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Abstract

This thesis is devoted to studying Poisson algebras, their properties and classifications of
Poisson prime ideals for a certain class of Poisson polynomial algebras A in three variables.

The study of such algebras was first introduced by Oh in 2006, [Oh3].

This thesis consists of two parts; In the first part, general properties of Poisson algebras
and their Poisson ideals are considered, and a review of known results and techniques is
presented. In the second part, classifications of Poisson prime ideals, minimal Poisson ideals

and maximal Poisson ideals are given.

The algebras A = K]|t|[x,y] are the Poisson polynomial algebras in one variable ¢, with
trivial Poisson bracket, over an algebraically closed field K of characteristic zero, that are
extended into two variables x and y, under certain conditions, such that if u is a fixed
polynomial in K[t]!, f is an arbitrary polynomial in K[t], A is a unit element in K*, ¢ is an
arbitrary element in K, the partial derivations 0; = % and 0y = %. The Poisson algebras A

can be denoted either by
(K[t];fata)‘_lfatacau)Z or K[t] [ya fat]p[x;)\_lfabuay]pg
with Poisson bracket defined by the rule

{t,yy = fy, {t,z}=X"'fzr and {y,z} = cyz +u.

!The polynomial ring

2This notation is from [Oh3], in particular (D;a, 8, ¢, u), see Lemma 11.2.19

3This notation indicates the extension of Poisson algebras with some functions multiplied by partial deriva-
tives, and p means a Poisson algebra
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The class of Poisson algebras A splits into three classes: I, IT and III. Each of them
splits further into subclasses, see diagram .0.1 for detail. The classifications of Poisson prime
ideals?, minimal Poisson ideals” and maximal Poisson ideals’ for the seventeen classes of
Poisson algebras, that are in blue, are obtained. In addition, the classifications of special
cases for the five classes of Poisson algebras, that are in green, are obtained. However, for

Poisson algebras that are in red, their Poisson prime ideals cannot be classified.

4Poisson ideals and prime ideals of the Poisson algebra
®Minimal elements with respect to the inclusions of Poisson prime ideals
5Maximal elements with respect to the inclusions of Poisson prime ideals
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§1 Introduction

Poisson structures have their roots in nineteenth-century research by Poisson, Hamilton,
Jacobi and Lie. With the groundbreaking studies of Lichnerowicz and Weinstein, it began to
exist as a separate field in the 1980s. Since then, Poisson structures have been involved in
a wide range of fields, including abstract algebra, representation theory, algebraic geometry,
differential geometry, string theory, classical/quantum physics, and differential geometry. In
each of these subjects, it turns out that the Poisson structure is a crucial component that
naturally arises with the problem under investigation, and its delicate qualities are always
essential for finding the solution. Recently, extensive work has been done, in particular, in
abstract algebra, please refer to [Oh3], [Oh4], [Goo2], [Jor], [JoOh], [MyOh], [Bav3], [Bav4]
and [Bavb].

Recall that a Poisson algebra D is a (commutative) K-algebra over a field K with a K-
bilinear product {-,-} on D, which is called a Poisson bracket, such that (D,{-,-}) is a Lie

algebra and satisfies the Leibniz's rule
{a-b,c} =a-{b,c} +{a,c}-b forall a,b,ce D.
Recall that an ideal p of D is prime if
IJCp = ICp or JCp,

where I and J are ideals of D. The Krull dimension of D is the supremum of the heights of
all prime ideals of D.
Recall that an ideal I of a Poisson algebra D is called a Poisson ideal if {D,I} C I. The

1



Poisson ideal of D generated by a is denoted by (a). A Poisson ideal [ is called a Poisson
prime ideal if I is a Poisson ideal and a prime ideal of D. The set of all Poisson prime ideals

of D is called the Poisson spectrum and is denoted by PSpec(D).

Classification of Poisson prime ideals is a very difficult problem which is done only for a few
classes of Poisson algebras. Over a field of characteristic zero, any algebra of Krull dimension

one has trivial Poisson bracket, that is
{a,b} =0 for all elements a,b.

There are plenty of Poisson algebras of Krull dimension two, and the classification of Poisson
algebras of Krull dimension two up to isomorphism is a wide-open problem. Even more
difficult is the classification of Poisson algebras of Krull dimension three. Moreover, Poisson
algebras of Krull dimension three is a very large and complex class of Poisson algebras. It is
still open problem even for the polynomial algebra in three variables. There is an excellent
paper by Polishchuk [Pol], a substantial part of it is the review of results about Poisson

algebras of dimension three, see Subsection 11.2.6.

There is a great variety of Poisson algebras in three variables, and this thesis demonstrates
this phenomenon. The main object of our study is a class of Poisson polynomial algebras
in three variables over an algebraically closed field K of characteristic zero that consists of

Poisson algebras

(K[t]; v, B,c,u)",

where o and f8 are arbitrary K-derivations of the Poisson polynomial algebra K|t], that is

i, ce K and u € K[t].

o= fﬁt, ,B = gat, where f,g S K[t], 815 = i

Then it follows from Lemma IV.0.1 and Lemma IV.0.2 that g = %f, where A € K*. There-

!This notation is from [Oh3], see Lemma IV.0.1



fore, the Poisson algebras A are denoted either by
(K[t]; fO,NLfO, ¢, u) or K[t] [y; fﬁt]p[x; )flfat,uay]pQ
with Poisson bracket defined by the rule

{t,y} = fy, {t,z}= A lfz and {y,z} = cyz + u,

see Chapter IV for detail. Surprisingly, this class of Poisson algebras contains a lot of sub-
classes of Poisson algebras that require different techniques for their study and different types

of results are obtained for each subclass.

The class of Poisson algebras A splits into three classes: I, IT and III. Let us give more

detail.
e The first class I consists of two subclasses: 1.1 and 1.2.
e The second class II consists of two subclasses: I1.1 and I1.2.
e The third class III consists of two subclasses: III.1 and I11.2.

Each of them splits further into subclasses. For more information please refer to diagram

IV.1.1, diagram IV.2.1 and diagram IV.3.1, respectively.

Originally, the goal was to classify Poisson prime ideals for all Poisson algebras A. Now,
it is obvious that it is a large task and some of the subclasses are very difficult to study.
Classifications of Poisson prime ideals are obtained approximately for the half of classes of

Poisson algebras A. Namely, for the Poisson algebras that belong to the following classes:

I, I1.1, II1.1, some classes in 11.2 and III.2.

The classifications of Poisson prime ideals for Poisson algebras that belong to all subclasses

of the first class I, the first part of the second class II.1, and the first part of the third

2This notation indicates the extension of Poisson algebras with some functions multiplied by partial deriva-
tives, and p means a Poisson algebra



class III.1 are obtained. Additionally, in these subclasses, the minimal Poisson ideals® and
maximal Poisson ideals® are classified, and the inclusions of Poisson prime ideals are given. In
addition, each subclass is treated independently because techniques that are used to classify
the Poisson prime ideals are different. In particular, some of them are similar to the techniques

in recent papers as [Oh3], [Oh4], [JoOh] and [Bav4].

However, to classify Poisson prime ideals is a very difficult problem. There are many rea-
sons for that and the main reason is that a description of the set of common (generalized)
eigenfunctions for the hamiltonian vector fields {z, -}, {y, -} and {¢, -} is a very difficult prob-
lem, in general as we have to solve a system of partial differential equations. In the second
part of the second class I1.2 and the second part of the third class I11.2, the classifica-
tions of Poisson prime ideals for Poisson algebras that belong to some subclasses, and special

subclasses with some restrictions, are given. For more information see Chapter V.

The thesis is organised as follows: Some preliminary standard material in algebras and
related subjects are given in Chapter 1. In Chapter 111, there are two classes of Poisson alge-
bras of dimension two and their Poisson prime ideals’ classification, which can be considered
typical examples for any other Poisson algebras of dimension two in this thesis. In Chapter
IV, the class of Poisson algebras A of dimension three is introduced, and then its structure is
given. In addition, the three main classes are introduced and their structure diagrams. Fol-
lowing that, the classifications of Poisson prime ideals, minimal Poisson ideals, and maximal

Poisson ideals for Poisson algebras that belong to some subclasses are given.

Let us present some typical results on the classification of Poisson prime ideals, minimal

Poisson ideals and maximal Poisson ideals for some subclasses of Poisson algebras A.

3Minimal elements with respect to the inclusions of Poisson prime ideals
4Maximal elements with respect to the inclusions of Poisson prime ideals

4



In the theorem below the classification of Poisson prime ideals is given for the Poisson

algebra Aj that belongs to the subclass 1.1.2.

Theorem 1.0.1. [Theorem IV.1.5] Let As = (K][t];0,0,¢,0) be the Poisson algebra with

Poisson bracket
{t,y} =0, {t,z} =0 and {y,x} =cyr, wherece K*.

Then the Poisson spectrum of As is

{07 (.%'), (y)v (t - A)? (.%', 9)7 ($,y - :u)> (y,:v - M)? (.CC, lpp)7 (ya qu)7 (.I',t - )‘)7 (y¢t - )‘)7 (%yﬂf -
A, (@ y—p,t=N), (y,x—p,t=A) | A€ K, pe€ K*,p € Irrp, K(t)[y]” and q € Irrp, K (t)[2]°},
l, and 1, are unique monic polynomials in K[t of the least degree in t such that l,p € K|t,y]’

and lqq € K1t, x]%, respectively, the inclusions of Poisson prime ideals of A3 are described in

the below diagram.

(x7y_‘u, (y,l’_,u’
o (z,y,t = X) t—2)
(y, (7 — >\)
(z,y — 1) (@, Lp)  (y,1,9)
(vt —N) (2,y) el
@ (v) =2

where A € K, p € K*|
0 Ilype Kty and lyq € K[t, x].

®The set of monic irreducible polynomials of the polynomial algebra K (t)[y] over the field of rational
functions in the variable ¢

5The set of monic irreducible polynomials of the polynomial algebra K (t)[z] over the field of rational
functions in the variable ¢

"The polynomial ring in two variables ¢ and y

8The polynomial ring in two variables ¢ and



In the theorem below the classification of Poisson prime ideals is given for the Poisson

algebra Ag that belongs to the subclass 1.2.1.1.

Theorem 1.0.2. [Theorem IV.1.8] Let Ag = (K]|t]; fOy, —f0O:,0,0) be the Poisson algebra

with Poisson bracket

{t,y} = fy, {t,z} =—fx and {y,z} =0, wheref e K[t]\K

and Ry = {A1,..., s} be the set of distinct roots of the polynomial f. Then the Poisson
spectrum of Ag is

{Oa (LL‘), (y)7 (t_)‘l)a (LL‘, t_)\l)7 (ya t_)\i)7 (:L‘y—,u), (17, y)7 (h7 t_)\l)a (gjy_lt’l’7 t_)\i)a (IIS‘, Y, t—l/),
(Y, 2 — iyt — X))y (2,5 — gyt — ), (2 — g,y —w, t—Ni), (2 —w,y+w i, t—N) |ve K, p, w €
KX, Ni€ Ry, i=1,...,s and h € Irr;, K[z, y]}, the inclusions of Poisson prime ideals of Ag

are described in the below diagram.

(v, — p, z—p,
(LIZ'—_W, t—)\z) (.I’,y,t—V) (_ 0 (l‘,y—/,b,
y+w lu, Y My
£— ) t—\) t— )
(y — p,
(e —n, (ht=x)  t=X)
@y—p t—x) (@i=x) @y
t—X)
(x,t—)\z)

where v € K, p,p/,w € KX,
0 )\Z'ERf,i:l,...,S
and h € Irrp, K[z, y].



In the following theorem, the classification of Poisson prime ideals is given for the Poisson

algebra Ag that belongs to the subclass 1.2.2.1.

Theorem 1.0.3. [Theorem IV.1.10] Let Ag = (K]Jt]; fO, —fO:,¢,0) be the Poisson algebra

with Poisson bracket
{t,y} = fy, {t,x} =—fx and {y,x} =cyx, wheref c K[t]\K, c € K*

and Ry = {A1,..., s} be the set of distinct roots of the polynomial f. Then the Poisson

spectrum of Ag is

{Oa (LL‘), (y)7 (xay)v (t_)\l)7 (yvt_)‘z)a (:Evt_kl)a (l'ayat_V% (xvy_,uat_)\l)a (y,:L‘—,u,t—)\l) | Ve
K,ppe KX, \; € Rf and i = 1,...,5}, the inclusions of Poisson prime ideals of Ag are

described in the below diagram.

(v, — u, (2, y = u, _,

t—\) t—N) @yt -v)
(y, t— )\i) (x,t - )\i) (z,v)
(v) (=) ()

0 where v € K, u € KX,
Ai€Ryandi=1,...,s.



§II Background

This chapter contains some basic facts in algebras that are significant and useful to under-
stand throughout this thesis. This chapter divides into three sections: General knowledge in
algebras I1.1, Poisson algebras and related subject 11.2, and Poisson enveloping algebras I1.3.

Readers with a basic understanding of algebras are encouraged to move on to Chapter I11.

§II.1 (General definitions on algebras

The aim of the section is to recall some basic definitions and properties in ring theory and
K-algebra to be used throughout this thesis. The left case will only be considered and the

right case has the same situation but requires a different multiplication structure.

[I.1.1 RINGS AND MODULES

The following are some well-known definitions and properties of rings and modules, and the

main sources for these are [GoWa] and [Sta].

Definition II.1.1. An wunital ring R is a set on which two binary operations are defined
addition (+) and multiplication (-) such that (R,+) is an abelian group, (R,-) is a monoid
set, and the distributive laws hold:

a-(b+c)=a-b+a-c and (a+b)-c=a-c+b-c forall a,b,ce€R.

In addition, R is a commutative ringif a-b="5-a for all a,b € R.
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Definition I1.1.2. Let R be a ring. A subset S of R is a subring if S is a ring under the

operations inherited from R.

Definition I1.1.3. Let R be a ring. A subset I of R is a left ideal if I is an abelian subgroup
of R under addition and for all 7 € R, a € I implies ar € I. In addition, I is an ideal' of R if

I is a left and right ideal of R. A ring R is a simple ring if R and 0 are the only ideals of R.

Definition II.1.4. Let R be a ring. R is called an integral domain if ab = 0 then either

a=0orb=0 for all a,b € R. In particular, R has no non-zero element as a zero divisor.

Definition I1.1.5. Let K be a commutative ring. If for any non-zero a € K there exists

b € K such that ab = ba = 1 then K is called a field.

Definition I1.1.6. Let R and S be rings. A map ¢ : R — S is called a ring homomorphism

if
pla+d) = ¢(a)+pb),
p(ab) = (a)p(b),
p(1) =1

for all a,b € R. If ¢ is injective, surjective and a bijection then ¢ is called a monomorphism,

epimorphism and isomorphism, respectively.

Definition I1.1.7. Let R be a ring. An ideal p of R is prime if

IJCp = ICp or JCp,

where I and J are ideals of R. In addition, the set of all prime ideals of R is called the
spectrum of R and is denoted by Spec(RR).
Definition II1.1.8. Let R be a ring. The height of a prime ideal p of R is the supremum of

all integers n such that there exists a chain

PoCpP1C--Chp=p

Ytwo-sided ideal
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of distinct prime ideals of R, and is denoted by ht(p). In addition, the Krull dimension of R

is the supremum of the heights of all prime ideals of R.

Definition I1.1.9. Let R be a ring. An ideal m of R is a maximal if m # R and the only

ideal strictly containing m is R. The set of all maximal ideals of R is denoted by Max(R).

Definition II.1.10. Let R be a ring. The set
Z(R)={z€ R |zr =rzforallre R}

is called the centre of R. In addition, the centre of R is a commutative subring of R.

Definition I1.1.11. Let R be a ring over a field K. If K is a subset of Z(R) then R is called

a K-algebra.

Definition I1.1.12. Let R be a ring. If there is a family {R;};>o of additive subgroups of
R such that

1. 1 € Ry,
2. R; C Rj for all i < j,
3. RiR; C Ry forall 7,5 > 0, and
4. R=;5q Ri-
then R is called a filtered ring and the family {R;} is called a filtration of R.

Definition I1.1.13. Let R be a ring and {R;};cz be a family of additive subgroups of R
then R is called a Z-graded ring?® if

1. R=@,.; Ri, and
2. RlR] - RiJrj for all i,j > 0.

The family {R;} is called a grading of R and a non-zero element of R; is called an element of

homogeneous degree 1.

2or a graded ring
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Definition I1.1.14. Let R be a filtered ring and {R;};>0 be a filtration of R. The associated
graded ring is

gr(R) = @ (Ri/Ri-1)?

>0

equipped with
(r+Ri—1)(s+Rj_1) =rs+ Riyj—1 forall m€ R; and s € R;.

For all r € R; we have T =7+ R;_1 € R;/R;_1.

Definition I1.1.15. Let R be aring. An unital left R-module M is an additive abelian group
with a map R x M — M that is defined by (r,m) — rm such that

1. (r1 +re)m =rim+rom for all ri,79 € R,m € M,
2. r(m1 +mg) =rmy +rmy for all r € R,mi,mg € M,
3. (rireg)m = ri(rgm) for all 7,79 € R,m € M, and

4. Im =m for all m € M.

Definition I1.1.16. Let R be a ring and M be a left R-module. A subset N of M is called
a left submodule of M if N is a left R-module under the operations inherited from M. In

addition, M is a simple R-module if M and 0 are the only submodules of M.

Definition I1.1.17. Let R be a ring and M be a left R-module. If M can be expressed as
M =377, Rm; for some elements m; € M then M is called a finitely generated R-module.
In addition, if M is generated by an element m € M such that M = Rm = {rm | r € R} is

called a cyclic R-module.
The following is the definition of annihilator of modules.

Definition II1.1.18. Let R be a ring, M be a left R-module and X be a subset of M then

the annihilator of X is

annp(X)={re R|rz =0 forall x € X}.

3as additive groups and R_; :=0
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Definition II.1.19. Let R be a ring. An ideal P of R is left primitive if P = anng(M) for
some simple left R-modules M. In addition, a ring R is called a left primitive ring if 0 is a

left primitive ideal of R.

Definition II1.1.20. Let R be a ring. A left R-module M of R is a left Noetherian if every
ascending chain

N1 C Ny C N3 C---

of left submodules of M is eventually stationary. Thus, there exists some integer ng such
that N, = Np4+1 for all n > ng. A module M of R is a Noetherian if M is a left and right

Noetherian.

Definition I1.1.21. Let R be a ring. Then R is left Noetherian if and only if R is a left

Noetherian R-module. In addition, R is a Noetherian ring if R is a left and right Noetherian.

Definition I1.1.22. Let K be a field and R be a K-algebra. If R is finitely generated with
finite-dimensional generating K-subspace V containing 1 then the real number,

lim sup (logn(dimK V")), is independent of the generating subspace V' of R, this number is
called the Gelfand-Kirillov dimension of R

GK dim(R) = limsup (log, (dimg V™)).

Definition I1.1.23. Let R be a ring and « be an automorphism of R. A skew Laurent ring

T = R[z*';a] over R is a ring such that
1. Tisaringand RC T,
2. an element z is invertible in T,
3. T is a free left R-module with basis {1, 2,27, 2%, 272,...}, and

4. xr = a(r)x for all r € R.

4that is, R = U, V"
Sor skew Laurent extension of R
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Definition II1.1.24. Let R be a ring and a be an endomorphism of R. A additive map
6 : R — R is called a left a-derivation on R if

d(ab) = a(a)d(b) + 6(a)b for all a,b € R.

Definition I1.1.25. Let R be a ring, o be a ring endomorphism of R and § be a left a-

derivation on R. Then S = R[x;«, ] is called a skew polynomial ring over R° if
1. RC S and S is a ring,
2. an element z is in 5,
3. S is a free left R-module with basis {1,z,22,...}, and

4. xr = a(r)x + o(r) for all r € R.

[1.1.2 LIE ALGEBRAS

The following are some facts in Lie algebras, and the main source for these definitions is [Pre].

Definition II.1.26. A vector space L over a field K is called a Lie algebra if there exists a
bilinear product [-,-] on L, called a Lie bracket, which is anti-commutative and satisfies the

Jacobi identity:
[a,al =0 and Ia,[b,c]] + [b,[c,a]] + [c,]a,b]] =0 for all a,b,ce€ L.

Definition II.1.27. Let L be a Lie algebra. A K-subspace B of L is a Lie subalgebra if
[bl,bg] € B for all by, by € B.

Definition I1.1.28. Let L be a Lie algebra. A K-subspace I of L is a Lie ideal if [a,b] € T
for all @ € L and b € I. In addition, L is called a simple Lie algebra if L is not abelian and
if L and 0 are the only Lie ideals of L.

Sor an Ore extension of R
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Definition I1.1.29. Let L; and Lo be Lie algebras over a field K. A K-linear map
QY : L1 — LQ
is called a Lie algebra homomorphism if ¢([a,b]) = [¢(a), ¢(b)] for all a,b € L;.

Definition I1.1.30. Let L be a Lie algebra over a field K. A K-vector space M is an

L-module if there is a bilinear product [-,|as : L X M — M such that
[[a,b], m]ar = [a, [b,m]ar]ar — [, [a,m]ar]ar for all m € M and a,b € L.

In addition, a K-subspace N of M is called an L-submodule of M if [a,n|p; € N for alla € L

and n € N. In addition, M is a simple’ L-module if M and 0 are the only submodules of M.

Definition II1.1.31. Let L be an algebra over a field K® with a binary operation (a, b) — a-b.

A K-endomorphism « of L is called K-derivation on L if
afa-b) =ala) -b+a-alb) forall a,be L.

The set of K -derivations on L is denoted by Derx (L). In addition, the set of inner derivations

on L is

Derg (L) :={ad, | a € L}, where ad,(b) := [a,b] := ab — ba.

Definition II1.1.32. Let L be a Lie algebra over a field K. If U is an unital associative
algebra and ¢ : L — U is a Lie algebra homomorphism then the pair (¢, U) is called an

enveloping algebra of L.

Definition I1.1.33. The universal enveloping algebra of Lie algebra L is an enveloping
algebra (w, U (L)) which has the following universal mapping property: for any enveloping
algebra (¢, U) of L there exists a unique associative algebra homomorphism f : U(L) - U

such that ¢ = f o).

Tirreducible
8not necessarily associative or Lie algebra
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[1.1.3 THE WEYL ALGEBRAS AND THE (GENERALIZED

WEYL ALGEBRAS

Definition I1.1.34. Let A, be an associative K-algebra generated by Xi,...,X,

and Y7,...,Y, as determined by the defining relations
[Y;‘,Xj] = 5,5 and [Xz,XJ] = D/Z,YVJ] =0 for all i,j,

where ¢;; is the Kronecker delta function then A, is called the n'th Weyl algebra.

The following definition is the generalized Weyl algebra that was introduced by V. V.

Bavula. Further details concerning the generalized Weyl algebra can be found in [Bav2].

Definition I1.1.35. [Bav2, page 72| Let D be a ring, 0 = (01,...,0,) be an n-tuple of
commuting automorphisms of D, a = (a1, ...,a,) where a; € Z(D) such that o;(a;) = a; for
all i # j. The generalized Weyl algebra” A = D[X,Y;0,a] of rank n is a ring generated by
D and X4,...,X,,Y1,...,Y, as determined by the defining relations

YiX; = ai, X;Y;=o0i(a;),
X;d = 0i(d)X;, Yid = o; }(d)Y;, for alld € D,
(Xi, Xj] = [Xi,Y;] = [Vi,Yj] = 0 for all i # j,

where [z,y] = xy — yz. Notice that a and o are called sets of defining elements and auto-

morphisms of the generalized Weyl algebra A, respectively.

%n short GWA
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§I1.2 Poisson algebras: Review of results

The goal of this section is to recall some essential definitions and properties of Poisson algebras
and related topics to be used throughout this thesis. In particular, the constructions of
Poisson brackets and some criteria to classify Poisson prime ideals are discussed. In addition,
our motivations for Poisson algebras are demonstrated by reviewing some studies on Poisson

algebras and related subjects, see Subsections [1.2.5 and 11.2.6.

