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NOTATION

area of tensile reinforcement.

shear span, i.e. horizontal distance "between a load point
and the corresponding support point.

flexural span, i.e. distance between the load points.
flange width.

web thickness.

compressive force.

effective depth.

overall depth of test specimens.

limiting strain at which concrete crushes in a beam,
concrete strain on upper surface of a beam at a loading
point, corresponding to "inclined tension cracking",
concrete strain at level of reinforcement, due to
effective prestress.

strain in concrete adjacent to the steel at point of
maximum moment.

steel strain corresponding to effective prestress.
steel strain at "inclined tension cracking”.

- (e + e

e
SC se ce

steel strain at failure of beam.

€y ~ ©sc T increase in steel strain after "inclined

tension cracking”.



correction factor.

effective prestressing force.

concrete cube crushing strength.

effective concrete prestress at the centre of area
of the concrete section.

modulus of rupture.

effective steel prestress.

stress in reinforcement at failure of beam.
briquette tensile strength of concrete.
compressive strength of concrete determined by
6 ins x 12" cylinders.

tensile strength of concrete deter, ined by the
cylinder splitting test.

strain compatibility factors.

factor relating to the stress distribution in
the compressive zone in a shear—compression
failure (see section 15).

friction constant.

factor relating to the stress distribution in
the compressive zone in a shear—compression
failure (see section 15)

ratio of neutral axis depth at "inclined tension
cracking” to effective depth.

ratio of average upper flange depth to effective depth.



ratio of depth to the inclined craclc at failure
to effective depth.

total ultimate bending moment.

= reinforce.aent ratio.
bd

total diagonal cracking load,

total ultimate load,

tensile force.

ultimate tensile stress of the steel reinforcement,
shear force.

shear force transmitted by the tensile reinforcement.
total shear force at diagonal cracking.

total shear force acting -wen inclined cracking
subsequent to cracking at the junction of the web
and the upper flange crosses the web.

total ultimate shear force at failure following
diagonal cracking.

total ultimate shear force at failure following
cracking at the junction of the web and the upper
flange.

normal stress.

principal stresses.

principal stresses at failure.



mean normal stress acting over the surface of
an infinitesimal spherical volume,

shearing stress.

mean shearing stress acting over the surface of

an infinitesimal spherical volume.



I 1 "TiCDUCTION

1. Shear Failures

Any restressed concrete bean which fails within a zone
m\here stresses due to shear exist or fails in some manner associated
with cracking or other phenomenon within such a zone may generally
"be said to have failed, in some part, due to shear. The extent
of the influence of the shear stresses, however, varies with the
beam specifications and the type of loading*

For the purposes of this thesis, shear failures are defined
a—+ failures occurring, wholely or partly due to stresses within
those parts of the beom —-which are subject to shear.

2. Cbject and 3cope

The experimental studies described in this thesis wviere under-
taken to provide'more information of the behaviour of prestressed
concrete beams without web reinforcement when subjected t, shear.
Studies of the influence of the following major variables are
included.

1) ,.aount of longitudinal reinforce ent. A wide range of
percentages of tension reinforcement was used in order to co-ordinate
work of other observers” 52,72’~"\vho had concentrated on small un-
connected ranges.

2) Length of the shear span. This, together with the shape of

cross—section, was considered tv be one of the major influences



affecting the mode of failure and the ultimate load of a beam.
Previous work in this respect™"5'* "'~’had mostly been concentrated
on rectangular beaus. This variable is therefore included in the

investigation to discover its influence on I-section beams.

3) Shape of cross-—section. Previous work on the influence of
this variablen~1 is limited and generally lies outside ranges
of other variables considered in this investigation. This variable

is therefore studied with, the aim of co-ordinating results of the
resent investigation with previous work.

4) Type of curing. It was considered that the type of curing
employed and consequent shrinkage properties of the beams may influence
the shear failure of prectressed concrete beams. Six otherwise iden-
tical beams were cured in different ways and the influence of the
curing method is studied.

Altogether 54 simply—supported beams were tested under two
concentrated loads. Some failed in flexure and a number of inde-
pendent .odes of shear failure were observed. Where the results
of other investigators of tests on simply—supported prestressed
concrete beams with no shear reinforcement or reinforcement of any
kind in the web are available they are included in the analysis.

—Expressions are offered for cracking and failure loads.
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3. Materials.

(a) Cement. The cement used was Earle’s Ferrocrete rapid
hardening Portland cement

03) re —ales. The fine aggregate used was Finnin ley sand.
The coarse aggregate was a "pea" gravel of maximum size 5" obtained
from Bawtry, Doncaster. r3efore use both aggregates were dried and
stored indoors in order to eliminate errors in the water—content
of the concrete mix.

(c) Concrete lilxes. Two concrete nixes were used, the water/
cement ratio be weight being either 0.40 or 0.50. For each mix
the ratio by weight of cement : sand : conrse aggregate was
1: 1€ : 3 The mix used for each beam is included in Table 2.

(d) Grout Ilix. The grout ndx used for all beams consisted of
a mixture of Earle’s Ferrocrete rapid hardening Portland cement
and water with a water/cement ratio of 0.5. The grout attained a
strength of 4000 p.s.i. at seven days as determined by 3" cubes.

(e) Steel Reinforcement. Three types of steel were used;

acalloy bars and 0.276" dia. end 0.200" dia. hard—-drawn wire
from 8 ft. coils. For convenience, in the tables and else-

where, these are referred to as Types I, Il and Ill respectively.



To improve the bond characteristics, the surfaces of all steel
used were well cleaned and then rusted slightly by placing the
reinforcement in the open air for a few days. This produced
a slightly pitted surface which improved the bond characteristics.
Before use all steel was cleaned with a v/ire brush to remove
loose rust.

The stress—strain relationships for the steel used are
shown in Figs. 7“9.

(f) Grout Channel. The grout channel was formed either by

the use of flexible lead—coated steel tubing ("Unitube™) or

inflatable rubber tubing ("Ductube").

4% Description of Test Specimens.

All beams tested in the course of the investigation
described in this report were simply supported post—tensioned
prestressed concrete beams vdth straight reinforcement. The
precompressive stress in the concrete at the centre of area of
cross—section and the quality of the concrete used was kept as
constant as possible except that for some beams, which were
expected to fail in the shear—compression mode, (to be described
in detail later), the quality of the concrete was varied in
order to maintain, as far as possible, a constant ratio of
concrete strength to ultimate steel strength.

Basically, three shapes of cross—section were employed,



rectangular and two shapes of X-section with nominal ratios of
web thickness to flange thickness of 0.50 and 0.34. Overall
dimensions of the beams were nominally 4" x 127, 3" x 6" or

3N x 6", Pull details of the nominal dimensions of all I1-
section specimens are shown in Pigs. 1 to 5. Accurate properties
of all specimens are listed in Table 1.

A wide range of amounts of longitudinal reinforcement was
used, the percentage, pfo, varying from 0.21% to 4.613$), eighteen
different values being used. The widest range of values was
employed for those beams with a ratio of veb thickness to flange
thickness of 0.50 but wide ranges -ware also used for beams of
other cross—sections.

The ratio of the shear span to effective depth of each
beam varied from 2.8 to 5»5> four different values being employed.
At each of the four values the shape of cross—section and the
amount of longitudinal reinforcement was allowed to vary as
described above.

The six beams which were used to examine the influence
of curing on the behaviour of prestressed concrete beams in shear
also form part of the major investigation as outlined above.

The beams, which were otherwise as near identical as possible,
were cured in different ways and later tested in a similar way to

the other beams of the investigation.
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The test specimens are now described in some detail.
(a) Rectangular Beans.
(i) SsI, Ss2. The nominal overall dimensions of these
beams were 4” x 12" x 8*0”. Two macalloy bars were used in
each beam for reinforcement, each in separate grout channels

made of Unitube, the inside diameter of which was, in each case,

at least larger than the diameter of the bar.
(ii) S46 — s48. The nominal overall dimensions of
these beams were 3" x 6" x 6*0". The reinforcement consisted

of two 0.276” hard—drawn wires for each beam, the grout channel
being formed by inflated rubber Duetube.
(b) 1 — Section Beams.

(1) S3 — S7. Each of these beams had overall nominal
dimensions of 4” x 12” x 10'0", the web thickness for each beam
being nominally 2". In order to reduce stresses at the ends of
the beam due to prestressing and to allow for greater stability
in support during loading the ends of the beam were widened to
6” over a short length. The beams were reinforced by one
macalloy bar and the grout channel in each case was formed of
Unitube.

In order to reduce the possibility of flexural failure to
a minimum the central part of each beam in this group was made

solid 4” x 12".
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(ii) S8 — S32, S34 — S36. The nominal overall dimensions
of the cross—sections of these "5831113 are 4" x 12”. The length
and web thickness of the beams were varied in order that a
fuller study could be made of the influence of the shear span/depth
ratio and the shape of cross—section. The ends of the beam were
widened to 6W as for beams described in the above group. It
was felt that the use of & central solid section in the zone of
the beam which was to be subjected to pure flexure was not realistic
and the practice was therefore discontinued.

The reinforcement for each beam consisted of one macalloy
bar in a grout channel formed of Unitube.

(iii) S44 & S45. These beams were of the same type as
those described in section (ii) above except that the steel
reinforcement consisted of two 0.276” hard—drawn wires for each
beam* the grout channel being formed by inflated rubber Ductube.

(iv) S33 & S37 _ S39. Overall nominal dimensions of
these beams were 3" x 6” x 5'6m, the nominal web thickness being
1.5". The ends of the beams were widened to a solid section of
47" x 6", The grout channel was formed in each instance by
inflated rubber Ductube, the tensile reinforcement consisting of
a variety of combinations of 0.20” and 0.276” hard—-drawn wires.

(v) 40 — $43. The overall nominal dimensions of these

beams were 3-5- x 6”7 x 5*6”, with a web thickness of 2". The end



blocks had a cross—section of 57 x 6". Reinforcement consisted
of one macalloy bar, the grout channel being formed by inflated
rubber Ductube.

(vi) 349 — Sh54* Nominally these beams were identical
in all respects except for the method of curing used. Nominal
overall dimensions were 4W x 12" x 7'6“ with a web thickness of
1 3/8", the end-block being a solid section of 6" x 12". Each
beam was reinforced by one 5” macalloy bar, the grout channel
being formed by inflated rubber Ductube. Pull details of the

curing of these beams are given in section 5.

5. Casting; and Curing.

ill concrete was mixed in a non-tilting drum—type mixer.
Great care was taken to ensure that the cement and aggregates
were well mixed before the addition of water. The concrete
was mixed in batches of approximately one cubic foot, the number
of batches used for each beam varying with the size of beams.
The mixing time for each batch was about five minutes.

For all beams metal formwork was used. Basically the
sides and bases of the beams were formed by the use of channel-
section rolled steel joists. I-section beams were formed by
the insertion of v/elded sheet—steel forms which were themselves
welded to the channels forming the external sides of the mould.

The end-—blocks were made of wood and each was drilled at the
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appropriate location in order to allow for the formation of the
grout channel.

The grout channels for the beams were formed in either
of two ways. For those beams in which the flexible metallic
"Unitube" was used, the Unitube was suspended at each end by
the end blocks through which it passed and at a number of points
along its length by wire hangers. Before casting, the sides
of the mould were clamped together at the end blocks and the
prestressing bar to be used in the beam was passed through the
grout channel and tightened—up against the end blocks. In this
way it was possible to minimise movement of the grout channel
during casting. At about six inches from the ends of the beam,
3/ 8" diameter access holes from the top or end of the beam to the
grout channel were formed with short lengths of copper tubing.

For those beams in which inflated rubber "Ductube” was
used, the tube was passed through the mould at a location deter-
mined by the end-blocks and inflated to an appropriate size.
Access holes were formed as described above.

Before casting, all joints of the mould were sealed with
plasticine and the mould was well greased. The sides of the
mould were each firmly bolted to the base and clamps were used
over the top of the mould to minimise lateral movement.

The separate batches of concrete were each placed to form
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a layer of uniform height through the bean. Concrete for
control specimens was taken from appropriate batches. For
instance, for those control specimens to be used for the deter-
mination of the tensile strength of concrete, concrete was used
from the same batch as that used for placement in zones of the
beam v/here the tensile strength of concrete was thought to be a
controlling factor, namely the bottom flange and the web.
Concrete from the batches placed in the upper flange of the beam
was used to form control specimens designed to test its compressive
strength.

