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Abstract

Industry 4.0 is transforming the chemical engineering industry. With it, machine learning (ML) is ex-

ploding, and a large variety of complex algorithms are being developed. One particularly popular ML

algorithm is the Gaussian Process (GP), which is a full probabilistic, non-parametric, Bayesian model.

As a blackbox function, the GP encapsulates an engineering system in a cheaper framework known as a

surrogate model. GP surrogate models can be confidently used to investigate chemical engineering scen-

arios. The research conducted in this thesis explores the application of GPs to case studies in chemical

engineering.

In many chemical engineering scenarios, it is critical to understand how input uncertainty impacts

an important output. A sensitivity analysis does this by characterising the input-output relationship of a

system. ML encapsulates a large system into a cheaper framework, enabling a Global Sensitivity Ana-

lysis (GSA) to be conducted. The GSA considers the model behaviour over the entire range of inputs

and outputs. The Sobol’ indices are recognised as the benchmark GSA method. To achieve a satis-

factory precision level, the variance-based decomposition method requires a significant computational

burden. Thus, one exciting application of GPs is to reduce the number of model evaluations required and

efficiently calculate the Sobol’ indices for large GSA studies.

The first three case studies used GPs to perform GSA’s in chemical engineering. The first examined

the effects of thermal runaway (TR) abuse on lithium-ion batteries. To calculate time-dependent Sobol’

indices, this study created an accurate surrogate model by training individual GPs at each time step. This

work used GPs to help develop a complex chemical engineering simulation model. The second GSA

calibrated a high-shear wet granulation model using experimental data. This work developed a methodo-

logy, linking two GSA studies, to substantially reduce the experimental effort required for model-driven

iv



Abstract v

design and scale-up of model processes. This enabled the creation of a targeted experimental design

that reduced the experimental effort by42%. The third case study developed a novel reduced order

model (ROM) for predicting gaseous uptake of metal-organic framework (MOF) structures using GPs.

Based on previous GSA research, the Active Subspaces were located using the Sobol' indices of each

pore property for the MOF structures. The novel ROM was shown to be a viable tool to identify the

top-performing MOF structures showing its potential to be a universal MOF exploration model.

The �nal two case studies applied GPs as a tool in novel techniques that combined ML algorithms.

First, GPs are seldom used for mid-term electricity price forecasting because of their inaccuracy when

extrapolating data. This research aimed to improve GP prediction accuracy by developing a GP-based

clustering hybridisation method. The proposed hybridisation method outperformed other GP-based fore-

casting techniques, as demonstrated by the Diebold-Mariano hypothesis test. In the �nal case study,

ML models were used to develop an effective maintenance strategy. The work compares ML algorithms

for predictive maintenance and maintenance time estimation on a cyber-physical process plant to �nd

the best for the maintenance work�ow. The best algorithms for this case study were the Quadratic Dis-

criminant Analysis model and the GP. The overall plant maintenance costs were found to be reduced

by combining predictive maintenance with maintenance time estimation into a work�ow. This research

could help improve maintenance tasks in Industry 4.0.

This thesis focused on using GPs to enhance collaborative efforts and demonstrate the enormous im-

pact that ML can have in both research and industry. By proposing several novel ideas and applications, it

is shown that GPs can be an ef�cient and effective tool for the analysis of chemical engineering systems.

Keywords: Gaussian Process, Machine Learning, Global Sensitivity Analysis, Forecasting, Regression Model, Chemical
Engineering
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Chapter 1

Introduction

1.1 The Potential Machine Learning has for Chemical Engineering

A sub�eld of arti�cial intelligence (AI) is machine learning (ML), this is where useful information is

extracted from data using sophisticated mathematical techniques. The popularity of AI for engineering

has risen signi�cantly due to improved computational power, increased data storage capabilities and new

sensor technologies. All of this has driven a sudden and explosive rise in ML, causing the continuous

development of a huge selection of complex algorithms. This thesis focuses on the potential applications

of ML within the �eld of chemical engineering. The ML algorithms can be categorised into three main

types (Murphy, 2012):

1. Supervised learning - uses training data to learn a relationship between inputs and outputs:

(a) Classi�cation problem - assign an input to a discrete category.

(b) Regression problem - the output consists of continuous variables.

2. Unsupervised learning - �nd patterns in the given inputs where no training data is provided.

3. Reinforcement learning - �nd suitable actions to take in a given situation to maximize a reward.

The chemical engineering industry is undergoing an incredible transformation many are calling the

fourth industrial revolution (also known as Industry 4.0). Modern industrial plants are in the ever-growing

era of “big data” as industrial equipment generates more data than ever before (Yin and Kaynak, 2015).

1



2 Introduction

In 2010 a total volume of2 Zettabytes was produced annually. In comparison, it reached64Zettabytes in

2020 (See, 2021). Therefore, this vast quantity of information requires effective and ef�cient methods of

analysis. Additionally, chemical engineering involves many complex systems that are typically governed

by chemistry and physics controlling the underlying system. Thus, there is a need for analysis of large,

complex and real data sets. Predicting outputs using ML is a promising technique that can be used to

solve analytical problems within reliability, security, safety and risk assessment (Lepikhin et al., 2018).

Murphy (2012) states that ML provides an automated method of data analysis, vital for today's era of

big data.

In the opposite sense, chemical engineering can go from extremely large datasets in the industry to

small datasets in research due to the costs associated with generating them. Many research problems in

chemical engineering are solved using experiments and/or complex model simulations which can only

be conducted a limited amount of times producing a few hundred data points. Such models include

expensive aerospace models (Queipo et al., 2005), process �owsheet simulations (Palmer, 2013) and

pharmaceutical process models (Jia et al., 2009). However, to capture the data needed to understand and

analyse the key outputs, a very large number of model runs are required to apply data science techniques.

For chemical engineering research, an ideal modelling approach would be to use a small amount of data

to capture the underlying science in an interpretable model which can be used for further analysis. To

mitigate this, direct interrogation of the underlying model (simulation or experiment) may be replaced by

a surrogate model encapsulating the behaviour in a cheaper, simpler framework. Therefore, these issues

are circumvented by the use of surrogate modelling techniques where the physical model is replaced by

a mathematical approximation built from a few hundred data samples. Surrogate modelling techniques

use ML algorithms such as the polynomial chaos expansion (Brown et al., 2013; Sudret, 2008), arti�cial

neural networks (Li et al., 2016), and support vector regression (Shi et al., 2020).

Surrogate models can be used as powerful tools to implement data analysis techniques such as design,

optimisation, and sensitivity analysis. Chemical engineers must understand how parameters affect the

output of a system in order to accurately comprehend the behaviour. This is addressed by performing a

sensitivity analysis, which quanti�es the impact each input variable has on the desired output. A sensit-

ivity analysis can be conducted locally or globally. A local sensitivity analysis investigates the effect of

input variables one at a time over certain outputs of interest. In comparison, a Global Sensitivity Ana-
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lysis (GSA) provides information over the whole range of input values. A GSA is critical for chemical

engineers because it provides a deep understanding of the system's behaviour by analysing the impact

each input has on the whole system. For GSA, the most popular method (Rohmer and Foerster, 2011; Al

et al., 2019) is the Sobol' method (Sobol, 2001), which decomposes the variance of the model output to

calculate Sobol' sensitivity indices. Frequently, the Sobol' indices are considered the benchmark tech-

nique for comparison to new GSA methods (Chastaing and Le Gratiet, 2015; Iooss and Lemaître, 2015).

Calculating Sobol' indices requires a signi�cant amount of time; almost 10,000 model assessments are

necessary to achieve a10% precision (Lamoureux et al., 2014). Surrogate models, on the other hand,

give a more ef�cient method of estimating multidimensional integrals (Marrel et al., 2009).

This work focuses on a speci�c ML method, known as Gaussian Processes (GPs), to investigate the

impact its application can have as a tool on “big data” in industry and as a surrogate model in research,

providing ef�cient GSA insights to complex models.

1.2 Contribution to Science

1.2.1 Research Aims and Questions

This research aims tomaximise the applicability of GPs for a variety of domains in chemical engin-

eering. To do this, the following research questions are asked:

1. Can GPs be used as an ef�cient machine learning technique to aid data analysis of complex chem-

ical engineering simulations?

2. Are GPs a suitable technique to link a complex computational model to experimental data using

the design of experiments?

3. Given a large quantity of measurable data from experiments, can GPs create a blackbox function

that can be used to provide knowledge that otherwise is uncon�rmed?

4. Due to the dif�culty in extrapolation when using GPs, could they be further developed to be used

as a forecasting technique?

5. Can GPs be used in combination with other types of ML techniques to provide a novel work�ow

that has the potential to aid the process industry?
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1.2.2 Contribution and Signi�cance of the Thesis

The methods developed in this thesis focus on the application of a GP algorithm developed by Milton

and Brown (2019). Collectively, the research prioritises the collaboration of data science and chemical

engineering to show the importance of just one of many machine learning methods. Therefore, the works

found in this thesis extend the knowledge in different areas found within chemical engineering while

developing machine learning application techniques and effective use of data analysis. The contribution

of each publication is discussed further in Chapter 3.

Overall, the research published in this thesis is signi�cant because it provides novel insights into

numerous disciplines within chemical engineering. The methodology developed in each chapter builds

on GPs by supporting the application of them for data analysis, such as surrogate modelling, sensitiv-

ity analysis, design of experiments and forecasting. The main signi�cance of this research is to show

how important machine learning methods can be for chemical engineering during the Fourth Industrial

Revolution (Industry 4.0).

1.2.3 Thesis Outline

The thesis is organised as follows.

Chapter 1 presents the Introduction. It begins by describing the background behind ML for chem-

ical engineering. The chapter then concludes by discussing the contribution that the research undertaken

during this PhD has had on science. Afterwards, a literature review is shown in Chapter 2, providing

a summary of various ML methods and their use for data analysis in chemical engineering. The liter-

ature review uses previous research to show why GPs are an exciting ML method to apply to various

chemical engineering case studies. Chapter 3 provides an introduction to each publication, presenting

the publication information so that the contribution from each co-author is clearly stated. Following this,

the contribution each paper has on the application of GPs is described in the Paper Contribution. All

the publications presented in this thesis focus on the application of GPs. Therefore, Chapter 4 contains

the full mathematical background, deriving the GP predictive equations that enable machine learning.

Chapter 5 concludes the thesis with a summary of the research, evaluating the overarching importance

of all the research undertaken before describing future work that this research has led to. Chapter 6 to

Chapter 10 present each publication in full.



Chapter 2

Literature Review

In this chapter, a literature review will explore current research using machine learning (ML) for data

analysis in chemical engineering. The literature will be reviewed to explain the reasoning behind choos-

ing Gaussian Processes (GPs) as the focus of this thesis.

2.1 Surrogate Modelling Review

Chemical engineers can make important decisions using data analysis tools such as optimization, sensit-

ivity analysis, design of experiments, and prediction. However, these techniques are becoming increas-

ingly dif�cult to implement due to the computing burden associated with modelling real-world systems

(Viana et al., 2021). To address such issues, surrogate modelling is emerging as a powerful tool to enable

data analysis of complex systems. A surrogate model behaves as a blackbox function that approximates

the input-output relationship of model systems using mathematical techniques. Different types of ML

algorithms can be used as the mathematical approximation for input-output functions.

