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Introduction

There are a few tactics one could employ in order to motivate the need for C*-categories,

to name some, we have the following;

(i) They are natural generalisations of C*-algebras in the same way that groupoids

are a generalisation of groups,

(ii) They provide a framework that describes collections of C*-algebra related things
that we might be interested in, such as the collection of Hilbert modules over
a fixed C*-algebra, or the collection of non-degenerate representations of a C*-

algebra,

(iii) They provide a technical tool for studying things like assembly maps [6, 11, 24].

Morita equivalence for rings is an equivalence relation that preserves many ring-theoretic
properties, which is also substantially weaker than isomorphism. Two unital rings are
Morita equivalent if their categories of right modules are equivalent. A classification
theorem accredited to Eilenberg and Watts then explains that such categorical equiv-

alences are represented by the existence of certain bimodules.

For C*-algebras, Morita equivalence was introduced by Rieffel [27, 28, 29|, with a pair of
C*-algebras being declared Morita equivalent if there exists a certain Hilbert bimodule
between them, and then this can be used to show that Morita equivalent C*-algebras
have equivalent categories of right Hilbert modules. Similarly to the theory for rings,
Morita equivalence in this setting preserves many properties of interest [2], but one
additional triumph is that the theory for C*-algebras works for both unital and non-

unital C*-algebras.

The theory of C*-algebras and Morita equivalences can be put into the framework of

bicategories [17]; there is a bicategory where the objects are C*-algebras, 1-cells are

ii
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certain Hilbert bimodules called correspondences, and 2-cells are bimodule homomor-
phisms. In this bicategory, the invertible 1-cells are precisely the Morita equivalences.
This point of view has been put into use by Albandik and Meyer [1] where colimits in
this bicategory are studied, and some constructions with C*-algebras are shown to be

examples of such colimits.

In the first 4 chapters of this thesis, we will develop the required theory of Hilbert
modules and bimodules over C*-categories. Many of our definitions have been covered
already in the literature [12, 23, 24] and we will review these, together with plenty of

examples, and also set out new definitions that we will need later.

In Chapter 5 we will cover the category algebra construction. This was introduced by
Joachim [12] for unital C*-categories, but we will show that many of his results still

hold true for non-unital C*-categories.

In Chapter 6 we will introduce the notion of Morita equivalence for C*-categories. Just
like Rieffel’s original work, this will be phrased in terms of the existence of certain
bimodules, which we will be calling equivalence bimodules. We will show that the

category algebra construction relates to Morita equivalence in the following way.

Theorem. If B is a small C*-category, then there is a C*-algebra A(B) such that B
and A(B) are Morita equivalent. Moreover when C is another small C*-category, B

and C are Morita equivalent if and only if A(B) and A(C) are Morita equivalent.

In Chapter 7 we will show that just as for C*-algebras, the theory of Morita equivalence

fits nicely into the framework of a bicategory.

Theorem. There is a bicategory Cortoy where the objects are small C*-categories, 1-
cells are certain bimodules called correspondences, and 2-cells are bimodule homomor-
phisms. The invertible 1-cells in this bicategory are precisely the Morita equivalences.
Writing €orrqy, for the analogous bicategory of C*-algebras, then the category algebra

construction defines a pseudofunctor

A(=) : Corrgg — Corr gy

Finally, in Chapter 8 we look at certain *-functors between categories of Hilbert mod-
ules, with our end goal being the following alternative characterisation of Morita equiv-

alence.

Theorem. C*-categories A and B are Morita equivalent if and only if their categories
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of right Hilbert modules are equivalent, with the equivalence implemented by a pair of

strongly continuous *-functors.
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Chapter 1

Preliminaries

We will begin by giving a brief summary of certain notation and bits of theory that we

will be using throughout our work.

1.1 Category Theory

Here is an overview of some the categorical notation and conventions we will be follow-
ing.
(i) We will denote categories by mathscr letters A, B, C, ...,

(ii) In a category A, we will write Ob(A) for the collection of objects of A, and will
write A(X,Y) for the collection of morphisms from X to Y,

(iii) We may write B C A to indicate that B is a subcategory of A,

(iv) We denote morphisms in a category by normal arrows —, and denote natural

transformations of functors by double arrows =,

(v) We may write F' ~ G to indicate that the functors F' and G are naturally iso-

morphic,

(vi) When writing down the components of a natural transformation 0 : F' = G, if it
will increase readability and cause no confusion, then we will just write 6 for a
component 4 : F(A) — G(A),



(vii) When considering a functor F' of two variables, we may notate this as F/(—, =),

to emphasise that F' takes two inputs.

1.1.1 Frequently Used Categories

Here we include a list of some categories which we will make frequent use of. Most of
these will be introduced as we go along, but we provide this list as a quick reference.
(i) Hilb; objects are complex Hilbert spaces, morphisms are adjointable operators,

(ii) Hilb-A; objects are right Hilbert modules over a fixed C*-algebra A, morphisms

are adjointable operators,

(iii) Hilbg-A; objects are right Hilbert modules over a fixed C*-algebra A, morphisms

are compact operators,

(iv) A-Hilb; objects are left Hilbert modules over a fixed C*-algebra A, morphisms

are adjointable operators,

(v) A-Hilbg; objects are left Hilbert modules over a fixed C*-algebra A, morphisms

are compact operators,

(vi) Vect; objects are C-vector spaces, morphism are linear maps.

1.2 Background Material

1.2.1 Algebroids and Their Modules

The main algebraic definition that we will need is that of an algebroid. These can be
thought of as associative algebras with many objects. First we require a non-standard

piece of category theory.

Definition 1.2.1. A non-unital category A is a collection of objects and morphisms
which satisfies all the axioms required of a category, except we don’t require each
collection of endomorphisms A (A, A) to possess an identity morphism. Similarly, a non-
unital functor is a mapping between (possibly non-unital) categories, which satisfies all

the conditions required of a functor, except we don’t require it to preserve identities.

As we introduce categories, we will tend to state whether they are unital or not.
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Definition 1.2.2. An algebroid over C is a (potentially non-unital) category A such
that each morphism set is a C-vector space and the composition operation is bilinear.
The functors of interest between algebroids are those consisting of linear maps between
the vector spaces of morphisms involved. We will call such functors linear functors.
We call a linear functor between unital algebroids unital if it preserves the identity

morphisms.

Remarks 1.2.3. (i) A standard reference for algebroids would be [20] where their

algebraic properties are studied.

(ii) Note that a unital algebroid is simply a C-linear category. We will favour the
term algebroid so that we may keep in mind that we might not have identity

morphisms.

Examples 1.2.4. (i) As hinted above, an associative algebra over C can be viewed

as an algebroid with a single object,

(ii) Let G be a groupoid!. We construct an algebroid C G as follows; we set Ob(C §) =
Ob(9), and set

CH(X,Y)={D Nigi: M €C, gi € (X, Y)}.
=1

Then we define composition law by
O Xigi) o O pihy) =Y (Ning)gi o hy.
i j ij
Note that C§ is a unital algebroid.

The following general definition will play a crucial role throughout most of our work.

Definition 1.2.5. If A is an algebroid, then a right A-module is a linear functor
£ : A°® — Vect,

where Vect denotes the category of complex vector spaces. The functorial properties
of & give us an action of A on the collection of vector spaces {€£(A); A € Ob(A)}. This
action is given by

5 ta = E(G)E,

IFor this example we adopt the point of view that a groupoid is a small category where each arrow
is an isomorphism.




where a € A(A,A’) and § € E(A"). Similarly, one can define a left A-module to be a
linear functor

F : A — Vect,

this time with action given by

a-&:=F(a)k.

If we wish to emphasise that a given module action is part of a left or right module, then
we will write a ”-xg for the left action of a on &, and 5{-\ a for the right action of a on &.
Homomorphisms of right or left A-modules are just natural transformations of functors,
and we write 6 : D = & to indicate that 8 is a module homomorphism from D to £. We
can use the terms module homomorphism and natural transformation interchangeably,
but we will retain the term module homomorphism for algebraic morphisms of this form.
We will write Mod — A and A — Mod for the categories of right and left A-modules

and module homomorphisms respectively.

Remark 1.2.6. The above definition is obviously a bit degenerate for non-unital alge-
broids, since we could just take any collection of vector spaces indexed by the objects
of our algebroid, and define a module by sending all morphisms to zero. If one wishes
to look at module theory over non-unital rings, then there are extra conditions once
can impose in order to avoid this problem [25]. However for us, this will never present

an issue, as we will point out later.

1.2.2 C*-categories

Here we will quickly review the basic theory of C*-categories, with a focus to fix notation
and cover useful constructions that we will need later on. There are now quite a few
references one can choose from for the basic theory; the original material is [10], where
C*-categories are introduced as a stepping stone towards W*-categories, and Mitchener
covers most of the same material but in greater detail in [23]. Dell’Ambrogio gives a
very readable overview in [7], but note that there it is assumed that C*-categories are
unital. Finally there is the more modern approach of Bunke in [5] which makes heavy

use of category theory.

Now we can begin the process of trying to do analysis with algebroids.

Definition 1.2.7. We will say that an algebroid A is a normed category if

(i) Each morphism set is a normed C-vector space,
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(ii) For any composable morphisms X Ly 4z A, we have

g f1I < llgllfl.f1l

where the norms are taken in the appropriate vector spaces.

We refer to the collection of norms associated with a normed category just as a norm.
A normed category A is called a Banach category if additionally each of its morphism

sets is complete.

Remark 1.2.8. Banach categories are defined and studied in [15], however in that

book Banach categories are also required to be additive. We do not assume this.

Definition 1.2.9. Let A be an algebroid over C. An involution on A is a contravariant
functor (—)* : A — A which is the identity on objects and whose behaviour on arrows

satisfies

(i) (Af +pg)* = Xf* + qg* for all arrows f,g € A(X,Y) and all scalars A\, u € C,
(ii) f** = f for every arrow of A,

(iii) (gf)* = f*g* for all composable arrows f, g of A.
We call an algebroid that is equipped with an involution a *-category.

Now we may define a C*-category.

Definition 1.2.10. A normed *-category A is called a pre-C*-category if
(i) For each f € A(X,Y), the following C*-inequality is satisfied,
LA < 1 f + g*gll,

for all morphisms g € A(X,Y),

(ii) For each morphism f € A(X,Y), there is an endomorphism g € A(X, X) with
f*r=ygy.

A is called a C*-category if it additionally satisfies

(7i1) Each of its morphism sets is complete.



Before we comment on the previous definition, recall the following definition for C*-

algebras.

Definition 1.2.11. If A is a complex C*-algebra, then an element a € A is called
positive if there is x € A with a = x*z. Equivalently, a is positive if it’s spectrum o(a)

is a subset of R=9,

Remarks 1.2.12. Below are two frequently used observations.

(i) If A is a C*-category, then each endomorphism set A(A, A) is a complex C*-
algebra,

(ii) Conditions (i) and (i7) imply that in a C*-category A, for any morphism a €
A(A, A"), the composite a*a is a positive element of A(A, A), and moreover the

C*-identity ||a*a| = la||? holds. See [22] for a detailed discussion of this matter.

Definition 1.2.13. Let A and B be C*-categories. A linear functor F' : A — B is

called a *-functor if it additionally satisfies

for each morphism f € A(X,Y).

Approximate Units

Let A be a C*-algebra. We recall that an element a € A is called self adjoint if it
satisfies a = a*. An approximate unit for A is a net of self adjoint elements (e ), in the

unit ball of A, satisfying
la —aex| =0, [la—exal| =0,

for all @ € A. Since each endomorphism set of a C*-category is a C*-algebra, it possesses
an approximate unit, and this will satisfy the same limits as those stated above, where
this time a is taken from the relevant endomorphism C*-algebra. We will make use of
the following lemma in a few places, which shows that the approximate units found in

a C*-category satisfy similar limits with respect to arbitrary morphisms.

Lemma 1.2.14. Let A be a C*-category. If a € A(A, A") is any morphism, then if
(uy) is a (self adjoint) approzimate unit for A(A, A), then we have

li — =0.
i la — auy|
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Proof. Direct computations yield the following,

la — auy||* = [[(a — aur)*(a — auy) |
= |la*a — a*auy — ura*a + uya*au, ||
< |la*a — a*auyl| + |Jurl|lla*a — a*auy||

< |la*a — a*auy|| + ||a*a — a*auy||.

The morphism a*a is an element of the C*-algebra A(A, A), and (u)) is an approximate
unit for A(A, A), so upon taking limits the two right hand terms tend to zero and the

result follows. ]

Basic Constructions

One can perform various constructions with C*-categories. Here we will recap the

construction of products, coproducts and additive completions.

Example 1.2.15. Let A and B be a pair of C*-categories.

(i) The product of A and B is the C*-category A x B with
Ob(A x B) = Ob(A) x Ob(B),

and
(A x B)((A,B),(A",B")) =A(A,A") x B(B, B),

where each morphism set is equipped with the max-norm
1(a, )| = max{]|al, [|b]|}.
The C*-category A x B together with the projection maps
(a,b) — a, (a,b) — b,
can be checked to satisfy the universal property required of a product.
(ii) The coproduct of A and B is the C*-category A U B with

Ob(A LI 'B) = Ob(A) Ll Ob(B),



and
AX,)Y) if XY € Ob(A)
(AUB)X,Y) = B(X,Y) if XY € Ob(B)

0 otherwise.

The C*-category A U B together with the obvious inclusion maps can be checked

to satisfy the universal property required of a coproduct.

Example 1.2.16. Let A be a unital C*-category. The additive completion of A is the
category Ag whose objects are formal words Aj --- A, where Ay,...,A,, € Ob(A).
The empty word is permitted and is denoted by 0. The morphisms in this category are

matrices,

fir o fim
Ag(Ar---Ap,By---By) = oo iy € A(A4L By)

fnl fnm

The composition of morphisms is given by matrix multiplication and we further define
an involution on Ag by taking the conjugate transpose of a given matrix. To place
a norm on Ag, we take a *-functor p : A — Hilb which is faithful and injective on
objects?, then define p : Ag — Hilb by

Ju o fim P(fn) P(flm)
AL Ay) = p(AD)@--@p(An), B[ 1 = 5

The functor p continues to be a faithful *-functor and we may check that the mapping

f—p(f)| gives us a norm on Ag for which Ag is a C*-category.

Remark 1.2.17. Antoun and Voigt give constructions for additive completions of

non-unital C*-categories [3], however we don’t need to make use of these in our work.

Assumptions Concerning Sizes

There are a few constructions in our work where we will be forming sums indexed by
the objects of a given C*-category, and also points where we wish to consider categories

of C*-categories. This means that generally we will be assuming that our C*-categories

2Such a *-functor is guaranteed to exist by [23, Theorem 6.12].
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are small. We say generally, because we will need to consider things like C*-categories
of Hilbert modules, which won’t be small. As a general rule, when we make statements
like “Let A be a C*-category.” then we are also assuming that A is small, and when we

define categories which are large, then we will state that they are large.



Chapter 2

Hilbert Modules

2.1 The Basics

We shall begin by reviewing the definition of Hilbert modules over a C*-category. This
material may be located in papers such as [12] and [24], but since Hilbert modules are
going to be our main objects of interest, we will include this here for completeness.
A thorough review of the theory of Hilbert modules over C*-algebras can be found in
textbooks such as [16] and [26], and this is the base for many of our constructions and

results.

We recall from the previous chapter that when A is a C*-category (so is an algebroid),

then a right A-module is a linear functor

& : A°® — Vect,
and a left A-module is a linear functor

F : A — Vect.

Definition 2.1.1. [12, p. 645] Let A be a C*-category and let £ be a right A-module.

An inner product on & is a collection of maps
(—,—):E(Y)x EX) — AX,Y),

such that for all objects X, X', Y € Ob(A), vectors { € E(Y), n,¢ € E(X’), morphisms
a € A(X', X) and scalars \, u € C, the following conditions are satisfied,

10
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(i) (& An + p¢) = A& m) + (S Q),
(11) <€777 : CL> = <£77’>a7
(iii) (£, m* = (n,£),

(iv) (£,€) > 0 and (£,&) =0 if and only if £ = 0.

The inequality in point (iv) is stating that (£, ) is a positive element of the C*-algebra
A(Y,Y). Notice how these conditions imply that an inner product is conjugate linear
in its first argument. There is a similar definition for inner products on left A-modules.
In a slight abuse of terminology, we may refer to inner products on A-modules as being
A-valued.

Notation 2.1.2. If we wish to emphasise that an inner product on a given A-module
is associated with the category A then we shall decorate the inner product with a

subscript,

A<_7 _> or <_7 _>A7
if the module is a left or right module respectively. If we wish to further highlight when
we have two different inner products appearing, for example if we are considering two

different A-valued inner products, then we may use different brackets such as [—, —].

Again, if we need to, then we will decorate these alternative brackets with subscripts.

Before we delve too deep into the theory, notice the obvious complexity involved with
inner products; an inner product on a right A-module £ consists of a whole lot of data,
and when we start trying to prove results involving them, we’re going to have to keep
track of which objects of A are involved and where various vectors are coming from.
One possible way to keep track of this information is via diagrams, for example notice
that condition (i7) of the previous definition simply states that the following diagram
must commute for all X,Y,Z € Ob(A) and all a € A(X, Z),

(dg(yy,€(a))
—

E(Y) x £(2) E(Y) x £(X)
-] |-
A(Z,Y) A(X,Y)

()oa

Now we show how to define norms from inner products, and state a version of the

Cauchy-Schwarz inequality.
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Lemma 2.1.3. /23, Corollary 8.7] If £ is a right (or left) A-module equipped with an
inner product, then for each A € Ob A the assignment

£(4) 2 ar ()2,
defines a norm on the vector space E(X).

Lemma 2.1.4. /23, Lemma 8.6] If £ is a right A-module equipped with an inner prod-
uct, then if £ € E(Y) and n € E(X) we have

1 m < 16 )12 1 (m, mI 2.

Remark 2.1.5. If a € £(A) and a € A(A’, A), then the computation
lac- al® = (o a, a - a)|| = a*(e, @)all < [la*[[|e|*[lall = fla]*[lal?,
shows that ||a - a|| < [|a||||a]| in any right A-module equipped with an inner product.

Definition 2.1.6. If £ is a right A-module equipped with an inner product, then we
call £ a right Hilbert A-module if for every A € Ob(A), the space £(A) is complete with
respect to the norm defined above. Left Hilbert A-modules are defined analogously.

The morphisms of interest between Hilbert modules in this setting will be analogues of
the adjointable operators between ordinary Hilbert modules. We will introduce such
things shortly. For now we prove that analogues of simple results for Hilbert modules

over a C*-algebra hold in this setting.

