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Abstract 
 

Novel designs of serpentine mini-channel heat sink with both single inlet-outlet and double inlet-

outlet configurations with the application of secondary channels using fins are created to explore 

their thermal-hydraulic performance based on total thermal resistance, average nusselt number 

and pressure drop parameters which are being solved by COMSOL Multiphysics CFD software 

in three dimensional space. The single inlet-outlet configuration thermal-hydraulic performance 

will be tested by embedding the different shapes of fins of oblique, trapezium and diamond with 

different configurations each. The use of secondary channels are very effective in serpentine 

channels in improving heat transfer and reducing pressure drop by allowing fluid passing 

through it reducing fluid velocity as well as increasing the surface area for heat transfer. 

Similarly, for double inlet-outlet configuration, diamond fins were used and similar trends 

obtained where both total thermal resistance and pressure drop are reduced simultaneously.  

For optimisation process, a set of Design of Experiment (DOE) points (input design variables) 

are created to be fed into COMSOL Multiphysics calculating the output objective functions. 

Radial Basis Function method was used to train the surrogate model by learning the relationship 

of input design variables with its corresponding output objective functions. Surrogate models 

enable the prediction of output objective functions within specified design space of input design 

variables without having to run further simulations using CFD software which is time 

consuming. The surrogate models created will be used for optimisation searching for optimal 

solutions for both deterministic and probabilistic (Robust Design Optimisation (RDO)) 

frameworks. Multi -objective optimisation process was conducted to create Pareto optimal 

solutions between conflicting objective functions. Monte Carlo sampling (MCS) and Polynomial 

Chaos Expansion (PCE) were utilised to create probabilistic distribution within every single 

DOE points by specified means and standard deviations to calculate the distribution of 

corresponding output objective functions based on output means and standard deviations using 

previously developed surrogate models. The output means and standard deviations give the 

information of the distribution of output objective functions to search for the solution which has 

small standard deviation indicating flatten output distribution so that moving around the curve 

does not change objective function significantly. The solutions of RDO has less performance 

compared to deterministic solutions but more flexible to change.    
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Chapter 1 : Project background and motivation 
 

The transistor usage from the Integrated Circuit (IC) invention system in 1960s has increase 

significantly [1]. Gordon Moore, Intel founder, deduced the Mooreôs Law which functions as an 

empirical relation with an expression for the density of components that can be integrated within 

microchips that increase by twice [2] usually in every two years where more superior 

performance for electronics devices achieved and until now the law has been very accurate which 

can be seen in Figure 1-1. 

For the past twenty years of technological advancement, processing speeds have been improving 

significantly. From this rapid development, very high heat dissipation from devices especially 

microwave weapon systems, high performance electronics for electrical vehicle, energy laser, 

avionics, nuclear fission and fusion reactor and high performance computers. The localised rate 

of heat flow of energy per unit area which is also called as heat flux from microprocessors have 

been greater than 100W/cm2, more than 1000W/cm2 for defence system application (e.g. lasers, 

radars and microwave devices) and nuclear industries already exceeds 10000W/cm2 [3]. 

Miniaturisation of devices and rapid improvement in technological advancement have also 

contributed to the continuous increase of heat dissipation rate. High performance cooling 

systems are essential to remove high heat fluxes to ensure that quick development of 

technological systems can maintain its performance without having being damaged or degraded 

from very high temperature due to high heat dissipation. The use of liquid cooling has been very 

important for an effective heat removal method compared to air cooling due to its high heat 

capacity value carrying larger amount of heat away from electronic devices [4].  

The requirements of data storage is significantly affected from the growth of digital systems 

usage, leading to the data centres size and energy consumption enlargement that house an 

enormous infrastructure of digital systems [5, 6]. For the last ten years, there has been an average 

annual growth of 11% from the summation of worldwide energy consumption of 238 billion 

kWh electronics cooling of data centres in 2010 [7]. Estimated amount of 1.8% of electricity 

consumption of data centres in the United States (U.S.) giving 82 billion kWh of energy at a cost 

of $6.1 billion [8-10]. In the U.S., the availability of electrical energy will diminish when yearly 

energy consumption increases by 1% by year of 2030 [11]. Therefore, the management of 

efficiency and power consumption of data centres is very crucial. By 2015, International 

Technology Roadmap of Semiconductors [12] predicted that power dissipation of 
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microprocessor chip will top 270W and expected to exceed 800W by 2026. The thermal 

management of electronic devices must be improve as future electronic systems such as radio 

frequency (RF) power amplifier, Satellite, radar systems and central processing units (CPUs) are 

relying on the effectiveness on the cooling systems. 

 

 

 

 

 

 

 

 

 

Figure 1-1: Shows the yearly increase of transistor number. The blue line representing the 

Moore's Law and red line representing the least square fit for the whole data set [13] . 

The conventional Micro-channel Heat Sink (MCHS) using air as working fluid is not suitable 

for cooling of high heat flux application due to its very low heat capacity [14]. High heat flux 

exceeding 100W/cm2 requires large area and high speed air flow for an effective cooling. For 

cooling of high heat flux devices, heat sink of 2000 times bigger than area of device required. 

The cooling of electronics using method of two-phase flow such as vapour chamber and heat 

pipes provide promising solution due to fluid rotation from pump is not needed and the coolant 

is confined within closed chamber. In two-phase cooling system, there are three main 

components of evaporator, compressor and condenser. The evaporator will be placed in contact 

with the heat source allowing heat to be absorbed turning the fluid into vapour state. Then, the 

hot vapour will be compressed by the compressor to be pushed through the condenser turning 

back into liquid state to be sent to the evaporator again. However, these types of devices which 

are capillary-driven is not suitable for cooling of high performance chips due to wick thickness 

and pipe cross-sectional area limitations [15]. The utilisation of pulsating and loop heat pipes 

are also unsuitable for high heat flux cooling [16]. 

The use of liquid jet impingement for high heat flux dissipation application has been studied by 

many researchers. Mudawar et al. [17] used dielectric fluid HFE-7100 to remove 150W/cm2 to 

200W/cm2 of heat fluxes while Zhao et al. [18] used porous structured substrates with utilisation 
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of water impingement for 674W/cm2 of heat flux removal. But, requirement of high pumping 

power leading to the risk of surface erosion caused by spray cooling integration with closed loop 

system [16, 19].  

Cooling method of flow boiling (two-phase flow) and single-phase liquid are suitable for high 

heat fluxes system (exceeding 100W/cm2) [20] due to flow boiling uses large latent heat of 

vaporisation but it can be unstable. The initial concept of MCHS from [21] with advantages of 

compactness, small mass, and large heat transfer surface area where Leonard and Phillips [22] 

deduced that 60% of energy consumption can be reduced effectively. However, the increase of 

high pressure drop and temperature gradients are required. The latter have been explored by 

researchers because of their capability for high heat flux dissipation using very low pumping 

power [23] and exploitation of liquid latent heat of vaporization [16]. But, for high heat flux, the 

use flow boiling MCHS suffers from flow instabilities and fluctuation of pressure inducing large 

reduction of heat transfer due to liquid dry out [20, 24]. 

Figure 1-2 shows the variation of convective thermal resistances for heat source area of 10cm2 

with different types of coolant using velocity range of 2m/s to 8m/s. Reduction from 100K/W to 

33K/W of convective thermal resistance, Ὑ , when using air as working fluid for both natural 

and forced convection. The use of fluorocarbon liquids as working fluid under the condition of 

boiling heat transfer, Ὑ  reduced to 0.5K/W. 

 

Figure 1-2: Shows the convective thermal resistances under 10cm2 area of heat source [25] . 

1.1 Micro-channel heat sink with liquid as working fluid 

Recently, the challenge of which is faced by thermal designer is to solve the miniaturization of 

heat sink device due to limited space such as in laptops where smaller heat sink can be fit in, the 
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utilisation of restricted space suitable for smaller heat sink and also to reduce the generation of 

noise from fans installed together with heat sink. An effective solution is on demand to remove 

excessive heat from electronics so that it will not heat up to reach the junction temperature 

(maximum operating temperature). Based on this issue, different methods of liquid cooling have 

been introduced splitting between direct or indirect contact styles. Almaneea considered direct 

contact method where the electronics is being submerged into dielectric liquid for cooling [26]. 

For this work, the indirect contact liquid method is used where the cold plate heat sink is a 

separated device attached to electronics with liquid flows within removing heat (open-loop 

single-phase system). The use of cold plate heat sink provides an effective solution to solving 

the key problem of over-heating electronics [27]. The use of liquids for cooling offer higher heat 

transfer [28] since they have larger specific heat capacities and thermal conductivities compared 

when using air. Different liquids used for cooling include dielectric, nano-fluids and pure water 

respectively.Micro-channel heat sink is an effective device for removing heat from chip 

effectively [29]. To begin, Tuckerman and Pease have developed a miniaturised system called 

micro-channel heat sink (MCHS) which has the ability of removing high heat fluxes without 

having a significant temperature change due large surface area enabling heat dissipation 

effectively [21] (refer Figure 1-3). The substrate materials for MCHS are usually using copper 

or silicon due to their high thermal conductivity and normally they are made by micro-fabrication 

technology which has high precision and quality surface finish. The characteristic dimension of 

MCHS is between 10µm and 1000µm [30] allowing fluids to pass through. MCHS has the ability 

to remove high heat fluxes due to its physical characteristics of high surface area to volume ratio. 

Furthermore, small mass and volume of MCHS with large heat transfer convective coefficient 

as well as small space of coolant makes it very suitable to be a highly efficient cooling system 

for applications such as laser diode arrays, radars, laser mirrors (high energy) and 

microprocessors [31]. The micro-channel hydraulic diameter, Ὀ , has an inverse variation with 

the average coefficient of heat transfer, Ὤ , while pressure drop is inversely proportional to 

the Ὀ  [32]. The decrease of hydraulic diameter will definitely increase the rate of heat transfer 

but with very much larger pressure drop.  
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Figure 1-3: Shows the micro-channel heat sink illustration [33] . 

1.2 Problem statement 

It is essential to grow an effective method for electronics cooling application. The ability to 

dissipate heat from electronics using MCHS has been the interest by many researchers. The need 

of miniaturised high-density heat flux remover is crucial as rapid advancement of 

microelectronics technology leading to smaller components, which uses more number of 

transistors emitting large heat energy inducing higher thermal-mechanical stress towards 

electrical components [34]. The heating problem affects the micro-electronics performance, 

reliability, design and cost significantly [1]. The application of MCHS for electronics cooling 

has been widely used for its capability of removing high heat flux. The key challenge is to search 

for an effective cooling method using liquid as coolant in MCHS which is still greatly on 

demand. The use of conventional straight micro-channel heat sink conveys a significant problem 

where temperature experience an increase along the micro-channel length [35]. To improve the 

performance of MCHS as a cooling system, geometrical design improvement as well as 

boundary conditions configurations are required. Different design of MCHS will affect fluid 

flow structure which is one of the main reasons for higher performance cooling system due to 

formation of vortex and recirculation region that breaks the boundary layer which has slow heat 

diffusion, thus, by breaking the boundary layers the flow velocity near the boundary is higher 

inducing increased rate of heat transfer as well as leads to more viscous losses.  
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For this project, an extension of research on the cooling ability under high heat flux of  more 

than 100 ὡ ὧάϳ , using single inlet-outlet serpentine mini-channel with fins is further 

investigated continuing from successful previous work [36] on utilising the thin secondary flow 

reducing both total thermal resistance (the ability of a system or material to resist heat flow) and 

pressure drop (the decrease of pressure as the fluid flowing through a device or system)  

simultaneously due to continuous breaking of boundary layers and fluid velocity is greatly 

reduced. In this project, similar base serpentine design by [[36] will be adopted here but instead 

of chevron fins, three different shape of oblique (SMOF), trapezium (SMTF) and diamond 

(SMDF) fins are used. Each shape of fin will have four different configurations respectively (see 

Figure 1-4, Figure 1-5 and Figure 1-6). It can be seen that using fins creating secondary channels 

technically changed the serpentine heat sink into pin-fin heat sink (see sub-chapter 2.8 for 

comparison). The performance of all serpentine mini-channel heat sink design with fins will be 

compared with the conventional serpentine heat sink with plate fin (SMPF). Parameters used to 

compare the performance of each design are are total thermal resistance, Ὑ , pressure drop, Ўὖ, 

and Average Nusselt number, ὔό , respectively.  

` 

 

 

 

 

 

 

 

 

 

 

 

Figure 1-4: Shows the design configurations of SMOF design heat sinks. 
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inlet outlet 
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Figure 1-5: Shows the design configurations of SMTF heat sinks. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1-6: Shows the design configurations of SMDF heat sinks. 
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The main reason of choosing the serpentine heat sink design for electronics cooling is due the 

fact that the thermal and hydrodynamics boundary layers are periodically disturbed to enhance 

heat transfer rate. But a significant increase of pressure drop occurs with the augmentation of 

heat transfer due to drastic direction change of velocity of fluid around bends creating vortices. 

In addition, since the serpentine-channel heat sink possesses sinusoidal like channel with bends, 

the effective surface area, ὃ , which is the area available for heat to transfer from solid to fluid 

domain is larger compared to the conventional straight-channel heat sink for higher heat transfer 

[36]. 

Furthermore, a published work on double inlet-outlet serpentine mini-channel heat sink (D-

SMPF) has shown great superiority in terms of thermal performance (refer Figure 1-7 (A)) [37]. 

They also considered through-holes combining two separated mini-channels which reduces the 

Ўὖ drastically and increasing the thermal-hydraulic performance. Based on the knowledge from 

literature reviews, the use of thin secondary channel on D-SMPF heat sink has not been 

researched yet. Thus, to further the research on the performance of D-SMPF heat sink, diamond 

fins are embedded within the plate fin allowing the control of boundary layers for improved 

thermal performance as well as reducing the Ўὖ. Diamond fin is chosen since it offer the most 

superior performance during the analysis on single inlet-outlet serpentine mini-channel heat sink. 

The application of diamond fins with D-SMPF heat sink is split into two major case studies. First 

investigation will cover only on the effect of diamond fins (D-SMDF) towards the D-SMPF heat 

sink while the second one will be the same as the first but with existence of through-holes (D-

SMDF-TH) connecting the two separate serpentine mini-channels (refer Figure 1-7 (B) and (C)). 
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Figure 1-7: Shows the (A) D-SMPF (B) D-SMDF (C) D-SMDF-TH heat sinks. 
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1.3 Contributions of research 

To mention all contributions for this work, it can be summarised as follows: 

A) Completed the design of novel designs for single and double inlet-outlet serpentine mini-

channel heat sinks with different shapes of secondary channels and through-holes. 

B) Compared the thermal-hydraulic performance of single inlet-outlet serpentine mini-

channel heat sink novel designs with new shape of secondary channels (oblique, 

trapezium and diamond) with published work (chevron shape) [38] based on hydraulic 

and heat transfer characteristics. 

C) Compared the thermal-hydraulic performance of double inlet-outlet serpentine mini-

channel heat sink novel design with new diamond secondary channels with published 

work by [37] based on hydraulic and heat transfer characteristics. 

D) Compared the thermal-hydraulic performance of double inlet-outlet serpentine mini-

channel heat sink novel design with new diamond secondary channels and through-holes 

with published work by [37] based on hydraulic and heat transfer characteristics. 

E) Used the parameters of heat transfer coefficient, Ὤ , Average Nusselt number, ὔό , 

total thermal resistance, Ὑ , and pressure drop, Ўὖ, to compare the performance between 

heat sinks. 

F) Created the surrogate models for optimisation studies using Artificial Neural Network 

(ANN) method. 

G) Used the deterministic optimisation process for both single and multi-objective 

optimisation by using the surrogate models created within Genetic Algorithm (GA) 

framework. 

H) Used the Robust Design Optimisation process for both single and multi-objective 

optimisation by implementing uncertainty within the input design variables and 

measured the distribution output using the created surrogate models by measuring the 

statistical moments of means and standard deviations. 

1.4 Summary of chapter 

This chapter has presented that the importance of having powerful thermal management is 

crucial for electronics cooling to ensure component of electronics can perform its function well 

without having damaged by the excessive heat dissipation. The use of serpentine mini-channel 

heat sink has been proven for its superiority to remove heat effectively due to periodic breaking 

of boundary layers for greater heat transfer. Some published work has considered using single 

and double inlet-outlet serpentine mini-channel heat sink. In this work, both single and double 
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inlet-outlet serpentine mini-channel heat sink will be utilised with the application of using 

secondary channel and through-holes to reduce the total thermal resistance and pressure drop 

simultaneously.  

1.5 Work-scope 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0: Introduces the research motivation and background information. The objectives and work-scope 

for the thesis are outlined 

Chapter 2: Perform the literature review related to the current work. The reviews comprises the 

numerical methods and experimental works for mini-micro scale heat sinks under the condition of 

single or two-phase flow  

Chapter 3: The fundamentals of heat and fluid flow are presented such as convection heat transfer 

physical mechanism, types of fluid flow, concept of boundary layers, heat transfer and hydraulic 

characteristics and Performance evaluation criteria. 

Chapter 4: Describes the numerical analysis such as meshing techniques, computational model, 

governing equations, boundary conditions and assumptions as well as post-processing. 

Chapter 5: Explains the design optimisation procedure, formulation, Design of Experiments, 

sampling methods, surrogate modelling, and optimisation processes. 

Chapter 6: Analysis of the single inlet-outlet serpentine-mini channel heat sink with different 

shapes of fins of oblique, trapezium and diamond. Parametric analysis conducted for the most 

superior heat sink in thermal performance. Optimisation is conducted using both deterministic and 

robust design optimisations.  

Chapter 7: Analysis of the double inlet-outlet serpentine-mini channel heat sink with diamond fins.     

Parametric analysis conducted for the most superior heat sink in thermal performance. 

Optimisation is conducted using both deterministic and robust design optimisations. 

Chapter 8: Analysis of the double inlet-outlet serpentine-mini channel heat sink with diamond fins 

and through-holes. Parametric analysis conducted for the most superior heat sink in thermal 

performance. Optimisation is conducted using both deterministic and robust design optimisations. 

Chapter 9: Discussions and conclusions are explained as well as the future works 

recommendations. 
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Chapter 2 : Literature Review 
 

An enormous number of investigations have been made by researchers using the method of 

numerical and experimental analysis on MCHS for cooling systems efficiency improvement. In 

1981, researchers from Stanford University, Tuckerman and Pease, pioneered the first idea of 

miniaturised cooling system using MCHS which possessed the capability of cooling high heat 

flux systems without significant temperature change and being referred by many other 

researchers [6]. The MCHS device was firstly proposed with the application of very large scale 

integrated (VLSI) electronics components utilising rectangular straight micro-channel. Further 

study consisting experimental and theoretical analysis on heat transfer and flow structure 

contributed to massive amount of information for a better understanding. The flow of coolant 

within heat sink induced thermal resistance as well as pressure drop. Many cooling techniques 

utilised for microprocessor chips and IC cooling consisting jet impingements and heat pipes for 

application of high heat flux dissipation systems. The MCHS device has been capable and proven 

effective for high heat flux removal and maintaining the critical temperature which is the 

junction temperature of 85oC to 100oC [12]. In this chapter, a literature review regarding 

different cooling devices and micro-channel systems is presented.  

2.1 Introduction to heat sink 

The function of heat sink is as a heat exchanger where heat flows from heat source (e.g. 

electronic devices) to  heat sink to fluid within the heat sink (e.g. air or water) to dissipate the 

heat. Heat sinks utilisation usually applied to high heat flux system such as power transistors and 

optoelectronics [39]. A simple heat sink usually consisting of fins series and thermal 

performance improvement from fins surface area, fins thermal conductivity and coefficient of 

heat transfer [40]. The presentation of classification of Heat sink presented on Table 2-1 [41]. 
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Table 2-1: Shows a heat sink classification [41] . 

Referring to Table 2-1, there are five types of heat sink which are commonly used. Passive 

cooling refers to cooling techniques which use very minimal energy consumption for energy 

efficiency enhancement [42, 43]. Active heat sink considers force cooling with the help of 

machinery such fan or pump [44]. Semi active heat sinks are in between active and passive heat 

sinks where the amount of energy used is not as much as active cooling but not as low as passive 

cooling due to there are still presence of a pump or fan but these mechanical devices only 

operates when the temperature sensor achieved allowed maximum temperature pushing the fluid 

through. Liquid cooling heat sink uses liquid as coolant which is very popular now due its 

capability to remove high heat fluxes since liquid has thermal properties of large specific heat 

capacity. Phase change cooling involves the state change of a material medium which is 

thermally conductive from gas to liquid and vice versa [45]. 

 

 

Type of 

Heat Sink 
Advantages Disadvantages 

Applications 
Examples 

Passive 

Economical, readily 

accessible and 

consumer friendly 

Limited power 

dissolution 

capacity 

Air flow non-

dependent 

systems/Natural 

convection 

Used for simple 

power intensity 

system 

Metal plate 

Semi 

Active 

Comparing to Passive 

type, for same are the 

thermal resistance is 

low 

Power 

dissolution 

ability is limited 

 

Used for 

moderate power 

intensity system 

Finned heat 

sink 

Active 

Integration of heat sink 

and fan together giving 

higher heat dissolution 

capacity compared to 

previous types 

Reliability cost 

in long term 

Used for high 

power intensity 

system 

Fan-fins heat 

sink 

Liquid 

Cooling 

Even higher capacity of 

heat dissipation 

compared to previous 

types 

Expensive, 

complicated 

Used for high 

power intensity 

system Constant 

heat required 

Liquid cold 

plate 

Phase 

Change 

Cooling 

Heat is dispersed 

equally 

Expensive, 

complex and 

large area 

needed 

Used for high 

power intensity 

system 

Vapour 

firmness phase 

change cooler 
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2.2 Heat sink channel classification  

Many authors have addressed the issue of channel size classification. Mehendale et al. [46] and 

Kandlikar and Grande [47] used hydraulic diameter, Ὀ , parameter to classify tube or smallest 

dimensions of other shapes of cross section. The Ὀ  is an important parameter because it affects 

the flow of fluid inducing different flow resistances and rates of heat transfer. Channel size 

classification can be referred to Table 2-2. 

Hydraulic diameter (Ὀ ) [m], of a rectangular cross section is as follows: 

 Ὀ
τȢὃ

ὖ

ςὡ ȢὌ

ὡ Ὄ
 (2.1) 

Where ὃ  is the cross sectional area of channel [m2]; ὖ is the wetted perimeter of channel 

[m]; ὡ  is the width of channel [m]; Ὄ  is the depth of channel [m]. 

Table 2-2: Shows channel size classifications.  

Mehendale et al. 

(2000)   

Kandlikar and Grande 

(2003)   

Conventional 

Channels  Ὀ φάά Conventional Channels Ὀ σάά 

Compact 

Passages 

ράά  Ὀ 
φάά Mini -channels 

ςππ‘ά  Ὀ 
σάά 

Meso-channels 

ρππ‘ά  Ὀ 
ράά Micro-channels 

ρπ‘ά  Ὀ 
ςππ‘ά 

Micro-channels 

ρ‘ά  Ὀ 
ρππ‘ά Transitional channels 

     πȢρ‘ά  Ὀ
ρπ‘ά 

    

Transitional Micro-

channels 

        ρ‘ά  Ὀ 
ρπ‘ά 

    

Transitional nano-

channels 

  πȢρ‘ά  Ὀ 
ρ‘ά 

    

Molecular nano-

channels Ὀ πȢρ‘ά 
 

Obot [48] regarded micro-channels to have Ὀ ράά where is it also used by Bayraktar and 

Pidugu [49] and Bahrami et al. [50]. 

As a consequence, by only using channel size alone the differentiation between macrochannel 

and micro-channel flows cannot be distinguished, thus, Kew and Cornwell [51] suggested the 

use of confinement number (Co) as a transition criterion between micro and macroscale flow 

boiling referring to Eq. (2.2). They proposed that at Co between 0.1  to 10, the flow is within the 
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transitional regime where characteristic length is in the same order as mean free path. In this 

regime, the continuum and rarefied (gas molecules density is so small where there are less 

collisions among them and gas behaviour acts like an individual molecules collection rather as 

a continuous fluid) effects are important. The use of Co is very important because it gives the 

information on the flow confinement degree where at low Co the flow of fluid is unconfined and 

has the potential to exhibit the mixing and turbulent flow behaviour. On the other hand, at high 

Co the fluid particles are more restricted with less mixing and turbulent flow behaviour 

becoming more like a laminar flow.   

 ὅέ
„

Ὣ” ” Ὀ
 (2.2) 

where „ is the surface tension (N/m); Ὣ is the acceleration due to gravity (m/s2). ”ὰ and ”ὺ are 

densities for liquid and vapour case (kg/m3). For Co value, Co > 0.5 (microscale flow) and Co 

< 0.5 (macroscale flow) where the transition occurred at Co =0.5. 

2.3 Natural and forced convection of MCHS  

Many investigations have been made in the literature regarding MCHS using either natural or 

forced convection of fluid flow. Here a detailed explanation regarding the two conditions used 

for cooling of electronics is given. 

2.3.1      Natural convection method 

Natural convection condition arises when there is existence of fluid convection current due to 

body forces induced from density gradients without forced fluid velocity. Net body forces create 

the free convection currents and buoyancy force. Usually, the body forces are affected by 

gravitational field and density gradient is affected by temperature gradients [52]. The advantages 

of using natural convection are minimised cost, very simple, low of noise and manageable size 

[53]. Natural convection together with radiation are considered as passive cooling where it is a 

weak heat transfer mechanism [54, 55] based on its dependability only on fluid buoyancy effect 

due to difference in temperature in different parts of fluid. Natural convection is often used for 

cooling electronics due to its benefits of silent, reliable and low cost.  Air cooling is considered 

as a crucial thermal design technique due to its cost effectiveness and reliability with safety when 

utilised in antagonistic environments [56, 57]. 
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2.3.2      Forced convection method 

Forced convection condition arises when the flow of fluid is exerted using external force such 

as pump, fan or atmospheric winds [52]. Generally, forced convection method has the highest 

number of implementations from literature due to its significant benefits and advantages as part 

of a cooling system [58] where very high heat fluxes can be removed away from the system. The 

main reason of utilisation of forced convection is due to its simplicity and low cost as well as 

providing the traits of high quality and non-complex maintenance [59]. The most famous system 

of cooling electronics is using forced convection liquid cooled MCHS [60]. In general, forced 

convection is more favourable over natural convection in cooling system as its ability to remove 

higher heat fluxes with larger rate of heat transfer [61]. 

2.4 Conventional MCHS 

In the years of 1981 and 1982, Tuckerman and Pease [21] considered single phase heat transfer 

system with the fabrication of miniaturised MCHS using water as coolant. From the first test 

experiment, they proved that using forced convective flow through small volume silicon MCHS 

has the capability as a cooling device for VLSI circuit. Heat sink fabricated with series of 

rectangular straight micro-channels etched in 1cm2 by 1cm2 of silicon wafer. The channels are 

separated with 50µm thick wall and the dimensions of channels were 50µm wide and 302µm 

respectively. From thermal performance, the value of Ὑ  has a very low magnitude (0.09K/W) 

per centimetre squared area using 1.84W of pumping power. The temperature of chip was 

maintained to be below than 110oC with the ability of dissipating 790W/cm2 of heat fluxes and 

there was no phase change occurrence. High pressure drop (220kPa) measured as large mass 

flow rate required (5700kg/m2) to remove 790W/cm2 of heat flux. The increase of the substrate 

temperature can reach 71oC from inlet water temperature of 23oC resulting outlet temperature to 

be 94oC. Since the first invention of micro-scale cooling devices, many studies and 

investigations have been made further searching for room of improvement of MCHS 

performance. 

Another significant accomplishment when Phillips [58] continued further on the work in [21] 

considering both regions of fully developed laminar and turbulent flow for straight rectangular 

MCHS using experimental study. The material of heat sink was indium phosphide while water 

flows through the channel. Dimensions of channel were ὡ πȢςςάά, Ὄ πȢρφυάά and 

ὒ ωȢχάά respectively. Predictions of overall Ὑ  and characteristics of fluid flow obtained 

using computer model developed (MICROHEX). The Ὑ  measured was in the order of 

0.072K/(W/cm2) but higher pressure drop penalty with 2.5bar of excess in drop of pressure. 
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From the investigation of Kawano et al. [62], they have considered the three-dimensional (3-D) 

numerical simulation and experimental analysis to study the pressure drop and heat transfer of 

MCHS with straight rectangular design. From the setup of experimental analysis, an area of 15 

x 15 mm2 made up by 110 micro-channels which are etched with silicon material substrate. A 

fixed dimension of 57 ʈm was set for the width of micro-channel. The micro-channel height is 

set to be at 180 ʈm or 370 ʈm. From the experimental setup, the coolant used was water and an 

assumption is made where the numerical simulations are set for fully developed laminar flow. 