Choosing the best surrogate modelling technique is not a simple decision to make as there is no

general agreement about which technique is superior to others. Further, creating an accurate model is

not just dependent on choosing a surrogate model. Important considerations should also be made with

respect to generating data for training, �tting the surrogate model, and evaluating the accuracy. All must

be conducted before the surrogate model is used to conduct analysis techniques. Simpson et al. (2001)

provided a survey with recommendations to help researchers with data collection, choosing a surrogate

modelling technique, �tting the surrogate model, and validating the surrogate model.

5
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Kajero et al. (2017) provided a summary of the different types of surrogate modelling techniques

available. Previous literature has demonstrated an interest in comparing various techniques applied to

the same engineering problem (Qian et al., 2006; Jin et al., 2003; Villa-Vialaneix et al., 2012). Clearly,

there are many techniques available and there is no general consensus on the “best” surrogate modelling

technique to use, making the choice of surrogate model dif�cult. Ultimately, the choice of surrogate

modelling technique must depend on the application of the system being modelled (Jin et al., 2001).

Other considerations to make when choosing a surrogate modelling technique include:

• Does the system being modelled follow a general pattern? A surrogate modelling technique that

can capture that pattern should be considered. For example, a polynomial function could follow a

general seasonal trend.

• Would con�dence intervals improve the applicability of the surrogate models? Probabilistic sur-

rogate models will provide the decision-maker with the surrogate model's uncertainty in predic-

tions.

• Are predictions required away from the training data? Extrapolation is dif�cult for many surrogate

modelling techniques. If so, consider the experimental design carefully to cover a large degree of

input space before focusing on a surrogate modelling technique that was designed for forecasting

purposes.

• Should a trade-off between ef�ciency and accuracy be made? Advanced ML algorithms are notori-

ously data-hungry as the long-term goal has been to develop accurate algorithms. It's not always

possible to make such complex surrogate models given the time or data provided.

Table 2.1 summarises the popular surrogate modelling techniques available (Bhosekar and Ierapet-

ritou, 2018; Viana et al., 2021). The table shows the advantages and disadvantages of each technique.

Clearly, the choice depends on the scenario being modelled. For example, if the system follows a general

pattern with limited noise, a polynomial response surface may be the best choice of surrogate modelling

technique due to its ef�ciency.

In summary, the choice of ML algorithm for the surrogate model is always dependent on the scenario

being modelled. That being said, this thesis will focus on the application of GPs because of their math-
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Table 2.1: Surrogate Modelling Techniques
Technique Advantages Disadvantages

Polynomial
Response
Surfaces

• Ef�cient statistical method using the simplicity
of polynomials.

• Coef�cients objectively determined using op-
timisation such as least square regression.

• Does not estimate the error in predictions.

• Local analysis only.

• Accurate models become unfeasible for com-
plex systems that require high-order polynomi-
als and more input variables.

Radial
Basis
Function

• ML algorithm that �ne tunes parameters by re-
ducing the Euclidian distance.

• Different forms of the basis function are avail-
able e.g. linear, cubic, Gaussian, thinplate
spline.

• Weights of the basis functions and the polyno-
mial coef�cients can be determined using ef�-
cient optimisation methods.

• The sensitivity of the inputs is typically assumed
identical.

• Basis function has to be speci�ed arbitrarily.

Support
Vector
Machines

• Very similar to radial basis functions but only
involve a subset of the design site so that errors
within a certain distance from the true values
can be ignored.

• Can directly control and reduce the surrogate
model's sensitivity to noise.

• There are two speci�c vector parameters and the
kernel function parameters that have to be op-
timised and they are mutually dependent, mak-
ing parameter values dif�cult to interpret.

• Require the storage of all the support vectors
which grows signi�cantly with the training data
size. Thus, support vector machines have issues
with memory requirements.

Gaussian
Process

• Predicts a distribution describing the uncertainty
in each prediction.

• It is a non-parametric ML method. The hyper-
parameters in the kernel function are the only
parameters that need to be optimised. There-
fore, learning can be conducted by maximising
the marginal likelihood.

• A GP is versatile because many different kernels
can be used to express a prior assumption of a
model.

• Computational expensive to train the surrogate
mode due to the need to invert the kernel.

• GPs are victims to the curse of dimensionality,
becoming inef�cient when the input variables
increase above a dozen.

Arti�cial
Neural
Network

• Most popular because they are highly �exible as
they imitate the behaviour of biological brains.

• Arti�cial neural networks can adapt to changes
and do not need to be reprogrammed.

• Computationally expensive due to the require-
ment of parallel processing.

• Arti�cial neural networks can be dif�cult to un-
derstand the functioning of the predictions. The
decision process undertaken is not interpretable.
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ematical tractability, resulting in a large body of research devoted to developing GPs. For example, the

GP algorithm has recently been developed, creating Sparse GPs (Snelson and Ghahramani, 2005; Titsias,

2009), the GP Latent Variable Model (Lawrence, 2005), and Deep GPs (Damianou and Lawrence, 2013).

Please note that this choice of research is not because the author believes GPs are the best surrogate mod-

elling technique. Instead, this thesis aims to use the advantages of GPs to improve their applicability as

a tool for a wide range of chemical engineering scenarios.

2.2 Gaussian Process Surrogate Modelling

A GP is an important stochastic process that corresponds to a class of normal distributions on a function.

GP regression uses the stochastic process to make predictions based on previous data in a ML context.

For ML, GPs are popular due to three key advantages. First, they are a full probabilistic Bayesian

model, which enables the best estimate of the desired function to be complemented by a probability dis-

tribution over likely functions; uncertainty in the estimate. Another appealing feature of GPs is the large

range of covariance functions available making them �exible in nature. This means the GP can express

many assumptions simply by choosing a covariance function that �ts the underlying model. Finally,

the last advantage is that it is a non-parametric ML method. This is when the algorithm does not make

prior assumptions regarding the structure of the surrogate model and is free to learn any functional form

from the training data. A parametric ML algorithm learns the coef�cients of a simpli�ed function of the

underlying model. This means, non-parametric algorithms are more �exible but are at risk of over�tting.

Together, these advantages make GPs a rare ML method that is non-parametric but still has the choice of

many covariance functions. The GP is trained by integrating over a wide range of hypotheses so that the

risk of over�tting is decreased compared to other non-parametric ML algorithms. In summary, GPs are

simple to use and mathematically tractable (enable the use of data analysis techniques such as sensitivity

analysis). These properties of the GP make it an ideal ML technique to use as surrogate models for

chemical engineering applications.

The �rst use of GPs for surrogate modelling was proposed by Sacks et al. (1989) and Currin et al.

(1988, 1991) who described how statistical inference can be used in computer modelling for estimating

simulators. Each research group developed their concept using a different statistical framework and com-

pared the results of their methods to each other using the same electronic circuit simulator example. The
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methodology from Sacks et al. (1989) took a classic Frequentists stance while Currin et al. (1988) de-

veloped their emulator using a Bayesian framework. The work by both research groups was vital for the

modern use of GPs as it set the basis for open statistical problems such as optimising the hyperparameter

estimations and choosing appropriate design criteria. Both research groups agreed that the maximum

likelihood estimation was the most ef�cient technique to optimise the hyperparameters. The question of

which design criterion to use is dependent on the problem itself, for example, Sacks et al. (1989) used the

average mean squared error while Currin et al. (1988, 1991) used the expected reduction in the entropy

of the random vector at given input con�gurations to decide where predictions are to be made.

Since these ideas were �rst proposed, GPs have been widely used in various applications such as

engineering structural reliability analysis (Su et al., 2017), prediction of tidal currents (Sarkar et al., 2018)

and battery health forecasting (Richardson et al., 2017). The choices to be made when developing GP

surrogate models include a crucial decision on the covariance function. Then, the optimisation method

which estimates the hyperparameters in the covariance function has to be made. The choice of covariance

function can be dif�cult due to the wide range of kernels and the �exibility of combining them within

the covariance function. One of the toughest challenges for all researchers in this domain is to build an

accurate surrogate model that can be used for engineering and science innovations. However, several

methods are reported in the literature that aid in building a GP, including a method of automated kernel

construction (Duvenaud et al., 2013). Another way to choose the most appropriate covariance function

is to understand the modelling problem and the properties of various kernels. Therefore, the properties

of the GP are in�uenced by the choice or kernel so that the surrogate model's behaviour is similar to the

original modelling problem.

In addition, the optimisation method for the hyperparameters varies from the popular maximum

likelihood estimation method to other techniques such as using a Markov Chain Monte Carlo algorithm

(Andrieu et al., 2003). Once the models have been created, the method of validation needs to be chosen.

Most authors use cross-validation (Queipo et al., 2005; Rohmer and Foerster, 2011; Gratiet et al., 2016)

but authors have been seen to validate their emulator using separate validation points (Ba and Joseph,

2012; McDonnell et al., 2015). Finally, the diagnostic results that shall be used within the chosen method

of validation need to be decided. Most diagnostics used to validate predictions compare just the mean

predictions to the observed true predictions (such as root mean squared error or correlation coef�cient)
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but we can also consider the uncertainty in the model's predictions, from the GPs predicted STD.

An extensive list of examples that use GP surrogate models have been created by Al-Taweel (2018)

showing the resulting choices that many authors have made when developing their GP surrogate model.

The majority,82%, of said GP examples presented in the table have used the squared exponential cor-

relation function and the most popular method of hyperparameter estimation is the maximum likelihood

estimation with64% of the surrogates using it. The method of validating the emulator is much more

varied between authors. Surprisingly,20%of authors have not validated their model. Whereas,33%use

cross-validation methods and the remaining use separate data points for validation. The extensive re-

view from Al-Taweel (2018) shows the choice of diagnostic method to be the most varied decision when

using a GP surrogate model. Research studies validate their surrogate models by calculating various

diagnostics from the root mean squared error (Montagna and Tokdar, 2016) to the predictivity coef�-

cient (Marrel et al., 2015). Additionally, residual plots of predictions against true values help show the

accuracy of the surrogate model (Sarkar et al., 2016). Consequently, Al-Taweel (2018) recommended

that more than one diagnostic method should be used for validating surrogate models and at least one of

the methods should consider the uncertainty in the predictions.

Overall, the dif�culty of building GP surrogate models has been explored vigorously in prior studies

emphasising the popularity of such techniques. As noted earlier, more work is necessary when valid-

ating GP surrogate models to ensure their applicability. In short, the literature strongly suggests that

mathematics has been developed in detail highlighting GPs capability as surrogate models. However,

additional studies are required that use robust validation techniques before focusing on applying GP

surrogate models to aid chemical engineering domains.

2.3 Sensitivity Analysis using Gaussian Processes

Variance-based sensitivity analysis by calculation of Sobol' indices (Sobol, 2001) is one of the most

widely used approaches for Global Sensitivity Analysis (GSA). However, the method requires a signi�c-

antly large number of model evaluations, nearly10; 000are needed to reach10%precision (Lamoureux

et al., 2014). As previously mentioned, GPs provide an alternative method to estimate multidimensional

integrals using Monte Carlo schemes (Oakley and O'Hagan, 2004; Jin et al., 2004; Marrel et al., 2009).