Lemma 2.1.7. Let £ be a right Hilbert A-module, and write E(A) := Ucon)€(A).
Then

(i) (a,0) =0, for all a« € E(A),

(i) If for some € E(A) we have (o, ) =0 for all o € E(A), then =0,
(iii) If B,y € E(X) and {(«, B) = (a,7) for all « € E(A), then 5 = .
Proof. The first point follows from the equality

(a,0) = (e, 04 0) = (@, 0) + (e, 0).
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The second point is simple; taking o =  gives (3, 8) = 0, which can happen if and
only if 8 = 0. For the final point we observe that the stated equality is the same as

<aaﬁ_7>:05

which we now know implies 8 = ~. O

2.2 Examples of Hilbert Modules

Before we proceed, let’s look at some examples of Hilbert modules.

Example 2.2.1. Hilbert modules over a C*-algebra A, defined in the usual way, are

still Hilbert modules according to our definition.

Example 2.2.2. If A is a C*-category and A € Ob(A), then we can consider the

contravariant hom functor A(—, A). This functor is given by

Ob(A) 3 X - A(X, A)
AX,Y) S fr (=)o f

This gives us a right A-module and we can define an inner product by

(fr9) = fg.

The fact that this gives a right Hilbert A-module follows from the C*-identity || f*f] =
ILF11%.

Example 2.2.3. This example is very similar to the previous one, and gives us a nice
concrete example of a Hilbert module. Let H be some fixed Hilbert space, let {Jx}rea
be a family of Hilbert spaces, and let C*(7y) be the full subcategory of Hilb with set
of objects {Jx}reca. We define a linear functor £ : C*(7,)°? — Vect, by

Ob(C*(Tn)) 2 I — L(Ix,H)
L(TIrn,Tn)>8— (=)oS8.

Finally we define an inner product by

L(Tn,H) x L(Tx,H) = L(T, Tn)
(Q,R) — Q"R.
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Now one may through the details to see that this is a Hilbert module.

Example 2.2.4. Suppose A is a C*-category and & is a right A-module equipped with
an inner product. In this example we will construct the completion, 3 , of £. Define
& to be the linear functor A° — Vect which sends an object A to the completion of
E(A) with respect to the norm induced by the inner product. The action of this functor
on morphisms is given by

a-a=lim(ay, - a),

where (ay,) is a sequence converging to . Remark 2.1.5 guarantees that the above

limit does converge. The inner product [—, —] on £ is defined similarly, by

[a, B] = hm<ana Bn>a

where (a,) converges to a, and (8,,) converges to 3. This limit is guaranteed to converge
by the Cauchy-Schwarz inequality. It is straightforward to verify that this does actually

define an inner product £ , and that & is a Hilbert module.

For further examples, we may consult the literature; see [24, Example 3.3] for an
analogue of the standard Hilbert module over a C*-algebra, and [24, Example 3.4] for

the direct sum of Hilbert modules.

2.3 Hilbert Modules are Non-degenerate

Hark back to the previous chapter containing our preliminary material, in particular
Remark 1.2.6. There we stated that the existence of degenerate modules over non-
unital algebroids will not pose an issue for us, this is because we are considering Hilbert

modules, and here we shall justify this claim.

Lemma 2.3.1. Given A is a C*-category and € € Hilb-A, we have that for each
A € Ob(A) the set

Span{‘£ : <777 C>7 57777 C € S(A)}a
is dense in E(A).
Proof. This is an adaptation of the one given in [16, p.5]. Let S denote the closed linear

span of the set {(n,({); n,{ € E(A)} C A(A, A), then S is an ideal in the C*-algebra
A(A, A) and we let (e)) be an approximate unit for S. If £ € £(A), then for all A we
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have

€ — €enll* = [1{€ — €ex, € — endll = €, €) — (€, E)ex — ex(&, &) +exl€, Eenll.

This equality implies that if we take any ¢ > 0, then we may find A\g such that whenever
Ao < A\ we have

€
1€ —&eall < 3>
Since ey € S, we can find elements n1,...,m,,(1, ..., ¢ € E(A) such that

n

ex— > i G)

€
= 9el
- 1€l

Combining inequalities we get

Hs —¢ (Zm,@) H = Hs —ex+éen—¢ (Zm,m) H

i=1 =1

<€ —&eall + ||€ex — € <Z<%Ci>> H
i=1

< [I€ = geall + 1€l {jex = D (mi» &)
i=1

€ €
S5t Hf”m
=
Hence the result follows. O

This lemma shows that the degenerate example of a module over a non-unital algebroid
that we stated earlier does not work as an example of a Hilbert module over a C*-

category.

Corollary 2.3.2. If A is a C*-category, then the only right Hilbert A-module & where
the action is given by

a-a=0,

is the zero functor A°? — Vect.
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2.4 Adjointable Operators

As we stated earlier, the morphisms between Hilbert modules that we are interested in

are adjointable operators.

Definition 2.4.1. Let D and £ be a pair of right Hilbert A-modules. An adjointable

operator T from D to £ consists of a collection of maps
{Ta:D(A) — £(A); Ae Ob(A)},
for which there exists another collection of maps
{T:£(A) — D(A); AecOb(A)},
such that for each pair A, A’ € Ob(A) we have

<TZ/O[, ﬂ) = <Oé, TAB>

It’s important to note that no assumptions are made about the maps involved, for
example we don’t assume that they are linear. We suggestively write T : D = & to
indicate that T is an adjointable operator from D to £. We call the corresponding
collection of maps 7% : £ = D the adjoint of T

The adjointable operators defined above are analogues of the usual adjointable operators

between Hilbert modules over C*-algebras. Unsurprisingly, one has the following result.
Lemma 2.4.2. [21, Proposition 7.33] For an adjointable operator T : D = &£, each
component map T : D(A) — E(A) is a bounded linear map.

One more property of adjointable operators that is stated in [21, Proposition 7.33], but
not obviously proved is the following.

Lemma 2.4.3. If T : D = £ is an adjointable operator between right Hilbert A-

modules, then T is a natural transformation.

Proof. For each a € A(A, A’), we require the following square to commute,

Ay 29 pay

TA/\L Ta

E(A) — E(A).



CHAPTER 2. HILBERT MODULES 17

We let A” € Ob(A) be arbitrary and take a € £(A”) and 5 € D(A), then we have

(@, TaD(a)B) = (Thnev, D(a)B)

(

= (Thna, B)a

= (o, TaB)a

= (a,&(a)TaB).

Using part (iii) of Lemma 2.1.7, we deduce that

TaD(a)p = E(a)Ta B,
as required. O

Remark 2.4.4. The fact that an adjointable operator is a natural transformation
should be seen as some sort of A-linearity statement. If we take an adjointable operator
0 : D = &, then naturality of 0 tells us that

(0.4r 0 D(a))n = (D(a) 0 0.4)n.

This simply states that
Oa(a-n)=a-0a(n).

Definition 2.4.5. The norm of an adjointable operator T': D = £ is the quantity
1T = sup{||Tx[| : X € Ob(A)}.

When this is finite, the operator T is called bounded. We write L£(D, £) for the collection
of all bounded adjointable operators from D to £.

Remark 2.4.6. Notice that all adjointable operators between Hilbert modules over a
C*-category with finitely many objects are automatically bounded. In particular this

includes Hilbert modules over a C*-algebra being viewed as a one-object category.

Lemma 2.4.7. If A is a C*-category, then we have a large unital C*-category Hilb-A
whose objects are the right Hilbert modules over A and the morphisms are bounded
adjointable operators. The involution is just given by taking adjoints. Similarly we

have a large unital C*-category A-Hilb consisting of left Hilbert A-modules.

Proof. See [23, Proposition 9.4]. O
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2.5 Examples of Adjointable Operators

As we did before with Hilbert modules, let’s take a look at some examples of adjointable

operators.

Example 2.5.1. Let A be a C*-category. For an object A € Ob(A), we have seen that
the contravariant hom-functor
.A(—, A),

is a right Hilbert A-module. Given a € A(A, A’), we'll show that a induces a bounded
adjointable operator
T:A(—,A) = A(—, 4.

The components of T and T™ are defined by
Tpar:i=ao(—): AA", A) — A(A" A, Tini=a*o (=) A(A", A") — A(A", A).
These maps satisfy

(Tanz,y) = (a"2)"y = (z7a)y = 2" (ay) = (z, Tary),

so that T is indeed an adjointable operator. To show that 7T is bounded, we fix an
object A” € Ob(A), then

|Tavll = sup | Tara| = sup Jlaz| < sup [la] ]| = all
[|lz]|=1 l|lz||=1 z||=1

Hence ||T|| < ||a||, proving that T is bounded.
Example 2.5.2. The following is taken from [12, Example 2.2]. Let A be a unital
C*-category, then for each A € Ob(A) we have a right Hilbert A-module

A(—, A).

Now let £ be any right Hilbert A-module and pick n € £(A). We define an adjointable
operator T': A(—, A) = & as follows, for A" € Ob(A) the component Ty is given by

AA A) s a—a-n,
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and the component 77, is given by

§—(n,€).

We check that T is adjointable, so take £ € £(A”) and a € A(A’, A), then

<Tz”£va> = <<777§>7a> = <na§>*a = (5#7)61 = <§7a : 77>'

To check that T is bounded, for A’ € Ob(A), we have

sup fla-n)|* = sup [[{a-n,a-n)]
lall<1 lall<1

= sup |[la*(n,n)all
lla]l <1

< sup alf*||n|?

llall<1

< Il

hence we conclude that 7T is bounded. Finally observe that by Yoneda’s lemma, T is

the unique adjointable operator A(—, A) = £ which sends id4 — 7.

It should be noted that not all adjointable operators are bounded. The following

example is inspired by [31, Remark 15.12].

Example 2.5.3. Consider the C*-category Cg. Note that the set Ob(Cg) can be
viewed as N. We fix n € N and consider the right Cg-module Cg(—,n). We'll define

an adjointable operator Cg(—,n) = Cg(—,n) to have components
Cg(m,n) > A mA,

with adjoint given by
Cg(m,n) 3 A — mA.

We have

(A, BY = (TA)*B = mA*B = A*(mB) = (A, mB).

So this operator is adjointable, but for m € Ob(Cg) we have

sup [|mAll = sup |ml[[A]| = |m],
lAll=1 Al=1

so the operator is not bounded.
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2.6 Compact Operators

An important class of operators are the compact operators.

Definition 2.6.1. Let A be a C*-category and &, F € Hilb-A. For any object X €
Ob(A) and any pair £ € F(X), n € £(X), we define a bounded adjointable operator
¢y 1 €= F to have components

EY)— F(Y)

Lemma 2.6.2. With everything as above, O, really is a bounded adjointable operator.

Proof. First we’ll verify adjointability, and claim that ¢, has adjoint with components

FY) = EY)
¢ = (&, Q).

We observe that

(OenC, <"y = (&(n,€), ¢y = (0, 7€, ¢) = {Cm){&, ¢) = (G (€, €)= (G, ),

so that we have 07, = 0, ¢. To check boundedness, we first fix Y € Ob(A), then we

have

sup [[0enClI* = sup [lE(n, O
Icli<t Icli<t

I¢l<1

= sup [[{n, )"(5,&){(n, Q)|

<<t

< sup [|nl*[l€l?lI¢]®
<<t

< lIEl Il

The first inequality follows from the Cauchy-Schwarz inequality, and since this holds for
each Y, it follows that ||f¢ .| is finite, so that we have a bounded adjointable operator

as claimed. O

Definition 2.6.3. Let A be a C*-category and &, F € Hilb-A. The space of finite
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rank operators from & to F is the vector space
Span{f¢ ,; X € Ob(A), £ € F(X), ne€ &E(X)}.

The closure of this space in £(€, F) is the Banach space of compact operators from £
to F.

Lemma 2.6.4. If A is a C*-category, then we have a large wide' C*-subcategory
Hilbic-A of Hilb-A consisting of all the compact operators between right Hilbert A-
modules. With suitable tweaks to our definition of finite rank operators, we also have

the large subcategory A-Hilbx of left Hilbert A-modules and compact operators.
Proof. See [24, Proposition 3.8]. O

We record the following result here to be used later on.

Lemma 2.6.5. Given a C*-category A and right Hilbert A-module £, for each A €
Ob(A) we have
E(A) ={Ka(n); K €K(), ne&(A)}.

Where K 4(n) denotes the A-th component of the compact operator K evaluated at the

vector 1.

Proof. We let (e)) be an approximate unit for (), then observe that

(€ (1,0) = exle(C) 2> 8e,)(O) = € (0, 0).

By Lemma 2.3.1, it now follows that e)§ 2, ¢ for any £ € £(A). This shows us that the

set

{Ka(§); K eK(&), §€&(A)},

is dense in £(A). To finish the proof, we will appeal to the Cohen-Hewitt factorisation

theorem for modules over C*-algebras which we recall below.

Theorem 2.6.6. [26, Proposition 2.33] Let A be a C*-algebra and let X be a left
A-module. Recall the following,

(i) X is called a Banach A-module if X is a Banach space and ||a - z|| < ||all||z]| for
alla € A and x € X,

! A wide subcategory is one which contains the same objects as the parent category.
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(i) X is called non-degenerate if the set span{a-x; a € A, v € X} is dense in X.

If X is a non-degenerate Banach A-module, then for every y € X, we can find a € A
and r € X such that

Yy=a-T.

We proceed as follows; we consider the C*-algebra (&), and the Banach space £(A).
We note that £(A) is a left K£(&)-module under the action

K- &=Ku(&).

Moreover, our work so far in this proof shows that £(A) is a non-degenerate Banach

K(&)-module, so invoking the theorem stated above gives us what we want. O

This result tells us that “every element in a Hilbert module lies in the image of some

compact operator on that Hilbert module”.

2.7 Unitary Operators

One particular example of adjointable operators which will be useful later are unitary

operators.

Definition 2.7.1. Let D and & be right Hilbert A-modules, and suppose that we have
a collection of maps {04 : D(A) — £(A); A € Ob(A)}. We will call such a collection

of maps a unitary operator if
(i) For each A € Ob(A), the map 04 : D(A) — £(A) has dense image,
(ii) For each pair A, A" € Ob(A), the following diagram commutes

(047,04)

D(A') x D(A) E(A) x E(A)

m %>

A(A, A",

Lemma 2.7.2. If § : D = & is a unitary operator, then 6 is an invertible, bounded

adjointable operator with inverse 0*.
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Proof. Point (ii) in the definition tells us that for each A € Ob(A), the map 64 is an
isometry, so is injective and has closed image. Consequently, the map 64 must be a

bijection. Furthermore, we have

(03',€) = (0404, 048) = (n,048),

so that ¢ is adjointable, where the adjoint has components 6% = 021. Finally, we

quickly check that 6 is bounded, for this we have
104]* = 116404l = [lid || = 1,

so that ||#]| = 1, and we are done. O



Chapter 3

Hilbert Bimodules

The next thing we will look at are Hilbert bimodules. If we think of a Hilbert module
over a C*-category A as a collection of vector spaces equipped with an action of A,
then a Hilbert bimodule is a collection of vector spaces equipped with actions of a pair

of C*-categories.

3.1 The Definition and Examples

As a starting point, here is the relevant definition for C*-algebras.

Definition 3.1.1. If A and B are a pair of C*-algebras, then a right Hilbert A — B
bimodule is simply a right Hilbert B-module X, together with a *-homomorphism

p:A— L(X).

Observe that if we are given a right Hilbert A — B bimodule ¢ : A — £(X), then X

carries the structure of a left A-module via the action

Furthermore, the left and right module actions are compatible in the sense that

a-(z-b)=pla)x-b=(pa)r) -b=(a-x)-b.
Remark 3.1.2. Notice that we have imposed no conditions on the map ¢ in our

24
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definition, other than insisting it be a *-homomorphism. Quite often one encounters
this definition but with an extra non-degeneracy assumption, but still under the name
of a Hilbert bimodule. For example, see [8, Definition 1.1]. We shall call a Hilbert A— B
bimodule where the *-homomorphism ¢ is non-degenerate! an A — B correspondence,

and such things will feature later on.

In the above definition, we didn’t have to actually specify the module X, instead we
could have simply insisted that ¢ be a *-functor into the category of right Hilbert
B-modules. We take this as our guide for what right Hilbert A — B bimodules over
C*-categories ought to look like. For our work, we will require the following general

lemma.

Lemma 3.1.3. Let A and B be algebroids, and consider a functor F_y: A — Mod—B.

We may construct a functor
(- F:B? - A~ Mod,
such that
(i) Fa(B) = pF(A), for all A € Ob(A) and B € Ob(B),

(i1) Fora € A(A,A"), be B(B',B) and § € Fa(B), we have

o

(@ &) b=a"" (")

Proof. Take any B € Ob(B). We'll show how B gives rise to a left A-module gF'(—).
We define this module on objects by

A Fy(B).

Given a morphism a € A(A, A’), we get a homomorphism F(a)2 : Fq = Fy. We define
pF(a) to be the B-th component of F,,

F)s
Fy(B) — Fa/(B).

Functoriality of pF'(—) follows immediately from that of F(_). Now we need to see

how a morphism b : B’ — B induces a A-module homomorphism wF : BF = pF.

'Flick ahead to Definition 3.5.1 for the definition of non-degeneracy.
2We will use the brackets when notating homomorphisms like F(,) since we can then refer to the
components of such homomorphisms by F(,)5.
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There is only one sensible way to attempt this; we define the homomorphism to have

components

wFa = Fpa

To visualise what is going on, and to check that this is indeed a module homomorphism,
consider the following diagram, where a € A(A, A’) and b € B(B’, B),

F
BF(A) ©7A

pF(A)

/

Fa(B) 229, py(B)

BF(a) £ (“’Bl lF ()
(

Fu(B Fu(B'
A()WA )

prF(a)

\
/N

BF(A") B F(A")

(b)FA/

Note that for ;) F to be a module homomorphism, we require the outer square to com-
mute. The central square commutes, simply because F{,) is a natural transformation, so
it follows that the outer square commutes as well. Therefore ;) /' is a homomorphism.

Furthermore we can read off that

(@-&)-b=a-(£-b)
for every vector £ € pF(A) = Fa(B). O

Notation 3.1.4. Let F(_): A — Mod — B be a functor as in the previous lemma. To
indicate the left action of a morphism a € A(A, A’) on some vector £ € Fy(B), we will
use the notations F,)p(§) and a - § interchangeably.

Similarly, one may prove the following.

Lemma 3.1.5. Let A and B be algebroids, and consider a functor (_yF' : B —
A — Mod. We may construct a functor

F(_) : A — Mod — 3,
such that

(i) Fa(B) = pF(A), for all A € Ob(A) and B € Ob(B),
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(i1) For a € A(A,A"), be B(B',B) and £ € pF(A), we have

[ PR

(@ &) b=a"" (£ D).