[1.2.1 POISSON ALGEBRAS

The following are some basic definitions and properties of Poisson algebras. The main sources

for these are [Oh1], [Oh3], [Oh4], [JoOh] and [Bav3].

Definition II.2.1. A (commutative) K-algebra D is called a Poisson algebra if there exists
a bilinear product {-, -} on D, called a Poisson bracket, such that (D, {-,-}) is a Lie algebra

and satisfies the Leibniz's rule
{a-b,c} =a-{b,c}+{a,c} b forall a,b,ce D.

Definition II1.2.2. A K-subspace B of a Poisson algebra D is a Poisson subalgebra if
{bl,bg} € B for all by, by € B.

Definition I1.2.3. Let D be a Poisson algebra. A Poisson bracket is called a trivial Poisson

bracket if {a,b} = 0 for all a,b € D.
Definition II1.2.4. Let D be a Poisson algebra. Then
1. Z(D):={a€D|a-b="b-a forallbe D} is called the centre of D.
2. PZ(D):={a € D |{a,b} =0 for all b€ D} is called the Poisson centre of D.

3. Z(D):={a€D|a-b=b-a, and {a,b} =0 for all b € D} is called the absolute centre
of D.

If D is a Poisson algebra with trivial Poisson bracket then the above three sets are equal.
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Definition I1.2.5. Let Dy and D» be Poisson algebras over a field K, and define K-algebra

homomorphism ¢ : D1 — Do, which is called a Poisson homomorphism if

v({a,b}) = {p(a),p(b)} for all a,be D;.

Definition II.2.6. Let D be a Poisson algebra. An ideal I of the algebra D is called a
Poisson ideal of D if {a,b} € I for all a € D and b € I. The Poisson ideal of D generated by
a is denoted by (a). In addition, the algebra D is a simple Poisson algebra'’ if D and 0 are

the only Poisson ideals of D.

Definition I1.2.7. Let D be a Poisson associative algebra over a field K, and Derg (D) be
the set of K-derivations on D. Then

PDery (D) := {6 € Derg (D) | 6({a,b}) = {d(a), b} + {a,6(b)} for all a,b€ D}

is called the set of Poisson derivations on D. In addition, the set of inner derivations on D
is

PIDery (D) := {pad, | a € D}, where pad,(b) := {a,b}, b€ D.

Notice that, for all a € D the derivation pad, = ham(a) := {a,-} € Derg (D) is called also

the hamiltonian vector field'' associated with the element a.

Definition I1.2.8. Let D be a Poisson algebra. A Poisson ideal p of D is called a prime
Poisson ideal if p is a prime ideal of D. In addition, a Poisson ideal q of D is called a Poisson
prime ideal of D if

IJCq = ICq or JCuq,
where I and J are Poisson ideals of D.

Definition I1.2.9. Let D be a Poisson algebra. A set of all Poisson prime ideals of D is
called the Poisson spectrum of D and is denoted by PSpec(D).

Definition 11.2.10. Let D be a Poisson algebra. A Poisson ideal I of D is called a mazimal

00or Poisson simple algebra
Yor a hamiltonian derivation
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Poisson ideal of D if I is a maximal element with respect to (C, PSpec(D)).
PMax(D) = {I € PSpec(D) | I is a maximal element }.

A Poisson ideal m of D is a Poisson maximal ideal if m is a maximal ideal that is also Poisson.
In addition, a Poisson ideal I of D is called a minimal Poisson ideal of D if I is a minimal

element with respect to (C, PSpec(D)).

Definition I1.2.11. Let D be a Poisson algebra. A Poisson ideal P of D is Poisson primi-
tive'? if there exists a maximal ideal M of D such that P is the largest Poisson ideal contained

in M.

Definition 11.2.12. Let D be a Poisson algebra. A Poisson ideal p of D is a Poisson height

n prime ideal if p is a Poisson prime ideal of D and has height n as a prime ideal.

Definition 11.2.13. Let D be a Poisson algebra, and A be a set of linear maps from D into
itself. A Poisson ideal I of D is called A-Poisson ideal'® if (1) C I for all § € A.

Definition I1.2.14. Let D be a Poisson algebra and § be a Poisson derivation on D. If D
and 0 are the only §-Poisson ideals of D then D is called an §-Poisson simple. In addition,

a d-ideal p of D is called a §-prime Poisson ideal if p is a prime Poisson ideal.

Definition II1.2.15. Let G be a monoid and the Poisson algebra D be G-graded algebra
such that
{Di,Dj} - Di—l—j for all 1,] € G

then D is called a G-graded Poisson algebra.

The following remark defines the Poisson structures on factor Poisson algebras, localized

Poisson algebras and the tensor product of Poisson algebras.

Remark I1.2.16. Let D be a Poisson algebra.

2gymplectic
Bor A-invariant or A-stable



I1.2. Poisson algebras: Review of results 19

1. Let I be a Poisson ideal of D. Then the factor algebra D/I is a Poisson algebra with
Poisson bracket defined by the rule

{a+1,b+ 1} ={a,b}+1 forall a,be D.

2. If S is a multiplicative subset of D then the localization algebra S~'D of the algebra D

is a Poisson algebra with Poisson bracket defined by the rule

{as™1,bt71} = s72t7%(st{a, b} — sb{a,t} — at{s,b} + ab{s,t}) for alla,b € D, s,t € S.

3. Let D; and D4 be Poisson algebras. Their tensor product D1 ® D» is a Poisson algebra
with Poisson bracket defined by the rule

{a1 ®b1,a0 ® bz} = {al, az} ® b1by + a1a9 ® {bl, bQ},

where ai,a € Dl,bl,bg € Dy and {Dl,DQ} =0.

[1.2.2 CONSTRUCTION OF POISSON POLYNOMIAL

ALGEBRAS

The theorem below gives us the first extension of Poisson polynomial algebras into one vari-
able, and the Poisson structure is defined similarly to the multiplication in skew polynomial

algebras.

Theorem I1.2.17. [OhS3, Theorem 1.1] Let D be a Poisson algebra over a field K and «,
d be K-linear maps on D. Then the polynomial ring D[z] becomes a Poisson algebra with

Poisson bracket

{a,2} = a(a)x +0(a) forall a€D (I1.2.1)

if and only if a is a Poisson derivation on D and § is a derivation on D such that

0({a,b}) —{d(a),b} —{a,d(b)} = 6(a)a(b) — a(a)d(b) for all a,be D. (I1.2.2)
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The Poisson algebra D[z| is denoted by Dlx;«,d], and if 6 is zero then it is denoted by
Diz; ap.

The next remark shows that the distinction between forms of the Poisson polynomial

algebras and skew polynomial algebras.

Remark I1.2.18. [MyOh] The Poisson polynomial algebra D|x] in Theorem I1.2.17 is de-

noted by D[z;«, ], instead of D[z; «, ] to distinguish it from skew polynomial algebras.

The following lemma gives us the second extension of Poisson polynomial algebras into two
variables. This is the critical method used to construct the class of Poisson algebras A, see

Chapter IV.

Lemma I1.2.19. [Oh3, Lemma 1.3] Let D be a Poisson algebra over a field K, c € K, u € D

and a, B be Poisson derivations on D such that

af =pa and {a,u} = (a+B)(a)u forall ae€ D. (I1.2.3)

Then the polynomial ring D]x,y] becomes a Poisson algebra with Poisson bracket

{a,y} = ala)y, {a,z}=pL(a)r and {y,x}=cyx+u forall a € D. (I1.2.4)

The Poisson algebra D[z,y| with Poisson bracket (11.2.4) is denoted by (D;a,B,c,u) or
Dly; a, Olp[z; 8,0 := udy]p.

[1.2.3 POISSON MODULES

The following are some basic definitions and properties of Poisson modules, and the main

source is [Jor].

Notice that, the Poisson modules have been defined in several ways across the literature.

The following definition was introduced by D. R. Farkas, [Far].
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Definition II.2.20. Let D be a commutative Poisson algebra with Poisson bracket {-,-}
and M be a D-module then M is called a Poisson D-module if there is a bilinear product
{*,-}m : D x M — M such that the following hold:

1. {{a,b},m}n = {a,{b,m}r}rr — {b,{a,m}nrr}n for all a,b € D, m € M,
2. {a,bm}y = {a,b}m + b{a,m}y for all a,b € D, m € M, and
3. {ab,m}rr = a{b,m}arr + b{a,m}y for all a,b € D, m € M.

Definition I1.2.21. Let D be a Poisson algebra and M be a Poisson D-module. A submodule
N of M is a Poisson submodule if {a,n}p € N for all @ € D and n € N. In addition, M is

a simple Poisson D-module if M and 0 are the only submodules of M.

Definition 11.2.22. Let D be a Poisson algebra and M be a Poisson D-module. In addition,

M is a semisimple Poisson module if M is a direct sum of simple Poisson D-modules.

Definition I1.2.23. Let D be a Poisson algebra, and M; and My be Poisson D-modules. A

Poisson module homomorphism p : My — Mo is a D-module homomorphism such that

o({a,m}rn) = {a,o(m)} s, for alla € D and m € M.

1

In addition, if ¢ is bijective then ¢ = : My — Mj is also a Poisson module homomorphism

and ¢ is a Poisson module isomorphism.

The following remarks give us some Poisson module structures expressed by factoring

Poisson algebras by their Poisson ideals.

Remark II.2.24. [Jor, Remark 4] Let D be a Poisson algebra. There is a natural method
for Poisson D-modules to appear in which I and J are Poisson ideals of D with I C J then
the factor J/I is a Poisson D-module with {a,j+1};/; = {a,j}+1, where a € D and j € J.
Every Poisson submodule of J/I is a Lie ideal, hence, if J/I is simple as a Lie algebra then

it is simple as a Poisson module.

Remark I1.2.25. Let D be a Poisson algebra and I, J be Poisson ideals of D then I/1J
and J/IJ are Poisson D-modules.
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The following is the definition of the annihilator of Poisson modules.

Definition I1.2.26. Let D be a Poisson algebra and M be a Poisson D-module. The

annihilator of M is

annp(M) ={a € D |am =0 for all m € M}.

The following is the definition of the Poisson annihilator of Poisson modules.

Definition I1.2.27. Let D be a Poisson algebra, M be Poisson D-module and .S C M then
we have

Pannp(S) ={a € D | {a,m}y =0 for all m € S}.

I[1.2.4 POISSON ALGEBRAS IN ALGEBRAIC GEOMETRY

The aim of this subsection is to recall some basic terminology and notations on algebraic

geometry to be used throughout this thesis. The main source in this subsection is [Har].

Definition II1.2.28. An irreducible closed subset of A’.-, with the induced topology, is called
an affine algebraic variety'*, and an open subset of an affine variety is called a quasi-affine

variety.

Definition I1.2.29. Let Y be a quasi-affine variety in A% and f : Y — K be a function
on Y. If there is an open neighbourhood U with P € U C Y, and g,h € A = K[x1,..., 2]
such that h is not zero on U and f = g/h on U then f is called regular at a point P € Y. In

addition, if f is regular at every point of Y then is called reqular on Y.

Definition I1.2.30. Let X, Y be varieties and ¢ : X — Y be a continuous map such that for
every open set U C Y, and every regular function f : U — K the function foyp : ¢ 1(U) = K

is regular then ¢ is called a morphism.

Definition I1.2.31. Let X be a topological space. A presheaf % of abelian groups on X

consists of the data

1. for every open subset U C X, an abelian group . (U), and

Yor simply affine variety
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2. for every inclusion V C U of open subsets of X, a morphism of abelian groups pyy :

FU)— F(V)
subject to the conditions
(a) Z(0) =0, where ) is the empty set,
(b) pvv : F(U) — F(U) is the identity map, and
(¢) if W CV C U are three open subsets then pyw = pyw o pyvy .

Definition I1.2.32. A presheaf .# on a topological space X is a sheaf if it satisfies the

following supplementary conditions:

(d) If U is an open set, {V;} is an open covering of U and s € Z(U) is an element such

that s|y, = 0 for all i then s = 0'°, and

(f) If U is an open set, {V;} is an open covering of U and s; € #(V;) for each i with the
property that for each 4,7, si|v,nv; = s;j|v;ny; then there is an elements s € . (U) such

that s|y;,=s; for each .

Definition I1.2.33. Let .# be a presheaf on X. The elements of .% (U) are called sections

of # over the open set U.

Definition I1.2.34. Let X be a topological space and Ox be a sheaf of rings on X then a
pair (X, Ox) is called a ringed space.

Definition I1.2.35. A sheaf of ideals'® on X is a sheaf of modules .# which is a subsheaf of

Ox. In other words, for every open set U, .% (U) is an ideal in Ox (U).

Definition I1.2.36. Let (X, Ox) be a locally ringed space such that (X, Ox) ~ Spec(R) for

some ring R then X is called an affine scheme.

Definition I1.2.37. Let (X, Ox) be a locally ringed space in which every point has an open
neighbourhood U such that the topological space U, together with the restricted sheaf Ox |y

is an affine scheme then X is called a scheme.

5Note condition (d) implies that s is unique
or an ideal sheaf
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Definition I1.2.38. Let X be a non-singular variety X of dimension n. The sheaf Q% of
differential 1-forms on X is a vector bundle of rank n. Its determinant A" QL = Q% is the

canonical bundle of X, denoted wyx.

Definition I1.2.39. Let X be an algebraic variety and Ox be a sheaf of holomorphic func-

tions on X. A (holomorphic) Poisson structure on X is a C-bilinear operation
{-,-}:OX XOX —)OX

which satisfies skew-symmetry, Leibniz's rule and Jacobi identity for all elements in Ox.

Definition I1.2.40. Let Y be an affine variety and suppose that A(Y') is equipped with a
Lie bracket {-,-} : A(Y)) x A(Y) = A(Y), which makes (A(Y),{-,-}) into a Poisson algebra.
Then (Y,{-,-}) is called an affine Poisson variety"".

[1.2.5 REVIEW ON POISSON POLYNOMIAL ALGEBRAS

The first review is on the paper [Oh3]. This study gives us a significant structure of Poisson
polynomial algebras, which is used to consider the class of Poisson algebras A, see Chap-
ter IV for detail. Following that, some valuable properties of localized and factor Poisson
polynomial algebras are given in Lemma 11.2.43. Additionally, some simplicity criteria for
skew Poisson polynomial algebras are considered in Proposition 11.2.45. After that, there are
several techniques to classify Poisson prime ideals of Poisson polynomial algebras as Example
11.2.50. In this example, there is an interesting approach for classifying Poisson prime ideals

of a Poisson algebra that has dimension four.
Definition I1.2.41. Let D be a Poisson algebra.

1. A Poisson derivation o on D is called an inner map if there exists an invertible element

a € D such that a(b) = a={b,a} for all b € D.

2. An element a of D is called Poisson normal if {a, D} C aD.

The next lemma shows that any two derivations are equal, commute or skew/Poisson

derivations, if this is true on a set of generators.

Yor simple Poisson variety



I1.2. Poisson algebras: Review of results 25

Lemma I1.2.42. [Oh3, Lemma 1.2] Let D be a Poisson algebra over a field K and «, 0 be

derivations on D. If D is generated by a set X as an algebra, then
1. if a(a) = d(a) for all a € X then « is equal 6.
2. if ad(a) = da(a) for all a € X then o and § commute.
3. if a satisfies a({a,b}) = {a(a), b} + {a,a(b)} for all a,b € X then o € PDer(D).

4. if o and 0 satisfy (11.2.2) for all elements in X then « and & satisfy (11.2.2) for all

elements in D.

The next lemma gives us the structure of the localization and factorization of Poisson
algebra A = D[z;a, d],. Also, the variables can be swapped if their images are linear in one

term.

Lemma 11.2.43. [Oh3, Lemma 3.2] Let D be a Poisson algebra over a field K, (a,0) be a

skew Poisson derivation on D and A = Dx; ., 0]p.

1. If S is a multiplicative subset of D, then any derivation on D is uniquely extended to
S™ID and
(S7ID)[z; /8], = ST1A,

where o and &' are the extensions of o and § on ST1D, respectively.

2. If I is an (o, 0)-Poisson ideal of D, then I A is a Poisson ideal of A and
AJTA = (D/I)[x; & 6],

where & and § are the maps induced on D/I by o and §, respectively.

3. A Poisson algebra D[x; al,ly; B, such that B(D) C D and () = bz for some element
b € D is equal to Dly; f'][x; ']y, where 8’ = B|p and o' : D[y, '], — Dly, '], is
defined by

d'(a)=ala) and o (y)=—by foral a€D.

[

The next lemma gives us simplicity criterion for the Poisson algebra A = D alp.
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Lemma I1.2.44. [Oh3, Lemma 3.5] Let A = D[z*';al,. Then A is a Poisson simple if and

only if
1. D is a-Poisson simple, and
2. nao is not an inner map for allm € 7.

The following proposition gives us a criterion of the simplicity of prime Poisson ideals of

A = Dlz; al,.
Proposition I1.2.45. [OhS3, Proposition 3.4] Let A = D[z; a]p.

1. If J is a prime Poisson ideals of A such that x € J then J has the form I + x A, where

I is a prime Poisson ideal of D.
2. If I is an a-prime Poisson ideal of D then I A is a prime Poisson ideal of A.

3. If P is a prime Poisson ideal of A such that x ¢ P then PN D is an a-prime Poisson
ideal of D.

4. If na is an inner map, where n € Zt then there is y € PZ(A) such that y is transcen-

dental over D, and A is a finitely generated Dy]-module.

5. If D is a-Poisson simple and there is no positive integer n such that no is an inner

map then x is inside every prime Poisson ideal of A.

The following examples give us some different structures of Poisson brackets on commutative

polynomial algebras.

Example I1.2.46. The Poisson algebra K[y, x]. Let K[y| be a Poisson polynomial algebra

with trivial Poisson bracket. Set
a=fd, and §=g0,, where f ge Kly|.

Then « is a Poisson derivation, § is a derivation and (a, ) satisfies (11.2.2). Hence, by

Theorem 11.2.17, K[y, z] = Kly|[z; «, 0], is a Poisson algebra with Poisson bracket

{y,x} = fr+g, where f,g€ K[y
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The next example gives us the expression of a generalization of the Poisson algebra D[z; a, 0]

that is in Theorem I11.2.17, when § = 0.

Example I1.2.47. The Poisson n-space. Let A = (\;;) be a skew-symmetric n x n matrix

and K|[z1] be a Poisson algebra with trivial Poisson bracket. Suppose that

o; = )\h‘l’laxl + o4 )\i,l,ixi,lﬁxiil, where 1 =2,...,n

is a derivation on KJz1,...,x;—1]. Now, since ay is a Poisson derivation on K[z;] which

implies that K [z1][z2; az], is a Poisson algebra. Notice that, if

B = Klz1][z2;02]p . . - [Tn-1; n—1]p

is a Poisson algebra and by using Lemma [1.2.42 we have that «,, is a Poisson derivation on
B. Therefore, it follows from Theorem 11.2.17 that Blzy; o]y, = Klz1,...,2,] is a Poisson
algebra. Hence, by induction on n, we have the coordinate ring O(K") = K|[z1,...,z,] of

the affine n-space K" is a Poisson algebra with Poisson bracket defined by the rule

{zs,xj} = Njjaz; forall 4,5=1,...,n, see [Ohl].

The most familiar example of Poisson brackets is given in the following example.

Example I1.2.48. The polynomial ring A = K[y1,x1,...,Yn,Zy] is the simple Poisson 2n-
space with Poisson bracket defined by the rule

B df Og B dg Of

which is given in [ChPr]. Equivalently,
{yi,l‘j} = 52']'7 {xi,:cj} = 0 and {yi’yj} = O fOI‘ all i,j,

where ¢§;; is the Kronecker delta function. Let A; be a Poisson subalgebra of A generated

by y1,21,...,9;, ;. The algebra A; can be written as the Poisson algebra that is in Lemma
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11.2.19 by
A = Ai_1[yi; 0lp[xi; 0, 6;]p = (Ai—1;0,0,0,1),

where ¢; is defined by
(5i(yj) = 0, (51<.I‘J) =0 and (52(y2) =1 forall j = 1, ce ,i — 1.

The following is a typical example of Poisson algebra (D; «, 3, ¢, u) that is in Lemma I1.2.19,

and is similar to the class of Poisson algebras A, whereas this has dimension four.

Example I1.2.49. The Poisson algebra Ms(K). Let K[z, y] be a Poisson polynomial algebra
with trivial Poisson bracket and a = —2x 0, — 2y 0, be a derivation on K[z,y]. Then « is a

Poisson derivation and by using Lemma I1.2.19 there exists
(K[x, yl; a, —av, 0, 4xy),
which is the Poisson algebra O(My(K)) = K|z, y|[s, t] with Poisson bracket

{.1', y} = O, {x7t} = 2,’L’t, {x, S} = —2.7/'8,

{yvt} - Qytv {y7 S} - _2y87 {S,t} - 4£L'y,
given in [Ohl, 2.9] and [Van, 3.13].

The next example describes a significant approach for classifying prime Poisson ideals of
As = Klyi1,1,y2,22]. This is breaking down the Poisson algebra into factor algebras by
some of their principal Poisson ideals to classify the prime Poisson ideals of As that contain

these ideals, and then classify the ideals of Ay that do not contain any of these four variables.

Example 11.2.50. [Oh3, Example 3.6] The coordinate ring A, of Poisson symplectic 4-space

is the Poisson algebra K[y1, z1,y2, x2] with Poisson bracket

{yi,z1} = 2y1z1, {v1, 2} = viye, {1,592} = —z192,

{y1, 22} = yizo, {z1,22} = —x122, {22, Y2} = 2y222 + 2y121.
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(i)

Let us classify the prime Poisson ideals of A, that contains x1. Set

Ag/r1A2 = Ki1][y2; alplz2; Blp, (IL.2.5)

where o = y10y, and B = y10y, + 2y20,,. Set

A= Kylly2;olp, B = Klyi][ye; op[2; 8]y = Alza; Blp.

Notice that, by using Proposition 11.2.45.(1) the prime Poisson ideals of A that con-
tains yo have the form I + yoA, where I is a prime ideal of Kly;]. It follows from
Lemma I1.2.43.(3) that A = K[ya][y1; /], where o/ = —y20,, and by using Proposition
11.2.45.(1) the prime Poisson ideals of A that contains y; have the form J + y; A, where
J is a prime ideal of K[ys]. Now, since every prime Poisson ideal of B not containing
Y1,Y2, T2 is (@, 3,7)-stable, and each monomial yjy5zh € B is a common eigenvector of
«, B,y with eigenvalue r — 2t, r + 2s, —s — t, respectively, every non-zero prime Poisson
ideal of B contains one of y1,¥s,z2. Therefore, all prime Poisson ideals of A, that

contains x1 are

x1As, 1A + 222,
r1As + 12 Ao, y1 Az + 1 A,,
JAg 4+ y1As + 21 Ag + 1249, TAy + 1A + y2As + 22 Ao,

KAy +y1As + 2142 + y2 Ao,

where I, J and K are prime ideals of K[y1], K[y2] and K[z2], respectively.

Let us classify the prime Poisson ideals of Ay that contains y;. Set

Az /11 Az = Kx1][y2; afplxo; Blp,

where o = —210,, and 8 = —x10,, + 2y20,,. Replacing z1 in K[z1|[y2; alp[z2; ], by

y1 in the Poisson algebra given in the right hand of (I1.2.5), all prime Poisson ideals of
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Ay that contains y; are

y1Aa, y14s + 2142,
y1 Az + y2 Ao, y14s + 224>,
JAs + y1As + 21 A + 1042, LAy +y1As + y2 Az + 2049,

KAy 4+ y1As + 21 A2 + y2 Ao,

where L, J and K are prime ideals of K[z1], K[y2] and K[x3], respectively.