The mathematical tractability of GPs enables sensitivity analysis by calculating the sensitivity indices
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given a training set of model evaluations. Hence, using GPs will bypass a large number of model evalu-

ations required by Monte Carlo methods. The derivation enabling the use of GP regression for analytical

evaluation of variance-based sensitivity indices were �rst introduced by Jin et al. (2004) who applied the

Sobol' index formula directly to the GP predictors. Previously, Oakley and O'Hagan (2004) used the

global stochastic model of a GP, providing the calculations to produce random variables as new sens-

itivity measures. This has the advantage of the analysis of the sensitivity indices accuracy due to the

distribution of the variables. This work was further improved by using the distributions to introduce

con�dence intervals for the Sobol' indices (Marrel et al., 2009). These methods were validated initially

using toy mathematical functions showing very accurate sensitivity indices and satisfactory con�dence

intervals from the second method. However, when the approach was illustrated on real data to provide

a sensitivity analysis on radionuclide groundwater transport, it was found that the con�dence intervals

were inaccurate for very low indices due to the overestimation of the lowest Sobol' indices. Overall, the

work from the three research groups (Oakley and O'Hagan, 2004; Jin et al., 2004; Marrel et al., 2009)

provided an excellent method of using GP surrogate models for GSA. Consequently, current research

now has to decide whether the GSA method should calculate the indices using just the GPs prediction

means or whether to use the GPs full distribution to produce con�dence intervals on the sensitivity in-

dices.

Using GP to compute the Sobol' sensitivity indices has been used in many disciplines. For example,

Rohmer and Foerster (2011) used the technique to analyse large-scale numerical landslide models. Due

to the limited knowledge of the slip surface in the La Frasse landslide, the simulator was approxim-

ated using small size training data for the GP. Therefore, Rohmer and Foerster (2011) inclined to use

con�dence intervals on the sensitivity measures to outline regions where the GP was unsure. The work

concluded by providing ideas of future work by the design of experiments, whereby in the identi�ed

unsure regions, further simulator runs should be carried out allowing the GP model to learn further and

reduce the con�dence intervals.

The method has also been proven to aid in engineering system safety by providing an early validation

of health indicators for detection and identi�cation in design sites (Lamoureux et al., 2014). The work

used a GP to emulate a pumping unit of an aircraft fuel system. Using Latin Hypercube sampling,

the GP learnt from400 model evaluations before the Sobol' indices for the20 inputs were computed.
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On this occasion, due to a large number of model evaluations and a large number of model inputs, the

authors opted to calculate the Sobol' indices alone without any con�dence intervals. Interestingly, this

work computed both the �rst-order indices and the total indices, consequently �nding very close results.

Therefore, this indicates that the inputs have few or no correlations and so the most in�uential parameter

for each health indicator was found.

However, issues may occur when calculating the Sobol' indices of input parameters which are cor-

related because the construction of such measures relies on the assumption that inputs are independent.

This is because if inputs are dependent on one another then the amount of variance due to a given para-

meter may be in�uenced by its dependence on another input (Mara and Tarantola, 2012). Therefore, a

lot of work has been conducted towards dealing with dependency in sensitivity analysis studies (Xu and

Gertner, 2008; Li et al., 2010; Caniou and Sudret, 2010; Chastaing et al., 2015). However, these methods

concentrate solely on the GSA method, choosing not to incorporate them with a GP surrogate model.

Another issue with the previous studies is that the number of decomposition components exponentially

grows with the model dimension (Chastaing and Le Gratiet, 2015). Although, other interesting methods

have been invented to deal with correlated inputs which can be used with GPs. For example, Chastaing

and Le Gratiet (2015) extended the work done by Durrande et al. (2013) to deal with dependent inputs. In

this work, the GP is speci�ed to a special class of ANOVA kernels (Berlinet, 2004), which is functionally

decomposed as a sum of processes indexed by increasing dimension input variables. The work is similar

to that of Caniou and Sudret (2010) except it considers the use of GPs instead of the polynomial chaos

expansion. Another method (Li and Rabitz, 2012), decomposed the output variance by using a hierarch-

ical orthogonality condition. The result of this reduces the prior formulas to them used for independent

variables. Interestingly, Srivastava et al. (2017) investigated the Li and Rabitz (2012) framework, com-

paring it to the original variance-based method using GPs. The research used both methods in an attempt

to understand which calibration parameters can be �xed without losing output variability for an aircraft

model. Consisting of100calibration parameters which had both correlated inputs and independent in-

puts, the problem had over4; 000 two-way interactions, ensuring the complexity was high enough to

not be able to calculate all the two-way interaction indices. Therefore, the work incorporated all the

complexities involved in real-world applications, inferring that although separate levels of interactions

between inputs can be calculated with Sobol' indices, it is not always possible to separate the sensitivities
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into structural and correlation elements. However, when the alternative method of approximations was

used, the computed sensitivities had inaccuracies even though the relative ordering of variables was still

correct. Therefore, it is important to understand that whichever method is used, care must be taken when

inputs are correlated.

Reduced-order modelling has the potential to deal with correlated input variables as it reduces the

dimensionsd of a d-dimensional inputx while preserving the behaviour of the outputy. The result of

this reduces the inputs to a set that is both mutually independent and highly relevant to the response.

The curse of dimensionality is a signi�cant driver for dimensionality reduction methods and so several

approaches have been developed. For example, Constantine et al. (2014) calculates an Active Subspace

through a derivative sensitivity measure. Similarly, Liu and Guillas (2017) reduced a GP surrogate model

by gradient-based kernel reduction.

An exciting and novel method of dimensionality reduction (Milton and Brown, 2022) achieves the

reduced order model (ROM) by an optimal rotation of the input basis. The ROM is achieved through

the utilization of a GP surrogate model that facilitates GSA via Sobol' indices Sobol (2001). Simply,

the method rotates the input basis so that the emulator only signi�cantly depends on the most relevant

rotated input dimensions. For a full derivation please refer to Milton and Brown (2022).

The overall goal is to replace the input matrixX of size(d � n) with a rotated input basisU of size

(d � n). When looking at a sample datumu, it can be de�ned to provide another input to the emulator

upon rotation by a row orthogonal matrix�

x =: uT � (2.1)

Therefore, the GP can now be represented by the rotated input. Where the mean�f (x), learnt from

the original training data, can now be conditioned by calculating the variance of�f (uT � ) due to the �rst

d components ofu. Hence, GSA is proceeding in the same fashion now as it would have by calculating

ordinary Sobol' indices. Currently, the analytic expressions for the variance can only be expressed using

the automatic relevance determination (ARD) kernel Wipf and Nagarajan (2007). The algebra deriving

these expressions would be vastly complicated by any other kernel.

The ROM is now completed by maximising the Sobol' index of each rotated input in turn by entirely
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optimising � row by row from top to bottom. The work is done using gradient descent, repeatedly

rotating the input basis by� until the Sobol' indices are maximised so much that� � I .

This speci�c method of ROM is incredibly useful for the research conducted in this project due to

its derivation from GPs and GSA. The method perfectly shows how the mathematical tractability of GPs

enables powerful data analysis that will bene�t a broad range of engineering topics. The desire to reduce

the dimensions of inputs without impacting the output is twofold: to achieve accurate descriptions of a

system at a much lower computational cost and to provide a means by which a process can be visualised.

For example, an industrial plant may have an output that wants to be analysed but is dif�cult to obtain and

many input variables can be varied. So analysing the change in these variables to the change in the output

can be dif�cult. A ROM can be used to capture most of, if not all of, the system's fundamental dynamics

with a much smaller amount of dimensions to consider. This could make a signi�cant difference as

simple as being able to plot the output with respect to just one or two input dimensions instead of having

to consider a large degree of variables. This method also introduces far fewer complications involving

the use of GSA with dependent inputs due to it reducing the input to independent sets. The rotation of

the input space represents combinations of dependent inputs and so the analysis deals with the issue of

dependent inputs by simply combining them, ensuring each rotated basis is independent of one another.

2.4 Literature Summary

The purpose of this chapter was to help the reader understand the current deployment of GPs. This

is signi�cant as it provides reasoning and motivation for the research conducted during this PhD. It

helps explain the bene�ts of using GPs and highlights the challenges involved in using a GP. It is clear

from the research reviewed that GPs are an extremely popular ML technique. We have also discussed

the important decisions to be made when building a GP model. Most of the research found focused

on developing surrogate models and used them for predictions and GSA. More research is required to

use GPs as a tool prioritising the area they are aiming to �x instead of focusing on the GP itself. It is

important to conduct more studies using the ML technique for the analysis of engineering data. Such

techniques have been explored in research, for example, GSA. However, the previous studies explored

have developed techniques for data analysis and so more work is necessary for focusing on the problem

itself and then applying a technique to solve it. Thus, it has been found that GPs have a great potential
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that offers chemical engineering a solution to provide data analysis (such as GSA) to complex underlying

models.



Chapter 3

Introduction to Publications

3.1 Paper 1:

A study of the thermal runaway (TR) of lithium-ion batteries: A Gaussian Process based

global sensitivity analysis

3.1.1 Publication Information

The �rst paper is published in the Journal of Power Sources (Yeardley et al., 2020a) which has

provided con�rmation that the published journal article “can be posted publicly by the awarding

institution with DOI link back to the formal publications on ScienceDirect”.

In this publication, I, the candidate, co-wrote the manuscript with Dr Peter J. Bugryniec.

Together, we conceptualized the research through Dr Bugryniec's knowledge of lithium-ion

battery modelling and my knowledge of sensitivity analysis. Together, myself and Dr Robert

A. Milton developed the software used for the sensitivity analysis. For the manuscript itself, I,

the candidate, completed the formal analysis and co-wrote the paper with supervision from Dr

Solomon F. Brown.

3.1.2 Paper Contribution

The �rst paper published focused on aiding Dr Bugryniec in understanding a complex computa-

tional simulation that modelled the TR of lithium-ion batteries. The computation simulated the

temperature of a lithium-ion cell per unit of time given thermo-characteristic input variables.

16
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Thus, the goal here was to understand how the input variables impacted the cell temperature

throughout the time simulated. A Global Sensitivity Analysis (GSA) calculates the impact of

each input variable on the output (i.e. the cell temperature), but given the temperature is com-

putationally calculated every second, a GSA conducted using the TR model would require too

many model runs.

To solve this, an accurate Gaussian Process (GP) surrogate model encapsulated the com-

putational model in a cheaper framework enabling the calculation of time-dependent Sobol'

indices for the �rst time. During this study, a GP was successfully trained to encapsulate the

underlying behaviour of a complex chemical engineering simulation. Individual GPs had to be

trained to predict the temperature at each time step. Each GP was validated and concatenated to

make a full surrogate model from GPs. Therefore, it was important to ensure that the learning

of the machine learning (ML) hyperparameters produced accurate GP models that predicted a

smooth temperature-time distribution. This, in itself, created novel research as often techniques

such as time warping (Wang and Gasser, 1997; Maiy and Sudret, 2017) are used to transform

each sample simulation to its own time scale. This ensures the sudden explosion from the TR

is created at the same time for every sample. However, techniques such as this improved the

accuracy of the predictions but negatively impacted the GSA because the impact of the variables

that caused TR to occur earlier or later was not counted due to the time warping. All this was

included in the publication and led to a methodology that used individual GPs as a collection

to create an accurate surrogate model for a complex lithium-ion battery model simulation. This

enabled data analysis of the simulation and the creation of time-dependent Sobol' indices.

In conclusion, this research provided an introduction into the application of a GP surrog-

ate model before novel research was conducted to provide invaluable results that increased the

understanding of the effect input variables have on the output of a complex model. The meth-

odology in this research developed a technique to successfully carry out time-dependent GSA

for the �rst time. This led to results required to further develop a complex simulation model.

