn.

Thus, it follows that the product of the first & primes satisfies the following
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inequality:

k k
Hpi§2-3~H2ilogz'
=1 =3
k
=2-3-2"2(4-5---k) [ logi

=3

k
=282 kl. Hlogi

=3
k
<28 k% ] logi. (4.3)
=3
We now take logs of each side of the inequality attaining

k k
log (H pi> < log <2k L H log z)

i=1 =3

k
= klog2 + klogk + log (Hlogz')

1=3

k
= k:log?—l—k‘logk—l—Zloglogi

i=3
< klog2 + klogk + kloglog k

< klog2+ klogk+ klogk

< 3klogk

< 3pi (4.4)

where the last line follows from Rosser’s Theorem.
It thus follows that for a triple of pairwise coprime integers satisfying X +Y = Z
with smoothness S (X, Y, Z),

Gx,v,2)< II »
p prime

p<S(X,Y, Z)
S eSS(X,Y,Z)’ (45)

by the above inequality. O
We are now in a position to prove Theorem [2.1.4.4]

Proof. By Northcott’s Theorem, we can assume in the following that H (X, Y, Z) >

B for any given bound B as we will only be excluding finitely many possible solutions

(X, Y, Z) satisfying ([2.7)).
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For ease of notation, write
T :=loglogH (X,Y, 7). (4.6)

By assumption, we have that

log T
loglogTo (T)

We study triples (X, Y, Z) satisfying (4.7]), and note that for a sufficiently large
H(X,Y, 2),

S(X,Y,Z)<T (4.7)

log T
loglogT'¢ (T')
so we can apply Corollary |3.3.1.4, We note the choice of the exponent to be % is

2
3

Hilbert Class Field of Q is itself Q [11], so the radical G in this case is defined over

Q and coincides with the radical given in [27].
By Corollary [3.3.1.4] we know that

N

<(logH (X,Y, Z))?,

incidental; indeed any exponent less than £ could have been chosen. Further, the

logloglog G

log H(X,Y,Z) < G% eztos .

From the upper bound for G given at (4.2]) in Lemma [4.2.0.1] we obtain from
the above that

365S(X Y. Z) loglogloge&g(‘x’Y7 Z)
10gH(X7 }/’ Z) < e B logloge3S(X>Yv Z)

loglog3S(X,Y, Z)
:eCGS(vavz) log35(X,Y, Z) | (4.8)

It follows from the above that

loglog3S (X, Y, Z)

loglogH(X, Y, Z):T<CGS(X7 Y7 Z) lOgSS(X Y. Z)

(4.9)

We recall that by Northcott’s Theorem again, we can assume that S (X, Y, Z)
can be larger than any given constant while only dropping finitely many solutions

to X +Y = Z. Thus, only loosing finitely many solutions, for sufficiently large
S(X,Y, Z) it follows from (4.9)) that

loglog S (X, Y, Z)
log S(X,Y, Z)

T <GS (X, Y, Z) (4.10)
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Taking logarithms on both side of inequality (4.10), we can assume S (X, Y, Z)

is large enough to give that

log1 X, Y, Z
logT<10g<C7S(X,Y,Z) oglog 5 (X, Y, )>

log S (X, Y, 2)
=logC; +1logS(X, Y, Z)+logloglog S (X, Y, Z) —loglog S (X, Y, Z)
<2logS(X,Y, Z). (4.11)

For ease later, we divide the above by 2 to give that
1
§logT<logS(X, Y, Z). (4.12)

For triples (X, Y, Z) satisfying (4.7)), taking logarithms in inequality (4.7)) we deduce
that
logT'
logS(X,Y, Z) <1 rT—
oS Y 2) < log ( log log T¢ (T)>
=logT +loglog T — logloglogT — log ¢ (T')
< 2logT. (4.13)

We note that this also implies that for sufficiently large S (X, Y, Z),
loglog S (X, Y, Z) < 2loglogT.

Substituting this and into we obtain that
logT
loglog T'¢ (T')
2log S (X, Y, Z)
3 loglog (S(X, Y, 2)) ¢ (T)
log S (X, Y, 2)
loglog (S (X, Y, Z)) ¢ (T)

Rearranging the above we obtain that

15(X,Y, Z)loglog S (X, Y, Z)
4 log S (X, Y, Z)

S(X,Y,2)<T

(4.14)

O(T) < T (4.15)

We now have two inequalities relating S and 7', namely (4.10) and (4.15) given

above. We compare these directly to find that

1S(X, Y, Z)loglog S (X, Y, Z)
4 log S (X, Y, Z)

S(X,Y, Z)loglog S (X, Y, Z)
log S (X, Y, Z) ’
(4.16)

¢<T)<T<C7
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which we rewrite as

S(X,Y, Z)loglog S (X, Y, Z) S(X,Y, Z)loglog S (X, Y, Z)

T)<T
a5 (X, v, z) T <G5y, 2)
(4.17)
Cancelling terms on both sides gives us that
o (T) < Cs. (4.18)

However, ¢ (T') tends to 400 as T tends to +oo, and as T' = loglog H (X, Y, Z),
this happens as H (X, Y, Z) gets arbitrarily large. Thus, there is a value B such
that if H (X, Y, Z) > B, then (4.18) cannot hold. This gives an upper bound for
values of H (X, Y, Z) such that the triple satisfies the assumptions of the theorem.
It thus follows by Northcott’s Theorem that there are only finitely many primitive
triples (X, Y, Z) satisfying (X +Y = Z) with

S(X,Y, Z)<loglogH (X, Y, Z)
logloglog H (X, Y, Z)
loglogloglog H (X, Y, Z) ¢ (loglog H (X, Y, Z))

]

We note that we could also directly prove that there are only finitely many
primitive integer triples (X, Y, Z) satisfying X + Y = Z with

S(X,Y, Z)<cloglogH (X, Y, Z)

for any constant ¢ € R, ¢ > 0 using the same method of proof as above, though this
result follows from Theorem [2.1.4.4] as stated previously.

We further note that this method of proof could be employed in certain number
fields (hence why we appeal to Northcott’s Theorem as opposed to simpler techniques);
however, the Conjecture currently only holds for integers. It is an open problem to

generalise the Conjecture to number fields [27]
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Quantitative Diophantine Approximation:

Background and Preliminaries

5.1 DIOPHANTINE APPROXIMATION AND METRIC NUMBER
THEORY

Roughly speaking, we can think of Diophantine approximation as a branch of number
theory that studies quantitatively the density of the rationals within the reals. This
area is very associated with Metric Number Theory, where we are often interested
in studying the size (in terms of, for example, the Lebesgue measure or Hausdorff
dimension) of Diophantine sets satisfying certain properties. One problem here is,

given an approximating function ¢ : N — [0, 00), to determine the size of the set

W (1) == lim sup {x €[0,1) : ’x _Pl o M, for some p € N} )
q—00 q q
We say that the elements of W (1)) are ¢-approximable; and note that z € W (¢) if

there exist infinitely many positive integers (p, ¢) satisfying

¥(q) (5.1)

< —.
q

of a rational number with denominator

p

q

It is clear that every x € R is within

1
2q
q; that is, we can take ¥(q) = % for all ¢ and it is clear that u (W (¢)) = 1, where
1 denotes the Lebesgue measure on R. It is natural to ask how far this can be
improved.

We now consider ¥(q) = 1/¢; in this case, the theory of continued fractions
tells us that every z is t-approximable. In fact, this is the content of a theorem of

q
Dirichlet.

86
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Theorem (Dirichlet’s Theorem, 1842). For any x € R and N € N, there exist
p, q € Z such that

with1 < ¢ < N.

This has the following immediate corollary; we note the proof of the following can
also be given via continued fractions, the theory of which is older than Dirichlet’s

Theorem.

Theorem. Let x € R\Q. Then there exist infinitely many p, q such that ged(p, q) =1

and

P 1

We note that this theorem is true for all z € R if we remove the condition that

ged(p, q) = 1. Further, to connect this with our discussion above, we note we have
shown that p (W (%)) = 1; we recall in our definition of W (%)) we do not insist that
ged (p, ¢) = 1.

We make some brief comments on the connection between these approximations
and continued fractions; in fact we can find best approximations to real numbers «
by considering convergents of continued fractions. More explicitly, given a € R, we
call the rational number 2, (p, q) € Z x N with ged (p, q) = 1 a best approximation
to v if |gqa — p| < %, and for all (p/, ¢') € Z x N with ¢’ < ¢, we have that

lq'a = p'| > g — pl.
We now consider the following Theorem:

Theorem (Legendre). Let « € R\ Q. Let p, q be coprime integers with ¢ > 0 and

let
1
S _

o — 2(]2

3

Then s is a best approrimation to «.
The connection to continued fractions becomes clear in with the next theorem.

Theorem (Vahlen, 1895). Let o« € R\ Q. Then at least one of any two consecutive

convergents of the continued fraction of « satisfies the inequality
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We have shown through the theory of continued fractions that we can improve
inequality by a factor of a half; that is, we can replace q% with ﬁ in Dirichlet’s
Theorem; removing the coprime condition also allows this improvement for rationals.
We note that this had been shown before Vahlen, and will show this below.

Now it is natural to ask how much we can improve inequality , and a theorem

by Hurwitz shows that we can only improve this inequality for all € R so far.

Theorem (Hurwitz’s Theorem, 1891). Let x € R\ Q. Then there exist infinitely
many p, q such that ged(p, q) =1 and

1
V5¢?
We note that the constant 1/1/5 is the best constant possible; for all € > 0, we

can find an irrational x such that

p
x_i

q

<

(5.3)

1
‘ < 7(\/5+ o7 (5.4)

has only finitely many coprime solution pairs (p, ¢). Namely, if we take x to be

‘ p
I‘ _

q
the Golden Ratio ¢ = % then for any e, we can only find finitely many integer
solution pairs (p, ¢) with ged (p, ¢) =1 to (5.4))..

This comment means that if we take ¥(q) < \[%q then (5.1]) will not hold for all
x € R. This naturally leads us to ask under what conditions on 1 can we say that
W (1) has full measure? Khintchine gave the following elegant theorem as an answer

to this question:

Theorem (Khintchine, 1924). Let 1) : N — [0, +00) be a function. Suppose 1 is
(eventually) non-increasing. Then

pW(Y)) =

where p is the Lebesgue measure on [0, 1).

One may wonder why W (%) must have either full or zero measure; this is due to
a zero-one law, further discussion of which can be found in [23][3].
Khintchine’s Theorem tells us that, if ¢ is non-increasing, the convergence or

divergence of the sum

iwq) (5.5)
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entirely determines whether or not almost all z € [0, 1) are i-approximable; for
further details we refer the reader to [23]. We note that Khintchine’s Theorem lets
us give immediate improvements on the example ¥ (q) = % given above; for example,

as
oo

1

2.

- @@ - _|_OO,
= qlog(q+1)

we know that W (W) has full Lebesgue measure; that is we can improve the
function given previously by a logarithmic factor.

One may ask whether we can remove the condition that 1 is monotonic in
Khintchine’s Theorem. In the convergence case, the condition can be removed as
the proof is an application of the Borel-Cantelli Lemma. The divergence case is
somewhat more tricky, and monotonicity is required. In [13], Duffin and Schaeffer
consider the function ¢ which is non-monotonic, such that -, 19(q) diverges, but
w (W (9)) = 0; we briefly give some details below and refer the reader to [13] for
further information. We follow the ideas from [13], and follow the presentation of [3].

We recall two well known facts; for any N € N, prime p and s > 0 we have

Yoa=1[0+p),

alN p|N

and that

L)
[0+r =255

The second equality here gives us that

(1) =

p

so it follows that we can find a sequence of square-free positive integers (1V;);,
i=1,2, ... such that ged (IV;, N;) =1 for i # j, and

[I(+p")>2+1 (5.6)

p|N;

We now define

22 % if ¢>1and ¢ | N; for some i,
o =1 ™
0 else.
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One can show using the convergence Borel-Cantelli Lemma that p (W (9)) = 0, but
it is shown by the first fact and (5.6) that

S ig) =Y 27 Y g =0
=1 i=1 i g>1

q|N;

This shows that the assumption that 1) is monotonic is necessary in Khintichine’s
Theorem.

Duffin and Schaeffer went on to consider a generalisation of this problem, con-
sidering arbitrary approximation functions ¢ : N — R*. We note that, contrary
to Dirichlet’s Theorem above, we do not have the condition that ged(p, ¢) = 1 in
the definition of W (1). Duffin and Schaeffer also added this condition to relate the

rational p with the error of approximation w(q) uniquely. They thus considered the
set
o s , p| _ ¥(q) _
W' () :==limsupsx € [0,1) : |x — =| < —=, for some p € N, ged (p,q) = 1. ;.
q—00 q q

They went on to give the following conjecture (previously known as the Duffin-

Schaeffer Conjecture) which was proven by Koukoulopoulos and Maynard in 2019.

Theorem (Koukoulopoulos-Maynard, 2019). Let ¢ : N — [0, +00) be a function.
Then
0, if X2 % < +oo,

pV' (1)) = N
17 Zf Zq:l T - +007

where  is the Lebesque measure on [0,1) and p(z) is the Euler phi function, defined

to be the number of natural numbers coprime to x that are less than or equal to x.

That is, the convergence (or divergence respectively) of the series

2 1/}(@1)(]90(61) (5.7)

implies that the Lebesgue measure of W’(¢) is 0 (or 1 respectively).

Again, the convergence case follows directly from the Borel-Cantelli Lemma,
while the divergence case required deeper insight; for the full proof we refer to [26].
We return to results around this theorem later in the thesis.