Throughout casting the concrete in the test beam and in
the control specimens was well vibrated. The top of the test
beam was trowelled smooth immediately after casting. With each

beam the following control specimens were cast:

Item No. Dimension
Cubes 6 47 x 4" x 4W
Cylinders 2 6" x 12"
Briquettes 8 B.S.S.
Columns 2 4" x 4” x 36"

Two 6” x 6" cylinders were cast with some beams and were later
used to determine a value of the tensile strength of concrete,
by the cylinder splitting method to be described further on in
the text. The value of the tensile strength of concrete deter-

mined by this method is given in Table 2 for each beam with which
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these specimens were cast.

All beams except beams S51 — S54 were covered with wet
sacks immediately after the initial set and remained so covered
for seven days, after which they were stored openly in the
laboratory in which they were to be tested.

Beams S51 and Sp2 were cured by placing them under wet
sacks for the whole period between the initial set and the time
of testing. Beams S53 and S54 were totally immersed in water
for as much of the same period as possible. It was necessary
to remove the beams for prestressing and during this time the
beams were covered with wet sacks.

In all cases the control specimens were stored under the

same conditions as the test beams.

6. Prestressing.

Two methods of prestressing were used in the fabrication
of the test beams, Lee—McCall and G-ifford—Udall. All macalloy
bars were stressed by use of the Lee—McCall method and the
Giffora—Udall system was employed for all hard—drawn wires. All
beams were stressed not less than 10 days after casting and were
grouted immediately afterwards. The tensioning force in each
bar or group of wires was determined directly by the use of hollow
cylindrical metal dynamometers which were placed on the reinforcement

between the bearing plate at the end of the beam and another plate
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against which the nut or wedging dolly was to hear. Figure 6
shows the anchorage details for the Lee—McCall method. The
anchorage details for the Gifford—Udal.1 are essentially the same
in principle. The dynamometers are described in greater detail
later in this section under the relevant heading.

(a) Lee—kcCall Method.

The ends of the beam were trimmed smooth and the standard
steel end-plates were fixed, at each end with a thin layer of plaster
of Paris. Gauge points for use with the De Mec mechanical strain
gauge(5 6)Were attached to the sides of the beam in order that the
horizontal deformation due to creep and shrinkage of the concrete
at the level of the reinforcement between the time of stressing and
the time of test could be measured.

It was not always practicable to place the dynamometer at
the same end of each beam in relation to the end used for stressing.
Account of this fact is taken in section 7 in which the method
used to calculate the prestressing force is described. The
dynamometer was placed as centrally as possible against one end—
plate and a further end-plate was placed against it. The normal
procedure as recommended by the manufacturers of the equipment
was then followed. The prestressing force was applied to the beam
by the Lee—McCall jack which was operated by a hydraulic pump.

The amount of force applied to the beam was such that on tightening



up the nut against the end-plate and releasing the hydraulic pressure
the resulting prestressing force as indicated by the dynamometer
was as required.

Immediately after prestressing, initial readings were taken
of the lengths between the gauge points on the sides of the beam.
Further readings were taken at intervals up to the time of test.

The dynamometers which were used in all cases where the
Lee—McCall method was employed were made of hollow noral cylinders
of appropriate internal and external diameters according to the
size of the bar on which they were to be placed. Electrical
resistance strain gauges were attached to the external, surface of
the cylinder, parallel to its axis. The gauges were placed equi-
distant from one another and wired in series thus giving a strain
which was the average of the strain in the tiiree gauges so
eliminating, as far as possible, the effects of eccentricity of
load.

The dynamometers were calibrated using a 15—-ton Denison
testing machine and the calibrations were regularly checked during

the main stressing programme.

(b) G-ifford-Udall Method.
The ends of the beam were triamed smooth and steel end-—plates
were fastened at each end with a thin layer of plaster of Paris.

The end—plates were drilled at suitable points in order to allow

21*
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for an adequate spacing between the separate wires. Gauge points
were attached to the sides of the beam as described above. The
dynamometer was placed as centrally as possible against one end-
plate, the wires passing tlirough it and through a further end—
plate.

The prestressing force was applied to the beam by the Gifford—
Uaall jack which was operated by a hydraulic pimp. The amount of
force which was applied to each wire was such that, as far as
possible, when the wedging dollies were fastened up against the
end—plates and all external force was removed the resulting pre-
stressing force as recorded by the dynamometer was as required.

Again, immediately after prestress, initial readings were
taken of the lengths between the gauge points on the sides of the
beam. Further readings were taken at intervals up to the time of
test.

The dynamometers —used in all cases when the Gifford—Udall
method was employed were made of 10 ins. lengths of steel tube of
appropriate size according to the number and spacing of the wires
used. The average strain induced in these dynamometers is cal-
culated by measuring the longitudinal deformation of two 8 ins.
gauge lengths on opposite sides of each dynamometer with the De Mec
mechanical strain gauge.

The dynamometers were calibrated using a 15 ton Denison



testing; machine or, when greater sensitivity was required for
lower values, a 15>000 Ibs. hand-operated Denison testing
machine. The calibrations were regularly checked during the
stressing programme.
Grout:'.;:+

All beams were routed immediately after >restressing, the
j:dx consisting of a fixture of v/ater and cement wit’ a water/
cement ratio of 0.5* The grout was thoroughly mixed by hand and
passed tlirough a o, 14 D.S.S. sieve into a pressure pot. The
grout was forced through the wrout channel under pressure and a
steady flow through the channel was achieved before the flow was
stomped and the access holes plugged. Examination m the beams
after test showed t at in all cases the grout channels were

conpletely filled with ;r ,ut#
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111 TEST PROCEDURE AND Ii1ASUREI JSNTS

7. The Prestressinn Force.

The prestressing force is known, to he one of the major factors
influencing the shear strength of prestressed concrete beams.

Great care was therefore taken to ensure that the effective pre-
stressing force for each beam is known as accurately as possible.
Attention has been drawn to the variables influencing the prestressing
force by a number of writers”’0’ rnrnringand methods used for
elimination or accurate determination of all known possible variations
in the prestressing forces of the test specimens aredescribed in this
section.

The force applied to each beam was measured directly at one
end of the beam at the time of stressing by the use of hollow cylin-
drical metal dynamometers as described in section 6. In the cases
where two macalloy bars were used in a beam (SI & S2) separate
dynamometers were used to measure the force applied in each bar.

In all other cases all reinforcement was passed through one dynamometer
so that the total force of the separate tendons was measured. Errors
and losses which might have arisen by use of the jack gauge reading

for the prestressing force, namely, friction within the jack, friction
within the anchorage unit and slipping of the wires (where wires were

used) within the wedges, were thus eliminated. The use of dynamometers
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also precluded the necessity of calculating the losses due to
elastic contraction of the concrete where more than one tendon was
used.

The only losses of force for which allowances must be made,
therefore, were those arising from friction "between the reinforcement
and grout channel, relaxation of the steel and beam contraction due
to creep and shrinkage of the concrete.

The loss of force due to friction between the reinforcement and
the grout channel arises from deviation of the grout channel from the
desired straight line. It is assumed that nominally straight re-
inforcement actually deviates through an angle which is directly
proportional to its length.

The tension at any point of the reinforcement may be expressed,
therefore, in an adaptation of the conventional friction formula, as

T = TO €71 e @)
m\here k is a constant depending on the "type of duct and stressing
method and x is the distance of the point from the point at which the
tension, To, is applied.

Values of k were taken from the following table which is based

on experimental work by Cooley.

kCft"l x 107)

Lee I'cCall excess of duct size over bar size
1/811 in 1||
Ductube 15 10 5

Unitube 10 5 0
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Gifford Udall (moderate vibration)
Ductube 25
Unitube 10

The maximum loss in the applied force due to friction at
any point does not exceed ljc for any of the test specimens. The
maximum deviation from the mid-span value of the applied force in
the reinforcement is, therefore, never more than 0.5%, Since the
loss of stress due to friction is the only loss dependent on the
length of the reinforcement the effective prestress in the shear
span at the time of test cannot differ substantially from the value
of the effective prestress at mid-—span. The effective prestressing
force at the time of test, therefore, is taken to be the applied
force at mid-—span minus the losses due to relaxation of the steel
and beam shortening due to creep and shrinkage of the concrete.
Values of the effective prestress listed in Table 1. are calculated
on this basis.

The value of the applied force at mid-span of any beam is

T="To (2)
where To = the force recorded by the dynamometer
and 1 = length of the beam in feet when the dynamometer

is placed at the stressing end, and,

T =To e+kv2 (3)

when the dynamometer is placed at the non-stressing end.

The loss of force due to relaxation of the steel arises from



the fact that .hen steel is maintained under tension over a constant
or nearly constant length there is a relaxation of stress. Clarke
and alley(lR), in tests on steel similar to types Il end 11l used
in the present investigation have shown that the stress loss is a
function of the ratio of the applied stress to the ultimate stress,
the size of wire and the number of hours in the stressed condition,
Uvans and Bennett(“)report similar reults of tests conducted at
the University of Leeds.

On the basis, therefore, estimations a’ the percentage
relaxation of the reinforcement in all test specimens were Liade from
infor"ation :.ade available in the above references.

Y/hilst friction between the tendons and the duct, and steel
relaxation induce significant losses of prestress, the most
substantial losses result froi tlongitudinal shortening of the test
specimens and hence the reinforcement, due to creep and shrinkage of
the concrete. The shortening of the reinforcement s.re to these
phenomena can be measured directly, thus eliminating the necessity
of estimating the individual effect of each.

Al already mentioned in section 6, longitudinal defoliations
of the test specimen between the time of prestressing and the time
of test were recorded by the use of the DelLlec demountable mechanical
strain gauge. The Deh.ec gauge and its use are adequately described

in two papers b, liorice and Base™' and Base* The precautions

for accuracy outlined in the papers were adhered to.



After test, the true depth of the reinforcement was measured
and the deformation due to creep and shrinkage of the concrete at
the depth of the steel was calculated. The loss of stress was
computed using the stress/strain relationship for the type of steel
used in the test.

8. Loading Arrangements

The test specimens were loaded in one of the three following
testing machines, the choice of machine depending on the size of
the specimen and the expected failure load.

1. A 50t Denison electric—driven screw—type testing machine.
2. A 151 Denison electric—driven screw—type testing machine.
3. A 15,000113. Denison hand—operated screw—type testing machine.

In all cases the load was measured by obtaining, with a
movable load, a position of balance of a graduated lever arm which
was connected by a series of levers with the bed of the testing
machine, on which the supports of the test specimen were placed.

All beams were simply supported on two rollers which were
reduced in shape to provide a three—point contact in order to elimi-
nate possible torsional stresses. The same arrangement was employed
to support the steel girder which was used to distribute the load
applied from the loading ram to two points on the beam.

In all cases the loading arrangement was symmetrical about a
vertical plane which contained the cross—section at mid-length of

the test specimen. In this way the two shear spans of each beam



31

were of equal length and resisted equal shears and moments.
9* Test Procedure

All beams were given a white wash with a diluted solution of
plaster of Paris just before testing, in order to facilitate the
detection of cracks.

Load was applied in increments and after each increment of
load, deflection and strain measurements were taken and cracks
marked. Photographs were taken at significant stages in some tests.
The magnitude of the increments of loading depended on the develop-
ment of the crack pattern.

In some cases where diagonal cracking was observed in one
of the shear spans of a beam, the shear span exhibiting the cracking
was reinforced externally by the use of steel bolts as shown in
Plate 1. By so restraining the development of failure in the
already diagonally cracked shear span the other shear span frequently
exhibited diagonal cracking, so making a useful extra result available.
Beams, with the relevant shear span, on which such "strapping” was
employed are marked in Table

All specimens were loaded to failure, each test talcing about
three hours.

Control specimens were tested concurrently with, or soon
after the main test.

10. Measurements

Measurements undertaken during the course of the investigation



33

may be divided into two categories, namely, measurements taken on
the test specimens themselves and measurements of the properties
of the materials used in them.

(a) Measurements taken on the Test Specimens

Throughout the early stages of test and, in fact, until the
specimens became unstable or failure was imminent, the deflection
of all test specimens was measured at mid—span with a 0.001" dial
indicator. A constant check on the rate of deflection/rate of
loading ratio was kept during the test so providing a sensitive
guide to the behaviour of the beam.