Measuring the loss of pressure, the chip is subjected to a condition where no heat is applied. At 

a range between 0 to 200 of Reynolds number, a good correlation is achieved between the 

experimental and numerical simulations for pressure drop results but not for thermal resistance 

when measured at the entrance of micro-channel heat sink which differs significantly. The 

discrepancies between thermal resistance results are due to the heat loss to surrounding from the 

experimental setup. To add, within these conditions of low Reynolds number, they are 

considered unreliable due to the large temperature-induced viscosity-gradients from the portion 

at inlet location. At Reynolds number larger than 300, the pressure drop for simulations are lower 

compared to experimental results. Thermal resistance experiences changes of about 

0.1K/(W/cm2) along the mirco-channel span between inlet and outlet when 100W/cm2 of heat 

flux is applied.  

Fedorov and Viskanta [63]; Qu and Mudawar [64]; and Li et al. [65] investigated heat transfer 

and fluid flow in three-dimensions (3-D) using numerical analysis on silicon MCHS due to its 

high melting point and good thermal conductor with straight rectangular micro-channels, 

continuing from experiments by Kawano et al. [62]. From the results in [63], almost uniform 

trend of average wall temperature of channel along the direction of flow while temperature 

gradient is very large at region close to the inlet of micro-channel. On the other hand, results 

from [64] showed that linear temperature rise in the region of fluid bulk and wall along in the 

direction of flow. In [65], an explanation provided on why there is a difference in the trend of 

wall temperature between [63] and [64]. From [64] the thermophysical properties such as 

viscosity and density of water were assumed to be temperature-dependent while in [63] ignored 

the assumption. 

Wei and Joshi [66] used stacked MCHS and numerically investigated its thermal performance 

(refer Figure 2-1). Optimisation study was conducted searching for the minimum Ὑ  using the 

developed model of a simple network of thermal resistance . The pumping power and layers 

number were maintained to be fixed.  The overall Ὑ  for two layered micro-channel stack was 
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less than single layered micro-channel by 30% due to its doubled area of heat transfer. 

Furthermore, channel length and number of layers effect on Ὑ  were also investigated. From 

results, the optimal number of layers for stacked MCHS was 3 under constant pumping power 

(0.01W) where lowest total thermal resistance achieved. Thermal resistance of 0.213K/W was 

found to be the minimal value for two-layered MCHS with optimal dimensions of fin and 

channel width of 41µm and 107µm respectively. The optimal inverse aspect ratio ᶿᶻ

Ὄ ὡϳ  ύὬὩὶὩ Ὄ ὡ ) is 3.8. 

 

Figure 2-1:Shows the stacked MCHS in 3-D view [66] . 

Wei and Joshi [67] continued by using numerical study to analyse the conjugate heat transfer of 

multilayer MCHS. The heat sink base area was set to be 10mm x x10mm along with a range in 

height between 1.8mm and 4.5mm (2 to 5 layers). Variation of flow rate between 50ml/min and 

400ml/min was considered. Investigation of layers number, aspect ratio, pumping area per unit 

area and length of channel effects on optimal Ὑ  were conducted with water as the working 

fluid. The overall Ὑ  was measured and computational analysis results were compared with 

single-layered MCHS. 

2.5 Effect of surface roughness on MCHS performance 

Using both numerical and experimental analysis, the effect of surface roughness on single-phase 

liquid flow in micro-channels has been studied. Continuous miniaturisation of channel, 

consideration of surface roughness has to be take into account especially in the region of laminar 

flow. A significant role for surface roughness is to predict the fluid flow structure and it has 

major effect on the laminar to turbulent transition of the flow.  

Wu and little [68] used micro-miniature Joule-Thompson refrigerators with cross-sections of 

rectangular and trapezoidal to measure the friction factor for different gases flow of nitrogen 
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(N2), hydrogen (H2) and Argon (Ar). The experiment covers both regimes of laminar and 

turbulent flow. Micro-channnels were etched either in silicon or glass and sealed by using anodic 

bonding with Pyrex material. The Ὀ  values were ranged between 45.5µm and 83.1µm. A unique 

feature of micro-channels is very relatively rough heat transfer surfaces.  

 

Figure 2-2: Shows the (A) Test channels cross-section (B) Test system and test channels 

pattern [68] . 

Using glass micro-channels, laminar to turbulent transition occurred at Re = 350 with the absent 

of heat treatment and at Re = 900 with heat treatment. These transitions occur at an early Re 

compared with traditional transitional which occurred at Re = 2300 [69]. The reason for these 

difference in transitional occurrence is due to the effect of relatively high surface roughness 

caused by the fabrication technique and channel dimensions uncertainty. To compare the results 

of friction factors data from experimental analysis with established correlation for macroscale 

pipes, experimental results show a higher value. However, an inconsistent trend observed from 

results by Choi et al. [70] and Wu and little [68] who utilised N2 in both laminar and turbulent 

regime flowing through micro-tubes. The friction factors measurement for laminar and turbulent 

region has lower value compared with the conventional correlations prediction. The equation for 

correlations are as follows: 

 

(A) 

(B) 
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The Darcy friction factor, Ὢ, is dependent with Re for fully developed flow: 

 Ὢ
φτ

ὙὩ
 Ὢέὶ ὙὩ ςσππ (2.3) 

 

Colebrook [71] did an experimental analysis for smooth and rough pipes giving new equation 

for Ὢ under turbulent regime: 

 
ρ

Ὢ
ςÌÏÇ

‐
Ὀ

σȢχ
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 Ὢέὶ σπππὙὩ ρπ (2.4) 

From Eq. (6), Ὢ is dependent on relative roughness (Ů / Dh), where Ů is the surface roughness 

(m) and Re.  (Ů / Dh) = 0 for smooth pipe giving Eq. (7): 

 
ρ

Ὢ
ςÌÏÇὙὩὪ πȢψ (2.5) 

Eq. (7) is representing Prandtl equation. Von Karmanôs expression used to obtain the equation 

for rough friction factor shown in Eq. (8): 

 
ρ
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‐
Ὀ

 (2.6) 

Wu and Little [72] further investigated the experiment on micro heat exchangers under both 

laminar and turbulent regime using N2 as working fluid to study the characteristics of heat 

transfer. Counterflow heat exchangers micro-channels fabrication utilised the same 

photolithography method used in previous work with Ὀ  ranges between 134µm and 164µm. 

This type of channel possessed unique features such as asymmetric roughness (very rough 

surface on part of channel walls while smooth on the other), large relative roughness and large 

heat flux and temperature variation over channel walls. For one sided heated channel, heat source 

positioning has an effect on the heat transfer at laminar regime but not turbulent. Transitional 

zone occurred at range of 1000 < Re < 3000. Two-sided heated channel has larger ὔό  

compared to one-sided heating. Larger rate of heat transfer for roughened channel due to surface 

irregularities increasing the contact area between solid and fluid, thus, heat transfer is improved 

but friction factor is increased. Both laminar and turbulent flow regimes, the measured 

coefficient of heat transfer has higher value compared with correlations prediction which 

represented by Eqs (2.7 ï 2.9) [73] due to higher roughness of channels surface. 
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Sieder-Tateôs correlation for simultaneously developing laminar flow: 

 ὔό ρȢψφὙὩȢὖὶ
Ὀ

ὒ

‘
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Ȣ

 Ὢέὶ ὙὩ ςσππ (2.7) 

Hausenôs correlation for transitional regime: 
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Dittus-Boelterôs correlation for fully developed flow under turbulent regime: 

 ὔό πȢπςσὙὩȢὖὶ Ὢέὶ ὙὩ ρππππ (2.9) 

Where  is the viscosity correction; ‘  as wall temperature; ‘ as dynamic viscosity of fluid 

(kg/m.s) measured from bulk fluid. 

Wu and Cheng [74] experimentally investigated heat transfer and friction factor under laminar 

regime for silicon micro-channel with deionised water as working fluid using 13 different 

surface conditions. The micro-channels have trapezoidal and triangular cross-sections. Different 

geometric has a significant effect on the Nusselt number, Nu, and apparent friction coefficient 

(C). Furthermore, Nu and C increase with increasing surface roughness and surface 

hydrophilicity, and more significant increase at larger Re. Experimentally, linear increase 

between Nu and Re at very low value of Re (10 < Re < 100), at Re > 100 (100 < Re <1500) the 

increase rate of Nu decreases. From experiments, Nu dimensionless correlation and C are 

represented in Eqs. (2.10 ï 2.12) as follows: 

At 10 < Re < 100 
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At 100 < Re < 1500 
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 (2.11) 

At 10 < Re < 1500 



22 
 

 

ὅ Ὢ ȢὙὩ ὅὙὩȢ ὖὶȢ ρ

ὡ

ὡ

Ȣ ὡ

Ὄ

Ȣ ‐

Ὀ

Ȣ Ὀ

ὒ

Ȣ

 

(2.12) 

For silicon surfaces: ὅ φȢχ, ὅ τχȢψ, ὅ υπψȢχ. 

For thermal oxide surfaces: ὅ φȢφ, ὅ υτȢτ, ὅ υτπȢυ. 

ὡ , ὡ  and Ὄ  are the top width, bottom width and depth of trapezoidal micro-channel 

respectively. 

Kandlikar et al. [75] studied the effect of surface roughness on characteristics of heat transfer 

and pressure drop of stainless steel tubes with inner diameters of 0.62mm and 1.067mm using 

distilled water as working fluid. Acid solutions used to etch the tubes to achieve three different 

roughness for both tube diameters. For 0.62mm diameter the surface roughness varies between 

0.00161 and 0.00355 while for 1.067mm diameter the surface roughness varies between 0.00178 

and 0.00281. The value of Re ranges between 900 to 3000 for 0.62mm diameter while Re ranges 

between 500 to 2600 for 1.067mm diameter. Surface roughness effect on heat transfer and 

pressure drop was negligible for larger tube but not for the smaller one. At 0.00355 relative 

surface roughness, the highest pressure drop and heat transfer was recorded. 

From the literature review on surface roughness effect on MCHS performance, channel with 

structured surface roughness enhance the rate of heat transfer due to flow modification and 

increase in heat transfer area but with higher pressure drop penalty which can affect the fluid 

effective viscosity in turbulent flow to increase due to additional frictional forces but negligible 

change in laminar flow.  

2.6 Effect of geometric parameter on MCHS performance 

Different studies have been made by researchers to study the effect of geometric modification 

on the thermal-hydraulic performance of MCHS as a cooling device. 

2.6.1      Cross-section channel shape effect on MCHS performance 

A remarkable effect of size and shape of channel cross section on the thermal and hydrodynamic 

performance of MCHS were reported over the years. For this subchapter, different channel 

shapes of rectangular, circular and triangular will be discussed to understand its effect on thermal 

performance using both experimental and numerical analysis. 

Jiang et al. [76] used experimental method to investigate the behaviour of microfluid flow using 

different shapes of micro-channel cross section (circular, triangular, rectangular and 

trapezoidal). Micro-channels were etched using silicon material and glass wafer utilised for 
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bonding purpose. All shapes except circular bear the same range of height between 13.4µm and 

46µm, width between 25µm and 100µm and length between 2.5mm and 10mm. For circular 

shape, the diameter is varied between the range between 0.008mm and 0.042mm with length 

varied between 1cm and 10cm. Friction factor for experimental data showed good agreement 

with theoretical equation. 

Jiang et al. [77] performed another study on MCHS with trapezoidal and circular cross-section 

shapes using experimental method under the regime of laminar flow and water as coolant. The 

Ὀ  is varied to be between 35µm and 120µm with Re ranges between 1 < Re < 30. The coefficient 

of friction shows good agreement between experimental measurement and theoretical prediction. 

The Poiseuille number (ὖέ ὪȢὙὩ) is affected by shape and sizes of the cross section as well 

as the length for trapezoidal case. The measurements of friction factor for experimental data has 

lower value compared with conventional theory due to micro-channel surface roughness.  

Qu et al. [78] experimentally studied the characteristics of water flow through trapezoidal silicon 

micro-channels with heating source on three walls. The Ὀ  ranges between 51µm and 169µm 

and a sidewall angle at 54.7o. The measured friction factor and pressure drop are compared to 

the conventional laminar flow theory predictions at steady state condition. The pressure gradient 

and flow friction in micro-channels from experimental data have larger value compared with 

numerical calculations due to the surface roughness effect of micro-channels. Qu et al. [79] 

continue the experiments on the study of heat transfer characteristics for the same test sections 

using trapezoidal micro-channels and water as coolant. The data collected from the experiments 

were compared with the numerical calculations from the solution obtained using conjugate heat 

transfer analysis. From the comparison, the Nusselt number, Nu, from experimental data was 

significantly lower than the numerical data due to the surface roughness effects on the walls of 

micro-channel. To interpret the experimental data a roughness-viscosity model was proposed for 

both experimental and numerical studies. From the results, experimental data and predictions 

showed good correlation for both Nu and friction factor when an adjusted water viscosity 

introduced taking account for micro-channels surface roughness.   

Zhuo et al. [80] used the finite volume method (FVM) to analyse the 3-D laminar fluid flow and 

heat transfer characteristics of symmetric silicon micro-channels using trapezoidal and triangular 

cross-sections. Good agreement achieved from numerical results obtained with data from 

experimental analysis by Wu and Cheng [74]. An assumption made for constant thermal 

properties of the solid and water except the viscosity of water which is temperature dependent. 

Numerically, the results show that highest intensity of heat transfer between fluid and solid 
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recorded at the inlet of both triangular and trapezoidal cross-sections but decreases along the 

direction of flow. At fully developed region, the heat transfer coefficient for micro-channel with 

trapezoidal cross-section is higher than the triangular one which indicate the cross-sectional 

effect on thermal performance of micro-channel system. 

Alfaryjat et al. [81] used three different cross-sectional profile shapes of hexagonal, circular and 

rhombus MCHS (refer Figure 2-3). With Reynolds number ranging between 100 and 1000 while 

having constant heat flux of 500kW/m2. From their findings, the rhombus profile shape MCHS 

has the lowest average temperature distribution and top wall temperature due to the larger 

rhombus cross-sectional area for higher heat transfer between solid and fluid domains. For the 

smallest channel, the hexagonal profile shape MCHS possesses the highest heat transfer 

coefficient and pressure drop compared to the other two profile shapes. Even though all of the 

profile shapes has the same hydraulic diameter, looking as hexagonal profile shape MCHS, the 

vertical distance between the top and bottom walls as well as horizontal distance between two 

vertexes are significantly smaller compared to the other two profile shapes, hence, the hexagonal 

profile shape lead to high velocity of fluid inducing higher convective heat transfer and friction 

factor. The rhombus profile shape MCHS has the lowest both thermal resistance and friction 

factor followed by hexagonal and circular profile shapes MCHS. To conclude, the hexagonal 

profile shape MCHS, has the highest heat transfer coefficient while having highest pressure drop 

while rhombus profile shape MCHS has the lowest thermal resistance, pressure drop, friction 

factor and temperature distribution.  
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Figure 2-3: Shows the rhombus, circular and hexagonal cross-section profile shapes MCHS  

[81] . 

Gunnasegaran et al. [82] investigated the effect of changing the cross-sectional profile shapes of 

micro-channels on the thermal-hydraulic performance of heat sink. They have considered the 

profile shapes of rectangular, triangular and trapezoidal respectively (refer Figure 2-4). Different 

geometrical parameters of height of channel, Ὄ , width of channel, ὡ , and Ὀ  were tested. From 

their findings, at the smallest size of Ὀ  the MCHS with rectangular shape profile possesses the 

highest coefficient of heat transfer value which is followed by trapezoidal and triangular shapes. 

The dimensionless parameters of width to height ratio (ὡ Ὄϳ ) for rectangular profile, affects 

the Poiseuille number (multiplication of friction factor and Reynolds number) significantly 

where at ὡ Ὄϳ  0.974, Poiseuille number is the highest and at ὡ Ὄϳ  0.391, the Poiseuille 

number is the lowest. This is due the at higher ὡ Ὄϳ , the flow area decreases inducing higher 
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vortex effect, thus, led to higher friction factor. For the ratios of height-to-top (Ὄ ὥϳ ), bottom-to-

top (ὦὥϳ ) and length-to-hydraulic diameter (ὒὈϳ ), the Poiseuille number decreases when Ὄ ὥϳ  

and ὒὈϳ  increases, and ὦὥϳ  decreases. For the triangular shape, the increase of tip angle, ‍, 

will lead to the increase of Poiseuille number. They have also concluded that overall heat transfer 

augmentation can be achieved by using rectangular shape with trapezoidal and triangular shapes 

come second and third.  

 

Figure 2-4: Shows the different micro-channel profile shapes of rectangular, trapezoidal and 

triangular tested [82] . 

Wang et al. [83] also investigated the rectangular, trapezoidal and triangular shaped micro-

channel profiles. They have concluded that micro-channel cross-sectional profile shape have 

great effect onto the thermal-hydraulic performance of MCHS. From their findings, all profile 

shapes with high aspect ratio, long wetted perimeter and small Ὀ , will lead to low total thermal 
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resistance and large pressure drop. The rectangular profile has the lowest total thermal resistance 

while triangular is the highest and trapezoidal in between when they have the same porosity, 

channels number, area of cross-section and Ὀ . Even though, rectangular profile has the lowest 

thermal resistance but with expanse of high pressure drop while the triangular profile has the 

lowest pressure drop.  

From this sub-chapter, different cross-sectional profile shapes of channel have been tested by 

researchers to study its effect on the performance of MCHS while comparing the numerical with 

experimental results. Some of the parameters such as Nusselt number and friction factor have 

different values between experimental and numerical results due to surface roughness effect. In 

conclusion, the triangular cross-sectional profile has lowest pressure drop but highest thermal 

resistance. The cross-sectional profile shapes of rhombus and hexagonal shows promising in 

improving the heat transfer performance of heat sink and rectangular cross-sectional profile has 

the lowest thermal resistance value with high pressure drop, thus, for simplicity of this work the 

rectangular profile shape is used.  

2.6.2      Aspect ratios effects on MCHS performance 

Wang and Peng [84] performed experiments to study the heat transfer characteristics on six 

single-phase micro-channel heat sink made of plate of stainless steel under forced convective 

condition. The plate dimensions are 125mm long and 18mm wide. Each micro-channel has the 

same size of height (0.7mm) but varied widths. The length and thickness were 45mm and 2mm 

respectively. Different combinations of micro-channel characteristics were tested (Height (mm), 

Width (mm) and number of channels) (0.7, 0.8, 4), (0.7, 0.6, 4), (0.7, 0.4, 4), (0.7, 0.4, 6), (0.7, 

0.2, 4) and (0.7, 0.2, 6). There were four or six micro-channels possessing the same geometry 

which are even distributed onto the plate. Deionised water and methanol were used as working 

fluid with velocity of 0.2 to 2.1 m/s and 0.2 to 1.5 m/s respectively. Working liquid temperature 

for deionised water ranges between 10oC and 35oC while methanol ranges between 14oC and 

19oC. From the results, a considerable insight and significant data obtained gives an 

understanding on the behaviour of forced convective flow. The variation of heat transfer resulted 

in three different trends observed when using the micro-channels. For the first trend using 

combination of (0.7, 0.8, 4), coefficient of heat transfer has a smooth increase with temperature 

of wall. For the second trend of (0.7, 0.6, 4), (0.7, 0.4, 4) and (0.7, 0.4, 6), the coefficient of heat 

transfer has a steep increase at low temperature of wall while having moderate increase at high 

temperature of wall. For the third trend of (0.7, 0.2, 4) and (0.7, 0.2, 6), a decrease of coefficient 

of heat transfer observed first and then increase moderately when temperature of wall increased. 
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A conclusion made where the characteristics of heat transfer for laminar and transitional region 

are significantly more complex in comparison with conventional channel. The conclusion was 

supported with fluid thermo-physical properties change due to the large variation of the 

temperature of liquid along micro-channel length. The start of turbulent flow occurred at Re 

between 1000 and 1500 which is so much earlier for the flow of liquid in micro-channels which 

is commonly at Reynolds number of 4000 and beyond.  

Peng et al. [85, 86] studied the heat transfer characteristics and friction flow of rectangular 

stainless steel micro-channels with water as working fluid using experimental analysis. The Ὀ  

is varied between 0.133m and 0.367mm and aspect ratios ( )θ ranges between 0.33 and 1.0. As 

the flow reached fully developed and steady-state, measurement were taken for temperature of 

liquid, flowrates of liquid, pressures of inlet and outlet, surface temperatures of wall and 

substrate heat input. For the calculation of heat transfer coefficient (h) at micro-channel 

downstream, two thermocouples used to measure the temperature of fluid at micro-channel inlet 

(Ὕȟ ) and three thermocouples used to measure the local temperature of wall (Ὕ ) at 

downstream end. From experimental analysis, deviation of value observed for heat transfer and 

flow friction from experimental results with the classical correlations (refer Eqs. (5 ï 11)). The 

laminar heat transfer occurred at 200 < Re < 700, and fully turbulent convective heat transfer 

occurred at 400 < Re < 1500. The size of Ὀ  and θ  affect significantly on the fluid flow structure. 

At laminar flow regime, experimental Nusselt number, Nu, values has smaller magnitudes 

compared with the predicted values and dependent on Re, Nu is being to Re0.62. At turbulent 

flow, the experimental Nu has higher value compared with the predicted one even though the 

trend captured by the correlation is correct. The values of h are affected significantly when the 

values of Ὀ  and θ  are varied. The optimal value of θ for laminar and turbulent region were 

0.75 and 0.5 to 0.75 respectively. For laminar and turbulent flow, the friction factor is 

proportional to Re-1.98 and Re-1.72 respectively. 

2.6.3      Inlet/Outlet arrangement effect on MCHS performance 

The maldistribution of flow caused by headers design and improper channels has a major effect 

on performance of thermal and hydraulic parameters of MCHS. Flow of fluid entering on certain 

direction can exit on another, depending on the locations of inlet and outlet port. For example, 

fluid can enter from a direction of vertical inlet and exit from a lateral outlet or vice versa.  

Lu and Wang [87] considered five inlet configurations of I-, Z-, ]-, L-, and ũ- types (refer Figure 

2-5) to study the effect of locations of inlet on the performance of hydrothermal of cold-plates 
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with multichannel. Dimensions of cold plates for all inlet configurations were the same with 

length, width and depth to be 66mm, 60mm, and 7.8mm respectively. The diameters for both 

inlet and out port were 5.8mm. Using ]- type inlet, uniform flow distribution was achieved with 

smallest pressure drop and performance of heat transfer was moderate. On the other hand, I- and 

ũ- type inlets gives the largest magnitude of pressure drop and high performance of rate of heat 

transfer caused by impingement configuration. Maldistribution flow recorded using Z- and L- 

type inlets configurations inducing low performance of heat transfer. These observations 

featured by the recirculation of flow which induced the significant temperature difference along 

cold plate surface and also maldistribution. 

 

Figure 2-5: Shows the inlet and outlet configurations (a) I-type; (b) Z-type (c) ]-type; (d) L-

type; and (e) ũ-type [87] . 

Chein and Chen [88] performed 3-D numerical analysis on MCHS with different arrangements 

of inlet/outlet. Six different arrangements are considered to investigate the heat transfer and flow 

of fluid in MCHS using D, I, N, S, U and V-types (refer Figure 2-6). Fixed size of all six 

arrangements of MCHS with depth, length and width to be 0.5mm, 18mm and 6.2mm 

respectively. The channel dimensions were ὡ ςππ‘άȟὌ τππ‘άȟὒ ρπάά. The 

horizontal arrangements of inlet/outlet (D, I, N and S-type), significant maldistribution observed 

leading to non-uniform temperature. This observation was caused by the recirculation at corners 

of combining and dividing manifolds. On the other hand, the V-type and U-type (vertical flow 
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inlet) configurations provides smaller maldistribution of flow caused by the jet impingement 

effect at surface of manifold supressing flow recirculation appearance. To sum up, the heat sink 

with V-type configuration provides best performance of hydrothermal compared with other type 

of configurations. All heat sinks investigated, highest temperature located at the heat sink edge 

due to no heat dissipation by fluid convection. 

 

Figure 2-6: Shows the S, D, N, U and V-type configurations for straight rectangular MCHS 

[88] . 

Sehgal et al. [89] studied the different flow arrangements effect on the performance of hydro-

thermal of straight rectangular MCHS using experimental method. The flow arrangements 

utilised were S-type, U-type, and P-type (refer Figure 2-7). The arrangement of these inlets is 

similar to the ones in Figure 2-5 but with different dimension of  inlet size, number of micro-

channels used, height and width of single micro-channel, heating power leading to different fluid 

flow mechanisms as well as heat transfer and hydraulic characteristics. The magnitude of heat 

sources used were 125W, 225W and 375W applied at heat sink bottom with 224 < Re < 1121. 

The U-type arrangement induces the highest rate of heat transfer compared with the other two 

configurations. This is contributed by the fact that U-type arrangement provides longest path of 

fluid flow giving the highest absorption of heat by fluid. Highest pressure drop recoded when 

using the S-type due to the direction of fluid changes in two bends. Using P-type arrangement 

provides the lowest pressure drop with acceptable performance of heat transfer rate, becoming 

the optimal condition for applications. 

 

Figure 2-7: Shows the flow arrangements of straight rectangular MCHS with (a) U-type (b) S-

type (c) P-type [89] . 
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Vinodhan and Rajan [90]carried out numerical analysis on newly constructed MCHS with four 

different configurations comprising of four compartments where each compartment has distinct 

liquid inlet and outlet plenums (refer Figure 2-8) and its performance is compared to 

conventional MCHS. Under applied heat flux of 100 W/cm2 with constant pumping power, the 

thermal resistances of the new design configurations recorded are lower compared with 

conventional MCHS. The substrate temperature gradient also appeared to be lower relative to 

conventional MCHS.  

 

Figure 2-8: Shows the schematic diagram for different configurations of heat sink. 

Anbumeenakshi et al. performed experiments to study the flow distribution over multiple micro-

channels with rectangular and trapezoidal as header geometries under different flow rates at 

different inlet flow arrangements. From the experimental analysis, they have used 25 rectangular 

channels with dimensions of 100mm in length, 4.2mm in depth of channel and 0.42mm width 

of channel. From their CFD study, the results is in agreement with experimental study. They 

have found from experiments carried out where MCHS with rectangular header induce more 

flow maldistribution compared with trapezoidal header 
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From this sub-chapter, the flow maldistribution affects the MCHS performance greatly to 

deteriorate when inappropriate manifold designs are used. The U-type inlet arrangement from 

[89], V-type inlet arrangement from [88] and I-type inlet arrangement [87] have the highest 

thermal performance. The U-type arrangement is used in this work for both single and double 

inlet-outlet serpentine mini-channel heat sink for its high thermal performance in [89] and 

smallest pressure drop in [87]. 

2.7 Nanofluid effects on MCHS performance 

Adding additives to working fluid has been one of the method to improve the heat transfer rate 

in microfluidic cooling devices. Thus, one possible solution is by improving the working fluids 

thermal conductivity. Nanofluids, i.e., nanoparticles are suspended into the liquid such as water 

ethylene glycol, oil and water, have been effective caused by improved thermophysical 

properties, enhancing the coefficient of convective heat transfer since has larger viscosities and 

thermal conductivities compared to conventional fluids. Nanofluid comprises of base fluid and 

nano-size particles (metallic or non-metallic). The standard nanoparticles used among by many 

researchers consisting of metals - Zn, Ag, Au, Fe, Al, and Cu; metal oxides ï CuO, Al2O3, Fe3O4, 

Fe2O3, SiO2, TiO2, and ZrO2; nitride ceramics ï SiN and AlN; carbide ceramics ï TiC and SiC; 

carbon based materials ï graphite, carbon nanotubes and diamond [91]. The use of suspended 

nanoparticles in liquids has been a tremendously researched due to the proven stability even 

when nanoparticles with small volume fraction utilised [92]. 

Lee and Mudawar [93] performed an investigation on straight rectangular MCHS using two 

different Al2O3 nanoparticles concentration (1% and 2%) with water as base fluid on the effect 

to coefficient of heat transfer. The micro-channels (twenty-one channels) were etched on copper 

plate with dimensions of length and width to be 4.48cm and 1cm respectively. Micro-channels 

cross-sectional area was 821µm deep and 215µm wide. The Re were set to be between 140 and 

941 with total power ranges between 100W and 300W. The inlet temperature was set to be 30oC 

with inlet and outlet pressure as 1.17-1.36bar and 1.12bar respectively. The results consisting of 

analysis on both single- and two-phase convective heat transfer.  

From results, at the entrance region the heat transfer coefficient was enhanced due to the high 

thermal conductivity of nanoparticles, while at downstream only small effect of nanoparticles 

on to the development of thermal boundary layer. Using 2% concentration of Al2O3 in water 

improve the heat transfer by 13%. For the same Re, the increase in concentration of nanoparticles 

would induced the increase in single-phase pressure drop compared to only using base fluid 

(water). No clear influence recorded on the effect of increasing nanoparticles concentration to 
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the friction factor. It was noticed that heat flux increment has no significant effect on to the 

coefficient of heat transfer for pure water but significant effect observed when using nanofluid 

and higher concentration of Al2O3 would give a greater effect. For single-phase turbulent flow 

regime, weak heat transfer improvement when using nanofluids compared with laminar flow. 

The coefficient of heat transfer has weaker dependence on thermal conductivity at high fluid 

velocity and specific heat is decreased. Pressure drop is increase when using nano-fluid due to 

higher pumping power to push heavier liquid. 