(iii) Let us classify the prime Poisson ideals that contain neither y; nor z;: If P is a
prime Poisson ideal that does not contain either yo or x5 then y; € P or x1 € P since
{y2, x2} = 2yaw2+2y121. Hence, let us assume that yo ¢ P, zo ¢ P and z = yoxa+y121.

Then z is a Poisson normal element of A5 and

Ao[yr 27 s = Kyt alplya s Blplz: vps

where

a = 2y 8y1 )
B = ylayl _x18x17
v = 2y10y, — 22105, + 2y20y,.

Set A = K[yf|[F!; alplys; 8], and B = A[z;7],. Tt follows from (i) that A has no
non-trivial prime Poisson ideal. Suppose that there is a non-trivial Poisson ideal I of A
and let P be a prime ideal minimal over I. Then the largest .7 -stable ideal (P : J¢)
contained in P is a prime Poisson ideal containing I by [Dix]|, where . is the set of all

hamiltonians in A. Hence, A is a y-Poisson simple. Hence, it follows from (i), (ii) and
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(iii) that all prime Poisson ideals of Ay are

0, zAs,
r1As, x1As + w2 A2,
1A + 12 Ao, y1As + 1 Ao,

JAg +y1As + 2142 + 1242,  TAs + 2142 + y2As + 22 A9,
KA+ y14s + 2142 + y2 Aa,

Y142, Y14z + 3 A,

Y142 + y2 A2, Y14z + 11 A2,
JAg +y142 + 1A2 + 1242, LAy +y142 + y2 Ao + 1242,

KAy +y1As + x1As 4+ y2 Ao,

where z = yawo + y1x1 and I, L, J, K are prime ideals of K[yi|, K[z1], K[y2], K[z2],

respectively.

The next review is on the paper [Oh4]. This study is an extension of the material of [Oh3].
In addition, some interesting results on finitely generated Poisson algebras over a field of
characteristic zero are considered as Proposition 11.2.53 and Theorem I1.2.56. Following that
some techniques to classify Poisson prime ideals of finitely generated Poisson algebras are

given in Example 11.2.60.

Definition I1.2.51. Let a be a Poisson derivation of a Poisson algebra D. A K-linear map

0 of D is called an inner a-derivation if there exists an element a € D such that

d(b) = aa(b) + {a,b} forall be D.

The results of the paper [Oh4] can be considered in the following:

1. If § is an inner a-derivation on D and then («,d) is a skew Poisson derivation on D
then it follows from Theorem I1.2.17 that there exists a Poisson polynomial algebra

D[z; a, 0]p.
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2. Every prime Poisson ideal of D is a Poisson prime ideal of D, but the converse is not

always true, see Example 11.2.59.

Lemma I1.2.52. [Oh/, Lemma 1.4] Let K be a field of characteristic zero, D be a Poisson
algebra over K and A be a set of derivations on D. Then every prime ideal minimal over a
A-Poisson ideal is a A-Poisson ideal. In particular, every prime ideal minimal over a Poisson

ideal is a Poisson ideal.

The next proposition shows that any Poisson prime ideal is a prime Poisson ideal in Noethe-

rian algebras over a field of characteristic zero.

Proposition I1.2.53. [Oh/, Proposition 1.5] Let K be a field of characteristic zero and D
be a Poisson algebra over K which is finitely generated as an algebra. Then every A-Poisson
prime ideal of D is a prime ideal, where A is a set of derivations on D. In particular, every

Poisson prime ideal of D is a prime ideal.

The following lemma shows that the Poisson algebra D|xz;a, d], can be written by using

the determining element of an inner map.

Lemma 11.2.54. [Oh/, Lemma 2.1] Let D be a Poisson algebra over a field of characteristic
zero and («,0) be a skew Poisson derivation on the Poisson algebra D. If 6 is an inner map

a-derivation determined by a € D then

Diz; o, 0], = D]z + a; a,.

The next corollary identifies Poisson prime ideals of D[z; c, ], by Poisson prime ideals of

D.

Corollary I1.2.55. [Ohj, Corollary 2.2] Let D be a Poisson algebra over a field of charac-
teristic zero and @ be an a-Poisson prime ideal of D which is §-stable. Then QD|x; a, 6], is

a Poisson prime ideal.

The next theorem gives us the simplicity criterion for the Poisson algebra Dlx; ¢, d]p.
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Theorem 11.2.56. [Oh/, Theorem 2.3] Let D be a Poisson algebra'® over a field of char-
acteristic zero which is a field and (o, d) be a skew Poisson derivation on D. If 6 is not an

inner map a-derivation then the Poisson algebra D|x; o, 0], is a Poisson simple.

The following lemma describes the Poisson prime ideal of D[z; e, ], that does not contain

x.

Lemma I1.2.57. [Oh/, Lemma 2.4] Let D be a Poisson algebra over a field of characteristic
zero and P be a Poisson prime ideal of A = Dx; v, d],. Then PN D is a prime Poisson ideal

of D. In addition, if P does not contain x then the following are equivalent:
1. PN D is a-stable.
2. PN D is §-stable.
3. PN D is (a,d)-stable.
The next theorem describes the Poisson prime ideal of D[z;a, §], that is not a-stable.

Theorem I1.2.58. [Oh/, Theorem 2.6] Let D be a Poisson algebra over a field of charac-
teristic zero, P be a Poisson prime ideal of A = D[z; e, 0], and Q = PN D be not a-stable.

1. The ideal P contains an element of the form ax + b, where a,b ¢ Q.

2. Set S = D\Q and let o/, 8" be the extensions of a,d to S™1D, respectively. Then the

derivation 8 is an inner o -derivation modulo S™1Q.

The next example shows that the Poisson prime ideals are not always prime Poisson ideals

in general.

Example II.2.59. Let K be a field of characteristic ¢ > 0 and A = K{z][y;0, 0,]p. Notice
that, the ideal I = (z9,y9) of A is a Poisson ideal hence, A/I is a Poisson algebra. Now,
the factor Poisson algebra A/I is Poisson simple, i.e. A/I has no non-trivial Poisson ideals.

Hence, I is a Poisson prime ideal of A, but I is not a prime ideal of the algebra A since = ¢ I.

The next example gives us the description for classifying Poisson prime ideals of A =

D[xz; o, 8], which are in three steps: Firstly, classifying the Poisson prime ideals that contain

18p0ssibly infinitely generated
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x. After that, classifying Poisson prime ideals that do not contain x and are (J, «)-stable.
Finally, classifying Poisson prime ideals that neither contain x nor are (J, «)-stable. This
method will be used to classify Poisson prime ideals for some Poisson algebras in Section

IV.1, but it is not in a direct way and assuming J = 0.

Example I1.2.60. [Oh4, Example 2.7] Let D be a Poisson algebra and (a,d) be a skew

Poisson derivation on D. Then A = Diz;, d], is a Poisson algebra with Poisson bracket
{a,2} = a(a)x + é(a), wherea € D.

Let us classify all Poisson prime ideals of A. Notice that, any Poisson prime ideal of A that

contains x is induced by a Poisson prime ideal of D.

Now, let P be a Poisson prime ideal of A such that x ¢ P and @ = PN D is («a,d)-
stable. It follows from Proposition I1.2.53 that the Poisson algebra D /@ is an integral domain
and the ideal P/Q of (D/Q)[z;@,d], is a Poisson prime ideal that does not contain z. In
addition, (P/Q)N(D/Q) = 0, where & and § are the derivations on D/Q induced by « and 6,
respectively. Hence, let us assume that D is an integral domain and PN D = 0. By localizing
at the multiplicative set D\{0} and by using Lemma I1.2.43.(1), one can assume that D is a
field. Therefore, it follows from Theorem 11.2.56 and Lemma I1.2.54 that any Poisson prime
ideal P is induced from Poisson prime ideals of D[y;a],. Now, one can apply Proposition

11.2.45 to classify all Poisson prime ideals of D[y; &],.

Let P be a Poisson prime ideal of A such that z ¢ P and Q = PN D is not(«, d)-stable. Set
S = D\Q. Let us find the Poisson prime ideal S™1P of (S71D)[y; /], that contains S~1Q
by Theorem 11.2.58.(2) and Lemma I1.2.54, where o’ is the extension of o to S™'D. Notice
that, S~1D is a local ring with the maximal ideal S™1Q. If y € S™!P then we have

ST'P=S"'Q+y(S7'D)[y; o],

by Proposition 11.2.45.(1). Suppose that y ¢ S™1P. Since S~'PNS™1D = S71Q, S71Q is
an o/-Poisson prime ideal of S~!D by Proposition 11.2.45.(3). Hence, o/ induces a Poisson

derivation @ on S~'D/S!(Q, which is a field. Now, one can apply Proposition 11.2.45.(4)
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and (5) to the Poisson algebra (S™1D/S™1Q)[y; @], to classify the Poisson prime ideals of
S$-1P/S51Q.

The next review is on the paper [JoOh]. This study defines a new structure of the Poisson
bracket, which is in a ring in three variables over the complex field, see Definition 11.2.63.
This structure is determined by a fixed polynomial and its derivations. Additionally, there are
various techniques for classifying Poisson prime ideals, Poisson maximal ideals and Poisson
primitive ideals. In particular, there are valuable methods to classify Poisson prime ideals as
Theorem 11.2.72, Corollary 11.2.73, Example I1.2.76 and Example 11.2.77, which will be used
to classify Poisson prime ideals for some Poisson algebras in Chapter V.

The next definition gives us the Zariski topology structure on the Poisson spectrum.

Definition I1.2.61. [JoOh, Definition 1.6] Let D be a Poisson algebra. The Poisson spectrum
of D is the subspace of Spec(D) consisting of the Poisson prime ideals with the induced Zariski
topology. Thus, a closed set in PSpec(D) has the form V(I) := {P € PSpec(D) | I C P} for
some ideal I of D. As is observed in [Goo2], replacing I by the Poisson ideal it generates, I

can be assumed to be a Poisson ideal.

Definition II1.2.62. Let D be a Poisson algebra and I be a Poisson ideal of D then I is

called a residually null if the induced Poisson bracket on D/ is zero.

The following definition is the exact bracket. This is a Poisson structure, which is defined

by using a fixed polynomial and its derivations.

Definition I1.2.63. [JoOh, page 1] Let D = C[z, y, z| be a Poisson algebra and a € D. Then

a Jacobian or exact bracket determined by a is given by

Oa da da
leyta= 5, {y2da=4 and {z2}a= 9 (I1.2.6)

The abbreviation of partial derivatives is given in the following notation.

Notation I1.2.64. Let D = C[z, y, z] be a Poisson algebra, Q(D) = C(z,y, z) be the quotient
field of D. Now, let us assume that w = z,y or z. The derivation % of D is denoted by 0O,

and if @ € D the partial derivative 0, (a) is denoted by a,,.
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In the following notation, a Poisson bracket is identified by the determinant of the Jacobian

matrix.

Notation I1.2.65. Let ' = (f,g,h) € D3. There is a bilinear anti-symmetric product
{-,-}¥ : D x D — D such that

f g h
{b,c}F: by by b, for all b,c e D.

Cx Cy Cp
Thus, {b,-}¥" is the derivation
(gbs — hby)dy + (hby — fb.)3y + (fby — gb)0- (11.2.7)
on D. Notice that,
{b, 2} = gb. — hby, {b,y}" = hb, — fb., {b,2}" = fb, — gb, (I1.2.8)

and

{2 =f {z2}' =g, {o.y}" =h
The bracket {-,-}¥" is a unique bilinear anti-symmetric product {-,-} : D x D — D such that
l.zy=F {zz=9 {zy}=h
and {b,-} is a C-derivation for all b € D. The same conclusion holds for Q(D). Let
Jr(a,b,¢) = {a, {b,c} Y +{b,{c,a} V" + {c, {a, b} } for all a,b,c € D.

Thus, a,b and c satisfy the Jacobi identity for {-,-}*" if and only if Jr(a,b,c) = 0.
The following proposition gives us the relation between the Poisson bracket above and the

Jacobi identity of the generators.

Proposition I1.2.66. [JoOh, Proposition 1.14] Let F € D3. Then D is a Poisson algebra
under {-,-}" if and only if Jp(x,y,z) = 0.
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Definition I1.2.67. Let F = (f,g,h) € D? and {-,-}f : D — D be the bilinear anti-
symmetric product determined by F' in Notation I1.2.65. Then F is called a Poisson triple

on D if and only if there is a Poisson bracket on D such that

{y,z}=f, {#2}=9 and {z,y}=n.

The following notation gives us the definitions of new functions on D3.

Notation I1.2.68. Let F = (f, g,h) € D3. Then we define the functions grad: D — D3 and

curl: D? — D3 such that

grad(f) = (fzafzwfz) € D3 and curl F' = (hy 7gZ)fZ - hxvgx - fy) € D3~

Definition I1.2.69. Let F' = (f, g, h) be a Poisson triple on D. If F' has the form:
1. grada = (az, ay, a.) for some a € D then F is ezact on D.
2. bgrada = (bay, bay, ba) for some a,b € D then F' is a m-exact on D.

3. bgrada = (bas,bay, ba,) for some a,b € Q(D) such that bas,bay,ba, € D then F is

gm-exact on D.
The following proposition describes some properties of the Poisson triple on D?3.
Proposition 11.2.70. [JoOh, Proposition 1.17] Let f,g,h,a,b € D and F = (f,g,h) € D3.
1. F is a Poisson triple if and only if F'- (hy — gz, f2 — ha, g2 — fy) = 0.
2. grada = (ayz,ay,a,) is a Poisson triple on D.

3. If F is a Poisson triple on D then bF := (bf,bg,bh) is a Poisson triple on D.

4. bgrada is a Poisson triple.

Let s,t € Clx,y,2]\{0} be coprime and a = st~! € C(z,y, z). The exact bracket (I1.2.6)
multiplied by b = 2 is the m-exact Poisson bracket t2{-,-}, on C(z,y, z) restricts to a qm-

exact Poisson bracket on C[xz,y, z]. Let us fix s, t and write this bracket as {-,-}. Then

{z,y} =ts., —st,, {y,z} =ts, —st, and {z,a}=1ts, — sty. (I1.2.9)
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Lemma I1.2.71. [JoOh, Lemma 3.4] Let (A, ) € CP', f\ ,, = As—put be a non-zero non-unit
polynomial and u be an irreducible factor polynomial in D of fy . The ideal (fy ) is Poisson

and (u) is a Poisson prime ideal of D under the Poisson bracket (11.2.9).

The following theorem describes the Poisson prime ideals of D under the gm-exact bracket

that is determined by the polynomial a.

Theorem I1.2.72. [JoOh, Theorem 3.8] Let s,t € D\{0} be coprime and a = st~! € Q(D).

The Poisson prime ideals of D under the gqm-exact bracket determined by a are
(1) 0,
(ii) the residually null Poisson prime ideals, and

(iii) the height one prime ideals (u), where u is an irreducible factor of fx , for some (A, u) €

CP! such that fau 98 a non-zero non-unit polynomial.

The next corollary describes the Poisson prime ideals of D under the exact bracket that is

determined by the non-constant polynomial a.

Corollary I1.2.73. [JoOh, Corollary 3.9] Let a € D\C. The Poisson prime ideals of D

under {-,-}, are
(i) 0,
(ii) the residually null Poisson prime ideals, and

(iii) the height one prime ideals (p), where p is an irreducible factor in D of a — u for some

weC.

The Poisson structures in the next examples are similar to some Poisson structures that

will be appeared in Chapter 1V.

Example I1.2.74. Let D = C[x,y, z] and a = x?/2 then we have the Poisson bracket

{y,z} =2 and {z,y} ={z,2} =0.

Notice that, the residually null Poisson prime ideals are the prime ideals that contain x. The

prime ideals generated by the irreducible factors of 2 — 1, as p varies, are the ideals (z — \),
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where A € C. These are all Poisson ideals and only (z) is a residually null ideal. By using

Corollary 11.2.73, we have

PSpeC(D) = {07 (l’ - )‘)7 ('raf)v (%Z/ - Baz - 7) | )\,B,’Y € C and f € Il"I‘m(C[y’Z]}-

Example I1.2.75. Let D = C[z,y, 2] and a = ax + By + vz, where «, 3,y € C are not all

zero. Then we have the Poisson bracket

{z,y} =v, {y,z}=a and {z,2}=20.
Notice that, by using Corollary 11.2.73, we have PSpec(D) = {0, (a — ) | p € C}.

The next example gives us the description for classifying the Poisson prime ideals and
Poisson maximal ideals for Poisson algebras of dimension three. This can be considered
as another approach for classifying the Poisson prime ideals. The idea came from fixing a
polynomial a, and defining the exact bracket in D = Clz,y, z]. There are two cases for a,
and the classifications of Poisson prime ideals for both cases are given. This is a significant
approach and will be used to classify Poisson prime ideals for some Poisson algebras in Section

IV.3.

Example I11.2.76. [JoOh, Example 4.9] Let D = C[z,y, 2] and a € Clz*™!, y*!, 2*!] be a
monomial. By the symmetry between a and @', it is enough to consider the following two

cases. Let j, k and [ be non-negative integers, not all 0,
Case i: a = s = alyk2!,
Case ii: s = 272!, t = y¥, a = afy~F2l

In Case i, we have the Poisson bracket

{z,y} = lxjykzl_l = (:Cj_lyk_lzl_l)lxy,
{y, 2} = ja?lykal = (@711 jyz, and (I1.2.10)

{z,2} = kalyF 12t = (7 WF 12 Dk
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In Case ii, the Poisson bracket for {z,y} and {y, z} hold but
{z,2} = —kalyF 12! = — (271 k2

Then the Poisson principal prime ideals are

(r) it j#0,
(v) i k40,
(z) if 1#0,

(7y*2' — ),  where e C*, (in Case i), and

(A7 2t — py®),  where A\, pu € C*, (in Case ii).

The height two Poisson prime ideals are

o (z,y)ifj+k>1,

(x,2)if j+1>1,

(y,2)if k+1>1,

any height two Poisson prime ideal containing (z) if j > 2,

any height two Poisson prime ideal containing (y) if £ > 2, and

e any height two Poisson prime ideal containing (z) if [ > 2.

Notice that, any Poisson height two prime ideal must be a residually null ideal.

In addition to 0 and the maximal ideals containing any of the residually null Poisson prime

ideals listed, this specifies PSpec(D). Notice that, the Poisson principal prime ideals are

Poisson primitive ideals except (), (y) and (z), if j > 2, k > 2 and [ > 2, respectively.

The next example describes a certain case of Poisson algebras of dimension three in which

some constants are rational. In this example, there is a critical method to classify Poisson

prime ideals, which is writing the Poisson bracket as D-multiple of others. This will be used

to classify Poisson prime ideals for some Poisson algebras in Sections V.2 and IV.3.
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Example I1.2.77. [JoOh, Example 4.10] Let D = Clz, y, z] be a Poisson algebra with Poisson
bracket defined by

{z,y} =712y, {y,2} =pyz and {z,2} =ozx, wherer, p,o € C.

We consider the Poisson spectrum for this bracket in dimg(7Q+ pQ+0Q) = 1. Let us assume
that 7 =1, p = j and 0 = +k, where j,k and [ are coprime non-negative integers, and [ > 0.
Thus

By :=A{x,y} =lzy, {y,z} =jyz and {z,z}= tkzzx. (I1.2.11)

Then By := 2/ _1yk_1zl_1l31, where By is one of the brackets considered in Example 11.2.76.

The Poisson spectrum of D under B; can be computed from that of Bs.

If j,k and [ are non-negative integers then any Poisson prime ideal of D under B is a
Poisson prime ideal of D under Bs, but if @) is a Poisson prime ideal of D under By then @
is a Poisson prime ideal of D under By or () contains at least one of x, y and z. In this case,

it follows from Example 11.2.76, that the Poisson spectrum of D under By is

0, (@), (), (),
(7yf 2 —p), peCx, if {za}=kex in (IL2.11),
(272t — py®), peC*, if {z2}=—kzzx in (I1.2.11),

(z,9), (y,2), (2,2),

and the maximal ideals that contain them.

In [JoOh, Example 1.19.(2)], D = C|z, y, z] is a Poisson algebra with Poisson bracket

{xvy} = 0, {y,Z} =y and {Z,$} = —ax,

where v = m/n is rational, with m and n coprime, and n > 0. The Poisson spectrum of D

is unchanged by multiplication by n giving

B :={z,y} =0, {y,z} =ny and {z,z}=-—mx.
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Then this is 2718y := 'y =¥By, where j = n, | = 0 and k = |m|. Here By is the same
as, Case ii, in Example 11.2.76 if m > 0. It is the same as, Case i, if m < 0. Therefore, the

Poisson spectrum of D is

0. ), @ (5
), peC*, if m>0,
(z"y ™ —p), peCx, if m<O0,
)

, veC.

The next remark describes a special case of Poisson algebras of dimension three in which

some constants are irrational.

Remark I1.2.78. [JoOh, Remark 4.11] Let D = Clz,y, 2] and p,0,7 € C be such that
dimg(pQ+0Q+7Q) > 1 the quadratic Poisson bracket in Example I11.2.77. From the results
in [Goo2, 9.6.(b)] the Poisson spectrum, in this case, can be obtained, including the Poisson

simplicity of B := Clz*!, yT!, 2+1].

1. If p,o and 7 are all non-zero the Poisson prime ideals of D are 0, (z), (y), (z), the
height two prime ideals (z,y), (v, 2), (z,z), and the maximal ideals containing any one

of the Poisson height two primes.

2. If 7 = 0 and dimg(pQ + Q) > 1 then the Poisson prime ideals of D are 0, (z), (y)
and all prime ideals containing (z) or (z,y). In particular, taking 7 = 0, p = 1 and
o = —a € C\Q, we get the multiple, by z, of the Poisson bracket from [JoOh, Example
1.19.(2)], where

{z,y} =0, {y,2} =y and {z,z} = —ax.

The Poisson prime ideals of D are 0, (x),(y) and all prime ideals containing (x,y).

Following [Goo2, Example 6.4], all except (z,y) are Poisson primitive ideals.
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[1.26 REVIEW ON POISSON ALGEBRAS FROM

ALGEBRAIC GEOMETRY

The following is a review on the paper [Pol]. The interest in this study for us is that the
Poisson algebras of dimension three. Some properties of this algebras are given. In addition,
this can be thought of as one of the Poisson structure applications and can give us a better

understanding of Poisson structures.

Throughout this review, we suppose that X is a scheme of finite type over C.

Definition I1.2.79. Let X be a Poisson scheme (X, Ox,{-,-}). Then there is a canonical
Poisson subscheme Xy C X such that the induced Poisson structure on Xj is zero, and X

is maximal with this property, i.e. the corresponding Poisson ideal sheaf is
Ox{OX,Ox} C Ox.

Remark I1.2.80. Let X be a scheme. For any Poisson structure on X there exists Ox-linear

homomorphism H : Qx — Tx = Der(Ox, Ox) such that

H(df)(g) = {f, g}

In addition, if X is smooth, we denote by G the section of /\2 T'x such that
i(w)G = H(w) for all we Ok, (11.2.12)

where i(w) is the operator of contraction of w.

Definition I1.2.81. Let X be irreducible then a Poisson structure H on X is called non-

degenerate if H has maximal rank at the general point.

Definition I1.2.82. Let X be smooth with even dimension. Then the divisor of degeneration
Z C X of a non-degenerate Poisson structure on X can be defined as the zero locus of the

Pfaffian of H, which is a section of det T ~ w)}l.
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Remark I1.2.83. A Poisson structure is constant along any hamiltonian flow ¢, so the
condition of degeneracy is preserved under ¢;. It follows that any hamiltonian flow moves
any irreducible component of Z into itself. If f is a local equation of an irreducible component

of X then for all hamiltonian vector fields Hy, the function

Hy(f) =9, f}

is zero along this component.