Longitudinal strains in the zones of the flanges adjacent to

/r £\
the load points were measured by a DeMec gauge , except for the
smaller beams for which the Deliec gauge length (8") was too long
to provide pertinent information. Knowledge of deformations within
these zones was useful in determining the depth of the compression
area at various stages during test and indicating when failure by
crushing of the concrete within the zones was imminent.

Relevant loads at significant stages in the development of
the failure of each test specimen were recorded.

After completion of the test relevant measurements were taken
of the test specimen. Measurements of flange width, web thickness
and effective depth were taken for each shear span (left—hand and
right—hand) and are recorded in Table 1. In the case of shear—

compression failures, the flange width recorded is the width of the
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flange where crushing occurred and the effective depth is the
depth to the reinforcement where it meets the crack which ultimately
led to failure. In the case of diagonal cracking, the web thick-
ness recorded is the average thickness along the length of the
crack or cracks at formation.

(b) Measurements of the Ironerties of materials.

(i) The Compressive Strength of Concrete.

It has been shown”°,'A5n*" A 5A(Cthat the compressive strength
of concrete cannot be determined absolutely, the values obtained
from tests being dependent upon the size and shape of test specimen,
the rate of loading, whether the specimen is capped or not and other
less significant variables. Values obtained from test specimens,
therefore, can be said only to represent a measure of the compressive
strength of the concrete under certain conditions.

Two values of compressive strength of concrete were obtained
for each beam.

The 4" cubes which were cast with the main beam were tested
under compressive load in accordance with B.S. 1881:1952.

The 6" dia. x 12” cylinders were tested in compression in
accordance with the standard procedure adopted by the American
Society for Testing Materials. The cylinders were capped with
plaster of Paris in order to relieve eccentricities of load and

tested about one hour after the plaster had set.



(ii) The Tensile Strength of Concrete.

No really suitable method for testing concrete in tension
is available. Several methods of obtaining an acceptable value
of the tensile strength of concrete have, however, been suggested
by a number of writers and three of these were used in the present
investigation. In none of the methods is it possible to guarantee
a uniform distribution of tensile stress over an area of concrete
together with zero perpendicular stress. The tests used, whilst
not giving absolute values of the tensile strength of concrete,
are similar to tests used by other workers and therefore provide
useful comparable figures.

The eight briquettes which were cast with each specimen were
tested in tension according to the method specified in B.S. 12.
Tallow was used to lubricate the contact between the briquettes and
the jaws of the testing machine, so minimising the eccentricity of

(

load. Evans 21) has drawn attention to the variations which may

be expected in individual results of this test and has recommended

that all low values should be ignored since they arise from eccen-

tricity of the applied load. The briquette strength therefore is

taken to be the average of the top four results of the group of eight.
The modulus of rupture, used by some writers as a value of

the tensile strength of concrete, was measured by testing the two

small beams 36" x V x 4" > which were cast with the test beam,

by loading at third—points over 0 30" span. The modulus of rupture



is taken to be that value of extreme bottom fibre stress, calculated
on the assumption that concrete exhibits a linear stress/strain
relationship in tension up to the point of failure, which causes
rupture. Loading was applied at such a rate that the maximum
bottom fibre stress calculated on the above basis increases at the
rate of 100 p.s.i. per 10 seconds. No allowance is made for the
Seewald effect. The value given by this test can only be a very
indirect measure of the tensile strength of concrete since it is
well known that concrete does not obey Hooke's Law and the distri-
bution of stress in the bottom fibres just before failure is by no
means uniform. Several mechanical features of the test have also
been shownAn*A*A*n to influence the result.

A value of the tensile strength of concrete was also deter-
mined for some beams by the cylinder splitting test described by
Azakawa”'? and Thaulow”0A. The cylindrical specimen (6"dia. x 67)
is loaded to* failure in the direction of its diameter. It can be

shown that, unuer these conditions and assuming Hooke's Law applies,

. i 2P .
an almost uniform tensile stress of value where P = force applied,

D = diameter and L = length of the cylinder, occurs at the plane
containing the diameter and acts perpendicularly to it.

Assuming Hooke's Law applies up to failure, a value of the
tensile stress at failure can be calculated and used as a value of
the tensile strength of concrete. Again, this value cannot be

said to represent the pure tensile strength of concrete for it can

36
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be shown that at all points where the uniform tensile stress acts
there acts a perpendicular compressive stress, the value of which
is at least three times that of the tensile stress and in areas
near the loading points considerably more than this.

(iii) Stress/Strain Relationship for Concrete.

Several of the beams which were used to determine the modulus
of rupture of the concrete were tested beforehand in longitudinal
compression in order to obtain the stress/strain relationship for
the concrete. Strains were measured by a Mercer dial gauge reading
to 0.0001" over a guage length of 20" with the use of a Tass frame.
Stress/Strain relationships for the two concrete mixes used are
shown in Pig. 10. Each curve represents the application of stress
in the first cycle since it is this condition which most nearly
approximates to conditions within the beam when tested.

(iv) Stress/Strain Relationship for Steel.

The Stress/Strain relationships for the different types of
steel were determined from tests on samples of each of the types
cut from the same coils or bars from which the reinforcement used
in the test specimens vias taken. The samples were tested in either
a 50t Avery hydraulic testing machine or a 5t Denison electric—
driven screw—type testing machine. Strains were measured over an
8” gauge length with a Ewing extensometer. The stress/strain
relationships for the three types of steel used are shown in Pigs.

7, 8 and 9.
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IV MODES GP FAILURE

The majority of the beams tested in the course of this
investigation failed by one of the shear failure modes as
described in sections 11, 13 and 14. The few bear,is which did
not fail by one of these modes failed in flexure. In all cases
these beams failed by crushing of the concrete in the upper fibres
of the beam in a region of maximum moment following the penetration
of flexural cracks which had initiated at the bottom surface of
the beam. Data for these beams are included in the tables.

The failure mode of all beams tested is specified in Table 3»
11. The Shear—Conroression Failure.

A beam is said to fail in shear—compression when the concrete
crushes under compressive stress above an inclined crack which has
formed in the shear span and which itself extends to or from the
level of the horizontal tensile reinforcement. In almost all cases
of failure of this type the inclined crack is initiated by a
vertical tension crack occurring at the bottom fibre of the beam
in a zone where the shear force and the bending moment are high.

A few failures in which the concrete has crushed above a
diagonal crack which forms as described under section 12 of this
thesis (i.e. for present purposes, not extending to the bottom surface
of the beam) have been observed by the author and Thornton(27).

A3.though these failures may technically be described as shear—



compression failures the author prefers to deal with them as
failures resulting from diagonal cracking. These failures are
therefore described in greater detail in section 13 (a.).

For the purpose of this thesis, therefore, unless otherwise
stated, shear—compression failures are taken to mean failures in
compression above an inclined crack which itself was initiated by
a vertical tension crack at the bottom fibre of the beam. Shear—
compression failures of simply supported prestressed concrete beams
have been reported by Zwoyer, Sozen and Kosny” 510"~ and have
also been observed by the author.

The initial stage in the development of a shear—compression
failure is the formation of the vertical tension crack in the region
of maximum moment and shear. This occurs after the formation of
vertical cracks in the zone of pure flexure. The load at which
the crack first forms is not precise since at this stage of loading
the beam is constantly losing rigidity due to the penetration of
other flexural cracks and a deflection/load or a strain/load graph
is of little assistance.

The next stage in the development of the failure crack is
one in which the direction of the crack becomes inclined. As load
is increased the once vertical crack begins to extend both upwards
and inwards towards the loading point. The inclination of the
crack is quite steep and is usually about or greater than 45° to

the horizontal at mid—depth of the beam. The significance of the



inclined crack is that it penetrates more rapidly than the vertical
purely flexural cracks. Again, no precise load can be given for
this stage of development since, although the crack is clearly
visible to the naked eye, the 'bend-over' and penetration is gradual.

The next significant development of the failure crack is that
it becomes horizontal or nearly horizontal at its upper end and
invades the region of pure flexure. Failure then follows by crushing
of the concrete above the upper extremity of the failure crack and
within the zone of pure flexure. Two such failures are shown in
Plates 2 and 3»

The above described mechanism of failure in shear—compression

has been observed by a number of other observers. Zwoyernn

states that a beam failing in shear behaves with the same degree of
elasticity in the early stages of loading as a corresponding beam
failing in flexure. "Diagonal tension" cracks then occur and are
diverted towards the point of application of load causing a "concen-
tration” of rotation near this point. The concrete strain increases
rapidly at the top surface of the beam at a location over the
"diagonal tension" crack and when the limiting value is reached the
concrete begins to crush. In the majority of beams tested, the
diagonal tension crack became horizontal at its upper end and
invaded the region of pure flexure before crushing occured. This
mode of failure appears to be essentially the same as the shear-—

compression mode described above and all beams reported by Zwoyer



known to have failed in this manner are therefore included in the
analysis of shear—compression failures.

Sozen, “reporting tests conducted on beams of a variety of
cross—sections indicates that one of the modes of failure observed
is the shear—compression mode as described above. In the majority
of beams tested in the course of the investigation the cracks in the
shear span were initiated by horizontal tension, and thus originated
vertically. However, these cracks "bent over" in a very short
distance. Except for a few extreme cases, the "inclined tension”
cracks formed near the point of application of load and developed
towards it. Failure of some beams occurred when the beam failed
by crushing of the concrete at or near the top of an inclined tension
crack which had, in most instances, penetrated into the flexure span.
Again it seems clear that the failure of these beams is essentially
similar to failure in shear—compression as described above and
therefore data given for beans known to have failed in this manner
are also used in the establishment of expressions used to determine
the shear—compression failure moments of prestressed concrete beams.

Both ZWpyer~and Sozen™" also report tests on beams which
failed by crushing of the concrete above an inclined crack initiated
at the bottom fibre of the beam when the beam has been subjected to
single point loading. It is not made clear, however, how these
beams behaved in the final stages of loading. It is thought probable

that the inclined crack became not quite horizontal and that failure

u\



occurred try crushing adjacent to the load point. For analytical
purposes the failure of these beams is treated as in no way
significantly different from the shear—compression failure of beams
under four point loading.

A report of tests carried out by Hosny”™on a number of
prestressed concrete beams gives information of three rectangular
beams which, it was shown, failed in the shear—compression mode.
These beams are therefore also included in the analysis of this
mode of failure.

The essential development of a shear—compression failure has
been described above. It should be noted, however, that other
phenomena related to the development of the failure often occur
during loading.

During the stages of the development of the failure crack
between its inclined state and its horizontal state further inclined
cracking may occur as a continuation downwards of the inclined part
of the failure crack. The addition of further load may induce small
inclined cracks at the level of the tensile reinforcement and sub-
sequently all these cracks may become joined to form one long crack
(see Plate 1+). The loads at which each of these phenomena occurs
are not precise, the whole formation of the long crack being a rather
gentle process. Failure in shear—compression may occur at any point
in relation to the development of the latter mentioned crack.

Frequently, failure in shear—compression is accompanied by an extension



of the crack at the level of the horizontal reinforcement as far
as the end of the beam, (see Plate 5). In tests conducted by

the author any such "splitting” or "tearing"” occurred instanta-
neously as the beam failed in shear—compression or immediately
afterwards. Never has the splitting been observed to occur before
failure by crushing over the inclined crack.

'Whether the "splitting"” or "tearing” in itself is the cause
of failure is a matter of some dispute. Zwoyer”~'and Sozen™
reporting on separate series of tests conducted at the University
of Illinois claim that such splitting can be the cause of failure.
Sozen™reports that the inclined crack was sometimes "followed by
a single horizontal crack or by a series of short almost horizontal
inclined cracks slightly above or at the level of the reinforcement...
These cracks when fully developed transformed a bonded beam into
essentially an unbonded bean........ In general, if it were not for
special conditions of the tests such as the transversely prestressed
end—blocks and the end—anchorages, these cracks would themselves have
been the direct cause of failure". Zwoyer~states, similarly,
that cracking at the level of the steel may extend nearly to the
end of the beam. A bond failure is highly probable under these
conditions. Such a failure, it is stated, may occur at any stage
of loading.