For two-phase cooling, the use of nanoparticles in MCHS is not recommended. Even though 

these particles are very small, it can cause a catastrophic failure for the cooling system when 

boiling reached when nanoparticles are deposited in large clusters near exit of channel because 

of the localized evaporation. Nanoparticles will prevent coolant from entering the heat sink as 

they will fill the entire space of micro-channels. 

Jung et al. [92] investigated the effect of Al2O3 nanoparticles (170nm diameter) suspension on 

the friction factor and coefficient of heat transfer in straight rectangular micro-channels. 

Different volume of fraction of particles were tested to study the effect of nanoparticles volume 

fraction (•) on the convective heat transfer and fluid flow structure. At 1.8% of Al2O3 volume 

fraction within the base fluid (water), under laminar flow regime, the measured convective 

coefficient of heat transfer improved by 32% compared to only using distilled water, with 

tolerable rise of friction loss. Considering nanoparticles volume fraction, the Nusselt number, 

Nu, measurements for different nanofluids under the regime of laminar flow was correlated: 

 ὔό πȢπρτ•Ȣ ὙὩȢὖὶȢ (2.13) 

Mohammed et al. [94] numerically investigated the laminar nanofluids flow and characteristics 

of heat transfer using MCHS with triangular shape cross-section and aluminium as substrate. 

Water is used as base fluid with suspension of different nanofluids particles such as Ag, Al2O3, 

CuO, diamond, TiO and SiO2 at 2% of volume fraction. From results, it is preferred to have 

dispersion of diamond nanoparticles attaining the overall enhancement of heat transfer. 

Furthermore, Ag nanoparticles dispersion in water provides low pressure drop and low wall 

shear stress in comparison with pure water. 

Even though, the use of nanofluid particles are very efficient in improving the performance of 

heat transfer by increasing the thermal conductivity but the pressure drop induced is very high 

compared to the use conventional liquid such as water. There are still challenges where particle 

sedimentation, erosion, fouling and channel clogging occurs.  
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2.8 Micro Pin-Fins and Offset-Strip Fins effect on MCHS performance 

The application of micro-scale protruded out of surface pin-fin has been significant due to its 

effectiveness in removing heat. Different cross-section shapes of fins such as circles, squares, 

rhombus, elliptical, eyeshaped, and sine-shaped are utilised. High thermal conductivity materials 

such as aluminium, silicon and copper used as substrate. This type of heat sinks provide larger 

surface area for heat transfer and flow interruption for better thermal performance due to fluid 

mixing. For heat transfer improvement, micro pin-fins can be represented by different sizes and 

shapes as well as different patterns of fins (staggered and aligned).  

Peles at al. [95] considered pin-fin micro heat sink studying its pressure drop and convective 

heat transfer using experimental analysis and compare the thermal resistance with MCHS (refer 

Figure 2-9). From results, the thermo-hydraulic performance for pin-fin (cylindrical shape) heat 

sink is greater than MCHS due to high heat fluxes removed without having large rise in wall 

temperature across heat sink. For fin diameters larger than 50µm, less sensitive thermal 

resistance change towards fin diameter variation and short pins need to be used for increased 

efficiency.  

 

Figure 2-9: Shows the 3-D schematic view of micro pin-fin heat sink [95] . 

Colgan et al. [96] bonded single-phase flow offset strip fin silicon micro-channel cooler on top 

of high power density chip with heat flux value of 300W/cm2 (refer Figure 2-10). |From their 

analysis, offset strip fins provides several time higher heat transfer enhancement compared to 

plain micro-channel, depending on the length of fin, but at higher pressure drop penalty. To 

maintain reasonable pressure drop, the length of flow was kept short using several entry and exit 

ports. 
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Figure 2-10: Shows the rendered 3-D micro-channel cooler assembly [96] . 

Siu-Ho et al. [97] and Qu and Siu-Ho [98, 99] experimentally investigated the heat transfer and 

pressure drop characteristics of single-phase flow micro pin-fin heat sinks. Their work comprises 

of an array of 1950 staggered square micro pin-fins, which has individual cross-sectional area of 

0.2 x 0.2mm2 and height of 0.67mm. The work in [97] considered the range of Re to be between 

93 and 634 while in [98, 99] considered Re range between 46 and 180 at two temperatures of 

30oC and 60oC. From the results of the experiment, Qu and Siu-Ho come out with more accurate 

heat transfer correlations at low Re (Re < 1000) as follows: 

 ὔό πȢπςψυὙὩȢ ὖὶȟ
ϳ

 (2.14) 

 ὔό πȢπςτρὙὩȢ ὖὶȟ
Ȣ

ὖὶȟ

ὖὶȟ

Ȣ

 (2.15) 

Where ὙὩ  is average Re. Water Pr at average water bulk temperature and average micro pin-

fin temperature are ὖὶȟ  and ὖὶȟ  respectively. 
ȟ

ȟ
 term is called property correction 

factor taking account varied property of fluid effect on heat transfer. The local Nusselt number, 

Nu, prediction from the two correlation has mean absolute error (MAE) of 13.7% and 13.0% 

respectively. The newly proposed correlation for friction factor of micro pin-fin array (Ὢ ) 

provides good agreement with 6.9% of MAE which is as follows: 

 Ὢ ςπȢπωὙὩȢ  (18) 

Nguyen et al. [100] studied the behaviour and heat transfer improvement of nanofluid using 

Al 2O3 nanoparticles in distilled water on copper pin-fin heat sink using experimental analysis. 

Two different particle diameters (36nm and 47nm) and varied concentration of nanoparticles 

volume were considered in the experiment under single-phase turbulent flow regime. From 
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experiments, the increase of particle volume concentration resulted in decrease of the heated 

block average temperature. At mass flow rates of 0.06kg/s, average temperature of heated block 

has values of 40.9oC, 39.3oC, 38.7oC  and 37.3oC respectively for nanofluids with water at 

particle concentration of 1%, 3.1% and 6.8% respectively. Coefficient of heat transfer increased 

by 40% using 6.8% of particle volume concentration compared when using distilled water. 

Particle size influence on the heat transfer behaviour also investigated only by using 6.8% of 

particle volume concentration. More rate of heat transfer achieved when smaller particle size is 

utilised. Using 36nm particle diameter gives higher convective heat transfer coefficients 

compared with 47nm diameter. 

Rubio Jimenez et al. [101] considered online and offset micro pin-fin heat sinks in variable 

configurations of fin density using numerical analysis for cooling IC with area of 10 x 10mm2. 

For individual configuration, it is split into three zones of SI, SII, and SIII with varied densities 

(refer Figure 2-11). Water was used as working fluid with single-phase under laminar flow for 

flow condition which is non-developed. Fins number of 4748 was used with radius of 25µm on 

silicon substrate with thickness of 200 and divided into three different sections along the 

direction of flow. The sizes of 20, 100 and 200µm were used for width, length and height 

respectively. Formation of fins on the MCHS with 33 rectangular channels, 1.0 aspect ratio and 

100µm for space between channels.  

Thermal resistance as low as 0.1K/W achieved at 0.45W pumping power when offset micro pin-

fin is utilised. More uniform temperature profile accomplished using offset micro pin-fin 

configuration compared with the online fin arrangement. This is due to the fact that large part of 

fluid passing through straight gaps between fins which has less fluid disturbance breaking the 

boundary layer. Fluid interaction between water and fins walls is reduced greatly, affecting the 

diffusion of heat. However, it is not recommended to use offset micro pin-fin heat sink as even 

larger pressure drop is induced to cool down system to get thermal resistance lower than 0.1K/W. 

This will lead to inefficiency of the overall thermal-hydraulic performance. 
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Figure 2-11: Shows the configurations of online and offset micro pin-fin heat sink [101]. 

 

Yu et al. [102] investigated the use of Piranha Pin Fins (PPFs) within micro-channel under 

single-phase fluid flow (refer Figure 2-12). The Reynolds number ranges between 508 to 2114 

depending on the hydraulic diameter of channel. Using CFD analysis the conjugate heat transfer 

model was developed where the correlation between experimental results is achieved. The 

Nusselt number and friction factor calculated from PPF heat sink were compared conventional 

straight pin-fin channels available correlations. From their findings, PPFs heat sink possesses 

higher friction factor compared to plain channel. However, the friction factor obtained is still so 

much lower when compared with friction factor obtained by Kosar et al. [103], Chilto and 

Generaux [104], Metzger et al. [105], and Jacob [106]. The of PPFs improves heat transfer due 

to the heat spreads on a larger area mixing with cold region of fluid. To add, the PPFs extrusion 

breaks the velocity field inducing the separations and mixing for better rate of heat transfer.   

Yang et al. investigated five different staggered pin-fin configurations using both experimental 

and numerical methods. The configurations include circle, hexagon, pentagon, square and 

triangle geometries respectively. On the top surface of MCHS, uniform heat flux was applied 

while the coolant used was deionised water. From the results, the staggered hexagonal pin-fins 

heat sink shows the lowest thermal resistance while having the most temperature uniformity on 

the top surface of the chip. On the other hand, the staggered circular pin-fins heat sink shows the 

lowest pressure drop and while having flow that is continuous and stable. From the staggered 

triangular pin-fins heat sink, the highest blocking effect occurs when coolant flows due to the 
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existence of adjacent pin-fins which contributes to the narrowest channel and back side area that 

is very large inducing pressure drop increase. 

 

Figure 2-12: Shows the Piranha Pin Fins (PPFs) heat sink design [102]. 

From this sub-chapter, it can be seen that pin-fins heat sink has the ability to transfer heat to 

coolant effectively due to the large surface area and continuous breaking boundary layers 

improving heat transfer. Within this work, the secondary channels are used within serpentine 

mini-channel heat sink which technically converts the serpentine design into finned designs 

which has been shown briefly in Chapter 1 which can be referred from Figure 1-4 to Figure 1-7 

respectively. The secondary channels help in breaking boundary layers continuously and 

increase the area for heat transfer to occur.  
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2.9 Method of heat augmentation to improve MCHS performance 

The use of MCHS with conventional straight rectangular has reached its limit for electronics 

cooling due to the increase in surface temperature along direction of flow, where efficiency of 

MCHS is limited. For convective heat transfer enhancement, flow disruption offers a good 

solution to improve convective heat transfer with more homogeneous distribution of temperature 

along direction of flow due to hydrodynamic and thermal boundary layers are reinitialised.  

The augmentation techniques are used to achieve the following objectives of: (1) prime surface 

area reduction (2) approach temperature reduction for process streams (3) pumping power 

consumption reduction (4) heat transfer capacity amplification. In general, the mechanisms of 

heat transfer augmentation can be categorised into three major division: (i) active method (ii) 

passive method and (iii) hybrid method [107]. 

Active method requires external power input to maintain enhancement of heat transfer 

mechanisms. Passive method does not utilise external power sustaining the characteristics of 

thermal enhancement and this method usually performed by increasing the heat transfer surface 

area. Hybrid method utilises both active and passive methods. In several applications, external 

power supply is not easy to implement, thus not much potential owing to design complexity. The 

applications of active method comprises fluid stirring, surface vibration, seeded light particles 

disturbance by magnetic field, electrostatic fields, jet impingement, cam induced pulsation and 

reciprocating plungers, etc [108]. The applications of passive method include rough surfaces, 

smooth surfaces, extended surfaces, additives for fluids, displaced enhancement devices, coiled 

tubes, etc [109]. For hybrid method, complex design is required which reduces the number of 

applications. 

Passive methods, inserts are utilised within flow passage increasing the rate of heat transfer 

which is beneficial and received more attention compared to active methods due to the absence 

of power requirement aiding the enhancement. Passive method system is also very simple to be 

manufactured [110] and easily integrated with existing MCHS. Thus, passive augmentation 

techniques review are presented for this section. 

2.9.1      Corrugated channel effect on MCHS performance 

One of the method to enhance the performance of heat transfer is using corrugated channels such 

as zig-zag, wavy, serpentine and convergent-divergent. Utilising this method, flow mixing 

between cold fluid at core region and hot fluid near wall of channel is improved [23]. The 

operational principles are explained in this subchapter. 
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Tsuzuki et al. [111] optimised the wavy, zigzag and S-shaped fins geometry using CFD method. 

From the study, angle of fin, guiding wing, length, thickness and roundness were varied. The 

performance of thermal and hydraulic are measure using heat transfer and pressure drop 

calculation. From results, the angle of fin parameter showed the most influence on the micro-

channel heat exchanger thermal performance. 

Sui et al. [112] numerically studied the laminar water flow and heat transfer characteristics of 3-

D wavy micro-channels with cross-section of rectangular shape under constant wall temperature 

and conjugate conditions and constant wall heat flux (Refer Figure 2-13). From the figure, the 

conjugate domain is described as different sub-domains with different thermal properties which 

coupled together suing heat transfer equations to describe the thermal energy transfer among 

them. From the study, general-purpose finite-volume based CFD was used to solve the Navier-

Stokes equations. Dynamical system technique (Poincaré section - using plane or surface where 

fluid trajectory intersects periodically) was utilised to analyse the fluid mixing. From results, 

during the flow of liquid coolant through the wavy channel the secondary flow may change 

considerably along the direction of flow channel. This will lead to chaotic advection based on 

Poincaré sections technique, which will significantly improve the convective fluid mixing, 

therefore, higher performance of heat transfer with greatly lowered pressure drop penalty 

compared with convectional straight micro-channels achieved. 

 

Figure 2-13: Shows the wavy MCHS cross-sectional view [112]. 

Sui et al. [113] continued their investigation using experimental method to study the friction 

flow and heat transfer of three wavy micro-channels with rectangular cross-section using 

deionised water as working fluid. The test pieces has dimensions of width and depth of 205µm 

and 404Õm respectively and varied wavelengths of 0ɛm, 138ɛm and 259ɛm. The test pieces are 

made from copper with 60 ï 62 wavy micro-channels arranged in parallel. The Re used ranges 

between 300 and 800. Using wavy micro-channels had superior heat transfer performance 
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compared to straight micro-channels. Experimental analysis were also carried out for validation 

purpose and good agreement achieved between experimental data and 3-D conjugate simulations 

results. 

Mohammed et al. [114] used FVM method to solve the numerical analysis of 3-D steady-state 

and conjugate heat transfer governing equations. Different channel shapes used (zigzag, curvy 

and step micro-channels) to compare the performance of such channel with straight and wavy 

channels (Refer Figure 2-14). To analyse the performance of MCHS, the parameters of 

temperature profile, pressure drop, heat transfer coefficient, friction factor and wall shear stress 

were used. From results, the pressure drop penalty of tested channel compared to conventional 

straight MCHS is higher. 

 

Figure 2-14: Shows the heat sink schematic view (a) zigzag channels (b) curvy channels (c) 

step channels [114]. 

Yong and Teo [115] used numerical (CFD), theoretical and experimental study on heat transfer 

of converging-diverging channels with rectangular cross-sections under fully developed flow. 

They used 15 to 20 converging-diverging passages, with 15 to 20 converging-diverging 

repeating units of each passage. Constant wavelength used at 1.5mm (refer Figure 2-15). The 

simulations of heat transfer performed under constant wall temperature condition with water as 

coolant. Different channel aspect ratios used to study its effect on recirculating vortices 

transformation and flow behaviour. From results, optimal aspect ratio of channel is between 0.5 

to 1.0. 
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Figure 2-15: Shows the cross-section and 3-D view of MCHS with flow passages of 

converging-diverging type [115]. 

Also, they investigated the enhancement of heat transfer and pressure penalty of converging-

diverging channels with varied amplitude ratios under constant sinusoidal profiles and curvature. 

They showed that the improvement of thermal-hydraulic performance by 60% compared to 

conventional straight micro-channels. Formation of a pair of symmetrical recirculating vortices 

at both lower and upper furrows of channel (refer Figure 2-16). These recirculating vortices 

enhances the mixing of fluid, thus, improves the rate of heat transfer to reduce the temperature 

further which is lower than conventional straight channel heat sink. 

 

Figure 2-16: Shows the streamline plots at Re of 100 and 200 [115]. 

2.9.2      Flow disruption effect on MCHS performance 

The disruption of development of hydrodynamic and thermal boundary layers achieved by 

introducing flow disturbance techniques. The disrupted flow creates instabilities inducing the 

augmentation of flow mixing and rate of heat transfer. Many appropriate geometrical 

modifications performed to side walls of conventional micro-channels to promote mixing of 

fluid and flow instabilities. Periodic disturbance achieved by using interrupted-wall channel, 

offset strip fins, re-entrant cavities, ribs, grooves and hybrid of both ribs and grooves along the 
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direction of flow which are proven to be effective to disrupt the flow. From the techniques listed, 

creation of secondary flow is possible and boundary layer growth disruption, improved leading 

edge flow mixing, thus, an increased rate of heat transfer is achieved. 

Wirtz et al. [116] and Greiner et al. [117] investigated the effect of V-grooved micro-channels 

on the pressure drop and heat transfer. From results, the Nusselt number, Nu, and pressure drop 

of V-grooved channel were higher compered to flat channels. Steinke and Kandlikar [118, 119], 

Kandlikar and Grande [120] suggested different techniques promoting heat transfer in MCHS 

comprising heat transfer area increment and mixing flow improvement utilising staggered and 

interrupted strip fin design. From among the methods, work in [118] covers two techniques for 

secondary flow generation in MCHS. From Figure 2-17 (a), the design proposed includes cross 

mixing from neighbouring liquid streams. From their design, secondary channels were 

introduced which promote the secondary flow between main channels and this application can 

be used in different arrangements of plates and fins. From Figure 2-17 (b), Venturi effect is 

utilised where fluid pressure is reduced when flowing through constricted section which in this 

case is the secondary flow passage. From these two methods, increasing fluid mixing improves 

the convective heat transfer without having large pressure drop. 

 

Figure 2-17: Shows the MCHS schematic view of (a) secondary flow channels (b) Venturi 

based secondary flow [118]. 

The advancement of micro-channel structures include double-layered micro-channels [121], 

stacked micro-channels [122], tree-shaped micro-channel networks [123, 124], offset strip-fin 

micro-channels [125], Y-shaped bifurcation plate with micro-channel [126] and micro pin-fins 

[95, 97, 127, 128] have been proposed enhancing the uniformity of temperature ensuring 

temperature is well distributed over the entire domain to avoid local over-heating and pressure 

drop reduction. 
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Within this sub-Chapter 2.91 and Chapter 2.92, the effect of using corrugated channel and 

application of secondary channels have been discussed. These kind of designs will contribute to 

the separating and reattachment of fluid breaking the boundary layers for higher heat transfer. 

The use of secondary channel is very useful in diverting the flow from the main channel through 

the secondary channels which not only improving heat transfer but also reducing pressure drop 

by lowering down the fluid velocity within channel.  

2.9.2.1      Interrupted-wall channel 

Xu et al. [129] used new silicon MCHS and compared its performance with conventional heat 

sink based on the distribution of temperature and characteristics of heat transfer using 

experimental analysis. The novel work utilised straight MCHS with 10 triangular micro-channels 

along the direction of flow and 5 transverse trapezoid microchambers uses to divide the straight 

micro-channels into six different zones (refer Figure 2-18). Transverse micro-channel is used to 

disrupt the layer of thermal boundary inducing the coefficient of heat transfer enhancement. The 

pressure drop reduced by 27% when using interrupted channel compared to conventional MCHS 

design. Low pressure drop was induced by shortened flow length and very low water mass flow 

rate. Different parameters of inlet temperature, inlet pressure, mass flow rate, heat flux and 

pressure drop were varied which were 30 ï 70oC, 1 ï 2bar, 534.8 ï 4132.85kg/m2, 10 ï 

100W/cm2 and 10 ï 100kPa respectively. 

 

Figure 2-18: Shows the MCHS cross section view [129]. 

Xu et al. [130] numerically analysed the conventional and interrupted channel MCHS studying 

the conjugate heat transfer continuing their work in [129]. From analysis, mass flux and received 

heat predictions were larger by 0.2% and 2% respectively in central channels compared to edge 

channels. Redeveloping of hydraulic and thermal boundary layers at each separated zone 

entrance, hence, rate of heat transfer increased in MCHS. Smaller pressure drop in interrupted 

MCHS compared to conventional heat sink. Good correlation achieved between numerical 

analysis results and experimental data.  
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Lee et al. [131, 132] used the same technique as in [118], but the conventional straight fin micro-

channels are split into oblique sections (refer Figure 2-19), with one direction secondary flow. 

The results for new arrangement of MCHS are compared with straight conventional micro-

channel and there is an increase by 1.6 of the enhancement factor at Re = 300 with slight pressure 

drop penalty. The enhancement factor is define as the ratio of ὔό  of oblique fins to ὔό  

of conventional straight channels. From results, the boundary layer in the main channels was 

reduced by oblique sections, triggering the re-development of hydrodynamic and thermal 

boundary layers at each oblique finôs leading edge. Further mixing occurred when small fraction 

of flow is diverted by oblique channels to adjacent main channels, thus, heat transfer was 

improved. 

 

Figure 2-19: Shows the oblique fins cross-section [131, 132]. 

Lee et al. [133] used sectional oblique fins within MCHS to improve heat transfer. Two variables 

were utilised for design optimisation which are the fin pitch and oblique angle. From the results, 

smaller of both fin pitch and oblique angle will induce enhanced rate of heat transfer.  

Khan et al. [134, 135] investigated the plate heat exchangers for asymmetric and symmetric 

chevron angle plates which mixed together with Reynolds number between 500 and 2500. From 

the results of experimental analysis, the chevron angle and Reynolds number has significant 

effects on the friction factor and coefficient of heat transfer. They have also used these results to 

estimate correlation of friction factor and Nusselt number. 

From this sub-chapter, the use of fins are very useful to induce secondary flow and breaking both 

hydrodynamic and thermal boundary layer for improved heat transfer which is used in this work. 
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2.9.2.2      Cavities in MCHS 

Chai et al. [136] performed numerical and experimental analysis on the characteristics of heat 

transfer and pressure drop of MCHS with fan-shaped and triangular re-entrant cavities. The 

cavities are placed periodically with expansion-constriction cross-sections (refer Figure 2-20). 

Ten parallel micro-channels used on MCHS with individual dimensions of depth and width of 

0.2mm and 0.1mm respectively. The ὔό  of periodic expansion-constriction cross-sections 

has 1.8 times higher compared to straight rectangular micro-channel and acceptable pressure 

drop achieved. This was due to the boundary layer formation interruption and larger heat transfer 

surface area.  

 

Figure 2-20: Shows the rectangular, fan shaped and triangular reentrant cavities micro-

channels [136]. The dimensions are in mm. 

For the periodic expansion-constriction MCHS, low pressured drop recorded at Re less than 300, 

but surged rapidly at Re more than 300 (300 < Re < 750). For component of thermal resistances, 

convective and capacitive, showed descending trend when volumetric flow rate (ὗ ) is 

increased for all heat sinks. On the other hand, fixed conductive thermal resistance recorded at 

all value of ὗ  (refer Figure 2-21). To add, new design of heat sinks possessed lower convective 

thermal resistance compared with the conventional design due to the coefficient of heat transfer 

enhancement when ὗ  is increased.  
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Figure 2-21: Shows the graph of thermal resistance against pumping power [136]. 

Deng et al. [137] investigated the single-phase and performance of heat transfer of Ý-shaped re-

entrant copper MCHS using numerical and experimental analysis (refer Figure 2-22). The heat 

sinkôs thickness, length and width were 2mm, 45mm and 20mm respectively. Heat sink is made 

up of 14 parallel Ý-shaped reentrant micro-channels with Ὀ  = 781µm. Two inlet deionised 

water temperatures used were 30oC and 60oC at Re ranges between 150 ï 1100. Three different 

heat fluxes applied at MCHSôs base (133, 200 and 267kW/m2). For the new proposed micro-

channel, heat transfer is enhanced by 10 ï 30% with reduction of thermal resistance by 22%. 

The frictional factor ratios increase by 10%. The enhancement of heat transfer is due to the 

separation of flow and fluid mixing caused by the throttling effect (fluid flow is restricted by the 

narrow slot while sudden protrusion between circular cavityôs bottom and upper vertical narrow 

slot disrupted the layers of hydrodynamic and thermal). To add up, for both micro-channels, 

increase in heat flux would result in the decrease of pressure drop. Cases of higher inlet 

temperature showed smaller thermal resistance.  

 

Figure 2-22: Shows the Computational domain schematic diagram of reentrant micro-channels 

[137]. 
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Within sub-chapter, the use of cavities within micro-channel are very useful to interrupt 

boundary layer formation and increase heat transfer area which are useful to improve heat 

transfer rate but with the expanse of higher pressure drop. 

2.9.2.3      Ribs and grooves in MCHS 

Liu et al. conducted an experimental investigation on the heat transfer and flow of fluid of 

rectangular micro-channels with longitudinal vortex generators (LVGs). The Re is varied 

between 170 and 1200. The LVGs are installed in five of the micro-channels in the experiment 

while the sixth one as a smooth micro-channel. The micro-channels were etched with silicon 

wafer with diameter of 101.6mm and thickness of 0.55mm. The length, height and width were 

20mm, 0.1mm and 1.5mm respectively while the Ὀ  is 0.1875mm. LVGsôs length and width 

were 0.4mm and 0.5mm respectively. Number of LVG pair and angle of attack effect were also 

studied.  

The transition of laminar to turbulent region using micro-channel with LVG occurred at Re of 

600 ï 720 while smooth micro-channel at Re of 2300. The transition of laminar to turbulent 

region occurrence can be delayed when changing the angle of attack of one pair of LVG. The 

rate of heat transfer were increased using micro-channel with LVG but at higher drop penalty. 

From the transition of laminar to turbulent region, the performance of heat transfer was enhanced 

by 9 ï 90% with very large pressure drop increase by 34 ï 169%.   

Xie et al. [138] numerically investigated the thermal and fluid flow characteristics of silicon 

straight rectangular MCHS with vertical Y-shaped bifurcation plates under the regime of laminar 

flow. The bifurcation installed so that it will not in contact with the walls of micro-channels 

(refer Figure 2-23), thus, this will increase the mixing of fluid. Size optimisation study was 

performed using design variables of plate lengths and angles between Y-shapes bifurcation two 

arms aiming to achieve the highest heat transfer while maintaining the pressure drop to be 

minimal. The plate lengths were varied to be 10mm, 15mm and 25mm respectively while the 

angles were varied to be 60o, 90o, 120o, 150o and 180o. The silicon MCHS has 100 micro-

channels with 35 x 35mm2 surface area and 35mm length for removing heat fluxes of 

24.49W/cm2 and water as base fluid. The fin, height and width of channel were 0.035mm, 0.4mm 

and 0.315mm respectively while the cover plate and heat sink substrateôs thickness were 0.5mm. 

The arm of bifurcation was set to be 0.15mm (fixed). 
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Figure 2-23: Shows the schematic diagram of (a) Y-shaped bifurcation micro-channel (b) 

vertical fin (c) Y-shaped bifurcation profile at 120o and 180o angles [138]. 

The predictions from the numerical analysis showed that 25mm Y-shaped bifurcation plates 

within micro-channel possessed better performance compared with the other two other 

bifurcations plates as well as traditional rectangular micro-channel. There was a reduction of 

thermal resistance by 41% achieved compared to straight rectangular micro-channel when using 

Y-shaped bifurcation. Y-shaped with 180o of angle induced the highest thermal performance and 

but with the expanse of increased pressure drop.  

Chai et al. [139] studied the effect of having offset ribs on sidewalls of MCHS on laminar flow 

and heat transfer using numerical analysis. They considered five different offset ribs shapes 

including semicircular, forward triangular, backward triangular, isosceles triangular and 

rectangular (refer Figure 2-24). From results, MCHS with forward triangular offset ribs 

possessed the largest performance evaluation criteria (PEC) at Re less than 350, but at Re more 

than 400 the micro-channels with semicircular offset ribs having the highest PEC. 
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Figure 2-24: Shows the dimensions of all of offset ribs [139]. 

Ghani et al. [140] investigated the heat transfer characteristics and fluid flow of MCHS with 

sinusoidal cavities and rectangular ribs (MC-SCRR) using 3-D numerical analysis (refer Figure 

2-25). New designôs performance factor was compared with micro-channel with sinusoidal 

cavities, with rectangular ribs and conventional rectangular micro-channel. Using new design, 

the mixing of flow was heightened and larger area of heat transfer and flow compared with other 

channels. This will help to significantly improve the rate of heat transfer and pressure drop 

reduction. They also investigated three geometrical parameters of relative rib length, relative rib 

width and relative cavity amplitude to study the effect on pressure drop and heat transfer. From 

results, at an increase in relative cavity, the Nusselt number, Nu, increases and friction factor 

decreases. Moreover, when there is an increase in relative rib length and width rib length, the 

friction factor and Nu also increases. 

 

Figure 2-25: Shows the MC-SCRR (a) schematic diagrams (b) geometric parameters [140]. 
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From the sub-chapter, using ribs and grooves are very beneficial to improve heat transfer since 

the flow is disturbed breaking boundary layers but with the expanse of higher pressure drop due 

the channel is constricted.  