Khintchine’s Theorem tells us about the measure of W (), but to gain a deeper

understanding of Khintchine’s Theorem is to consider the number of solutions to
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, given that 1 < ¢ < @ for a fixed ) € N. We add the further restriction that
¥ : N — [0,1/2); this ensures that given any integer ¢, there is maximally one p such
that (p, ¢) satisfy (5.1). Thus, counting solution pairs (p, ¢) to (5.1)) is equivalent to
counting the number of ¢’s for which we can find a p satisfying (5.1)), subject to the
condition that 1 < ¢ < Q. More explicitly, given z € [0,1) and @ € N we define

¥(q)

b <,forsomep€N};
q

S(x, Q) :=#{qum[1,Q] : ‘x_q

that is, S(x, @) is the number of integer pairs (p, ¢) satisfying (5.1)) and 1 < ¢ < Q.
In this context, Khintchine’s Theorem tells us that if ¢ is non-increasing and

(5.5) is divergent, then for almost every x € [0, 1),
lim S(z,Q) = +o0.
Q—o0

We have seen that there are infinitely many solutions satisfying , but Khintchine’s
Theorem does not give a growth rate in the number of solutions, nor does it suggest
any quantitative relation between S(x, @)) and 1. We refer to these problems as the
quantitative problem of Khintchine’s Theorem. Schmidt was able to give asymptotic

relations between S(x, @) and 1; we give the statement as stated in [23]:

Theorem (Schmidt, 1960). Let ¢ : N — [0,1/2). Suppose ¢ is non-increasing and
(5.5) diverges. Then for any e > 0 and almost every x € [0,1), as Q — oo we have
that

S(w,Q) = 20(Q) + Oy . (¥/*(Q) log™™ W(Q)) ,
where for any Q € N, U(Q) is defined to be

Q
¥(Q) = ;@ZJ(Q)-

Roughly speaking, Schmidt’s Theorem tells us that given = € [0, 1), the number
of solution pairs (p, q) to such that 1 < ¢ < @ is approximately equal to 2U(Q)
when () is sufficiently large.

In order for the result to hold for almost all x € R, we have that the error term
is asymptotic; that is, the error term above involves an implicit constant which
depends on the point x. These asymptotics make it hard for researchers to apply
these theorems to practical experiments; one example of a field where these results
may be useful is signal processing, where it is known that Diophantine approximation

gives results in this area [4].
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5.1.1 SoME AsyMPTOTIC RESULTS

In many cases, the proofs of statements like Schmidt’s Theorem rely on tools such

as Lemmas 1.4 and 1.5 of [23], which we state here for completeness.

Lemma (Lemma 1.4 of [23]).
Let (X, X, ) be a measure space such that 0 < u(X) < oo. Let fp(x), k € N be a
sequence of non-negative real valued functions, and let fi., ¢ be sequences of real

numbers such that

0<fi<or <1 keN.

Suppose that for every N > 1 we have that

N

/X <Z (fe(x) — fk)>2 du < KO(N), (5.8)

k=1

where K is an absolute constant and ®(N) = S0, ¢r. We further assume that

O(N) — 00 as N — oco. Then for every ¢ > 0 and almost all v € X, we have that

N

S i) = 3° fu+ O (80 log(@(N) +2757).

k=1

Under a stronger assumption, we can improve the asymptotics, as we see below
in Lemma 1.5 of [23].

Lemma (Lemma 1.5 of [23]).
Let (X, 3, p) be a measure space such that 0 < p(X) < oo. Let fr(x), k € N be a
sequence of non-negative real valued functions, and let fi, ¢ be sequences of real

numbers such that

Let ®(N) = Y0, ¢ and assume that ®(N) — oo as N — oo. Suppose that for

arbitrary integers m, n, (1 < m < n) we have that

/){( > (fk(x)_fk)) du< K Y o (5.9)

m<k<n m<k<n

where K is an absolute constant. Then for every e > 0 and almost all x € X, we
have that

i fk(ﬁ) = Z fk +0 <(I)1/2(N) log(q)(N) + 2)3/2—1—& -+ max fk> .

<k<
= 1<k<N
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The proof of both of these relies on the Borel-Cantelli Lemmas, which we state
here as it will be used throughout the rest of this thesis. We give the Borel-Cantelli
Lemmas as stated in [23]. Though we will only use the first Borel-Cantelli Lemma,

we state both for completeness.

Lemma (The first Borel-Cantelli Lemma). Let X be a measure space with measure
A Let A;, 5 =1,2,... be a collection of measurable subsets of X. Then, if
Z H (A]) < +09,

Jj=1

then almost all members of X (with respect to \) belong to only finitely many of the
A;.

This is sometimes referred to as the convergence Borel-Cantelli Lemma. The
divergence case is a little trickier; we need some form of independence between the

sets.

Lemma (The second Borel-Cantelli Lemma). Let X be a measure space with measure
A, and suppose that \(X) = T < oo. Let Aj,j = 1,2,... be a collection of

measurable subsets of X such that
TA(A;NAL) = AA)A(Ag)

for 7 # k. Then, if
> A4) = oo,
j=1

almost all members of X belong to infinitely many of the A;.

Remark. We note that if T' = 1, this is the standard definition of independence.
We also note that the independence condition can be weakened to an independence
condition often referred to as quasi-independence on average: this is the condition

where there exists a constant C' > 0 such that

A (As N at) < C (i A (As))

s=1

Q
>
s, t=1

holds for infinitely many ¢ € N. We can then conclude that

A (lim sup N2, U2, Aq> =

q—o0

E
at
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For further discussion of this we refer the reader to [50][3].
We finally remark that Lemmas 1.4 and 1.5 of [23], as stated above can be

considered stronger versions of the divergence Borel-Cantelli Lemma.

The aim of the next chapter is to make Lemmas 1.4 and 1.5 of [23] effective other
than on a subset of size §, where the choice of 4 can depend upon the application of
the effective lemma. We will then apply these effective theorems, and some similar,

in a variety of contexts which we shall now discuss.

5.2 BACKGROUND FOR APPLICATIONS

In Chapter 7 of this thesis, we will give applications of the theorems proved in

Chapter 6 to the following topics:
« Effective Schmidt’s Theorem
« Quantitative Koukoulopoulos-Maynard Theorem (see [1])
« Inhomogeneous Diophantine Approximation on My-sets (see [43])
o Normal numbers

« Strong Law of Large Numbers

We have discussed Schmidt’s Theorem above, so the rest of this subsection will

discuss the background for the rest of these topics.

5.2.1 QUANTITATIVE KOUKOULOPOULOS-MAYNARD THEOREM

Expanding on the work of Koukoulopoulos and Maynard, an asymptotic relation for
the quantitative Duffin-Schaeffer type problem is given by Aistleitner, Borda and
Hauke in [1]; that is, the paper gives an asymptotic description of the number of
solutions satisfying with the extra condition that ged (p, ¢) = 1. They proved

the following theorem.

Theorem (Aistleitner, Borda, Hauke, 2022). Let ¢ : N — [0,1/2]. Suppose (5.7)
diverges and let C > 0 be arbitrary. Then for almost every x € [0,1), we have that

S'(z, Q) = V' (Q) (1 +Oy.0n (M)) , (5.10)
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as () — oo, where

S'(z,Q) ::#{quﬂ[l,Q] ; |x—p < wéq), for some p € N with ged (p,q) = 1.},

q

(5.11)

and V'(Q) is defined to be

&
q)p\q
W(Q) 23 L)
q=1 q
The proof of this involves an application of a result akin to Harman’s Lemma

1.4 (23], which we give explicitly here. We note the version below is given in a more

general setting than in [1].

Lemma 5.2.1.1. Suppose that (X, 2, u) is a measure space such that 0 < p(X) <
oo and let K be a positive real constant. Let f, : X — [0, K] be a sequence of

p-measurable functions and let f,, ¢4 be sequences of real numbers such that
0<fy<og < K.

Write ¥(Q) = Zqul ¢q, and suppose that V(Q)) — oo and () — co. Suppose that for
C >4 and for every ) € N,

/X( > <fq<x>—fq>) du_o(W), (5.12)

1<q<Q (log \I’(Q))C

Then for almost all v € X, as () — oo,

v(Q)
™ O ((logw@»”‘l) |

This is proved in the necessary case in Section 2 of [1], following the method of
proof of Lemma 1.4 of [23]. In Chapter 6, we prove the more general lemma above,
before proving an effective version that we shall apply to give a quantitative version
of Aistleitner, Borda and Hauke’s result.

We note that in this thesis, I will give this effective up to an implicit constant,
which we will discuss more in Chapter 7. This constant has been found by my

collaborator and will be published separately.
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5.2.2 INHOMOGENEOUS DIOPHANTINE APPROXIMATION ON M,-SETS

The effective versions of Lemmas 1.4 and 1.5 of [23] that we will prove can also be
applied to give effective results akin to those in [43], which is about inhomogeneous
Diophantine approximation on My-sets. For background and motivation we refer
the reader to the introduction and further discussion in [43]; however, we begin this
section by recalling some definitions to make this paper more self contained.

As usual, the Fourier transform of a non-atomic probability measure p is defined
by

At = / e~ (7). t € R.

A closed set E C R is said to be an Mj-set if there exists a probability measure p
on F such that fi vanishes at infinity.
Given an increasing sequence of natural numbers A = (g, )nen, we call A lacunary

if there exists a constant K > 1 such that for all n € N,

il > g, (5.13)
qn

Relatedly, let o € (0,1). We say that a sequence of increasing natural numbers
A is a-separated if there exists a constant my € N such that for any integers

mo < m < n, we have that if
1 < |8Gm — tqn| < gm”
for some s, t € N, then
s >m'?.
Finally, let ¢) : N — R™ be a real, positive function and let v € [0, 1]. We define
the counting function

R(z, N) = R(x, N; v, ¥, A) = #{1 <n < N ¢ [[goz — || < ¥(qa)},  (5.14)

where ||a| := min {|a —m| : m € Z} denotes the absolute distance from « to its
nearest integer.
We will prove effective versions of Theorems 1 and 4 of [43]; we state these here

for full completeness.

Theorem (Theorem 1 of [43]). Let i be a probability measure supported on a subset

F of [0,1]. Let A = (qn)nen be a lacunary sequence of natural numbers. Let v € [0, 1]
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and ¥ : N — [0, 1] be a real, positive function. Suppose that there exists a constant
A > 2 such that

jit) = O ((log [t)) ™)
as |t| — oo. Then, for any € > 0, we have that
R(z, N) = 2U(N) + O (W(N)** (log(¥(N) + 2))***)

for p-almost all x € F', where

W(N) =3 ¥(an).

n=1

We now consider Theorem 4 of [43]

Theorem (Theorem 4 of [43]). Let v be a probability measure supported on a subset
F of [0,1]. Let A = (gn)nen be an increasing sequence of natural numbers that is

a-separated and satisfies

log g, > Cn!/P (5.15)

for allm > 2, and for some constants B > 1 and C' > 0.
Let v € [0,1] and let ¢ : N — [0, 1] be a real, positive function. Suppose there
exists a constant A > 2B such that

pt) = O ((log ) ™).
Then, for any € > 0, we have that
Rz, N) = 2U(N) + O (((N) + E(N))"? (log (¥(N) + E(N) +2))***)

for p-almost all x € F, where V(N) is given above and

BV = X5 (g ) (2102, 20020), (5.16)

1<m<n<N Gn

We will make both of these theorems effective other than on a subset of measure

less than or equal to an arbitrary § > 0.
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5.2.3 NORMAL NUMBERS

We begin by recalling some definitions. Set b € N, b > 2. Recall that for any real

number « there is a unique expansion base b such that
a=a]+ > ab™", (5.17)
n=1

where [a] denotes the integer part of o, 0 < a, < b and a, < b — 1 infinitely
often. Given a fixed «, denote by A(d, b, N) the number of times d is in the set

{ai, ..., an}. We say that « is simply normal to base b if
. A(d,b,N) 1
e

forall d, 0 < d < b.

We call a entirely normal to base b if it is simply normal base " foralln =1, 2,.. ..
We say « is absolutely normal if it is entirely normal to all bases b > 1.

These definitions are different to those first given by Borel; Theorem 1.2 of [23]
shows the definitions are equivalent.

An easy application of Lemma 1.4 of [23] quickly shows that almost all real
numbers are simply normal to a base b, which we will give below. Applying the
effective version of Lemma 1.4 of [23] in its place allows us to give an upper bound
on the number of times a given digit d appears in the base b expansion for almost
all real a other than on a subset of measure less than or equal to an arbitrary ¢.

To give an example of how we can apply Lemma 1.4 of [23] in the asymptotic
form, we will prove that almost all numbers are simply normal to a given base b; we
follow the second proof of this given in [23].

We need only prove the result holds in the interval [0, 1), as once this is proven,
the result holds over all of R. By the kth digit of a real number x € [0, 1) we mean
ax, given by (5.17), setting o = . set d to be some integer such that 0 < d <b—1
and write

1 if the kth digit of z is d,
fu(@) =
0 else.

We further set fr = % We now consider the set

{z €10, 1) : the kth and jth digits of = are both d, j # k}.
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We note that this set is the union of certain intervals (where we assume k > j) of

the type
[db™7 4+ db™* +a, db™ 4 (d+ 1)b7" + a),
where a ranges over all fractions of the form

k—1

Zanb_”,(]gangb—l.

n=1
n#j

We can see there are b*~2 intervals, each of length b=*. It follows that, for j # k,

1
/ fr(@)fj(x)de = p({z € [0, 1) : the kth and jth digits of x are both d, j # k})
0

=b2

It then follows that

N 2

/01 (z (Fula) — fk)> dr — kgjlbl (1-571).

k=1

thus we can apply Lemma 1.4 of [23] as given above with ¢, = b~! and K = 1,
obtaining that (taking e = 2)

A b, N) = 3 ) = 5+ 0 (N7 (log (N +2)))
k=1

for almost all = € [0, 1). Thus,

o Al b N) 1
Nl—I>noo N - 5

for almost all a;, proving that almost all numbers are normal.
Using the effective version of Lemma 1.4 of [23] in the above will allow us to give
bounds on the number of times a given digit can appear in the base b expansion for

all « other than on a subset of measure 9.

5.2.4 STRONG LAW OF LARGE NUMBERS

Let (X, X, ) to be a probability space. For any k € N, let (Fi(z)) be sequence of

p-integrable random variables with mean F' and variance o? > 0 on the probability
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measure space (X, €, u). The strong law of large numbers says that if all the Fy are

independent, then for p-almost every x € X,

In fact, the assumption that all F}, are independent is stronger than needed for

the conclusion to hold. In fact, if it holds that for any m,n € N, m < n then

n

2

/ > (Fi(x) = F)| du<o*(n—m)max(1,F). (5.18)
X k=m+1

We will prove this when we give our Strong Law of Large Numbers. It then follows

from Lemma 1.5 of [23] that for almost every z € X, as N — oo,
1 N
v Fkl@)=F+0 (N"12log’ N) — F.
k=1

With our effective versions of the lemmas from Harman, we will be able to give

effective bounds in the above rather than the given asymptotics.