Hosny&s)describes cracking at or near the level of the steel
reinforcement similar to that experienced by the author and described

by 2Zv/oyer™1 "™ and Sozen”"”. Failure, however, "was caused by the
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rapid increase of the diagonal tension cracks resulting in a
reduced compressed area which was followed by crushing of the
concrete over the inclined cracks and adjacent to the load point."
In the author's tests, (all on beams with unreinforced end—
blocks) in view of this phenomenon, careful observation was made
of the sequence of events. As reported above, in no case was
splitting or bond failure noticed to precede failure in shear—
compression. On this basis, therefore, all beams which exhibited
splitting with, or subsequent to, shear—compression failure are

considered to be shear—compression failures for analytical purposes.

12. Diagonal Crackinp;

Frequently, during the testing of l-section beams a diagonal
crack, or (less often) cracks, occurs within the shear span indepen-
dently of the vertical cracks initiated at the bottom surface of
the beam. Such cracking occurs entirely within the web or extends
only a little into the flanges and usually the crack or cracks lie
midway between the support point and the load point. The inclination
of the crack or cracks is never more than, and usually considerably

less than, 45° to the horizontal. Plates 6,7 show typical examples
of such cracking.

In general the load at which such cracking occurs is precise
since the cracking is usually accompanied by readily audible noise
and there is also an immediate increase in deflection, resulting in

loss of load with the testing machines used. It should also be
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noted, however, that in some instances the diagonal crack forms

a short vjhile after loading is stopped. It is possible that if
loading is not interrupted the beam may carry a greater load before
diagonal cracking occurs. Conversely, if loading is carried out
very slowly lower diagonal cracking loads may be recorded.

Diagonal cracking may be observed at any stage in the develop-
ment of a shear—compression or flexural failure. In cases where
the shear span is short and the amount of prestress is high, diagonal
cracking may occur before flexural cracks are observed.

The essential difference between the diagonal cracking described
above and the inclined cracking which may lead ultimately to a shear—
compression failure is that diagonal cracking always occurs quite
independently of cracks initiated by horizontal tension at the bottom
fibre of the beam, whereas this is not the case with inclined cracking
leading to a shear—compression failure.

Diagonal cracking of simply supported prestressed concrete
beams as described above has also been reported by a number of other

( no\
observers. Wilson , reporting tests on prestressed l-section
beams failing in shear, states that all the diagonal cracks occurred
in the web before any vertical cracks became visible; that their
detection was achieved quite easily as the cracking occurred at quite
a definite load and the angle of inclination . of the cracks was

about 25° to the horizontal. ZwoyerN*"states that "in beams with

an l-shaped cross—section, diagonal tension cracks may occur suddenly
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over the entire depth of the web before the formation of the first
crack in the region of pure flexure". Similar phenomena have also
been reported by Hosny, Sozen, Thornton, Hicks, Warner and Hall,
Bernhardt, Abeles and Sethunarayanan (3>4->27>29>30,31>32,33)"
Where it is clear that beams referred to in the reports fall —within
the defined limits of the present study and where sufficient infor-
mation is made available the results of these workers are used,
together with the author's results to establish the expressions
developed in section 16.

It should be noted that diagonal cracking may be preceded by
the formation of short 'minor’' cracks. Attention has been drawn
to this possibility by Hosny”"and Thornton* . Hosny”'"'reports
that in tests on prestressed concrete l-section beams without web
reinforcement the first sign of cracking in the web is a group of

small inclined cracks appearing in the bottom half of the web and

very near the bottom flange. In one instance the first cracks
appeared just beneath the top flange. The inclination of the cracks
varies from 20°-30°. As load is applied the cracks extend steadily

in both directions and in many cases the cracks penetrate the zone
of pure flexure. Diagonal cracking occurs suddenly and without
relation to the already existing cracks.

(27),

Thornton reports a similar phenomenon mainly with highly
prestressed beams. Diagonal cracking, it is stated, occurs some

time after the 'minor’ cracks and apparently with little relation to



them.

The author has observed only a few isolated instances of
similar phenomena; in each case the 'minor* cracks are short,
inclined and occur along the junction of the web and the lower
flange. Plate 8 shows an example of such cracking 'when it has
developed a little and just before diagonal cracking occurred.

The existence of the 'minor* cracks has very little influence on
the behaviour, load bearing capacity and rigidity of the beam.
Such cracks, therefore, are considered to be of secondary signifi-
cance.

13« Failure Followinp; Diagonal Crackinr;.

The formation of a diagonal crack in the shear span transforms
a prestressed concrete bean into a substantially new structure. In
meneral, the behaviour of the beam after diagonal cracking is quite
different from that which may have been expected had not diagonal
cracking occurred. In almost all cases observed by the author —-where
the diagonal cracking was not restrained by strapping the shear—span
in vhich the cracking occurred, the diagonal crack or cracks were
the dominant feature in the failure mechanism.

As already stated the formation of a diagonal crack in a shear
span is accompanied by a drop in the test load by virtue of the
construction of the testing machine. In some cases, Particularly

those beams with a high ratio of shear span to effective depth, beams
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collapse entirely at the formation of the diagonal crack.
Examination of the fragments of the 'beam after collapse indicates
that failure in such cases has followed, very rapidly, one of the
possible failure modes, to be described later in this section,
which may occur after diagonal cracking.

As in the above instance some beams are unable to resist
even the residual load after diagonal cracking; others may resist
loads higher than the residual load but less than the load required
originally to cause diagonal cracking, and others may sustain loads
higher than the diagonal cracking load before failure occurs. The
maximum load sustained by a beam which cracks diagonally therefore,
is frequently the load causing such cracking and even in cases where
higher loads than the diagonal cracking load are sustained the
ultimate load is usually only slightly higher than the diagonal
cracking load. A full examination of the cracking and ultimate loads
is made in Chapter V.

Failure following diagonal cracking may occur in either of
two ways. The compression zone above the upper end of a diagonal
crack may fail or the web may disintegrate.

(a) Failure of the Compression Zone above the Diagonal Crack.

Two beams, S29 and S30, tested by the author developed diagonal
cracking in both shear spans. In one instance (S30) the shear span
mrhich first developed diagonal cracking was strapped as described in

Section 9. The addition of load to the residual load after diagonal



cracking had occurred in both shear spans of each beam, resulted
in a lengthening in both directions of all unrestrained diagonal
cracks. Ultimately in each beam the flexural zone was invaded
by one of the diagonal cracks and failure occurred by crushing of
the concrete above the diagonal crack and within the zone of pure
flexure. Plate 9 shows the failure of beam S29.

The only other known failures of this kind are reported by

(27)

Thornton . In reporting the failure mechanism of a number of
27

beams, Thornton( )says that "as more load was applied the major

crack spread into the flanges until failure occurred.... The

development near the load point was governed by the location of
the end of the crack relative to the load point. If it reached
the top flange near the load point it just extended along its
original line, but if it reached the top flange some distance from
the load point, it spread along the web/flange junction before
penetrating the flange". Failure occurred by shearing of the
compression zone above the inclined crack.

In each of the two instances of this type of failure observed
by the author the inclined crack reached the upper flange near to the
load point. The behaviour of cracks reaching the upper flange some
distance from the load point cannot therefore be confirmed.

(b) Web Distress

After or at the formation of the diagonal crack or cracks,

vertical or nearly vertical cracks form in either or both of the
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flanges of the beam, within the shear span, extending from the
upper and lower surfaces of the beam. Plates 10, 12, show the
formation of such cracks.

In beams with a low ratio of shear span to effective depth
the vertical cracks form gently and it is difficult to give a
precise value to the load at which they occur. In beams with
high. ratios of shear span to effective depth the formation of such
cracks may be accompanied by immediate failure and in this case
the load at which they occur is quite precise.

With the addition of load the vertical cracks extend towards
the diagonal cracks which themselves lengthen in both directions,
kore cracks in the flanges may form. Failure occurs by crushing
of the concrete within the web usually at the toe of one of the
upper vertical cracks. A complete sequence of a failure by web-—
distress is shown in Plates 11, 12, 13» Plates 14, 15 show two
other instances of failure by this mode.

Web distress failures are often violent and very destructive.
They have been reported by Thomton”~”, Hosny”'*, Sozen”' and
Hicks&\P). All report similar phenomena except that Hicks( 20
reporting "diagonal compression" failures says that crushing may occur
in the web before cracks occur i.i the top and bottom flanges and
Thornton refers to the possibility of crushing occurring within the
web without the formation of the vertical cracks in the flanges.

The failures reported earlier which occur instantaneously
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v/ith the formation of the diagonal cracks are believed to belong
to this category. Inspection of the fragments of the beams after
failure indicates that failure was in all cases caused by crushing
of the concrete within the web and there is also considerable
evidence of the existence of vertical cracks. It is impossible
in such cases, however, to determine whether web crushing followed

or preceded the formation of the vertical cracks.

14. Other TVnes of Shear Failure.

Shear failures of simply—supported prestressed concrete bea”s
without web reinforcement reported by a number of workers and shear
failures observed by the author show that the large majority of
such failures follow one of the failure mechanisms described in
sections 11-13. A number of shear failures observed by the author
and a few failures reported by Sozen”1l', however, do not readily
fit into the categories already discussed. Such failures, therefore,
are now discussed in some detail.

1. The Failure of Beam S25. During the initial stages of
loading the beam behaved in a manner similar to the initial behaviour
of other beams tested in the course of the investigation.

Flexural cracks were observed in the zone between the load points
and as more load was applied these lengthened and became more numerous.
Later, vertical cracks were observed outside the purely flexural

zone and these subsequently became inclined towards the load points.
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Failure occurred suddenly and violently by a complete
disintegration of the right—hand shear span. Fragments of the
beam were scattered around the base of the testing machine. An
examination of these fragments shows that, in all probability,
the web became separated from the upper and lower flanges at
failure and crushing also took place within the web. None of the
fragments showed any evidence of\ diagonal cracking within the shear
span.

t

It was impossible to determine the sequence of events at
failure and it was also impossible to establish reliably which
cracks within the shear span occurred at failure and which occurred
when the fragments hit the ground.

2. A number of highly prestressed beams with narrow webs
tested by the author and a number of similar beams tested by Sozen”™ 1"
exhibited cracking described by Sozen as "secondary inclined tension
cracking". The first signs of cracking within the shear span are
minute inclined cracks at the junction of the upper flange and web
of the beam. The formation of these cracks is followed by a wide-
ning and lengthening of the cracks until that nearest the load 'ooint
may extend well under it and that furthest from the load point may
cross the web and enter the end blocks. Plates 16 and 17 show
this phenomenon in one of the author's beams and one of Sozen's
beams respectively.

The significant differences between this type of cracking

and the 'minor' cracks described in section 12 is, firstly, that



the present cracks always occur at the junction of the web and top
flange whereas the 'minor' cracks do not necessarily do so,
occurring more frequently, in fact, at the junction of the web

and the bottom flange and, secondly, that the present cracks always
play a substantial part in the ultimate failure mechanism.

The crack which may cross the web and enter the end block
could be described as a diagonal crack within the web but is
significantly different in its formation from the diagonal cracking
described in Section 12 in that it is initiated by some other form
of cracking not occurring in the web and lies much nearer the end
blocks than the normal diagonal crack.

With the type of testing machine used sustained deformation
or slow rate of deformation may induce a reduction in the load
applied. The ultimate load of the beam therefore may be less than
the load which originally caused the cracking at the junction of
the web and the flange. Failure occurs by crushing within the
web and may be accompanied by diagonal craclcing of the more usual

form, and by separation of the web from the flanges.
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V  ANALYSIS OP TEST RESULTS

A simply—supported prestressed concrete beam without weh
reinforcement may fail in shear in a number of ways as described
in Chapter IV. Basically, the modes of failure fall into three
categories, namely, the shear compression mode, failure following
diagonal cracking and, thirdly, a number of isolated and raraly
observed types of failure which do not readily fit into the two
previous categories.

Experimental results obtained by the author and other workers
are discussed analytically in this chapter and expressions are
developed for the shear—compression failure load and the diagonal
cracking load of prestressed concrete beams. Failure following
diagonal cracking and other modes of failure are also discussed
analytically.

15« Analysis of Shear—Conmression Failures and Related Phenomena

The behaviour of beams failing in shear—compression has been
described in section 11. The observed phenomena are now discussed
analytically and a semi-rational theory capable of predicting the
shear—compression failure load of prestressed concrete beans is
presented. 55 simply supported prestressed concrete beams without
web reinforcement, 43 rectangular and 12 l-oection, tested by a
number of workers including the author are known to have failed in

shear compression. Data from these beams are used to establish



relationships necessary for the analysis.