2.10 Serpentine-based channel on MCHS performance 

Serpentine-based channel has been investigated by many researchers as its capability to remove 

heat fluxes effectively compared with conventional straight channel. The key idea behind 

utilising the serpentine-based channel MCHS for electronics cooling because of the periodic 

interruption on the thermal and hydrodynamic boundary layers at corner or bends. Thus, the 

restart of both thermal and hydrodynamic layers periodically, disrupts the formation boundary 

layer which constrain the rate of heat transfer in designs for MCHS. Using serpentine channel, 

improves the heat transfer performance but at a large rise in pressure drop. To add up, serpentine 

channel MCHS possesses large ratio of surface area for heat transfer to volume due to bends 

compared with the conventional heat sink, leading higher absorption of heat from heat source 

(e.g. electronics chip) [141]. 

Hao et al. [142] considered serpentine channel heat sink with 180o bend to study the thermal 

resistance and pressure drop using thermal resistance network analytical model and CFD 

analysis (refer Figure 2-26). Thermal resistance network model was used to obtain the total 

thermal resistance by using equivalent thermal circuit method. The derivation of pressure drop 

was based on the straight channel and bend loss which periodically disrupt the hydrodynamics 

boundary layer. To consider the laminar flow development and redevelopment effect, the 

coefficient of bend loss is obtained as function of aspect ratios, Re, fins widths and turn 

clearances using three-regime correlation. Experimental validation for the model conducted by 

measuring the heat sink pressure and temperature characteristics at different Re and parameters 

geometry. Lastly, the pressure distribution and temperature rise at Re of 500, 1000 and 1500 are 

studied using the model. 
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Figure 2-26: Shows the schematic diagram of 180 bend serpentine channel (a) 3-D view model 

(b) cross-sectional view [142]. 

The ratio of Ὄ  ύϳ  was varied between 1 and 6 while ύ  Ὀϳ  was varied between 0.25 and 2, 

the Re is varied between 1000 and 2200. From the experiments conducted, the eight heat sinks 

with different values of Ὄ  ύϳ , ύ  Ὀϳ  and Re were verified indicating that the model proposed 

was accurate to predict the characteristics of heat transfer. The coefficient of bend loss was 

independent of Re. The pressure drop and thermal resistance were significantly dependent of Re 

while less dependent on parameters of geometry. For the same heat sink, as Re increase from 

500 to 1500, the pressure drop also increased form 13kPa to 60kPa. Further optimisation process 

can be implemented using the results obtained, noting that the model proposed works for 

ρ Ὄ  ύϳ φ, πȢςυ ύ  Ὀϳ ς and ρπππὙὩ ςςππ. 

Imran et al. [143] considered 3-D serpentine mini-channel heat sink (SMCHS) optimisation. 

Four configurations of SMCHS (A, B, C and D) utilised (refer Figure 2-27). Different 

configurations were analysed using both experimental and numerical analysis. All SMCHSs 

have the same dimensions of channel with total channel length of 900mm and cross-section of 

ὡ  = 4mm and Ὄ  = 5mm. The heat sink has dimension of ὒ ὡ Ὄ  as 150mm x 100mm 

x 10mm. The SMCHS heat sinks have plates for cover and base with insulation at top surface 

and uniform heating at bottom surface. Water is used as working fluid. FVM CFD technique 

used to perform modelling on single-phase forced convection flow with water as working fluid. 

The experiments conducted cover the analysis of mass flow rate of water and heat load on the 

performance of SMCHS thermal and hydraulic parameters. From results, the serpentines with 

double inlet and outlet improved the performance of SMCHS significantly compared with single 
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inlet and outlet. Configuration A has the worst distribution of temperature with the highest 

pressure drop. Heat transfer enhancement percentage using configuration B, C and D compared 

to A were 136%, 104% and 91% respectively. Pressure drop enhancement using configuration 

B, C and D compared to A were 28%, 50% and 47% respectively. The least thermal resistance 

achieved when using configuration B. Good agreement between numerical and experimental 

analysis with percentage difference of 11% and 8% for baseplate temperature and pressure drop 

respectively.  

 

Figure 2-27: Shows the configurations of (a) A (b) B (c) C and (d) D [143]. 

Al ï Neama et al. [144] investigated the single-phase flow and heat transfer in serpentine micro-

channel embedded in copper block with heat applied at the base using combined experimental 

and numerical analysis. Four different configurations of serpentine channel utilised of straight 

rectangular micro-channels (SRMs), single path (SPSMs), double path (DPSMs) and triple path 

(TPSMs) multi-serpentine rectangular micro-channels (refer Figure 2-28 and Figure 2-29). For 

all serpentine channels configurations, a 3-D conjugate heat transfer models were developed 

under both single-phase laminar and turbulent flows. The governing energy and flow equations 

were solved by using finite elements method. All heat sinks has surface area dimensions of 41 

mm x 45 mm with height (H) of 5.5 mm for straight and 6.5 mm for serpentine designs. The 

straight channels have width (ὡ ), depth (Ὄ ) and length (ὒ ) of 1 mm, 2 mm and 21 mm 

respectively while all of the serpentine designs have width (ὡ ), depth (Ὄ ) of 1.5mm and 

2mm respectively. The ὔό  and pressure drop predicted numerically showed good agreement 

between experimental data. Using SPSM provides 35% enhancement in ὔό  when volumetric 
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flow rate is at 0.5 l/min. The total thermal resistance reduced by 19% when using SPSM 

compared with the SRM heat sink. However, the SPSM heat sink induced very large pressure 

drop compared to SRM, thus, suitable compromise between the rate of heat transfer and pressure 

drop must be achieved. The DPSM and TPSM heat sinks has much lower pressure drop 

compared to SPSM heat sink due to liquid pressure is being distributed among mini-channels, 

hence, reducing the liquid velocity for lower friction factor.  

 

Figure 2-28: Shows the SRM design with dimensions in mm [144]. 
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Figure 2-29: Shows the SPSM, DPSM and TPSM designs with dimensions in mm [144]. 

Further work by Al-Neama et al. [145] who considered the use of chevron fins within single-

phase flow serpentine mini-channel heat sink with copper as substrate (SMCF) which can be 

referred in Figure 2-30 to solve the high pressure drop issue in [144]. The three dimensional 

conjugate heat transfer models were developed for both serpentine mini-channel heat sink base 

design and the one with chevron fins. Both laminar and turbulent flow regime were tested. Finite 

element method is used to solve the flow and energy equations respectively. The copper block 

has dimension for width x length x height of 38mm x 38mm x 4 mm respectively. The width of 

channel, ὡ , height of channel, Ὄ , and substrate thickness, Ὄ  are 1.5 mm, 2 mm and 2 mm 

respectively. Using SMCF heat sink offers reduction in both total thermal resistance and pressure 

drop by 10% and 60% differences respectively. The ὔό  improved by 15% difference. The 

reduction of total thermal resistance and increase of ὔό  is due to the continuous breaking of 

boundary layers while having larger heat transfer area for higher rate of heat transfer. The 

reduction of pressure drop is due to the diversion of fluid through the secondary channels 

reducing the fluid velocity within main channel.  
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Figure 2-30: Shows the SMCF heat sink design and dimensions. 

Cao et al. [146] utilised the double inlet-outlet serpentine mini-channel heat sink with (D-SMTH) 

and without (D-SMPF) through-holes for thermal-hydraulic performance study (refer Figure 

2-31 (A)). Three different inlet boundary conditions with the same configuration using D-SMPF 

with through-holes of D-SMTH óAô, D-SMTH óBô and D-SMTH óCô are tested respectively 

(refer Figure 2-31 (B)). For both laminar and turbulent regimes, three dimensional conjugate 

heat transfer models were developed. All governing equations were solved using finite element 

method. The heat sink substrate material is copper with dimension for width x length x height of 

38mm x 38mm x 4 mm respectively. The mini-channel dimensions are made equal to the work 

by Al-Neama et al. [145]. Based on results, D-SMTH óAô heat sink design offers improvement 

of ὔό  by 13.7% when compared with the SMCF heat sink by [145]. D-SMTH óAô heat sink 

design has the lowest Ὑ  compared to D-SMTH óBô and D-SMTH óCô heat sink designs 

respectively. D-SMTH óCô heat sink design has significantly lower Ўὖ compared to D-SMTH 

óBô heat sink.  
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Figure 2-31: Shows the design for (A) D-SMPF and D-SMTH (b) D-SMTH configurations. 

From this sub-chapter, the serpentine mini-channel heat sink has the ability to reduce thermal 

resistance and temperature uniformity due to large surface area from serpentine channel design 

and continuous breaking of boundary layers periodically. Many different designs of serpentine 

D-SMTH óAô 

D-SMPF D-SMTH 

D-SMTH óBô D-SMTH óCô 

 

(A) 

(B) 



58 
 

channel heat sink has been explored with variation thermal-hydraulic performance. Furthermore, 

the use of secondary channels within serpentine channel heat sink has been proven to improve 

both thermal and hydraulic performance simultaneously due to larger heat transfer area and 

continuous breaking of boundary layers while diverting a portion of liquid through the secondary 

channels reducing fluid velocity leading to the reduction of friction factor.  

2.11 Multi -objective optimisation and surrogate modelling 

From the reviewed works, it can be concluded that heat sink systems can be classified as a multi-

objective optimisation problem where the desired objectives can be achieved based on the related 

constraints and design variables respectively. The common objective functions used in the heat 

sink application are often total thermal resistance, Ὑ , pressure drop, Ўὖ, mass, ὓ, and 

temperature distribution, TSD, of heat sink where all of them will be undergo minimisation. Heat 

sink miniaturisation will often induce large Ўὖ since smaller channel is used, thus this is also 

important to the structural integrity of heat sink so that it will not burst. The objective functions 

are affected by the design variables used such as height of channel, width of channel, inlet fluid 

velocity, fin angle, heating power and substrate thickness respectively. The utilisation of design 

optimisation most often occurs within the automotive and aerospace industries since in many 

occasions complex problems are always needed to be dealt with. Design optimisation offers 

accurate optimisation techniques which is useful in reducing the time period for optimisation of 

very sophisticated computational fluid dynamic (CFD) problem [147]. The computational time 

for flow simulation can be reduced drastically for example utilising the multi-scale wavelet 

method providing highly efficient transferring dynamic (interactions on micro-scale level to 

simulations of microscopic flow) surrogate modelling [148] where wavelets are utilised to 

decompose objective function into multiple scales and at each scale the solution is modified 

iteratively. Furthermore, multi-fidelity modelling can also be used to enable cheaper 

computational power [149]. The multi-fidelity modelling combines both low-fidelity and high-

fidelity models evaluating the objective functions (output variables) to reduce time taken for 

computation and resources as well as achieving accurate solutions. Multi-fidelity modelling 

includes adaptive sampling, model fusion and surrogate models techniques. Surrogate models 

used both low-fidelity and high-fidelity models capturing the relationship between objective 

function input design variables. Adaptive sampling utilises low-fidelity model to study the 

design space and recognising the regions where high-fidelity model can used to perform 

evaluation. For model fusion techniques, the multiples models predictions are used for obtaining 

high accuracy objective function estimation. For achieving statistical surrogates, Gaussian 
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Process (GP) Emulators is very useful. GP emulator uses the original simulation training data 

for learning the probabilistic model of relationship between input design variables and objective 

function The advancement of exploration of design space methods proving the feasible 

timescales for large-scale optimisation. According to the work by Haftka et al. [150], the use of 

adjoint methods are effective to solve design problems with large number of design variables 

(more than 1000). For design optimisation problem with design variables of less than 100, the 

use of surrogate modelling methods is more effective. Surrogate models such as Moving Least 

Squares (MLS), Radial Basis Functions (RBFs) and Support Vector Machines (SVMs) are very 

efficient for numerical noise minimisation that has a deleterious effects [151]. The confidence 

around intervals can be determined while the mixed categorical or continuous design variables 

is solved efficiently [152]. The use of Supervised Machine Learning (ML) methods are very 

efficient for complex fluid flow systems providing very effective surrogate modelling method. 

Neural Networks (NNs) and RBFs are the example of supervised ML [153]. The surrogate 

models developed with acceptable accuracy will be used within optimisation algorithm (e.g. 

Non-Dominated Sorting Algorithm-II (NSGA-II)) [154] searching for optimal solution(s) either 

for single-objective or multi-objective optimisations where for multi-objective optimisation the 

compromise between conflicting outputs must be achieved which is also called Pareto optimal 

solutions (see Chapter 5 for further explanation of optimisation algorithm and surrogate 

modelling method). 

To conclude, using the methods of surrogate modelling such as NN, RBF, MLS and SVM is 

beneficial to estimate the output variables accurately from the variation of input variables within 

the design space while reducing computational time significantly and surrogate modelling will 

be used in this work due to the number of input design variables used are less than 100.  

2.11.1      Deterministic optimisation of micro-channel heat sink 

Optimisation process are very important for achieving the superior performance of heat sink. 

Husain and Kim [155] considered the micro-channel heat sink with silicon as substrate for 

optimisation. To ensure high accuracy and less time consumption, they utilised the surrogates 

for immediate approximation. From the surrogate model developed, fin width (ὡ ), channelôs 

depth (Ὄ ) and width (ὡ ) are chosen as design variables while having objectives to be 

pressure drop and thermal resistance respectively. The design variables were first normalized by 

dividing both ὡ  and ὡ  with Ὄ  to be ɲ  and — respectively. Working fluid chosen was water 

where the properties are calculated as function of temperature which was suggested by Li et al. 

[156] initially. They have exploited the use of Design of Experiment (DOE) points to create 
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surrogates based on the polynomial method. Using the non-dominated sorting genetic algorithm-

II  (NSGA-II) algorithm (evolutionary algorithm-based on biological evolution concept), the 

surrogate models are used for optimisation and creating the Pareto optimal solutions. From their 

findings, the pressure drop (Ўὖ) and thermal resistance (Ὑ ) are greatly affected by the change 

of ɲ  and — respectively. From the plotted Pareto optimal solutions, it gives a flexibility for more 

choices of different constraints of manufacturing and design. 

Chen et al. [157] use the same design as Li et al. [158] who uses serpentine channel heat sink for 

optimisation purposes. The design variables chosen were a mixture of boundary condition (inlet 

fluid velocity) and physical dimension change (fin width (ὡ ), height (Ὄ ) and width of 

channel (ὡ ). The corresponding objectives for the optimisation framework are Ўὖ and Ὑ  

respectively. Using artificial swarm fish algorithm, the dataset for the Pareto optimal solutions 

are created and being compared experimentally. Similarly in [156], Pareto optimal solutions 

show a conflicting relationship between Ўὖ and Ὑ . 

Reddy et al. [159] investigated the thermal-hydraulic performance of pin-fin heat sink using 3-

D conjugate heat transfer model for integrated circuit cooling. The pin-fins are varied with three 

different shapes of symmetric airfoils and convex lenses and circles respectively (refer Figure 

2-32). The integrated circuit is having dimensions of 4mm by 3mm with uniform heat flux of 

500 W/cm2 applied underneath. The surrogate modelling is based on the Hardyôs Multiquadrics 

(includes multiple quadratic terms) Radial Basis Function method while having Genetic 

algorithm to create the Pareto optimal solutions. Design variables chosen are the cross section 

pin fin, chip height and fluid inlet velocity while the pumping power and maximum surface 

temperature as objectives. The use of symmetry convex lens shape pin-fin offer the most 

minimum pressure drop.  
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Figure 2-32: Shows the pin-fin heat sinks with different shapes of fin (a) Circular (b) 

Symmetric airfoil (c) Symmetric convex with only half of the computational domain [159]. 

Al-Neama et al. [144] optimised serpentine mini-channel heat sink. They have used two design 

variables of channel number (ὔ ) and width of channel (ὡ  for the minimisation of both Ўὖ 

and Ὑ  simultaneously. The generation of DOE points is based on the Optimal Latin Hypercube 

(OLHC) sampling method which will be used for the creation of surrogates. Moving Least 

Square (MLS) estimation method was used to perform surrogate modelling while having 

polynomial of second order base. Multi-objective genetic algorithm (MOGA) is utilised based 

on the surrogates created searching for Pareto optimal points. Al-Neama et al. [38] also 

investigated the effect of using chevron fins within serpentine mini-channel heat sink with an 

aim to reduce both total thermal resistance and pressure drop simultaneously. Multi-objective 

optimisation takes place with oblique angle of fin (—), channel number (ὔ ) and width of 

channel (ὡ ) as design variables respectively. Same methods as [144] to create DOE points 

and surrogate modelling are being used here. MOGA framework will be used to perform 

optimisation for both Ўὖ and Ὑ . Conflicting objectives gives room for designers to choose the 

appropriate values for specific applications. 

Shi et al. [160] utilises secondary channel to reduce both thermal resistance and pressure drop 

(refer Figure 2-33). They have used the design variables as an angle of secondary channel (‎), 

secondary channel half pitch and width of secondary channel which were normalised with 

respect to the width of micro-channel as ‍ and  respectively. The use of  shows the most 

significant effect towards the thermal-hydraulic performance of heat sink. From the optimisation 

process, the reduction of both pumping power and thermal resistance can be achieved with 

22.9% and 28.7% differences respectively when compared with conventional smooth channel. 

Hot spot 
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Figure 2-33: Shows the micro-channel heat sink with trapezoidal fin shape [160]. 

So many other studies have been conducted involving optimisation of micro-channel heat sink 

[81, 161, 162]. To improve the hydrothermal performance of micro-channel heat sink, Ahmed 

and Ahmed [163] and Fan et al. [164] modifies the dimensions of geometry to perform 

optimisation. From the recent review by Ahmad et al., they have not included the works related 

to the optimisation with uncertainty for the desired design variables. This methodology is very 

crucial when dealing with manufacturing errors due to the variation of geometry or changing in 

boundary conditions which can definitely effects the performance hydrothermally. The use of 

uncertainty within design variables is so important for industry like aerospace and automotive 

which practice critical safety. 

2.11.2      Probabilistic optimisation of micro-channel heat sink 

The two major classifications of uncertainties are called aleatoric and epistemic. For aleatoric 

uncertainty, the word originates from Latin called ôaleaô which gives the meaning of dice rolling. 

Different names of aleatory uncertainty includes type (A) (the name comes from classification 

system by International Organization for Standardization (ISO)), irreducible or stochastic 

uncertainty. This type of uncertainty gives the representation of process or system randomness 

for example parameters of geometry which are varied caused by the imperfectness of 

manufacturing, property constants of material which are uncertain and unpredictable conditions 

of weather. Probabilistic theory can easily be used with this kind of uncertainty which is physical 

in nature. For the other kind of uncertainty called epistemic which originates from Greek word 

giving the meaning of knowledge. Other names for epistemic uncertainty are type (B) and 

uncertainty which is reducible. Epistemic uncertainty occurs when knowledge or data regarding 

(a) (b) 

(c) 
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a field is limited. The lack of understanding of a physical phenomenon or not enough 

experimental data for distribution of probability are classified as epistemic uncertainty [165-

167]. The application of uncertainty within optimisation framework is very useful for to create 

designs which are reliable or robust. The use of uncertainty in optimisation can also called 

probabilistic optimisation, non-deterministic optimisation or optimisation under uncertainty 

(OUU). 

For the last twenty years, the use of probabilistic optimisation method has been increasing. Two 

major different formulations of probabilistic design optimisation are Reliability-Based Design 

Optimisation (RBDO) and Robust Design Optimisation (RDO) respectively (refer Figure 2-34). 

RBDO method uses the probabilistic analysis and optimisation method to ensure the products 

design are within the reliability requirements while RDO aims to ensure the minimisation of the 

effect of uncertainty on system performance benchmarks [168, 169]. During early 1920s, in 

order to increase the production of crops within the agricultural sector, Fisher developed the 

method to create DOE with statistical feature. The father of robust design, Dr. Genichi Taguchi, 

who found the robust design fundamentals [170]. 

 

 

 

 

 

 

 

 

 

Figure 2-34: Shows the comparison between robustness and reliability based on probability 

density function [168]. 

Previously, structural analysis and optimisation field use probabilistic framework study very 

extensively. Doltsinis and Kang [168], introduced stochastic parameters for the optimisation of 

structures using robust design technique. From the structural response (objective function) 

Probability density 

Performance, f 
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ʎ(f) 

robustness 

limit state 

reliability 
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sensitivity which is measured by means of mean and variance, it is affected by the perturbed 

equations under the analysis of stochastic study. They have structured the multi-objective 

optimisation using probabilistic framework to perform minimisation of the mean and standard 

deviation of the objective functions. The scalar optimisation problem is derived from the multi-

criteria optimisation framework and based on optimisation algorithm of gradient based method 

where the solution is acquired. Marano et al. [171] considered optimisation of structure using 

both deterministic and probabilistic framework for a comparison study within the application of 

single tunes mass damper (TMD) device. Under the probabilistic optimisation, that studied both 

system performance as well as the uncertainty parameters that affect the sensitivity. From the 

probabilistic optimisation influenced design, different solutions are acquired compared to the 

deterministic solution, but more robust. 

2.11.2.1      Probabilistic optimisation for other field 

From the reviewed literature, some researchers have utilised the probabilistic design 

optimisation of the aerodynamic field both the statistical moments (mean and standard deviation) 

of objective functions minimisation from the pre-set design variables under uncertainty. Zhao et 

al. [172] used numerical method performing probabilistic optimisation for supercritical airfoil 

under the conditions of transonic and laminar flow in high region Reynolds number. In order to 

predict the boundary layer from the transition of laminar to turbulent flow, they have used the 

‎ — transition and shear stress transport (SST) Ὧ ύ turbulence models for analysis 

methodology. Kriging model was used to create surrogates and after that it was used within the 

multi-objective optimisation framework of NSGA-II to search for Pareto optimality solutions. 

NASA0412 airfoil type was utilised with the Mach number as an uncertain variable. From the 

comparison of airfloil which has been optimised using probabilistic framework, the achievement 

of natural laminar flow is possible while having the drag coefficient to be reduced. Using 

probabilistic optimisation framework also enables the airfoil drag and its divergence 

characteristics to achieve a compromised relationship. The values of mean and standard 

deviation can be balanced using the multi-objective optimisation framework. 

Shahbaz et al. [170] considered the Rae 2822 airfoil for probabilistic optimisation study where 

probabilistic density function was used to create large number of random samples around each 

point of input design variables. The objective function used were the mean and variance of the 

coefficient of drag (ὅὨ) while the angle of attack and Mach number as design variables 

respectively. Using the MC sampling method on the design variables, the mean and variance 

were calculated for the corresponding objective functions based on the surrogates formed using 
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a Kriging model. Results from probabilistic optimisation were compared with the actual CFD 

data, and good correlation obtained. The ὅὨ experience reduction in range between 37.48% and 

30.19% respectively when different values of Mach number and angle of attack used. 

Chakraborty et al. proposed low-fidelity (LF) and high fidelity (HF) polynomial correlated 

function expansion (PCFE) under the framework of differential evolution algorithm (DEA). The 

LF method is used to calculate the properties of performance functions statistical moments while 

HF method is used to find the solution optimisation study. To quantify the performance of the 

two newly suggested methods, it was used under the three critical RDO studies, measuring its 

performance based on the efficiency and accuracy which in return give more superiority 

compared to conventional methods such as tensor product quadrature, Taylorôs series and 

Kriging. Using LF method, the estimation of the initial state for RDO problems can defined first 

which is very efficient. Next, large scale problem such as hydroelectric dam can be solved using 

LF and HF methods.  

2.11.2.2      Probabilistic optimisation of conjugate heat transfer system 

Bodla et al. [173] and Sarangi et al. [174] used the probabilistic optimisation to optimise the 

micro-channel heat in terms of its thermal-hydraulic performance. Bodla et al. [173] used heater 

block together with pin-fin heat sink under the condition of impinging flow. The numerical 

method used to analyse the heat sink was based on CFD analysis and optimisation solutions are 

calculated using gradient-based optimiser called FletcherïReeves conjugate gradient method 

(negative gradient is combined with previous search direction so that new search direction can 

be calculated). Surrogate models are created based on the generalised polynomial chaos (gPC) 

method which can reduce the computational time of CFD software. The gPC works by using 

polynomial expansion to approximate stochastic process which involves the choosing of 

orthogonal polynomials as basis functions. The combination of polynomials expands the 

stochastic process which can be utilised to statistical quantities of means and standard deviations. 

The probabilistic optimisation study using Dakota optimisation platform is based on the nested 

approach. Uncertain input parameters can be assessed effectively using probabilistic 

optimisation framework within Dakota. The use of robust probabilistic optimisation framework 

is to reduce the system fluctuations when input variables are varied while the reliable framework 

deals failure probability when design variables are uncertain. 

Sarangi et al. [174] considers the parameters of geometry of manifold micro-channel heats sink 

for probabilistic optimisation. From their investigation, they used porousïmedium model and 

simple unit-cell model for numerical study. Both deterministic and probabilistic optimisation 
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framework have been used to search heat sink optimal geometries while having reduction for 

both pumping power and thermal resistance respectively. The same probabilistic study as in 

[173] is used here. From the comparison between deterministic and probabilistic optimisation, 

heat transfer will be the highest when inlet to outlet ratio is three. 

2.12 Chapter summary 

The literature review has shown a substantial amount of extensive analysis on micro-channel 

heat sinks for electronics cooling for the past thirty years using single-phase flow. Analytical, 

experimental and numerical investigations were utilised to assess the thermal and hydraulic 

performance of mini/micro-channel heat sink with different shapes and geometries, working 

fluids and materials for substrate based on their behaviours of heat transfer and fluid flow. The 

predictions from numerical and experimental analysis has successfully discovered the 

essentiality of using single-phase forced convection with liquid as base fluid in micro-channel 

heat sinks compared to conventional heat sink (air cooled heat sink and heat pipes) due to their 

ability to remove higher heat fluxes. However, micro-channels having large hydraulic diameter 

has low heat transfer coefficients (heat transfer coefficients and hydraulic diameter are inversely 

proportional to each other). Thus, having higher heat transfer coefficients would mean higher 

pressure drop induced due to more constricted channel resulting in higher pumping power.  

Two-phase flow has not been mentioned extensively in the review since our focus is really on 

single-phase flow. To sum up, single-phase flow has been the popular choice of researchers due 

to its effectiveness but there is still plenty room for improvement. 

From the literature review, analysis made from the year of 1981 to 1999 uses mainly more on 

the analytical and experimental side. Starting from the year 2000, massive amount of works 

exploit the use of numerical simulations study and evolutionary algorithms analysis.  

A wide examination on the behaviours of heat transfer and fluid flow using the conventional 

micro-channel heat sinks with micro-channel cross-section shapes of trapezoidal, triangular and 

rectangular, the use of micro-pin-fin heat sinks and many other structures of channel between 

the inlet and outlet boundaries such as zigzag, wavy and curved are investigated. Very few 

studies on serpentine channel heat sink have been found in the literature covering multi-

serpentine channel with both round and 180-degree sharp bend channel. Minimal research on 

different new configurations of serpentine channel heat sink are shown in the literature and only 

one study that covered serpentine channel heat sink with chevron fins [145] which has been 

proven effective in enhancing the heat transfer while reducing the pressure drop at the same time. 
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The use of fins are essentially converting the serpentine mini-channel heat sink into almost like 

a pin-fin heat sink design which is very effective in removing heat from system. Most of the 

research on serpentine channel heat sinks only covers the single inlet-outlet boundary condition 

but very little number of papers covering the analysis on double inlet-outlet boundary condition 

serpentine channel heat sink [37, 143] and only one paper considers using through-holes 

connecting two separated serpentine channels which is effective in reducing total thermal 

resistance and pressure drop simultaneously [37].  

The use of serpentine channel heat sink is still in its infancy stage which has to be explored 

further understanding its behaviour in terms of fluid flow and heat transfer characteristics as well 

as pressure drop. Thus, the current studies focus on discovering further of using different shaped 

fins (oblique (SMOF), trapezoidal (SMTF) and diamond (SMDF) shaped fins) in single inlet-

outlet serpentine channel heat sink on thermal-hydraulic performance which are used by 

researchers for only straight channel heat sinks [131, 132, 175-178].  

Furthermore, there is only a single study on double inlet and outlet serpentine mini-channel heat 

sink with through-holes [37] but no application of secondary flow through secondary channel 

utilised together with double inlet-outlet serpentine mini-channel heat sink which will be 

analysed in this investigation work (D-SMDF heat sink). Next, the use of through-holes utilised 

together with the same double inlet-outlet with secondary channel (D-SMDF-TH). All results 

from the novel design will be compared with the conventional base serpentine mini-channel heat 

sink design. All serpentine heat sink design will have rectangular cross-section profile since it is 

the most efficient in transferring heat and has a simple design. 

The serpentine mini-channel heat sink designs with the most superior thermal-hydraulic 

performance will be used for deterministic and probabilistic optimisation framework study. All 

results are extracted from the numerical analysis of 3-D computational simulations of conjugate 

heat transfer model available in COMSOL Multiphysics v5.4. 
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Chapter 3 : Heat and fluid flow fundamentals 
 

3.1 Introduction 

The basic concepts comprise of the convection heat transfer physical mechanism, fluid flows 

types and boundary layers of velocity and thermal. The heat sink characteristics of hydraulic and 

heat transfer are presented below. 