5.3 GENERAL FORMS OF LEMMAS 1.4 AND 1.5 OF [23]

As noted above, to prove their asymptotic theorem, Aistleitner, Borda and Hauke
use a variant on Lemma 1.4 of |23]. This raises the question of how generally can we
write these lemmas? As remarked in [23], it is difficult to provide great improvements
on the Lemmas as written, but in Chapter 8 we will write these Lemmas in as general

a form as possible.



6

Probabilistic Results and their Proofs

The main tool in proving the asymptotic results above are results of the kind of
Lemma 1.4 and 1.5 of [23]. Here we state effective versions of these lemmas which

will be use in the applications mentioned in the introduction.

6.1 RESULTS

Theorem 6.1.0.1 (Effective Version of Lemma 1.4 in [23]). Let (X, 2, u) be a
measure space, and suppose that 0 < p(X) < +oo. Let fy(x), k € N, be a sequence
of non-negative p-measurable functions, where for all k € N, xz € X, we have that
fr(z) < C for some constant C' € R. Let { fr € R}ren and {¢or € R}ren be sequences
of real numbers such that for any k € N,

0<fr<¢r<1 (6.1)
For any N € N, define
N
k=1

and suppose that imy_,o, ®(N) = +oo. Further, assume that there exists K > 0

such that for any N € N we have that
N 2

/X (Z(fk(ﬁ) - fk)) du(r) < KO(N). (6.2)

k=1
Then for any € > 0 and 6 > 0, there exists E.5 C X and K.; > 0 such that
w(E.s) <6 and for any x € X \ E.5 and N € N,

- (@) = 32 fif < Keg (@°7(N) log" ™ (@(N) +2))

101
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where

K.s=max{X, Y},
N s = min {n eN:o(n) > ]25 1Og1+5(jg,5 + 2)}>

1 1 o /e
ox <+0g3 K) l |

=1
Jes + )

where @y = min {P(n) € R* : n € N} is the minimal non-zero value ¢ attains and

CN€,6
max <¢§/3 log'/3 (®, + 2), 1) ’

4 log4) '™ 1 1
Y= —— °8 P S—
log?/ (Do + 2) \log3 log3  4log' ™ 4

Similarly, we are able to come up with an effective version of Lemma 1.5 from

X =

[23], as follows.

Theorem 6.1.0.2 (Effective Version of Lemma 1.5 in [23]). Let (X,Q, ) be a
measure space, and suppose that 0 < u(X) < 4+oo. Let fi(x), k € N, be a sequence
of non-negative p-measurable functions, where for all k € N, x € X, we have that
fr(z) < C for some constant C € R. Let { fr € R}ren and {¢r € R}ren be sequences
of real numbers such that, for all k € N,

0 < fi < .

For any N € N, let
N
D(N) = Z Pk
k=1

and suppose that limy_,o, ®(N) = +oo. Further, assume that there exists K > 0
such that for any m,n € N, if m < n then

n

/X ( > (fulz) = fk)> du(z) < K ((n) — d(m)) . (6.3)

k=m-+1

Then for any € > 0 and 6 > 0, there exists E.5 C X and K.; > 0 such that
w(E.s) <6 and for any x € X \ E.5 and N € N,

z_: Je(x) — Z_: Jr

< Ko (92N 1o B(N) + max )



6.1. RESULTS 103

where

K.s=max{X' Y'},
N.s =max{n € N: d(n) < r.s},

2K 1/e
Tes = ’7<> —‘ + 17
’ €0

where @y = min {P(n) € R" : n € N} is the minimal non-zero value ¢ attains, and

CN.;
max (05 log™***(0g + 2) + f1,1)

v 2 - 1 log 4%/
10g3/2+5/2 ) \/ilog3/2+54 10g3 .

The proof in [1] involves an application of a result akin to Harman’s Lemma
1.4 [23], which is given at Lemma [5.2.1.1, Later in this chapter we prove this

lemma, before proving the following effective version, which we will use to prove the

X' =

quantitative Koukoulopoulos-Maynard Theorem referred to in the previous chapter.

Theorem 6.1.0.3. Suppose that (X, Q, p) is a measure space such that 0 < p(X) <
0o, and let K be a positive real constant. Let f, : X — [0, K| be a sequence of

p-measurable functions and let f,, ¢, be sequences of real numbers such that
0<f, <9, < K.

Write U(Q) = Zqul ¢q, and suppose that V(Q) — oo and QQ — co. Let C' > 4 and
C > 0, and suppose that for every n € N,

/ (Z <fq<:c>—fq>) o= () (6.0

Then for any 6 > 0, there exists an Ec 5 C X such that u(Ec 5) < 0 and for any
re X \ Eag,

Q Q
Y folz) < qu—l—max{ka(;[(, 2 v+ K —i—K},

(log ¥ (Q))VC™

where

ke, s == min {k €ER : CkF (1 + Jgk_ 2) < 5}. (6.5)
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The choice of C depends on the application one has in mind; for our applications
we will take C to be the implicit constant from ([5.12)), as used in [1]. In this case, a
bound for the constant C (which is also the constant in ((6.4])) has been established
and will be published separately due to the length of the calculation. This is the

remaining implicit constant mentioned in Chapter 5.

We will now give the proof of the above results.

6.2 PROOFS

6.2.1 PROOF OF THEOREM [6.1.0.1]

Pick any € > 0. For any N € N and x € X, define

For any j € N, define

N; = min {n € N: d(n) > j3log = (j +2)}, (6.6)
Aj:{:vEX:|E( z)| > j%log" e (5 + 2) } (6.7)

we note that as W(N) — oo, N; is well-defined for all j € N. Considering (6.2)), we
see that

i (A;) min (B (N,

rEA;

= Ji)” | du(z)

)
fk)) p()

/\
ol

i 3
N

VAN
S \

IA
N
§H

£
Il

PO
M =

(6.8)
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It follows immediately from the above and (6.7)) that
K(N,)
minge, (|E (Nj, z) [?)

Ko(N;)
- . E . 2
(421og"<(j +2))
_ KO(N;)
(5*log”(j + 2))
For any j € N, log'**3 < j%log'*® (j +2). Further, by (6.1) and we see
that

p(Aj) <

(6.9)

73 log' ™ (5 +2) < &(N;) < 72 log' ™ (j +2) + 1.
By applying the above and (6.7) to , we obtain that
Kj*log™* (j+2) + K
n(4;) < A1 242 /-
7*1og™™ (j 4 2)

_ (L+1log™ " 3)Kj% log" ™ (j +2)
- j41og™ (j +2)
~ 1l4log™'™"3

jlog"te (j +2)

We now pick any 6 > 0. Let
(1 +log™'¢3 )1/1
exp| ———K .
)

je,é =1+

It follows that
(1+log ' 3)K

A </oo dx
j—;s,alu( i) iesm1 xlogHEx

1 1 —1—¢

_dtle 3 (6.10)
elog®(jes — 1)

Let
E.;= | 4.
j:js,é

Notice that, by sub-additivity of measures and (6.10)),

11(Ees) Zu( G Aj) = i pu(A;) <.

j:jE,J j:js,é
After this initial set up, we can now give some lemmas we will use to complete the

proof.
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Lemma 6.2.1.1. For any j € N, 5 > 2, we have that

U(N,) — U(N;_;) < (3 L ife L

~21 14+e (. 2
— 10g3 + 410g1+64>.] 0og (j + )7

where Nj is given at .
Proof. Define g : Rt — R by

9(j) = j*log ™= (j +2).

Pick any j € N such that 7 > 2. By the Mean Value Theorem, there exists
& € (j —1,7) such that

9(j) —9(G —1)=4'(&)
3
=3¢ log'* (& +2) + 5

€j+2
2

e 5 e
< 3@2 log' ™ (& +2) + 10g];3(1 +¢)log e (& +2)

(1+¢)log” (& +2)

L+e) o, 1y
= — | & log e (& + 2
(3 + 10g3> 5_7 og (é-] + )

L+e\ o) 14e .
— 1 € 2).
<<3+10g3>j og T (j+2)

We note that by , we have that
®(N; —1) < j3log'* (j +2) < & (N;).

From this, (6.1)), and the fact that j > 2, we have that
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and by (6.1)) both terms on the right hand side are greater than equal to zero. Now,
from the above and that 7 > 2 we see that

P(N;) — P(Nj-1)
= O(N; — 1) + on, — P(Nj_1)
9(j) —g(G —1)+1

7% log ¢ (j + 2)
1+64

1+e¢

<3+ ) §2log"te (j +2) +

( log 3
( 1+e 1

+
log3  4log'*™4

4log

) 7 log** (j +2),

as stated in the lemma. O

Lemma 6.2.1.2. For anye >0 and j € N, j > 2, we have that

, .. 4 log 4 e .
JHlog™ (j+2) < log®/3 (D + 2) <log 3) G*3(N;_1)log"*+e (B(N;_1) +2).
0

Proof. Since j > 2,

FPlog*(j+2)  _, (log4\"™"
(j—1)2log™ (j +1) = \log3 '

Thus, considering , we see that

log 4
log 3

14¢
log™* (j +2) < 4 ( ) (= 1)2log™* (j + 1)

log4\'"*
<4 (1 & ) ®*3(N;_1)log o3 (D(N;_1) + 2)

og 3
< 4 10g4 1+8¢2/3(N~ 1)10g1/3+5 (@(N 1)+2)
— log26/3 (QBO + 2) log 3 J— J= )
as stated in the lemma. O

We are now in a position to complete the proof of Theorem [6.1.0.1] Pick any
v € X\ E.5and N € N such that N > N;_;. Since by assumption,

lim @(n) = o0,

n—oQ
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there exists j € N such that N;_; < N < N; and j > j.s5. Hence x ¢ A;. It then

follows from , Lemma [6.2.1.1f and Lemma [6.2.1.2| that
U(N,z) —¥(N) < U(Nj,z) — ¥(N,_4)
< U(Nj, @) — U(N;) + ¥ (N;) — U(N;-1)
< |E(Nj, z)| + W(N;) = U(Nj-1)

1+4+¢ n 1
log3 = 4log'te4

< jlog'™* (j +2) + (3 + ) 7*1og"** (j +2)

1+4+¢ 1 ) 14e /-
— (4 1 c 2
( + log 3 + 410g1+54> J log™" (7 +2)

4 log4) " 1+e¢ 1
< 4 .
= log®? (D + 2) <10g 3) * log 3 * 4log' ™ 4

- @*3(N;_1) log"**e (B(N;_1) +2)

1+4-¢
< 4 log 4 At 1+¢ n 11 ‘
= log®/? (o +2) \log3 log3  4log'tc4

- P*3(N) log!3 (B(N) + 2). (6.11)

We now consider N < N, 5. We note that by the definition of fi(z) and fi, we have
that for all N € N,

N
Z — fx) < CN.
It follows that N
> (fulz) = fr) S N(C+1).
k=1
We note that if C' > 1, then we have that
N
Z < NC. (6.12)

We now assume that C' > 1; indeed if it is not, then all the functions fi(z) are also

bounded above by 1. Thus, for all N < N ; inequality (6.12) holds, and for all
N > N_ ;s we have inequality (6.11). This proves the theorem.

6.2.2 PROOF OF THEOREM [6.1.0.2

We now prove Theorem [6.1.0.2l As commented in [23], we improve the spacing
between N;’s to improve the bound obtained in Theorem [6.1.0.1f We initially follow

the proof of Lemma 1.5 in 23], before quantifying the remainder term.
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For any j € N, define
n; =max{n € N: P(n) < j}.

For all j € N, 5 can be written in binary as
[log, 5]
j= > 2°b(jv),
v=0
where b : N x Ny — {0, 1}.
Define r; = [log, j| and let

B; = {(i,s) ENgxNy:i= > 2°7°b(j,v), b(j,s) =1, 0< s < 7"]} :
v=s+1
Notice that |B;| <r; 4+ 1 and
(O, nj] = U (nigs, n(i+1)25} . (613)
(i,S)EBj

A concrete example of how this works is given in [23] for j = 37.
Returning to the proof, we now define for any (i,s) € Ny x Ny and =z € X a
function F': Ny x Ny x X — R as follows:

N(i4+1)28
F(i,S,I): Z (fk(x)_fk’)
k=n;os+1
Then, by (6.13), for any z € X,
k=1 (i,5)EB;

For any € > 0, define

2
Moo Y2
log®/2+e/2

We now give some lemmas we will use in the rest of the proof.
Lemma 6.2.2.1. For any e > 0 and 6 > 0, there exists E.s C X and r.5 € N such

that ((E-5) <0, and for any x € X \ E.5 andr € N, if r > r. 5 then

Ty

> (frlz) = fr)

k=1

< M. (7“1/2 log/?*e (r + 2)) :
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Proof. By (6.14)), it suffices to prove that there exists 7.5 € N such that for any

r € N such that r > r_5,

> F(i,s,x)| <

(¢,8)EBr

(¢,8)EBr

For any r, i, s € Ny, x € X, define

r 2T75—-1
x) = Z Z F%(i,s,x),
s=0 =0
N(i41)28
@(Z, S) = Z P = @(n(Hl)gs)
k:nigerl

A, = {az €X:G(rz)> r2+€2’"}.

Pick any r € N. By (6.3),

r 2T75—1

/XG(Txd,u JS KDY > D(i,s)

s=0 =0
r 2T75—1

-KY Y ( it 1)2e —¢(ni2s))

s=0 =0

=K io@(n%)

< K(r+1)®(nyr)
< 2Kr2".