Definition I1.2.84. Let F be an Ox-module. A Poisson connection on F is a C-linear

bracket {-,-} : Ox x F — F which is a derivation, and satisfies the Leibniz's rule

{f.gs} ={f.9}s+g-{f s}, where f, g€ Ox (I1.2.13)

and s is a local section of F. Equivalently, a Poisson connection is given by a homomorphism

v:F — Hom(Qx,F) = Der(Ox, F) which satisfies the relation

v(fs)=—H(df)®@s+ f-v(s), where e Ox. (I1.2.14)

Namely, v(s) € Der(Ox, F) is defined by the relation

v(s)(f) =A{f, s} (I1.2.15)

Definition I1.2.85. Let X be a smooth Poisson variety and D be the sheaf of differential
operators on X. A D-Poisson module is an Ox-module M with a Lie action of Ox'? given
by

{,}:0OxxM—>M

which is a differential operator and satisfies the relation

{f,gm} ={f,9}m + g{f,m}, where f,g € Ox and m e M.

In other words, this structure corresponds to some map v : M — D ®o, M, where the

Ywhere the Lie bracket on Ox is the Poisson bracket
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Ox-module left structure on D is
v(fm)=—H(df) ®@m+ fu(m), where fe€ Ox and m € M.

Definition I1.2.86. Let X be a Poisson scheme. A Poisson ideal sheaf J € Ox is called
degenerate if

{z,y}z +{y, 2} + {z,x}y € J> forall z,y,2¢€ J.

Definition I1.2.87. A smooth projective variety X with ample anti-canonical class is called

Fano variety.

Let X be a smooth variety of odd dimension n = 2k + 1. A Poisson structure on X is
non-degenerate if the corresponding morphism H : Qx — Tx has rank 2k at the general
point. In other words, if G € /\2 Tx is the structural tensor of the Poisson structure, then

the product ¢ = GAGA---ANG € /\% Tx ~ Q% ® w)_(l is non-zero, hence g induces an

k
embedding i : wx — QY. At the general point the image im(i) C Q% coincides with the

annihilator of the Lie subsheaf im(H) C Tx, hence, it defines a corank-1 foliation on X, which

means that for any local section v € wx the 1-form w = i(v) satisfies the Pfaff equation
wAdw=0.

Theorem 11.2.88. [Pol, Theorem 9.1] Let i : L — QY be an embedding of a line bundle
defining a corank-1 foliation on a smooth variety X. Let c1(L) € H*(X,C) be a first Chern
class of L. Assume that either c1(L)? # 0 or c1(n) # 0 and H*(X, L) = 0. Then the vanishing

locus of i has a component of codimension < 2.

Corollary I1.2.89. [Pol, Corollary 9.2] The rank of a non-degenerate Poisson structure on

a Fano variety of odd dimensions drops along the subset of codimension < 2.

Let X be a smooth variety of dimension three. A *’Poisson structure on X is the same as

an embedding 7 : wx — Qﬁ( defining a corank-1 foliation on X. Notice that, it follows from

20 non-zero
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Theorem [1.2.88 and Corollary 11.2.89 that if X is a Fano 3-fold then the vanishing locus Z

of ¢ has a component of dimension > 1.

Theorem I1.2.90. [Pol, Theorem 13.1] Let C C X be a smooth curve which is an irreducible
component of the vanishing locus of a Poisson structure’’ on smooth variety X of dimension
three. Then the conormal Lie sheaf of C is abelian, i.e. {Jco,Jo} C J(QJ, where Jo C Ox is
an ideal sheaf of C.

Let X and Y be smooth of dimensions three and one, respectively. Let f : X — Y be a
morphism, and F; be the multiple fibers of f, and m; be their multiplicities then there is a

pull-back morphism on 1-forms

i f*wy(Z(mi — 1)Fz') — QX,

%

which defines generically an integrable subbundle. Let D be a divisor in the linear system

f*wy(Z(mi — 1)FZ) ® w)_(ll

i

then there is a Poisson structure that is defined by the rule
irp:wx =~ ffwy(=D) = ffuy — k.

Lemma I1.2.91. [Pol, Lemma 13.3] Leti : wx — Qﬁ( be a Poisson structure which is defined
by
i(n) Ndf Ndg = {f,g}n, where n€wx and f,g € Ox.

Then a smooth divisor D € X is Poisson with respect to © if and only if the composition

wx|p Ao, () |p = QF is zero.

Theorem 11.2.92. [Pol, Theorem 13.5] Let f : X =Y be a morphism and i : wx — Q% be

a Poisson structure on X, where X has dimension three and Y has dimension one, such that

2lequipped with the reduced scheme structure
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a general fiber of f is a Poisson divisor with respect to i. Then i =iy p for some divisor

De H° <f*wY(Z(mi - l)Di> ®w)_(1>.

i

§II.3 Poisson enveloping algebras: Review of re-
sults

The aim of this section is to review some key definitions and properties of Poisson enveloping
algebras to be used throughout the thesis. In particular, the construction of Poisson action
on modules, and simplicity criterion for Poisson enveloping algebras. Additionally, our moti-
vations for Poisson enveloping algebras are demonstrated by evaluating a paper on a related

subject, see Subsection I1.3.3.

[1.3.1 THE GENERALIZED WEYL POISSON ALGEBRAS

The following definition is the generalized Weyl Poisson algebra that was introduced by V.
V. Bavula, followed by some of its Poisson simplicity criterion. The main source for these is

[Bav3).

Definition I1.3.1. [Bav3, page 106] Let D be a Poisson algebra, 0 = (04, ...,0,) € PDerg(D)"
be an n-tuple of commuting derivations of the Poisson algebra D, a = (ai,...,ay), where

a; € PZ(D) such that 0;(a;) = 0 for all i # j. The generalized Weyl algebra
A:D[X,Y, (idD,...,idD),a] :D[Xl,...,Xn,Yl,...,Yn]/<X1Y1 —al,...,XnYn—an)

admits a Poisson structure which is an extension of the Poisson structure on D and is given

by the rule: For all¢,57 =1,...,nand d € D,
{Y;, d} = az(d)Y;, {XZ‘, d} = —8Z(d)XZ and {Yqu} = Bi(ai), (H.3.1)

(X, X;} = {X,,Y;} = {¥;,Y;} =0 for all i #j. (11.3.2)
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The Poisson algebra is denoted by A = D[X,Y;a,0} and is called the generalized Weyl
Poisson algebra of rank n??, where X = (X1,...,X,) and Y = (Y1,...,Yy,).

The next lemma gives us the existence of generalized Weyl Poisson algebras of rank n.

Lemma I1.3.2. [Bav3, Lemma 2.1] Let A = D[X,Y;a,0} be a generalized Weyl Poisson
algebra of rankn. Let A = D[X, Y;0, 8(&)], where d(a) = (81(a1), . ,(?n(an)). Then X 1Y —
ai,...,XnY, —an € PZ(A) and the generalized Weyl Poisson algebra A = D[X,Y;a,0} is a

factor algebra of the Poisson algebra A,
A2 A/( X1 —ar,..., XnY, — ay).

Definition I1.3.3. [Bav3, page 107] Let A = D[X,Y;a,0} be a generalized Weyl Poisson

algebra of rank n.
1. The set D? := {d € D|91(d) =0,...,0,(d) = 0} is called the 0-constants ring of D.

2. Do ={X€D?|pady :={\,-} = A3, 2;0;, A\;d;(a;) =0foralli=1,...,n}.

The following theorem describes the simplicity criterion for generalized Weyl Poisson alge-

bras.

Theorem 11.3.4. [Bav3, Theorem 1.1] Let D be a K-algebra and A = D[X,Y;a,0} be a
generalized Weyl Poisson algebra of rank n. Then the Poisson algebra A is a simple Poisson

algebra if and only if
1. the Poisson algebra D has no proper 0-invariant Poisson ideals,
2. Da; + Do;(a;) = D for alli=1,...,n, and

3. the algebra PZ(A) is a field, i.e. char(K) = 0, PZ(D)? is a field and Dy = 0 for all
a € Z™"\{0}.

The following proposition describes the criterion for the Poisson centre to be a field.

22in short GWPA
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Proposition I1.3.5. [Bav3, Proposition 1.2] Let A = D[X,Y;a,0} be a generalized Weyl
Poisson algebra of rank n. Then PZ(A) is a field if and only if char(K) = 0, PZ(D)? is a
field and Do, = 0 for all = (o, ..., ) € Z™\{0}.

The construction of Z™-graded Poisson on generalized Weyl Poisson algebras is given in the

following remark.

Remark I1.3.6. [Bav3, page 110] Let A = D[X,Y;a,0} be a generalized Weyl Poisson
algebra of rank n then

A:=D[X,Y;a,0} = P Ao (I1.3.3)

aEZ™

is a Z"-graded Poisson algebra, where A, = Dvg, Vo =[]/~ va,(7) and

X7 it 5 >0,
vi(i) =91 if j=0,
v j<o.

Hence, AqApg C Aqyp and {Aq, Ag} C Aytp, where o, f € Z".
The following example is a classical example of generalized Weyl Poisson algebras.

Example I1.3.7. [Bav3, page 111] The classical Poisson polynomial algebra
Py, = K[Xy1,...,Xn,Y1,...,Y,] with Poisson bracket

{Yi,Xj} = 045 and {X“X]} = {X“)/]} = {Y;,)G} =0 for all 7 75]

is a GWPA
Py, = K[Hy,...,H,][X,Y;a,0}, (I1.3.4)

where K[Hy,...,Hy] is a Poisson polynomial algebra with trivial Poisson bracket, a =

(Hy,...,Hy), 0= (01,...,0,) and 0; = aiH, via the isomorphism of Poisson algebras

Pzn — K[Hl,.. .,Hn][X,Y;a,a}, Xi — XZ', Y; — }/1
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[1.3.2 POISSON ENVELOPING ALGEBRAS

The following definition is the Poisson enveloping algebra that is recalled from [Oh2].

Definition 11.3.8. Let D be a Poisson algebra over a field K, U be a K-algebra with an

algebra homomorphism « : D — U and Lie homomorphism 3 : D — U;?** such that
a({a,b}) = B(a)a(b) —a(b)f(a) and [(ab) = afa)B(b) + a(b)(a)

for all a,b € D. The triple (U(D),a, 3) is called a Poisson enveloping algebra of D, if the
following holds: If V is K-algebra, v : D — V is an algebra homomorphism, and ¢ : D — V,%*

is Lie homomorphism such that
7({a,b}) = 6(a)y(b) —~(b)d(a) and d(ab) =v(a)d(b) +(b)d(a)

for all a,b € D. There exists a unique algebra homomorphism h : i«f — V such that ha =y
and hf = 9, see diagram 11.3.1.

a, ANL

D——V
Diagram II.3.1: The unique algebra homomorphism h : U — V

The following theorem gives us the existence and uniqueness of Poisson enveloping algebras.

Theorem I1.3.9. [Oh2, Theorem 5] Let D be a Poisson algebra.

1. There exists a Poisson enveloping algebra (U(D),c, 3) of D.

2. If (U(D), a1, P1) and (U2(D), aa, B2) are Poisson enveloping algebras of D then there
exists a unique algebra isomorphism h : Ui (D) — Uz(D) such that hay = as and
hpy = Ba.

23Uy, is a Lie algebra U with Lie bracket [a,b] = ab — ba
24V, is a Lie algebra V with Lie bracket [a,b] = ab — ba
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The following corollary describes the relation between Poisson modules and the modules

over Poisson enveloping algebra.

Corollary I1.3.10. [Oh2, Corollary 6] Let D be a Poisson algebra over a field K and
(U(D),a, B) be a Poisson enveloping algebra of D. A wvector space M over a field K is a
Poisson D-module if and only if M is a left U(D)-module.

The following corollary gives us a simplicity criterion for the annihilator of Poisson modules.

Corollary I1.3.11. [Oh2, Corollary 8] Let D be a Poisson algebra. Every annihilator of a

simple Poisson D-module is a symplectic ideal of D.

The following proposition gives us a criterion for Poisson enveloping algebra to be a Noethe-

rian ring.

Proposition I1.3.12. [Oh2, Proposition 9] Let D be a Poisson algebra over a field K and
(U(D),a, B) be a Poisson enveloping algebra of D. If D is finitely generated as a K-algebra
then U(D) is a left and right Noetherian ring.

I[1.3.3 REVIEW ON POISSON ENVELOPING ALGEBRAS

The following review is on the paper [Bav4]. In this study, another definition of Poisson
modules is provided in Remark I1.3.22. Then the relations between the universal enveloping
algebra, the Poisson enveloping algebras, and the algebra of Poisson differential operators are
discussed in Theorem 11.3.25. Following that, the Gelfand-Kirillov dimensions of U(D) and
gr(U(D)) are calculated in Theorem 11.3.24.

Definition I1.3.13. A localization of an affine commutative algebra is called an algebra of

essentially finite type.

Definition I1.3.14. Let D be an associative algebra. Then its dual’® algebra D coincides

with D as a vector space, but the multiplication is given by a % b := ba. Similarly, given a

25 associative
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Poisson algebra (D, {-,-}), its dual associative algebra D is a Poisson algebra (D, {-,-}°P),

which is called the dual Poisson algebra of D, where
{a,b}? .= —{a,b} for all a,b € DP.

Remark I1.3.15. Let D be an associative algebra and its dual’® D°. Then every left

D-module is a right D°P-module, and vice versa.

Definition I1.3.16. Let D be a commutative algebra over a field K. The ring of *” differential
operators D(D) on D is D(D) = |J;2, Di(D), where Dy(D) = Endg (D) ~ D, (z — az) < a,

Di(D) = {u € Endg (D) | [a,u] := au — ua € Di_1(D) for all a € D}.
The set of D-modules {D;(D)} is the order filtration for the algebra D(D):

Definition I1.3.17. Let D be a Poisson algebra and {z;},c; be a set of generators of D.
The Poisson structure on an associative algebra D is uniquely determined by the Poisson
structure constants ¢;; := {x;,x;}, where i,j € I. Let n = card(I) be the cardinality of the
set I?®. The n x n matrix

CD = (Cij) (1135)

is called the Poisson structure constants matriz of D and the ideal ¢p of D, which is generated

by all the structure constants c;; is called the Poisson structure constants ideal of D.

Remark I1.3.18. [Bav4, pages 6, 7] Let D be a Poisson algebra and the set of inner deriva-
tions Hp := PIDerg (D). Then

1. PIDerg (D) is an ideal of the Lie algebra PDer g (D).

26associative

27K -linear
28the case n = oo is possible
gince [§, pad,] = pads(,) for all 6 € PDerk (D) and a € D
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2. the Poisson algebra D is a Lie algebra with respect to the bracket {-,-}. The map
D — PIDerg (D), a+— pad,

is an epimorphism of Lie algebras with kernel PZ(D).

3. the Poisson centre PZ(D) is invariant under the action of PDerg (D). Let z € PZ(D),d €
D and 0 € PDerg (D) then applying the derivation 0 to the equality {z,d} = 0 we ob-
tain the equality {0(z),d} =0, i.e. 9(z) € PZ(D).

Definition I1.3.19. [Bav4, page 9] Let D be a Poisson algebra. The subalgebra PD(D)
of the K-endomorphism algebra Endg (D), which is generated by D and Hp is called the

algebra of Poisson differential operators of D.

Let us assume that K is an arbitrary field. A simplicity criterion for the algebra PD(D)

of Poisson differential operators is given in the following theorem.

Theorem I1.3.20. [Bavj, Theorem 1.1] Let D be a Poisson algebra over K. Then the

following are equivalent:
1. The differential operator algebra PD(D) is a simple algebra.

2. The Poisson algebra D is a simple Poisson algebra.

A simplicity criterion for the Poisson enveloping algebra U(D), and the relation between

U(D) and PD(D) are described in the following theorem.

Theorem I1.3.21. [Bavj, Theorem 1.2] Let D be a Poisson algebra over K. Then the

following are equivalent:
1. The Poisson enveloping algebra U(D) is a simple algebra.
2. The differential operator algebra PD(D) is a simple algebra and U(D) ~ PD(D).
3. The Poisson algebra D is a simple Poisson algebra, and D is a faithful left U(D)-module.

If one of the above conditions holds then U(D) ~ PD(D).
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The next remark gives us a description for Poisson action on Poisson modules.

Remark I1.3.22. [Bav4, pages 7, 8] Let the commutative associative algebra D be a Poisson

algebra, and M be a left D-module (D XM — M, (a,m) — am). The left D-module M

30 if there is a bilinear map

over D is called a Poisson left D-module
DxM— M, (a,m)r dsm
which is called a Poisson action of D on M such that for all a,b € D and m € M,
(PM1) 6¢a,py = [das 0b),

(PM2) [04,b] = {a,b}, and

(PM3) Oap = adp + bd,.

Every left Poisson D-module M determines the homomorphism of associative algebras,
D — Endg (M), avrapn : M — M, m— am (I1.3.6)

and the homomorphism of Lie algebras,

D — Endg (M), avs 8q: M — M, m— dgm (I1.3.7)

such that
[0q,brr] = {a,b}pr for all a,b € D, (I1.3.8)
Oab = apsOp + bpgd, for all a,b € D, (11.3.9)

and vice versa.

Semidirect products of algebras are described in the following remark.

300r left module over the Poisson algebra
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Remark I1.3.23. [Bav4, page 9] Let D be a K-algebra, G be a Lie algebra, U(G) be the

enveloping algebra of G, and
d:G — Derg(D), a0,

be a Lie algebra homomorphism®!. Let D x5U(G) be the semidirect product of D and U(G).
It is an associative algebra that is generated by the algebras D and U(G) subject to the
defined relation

gd =dg+ 04(d) forall de D and g€ G.

Let {x;};cr be a K-basis of G. Then

DxsU(G)= €P Dx"= € 2°D

aeNW) aeNW)

is a free left and right D-module, where NU) is a direct sum of I copies of the set N, 2% =

Hie] zg

Let us assume that D is a domain of essentially finite type over a perfect field K and S be
a multiplicative subset of P,. The next theorem shows that the Gelfand-Kirillov dimensions

of U(D) and gr(U(D)) are finite.

Theorem I1.3.24. [Bav/, Theorem 1.4] Let D = S~(P,/I) a Poisson algebra over a field
K, where I = (f1,..., fm) is a prime ideal of P, and r = r(gf:;) is the rank of the Jacobian

matriz (gg’:;) over the field of fractions of the domain P,/I. Then the algebra U(D) is a

Noetherian algebra with
GKU(D) = GKgr(U(D)) = 2GK(D) =2(n —r).

The sets of generators and defining relations for the Poisson enveloping algebra are provided

in the following theorem.

6ap) = [0a, 6] for all a,b € G
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Theorem 11.3.25. [Bav/, Theorem 2.2] Let D be a Poisson algebra, U(D) be its universal

enveloping algebra®®> and U(D) be its Poisson enveloping algebra. Then

1. U(D) ~ D Xpaq U(D)/Z(D), where Z(D) = (6 — adp — bba)apep is the ideal of the
algebra D Xpaq U(D) generated by the set {045 — adp — bd, | a,b € D}.

2. if D = ST K[x;)ien/(fs)ser, where S is a multiplicative subset of the polynomial algebra
K[x;)ien, and A, T are index sets. Then the algebra U(D) is generated by the algebra
D and the elements {0; := 0, |1 € A} as determined by the defining relations

(a) 16:,0]) = Tpen "5 00,

(b) [6Z7$j] = {.’Ei,]?]’}, and

(¢) Yien gh0: =0,
where i,7 € A such that i # j and s € I'. So, the algebra U(D) is generated by D and
the set 6p = {04 |a € D} as determined by the defining relations

(a) [6a7 55] = 5{a,b}7

(b) [0a,b] = {a,b},

(C) 5ab = aéb —+ béa,

(d) 5>\a+#b = )\5a + ,u5b and (51 == O,
where a,b € D and A\, p € K.

3. the map wp : U(D) — D(D),a — a,dp — pad, = {b,-} is an algebra homomorphism,
where a,b € D and its image is the algebra PD(D).

The following corollary shows that a homomorphism between Poisson enveloping algebras

can be defined using the homomorphism between their Poisson algebras.

Corollary I1.3.26. [Bav/, Corollary 2.3] Let Dy and Dy be Poisson algebras. Then every
homomorphism of Poisson algebras f : Dy — Ds can be extended to a homomorphism of

their Poisson enveloping algebras f : U(D1) — U(Dz) that is defined by f(da) = 0 (a)-

32

as a Lie algebra
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The following corollary gives us the required condition for Poisson enveloping algebra to

be commutative.

Corollary 11.3.27. [Bavi, Corollary 2.5] Let D be a Poisson algebra. Then U(D) is a

commutative algebra if and only if D has a trivial Poisson structure.

The following proposition describes that any endomorphism/automorphism of Poisson en-
veloping algebras can be obtained from an endomorphism/automorphism of their Poisson

algebras.
Proposition I1.3.28. [Bavj, Proposition 2.9] Let D be a Poisson algebra. Then

1. the map Endpis(D) — Endg (U(D)), 0+ 0 1 a+r 0(a), 6a = 0g(q), wherea € D, is a

monotd monomorphism.

2. the map Autpeis(D) — Autg (U(D)), 0= 0 :a > o(a), dg — d(q), wherea € D, is a

group monomorphism.

The following example gives us a construction of left Poisson modules.

Example I1.3.29. Every Poisson algebra D is a left Poisson D-module since for all a € D,
ap:D — D, b~ aband 6, ={a,-}: D — D, b+ {a,b}.



§ III Classes of Poisson algebras of

dimension two

In this chapter, two new classes of Poisson algebras are introduced and their Poisson prime
ideals, minimal Poisson ideals and maximal Poisson ideals are classified. One of them is
the Poisson algebra P = K|t,x], see Section III.1, and the other is the Poisson algebra
Po(f) = K[z, y], see Section I11.2.

Notations. We assume that K is an algebraically closed field of characteristic zero, K[t] is
the Poisson polynomial algebra with trivial Poisson bracket, and /K '(¢) is the field of rational

functions in the variable t.

§II1.1 The Poisson algebra P = K|t, x]

The aim of this section is to classify all Poisson prime ideals, minimal Poisson ideals and
maximal Poisson ideals of the Poisson algebra P, which are indicated in Theorem III.1.2.
Following that, the containment information between Poisson prime ideals of the algebra
P is given in diagram III.1.1. This is an interesting class of Poisson algebras of dimension
two and is a significant method to classify Poisson prime ideals for some Poisson algebras in

Chapter 1V.

Let a be a Poisson derivation on K [t]. By using Theorem 11.2.17, the algebra P= K|[t,z]| =

K[t][z; o, is a Poisson algebra with Poisson bracket defined by the rule

{t,z} = a(t)z, where o = f0;, where f € K[t]\{0}. (III.1.1)

98
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There are two cases to consider: f € K* and f € K[t|\K.

Case i: If f € K* then the Poisson algebra K|t][x; o], is isomorphic to the 2-space Poisson

algebra with Poisson bracket defined by the rule
{t,x} = fx (I11.1.2)

and is denoted by P(f). It follows from this equality that the prime ideals of P(f), 0, (x)
and (z,t — v) are also Poisson ideals, P(f)/(z) = K[t], and P(f)/(x,t —v) = K. Hence,

PSpec(P(f)) = {0, (), (z,t —v) |v € K}.

Case ii: If f € K[t]\K then we have the Poisson algebra P= K]t, z] with Poisson bracket
defined by the rule
{t,z} = fux. (II1.1.3)

The following notation gives us the explicit formula of the roots of the polynomial f and

the localization of the Poisson algebra P.

Notation ITI.1.1. Let Ry = {A1,...,As} be the set of distinct roots of the polynomial

S
Ft)y =T At = 20)™, (I11.1.4)
i=1
where Ay is the leading coefficient of f and mq,...,ms > 1 are the multiplicities of the roots
A1, ..., Ag, respectively. The localization of the algebra 7 at the powers of the element fx is

Pro= K[t,a*!, f~1],ie. Pro=S"'P ={(fz)"'p|i >0, p € P}, where S = {(fz)" | i > 0}.
The following theorem classifies the Poisson prime ideals of the Poisson algebra P.