The research had a lasting impact because the lithium-ion battery research group later applied

GPs again. This time to optimise the parameters of a reaction network model that is of greater
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complexity to the original model (Bugryniec et al., 2022).

3.2 Paper 2:

Ef�cient global sensitivity-based model calibration of a high-shear wet granulation pro-

cess

3.2.1 Publication Information

The second paper is published in Chemical Engineering Science (Yeardley et al., 2021) which

have provided con�rmation that the published journal article “can be posted publicly by the

awarding institution with DOI link back to the formal publications on ScienceDirect”.

In this publication, I, the candidate, co-wrote the manuscript with Dr Stefan Bellinghausen.

Together, we conceptualized this research as Dr Bellinghausen's model for wet granulation

Bellinghausen et al. (2022) was challenged with minimising the experimental effort for calib-

ration. As such a novel method of model-driven design for scale up processes was required.

In this research, the software developed by myself and Dr Robert A. Milton for the previously

published paper was used to conduct a sensitivity analysis. Together, myself and Dr Belling-

hausen formally analysed the GSA results to understand how it impacted the wet granulation

model and linked the results to the experimental data. This manuscript was co-supervised by

Dr James D. Litster and Dr Solomon F. Brown.

3.2.2 Paper Contribution

Within this paper, the collaboration focused on producing a more ef�cient design of experiments

for a wet granulation simulation model. Previously, Stefan Bellinghausen created a high-shear

wet granulation process which we used as a case study to help develop a novel methodology for

model-driven design and scale up of the wet granulation process.

Similar to the previous research, a GP was used to create a surrogate model to interrog-

ate the wet granulation simulation model so that the Sobol' indices could be calculated. The

novelty in this work was from processing the results produced by the GSA which provided an

insight into the critical process parameters. Here, the application of GPs enabled the proposal
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of a model-driven design approach that consisted of an ef�cient experimental design and model

calibration work�ow. This was proven to improve the ability and ef�ciency of determining

modelling parameter values. Results showed that only four out of twenty modelling parameters

required estimated values to produce a generically applicable work�ow. These �ndings made

the subsequent model calibration possible considering the experimental data available. There-

fore the research conducted in this manuscript successfully created a novel methodology using

GPs and the design of experiments to optimise the model calibration work�ow for a complex

computational model with experimental data.

3.3 Paper 3:

Gaussian Process Identi�cation of Active Subsets as a Tool for Structural Characterisation

and Selection of Metal-Organic Frameworks

3.3.1 Publication Information

The third paper published in Chemical Engineering Research and Design (Yeardley et al.,

2022b) has provided con�rmation that the published journal article “can be posted publicly

by the awarding institution with DOI link back to the formal publications on ScienceDirect”.

In this publication, I, the candidate, wrote the manuscript with supervision from Dr Peyman

Z. Moghadam, Professor Joan Cordiner and Dr Solomon F. Brown. Together, myself and Dr

Robert A. Milton developed the software used for the initial sensitivity analysis. In this research,

Dr Milton further developed the sensitivity analysis technique used in the previous research

papers creating a novel reduced order model (ROM). I, the candidate, began tests on the ROM

technique with Dr Moghadam's metal-organic framework (MOF) data (Moghadam et al., 2018),

formally analysing the results from a GSA to understand where best to implement the ROM

technique. The work, as shown in Chapter 8, describes a robust investigation into using GPs

to identify the Active Subsets within the MOF database. Thus, I, the candidate, was the �rst

person to test Dr Milton's ROM technique on real world data.
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3.3.2 Paper Contribution

The third paper focused on using a novel ROM technique that has yet to be published. The

technique locates Active Subspaces using GPs to calculate Sobol' indices. In this manuscript,

the priority was to apply the ROM to predict the deliverable capacity of synthesised MOFs

to help identify top-performing structures. MOFs are a unique class of polymers that have

tailorable properties allowing an incredibly large number of potential structures. Therefore, the

work conducted was able to apply a novel methodology to a very prominent �eld of study. By

initially comparing the importance of pore properties on MOF structures deliverable capacities

with existing research, the MOF database presented a case study that permitted an in-depth

application of the ROM technique.

Ultimately, the novel methodology was proven to be invaluable in creating a technique that

has the potential to build a universal MOF exploration model. A universal model that can predict

a MOFs uptake of any gas would be extremely bene�cial for scientists who design, synthesise

and use MOFs. The work conducted in this research made a large initial contribution to this

universal model by �rst providing a valuable understanding of the most important pore prop-

erties with respect to gas storage as the conditions change. Knowing this, we built a reversible

model using Dr Milton's ROM code that could successfully predict the deliverable gas of a MOF

storing oxygen when the data used for training were storing methane. The potential of such a

model was shown by identifying the top-performing MOF structures for oxygen storage from

a much larger database that does not have the deliverable capacity computationally measured.

Results showed the ROM trained using oxygen data identi�ed the same MOF structures as the

ROM trained using methane data. Developing a MOF prediction technique that is successful on

two similar storage gases is an exciting development in the goal of building a universal MOF

exploration model.

This research has a large scope for further work as the overall goal for a universal model

has only just started to be addressed by using two storage gases. However, the contributions

from this research are signi�cant as shown by both the implications it has to enhance MOF re-
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search by accelerating the identi�cation of better performing materials. While the GP research

conducted in this thesis is further developed by using GPs for a novel ROM technique. In this

research, GPs have created a blackbox function that has then been reduced to contain linear

combinations of the most important input variables and trained to create a novel MOF explora-

tion technique. I, the candidate, believe that this research has scope for a research grant in itself

where a team of dedicated MOF scientists with an interest in ML could develop a universal

model. With relevance to the research undertaken throughout this thesis, this manuscript has

shown that GPs have the capability to model unknown science from a large quantity of experi-

mental data to provide valuable knowledge. We have shown that the knowledge gained through

GP based GSA's provided the spark to begin projects otherwise unachievable.

3.4 Paper 4:

Robust Probabilistic Electricity Price Forecasting Using a Hybridisation of Gaussian Pro-

cesses and Clustering

3.4.1 Publication Information

The fourth paper has been submitted for consideration as a research paper in the International

Journal of Forecasting. The research completed in this manuscript was initiated from a pub-

lished conference paper (Yeardley et al., 2020b) where I, the candidate, presented the results for

electricity price forecasting at a virtual international conference.

In this publication, I, the candidate, co-wrote the manuscript with Dr Diarmid Roberts.

I conceptualized the research by combining electricity price clustering work that Dr Roberts

had presented to our research group with my own GP studies. Dr Roberts had investigated

how electricity prices can be clustered using ML classi�cation techniques. I, the candidate,

conceptualised the novel hybridisation methods by combining regression and classi�cation to

predict the electricity price. Together, myself and Dr Robert A. Milton developed the software

used for training GPs, while Dr Roberts developed the software used for clustering. I, the

candidate, then wrote the code that combined both the clustering and GPs together so that

the results from the clustering methods could be used as input variables in the GP. For the
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manuscript itself, I, the candidate, completed the formal analysis and co-wrote the paper with

supervision from Dr Solomon F. Brown.

3.4.2 Paper Contribution

Electricity price forecasting is a very popular area of research due to the huge �nancial bene�ts

successful forecasts can produce. However, the research is vast, ranging from continuous short-

term predictions of the mean price to long-term forecasts into the future. The literature review,

shown in Chapter 9, explains the gap in the literature when it comes to probabilistic electricity

price forecasts. Speci�cally, previous research has struggled to provide statistical evidence that

supports their new superior forecasting technique. Knowing a signi�cant gap is available in the

research, the research conducted in this paper focused on developing a GP technique that could

provide a mid-term probabilistic forecast.

With respect to this thesis, the research conducted within this manuscript focused on de-

veloping the application of GPs when extrapolation is required in forecasting scenarios. This

work is important because GPs famously requires a trend to be �tted into the model de�nition

otherwise it will revert to the mean of the training data when the GP attempts to predict using

input variables extrapolated away from the training data. For example, seasonal trends are in-

cluded with a GP using a Seasonal AutoRegressive Integrated Moving Average for transmission

system load forecasting (Nop and Qin, 2021). Often, literature has shown GPs to be the worst

ML technique when compared to other forecasting methods (Qader et al., 2021). Therefore,

the research conducted during this paper has developed a new method that combines clustering

with GPs to produce a novel hybridisation technique, developed speci�cally for forecasting.

The work published in this manuscript focuses on developing GPs in a very popular �eld of

study. However, I, the candidate, believe that this is the �rst paper to apply GPs to forecast the

hourly resolution four weeks ahead. Additionally, the guidelines by (Nowotarski and Weron,

2018) have been followed to ensure the models were tested robustly using appropriate error

metrics and the Diebold-Mariano hypothesis test. In the manuscript, the novel hybridisation

method is tested against ordinary GP regression and a technique found in the literature which
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clusters the data so that numerous GP regression models are used for each cluster (Mori and

Nakano, 2015; Zhang et al., 2021). The results have shown that the novel hybridisation method

does improve GPs' prediction accuracy and so by adding new input variables (which do not

need to be extrapolated when making future predictions) the model is shown to be improved.

Due to the novelty of the technique developed in this manuscript, future work would consist

of testing the method against the state of the art forecasting techniques. Within the manuscript,

the results from a gradient boosting method are shown, but these are for a guideline to what

is “good” and “bad” only. The research conducted in this thesis focuses on developing the ap-

plication of GPs for chemical engineering. This hybridisation method successfully improves

an ordinary GP regression model for forecasting. Further, this work has already made a clear

contribution to science as the novel hybridisation technique has been used to generate a set of

representative price scenarios, as an input for a stochastic scenario-based optimisation model

(Biggins et al., 2022). This model optimises the scheduling of a hydrogen electrolyser and

battery storage to maximise their owner's pro�ts, under market uncertainty. The set of scen-

arios generated by the hybridisation technique encapsulates the underlying price uncertainty,

by representing a range of realistic outcomes. Hence allowing the storage owner to make more

informed decisions.

3.5 Paper 5:

Integrating Machine Learning techniques into Optimal Maintenance Scheduling

3.5.1 Publication Information

The �nal paper has been submitted for consideration as a research paper in Computers and

Chemical Engineering.

In this publication, I, the candidate, wrote the manuscript with help editing and reviewing

from Dr Jude O. Ejeh, Louis Allen and Dr Solomon F. Brown. The project was conceptualized

by myself, Dr Ejeh and Professor Joan Cordiner. Together, Professor Cordiner and I focused our

reading on how ML is used for process safety in the industry. Literature showed the popularity

of using ML to predict faults in machinery and developing algorithms for predictive mainten-
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ance. Together, we conceptualized this research by focusing on improving literature through

the implementation of predictive maintenance powered by a combination of ML methods. The

devised plan was to create a work�ow that would employ predictive maintenance to save op-

erational expenses in an industrial plant. Thus, Dr Ejeh contributed by writing a code that

scheduled maintenance tasks based on various scenarios (inclusion of predictive maintenance

or not). I, the candidate, Dr Ejeh and Professor Cordiner worked together to curate the plant

maintenance data provided by Klein and Bergmann (2019) for a Fischertechnik factory model.

The formal analysis was completed by myself and Dr Ejeh before Professor Cordiner ensured

the results showed important �ndings for the industry. Finally, the project was co-supervised by

Professor Cordiner and Dr Brown.