Combining [24, Definition 3.11] with the previous lemmas gives us our definition of
Hilbert bimodules.

Definition 3.1.6. Let A and B be C*-categories. A right Hilbert A — B bimodule is a
*-functor

F_,: A — Hilb-B.

Using Lemma 3.1.3 this induces a functor
(,)F B - A — MOd,

and we call F{_y the right action of B and (_)F the left action of A, where the categories

A and B act on the collection of vector spaces

{F(4)(B); A€ Ob(A), B € Ob(B)}.

Similarly, we will call a *-functor of the form
(- F : A°%® — B-Hilb,
a left Hilbert A — B bimodule. Such a *-functor induces a functor
Fi_y:B — Mod — A,
and we call the functors (_)F' and F(_) the left action of A and right action of B

respectively.

We will notate such bimodules by either 4Fg, or by referring directly to one of the
functors (_yF or F(_), but note that when writing 4 F'g we will have to specify whether
the bimodule is a left Hilbert bimodule or a right Hilbert bimodule.

Remark 3.1.7. The inclusion of the word left or right is to indicate that the inner
products involved in a given bimodule are associated with the left or right module

structures.

Remark 3.1.8. In literature on modules and bimodules over a category, there are

several different names and terminology for this concept; given unital categories € and
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D, a profunctor or correspondence or distributor or bimodule is a functor
F:D%? x @ — Set.

With this definition it is clear that such a thing will induce left and right modules
by fixing one argument of the functor, however it is crucial to note that this process
requires the identity morphisms of the categories, so we can’t expect our bimodule

definition to be expressible in terms of two variable functors in general.

Example 3.1.9. Let A be a C*-category. We have seen already that each A € Ob(A)
gives us a right Hilbert A-module A(—, A), and that each morphism a € A(A, A") gives
us a bounded adjointable operator A(—, A) = A(—, A’). If we pick back through the
construction of these adjointable operators, then we see that these constructions give

us a *-functor

A(—,=) : A — Hilb-A.

Example 3.1.10. Suppose that we have a *-functor ¢ : A — B. We can use the
previous example to define the composite *-functor

by A -2 3PS Hilb-B.

Which is a right Hilbert A — B bimodule.

One important example of Hilbert bimodules is the following.

Definition 3.1.11. If 4 F3 is a right Hilbert A — B bimodule, where the left action is
a *-functor (_yF': B°? — A-Hilb, then we shall call 4 F5 a bi-Hilbert A — B bimodule.

Example 3.1.12. As in our last example, let ¢ : A — B be a *-functor, between
C*-categories, but further assume that the categories are unital and that ¢ is a unitary
equivalence® We will show that under these extra assumptions, the right Hilbert A — B
bimodule ®_y of the previous example is a bi-Hilbert bimodule. For each B € Ob(B),
we need an inner product on the left A-module B(B, ¢(—)). We fix B € Ob(B), then for
A, A" € Ob(A) welet ¢~ 1 : B(p(A), p(A4")) — A(A, A') be the inverse to ¢ (guaranteed

3*_Functors between C*-categories are unitary equivalences if and only if they are equivalences of
the underlying categories, so if and only if they are full, faithful and essentially surjective. See [7,
Lemma 4.6].
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to exist because ¢ is full and faithful), and define
A<_7 _> : B(Bv ¢(Al)) X B(B7 ¢>(A)> - ‘A(A7 A/)
(f.9) = ¢~ (fg").

Let’s check that this is indeed an inner product.

(i) alaf +Bf9) =ad  (fg*) + Bo(f'g"),
(i) ala- f,9) = ald(a)o f,g9) = ¢~ (d(a)fg*) = ap™ ' (fg*),
(ili)) a(f,9) =7 (fg*) = o7 (gf*)*) = ¢ (gf*)* = aly, f)*,

(iv) Note 4(f, f) = ¢~*(ff*). On endomorphism sets, ¢ is a *-homomorphism, so
7 f*) = o H(f)p H(f)* which is positive.

Completeness of the A-modules in the induced norm is due to the identity

1F1 = 1o~ (FF)IE = £ F513 = 1l

Finally, we must verify that each ;)® is a bounded adjointable operator. For this, let
b € B(B, B') and unpack the definition of ;)®; we have components

®a = ®a(b) : B(B, 6(A)) 2 B(B, ¢(A)),

and we propose that the adjoint has components

) ®a = Da(b") : B(B, ¢(A)) 2 B(B, 6(A)).

If we take f € B(B,¢(A")) and g € B(B’,¢(A)), then we have

Al @ar(f), g) = a(fV7. 9)
-
= f(gb)*
= a(f.gb)
= a(f, 0y ®alg)),

so )P is adjointable as claimed. It is straightforward to verify that each ;) ® is also
bounded.
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3.2 Bimodule Homomorphisms and Isomorphisms

When working with C*-algebras, defining morphisms and isomorphisms of Hilbert bi-
modules is straightforward - put simply, they are certain maps between the underlying
vector spaces of a pair of bimodules which are linear with respect to the left and right
module actions. In this section we will introduce the definition of such morphisms
between bimodules over C*-categories, and provide some shortcuts for checking if we

have a bimodule isomorphism.

Definition 3.2.1. For a pair of right Hilbert A — B bimodules 4 F5 and 4Gg, a ho-

momorphism from 4Fp to 4Gg consists of a collection of maps
{B®a: Fa(B) — G4(B); A€ Ob(A), B € Ob(B)},
such that
(i) For each A € Ob(A), the collection of maps
(%4 FA(B) — Ga(B); B € Ob(B)},
assemble to give a bounded adjointable operator ® 4 : F4 = G4,
(ii) For each B € Ob(B), then collection of maps
{B®a: Fa(B) — Ga(B); A€ Ob(A))},
assemble to give a module homomorphism g® : gF = pG.

We will notate such a homomorphism by ® : 4 F5 = 4G¢. An isomorphism of right
Hilbert A — B bimodules is a homomorphism where the components assemble to give
unitary operators between the right Hilbert B-modules, and isomorphisms between the
left A-modules.

A homomorphism /isomorphism of bi-Hilbert bimodules is a bimodule homomorphism /isomorphism

where the maps in point (ii) assemble to give bounded adjointable/unitary operators.

Lemma 3.2.2. Given a homomorphism of right Hilbert A — B bimodules ® : 4 Fp —

4Gs, we have natural transformations

HF =G Fo =G,
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If ® is an isomorphism, then these transformations are natural isomorphisms.

Proof. By assumption, we have for each A € Ob(B) a bounded adjointable operator
(—y®a : Fa) = G(a). When we unwrap this definition, we find that we have commuting
squares of the following form, for each b € B(B’, B),

Using the definition of (_)F and (_)G, this tells us that for each A € Ob(A), the

following diagram commutes,

sF(A) 224, 3G(A)

(b)FAl l(b)GA

B F(A) —5—= pG(A),

B ®a
which in turn tells us that the following diagram commutes

BP(-)

OL ﬂ ﬂ(b)G

B/F —— B/G.
B/@(_)
This final diagram tells us that we have a natural transformation _)F = (_)G. Sim-
ilarly, one may show that we have a natural transformation F(_y = G(_y. The final

claim should be clear. O

Remark 3.2.3. One might be tempted to take the existence of natural transforma-
tions/isomorphisms (_yF' = (_yG and F(_y = G(_) to be the definition of a bimodule
homomorphism /isomorphism, however without any extra assumptions, this would be
too weak of a notion. As the following example will show, this wrong definition would

fail to capture isomorphisms of bimodules over C*-algebras.

Example 3.2.4. Consider the C*-algebra My and let u be the unitary matrix ( o (1))
We let ¢ be the *-automorphism of My given by ¢(A) = uAu*. Note that ¢! = ¢,
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because u? = (u*)? = — ( _01 91 ) We can of course consider M as a bi-Hilbert bimodule

in the usual way, and we let X be the following Hilbert My — Ms bimodule,
¢
M2 — Mg — £(M2),

where the unlabelled arrow is the *~-homomorphism sending a matrix to the relevant
left multiplication operator. The right action on X is the same as that on My, but now
the left action is given by

A-B=¢(A)B.

Note that because ¢ is a *-isomorphism, this new bimodule is a bi-Hilbert bimodule,

with left inner product given by
My (A, B) = ¢ 1(AB*).

The identity X — My provides an isomorphism of this pair when viewed as right Hilbert
Ms-modules, and the map ¢~! : X — M provides an isomorphism when viewed as left
Hilbert Miy-modules. If we assume that f : X — My is a bimodule isomorphism, then

of course this means that we will have identities

2

f(ATB)=A"f(B), F(A"B)=f(A)"B.
Examining the first of these, we see that

f(A™ B) = f(¢(A)B) = f((A)

so that f must satisfy

A" f(B) = f(9(4) "~ B,
If we put B = (}9), we see that A = f(¢(A)) for all A, and in particular we get
(39) = f(&(39) = F(§7). Setting A = (}9) shows that we must have f(B) = B
for all B, implying that f = id. However the identity map X — My cannot be an
isomorphism of left Hilbert modules, since it fails to be M-linear with respect to the

left action; consider the following,
id(A" B) =id(¢(A)B) = ¢(A)B,

in general, the above will fail to be equal to A o id(B) because ¢ is non-trivial, so that

id cannot be an adjointable operator between left Hilbert Mis-modules so cannot be a
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bimodule isomorphism.

For later situations where we have to verify that we have a bimodule isomorphism, it

would be useful to have a shorter set of things to check.

Lemma 3.2.5. Suppose that we have bi-Hilbert bimodules 4 Fg and 4Gg and a collec-

tion of maps
{a®Pp: F4(B) — G4(B); A€ Ob(A), B€ Ob(B)},
such that

(i) Fach map s®p has dense image,

(ii) For all A, A’ € Ob(A) and B, B' € Ob(B) we have commuting triangles like so,

sF(A)) x gF(A) wepa®s) QA x G(A)
<_7_>

A<_7_>

A

A(A, A),

Fau(B') x Fa(B) (Apr4%5)

<—,—k .

B(B, B').

Then the stated collection of maps is a bimodule isomorphism.

Proof. Fix A € ObA. The assumptions made above, and our characterisation of

unitary operators tell us that the maps

{4®p; B € ObB},
compile to give a unitary operator

APy Fa= Ga.
Similarly, we get for each B € Ob B a unitary operator

(,)CDB : gF = BG.

So we have a bimodule isomorphism as claimed. ]
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3.3 Conjugate Modules

Here we will introduce the procedure of forming conjugate modules. This gives us a
way of converting right Hilbert modules into left Hilbert modules, and vice versa. It
will be of most use to us when we apply this to bimodules, allowing us to turn A — B

bimodules into B — A bimodules.

Let V be a vector space. The conjugate vector space of V is denoted by V and has
the same abelian group structure as V. We denote the identity map (isomorphism) by
b:V — V, and will write the elements of V in the form b(v). The scalar multiplication
on V is then given by

M (v) := b(\wv).

A linear map f : V — W between vector spaces induces a linear map fbetween the
conjugate spaces, given by

f(v)) =5(f(v)),

and one may further check that this gives a functor (—) : Vect — Vect.

Definition 3.3.1. If A is a C*-category and & is a right module, then the conjugate
module of € is a left A-module €. , defined to be the following composite

A N AP . Vect ) Vect.
Picking our way through the functors involved, we see that for a € A(A, A’), the linear
map &(a) is given by

P

E(A) 35(§) = b(E(a")E).
In other words, the left action of A is given by
a-£=E&-a”.

If £ was in fact a right Hilbert A-module, then we turn & into a left Hilbert A-module
with inner product 4(—,—) defined to be the composite

E(A) x E(A) W g(ay x g(a) T A, 2.

Lemma 3.3.2. Any adjointable operator T : € = &' between right Hilbert A-modules

induces an adjointable operator

T:£=¢&,
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between the corresponding conjugate modules.
Proof. We define the components of T by
Ty = ﬁ, TZ = fi

We must check that the following diagram commutes for each pair A, A" € Ob(A),

—

£(A)
\ﬁdj“?
&

A’) x

_ &
(T’V

—_ —_~—

E(A) x E(A) (A x E'(A)

6o |6

E(A") x &( E(A) x E'(A)

A)
m u A

A, AN
First we have

T3b(),5(8))
b(Tarax),b(B))
Tya,pB)
a, TaB).

(Thb(),b(B)) =

(

(

(
=
Second we have

(o(a), Tab(8)) = (b(cr), Tab(B))
= (o(a),b(Tap))
= <a7TA/B>7

so that both paths through the diagram are equal, and the result follows. ]

Remark 3.3.3. Since we define the components of the induced operator T using the
functor (—), it follows that we have a functor Hilb-A — A-Hilb. Furthermore we can

see that this is a *-functor.

Definition 3.3.4. Given a right Hilbert A — B bimodule 4 F3, we define the conjugate
bimodule, 5Fy, to be the left Hilbert B — A bimodule with left action given by the



36

following composite,

(-)* o Flo) 1qe &) .
— A — Hilb-B — B-Hilb.

(_)ﬁ . .AOp
Example 3.3.5. Consider a right Hilbert A — B bimodule ¢ : A — Hilb-B where A
and B are a pair of C*-algebras. Let’s examine what the conjugate bimodule of ¢ is
according to our definition. We denote by X the vector space ¢(x), so that ¢ sends
% +— X. The right A-action on X will be given by

so that

As noted previously, the left action of B on X is given by
b-b(x) =b(x-b"),

so that the conjugate bimodule here coincides with what one might have encountered

previously, for example in [26, p.49].

Suppose now that 4F is a bi-Hilbert A — B bimodule. In this case we could just as
easily defined the conjugate bimodule to be the right Hilbert B —.A bimodule with right
action n

(7)* op (*)F . (*) .
B — B? — A-Hilb —5 Hilb-A.
We need to check that this is consistent with the definition we gave above, so far as

the induced right A-action from the above definition coincides with this alternative.

Lemma 3.3.6. Suppose that 4 Fg is bi-Hilbert A—B bimodule. Then the right A-action
of the conjugate bimodule gﬁ’A, constructed in the usual way in Lemma 3.1.3, is equal

to the composite

(_)* op (—)F . (’:/) .
B — BP? — A-Hilb —5 Hilb-A.

Proof. Take B € Ob(B). The right A-module Fjg constructed in Lemma 3.1.3 is given
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on objects by
A AF(B).

We unpack this expression to get

AF(B) = Fa(B) = gF(A).
The A-module F 'B is given on morphisms by
.A(A,A/) S ar— (a)ﬁB-

Again, we unpack this to see that

(a)ﬁB = F(a*)B = BF((I*).
Therefore, we have
Fp = gF.

Finally, we take a morphism b € B(B, B’). Lemma 3.1.3 now tells us that we have a

homomorphism ﬁ(b) . F B = F ' with components

Faya = aF(b) : Fp(A) — Fpi(A).

Unpacking the definition of (,)ﬁ shows us that

AF(b) = AF (D),
and the right hand side of this equality is the map
b(n) = b(aF (b")n) = d(F(pr)an-

Hence it follows that
Foya = Fupya-
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3.4 Hilb-A is the Multiplier Category of Hilby-A

The multiplier category of a C*-category is introduced in a few places, for example
[3], [14], [30]. It is a categorified version of the the multiplier algebra of a C*-algebra.
One canonical example of a multiplier algebra is that when A is a C*-algebra and
X € Hilb-A, then £(X) is the multiplier algebra of I(X). In this section we will
demonstrate that when A is a C*-category, the multiplier category of Hilbyx-A is
Hilb-A. We will need the following definition, which we will revisit in the following

section on correspondences.

Definition 3.4.1. If A and B are C*-categories, then we call a *-functor Fj_y: A —
Hilb-B non-degenerate if for each A € Ob(A), the set

Span{F(a)T, ac .A(A, A), T e K(FA)},
is dense in K(Fy4).

Definition 3.4.2. [30, p.5] If A is a C*-category and J is an ideal in A, then we say
that J is an essential ideal if whenever J is an ideal in A whose morphism sets are not

all zero, we have

(A, A')NJ(A, A) £ {0},

for all A, A’ € A.

Definition 3.4.3. [30, Proposition 2.2] If A is a C*-category, then there exists a unital
C*-category MIA, such that A is an essential ideal in MA, and with the universal
property that whenever A is an essential ideal in some unital C*-category B, then
there exists a faithful *-functor B — MA making the following diagram commute,
A—— B
MA.
The C*-category MIA is called the multiplier category of A.

Proposition 3.4.4. Let A, B and C be C*-categories, with A an ideal in C, and let
aFg be a correspondence. Then there exists a unique *-functor F which makes the

following diagram commute,
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A——C
Fo)

v

H:ilb-B.

Foo

Moreover, if A is essential in C, and F is faithful, then F is also faithful.

Proof. By definition, we have that Ob(A) = Ob(€) and we define F on objects by
F 4 = Fy4. For each B € Ob(B), Lemma 2.6.5 tells us that

Fa(B) ={Kp(n); K € K(Fa), n € Fa(B)},
and coupling this with non-degeneracy of F' shows that

Span{Z(F(ai)Ki)B(n); ai € A(A,A), K; € K(Fa), n € Fa(B)},

is dense in F4(B). We define the component F(C) B by

FopO) _(FlapKi)s) = (FleayKi)(n).

% 7

This satisfies the following,
I - (Flean K sl = 1D (Fo)Flan Ki) s(n)
< lelll D (Fap K s,

so that F(C) p 1s continuous on a dense subset of F4(B), hence extends to a map
Fyp: FA(B) — Fa/(B).

Moreover, we may check that the collections of maps {F(c) B} and {F(C*) B} are adjoints
of each other, hence we have F(C) € L(Fa, Fy). We can easily check that F is indeed
a *-functor, and that the uniqueness claim is satisfied. For the final claim, we consider
the kernels? of the *-functors F and F, which are ideals in A and € respectively. For
A, A" € Ob(A), we have

ker(F)(A, A') N A(A, A) = ker(F)(A, A') N A(A, ') = {0}.

4The kernel of a *-functor F : A — B is the ideal of A with morphism sets ker(F)(A, A") = {a €
A(A, A"); F(a) =0}. A *-functor is faithful if and only if it’s kernel is the trivial ideal.
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The first of these equalities follows from the construction of F, and the second follows
from the assumption that F' is faithful. We are assuming that A is an essential ideal
in €, so the fact that the above holds for all A4, A" implies F is faithful as required. [

Corollary 3.4.5. If A is a C*-category, then Hilb-A is the multiplier category of
Hilb-A.