Theorem II1.1.2. Let P= K|t,x| be the Poisson algebra as above and f € K[t]\K, i.e.
Ry # 0. Then

1. PSpec(P)={0, (), (t = X;), (z, t —v), (x —p,t = N) |v € K,u € K*,\; € Ry and i =
1,...,s}, and P/(x) 2 K[t], P/(t — Xi) = K[z], P/(z,t —v) = P)(x —p,t — ) 2K
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forallve K, p€ K*,\j € Ry andi=1,...,s, the containment information between

Poisson prime ideals of P is given in diagram I11.1.1.

(z = m, T — i, T — [,
(.t —v) (z,t—Xp) t_)‘l) (x’t_)\i) (15—)5) (z,t = X) Sf—)\/:)

where v € K\Ry,
0 AMi€Rpandi=1,...,s.

Diagram III.1.1: The containment information between Poisson prime ideals of P

2. PMax(P)={(z,t —v),(x —p,t = N) |vE K,p € K*,\; € Ry andi=1,...,s}
3. the localization Py, of the algebra P is a simple Poisson algebra.
4. PZ(P) =PZ(Ps,)=K.

Proof. 3. Tt follows from the equality (II1.1.3) that

0 := pad, = fxd, and ¢, := pad, = —fz0;, (II1.1.5)

where 9, = (‘;t and 9, = % are the partial derivatives of the algebras P, and Py,=

K[t,z,(fr)"!]. Then
Op = (fx)~'0; and 0y = —(fx)~14,. (IT1.1.6)

It follows from these equalities that the Poisson algebra Py, is simple. Indeed, let I
be a non-zero Poisson ideal of Py, since P C Py,, the ideal I’ := P N I is a non-zero
Poisson ideal of P. Let n := min{deg,(a) |a € I"\{0}}, where deg,(a) is the z-degree
of the polynomial a = ag + a1 (t)x + az(t)z? + - - - + aq(t)x?, i.e. deg,(a) = d provided
aq(t) # 0, where ag(t), a1(t),...,aq(t) € K[t].

(i) Suppose that n = 0. Then 0 # I’ N K[t] = K[t]p for non-zero polynomial p € Kt]
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1.

if deg,(p) =0, i.e. p € K* then 1 € I’ C I, hence, I = Py,. If deg,(p) > 1 then
the polynomial 0;(p) = % € I' N K[t] has degree deg,(p) — 1! which is not possible
since 0 # 0;(p) € K|t]p. This means that the case deg,(p) > 1 is impossible.

(ii) Suppose that n > 1. Fix a polynomial, say a = ag + a12 + agx? + - - - + a, 2", with
deg,(a) = n, where ag,ai,...,a, € K[t] then the polynomial 0, (a) = % e I'"\{0}

and deg, (8,(a)) = n— 1, a contradiction. Therefore, the case n > 1 is impossible.

It follows from the equality (II1.1.3) that the prime ideals of P, 0, (x), (t—X\;), (z,t—v)
and (x — p,t — \;) are also Poisson ideals, P/(z) = KJt], P/(t — X\;) = Klz], and
Pllx,t—v)=P/(x —pt—N) =K, wherev e K,p€ K*,\; € Rpandi=1,...,s.
Hence, all the ideals in statement 1 are Poisson prime ideals of the Poisson algebra P.
Clearly that diagram III.1.1 reflects all possible containment of these Poisson prime
ideals. To finish the proof of statement 1 we have to show that there are no additional

Poisson ideals of P, but this follows from statement 3.

. Statement 2 follows from diagram III.1.1.

. Since PZ(P) C PZ(Py,), it suffices to show that Z := PZ(P,) = K. Given a € Z\{0}.

We have to show that a € K. Since a € Z\{0}, the ideal (a) := aPy, is a non-
zero Poisson ideal of the Poisson algebra P;,. The Poisson algebra Py, is simple by
statement 3, hence, a is a unit in the algebra Py, i.e. a = bfiz? for some b € K* and

i,7 > 0. It follows from the equality (II1.1.6) that

0= (fr) M fta} = 92 = jofia™
gz (IIL.1.7)
0= (fz) Mo,a} = — =ibf'"'a?,
ot
that i =j =0, i.e. a =b € K*, as required.
O

!since char(K) =0
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§II1.2 The Poisson algebra Ps(f) = K|z, ]

The aim of this section is to classify all Poisson prime ideals, minimal Poisson ideals and
maximal Poisson ideals of the Poisson algebra Ps(f), which are described in Proposition
II1.2.1. Following that, the relation between the Poisson differential operator algebras of

Ps(f), and the Weyl algebras is given in Proposition I11.2.1.(4).

It is easy to check the polynomial algebra K[z, y| over an arbitrary field K admits a Poisson
structure that is given by the rule {y,z} = f for an arbitrary polynomial f € KJ[z,y|. This

Poisson algebra is denoted by Pa(f).

Proposition III.2.1. Let Ps>(f) = Klz,y] be the Poisson algebra with Poisson bracket
{y,x} = f, where f € K[z,y]. Then

1. PSpec(Pa(f)) = {0,p | p € Spec(K|z,y]), f € p}.
2. PMax(P>(f)) = {m | m € Max(K[z,y]), f € m}.

S.if [ # 0 then Pao(f), is the localization of P2(f) at the powers of the element f is

stmple.

4. if f # 0 then the algebra PD(’PQ(f)f) ~ Ay ¢ is isomorphic to the localization of the
Weyl algebra Ay = K(x,y,0y,0y) at the powers of the element f. In particular, the
algebra PD(P2(f);) is a simple Noetherian algebra.

Proof. 4. The algebra PD(P2(f)) is a subalgebra of the Weyl algebra Ay = D(K [m,y])
which is generated by the polynomial algebra K[z, y], the derivations pad, = —f0, and

pad, = f0;, and statement 4 follows.
3. Statement 3 follows from statement 4 and Theorem I1.3.20.
1. Statement 1 follows from statement 3.

2. Statement 2 follows from statement 1.



§IV The Poisson algebras A of di-

mension three

The main purpose of this chapter is to classify Poisson prime ideals, minimal Poisson ide-
als and maximal Poisson ideals for a certain class of Poisson polynomial algebras in three

variables.

Recall that the Poisson polynomial algebra (D;a, 3, ¢, u) was introduced by Oh in 2006,

in the following Lemma.

Lemma IV.0.1. [Oh3, Lemma 1.53] Let D be a Poisson algebra over a field K, c € K, uw € D

and a, B be Poisson derivations on D such that
af =Pa and {a,u} = (a+ B)(a)u forall ac D. (IV.0.1)
Then the polynomial ring Dx,y] becomes a Poisson algebra with Poisson bracket
{a,y} = ala)y, {a,z}=p(a)r and {y,z} =cyx+u for all a € D. (IV.0.2)

The Poisson algebra D[z,y] with Poisson bracket (IV.0.2) is denoted by (D;a,f,c,u) or
Dly; a, Olp[z; 8,0 := udy]p.

Now, let us consider an arbitrary Poisson algebra (D;a, 3, ¢, u), where the Poisson algebra

D is the Poisson polynomial algebra K[t] over a field K of characteristic zero with trivial

63
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Poisson bracket, and «, 5 are arbitrary K-derivations of K[t], i.e.

a=fo, B=g0 and f,g€ K|t], where §; = i,

dt
c € K and u € K[t]. It follows from (IV.0.1) that
0={d,u} = (a+ B)(d)u for all de K[t], (IV.0.3)
hence, u is an element in the Poisson centre of K[t], and
(a+ B)u=0. (IV.0.4)

The following lemma describes all commuting pairs (a, /).

Lemma IV.0.2. Let K[t] be the Poisson polynomial algebra and o, B be Poisson derivations
on Kt]. If a« = f0; and = g0, where f,g € K[t]\{0} then

aff = Ba if and only if g = %f, where A € K*. (IV.0.5)
Proof. Notice that,
f /
0.6 = 0~ = (5 = a0 = 5° (L) .

h = 4C) Theref — 0 if and only if (£) = 0 if and only if {
where (—)" = =;*. Therefore, [a, 3] = 0 if and only i (5) = 0 if and only if €
kerg()(0¢) = K if and only if g = A for some A € K* if and only if g = %f O

The Poisson algebras A = (K[t]; f0;, \"'f0;,c,u), where f,u € K[t], \ € K* and c € K
with Poisson bracket defined by the rule

{t.y}=rfy, {tz}=2""fz and {y.2}=cyz+u
It follows from Lemma IV.0.2 and the equality (IV.0.4) that there are three main classes:

Class I: a+ 3= fo, + A" f0; = 0 and u = 0.
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Class II: o+ 3 = fO, + A1 f0; = 0 and u # 0.

Class ITI: o + 3 = f0; + A1 f0; # 0 and u = 0.

In order to study Poisson algebras in each of the three classes, we need to subdivide them

into subclasses.
e The first class I has two subclasses: 1.1 and I.2.
e The second class II has two subclasses: II.1 and II.2.
e The third class III has two subclasses: II1.1 and III.2.

Each subclass has further subclasses. For more information see diagram IV.1.1, diagram

IV.2.1 and diagram IV.3.1, respectively.
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§IV.1 The first class

The aim of this section is to classify all Poisson prime ideals, minimal Poisson ideals and
maximal Poisson ideals of Poisson algebras that belong to the first class I. This class has
two subclasses: 1.1 and 1.2, and each subclass has several subclasses. Let us give further
detail, the first subclass I.1 has two subclasses: 1.1.1 and 1.1.2. In particular, the Poisson
algebra, that belongs to the subclass 1.1.1, is the polynomial ring in three variables with a
trivial Poisson structure. In addition, the classification of Poisson prime ideals for the Poisson
algebra, that belongs to the subclass 1.1.2, is obtained in Theorem IV.1.5. The inclusions of

Poisson prime ideals for this Poisson algebra are described in diagram IV.1.3.

The second subclass 1.2 has two subclasses: 1.2.1 and 1.2.2, and each subclass has two

further subclasses:
[.2.1.1, 1.2.1.2, 1.2.2.1 and 1.2.2.2, respectively.

The classifications of Poisson prime ideals for Poisson algebras that belong to these four
subclasses are obtained in Theorem IV.1.8, Theorem IV.1.9, Theorem IV.1.10 and Theorem
IV.1.11, respectively. In particular, each subclass is treated individually and different tech-
niques are used. The main methods are the localization and factorization of Poisson algebras,
and Theorem II1.1.2. These techniques are similar to some of the approaches in recent papers
[Oh3] and [Oh4], see reviews in Subsection I1.2.5 for detail. In addition, the containments
information between Poisson prime ideals for these algebras are given in diagram 1V.1.4,

diagram IV.1.5, diagram IV.1.6 and diagram IV.1.7, respectively.

Class I:

fa+p = f@t—%%f@t =0, u =0 and c € K, where A\ € K*, f € K[t]. Notice that,

for+ % fO0: = 0 implies that there are two subclasses:
Class I.1: If f = 0.

Class 1.2: If A = —1.
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Structure of the first class of Poisson algebras A is given in diagram IV.1.1.

The following is the first subclass of class I and consists of two subclasses which are de-

pendent on c.

Crass 1.1

If f=0ie. a=p=0,u =0 and ¢ € K then we have the Poisson algebra A;=
(Kt];0,0,c,0) with Poisson bracket defined by the rule

{t,y} =0, {t,z} =0 and {y,z} = cyz. (IV.1.1)

There are two subclasses which are dependent on c:
Class I.1.1: If ¢ = 0.
Class 1.1.2: If c€ K*.

Remark IV.1.1. It follows from the equality (IV.1.1) that ¢t € PZ(A;). Furthermore, the
Poisson algebra A; = Kt] ® P is a tensor product of two Poisson algebras: (K|t],{-,-} = 0)
and P = K[z, y] with the Poisson bracket {y, x} = cyx, where ¢ € K.

The next is the Poisson algebra A, that belongs to the subclass I.1.1 and has a trivial

Poisson structure.

Class I.1.1:

If c =0 = a = f = u then the Poisson algebra As= (K][t];0,0,0,0) has a trivial Poisson
structure and the Poisson spectrum of As is the spectrum of the polynomial ring in three

variables, i.e.

PSpec(As) = Spec(As) = Spec(K|[t, x, y])

which is unknown yet.
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Class I:
a+p=
FO 4+ A0, =0

and ©u =0

Class 1.2

Diagram IV.1.1: Structure of the first class of Poisson algebras A
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The following is the Poisson algebra As that belongs to the subclass 1.1.2. Notice that, ¢
is a non-zero element in K. The techniques to classify Poisson prime ideals of A3 have some

properties of localization.

Class I.1.2:
If ce K* and o = 8 = u = 0 then we have the Poisson algebra A3 = (K|t];0,0,¢,0) with
Poisson bracket defined by the rule

{t,y} =0, {t,z} =0 and {y,z} = cyz. (IV.1.2)

The following notation describes the localization algebra of the Poisson algebra As.

Notation IV.1.2. Let S = K[t]\{0}. The localization of the Poisson algebra Az is B =
S1A;, ie. B = K(t)[r,y], where K(t) = ST1K[t] is the field of rational functions in the

variable t. The algebra B is a Poisson algebra with Poisson bracket defined by the rule
{y,z} = cyz. (IV.1.3)

The next lemma describes the Poisson prime ideals of the Poisson algebra 5.

Lemma IV.1.3. Let A3 = (K|[t];0,0,¢,0) be the Poisson algebra as above and B be the

Poisson algebra in Notation IV.1.2, where ¢ € K*. Then

1. PSpec(B)={0, (z), (y), (z,p), (v,q) | p € It K(t)[y] and q € Irr,,, K(t)[z]}, the con-

tainment information between Poisson prime ideals of B is given in diagram [V.1.2.
2. PMax(B)={(z,p), (y,q) | p € Iy, K (t)[y] and q € Irr,, K (t)[x] }.

3. the localization B, of the algebra B at the powers of the element xy is a simple Poisson

algebra.
4. PLU(B) = PZ(B.,)=K(1).

Proof. 3. It follows from the equality (IV.1.3) that

dy = pad,, = cyzd; and 9, := pad, = —cyzd,
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(z,p) (v,9)

(z) (y)

where p € Irr,,, K (t)[y]
0 and ¢ € Irr,, K (t)[].

Diagram IV.1.2: The containment information between Poisson prime ideals of B

where 0, = 6% and 0, = % are the partial derivatives of the algebras B = K (t)[z,y],
and B, = K(t)[z,y, (ry)~']. Then

Oy = (cyx)~'6, and 9, = —(cyz) 10,

It follows from these equalities that the Poisson algebra 5,, is simple. Indeed, let I
be a non-zero Poisson ideal of B,, since B C B,,, the ideal I ":= B N1 is a non-zero
Poisson ideal of B. Let n := min{deg,(a) |a € I'\{0}}, where deg,(a) is the z-degree
of the polynomial a = ag + a1 (y)z + ag(y)2z® + - - + ag(y)z?, i.e. deg,(a) = d provided
aq(y) # 0, where ap(y), a1(y), ..., aq(y) € K(t)[y].

(i) Suppose that n = 0. Then 0 # I' N K(¢)[y] = K(t)[y]p for non-zero polynomial
p € K(t)[y] if deg,(p) = 0, i.e. p € K(t) then p is a unit element this implies that
1 €I C1Ihence, I = By, If deg,(p) > 1 then the polynomial d,(p) = % €
I'NK (t)[y] has degree deg, (p)—1" which is not possible since 0 # 9, (p) € K (t)[y]p.
This means that the case deg,(p) > 1 is impossible.

(ii) Suppose that n > 1. Fix a polynomial, say a = ag + a12 + as2? + - - - + a, 2", with

deg,(a) = n, where ag,ay,...,a, € K(t)[y] then the polynomial 9,(a) = g— €

a
X
I'\{0} and deg,(0,(a)) = n — 1, a contradiction. Therefore, the case n > 1 is

impossible.

1. It follows from the equality (IV.1.3) that the prime ideals of B, 0, (z), (y), (z,p)

!since char(K) =0
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and (y,q) are also Poisson ideals. Hence, all the ideals in statement 1 are Poisson
prime ideals of the Poisson algebra B. Clearly that diagram IV.1.2 reflects all possible
containment of these Poisson prime ideals. To finish the proof of statement 1 we have to
show that there are no additional Poisson ideals of B, but this follows from statement

3.
2. Statement 2 follows from diagram [V.1.2.

4. Since PZ(B) C PZ(B.,), it suffices to show that Z :=PZ(B,,)=K(t). Given a € Z\{0}.
We have to show that a € K(t). Since a € Z\{0}, the ideal (a) := aB,, is a non-
zero Poisson ideal of the Poisson algebra 55,,. The Poisson algebra 5., is simple by
statement 3, hence a is a unit of the algebra B,,, i.e. a = f(t) for some f € K(t) as

required.

O

The next remark gives us an important equality to classify the Poisson spectrum, which

will be used very often throughout this thesis.

Remark IV.1.4. If S = K[t]\{0} and the localization of the Poisson algebra A4 is B = S~1A
then
PSpec(A) = PSpec(B)" | [ PSpec(A, K[t]), (IV.1.4)

where PSpec(B)" = {AN P | P € PSpec(B)} and
PSpec(A, K[t]) = {p € PSpec(A) | p N K[t] # 0}. (IV.1.5)

Notice that, the map
PSpec(B) — PSpec(B)", P— ANP (IV.1.6)

is a bijection with the inverse p — S~!p.

The next theorem classifies the Poisson prime ideals of the Poisson algebra As;.

Theorem IV.1.5. Let A3 = (K|[t];0,0,c,0) be the Poisson algebra as above and B be the
Poisson algebra in Notation IV.1.2, where c € K*. Then
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1. PSpec(AA )= PSpec(B)T L1 PSpec(As, S), where
PSpec(B)" ={0, (x), (), (,1p), (4:14q) | p € Irrp K (8)]y] and q € Trry, K (1)[x]}, 1)°
is a unique monic polynomial in K[t| of the least degree in t such that l,p € K[t,y]*;
PSpec(43,8) = {(t = A), (z,t = A), (y,t = A), (2,9, = A), (2,4 — p, t = A), (y, 2 — p, t —
AN | Ae K andp € KX}, the containment information between Poisson prime ideals

of As is given in diagram 1V.1.5.

(z,y — p, e
N (z,y,t = A) t—A\)
(yat o )\)
(:ay —/J,) (‘T7]pp) (Z/, Iqq)
(z,t —A) (z,v) Yy
(x) (y) (t=2)

where A € K, p € K*|
0 Ilpp € K[t,y] and loq € K[t, z].

Diagram IV.1.3: The containment information between Poisson prime ideals of Aj

2. for all p € PSpec(B)" and q € PSpec(43,S5), q ¢ p.

Proof. 1. The first equality of statement 1 follows from (IV.1.4). Then the second equality
of statement 1 follows from the explicit description of the set PSpec(B), see Lemma
IV.1.3.(1). Let p € PSpec(As,S). Then p’ := K[t] Np is a non-zero prime ideal of the
polynomial algebra K[t], i.e. p’ = (t—\) for some element A € K*. The Poisson algebra

As/(t— N 2 K[t])/(t — \) ® K[z, y] = Kz, y] (IV.1.7)

Zrespectively, I,
3respectively, l,q € K|[t, x]
4since the field K is an algebraically closed field
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is a polynomial Poisson algebra Po= K|z, y] with Poisson bracket {y,x} = cyz, where
c € K*. The Poisson prime spectrum of such algebras is described in Theorem I11.1.2.

So,

PSpec(P2) = {0, (2), (v), (,9), (v, — p), (z,y —p) | p € K*}.

Therefore,
PSpeC(ABaS) = {(t—)\),(x,t—)\),(y,t—)\),(:L‘,y,t—)\),(x,y—u,t—)\),(y,x—u,t—
AN |AeK and pe K*}.

2. Suppose that q C p for some ideals p € PSpec(B)" and q € PSpec(As, S), we seek a

contradiction. Then B = S~!1q C S~!p C B, a contradiction.

The next is the second subclass of class I and has two subclasses which are dependent on

Crass 1.2

IfA=—-1ie f=—-a=—f0, u=0andce K, where f € K[t]\{0} then we have the
Poisson algebra A, = (K|[t]; fO, — fO}, c,0) with Poisson bracket defined by the rule

{t,y} = fy, {t,z}=—fzx and {y,z}=cyz. (IV.1.8)
There are two subclasses which are dependent on c:
Class 1.2.1: If ¢ = 0.
Class 1.2.2: If c€ K*.

Remark IV.1.6. The Poisson ideals (z) and (y) are Poisson prime ideals of A4 = K|[t][x,y],
and

Auf (@) = Klt,y] (IV.1.9)

is a polynomial Poisson algebra P; = K|[t,y] with Poisson bracket {t,y} = fy, where f €
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K[t]\K. The Poisson prime spectrum of such algebras is described in Theorem III.1.2. So,
PSpec(P;) = {0, (y ), (Y, t=v), (y—p, t=X;) |[v € K,p € K*,\; € Rpandi=1,...,s}.

In addition,
Ay/(y) = K|t x] (IV.1.10)

is a polynomial Poisson algebra P = K|t,z] with Poisson bracket {t,z} = —fxz, where

f € K[t]\K. The Poisson spectrum of such algebras is described in Theorem III.1.2. So,
PSpec(P) = {0, (z), (t—=N), (z,t—v), (x—p,t=X;) [v € K,p € K*, \; € Ryandi=1,...,s}.
Definition IV.1.7. Let A be a Poisson algebra and I be a subset of A then

= {p € PSpec(A) | I C p}.

The following is the Poisson algebra As that belongs to the subclass 1.2.1. This subclass

has two subclasses which are dependent on the roots of f.

Class 1.2.1:

If o« = fo, B =—f0 and u = ¢ = 0, where f € K[t]\{0} then we have the Poisson algebra
Az = (K[t]; fOr, —fO,0,0) with Poisson bracket defined by the rule

{t,y} = fy, {t,xz}=—fx and {y,z}=0. (IV.1.11)

There are two subclasses which are dependent on f:
Class 1.2.1.1: If f € K[t]\K.

Class 1.2.1.2: If f € K*.
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Class 1.2.1.1: If f € K[t]\K and u = ¢ = 0 then we have the Poisson algebra Az =
(K[t]; fOr, — f04,0,0) with Poisson bracket defined by the rule

{t.y}=fy, {t.z}=—fz and {y,a}=0. (IV.1.12)
The next theorem identifies the Poisson prime ideals of the Poisson algebra Ag.

Theorem IV.1.8. Let Ag = (K|[t]; fOy, —f0,0,0) be the Poisson algebra as above, where
[ € K[t\K, i.e. Ry #0. Then

1. PSpec(Ag) = {0t UV(2) UV(y) UV(f) UU = V(zy — 1)

2. PSpeC(AG) = {07 (I’), (y)a (t_)"i)a (%’,t—)\i), (y)t_)‘i)? (:Uy—u), (l',y), (hat_)‘i)a (l'y—
:u’ut - >‘7ﬁ)7(l"y7t - V)v(yax — p,t — AZ))(x7y - H,t - )‘l)a(x - Y — 'u,/,‘[,' - )‘Z)a(x -
wytw tpt—=N)|ve K pp, we KX\ €Rsi=1,....,sand h € IrrmK[J:,y]},

the containment information between Poisson prime ideals of Ag is given in diagram

1V.1.4.
(y,x—,u, (.'L' My
(.CL‘—(U, tf)\z) (%%t_l’) — (»T,y—ﬂv
o g, sy
t—>\i) t_)\i) t_)\l)
(y—
(& m, (ht=2)  t=X)
(my - )\i) (y,t— /\z) (z,9)
t—\)
(:L’,t—Al)

where v € K, p,p/,w € K*|
0 )\iGRf,Z':L...,S
and h € Irry, Kz, y)|.