3.2 Convection heat transfer 

The heat transfer phenomenon can occur through fluids by means of conduction or convection 

based on the existence of any bulk fluid motion. If there is motion of bulk fluid, convection heat 

transfer occurs (refer Figure 3-1 (a) and (b)) while conduction will occur if there is no motion of 

bulk fluid (refer Figure 3-1 (c)). In reality, the heat transfer by convection includes conduction 

and fluid motion. The movement of heat starts from the hot surface of solid to the lower 

temperature fluid layer at surface by means of conduction and further transfer of heat to the next 

layer of lower temperature fluid compared to fluid layer by the surface by means of fluid motion. 

Therefore, it can be concluded that the heat transfer by convection has significantly higher rate 

compared to conduction [179]. 

 

 

Figure 3-1: Shows the heat transfer mechanism from hot surface solid to the cool air of 

surrounding through conduction and convection [179]. 
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Convection heat transfer is dependent on the properties of fluid such as fluid velocity (Ὗ), density 

(”), thermal capacity (ὅ), thermal conductivity (Ὧ) and dynamic viscosity (‘). In addition, 

geometrical shape, surface roughness and fluid flow type also affects the rate of convection heat 

transfer. Thus, convection heat transfer has a complex mechanism [179]. As the temperature 

difference between hot surface and cold fluid increases, the rate of convection heat transfer 

increases and can be defined by Newtonôs law of cooling: 

 ὗ È! 4 4  (3.1) 

Where È is the average convective heat transfer; ! is the heat transfer surface area; 4 is the 

surface temperature; 4  is the ambient fluid temperature. 

3.3 Fluid flow types basic concept 

Fluid mechanics is the major component of convection heat transfer, fluid flow types are further 

explained to achieve better understanding on fluid flow behaviour that affects the convection 

heat transfer enhancement [179]. 

3.3.1      Viscous, stokes and inviscid flow 

If fluid viscosity is taken into account, it has a significant effect on the fluid flow behaviour due 

to the internal resistance, it is called viscous flow. The Reynolds number is commonly smaller 

than 1 which makes the viscous forces is much larger than inertial forces, but inertial forces is 

still significant and important. For stokes flow, the inertial forces are considered insignificant 

compared to viscous forces where particles of fluid move very smoothly and slowly with no 

eddies or turbulence are induced. On the other hand, inviscid flow holds the assumption of no 

viscosity due to its effect is unimportant for certain flows and it is negligible. 

3.3.2      External and internal flow 

External flow can be described as fluid moving around or over an object with no constraints 

from the adjacent surfaces. For internal flow, the fluid is moving through a channel, pipe or duct 

where it is surrounded by confined surfaces. 

3.3.3      Compressible and incompressible flow 

Flow of gas that vary in fluid density is considered compressible flows such as jet engines, rocket 

motors and high-speed craft due to changes in velocity, temperature and pressure causing 

significant change on properties of fluid. The density of fluids that are constant or very small 

change is considered an incompressible flow which is true for fluids at low speeds and pressure 
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change has negligible effect on properties of fluid. For sufficiently low of air velocity, it is also 

modelled as incompressible flow.  

3.3.4      Laminar and turbulent flow 

Laminar flow occurs when the fluid particles streams in parallel layers with disturbance between 

them. Fluid particle layers are moving without mixing among them inducing predictable flow 

pattern and highly ordered. The Reynolds number of laminar flow for internal flow is commonly 

at less than 2300 and external flow at less than 200000. On the other hand, turbulent flows 

comprises of chaotic local fluid velocity fluctuations, inducing fluid layers disruption and non-

orderly flow causing fluid mixing in many directions and formation of eddies as well as vortices. 

Turbulent flow occurs at high speed where the inertial forces dominates the viscous forces with 

high Reynolds number (more than 4000 for internal flow or more than 500000 for external flow). 

3.3.5      Natural and forced flow 

Forced convection or forced fluid flow occurs when the fluid is forced to flow using external 

mechanical device such as pump or fan (refer Figure 3-1 (a)). Natural convection (thermosiphon 

effect) depends on the buoyancy effect of fluid where warm fluid goes up (less mass due to low 

density) and cold fluid goes down (higher density) (refer Figure 3-1 (b)). 

3.3.6      Steady and unsteady flow 

Steady flow occurs when the properties of fluid (velocity, pressure, etc) do not change with time. 

For unsteady flow, the flow of fluid having characteristics of fluid (velocity, pressure, etc) which 

is at any point change with time. 

3.4 Hydrodynamic and Thermal Entrance Region 

For straight rectangular mini- or micro-channel, in order to calculate the coefficient of heat 

transfer (Ὤ) and pressure drop Ўὖ, it is very crucial to identify the three major developing flow 

structure of thermally developing flow or/and hydrodynamic fully developed flow or both 

occurring at the same time. The type of flow can be identified by calculating the length of 

hydrodynamic entry (ὒ ) first. The ὒ  is defined as the distance between entrance of channel 

and to the location where merging of hydrodynamic boundary layers occur (refer Figure 3-2).  
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Figure 3-2: Shows the developing flow (hydrodynamic and thermal) followed by fully 

developed flow (hydrodynamic and thermal) within channel under isothermal condition [180]. 

At the entrance region, the profile of velocity develops (hydrodynamic developing flow). 

Velocity profile has the shape of parabolic curve at the region of hydrodynamic entrance. This 

profile will stay the same until the flow has reached the fully developed hydrodynamic flow. 

Within the regime of laminar flow, according to Shah and London [181], they have proposed an 

accepted equation to calculate the ὒ  which is as follows: 

 ὒ ὒ ȢὙὩȢὈ  (3.2) 

Where dimensionless hydrodynamic entry length is denoted by ὒ  which is dependent to the 

channel geometry aspect ratio (θ) ×ÈÅÒÅᶿ  and it is set to be 0.05 before reaching the 

conditions of fully developed flow [182]. For rectangular channel, under the regime of laminar 

flow the value of ὒ  can be calculated using equation proposed by Shah and London [181] 

which is as follows: 

 ὒ πȢπφπȢπχθ πȢπτθ ὙὩȢὈ  (3.3) 

The entry length of thermal (ὒ ) is also need to be calculated. ὒ  has the definition of distance 

of entrance of channel to the location of merging of thermal boundary layer around centreline 

(refer Figure 3-2). Thermal developing flow is located at the entrance region where the 

temperature profile develops. When the flow is thermally fully developed, thermal profile stays 

the same. Under the flow of laminar regime, ὒ  is calculated also using the equation proposed 

by [181] which is as follows: 

 ὒ ὒᶻȢὙὩȢὈȢὖὶ (3.4) 

Where the dimensionless length of thermal entry is denoted by ὒᶻ   where the value is set to be 

0.05 based on the proposal of Lee at al. [183] under the conditions of fully developed flow.  
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Looking at the region of fully developed flow both thermally and hydrodynamically, the values 

of coefficient of heat transfer (Ὤ) and friction factor (Ὢ) stay equal along the channel length and 

are the lowest respectively [184]. The temperature and velocity profile developed at the same 

time is called simultaneously developing flow (refer Figure 3-2). The value of friction factor and 

coefficient of heat transfer vary along the direction of flow when simultaneously developing 

flow occurs. From  Table 3-1 by Rohsenow et al. [185] shows the relationships between velocity 

and temperature distributions, boundary layers, flow types, friction factor and Nusselt number 

(ὔό) respectively. 

Table 3-1: Shows the types of flow. 

3.5 Boundary layers 

The boundary layer concept is crucial in order to understand the heat transfer by convection 

between a surface and flow of fluid over it. In this section, the velocity and thermal boundary 

layer are described.  

3.5.1      Velocity boundary layer (‏) 

From Figure 3-3, it shows the formation of velocity boundary layer when fluid is flowing over 

a flat surface. The x-axis is representing the direction of fluid flow over flat surface while y-axis 

is representing the perpendicular flow of fluid with respect to the flat surface. At the plateôs 

leading edge, fluid velocity is uniform in x-direction.  

Fluid particles velocity (ὠ) at first layer (adjacent to flat surface) has zero velocity due to no-slip 

condition. The first layer will affect the next adjacent fluid layer motion due to the frictional 

forces presence from the difference in velocity between fluid layers and this process continues 

onto the next layers. At a certain distance from the flat surface, the velocity reaches the free 
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steam velocity (Ὗ). This specific distance is the thickness of boundary layer (‏) when ό

πȢωωὟ . Velocity boundary layer (‏) comprises four different flow regions which are laminar 

sublayer, buffer layer and turbulent layer and free stream region. The laminar sublayer is a very 

thin layer located just above the flat surface and it is also called viscous sublayer where the fluid 

velocity increases linearly. The laminar sublayer is the closest layer to the solid boundary where 

on this layer fluid viscosity dominates other properties of fluid. Laminar sublayer thickness 

depends on the fluid viscosity, velocity and solid boundary surface roughness.  The buffer layer 

is the layer adjacent to the viscous sublayer and turbulent flow is beginning to develop. For 

buffer sublayer, the fluid velocity increases quickly where fluid flow becomes more turbulent 

and has thickness several times thicker than laminar sublayer. The overlap layer is where the 

significant turbulent fluctuations occurs where fluids velocity fluctuates more randomly and 

fully turbulent flow. The free stream region has a large distance to the flat surface where ό

Ὗ. The fluid viscous region is at the flat surface where the fluid velocity is zero [179]. 

 

Figure 3-3: Shows the development of velocity boundary layer on flat surface [179]. 

3.5.1.1 Effect of Transition on Local Heat Transfer Coefficient 

Based on Figure 3-4, it is showing the local coefficient of heat transfer (Ὤ) and thickness of 

velocity boundary layer (‏) for a flow over a flat plate which has a constant temperature 

(isothermal). The ‏ is the thin fluid layer formed at solid boundary which has fluid velocity 

going from zero to freestream velocity. The formation of ‏ is based on the no-slip boundary 

condition. The ‏ is consisting of laminar sublayer, buffer layer and overlap layer respectively 

(see sub-section 3.5.1). To explain simply, boundary layers can be recognised as layer of 

insulation. Rate of heat transfer is increase when the boundary layer thickness decreases and vice 

versa. In the region of laminar flow, the coefficient of heat transfer has a very high value around 

the region of entrance since the thickness of boundary layer is zero. When the value of ‏ 

increase there should be a decrease in the coefficient of heat transfer. Reaching the turbulent 
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regime, mixing of fluid occurs (cold and warm fluid mixes) inducing an increase of coefficient 

of heat transfer. When the ‏ increase again, the coefficient of heat transfer reduces. Looking at 

the region of transition, local coefficient of heat transfer increases drastically even though 

thickness of boundary layer increases. Explaining this phenomena, the turbulent mixing starts at 

the transitional region mixing. The mixing of fluid is the greatest during the first stages due to 

the thin boundary layer. After that, moving through the plate thickening of boundary layers 

continue to rise while fluid mixing still happening but rate of heat transfer decreases gradually.  

 

Figure 3-4: Shows the thickness of velocity boundary layer variation and coefficient of local 

heat transfer flow over constant temperature flat plate [32] . 

3.5.2      Thermal boundary layer (‏ ) 

From Figure 3-5, cold fluid is flowing with thermal boundary layer formation at certain 

temperature uniformity (Ὕ ) over hot flat surface (Ὕ).  Thermal boundary layer possesses similar 

formation analogy of that velocity boundary layer but with temperature difference between flow 

fluid and flat surface. The flat surface with heat energy with reach thermal equilibrium with the 

flow of fluid layer next to it. The energy exchange will occur with the next fluid layers and so 

on. The thermal boundary layer temperature gradients can be expressed as follows: 

 
Ὕ Ὕ

4 4
πȢωω (3.5) 

As the distance from leading edge in the direction of flow increases, the thermal boundary layer 

thickness increases, since the heat transfer effects penetrate further into the flow of fluid. The 

conditions and convection heat transfer at any distance of x from leading edge are related through 
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the application of Fourierôs law at the flat surface and fluid layer interface when ώ π as 

follows: 

 Ὧ
ὨὝ

Ὠώ
 Ὧ
ὨὝ

Ὠώ
 (3.6) 

Where Ὧ and Ὧ are the solid flat surface and fluid thermal conductivity respectively [186]. 

 

Figure 3-5: Shows the development thermal boundary layer on an isothermal flat surface 

[186]. 

3.5.3      Boundary layer separation 

To understand the separation of boundary layer phenomenon, the flow of fluid around cylinder 

is considered due to its importance in many engineering applications such as circular pinned heat 

sinks, shell-and-tube heat exchangers, bundle circular tubes heat exchangers, etc. 

The free stream velocity (ό ) and upstream velocity (ὠ) around cylinder that dependent on the 

x distance from the point of stagnation are shown (refer Figure 3-6). At stagnation point (—

π), the fluid velocity is equal to zero. During the acceleration of fluid flow due to the favourable 

pressure gradient (ὨόὨὼ πȟ
Ὠὴ
Ὠὼ π), flow of fluid will the maximum velocity at 

Ὠὴ
Ὠὼ

π, then deceleration of fluid flow occurs from adverse pressure gradient (Ὠό
Ὠὼ πȟ

Ὠὴ
Ὠὼ

π) (refer Figure 3-7). As the velocity gradient decreases due to deceleration, at certain point it 

will reach the value of zero (ὨόὨώ π) at surface which known as the separation point. 

At separation point, there is no sufficiency of momentum overcoming the pressure gradient and 

fluid movement continuation downstream is not possible. Furthermore, the fluid flow that keeps 

on coming is preventing the flow back upstream, hence the separation of boundary layer must 

occur. At downstream region, the boundary layer separates from surface and behind the cylinder, 

there are formation of vortices and reversed flow [186]. 
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Figure 3-6: Shows the separation of boundary layer and eddies formation at region of 

downstream [186]. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-7: Shows the velocity profile with pressure gradient and separation point on cylinder 

[186]. 

3.6 Surface thermal Conditions for heat transfer by convection 

Using constant wall temperature boundary condition and constant heat flux boundary condition, 

these two conditions can approximate the thermal conditions on surface which is explained 

below. Referring Figure 3-8, along the tube length, the temperature variations based on these 

two conditions is explained. Let say, a tube having diameter (Ὀ  and length (ὒ) with fluid flowing 

through while having heat convection through the wall of tube, the steady flow energy balance 

Ὠό

Ὠώ
π 

‬ὴ

‬ὼ
π 
‬ὴ

‬ὼ
π 

Favourable pressure 

gradient 

Adverse pressure 

gradient 



77 
 

equation is applied for a controlled volume of fluid (refer Figure 3-8) which has been proposed 

by Bergman et al. [32] as follows: 

 

Figure 3-8: Shows the tube with fluid flowing through in a controlled volume [33] . 

Heat flow rate through wall + Energy inflow rate = Energy outflow rate 

 Ὠή άȢὅ ȢὝ άȢὅ Ὕ ὨὝ  (3.7) 

Through convection heat transfer, the heat applied (Ὠή ) to the controlled volume of fluid is 

as follows: 

 Ὠή ήȢὨὃ (3.8) 

Where the term Ὠὃ ὖὨὼ. The perimeter of tube is denoted by ὖ [m]. Based on Newtonôs law 

of cooling, heat transfers through convection moving from wall of tube to the stream of fluid can 

expressed as follows: 

  ή ὬὝ Ὕ  (3.9) 

Using substitution method, Eq. 3.9 and Eq. 3.8 are substituted into Eq. 3.7 resulting as follows: 

 
ὨὝ

Ὠὼ

ὖ

άȢὅ
ὬὝ Ὕ  (3.10) 

3.6.1      Constant Wall Heat Flux (CWHF) Boundary Condition 

The wall temperature (Ὕ ) has a linear relationship with the mean temperature of fluid (Ὕȟ) in 

the region fully developed flow. Thus, the difference between these two temperature is fixed 

(refer Figure 3-9 (a)). On the other hand, the Ὕ  varied non-linearly in the fluid  flow developing 

region.  

Under the applied constant wall heat flux (CWHF) boundary condition, the coefficient of 

average (Ὤ ) and local (Ὤ) heat transfer remained the same within the region of fully 
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developed flow. This is caused by the constant fluid properties when fluid flows. The derivative 

of Eq. 3.9 with respect to ὼ is derived as follows: 

 
ὨὝ

Ὠὼ

ὨὝ

Ὠὼ
 (3.11) 

Based on the differentiation of Eq. 3.9 to become Eq. 3.11, it can be conclude that the gradient 

Ὕ Ὕ  does not change and the profile of temperature along the tube remained fixed. 

3.6.2      Constant Wall Temperature Boundary Condition 

From Figure 3-9, the behaviour of the temperature plot for constant wall heat flux (CWHF) 

boundary condition is different compared with constant wall temperature (CWT) boundary 

condition. 

Applying integration of Eq. 3.10, two locations of ὼ π and ὼ ὒ will give the temperature of 

Ὕ Ὕȟ  and Ὕ Ὕȟ  respectively: 

 
ὨὝ Ὕ

Ὕ Ὕ

ȟ

ȟ

ὬȢὖ

άȢὅ
Ὠὼ (3.12) 

 ὰὲ
Ὕ Ὕȟ

Ὕ Ὕȟ

ὬȢὃ

άȢὅ
 (3.13) 

Where Ὕ , Ὕ, Ὤ, ὃ, ά and ὅ  are wall temperature, fluid temperature, coefficient of heat 

transfer, surface area, mass flow rate and specific heat capacity of fluid.  

Heat transfer rate can be expressed as follows: 

 ή ὬȢὃὝ Ὕ άȢὅ ὝȢ Ὕȟ  (3.14) 

Since the fluid has constant wall temperature boundary condition, the coefficient of heat transfer 

is not changed and can be factored outside integral (see Eq. 3.15). 

Substituting the term of άȢὅ  from Eq. 3.13 into Eq. 3.14 will result as follows: 

 ή ὬȢὃЎὝ  (3.15) 

The logarithmic mean temperature difference is denoted by ЎὝ  which is expressed as follows: 

 
ЎὝ

ὝȢ Ὕȟ

ὰὲ
Ὕ Ὕȟ
Ὕ Ὕȟ

ЎὝ ЎὝ

ÌÎ
ЎὝ
ЎὝ

 
(3.16) 

Where ЎὝ Ὕ Ὕȟ  and ЎὝ Ὕ Ὕȟ  respectively. 
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To get Eq. 3.16 from Eq. 3.12, the derivation is assumed where constant heat transfer rate along 

the length of wall that affect the fluid temperature distribution.  

 

Figure 3-9: Shows the variation of axial temperature within a channel; (a) Fixed surface heat 

flux (b) Fixed temperature of surface [33] . 

3.7 Different types of Thermal Boundary conditions 

The thermal boundary conditions are categorised into three different types. First type, the 

boundary condition of wall temperature is constant, T, where the wall temperature is uniform 

circumferentially and axially. Heat flux boundary conditions are the other two types of thermal 

boundary conditions. The first wall heat flux boundary condition, H1, is when the wall heat 

transfer per unit area is unchanged leading to wall temperature varies with the rate of heat 

transfer. The second wall heat flux boundary condition, H2, is when the wall heat transfer is 

controlled by coefficient of convective heat transfer depending on the geometry and properties 

of fluid flow. From Shah and London, they have proposed the Nusselt number (ὔό) correlation 

for T, H1 and H2 boundary condition respectively which are as follows [181]: 

 
       ὔό χȢυτρρ ςȢφρ

ᶿ τȢωχθ υȢρρωθ ςȢχπςθ πȢυτψθ  
(3.17) 

 

ὔό ψȢςσυρ ςȢπτςρ

ᶿ σȢπψυσθ ςȢτχφυθ ρȢπυχψθ

πȢρψφρθ 

(3.18) 

 

       ὔό ψȢςσυρ ρπȢφπττ

ᶿ φρȢρχυυθ ρυυȢρψπσθ ρχφȢωςπσθ

χςȢωςσθ  

(3.19) 



80 
 

3.8 Heat transfer and hydraulic characteristics 

The characteristics of airflow and heat transfer comprises Reynolds number, total thermal 

resistance, pressure drop and performance evaluation criteria (PEC), maximum base temperature 

of heat sink (temperature of electronics), temperature and fluid velocity distribution along the 

serpentine channel heat sink. These parameters are crucial to perform the heat sink design 

evaluation which can be obtained from flow simulations The factors are as follows: 

3.8.1      Reynolds number (Re) 

The Reynolds number (Re) is the ratio of inertial forces to viscous forces which can be expressed 

as follows: 

 ὙὩ
”Ὗ Ὀ

‘
 (3.20) 

Where ” is the density of of fluid (water) [kg/m3]; Ὗ  is the inlet water velocity (m/s-1); Ὀ  is 

the hydraulic diameter of channel [m] (refer Eq. 2.1); ‘ is the water viscosity [kg/m.s]. 

3.8.2      Prandtl number (ὖὶ) 

The Prandtl number (ὖὶ) is a parameter within convection heat transfer analysis which is 

dimensionless. ὖὶ is the measure of fluid relative ability for energy and momentum 

transportation. The definition of ὖὶ is the measure of ratio of diffusivity of momentum to 

diffusivity of heat which can be defined as follows: 

 ὖὶ
‘Ȣὅ

Ὧ
 (3.21) 

Where the specific heat capacity and thermal conductivity are denoted by ὅ  [J/kg.K] and Ὧ 

[W/m.K] respectively. The Prandtl number can also be defined as the ratio of velocity boundary 

layer (‏) to the thermal boundary layer (‏ ) to the power of ρὲ which is as follows: 

 ὖὶ
‏

‏
 (3.22) 

Where ὲ must always be a positive number. Referring Figure 3-10, the plots of ὖὶ against 

temperature at atmospheric pressure for different fluids are shown. At low ὖὶḺρ and within 

laminar flow regime, velocity boundary layer is thinner compared to thermal boundary layer, 

meaning fluid has a low viscosity (e.g., mercury) and high conductivity (thermal energy can be 

transported easily compared to momentum energy transport). For high ὖὶḻρ, the velocity 

boundary layer is thicker compared to thermal boundary layer where fluid is viscous (e.g., engine 
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oils) and non-conductive (momentum energy can be transported easily compared to thermal 

energy). 

 

Figure 3-10: Shows the Prandtl number (ὖὶ) against temperature for different fluids [187]. 

 

Figure 3-11: Shows the thickness off hydrodynamic and thermal boundary layers (a) ὖὶ > 1 

(b) ὖὶ < 1 [33] . 

Under the regime of turbulent flow, fluid random fluctuations affects the development of 

boundary layer significantly but molecule diffusion does not. The thicknesses of both boundary 

layers are equal where ‏ ‏ .  

3.8.3      Average heat transfer coefficient (Ὤ ) 

The average heat transfer coefficient (Ὤ ) [W/m2.K] can be calculated as follows: 

 Ὤ
ή

ὃ Ὕȟ Ὕȟ
 (3.23) 
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Where ή is the total heat flow supplied through the MCHS (ή ήὃ where ή  is the heat flux 

applied at the bottom surface of heat sink [W/m2] and ὃ is the heated surface area of heat sinkôs 

bottom surface) [m2], ὃ  is the effective area (ὃ  formula is based on design of heat sink 

used) [m2], Ὕȟ  is the average wall temperature of mini-channel [K] and Ὕȟ  is the fluid bulk 

average temperature (Ὕȟ Ὕȟ Ὕȟ ςϳ ) [K].  

3.8.4      Average Nusselt Number (ὔό ) 

The Average Nusselt number (ὔό ) can be expressed as follows: 

 ὔό
Ὤ ȢὈ

Ὧ
 (3.24) 

Where Ὀ  is the hydraulic diameter [m], Ὤ  is the average heat transfer coefficient  [W/m2.K] 

and Ὧ is the thermal conductivity of water measured at Ὕȟ  [W/m.K]. 

Using water as coolant and under the condition of four-sided heated channel while having fully 

developed laminar flow, Shah and London [181] proposed the correlation of Nusselt number 

equation as follows: 

 

ὔό ψȢςσυρ ςȢπτςρ

ᶿ σȢπψυσθ ςȢτχφυθ ρȢπυχψθ

πȢρψφρθ 

(3.25) 

Based from Eq. 3.25, it useful to calculate the Nusselt number for the geometries that are 

regularly used under the condition of temperature of circumferential wall is fixed and axial wall 

heat flux (H1 boundary condition)  that is uniform with the heat load of heating on four surface 

sides [182]. Under the thermally fully developed flow condition within the laminar regime, the 

correlation of Nusselt number under the boundary condition of H1 is as follows: 

 
ὔό ψȢςσυρ ρȢψψσ

ᶿ σȢχφχθ υȢψρτθ υȢσφρθ ςθ  
(3.26) 

Using the case of heating for three sides of surfaces, which is the real boundary condition, under 

the thermally developing flow where the Nusselt number can be calculated based on correlation 

proposed by Phillips [188, 189] which is as follows: 

 ὔόȟ ὼ
ᶻȟθ ὔόȟ ὼ

ᶻȟθ
ὔόͺȟ ᶿ

ὔόͺȟ ᶿ
 (3.27) 

Where under the condition of fully developed region, the Nusselt numbers for four-sided and 

three-sided heating are denoted by ὔόͺȟ  and ὔόͺȟ  respectively. All of these values 
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can be easily determined using Eq. 3.25 and Eq. 3.26 respectively and using data proposed by 

Phillips [190] which can be referred to Table 3-2. The aspect ratio varies between 0.1 and 10 

respectively 

Table 3-2: Nusselt number under laminar regime with fully developed flow condition. The 

three and four walls experience heat transfer under the H1 boundary condition along with 

uniform heat flux axially [190].  

ᶿ
ὡ

Ὄ
  ὔόͺȟ  ὔόͺȟ   

  

ᶿ
ὡ

Ὄ
  ὔόͺȟ  ὔόͺȟ   

0 8.235 8.235 0.9 3.62 ---- 

0.1 6.785 6.939 1 3.608 3.556 

0.2 5.738 6.072 1.43 3.75 3.195 

0.3 4.99 5.393 2 4.123 3.146 

0.4 4.472 4.885 2.5 4.472 3.169 

0.5 4.123 4.505 3.33 4.99 3.306 

0.6 3.895 ---- 5 5.738 3.636 

0.7 3.75 3.991 10 6.785 4,252 

0.8 3.664 ---- Њ 8.235 5.385 

At a distance ὼ, for the four-sided heating under the condition of thermally developing region, 

the Nusselt number is denoted by ὔόȟ. Based on the data in Table 3-3, the ὔόȟ values can 

be obtained which is suggested by Phillips [189, 190]. The ὔόȟ is calculated based on different 

of distance of dimensionless thermal axial (ὼᶻ) and inverse aspect ratio (θᶻ) respectively. 

Table 3-3: Nusselt number of developing flow in laminar regime [189, 190]. 