Since
r2TeQ” </ (r,z) du(z) < 2rK2",

we obtain that
u(A,) < oKyl

Pick any 6 > 0 and define

2K 1/e
Tsé_l—i_{(aé) —‘

It follows that

s © 2K 2K
A,) < / dr — <5
7“22575 ,u( ) Te,6—1 wite 5(T5 o 1)

> PG s,a) < M. (r'/?10g"* (r +2))

(6.15)

(6.16)



6.2. PROOFS 111

We now take

E.;= |J A.

T=Tc 5

As in the previous proof, we note that by the sub-additivity of measures,

1(Ees) = p ( Ej AT) = i p(Ar) <.

7’:7“515 T:TE’(;

Pick any x € X \ E.s. For any r € N, r > .5, we necessarily have that x ¢ A, and
G(r,x) < r*te2, (6.17)

Pick any j € N such that j > 2", Then |log, j|+1 > 7. 5. Taking r = |log, j|+1 >
e s, we find that

r 2T75-1

Z |F(i78,$)| = Z Z |F(Z'7S7‘/L‘)|XBJ'(/I:7S)7

(i,5)€B; s=0 =0

where xp,(i, s) is the characteristic function on B;. Notice that 2" < 2j. Applying

this, the Cauchy-Schwarz inequality, (6.15)), (6.16|) and (6.17) gives us that

ro2r—s—1 Y2 s gres_ 1/2
> |F(i,s,2)| < (Z > |F(i,s,x)|2) (Z 3 XB],(Z-7S))

(i,5)EB; s=0 =0 s=0 =0
= G'*(r,z)| B;|"/?
< pl4e/297/2,1/2

_ 2r/2r3/2+€/2

< V2 logy "
V2

~ log?/*te/?2

< M. <j1/2 10g3/2+€/2j) ’

3/24¢€/2 .

7% log j

which proves the lemma. O]

Lemma 6.2.2.2. For anye >0 and r € N,

log 4 3/24¢
(7" + 1)1/2 10g3/2+a (7“ + 3) < \/5 <IO§3> 7,1/2 10g3/2+8 (T + 2)
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Proof. This follows from the following bound:

(r 4+ 1)/210g®* (r 4 3) _[r41 (log(r+3) 3/2+e
r1/21og®*e (r + 2) r o \log(r+2)

The lemma follows. O

We are now able to finish the proof of Theorem [6.1.0.2l Pick any ¢ > 0 and d > 0.
By Lemma [6.2.2.1], there exists some p-measurable E. 5 C X and 7.5 € N such that
p(E-5) < d and for any x € X \ E.5 and r € N with r > 7.,

Ny

> (ful@) = fr)

k=1

< M. (7‘1/2 log®**¢ (r + 2)) :

Pick any n € N such that n > n,_,. Since by assumption

lim ¢(N) = lim n, = +o0,
N—oo T—00

there exists » € N such that n, <n < n,;; and r > r.5. Notice that for any x € X,

Nr41

WICESWICES WICH

and for any x € X \ F.;

Tr

S (frl@) = fi)| < M. (r2108%2 (r + 2)) (6.18)
k=1
and
Nr41
S (ful) = )] < Mo ((r+ 1) 10g">" (r + 3)). (6.19)
k=1
We note that M, > 1, &(n,41) <r+1and r < P(n, + 1), so
Nr41 Nr41
Yo =t X
k=n,+1 k=n,+2
Nr+41
S fnr-i-l + Z Pk
k=n,+2
< max fi + P(nrir) — P(ny +1)

<1r£]?§><nfk+(r+1)—r

=1+ max fz.
1<k<n fk
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Since

zr:fk(fﬂ)—z Z — fi) < ifk = > fr
- k=1 k=1 k=1
we get that

Ny

> (flx) = fu) —1— 1T£lg<xnfk < (ful@) = fi)
P Sk= P

<ka: — fx) +1+maka
Notice that r/21log®* (r +2) > 1. Hence by this, and (6.19) we get that

1 1/2 3/2+e

log
_ 1/27,.,3/2+¢ 1
< —M, (7“ log (r+ 2)) 1 max f
<D (felx) = fr)
k=1
127 ,3/2+¢
< M. ((r +1)"7*log (r+ 3)) +1+ nax T

<ot (14 gy ) (0 00 048) + e )
1/2 +e
< v 1+ e (i) (0w 02+ g ).
(6.20)
Thus, as r < ®(n),
n 1 log 4 3/2+e
< V2M. .
2 v ( V2 1og3/2+€4> <1og 3)
. (7,1/2 10g3/2+5 (7” + 2) + 1111’?2{” fk)
< K.; <g251/2(n) log® > (d(n) + 2) + max fk> : (6.21)

We now consider N < N, 5. We have that for all n € N,

—N max f < Z fr(x) — fr) < NC.

1<k<N

It follows immedlately that

<N<C’+ max fk>

1<k<N




114 CHAPTER 6. PROBABILISTIC RESULTS AND THEIR PROOFS

For all N < N.; we have that inequality (6.21)) holds, and for all N > N, ;5. This
concludes the proof of Theorem [6.1.0.2]

6.2.3 PROOF OoF LEMMA B.2.1.1]

Proof. We essentially follow the proof given in [1]. Initially assume C' > 4. Define
for any k € N,

Q) = min {Q eN:U(Q) > ekl/ﬁ} ,

and let
v (Qk)
B,=<rxeX: xr) — .
' { © 13qzs:czk Vale) = Ja)) 2 (IOg‘P(Qk))C/4}
By we obtain that
v\ 2
By;) - > a\T) = Jq
0 (g o) < (K;Qk(f ” f)) v
</ ( > (fq<x>—fq>> dy
:O< T(QL? )
(log ¥(Qr))
It immediately follows that
1(Br) < O ((log W (Qx))™ %) <O (kV72) . (6.22)

As C > 4 we have that -
Z % (Bk> < _'_007

k=1
so applying the Borel-Cantelli Lemma we find that almost all x € X are contained
in at most finitely many of the sets By. That is, for almost all x there exists a ko(x)

such that for all £ > ko(x), we have that

<

o v (Q)
Z@ Uale) = 1o (log ¥ (Qy)) /"

For any ) > 3 there is a k € N such that @, < @ < Qg41. This means that

Qr+1

Qk Q
204D $ < D &
qg=1 q=1 q=1
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As by assumption ¢, < K for all ¢ € N, we have that ¥ (Qy) € [ek\/a, kvl 4 K].
It follows that

‘1’\1%2)1) =140 (K75 ) =140 ((log w(@4) ).

From these formulae and the triangle inequality, it follows that for almost all
x € X there exists a Qo = Qo(z) such that for all @ > @y we have that

T(Q)
=0 )
((mw&z»ﬁ*)

This proves the lemma. O]

> (fol@) = fo)

1<¢<@Q

This method of proof is directly taken from [1] and applied to general measure
spaces rather than the specific one needed for their paper. The proof of Theorem 1
in |1] is now a special case of the above lemma. We further note that in the proof
in [1], they allow C to be arbitrary, and use this to give a further asymptotic term,

which we shall not do as we wish to make this result effective.

6.2.4 PROOF OF THEOREM [6.1.0.3]

Proof. First we note that by (6.4]), for arbitrary C' > 0 there exists a C € R such
that

h ( 2 (fala) = fq)) dp < c(lO‘I’W

1<q<Q g \IJ(Q))C

As before, for C' > 4 and any k£ € N, let

Qx:min{QER s U(Q) Zex\/%}, r>1, (6.23)
and let
_ . B U (Qr)
o {x X\, )2 <1ogw<c2k>>0/4}‘

We note that we will generally consider x € N when considering (J,; however, we

will need to take an integral so have defined this over the reals.
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By (6.4) we obtain that

Qo |\ )
g w’”’((mg(@@)“‘*) < b (ZQ ) fq)) o

</ ( > (fq<x>—fq>> dy

1<g<Qy
U(Qr)?
(log ¥(Qr)””
so it follows that
1 (By) < C(log W (Qy) % <Ch%, (6.24)

where the second inequality follows from (|6.23)).

Let
ke,s = min{k eN:CE % <1+ \/52""_2> < 5}

Then, by the integral test for convergence and that C' > 4, it follows that

> B < uBie) + [ (B

k=kc, s
_¥cC e8]
<C (kc i + xfdx)
’ kc, s
_YC 2 Ve |
=Clkp g +—— [:cl} )
< @0 2— \/5 ko, s
~¥Z 2kc,s
=Ck~? [14+—=—] <.
@0 ( V- 2)
Define
EC,5 = U Bk

k=kc, s

Then by the above, 1 (E¢ s) < 9.

We also note as before, as C' > 4 and by considering we have that
S50, pu(By) converges, so by the Borel-Cantelli lemma, for almost all € X, there
exists a kg = ko(z) such that for all k& > ko,

U (Qr) '
(log ¥ (Q))“"*

Z (fq(x) - fq)

1<q<Qy

<
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For any () € N, @) > 3, as before we have that there exists k£ € N satisfying
Qr < Q < Qry1 and so

Qrt1

Qk Q
PILED LI DR
q=1 q=1 q=1
By the definition of @), and as ¢, < K for all ¢,
a0
U(Qp) € lem, ehve +K] .
Following methods from earlier in this paper, we prove the following lemma.

Lemma 6.2.4.1. For any k € N we have that

e¥ (Qy) (log ¥ (Qy))' ™
VO

Proof. We follow the same method we used to prove Lemma [6.2.1.1] Let

0 < W (Qrt1) =V (Qr) < + K.

Then by the mean value theorem, for any k € N, there exists some &, € (k, k + 1)
such that

g(k+1) — g(k) = g'(&)-
Calculating, we see that for any = € (k, k + 1),

1
Ve gt

g'(z) = o

1

eWHDVE (k4 1)ve !

Ve

Al

IN

Q

IN

where the last line follows from the definition of ().
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_1
Note that ¥ (Qry1 — 1) < e®+1VC  We now consider

U (Qrr1) =V (Qk) = ¥ (Qryr — 1) + dguy, — W (Qr)

1 1
< eMHDYE _RYE L

=gk+1)—glk)+ K
U (Qy) ke !

e

< +K

Ve
W (Q) (log ¥ (1)
< + K,
Ve

where the second to last line follows from Lemma [6.2.4.1, and the last line from the
definition of Q) given at ([6.23)). O

We now prove the result. Given () € N such that @ > k¢ 5, with Q) < Q < Qk41,
we see that for any x € X \ E¢ s,

Q Qr+1 Qk
Z:l (folz) = fo)| < Z:l fo() = Z:lfq
Qr+1
< Z:l fo(@) = ¥(Qr)
Qr+1
= Z fo(@) =V (Qrt1) + V¥ (Qry1) — ¥(Qr)
Qk+l
< Z fo(@) = U (Qrt1)| + |V (Qrs1) — V(Qk)|
W (Qr1) eW (Qx) (log ¥ (Qi))' ¢
= (log ¥ (Qeer) " Vo PR 6)

where the last line follows as ) > k¢ s and from Lemma
We note that

\I’ (Qk—i-l) - 6(k+1)% + K
(log ¥ (Qr1)* ~ (log W (Qr))*
e - ek\% + K
= (log ¥ (Qr))"*
eV (Qr) + K
~ (log W (Qi)"
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Substituting this into (6.25]), we obtain that

Q eV (Qr) + K eV (Qr) (log ¥ (Q 1-Vo
2 Uale) = Jo) <1ogéf<c)2k>>c/‘*+ ek
eV (Qr) + K eV (Qr) K
T (g (Q)VOT (log W (@)Y
g €Y (QW+ K
T (log W (Qu)VC!
<9 el (Q)+ K

(log ¥ (@))VC!

It follows that

el (Q)+ K
(log ¥ (Q))VC

Q Q
qu(x) < qu+2
q=1 q=1

119

(6.26)

This inequality holds for @ > k¢ 5. We now consider when @ < k¢ 5. As f,(2)

and f, are bounded above by K for all ¢, we trivially have that
Q
—ko sK < —QK Z — fo) S QK < k¢ sK.

Combining (6.26)) and (6.27]), we see that for all @ € N, we have that

Q
_qu

g=1

< max{kq(;K, 2€\Ij @+ K K}.

(log ¥ (Q))°

(6.27)
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Applications of the Probabilistic Results

In this chapter we give various applications of the results given in the previous

chapter, as lined out in Chapter 5.

7.1 EFFECTIVE SCHMIDT’S THEOREM

In this section we prove the following quantitative version of Schmidt’s Theorem.

Theorem 7.1.0.1 (Effective Schmidt’s Theorem). Let ¢ : N — [0,1/2) be a non-
increasing function. Suppose diverges. Then for any € > 0 and § > 0, there
exists some measurable E. 5 C [0,1) such that p(E.s) < 0 and for any x € [0,1)\ E. 5
and @ € N,

1S(x, Q) — 29(Q)| < max (N, Ko (W72(Q)log”*(¥(Q) + 1)),

where

)

A =69¥(n)log (3V3(n) + 3) log (2log (3¥3(n) + 3)),
B 28 + 35 (4)°

T Y1) 1og®t ((1) + 1)

Roughly speaking, this tells us that other than on a set of Lebesgue measure less

1/e
N575:2max{nEN: <2K€) -‘+1>A},

L26 (e +1) - 1.75°.

than & we can give an effective double bound for the size of S(z, @). We further

note that if we let § — 0 and Q — oo we regain Schmidt’s Theorem as given above.

120
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We now prove Theorem [7.1.0.1l The proof given in this section is based on
Section 4.1 of [23]; the proof given there is an improvement based on Schmidt’s
original method.

Let ¢ : N — (0,1/2] be a non-increasing function. Suppose diverges. We
begin by making the Lemmas 4.1, 4.2 and 4.3 from [23] effective.