Diagram IV.1.4: The containment information between Poisson prime ideals of Ag
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3. PMaX(AG) - {(m,y,t—u),(y,m—u,t—)\i),(:U,y—u,t—)\l-),(w—u,y—,u’,t—/\i),(x—
wy+w lpt—XN)|veK pp,we K\ €e€Rs and i=1,...,s}.

4. PZ(Agtyy) = Koy, (zy) '] and INPZ(Ags,,) # 0 for all non-zero Poisson ideals I of
A6 1y, Where Ag gy, 1s the localization of the algebra Ag at the powers of the element
fry.

5. PZ(Ag) = Kzy].

Proof. 4. Notice that,

0y := pad, = fx0o,
oy = pady = —fyoy,
0 = pad; = f(—20, + y0y).

Therefore,

O = (f;p)—l(sz and A :=z0, — ya — _f_l(st.

Suppose that I is a non-zero Poisson ideal of the Poisson algebra Agy,,. We have to
show that I NPZ(Asf,,) # 0. Since 9; = (fz) ™10, the ideal I := I N K|z, y] is a non-
zero Poisson ideal of the Poisson algebra K[z, y|, where {y, 2} = 0 which is A-invariant.

Since ker g, 4 (A) = K[ry] and the polynomial algebra K[z, y] = D,z K|, y]v;i, where

1€EZL

b if >0,
vi=41 if 4 =0,

Yl if <0
is a direct sum of A-eigenspace with different eigenvectors®:
Av; = iy; for all i € Z,

the ideal I contains an element py; for some polynomial p € K[zy]\{0} and i € Z.

The element v; is a unit in Agy,,. Hence, p € I and so 0 # p € I NPZ(Agy,,), by the

®since char(K)=0
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statement (ii) below.

(1) A6 fay0z + A6 fuyOy + A6 r2y0t = Ap 1290t © Ag 51y A straightforward.

(ii) PZ(As 1) = K[zy, (zy)~']: By the statement (i),

PZ(Ag ) = kera,

Klzy, (zy)™!].

fou (0 N kerAGfl_y(A) = K[z*, 9] N kerAﬁfw(A) = kerK[xﬂ’yil](A) =

. PZ(As) = As NPZL(Ags 1)) = As N K[zy, (zy) 1] = K[zy], by statement 4.

M Ag gy, =S —1Ag, where S = {( fxy)' |i> 1} then any non-zero Poisson prime ideal of
Ag intersect with S contains an element (fxy)® for some i > 1. It follows from (IV.1.4)

that PSpec(Ag) = PSpec(Ag r,,)" [[ PSpec(4s, S). Therefore,
PSpec(Ag, §) = {0} UV(fzy) = {0} UV(z) UV(y) UV(Y)
and by statement 4,

PSpec(As )" = {0} U | Viey —p).
pneEKX

. It follows from statement 1,

S

PSpec(As) = {0} UV(@) UV U Jt—r)u | (ay —p).

1=1 pneKx

Notice that, the following Poisson factor algebras are examples of the ones appeared in

Theorem I111.1.2

Ag/(x) = Py,
As/(y) = P, {t,x} = —fx,
A/(t=Xi) = Po=Klzyl, {y.a}=0,
Ag/lay — p) = Py = K[t,a*], {t,z} = —fa.
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Now, statement 2 follows from Theorem II1.1.2.
3. It follows from diagram IV.1.4.

O]

Class 1.2.1.2: If f € K* then we have the Poisson algebra A; = (K[t|; f0y, —f34,0,0)
with Poisson bracket defined by the rule

{t,y} = fy, {t,xz}=—fx and {y,z}=0. (IV.1.13)

The next theorem gives us the classification of Poisson prime ideals of the Poisson algebra

Ar.

Theorem IV.1.9. Let A7 = (K|[t]; fOy, —f0,0,0) be the Poisson algebra as above, where
feK*, ie. Ry =0. Then

1. PSpeC(A7) = {07 (l’), (y)7 (532/—/0, (.CI?, y): (533/—/% - V)7 (:Ua Y, l— V): (:L'— A: y+)‘71M7 1—
v)|lve K and u, A € K* }, the containment information between Poisson prime ideals

of A7 is given in diagram IV.1.5.

(m — A,
y+ Ay, (m, y,t — 1/)
= 1/)
(zy —n,
‘ V) (z,9)
oy @ @

where v € K and p, A\ € K*.
0

Diagram IV.1.5: The containment information between Poisson prime ideals of A7

2. PMax(A7) = {(z,y,t —v), (x = \y+ X pt—v)|ve K andp, A € K*}.
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Proof. 1. Since f € K*, by Theorem IV.1.8.(1),

PSpec(A7) = {0} UV(z) UV(y) U U V(zy — p).
neEKX™

Now, the theorem follows from Theorem III.1.2 since

A7/(y) = P(f), {t,.z} = —fx,
A7/($) = P{ = K[tay]v {tay} = [y,
Arf(zy —p) = Py = K[t $i1]> {t,z}=—fz

2. It follows from diagram IV.1.5.

The next is the Poisson algebra Ag that belongs to the subclass 1.2.2. This subclass has

two subclasses which are dependent on the roots of f.

Class 1.2.2:

Ifce K*, o« = fo, = —f0; and u = 0, where f € K[t]\{0} then we have the Poisson
algebra Ag = (K[t]; fO¢, —fOk, ¢, 0) with Poisson bracket defined by the rule

{t,y} = fy, {t,z}=—fzx and {y,z}=cyz. (IV.1.14)

There are two subclasses which are dependent on f:
Class 1.2.2.1: If f € K[t]\K.

Class 1.2.2.2: If f € K*.

Class 1.2.2.1: If f € K[t]\K and ¢ € K* then we have the Poisson algebra Ag =
(K[t]; fOr, — fOr, ¢,0) with Poisson bracket defined by the rule

{t,y} = fy, {t,z} =—fr and {y,x} = cyz. (IV.1.15)
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The next theorem classifies the Poisson prime ideals of the Poisson algebra Ag.

Theorem IV.1.10. Let Ag = (K[t]; fOy, —fO4, ¢,0) be the Poisson algebra as above, where
ce K* and f € K[t]\K, i.e. Ry # 0. Then

1. PSpec(Ag) = {0} UV(z) UV(y) UV(f).

2. PSpeC(A9) = {07 (flf),(y),(flf,y),(t— )‘1)7 (yvt_ Ai)?(xﬂf— )\i),(.fﬂ,y,t - V)v (xvy_:u?t_
Xi), (Y, —pt—N) | ve Kipe KX\ € Ry and @ = 1,...,3}, the containment

information between Poisson prime ideals of Ag is given in diagram [V.1.6.

(2/796—/17 (xay_:u, .
t—\) t—\) (3,t=v)
(y, t— )\i) (a:,t — )\i) (z,y)
() (t =) (x)

0 where v € K, u € K*,
)\iERf andi=1,...,s.

Diagram IV.1.6: The containment information between Poisson prime ideals of Ag

3. PMax(Ag) = {(a;,y,t—V),(y,x—,u,t—)\i),(x,y—,u,t—)\i) |ve Kijpe KX\ €
Rfandizl,...,s}.

4. the localization Agy,, of the algebra Ag at the powers of the element fxy is a simple

Poisson algebra.

Proof. 4. Suppose that I is a non-zero Poisson ideal of Ags,,. We have to show that
I = Agy,,. Notice that, an ideal I "= 1IN Ag is a non-zero Poisson ideal of the Poisson

algebra Ag. Let I := INK|t] = K[t]q be a non-zero Poisson ideal of the Poisson algebra
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K|t], where ¢ € K[t]\{0} which has no common root with f if ¢ € K* then ¢ € I, and

so I = Agy,,, as required. Suppose that ¢ € K[t]\ K, we seek a contradiction. Notice

that,
0y = pad, = fxd; — cyx0y,
oy := pad, = —fyd; + cyx0y,
0 :=pad; = f(—x0, + y0y).
Therefore,

cf 16, = —ax7 16, — y*15y
210, =z 1o, — yiléy + cy0y + cx0y

which implies that the ideal I and the algebra K[t] are fJ;-invariant. Hence, I; and
every minimal prime ideal of the ideal I} of K|[t], i.e. ideals (t — v) are fO-invariant,
where v is a root of q. So, fO(t —v) = f € (t — v). Therefore, v is a root of the
polynomial f, a contradiction. Now, let Is := I NPy be a non-zero Poisson ideal of the

Poisson algebra Ps, where {y, 2} = cyz. In particular,

Oy = —(cay)~'d,.

Let n := min{deg,(a) | a € ,\{0}}, where deg,(a) is the a-degree of the polynomial
a=ap+ai(y)x + ax(y)z? + --- + aq(y)z?, ie. deg,(a) = d provided aq(y) # 0, where
ao(y), a1 (y), - -, aa(y) € K[yl.

(i) Suppose that n = 0. Then 0 # IoNK[y] = K[y]p for non-zero polynomial p € K[y]
if deg,(p) = 0, i.e. p € K*, then p is a unit element this implies that 1 € I C I
and so [ = Agy,,. If deg,(p) > 1 then the polynomial 9,(p) = 3—5 € I, N K[y] has
degree deg, (p) — 1% which is not possible since 0 # 9,(p) € K[y]p. This means

that the case deg,(p) > 1 is impossible.

(ii) Suppose that n > 1. Fix a polynomial, say a = ag + a12 + agx? + - - - + a, 2", with

Ssince char(K) =0
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deg,(a) = n, where ag, ay,...,a, € K[y] then the polynomial 9, (a) = % € I,\{0}

and deg, (81 (a)) =n—1, a contradiction. Therefore, the case n > 1 is impossible.

1. By statement 4, the Poisson algebra Ay, is simple. So, every non-zero Poisson ideal

of Ag contains an element (fxy)® for some i > 1. Therefore,

PSpec(Ag) = {0} UV(fzy) = {0} UV(z) UV(y) UV(f). (IV.1.16)

2. By statement 1,

PSpec(Ag) = {0} UV(z) UV(y) U ] (t = N). (IV.1.17)
i=1
Notice that, the following Poisson factor algebras are examples of the ones appeared in

Theorem I11.1.2

AQ/(‘r) = Py,
A9/<y) = P, {t7$} = —f{L‘,
Ag/(t — X)) =2 Pa.

Now, statement 2 follows from Theorem III.1.2.

3. It follows from diagram IV.1.6.
O

Class 1.2.2.2: If f,c € K* then we have the Poisson algebra Ay = (K]|t]; fOr, — [0, ¢,0)
with Poisson bracket defined by the rule

{t.y}=fy, {t.z}=—fz and {y,z} = cya. (IV.1.18)
The following theorem describes the classification of Poisson prime ideals of the Poisson

algebra Aj.

Theorem IV.1.11. Let Ay = (K[t]; fOr, — fO4, ¢,0) be the Poisson algebra as above, where
c,f € K* and Ry = 0. Then
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1. PSpec(Ayp) = {O, (), (y), (z,y), (x,y,t —v)|v € K}, the containment information

between Poisson prime ideals of Aig is given in diagram IV.1.7.

(Iay:t_y)

(z,y)

(z) (y)

where v € K.

0

Diagram IV.1.7: The containment information between Poisson prime ideals of Aqq

2. PMax(A9) = {(z,y,t —v) |v € K}.
Proof. 1. Since f € K*, by Theorem IV.1.10.(1),
PSpec(A10) = {0} UV(z) UV(y).
Now, statement 1 follows from Theorem II1.1.2 since

Ap/(z) = P,
Aw/ly) = P(f), {t,a}=—fz.

2. It follows from diagram IV.1.7.
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Notes: From now, the numerical ordering for the third digit is changed to a letter instead

of a number to simplify the notation.

§IV.2 The second class

The class II comprises two main subclasses: II.1 and II.2, and each subclass has further
subclasses. The aim of this section is to classify all Poisson prime ideals, minimal Poisson
ideals and maximal Poisson ideals for Poisson algebras that belong to the class II.1 and

certain subclasses of I1.2.

Let us give more detail, the first subclass I1.1 has four subclasses:
IT.1a, II.1b, IL.l1c and II.1d.

The classifications of Poisson prime ideals for Poisson algebras that belong to these four
subclasses are obtained in Theorem IV.2.3, Theorem IV.2.5, Theorem IV.2.6 and Theorem
1V.2.7, respectively. In particular, each of these is treated individually and different tech-
niques are involved. The main ideas to classify Poisson prime ideals for these algebras are
the localization and factorization of Poisson algebras, and Lemma [V.2.2. These methods are
similar to some techniques in the recent paper [Bav4], see the review in Subsection 11.3.3 for
detail. In addition, the inclusions of Poisson prime ideals for Poisson algebras that belong
to the subclasses, II.1b, II.1c and II.1d, are given in diagram 1V.2.2, diagram IV.2.3 and

diagram IV.2.4, respectively.

The second subclass I1.2 has eight subclasses:
I1.2a, I1.2b, 11.2¢, I1.2d, I1.2e, I1.2f, I1.2g and II.2k.

In addition, the Poisson prime ideals for Poisson algebras that belong to the subclasses, 11.2a,
II1.2b and II.2¢c, are classified in Corollary IV.2.8, Corollary IV.2.9 and Theorem IV.2.11,
respectively. Also, the classifications of Poisson prime ideals for Poisson algebras belong to
special cases of the subclasses, 11.2d, I1.2g and II.2k, are obtained in Corollary Corollary
1V.2.12, Corollary 1V.2.13 and Corollary IV.2.14, respectively. Following that, the inclusions
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of Poisson prime ideals for Poisson algebras that belong to the subclasses, 11.2d" and I1.2K’, are
given in diagram [V.2.5 and diagram [V.2.6, respectively. However, it is difficult to classify
Poisson prime ideals for the Poisson algebras that belong to the two subclasses, I1.2e and

I1.2f.

Class II:

Ifa+p=f0+A1f0=0,uec K[t]\{0} and c € K, where A € K*, f € K[t]. Notice that,
fO, + A1 f0; = 0 implies that there are two subclasses:

Class IL.1: If f = 0.
Class 11.2: If A = —1.

Structure of the second class of Poisson algebras A is given in diagram IV.2.1.

The following is the first subclass of class II and consists of four subclasses. The clas-
sifications of Poisson prime ideals for Poisson algebras Ao, A3, A14 and A;5 that belong
to these subclasses, I1.1a, I1.1b, II.1c and II.1d, respectively, are obtained. In addition, the
primary key to classifying is Lemma 1V.2.2, which can be considered the algebra A;; as a

generalization of these algebras.

Crass I1.1

If f=0ie. a=p=0,uc K[t]\{0} and ¢ € K then we have the Poisson algebra
A = (K[t]; 0,0, ¢, u) with Poisson bracket defined by the rule

{t,y} =0, {t,z} =0 and {y,z} = cyz + u. (IvV.2.1)

There are four subclasses to consider:
Class Il.1a: If c=0 and v € K*.
Class II.1b: If ¢ = 0 and v € K[t]\ K.

Class Il.1c: If c and v are in K*.
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A\
Q\“f’%XX

Class II:
a+p=
fO: 4+ X"1f0, =0
and u # 0 O/Q&
«S‘[[
-2
cy%
X3
ng

2%
c\?ﬁ‘% >

Diagram IV.2.1: Structure of the second class of Poisson algebras A
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Class II.1d: If ¢ = 0 and v € K[t]\ K.

Remark IV.2.1. Clearly, p := cyz + u # 0, and so there is a chain of Poisson algebras
A1 C A= K(t) & K[:E,y] C .Ap. (IV.2.2)
The next lemma gives us the classification of Poisson prime ideals of the Poisson algebra

Aig.

Lemma IV.2.2. Let A;; = (K][t];0,0,c,u) be the Poisson algebra as above, where u €
K[t]\{0} and c € K. Then

1. the Poisson algebra A, is a simple Poisson algebra with PZ(A,) = K(t).

2. the algebra PD(A,) of Poisson differential operators is isomorphic to the localization
of the Weyl algebra K(t) @ Ag over the field K(t) at the powers of the element p,
S;IK(t) © Ag, where S, := {p" | i > 0} and Ay = K(x,y,0:,8,) C Endg(A,).
In particular, the algebra PD(A,) is a simple Noetherian domain of Gelfand-Kirillov

dimension five.
3. if p € PSpec(A11)\{0} then eithert — X € p, where A € K or p € p.
Proof. 2. The algebra PD(.A,) is a subalgebra of the algebra Endx(A,) that is generated
by the algebra 4, and the derivations

0; = pad, = —p0y, &y =pad, =pd; and & = pad, =0.

Hence,

PD(A,) ~ 5, K(t) ® Ay = As(K (1)),
The Weyl algebra As(K(t)) over the field K(t) is a simple Noetherian domain of
Gelfand-Kirillov dimension five over K, hence so is its localization PD(A)).

1. By Theorem I1.3.20, statement 1 follows from statement 2.

3. Statement 3 follows from statement 2.



88 Chapter IV. The Poisson algebras A of dimension three

The following is the Poisson algebra Aj5 that belongs to the subclass II.1a. Notice that,
everything is zero, except u is a unit element in K. The technique to classify Poisson prime

ideals of A1 is localizing A5 at v and writing A5 as a tensor product.

Class II.1a:
If c =0 and u € K* then we have the Poisson algebra A5 = (K][t];0,0,0,u) with Poisson
bracket defined by the rule

{t,y} =0, {t,z} =0 and {y,z}=wu. (IV.2.3)

The following theorem classifies the Poisson prime ideals of the Poisson algebra Aqs.

Theorem IV.2.3. Let A1y = (K][t];0,0,0,u) be the Poisson algebra as above, where u € K*.
Then replacing the element y by ™'y we may assume that u = 1 and in this case the Poisson
algebra A1y = K[t]| ® K[x,y] is a tensor product of the trivial Poisson algebra K|t] and the
simple Poisson algebra K[z,y|, where {y,x} = 1. Then

1. PSpec(A1z) = {p @ K[z,y] | p € Spec(K[t])}.
2. PMax(Ap2) = {m ® K[z,y] | m € Max(K[t]) }.
3. PZ(A) = K[t].

Proof. We may assume that u = 1. Then the Poisson algebra A9 = K[t]® K[z, y] is a tensor
product of the trivial Poisson algebra K|t| and the simple Poisson algebra K|[z,y|, where
{y,z} = 1. Hence, PZ(A,2) = K|[t] and

PSpec(A12) = {p ® K[z,y] | p € Spec(K[t])},
by Lemma IV.2.27. Clearly,

PMax(A2) = {m ® K[z,y] | m € Max(K[t])}.

since p = u € K>
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The following notation gives us the explicit formula of the roots of the polynomial w.

Notation IV.2.4. Let R, = {A1,..., A\, } be the set of distinct roots of the polynomial

n
u(t) = [ Ault — X0)", (IV.2.4)
i=1
where )\, is the leading coefficient of u and ri,...,7r, > 1 are the multiplicities of the roots

Al, ..., Ap, respectively.

The following is the Poisson algebra A3 that belongs to the subclass II.1b. Notice that, ¢
is zero and u € K[t]\K. The technique to classify Poisson prime ideals of A;3 is similar to

the techniques used in the algebra Ao, whereas u is a polynomial in ¢.

Class II.1b:
If c=0and u € K[t]\K then we have the Poisson algebra A5 = (K]|t]; 0,0, 0, u) with Poisson
bracket defined by the rule

{t,y} =0, {t,z} =0 and {y,z}=w. (IV.2.5)

Let Aq3, be the localization of the algebra A3 at the powers of the element wu.

The next theorem describes the Poisson prime ideals of the Poisson algebra As.

Theorem IV.2.5. Let Aj3 = (K][t];0,0,0,u) be the Poisson algebra and Ays, be as above,
where u € K[t]\K, i.e. Ry, # 0. Then

1. by replacing the element y by u™ 'y, we may assume that w = 1 in the Poisson algebra
Ay, and in this case the Poisson algebra A3, = K|[t], ® K[x,y] is a tensor product of
the trivial Poisson algebra K|[t],, and the simple Poisson algebra K|x,y], where {y,x} =
L,

(i) PZ(Ais,) = K[t]y.

(’L’L) PSpec(Algu) = {p ® K[a:,y] ’ JURS SpeC(K[t]u)}.
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2. PSpec(A3) = {0,(t—1/),(p,t— XNi) | ve K N € Ry,t =1,....,n and p €
Spec(K [z, y])\{0}}, the containment information between Poisson prime ideals of A3

is given in diagram [V.2.2.

_ _ (@ —p
(y»l" M, (i’g )\4;" (;v,y, t— )\i) y— W,
Y— K L )
(y,t—X) ( ) (2.t —\) (t—Ai) (h,t—XN)

where v € K\Ry, pu, i’ € K*,
NMER,i=1,....n
0 and h € Irr,, K[z, y].

Diagram IV.2.2: The containment information between Poisson prime ideals of Aq3

3. PMax(A3) = {(t —v),(mt—N) | ve K\R,\i € Ry30.. =1,...,n and m €
Max(K [z,y])\{0}}.
Proof. 1. We may assume that w = 1 for the algebra A;3,. Then the Poisson algebra

Ay, = K[t]y, ® K[z,y] is a tensor product of the trivial Poisson algebra K|[t], and the

simple Poisson algebra K|z,y], where {y,x} = 1. Hence, PZ(A;3,) = K[t],, and
PSpec(Ai3,) = {p® Klz,y] | p € Spec(K|t].)},

by Lemma 1V.2.2.(3), since p = u € K[t],.

2. For all elements v € K, (t — v) € PSpec(A;3). For every i = 1,...,n, the Poisson
algebra Aj3/(t — A;) ~ Py has trivial Poisson bracket, and statement 2 follows from

Lemma IV.2.2.(3).

3. It follows from diagram IV.2.2.
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The following is the Poisson algebra A, that belongs to the subclass II.1c. Notice that, ¢
and u are non-zero elements in K. The technique to classify Poisson prime ideals of A4 is

factoring Aj4 by the irreducible polynomial p, and writing A4 as a tensor product.

Class Il.1c:

If ¢ and w are in K* then we have the Poisson algebra A4 = (K[t];0,0,c,u) with Poisson
bracket defined by the rule

{t,y} =0, {t,z} =0 and {y,z}=cyr+ u. (IV.2.6)
It follows that the element p = cyx + u is an irreducible polynomial in A14.

The next theorem gives us the classification of Poisson prime ideals of the Poisson algebra

AM.

Theorem IV.2.6. Let Ay = (K]Jt];0,0,c,u) be the Poisson algebra as above, where u and ¢

are in K*. Then

1. the Poisson algebra Ay = K[t] @ Klz,y] is a tensor product of the trivial Poisson
algebra K[t] and the Poisson algebra K|z,y] with {y,z} = p.

2. PSpeC(Alfl) - {07 (t_ V)a (p)a (pv t— V): (t_ V,T— W,y — (Cﬂ)ilu) ‘ ve K and IS K~ };
the containment information between Poisson prime ideals of A1y is given in diagram
1V.2.3.

8. PMax(Ay) ={(t—v,x —p,y— (cp) ') |v € K andp € K*}.

Proof. 1. Clearly, the Poisson algebra A4 = K[t]® K|z, y] is a tensor product of the trivial
Poisson algebra K[t] and the Poisson algebra P, = K|[z,y] with {y,z} = cyz + u = p,
where u and ¢ are in K*. Notice that, the ideal (p) is a prime Poisson ideal of the

Poisson algebra A1, and the factor algebra

A11/(p) = K[t] @ P1/(p)

is a tensor product of trivial Poisson algebras K[t] and Ps/(p).
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(t 2
T = 1Y
(1) u)
(p7t - I/)
(p) (t—v)
where p = cyx + u,
veKandcu,pe K*.
0

Diagram IV.2.3: The containment information between Poisson prime ideals of A4

2. Now, statement 2 follows from Lemma IV.2.2.(3).
3. It follows from diagram IV.2.3.

O

The following is the Poisson algebra A;5 that belongs to the subclass I1.1d. Notice that, ¢
is a non-zero element in K and u € K[t]\K. The technique to classify Poisson prime ideals

of Ai5 is similar to the techniques used in the algebra A;4, whereas u is a polynomial in t.