 ὼᶻ
Ȣ Ȣ

 
ὔόȟ  

ᶿᶻ πȢρ   ᶿᶻ ρ   ᶿᶻ ς  ᶿᶻ σ   ᶿᶻ τ    ᶿᶻ ρπ  
0.0001 31.6 25.2 23.7 27 26.7 31.4 

0.0025 11.2 6.9 9.2 9.9 10.4 11.9 

0.005 9 7.1 7.46 8.02 8.44 10 

0.00556 8.8 6.86 7.23 7.76 8.18 9.8 

0.00625 8.5 6.6 6.96 7.5 7.92 9.5 

0.00714 8.2 6.32 6.68 7.22 7.63 9.3 

0.00833 7.9 6.02 6.37 6.92 7.32 9.1 

0.01 7.49 5.69 6.05 6.57 7 8.8 

0.0125 7.2 5.33 5.7 6.21 6.63 8.6 

0.0167 6.7 4.91 5.28 5.82 6.26 8.5 

0.025 6.2 4.45 4.84 5.39 5.87 8.4 

0.033 5.9 4.18 4.61 5.17 5.77 8.3 

0.05 5.55 3.91 4.38 5 5.62 8.25 

0.1 5.4 3.71 4.22 4.85 5.45 8.24 

>1 5.38 3.6 4.11 4.77 5.35 8.23 
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The average Nusselt number under the condition of developing laminar flow can be calculated 

when the effect of thermal entrance is considered which is as follows: 

 ὔό
ςȢςς

ὼz
ὔόȟ  (3.28) 

Copeland [191] proposed the correlation of Eq. 3.28, who used the data from [181]. The 

expression of distance of dimensionless thermal axial (ὼᶻ) is as follows: 

 ὼᶻ
ὼ

ὙὩȢὖὶȢὈ
 (3.29) 

Under the flow of fully developed laminar region, the Nusselt number can be calculated using 

equation proposed by Copeland [191] specifically for rectangular mini- and micro-channel 

which is as follows: 

 ὔόȟ ψȢσρὋ πȢπς (3.30) 

Under the H1 boundary conditions, based on the heating of three-sided and four-sided wall of a 

rectangular micro-channels where Hwu and Qu [192] found a new correlation for. The 

correlation has the ability to perform prediction of heat transfer for laminar region with single-

phase flow and undergoes thermally developing region. The correlation equations for the four- 

and three-sided heated wall under the conditions of thermally developing region are set as 

function of inverse aspect ratio and dimensionless thermal axial distance respectively which are 

as follows: 

  ὔόȟ ὔόͺȟ ψȢφψὼᶻ ρπ Ȣ ȢὩ Ȣ ᶿz Ȣ ᶿz  (3.31) 

 ὔόȟ ὔόͺȟ ψȢφψὼᶻ ρπ Ȣ ȢὩ Ȣ ᶿz Ȣ ᶿz  (3.32) 

From the correlations proposed by [192], it is being compared with two other proposed 

correlations from other researchers. Substituting the Eq. 3.31 with the one proposed by Phillips 

[189, 190], a good agreement was obtained. Another correlation comparison with Lee and 

Garimella [193] was made. They have considered the usage of CFD software to find the solution 

of conjugate heat transfer under the laminar flow regime for rectangular micro-channel. They 

have set the H1 boundary condition for the heat sink with the influence of thermally developing 

region for four-sided heating in order to calculate the average Nusselt number where ᶿᶻ is varied 

to between 1 and 10 respectively. Under the thermally developing region, the average Nusselt 

number can be calculated if the distance of dimensionless thermal axial (ὼᶻ) is smaller than 

length of dimensionless thermal entrance (ὼᶻ). The equation of average Nusselt number is as 

follows: 
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 ὔόȟ ᶻ
ὅ where ρ ᶿᶻ ρπ and ὼᶻ ὼᶻ (3.33) 

The formula of ὼᶻ and ὅ to ὅ can be calculated as follows: 

 

ὼᶻ
ρȢςχυρπ

ᶿ

τȢχπωρπ

ᶿ

φȢωπςρπ

ᶿ

υȢπρτρπ

ᶿ

ρȢχφωρπ

ᶿ

ρȢψτυρπ

ᶿ

πȢπυφωρ 

(3.34) 

 ὅ
ςȢχυχρπ

ᶿ

σȢςχτρπ

ᶿ

χȢτφτρπ

ᶿ
τȢτχφ (3.35) 

 ὅ πȢφσωρ (3.36) 

 ὅ
ρȢφπτρπ

ᶿ

ςȢφςςρπ

ᶿ
ςȢυφψρπ (3.37) 

 ὅ χȢσπρ
ρσȢρρ

ᶿ

ρυȢρω

ᶿ

φȢπωτ

ᶿ
 (3.38) 

To obtain the three-sided heating wall Nusselt number, ὔόȟ is substituted into Eq. 3.27. When 

ὼᶻ ὼᶻ, assumption of fully developed is assumed. The Eq. 3.26 is used for the calculation of 

Nusselt number under the condition of micro-channels with three-sided heating walls. 

For smooth circular tube, Dittus and Boelter [194] proposed the calculation  of Nusselt number 

under the condition of turbulent flow for the case of micro-channel with rectangular cross-

section. The Dittus-Boelter equation is as follows: 

 ὔό πȢπςσȢὙὩȢȢὖὶ (3.39) 

The value of ὲ is equals to 0.3 and 0.4 when the wall is cooling and heating the fluid respectively. 

Petukhov [195] also considered smooth circular tube under the condition of turbulent flow which 

is thermally fully developed where the correlation equation is as follows: 

 ὔό

Ὢ
ψ ὙὩȢὖὶ

ὅ ρςȢχ
Ὢ
ψ ὖὶ ρ

 (3.40) 

Where the value of ὅ can be calculated using as follows: 

 ὅ ρȢπχ
ωππ

ὙὩ

πȢφσ

ρ ρπὖὶ
 (3.41) 

Based on Eq. 3.40, the Darcy friction factor of Ὢ can be calculated as follows: 

 Ὢ πȢχωÌÎὙὩ ρȢφτ  where σπππὙὩ υ ρπ (3.42) 



86 
 

To consider the effects of region of thermal entrance towards micro-channel, Al-Arabi [196] 

used the circular tube with both constant heat flux and wall temperature where Rohsenow et al. 

[185] proposed the correlation equation of Nusselt number as follows: 

 ὔόͅ ὔό ρ
ὄ

ὒ
Ὀ

 (3.43) 

For the region of thermally developing turbulent flow, The Nusselt number is denoted as ὔόͅ  

where the value of ὄ has the formula as follows: 

 ὄ

ὒ
Ὀ

Ȣ

πȢφψ
σπππ
ὙὩ

ὖὶ
 (3.44) 

The complete equation for the Petukhovôs correlation under the condition of turbulent flow 

which is thermally developing is given as follows: 

 

ὔόͅ

ở

Ở
ờ

Ὢ
ψ ὙὩȢὖὶ

ρȢπχ
ωππ
ὙὩ

πȢφσ
ρ ρπὖὶ ρςȢχ

Ὢ
ψ ὖὶ ρ

Ợ

ỡ
Ỡ
ρ

ὒ
Ὀ

Ȣ

πȢφψ
σπππ
ὙὩ

ὖὶ
ὒ
Ὀ

 

(3.45) 

The friction factor within the Eq. 3.45 must be used based on the equation set by Haalandôs of 

Eq. 3.46 [197] to consider the surface roughness effect which is as follows: 

  Ὢ

ở

Ở
ờ
ρȢψὰέὫ

φȢω

ὙὩ

‐
Ὀ

σȢχ

Ȣ

Ợ

ỡ
Ỡ

 (3.46) 

To add, an adjustment can be made towards the Dittus-Boelter equation based on Al-Arabiôs 

proposed correlation equation including the effects of flow which is thermally developing. The 

use of Dittus-Boelter equation is originally for smooth surface which can be modified to include 

surface roughness based what has been proposed by Norris [198] which is as follows: 

 
ὔό

ὔό

Ὢ

Ὢ
 (3.47) 
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The function of ὲ πȢφψὖὶȢ . From the findings by Norris, the increase of surface roughness 

will not led to the increase of Nusselt number when τ. The  is calculated 

based on the Haalandôs equation for micro-channelôs with both smooth and rough walls. The 

correlation by Dittus-Boelter under the flow of turbulent with thermally developing condition 

can be modified to be as follows: 

 

ὔό ͺ πȢπςσȢὙὩȢȢὖὶȢ
Ὢ

Ὢ

Ȣ Ȣ

ρ

ὒ
Ὀ

Ȣ

πȢφψ
σπππ
ὙὩ

ὖὶ
ὒ
Ὀ

 

(3.48) 

Gnielinski, [199] proposed the empirical correlation equation based on the Petukhov equation 

(Eq. 3.40) which is as follows: 

 ὔό

Ὢ
ς ὙὩ ρπȢὖὶ

ρ ρςȢχ
Ὢ
ς ὖὶ ρ

 (3.49) 

The Gnielinski correlation equation is only true when ὙὩ has minimum and maximum limit of 

σ ρπ and of υ ρπ while ὖὶ has to be lower than 2000 and higher than 0.5. Under the flow 

of fully developed turbulent, the smooth circular tubes will have Fanning friction factor (Ὢ) 

based on what is proposed by Filonenko [200] which is as follows:  

 
Ὢ ρȢυψÌÎὙὩ σȢςψ  where τπππὙὩ υ ρπ and πȢυ

ὖὶ ρπ 
(3.50) 

The region of thermal entry effect consideration will be added where this will change the Eq. 

3.49 to what has been proposed by Kakac et al. [201] which is as follows: 

 ὔό

Ὢ
ς ὙὩ ρπȢὖὶ

ρ ρςȢχ
Ὢ
ς ὖὶ ρ

ρ
Ὀ

ὒ
 (3.51) 

The equation of Gnielinski [199] is being utilised by Phillips [190]for the Nusselt number 

prediction based on the region of turbulent developing flow in  circular duct. 
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 ὔό πȢπρςρ
Ὀ

ὒ
ὙὩȢ ςψπὖὶȢ (3.52) 

3.8.5      Total thermal resistance analysis (Ὑ ) 

Heat is transferred by means of conduction and convection from the chip to heat sink and heat 

sink to coolant respectively [202]. The capability of micro-channel heat sink for cooling 

electronics is measured by using parameter of total thermal resistance, Ὑ  [K/W]. Ὑ  is defined 

as ratio of temperature difference from electronics die along module to coolant fluid per watt of 

energy transferred [203] which can be referred to Eq. (3.53). 

 

Ὑ
Ὕ ȟ Ὕȟ

ὃή
Ὑ Ὑ Ὑ

Ὄ

ὯȢὃ

ρ

Ὤ Ȣὃ

ρ

άȢὅ
 

(3.53) 

ὡὬὩὶὩȟ Ὑ Ὑ ȟ Ὑ ȟ  

                       Ὑ Ὑ ȟ Ὑ ȟ   

Where Ὕ ȟ  is the heat sink maximum base surface temperature [K]; Ὕȟ  is inlet 

temperature of fluid [K]; ὃ is the heat sink base surface area [m2]; ή  is the heat flux applied at 

base [W/m2]; Ὄ  is the thickness of substrate [m]; Ὧ is the thermal conductivity of heat sink 

material (copper) [W/(mẗK)]; Ὤ  is the average heat transfer coefficient [W/(m2ẗK)] 

Ὤ
ȟ ȟ

 with ὃ  as the effective area available for heat transfer [m2]; 

Ὕȟ  is the average is average surface base temperature [K] and Ὕȟ  is the average is average 

fluid temperature [K] Ὕȟ Ὕȟ Ὕȟ ςϳ ; ά is the total mass flow rate through the 

channel [kg/s] ά ”Ὗ ὃ  with ὃ  as cross-sectional area of channel; ὅ  is the fluid 

specific heat capacity [J/(kg.K)] measured at Ὕȟ . 

At low thermal resistance, the electronics temperature rise is minimised. For a system, the total 

thermal resistance, Ὑ , can be defined as the addition of individual layerôs thermal resistance 

dependent on thermal conductivity and material thickness referring to Eq. (3.53). From Figure 

3-12, conventional cooling method using MCHS under forced convection with water as base 

fluid. Symmetry boundary condition used to simplify the MCHS, and thermal resistance analysis 

is illustrated. Shao et al. [204] investigated the main thermal resistances on MCHS from Figure 

3-12. Conduction thermal resistance for bottom base of heat sink and fins are Ὑ ȟ  and 
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Ὑ ȟ  respectively. Convection thermal resistance for bottom base of heat sink and fins wall 

are Ὑ ȟ  and Ὑ ȟ  respectively. Ὑ  is the thermal resistance dependent to bulk 

temperature rise. From Eq. (3.53), the individual component of conduction and convection 

thermal resistances are presented. 

 

Figure 3-12: Shows the networks of thermal resistances [33] . 

3.8.6      Pressure drop (Ўὖ) 

Pressure drop (Ўὖ) is defined as the pressure difference between inlet and outlet of heat sink as 

follows: 

 Ўὖ ὖ ὖ  (3.54) 

Where Ўὖ is the difference in pressure between inlet and outlet (pressure drop) [Pa] and ὖ  

and ὖ  is the inlet and outlet pressure of fluid of heat sink [Pa]. The Eq. 3.54 will be used in 

Chapter 6 since single inlet-outlet channel is used.  

For Chapter 7, double inlet-outlet mini-channels are used with separated serpentines, therefore, 

the newly constructed Ўὖ formula is as follows: 

 Ўὖ ὖ ȟ ὖ ȟ ὖ ȟ ὖ ȟ (3.55) 

For Chapter 8, almost similar heat sink design executed compared with the design in Chapter 7 

with a slight difference of adding through-holes connecting two separated serpentines, thus, the 

suitable  Ўὖ formula can be defined as follows: 
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 Ўὖ
ὖ ȟ ὖ ȟ ὖ ȟ ὖ ȟ

ς
 (3.56) 

3.8.7      Temperature standard deviation (TSD) 

Temperature distribution standard deviation (ὝὛὈ) can be calculated as follows: 

 Ὕ
ВὝ Ὕ

ὔ
 (3.57) 

Where Ὕ is the local point temperature at each node of the mesh grid, Ὕ  is the average 

temperature of the whole heat sink and ὔ is the number of nodes within the mesh grid. ὝὛὈ is 

calculated to quantify the temperature uniformity of the heat sink. Lower magnitude of ὝὛὈ gives 

an indication of higher uniformity of temperature distribution along the domain of heat sink. 

3.9 Performance evaluation criteria (PEC) index 

A thermal-hydraulic performance evaluation criteria (PEC) index [205, 206] is utilised to 

perform the enhancement of heat transfer effectiveness using serpentine channel heat sink with 

fins and taking account the penalty paid from the calculated pressure drop. The initial formula 

of PEC was firstly introduced using the terms of friction factors and Nusselt numbers as 

contrasted measures of hydraulic and thermal characteristics. In this work, the PEC index is 

presented using the term of direct computed quantities which are equivalent in [205, 206] to the 

average Nusselt number (ὔό ) and pressure drop (Ўὖ) proposed in [145]. Thus, PEC index is 

presented as follows: 

 ὖὉὅ
Ὑ ȟ Ὑ ȟϳ

Ўὖ Ўὖϳ ϳ

Ὁ

ὉЎ
 (3.56) 

Where Ὑ ȟ  and Ὑ ȟ  are total thermal resistances of the conventional serpentine 

heat sink and novel design serpentine heat sink respectively. Ўὖ  and Ўὖ  are the 

pressure drop of the conventional serpentine hat sink and novel design serpentine heat sink 

respectively. Ὁ  and ὉЎ  are the ratio of thermal resistance and pressure drop of the novel 

design to the conventional design.  

3.10 Chapter summary 

Within this chapter, the fundamentals of heat and fluid flow for this work are presented. 

Fundamentals from basic concept of fluid flow, boundary layers and characteristics of heat 

transfer and hydraulic are explained in details. For this work, fully developed (to ensure constant 

velocity profile across channel and symmetric flow) forced convection internal incompressible 

(to reduce computational time) flow is considered. Unsteady flow is assumed to ensure 
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simplicity of CFD models. Turbulent flow model is used for validation and optimisation analysis 

while laminar flow is used for the detailed analysis to compare the thermal-hydraulic 

performance between different heat sinks and parametric analysis in order to reduce 

computational time. Breaking of boundary layers analysis are important to use for studying its 

effect on improving heat transfer around secondary channels. The Reynolds number parameter 

is used to vary the fluid velocity within the CFD software. The parameters used to compare the 

thermal performance are Average Nusselt number and total thermal resistance while for 

hydraulic performance, pressure drop parameter is used. The Performance Evaluation Criteria 

parameter is used to calculate the overall thermal-hydraulic performance of heat sink by 

including both thermal and hydraulic parameters in one equation. 
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Chapter 4 : Numerical Analysis 
 

4.1 Introduction to Numerical analysis 

Computational Fluid Dynamics (CFD) numerical analysis method has been widely used to 

analyse the complex multi-physics systems comprising heat transfer, fluid flow and mass 

transport study using computer-based simulation. To give an example, CFD is exploited in 

electronics industry for energy systems and heat transfer optimisation for electronics cooling. 

Discretised partial differential equations (PDEs) are formed using CFD to search for 

approximate solutions of governing equations for fluid flow and heat transfer from the 

predetermined elements grid giving a certain corresponding number of points within the 

boundary of geometry [207, 208]. 

For the current problem, all CFD models are solved using the finite-element method (FEM) 

utilised by COMSOL Multiphysics version 5.4 which is very suitable for problems relating 

multiphysics and it is stable compared to other numerical methods. The Galerkin method used 

by COMSOL Multiphysics converts the PDEs into integral scheme of FEM [209]. The FEM is 

a numerical method, utilised governing equations integral form as its starting point [210]. The 

algebraic form of governing equations using FEM are being discretized over domain entirely. 

An element is the smallest sub-geometry consisting nodes (refer Figure 4-1). From this elemental 

analysis, the interaction between adjacent elements induced continuous change in various 

properties [211]. 

 

Figure 4-1: Shows the typical mesh of finite element [211]. 

Three major stages using CFD in carrying out numerical analysis modelling of heat transfer and 

fluid flow [208] can be referred schematically in Figure 4-2. 

1) Pre-processing: In this initial step, the geometry is defined which are the 

computational domain, sub-domains from the entire domain (generation of 



93 
 

grid), the physical and chemical phenomena selection, the properties of fluid 

and solid are defined and boundary conditions specifications. 

2) Simulation phase (processing): The governing equations of heat transfer and 

fluid flow are solved simultaneously within the domain of computational 

analysis.  

3) Post-processing: The analysis of results obtained from numerical solutions are 

carried out. This comprises the analysis results, plots, graphics, animations and 

writing full reports presentation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-2: The stages of CFD simulation. 
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4.2 Pre-processing (Generation of grid) 

COMSOL Multiphysics version 5.4 utilises FEM solving PDE equations for both regimes of 

laminar and turbulent flow. Mesh generation of domain for computational analysis consisting of 

two different types of 2-D elements (which are called quadrilateral and triangular respectively). 

To solve 3D models, mesh is generated initially to discretise the entire domain using four main 

element types of tetrahedral (tets), hexahedral (bricks), triangular prisms (prisms) and pyramids 

which can be utilised in different combinations. Element types can be referred in Figure 4-3. 

 

 

 

 

 

 

 

 

 

 

Figure 4-3: Shows the different element types in 3D space [212]. 

From Figure 4-3, the use of pyramids element type only in creating mesh transition between 

hexahedral and tetrahedral element types. For complex domain geometry, higher difficulties 

faced in creating the mesh using bricks due to very low mesh quality and difficult pressure solver 

convergence. For the present work, the tetrahedral mesh is applied to the entire domain which 

also the default element type provided in COMSOL Multiphysics. For higher accuracy, second 

order tetrahedral mesh is used due to the existence of mid nodes (white filled nodes) between 

nodes (black filled nodes).  

4.2.1      Mesh of structured or unstructured grids 

The generation of mesh can be divided into three major methods of structured,  unstructured 

mesh and combination of both which is sole affected by the shape of geometry. Commonly, the 

geometries with simple design would use the structured mesh. Unstructured mesh uses 3-D 

3-D 3-D 

3-D 

3-D 

2-D 

2-D 



95 
 

elements in Figure 4-3 and it is more favourable than structured mesh due to its flexibility to 

assemble the elements freely for highly complex geometries and domain decomposition is not 

required [213]. The advantage of structured mesh is less numerical diffusion since the grid has 

well defined geometric shape which can be aligned with direction of flow while having so much 

lower computational power to run it. Oppositely, the unstructured mesh has the advantage of no 

domain decomposition and easily applied for very complex geometries. Referring Figure 4-4, 

the difference between structured and unstructured are shown in 2-D. 

 

Figure 4-4: Shows the (a) structured (b) unstructured mesh in 2-D space [33] . 

4.2.2      Quality of mesh 

Mesh quality (ὗ ) affects solution accuracy and COMSOL is capable to automatically check 

the quality of mesh element under both regimes of laminar and turbulent flow. Since the current 

work involves complex geometry, the whole domain is meshed using free tetrahedral elements. 

COMSOL uses the combination of Delaunay and front algorithms for free tetrahedral element 

filling around domains. At contact surface between solid and fluid boundaries, boundary element 

solver is used to create boundary element mesh. Grid refinement is applied on small geometry 

and curved edges to capture the solution at high accuracy. 

For the regime of laminar flow, ὗ  for tetrahedral element is calculated by COMSOL using 

the following formula: 

 ὗ
χςЍσὠ

Ὤ Ὤ Ὤ Ὤ Ὤ Ὤ Ȣ
 (4.1) 

Where ὠ is the volume and Ὤ, Ὤ, Ὤ, Ὤ, Ὤ and Ὤ are the element lengths of edge [214]. To 

have high element quality, the ὗ  must be more than 0.1 to achieve reasonable edge ratio, 

volume ratio and aspect ratio avoiding stretched or distorted elements. 

For the regime of turbulent flow, the wall lift -off value in viscous units (ώ ) can be calculated 

using the following formula [215]: 

                                      ώ
Ȣό‏

ὺ
                (4.2) 
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The wall lift-off value (‏ ) is the distance between the wall and the closest boundary layer mesh 

of the fluid (refer Figure 4-5). The ὺ is the fluid kinematic viscosity and ό is the friction velocity 

defined as the following formula: 

                                       ό ὅЍὯ                (4.3) 

Where Ὧ is the Von Karman constant (Ὧ πȢτρψ for wall lift -off); ὅ is the empirical constant 

(ὅ πȢπω) [215].  

 

 

 

 

Figure 4-5: Shows the distance ‏ from wall to the nearest boundary layer mesh. 

The ώ  value has a great impact on the solution accuracy to resolve the boundary layers 

effectively. To achieve the highest accuracy the value of ώ  must be equal to 11.06 according to 

[215] based on the point where viscous sublayer meets the logarithmic layer (region where fluid 

flow is observed near surface or wall boundary where the fluid velocity profile is characterised 

using logarithmic relationship between distance from boundary and fluid velocity). The 

recommended range of ώ  value is between 11.06 and 300 suggested by [215] because from 

their findings beyond 300, the results of simulations becomes less reliable and accuracy since 

near-wall region resolution is lacking. 

4.3 Processing (Computational model) 

The modelling of 3D flow and heat transfer of mini-channel heat sink (Mini-CHS) was 

established based on the assumptions in subchapter 4.4.1. The fluid flow is modelled using the 

governing equations (continuity and Navier-Stokes momentum equations) for both regimes of 

laminar and turbulent flow. The derivation of governing equations starts from compressible flow 

going to incompressible flow by applying assumptions for simplicity which is discussed in 

detailed under sub-chapter 4.3.1. 

4.3.1      Navier-Stokes Equations 

The heat transfer and fluid flow of Mini-CHS are solved by the governing equations of 

continuity, momentum and energy for both fluid and solid domain which described as follows 

[208, 216]. 

Solid Wall 

‏  

Node 

Mesh 
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4.3.1.1      Continuity equation 

In 3D space, the continuity equation is as follows: 

 
‬”

‬ὸ

‬

‬ὼ
”ό

‬

‬ώ
”ὺ

‬

‬ᾀ
”ύ π (4.4) 

The vector form of Eq. 4.4 can be written as follows: 

 
‬”

‬ὸ
Ȣɳ”Ἵ π (4.5) 

Where ” as the density of fluid (kg/m3),  ɳis the gradient operator and ◊ is the vector of fluid 

velocity which are as follows: 

ᶯ
‬

‬ὼ
Ὥ
‬

‬ώ
Ὦ
‬

‬ᾀ
Ὧȟ     Ἵ όὭὺὮύὯ 

Where ό, ὺ and ύ are the component of velocities in 3D space for directions of ὼ , ώ  and 

ᾀ . Referring to Eq. 4.4, it applies for the case of compressible and unsteady flow in 3D space. 

Thus, to have an incompressible flow, the term of  is equal to zero as ” is constant regardless 

if the flow are either steady or unsteady [217]. Therefore, Eq. 4.5 can be reduced as follows: 

 ȢɳἽ π (4.6) 

4.3.1.2      Momentum equation 

The momentum equation under laminar flow (single-phase) is as follows: 

 
‬”Ἵ

‬ὸ
Ȣɳ”ἽἽ ὴɳ Ȣɳ† ἐἪ (4.7) 

Where ╕╫ is the vector of body force per unit volume (N/m3) due to gravitational forces; ὴ is the 

pressure of fluid (Pa); †  is the viscous stress tensor (Pa) which can be expressed as follows: 

 †

† † †
† † †
† † †

 (4.8) 

For compressible Newtonian fluid, Eq. 4.7 is expressed as follows: 

 ”
‬Ἵ

‬ὸ
”ἽɳȢἽ ὴɳ Ȣɳ‘ Ἵɳ Ἵɳ

ς

σ
‘ ȢɳἽἓ ”▌ (4.9) 

Where ‘ as coefficient of molecular viscosity; ἓ as unit diagonal matrix; ▌ as vector of gravity 

(m2/s) (▌ ὫὭ ὫὮ ὫὯ). The formula of strain-rate tensor, ‎, is as follows: 

 ‎ ‘ Ἵɳ Ἵɳ  (4.10) 
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To get viscous stress tensor, †, the ‎ is multiplied by ‘ which yields,  † ‘‎ ‘ Ȣɳ◊ἓ. To 

achieve incompressible flow, the velocity vector divergence is equal to zero (ɳȢ◊ ), thus Eq. 

4.9 can be simplified to be as follows: 

 ”
‬Ἵ

‬ὸ
”ἽɳȢἽ ὴɳ Ȣɳ‘ Ἵɳ Ἵɳ ”▌ (4.11) 

Eq. 4.11 can be further reduced into component form when ‘ is constant which is as follows: 

x-direction:  
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y-direction:  
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z-direction:  
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(4.11c) 

The equations of 4.11a, 4.11b and 4.11c are the momentum equations in 3D space for 

incompressible and unsteady flow. The vector form of these equations is as follows: 

 ”
‬Ἵ

‬ὸ
”ἽȢɳ Ἵ ὖɳ ‘ᶯἽ ”▌ (4.12) 

When the term of  
Ἵ
π, the flow of fluid is assumed steady. 

The compressible and unsteady Newtonian fluid momentum equation under turbulent flow 

(single-phase) is as follows: 
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(4.13) 

To capture the physics well for conjugate heat transfer model, Ὧ turbulence model is used ‫ 

to solve the governing equations for single-phase turbulent flow [218, 219] since it predicts flow-
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separation better and works well with flow near wall region where the development of adverse 

pressure gradient. The Ὧ turbulence model has two additional variables: specific dissipation ‫ 

rate,  ρȾί and turbulent kinetic energy, Ὧ (ά) ‫ Ⱦί) with respective transport equations which 

is as follows [220]: 

 ”
‬Ὧ

‬ὸ
”ἽȢɳ Ὧ ὖ ‍ᶻ”‫Ὧ Ȣɳ‘ ‘„ᶻ Ὧɳ (4.14) 

 ”
‬‫

‬ὸ
”ἽȢɳ ‫ ‌

‫

Ὧ
ὖ ”‍‫ Ȣɳ‘ ‘„ ‫ɳ  

 

(4.15) 

The turbulent viscosity and production term are as follows: 
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The parameters of empirical turbulent model constants are as follows [214]: 
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4.3.1.3      Energy equation 

The energy equation conservation under laminar flow (single-phase) can be expressed in 

Cartesian coordinates which is as follows: 
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Where Ὕ ὑ, Ὧ 
Ȣ

, ὅ 
Ȣ

 and ɮ are the fluid absolute temperature, thermal conductivity, 

specific heat and viscous dissipation function as follows: 
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(4.20) 

From Eq. 4.19, it can be expressed in vector form as follows: 

 ”ὅ
‬Ὕ

‬ὸ
ἽȢɳὝ ȢɳὯɳὝ ‘ʐȡɳἽ (4.21) 

For solid domain, conduction heat transfer occurs which can be expressed as follows: 
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From Eq. 4.22, it can be expressed in vector form as follows: 

 ȢɳὯ Ὕɳ π (4.23) 

The energy equation conservation under turbulent flow (single-phase) can be expressed as 

follows: 

 ”ὅ
‬Ὕ

‬ὸ
ἽȢɳὝ ȢɳὯ Ὧ Ὕɳ (4.24) 

Where Ὧ and Ὧ are the thermal conductivity of solid and fluid respectively. Ὧ is the thermal 

conductivity for turbulent flow Ὧ
Ȣ

 where ὖὶ as turbulent Prandtl number [221]. At 

‘ π, the flow is considered laminar. 

4.3.2      Conjugate heat transfer 

The heat transfer through conduction and convection in solid and fluid domain are coupled by 

the temperature and heat flux continuity at fluid and solid walls interface surface. The 

temperature distribution within the domain of fluids and solids caused by solid and fluids thermal 

surface interaction can be expressed using the model of conjugate heat transfer. The fluid and 

solid conjugate heat flow can be referred in Figure 4-6 with interface wall where solid wall and 

fluid have equal temperature (Ὕȟ Ὕȟ. Fourierôs law is used to describe the heat flux at 

interface wall which is as follows: 

 Ὧ
‬Ὕ
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Ὧ
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‬ὲ
ȟ ό ὺ ύ π (4.25) 

  

 

 

 

 

 

 

 

Figure 4-6: Shows the conjugate heat transfer between fluid and solid domains. 
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4.4 Boundary conditions and assumptions 

4.4.1      Assumptions 

In order to simplify the numerical solution and reduce computation time effectively, several 

simplifications have been applied using published studies [31, 63, 64, 141, 222, 223]. The 

assumptions are as follows: 

1) The heat transfer and flow of fluid are assumed steady and three-dimensional. 

2) The fluid flow is incompressible and single-phase fluid is considered for the simplicity 

of CFD models. 

3) All surfaces of Mini-CHS are assumed to be adiabatic (no heat flow) except the bottom 

wall where the heat flux is applied. 

4) The natural convective heat transfer and radiation effect are neglected. 

5) Viscous dissipation effect is neglected since there is small conversion of mechanical 

energy to thermal energy caused by fluid layers frictional forces. 

6) The channel having smooth surface due to only CFD analysis conducted to reduce model 

complexity. 

7) óôNo-slipôô velocity boundary condition applied (Ἵ▼ π) with temperature of solid wall 

equals to temperature of fluid at solid boundary (Ὕ Ὕ  ). 

Summarisation of boundary conditions for creation of model of conjugate heat transfer are 

shown in Table 4-1. 