Proof. The inclusion Hilbx-A — Hilb-A is non-degenerate, so the desired result fol-

lows from the previous proposition. O

3.5 Correspondences

One example of Hilbert bimodules which we will keep returning to is that of correspon-
dences. These are bimodules which satisfy an additional non-degeneracy condition, and

secretly we introduced these in the previous section.

Definition 3.5.1. A right Hilbert A — B bimodule is called an A — B correspondence
if the *-functor F(_y : A — Hilb-B is non-degenerate.

We will now look to get some alternative pictures of non-degeneracy. For this we need

to make use of multiplier categories and the following notion.

Definition 3.5.2. [3, p.4] If A is a C*-category, then a net (ay) of morphisms in
MA(A, A") converges strictly to a € MA(A, A') if

|laxa’ — aad’|| — 0, la"ay —a"al — 0,

for all o’ € A(X,A) and o’ € A(A",Y). We call a *-functor F' : MIA — MB strictly
continuous if the each of the maps F' : MA(A, A") — MB(F(A),F(4’)) are strictly

continuous on bounded subsets.

Using our previous work, we have the following special case of this definition.

Example 3.5.3. For a C*-category B and D, £ € Hilb-B. A net of operators (7)) C
L(D, ) converges strictly to T' € L(D,E) if

HT/\P — TPH — 0, HQT)\ — QTH — 0,

for all P € K(C,D) and Q € K(&,F).
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Lemma 3.5.4. For a *-functor F(_y: A — Hilb-B, the following are equivalent:

(i) F is non-degenerate as above,

(ii) For each B € Ob(B), the set Span{F,p(§); a € A(A, A), £ € Fa(B)} is dense
in Fy(B),

(iii) F extends to a strictly continuous, unital *-functor F : MIA — Hilb-B,

(iv) For each A € Ob(A) and each approzimate unit (ex) for A(A, A), the net (F.,))
converges strictly to idF(A)5.

Proof.

(1) = (4i7) Suppose that ay — a strictly in some bounded subset of MA(A, A). Note that
this implies that for all A we have [|a) — al| < M, for a fixed constant M. Take a
sum of compact operators ) ; F(,,)/;, where a; € A(A, A) and K; € K(Fy4). We
let F be the extension of F' constructed in the proof of Proposition 3.4.4, then
given € > 0 we use the strict convergence a) — a to find Ay such that whenever
A > Ao we have

|(Flan) = Fla) 3 Flea Kill = 13- Fitar—apen Kill < 3 llax = a)ailll Kol <
If K € K(F4), then by non-degeneracy of F' we can approximate K,
1K =37 FapKill < 537
i
so we have
I(F (ay) = ZF(M )< llax —all[I(K ZFJ; )l < 5
To finish, we have

I(F

ax)

— F)K| < [(Fay) — Fla)) ZF(xi)Kz‘H + [ (F(ay) — Fa)) (K — ZF(@)K

< €.

5An alternative way of phrasing this is to say that the net (F(e,)) is an approximate unit for
K(Fa,Fa).



42

(idd) = (iv)

so that || F4,)—F(q)) K|l — 0, showing that the extension F is strictly continuous.

If (ey) is an approximate unit for A(A, A), then (ey) converges strictly to the
identity in MA(A, A), so by assumption (F., ) converges strictly to idp(4). The
result follows once we note that F(ey) = F(ey).

Given K € K(F(A)), we have by assumption that F.,)K — K, so the *-functor

F must be non-degenerate.

Given n € F4(B), we use Lemma 2.6.5 find a compact operator K € IC(Fy4) and
an element £ € F4(B) such that n = Kp(§). By assumption we can estimate K

like so;
1K — Y Fa)Til| < @
i=1
Then we have
In =" Fla) (Tl = (Kp = Y _ Fa)T)éll < |1Kp = > F(a)T)[[I€]l < e,
i=1 i=1 i=1

so it follows that condition (i7) is satisfied.

For a € A(A, A) and §,n € Fa(B), we first note that because F(, is a natural

transformation, we have

Fla) 0 0c = Fyp(€) - (0., ~)s = b,

Given a compact operator K € IC(F4) and € > 0, we can write

m
€
5 > 1K =2 Ol
i=1
where &;,m; € F4(B), then for each i, we use our assumption on F' to write
€
- > é‘ _ F ’ Cl 7
gl > 16~ 2 P (G0

where a;j, € A(A, A) and (;, € Fa(B). Now we observe that

€

”e&,m - ezji G«ji'Cji,niH = HH(&*ZH aji'Cji)vniH < ng - Za’ji : ChHHmH <5

- 2m
Ji
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To finish the proof, we now make a final computation,

1K = a5, Fa,) 0 0¢,mll SNE = Ocnll + D 10 = 05, ay,ciom]
e me
2 2m

= €.

O]

Antoun and Voigt [3] define a notion of non-degeneracy for *-functors of the form
A — M3B. We have seen that M[Hilbx-B = Hilb-B, so we had better check that our

notion of non-degeneracy coincides with the existing definition.

Definition 3.5.5. [3] A *-functor F' : A — M3B is called non-degenerate if for all
A, A" € A, the sets

Span{bF(a); a € A(A, A), be B(F(A), F(A)},
Span{F(a')b; a' € A(A', A"), b e B(F(A), F(A))},

are dense in B(F(A), F(A4")).

Note that any *-functor A — Hilb-B which is satisfies the above definition of non-

degeneracy is a correspondence. The converse is true, and we prove this below.

Lemma 3.5.6. Any A — B correspondence is also non-degenerate in the sense of the

definition stated above.

Proof. For A € Ob(A) we let (ey)) be an approximate unit for A(A, A), then by Lemma
3.5.4 we know that (F|.,)) is an approximate unit for B(F, Fla). By Lemma 1.2.14 it
follows that for all B, B € Ob(B), b € B(B, F4) and b’ € B(Fy4, B') we have

[Feyyb =0l =0, [[V'Fe,) = V[l =0,

so the result follows. O
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Tensor Products

4.1 Algebraic Constructions

Tensor products of Hilbert modules and bimodules will be very useful for us later on.
Ultimately we will construct a bicategory where 1-morphisms are certain bimodules,
with the composition given by certain tensor products. Tensor products will also feature

in our characterisation of certain functors between categories of Hilbert modules.

4.1.1 The Algebraic Tensor Product of Modules

The first steps we take into tensor products are to look at things purely algebraically.
We will define algebraic tensor products of modules as certain coends, then show how
these coends can be assembled into functors. As a gentle introduction to this sec-
tion, let’s briefly review how one defines the algebraic tensor product of modules over

algebras.

Consider an algebra A, a right A-module £ and a left A-module F. If X is a vector
space, then a bilinear map ¢ : £ X F — X is called A-balanced if it satisfies

gp(e-a,f):gp(e,a-f),

for any e € £ and f € F. A vector space X is called the algebraic tensor product of £

and F, if there is a bilinear, A-balanced map
p:EXF — X,

44



CHAPTER 4. TENSOR PRODUCTS 45

with the property that if Y is any other vector space with bilinear, A-balanced map
T:EXF oY,
then there is a unique linear map 6 which makes the following diagram commute,

EXF 25 X

!
\9
m v

Y

Remark 4.1.1. The property of a bilinear map ¢ : £ x F — X being A-balanced may

be expressed by requiring the following diagram to commute for every a € A,

(id,a-(—))

ExF ExXF
((~aia)| G
EXF—— X

This leads us nicely to our next definition. Note that for now we will favour the

terminology coend rather than algebraic tensor product. This will be explained later.

Definition 4.1.2. Let A be a C*-category, D be a right A-module and let £ be a left

A-module. A vector space X along with a family of bilinear maps
{ha:D(A) x E(A) — X; A Ob(A)},
will be called the coend of D and & if:

(i) For each morphism a € A(A, A’), the following diagram commutes,

DAY x E(A) D pary ()

(’D(a),id)l lh " We may refer to this property by
D(A) x E(A) " X.
saying that the family of maps {ha; A € Ob(A)} is A-balanced,

(ii) If Y is any other vector space with bilinear maps
{ia:DA) x E(A) = Y; Ac Ob(A)},

making the analogous diagrams commute, there is a unique linear map 6 : X — Y

which makes the following diagram commute
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D(A) x £(A) —1HED Dy« g(a)

(D(a),id)l lh A

D(A) x £(A) X

It should be no surprise that coends always exist.

Lemma 4.1.3. If A is a C*-category, then the coend of a right A-module D and a left
A-module £ always exists, and we denote it by DLy .

Proof. We consider the following vector space
X = @ D(A) QVect g(A)7
AEOD(A)

where ®vect denotes the ordinary tensor product of vector spaces. We let Y be the

subspace generated by the elements

(vaf)_(nﬂf),

foralln € D(A'), € € E(A) and f € A(A, A"). Then we define D[4 € to be the quotient
X/Y. For each object A € Ob(A), we obtain a bilinear map

ha;D(A) x E(A) = Dy E
(m,§) = n®¢E.

Note that strictly speaking n® ¢ is an equivalence class. We will brush this technicality
aside, and it should cause us no problems. Henceforth we will call vectors of the form

n ® & elementary tensors. For every a € A(A, A, the following diagram commutes,

D(A) x £(A) —1EED L pany x g(a

(D(a) ,id)l lh w

D(A) x £(A) ———— DELE,
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So it only remains for us to check the universal property, so assume that we have
another vector space Z with a suitable family of bilinear maps making the following
diagram commute,

id,&
D(A) x £(A) —EED  pany x g

D@ia)| l’w ”

D(A) x £(4) ————— DL E

iA
Now we define a map 0 : D[y &€ — Z on elementary tensors by

O(n®E&) =ia(n,§),

where (1,£) € D(A) x E(A). This ought to be a well defined linear map, and uniqueness
should be obvious. O

Notation 4.1.4. Let us comment briefly on our notation used in the previous section,

and how it will feature in what follows.

(i) For purely algebraic coends and tensor products, we will use the dotted symbols
] and ©,

(ii) We will add subscripts where necessary to indicate which category we are “ten-

soring over”, e.g. [J4 means we are tensoring over A
3 A 3

(iii) For elementary tensors in a coend, we will always use the ® notation.

4.1.2 Functoriality

Note that the coend of two modules is just a vector space. Later on when we construct
tensor products involving bimodules, we will be producing modules, and one vital

ingredient for these constructions are the following functorial properties of coends.

Lemma 4.1.5. Let A be a C*-category, let D, D’ be right A-modules, let £ be a left

A-module and suppose that we have a module homomorphism T : D = D'. The homo-
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morphism T induces a linear map

D E —D [y €,
which is given on elementary tensors by

n® & (Tan) ®E.
This construction extends to a functor

(=) B4 € : Mod—A — Vect.

Proof. Given a morphism a € A(A, A"), we draw the following diagram, where we’ll

explain the dotted and dashed arrows later.

'D/(A/) % E(A) (id,€(a))

D'(A') x E(A')

X

Ty ,id Tarid)
Tarid) (D'(a) id) (Ta )
/ /! / /
D(A') x E(A) sy DA X E(A) Wy
h g1
(D(a) id) D/(A) x £(A) , s D, E
o Wa o
...(TA,id) ’///’//
D(A) x £(A) — DEyE

We make some observations;

(i) The left face commutes by naturality of 7' : D = D/,
(ii) The upper face commutes by direct computation,

(iii) The front and rear faces commute by construction of coends.

The two dotted paths through the cube and all of this commutativity allows us to

invoke the universal property of coends, and we fill in the dashed arrow uniquely.
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To extend this to get a functor, we will need to tack on an extra cube and appeal to

the uniqueness of the dashed arrows we generate. O

Similarly, one may prove the following.

Lemma 4.1.6. Let A be a C*-category, let D be a right A-module, let £,E" be left
A-modules and suppose that we have a module homomorphism T : £ = E'. The homo-

morphism T induces a linear map

Dy E— DLy E,
which is given on elementary tensors by

n® &= n® (Tag).
This construction extends to a functor

D4 (—): A— Mod — Vect.

4.1.3 More Functoriality: Building Modules From Coends

The functoriality results presented in the previous section tell us how we can impose

module structures on certain tensor products.

Lemma 4.1.7. Let A and B be C*-categories, let D be a left B-module and let F(_ :
A — Mod — B be a functor. The collection of coends

{FAlgD; A€ Ob(A)},
may be assembled to give a left A-module.

Proof. By considering the composite

F_ _
A - Mod - B ()P Vect.
We see that we have a left A-module as claimed. By unpacking the definition of the
rightmost arrow above, we see that this module has action given on elementary tensors
by
a-(E@n)=(a-§) @
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O]

Lemma 4.1.8. Let A and B be C*-categories, let £ be a right A-module, and let
Fy:A— Mod— B be a functor. The collection of coends

{€0a pF; B € Ob(B)},

may be assembled to give a right B-module.

Proof. As above, for existence we look at the composite

_\F _
BoP 5 A — Mod g% ) Vect.

And the action is given on elementary tensors by

(@& -b=ne(E-b).
O

Definition 4.1.9. The algebraic tensor product of a left B-module D and a functor
Fy: A — Mod — B is the left A-module constructed above. Similarly, the algebraic
tensor product of a right A-module £ and a functor F(_y: A — Mod — B is the right

B-module constructed above.

The final result of this section is the following.

Proposition 4.1.10. Let A, B, C be C*-categories and consider a pair of functors
D(,) :.A—>MOd—fB, E(,) : B — Mod — C.

The assignment
Ob(A)> A— Dy Gp E,

extends to a functor D ®g E : A — Mod — C.
Proof. The assignment
Ob(A)>2 A— Dy Gg E,

gives us a right C-module for each object of A, so what we need to do is check that

this assignment is functorial with respect to morphisms. Given a € A(A, A"), we are
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assuming that a gives us a homomorphism
D(a) DA = Dy,

so by previous functoriality results we have, for each C' € Ob(C), a linear map between

coends

Dallg cE — Do Ug cE
n®E—a e,
and we define our module homomorphism using these linear maps; the component
D &3 E(a)c will be the map of coends mentioned above. Using the previous result, we

know that for each A € Ob(A), D4 ©3p F is a right C-module, so if we take ¢ € C(C’, C)

then we can draw the following diagram,

Da Gs E(C) Dy op E(C")

/
\

DA DB C’E E— DA DB C’E

| |

DA’ Dg CE — DA’ Dg C’E

\
/

Dy O3 E(C) Da O3 E(C/)

The horizontal arrows come from the right C action, and the vertical arrows are the
components of our proposed module homomorphism. It is straightforward to verify

that this diagram commutes, so that we have the required homomorphism.

To finish the proof, one needs to check that compositions and any identities are pre-

served, but this is straightforward because of how everything is defined. O

Definition 4.1.11. For functors D and E as above, we call the functor D ®g E the

algebraic tensor product of D and E.

4.2 The Interior Tensor Product

Since Hilbert modules are just special examples of modules, we can of course perform

the constructions of the previous section with them. When we do this, we require the
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resulting modules to be Hilbert modules, and this requires a bit of work.

Lemma 4.2.1. If A and B are C*-categories, £ is a right Hilbert A-module, and 4 Fg
is a right Hilbert A — B bimodule, then we have an inner product [—, —|g on the right

B-module £ 4 F defined on simple tensors' by

E@n & @nls =0 a 1)s.

Where £ @n € (€ ©4 F)(B') and § @' € (€ ©4 F)(B). Upon completing, we end up
with a right Hilbert B-module £ Q4 F'.

Proof. Use [24, Lemma 3.17] to see that this formula gives a semi-inner product, then
use [24, Lemma 3.19] together with our construction of coends in Lemma 4.1.3 to see

that it is in fact an inner product. ]

Similarly, one could prove the following.

Lemma 4.2.2. If A and B are C*-categories, D is a left Hilbert A-module, and 4 Fg
is a right Hilbert A — B bimodule, then we have an inner product 4[—,—| on the left
A-module F' O3 D defined on simple tensors by

alé@n & @n]=a& snn),¢).

Where ¢ @ n € (F O D)(A") and § @0’ € (F @ D)(A). Upon completing, we end up
with a left Hilbert A-module F Q¢ E.

Definition 4.2.3. With &, D and F(_) as above, we call the right Hilbert B-module
EQ 4 F the interior tensor product of £ and F' and call the left Hilbert A-module F ®5D

the interior tensor product of F and D.

Remark 4.2.4. Above we used [—, —| to denote the inner product on a tensor product.
Henceforth we will tend to just notate this tensor product by (—,—), and it should
be clear from the context when this refers to an inner product on a tensor product.

However when we need additional clarity, we will use both notations.

We have just seen that the tensor product of a right Hilbert module with a right Hilbert
bimodule gives back a right Hilbert module. For our later work, we will need to know

that the tensor product of two right Hilbert bimodules is again a right Hilbert bimodule.

!We extend this rule in the obvious manner to sums of simple tensors.
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Lemma 4.2.5. If A, B, C are C*-categories, 4 Fpn and 3Ge are right Hilbert A — B and

B — € bimodules respectively, then the assignment
Ob(A) 3 A Fy @3 G,

extends to a *-functor A — Hilb-C, i.e. a right Hilbert A — C bimodule, which we
denote by F @4 G.

Proof. From the algebraic constructions covered in the previous section, a morphism
a € A(A, A’) gives, for each C' € Ob(C) a well defined linear map of coends

Fallg ¢cG — Fa g cG
f@n—(a-§)®n.

And moreover these linear maps may be assembled to give a functor A — Mod — C.
As we did before, we write the action of this functor on morphisms as a - (§ ® ) =
(a- &) ®n. What remains for us to do here, is checking that these linear maps extend
to ones between the completions of the relevant spaces, that they induce adjointable
operators and that this all assembles to give a *-functor. Towards this end, first let
T € L(Fa, Far), take sums »-, & @m; € (Fa © G)(C') and 32, & @ nj € (Far © G)(O),

then we make the following computation,
ZT &) ® i, Z gen) = Z<T(’fi) ® i, & @1}

- Z 7717 A 77]>
= Z nza g’wT* >.A 77])

Z§z®m,ZT* ®77]'

Now let z = )", & ®@n; € (Fa© G)(C), and we make another computation, where we
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will explain the steps afterwards,

lal*(@, 2) — (0~ z,a- 2) = (z, |la]*z) — (2, a%a - z)

= (z, Z lall?6 @m = (a*a- &) @ m)

)

= (&, (lall*idr, —Faa) 5,6 © )
"

= <$7 Z(S*S)Bz (gl) ® 77i>
= <Z 5B (&) @ ni, Z S, (&) © m)

> 0.

The equality marked ! follows from the previous calculation, together with functoriality

of F'. The equality marked !! follows from the following claim.