3.5.2 Paper Contribution

The research proposed a novel methodology that utilises machine learning to predict mainten-

ance faults and maintenance repair time and uses this to underpin the scheduling of maintenance

activities. The work�ow developed can be used to plan maintenance and optimise the sched-

ule based on the costs, labour availability and plant layout. Development of the methodology

was completed by investigating various ML algorithms, testing them on a Fischertechnik model

simulation. The �nal results showed the developed work�ow has the potential to change the

way maintenance tasks are approached as it reduced overall plant maintenance costs. However,

the contributions to the science produced from the �nal manuscript are limited due to time con-

straints and data constraints. I, the candidate, believe the continuation of this work could be

conducted by a team with a research grant.

The work�ow developed during this research combines two popular research areas with

a less explored branch related to machine maintenance, producing an effective maintenance

strategy. Both predictive maintenance and maintenance scheduling are speciality areas that

researchers have worked on in detail, using machine learning to continuously improve stand-

ard techniques. However, a large gap is available to develop models to accurately estimate

the maintenance time required by machines. The gap in literature is identi�ed in Chapter 10,
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Section 10.2. Additionally, by combining the time required to �x a fault with predictive main-

tenance, more accurate machine maintenance scheduling can be achieved using an optimisation

algorithm.

Most importantly, the �nal manuscript produced for this thesis has shown a much broader

aspect to ML other than just GPs. The maintenance work�ow was developed by investigating

many machine learning algorithms instead of focusing on the deployment of GPs. Interestingly,

the research found GP regression to be the most accurate method to estimate the maintenance

times required. The combination of GP regression with the Quadratic Discriminant Analysis

classi�cation algorithm for predictive maintenance provided the most accurate results for the

schedule optimisation. Conclusively, the research showed GPs and ML can have an important

role in the future of the industry.



Chapter 4

Gaussian Processes

In this section we will provide an in-depth description of Gaussian Processes (GPs), introdu-

cing their origins and the mathematical derivation. A GP is an important stochastic process

that corresponds to a class of normal distributions on a function as de�ned by (Williams and

Rasmussen, 2006):

De�nition 1 A Gaussian Process is a collection of random variables, any �nite number of

which have a joint Gaussian distribution.

4.1 Origins

As a simple probability distribution, GPs have been studied for centuries, however, only since

the 1940s have GPs been used to make predictions. A particular example is time series analysis

where the work dates back to that from Kolmogorov (1941) and Wiener (1949).

It was not until the 1970s when GPs became widely accepted. In particular, at this time they

were being used for geostatistics to make predictions in two or three dimensions. The method

was developed by Krige (1952), a mining engineer from South Africa, where his research in-

troduced mathematical statistics to the valuation of gold mines using a regression procedure.

Theoretically, a weight was assigned to each sample assay and the combination of the available

assays was used as the block grade estimator.

In 1963, Matheron (1963) recognised Krige's contributions and used his name to describe

26
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the spatial mineral evaluation process that formalised and generalised the GP regression proced-

ure (Journel, 1977). Hence, the probabilistic process was �rst introduced to the �eld of geostat-

istics under the name of Kriging, before it was introduced in machine learning as GPs. Kriging

has since found considerable applications in Geostatistics including an interesting Bayesian

analysis (Kitanidis, 1986). An excellent overview of the origins of Kriging can be found here

Cressie (1990).

The popularity of Bayesian analysis and, in particular, the use of GPs were increased when

statisticians applied a Bayesian framework to overcome optimal design problems (O'Hagan and

Kingman, 1978). The new multivariate regression model consisted of using a GP prior to aid

curve �tting.

Williams and Rasmussen (1996) were the �rst to describe GP regression in a machine learn-

ing context in 1996. Before this, Neal (1995) had shown that the Central Limit Theorem applies

to neural networks because the data converges to a GP prior as the contribution of hidden units

increases. Motivated by this research into neural networks, Williams and Rasmussen (1996)

speci�ed GPs parametrically for regression problems. The research showed how to make pre-

dictions using a GP and how to estimate the hyperparameters. To summarise, the use of GPs for

machine learning was proven to be a successful framework to build from, presenting examples

of its performance with real-world problems Williams and Rasmussen (1996).

4.2 Mathematical Derivation

GPs are a popular machine learning technique used for regression. Here, we follow the training

data in a Bayesian framework to derive the posterior of a GP that is used to make predictions

on test data.

The mathematical derivation of a GP begins by specifying the initial training data,

D = f (x1; y1) ; (x2; y2) ; :::; (xn ; yn )g. The input data,X = f x1; x2; :::; xng, consists ofn

amounts of input vectors of sized:
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X = [ x1; x2; :::; xn ] =

0

B
B
B
@

x1;1 ::: x1;n

::: ::: :::

xd;1 ::: xd;n

1

C
C
C
A

A GP is a stochastic process that takes deterministic input data and indexes them to a random

variable,f (x). The process maps the deterministic variables to observed multivariate Gaussian

variables,f = [ f 1; f 2; :::; f n ], which are jointly normal. In real life applications, it is assumed

that only noisy outputs,y , are observed. The noise," (x i ), is assumed to be independent with a

Gaussian distribution of0 mean and� 2
N I variance.

y = [ y1; y2; :::; yn ]

yi = f (x i ) + " (x i )

Therefore, the full training dataset,D 2 Rn� (d+1) , consists of input data,X 2 Rn� d, paired

with noisy outputs,y 2 Rn .

A GP regression model learns a function through probabilistic inference where it combines

prior knowledge with the information provided by observations. Figure 4.1a shows how the

prior information is expressed in a number of sample functions drawn at random from the prior

distribution. Then the GP uses the training dataset,D , to learn the functions that pass through

the datapoints. Equation (4.1) shows how Bayesian Inference is used to combine the prior

and the data leading to the posterior distribution as presented in Figure 4.1b after10 training

datapoints are observed.

Posteriorz }| {
(f jX ; y) =

Likelihoodz }| {
P (y jf )

Priorz }| {
P (f jX )

P (y jX )
| {z }

Marginal Likelihood

(4.1)

GP regression is a Bayesian approach which assumes a GP prior over functions. The prior
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(a) (b)
Figure 4.1: (a) Ten samples drawn from the prior distribution. (b) The samples from the GP posterior once ten
datapoints have been observed.

is usually assumed to have0 mean but can also be linear in inputs.

P (f jX ) = N
�
f j0; K f f

�
=

1
p

(2� )n jK f f j
exp

�
�

1
2

f | K f f
� 1f

�

The covariance matrix,K f f 2 Rn� n , is evaluated between all pairs ofD . K f f is dependent

on the training data and some hyperparameters� . In particular, the elements ofK f f are from

the kernel functionk
�
x i ; x j

�
: Ri + d � Rj + d ! Ri � Rj , expressing the correlation between

responses to input samples of sizes(i � d) and(j � d).

As previously mentioned, the observed datay is generated with Gaussian noise and so the

likelihood is

P (y jf ) = N
�
0; � 2

N I
�

=
1

q
(2� )n j� 2

N I j
exp

�
�

1
2

�
� 2

N I
� � 1

�

The marginal likelihood is de�ned by marginalising over the latent function,f , from the

product of the likelihood and the prior. The product of two Gaussian's is another Gaussian and

so the marginal likelihood is available in the analytical form:



30 Gaussian Processes

P (y jX ) =
Z

P (y jf ) P (f ) df = N
�
y; K f f + � 2

N I
�

=
1

q
(2� )n jK f f + � 2

N I j
exp

�
�

1
2

y | �
K f f + � 2

N I
� � 1

y
�

Throughout this work, we maximise the marginal likelihood to �nd the hyperparameter

values and build a GP using the ROMCOMMA software library (Milton and Brown, 2019).

The optimisation requires the training data to learn a number of hyperparameters dependent on

the kernel function,k
�
x i ; x j

�
, chosen for each case study.

The overall goal of GP regression is to predict the unobserved output,f � , from t amounts of

test input points,X � . As previously discussed, the GP is trained usingD , consisting of noisy

observed outputs,y and input data,X .

Assuming the joint GP prior has zero-mean then the joint distribution of the noise free

outputs (latent functions,f andf � ) is
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Due to the additional data new covariance matrices are shown.K �� 2 Rt � t is the covariance

matrix between the test inputs,X � andK f � 2 Rn� t andK � f 2 Rt � n are the cross covariance

between the training and test inputs.

Given the GP is trained using observed noisy outputs,y , we introduce the noise term,� 2
N I ,

to derive the joint prior distribution of the observed noisy outputs,y , and the test latent outputs,

f � , under the prior as

P
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GP regression is a Bayesian method and so the joint prior distribution is restricted to the

training data to derive the posterior distribution. This is done by conditioning the joint prior on
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the observations using standard Gaussian Identities (Williams and Rasmussen, 2006):

P (f � jy ; X ; X � ) = N
�
K � f [K f f + � 2

N I ]� 1y; K �� � K � f [K f f + � 2
N I ]� 1K � f

�

Both the prior and the likelihood are Gaussian and so the posterior distribution over func-

tions is a Gaussian with a joint distribution of observed values,f and predictions,f � . Therefore,

the GP posterior can be used to make predictions,f � at new inputs,X � . To make predictions,

the posterior distribution is partitioned, using standard rules for conditioning Gaussians, to give

Equation (4.2) that shows the predictive equations used for noisy observations:

f � (X � ) � N
� �f ; �

�
(4.2)

where

�f := K � f [K f f + � 2
N I ]� 1y (4.3)

� := K �� � K � f [K f f + � 2
N I ]� 1K � f (4.4)

The GP predictive distribution is a correlated prediction that gives the mean and marginal

variance for each test point, making it a full GP in its own right. Implementation of Equa-

tion (4.2) uses Cholesky decomposition as it is faster and numerically more stable than directly

inverting the matrix. Once the training data has been used to learn the hyperparameters, the

predictions are also made using the ROMCOMMA software library (Milton and Brown, 2019).

In this Chapter, we have introduced the theory behind GPs, brie�y discussing their origins

before deriving the predictive equations used in GP regression. The publications presented

in this Thesis have used the GP model as a powerful tool to overcome problems that arise in

Chemical Engineering.
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Conclusion

5.1 Concluding Remarks

This thesis presents Gaussian Processes (GPs) as a machine learning (ML) technique that can

be bene�cial to chemical engineering. The research has focused on the application of GP re-

gression and the analysis of results to aid in collaborative efforts, showcasing the huge impact

ML can have in both research and industry. Throughout the work, the application of GPs was

investigated as a surrogate modelling technique enabling analysis that previously had not been

conducted. Overall, �ve case studies were used to develop our understanding of GPs. Each

presenting novel research submitted as manuscripts to leading scienti�c journals.

By applying GPs to different subject areas within chemical engineering, the research has

automatically had to focus on different methods of application and analysis to achieve results

that are insightful and truly bene�cial to each topic. To begin, the thesis introduced the reader

to ML and explained the motivation behind using GPs, clearly de�ning the contribution it can

make to chemical engineering. Then, Chapter 2 introduces each of the publications, the im-

portance each one has had to its research �eld and the application of GPs. However, it is also

important to understand how the published research collectively makes a positive contribution

to chemical engineering.