Lemma 7.1.0.2 (Effective Lemma 4.1 in [23]). For any M, N,k € N, if M < N

then
N ook N-M
ogN—Am+L-§:¢(m)g +log N, (7.1)
= on k
where

1<m<n,
ged (m,n)<k

Proof. The lower bound follows from the fact that for any k,n € N, ¢(k,n) < n.
We now focus on the upper bound.
Notice that for any k,n € N,

n=M d|n
d>k
N 1 N
=N-M+1- > |- > 1
d=k+1 d n=M
n=0mod d
N /1 /N-M
SN-M+1- Y (= —H»
d=k+1 d d
N N-M N1
SN-M1- Y oy 2
d=k+1 d d=k+1 d
N-—-M
ZN—M—i-l—T_lOgN
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Lemma 7.1.0.3 (Effective Lemma 4.2 in [23]). Given an eventually non-increasing
function v : N — R, for any M, N,k € N, if M < N then

(1-7) 3 v - wantonr - 32 0 < 52 2RI o 5 4,

Proof. Pick any M, N,k € N with M < N. By partial summation,

I M (CORITIEN D SR L RETETD e

n=M n n=M m=M m=M

(7.2)

We recall that @ < 1, and applying this to the above and summing over n
we find that

I (CORIER D o) FRTI D S S ED o

which establishes the upper bound of the lemma.
To establish the lower bound, we consider the upper bound of ([7.1)) akin to the
above, and we applying this to (7.2]), we obtain that

n

~—

> g((w(n)—w(n—l—l))(n—M—i—l—n_Mlogn))

= W(M)—yY(M+1))(1—logM)+

(VM +1) — (M +2)) (2—1—10g(M—|—1))+...

k
WO = 1) = w(V) (V= ) = S5 —log(V - 1)
() (N—M+1—N—1ogzv>
- 3w — > )~ () g s
l_i}::ﬂ (1) (logl — log(l + 1))
(1—>Z¢ )logM_néV]:\/[Cﬂgl))’

where the last line follows as log! — log(l + 1) > —% for all positive [ € N O
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We now give some definitions before stating and proving Lemma [7.1.0.4. For any
N € N, define

[(N):=TV*N)+1>1,

L(N) =1log (3['(N)) > log3 > 1,

Ly(N) :=1og (2L(N)) > log (21log 3) > 1/2

B(N) : S 1<AN (7.3)

Lemma 7.1.0.4 (Effective Lemma 4.3 in [23]). For any N € N,

n

03 0 (1- ") < o).

Proof. The first inequality follows directly from ((7.3)), as for any N € N,
N N
The rest of the proof deals with the second inequality. Pick any N € N. Define
My =0 and let

MJ = 22j,
h=min{j e N: U(N) < M;} > 1,
V, =min{V e NU{0} : (V) > M,}.

Suppose initially that h > 2. By the definition of h we have that
2" log 2 = log Mj,_, < log ¥(N) < 0.5L(N).

It follows that
2" og2 < 2L(N),

so upon taking logs, we obtain that

(h+1)log2+ loglog2 < Ly(N).
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It follows that

Ly(N) — loglog 2
log 2
Ly(N)
log 2

h <

<

and, from the bounds on Ly(N) above, that

3 n 1
log (2log3) = log2

3+h<< )LﬂN)

In the case that h = 1, these inequalities are trivially true.

We consider the terms in the right hand side of the above, noting that if M, < ¥(n)
then M,”> +1 < T'(n) and ¢(M,* + 1,n) < &(n). Applying these and Lemma ,
it follows that

n—1 n 0<r<h—11<n<N n
M’I‘S\II(TL)<MT+1
N
> > Y(n)-
n=1
SRl S e gV,
n r) 10, r
n=1 T =0 M,? +1 1<n<N
My <U(n)<M, 41

Considering the sums in the final line of the above, we note that

h—1 1 h—1 MTJrl
— n <
Z%J%?+1 ]g;M v Z%Mﬂ+1
M<U(n)<My41
<3+h

3 1
Lo(N
< <10g (21og 3) - log2> 2(N),

and the assumption that v is non-increasing gives us that
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Z¢ JlogV; < 3 (wm > 1)
r=0 n=1"T
N 1 h—1
<> (n ¢(V7~)>
n=1 r=1,V,.>n
Y ¢(n)
=2 oh
1 Y (n)
= log2L2(N) nzz:l n

Applying Holder’s inequality, as 1/L(N) < 1 we obtain that

N 7/’(” 1+L /(A+L(N)) , N 1 L(N)/(1+L(N))
pEL (zw ) (32 s )

We recall that for any € < 1,

< 8
xr < —.
1/2 wlte €

Zn15<2

Substituting this into the above, with ¢ = 1/L(/NV), we obtain that

f: ¥(n) < 8U(N)YEML(N) < 8/eL(N).

n=1 n

The above follows as, letting W(N) = z, we note that W(N)*() is of the form
1/ log (327+3) By standard methods in calculus, we note that for any x > 0,
xl/log (322+3) < \/E.

Combining the results above, we get that

i@b(n)( —@(n))<8\/_L( )+ ( ’ + ! )LQ(N)+

o] log (2log3) = log2
Lo(N L(N
og 2(N)8VeL(N)

< A~ L(N)Ly(N),
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where

a8 3 . 1 LG
~ \log(2log3)  log3log(2log3)  log(2log2)log3 ' log (2log2)

The result then follows by computing the value

A < 41.

We are now in a position to prove Theorem [7.1.0.1]

Proof of Theorem [7.1.0.1]. We are going to apply Theorem [6.1.0.2
Denote by p the Lebesgue measure on [0, 1) and let S*(a, u,v) be the number of

solutions n € N to
lan —m| < ¢(n), ged(m,n) <T'(n), u<n<o.

We now compute

/ S*(a, 0, N) da
[0,1)
as follows. For any u,v € N, if u < v then

v v @
/[071)5*(04,u,v)doz: > /[071)5*(a,n—1,n)doz:2 > z/;(n)ﬂ_

We recall that, by the definition of S, we have that,
/ S(a, n)da = (n).
[0,1)

Notice that for any N € N, S(a, N) > S*(«,0, N). By Lemma [7.1.0.4) we get that
for any v € N,

/[071) (S(c,v) — §*(,0,0)) dav = 2 nz_jl b(n) ( - gpf;”) < 82L(v)La(v).
For any n € N, define G : N — Rt by G(n) = L(n)/Lz(n). Thus, for any N € N,
p({aefo,1): 8(a,N) = 8%(a,0,N) > L*(N)}) < ~ .
For any j € NU {0}, let v; = min{n € N: L(n) > 27}. Then

i 1

7=0 G(Uj)

< +00.
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Hence, by the Borel-Cantelli Lemma, for almost every a € [0,1) and j > j(«),
0 < S(a,v;) — S*(a, 0,v;) < L*(vy).

Note that
2171 < L(v;) < L(N) <27 < L(v;) < 27t

It follows that 4L(N) > 29t > L(v;), so 16L*(N) > L*(v;). Thus, for almost every
a€[0,1),

0< S(a,N)— S*(a,0,N) < 16L*(N). (7.4)

We now study S*(«, 0, N). We are going to apply Theorem [6.1.0.2/on S*(a, 0, V).
Pick any u,v € N with u < v. Notice that for any n € N,

1- 2(n) <1< 2L(n)Ly(n).

Let
d*(n) = > 1
d|n,1<d<I(n)
U(u,v) = Z< Y(n).
Then
U (u,v) Xv: ¥(n) <1_<P§Ln)> _ Zn: Wb )( _@Eln)>
n=u-+1 n=utl
> @b()(l—éf)) S ()
r=u+1 m=u+1
< 3 20k Lan)+
_Evjlw(r) <1 - ngf)) U(r).

Hence, the assumptions of Theorem [6.1.0.2| are satisfied, as by Lemma 4.4 of [23]
and inequality (4.2.10) of [23] we have that,
/ (S (0, u,0) — 20(u, ) da <4 3 d*(n)i(n)+
[0,1)

u<n<v

) ¥ vl (1-72)

u<n<v

<4 > By(n),

u<n<v
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where o
By Theorem [6.1.0.2] for any ¢ > 0 and 6 > 0 there exists some measurable

E.s C[0,1) such that u(E.s) < ¢ and for any z € [0,1) \ E.5 and N € N,
1
5% (0,0, N) — 20(N)| < K.50 (\1111/2(]\7) log¥/>+ W, (N) + ) ,

2
where by Lemma [7.1.0.4] with ¢ := (1) > 0, we have

4 log4) '™ 1+e¢ 1
Kes0 = 4+ +
6,0 10g2€/3 (1o + 2) <log 3) ( log3 = 4log'™® 4)

< 26(c+1) (bg;i:?/?’zy < 26(c +1)1.75%,
2_: ( ) + 2L(n)La(n) + < — @5?)> \I/(n)> P(n)
< i ) + 43U (N)L(N)Ly(N).
Notice that for an; N €N,
S =240 T 1= >3 vika
U(N
s

< U(N)log (3I'(N)) = U(N)L(N)
1

< WW(N)L(N)IQ(N)-

Thus we find that

Uy (N) < (43 + ) U(N)L(N)Ly(N) < 450 (N)L(N)Ly(N),

log (21log 3)
and taking

o = i(1) < 45¢(1) log (3(1*(1) + 1)) log (2log (3(4°(1) +1))) < 30,

we find that

1 11/21 3/24¢e 11 1/2
\Ijll/Q(N) 10g3/2+€ \Ijl(N) 4= S 0 1/20g — ¢O + /
27 4o log™ (Yo + 1)

35(4)° 1/2 2+e
S ¢01/2 log?t+e (Yo + 1)\I’ (N)log™ (U(N) +1).

WY2(N) log?** (W(N) +1)
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Hence, by the triangle inequality and ([7.4]),

1S(c, N) — 20(N)| < [S(ar, N) — S*(, 0, N)| + [S* (e, 0, N) — 20(N)|

<16L%(N) + — /23 5(42):(&5’0 U2(N)log®™ (U(N) +1)
o '*1log™™ (Yo + 1)
< ( 16(log (3¢0” + 3))° 35(4)°Ke 50 ) _
o' log?*e (o + 1) ho'?log®* (o + 1)
W2 (N) log?* U(N)
28 + 35(4)° K. 50

T2(N)1log?™ (U(N) + 1)

= ' *log? (o + 1)
< K. UY2(N)log?™ (¥(N) + 1),

where K. is given in the statement of the theorem. This proves the theorem. O

7.2 QUANTITATIVE KOUKOULOPOULOS-MAYNARD THEO-
REM

Using the probabilistic tools from the previous chapter, we are able to give an explicit

version of this theorem.

Theorem 7.2.0.1 (Effective Aistleitner-Borda-Hauke Theorem). Let ¢ : N —
[0,1/2] be a function and let C > 4. Suppose diverges. Then there exists some
measurable Ec 5 C [0,1) such that u(Ecs) < 6, and for any x € [0, 1) \ Ec, s we
have that

k 2eV'(Q) + 1 1
(2, Q) - V(Q)] < maxq Mo, 2@ L]
2 (log o (Q)VeT 2
up to a constant depending only on C' found following the proof of Theorem 2 in (1),

where S'(x,Q) and V'(Q) are given above, and ke s is given in (6.5)).
We now give the proof of Theorem [7.2.0.1] using Theorem [6.1.0.3]

Proof. The proof follows that of [1], using Theorem [6.1.0.3|in place of Theorem 1 of
[1]. First define

A= U (p—w(Q)’erw(Q))’ JeN

1<p<q q q
ged(p, ¢)=1
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We now note that if p is the Lebesgue measure on [0, 1], then

In Theorem [6.1.0.3, we set f; = ¢, = 11 (Aq) and set f,(x) = L4, (x), where 1 4,

denotes the characteristic function on A,. We note that this means that ¥U(Q) as
defined in Theorem and Theorem [6.1.0.3| are equivalent.

We now note that

q,7<Q

1/ @ 2
/0 (2_:1 (Mq(fv)—u(Aq))) dr= Y u(A,NA)—T(Q)

By Theorem 2 of [1], we have that

o (AN A —9(Q) = Oc (

q,7<Q

v (Q)? )
(log w(@))" )
with an implied constant depending on C'. We note that this implied constant is the

constant that has been calculated, with the working to be published separately due
to length. We can thus apply Theorem [6.1.0.3| and the statement follows. O

7.3 INHOMOGENEOUS DIOPHANTINE APPROXIMATION ON
My-SETS

We will now prove the following effective versions of Theorems 1 and 4 of [43].

Theorem 7.3.0.1 (Effective Theorem 1 of [43]). Let F' C [0,1] and p be an non-
atomic probability measure supported on F. Let v € [0,1] and ¢ : N — (0,1] be a
function. Let A = (qn)nen be a lacunary sequence of positive integers. Suppose there
exists v > 0 and A > 2 such that for any t € Z \ {0},

)] < — (7.5)

~ (tog* 1))

Then for any ¢ > 0 and 6 > 0, there exists p-measurable E.5 C F such that
w(E.s) <6 and for any x € F'\ E.5 and N € N,

|R(z, N) = 20(N)| < 2K. 52 (B(N)*? (log W(N) +2)**) + 15, (7.6)
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where a € (0,1), log™ (3) == max (0,1og 3) and

W) =3 v (7.7)
H(N) = U*3(log™ &(N) + 1) + U(N), (7.8)
K = 6max (48, ¢, ¢3), (7.9)
22
¢ = K1 (7.10)
02:12(25’/3“) (1+g(A—1))+K8_1
0 7.11
e (vic(a- DY pray o)),
2 2))"
1 (1—A4) VO
tl,é - 5 + (2(3+V/CA)> 5 (7.12)

where N5, 1e5, and K. 5 and ®y are given in Theorem [6.1.0.7

Theorem 7.3.0.2 (Effective Theorem 4 of [43]). Let F C [0,1] and p be an non-
atomic probability measure supported on F. Let vy € [0,1] and ¢ : N — (0,1] be a
function. Let A = (qn)nen be an a-separated sequence. Suppose there exists v > 0
and A > 2 such that for any t € Z \ {0}, is satisfied. Further, assume that
A = (qn)nen satisfies the following growth condition:

log g, > Cn*/P (7.13)

Then for any € > 0 and § > 0, there exists p-measurable E. 5 C F such that
w(E.s) <6 and for any x € F\ E.5 and N € N,
n 1/2
|R(z,N) — 2U(N)| < K. 5/ ((\II(N) (log* W(N) +2) + E(N))
3/24€
(log (¥(N) (log™ w(N) +2) + B(V)))”*"" + 2) b,

(7.14)

where R(x, N) and ¥(N) are given at (5.14)) and (7.7) respectively and K. s is given
in Theorem [6.1.0.2.
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Further,
E(N)= >_> (¢n: ¢.) min (wéim, w;i”) ,
O(N) = U(N) (log" W(N) +2) + E(N), (7.15)
K = 2max (48, c3), (7.16)

c3 =4+ 18004 (ﬂc(é - ;) (2+a) + 2A+1<(2AB>) e, (7.17)

1 N (1 —min (9, A/B))s\ "/ -mm OA/B)
2 2(1+v/C)
where ¢y is given by (7.11]).

Remark. Lacunary sequence A = (g, )nen satisfies (7.13) with B = 1.

tos = , (7.18)

We note that ¢, 5 and ¢35 are needed to account for some assumptions made

during the proofs, namely (7.19) and (7.29). In our proofs, we will initially make
these assumptions, before proving Lemma [7.3.0.10, which allows us to remove them.
We note that if u is the Lebesgue measure on [0, 1], then p is a probability

measure and is satisfied as the Fourier transform of the Lebesgue measure is
the Dirac distribution.