Let us consider that portion of a beam under symmetrical two—
point loading which lies above the crack leading to a shear—compression
failure at a time just before failure occurs. The forces acting on

such a portion are as shown below.

The shear is resisted jointly by the concrete above the crack
and the steel reinforcement. If T is the total shear to be resisted,
= the shear resisted by the steel, and = the shear resisted by

the concrete above the diagonal crack and to the left of the load

point in the above diagram, then

By resolving the vertical forces, the shear resisted at the
section al-a” to the right of the load point is shown to be equal
and opposite to the shear resisted by the reinforcement.

The shear resistance is provided by the reinforcement and
the concrete below it acting as a beam supported on an elastic

foundation. This resistance is frequently referred to as dowel action.
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Under the condition described above, failure may occur in
any one of a number of ways as described in chapter 1V. For the
existence of a crack such as the crack a" b" c¢" in the above
diagram does not necessarily indicate that failure will be in the
shear—compression mode. Three types of failure are only possible,
however, if a crack such as the crack a" b" c" exists, for their
mechanism depends upon its existence. The remainder of this
section, therefore, is confined to a discussion of these three
possibilities. Other possible failures are considered analytically
in sections 16, 17 and 18.

Firstly, the magnitude of the shear transferred by the re—
inforcement, V., may be such that the horizontal section at the
level of the steel is unable to resist it. In these circumstances
cracking of the concrete may be expected at the level of the steel
for it is at this level that the concrete cross—section is at a
minimum. The occurence of such cracking should result in a decrease
of the force Vj and only when the shear force V is increased is W
expected to increase to a magnitude such as to cause further cracking.
Such craciing has been observed by Zwoyer”™®, Hosny”', Sozen”'
and the author and is described in detail in section 11. It is
possible that cracking of this kind will extend to the end of the
beam so completely separating the reinforcement from the upper portion
of the beam and causing complete collapse.

Alternatively, failure may occur in the zones surrounding

\Y
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sections al —a" or bl — b" , these "being the zones where there
are the greatest concentrations of forces. Failure will occur
if the system of stresses and/or deformation at one of the sections
satisfies the failure criteria for the concrete at that section.

It is immediately clear that which of these types of failure
occurs and the value of the shear force V at failure are largely
dependent upon the shear and the crack pattern. In analytical
work on ordinary reinforced concrete beams, Jones(?"I > and Krefeld(35)
have shown that, assuming there to be no cracking at the level of
the steel, the shear is dependent upon the bar size, the number
and spacing of the bars, the breadth of the section, the ’cover’,
the strength of the concrete and the distance from the end of the
beam. But since the force derives from the resistance offerred
by the steel and the concrete surrounding it, any cracking at the
level of the steel must affect its value, V,., then, is largely
dependent upon the crack pattern in that both the position of the
major crack and the extent of subsequent cracking influence its value.

Since in our present state of knowledge crack patterns are largely

unpredictable,the shear force, , Is virtually indeterminable at

any given stage of loading. Some valuable qualitative information
on the force has, however, been reported by Watstein and Mathey”"
following tests on ordinary reinforced concrete beams. It was

reported that as the ultimate load was approached the magnitude of

vertical shear transferred by the longitudinal reinforcement across
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the craclc decreased and neared zero. There is little to suggest
that same situation should not obtain in prestressed concrete beams.

As stated above, the crack pattern is also of some considerable
significance in determining where failure occurs and at what load.
For the stresses in the zones surrounding sections a* — a" and
b* — d" will be very largely determined by the shape of the cross—
section above the diagonal crack.

Failures by splitting of the concrete at the level of the
steel are a very real possibility for they have been reported by
Zwoyer™ and Sozen™ \ who prefer to refer to them as bond failures
rather than shear failures. Unfortunately no data are available
for such failures and a quantitative analysis cannot, therefore, be
undertaken. It is likely however that these failures can be avoided
by the provision of a small amount of vertical reinforcement at the
level of the steel.

In regard to failure above the inclined crac , the observa-

tions of Zwoyer™ , Hosny™J1l, Sozenand the author indicate that
failure may be expected at section a’ — an rather than at section
b* —bn . Paez”™and Gh.aliK ', however, in analytical work on

prestressed concrete beams assume that the critical section is

b* —b" . In order to assess the possibility of failure at either
of the two zones and the loads at which failure in these zones may
occur, we need to know the shape of the section above the inclined

crack, the failure criteria for concrete and the principal stresses



acting in the zones.

The shapes of the sections above the inclined crack are
entirely dependent upon the line of the crack, which, as a whole,
is virtually impossible to predict before test. There are grounds
for believing, however, that the depth to the inclined crack from
the upper surface of the beam at the section of failure can be
predicted by an empirical expression. This is developed later in
this section.

The failure of concrete under combined stresses has been the
object of a considerable amount of research in recent years. The
most commonly proposed theories are those of maximum stress and
internal friction. Generally it may be said that these theories
of failure are not adequately substantiated for plain concrete. A
third theory suggesting a correlation between mean normal and shearing
stresses at failure proposed by Bresler and Fister”~'54"has shown
wide agreement with experimental observations.

The maximum principal stress theory which states that concrete
fails when one of the principal stresses acting in the concrete reaches
a limiting value has been commonly used in theoretical work. The
theory is quite unsatisfactory for our purposes for it has been dp-wn
by Richart, Brandtzaeg and Brown and McHenry and Karni™™ that
it fails to agree with experimental evidence of non—uni—axial states
of stress.

A second theory which has been frequently used is Mohr’s



generalisation of the internal friction theory. Basically the
theory states that failure occurs '"by *slipping’ on a definite plane
and that the normal and shearing stresses acting at the plane, o’

and T, are connected by a relationship

If the maximum and minimum principle stresses at failure are

and O’at , the relationship <t = f (d) can be represented by a curve

which touches the circle drawn on a diameter, the co-ordinates of the

ends of which are ,°) and ( cfc, o) as shown below””

The curveT= f (&) is an envelope of circles representing states of
failure such as the circle 0 on the above diagram.

The essential assumption of L'ohr*s theory is that the value
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of the intermediate principal stress is of no significance. But
the validity of this assumption is seriously open to doubt.

No experimental evidence, however, is available so far which would
question the theory's applicability to the case of a two—dimensional
stress system, the two stresses being of opposite sense. Since the
stresses in the zones of the beam which we are attempting to examine
are two-—dimensional and of opposite sense we may suppose that the
Mohr theory'—does apply for our purposes.

Unfortunately, although much research has been undertaken to
determine the shape of the envelope Y = f & , its form has not been
satisfactorily established.

The theory proposed by Bresler and Pister”~'A"suggests that
at failure there exists a unique relationship between the mean normal
stress acting at a point and the mean shear stress acting at the
point. If we consider an infinitesimal spherical volume of concrete

the mean shearing stress over the surface can be expressed as

Te 1-aM As
S—0 co

where Tgis the shear stress at the a point on the surface, S, of
the spherical element.

The mean normal stress can be represented as

As
S —"o (7)



where > is the normal stress at a point on the surface of the
spherical element.

It can be shown that

(8)

T/heres',<]j| are the principal stresses.

& ~ y3 T LT T D VR (9)

The relationship between ™ and can be established with

experimental data and it has been shown that the relationship

A = 0.050 + 1.224 (— ) + 0.826 (=~)2 eveereereur... (10)
fe *

f «
c Cc C

shows a Vv/ide measure of agreement with all known test results of
plain concrete under combined stresses.

If it is possible, therefore, to estimate the shape of the
cross—sections of the potential failure zone and the Bresler and
Pister theory of concrete failure is adopted, a knowledge of the
principal stress distributions in the zones should make possible a
generally applicable solution. However, the principal stresses
acting in the possible failure zones cannot be determined with any
certainty. No value can be given to the shear V with any accuracy
and the distribution of compressive stress in the zones is by no means
clear. Even an estimation of the principal stresses within the zones

would involve several assumptions about the behaviour of the beam
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mrhich may never be sufficiently accurate to justify such elaborations.
Were it possible to establish accurately the distribution of principal
stresses in the possible failure zones it remains doubtful whether a
solution in general terms would be justified. For an assumption
would have to be made as to whether O and AMawould be required to
satisfy the failure criteria at one point only, or at a number of
points or whether some mean values of and Ta in the failure zone
would be required. The problem of shear—compression failure, therefore,
has been approached on a semi-rational basis.

Hitherto, this section has been concerned only with beans under
symmetrical two—point loading. The general principles which were
applied to the foregoing analysis are expected, however, to be equally

applicable to beams under single point loading. Considering the



only type of failure considered in this section, may occur in one
of two ways. Firstly the concrete nay split at the level of the
reinforcement in a manner similar to that explained for beams under
two—point loading, and secondly, the concrete may fail at section
bl-b"

Failures by splitting at the level of the reinforcement have
been observed by Zwoyer'and Sozen but no data have been made
available. As for beams under two—point loading it is expected that
such failures can be eliminated by the provision of a small amount
of vertical reinforcement at the level of the steel.

Since shear—compression failures have been observed to be
essentially similar to flexural failures the analysis has been carried
out on a similar basis to that normally used for beams failing in
flexure. The proposed theory is semi-—rational and is not dependent
on a knowledge of the shear forces acting in the zones above the in-
clined crack. Therefore, although these forces are substantially
different for beams under single point loading as opposed to beams
loaded at two points, no distinction is made between these cases.

It vail be demonstrated that the proposed theory shows a wide measure
of agreement with experimental results regardless of the method of
loading.

Initially, the analysis is confined to rectangular beams,
.I.—odifications are subsequently proposed to cater for beams of a

different cross—section.



It is assumed that the forces acting at failure can he

represented by the diagram below

The terms K and k™ are determined by the stress distribution in the
zone above the inclined crack.

By taking moments about the line of action of the tensile
force, T, the failing moment

M, = KBA2 £k (1 = Ky ) e (1)

The term is entirely dependent upon the shape of the stress
block, which, unfortunately, is impossible to determine with precision.
For even if the complete distribution of strain in the zone above
the inclined crack were determined accurately the relationship between
stresses and strains at failure under the combined stresses which are
acting is not sufficiently well substantiated for an estimation to

be made of the horizontal stress distribution. It is unlikely,



however, that would be less than 0.33 which would be its value

if the stress distribution were triangular or more than 0.50 which
would be its value were the distribution rectangular. For conve-
nience the average value k2 = 0,42 is assumed to apply for all
conditions. The effect of assuming some other value for kg is to
slightly alter the derived expression for K and k. The selection
of a semi-arbitrary value for k?, therefore, does not seriously affect
the analysis.

Assuming that the properties of the beams are also known,
therefore, if K and k™ can be determined Equation O'!') can be used to
determine the ultimate load of a prestressed concrete beam in shear—
compression. Zwoyer”~has proposed that an expression for K can
be determined by measuring the depth of the compressive zone at fai-
lure, k d, and the failing moment M". Values of K can be determined
from equation (11) for each failure and an attempt made to relate K
to relevant variables. An expression for k is developed by assuming
that there exists a unique relationship, modified by the position of
the neutral axis, between the concrete and steel strains at failure.

Zwoyer suggests that, at prestress, the compressive strain in
the concrete at the level of the steel is €’ and the steel strain is
.- As load is applied to the beam, the compressive strain in the
concrete at the steel level decreases and at some stage reaches zero.
At this stage the steel strain is equal to e * € As Ioading

continues beyond this stage the elongation at the steel Jevel is



designated ecu> whilst the compressive strain in the conci'ete at
the top fibres of the beam increases until the limiting value e
is reached. At ultimate load

e =e +e F B ("12)
su se ce cu

It Is pronosed that eu and eCu can be related by a simple

equation

Balancing the horizontal forces acting on the beam at the

section of failure

KDBAV’0 =P NS U it (10
L (15)
Kf*
c

substituting this value in equation (13)

rKf*
%u =Jeu A — 1) (16)

substituting this value in equation (12)

= Je IYtc
u eJ 1—e‘ L_é“"4*<3e ....................................... (17)
su e

Equation (i 7) represents one relationship between the steel
stress and strain at failure for any given beam and the steel stress/
strain curve is another relationship. Only one combination of stress

will satisfy these relationships simultaneously.



Assuming that a value of K can be determined for each beam using the
empirical expression derived as indicated above, values of the term
Je” can be found using equation (17) and the stress/strain relation-
ship for steel. An attempt can then be made to find an expression
relating the term Je” to the relevant variables.