Claim 4.2.6. The operator |a||?idp, —Fy«q is positive.

Proof of claim: Since F' is a *-functor, we have Fy+, = (F,)*Fy, so we can find
T € L(F4) such that T*T = (F,)*F,. Note that we have | T||? = || F,||?> < ||a||?>. The
operator T*T is positive, so o(T*T) C [0,]|T|*] € [0,]|a||?] and by spectral mapping

for polynomials we have
a(lla|*idr, =T°T) = {lla]|* = X; X € o(T*T)}.
When A € o(T*T), we have the inequality 0 < [|T|?> — X < [la||?> — ), so that
lal|?idg, —T*T = ||a||*idg, —Fa+4 is a positive operator. |
Consequently, this shows that we have the inequality
a2 a-z)| < lal*|{z, 2)]l,

so that each map Fa [0 oG — Fy [ oG extends to a well defined bounded linear map
FAX G — Fq X cG. Now we need to verify that we get, for each a € A(A, A") an
adjointable operator Fy @ G = Fx @ G. If x € (F4 ® G)(C") and y € (Fa © G)(C),

then using the Cauchy-Schwarz inequality we get

Ka -z, 9) || < lla-z[[lyll < llallll<]lyl,
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and this shows that the equality (a - z,y) = (z,a* - y) remains true when we take
x € (Fa®G)(C') and y € (Fa ® G)(C), hence we do get an adjointable operator
Fr® G = Fqp ® G, and our starting functor A — Mod — € extends to a *-functor
A — Hilb-C. O

Let’s collect a useful fact about the norm on the interior tensor product.

Lemma 4.2.7. Suppose we have a pair of C*-categories A and B, together with D €
Hilb-A and a right Hilbert bimodule 4 F's. Then the norm on the interior tensor product
D ®y F satisfies

1€ @ nll < [1€]llIm]l,

whenever £ @ 1 is an elementary tensor in (D @4 F)(B) for some B € Ob(B).

Proof. Take { ®@n € (D ®y4 F)(B), then using the definition of the norm on the tensor
product D ®4 F', we have

l€ @ nll* = [, (€, &) ) s
S

=, (Fie) ) sl
< Il (Fre.ey) Bl
< Il (Fie.ey)sllInll

!
< Il Eeep. Il

< [InllI1<€, alllinl
= [Inl*lg)>.

The inequalities stated above follow from standard facts, for example the one marked
!'uses the definition of the norm of the bounded adjointable operator Fie ¢, and the

one marked !! uses the fact that *-functors are automatically continuous. O

One more result that will be crucial for us later on is the following, telling us that the

interior tensor product of two correspondences is a correspondence.

Lemma 4.2.8. If 4 Fg and 3Ge are correspondences, then the interior tensor product

F®3 G is an A — C correspondence.

Proof. We already know that F' ®3 G is a right Hilbert A — € bimodule, so all that

remains to check is that the relevant *-functor A — Hilb-C is non-degenerate. For
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this we will show that this *-functor satisfies condition (i¢) in Lemma 3.5.4. If we take

¢ € (F®s)(C), then for € > 0 we can make an estimate as follows,

m
€
lc-Y Gonl <5,

where each £ € F4(B) and each n; € ¢G(B). Non-degeneracy of F' : A — Hilb-B
(in particular, point (i¢) of Lemma 3.5.4) means that for each i we can make another

estimate like so,
n;

€& = > (Fay,) 8,1l <

&
~ 2l

Then we have

IIZ&@W— Z( Fa,,)B&5,) ® il = IIZ Z a;,)BE,) @ il
<ZII = Q_(Fa,)BE)) @il

Ji

<Z|| = O E )]
<Z%

€
5 .

So it follows that

1¢— Z Z aj,; th@m | <I¢— Z€z®m|l+|lz&®m Z(Faji)Bfg‘i)@)mH <é€

Ji

which confirms that F' ®3 G is a correspondence. 0

We will revisit tensor products later, when we are looking at equivalence bimodules.



Chapter 5

The Category Algebra of a
C*-Category

Here we shall review the constructions made in [12]. It’s important to note that in
the cited paper there is a blanket assumption that C*-categories be unital. We’re not

making this assumption so we will need to tweak things accordingly.

Notation 5.0.1. In this chapter we are mostly going to be using the same notation
as Joachim in [12]. In an attempt to avoid repeating letters in different fonts in our
statements, for this chapter we will be naming our C*-categories starting at the letter
B, ie. B,C,D,...

5.1 The A(B) Construction

This construction associates to a given C*-category, a C*-algebra, in a manner which is

only functorial if we restrict our attention to *-functors whose object map is injective.

Definition 5.1.1. Let B be a C*-category. We construct a *-algebra A°(B) as follows;

we consider the vector space

ALB):= & B(BB).

B,B'€Ob(B)
The elements in this vector space are of course finite sums of morphisms from B, e.g.

o7
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S it b, and we define a multiplication on A°(B) by the rule

"o / bioby if B' = B”a
QB(E? ,13 ) X 33(13,13 ) > (bl,bQ) —
0 otherwise.

we then just extend this linearly to the whole of A%(B). We define an involution on

this algebra by

(Z bk> => b
k=1 k=1

To try and get a feeling for what the algebra AY(B) looks like, note that the definition
of the vector space can be thought of as the collection of Ob(B) x Ob(B) matrices,
where the B-th row is populated by morphisms with target B, and the B-th colum
is populated by morphisms with source B. Consequently, an entry of one of these
matrices may be given subscripts, e.g. bp p/, to indicate that it lives in the B-th row
and B’-th column, so is a morphism B’ — B. With point of view, the multiplication
is just matrix multiplication and the involution is a sort of conjugate transpose. Of
course this is modulo the technicality that Ob(B) may not be finite, or even countable,
so thinking about matrices indexed by it is potentially painful. We may also find it

useful at times to view an element f € A°(B) as a sum

= > > fes

B’'€Ob(B) BEOD(B)
where fp/p € B(B, B’) and only finitely many of the fp/p are non-zero.

Example 5.1.2. Consider a pair of C*-algebras B and C, and form their coproduct
B U C where we view B and C as one-object C*-categories. The *-algebra A°(B U C)

can be seen to be the space of matrices

(0 5)

under matrix multiplication and involution

(o3 (0 2)

Clearly we have an isomorphism A%(BUC) = A B.
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Extending this construction to one which produces C*-algebras will require us to place
a suitable norm on A%(B). In order to do this we first construct a useful Hilbert module

over the category B. This module is constructed in [12] for unital C*-categories.

Definition 5.1.3. Let B be a C*-category, we will construct a right Hilbert B-module
Z. For B € Ob(B), we let Z°(B) be the vector space

& 3.B).

B'cOb(B)
Given a morphism b € B(B, B'), we define Z°(b) : Z°(B’) — Z°(B) by composition;
7°(b) (Z bk> = b ob,
k=1 k=1

where > 1L, b, € Z°(B’). Note that all the composites by o b are indeed defined. So far

this gives us a right B-module
7Y : B°P — Vect.
We define an inner product on this module by the rule
(b,0) — b*V,

where the product b*V is taken in the *-algebra A°(B), and we extend this rule linearly.
This will give us a right B-module, equipped with an inner product, that may be
completed to give a right Hilbert B-module.

The following lemma has two parts, one easy and one fiddly. This lemma will be useful

for us later on.

Lemma 5.1.4. If B is a C*-category, then

(i) We have a functor I : A°(B) — Mod — B where the right B-module I°(%) is the

one constructed above.

(i) If v,y € I°(B') and z € Z(B), then we have the identity

z - (y,2) = (vy") - 2,

where the product xy* is taken in A°(B).
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Proof. (i) In aslight abuse of notation, henceforth we will write Z° for Z°(x). All that
we need to do is check that each f € A°(B) induces a module homomorphism

7% = 79 and we define these homomorphisms via left multiplication, so for
B € Ob(B) we put

Lip(u) = fu,
where the product on the right is being taking in A°(B). By observing that the
B-module action can be viewed as multiplication taking place in AY(B), it follows

immediately that the components {Lf ; B € Ob(B)} assemble into a module

homomorphism.

(ii) Suppose first that z € Z°(B). By definition we have z-(y, 2) = x-(y*z). Supposing
that x =), @5, y = Zj yj and z = ), zj, this gives us
T (y'e) = D wi (D wia) = 3 (@io 3 > wia) = 3> D wio ()
We note that each of the composites x; o (y;‘zk) and z; o y; are always defined,

and that y7z, = 0 <= (x; 0 y;)zk = 0. Whenever y;z; # 0, we clearly have

z; o (y;2) = (i 0 Y}) 2k, hence we can re-bracket like so,
2.2 2 melym) =3 > ) (wioya

Where now the product of z; oy with 2, is being computed in AY(B). Carrying

on, we have
ZZZ(mioy}‘)sz(Zinoy;)'szZ(l‘y*)'&
i j ok i k

Finally we take z € Z(B) and let (z,) be a sequence in Z°(B) converging to z,
then

x-(y,z) = lim x- (y,z,) = lim (zy*) - 2, = (xy") - 2,
n—oo n—oo
and we are done.

O

We will use the Hilbert B-module Z to define a C*-norm on AY(B). Alternatively we
could show that the maximal C*-seminorm on this *-algebra is a norm, hence we can

complete it to a C*-algebra. This procedure would leave us with the same C*-algebra,
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for example see the proof of [12, Lemma 3.6] for details of this argument. The following

result is a generalisation of [12, Lemma 3.1], for categories which need not be unital.

Proposition 5.1.5. If B is a C*-category and I is the right Hilbert B-module con-

structed earlier, then A°(B) is isomorphic to a dense *-subalgebra of K(T).

Proof. By the previous lemma we have an algebra homomorphism A°(B) — Hom(Z°, Z°),
where Hom(Z°, Z°) denotes the space of module homomorphisms from Z° to Z°. The
first thing that we will do is show that this extends to a *-homomorphism A°(B) —
L(Z), then we will show that the image of this *-homomorphism is contained in IC(Z),

then finally argue that this image is dense.

Claim 5.1.6. The homomorphism A°(B) — Hom(Z°,I°) extends to a *-homomorphism
A%B) — L(T).

Proof of claim: We take f € A%(B), then observe that for u € Z°(B) we have

full® = 1(Fw)* full = llw* £ Full < Julll £ FIlllall = lul®1£ £,

so that the module homomorphism L7 : Z0 = 70 extends to a homomorphism L7 :
7T = T and moreover one may easily check that Lf is an adjointable operator with

adjoint L") hence we get a *-homomorphism A%(B) — L£(Z). [

Claim 5.1.7. For f € A%(B), the operator LY : T = T is a finite linear combination

of compact operators.

Proof of claim: Writing f = >, Y70, fij with fi; € B(X;,X;), we fix j €
{1,...,n}, let (¢})a be an approximate unit for the C*-algebra B(X;, X;), then consider
the net of operators defined by

Ty = Zfij (el ).
=1

Note that for each i, f;; - (eg\, —) is simply the rank one operator 6 1 in particular

) ij ’ei ’
we can rest assured that T3 is a finite rank operator on Z (so is compact). Note further

that we can view the sum ), f;; as an element of Z(Xj), since each morphism f;;
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belongs to B(X;, X;). This point of view will prove useful later on. Furthermore, we

have

HTJ LZ fZJH — ”Sup || Z f’LJ 6/\, - Zflj)bH

bl=1

= sup ”Z er)\ )b — wab”

foll=1 "

We have used part (ii) of the earlier lemma in the second equality here. It follows that

||T§ me )| < sup ||Zfl]€)\ ZfZ]HHbH

I‘_ 1

Since (ei))\ is an approximate unit, this shows that ||T)]\ — (>2; fij)(=)]| — 0, so the
net (T° )j\ ) converges to the left multiplication operator L2 i and because each T{ is

compact it then follows that L2 fii is compact. We note that

LI = Z in fij7
j=1
so that L/ is a finite sum of compact operators, thus is itself compact. |

So far we have shown that we in fact have a *-homomorphism A°(B) — K(Z).

Claim 5.1.8. The *-homomorphism A°(B) — K(ZI) which sends f — Lf is injective.

Proof of claim: First we note that if b € B(B, Xj), then
Lh(v) = L 0).
We now suppose that f = >31"; 377 | fi; is such that Lf =0, then we fix j € {1,...,n}
and let (ef\) be an approximate unit for B(X;, X;). Given € > 0, we can find for each
i€{l,...,m} some \; for which
; €
Az A= iy = fuesll < —.

Majorizing all of the A;’s then gives us Ag such that

; €
A= Xo=|fij — fyedll < -
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for all i € {1,...,m}. This implies that
.7 . ¢
I Zfij - meeill < Z | fij — fized |l < m x —=

The inquality marked ? perhaps needs some justification; if we take ), ) € Z(B), then
by definition of the norm on Z, we have ||f]| = | Szt S, 2xllz = | S, 3 2t 2,
and whenever k # [ the morphisms z} and x; are non-composable, hence | f| =

| >k x}‘;mkH% <>k llzk|l. From an earlier note, we see that
L3 (ed) = T4 (€)= 0,

and once we incorporate this with the inequality we just derived, we see that for any
€>0, || >, fijll <esothat >, fij = 0. Repeating the argument for each j then shows

us that f=3,5" fi; =>,0=0. [

To finish the proof, we need to check one final claim.

Claim 5.1.9. The image of the *-homomorphism A°(B) — K(I) is dense (so that
the image of this *-homomorphism is the dense*-subalgebra of K(I) which A°(B) is

isomorphic to).

Proof of claim: We take T € K(Z), then by construction of the compact operators,

if we are given € > 0 then we may find a sum ), 05, ,, such that

n
HT - Zezvk,ka <e
k=1

Note here that the z, yr belong to Z(B’). If we can show that the finite rank operator
> p—q 0z, 4. can be approximated by a finite rank operator » ;' ; 0./ o Where T,y €
Z9%(B'), then it will follow that

Lk ThYE = Z zy) Z 01 .-

k
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This step seems to be straightforward. We let (xﬁf)) and (yn, (k )) be sequences in Z°(B)

converging to x; and y; respectively, then we have

1620 — 0,00 (k)||<HS|Fp1H |, - <yk,z>—<w§1’“)-<yk72>ll+“51lllglllfv%k)-<yk, 2y — 2z (P 2|

< sup. e = 2Py 2) )+ sup (|81 (e — w2, 2)|

lI=l= |2[I=1

< N =20yl + I8 My — w221,

and the expression on the right hand side converges to 0. Hence the sequence (>, Hm(k) 5 JneN

converges to »_; 0z, . Now we can choose our y ;" 0 4, such that
I3 b Z"z I<e
k=1

and we get

n m
T - Zexk:yk Zeﬂck,yk | <|IT - Zeffk:ykn + Zaxk:yk Zex;,ygu < 2e.
k=1 k=1 k=1

|
U

Definition 5.1.10. When B is a C*-category, we may now use the previous proposition
to identify AY(B) as a dense subalgebra of K(Z). We take the closure of A%(B) and
are left with a C*-algebra A(B). We will call this algebra the category algebra of B.
Clearly we have the identification A(B) = KC(Z).

The following is an immediate corollary.

Corollary 5.1.11. The functor T : A°(B) — Mod— B extends to a *-functor A(B) —
Hilb-B, hence is a right Hilbert A(B) — B bimodule..

We will revisit this construction after we have introduced equivalence bimodules.
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Equivalence Bimodules

We now arrive at the crux of our work: equivalence bimodules. These are going to be
analogues of Rieffel’s imprimitivity bimodules, introduced in [27, Definition 6.10] and

we will use these bimodules to define Morita equivalences between C*-categories.

6.1 Full Hilbert Bimodules

We need a supplementary definition.

Lemma 6.1.1. Let F_y : A — Hilb-B be a right Hilbert A — B bimodule. For
B, B" € Ob(B) we define

J%(B, B') := Span{{y,x)p; A € Ob(A), y € Fa(B'), = € Fa(B)} C B(B, B)),
then the wide subcategory Ju C B with morphism sets
J5(B, B') = 33(B, B),

is an ideal in B.

Proof. By design, we have that each J5(B, B’) is a closed subspace of B(B, B’). If we
take >, (ki) € J9(B, B'), b € B(B',B") and ¥ € B(B", B) then we have

bz<£kank> = Z<§k : b*ank> € jg(BaBN)v
k

k

65
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and

(Z(fkﬂ?l&) V=> (&) € TR(B",B).

k k
So if f € Jg(B,B’) with a sequence (f,) in J3(B, B") converging to f, then by the
above, the sequence (bf,,) lies in J3(B, B”), so it follows that bf € Jg(B, B"). Simi-
larly, ft/ € Ju(B”,B’). Hence we can conclude that Jg is an ideal in B. ]

Definition 6.1.2. We'll say that a right Hilbert A —B bimodule F(_ : A — Hilb -3
is full if the ideal Jg is isomorphic to B. With an appropriate tweak to the statement

of Lemma 6.1.1 we also get a notion of fullness for left Hilbert bimodules.

6.2 The Definition and Examples

Definition 6.2.1. Let A and B be C*-categories. An A — B equivalence bimodule is a
bi-Hilbert A — B bimodule 4 Fg, such that

(i) The right Hilbert A — B bimodule F is full in the sense of Definition 6.1.2,
(ii) The left Hilbert B — A bimodule 4F is full in the sense of Definition 6.1.2,
(iii) For all A, A" € Ob(A) and B, B’ € Ob(B), we have the identity

al&m - C=&-(n,C)s,

where
EE€EFy(B'), neFaB), (€FaB).

We will say that a pair of C*-categories A and B are Morita equivalent if there exists
an equivalence bimodule 4 Fz. In this case we may also say that there is an equivalence
bimodule between A and B.

We’d best show that there are plenty of examples of this phenomenon.

Example 6.2.2. If A is a C*-category, then recall from Example 3.1.9 that we have a

*_functor

Ay A — Hilb-A.
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The left action induced by this functor sends A € Ob(A) to the covariant hom functor
A(A, —), which is a left A-module. We define an inner product by

ald a)y =da*.
With a € A(A, A’), the string of equalities
1 1 1
lata, )|z = [laa™(|z = [|(a®)"a™||z = [la*|| = {|all,

shows that the norm on A(A, A’) induced by the inner product coincides with the
existing norm, so that A(A, —) is a left Hilbert A-module. Similarly to Example 2.5.1,
one may check that a morphism a € A(A’, A) defines a bounded adjointable operator
A(A,—) = A(A’,—) with components

AA, A7) 2 a4y, A, Ay 2 aga, a7,

Therefore, the left action associated with this bimodule is a *-functor
aA : AP — A-Hilb.