Class II.1d:
If c e K* and u € K[t]\K then we have the Poisson algebra A5 = (K][t];0,0,c,u) with
Poisson bracket defined by the rule

{t,y} =0, {t,z} =0 and {y,z}=cyr+u. (IV.2.7)

It follows that the element p = cyx + u is an irreducible polynomial in A;s.

The following theorem shows that the classification of Poisson prime ideals of the Poisson

algebra Aqs.



IV.2. The second class 93

Theorem IV.2.7. Let A5 = (K]Jt];0,0,c,u) be the Poisson algebra as above, where ¢ € K*
and v € K[t]\K, i.e. Ry # 0. Then

1. PSpeC(A15) = {07 (t—lj), (p)7 (p,t—UJ), (xat_Ai)v (yat_)\i)apa (1’,y,t—)\i), (:L‘ay_/%t_
)\i)a(yﬂ?_N’t—)\i),(t—wvx_l%y_(CN)_IU(W)) |V€K7MEKX7)‘1'ERU,7WE
K\Ry,i=1,...,n,p € Spec(A4i5), p € p and ht(p) = 2}, the containment information

between Poisson prime ideals of A5 is given in diagram IV.2.4.

G (9=, (:1:, Y, t — )\i) x(j;f;’_
N G (en) u(w)
(y,t—)\i) (x’t_Ai) p (p,t—w)
(t = M) (p) (t —w)

where p = cyr + u, p € Spec(Ais),
p€p, hi(p) =2, we K\Ry,
N€ER,andi=1,...,n.

Diagram IV.2.4: The containment information between Poisson prime ideals of Ay5

2. PMax(A5) = {(m,y,t — i), (2, y — ot — M), (y, @ — iyt — Ng), (t — W, T — Y —
(cp)tu(w)) [pe K, N\ € Ry, we K\Ry and i=1,...,n}.

Proof. 1. Notice that, (t—v), where v € K and (p) are Poisson prime ideals of the Poisson
algebra Aj5. By Lemma IV.2.2.(3), each non-zero Poisson prime ideal q of A5 contains

one of the above ideals.

(i) Suppose that t —w € q and (t — w) # q, where w € K\R,. Then the Poisson
algebra

A /(t —w) = P = Klz,y]
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admits the Poisson bracket {y,z} = cyx + u(w), where u(w),c € K*. Then by
Theorem 1V.2.6.(1),

PSpec(A15) 2 {(p,t —w), (t —w,z — p,y — (cu)_lu(w)) |we K\Ry, pe K*}.

(ii) Suppose that t — \; € q and (¢ — \;) # q for some \; € R, and ¢ =1,...,n. Then
the Poisson algebra

A/ (t — Ni) = Pa.

Thena PSpeC(A15) 2 {(Z‘,t— )\i)a<y7t_ Ai)?(xayﬂif - )\i)a(xvt_ )\’by _M)a(yat -
i, —p) | p€K*, N\ € Ryandi=1,...,n}.

(iii) Suppose that t—v ¢ q for all v € K. Then necessarily p € q, by Lemma IV.2.2.(3).
The Poisson algebra A;5/(p) has trivial Poisson bracket, and so

PSpec(Ai5/(p)) = Spec(Ai5/(p))-

Hence, the set {p € Spec(Ai5) | p € p and ht(p) = 2} contains precisely all the
Poisson prime ideals of the Poisson algebra A5 that properly contain the ideal (p)

and do not meet the algebra K[t].
1. Now, statement 1 follows from statements (i)—(iii).

2. It follows from diagram IV.2.4.

The following is the second subclass of class II and contains eight subclasses. The classifi-
cations of Poisson prime ideals for the Poisson algebras A7, Ajg and Ay that belong to the
subclasses, 11.2a, I1.2b and II.2c, respectively, are obtained. In addition, the classifications of
Poisson prime ideals for the Poisson algebras Ass, Asg and Asg that belong to special cases
of the subclasses, 11.2d, I1.2g and II.2k, respectively, are obtained. However, the Poisson
prime ideals of Poisson algebras that belong to the two subclasses, I1.2e and I1.2f, cannot be

classified.
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Crass 11.2

If A= -1,ie. 8 =—-a=—f0 and f,u € K[t]\{0} then we have the Poisson algebra
A = (KTt]; fOr, — fOr, c,u) with Poisson bracket defined by the rule

{t,y} = fy, {t,z} = —fz and {y,z} = cyz + u. (IV.2.8)

There are eight subclasses to consider:
Class I1.2a: If c=0, f and u are in K*.
Class I1.2b: If c =0, f € K* and v € K[t]\K.
Class II.2c: If c =0, f € K[t]\K and u € K*.
Class I1.2d: If ¢ =0, f and u are in K[t]\K.
Class 1I1.2e: If ¢, f and u are in K*.
Class IL.2f: If ¢, f € K* and u € K[t]\ K.
Class I1.2g: If c€ K*, f € K[t]\K and u € K*.

Class I1.2k: If c € K*, f and w are in K[t]\K.

The following is the Poisson algebra A;7 that belongs to the subclass I1.2a. Notice that, ¢
is zero, u and f are unit elements in K. The technique to classify Poisson prime ideals of A7
is similar to the technique in the paper [JoOh], which identifies the non-constant polynomial
a in the algebra Aq7 to turn the Poisson bracket into exact. From their study, in particular,

Corollary 11.2.73 the classification of Poisson prime ideals for A7 follows.

Class I1.2a:

If a = f0,8 = —f0, ¢ = 0 and f,u € K* then we have the Poisson algebra A;; =
(Kt]; fOr, — fO4,0,u) with Poisson bracket defined by the rule

{t,y} = fy, {z,t} = fr and {y,z} =u. (IV.2.9)
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The following corollary shows that the classification of Poisson prime ideals for the Poisson

algebra A17.

Corollary IV.2.8. Let Aj; = (K[t]; fOr, —f0:, 0,u) be the Poisson algebra as above and
a = fay +ut, where f,u € K*. Then PSpec(A7) = {0,(a—p) |pe K}.

Proof. Suppose that a = fxy + ut, where f,u € K* then the Poisson bracket in (IV.2.9)
is exact, and a — u is irreducible for all p € K. It follows from Corollary I1.2.73 that the

Poisson spectrum of A;; consists of 0 and (a — p), where p € K. O

The following is the Poisson algebra A;g that belongs to the subclass I1.2b. Notice that, ¢
is zero, f is a unit element in K, and « is a polynomial in ¢. The technique to classify Poisson
prime ideals of Aig is similar to the technique used in the algebra A;7, which identifies the
non-constant polynomial a in the algebra A;g to turn the Poisson bracket into exact. From
the study [JoOh], in particular, Corollary 11.2.73 the classification of Poisson prime ideals for

Aqg follows.

Class I1.2b:

Ifa= fo,p=—f0, c=0andu € K[t]\K, where f € K* then we have the Poisson algebra
Avs = (K[t]; fOr, — fOr, 0,u) with Poisson bracket defined by the rule

{t,y} = fy, {t,z} =—fz and {y,z}=u. (IV.2.10)

The following corollary shows that the classification of Poisson prime ideals of the Poisson

algebra Ajg.

Corollary IV.2.9. Let Ajg = (K|t]; fOr, —f0:, 0,u) be the Poisson algebra as above and
a= fey+ [, (r’\ﬁl (t — N)"th, where f € K*. Then PSpec(A;s) = {0, (a (z,y,t
)|l pe K, N\ €Ry andz:l,...,n}.

Proof. Let us assume that wis (IV.2.4) and a = fry+][]m L +1) (t—Xi)" ! then the Poisson
bracket in (IV.2.10) is exact, and a — p is irreducible for all ; € K. It follows from Corollary
11.2.73 that the Poisson spectrum of A;g consists of 0, (a — ) and (z,y,t — \;), where u € K,

Ni€R,andi=1,...,n. ]
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The following is a special case of the subclass I1.2b.

Example IV.2.10. Let « = f0;, 8 = —f0;, ¢ = 0 and u = vt, where f,v € K* then we have
the Poisson algebra A9 = (K][t]; fO¢, —f0,0,vt) with Poisson bracket defined by the rule

{t,y} = fy, {z,t} = fr and {y,x} =t (Iv.2.11)

Suppose that a = fry+ %UtQ, where f,v € K* then the Poisson bracket in (IV.2.11) is exact,
and a — p is irreducible for all u € K. It follows from Corollary 11.2.73 that the Poisson
spectrum of Ajg consists of 0, (a — ) and (x,y,t), where p € K.

The following is the Poisson algebra Asp that belongs to the subclass I1.2c. Notice that,
c is zero, u is a unit element in K, and f is a polynomial in ¢. The techniques to classify

Poisson prime ideals of Asy have some properties of factor Poisson algebras.

Class I1.2c:

Ifa=fo,5=—f0, c=0andu e K*, where f € K[t]\ K then we have the Poisson algebra
Aog = (Kt]; fOr, — fOr, 0,u) with Poisson bracket defined by the rule

{t,y} = fy, {t,xz}=—fzxr and {y,z}=wu. (IvV.2.12)

The following theorem shows that the classification of Poisson prime ideals for the Poisson

algebra Ao.

Theorem IV.2.11. Let Ayy = (K|[t]; fOr, —fO¢,0,u) be the Poisson algebra as above, where
u€ K* and f € K[t]\K, i.e. Ry # 0. Then PSpec(As) = {0,(t —X\;) | \i € Ry and i =
1,..., 3}.

Proof. For some element \; € Ry, where i = 1,...,s we have
Ago/(t = Ni) = K[t]/(t = Ai) ® Kz, y]

is a tensor product of KJt|/(t — A\;) and the simple Poisson algebra P(u) = K|z,y] with

{y,x} = u, where u € K*. Notice that, the localization Ay, of algebra Ay is a simple
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Poisson algebra. Hence, the Poisson spectrum of Ay consists of 0 and (¢t —\;), where \; € Ry

and i =1,...,s. O

Class 11.2d:

If « = fo,8 = —f0; and ¢ = 0, where f,u € K[t]\K then we have the Poisson algebra
A9y = (K|[t]; fOr, —fOr, 0,u) with Poisson bracket defined by the rule

{t,y} = fy, {t,x}=—fz and {y,z}=u. (IV.2.13)

The following is a special case of the subclass 11.2d. In this Poisson algebra Ass that
belongs to the subclass I1.2d", we suppose that the non-constant polynomial f divides w,
and c is zero. Thus, the technique to classify Poisson prime ideals of Ass is similar to the
technique in the paper [JoOh], which is writing the bracket as Ass-multiple of other. From
their study, in particular, Example 11.2.76 and Example 11.2.77 the classification of Poisson

prime ideals of Ay, follows.

Class 11.2d":
If u=fg, a« = fo,p = —f0 and ¢ = 0, where f,g € K[t]\K then we have the Poisson

algebra Ass = (K[t]; fOr, —fO:, 0, fg) with Poisson bracket defined by the rule

{t,y} = fy, {t,x}=—fzx and {y,z}= fg. (IV.2.14)

The following corollary gives us the classification of Poisson prime ideals of the Poisson

algebra A22.

Corollary IV.2.12. Let Ayy = (K]|t]; fOr, — f0O1,0, fg) be the Poisson algebra as above and
a=zy+ [g, where f,g € K[t|\K, i.e. Rf #0 and Ry # 0. Then

1. PSpeC(AQQ) - {07 (t - Az)a (a)a (a - :U')7 (.’L’,t - )\z)v (yat - )\z)a (.’I) - :U'/7t - )‘1)7 (y - :u/7t -
)\i)a (:Ey, t—CU), (‘,Ey_:ulv t—OJ), (ha t_>\z)7 ('T’ Y, t_)\l)a (l’, y_/J'/, t_)‘i)a (ya x_/J’/a t_)‘i)’ ($_
Wiy — vt —N), (z,y,t —w) | vyu, ' € KX\ € Ry,w € Ry and h € IrrmK[x,y]},
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the containment information between Poisson prime ideals of Ass is given in diagram

1V.2.5.

(x_//?y_ (1‘,:1/_/1/7 ($>yat_)‘i) (y7m_'u/’

l/,t—)\i) t_)\i) t_)\i) (x,y,t—w)

(y—u, t—_A/j)7 (.t — %) ) t(imi) ©:2=%) (ay—p,

t— Ai) t— (JJ)
(@) (=2 fa=m

where a = zy + [ g,
0 helm,Kz,y], v,p,pp € KX,
w€ Ry and \; € Ry.

Diagram IV.2.5: The containment information between Poisson prime ideals of Ago

2. PMax(Ag) = {(x, Yy, t=N;), (x,y—p t=N;), (y, = t=N;), (x—p/yy—v, t=N;), (x, y, t—
w) [ v,p, i € KX, A\ € Ry andw € Ry}.

Proof. 1. Suppose that

Bi:={t,y} =y, {z,t} == and {y,a}=y

and (IV.2.14) by By then we have By = fB;. Notice that B; is exact, where a = zy+ [ g
and it follows from Corollary IV.2.1 that the Poisson spectrum of Ass under B; is 0,
(a — p) and (z,y,t —w), where p € K, w € R,. Hence, by using Example 11.2.77 we
have that any Poisson prime ideal of Ao under B; is a Poisson prime ideal of Aso under
B, but if @ is a Poisson prime ideal of Ass under By then @ is a Poisson prime ideal
of Aso under By or Q contains f. Therefore, the Poisson spectrum of Ass consists of
0, (t =), (a), (@a—p), (2,6 = Ni), (Y, t = No), (. —pst = Ni), (y— /st = No), (zy,t —w),
(xy—p/ t—w), (hyt=N), (x,y,t=N;), (x,y—p/, t=N;), (y, x— ', t=N;), (x—p/ s y—v, t—N;)
and (z,y,t —w), where v,u, 1/ € K*, \; € Ry, w € Ry and h € Irrp, K[z, y).
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2. It follows from diagram IV.2.5.
O

The following is the Poisson algebra As3 that belongs to the subclass I1.2e. Notice that, ¢, u
and f are unit elements in K. The main issue is that there is no known approach or technique
to classify Poisson prime ideals of Ass, and it is difficult to find the common eigenvectors for

5157 51 and 5y on Agg.

Class II.2e:
If «a = f0;, B = —f0, where f,u,c € K* then we have the Poisson algebra A,3 =

(Kt]; fOr, — fO4, c,u) with Poisson bracket defined by the rule

{t.y} = fy, {t,z}=—fz and {y,z}=cyz+u. (IV.2.15)

The following is the Poisson algebra As, that belongs to the subclass I1.2f. Notice that, ¢
and f are unit elements in K, and u is a non-constant polynomial in ¢. This seems more
complex than the algebra Ass. Also, the main issue is that there is no known approach
or technique to classify Poisson prime ideals of Asy, and it is difficult to find the common

eigenvectors for d¢, d, and d, on Aaj.

Class I1.2f:

If « = fo, = —f0 and u € K[t]\K, where f,c € K* then we have the Poisson algebra
Aoy = (K|[t]; fOr, — fOr, ¢, u) with Poisson bracket defined by the rule

{t,y} = fy, {t,z}=—fx and {y,z} = cyzr+u. (IV.2.16)

Class II.2g:

If = fo, 8=—f0 and u,c € K*, where f € K[t]\K then we have the Poisson algebra
Ags = (Kt]; fOr, — fOr, c,u) with Poisson bracket defined by the rule

{t.y} =fy, {t,z}=—fz and {y,z}=cyz+u. (IV.2.17)
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The following is a special case of the subclass I1.2g. In this Poisson algebra Ass that
belongs to the subclass I1.2g’, we assume that f is a monomial of degree one, ¢ and u are
unit elements in K. Therefore, the technique to classify Poisson prime ideals of Asg is similar
to the technique used in algebra A7, which identifies the non-constant polynomial a in the
algebra Asg to turn the Poisson bracket into exact. From the study [JoOh], in particular,

Corollary 11.2.73 the classification of Poisson prime ideals of Asg follows.

Class I1.2¢’:

If f = pt,i.e. o= ptdy, B = —ptdy and p = ¢, where u,c € K* then we have the Poisson
algebra Ao = (K[t]; ctOy, —ctOy, ¢, u) with Poisson bracket defined by the rule

{t,y} = cty, {z,t} =ctr and {y,z}=cyx+u. (IV.2.18)

The following corollary shows that the classification of Poisson prime ideals of the Poisson

algebra AQG.

Corollary 1V.2.13. Let Ass = (K]|t]; ctOy, —ctOy, c,u) be the Poisson algebra as above and
a = (cyz+u)t, where u,c € K*. Then PSpec(Ass) = {0, (a—p), (t,z—A,y—(cA)"tu) | p e
K and A € K* }

Proof. Suppose that a = (cyz + u)t, where u,c € K* then the Poisson bracket (IV.2.18) is
exact, and a — p is irreducible for all 4 € K*. It follows from Corollary 11.2.73 that the
Poisson spectrum of Ay consists of 0, (a — p) and (¢, 2 — A,y — (cA)"'u), where p € K and
Ae KX O

Class I1.2k:

If a = fo, 8 = —f0, where f,u € K[t]\K and ¢ € K* then we have the Poisson algebra
Ao = (Kt]; fOr, — fOr, c,u) with Poisson bracket defined by the rule

{t.y} =fy, {t,z}=—fz and {y,z}=cyz+u. (IV.2.19)
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The following is a special case of the subclass I1.2k. In this Poisson algebra Asg that belongs
to the subclass I1.2k’, we assume that f and u are monomials of degree one, and c is a unit
element in K. Therefore, the technique to classify Poisson prime ideals of Asg is similar to the
technique used in some previous algebras, which identifies the non-constant polynomial a in
the algebra Asg to turn the Poisson bracket into exact. From the study [JoOh], in particular,

Corollary 11.2.73 the classification of Poisson prime ideals for Asg follows.

Class I1.2K’:

If f=pt,ie a=ptd, B = —ptd, u = vt and p = ¢, where ¢,v € K> then we have the
Poisson algebra Asg = (K[t]; ctdy, —ct0y, ¢, vt) with Poisson bracket defined by the rule

{t,y} =cty, {x,t} =ctr and {y,x} = cyz + vt. (IV.2.20)

The following corollary gives us the classification of Poisson prime ideals of the Poisson

algebra Aosg.

Corollary IV.2.14. Let Ass = (K|t]; ctdy, —ctdy, ¢, vt) be the Poisson algebra as above and

a = (cyx + %vt)t, where ¢c,v € K*. Then

1. PSpec(Ags) = {0, (a), (t), (a — p), (y, 1), (z, 1), (t, 2y — w), (t,zy), (z,y,1), (x, 1,y — i),
(y, t,z—p'), (t, 2=\ y+ A7) | A\ w, i, 1’ € K* }, the containment information between

Poisson prime ideals of Asg is given in diagram [V.2.6.

2. PMax(Ass) = {(z,y,1), (z, t,y — '), (. t,x — i), ((,x = Xy + A w) [ N w, 0/ € K*}.

Proof.

1. Suppose that a = (cyx+ %vt)t, where ¢,v € K* then the Poisson bracket (IV.2.20) is exact,
and a — pu is irreducible for all u € K*. It follows from Corollary 11.2.73 that the Poisson
spectrum of Asg consists of
0, (@), (1), (a— 1), (5,1), (@ 1), (ts 2y — ), (t,29), (@, 1), (5, sy — ), (12— o) and (£, —
Ay + A"tw), where A\, w, u, 1/ € K*.
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(t, T — A,
x, bty — i z,y,t o —
@hy=w) (@u8  Gta-w)
(1)
(t)
where a = (pyz + ut)t
0 and \,w, p, v, p, i’ € K*.
Diagram IV.2.6: The containment information between Poisson prime ideals of Aag
2. It follows from diagram IV.2.6. O
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§IV.3 The third class

The aim of this section is to classify all Poisson prime ideals, minimal Poisson ideals and
maximal Poisson ideals of Poisson algebras that belong to certain subclasses of the third
class III. This class has two subclasses: III.1 and II1.2, and each subclass consists of several

subclasses.

Let us give more detail, the first subclass I11.1 has four subclasses:
I11.1a, III.1b, III.1c and III.1d.

The classifications of Poisson prime ideals for Poisson algebras that belong to these four
subclasses are obtained in Theorem 1V.3.1, Theorem 1V.3.2, Corollary IV.3.3 and Corollary
1V.3.4, respectively. In particular, each of these is treated individually and different tech-
niques are involved. The main ideas to classify the Poisson prime ideals of these algebras
are Example 11.2.76, Example 11.2.77 and Remark I1.2.78. These techniques are in the recent
paper [JoOh], see the review in Subsection I1.2.5 for detail. In addition, the inclusions of
Poisson prime ideals for these algebras are given in diagram 1V.3.2, diagram IV.3.3, diagram

1V.3.4 and diagram 1V.3.5, respectively.

The second subclass II1.2 has four subclasses:
II1.2a, II1.2b, III1.2¢ and III.2d.

The Poisson prime ideals for the Poisson algebra that belongs to the subclass III.2b, are
classified in Corollary 1V.3.5. After that, the inclusions of Poisson prime ideals for this
algebra are given in diagram [V.3.6. In addition, the classifications of Poisson prime ideals
for the Poisson algebras that belong to special cases of the subclasses II1.2c and II1.2d, are
obtained in Corollary IV.3.6 and Corollary IV.3.7. Following that, the inclusions of Poisson
prime ideals for these algebras are given in diagram 1V.3.7 and diagram [V.3.8. However, it
is difficult to classify Poisson prime ideals for the Poisson algebra that belongs to the subclass

III.2a.
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Class III:

Ifa+B8=f0,+X1f0,#0,u=0and c € K, where f € K[t]\{0}, A € K\{-1,0}.

There are two subclasses:
Class II1.1: If ¢ = 0.
Class II1.2: If c € K*.

Structure of the third class of Poisson algebras A is given in diagram [V.3.1.

Notes: We will assume that A € C\{—1,0} instead of A\ € K\{—1,0}.

The following is the first subclass of class III and contains four subclasses. In addition, the
classifications of Poisson prime ideals for Poisson algebras Asg, A3, Ass and Ass that belong
to the subclasses III.1a, II1.1b, ITI.1c and III.1d, respectively, are obtained. The critical key
to classifying is Example 11.2.76, Example 11.2.77 and Remark [1.2.78, which are from the
study [JoOh].

Crass II1.1

Ifc=0,a=f0, B3 =A1f0 and u = 0, where f € K[t]\{0}, A € C\{—1,0} then we have
the Poisson algebra Asg = (K[t]; f0;, A\~ f0;,0,0) with Poisson bracket defined by the rule

{t,y} = fy, {t,a}=X1""fz and {y,z}=0. (IV.3.1)
There are four subclasses:

Class ITl.1a: If f € K* and A € Q\{—1,0}.
Class III.1b: If f € K* and A € C\Q.
Class IIl.1c: If f € K[t]\K and A € Q\{-1,0}.

Class IIL.1d: If f € K[t]\K and A € C\Q.
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Class I1I.1

Class III:
a+ 8=
FO, + N1 O, £ 0

and u =0

Diagram IV.3.1: Structure of the third class of Poisson algebras A
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The following is the Poisson algebra Asy that belongs to the subclass III.1a. Notice that,
f is a non-zero element in K, and A € Q\{—1,0}. The technique to classify Poisson prime
ideals of A3 is similar to the technique in the study [JoOh|, which is writing the bracket as
Asp-multiple of other. Thus, from their study, in particular, Example 11.2.76 and Example

11.2.77 the classification of Poisson prime ideals for A3y follows.