Currently, the chemical engineering industry is transforming as data is becoming more and

more accessible. Computational models used for engineering research and development are

32
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becoming more and more complex. Therefore, data required for analysis is either large or

sparse, depending on whether sensors are continuously measuring and recording vast quantities

of information, or whether an experiment or computational model can only be conducted in a

limited amount of time. Either way, data analysis techniques are now more important than ever

for chemical engineering. With the data revolution, computer programmers and statisticians

are vital for all disciplines, including chemical engineering, continuously developing complex

ML algorithms that accurately learn patterns and make predictions. However, the collaboration

between engineers and statisticians is often like a duck talking to a chicken.

I, the candidate, has shown that it is time for collaboration as the application of ML is shown

to be hugely bene�cial to chemical engineers. This thesis goes into great depth about how to use

one of the most prominent ML approaches. The research focuses on using GPs to analyse com-

plex engineering systems. It has shown, GPs are well suited to chemical engineering situations

leading to many achievements throughout this research.

5.2 Limitations and Future Work

This thesis developed several methods that use GPs to provide insightful results in a variety of

�elds. The �ndings of this research have successfully answered the research questions proposed

in Section 1.2.1 and ultimately, helped maximise the applicability of GPs for future work in

chemical engineering. Regardless, there are still many avenues of ML to explore within chem-

ical engineering. In particular, the research conducted has provided further insight into what

work should be conducted to make ML and GPs more applicable for all chemical engineers.

Chapter 6 focused on using GPs to provide a Global Sensitivity Analysis (GSA) for a com-

plex thermal runaway (TR) model. The bene�ts of using GP regression as a surrogate modelling

technique are highlighted as they provide the key to calculating time-dependent Sobol' indices

for the �rst time. However, the research conducted here came with signi�cant dif�culties and

limitations. Creating an accurate surrogate model for the full time simulation was the �rst ma-

jor challenge. This was caused by the requirement of independent GP regression models for

each time-step of the computer simulation. Thus, a signi�cant amount of computational power
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was needed to train all of the GPs to create a surrogate model. In this work, it was managed

by altering the time split throughout the computational simulation, during the beginning and

end of the simulation when the model output was consistent, the time step was chosen to be

large, then within the range of time that the model output changes (due to TR), the time-step

was reduced. In future work, it would be bene�cial to investigate the use of sparse GPs to allow

reduced computational complexity so that more GP regression models can be used within the

surrogate model. On top of this, future research should focus on making the GP regression

models more accurate when the output value changes early or late in the model simulation. The

work conducted used a limited range of data so that the model output never went12std's away

from the mean value. However, model simulations showed this was a possibility if the TR event

began signi�cantly early in comparison to the others. Current literature uses techniques such

as time warping (Wang and Gasser, 1997; Maiy and Sudret, 2017) to improve accuracy so that

the signi�cant event occurs at the same time. However, for a time-dependent GSA this would

not help explain the importance of each input variable throughout the model simulation. Thus

developing techniques to help GPs predict accurate outputs far away from the mean of the data

is required.

The second published paper used GPs to develop an ef�cient experimental design using

a wet granulation case study. In this work, the method successfully indicated any unidenti�ed

sub-processes using two GSA linking experimental data to model simulation data. For the given

case study, the ordinary GP was shown to be accurate and ef�cient enough to provide calcula-

tions of Sobol' indices. Consequently, for the case study used, the GP and GSA tools do not

require any further work to achieve successful results. However, as noted in section 7.6 it would

be bene�cial to further test the ef�cient experimental design methodology to other particulate

processes. Ultimately, the method proposed enables reduced experimental effort in comparison

to a conventional experimental design. So the goal is to optimise the modelling parameters

against experimental data. The possibility of including parameter optimisation directly into the

GP based GSA warrants further investigation.

Paper three investigates a novel method used to predict the deliverable capacity of metal-
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organic framework (MOF) structures. In this sector, the overall goal of future work would be to

develop a universal model. Additionally, the work opens the door for future work using ML al-

gorithms for GSA on data with correlated input variables. Throughout the research conducted,

the initial analysis of the calculated Sobol' indices was made dif�cult due to complex relation-

ships between MOF pore properties. Due to the limited literature providing GSA techniques

for correlated input variables, future research investigating the impact correlated inputs have

on Sobol' indices is required. The novelty within this work was created by using a reduced

order model (ROM) by rotating input variables to create primary dimensions. This in itself is

believed to combat the impacts created from correlated inputs. However, due to the novelty

of the method used, limitations in this research were created by not robustly investigating the

novel properties created by calculating active subspaces using GPs beforehand. The publication

of the innovative mathematics utilised to construct the technique should be a priority in future

development.

Chapter 9 concentrates on applying GPs to the popular �eld of electricity price forecasting.

In the manuscript, a novel hybridisation method is used for mid-term probabilistic electricity

price forecasting with hourly resolution. The work utilised clustering techniques to enhance

the forecasting capabilities of GP regression by creating an input variable that does not need

extrapolation in future predictions (the cluster number in the test data will always have been seen

in the training data). The work successfully showed the novel hybridisation method to improve

ordinary GP regression and clustering to make numerous GPs. However, a major limitation of

the hybridisation technique is that the GP regressions model must incorporate categorical input

variables to use the cluster group as an input. To deal with this, the clustering techniques must

classify the data into groups that have a rational ordering to it. This enables the relaxation of

categorical variables so that they could be treated as continuous variables. Similarly, the day of

the week was used as an input variable and relaxed as a continuous variable in the same way.

Although this method of relaxing categorical variables is widely accepted, it does impact the

hybridisation method as it forces the choice of the clustering method. Therefore, future work

should focus on deriving a method to utilise categorical variables within GPs. For example,
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Qian et al. (2008) developed a new covariance function that could incorporate both continuous

and categorical factors. It would be of interest to investigate the use of this correlation function

with this hybridisation method.

The �nal research project conducted for this thesis developed a novel maintenance work�ow

that can be used in industry to develop an optimum maintenance schedule. This was achieved by

investigating three techniques and integrating them to quickly analyse process data and produce

a framework that consists of three stages, predictive maintenance, maintenance time estimation

and schedule optimisation. Each stage was robustly investigated on a manufacturing process

simulation model successfully showing the potential that the novel maintenance work�ow has

for the way maintenance tasks are approached in Industry 4.0. The manufacturing simulation

model provided the data required to model maintenance tasks in a cyber-physical model that

is becoming more accessible during the fourth industrial revolution. The digitisation of the

process industry is creating an abundance of interconnected data through the Internet of Things.

In the manuscript, the research has shown that ML methods are ready for Industry 4.0 and

that arti�cial intelligence will have signi�cant bene�ts in the way that industry is run in the

future. Interestingly, the work also found GPs to be the best regression algorithm to use in a

maintenance time estimation model. The literature review (please see Section 10.2) has shown

time estimation models are often used to predict the product manufacturing times. However,

for maintenance time, traditional methods have still been used that lead to expensive overtime

and rushed �xes. Therefore, investigating the use of ML algorithms for a maintenance time

estimation model and discovering GP regression was the most accurate method concluded the

research undertaken in this thesis by showing the huge potential GPs have in comparison to

other ML algorithms. In future work, more research is required to apply and test the use of

GPs for maintenance time estimation, investigating the tool in more detail and experimenting

with the methods of applying GPs to improve results. Further, the novel maintenance work�ow

developed in this research can be improved by investigating the use of GP classi�cation for

predictive maintenance. Once again, this research has also shown limitations with using GPs

and other ML algorithms as a large number of sensors provide many input variables. Some



5.2 Limitations and Future Work 37

of these sensors give categorical variables and some are correlated around the cyber-physical

model. Future work to help commercialise the novel maintenance work�ow should focus on

using ML algorithms that successfully predict maintenance tasks and times, but also provides a

detailed analysis into the cyber-physical model. This will enable process engineers the ability

to understand the plant's process and understand which parts are the plant inherently affect the

important outcomes, such as the yield. Conclusively, the research conducted for this manuscript

has incredible potential, but lots of work has to be done to make it bene�cial for the industry.

Overall, the research conducted for this thesis has provided exciting results and helped other

researchers in different areas of chemical engineering. This has been done using the GP ML al-

gorithm, presenting many ways to use and develop the technique for each subject area. Clearly,

GPs are well suited to aid many disciplines within chemical engineering, particularly when

data analysis of the system requires a reduced model that encapsulates the system behaviour

in a cheaper, simpler framework. This thesis explains how to conduct ef�cient data analysis

techniques using GPs in chemical engineering.



Chapter 6

A study of the thermal runaway of

lithium-ion batteries: A Gaussian Process

based global sensitivity analysis

6.1 Abstract

A particular safety issue with Lithium-ion (Li-ion) cells is thermal runaway (TR), which is

the exothermic decomposition of cell components creating an uncontrollable temperature rise

leading to �res and explosions. The modelling of TR is dif�cult due to the broad range of

cell properties and potential conditions. Understanding the effect that thermo-physical and heat

transfer characteristics have on the TR abuse model output is essential to develop more accur-

ate and robust TR models. This study uses global sensitivity analysis (GSA) to investigate the

effect of the cell parameters on the outcome of TR events. Using a Gaussian Process (GP)

surrogate model to calculate the Sobol' indices, it is shown that the emissivity value is the

dominant thermo-characteristic throughout the overall abuse scenario. Further analysis, invest-

igating three key TR features shows the conductivity coef�cient to be the most important with

respect to the maximum temperature reached during TR. Results demonstrate that researchers

can con�dently estimate some thermo-characteristics but require accurate characterisation of

38
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the emissivity and conductivity coef�cient to ensure robust predictions. Given the importance

of battery technology to aid in global de-carbonisation, these �ndings are key to increasing their

safe design and operation.

6.1.1 Keywords

Gaussian Process; Thermal Runaway; Sobol' Indices; Global Sensitivity Analysis; Li-ion Cells

6.2 Introduction

Lithium-ion (Li-ion) cells are an increasingly popular electrochemical storage device (Steen

et al., 2017; Kim et al., 2012; International Energy Agency, 2016) which play a pivotal role in

applications such as electric vehicles and grid energy storage. Li-ion cells have been extensively

studied in order to increase cell performance (Nitta et al., 2015; Ghadbeigi et al., 2015), reduce

cell cost (Nitta et al., 2015), reduce environmental impact (Peters et al., 2017) and improve

safety (Abada et al., 2016). However, a particular issue with Li-ion cells is thermal runaway

(TR) which is the exothermic decomposition of cell components creating an uncontrollable rise

in temperature leading to �res and explosions (Wang et al., 2012; Larsson et al., 2018; Feng

et al., 2018). Hence, understanding the TR process, to prevent it occurring or reducing its

severity, is essential for the development of safer batteries.

Current literature focuses on the development of models designed for carrying out studies

to determine the effects of cell design (Kim et al., 2007; Lopez et al., 2015; Hu et al., 2017),

environmental and abuse conditions (Chiu et al., 2014; Lopez et al., 2015) and pack design

(Coleman et al., 2016; Xu et al., 2017; Duan et al., 2018) on TR behaviour or prevention.

Recent studies have explored the implications of using Li-ion batteries in extreme environments,

investigating how severe irradiation can cause TR (Shack et al., 2014; Ma et al., 2017; Wu et al.,

2019). Yet little work has been carried out to understand the uncertainties within TR modelling

and/or how variance in the physical parameters can affect the temperature during a TR event.