To check that conditions (i) and (ii) of Definition 6.2.1 hold true, we let (uy) be a (self
adjoint) approximate unit for A(A, A), then for any a € A(A, A’) and o' € A(A’, A),
we have

Ala,uy) = auy, (uy,a’yq = upa'.

So if we consider the sets
span{a(z,y); = € A(A, A), y € A(A, A)},  span{(z,y)a; = € A(A, A), y € A(A, A)},

then we see that we have what we need; for example if we look at the left hand set,
then because auy belongs to the stated span for all a € A(A, A’), then the closure of
this set is A(A, A’). It follows that the ideal J in A with morphism sets

T (A, A') = span{a(z,y); A" € Ob(A), z € A(A", A'), y € A(A", A)},

is isomorphic to A, so that the bimodule 4A is full. Finally, to check condition (iii) we

have
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for all a € A(A", A", o' € A(A”,A) and " € A(A”,A). So it follows that any

C*-category is Morita equivalent to itself.

Example 6.2.3. Suppose that ¢ : A — B is a unitary equivalence between unital C*-
categories. We have seen in Example 3.1.12 how this gives a bi-Hilbert A — B bimodule
®): A — Hilb-B. Now we will verify the other properties required of an equivalence
bimodule. Given A, A" € Ob(A), we claim that

span{a(z,y); = € B(¢(A), p(4)), y € B((A), 6(4))},

is dense in A(A, A’). Indeed for a € A(A, A’) one has

al(a),idga)) = ¢ (¢(a)(ida)) = a.

1

We further claim that if B, B’ € Ob(B), and A € Ob(A) is chosen such that ¢(A) = B’

the set
span{(z, y)3; = € B(B',4(A)), y € B(B,¢(4))},

is dense in B(B, B’). For this, we take b € B(B, B’), then we let f : ¢(A) — B’ denote

the relevant unitary isomorphism, we have
(5 1)y =ffb=b,
and as before, the density claim now follows. To check the final property, we take
v e B(B,¢(A), beB(B,¢(4), V' eB(B,¢(A),
then we have

A<b/,b> . b// — d)fl(b/b*) . b//
—_ (qusil(blb*)b”
— b/b*b//
— b/(b*b//)
=0 (b, 1")p.

Remark 6.2.4. Since an isomorphism of categories is an equivalence of categories, this

shows that isomorphic C*-categories are also Morita equivalent.

Example 6.2.5. Suppose that we have an A — B equivalence bimodule 4Fp3 and
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consider the conjugate bimodule gﬁ 1. Recall that the conjugate bimodule has left

and right actions given by the following composites

ﬁ . fl°oP (=) A o Hi (/:J) .
(o F: — A — Hilb-B —= B-Hilb

ﬁ - B (7)* op (*)F . (’:5 .
3 s 98 4 omib L Hilb-a.

We will show that this bimodule is a B — A equivalence bimodule. First we note that
the conjugate module is clearly a bi-Hilbert B — A bimodule. We will show that the
right action ﬁ’(,) is full, so we need to check that for all A, A’ € Ob(A), we have

A(A, A') = Span{ (3(y), b(@))a; B € Ob(B), bly) € Fr(A"), b(x) € F(4)}.
Recall that the inner product (b(y),b(z))4 is defined by

(@), 0(2))a = aly, ).

So because the b maps are isomorphisms, and the left action (_yF' is full, the claim

follows. Similarly one gets fullness of the left action (,)ﬁ.

This leaves us only one property left to check; that we have the identity

where
b(z) € Fpr(A),  b(y) € Fg(A),  b(z) € Fz(A).

To this end, we have

3(0(2),b(y)) -b(x) =z - (z,9)3
=T <y,z>3
:A<$7y> Tz

=b(2) - (0(y),b(2))a-

Example 6.2.6. This will be an interesting example, and one which shows that Morita
equivalence is weaker than equivalence of categories. We will show that the algebra K of
compact operators is Morita equivalent to Cg, the additive completion of C. Ultimately

we are going to construct a functor F': K — Hilb- Cg, such a functor is going to pick
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out a single right Hilbert Cg-module, so we begin by coming up with a functor
D : Cg — Vect.

We let D have object map
n
n— @ﬁ(N),
k=1

for each n € Ob(Cg) = N, and if (a;5) is a n X m matrix (so a morphism m — n), we

put
n n
D(aij)(xl, . ,xn) = (.%'1, e ,xn)(aij) = <Z LiQily - -y Z:L‘Zam> .
=1 =1

Note that each z; is a sequence in £2(N) and that each a;; is merely a complex number,
so each term in the expression on the right hand side is a finite sum of sequences, each
of which has been scalar multiplied by a complex number. This defines a linear functor
D : Cg — Vect.

Now we need an inner product. Denote by (—, —),2 the standard inner product on
¢%(N), then for each pair (m,n) € Nx N, we define (—, —) : F(n) x F(m) — Cg(m,n)

<.’E1, y1>£2 T <=T1a ym>€2

(T2, y1)e2 (T2, Ym)e2
<(x17 73771)7(3/1 7ym)> = . .

<xm yl)ﬁ T <$n, ym)f2

The final thing to check is that for each n € N, the space D(n) is complete with respect
to the norm induced by this inner product. It’s probably not that hard to check this
directly, however we’ll proceed as follows; for n € D(n), similarly to [2, Lemma 11]
we see that D(n) is a K — M, (C) imprimitivity bimodule. Consequently, the two
norms induced by the left and right Hilbert module structures coincide, and the M, (C)
valued inner product is precisely the one we’ve defined above, so we have the required

completeness.

This gives us the behaviour of our functor F' on objects; the single object of K will
be sent to D. Now we’ll show how a compact operator T' € K defines a bounded

adjointable operator F/(T) : D = D. The obvious guess for the components of such an
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operator is to put F(T),(x1,...,zn) = (Tx1,...,Tzy), then we have

(1, s 20)s F(T)m(y1y - -y ym)) = (21, .y 20), (Ty1y -y Tym))

<$17Ty1> <$17Tym>
<$n7 Ty1> e <xn7 Tym>
<T*$1,y1> e <T*$17ym>
<T*xn7 y1> tee <T*$na ym>

=((T"x1, ..., T ), (Y1, -, Ym))-

So if we define F(T)} (z1,...,2n) = (T*x1,...,T*x,) then we get what we need. Note
further that F(T') = F(T*) and that F respects compositions. This shows that F' is a
*-functor and so is a right Hilbert IC — Cg bimodule. Now we can start to check that
the extra properties required of an equivalence bimodule are satisfied. The left action
of this bimodule is the induced functor xF : C¥ — K — Mod where n € Ob(Cg) is

sent to the functor with object map
#x = [Feg (4i0)](n) = @D E(N),
k=1

and with the action given by component-wise application of a given compact operator
T ek,
T Feg(T)n = (T(=),...,T(=)).

We can define an inner product on this module by

n

k(@ @), (Y yn)) = D k(@ Yn),
k=1
showing that the left action xF' at least sends the objects of Cg to left Hilbert K-
modules. We also need to check that each morphism (a;;) € Cg(m,n) defines a
bounded adjointable operator xF'(n) = xF(m), but this is straightforward. The op-
erator xF'(a;;) is simply the map D(a;;) defined earlier, which is an operator between

Hilbert spaces is is automatically adjointable, and is trivially bounded.
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6.2.1 Pre-equivalence Bimodules

He we introduce some tools so that we can construct equivalence bimodules via com-
pletions. We will closely follow the exposition in [26, Chapter 3.1]. First we will need

some supplementary terminology and definitions.

Definition 6.2.7. If A is a C*-category then we will call a wide *-subcategory A°
dense if for each pair A, A’ € Ob(A), the space A°(A, A) is dense in A(A, A'). We

define dense ideals similarly.

Remark 6.2.8. Note that in the above definition, we are talking about purely algebraic

subcategories and ideals, we are mot assuming that they be complete.

Definition 6.2.9. Let A and B be C*-categories with dense *-subcategories A" C A
and BY C B. Suppose that we have a functor Fy: A% — Mod — B such that each
right B® module F4 carries a B’-valued inner product. We define

jzgo(B,B') = Span{{y,z)p; A € Ob(A), y € Fa(B'), x € Fa(B)}.

This gives us an ideal jgo in BY and we will call the functor F' full if this ideal is dense
in B. Similarly, we can define what it means for a functor of the form _)F': (BY)oP —
A% — Mod to be full.

Now we present a lemma which will give us a slightly different characterisation of equiv-

alence bimodules that we will make use of in defining our pre-equivalence bimodules.
Lemma 6.2.10. Let A and B be C*-categories. Suppose that we have a functor'
Fy: A — Hilb-B such that

(i) F(_) 18 full,

(ii) The associated functor (_yF : B — A — Mod is a functor into A-Hilb, and is
full,

(i1i) For all A, A" € Ob(A) and B, B" € Ob(B), we have the identity

.A<§777> : C = 5 : <777 C>37

where
£ € Fa(B'), ne Fy(B'), ¢ € Fa(B).

'Note we don’t say *-functor here.
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Then F_y is an equivalence bimodule® if and only if for alla € A(A, A’), b € B(B, B')
and n € g F(A) we have

(a-nya-n)z < llal®*mn)s,  aln-bn-b) < [1b]2a(n,n).

Proof. If F(_) is an equivalence bimodule, then using similar arguments to Claim 4.2.6

and [26, Corollary 2.22] then the condition stated above is automatically satisfied.

On the other hand, if we take
§€Fa(B'), meFaB), peFa(B), veFab),

then we have

From this, it follows that we have 4(u - b,v) = 4{pu,v - b*), whenever b € JJ(B, B').
Our assumed inequality implies that ||n - bl < ||n||||b]|, so from the Cauchy-Schwarz

inequality we deduce that

a0, )| < |l 1ol [l

where b is still an element of J3(B, B’). This means that the identity 4{u - b,v) =
A{p, v - b*) extends by continuity to all b € B(B, B’). One may run a similar argument
for the other case, and we are done. O

Now we can make a definition.

Definition 6.2.11. Let A and B be C*-categories with dense *-subcategories A° C A
and B? C B. We will call a functor Fy: A% — Mod — B° an AY — BY pre-equivalence

bimodule if

(i) Each right B%-module F4 is equipped with a right B°-valued inner product,

(ii) Each left A%-module gF is equipped with a left A°-valued inner product,

2Equivalently, the functors F_y and (_yF are "-functors.
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(iii) The functors (_)F and F(_ are full,

(iv) For all a € A°(A, A"), b € B°(B,B') and ¢ € g/ F(A) we have

(@-&a &g < (€m0, a0l b,E-b) < [b]|*40(&, &),

in the categories B and A respectively,

(v) For all A, A’ € Ob(A®) and B, B’ € Ob(B), we have

A0<§777> : C = 5 : <77a €>BO

where
€ Fy(B'), neFa(B), (€Fab).
Lemma 6.2.12. If A and B are C*-categories with dense *-subcategories A° C A and
BY C B, and if F(—) : A — Mod — B° is an A° — BY pre-equivalence bimodule, then
for each pair A € Ob(A), B € Ob(B), we have

lao G, m 1= 1< ) gl

for allm € Fu(B) = pF(A). Hence the two norms on each space Fa(B) induced by the

left and right inner products coincide.

Proof. We take n € F4(B), then compute;

12 = [[{n, m) 50 (n, n)po]|

\
= |l{m,n - (n,m)z0) 0|
\

[[{n, m)po (
(
= [[(n, a0 (m,m) - M)po|
(
(

IA

1, m)wol12 | Cao (1, 1) - 75 40 (m, ) - m) o2
< 14, m) 01 l.ao 7, 111 07, m) o | 2

After cancelling, we are left with the inequality ||(n,n)go|l < [[40(n,m)|. If we run

through the argument for the other case, we get what we want. ]

This Lemma tells us that if we were attempt to complete a pre-equivalence bimodule

it doesn’t matter which induced norm we use to complete the spaces.

Corollary 6.2.13. If A and B are C*-categories with dense *-subcategories AY C A
and B® C B, and if F(—) : A — Mod — B° is an A" — BC pre-equivalence bimodule,
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then by completing each space F4(B) with respect to the induced norm, we end up with

an A — B equivalence bimodule.

The positivity condition in point (iv) of a pre-equivalence bimodule is a bit awkward
to work with. When are considering bimodules over C*-categories where we have com-
pleteness of the categories, but possibly not the bimodule, then we have the following

alternative.

Lemma 6.2.14. Let A and B be C*-categories and let F_y : A — Mod — B be a
functor satisfying points (i), (ii), (iti) and (v) in Definition 6.2.11, then F is a pre-
equivalence bimodule if and only if for all a € A(A,A"), &, € Fa(B') and n € Fa/(B)
we have

(a-&ms = (a" n)s,

and for allb € B(B,B’), ve g F(A") and ( € gF(A) we have

A<V'baC> :A<V7C'b*>'

Proof. First assume that the two new equalities stated in this Lemma are satisfied.
Writing A% for the minimal unitisation® of A we will extend F_y to a functor F_ :
AT — Mod — B. Recall that when constructing A+ we only add new morphisms to
the endomorphism sets of A. We define our extension to do the same thing on objects,

and send
AT (A A) 3 am F,, AT(AA) 3 (a,)) — Fo) + Aidp, .
If (a,\) € AT(A, A), then note that
((@,A)-&ms = (a-E+ A m)s = (a-&n)s + MEmz = (E.a” -0+ Mn)s,
so it follows that for all a € AT (A, A"), &, € Fa(B') and € Fa/(B) we have
(a-&mp = (& a" -ms.

In particular, we have (£,a*a - n)g = (a- & a-n)p whenever a € A(A, A"), £ € Fux(B')
and 7 € Fa(B). With a as in the previous sentence, a similar argument to that used

in Claim 4.2.6 implies that ||a||? idg+(a,4) —a*a is positive in AT (A, A), and hence we

3See for example [23].
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have
lall*(€ &)s — (a- & a-&)s = (&, (lal*idg+ a4 —aa) - E)5 > 0.

Similarly by considering the related functor (_)F : B°? — A — Mod one proves the
other identity. The converse follows by re-using the proof of the second half of Lemma
6.2.10. 0

Let’s conclude this section with an example of a pre-equivalence bimodule. Recall that
so far we have seen that Morita equivalence is a symmetric and reflexive relation. This
example will show that it is transitive, and hence that Morita equivalence defines an

equivalence relation. This will be a crucial tool for us.

Example 6.2.15. Suppose that we have equivalence bimodules 4 F3 and Ge. We will
use Lemma 6.2.14 to show that their algebraic tensor product F' ©g G is an A — € pre-
equivalence bimodule. We have already seen how to construct a right C-valued inner
product on each right C-module (F ®3 G) 4, and how to construct a left A-valued inner
product on each left A-module ¢(F ©g G). This verifies the first two points required
of a pre-equivalence bimodule. Now we will show that the relevant functors are full, so
for a pair C,C’" € Ob(€), we must show that the set

Span{[¢, nle; A € Ob(A), § € (F o3 G)a(C"), n € (F o8 G)a(0)},
is dense in €(C,C"). Note that because G(_ is full, we know that the set
Span{(a, B)e; B € Ob(B), a € Gp(C"), B € Gp(C)},

is dense in C(C, C”"). We will now proceed as follows;

Claim 6.2.16. For C,C’ € Ob(C), the set
Sp@n{[&n]ea A€ Ob(‘A)a f € (F O:} G)A(Cl)a ne (F O:} G)A(C)}7

is dense in
Span{{c, B)e; B € Ob(B), a € Gp(C'), B € Gp(C)}.

Proof of claim: If we take ¢ > 0, @ € Gp(C’) and § € Gp(C), then we can use
non-degeneracy of G(_y to find Py G ,)BYi, where b; € B(B, B) and 4; € Gp(C),
such that

€
al

Tal > |18~ ZG(b,-)BéiH'
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We can now use fullness of F{_) to find, for each i, Z] _ (Vi Gji)s, where v, € Fa. (B)
and (j;, € Fa; (B), such that

e > b — Y (v, Gl
Ji

Now we have

e—ZZ%@a Gis ® dilell = [[{a G—ZZ (Vi Gi) - diell
o, ZZ Vi G - Gidel
< llalll - ZZ YierGic) - il
< llalllls - Zb 5II+HaHIIZb di — Zz<m,<ﬁ>g~6¢\|
i
<e+ ||a||2|y (bs —Z Vs Gji)B) - Ol
i

<e+ o|| ——19;

= 2e.

It follows from this claim that the functor (F' ©g G)(_ is full.

Claim 6.2.17. For objects A, A" € Ob(A), C,C" € Ob(C) and > ;& @n; € (F Os
G)a(C"), X;v;® (G € (F o5 G)a(C) and a € A(A, A'), we have

(@Y &Gon,y vegGe= &Gon,a > G



78

Proof of claim: We verify this claim directly;
Z§Z®HZ7ZV]®CJ Z<( &) ®@ni, v ® e

= Z mis (0 & vj)s - e

= Z (i, (& a" - vj)m - Ge
ZZ (& @mi, (@ vj) ® e

]
=0 G@n,a ) ek
i J

Similarly, one may verify that the functor (_y(F©3G) is full, and that the other equality

demanded in Lemma 6.2.14 is satisfied.

Claim 6.2.18. For all A, A’ € Ob(A), C,C" € Ob(C) we have the identity
A<$7y> R=X <y,Z>C,
for all

re(FopGa(C), ye(FopG)all), z€(FopG)alC).

Proof of claim: Given A4, A’ € Ob(A), C,C" € Ob(C), itis enough to verify the claim

for simple tensors

E@ne (FosG)a(C), gon e (FosG)a(C), g"on" e (FosG)alC).
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To this end, we compute;

Eon)- (e, @ne=(E2n) (0, (E€.)s 1")e)
=& (- (" )z -1, 1")e)
=@ (s, (" E)s ') -1")
=& (0", )s 1)) @0
§-s(nn' )€, )s) @n"
§-(& s, &)
A&, s’ m) - €
Ale-s(nn),€)) - (" @n").

® 77//
® 17//

(
(
(
= (

This might be difficult to digest in one sitting, but each of these steps follows directly
from standard facts, such as the axioms satisfied by inner products and the definition

of the inner product on a tensor product. |

6.3 Relationship With Category Algebras

It turns out that a C*-category is always Morita equivalent to its category algebra.
In [12] this is proved? for unital categories with countably many objects by directly
constructing an equivalence between the relevant categories of Hilbert modules. Here
we will prove our claim by constructing a pre-equivalence bimodule and using the theory
in the previous section.