4.4.2      Boundary conditions 

The simulations of the Mini-CHS are based specified boundary conditions as follows: 

1) The inlet flow boundary condition is fluid inlet velocity, Ὗ  (άȾί) specified based on 

Reynolds number. The inlet temperature (Ὕ) is set to be ςωσȢρυ ὑ (ςπὅ). Under the 

regime of turbulent flow, the Ὧ turbulence model is used. Thus, the turbulent ‫ 

intensity (Ὅ) and turbulent length scale (ὒ) at inlet boundary has to be set. For all 

simulations, the value of Ὅ and ὒ are specified to be υϷ and πȢπχὈ  respectively [214]. 

2) The pressure outlet boundary condition (fluid is assumed coming out to open 

atmosphere): 

ὴ ὴ π 

3) To simplify the models, the all surfaces on the heat sink except the bottom of Mini-CHS 

are considered adiabatic (no heat flow): 

▪Ȣ ὯɳὝ π 
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Where ▪ as the outward normal vector with respect to the domain boundary.  

4) Uniform heat flux is applied at the bottom wall of the Mini-CHS as follows: 

▪Ȣ Ὧ Ὕɳ ή  

Where ή is the heat flux applied to solid boundary. 

 

Figure 4-7: Boundary conditions of 3D domain serpentine channel with fins with copper (grey 

domain) and water (blue domain). 

Table 4-1: Boundary conditions for the model of conjugate heat transfer. 

Boundary Location Condition 

Thermal  At inlet Ὕ= Ὕ  =293.15K (for water) 

    Ὧ π (for solid) 

  At outlet Ὧ π (for water) 

    Ὧ π (for solid) 

  
At all walls except 

bottom 
ό ὺ ύ π άί  

    Ὧ π  

  At bottom wall  Ὧ
‬Ὕ

‬ᾀ
ή  

      

Hydrodynamic At solid-fluid interface No penetration and no-slip 

    ό ὺ ύ π άί  

    Ὧ Ὧ , where ὲ is perpendicular to the wall 

 At inlet ό ό  

  ὺ ύ π άί  

 At outlet ὖ ὖ πὖὥ 
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4.5 Discretisation schemes 

COMSOL Multiphysics uses the approach of fully coupled or segregated solver for solving the 

governing equations. For non-linear problems, the segregated solve required iterations. The 

segregated solver also can utilised the direct or iterative linear solvers. The Jacobian matrix is 

being split by segregated solver into sub-problems which is based on the type of degree of 

freedom (DoF). The number of variables assigned for solving either linear or non-linear 

algebraic system that describes the operational unit is the degrees of freedom. The computational 

time and memory required to compute a solution is significantly depending on the degrees of 

freedom number. For coupled solver, governing equations are solved simultaneously while 

segregated solver solves them sequentially. For this work, the segregated solver is used to 

balance the accuracy and memory requirements growth. 

Within the COMSOL Multiphysics software, three discretisation elements types can be choose 

from which are P1+P1,  P2+P1 and P3+P2 which is discussed as follows in Table 4-2: 

Table 4-2: Discretisation element types. 

Element types Velocity field Pressure field 

P1+P1 First-order First-order 

P2+P1 Second-order First-order 

P3+P2 Third-order Second-order 

 

For this work, the P1+P1 element type will be used together with quadratic elements for temperature 

field. Many number of CFD studies only used relative error tolerance between the order of 10-3 to 

10-6. Typically, using smaller relative error tolerance will results in the increase of accuracy of 

solutions but with higher computational time. Thus, for this work the convergence occurs between 

the order of 10-4 to 10-5 with 0.5 relaxation factor. 

4.6 Post-processing 

After the solutions of governing equations using continuity, Navier-Stokes, energy and transport 

equations obtained using the boundary conditions and assumptions specified, the analysis of 

results are carried out. However, to ensure the reliability of the results, it is crucial that the mesh 

verification and validation studies are accomplished. The mesh study will be explained in the 

results section in Chapter 6 to 8. 
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4.7 Chapter summary 

In this chapter, numerical analysis process are introduced. The numerical method process used 

in this project can be summarised as follows: 

A) Initially the design of the micro-channel heat sink solid and fluid domains can be 

constructed using design software such as Computer Aided Design (CAD) software or 

built in design tools within CFD software. 

B) The solid and fluid domains are assigned according to the materials used which in this 

work will be copper and water. 

C) The heat transfer module will be utilised for both solid and fluid domains while the fluid 

flow module will be assigned for fluid domain only to solve the conjugate heat transfer 

analysis. 

D) The governing equations like continuity, Navier-Stokes, energy and transport equations 

will be used for solving the heat sink physics. 

E) All outer surfaces except bottom surface of heat sink will have adiabatic condition where 

no heat transfer occurs to exclude heat loss to surrounding. Heat flux is applied only at 

the bottom surface of heat sink for flow of heat. 

F) At inlet boundary, a perpendicular to boundary of fully developed flow condition with 

specified velocity magnitude is applied to ensure steady state flow where properties of 

flow does not changing along the direction of flow. At outlet boundary, pressure outlet 

is set to zero to indicating boundary pressure is equal to the atmospheric pressure to 

simplify the mathematical equations for faster and stable solution. 

G) The meshing technique will include using unstructured mesh for domain discretisation 

based on the tetrahedral elements. The meshing is must have conformal mesh between 

solid and fluid boundaries to ensure accuracy of solutions. Finer mesh will used for fluid 

domain and mesh refinement applied around bends and secondary channels. This is to 

ensure the simulations can capture complex flow phenomena, resolving boundary layers, 

fluid separation and reattachment as well as vortices.  

H) Segregated solver with P1+P1 discretisation element types is used to balance between the 

growth of memory requirements and computational time and order of relative error 

tolerance between the order of 10-4 to 10-5.  
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Chapter 5 : Design optimisation 
 

5.1 Design optimisation formulation 

The process of optimisation aims to achieve the optimal solutions for a certain design problem 

while obeying specified constraints [224]. For many application of engineering such as 

construction and design would require the designers to ensure that maximum performance of 

results can be achieved [225, 226]. A complete optimisation problem is comprised of 

objective(s), design variables and the design space constraints. The objective(s) are the output 

parameters of a system which should be minimised or maximised. One or more than one 

objectives to be optimised is called single-objective optimisation and multi-objective 

optimisation respectively. For multi-objective optimisation, it often occur that the objectives 

conflicts each other where minimisation of one objective would result in the maximisation of the 

other and vice versa. For the design variables, they are used to obtain the corresponding 

objectives. Design variables are chosen based on the application problem specifications. Next, 

design variables can be of either two forms whether it is discrete or continuous. The design 

variables must be within design space which has an upper and lower limits called constraints 

where the feasibility of the design totally depend on it [225-227].  

The goal is to search the design variables, ὼ, which minimises or maximises the single objective 

function, Ὢὼ, for single-objective optimisation or multi-objective optimisation, Ὂ●. The 

objective functions are the output results from CFD analysis which are total thermal resistance 

(see sub-section 3.8.5), pressure drop (see sub-section 3.8.6) and mass of copper heat sink (see 

appendix section A 4 for volume formula). The formulation of the optimisation problem can be 

expressed as follows: 

(Minimisation or maximisation) ◐ Ὂ● Ὢ●ȟὪ●ȟȣὪ ●  

                                                    Ὤ● πȟύὬὩὶὩ Ὥ ρȟςȟȣȟὲ 

                                                    Ὣ ● πȟύὬὩὶὩ Ὥ ρȟςȟȣȟὴ 

                                                    ● ὼȟὼȟȣȟὼ ȟɴ ╧ṒὙ where ὼ ὼ ὼ  

                                                   ◐ ώȟώȟȣȟώ ȟɴ╨ṒὙ                                     (5.1) 

Where Ὤ● and Ὣ ὼ are the inequality and equality constraints which has to be satisfied, 

while ╧ and ╨ are the design and search space respectively from the corresponding design 

vectors of ● and ◐. ὼ is the design variable at a specific point Ὥ which has lower and upper limits 

of ὼ and ὼ  respectively. In this section, the process of optimising the heat sinks exploiting the 



106 
 

CFD enabled optimisation is explained in detail, from design variables selection stage to the 

optimum design of heat sink obtained. 

5.2 Optimisation problems classification 

The categorisation of optimisation problem can be divided into two major division which are 

deterministic and probabilistic optimisation [228]. For single-objective function, the 

deterministic optimisation can be split into three categories depending on the design variables 

data structural type either discrete or continuous or both combined together. The method of 

deterministic optimisation is based on the assumption where the results of Pareto optimality is 

known with the real precision. In many occasions, the deterministic results are possible to be 

implemented within physical world for manufacturing but sometimes it is not possible due to 

manufacturing constraints such as tolerance and measurement errors. Thus, to solve this issue, 

probabilistic optimisation framework offers the opportunity for more flexible solutions which is 

more feasible in real life engineering problems. Furthermore, probabilistic optimisation can be 

split into two major method of robust and reliability-based optimisations respectively. The 

presence of constraints on design variables will define the optimisation framework whether it is 

a constrained or unconstrained problem [225, 229-231] for both deterministic and probabilistic 

optimisation framework. Based on the optimisation problem nature, it can either be local or 

global optimisation. 

5.3 Design of Experiments (DOEs) 

To build the response surface (meta-model) over a certain range number of design variables, the 

use of Design of Experiments (DOE) points is exploited. Meta-model is known as surrogate 

model where the relation between the input and output is estimated. Different methods of 

creating the points of DOE can be utilised such as Full Factorial, Random, Latin Hypercube 

(LHC) and Optimal Latin Hypercube (OLHC) [232]. For this study, the OLHC is used based on 

several advantages compared to other methods. The reason on the choice of OLHC is due to its 

effectiveness giving uniform sampling within the whole design space with the least design points 

count. It is crucial to fill the whole design space obtaining the highest accuracy of response 

surface within the range of design variables as well as to achieve the reduction in performing 

expense of each experiment [233]. In addition, the lacking in DOE points number will induce 

low quality response representation and reduces the accuracy of meta-model. Creating the DOE 

points requires appropriate design parameters to build the response surface. 
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5.4 Sampling and Probability Distributions 

The motivation of using the sampling and probability distributions are to ensure cost-

effectiveness when collecting data. Furthermore, accuracy and precision can be achieved 

estimating the means, variances and proportions as well as making predictions based on past 

data or for future events. When certain values are drawn probabilistically (probability 

distribution), it is called a sampling process [234]. The distribution of probability can also be 

converted in the form of cumulative curve (refer Figure 5-1). Distribution of probability explains 

by where random variables are assign to its own probability values using pre-set mathematical 

functions. Model historical and experimental data are some of the applications where probability 

distributions can be used for generating the estimation or prediction and large number outcome 

analysis (e.g., Monte Carlo simulations). Normal or Gaussian and Weibull distributions are the 

examples of parametric distributions where parameters data fitting is established.  

 

 

 

 

 

 

 

Figure 5-1: Shows the (a) probability density function (PDF) (b) cumulative form of PDF 

[235]. 

Referring Figure 5-1, it shows the plots of Probability Distribution Function (PDF) and its 

corresponding cumulative form. To give a brief explanation, let say we have ὼ π, looking at 

Figure 5-1 (b) it can be seen that cumulative probability distribution gives a corresponding value 

of 0.5 meaning 50% of data starting from the most negative value have been added (refer Figure 

5-1 (a) for area under the graph at ὼ π). Similarly when ὼ πȢχ, cumulative distribution 

shows 0.26 value meaning 26% of the data are below at ὼ πȢχ while the other 74% of data 

above at ὼ πȢχ.  

To measure the sampling method efficiency, it can be based on three criteria of running time for 

simulations, iteration number and accuracy. Therefore, it can be concluded as inefficient if the 
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sampling method requires longer time and larger iteration number. Common methods of 

sampling are Monte Carlo and Latin Hypercube samplings. 

Based on Zacks [236], he described the uncertainty fundamental theory. Let the random 

variables vector ὢ ὼȟὼȟȣȢȟὼ under the variability of probability density function (PDF) 

and cumulative distribution function (CDF) (refer Figure 5-1 for plots). The PDF and CDF are 

denoted by ὴὢὼ and ὖὢὼ respectively.  

To compute the probability of ὢ, the area under the curve is calculated based on the limits of ὼ 

and ὼ respectively. The calculation of PDF is as follows: 

 ὖὶὼ ὢ ὼ ὴὼ ὖ ὼ ὖ ὼ  (5.2) 

Using Gaussian distributions, it will be used in this work with a description of the value of mean 

‘ὼ and standard deviation „ὼ to perform the estimation of random variable of Ὁὢ and 

ὠὥὶὼ values. The equations of Ὁὢ and ὠὥὶὼ are as follows: 

 Ὁὢ ‘ὼ ὼὴὼὨὼ (5.3) 

 ὠὥὶὢ „ὼ ὼ ‘ὼὴὼὨὼ (5.4) 

5.4.1      Monte Carlo Sampling Method (MCSM) 

From a probability distribution, the generation of random samples often exploits Monte Carlo 

sampling method. Common complex problems which exhibits probabilistic behaviour uses 

Monte Carlo sampling method [237]. Many generating random samples algorithms are 

accessible using probability distribution of different types. High randomness when using Monte 

Carlo sampling methods, where samples that have been generated are distributed randomly 

within the distribution of input range. Within the distributions region where the chance of 

occurrence is higher, this is where samples are more probable to be drawn. From Figure 5-2, a 

new random number where individual Monte Carlo sample use which is in between 0 and 1. The 

input distributions can be recreated when sampling has enough iterations. Referring Fig., in the 

middle of the distribution where all five samples are distributed, led to no samples at the outer 

ranges meaning not simulations occur in these regions. The sampling within these regions is 

important since it influences the outcome. But having very low probability, small iterations of 

Monte Carlo sampling might not be enough to sample these outcomes with sufficient quantities 

in order to have probability representation which is accurate enough. Therefore, the use of Monte 

Carlo sampling method (MCSM) requires a very large number of samples to approximate the 
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probability distribution accurately and small number of samples has shown some issues before. 

Often, the approximation of the Monte Carlo sampling is not sufficient for the actual probability 

distribution. Since MCSM uses the memory-less system, samples points that are newly generated 

is not based on the previous sample points that has been generated. From this issue, different 

distribution methods have been developed with less sampling needed compared to the MCSM 

such as the Latin Hypercube sampling (LHS). 

 

 

 

 

 

 

 

 

 

 

Figure 5-2: Monte Carlo sampling for 5 iterations [238]. 

5.4.2      Latin Hypercube Sampling (LHS) method 

The application of Latin Hypercube sampling (LHS) was introduced to replace the MCSM for a 

more efficient, random and simple sampling method with better sampling variables [239, 240]. 

The LHS method is then further studied by Iman Conover [241]. Based on the conclusion made 

by Swidzinski et al. [242], the effectiveness of LHS method is five times more powerful 

compared to traditional methods in terms of yield estimation since LHS only need 200 points 

compared to MCSM which requires 1000 points. The method of LHS utilised the stratified 

sampling technique to achieve the decrease in simulations number computing the uncertainty of 

response. The method of stratification is the equal division of random variables distribution 

function (Refer vertical axis in Figure 5-3) to become non-overlapping segments where the 

computer running number is based on the intervals number with an aim to improve the design 

space input variables distribution. In contrast with MCSM, the LHS method is to ensure the 
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creation of input distribution with high accuracy without having to iterate with large number of 

samples. LHS uses the method of taking the sample from an interval at a time while having the 

new sample taken from a new segment instead of the same segment. To compare with sampling 

based on MCSM (refer Figure 5-2), the use of LHS method for sampling has a very higher 

accuracy since the whole input probability is approximated with less number of iterations (refer 

Figure 5-3) [243]. 

Figure 5-3: Shows the Latin Hypercube Sampling (LHS) for five iterations [238]. 

5.4.3      Latin Hypercube Sampling (LHS) method with multi-dimension variables 

LHS generate the independent variable random samples (ὼ, ὼ) using grids with only one 

sample generated for each column and row. For each variable of ὼ and ὼ, individually will be 

created into one-dimensional space and then it will be pooled together into two-dimensional 

space (refer Figure 5-4 (a)). The domain of design for LHS will be split into orthogonal grids 

with equal length of elements of N number only if the variables are distributed uniformly. The 

use of LHS method is more advanced as well as highly efficient compared to MCSM. The points 

generated by LHS are randomly placed throughout the design space within the square grids with 

a condition where there are no equal values for any two points of the same parameter. Therefore, 

for each row and column of a point will be uniquely placed without having any other 

duplications. With the same accuracy as MCSM, LHS method only need 20% to 40% less 

number of simulation iterations [238]. Still, the exploitation of LHS method is entirely dependent 

to the application problem. Under the multi-dimensional (more than two) grid with N number, 
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the sub-volumes can be specified similarly when only with two-dimensional space by specifying 

the range of each of the N dimensions. Based on the grid with N number of dimensions, the sub-

volumes placed in each row and column only exist once without repetition. Based on Figure 5-4 

(b), under the multi-dimensional grids of N number, the sub-volumes (represented by the black 

cubes) can be compared to the crossword-like illustration. The sample will be chosen randomly 

to be placed to a specific sub-volume. It is very crucial specific sub-volumes are chosen to avoid 

inter-dimensional spurious correlations or sample spreading throughout the whole design space 

which can have the risk of generated samples from grid do not represent the entire design space. 

 

Figure 5-4: Latin Hypercube Sampling (LHS) [238]. 

Filling up the design space with a diagonal manner distribution would definitely satisfy the LHS 

criteria, but the other empty spaces would be left out. Different techniques can be used to ensure 

the correlations reduction within the designs of LHS. From Figure 5-5, the correlation reduction 

is shown using LHS method with Ὧ  2 and ὔ  10 respectively. 

 

Figure 5-5: Shows the LHS correlation reduction [238]. 

Ὧ = 2, ὔ = 4 Ὧ = 3, ὔ = 3 
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5.4.4      Optimal Latin Hypercube Sampling (OLHS) method 

From the explanation in previous sub-chapter 5.4.3, LHS method functions by dividing the 

parameter of design with N intervals of equally sized and only once of occurrence of each 

parameter value. Different types of Latin Hypercube sampling can be divided into two major 

methods of Random Latin Hypercube (RLH) and Optimised Latin Hypercube (OLH). It is 

required for uniform sampling of DOE points distribution to ensure the surrogate model quality. 

The use of RLH or conventional LH sampling design is only based on the number of DOE points 

and factors, N, of the input data. Referring to Figure 5-6 (a), using the conventional LHS method 

the DOE points are arranged randomly causes some unfilled areas within the design space [244]. 

Samples that are clumped together when using conventional LHS can solved by increasing the 

distance between design points using Audze-Eglais criterion as follows: 

 
ρ

ὶ
 (5.5) 

The two sample points distance is denoted by ὶ . Using permutation genetic algorithm, Eq. 

5.2 can be minimised to achieve Optimised Latin Hypercube sampling.  

The aims of OLHS method are to ensure that factors level number is equal to the DOE points 

number while having only one experiment point on each level. Furthermore, the distribution of 

DOE points are ensured to be very uniform within the design space. From Figure 5-6, it can be 

observed that using OLHS method provides more uniform distribution of design points for the 

two design variables of ὼ and ὼ.  

 

Figure 5-6: (a) LHS (b) OLHS for 100 design points for 2 design variables [245]. 
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Under optimisation process, the accuracy of the results are significantly dependent to the 

distribution of DOE points. The DOE points also will be used to create surrogates or meta-

models for computational cost reduction. The surrogates then utilised for optimisation purpose 

creating Pareto Front which will be discussed further under sub-chapter 5.5  

5.5 Surrogate modelling 

Using the DOE points extracted from using the OLHS method, the output results of system will 

then be calculated using CFD models created. The CFD results with its associated DOE points 

will be exploited for the creation of surrogates. The use of surrogate models (Response Surface 

Model (RSM) or meta-models [246]) can be utilised to map the relationship of the change in 

inputs to the outputs of a system without having further CFD simulations which is very time 

consuming [247]. By using surrogates, the output at new untested input can be predicted easily 

as long as within the limits of the design space. The numerical noise effect and missing data can 

be reduced by using surrogate models [245, 248]. Surrogates will be used within optimisation 

framework to search for global minimum of objective function from associated design variables. 

A good distribution of DOE points will be very useful to have accurate surrogate models [248]. 

The creation of surrogates are usually based on two major different schemes of interpolation-

based or approximation-based. Different methods under the approximation based-scheme are 

least square, moving least square and polynomial response surface. The use of approximation-

based models are very easy to work with as well as cheap resources and parameter sensitivity is 

straight forward, but, lower accuracy of results especially when dealing with non-linear system. 

Approximation-based models does not do interpolation of sample points and type of function 

provides limitation to the approximation [249]. Methods that used interpolation technique are 

Kriging function, Radial Basis Function (RBF) and artificial neural network (ANN) [250] where 

the surrogates formed will pass through all DOE points. For this work, the ANN method will be 

exploited for surrogate modelling. 

5.5.1      Radial Basis Functions (RBFs) 

To reduce the computational simulation resources, surrogate models can be used based on Radial 

Basis Functions (RBFs) method [251]. Since RBFs have the capability of non-linear systems 

and arbitrary behaviour functions prediction as well as handling multi-dimensional design space 

with scattered points. Surrogate models can be easily constructed using RBFs interpolation 

scheme from the DOE points [252]. Based on the design variables (ὲὨὺ) and ὲ number of DOE 

points, the estimation of ώ can be defined as follows: 
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The design variables and DOE points are given by ὢ ὼȟȟὼȟȟȣȢȟὼȟ  corresponds 

to the ὣ ώȟȟώȟȟȣȢȟώȟ  where Ὥ ρȟȣȢὲ. The prediction of ώ can be for every 

points of ὢ can be defined as follows: 

 ώὼ ‗ɲ ὶὼȟὼ  (5.6) 

Where the prediction of true response function is denoted by ώὼ, at Ὥ-th number of basis 

function the weighted coefficient is denoted by ‗, samples number is denoted by ὲ, the ὶὼȟὼ  

is the Eucledian distance between testing point ὼ and Ὥ  sample ὼ given as ὶὼȟὼ ᴁὀ ὀᴁ, 

thus, Eq. 5.3 can be modified to be as follows: 

 ώὼ ‗ɲ ᴁὀ ὀᴁ (5.7) 

The matrix form of the whole RBFs can written as follows: 

ᴁɲὀ ὀᴁ ᴁɲὀ ὀᴁ Ễ ᴁɲὀ▪ ὀᴁ

ᴁɲὀ ὀᴁ ᴁɲὀ ὀᴁ Ễ ᴁɲὀ▪ ὀᴁ
ể ể Ệ ể

ᴁɲὀ ὀᴁ ᴁɲὀ ὀᴁ ȣ ᴁɲὀ▪ ὀᴁ

‗
‗
ể
‗

ώὼ

ώὼ
ể

ώὼ

                    (5.8) 

The short form of matrix 5.8 above can be reduce to be as follows: 

 ᶮὶȢ‗ ώὼ (5.9) 

The working principle of RBF is based on interpolation where to get exact RBF approximation 

for each point of DOE, the weights, ‗, are chosen accurately. For example, ώὶὦὪὼ ώὀ  

where Ὥ ρȟȣȢὲ. The values of ‗ can be calculated using the equation of linear matrix as 

follows: 

 ‗ ᶮὶ ώὼ (5.10) 

Where the Gram matrix is denoted by ᶮὶ with formula of ɲ ὶ ᴁɲὀ ὀᴁ. The function of 

RBF has different forms which listed as follows: 

1) Cubic, ‰ὶȟὧ ὶ ὧ  

2) Thin plate spline, ‰ὶȟὧ ὶÌÎὧὶ 

3) Gaussian, ‰ὶȟὧ ÅØÐὧὶ  

4) Inverse multi-quadric, ‰ὶȟὧ
Ѝ

 

5) Multi -quadric, ‰ὶȟὧ Ѝὶ ὧ 
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For this work, the cubic function of RBF is used where ᴁɲὀ ὀᴁ ‍ᴁὀ ὀᴁ. The cubic 

RBG parameter of calibration is denoted by ‍. Based on the relatively simple Leave-One-Out 

(LOO) calibration, the value of ‍ is determined for individual surrogate model. The left out 

sample of each point of RBF function will be exploited for value prediction at the point of DOE 

which has been omitted. The predicted and actual DOE points discrepancies will be calculated 

using Root Mean Square Error (RMSE) will then be minimised with respect to the parameter of 

‍ for intervals which is suitable [253]. The RMSE formula is defined as follows: 

 ὙὓὛὉ
ρ

ὔ
ώ ώ  (5.11) 

Where the DOE points is denoted by ὔ, and the predicted and actual response values are denoted 

by ώ and ώ respectively. 

5.5.2      Moving Least Squares Method (MLSM) 

Surrogate model can be formed using Moving Least Square Method (MLSM) which can reduce 

the computational time and resources. Even though, limited number of CFD solution formed 

from small number DOE points, MLSM can capture relationship of inputs and outputs 

effectively. Numerical noise issue from results obtained by CFD software also address when 

using MLSM surrogate modelling [254]. 

The design variables and DOE points are given by ὢ ὼȟȟὼȟȟȣȢȟὼȟ  corresponds 

to the ὣ ώȟȟώȟȟȣȢȟώȟ  where Ὥ ρȟȣȢὲ. The prediction of ώ can be for every 

points of ὢ can be defined as follows: 

 ώὼ ‫ὁ (5.12) 

Where the true response function is denoted by ώὼ, Weight decay function is denoted by ‫ 

which is used to determine the basis function at Ὥ-th position and samples number is denoted by 

ὲ. The formula of :is as follows ‫ 

 ‫ ÅØÐ—ὶ  (5.13) 

Where Euclidean distance between testing point ὼ and Ὥ  sample ὼ is denoted by ὶὼȟὼ

ᴁὀ ὀᴁ and fit parameter closeness is denoted by —. 

Significant influence of — on surrogates which is very important to choose from. Manual 

estimation of — will induce numerical noise due to inefficient fit which will be required for tuning 
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resulting in reduced numerical noise effect. The determination of — will be based on the LOO 

calibration method mentioned in sub-chapter 5.5.1. The same parameter of RMSE (refer Eq. 5.8) 

will be used here. 

5.5.3      Artificial Neural Network (ANN) 

Based on biological nervous systems, the Artificial Neural Network (ANN) for creating 

surrogates has been a very important technique. The structure for ANN model is the combination 

of the input layer, hidden layers and output layer [255]. The number of hidden layers can be one 

or more respectively. Hidden layers has the function of learning the relationship between the 

input and output layers respectively which has the ability of mapping the highly non-linear and 

sophisticated relationship between input and output parameters. ANN has the hidden layers 

which has its own number of neurons specified individually, each neuron will hold a certain 

specific weight. The neurons has a network connectivity between them and activation function 

is used to guide the neurons for mapping the relationship between input and output parameters 

accurately. 

5.5.3.1      Understanding the concept of neuron 

To easily understand the concept of training an ANN model, a simple ANN model with only one 

neuron is constructed (refer Figure 5-7). The model comprises of input values, weights, bias, 

transfer function and output values. Any predicted values from ANN model will be compared 

with the actual values extracted from CFD software. Percentage difference between predicted 

and actual values that are less than 2% are considered very accurate, but higher than that will 

need an adjustment between weights and bias (refer Figure 5-8) using backpropagation method. 

Explaining backpropagation method, firstly, during forward propagation the input design 

variables are fed into the network where using the current weights the output is calculated. Then, 

the relative error is calculated between predicted output and actual data. After that, using 

backward propagation, the relative error calculated is being propagated back into the network 

where error derivative for each weight is calculated using differentiation chain rule. The update 

of weights is conducted based on the error derivative with respect to each weight. On the opposite 

direction of gradient, the weights are adjusted by multiplying with the learning rate for weight 

size update. The processes are repeated until accurate solution achieved.  
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Figure 5-7: A neuron schematic diagram [256].  

 

 

 

 

 

 

 

 

Figure 5-8: The Artificial Neural Network (ANN) diagram of control [256]. 

Using mathematical operations, network training of neuron calculating the output results which 

will satisfy the target solution based on the input variables. The transfer function coverts vector 

to scalar function by adjusting the input values weights to be as follows: 

  ώ ὼȢ‫ ὼȢ‫ ὼȢ‫ ὼȢ‫ ȣȢὼȢ‫  (5.14) 

The structure of ANN model will have hidden layers with at least one layer. From Figure 5-9, 

the input layer, hidden layers (contain neurons) and output layer are shown schematically. The 

process principle of using ANN are listed as follows: 

1) The vectors of both input (DOE points of design variables) and output (objective 

functions) data are prepared. 

2) The initial dataset (DOE points) of design variables are split into training and validation 

sets.  

Neural Network including 

connections (named weights) 

between neurons 
Compare 

Input Output 

Target 

Adjust 

weight 
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3) The architecture of ANN model is structured by specifying the number of hidden layers 

and number of neurons per hidden layer. 

4) Training of ANN model. 