An estimate can. now be made of the shear—compression failing
moment of any beam whose properties fall within the ranges of variables
used in the test specimens. Values of the term Jeu and K are deter—
minable from the derived empirical expressions and thus values of
fSu and e, are found bX the simultaneous solution of equation (17)
with the stress/strain relationship for steel. Equations (11 ) and
(15) are used to obtain a value of the failing moment.

Sozen™”has suggested that the term, K, can be assumed to be

é T c "m6,000 ., which expression was aerl'vejj By ﬁi‘le% ané

.+ 1,500

Appletonfrom tests of prestressed concrete beams failing in flexure.
An expression for k” is developed by assuming that failure occurs
when the concrete above the inclined crack reaches a limiting strain
and that there exists a unique relationship, modified by the position
of the neutral axis, between the concrete and steel strains at failure.
It is proposed that the behaviour of the beam may be divided
into two significant stages terminated by "inclined tension cracking”
and ultimate failure. At "inclined tension cracking” the strains at

the critical section may be represented by the diagram below



The steel strain, €t = steel strain at prestress, egg + the concrete
strain at prestress, eCO + the steel elongation after zero stress in
the concrete at the level of the steel is reached.sgu: . The depth

of the neutral axis at this stage of loading is k~d and the concrete

strain at the extreme fibre is €cc- The relationship

is suggested as a relationship between the steel and concrete strains
at this stage of loading.
At ultimate load the strains at the critical section may be

represented by this diagram
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It is assumed that the additional steel strain, e‘sa’ over the steel

strain at "inclined tension cracking” may 'be related to the additional

extreme fibre concrete strain, eu — eCC, as below

€ sa =99 (/eu _ecc) (/I - ku) (19)
ku

The ultimate steel stress, esu. then becomes

e =J e 1 — - T = o
* ‘J2 (eu ecc) = 7 ece * ese (20)

Balancing the horizontal forces acting at the critical section

at failure we get



Kbdi  F' o = Pba | i (U,

Ku = Pfau (15)
If'flC

The equations (15) and (20) can be solved to find a steel
stress and consequently the strength of the beam if k,, k7,
K, e and e, are known or assumed. By making pertinent assumotions
and using test results Sozen derives empirical expressions which
enable us to determine the value of fsu for anv given beam.
Equations (11) and (15) can then be used to find a value of the
failing moment in shear compression.

Zwoyerls theory proposes, therefore, that a value of k can be
found for any given beam by the use of an empirical expression and
the simultaneous solution of two relationships between steel stress
and strain at failure, one of which is the stress/strain relationship
for the steel. Sozenls theory proposes that with the use of empirical
expressions one of —-which is for the moment causing "inclined cracicing”,
a term which is not clearly defined, and the solution of a relation-
ship between the steel stress and strain at failure with the stress/
strain relationship for the steel, a value of k can be determined for
any given beam.

The assumptionsmade in these theories, however, may never be

sufficiently .justified to warrant such elaborate analyses and the

resulting methods for the determination of the ultimate shear—compression,
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load are so complex as to be of little practical value. It is
believed that the terms K and k can be determined directly as
functions of the controlling variables and that values of K and ku
found by the use of these expressions are no less valid than values
obtained by the methods of Zwoyer and Sozen described above.

A value of K for any given beam failing in shear—compression

can be found from the following adaptation of equation (11)

provided Ku’ b, d, f'C and ku are known. Values of K for all
rectangular beams known to have failed in shear compression and for

which values of Mu’ b, d, f c and ku are known were obtained from
equation (21 ) and are listed in Table 4« It should be noted that
for the author's beams, the failing moment used, Il , corresponds to
the total of the applied load and the appropriate proportion of the
dead load. For other workersl beams, Mu is as listed. In some
cases it is not clear whether the failing load recorded is the total
load or the applied load. At failure, however, the self load of a
beam is small in comparison with the applied load and any discrepancy
is, therefore, considered to be of little significance.

Values of K are shown graphically as a function of the cylinder
strength of concrete in Fig. 11. Since, as has already been explained,

it is thought that the amount of shear transferred by the tensile

reinforcement is a factor influencing the stress pattern in the failure



zone at the time of failure it is possible that the scatter shown is
due to this shear force. The beam properties influencing this
force were, however, sensibly constant for all the specimens, and
details of cracking at the level of the reinforcement are not avai-
lable. It is therefore not known whether the scatter can be related
to the amount of shear transferred by the longitudinal reinforcement.
Other possible causes of scatter are the shear span to effective
depth ratio, the amount of prestress and the amount of tensile re-
inforcement. Each of these variables were examined but no corre-
lation with the scatter was apparent.

Although it is expected that K will approach some limiting
value at higher values of f'c, sufficient extra information is not

available to suggest a modification of Zwoyer's expression
K =1500 -0.715 x 10“4 fc' .............................. (22)

Zwoyer”~has noted that the results of the tests show that
the average compressive stress in the concrete of the beam just
before failure may be higher than the cylinder crushing strength;
and, of course, if the distribution of the comnressive stress is non—
uniform, as is expected, the stress in some parts of the zone may be
Jiigher than that. It is thought likely that this phenomenon is due
to the fact that the high compressive stresses exist only over a
short length in relation to the cross—sectional area of the zone

where the stresses act. For it has been shown”~"that, in general,



a decrease in the ratio of the length to diameter of concrete test
specimens may be expected to result in an increase in the measured
compressive strength.

It was found that the measured value of the depth of the
compression zone at failure, k~d, could be determined by the use of

the empirical relationship

ku ='T* (°*"27 + 0329 X 10°3pfse) oo, (23)
~oc
which is shown graphically on Figs. 12 and 13. In an attempt to

assess the cause of the scatter of the results values of

were plotted against a/d* ‘the shear

gtu (0.427 + 0.349 x 10~3pf__)

fi
c

span to depth ratio, this being tbs only remaining variable capable
of measurement. Ho correlation was detected. Although* as
explained earlier, the shear transferred by the reinforcement is
expected to have some influence on the shear—compression failure
load of prestressed concrete beams, it is not possible to make any
guantitative assessment of its value at failure. Y/hilst it is likely,
therefore’, that this shear is influencing failure it is not possible
to attempt to relate scatter to its value.

equation (23) is not valid for values of —~ and pf higher
fee
than those used in the tests. It is expected that k~ should approach
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some upper limiting value "but the scatter of data for beams with

ptn less than 0.7 and ste less than 1000 n.s.i. and the lack of

**'C
data for beams with values of and nf above these values does
not warrant a more refined expression. The measured depth to the

top of the inclined crack from the upper surface of the beam at the
point of failure was never less than 0.091 and never more than 0.444
of the measured effective depth.

Equations (22) and (23) were established by the use of data
from the tests of Zwoyer™™” and the author on rectangular beams for
which the measured depth to the inclined crack at the point of failure
was known. These equations are now used to examine the failing
moments of all beams known to have failed in shear compression.
Values of the failing moments of 55 beams tested in four separate
investigations were compared with those computed with the use of
equation (22) and (23). 43 of the beams were rectangular. The
remaining 12 beams, all tested by the author, had l-shaped crDSs—
sections. A detailed study of the influence of the shape of cross-—
section on the shear—compression failing load cannot be made, however,
for all the I-beaxas which failed in shear—compression were basically
of one type. That is, the ratio of web thickness to flan e width
was of the order of 0.50 and the average flange depths were each a
quarter of the overall depth of the bean. Data for the additional

rectangular beams are listed in Table 5 and data for the lI-beams are



listed in Table 6. For the lI-beams the comouted value of ku was
taken as the lesser of the value calculated by equation (23) and
the ratio of the mean fiance depth to effective depth.

It is apparent that the extra information provided demands
a revision of the expression for the calculated failing moment.
Divergence from the calculated values defends on . and the shape

'Cc

of the cross—section. Figures 14 and 15 show graphically the rela-
tionship between the moments calculated by equation (21) (i.e. M~calc)
and the test failure moments (Mutest) for the rectangular and the

I-beams respectively. It is suggested that a correction factor, F,

can be applied to the right—hand side of equation (11 ) such that now,

M = F bd2 £7 Kk (1 —KOK ) oo (24)
where F =140 —1.11 PEY oo (25)
fl
C

for rectangular beams, and

F= (120 —1.11 pt* ) (2.76 pty —0.19) cceeeunn... (26)

f; f;
C C

for the I-beams.
For rectangular beams, the expression
F = 1.40 ~ 1.11 PEU oo (25)
r c

should not be regarded as valid for values of ptu higher than 0.9.

i
C
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It is expected that at higher values of pt , F should tend to some
~cC
lower limiting value. The scatter of the results shown in Fig. 14

and the absence of data for beams with values of pt greater than

C
1.0 does not justify a more refined expression. For the I-beams,
the expression
F=(1.40 -1.11 ptu) (2.76 ptd —0.19) cceeeerrrrrnnnnnn. (26)

~F~ L
c C
has been so arranged as to allow easy comparison of the failing moments
of the I-beams with the rectangular beams. The expression should
not be regarded as valid for values of pt® outside the range

C

°.3<Ptug1.0. The scatter of results and the lack of information of

C

beams with values of pt outside this range does not warrant a more

C

refined expression than that given. An attempt was made to relate
the scatter to other known variables of the tests but no consistent
relationship could be determined.

It is clear that the term, F, in part, represents the influence
of the shape of cross—section of the beam. It is unfortunate, though,
that this influence cannot be fully investigated for reasons given

above. The expression



for rectangular beams, however, represents substantial deviation of
the measured failing moments from those moments calculated by the use
of empirical expressions established with experimental evidence of
tests on beams which were in no way substantially different from those
which were not included in the analysis. It must be concluded, there-
fore, for rectangular beams, that F represents a refinement of the
expressions for K and ku: and for the I-beams, F represents partly
the influence of the shape of the cross—section and partly refinements
in the expressions for K and ku. To what extent each of these terms
should be modified, nov/ever, is indeterminable from the information
which is available. Further research is necessary before more accurate
expressions for K and ku can be established.

One of the main reasons for undertaking the tests described in
this report was to determine the influence of the shape of cross—section
of the beam on the modes of failure in shear and the failing loads.
However, no beams with narrow—webbed |-sections failed in shear—com-
pression and, therefore, no widely valid assessment can be made of the
influence of the shape of cross—section on the shear—compression
failure of prestressed concrete beams. Fig. 15 indicates, however,
that, at least for beams with cross—sections not significantly dis-
similar from those discussed in this section, there exists a critical

value of the term ~ u above which I-beams fail at moments higher than

those predicted for otherwise similar rectangular beams and below
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which the beams fail at lower moments. Further research is necessary
before the influence of the shape of cross—section can be established

in quantitative terms.

16. Analysis of the Phenomenon of Piagonal Cracking.

The behaviour of beams exhibiting diagonal cracking has been
described in section 12. The observed phenomena are now discussed
quantitatively. Data from LO beams, tested by Hosny”'and the
author, which are known to have shown diagonal cracking as defined
in section 12 are used to establish an expression capable of predicting
the diagonal cracking load of prestressed concrete beams.

It is suggested that diagonal cracking occurs when the stress
pattern in the shear span satisfies the failure criteria for the
concrete in that zone. A complete knowledge of the stresses within
the shear span under all possible conditions would therefore make
possible a generally applicable solution provided that the actual,
criteria of failure of the concrete in the shear span are known.
Unfortunately, although it may be stated that the general theory of
failure of concrete proposed by Bresler and Pister”~'™3J , which was
briefly described in the previous section, is reasonably well sub-
stantiated, it is not clear in practice whether failure occurs when
the stresses at one point only or at a number of points satisfy the
failure criteria, or whether failure would occur if the average stresses

in a zone met the criteria. In any case the distribution of stress
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just "before diagonal cracking occurs cannot be estimated V/ith
accuracy. For at such a stage the concrete behaves plastically and
follows no well-defined natural laws which would enable us to
assess accurately the value of stresses acting. Furthermore, the
penetration of flexural cracks presents an additional factor the
influence of which is by no means definite. It is clear therefore
that a number of assumptions about the behaviour of the beam would
be required if it were particularly necessary to make available a
general solution. It is doubtful, however, in our present state
of knowledge, whether such assumptions would be sufficiently accu-
rate to justify auch a ’correctl analysis.

The problem of diagonal cracking must, therefore, be approached
at an empirical or semi—empirical level.