We let B be a C*-category and let Z be the right Hilbert B-module that we’ve made
use of a few times by now. We have the identification A(B) = K(Z) and in particular
we have a *-functor

A(B) — Hilb-B,

which sends the single object of A(B) to Z. This of course induces a functor B°P —
A(B) — Mod, which is given on objects by B — Z(B). By a small abuse of notation,

we will also write Z for the bimodule. We can now say more about this bimodule.

Theorem 6.3.1. When B is a C*-category, the right Hilbert A(B) — B bimodule T :

4Strictly speaking this isn’t proved in the cited paper, since Morita equivalence isn’t defined there.
However using the results in our final chapter, we see that Joachim is showing that certain C*-categories
are Morita equivalent to their category algebras.
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A(B) — Hilb-B is an equivalence bimodule.

Proof. Our plan for this proof is to show that the non-completed bimodule Z° is a pre-
equivalence bimodule, so once we complete it we get what we want. We of course already
have the B-valued inner products, so our first step is to define, for each B € Ob(B), a
left A°(B) valued inner product on the left A°(B)-module gZ, and we define this by

7°(B) x I°(B) — A(B)

(S ) e XY e
7 J 7 7

It is straightforward to check that this is indeed an inner product, for example we have

<Zai,ij> = Z(Ilb; = ija;“ = <ij,2ai> .
% J i, 1,7 J %

For fullness of the functor A(B) — Hilb-B, we fix B, B’ € B(B, B’) and let (e)) be a
self adjoint approximate unit for B(B, B’), then for any b € B(B, B) we have

(ex,b)s = exb,

so that b belongs to the closure of J3(B, B') in B(B, B’). For fullness of the functor
BP — A(B) — Mod, we take f € AY(B). We view f as a sum

=Y. > fes

B/€Ob(B) BEOh(B)

where fg/g € B(B, B’), then for B € Ob(B), we let fp be the sum

fe= > fss
)

B'€Ob(B

This is a sum of morphisms into the object B, so is an element of Z°(B). For each
B' € Ob(B), we let (e¥') be a self adjoint approximate unit for (B)(B’, B'), then

observe that
B’ B’
a0y {fe.ex) = [ Bey
so when we pass to the closure of the relevant ideal, we recover each morphism fp' g,

then summing them all together recovers the original f, hence we get fullness. To check

the required positivity properties, note that the fact we have a *-functor Z : A(B) —
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Hilb-B means that A(B) acts on Z as adjointable operators, so by standard results we
have the inequality

(F-& &)z < IFIXE 6,
which holds when ¢ is from Z, so certainly holds when ¢ is from Z9. Next we will show
that

Ay (u-b,v) = gz (u,v-b%),
for u € I9(X’), v € I%(X) and b € B(X, X’). Writing u = Y, u; and v = > vj we

have

Ay (u-b,0) =Y (wb)vr =Y ui(v;b*)* = g@m)(u,v-b).
i?j Z?]
Using the proof of Lemma 6.2.14 we see that this identity implies the inequality de-

manded by the definition of a pre-equivalence bimodule.

For the final point, we refer back to part (ii) of Lemma 5.1.4. Hence we have that Z°
is a pre-equivalence bimodule, so it’s completion Z must be an A(B) — B equivalence
bimodule. O

Corollary 6.3.2. C*-categories B and C are Morita equivalent if and only if their
category algebras A(B) and A(C) are Morita equivalent.

Proof. Writing >~ for the equivalence relation of Morita equivalence; if B and € are
Morita equivalent, then we have

so by transitivity A(B) ~y; A(C). Conversely, if A(B) and A(C) are Morita equivalent,
then we have
B~y A(B) ~ A(C) ) C,

so again by transitivity, B ~p; C. O
6.4 Properties of Equivalence Bimodules

We begin this section with the following theorem, more or less stating that equivalence

bimodules are invertible.
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Theorem 6.4.1. If 4Fy is an A — B equivalence bimodule, then we have bimodule

isomorphisms
F®s F=A(—,=), F®q F=B(—,=).

Proof. We will prove the existence of the second isomorphism, and the other follows
from a similar argument. We will use our characterisations of bimodule isomorphisms,

and the first step in this is to construct a family of maps
{3®p : Fg ®4 gF — B(B,B'); B,B' € Ob(B)}.
We take B, B’ € Ob(B), and recall that
Fp @4 pF = Fp ¥y pF,

so our first move is to use the universal property of coends to define a linear map
Fp Gy pF — B(B,B'). We fix A € Ob(A), and we note that

F/(A) x gF(A) = g F(A) x Fs(B) = Fo(B') x Fs(B).

We define hy : Fr(A) x gF(A) — B(B, B') to be the composite

(b,id)

Fa(B') x Fa(B) Y Fy(4) x F(4) "

=7 B(B, B).

This gives us a family of maps {hs: A € Ob(A)}, and for each a € A(A, A") we need

the following diagram to commute,

Fu(B) x Fa(B) XY £.(B) x Fu(B)

(Fla) ,id)i l

FA(BI) X FA(B) E— FB’ Elfl BF

checking this is straightfoward; we take (b(«), 3) from the top left corner, then
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ha(Fayp(a), B) = ha((Farya, B)
= (Flgwy, )
= (a, F(o)3)
= ha(0(a), Fa)B).

So the universal property of coends gives us a unique linear map p®ps which fills in
the dashed arrow of the diagram, so that the whole thing still commutes. We need
to check that our maps extend to the completed coend, and for this we show that the

inner product on Fo 4 F' is preserved.

(50 (@) @ Ba) . 50p (D b(ra) @ b))

BPp(b(aa) ® Ba), BPp (0(7ar) ® dar))
(@a, Ba); (yar, 0ar))

(

(
(Basaa){yar,da)
(Basaa-(ya,0u))
(

(

Ba, (oA, var) - dar)

(0(yar),b(ca)) - Ba,dar)
A)

MM MMM M
i

@

(a

|

One may verify each of the steps in the above calculation by carefully picking back

®ﬂA7Z|7 (var) ®5A’} :

through things like the definition of the inner product on a tensor product and prop-
erties of equivalence bimodules.

It follows from this that we have linear maps g®p: : Fp ®4 gF — B(B, B') which
preserve the right and left B-valued inner products. Our final task is to check that
these maps have dense image, but this follows immediately from the fullness conditions

we impose on equivalence bimodules. O

6.4.1 An Alternative Characterisation of Equivalence Bimodules

For equivalence bimodules over C*-algebras, there exists the following alternative char-

acterisation of equivalence bimodules.

Proposition 6.4.2. If A and B are C*-algebras, X € Hilb-B and ¢ : A — L(X) is
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a *-homomorphism, then X is an equivalence bimodule if and only if it is a full right

Hilbert B-module, and ¢ induces an isomorphism A = IC(X).

In this section we will show that a similar result holds for our equivalence bimodules

between C*-categories.
Lemma 6.4.3. Let 4 F5 be an A—B equivalence bimodule. Then the right action F_)

18 a faithful *-functor.

Proof. Fix any pair A, A’ € Ob(A), we need to show that the map
Froyt A(AAY) — L(Fa, Fa),

is injective. We assume that we have a € A(A, A") for which F(,) = 0 and towards a
contradiction, further assume that a # 0. We let (u)) be an approximate unit for the
C*-algebra A(A, A), then given € > 0 we use Lemma 1.2.14 to find A such that

€
- < .
la - ausl < 5

Condition (i7) in the definition of an equivalence bimodule means that we can find a
sum Y ;-1 4(&,ni), where & and n; belong to Fy,(B), such that

'u)\ _ZA 617771

2|| I

which implies that

DN

auy —a Y al&im)

Now we combine our inequalities, to see that

€= % 4 % > |la — auy|| + ||auy — CLZA<§1',77¢>

i

a— GZA<&’W>

The assumption that F,) = 0 now tells us that

CLZA<£i777i> = ZA<(1 &, mi) = ZA<F(a)B£i777i> =0
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So that ||a|| < € for each € > 0, and therefore ||a|| = 0. O

Corollary 6.4.4. Let 4Fp be an A — B equivalence bimodule. For each pair A, A’ €
Ob(A), the functor F(_y gives an isomorphism

A(A, A) = K(Fa, Far).

Proof. The previous result tells us that F_y is faithful, so for A, A" € Ob(A), the map
Fy A4, A"Y — L(F4,Fy) is an isometry and hence has closed image. To finish
the proof, we need to show that the map is surjective onto the relevant set of compact
operators. We take B € Ob(B) and vectors £ € Fa/(B), n € Fao(B). Then we have

Floem) =al&m - (=) =£&-(n,—)s,

where the second equality follows because F' is an equivalence bimodule. This shows
that F{, ,)) is a rank one operator in K (Fa, Fyr). Fullness of the equivalence bimodule

means that
Span{ﬂ<£7n>; B e Ob(B)a € € BF(A/)7 ne BF(A)}a

is dense in A(A, A’). This tells us that F{_y is a map
A(A, A') — K(Fa, Far),

and moreover F(_)y maps the linear span stated above into the space of finite rank
operators Fy = Fly, which is dense in K(F4, Fas). This shows that we have the

claimed isomorphism. O

Remark 6.4.5. The previous two results can be distilled, leaving us with the statement

that an equivalence bimodule F{_) : A — Hilb-B is in fact a full and faithful *-functor
F_y: A — Hilbg-B.

As a converse to the last few results, we have the following.

Proposition 6.4.6. Suppose that F_y : A — Hilb-B is a full right Hilbert A — B
bimodule such that for each pair A, A" € Ob(A) the functor F induces an isomorphism

A(A, A") = K(Fa, Fu).

Then F' is an equivalence bimodule.
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Proof. First we shall define, for each B € Ob(B) an A-valued inner product on gF' to

be the following composite,

BF(A)) x gF(A) —— K(Fa, Fa) 255 A(A, A

&n) ————— &, )3

The computation

ale-bym) =FH((E-b) - (n,—)s) = F (& (n-b",—)n) = al&n - 0,

where b € B(B,B’), { € pF(A’) and n € p/F(A) shows that the functor (_)F is a
*-functor into A-Hilb, hence F is a bi-Hilbert A — B bimodule. By definition, the set

Span{& : <777 _>Ba B e Ob(B)a ne FA(B)7 5 € FA/(B)}7
is dense in K(F4, Fa/), so the bimodule 4 F is also full. Finally, we observe that

A&m - C=Fr1,emns =& (0, ()s,

so that F(_) satisfies all the properties required of an equivalence bimodule. O

One immediate consequence is the following.

Corollary 6.4.7. If F(_y: A — Hilb-B is a right Hilbert A — B bimodule, then F' is

an equivalence bimodule if and only if F' is full and induces an isomorphism
A(AA') = K(Fa, Far),

for each pair A, A’ € Ob(A).

Remark 6.4.8. Note how this corollary gives us an alternative proof that we have an

equivalence bimodule between a C*-category and it’s category algebra.



Chapter 7

The Bicategory of

Correspondences

Here we will introduce the bicategory of correspondences. This will be an analogue of
the bicategory of C*-algebras introduced by Landsman [17]. Later will will show that
the category algebra construction is a pseudofunctor from our bicategory to Landsman’s
bicategory of C*-algebras. First we will fix an extra piece of notation that we will make

frequent use of in this chapter.

Notation 7.0.1. If A and B are C*-categories and we have a correspondence F{_ :
A — Hilb-B, then we will write

A—L 3B

to indicate that F(_) is a correspondence from A to B.

7.1 Constructing The Bicategory

The goal of this section is to show that we have a bicategory whose objects are small C*-
categories, whose 1—cells are correspondences, and whose 2—cells are homomorphisms
of correspondences. For the definition of a bicategory, one may consult [19, XII.6],
or the short document of Leinster [18]. The first step of constructing our bicategory
is showing that the collection of correspondences between two C*-categories forms a

category.
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Lemma 7.1.1. For C*-categories A and B, we have a category Cort(A, B) whose ob-
jects are A — B correspondences, and whose morphisms are correspondence homomor-

phisms.

Proof. Given F,G, H € €Cort(A, B), we need to define the composition law
hom(F,G) x hom(G, H) — hom(F, H).

Given 0 : F'= G and ¢ : G = H, we define ¢ o § to have components

YA,B

Ga(B) "5 HA(B); A€ Ob(A), B € Ob(B)}.

0a,B
—

{Fa(B)

It is straightforward to check that 1)of is a homomorphism of correspondences. Further-
more, this composition is associative, and given F' € Cort(A, B), we have an identity

homomorphism with whose components are the relevant identity maps,

{id : Fu(B) — Fa(B); A € Ob(A), B € Ob(B)}.

Now we need to construct the composition bifunctors for our bicategory.

Proposition 7.1.2. For each trio of C*-categories A, B and C, we have a bifunctor'

came: Core(A, B) x Core(B, C) — Corr(A, C).

Proof. We define the bifunctor on objects by
case(F,G)=F®sG.

We have previously shown that the interior tensor product of two correspondences
is again a correspondence, so this at least makes sense. Now we need to define the

behaviour of ¢4 g ¢ on morphisms, so suppose that we have the following setup,

F G
AT B e
~_. \_,L//r

F’ G

"When we say bifunctor, we simply mean a functor whose domain is the product of two categories.
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We will write § ® 1) for the homomorphism c4 3 ¢(0,), the (A, C) — th component of

which we define as follows; for B € Ob(B), we consider the following map,

F4(B) x ¢G(B) — F, [y ¢G’
(§;m) — 04,8(5) @B .c(n).

This gives us a family of bilinear maps, and we can check that for each b € B(B, B')

the following diagram commutes,

Fa(B') x oG(B Y8, (B x cG(B)

(Pa®)ia) | |

FA(B) X CG(B) E— FA DcG/

Appealing to the universal property of coends, this presents us with a well defined

linear map
FAO G — F)y G

We now check that these maps extend to ones between the completed coends, so let

x=7,&®n € FxdcG, then make the following computation,

1611111 (z, ) — (6 @ (), 0 @ () = (. [|6]] |12 — 670 @ ¥4 (x))
= (@, >_(I0lll[ll& @ m — 0°0(&) @ v (m:)))

(2

= (2. )_(l6llidr, —0"0)& ® (|¢llidee =¥ ¥)m)

(2

= (2, 556 © T*T1y;)
= <Z S(&) @ T(m), Z S(&) @ T(mi))
> 0.

The equality marked ! uses a similar argument to that employed in Claim 4.2.6 to
see that the operators 0| idp, —6*0 and |[¢||id,q —¢*1 are positive. It follows that
10 @ ()|l < 10][||]|||z]] so we get a well defined linear map

FAR G — FyR G
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Running this argument through with 8* and ¢* then gives us a well defined linear map
FiR oG — F4 XK oG.

We need to check that for each A € Ob(A), we can assemble these maps to get a

bounded adjointable operator
(F®p G)a(—) = (F/ @3 G')a(—).

To this end, we take sums ), & ®n; € Fa [ oG and Zj f;- ® 772- € F4 0 ¢G, then we

have the following,
Z&@nz,e@w Z@@m Z(m&fsz, s - v()))e
—Zn, s m))e
—Z €), )5 - mj)e
9*®¢ Z£®n Zf ® 11}).

Note that for the second equality, we have used point (i7) in the definition of ¢ being

a correspondence homomorphism. This implies that we have

[, 0 @ ] = [0 @47, ],

for all « € Fq X G and B € F4 K G, so that we have an adjointable operator as

required. Earlier we obtained the bound

10 @ (@)l < [16[l{12] =],

when x € F4 4 oG, which continues to hold true when =z € F)4 K, oG so that

sup [0 @ v ()| < [|0]ll|]],

[l=]I<1

which shows that our operator is a bounded adjointable operator. It is straightforward

to check that we also have module homomorphisms

c(F®3G)(—-) = c(F @3 G)(-),
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for each C' € Ob(€). Furthermore, it is evident that the assignment (6,1) — 6 ® ¢ is

functorial. 0

Now we shall construct unitors.

Proposition 7.1.3. For each C*-category B, there is idg € Core(B, B) such that we

have natural isomorphisms of functors
cp,p.e(ids, —) ~ideen(se)y,  Bee(— ide) = ideow(s,e) -

Proof. We let idg be the equivalence bimodule B(—,=). For the first isomorphism, we

need to construct, for each F' € Corr(B, C) an isomorphism of correspondences
idg @ F' = F.
For this, we need to define, for each B € Ob(B) and C' € Ob(€) a map
(idg ®pF)p(C) — Fp(C).
With B, C as above, we define a map for each B’ € Ob(B) by

fB(B/,B) X CF(B/) — Fp(C)
(0,€) = Fipyc(§).

This gives a family of bilinear maps, which make the following squares commute

B(B",B) x ¢F(B') — B(B",B) x ¢F(B')

| |

B(B',B) x ¢ F(B") ——— Fg(C),
because (bb') - £ =b- (b - ). This gives us well defined linear maps
B(—,B)H F — Fp(C),

and we can use non-degeneracy of F' to see that the image of each of these maps is

dense. The equality

[b ® 57 v ® 5,} = (’Sa <b7 bl)@ : §/>(3 = <§? b*b' - §/>(3 = <b ' 57 v £I>€7
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may be used to show that the maps preserve the right C-valued inner product. This

proves that for each B € Ob(B), we have a unitary isomorphism
(idg ®BF)B(_) ~ FB(—).

Finally we can easily check that for each C' € Ob(€), the maps we constructed give a
module isomorphism
c(ids @sF)(=) ~ ¢ F(-).

So far we have constructed, for each F' € Cort(B, €C) an isomorphism
idg @pF ~ F.

To check that this gives a natural isomorphism as claimed, we take F, F’ € €Corr(B, C),
6 : F = F’ and need to show that for each B € Ob(B), C € Ob(€), the following

diagram commutes,

(idg ®BF)B(C) e FB(C)

| Js

(idg ®BF/)B(C) —_ FJIB(C),

which is easily done and we omit the details. Proving that we have the other natural
isomorphism is similar, we begin by fixing B € Ob(B) and C' € Ob(C), then define for
each C' € Ob(€) a map

Fp(C') x €(C,C") — Fp(C)
(n,¢) = mn-c

We can then run a similar argument to the one used earlier, except rather than using
non-degeneracy of F' to show that our maps have dense image, we use the fact that

each right Hilbert C-module Fp is non-degenerate. O

Proposition 7.1.4. There exists a natural isomorphism o as depicted in the following

diagram.
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Corr(A,B) x Corr(B, C) x Corr(C,D)

Cﬂqg’exid

Corr(A,C) x Corr(C, D) = Corr(A,B) x Corr(B,D)

CA,C,D

Corr(A, D)

Proof. The first thing we need is to show that for suitable F, G, H we have an isomor-

phism of correspondences
(F o3 G)®e H=F Qs (G®e H).
So we need a family of maps
{[F & (G ®e H)]a(D) — [(F & G) @¢ H4(D); A€ Ob(A), D € Ob(D)}.