Different methods available including supervised, unsupervised and reinforcement learning can 

be used to train the ANN model by adjusting the inter-nodes connection weights. Using the 

method of supervised learning, adjustment for the connecting weights are made from evaluation 

of both data from the training and predicted data from the ANN model results [257]. Back-

propagation introduced by Rumelhart et al. [258] uses optimisation algorithm based on the 

gradient descent method which also exploits the algorithm of supervised learning for weights 

connection adjustment achieving error minimisation [259, 260]. The algorithm of Stochastic 

Gradient Descent (SGD) reduces the error of back-propagation between estimated and actual 

values by adjusting the connection weights [261]. SGD only uses small random subset of training 

data to minimise the lost function efficiently while avoiding being stuck in local minima which 

faster than gradient descent optimiser. The minimisation of cost function is performed based on 

SGD method which is as follows:  

 ὧέίὸ ὁ ὁ Ⱦὔ  (5.15) 

The accuracy of the ANN model is measured by comparing the predicted data with test data 

which is as follows: 

 Ὡὶὶ ὁ ὁ Ⱦὔ  (5.16) 

Where the tested functions number is denoted by ὔ. 

Another parameter used to measure the accuracy or discrepancy of a model is the R-squared 

value which ranges in between 0 to 1 where closer to unity indicates close relationship and vice 

versa [262]. The determination coefficient (Ὑ ) is defined as follows: 

 Ὑ ρ
В ὁ ὁ

В ὁ ὁ
 (5.17) 

The ὁ is defined as ὁ
В ὁ

. 
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Figure 5-9: Shows the Structure of Artificial Neural Network (ANN) model. 

5.6 Optimisation 

To search for global minimum point the surrogates developed will be used within the 

optimisation framework. From the inspiration of biological evolution, natural selection is used 

within the Genetic Algorithms (GAs) for optimisation process. The use of GAs are mainly for 

the search of global optimum based on the problems which has both constrained and 

unconstrained condition [263]. Optimisation based on the random population is the method of 

GAs determining the optimal solution for current solutions for new generation of solutions by 

applying the random changes [264]. Many different kind of optimisation problems can be solved 

using genetic algorithm methods, sometimes an optimisation problem is not able to be solved by 

standard optimisation algorithms such as stochastic objective function, non-differentiable 

discrete dataset and highly non-linear system [265]. Global minimum(s) can be easily searched 

within entire design space using GAs methods. Even though, using GAs is very efficient in 

searching the global minimum, sometimes it is more realistic to find the local minimum instead 

due to manufacturing constraints because sometimes at global minimum the use of equipment 

and materials can be very costly and hard to be available. To search for local minima, another 

method can be used such as robust optimisation which will be explained further under sub-

chapter. In this work, Non-dominated sorting Genetic Algorithm-II (NSGA-II) will be used since 

it offers non-dominated sorting, an elitist strategy, it uses the approach for parameterless problem 

and very efficient for optimisation problem with constraints to handled.   
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5.6.1      Understanding Genetic Algorithms (GAs)  

Repetitive modification of individual solutions population which have been randomly generated 

is the first principle step of genetic algorithm [264]. Selecting the individuals from current 

population to be parents for producing the next generation of offspring is second step. Then, the 

evolution of populations will occur for the following generations in order to search for the 

solutions which is optimal. The process of Genetic Algorithms is explained schematically in 

Figure 5-10, involving different stages of creating initial population, producing next generation 

of offspring by means of selection, crossover and mutation and termination. 

 

Figure 5-10: Shows the flow chart for the working process of genetic algorithm method [266]. 

From the first step of Genetic Algorithm where potential solutions, ὖ, are generated. Individual 

solution are being generated randomly to be the first population of ὖ ὴȟὴȟȣȢȟὴ  and 

ὖ ὴȟȟὴȟȟȣȢȟὴȟȟὴ  where Ὥ ρȟςȟȣȢȟ population size and Ὦ ρȟςȟȣȢȟ number of 

design variables. The ὴȟ has the range where ὴὥὶὥ ὴȟ ὴὥὶὥ. Population size is 

denoted by ὴέὴ, number of design variables are denoted by ὲέ  and the design variables 

lower and upper limits are represented by ὴὥὶὥ and ὴὥὶὥ respectively. 

To measure the performance of chromosome created by GAs individually, fitness function is 

utilised to perform the assessment where it need to be optimised. Higher values of fitness 
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function obtained if chromosome quality is high. The formulation of fitness function can be 

structured as follows: 

  ἐἱἼἶἭἻἻ ἮἽἶἫἼἱἷἶὪὼ ȟȣȢȟὪὼ  (5.18) 

Where ὲ is the number design variables. 

To explain in a detailed manner, GAs will generate the population randomly, which will force 

the fitness function to evaluate the whole first population. This is to ensure the determination 

suitable parents to produce children by passing the genes. Higher solution quality will have 

higher value of fitness function. Commonly, individuals will be chosen based on the parents that 

has the best value of fitness function. An improved generation will be newly produced from the 

initial population based on the chromosomes. To perform identification of the best quality 

parents giving the best chromosomes, the calculation of fitness will be conducted. Next 

generation classification will be based on the three-different sub-steps of following: 

a) Selection stage: The chromosomes with high fitness values will be chosen to produce 

offspring. 

b) Crossover stage: Using the parentsô chromosomes, the best pair will be combined creating 

children. 

c)  Mutation stage: For an individual gene, random mutation is introduced.  

From step 2, where the determination of individual fitness is completed, the step 3 will cover 

the criterion satisfied function assessing the entire population fitness. For the last step of step 4, 

the search for best population is terminated when criteria is met. The criteria can be either 

generations has reached the maximum number, time limitation or solutions that are acceptable 

obtained (refer Figure 5-10 for algorithm). The generation of new population is made up of two 

populations of last generation which has high fitness quality and new children from the 

crossover and mutation process. Looping through the algorithm from Figure 5-10, after the best 

individuals obtained the algorithm will converge and the problem will have their optimal 

solutions [267].  

5.6.2      Single-objective Optimisation  

After the surrogate models have been developed for each objective function, the single-objective 

optimisation will only cover single objective function at one without optimising the other. The 

weakness of optimising only singe objective is that, while optimising one objective will lead the 

deterioration of performance of the other [268]. One of the way to solve this issue is by 

combining the objectives together using weighted sum approach where weight factor is 
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associated to each objective depending on their importance but it not covered in this work since 

Pareto optimisation is chosen. This condition single-objective optimisation is not feasible for 

certain applications if only one objective optimisation is considered. Thus, the study of multi-

objective optimisation is more applicable to search for design variables giving balanced 

performance of multi-objectives which is the Pareto optimal solutions.  

5.6.3      Multi-objective Optimisation  

The concept of multi-objective optimisation is to search the most optimal solutions 

compromising between conflicting objectives. For this work, the surrogates developed using 

RBF and ANN for each objective function studied will be used within the multi-objective 

optimisation framework. The multi-objective optimisation will provide the Pareto optimal 

solutions for different objectives tested. Both RBF and ANN surrogates will be used within 

Platypus optimisation package in Python with optimisation algorithm of NSGA-II. The function 

of Pareto optimal solutions is to provide flexibility to the designers choosing between competing 

objectives for at least to minimise all of them. The solutions from deterministic optimisation 

study often lead to only absolute results without taking into account that there might be other 

solutions that perform as good but at different design points. The formulation of multi-objective 

optimisation can be constructed as follows: 

 

(Minimisation or maximisation) ◐ Ὂ●

                                                                          Ὢ●ȟὪ●ȟȣὪ ●  

 

                                                    Ὤ● πȟύὬὩὶὩ Ὥ ρȟςȟȣȟὲ 

                                                    Ὣ ● πȟύὬὩὶὩ Ὥ ρȟςȟȣȟὴ 

                                                    ● ὼȟὼȟȣȟὼ ȟɴ ╧ṒὙ  

                                                    ◐ ώȟώȟȣȟώ ȟɴ ╨ṒὙ  

 

 

 

 

(5.19) 

The variable of q and m are the input design variables and objective functions number. The 

number set of equality and inequality constraints are denoted by ὴ and ὲ respectively. The design 

and goal space are denoted by ╧ and ╨ respectively where  the ● and ◐ are design vectors. The 

function of equality and inequality are represented by Ὣ ● and Ὤ● respectively.  

Deterministic solutions often result in a design where it is not feasible for manufacturing due to 

restrictions from tolerances to manufacture. Therefore, solving this issue, uncertainty 

quantification is added within design variables to search different design points that give almost 

equally superior performance. For the next sub-chapter, the optimisation with uncertainty 

quantification is explained in details. 
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5.6.4      Optimisation Under Uncertainty (OUU)  

Optimisation Under Uncertainty (OUU) includes the process of adding uncertainty within the 

design points and measure the performance of it, and after that optimisation is performed [269, 

270]. OUU is split into two major methods of robust design and reliability-based design 

respectively. Robust design aims to search for the design that is insignificantly affected by the 

small change of the geometry under the condition of uncertainty while reliability-based design 

takes into account of failure probability when obtaining the optimal solutions of the design. 

5.6.4.1      Robust Design Optimisation (RDO) 

The method of Robust Design Optimisation (RDO) performs minimisation of performance of 

system sensitivity towards the application of uncertainty onto the design input variables 

contributed by the factor of environment or manufacturing conditions [271]. For this work, 

aleatoric uncertainty is used which contributed by the manufacturing tolerances causing 

uncertainty. Using probabilistic framework, uncertainties are included by imposing the normal 

distribution around a design point (refer Figure 5-11 showing the optimisation robustness 

working principle) contributing to distribution of output, Ὢ. It can be observed even though the 

normal distribution of both inputs are similar but each of them results into different features of 

normal distribution of the outputs where one of them has more steep curve compared to the other 

indicating high gradient region. The application of uncertainty will definitely affects the 

response Ὢ to be varied and has to go for quantification and minimisation. The robust design 

from uncertainty application which has been optimised must have a balance between the system 

mean and variance performance (Pareto optimality) [272]. The formulation of RDO is as 

follows: 

 

ὪὭὲὨ ὼ ὸὬὥὸ ίὥὸὭίὪὭὩί 

άὭὲὭάὭίὭὲὫ ὉὪὼȟώ ȟ„Ὢὼȟώ  

ίόὦὮὩὧὸ ὸέ „Ὢȟὼ „ 

(5.20) 

Where performance function mean value and standard deviation are denoted by ὉὪ and „Ὢ 

respectively. The maximum limit of standard deviation allowed is denoted by „. 



124 
 

 

Figure 5-11: Shows the Robust Design Optimisation (RDO) principle [273]. 

The RDO is mainly used to study the response variation when input design variables are 

subjected to uncertainty while identifying what parameters are causing them. To perform 

uncertainty study, a few assumptions are to be followed as follows: 

A) Individual design variables will be subjected with Gaussian distribution. 

B) The magnitude of standard deviation will be between 5% to 10% away from the value of 

mean [274] because the range is considered appropriate to be large enough having 

meaningful variability degree but not too large causing unrealistic input values. 

C) The normal distribution is set to follow the 3-sigma rule where one, two and three sigma 

away mean are set to have the percentage of 68%, 95% and 99.7% respectively. The 

illustration of normal distribution can be referred to Figure 5-12. 

 

Figure 5-12: Shows the normal distribution applied onto the input design variables [275]. 



125 
 

Initially, let „ π, ‘ɴ ᴙ and ὢͯ ﬞ ‘ȟ„  

Then, the ὢ has a finite value of variance, „ ὺὼ and Ὁὢ as follows: 

 

Ὁὢ
ρ

Ѝς“„
ὼὩ Ⱦ Ὠὼ 

                  
ρ

Ѝς“„
ὼ ‘Ὡ Ⱦ  Ὠὼ 

                       ‘
ρ

Ѝς“„
ὼὩ Ⱦ  Ὠὼ ‘ 

 

(5.21) 

The simplification of variance similarly can be defined as follows: 

 ἤἩἺὢ Ἇὢ ‘ Ễ „  (5.22) 

The standard deviation, „, of ὢ can be calculated by „ ἤἩἺὢ. 

The optimisation using RDO method will often target to minimise the objective function(s) 

based on the design domain pre-set. To search for robust design, the optimisation is performed 

to compromise between mean and standard deviation (noise factor) of output. The RDO method 

utilises the surrogates searching for objective function that is least affected by the input 

parameters uncertain variation [276]. The input parameters that are uncertain has standard 

deviation values which are adjustable [277]. Performing robust optimisation, surrogates are used 

based on published work of Jin et al. [278], Nejadseyfi et al. [279], Shin et al. [280]. The key 

steps of performing the robust design optimisation are as follows: 

A) The robust design optimisation problem is formulated based on pre-defined design space, 

design variables, objective functions and constraints. 

B) From the pre-set DOE points, each DOE points will be subjected by uncertainty forming 

a normal distribution of points. The new sets of points will be within the initial design 

space for deterministic solution. 

C) Each DOE point will be fed into the CFD model to calculate the objective functions or 

use the pre-constructed surrogates from the deterministic solution.  

D) Utilising the distribution output objective function calculated, the mean and standard 

deviation can be computed for each DOE point [268]. The calculation of mean and 

standard deviation can be performed using either Monte Carlo Sampling (MCS) or 

Polynomial Chaos Expansion (PCE) methods (refer subchapters 5.6.5.3 and 5.6.5.4) 
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E) Surrogates are created for the newly calculated mean and standard deviation to map the 

relationship between the input and output data. 

F) The surrogates will then be fed within the optimisation algorithm for optimisation 

process to minimise the conflicting mean and standard deviation results which is called 

the Pareto Front. 

The flow chart of robust design optimisation can be referred to Figure 5-13. 
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Figure 5-13: Flow chart for the steps of robust optimisation process. 

 

 

 

from surrogate models developed 

points around each DOE point 
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5.6.5      Description of Uncertainty 

To measure the product quality (Measurand-measured quantity [281]), uncertainty measurement 

is used as a fundamental process. Using the measurement uncertainty expression guide (GUM) 

for assessing and measurement uncertainty reporting, it can be used to perform uncertainty 

evaluation providing complete guidance, framework and reference point in an uncertainty 

estimation [282]. 

GUM methodology can listed as follows: 

1) The input sources and measurand are defined respectively. The input sources variables 

identification which affects the measurement estimation either directly or indirectly is 

conducted. 

2) Input sources results prediction is carried out by model modelling. Model modelling help 

to establish the relationship of the input and output sources and capturing the influence 

of inputs towards the measurements, thus, uncertainty can be predicted very well if strong 

model is developed. 

3) Input sources uncertainties estimation. Estimation for all input sources are needed where 

there are two type methods to quantify the uncertainty evaluation [283, 284]. The 

methods are as follows: 

A) Type A: From the observation repetitions where the uncertainty is calculated. The 

parameter used for this is usually standard deviation of measurements that have been 

repeated [285]. Let say, the dataset is represented by ὼ where repeated data is given 

by ὼ, ὼé., ὼ and number of readings is denoted by ὲ. Probability distribution 

standard deviation can be calculated using formula as follows: 

 ίὼ
ρ

ὲ ρ
ὼ ὼ  (5.23) 

The uncertainty όὼ is represented as follows: 

 όὼ
ίὼ

Ѝὲ
 (5.24) 

B) Type B: measurement of uncertainty is based on non-statistical procedures. Very 

careful uncertainties estimation for input sources of Type B will be based on 

observational analysis or scientific judgement with high accuracy, utilising the 

procedure of measurement from the collections of data.  
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5.6.5.1      Uncertainties Propagation 

The uncertainties propagation law (LPU) is the law which the GUM framework is based on 

where calculations are simplified based on the set of approximations and it can be used for 

different models range. The measured quantity of ώ as function of design variables with ὔ 

number and using first-order Taylor series to express the ώ uncertainty are as follows: 

 ώ ὪὼȟὼȟȣȢȟὼ  (5.25) 

 ό
‬Ὢ

‬ὼ
ό ς

‬Ὢ

‬ὼ

‬Ὢ

‬ὼ
ὧέὺὼȟὼ  (5.26) 

Based on Eq. 5.26, since there is no input variables correlation, the second term is neglected due 

to the cross-terms of partial derivatives products can be assumed to be zero which reduces the 

equation of be as follows: 

 ό
‬Ὢ

‬ὼ
ό  (5.27) 

If the relationship between the input sources and output is non-linear where short version of the 

Taylorôs series expansion until the terms of first-order does not has the ability to perform 

propagation error correction. There are numerous restrictions when using the GUM method 

[286-288] which are as follows: 

1) Model must be linear for valid use of GUM methods, highly non-linear model is not 

solvable using Taylorôs series expansion since it has only up to first-order terms where 

propagation of error cannot be corrected. The GUM method is not suitable for current 

work as non-linear datasets are being used 

2) The same manner of input sources is required for application of GUM methods. If one 

or more input sources have uncertainty or sensitivity are larger compared to the others, 

GUM method is not valid to use due to overall uncertainty domination and hard to get 

accurate results. In addition, when there is no symmetric properties of input quantities 

distribution, GUM method is also not valid to be used. 

From the limitations mentioned above, different solutions can be used for input quantities 

probability distribution propagation such as numerical and analytical integrations and numerical 

simulations (i.e., Monte Carlo methods). 
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5.6.5.2      Monte Carlo simulations  

The use of Monte Carlo simulation (MCS) is a substitute approach instead of using GUM method 

when it does not work. With different model measurements, MCS has the upper hand compared 

to the GUM method providing more fast, robust and reliable results due to its ability to deal with 

non-linear complex model. When dealing with non-linear models, MCS has the ability to 

perform an estimation of it. Based on the information available in terms of quality and reliability, 

the uncertainty study can also be achieved using different methods. Using MCSM, random 

sampling is applied on the design variables (input data) to obtained the desired objectives (output 

data). If the number of samples for probability distribution is sufficient, then accurate desired 

output can be calculated. The normal distribution is used onto the input data where the values 

are quantified in terms of pre-set mean and standard deviation respectively. Based on respective 

PDF, the generation of random drawn numeric value is conducted by MCS for individual input 

[289]. The Gaussian distribution of PDFs are plotted in Figure 5-14 with fixed value of ‘ π 

and varied values of „ to be 0.5, 1.0 and 1.5 respectively. 

 

Figure 5-14: Shows the PDF with different values of standard deviation [290]. 
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5.6.5.3      Polynomial Chaos Expansion (PCE) method  

The Polynomial Chaos Expansion (PCE) method is initially propsed by Wiener [291]. PCE 

method utilises the Hermite polynomials and random variables obeying the normal distribution 

to solve stochastic processes. Cameron and Martin [292] validate the exploitation of Hermite 

polynomials to be used as orthogonal polynomials. From the introduction by Wiener [291], 

stochastic processes are solved by using Hermite polynomials chaos approach where it is 

implemented to be orthogonal polynomials. This method has been very effective for many 

engineering analyses [293-296]. Although the method by Weinerôs works very well, some 

problems are present due to non-Gaussian based method and convergence issue [297, 298]. To 

solve this concern, new polynomial chaos method based the collaboration of Wiener-Askey is 

presented. Using the suitable orthogonal polynomials basis where the problems are solved 

instead of when using initial proposal of Wiener Hermite Polynomials method [299, 300]. 

The input design variables of ὢ and output objectives of ὣ for a stochastic system is considered. 

Referring Table 5-1, the scheme proposed by Askey and its linkage to the orthogonal polynomial 

groups with its corresponding unique input distribution are shown. From Eq. 5.28, the surrogates 

of the objectives are developed using the orthogonal polynomials method [301]. 

 ώὼ ώὼ ὧ‪ ὼ (5.28) 

Where the truncation order is denoted by ὴ, coefficient is denoted by ὧ and at the Ὥ-th order of 

orthogonal polynomial is denoted by ‪. 

PCE model can be approached from two sides of different methods either using regression or 

pseudo-spectral projection. By using generated evaluations and samples, regression method 

functions by fitting the PCE model into it [302]. On the other hand, Pseudo-spectral projection 

method achieved the correspondent coefficient approximation by applying rules of quadrature. 
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Table 5-1: Shows the Orthogonal polynomial basis scheme by Askey and specified density 

function linkage with stochastic input variables [303]. 

Type of 

Distribution 

Density Function Orthogonal 

Polynomial 

basis 

Weight function Domain 

Normal ρ

Ѝς“
ÅØÐ

ὼ

ς
 

Hermite ὌὩὼ 
ÅØÐ

ὼ

ς
 

ЊȟЊ  

Beta ρ ὼ ρ ὼ

ς ὄ‌ ρȟ‍ ρ
 

Jacobi ὖ
ȟ
ὼ ρ ὼ ρ ὼ  ρȟρ 

Uniform 0.5 Legendre ὖ ὼ 1 ρȟρ 

Exponential Ὡ  Laguerre ὒ ὼ Ὡ  πȟЊ  

Gamma ὼὩ

ɜɻ ρ
 

Generalised 

Laguerre ὒ ὼ 
ὼὩ  πȟЊ  

 

5.6.5.4      Uncertainty Quantification (UQ) 

The study of Uncertainty Quantification (UQ) is based on the application of uncertainty onto the 

input variables achieving a set of output values. The probability distribution applied around input 

data will lead to the probability distribution of output data. Initially different parameters 

representing the design variables are introduced and then each design point within each design 

variable will have a normal distribution. For every new design point in the distribution data will 

then be fed into the CFD software for solutions but this will consume very high computational 

power and time. Thus, surrogates which have been developed earlier will be utilised for 

predicting the output results from the new input values (design points). 

The Monte Carlo method is applied to obtained the propagated distribution where for every input 

data will have a normal distributed data which will be calculated through the CFD model or 

surrogates for thousands of iterations. After that, the output PDF distribution will be calculated 

based on the standard deviation „ and mean ‘ using the following formulas: 

 ‘
ρ

ὔ
Ὢ (5.29) 

 „
ρ

ὔ
Ὢ ‘  (5.30) 
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5.6.5.5      Method of Robust Design Optimisation (RDO) 

For Robust Design Optimisation (RDO), the mean of outputs (refer Eq. 5.29) undergoes 

minimisation. The solving of robust optimisation problem requires uncertainty with surrogates 

and confidence intervals. RDO formulation is as follows: 

 

άὭὲὭάὭίὥὸὭέὲ   ‘ ‘‫ ρ ‘‫  

                         Øɴ ɱ  

                 ίόὦὮὩὧὸ ὸέ          „ „ and „ „ 

(5.31) 

Where the range .‫ᶰπȟρ  

5.7 Chapter summary 

Within this chapter, possible design formulation is explained in details. Different sampling 

methods are reviewed. The concept of surrogate modelling is also introduced where 

computational time and resources can be reduced drastically without having to simulate further 

CFD models. Furthermore, optimisation techniques covering deterministic and probabilistic 

framework were also presented. The methods that will be used to solve optimisation problem in 

this work can be summarised as follows: 

A) The DOE points of input design variables will be based on the chosen physical 

parameters defining the heat sink. The DOE points are created using Optimal Latin 

Hypercube Sampling method (Audze-Eglais optimality criterion) ensuring even 

distribution of points within the design space specified for each design variable. The 

number of points should be at least 10 to 15 times the number of design variables for 

acceptable representation of points distribution within the design space [304]. 

B) Using the DOE points created, these points will be used in CFD software to calculate the 

corresponding of chosen output (objective functions) which in this work will total 

thermal resistance (Ὑ ), pressure drop (Ўὖ). For mass of copper heat sink (ὓ ), the 

calculated is based on the analytical method proposed in sub-chapters of 6.5, 7.5 and 8.5 

respectively. 

C) Based on the DOE points of input design variables and calculated objective functions, 

the Radial Basis Function (RBF) and Artificial Neural Network (ANN) methods will be 

used to map the relationship between input and output variables creating surrogate 

models. 

D) The surrogate models will be utilised within optimisation algorithm (NSGA-II) to search 

for optimal solution for both single- and multi-objective deterministic optimisations. 

Only single solution will be obtained for single-objective optimisation while for multi-
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objective optimisation a Pareto optimal solutions are obtained compromising between 

conflicting objectives. 

E) To include uncertainty study based on Robust Design Optimisation (RDO) method, 

Monte Carlo simulation method and Polynomial Chaos Expansion (PCE) methods are 

used to quantify the normal distribution with specified statistical moments of standard 

deviations and means (the DOE point itself) applied on every single DOE points. The 

distributions will be used on the pre-developed surrogate models to calculate the 

corresponding distribution of outputs objective functions where also the statistical 

moments calculated.  

F) Surrogate models are further developed between the original input design variables with 

newly calculated output statistical moments. These surrogates will be used to find the 

Pareto optimal solutions between means and standard deviations searching for optimal 

output of means which has corresponding small standard deviations indicating the output 

curve at that particular position does not have very steep gradient.  
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Chapter 6 : Design optimisation of single inlet-

outlet serpentine mini-channel heat sinks  

 

6.1 Introduction 

From the previous work on the analysis of serpentine mini-channel heat sink performance both 

thermally and hydraulically, it was found that using serpentine channel heat sink offers good 

heat-removal ability compared to conventional straight channel heat sink and offers better 

temperature distribution. Using single path serpentine mini-channel (SPSM) provides better 

thermal performance compared to double path (DPSM) and triple path (TPSM) serpentine mini-

channel [144]. But using SPSM design induces very large pressure drop, Ўὖ, up to ten times 

larger compared to straight rectangular mini-channel (SRM) design. From the findings, thermal 

enhancement comes at the expense of very high pressure drop. In order to reduce the magnitude 

of pressure drop while improving the rate of heat transfer, the SPSM design has been modified 

by researcher with addition of integrated small chevron fins which was proven to be effective 

for pressure drop reduction and simultaneously enhancing the coefficient of heat transfer [38]. 

The addition of small fins within serpentine channel heat sink is still at its infancy level which 

needs to be explored further since adding fins generate secondary flow improve heat transfer and 

reducing pressure drop significantly at the same time. Therefore, this work focuses on the use of 

novel design of oblique, trapezium and diamond shapes fins within serpentine mini-channel heat 

sink where the fin shapes have only been used by researchers in straight channel. 

To explore further on the performance of serpentine mini-channel heat sink with fins, different 

shapes of fins are tested including oblique, trapezium and diamond fins to study the effect on 

thermal and hydraulic performance of heat sink. The tests on secondary channel within straight 

channel using fins have been explored in the literature covering oblique fins [131, 132] and 

trapezoidal fins [175, 176] which has been proven effective to improve heat transfer and reducing 

pressure drop simultaneously. The use of diamond shape has not been utilised enough for 

research in heat sink study where diamond shape vortex generator used to induce flow 

disturbance [177] and diamond shape perforation for pin fin heat sink [178], thus, to explore 

further using diamond shape, diamond fins creating secondary flow in serpentine mini-channel 

heat sink is investigated for the present work. In this chapter, the descriptions of novel designs 

of heat sinks are presented. The CFD solutions will be presented using post processing tools by 

COMSOL Multiphysics v5.4. Four major parameters utilised to test the performance of heat sink 
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are pressure drop, Ўὖ, total thermal resistance, Ὑ , Average Nusselt Number, ὔό , and 

Performance Evaluation Criteria (PEC) respectively. Design optimisation process is performed 

on serpentine mini-channel heat sink with fins that gives the most superior thermal performance 

while having very high performance hydraulically. 

6.2 Design descriptions of single inlet-outlet of serpentine mini-channel heat sink with 

fins 

For current work, single inlet-outlet serpentine mini-channel heat sink is investigated 

numerically for plate (SMPF), oblique (SMOF), trapezium (SMTF) and diamond (SMDF) fins. 

Each type of serpentine mini-channel with fins (excluding SMPF) has four different 

configurations (-A, -B, C and ïC) which are completely designed using COMSOL Multiphysics 

v5.4 geometry tools. In order to make a fair performance comparison between serpentine mini-

channel heat sink with different shapes of fins, all heat sinks share the same height of channel 

(Ὄ ), width of fin (ὡ ), width of channel (ὡ ), area of footprint (ὡ ὒ) and thickness of 

substrate (Ὄ ) respectively. The heat sinks are made from copper and uses water as cooling fluid. 

The serpentine mini-channel heat sink with fins (excluding SMPF) has continuous plate fin with 

7 smaller fins embedded per row. The dimensioning of SMPF is shown in Figure 6-1 while for 

four different configurations of SMOF, SMTF and SMDF heat sinks can be referred in Figure 

6-2, Figure 6-3 and Figure 6-4 respectively.  The detailed dimensions for all heat sinks are listed 

in Table 6-1. To have a fair comparison between the performances of heat sinks, all 

configurations of SMOFs, SMTFs and SMDFs are having their fins spread out equally within 

the plate fin. To provide good balance between pressure drop and heat transfer, Suga and Aoki 

[305] recommended the range of louver angles between ςπ to τυ. All heat sinks with oblique, 

trapezium and diamond fins will have the same fin angle, — , of τυ which is within range 

proposed in [305] and secondary channel length, ὰ, of πȢχάά. For Figure 6-1 to Figure 6-4, 

the blue domain represents the fluid (water) and grey domain represents the solid part of heat 

sink (copper). 
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Figure 6-1: Shows the detailed dimensioning for SMPF heat sink. 
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Figure 6-2: Shows the different configurations of SMOF heat sink design. 
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Figure 6-3: Shows the different configurations of SMTF heat sink design. 

  
















































































































































































































































































































































































