A possible semi—empirical method of correlating results would
be to select a parameter the value of which was felt to be of major
significance in the formation of diagonal cracks and attempt to relate
this parameter to pertinent variables. Such a parameter would most
useflolly be some stress (e.g. principal tensile stress) or some func-
tion of stresses existing at a known point in the web just before
diagonal cracking occurs or possibly the maximum value of such a
function throughout the web. This method is, however, open to serious
objections.

As already stated the actual stresses existing in the web just
before diagonal cracking occurs cannot be calculated with a great

degree of accuracy. Values of stresses acting just before cracking,



calculated using some form of idealised concrete stress/strain relation-
ship and assuming ideal beam conditions, represent, therefore, only a
measure of the true stresses existing. An expression involving a
parameter calculated in this manner would therefore be quite empirical
and no more representative of the true diagonal cracking criteria than
an empirical expression relating the applied load to significant
variables. The solution,would, furthermore, lead to a cumbersome
method of assessing the possibility of the occurrence of diagonal
cracks. It is, in addition, potentially misleading in that it conveys
the impression that one particular factor (i.e. the parameter) is of
overfiling significance in the formation of diagonal cracking whereas

it is clear that, unless the parameter in some way represents the
complete stress pattern in the shear span, this cannot be so.

The problem has therefore been approached on a completely empi-
rical level and an expression relating shear across the section when
cracling occurs to the pertinent variables is offerred. Data from
the beams used to establish the expression are listed in Table 7.

In cases where one of the shear spans of a beam has been strapped
following diagonal cracking and where diagonal cracking has subsequently
occurred in the other shear span, data relating to each of the shear
spans are used. It is considered that since the beam remains
statically determinate a result obtained from the shear span exhibiting
later diagonal cracking is as equally valid as that obtained from the

shear span showing earlier diagonal cracks.



For "beams tested by the author the shears causing diagonal
cracks as listed in Table 7 are those considered to be acting at mid-
length of the shear span. That is they correspond to a total of the
applied load and the appropriate proportion of the dead load. It is
not clear whether this also applies to the beams tested bjr Hosny but
since the dead load forms only a very small part, of the total load at
diagonal cracking it i_. not felt that any discrepancy will be of
major significance.

The most simple and consistent expression relating the shear
causing diagonal cracking to the influencing variables was found to
be

27)
t
where VC = shear force at diagonal cracking,

A

average effective prestress in the concrete,
i.e. the effective prestress at the centre of area of the concrete

section.

f+ = briquette strength of concrete,

a/d = shear span/effective depth ratio,
b, = web thickness/flange width ratio.
bLL

It should be noted that the above expression is entirely derived
from experimental evidence and is, therefore, not known to be valid

for beams other than those similar to those which have shown reasonable

Sl



correlation ivith it. Equation (27) therefore is presented as being
valid over the following ranges.
2.3 <al/d <3.5

0.28 ~0.50
T

400 < 700 p.s.i.
300 < 900 p.s.i.

03'- <p < 3.0

0.8 <°f < 1.6

d of the order of 10"
b of the order of 4~

Equation (27) may be expected to produce conservative values

graphically in relation to test results in Pigs. 16 to 20. The
figures show that major influencing factors affecting diagonal cracking
in prestressed concrete beams are the ratio of the shear span to
effective depth, the shape of cross—section, the strength of the con-
crete and the amount of prestress. It is realised, however, that the
actual size of the beam will also be a controlling factor of some
significance but, unfortunately, the result of only one beam (Si,.2)

which was substantially different in size from others was available.

83



The dependence of the diagonal cracking load on the size of
the beam could not be ignored in the development of equation (27)
and it was therefore assumed, in the absence of significant contrary

evidence, that the diagonal cracking load was directly proportional to

the product of the overall breadth of the beam and the effective depth.

This assumption is, of course, open to correction when sufficient
evidence is made available. In the meantime, however, it must be
regarded as a limitation on the validity of the expression.

Pigs. 16 and 17 show the influence of the strength of the
concrete and the level of prestress on the diagonal cracking load.
The value used to show the influence of the concrete strength is the
briquette strength of concrete, values of which were obtained as
described in section 10 for the author's bearns and are as listed
for Hosny*s beams. The briquette strength was selected as a measure
of concrete strength since it was considered that the conditions of
the briquette test were more similar to the conditions acting within
the shear span than those of any other test except possibly the
cylinder splitting test, also described in section 10, values from
which are not.available for all test specimens.

Since the stresses in the shear span due to prestress act in
superposition to those existing due to the application of load it was
felt that diagonal cracking would occur when the stresses due to the
applied load plus the stresses due to prestress satisfy some failure

criteria dependent on the strength of the concrete. This may be

\
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expressed mathematically as

w + F2(fh) = % 3 N (28)
where FN(VC) represents the influence of the stresses due to
applied load on failure
P2(fh) represents the influence of the stresses due to
the prestressing force on failure
and F,(ft) represents the failure criteria of the concrete.

This equation may he rewritten as

ve = V ft> (29)

The terms f, and f, were therefore selected as Parameters against

—)
which experimental evidence could be examined.
As may be seen from Pig. 17 equation (27) may be expected to
predict conservative values of the shear causing diagonal cracking for

beams with values of f* less than 0.8. It is possible that a more

refined expression than that offered would represent the data avai-

lable more accurately but the lack of data for values of f, Ilower

V

than 0.5 and the scatter of results at values above this do not
justify any refinement at present.

The effect of variation of the ratio of the shear span to
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effective depth on the shear causing diagonal cracking is shown in
Fig. 18. The parameter of the ratio of shear span to effective depth
was chosen since it was felt that it would present a reliable basis
for the examination of the effect of the applied moment whilst elimi-
nating any consideration of the size of test specimens. It is
immediately noticed that, all other factors being equal, an increase
in this ratio leads to a decrease in the amount of shear which can
be carried before diagonal cracking occurs. For otherwise similar
beams resisting the same applied loads the effect of increasing the
length of the shear span is to produce a higher applied moment. It
is therefore considered that the dependence of the diagonal cracking
load of the beam on the shear span is indicative of the influence of
the flexural stresses acting in the shear span. Precisely how the
flexural stresses influence the stress pattern within the shear span
is not clear’. For whilst it is certain that such stresses play a
significant part in the structure of the stress pattern in the shear
span the distribution of these stresses is dependent upon the extent
of flexural cracking, a factor about which little, in quantitative
terms, is known at present.

The term b, 1In equation (27) represents the influence of the
(mT)

shape of cross—section of the beam on the diagonal cracking load.
The effect of this factor is shown graphically in Fig. 19. The ranges

of the variation of the term b, are unfortunately limited and
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although it is thus possible that a more refined expression than
that indicated by equation (27) would more accurately represent the
influence of the shape of the cross—section of the beam, it was felt
that sufficient data were not available to justify any adjustment to
the expression offered at present.

In the group of beams which was specially designed to examine
the influence of the method of curing on the shear failure of the
test specimens, four instances of diagonal cracking were noted.

Two of these instances occurred in different shear spans of the same
beam. Other beams of the group failed following cracking at the
junction of the web and the upper flange as described in section 14.2.
and are discussed separately in section 18.

The results of the beams belonging to this group showing dia-
gonal cracking are plotted in Pigs. 16 to 20. It can be seen that
diagonal cracking in the shear spans of beam S50, which was cured in
the normal manner used for the rest of the tests described in' this
report, occurred at lower loads than in beams 352 and S53 which were
cured more rigorously. It should be noted, however, that nany other
beams with comparable properties cured in the same manner as that
used for beam S50 showed diagonal cracking loads in excess of those
recorded for beams S52 and S53* It is concluded, therefore, that
these results do not necessarily indicate that improved curing has any
marked effect on the diagonal cracking load of the beam. Yfnilst it

is considered that internal stresses due to shrinkage during the
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drying out of a 'beam are likely to influence the diagonal cracking
load of prestressed concrete beams it is thought that any shrinkage
effects in these beams are minimal, since the cross—section of the
beams tested were such that no part of the section was really remote
from the surface in relation to other parts. It is therefore likely
that drying out was reasonably uniform; in which case stresses due
to differential shrinkage would have been at a minimum. Further
research will be necessary before the influence of the method of
curing on the diagonal cracking load of prestressed concrete beams
can be established.

The result of beam S42 marked on Figs. 16 to 20 shows sub-
stantial deviation from other test results. Such deviation may be
due to a number of factors, for this beam is in many ways different
from others showing diagonal cracking. The most important differences
are that it is markedly smaller than other beams whose results are
plotted, its ratio of web thickness to flange width is higher, the
amount of longitudinal reinforcement is higher and the ratio of its
effective prestress at the centre of area to the tensile strength
of the concrete is lower. The deviation of this result may be due
to any or a combination of any of these factors. Further research
will be necessary before any comparative assessment of these factors
can be made. In the meantime the result of beam $42 emphasises the
limitations of the validity of equation (27?).

Since the amount of longitudinal reinforcement used in the



test beams was one of the major variables of this study a careful
examination of the test results was made in order to determine
whether the amount of reinforcement influenced the diagonal cracking
load of prestressed concrete beams* No consistent tz—ends were
observed. Pig. 20 shows values of 480 Vc ,

0d+16)(7*2 + 10*0 V  bdftr —"i
~ B

that is the fractional deviation of test results from values given
by equation (27)a plotted against percentage of reinforcement. It
is clear from this figure that the amount of longitudinal, reinforce-
ment of a prestressed concrete beam is unlikely to influence the
diagonal cracking load of that beam except possibly at very high
values of pfo. The scatter of data at such values, however, shows
that any possible dependence of the diagonal cracidng load on the
amount of longitudinal reinforcement cannot be confirmed without

further evidence.

17. Discussion of Failures following Diagonal Cracking.
The failure of prestressed concrete test beams following the

occurrence of diagonal cracking has been described in section 13.
It is clear from the observation of the test phenomena that, generally,
failure may occur either by a failure of the concrete zone above the
upper extremity of the diagonal crack or by a failure of the concrete
within the web.

(a) Failure of the Compression Zone above the Diagonal Crack.

The details of the behaviour of two beams, tested by the



author, 329 and S30, which failed by crushing of the concrete above
the upper extremity of the diagonal crack have been given in section
13 (a).

Let us consider that portion of one of the beams which lies
above the diagonal cracks at a time just before failure occurs.

The forces acting on such a section are as shown

it will be noted that the section and the forces acting on it
ere essentially similar to those of a like section of a beam which
has developed an inclined crack leading to a shear—compression failure
It is expected, therefore, that an analysis of this type of failure
could be developed in much the same way as that presented for shear—
compression failures in section 15. It is clear that the empirical
expressions presented for the terms K and k™ would need adjustment
for it is expected that they are dependent to some extent on the
crack pattern of the beam. Too few failures of this kind have been

reported, however, to alloy/ the development of any expressions for K
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and k applicable to this type of failure.
The results of beans S29 and S30 have been checked against
the estimated shear compression failure moments as given by equations

(24) and (26) and are compared below

Test LIu x 10 J Comnuted Test Value
Ibs ins M x 10 3 Confuted Value
Ibs ins
Beam
529 406 464 0.88
530 467 301 1.55

Whilst it is clear that there is poor correlation between the test
and computed values of M it is to be noted that in neither case is
the test result substantially lower than the computed value.

(b) Failure of the Web.

The failure mechanism of those beams which fail in the web
followin' diagonal cracking has been described in section 13 (b).
The observed behaviour of these beams is now discussed analytically.
Data from 14 beams, all tested by the author, are used to establish
an empirical expression relating the failure load to pertinent variables.
Although it is known that other failures of the kind now discussed
have been reported by other workers, either sufficient information is
not available for their inclusion in this analysis or the specimens
exhibiting such failures do not fall within the defined limits of
this investigation.

Let us consider the forces acting on a shear span which has

cracked dia; onaliy. The diagram below shows such a shear s”™an.



The applied shear is transferred across the shear span by a system
of stresses and forces dependent upon the geometry and elastic
properties of the component parts of the structure, the resultant
of which is an inclined thrust. The stresses acting at given point
in the shear span are therefore dependent on the applied load, the
properties of the beam section, the position of the diagonal crack or
cracks and the extent of localised failure (e.g. tensile cracks at
the upper or lower surfaces of the beam) in other parts of the shear
span. The stresses acting at a given point are expected to be to
some extent dependent on the amount of shear transferred by the tensile
reinforcement but since this factor is in turn dependent on the factors
already noted it is not listed separately.