These maps are constructed in stages. Fix A € Ob(A) and D € Ob(D). For B €
Ob(B), we fix a choice of ( € F4(B), then for C € Ob(C€) define the following map

TéGB(C) XDH<C) — (FA (S0} G) E‘@ DH
f@n— (CRE®n.

The family {7, é}CeOb(@) is a collection of bilinear maps, and by construction, if ¢ €
C(C, ") then

Te(€-con=(Cet-gen=((8 Jon=(eacn=TwEon),
so that by the universal property of coends, we get a well defined linear map

TC:GBDQDHH(FAQ@BG) Lle pH.
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Let’s make a computation;

<TC(Z & ®ni), TC(Z Gon)) =0 (&) @, Y (&) @n)

[ i

= Z«C@&') ®ni, (C® &) @ ;)

2

=> i, (@&, C®E) )

.3

=3t 660 &) )

,L'7j

= (& ®ni, (¢, 0) - &) @)

/L"j

— Z(C ® (& ®ni), ¢ ® (& ®@mn;))

i’j

={(® (Z& ®mni), ¢ ® (Zﬁz‘ ®ni))-

Together with the Cauchy-Schwartz inequality, this shows that the map T¢ is continu-

ous, so extends to a continuous linear map
T¢ : GpXe pH — (F4 ®3 G) Ke pH,
which by the above must satisfy (T¢(x),T¢(z)) = (¢ ® z,{ ® z). Each mapping

Fa(B) x p(G© H)(B) — (Fa®a G)¥e pH
(G a) = T(2),

is bilinear and B-balanced, so we get a well defined linear map

T:FADBD(G®H)—>(FA(X)BG)&@DH.



CHAPTER 7. THE BICATEGORY OF CORRESPONDENCES 95

We make another computation, making full use of the previous work
(T Go), T G@w)) =Y (T(G® ), T(G )
i i ij
=Y (T (i), T ()
(2
= (6@, ¢ @)

i,j
= <ZCz ®$i,ZCi ® ),

and this shows that the map T extends to a continuous linear map
FARyg p(G® H) — (Fs 93 G) Ke pH.

This gives us our required family of maps. A similar computation to the one above
shows that the maps are inner product preserving, and it is almost trivial that they have
dense image, so we get unitary operators as required for our correspondence isomor-
phism. It is also straightforward to verify that the maps assemble to give isomorphisms

between the relevant left modules, so that we have a correspondence isomorphism.

In order to check that we have a natural isomorphism between the composition functors,

we need to check that the following square commutes,

F@g (G®e H) == (F @ G)®c H

! !

F' @4 (G'®e H) — (F' @3 G') ®e¢ H’

which requires checking that the following square commutes, for each pair A € Ob(A)
and D € Ob(D),

[F' @3 (G ®e H)|a(D) —— [(F @3 G) @ H|a(D)

| |

[F' @3 (G' @ H)|a(D) —— [(F' @3 G') ®e¢ H'|4(D).

If we follow a tensor of the form ¢ ® (£ ® ) around this diagram, then it trivially
commutes, and then to extend the result we can appeal to things like the linearity and

continuity of all the maps involved. O
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We omit the details for checking that the triangle and pentagon axioms are satisfied,

but they are straightforward to verify.

7.2 The A(B) Construction is a Pseudofunctor

One of the drawbacks of the category algebra construction is that it is, in general, not
functorial for *-homomorphisms [12, p.652]. However, notice that if  Fe is a correspon-

dence, then we can consider the composite

A(B) B—L,e A(@),

where the unlabelled correspondences are equivalence bimodules. Consequently, we see
that each correspondence between two C*-categories defines, in a very natural way, a

correspondence between their category algebras.
First we need a definition of a bicategorical nature.

Definition 7.2.1. Let S : € — B be a pseudofunctor between bicategories. For
B € Ob(B), we say that X € Ob(C) and u € B(B, S(X)) are a biuniversal arrow from
B to S if for every C' € Ob(C), the functor

e(X,0) % B(B,S(C))

frS(f)ou
0 — S(0) *id,,

is an equivalence of categories.

Now let’s show that in our setting we have biuniversal arrows, where the pseudofunctor
under consideration is the inclusion from the bicategory of C*-algebras to the bicategory

of C*-categories.

Lemma 7.2.2. Let B be a C*-category, and consider the pair (A(B),i;) consisting of
the category algebra of B and the equivalence bimodule i’;. Then for any C*-algebra C,

the functor

Core(A(B),C) L Core(B, C)
F— ig ® F
0 id 20,
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18 an equivalence of categories.

Proof. We define our candidate for an inverse functor by

Core(B,C) L Core(A(B), O)
G—1IgR®G

w — 1d Quw.

We consider the composite ¢ o 1), noting that for each G € €orr(B, (') we have a chain

of invertible 2-cells
I3 ® (ITs © G) = (I ® Ip) ® G = idg @G = G.

We use these compositions of 2-cells to define the components of our proposed natural
isomorphism ¢ o 1 = id. We now need to check that for each 6 : G = G’, we have

commutativity in the following square,

pop(G) —— G

! |

¢op(G') — ¢

We expand this square using our construction of the horizontal arrows, and add some

additional vertical arrows,

I ® (I ® G) =—= (I3 ® Ip) ® G —— idg ®G —— G

ﬂ P

Ip® (I ®G) — (Ip 0 I3) ® ¢ — idg 8G' —= G'.

The left and right squares commute by naturality of associators and unitors in a bi-
category, and the central square commutes by direct computation, hence our original
square commutes and we have a natural isomorphism ¢ o1 = id. Checking that we
have a natural isomorphism ¥ o¢ = id is similar; if F' € Cort(A(B), C), then we use the

following chain of 2-cells to define the relevant component of our natural isomorphism
Iy ® (Is ® G) = (Iy @ Ip) © F = id gy OF = F.

Checking the rest of the details follows much the same as we did above. O
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We can say a little bit more about the functors involved in the previous result.

Lemma 7.2.3. If B is a C*-category, then for each C*-algebra C the functors
Cort(A(B),C) L core(B,C),  Core(B,C) L Cort(A(B), C),

are an adjoint pair.

Proof. We’ll check the characterisation of adjoint functors via universal arrows to check
that v is right adjoint to ¢. If F' € €ort(A(B),C), then because ¢ and v constitute an

equivalence of categories, we have an invertible 2-cell

and we will check that the pair (¢(F'),nr) are a universal arrow from 1 to F'. Suppose
that we have G € Core(B,C) and a 2-cell § : F' = (@), then the composite 6 o " is
a 2-cell Po(F) = (G). Because v is an equivalence of categories, we have a unique
2-cell w_l(Hngl) : ¢(F') = G which makes the following triangle commute,

F == go(F)
0 ﬂw(w*(en;l»
¥(G)

So it follows that v is right adjoint to ¢. Similarly we can check that ¢ is left adjoint
to . If G € €ore(B, C), then we have an invertible 2-cell

eq : pY(G) = G.

Given F' € Cort(A(B),C) and a 2-cell § : ¢(F) = G, then look at the composite
6510«9 : o(F) = ¢1p(G). Because ¢ is an equivalence, we have a unique 2-cell gb‘l(e&lﬁ) :
F = ¢ (G) making the following diagram commute,

¢(F)

¢(¢—1(e510))ﬂ \

" (G) == G.

€G
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Remark 7.2.4. At this point, one might like to say that since we have these biuniversal
arrows, then there exists a pseudofunctor that is left biadjoint to the inclusion functor
from the bicategory of C*-algebras, to the bicategory of C*-categories. However we
couldn’t find any reference where it is shown that the existence of biuniversal arrows
implies the existence of such a biadjoint. The closest we could find was [9, Theorem
9.16] where it is proved for pseudofunctors between 2-categories. The following result

is the best progress we could make on this matter.

Lemma 7.2.5. The assignment

B — A(B)
Corr(B,C) 3> F i A(F) = (Is @ F) ® T¢
hom(F,G) 3 6 — A(0) := (1d®0) ®id,

defines a pseudofunctor from the correspondence bicategory of C*-categories to the cor-

respondence bicategory of C*-algebras.

Proof. Consider the inclusion pseudofunctor from the bicategory of C*-algebras to the
bicategory of C*-categories. This pseudofunctor is essentially surjective on objects,
because we have for each C*-category B, a C*-algebra A(B) and adjoint equivalence
between B and A(B). Trivially it gives an equivalence (equality!) between the relevant
hom-categories, so that the bicategorical Whitehead theorem [13, Theorem 7.4.1] tells
us that there is a pseudofunctor from the bicategory of C*-categories to the bicategory
of C*-algebras. Picking through the proof in the referenced paper, one can check that
the inverse pseudofunctor constructed there is defined on objects, 1-cells and 2-cells by

the rules stated in this lemma. O

7.3 Equivalences in the Bicategory

To finish this chapter, we include the following result, classifying the equivalences in

our bicategory.
Lemma 7.3.1. A correspondence

RN

is an equivalence in our bicategory of C*-categories if and only if it is an equivalence

bimodule.
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Proof. If F' is an equivalence bimodule, then Theorem 6.4.1 shows that it is an equiv-
alence in the bicategory. Conversely, if we assume that F' is an equivalence, then we
note that the pseudofunctor A(—) automatically preserves equivalences, and that the
equivalences in the bicategory of C*-algebras are precisely Morita equivalences. Conse-
quently, the correspondence A(F') is an equivalence bimodule between A(B) and A(C),
so that B are Morita equivalent. This isn’t quite the statement that we needed to
prove, however by transitivity of Morita equivalence, the following tensor product is an
equivalence bimodule,
Ts @ A(F) @ Te.

Moreover, we have the following chain of isomorphisms,
Tp @ AF)®Te = (T 9Ts) @ F @ (Te 9 Te) B F@CF,

which proves that F' is an equivalence bimodule. ]



Chapter 8
Strongly Continuous *-functors

In this chapter we are going to be considering *-functors between categories of Hilbert
modules, which satisfy an additional continuity condition. Our goal is to demonstrate

that Morita equivalent C*-categories have equivalent categories of Hilbert modules.

We’ll begin by introducing strongly continuous *-functors. Our definitions are adapted
from [4]!.
Definition 8.0.1. If A is a C*-category and &, F € Hilb-A, then a net of operators
(T)) in L(E,F) is said to converge strongly to T' € L(E, F) if for each A € Ob(A), we
have

1(Tx) A& — Tag|| — 0,

for all £ € £(A). The net (7)) is said to converge *-strongly to T if additionally we
have

1(TX) a8 — Th¢| — 0.
Definition 8.0.2. We say that a *-functor F': Hilb-A — Hilb-B is strongly continu-
ous if whenever (7)) is a bounded net in L(F, F') converging strongly to T' € L(E, F),
the net (F(Ty)) converges strongly to F(T).

Perhaps the above definition feels slightly too weak, since it doesn’t explicitly take into

account any sort of continuity with respect to adjoints. This isn’t a problem.

Proposition 8.0.3. For a *-functor F' : Hilb-A — Hilb-B, the following are equiva-

lent;

Tt is worth noting that [4] uses different notations to our exposition, due to the fact they are
working with categories of Hilbert modules over C*-algebras but with all bounded module maps (not
just adjointables) as morphisms.
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(i) F is strongly continuous,

(ii) F is *-strongly continuous, where *-strong continuity is defined by taking Defini-

tion 8.0.2 and swapping strongly with *-strongly,

(iii) The restriction F : Hilbx-A — Hilb-B is a non-degenerate *-functor.

Proof.

(1) = (i)

(ii) = (iii)

If (T) is a bounded net in £(&, F) which converges *-strongly to T' € L(E,F),
then we have the identity

IF(Th) = F(T) x| = |[F(TX)z — F(T7)z|,
the right hand side of which converges to 0 because F(T}) converges strongly to

F(T™).

Let £ € Hilb-A and let (e)) be an approximate unit for K(£). Then (ey) con-
verges strongly to ide and so F'(e)) converges strongly to idpg) and it follows
that F': K(€) — L(F(£)) is a non-degenerate *-homomorphism.

If we take a bounded net (7)) in £(€, F) which converges strongly to T" € L(&, F),
then it is easy to check that for a compact operator K € K(€) we have T\ K —
TK. For each B € Ob(B) and & € F(£)(B) we use Lemma 2.6.5 to write

g = KB(T/)7

for some K € IC(F(E)) and n € F(E)(B). Given € > 0, we use our non-degeneracy
assumption to find K; € K(&) and T; € K(F(&)) for i = 1,...,k such that

€
|K =S F(K)T| < ———.
2 3]z

where M is a constant satisfying ||T)|| < M for all A\. Now we can make estimates
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as follows,

IE(T2)€ = F(T)E| = [1F(Tx )K ( ) = F(T)Kp(n )H
[E ZF H+HZF Th\K; = TK)Ti(n)|

<
- + [ F(T ZF — Kp(n))l|

IN

€
I35 + Z |F(T\K; — TK) || Ti(n)|| + IITHm
(2

IN

2€
S+ IF(INK; — TE)|Ti(n)])-

Each operator K; is compact, so by our opening remarks and automatic continuity
of F', we know that F(T\K;) — F(TK;). So for each i, we can find \; such that
A > )\; implies

HF(T/\KZ — TKJH < —
3/<?HT( I’

If we majorize all the A; by Ao, we see that A > Ay implies

€
| P13k = TE) [T < S 1T - <
2 2 ST = 3

Hence it follows that A > g implies

IE(TY)E = F(T)E]l <,
so we have strong convergence of (F(Ty)) to F(T) as required.

O

Example 8.0.4. Let F' be an A — B correspondence. We have a *-functor (—) ®4 F :
Hilb-A — Hilb-B defined on objects by

E—E®yF,

and on morphisms by
T—T®id.

Checking that this is actually a *-functor can be done via similar arguments to those
we used when constructing the composition bifunctors for the bicategory of correspon-

dences. We will show that this *-functor is strongly continuous, so let (7%) be a bounded
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net in £(D, £) which converges strongly to T € L(D, ). For B € Ob(B), we first take
a sum of simple tensors z = Zle &@n; € (E®aF)(B). Note here that each §; € £(A;)
and n; € Fy,(B) for A; € Ob(A). Now we can make an estimate like so,

Ty ®@id)zr — (T ®@id)z|| = || Z(TA& —T&) @il < Z I T5&i — T&llllmil-

For each i, we use the strong convergence of (7)) to T to find \; such that A > )\;

implies
€

k|l

Now we majorize all the A\; by Ay, and we see that A > \g implies

€
D O ITa& = Télllnell <> il (73l = €.
; i i

|Ta& — T&| <

Now we let x € (£ ®4 F)(B) be arbitrary. Our assumption that the net (7)) is
bounded means that we can find some constant M such that [|T) ®id || < M for all A
and ||T®id| < M. For € > 0 we estimate = by a sum of simple tensors, so we find
& € E(A;), mi € Fa,(B), such that

3¢
[l — Zfi@ﬁi” <
7

For clarity in the following estimates, we define y = Zle & ®n;. Then,

(T @id)z — (T @id)z|| < [(Th @id)(z — y)[| + |(Tx @ id)y — (T @id))y[| + [(T @ id)(y — 2)|
<[ Ty@id|lllz -yl + 1T @id |||z -yl + ] Z(T)\ —T)& @ nill

)

2¢
<SH M -Tg@mn|.
i
From our earlier work, we can find Ag such that A > A\g implies

€
(Th — T)& @ mil| < 3

which implies that the net (7 ® id) converges strongly to 7' ® id and we are done.
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8.1 Theorems Involving Strongly Continuous *-Functors

The goal of this section is to prove that a pair of C*-categories are Morita equivalent if
and only their categories of right Hilbert modules are equivalent, with the equivalence

implemented by a pair of strongly continuous *-functors.

Lemma 8.1.1. Let B be a C*-categories, and write idg for the correspondence B(—,=).

Then we have a unitary isomorphism of *-functors

(—) ®@¢ idg = id -5 -

Proof. This is similar to the construction of unitors in the bicategory of correspondnces,
so we will only sketch it. To start, we need to construct, for each right Hilbert B-module
£ a unitary isomorphism

E®pidg = €,

and the starting point of this isomorphism is to define the following map, for each pair
B, B’ € Ob(B),
E(B") x B(B,B') — &£(B)
(7,b) —n-b.

Then we use the universal property of coends to deduce that we have a well defined

linear map

£(B)Es B(B, —) — &(B).

Lemma 2.3.1 explains that the image of each of these maps is dense, and one can verify
that they are inner product preserving via direct computation. Our earlier characteri-

sation of unitary isomorphisms then shows that we have isomorphisms
£ ®pidg = €&,

as required. Verifying naturality is also straightforward from the observation that any

adjointable operator T : £ = &’ satisfies

T(n-b)="T(n)-b.
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Combining this lemma with Theorem 6.4.1 yields the following.

Corollary 8.1.2. If F' is an A — B equivalence bimodule, then there is an equivalence
of categories
Hilb-A ~ Hilb-B,

implemented by the strongly continuous *-functors (—) @4 F and (—) @ F.

Proof. Using the notation from the previous Lemma, we know from Theorem 6.4.1
that F' ®3 F ~id 4. To verify our claim, we need to show that we have a natural
isomorphism

((—) ®a F) @3 F ~ idmiiba -

For any bounded adjointable operator T : £ = £’ we consider the following diagram

(EQUF) @3 F —— E@4 (FRp F) —— £@4idy —— &

| | | |

(E'@AF) @3 F —— &' @4 (F@sF) — & @uidg — &'

The rightmost square commutes by the previous Lemma, and the other two commute

by direct computation. This confirms that we have a natural isomorphism
(=) ®a F) ®p F ~ idHilb-a,

as required, and the other case is similar. ]

To finish this chapter, we present the converse.

Proposition 8.1.3. If B and C are C*-categories, and we have a strongly continuous
*-functor
F : Hilb-B — Hilb-C,

which is an equivalence of categories, then B and C are Morita equivalent.

Proof. Consider the following diagram of strongly continuous *-functors.

Hilb-B — + Hilb-C
(—)®A<'B>I‘BT J/(*)®cf(;
Hilb-A(B) Hilb-A(€).



CHAPTER 8. STRONGLY CONTINUOUS *-FUNCTORS 107

The composition of these three functors gives a strongly continuous *-functor Hilb-A(B) —
Hilb-A(C) which moreover is an equivalence of categories, since each of the functors
involved is an equivalence. It now follows from [4, Theorem 5.5] that A(B) and A(C)

are Morita equivalent, hence B and € are Morita equivalent. O
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