In what follows we will make some results of [43] effective, before going on to
prove the theorems above. Specifically, we make Lemmas 5 to 8 and Propositions 1
& 2 in [43] effective, then apply the results to Theorem 1 and 4 in that paper to give
the quantitative versions. We begin by giving explicit versions of Lemmas 5 to 8 of
[43]; initially we just give the statements of the effective versions of Lemmas 5-8 of

[43], and we give the proofs of these results after all the statements.

Lemma 7.3.0.3 (Effective Lemma 5 in [43]). Let u be a non-atomic probability
measure supported on F C [0,1] and (¢,)nen be an increasing sequence of positive
integers greater than 4. Suppose there exists B > 1 and C' > 0 such that growth
condition is satisfied. Let vy € [0,1] and ¢ : N — (0,1] be a function. Suppose
there exists A > 2B such that is satisfied.

Further suppose that for any T > 1 and n € N,

V(gn) = 37" (7.19)
It then follows that for arbitrary a,b € N, if a < b then we have that

b b b
Z:: I (EZ) —2 Z:: ¥(¢n)| < min (ml, my Z:: w(qn)>, (7.20)
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where for any q € N,

Ey = Ej(¢) ={z €[0,1] : [lgz —~[| < ¥(q)}, (7.21)
my = ma(A, B) = 3+ 34(2 _ 1), (7.22)
my = 2;9’/3 <2. (7.23)

As commented previously, (7.19) leads to another error term. We deal with the
error term associated to this in Lemma [7.3.0.10

We now give a bound for the value

S(m,n) = 7 Wo,(k)a(-k),

kezZ\{0}
where
gm—1 qn—1
Wi (k) = (( > (»;w(k)) Xt <k>) ((z wm) - <k>) ,
p=0 m qm °™ r=0 an qn_ T

where * denotes convolution, ¢, is the Dirac delta-function at the point € R
and
1 if [|z]] <0
Xoe(®) = g2 (0 = [faf]) if (1 =€) < |[z]| <6
0 if [|z|| > 9,

where ||z|| denotes the distance from x € R to the nearest integer; that is, ||z|| =

min{|z —m| : m € Z}.

Lemma 7.3.0.4 (Effective Lemma 6 in [43]). Let u be a probability measure supported
on F C [0,1]. Let A= (qn)nen be an increasing sequence of positive integers greater
than 4. Suppose there exists B > 1 and C' > 0 such that growth condition 18
satisfied. Let v € [0,1], ¥ : N — (0, 1], let (e4)nen be a sequence of real numbers in
(0,1] and let o € (0, 1). Suppose there exists A > 2B such that is satisfied.
Then for any m,n € N, if m < n then

—a_¥(gm) - 1Y ()
oA 1A
L — -] (7.26)

nA/Be, 1/2¢ 1/2
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where T is defined based on the value of o that

T(m,n) =To(m,n) = Y > Wi (squ)W, . (tqn)(5Gm — tqn),
s,teZ\{0}
1S|Sqm_tqn|<Qma

(7.27)
and W (Sqm) is the Fourier transform of (7.24]).

qm;s7,€m

The following two lemmas give effective bounds on the size of the quantity
T(m, n) appearing above. Lemma [7.3.0.5| deals with lacunary sequences and Lemma

deals with a-separated sequences.

Lemma 7.3.0.5 (Effective Lemma 7 in [43]). Let i be a probability measure supported
on F C [0,1]. Let A= (gn)nen be an lacunary sequence of natural numbers, with the
constant from the definition at given by K = Ky. Let v € [0,1], a € (0,1), ¢ :
N — (0,1] and (g,)nen be a decreasing sequence of real numbers in (0,1]. Then for
arbitrary a,b € N with a < b, we have that

S5 T(m,n) < 11K'S Qﬁiil;;),

a<m<n<b n=a

where T'(m, n) depends on a and it is given by (7.27), and K’ is given by

1

K =
Ko—1

> 0. (7.28)

Lemma 7.3.0.6 (Effective Lemma 8 in [43]). Let pu be a probability measure supported
on F C [0,1]. Let A= (gn)nen be an a-separated increasing sequence with mg = 1.
Let v € [0,1], ¥ : N — (0,1] and (g,)nen be a sequence of real numbers in (0, 1].
Suppose that for any n € N,

¥(gn) > 07" (7.29)

and €,”' < 2n. Then for arbitrary a,b € N, if a < b then

2.0 [T(mn)| <2 gqu),

a<m<n<b

where T'(m, n) is given by (7.27)).

Again, the assumption ((7.29) leads to another error term; this is dealt with
in Lemma [7.3.0.10, For the sake of simplicity, each of the proofs is written as an

expansion the original proof in [43]; we refer heavily to the original paper throughout.
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Before beginning the proofs, we make a slight remark that, as commented in [43],
the equality part for identity (3.2.5 in [23]) does not always hold. In general, we

have the following result instead:

Lemma 7.3.0.7. Let f : N — [0,1/2] be a function, (a;);, (bj); be sequences of

integers and
& =A{x €[0,1] « flajz + bsl| < f(5)}-

Then for any j,k € N, the Lebesque measure X of £; N & is upper bounded by

MNE NEL) <4f(j)f(k)+2gcd (a;, ar) min <f(‘7), f(k>>

a; ar
Proof. Let F; = {x € [0,1] : |lz + b < f(9)}, ¢;j = aj/ged (a,a;) and ¢ =
ar/ ged (aj, ag). Since Fj, is an open interval, for any y € R, the number of integers

in the translation c;Fj, — y is at most
By Lemma 3.1 in [23] and the argument contained there,

AENE) < —— Ay Fe) MaF) +1) = —— (26 £(7)) e f (k) + 1)

C;Ck C;iCk

=4f(7)f(k) +2gcd (aj,ak)”]lgj)a

J

and the result follows by interchanging the indices j and k for the last inequality. [

Hence, (3.2.5 in [23]) should be applied in this context by setting & = E7,
a; = q;, f(j) = ¢ (g;), correcting the equals sign to <, and multiplying the second

term by a factor of 2 to obtain

)\(Egm A E;n) < 4¢(Qm)w(Qn) + Qgcd (qm’ Qn) min <¢(Qm) w(Qn>>’

m an

Thus, by (105 in [43]), we can modify (88 in [43]) to see that

W, (0) < A(L+ e) (14 €0) 0 (gm) ¥ (gn)+
U (Gm) w(qn)>

2(1—|—5m)(1—|—5n)gcd(qm,qn)min( P

< 4b(@) () + 126mb () () + 8 26d (G, ) D <¢éqm)’ wéqn))

(7.30)
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as the sequence (&,),en is bounded above by 1.

We are now in a position to prove the results above.

Proof of Lemma [7.3.0.5. Pick any sequence (g,)nen of real numbers in (0,1]. By
our assumptions, following the original proof in [43], we see that for any a,b € N, if

a < b then

b

P(a’ b) = Z IU(E;L) -2 2:: ¢(Qn)

n=a

b b
3

n=a

Recall that, by definition, for any n € N, U(n) = Y}_; ¥(n). For any n € N, let
£, = min (1, (\Il(n))_z)

From ([7.31]) and Lemma D4 in [43], following the argument of the original proof, we
obtain that

> 1
n=1

To finish the proof, we need to establish the “other" upper bound. Set 7 = A/B
in (7.19), and let ¢, = 27%? € (0,1). Then (7.31)) allows us to deduce that

b 1 b 1 3 b
P(.b) < Y (20 + —mm—is) V) < X (50 =53 ) () = 3o X 000,

We note there is no factor of 3 in the above, as the 3 on the right hand side of ([7.31))
is cancelled by ([7.19)).

The upper bound is optimal in this method by the choice of (&, ),en; the inequal-
ities are true for any choice of (g,,)nen, and the function f; : R™ — R* defined for

x > 0 by

1
hl@) =2+ 75,
has its global minimum of 3/2%° at z = ¢,, = 27%/3. O

Proof of Lemma[7.3.0.4 This proof is done by splitting S(m, n) into various parts.

Following from the original proof, it suffices to improve some estimates.

By ([7.5)) and (7.13)), for any n € N and ¢t € Z \ {0},

|A(—tgn)| < vC~n~E.
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By (47 in [43]) and (53 in [43]),
—a Ygm
|S1(m,n)| < 9wC AnA/(Bgn)1/2

Y (qn)

mA/Be, 1/2

|Sy(m,n)| < 9O

where |Si(m,n)| and |Sa(m,n)| are given at the beginning of the proof of Lemma 6
in [43].

We now find an explicit bound for S;(m, n). Notice that, given the restriction
|$¢m — tqn| > qn/2 imposed on s, t € Z \ {0}, by and we have that

1% 1%
|(8Gm — tgn)| < <
log” [8gm — tqa| ~ log” (¢n/2)
24y
< +— < 2AVO_A7L_A/B,
log™ qn

where the second line follows because for any n € N, ¢, > 4, and from that we
deduce that

log ¢n
— < 2.
log (n/2)
We can now give an explicit upper bound for S, as definied in the original proof. We
find that

1

A ~—A
|Sy(m,n)| <9(2)"vC nA/Bg 1/2¢ 1/2°

To bound Sg as given in the original proof, note that for ¢,* < |sq, —tqn| < ¢./2,

by (7.13)) and (7.5]), we have that

< VC_ALm_A/B.

ASm_tn Si
| (3G — tqn)| aAlos' 7, i

It follows from the argument of the original proof that

a1l ¥(gn)

A 7\Ing

|Se(m,n)| < wC™"— mA/Bg, 172

Hence the result follows by adding these estimates together, as in the original

proof. O]

Proof of Lemma|[7.5.0.5. Set

m
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Notice that, from the original proof and that as ¢, < 1, using (51 of [43]) and (52 of
[43]), we have that

[T (m,n)| < min ( . qmt%(l (2+ €m)¢(qm)>(2 +€n)¥(qn)

teN qm)€m
LD 4.g.% Y(g) =01
9% W)@ + 5y e o

Im YV (qn) Gm V(qn)

< 11q76m1/2 < 11(7 e, /2"

This follows as (€, )nen is decreasing, and by applying the following estimate:

+00 1 - 72 oo dt B 2 ﬁan<Qm>5ml/2

t:LDJ‘i’l t2 - 6 D t2 6D 6 qm !
Thus, by (5.13]), we find that ¢,, < Ko™ "g,. By the formula for geometric sums,

we find that

/K, 1

- = K.
1-1/K, Ko—1

e
D PN )
n i=1

Proof of Lemma |7.5.0.6, Notice that, from the original proof, for any m,n € N,

1
om Toam) 7T23w(Qm)5m
SIS
T2 )(qm)em s>m3 /4 (qm)
~ 1(an)

~ 2m3e,,
V(qn)

)
m2

T (m,n)| < (2 +en)¥(gn)

52

<

by reasoning akin to that in the proof of Lemma [7.3.0.5l Hence for any a,b € N, if
a < b then

b 2

XY [Tl < Y <w<qn>:§an;) =Y vlan

a<m<n<b n=a+1

We finish the proof by noting that 72/6 < 2. O
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Our next aim is to establish explicit estimates for Propositions 1 and 2 in [43].
Before we can do this, we first need to find explicit estimates for some inequalities.
Take § € (0,1] and for any n € N,

) 1 1
Ep = MINS —, =5 ¢,
{ 20 (Zk:a ¢(ka))5 }
notice that
g, ! < max {25, n‘s} < 2n. (7.32)

In the case that 3-%_, ¥(q.) > 2, inequality (102 in [43]) can be modified to

22 nA/Be 1/2 12 —C< )Zw Qk)-

a<m<n<b

For the case of 0_, ¥(qx) < 2, the inequality (103 in [43]) can be modified into

1

ZZ nA/Be 1/2¢ 1/2 = QC<23) ZQ/’ Qk)-

a<m<n<b

Since the Riemann Zeta function is decreasing on R™, and

() < <(a5) <(35)

in both cases we have that
b

A
22 nA/Be 1/25 iz S QC<QB) > vlaw)- (7.33)

a<m<n<b k=a

By (7.32)), we have that
sk £ - a(3-)

Z A/B-~ 1/2 AB
n:ln/sn/ n:l /

Thus we can make the inequality before (104 in [43]) explicit by applying Lemma

and to obtain
b
S IS(m,n)] <9vCA (ﬂg(é - ;) (2+a )+ 2A+1¢<2‘2)> S (ga)+

a<m<n<b n=a

> [T(m,n)].

a<m<n<b

We now note that

3 log 3 1
3 < logz < 4log 2.
(2 * 210g(3/2)> = <2log2 * 210g(3/2)> eet = R8T




140 CHAPTER 7. APPLICATIONS OF THE PROBABILISTIC RESULTS

Thus, we make inequality (108 in [43]) explicit, showing that for any § > 0 and
a,beN,
26

Y cntan) ) < 4 (g ¢<qn>) log (z ¢<qn>>_

a<m<n<b
Before proceeding, we remark there is a typo on (109 in [43]); the correct version

should state:
2 b 2§

YD Wia(0) <2 (5) w(qn)> +0 (nz w(qn)> log (nfj ¢(qn)> (7.34)

a<m<n<b

a<m<n<b m an

+0 ( ZZ ged (gm, ¢n) min <w<Qm)’ ¢(qn)>) ; (7.35)

the coefficient of the main term in [43] is 4 instead of 2. Hence, by (7.30]) and bounds
given above, ((7.34) is explicitly given by