The need to understand TR events in Li-ion cells has motivated the development of physics-

based models to provide assistance in the analysis of the mechanics allowing a more cost-

effective and safer method rather than iterating cell abuse experimentally. As a result, research
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has been undertaken with various approaches based on the Arrhenius formulation of cell de-

composition reactions and heat generation (Hatchard et al., 2001; Kim et al., 2007; Lopez et al.,

2015) to develop computational models of TR in cells with studies. For example, comparing

cell chemistry (Peng and Jiang, 2016), utilising ef�ciency factors for the conversion of elec-

trochemical energy to thermal energy (Coman et al., 2017), and the effect of nail penetration

(Chiu et al., 2014). Previous work utilises an accelerated rate calorimeter (ARC) to determ-

ine the initial reaction kinetics of the solid electrolyte interface (SEI) and cathode reactions of

cells (Richard and Dahn, 1999a; MacNeil et al., 2000). Mao et al. (2020) also used an ARC

to investigate the self-heating reaction and TR criticality of Li-ion cells resulting in kinetic

data that will aid in future modelling of Li-ion battery safety. Additionally, inverse modelling

techniques have been used to estimate the parameters involved in the reaction kinetics for both

cell components (Richard and Dahn, 1999b; MacNeil et al., 2000) and full cells (Ren et al.,

2018; Liu et al., 2018). Liu et al. (2018) developed a one reaction model for an entire cell

which takes into account the state of charge (SOC) by �tting experimental ARC data at differ-

ent SOC's to determine the parameters of the Arrhenius equation and the heat of reaction as a

third-order polynomial which is a function of SOC. Ren et al. (2018) determined parameter val-

ues through Kissinger and nonlinear �tting methods of direct scanning calorimetry (DSC) data.

Fundamental thermal abuse experiments of ARC, DSC and oven exposure are used to validate

such computational models. However, the TR models developed for Lithium iron phosphate

(LFP) cells (Peng and Jiang, 2016) have not been validated well as inaccuracies are found when

compared to new experimental work (Bugryniec et al., 2019). Therefore, the need to develop

computational models of TR events are strained by the lack of understanding in the model

parameters meaning an intensive study of the parameter sensitivities is essential for a thorough

understanding of the TR of Li-ion cells.

A sensitivity analysis (SA) characterises the relationship between a system's inputs and

outputs thus showing how the uncertainty of the outcome can be apportioned to the different

sources of uncertainty in the input. This will provide important knowledge in relation to the

safety and development of Li-ion cells given that:
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1. Parameters are commonly estimated within TR models if they cannot be measured or have

no measured values available in the literature,

2. There is an unknown certainty of the appropriateness of values in the literature for para-

meters such as composite materials i.e. electrodes, or for the overall cell properties. Espe-

cially when considering that exact cell compositions for literature sources or cells under

study may be unknown. For example, Liu et al. (2018) and Drake et al. (2014) have

both calculated the speci�c heat capacity of an 18650 LFP cell but resulted in differ-

ent values. Various other literature have recorded a speci�c heat capacity ranging from

1100 J kg� 1 K � 1 to 1720 J kg� 1 K � 1 (Spinner et al., 2015; Wang et al., 2013; Chen et al.,

2005a). Highlighting the signi�cant variation, in just one parameter, of which the authors

here have found that a10%change can lead to signi�cant variations in the TR simulation

results.

3. Carrying out SA studies can help future developments, as the uncertainty in the model can

be related to a real change in a physical cell.

This work will analyse the thermo-physical and heat transfer characteristics of a TR model

to determine their in�uence on cell temperature under external heating of an LFP cell leading to

a TR event. The focus is on an LFP cell as a case study due to it being considered the safest Li-

ion chemistry (Jiang and Dahn, 2004; Bugryniec et al., 2018, 2019). SA has been implemented

in many different research �elds (for example Saltelli et al., 2005; Rohmer and Foerster, 2011;

Al et al., 2019) as it is widely acknowledged as a good practice to better understand model

behaviour. Speci�cally for battery research, sensitivity studies have been employed to advance

the development and design of battery performance (Drews et al., 2003; Schmidt et al., 2010;

Vazquez-Arenas et al., 2014; Zhang et al., 2014) without considering TR event occurring. Ad-

ditionally, these sensitivity studies focused on minor parameter changes and how it affects the

variation in the model output using a local SA study. In general, the most common class of SA

method is the global sensitivity analysis (GSA) because it looks at the model behaviour over

the whole range of inputs and outputs. Unlike other methods, such as local SA, GSA quanti�es
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the variation of the model response in the entire parameter domain fully exploring the input

space. The �rst example, to the authors knowledge, to practise a GSA for battery development

was Trembacki et al. (2016), where polynomial chaos expansion was used to calculate sens-

itivity index values for a thermal simulation of molten salt batteries. Recent literature by Lin

et al. (2018) has applied a GSA to a large scale multiphysics Li-ion battery model. The SA was

achieved by calculating the Sobol' indices using a polynomial chaos expansion approach to

surrogate the 3D multiphysics model. Speci�cally, the safety of an LFP cell has been explored

using GSA by Rajan et al. (2018) who considered the displacement, temperature and strain rate

of a battery with respect to it's mechanical strength when subjected to external impacts that lead

to TR. The research conducted a SA using an arti�cial neural network to emulate a �nite ele-

ment model and showed the temperature of a cell to have the most in�uence on the mechanical

strength leading to catastrophic TR explosions. Whereas, the TR process of a Li-ion cell has

only been analysed once with respect to sensitivity studies, when GPs were used as a surrogate

model to optimise the reaction parameters in a TR abuse simulation (Milton et al., 2019). The

work used the error of a heuristic �t (RMSE) between simulated and experimental results as an

output to a GP, which was further reduced by an optimal rotation of the input basis. The input

variables being optimised, were the parameters that control the reactions which govern the heat

generation in the TR model.

The methodology presented in this work will use the Sobol' sensitivity indices, which are

a variance-based decomposition method that is considered the benchmark for GSA methods

(Rohmer and Foerster, 2011; Al et al., 2019). However, the calculation of Sobol' indices require

a signi�cant number of model evaluations to ensure convergence to a satisfactory precision

level. Hence, the computational burden can be reduced by using meta-modelling techniques

such as the polynomial chaos expansion (Brown et al., 2013; Sudret, 2008), arti�cial neural

networks (Li et al., 2016), and Gaussian Processes (GPs) (Marrel et al., 2009). Here, based

on our previous work, the surrogate model will be developed using GPs as they are a widely

used tool for Bayesian nonlinear regression and provide an approach that predicts a distribution

allowing uncertainties for each prediction. This novel approach will allow us to determine:
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• which of the thermo-physical and heat transfer characteristics contribute most to the tem-

perature output variability with respect to the time during a TR simulation,

• the number of interactions between the thermo-characteristics and with which inputs,

• which properties are insigni�cant and so do not need to be well characterised, helping to

simplify TR models.

These goals are achieved by developing a TR model of an LFP cell which is emulated by a

GP surrogate model enabling the calculation of Sobol' indices.

This work is organised as follows. Section 6.3 describes the methodology and the mathem-

atics behind the three techniques before the results sections consist of the analysis of the three

tools. First, the TR model is compared to experimental data, ensuring it accurately represents

a real cell under TR allowing GPs to be created for a time-dependent SA on the temperature

of a cell. The role of the thermo-characteristics on TR behaviour is then further investigated

with analysis of the time at which self-heating and TR begins, as well as the the maximum tem-

perature reached by the TR event. Once the GP's were produced, each one had to be validated

ensuring inaccuracies were not carried over to the calculation of the Sobol' indices. The �nal

results from the GSA presents the time-dependent Sobol' indices and the Sobol' indices from

the three TR features. The report is then concluded in Section 6.5 detailing how the resulting

sensitivity measures can guide the decision-making process when designing Li-ion cells and

their models.

6.3 Methodology

This section presents the TR model, developed for an LFP cell, before it describes the formula-

tion of the GP emulators and the calculation of the Sobol' indices.

6.3.1 TR Model

The TR abuse model for the LFP cell is constructed in the commercial �nite element model-

ling softwareCOMSOL Muiltiphysics 5.2a(COMSOL Multiphysics®V5.2a). The governing

equations for heat transfer utilises one-dimensional forms of Fourier's law of heat conduction,
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Figure 6.1: Top) Representation of a 18650 cell indicating (by the red line) the model simpli�cation, bottom)
schematic of model geometry.

Newton's law of cooling for convection and Stefan-Boltzmann equation for radiation (for ex-

ample Kim et al., 2007). The model represents an 18650 LFP cell (1:5Ah) under oven exposure

with free convection. The model assumes a 1D axi-symmetric geometry, consisting of three

geometric domains; the mandrel, the jelly roll (the coil of electrodes, separator and current col-

lector layers) and the cell casing, see Figure 6.1. The multilayer jelly roll is assumed to be

constituted of a single homogeneous material to reduce computational complexity. This is to

allow the use of measured properties of an entire cell and also to reduce model input parameters.

Further, the model assumes all geometric domains take the average material values of a whole

cell, as these are more accurately available, and it also reduces model input parameters.

Heat transfer in the model assumes a solid body throughout and considers conduction through-

out the cell, while at the cells' surface free convection and radiation are considered.

The exothermic decomposition reactions driving TR are described by individual Arrhenius

equations. Here the four common reactions are considered, these are the SEI decomposition, the

negative electrode reaction (NE), positive material decomposition (PE) and electrolyte decom-

position (E) (Spotnitz and Franklin, 2003), while the total decomposition heat is the summation
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of these individual heat generation terms. This decomposition heat is assumed to be distributed

over the entire jelly roll domain. The formulation of these governing reactions follows that

outlined by Kim et al. (2007).

The rate of reaction,Rx (s� 1), for the SEI, positive and electrolyte reactions is given by:

Rx = Axe

�
� E a;x

RT

�

Cmx
x (1 � Cx )nx (6.1)

where subscriptx corresponds to one of the reactionssei, pe or e. Ax (s� 1) is the frequency

factor,Ea;x (J mol� 1) is the activation energy,R andT the ideal gas constant (8:3145 J mol� 1 K � 1)

and temperature (K) respectively, dimensionless quantities include:Cx the reaction species,

while nx andmx are constants.

The negative electrode reaction is of a similar form:

Rne = Anee

�
� E a;ne

RT

�

Cmne
ne (1 � Cne)nne e

�
� t sei
t sei; 0

�

(6.2)

with the additional term,tsei , a non-dimensional representation of the change in thickness of

the SEI layer as it decomposes.tsei;0 the initial thickness. The change in reaction species for

each decomposition reaction and SEI layer thickness is given by:

@Csei

@t
= � Rsei (6.3)

@Cne

@t
= � Rne (6.4)

@tsei

@t
= Rne (6.5)

@Cpe

@t
= Rpe (6.6)

@Ce
@t

= � Re (6.7)

The volume-speci�c heat generation termsQz (W m� 3) from each decomposition reaction
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Table 6.1: Thermo-physical and heat transfer characteristics.
Parameter Reference value Range STD
� (kg m� 3) 2418a 2413- 2426a 4:260a

Cp(kJ kg � 1 K � 1) 1105a 1092- 1115a 8:680a

hconv(W m � 2 K � 1) 12:5 b 7:00 - 12:5c 1:00d

� r (W m � 1 K � 1) 0:5 d 0:2 - 3c 0:1d

" 0:8 b 0 - 1 0:1d

a Measured and calculated experimentally (Bugryniec et al., 2019)
b Reference value from Hatchard et al. (2001)
c Literature ranges Refs. (Guo et al., 2010; Hatchard et al.,
2001; Kim et al., 2007; Hatchard et al., 2000; Dong et al.,
2018; Coman et al., 2017; Liu et al., 2018; Zhao et al., 2014;
Tanaka and Bessler, 2014)
d Estimated

are given by:

Qz = HzWyRz (6.8)

whereHz (J kg� 1) is the speci�c heat of reaction for reactionsz = sei; ne; pe; eand Wy

(kg m� 3) is the volume-speci�c content of reactive material, i.e.y = c; p; ecorresponding

to carbon active material, positive active material and electrolyte respectively.Wc is used in the

SEI and NE heat generation equations,Wp in the PE heat generation equation andWe in the

electrolyte heat generation equation.