Class II1.1a:

If fe K*,ie. a = f0;, B=X"'f0;, u=c =0, and n,m are non-zero integers such that
A =T # —1 then we have the Poisson algebra A3y = (K[t]; fO, % f0,0,0) with Poisson
bracket defined by the rule

{t,y} = fy, {t,x}:%fx and {y,z} = 0. (IV.3.2)

The following theorem classifies the Poisson prime ideals of the Poisson algebra Asp.

Theorem IV.3.1. Let Azy = (K[t]; fO4, ;- f04,0,0) be the Poisson algebra as above, where

feK*, m>0,n#0 and m,n are coprime integers.
1. If n > 0 then PSpec(As) = {0, (), (v), (z,9), (™ — py"), (z,y,t —v) |v € K}.

2. If n < 0 then PSpec(As)) = {0, (), (v), (z,y), (™y™™ — ), (z,y,t —v) | v € K},
the containment information between Poisson prime ideals of Asg is given in diagram

1V.3.2.
3. PMax(Ag) = {(z,y,t —v) | v e K}.
Proof. 1. Let us multiply the bracket (IV.3.2) by a non-zero scalar f~! then we have
{t,y} =y, {t,z}= %x and {y,z} =0. (IV.3.3)
Now, multiplying by m and rearranging the bracket which implies that

By :={y,t} =my, {t,z}=-nz and {z,y}=0. (IV.3.4)
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(Ly,t—u)

(z,y)

() ()

where v € K*, pe K*
0 n,m € Z* and n > 0.

(Ly,t—u)

(z,y)

() ()

where v € K*, pe K*
0 n,m € Z* and n < 0.

Diagram IV.3.2: The containment information between Poisson prime ideals of Asg

Let us call the bracket (I1.2.11) in Example 11.2.76 by By then t~1B; := 277y =F B,
with j = m, | = 0 and k = |n|. It follows from Example I1.2.77 that the Poisson

spectrum of Asq consists of

07 (y)7 (37), (x7y)7 (.%',y,t—l/), vekK
(™ —py"), pe K>, if n>0,

(my ™" —p), peK*, if n<O.
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2. It follows from diagram IV.3.2.

The following is the Poisson algebra As; that belongs to the subclass III.1b. Notice that,
f is a non-zero element in K, and A is irrational. The technique to classify Poisson prime

ideals of As; is similar to the technique in Remark I1.2.78.

Class II1.1b:

If fe KX, ie. a= f0, B=\A1f0; andu = ¢ = 0, where A\ € C\Q then we have the Poisson
algebra A3y = (K[t]; f0;, \"1f0;,0,0) with Poisson bracket defined by the rule

{t,yy = fy, {t,a2}=X"'fzr and {y,2}=0. (IV.3.5)

The next theorem gives us the classification of Poisson prime ideals of the Poisson algebra

Aszt.

Theorem IV.3.2. Let A3y = (K[t]; f0;, \"1 f04,0,0) be the Poisson algebra as above, where
fe K* and A € C\Q. Then

1. PSpec(As;) = {0, (y), (z), (x,y), (z,y,t —v) | v € K}, the containment information

between Poisson prime ideals of Asy is given in diagram IV.3.3.
2. PMax(As1) = {(z,y,t —v) | v e K}.

Proof. 1. Let us multiply the bracket (IV.3.5) by a non-zero scalar f~!\ and rearrange it
then we have

{y,t} = =Xy, {t,z} =2 and {z,y}=0. (IV.3.6)

It follows from Remark 11.2.78 that the Poisson spectrum of A3 consists of

0,(y), (x), (z,y) and (z,y,t — v), where v € K.

5. It follows from diagram IV.3.3.
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(l',y,t— V)

(z,y)

(z) (v)

where v € K.

0

Diagram IV.3.3: The containment information between Poisson prime ideals of Agq

The following is the Poisson algebra Aso that belongs to the subclass II1.1a. Notice that, f
is a polynomial in ¢, and A € Q\{—1,0}. The technique to classify Poisson prime ideals of A3,
is similar to the technique in the study [JoOh], which is writing the bracket as Ass-multiple
of other. Thus, from their study, in particular, Example I11.2.76 and Example 11.2.77 the

classification of Poisson prime ideals for A3o follows.

Class IlIl.1c:

If f € K[t]\K,ie a=f0, 8=\ "1f0, u=c=0,and n,m are non-zero integers such that
A =T £ —1 then we have the Poisson algebra Az = (K[t]; fO;, =+ f0,0,0) with Poisson
bracket defined by the rule

{t.y} = fy. {t.a}=—fo and {ya}=0. (1V.3.7)
The following corollary gives us the classification of Poisson prime ideals of the Poisson
algebra Ass.

Corollary IV.3.3. Let A3y = (K|[t]; fO4, 1+ f0,0,0) be the Poisson algebra as above, where
feK[t\K, i.e. Rf #0, m >0, n#0 and m,n are coprime integers.
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1. If n > 0 then PSpec(Asz) = {0, (), (y), (t — X)), (@™ — wy™), (x,y), (y, t — \i), (x,t —

)\i),(:n—,u,t—)\i),(y—,u,t—)\i),(h,t—)\i),(x,y,t—I/),(m,y—u,t—)\i),(y,x—u,t—
M), (@ —py—p t=N) | veK,wpp €KX andh € Irr,, K[z, y] }.

2. If n < 0 then PSpec(Asy) = {0, (), (y), (t = N\p), (™y™™ — w), (z,y), (y, t — N;), (z,t —

)\i),(:lr—ﬂ,t—)\,-),(y—,u,t—)\i)7(h,t—)\i),(:p,y,t—u),(az,y—u,t—)\i),(y,x—u,t—
), (@ —py— W t=N) | veK, wpp € K*andh € Irry K[z, y] }, the containment

information between Poisson prime ideals of Ass is given in diagram IV.3.).

3. PM&X(ABQ) = {(x,y,t—v),(a:,y—u,t—/\i),(y,x—,u,t—)\i),(x—,u,y—//,t—)\i) ’ Ve
K and p, 1/ € K*}.

Proof. 1. Suppose that
By :={y,t} =mfy, {t,z}=-nfr and {z,y}=0. (IV.3.8)

If By := fBi, where the bracket B; is (IV.3.4). It follows from Example 11.2.77 that
any Poisson prime ideal of A3 under B; is a Poisson prime ideal of A3, under By and if
Q is a Poisson prime ideal of A3y under Bs, but not a Poisson prime ideal of A3 under

Bi then (f) C Q.

The Poisson spectrum of Az, under Bj is

07 (y)7 (CC), ($ay)7 (l’,y,t—l/), ve K
(2™ —py"), pe K*, if n>0,

(xMy ™™ — ), pe K>, if n<O0.

(wvy) (‘Tat—)\i) (y7t_)\i)7
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(z.y—n (@,9,¢— v) (= py— (v, 2 — u,
t—\) Wt =X) t= )
(v —n, Y (z —
: Y, t— N M,
(x,t - )\i) (hvt - AZ) t— /\i) (‘T’ y) ( ) ‘— )\i)
(@) =2 (@ )
where v € K, p,p/,w e K*,
0 Xi € Ry, h € Ity K[, 9],
n,m € Z* and n > 0.
(z.y—n (29,0 — 1) (= py— (v, — n,
5 — )\z) N/at_ )‘1) t— )\Z)
(v —n Y (z—
y,t >\z 12
(z,t—N) (hit = Xi) t—X\) (z,9) ( ) t— )
@) N

where v € K, p,p/,w € K*,
0 Xi € Ry, h € Ity K [, 9],
n,m € Z* and n < 0.

Diagram IV.3.4: The containment information between Poisson prime ideals of Ass

(l‘,y,t—l/), (xay_/'bvt_)\i)a
(—py—p it =), (Y, —pt—N),
(™ — wy™), we K%, if n>0,

(my " —w), we K*, if n<0,

where v € K, p,p/ € K*, \j € Ry, i=1,...,s and h € Irr,, K[z, y].
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2. It follows from diagram IV.3.4.

The following is the Poisson algebra Ass that belongs to the subclass I11.1d. Notice that, f
is a polynomial in ¢, and A is irrational. The technique to classify Poisson prime ideals of Ass
is similar to the technique in the study [JoOh], which is writing the bracket as Ass-multiple
of other. Thus, from their study, in particular, Example 11.2.76 and Example 11.2.77 the

classification of Poisson prime ideals for Ass follows.

Class II1.1d:

If fe K[t|\K,ie a=f0, 8=A"1f0 and u=c =0, where A\ € C\Q then we have the
Poisson algebra Az = (K|[t]; f0;, \™1 f8;,0,0) with Poisson bracket defined by the rule

{t,y} = fy, {t,z} =X"1fz and {y,z}=0. (IV.3.9)
The following corollary shows that the classification of Poisson prime ideals of the Poisson
algebra Ass.

Corollary IV.3.4. Let A3 = (K[t]; fO;, \"1f0;,0,0) be the Poisson algebra as above, where
fe K[t\K, i.e. Rf # 0 and A € C\Q. Then

1. PSpeC(A;;g) = {07 (l‘), (y)7 (t_>‘i)’ (.T, y)a (ya t_>‘i)7 (:Ea t_)"i)v (y—,u, t_>"i)7 (hv t_)‘i)a ($_
:u’at_)‘i)v (.’Z’,y7t—l/), (ywr_:uvt_)\z)a (:1:7y_:u’7t_)‘l)7 (x_ﬂay_l/?t_)\z) | S K?M?MI €
KX XNi€Ry,i=1,...,sand h € IrrmK[:):,y]}, the containment information between

Poisson prime ideals of Ass is given in diagram [V.3.5.

2. PMax(Ass) = {(z,y,t —v), (g, 2 — p, t = No), (@, y —p, t = Ni), (w — oy — W/, t = N) | v €
Kopp € KX, \;€ Ryand i=1,...,s}.

Proof. 1. Suppose that

By :={y,t} = —-Afy, {t,z}=fzr and {z,y} =0. (IV.3.10)
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(z,y —p ot — v (&= py— (v, — p,
L )\1) ( Y, ) N’vt_ )‘z) L )\l)
(y_y’7 (‘T_,Uﬂ

(o6 = x) (=) 7 i) =) S t— )

(2) (t =) ()

where v € K, p, i/ € K*,
0 )\7, € Rf, h e IITmK['T7y]'

Diagram IV.3.5: The containment information between Poisson prime ideals of Asg

If By := fBi, where the bracket B; is (IV.3.6). It follows from Example I1.2.77 that
any Poisson prime ideal of A33 under B; is a Poisson prime ideal of A33 under By and if

Q is a Poisson prime ideal of A33 under Bo, but not a Poisson prime ideal of As3 under

B then (f) C Q.

The Poisson spectrum of As; under By is 0, (y), (), (z,y) and (z,y,t—v), where v € K.

Therefore, the Poisson spectrum of As3 under the bracket By is

0, (1) (@), (t—X),

(z,y) (@, t = \i) (Y.t =),
(—mt=N), (Y—mt=X), (ht=N),
(@ yt—v), (Ty—pt—X),

(:EilL?yiulat*Ai)) (y’xiﬂvt*)‘l)a
where v € K, p, i/ € K*, Ny € Ry, i=1,...,s and h € Irrp, K[z, y].

2. It follows from diagram IV.3.5.
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The following is the second subclass of class III and consists of four subclasses. In addition,
the classification of Poisson prime ideals for the Poisson algebra Ass that belongs to the
subclass I11.2b, is obtained. The classifications of Poisson prime ideals for the Poisson algebras
Ass and Ay that belong to special cases of the subclasses I11.2¢ and II1.2d, are obtained.
However, the Poisson prime ideals of Poisson algebra that belongs to the subclass III.2a,

cannot be classified.

Crass I11.2

Ifce KX, a= f0, f=A"1f0; and u = 0, where f € K[t]\{0}, A € C\{—1,0} then we have
the Poisson algebra Ay = (K[t]; fOr, A1 f0;, ¢, 0) with Poisson bracket defined by the rule

{t,y} = fy, {t,z}=X"1fz and {y,z}=cyz. (IV.3.11)
There are four subclasses:

Class ITL.2a: If f € K* and A € Q\{-1,0}.
Class IIL.2b: If f € K* and A € C\Q.
Class III.2c: If f € K[t]\K and A € Q\{—1,0}.

Class ITL.2d: If f € K[t]\K and A € C\Q.

The following is Poisson algebra Ass; that belongs to the subclass I11.2a. Notice that, f
and c¢ are unit elements in K, and A is rational. It might be the classification of Poisson
prime ideals for Ass is similar to the classification of Poisson prime ideals for Asg, but the
main issue is that there is no known approach or technique to classify Poisson prime ideals

of Az, and it is difficult to find the common eigenvectors for d;, d, and 6, on Ass.

Class II1.2a:

If « = fO, B =A"1f0;, u=0, where f,c € K* and n,m are non-zero integers such that

A =T # —1 then we have the Poisson algebra Azs = (K][t]; f0, ;= fO,c,0) with Poisson
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bracket defined by the rule

{t,y} = fy, {t,z}= %fa: and {y,z} = cyx. (IV.3.12)

The following is Poisson algebra Asg that belongs to the subclass II1.2b. Notice that, f
and ¢ unit elements in K, and A € C\Q. The technique to classify Poisson prime ideals of

Asg is similar to the technique used in the algebra As.

Class II1.2b:

If a = fO, B =A1f0 and u = 0, where f,c € K*, A € C\Q then we have the Poisson
algebra Ass = (K|[t]; f0r, \™1 04, ¢, 0) with Poisson bracket defined by the rule

{t,y} = fy, {t,z}=X"'fz and {y,z} = cyz. (IV.3.13)

Let S = K[t]\{0}. The localization of the Poisson algebra Ass is By = S~ As4, ie. By =
K(t)[z,y], where K(t) = S™!K][t] is the field of rational functions in the variable t. The

algebra B is a Poisson algebra with Poisson bracket defined by the rule

{y,a} = cyx. (IV.3.14)

The following corollary shows the classification of Poisson prime ideals of the Poisson algebra

Asg.

Corollary IV.3.5. Let Ass = (K[t]; fOr, \"1f0y, ¢,0) be the Poisson algebra as above, where
frce K* and A € C\Q. Then

1. PSpec(B;)={0, (z z,p), (Y, q) | p € Irrp, K(t)[y] and q € Trrp, K (t)[2]}.

2. the localization Bi,, of the algebra By at the powers of the element xy is a simple

Poisson algebra.

3. PSpec(Ass) = {0 (), (W), (), (x,1,p), (Y, 1qq), (x,y,t —v)| v € K,p € Trrp, K(t)[y]

and q € Irr,, K }, »° is a unique monic polynomial in K[t] of the least degree in t

8respectively, lq
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such that l,p € K[t,y)", the containment information between Poisson prime ideals of

Asg 1s given in diagram [V.3.6.

(x,y,t—u)

(v, 1,9) (. 1,q)

(,y)

) (z)

where A € K,
lyp € K[t,y] and l4q € Kt,z].

Diagram IV.3.6: The containment information between Poisson prime ideals of Aszg

4. PMax(Asg) = {(z,y,t —v) |v € K}.

Proof. 1. Notice that, the Poisson spectrum of B; can be obtained from Lemma IV.1.3.(1)
and it follows from Lemma IV.1.3.(3) that the localization B1,, of the algebra B is a
simple Poisson algebra. Let us multiple and rearrange the bracket (IV.3.13) then we

have

{t.y} =Afy, {t.z}=fzr and {y,z} = chyz, (Iv.3.15)

Now, let I be a non-zero Poisson prime ideal of A3z such that I € PSpec(Asg, S) then
there is I} := I N K[t] = K]Jt]q for some ¢ € K[t]. If ¢ € K* then 1 € I C I, so
I = Asg. Therefore, let deg,(q) > 1. It follows from (IV.3.15) that

0p 1= — fx0p — cAyx0y,

Oy := =Afy0 + cAyx0,.

respectively, l,q € K|[t, x]
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So, 0(q) ¢ I, hence 9;(q) ¢ I, hence y € I and x € [ this implies that (z,y) C I, thus,
I = (x,y,t—v) for some v € K. The Poisson spectrum of Ass follows from the equality
(IV.1.4);

PSpec(Ass) = PSpec(By)" H PSpec(Asg, S).

2. It follows from diagram IV.3.6.

Class II1.2c:

If = f0, B=A"1f0, u=0,ce K*, where f € K[t]\K, and n,m are non-zero integers
such that A = ™ # —1 then we have the Poisson algebra As; = (K[t]; O, - fO4, ¢, 0) with
Poisson bracket defined by the rule

{t,y} = fy, {t,z}= %fx and {y,z} = cyx. (IV.3.16)

The following is a special case of the subclass II1.2c. In this Poisson algebra Asg that
belongs to the subclass ITI.2¢/, we assume that f is a monomial of degree one in ¢, ¢ = - and
A = 2, where n,r, m are non-zero coprime integers. The technique to classify Poisson prime
ideals of Asg is similar to the technique in the study [JoOh], which is writing the bracket as
Asg-multiple of other. Thus, from their study, in particular, Example 11.2.76 and Example

11.2.77 the classification of Poisson prime ideals for Asg follows.

Class II1.2¢’":

If f=t ie a=1t0 8=XX1tdh uv=0and c= -, where r,n,m are non-zero coprime

integers such that A = ™ # —1 then we have the Poisson algebra Asg = (K[t]; t0y, 2t0;, -, 0)
with Poisson bracket defined by the rule

n T
tyl =t toa) = —t d - Ly IV.3.17
{t.y} =ty, {t,x} -tz an {y,z} —yT ( )

The following corollary gives us the classification of Poisson prime ideals of the Poisson

algebra Asg.
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Corollary IV.3.6. Let Az = (K][t];t0;, 104, -,0) be the Poisson algebra as above, and

m,r and n are non-zero coprime integers. Then

1. PSpeC(A.BS) = {0) ($)7 (y)) (t)7 (ijtr_wyn% (SU, t)) (xv y)a (ya t)a (:Ca Y, t)) (xv Y, t_/"’)) (3/7 ta r—
w), (x,t,y—p) | pyw € KX}, the containment information between Poisson prime ideals

of Ass is given in diagram IV.3.7.

(.t 2 — p) (9, = n) (z,y,1) (z.t,y — )

(yvt) (:I:vy) (!E,t)
(t) () " =) (z)
0 where p,w € K*

and n,r,m € 2.

Diagram IV.3.7: The containment information between Poisson prime ideals of Asg

2. PMaX(A38) = {(xayat)v ($7y7t - M)a (y,t,:n - N)? (x,t,y - :u) ’ IUS KX}

Proof. 1. Let us multiply by a non-zero scalar m and rearrange the bracket (IV.3.17) then

we have

By = {x,y} =ryx, {t,z} =-—ntx and {y,t} =mty. (IV.3.18)

Now, let us call the bracket (I1.2.11) in Example 11.2.76 by By with [ = r,j = m and
k = |n| then By := ¢~ 1y =14=13;. Tt follows from Example 11.2.77 that the Poisson
spectrum of Asg consists of

0, (z), (), (1), (z,1), (z,9), (y,1), (x,y,t), (2™t —wy"), (z,y,t — p), (y,t, 2 — p) and
(z,t,y — u), where p,w € K*.



120 Chapter IV. The Poisson algebras A of dimension three

2. It follows from diagram IV.3.7.

Class I11.2d:

If a = f0, B=A1f0, u=0and c € K*, where f € K[t]\K, A € C\Q then we have the
Poisson algebra Aszg = (K|[t]; f0r, \™' f04, ¢, 0) with Poisson bracket defined by the rule

{t,yy = fy, {t,z} =X"'fz and {y,z} = cyz. (Iv.3.19)

The following is a special case of the subclass II1.2d. In this Poisson algebra A,y that
belongs to the subclass II1.2d’, we assume that f is a monomial of degree one in ¢, and X is

irrational. The classification of Poisson prime ideals of A,y follows from Remark I1.2.78.

Class I11.2d’:

If f=t ie a=td, B =N and u = 0, where ¢ € K*, A € C\Q then we have the
Poisson algebra A4 = (K[t];t0;, \~1t0;, c,0) with Poisson bracket defined by the rule

{t,y} =ty, {t,x} =Xtz and {y,z} = cyz. (IV.3.20)

The following corollary shows that the classification of Poisson prime ideals of the Poisson

algebra Ayp.

Corollary IV.3.7. Let Ayy = (K|[t];t0;, \~"'t0;, c,0) be the Poisson algebra as above, ¢ € K*
and A € C\Q. Then

1. PSpeC(A4O) = {0) (l‘)u (y)) (t)) (17, t)7 ($) y)a (ya t)7 (JU, Y, t)7 (:1:) Y, t_,u’)7 (y) tu 56_,“’)7 (:1:) tu Yy—
W) | pe K* }, the containment information between Poisson prime ideals of A4g is given

i diagram IV.3.8.

2. PM&X(A;;()) = {($,y,t), (.T,y,t - M)? (y7t7x - M)’ (x7t7y - /J’) ’ IS KX}
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(v, t,x —p) (zy,t—p) (z,4.t) (zt,y—p)

(Z/, t) ($7 y) (CE, t)
(t) (v) (z)
0 where p € K*.

Diagram IV.3.8: The containment information between Poisson prime ideals of Ayg

Proof. 1t follows from Remark I1.2.78. O



Conclusion

Throughout this work, typical classes of Poisson algebras of dimension two were considered
and their Poisson prime ideals were classified—see Chapter I11. This thesis concentrated on a

specific class of Poisson algebras of dimension three

A

(K[t]7 fata A_lfata c, u)a

where f,u € KJt], A € K* and ¢ € K-see Chapter IV. The class of Poisson algebras A splits
into three classes: I, IT and III. Each of them splits further into subclasses, see diagram .0.1

for detail.

The classifications of Poisson prime ideals, minimal Poisson ideals and maximal Poisson
ideals for the seventeen classes of Poisson algebras, which are in blue, were obtained. In
addition, the classifications of special cases for the five classes of Poisson algebras, which are
in green, were obtained, and some properties of these algebras were considered. Additionally,
the inclusions of Poisson prime ideals for these algebras were presented in diagrams. However,
for the Poisson algebras Ao, Aoz, Aoy and Asg, their Poisson prime ideals could not be

classified.
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Further research

This thesis has generated some ideas for future research:

The first idea is to revisit the Poisson algebras that have not been done yet and see whether
their Poisson prime ideals can be classified and if there are any new methods or techniques

to use.

The second idea is to classify simple finite-dimensional Poisson modules over Poisson alge-
bras that belong to some subclasses of Poisson algebras A. This might be done by using these
classifications of Poisson prime ideals. There are two studies, [Bav4] and [Jor], in Poisson
modules which might be the main sources for this research. Significantly, there will be some
obvious modules of some Poisson algebras that belong to some subclasses, but not all will be

easy to classify, as we saw in this class of Poisson algebras.

The third idea is to classify Poisson prime ideals for a similar class of Poisson algebras, in
particular, (K[t, s]; o, 5, ¢, u) that has dimension four, i.e. K[t, s][y; a|[z; 8,0]. Also, it might
be possible to see whether it can be generalized to arbitrary n or find a general form for this
typical class of Poisson algebras. This might be done by using similar techniques and ideas
from this thesis. After that, it might be possible to classify some simple finite-dimensional

Poisson modules over this class of Poisson algebras.

The fourth suggestion is to classify some generalized Weyl Poisson algebras for Poisson
algebras that belong to some subclasses of Poisson algebras A and study their properties.

This might be done by using similar techniques in the paper [Bav3].
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List of notations

As

Ag

Spec(R)

Max(R)

The Poisson algebra (K|[t]; fOr, \™'fO;,c,u) with Poisson bracket
ce K, \e KXiv,v, 2, 3,4, 20, 24, 28, 64, 66, 85, 105, 122, 123

The Poisson algebra (Kt]; 0,0, ¢, 0) with Poisson bracket {y, z} = cyz,
where ¢ € K* 5, 67, 69, 71, 72, 73, 116
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