The observation of test specimens shows that a beam may be
expected to fail when the concrete in the web crushes, usually at the

toe of one of the vertical tensile cracks extending from the upper

9Z
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surface. A complete analysis of the stresses acting within the
shear span would therefore make possible a generally applicable
solution assuming that the criteria of failure of the concrete are
known or can be satisfactorily approximated. It is clear, however,
that no accurate assessment can be made of the stresses acting within
the web just before failure occurs. For as already stated the
stresses are largely dependent on the crack pattern of the shear span
which cannot be predicted with accuracy and is in fact very variable.
The problem of the failure of the web following diagonal cracking has
therefore been pursued at an empirical level and an expression relating
to the shear across the section when failure occurs to the relevant
variables is offered. Data for the beams used to establish the
expression are listed in Table 8.

Data from 14 beams, all tested by the author, known to have
failed by web crushing following diagonal cracking are plotted in
Pig. 21. Results from those beams which failed at lower loads than
the loads causing diagonal cracking are included. For it is con-
sidered that such results are valid as being representative of the
load carrying capacity of the new, diagonally cracked, structure.
The following simple equation was fitted to the data over the range
shown

Vu = bb,fcu (0.376 — 0.01A a/d)..ccceeveernr.... (30)
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where V = shear force at ultimate load
b = flange width
b, = wv/eb thiclaiess
f = cube strength of concrete
a/d = shear span/effective depth ratio

The above expression should not be assumed to be valid other than for
beams similar to those whose results are plotted in Pig. 21. The
ranges of its validity therefore are

2.7 <ald <4.5

6000 <f,, <8000 p.s.i.

1.3" <b, <2

b of the order of 4"
vu

It is expected that at higher values of a//d the term —
*'cu

should tend to some limiting value but the complete lack of data for
beams with values of a/d over 4*5 and the scatter of results at values
lower than this do not justify a more refined expression.

That the ultimate failure load appears to be dependent on the
terms b, b, and a/d in addition to the concrete strength is attributed
to the fact that it is these factors which basically determine the
geometry of the cross—section of concrete above and below the diagonal
crack and the direction and value of the applied thrust through the

sections.

It is expected that the flange depth will also be an influencing
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factor since the geometrical properties of the cross—sections of the
concrete resisting the thrust are also dependent upon its value.

This factor was, however, sensibly constant for all beams whose
results are plotted end therefore its influence cannot be established.

That the ultimate failure load decreases, with an increase of
the ratio of the shear span to the effective depth of the beam is to
be expected. For the higher the value of a/d the less inclined is
the direction of the thrust through the shear span. Since the
vertical component of the thrust must always equal the applied shear
the less inclined the direction of the t rust the greater will be its
value. Thus the stresses acting in the shear span are higher and
failure more likely.

Cf the two instances of diagonal cracking in the beams which
were more rigorously cured than others of the test specimens, in neither
case was diagonal cracking followed by failure of the web in the same
shear span as that in which the diagonal cracking occurred. Both
failed by a failure of the other shear span following the formation
of cracks at the junction of the web and the upper flange as described
in section 14.2. No assessment can therefore be made of the influence
of the method of curing on the failure of beams by crushing in the
web following diagonal cracking.

It has already been noted that beams failing in the web follow-
ing diagonal cracking can be expected to sustain little more load,

if any, than the load required to cause the diagonal cracking. A



comparison of the diagonal cracking loads and the failure loads of
the 14 beams discussed in this section is made in Pig. 22. Two
observations can immediately be made from this figure. Firstly,
those beams which do sustain more load than that required for dia-
gonal. cracking to occur, show that the extra load wiiich can be
sustained is small in rela.tion to the diagonal cracking load.
Secondly, the higher the ratio of the shear span to the effective depth
the more likely is it that the ultimate load will be lower than the
load causing diagonal cracking. In addition to the above observations
which are based on the results of 14 beams which failed subsequently
to diagonal cracking it should be noted that in the case of many beams
the residual load after diagonal cracking is too high to be sustained
by the new structure, failure occurring almost instantaneously with
diagonal cracking. It has been observed that this is more frequently
so in the case of beams with a high ratio of shear span to effective
depth, so confirming to some extent the conclusion drawn in Fig. 22.
Since failures of the web following diagonal cracking are
frequently violent and since beams can be expected to sustain only
a little, if any, more load than that causing diagonal cracking, it
is suggested that unless some form of shear reinforcement is provided
with the aim of preventing web failures the diagonal cracking load
should be regarded as the limit of usefulness of the beam.
18. Discussion of other Types of Shear Failure.

The failure of a number of beams following the formation of



small cracks at the junction of the web and the upper flange has been
described in section 14. This type of failure occurred only in

those beams which were specially designed to examine the influence

of the method of curing on the failure of test specimens. It is

not believed, however, that the method of curing is a major influencin
factor in this type of failure for, with other factors sensibly con-
stant, improvement in the method of curing produced no consistent
trend in test results. Other than the method of curing used there
were no significant variations between the beams. It should be
noted, though, that all the beams failing in this manner were relative
ly highly prestressed, but since there was little variation of this
factor between the beams the influence of the level of prestress on
this type of failure could not be observed.

The various localised failures which constitute the mechanism
of this type of failure may be expected to occur when the system of
stresses and/or deformations in the appropriate parts of the shear
span satisfy the failure criteria for the concrete. As has already
been indicated in section 16, however, an accurate stress analysis
in the shear span just before failure occurs is virtually impossible.
An empirical analysis is also unwarranted because of the very limited
aviount of data available. These failures are therefore discussed in
comparison with the proposed expressions for diagonal cracking and
v/eb failure following diagonal cracking, which phenomena show some

similarities to those at present under discussion. Data for those



of the author's beams showing this type of failure are given in
Table 9. Data for those of Sozen's beams showing similar phenomena
are not available.
Values of 4~0  VCj } where VQ 1is the shear
W ¢ is) ft m
acting when the inclined cracking subsequent to cracking at the junction

of the web and the upper flange crosses the web, are plotted against

fft in Pig. 23 and are compared with equation (27). It will be seen
ft
that equation (27) only slightly overestimates values of V_ . It

C «

will also be noted, as stated earlier, that the method of curing has
little influence on the test results.

Values of u, , where V is the shear acting at ultimate

load, are plotted against a/d in Pig. 24 and are compared with

equation (30). It will be noted that equation (30) predicts V

reasonably well in these instances and that, again, the method of
curing has little effect on the result.

Although failures of beams following the formation of small
inclined cracks at the junction of the web and the flange are sub-
stantially different from failures of the web following diagonal crack-
ing in their mechanisms, some limited conclusions may be drawn from
Pigs. 23 and 24. Pig. 23 shows that when the inclined cracking in

the former instance crosses the web the load acting may be expected to
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be not substantially different from that load expected to cause
diagonal cracldng. Fi( . 24 shows that failure following either
type of cracking may be expected at similar loads. It is therefore
suggested that equation (27) should be used to predict loads causing
any substantial form of inclined or diagonal cracldng occurring in
the web except that originating at the bottom fibre of the beam,
and equation (30) should be used to predict loads at failure subse-
quent to tlds type of cracking.

The Failure of Beam S2j?

The failure of beam S25- which occurred by a sudden and complete
disintegration of one of its shear spans, has already been described
in some detail in section 14. An examination of the fragments of
the failed beam gave no indication of the mechanism of failure. It
has therefore not been possible to use data from this beam in esta-
blishing any of the expressions presented. The failing load of this
beam was, however, compared against the computed shear compression
failing load and the computed diagonal cracking loads in order to
determine whether the use of the expression offered for these computed

loads would have satisfactorily safeguarded against such a failure

as that which occurred. The comparison is made below
Test Computed Computed Diagonal Cracldng Loads
Failing Load Shear—Conxpression
R.H. Shear Span Failing Load L.H. Shear Span R.H. Shear Span
Ibs Ibs Ibs Ibs

23*800 24,300 20,400 21,400
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It —will be noted that the expression for the diagonal cracking
loads produced slightly conservative values for the failing load.
Failure in shear—compression may have been expected at a load slightly
higher than that causing failure. Whilst no generalisations may be
made from the evidence provided by one beam it is considered likely
that in this one instance failure would not have occurred in the
manner in which it did had the beam been designed against the occur-

rence of diagonal cracking and a shear—compression failure.



V1 SUHUARY AIJD CONCLUSIONS

The object of this investigation was to provide more infor-
mation of the behaviour of prestressed concrete bea s wifhout web
reinforcement when subjected to shear. Studies of the following
major variables were included

1) Amount of longitudinal reinforcement
2) Length of the shear span
3) Shape of cross—section of the beam

4) Type of curing

A total of 54 beams was tested. Five of the beams were
rectangular in cross—section and the remainder were l-section beams
of basically two types. All the beams were simply supported and
were tested under symmetrical two—point loading. The tests have
been described and the results have been presented graphically and
in tables.

The observation of test specimens shows that shear failure
of prestressed concrete beans may occur in a number of ways. The
most frequently observed modes of failure were shear—coimression
failures and failures following diagonal cracking. A shear—
compression failure occurs when the concrete in the compression zone
above an inclined crack, which was initiated by a vertical tension
crack at the bottom fibre of the beam within the shear span, crushes.

It should be noted that this type of failure is often followed,



almost instantaneously, by esplitting’ of the concrete at the level of the
tensile reinforcement.

Frequently, during test, l-section bea.;s exhibit diagonal
cracking within the shear span initiated independently of the vertical
cracics which may have formed at the bottom surface of the beam.

In almost all such cases the cracking becomes the dominant feature

of the failure mechanism. Failures following the formation of
diagonal cracks are often violent and any additional load mhich the
beam can carry before failure occurs is small. A number of less
frequently occurring modes of failure are fully described in the text.

On the basis of 55 results of the author and a number of other
workers an analysis for the strength in shear—compression of prestressed
concrete beans is presented and is similar to the analysis normally
used for strength in flexure. It is proposed that shear—compression
failing moment of prestressed concrete beams can be represented by

the following equation

Mu = Fbd2 f'C Kku \(/1 — kzkl\)/ ..................................... (2V4) .
where K = 1500 —0.715 X 10"2 1 .., (22)
ku = ptu (0.427 + 0.349 x 10—3 pfse) .coiiiiiiiiiiinnnann. (23)
F —
c
F o= 1.40 — 1.11 Pt e (25)
F7*—
c
for rectangular "beans
and F = (1.40 —-1.11 ptu) (.76 pt —0.19).iiriirienren.n. (26)
jr= -
c c

for lI-beams similar to those whose results are used in the analysis.



Data from 40 "beams, tested "oy Hosny and the author were
used to establish an expression capable of predicting the diagonal
cracking load of prestressed concrete beams. The sheer causing
diagonal cracking in a shear span can be related to the pertinent
variables by the followin' expression

Vc = (7.2 + 10.0 fh) +16) fbd b , . 27)
LA ad 480 b

An expression for the ultimate failure load by crushing of
the web following diagonal cracking is presented in the text and
cracking and failure loads of other modes of failure are compared
with the expressions already presented. It is concluded, however, ;
that, in ceneral, for prestressed concrete beams without shear
reinforcement the lesser of the shear—compression failin' load and
the diagonal crocking load as iven by equations (24) and (27) should

ark the limit of usefulness of a beam.

It should be noted that the expressions given above are larr—ely
derived fro. observation of test specimens and therefore should not
be regarded as valid for beans which are not comparable with those
whose results are used in their establishment. In particular,
before more widely valid expressions can be presented for cracking
and failure loads of prestressed concrete beams, further research
will have to be undertaken to determine :jore accurately the influence

of the shape of cross—section of the bea:i.
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Plate 1 Strapped shear span

Plate 2 Shear-corapression failure
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Plate 3 Shear-compression failure

Plate 1+ Cracking at the level of the reinforcement
following the formation of the inclined crack



Plate 6 Diagonal, cracking



Plate 7 Diagonal cracking

Plate 8 TMinor* cracking



Plate 10 Vertical cracking in the lower flange
following diagonal cracking



Plate 12 Vertical cracking in the upper flange
following diagonal oracld-ng



Plate 14 Failure by crushing of concrete within the web



Plate 16 Cracking at the junction of the web
and the upper flange
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Plate 17 Cracking at the junction of the web and the
upper flange in one of the beanos tested
by Sozen
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FIG. 7 STRESS /STRfII N RELATIONSHIP FOR TXPE | STEEL
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