2 b 2—6

D2 Wia(0) <2 (;;WW) +24 (;an)) log (;i: w(qn)>

4SS ged (g gu) min (w(qm) ¢(qn)>.

a<m<n<b

Gn  Gn
We are now in a position to make Propositions 1 and 2 of |43] effective. By

applying Lemma [7.3.0.5| with o« = 1/2 for the formula for 7', the implicit constants
of inequality (110 in [43]) are given by

Kb b 1+6/2
SN |Tmn|<11K’Zw(1/2)§111/2 Z¢ 0n) <11K’<Z¢(qn)> :

a<m<n<b n=a

where K’ = 1/(Ky — 1), and as the sequence (g, )nen is lacunary, inequality (111 in
[43]) becomes

ZZ ged (¢, ) min <w(Qm) W%)) < KIZ:@M@M)-

a<m<n<b m q
We are now able to give explicit estimates for the inequalities on page 8620 in
[43] . If the assumptions of Proposition 1 in [43] are satisfied, as inequality (104 in

[43]) has been made effective, we see that
2 b 2-5 b

NN wlELNE)) <2 (zw n ) +24 (;w@)) log™ (Z w(qn)>+

a<m<n<b n=a

b 146/2 b
K (Lvla)) XY ) (7.6)
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where

X =4K' + 9vCA (ﬂ((é - ;) (2+a7) 2A+1<<2€3)>

If instead the assumptions in Proposition 2 in [43] are satisfied, we similarly have
that

> ulEy,NEY) <2 (i: @b(qn))Z +24 (gi: @b(qn))” log™ (;i: zb(qn))

a<m<n<b n=a

+Y Y () +4 DY ged (gm, ¢n) min (w(qm)ﬁ(qn))’

n=a a<m<n<b dm dn

(7.37)

where
Y = (2 +9vC4 (\@C(g - ;) (2 + OFA) + 2A+1C<2AB)>>

We now obtain explicit versions of Proposition 1 and 2 in [43] by applying Lemma

7.3.0.3} setting 6 = 2/3 and 0 = 1 to (7.36)) and ([7.37)) respectively. Notice that by
Lemma with the stated assumptions,

2

4 (Z_: @/J(qn)) < (Z_: u(EJ,L)> +4my(me + 1) Y ¥(qn),

n=a

where m; and msy are given in ([7.22)).

Proposition 7.3.0.8 (Effective Proposition 1 in [43]). Let F, p, A = (¢n)nen, ¥
and ¥ be as in Theorem |7.3.0.1. Further, assume that 1 satisfies (7.19). Then, for

arbitrary a, b € N, with a < b we have that

2

448 (;ij w(qn)>4/3 log* (i w(qn)>

n=a

222:M%xwmg(iuwm>

a<m<n<b n=a

b 4/3 b
ra(Tew) +ad v

where ¢ and ¢y are given in (7.10) and (7.11) respectively.

Proposition 7.3.0.9 (Effective Proposition 2 in [43]). Let F, p, A = (¢n)nen, ¥
and Y be as in Theorem|7.5.0.2. Further, assume ¢ satisfies (7.19)), ¢ > 4 and that

A is a-separated with the implicit constant mg = 1. Then, for arbitrary a, b € N
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with a < b, we have that

2> > wE] NE])< (}bj /L(E;n)>2 +8 3% ged (g go) min (w(qm)7 @b(qn))

a<m<n<b n=a a<m<n<b m 4n

b b b
18 (3 (a0 o™ (3 00 + 0 - )
where c3 s given in .

Finally, we can make use of Theorem [6.1.0.2 to make Theorems 1 and 4 in [43]
effective, modulo the error term from assumptions ([7.19) and (7.29)). For Theorem 1
in [43], we take the following parameter in Theorem [6.1.0.2

on = 6(gn) ¥ (n)"/* (log"™ W (n) + 1) + 20(qn)-
Notice that for any ¢ > 0 and N € N,
PV2(N) log®?Te d(N) + 2 < 203(N)(log W(N) + 2)%**,

where @ is as given in the original proof or in . Upon taking B =1 in the above,
we have proven Theorem as in this theorem A = (g, )nen is lacunary, and as
remarked satisfies with B = 1.

For Theorem 4 in [43], we set parameters of Theorem as follows:

o = 0(0n) (108" ¥(m) +2) + 3 cd (g, mi (1/)(%) an))’

m Qn

d(N) = i on < U(N) (1og+ U(N) + 2) + E(N),

N-1

BV = 3 el g min (2102), 2100,

m=1n=m+1 qm dn

Taking B as needed to satisfy ([7.13]), Theorem [7.3.0.2] follows.

We now consider the final, extra term in each each effective theorem, which
allow us to remove the two extra assumptions in Lemma [7.3.0.3] and Lemma [7.3.0.6]
namely conditions ((7.19) and (7.29)). In the following lemma, we consider this extra

term.
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Lemma 7.3.0.10. Let ¢ : N — (0, 1] be a function and A = (¢,), be an increasing
sequence of positive integers. Suppose there exists v > 0 and A > 2 such that for
any t € R\ [-1,1], is satisfied. Suppose there exists B > 1 and C' > 0 such
that A > 2B and is satisfied. Suppose W(n) = >1_, (k) is unbounded. Let
w:N = [0,400) be a function. Suppose

[o.¢]
Z w(n < “+0Q.
n=1

Define an auxiliary function ¥*(q,) = max (¥(q,),w(n)). Then for every 6 > 0 there
exists Fs C F such that pu(Fs) < and for any x € F'\ F5 and N € N,

|R(x, N;v,¢, A) — R(x, N;v,¢*, A)| <ts,

where

t5 = min {t eN: gt (w(n) + CA;A/B> < g} (7.38)
Proof. By the definition of the counting function (5.14)), for any = € F, we have that
R(z,N;v,¢, A) < R(z, N;v,9*, A) < R(x, N; 7,9, A) + R(x, N; v, w, A).
It follows that, for any x € F,
|R(z, N:v, ¢, A) = Rz, Ny v, 9", A)| < Rz, Ni v, w, A).

It suffices to find an upper for R(z, N;v,w,A), for any x € F \ Fj, for some
measurable Fsy C F such that u(Fs5) < §. By Theorem 2 in [43], we see that for

almost every x € F', the extra term is exactly given by the counting function
R(x,N;~v,w,A)
For any g € N, define
E,={zeF:|q - <w(@}

By Lemma 2 in [43], we know that for any ¢ € N, if ¢ > 4 then

w(E,) < 3w(q )—I—m1n{3max|,u 5q)| i ilsq }
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By the assumptions of the lemma,

14

((sq,)| < .
Jmax [fi(sqn)| < oz’ g, = CAnATb

Hence, by taking the summation, for any ¢t € N, we have that

0 [e%e) 00 SVOO 1 e 1%
u(Q@Jszywms3§wW+c%2ﬂﬁﬁixwm+c%wQ'

As the right-most term converges when ¢t = 1, we get that for any ¢ > 0, there exists

ts € N such that
/J[’ ( U EQn) S 67

n=ts
where t5 is given by (7.38)). By taking F5 = U,—, F,,, we get that u(Fs) < 0 and
for any x € F'\ Fj,
R(z,N;v,w, A) < t5.
O

This lemma tells us that it is possible to make two such extra assumptions on

1 and the counting result differs by an additive constant which depends only on w.
In the proof for Theorem [7.3.0.1] we have taken 7 = A/B in (7.19). That is, for

Theorem [7.3.0.1], t5 is given by

© )
ts=mindt e N: S (3n A/ V><.
5 mm{ S ;(n +C'AnA/B 3

To get a concrete estimate, an upper bound for this ¢5 can be obtained by noticing
that if

@+V>”1<@+V)
A =~ nA/B — CA

then

oo A 1 1-A/B
/ dv  3+v/C (t > <4
t

2B 1—A/B\ 2

1 ((1—A/B)s\VIP
ts < =+ [ L .
2 3+v/CA

Also, for Theorem [7.3.0.2] ¢; is given by

. = g v )
t(;:mln{tEN.Z<n +W)<3}

n=t
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To get a concrete estimate, an upper bound for this ts can be obtained by noticing
that if d = min (9, A/B),

S — 14 S|
> (r 9+W)§(1+)Zd
<
_< >/ 1/2 xd
N 1+V/C'A (t—)
then
+ 1+ (1 —min (9, A/B))d 1/(1-min (9,A/B)))
= 2 1+v/CA :

Our new respective set E. 5 for Theorems [7.3.0.1] and [7.3.0.2 is given by E. s =
E’ 52 Y Fs2, where E;#;/Q is given by Theorem [6.1.0.2f with the parameters given

&,

above, and Fjy is given in Lemma [7.3.0.10} This completes the proofs of Theorems
[7.3.0.1] and [7.3.0.2]

7.4 NORMAL NUMBERS

An easy application of Lemma 1.4 of [23], as given in Chapter 5, quickly shows that
almost all real numbers are simply normal to a base b. Applying Theorem [6.1.0.1] in
its place allows us to give an upper bound on the number of times a given digit d
appears in the base b expansion for almost all real a other than in a set of measure

at most d.

Theorem 7.4.0.1. For any 0 > 0, there exists a set Fs of measure at most § such
that for any real number o € [0,1) \ Es, the number of times a given digit d appears
in its base b expansion in (5.17)) up to the N-th digit (that is, A(d, b, N)) satisfies

N
A(d, b, N) < min {N, S K (N?Plog! e (N 4 2))} ,

b
where K. 5 is given in Theorem |6.1.0.1]

We note that the size of the constant K. s impacts the size we need N to be for

N
5t K (N*1og!/** (N +2)) < N
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to hold; N is clearly a trivial upper bound for A(d, b, N).
The proof follows the one given in [23] but replaces the use of the ineffective

lemma with the effective version given at Theorem [6.1.0.1]

Proof. As the integer part of o has no bearing on whether « is simply normal base

b, we can without loss of generality restrict v € [0, 1). Further, let a; denote the

k-th digit in the base b expansion of « as given at (5.17). Set d € Z, 0 < d < b.
Let

1 if the k-th digit of « is d,
fe(a) =
0 otherwise.

Further, let
fr="b""

We note that for j # k,
1
/ fi(2) fi(x)dz = p ({x € [0, 1) : the k-th and j-th digits of = are both d}) = b~>.
0

It thus follows that

N

/01 (Z (fulz) - fk)>2dx - éb‘l (1-57).

k=1

More justification for these equalities can be found in Chapter 5.
It follows that we can apply Theorem [6.1.0.1| with ¢, = b~ and K = 1. We note
that &y < %, Zévzl fr < % and the result then follows. O

7.5 STRONG LAW OF LARGE NUMBERS

In this section, we will give an effective version of strong law of large numbers.

Let (X, X, u) to be a probability space. For any k € N, let (Fj(x)) be sequence
of p-integrable identically distributed random variables with mean F' and variance
02 > 0 on the probability measure space (X, 2, ). The strong law of large numbers
says that if all the F} are independent, then for p-almost every x € X,



7.5. STRONG LAW OF LARGE NUMBERS 147

In fact, the assumption that all Fj, are independent is stronger than needed for

the conclusion to hold. In fact, if we have that

2
/ S (Fu(z)— F)| dp < o*(n—m)max (1, F), (7.39)

X k=m+1
for any m,n € N with m < n, then it follows from Lemma 1.5 of [23] that for almost

every r € X, as N — o0,
iN _ —1/27.,2
NZFk(x)—F+O(N log® N) — F.
k=1

The following lemma shows that assumption ([7.39) is indeed weaker than indepen-
dence. In fact, we further show that the assumption that all the Fj(z) are identical

is unnecessary too.

Lemma 7.5.0.1. Suppose all Fy(x) are independent, with finite means Fy and
variances op. We assume there is a finite universal bound on the means Fy, and
write Fy, = max {Fy, 1}. Similarly, assume there is a finite universal bound on the

o2 and write 0® = maxy, {02, 1}. Then for any m,n € N with m < n,

n

/X( > (Fk(flf)—Fk)) dp < K 2”: Fy, (7.40)

k=m+1 k=m+1
for a constant K > 0
Proof. For any m,n € N, if m < n then, as the F(x) are independent, we have that
n

/X( >, (Fk(l“)—Fk)) dp= Y /X(Fk<x)_Fk)2de

k=m+1

I
N
=

A
8
|
2
R

Thus, the Lemma holds with K = ¢%. In the case that the Fj(z) are identically
distributed, from the final inequality we obtain ([7.39)). O
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Our effective version of strong law of large numbers is as follows:

Theorem 7.5.0.2.
Let (X, X, p) to be a probability space. For any k € N, let (Fi(z)) be sequence of
p-integrable random variables with finite means Fy, and finite variances oz > 0 on
the probability measure space (X, ). We assume there is a finite universal bound
for the variances, which we denote by o2,
bound for the means Fy. Let F}, = max {Fy, 1}, so that Y32, F, diverges.

Suppose that holds for any m,n € N with m < n. Then for any ¢ > 0 and
d > 0, there exists some p-measurable E. 5 C X such that u(E.s) < 6 and for any

re€ X\ E.s and N € N,

and assume there is a finite universal

DV2(N)log™?** (B(N)) | @
( 5 +N>, (7.41)

where (N) = ZkN:1 Fy and

Ke,6 = max {CY, 6}7

Tes
N.s5 = ——11,
0 [@0 ]
20_2 1/6
g0 — N ]-7
T ) ( 85 > +
with
Ns,é
o= ,
max (@Pé/Q log®?*¢(®y + 2) + F, 1)
and 3/2+4¢
5 2 14+ 1 log 4
= 1Og3/2+e/22 \/§log3/2+€4 10g3 )
where

by = max {Fk} )

We note that we do not need an assumption about the random variables being

identically and independently distributed.