Hence, the total heat generation from the decomposition of the cell is:

Qdecomp = Qsei + Qne + Qpe + Qe (6.9)

The thermo-physical parameters and heat transfer parameters are initially taken from exper-

imental �ndings in the literature and are presented in Table 6.1. The parameters for the decom-

position equations are estimated through comparison with experimental data and are presented

in Table 6.2. Parameters describing the cell geometry, initial temperature and oven temperature

and simulation time are presented in Table 6.3.

Due to the uncertainty in the experimental data, ranges for the thermo-physical and heat

transfer characteristics (density, heat capacity, convection coef�cient, radial thermal conduct-
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Table 6.2: Kinetic parameters used in the decomposition equations.
Kinetic Parameter Carbon SEI LiFePO4 Electrolyte
Frequency Factor,A(s� 1) 2:50� 1013 1:67� 1015 2:00� 108 5:14� 1025

Activation Energy,Ea(J mol � 1) 1:42� 105 1:50� 105 9:60� 104 2:82� 105

Reaction order,m 1:00 1:00 1:00 1:00
Reaction order,n 0:00 0:00 1:00 0:00
Heat,H (J g� 1) 1714 578:0 194:7 645:0
Speci�c weight,W (kg m� 3) 560 560 977 151
Species initial values,Cx , tsei 0:75 (t = 0 :33) 0:15 0:040 0:99

Table 6.3: Additional simulation parameters.
Parameter Value
rbat (mm) 18
rman (mm) 2
dcan (mm) 0:3
Tint (� C) 16:5
Toven (� C) 218
tlength (min ) 90

ivity and emissivity value) were de�ned, while the abuse parameters were kept constant. The

initial values (used in the parameter estimation of the model) of the varied parameters are taken

to be the mean of the normal distribution. The standard deviation of the density and heat ca-

pacity is calculated from experimental �ndings, while the standard deviation of the convection

coef�cient, conductivity value and emissivity value are estimated arbitrarily by setting it to1

relative to the order of magnitude. A random sampling of these �ve parameters is undertaken

using Latin Hypercube Sampling (LHS) (Stein, 1987), normally distributed about the mean,

and used to generate753sample points in the input space. Note that as emissivity has phys-

ical limits between0 and1, any parameter sets that have an emissivity value out of this range

are removed, leading to a curtailment of the �nal distribution of emissivity values. Each of

these753parameter sets is used (in conjunction with the original estimated abuse parameters)

to carry out an oven simulation at218� C exposure. The resulting temperature data and initial

input parameters sets are used to train a GP as described in the previous section.

6.3.2 GP Surrogate Model

In this study, standard Bayesian conditioning is used to take Gaussian priors and derive a pre-

dictive process. This allows the creation of a GP which takes a(1 � d) row vector of inputsx
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and returns a Gaussian random variable through calculations using the predictive equations

y(x) � N
� �f (x); � y + � 2

e

�
(6.10)

where

�f (x) := k(x; X )(k(X ; X ) + � 2
e I ) � 1y = k(x; X )K � 1y (6.11)

� y := k(x; x) � k(x; X )(k(X ; X ) + � 2
e I ) � 1k(X ; x) = k(x; x) � k(x; X )K � 1k(X ; x) (6.12)

whose mean�f (x) and variance� y is learnt from training datay = f (X ) + e. Standard

Bayesian inference has been used to express the mean prediction in terms of the(n � 1) ob-

served responsesy to (n � d) training inputsX . At the heart of this lies the kernel function

k : Ri + d � Rj + d ! Ri � Rj , expressing the correlation between responses to input samples

of sizes(i � d) and(j � d); for the purposes of this work the number of input dimensions is

d = 5. This work exclusively uses the automatic relevance determination (ARD) kernel (Wipf

and Nagarajan, 2007):

k(x0; x) := � 2
f exp

�
�

(x � x0)� � 2(x � x0)|

2

�
(6.13)

where� is a(d � d) diagonal positive de�nite lengthscale matrix. The learning from training

data requires the optimisationd + 2 hyperparameters, constituting of� , � f , and� e, through

the maximum marginal likelihoodp[y jX ] using the ROMCOMMA software library (ROM-

COMMA, 2019).

6.3.3 Sobol' Indices

In this work, the approach to the calculation of the Sobol' indices follows Jin et al. (2004)

by substituting the true simulation model with the mean of the conditional GP resulting in

semi-analytic Sobol' indices. This section will describe the calculation of Sobol' indices up

to evaluating integrals, which will be evaluated using the GP surrogate model to allow more

ef�cient computation.
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Sobol' indices are calculated by considering a functiony = f (x), wherex := [ x1; :::; xd] is

a d-dimensional row vector found in the input space,
 , andy is the model output. Assuming

that the inputs are mutually dependent and thatf (x) 2 L2(
) (Sobol, 1993, 2001). For a

particular inputx i , it's �rst-order Sobol' index is de�ned by

S1;i =
V arf E(yjx i )g

V arf yg
=

D i

D
(6.14)

Then second-order Sobol' indices between inputi andj shows the interactions betweenx i

andx j :

S2;ij =
V arf E(yjx i x j )g � V arf E(yjx i )g � V arf E(yjx j )g

V arf yg
=

D ij

D
(6.15)

To be able to express the whole effect of an input on the output, the total Sobol' index is

(Saltelli and Homma, 1996)

ST;i = S1;i +
nX

j 6= i

S2;ij +
nX

j 6= i;k 6= i;j<k

S3;ijk + ::: (6.16)

Therefore, the �rst-order Sobol' indices measure the contribution to the variance solely attribut-

able tox i , in contrast, the total Sobol' index ofi corresponds to its own contribution including

interactions with the other inputs.

From here, the partial variances ofy are determined through a decomposition method presen-

ted by Sobol (1993) which evaluates each term through multidimensional integrals. As previ-

ously mentioned in Section 6.2, here we use a GP surrogate model to calculate the Sobol'

sensitivity indices by using Equation (6.11), the GP predictive mean, to analytically compute

the integrals. Therefore, we have calculated the Sobol' indices of the predicted value so that

y = �f (x), in a similar way to that from Chen et al. (2005b).

6.4 Results

This section presents the results of the GSA of the LFP TR as described in the previous section.

The case study considers a commercial1500mAh 186503:2V LiFePO4 cell, and begins with
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an analysis of the full order model results providing further understanding of the distribution

of the data. Following this, the analysis is split into two sections, �rst the time-dependent

temperature analysis and then the TR features analysis. Both sections include cross-validation

of a GP surrogate model to assess it's predictive accuracy and reliability. A full SA is presented

including both the �rst order and the total Sobol' indices in an attempt to understand the thermo-

physical and heat transfer characteristics that govern TR. Finally, the GSA is ef�ciently analysed

by comparing the Sobol' sensitivity indices for the inputs to further understand which properties

govern the TR process. In particular, the research is focused on understanding the temperature-

time pro�le during TR and so the maximum temperature reached (the TR severity) is detailed

as much as the time to TR.

6.4.1 Full Order Model

Figure 6.2 shows the predicted cell surface temperature when exposing an LFP cell to an oven

temperature of218� C when simulating using the estimated abuse parameters from Table 6.2 and

the reference values for the thermo-physical and heat transfer characteristics shown in Table 6.1.

The simulated �t is compared to an unpublished experimental dataset produced using an oven

test that follows the methodology from Bugryniec et al. (2019). The simulation produces the

general cell TR behaviour well, while speci�c details such as time to TR and TR severity are

not accurately predicted. However, in the context of this work, utilising a TR model to produce

a data set for SA and to produce more general comments for TR model development, the model

is deemed appropriate for the remainder of this work.

Figure 6.3 shows the mean cell surface temperature of all753runs varying with time, along-

side the original (reference) temperature pro�le for comparison. Also shown are the upper

and lower bounds of the simulation results, i.e the mean plus and minus2 standard deviations

(STDs) respectively, while the value of the STD with time is also plotted. The difference

between the mean and reference plots, as well as the magnitude and variation of the STD show

how the predicted cell temperature is effected by simply changing the thermo-physical and heat

transfer characteristics. Figure 6.3 highlights what is referred to as the “TR event”, importantly
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Figure 6.2: Full order model prediction of an LFP cell TR event due to oven exposure at218� C and compared to
experimental results.

both before and after the TR event the mean results of the temperature pro�le are close to the

corresponding reference values. During the TR event, the mean values differ from the reference

plots, speci�cally the onset, rate and maximum temperature of TR. This difference is due to

the TR event occurring at different times in each simulation run. Therefore, where the peak

temperature occurs for the reference simulation, for other simulations at this point in time the

temperature may be signi�cantly lower as TR may not have started yet. This causes the overall

mean temperature to have a lower maximum and shallower gradient during the TR event, rather

than following a steep increase in temperature that is present in each individual simulation.

Also, by looking at the STD, we can see that it increases signi�cantly during the TR period,

whilst in general the STD is greater for steeper temperature rates. This increase in STD causes

a sudden drop in the lower bound of the data, even though for any of the753runs, a decrease in

temperature similar to the dip in the lower bound is not possible.

6.4.2 Time-Dependent Temperature Analysis

GP Validation

The GP surrogate was used to predict the temperature at given times using the �ve thermo-

physical and heat transfer characteristics as inputs to the GP. Therefore,10s time steps were

used up to the TR event and then, to capture the process accurately2s time steps were used

between800s and1200s. Hence, the GP surrogate model consisted of361independent GPs,

predicting the temperature at each time step. To be able to con�dently calculate the Sobol'
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Figure 6.3: Mean results of all753oven simulations, each with randomly sampled thermo-physical characteristics,
and compared to the reference simulation.

indices using a surrogate model the predictions produced by the GPs must be fully validated

against the oven simulations to ensure inaccuracies are not inherently produced in the GSA.

For this reason, the GP surrogate model was tested using the 5-fold cross-validation technique

(Hastie, 2009) and the �nal results are as follows:

• Figure 6.4a presents the residuals, a comparison of the true values with the predicted

mean values for each test prediction. A “high” predictive quality is indicated by the data

following closely to the redy = x trend line and a high coef�cient of determination value

of 0:969(Marrel et al., 2008; Rohmer and Foerster, 2011).

• Figure 6.4b shows the test predictions as a function of time by considering the root mean

squared error indicating the predictions have negligible errors up to and after the TR event.

Between850s and1150s, the RMSE increases to a maximum of0:400.

• Figure 6.4c considers the predictive distribution by looking at the percentage of outliers

at 2 STD's with respect to time. These outliers include any test prediction where it's

true standardised value is outside of the predictions95%uncertainty distribution. Again,

before and after the TR event the number of outliers is negligible but during the TR event

the percentage of outliers increase to be between4% and12%. Figure 6.4c also shows

the percentage of predictions where the true test value is further than4 predictive STD's

away from the predicted mean.
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