Proof. The proof is essentially a direct application of Theorem Take K = o2,
C =1 and for any k € N, fi(z) = Fi(x), fr = Fk, pr = F), and @, as defined
above. We apply Theorem [6.1.0.2] and the results follow by dividing both sides in
the inequality by N. Although C' = 1 may not be a universal bound of Fi(z), it
follows from the proof of Theorem that it suffices to assume that C' =1. O
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If all the F(z)’s are identically distributed, then F, = F is the same for all k.
Thus, @(N) = NF, so substituting this into ([7.41]), we obtain that

1 N

N > (Fi(z) — F)

k=1

F1/210g3/2+€ (NF) F)

S KE,J ( N1/2 + N
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General Versions of Counting Lemmas

As noted previously, [1] uses a theorem very much like Lemma 1.4 of [23], but not

quite the same. We give general versions of Lemmas 1.4 and 1.5 of [23].

Theorem 8.0.0.1. Let (X, X, p) be a measure space and suppose that 0 < u(X) <
+oo. Let fi(x), i € N be a sequence on non-negative p-measurable functions, where
for alli € N, x € X we have that f;(x) < K for some constant K € R. Further, let
fi, 0; € R be sequences of real numbers such that for any i € N,

0< fi<¢; <K. (8.1)
For any N € N define
3% = 36,
and suppose that limy_,o ®(N) = +o00. Further, assume that for all N € N we have

that
N

/X (Z (fi(z) _fi)>2dM=0(F(<I>(N))), (8.2)

i=1
where F': R — R is an eventually strictly increasing function. Further, assume that

G:N—=Rand H:N — R are eventually strictly increasing functions, and that

— (k)
k; 1) < +o00. (8.3)
We further define I : N — R such that
I(k) < (G(k+1)—-G(k)), (8.4)

150
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and assume that I is eventually strictly increasing. That is, there exist positive

constants ¢, C' > 0 such that
cl(k) <Gk+1)—G(k) < Cl(k),

with I eventually strictly decreasing. Then

> file) =3 it O (H(GH(@(N))) + (G (B(N)))),

where we have assumed that ®(N) is sufficiently large so that G is strictly increasing

on (BD(N) — e, +00) so the inverse makes sense on the restricted domain.

We note that we are able to write the conclusion in terms of ®(/N) due to the
invertibility of G on the restricted range; indeed, we alternatively could write the

conclusion as N N
Zfz(x) :Zfi+O(H(l{:—1)+I(k— 1)),
i=1 i=1

where k is defined so that
Nk—l S N < Nka

with
Ny =min{N e N : &(N) > G(k)}.
In some cases, for example Lemma 1.4 of [23], it is easier to argue for asymptotics
in terms of (V) from this result in terms of k; see the examples given below.

We now show the theorem above implies some results we have already seen. We

first consider Lemma 1.4 of [23]. We define the functions as follows:

k

1
G k?(log 2k)* e,
H(k) = k2(log 2k,
T(k) = K (log 2k) 1.

We can check these functions satisfy the conditions in the theorem. We thus find

that
N

Z filx) = Z fi+0O (k‘2(log 2]{)1*5) ,

i=1 i=1
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where k is defined as above so that Ny 1 < N < N,. Upon noting that
k?(log 2k)'* = O (®(Nj-1)**log (B(N) + 2))

(this is shown explicitly in Lemma [6.2.1.2} or follows from the definitions of Gym
and N ), we attain the result given.

We now consider the case of Lemma [5.2.1.11 Define the functions as follows:

_ Zszl P — i)
Fee (log PO ﬁbk)c - (log (V)<
G(k) _ €k1/\/5’
O(Nyg)
H(k)= ——F573
( ) (@(Nk))C/[l,

I(k) = (log ®(N)) .

We note that Ny is defined to be the smallest N such that ®(N) > G(k) and thus
H and I are functions of k. Following the reasoning given in the proof of Lemma

5.2.1.1| then gives the result.
Proof of Theorem |8.0.0.1]. Define

Ny =min{N : &(N) > G(k)}. (8.5)
Further, let

We find that by (8.2),

2

u(By) (H(k —1))* < ) ( " (i) - ﬂ-)) dp

1

e

.
I

< X(é(ﬁ(w)— ») dp
— O (F(®(Ny))) = O (F(k)) (5.6)

as Vi is defined in terms of k. It immediately follows that
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By (8.3) we have that
i F(k)
o H(k—1)2
converges, so it follows that

> i) <03 )

k=1 k=1 H(k o 1)2
converges. Applying the Borel-Cantelli Lemma we see that almost all x € X belong
to at most finitely many By; that is, for almost all x € X, there exists a k(x) such

that for all £ > k(z), we have that

Ny

Z(fz(f) — fi)

=1

< H(k - 1). (8.7)

We now need to bound the value of ®(Ny) — ®(Ni_1). By (8.5) we note that

O(Ni) = P(Np—1) = ®(N — 1) + o, — P(Ni—1)
<O(Gk) + K — Gk —1))
<O(I(k—-1)) (8.8)

where the last line follows from ([8.4]).
It now follows that, for x € X such that x &€ U, By isn’t in the exceptional set,
for sufficiently large N such that Ny_; < N < Nj where k — 1 > k(z) we have that

Ni-1

S WICED I

;(fz(x) — fi)

= 3 i) — (k) + 0(k) — 0k — 1)

< :fi(x) — (k)

<OH(k—1)+1(k—1)). (8.9)

+|2(k) — (k- 1)]

We note that this is the result given in the remark above. We now take advantage of
the invertibility of G on the restricted domain.
By definition, ®(N,_1) > G(k — 1). We recall that we have

O(Nj—1) < ®(N) < B(N),
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as N1 < N < Ni. Assume k is large enough that G is strictly increasing, so the
inverse of GG exists on the restricted domain we are considering. Then, as G is strictly

increasing, so is G!. Thus
G (B(N) > G (B(Ner)) > G (Glk— 1) = — 1

Now, as H and [ are also eventually strictly increasing, assuming £ is large enough
we can substitute the above into to find that

N

Z(fz(l‘) - fi)

i=1

<O (H(GH(®(N))) + I(GTH(®(N)))).

We now do the same for Lemma 1.5 of [23]

Theorem 8.0.0.2. Let X be a measure space with measure p such that 0 < p(X) <
o0o. Let fr(z), k=1, 2, ... be a sequence of non-negative, u-measurable functions,

and let fr, ¢ be sequences of real numbers such that
0< fi < on. (8.10)

Write N
k=1

and assume that ®(N) — 0o as N — oo.

Suppose that for arbitrary integers m, n, 1 < m < n we have that

/X( 2 (fk(z)_fk))zd”:(?(p( > s%)), (8.11)

m<k<n m<k<n

where F': R — R is an increasing function. Further, let G, H and I : N — R* be

increasing functions such that the number

n; = max {n L F(®n)) = F (i @k) < G(j), j € N} ,

k=1

is well defined,

converges, and that
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Then

N N
kZ::l filz) = kZl fr +0 <AB + max fk) : (8.12)

where

3/2+e,

A= (log (G (F(2(N))) +2)
B=(I(G™(F(®(N))))H (log (G (F(®(N))))))

1/2

We note that, roughly speaking, the purpose of function F is to let you change
the growth of the asymptotic bound in (8.11)), G is to let you control the rate that

n; grows, and H and T are to let you control the size of the sets
{9: €eX:G(r,z)> 7"2“?(2’”)1{[(7")},

which we will apply the Borel-Cantelli Lemma to in the proof.
We note that Lemma 1.5 follows from the above by setting the functions to the

following;:

)=
F(m):x
H(j) =1
1(j) =J

we then note that G‘l( j) = j, and putting these into (8.12)) gives us the result of
Lemma 1.5 of |23] as expected.

Proof of Theorem |8.0.0.4. Define the sequence nq, no, ... by

n; = max {n . F(®(n))=F (i g0k> < é(j)} : (8.13)

k=1

We note that the n; need not be distinct.
Suppose that (8.12)) holds for N = n; for all j. Then, if n, < n < n,4;, we have
that

Ny Nr+1

ACES SWALES SAT!

k= k=1
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while

:ZT fulz) = :Z fit O ((i(r)ﬁ[(r))” ? (log(r + 2))3/2+€) ,

and
MNr41 Nr4+1

~ . 1/2 .
S ful@)=> f+0 ((I(r + 1)H(r + 1)) (log(r + 3))%/* ) .
k=1 k=1
Note that by (8.10)), we have that

Y. fo < max fy + @ (npyr) — @ (n, + 1)

<
n'r<k§n'r+1 k_nr+1

< .
< 1+r£§5<fk

Combining these results then gives us (8.12)) under the assumptions mentioned.
It thus remains to establish the result for N = n;. Following the proof of Lemma

1.5 in [23], we express the integer j in binary scale as

j= > b )2

0<v<log, j

We then let

B(j) = {(2, s):i= i b(7, v)2°7° b(j, s) =1,0< s < r},

v=s+1

where 7 = r(j) = [log, j]. We further define

F(i,s,z)= > (felz)— fr),

ug<k<ui

where, for t € {0, 1}, we define
ur = u(i, s) =max{n >0: ®(n) < (i +1)2°}, (8.14)

with the convention that max () = 0. This notation splits up [1, n;] into a suitably

small number of blocks; that is,
(07 Tl]} = U (u07 ul]?
(i,5)€B(j)

with ug, u; given by (8.14). For further discussion of this, see the discussion and
example below (|6.13)).
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To complete the proof and establish the result for N' = n;, it remains to demon-
strate that

SOIF(, s, )| = O(([logy 4] + 1)** 1 (j + 1) H([log, 4] + 1)'72.).
(4, )

Set
G(r,z)= > F(i, s, )
0<s<r
i<2r—s
and
O(i, s) = Z Oks
up<k<ui

with u; given by (8.14]). We now note that by (6.2.4)) and (8.13) we have that

/ Glr,z)du=0| Y F(®(,s))
X 0<s<r
0<i<2" 9%

<O ((r+1)F (®(ny)))
<O(r+1)G(2)).
It follows that

. 24T (or\ 17 G(2T>
u{x €X:G(r,z)>rTI(2 )H(r)} <0 <T1+5[~(2’”)FI(7“)>‘

) G(2)
r=1 T1+5f(2T)H(r)
almost all z € X we have that

By assumption, converges. Thus, by the Borel-Canteli lemma, for
G(r, z) < r**I(2")H(r), (8.15)

for r > r(z).

We now let r = [log, j] + 1, and suppose x belongs to the set for which ({8.15))
holds. Recall that |B(j)| < r. An application of the Cauchy-Schwarz inequality
gives us that

> PG, s, @) <|BG)M*G(r, 2)
(i, s)€B(J)
12 (,2+4e F(om\ 7 1/2
<2 (P*EI2N)H(r))
< P2 1te (i(2r)]:](7,))1/2
— 2 (T H(r)"
< ([logy j] + 1)*** I (j + 1) H([logy j] + 1)"/*.
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Now we note that by (8.13)),

F(®(n;)) < G(j) < F(2(nj41)) -
As G(5) and F(j) are strictly increasing, it follows that
j<G! (F (@ (”j+1))> :

Now, as by assumption F(®(n;) = OF (®(n;1), for N = n;, we have established
that

=z

N
2 Je(@) =2 fi+ O (4B,
k=1

where

Y

A = <1og (@_1 (F (P (n])))) + 2)3/2+6
1/2
P

B =1(G(F(@n)))" & (1og (G (F (@ ()",

and establishing this completes the proof. O]
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Future Work

To conclude, I will give some general discussions about some potential future work.

I will split this into the two sections of my thesis.

9.1 ON THE abc CONJECTURE

Other than the obvious open work here, there are a few potential directions the work
in this thesis could be took.

The results contained, for example at Theorem [2.1.3.1] involve an implicit constant
depending just on the choice of number field K. It would be nice to make this
constant as explicit as possible (it will still depend on things like the structure of
the unit group) to make applications more explicit when needed.

The main results are also proven over the Hilbert Class Field of the chosen
number field K; this is to help deal with factorisation and allow us to apply results
in linear forms in logarithms. It would be nice to be able to use these methods over
the base field. In the case the base field K has class number one, we are fine as
HCF(K) = K. It does not seem too tricky to apply these methods in a number
field with class number two, as any factorisation into irreducible elements has the
same number of elements in the factorisation, so we may be able to, with some work,
apply linear forms as we have in this thesis in that case. For fields of class number 3
and above, this problem seems harder as different factorisations can have different
numbers of elements 32|, so this would require some thought.

Another possible direction forward would be to consider trying to prove a variant

of these results for an abced-style conjecture; that is, to consider equations of the

159
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form a; + .... + a,_1 = a, in coprime integers. This is hard to do with the methods
in this thesis, as we only have effective bounds for S-unit equations in two variables
[16]. However, for some families of equations like the above, we may be able to
use bounds on decomposable form equations. These bounds unfortunately have
extra dependencies that their unit equation bounds do not, which means we can’t
immediately apply them to all equations of the form above. A result in this direction
however, would lead to the effective Skolem-Mahler-Lech application being able to
be used for families of recurrence relations for larger recurrences.

Finally, as given by Lagarias and Soundararajan in [27], one may wish to generalise
results on the smooth abc Conjecture to general number fields. As of writing, this has
not been possible; the issue comes from the necessary scaling as discussed around the
Uniform abc Conjecture. In the smooth case, the left hand side of the conjectured
inequality can be thought of as additive due to the logarithmic factor, while the
right hand side contains no such logarithm and is thus multiplicative. This makes

finding a conjecture where both left and right hand sides scale appropriately tricky:.

9.2 ON QUANTITATIVE DIOPHANTINE APPROXIMATION

Generally, most future work in this area would be in finding further places to apply
these effective theorems to give effective results. One such place could be in target
problems for dynamical systems; in this case the results could be considered to tell us
the maximal distance the orbit of all points outside an exceptional set could get from
a target, under the assumption that the conditions in the theorems hold. Another
potential place that these could be applied is in statistics, akin to our Strong Law
of Large Numbers. One such potential application that has been suggested is in
volatility testing in mathematical finance.

The other obvious work that could be done would be to make our general forms
of the Lemmas effective; that is, to give effective versions of the results found in
Chapter 8.
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